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PREFACE

After using the former edition of The Principles of
Financial and Statistical Mathematics as a text for about ten
years, the author deemed it desirable to make drastic
changes. Some topics have been simplified, others have
been amplified, and their order has been changed. Some
of the material in the former edition has been omitted, and
considerable new material has been added. The general
plan of having three distinct parts, each part suitable for
the work of one semester, has, however, been retained.
Throughout the book the emphasis is on logical reasoning
rather than on the memorizing of formulas.

The book deals with problems that arise in two phases of
business activity, investments and statistics. Investments,
usually in bonds, mortgages, machinery, buildings, or life
insurance, are made for long periods of time, and, because
the time element is an important factor, compound interest
is involved in all investment calculations. Statistics,
systematized numerical facts gathered from past experience,
may, when analyzed mathematically, be important guides
in making intelligent plans for the future.

As presented in this book, the solutions of problems in
investments and in statistics require a number of special
symbols, but the mathematics involved is not difficult. The
prerequisites for the study of these subjects consist of a
knowledge of arithmetic, simple geometric relations, and
elementary algebraic methods including logarithms. It is
essential, however, that the student be able to recognize
and to use these elementary mathematical relations with.
facility in order to appreciate the beauty and the simplicity
of the techniques.

vii
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In order to avoid the necessity for reference to other texts,
the required elementary basic mathematics is included.
The entire subject matter in the book is accordingly pre-
sented in three parts:

1. Basic Mathematics;
I1. Financial Mathematics;
III. Statistical Methods.

Part I begins with arithmetic methods of solving business
problems, special attention being given to simple interest,
which is not so simple as the name might imply. Elemen-
tary algebraic methods are presented, including the solution
of simultaneous linear equations and of quadratic equations,
and the use of logarithms. The simple geometric relations
discussed are necessary for a proper understanding of graphic
representation and of linear interpolation.

A student who enters college with the usual requirements
in mathematics should find no difficulty in reviewing the
contents of Part I without help. A student whose mathe-
matical equipment is inadequate should study Part I as
regular class work for one semester.

Part II begins with the meaning and use of the four com-
pound interest and annuity symbols s§, 9§, sz:, and am..
In the application of these four symbols two fundamental
principles are emphasized.

(1) The Principle of Equivalent Obligations is used re-
peatedly in setting up the equation necessary for the solu-
tion of an investment problem. The calculation of life in-
surance premiums and reserves is an application of this
principle.

(2) The Principle of Equivalent Interest Rates obviates
the use of discouraging complex formulas usually found in
texts on investment calculations.
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In addition to these two principles, a special device is
employed. This device consists of constructing a hypo-
thetical obligation whose value is known, in order to find the
unknown value of a given obligation. By this device a
seemingly difficult problem such as the valuation of serial
bonds is reduced to a very simple calculation.

Additional mathematical topics included in Part II are
methods of abbreviated multiplication and division, the
binomial theorem, and the method of finite differences.
The last two topics are presented briefly but in sufficient de-
tail to enable the student to make calculations that are more
accurate than are possible by the use of linear interpolation
or logarithms.

A student who has mastered the contents of Part II
should find no difficulty in solving almost any problem in
investments with which he may be confronted.

Part III is an introduction to the mathematics of statis-
tics and does not pretend to be exhaustive. A thorough
study of statistics requires a sound knowledge of the Differ-
ential and Integral Calculus. The author hopes that this
introduction will be instrumental in creating a desire for
such further study.

Part III begins with a discussion of probability. In
many cases, probabilities are indicated by the terms of the
expansion of the binomial (p + ¢)", and, since these terms
may be represented graphically by points, probability curves
follow naturally. A derivation of the equation of the normal

probability curve, y = \%é_e‘m’, by elementary mathemati-
™

cal methods is also given. '

A study of the different forms into which the equation of
a curve may be transformed by the use of different scales
serves to familiarize the student with a wide variety of
curves useful in the study of statistics. Finally, the con-
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verse problem of finding an approximate equation of a curve
that will best fit a given table of corresponding values is
solved by the method of least squares. The normal
equations necessary for a least square solution are obtained
with the aid of the quadratic trinomial A# + Bt + C.
Special emphasis is given to the reasons for using the method
of least squares and to the tests for the goodness of fit.

Parts I, II, and III are about equal in length, and each
part contains sufficient material for the work of one college
semester at three hours a week. The student who is properly
prepared should find no difficulty in completing the book
in one college year.

The extensive and well-known Glover's ‘“Tables of
Applied Mathematics,” published by Mr. George Wabhr,
form the basis for most of the tables accompanying this
text. Permission to use these tables is gratefully acknowl-
edged. There are 17 tables, some of which are set forth on
one page and some on two pages that face each other. The
tables are bound separately in a small pamphlet, thus
enabling the student to use them more conveniently than
would be possible if the table and text were bound together.

The author acknowledges with grateful appreciation the
many helpful aids and suggestions he received during the
preparation of this revision from the members of the De-
partment of Mathematics at the School of Business and Civic
Administration of The City College who have been using the
former edition as a text. Special thanks are due to Russell
D. Loucks, Robert K. Stranathan, Charles C. Grove, Edwin
A. Hill, and Austin J. Bonis for their keen and constructive
comments.

MaxmMILIAN PHILIP
The City College, New York
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CHAPTER 1
ARITHMETIC CALCULATIONS

1. Indicated operations. Tedious arithmetic calcula~
tions may often be avoided by first indicating the operations
that are to be performed, because some operations
nullify or cancel other operations. The signs for the ordi-
nary operations of arithmetic are: 4 (plus) for addition,
— (minus) for subtraction, X (times) for multiplication,
+ (divided by) for division.

7 + 8 means that 8 is to be added to 7. The numbers 7
and 8 are called addends and the result, 15, is called the sum.
The plus sign is sometimes omitted. Thus 63 means 6 4-3;
5.7 means 5 + .7; 387 means 300 + 80 + 7.

19 — 2 means that 2, the subirahend, is to be subtracted
from 19, the minuend. The result, 17, is the difference.

6 X 3 means that 6 and 3, called factors, are to be multi-
plied. The result, 18, is the product. When several num-
bers are to be multiplied, dots replace the times signs, pro-
vided no ambiguity can arise by mistaking a dot for a
decimal point. Thus 8.7-5 means 8 X7 X5. Even the dot
may be omitted if the factors are enclosed within paren-
theses. Thus (63) (47) means 63 X 47.

There is a special form for writing the product of two or
more equal factors.

5 X 5 is written 52, read “5 squared,” or “the square of 5’’;

7 X 7 X 7 is written 73, read “7 cubed,” or “the cube of 7”;

9 X 9 X 9 X 9is written 94, read “9 fourth,” or “the fourth power of 9.”
The small figures, 2 in 5% 3 in 73, 4 in 9¢, are called exponents.

28 + 7 means that 28, the dividend, is to be divided by 7,
the divisor. The result, 4, is the quotient. The quotient is

3
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also called the ratio of 28 to 7 and may be indicated by
writing 3%. Whole numbers are called integers, and in-
dicated divisions, such as 3% or §, are called fractions. In
the fraction form the dividend is called the numerator, and
the divisor is called the denominator.

The sign of equality, = (equals), indicates that two
number combinations have the same value.

8497 —97 =8; 13 X 37 + 37 = 13; 2 X 5 = 2 X 125 = 250,
2. Sequence of indicated operations. In the sequence
194+3X2—-18+3+4+15+5 X4,
it is to be understood that multiplications and divisions
must be performed in the order in which they appear, read-
ing from left to right, before additions and subtractions are
performed. With this understanding we obtain, in this

example,
19 + 6 — 6 + 12,

and finally 31. If the operations are to be performed in a
different order, parentheses are used. In that case the
combinations in the parentheses must first be reduced to
simple numbers in accordance with the rule stated.

Thus

2X(19+4+3)—18+(34+15+5) X5
=2X22-18+6X5
=44 — 15 = 29.

Exercise 1
Verify each of the following:
1.27+9+3X8—6+2=24
2 (27 +9) + (83X 8) — (6 +2) =24,
3.27+9+3X(8—6+2) =18
427 +-(9+3)X(8—6)+2=2%
5.27+-(9+3X8—6)+2=14%
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6.16 — (22 +7) +5+3 X (5*—9) =6l

7. (16 =2 +7) + 5+ (3 X5 —9) = 69.

8 (16 —2) X (5* —20 X 6) —2X (5+3X2—17) =32
9. 5 X3 — (3X4—1)+11 =104

10, (16 —2 X7+ 24+ (22X P —293 =9,

3. Letters. If the letters a, b, ¢, d, and so forth represent
numbers, the signs that indicate how they are to be com-
bined are the same as in arithmetic except that the sign for
multiplication is usually omitted. Thus 5ab =5 X a X b
= 5-a-b.

If we wish to indicate that a number consists of the three
figures or digits a, b, and ¢, we may not write a b ¢, for this
would mean a X b X ¢. The number is indicated by writ-
ink 1000 + 106 + c.

5ab+7a’-—%a+(a+b) (c —d)
means
5XaXb+7XaXa—-3Xa+b+ (a+d) X(c-—ad).
The first form shows more clearly that multiplications and
divisions should be performed before additions and sub-
tractions unless parentheses appear.

A general statement, one that is true for all numbers,
can be made by using words or by using letters to represent
numbers. The statement, ‘“The number of units in the
area of a rectangular figure is found by multiplying the
number of units in the length by the number of units in the

width,” is a formula which is written more concisely as
A =lw.

Exercise 2

1. Find the value of 5ab + 7a* — 3 + (a + b) (¢ — d):
(a8)ifa = 10,b = 2,c = 8,d = 6.
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(b)ifa=6,b=3c=25d=2.
(c)ifa=2,b=3,¢c=9,d=171.

2. A number consists of two tigures or digits, ¢ and u.
(a) Indicate the number properly.
(b) Indicate the sum of the digits.
(c) Indicate the product of the digits.

8. Use any convenient letters and write formulas for the following:

(a) The profit is found by subtracting the cost from the selling
price.

(b) John is 12 years older than Mary.

(¢) The time in San Francisco is 4 hours earlier than the time in
New York.

(d) The circumference of a circle is 7 (pi) times its diameter, where
« is approximately 3+.

(e) In any subtraction, the difference addcd to ' -obtinhend
gives the minuend.

(f) When a division is performed, the dividend is always obtama.ble
by multiplying the quotient by the divisor and adding the remainder.

(g) The result of multiplying the sum of two numbers by their
difference is the same as the difference between the squares of the num-
bers. (Verify this statement.)

(h) The square of the sum of two numbers exceeds the sum of the
squares of the two numbers by twice the product of the two numbers.
(Verify this statement.)

(i) The square of the difference of two numbers is less than the
sum of the squares of the two numbers by twice the product of the two
numbers. (Verify this statement.)

(j) The square of the sum of two numbers exceeds the square of
the difference between the same two numbers by four times the product
of the two numbers. (Verify this statement.)

4. Indicated operations simplified. In a succession of
additions and subtractions, we start with the number 0, to
which additions are made. The numbers may be arranged
in any order provided the + or the — sign before each
number is carried along with the number.

845-7-2=04+845—-7—-2=04+5+8—-2~-7
=04+8~-74+5-2=04+5—-2+4+8-1.
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Two successive additions may be replaced by the addi-
tion of a single number which is the sum of the two. Two
successive subtractions may be replaced by the subtraction
of a single number which is the sum of the two.

18—7+4+9—12=0+(184+9) —(7+12) =0+27 —19 = 8.

In a succession of multiplications and divisions, we start
with the number 1, which is to be multiplied. The num-
bers may be arranged in any order provided the X or the
=+ sign before each number is carried along with the number.

8X15+6+5=1X8X15+6+5=1X15+5X8+6.

Two successive multiplications may be replaced by a
single multiplication, the product of the two multipliers.
Two successive divisions may be replaced by a single divi-
sion, the product of the two divisors.

1X8X15+6+5=1X(8X15)+ (6X5)=1X120+ 30 = 4.

b. Common fractions. The common fraction $ indicates
that 3, the numerator, is to be divided by 7, the denom-
inator.

.3.= - = - - = - =§__.><5
@5=3+7=3+7X5+5=0BX5+ X5 =732

3 X4 . . . ., 3
m=3x4—.-7~.-4=3'-—7x4+4=3-.—7=?.
These two examples illustrate the principle: The value of a
fraction is not changed if both the numerator and the de-
nominator are multiplied or divided by the same number.

Thus
3_3X2_6 16_16+8_2

5 5x2 10 24 24+8 3
In general,
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3 X5
7X8
The product of two fractions is a fraction whose numerator
is the product of the two numerators and whose denomina-
tor is the product of the two denominators.

In general,

) ExE=3+7x5+8=0x5+Tx8=

X

[S 5]

e
g8

Two fractions such as # and % are called reciprocals. The

product of the reciprocals % and g is 1, since a - b X b +
a=a-+aXb+b=1.

© _F_#X7x8_3x8_3,8
c7 T1TIX7TX8 5x7 8577

To divide by a fraction, multiply by its reciprocal.
In general,

3,2 1_342-1_4_1
@g+ss 8 —8-72

6.5 6X8,5X7 35 _ 83

7ts rxsTeax7™ w*ﬁa 56

6 5 _6X8 5X7_48 35 13

7 8 7X8 8X7 56 56 56

A fraction can be added to or subtracted from another
fraction by changing either or both fractions so that they
have the same denominator.

ad | be _ ad + bc'
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(e) The rule stated in Art. 2, page 4, applies to fractions
as well as to whole numbers:

Exercise 3
Simplify the following combinations:

1. 53 -3 X6+15 9.3t +34+4+¢%

2 5% +34+ 13 1033+ +3+9
XS+ 11, 13 + 23 — 14

4 3+3-41-1 12. 14 — 25+ 13

5.7 + 13 +3X2 13. § X1 + 13+ 13
6. (5 —33) X615 14 IX(FH+134+13)
7. 5% + (33 + 13) 16. I X ¥r+ (12 + 13)
83 +3G(3+d+3 16. (13 + %) - (& +13)

6. Decimal fractions. A common fraction may be
changed into a decimal form as follows:

g = 60 = 0.84; = 600 0.85%; 6;‘;0—0 = 0.8574.
The decimal .01 is also written 19, read “l per cent.”
Thus ¢ = 8539, = 85.73%,; .00 = % of 19%,.
A decimal fraction or a number written as a percentage
may be changed into a common fraction.
s,, 8 X7 _60_6
08 =10="10x7-70"7
1_61 163 X3 50 1

163% = 100 = 100 < 3 = 300 ~ 6

Sometimes a computation is simpler if a common fraction
is changed into a decimal, and sometimes if a decimal is
changed into a common fraction.

2,349,000

783 X 375 = 783 X X 1000 = 20 = 203,626
783 6264
783 + 875 = 15 1o00 = 788 X § = = 2.088.
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376.58 X § = 376.58 X .6 = 225.948.
438.4 X .125 = 438.4 X § = 54.8.

Exercise 4

*’1-1:11&1180 to4 placedecimals: 4,3, 4, 1, 1 5 4 L L& 1 4 4 % 1

2. Change to common fractions in their simplest form: 0.25, 0.125,

0.375, 13%, 6%, 363%, 0.485, 0.5%, .004%.

8. Perform the indicated operations using simple methods wherever
possible:
573 X 625; 537 < 625; 5600 X 1250; 4800 + 1250; 7236 X 16§%;
658 <+ 1439,
4. Find what per cent 6 is of 24; of 25; of 27; of 30; of 36; of 40; of
42; of 45; of 48; of 50.

6. Find the number if 60 is: 2% of the number; $ of the number;
3349, of the number; 4 of the number;  of the number.

6. An article that cost $48 is sold for $54. Find what per cent the
profit is: (a) of the cost; (b) of the selling price.

7. An article was bought for $100 and sold so that the profit was 10%,
of the selling price. Find the profit.

8. An article cost $50. It was marked for sale at $60. What per
cent of the cost was the markup?

9. An article was marked for sale at $75 and was then marked down
209, of the first marked price. How much was the markdown?

10. An article cost $80. It was marked up 40% and was then marked
.down 259, of the first marked price and sold. Find what per cent the
profit or loss was: (a) of the cost; (b) of the selling price.

11. An article was marked up 3349% of cost. The price was then
marked down 1249, and finally the price was marked down 10%. If the
article were sold at the last marked price, find what per cent the profit
or loss was: (a) of the cost; (b) of the selling price.

12. An article was marked up 50% of cost. The price was then
marked down 25%. A subsequent markdown resulted in a price which
was the same as the cost. Find what per cent the last markdown was.
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18. Fifty articles were bought at a cost of $25 each. The price was
marked up 409, and 10 were sold. The price was then marked down
20% from the previous price and 20 were sold. The last 20 were sold
at 109, above cost. Find the total profit.

14. Anthony’s salary for 1940 was 10% above his 1939 salary, which
was 109, below his 1938 salary. Find the per cent increase or decrease
from the 1938 to the 1940 salary.

16. 85% of a number is less than 92%, of the number by 35. Find
the number.

7. Trade discount. The term discount means a reduc-
tion from a stated price. A wholesale dealer often quotes
a price to the retailer such as $32 per dozen, less 25%,
163%, and 109, meaning that from the quoted price of
$32 per dozen, the retailer may deduct 25%, leaving $24;
he may then deduct 163% or 3 from $24, leaving $20; and
finally he may deduct 109, from $20, leaving a net price
of $18 per dozen. ’

A simpler procedure is to indicate the calculations by
noting that, when 25%, or } is deducted, the remainder is
$32 X %; and when 1639 or } is then deducted, the re-
mainder is $32 X 2 X §; and when the final 109, or 4 is
deducted, the remainder is

$32 X I X § X 1% =832 X %5 = $32 X 561% = $18.

From this indicated method of calculating the net price it
follows that: (1) the order of discounts may be changed
without causing any change in the net price; (2) the single
discount equivalent to the successive discounts is easily
found.

Thus if the discounts quoted had been 163%,, 10%,, and
25%,, the net price would have been $32 X § X % X ¢
exactly as before. Since the net price is $32 X 561%, the
single discount equivalent to the successive discounts is

100% — 561%, or 431%.
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Exercise b

A quoted price of $500 is subject to discounts of 50%,, 30%, and 10%,.

1. What i8 the net price?

2. What single discount may replace the three discounts?

3. Would the net price be more or less if the discounts of 50% and
30% were replaced by a single discount of 809,?

4. Would the net price be more or less if the discount of 509, were
replaced by the two discounts of 409, and 109,?

6. Would the net price be more or less if the discounts were replaced
by discounts of 30%,, 109, and 50%,?

6. If the net price is to remain unchanged but only two discounts are
to be quoted, find the second discount if the first is: (a) 50%; (b) 30%;
(c) 10%.

7. If the net price is to be $125 and two discounts are 509, and 309,
find the third discount.

8. If the net price is to be $250 and two discounts are 30%, and 109,
find the third discount.

8. Time. A year, 365 days, is divided into 12 months,
of which April, June, September, and November have 30
days each, February has 28 days, and the remaining 7
months have 31 days each. An additional day is added to
February in leap years. A leap year occurs when the num-
ber of the year is divisible by 4, except in the case of century
years, when the number of the year must be divisible by
400. Thus 1896 and 1600 were leap years, but 1930 and
1900 were not.

If a loan is made on March 5, for 3 months, it is due on
June 5, but, if the loan is for 90 days, it is due exactly 90
days after March 5, or on June 3. If a loan made on Octo-
ber 18, 1939, is due March 10, 1940, the exact number of
days for which the loan was made is found by counting the
days that have elapsed, excluding the first date mentioned.
The count gives 144 days. The ordinary elapsed time is
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determined by writing March 10, 1940, as 1940 — 3 — 10
and October 18, 1939, as 1939 — 10 — 18. We now sub-
tract, using 30 days to the month and 12 months to the
year. The difference is 4 months and 22 days, or 142 days.

Exercise 6
1. A loan was made July 20. Find the date it is due if the loan was
made for: (a) 1 month; (b) 2 months; (¢) 3 months; (d) 30 days; (e)
60 days; (f) 90 days.
2. A loan was made November 17, 1939. Find the ordinary and the

exact number of days if the loan was due: (a) Jan. 10, 1940; (b) March 5,
1940; (c) Feb. 17, 1940.

8. Which of the following were not leap years: 1800; 1812; 1888;
1898; 1900; 1914; 1916; 1932; 1940?

9. Cash discount. Jonah Xurb buys merchandise
amounting to $500, the terms being indicated by 2/10,
n/30. He understands this notation to mean that if he
pays by the end of 10 days he may deduct a cash discount
of 29, and settle his bill by a payment of $490. If he does
not take advantage of the discount, the bill must be settled
at the end of 30 days by a payment of $500. At the end of
10 days Kurb pays $300 for some of the items of the bill.
How much should he pay at the end of 30 days?

Since for each dollar of the bill he need pay only 98 cents
at the end of 10 days, a payment of $300 cancels £§3¢ or
$306.12 of the original bill, and Kurb still owes $193.88.

Exercise 7

1. On March 1, Albert Harper bought merchandise amounting to
$1200, the terms being 2/10, n/30.
(a) How much should he pay to settle his bill on March 11?
(b) How much should he pay to settle his bill on March 20?
(c) If he pays $800 on or before March 11, how much of the original
bill did he pay? How much is still due? On what date is the balance
due?
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" 2. Robert May bought merchandise Jan. 15, 1939, amounting to
$6800, the terms being 3/30, n/90. May took advantage of the terms
offered to the extent of paying $2800 in time to be allowed the 3%, dis-
count. How much should he pay at the end of 90 days? On what date
is the balance due?

8. Henry Parr bought merchandise amounting to $5000, the terms
being 3/10, 2/30, n/90. He paid $2000 at the end of 10 days, and
$2500 at the end of 30 days. How much should he pay at the end of
90 days?

10. Interest. Drew borrowed $5000 from Carr and at
the end of 6 months gave Carr $5150 in settlement of the
debt. The extra $150, called inierest, is money paid for the
use of another person’s money and depends upon: (1) the
amount of the loan or the principal; (2) the rate of interest,
stated as hundredths or per cent of the principal, for its use
for one year; (3) the length of time that elapsed from the
date when the loan was made to the date that it was repaid.

11. Simple interest. Simple interest is interest paid
only on the original principal. It accumulates as a part of
the debt but does not itself bear interest and is payable
when the debt is paid.

The conditions of the loan may be that interest shall be
paid at regular intervals of time. In that case, unpaid in-
terest when due is added to the debt, and interest is cal-
culated on the increased debt. The interest thus calcu-
lated, consisting partly of interest on interest, is called
compound interest and will be discussed in Chapter VI.
For the present, we shall confine our discussion to simple
interest.

The simple interest, I, at rate r per year, on a principal
p for n years, whether n is an integer or a fraction, is

I = prn.

Thus the simple interest on $5000 for 6 months at 69,

per year is
I = $5000 X .06 X Y% = $150.
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If Drew borrowed $5000 from Carr for 6 months at the
simple interest rate of 69, per annum and paid $2000 at the
end of 2 months, how much should he pay at the end of 6
months in full settlement of his debt?

We may not consider that any part of the $2000 payment
was for interest, for then Carr would be earning interest on
interest, or compound interest. A solution of the problem
can be obtained by considering that there are two separate
transactions: (1) a loan by Carr to Drew of $5000 for 6
months; and (2) a loan by Drew to Carr of $2000 for 4
months.

At the end of 6 months, Drew owes Carr

$5000 + 5000 X .06 X v = $5150,
and Carr owes Drew

$2000 + 2000 X .06 X iy = $2040.
Hence Drew should pay $5150 — 2040 = $3110.

Exercise 8

1. Find the simple interest on $400 for 8 months if the annual rate
is: (8) 6%; (b) 5%; (¢) 45%; (d) 4%; (e) 33%.
2. Henry borrowed $1000 for 8 months at the simple interest rate of

5% per annum. He paid $300 at the end of 3 months. How much
should he pay at the end of the 8 months in full settlement of his debt?

3. If, in example 2, Henry paid $300 at the end of 3 months and $400
at the end of 5 months, how much should he pay at the end of 8 months?

4. If a loan of $800 is repaid at the end of 9 months by a payment of
$836, find the rate of simple interest.

6. A loan of $900 made for 1 year at 49, is settled partly by a pay-
ment of $600 at the end of 6 months. If the debt is settled by a pay-
ment at the end of the year, find the total paid.

12. Ordinary and exact interest. The usual commercial
procedure is to regard a year as consisting of 12 equal
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months of 30 days each, thus assuming that there are 360
days in a year. This assumption simplifies interest calcu-
lations. The result is called commercial or ordinary interest.
An interest calculation made by considering that there are
365 days in a year is called exact tnterest. Thus the interest
on $1500 at 59, per annum is in either case $75 for 1 year.
But for 90 days,

*(a) the ordinary interest, I = $75 X 2% = $18.75;
(b) the exact interest, £ = $75 X %% = $18.49.

If we compare I with E by finding their ratio,

I _365 73 JE_T72
E~360 72773

That is, for the same principal rate, and number of days,
the ordinary interest is 73 of the exact interest, and the
exact interest is 73 of the ordinary interest. Therefore,
if the ordinary mterest has been calculated, the exact in-
terest may be found by deducting from it + of the ordinary
interest; if the exact interest has been calculated, the or-
dinary interest may be found by adding to it #; of the
exact interest.

Stated briefly, the difference between I and E is o of I
or 4 of E.

Thus, if the ordinary interest is calculated and found to
be $18.75, the exact interest = $18.75 — 5 of $18.75 =
$18.49.

If it is stated that the difference between the ordinary
and the exact interest is 60 cents, we know at once that the
ordinary interest is 73 X 60¢ = $43.80, and the exact in-
terest is 72 X 60¢ = $43.20.

It is unusually simple to calculate ordinary interest if
the rate is 69, per annum. Thus the ordinary in-
terest on $5840 for 69 days at 69, is calculated as follows:
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Interest for 60 days = $5840 X .01 = $58.40

“ o« g« —g5840 X .1 = 584
“ w3 e = g58AXE = 292
“ o« ogg o« = $67.16

If the rate had been 79, then, since 7%, is § of 6%, the inter-
est would have been $67.16 X ¥ = $67.16 4+ 3 X $67.16 =
$78.35. If the rate had been 439, which is § of 69, the
interest would have been $67.16 X § = $67.16 — 1 X
$67.16 = $50.37.

Exercise 9

1. In each of the following examples, find the ordinary and the exact
interest separately, and check by using the conversion principle:

(a) Interest on $7500 at 6%, per annum for 120 days

(b) [ “ $7500 «© 5% “« 13 “ 150 {3
(c) 3 3 36837.50 [ 7% 13 [ 13 96 {3
(d) 3 € 35000 €« 4%% {3 3 “° 87 113
(e) “° [ 36000 «“ 5%% {3 «“ [ 78 «”

2. The difference between the ordinary and the exact interest on the
same principal, for the same number of days, and at the same rate is
$5. Find the ordinary and the exact interest.

8. The ordinary interest on $5000 for 100 days is $75.
(a) Find the interest for a year.
(b) Find the annual rate of interest.
4. The ordinary interest on $6000 at 6% per annum for an unknown
period of time is $100.
(a) How much would the interest be for 1 year?
(b) For what part of a year was the interest of $100 paid?

6. The ordinary interest for 75 days at 6% per annum is $225.
(a) How much would the interest be for 1 year?
(b) What was the principal?

6. Calculate the missing item in each of the following:

Annual
Principal Rate Time Interest
(a) $4500 519, 60 days . ... ordinary

(b) $6000 4319, 80days ... . exact
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Annual

Principal  Rate "~ Time Interest

(c) $4000 .... 90 days $50 ordinary
(d) $4000 .... 75 days 850 exact
)...... 6% 70 days $85 ordinary
@ ...... 5% 65 days $80 exact
(g) 87000 7%  ........ $92 ordinary
(h) $7500 49,  ........ $120 exact

7. Real estate taxes in New York City are due May 31 and November
30. If the tax due is not paid on or before May 31, the city charges
exact interest (ordinary time) at 79, per annum from May 1. Edward
Collins has a tax bill of $26,325 due May 31, and on May 30 he borrows
the money for 90 days at ordinary interest at 739,. Does Collins gain
anything by borrowing $26,325?7 How high a rate of interest could
Collins afford to pay for the loan without gain or loss?

13. Bank discount. Edward Post holds the following
note as a result of a business transaction:

May 16, 1940.

Ninety days after date, I promise to pay to the
order of Edward Post, $1860.00, at the Cannon
National Bank, New York, with interest at 5%,.

(Signed) Jorn CoLE
Due, August 14, 1940.

On June 1, 1940, Post needs cash and asks for a loan
from the Fleet Bank, where he has an account. Post
endorses the note and turns it over to the Fleet Bank.
The bank deducts a discount at 69, and credits his account
$1860.02, called the proceeds of the note, as a result of the
following calculation:

Interest at 5% on $1860 for 90 days: $1860 X .05 X %% = $23.25;
maturity value of note: $1860 + $23.25 = $1883.25;

time that the note still has to run: 74 days;

discount on $1883.25 for 74 daysat 6%,: $1883.25 X .06 X +4fy = $23.23;
proceeds: $1883.25 — $23.23 = $1860.02.
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When the note falls due, August 14, 1940, the Fleet Bank
will receive $1883.25 from John Cole and will cancel Post’s
liability on the loan. If Cole does not pay, the Fleet Bank
will require Post to pay $1883.25, and Post will then try
to collect from Cole.

The following points are to be noted:

(1) Post did not sell the note to the Fleet Bank.

(2) The Fleet Bank loaned Post $1883.25 and deducted
a ‘‘/discount at 69,” of $23.23, credited Post’s account
$1860.02, and held the note as evidence of the loan.

(3) The discount charge of $23.23 differs from interest
in two respects: (a) It is deducted from the loan at the date
that the loan is made, instead of being payable when the loan
is repaid. (b) It is calculated on the maturity value of the
note and not on the amount loaned.

(4) Since the Fleet Bank loaned $1860.02 and will re-
ceive $1883.25 at the end of 74 days, the interest earned by
the bank in 1 year would be £23;22 X 360, and the annual
rate of interest earned would be 22322 X 360 X s5as+s
= 6.079%,, whereas the discount rate is 6%,.

Exercise 10

1. Calculate the discount and the proceeds for each of the following
notes:
Interest Drscount

Note Dated  Discounted  Term  Face Rate Rate
(a) Jan. 5 Feb.10 90 days $ 5000 5% 6%
(b) Feb. 15 Feb.15 60 “ 2750 0 6%
(c) March 1 April10 90 “ 7500 4%, 6%
(d) April 1 April 15 60 “ 8000 6% 5%
(¢) April 15 April 15 120 “ 15,000 0 5%,

2. Find the difference in cost to the borrower of $50,000 for 90 days:
(a) if he gives a note for $50,000 payable in 90 days with interest at 6%;
or (b) if he gives a note for some amount payable in 90 days and the
bank discounts the note at 6%, so that the proceeds are $50,000.
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3. A note for $6500 dated March 15 is due in 90 days with interest at
49, per annum.
(a) The note was discounted at 69, on April 20. Find the proceeds.
(b) The note was discounted at 6%, and the proceeds were $§538.74.
Find the date that the note was discounted.
(¢) The note was discounted on May 10 and the proceeds were
$6534. Find the rate of discount.

4. Find the rate of interest equivalent to a discount rate of:
(a) 5% per annum for 120 days;
(b) 6% 113 [ [{3 60 [{3 ;
(c) 4% (13 143 [ 90 ({3 .

5. The discount on $5600 for 63 days is $48.62. Find the equivalent
annual interest rate.

14. True discount. When a note for $5000 due at the
end of 90 days is discounted by a bank at 6%, the bank
discount is $75 and the proceeds are $4925. That is, at the
end of 90 days the bank receives $5000 for a loan of $492%.
The bank earns $75 on an investment of $4925 for 90 days,
which is at an interest rate higher than 69, per annum-

The question “How much should I receive now so that at
the end of 90 days a payment of $5000 will cancel the debt
with ordinary interest at 69, per annum?”’ may be restated
as: What principal will amount to $5000 at the end of 90
days with interest at 69,?

The unknown principal is now called the true present
worth of $5000, and the difference between the true present
worth and the final amount is called the true discount.

A principal of $1 at 6%, a year will amount to $1.015 at
the end of 90 days. In order that the amount shall be
$5000 the principal should be $5000 = 1.015, or $4926.11.

Hence the true present worth is $4926.11 and the true
discount is $73.89, whereas the bank discount was $75.

But now 6%, is not the rate of discount but the rate of
interest, the interest on $4926.11 for 90 days at 69, being
$73.89.
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Exercise 11
1. Find the true present worth and the true discount:
(a) If $1000 is due at the end of 120 days and the annual interest
rate is: 3%; 5%; 6%; 8%:
(b) If $2500 is due at the end of 80 days and the annual interest
rate is: 6%; 4%; 3%; 2%.
2. The true discount is $65.80.
(a) Find the true present worth if the annual interest rate is 6%
and the time is 90 days.
(b) Find the annual interest rate if the true present worth is $5000
and the time is 60 days.
(c) Find the time if the annual interest rate is 69, and the true
present worth is $5000.

16. Equation of payments. In the settlement of mer-
cantile accounts it is assumed that ordinary simple interest
is to be charged for unpaid debts and credited for payments
made in advance at 69, per annum unless another rate is
specified.

The interest on $500 for 17 days at 69, is $500 X .06 X
+¢5- This may be written as $500 X 17 X .06 X iy,
which] also indicates the interest on $500 X 17 for 1 day.
That is, the interest on $500 for 17 days is the same as the
interest on $500 X 17 for 1 day.

Illustration

Porter bought merchandise from Quinn. On Quinn’s books Porter
is charged at dates when payments are due and credited with payments
made, as follows:

Dr. Cr.

Jan. 15, 1940, due $1000 | Jan. 25, 1940, paid  $1000
Feb. 1, “ ¢« 5000 | Feb.10, «“ '« 6000
May 15, “ “ 3000

On what date should Porter pay the balance of $2000 without in-
terest?
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Select any date, preferably the last date in the account, May 15, 1940,
as the focal-date, the date on which our attention is focused. To this
date, since 1940 was a leap year, Porter had the use of:

$1000 for 121 days, or $121,000 for 1 day
85000 3 104 [13 43 $520,000 [{4 1 [{3

33000 13 0' [{3 [{3 0 {3 1 [{]
A total of $641,000 “ 1

To the same date, Quinn had the use of:

$1000 for 111 days, or $111,000 for 1 day
$6000 “ 95 “ ¢ 570,000 “ 1 “
A total of $681,000 “1 *

To balance the advantages, Porter is entitled to the use of $40,000
for 1 day or to the use of the actual balance, $2000, for 20 days from
May 15. Hence the equitable date of settlement is 20 days after
May 15—that is, June 4, 1940.

If the account is settled after June 4, Porter should pay $2000 and
interest. If the account is settled prior to June 4, Porter should pay
$2000 less a discount.

Exercise 12

1. Find the equitable date of settlement in the illustrative problem
by taking May 31 as the focal date.

2. Find the amount Porter should pay if he settles the account:
(a) June 30; (b) May 20.

3. Brand borrowed $1000 for 1 year. He paid $275 at the end of
3, 6, 9, and 12 months. Show that he paid ordinary interest at 179,
per annum (nearly).

4. If, in example 3, each of the payments had been $262.14, show that
the annual rate of interest would have been 8%, (nearly).

6. How much should each of 2 equal payments be if they are made at
the end of 4 months and 12 months to repay a loan of $1000 made for a
year with simple interest at 129 per annum?

6. H. Bond obtained a loan of $400 for 1 year. At the end of 3
months Bond pays $105; at the end of 6 months he pays $110; at the
end of 9 months he pays $115; and at the end of the year he pays $120.
Find the rate of interest Bond pays on the loan.
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7. The loan of example 6 was not for a year but consisted of four
items of $100 each, payable with interest at the end of 3, 6, 9, and 12
months. The payments Bond made were as in example 6. Find the
rate of interest Bond paid.

8. On Walter Clark’s books John Daly’s ledger account appears as
follows:

Dr. Cr.
Jan. 10,1941, due $ 500 | Jan. 15, 1941, paid $ 500
2, “ « 600 | Feb. 1, « « 1600
Feb. 15, “ « 1000 March 1, «“ ¢ 2000
2, ¢« « 1000
March25, “ ¢ 2000

(a) Find the date when Daly should pay the balance of $1000 with-
out interest.

(b) The settlement is made March 25. How much should Daly
pay if interest is at 69,?

(c) The settlement is made May 20. How much should Daly
pay if interest is at 6%,?



CHAPTER I1
OPERATIONS WITH ALGEBRAIC NUMBERS

16. Algebraic numbers. All integral numbers (whole
numbers) may be represented by points on a scale of equal
divisions, each division point on the scale being marked for
an integer. All common and decimal fractions may also

A B Cc

] 1 1 1 1 1 N Il 1 A

0 1 2 3 4 5 ] 7 8 9 10
Fig. 1.

be indicated on this scale. Thus, in Fig. 1,4 = 43; B =
5.8; C = 8.45.

Addition and subtraction may be performed with the aid
of the scale merely by counting. To find the value of
6 4+ 3, start at 6 on the scale and count 3 toward the right.
The mark numbered 9 is reached; therefore, the sum of 6
and 31is 9.

7 — 2 means: How many steps must be taken from 2,
the subtrahend, to reach 7, the minuend? Evidently we
take 5 steps toward the right, the result being 7 — 2 = 5.

2 — 7 means: How many steps must be taken from 7 to
reach 2? The answer is again 5, but the motion in this
case is toward the left, and we write 2 — 7 = —5.

In order to represent such results, the scale is extended
to the left of zero. The numbers on the scale to the left
of zero are marked —1, —2, —3, and so on, to distinguish
them from points to the right of zero which are marked
+1, 42, +3, and so on. A number written without a sign
before it is considered to be an arithmetic number pre-
ceded by a + sign.

24
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The complete scale, Fig. 2, extending from zero toward
the right and toward the left is called the algebraic scale of

-4 -3 -2 -1 0 +1 +2 +8 +4  +5  +8

Fig. 2.

numbers. +4 means: 0 + 4; start at 0 and count 4 toward
the right. —3 means: 0 — 3; start at 0 and count 3 to-
ward the left.

2 — 6 would ordinarily mean that 6 is to be subtracted
from 2, but the most that can be subtracted from 2 is 2.
Of the 6 that werc to be subtracted, there still remain 4
that are to be subtracted, indicated by —4, and we write
2-6=—4

2 — 6 also means: How many steps must be taken from
the mark 6 to reach the mark 2? Evidently 4 steps toward
the left, indicated by —4, and 2 — 6 = —4.

The signs + and —, originally defined as signs that indi-
cate addition and subtraction, are thus found to be equally
well suited for indicating opposite directions.

2 — 6 also means 0 + 2 — 6. Start at zero, count 2
toward the right, then 6 toward the left. The final posi-
tion, 4 spaces to the left of zero, is indicated by —4.

The algebraic scale of numbers is also called the scale of
real numbers. It contains every ordinary number whether
it is integral or fractional, positive or negative, or zero.
When dealing with real numbers, one number is said to be
greater than another if its position on the scale is farther to
the right. The sign > is used to indicate “greater than,”
and the sign < is used to indicate ‘‘less than.” Thus

—7>—10; = 5< +1; +2< +10; +1> - 3.
17. Algebraic addition. Algebraic addition is the process

of combining a succession of + and — numbers into a
single number. It may be accomplished by taking suc-
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cessive steps on the algebraic scale, toward the right for +
numbers and toward the left for — numbers. Thus 3 — 5
+7 —2means 0 +3 — 5 + 7 — 2. Start at zero, count
3 toward the right, then 5 toward the left, then 7 toward the
right, and then 2 toward the left. The final point reached
is 3 to the right of zero, and the algebraic sum is +3. The
order of the numbers may be changed (see page 6), as:
3-54+7—-2=34+7-5—-2=-5-2+43+7-=
+3. It is also convenient to regard plus numbers as gains
and minus numbers as losses. The algebraic sum of the
numbers is the result of combining the gains and the losses
into a single number.

Exercise 13

1. Find the algebraic sum of each of the following:

@ ® @@ @ @@ 6 @ ® @ Q)
6 6 6 6 —6 5 12 —123 —2 —%
7 7 7 -7 —7 -3 —23 —567 % }
8 8 —8 —8 —8 7 47 234 -} }
9 =9 —9 -9 -9 -8 —36 —046 —} —I

2. Combine each of the following sets into a single number:

() + 3 — 1.874 (d) 1 — .68437
(b) — 34 1.874 (e) 68437 — 1
(¢) — 5+ 2.63572 ) 4 —3—1+1%

@ —3+3+1-%

18. Algebraic subtraction. To subtract one algebraic
number from another algebraic number, we must state the
number of steps and the direction necessary to get from
the point on the algebraic scale that indicates the subtra-
hend to the point that indicates the minuend. To sub-
tract —6 from —2, it is necessary to take 4 steps toward
the right. According to this definition of subtraction, the
difference is +4, and (—2) — (—6) = +4.
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We may reach —2 from —6 by going first from —6 to
0 and then from 0 to —2. The successive steps taken would
be 46 and —2, which combine to make +4. That is,
instead of moving from the subtrahend to the minuend
directly, we may move from the subtrahend to zero and
then to the minuend. Hence the rule: To subtract one
algebraic number from another, reverse the sign of the sub-
trahend and proceed as in algebraic addition.

The correctness of an algebraic subtraction should be
checked, as in arithmetic, by adding the difference to the
subtrahend. The result should give the minuend.

Exercise 14

In each of the following examples, identify the minuend and the sub-
trahend. Then find the difference and check the result.

1 @ ) @ @ @ O @ @® O G
From: 10 10 10 10 -10 —10 —10 —10 —1.6 —4%
Subtract: 4 12 —2 —12 2 12 —-10 10 18 _#}

2. Subtract:

(a) —1 from +1 (e) —2% from —5%
(b) +1 from —1 () —1 from +1%
(¢) +2.783 from —1.642 (g) +% from -1}
(d) —1.642 from +2.783 (h) —3 from —%

19. Algebraic addition and subtraction of groups. In-
stead of dealing with units, we may deal with groups of
units. Then, if each group contains the same number of
units, we may add or subtract the number of groups. Thus,
if each group contains a dozen units and the letter d stands
for 12, a combination such as 7d + 4d — 8d means that
we are to combine 7 dozen + 4 dozen — 8 dozen. The
word dozen now takes the place of the word untt, which was
understood but not indicated in previous examples. The
method of combining 7d + 4d — 8d is precisely the same
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as the method of combining 7 + 4 — 8. Now, however,
the result is not 3 units but 3 groups of d each, or 3d.

The combination 5a + 3b — 6a® + 4ab — 2a — 4a? —
4b means that we are to combine 5 groups of a each, +3
groups of b each, —6 groups of a? each, and so on. In this
case, the number in each group is not the same, since a,
a? b, and ab may, and generally do, represent different
numbers. Some of the groups may, however, be combined.
5a — 2a combine to make +3a; 3b — 4b combine to make
—1b, or —b; —6a? — 4a? combine to make —10a®.. The
result of combining whenever it is possible to do so is
3a — b — 10a? + 4ab.

Each of the parts, 5a, + 3b, — 6a? and so on, is called
a term. A term is a number combination that is to be
added algebraically to another number combination. In
the example there were 7 terms in the original expression.
The final result contains 4 terms. We say that an algebraic
expression has been made simpler if it is expressed in fewer
terms.

Leke terms or stmelar terms are terms in which the same
letters appear and the exponents attached to the letters
in one are the same as those in the other. Thus 6a%? and
5a%b? are like terms. Only like terms can be combined.

The number by which a letter or a letter combination
is to be multiplied is called the coefficient. Thus, in 7ax?,
the coefficient of az?is 7; the exponent 2 applies to x only
and not to ax. If no coefficient appears before a letter,
the coefficient is understood to be 1. Thus, ab = lab.

An expression consisting of only one term is a monomzial;
one consisting of two terms is a binomial; one consisting of
three terms is a trinomial. An expression consisting of
more than one term is usually called a polynomial.

The algebraic subtraction of one polynomial from another
is performed as follows:
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IlNlustration

Subtract 6a? — 2ab + 2a — 3b from 5ab — 2a + 3a? 4+ 3c. Rewrite,
placing each term of the subtrahend under a similar term of the minuend,
if & similar term exists.

Minuend: 5ab — 2a + 3a? + 3¢

Subtrahend: —2ab + 2a + 6a? —3b

Difference: 7ab — 4a — 3a? + 3¢ + 3b
Adding the difference to the subtrahend should give the minuend.
Does it?

Exercise 16

Gombine terms wherever possible; state how many terms there were -
in the example and how many there are in the answer:

1, 222 -5+ 3z — 722+ 8 — 4z + 522 — 3
2. a+ 3 —5a — 6b — 4b — 4a + 6a
8. a + Sax + 7z — 8a — 3az — ax

4. —3z — 422 4 6z + 2 — z + 223
8. ab + 2ac — be + 3ab — dac + 10be
. 4a — %a + 1a — ia

. 23z — 34 — 72z + 2

3z — 1.2z — 1.72% + 1.22

. 273a — 875a — 5630 + 767a

10. 68922 — 563z? — 19722 — 7382

11. Subtract:

(a) 2a — 3b from 5a — 6b. (d) 2a — 3b from 2a + 3b.
(b) 2¢a —3b “ a — 6b. (e) 2a —3b “ —2a — 3b.
() 2a —3b “ 2z — 3y. ) 2a — 30 “ —2a 4 3b.

12. If A =22 —3b+4c, B=3a — 20 —¢c, and C = —a + b —
3¢, find the value of each of the following:

© 0 9 ®

(8 A+B+¢C B—-4-C
(b) A+B-C () C—A—-B
() A—B—-C ) B+C—-4A

20. Parentheses. 5z + (6a — 3b) — (4y — 22) means:
Start with the group 5z, add to it the group 6a — 3b, and
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then subtract the group 4y — 2z. If the additions and the
subtractions are performed, we obtain 5x + 6a — 3b —
4y + 2z.

Upon comparing the result with the given form that
contains parentheses, we note that:

(1) When a plus sign precedes the parentheses, the
parentheses are removed without any changes in the signs
of the terms that were within the parentheses, and the plus
sign that preceded the parentheses disappears.

(2) When a minus sign precedes the parentheses, the
parentheses are removed and, at the same time, the sign
of every term that was within the parentheses is changed
from plus to minus or from minus to plus, and the minus
sign that preceded the parentheses disappears. Thus

5a — (—2z + 3a) + (—4a — 2z) = 5a + 2z — 3a — 4a — 2z = — 2a.

Sometimes parentheses appear one within another. To
avoid ambiguity, various forms are used, namely: [ ]
brackets, | |} braces,and™  bar or vinculum. Thus
52 ~3—{4—z—2+ 2} +z1 =5z —~[3— {4 —z+2+z}+z]
=5z—B8—4+zxz—-2—2+z]=5zr—-3+4—z+2+2x—x=42+3.

Exercise 16
1. Remove parentheses and simplify the result in each case:
(a) 10 — (5 — 22) + (7 — 3z)
(b)a—(2—a—a%+ (—a*— 2a +3)
(c) (6z — 3y) — (5z — 2y) — (—3z + 2y)
d) 5z — 22 + (3 — 4 — z)]
() 8+ {7 —[z+ (B —2z —3)] —=z}
2. State the operations of addition or subtraction to be performed
in example 1; then perform the operations without using parentheses.
21. Multiplication. By the definition of exponents,
page 3,
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a=a-a-a; a*=a-a-a-a-a.
Then

a-a*=(a-a-a)(a-a-a-a-a) =ad

In multiplication, if the base is the same in two multi-
pliers, the product has the same base, and the exponent is
the sum of the exponents of the multipliers. Thus:

54X 5% = 59; b5.b = bS.pt = b,
In general, if n and y are positive integers,
ar - av = an+v’
The productA of two monomials such as 2a%? and 3ab’c
may be found in the following manner:
2a%? - 3ab%c = 2-3-a%-a'- b?: b*: ¢ = Gabbe.
Since in any product the order in which the factors appear

may be changed at will, the letters are usually written in
the order in which they appear in the alphabet.

Exercise 17
Simplify the products in the following:

1. (3a?) X (4a?) 4. (2a%*) X (4a*bc?)
2. (10adb) X (6ac) 6. (3a’z) X (3az?)
3. (abc) X (a®z) 6. 3.75a%z3 X 0.8a%z

22. Multiplication of polynomials. The signs + and —
were defined originally as signs that indicate addition and
subtraction. We then found that + 8 and — 3 have pre-
cise meanings with reference to the scale of algebraic
numbers and that such numbers may be added together
or one may be subtracted from the other. The question
naturally arises: What shall we understand by such ex-
pressions as (+8) X (—3) and (—7) X (—4)?

As these numbers stand, not connected with other num-
bers, the indicated multiplication conveys little or no
meaning since multiplication in arithmetic is defined only
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for positive numbers. But (9 — 2) X (8 — 3) certainly
does have a meaning—namely, 7 X 5.

To formulate rules for multiplying 9 — 2 by 8 — 3 with-
out combining 9 — 2 into 7, and 8 — 3 into 5, consider the
following:

(1) If an article is worth 3 dollars and there are 7 — 2
articles, the separate groups 7 and 2 are worth 7 X 3 and
2 X 3, and 7 — 2 articles are worth 7 X 3 — 2 X 3. But
the value of 7 — 2 articles is also 3 X (7 — 2). Hence

3X(7T—-2)=3X7-3X2.
In general, if a, ¢, and d are positive numbers and ¢ > d,
a (c—d) = ac — ad.

(2) To find the value of (¢ — b) - (x — y) where a, b, z,
and y are positive and a > b, £ > y, replace a — b by k.
Then

@=b)-@—y) =k(x—y) =k — ky.

But
kx = z(a — b) = ax — bz,
ky = y(a — b) = ay — by;
and
kx — ky = (az — bz) — (ay — by) = ez — br — ay + by,
or

(@a—0b) (z —y) =ax — bx — ay + by.

The result of multiplying a — b by £ — y is now sum-
marized. These rules are applicable to the product of any
two polynomials.

(a) Each term of the first factor, +a and —b, is multi-
plied by each term of the second factor, +z and —y, giving
four terms in the product.

(b) Thesign of a term in the product is — when the signs
of the two multipliers are different (one + and the other —),
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that is, when +a is multiplied by —y and when —b is
multiplied by +z.

(¢) The sign of a term in the product is + when the signs
of the two multipliers are the same (both + or both —),
that is, when +a is multiplied by +z and when —b is
multiplied by —y.

(d) The terms of the product are added algebraically.

Tustration
Multiply: 528 — 322 — 8z 4 4
by: 22 — 4z — 3
Multiply by 222: +102% — 62% — 162® + 822
“ “ —4z: —20z¢ + 122° 43222 — 162
“ “ - 3: —152% + 922 + 24z — 12
Product: +10z® —26z* — 192° +492* + 8z — 12

The proof of correctness is established as follows: Let z be given any
numerical value whatever, say £ = 3. The first factor reduces to 88,
the second factor reduces to +3, and the product reduces to +264.
Since (4 88) X (4 3) = + 264, the algebraic multiplication is probably

correct.
Note that when 7843 and 956 are multiplied, the rules
(a) and (d) of algebraic multiplication are obeyed. There

are actually 12 multiplications made, and the results are
added together.

Exercise 18

Perform the following multiplications, and check each result by let-
tingz = —4%:

1. 2z —3)-(3z — 4) 6. x2—z+1)-(z+1)

2. (222 —3z — 4) - (3z — 2) 6. x>—z+1):-(z*+z+1)
3. 222 —3x—4)- 22—22+3) T (z—1) (z—2) (z—3) (z—4)
4. (22+z+1) - (z—1) 8. (22—3z—6)*— (2*+3z—6)*

9. Why may we not use z = 1 or z = 0 to check multiplications?
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10. Show that the following results are true and state each in words
(see also page 6):
(a) (a+b)? = a® + 2ab + b2
(b) (a—b)? = a? — 2ab + b2
(c) (a+d) (a —b) = a®> — b?

11. Use the rules of example 10 to write the following products at
sight:

(2) (= +3)* (8) 63 X 7%
() (x —1)? (h) 59 X 61
(c) (x —5) (z 4+ 5) (i) 93 x 87
(d) 2z + 3) (7) 6% X 6%
(e) (2z — 3)? (k) 6.03 X 5.97
f) 2z + 3) 2z — 3) (1) 147 X 147
23. Division of algebraic numbers. ¢ <+ b = ¢, or

% = ¢, means that some number ¢ must be found such that

¢ X b shall give a. That is, a® + a? jmeans that some
number must be found so that when it is multiplied by a?
the product shall be a. Since a* X a? = ab, a® + a? = a*.

In general, for positive integral values of m and n,
am-a* = g™, andifm > n,a™ <~ a™ = a™ .

The student may prove that the rules for signs in division
are the same as in multiplication—namely, like signs give
-+, unlike signs give —.

If a polynomial is to be divided by a monomial, each
term of the polynomial is divided by the monomial. Thus

16a%b — 12a%? — 10a%h? = —8 + 6ab + 5atbr.
—2a%

The proof of the correctness of the result is

—~2a%h (—8 + 6ab + 5a%?) = +16a% — 12a'd* — 10a%b3.
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Exercise 19

Simplify each of the following, and check the results:

1. 10a* + 2a 6. (z%y — 2%) + 2%y

2. 18a%? + 3ab? 7. (8a%h — 16a%b®) + 4ab

3. 18z% <+ —322 8. (6z%y® — 2x%? — 4x%°) + 2zy
4. (30x® — 25z* — 2023) + —ba? 9 (' —1z) + 2

6. (8a%b — 48a%?) + —8a? 10. (ax + bx —cz) + =

24. Successive approximations. Addition and multipli-
cation are dircct processes. Subtraction and division are
indirect processes, the correctness of the results being
proved by addition and multiplication respectively. To
square or to cube a number requires merely a knowledge of
multiplication. The reverse processes, square root and
cube root, are indirect. As a gencral rule, an indircct
operation is performed by making an approximation, testing
the result, making a better approximation, testing the new
result, and so on.

Long division in arithmetic is performed by using suc-
cessive approximations. Thus, to divide 73,425 by 236,
we take the following steps:

1st approximation: 734 hundreds + 236 gives approximately 3 hun-
dreds, or 300.

Test: 300 X 236 = 70,800. There still remains 73,425 — 70,800,
or 2625, to be divided by 236.
2nd approximation: 262 tens + 236 gives approximately 1 ten, or 10,
and the second approximation is 300 + 10, or 310.
Test: 10 X 236 = 2360. There still remains 2625 — 2360, or 265,
to be divided by 236.

3rd approximation: 265 units + 236 gives approximately 1 unit, and
the third approximation is 300 + 10 + 1, or 311.

Test: 1 X 236 = 236. There still remains 29 to be divided by 236.

4th approximation: 29 =+ 236, or 290 tenths -+ 236, gives approxi-
mately 1 tenth, or 0.1, and the fourth approximation is 311.1, the re-
mainder being 5.4.
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311.1

The ordinary setup is an 236 [ 73425.0
abbreviation of the process 708

Lo . 7262
given in detail, and appears as 236
illustrated at the right. The 265
proof of correctness is that 236
311.1 X 236 + 5.4 = 73,425. 299

54

26. Division by polynomials. Algebraic division by a
monomial presents no difficulty. But when the divisor
consists of more than one term, we resort to the method of
successive approximations very much as we do in long
division in arithmetic.

In the case of numbers, the position of a digit determines
its value — that is, 236 means 2 hundreds 4 3 tens + 6
units.

The terms of an algebraic expression are arranged in
some order, and that order is retained until the problem is
completed. The value of «? is greater than that of z if
exceeds 1, and is less than that of z if  is between 0 and 1.
Hence we may arrange an algebraic expression containing
z by having the exponents appear either in a decreasing
order or in an increasing order.

Tllustration
(22x — 723 — 6 + 62* — 1522) =+ (3 + 22® — 52)
The terms are arranged in decreasing powers of z.

3x2 + 4 — 2
222 — bx + |6:c‘ — T2 — 1522 4+ 222 — 6
— 1528 4+ 922
+ 813 — 2422
+ 8z — 2022 + 122
— 4z + 10z
— 4224 102z — 6

0
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1st approximation: 6z* + 212 = 322
Test: 323 - (22t — 5z +3) = 62* — 1523 + 922. There still remains
8z% — 242? 4 227 — 6 to be divided.
2nd approximation: 8z + 222 = 4z.
Test: 4z - (222 — 5z + 3) = 82% — 2022 4+ 12z. The second ap-

proximation is 3z? 4+ 4z, and there still remains —4z® 4+
10z — 6 to be divided.

3rd approximation: —4z? + 222 = —2,
Test: —2 - (222 — 5z + 3) = —42? + 10z — 6. The third approx-
imation is 322 4+ 4x — 2 and there is no remainder. The
exact quotient is 322 4 4z — 2.
To prove the correctness of any division, use the relation,
dividend = divisor X quotient + remainder.

Exercise 20

Perform the divisions indicated in the following examples and check
by letting z = —3.

1. (922 — 4) + (32 — 2) 4. (2728 — 8) + (3z + 2)
2. (922 —4) + Bz + 2) 5. (272% + 8) + (3z + 2)
3. (2722 — 8) + 3z — 2) 6. (2723 + 8) + (32 — 2)

T (4t — 22+ 4) =~ (222 — 3z + 2)

8 (e +22—32—z+2) + (a4 2z — 2)
9. (et +2°—322—2x+2)+ (22— 2z 4+ 1)
10. (*+ 22— 322 —2z+2) + (22 + 32+ 2)

26. Casting out nines. Arithmetic computations are
usually checked by casting out the 9’s in each number—
that is, by using the remainder, called the check number,
which is found after dividing the number by 9.

