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PREFACE.

In physics and technics one is often faced with the problem
of studying the periodical steady state of a mechanical or electrical
system, corresponding to a sinusoidal disturbance attacking it.
If the system is governed by linear differential equations with
coefficients, not depending upon time, one can, as we kriqw,
by introducing the representative complex vectors of the time
functions obtain new, simpler equations, which do not contain
the variable of time. This mode of proceeding has, especially in,
electrotechnics, got an extraordinary practical importance, beirif
the basis of the: 'so-called symbolic method in the alternating-
current theory. '

It seems to be O. Heaviside who first systematically Qvorked
out methods of treatmg non-periodical and transient phenongend
in a symbolic way. In later years Heaviside’ s so- -called operational
calculus has been, subject to an mcreasmg 1;1terest and several
gttempts have been made to found the many operations occurring
upon a more general and mathematically more satisfactory basis.
Hence, the literature about opgrational calculus is nowadays rather
copious. A selected collection of textbooks and recent treatises
on the subject is given at the end of this book.’

The aim of the present work is to give an account of certain
methods of integration, nearly related to the Heaviside operational
calculus but more consequently building upon the symbolic
method of the alternating-current theory. The author has tried
to give a relatively simple but mathematically well-founded
generalization of the principal ideas and notions of this method.
Of course, the Fourier integral theorem offers a natural way to
gain this aim, but, like D. P. Dalzell, among others, the author
has found the modification of this theorem due to Mellin more
adequate for the purpose, and thus based the development of the
methods upon that form of the theorem. This will cause ordi-
nary analytical methods of the theory of functions of a complex
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variable to play a prominent part in the treatment. This will
also be the case with some procedures of the functional calculus,
because there exists a near relationship between operational
methods and this branch of analysis. Indeed, as outlined by P.
Lévy, it is possible to build up most of Heaviside’s operational
calculus upon the functional calculus as a basis.

In the course of the work the author has been influenced by
many other treatises, to mention only the wellknown textbooks
by Jeffreys, Carson, Bush and Berg. As to the practical applications
these books and the present one complete one another in many
respects. It ought to be noticed that in the following treatise the
main interest concerns the methodical and mathematical side of
the subject; therefore a more detailed discussion of the solutions
and especially of their physical contents is generally let aside.
It has been my intention to present many results under such
analytic forms as usually occur in other textbooks, and the reader
is once for all referred to standard works such as those by Riemann-
Weber, Webster and Courant-Hilbert besides the books already
mentioned. k

When trying to develop consequently the operational calculus
.as an extension of the symbolic method the author got reason
to introduce the notion of integrator, essentially corresponding to
the representative complex vector of a sinusoidal function; this
brings also with it a certain difference from other textbooks in
the mode of writing operational equations. However, also the
notion of operator has been frequently used, mostly signifying a
linear functional operation, and therefore it seems justified to
employ the name integrational and operational calculus on the
methods to be presented.

- Some proofs and supplements of a more completing or special
nature have been transferred to an Appendix at the end of the text.

This course is essentially meant for electrical engineers that do
not content themselves with a purely formal management of the
operational calculus. Of course, it does not claim at all upon
completeness, but if, when studied at the side of other similar
books, it could give the reader some new and useful aspects on
the ‘subject, its aim would be gained sufficiently well.

Orebro, Aug. 1935.
K. D.



A course of
Integrational and Operational Calculus
" with applications to problems of
Physics and Electrotechnics.

1. The integral theorem. General points of view.

In the following pages we shall have to deal with the im-
portant problem of calculating the effects of arbitrary external
forces attacking given mechanical or electrical systems. We
assume the dynamical processes to be governed by differential
equations that are linear and have constant coefficients with
respect to the variable of time ¢ The physical sense of the
linearity is the ‘validity of the principle of superposition,
expressing that the effects of different forces will independently
be added to one another. Hence our problem essentially consists
in computing the effect of a single force attacking the system
at any moment; the influence of certain prescribed initial con-
ditions may also be included in this problem. Nothing prevents
us from taking still one step towards a simplification, assuming
the external force to keep ‘the constant value 1; indeed, forces of
any nature may easily be built up by elements of that type,
represented by tbe discontinuous unit function or »jump func-
tion» H (2).

Accordingly, we are going to work with a general class of
functions possessing the characteristic property of being zero iden-
tically up to a certain moment, say =0, when they change, in
general discontinuously, into functions more or less regular for
positive values of 2.

The practical methods of integration depend upon the possi-
bility of algebraizing the expressions in the time-derivatives and
-integrals. In that way, instead of ordinary differential equa-
tions in ¢ we get purely algebraical equations, and partial dif-
ferential equations in ¢ and other variables 2, y, z..... are re-
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placed by simpler equations not containing {. To permit the
algebraization the time function in question must be decomposed
into a number of exponential elements. Generally the external
forces will be of such a nature that the classical Fourier inte-
gral theorem can not be applied, but a variant af this theorem,
due to Mellin, will prove to be very suitable for the purpose.

The Fourier-Mellin theorem can be formulated in the following
way, adjusted with respect to our special state of things (Cf.
Appendix 1):

Proposed the real function f(f) possesses the following pro-
perties:

1. f(t) and its first derivative are piecewise continuous in
each finite interval.

2. f(t)=1% [f(t+0)+f (t—0)] at a point of discontinuity.
+ 00

3. /|f(1)|'e'—”’-d: exists, when o1 < 6 < e

Then f(¢) may be represented by the complex integral

. G+1 o0 ept
f(t)='2‘7m:'/F (p)'?dp, .............. (1)
where i
+00 '
F(P)=P-/}(t)-rp'-dc. .............. (2)

In (1) we assume the path of integration to be a straight line
parallel to the imaginary axis of the p-plane. This line, how-
ever, can be arbitrarily removed within the domain

o < Re {p} < o

without changing the value of the integral; it may also be re-
placed by any curve in this band between the extremities
¢ +1i00 (Cf. fig. 1).

Without essentially limiting the practical applicability of our
methods we may generally presume more special properties of the
function f(#) than those required by the integral theorem. Hence,
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as already mentioned, we can assume that f()=0, when { < 0,
and accordingly put the lower limit in (2) equal to zero. Further,
for positive valucs of t we will prescribe f(f) to be continuous
and to have a generally continuous and exponentially limited
derivative or sometimes such derivatives of still higher orders.

A function ¢ (1) is said to be exponentially limited when t -+ + oo,
if the inequality |® ()| < e** holds for all t > t4, the real ex-
ponent & being independent of f.

To simplify our mode of expression we say that a function
f(®) belongs to class n if, for positive values of {4, it is continuous
and possesses continuous derivatives up to the order (n—1) and
an at least piecewise continuous and exponentially limited n:th
derivative. Then, as is readily proved, there must exist a num-
ber ¢ and a number {4 such that

[fO@W] < e* when t >t oooovenn.... 3)
(k=0,1,..n)

With the notation f(0) we always understand the limit value
of f(¢) when ¢+ 0.



A function ds said to belong to the class of order infinity if it
has an unlimited sequence of continuous, uniformly bounded, and
uniformly exponentially limited derivatives.

The latter type of functions is most common in the appli-
cations. When not otherwise stated we will presume the time-
functions appearing in the following to belong to class nr 1
at least.

On account of this statement the interval o» < 6 < @3 in the
integral theorem may be replaced by an infinite interval : 6 > .
Here « has the same meaning as in (3). Hence, the line of in-
tegration L (Cf. fig. 1) can be situated anywhere to the right of
the line Re {p} = a.

It is easily verified (Cf. Appendix 3) that a function F(p),
being defined in accordance with (2) by any function f(#), has
the following general properties:

F(p) is

1. Within the half-plane Re {p} > « the function »

holomorphical.
L]

2. Within the half-plane Re {p} = 0, > o the function F(p)

p
tends uniformly to zero, when |p |- oo.

Some simple examples may illustrate thee subdivision of a
function f(¢#) into exponential elements by the integral theorem.

A. The unit-function H (t).

This fundamental function is the simplest in the class of func-
tions in question. It is defined by:

0 t<o.
H@E)=l3 t=0)
1 t>0.

The value for ¢=0, expressing a regular discontinuity at the
origin, is immaterial for us. According to our agreement above
we always put H (0)=1.

For this function we get by (2):

F(p)=p/ e -dr=[—e) " =1
(1)



if 6 > 0, and accordingly, by (1):

G+1i 0o

£t
H (t)————— S (4)

6—ico
for any line of integration on the right of the imaginary axis.
If ¢ (t) denotes a function defined for any real value of ¢,
e. g. by an analytic expression, we get, when multiplying by the
unit-function, a new function, ¢ (¢)-H (¢), which is zero for all
negative values of £ and coincides with ¢ (¢) for positive values
of t.

B. The exponential function e**-H (t) (a real).
One gets the formulas:

= 1

F(p)=p-/;‘““") tir=—"P_.

p—co
[]
‘ e S (5)
1 ept
et Ht)=g5 | 55 dp
G—1 oo

provided that 6> &.

Note. When ¢ is negative, we also have ¢=0>>¢; hence the imaginary axis
may be used as a path of integration, which means that the classical Fourier
theorem is applicable. .

C. The functions sin wt-H (t) and cos wt-H (t).

If 6>0 we get from the integral theorem

0+t oo
1./ _op &
sin wt-H (t)= 2m Fta p ap, .......... (6)
6—1 00
G+t oo
tH (@)=L [P
cos wt- (t)=§_' =+m”—" 72 (7)
a'—‘IOO

It is easily verified in the different cases that the complex
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integral represents the explicit time function on the left hand
side. :

Evaluating complex integrals of the type (1) is a frequently
occurring task in the inlegrational calculus. For that purpose
one has great use of the following theorem due to Jordan (Cf.
Appendix 2):

Let @ (p) be a function integrable in the region Re {p} = «
along any smooth curve, when |p| > ¢, and such that | @ (p)
tends uniformly to zero when |p|+ oc. Let C denote a half-
circle with radius ¢ and centre at («, 0) in the same region.
Then

lim [ ®((p)etdp=0................ (8)
o= ooy
for all negative values of ¢.

Naturally a corresponding lemma subsists for positive values
of t and an infinite half-circle convex to the left if @ (p) fulfils
the same conditions in the region Re {p} < «

The equality (8) is easily seen to be vafid also in the case
where the integration is extended over only a part of the half-
circle C.

Now, the general method of treating an iptegral of the type

o+ too

1
1 "—2*7;@/ (P) - dP
is as follows:

According to a general proposition already mentioned for the

F (p)

class of functions f(¢) in question, the function is holo-

morphical in the region Re {p} > «, and there it also fulfils the
conditions for Jordan’s lemma. Another fundamental theorem,
due to Cauchy, permits us to change the path L of integration
into an infinite half-circle convex to the right. Then Jordan’s
lemma states I to be zero for all negative values of £. Of course
we could know this fact a priori, but our reasoning has given us
a sufficient condition for an integral I (¢) to have this property.

The calculation of I(t) when ¢> 0 necessitates a more
complete knowledge of the analytic properties of F (p) on the
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left hand side of the line Re {p}=«. In most cases Fz()p) has

such properties that Jordan’s lemma is applicable also in this
half-plane. Then we may complete the line of integration by
an infinite half-circle convex to the left, thus getting a contour
C, inside which the integrand function possesses certain sin-
gularities as poles and branch-points; we assume the latter to
be couveniently connected by cuts making the function uniform
inside C. In accordance with Cauchy’s theorem the integration
along L may be replaced by integrations around the poles (resi-
due 'calculus) and along the cuts. In a following chapter this
procedure shall be abundantly exemplified.

2. The notion of integrator. Processes of differentiation
and integration.

In the integral theorem to each function f (¢) another function
F (p) of the compleg variable p is associated in a unique way.
Obviously this function F (p) is characteristic of and can be
used to represent f(¢). Hence the unit-function H (), ec. g., is
represented by F (p)=1.

Now we are goimg to introduce a simplified notation for the
integral expression (1), writing

JO=F @) H®E). «eeuenaeeneenn... 9)

Here the expression F (p) symbolizes a definite operation of
integration that is to be performed on the function H (f). For
that reason we may call F (p) an integrator. As f(f) is obtained
by the application of I (p) to the simplest and most fundament-
al function H (t), we also will call F (p) the basic integrator of
f (). Of course, any function of class 1 possesses a uniquely
defined basic integrator given by formula (2), but also other
functions may be given by their basic integrators.

More generally, we shall call a function F (p) of the complex
variable p a basic integrator, when the corresponding integral
(1) converges and remains stationary for all values of o suffi-
ciently large. Hence, by definition, the path L of integration is

prescribed to be situated on the right of all singularities of F—';EZ-’-)
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Later in this chapter we shall take under discussion the inter-
pretation of an integrational expression in some cases where the
integral does not exist.

By the symbolic notation

© (p)f ()
which should be read: »integrator @ (p) upon f (t)», we under-
stand the function [@ (p)-F (p)|-H (t), if it exists.

From the definition of a basic integrator we immediately con-
clude the validity of certain arithmetic rules. Hence we have e. g.

@ (p)-[k-f (t))=k- @ (p)-f (),
O(p)-[L()+f ()] =@ (p) h(®)+@(p)-1at),
(@i(p)+ Du(p)]-f (t) = u(p)-f (£)+ Dao(p) - (£)
(@ (p)- D (p)]-f (£) = Du(p)- [d’e )1 (£)]=Da(p)-[®:(p)-f (2)]
[@y(p)- Do(p) Ds(p)]-f ()=
Oy(p)- Dap)- (@s(p)-f ()] = Pu(p) - [ @o(p)- Ps(p)-f (2)]

More precisely, we find the so-called distributive, commutative,
and associative laws for processes of addition and multiplication
to subsist in the calculus with basic integrators.

When applying different integrators @ (p) to a given function
f (t) one obtains an unlimited number of néw functions, which
generally belong to other classes than the original one. Obviously,
when @ (p) is itself a basic integrator, the operation is always
possible. When @ (p) is not a basic integrator (e. g. @ (p)= a
polynomial in p), @ (p)-F (p) may be a basic integrator or not,
according to the case.

The properties of the integrator function F(p) depend of course
wholly upon the primary function f(t). To get some knowledge
of that relationship we will perform integrations by parts in the
definition formula (2). As o>« we find:

—.g—(0—a) T |=0

lim | £ o | |<,’:1': ol

and the first step of integration gives the result:

F (p)=f (0)+ ﬁ’(r).ﬂr-dr. ............ (14)
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If there are exponentially limited derivatives of higher orders,
the same procedure can be repeated one or more times. Thus,
when f(2) is of class » at least, one finds the following expres-
sion for F (p):

o0

F(p)= f(o>+f ), f"z() Dy +"”""‘°)+p J(z)-e—v7-dr (15)

The integral appearing in the last term, which we may call
the rest-term, is obviously uniformly limited in the domain

Re {p} = 00> c.

If /(t) belongs to the class of order infinity, » may be any
positive integer, and the rest-term will approach zero when
n-+oo, if |p]|> 1. Hence, for such a function the following
expansion holds:

F (p)=1(0) +j(0)+i”(0)+ +f%9)+ in inf. (16)

. . . U |
Here the right hand side constitutes a power series in 5 that,

as we know, converges for some finite value of p. Outside any
circle, concentric swith and including the circle of convergence,
the power series converges uniformly, and F(p) is there uni-
formly limited. Thus we have the general theorem:

The basic integrator of a, function f(¢) belonging to the class
of order infinity is regular at the point at infinity.

The properties of F (p) just stated make it possible, for >0,
to complete the path of integration L by an infinite half-circle,
convex to the left, and then to perform term by term the com-

plex il]tegl'al:
I f([]) f"(o) _I € ¢
J f ( + + PIS .._._.dp

C+L
Now,

and thus we find

ro=[10+P el e ]H O ... (17)
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which is the Taylor-expansion for f(f). Any function of the
class of order infinity may be represented in this way by a series,
uniformly convergent in any finite interval of positive values of t.

As a special result we get from these considerations the im-
portant praclical integrator rule:

1 44
P-H(t)ﬂl—? @) o (18)

for the present proved only for posilive integers n.

In the preceding pages we have seen how a function f(£) in
a convertibly unique way is represented by its basic integrator
F(p). Now the question arises how the basic integrators of the
derivatives f(t), f'(t). ..., il they exist, are related to F (p). The
formula (14), or more generally (15), will give us some informa-
tion in that respect.

If the function f(¢) is of class (n-+1) at least, f*(¢) has a
derivative, piecewise continuous and exponentially limited; hence
the integral theorem is applicable to f (£) and the basic integrator
of this function will be

Frn(p)=p '/;'"') (r)-ePrdr. .oovoi... (19)
From the formula (15) we obtain the expression desired for
BN [©)_1©)_ e
Fatp) =p | F (1= 0P TR
or

Fn (p)=p™F (p)—[f (0)-p"+f(0)-p" '+ - +f = (0)-p] .. (20a)

The last constituent of the right hand side, which we may call
the principal part of p* F (p), has a convergence-producing task;
by subtracting it from p™-F (p) a convergent integral is obtained,
which of course must be the case as this expression necessarily
represents a basic integrator.

From (20) results how a linear differential expression with
constant coefficients can be algebraized by the passage to the
corresponding integrators.
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On account of (20) we can pronounce the following proposition:

To apply to the function f (f) the derivative symbol :lit means

the same as multiplying its basic integrator F (p) by p, provided

that the initial value f(0) is zero. To apply the integrative
¢

symbol /dt means, without restrictions, the same as multiplying
0
Lo 1

the bhasic integrator by 1—7

The latter part of the proposition follows immediately from the

t
former one, if we note that ¢ (t):/} (7) dr is a function with the
0

properties: @ (0)=0, ¢'(t)=f ().
Using our mode of writing, when f(0)=0, we have the equal-
ities
d d . -
51 0=3"F @) HO=p-F@)HO=p O, ...