To find the check number of 8573, note that the number
is 8 thousands + 5 hundreds + 7 tens + 3 units. When
1, 10, 100, and 1000 are divided by 9, the remainder in
each case is 1. Therefore the remainder for any figure in
any place is the same as the figure in that place. Hence
when 8573 is divided by 9, the separate remainders are 8,
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5, 7, and 3. The total remainder is 8 +5 4+ 7 + 3, or
23, which in turn gives the remainder 2 + 3, or 5, the
check number of 8573. That is, the check number when
9’s are cast out is found by adding the digits together.

Let M be any number written as a sequence of digits,
the decimal point being disregarded. Then if M is divided
by 9, there will be an integral quotient, a, and an integral
remainder, m. Hence we may write M = 9a -+ m, where
m is the check number of M. Similarly N = 9b + n,
where n is the check number of N.

M X N = (9a + m) (9b + n) = 9%ab + 9an + 9bm + mn.

Hence if M X N is divided by 9, the quotient is 9ab + an +
bm, and the remainder, the check number, is mn. That is,
the check number of the product of two numbers is the same
as the product of the check numbers of the factors. Thus

673 X 587 = 395,051,

The check numbers of the given factors are 7 and 2, and the
check number of the product is 5. But 7 X 2, or 14, gives
the check number 5, and we conclude that the product is
probably correct.

A division may be checked by finding the check numbers
of the dividend, the divisor, the quotient, and the re-
mainder, and then testing whether the four check numbers
obey the relation: quotient X divisor + remainder = divi-
dend.

Thus 78,432 + 467 gives the quotient 167 and the re-
mainder 443. The check numbers are: dividend, 6;
divisor, 8; quotient, 5; remainder, 2. Hence 8 X 5 4 2,
or 42, should give the same check number as the divi-
dend, 6. Since this is so, the division is probably correct.

Notice that reversing the order of two figures leaves the
check number unchanged. Hence the check by casting
out 9’s cannot uncover such an error.
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27. Casting out elevens. When 42 is divided by 9, the
quotient is 4 and the remainder is 6; but we may also say
that the quotient is 5 and the remainder is —3. When 10
is divided by 11, we may say that the quotient is 1 and the
remainder is —1. That is, the remainders when 1, 10,
100, 1000, and so on, are divided by 11 are +1, —1, 41,
—1, and so forth. Therefore the remainder for any figure
in any place is the same as the figure in that place, but the
signs of the separate remainders are alternately + and —,
the sign for the figure in unit’s place being +. Hence, when
25,734 is divided by 11, the remainder is -4 —3 47 —5
+2, or 5, which is the check number of 25,734.

The check number of 8573 is +3 — 7 + 5 — 8, or —7.
The remainder, —7, was the result of making the quotient
too large by 1. Diminishing the quotient by 1 increases
the remainder by 11, and the check number therefore is
also 4+4. That is, when 11’s are cast out, the check numbers
—1, —2, —3, and so on, are the same as the check numbers
+10, 49, +8, and so on.

The rules for checking computations by casting out 11’s
are the same as those used when casting out 9’s. An error
of inversion of two adjacent digits not uncovered by casting
out 9’s is uncovered when 11’s are cast out.

It is possible to formulate rules for finding the remainder
for divisors other than 9 or 11, but the rules are too com-
plicated to be of much practical use.

Exercise 21

1. Find the check numbers by casting out 9’s and also 11’s of :
(a) 2345 (b) 5432 (c) 38,412
2. Perform the multiplications and the divisions indicated and check
by casting out 9’s and also 11’s:
(a) 376 X 437 (d) 6.7432 + 1.23
(b) 67,432 + 123 (e) 880 + .125
(c) 3.76 X .437 (f) 880 X .125
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8. Prove that for any divisor, a, the check number of the sum of two
numbers M and N is the sum of the check numbers of M and N.

28. Factoring numbers. An integral number is factored
when it is expressed as the product of two or more smaller
integral numbers. A number that cannot be factored is
a prime number. Thus 1, 2, 3, 5, 7, 11, and 13 are prime
numbers. If one factor of a number is discovered, another
factor is the quotient obtained by dividing the given number
by the known factor. Each factor may be factored in turn
until the factors are prime numbers.

Any number M may be written in the forms:

(a) M = 10a + b, where b is the last figure of M;

(b) M = 100c +d, where d is the number shown by the last two
figures of M;

(¢) M = 9¢ + f, where f is the check number of M when 9's are cast
out;

(d) M = 11g + h, where & is the check number of M when 11’s are
cast out.

Of course, there are other ways of expressing M, but
these four forms enable us to recognize certain factors at
sight.

(1) Since in (a) 10e is divisible by 2 and by 5, M is divisible by 2 or
by 5 if b, the last figure, is divisible by 2 or by 5.

(2) Since in (b) 100c is divisible by 4 and by 25, M is divisible by 4
or by 25 if d, the number shown by the last 2 figures, is divisible by 4
or by 25.

(8) Since in (c) 9e is divisible by 3 and by 9, M is divisible by 3 or by
9 if f, the check number of M when 9’s are cast out, is divisible by 3 or
by 9.

(4) Since in (d) 11g is divisible by 11, M is divisible by 11 if A, the
check number when 11’s are cast out, is O or is divisible by 11.

That is, we can easily see whether 2, 3, 4, 5, 9, 25, or 11 is a factor,
and, if it is, we can find another factor.



OPERATIONS WITH ALGEBRAIC NUMBERS 41

Illustration

" Factor M = 84,416,013.
The check number when 9’s are cast out is 27, which is divisible by 9.
Hence 9 is a factor.
The check number when 11’s are cast out is —11 or 0. Hence 11 is a
factor.
M =9 X 9,379,557 = 9 X 9 X 1,042,173 = 9 X 115,797
=9" X3 X 38599 =9 X3 X 11 X3509 =9 X3 X 11t X 319
=93.3.112.11-29 =3"-11%3.29

Exercise 22

Factor the following numbers:

1. 16,335 6. 27,588
2. 19,305 7. 172,425
3. 14,553 8. 129,415
4. 155,727 9. 114,345
5. 1,029,105 10. 47,544,651

29. Uses of factoring numbers. In calculations with
fractions, it is always desirable that: (a) a fraction shall be
expressed with small numbers if possible—that is, it shall
be reduced to lowest terms; (b) the product, the quotient,
or the sum shall be obtained as rapidly as possible. Fac-
toring is helpful in all such cases.

Illustrations

1. Reduce §3% to lowest terms.
When numerator and denominator are factored, the fraction becomes

693_11 X3F X7 _11 X 3 XT7_9

847 112X 7 11 X11 X7 11
The 11’s and the 7’s are canceled, and the simplified result is 4
13 9 .
2’@"' T XFXTIBXT

The least common denominator is 112 X 32 X 7, because this is the
smallest integral number to which both the given denominators may be
changed by multiplication. Then, since the numerator and the de-

+
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nominator may be multiplied by the same number without changing
the value of a fraction, the fractions become

13 X 11 + 9 X3
112X P X7 112X 3EXT
The sum is
13 X114+9X9 _ 224 2XT
1 X3 X7  11EX3X7 12X3X7
28 32

117 X 3¢~ 1089

Exercise 23
1. Reduce the following fractions to lowest terms:

3 X 5 X 7 X 11 572
@) XX 7 X1l @ T1157

561 1551
) 755 ©) 3653

5049 17061
© 8415 ® Tse12

2. Simplify the following by performing the indicated operations,
and express the result as simply as possible

7 .5 81
@) T8 T 72 (d) x 100
65 55 87351 _ 21855
() §§i ~ 2695 () 96162 < 23823
15 8 16
© 155 156 585 ® 420~ 6435

80. Factors of algebraic expressions. The rules for
operating with algebraic fractions are the same as those
for arithmetic fractions. It is therefore necessary to factor
algebraic expressions. A number that was obtained by
multiplying two prime numbers is factorable, but it may
be very difficult to find the factors. This is also true of
algebraic expressions. However, some algebraic products
may be written at sight, and the form of the product often
enables us to write the factors.
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The following are basic forms:

(1) a(z —y + 1) = axr — ay + a. A factor of each term, q, is also
a factor of the entire expression. Another factor is the quotient ob-
tained by dividing the expression by the known factor, a.

Thus b5x3 — 35zt + 5x = bx(x? — Tz + 1).

(2) (a+ z) (@ — 2) = a* — 2% The difference between the squares
of two expressions arises from the product of a sum and a difference.
Thus 422 — 9is the difference between the squares of 2z and 3. Hence

422 — 9 = (2z + 3) (2z — 3).
Similarly, (z + a)* — (y — b)? is the difference between the squares of
z+aandy — b. Hence

@+at—@—-0=[x+a)+ @ —Ddllz+a — -0l

@) (@ +2)*=(a +2) (a+2) =a+ 2z + 2%,
and (@ — z)? = a® — 2az + 22,

A trinomial reduces to the square of a binomial if two
terms of the trinomial are squares and the third term is
+ or — twice the product of the square roots of the other
terms.

Thus 422 — 12z + 9 is a trinomial in which 422 is the
square of 2z, 9 is the square of 3, and the remaining term,
— 12z, is twice the product of 2x and 3 if different signs
are given to 2z and 3. Hence

422 — 122+ 9 = (2z — 3)? or (3 — 22).
Similarly, in 92* + 30x%3?® + 25y% 9z is the square of 3z2,
25y¢ is the square of 5y% and +30x%? is twice the product
of 32% and 5y if like signs are given to 3z% and 5y°. Hence
9zt + 30z%° + 25y° = (3x® + 5y°)% or (—3x% — 5y°)%.

Exercise 24
1. Verify each of the following by multiplication:
(a) 2* — 10z + 25 = (z — £¢
(b) 42® + 20z 4+ 25 = (2z + 5)*

(c) 92* — 25y* = (3z + 5y) 3z — 5y)
(d) 15z¢ — 102* + 52* = 5z* (32* — 2z + 1)
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e z4+1)-92=@+1+9+1-9)
= (z + 10) (z — 8)
) 4—-@—-32=02+(2z—-3)] 2~ (2z - 3)]
=2z — 1) (5 — 22)
(g) 9z — 4z =22 (922 — 4) = 2* (32 4+ 2) (32 — 2)
(h) bzt — 5 =5(f —1) =522+ 1) (22— 1)
=5+ 1) (x+1) (z — 1)
() *+6z+8=2"+6z+9—1=(z+302—1=(z+2)(z+4)
)+ +1=24+222+1—a?= (22 4+ 1)? — 2
=@*+z4+1)@@—-2z+1)

2. Factor the following:

(a) 45z¢ — 12522 (d) 322 — 12z + 12
(b) 144z* — 480z* 4 400z° (e) 9az* — 9a
(c) 7z — 28 (f) 5az® + 30azt 4 45ax*
3. Simplify the combinations:
3a? 82* | 2z
® 55 51a * 17a

®) 2z —az  3bax + T72*
10a + 2z 28a — 14a?

a? —b 3z —15 , 52? — 25z

© @ +ab ab— b = 6abz
(d)z’+6x+9_,_:z:’-—9._a;——2
P —4zx+4 22—4 z+2

2 3
© z’+:c+:v’—z

2a; 2az 3a — 3z

) (1 +ﬂz—x’) + (1 Ta? + 22 " baz + 522
31. Factor theorem. The principle used in casting out
9’s or 11’s is part of a general relation that applies to
algebraic expressions. If P is a polynomial containing
powers of z, and the (x — a)’s are cast out of P by dividing
P by x — a, there is a remainder, R, which does not con-
tain z, and a quotient, @, which may or may not contain z.

Hence we may write

P=(z—a)Q + R.
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Since this relation is true for all values of z, we may set
2 = +a. We then find that by substituting +a for z
in P, the result is R. Thus when P = 28 4 32* — 4
is divided by z — 2, the remainder, R, is found by sub-
stituting +2 for x in P. Hence R =23 4+3-2* — 4 =
4+16. When P is divided by = + 3, the remainder, R, is
found by substituting —3 for zin P. Hence, R = (—3)* +
3(—3)2 — 4 = —4. That is, R, the check number of P
when (z — a)’s are cast out, can be found without per-
forming the division.

In particular,if P = a + bz + cx? + dz® + . . .is divided
byz—1,R=a+b+c+d+ ... andif P is divided
byz+1,R=a—-b+c—d+ ...

Now if £ = 10 and a, b, ¢, d, . . . are positive integers
from 0 to 9, P is the algebraic form of a number in which
the unit’s, ten’s, hundred’s, etc. digits are a, b, ¢,...
Division by x — 1 and = + 1 are division by 9 and 11 re-
spectively, and the results, R =a+b+c+d+. ..
for9and R =a —b+c—d+ ... for 11, are the rules
previously given for casting out 9’s and 11’s.

If, when (x — a)’s are cast out of P, the remainder, R,
is zero, x — a is a factor of P, and another factor is the
quotient found by dividing P by z — a.

Illustration
Factor P = 2t — 52% — Tx® 4 29z 4 30.
Try the divisorsz + 1,z — 1,z 4+ 2, ¢ — 2, ete.
Forz + 1, R = (—1)* — 5(—1)3 — 7(—1)2 + 29(—1) 4+ 30 = 0.
Forz 4+ 2, R = (—2)* — 5(—2)* — 7(—2)? 4+ 29(—2) 4 30 = 0.
Forz — 3, R = (3)* — 5(3)* — 7(3)2 + 29(3) + 30 = 0.

Hence z + 1, £ +2, z — 3, are factors, and the remaining factor,
£ — 5, may be found by dividing P by (z + 1) (z + 2) (z — 3).

Hencez* — 522 — 722 + 292 + 30 = (z + 1) (z + 2) (x — 3) (z — 5).
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Exercise 26
Factor each of the following and check by multiplication:
1. (a) 22— 9; (b) 22 — 4z + 4; (c) 22+ 6z + 9
2 @)z —3x+2;(b)22+ 3z +2;()a?—2z—2;(d)z*+2—2
8. (a) z* 4 1; (b) z° — 8; (c) =* + 27; (d) «* — 64
4. 8 — 922 4 26z — 24
5. 78 4 22* — 42> — 5z — 6
Simplify the following:

22— 5z + 6

12— 4
2?—2z2—2 , 22 +2x+1
24+z—2 22+4x+4
8 z+2 1

6.

7.

23— 8 gt —4
1 + 1
‘2245246 247z 412

1 . 1
+bx—6  22+2—3

0.




CHAPTER III
EQUATIONS

32. Equation and identity. The statement that one
number or one algebraic expression is equal to another, is an
equality which may be an identity or an equation.

The equality (x + 3)? = 22 4+ 62 + 9 is an identity be-
cause it merely expresses the same algebraic expression in
two different forms. The identity is truc for any value
that may be assigned to . The equality z* + 6 = 5z be-
comes an identity for £ = 2 and for x = 3 but for no other
values of . The equality is called an equation, and the
values of x that make the equation an identity are called
the roots of the equation. An equality that reduces to an
identity for one or morc values of the letters, but not for
all values, is an equation. The terms to the left of the
equal sign constitute the first member and the terms to the
right of the equal sign constitute the second member of the
equation.

When all the indicated algebraic operations in an equality
are performed and the two members reduce to the same
expression, the equality is an identity; if they do not, it
is an equation.

Since the two members of an equation represent the same
number, the equality is not destroyed if the same mathe-
matical operation is performed upon both members. The
process of solving an equation consists of a series of changes
in the form of the equation until a form is found in which
the roots are evident.

In any equality such as ¢ — b 4+ ¢ = d, subtracting
—b + ¢ from each member givesa =d + b — c.

47
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It is to be noted that the terms —b and +c disappear
from the first member and reappear in the second member
as +b and —c. We conclude therefore that a term may
be removed from one member and placed in the other
member if at the same time its sign is changed. We say
then that the term has been transposed.

Illustrations
1. Solve 5¢ — 2 = 2a + 10 for a.
Transpose —2 and +2a, 5a — 2a = 410 4+ 2.
Combine terms, 3a = 12.
Divide each member by 3, a=4.

Check: Substitute in the given equation 4 for a. The result, 5 X 4 —
2 = 2 X 4 + 10, or 18 = 18, is an identity, and the root of the equation
is 4.

3 2 1

—2_x—3+a:—1forx'

Multiply both members of the equation by (z — 2) (x — 3) (z — 1).
The equation then appears without fractions, and we say that the equa-
tion has been cleared of fractions. The new form is

3z—3)z—-1)=20z—2)(z—1) + 1(z — 2) (zx - 3).
After the indicated multiplications are performed, the result is
322 — 120 + 9 = 222 — 6z + 4 + 22 — 5z + 6.

Transpose and combine terms, and find the new form

2. Solve
z

—z=+41l,orz = —1.

The check is left as an exercise for the student.

3. Solve 2?2 4+ 6 = 5z for z.
Transpose: 22— b5z 4+ 6 =0.
Factor: (x—2)(x—3) =0.

The product of two or more factors can be O only if one of the factors
is 0. Since the product of z — 2 and z — 3 is 0, it must be because
eitherz —2=0o0rz —3 =0. Hence z = +2 or z = +3. Each
of these values of z reduces the given equation to an identity, and the
roots of z* + 6 = 5z are 2 and 3.
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Exercise 26
Solve the following equations and check the roots:

1. 22 —5=z+4+2

2.5z —8=2zx+4

8.3 —(x—2)=5—(2z —3)

4.6 —-3x=z—1

6.2z —2) 3z +2) = (6z — 1) (x — 3) + 22
6. 1.32z — 245 =219 — 2

7.26 —7=5— (3a — 2)

8. 2a(a —3) =a(2a —3) — 6
9.2zx+1)—-(@=—-1)(@&—2)=6

10. a4+ 2)(@—3) —(a—2) (a+3)=-10

1. fz—-4=2z—-1% z 1 _=
12 2+ 3 =2 l7‘2'*3"5
18. 2~} =3—=z 2 ,1_5
Wiz—1=1-1 18t~

16. 24 — 3z =4z — } 3 _ 2 1

162=3+§ 19'x—2_x—3+z—1
‘z z 2. 2* +2 =222+ =z

21. 22 + 922+ 26z + 24 =0

More than one letter appears in each of the following equations,

When solving for any one letter, treat the remaining letters as if they
were known numbers.

22. ax+5=3z+a for z; for a.
23, ah 4+ 3a = 5h — 2 for a; for h.
U 2y +3=22—3y for z; for y.
26. 5zy — bz =by + b for z; for y; for b.
28. p+prt=s for p; for r; for t.
2T. m —mrt = p for m; for r; for ¢.

33. Algebraic method. The algebraic method of solving
problems may be described as follows: Assume that the
number sought is known, and represent it by a letter. Use
the letter just as if the number that it represents were
known, and proceed to prove that it is correct just as you
would if you had guessed the answer. The proof is indi-
cated by using the appropriate signs of addition, subtrac-
tion, and so on, and the form that results from the indi-
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cated proof is an equation. The solution of the equation
gives the numerical value of the number that was repre-
sented by the letter, and the solution of the problem may
be completed.

Illustration

Jack and Harry together had $19.64. Jack gave Harry 16 cents,
and Jack then had exactly three times as much as Harry. How much
did each have at first?

Let z = number of cents Harry had at first;

then 1964 —z = number of cents Jack had at first;

and z + 16 = number of cents Harry had after the transfer of
16 cents;

and 1964 — z — 16 = number of cents Jack had after the transfer of
16 cents.

But after the transfer, Jack had three times as much as Harry.
Therefore 1964 — x — 16 = 3(z + 16).

The solution of the equation is z = 475, which means that Harry had
$4.75 and Jack $14.89.

Proof

After the transfer of 16 cents from Jack to Harry, Harry had $4.91,
and Jack had $14.73 = 3 X $4.91.

Exercise 27

1. Separate 100 into two parts, such that, if the larger part is divided
by the smaller, the quotient is 3 and the remainder is 8.

2. A and B together have $1.00, and A has 8 cents more than three
times the amount that B has. How much does each have?

3. A had twice as much money as B. If B gave A 8 cents, A would
have three times as much as B would then have left. How much did
each have? :

4. What number, z, must be subtracted from 100 so that the remain-
der shall be 8 more than the number z?

6. A number is just as much below 70 as it is above 48. Find the
number.



EQUATIONS 51

6. The denominator of a fraction exceeds the numerator by 4. If
the numerator is decreased by 4 and the denominator is increased by 1,
the value of the fraction becomes 3. Find the fraction.

7. The value of 17 coins consisting of dimes and quarters is $2.60.
Find how many coins of each kind there are.

8. Find how many pounds of each of two grades of coffee should be
used to make a mixture of 100 lbs. if the two grades are worth 15¢
and 27¢ a lb., and the mixture of 100 lbs. is worth $24.

9. $10,000 is invested, some at 4% and the remainder at 5%, so
that the interest earned by the entire investment at the end of a year is
$440. Find how much was invested at each rate of interest.

10. Dick is now twice as old as Mary, but 53 years ago he was three
times as old as she was then. Find how old each is now.

11. Solve problems 1-10 without using algebra.

12. The sum of the squares of 3 successive integers exceeds the sum
of the integers by 92. Find the integers.

13. The number r exceeds the number a by az. Form the equation
and solve it for z; for a.

14. An investment of p dollars at simple interest for n years at rate r
amounts to s dollars. Express the statement as an equation and solve
the equation for p; for n; for r.

15. A note for f dollars is payable at the end of n days with ordinary
simple interest at rate r per annum and is discounted on the day it is
drawn at the discount rate d. Show that the proceeds, p, may be found

from f (1 + 360)(1 360

16. In example 15, show that, if f = p, then i7" 360

17. The difference between the exact interest and the ordinary in-
terest on p dollars for n days at rate r per annum is ¢ dollars. Show
that the relation between the letters is npr = 5 X 72 X 73 X ¢.

18. A mixture consists of two grades of coffee worth a¢ and b¢ a Ib.,
respectively. If there are n lbs. in the mixture and its value is ncé,
find how many lbs. of each grade it contains.

19. Six times the reciprocal of a number is added to the number and
the sum is 5. Find the number.
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20. In two fractions whose numerators are 1, one denominator ex-
ceeds the other by 3. The difference between the fractions is § of the
larger fraction. Find the two fractions.

21. A note having a maturity value of m dollars is discounted at rate
d per annum n days before it is due. Show that the equivalent rate of

interest, ¢, is found from % =1_n,

34. Simultaneous equations. The procedure followed in
solving problems was to let one unknown number be
represented by z and the other unknowns in terms of z.
An equation was then formed in accordance with the con-
ditions stated in the problem, and the equation was solved.

It is often more convenient to use 2, 3, or more letters
to represent the various unknown numbers. But then as
many equations must be formed as there are unknown
letters used, and all the equations or conditions must be
true at the same time or simultaneously. That is, values
must be found for the letters which will reduce each equa-
tion to an identity.

The solution of a set of simultaneous equations is accom-
plished by combining them in such a way that one equa-
tion is found which contains only one letter, and we say
that the other letters have been eliminated.

Hllustrations
1. Solve 2z — 3y =1 (1)
5z + 2y = 31. (2)

Since both members of any equation may be multiplied by any number
without destroying the equality, multiply (1) by 2 and (2) by 3, and
obtain
4z — 6y = 2 3)
15z + 6y = 93. 4

It is now possible to eliminate y by addition, since if equal numbers are
added to the members of an equation, the equality is not destroyed.
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The result of addition is
19z = 95. (S)
There is now a single equation containing only the unknown z, and z = 5.
Returning to the original equations (1) and (2), multiply (1) by 5 and
(2) by 2 and obtain
10z — 15y = 5 (©6)
10z 4 4y = 62. (7)
It is now possible to eliminate x by subtraction, the result being
—19y = =57 and y = +3.
The values x = 5, y = 3 reduce the given equation to the identities
2X5—-—3X3=1and5X5+2X3=3I1.

Note: When we obtained £ = 5, we had the right to replace z by 5
in (1), obtaining 10 — 3y = 1, from which y = 3.

2. Solve . 3z + 2y — 4z =13 1)
- z—8y+2 =7 @)
2z 4 4y — 32 =13 @3

The values of z, y, and z which will reduce these three equations to
identities are found by eliminating two letters, as follows:

Eliminate z from (1) and (2), 5z — 4y = 27 4)
“ z from (3) and (2), 7z — y = 47 (6)

That is, the set of 3 equations with 3 unknowns has been replaced by a
set of 2 equations with 2 unknowns.

Eliminate y from (4) and (5), 23z = 161. (8)

The solution of (6) is z = 7, which reduces either (4) or (5) to y = 2.
The values z = 7,y = 2reduce any one of the given equationstoz = 3.
Hence the solutionisz =7,y = 2,z = 3.

The student may show that these values of z, y, and z make each of
the given equations an identity.

3. A set of 4 simultaneous equations that contains the 4 unknowns
z, ¥, 2, w is solved in a manner similar to the method used for three
unknowns.

Eliminate w from 2 equations and obtain an equation in z, y, 2.
Eliminate w again from 2 equations. Finally form a third equation by
eliminating w from another pair. Care must be taken, however, that
each of the given equations is used in the process of elimination.
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From the three equations in z, ¥, 2, eliminate z twice and obtain two
equations in z, y, from which y may be eliminated and z found. Use
this value of z in one of the equations in z, y and find y. Use the values
of z and y in one of the equationsin z, y, z and find 2. Use the values of
z, y, 2 in one of the equations in z, ¥, 2, w and find w.

The method is perfectly general and is applicable to the solution of n
simultaneous equations that contain n unknowns.

Exercise 28

Solve each of the following sets of simultaneous equations:

1L.z— y=3 z+y+2=11
x-—2y=1 . z+y—z=

2.3z —2y=5 T —y—2=
x—2y =2 _ _

3. 30 — 2 — 24 12. 2z 3y+z:1

3zt —y+22=13

2¢ — 3y =11 + =
4 20— 38z =17 z42—32=4
da+ = =21 13. 2a + 3b 4 4c = 28
5.30— b=2 30—2b—c=8
2a+5b =7 a+b—38=—2
Sat2y =19 3z + 2z = 24
7. 4z + Ty = 41 3= —1
2z +3y =9 4a — 2¢ = —2
9. 3xr+5y=8 5¢ + 4b =77
2z +3y =3 16. 3r +s— 4t =7
10. 3z — 5y = —19 4r 4 25 — 6t = 10

17. Ify = az + bandy = 10 whenz = 4, andy = —1whenz = 3
find the values of a and b.

18. Ify =az* + bz +candy = 1 whenz = 2,y = 8 when z = 3,
and y = 13 whenz = —2,find a, b, c.
19. If y =az* + bz* +cx +d and y = 3 when z is 1 or —2, and
y =7 whenz =2o0r — 1, find g, b, ¢, d.
20. Solve z—y+z—t=4
24+y—2z—t=3



EQUATIONS 56

x—y+22+t=16
z+2y—2z—t=2.

36. Conditions for simultaneity. Either of the two equa-
tions # + y = 5 and 2z + 2y = 10 may be obtained from
the other. The two equations are said to be dependent
one upon the other, and they really represent only one
relation between z and y. A condition for simultaneity
therefore is that the equations must be independent.

The two equations « + ¥y = 5 and x + y = 6 contradict
each other or are inconsistent. Another condition for
simultaneity, therefore, is that the equations must be
consistent.

When there are three equations with three unknowns,
it is not easy to tell by inspection whether the equations
are independent and consistent. In that case we proceed
with the solution on the assumption that the equations are
simultaneous. Then if the final result of elimination is an
identity such as 0 = 0, the equations are not independent;
if elimination produces a result such as 0 = 3, the equations
are not consistent. In either case the equations are not
simultaneous. If the equations are dependent, there may
be any number of solutions; if the equations are incon-
sistent, there is no solution.

Exercise 29
Try to solve the following sets of equations:

1. 243y =38 dz+y+e=9
6z 4+ 9y = 20 20 —y—22=25
2z4+y+2=38 -z + 5y + 7z =17
3t -2y ~22=9 4 z4+y+2z2=28
4z —y —2 =17 3z -2y —22=9

72 — 3y — 32 =26
6. 14z — 49y = 35
10z — 35y = 35

- — -
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8. Show that in examples 2, 3, and 4, one of the equations can be ob-
tained from the remaining two equations.

36. Problems. In the statement of a problem there may
be several different unknown numbers and it may be
easier to represent each of the unknowns by a different
letter than to represent them all in terms of the same letter.
For a solution to be possible, we must be able to form as
many equations as there are unknowns, and the equations
must be independent and consistent. If the given rela-
tions in the statement of the problem enable us to form a
greater number of equations than there are unknown
letters, some of the given relations are superfluous or they
are inconsistent with the other given relations.

Hllustrations

1. If the numerator and the denominator of a fraction are each in-
creased by 1, the value of the fraction is . If the numerator and the
denominator are each decreased by 1, the value of the fraction is 4.
Find the fraction.

Solution

Let z = numerator, y = denominator, and 5 = the fraction.

From the first statement,

z+1_3,

y+1 4
From the second statement,

z—1 - 2,

y—1 3

The solution of these equations is z = 5, y = 7. Hence the required

fraction was g

2. A number consists of 3 digits. If the digits are shifted, the digit
in unit’s place to 10’s, the digit in 10’s place to 100’s place, and the digit
in the 100’s place to unit’s place, the number is increased by 216. If
the original number is divided by the sum of its digits, the quotient is
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23 and the remainder is 12. The sum of the end digits is twice the mid-
dle one. Find the number.

Solution
Let z = the digit in 100’s place, y = the digit in 10’s place, 2 = the
digit in unit’s place.
Then the sum of the digits is x + y + 2; the number is indicated by
100z + 10y + z; and the result of shifting the digits is 100y 4 10z + =z.

From the first statement,
100y + 10z 4+ z = 100z 4 10y + z + 216.
From the second statement,
100z + 10y + 2z = 23(z 4+ y + 2) + 12.
From the third statement,
z+2z=2y.

The solution of the three equations is z = 3, y = 5, 2 = 7, and the
number is 357.

Exercise 30

1. A number consists of two digits. If the number is divided by the
sum of its digits, the quotient is 6 and the remainder is 3. If the digits
are interchanged, the new number is less than the original number by
18. Find the number.

2. The number of years in John’s age is as much as the sum of Mary’s
and Bill’s ages. Five years hence, twice the number of years in Mary’s
age will be 20 more than the sum of the ages of John and Bill at that
time. Thirty years hence, twice Bill’s age will be 5 years more than
John’s is then. How old is each now?

8. Henry, Frank, and Alice have together $5.00. If Frank gives
30 cents to Henry and 45 cents to Alice, Frank will have 3 cents more
than Henry and 14 cents more than twice as much as Alice. How
much did each have at first?

4. A number consists of 3 digits. The number is 3 more than 31
times the sum of the digits. If the digits in unit’s and 100’s places are
interchanged, the new number will exceed the original number by 297.
The sum of the end digits exceeds 3 times the middle digit by 2. Find
the number.
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6. The unit’s digit of a two-digit number exceeds the ten’s digit by
5. If the digits are interchanged and the new number is divided by the
sum of its digits, the quotient is 7 and the remainder is 3. Find the -
original number.

6. If the digits of a two-digit number are interchanged, the new num-
ber is less than the original one by 15 times the original unit’s digit.
The sum of the original number and the new number is 121. Find the
original number.

7. The amount of water necessary to fill 3 jars of different sizes will
fill the smallest jar 4 times; the largest jar twice, with 4 gallons to spare;
and the second jar 3 times, with 2 gallons to spare. Find the capacity
of each jar.

37. Roots. The values of z for different forms of equa-
tions are written as follows:

(a) z2 = 49 gives z = V49, read “the squareroot of 49,” and z = 7,
since 72 = 49. Another value of z is —7,since (—7)? = 49. Bothre-
sults are indicated by writing z = +V49 = + 7, read “z equals + or
—_ 7")

22 = 5 gives z = ++/5. The numerical value of V5 is between 2
and 3, since 22 = 4, 82 = 9, and 5 is between 4 and 9.

z? = —3givesz = £V —3. Since the square of a + or of a — num-
ber gives a + resuit, 4/ =3 is neither a + nor a — number. The square
root of a minus number is called' an imaginary number, not because-it
does not exist, but because it cannot be represented by a point on the
scale of real numbers. The algebraic sum of a real and an imaginary
number, as 2 + V' =3, is called a complex number.

(b) z* = 125 givesz = V125, read “‘the cube root of 125,” and z = 5,
since 5 = 125. There are three different cube roots of 125, the remain-
ing two being complex numbers. 5 is called the principal cube root of
125,

z® = 50 gives z = V50. Since 3% = 27 and 4* = 64, and 50 is be-
tween 27 and 64, the cube root of 50 is between 3 and 4. We write
4>2>3.

(c) z* = 30 gives z = V30, the fourth root of 30, and z lies between
2 and 3.

38. Square root and cube root. Rules are easily dis-
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covered for calculating the square root or the cube root of a
number to any mumber of decimals.

(a) Square root. From the relation Va? +2ab +b% =
V/(a + b)? = a + b, we formulate the rules for finding the
square root.

The first term, a, of the answer is Va2 Upon testing
this result by squaring it, we find that there is still left
2ab + b% from which the rema.ining term of the answer, b,
must be found, and there should then be no remainder.
Since 2ab + b2 = b (2a + b), the term b is found by dividing
2ab + b% by 2a + b. The first part of the divisor, 2a, is
twice the answer found so far and is used as a trial divisor.
That is, 2ab + 2a = b. The new term b is the second
term of the answer and is also to be added to the trial
divisor 2a in order to make the complete divisor 2a + b.

Illustration
Vgt = 223 222 — 3z 4+ 5
Vazt — 1223 + 2922 — 30z + 25
(222)2 4zt
Remainder —1223% 4 2922 — 30z + 25

The trial divisor is 42? and

— 1223 + 427 = —3a.

The complete divisor is 422 —3z.

(422 — 32) ( — 3z) —1223 4 92?

Remainder, + 2022 — 30z + 25
The trial divisor is 42 — 6z and

+ 2022 = 4a% = 5.

The complete divisor is (422 — 6z + 5).

(422 — 6z + 5) (5) + 2022 — 30z + 25
Remainder 0

Hence Vgt — 1223 + 2922 — 30z + 25 = 22 — 3z + 5.

Let us apply this method to find V'120,936.

Since 3002 = 90,000 and 400* = 160,000, 120,936 is written 300% +
30,936. The setup is
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300 440+ 74 .7

/120936

300¢ 90000
30936

Trial divisor 600
30,936+(600+) = 40
Complete divisor 640
640 X 40 25600
Remainder 5336
Trial divisor 680
5336+ (680+) = 7
Complete divisor 687
687 X 7 4809
Remainder 527.00
Trial divisor 694
527+ (694+) = 7
Complete divisor 694.7
694.7 X .7 486.29
Remainder 40.71

The process may be continued as far as we please.

The setup in abbreviated form appears thus:
3 4. 7.7 5
412 09 36.00 00

9
64 [ 309
2 56
687 | 53 36
48 09
6947 [5 27 00
48629
69548 | 40 71 00
34 77 25
5 93 75

Hence /120,936 = 347.75. ..

The given number is separated into sets of two figures each, the decimal
point being one of the separation points. The divisor consists of two
parts, the trial divisor and the new term of the answer, the crossed-out
figure. For each set of figures of the number there is one figure in the
square root. '
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(b) Cube root. Since Va* + 3a% + 3ab® + b =
V/(a + b)® = a + b, the first term of the answer is Va® =
a, which when cubed and subtracted leaves 3a? + 3ab* +
b* = b(3a* + 3ab + b?). In order to find b, the second
term of the answer, the remainder must be divided by
3a® + 3ab + b2 The trial divisor is 3a?, three times the
square of the answer. Then 3a% = 3a? gives b, the second
term of the answer. The divisor is now completed by
adding to 3a? the two terms 3ab (three times the old answer
times the new term) and b? (the square of the new term),
and there is no remainder.

Applying these rules to find V15, we note that 15 = 2° 4
7, and the first part of the answer is V2% and the remainder
is 7. The trial divisor is 3 X 22 = 12, and 7 + 12* is 4
since .5 is found to be too large. The complete divisor is
3X22+3X2X.4+4(4)?*=1456, and 14.56 X 4 =
5.824, leaving a remainder of 1.176, and so on. The setup is

2.4 6 6
V15 .000 000 000
8
Trial divisor 3 X 2¢* = 12 7 .000
3X2X4 = 24
(4= _16
Complete divisor 14.56 5 .824
1.176 000
Trial divisor 3 X (2.4)? = 17.28
3X24X.06= 432
(.06)* = .0036
Complete divisor 17.7156 1.062 936
.113 064 000
Trial divisor 3 X 2.46* = 18.1548
3 X 246 X .006 =  .04428
(.006)? = .000036
Complete divisor 18.199116 .109 194 696
.003 869 304

Hence w15 = 2.466 . . .
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In cube root the given number is separated into sets of
3 figures, the decimal point being a separation point, and
the divisor consists of three parts. For each set of three
figures in the number there is one figure in the cube root.

The values of Vo, V10n, Vn, V10n, and v'100n are
shown in Table I. Thus on the line n =34, we
find V34 = 5.83095, V340 = 18.4391, V/34 = 3.23961,
V340 = 6.97953, V/3400 = 15.0369.

To find the value of Vv.034, note that by the method of
square root the number is written .03 40 00 00 00 00, that
there are 6 figures in the answer, that the decimal point is
placed before the first figure of the answer, and that the
sequence of figures in the answer is the same as for vV 340.
Hence v.034 = .184391.

To find the value of V/3.4, the number is written 3. 400
000 000 000 000. The sequence of figures in the answer is
the same as for V3400, but the decimal point is placed
after the first figure. Hence V3.4 = 1.50369.

The table therefore enables us to find the squarc root or
the cube root of numbers such as 3400, 34, 3.4, .34, .034.

We shall see (page 90) how to find the square root or the
cube root of a number such as 3.46.

Exercise 31

1. Find the square root of each of the following:
(a) 4z — 122% + 2522 — 24z + 16
(b) 2 — 223 + 322 — 22 + 1
(c) 2% — 85 + 1224 + 2223 — 2022 — 122 + 9
2. Square each of the following numbers and find the square root of
the resulting number: (a) 137; (b) 13.7; (c) 1.37.

3. Find the value of each of the following to 4 figures and check with
Table I:

(a) V2 (@ Ve () V20
(b) V3 (e) V8 (h) V125

(c) V5 V10 Q@ V2
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4. Verify the following by using the results of example 3.
(a)\/6_=\/§X\/§;(b)\/§=\/‘f><\/§;(c)\/f(—)=\/g><\/§;
(d) V125=v25 X V'5; () V20 = 2V/5; (f) V.2 = .1V20.

6. Find the values of the following by means of Table I:

(a) V48; (b) V48; (c) V.0048; (d) V.048; (e) +V/48000;
() v/480000.

39. Degree of an algebraic equation. An algebraic
polynomial P in z consists of a number of terms containing
positive integral powers of x with known coefficients. The
polynomial is said to be of degree 1, 2, 3, 4, and so forth, if
the largest exponent of z is 1, 2, 3, 4, and so forth. Thus
P = 23 — a? — 4z + 7 is an algebraic polynomial of the
third degree. If P = 0, we have an equation of the same
degree as P. The solution of an equation is more difficult
as the degree of the equation is higher. It is often possible
however to factor P by the factor theorem into first degree
factors, and an equation of the 2nd, 3rd, or 4th degree may
have simple solutions.

40. Quadratic equations. An equation of the 2nd de-
gree in x, such as 32? — 52 — 3 = 0, is called a quadratic
equation. To solve the quadratic equation az? + bx + ¢ =
0 means that we must express z in terms of a, b, and c.
We can do this by writing the following successive equiva-

lent forms:
ar? +bx+c¢=0
azr? + bz = —c
4a22? + 4abz = —4ac
4a2® 4 4abx + b2 = b — 4ac
(2az + b)? = (b* — 4ac).

The last form enables us to write:
%2z + b = = V(5 — 4ac)
2az = —b + V (b* — 4ac)

— —b + V(b — 4ac)
2a !

which is the required solution.
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Tllustration

To solve 3z* — 5z — 3 = 0, we may repeat the steps taken in the general
case and obtain the successive forms:

3x2 —5x—-3=0

© 322 — bz =3
361 — 60z = 36
3622 — 60z 4+ 25 = 36 + 25 = 61
(6z — 5)2 = 61
6z — 5 = + V6l
6z = 5 = V61
_ 5+ V6l
==
or, we may compare az® + bz + ¢ = 0
with 322 — 5z —-3=0
and note that a = 3,b = —5,¢ = —3.
Si —b = Vb — 4dac
ince =y "
_ —(=5) + V(=5)? — 4(3)(— 3) 5+ V6l
2(3) 6
V6l = 7.810 and z = 5_#%’.
The two values of z, or the roots of the equation, are
= —5—-'-~6L8i(-) = 2.135, and z= —5-L67—81—-0 = — .468.

Exercise 32

Solve each of the following quadratic equations exactly or to 3 deci-
mals.

1.2 -5z —3=0 T.2+1 i

2 320+ 7z =2 a% =1
8.5 —1=2 oo 52
=241 z

5. 3z + 3= 22 10.35_’:2=z+2

6. 22* + 3 = 5z
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Solve each of the following equations with the aid of the factor
theorem.

11, 2 -2 —2¢+3=0
12. 28 — 6% + T2? 4 14x —24 = 0

41. The quadratic equation and its roots. Many note-
worthy relations exist between the quadratic equation

_ h2 —
ax? + bx + ¢ = 0anditsrootsz = b+ \2/: dac
. —b
(1) If b2 — 4ac = 0, the roots are real and equal, each root being %

(2) If b — 4ac > 0, the roots are real numbers.
(3) If b* — 4ac < 0, the roots are complex numbers.

(4) The sum of the roots is —;—b-

—b+\/b2-4ac.—b—\/b’—4ac

(5) The product of the roots is

_ 2a 2a
_ (=b) — (VB — dac)? _ b — (b*— dac) _ dac _ ¢
4a? 4a? 40 a
C

Hence if the equation is written z? + b—; 4+ = = 0, the co-

a
efficient of # with the sign changed is the sum of the roots,
and the constant term is the product of the roots.
Thus in the equation 322 — 7z — 30 = 0, the sum of
+7 —30

the roots isT and the product is —3

(6) If the roots are given, say —3 and +5, the quadratic equation
may be written, for the sum of the roots is +2 and the product is —15,
Hence the equation is 22 — 2z — 15 = 0.

Illustrations

1. One root of kx* — 4z — 3 = 0 exceeds the otherroot by 2. Findk
and the roots.
Let r = one root, and r + 2 = the other root.

Then7‘+(f+2)=+%andr(r+2)= —g.
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From the equations 2r 4 2 = %and r242r= _§’ we may eliminate k

k
by dividing one equation by the other, obtaining '2; I gr = —g, which

reduces to 2r2 +7r 4+3=0. Hence r = —} or —3. If r = —4},
r+2=4%andk=4 Ifr=-3,r+2=—-1,andk = —1.

Hence ¥ may have two values—namely, 4 or —1. For k = 4, the
roots are —4 and £, one exceeding the other by 2; for ¥ = —1, the roots
are —3 and —1, one exceeding the other by 2.

2. Solve 222 — 16z + 19 = 0 and check the roots. The roots are
16 &+ V256 — 152 _ 16+ +104 _ 16 + 10.198
4 4 4
——— or ———, and =z = 6.5495 or 1.4505.
4 4

Check: The sum of the roots should be +12 = 8, and it is8. The product
of the roots should be 4242 = 9.5, and it is 9.5001.

T =

_ 26198  5.802

Exercise 33

1. Without calculating the roots, state the sum of the roots and the
product of the roots for each of the following equations:

(@) 22 —4zx+4=0 daz2—2+4+1=0

b)zx22+z+1=0 () 322+ 52 —2=0

() 322 -5z —2=0 () 522 —7z+4=0
2. Write the quadratic equation whose roots are:

(a) 2,3 (c) 3,3 (e) -1, -2

(b) —1,4 @) 3, 3% ) -3, +3

3. State the kind of roots that result from each of the following
equations:

(a) 22 —4z4+4=0 () 2+z+1=0
(b) 322 — 52 —2 =0 ® 22—z+1=0
(c) 822 +524+2=0 () 522 —7z4+4=0
(d) kz®2 — 2kz +3 =0 (h) 22 +3z—c=0

4, In example 3(d), find the value of k so that: (a) the roots shall be
real; (b) the roots shall differ by 4.

5. In example 3(h), find the value of ¢ so that: (a) the roots shall be
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real; (b) the roots shall differ by 5; (c) one root shall be twice the other
root.

6. Find k from k2% — 8z + 3 = 0 so that: (a) the roots shall be real;
(b) one root shall be three times the other root; (c) the roots shall differ
by 1.

7. Find a number which exceeds its reciprocal by $¥.
8. The sum of a number and its reciprocal is 2§. Find the number.

9. An article is marked $60 and the net price after the discounts is
$28.80. Two successive discounts are allowed, one being twice the
other. Find the separate discounts.

10. An article is marked $60, and the net price after discounts is $21.
Two successive discounts are allowed, the sum of the discounts being
809%. Find the separate discounts.

11. A number consists of two digits whose sum is 4. The square of
the number exceeds 50 times the unit’s digit by 19. Find the number.

12. An army 1 mile long is marching at a steady rate of 4 miles per
hour. A mounted soldier at the rear end of the line rides to the front
and then returns to his placc. He finds that he is now at the point
where the head of the line was when he left his place. If no time was
lost in making stops and he rode at a uniform speed, what was his speed?

13. One root of kz? — 16z + 15 = 0 exceeds the other root by 1.
Find k and the roots.

14. The roots of 22 — z — 1 = 0 being represented by % and £,
h+k = +1and kk = —1. Show without finding & and % that:

1,1 1,1
@z+7=—LOR+E=3() 5+ 5= DR +F=4
@+Eo g omtm=1



CHAPTER 1V
GEOMETRIC RELATIONS

42, How a graph is made. A manufacturer finds that
each of a number of machines can produce from 10 to 100
articles a day. The entire product is sold at $2 an article.
The cost, the sales, and the profit are:

Articles Cost Sales Profit
10 $ 30 $ 20 $-10
20 45 40 -5
30 58 60 2
40 70 80 10
50 81 100 19
60 95 120 25
70 112 140 28
80 131 160 29
90 153 180 27

100 176 200 24

These results are visualized by means of a drawing. Two
lines, called azes, are drawn at right angles to each other,
as in Fig. 3. Beginning at O, the crossiag place of the
axes, equal spaces are marked off on both axes, and the
division points are numbered consecutively. The num-
bers on the horizontal axis indicate the number of articles,
and those on the vertical axis, dollars.

The point A is the graphic representation of the state-
ment that 10 articles cost $30, and each of the points B,
C, D, and so forth is the graphic representation of a similar
statement. The points A, B, C, D, and so on are joined
either by straight lines or by a smooth curve, so that the
eye may easily follow the successive statements, and the
resulting figure is called the cost graph. The sales graph
and the profit graph are drawn in a similar manner.

68
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Exercise 34
1. What statement does each point of the graph represent?

2. For how many articles is the cost the same as the selling price?
How much is the cost?

8. For how many articles is the cost $100?
4. For how many articles is the profit $20?
B. What is the most profitable output of a machine?

6. Can the profit graph be drawn from the cost and the sales graphs
without referring to the table of profits?

7. Can the cost graph be drawn from the sales and the profit graphs
without referring to the table of costs?

43. Graph of an equation. An equation in which y is
expressed in terms of z, such as y = 32? — 7z 4 3, is repre-
sented graphically as follows: Assign successive values to.
z and calculate y in each case. The result is a table of)
corresponding values of # and y which may be extended
as far as we please.

z] -2 -1 0 1 2 3 4
y| 20 13 3 —1 1 9 23
Pomt| A B C DETF G

We now call the horizontal axis the ‘“x axis” and the
vertical axis the “y axis.”” Values of z are measured
horizontally, toward the right if they are plus and toward
the left if they are minus. Values of y are measured
vertically, upward if they are plus and downward if they
are minus. ‘

Two corresponding values of # and y enable us to locate
a point. The position of the point B is indicated by
(=1, +13). The first number, —1, the value of z, is
called the ‘“‘abscissa of B,” and the second number, +13,
the value of y, is called the “ordinate of B.”” The abscissa
and the ordinate of a point are called the coérdinates of the
point, the axes are called the coordinate axes, and the point
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O where the codrdinate axes cross is called the origin of co-
ordinates. The point B is located 1 unit to the left of the
origin in the direction of the z axis and 13 units upward in
the direction of the y axis. The other points of the table
are plotted similarly.

B\ 15

/
N4 x

-2 -1 0 \DTL//

Fig. 4.

Additional points may be found between D and E by:
setting z = 1.1, 1.2, 1.3, and so forth. Similarly, addi-
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tional points may be found between A and B, B and C,
and so on. The result is a set of points that plainly indi-
cate a curve, and the smooth curve drawn through the
successive points is the graph of the equation.

Note that every point on the curve in Fig. 4, the graph
of the equation y = 322 — 7z 4+ 3, has a real meaning.
That is, there are really corresponding values of z and y
obtainable from the equation to determine the point.
Such is not the case in Fig. 3, page 69. A point on the
profit graph, where z = 63.5, for example, has no real
meaning,.

Exercise 36

Answer the following questions by reference to Fig. 4, the graph
of y =322 — 7z 4 3:

1. What is the value of y if z = 2.57

2. If z has any specified value, how many values does y have?
8. For what value of z is y least?

4. For what value of z is y = 10?

5. What is the value of z if y = 0?7

6. What is the value of z if y = —3?

7. If y has any specified value, how many values does = have?

8. How would the values of y in the equation y = 3z* — 7z differ
from the values of y in the equation y = 322 — 7z + 3?

9. How should the graphs of the two equations in example 8 differ?

10. How may the equation & = 3y? — 7y + 3 be obtained from the
equation y = 322 — 7z + 3?

11. How should the graphs of the two equations in example 10 differ?

44. Geometric relations. Certain geometric relations

must necessarily be introduced into a discussion of graphs.
In the following discussions, all the lines or curves in any
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figure are assumed to be on a flat surface, such as the sur-
face of the paper, called a plane, and are called plane figures.

(1) Angles. Fig. 5 indicates that a line AD is rotated
about a point A which re-
mains fixed. Every point
of the rotating line describes
the circumference of a circle
whose center is A. At any
position of the rotating line,
AR, a part of a circumfer- JF
ence, BP, CQ, or DR, called 1

. A B C D
an arc, has been described. Fig. b.
Each of these arcs is the
same fractional part of the entire circumference on which
itisfound. If DRis % of its circumference, CQ is also % of its
circumference, and BP is ¥ of its circumference.

A circumference is divided into 360 equal parts called
degreees, and each of the arcs BP, CQ, DR contains the
same number of degrees. If smaller units are needed, each
degree is divided into 60 minutes and each minute into
60 seconds.

Thelines AD and AR are drawn in different directions from
A, and the difference in direction is called the angle between
AD and AR. The angle is written ‘“‘angle DAR” or
“angle 1.” The number of degrees in angle 1 is precisely
the same as the number of degrees in any one of the arcs
BP, CQ, DR. 1t is written in such a form as “angle 1 =
50°20’30""” (read ‘50 degrees, 20 minutes, and 30 seconds”)..

If the arc CS is one fourth of its circumference, it con-
tains 90°. The two lines AC and AS make the angle CAS,
which is 90°, or a right angle, and the lincs AC and AS are said
to be perpendicular to each other. An angle less than 90°
is an acute angle; an angle greater than 90° is an obtuse
angle.

A
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(2) Triangles. A closed figure bounded by three straight
lines, Fig. 6, is called a triangle. Every triangle has three
c angles, whose sum is 180°.
If two triangles have two
angles of one triangle equal
respectively to two angles
of the other triangle, the
third angles are equal.

If one of the angles is a
right angle, 90°, the triangle
is called a right triangle and
the side opposite the right angle is called the hypotenuse.
In aright triangle the sum of the acute angles must be 90°.
If two right triangles have an acute angle of one triangle
equal to an acute angle of the other triangle, the third
angles are equal.

Two triangles are called congruent if one can be made to
coincide with the other. Two triangles are congruent if
they have: (a) two sides and the included angle of one
triangle equal respectively to two sides and the included
angle of the other; (b) two angles and the included side of
one . triangle equal respectively to two angles and the in-
cluded side of the other; (c¢) the three sides of one triangle
equal respectively to the three sides of the other.

A triangle in which two sides are equal in length is called
1sosceles. In an isosceles triangle the angles opposite the
equal sides are equal and the line that bisects the third
angle divides the isosceles triangle into two congruent right
triangles.

A triangle in which the three sides are equal in length is
called equilateral. Since an equilateral triangle is also
isosceles, the three angles are equal and each angle is 60°.

46. Similar triangles. Two triangles in which the three
angles of one are equal, respectively, to the three angles of

A B
Fig. 6.
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the other are called similar triangles. In Fig. 7, equal
angles are marked with the same number, and the triangles

Fig. 7.

are similar. The sides are marked so that side a is
opposite angle A, and so forth.

One of the triangles is a small picture of the other, and
the sides that lie in corresponding positions, opposite equal
angles, are proportional. That is,

a b c

a bV

If, in the similar triangles of Fig. 7, a = 8 inches and
a’ = 2 inches, not only is ¢ four times as long as a’, but
also b = 4b’ and ¢ = 4¢’. The two triangles may be pic-
tures of the same object drawn to different scales.

46. Right triangle relations. In the right triangle ABC,
Fig. 8, the line CD is drawn at right angles to AB. Two
new triangles are formed, ACD
and BCD, which are similar to
each other and also similar to
the original triangle, ABC.

The reason for the similarity
becomes evident if the tri-
angles are drawn separately ©!
as in Fig. 9. The second tri- Fig. 8.
angle and the first have two
angles of one equal to two angles of the other. The third
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angles must therefore be equal, and the third angle of
ACD should be marked with the number 2.

A1 A (3
p D
C
b
b ? »
2 2
c . B ¢/ ¢ . B
Fig. 9. ‘

The third triangle and the first have two angles of one
equal to two angles of the other. The third angles must
therefore be equal, and the third angle of BCD should be
marked with the number 1.

The second and third triangles are now seen to have the
three angles of one equal to those of the other.

"The following very important relations are now found:

g—=£, or p? = ay;
—lc; =g,orb’=cx;
[4 a

t—l=§,ora’=cy.

Adding the last two equations gives the well-known relation
@+ =cy+cx=cly+2z)=cc=c.

That is, the square of the hypotenuse of a right triangle is
equal to the sum of the squares of the other two sides.’
Hence if the lengths of the sides of a triangle are given, the
angle opposite any side is 90°, greater than 90°, or less than
90°, according as its square is equal to, greater than, or less
than the sum of the squares of the other two sides. Thus
if the sides of a triangle are 4, 7, 9, the squares of the sides
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are 16, 49, 81. Since 81 > 16 + 49, the angle opposite the
side whose length is 9 is obtuse.

Exercise 36

1. The angles of a triangle are designated by z, 2r, and 3z. How
many degrees are there in each angle?

2. In a right triangle, one of the acute angles is three times as large
as the other. How many degrees are there in each?

3. Two lines cross at an angle of 75°. What other angle do the lines
make with each other?

4. The triangles in Fig. 10 are similar:

b z
8 . Y w

Fig. 10.

Calculate the lengths z, y, 2, w.

5. In Fig. 11, AC is perpendicular to BE and to CD. If AB = 3 and
BC = 2, what is the relation between BE and CD? Between AD and
AE?

Fig. 8.
(Repeated from p. 75)

6. In the right triangle ABC, Fig. 8, CD is perpendicular to AB,
AC = 5, AD = 3. Find the lengths of DB and CD.
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7. In Fig. 12, a square, each side of which is 8 inches, is cut into four
pieces as indicated. These four pieces are rearranged into what appears

3 3
3
b B 8 6
\ ) Q 3
b [ 6
8 3 P
3 3 5 8 4
Fig. 12.

to be a rectangular figure 5 inches by 13 inches. Show that APQB is
not really a straight line.

8. In Fig. 13, all the angles are right angles and OC = 2, OD = 3,

A CA = 5, DB = 12. How far from O
C—————— is the line OX crossed by each of the
x straight lines AD, CB, AB? Where
does OA cross DB? Where does BO
cross AC?

D B
Fig. 18.

47. Area. A plane figure bounded by straight lines is
called a polygon, and the surface included by the lines is

Fig. 14.
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the area of the polygon. A unit of area is a square, each
side of which is one unit long. A rectangle is a four-sided
polygon whose angles are right angles. The rectangle in
Fig. 14, 3 inches long and 2 inches wide, is divided by the
dotted lines into 6 unit squares, and the area is 6 square
inches. In general, if the
dimensions of a rectangle are
a and b, the area is ab.

In the triangle ABC, Fig.
15, AC is called the base, and R
BD, the perpendicular to AC
from B, is called the altitude.
It is evident from the figure 4 T c
that the area of the rectangle — “———————~—~a———~"
ACFE is twice the area of Fig.bls.
the triangle ABC. Hence the
area of a triangle whose base is b and whose altitude is A
is given by the formula

Area = 4bh

E B F

Any polygon can be divided into triangles and its area
can be calculated.

The area of a triangle whose sides are 8, 10, 12, is cal-
culated as follows:

Fig. 16.

Let h be the altitude drawn to the longest side, 12, dividing
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it into two parts, z and y, so that z + y = 12. In the
right triangles,
h* = 8 — 2% and A? = 102 — 42
Hence 8 — 22 = 10* — y? and 2 — 22 = 10% — §
Factoring gives (y + z) (y — ) = (10 + 8) (10 — 8),

or 12(y — z) = 36
and y—z=23.
But y+z=12.

Hencey = 7§,z = 4}, and h* = 82 — 22 = 12§ X 3} = 28 X 7.
Therefore, h = V22 X 7 = §V/7.

Area = } base X altitude = } X 12 X §V7 = 15V7.

Note that the altitude, %, to the side 8 may now be found from Area =
4 X 8 Xk =15V7. Thatis, k = 45V7.

‘The general formula for the area of a triangle,

Area = Vs(s — a) (s — b) (s — ¢),

where a, b, ¢ are the lengths of the three sides and a + b +
¢ = 2s, may be obtained by this method.

Exercise 37

1. Find the area of the equilateral triangle each of whose sides is 6
inches.

2. Find the area of the isosceles triangle each of whose equal sides is
8 inches and the remaining side is 4 inches. '

3. Find the area of the triangles whose sides are (a) 6, 8, 10; (b) 5, 7,
8; (c) 6, 11, 13.

4. A trapesoid is a four-sided figure, two sides of which are parallel.

Prove that the area of a trapezoid is found by multiplying half the sum
of the parallel sides by the perpendicular distance between these sides.

48. Slope. A straight line extends indefinitely. Two
lines on the plane of the paper either cross at some point
and form an angle or never cross and are parallel to each
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other. We say that two parallel lines go in the same
direction, while two lines that cross go in different direc-
tions. The angle that two intersecting or crossing lines
make is a measure of the difference in their directions. The
direction of a line is usually B
compared with that of a hori-
zontal line.

In Fig. 17, ACis a horizontal P
line, AB is an oblique line,
and AB makes the angle CAB
with AC. If BC is drawn ; Q C
perpendicular to AC, we say Fig. 17.
that to go from A to B we
rise (move vertically upward) the distance CB and we
advance (move horizontally toward the right) the distance

CB rise .
AC. Thefraction — 10 % advance = called the slope of AB.

The slope of AB may be determined by drawing the per-
pendicular PQ instead of BC. The rise then is QP, the ad-

QP
AQ

But the triangles PQA and BCA are similar, and g’?{ =

vanceis AQ, and theslopeis~—

g—g- That is, the slope of the line AB is the same whether
we go from A to P or from A to B.

When points are referred to codrdinate axes, say A(3, 7),
B(5, 8), C(10, 7), D(5, 1), the first number in each case
shows how far to the right of the y axis the point is, and the
second number shows how far it is above the z axis. We
can therefore determine the slope of a line that joins two
points from the codrdinates of these points without plotting
them.
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Proceeding from A to B, the rise is 1, the advance is 2,
and the slope of AB is 3.

Proceeding from B to C, we do not move upward but
downward, and we say that the rise is —1. The advance

y—-

1 B(5 8

T (3, 7) A 0(10, 7)

4

'D(5, 1)
\ Ly x
o et
Fig. 18.

is 5, and the slope of BC'is —3%-

Proceeding from C to D, the rise is —6, the advance is
—5, and the slope of CD is =¢, or §-

Proceeding from D to C, the rise is +6, the advance is
+5, and the slope is ¢ That is, the slope of CD is the same
whether we proceed from C to D or from D to C.

Proceeding from A to C, the rise is 0, the advance is 7,
and the slope of AC is $, or 0. That is, the slope of a hori-
zontal line is 0.

Proceeding from B to D, the rise is —7, the advance is 0,
and the slope of BD is —3§; indicated by o (infinity). That
is, BD is a vertical line, perpendicular to the horizontal axis.

In general, if two points P and @ are P(zi, y1), Q(z2, ¥2),

the slope of the straight line PQ is 22—, op Y1 — ¥2
Xo — X1 Ty — T2
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Exercise 38

1. Given the points indicated:
Point | A B CDE F

z 1 3 4 5
v | 2 -1 1 3 6 —4

(a) Find the slopes of AB, AC, AD, and so on—15 different possi-
ble lines.

(b) Show that the lines AB and DE are parallel.

(c) Show that B, C, D are collinear—that is, that they are on a
straight line.

(d) Show that 4, E, F are collinear.

(e) How is the line BE situated?

2. Given three points P, @, R that lie on a straight line whose slope
is4. If the rise from P to @ is % of the rise from P to R, how does the
advance from P to @ compare with the advance from P to BR? How
does the length of PQ compare with the length of PR?

3. Given the points 4(1,2) and B(10,17).

(a) A point P is on the line AB, and the z value of P is 4. Find
the y value of P.

(b) A point @ is on the line AB, and the y value of @ is 5. Find
the z value of Q.

(c) A point R is on the line AB midway between A and B. Find
the codrdinates of R.

4. The points A(1,3), B(5,9), C(11, —1) form the triangle ABC.
(a) Find the codrdinates of the midpoints of the sides of the %ri-

angle.
(b) Find the slopes of the sides of the triangle.

49. The equation of a straight line. The position of a
straight line is determined when we know two points of
tbe line.

Let a straight line be drawn through the points A(2, 3)
and B(7, 5) and let P(z, y) be any point anywhere on the

line. Then, as we proceed from A to P, the slope is Z : 5

]
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and, as we proceed from A to B, the slope is - Since the

y“g=g,or5y—2x=11.

slope remains unchanged,

T —

Fig. 19.

The equation shows how the z and y of any point P are
related and is called the equation of the line AB. The
equation 5y — 2z = 11 enables us to find any number of
additional points on the line by merely assigning different
values to 2 and finding the corresponding value of y in
each case. Thusif x = 1, y = 2.6 and (1, 2.6) is a point
on the line. To find whether or not a point C(h, k) lies on
AB or its extension, we substitute £ = kA and y = k in the
equation 5y — 2z = 11. The point C lies on the line AB
if the result of the substitution is an identity and not
otherwise. Thus (42, 19) is on the line and (4, 2) is not
on the line.

The equation of the line enables us to determine just
where the line AB crosses each of the codrdinate axes. At
the point where the line crosses the z axis,y = 0 and the
equation becomes 0 — 2z = 11, Hence z = —5.5. The
distance from the origin to x = —5.5 is called the z tnter-
cept. Similarly, the y intercept is + 2.2.

Take any line MN, Fig. 20, whose slope is s, and which
crosses the y axis at L(0, b), and let P(z, y) be any point
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on the line. When we move from L to P, the rise is BP,
y ———

ory — b, and the advanceis 04, orz — 0. Hence =— =3,
Y P/ N
()
L
) B
M
0 A e
Fig. 20.

or y = sz +!b, which is one of the standard forms of the
equation of a straight line, called the slope-intercept form.

The equation 5y — 2z = 11 may be written in the
standard form by solving for y, the result being

_2 1
y=% 1%

Hence s, the slope, is 2, and b, the y intercept, is 4.
Any equation of the form Az + By + C = 0, where

A, B, C are definite numbers, can be written asy = —41;—0 -

%, which is the same form as y = sz 4 b. Hence it repre-
sents a straight line, and Az + By 4+ C = 0 is the general
equation of a straight line.

For some values of A, B, and C, the general equation
may reduce to such formsas z =2,y = =3,z =0,y =0.
The equation z = 2 tells us that for all points on the line
the value of z is 2. It is therefore a straight line perpen-
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dicular to the z axis at a point 2 units to the right of the
origin.

Exercise 39

1. State the slope and the intercept on the y axis for the lines:

(8) y=2z -3 d)3z+4y—-7=0
b)yy=75+; @ 5 =75+7
fc) 3y =4z — 5 ) z=4y — 2

2. Describe the positions of the lines:
(a) 3z =5 () z=0
(b) 4y =7 dy=0

3. Given the line 32 + 2y = 13. Determine which of the following
points are on the line:

(a) (2,3) @) (-1,8)
() (3,2) (e) (0,0)

4. Find the equation of the line that passes through the points:
() (2,5) and (4,8) (¢) (=1,-2) and (—-5,-7)
(b) (3,7) and (0,1) (d) (0,0) and (4,—3)

5. Given: 4 (2,3); B (4,8); C (7,12); D (5,7).

(a) Show that AB is parallel to DC and BC is parallel to AD, or
that ABCD is a parallelogram.
(b) Find the equations of the 6 lines determined by ABCD.

15 9 &
kE 4 10 13
straight line. Find the values of A and k.

7. Plot the points 4 (5,4), B (9,10) and calculate the length of AB
from a right triangle.

6. The points :— are collinear—that is, they lie on a

60. Linear interpolation. Tony walked north on 5th
Ave., and the time was 12:10 at 34th St. and 12:28 at
58th St. That is, he walked a total distance of 24 blocks
(equal in length) in 18 minutes. (a) When was he at
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38th St.? (b) Where was he at 12:22? Assuming that he
walked at a uniform pace, we may say:

(a) To reach 38th St. he walked 4 blocks, which is } of
the total distance of 24 blocks. Therefore he spent % of
the total time of 18 minutes, or 3 minutes, and reached
38th St. at 12:13.

(b) At 12:22 he had been walking 12 minutes, which is
# of the total time of 18 minutes. Therefore he had walked
% of the total distance of 24 blocks, or 16 blocks, and was at
50th St.

In general, if at £ minutes past 12 Tony is at the street
numbered y, he has walked z — 10 minutes, which is

Q%E of the total time, and has covered y — 34 blocks,

which is L — 34 of the total distance. Since these fractions

24
are equal if the pace is uniform,
z—10 _ y—34
18 24 '
or
y—34 24 _4 o _ 4. _
=10 - 18~ 3 W 4 =62

But this equation is represented graphically by a straight
line that joins the points (10, 34) and (28, 58). That is,
the assumption that the pace is uniform is the same as the
assumption that for the table

z | 10 a 22 28

v | 34 38 b 58
the points (10, 34) and (28, 58) are joined by a straight line
and that the points (a, 38) and (22, b) are on this line.

The process of finding x = @ when y = 38, between 34

and 58, or of findigg ¥ = b when £ = 22, between 10 and
28, is called linear interpolation.
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a may be found from the equation 3y — 4z = 62 by
setting y = 38, and b by setting z = 22. But a simpler
method is the method shown at the beginning of the dis-
cussion. That is, since 38 is } of the way from 34 to 58,
a must also be § of the way from 10 to 28, or

a =10+ } (28—10) = 13;

and, since 22 is % of the way from 10 to 28, b must also be
% of the way from 34 to 58, or

b =34 + 7 (58—34)=50.

Suppose now that, while Tony was walking north, Walter
was walking south along 5th Ave. and he was at 72nd St.
at 12 o’clock and at 32nd St. at 12:25. Walter’s position
at 12:15, or the time when he reached 42nd St., may be
found from

z| 0 15 d 25

v 72 ¢ 42 32

Since 15 is 4§ or ¢ of the way from 0 to 25, c is § of the
way from 72 to 32, and ¢ = 72 — § (72 — 32) = 48.

Since 42 is 43 or { of the way from 72 to 32, d is £ of the
way from 0 to 25, and d = 0 + ¢ (25 — 0) = 183.

That is, at 12:15 Walter was at 48th St. and reached
42nd St. at 12:183.

Walter’s position at any time may also be found from
the equation of the straight line that joins the points (0, 72)
and (25, 32), the equation being 5y + 8z = 360.

If we wish to know when and where Tony and Walter
passed each other, we need only solve the simultaneous
equations:

3y — 4z = 62

5y + 8z = 360,
and find £ = 174, y = 44, and conclude that they passed
each other at 44th St. at 12:174.
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Exercise 40

1. What part of the way from 6 to 18 are each of the numbers: 9, 10,
12, 15, 8.2, 74?

2. A number is a fractional part of the way, z, from 8 to 24. Find
the number for z = 4, 4, 4, 4, 4, &, .7, .143.

3. A number z is § of the way from 7 toy. Find y for z = 10, 13, 74,
9.4, 32, 100.

4. Find what part of the way 6 is

(a) from 5 to 10; (c) from 1 to 7%;
(b) from 4% to 7%; (d) from 5% to 7.
5. Find by linear interpolation the values of % and % in the following:
@ *— 3 h 20 27 © __I h 3 4
y 8 11 k 36 100 95 k£ 11
z | 16 h 9 6 z | —4 h 0 18
®) vy | 36k 11 @ l k-8
© — 2718 h 3 3.142

v | 4973 5 k 8.647

6. In exampl‘es 5 (a), (b), (c), and (d), find the equation of the line
through the two points whose coérdinates are given in each case. Then
find the values of & and k from the equation of the line.

7. Given A (3, 5) and B (7, 14). Find the codrdinates of the point P,
which lies between A and B on the line AB and which divides AB into

two parts so tha.t 1s (a) 3; () %; (c) ; (d) 3.

8. Given the points 4 (3, 5), B (5, 11), C (9, 1). Draw the triangle
ABC and designate the midpoint of AB by L, of BC by M, and of AC
by N.

(2) Find the coérdinates of L, M, and N.
(b) Show that the slope of LM is equal to the slope of AC or that
ﬁM is parallel to AC; that NL is parallel to BC; that MN is parallel to

B

(c) The point Pison AM, so that = 4. Find the codrdinates
of P.
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(d) Show that the point P of example (c) is on CL, so that %_i =
P
4, and on BN, so that g—N =

AM, BN, and CL are called the medians of the triangle, and their in-
tersection point, P, is called the center of gravity of the triangle.

61. Use of linear interpolation. Mathematical calcula-
tions are often made with the aid of tables such as those
of square root and cube root. Obviously a table cannot
be made for all possible numbers, and in order to use any
table effectively it is necessary to interpolate. Thus if we
wish to find the value of V403, we note that this number
is not in the table but that it lies between two numbers that
are in the table—namely, V400 = 7.36806 and V410 =
7.42896. We now write

z (number) |400 403 410
y (cube root)|7.36806 o  7.42896

Since 403 is % of the way from 400 to 410,
a = 7.36806 + % of (7.42896 — 7.36806) = 7.38633.

The value a = V403 = 7.38633 found by linear inter-
polation is not correct because it was calculated on the
assumption that the points (400, ¥/400) and (410, V/ 410)
are joined by a straight line and that the intermediate
point (403, V/403) is on this line.

The graphic representation of the extended table of cube
roots,

z| 1 8 27 64 125
v 12 3 4 &

consists of pointgrthat lie on a curve and not on a straight
line. Therefore the result of the linear interpolation is an
approximation and should not be regarded as a correct
result



GEOMETRIC RELATIONS 91

We shall see later (page 177) how a more accurate value
of V403 may be found by another method of interpolation.
For the present, however, it is to be understood that inter-
polation means linear or simple interpolation.

Tllustration

The following entries are made from a certain table, and the values of
a and b are required.

z| 3% 31% 4% 313% b
y | 14.8775 14.2124 13.5903 a 14.0000

Since 349, is % of the way from 39, to 33%, a is % of the way from 14.8775
to 14.2124, and a = 14.8775 — % (14.8775—14.2124) = 14.4341.

Since 14.0000 is §33% of the way from 14.2124 to 13.5903, b is 3334
of the way from 33% to 4%, and b = 33% + 334t of 1% = 3.67%,.

It is to be noted that if 3349, is regarded as being % of the way from
3% to 4%, and a is found accordingly, ¢ = 14.4484, a value that differs
considerably from 14.4341. )

The three pairs of corresponding given values of z and y are not on a
line but on a curve. But the line that joins the first and second points
i8 closer to the curve than the line that joins the first and third points.
Therefore, 14.4341 is a better approximation of a than 14.4484.

That is, the result of linear interpolation is more nearly correct for a
smaller interval of interpolation than for a larger interval.

Exercise 41 .

1. Use the table of square roots and find by linear interpolation the
values of : (a) V'623; (b) V62.3; (c) V'48.6; (d) V/486.

2. Use the table of cube roots and find the values of: (a) V5, V60,
v500; (b) V.6,V.62, V.06.

8. Find by linear interpolation the values of: (a) V547; (b) V54.7,
(c) V547

62. Linear equations. An equation of the form az +
by 4+ ¢ = 0 is called a linear equation because its graphic
representation is a straight line. Two such linear equa-
tions are represented by two lines that either cross or are
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parallel. The coérdinates of the crossing point are values
of r and y that fit both equations and constitute the solu-
tion of the simultaneous equations. Inconsistent equations
such as £ +y = 6 and 2z 4 2y = 7 are represented by
parallel lines. Dependent equations such as z +y = 6
and 3z + 3y = 18 are represented by two lines that
coincide.

Exercise 42

1. Given the equations 3z — 4y = 12 and 4z + 3y = 6.
(a) Draw the graphs of two equations.
(b) Estimate the values of the coérdinates of the point where the
lines cross.
(c) Solve the simultaneous equations algebraically.
(d) Compare'the graphic solution with the algebraic solution.
2. Given the equations 3z — 4y = 24 and 6z — 8y = 7.
(a) Draw the graphs of the two equations.
(b) Show algebraically that the slopes of the two lines are the same
and that the lines are parallel.

3. (a) Through the origin, dsaw Iines whose slopes are +§ and —4%.
(b) Show that the lines are perpendicular to each other.

4. Given the equation 3z + 4y = 12 and the point (5,6).
(a) Represent the given data graphically.
(b) Draw a line through the given point parallel to the given line.
(¢) Write the equations of the parallel line.
(d) Draw a line through the origin perpendicular to the given line,
and calculate the slope of the perpendicular.
(e) Draw a line through the given point perpendicular to the
given line and calculate its slope.

63. Graphic solution of an algebraic equation. Suppose
it is required to solve the equation 2x* — 15z + 5 = 0.
Write instead the two equations y = 22* — 15z + 5 and
y = 0. The solution of the given equation is the value
or values of z of the points where the graphs of the two
equations cross. But since y = 0 is the z axis, it is merely
necessary to find where the graph of y = 22® — 152 + 5
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crosses the z axis. Before the graph can be drawn, a table
of corresponding values of z and y must be prepared. An
inspection of the table

z -3 -2 -1 0 1 2 3
v —4 19 18 5 —8 —9 14
Point A B C D E F G

enables us to conclude that there is a crossing place between
z = —3 and z = —2 since A is below the z axis and B is
above the x axis. The other crossing places are between
points D and E, and between points F' and G. That is,
the given equation has three roots, one between —3 and
—2, another between 0 and 1, and the third between 2
and 3. :

Approximate values of the roots may be found by linear
interpolation. Thus the root between 2 and 3 is found

from the table
z | 2 h 3'
Y -9 0 14

Since 0 is <% of the way from —9 to 14, h is ¢% of the way
from2to3andh = 2 + &of 1 = 24,

Exercise 43

1. Find approximate values for the remaining roots of 22° — 15z + 5
= 0.

2. Draw the graph of y = 223 — 15z + 5.

3. Find the approximate value of one root of z* + 2z = 10.

4. Draw the graph of y = 2® + 22 — 10.

8. Draw the graphs of the equations 22+ y = 7 and 324+ z = 4.

6. Show that the graphic solution of the simultaneous equations of
example 5 are approximately (2.4,1.2), (2.8,—1.2), (—2.2,2,5), and
(—3.2,—2.6).

7. If two equations are given and their graphs do not cross, what
statement can you make about the given equations?
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8. Solve graphically the simultaneous equations y = 3a* — 7z + 3
and 2z + y = 6.

9. Eliminate y from the equations of example 8 and solve the result-
ing quadratic equation for z to three decimal places.

64. The parabola. The graph of the equation y =
322 — 7z + 3, Fig. 4, page 71, is called a parabola.

It is symmetrical about a vertical line drawn through its
lowest point, the position of which may be calculated as
follows: Solve the quadratic 32> — 7z +3 —y =0 and
obtain
TEVT —43) B—y) _ T VI3 +12y

2(3) 6

xr =

or

We now see that, for z to be real, y + 13 may not be neg-
ative and y may not be less than —13. When y = —44,

70 _7
r = —- = -

6 6
That is, the least value that y can have is —13, and this

value arises when 2 = 3. The lowest point of the parabola
is at 2 =3, y = —13. From the method of obtaining

the value of z, it appears that z = —é— = +1.

In general, if, in y = a2? + bz + ¢, and a is positive, the
graph is a parabola having the same general appearance as
the graph of y = 322 — 7z + 3. The lowest point of the
parabola is at

and
- 2 —_— —
”=“(2:) +b(2ab) toes= 4ac4a =

If a is negative as in y = —3xz® — 7z 4 3, the curve
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bends in the opposite direction, and there is, not a lowest
point, but a highest point, which is located at

=% %
and
—7\2 -7 85
v=-3(F) -1(F) +3=+3
Exercise 44

1. Find the codrdinates of the lowest point or the highest point in
each of the following parabolas:

(8) y=22—6z — 1 (dy=1+8z — 3z

b)y=1+ 6z — 22 () y =22 — 5z — 3
(c) y=322— 8z~ 1 f) y =34+ 5z — 22
2. (a) How do the graphsof y = 223 — 52 — 3andz = 2y* — 6y — 3
compare?

(b) Has ¢ = 2y? — 5y — 3 a highest or a lowest point?
3. Given the equation y = 22 — 4z + 4.

(a) Draw the graph.

(b) Find the coérdinates of the lowest point.

(c¢) Note that, if y = 0, the equation is (z — 2) (z — 2) = 0, and
the two roots are both z = 2. What is the graphic significance of this
result?

4. Given the equation of the parabola, y = —222 + 8z + 3.
(a) Find the highest point of the parabola.
(b) Find the coérdinates of the points where the parabola crosses
the z axis and the y axis.
(c) Find the equation of the line that is drawn through the highest
point of the parabola and the point where the parabola crosses the y
axis.



CHAPTER V
LOGARITHMS

6b. Zero, negative, and fractional exponents. The pri-
mary conception of integral numbers arose from the necessity
of representing the result of counting objects. The oper-
ations of addition and multiplication with integers still
kept the field of numbers restricted to integers, but the
inverse operations, division and subtraction, extended the
field of numbers by introducing fractions, zero, and minus
numbers.

Exponents have thus far been restricted to positive
integers. The expression ¢* has had a definite meaning
only for positive integral values of the exponent x, whereas ¢
may have been integral, fractional, positive, negative, orzero.
In order to remove the restriction on the exponent z and to
give meanings to such expressions as 5° 372, 92, 82/,
and so on, we shall assume that the law a® - a¥ = a**v holds
not only for positive integral values of the exponents z
and y, but for zero, negative, and fractional values as well.

(a) Zero exponent. Let a® = x and multiply both mem-
bers by a®. Then a°: a® = za®. But by our assumption,

ab .
a®-a® = a*5, Hence a°* = za° and z = &= 1. That is,

a® =1 for any value of a except 0. The symbol 0° re-
mains undefined.

(b) Negative exponent. Let a=* = z and multiply both
members by a*. Then a™ - a* = za®. But by our assump-

. 1
tiona*:-at=a*M =a®*=1. Hencel = za*andz = s
26
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That is, a™* = a_li’ and a—* is the reciprocal of a*.

In general,a™" = —
aﬁ

(¢) Fractional exponent. Let a'”® = z. Thena!/? - gl . q!?

=z.z-z 0ra =2 and z = Va, or al® = Va.
2/3 — 2/3.q2B8 .28 = ¢y .9y - =

Leta/a—y. Thenaa/ atB. g’ =y.y-y, or y* = at
andy = Va?ora?® = Va?

Also, a2 = @' . @8 = VaVa = (Va) Hence
a?® = Va2 or (Va)?

In general, a»/» = Vam or (Va)=.

The fractional power 71; indicates the mth root; the frac-

tional power %‘ indicates either the nth root of the mth power
or the mth power of the nth root.

Illustrations

-2 -2 2

Gar=1(3)" - (gl)z= 1o () =0 -5 =(</1§)==
i; 5 = VB = V2.

The expression ¢* now has a meaning for values of ¢ and
of z whether these values are positive or negative, integral
or fractional. It is to be noted, however, that since ¢»/» =
(¥c)™, a negative value of ¢ coupled with an even-numbered
value of n results in an imaginary number.

Exercise 46
1. Express the following as ordinary arithmetic numbers:
(%)3, (327)0, 6—3, (%)1/2’ 81/8, 16-8/4, (i)—lﬁ, 9-8/2’ (._8)—3/8
2. Find the value of 8% X (1) + 120 + ()72 — (F5)2
3. Find the value of =/ if:

(@) z2=9,m=3,n=2
b)z=4m=3,n=—2
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() 2= -8, m=—2,n=—3
@z=%m=—4,n=2
) z2=%4,m=0,n=—5
® z=§,m=4,1§= -2
4. Write the following without using fractional or negative exponents.
Bimplify when it is possible to do so.
(a) 22 + zV/ox1/e
(b) zV/2'/3 — z72
(c) zzis — (gyays
d) @) (@)
(e) 3z7% 4 2z71 4 (4z2)'/2
® @*+y™")+ @ -y
5. Note the following relations:
(®) V2 V3=213n = (2X 3" =6
(b) V50 = (25 X 2)¥2 = 2512 X 22 = /25 X V2 = 5V2
(c) \/_ }/__—\/_ V6
Ve VZVz Tz

In (a), the calculation of V6 requires less work than the calculation
V3
of V2 X V3. In (c), less calculation is required for %-‘6 than for 7—-2'

The form shown in (b) is useful for the simplification of such expressions
as:
V18 — V50 + V32
V18 = VX2 = 3V2; V50 = 5v/2; V32 = 42
Hence V18 — V50 + V32 = 3V2 — 5V2 + 4V2 = 2V/2,

6. Calculate the value of each of the following to 3 decimal places:

(®) VBVT; (b)ﬁ,(c)\/‘s+\/“_\/—

56. Logarithms. From the equation y = 4%, the value
of y is easily calculated for positive or negative integral
values of z and also for some fractional values. But if
y = 9, the equation is 4* = 9, and the value of = can be
expressed only by introducing a new notation. Iny = 47,
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z is called the logarithm of y to the base 4 and is written
z = logsy
In general, if y = @, = log, y. ,

The logarithm of a number is the exponent that a
selected base must have in order to produce that number.
Thus

logs 81 = 4, because 34 = 81,
logs 3 = %, because 912 = 3.
: logs(3's) = —2 because 572 = .
The two equations y = o and log, y = = express the same
relation between = and y in different forms, and these two
forms are interchangeable, one being called the inverse
of the other.

Exercise 46

1. Express the following equations by means of logarithms:

(a) 19 = 10 d) 4 =0.5

(b) 27 = 3= (e) 272 =3

(c) (0.5)* =4 (f) (.25)* =64
2. Express the following equations without using logarithms:

(a) y =log: 3 (d) logid =y

(b) z = logs 2 (e) logs 25 = 2

(c) logs10 =2 ~ (f) logs 243 = 8

67. Logarithm tables. Logarithms may be calculated to
any base except 0 or 1, but only two bases are ever used in
practice, namely:

10, the base of our decimal systems of writing numbers,

and ¢, a number that arises from (1 + %)’ when z increases

beyond all limits. The value of ¢ is 2.718 . . . .

The logarithms of numbers are calculated and arranged
in an orderly form, called a table of logarithms. Logarithms
to the base e are called Napierian or natural logarithms and
are used almost edclusively in higher mathematics. Loga-
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rithms to the base 10 are called Briggsian or common
logarithms and are always used for ordinary computations.

In subsequent discussions it will be understood that the
base is 10, so that log 7 means log;, 7.

68. Characteristic and mantissa. From the -corres-
ponding values,

10— 1072 107t 10° 10t 102 103

.001 .01 1 1 10 100 1000
we may write log 1000 = 3, log 1 = 0, log .01 = —2, and
so forth.

The number 68.27 is between 10 and 100 or between 10!
and 102 and may be written 10'** where k is a positive
decimal fraction. The same sequence of digits gives such
numbers as 682.7, .6827, .006827, and so on. These num-
bers are between 10? and 103, 10° and 107!, 10~ and 1072,
respectively, and we may write:

68.27 = 10'*% or log 68.27 = 1 + £k,
682.7 = 10>+ or log 682.7 = 2 + [,

.6827 = 10-'+m or log .6827 = —1 + m,
006827 = 10-3+s, or log. 006827 = —3 + =,

where k, I, m, n are positive decimal fractions. Then,

10%+ = 682.7 = 10 X 68.27 = 10! X 10M+% = 102+,

10+ = 68.27 = 10? X .6827 = 10? X 107%+m = 1Qvtm)

107+ = 682.7 = 10° X .006827 = 105 X 10~3t» = 1(0%*n,
Hence £t =1 = m = n. That is, the decimal portions of
the logarithms are identical for the same sequence of digits
regardless of the position of the decimal point. The loga-
rithm of a number is therefore separated into two parts—
namely: (a) a positive or a negative integer called the
characteristic, and (b) a positive decimal called the mantissa.

The numerical value of the characteristic depends upon

the position of the decimal point in the given number, and
the numerical value of the mantissa depends upon the
sequence of the digits in the number.
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Thus log 68.27 and log 6827 have the same mantissa and
different characteristics; log 68.27 and log 72.86 have the
same characteristic and different mantissas.

The logarithm of a number may appear in a form such as
—2.4327, which means —2 — .4327, but this form is easily
changed to —3 + .5673 and is usually written 3.5673. The
minus sign written above the 3 indicates that only the
characteristic is negative.

Exercise 47

1. The logarithms of certain numbers appear as 1.3427, 2.8346,
3.4723, 1.2954. Change these forms to ordinary negative numbers.

2. The logarithms of certain numbers appear as —0.6283, —1.2465,
—2.3627, —3.0284. Change these forms so that they appear with
negative characteristics and positive mantissas.

69. Characteristic. The following relations:
0.6827 = 1071+,

6.827 = 100+%,
68.27 = 101+
682.7 = 107+,

show that, for every step that the decimal point is moved
toward the right, the characteristic is increased by 1, and’
that, for every step that the decimal point is moved toward
the left, the characteristic is decreased by 1. Therefore,
in order to determine the characteristic of the logarithm
of any number, assume that the decimal point was initially
after the first significant digit in the number and, hence,
that the characteristic was 0. Count the number of places
that the decimal point must be moved from the assumed
position to the position that it actually occupies. The
count gives the numerical value of the characteristic. The
sign of the characteristic is plus if the motion is toward
the right, and minus if the motion is toward the left.
Thus, to find the characteristic of log 682700, assume that
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the decimal point was initially after the first significant
digit, 6. The number was then between 1 and 10, and the
characteristi¢ of its logarithm was 0. For the decimal point
to be brought to its actual position, it must be moved §
plaéces toward the right. The characteristic is therefore
+5.

To find the characteristic of log 0.0006827, assume that
the decimal point was initially after the first significant
digit, 6. For the decimal point to be brought to its actual
position, it must be moved 4 places toward the left. The
characteristic is therefore —4, or 4.

60. Mantissa. A table of common logarithms is a table
of positive mantissas. In Table II, the decimal point
does not appear, but it is to be understood that, in the
column headed N, the decimal point is between the-two
figures, and in the body of the table the decimal point is
before the first figure.

The table gives the mantissas of the logarithms of num-
bers from 100 to 999, numbers of 3 figures, of which the
first two figures are in column N and the third figure is at
the head of one of the columns marked 0, 1,2, . . . 9.

INlustrations

1. To find the mantissa of log 153, look in column N for the first two
figures, 15. Then look along the horizontal line where the number 15
appears, until the column headed by the next figure of the number, 3, is
reached. The decimal .1847 found at this place is the mantissa of log
153 or of log 1.53 or of log 0.00153.

2. To find the mantissa of log 15, write the number in the form 15.0
and look for the mantissa of log 150.

8. To find the mantissa of log 1534, note that 1534 is between 1530
and 1540. Find the mantissas of log 1530 and of log 1540. The
following table results:
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Number Mantissa
1530 1847
1534 m
1540 .1875

The missing mantissa, m, found by linear interpolation, is
m = 1847 + .4 of (.1875 — .1847) = .1858.

61. Antilogarithm. The number that corresponds to a
given logarithm is called the antilogarithm and is written
antilog. Antilog 2.1866 = x is the same statement as
log z = 2.1866.

To find antilog 2.1866—that is, the number whose
logarithm is 2.1866—disregard the characteristic 2 and
look for the mantissa .1866 in the table. The mantissa
.1866 is not in the table, but is between .1847 and .1875.
We now have:

Number Mantissa
1530 1847
z .1866
1540 1875

The missing number, z, found by linear interpolation, is
z = 1530 + ;—g of (1540 — 1530) = 1537.

Now consider the characteristic 2 that was disregarded.
Begin by placing the decimal point after the digit 1, in
which case the characteristic would be 0. Since the charac-
teristic is 2, move two places toward the right and place
the decimal point after the digit 3, or x = 153.7. Thus:

antilog 3.1866 = 1537;
“ 1.1866 = 0:1537;
“  3.1866 = 0.001537.

Caution: The logarithm of a number is an ordinary
number whether it appears in the unusual form 3.1866 or
in the usual form —2.8134. Only the first form is found
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from the table. To perform the indicated multiplication
2.6342 X 1.4764, the product is rewritten as —1.3658 X
—.5236.

Exercise 48

Fill in the blanks in the following tabulation to four significant digits
for numbers and to four decimals for logarithms:

Number Log Number  Log
1. 1614 - 11. 6.6 -
2. 0.001614 ____ 12. 0.66 -
3. 1.2214 13. 0.0066 -
4 1.2214 14, 5. S
6. 191,300 _____ 16. 5,673,000
6. 19.13 - 16. __ 2.8270
7. —0.2958 7. 3.8270
8 3.2958 18. 1.988 -
9. 5.2958 19. 1988
10. 4.2958 2. _______—0.1

21. Find the values of: (a) log 2 X log 3; (b) log 3 + log 2; (c) log
2 X log .3; (d) log .3 + log .2.

62. Multiplication by logarithms.

If 10= = z, then log z = a.
If10t =y, “ logy =b.

Multiplication gives
102 X 10* = zy, or 10+t = zy.
Hence
log (zy) =a+b=1logz +logy

Rule: The logarithm of the product of two numbers ts found
by adding the logarithms of the factors.
Thus, if
15.36 X 2.743 = a,

log a = log 15.36 -+ log 2.743
log a = 1.1864 4 0.4383
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log a = 1.6247
a = 42,14,

The rule is applicable to any number of factors. Thus:
12.37 X 0.04674 X 8.923 X 0.5836 = z;

log & = log 12.37 + log 0.04674 + log 8.923 + log 0.5836
log 12.37 = 1.0924
log 0.04674 = 2.6697
log 8.923 = 0.9500
log 0.5836 = 1.7661
log z = 0.4788
z = 3.011.

Note that the mantissas are added as in ordinary arith-
metic addition, and there is 2 to carry. The carried 2 and
the characteristics are added algebraically; that is, the
sum of 2, 1,2, 0, Tis 0.

Exercise 49

Calculate by the use of logarithms:

1. 34.63 X 17.67 8. 75 X 0.64 X 3.75

2. 1.732 X 1.414 X 2.449 7. 0.58 X 0.41 X 0.76
3. 0.00462 X 0.0583 8. z =log .2 X log 3
4. 0.09642 X 5837 9. z = log 0.2 X log 5

6. 17.46 X 0.0837 X .0025 10. z = log 2.5 X log 4

63. Division by logarithms. If 10¢ = z; and 10°* = y,
division gives

2
]
<8

or 10+- = Z,
Yy

-t
(=}
=3

Hence
log§ =a—b=1logz — logy.

Rule: The logarithm of the quotient of two numbers vs found
by subtracting the logarithm of the divisor from the
logarithm of the dividend.
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Tllustrations
1. 65.36 + 2,743 = a

log a = log 65.36 — log 2.743
log a = 1.8153 — 0.4383
log a = 1.3770

a = 23.83.

2. 2.743 + 65.36 = a

log 2.743 = 0.4383

log 65.36 = 1.8153

Subtraction gives, log a = 2.6230
a = 0.04198.

Note in Illustration 2 that we subtract the mantissa of 6536 from the
mantissa of 2743 in the ordinary way until we reach the characteristics.
Then, since 1 was borrowed, the final step is to subtract 1 from —1.
We may perform the subtraction and at the same time prove its correct-
ness by adding the difference to the subtrahend. Then when we reach
the characteristic, there is 1 to carry, and weask 1 4+ 14 ? = 0. The
missing number, —2, is the characteristic.

3 0.04783 X 59.46 X 3727 _ a _ :c
*0.1843 X 156.2 X 89,620 b

logz =loga — logbd
log 0.04783 = 2.6797  log 0.1843 = 1.2655

log 50.46 = 1.7742 log 156.2 = 2.1937
log 3727 = 3.5713  log 89,620 = 4.9524

log a = 4.0252 log b = 6.4116
log b = 6.4116
log z = 3.6136
z = 0.004108.
Exercise 50
Calculate by the use of logarithms:
1. 5835 <+ 236
2. 236 + 5835

8. (6.75 X 5.896) + (2.642 X 7.483)
4 z=1log3 +log9
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5. z =log2 <+ log 3

6. z = log 0.8 + log 0.4

7. = (log 2 X log 3) + log 6

8. (0.0438 X 0.2647) + (5.623 X 0.0083)

64. Powers by logarithms. If n is a positive integer,

log (a*) =log(@a-a-a....... n factors)
=loga+loga+loga+ ....... n terms
= n log a.

Rule: The logarithm of a® if n is a positive integer vs found
by multiplying the logarithm of a by the exponent, n.

Tllustration

(0.6837)% = z
log z = 5 X log 0.6837
log z = 5 X 1.8349
log z = 1.1745
z = 0.1494.

The multiplication of 1.8349 by 5 was performed as follows: Multiply
the mantissa by 5 in the ordinary way, and there is 4 to carry. Then
say 5 X (—1) = —35, and the carried 4 makes —1.

Exercise b1

Calculate by the use of logarithms:

1. (2.375)? 4. z = (log 2)?
2. (0.8375)8 6. z = (log 3)*
3. (1.045)7 6. (0.375)4

66. Roots by logarithms. If in a@", n is a fraction of the
form p/q where p and ¢ are positive integers, we write:

ar = avlt = Ygp = z.
Raise both members of Va? = z to the power ¢ and obtain

ar = g9,
Then
log (a#) = log (z9),
or
ploga = ¢qlog z,
or

(p/q) log a = log z.
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Then, since p/q stands for n, and z stands for a*, the last
equation becomes:

n log a = log (a®).
That is, the rule that was stated in the preceding article

for exponents that are positive integers applies equally well
if the exponents are fractions.

Illustrations

1. V0.06743 = z = (0.06743)/53,

log z = } X log (0.06743)
= % X 2.8289.

To multiply 2.8289 by 3, we may proceed as follows:

2.8289 = —2 4 0.8289 = —1.1711
3 X —1.1711 = —0.3904 = —1 + 0.6096.
Hence
log z = 1.6096
z = 0.4070.

We may also calculate 3 X 2.8289 as follows:

2.8289 may be written 3 4 1 + 0.8289, or 3 + 1.8289
3 X (3 + 1.8289) = 1 4 0.6096 = 1.6096.

2. (0.375)70-3" = g,

log z = —0.375 X log (0.375)
log z = (—0.375) X (1.5740)
log z = (—0.375) X (—0.4260)
log z = 0.1598

z = 1.445.

Exercise 52
Calculate by the use of logarithms:

1. V10 6. v6.623

2. V10 7. Vieg 2

3. V2Xx V3 8. 93

4. V6 9. V5 X 1.7

5. V0.8 10. (V7 X 1.39) + (VI3 X )
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66. Exponential equations. The unknown number in
an equation may appear in the exponent, as, for example,
in the equation 4 = 8. It is sometimes possible to express
such an equation, called an exponeniial equation, in a
form that can be solved by inspection. The equation
= = 8 may be written (22)= = 23 or 2% = 23, from which
we conclude that 2z = 3, or z = 1.5.

Equations of this type can always be solved by logarithms
as follows:

If 4= = 8
then log (4=) = log (8)
: zlog4 =log 8
2(0.6021) = 0.9031
_ 09031 _
z = 0.6021 1.49991.

But since the dividend and the divisor of £83} are accurate
to four digits, the quotient is accurate to four digits only,
and the result, 1.49991, must be expressed as 1.500.

Exercise 63

Find the value of z in each of the following equations by logarithms.
Wherever it is possible to do so, also find z without using logarithms.

1. (1.25)= = 20 6. 42 =38

2. 9 =27 7. (1.5)% = 2.25
3 (2.7 =27 8. (2.25)» = 1.5
4 logz =05 9. (2.5)= = 0.064
6. (1 +2)5=20 10. (0.83)= = 0.125

67. Arrangement of work. Time may be saved by
arranging the work for calculations by logarithms so as to
avoid needless repetitions. In the following illustration,
the arrangement of the work is indicated.
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Tllustration
V.2783 X (4727)* _
V.5963 X (.5263)3

Rewrite the roots as fractional exponents and take the logarithms
of both sides of the equation. Then

log n = log (.2783'% X .4727%) — log (.5963"2 X .5263%)
= [log .2783'/ + log .4727?] — [log .5963"2 + log .5263"]
= [3log .2783 + 2 log .4727] — [3log .5963 + 3 log .5263].

The work may be arranged as in the following tabulation without
setting down the steps shown above.

Number Log Mult. by Result

.2783 |
4727 I 2 -
5963 3 -
5263 3 -
logn = ____

n = , ANSWER.

The student may complete the calculation.

Exercise 54

Find the value of z in each of the following:

1. z = 1.674 X .04784 8. z = V.7547
2 z = 1.674 + .04784 9. z = V7547
3. z = .04784 + 1.674 10. z = 102.m

672 X 387 X 463

4 z = 1054 1. = = 796 X 439 x 784
5. z = .95% 12. z = V87.42 X V.0367
6. 1.06° = 2 13. z = (.875)1
7. (1+2)®=3 14. z = (1.875)15

68. Forms of equations. By means of the rules
(1) log (a X b) = log a + log b,
(2) log (a =+ b) = log a — log b,
3) log (@) = n-log a,
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it is often possible to change the form of an equation that
involves logarithms to another form that does not.

" INllustrations

1.
3logz —2logy =4

takes the successive forms
log (z) — log (3*) = 4

log Erz; =4
= = 104
8 = 1042

The original and the final equations both show how z and y are re-
lated, but the graph can be constructed more easily from z® = 10%2.

2. z = 3'982/196 3 j3 merely another form of the equation x = 2. Take
logarithms of both members, log z = }ii 3 X log 3 =log 2. Then,
since log z = log 2, z and 2 have the same logarithm and therefore rep-
resent the same number, and z = 2.

Exercise 66

Write each of the following equations in a form that does not contain
logarithms:

1. 3logz =log 8 6. (log 8) <+ (log 2) = log (z") + logz
2. 3logx — log 8 =27 6. x = 3log5/log3
3. 2logz+3logy =1 T.logy =2logz—1

4 Llogz+Llogy=1log3 8 logy=3z+1

69. Use of short tables. If only the following logarithms
are known:

log 2 = 0.3010
log 3 = 0.4771
log 7 = 0.8451

log 11 = 1.0414,
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it is possible to calculate the logarithm of a number that
can be expressed in terms of the factors 2, 3, 7, 11.

Tustrations
1. Find log z from z = (1.05)® by using the short table.
3 X7
logz = 20 log2 <10
log z = 20(log 3 + log 7 — log 2 - log 10)
log z = 0.4240.
2. Find the value of log 4620 by using the short table.
Since 4620 = 2 X 3 X7 X 10 X 11,
log 4620 = log 2 + log 3 + log 7 + log 10 +- log 11
= 3.6646.
Exercise 56

Without referring to a table of logarithms, but using the values of
log 2, log 3, log 7, and log 11, calculate =z from each of the following
equations:

1.z =log 112 8. (2.25)* = 10
2. z = log 350 9. (1.08)> = 6.25
3. z =log 42 10. 10%* = 200

4. z = log 64.8 11. z = log 132
6. z = log (3%) 12. z = log 3%

6. 3= =21 13. (33)* = 44

7. (1.5)* = 3.6 14. (13)= =%

16. (3) = 13

16. Determine the number of digits in each of the following numbers
and estimate the first digit:

(8) 9°; (b) 29; (c) 1.05; (d) 3"
17. Draw the graph of y = 22 forz = -3, -2, -1,0, 1, 2, 3.
18. Draw the graphof y = log z for z = .1,1,2,3,4,5, ... 10.
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CHAPTER VI
COMPOUND INTEREST AND ANNUITIES

70. Compound interest. People save money for various
purposes, and the savings can ‘produce income by being
loaned to responsible individuals or companies that need
money to carry on or to expand business enterprises. The
savings are then said to be invested, and the investment,
the amount loaned, is called principal. The borrower
agrees to pay interest for the use of the principal and
specifies at what rate the interest shall be, how frequently
it is to be paid, and when the principal shall be repaid.

Thus, Jones lends $1000 to Green, and they agree that
the principal, $1000, shall be repaid at the end of 3 years,
and that interest shall be paid annually at 4%, per annum.
The agreement means that the interest for a year is 4% of
$1000, or $40, and that Green will pay $40 at the end of
the first, second, and third years and also $1000 at the end
of 3 years.

It may be specified that interest shall be paid semi-
annually at 49, per annum. It is then understood by
both Jones and Green that each semiannual interest pay-
ment will be 1 of $40, or $20, and that 6 such interest pay-
ments will be made. Similarly, an agreement that interest
shall be paid quarterly at 4%, per annum is understood to
mean that an interest payment of $10 will be made at
the end of every 3-month period.

When Jones receives an interest payment of $40, $20, or
$10, it becomes available for investment and constitutes
additional principal which can also earn interest. Jones

and Green may agree that each interest payment as it
115
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becomes due shall be retained by Green as an additional
loan on which he is to pay interest at the same rate as on
the original loan. If the agreement was that interest is
payable semiannually, then at the end of 3 years the account
is:

Principal at the beginning. . ....... $1000.000
Interest for 6 months, 2% of $1000. . 20.000
Principal at the end of 6 months....  1020.000
Interest for 6 months. .. .......... 20.400
Principal at the end of 1 year...... 1040.400
Interest for 6 months............. 20.808
Principal at the end of 1§ years.... 1061.208
Interest for 6 months............. 21.224
Principal at the end of 2 years. ... 1082.432
Interest for 6 months............. 21.649
Principal at the end of 2} years. . ... 1104.081
Interest for 6 months. . ........... 22.082
Principal at the end of 3 years. . . .. 1126.163

That is, if interest is converted into principal semi-
annually at 49, per annum, the total amount (principal and
accumulated interest) that Green should pay at the end of
3 years for a loan of $1000 is $1126.16, the interest payment
being $126.16.

Interest calculated by assuming that the principal
changes periodically because interest is converted into
principal is called compound interest. In all investment
calculations it is assumed that money is never idle and that
when interest is paid it is reinvested immediately. There-
fore the investment earns compound interest.

The interval of time for which each interest payment is
specified is called an interest pertod or merely a period.
The phrases—interest at 19, per quarterly period, interest
payable quarterly at 49, per annum, interest at 49, per
annum compounded or convertible quarterly—have the
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same meaning, namely, that the principal is increased by
19, at the end of each period of 3 months.

Exercise 67

State the length of a period, the number of periods, and the rate per
period in each of the following:

1. $1000 is invested for 5 years, and interest at 6%, per annum is
compounded (a) annually; (b) semiannually; (c) quarterly; (d) monthly.

2. $5000 is invested for 4} years, and interest at 49, per annum is
convertible (a) semiannually; (b) quarterly; (¢c) monthly.

8. $100 is invested for 3 years, and interest at 43% per annum is
payable (a) semiannually; (b) quarterly; (c) monthly.

4. $500 is invested for 5% years, and interest at 5% per annum is
compounded (a) semiannually; (b) quarterly; (c) monthly.

6. $1000 is invested for 8% years and interest at 3% per annum is
convertible (a) semiannually; (b) quarterly; (c) monthly.

71. Compound interest symbols. In Fig. 21, the marks
indicated by the letters A, B, C, D, .. . are
equally spaced and represent dates at equal intervals 4
of time. The equal spaces between the division
points represent interest periods. (It may be more
convenient to draw the line AR horizontally.) Ifp
isinvested at date A at rate ¢ per period, its value at
date B is p (1 + ). That is, the value of an p{
investment of p after the lapse of one interest
period is (1 + %) times as much as it was at the g+
beginning of the period. The value at date C of the
investment of p made at date A is the same as the FT
value at date C of the investment p (1 + ¢) made
at date B and is
p (144) + ip (1+44) = p (1+4) (A1+7) = p (1+29)? i
At date D the value is -
P (144)? + ip (144)? = p(1+9)* (1+4) = p A1 +4)},
and so on.
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At the end of n periods, at date R, the value of the invest-
ment of p made at date A is p (1 4+ 7). The expression
(1 + 7)) is represented by the symbol s} (ess-en-eye) and
indicates the total value, principal and interest, of an
investment of $1 at the end of n periods, if interest is com-
pounded at rate ¢ per period.

That is,
$=Q0+0
and
pst=p (1 +0)"

Thus 100s}, may be stated in words as follows: If I owe
$100 payable at date A and defer the payment to date F,
5 periods later, the amount that I should pay at date F is
indicated by 100ss, provided interest is compounded at
19, per period.

On the other hand, if I owe $100 payable at date F, the
payment that will cancel the debt at date A, 5 periods
before F, is indicated by 100vi,, provided interest is com-
pounded at 19, per period.

Let us consider that the payment of 10003, to my
creditor at date A was a loan made to him at 19}, per period.
Then at date F he would owe me (100v%y) (sis), and I
would owe him $100. Since the payments of these amounts
at date F cancel both debts,

100089, X sfy = 100
and
iy, X s3o = 1. W

That is, the symbols s}, and v}, are reciprocals. In general,
if n and 7 have the same values in the two symbols, s§ and
v; are reciprocals, and v§ X s§ = 1.
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Since
st = 1412)n,

v = 8—1,: = (i?"lz)» = (144)™
and

vt = p(1414)~"
Thus

3% X 83% = 1.027% X 1.02% = 1,

But

1% X s3% = 1.017 X 1.02%,

which is not 1. The products v3% s3%, and v{% s}y, are not 1.

Values of s§ and of v{ are shown in Tables III and IV for
various interest rates and for a number of values of n. The
student should familiarize himself with the tables so that
he will remember for what values of n and of + the values
of the symbols s and v§ are to be found in the tables. We
shall see later (page 173) how the value of (1 4 7)* or of
{1 + 7)™ may be calculated for any values of n and © when
tables are not available.

Exercise 68

State in words the meaning of each of the following, and find its value
from the tables if possible. ($ signs are understood.)

1. 1000533, 6. 100s1%, X vi%,
2. 500033, 7. 1000s3% X v3%,
3. 100s3%, 8. 100s5%, X v3%;
4. 10005% 9. 100si% X v3%
5. 10s3%, 10. 100s3% X of%,

72. Abbreviated multiplication. The values of s§ and
v; are not given for all consecutive values of n from 1 to
100. But since s3%, = 1.02% and 1.02% may be written as
the product 1.02% X 1.02® or as 1.02%* X 1.02%, the value
of 333, may be found by multiplying two numbers that are in
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the tables. Similarly, »f4, = 1.01-% may be written as 133,
X 934, or as v}8, X v3%,. Hence the values of s§ and v}, when
1 is in the tables and » is not, may be found by multiplying
numbers obtained from the tables. It is therefore de-
sirable to perform such multiplications expeditiously.

The tables are correct only to a certain number of figures,
the last figure being the nearest to the correct one for that
place. When numbers are correct only to a certain number
of figures, we say that they are correct to so many signifi-
cant figures. Thus 0.00304 is correct to 3 significant
figures, for if the decimal point were disregarded the
number would be 304, a number of 3 figures. The number
1.81309 is correct to 6 significant figures, 1.02 is correct
to 3 significant figures, and 2.300 is correct to 4 significant
figures. If the 2 in 1.02 is exactly right, the number 1.02
is correct to as many significant figures as we please.

It may be proved (Chap. XV) that, if two numbers are
correct to different numbers of significant figures, their
product cannot be correct to a greater number of signifi-
cant figures than the less accurate number. Since tables
are used extensively, the accuracy of the results of calcu-
lations are necessarily limited by the accuracy of the entries
in the tables. Much unnecessary labor may be avoided
by omitting figures which cannot influence the correctness
of the result. Thus to find the product 2.35094 X 1.34078,
the decimal points are disregarded and the setup for ordi-
nary multiplication is

23 5094 1)

13 4078 @)
18] 80752 3)
164| 5658 4)
9403| 76 . 5)
70528| 2 (6)
235094 )
315209| 33332 ®)
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If the factors are each correct to 6 figures, their producv
cannot be correct to more than 6 figures and should be
written 3.15209. The figures to the left of the vertical
line may be obtained more conveniently thus:

235094 (1)
870431 @)
235094 ®3)
70528 )
9404 (5)
165 (6)

18 @)
315209 (8)

(1) One factor is written as ordinarily.

(2) The figures of the other factor are reversed in order,
1 under 4, 3 under 9, and so forth.

(3) The result of multiplying line (1) by 1. Then strike
out the 1 and the 4 above it.

(4) Say 3 X 4 is 12, which requires 1 to carry; 3 X 9
= 27, and the carried 1 makes 28, and so on. Strike out
3 and the 9 above it.

(5) Say 4 X 9 is 36, which is nearer to 40 than to 30, and
carry 4.

(6) Nothing is written for the 0 multiplier, but 0 and 5
are stricken out. Then 7 X 5, or 35, requires that 4 be
carried.

(7) 8 X 3, or 24, requires that 2 be carried.

(8) The result of addition.

In the ordinary multiplication in line (4), the figures te
the right of the vertical line, 5658, being omitted, the num-
ber to the left of the vertical line is written 165, which is
in agreement with line (6) of the abbreviated multipli-
cation. There is a slight discrepancy between line (3) of
the ordinary and line (7) of the abbreviated multiplication.
Such discrepancies may be avoided by writing the factors
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as 2350940 and 1340780 and performing the abbreviated
multiplication as before, thus
2350940
870431
2350940
705282
94038
1645
188
3152093

Since the product cannot be accurate to more than 6
figures, it is 315209.

The position of the decimal point in the product is deter-
mined by noting from the given factors that the product
is more than 1 and less than 10. The product accordingly
is 3.15209.

Exercise 69

1. Use the method of abbreviated multiplication to verify the fol-
lowing:

(a) % X si¥ = 53 (c) v3% X vi% = vl
(b) 8% X vd¥ = s3q (d) v3% X 2% = vdy
2. Find the value of each of the following by using the tables:
(a) si% (e) 100s1%, X vi%,
(b) vi%e 7 (f) 100539, X v3%,
(c) vg%, () 1003?%, X 039%
(d) 1% (h) 100s3% X 3%

8. Martin Pell borrowed $1000 to be repaid at the end of 10 years
with compound interest to be calculated at 2%, per semiannual period
for the first 5 years and at 139, per semiannual period for the next 5
years. Find the amount to be paid at the end of 10 years.

4. Walter Bell owes $1000 due at the end of 5 years with compound
interest at 19, per quarter. Find how much he should invest now tn
be able to pay his debt when due if his investment will accumulate with
compound interest at 249, per semiannual period.
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73. Abbreviated division. Because 2.35094 X 1.34078
= 3.15209, the result of dividing the product by either
factor should give the other factor. The setup for 3.15209
=+ 2.35094 is:

2350940 | 3152090
9770431 | 2350940
801150
705282
95868
94038
1830
1645
185
165
20

21

Ezxplanation: The quotient cannot be accurate to more
than 6 significant figures. As in the multiplication, a zero
is added to each of the numbers, and the procedure is:
Disregard the decimal points and divide 2350940 into
3152090. Write the quotient 1 under the last figure, O,
of the divisor, multiply the divisor by 1, and subtract.
Now strike out the 1 and the 0 above it and say: 801150 +
235094 gives 3, which is placed under the 4. Multiply the
divisor by 3 as in the abbreviated method of multiplication,
and subtract. Strike out the 3 and the 4 above it and say
95868 + 23509 gives 4, and so on.

The quotient is the number whose figures are written
under the divisor in the order in which they were obtained—
namely, 1, 3, 4,0,7,7,9.

The position of the decimal point is determined from
the fact that the quotient should be more than 1 but less
than 10. That is, the quotient is 1.340779 or, to 6 figures,
1.34078.
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Exercise 60

1. Use the tables and the method of abbreviated division to verify
the following:

(a) s3% + si% = v3% (c) s3% + v}% = 39,
(b) v1% + vi% = s1% (d) vi¥ + iy = o33,

2. Find the value of each of the following by performing the indicated
divisions:
(a) $2000 + v3% (Check by using the relation $2000 + 3% =
2000s3%.)
(b) $5000 + s3%
(c) $1000 + v3%.

. T4. Interpolation. The values of s and »{ are found
from the tables for any value of + that is in the table, and
for any integral value of » whether it is in the table or not.
If, however, 7 is not in the table but is between two rates
that are tabulated, an approximate value of s7 or of v} is
found by linear interpolation.

Tllustrations

1. Find the value of $1000s315%,. Note that 349, is between 39, and
334%, and write:
z =1 | y = 100082
39, 1806.11
31% k
31% 1989.79

Since 33% is % of the way from 3%, to 34%, k is 4 of the way from
$1806.11 to $1989.79 and

k = 1806.11 4 # (1989.79 — 1806.11) = 1928.56.
The value of k may also be found from

k = 10008339, = 1000 (1.03})»

by using logarithms. But when 4-place logarithm tables are used, only
the first 3 figures of the result are reliable.
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We shall see later (page 173 and page 177) how the correct value
of k, $1926.63, may be found.
2. Find ¢ from 125001 = 875.

Division by 1250 gives v15 = .7000.
We find in the table that v}% = .74301, and v3}se =.69047. There-
fore, 1 is between 2%, and 2319, and we write:

=1 y =0}
2% 74301
h .70000
21% .69047

Hence b = 29, + %g—gi of 3% = 2.429%,.
3. Given 100s2% = 300; find n.
Division by 100 gives sz = 3.0000.
We find in the table that sg%, = 2.69159 and s3% = 3.28103.
Therefore, n is between 50 and 60. These values of n are too far
apart for a linear interpolation. If, however, we write

sho, = 3% ™ = s3%, sBy, = 3.0000,
then

s30, = %, = 3y 3% = 3(.37153) = 1.11459.
829,

Now m is between 5 and 6, since s3¢, = 1.10408 and 839, = 1.12616.
Linear interpolation gives m = 5.48, and n = 55.48.

Exercise 61

Find the values of the unknowns in the following by linear inter-
polation:

1. y = s3%s9 6. s59, = 2

2. s0=15 7.y = v3g

3. y=si% 8. o7 = 0.68

4. 800s% = 1360 9. 100057359, = 2000

6. y = 7500%9; 10. y = 75003?{%
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756. Preview. How an ordinary business transaction
gives rise to a problem whose solution requires the use of
compound interest symbols may be seen from the consider-
ation of a debt and the provisions for its repayment.