;class of
expressing a certain equivalence between the symbol ~erivative
«

symbol p. To get a decper knowledge of that wined oper-
attack the problem of differentiation from another side
from the integral 0)-1 (2) for

. a+ico o } is not a
Ne=—— [ F(p)-&-dp. erge, we
1) 2;’3.0‘3 () P P ntegral,

By formal differentiation under the sign of integrationommu-

a+i oo - always
1 N G nay be
51 | P P)=5dp,
6—100

thus a factor p before F(p). But in ma'iy cases the new inte-
~gral does not converge, and then the process of differentiation
cannot be performed in this way_ rior this a uniform conver-
gence of the new integral is req=fed. It is, however, possible to
modify the original integral ii. such a way that the procedure
is correct, provided that F (p) satisfies certain conditions. Leav-
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ing aside the question of the most general form of these conditions,
we will make some assumptions relative to F (p) that are usually
fulfilled in the practice.

We assume ET(_)p) to be holomorphical in the region to the
right of the straight lines p=a-+r-¢? and p=a-+r-e*, where

F (p)

T = @> g, and such that I—-Z;f tends uniformly to zero when

p~>oc in this region or in any region contained by it (Cf. fig. 2).
Such a function or basic integrator is said, for brevity, to satisfy
the condition 4.

\.
\|
\ g
N
\
A\.
\.
Ny
ANE \‘ﬂ >
al’
za T
/
./'
_/
Rya4
-/ /
/ / £

Fig. 2.

As before we co. 'clude that the function f (t)=F (p)-H (t) is
zero identically when ' is negative. When ¢ is positive we may,
on account of the proy °rties stated about F(p), complete the
line L of integration by pa.‘s of an infinite half-circle, convex
to the left, and with its centrc at (0, 0), and then, without tra-
versing any singularities, change the path of integration into two
straight lines L. and L., as shown by the figure. The integral
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along L, and L. we will call the modified integral. Now, this
integral is easily proved to be uniformly convergent for all >t
(to== an arbitrarily small positive number)*, and this is also the
case with any integral of the type

271m / Q (p) F(p) — dp, .............. 1))

Iy Ls

where Q (p) denotes a function that in the region in question
increases at most as a power of p when |p|- co.

From this we conclude that, when an integrator F'(p) satisfies
the condition 4, the corresponding primary function f () for
positive* values of ¢ has an unlimited number of derivatives, and

that the symbol dt before f(#) means the same as the factor p

d
before F (p) in the modified integral and conversely. One should
observe that the new functions p-F (p), p* F (p) etc. as a rule
do not satisfy the condition 4 or have the character of basic
integrators.

Thus it proves possible to establish for the specified class of
functions F (p) such an equivalence between the derivative

symbol % and the*integrator symbol p that a well defined oper-

ational meaning can be given to the expression @ (p)-f(t) for
positive values of ¢, also in cases where @ (p)-F(p) is not a
basic integrator. When the integral (1) does not converge, we
will always interpret this expression by the modified integral,
provided that F (p) and @ (p) fulfil the conditions stated.

At this point, however, we must emphasize that the commu-
tative law, which is valid for basic integrators, does not always
subsist for this more general class of integrators. This may be
exemplified in a simple case. The expression

pi-H ()
means, in accordance with the definition, if {>0:

1 , ept a 1 d?
pi-H (t)::%/pr%dp:d_t;‘%/ 3 —dp-— S-pi-H(t).

LiLs LiLa

* Cf. Appendix 4.
B
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Thus one has the right to make the factorial decomposition

pi=p*pt and then to replace p? by the symbol ;;

well, however, one could try to proceed in another way, viz

Quite as

pi-H(t)=pi-p*H (t)=pi ;t, H (t)=0.

Obviously this procedure is wrong as it violates the integral of
definition. Hence the commutative law cannot be applied to the
product (p*-pi)-H (2).

As a general rule all operations of differentiation ought to be
performed last in the suit of operations occurring. Indeed, by
differentiations certain constituents of the time function can dis-
appear that would perhaps have some influence by another mode
of proceeding. In any case the correctness of the procedure can
be checked by an examination of the modified integral.

Making use of our generalized class of integrators we will
now evaluate f® (f) according to (20 a)

f® (&)={p™F (p)—I[f(0)-p+f(0)-p~—*+ - -+ (0)-p]} - H (t) (22)
The modified integral* gives, when >0,

1‘()(t)—-§;z—1 p»-F (p) . dp
LlIr.: i
@)
D
_._é-}z—?:/‘ V (0)pn+]"(0).pn—-l+. . -_I...f (n~1) (O)IJ]'%)—dp.
IvL2

Now, for the path of integration in question the following
general equality holds:

JnE/p”-eP‘ dp=0 ................ (24)
IiLa
and hence, if t >0,
epl
F®™ () ————'/‘p” F (p)- -;-dp ............ (25)
IiLe

* Fn (p) is supposed to satisfy the condition A.
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The disappearance of the last part of the right hand side of
(22) for positive values of ¢ will of course also occur if we in-
terpret the symbol p as gt

Instead of employing the modified integral to interpret an
integrational expression F (p)-H (t) when F(p) is not a basic
integrator, one can make use of the practical rule of simply
suppressing the principal parts of the expressions, which are
often easily isolated, and then retaining the original path of in-
tegration L. In fact, that is what was done, when in (20a) the
parenthesis [ ] was subtracted from p™- F(p).

The procedure may be elucidated by a simple example. From
the foregoing we have the rules

2

pzi . H(t)=cos wt-H (t); H (f)=sin wt-H (). .. (26)

’2+a

Suppose we have to interpret the expression:

f(t)_“”zii’of’ ) oo (27)

The integral of definition

6+1 00
ap*+bp® e
2752/. 2+(l)2 p dp .............. (28)
6—ioo

has no meaning in this form. By a simple process of division
we obtain

ap‘_,‘_ bps
p2+ w2

= ap*+bp—aw? coee (29)

pr ., wp
p"‘-l-w’ bw p”-l-w“'

If here we suppress the principal part and introduce the
remaining constituents in (28), we get two convergent integrals,
which, in accordance with (26), can be at once identified with

—a-wcoswt-H (t) and —bw- sin wi-H (t).
Hence the function in question is

f(t)=(—aw? cos wi—bw-sin wt)-H (@) ........ (30)
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A simpler proceeding is as follows:

P - wp
)= B+, ps e B ()
( gtzcos wt—}— ;;-sin wt)-H @ ..oo.... (31)

=(—a-w* cos wt—b-w-sin wt)-H (t).
At last we will determine the basic integrator of f(f). This
can be done in two ways. On one hand we obtain the integrator
wanted from (29) after suppressing the principal part. Hence

___ .apt+bp
F(p)— w2 p3+(02 ................

On the other hand, according to (30), F (p) is the sum of the
basic integrators of —aw? cos wt-H (t) and —bw-sin wt-H (2).
Thus, from (26) we get back the equality (32).

3. A linear integral operator and its. properties of
composition.

Let f(2) be a function of class 1 at least. We start from the
identity

t
F()=1 (0)-H (t) + /f ()-dr,
0
which may also be written
t
f(@t)=f (0)-H(t)+/f’ (z)-H(t—<)dr, ........ (33)
0 .
and obtain, taking {—v as a new variable of integration,
t
f(t)=f(0)-H (t)+/}' (t—e)-H (t)de. ...... (34)
[
The last identity can be written in a symbolic manner

f@)=I[f (0)+ /} (t—7)-de)XH (). ........ (35)
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Accordingly, with any function f (£) we can associate an integral
operator F:

11
F=[f(0)+ /} (t—7)de] oo, (36)

and generally define- a symbolic product:
t
FX(p(t):f(O)@(t)-l—/‘f' (t—7)@(r)de. ...... (37)
0

Remark. The term »operator» is here reserved for such symbols
as indicate a process of direct differentiation or integration to be
performed on a function. The denomination »integrator» is em-
ployed for symbols denoting that a new function shall be derived
from one already given by some well defined procedure of inte-
gration of a more indirect nature. In many cases the same expression
can simultaneously symbolize an operator and an integrator.

3

The common arithmetical laws are applicable to the functional
operator F' just introduced. From its linear nature we at once
conclude the validity of the first three rules given for integrators
on page 12. Toeget the rules for symbolic multiplication we
must examine the composition properties of the operator.

Let fi(t) and f,(#) be two functions with the corresponding
operators

¢ t
F.=[f, (0)+/}'1 (t—7) de] and Fo=[fa (0)+ﬁ'2 (t—r7) dcl.

We shall have to compare the results in the two cases of
composition
FyX(F2Xf(t)) and FaX (FyXf(t)),

where f(t) denotes any function. According to the definition we get

¢ t
¢ ®)=[h (0)+/f'1 (t—z)-dr] X[} (0)'/(t)+ﬁ'z(t—t)°f(f)‘dr]=

t t
=£(0)-12(0)- )+ 1, (0)"/}% (t—1)-f(v)-de+1a (O)ﬁx'(t*f)'f(f)'df
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t T
+ o/ dc/f,' (t—1)-f (t—m)-f (r:)-dr.

The double integral can be transformed conformably to a method
due to Lejeune-Dirichlet (Cf. fig. 3).

AT (%

’

k——
le—.) —>

S ' > T =% >T
Fig. 3.
t T .
/dr i =)L e—n)f () dn=
t t
_ / f(@)do [ 11 (4—1)fa—v)ds .......... (38)
Hence, with the notation
t
Falt=e)= [ 11— T2 G0 d5, ... (39)

and using a symbolic mode of writing, we obtain
F1X(F2Xf(t))= ................ (40)

i t
[ (0)+42 (0)+A (0)- /f (=0)deHh0)- [ 1 =r)-dr

t
+ / fra (1—2)-dz] X { (8).
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It is easily seen that f2 (2,7) is really a function of the
argument ({—7); indeed, a simple change of variable of inte-
gration proves that a function of the type

F(z,y)= [ u(y—§)v(§—=)d§

x

satisfies the equality F(z+a,y+a)=F (z,y) for any value of a.
It is also simple to verify that such a function F (z,y) is sym-
metric in % and v, i. e. remains unaltered when % and v change
places.

Hence we have the identity
¢
fa(t—1)= /}'2 (t—8&)-f1(§—r)-dé=frn(t—7). .... (41)

Now, if we treat the second composed operator F: X (FiXf (t))
in a similar manner, we must, by symmetry, get the same result
as in (40), if we let the indices 1 and 2 change places. But,

on account of (41), (40) is invariant against such a procedure,
and thus we may write:

FlX(F2X‘f (t))=F2X(Ffo @O)=(F1XF:)Xf(t).... (42)

Accordingly, two integral operators F; and F,, which operate
consecutively on a given function, their order being immaterial,
may be replaced by a new operator, which can be regarded as
obtained from the former by a kind of symbolic multiplication
in agreement with the principle:

F]XF2=F2XF1=

t t
[ (0)+ ﬁ'l(t—r)-dr]X[/a 0+ /} (t—7)-de]= .. (43)

[F: (0)-1o(0)+£(0) _/f (t—=)-de-+1 0) ff (t—v)-de+

+ /f (t—2)-del.
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We have just found the commutative law to be valid for this
product. The associative law of multiplication, expressed by the
equalities

FiX FaX Fy=Fy X (FaX F) =Fy X (Fs X F))=Fy X (Fa X Fy),. . (44)

can easily be proved in a similar manner. In fact, repeating
the procedure employed, we get:

FiXFyX Fs=

t t
[ (0)+ / fi(t—2)-del X [fo(0)+ [ fa (t—7)-de]X[fs (0)+

t
[ 1 =2)-de1=T 04 0)- (O
t t
R O15O) 1 0=0)det 01A0) [ pia—r).ar

¢ !
+12(0)-fs (0)/f'1 (t_T)'d’+fl(0)ff’23(t*T)'dt-l—

t t t
+f2 (0) "/}'31 (t—T)'dT+fs (0) '/Af'lz (t—’t)'dl' +'/}’123 (t-—'r)~dr].

The meaning of f'rs (t—7) (r, s=1, 2, 3, r = s) follows from (41).
The function fu' (t—7) can be defined e. g. by the integral

foes (2—17) /}n &) fa (E—7)dE vnn. ... (46)

Using the method of Lejeune-Dirichlet one can at once verify
that
frs=f 2= ]"l(m)-——‘fz(ls)= etc. ............ (47)

Thus the indices may be arbitrarily permuted and associated.
It is often more covenient to write composed integrators under
the original form (36). Then, instead of (43) we obtain
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t .
FyxX F.=[f, (0)-f3(0)+/Km (t—7)dely........ (48)
where
K (2)=1(0)-f2 (2) +/2 (0)-f1 (2)+f 12 (z) =Ku(z). .... (49)

We call K (i—7) the integral kernel of the operator FyX F..
To illustrate the general rule of forming the integral kernel we
represent the expression of the product of four factors:

FiX FoX FsX Fo=[f: (0)-1:(0)- /s(0) - 1(0) + f K (t—7)-ds]  (50)

Ko (fc)=
(@) [(0)-f(0)-1«(0)+ () £:(0)- f«(0) - 1(0) +
+13(x)140)-11(0)- £20)+f'(x)- /1(0)- 1(0)- /2(0) +
+ (@) 5(0)- fs(0)+fra(x)- £2(0) - 0) +f (@) £:(0)- f5(0) +
+fos(@)-11(0)- 1s(0) +fas() - /1(0)- f5(0) +['sa(@)- 11(0)- f2(0) +
+res(@) fu(0) + foss(@) /1(0)+ 1 30(@) - £:0) + f o) /5(0) +-
+ 1103 ().

As wee see thiz expression will be considerably simplified if
some of the initial values f,(0) are zero. When they all vanish,
we simply get:

t
FlXFQXI’13XF"4=['/}'mM (t—’l')'dl'] ........ (50 a)
0

Of special importance is the case where all the operational
factors are equal, that is when the product is a power of the
symbol F. Then we conveniently use simple indices for the
functions /' and K. The original function being f (), and
accordingly

t
F=[f (0)+ /f(t—r)-dr].

we obtain the following general expression for an integer power
of F:
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t
Fr=[f O+ / Ka (t—1)-de),

» (0)= 2() Oy 1, (@), 6

y=1

where

fn (t—7)= /} n—1 (t—§) f (§—7)-d§; fr(@)=f(2).

The proof is readily carried out from n to n+1 in accordance
with the mode of proceeding just employed in the general case.

4*, The equivalence between integrators and integral
operators. The inverse operations.

According to the foregoing we can associate with any function
f () two operational symbols, the integrator F{p) and the integral
operator F, which, if applied to other functions, give rise to
new ones. The definitions were:

‘ - :
F (9)=f (0)+ /f @ emdn F=[O)+ ] Fe—ordr.. (2

Operating upon the unit-function, H (¢), both give back the
original function f (). Operating on an arbitrary function ¢ (2),
they will both give the same new function, that is:

F@)o®=FXP®). «covvveveenn.. (53)

To prove this identity we will make use of an auxiliary
theorem, the correctness of which immediately follows from the
definition of an integrator, viz

G+100
ep(t—1)
0@ H =5 [00)] - =10 @) H (s (54
g—1too
At first we transform the right hand side of (53), utilizing

@ (t)'s property of vanishing for negative values of t.
* Cf. Appendix 7.
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t
CF X (0)=1(0)¢ 0+ ﬁ'(t)-w(t—f)-df
—1 ()9 (1) + ﬁ'(t)-w (t—7)-de

=9+ /1 (110 HOY-r dr.
0
Hence, on account of (54) and the integral theorem (Cf. Appendix 1),

FXq(t)=f(0)-@ (P)'H(t)+/}'(f)'ﬂ"a’ (p)-H (t)-dv

—[f (0)+ /f (r)-c7-de]- O(p)-H (1),

and at last, according to (52):
Fxo (t)=F (p)- @ (p)-H (t)=F (p)-9 (1),

We also know the symbols F (p) and F to obey the common
arithmetic laws of addition and multiplication, and therefore we
can regard them as equivalent when simultaneously appearing
in expressions obtained by these operations of calculus. This
fact is of great practical importance for the following reason:

The employment of integrators for solving differential equations
will present the unknown function under the form

&Gz yz..)=F(p; 2,y,2...)¢@)........ (55)

To find the explicit function of time one can of course always
fall back upon the definition-formula (1) and try to evaluate
the complex integral. In many cases, however, the function
F (p; #,y,3...) can be broken up into terms and factors in
different ways, and these simpler constituents are often of similar
types from one case to another. Thus, having once derived the
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integral operators, corresponding to a number of such typical
integrators, one can, on account of the equivalence just mentioned,
make use of these results and in this way often simplify the
interpretation of composed integrational expressions.

Assume e.g. we want to find z(¢) when

z (t)=F:(p)-F: (p)-Fs (p)-Fu (p)- (@), «....... (56)
and that we have already obtained the equalities
Fi(p)-H (t)=F:XH (t), Fs(p)-H(t)=FsxH (t).
Then we rewrite z (t) in the form
z (8)=F.(p)-Fu(p) FiXFsX@(®), ..cvon.... (57)

and have only to evaluate the complex integral

o+ico

1 ept
u (t)=§7E/F2 (p)F;(p)p 'dp.

This brings us the operator

U=[u (0)+fu’ (t—1) d'r].‘

Hence, the final computation of z (¢),

2(Q)=UXFXFsXP(@), eovvevvnn. ... (58)
according to the rules of composition of integral operators, is
lead back to pure quadratures. .

The method of calculus described above is not always the
most convenient from a practical point of view. It is often
better to retain the form (55) of the integrational expression and
sometimes even to introduce @ (p)-H (t) instead of ¢ (¢). This is
especially the case, when F (p) @ (p) is of such a form (e. g.
is a rational function) that one of the so-called expansion theorems
can be used. (See later in Chapter 7.)