Henry Adams signed a note dated Jan. 5, 1940, ac-
knowledging a debt of $4000 and promising to pay it to
the order of Andrew Black. The statement is obviously
incomplete since it does not specify when the debt is to be
paid, whether interest is to be paid, and, if so, at what
rate. The following are some of the possible varieties of
payment that may be specified in the note.

1. The debt of $4000 will be paid Jan. 5, 1945, without
interest.

2. The debt of $4000 will be paid Jan. 5, 1945, with
interest at 49, per annum compounded quarterly.

3. Interest will be paid at the end of every 3 months at
19, per quarterly period, and $4000 will be paid Jan. 5,
1945.

4. The debt of $4000 will be paid without interest by 20
quarterly payments of $200 each, beginning April 5, 1940.

5. Same as 4, except that to each payment of $200 will
be added simple interest at 49, per annum from Jan. 5,
1940.

6. Same as 4, except that to each payment of $200 will
be added compound interest on the debt then outstanding
at 19, per quarterly period.

7. The debt of $4000 will be paid by 20 equal quarterly
payments, each payment to be partly for interest on the
debt then outstanding and partly toward the reduction of
the debt at 19, per quarterly period.

8. The debt of $4000 will be paid by quarterly pay-
ments of $200 beginning April 5, 1940, and continuing as
long as may be necessary, each payment to be partly for
interest at 19, per quarterly period on the debt then out-
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standing and partly toward the reduction of the debt. The
final balance, less than $200, will be paid 3 months after
the last regular $200 payment is made.

On July 5, 1940, Charles Gray bought the note from
Andrew Black with Black’s guaranty that the payments
would be made at the date or dates specified. Assuming
that Gray will hold the note until the final payment is
made, he must know precisely what payments he will re-
ceive and the dates of such payments. If Gray bought the
note for a sum of money so as to assure him of earning
compound interest on his investment at, say, 119, per
quarterly period, it is necessary to determine the sum to
be paid. If Gray bought the note for a specified sum, say
$3750, it is necessary to determine the rate of interest that
he will earn on his investment.

We shall not attempt to solve, at this point, any of the
problems that may confront Gray. The problems are pre-
sented so that the student may appreciate the necessity
for the various topics that he will be required to master.

76. Annuity symbols. Even a superficial examination of
the preceding article reveals two methods of paying a
debt—mnamely: (a) by the payment of a single sum, as in 1
and 2, and (b) by making a number of payments. Ar

A number of equal payments made at equal
intervals of time and for which the rate of interest
remains unchanged is called an annuity. Two am-.{
symbols for the value of an annuity are used.
Figure 22 illustrates an annuity of 8 payments
of $10 each at intervals of 3 months. If the rate
of interest per quarterly period is 19, the
value of the annuity at date B, immediately 10
after the last payment, is designated by 10sg,q, mgi’ 1
(10 ess angle 8 at 19,), and the value of the ©
same annuity at date A, one period before the first
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payment, is designated by 10agi4 (10 a angle 8 at 1%,).

The symbol 87): designates the value, immediately after
the last payment, of » payments of 1 each, at equal intervals
of time, interest being compounded at rate 7 for one of the
equal time intervals. The symbol a;; designates the
value of the same annuity as is indicated by s;; but at
a date which is one period before the first payment.

Stated in words, 100s5,4, means: If I have an obligation
consisting of 10 payments of $100 each at equal intervals
of time, and defer every payment until the date when the
last payment is due, the amount that I should then pay is
100s1g,9,, provided interest is compounded at 19, for a
period that extends from one of the required payments
until the next required payment.

The student should state in words the meaning of
100a,4-

Note that, in the symbols s§ and »{, n designates the
number of periods and ¢ the rate of interest for one of the
periods, whereas in sz; and ag;, n designates the number
of payments. Since there are n periods from the date
which indicates one period before the first payment to the
date which indicates the last payment, az,; X s§ = sg;,
and sz X vf = ags.

Values of sz, and ag;, in Tables V and VI, are listed for the
same values of n and 7 as in Tables IIT and IV.

The four symbols, s3, 5, sz, and ag;, will be found suffi-
cient for the solution of all problems involving compound
interest or annuities. The value of sp: or of az; may be
found from the tables for any integral value of n whether
n is in the table or not, provided ¢ is in the table.

Thus 100sz,9, involves an annuity of 46 payments, and
n = 46 is not in the tables. The 46 payments may,
however, be considered as two sets of payments, say 30
payments followed by 16 payments. The value of the
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30 payments immediately after the 30th payment is
100sz5,%,, and 16 periods later, at the date of the 46th
payment, the value is 100sz5,455%. The value of the 16
payments at the date of the last payment is 100sg.q.
Hence

100535129, = 10083512 5%, + 100575129
If 7 is not in the table, use linear interpolation.

Exercise 62

Find the values of the unknowns in the following equations, using
Tables III, IV, V, VI, and state each equation in words:

1. y = 100a351% 6. 100a3g): = 2500
2. y = 100s351234% 7. 100az5): = 2050
3. y = 100s352% 3% 8. 100s35; = 8000
4. y = 100az53% 3;39% 9. 100szq. = 2600
6. y = 100azE1% 10. 100s729, = 1929.57

77. Equivalent obligations. A financial obligation states
clearly how much money is due and when it is due. A
changein the date of payment introducesthe element of time,
during which interest can be earned. Therefore, when the
debtor and the creditor agree to change the date of pay-
ment, they must also agree upon the rate of interest to be
used in making an equitable adjustment in the amount to
be paid. One obligation is compared with another by
comparing their values at a given date in accordance with
the principle: Two different obligations that, at any ar-
bitrary date, have the same money value, also have equal
values at any subsequent or prior date if interest is com-
pounded at the same rate for both obligations. The
obligations are then equivalent, and either one may be
substituted for the other in any discussion.

Thus if interest is compounded semiannually at 6%,



130 COMPOUND INTEREST AND ANNUITIES

per annum, $100 due Jan. 1, 1938, and $100s3,, or $106.09,
due Jan. 1, 1939, are equivalent. Their values on Jan. 1,
1939, are both $100s3;,. Their values on Jan. 1, 1942, are
$100s8;, and $106.09s8y, = $100ss s§y, = $100sf,.  Their
values on Jan. 1, 1936, were $100v3, and $106.09v3,, =
$1008§% Ug% = 310003%. .

Tllustration

Carl Thomas owes Frank Till $1000 due Jan. 1, 1945, with interest
at 19, per quarterly period from Jan. 1, 1940. They agree that Thomas
shall pay his debt by making 8 quarterly payments of $100 each, begin-
ning July 1, 1940, and two equal payments on Jan. 1, 1943, and on
Jan. 1, 1945, They also agree that the change in the mode of payment
shall be based on an interest rate of 139, per quarterly period. Find
the amount of each of the equal payments.

Solution

In the diagram, Fig. 23, A indicates Jan. 1, 1940, B is July 1, 1940,
1A C is April 1, 1942, Djis Jan. 1, 1943, and E is Jan. 1,
T 1945. The original obligation, 1000s1%, is:shown! on

100 +B the right, due at date E, and the substituted obligation

100 + shown on the left indicates 8 payments of $100 each
8 due at quarterly intervals from B to C, a payment of
z at D and another payment of 2 at E. The two obli-
gations are equivalent and have equal values at any
T date provided interest is at 139, per quarterly period.

The value of the 8 quarterly payments of $100 each
is easily indicated at date C, which is taken as the
1D date at which the lcomparison is made. Note that
the numbers of quarterly periods between the different
dates are as follows: A-B, 2; B-C, 7; C-D, 3; D-E, 8.
At date C, the value of the new obligation is

1w +4¢C

100sg1134% + 203369 +av ko

3"Emoo-§°% ?‘t tl}e same date C, the value of the original obliga-
ion is

_‘ 10003"1’9/, v{}{%.

Fi&. 23. Hence for equivalence the equation is
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100sg13c% + zvdig0, + aoilse, = 100053 vilse,
and

2= 1000s3% v1lso, — 100s51359,
iy + vl
_ 1000 (1.22019) (.84893) — 100 (8.4328) _ 106.68
(-95632) + (.84893) ’

Each of the equal payments is $106.68.

The meaning of the equivalence of the new obligation and the old is
that, if Till deposits the amounts he reccives under the new obligation
and his deposits earn interest at 13% per quarter until Jan. 1, 1945, he
will have the total necessary to pay the original obligation due at that
date.

Proof

The 8 payments of $100 each accumulate at C to $100sg1%4% =
$843.28 At D this total accumulates to $843.28s3159, = $881.80,
and $106.68 is added, making the total $988.48. At E this total ac-
cumulates to $988.48s%159, = $1113.51 when $106.68 is added, making
the final total $1220.19, which is the amount payable under the terms of
the original debt, since $1000s7%, = $1220.19.

Exercise 63

1. P owes Q $500 due July 1, 1943, and $1000 due Jan. 1, 1946. The
two parties agree that P shall meet his obligation by making two equal
payments, one on Jan. 1, 1943, and the other on Jan. 1, 1945. They
also agree that moncy is worth 4%, per annum compounded semian-
nually. How much should each of the equal payments be?

2. Brown holds Dolan’s note for $1000 payable at the end of 10 years
without interest, and Dolan holds Brown’s note for $600 due at the
end of 10 years with interest at 5%, per annum compounded annually
and payable when the note matures. The parties agree to settle now
on the basis that money is worth 49, per annum compounded quarterly.
How much cash is required at the settlement and who pays it?

8. A owes B $5000 due at the end of 6 years without interest. They
agree that A shall pay his debt in thrce equal payments to be made at
the end of 2, 4, and 6 years on the basis that money is worth 4%, per
annum effective (compounded annually). How much will each pay-
ment be?
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4. Brown holds Green’s note for $900 payable at the end of 8 years
without interest, and Green holds Brown’s note for $800 payable at
the end of 5 years without interest. They agree to cancel the notes
by a proper cash payment and also agree to calculate interest at ¢ per
annum compounded annually. Who shall pay, and how much, if:

(a) i = 4%; (b) i = 5%; (c) ¢ = 6%.

6. A owes B the following amounts: $1000 due at the end of 5 years,
and $3000 due at the end of 8 years, both without interest. They
agree to change the mode of payment so that A shall pay his debt by
means of 2 equal payments, one at the end of 3 years and the other at
the end of 6 years. What should each payment be if interest is to be
calculated at: (a) 5% per annum compounded annually; (b) 4% per
annum compounded quarterly?

6. Henry Waters agreed to make 16 quarterly payments of $300 each
to John Ray beginning Jan. 1, 1940. Waters and Ray agree that
Waters shall settle his debt by making two equal payments, one on
Jan. 1, 1942, and the other on Jan. 1, 1945, and that interest shall be
at 19, per quarterly period. Find the amount of each payment if:

(a) The agreement was reached before any payments were made
by Waters.

(b) The agreement was reached after Waters had made four pay-
ments.

7. Jonah Hart holds a note wherein Walter Barley promises to pay
$1000 on Jan. 1, 1945, together with compound interest from Jan. 1,
1940, at 139 per semiannual period. Hart and Barley agree that
Barley shall settle his debt:

(a) by a payment of $200 July 1, 1940, and by making 8 equal semi-
annual payments beginning Jan. 1, 1941. Interest shall be at
139, per semiannual period. Find how much each payment should
be. '

(b) by making 8 semiannual payments of $75 each, beginning
Jan. 1, 1941, and an amount z on Jan. 1, 1946. Find » if they agree
that interest shall be at 249, per semiannual period.

78. Annuity formulas. In Figure 24, the obligation 1
was assumed at date A, interest payments at rate ¢ per
period are to be made at the end of each period, and the
deht of 1 is to be naid at date B. n veriods after date A.



COMPOUND INTEREST AND ANNUITIES 133

The two obligations shown on the two sides of the line are
equivalent if the interest rate per period is ¢, and their
values are equal at any date. If we com- 14-
pare their values at date B, the value of the
obligation on the right is ¢ sp; + 1, and 4
the value of the obligation on the left is s}. I

Hence

-

tsa + 1 =8¢

ta
and ™ paym

s —1_ (149)r—1
== i

If we compare their values at date A,
the value of the obligation on the right is
1 amy: + v5, and the value of the obligation
on the left is 1.

Hence

B+tif+1

Fig. 24.

tan: + 07 =1
and
1—07 _ 1—(144)—
1 i '

o =

Furthermore, a payment of 1 at date A may be replaced

by an annuity of n payments of beginning one period

az i
after date A, for the value of this annuity at date A is

1
an):

X anii = 1.

A payment of 1 at date B may be replaced by an annuity
1

of n payments of : beginning one period after date A, for

nit
the value of this annuity at date B is

1

.'=l.
vﬁlixsﬂ
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Hence there are two annuities: on one side each payment

is —]1—, and on the other side each payment is ¢ 4 1.

Az} Sl
Therefore,
1 . 1
Gnli =i+ 87.‘[.’.
Exercise 64

Show by using the formulas for sz); and ag)s that:

1 s + am = 6. sw1% 3% = SHEN% — $%
2. a7l + Sl =V} 7. amh% vi% = azon% — own%
8. 14 tsu = 8§ 8. ssohw + asoh % = (s1% — %) + .01
4. 1 — dazl = 9. s3o11% — 9z1% = -01s%611% 92011%
L1 10. sEu% = Sh% % + SE%
nli nls 11. azmn% = oo % ‘g% + agi%
12. State in words the meaning of each of the following symbols:
] (a) $100s3% (g) $100a1512% S3%
B (b) $10001% (h) $100aioie7 v
I (©) $10s301% (i) $100sz13% vA%
T¢ () $10a511% (i) $100s513% *3%
T2 (e) $1000 + 555119 (k) $100s1012% 3%
T8 10 (f) $1000 + azn% () $100a7m2% 3%

e 79. Value of annuity at various dates. Figure

12 25 shows an annuity of 12 payments of $100

each, beginning at date £ and ending at date F.

If interest is at 29, per period, the values of the
Lm0/ annuity are: at D, 100a53,9; and at F, 100s5,.
The value of the annuity at date J, 4 periods
after F, is 100sgz,0 S35. The multiplication
may be avoided as follows: At dates G, H, I, and
J on the diagram, write 100-100. There will
then be two annuities ending at J, one of 12 +
Fig.35. 4, or 16, payments of 100, and one of 4 pay-

100

S~ Q
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ments of —100, and the value at J is 100s75,, — 1008 ¢, =
100 (sigia95, — S712%)-

The value of the annuity at date A, 3 periods before D,
is 100ag;,9 v3y. We may again write 100-100 at dates D,
C, and B and have two annuities beginning at B, one of
12 + 3, or 15, payments of 100, and 3 payments of —100.
The value at A is 100agz,9 — 100a3.9, = 100 (a 1529 —
0312%) -

The student may show by using the formulas for sz, and
am: that, algebraically, 100s5m,0535, = 100 (Swgpe% — Sz2%)
and 100a53,9 35, = 100 (a9 — 03.9) are iden-
tities. He may also show that no advantage is AT
gained by using this device if it results in an BT
annuity of, say, 43 payments. 12

80. Unequal payments. The device employed
in Article 79 for avoiding multiplications
is applicable to such obligations as are indi- *,
cated in Figure 26, where 12 payments of $100 D wo
each are followed by 8 payments of $150 each, | \g
all the payments being made at equal intervals of
time. E 1150

If interest is at 19, per period, the value of
the 20 payments at date E may be found by re-
placing each of the $150 items by $100 4 $50.
There are then 2 annuities ending at E, one of 20
payments of $100 each beginning at B and one of
8 payments of $50 each beginning at D. The value
of the original 20 payments at date E is 100sz5,9, + 50sg19,.

The value of the 20 payments at date A is found by
forming two annuities, both of which begin at B. By re-
placing each of the $100 items by $150 — $50, one annuity
consists of 20 payments of $150 each and the other con-
sists of 12 payments of — $50 each. The value at date
A is therefore 150a55,9, — 50ai3,%-

1 100
¢+ w0

Fig. 26.
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Exercise 66

1. Deposits of $500 are made at the end of every 3 months for 5 years.
If interest is compounded quarterly at 4% per annum, what will be the
amount of the fund at the end of 5 years?

2. If no further deposits are made but the fund accumulates at the
same rate of interest, how large will the fund be 3 years after deposits
cease?

3. A contract requires apayment of $200 at the end of every 6 months
for 10 years. If interest is compounded semiannually at 6%, per annum,
what is the value of this contract 6 months before the first payment is
made?

4. What is the value of the contract of example 3 three years before
the first payment is made?

6. Deposits of $50 are made at the end of every 3 months for 2 years;
during the following 2 years, the quarterly deposits are $100; and during
the next 3 years, the quarterly deposits are $60 each. If interest is
compounded at 1% per quarterly period, find the value of the 28
deposits:

(a) immediately after the 28th deposit is made;
(b) two years after the last deposit is made.

81. Use of the tables. The value of si% =1.01% may
be found by multiplication or by logarithms, and Table
III merely enables us to avoid this calculation. But
if 2 = 1.3 or (1 + 9)® = 1.3, the value of ¢ may be found
by logarithms, but reference to the table shows at once that
i is between 19, and 1}%. The value of sy, may be
found from s}, Table I1I, by finding the sum of 10 items—
namely, 1 + siq + 829 + . . . + s3q + 83g. The value
of sy may also be found by using the formula sygq =

l% —
% 02 1. For such cases the table for s;; is a convenience.

But if sz = 11, the value of 7 is found from the table to be
between 2%, and 23%, whereas without the table for sp:
the computation of ¢ would be more difficult.

The tables for s, o7, sz, Gz« are in some cases merely a
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convenience and in other cases practically indispensable.

The table for a%_,TableVII ,is convenient for the calculation

$1000 _ 1\ _ B
of 5 = $1000 (am%) = $1000 (.061157) = $61.16. But
for E%M, no advantage is gained by using the. table

2012% .
for a}l -~ A table for 3_1—1— is just as useful as the table for

=1

i—, but such a table is already available. Since
Azl A\

1 . 1
— —.02 =.061157 —.02 =
+ po the value of o 18 G 61157 —.0

.041157.

We shall find presently that the table for (1 + ?)V», Table
VIII, for p = 2, 3, 4, 6, 12, is necessary in the solution of
certain problems. Later (page 174) we shall see how
entries in this table as well as in the other tables mentioned
may be calculated directly.

Exercise 66
1. Use the appropriate table to find the value of each of the following:

(a) %,000 (e) $1000 (1.031/3)
819,
$1347.50 $1000
(®) == ® Tosm
$1000
— $1000 (1.032 /8
- ;Elz"y; ® 1(03"’ )1
1347.50 - V97 7 2
(d) pr=— (h) $100 10374 =1

2. Find the value of ¢ from each of the following by making a linear
interpolation in the appropriate table:

- A _
(a) azo = 16 (c) py .08
(b) sz = 25 @ L = .04

8201s
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(e) (142)1/2 = 1.005 (g) (142)® = 1.8
) Q4™ =.6 (h) (1+41)12 = 1.025

8. Smith pays $10,000 to an insurance company for a contract
whereby he (or his heirs in case of death) will receive 10 equal annual
payments, the first of which is to be made 1 year after the date of the
contract. If interest is calculated at 39, per annum, compounded
annually, how much should each payment be?

4. Henry King, civil service employee, expects to receive regular
increases in salary for 15 years. King plans to deposit $100 at the end
of every 3 months for 5 years, then $200 at the end of every 3 months
for 5 years, and then $150 at the end of every 3 months for 5 years. If
the deposits earn interest at 49, per annum compounded quarterly,
find how much King will have in the bank (a) at the end of 5 years;
(b) at the end of 10 years; (c) at the end of 15 years.

6. King has carried out the plan of example 4. He makes no further
deposits for 1 year, but his savings continue to earn interest at the rate
stated in example 4. He then decides to withdraw all his savings by
drawing equal amounts at the end of every three months for 5 years,
beginning 1 year after he made his last deposit at the end of the 15th
year. How much can he draw at the end of each quarter?

6. If King had planned to have $10,000 at the end of 15 years and
equal quarterly deposits are to be made during the entire time, find how
much each deposit would have to be.

82. Equivalent interest rates. In the symbols sz and
az i, the rate 7 is for a period that extends from one pay-
ment to the next payment. If the given rate is for a period
other than the period between payments, the value of ¢ is
unknown but may be expressed in terms of the given rate
by means of the principle: Two differently stated interest
rates are equivalent if at the end of 1 year a dollar will
amount to the same total at the 2 differently stated rates.

Thus if 3%, per quarterly period and ¢ per semiannual
period are equivalent, the relation is (1 4 4)? = 1.034,
1+4+1¢=1.03% and v = 1.03? — 1 = .0609.
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If 39, per semiannual period and 7 per quarterly period
are equivalent, the relation is (1 +9)* =1.03%, 1 +1¢ =
1.0312,¢ = 1.03/2 — 1 = .0148892.

The number of payments per year is usually 1, 2, 4, or
12, and the number of times that interest is compounded
per year is also usually 1, 2, 4, or 12. Since any of the
modes of making payments may be associated with any
one of the modes of compounding interest, the fractional
ratios arise 3, 3, %, &, f. It is for this reason that the table
for (1 + 2)'/», Table VIII, is made for p = 2, 3, 4, 6, 12.

The value of (1 + %)'/? is also necessary for the calcula-
tion of s{ when 7 is not an integer. Thus if Thomas Bank
is required to pay interest at 29, per semiannual period, the
interest due at the end of 6 months on $1000 is 29, of
$1000, or $20. But the interest due at the end of 2 months
is not 1 of $20. The interest rate ¢ for 2 months and the
interest rate 29, for 6 months are equivalent and the rela-
tion is

(144)® = 1.022,
or
141 = 1.0213,
and
1= 1,021 — 1,

If in any interest calculation a fractional exponent
appears which cannot be reduced to one for which (1 + 7)!/?
is tabulated, logarithms should be used. For such cases,
as well as for cases where the rate of interest is not in the
table, the additional table is given for log (1 + <), Table IX.
In this table, the values of 7 appear from } of 1% to 6%
at intervals of } of 19.

Tllustrations

An annuity consists of 16 quarterly payments of $100 each and in-
terest is at (a) 3% per semiannual period; (b) 3% per month.
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1. To find the value of the annuity at the date of the 16th payment,
we write
10053 = 100 (1_‘1’%"_1
(a) 3% per semiannual period and ¢ per quarterly period being
equivalent, the relation is

(144)* = 1.032, 147 = 1,031, and ¢ = 1.0312 — 1.

_ (144) —1 _ 100 (10312 —1 _ 1.038—1
= 100 7 = 100 1.03'2-1 100 1.0312—1

100s1g}s

126677 — 1 _ 26.667 _
T.0148802 — 1 — 0148802 ~ O

The value of the annuity is $1791.80.
(b) 3% per month and ¢ per quarter being equivalent,
(142)* = 1.005%2, 1+7 = 1.005% 7 = 1.005% — 1.

(1498 —1 _ (1.005%1 —1 . 1.005% —1
00 1 = 100 1.0055—1 100 1.0058—1

= 100

100875 = 1

1.005% — 1.0052 _ .27320
1.0055 — 1.0052 .01522

The value of the annuity is $1795,

= 100 = 1795

2. To find the value of the annuity 3 months before the first payment
is made, we write

100a7g; = 100 1_:(1;4:___1)‘“

(a) The relation for the equivalent rates is as in (a) of 1, and

1—-1.038 _ 21.059 _
100atq): = 100 10372—1 = 10148802 ~ 1414.4.
The value of the annuity is $1414.40.
(b} The relation for the equivalent rates is as in (b) of 1, and

1-1.005-% _ 21.2895
T1.005° —1 = .01508

= 1412.

100a‘13|.- = 100

The value of the annuity is $1412.
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Exercise 67

Under a certain agreement, 20 deposits of $100 each are to be made
at intervals of 3 months, and interest is at 69, per annum compounded
(a) annually; (b) semiannually; (¢) quarterly; (d) monthly.

Find the value of the agreement at the following dates:
1. At the date of the last deposit.
2. Three months before the first deposit is made.

3. Immediately after the 8th deposit (taking into account deposits
that are still to be made as well as deposits that have been made).

4. One year before the first deposit is made.
6. Two years after the last deposit.

83. Nominal and effective rates of interest. A rate of
interest is stated completely when the rate for a year and
the number of conversions per year are given. It is also
stated completely when the rate for a period, say 3 months,
is given, for it is then understood that conversions are 4
times a year. Whenever the conversion periods are less
than a year, the stated annual rate is called the nominal
rate. 'The rate for a year that is equivalent to a given rate
per period is called the effective annual rate. When interest
is compounded annually, the nominal and the effective
rates are identical. In order that there shall be no mis-
understanding, if interest at 49, per annum is to be com-
pounded annually we say that interest is at 49, per annum
effective.

Thus if the rate is 19 per quarter and the equivalent
effective annual rateis¢, then1 4 ¢ = 1.01*and ¢z = 1.014—1.

If the rate is 29, per semiannual period and the
equivalent rate is x per quarter, then (1 + z)* = 1.022,
142 =1.02"2 andx = 1.02'/2 — 1. Now the equivalent
effective annual rate 7 may be found either from the
quarterly rate or from the semiannual rate. The relation
for the quarterly rate is [1 + (1.02!2 — 1)]* = 1 + 1, and
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1 = 1.022 — 1, which is also the relation for the semi-
annual rate.

If the effective annual rate is 49, and the equivalent rate
per quarter is z, the relation is (1 4 z)* = 1.04, and
z = 10414 — 1,

Exercise 68

1. Find the effective annual rate if the given rate is 69 per annum
compounded (a) annually; (b) semiannually; (c) quarterly; (d) monthly.

2. Find the nominal annual rate if the effective annual rate is 6%,
per annum and interest is compounded (a) annually; (b) semiannually;
(c) quarterly; (d) monthly.

3. Find the quarterly rate if the given rate is (a) 6% per annum
effective; (b) 3% per semiannual period; (c) 4% per month.

4. Find the quarterly rate if interest at 4%, per annum is compounded
(8) semiannually; (b) annually.

Exercise 69
Review
1. Elmer Bryant owes the following:

(a) $1000 due June 10, 1950, with interest at 5% per annum com-
pounded semiannually from June 10, 1945;

(b) $1000 due June 10, 1952, with interest at 4% per annum com-
pounded quarterly from June 10, 1944,

It is agreed that Bryant shall settle his obligations by making 10
equal semiannual payments, the first of which shall be made on June 10,
1046; and that, for this substitution, interest shall be at 69, per annum
compounded semiannually. Find how much each payment should be.

2. Paul Faber holds a contract whereby he is to receive 20 payments
of $500 every 3 months, beginning April 15, 1947. Find the value of
the contract on January 15, 1946, if interest is calculated at 49 per
annum effective.

8. A fund is to be created by making 20 quarterly deposits of $200.
If the deposits earn interest at 6% per annum, compounded quarterly,
how much will there be in the fund two years after the last deposit?
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4. In example 3, the amount of each deposit is unknown, but the final
total is to be $5000. How much should each deposit be?

6. Twenty quarterly deposits of $250 were made; the total, imme-
diately after the last deposit was made, was $5600. Find the rate of
interest that the fund earned.

6. If s5p = 1553, find the value of 1.
7. If 25'0 = 34§, find the value of 1.

8. 30 semiannual deposits of $100 each produce a fund. Find the
value of the fund immediately after the last deposit is made, if interest
is calculated:

(a) at 69 per annum effective;
(b) “49 “ “ compounded quarterly.

9. Bert Blake borrowed $1000 on January 1, 1940, and was to make
11 monthly payments of $110 beginning February 1, 1940. Find the
effective annual rate of interest he paid.

10. Fred Ball agreed to pay $20 on the first of each month beginning
March 1, 1940, and ending July 1, 1941, at which time he paid an addi-
tional $500. If he paid interest at 129, per annum compounded monthly,
how much did he owe February 1, 1940?

11. Find the value of each of the following:

(a) 100s3%, (c) 10sz11%
(b) 1000033, (d) 10a7m1%%

12. Harry Groton makes a contract with an insurance company
whereby he (or his heirs) will receive 20 semiannual payments of $500
beginning 5 years after the date of the contract. If interest is at 3%
per annum effective, how much should Groton pay?

13. In example 12 the amount of each payment is unknown, but
Groton pays $15,000. How much is each semiannual payment?

14. Fred Cotton leased an office for one year at an annual rental of
$1200 payable monthly at the beginning of each month. At the end
of 6 months his account is clear, and Cotton pays, and his landlord
accepts, $550 in full payment of the obligation. Find the rate of interest
Cotton earns.

15. Stone & Martin borrowed $5000 on February 1, 1940. They
agree to repay the loan by making 20 quarterly payments beginning
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May 1, 1940. Find the amount of each payment if interest was at 6%,
per annum, compounded (a) annually; (b) semiannually; (¢) quarterly;
(d) every 4 months; (e) monthly.

16. If your bank credits interest at 1%, per quarter, find how much
you must deposit on February 15, 1940, to permit you to make 20
monthly withdrawals of $100 each beginning May 15, 1941.

17. A deposits $50 at the end of every 3 months for 5 years, and then
withdraws the entire account by drawing equal amounts at the end of
the 7th and 10th years. If the bank allows interest at 19, per quarter,
find how much each of the withdrawals should be.

18. A owes B $1020 due without interest at the end of 5 years, and
$2000 due at the end of 6 years with accumulated interest from today
at 49, per annum compounded quarterly. B owes A $3100 due at
the end of 4 years without interest. They agree to settle now on the
basis that interest is calculated at 5%, per annum compounded semi-
annually. Who pays whom and how much?

19. Gates holds two of Parker’s notes, one for $2000 due at the end
of 4 years without interest, and one for $1000 due at the end of 6 years
with accumulated compound interest at 49, per annum. At the end
of 3 years Parker is willing to redeem both notes on the basis that money
is worth 6%, per annum effective. How much should he pay?

20. To discharge a debt of $15,000 with interest at 4%, per annum
compounded semiannually, a debtor agrees to pay $5000 at the end
of 4 years and equal payments at the end of each 6 months thereafter
for 6 years. Find the amount of the semiannual payment.

21. Brown, Dunne and Co. borrowed a sum of money at 6%, per
annum effective, and will discharge the loan by payments of $500 at
the end of each 6 months for 10 years. How much did they borrow?

22. A man makes deposits of $150 at the end of every 3 months for
4 years, followed by quarterly deposits of $100 for the next 3 years.
He makes no further deposits for 2 years, but the fund continues to earn
interest. He then withdraws his savings in 20 equal quarterly with-
drawals, the first of which is paid 2 years after the final deposit of
$100. Ifinterest throughout is at 6%, per annum compounded quarterly,
find the amount of each withdrawal.

28. A debt of $14,000 is to be paid off at the rate of $500 every 3
months, the payments including interest at 19, per quarter. After
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10 payments have been made, the debtor is permitted to pay the balance
of his debt 3 months later on the basis that money is worth 109, per
annum compounded quarterly. How much should he pay?

24. A trust fund of $60,000 is invested at 5%, effective. Payments
of $5000 will be made from the fund at the end of each year as long as
possible.

(a) How many full payments of $5000 each will be made?
(b) How much will be left in the fund after the last full payment of
$5000?

26. The following values for n = 20 and ¢ = 2%, are taken from a

table:

§7 = 1.48594740 @) = 16.35143334

o} = 67297133 1 .04115672
8xn)s
1
[ 1
Show that if the value of any one of the above symbols is given, the
values of the remaining five symbols may be calculated.

S = 24.20736980 06115672

26. Find the value of each of the following symbols by logarithms,
using the logarithms in Table IX:

(a) 1005739 (e) 100839, v7%9;
(b) 100035, @ 100smi134% v3%%
(¢) 100s35]134% (8) 100am11%% s1%%

(d) 100az51134% (b) 100az51134% vi%%



CHAPTER VII
INVESTMENTS

84. Bonds. Large corporations are financed by the sale
of stocks and bonds. The purchaser of a share of stock
becomes the owner of a part of the business, whereas the
purchaser of a bond becomes a creditor, for a bond is like
a promissory note. When bonds are issued, the date of
redemption, the dates when interest payments are to be
made, and the rate of interest to be paid are specified.
Usually a bond has a face value or a par value of $1000, and
interest is payable scmiannually. Very often a bond is
redeemable at a price above par, as at 102, or 1029, of
$1000—that is, at $1020~—Dbut for a specified interest rate,
say 5%, the semiannual interest payments are 239, of
$1000, or $25.

A large bond issue is often divided into sets of bonds,
each set being redeemable at a different date and perhaps
at a different price, but all paying interest at the same rate.
Such bonds are called serial bonds. An installment bond is
redeemable in installments, as $200 at the end of 3 years,
$300 at the end of 5 ycars, and $500 at the end of 10 years.
Interest on an installment bond is paid on the balance
still outstanding and not on the face value.

Interest payments on bonds may be made by checks
mailed to the holders. Much inconvenience is avoided,
however, by having interest payment notes or coupons
attached to the bond so that the holder need only cut off
the coupons when due and present them for payment.

Such a bond, called a coupon bond, may be one of a serial
146
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bond issue. The following diagram shows in skeleton form
the essential features of a coupon bond.

TrE XYZ ComeaNy (7/15/45(7/15/43|7/15/41|7/15/39|7/15/37
will pay to the holder of] $30 $30 $30 $30 $30
this bond $1000.00 July|1/15/45|1/15/43|1/15/41|1/15/39|1/15/37
15,1945, Interest at 69| $30 $30 $30 $30 $30
per annum will be paid|7/15/44/|7/15/42|7/15/40|7/15/38|7/15/36
January 15 and July 15.] $30 $30 $30 $30 $30
Issued July 15, 1935. 1/15/44|1/15/42|1/15/40|1/15/38|1/15/36
$30 $30 $30 $30 $30

85. Value of a bond. Two problems arise in connection
with an investment in a bond. The bond may be bought
so as to yield a given rate of interest and the price is to be
calculated, or the bond may be bought at a given price and
the rate of yield is to be calculated. It is assumed that
the purchaser will hold the bond to maturity.

If a $1000 bond is redeemable at 120, or for $1200, and
the semiannual coupons are $30 each, it is immaterial
whether it is stated that the bond pays interest at 39, per
period on $1000 or at 249, on $1200. A person who buys
this bond so as to earn 239, per period on his investment
should pay $1200 for the bond. A person who pays $1000
for the bond will earn interest on his investment at more
than 39, per period.

The following problem is solved by three methods: A
$1000 bond pays interest semiannually at 49, per annum, is
redeemable at 105 at the end of 5 years, and is bought to
yield 239, per semiannual period. Find the price to be
paid for the bond.

Diagram (x) shows the payments that the purchaser will
receive. Since his investment is to earn interest at 2}%
per period, the value to him of the payments in (z) is

20a512% + 1050039, = 175.04 + 820.26 = 995.30.
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Diagram (y) shows the payments of a hypothetical bond
whose redemption value, $1050, is the same as in the given
bond. The interest payments of $26.25 are each 239, of
$1050, 219, being the rate of interest to be earned by the
purchaser. He reasons: A bond such as (y) is worth ex-
actly $1050, for, if I paid that much for it, my investment
would be repaid at date B and I would earn 239, per semi-
annual period on my investment. But bond (z) is worth
less than (y), because each of the 10 interest payments in (z),

(x) (») (2)

AT AT AT

1 20 1 26.25 420

+20 4 26.25 +20

+20 *

10 10 10
B 20+1050 B L 2625+1050 BL20+800
Fig. 27.

$20, is less than each onein (y), $26.25, by $6.25. The value
at date A of 10 payments of $6.25 each is 6.25a:g2;,. There-
fore the value of bond (z) at date A is

1050 — 6.25a7g124% = 1050 — 54.70 = 995.30.

Diagram (2) shows the payments of a hypothetical bond
whose interest payments are the same as those of the given
bond. The redemption value, $800, is found from $3%, so
that 239, of $800 = $20. The reasoning is: Bond (2) is
worth exactly $800, for, if I paid that much for it, my in-
vestment would be repaid at date B and I would earn 239,
per semiannual period on my investment. But bond (z)
is worth more than (z), because its redemption value, $1050,
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exceeds that of (z), $800, by $250. The value at date A
of $250 payable at date B is 250v})s,, and the value of
bond (z) at date A is

800 + 2500309 = 800 + 195.30 = 995.30.
The three formulas for the value of the bond, namely,
20a75124% + 10500839, 1050 — 6.25a75123%, 800 + 2500379,

are algebraically identical. The first formula requires the
use of two tables. Only one table is needed for the second
or for the third formula.

The following tabulation shows how the investment of
$995.30 increases periodically, because the interest earned
at 219, is more than the coupon, until the investment
reaches the redemption value.

. Value at Interest at ..
Semiannual Iy Additional
L Beginning of 249 for Coupon
Period Period the Period Tnoestment
1 995.300 24.883 20.000 4.883
2 1000.183 25.005 20.000 5.0056
3 1005.188 25.130 20.000 5.130
4 1010.318 25.258 20.000 5.258
5 1015.576 25.389 20.000 5.380
6 1020.965 25.524 20.000 5.524
7 1026.489 25.662 20.000 5.662
8 1032.151 25.804 20.000 5.804
9 1037.955 25.949 20.000 5.949
10 1043.904 26.098 20.000 6.098
11 1050.002

A bond bought at a price below the face value is said
to be bought at a discount. A bond bought at a price
above the face value is said to be bought at a premium.
In such cases each coupon may be more than the interest
to which the purchaser is entitled, the excess representing
so much of his investment repaid at the coupon date.
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Exercise 70

Find the value of each of the following $1000 bonds paying interest
semiannually by each of the three methods.

Annual Rate of
Interest Yearsto Redemption Yield Per
Rate Mature Price 6 Mo. Period
1. 59 12 $1000 3%
2. 5% 12 1000 2%
3. 49 15 1010 2%
4. 49 15 1010 21%
5. 319, 10 1025 29,
6. 3i% 10 1025 11%
7. 5% 8 1000 3%
8. 519 8 1000 21%
9. 419 12 1030 2%
10. 419, 12 1030 3%

11. Construct tables like that on page 149 for the bonds of examples
1 and 2.

86. Rate of yield not in tables. If the bond discussed
in Art. 85, page 148, is bought to yield 229/, per semiannual
period, the values of the bond found by linear interpolation
from the three formulas are

200512359 + 10500339, = 980.83;
1050 — 8agglezs, = 980.58;
750 + 3000339, = 980.65.

The three results are different because the values of
Gss9 and vd)s, found by linear interpolation are too
large. The second formula gives a value that is too small,
whereas the first and the third formulas give values that
are too large. The error in using the second formula is
less than that in using the third, and either of these results
is more nearly correct than the result of the first formula
because in the first formula two interpolations are necessary.

Note that in our tables interest rates are at intervals of
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197,. Tables are obtainable in which the interest rates
are at smaller intervals, and linear interpolation in such
tables gives results that are more nearly correct.

If the bond is bought to yield 59, per annum effective,
it is first necessary to find the rate per semiannual period,
r, equivalent to 59, per annum effective, from (1 + r)?
= 1.05, or r = .0246951. Now two methods of solution
are possible.

(a) Use the formula
20azg, + 1050010 = 20 l—"—Q;*ﬂ + 1050 (14r)~ = 20-}-5‘5—}/;—‘2_5%‘
+ 1050 X 1.057% = 998.02.

(b) Make an equivalent bond in which the interest
payments are made annually. Since the investor is to
earn 2.469519, per semiannual period, let the payment of
the first semiannual coupon each year be deferred 6 months,
earning 49.39 cents interest during this period.

The given bond is therefore equivalent to a bond having
5 annual coupons of $40.4939 and redeemable at the end of
5 years for $1050. The value is

1050 — 12.0061az59% = 998.02.

Exercise 71

Find the values of the following $1000 bonds that pay interest semi-
annually:

Annual Years Redemp-

Interest to tion Rate of
Rate Mature Price Yield

1. 5% 12 $1000 34% per half year

2. 5%, 12 1000 6% per annum effective
3. 41% 15 1010 21% per half year

4. 419, 15 1010 4%, per annum effective
5. 31% 10 1025 13% per half year

6. 31% 10 1025 334% per annum effective
7. 53% 8 1000 2.3% per half year

8. 53% 8 1000 49%, per annum effective
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9. 54% 12 1030 49, per annum effective
10. 6549%, 12 1030 6% per annum effective

87. Bonds bought at a given price. Bonds are usually
bought at a given price, and the yield rate is required.
The solution of the problem is'very simple if bond tables
are available.

If, however, bond tables are not available, the procedure
is as shown in the following

Tllustration

A $1000 bond pays interest semiannually at 4% per annum, is
redeemable at 105 at the end of 5 years, and is bought at 923, or for
$925. Find the rate of yield.

During the life of the bond, the purchaser will collect 10 X $20 +
$1050, or $1250. Since he pays $925, his profit for 10 periods is $325,
and he will have an average income of $32.50 per period.

His initial investment is $925, but finally at the end of 5 years his
investment will be worth the redemption price of the bond, or $1050.
His average investment is

1 (925 + 1050) = 987.50.
The average rate of yield per period is

average income per period _ 32.50 _
average investment 987.50 3.20%-
This result is only an approximation, and must be corrected. The rate
near to the average rate in our tables is 8%. At this rate the value
of the bond is
1050 — 11.50ag53% = 951.90.
Since the cost—namely, $925—was less than $951.90, the rate of yield
was higher than 39%,.
At 33%, the next higher rate in the table, the value of the bond is
1050 — 16.75a1g1336% = 910.70.
We are now certain that the yield rate per period is between 3% and
349% and find by linear interpolation in the table:
3% 951.90
z 925.00
3% 910.70
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26.9
2= 3%+ 74-172—8 X 1% = 3.326%.

Exercise 72

Find the rate of interest earned per semiannual period on each of the
following $1000 bonds that pay interest semiannually.

Number of Redemption  Purchase

Coupon Coupons Price Price
1. $25 20 $1000 $1000
2. 25 20 1000 900
3. 25 20 1000 1100
4 20 30 1050 1050
6. 20 30 1050 900
6. 20 30 1050 1100
7. 22.50 24 1025 1025
8. 22.50 24 1025 900
9. 22.50 24 1025 1100
10. 18.75 32 1100 1000
11. 18.75 32 1100 900

88. Bond bought between interest dates. The problems
considered thus far have been with bonds bought at an
interest date. Most purchases, however, are made be-
tween interest dates, and adjustments in price must be
considered. The following procedure s the common
practice.

The time between two dates, say from April 1 to July 16,
is found by writing these dates as 4-1 and 7-16, and then
subtracting one from the other, giving 3 months and 15
days (see page 13). Then 30 days are counted to the
month, giving 105 days, which is }$§ = v of an interest
period, or 75 of a year.

Now suppose that in the bond discussed in Art. 85 the
coupon dates are April 1 and October 1, that date A in the
diagrams, page 148, is April 1, 1940, and that the bond was
bought July 16, 1940, to yield 239, per semiannual period.
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The value of the bond on April 1, 1940, is $995.30.
Since the bond was bought July 16, 1940, the purchaser is
charged simple interest on $995.30 at 5% per annum for
oz of a year, or $995.30 X .05 X ¢4 = $14.51. He pays
$995.30 + 14.51 = $1009.81. The extra charge of $14.51
is called accrued interest and is the result of two items:
(a) the increase in the book value of the bond during the
3% months, and (b) the necessity of apportioning the
coupon of $20 payable October 1, of which {5 is due to the
preceding holder.

If the bond is quoted at a price, say 92, the purehaser
pays $920 and % of the $20 coupon, or $920 + 11.67 =
$931.67.

The effect of the adjustments in price made by these
methods is that the purchaser pays a few cents more for a
$1000 bond than he would pay if interest were compounded.

Exercise 73

Find the price to be paid for each of the following $1000 bonds re-
deemable at par and paying interest semiannually.

Coupon  Coupons Maturity Date Purchased
Dates Date Purchased at
1. 1/15,7/15 $25 7/15/50 3/10/40 49, yield
2. 2/15,8/15 30 8/15/46 4/20/40 5% yield
3. 3/10,9/10 20 9/10/52 11/15/39 6% yield
4, 4/1,10/1 22.50 4/1/51 1/10/40 873
b. 5/15,11/15 17.50 11/15/48 3/6/40 91

89. Bond tables. Bonds are bought and sold daily and
are usually quoted at so many per cent of par value. Thus
a bond quoted at 912 means a price of $917.50 for a $1000
bond. Dealers in bonds make their calculations by using
bond tables. There are many excellent bond tables to be
had in which the value of a one-million-dollar bond is given
to the nearest cent for yield rates that vary by small
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fractions and for bonds whose life runs to 50 years or more.

Table X, a small part of such a bond table shows the value
of a 10-year, $1000 bond redeemable at par. The coupon rate
and the yield rate are given for a year so that for a semi-
annual period the rates are % of the rates tabulated. In this
table we may find at once the price to be paid for a 10-year
bond if the coupon rate and the yield rate are given. We may
alsofind the yield rate whenthe purchase price and the coupon
rate are given. In either case it may be necessary to make a
linear interpolation.

Ilustrations

1. The price to be paid for a $1000 10-year bond paying interest semi-
annually at 5%, per annum and yielding 3.6%, per annum compounded
semiannually is $1116.70.

2. The yield rate of a $1000 10-year bond paying interest semiannually
at 5% per annum and bought for $925.61 is 6%, per annum compounded
semiannually.

3. If the bond of Illustration 2 is bought for $950, the yield rate is
between 5.6% and 5.8%,. Linear interpolation gives 5.66%,.

The bond table is constructed by using the formula

' P = 1000 o7 + caz);
where n = the number of semiannual coupons, ¢ = the
amount of each coupon, ¢ = the yield rate per semiannual
period, and P = the price paid. Therefore for given values
of n and ¢, the values of P and ¢ are related linearly and a
linear interpolation for a coupon rate not in the table gives
a correct value of P. Thus the values for a 49, yield rate
increase by $40.88 for each increase of % in the coupon rate.

Furthermore the values of v’ and as); may be found from
the bond table for any yield rate, say 5.2%, by takmg any
two coupon rates, say 4% and 6%. Thus if Psg is the
price of a 4%, bond,

Pyg = 100002 6% + 20a30]2.6%, = 907.34,
and

Peg, = 10000359, + 30az0]2.69, = 1061.77
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These simultaneous equations in v23,, and azyyeq, are easily
solved, giving az60, = 15.443 and v3%,, = .59848.

The price to be paid for a premium bond, a bond redeem-
able above par, may now be found. Thus the price of a 10-
year, 4%, $1000 bond redeemable at 106 and bought to
yield 5.29, is more than that of a bond redeemable at par—
namely $907.34—Dby the present value of the premium, $60,
which will be received at the end of 10 years. The value of
this premium is 60v3%, = 35.91 and the price of the premium
bond is 907.34 4 35.91 = 943.25.

A premium bond may be changed to a corresponding bond
redeemable at par. Thus a 10-year, 4%, $1000 bond redeem-
able at 1069, and bought for $850 is changed to a 10-year,
5%, $1000 bond redeemable at 755% and bought for ¥x.
That is, the premium bond is changed to a 10-year, 3.7736%,
$1000 bond redeemable at par and bought for $801.89. The
annual yield rate is the same for both bonds. Thus the price
to be paid for the premium bond discussed in the preceding
paragraph may also be found as follows: The value of a
10-year, 3.7736%, $1000 bond redeemable at par and bought
to yield 5.2 per annum is

868.74 + 3333 X 38.60 = 880.86

The value of the premium bond is 889.86 X 1.06 = 943.25.

If a premium bond is bought at a given price, and the
rate of yield is required, we firsc change the premium bond
to the corresponding bond redeemable at par bought at a
corresponding price. We then find the approximate yield

rate from
average income
average investment’

approximate yield rate =

then we find the correct yield rate by interpolation.
Thus a 10-year, 4%, $1000 bond redeemable at 106 and



INVESTMENTS 157

bought for $850 is changed, as before, to a 10-year, 3.7736%
$1000 bond redeemable at par and bought for $301.89. The
approximate yield rate is 6.4%. Since the coupon rate,
3.7736%, is between 339 and 4%, the value at 6.4%, yield is

788.21 + 3538 X 36.52 = 808.19
at 6.6% yield the value is
775.67 + 233¢ X 36.18 = 795.47.

A price of $801.89 gives, by interpolation, a yield rate of
6.50%.

Exercise 74

Make the calculations required in the following examples relating to
a $1000 bond redeemable at the end of 10 years by using the bond table:

1. Find the price to be paid if the bond is redeemable at par, the
coupon rate is 5%, and the yield rate is (a) 4.5%; (b) 6.75%; (c) 3.7%.

2. Find the yield rate if the coupon rate is 49, the bond is redeem-
able at par and is bought at (a) 90%; (b) 104%; (c) 108%,.

3. Calculate the values of azgl; and v¥ if (a) ¢ = 31%; (b) ¢ = 23%;
(©) ©+ = 2§%.

4. Solve example 1 if the bond is redeemable at (a) 105%; (b) 110%.

b. Solve example 2 if the bond is redeemable at (a) 105%; (b) 110%.

6. The bond of example 1, with 20 coupons attached, is bought 40
days after the date of issue, or of the last preceding coupon. Find the
price paid if the yield rate is (a) 4.5%; (b) 6.75%; (c) 3.7%.

90. Serial bonds. Brock and Co. issued 500 bonds, each
having a face value of $1000, and paying interest semi-
annually at 4%, per annum, so that the coupons were for
$20 each. The bond issue provided for the redemption at
par of 25 bonds at each interval of 6 months, beginning 6
months after the date of issue, so that all the bonds would
be redeemed at the end of 10 years.

Fuller and Ball bought the entire $500,000 issue at a
price that would enable them to earn interest at 239, per
semiannual period, and intended to sell the bonds in large or
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in small lots to long-term or to short-term investors. The
issue consists of 20 different varieties of bonds, and Fuller
and Ball wish to know how much they should pay to
Brock and Co.

Diagram (z) shows the payments that Brock and Co.
will make, and (y) shows a hypothetical tssue in which the
interest payments are exactly as in (z), but in which each
principal payment is $20,000 instead of $25,000.

(x) (»)

-[10000 + 25000 - 10000 + 20000

+ 9500 4+ 25000 +4 9500 + 20000

-+ 9000 4 25000

20 20

<+ 1000 + 25000 ﬁ-1000+ 20000

<4 500 + 25000 J- 500 + 20000

Fig. 28.

Since Fuller and Ball wish to earn interest at 239, per
period, a reduction of $500 in interest corresponds to a
reduction of #¥% or $20,000, in principal, for 23% of
$20,000 = $500.

They argue: We would be willing to pay $400,000 for an
issue such as (y) because then our investment would be
returned by 20 payments of $20,000 each, and we would
receive interest on our outstanding investment at the rate
we desire, 219/, per semiannual period. That is, (y) is
worth to us exactly $400,000. But (x) is worth more than
(y) by the value of a set of 20 semiannual payments of
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$5000, which at date A is $5000 az52150,. We will therefore

pay
$400,000 + 5000 azgleys9, = $477,946.

Thus instead of having to calculate the value at date A
of 20 bonds having different maturity dates, the analysis
shows that only one simple calculation is necessary. (The
student may show that the formula also gives the value
of 400 bonds having 20 coupons of $37.50.)

Exercise 76

1. Find the price to be paid by Fuller and Ball if the interest per
semiannual period is to be (a) 3%; (b) 33%:; (c) 13%.

2. The provision for redemption is that 25 bonds will be redeemed
at semiannual intervals beginning 5 years after the date of issue. Find
the value of the issue if interest earned on the investment per semi-
annual period shall be (a) 13%; (b) 23%; (¢) 3%; (d) 33%.

3. The provision for redemption is that 25 bonds are redeemed at
annual intervals beginning 5 years after the date of issue. Find the
value of the issue if interest on the investment per semiannual period
shall be (a) 13%; (b) 23%; (c) 3%; (d) 31%.

4. A million-dollar issue of $1000 bonds provides for quarterly in-
terest payments at 3%, per quarter and for the redemption at par of
10 bonds at the end of each quarter beginning 3 months after the date
of issue. Find the price if the entire issue is bought by a life insurance
company at a price which will enable it to earn interest on its invest-
ment (a) at 19, per quarterly period; (b) at 4%, per annum effective;
(c) at 3% per quarterly period; (d) at 349, per annum effective.

6. A $100,000 issue of $1000 bonds provides for semiannual interest
payments at 249, per semiannual period, and for the redemption of 10
bonds at par at the end of every two-year period. Find how much
should be paid for the entire issue in order to earn interest on the invest-
ment (a) at 3% per semiannual period; (b) at 2% per semiannual
period; (c) at 5% per annum effective.

91. Serial bond issue bought at a price. The bond
issue discussed on page 158 was bought by Fuller and Ball
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for $460,000. To find the rate of yield, an approximate
rate is first obtained from

average income .
average investment
To find the average income, it is necessary to add the 20
interest items: 10,000, 9500, 9000, . . . , 1500, 1000, 500.
A set of numbers that increase or decrease steadily by the
same amount is an arithmetic progression whose sum is
easily found by pairing the numbers, the first with the last,
the second with the one before the last, and so on. The
sum of each pair in this example is 10,500, and there are
10 pairs. Hence the sum of these 20 items is 105,000. The
total income is $105,000 + 20 X 25,000 — 460,000, or
$145,000 earned in 10 years. Hence the average income
per year is $14,500.

The initial investment is $460,000, and the final invest-
ment is $25,000. Hence the average investment is
1($460,000 + 25,000) = $242,500. The average rate is
14.500  or 5 9807 per year.

242,500

The value of the bond issue at 3%, per half year is
1.000.000 | 95.000 g0y = 457,312.50.

Since more than 457,312.50 was paid, the rate of yield is
less than 3% per half year. At 239, page 159, the value
is 477,946. Now find the annual rate z by linear interpo-
lation in the table:

average rate =

5% 477946
z 460000
6% 457313

and

17946 _
2=5%+m0f1% = 5.87%.

Hence the rate of yield is 5.87%, per annum compounded
semiannually.
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(The student may show that the formula also gives the
value of 3333 bonds having 20 coupons of $55.)

Exercise 76

1. A serial bond issue of $100,000 provides for the redemption of ten
$1,000 bonds at the end of each year beginning 3 years after the date of
issue, and for semiannual payments of interest at 349 per annum. Find
the rate of yield if the issue is bought for (a) $95,000; (b) $90,000;
(c) $86,000.

2. The bond issue of example 1 pays interest semiannually at 43%
per annum. Solve the problem if all other specifications remain un-
changed.

8. Solve example 1 if the only change is that the redemption begins
one year after the date of issue.

92. Unequal payments. An annuity, a succession of
equal payments made at equal intervals of time, is easily
evaluated at any date and at any interest rate. If the
payments are not equal, it is generally necessary to evalu-
ate each item separately. But if the successive items de-
crease or increase by the same amount, or are in arithmetic
progression, a simple formula for the value of all the items
is easily obtained by the method of analysis employed in
the valuation of serial bonds.

Itustrations
1. Twenty periodic payments (in dollars) are, successively,
60, 57,54, . . . ,12,9,6, 3.

Find the value, V, of these payments at date A, one period before
the first payment, if interest is at 29, per period. Diagram (z), Fig.
29, represents the given payments, having an unknown value V at
date A. (y) is constructed by considering that the payments in (z)
represent interest payments. Then each decrease of $3 in interest
corresponds to a decrease of $150 in principal, since 2%, of $150 = $3.

(y) therefore represents a debt of $3000 which is to be paid in 20
periodic installments of $150 each and which also requires periodic in-
terest payments on the outstanding debt at 2%, per period.
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The value of (y) at date A, at 2%, per period, is $3000.
But it is also V + 150a35129,. Hence
V 4+ 150a352% = 3000, and V' = 3000 — 150a3512%.

2. The order of the 20 periodic payments is reversed as in (z) and the
value, V’, of these payments is required at date A.

(%) () (2)
AT AT AT

4 60 4 60 + 150 +s

--57\ --57+1so\ + 6

454 + 54 + 150 + 9

>20 >20 20

+12 412 + 150

49 + 94150 +54

1 + 6+150 +57
B+ I/ B+ a+150/ BJ-eo

Fig. 29.

From (z) and (2) it is clear that the sum of each pair of corresponding
payments is 63, or
V + V* = 63az512%.-
Hence V’ = 63agg129%, — (3000 — 150az5129%)
or V' = 213a35129% — 3000.

93. Real estate mortgages. A real estate mortgage
differs from a bond in that interest is usually payable
quarterly and that it is never redeemable above par.
Amortized mortgages are very much like serial bonds, the
principal or part of it being paid off gradually. But a
mortgage can be so drawn as to be one or another of the
types of problems that have been considered when a debt
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is to be paid off by some particular set of payments. The
methods of calculating the value of a mortgage when it is
bought so as to yield a given rate of interest or of calculating
the rate when it is bought at a given price do not require
further discussion since such problems have already been
discussed.

Exercise 77

1. A mortgage of $12,000 is payable at the end of 8 years, and in-
terest is payable quarterly at 49, per annum. Find the price to be
peid to yield (a) 139 per quarter; (b) 6%, per annum effective.

2. Find the rate of yield if the mortgage of example 1 is bought for
(a) $11,500; (b) $8,500.

3. A mortgage of $12,000 is payable in 40 equal quarterly installments,
beginning 3 months after it was issued, each installment being partly
for interest at 19, per quarter and partly for principal. Find the
amount due at the end of each quarter.

4. Use the answer to example 3 and find the value of the mortgage
to yield (a) 139, per quarter; (b) 6%, per annum effective.

6. Use the answer to example 3 and find the yield rate if the mortgage
is bought for (a) $11,500; (b) $8,500.

6. A mortgage of $12,000 is payable in quarterly installments of
$500, beginning 3 months after the date of issue, each installment being
partly for interest at 1%, per quarter and partly for principal.

() Find the number of payments of $500 that will be required.

(b) Find the balance still due after the last $500 payment has been
made.

(¢) Find how much should be added to each $500 payment so that
there will be no balance.