The relationship between a basic integrator F(p) and the
corresponding operator F can be elucidated from another side
by a study of the inverse operations.

Proposed that ¢ () is any given function with the basic integrator
@ (p), on applying F (p) to ¢ (t) we obtain a new function, say v (t)

WO=F @) @@ oevveennennnn... (59)
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the certainly existing basic integrator of which is

P(p)=F@)DP®). -cocvvvveeei... (60)

The function y () can also be defined by means of the integral
operator F':

t
w () =FXqg@)=f(0)¢ (t)+/}'(t—1)-¢p (z)-dr..... (61)

Our examination now refers to the opposite or inverse operations,
which bring us back from ' (¢) to @ (f). From (60) we get

o (p)lﬁl(_p) F(p)=U(p)F(p) ........ (62)
Therefore
@ (t)=j,—:—1~)5- W O=T @)@ enenenens (63)

Provided that U (p) is itself a basic integrator, employing its
corresponding operator U, we may write ¢ (f) under the form
. . ,
@ )=UXyp t)=u(0) p @)+ [ uw'({E—1)-p(r)dr.... (64)
0
Now, the equations (64) and (61) being reversed to one another,
we ought to establish a functional relationship between f'(t—)
and «'(t—z) by inserling the expression (61) of () into (64).
By this means we get the jdentity:

t
@ ()= (0)- (0)-¢ (&)+u (0)- /}'(t—r)m(f)dr-F

t T
+ [ u({t—r1)dr-[f (0)-¢(1)+/}'(1——n)~¢(n)'dr;]. .. (65)

The double integral may be transformed in a well-known way,
and thus we obtain:

[1—F(0)u(0)] ()= «vrvvernnnn.. (66)

t

¢
f @ (v)-de-[u (0)-f (=) +/ (0)- w'(t—7) + [ w'(t—§)-f(§—1)-d§].

T
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Now, if this homogeneous integral equation shall be satisfied
for arbitrary functions ¢ (Z), the following two conditions must
be fulfilled:

f(0)-u (0)=1;

t
..(6
w (0)-f/(t—2)+7 (0)-w(t—7)+ /f(t—§)‘u'(§~r)-d§=o J 7

These can be combined to one, if we introduce the notations
f(t—7)=f(0)-f*(t—1), w'(t—7)=u (0)-u*({t—7)..... (68)

Then, instead of (67) we get the only condition
t

frt—r)+urt—1)+ [ fFE—E) ut(E—1)-dE=0..... (69)

We will call U the inverse integral operator to F. As for any
function ¢ (t) we have ¢ ({)=UXF X (t), the relation UX F=1
subsists, and instead of U we may conveniently use the notation

L (70)

According to (67) a necessary condition for the operator F' to
possess an inverse operator is that f (0) #= 0. Then also » (0) = 0,
and. the functional relation (69) subsists bet-veen the functions
u* (t—7) and f*(f—7). Two functions, linked together by this
relationship are said to be reciprocal to each other. The equation
(69) is another mode of writing the relation F (p)-U (p)=1
between the basic integrators or the relation X U=1 between
the integral operators. It constitutes an integral equation of
Volterra’s type. If we regard f*(y) as the given function and
u* (y) as the function to be determined, we can e. g. rewrite the
equation under the standard form

u*(y)+ﬁ*(y—m)~u*(m) de=—f*y), ...... (69 a)

and then obtain the unique solution by forming the resolvent
according to a wellknown general method.

More interest is offered by the expression for the inverse
operator F—, which is easily derived in a similar way. One
will find, by solving the Volterra equation (61), that
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Fo=[f(0)+ [F({t—r)dc),............ (71)
where |
F (w)=2(_1)v.}f("(')§f+)l. ............ (71 a)

The functions f', (z) are obtained from (51).

As a simple example of the inverse operations we take the
integrational equation:

F(p) ()= iw2-¢(t)=w () oo (a)

Here the operator is

.‘F':[l—(u/;in © (t—1)-dr].

=

Regarded as the unknown function, @ (¢) is determined by the

integral equation
. . t

Q (t)——-w-/‘sin ©(E—1)¢ (1)dr=p()........ (8)

0

On the other side ¢ (#) can also be obtained from the equation
(«). Hence

v (t)=(1 +5)v .

Here the right hand side can at once be interpreted, and we get

@)=y (t)-l-w'i/i drj p(n)-dn

t
¢ (t)=y (t)+wg~./(t——r)- p(r)dr. ... (»)

or
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Therefore, the inverse integral operator of F will be
t
F—‘=[l+w”-/‘(t——'t)-d1].
0

It is easy to check that FXF—=1, e. g. by inserting the
expression for y (f) according to (§) into (7); a pure identity is
then obtained.

Our considerations furnish us with a general method of solving
a Volterra equation of the special type:

t
@ (t)+/K (t—r)p@)-di=yp(@). ........ (9)

This becomes identical with (61) if we put f(0)=1 and
K (z)=f(z). On account of the first of the formulas (52) the
corresponding basic integrator is

v

F (p)=1+ / K@) ePdr. ... (€)

If this integral is comparatively simply evaluated®, it is in many
cases practical to present the solution of the integral equation (d)
in the form of the integrational expression

o (1) F(;)—)-w(t) ................. W)
In our example we had K (v)=—w sin wr; hence

. p?
—1—w- oDty — L
F(p)=1—ow ﬁm wt-ePidr Pt

0

and the equation () gets a very simple form.

* It may happen that K (7) can be approximated by a suitable aggregate of
polynomials and exponentials.



33

5. A table of some important integrational expressions and
rules of calculus. Applications of the general methods of
the foregoing chapters.

In the table below we present a collection of some simple
integrational formulas that are of frequent use in the practice.
This collection will be subsequently completed in the following.

1 t

1. o T () =@-H(t)

2. I_? oI (t)=e"-H (t)

. p tn—l a

4. o »-; H(t)— (ex'—1)-H (t)

5. p +( -H (t)=cos wt-H (1)

6. .p_‘fm H (t)= sin wt-H (1)

P (p+ﬂzpsrﬁ?;::u“ °°.“f -H (ty=e"sin (wt+¢)-H (2)
8. @ (p+a)-f(t)=e @ (p)-e*-f (1)

8a. @ (p)-f(t)=e"- @ (p+a)-ef(t)

9. e[ (t)=f (t+a)
10. If F(p)-H (t)=f(t), then F(}.p)-H(t)=f(fi), 1>0

The formulas nrs 8 and 9 are sometimes called the ‘““shifting’-
rules, nr 10 the ‘“uniformity’-rule.

All these formulas are easily proved by means of the integral
of definition (1). Some of them, viz nrs 1, 2, 5 and 6 have
already been deduced. As instructive exercises upon the general
methods of the preceding chapters we are now going to verify
and discuss several of them in different ways.

C
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At first we compute the integral of formula 7 by residue
‘calculus, after completing, for >0, the line of integration L by
an infinite half-circle convex to the left. The poles are p=—f+iw,
and integrating around these we obtain

9. Rel 20-8in ¢w-cos @ e—Piiot

—B+iw—(—p—iw)
=£-Re{(w sin p—iw cos @) (cos wt+1isin wt) e P} =e—Ft-sin(wi+¢).

This rule can also be deduced from the formulas 5, 6, 8 and
2. First we get: '

sin (wt4¢)-H (t)=cos ¢-sin wt-H (t)+sin ¢-cos wt-H (t)

_p Psingo-cosg.
=P P+ H®)

Then, according to 8, we can make the transformation
sin (wt+¢)-H (t) =@ (p)-H (t)=® (p)-¢*-(e—F-H (1))
= et D(p+p)-e7-H (1)
Hence

ePt- sin (wt+q) H (t)=® {p-{—/)’)-i)-_z:-_»/);H(t).

Inserting here the expression for @ (p-+f) we get formula 7.

The rule nr 8 can be proved e. g. in the following way:

G+1 oo
At
(D(p+a)-f(t)=(D(p—i—a)-F(p)-H(t)=2:zé/‘m(l+a)'F(l)-%d}L.

By the change of variable A4+a=p we get
G+ico
o t)y=e—t. > [ @(p)-F g
(pta)ft)=e=57, | lp)-F(p—a) —;-dp
g—ico
keeping the limits of integration unaltered. This is permitted as

the value of the integral is invariant against a displacement of
L to the right or to the left, provided that L is always situated
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sufficiently far to the right. According to the rules for integra-
tors, @(p) can be put outside the sign of integration, and thus

we obtain
¢+ioco

At
O+a) | ()= -0 (p) 5 [ F i) 3=

Gg—1io0

again denoting by A the variable of integration. At last we

introduce p=4A—a, getting
g+ico

Dty =0 @) etg [ F o) ap

6—ioo

D (p+ta)-f(t)=e D(p)-e*-{ (1),
which is the result desired.
The function f(f) being arbitrary, we only need to replace it
by e ®-f(t) in order to pass from the formula 8 to the for-
mula 8 a.

that is

It may bhe of some interest to show how the rules nrs 1 and
3 can be deduced from the integral operators of the original
basic integralors. ¢

In the former F(p):%, and the corresponding integral opera-

tor, which we may denote by I, accordingly will be:

[ / dr ] .................. (72)

0

I

Therefore

t Tn— Te T1
—p};(p(t):l"Xq:(t) =‘/‘d‘tn_1’/‘dtn_.2~--/dr/(p(r)-dr.
0 (Y 0 [

We can transform this repeated integral of order n into a
single quadrature by making use of the integral kernel corre-
sponding to I™. Obviously, this kernel may be at once obtained
from the first rule, but here we prefer to deduce it from the
general formula (51). Putting f'(z)=1 we get by this
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t
fot—7)= [dE=t—r1, -+ fu(t—1)="rt .

Hence, as f(0)=0, the integral kernel becomes
wn—l

1=[mf—__/ - dr] .............. (73)

Thus we have got the formula

Ko (@)=fn (x)

and accordingly

t

e 0=1xp0= 1 - [y mar

0

If here ¢@(t) is replaced by H(t), the first rule of the table is
obtained.

3 . . .- . -
In order to derive the third formula in a similar manner we
will start from the integrational expression

a7t

From rule nr 4 follows that

H ()= (et—1)-H 1)

«

_ 1
ro=_

and consequently, as f(0)=0,

| /'K,, aar]-| /, —

Further is .
i (t—7) =e2t—1)...... f'n (t—1)= , nl—l ((t—7)n ! .e(t—v),
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Therefore

(' ' oy pt)=F"x9(t) ﬁt—z )=t e2=D.¢ (7)-du.

If here we put ¢()=H (t) and take u=t—z as variable of in-
tegration, we get for t >0

¢

L- ..___1_. . n—1, pau,
(p—a)® H(t)ujﬁ:l/u e*-du,

0

Now we only have to add the factor p=§2 to both the mem-

bers to recover the rule in question.

Of course the employment of residue calculus will bring us
the result in the simplest way. Indeed, from the expansion

Pt — gt ) gt | |1 (p a)+’2(p @)+ ]

n—1

" i .
we find at once I-—ﬂ-“_l--e"‘ to be the residue of the pole c.

At last we will give some examples of different ways of treat-
ing a simply composed integrational expression in order to elu-
cidate further the relationship between integrators and integral
operators.

If a sinusoidal electromotive force is suddenly applied to an
inductance coil, a current z(f) will arise according to the
equation

- P
2= iy HO - (74)

To obtain the explicit time function one can e. g. proceed as
follows:
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A. Complex integration.

For positive values of ¢ we have
1 wp

)y=r—= ot dp.
* 051 ) wtp) " P
o
The poles are p=—pf and p=:+tiw. Thus, by residue calculus,

X0) el
m(t) U)[ 2+,32 A +2R8{m~ae t}J

and accordingly

Q‘\

«(—p-eP+8-cos wi+wsin wt)-H () .... (75)

z(t)= o + &
B. Partial fraction decomposition.

By well-known methods one finds
e _ o (b op
e =it ()
Then z (2) is readily obtained from the rules 2, 5 and 6 in the table.
This manner of proceeding illustrates the use of the so-called
expansion theorem, which, if applicable, will generally offer the
simplest way of interpreting an integrational expression. The
expansion theorem shall be completely treated in a following chapter.
Note. As a variant of this method can be mentioned the expansion of the inte-
grator into a power-series on ; One gets the Taylor expansion of the time
function by applying rule nr 1 to each term of this series.

-

C. Factorial decomposition.
We write

z()=-P— P H ()=Fi(p) Fp)-H (9
According to rules 2 and 6 we have
Fi (p)-HQ@)=e-H (t), Fop)-H (t)=sin wt-H (t), .. (76)

and consequently the corresponding operators are
t t

F1=[1—ﬂ'e—ﬁi/;ﬁ’d1], F.=[o /cos o (—7)dr] .. (77)

0
Hence, on account of (48) and (49)

& ()= FsX FoX H () =[f (0)-f2 (0) + / Kult—r) de]x H (2),
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and the integral kernel is

v 02 DL — .si ‘ 2, g—Pr), . ..
pry S (w? cos wx—wf -sinwz+fF-eF%). ... (78)
Therefore we obtain the following expression for z (¢):

t

Km(w) =

(w?-cos wu— wf-sin wu+ f2-e—F%)-du,

2 O=ip

which is easily identified with the former (75).

D. Mixed method.

Employing the same factorial decomposition as before, we can
alternatively present z (f) under the forms

2 (t)=F1XF,(p)-H (t) and z (t)=F.XF.(p)-H (t).
Conformably to (76) and (77) these symbolic equations have the

meaning:
t

z (t)=(sin (:)t-—ﬁ-e“ﬂ‘-/‘eﬂ’ sinwr-de)-H() ...... (79)
0

t

x (B =(w-e“ﬁ‘~_/eﬂ' ccos wr-dr)H(@). ........ (80)
0

Of course, also these two expressions are but different ways of
writing (75). *

6. Application of integrators and operators to the solution
of differential equations.

As already emphazised in Chapter 1, the practical applica-
bility of the notion of integrator to the solution of differential
equations requires these to be linear and to have constant
coefficients with respect to the variable of time. In fact, in this
case the introduction of integrators makes possible the more or
less simplifying procedure of algebraizing.

One can regard the integrational calculus as a generalization
of a well-known method using complex vectors to find in a
simple and lucid way those solutions of differential equations of
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the kind mentioned which correspond to stationary sinusoidal
disturbances. In the alternating-current theory this method of
calculus is usually called the “symbolic method”; there it has got
an immense practical importance, making it possible to apply
formally the notions and laws of the direct-current theory to
steady-state sinusoidal processes. By the integrational calculus
this will be possible also to transient phenomena.

In the symbolic method every time function is put under the
form F-¢ivt, where F=F-¢7 denotes the representative vector of
the magnitude in question. The exponenlial factor €™t can always
be removed from the equations, the symbol %being replaced by
tw and the symbol / dt by 1/iw. (The initial conditions are

left out of consideration). In this way one gets to solve an equa-
tion or a system of equations no longer containing the variable
of time. At last one finds the explicit form of the quantity desired,
on multiplying the solution of this system by e and taking e. g.
the imaginary part of the complex number thus obtained.

In the integrational calculus the simple sinusoidal function
has its counterpart in a class of functions which are charac-
terized, as we know, by the properties of heing all furnished
with the factor H (), expressing their identicgl disappearing for
negative values of ¢, and further of possessing a basic integrator
defining them uniquely. This latter symbol ¥ (p) can bhe regarded
as corresponding to the representative vector F in the symbolic
method, just as the unit-function H {¢) can be said to correspond
to the exponential factor ¢!. From a methodical point of view
we can say that the above mentioned procedure of obtaining the
explicit time function in the symbholic method is quite analogous
to the forming of the product F (p)-H (t) and the evaluating of
the integral of definition (1) in the integrational method.

We recapitulate the three main properties upon which the
applicability of integrators in solving differential and integro-
differential equations is based, viz

1. The law of uniqueness.

Two functions with identical basic integrators are themselves
identical and conversely.
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2. The law of differentiation.

The basic integrator of the nth derivative f™(¢) of a function
j (t) with the basic integrator F(p) is:

p*F (p)=1f(0)-p+f(0)-p"~+---+ 4/ (0)-p].

3. The law of integration.
t

The basic integrator of the function-/}‘(r) dr is %~F(p), F(p)

0

being the basic integrator of f(2).

As a first example of the practical usefulness of integrational
methods we choose the common equation of oscillatory systems
with one degree of freedom,

dx dx

- e wr e =f(t), e 81

2B ete =) (81)
and assume the initial conditions

z(+0)=u and Zf (+0)=wv.
Writing 2 (t)=X (p)-H () we obtain, on account of the law of
differentiation,
dx .
P S OR R

Z;f=(p*X——p*u~Pv)'” ) I

Now, by introducing f(¢)=F(p)-I (t) and employing the law
of uniqueness, we get the equality

(p*+2pp+w*)- X (p)=F (p)+(p*+2pp)u-+tpv.

Therefore the required solution of (81) will be

o (t) =ay(t) +as(t),
where
__F® gy 1
wl(t)~p2+2ﬁp+mg H(t)_p2+2ﬂp+wg f)' ... (83)
_up*+(2But)p,
=0="papptra T
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If F'(p) is previously known and of a simple constitution, as
e. g in the case:

f(t)=e-sin wit-H (t), F(p)=eo: 2‘_‘[’_0130_2 ,

the first of the two forms of () is the most convenient for the
following treatment.