7. Use the answers to (a) and (b) of example 6 and find the price to
be paid for the mortgage to yield (a) 149 per quarter; (b) 69, per
annum effective.

8. Use the answers to (a) and (b) of example 6 and find the yield
rate if the mortgage is bought for (a) $11,500; (b) $8,500.

9. A mortgage for $12,000 is payable in quarterly installments of
$400 on account of principal. Interest at 19, per quarter is also pay-
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able at the time installments of principal are paid. How much is the
total amount that the mortgage holder will receive?

10. In example 9, if the mortgage holder deposits each payment when
he receives it, find how much he will have when he receives the final
payment if his deposits earn interest at (a) 1%, per quarter; (b) 139, per
quarter.

11. Find how much should be paid for the mortgage of example 9 for
the investor to earn interest at (a) 139 per quarter; (b) 29, per quarter.

12. Find the yield rate to an investor who buys the mortgage of
example 9 for (a) $11,500; (b) $8,500.

138. A mortgage of $12,000 requires quarterly interest payments at
19, per quarter and 6 annual payments of $2,000 on account of prin-
cipal beginning one year after the date of issue. Find the value of the
mortgage if the investor is to earn 2%, per quarter on his investment.

14. Find the rate of yield to the purchaser of the mortgage of example
13 if he pays $10,000 for it.

16. A mortgage of $12,000 is to be paid off as follows: 8 quarterly
payments of $500 beginning 3 months after the date of issue, each
payment including interest at 19, per quarter; then 8 quarterly pay-
ments of $600 and also interest at 19, per quarter; the balance is due
2 years after the last $600 payment, with compound interest at 19, per
quarter. Find how much the final payment should be.



CHAPTER VIII
METHODS OF CALCULATION

94. Progressions. A sequence of numbers such as 2, 5,
8, 11, and so forth is called an arithmetic progression, or an
AP. The differences 5 — 2, 8 — 5, 11 — 8 are the same
number, 3, called the common difference. In the AP 5, 3,
1, —1, and so on, the common difference is —2. The
general form of an AP is

a, a+d, a+2d,a+3d, . . .,

where d is + for an increasing AP and — for a decreasing
AP . -

A sequence such as 2, 6, 18, 54, and so on is called a
geometric progression, or a GP. The ratios §, 4&, {4 are the
same number, 3, called the common ratio. In the GP 6, 3,
3, %, the common ratio is 3. The general form of a GP is

a, ar, ar?, ars, . . .,

where the numerical value of r is more than 1 for an in-
creasing GP and less than 1 for a decreasing GP.

A sequence such as 1, %, 1, 1, 1, and so forth is called a
harmonic progression, or an HP. The reciprocals of an
HP form an AP. The general form of an HP is

——y —— e e e e e

If the law of formation of a sequence is known, it may be

extended to any number of terms.
165
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Exercise 78
Write two additional terms in each of the following:
1. 4,7,10,13 6. 10, 2, .4, .08
2.4,21,% 7. 3, % 70 1o
8. 1,4,9,16 8. -8, -5, —2,1
“ 1444 9. 8,12, 18, 27
6. 52 —1, —4 10. —-2,2, %, %

4 1935. Arithmetic progression. From the general form of an
b

a, a-+d, 6+2d, a+3d, . . .,

the 10th term is @ + 9d, and the nth term is a +(n — 1)d.
If the nth term is the last term and is designated by I,

l=a+ (n—1)d.
The n terms of the AP may be written
e, a+d, a+2d, . . . 1—2d,1—d, l

The sum, s, of the n terms may be found by noting that
the sum of two terms equidistant from the end terms is
n

5 pairs,

always a + 1. Since in n terms there are

s=g@+u

The five elements of an AP—namely, a, the first term; l,
the last term; n, the number of terms; d, the common
difference; and s, the sum of n terms—are related by the
equations

l=a+(n-14d

and
8=5@+D.

Hence if any three of the five elements are given, the re-
maining two may be found by solving 2 simultaneous
equations containing 2 unknowns.



METHODS OF CALCULATION 167

IMustration
Given J= 30, =110, d=4. Find a and n. The two equations are

NV=a+4(n~-—1)
and

110 = g (a + 30).

The value a = 34 — 4n from the first equation, when substituted in the
second, gives n? — 16n + 55 = 0,and n = 1l or 5. n = 1l givesa =
—10, and the progression is
—10, —6, —2, 2, 6, 10, 14, 18, 22, 26, 30.
n = 5 gives a = 14, and the progression is
14, 18, 22, 26, 30.

Exercise 79
1. Find the remaining elements in each of the following AP’s:
(@) a=7,d=3n=10 d)a=51=7,n=17
M a=7d=2n=12 () a=38=—12d=—2
©a=7d=-1,n=6 (f)l=-7d=-28=—12

2. Mr. Charles borrowed $500, which he will repay at $50 per month,
beginning one month after the loan was made. He will also pay simple
interest at 6%, per annum on the unpaid part of the loan when he
makes payments on the loan. How much interest will he pay?

8. A debt of $10,000 is payable in quarterly installments of $250,
beginning 3 months after the loan was made, with interest on the
unpaid debt at 13% per quarter. What is the total amount of interest
to be paid?

4. A debt was paid in semiannual installments of $500, beginning
6 months after the debt was contracted, with interest at 2}% per
period of 6 months. The total payments of interest amounted to
$2375. How much was the loan?

6. The 64 squares of a chessboard are numbered consecutively from
left to right 1, 2, 3, . . . , 64.
(a) Find the sum of all the numbers.
(‘b) « “" « 113 13 €« Odd numbers.
(c) {3 o 114 {3 [{3 [ even 3
(d « ¢« « « « & pumbers on each diagonal,
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96. Geometric progression. From the general form of a
GP,
a,ar, ar?, ar3, . . .,
the 10th term is ar®, and the nth term, I, is
l=ar"1,
The sum of n terms, s, is

s=a+ar+ar’+...+'—i+§_ + 1.

Multiplication by r gives
rs=art+a2+at+.. .+%+l+lr.

These two equations may be rewritten as
s=a+ (ar +ar* 4. . .+£+£— + 1),
rs = (ar +ar* 4. . .+1l—.+l)+lr.

Since the terms within the parentheses are the same in the
two equations,
s —a=1r3—1r

Hence
e~ _a—ar_.(1-r

1—r 1-r  1—-r
The 5 elements of a GP—namely, a, I, n, r, s—are related
by the equations

l = ar~,
- a(l—rn) - a—rl
1—r 1-r’
Hence if any three of the five elements are given, the re-
maining two may be found.

8

Tllustration

Given a=2, 1=1458, $=2186. Find r and n.
1 = ar*! gives 1458 = 2r*1or 1 = 729, and r = 729r.
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a(} ™) gives 2186 = 2—(11:——_739"), which reduces to r = 3.

.In r*1 =729, we now have 3" = 3% and n—1=6, or n = 7.
The progression is
2, 6, 18, 54, 162, 486, 1458,
Exercise 80
1. In the following GP’s find the elements that are not given:
(@ a=3,r=2 =n=10 () a =2, 1 =486,s = 728
b)a=6,r=4 n=17T ) a=3,n=5 1=12
)a=1,r=3% n=10 (g a=3,1=12 s =33.73
da=2 1=48,n=6 (h) a=3,r=\/—n=9

2. Derive the formula sz = §1+‘b) from the GP s = 1 + s}

4+ +...,nterms.
3. Derive the formula az; = —1—(1—ﬂ)— from the GP aji = v} +
v? +v§ 4. .. ,nterms.

97. The mean. The reciprocals of the terms of an HP
form an AP. It is not possible to find a simple formula
for the sum of the terms of an HP.

If two numbers p and ¢ are given, and a number m is
inserted between p and g, then, if p, m, ¢ form an AP, m
is the arithmetic mean; if p, m, g form a GP, m is the geometric
mean; if p, m, ¢ form an HP, m is the harmonic mean.

1) If p, m, ¢ form an AP, m —p =q —m, and
m=g__—;—_p,

(2) If p, m,q form a GP,'—" =2 andm = Vgp.

3) If p, m, ¢ form an HP, om0 and

_2pq
“p+g
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Exercise 81

1. Find the arithmetic, the geometric, and the harmonic mean be-
tween 2 and 8.

2. Show that the geometric mean between p and g is also the geo-
metric mean between the arithmetic and the harmonic means of p and g.

3. Given the numbers 2 and 8. Insert 3 numbers between them so
that the sequence of 5 numbers shall form (a) an AP; (b) a GP; (c) an
HP.

4. Three numbers form an AP. If the first is decreased by 1, the
second decreased by 2, and the third increased by 1, the resulting num-
bers form a GP whose common ratio is 2. Find the numbers.

08. Infinite decreasing GP. In a GP in which r is
numerically less than 1, the terms decrease. The sum

1—r»
1—r

$§=a

may be written

T B

1—r i

If r is numerically less than 1, the value of r* becomes
smaller as n is increased, and if n is very large, ™ is very
small. Henceif nincreases beyond all limits, 7" approaches
0, and the limit that the sum of the series approachesis ‘!
=%
"1-r

8

Thus the sum of the series

ll %’ %’ .’87) .
a 1

1—-r-1-=-2°

approaches the limit s = 3.

Exercise 82
Find the limiting value of the sum of each of the following series
1.21,4,%... 4 4, -3,% -4, ...
2.2 —1,4 —-1,... 5. 1,1V?2, 3 1V2, ...
8.4,3%%,... 6. V3,V3 V1 VY. ..
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99. Circulating decimals. A circulating or repeating
decimal such as 4.23333. . . is usually written 4.23. When
more than one figure repeats, dots are placed above the
first and the last of the repeating figures. Thus

3.2407 = 3.2407407407. . . .

Every repeating decimal involves an infinite decreasing GP
and may be changed into an equivalent common fraction.

Thus 3.2407 = 3.2 + 407 X 10~ + 407 X 107 + 407 X

107® 4 ., .. . The terms after 3.2 form a GP in which
a =407 X 104, r = 1073, and
407 X 10~ 407 407

T 1 =10 10*—10 9990
Hence

407 _ 32375 _ 6475 _ 175
9990 9990 1998 54

3.2407 = 3.2 +

The common fraction equivalent to a repeating decimal
may also be found as follows: The successive digits are a,
b, ¢, d, and so on, and the value of the repeating decimal
ab.cdefg is represented by z. Multiplying this number
by 10* (since 4 digits repeat) gives

10%z = abedef gdefy. . . ,

and
x = ab.cdefg. R
Subtraction gives
2(104—1) = abedef.g—ab.c = & (abedefg — abe).
Hence
_ abedefg —abe
10(10°=1)

Thus 3.2407 may be written at once as
32407—32 _ 32375 _ 6475 _ 175

10(10°—1) 9990 1998 54
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, Exercise 83
Verify the correctness of each of the following equalities:
1. 23 — 145 = .87 4. 23 + 1.45 = 1.60416
2 23+ 1.45 = 3.78 6. 1.306 X 3.3 = 4.360
8. 2.3 X 1.45 = 3.39 6 (3p=.1

100. Binomial theorem. Ordinary algebraic multipli-
sation gives the results

@422 =@+72)-(a+2) =a+ 2+ 2%
(@ +2z)* = (@ +2)?- (a + 2) = a® + 3a% + 3az* + 2%
(a+z)‘=(a+:c)’-(a+:v)=a‘+4a‘z+6a3z’+4az‘+z‘.

These results may be written:

(@+2)?=a+ ga‘z‘ + —2—:—1a°:c’;

3.2 3-2-1
3= g8 4 Sg2pt + 22201
(a + ) a® + a’x+l2z’+123°z'
. 4.3-2 4.3.-2-1
4 = qgb = 1 =2 2 1.8
(a + 2) a+1a':c +1_2a’:t +1.2.3az +1.2_3.4a°z‘.

The successive terms of each expansion are now seen to
obey a simple law, and the value of any positive integral
power of (¢ + z) may be written at sight. Thus

(a+z)0 = a‘°+1—0 a'z‘+-12'—ga'z’+lg—'g-f—ga’z‘
10-9-8-7 109876‘109876
+t Tt T2 s e T T s e T

In general, if n is a positive integer,

(@) = an+ Dot 4 20D 4 20D OB gy

1-2.3
If a = 1, the expansion takes the useful form
(142 =1 + + n(n l)wz 4 e (0=2),

1-2-3
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Although the expansion of (1 + z)® was obtained for
positive integral values of n, it may be proved that it is
likewise true if n is negative or fractional, provided that z
is numerically less than 1, whether z is positive or negative.

Hllustrations

1. Calculate the value of $1000s3%, = $1000(1 + .02)* to the near-
est cent. In the expansion of (1+4z)* z = .02 and » = 20. Hence

1000(1 4 .02)® = 1000 [1+ (02) + 20——19 (02)%+ . ]

The values of the successive terms are:

Ist term = 1000 X 1...........ccivuenss veesess 1000.000
9nd term = 1st term X ﬁ’ N R 400.000
3rd term = 2nd term X 19 X.02............ Ceeeees 76.000
4th term = 3rd term X 1—3 X 02 9.120
5th term = 4th term X ?47 N T 775
6th term = 5th term X y_s N 050
7th term = 6th term X 1: X 02 003

1485.948

Note that the value agrees with the value found in Table III. Note
also that the value found by logarithms is 1476.

2. Calculate the value of 100(1—.10)~2,
In the expansion of (1+x)", ¢ = —.10 and n = —20. Hence

100(1 — .10y = 100[ 1 + (:39) (—.10) + (—‘Mﬁl)(—.m)z

(=20)( —21) (=22)
+ 123 (-100 +...]
2021, 1\, . 202122
= 100[ 14+ 2ex) + 22y + BEZ ey, ],
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The values of the successive terms are:
100, 200, 210, 154, 88.55, 42.504, 17.710, 6.578, 2.220, .691, .200, .055,
.014, .003. (Total, 822.53)

Note that the value found by logarithms is 824.20.

Exercise 84

Calculate the values of the following by the binomial expansion:

1, 1000(1—.01)%
2. 1000(14-.013)%® (write .01} as g5, not .0133)
3. 1000(1+-.03%)® (write .03% as g%, not .0333)
4. 1000(14.01)—%
6. 1000(1+4.03%)—2
6. 1000(1 —.03%)—*
7. 1000(1+.01)%
8. 1000(1 —.03%)»
9. 1000(1—.01)~%
10. 1000(1 —.01%)»
11. Calculate 1000s3% and verify with the table.
12. “« 1000')%%’ “ «“ © o« o«
13. “ 1000535129 « “ « “ «“
14- [ loooamz% “ “ £ 113 €«
16. Use the result of example 3 to calculate 1000sz5]33 .
16. Use the result of example 5 to calculate 1000az5]33 7.
17. Show that s = 3 + 201y 20 m D= Dy
18. Show that i = % — ”(’1‘ 21) + HEE DO D,
19. Calculate (1 + ¢)'» for ¢ = .02 and (a) p = 2; (b) p = 3; (c)

p=4; (d)p=26; () p=12.

20.

Show that V6 = 2(1 — 1), and calculate its value to 6 decimal

places.

101. Difference series. If we take an algebraic poly-
nomial such as u, = 2* — 22 + 5 and assign values to z
" at equal intervals, we obtain the table
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£| 012 3 4 5 6 17

u. | 5 4 5 14 37 80 149 250
The terms of u, are designated by wu,, u1, us, 4, and so on,
where u; = 14 is the value of u, when z = 3.

From the values of u,, a new set of numbers is made by
subtracting in succession %, from u;, u, from u,, and so forth.
The new set of numbers is called the first difference series
and is designated by Au, (delta-you-subex), so that
Aug =u —uyy=4—-5= -1, Auy =u —u =5 —4
=1, Aug = us — u; =14 — 5 = 9, and so on.

From the values of Au., a new set of numbers is again
made by successive subtractions. This second new set is
called the second difference series and is designated by A%u,
(delta~two-you-subex), so that Au, = Au; — Aup =1 —
(—1) = 2, and so on.

Similarly, third, fourth, and higher difference series are
designated by A*u,, A*u,, and so forth.

From the given table, we obtain

z Uy Aug A, Ay, Aty
0 b5 -1 2 6 0
1 4 1 8 6 0
2 5 9 14 6 0
3 14 23 20 6 0
4 37 43 26 [

5 80 69 32

6 149 101

7 250

102. Expansion of u,. The subscripts of u,, Au,, and
so forth on the first horizontal row are all 0, on the second
row, 1, on the third row, 2, and so on.

Because of the method used in making the tabulation,
any item in the table is equal to the sum of the one above
it and the one to the right of that one. That is, u; = us +
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Aug; Aug = Aus + Atug; A% = A’uy + A%u,; and so on.
Hence any term of u,, say us, can be expressed as follows:

(1) ue = us + Aus
(2) u = (uatAuz) + (Auz+A%s) = u; + 2Au; + A2,

(3) Uy = (141+A’u1) + 2(Au;+A’u1) + (A’u1+A3u1)
= U + 3Au1 + 3Az'ul + A’ul

) U0 = (uo+Au) + 3(AuotA%u) + 3(A%0 + A'o) + (Atua + Alti)
= U + 4Aus + 6A%ug + 4A%0 + At
We now observe that the coefficients in the expansions
are the same as the coefficients in the expansions of (a + b)?,
(@ + b)2, (a + b)% (a + b)Y, and that in each expansion
the subscripts are the same. That is, if we write u, as
Uo44, the expansion is in terms of the symbols u, Au, A%,
A%, all having the subscript 0, and the coefficients are
the same as the coefficients in the expansion of the 4th
powerof a + b. Thus
8-7-6

8 8-7
%=Wﬂ=uo+iAuo+if§A"uo+l_2'3

Au+. ..,
and, in general,

- n n(n—1) n(n—1) (n—2)
Un “o+1Auo+—'—1'2 A’uo+————————1_2'3 Biug +. ...

Although this formula was obtained for positive integral

values of n, it is equally valid for fractional or negative
values of n.

Tllustrations
1 wys = tops = to +%‘2A‘l‘o + (i)l(-; D v

@D (-9
+ A Ay
For the tabulation obtained from u, = z? — 222 45 (page 175),
Uo = 5, At = — 1, Atug = 2, Alup = 6, Auo = A%ug = Ao = 0, and
wp =543 (—1) -} (2) + 4t (6) = 444.
The substitution of § for z in 2* — 22? 4 5 also gives 443.
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2 Uy = Upg = U+ (_12) Aug + (_21).(2—3) Ay +

To.3 A =5—2(-1) +3(2) — 4(6) 1.

The substitution of z = — 2 in w, also gives — 11.
3. If we prefer to use the subscript 1 instead of 0 we may write

Yog =ty =1+ ('_13) Au, + (—:i).(2—4) Ay, + (—3)1(.'-24.);_5)Alu1.

Since wy = 4, Auy = 1, A%; = 8, A%; = 6. We then find
u_2 = 4 — 3(1) + 6(8) — 10(6) = — 11 as before.

103. Newton’s method of interpolation. The formula
Ugys =uo+§Auo+£%;—1—)A’uo+. . .18 known as

Newton’s interpolation formula and is used as follows:
Suppose the values of v} are given for ¢ = 1%, 2%, 3%, 4%,
5%, 6%, and the value of 13}y, is required. We write

i |z lw=0 Ay A%, Ady, Aty, A%y,
1%1]0] .81954 | —.14657 | +.02728 | —.00528 | +4-.00107 | —.00024
13%

2 %) 1]|.67297 | —.11929 | 4.02200 | —.00421 | 4-.00083
3% 2] .55368 [ —.09720 | +.01779 | —.00338

4 9 | 3| .45639 | —.07950 | +.01441

5% 4] .37689 | —.06509

6 %] 5] .31180

The relation for the table of corresponding values of ¢ and
z is linear, and ©=1}9, corresponds to 2= }. Therefore

= nn=sio+ F a4 HE pay 3D gy,

=t + § Auo — § Ao + iy A'uo — Thy Ao + 3Ex Ao +. . .
= 81054 + $(—.14656) — #(.02728) + vi(—.00528)
-~ 1h5 (.000107) + gh5(—.00024)
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= 81954 — .073280 — .003410 — .000330 — .000042 — .000006
= 742472,
The value of v3,, in Table IV is .74247.

If only the first difference, Au,, is used, the result,
o + 3Au,, is a first approximation and is the same as a
linear interpolation. If the second difference, A%u,, is also
used, the result, uo + FAu, — §A%u,, is a second approxi-
mation. Similarly, a third, fourth, or fifth approximation
may be found, the result being more nearly accurate for
each higher approximation.

For most mathematical tables in common use, the first
term of the third difference series is smaller than that of
the second difference series and so on. Therefore the
successive corrections are smaller and smaller, and Newton’s
interpolation formula is of great practical use.

The tabulation used for calculating v$};5, may also be
used for the calculation of §}, by setting z = 13.

However, tables should always be used to the best ad-
vantage, and, since the intervals for 7 in the table for v?
are 3%, the correspondence, for © = 239, for example, is

2% 2% 2%% 3% 3%% 4%

z| 0 %
and 93}, is found more accurately a,nd w1th less work
from wuy3 for this tabulation.

If v3%y, is required, write the values of ¢ in reverse order

i 4% 3% 3%% 3% 2% 2%
z| 0 1 3
and find uy for this tabulatlon.

This tabulation may also be used to find the value of

v3) by setting = —4% and calculating u—,,.

Exercise 86
1. Calculate the value of 1000si39, (a) by using the binomial ex-
pansion; (b) by using the tables and interpolating to a third approx-
imation.
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2. Calculate the value of 10azgj3.2% by interpolating to a third approx-
imation. Verify the result by finding the value of the symbol from the
bond table.

3. Assuming that the bond table, Table X, gives correct prices for
the yield rates 3, 4, 5, 6, 7, 8, 9, and 109, find by interpolating to & third
approximation the prices for the yield rates (a) 3.2%; (b) 4.4%; (c)
5.6%; (d) 6.89 for each of the coupon rates tabulated.

104. Continuous increase. The total accumulated value
of $100 at the end of 10 years, if interest is at 49, per
annum compounded annually, semiannually, quarterly, or
monthly, is given by

100(1 4 .04)%, 100(1 + :%é)loxzi 100(1 + %)IOXQ, or 100(1 + %)mxn.

The more frequently interest is compounded, the smaller is
the rate per period and the larger is the number of periods.
We thus arrive at the conception of interest being com-
pounded continuously when the rate per period is very
small and the number of periods in a year is very large.

The idea of continuous increase is useful practically, for,
as we shall find presently, the calculation for continuous
increase is much simpler than for compounding, say,
weekly or daily. The difference between the two results
is very small.

Let ¢ be invested for n years and let interest at ¢ per
annum be compounded k times a year. The accumulated

value is c(l + ,%)"", which, when expanded, gives

[1 _'_nk( )+ (nlc)l(nk2 1)( ) + (nk)(n{c 21)§)’nk 2) (1 (k) +.. ]

This result is simplified and written

[1+”‘+"( )a ( )(1;_%)%]
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As the compounding is more frequent, k is larger. When
k increases beyond all bounds or approaches o, the frac-
tions, 1/k, 2/k, 3/k, and so on, approach 0 and the ex-
pansion reduces to
ny (m) _(ni)®
[1 71 + + 1-2-3 +- ]

When k approaches o, c( 1+ ,%)"" also reduces to a simple
form.

The expression (1 4 %)‘, where the exponent z is the
reciprocal of the term added to 1, has a value when 2

approaches o, and that value is designated by the symbol e.
Now let

Rl
fl
0N -

then
k = 1z, nk = niz,

(o ey AT

But when & approaches «, z does also, and this expression

becomes ce™’.
Hence if ¢ is invested for n years and interest at ¢ per
annum is compounded continuously, the total value is

given by

and

cens = c[l + M ’“ + & {ni)" L+ 1(.7;).,3 +.. ]

If we set n1 = h, the rela,tlon
h?
—1+he B Ry
enables us to calculate any power of e. The value of ¢
is found by makingh = 1. Then
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1
1-2.-3-4

+ +...

1 1
e=l+l+75+7133

=2718. ...

Thus $100 invested for 10 years at 4%, per annum com-
pounded continuously amounts to

(472, (4) _
1.2+—-——L1_2.3+...] 149.182.

Note the following results of investing $100 for 10 years
at 49, per annum and compounded:

100e10% .04 = 100 [1 + .‘-‘1% +

(a) annually, total......................... $148.024
(b) semiannually, total..................... 148.595
(¢) quarterly, total........................ 148.886
(d) monthly, total......................... 149.083
(e) continuously, total..................... 149.182

The principle of equivalent interest rates enables us to
find the corresponding values of az; and sz when interest
is compounded continuously.

Illustrations

1. Forty quarterly deposits of $100 each are made. Find the total
value immediately after the last deposit if interest is compounded con-
tinuously at 4%, per annum.

The value of the annuity, S, is

.
S = 1008z = 100 (—li'%——l,

where ¢ = the rate for 3 months.
The relation for equivalent interest rates is (14-1)4 = ¢:% and
ed~—1
en—1
The values of e-* and of ¢-® may be calculated from
hl
1.2.3

S = 100

o142 Ky SR

or they may be taken from Table XI.
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2. The value of the annuity of illustration 1 three months before the
first deposit is '
1—e
e—1"

100z = 100 1‘(1;*")'” = 100

105. Continuous decrease. An investment increases in
value because of interest earned. A machine or a building
decreases in value because of depreciation. If the decrease
for any period is always the same per cent, d, of the value
at the beginning of the period, then, if the initial value is
¢, and the decrease continues for n periods giving a final
value s, the relation is s = ¢(1 — d)*. The formula may
be obtained from c(1 + 7)* by merely replacing 7 by —d
(see also page 187).

Similarly, the formula for continuous decrease may be
obtained from the formula for continuous increase by
merely replacing ¢ by —d.

Since an investment of ¢ increasing continuously for n
years at ¢ per annum gives a final value of ce™, the result
of decreasing continuously at d per annum is ce~"4.

Exercise 86

1. The population of a town increased continuously for 10 years from
50,000, at 2%, per annum. Find the population at the end of 10 years.

2. The population of a town increased continuously for 10 years from
50,000 to 65,000. Find the annual rate of increase.

3. A machine decreased in value continuously for 8 years at 109, per
annum. Find the final value if the initial value was $1000.

4. A machine decreased in value continuously for 8 years from $1000
to $250. Find the annual rate of decrease.

6. A quantity of gas increased in volume continuously from 1000
cu. ft. at 4%, per hour for 5 hours and then decreased continuously for
8 hours until its volume was again 1000 cu. ft. Find the hourly rate
of decrease.
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6. Find the value of a $1000 bond maturing at the end of 10 years
and paying interest semiannually at 4% per annum if the yield rate is
69, per annum compounded continuously.

7. Find the amount of each of 20 quarterly deposits if the total im-
mediately after the last deposit is $1000, and interest is compounded
continuously at 4%, per annum.

8. In the following symbols, the periods are 6 months each and the
rate of interest is 4%, per annum compounded continuously. Find the
value of each: (a) 1000s%; (b) 1000s*; (¢) 100azq; (d) 100s35.

106. Logarithmic series. From the relation

el B E
4 1.271.2.8"71-2.3.4" """
it is easy enough to calculate y for any value of 2. To cal-
culate z for a given value of y, it is necessary to express z
in terms of y. Since z = 0 gives y = 0, we assume that
the relation has the form
z=y+ Ay + By* + Cy+. ...

Then
2= A+ (BHi)r s
- oy 4+ Jap+. ..
TEE 2+

Addition gives for the second member
Y+ A +D +yPB+A+D+PC+B+HIAHIA +4D) +.. ..
In order that this sum shall reduce to y, the sum of the first
members, it is necessary that

A+3=0B+A+31=0C+B+3A'+4A+4 =0,
or that
A=-}B=%C=-1%
The series is
z=y—dr+dr-+...,

which may be extended to any number of terms.
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The relation y = ¢* — 1gives 1 4+ y=e*andlog. (1+y) =z.
Hence
log. A4+ y)=y -+ - +3f—....
Upon replacing y by —y, the new relation is obtained
log, (1 =—y)=—-y—d—-d - -4 —...
Then
log. 1 +y) —log. 1 —p) =20y + 3 + 3 +. . ),
or

tog. 1Y = log. N = 2 + 0 + B+ . ).

107. Napierian logarithms. The logarithmic series
tog. 1Y = log. N = 26 + 4 + 0t 4. . )

enables us to calculate log, N, the Napierian logarithm of
N, very rapidly by giving small fractional values to y.
Thusify = &, N = 4, and

log, 3 = 2[(.1) + % (1 4+ 3 (1)*+. . . ] = .200,670,695+.

The values
Y| 2+ &% % 95 o5 3o
N3 453 % 5 B8 &
enable us to calculate the logarithms of the prime numbers
2, 3,5, 7 11, 13, 17, 19, and therefore the logarithms of
the numbers from 1 to 20.
The student may verify the results
log. § = 0.405,465,108; log, & = 0.223,143,551;
log, § = 0.287,682,072; log, § = 0.133,531,393.

Then
log2 =log § + log 4 = log (3 X ) = 0.693,147,180;
log 3 = log $ + log 2 = log (§ X 2) = 1.098,612,288;
log 5 = log § + log 22 = log (§ X 4) = 1.609,437,912.

Table XII is a table of Napierian logarithms.
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108. Common logarithms. From the Napierian loga-
rithms it is a simple matter to calculate the common
logarithms. LetlogiwaN = z. Then

= = = log. N
N = 10s,log, N = z log, 10, z og, 10

That is, z, or log,o N, is found by dividing log, N by log, 10,
or by multiplying log, N by

1 1
log, 10 ~ 2.302,585,093

= 0,434,294 48

The method of abbreviated multiplication, page 120, gives

N log, N logie N
1 0 0
2 0.693,147,180 0.301,029,99
3 1.098,612,288 0.477,121,25
4 1.386,294,360 0.602,059,98
5 1.609,437,912 0.698,970,01
6 1.791,759,468 0.778,151,24
7 1.945,910,147 0.845,098,04
8 2.079,441,540 0.903,089,97
9 2.197,224,576 0.954,242,50
10 2.302,585,093 1.000,000,00

Note: The student should now be able to solve any of the
problems presented in Art. 75, page 126.



CHAPTER IX
VALUATION OF FIXED ASSETS

109. Depreciation. Machines and buildings generally
decrease in value or depreciate as a result of use or merely
because of the lapse of time. When such an asset is used
for the purpose of producing income, some of the income is
set aside at regular intervals as a reserve to provide for the
replacement of the asset when it has outworn its usefulness.
Past experience enables us to estimate the useful life of
the asset and also its final, restdual, or scrap value. If the
initial cost is ¢, and the scrap value is s, which is also the
book value at the end of n years, the loss in value is ¢ — s.

Some of the many methods of apportioning the loss
¢ —s are: (a) the straight line method, (b) the units’
digit method, (¢) the reducing balance method, (d) the
sinking fund method, (e) the annuity method, (f) the unit
production method, (g) the number of hours used method.

In the following discussions, we shall see how some of
these methods are applied in the case of a machine that
cost $1,000 and has a scrap value of $50 at the end of 10
years.

110. Straight line method. If it is assumed that the
loss in value is the same each year, the annual deprecia.tion
is _c_;_s . At the end of z years, the loss is <—2 - 2, and

— 8

the book value, y, is ¥y =¢c — z.  This equation

is represented graphically by a straight line.
For our problem the annual depreciation is
186
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15 (81000 — 50) = $95 and the equation isy = 1000 — 95z.

The straight line method of calculating depreciation is
commonly used because of its arithmetic simplicity. It is
open to the objection, however, that, as the machine ages,
more money must be spent for repairs. The actual cost of
operating the machine increases from year to year whereas
it is desirable to apportion the depreciation so as to make
the annual cost approximately constant.

111. Units’ digit method. To overcome the objection
raised to the straight line method, the numbers of the
years are added and the depreciation for the different
years are determined for our problem as follows: 1 + 2 + 3
+...4+9+4+10 =55. For the first year the depre-
ciation is 3¢ of $950 = $172.73; for the second year, # of
$950, or & of $172.73; for the third year, 4% of $950, or
% of $172.73; and so on.

112. Reducing balance method. It is assumed that each
year the decrease in value is the same fraction of the book
value at the beginning of the year. Thus if the fraction
decided upon is } or 1629, the depreciation for the first year
is 4 of $1000, leaving a book value of § of $1060. For the
second year the depreciation is § of (§ of $1000), and the
book value at the end of the second year is § of (§ of $1000),
or (3)? X $1000. At the end of the third year the book
value is (§)? X $1000, and so forth.

In general, if d is the rate of decrease, the depreciation
at the end of the first year is cd, leaving a book value of
¢ —cd, or ¢(1 — d). TFor the second year the depreciation
iscd (1 — d), leaving a book value of ¢(1 — d) — cd(1 — d)
= ¢(1 — d)%. At the end of the third year the book value
is ¢(1 — d)?, and at the end of the nth year it is ¢(1 — d)™.
But since this book value is also the scrap value, the rela-
tionisc(l — d)" = s.

In our problem the equation becomes
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1000 (1—d)®*° = 50,

or

(1—dy® = .05.
The value of d, found by using logarithms, is .2588, or
25.88%,.

113. Comparison of the results of the three methods.
The following tabulation shows the depreciation for each
year and the book value at the end of each year by the
three methods:

DEPRECIATION FOR THE YEAR Book VALUE AT END oF YEAR
YEeAR| Straight . Reducing || Straight . Reducing
Line | D% | ‘Bolance || Line | DP¥* | Balance

1 $95 $172.73 $258.80 $905 $827.27 $741.20
2 95 165.45 101.82 810 671.82 549.38
3 95 138.18 142.18 716 533.64 407.20
4 95 120.91 105.38 620 412.73 301.82
b 95 103.64 78.11 525 309.09 223.71
6 95 86.36 57.90 430 222.73 165.81
7 95 69.09 42.91 335 153.64 122.90
8 95 51.82 31.81 240 101.82 91.09
9 95 3455 |- 23.57 145 67.27 67.52
10 95 17.27 17.47 50 50.00 50.05

Exercise 87

1. Draw three graphs with reference to the same axes for the tabula-
tion, marking the number of years along the z axis and the book values
along the y axis.

2. The cost of & machine is $2000, and it is estimated that the scrap
value at the end of 12 years will be $150.
(a) Find the annual depreciation by the straight line method.
(b) Find the amount of depreciation to be written off for the 12th
year by the units’ digit method.
(¢) Find the annual rate of depreciation to be used by the reducing
balance method.
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8. When the reducing balance method is used, the relation ¢(1 —d)»
= g enables us to calculate the value of any one of the four symbols ¢,
d, n, or s, provided the remaining three are known.

Solve the equation for each of the four symbols.

4. Fill in the blanks in the following tabulation by using logarithms:

c d n 8

(a) 1000 10% 15 years

(b) 1000 109%, e $200

(c) .... 109, 15 years 250

(d) 1000 e 15 years 200

(e) Calculate the value of s in example (a) by using the binomial
expansion.

(f) Calculate the value of ¢ in example (¢) by using the binomial
expansion.

(2) In example (b), find the depreciation for each of the first three
years and also for each of the last three years without finding the life
of the machine.

6. When reducing balance method of depreciation is used, the book
values z and y of a machine at the end of n and m years are

z = c¢(l1—d)* and y = c(1—d)=.
Show by eliminating d from these equations that the relation is

R
¢ c
6. Use the relation of example 5 to find the book value of a machine

at the end of 7 years if the cost was $1000 and the scrap value at the end
of 15 years will be $150, without finding the constant rate.

114. Sinking fund method. Provision for the replace-
ment of a machine at original cost when the machine is
ready to be scrapped may be made by depositing equal
amounts, z, at the end of each of the n years of the life of
the machine, into a fund that earns interest at rate ¢ per
annum. The total that will be available at the end of n
years is xsz; -+ 8, and, as this total should be equal to ¢,

zsmli+ 8 = ¢,
and

= (c—s) - L
z = (c—s) Py
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Thus in the case of the machine that we have been dis-
cussing, if the fund earns interest at 49, per annum,

1
81014 %

z = 950 - = $79.13.

At the end of 10 years the fund will amount to $79.13sg,9,
= $950.04, which,| with the scrap value of $50, will give
enough to buy a new machine.

The depreciation for any year is usually considered to
be the amount deposited to the fund and the interest earned
by the fund during that year. Thus the depreciation
charged for any year is greater than for the preceding year.
If the method of writing off depreciation is to make the
annual cost of operating the machine approximately con-
stant, the sinking fund method is not even so good as the
straight line method.

115. Annuity method. By this method it is assumed
that the initial investment in the machine should earn
interest at the same rate as the sinking fund. The annual
loss, z, then becomes

x = (c—3s) -——l—. + ct,
which in the case of the machine discussed is $79.13 +
40 = $119.13.

The annuity method is sometimes stated as follows:
Find how much each annual payment, y, should be, so
that the value of the annuity at the date of the purchase
of the machine shall be the cost less the value of the scrap
at that date. The relation then is

yam; = c—vgs,
or
1
y = (c — vfs) —.

n)s
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The student may show algebraically that the values of z
and y are identical.

The depreciation written off for any year by this method
is z or y. For the machine discussed, the depreciation
written off each year is $119.13.

The book value of the machine at the end of any year is
exactly the same as that obtained by using the sinking
fund method.

Exercise 88

A machine costs $2000 and it is estimated that at the end of 8 years
its value will be $250. If interest is at 3%, per annum effective, find:

1. The annual deposit necessary into a sinking fund.

2. The amount of depreciation to be written off for each of the 8
years by the sinking fund method.

8. The amount of depreciation to be written off for each of the 8
years by the annuity method.

116. Capitalized cost. Questions such as the following
often arise:

(a) Which is ‘more economical, to buy a machine that
costs $50 and will have a life of 10 years or one that costs
875 and will have a life of 15 years?

(b) How much can we afford to spend on improvements
on a machine that costs $100 and will have a life of 10 years,
if the improvements will extend the life to 15 years?

In either case, since an investment is to be made for a
long time, interest must be taken into account. It is
assumed that either machine will be satisfactory for the
use to which it will be put.

A simple method of making comparisons is to find the
capitalized cost of each machine. Capitalized cost means
the amount that is theoretically necessary to buy the
machine at a fixed price and to continue replacing it by
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a new one forever. The replacement cost is also fixed and
may or may not be the same as the original cost. The
word ‘““forever” may appear to complicate the problem
but really simplifies it.

Illustrations

1. A machine costs $50, will have a life of 10 years, and will be re-
placed at original cost. Find the capitalized cost if interest is at 3%,
per annum,

Let the capitalized cost be $50 + z, of which $50 will be used im-
mediately and z will be invested at 3%, per annum for 10 years.

The annual interest earned, .03z, constitutes an annuity whose total
value at the end of 10 years will be .03zs19]39;, and this total should be
$50, sufficient to pay for a new machine. Hence

50 1

= — X ——
03" 830l3%

z = $145.39
That is, $195.39 is needed to buy the machine and to replace it by a new
one forever at original cost, for $145.39 invested for 10 years at 3%, will
amount to $145.39s}% = 195.39 when $50 will be spent, leaving $145.39
for investment, and the process may be continued forever.

It may be noted that if the replacement cost is not $50 but $40, or
809, of the original cost, the capitalized cost is $50 4 809, of 145.39
= $166.31.

2. The machine of example 1 can have its life extended to 16 years.
How much can we afford to spend for this purpose?

The capitalized cost of the new machine should not be greater than
that of the old one. Then if y is the cost of the new machine and z is
to be invested, the value of the investment at the end of 16 years will
be zs3% when y will be spent, and z should again remain invested.
Hence

xs%%_y=x:
and

z8i% = z + y= 195.39,
or
z= 195.390;% = 121.76.
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Therefore y = 195.39 — 121.76 = 73.63, or the new machine will cost
$23.63 more than the old one.

If the improvements can be gotten for less than $23.63, it is econom-
ical to make the improvements.

Exercise 89

1. Which is more economical: (a) an article that costs $100 and will
have to be replaced each year; or (b) an article that will serve the same
purpose but costs $300 and will have to be replaced every 3 years?
Interest is at 69, per annum effective.

2. In example 1, change 3 years to 4 years and solve the problem.

3. An article costs $10 and will have to be replaced every 5 years.
A chemical process that adds $5 to the cost extends the life of the
article to 10 years. If interest is at 5% per annum effective, is it
economical to subject the article to the chemical treatment?

4. What is the highest additional cost that can be considered in
example 3?

6. A wealthy man wishes to endow a university with a fund for
certain equipment that costs $15,000 and that will have to be replaced
by new equipment at the same cost at the end of every 8 years. If the
fund can be invested at 49, per annum, convertible quarterly, how
large a fund is required?

6. If in example 5 the first cost is $20,000 and replacements are re-
quired at the end of every 10 years at a cost of $10,000, how large a fund
is necessary?

7. A machine will cost $10,000 to install and at the end of 10 years
it will be replaced by a new machine which will cost $5000. How much
should be deposited into a fund paying interest at 4%, per annum to
provide for the replacement of the machine at the end of every 10 years.
forever?

8. A company sets aside $10,000 for the capitalized cost of a truck
which costs $1000 and must be replaced every 3 years with a new truck
at the same price, the scrap value of the old truck being $100. Find
the rate of interest that the investment earns if the capital remainy
intact.

9. A company is to produce a new floor covering which, tests show,
will wear for 3 years before it requires replacement under normal
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wear. The company wishes to price the covering so that it can com-
pete, on an equal price basis, with a company selling a rival floor covering
which lasts 2 years and sells for $1 per square yard. What price should
be set for the new covering if money is considered to be worth 4%, per
annum effective?

10. Fifty thousand dollars is available to equip a laboratory at a cost
of $20,000, and to provide for replacement of equipment, at a cost
of $14,000, every 10 years. What effective rate of interest mnst be
earned on all invested moneys so that the $50,000 is adequate for the
purposes mentioned?

11. A certain type of pavement costs $12 per unit area and must be
renewed at the same cost at the end of every 10 years. How much
could a highway commission afford to pay for a different variety of
pavement if the latter required renewal at its initial cost at the end of
each period of 15 years? Money is worth 49, per annum compounded
annually.

12. A building costing $4000 must be rebuilt every 20 years. What
sum, set aside when the building is erected, will provide for its perpetual
replacement, assuming that the cost of rebuilding will always be $4000
and that interest will be at 49, per annum compounded annually?

13. An article costs $8 and has a useful life of 4 years. A second
article serves the same purpose and has a useful life of 8 years. If
money is worth 59, per annum effective, what price should be paid
for the second article?



CHAPTER X
LIFE INSURANCE

117. Insurance. All insurance companies do business in
very much the same way. In consideration of a small
annual payment (premium), the insurance company pre-
pares a contract (policy) which provides for the payment
of a large amount (face of policy) to some individual (the
benefictary) in the event that the contingency (fire, theft,
illness, or death) occurs to the specified property-or to the
person whose health or life is considered (the insured).

Property and accident insurance companies are operated
for the benefit of a relatively small number of stockholders,
who provide the money with which the company carries
on its business.

Life insurance companies are generally operated for the
mutual benefit of the policyholders, who are the only stock-
holders in the company and who share in the profits. Thus,
life insurance companies are mutual benefit associations.
Many of the safeguards against fire, accident, disease, and
death which most modern communities enjoy are the result
of the combined efforts of insurance companies and their
policyholders.

The premium charged by an insurance company, usually
at so many dollars per $1000 of insurance, is the result of
calculations based upon statistics of past experience.

118. Mortality table. The record of past experience
used by life insurance companies in the United States is
the American Experience Table of Mortality, Table
XIV, prepared in 1868 from data compiled by life in-
surance companies, health boards, and other agencies.

' 195
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Briefly described, it is a summary of the life records of
100,000 normal, healthy children 10 years of age. Be-
cause of deaths from any cause whatsoever, the number
diminishes year by year until, at the age of 95, only 3 of
the original 100,000 are still alive, and none reach the age
of 96.

The mortality table consists of 3 columns headed,
respectively, z, l., and d..

Column z lists ages from 10 to 95. Column I, lists the
number alive at age xz. Thus l;,, = 160,000 and l,, = 78,106
mean that, of the group considered, 100,000 are alive at
age 10 and that, of this group, only 78,106 reach the age
of 40. Column d, lists the number that die between ages
zand x + 1. Thus dy = 720 means that, of the group con-
sidered, 720 die after 30, but before reaching age 31. Hence
dyp = lpp — ls. The total number that die after reaching
30 and before reaching 40, dsp 4+ du +. . .+ ds, is

39
indicated by writing ﬁd" read ‘“sigma d, from z = 30 to

z = 39.” (The symbol Z is discussed in greater detail on
page 234.)

Exercise 90

1. From the meanings of the symbols and without reference to the
table, show that:

13 50 95
(a) Zd. = ho — bLy; (b) 2d; =l — ln; (¢) 2d, = l.
10 30 50

2. Verify the equalities in example 1 by the table.

3. Given lpo = 78,106 and dy = 765. What additional entry can you
calculate?

4. What additional entry can you calculate from lyp = 85,441 and
In = 84,7217

5. Indicate by means of proper symbols the number that die between
ages 25 and 35. ‘



LIFE INSURANCE 197

6. Take the values of lsw, ls, Lo, ls, lso from Table XIV, and find the
value of Iy by using Newton’s method of interpolation.

119. Standard policies. A life insurance policy states
specifically the obligations of the policyholder and of the
company. The following are some of the usual or standard
forms. It is understood that premium payments cease
upon the death of the insured.

1. Ordinary life. 'This policy requires that the insured
pay equal premiums annually as long as he lives. The
insurance company agrees to pay the face of the policy to
the beneficiary upon the death of the insured.

2. Twenty payment life. This policy requires that the
insured pay 20 equal annual premiums. The company
agrees to pay the face of the policy to the beneficiary
upon the death of the insured, whether death occurs before
or after 20 premiums have been paid.

3. Twenty year endowment. This policy requires that
the insured pay 20 equal annual premiums. The company
agrees to pay the face of the policy at the end of 20 years if
the insured is still alive. It also agrees to pay the face of
the policy if the insured dies before the expiration of 20
years.

4. Ten year term. This policy requires that the insured
pay 10 equal annual premiums. The company agrees to
pay the face of the policy if the insured dies before the
expiration of 10 years. If the insured is alive after the
expiration of 10 years, the company does not accept any
further premiums, nor does it assume any liability in case
of subsequent death. A 10 year term policy may be con-
verted into another form of policy at any time during the
first 7 years that it is in force, without a physical examina-
tion.



198 LIFE INSURANCE

Policies are issued similar to 2, 3, or 4 but specifying a
different number of payments. Premium payments on any
policy may be made in semiannual or quarterly install-
ments which include a small charge for interest.

120. Commutation columns. To calculate the annual
premium on a life insurance policy taken at age z it is
assumed :

1. Every one of the I, individuals of the group takes a
policy having the same provisions as the policy considered.

2. Premium payments are made at the beginning of each
policy year.

3. Death claims are paid by the company at the end of
the policy year during which death occurs.

The calculation of the premium is an application of the
principle of equivalent obligations—that is, the value at
any date of the obligations of the policyholder is exactly
equal to the value at that date of the obligations of the
company. Calculations are simplified if the date of com-
parison selected is the date of birth of the insured.

Thus $1 paid by each of I3 policyholders has a value at
the date of birth, L%, and $1 paid by the company for
each of dy deaths has a value at the date of birth, dsv®,
since death claims are paid at the end of the year. The
column headed »* is merely v} where n = z and 7 = 319,
not written but understood. The column headed lv*
designated by D, is obtained by multiplying I, by v*.
Thus Dg = L = 85,441 X .35628 = 30,441 to the
nearest unit.

Column N, is the sum of the entries in the column D, to

95
the end of the table. Thus N3 = f,D’ =Dy + Dy + ...
+ D¢ = 596,804. Any other summation, say from z = 30
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42
toz = 42, isindicated by anD" Its valueis N3y — N since

Do+ Du+ ...+ Da=(Dut ... ~4+Da)+Dus+ ...+ Dy)
—(Da + . . . + Dy).

Column C, = d.»**! is obtained by multiplying d, by
v**1, Thus C3 = dat® = 720 X .34423 = 248 to the near-
est unit.

Column M, is the sum of the entries in the column
C. to the end of the table.

Mu = Cu+ Cu+ . . .+ Cy = 10,259

49
20, =Co+...+Co=(Co+...4+Cu) = (Coo+...4Cuw)
30

=M30""M50-

The columns D,, N,, C,, M, are called commutation
columns. In our table they are calculated for an interest
rate of 339, per annum. Similar tables are obtainable for
other interest rates.

121. Net annual premium. The annual premium cal-
culated so as to enable the company to pay out exactly as
much as it receives is called the net annual premium and is
the basis for determining the gross annual premium that
the company actually charges the insured. Some amount,
called the loading, is added to the net annual premium to
provide for expenses such as officers’ salaries, office ex-
penses, agents’ commissions, fees to medical examiners, and
so forth. The loading depends upon the kind of policy
selected and upon other factors.

The following illustrations show how the principle of
equivalent obligations is used to calculate the net annual
premium of an insurance policy that contains few or many
provisions.



200 LIFE INSURANCE

Illustrations

1. Frank Ball, whose age to the nearest birthday is 25, wishes to
know the net annual premium, p, for an ordinary life policy of $1000.

According to the assumptions made, each of the Iy persons in the
group, of which Ball is one, takes such a policy.

The company will collect plys at the date the policies are issued and
plas, pln, and so on at the beginning of each of the following years. Tha
value of these collections at the date of birth is

95 95
pll® + . . . + b™] = pZlo= = pZD, = pNu.
The company will pay, on account of deaths, 1000d:s at the end of the
first year, 1000ds at the end of the second year, and so forth. The
value of these payments at the date of birth is
95 95
1000[dest™ + . . . + dost™] = 10()02},‘5d,,z.v"H = 10002360. = 1000My.

The equation therefore is

pNu = IOOOMg,
and
= 1000Mz _ 11,631 _
P IOOOE— = 1000 X 770,114 15.10.

The net annual premium is $15.10.

2. Arthur Bird, 30, wishes to know the net annual premium, p, nec-
essary for a policy that contains the provisions:

(a) He is to make 20 equal annual premium payments, p, begin-
ning when the policy is issued.

(b) His beneficiaries are to receive $1000 when he dies, provided
the policy is still in force.

(c) He is to receive 10 annual payments of $500, beginning at age
60, provided he lives.

(d) He will surrender the policy at age 75 if he is alive then and
will receive $2000.

In the calculation of the net annual premium it is again assumed that
each of the Iy persons in the group takes a policy having the same pro-
visions, each of which must be considered. The diagram, Fig. 30, show-
ing important dates and the numbers alive at those dates, is helpful in
forming the equation.
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O—F O = date of birth.

A = date when the policy is issued.
B = date when Bird makes his last premium
AT Uy payment.
C = date when Bird receives the first $500.
D = date when Bird receives the last $500.

B-1-ly E = date when Bird surrenders the policy and
receives $2000.
CTleo The value at date O of the several provisions are:

49 49
Provision (a) p?ol,v' = p%?oD, = p(Ng — Nuw).

Dt1lg
74 74
Provision (b) 1000Zd.v=t! = 1000ZC, = 1000(Mx— Mw).
E _—l" 30 30
69
Fig. 30. Provision (¢) 5002Lv* = 500 (Ne — Nu).

Provision (d) 200005 = 2000 Dy;.
The equation therefore is
p(No — Ngo) = 1000(Mz — M) + 500(Neo — No) + 2000Dy,

and
p = 1000 X Mn=Mr) + }(Nu—Nn) + 2Dx
NSO—Nw
_ 8668 + 27,569 + 3976 _
= 1000 X 415,041 = 96.87.

The net annual premium is $96.87.
.. 27,569
Note: Provision (c) accounts for 0.213 or 68.557%, of the net pre-
mium, and without provision (c) the net premium would be $30.46.

122. Comparison of premiums. Table XV shows the
net annual premium on a $1000 policy taken at ages 21 to
41 for each of the 4 standard policies. It also shows the
actual or gross annual premiums. Hence it is easy to de-
termine the loading in each case.
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The tabulation shows that a man of 35 who can afford
to pay approximately $250 a year for insurance may carry:

(a) $5000 twenty year endowment,
(b) 7000 twenty payment life,

(¢) 9000 ordinary life, or

(d) 18,000 ten year term.

Exercise 91
1. Table XV gives the answers to 84 problems that require the
net annual premium. Verify at least one entry for each standard
policy.
2. Show that the formulas for the net annual premium at age z for
the standard policies mentioned are:

(a) ordinary life, p = 1000 ]]tfl
M.
(b) 20 payment life, p = 1000 T
(c) 20 year endowment, p = 1000 M; — Main + Duim.
N N =420
(d) 10 year term, p = 1000M;-M_:+10
N - =+10

8. Charles Blake desires a life insurance policy that will provide for
a payment of $5000 to his beneficiaries when he dies and a life annuity
of $1000 to himself beginning at age 60.
Find the net annual premium:
(a) if the policy is taken at age 25 and Blake is to make 30 equal
annual payments;
(b) if the policy is taken at age 35 and Blake is to make 20 equal
annual payments;
(c) if the policy is taken at age 20 and Blake makes a single pay-
ment when the policy is issued;
(d) if Blake makes a single payment at age 40.

4. Abel Field, aged 35, desires a life insurance policy that will pro-
vide for a payment of $10,000 to his beneficiaries when he dies. Show
that each of 2 equal net premium payments to be made at ages 35 and
40 to the nearest dollar is $2054.
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5. If, in example 4, Field is to make 3 equal net premium payments
at ages 35, 40, 45, find how much each payment should be.

6. If,in example 4, Field is to make 15 annual net premiumpayments,
beginning immediately, of which the first 5 shall be $300 each, find how
large each of the remaining 10 net annual premium payments should be.

7. Henry Carter makes a single premium payment, p, at age 45, for
which he is to receive $500 annually for life beginning at age 46.

i

V%

8 = 500 Ny
lisv® Dy

Show that p = 500 = $7543.
Note: The symbols N and D were used originally to indicate numerator

95
and denominator—that is, D, = L= and N, = Zl.v=.

123. Policy reserve. The net premium for each of I,
life insurance policies of $1000 at age x for 1 year is

1000d.v7+ C..
Lo 1000 7=

But if the policies were renewed year by year, the premium
for any year would be higher than for the preceding year,
since C, increases and D, decreases.

The level annual premium for long term insurance is a
sort of average. It is more than sufficient to meet the
obligations of the company in the early years of the life of
the policy. The excess collections constitute a reserve fund
from which deficiencies are met in the later years. A policy-
holder who surrenders his policy at any time is entitled to
a share of the reserve. The cash surrender value of a
policy depends upon the reserve.

To calculate the reserve R on any policy at any date,
the reserve on the policies of the entire group is considered
and values are compared, as in the calculation of net
premium, at the date of birth.
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One method of calculating the reserve at any date is to
consider the transactions that were made to that date.
Another method is to consider the transactions that would
be required after that date., The two methods lead to
different formulas for the reserve, which are, however,
algebraically identical. Since one of the formulas may
require less arithmetic labor than the other, the student is
advised to become familiar with both methods shown in
the following

Illustration

Andrew Bent holds a life insurance policy taken at age 30 that pro-
vides:
(a) He is to make 20 equal annual premium payments beginning
at the date the policy is issued.
(b) He is to receive $500 a year for life beginning at age 60.

(c) His beneficiaries are to receive $1000 when he dies.
The net annual premium is

1000M» + 500Ns _
P o 122.40.

The gross annual premium exceeds $122.40, but the excess is absorbed
by expenses so that the reserve depends upon the net and not upon the
gross premium. It is required to calculate the reserve R for each of
the I policies outstanding at age 45.

Method I

The value of the premiums collected must balance the sum of the
values of the payments that have been made by the company and of
the reserve it still holds. Hence

4“4 44
pZle = 1000Zd,02+! + Rlgv*,
30 30

or Pp(Nw — Ng) = 1000(Mn — My) + RDg,
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R = P(Nw — Ng) — 1000(Mm — M) -

Da 2468.

and

Method 11
The sum of the values of the reserve on hand and of the premiums
still to be collected must balance the payments still to be made. Hence
49 95 95
Rlgv® + pZly® = 10002d.v=1* + 5002L.v°,
45 45 60

or RD4|5+p(N“ d Nso) = IOOOM“ + 500Nm,

— 1000M4; + 500Ne — p(Nus — Nw)
Dy

Note. 1. The difference between the values of R found by the two
methods is

and R = 2468.

P(Nw — Ny) — 1000My — 500Ne

D‘G
But since p= lOOODIIlIao +N500N.o,
80 — 4Vso

this difference is zero.

2. If the reserve were required at age 55, the second method would
be preferable, since in that case p would not appear in the formula.

Exercise 92

1. An insurance policy was issued to Henry Parker, at age 30, pro-
viding for 20 equal annual premium payments, for Parker to receive
$1000 a year for life beginning at age 65, and for Parker’s beneficiaries
to receive $2000 when he died. Find:

(a) the net annual premium;

(b) the reserve when Parker is 45 just before he pays the required
premium;

(c) the reserve when Parker is 63;

(d) the reserve when Parker is 70, just before he receives the annual
payment of $1000.

2. Use Table XV, if necessary, to calculate the reserves on the follow-
ing $1000 policies taken at age 25:
(a) On a 10 year term policy after it has been in force: (1) b years,
(2) 10 years.
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(b) On an ordinary life policy after it has been in force 20 years.

(c) On a 20 payment life policy after it has been in force: (1) 10
years, (2) 20 years, (3) 30 years.

(d) On a 20 year endowment policy after it has been in force
(1) 10 years, (2) 20 years.

8. Three persons, each 25 years old, took, respectively, an ordinary
life policy, a 20 payment life policy, and a 20 year endowment policy
for $1000, paying gross annual premjums of $20.14, $29.98, $49.21, the
net annual premiums being, respectively, $15.10, $22.52, $39.14.

Each of the three set aside $49.21 a year to be used partly for insur-
ance and partly for deposit in a bank that allowed interest at 34% per
annum effective.