We may easily interpret the integrational expressions obtained
and write down the explicit time functions if at first we de-
termine the auxiliary function

p p

- P Hw= P ___H(

0= perapptar TO=ppppraa O gy
wr=w*—f>

According to rule nr 7 in the table

a (t)=‘i1'e"l”~sin ot H@). ...t (85)

Introducing for a moment
t

b(t)— 2+9ﬁlp+‘rH(t) ~a(l) J/a(f)dr,.... (86)

0

we can write the corresponding integral operator

-

[b(0)+ / (t—1)- drl [ / =D sin wy (t—1)- dr] (87)

Hence we get
¢

1 (2) :_1 /g’“"ﬂ =0.sin wi(t—r)-f(7)-dv

({73}
0

or
t

&1 (t)=~(ll)1-'/‘e"ﬁ’~sin - f(t—z)dr. ........ (88)

0
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Further, as for £>0 the factor p means the same as the sym-

bol %, Z: (t) can be obtained according to the equation

z:(t)= ( +2ﬂ u—l—v) —.e~#-sin wid,

from which
22 (t)= ( +fu -sin wi1t-+u-cos ant) e PLH(t).... (89)

In studying transient phenomena in electrical circuits built
up by a finile number of lumped resistances, capacities, and in-
ductances one will arrive at systems of integro-differential equa-
tions of the type

n d ,
(B g i g

y=1

uv
(=1, 2- n)

Indeed, the network can always be divided into a number of
meshes, coupled to one another by mutual conductivity, capacity
and inductivity, apd to ecach circuit Kirchhoff’'s law may be
applied. In (90) ¢, denotes the current and e, the eleciromotive
force in the 1th mesh. R.l,,,, L.,,,, and C_u,, are coefficients of resis-
tance, inductance and capacitance respectively. We will assume
the system not to be in equilibrium but without initial charges
on the capacities at the moment when the forces attack it.*

Introducing the integrators of the currents and forces, one gets
the following linear algebraical system for the unknown basic
integrators I, :

n

ur IV u PH—?p L,“' l ( ) ........ (91)

)—-l.

(u=1,2-- n)

g

-
i
M

where
lel"_p Lll)’+RlU’+

* 'lhe eﬂ”ect of initial charges must be the same as that of constant electro-
motive forces.
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Denoting by D(p) the determinant |Z,,| and by Dy, (p) the
minor, corresponding to Z,,, we can write

L (p)=I',(p)+1",(p),

L' (p) = ﬁt;; zEy(p)'D,uv (p)s

u=1 ce.. (93)
L' (p)z—Dz(LPSi ( iL‘uk'ik (0)> ‘D yy (p)-
(=1 k=1
l(VZ], 2--- m)

Thus the integrators appearing are all rational functions of p
if, as usual, the E,(p) are rational, and obviously this must
always be the case in problems leading to systems of ordinary
linear differential equations with constant coefficients. As we
shall devote a following chapter to the treatment of this prac-
tically most important class of integrators, we may leave aside
for the present a nearer analysis of the results gained.

In applications to parlial differential eqyations one meets
integrational expressions of various kinds and, as a rule, of a
more complicated nature. In order to illustrate how a pro-
blem involving initial as well as boundary conditions can bhe
treated by integrational and operafional methods we are now
going to make some researches on the physically and technically
very important wave equation. In this chapter, however, we
will only discuss the one-dimensional case, but we will siart
from the most general form of this equation, represented by the
universal equation of telegraphy.

Thus we take under consideration a homogeneous transmission
line, the primary constants of which may be: r = the resistance,
a = the leakage, | = the inductance and ¢ = the capacitance, all
per unit length. The distance between the branches may be d.
We assume the line to he exposed to an external magnetic field
with the component B (z, ) of induction normal to the plane of the
line and to an external electric field with the component E (z, t)
in this plane, normal to the conductors.
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v (2,t) may be the voltage between the branches at a point
on the distance z from one end at the time ¢, and i (2, f) the
corresponding current. The total length of the line may be s.
Then we have the following system of differential equations:

—-3—;—9' i+1.2 +d
y ) dE ............ (94)
[ (v

T Uy d?t‘

According to the fundamental rules we get from these equations
for the basic integrators V=V (z; p), I=1 (z; p), and B=B(z; p),
E=E (z; p) a system of ordinary differential equations, Vi7

_édg—«r I+1-p-[I—i(z, 0)]+d-p-[B—B (z, 0)] l
- (95)

A ep V0@ 0)) - plE—E(2,0) ﬂ

Note. To simplify our mode of writing we occasionally let capital letters
mean basic integrators and not, as usual, integral operators.

We make use of the abbreviations -
@ (z; p)=d-p-B (z; p)—p [l-i(x, 0)+d-B (2, 0)], } . (96)
¥ (z; p)=—d-cp-E (2 p)—c-plv(z, 0)—d-E(z, 0)]
thus getting (95) under the more lucid form

A rrpi I+, ]

S BEETEEEEREREEE (97)
et : . H
dw—(a—{—pc) V4 F.]
Hence, eliminating one of the unknown quantities
j}—&r~—ﬂwp)]
BI . e (98)
g 05 I=—F(z; p), l
where
E=(r+pl)(@a+pe)e.eeiiiiiinin.. (99)
—Fi (@i p)= u+pnvump> mzm,m} . (100)
—F. (z: p)=(a-+pc) O(z;
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Thus we have reduced the original problem to that of solung
an equation of the form:

sz ) 4

?iw——é——d (p)V=—F(@p) ..coov... (101)
under some given boundary conditions. If Z'(p) and Z"(p) denote
the impedances of certain energy-sources at the beginning and
the end of the line with the electromotive forces ¢ (t)=E'(p)-H (t)
and ¢"(t)=E"(p)-H (t) respectively, we get the boundary conditions

r(o; p)=E'(p)—Z'(p)-1(0; p),
V(s; p)=—FE"(p)+2Z"(p)-I(s;p)) """

assuining, as usual in the practice, the initial values of the
currents and charges of the end systems to be zero.

Now, it is not difficult to prove that it is always possible to
form the solution of the general transmission-line problem by
superposition of the solutions of two more special problems, viz

A. Homogeneous equations of the type (101) with F (z; p)=0
and inhomogeneous houndary condilions:

. Z(p) d¥
V(0; p)=E'+(p)+" (0,p)
;;”; (‘;;”, ] ........ (103)
—V(s; p)=E"+(p)+ r;l—l)l dw( l

where:

Eu(p)= (>+""”’ . (0; p)

E'u(p)= E"<p>+' "p’ )0 (s; ).l

B. Inhomogeneous equations of the same type and homo-
geneous houndary conditions like those above with

E+=E"+=0.
The solution of the problem first mentioned is easily effected

since the two constants of integration can always be determined
in such a way as to satisfy (103). One finds

Via; p)=V'(z; p)+V"(@: p)y «covvnn... (104)
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where
shd(s—ax)+ Zch d(s—2z)
V'(@; p)= ; ; “E's (p)
(1+§-‘—) shds +‘ T2 chos
(104 a)
sh 6w+ chda:
— V@ D)= . B ()
( ZZ/;) ohds +Z+Z hds
and
Z\/TTPL (105)

In order to gel a general solution of the latter problem we
conveniently introduce a so-called Green's function K (z,&; p),
according to the definition:

1. K (2, & p) is continuous in the interval (0, s), where, only
the point z=¢ excepted, it satisfies the homogeneous equation
#K

0 () K=0.

2. K (z, 5 p) S‘ltiSﬁ(’S the homogeneous boundary conditions
(103) with E's=E";=

3. The first derivative with respect to 2, K's, is continuous
over the whole interval, the point =g excepted, where we shall

have: )
I'Q_IS (‘?Li‘:’._g)]sw =—1
dx o

Now, the Green function being found in one way or another,
we obtain the solution of the inhomogencous equation (101) by
a simple (uadrature according to the formula

8
V(z; p)= / K, & p)F(Sp)ds........ (108)
)
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The general expression of the function K (, &; p) proves to be:

(shéw—l— ch(‘iw) [shé(s—§)+£-ch6(s——§)] ‘
o1 Z
K (wss’ p)= [/ IZ" Z1+ZH ’
(1—}— )sh63+ «chds
when z < § (107)

[shd(.s'—w) Z--'ché(s— )] (sh«h-{—— ch Sg)

K(@8ip)=g z — 2
0 (1 YA) sh o +£i_—~— chds

when 2=§

Finally, to obtain the explicit time functions we have to interpret
the integrational expressions which we obtain when applying
V(z; p), given by (104) and (106), to H (). Taking under consi-
deration only the most complicated case (106), we are thus faced
with an expression of the form (Cf. Appendix 8):

ww—mmmﬂm./kwﬁm F($: p)-H ()45 (108)

Here, of course, the expression under the sign of integration
can be treated in the bulk according to the general integrational
rules, and sometimes this is also the simplest way to arrive at
v(x,t). However, as F($; p) corresponds to a disturbance of
external nature, while K (2, §; p) is an integrator that only depends
upon and to a certain degree characterizes the system in (uestion,
it is, principally at least, more adequate to treat each factor
separately, i. e. to make use of the associated integral operators.
Thus we may first determine, e. g. directly by the integral of
definition (1), the function

k(z,&ity=K (z,&;p)H(@E)..oooovvvnn (109)
which brings us the operator
t
K (z, §)=l[k (z, & 0) +/ 't (z, & t—1)-dr]. .... (110)

Then, if F (&; p) is a basic integrator, we can derive its primary

function
1§ )=F (& p)-H(t)
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This being done, we obtain the solution required under the form
8
v(w,t)=/K(m,§)><f(§,t)-d§ .......... (111)
0

or, more completely written

v(z, t) / z,&50)-f (&t 5*ﬂgﬁ0¢(w,c,t 7)-1(§,7)-dz(111a)

In the case where F (&, p) is not a basic integrator, the method
described can always be applied to those terms or groups of terms
in F (&; p) which have this property (Cf. formulas (100) and (96));
as to the other terms one must, as we know, replace the factor

P byadi and postpone to the last the effectuating of occurring

differentiations.

Accordingly, the main problem will be the determination of
the primary function k(z,$;t) of K (z, & p). The universal ex-
pression (107) tells. us how complicated this task can be. (In the
practice the impedances Z'(p) and Z"(p) are usually rational
functions of p). Frequently, however, one will have to deal with
more special cases, which are more easily accessible to the ana-
lysis. Thus, in a great number of problems the expression for
d(p) is reduced to a simple form, which will cause considerable
facilitation. In this respect we may distinguish the following
typical cases:

1. The universal line.

1 1 1
=Lttt |

............ (111 a)
Z=R-(p+#x)%~(p+ua)"5|
Here the notations mean:
1 r a 1
_ —_ = T N 113
u \/lc’#l l,ﬂz c’R ¢ ( )
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2. Line without energy losses.

Here we have r=a=0, hence p1=p,=0 and

o=L zZ=Rm.................. (114)
u .

3. Line without distortion.

Such a transmission-line is characterized by the property
Accordingly,

4. Cable-type line.

So we call a line the inductance ! and leakage a of which
can be neglected. In this case we obtain

S=Vre-Vp, Z=\/L —— i (116)
c

In the practice, of course, these last cases will only be ap-
proximatively realized.

Also the Green function can be considerably simplified by
special boundary conditions. We will present some practically
important examples of this.

A. Line balanced at both ends.
This means that Z'=Z"=Z. Accordingly, by (107):
K (z,§; p)=-1~--e"(’”“§) z<§
2 S 2(5 ) =5

1 s .
K (z, & p)=§—(§-e5<~—’), =&
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B. Line short-circuited at both ends.
Then Z'=Z"=0 and we get from (107)
__shox- shd(s—§)

K (2,& p)= —— » B<E
hé(é Sh;’shé I B (118)
S S§—x):8s S

K (2,6 p) =5 000 gz

C. Line isolated at both ends.

Then Z'=Z"=o0, and we get the same expression for K (z, & p)
as in B, except that in the numerator the sign sk should be re-
placed by ch. _ L

At last we consider the special case of formula (104) where
E";=0 and the line is halanced at the end or (which will prove
to be principally the same thing) when it is of an infinite length.
Then the integrator of the voltage function will be of the form:

e
Ve, p)=—%E@P)eevvvviinennn... (119)

Hence:

Many of the above mentioned special cases are mathematically
equivalent to some classical problems in other domains of
physics, e. g. the theory of elasticity and the theory of heat.
For instance, if we combine case nr 2, which means a line with-
out losses, with the boundary condition litt. B, we get a Green
function of the form

K (w’ ‘5; p) =, X < E
PsnPs
... (120)
shP (s—m)~shg§
K (z,5; p) = e, B 2§
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which appears precisely in the study of the movement of a
homogeneous elastic string with fixed ends or that of the air in
an organ pipe, closed at hoth ends. The cases 2 and C combined
give the Green function for a string with transversally freely
movable ends or for a pipe with open ends. At last case nr 4,
i. e. the cable line, where 0=k \/5, has its counterpart in the
theory of the flow of heat in a homogeneous slab of infinite
length which is isolated to heat against the surrounding medium,
its end being kept at a constant temperature.

The expression (120) gives an example of a meromorphical
basic integrator. In (119) again we meet a comparatively simple
irrational integrator; this expression presents a many-valued
function of p.

Though the universal expressions (104) and (107) are very com-
plicated, they can be governed comparatively easily by integratio-
nal and operational methods if they be at first decomposed into
simpler constituents. Such an analyzing procedure, the aim of
which is to lead back the interpretation of a composed inte-
grational expression to already known typical integrators, is
characteristic of this branch of calculus. Usually, it will then
be necessary to introduce expansions that are not closed, which
means another kind of complication, but in many cases the state
of things is such as to afford sulficiently good approximation
by the use of only a few terms in the series occurring.

Employing the coefficients of reflection

-7 Z-7"

Z+Z, and G =Z:F_z,,, ............

G=
we can easily transform the general expressions (104 a) for the
voltage integrator into the form
, 1 —Q" .g—2Ns—2) oz .
Viwip= - L Eu(),

1 '—-G’G" . 6_238 1+ Z

S o (122)

" 1—@G' - 27 e

—V'(z; p)= : B (p)-
1—G'G" - e-g&a 1+Z
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In a similar way one can transform the expressions (107) for
the Green function, getting

'—5(5‘—1) ( 1—@' e—‘ﬂx) ( 1—G" e —28 (s—— k))

K(w §! p) 1— GGH —248 ) ’
when z < ¢
. e—3x—8 (I—G' —2)2) (1—G"- e—aa(s-—a:)) - (128)
K (2§ p) = =y T GG e
when 2z > &
As we see, the same expression 1—G'G"-¢—*% appears in all the

denominators. In the most general case we have
1 L
o= V(p+m) (pt).

Now, in the complex integral (1) the path L between the points
o100 can be situated anywhere to the right of all singularities.
We choose for 0 that branch of the square root which all over
the path L has a positive real part. Then |e—**| < 1 along L.
Further, if the reflection coefficients have suitable properties,
e. g if they are such that |G'G"| <M when |p| is sufficiently
large, one can remove L so far to the right that anywhere on
this line

|GG e <1. ................ (124)

Then the factor (1—G'G"e~**)~' can be expanded into a power
series, and it is permitied to integrate term by term along L.
By this means one gets the following series represenlations of
the expressions (122) and (123):

V'@, t)=W'(x; p)-€'« (t), v"(a, t)=W"(2; p)-€"«(2),

where

oo (=]
=Z G'*. G"k.e—é(zkﬁx)__zg'k.G"(k+1).e—-5l2(k+ 1)+ 8—r]

k=v k=0
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W (2, p)= ,._lzﬁ. ..... (125)
1+7

(o] (o)
{ ——EG""G""'E—‘S Uek+1) s—al | SG"""H)«G"k-e""[(“k"'l)”"“]
- 4

k=0 k=0

The series for the Green function becomes, if z<§:
K (w s )__1_
$57PI=gs

[e=]
{ EG% . G"k,e—a @ ks+5—z)

k=0

_EG'(k-i-l).G"k.g""s ChstEta) L, (126)
k=0

_Zg'k.(;"(km.g—a[z (k41) s—§—2)

k=0

_I_EG'k.G"Ic,e—J(zks—§+z) ] .

k=1

The expansion for the case z=¢is obtained by making z and
& change places in this expression.

The typical term in both the series (125) and (126) is of the

form
G (p) [G'(P]*-[G" (p)] *"-e0¢ ........ (127)

where § denotes a positive number and G (p) stands for one of
the factors in front of the formulas. Accordingly, the solution
of the original problem can be presented at once in an explicit
form (we include, of course, in this term expressions involving
quadratures with respect to ¢ in a finite number), if we already
know the interpretation of the integrational expressions

G(p)H(), G(p)H((), G'(p)-H@) and e?@¢H (2).
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Introducing the corresponding integral operators, we may write*

e g
¢ ()=G (p)-[G (P)F-[6&" (P)]¥"-e=3¢-1 (1) } .. (128)
—Gx[G]¥ X [G"]F" X =% (1

In the special case where the transmission line is distortion-

less, i. e. 0 (p) =:—ll(p+y), we thus get, according to rule nr 7 of
our table, i
5.

P (t)=e - GX[G]*X[G'T"X f(t— 5) ...... (129)

Here the symbolic operations ought to be performed in agreement
with the general rules of Chapter 3.

In the examples given above we have met some different types
of integrational expressions. We will postpone the analogous
treatment of the wave equation in three dimensions to a later
chapter and now proceed to study more in detail some important
classes of integrators in order to get general rules of interpreting
the expressions already obtained and other in the practice fre-
quently occurring types.

7. A general theory of rational integrators.
The expansion theorem.

As already mentioned, integrators of this important class will
always appear in connection with systems of ordinary linear
differential equations with constant coefficients. Provided that
the forces attacking have rational basic integrators, also the basic
integrators of the unknown quantities will of course be rational
functions of p, thus having no other singularities than a finite
number of poles.

Suppose F(p) to be such a function, regular at the point at
infinity. In the neighbourhood of this point we have the ex-
pansion

F (p) =2§’7” ................ (130)

=0

* Cf. Appendix 6.
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Further, suppose that F(p) has the poles po=0, pi, -+ py of
the orders ko, ki--- kx respectively. About the pole ps (n #0)
an expansion of the following form exists:

kn
(F(8)) = Y ooy 0wk Pa(p—pa). - (181)
(n=1,2---N)

Here P, (p—pn) denotes a power series in (p—pa).
As to the expansion about the origin we prefer to write it in
a somewhat different way, viz

ko
{F (p) Jo= %’,’,’—+p-Po(p) ............ (132)

According to the definition of f(¢)=F (p)-H () and to Jordan's
lemma, f(t)=0 for ¢t << 0, and for t > 0 f(¢) may be presented by
a complex integral along a circle about the origin including all
the poles of the inlegrand:

t>0

Obviously, the explicit function f (f) will appear under different
forms according to our starling from the expansion about the
point at infinity or from those about the poles.

(p) ot

The residue of at the point oo is equal to minus the

coefficient of P in the series

p) eﬂt zp . !t-... p|l(,
0

and therefore we get:

i () _[Z-— tv] ............ (134)

y=0



57

Of course we must obtain the same result by applying term
by term rule nr 1 of the table.

Now, on the other hand, we will look at the poles inside the
circle of integration. The residue of p. equals the coefficient of

in the expansion of
P—pPn

F (p).e_—m.—_epnt.l.F (p).e(p—pn)t
p p ’

Introducing the power series of F_IQ)P) and e®Pnt we get for
the product of these functions:

oo kn
F(p) v I
L el0—pp)t /i +P —_

(p—pn) I ‘ (p—pny TP pn)I
‘ll=0 v=1
O (T S SO o
Tp—pa \ ML ot l_’f’nfl)

Hence the residue of the point px (n == 0) becomes

kn

t;'———l
epnt . any*, —°
[r—1

ye=

For the pole at the origifl we get the expansion:

elt a,
' ° +p Po p)l———
v=20
_1_. ..I. _é_+ [ + .t.k_o + .....
p Qoo do1 l—l aoko Ilci’ E]

and the corresponding residue is

ko

tV
Dy

v=0
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Therefore, joining the contributions from all the poles we
obtain the following form of the function f(#):

-~ +Nz zam : }ewJ H(t). .... (135)

- n=1{r=1

@)=

In the practice one can usually arrive at this result in a

simpler way, at first developing g(op) into partial fractions accord-
ing to well-known algebraical methods:
( ko N
Qor
o +z z .......... 136
i (p— pn (139)

n=1 py=1

Because F (p) is proposed to be regular at infinity we have
no constant term in the first sum. Naturally we may as well
directly make the disposition

N kn

F(p)= “°”+z 2-1) o e (13)

n=1 y=1

The coefficients a being determined, one has only to form the
product F (p)-H (¢) and then to apply term by term rules nrs
1 and 3, thus obtaining the expression (135).

This formula (135) in connection with (137) is often called
the general expansion theorem.

In the most common case F (p) has only simple poles, none
of them at the origin. Then the expansion for F (p) hecomes

and accordingly

N
j(t)=<ao+2an- evnt>~H @) ... (139)

n=1
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Here the coefficients are very simply computed by the formulas:
1 .
a=F(0), an=—- lim {(p—pn)-F(p)} .... (140)
Pn p=p,

If we write F (p) in the form of a quotient:

p=2®
PR TTIre

and assume’ @(p) and ¥(p) to be polynomials in p, the order
of ¥(p) being at least as high as that of @(p), the formula
(139) will get the appearance:

‘D(P) pn) ot |.
(p) [ 0)+2p ) ]H(t).... (142)

n=1

Hence, the explicit solution is immediately obtained, as soon
as one has found the primary factors of the denominator.

The expression just presented is of a simple form suitable for
learning by heart; it is often named the Heaviside expansion
theorem. We will sometimes call it the simplified expansion
theorem.

In technical and physical applications F (p) will always be a
function with real coefficients, and therefore all complex zeros
of ¥(p) will appear in conjugate couples. If ppar=—pf+tw
means such a pair of roots of ¥ (p)=0, we know that the corre-
sponding terms in (142) must also be conjugate to each other.
Hence, with the notation

D (—f+1io) _ i A
(ChTFiw) P (—fpaw) A€ e (143)

their contribution will be
{24-¢F cos (wt+ea))-IT(#). ....cvo... (144)

In all oscillatory mechanical or electrical systems not con-
taining internal energy sources f is positive on account of the
losses. Thus, any couple of conjugate complex zeros of the de-
nominator will give rise to a damped sinusoidal oscillation, setting
in at the moment ¢{=0 with some initial value (=24-cos a).
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According to formula (134) the function in question is oblained
in the form of a power series in £, which, as a rule, is very
adequate for calculating f (f) for small values of Z. On the other
hand, the representation of f(t) by (135) has the advantage of
giving a complete insight into the analytical nature of the function.

Putting t=0 in (134) we get from (130)

£ (0)=Ao=F ().

Obviously, this important theorem, stating that the initial value
of the time function is obtained, by putting p=oc in its basic
integrator, always holds when F (p) is regular at infinity (thus
even in cases where F (p) is not a rational function; we will
come back to this question in later chapters).*

More special, but often of practical importance, is the following
theorem, which can be easily deduced from (135) and (137).

If the rational integrator I'(p) has all its poles situated in the
region to the left of the imaginary axis of the p-plane, the sta-
tionary value of the function f(t)=F(p)-H (t) is given by F (0).

8. Extension of the expansion theorem to a class of
meromorphical basic integrators.

When F (p) is a meromorphical funclion, no singularities but
poles will occur, and the expansion theorem can always be
applied formally. Further, the correctness of such a procedure
can be investigated by the well-known partial-fraction theorem
due to Mittag-Leffler. In this chapter we shall make some
examinations in that respect, confining ourselves for the sake
of simplicity to the Heaviside form (139) of the expansion theorem.

We will prescribe the function F (p) to have the following
properties:

1. Inside any finite region F (p) has only simple poles py, p2- - -,
which we assume to be numbered in such a way that
|pl<|pl <] ps| < ---. The residues of F(p) corresponding
to these poles may be ai, @, as .

2. It shall be possible to determine an unlimiled sequence of
circles C,, C.---, their centra being in (o, 0) where ¢ denotes

* Cf. Appendix 5.
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a fixed and sufficiently large positive number, and the radius
R, tending to infinity with m, so that:

a) none of them passes through a pole,

b) F' (p) is uniformly limited on all these circles, which means
that | F (p)|< A for all points upon Cm, 4 being inde-
pendent of m.

3. The origin is a point of regularity for F (p).

4. All poles of F (p) are situated to the left of a line L
parallel to the imaginary axis of the p-plane.

Now, P being any point inside Cn not coinciding with a pole
P» according to the theorem of residues:

1 [F(p S 145
iy =F B+ (145)

C”L y=1

the summation being extended over all the poles, in number
n (m), enclosed by Cp.

To begin with we transform the left hand side of (145) in the
following way:

1 /F®) 4 F(p), F (p)
2m;/p—P dp= an_/‘ P +27n p (p—P) dp
Cm C”L C’nb

®»
+Z 2m/ p(p—P) %P

Accordingly, (145) can be written

n
ay P P F (p)
F (P)=F (0)+ — — 2 dp. .. (146
B)=EOF . P, 2ﬂz/p(p~P) pr - (149
y=1 Cm
The last term in this expression tends to zero when m (and
thus also m) tends to infinity; indeed, its order of magnitude
will be /R,. Hence we have arrived at the expansion of F (p)
in partial fractions (Mittag-Leffler’s theorem):

F (p)=F (0) +2p S (147)

y=l
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The poles being all simpie, the residue a, must be

ay=Hm [(p—p) F @) «eovvveeenn. (148)

p=p,
The theorem (147) is a direct generalization of (138). Putting

a . .
~'—a,’ we get even a formal agreement with the previous formulas

(138) and (140).

It is easily verified that the rest-term in (146) tends uniform ly
to zero when n - oo, P being situated within a circle about the
origin with a fixed but arbitrarily chosen radius ¢. This follo w
from the inequality:

P [ F(p) .| 04 Ry, .
Qﬂ@;/p (p—P) dpl\(R"l—-O') (R,n'—-{)-—'o') ce e (149

m

Indeed, the right hand side will be < e if m (or n) is made
sufficiently large, and this independently of the position of P
nside the circle C(,.

In order to arrive from (147) at our expansion theorem we
will now make use of the fourth condition prescribed for F (p).
We denote by I' a contour composed of a part of the line of
integration L in the delinition-formula (1) and a hall-circle, convex
to the left, its centre being in (o, 0). Further we assume a number
of N poles of F (p) to be situated mside I'". On account of the
uniform convergence in (147) the integration may be performed
term by term, and thus we obtain

1/ et 1 o
27?/“” p dp— l (0+2pyp p‘ ~dp

1'1
a
=F (0)+ ) ~.erst,
© Epy
y=1

Now, making the radius of the half-circle tend to infinity, we
also cause N to do the same. Because of the second condition
stated for F (p) it must be possible to draw the half-circle in
such a way that |F (p)| < 4 everywhere upon it; hence, by

(150)
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Jordan’s lemma, its contribution to the contour integral must
disappear in the limit, provided that ¢> 0, and therefore the
integral along I' has the same value as the integral along L in
the definition formula. Accordingly, the expression (150) with
N =00 must represent the function F (p)-H (t) for positive values
of ¢&. Then, to be ready with the proof of the equality

oo

F(p)-H(@)=|F (0)+Z%’;-emt H{), ...... (151

we only have to add that in the limit the contribution from a
half-circle Cp, convex to the right, must be zero, if t < 0, and
that the line L, on account of the 4th condition, may be deformed
into such an infinite half-circle.

We choose an example from Chapter 6 to elucidate the treatment
of an integrator of the type in (uestion. Thus, taking under
consideration a homogeneous transmission line without losses,
the ends being short-circuited, we will try to find the behaviour
of the vollage along the line due to the initial state

v(w, 0)=f(x), ¢(x,0)=0. ............ (152)

We assume no external fields to be present.
According to (96), (98), (100), and (108) the expression of the
voltage becomes

3

v(w,t>=u.c~(r+pl>-/ G o & p)H 01945 .. (159)

0

where the Green-function (C[. (120)) has the following form

shla-shP (s—5)
G2 &p=—"——s < §
shps
v b (154)
shP(s—a)-shLs
G(z & p)=—L——J—; z=§
'shps
u
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Thus our first task will be to examine an integrational ex-
pression of the type

sh p(s—w)nsh’—’gf
LA N B ().

sh''s
u

@ (p)
F (p) H (1) =

It is easily confirmed that this meromorphical integrator ful-
fils the four conditions stated. The poles p, are all situated
upon the imaginary axis

p,:’i-v-;—r-u, y==1, £2,..

Therefore we get, employing the expansion formula (142),

@ (p) (0) »
wmﬂm_[ +?E@' et

=00

H(t).. (155)

The apostrophe on the sign of summation denotes that the sub-
script-value »=0 must be omitted. In our case the first term
within the brackets disappears. Further, as sh(ia)=¢-sin a and
¢h (ta)=cos a, we get

sin[v‘y—v(swz)] -sin ( E")
o(p) i ) s, | s°

P (py) vm cos v .... (1566)

T . T . 7T
=——-sin (v---@|-sin { v-—§|.
yIiT $ S

Hence the expansion theorem gives the expression

¢l §,.p)_H(t)=[3_z§; sin v sin [ Z¢] sin .z;ut)n

y=1 o

H{),

(157)

which is valid when z>§.

In a quite similar way we get the function G (z, & p)-H (2)
when #<§. In this case, according to (154), we must obtain an
expression identical with the one just found if # and & change
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places; on the other side this expression (157) is symmetric in
z and . Therefore we may conclude that (157) holds in any case.
Now, inserting the results gained into (153) and then inter-

preting the factor p as the symbol gt" we get the following ex-

plicit form of the voltage

v (2, t)=u-c-(r+l-%)- -

{i 0/ 2 L sin(yigw)-sin (u’gg)-sin (v’—;ut)- / (§)-d§}-H (®).

The uniform convergence of the trigonometric series in the inter-
val (0, s) permits us to integrate term by term. We denote by
a, the general Fourier coefflicient of f(z), defined by

8

2 AU (7 R B
a,,=‘-9—/‘f (§)-sin (V"sg)'dg ............ (159)

0

If () be continuous, /' (z) and j”(x) piecewise continuous in (0, s),
one can easily verify that »*.a, remains less than a fixed number
when » tends to infinity. Therefore the new series converges
uniformly with respect to ¢, and this will also be the case with
the series obtained by differentiating it term by term. Hence
it is permitted to put the symbol :;i under the sign of summation,
and thus we get the result:

v(z, t)=

{r-& \/ 9-2—-@"—-sin (vgw)-sin (vf—vut) ........ (160)
1 L7 s s
y=1

+ Ya,-sin (V%:w)-cos (v;—tut) -H (2)
y=1

Here wu?=1/lc, and all the coefficients have the dimension of a
voltage.

E
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In passing we note that, the sense of the coefficients being another,
the first sum in this expression represents the state of vibration
of a freely movable elastic string with fixed ends starting from
equilibrium position, the initial velocity being f(2). The last
sum in (160), on the other side, gives the movement when f (z)
denotes the initial position, the initial velocity being zero at all
points of the string. Further we observe that, by a simple trans-
formation of the trigonometric products, one gets v (z, ¢) presented
as a superposition of an infinite number of sinusoidal waves
travelling in both directions of the z-axis with the velocity u.

9. Irrational integrators in the form of powers of p. The
notion of fractional integration. Treatment of certain inte-
grators being rational functions of powers of p.
Asymptotic expansions.

In the second chapter we deduced the very important rule of
calculus (18)

1 "
5;-11 ®) =E-H(t),

being valid when = is a positive integer or zero. Now we are
going to try to genecralize this rule, investigating the sense of an

integrator of the type —;5, s being any real number. For this

purpose we will start from the integral of definition (1), giving

o’+’ioto

1 1 ['e”

S =§;[—i/ps+l-dp. .............. (161)
g—ico

Because of the infinite extension of the line of integration we
must set up the convergence condition

s>—1. i ()

If s is not an integer, p—® will be a many-valued function of p,
the origin being a branch-point. We may, however, obtain a
uniform branch of this function by making a cut from the origin
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to infinity, conveniently along the negative real axis of the p-
plane (Cf. fig. 4).

Y

Fig. 4.

The condition («) being fulfilled, according to Jordan’s lemma
we get the value zero, if £<C0, and if we take as path of in-
tegration an infinite half-circle convex to the right. On the other
hand, if ¢> 0, we get the same result by integrating along an
infinite half-circle convex to the left.

Now, let L' be an arbitrary loop starting and ending at the
points — oo +0-7 and enclosing the singularity at the origin.
According to Cauchy’'s theorem we may continuously deform the
line L into the new path of integration (1-a)-+ L'+ (b>2)
without influencing the value of the integral. The contributions
from the quadrants (1—a) and (b—2), as already mentioned,
will disappear when ¢> 0. Hence, for positive values of ¢, we
can use the loop L’ instead of the line L on evaluating the
integral.

In order to lead back the integral along L’ to a wellknown
function we will now deform the loop until it follows the borders.
of the cut closely, except at the origin, where it shall have the
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form of a small circle. If, on this circle, we put p=¢-¢® and

|et| © 1, we see that its contribution to the value of the integral

will be of the order of magnitude ¢—*. Hence, to get a convergent

integral when ¢-0, we must prescribe s to be negative.
Accordingly, under the restrictions:

we may abstract from the small half-circle, thus getting the
interpretation

[1) — 00
l. _,l —s—1, pDt . ,,1_ —8—1, ,pb —
o (t)~2nJ phetdptg o [ peThe dp =1 (1),
— 00 0
below the real axis above the real axis

valid for positive values of 2.
To examine this function of { and s we will occasionally put

r=—s, 0<r<-41................ ()
Accordingly,
[ —00
1 1
f( =_2_7.r.1:;/’p7"‘"1.e'l’t.dp+§7;i p"—l.ept.dp_
—O00 [}

below the'real axis above the real axis

Now, in the cut p-plane we shall use that branch of the
function .
pa:ea-logp

for which the logarithm has its principal value, i. e.
7t = Im {log p} >—mn.

Then, upon the lower bhorder we get, putting |p|==z, log p=
log # — iz, and upon the upper border log p =log x + izw. The
corresponding expressions for p™ are

wr-——l,e—-(r—l)'ni and wr—l,e-}«(r—d)-ni.