If all three are alive at age 45, surrender their policies and draw the
cash from the bank, find the amount each will have, assuming that the
surrender value is the same as the reserve.

124. Average life expectation. The mortality table en-
ables us to calculate how many years longer a person at
any age, x, may expect to live.

Each of the I, persons alive at age z will live 1 year ex-
cept the d, persons that die during the year. If we assume
that, on the average, deaths occur at the middle of the
year, the total number of years that the entire group will
live during this year is I, — 3d,. In the following year, the
total is l,;1 — 3d.41, and so on. The total for the entire
group, L., until the last one dies is

95 95 96
2l — 32d, = 2, — §l..
Hence the average for one of the group is
95
E
-]+ L= b

95
Zl,
Thus the average life expectation at age 30 is %)— -3
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Table XIII shows the average life expectation for per-
sons from age 10 to age 95. But we must bear in
mind that this mortality table was prepared more than 70
years ago and that at present the average life expectation
is higher. One of the mortality tables prepared by the
Bureau of the Census, United States Government, shows
that, of 81,286 alive at 10 years of age, 330 are alive at
age 95 and 1 is alive at age 104.

Note: Different mortality tables are used for the calcu-
lation of net premiums for males and for females, the life
expectation of females being higher than that of males.
Adjustments are usually made because of the extra risk taken
by the insurance company upon the life of a person whose
occupation is extra hazardous or of a person whose physical
condition is below normal, by adding a number of years to
the age of the insured. Thus a man of 35 may have to pay
the premiums ordinarily required of a man of 40.
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CHAPTER XI
PROBABILITY

125. Equally likely events. Two events are equally
likely to occur when there is no reason to expect one to
occur rather than the other. A coin when tossed is as likely
to fall showing a head as a tail. A card drawn at random
from 10 cards numbered from 1 to 10 is as likely to be
numbered 7 as 3. A top having 5 equal faces numbered
from 1 to 5 and spun until it falls to rest is as likely to come
to rest on one face as on another.

Dice are cubes whose 6 faces are marked from 1 to 6 so
that the sum of the numbers on two opposite faces is 7.
If a die (singular of dice) is cast, one number is as likely to
be at the top as another.

A full deck of poker or bridge cards consists of 52 cards
divided into 4 suits—hearts and diamonds, both red, and
clubs and spades, both black. Each suit has 13 denomi-
nations, ace or 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, and three picture
or face cards, jack, queen, king. If a card is drawn at
random from a full deck, it is as likely to be a spade as a
heart or as likely to be a 10 as an ace.

Of course it is possible to have coins, dice, tops, or cards
so made that two different events are not equally likely
to occur, but in all subsequent discussions we shall assume
that the coins, dice, and other items are not biased.

126. Independent and mutually exclusive events. Two
events are independent if the occurrence of one cannot
influence the occurrence of the other. If two dice are cast,
a 5 showing on one die and a 3 on the other are independent.

Two events are mutually exclusive if the occurrence of

211
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one makes it impossible for the other to occur. If a coin
is tossed, a head and a tail showing are mutually exclusive
events.

127. Success and failure. In the case of the 5-sided
top, we may consider that we score a success if it falls on
face 3 and that we score a failure if it falls on any other face.
We may also consider that falling on an even-numbered
face y! a success and falling on an odd-numbered face is a
failure. Since every way that the top falls is either a
success or a failure, the sum of all the possible successes and
failures is 5, the total number of possible occurrences.

128. Probability and odds. The mathematical prob-
ability, p, of the future occurrence of an event is defined
by

where s is the number of equally likely ways of succeeding, f
is the number of ways of failing, and n is the total number of
ways of succeeding and failing. The probability of failure,
g,isq = f/n.

The odds in favor of the occurrence of an event are s/f
and the odds against its occurrence are f/s.

Thus in the case of the top the probability that it will
rest on an odd-numbered face is $ since in this case s = 3,
f=2 and n =5. p =4 means that in a great many
trials, say one million, in approximately § of the total
number of trials, or in approximately 600,000 trials, the
top will rest on an odd-numbered face. It does not mean
that in 10 trials 6 successes may be expected.

The odds in favor of the top coming to rest on an odd
number are § or 3 to 2, which means that, if A and B play
a game with such a top, A winning if it rests on an odd
number and losing if it rests on an even number, A should
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bet 3 cents to every 2 cents that B bets in order that the
players shall have equal chances of winning.

Exercise 93

1. In the case of the 5-sided top, state the probability that it will
rest on (a) 3; (b) an even number; (c) an odd number; (d) a prime
number; (e) a number which is the square of an integer.

2. A card is drawn at random from a full deck of bridge cards. State
the probability that the card is (a) red; (b) a spade; (c) an ace; (d) the
10 of hearts; (e) not an ace; (f) not a club; (g) not a face card.

3. A die is cast. State the probability that the number at the top is
(a) 5; (b) even; (c) odd; (d) prime; (e) divisible by 3.

4. A date is selected at random. State the probability that it is
(a) a Sunday; (b) a weekday; (c) a day whose initial letter is T.

6. One member of a baseball nine is sick. State the probability that
it is (a) the catcher; (b) not the pitcher.

8. State the odds in favor of and the odds against each of the occur-
rences in examples 1 to 5.

7. A and B play a game with a die, A to win if the number that shows
at the top is divisible by 2 and B to win if the number is divisible by 3,
and if 6 shows neither wins. Show that A should bet 2 to B’s 1.

129. Independent events. A coin can fall in either of 2
ways, head (k) or tail (f). A die can fall in any one of 6
ways. The result of tossing a coin and casting a die may
be any one of the 12 occurrences k1, A2, . . ., t1,82,....; A
generalization of this problem is as follows: If one event P
can occur in ¢ different, equally likely ways, and another
event Q can occur in b different, equally likely ways, then
if P and Q are independent, the two events P and @ can
occur simultaneously or in succession in ab different ways.
For, any one of the a ways of the occurrence of P may be
associated with any one of the b ways of the occurrence of Q.

The 5-sided top is spun, and a die is cast. The prob-
ability that the top will rest on an even-numbered face is
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p1 = §, and the probability that the die will rest on a prime-
numbered face is p, = ¢ The probability of both occur-
rences is pips = § X %, for, counting successes, the top may
fall 2 ways and the die 4 ways. The two may fall 2 X 4
successful ways. Counting totals, the top may fall 5 ways
and the die 6 ways. The two may fall 5 X 6 total ways.
Hence the probability of both being successes is

2x4_2 4
5X6 516

In general, if the separate probabilities of the occurrences
of two independent events are p, = s;/m and p; = 5/,
the probability of the occurrence of both events, either
simultaneously or in succession, is

8182
P2 = ——*
p1p Tatta

130. Mutually exclusive events. If the probabilities of
the occurrences of two mutually exclusive events are
p1 = s1/ny and p; = s3/ny, the probability that either of the
events will occur is

= =% %
y4 j 40 + j 4] ™ + ﬂ:'
Since failure and success are mutually exclusive,

pta n+n n n 1.

The probability 1 indicates certainty, and any other
probability is numerically less than 1.

Hllustration

A and B play a game with the 5-sided top, A winning if the top rests
on an odd number and B winning if it rests on an even number. The
probability that A wins in any trial is §, and that B wins, . Suppose
the trials are to continue until either has won 4 times. In the first 3
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trials, A won once and B twice. Find the probability that A wins the
series.

The game may continue to 5, 6, or 7 trials. For A to win the series
by the end of the 6th, he must win the 4th, 5th, and 6th, the probability
of which is (§)%. For A to win by the end of the 7th, he must win the
7th and lose only one of the 4th, 5th, and 6th, The probability of losing
the 4th and winning the other 3 is § X (3)? and the probabilities of
losing the 5th only or the 6th only are also 2 (3)? for each case. There-
fore the probability that A wins the series is

@P+3XEE =% X@ =HE

The probability that B wins the series is 1 — 33% = $3%, and the odds
in favor of B winning the series are 328 to 297, although the odds in
favor of B winning in a single trial are 2 to 3.

Exercise 94

1. A box contains 6 black and 4 white balls. If a ball is drawn at
random, find the probability that it is (a) black; (b) white; (c) either
black or white.

2. A box contains 6 black, 4 white, and 3 blue balls. If a ball is
drawn at random, find the probability that it is (a) black; (b) white;
(c) blue; (d) not black; (e) not white; (f) not blue; (g) either black or
white; (h) neither black nor white.

3. One of the figures of the number 65,645,654 is written indistinctly.
Find the probability that the indistinct figure is (a) 6; (b) 5; (c) 4;
(d) not 6; (e) not 5; (f) not 4; (g) 4 or 6; (h) 4, 5, or 6.

4. One hundred cards are marked 1,2,3, . . ., 100. If a card is
drawn at random, find the probability that the number on it is (a) even;
(b) odd; (c) divisible by 5; (d) divisible by 7; (e) one in which the last
figure is 7; (f) one in which the last figure is either 6 or 9.

6. A box contains 6 black and 4 red balls. A ball is drawn at ran-
dom, and a card is drawn at random from a full deck of bridge cards.
Find the probability that (a) both the ball and the card are black;
(b) both are red; (c) the ball is black and the card is a picture; (d) the
ball is red and the card is marked 2, 3, 4, or 5.

6. A and B play the game with the 5-sided top as explained in the
illustration, and in 4 trials 4 won 3 times and B once. Find the
probability that (a) A wins the series; (b) B wins the series.
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7. Find the probability that A wins the series if, after 4 trials, (a) A
won 3 times; (b) A won twice; (¢) A won once.

8. The game is played by A and B with a die, A winning if an odd
number shows and B if an even number shows. Find the probability
that A wins the series if, after 3 trials, (a) A won once; (b) A won twice;
(c) A won three times.

9. The conditions of the game of example 8 are changed so that A
wins if the number showing is prime. Find the probabilities for cases
(a), (b), (c).

10. A full deck of bridge cards is shuffled, and the bottom card is
noted after each shuffle. Show that the probability that in 4 shuffles,
cards of the 4 different suits are at the bottom is .

11. Four numbers are written at random and are multiplied together.
Find the probability that the product is (a) an odd number; (b) an even
number.

12. In the game commonly played with a pair of dice, the player wins
if his initial throw is 7 or 11 and loses if his initial throw is 2, 3, or 12.
If any other total shows, say 8, the player continues to cast the dice
until either a total of 8 shows, in which case he wins, or a total of 7
shows, in which case he loses. Show that totals may turn up as follows:

(a) 2 0or 12, 1 way each; (e) 6 or8, 5 wayseach;
(b) 3or 11, 2 ways each; (f) 7, 6 ways;
(¢) 4 or 10, 3 ways each; (g) all totals, 36 ways.

(d) 50or9, 4 ways each;
13. Find the odds in favor of the player to win on the initial throw.

14. Find the odds against the player if his initial throw is 8 and he
will win by throwing (a) an 8 before a 7; (b) an 8 or a 6 before a 7; (c) an
8 and a 6 before a 7; (d) a 6 and then an 8 before a 7.

15. Find the odds against the player if his initial throw is 4 and he
will win by throwing (a) a 4 before a 7; (b) a 4 or a 10 before a 7; (c) a 4
and a 10 before a 7; (d) a 10 and then a 4 before a 7.

16. Find the odds against the player if his initial throw is 5 and he
will win by throwing (a) a 5 before a 7; (b) a 5 or a 9 before a 7; (¢c) a 5
and a 9 before & 7; (d) a 9 and then a 5 before a 7.

17. Find the odds against the player if his initial throw is 10 and he
will win by throwing a 5, then a 6, and then an 8 before throwing a 7.
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18. When two dice are cast, explain why the number of ways that the
total 9 appears is the same as for the total 5.

19. When 3 dice are cast, (a) find how many different ways the dice
can fall; (b) find the largest and the smallest total; (c) show that the
number of ways that the total 10 appears is the same as for the total 11.

20. Dominoces are oblong pieces divided into two squares. Each
square is either blank or has a number of spots on it like those on dice.
Find how many pieces there are if the marks run from double blank to
(a) double 6; (b) double 9.

21. Find the probability that the sum of the spots on the two squares
is 6 if a domino is picked at random from a set marked from double
blank to (a) double 6; (b) double 9.

22. A and B each pick a domino at random, one from a set marked
from double blank to double 6 and the other from a set marked from
double blank to double 9. Find the probabxllty that the dominoes
picked have 6 and 9 spots respectively.

131. Statistical probability. It is not always possible to
calculate the number of successes and failures. From a
record of past happenings, however, the probability of the
occurrence of a similar event is calculated on the assump-
tion that the same natural laws operate. Thus if, in a
given locality, precipitation (rain or snow) occurred in 150
days in each of several years, it is assumed that the proba-
bility of precipitation for any day is $33.

The mortality table is one of the most reliable of such
records of past events, and by means of it probability cal-
culations are made as in the following

Tllustration

John is 25, and Bill is 20. The probability that John will be alive 10
years henceis @ = l35/liy and the probability that he will be dead 10 years
henceis 1 — a = 1 — [g/lx. Similarly, the probability that Bill will be
alive then is b = lp/ly and that Bill will be dead,"1 — b = 1 — lp/lx.

At the end of 10 years, both may be alive, both may be dead, John
may be alive and Bill dead, or John may be dead and Bill alive. The
probabilities of these results are
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m = ab, py = (1—a) (1-b), s = a (1-b), ps = b (1—a).
The sum of the four probabilities must be 1 sinee it is a certainty that one
of the 4 results must occur, and
m+p+p+p=ab+1-a—b+ab+a—ab+b—ab=1.

Exercise 96

1. Past records show that, during the months of June, July, and
August, there were 23 rainy days. Henry will have a vacation of one
week in July. Find the probability that during his vacation (a) there
will be no rain; (b) it will rain every day; (¢) it will rain on one day
only.

2. Fred and Joe are now 12 and 18 years old, respectively. Indicate
the probability that 9 years hence (a) both will be alive; (b) both will
be dead; (c¢) only one will be alive.

8. Three men, A, B, C, are each 50 years old. Indicate the prob-
ability that 20 years hence (a) all three will be alive; (b) all three will be
dead; (c) only one will be alive; (d) only one will be dead; (e) at least
one will be alive; (f) at least one will be dead.

4. The records of many hospital cases show that the results of a
disease X are that 209, of the cases die within a year after treatment is
begun. Five cases are admitted for treatment. Find the probability
that (a) none will die within a year; (b) only one will die within a year;
(c) all will die within a year; (d) only one will survive at the end of a
year; (e) at least one will survive at the end of a year.

132. Permutations and combinations. Itisoften possible
to avoid counting the number of ways that one or more
events can happen, succeed, or fail, by making a simple
calculation. How many different ways a set of 4 can be
made from a total of 6 things depends upon (a) whether
or not the order in which the 4 are placed makes a difference,
and (b) whether or not 2 or more of the 6 are identical or
indistinguishable.

If the 6 things are all different and the set of 4 is different
when arranged in a different order, each set of 4 is called a
permutation, and the number of permutations is indicated

by 3P4.
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If the 6 things are all different and the set of 4 is not
different when arranged in a different order, each set is a
combination, and the number of combinations [is indicated
by 304.

Thus if the 6 things are the letters a, b, ¢, d, ¢, f, and a
set of 4 is to make a word (not necessarily pronounceable),
two sets such as ba de and a b e d are different, although
both sets consist of the same letters, and the number of
different words of 4 letters each is P;. But if the letters
represent algebraic numbers, so that b a d e means b X a X
d X e, the product b a d ¢ is not different from the product
a b e d, and the number of different products is ¢C,.

Exercise 96
Indicate by the proper symbols the answers to the following:

1. The number of different lines that are determined by 6 points if no
3 points are collinear (on a line).

2. The number of different triangles that are determined by (a) 6
points, if no 3 are collinear, and no 2 lines determined by the points are
parallel; (b) 6 lines, if no 3 are concurrent (pass through the same point),
and no 2 are parallel.

3. The number of different committees of 5 that can be selected from
8 persons.

4. The number of different committees of 3 that can be selected from
8 persons.

6. Show that the answers to examples 3 and 4 are the same and, in
general, that .C, = .C._..

6. A class consists of 10 boys and 6 girls. How many ways can a
committee of 4 boys and 2 girls be made?

7. In example 6, John is one of the boys and May is one of the girls.
Indicate the number of ways of making the committee if (a) John is on
the committee; (b) May is on the committee; (c) John is on the com-
mittee and May is not; (d) May is on the committee and John is not;
(e) John and May are both on the committee; (f) Neither John nor May
is on the committee.
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8. Indicate how many different numbers of 3 figures each can be
made by using the figures 1, 2, 3, 4, 5, 6, if (a) no figure is to be used
more than once in any number; (b) a figure may be used once, twice, or
three times in any number; (¢) the numbers are to be odd under condi-
tion (a); (d) the numbers are to be even under condition (a); (e) the
numbers are to be odd under condition (b); (f) the numbers are to be
even under condition (b); (g) the middle figure is to be 5 under cond>
tion (a); (h) the middle figure is to be 5 under condition (b).

133. Formula for ,P,. To find the number of permuta-
tions that can be made from n different things if each set
is to consist of r things, consider r successive places to be filled,
Fig. 31. Since any one of the n things
can go into the first place, this place
n | n1|n-2]|n-8| can be filled n ways. For the second
place there are only n — 1 things from
which to choose, and this place can be
filled n — 1 ways. The acts of filling the 2 places being
independent, the number of ways of filling the 2 places
isn(n—1)or Py =n((n—1).

Similarly, the first 3 places can be filled n (n — 1) (n — 2)
ways, or ,P; = n(n — 1) (n — 2). Hence

WP =n,

wP2 = n(n—1),

oP3s = n(n—1) (n—2),

wPi = n(n—1) (n—2) (n—3),

......

oPu = n(n—1) (n—2) ... (n-9),
WPr=nn-1) n=2) ... (n—r+1).

1 2 38 4

Fig. 81.

Ifr =n,
"wPr = oPp= n(n—1) (n—2) ...3-2-1.

- The product for ,P, is indicated by writing n!, read “n
factorial.”
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A product such as 8 - 7 - 6 may be written

8:7:6-5-4-3-2-1 _8!
5-4-3-2-1 51

Hence we may write
_8__8
Pr=8-7-6=5 =G
and, in general,
nl
P = @t
If r =n,
n!
nPn» = a'

But since ,P, = n!, the form 0!, if it is to have a meaning,
must equal 1.

To calculate with factorial numbers that are moderately
large, it is convenient to use a table for log (n!), Table XVII,
which is made from the table of common logarithms by
successive additions. Thus

log (3!) =log (3-2-1) =log3 +log2 +log1,
and
log (41) = log (4 - 3!) = log 4 + log (3!),

and so on.

Exercise 97
1. Find the value of: (a) sPs; (b) ¢Ps; (¢) «Ps; (d) 10Ps; (e) sPs; (f) ¢Ps.
2. Calculate the value of:

51 91
(a) 37' (d) ﬁ

6! 8!
(b) 31 (e) 71

10! 10!
(c) 3l ® 81l
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8. Show that:
(8) 2:4-6-8-10-12-14=712"; (b) 1:3:5:7-9-11-13 =

13!
Bl @y Bl
S Express in terms of factorial numbers:
(a) 52-51 . . . 46-45; (b) 20-19 . . . 12-11.

6. Find an approximate value of ;2P39 by using the table of the log-
arithms of factorial numbers, Table XVII.

6. Show from the table log (n/) that:
(8) log 11 = 1.041393 (b) log 84 = 1.924279.

134. Formula for ,C.. The number of combinations of
4 that can be made from 10 different things is Cs. In
combinations, the order of the elements in the set is
disregarded. If the order were considered, each set
of 4 could be made into 4! new sets and there would
be a total of 4! ;,Cs new sets. But the result would now be
the same as if we had selected our sets of 4 by making
permutations of which there would be ,,P,. Hence

4! 15Cy = 1Py,
and
_ wPi 10!
w0 = 541 = Glar
and, in general,
_ P n!
oCr = T =0T

Every time a set of 4 is picked from among 10, there is left
a set of 6. Hence there are as many combinations of 4
that can be made from 10 as there are combinations of 6,
or 1Cs = 1C, and, in general, ,C, = ,C .

Illustrations

1. How many words can be made from the 7 consonantsbcdfgh k
and the 5 vowels a e ? o u if each word is to contain 4 different consonants
and 2 different vowels?
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A set of 4 consonants, without regard to order, can be selected in

7 6-5
1Ci = 1Cs = 2.3 = 35 ways.

A set of 2 vowels can be selected in ;C» = ?—g = 10 ways.

Since the selection of consonants and the selection of vowels are in-
dependent, a set of 4 consonants and 2 vowels can be selected in 35 X 10
= 350 ways.

The 6 letters of each set can be arranged in (Ps = 6! = 720 ways.
Therefore the number of words is ;Cy X sCa X ¢Ps = 35 X 10 X 720
= 252,000,

2. Find the probability that a word selected at random from among
the 252,000 words of illustration 1 contains the letters d and a.

The letter d in the word requires that 3 other consonants from among
6 consonants remaining must have been used. This is possible ¢Cj
ways. The letter a in the word requires that 1 other vowel from among
the 4 vowels remaining must have been used. This is possible ,C; ways.

The number of possible words that contain the letters d and a is
Cs - «C) - oPs, and the probability is

p=608'401 GPG
704'502 GPG 35

8. The probability that neither d nor a is in the word selected is
¢Ci - C; - 6Py =9,
7C4 - 6C2 - 6Ps 35

4. The probability that d is and a is not in the word selected is

¢Cs - 4Cs - 6Ps _ 12
1Ce C2-oPs 35

6. The probability that d is not and a is in the word selected is

6Ci-4Ci-oPs _ 6
704 sCs-oPs 35

Check: g + 3% + 32 + 35 =
Exercise 98

Complete the calculations of the solutions to the examples of Exercise
96, page 219.
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135. Identical elements. If the n things from which
permutations or combinations are to be made are not all
different, the problem is more difficult. For such cases we
shall consider only the formula for ,P,.

How many 6-figure numbers can be made by using all
the figures of the number 5 5 3 5 3 57

There are now 6 elements, of which 4 are identical, 5’s,
and 2 others are also identical, 3’s. If the 5’s were dis-
tinguishable, say 5,, 5., 53, 54, and the 3’s were also distin-
guishable, 6! numbers could be made. But four different
5’s can be arranged in 4! different orders and two different
3’s in 2! different orders. If x different numbers can be
made by using all the figures of the number 5 5 3 5 3 5,
then if the 5’s and the 3’s were distinguishable there would
be z 4! 2! different numbers. But since the total would
then also be 6!,

z 412! = 6!,

and

-6 _
x—4!2!—15.

In general, if of n elements & are identical, ! others and m
others also identical, ,P, is not n! but
n!
Elllml
If the question were, “How many 4-figure numbers can
be made by using figures of the number 5 5 3 5 3 5?”
it would be necessary to enumerate the different ways that
4 figures may be selected or the different ways that 2 figures
may be omitted. We may omit

(a) two 5’s and form .~ = 6 numbers,

4!
2121

(b) two 3’s and form i—’! = 1 number,
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(c) a5 and a 3 and form ;{: = 4 numbers.

Hence 6 + 1 + 4, or eleven 4-figure numbers, can be
made. The student may write the fifteen 6-figure num-
bers and also the eleven 4-figure numbers.

Such problems also arise when we wish to know how
many ways a total of 10 can be made when casting 4 dice.
Disregarding the order of the dice and arranging the num-
bers in decreasing order, we may have:

me 2 11 )4 3 2 1
25 311 6)4 2 2 2
@5 2 21 73 3 31
44 411 ®3 3 2 2

Now taking the order into account, (1), (2), and (3) may
each occur %-; or 12 ways; (4) and (8) in 6 ways each; (5) in
24 ways; (6) and (7) in 4 ways each. The total number of
ways of making a total of 10is 3 X 12 +2 X 6 4+ 24 4 2
X 4 = 80.

The number of ways of making a total of 18 is also 80.
Since 4 dice can fall 64, or 1296, ways, the probability that
the sum is 10 is y§$=.

Exercise 99

1. A box contains 6 black and 5 white balls, and 4 balls are
drawn at random. Find the probability that (a) all 4 are black; (b) all
4 are white; (c) 3 are black and 1 is white; (d) 3 are white and 1 is black;
(e) 2 are white and 2 are black.

2. Find how many different words can be made from the letters of
the word p a r ¢ 1 1 e lif they are to be (a) 8-letter words; (b) 6-let-
ter words.

8. Find how many numbers can be made by using only the figures of
the number 334345 if the numbers made are to be (a) 6-figure numbers;
(b) 5-figure numbers; (c) numbers between 500 and 5000.
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4. Given the pointsA (2, 3), B (7,5), C (11, 8) plotted on square ruled
paper. You are to move from one point to another in steps of unit spaces
by going toward the right and upward, but never obliquely. Find how
many ways you can go (a) from 4 to B; (b) from B to C; (c) from 4 to

5. In example 4, show that the various ways of going from A to B are
not equally likely.

6. Seven points lie on the circumference of a circle.

(a) Show that 21 different lines are determined by the 7 points.

(b) If no 2 of the 21 lines are parallel and no 3 are concurrent ex-
cept those that pass through the 7 given points, show that the number
of new points determined by the intersections of the 21 lines is 105.

(c) Show that the number of triangles determined by the 21 lines
is 1190.

7. Five parallel horizontal lines are crossed by 8 parallel vertical
lines. Show that the number of rectangles formed is 280.

8. Five dice are cast. Show that the frequencies with which the
sums from 5 to 30 can appear are:

Sum Frequency Sum Frequency
5 or 30 1 12 or 23 305
6 or 29 5 13 or 22 420
7 or 28 15 14 or 21 540
8 or 27 35 15 or 20 651
9 or 26 70 16 or 19 735
10 or 25 126 17 or 18 780

11 or 24 205

Note: The total of the frequencies for all the sums from 5 to 30 is
7776 = 65

9. In a bridge game the 52 cards are dealt to 4 players, 13 cards to
each player. Find the probability that one of the players holds (a) 13
cards of one suit; (b) 7 cards of one suit and 6 of another suit; (c) 4 aces,
and 9 other cards; (d) 4 aces, 4 kings, and 5 other cards; (e) no aces and
no picture cards.

10. When 5 dice are cast, the same number may appear on 2, 3, 4,
or 5 dice. Show that the following mutually exclusive sets appear with
the frequencies indicated:

(a) 5 numbers are the same, as 44444, 6 ways;



PROBABILITY 227

(b) 4 numbers are the same and the fifth is a different number, as
33336, 150 ways;

(¢) 3 numbers are the same and the remaining 2 numbers are also
the same, as 55544, 300 ways;

(d) 3 numbers are the same and the remaining 2 numbers are dif-
ferent, as 11145, 1200 ways;

(e) 2 numbers are the same, 2 other numbers are also the same,
and the remaining number is different from either pair, as 11556,
1800 ways;

(f) 2 numbers are the same and the remaining 3 numbers are dif-
ferent, as 33156, 3600 ways;

(g) No 2 numbers are the same, as 13456, 720 ways.

Check the correctness of the results of (a) to (g) by noting that §
dice can fall in 6% = 7776 different possible ways.

11. Fifteen men are candidates for a baseball nine. Only 4, B, C
can pitch, and they will not play any other position. Only D, E, F,
@ can catch, and they will not play any other position. The remaining
men numbered 1,2, 3, . . . , 8 are competent to play any of the other
7 positions.

(a) Show that the 9 men can be selected in 96 ways.

(b) Show that the probability of A and D being among those
selected is 1.

(¢) Show that the probability of C and 5 being among those selected
is 5.
(d) Show that the probability of B, F, and 8 being among those
not selected is 1.

136. Probability and the binomial expansion. In a
group of ten events (10 dates, 10 dice cast at one time or 1
die cast 10 times, 10 coins tossed, and so forth), 3 successes
and 7 failures can occur in

51197-11 = 1003 = 10C7
ways. If the constant probability of success is p and that
of failure ¢, the probability of the occurrence of one of the
ways is p® ¢%, and the probability of 3 successes and 7
failures is 10C;s p® ¢'. This is one term in the expansion
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9 10-9-8

1 2 3q’p'+'

(q+p)“=q‘°+ q'p+1° e+

= g1 4 13C1 ¢° P + 1002 ¢® P* + 1:Cs ¢7 P* + .

The terms in the expansion of (¢ + p)!°, therefore, show
respectively the probabilitiesof 0,1,2,3, . . ., 10 successes
and 10,9, 8,7, ..., O failures.

In 1000 groups of 10 events, the probable frequencies of
0,1,2 ..., 10 successes to be expected are the terms
in the expansion of 1000 (¢ + p)™.

Ilustrations

1. Six dice are cast. The probability P that exactly 2 aces show is
that term in the expansion of (¢ + p)® where p = }, ¢ = §, in which the
exponent of p is 2. That is,

6.-5/6\4(/1\2 1 .
= 2 = — - —_ == e
P =gy 12 ( 6) ( 6) 5 approximately.
In 200 casts of 6 dice we may expect sets of 2 aces and 4 numbers other
than aces to appear approximately 200 X %, or 40, times.

2. The records of a large number of hospital cases show that 209, of
those treated for disease K died within a short time. In a group of 10
such cases, the probabilities of 0, 1, 2, . . . , 10 deaths to be expected
are the terms in the expansion of ($ + 3)°. They are: 0 deaths, (§)1¢ =
.1074; 1 death, 1oC: (3)* (}) = .2685; 2 deaths, 1,C: (3)® (3)? = .3021;
3 deaths, 1oCs (£)” (3)* = .2014; and so forth. The probability that not
more than 2 deaths will occur is .1074 + .2685 4+ .3021 = .6780; the
probability that more than 2 deaths will occur is 1 — .6780 = .3220.

8. According to the mortality table, lso = 78,106 and dy = 765.
The probability, ¢, that a man of 40 will die before reaching the age of
41 is ¢ = 74334 = .0098, and the probability, p, that he will live to be
4lisp = 1 — .0098 = .9902.

In a group of 100 men 40 years old, the probability that 2 will die
before reaching age 41 is

100 99

100Cs (.0098)2 (.9902)% = (.0098)? (.9902)%.
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Exercise 100

1. Ten coins are tossed. Find the probability that the number of
heads showing is (a) 10; (b) 6; (c) 5; (d) 2; (e) at least 4; (f) at the most 4.

2. Five dice are cast. Find the probability that the number of 6’s
showing is (a) 2; (b) 3; (¢) 5; (d) at least 2; (e) at the most 3.

3. Eight dates are written at random. Find the probability that
(a) 2 are Sundays and 6 are not Sundays; (b) at least 2 are Sundays;
(c) none is Sunday.

4. A box contains 6 black and 4 white balls. A ball is drawn at
random, its color noted, and is returned to the box. In 10 such draw-
ings, find the probability that there were drawn (a) 5 white and 5 black
balls; (b) 4 black and 6 white balls; (c) 6 black and 4 white balls.

6. A card is drawn from a full deck of bridge cards, its suit and de-
nomination are noted, and the card is returned to the deck. In 5 cards
8o drawn, find the probability that there were (a) only 1 spade; (b) 1
spade and 1 heart; (c) 5 spades; (d) 1 each of 3 suits and 2 of the 4th
suit; (e) 5 black cards; (f) 1 ace; (g) 2 kings.

6. In a particular course of study, 909 of the students attain accept-
able grades. Find the probability that in a class of 30 (a) exactly 3
students fail; (b) not more than 3 students fail; (c) none fails.

7. In the expansion of (p + ¢)*, set p = ¢ = 4 and show that
WCr4 aCad ... +Ca=20 =1,

8. State in words the meaning of the final equation in example 7,

9. Derive the equation of example 7 without using the binomial
expansion.

10. There are 6 coins, 1¢, 5¢, 10¢, 25¢, 50¢, 100¢. Show that the
number of different sums that can be made by taking 1,2,3, . . ., 6
coins at a time is 28 — 1 = 63.

Hint: Each coin may be treated in either of 2 equally likely ways, it
may be either taken or not taken.

Z=ER ) -
1. Show that (p + @) = 2 i 51 P



CHAPTER XII
NORMAL PROBABILITY CURVE

137. Tabulation. Statistical data consist of thousands
of observations condensed to a relatively small number of
items for easier study. The culmination of the study is, if
possible, a mathematical equation which shows approxi-
mately how the items are related.

For example, a set of 1000 men whose heights vary from
about 5 ft. to about 6 ft. are grouped into classes at inter-
vals of 1 inch, say 60, 61, 62, and so on, inches high. Those
included in the 62-inch class vary from 614 to 623 inches in
height, and the middle of the class interval is called the
class mark. The lower and the upper limits of each class
interval are called the class limits. If there are several at
a class limit, say at 654 inches, half of them are put into the
65-inch class and half into the 66-inch class, an odd one
going into the 66-inch class. The result is a frequency
table such as
z (height) | 60 61 62 63 64 65 66 67 68 69 70 71
f (frequency) | 3 5 10 50 107 170 180 190 165 85 30 5
It is now assumed that the 50 listed as 63 inches are all
63 inches high although they really vary by fractions of an
inch from 62} to 633. The gradation could be made at
class intervals of } or § of an inch or a smaller fraction of an
inch, so that we could have a practically continuous gra-
dation. The same set could also be grouped into classes
with respect to weight, and the tabulation would be different
but could still be made continuous.

In other cases continuous gradation is not possible.

Thus the number of children in a family, or the number of
230
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aces showing when 10 dice are cast, must be integers. Some
tabulations are essentially continuous and others are dis-
crete, but all grouped data are called frequency distributions.

138. Frequency graphs. The graphic representation of
a frequency table consists of a set of points whose abscissas
are z and whose ordinates are f. The points are joined in
succession by straight lines, and the resulting figure is a
frequency polygon. Another graphic form, called a histo-
gram, consists of a sequence of rectangles symmetrical
about the ordinates at the class marks and a class interval
in width. If the class interval is a unit, the area of each
rectangle is then represented by the same number as its
height f, and the sum of the areas of all the rectangles is
the same number as the sum of the frequencies. Finally,
a smooth curve drawn through the points plotted is called
a frequency curve.

S

200 -

100 |-

Fig. 32.

The diagram, Fig. 32, shows the frequency polygon and
also one of the rectangles of the histogram. The area
under the polygon from z = 63.5 to z = 64.5 exceeds that
of the rectangle symmetrical about the ordinate at z = 64
by triangle b and falls short of it by triangle a. Since the
areas of these triangles are approximately equal, the area
under the polygon from 63.5 to 64.5 is approximately
equal to the area of the rectangle and therefore to the fre-
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quency at z = 64. The area under the polygon is approxi-
mately equal to the sum of the frequencies. If the fre-
quency curve were drawn, the area under it would be
approximately equal to the area under the polygon and
therefore to the sum of the frequencies.

If instead of 1000 men, we classified as to height 4000
men at intervals of  of an inch, or 10,000 men at intervals
of ¢ of an inch, the shape of the frequency polygon would
be more and more like that of the frequency curve. That
is, the frequency curve smoothes out the irregularities in
the polygon due to the relatively small sample.

A continuous curve may be represented by an algebraic
equation which can be studied mathematically.

If & man is selected from the group at random, the
probability that he is in the 64-inch class is y4%% according
to the given table. The same probability is found from the
histogram, and approximately the same probability is found
from the frequency polygon or from the frequency curve.

139. Binomial distribution. The example we have been
discussing is a type of frequency distribution often found
in actual experience. Such frequency distributions are of
the same general pattern as the theoretical distributions
of frequencies given by the terms of the expansion of
N (g + p)*, called binomial distributions, which were dis-
cussed in the chapter on probability, a sample term being

n!

NnC’ P’ q“-. = Nz!('n—x)l

p’ qﬂ—..

Nlustrations

1. A set of 10 coins is tossed 100 times. The probability, p, of a head
showing on any coin is 4, and the probability, g, of a tail showing is also
4. The frequencies, f, with which z = 0, 1,2, . . . , 10 heads may be
expected to show in 100 tosses are the terms of the expansion of 100
(3 4 ). The values of f to the nearest integer are
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z| 01 2 3 4 5 6 7 8 9 10
FIT0o1 412 21 24 21 12 4 1 0

2. In a large number of hospital cases, the result of medical treatment
by a particular method was that 25, of the patients died within a year.
For 100 sets of 10 cases each, the frequencies, f, forz = 0,1,2,...,10
deaths, found from 100 (2 4 1), are

z| 0 1 2 3 4567
F1 6 19 28 24 15 6 2 O

3. In example 2, if z is the number of patients that survive, the table
found from 100 (} + })Vis

| 345 6 7 8 9 10
F1 026 15 24 28 19 6
The frequencies are proportional to the probabilities in
each case. It is evident that the calculation of the proba-
bility or of the frequency becomes more laborious when
n is large. Thus the probability of exactly 100 deaths in
400 cases treated is

wnChoo (1)1 ()20 = 104—0‘33%& % 3 (cee p. 312)

It is therefore desirable that the binomial distribution
be reduced to a mathematical form from which it is not
too difficult to make calculations.

140. Probability curve. The frequency curves of the
binomial distributions of examples 1, 2, and 3 are shown
in Fig. 33. Because these distributions are closely related
to probabilities, the curves are called probability curves.

Curve A, representing example 1, in which p = ¢ = }, is
symmetrical. The ordinates of this curve would also
represent the frequencies with which tails may be expected.

Curve B, representing example 2, in which p = }, ¢ = §,
is nonsymmetrical or skew and has a long tail toward the
right.

Curve C, representing example 3, in which p =
g = %, has a long tail toward the left.
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The binomial distribution of frequencies arising from
N (¢ + p)™ always gives curves like 4, B, or C according as

Pp=¢p<gorp>gq.

so}
B C
I A
20}
10}
) 2 : s 8 T
Fig. 88.

We shall see, however, that as n is made larger and larger,
the curves B and C tend toward the symmetrical form A
regardless of the values that p and ¢ may have.

141. Operations with =. We had occasion to use the
summation sign T (page 196), but, since it will be necessary
to use it frequently, the following simple relations are to be
carefully noted:

t=n
(1) EI;
1=1

means the sum of all z’s having the subscripts ¢+ = 1, 2,
3, . . .,n. If no ambiguity can arise, the subscript < and
the limits of 7 are not written, and

Zz=mt+omtant...+ T
(2)5z2 =521+ bzs+ ...+ 62 =5(@m+22+. . . +2.) =522
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That is, a constant factor may be taken from after = and
placed before it, or vice versa.

(3) If each of the z’s in Z5z is equal to 1, =5z takes the
form 5. But then

2oz =5+ 224+ ...+ z.) =50 +14+14...4+1) =5n.

That is, if a constant term appears after Z, the value of the
expression is n times the constant.

4) Ze+y) =@ty +@+y)+...4+ @+ ya)
=@m+nt.. . +2z)+ W4yt Fyn)
= 33+ Zy.

That is, if there are a number of algebraic terms after =,
the summation is applied to each term separately.

%) Ze+y)>P=@+ )2+ @+ y)2+. ..+ (za+ ya)?

= (2 + 221 + 9?) + (& + 2z + 4P + . . .
+ @a? + 2z0yn +ya) = @222+ . .+ 24d)
F2 @y + 2yt .. A zaya) HEE R+ yaY)
Z(z + y)? = Za? + 2Zzy + Syt
That is, if indicated operations appear after =, the opera-
tions are performed in the usual algebraic manner, and 2 is
applied to each term of the result.
6) Zzy=zgi+2tn+. ..+ zys;
2Zy =2z +y2+ . . .+ ya);
yYZz =y@m + 2+ ...+ z);
ZeZy =@+ 2Tt .. .4 2z) i Fyat ..+ ya)
That is, Zzy, 2y, yZz, ZzZy have different values and
must not be confused.

Exercise 101

In the following, z and y mean z; and y;, and the limits of summation
are from ¢ = 1 to ¢ = n. Expand and simplify each.
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1. 2@z — 2) : 6. 22z +3y—4
2. 2(3z — 2)* 7 Zz(z — 1)

3 2z +y)*— Z(z — y)? 8 Z(z+2)(x —3)
4. 2(z + y)* — 2Zzy 9. Z(z+y+ 1)

6. Z(z + y)* — Z2? — Zy? 10. =(2z 4+ 3y — 1)

142. The mean. What is the average height of the 1000
men discussed at the beginning of this chapter? The term
average has many meanings, but we shall consider only one,
the usual meaning, called the arithmetic mean. The
arithmetic mean, hereafter referred to merely as the mean,
is a hypothetical height such that, if each of the 1000 men
were of this height, the total height of all would be exactly
the same as it is for the actual heights.

The arithmetic mean is indicated by Z (ex bar). Ac-
cording to the definition,

1000z = 60 + 60 + 60 4 61 4+ 61 4+ 61 4+ 61 4+ 61 + . . .
=3 X604+5X61+4+10X62+4....

In general,
z2f = Zfz
and
5=2
=

The deviations from the mean are the differences z; — z,
Z, — T, 23 — Z, and so on, which may be 4+, —, or 0. The
algebraic sum of the deviations from the mean is

Zf(z — 3) = fe — 32f = 0.

Instead of calculating the products 3 X 60, 5 X 61, and
so forth, the value of Z is found more easily as follows:

Let z’ be a number somewhere near the mean, say 67,

the value of z corresponding to the greatest frequency, and
write Z =2’ + d, where d is + or —, and 2z’ =% — d.
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Then
2f(z — 2') = Zflz — (T — d)] = Zf(z — Z + d)
= 3f(z — 3) + 2fd = 0 + d3f.
The tabulation is now made, taking ' = 67.

z f z—x flz — 2')
60 3 -7 - 21
61 5 —6 - 30
62 10 -5 - 50
63 50 —4 -—200
64 107 -3 —321
65 170 -2 —340
66 180 -1 -180
—67 190 0 0
68 165 1 165
69 85 2 170
70 30 3 90
71 5 4 20
1000 —697

Hence Zf(x — z') = Zfd = dZf = 1000 d = —697,
d= —697,and T = 2’ 4+ d =67 + (—.697) = 66.303.
That is, the average height is 66.303 inches. Probably there
is not a single individual in the group whose height is
exactly 66.303 inches, but, if the height of each individual
were 66.303 inches, the total height of all would be 66,303
inches, which is the value of Zfz.

Exercise 102

1. Show that Zfz for the tabulation is 66,303.
2. Find Z = 66.303 by taking z’ = 66 and also 2’ = 65.

8. Find Z if the weights z in lbs. of 10 boys are
z =70, 72, 73, 75, 78, 80, 83, 86, 90, 93.

4, Find z if the weights z in lbs. of 90 boys are distributed as follows:

z| 70 71 72 73 74 75
F1 5 12 18 30 20 5




238 NORMAL PROBABILITY CURVE

6. Find Z for the table

:|:|23456789101112.
f1 123 45605 4 3 2 1

6. Draw the histogram for the data of example 4.

7. Draw the histogram for the data of example 5. -

143. The mean for a binomial distribution. The fre-
quency table of the binomial distribution N(g + p)* for

z=0,1,2, ..., nsuccesses are terms like
n! Lo
N %_—z)-!p’ (see page 229).
2f = NZ .C, p*¢*= = N(¢ + p)» = N,sinceq + p = 1.
= ._L!__ zn—2 P __&i_ —1
e = N i P e = N e P

But the value of the sigma factor is (¢ + p)*! = 1.
Therefore
2fx = Nnp
and
=2z _Nnp_
T=3 7 i np.

That is, the value of Z in the case of the binomial distri-
bution N(gq + p)* may be found by inspection. It is
merely Z = np, which is independent of N. Thus if a set
of 60 dice is cast 1000 times and z =0, 1, 2, . . ., 60 aces,
then, since the probability of an ace showing on a
dieisp =%, Z=np =60 X% =10.

Exercise 103

Find Z for the binomial distribution N(g + p)» for:

1. 100 coins tossed, z = 0, 1, . . . , 100 heads.
2, 12 dice cast, z = 0,1, . . . , 12 aces.
8. 400 patients treated, z = 0,1, . . . , 400 deaths, if the probability

of death is (a) 109,; (b) 20%; (c) 25%,.



NORMAL PROBABILITY CURVE 2390

4. 400 patients treated, z = 0, 1, . . . , 400 survivors, if the prob-
ability of death is (a) 10%; (b) 20%; (c) 25%.

5. If 3p = 2¢ and n = 100, find p, ¢, 7.
6. Find n, p, ¢if T = 20 and 3p = 2g.
144. Highest point. In the curve of the binomial dis-
tribution N(¢ + p)*, denote the ordinate at z = Z by y,,
‘atz =Z 4+ 1byy,andatz =% — 1 by y_,. Then, since
Z=npandp+¢q=1,np+ng =n,orn —np = ng.
n!
(np)l(nq)! e

n!
New T DImg =17 e

Yo = N'C“’ prrgre =

Y1 =N sCopya pr**l gre! =

n!
a+
N —Dimgr i 7

Let us compare these ordinates by finding the quotients

n Yo 4
Yo Yo Y-

Y = N"'C"”_l p-p—l qu¢+l —_

They are

Q) L (ol p_ _ng o p_ _npg
Yo (mp+Dlng—1)! ¢ np+1"" ¢ npgt+q

9 _

P

@ Y= = __(op)lng)! g _ mp npq
vo  (p=Dling+1lp ng+l npg+p
@3) ¥~ "9y mpgtp _ npgtp
Yy npgt+q  npg  npgtg
Since n, p, ¢ are positive numbers, it is evident from (1)
and (2) that yo > y: and also that yo > y_;. That is, the
maximum ordinate is y, at * = T = np regardless of the
relative values of p and ¢. We also see from (3) that if
P=1%% =y, thatif p < ¢, y1 <y, and that if p > g,
% > Y-1. Thus the maximum ordinates for the curves on
page 234 are at t =T =np =10 X3 =5 for A, at
=10 X } =2} for B, and at z = 10 X § = 73 for C.
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146. Standard deviation. We have seen that for any
frequency distribution
z=2z
zf
and for a binomial distribution Z = np. The deviations of
the separate items from the mean are x, — 7, 22 — 7, and so _
forth. The squares of these deviations are (z; — Z)?
(z2 — 7)?, and so on, and the sum of these squares for
the entire table is Zf(x — z)2.. The mean of the squares
of the deviation from Z,
Zf(x—7)*
=
is called the variance. The square root of the variance,
called the standard deviation, is represented by the small
Greek letter ¢ (sigma), so that
ot = Zf(x—7)*
zf
and
o = 4 |[2fz—2)*
zf
The standard deviation, ¢, is most important in statistical
investigations. The calculation of ¢ from the formula
presents no difficulty if the values of x — Z are integers.
But if they are not, the calculation is burdensome. It may,
however, be reduced to a relatively simple calculation by
following the method used for calculating Z, page 237.

Let z = 2’ + d where 2’ is an integer near the mean.
Then

Zf(z—a')* = Zfl(x—Z) + dI! = Z2f(z—3)* + 2dZf(z—2) + &Zf.
But since Zf(z — z) = 0, the relation is
Zf(z~z")* = Sf(z—T) 4+ d*Zf.
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‘This relation also shows that the sum of the squares of the
deviations from the mean is least. It is less than the sum
of the squares of the deviations from any number other
than the mean.

To illustrate its use we shall calculate the value of & for
the frequency distribution of the example at the beginning
of this chapter.

We take ' = 67. The last column, Zf(x — z’ + 1)3, is
added to the table in order to check the computations.
This check is known as Charlier's check.

z / z—2 | fe—2a) | flz =2 |flz—2 +10
60 3 -7 - 21 147 108
61 5 —6 - 30 180 125
62 10 -5 — 50 250 160
63 50 —4 —200 800 450
64 107 -3 -321 963 428
65 170 -2 —340 680 170
66 180 -1 —180 180 0
—67 190 0 0 0 190
68 165 1 165 165 660
69 85 2 170 340 765
70 30 3 90 270 480
71 5 4 20 80 125
1000 —18 697 4055 3661

Check: Zf(z—z'+1) = Zf(@—2')* + 2Zf(@—a') + 3.

3661 = 4055 — 1394 + 1000 = 3661.
From Zf(z—z') =dZf,d = — .697 and Z = 67 — .697 = 66.303.
From Zf(z—2')* = Zf(z—&) + diZf.

4055 = Zf(z—%)? + 1000 (—.697)".

ot = E.L(g;f?)_’ = 4.055 — 4858 = 3.5692.

¢ = V3.5692 = 1.886.

Exercise 104
1. Find the value of o in examples 3, 4, 5 of exercise 102, page 237.
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2. Given the table

z|] 4 5 6 7 8
f1 138 21
(a) CalculateZ and 0.

(b) Draw the histogram and the frequency polygon.
3. Given the table

z| 2 4
Fi 13
Find % = 64} and o = 1.99.
4. Calculate Z and o for the frequency distribution of example 8, Ex-
ercise 99, page 226.
146. The value of o for a binomial distribution. For
any distribution

5 6 8 9 10
5 8 6 4 2

Zf(z—3)* _ Zf2*—23Zfz + TZf

=57 =f
g,
>~
gince
I _z
3 =%

For the binomial distribution N(¢ + p)*, fx* is written
fx(z — 1) + fz, so that z(z — 1) may cancel two factors

of z! and leave (x — 2)1.
Ifat = NZ T_Liﬁ v 2(z—1) + Zfz

- _ (n—21) —
Nn(n—1)p? E————(z_z)!(n_x)!p"’q- + Nnp.

Since the value of the sigma factor is (¢ + p)~2 =1,
Zfz? = Nn(n—1)p? + Nnp,
4F = v =t oo,

wnd
o? = n?p? — np? + np — n¥p* = np — np?

= np(1—p) = npq.
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That is, the two important constants Z and ¢ for a binomial
distribution are £ = np, ¢ = Vnpq.

Thus_the results for curve A, page 234, are 7z =5,
o= \/2._5; for curve B, Z = 2.5, 0 = V/4§;and for curve C,
Z=T0=VH

Exercise 106

Find Z and ¢ for the following.
1. 100 coins are tossed, heads being successes.
2. 360 dice are cast, aces being successes.
3. 360 dice are cast, prime numbers being successes.
4, The distribution represented by (3 + %)'®.
6. The distribution represented by (§ + &)1,
6. The theoretical frequencies, f, with which the sums of spots occur,
z, when 2 dice are cast 36 times are
z|] 2 3 45 6 7 8 9 10 11 12
FI'1 2345654 3 2 1
and when 3 dice are cast 6%, or 216, times, the table is

r| 345 6 7 8 9 10 11 12 13 14 15 16 17 18
f1 136 1015 21 25 27 27 25 21 15 10 6 3 1

These examples are not binomial distributions. But since each die
has 21 spots on it, imagine that it is replaced by 21 dice, each having one
spot on one face, the remaining 5 faces being blank. Then for the case
of 2 dice we have (§ + 3)%, for which £ = 7 and ¢ = 2.

For 3 dice we have (§ + $)® and T = 10}, 0 = 3% Show that these
results are obtained from the frequency tables.

Note: It may be proved that the sum of spots, z, that appear whenn
ordinary dice are cast, varies from n to 6n, that T= 21n X §, and
that ¢2 = 21n X 3 X §-

147. Significance of ¢. We shall see presently that, al-
though the probability curve may extend far to the right
and to the left of z = 7, practically the entire area under
the curve is included between z = Z — 40 and z = = + 4¢
and that one half of the total area is included between
2=7%—%candz =7 + }o.
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Thus if 100 coins are tossed and heads are successes, n =
100, p =q¢ =%, # =50, ¢ =5. The ordinates of the
probability curve are very short at z = Z & 4o, that is,
at z = 70 and at z = 30, and the area between z = 30
and z = 70 is practically the entire area under the curve.
That is, it is almost a certainty that between 30 and 70
heads show when 100 coins are tossed. The area under the
curve from z = 50 — 3 X 5 and z = 50 + } X 5, or be-
tween z = 47 and 53, is half the area under the curve.
That is, the probability is }, or the chances are even, that
between 47 and 53 heads show when 100 coins are tossed.

148. Normal probability curve. The curve resulting from
the binomial distribution N(¢ + p)®, when n is taken very
large, is called the normal probability curve, and its equation
reduces to the relatively simple form

V=T e
where
t-i—:—f,c=2.718. .., w=23.14159. . ..

This equation is perhaps the most important relation in
the entire mathematical theory of statistics. It may be
derived as follows.

Let the ordinate at £ = T = np be designated by y,
and the ordinate at z =Z -+ k =np + k by y:. Then

!
= N'C. np gne = N___,_"__ np gna
v » e wp) gyt 7 1

n!

= Mol P20 = N i lrg =R 7 T
»_ __(p)lng! p*
vo  (np+k)ling—k)! ¢*

(n) (ng—1) (ng—2) ... (ng—k+2) (ng—k+1) . p*

= np+k) ptk—1) (np+k—2). . .  (p+2) (p+1)  q*
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There are k factors in the numerator and also in the
denominator. Take out of each factor of the numerator
the factor ng, and out of each factor of the denominator
the factor np. Then, since

mQrpt _
(np)* ¢*

’

the relation becomes
1-(1-—1-)(1—3) . (1-ﬂ (1—"—'—1
LI ng ng ng ng .
PR ()
np np np np np

Log. (&) consists of k£ terms such as log (1 - —:—q—) and

Yo

k terms such as log (l + nip)’ none of the fractions exceeding
k k

— or ——
ng np
We may take n as large as we please. For fixed values

of p and ¢, and for a wide range of values of k, n may be
taken sufficiently large so that f—q and 1—5—;—) will each be less

than a small fraction, say .001.
The relation
log. (142) =z — 322+ 48 — 320+ . . .,

page 184, shows that, for values of z as small as .001, the
second and higher powers of z may be disregarded, so that,
approximately,

log, (142) =2,
and

log, (1—2) = —=2.
Then
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The expressions in brackets are AP’s and

w\ _ _kGk=1) _kGk+1) _ _ B kp—g)
log. (yo) 2nq 2np 2npq + 2npg

In the binomial distribution (¢ + p)*, ¢ = npgq, and, since
k is measured from the mean, Z, its valueisz — z. If kis
measured in ¢ units so that

k_s-7_,
P
log. (&) = — 4o + 3 X2,
Itp=q=4
and

Y = e Y42,

If p and ¢ are unequal, p — ¢ is numerically less than 1.
P—-9q
20
fraction. The value of —%#? for { = 4 is —8, and the

Since, for large values of n, ¢ is also large, is a small

addition of the small fraction ‘—(7’2—:9—) to —3¢* will not

change the value of —3i* appreciably. We conclude
therefore that, when n is very large, whether p and q are
equal or unequal, and for values of ¢ as large as 4 or 5, the
relation is approximately

log, (%") = —3, or yu = ye K8,
0

The graph of this equation is shown in Fig. 34 by the curves
ABC and DEF from the following table:
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t i ey t in P
0 .00 1.0000 2.2 2.42 .0889
2 .02 .9802 2.4 2.88 0561
4 .08 .9231 2.6 3.38 .0340
6 .18 .8353 2.8 3.92 0198
8 .32 .7261 3.0 4.50 o111
1.0 .50 .6065 3.2 5.12 .0060
1.2 72 .4868 34 5.76 .0032
14 .98 3753 3.6 6.48 .0015
1.6 1.28 .2780 3.8 7.22 .0007
1.8 1.62 .1979 4.0 8.00 .0003
2.0 2.00 1353 42 8.82 .0001

The curve ABC is drawn so that y, = OB = 1, and the
eurve DEF so that yo = OE = .3989.

Y
B

E
4 D F
o 2 1 0 1 2 3 ¢

Fig. 84.

The area under the curve, found by integration, is
YooV 2wr. But since this area is represented by the same
number, N, as the total frequency,

N
YyooV2r =N, yo= ;'\/2—’_’
and the final equation is

0

o V2x
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—1_ . 3089, and the curve DEF, Fig. 34, is drawn so

V2o
that the ordinates are .3989 of the ordinates of the curve

ABC, thereby making the area under the curve DEF

equal to a unit, 1.
149. Area under a curve. In the preceding article, the
values of ¢ %" are easily calculated to any degree of

accuracy from the expansion
e 22, 2
6‘=1+-i+-2-i+é—!+...
by settingz = —4¢2.

The method of finding the area under a curve by inte-
gration is essentially a summation of rectangles symmetri-
cally drawn about ordinates that are equally spaced.
The smaller the interval between two consecutive ordi-

nates, the more nearly is the sum of the rectangles the
same as the area under the curve.

1llustration
Find the area under the curvey = 7? — 2z + 2fromz = 3to 2 = 4.

7"1

o 3 3.6 4 s
Fig. 86.

Divide the distance from z = 3 to 2 = 4 into any number of equal
parts, say 10. At each division point, such as at z = 3.6, draw the



NORMAL PROBABILITY CURVE 249

ordinate. Draw a rectangle symmetrical about the ordinate and make
its width .1, and do the same for each ordinate. The lengths of the
ordinates calculated from the given equation are

2|30 |31 |32 |33 |34 |35 |3.6 |3.7 |38 |3.9 |40
v | 5.00 | 5.41 | 5.84 | 6.20 [ 6.76 | 7.25 | 7.76 | 8.29 | 8.84 | 9.41 | 10.00’

and their sum is 80.85. The sum of the areas of the rectangles is
80.85 X .1 = 8.085. But half of the rectangle at z = 3 and half of
the rectangle at z = 4 are not under the curve. The sum of these
two rectangles is 4(5+410) (.1) = .75. Hence the area under the curve
is approximately 8.085 — .75 = 7.335. The exact area, found by in-
tegration, is 74.

In general, to find the area from z = a to z = b, under
a curve whose equation is given, divide the distance b — a

into n equal parts, each of which is h = b ; 8. The

ordinates at the division points are indicated by o, #,
Y2, - - - Un, Where y, is the ordinate at z = @ and y, is
the ordinate at £ = b. The area under the curve is then
given approximately by

Area = A2y — ¥(yo + ya)l.

The smaller h is made, the more nearly will the area cal-
culated by this formula agree with the area found by
integration.

Exercise 106

Find the areas under the following curves between the limits indicated
by using the appropriate tables.

1. y=2"fromz = 1toz =9, taking intervals of 1.

2. y = ' from z = 1 to z = 8, taking intervals of 1.

8. y = logw 2 from z = 3 to z = 4, taking intervals of .1.

4. y = e* from z = 0 to z = 2, taking intervals of .1.

8. y = e from 2 = 0 to z = 2, taking intervals of .1.

8. y = ¢ %" from the table on page 247, from ¢ = —3 to ¢ = 3.
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1
7. Show that /27 = 2.5066 and \/——‘2# = .3989.

160. Table of ordinates and areas. Table XVI gives
the values of the ordinates and of the areas under
the curve

y = \/]12-; e~ Ht* = 3989 ¥t
for values of ¢ from 0 to 4 at intervals of .05 calculated by
the method shown in the preceding article.

The equation is obtained from that of the normal
probability curve (p. 247)

y = i_v . :/_1;‘_ eYlz—2)1/a2
as follows: Since the ordinates are proportional to N, the
value of N is taken as 1, and therefore the total area is 1,
the area of the part to the right of z = Z being .5000.
Then Z ; % is replaced by ¢ so that ¢ measures the devia-
tions of  from the mean 7 in units ¢ instead of the ordinary
units 1 pound, 1 inch, and so forth.

According to the table, the area from ¢ =0 to ¢ = 3,
that is, from ¢ = Z to ¢ = Z 4 30, is .4987, or 99.749, of
the area under half of the curve. That is, the probability
that z lies between z + 30 is practically a certainty.

The value of ¢ for which the area is .2500 is, by inter-
polation, ¢ = .6745, or ¢ is approximately 2. That is, it
ig an even chance that any z taken at random will be
between Z + %o.

Thus if 100 coins are tossed and heads are successes indi-
catedbyz,n =100,p = ¢ =%,Z =50,0 = 5. T +30 =
50 &+ 15;% 4 %0 = 50 + 3.

It is almost a certainty that between 35 and 65 heads
show; and it is an even chance that between 47 and 53
heads show.
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161. Use of the normal curve. Probability calculations
in cases of binomial distributions of frequencies are made
by using the ideal normal curve as in the following

Tllustrations

In a large number of hospital cases treated in a certain manner, 25%
of the patients die within a year.

1. Find the probability, P, that, of 48 cases treated, exactly 12
deaths occur.

4813%

3621w — 132

Heren = 48,p = },¢ = },and P = 4Cr(})2 (})* =
by using logarithms. The probabilities of 0, 1, 2, . . . deaths give a
frequency distribution which is not continuous but is discrete, and the
probability of 12 deaths is the area under the curve from 11% to 123.
In this case, n =48, p =%, ¢ =% give £ = np = 12 and ¢ = Vnpg
= 3. The deviations of 11} and 12} from the mean, 12, are — }
and + 3, which in o unitsaret = — } andt = + 4. The probability of
12 deaths is the area under the normal curve fromt =— } tot = + %,
or twice the area from ¢ = 0 to ¢ = %, which is .1322.

2. Find the probability that exactly 8 deaths occur. Here

48134

018148 — 0579

P = 4Cs (2)*(})% =
by logarithms. With the probability curve, the area under the curve
is required from 74 to 8%, which deviate from the mean, 12, by —4.5
and —3.5, or in ¢ units by —1.5 and —1.163. Since the curve is sym-
metrical about ¢ = 0, the required probability is the area under the
curve from ¢ = 1.16% to ¢t = 1.50, which is .0550.

3. Find the probability that less than 15 deaths occur. By the bi-
nomial distribution method, it would be necessary to calculate the sepa-
rate probabilities of 0, 1, 2, . . ., 14 deaths and to add the results, ob-
viously a very lengthy calculation. By using the normal curve, it is
only necessary to calculate the area under the curve from 0 to 14}
deaths. The deviations from the mean, 12, are — 12 and 4 2}, or,.
in o units, — 4 and + §. The area under the curve from { = — 4 to
t = 4 §is .5000 + .2976 = .7976.
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4. A new treatment of the disease resulted in 10 deaths in 48 cases
treated, whereas 12 deaths might have been expected from the old
treatment. Can any definite conclusion be drawn from this result?

The probability of less than 10 deaths is the area under the curve
from 0 to 9§, or from¢ = — 12/3tot = — 2.5/3, an area of .5000 — .2976
= .2024 and a probability of 20.24%. In 100 sets of 48 cases each,
under the old treatment, less than 10 deaths occur approximately 20
times, or about once in five sets, so that this result can hardly be as-
cribed to the new method of treatment. Furthermore, the probability
of a deviation of 2 from the mean, 12, in either direction is the area
under the normal curve from ¢ = — % to ¢ = + §, or approximately
.5000. That is, as a matter of pure chance, it is a 1 to 1 chance that in
any set of 48 cases treated, the number of deaths will be between 10 and
4.

Exercise 107
1. Find the area under the normal curve (a) from ¢ = 0 to ¢ = 1;
(b) fromt=1tot=2;(c) fromt =2tot = 3; (d) from ¢ = 1.27 to
t = 143

2. Find the value of ¢ if the area under the normal curve to the right
or left is .3333 (a) from ¢t = 0; (b) from ¢ = .50; (c) from ¢ = 1.50.

3. Find the probability that when 100 coins are tossed (a) exactly
40 heads show; (b) not more than 40 heads show; (c) at least 40 heads
show.

4. Find the probability that when 180 dice are cast (a) exactly 35
aces show; (b) not more than 35 aces show.

5. If the batting average of a baseball player is .300, find the prob-
ability that in 50 times at bat he will get (a) exactly 10 hits; (b) at least
10 hits; (c) at most 10 hits.

6. According to the mortality table, la = 77341, da = 774, the
probability of death within a year being 1%,. Find the probability that,
of 10,000 persons 41 years of age, (a) exactly 90 will die within 1 year;
(b) not more than 90 will die within 1 year; (c) at least 90 will die within
1 year.

162. Fitting a normal curve to given data. The fre-
quency distribution in the example at the beginning of this
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chapter is sufficiently like a normal distribution to warrant
the use of the equation

.

e Hi—81/01,

Q=

1
V=% Vor
In our problem, N = 1000, Z = 66.303, ¢* = 3.569,

N _ 1000
= 1.889 N _ 1000 _ 509
o = 1889, = {589

The relation between f and z of the given table is therefore

{ =529 X 7_;_ e~ Yi(z—66.303)2/3.569 = 92]1 ¢—(z—66.303)2/7.138.
m

To see how values of f calculated from this equation agree
with the given values, the tabulation is:

- z—Z 1 . /= fin the
z z-z e =tV yxs2 | table
60 —6.303 -3.3¢4 .0015 1 3
61 —5.303 —2.81 .0077 4 5
62 —4.303 —2.28 .0296 16 10
63 -3.303 -1.75 .0863 46 50
64 —2.303 —1.22 .1895 100 107
65 —1.303 — .69 3144 166 170
66 - .303 - .16 .3939 208 180
67 697 .37 3727 198 190
68 1.697 .90 .2661 141 165
69 2.697 1.42 .1456 77 85
70 3.697 -1.95 .0596 32 30
71 4.697 v 248 0184 10 5

The student may fit a normal curve to the frequency dis-
tribution of example 8, Exercise 99, page 226.



CHAPTER XIII
TRANSFORMATION OF EQUATIONS

163. Equation and graph. In the study of statistical
data, we are confronted with sets of corresponding numbers
which may be the results of human endeavor or of the
operations of the laws of nature. Because of the many
factors involved, it is not to be expected that the numerical
data obey a law that can be expressed by a mathematical
equation. Nevertheless, an equation is desirable even
though it gives a relation that only approximates the
relation that actually exists.

Before attempting to find approximate relations, it is
necessary to know how an equation and its graph are
related, how the graph is drawn when the equation is given,
and how the equation may be found when the graph is
given.

From an equation that shows the relation between the
variables z and ¥, a table of corresponding values of x and
y can be calculated. Each pair of corresponding values is
represented graphically by a point on a plane, and the
aggregate of all the points forms a geometric figure, the
graph of the equation. The graph shows not only the
points given by the table but all intermediate points and
points beyond the table as well. That is, the graph is a
continuous curve.

Different forms of equations correspond to different
kinds of curves. Peculiarities in the curve correspond to
algebraic relations inherent in the equation.

154. Symmetry. A curve is drawn on a sheet of paper.
If the paper is folded along a line and the two parts of the

254
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curve into which the fold divides it coincide, the curve is
said to be symmetrical about the line of fold.

Let P, (z, y) be any point of a curve whose equation is

given (I'ig. 36).

For symmetry about the z axis, P, (x, —y) must be
another point of the curve; for symmetry about the y axis,
Py (—1, y) must be another point of the curve; for symmetry
about the 45° line OA, the line through the origin bisecting
the angle 20y, P, (y, ) must be another point of the curve.

Symmetry about the origin, O, means that to the point
P, there corresponds another point Ps, such that on the
straight line P,OP;, OPs; = OP,, and the coordinates of

Pyare (—z, —y).
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Therefore the equation of a curve can be tested for
symmetry as follows:

For symmetry about | thexazts | yaxis | origin | the 46° line
yby —y | by —z | 2 by —z zbyy
Replace and and and and
zbyz ybyy |yby—y| yby=

Then if the substitution leaves the equation unchanged,
the symmetry tested exists.

Tllustrations

1. 22 + 9* = 9. There are all 4 kinds of symmetry.

2. ' + zy + y* = 4. There is symmetry about the origin and also
about the 45° line.

8. 22 + zy — y* = 4. There is symmetry about the origin only.
4 2y +z+y = 0. There is symmetry about the 45° line only.
6. y = 2 — 2. Symmetry is not evident.

Exercise 108

State the kind of symmetry to be found in the graphs of each of the
following equations.

lLy=z2 6. y* = 2?
2 y=2 7. zy =10
.=z 8. zy=2x+4+y
4. y =2 9 y=2z—-4
6. y? =28 10. zy* = 10

166. Intercepts and limits. The distances from the
origin that the curve cuts off on the cotrdinate axes are
called the intercepts. The z intercept is found by setting
y = 0, and the y intercept by setting 2 = 0. The curve
passes through the origin if the equation is satisfied by
z=0,y =0.

The solution of the equation for z or for y usually enables
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us to set limits to the curve. Thus, if we solve the equation
2? + zy + y* = 4 for y, we obtain
—z+ V16—32%
B y = -—'—2————.

Now if 32? > 16, 16 — 32? is negative, V16 — 32* is
imaginary, and the graph does not exist. Hence in this
case the graph can exist only in the region fromz = —V 3¢
tox = +V s,

If the equationiszy +z +y =0,

—Z

y= 231
For the value x = —1, y = 3. There is no point on the
curve that corresponds to z = —1 since § has no meaning,

but values of y can be found for values of = that are near
—1, and these values become numerically larger as z is
taken closer to —1. The line x = —1 is an asympiote
of the curve. The curve approaches this line as closely
as we please but never reaches it.

Exercise 109

Find the intercepts and the limits for graphs of the following equa-
tions and sketch the graphs.

1L224+92=9 4 22 -2z 4+y—-3=0
2 y*=2z-10 6.2y —2x -3y =25
8. 22 =2y — 10 6. 22 —zy— 2y +4=0

166. Translation of axes. A curve may be symmetrical
about a horizontal line other than the z axis, about a
vertical line other than the y axis, or about a point other
than the origin, and such symmetry can be discovered.
The process of moving the origin to a different point and
taking new axes parallel to the original axes is called
translating the ares. When the axes are translated, the
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curve is not changed but the equation of the curve is
changed. Let QPR be any curve and P any point on it.
If the curve is referred to the axes Or and Oy, the co-
ordinates of P are (x, y). Now translate the axes to 0’2’
and Oy’ parallel to Oz and Oy, so that the new origin,

¥ Y R
. P/

Fig. 87.

0’, has the codrdinates (h, k) with reference to the original
axes. With reference to the new axes, the coérdinates of
P are (', y'). It is now apparant from the diagram that
2=0B=0A+AB=0A+0C=h+72,
and
y=BP=BC+CP=A0"+CP=Fk+17y'.
That is, to translate the axes so that the new origin is at
(h, k), replace z by b + 2’ and y by k + ¥/'.

Illustrations
Transform the equation y = 3z —12x 4+ 8 by translating the axes
so that (a) the new equation shall not have a constant term; (b) sym-
metry shall be evident.
Let the new origin be at (k). Then the new equation

is
k+y =3 (Gt 22— 12 (b4 2') + 8,

y' = 32" + z' (6h — 12) + (3h* — 12k + 8 — k).

or
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(a) Set 3h* — 12k 4+ 8 — k equal to zero, and the transformed equa-
tion is
y' = 32t 4+ 2’ (6 — 12).
Any values may be given to 4 and k provided 3h* — 12h 4 8 — k = 0.
Thus if A = 1 and k¥ = —1, the origin is moved to (1, —1), and the
transformed equation is
y' = 3z — 62",

(b) Symmetry will be evident if the constant term and the z’ term
can be made to vanish.

Set 3h2 — 12k + 8 — k = 0 and also 6 — 12 = 0 and obtain the
equation y’ = 3z'2. This equation shows symmetry about the new y
axis, O'y’. The coordinates of the new origin, (&, k), found by solving
the simultaneous equations

32— 12h+8 — k=0
and )
6h —12 =0,
are h = 2, k = —4. Therefore the axes should be translated by mov-
ing the origin to (2, —4).

Exercise 110
1. Transform the following equations by translating the axes:
(a) (z+ 2)* + (y — 5)* = 25, new origin (—2,5)
(b) y = 62 — 12, new origin (2,06 )
(c) (z+4) (y—3) =18, new origin (—4, 3)
(d) (y— 4)* + 3(x — 2) = 9, new origin (2,4 )
() 28—z =y + 2, new origin (0, —2)
9. State the kind of symmetry in each of the graphs of example 1.

8. Transform the following equations by translating the axis so as to
make symmetry evident, and state the kind of symmetry.

(a) zy +3y =18 (8 z=y*—2
(b) zy — 2z = 12 (h) z=9* -3y
(c) 2y + 2z — 3y = 24 @) z=9y2—-3y+2
@y+a2=2 G 22=y—2
e)y=22+=2 k) 2* -2z +5=y

) y=222—5z4+1 M) y =3+
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167. The logarithmic scale. The result of translating
the axes is an equation that has the same algebraic form as
the original equation but differs from it in that the co-
efficients are different. An equation can also be trans-
formed so as to produce a totally different algebraic form
by marking on the coérdinate axes scales other than the
algebraic scale of numbers. Many different scales may be
used.

In Fig. 38, S is the standard scale, the scale commonly
used in making graphic representations. It consists of
equal space divisions, and a number on this scale, say 3
at P, indicates that P is 3 unit spaces from the origin O.
(A unit space may represent 1000 number units or .01 of
a number unit if we so desire.)

s 1 L 1 ? .|
0 1 2 3 4
Ll 1 ol 1 1 ?
10° 10! 10% 10° 104
1 2 3 4 5 6780910
L’ 1 1 .| 1 L 1 1 1 [
10° 10
L, ¢ Il)1 NN l.iR 2 |q 1133 P11 |9
81 2 8 4656 81 2 3 466 81 2 3 466 81
Fig. 38.

On the logarithmic scale L,, the logarithm of the number
at a division point indicates the number of unit spaces from
0. Thus the number at Q is 10* = 10,000, and Q is 4
spaces or log 10* from O. Scale L, shows how a unit
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space on the logarithmic scale is subdivided. The sub-
division requires the use of the table of logarithms:

log 2 = .3010 log 4 = .6021 log 6 = .7781
log 3 = 4771 log 5 = .6990 log 7 = .8451
log 8 = .9031 log 9 = .9542

Scale L; shows how the unit spaces AB, BC, CD are subdi-
vided.

Since log 2 = .3010, the figure 2 is placed at the points
P,, P;, P;, which are .3010 of the unit space measured from
A, B, C. Since log 4 = 2 log 2, the figure 4 is twice as far
from A, B, or C as the figure 2;log 8 = 3 log 2, and 8 is three
times as far from A, B, or C as 2.

If A is marked 1, B is 10, C is 100, D is 1000, P, is 2,
P, is 20, and so on. If B is marked 1, C is 10, D is 100,
Ais .1, P,is .2, and so on. If C is marked 1, D is 10, B
is .1, A is .01, P, is .02, and so on.

Since there are no logarithms for zero or for negative
numbers, 0 and minus numbers do not appear on the
logarithmic scale L, and the origin, whether A, B, or C, is
marked 1. ,

The number z is written at a division point X spaces
from the origin, and the relation between z and X is log z
= X, or z = 10~.

168. Ruled paper. Three kinds of ruled paper, obtain-
able at any good stationery store at very low cost, should
be used freely.

(1) Standard, ordinary, or square ruled paper is equally
spaced horizontally and vertically (S S paper).

(2) Semilogarithmic or semilog paper is ruled so that
the standard scale may be marked on the horizontal axis
and the logarithmic scale on the vertical axis (S L paper,
Fig. 39, page 266). It may, of course, also be used so that
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the logarithmic scale is on the horizontal axis and the
standard scale on the vertical axis (L S paper).

(3) Logarithmic paper is ruled so that the logarithmic
scale may be marked on both axes (L L paper, Fig. 40,
page 267).

A given table of corresponding values of z and y may be
plotted as points on ruled paper on which the scales on
the coordinate axes are S, S; S, L; L, S; L, L.

The geometric figure outlined by the aggregate of points
will generally be different when we change the scales on the
coordinate axes.

A number of other scales may also be used. Thus the
successive division points on standard ruled paper may be
marked $, 1, 1, 1, £, and so forth, or 0% 12, 22, 32 42 and so
on, or 101, 101, 10", and so forth. Such scales are useful,
but we shall not discuss them.

169. The straight line on ordinary ruled paper. The
most important characteristic of a straight line is that it
has a constant slope, s, defined on page 81 by

s = rise
advance
The equation of the line is y = sz + b, where b is the y
intercept (see page 85).

This linear relation is fundamental and may be written

at sight.

Illustration

| 2 5 11 20 2
v 35 9 15 19

As we proceed from one point to another, the slope is always %, or
s = §. If (z, y), any point on the line, is joined with (2, 3), the rise
is y — 3 and the advance is £ — 2. Hence the slope is also
y=3

z—2
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g——:—:—;xg,or3y—2x=5.

From this relation, the y value of any point of the line may be calculated.

Exercise 111

Write the equations of the straight lines for those of the following
tables in which there are linear relations between z and y.

1

2.

6.

1.

T 35 9 15 19

v| 2 5 11 20 26

T 5 7 8 10 14

Y 7 9 10 12 16

z| 16 13 10 7 4

v 2 6 8 10

z] 5 10 20 40 80

y 3 7 15 31 63

z| a at+c a+2¢ a+3c a+t4c

y| b b+d b+2d b43d b+4d

z| logb log10 log 20 fog 40 log 80
Y 3 7 11 15 19
z| 3 7 11 15 19

y| log2 log4 log6 log8 logl0

z| logh logl5 log45 log 135 log 405
y| log2 log 4 log 8 log 16 log 32

9. In example 3, find the z value when y = 15, and also the y value
when z = 20.

10. In example 6, find the z value when y = 4, and also the y value
when 2z = log 35.

160. The straight line on any kind of ruled paper. Let
the coérdinates of any point P of the line be designated by
(X, Y), which represent the numbers of unit spaces from
the origin measured along the coérdinate axes, and let the
same point be designated by (z, y), which represent the
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actual numerical values of the coordinates of P. Then the
equation of a straight line in terms of unit spaces is
Y =sX +0b,

But in terms of z, y, the relation depends upon the scales
used or upon the relations between z and X and between
yand Y. (1) On (88), or ordinary ruled paper, X = z,
Y = y, and therelation is

y=s8+b,
(2) On semilog paper (SL), X =z, Y =log y, and the

relation is
logy = sz + b.

Written without using logs, this relation takes the form

y = 10 = 10° 100 = (10%)* (10%).
Since s and b are constants, 10* and 10® are also constants
and may be replaced by & and k. The form accordingly is

y = hsk.
(3) On semilog paper (L S), the form of relation is
z = hvk.

(4) On log paper (LL), X =log z, Y = log y, and the
relation is
logy = slogz + b.

This form is changed to
logy — logz* = b;
then to
w(®)-n
then to
y .
o= 10%
and finally to
y = o'k,

where h = g and % = 10°.
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lustrations

Two points A (3, 10) and B(5, 7) are plotted on the four kinds of ruled
paper and joined by a straight line. Find the relation between z and y
for any point of the line in each case. ’

(1) On (S S) paper, s = — § and also (y — 10)/(z — 3). Hence the
relation is 2y + 3z = 29.

(2) On (S L) paper, the form of relation is y = h=k, and h and k must
be determined.

Since both of the given points must fit this relation,

10 = A%
and
7 = Rb%.

. . PSTINNY S =1)1/:_
Eliminate k by division, 0 h% or h ( 16
Then .

10 _ 5ol 2 )
k A 10(10)
The relation is
- 7 \=—-3)/2,
y=10 ( 5

(3) On (L S) paper, the form is z = hvk, and the final relation is
_ a(3\w—10/3,
z=3 ( 5)

(4) On (L L) paper, the form is y = z*. The equations from which
h and k are found are

10 = 3*%
and ,
7 = 5%.
Hence
10_ (3
7. 5)
and :
k=g

The relation between x and y is:

10 _ of2
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But from 42 = (§)?,
h = log 3/ log 3.

Hence
_ z\ log 2%/ log 3.’
y =10 (3)

Upon attempting to check the values z = 5, y = 7, we find
7= 10(5) log 42/ log §.
—\3

This is a true relation since it may be written

T76 - (g) log Y5/ log 4,

and we saw (page 111) that
alogc/loga = ¢,

Exercise 112

A straight line joins the points A and B on each of the 4 kinds of ruled
paper discussed. Find the relation between z and y, the cobrdinates of
any point of the line, if:

1. the given points are A(2,3), B(4,6);

2 “ 4« A@23), B(64);
8. % 4« « A@32),BA6);
4 W ABY), BOA);
B Y4« “ A(53), B@S).

161. AP’s and GP’s in a table. If a table of corres-
ponding values of z and y is given in which the z’s form an
AP whose common difference is ¢ and the y’s from an AP
whose common difference is d, the graph of the table on

S S paper is a straight line whose slope is ‘—Z .

The terms of a GP whose ratio is r are a, ar, ar, ar3, . . . .
The logs of these terms are log a, log a + log r, log a + 2
logr,loga + 3logr, . . ., an AP whose common difference
is log . On the logarithmic scale, the division points are
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marked so that the log of the number at a point is the
number of unit spaces from the origin to that point. It
therefore follows that, for a table such as

a) z| a a+b a+2b a+3b. ..
y ¢ c+d c+2d c+3d...

the graph is a straight line on S S paper;

@ z| a a+b a+2b a+3b. ..
y| ¢ ed  cd? cd® ...

the graph is a straight line on S L paper;

®) z| a ab ab? ab® . ..
y| ¢ c+d c+2d c+3d...

the graph is a straight line on L S paper;

z| a ab ab® ab®. ..

@) vy ¢ cd e cd. ..

the graph is a straight line on L L paper.
The relations between z and y for these forms are

y—c_d
(l)x—a b

() logy.—loge lg%i or % = da—af

r—a

y—c _ d Z _ pw-oan
(3)logx—loga logb’ora bw=e

@) log y — log ¢ - log d,or ¥_ (,Z:)lozd/loz b.
logz —loga logbd c a

In a given table, AP’s or GP’s may be evident as in:

z| 3 6 12 24 48 96 192
y| 5 8 11 14 17 20 23
They are not evident in a table such as

z| 3 12 24 48 192

y| 5 11 14 17 23
but, if the corresponding numbers 24, 14, are disregarded,
the progressions become evident.
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Exercise 113

Find the relation between z and y for each of the following tables, and

from the relation found calculate the values of p and gq.

1 2 3 9 27 8 p 16 z| 2 6 10 14 p 12
'yl 2 6 10 14 12 ¢ y| 3 9 15 21 11 ¢
9 2 2 6 10 14 p 7 z| 3 9 27 8 p 50
'y 3 9 27 81 50 ¢ yl 1 3 9 27 8 ¢
5 = a a+d a+2d a+3d
“yl b br br? br®
6 2 2 5 8 11 14 17 20 p 15
y| 3 424 6 848 12 16.97 24 20 ¢
Hint: For testing purposes, disregard z = 5, 11, 17 and the corres-
ponding y values.
7. 2 2 346 6 1039 18 31.18 » 20
Tyl 14 21 28 35 42 49 3 ¢
s 2 2 3 4 6 8
* gy | .3010 .4771 .6021 .7782 .9031
9 2 2 4 8 16 32 p 20
“y| 5 15 45 135 305 50 ¢
10, % 2 4 8 16 32 p 20
“y| 5 10 20 40 80 50 ¢
1. 2 2 4 8 16 32 p 20
“ y| 405 135 45 15 5 50 q
12. % 360 180 90 45 225 p 60
Y 1 2 4 8 16 10 ¢

13. Given the table of values

z| 3 9 271 81
vy 2 10 50 250

(a) Find the relation between z and y and check the entire table.
(b) Draw the graph of the relation between z and y on ordinary

ruled paper.

(c) Draw the graph of the relation between z and y on log paper.
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14. Given the table of values

z | 2 6 18 54
y| 100 20 4 0.8
(a) Find the relation between z and y and check the entire table.
(b) Draw the graph on log paper.
(c) From the relation between z and y find the value of y if z =
V108.

16. The codrdinates of two points are (1,5) and (3,10) on (a) ordinary
ruled paper; (b) semilog paper (y logarithmic); (c) semilog paper (z
logarithmic); (d) log paper. If a straight line joins the points, find in
each case the relation between z and y, the codrdinates of any point on
the line.

16. Sketch the graph of y = 5(2¢) on| (a) ordinary paper; (b) semilog
paper (y logarithmic); (c) semilog paper (z logarithmic).

162. Exponential, parabolic, and hyperbolic curves. The
form of relation between z and y, the coérdinates of any
point of a straight line on semilog paper, is ¥ = a®, or

s-- N
Yy
2
14
-
-
: L 3 i I‘”” L
-3 -2 -1 [9) 1 ,,"2 z 3
’
,/
,/
/
/
/
[}
]
11
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z = a*b. The graphs of these equations on ordinary
paper are curves called exponential curves. The graph of
y = (3%)2 in Figure 41 shows that the curve rises rapidly
toward the right and does not cross the z axis but ap-
proaches it toward the left of the origin. The z axis is an
asymptote of the curve. The y axis is an asymptote of
the dotted curve, the graph of z = (3¢)2.

For a straight line on log paper, the form of relation is
y = z%%. On ordinary paper, the graph of this equation
is a straight line when @ = 0 or a = 1. For other values
of a, the curve is called a parabola when a is positive, and
a hyperbola when a is negative.

The simplest form of the equation of a parabola is ob-
tained when a = 2, the form being y = bz?.. This curve
is symmetrical about the y axis, passes through the origin,

1) (2)
~ Yy
Y // ‘\\
b N
K N
L N,
//’ \\
- — [ z
»~ 0 SN Ol
’/ \\ /
/ \, /
/ \ 4
/ \ /’
I/ \\ ,/’
7 \ Pl
Fig. 42,

and lies above the z axis if b is +, and below if b is —, as in
Fig. 42 (1). The parabola z = by? is as in Fig. 42 (2).
The simplest form of the equation of the hyperbola is
obtained when @ = —1, the form being y = bz orzy = b.
This curve is symmetrical about the origin and about the
45° line. It consists of two distinct parts for both of
which the z and the y axes are asymptotes, as in Fig. 43.
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Fig. 48.

Exercise 114

1. Sketch the graphs of the exponential equations on ordinary paper:

(a) y=2° () y=2" (e) y=—2=
(b) z=2 d) z=2" ® y=(-2r
2. Sketch the parabolas on ordi'na.ry paper:
(&) y=2* @y=2 (® 2 =9
(b) z =y (e) y = —2* h)y=2
(¢) y = —2 ® =2
8. Sketch the hyperbolas on ordinary paper:
(8) y =27 () y =27 () # =2z
M) z=—y! @@y=2z" @ =2

4. The graph of some of the equations in examples 1, 2, 3 are straight
lines on some kind of ruled paper. State the kind of paper and draw
the graph.

6. Which of the equations of examples 1, 2, 3 do not give straight
Tines on semilog or on log paper?

163. The parabola and the hyperbola. If the co-
ordinate axes are translated by moving the origin to (k, k),
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the equation of the parabola y = mz? becomes (y’ + k) =
m(z’ + h)?, an equation that reduces to the form

22+azx+by+c=0.
The parabola z = ny? takes the form

y*+ax+by+c=0.
The hyperbola zy = n takes the form

zy+ax+by+c=0.

If the axes are now translated by moving the origin to a
point on the curve, the curve will pass through the new
origin and the constant term, c, will vanish. The three
forms will now be

(1) 22 +azx+by=0
@2 y*+ax+by=0
3) zy +azx + by = 0.

The general form of the equation of a straight lineis AX +
BY 4+ C = 0, a linear equation. The three forms listed
above may be transformed to Jlinear equations as follows:

In (1), divide through by z,

[}

z+a+b£=0.

Now let X =z and Y = %, and the equation takes the

linear form
X+bY+a=0.
In (2), divide through by y,
z
=4b=0.
y+ay+ 0.
Now let X = 5 and ¥ = y, and the equation takes the
linear form

Y4+aX4+b=0.
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In (3), divide through by y,
Q ==
z+a v +b5=0.

Nowlet X =xand ¥V = z, and the equation takes the

linear form
X+aY +b=0.
In (3), divide through by z,
-
y+a+ b:c 0.

Now let X = g and Y = y, and the equation takes the

linear form
Y+ bX+a=0.

If a table of corresponding values of z and y is given and
the graph is not a straight line on ordinary, on semilog,
or on log paper, it may be a parabola or a hyperbola on
ordinary paper. Whether it is or is not a parabola or a
hyberbola is determined as follows:

Illustration 1

z v 1 @) ) (4)
4 Y 1y vz
—4 16 ~2 12 -} -6
-3 7 -1 3 -1 -3
-2 e 4 0 0 3 3
-1 2.5 1 -3 -3 -§
1 1 3 -3 -1 -1
4 0 6 —1 -3 -1
13 -1 15 -5 -3 -3

The table %, y was given. In the tabulation, the origin was moved
to (—2, 4), though any other point given by the z, y table would do as
well. Sincez = —2 + 2’ and y = +4 + ¥, columns (1) and (2) are
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written by merely subtracting —2 from each z and +4 from each
y. - Column (3) is formed by dividing =’ by y’, and column (4) is the
reciprocal of column (3).

All that is now necessary is to determine, by examining the slopes,
whether the pair of columns (1) —(3), (1) —(4), (2) —3), or (2) — (4) gives
astraight line graph. For this purpose, disregard the terms §. In this
case, columns (1) — (3) show the constant slope —3. Thereforelet X = z’

andY = ;‘7:, and the relation is

’
6Y + X = -3, or%—+x’= -3, or6z’ + z'y' + 3y’ =0.

Finally, _
6z+2)+@x+2)(y—4)+3y—4) =00r
zy+ 2z +5y—8=0.
Hlustration 2
1) @) 3) 4)
z Y z 1/' t'/y' yl/zl
22 6 12 —24 -3 -2
19 9 9 —21 -3 -3
16 14 6 —-16 - -3
13 21 3 -9 ~% -3
10 — 30 0 0 § 3
7 41 -3 11 —& -1
4 54 -8 24 -1 —4
1 69 -9 39 -y -1z

The origin was moved to (10, 30), the relations being z = 2’ + 10
and y = ' + 30. Columns (1) — (4) show the constant slope 3. Hence
fY=y/zand X =2,

9Y — X = —30, or%%'—'z'+3o=o, or 9y’ — 2 + 302" = 0.

The relation between z and y is
9(y — 30)—(z — 10)* + 30(x — 10) = 0, or 2* —50z — 9y + 670 = 0.
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Exercise 116

Find the relation between z and y for each of the following tables:

1 2] 23 47 10 5 Z 1 2 3 5 8
"y 17 85 2 1 “y| 10 7 55 4 3
g %] 012 3 4 5 g | 2 1 4 11 22
vyl 21 4 11 22 37 "yl 01 2 3 4
g 2| 563 -4 -15 -3 , z| 12 3 4 5
y| 01 2 3 4 5 " y| 2 8 20 38 62
L ? 3 4 5 8 11 g 2| 16 7 4 1 —1
y| 21 12 9 6 5 'yl 45 6 9 21

o T|_ 83 45 6 8 11 20
"yl 21 12 9 75 6 5 4

164. Parametric equations. From a given equation, it
may be very difficult to make up a table of corresponding
values of z and y, and to draw the graph. Thus the equation
z* + y* = 6xy shows that the graph is symmetrical about
the 45° line and that it passes through the origin, but, if z
= 1, y must be found from 3* — 6y + 1 = 0, a difficult
problem. Such difficulties may be avoided by expressing
z and y in terms of a third variable, ¢.

In this case, if we write y = iz, 2 + y* = 62y becomes
a2 + t%2% = 6t2?, and we obtain the two equations
_ 6t _ 6
= 1 +t3, y= m;
called parametric equations. The variable ¢ is called a
parameter, something by means of which z and y are
measured.

A table of values of z and y can now be made by assigning
to ¢ the values . .., -3, —21, -2, —1}, -1, -4 0,4,....

Conversely, the relation between = and y for a given table
may often be found by adding a third column, {. Then if
relations can be found between z and ¢, and also between

x
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y and ¢, the parametric equations thus found constitute the
relation between z and y.

Illustration
4 9 16 25 36 49

x
y| 3 6 12 24 48 06

2 3 4 5 6 7

The values of ¢ added to the given table form an AP.

The relation between z and tis z = ¢ ’

The relation between y and ¢ is y = 3(2¢7%).

If we so desire, we may eliminate ¢ from the parametric equations.

Exercise 116

Find the relation between  and y for the following tables by introdue-

ing a parameter £.

L z| 36 12 24 48 96
“yl| 1 8 27 64 125 216
g z| 3 6 12 2¢ 48 96

Y 7 11 17 25 35 47
3 z 7 11 17 35 25 47
“y| 6 8 14 23 35 50
4 z 3 6 12 24 48 96
“y 5 15 45 135 405 1215
5 z 9 16 25 36 49 64
‘y 2 6 18 54 162 486
166. S . To discover the relation between x and

y for a given table,

the following procedure is suggested:

(1) The relation may be obvious.

(2) If the slope is constant, the form is axz + by + ¢ = 0.

(3) If the terms of one of the variables form an AP and
the corresponding values of the other variable form a GP,
the form is y = a®b, or z = a*b. If the progressions are
not evident, plotting on semilog paper may furnish a clew.

(4) If both variables form GP’s, the form is y = z°b.
Plotting on log paper may furnish a clew in this case.



TRANSFORMATION OF EQUATIONS 279

(5). If the foregoing relations are not present, the rela-

tion may be one of the forms
2?4az4+by+c=0 y*+ax+by+c=0, or
zy+ax+by+c=0.

(6). Introduce a third variable ¢ and see whether para-
metric equations can be made.

Note: From a given equation, a table can be constructed
and a graph drawn. When a table is given, however, many
different equations are possible. Thus for the table

z| 1 2 3 4
yI 1 4 9 16

one form of relation is y = 22, a parabola. But the
equation

y =2+ (z—1) (z—2) (z—3) (z—4)
also gives a graph which passes through the points repre-
sented by the given table. In general, the equation for
this table may be written

=2+ (z—1) (z—2) (z—3) (z—9)P,
where P may be practically any algebraic expression con-
taining x. It is therefore to be understood that, when a
table is given, it is the equation of simplest form that is
required.
Exercise 117

1. Form a table of 6 corresponding values of x and y from the follow-
ing equations:

(@) y=3-5 e y=2+2y-3
b)y=2-2 ) 22=2z—y+3
() y=2-3 () zy=38z+y—2
dz=3-2v (h) y=43"Vs

2. From the tables formed in example 1, find the equations between
z and y.
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3. Find the relation between z and y for each of the following tables:

@ = 1 4 9 16 25 (d) z| 5 10 20 40 80
y| 3 8 13 18 23 y| 4 12 36 108 324

(®) z| 3 5 7 9 11 € = 0 1 2 3 4
yl| 2 10 50 250 1250 y| 11 21 35 53 75

(© z| 2 6 18 54 162 ® = 2 6 18 54 162
yl 3 6 9 12 15 yl 1 8 27 64 125



CHAPTER XIV
LEAST SQUARE SOLUTION

166. Best relation. It is not to be expected that an
exact relation exists between z and y, corresponding values
of two variables in a table of statistical data, since y usually
depends, not on z alone, but on many other, generally un-
known, variables as well. The values of x and y are, how-
ever, associated or correlated, and the statistician is faced
with two problems: (1) What is the best algebraic relation
between z and y? (2) How is the degree of correlation to
be measured?

Each pair of corresponding values locates a point. If
the aggregate of the points, called a scatter diagram, suggests
a curve, the equation of the curve is the desired relation.

A polynomial in z and y which contains only positive
integral powers of z and y is called an algebraic polynomial;
z and y may not appear as exponents or as denominators of
fractions. The coefficients in the separate terms are con-
stants which may be any real numbers. Thus

2 — 32ty + bz* — Jay + 4

is an algebraic polynomial.

Suppose a table of corresponding values of z and y is
given and the type of relation between z and y selected as
a possible form to fit the table is P = 0, where P is an
algebraic polynomial. The coefficients in the various
terms are unknown constants, and the number of these
coefficients is less than the number of terms in P by 1,
since P = 0 can be divided by any one of the coefficients.

281
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One set of values of these coefficients will make P = 0 fit
the table better than another set, and it is our object to
find such a set of values of the coefficients.

The substitution of z, y: for z, y in P gives Py, which
may be 4+, —, or 0, and similarly for P;, Ps, and so on.
Now, if Py + P; +. . . + P, = ZP is zero, the meaning
is that negative values of P are offset by positive values,
and the divergences from 0 may be large. But if Py, Py,
and so forth are squared, ZP? = P} + P} + ...+ P}
canbeOonlyif Py = P, =...= P, =0. Such a result
would mean that each pair of corresponding values in the
table fits the equation P = 0, and therefore the exact
relation P = 0 fits the table.

The nearer to 0 that TP? is, the better will P = 0 fit
the table. Therefore, the best fit for a curve of the type
selected is the one obtained so as to make ZP? least. The
equation P = 0 in which the values of the coefficients are
such as to make ZP? least is called a least square solution.

Since the coefficients in P = 0 are all of the first degree,
T P? is a quadratic in each of them, and a least square solu-
tion is one for which a quadratic trinomial of the form
At* 4+ Bt + C has a minimum value.

167. The quadratic P = At* 4 Bt + C. Any quadratic
trinomial such as 32 — 2t + 5 has a value P for each different
value of &. But 3 # — 2{ +5 — P = 0 when solved for
t gives t =2 + V2(P — 3). Hence in order that ¢ shall
be a real number, P may not be less than 3. That is,
the minimum value of P or of } t? — 2t + 5 is 3 and this
value of P arises when ¢ = 2 + vV2(3 — 3) = 2.

In general, if At* + Bt 4+ C = P, then

HAC— B
_B:i:\/4AP+B’—4AC=—B:|:\/4A(P_ 44 )

= 24 24
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Now if A is 4+ and ¢ is to be real, P may not be less than

44AC — B
4 A
and P has this minimum value when¢ = — 2—1;- That is,
Af + Bt 4 C is a minimum when A is + and { = --2%.

Tllustrations
1 Given P = 22 — 32y + 4> — z — 5y + 6.
In this quadraticinz, A = +2,B = — 3y — 1, C = 4y* — by 4+ 6.
Hence one condition for P to be a minimum is that

g=_B _3y+1
24 4
P is also a quadratic in y, and
A= +4,
B = —3z-—5.
Hence another condition for P to be a minimum is that
_8z+5
y="—5"

The values of z and ¥ for which P is a minimum are found from the
two conditional or simultaneous equations

and
_3z+5
V="

The values are z = 1, y = 1, and the minimum value of P is + 3.
2. If there are n corresponding values of z and y in a table, find the
values of a and b for which
M=232(a+bx —y)?
is & minimum.
Expanded with reference to a,
M=2Z[a+ (bz — y)P = = [a* + 2a (bz — y) + (bx — y)¥]
= na? + 2a2 (bz — y) + = (bz — y)*.
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One condition for M to be a minimum is, therefore,

- —22(bz—y

a 2n

, or an 4 b3z = Zy.

M may also be expanded with reference to b, giving
M=Zbz+@—y)P=0Z22+2Zz(@—y) + 2 (a—y*

Hence another condition for M to be a minimum is

_—2%x(a—y) 2 -
b 2340 , or bZz* + aZzx = Zuxy.

The values of a and b for which M is & minimum is found from the
simultaneous equations
an + b2z = 2y
aZz + bZz? = Zxy.

Thus the following table in z and y is given, and the columns for 22,
zy, y* are added. "

z v 22 xy v
2 1 4 2 1
3 4 9 12 16
4 7 16 28 49
5 10 25 50 100
6 13 36 78 169

20 35 920 170 335

n = 5 (five items), Zz = 20, Zy = 35, Zz? = 90, Zzy = 170, 2y =
335.

The polynomial M = Z(a + bz — y)* is a minimum for the given
table if a = — 5 and b = 3, found from the simultaneous equations
5a + 20b = 35
20a + 90b = 170.

For these values of a and b, a + bz — y becomes — 5 + 3z — y.

M=2(—5+3z —y)* = 2(25 + 92 + y? — 30z + 10y — 6zy)
= 5X25+9X9 +335—30X20+10X35—6X170=0.

The student may show that, for any other values of a and b, M > 0.
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Exercise 118
1, State the values of z for which P is a minimum if:
(a) P=222— 5z + 7 (b) P =322+ 92z — 10

2. Show that P = 2? — 2zy + 3y* — 5z + y + 12 is a minimum
when z = 3}, y = 1, and that the minimum value of P is 12,

3. Find the value of P in example 2 if:

(a)$=3,y=1‘% (c)x=4iy=*
(b)z=38,y=4% dz=4y=2
4. Show that the following do not have minimum values:
(@) 7 — 5z — 2? (b) 5 + 8z — 322

(¢) 2 =32y —y*+2x +4y + 5
6. Given the table of corresponding values

€| 1.3 5 7 10 12
vy 3 4 8 11 13 14

(a) Find the value of a for which M is a minimum if:
()M =Z(z —y)? (2) M =Z(z — ay)?
(b) Find the valucs of a and b for which M is a minimum if
M= Z(az + by + 1)

168. Normal equations. The constant coefficients a, b,
¢, and so on for a least square solution are determined by
setting up as many equations, called normal equations, as
there are coefficients. The method of forming the normal
equations is perfectly general and is applicable to any form
of equation selected.

Suppose the form selected is

P=zxy+ax+by+c=0,

and
ZP? = Z(zy + az + by + ¢)?
is to be a minimum. To expand ZP? with reference to a,
write it as
Z(az + k)3,
where
k=xzy+by+e
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Then
ZP? = Z(ax + k) = a*Zx? + 2aZkx + ZKD.
This quadratic in @ is & minimum when

_ —2Zkz

22z2 ’

or when
aZz? 4+ Zkx = 0.

The last equation may be written

Z(ax® 4+ kx) = Zz(ax + k) = Zz(xy + ax + by + ¢) = ZzP = 0.
That is, one condition for 2P? to be a minimum is the
equation ZzP = 0, where z is the multiplier of a in the
polynomial P.

Similarly, if ZP? is expanded with reference to b, the
multiplier of which is y, the condition for ZP? to be a
minimum is ZyP = 0.

If ZP?is expanded with reference to ¢, the multiplier of
which is 1, the condition is Z1P = 0.

The three normal equations are

ZzP = ZyP = Z1P = 0,
or, when expanded,
Za2Yy + aZz? 4+ bZzy + 2z = 0,
Zzy? + aZzy + b2y + 2y = 0,
Zzy + aZx + bZy + nec = 0.

Exercise 119

Write the normal equations from which the coefficients a, b, ¢, and
80 on are to be determined for a least square solution if the form of
equation selected is:

LP=a+ax+by+c=0
2P=yp+ax+by+c=0
. P=—y+a+t+bz+tcxt+det=0
& P=—-ztatbytort+df=0
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6. P=—y+a+bx=0

6. P=—-—24+a+by=0

7. P=—y+ax=0

8 P=—2z+4+ay=0

9. P=14azy+bz+cy=0

10 P=zy +ar®* + bay +cy? +dx +ey +f =0

169. Relative closeness of fit. How well the type of
equation selected fits the given table of values is shown by
the value of ZP2. If ZP? is small, the fit is good, but it
is difficult to tell what number shall be considered small.
However, if two different types of equation are selected,
that type is the better fit for which ZP? is smaller. There-
fore a simple method of calculating ZP? is desirable.

Suppose the hyperbola P =zy +ax +by +¢c =0 is
selected.

ZP? = 2P (zy + azx -+ by + ¢) = Z2yP + aZzP + bZyP + cZ1P.

But the normal equations from which a, b, ¢ are determined

are
ZzP =0, ZyP =0, Z1P = 0.

Therefore ZP?reduces to ZzyP, and
2Pt = Zzy (zy + az + by + ¢) = Za*y?® + a2z + bZzy? + cZzy.

In general, if P is any algebraic polynomial and P = 0
is the type of equation selected, ZP? = Z (P multiplied by
that term in P which does not contain any of the co-
efficients). Thus for the form

P=a+4+bz+cx®+dz*—y =0,
IP* =3 (— y)P = Zy2 — Zy (a + bz + ca? 4 da?).

Exercise 120

Write the formula for ZP? for each of the equations of Exercise 119,
page 286.
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170. Geometric meaning of a least square solution. The
usual type of equation selected is one in which y is ex-
pressed as a polynomial in z, or one in which z is expressed
a8 a polynomial in y. The usual types are

y=a+brtct+dt+...,

or
P=—-yta+tbz+c?+dd+... =0,
and
z=a+byt+ey+dpP+...,
or

Q=-z+at+byta?+df+... =0,
called parabolas of the 1st, 2nd, 3rd order, according as the
highest power of z in P or of y in Qis 1, 2, or 3, the pa-~
rabola of the first order being a straight line.
An equation of the type P = 0 means that we assume
the z values of the given table to be correct and from them

v

Fig. 4.

we calculate the y values. An equation of the type @ = 0
means that we assume the y values of the given table to
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be correct and from them we calculate the z values. For
these types, least square solutions have simple geometric
meanings.

If the equation is type P = 0, point A,, Fig 44, represents
the corresponding values z; = OL, y; = LA;. In the equa-
tion P = 0, the substitution of OL for z gives y = LA.
The deviation of LA, measured vertically from the curve,
called the vertical deviation of A,is P, = LA — LA, = AA,.
The least square solution is the result of the conditions
that the sum of the squares of the vertical deviations,
ZP?, shall be a minimum.

If the equation is type @ = 0, point B, represents the
corresponding values ¥, = OM, 2, = MB,. In the equa-
tion @ = 0, the substitution of OM for y gives z = MB.
The hortzontal deviation of B, from the curve is MB —
MB, = BB,, and the least square solution is the result of
the conditions that the sum of the squares of the horizontal
deviations, 2Q? shall be a minimum.

171. Simplification of calculations. The normal equa-
tions for

P=—y+a+br+cx*+de®=0
are
Z1P =0, 2Pz = 0, 2Pz = 0, ZPz* = 0.
When these equations are expanded, there are terms con-
taining Jz, Z2?, Z2?, Zxt, Jab, Zas, Zy, Sy, 22y, Zzdy,
and the solution of the simultaneous equations requires a
considerable amount of arithmetic calculation.

If, however, the z’s in the given table form an AP, say
z=1,3,5 7,9, 11, 13, the value of z is 7. Move the
origin to (7, 0) so that 2’ =2 -7 = -6, —4, -2, 0,
2,4, 6. Itisnow evident that

2z’ =0, Zz* =0, Zz'* =0,
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but Zz’y’ and Zz"%y’ arenot 0. For such a case, the normal
equations reduce to
na + cZx't= Zy
bZz'2 4 dZz't = Zz'y
aZz’? 4 c2z't = Zx'Yy
bzt + dZz't = Zz'Yy.

Now a and c are easily found from the 1st and 3rd equations,
and b and d from the 2nd and 4th equations. To test the
closeness of fit,

SPP=2(-yY)P=Z(—y)(—y+a+b +cx?+..).

Nlustration
Given the table
z| 2 34 5 6 78
y| 5 6 9 10 12 10 8

1t is required to find the best parabola to fit the table. The 2’s form an
AP and # = 5. The calculations are simplified by moving the origin
to (5, k), where k may be 0 or any other number. In the following
tabulation, % is taken as 10, the y value corresponding to z = 5, so that
=z —5bandy =y — 10.

z v z yl 22| 2’6 zlyl zlgyl xlayr 1/"
2 5| -3 =51 9| 81| 729 15 —45 135 | 25
3 6| —2 —4| 4] 16 64 8 —16 32 |16
4 91 —1 -1 1 1 1 1 -1 1 1
5(»10 0 0| O 0 \] 0 0 0 0
6 |12 1 2( 1 1 1 2 2 2 4
7 |10 2 0| 4] 16 64 0 0 0 0
8 8 3 -2 9] 8| 729 -6 —18 —b54 4

35 | 60 0] —10 | 28 | 196 | 1588 20 —78 116 | 50
The normal equations for the form y’ = a + bz’ are 7a = — 10 and

28b = 20,ora = — 32 b = §.
The normal equations for the form 3’ = a + bz’ + cz’? are 7a + 28¢
= — 10, 28b = 20, 28a 4+ 196c = — 78, or a = f, b = §c = — 13.
The normal equations for the form y' = a + bz’ + cz'* 4 dz'* are
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7a + 28¢ = — 10, 28b + 196d = 20, 28a -+ 196c = — 78, 196b +
1588¢ = 116, ora = F, b =84, c = — B, d = -}

Each of the least square solutions,
¥ = =%+, 2P =213,
¥ =+t + 32’ — e, P = 43,
¥ =9 + 8§82 — {32? — 2%, ZPt = 14,
is a “best” fit for the table of values. The parabola of the

second order is much better than the line, and the parabola
of the third order is an exceedingly close fit.

Exercise 121

1. In the illustration, (a) verify the normal equations; (b) verify the
solutions of the normal equations; (¢) verify the values of TPz

2. From the equations in 2/, ¢, find the equations in z, y.

3. Draw the graphs of the three least square solutions, plotting the
points forz’ = — 3, —2, —1,0,1,2,3.

4. Show that 2 P2 remains unchanged whether the axes are translated
or not.

5. Move the origin to (5, 9) instead of to (5, 10) and obtain the values
of the coefficients and of ZP? for each of the three forms of equation.

6. Given the table

zr|] 2 3 4 5 6 7 8 9 10
y| 3 5 8 12 10 7 8 12 15
move the origin to (6, 10) and find:
(a) the least square solution of the foom P = — ¢y’ +a + bz’ =0
and TP?,
(b) the least square solution of the form P = — ¢’ 4+ a + bz’ +
¢z’ = 0 and ZP2
(c) the least square solution of the form P = — 3’ 4+ a + bz’ +
cz’? + dz’® — 0 and ZP2.

172. Regression lines. The equation of a curve may
sometimes be expressed in the form y = a polynomial in
z and sometimes in the form £ = a polynomial in y, but if
one of the forms is possible the other is generally not
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possible. Therefore, if, for an assumed form of curve, a
least square solution can be obtained so that the sum of
the squares of the vertical deviations is & minimum, it is
generally not possible to find a least square solution so
that the sum of the squares of the horizontal deviations is
a minimum.

A linear equation, however, whose general form is

Az 4+ By + C = 0 can be written in the form
y=a+bz,or P=—y+a+bzr=0,

or in the form
z=a:+by,orQ=—2x+a+by =0.

Therefore, two different linear least square solutions are
possible for a given table of values of z and y, both of which
have geometric meanings. The two solutions are called
regression equations and the corresponding lines are called
regression lines. The values of ZP? and Z@Q? are different,
and, although one of them may be nearer zero than the
other, one solution is as good as the other since they are
least square solutions in different senses. There are,
therefore, two ‘“‘best” lines.

Illustration

In the following table, z and y are given, and the columns z%, zy, y*
are added:

z y z* zy Ua
2 5 4 10 25
3 6 9 18 36
4 9 16 36 81
5 10 25 50 100
6 12 36 72 144
7 10 49 70 100
8 8 64 64 64

35 60 203 320 550

Tz = 35, Zy = 60, Zz* = 203, Sy = 320, Zy? = 550, n = 7.
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For the form P = — y 4 a, + biz = 0, the normal equations are
Z1P = 0,2zP =0, or na + b2z = 2y, a2z + biZa®* = Sy, or
701 + 35b1 = 60, 3501 + 2031)1 = 320, and a = 5, b1 = g‘. That i!, the
equation of one regression line is y = 5 + §=.

For this solution, ZP? = 132 = 21§,

For the form Q = — z + a2 + by = 0, the normal equations are
na: + b2y = Zz, a2y + b.Zy?* = Zzy, from which a; = §, by = 4$.

For this solution, 2Q* = &t = 164, the equation of the regression line
being z = } + 34y.

The two regression lines are different since the second line reduces
to y = §3¢ — 1%, whereas the first is y = §x + 5. They intersect at
% = b, y = 8%, the point whose codrdinates are Z and .

Exercise 122

Find the equations of the regression lines, the sum of the squares of
the deviations, and the intersection point, for each of the tables:

L %] 185 7 9 g ¥| 1356 7
vyl 2 5 9 11 13 "y 156 9 10

z| 135 7 9 z 2 345
e R A R VRV LT T

1

1
g T 5 7 9 1 13
"y 20 14 11 6 4

173. Intersection of regression lines. A table of corre-
sponding values of x and y having been represented by
points, let the origin be moved to (Z, 7) by a translation of
the axes, and let the new coordinates be designated by
(', y"). Thenz’ =z — Zandy’ =y — 7, are the devia-
tions from the means of the z’s and y’s, respcctively.

For the regression line gy’ = a; + b2/, the normal
equations are 2y’ = na, + b2z’ and 22’y = 0,22’ + b, 22"
But since 22’ = Z(x — %) = 0,and 2y’ = Z(y — j) = 0,

/.7
the normal equations give a;, = 0 and b, = %g;—;‘z— The
equation of the regression line is ¥’ = b2/, a line that
passes through the new origin.
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Similarly, the normal equations for the regression line

= g, + by, are 22 = nay + b,Ty, and Z2'y’ =
03y + 5,2y, which give gy = 0 and b = %—?L'. The
equation of this regression line is ' = b/, a line which
also passes through the new origin.

Therefore the regression lines intersect at the point
(%, 9), and their equations are

y =b1:B —'E%Q:

and
= byt = 22V
2’ = bzy Ey” y"
If the average product of the deviations from the mean,
Sa y'
n

, is represented by p, then, since

Sz = Z(x — 7)? = no.?,
and
Zy* =2y - 9)? = not,

the equations of the regression lines may be written

¥y = -01_:—,:4:', and z’ =£T’ y.

174. Coefficient of correlation. If the points that repre-
sent a given table are exactly on a line—that is, if there is
an exact linear relation between z and y—the two regression
lines coincide and

_E _v_or,__B’_=1

o P 7%}
If there is not an exact linear relation, , . differs from 1.
The fraction ;——’—&——z, which is equal to bb,, is represented by
% y
72, so that

f=d:—L

a,0,
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and r is called the coefficient of linear correlation. The value
of r indicates whether or not a close linear relation exists
between x and y. Since r2 = biby, if r = 0, either b, = 0
or b, = 0. In either case, z and y are not related at all.
If * = 1, there is a perfect linear relation between z and y.
For the form P = —y’ 4+ b2’ = 0,

ZP2 = Z(— y)(— y + b)) = Zy* — bZzY = no? — ;P_, np

IP = no? (1 - —i-) = na(l — ).

05202
Similarly, for the form Q@ = —z’ + by’ = 0,
ZQ? = no,? (1 — 1),

Now, since ZP? and ZQ? cannot be negative, 7* cannot be
greater than 1, and r is between —1 and +1. Negative
values of r arise when y increases while = decreases, or when
y decreases while z increases. The values of o, and g, are
always taken as positive so that r is negative when p or
2z'y’/n is negative. Thus for the table on page 292,
by =$%and b, = }¢. Hence

P=bb =% X%t =2%=.40,and r = .63.

This result indicates that a linear relation between z
and y is fairly good but not very close.
176. Calculation of r. When £ and 7 are not integers,
the value of
e P _ [ZE@-—12) @y -pP
olor  2(z — 2P Z(y — )
is calculated by following the method used for calculating Z,
page 237. Move the origin to an arbitrary point (h, k)
near the mean point by a translation of the axes and let
Z=h+diand ¥y =k 4+ d,. Then
Z(z —h) =Z(z— 7+ d) = ndy;
2@y —k) =Z(y — § + do) = nda.
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Z(z — h)? = Z(z — Z)* + 2d:2(x — Z) + Zd? = no,? + nd;?
Z(y — k) = Z(y — 7)* + 2d:Z(y — ¥) + Zda? = no,? + nds?
- Y-k =Z—-Z4+d) y—F§+d)

=3 —3%) (y — §) + Zdids

= np + nd;d,.

Since the tabulation gives the values of Z(x — h), Z(y — k),
Z(x — h) (y — k), Z(z — h)? Z(y — k)? there is now no
difficulty in calculating ¢.? 7,2 and p.

Illustration

The grades in percentages are given for 20 students in history, z,
and in economics, y, as in the table. Zz = 1665 and Zy = 1618, giv-
ing £ = 82.25 and §j = 80.90. Take h = 82 and k& = 81.