Therefore, as p=xz-e*"=—g, we obtain

[} co

! _..___1,- r—1 r—1) * ni, p—at _L r—1, o(r—1) + i, ,—urt
1@)= 27’:@'/;” e e tde—g— [arte e-de

(=~} . [
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or, combining the terms,

]‘(t)="!‘— ./;r-—l (etrn_e—zrn) et dr= Slnﬂfﬂ 2" et da (162)

27t
0 0

oo

This integral can readily be expressed by the so-called I'-
function of Legendre or the Il-function of Gauss. Indeed, put-
ting zt=u we get

o0

f)=r ““ﬁ“‘ / . T (163)
[}
Now, if Re{z} >0, we have by definition
HE—1)=I@E)= [wtevdu.......... (164)

0
Thus, instead of (162) we may write

f(t)= !— E‘i’n—”—’ HE—1).....oounee. (165)

By integration by parts in the definition formula above we
find, provided that Re {z} >0, the recurrence rule

H()y=z-1(z—1)................ (166)
Hence, n being a positive integer,
Il (z4n)=(z4+n)-(z4+n—1)---- (3+1)-JI(z) .... (167)

Making 2=0, as 11 (0)=1I(1)=1, we recover the well-known

identity
II (n)=n(n—1)--- 2:1=m ............ (168)

From (166) or (167) we can obtain the analytic continuation
of that function II (z) which by (164) has been defined in the
region Re {z}>—1. It will appear that II(2) is meromorphic in
the whole z-plane and possesses the simple poles z=—1, —2,
—3-+--.  Anywhere, save at these poles, the II (z)-function thus
completed satisfies, besides (166), also the important relation

2]

11 (z)-II (—z) =‘al*“n_—£ .............. (169)

as proved in texitbooks on I'-functions.
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Now, in the expression (165) just found for f(¢) we will re-
sinr 7w

Il(r—1) by -—l—w—, thus obtaining

place the factor A=

1 1

0= ir=ny
At last, returning lo the notation s=—r, we arrive at the in-
tegrational formula desired, viz

YH@)=+H 170

%;s' (t)—ms—) () P (170)

The condition of convergence first stated, i. e. s >—1, must

still be sustained. The second condition, s <0, on the contrary,
may now be annihilated, because the critical integral around the
small circle has disappeared from the expression. We understand
that this condition must be immaterial already from the fact that
it will not come -in, if we integrate along a loop L’ avoiding
the origin; its introducing occasionally, however, made it easy
to identify a constituent of the unknown function with the II-
function.

Within the interval —1 <s <0 we have by (170) got defined
a function of ¢ not belonging to the general class of functions
we have hitherto dealt with, as it tends to infinity when ¢~ 40,

. .1 - .
but obviously the expression — must be a basic integrator for
p

this range of s-values too.
F(p) _ 1

p P
uniformly with regard to arg p when p oo, we may for £ >t >0

employ the modified integral

1 1
2751,:/;}3?5 e"-dp,

ILiLa

Because, if s > — 1, the function tends to zero

and here it is permitted to differentiate under the integral sign
any number of times with respect to ¢. Hence, in the modified
integral we have got a means of interpreting, for positive values
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of t, integrational expressions of the type ps-—l:ﬁH ) (n=1,2,-).

But, s being any real number >-—1, we have obviously got a
definition of #H (), valid for all real values of s. It is given

by (170) if £>0; if ¢ <0, we postulate the corresponding time-
function to vanish identically. It should be noticed that (170)
changes into the more special formula (18), if n is a positive
integer, and that the right hand side becomes zero for s=—1,
—2-.., as the II-function gets infinite for these values of the
argument.
The integral operator corresponding to F (p)=p—® is
. -

1 (t—r)p—rdr |, ........ (171)

I (s—1)
0
provided that s >0. Now, in Chapter 5 we have shown that an
integer power of the symbol of integration
¢
I=[ / di]
[]

should bhe formed according to the rule
¢ _

In= ni_l-'/‘(t—r)""dr ,
1)

and it is natural to regard the previous formula (171) as a
generalization of this result. Hence we are brought to the definition:

¢ ,
s 1 ) $—1 -
Is= -I“l"('sl"l—)"/(t—l') dr]. ........ (1/2)

Such a power of the symbol I is sometimes called a fractional
integration. Of course we need to prove that our definition is
consistent with the addition theorem for common powers, viz

IPXIs=Ir8 i (173)

The proof is readily effected in the following way.
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We form, starting from any function ¢ (t), the expression

(I I) X ¢ (1) =

. ¢ ¢ -
11"(:‘l‘i‘) '_/<‘“§ )""dé‘] X [1[ (.:—1)'/“_’)3“1"1’] 70

0 0

(174)
t t

i) (s—l)'/ ‘p(")'d"f(t‘“: yo ) s,

T

where the double-integral has been transformed according to
Lejeune-Dirichlet’'s method. Now, the integral

is easily treated. Indeed, from simple substitutions results

0 (176)

a

on account of a fundamental theorem as to the II-function.
Inserting (176) into (174), we find ‘the following form for the
symbolic product:

. )
r 8 . . .._..,1._—. —_ r+8—1 )
I'xI —[11 (T+3_1)ﬁt Ty +odp \ ...... (177

But here, by definition, the right hand side is just I7+2.

By the same substitution as above, or directly, we get

t )
I‘xH(t):[I—I (sl__l)ﬁt—-t)“""l-dt

[

t8

($)

X H (t)==——-H (), (178)

which formula must be identical with (170).
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In the case where s<0 the symbol I* will lead to divergent
integrals. It is, however, possible to retain formally the definition
(172) even in this case, provided that ¢ (?) is of the form

(p(t) = zay'tr"~

In order to better elucidate this fact we will somewhat exa-
mine the product I®*X ¢ (t), assuming ¢ (f) developable into a
Taylor-series

(>}

® (t)__.zq,(»(o).%. .............. (179)

y=0
Applying (172) to each term and making also use of the equality

t

II(s—1)-1I (v)

—g)S$1l.g7. —_— A N sty

/‘(t 7)1V de 1T (s ) [ AR (180)
0

as the right hand side has a meaning for all s and », we may

write for £>0:

Isxo(t E‘P( (0, ) ........ (181)

If here we put s==0, the left hand side will be I°X @ (t) — ¢ (2),
while the right hand side changes into the given series (179).
If we assume s=n= a positi.ve integer, (181) represents the result
of an m-fold integration of ¢ (tf) between the limits 0 and £

Further, putting s=—n, as II (—1)=II (—2)=---=00, we have
"X g ()= zqom O (== ()
If, at last, we assume s=-—n—gz, x being a positive number < 1,
we obtain
[—n—2 (). b F
X (t)= zg" O o =n=a)

y=0

Here II (v—n—a) will always be a finite number, and the expo-
nent of ¢ will be negative, as long as v<mn-+z. Thus, only
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provided that all the derivatives of ¢ () of orders <n+z disappear
at the moment ¢=0, the product I *X @ (f) can represent a
function f () belonging to class nr 1 at least of the first chapter.

In the foregoing we deduced the formula (170) by performing
the complex integration in the definition formula (1). However,
this rule may be more simply obtained by an opposite proceeding.
In fact, computing according to (2) the function F(p), which corre-

8
sponds to the time function ﬁi(s—)’ we get
1 T
F(p)—p'-ﬂ(s) ?ePlhdr, ..., (182)
]

Here we put u=pr and assume, to begin with, that p is real
and positive. Hence:

F(p)=

oo

1 - [ ut-e%-du.

1
p* 1L (s)
0
Now, on account of (164), the last integral is identical with

I1(s), provided that s >—1. On the other side T% is an analytic

function of p, and this is also the case with the right hand side
of (182) within a certain region. But, as these functions coincide
upon the positive real axis, they must do so anywhere in their
common domain of definition. Therefore they must also present

the same analytic function, and we may accordingly put F (p)=%§.

The results obtained above furnish us with a means of inter-

preting certain classes* of more complicated integrational ex-
pressions, e. g. such as are rational functions of powers of p.

Such an expression
Ser
F(p)=g—

. Zby . pf,,

* Cf. Appendix 5.
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which we will first propose to be a basic integrator, can be
written more conveniently under the form

a 1 +2ay'p"‘av
Flp)=2—= (184)

Py —-Eﬂwp"!’v,

where $>—1 and all ¢, and ¢, >0.

As before we make a cut in the p-plane along the negative
real axis and replace the path of integration L by a loop enclosing
the cut and wide enough that

zﬂ,,-p—er| <1

anywhere upon it. When this is the case, we may develop
(1—2B,p~¢ ) into a series and then, after multiplying by
the numerator, perform the complex integral around the loop*
term by term. Of course, we must arrive at the same result by
putting at once

(=]

F(p)-H (t)=£—a -(1+Za,.p—%)-z (Zﬁ,-p—ey)‘“-ﬂ @) .. (185)

u=9o

and applying the general power-rule (170) to each term of this
expression. The first term of f(f) becomes
| et
11 (s)
All the others have an exponent >s. If s=0, we get f(0)=a,
and it is easily seen that our previously stated rule (Cf. p. 60)

F (o0)=1(0)

subsists also for the class of integrators under consideration
(Cf. Appendix 5).

If in (184) s<—1, F (p) is not a basic integrator. The function
p*-F (p), however, satisfies the condition 4 of Chapter 2, and
therefore we may employ the modified integral to get an inter-
pretation of F (p)-H (t) for positive values of ¢ also in this case.

* Obviously the loop will enclos%fﬂ;%he poles occurring.
Al
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As a practical application we will examine the voltage transient
on a coil with the resistance R and the inductance L, being suddenly
switched to the end of an infinite cable in series with a battery
with the resistance R, and the electromotive force E. The impe-

dance of such a lineis Z'={/.", and we get according to Ohm’s
pc
law the following expression for the voltage:
v ()= R+pL —EH () (186)
m+mﬂm+vi
pe
or
14E1
v (t)= P_ E-H ().
R+Ro 1 r 1 1
1+ 5 20\
L »p ¢ L pﬁ

Hence the initial value is v (0)=E. Taking into account only the

first four terms, we obtain:
v ()=

Ry(R+Ry) 1 J
e, S i =4 |'EH (¢
Lp YeLpyp L p (4

R, r1 18 | Ro(R+Ro)

—[l ttVerangt 2 "']‘EH ©
This expansion is fit for the calculation of v (¢) for small values
of t. The general expression for v (f) is presented, as we know,
by a rather complicated complex integral. The integrational method
employed may be looked upon as a shorthand way of getting

knowledge of the properties of this integral, when ¢ is a small
number.

[1 R 1 _ /r1 1

(187)

If the origin is the only branch-point of the integrator F (p),
the primary function f () contains, besides the contributions from
the poles, if such are present, a constituent coming from the
integration along the cut, viz

0+

1 v
I (t)=% F (p)-—z-;-dp ............. (188)

— 00
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We will now briefly describe a method,* often applicable, of‘
finding the analytical character of the function I () for great
values of £.

Fig. 5.

If ¢t is a great positive number, the exponential factor will
obviously cause only the parts of the loop of integration nearest
to the origin to give a considerable contribution to the value of the
integral. We divide the loop into three parts with respect to a
point —a on the negative real axis (Cf. fig. 5) and denote by

"w (p) the value of F (p) along the lower horder of the cut and
by F,(p) its value along the upper border. On the former we
have p=z-e~""=—a, on the latter p=z-¢"=—z, (2 >0), and
thus we may write:

oo o+)

1()=5 [ [Fe(p)—Fu(p )]-{”-dwé—:r—i F(p)-%f-dp.. (189)

a - Q
Further we assume that .t is possible to find two real numbers
K >0 and k, such that along the loop
|F(p)| < K-é*, when z>a, .......... (190)

a being any positive number.
Then we can easily find an upper limit of the modulus of the
first term in (189). In fact,

(=]

a=|2 (1R o) —Fup)-© da
=5 [} p) u(p) x
7 (191)
o ek
K/‘e“” 1 K et k). dp— 1 E — , if t>k.
a T a k

a

"% This met This method is further developed in Appendix 5.
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Considering a, k, and K as given magnitudes, we may find by
this formula a number ?, (¢) such that, ¢ being an arbitrarily small
positive number, the inequality

A<e

holds for all values of ¢ greater than ¢.

Now, to examine the behaviour of I (£) when ¢ is great, we must
further assume that in the neighbourhood of the origin F (p)
can be written under the form

F(0)=Y s pr+p Bu(p) oo (192)

y=1

where s is a posilive number and s1 <<s <.+ <<sn, and the
rest-term such that, » being sufficiently large,

anywhere on the path of integration between the origin and the
point —a. Then an upper limit of the contribution of the rest-
term to I (f) is easily obtained. Indeed,

)
_|2nf8~ R (p)-e- dp|<— e/w“ = (199)

Here ¢ may denote the same positive number as above.
Thus, under the conditions stated, according to (189) and (193)
we have, when t >#:
n 0+)

I(t)— Ya L p’yofm-dp < 2 (194)
14 271:1: p ‘::‘- e s e s e e

y=1 —-a

To entertain the convergence when s,<0, we may of course
use a loop avoiding the origin.
In the following we shall need an estimation of the magnitude
of the difference
(0+) (0+)

D=/P"e”‘~dp—-fp’-ept-dp, .......... (195)

—00 —a
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s being a real number. Putting, as above, p=z-¢i” on the upper

border and p=z-e~*" on the lower one, we get
— (eins_ e—ina) / z5-e . dx,
a

from which follows

|ID|< 2-/w3-e-"-dw. ............
a

.. (196)

Now, if >0, we have for all z Zj the inequality 2°< e*®,

Hence, for such values of s,

|D|<2-/e’°'(§_‘)-d _26___2 ) , if t>':----

. =

In the case where s<0, we put s=—r, thus oblaining

o0 oo

—at
|D|<2/1 e—rtdw<2/e—ndw_-2—»‘;

a a
»

We will now consider the difference

©+)
I(t)—za, 5 J 0. dp
n . ob
EI(t)——za 2—75/-1;%'; -dp
y=1 -—a
©0+) ©+)

— 8y—1.gPt. dp— 3, —1. @bt _.
Yuvgi [y frmetan]

ye=1

(197 b)
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According to (194): o)
0+

n
1
lI(t za,%. 3”15 dp,

<2e+2|ay . /"v—‘ -ePt. dp—/ Sy 1. gPt. dpl——2e—i—SJ

Under the sign of summation expressions of the type (195)
appear. Let us assume the exponents ), sz, -+ s» to be such that
for m, of them 0> s,—1 =0,
for my=n—mn; of them Su—1 < —0: < 0,
and let « be an upper bound of the magnitudes of the coefli-
cients, i.e. |a,|< e, r=1,2--- n
Then, in accordance with (197a) and (197b) we get the
following estimation of § in (198):

(198)

d
« e—a(t—) e
S <= l 1 ;__‘_5} 2 s tJ, ........ (199)
e

provided that £ > (—)—1
By this 1nequahty a number % (¢) can always be determined
so that § < & whenever ¢ > #.
Thus we obtain from (198), taking t > the greatest of the
numbers ¢ and & just introduced (Cf. (191)),

¢ being an arbitrarily small positive number.

The integrals appearing in this inequality may be written
symbolically in the form of integrational expressions, to be inter-
preted when s, = 1 by the modified integral for positive values
of t. Thus we have arrived at the required “asymptotic” form
for the constituent I (¢), valid when ¢ is a great number, viz

n

I()o Ya,p» H@)e voveveinaenn.. (201)

y=1
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According to (170) this means explicitly

n t—sy :
1 (t)mza,- gy e (202)

y=1

and we know that the error committed is less than 3¢, ift > t, t.
and the number of terms is sufficiently large (Cf. (192)).

If the error for any fixed value of n tends to zero as ¢ tends
to infinity, we say that I (¢) tends asymptotically to the right hand
side of (202). It is easily proved that this may be the case if
s > 0. At first we remark that the contribution to I (¢) from the
rest term according to (193) is less than

as
E'an(P)l

and therefore tends to zero with a. Now, let us assume a to
approach zero as t increases, putiting for example
c

a='7:-
On introducing this function into the inequality (199) we can
infer at once that §-0 as ¢+ co. The same must be the case
with the quantity 4 in formula (191), provided that the condition
(190) be fulfilled in the whole interval # > 0. This, of course,
necessitates that s = 0.

In order to get the function f()=F (p)-H () we must add to
I (t) the contributions from occurring poles. If all the poles are
situated in the left half-plane, their contributions must vanish
with time, and because of (202) the stationary value of f(f)
will be

f(oo)=a, if $=0, f(o0)=0 if s > 0, and f(oo)=0 if & < 0.

But in the neighbourbood of the origin the develo‘pment (192)
subsists, and thus we obtain

f (e0)=F (0),

which means an extension of the rule of page 60 to the class of
irrational basic integrators in question (Cf. Appendix 5).
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As a simple practical application of the method just described
we will determine the asymptotic form of the voltage v (¢) in the
problem outlined above on page 76. For that aim we rewrite
the expression (186) in the following more adequate way:

v(t)=\ﬁi;§-(R+pL)- S EH()
1+(R+Ro)-\/ ;~V§+L\/§'PVP (203)

Nearest about the origin we have the expansion

F (p)=E- \/ §~lR-V5—R (B+R)-\/ P+

+[L+R(R+Ro ]m/' +-- }

and, as no poles are present, we get for great values of ¢
V(@) e (204)

il ity msnn] |

EVCRN R s T
“Vryzlye 21\t

We let aside, as a matter of pure calculus, the investigation of
the domain of validity of this expression at a given degree of
approximation, which is of course necessary in exact numerical
calculation.

10. Researches on certain special irrational integrators
often occurring in practical applications.

One of the first problems of great practical importance in
electrotechnics concerned the transmission properties of a tele-
graph cable. According to (116) and (119) the behaviour of the
voltage along a cable of infinite length is determined by the
equation

v (2, 8)= eV @) eennnn. (205)

14/ Vo z(p)
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In many cases the impedance Z'(p) of the transmitter can be
regarded as constant with respect to p, and often its value is so
small that one can equal to 1 the denominator of (205).

Thus we are confronted in this problem with an irrational
integrator of the type ¢—*V?, « being a positive number, and our
nearest task will be to find the corresponding primary function

@)= (p)-H{t)=cN?>H®) .......... (206)
According to the integral of definition (1)
1 0+1ico d
= o+t 9P,
P (t)=5— J eo\p g (207)
g—too

To get a one-valued integrand we make a cut along the negative
real axis (Cf. fig. 4). Putting p=¢-¢¥, where —w <9< + =,
we have

e—\D—g—a\/ 6-(ws’—:+i . sin%) .

From the equality | @ (p) | =€~ “\/é"’“g it follows that %ﬂ)l

tends to zero as |p| - o, uniformly in the angular region stated.
By Jordan’s lemma we conclude in a wellknown way that ¢ (£)=0
when £< 0, und that for £>0 the line of integration L may be
replaced by a loop L' enclosing the cut. Therefore

1 /7 -, dp
= —a\/D+pt, "L
(1) 2m./e V L0 (208)
LI
Differentiating under the sign of integration, we obtain an integral
that converges uniformly along the loop, if £ = # > 0. The inte-

grand being finite at the origin, we may contract the loop until
it encloses tightly the cut and then present ¢' (t) by the integral

©+)
¢ (t)=§:?z/ e NPHRtdp 1 >8>0, ...... (209)

According to the identity

pt~a;/§=t-[(;/§—2it)’~ f%] ..... .. (210)
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this can be rewritten

o (=6 it 2m’/‘ Vo= g (211)

—c0

t =1 >0.

Now we will employ another variable y, pulting

Vﬁo—g‘f/;ﬂy, hence p=-1i-(iy+§:'7;)2 and

2 «
dp=""dy+—\dy .............. 212
P=7 (@y+2Vt) Y (212)

As to the image of the path of integration in the complex y-
plane we note that:

‘When p moves from —oo to 0, y moves from — oo+ ——
P y }/t 2]/t
When p moves from 0 to —oo, ¥y moves from 22 to oo — o

2Vt i
Consequently the path of integration in the y-plane must be a
line 4, parallel to the real axis (Cf. fig 6).

1#

y-plane
e N - A
o '
: 2vEe '
Fig. 6.
The transformed integral looks:
-2 1 —? a
' (t)=e “-~/e (z +——:)-d' ...... 213
@ () > Yoyl ¥ (213)
A
t=4%>0

Here the integrand is holomorphical within any region bounded
by the real axis, the line «Z, and the segments between them
of two lines, parallel to the imaginary axis; as obviously the
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contributions from the latter boundaries disappear, when their
distances from the origin tend to infinity, we conclude that we
may take the real axis as path of integration instead of .
Further it is readily seen that the first term under the sign of
integration in (213), viz ¢ y-e¥", being an odd function, will
give no contribution to the value of the integral. Hence the
expression is simplified to

¢'(t)=~‘1—.e‘ﬂ-1./e~wy=—1—..i €L (214)
T

We are now in a position to introduce the so-called error-
function, which we will present in the following form, employed
by many authors:

Obviously

hence
4 e,.f(i)___l__.i.e—‘f—;.
dt \2yt 2w tyi

Here the right hand side equals ¢’ (f) but for the sign. Thus
we have

W S LAY
@ ()= dterf(2 W) .............. (216)

Integrating on both sides between the limits 0 and £, we get,
as erf (o0)=1,
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By (214), as ¢(0)=0, the corresponding integral operator becomes .

- ¢
a —_ 2 dr

D=—-—. st—. " __|.
2‘/7‘ l'/; (t—1, (t—r)”‘:l ........ (219)

For the rest, formula (214) provides us with another important

rule: o

e e CH(). ... 220
5 l/ iy () (220)
Thus we see that also the expression p-e—*V? has the character
of a basic integrator, and the corresponding primary function
vanishes for ¢=0.

Differentiating both members of (218) with respect to «, we
obtain one more practical rule of calculus:

—a\/p

H@)=

Vpe VPl (1) =Vl—.—.t-e“ﬁ.H @ e (221)

The integrator ¢—*V? does not admit an expansion into a series
1 . . .
of powers of p However, one can easily derive an asymptotic

expression for ¢ (¢), valid for small values of {. Indeed, by
repeated integration by parts in the definition formula (215) one
finds, as erf (o0)=1,

1—erf (z)=
e [ 1 - 13
— ' —" 3+ B — e l
Vr 2 22 . (229)
+(_1)n~1.2.g . .(%:Q.w—(an—l)] + Rons l
the rest-term being:
2n+l
Ron —(—1)“ l/l ; Z (2n 1)/;-1; y 2 .d
” (222 a)

1t is readily proved that

113 2n—3
Ron— .
! ';/22 2

e Fg—en) (222 D)
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From this follows that the rest-term is always numerically less
than the last term of the precedent expansion. Thus we have
got an asymptotic representation of 1— erf(z), available if z is a
great number,

—2_, we obtain the wanted asymp-

2yt

If specially we insert z=

totic expansion for ¢ (t), viz

=1— erf(—>) ..o, 223
% (1) (M) (223)
% oy 2 3
ol g 4,.2_@.[1_1_.4@1.3.(4_4) _1.3.5.(45) g ]
Vr o 2 22\c2 222\

suitable for small values of ¢ or, more strictly speaking, of l/l,
z

as we have a=z-)rc, and the error heing less than the last term
taken into account. :

Another asymptotic expression for the function
@ (t)=e—VP-H (1),

applicable for great values of ¢, can be deduced by the general
method in the foregoing chapter. In fact, upon a loop close to

the cut (Cf. fig. 5) le‘“\/l’|=1, and thus the contribution to the
integral from the part of fhe loop to the left of a point —a
will be arbitrarily small if £ is great enough. On the other side,
this point can be chosen as near to the origin that the function
€~°V? can be approximated by a number of terms in the begin-

ning of the corresponding power-series in aV{i At last, the path
of integration can again be completed by the parts to the left of
the point —a. Obviously, the result must be the same if we
expand formally the integrational expression, putting

s =amr] -
o () z LPE g, (224)

y=0

and then, when ¢>0, interpret each term by the modified inte-
gral. Hence we get, according to (170),
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N , v
P (8) o (‘I‘“"‘) e (225)
X

Here all terms corresponding to even values of » (v=0 excepted)
disappear, and the first part of the expansion runs

PO~ 1= 127 [21/t 1(2Vt)+é;<’2%/7)"] (225.2)

Referring to the general investigations in Chapter 9, we pass
over a more detailed examination of the procedure.

In Chapter 6 has been shown that the treatment of the uni-
versal equation of telegraphy leads lo integrational expressions of

the form é- ~+9, where (Cf. (126)) 6=i-V(p+;t1)7p+!«;)- This

expression can readily be led back to an integrator of a more
symmelric structure, the primary function of which we are now
going to determine. Hence we introduce

e NFFEH @), (226)

x ()=
'/p2+(l)2
assuming a positive and employing that branch of the root which
tends to p when p tends to infinitys

If we rewrite the expression in the following way:

p VT a—
X t)=———-€ a[vp +w p]‘H t—a ) esecs s 227
o (t—a) (227)
we infer that x(£)=0 when t<gqa, and further obtain a new
integrator

O (p)= 7 ==-e—VFFia], L (228)

which satisfies the conditions for Jordan's lemma and obviously
is a basic integrator.
We will deduce the explicit time function in two different ways.
At first we develop the exponential function into a series and
treat term by term the integrational expression thus appearing.
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This is permitted, since @ (p) is regular at infinity, as we have
chosen the branch of the root. Accordingly we get as a first
result: o

(—aw)y  p__ (VYpPto—p _ .
HO=Y Vp2+w2( . )H(t a) .. (229)

Here we are faced with another important class of basic inte-
grators, which may be defined, more generally, by

U (p)= l/p’ﬁ- — (‘/p2+:2"’) .......... (230)

the exponent A now being any real number > 0. When 4 is
not an integer, there exists also a branch-point at infinity. To
get a one-valued function we make a cut consisting of two parts,
one between the branch-points + 7w and another along the

negative real axis, as shown by fig. 7. For ;/1—);-*}-(“0—2 we choose
as above that branch which is positive when p is real, and for
(Vﬂ"&—p)l= exp [1-log (Y p*+w*—p)] the branch correspon-
ding to the so-called principal value of the logarithm, i. e. that
which remains real when p is real.

Fig. 7.

When p- oo in the cut plane, U (p) tends to zero, if i > 0,
but to 1, if A=0. Obviously U (p) is a basic integrator; the
primary function % (¢) =0, when ¢ < 0. When ¢ > 0, employing
Jordan’s lemma, we may define u(f) by a complex integral
extended along a loop L', tightly enclosing the cut (Cf. fig. 7).
By the change of variable of integration p=uw 3, which geometri-
cally only means a uniform reproduction of the path, we get
the expression
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ewtrcdz ., (231)

v [
u()=U (p)-H (t)—znz'” Va+1

t>0

Here the right hand side just equals a well-known integral
definition (which holds even when 4 is complex) of the so-called
Bessel function of the order A and the argument w¢. Thus, em-
ploying a common notation, we have

u (t)=J1(wt), when t>0............ (232)

In the special case under consideration (Cf. (229)) only integer
values of 4 occur. Then there is not a singular point at infinity,
and the cut along the negative real axis can be omitted.

Applying our new integrational rule

s 12 n\4
7 %}.(m‘w‘” p).H(t)=J1(wt)~H(t);220 (233)

to the expansion (229), we get the result

e () Z(—ﬂf”)"-Jw (w(t—a))-H (t—a).

1 ()=
Vp = = (234)

We won’t discuss more in detail this form of the solution. -By
introducing into (234) the power-series of J, (0(t—a)) (»=0,1,2--+),
taken from textbooks of Bessel functions, one shall get a power-
series in w(t—a) for % (), suitable for numerical evaluation of the
function, when w(i—a) is small. Of course, one can also obtain

the same expansion for % () by developing @ (p) into powers of ;—’

and then applying the first rule of the collection in Chapter 5.

The second mode of obtaining the function x () is based upon
certain transformations of the definition integral

04100
1 1 —
x()=5 W PPy (235)

g—1i©
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If t > a, we may take as path of integration a loop enclosing
the cut between the points + i{w (Cf. fig. 7). We also prefer
another variable of integration ¢, according to the equation

p=tw-sin®. ................ (236)
When p moves along the right border of the cut from —iw

to +7w, ¢ will pass from —g to +% through real values, and

again, when p moves along the left border from tw to —iw, ¢

will return from % to -—Z—; Further

P*+w*=w cos ¢.

On the right side of the cut arg (p*+w?) =0, thus }/pﬁ—l-w“ > 0;
on the left side arg (p*+w*=2x and }/p?+w2 < 0. At last we

dp
have - —' =—=4 4-dp, the -4 sign corresponding to the right
'/11)24"(1)2

border, the — sign to the left one. Therefore we get instead
of (235),

T ‘ m
*s 2

l (t) — 51__ B eiwt . sin(’»_am ccosq, d(p____2__17__t . eiwt-sin97'+aw-cos9y' . dql"

- :
or, putting ¢'=7—® in the last integral,
+73 ' i
% ()= ;ﬂ ﬁuut sing—aw - cosp. dpt5 - /;iwt-sinqr—aw-cosgo.dq)_

b2 T
T 2

Here the integrals may be joint to one, and as an integration

between the limits ——z and ig— because of the periodicity equals

an integration between 0 and 2=, we obtain for ¢t > a
2T
% (2) —_—537-[- giat-sing—aw - cosp. g | (237)
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Into this expression we will introduce an auxiliary imaginary
angle 0, defined by the equations

t=)P—a*sin 0, i a=yt—a*-cos 6.

Then iwt-sin p—aw-cos p=1iw ) *—a?-cos (p— 0) and accordingly
2m
X (t)=§17c'/‘e"w VE=a-cos (7—O.dp, ... ... (238)
' [)

But here we may replace ¢—0 by ¢, retaining the limits and
the path of integration. Indeed, if we put p—60=¢', the new
path between ¢'=— 0 and ¢'=27x—©
\ should be represented by the straight
line 4 B in fig. 8. Because of the
periodicity of the cos-function an
0 20 integration along 0 A4 gives the same
/ result as an integration along 2z — B.
Further, on account of the regula-
A B rity of the integrand we must get
the value zero on integrating around
Fig. 8. the  parallelogram 0—A4—B—2n
—0. Therefore, the result must be

the same if one integrates along 4 B or along 0—2x.

Thus we have obtained the required function x (¢) in the form
of a definite integral:

27

2 (t)=[ ;zln--/‘eiw-\/f—a*-cosw-d(p]-ﬂ (t—a). .... (239)

0

Now the Bessel function of order zero can also be presented

under a similar form, viz
2

o (w)=2ln- R

0

and thus our result can be ‘expressed by the equality

x (t)=Wf;;-e'-“Vp’+W’-H t)y=dJo(w-Y—a?)-H (t—a). .. (241)

In the following chapter we shall get use of this formula when
studying the general solution of the equation of telegraphy.
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As a last example of methods of treating irrational integrators

P
Vo
often appears e. g. in the theory of electric filters and recurrent
networks. As this corresponds to the special case A=0 in (233),
we know d priori that the function

we choose some researches on the expression , which

U (t) =B H(t)y oo (242)

l/p2+ ?

when ¢ > 0, coincides with the Bessel function J, (wt).
This basic integrator, because of its simplicity, is fit for illu-
strating the above mentioned method of developing F (p) into

powers of ;; Thus, writing

u (t)=[1 +(5)]_ H (),

and expanding in accordance with the binomial formula:

(1+a2)—t=
R W X
SRR MR XM AT S
. 1 "
we get on employing term by term the rule " -H ()= -H (2)
) p |n
the result:
CU(l)= e (244)

Here the brackets just enclose the well-known series for J, (wt).

The correctness of the operations performed is easily verified,
if in the definition integral for ¢ > 0 we integrate e. g. along a
circle about the origin, its radius being > w.

Obviously, the function u (f) to be determined will appear in
varying analytical forms according to the path of integration
chosen. If we integrate along the loop enclosing the cut between
the points + 4w (Cf. fig. 7), we get by employing the variable

w=—.g, when ¢t > 0,
0
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u(t )-— }/__ -cos [(wt)-2)-dz. ........ (245)

This definite integral, as well as the one obtained by putting
z=cos 3, i. e.

u (1) =;52--/;os [(wt)-cos2]-dz, ........ (245 a)

represents a frequently used definition formula for Ji (wt). (Cf. (240)).

Now we are going to examine more in detail another integral
form for u (), which we obtain by using two cuts between % ‘w
and oo, parallel to the real axis. (Cf. fig. 9.)
|
p-plane

PO~ S—— —d jw

[
|
|
l
raf

Fig. 9. ¢

For positive values of ¢ we may integrate along the loops
L' and L", tightly enclosing these cuts; next to the branch-points
we first assume the loops to have the form of small circles;
however, it is easily proved that the contributions from these
circles vanish when the radii tend to zero, though the integrand
becomes infinite at the points =+ iw.

Upon the lower loop we put p=—-,3—iw Hence

e arc tg —-

P+wi=41i-28w=4- Vﬂ“+4w’
Upon the upper loop we put p=—p-+iw. Hence

—2m
isarctg —

Pt or=F—i-280=F-VP+ do*e £,



Occasionally we will use the abbreviations
1 1 2w
=4 (f), — 5 arctg —ﬂ-=a B). .... (246)
VE-VE+ du?

Then the expression under the integral sign in the definition
formula

724
u(t):-l—; -“'__e__,...‘_'dp ............ (247)
2751' ]/p’—*—- (1)2
L'L”

gets -the following form on the different parts of the loop:
(—oo] —iw)+( 0 |—iw) : +d(8)efheiute®.qp
(0 |—iw)>(—oco|—iw) : —A(f)-eFeitutta®.4p
(—oo| dw)>( 0 | iw) : —A(p)eFfew—B).q4p
(0] dw)»(=oo] iw) : +A(B) e e

Combining the different contributions, we therefore obtain:

(e~}

U (t)=7%-'/:4 (B)-ePt-sin [wt—a (B)]-dB .... (248)
()
Hence, our original complex integral (247) now has been

transformed into a real integral, and we get for ¢ > 0 after sub-
stituting the expressions (246):

2 1 1 2w
u(t)=~/i—7;———~'e—ﬁ‘-sin (mt—l—- arc tg —)-dﬁ. (249)
7[0 \/ﬂv/ﬁ2+ 40® 2 ﬁ

According to well-known trigonometric formulas this expression

can also be written
u(t)=

v [Vpr/Fra
™ VBV +402

0

e t.dg-sin wt

- ....(250)
V2 [V=pt+VE+rio
4 V8-VA+4w?

[

eft.dg-cos wt.

t>0
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From this representation we can easily deduce an asymptotic
expression for wu(f), available for large values of ¢. If ¢ is a
great positive number, the factor e=# even for small values of 8
will be so minute that the integrand is practically zero. Next to

the origin the factor ;/% is dominating. On the other side, the

factor \/:i:ﬂ+}/ﬂ’+z:u_2:}/ﬂ2+4w“‘ is continuous at the origin,

where it equals ’/;__ For that reason we might replace the given
w

integrand by the simpler one

L e®

V20 VB
retaining the limits 0 and oo. Then we shall obtain a value of the
right hand side that must agree better with the true value the
larger ¢ is, thus furnishing us with an asymptotic expression for
u (1), viz

u (t) o — '/_ -K (t)-(sin wt+cos wt), ........ (251)
where
K ()= / P j//; .............. (251 a)

0

By the substitution @#¢=wu? the, last integral is essentially

identified with the so-called error-integral, and we find K (t)= \/ 7?‘
Therefore:

Here we recognize on the right hand side a well-known
asymptotic form for the function Jo(wt) (Cf. e. g. Funktionen-
tafeln, von Jahnke-Emde.)

Of course, by developing the irrational factor under the sign
of integration into a power series of Y8 one can arrive at more
complete asymptotic expressions for « (f). This shall be done in
a somewhat different way in Section 5 of the Appendix.
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11. Applications to selected problems of physics and
electrotechnics.

In this chapter we are going to employ integrational and ope-
rational methods for treating some important problems of theo-
retical physics and electrotechnics, and we will generally try to
work out the solutions in such forms as are already more or less
familiar, the comparison of the new methods with older ones
thus being facilitated.

A. The differential equation of a freely movable homogeneous
elastic string.

If u denotes the elongation, a a constant of the dimension of
a velocity, this equation is
Pu_ i i
dt? ax?