(x —h)
z y z—h|y—k |z—h? (y — k2 (yik)

1 91 92 9 11 81 121 99
2 20 86 8 5 64 25 40
3 88 90 6 9 36 81 54
4 81 70 -1 -11 1 121 11
5 65 80 -17 -1 289 1 17
6 90 85 8 4 64 16 32
7 93 85 11 4 121 16 44
8 92 86 10 5 100 25 50
9 90 80 8 -1 64 1 - 8
10 92 86 10 5 100 25 50
11 60 70 —22 -11 484 121 242
12 80 76 -2 - 5 4 25 10
13 88 20 6 9 36 81 54
14 72 74 -10 -7 100 49 70
15 86 80 4 -1 16 1 - 4
16 82 78 0 -3 0 9 0
17 76 80 -6 -1 36 1 6
18 75 77 -7 - 4 49 16 28
19 65 80 -17 -1 289 1 17
20 89 73 7 - 8 49 64 —~56
1645 1618 5 - 2 1983 800 756

Z(z — h) = nd, gives 5 = 20d;, and d; = %.
Z(y — k) = nd2 gives — 2 = 20d,, and d; = — 4.
2Z(z — h)®* = no,® + nd,? gives 1983 = 200.2 4 14, and 0.? = 99.0875.



LEAST SQUARE SOLUTION 297

Z(y = k)* = no,® + nds? gives 800 = 200,* + .20, and 0,* = 39.99.
Z(z — h) (y — k) = np + ndid; gives 756 = 20p — .5, and p = 37.825.

r=-P _ 37.825 37.825

= oo~ V3900 x 008075 6295 00"
The regression equations are
L gg 33?5 ' = 381/, 0ry — 80.9 = .381 (z — 82.25).
o =by =By = 5%y = 947y’ v — 82.25 = 947 (y — 80.9).
Exercise 123

The grades of 15 students are shown in thefollowing table, z in history,.
y in mathematics, z in economics, w in foreign language.

Student z y z w
1 100 88 92 82
2 96 85 90 84
3 95 80 100 86
4 92 76 86 100
5 90 75 88 96
6 88 70 86 92
7 86 100 96 80
8 85 86 84 90
9 82 92 70 72

10 80 95 76 78
11 78 90 74 70
12 76 70 80 88
13 75 86 94 85
14 72 82 82 75
15 70 72 78 76

1. Find the values of Z, 7, 2,

2. Find the values of ¢.?, 6,3, 0.3, 0,

3. Find the values of p.,, Dss, Prw, Dusy Dyw; Dow.
4. Find the values of 1.y, 14, Tou, rys, Tyw) Tow-

5. Find the regression equations for (z, ¥), (z, 2), (z, w), (y, 2), (y, w),.
(2, w).
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176. Semilog and log paper. A table of values of z and y
when plotted on semilog or on log paper may give a set of
points that cluster about a line. Best lines, in the sense of
least square solutions, may be found for such cases by using
the same methods as for ordinary ruled paper.

(a) The equation of a straight line on semilog paper,
y logarithmie, is log ¥y = a + bx. Therefore, form a new
column, Y = log y, and find a least square solution for the
table (z, Y).

(b) For a straight line on semilog paper, = logarithmic,
the equation islog £ = a + by. Form a column, X = log z,
and find a least square solution for the table (X, y).

(¢) For a straight line on log paper, the equation is
log y =a + b log y. Use the columns, X = log z,
Y = log y.

That is, add to the given table, (z, y), the columns
X =logzxzand Y = log y. Then on ordinary ruled
paper plot the points for (z, y), (z, Y), (X, v), (X, Y).
If any one of the four graphs gives a set of points that
cluster about a line, a least square solution will give a
satisfactory relation between z and y.

177. Best point. The method of least squares is also
applicable to problems in which a number of linear equa-
tions of the form P = Az + By + C = 0 are given, and it
is required to find a pair of values of  and ¥ which will best
fit all the equations. Since the equations are all represented
by straight lines, the problem is the same as that of finding
the coérdinates of a point (x, y¥) which best fits all the lines.
In general, the required point may not be on any one of
the given lines, and the substitution of its coordinates in
the equation P= Ax + By 4+ C = 0 will give forms such as

P, = sz + B;y + 01,
Py = Az + By + Ca,
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and so on. P, P,, ..., may be + or —, but their
squares are all + and ZP? can be 0O only if each P is 0,
or if all the lines pass through a common point. Therefore
the nearer TP? is to 0, the more nearly will the required
point lie on all the lines.

The least square solution is obtained by making the
conditions that P? = 2(Ax + By + C)? shall be a mini-
mum. In this case, z and y are the unknown constants,
and the expansion of ZP? gives a quadratic in z and y.

Expanded with reference to ,

TP = TA%? + 324z (By + C) + Z(By + 0)3,
which is a minimum when

= — 2ZA (By + C)
2T A2 ’

or when
2ZA? 4 ZABy + ZAC =0,

or when

ZAP =0,
where A is the coefficient of z in
P = Az + By + C.
Similarly, if expanded with reference to y, the condition
for ZP? to be a minimum is ZBP = 0.
The values of z and y are now found from the simul-
taneous normal equations ZAP = 0 and ZBP = 0, or
gTA? + yZAB + ZAC = 0, ‘
and
2ZAB + yZB* 4+ ZBC = 0.
How good the solution is may be judged by calculating
the value of
2P? = ZCP = zZAC + y=ZBC + ZC.
Similarly, a set of values of z, y, z which best fit » equa-

tions of the form
P=Az+By+Cz+D=0
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is found from the normal equations,
ZAP = ZBP = ZCP = 0.

Illustration

Find a least square solution of the equations
z+ y—3=0
2z —3y+4=0
3z—-2y+5=0
3z+2y—6=0.

Prepare the tabulation

A B C A*  AB AC BC B ()
1 1 -3 1 1 -3 -3 1 9
2 -3 4 4 -6 8 —-12 9 16
3 -2 5 9 —6 15 —-10 4 25
3 2 -6 9 6 —18 —-12 4 36
9 -2 0 23 -5 2 —37 18 86

The given equations are of the form P = Az + By 4+ C = 0.

The normal equations are ZAP = 0 and ZBP = 0, or 23z — by
+2=0and — 5z + 18y — 37 = 0.

The solution of these normal equations is

_l9 _sa
* =380 Y 389’
and
_19, , 841 2635
TPt = 20 X 2 — o X 37 + 86 = S = 68,

If we took z = 4, y = 2, we would obtain
Pi=—4% P;=-—1 Py=25 P,=1%, ZP*=174

Exercise 124

Find the least square solution for each of the following sets of equa-
tions and calculate the value of P2 for each solution.
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1. 224 y—5=0 4. z+0y—- 2=0
z2—3y—4=0 0z—3y+ 6=0
22+3y—6=0 S5z — y— 4=0

3z+2y—-12=0

2 z4+ y—-2=0 6. 3z+ y=7
z— y+4=0 —z+ y=3
2x+ y—3=0 2z — 3y = —6
3 —-2y—6=0 3z— y=0

8 z— y+2=0 6.2t - y—7=0
z+ y—4=0 —2x+3y+1=0
20— y—-7=0 3+ y—8=0
-2z 4+3y+1=0 Oz+ y+6=0
324+ y—8=0 3z +0y—10=0

7.3 +4y—22=5
T— y— z=4

2x — 2y +32=6
524+ y—56z2=2
dr — 3y +22=3

8. Show that, if in example 1 the three equations are multiplied
throughout, the least square solution will be: (a) unchanged if the three
multipliers are the same; (b) different if the three multipliers are not the
same.

9. In examples 1-6, draw the lines represented by the equations
and indicate the point that represents the least square solution.

178. Practical application. A company manufactures
two articles, A and B, each of which goes through two
processes, C and D, the costs in processes C and D being
different for the two articles. The table in example 1,
Exercise 125, shows the number of units of A and B turned
out weekly and the weekly payrolls in shops C and D. It
is required to find the cost of labor to be allocated to each
article for each process.

Let z = number of dollars per unit 4 in shop C.

Let y = number of dollars per unit B in shop C.

Then for the first week, 10z + 4y = 40, and similarly for
other weeks. Ten equations of the form azx + by = C are



302 LEAST SQUARE SOLUTION

made, and a least square solution of z and y is required.
Similarly, 10 equations are made for shop D.

1 Exercise 1256
Articles Articles Payroll Payroll

Week A B C D
1 10 4 40 40

2 12 5 45 50

3 8 4 38 43

4 9 6 40 50

5 11 5 43 40
(] 15 8 60 72

7 7 9 40 60

8 12 7 50 60

9 10 6 41 55
10 14 8 59 70

(a) Show that in shop C a unit of A costs $3.02 and a unit of B
costs $2.05.
(b) Show that the unit costs in shop D are $1.91 and $5.36.

2. A restaurant buys butter and eggs from Roberts & Co. in varying
quantities and at varying prices from month to month. A single bill
is rendered each month. Thus in January 1000 lbs. butter at 40¢ a
pound and 500 dozen eggs at 30¢ a dozen were used. The total bill for
January was $400 + $150 = $550.

Complete the table for 12 months, taking arbitrary figures, using
the form

Month A (butter) B (eggs) C (total cost)
1 1000 500 550

(a) From the table, find a least square solution giving the probable
average cost per pound of butter, z, and per dozen eggs, y.

(b) From the original data that were assumed for butter, find the
mean cost per pound.

(¢) Similarly, find the mean cost per dozen eggs.

Note: The values found in (b) and (c) may differ considerably from
those found in (a). The reason for the differences is that many values of
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the prices for a pound of butter and for a dozen eggs for the month of
January are possible 8o as to give a total cost of $550. The same state-
ment is true for each subsequent month. Hence the results of (b) and
(c) are subject to very wide variations. The least square solutions are
probably better estimates of the average cost per pound of butter and
per dozen eggs than are the results of (b) and (c).



CHAPTER XV
APPROXIMATE CALCULATIONS

179. Approximate numbers. When a measurement is
made, the number that represents the measurement
rarely corresponds exactly to the magnitude of the thing
measured. How nearly it does correspond depends upon
the precision of the instruments used and upon the pre-
cision required in the particular case. If the distance
between two railroad stations is stated as 12.7 miles, we
mean that the measurement was made to the nearest tenth
of a mile and that the true distance in miles may be any-
where between 12.65 and 12.75, a result usually written
12.7 = .05. Similarly, if the distance is stated as 12.70,
the measurement was made to the nearest hundredth of a
mile, and the true distance is 12.70 = .005.

Scientists write all approximate numbers in the form
10"¢, where n is a positive or a negative integer and c is a
number between 1 and 10. We then say that the number
is written to as many significant figures as there are figures
in ¢. Thus

68300 = 6.8300 X 10%, 683.0 = 6.830 X 104, 0.0604 = 6.04 X 1072,

are numbers of 5, 4, and 3 significant figures, respectively.
An exact number is correct to as many significant figures
as we please.

The exponent of 10 in N = 107c is called the order of the
number N. Thus the number 603.2 = 6.032 X 10? is of
the second order.

Approximate numbers may arise, not from measurement,
but from calculations. Most tables such as square root,

304
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logarithms, compound interest, and so on consist of numbers
that are correct only to a certain number of decimal places,
the last figure being the nearest figure for that decimal place.

When calculations are made from numbers obtained by
measurement or from tables, we must remember that the
numbers are approximate, and we should not make a
pretense at accuracy that is not justified.

Thus 12.7 miles, when expressed in feet, appears to give
12.7 X 5280 = 67,056. But if 12.7 means 12.7 = .05, the
number of feet is 5280 (12.7 = .05) = 67,056 = 264.
That is, the distance in feet is between 66,792 and 67,320
and is approximately 67,000.

180. Addition. When two numbers of different orders
are to be added, one of them being given to the nearest
unit and the other to the nearest hundredth, it is evident
that the sum is correct at most to the nearest unit. In gen-
eral, a sum cannot be more accurate than the least accurate
of the addends.

181. Subtraction. As in addition, the result of sub-
traction can be as accurate at most as the less accurate
item. If two numbers of the same order are each correct
to 6 significant figures, their sum may be correct to as
many as 6 significant figures, but their difference may be
correct only to one or two figures. Thus 3.27458 — 3.27369
= .00089.

182. Multiplication. If M has 6 significant figures and
the decimal point is disregarded, M is written 10°, the
true value being 10°%a = 4. Similarly, if N has 6 significant
figures, it is written 10%, the true value being 10% = 3.
The product M X N is not greater than

(10%a + 3) (10°b + %) = 10%ab + }(a + b)10° + §,
or less than
(10% — %) (10% — 3) = 10%ab — 4(a + b)10° + 1.
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The term } may be disregarded and we conclude that the
product M X N is not the same as (10°a)(10°b) but may
vary from it in either direction by as much as }(a + b) 10°

Since @ and b are each between 1 and 10, $(a + b) < 10,
and %(a + b)10° is a number of 6 figures.

If ab < 10, (10%)(10%) = 10%ab is a number of 11
figures; if ab > 10, 10%ab is a number of 12 figures.

In either case, 10%ab = }(a + b)10° shows that the last
6 figures of 10%ab may be unreliable and that the product
is correct at most to 6 significant figures—that is, to 5 or
to 6 figures.

The student may show that, if one of two factors is correct
to 5 figures and the other to 7, the product is correct to
5 figures at the most.

183. Division. Suppose P and Q are 6-figure numbers
which, with the decimal point disregarded, are written
10°%a and 10%b. The quotient 10°¢/10% or a/b may be
written to as many figures as we please, say 10, the decimal
point appearing before or after the first figure, depending
upon whether a is less or greater than b. Let us see how
many of these figures are reliable.

The true values of P and @ are 10%a = } and 10°% = 3.
The true quotient

Latl.]
]

is not less than

10% + ¢
and is not greater than

The calculated quotient % differs from these limits by
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10—} _ 3(@+b) _%(%'“)

a
b 10% +4 b(10% +3) 10% + &
and
1fa
10‘a+§__a__§(i>—+1
10% — 3 b.— 10% — %
Ifa <0,
%(§+1)<1
Ifa >0,

1fa

i(l—) + l) < 6.
In either case, the first figure in the difference will not be
affected, whether we divide by 10% or by 10°%b = }. Hence

the first figure in the difference between the calculated
quotient and the true quotient is

1fa 1/a
fi+1) o5+ o 10
10% b '

If a < b, the first figure in the difference may be a figure
in the 6th decimal place, and, if a > b, it may be a figure
in the 5th decimal place.

We conclude, therefore, that only the first 5 figures of the
quotient %% are reliable.

In general, if two numbers are each given correctly to
n figures, neither their product nor their quotient can be
correct to more than » figures. The results of abbreviated
multiplication and division, pages 120 and 123, are more
accurate than the results of ordinary multiplication and
division whenever approximate numbers are involved.

184. Square root. If N is an exact whole number of 7 or
8 figures, the rules for square root enable us to find 10%,
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the first 4 figures of VN, and VN = 10%a + b whereb < 1.

Then
N = 10%2 + 2abl0* 4 b2,

and
N — 10%? _ b
T T
N — 10%? is the remainder after the first 4 figures of N
N — 10%2. s .
AT the result of dividing this
remainder by the usual trial divisor, twice the root already
found. Ordinary division gives a result greater than b by
2
2’_‘"':103’ which is less than .0005. That is, after the square
root has been found to 4 figures, the following 3 figures
may be found by dividing the remainder by twice the root.
Now if N is not an exact number but is given accurately
to 7 or 8 figures only, its true value is N = } and
N — 10%? 5
2a10° 2«:10x * 2107

have been found and

=b+ 5=

. b2 = 5. 1=.5
Since ———— Sal0b is less than ——— 2 X 10° or less than .0008, we con-

clude that the first 7 figures of VN are reliable, but that the
8th figure may not be reliable. Similar conclusions may be
drawn from an analysis of cube root, and the following
general statement may be made:

If numbers in tables are accurate to n figures, the results
of the operations, multiplication, division, root extraction,
and so forth, may not be accurate to more than n figures
and only the first n — 1 figures are reliable.

Since raising a number to a power requires a number
of multiplications, the accuracy of the result decreases as
the power increases. Thus if the value z = 2% is found
by logarithms, log z = 100 log 2 = 30.10, we can be sure
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of only the first two figures, 12, when 4-place tables are
used, and the best estimate is that 2! = 1.2 X 10%,

186. Solution of equations. The principles thus far
established are applicable to the solutions of equations in
which the coefficients are approximate numbers. The
degree of accuracy of the final solution depends upon the
number of operations that are necessary. Certainly the
solution is not accurate to a greater number of figures than
that of the least accurate of the coefficients.

186. Graphic calculations. Many results of calculation
may be found approximately from a straight line graph.

D
0}
5 F
s_
1—
Q_
5..
41
st B
3} E
c
l L 1 L 1 1 A 1 1 A L A 1 1 J

A 1 2 38 4 6 6 7 8 9 10 1 12 1838 M
Fig. 46.

The line itself need not be drawn. Merely place a ruler
80 as to join two points that are located and read off the
required results. The larger the units and their sub-
divisions, the better will be the approximation.
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The graphs of y = (1 = r)* are straight lines on semilog
paper (S L) and pass through the origin z =0, y =1 so
that only one additional point is to be located.

Illustrations

1. At what rate of interest will $1 become $3 at the end of 10 years?

In the equation y = (1 + r)7, 2 = 10 and y = 3.

In Fig. 45, page 309, the scale on y shows 1 at A and 10 at D. Locate
point B at z = 10, y = 3, and join B with A. On the line AB, z =1
shows y = 1.11. Hence r = .11, and the rate is approximately 11%
per annum,

2. At the end of 8 years, the book value of a machine is 20% of its
initial value. If the depreciation was written off by the reducing bal-
ance method, what was the annual rate?

In the equationy = (1 —r)s,z = 8and y = .2.

In Fig. 45, the scale on y is .1 at A and 1 at D. Locate E at z = 8,
y = .2, and join D with E. On the line DE, z = 1 shows y = 1F
=1 —r = .82. Hencer = .18, and the annual rate of depreciation is
approximately 18%,.

. 8. The book value of the machine of example 2 at the end of any
number of years is easily found. Thus at the end of 5 years the book
value is approximately 37%,.

187. The slide rule. When it is necessary to perform a
large number of multiplications and divisions, logarithms
are ordinarily employed. Four-place tables enable us to
obtain accuracy to four figures at the most. The slide rule
generally used by engineers enables us to perform such
calculations much more rapidly, but the accuracy is de-
pendable to three figures at the most.

The slide rule consists of two rulers on which scales are
marked, and one ruler slides along the other.

Fig. 46 represents two rulers, A and B, each marked with
the ordinary or standard scale, ruler B being placed so
that its zero mark is under the mark 3 on A. Any number
on B, say 5, corresponds to 3 + 5, or 8, on A. Thus it
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is possible, with two ordinary rulers, to perform additions
and subtractions mechanically. To find 3 + 5, place

1 Is Is ‘ Is 6 7 8 ) L_o

0 1 2 3 4 Is 6 1

Fig. 46.

zero of B under 3 of A. The number on A above & of B
is the sum, 8. To find 8 — 5, place 5 of B under 8 of A.
The number on A above zero of B is the difference, 8 — 5,
or 3.

Fig. 47 represents two rulers, A and B, each marked
with the logarithmic scale. A number, 5, on either scale

A
1 2 s ‘ sMls |7 s fo o
K 2
1 2 0
'B
Fig. 47.

is at a distance from the starting point equal to log 5, or
0.6990 of the unit which extends from mark 1 to mark 10.
Mark 1 is at a distance of log 1, or zero, from the starting
point; that is, mark 1 is the starting point.
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The setting shown in Fig. 47 gives, as in the preceding
illustration, AK + BL = AM, which in this case is really
log 3 + log 2 = log 6, or log (3 X 2) = log 6. But since
the word log is not written on the scale, the setting is read
“3 X 2 = 6", which is found as follows: Place the starting
point marked 1 of B under 3 of A. The number on A
above 2 of Bis 3 X 2, or 6.

+ To find 6 + 3, place 3 of B under 6 of A. The number
on A above mark 1 of B is the quotient, 2.

The pocket slide rule is usually 10 inches long and con-
tains two units. Since each unit is 5 inches long, the scale
divisions are not unduly crowded. Multiplications and
divisions can be performed with such a slide rule as accu-
rately as if three-place logarithm tables were used. The
value of a series of multiplications and divisions can be
obtained by means of a slide rule in a few seconds.

188. Stirling approximation. When # is a large number,
more than 10, an approximate value of n/, called the Stirling

approximation is given by
nl =ntt¥he Vo,
By using this approximation, the expression on page 233
becomes
400%0+% =40 Vo, 5 3
100190+ =100 /9 3300+ o'3°°\/2_1r 4%

which reduces to \/ﬁ()—r = .046.
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(1) 809, 363, 66; (2) 10t 4+ u, t + u, tu; (3[g])
(+y@—y) =22—9; QLD @+y*—
(x — y)? = 4ay.

(1) 4%; (2) 182; (3) §; (4) 35; (6) 3; (6) 44; ()
153; (8) 43; (9) 8; (10) 3%; (11) 23; (12) 1; (13)
1%; (14) 11; (16) +5; (16) 23.

(56) 3000, 160, 1800, 84, 120; (6) 124%, 113%:;
(7) $113; (8) 20%; (9) $15; (10) 5%, 43%%:;

(11) 5%, 433%; (12) 113%; (13) $210; (14)
decrease 19; (16) 500.

(1) $157.50; (2) 683%:; (3) less by $67.50; (4)
more by $12.60; (6) unchanged; (6) 37%, 55%,
65%; (7) 284%:; (8) 2043%.

(1) Aug. 20, Sept. 20, Oct. 20, Aug. 19, Sept. 18,
Oct. 18; (2) 53, 54; 108, 109; 90, 92; (3) 1800,
1898, 1900, 1914.

(1) $1176, 1200, 816.33, 383.67, March 31; (2)
$3913.40, Apr. 15; (3) $387.12.

(1) $16, 133, 12, 102, 9; (2) $727.08; (3) $322.08;
(4) 6%; (B) $924.

1) I = $150, 156.25, 127.63, 54.38, 71.50,
E = $147.95, 154.11, 125.88, 53.64, 70.52; (2)
$365, 360; (3) $270, 5.4%; (4) $360, {%; (5)
$1080, 18,000; (6) $41.25, 59.18, 5%, 6%%,
$7285.71, 8984.62, 68 days, 146 days; (7) gains
$97.10, 8.98%.

(1) Proceeds: $5016.94, 2722.50, 7511.88,

8028.38, 14,750; (2) $11.42; (3) $6505.91, May

20, 5%; (4) 5.08%, 6.06%, 4.04%: (5) 5%.
316
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(1) True discount: $9.90, 16.39, 19.61, 25.97,
32.89, 22.03, 16.56, 11.06; (2) $5264, 7.896%,
79 days.

(1) June 4; (2) $2008.67, 1995; (6) $538.46; (6)
21%%:; (7) 20%; (8) April 13, $996.83, 1006.17.

(1) 30, 12, —4, —18, —30, 1, 0, —5.02, —2,
—1; (2) 1126, —1.126, —2.36428, .31563,
—.31563, <, —14-

1) 6, +2, 12, 22, —12, —22, 0, —20, —3.4,
“3: @) —2, —2, —4.425, +-4.425, —2%, +1,
-1, +4.

1) —=z; () —2a — 7b; (38) —7a + az + 7z;
(4) 28 — 222 + 2z; (6) 4ab — 2ac + 9bc; (6)
la; () —7.3z; (8) 1.32%; (9) —398a; (10)
—809z2; (11) 3a — 3b, —a — 3b, 2z — 3y — 2a
4+ 3b, +6b, —4a, —4a + 6b; (12) 4a — 4b,
6a — 6b + 6¢c, —2b + 8¢, 2a — 2¢, —6a + 6b
— 6c, 2b — 8c.

M12 —2z2,1,4z — 3y,2¢ 4+ 1, 9.

(1) 12a%; (2) 60a%bc; (3) a’bicx; (4) 8a™vc*; (6)
§a®z3; (6) 3adzs.

(1) 6z — 17z + 12; (2) 6z® — 132* — 6z + 8;
(3) 2z* — 713 + 822 — z — 12; (4) z* — 1; (B)
22 +1; 6) 2+ 22+ 1; (7) 2* — 102® 4 3522
— 50z + 24; (8) —12z® 4 72xz.

(1) 5a%; (2) 6a%; (3) —627; (4) —62° + 52* + 4z;
(6) —a + 6% (8) z — 1; (T) 2a® — 4ab?; (8)
%2 — xy — 2zy?; (9) 2* — 1; (10) a + b —c.

1) 3z + 2; (2) 3z — 2; (3) 92 + 6z + 4; (4)
quotient 922 — 6z + 4, remainder —16; (6)
922 — 6z + 4; (6) quotient 922 4 6z + 4, re-
mainder +16; (7) 222+ 3z +2; 8) =* — 1,
9) 22 4+ 3z + 2; (10) 2 — 2z + 1.
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BXERCISE PAGE
22. 41 (1)5-3-11% (2) 5-3*-11-13; (3) 3*- 72 - 11;
(4)32-11%-13; (6) 35-5-7 - 11%; (6) 22 - 3 - 112 -
19; (7) 3-52-112-19; (8) 5-11-13-181; (9)
5-3-7-11% (10) 3% - 72 - 113,

25 11 3 4 111 ,,. 29 422 1 8
=. 2 W55 3 12 Pae 1617 156 63’

5 8

6 495
M. 43 (2) 5223z + 5)(3z — 5), 162°(3z — 5)2, 7(z + 2)
(z — 2),3( — 2)3 %a(@? + 1)(z + 1)(z — 1),
2t 2 18 43 5z+1

5a:c3(x+3)2; (3) ;—; Z&, 3’7 z—;—s') xa—;—'zr
3(@ +2)

5z(a — z)

26 46 (1) @—-3)(z+3), -2 =+3)* @
(—=2)z—-1,z+2)(x+1),(z —2)(x+1),
(+2)(z—-1); B) (z+ 1)z — 2z + 1),
(z—2)@*+2x+4), (z+3)(=* — 3z +9),
(z—4)(2*+ 42+ 16); (4) (z — 2) (z — 3)(z — 4);

® &= 2e+3)6 +o+1; @ T3
™

2 — 4 2z
© —2 . a0 &+3

Pt ® EFaE -9
(z + 2)(x + 4) z+6

26. 49 VDz=7 2 z=4,08 z=1} @) z=1%
(6) z=3; 6) 2=2; (T) a=134; (8) a=2;
9 z=2;(10) a=5; (11) 2 = §; (12)z = §;
)z =1; (M4)z=12; (16)% =$; (16) z =
=1; ANz = —12;, 18) z=3; 19)z = —1;
(20) =z = 41, —1, +2; (2) z = -2,
. _6—5  3zx-—5,
_3’ _4' (22)3—‘1_3,“_ z—1’
_5h—2 ., 3a+2 _3+3y
(23)a-h+3,h—5_a, (24):0—-————-—2_”:
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BXERCISE PAGE
26. 49
27. 50
28. 54
29 55
30. 57
31. 62
32. 64
33. 66

ANSWERS TO EXERCISES

_2z—3, _Wy+1) _b+bz
v=%2¥3’ (25)“:_5(3/—1)’ 5z — b
_Szly — 1), __8 _8—p
b ———-—-y_l_l ; 26) p 1+rt’r o
=3-P =_P =M_P
= ; @ m l—rt’r -
="m=P

mr

(1) 23, 77; (2) 23¢, 77¢; (3) 32¢, 64¢; (4) 46;
(6) 59; (6) 13; (7) 6 quarters; (8) 25 of 15¢ kind;
(9) $6000 at 49,; (10) 11, 22; (12) 5, 6, 7 or

. __a __ T
6) —5’ 4’ (13) r (1 — a)’ a (l +z)’

n(c — b) n(a —¢),
@-% @-b’

(14) s = p + prn; (18)
2or 3; (20) 3, 3.

(1) 57 2; (2) %’r _}; (3) 10, 3; (4) 5) 1; (5) 1’ l;
(6) 5, 3; (7) 5, 3; (8) 3, 1; (9) =9, 7; (10) —8,
—1; (11) 8,2, 1; (12) 4, 3, 2; (13) 5, 2, 3; (14)
6’ 2; 3; (15) 4; 8; 9; (16) 2%; 1%; %; (17) 37 —2;
(18) 2, -3, —1;(19) 1,0, —3, 5; (20) 3, 2, 4, 1.

(1) inconsistent; (2) dependent; (8) dependent;
(4) dependent; (5) inconsistent.

(1) 75; (2) 35, 30, 5; (3) $1.71, 2.79, .50; (4)
437; (6) 49; (6) 83; (7) 8, 10, 14.

1)222 -3z + 4,22 —r+ 1, 2% — 42 — 22 + 3.

(1) 3, —%; (2) 0.257, —2.591; (3) 0.558, —.358;
(4) 1.618, —.618; (5) 2.186, —.686; (6) 1.000,
1.500; (7) .618, —1.618; (8)3.791, —.791;
(9) .865, —.643; (10) 5.702, —.702; (11) 1,
2.303, —1.303; (12) 2, 3, 2.562, — 1.562.

(1) 4: 4) —1; 1; %J —%: 1) 1) _'g'y —gi 'Z’) *;
@) 22 — 5246 = 0,22 — 3z — 4 = 0, 627 —
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52 4+1=0,322 — 10z + 3 = 0, 2 + 3z +
2=0, 22 —9 =0; (3) equal, real, real, de-
pends on value of 4k* — 12k, imaginary, im-
aginary, imaginary, depends on value of 9 + 4c;
(4) any value except between 0 and 3, —1;
(6) not less than — 2%, +4, —2; (6) not more
than 5%, 4,4 or —16; (7)§ or —%; (8) § or 3;
(9) 209, and 40%,; (10) 509, and 30%,; (11) 13;
(12) 4 + 4V/2 mi. per hr.; (13) & = 4 roots are
$ and §, k¥ = —64 roots are § and —3$.

(1) 30°, 60°, 90°; (2) 22}°, 673°; (3) 105°; (4)
12, 34, 3, 42; (6) Be = 3CD, AE = 3AD; (6)
18, 4; (8) 3, 2%, 7%; 7% to left of D; 8 to left of C.

(1) 9V3; (2) 2V/60; (3) 24, V300, V'1080.
(3) 7, 18, (11, 12); (4[a]) (3, 6), (6, 1), (8, 4);
(4[b]) $ 3

2 _%) X
42y —3z=4,y — 22z =1,4y — 5z = —3,
4y + 3z = 0; (6) 11, —2; () V52.

(b) 32, 187; 49, 48, 210, 55%; 3, ¥r; 2.721, 7.417;
(M 5, 93), 43, 8), (53, 11), (43, 83); (8la])
4, 8), (7, 6), (6, 3); (8lc]) (5%, 53).

(1) 24.9598, 7.89298, 6.97128, 22.0451; (3)
8.17822, 3.79599, 1.76194.

() =243, 5 3) 13; (9) 2.135, —.468.

(1) (37 _10)’ (3;10); (‘Q‘; —18")1 (’&y ‘18")’ (*) —"!")9
&, 42); (3 (2, 0), the z axis is tangent to the

curve; (4) (2,11); z = —.345or +4.345,y = 3;
y =4z 4 3.

(2 3;(3 27,3, 4,4, 1, 2; (6) 5.916, .845, 2.236.
(1) 3.2079; (3) 16.65; (6) 5.2817; (7) 0.506; (9)
197,600; (11) 0.8195; (16) 6.7538; (17) 0.006714;

(18) 0.2985; (19) 97.275; (20) 0.7943; (21)
0.1436, 1.585, 0.3655, 0.7481.
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61.
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105

106

107

108

109

110

111

112

125

129

131
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(1) 612.0; (2) 5.996; (3) 0.0002693; (4) 562.9;
(6) 0.003653; (8) 180.0; (7) 0.1807; (8) —.3335;
(9) —.4886; (10) 0.2396.

(1) 24.73; (2) .04044; (3) 2.013; (4) 0.5000; (5)
0.631; (6) 0.2460; (7) 0.1845; (8) 0.2483.

(1) 5.64; (2) 0.4121; (3) 1.361; (4) 0.0906; (6)
0.1086; (6) .01977.

(1) 3.162; (2) 2.154; (3) 2.449; (4) 2.450; (6)
0.9284; (8) 1.459; (7) 0.5486; (8) 2.080; (9)
4.941; (10) 371.71.

(1) 13.42; (2) 1.5; (3) 3.318; (4) 3.162; (6) 0.82;
(6) —.75; (7) %; (8) #; (9) —3; (10) 11.16.

(1) 0.08012; (2) 34.95; (3) 0.02858; (4) 2.655;
(6) 0.358; (6) 11.9; (7) 0.057; (8) .8688; (9)
.0106; (10) 238.9; (11) .5871; (12) 2.291; (13)
1.222; (14) .3895.

(1) z=2; (2) z=2-10°; (3) 2%* = 10; (4)
iyt = 3% (6) n =3; (6) x = 5; (7) 22 = 10y;
(8) y = 10007 - 10.

(1) 1.049; (2) 2.5441; (3) .6232; (4) 1.8114; (B)
.5351; (6) 2.771; (7) 3.09; (8) 2.836; (9) 23.9;
(10) .767; (11) 2.1205; (12) .4973; (13) 1.293;
(14) —4.22; (16) —.237; (16) 9, 4; 16, 1; 3, 1;
13, 7.

(1) 1.24953; (2) 4.13%; (3) 1.63305; (4) 2.14%,;
(6) 457.90; (6) 14.20; (7) .72650; (8) 3.93%;
(9) 46.55; (10) 261.11.

(1) 1386.51; (2) 4390.27; (3) 1635.14; (4)
2687.04; (6) 3481; (6) 1.225%,; (7) 3.77%; (8)
1.79%; (9) .684%; (10) 16.48.

(1) $716.36; (2) Dolan pays $15.23; (3) $1537.77;
(4) Green pays 8 cents, Brown pays $17.67,
Brown pays $33.14; (6) $1747.80, 1791.90;
(6) $2558.48, 1880.18; (7) $108.87, 513.70.
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(1) $11,009.50; (2) $12,405.80; (3) $2975.50;
(4) $2566.68; (6) $2200.11, 2382.40.

(1) 819.54, 1644.20, 91.33, 123.06, 1009.90,
985.33, 1071.40, 10,868; (2) 2.23%, 2.28%,
237%, 2.28%, 1.508%, 2.591%, 1.977%,
5.063%; (3) 1172.31; (4) 2201.90, 7090.54,
11,954.66; (5) 682.54; (6) 122.44.

(1) 2304.98, 2309.88, 2312.37, 2314.10; (2)
1722.38, 1718.78, 1716.86, 1715.62; (3) 1935.31,
1934.48, 1934.03, 1933.75; (4) 1648.73, 1644.24,
1641.87, 1640.31; (6) 2589.87, 2599.79, 2604.87,
2608.36.

1) 6%, 6.09%, 6.136%, 6.168%,; (2) 6%,
5.9126%,, 5.86956%,, 5.84112%,; (3) 1.46739%,
1.488929%, 1.508%,; (4) .99505%,, .985349,.

(1) 224.77; (2) 8689; (3) 5209.74; (4) 191.95;
(6) 1.17%; (6) 2.91%; (7) 2.75%; (8) 4724,
4063.20; (9) 3.339%, per month or 489, effective
annual; (10) 733.44; (11) 346.07, 350.10, 871.73,
900.74; (12) 7523.40; (13) 996.80; (14) 3.62%
per month; (16) 290.30, 290.91, 291.23, 291.11,
291.44; (16) 1862; (17) 631.63; (18) A pays
140.73; (19) 2949.19; (20) 1189.08; (21) 7468.97;
(22) 292.20; (23) Original debt required 33 pay-
ments of $500 and a balance of $7.16, should
pay $8886.90; (24) 18 payments, balance $3735;
(26) 131.40. 76.10, 2284, 1738, 90.63, 1616.30,
2464, 1294.

(1) 915.32; (2) 1094.57; (8) 1061.51; (4) 952.44;
(5) 996.39; () 1082.94; (7) 909.29; (8) 1032.64;
(9) 1042.29; (10) 866.57.

(1) 863.74; (2) 922.30; (3) 1005.10; (4) 1066.10;
(6) 1038.60; (8) 1041.20; (7) 1059.70; (8)
1104.70; (9) 1164.60; (10) 994.90.
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1) 2.5%; (2) 3.19%; (3) 1.90%; (4) 1.91%;
(6) 2.60%; (6) 1.71%; (7) 2.20%,; (8) 2.85%;
(9) 1.85%; (10) 2.10%; (11) 2.54%.

(1) 1091.69; (2) 1064.44; (3) 830.13; (4) 887.38;
(5) 920.79.]

(1) 1039.95, 874.25, 1107.88; (2) 5.302%,
3.5229, 3.066%; (3[a]) 14.540, .52749; (3[b])
15.228, .58127; (3[c]) 15.775, .62527; (4[a])
1072, 900, 1142.54; (4[b]) 1104.04, 925.74,
1177.19; (6[a]) 5.706%, 3.927%, 3.476%; (6[b])
6.096%, 4.700%, 3.861%; (6) 1045.15, 880.81,
1112.43.

(1) 457,310, 437,990, 515519; (2) 541,537,
462,413, 428,253, 397,444; (3) 556,910, 450,870,
408,240, 371,100; (4) 907,572, 912,620, 1,107,287,
956,260; (6) 92,540, 108,407, 100,484.

(1) 2.156%, 2.954%; (2) 2.67%, 3.12%, 3.5%:;
(3) 2.290%, 2.866%, 3.363%.

(1) 10,484, 10,576; (2) 1.165%, 2.306%; (3)
365.47; (4) 10,933.30, 10,998.80; (5) 1.234%,
2.964%; (6) 27, 288.07, 9.35; (7) 11,226.50,
11,274.70; (8) 1.32%, 3.76%; (9) 13,860; (10)
16,174.20, 17,509.80; (11) 11,202.10, 10,479.30;
(12) 1.313%, 3.685%; (13) 10,589; (14) 2.475%,;
(16) 4387.16.

(1) 16,19; (2) 4, }; (3) 25,36; (4) +, v4; (B
—17, —10; (8) .016, .0032; (7) +}v, soo; (8) 4,

7; (9) 403, 603; (10) 3, 3.
(1) 34,205; 29,216; 2, 27; 11§, 280; 6, —7; 2 or
6, —5 or +3; (2) 13.75; (3) 3075; (4) 9500;
(5) 2080, 1024, 1056, 260.

(1) 1536, 3069; .0024576; .9983616; iy, 4052;
3,728;3, 6; V2, 5; 48, 93 + 45V2.
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Q) 5, 4, 18; (3) 34, 5, 6}; 2V2, 4, 4V2; Y4,
2, 32; (4) 5, 10, 15.

@) 4; @) 4; 3 16; @) 38 (6) 2+ V2; (8)
2v'3 + V6.

(1) 739.70; (2) 1303.31; (3) 1926.68; (4) 741.92;
(6) 519.03; (6) 1970; (7) 1347.85; (8) 507.61;
(9) 1351.90; (10) 764.56.

(1) 61,070; (2) 2.63%; (3) 449.30; (4) 17.33%;
(6) 2.5%; (6) 844.70; (7) 45.41; (8) 1491.80,
548.80, 1632, 4069.

(2) 154.17, 23.72, 19.4%; (4) 205.60, 15.3, 1216,
10.18%, 205.89, 1213.98; (4[g]) 100, 90, 81,
27.43, 24.69, 22.22; (6) 400.70.

(1) 196.80; (3) 256.80.

(1[a]) By 1870.55 — 1766.67; (2[b]) by 1766.67 —
1442.95; (3) yrs.; (4) 7.84; (6) 55,007; (6) 40,456;
() 10,412; (8) 3.23%; (9) $1.47; (10) 3.9%;
(11) 16.46; (12) 3358.20; (13) 14.58.

(3) 215.83, 381.27, 3166.90, 6161.70; (6) 1514.70;
(6) 351.61.

(1) 166.53, 3233, 9336, 8976; (2[a]) 1, 0; (2[b])
213; (2[c]) 184, 456, 566; (2[d]) 765, 1000; (3)
1064, 1019, 1000.

MH335465 @55 5915 118G
IR R HOEX X RORE S 2

(1) B %r ; (2) 1'8'(6: 4; 37 7) 97 101 10’ 3); (3)
'8" '8': 4; 3’: 'ﬂ'y 4’ 'B': ; (4) %y %, %) 0°147 0'1’ 0-2;
(6) 0.3, 0.2, <%, <; (6) 0.936, 0.064; (7) 0.936,
0.648, 0.216; (8) %, +h 15 (9) 3%, 5, 8%; (11)
~, 15; (13) 2 to 1; (14) 6 to 5, 3 to 5, 63 to 25,
96 to 25; (16) 2to1,1t0 1, 5to 1, 8 to 1; (16)
3 to 2, 3 to 4, 27 to 8, 21 to 4; (17) 111 to 10;
(19) 216, 18 and 3; (20) 28, 55; (21) ¥, +%;
(22) .
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107.
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225

235

237
238

241

249

252

256

257
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(1) 20, 120, 120, 720, 504, 336; (2) 20, 120, 90,
504, 8, 210; (4) 52!+ 441, 20! 10!; (B)
1.29 X 10,

(DY, ¥ 38, 1, ¥r; (2) 3360, 1920; (3) 60, 60,
35; (4) 21, 35, 2002.

() &z (1, 210, 252, 45, 848, 386); (2) v
(1250, 250, 1, 1526, 7750); (3) % (§)°, L — 3~ ($)7,
($)8; (4 approx. 0.20, 0.12, 0.25; (6) 2 app.,
5 Tovn 35 ¥ 18 app., 7 app.; (6) approx.
0.235, 0.872, 0.042.

(1) 32z — 2n; (2) 9222 — 122z + 4n; (3) Zdzy;
4) Z22 + Zy?; (6) 22xy; (6) 22z + 3y — 4n;
(7) 22 — Zz; (8) Zx2 — Zz — 6n; (9) =22 +
2Zzy + Zy? + 23z + 22y + n; (10) 4322 4
1232y + 92y? — 42z — 62y + n.

(3) 80; (4) 72.7; (6) 7.

(1) 50; (2) 2; (3) 40, 80, 100; (4) 360, 320, 300;
(6) 2, 3, 40; (6) 50, £, 3.

(1) 7.46, 1.26, 2.42; (2) & = 54, ¢ = .93.

(1) 50, 5; (2) 60, V'50; (3) 240, V'80; (4) o =
3V'5; (6) ¢ = V'240.

(1) 17.326; (2) 11.2296; (3) 0.54256; (4) 6.3944;
(6) 0.8654; (6) 2.4995.

(1) 0.3413, 0.1360, 0.0214, 0.0256; (2) +0.97,
—0.36, 0.25; (3) 1.08%, 2.87%, 98.21%; (4)
4.849, 81.59%; (5) 3.76%, 95.51%, 8.25%; (6)
2.4%, 17.0%, 85.4%.

(1) 0,45° (2 Y; (3 X; (4 0; (6) X; (6) Y;
(7) 0, 45°; (8) 45°; (9) X; (10) X.

(1) £3; (2) = = 5, no y intercept, z may not be
less than 5; (3) ¥ may not be less than 5; (4)
intercepts are z =3, —1 and y = 3, y may
not be greater than 4; (6) intercepts arey = —3§,
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= —4§, asymptotes are z = 3, y = 2; (6) in-
tercepts are y = V2, y may not be between
—4 and +4%.

(1) 22+ 92 =25,y = 6z, 2y = 18,y + 3= =9,
z? — z = y; (3) new origin at: (-3, 0), (0, 2),
(3) —2), (0, 2), (—%’r k), (%: k): (—2: 0)’ (—hi *)s
*, 9, 0,2), (1, &), 0, 0).

(1 2y—-38z=-5 D y—z=2; 3) 3y+
2¢=238; (4) S5y—4x=-5; 6) cy —dz =
bc — ad; 6) y log 2 — 4z = 3 log 2 — 4 log 5;
(8 3 = 2¢ (0.6)%% (9) —F, ~4; (10) z = 1
log 1250, y = 14.23.

(1)23/—3:1:=0,y=3-2"“”,:::"=2",21/—2
3z=0;, (2 4y — z = 10, (1/) =(§) ’

3

log 8 log §
2-3v=27x,(§>' =(§)‘;(3)y—
_ o . 20 §‘=(;4)"’
4z = —10, y = 2 3,(3) 2)

og $ o
G =()" ww-2=-0r=2

422=9-2, 3y—2x=0; (6) y+ 3z =18,

s T
O

(1) 3v+2 = z4, p = 46.72, ¢ = 8.09; (2) 3=+? = y4,
p=1224, ¢=1184; (8) 2y =3z, p=4},

d
q=18; (4 = =3y, p = 24, ¢ = 16§; (6) %)
=r (6)§(§)°= 2%, p = 18.42, ¢ = 1347;

) (§2f)1= 3w, p=1702 ¢g=433; 8 y =
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270

277

278

279

285

201

293
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log 2 log 8
logz; (9) (g) =(§)°‘, p = 815 ¢ =

177.65; (10) 2y = 5z, p = 20, ¢ = 50; (11)

_L log2_ glogs _ — R
(405) _(x)  p = 7.165, ¢ = 1137;

log 3
(12) 2y = 360, p = 36,0 = 6 (13)(4)" =

(g)li¢5; (14) (i_g_o.)lozS — (%)1015’ y =

V80; (15) 2y — 5z = 5, 2y? = 25 (27), 3v =
(32)", (28t = ohs

VD zy=y—z+19; 2) 222=3z+y—2;
@ 2y=3y—=z+5 4 ay=2y+3z+12;
®) zy=xz—y—19; 6) 22 =243y — 2;
(7) 322 =3z +y — 2; (8) 2y = 3z — 2y —24;
9) 2y = 3z + 2y + 12.

(1) 20=32), y=12;; (2 26=3(2), y=
2+t+5; 3) 2y=32—-3t4+10, z =2 +
t+5; (4 2x=3(2), 3y=5@); (6 z=
(t+2)% 3y = 2(3).

@y =bah — 2; (g) - 5o, (g) _ g,

log 2 log 8
(%)g =(§)';y=2x2+8x+ll;x=

2.3,y =8

M % —% 3) 28, 11, 24, 6; (Bla]) i, s
(6[b)) 1%, —35%-

@ y=%+5 y=—132+40r—3 y=
=32 + Ha? — e + 4 (6) ¥ = 132 — &,
4438, ¥ = —1 + 180’ — o2, 435 o =
—.91 — .56z’ — .03z" + .142", 15.18.

Q) vy¥=142 -1, 2/ =7+ .7, 1.6, 08,
(5, 8); (2) both lines are 2y — 3z = 1, ZP2 = 0;
8) y = 1.45z — .18, = = 66y + .31, 2.08, .98,
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(44, 6.2); &) y = 125 — 237,z = 5.13 —
.38y, 2.3, 1.23, (3, 5.6); 6) y =29 — 2z, z =
14.37 — 49z, 4, 1.7, (9, 11).

(1) 84.33, 83.13, 85, 83.6; (2) 78.76, 79.43, 68.13,
70.64; (3) 3.75, 40.6, 35.54, .33, —40.49, 29.87;
4) 0.05, 0.56, 0.48, 0.004, —0.54, .43; (b) re-
gression equations for yw are y — 83.13 =

0.54 0.54

7064 (w—83.6) and w — 83.6 = 7043
(y — 83.13), and similarly for the remaining
pairs.

(1) (3.01, —0.21), 1.05; (2) (1.60, 0.49), 31.24;
(3) (255, 1.29), 21.74; (4) (1.58, 2.60), 9.56;
(6) (1.18, 3.02), 2.36; (6) (2.78, 0.50), 59.4;
(7) (1.23, 0.54, 0.82), 26.43.






A
Abbreviated:
division, 123, 307
multiplication, 119, 307
Abscissa, 70
Accrued interest, 154
Accumulated value:
of annuity, 128
of 1, 118
Accuracy in computation, 304
Addend, 3, 305
Addition:
algebraic, 26
of fractions, 8, 41
with slide rule, 311
Advance, 81
Algebraic:
addition, 26
binomial, 28
division, 34
method, 49
monomial, 28
multiplication, 31
numbers, 24
polynomial, 28, 63, 281
scale, 25
subtraction, 27, 29
term, 28
trinomial, 28
Altitude of triangle, 79
American Experience Table, 195
Angle, 73
Annual:
gross premium, 201
net premium, 199
rate of interest, 14
Annuity, 127
formulas, 132
Anticipated value:
of annuity, 128
of 1, 118

INDEX

Antilogarithm, 103
Approximate numbers, 304
Approximations, 35, 178, 309
Are, 73
Area:
and probability, 232
of a triangle, 79
under a curve, 248
under a polygon, 231
unit of, 79
Arithmetic:
mean, 169
progression, 165, 268
scale, 24
Asymptote, 257, 272
Average, 236
income, 152
investment, 152
rate of interest, 152
Axes, coordinate, 68, 70
Axis of symmetry, 2566

Bank discount, 18
Base, 31
of logarithms, 99
of triangle, 79
Beneficiary, 195
Best:
equation, 287
line, 292
parabola, 288
point, 298
relation, 281
Binomial:
algebraic, 28
distribution, 232
theorem, 172
Bond, 146
coupon, 146

329
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Bond (Cont.):
discount, 149
installment, 146
premium, 149, 156
serial, 146, 157
table, 154
value, 147
yield, 147

Book value, 186

Braces, 30

Brackets, 30

C

Cancellation, 3, 41
Capitalized cost, 191
Cash surrender value, 203
Casting out:

9's, 37

11’s, 39
Center of gravity, 90
Characteristic, 100

negative, 100
Check:

Charlier’s, 241

number, 37
Circulating decimal, 171
Class limits, 230
Clear of fractions, 48
Coefficient:

algebraic, 28

of correlation, 294
Coefficients, unknown, 181, 299
Collinear points, 86
Combinations, 219
Commercial interest, 16
Common:

difference, 165

factor, 43

logarithms, 100

ratio, 165
Commutation columns, 198
Complex numbers, 58
Compound interest, 14, 116
Concurrent lines, 219
Conditions:

for least square solution, 281

for simultaneity, 56
Congruent triangles, 74
Consistent equations, 55

INDEX

Constant:
factor, 235
percentage of depreciation,
187
term, 235
Continuous:
curve, 72, 231, 254
decrease, 182
increase, 179
Conversion period, 116
Codérdinate axes, 70
Codérdinates of a point, 70
Correlation, 281
coefficient, 294
Corresponding sides, 76
Cost, capitalized, 191
Coupon bond, 146
Cube root, 58, 61
Curve, 72, 232, 2564

D

Date:

of birth, 198

focal, 22
Decimal, circulating, 171
Decrease, continuous, 182
Degree of :

accuracy, 248

angle, 73

correlation, 281

equation, 63

polynomial, 63
Denominator, 4, 203
Dependent equations, 56
Depreciation methods, 186
Deviation:

from mean, 236

horizontal, 289

vertical, 289
Difference, 3, 305

common, 165

in direction, 73

series, 174
Digit, 5
Discount, 11

bank, 18

bond, 149

cash, 13

trade, 11

true, 20



Discounts, successive, 11
Division, 3, 306
abbreviated, 123, 307
algebraic, 34, 36
by logs, 105
by zero, 82, 257
with slide rule, 312

E

e, value of, 99, 181
Effective rate, 141
Elimination, 52
Endowment insurance, 197
Equation, 47

and graph, 254

exponential, 109, 272

fractional, 48

linear, 91

of a straight line, 83

of payments, 21

quadratic, 63
Equations:

consistent, 55

independent, 55

normal, 285

parametric, 277

regression, 292

simultaneous, §2
Equilateral triangle, 74
Equivalent:

interest rates, 138

obligations, 129
Exact:

interest, 16

time, 12
Expectation of life, 206
Exponent, 3

fractional, 96

integral, 96

negative, 96

zero, 96
Exponential:

curve, 272

equation, 109, 272

F

Face of bond, 146
Factorial numbers, 220

INDEX

Factor theorem, 44
Factors, 3, 40, 42, 44
Failure, 212
Focal date, 22
Formula, 5
quadratic, 63
Fraction, 7, 9
Fractional:
equations, 48
exponents, 96
Frequency:
curve, 231
distribution, 231
polygon, 231

G

General statement, 5
Geometric:
mean, 169

331

meaning of least square solution,

288

progression, 165, 168, 268

relations, 72
Graph, 68, 250, 279
Graphic:

calculations, 309

solution of equations, 92
Greater than, 25
Gross premium, 199

H

Harmonic:

mean, 169

progression, 165
Highest point, 95, 239
Histogram, 231
Horizontal:

deviation, 289

line, 81
Hypothetical bond, 148

I

Identical elements, 224
Identity, 47

Imaginary number, 58
Inconsistent equations, 55
Increase, continuous, 179
Independent events, 211
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Indicated operations, 3 Logarithmic:
Infinity, 82, 180 paper, 267, 208
Installment: scale, 260
bond, 146 series, 183
payments, 16 Logarithms:
Insurance, 1956 common, 100
Integer, 4 Napierian, 99, 104
Intercept, 82, 256 of factorials, 220
Interest, 14 Lowest point, 94
accrued, 154
compound, 14, 116 M
exact, 16
ordinary, 16 Mantissa, 102
period, 116 Maturity value, 18
rate of, 14 Mean:
simple, 14, 154 arithmetic, 169, 236
Interpolation: geometric, 169
linear, 87 harmonic, 169
Newton’s method, 177 of binomial distribution, 238
simple, 87 Median of triangle, 90
Intersection: Member of an equation, 47
of curves, 92 Minimum value:
of lines, 81, 92 of P, 283
of regression lines, 203 of quadratic, 283
Isosceles triangle, 74 of 2 P2, 287
Minuend, 3
L Minus:
characteristic, 100
exponent, 96
Least square solution, 281 numbers, 24
Less than, 25 Monomial, 28
Level premium, 203 Mortality table, 195
Life: Mortgages, 162
insurance, 195 Multiplication:
expectation, 200 abbreviated, 119, 307
Like terms, 28 algebraic, 31
Limit of sum, 170 by logarithms, 104
Limits: with slide rule, 312
of curve, 257
of summation, 196, 234 N
Line, equation of, 83
Linear: Napierian logarithms, 99, 184
correlation, 295 Negative:
equation, 91 characteristics, 100
interpolation, 87 exponent, 96
Lines of regression, 292 numbers, 24
Literal numbers, & Net:
Loading, insurance, 199 premium, 199
Logarithm, 98 price. 11



Newton'’s interpolation formula, 177

Nominal interest rate, 141
Normal:
equations, 285
probability curve, 244
Number:
approximate, 304
complex, §8
imaginary, 58
negative, 24
positive, 24
real, 25
Numerator, 4, 203

(o]

Obligations, equivalent, 129

Oblique line, 81
Odds, 212
Order:
of number, 304
of operations, 3
of parabola, 288
Ordinary:
interest, 16
life policy, 197
time, 13
Ordinate, 69, 250
Origin, 71

P

Parabola, 94, 272
Parallel lines, 80
Parametric equations, 277
Parentheses, 3, 4, 30
Par value, 146
Payments, equation of, 21
Period, conversion, 116
Permutations, 218
Perpendicular, 73
Pi, 6
Plane figure, 73
Policy:

insurance, 195

reserve, 203
Polygon, 78

frequency, 231
Polynomial, 28, 44, 63, 281

INDEX

Power, 3, 97
by logarithms, 107
fractional, 96
negative, 96
zero, 96
Premium:
bond, 149, 156
insurance, 195, 201
level, 203
Present worth, 20
Principal, 115
Probability, 212
curve, 253
gtatistical, 217
Proceeds, 18
Progressions, 165

Quadratic:
equation, 63
formula, 63
trinomial, 282

Quotient, 3

R

Rate of interest, 14
Ratio, 4

Real numbers, 25
Reciprocal, 8
Rectangle, 79

Redemption above par, 147, 1686

Reducing balance, 187
Regression:

equations, 292

lines, 292
Relative closeness of fit, 287
Repeating decimal, 171
Reserve, 186, 203
Residual value, 186
Rise, 81
Root, 97

by logarithms, 107

cube, 61

of an equation, 47

of a number, 58

square, 59
Roots, 58

and coefficients, 65

of a quadratic equation, 65
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Rule, slide, 310
Ruled paper, 261

Scale:
algebraic, 24
arithmetic, 26
logarithmic, 260
standard, 260
Scatter diagram, 281
Scientific notation, 304
Scrap value, 186
Semilogarithmic paper, 266, 298
Serial bonds, 146, 157
Series:
difference, 174
infinite, 170
=, 196, 234
o, 240, 242, 243
Significant figures, 120
Similar:
terms, 28
triangles, 76
Simple:
interest, 14, 154
interpolation, 87
Simultaneous equations, 52
Skew, 233
Slide rule, 310
Slope, 81
Solution:
of equation, 47
least square, 281
Square, 3
root, 59, 307
Standard:
deviation, 240
policies, 197
scale, 260
Stirling approximation, 312
Straight line:
depreciation, 186
on logarithmic paper, 262, 267
on ordinary paper, 262
on semilogarithmic paper, 266
Subtraction, 27
Success, 212

INDEX

Successive:
approximations, 35
discounts, 11

Summation sign, 196

Surrender value, 203

Symmetry, 254

T

Tabulation, 230
Term:
algebraic, 28
insurance, 197
Time, 12
Trade discount, 11
Transformation of equations, 254
Translation of axes, 267
Transposition, 48
Trapezoid, 80
Trial divisor, 59, 61
Triangle, 74
equilateral, 74
isosceles, 74
right, 74
Triangles, similar, 76
Trinomial, 26
True:
discount, 20
present worth, 20
value of a number, 304
Twenty payment:
endowment policy, 197
life policy, 197

1Y)
Unit, 27
area, 79
of logarithmie scale, 260
Unknown coefficients, 281, 299

\'4
Value:
of annuity, 128, 133, 134
of bond, 147

of coefficient of correlation, 295
of serial bond issue, 157

par, 146

scrap, 186

surrender, 203

wearing, 186



INDEX

Variance, 240 VA
Vertical, 81
deviation, 289 Zero:
Vinculum, 30 division by, 82, 257, 276
exponent, 96
Y factorial, 221
Year, 12 logarithm of, 261
Yield of bond, 147 number, 6, 24, 25
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