We shall now integrate the equation under the initial conditions
du =
u=1F (z), E=G’(m), when t=0......... (254)

For that aim we introduce a basic integrator depending on z,
writing

w(@, t)=U(@z;p)yH@). ..covvcvvn... (255)
Then, according to the differentiation rule:
Ju
—=lp-U—p-F @]-H () l
...... (256)
*u Y R
=P U—p"F (2)—p-G @)]-H () ]

(Cf. the Note on page 45).

Inserting (256) in (253), we obtain

[ U—p* F (@)—p-G (o)) - H ()=a* 20 i

e H (0.

Hence, according to the rule of uniqueness we get for the basic

integrator the ordinary differential equation:
U _Py_ P pa—L.
i aﬁU— pr F(z) pr G@). ..ovvvnnn. (257)

G
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The corresponding homogeneous equation having the two in-

dependent solutions
2, Py

e® ande °,

we may put, employing the method of varying the constants,

2, _2,
U=A4(z)¢" +B(x)e *. .ccooe.... (258)
With the occasional notation
P 1.
k(x)= a F (z) p G@)..ovvveennn. (259)
we get
1 pz 1 E(C
A(w)—-é * K (), B'(w)=——2-ea ‘k(x) .... (260)

Hence the required integral of (257) will be

x x

1 Z —af 1 -Zf e
U@ p)=45¢ - [¢ k($): ds—'2 - fe” k(§)-ds.  (261)
’ B

o

Making both the members operate on H (), we find

o xr

1 [/ Zep .1 [ e
u(@ t)=—; [e H(t)k(S)ds—, [ e H (1)-k (§)-ds5
z B

But, as we know
»

) -8 “PLeb _
® -H(t)=H( z 5), e ® -H(t)=H( —‘”—),
a a
and further

H("’

) 0 if &> z+tat; H(t—w—:——‘E)EO if &< a—at.

Hence we may write as well

u(m,t)-———/k(§) d§——fk(§)-d§. el (262)

x x—at
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Inserting k (§) from (259) and combining the integrals, we get
z+at

(2, t)———- F(§)-ds+g, [G(5)ds..... (263)
[rosc e

z—at

Here p is equivalent to the symbol gt’ and we obtain according
to the identity
7(2)
5 F @) da=' @ F (0 @)—f @-F((@)...... (269
1@

the final expression for the elongation of the string:
z+at

u%ﬂ=aFw+m+Fw—mH%a/b®d§”(%&

r—at

This is easily proved to be the only solution of (253) satis-
fying the initial conditions prescribed. The expression (265)
represents the so-called d’Alembert’'s form of the solution.

B. The general wave equation in three dimensions.

The homogeneous equation looks:

a being as before a velocity, and A denoting the Laplacian
symbol. We will assume the initial conditions

(W)i==1F (2, ¥, 2), (%%)wo:G (Y, 2)e veennnn. (267)

Putting u (2, y, 2, t)=U (x, y, 3, p)-H (), we arrive as above at the
equality

[p* U—p*F (2,9, 2)—p-G (z,y, 2)]-H () =a* A U-H (),
which proves that the basic integrator U (, y, 2; p) must satisfy
the partial differential equation

AU—~U——-FM%)—%Gm%@”“.@%)
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Now, it is a well-known fact, that the equation
p2
AV T V=—d4m-0(2,4,2) ...coco... (269)

has particular integrals of the form

V (@, 9, 2) /‘//"(“ 28 (270)

dow being an element of volume, and the integration being extended
over the whole space. (If the ucnsity of mass ¢ extends to in-
finity, it must be prescribed to decrease sufficiently rapidly with
an increasing radius-vector 7).

Hence, in our case (268):

1 1
o(x,y,2)= '__"’F(w9ys )+"

4z

-gg-a(m, y,2). .. (271)

For interpreting a volume integral of the type

v (@, s 2, £) /// Emd " “H(t)do .... (272)

we conveniently employ polar coordinates (r, 0, ¢). The pole
being situated at (z, y, 2) we have the relations:

&=z-+r-sin O-cos ¢,
y=y-+r-sin 6-sin (p,]

............ (273)
§=2z+r-cos 0,
dw=7*sin 0-dr-d0-dep.
Accordingly,
v(2,y, 3 t)=
co T 2n
'/j/:/‘q (z—+7-sin 6-cos ?, y—r-sin 6-sin @, 2-+7r-cos 0)-
[

~H(ti£)-r-sin 0-dr-do-dg. .......... (274)

The factor H (tig) differs from zero and equals 1 only when

at+£r>0,i e. when F r < at. Now, at and r being positive, the
condition — r < at is eo ipso satisfied. The second condition,
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r < at, brings a limitation as to the variation of r. Obviously,
instead of integrating with respect to » between the limits 0 and
o we may as well integrate from 0 to af, thus obtaining

vz, y, 2 t)=
/dr'/:/;* ¢ (+r-sin 0-cos ¢, y+r-sin 0-sin ¢, z-4r-cos 9)-
sin@-dé-dp.................. (275)

In the expression (271) also a factor p (or p?) equivalent to
a differentiation symbol occurs. By (275)

YR CARTRE A ) (276)
a* t'/:/Ag(w+at sin 6-cos ¢, y+at-sin 0 -sin ¢, 2-+at-cos 6)-
-sin 6-d0-de.
Hence our solution of (266) will appear in the form
U Yy B l)=  oiiniiiiiiiia (277)
m2’
jt[zt;/j/A "(z-+at-sin 0-cos @, y+at-sin 6-sin ¢, z+at-cos 0)-
P e :
-sin G-dG-d(p]

T 27
+iyv://G (z-+at-sin 6-cos @, y+at-sin 6-sin ¢, 3+at-cos 6)-
0 [

-sin 0-d0-dq,
or

u(2,y, 2, t)=§i [t-F (at)]+t-G (at), ...... (277 a)

if we denote by F (at) the mean value of the function F (z, y, %)
upon a sphere with radius at about (z, y, 2).

Thus we have arrived at a well-known form of the solution of
our problem and may refer to texthooks of mechanics as to the
discussion of its physical significance.

In the case of an inhomogeneous wave-equation, which may
be written

— = A ut+dmo (x, Y, 2, 8), ........ (266 a)
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we get instead of (268) the integrational equation
P P /4
AU— - U=—5-F(2,y, 2)— ;G (2,y,2)—4n R (2,y,%p), (2682)

R (z, y, 2; p) denoting the basic integrator of the density function
o (2, y,%,t). Accordingly, to the solution of the homogeneous
equation just obtained we now have to add the term

(@, 9, 2 1)= / / / w-e*ﬁ'-ﬂ &) -dwn oeen.. .. (278)

But here A
+2r +0y Sy Epal
R (s m & p)reva-H(t)=e"a"-¢ (& 0, & t)=e(S, - St )

Now we will make the assumption that also the volume den-
sity, being a function of time, keeps a constant value until the
moment {=0. In that case the solution corresponding to the -+
sign obviously must be omitted, and we get

s (2, Yy 2, )= f / / Lo (g, e t—z-).dw ....... (279)

Here the integral expresses the so-called retarded potential at
the point (2, y, 2) under consideration.

C. The equation of conduction of heat in three dimensions.

If we denote by a a constant of the dimension L-T—%, the
homogeneous differential equation in question has the appearance

ouw_
P AUe oiiiiiiii i, (280)

We shall try to find a solution that for {=0 coincides with a
given function of space, say

(U)t=o=F (@, Y,3). v vvernnrrnnnnn (281)

Introducing u (2, y, 3, t)=U (2, y, 2; p)-H (), one gets the follow-
ing equation for the basic integrator

AU.._.ap.;. U;-Z»;F (@Y 2) eevennennnn. (282)
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According to (269) and (270) this equation has particular so-
lutions of the form

1 F s 'y Vo
U (%, y, 2, p) =%'E'/]/~£7w~eiaVﬁ-dw .. (283)

We will employ the notation:

@ (1 )= P H @), e (284)

*

thus obtaining, when ¢ > 0,

- J / f E.(§?r—’“‘:-9.-¢p;(r, #)-do. .... (285)

The basic integrator appearing in (284) is of a type already
treated in the foregoing chapter. Thus, by formula (218)

@ (r, t)=[1—erf( 2; ﬁ)]H @ ...... ... (286)

for the applicable branch of the square root, and accordingly,
when £>0:

u (2, Y, 3, 1)

'ﬂ
(7, ¢ —————-——-——_-e % ..., 287
%( ) 2\/71: at\/t ” ( )

Therefore, in agreement with (285), the solution of our problem
must be

1 1 1° -
s Yy By b)) == —=- F (§n, 0)e 4at-do .. (288
u (@ 4,5 1) wﬂasm/_‘// (&1 O)¢ Wdo .. (288)

or, if we again employ polar coordinates (r, ®, ¢) and, to sim-
plify our mode of writing, introduce the mean value of F

T 27T
3117;/ F (1 0)sin0-dO-dep...... (289)
0 0

upon a sphere of radius r about (zy=2):

u(ws Y, 3, t) 2\[75 (a\/‘ / 4 4‘” r.dr..... (290)

But this is just the classical diffusion-formula.
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If we write the inhomogeneous equation of conduction of heat
Z—tu=a2- Au+4mo (2, Y, 3 8), «..ovvn... (280a)
we get in this case, instead of (282), the integrational equation

AU— U——— F(z,y,2 )—%'R(w, Y, 2 P ... (282a)

and accordingly we have to add to the above solution (28‘3) a
solution U, of the equation

4
AUl——sa‘ U=— pr R (z, y, 2; p).

This solution is obtained from (270), giving

U1(w,y,z;p)-———‘/:/t/‘R(‘”’y’z P) 2aVP. g,

Attaching the unit-function H (2) to both members, we get on
account of (287), as ¢ (r,0)=0, the following expression for the
complementary function

U1 (m, Y, 2, t)=

e S i | o

Here, if suitable, the integrations With respect to w and v may
generally be interchanged.

D. The universal homogeneous equation of telegraphy.

In the universal form of the wave equation time derivatives
of the first as well as of the second order appear. In the one-
dimensional case the equation of telegraphy offers a practically
important example of such an equation. According to Chapter 6,
formula (94), where we shall put B and E equal to zero, the
voltage as well as the current is governed by the equation:
v

le- 52;+(rc+al) —+ra V=



105

We will now integrate this equation under the initial con-
ditions

v (z, 0)=F (), %}(m, 0)=G (). vvvvvrrnn.. (293)

If we put v(a,t)=V(2; p)-H () and introduce 0 (p), defined
by (99), we obtain:

Zf—bg(p) V=—plp-le-F(x)+(al+re)-F(x)+lc-G (z)]. (294)

Note. From an electrotechnical point of view it is more natural to assume
the initial conditions

v(z, 0)=F (), i (2, 0)=K (z). .......... (293a)

Then the integrator equation looks

gz OOV =—p [e(r+pl)-F (z)—1-K'(2)] ... (294a)
This problem is therefore analytically equivalent to the former.

Accordingly, we have to treat an equation of the type:

) V=pf @. oo (295)

Making the attempt
V(z; p)=A(2)-e**+B (2) %,

we get, employing the method of varying the constants,

A@=L e f @), B @)=—F-f(2)

and from this:
x x

s (g oy =P [ (8 ds —Po [ eS8 4 (8)-dE
Vi p=gy [ @ds—fp [eteoq9ds . (200
a s
Accordingly, the problem under consideration is essentially
solved, if we know how to interpret the special integrational

expression ¢ —-e~5"9® ({>0). We have already encountered this

6( )
expression in Chapter 6, and now we will determine the corre-
sponding primary function

x (S t)=5(~) eSO H @), ..., (297)
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For that scope we conveniently rewrite the transmission expo-
nent 6 (p) under the form

1 NO—
3 (p)=> A (298)
where :
1/r a 1/r a 1
’M—é (l—"l-c), 2—-§ (Z—C_)’ U= Vl—; ........ (299)
Hence we can write % ({, £) more completely
¢ * 3
1(Gt)=u VI g @), L. (300)

v (p+u /%’

We may easily deduce the explicit function by making use
of the following integrational rule, which has been proved in
the foregoing chapter:

7 f’+ VTR H () =J, (0-VP—a?)-H (t—a). .. (301)
Pt w?

If we put w=i¢4 and employ the common notation J, (¢ )=
I, (z), we get another appearance of this rule, viz

v _P = ¢ VI H ()=1 (4-VP—a’)-H (i—a) .. (301a)
p_—

To make this formula applicable to our problem we must at
first somewhat transform (300) acgording to the so-called dis-
placement rule

@ (p+x)f () =e- B (p)-e* f (2).

Thus we get, writing

_ ptx — o= p
1 (& )y =u—P T P g,
SO o2 pe 10
_p_. —
because P H (t) t. H (t),
N o1
1 (& t)=u-e—. v—f—— VT HY . (302)

Now (301 a) can be directly applied, and we obtain (¢, ¢) un-
der the form



x (& t)=u-e—’=‘-1.,(,z-\/ ;(_g)—’ )-H(t-—-ﬁ) ..... (303)

- After that we will return to formula (296) and make both
members operate on H (t), thus getting

o (@, t)———/ % (E—a, 1)1 (&)- dg——/ % (2—& 1) (§)dé. .. (304)
z B

Now, by (303), x(§—w,?)=0 if {>a2+4ut, and accordingly the
limits of the first integral may be as well # and z-+ut. Further
1(z—§,t)=0 if {<az—ut, and thus we can take the limits z-—ut
and z in the last integral. When the function is not zero, we
have also x(—¢, t)=x($ ). Therefore the last equality (304)
may be written

T+ut

v(w,t)=——; «/x(m—§,t)-f(§)~d§ .......... (305)

T—ut
From this we obtain by well-known methods

- dv (z, 1

— 5t (—ut, 1)-f (atut)+7 (ut, 0)-f (2—ut)] ... (306)

x+ub P
L1062 g o ide
3 [16- G xe—s0-as
T—ut

Further it follows from (303), when {=—wut+0 or {=ut—0, that
x(xut, t)=u-e—-I,(0)-H (arg=+0)=u-e>, .... (307)

and from (305) and (306) we get

v (z, f)=—L. e—xt/}(§) I.,[ o (2 §)]d§,....(308)
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dv (1) u?

—-% e~ [f (x+ut)+f (2—ut)]

at
x+ut -
+"_"6_’f e—-xt/ (&) Io[ \/t2 (:1,' ) d5 ... (309)
x—ut
r+4-ut e
. a =3\ |,
=i

Into the expression for v (z,t) we shall now, according to (294),
insert

—1(§)=le-p-F (§)+(al+rc)-F (§)+lc-G (§) .... (310)

or, as follows from (299),

—f(§)=;L}2"[p-F(§)+2u-F(§)+G(§)]. ...... (310a)
Hence formula (308) gets the appearance
v (2, t)=
e ﬁ2u F(&+G (&) 10[ \/ P
l x+ut o (311)
1 dju . . _m_—i? )
w atl2 ¢ t'/‘F(‘*)'L['{"\/t—( w ) ] ds.

x—utb
L]

If we here compute the derivative according to (309), we arrive
at the following ultimate expression for the voltage function:

v(z,t)=e""- [F(w-—ut)—l—lf‘(w—l—ut)]

x+4-ut

.+e;:f b F (§)4G (8)] Io[ \/ —(‘”i“)-]db (312)

r—ut

—A/ Fe) »t1°[ \/ <w EH &%
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In this form, but deduced in another way, the solution of the
problem is presented in Webster’s textbook of partial differential
equations. We observe that, besides the exponentially attenuated
wave process given by the first term of (812), there are also
present constituents of quite another nature. To the correspond-
ing value of the function at any point # will contribute the
whole set of values of the functions F' and G within the inter-
val # £ uf. Hence we see that the procedure will not be like a
wave travelling over the point, the effect of which may set in
at one moment and cease again after some time, but will con-
tinue for ever after the moment of heginning. Also the latter
terms of the expression are furnished with an exponential damp-
ing factor with respect to time.

E. A disturbance problem of the telephone technic.

As another application of a direct practical interest we will
now treat a special case of the general transmission-line pro-
blem outlined in Chapter 6. Thus we take under consideration
a homogeneous telephone line of length s, equipped with some
apparatus at the ends, the line being suddenly exposed to the
sinusoidal magnetic field of a parallel power transmission line.
The disturbance field is supposed to be the same along the tele-
phone line; it will cause a voltage transient on this, the nature
of which we are going to examine.

The functions @ and ¥ in (96) now get the very simple form

@ (a5 p)=® (p)=d-p- (B (p)—B (0)|=—L—.d-B,,

PP+ w? .. (313)

¥ (2, p)=0.

Then we have assumed that B (¢)=Bosin wt-H ().
By (98) and (100) the voltage equation will be

av
dax?

—o6%(p)-V =0.

In accordance with the methods of Chapter 6 we want a solu-
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tion of this homogeneous equation under the inhomogeneous
boundary conditions

7 (0; p)=Es(p)+22L. 9V g, )l

rz-'l'-(z’l) Zﬁ ...... (814)
—V(s,' p)=E"*(p)+r—|—pl dw p)’] |
where
Z'(p) _op®
*(p)_ - —"jzf'd.'BOs l
r+pl S (314 a)

" (P) _wp®
E'y(p)= ripl Pt d- B,. '

No inhomogeneous differential equation occurs in this special
case.

The complete solution of the problem we have already got
expressed by the formulas (104 a) or (125). For the sake of
simplicity we will confine ourselves to the simple case of a dis-
tortionless line, the ends being circuited by pure resistances. Then

6=i(p+,¢), Z(p)=R, Z (p)=R, Z" (p)=R" .... (315)

and, according to (121), the coefficients of reflection are pure
numbers, in magnitude <1:

R—R' ., R—R"

G "-:R‘—_l_—R‘, s G ;——m L I A (316)
Further, the electromotive forces are (u=;):
P wp E
E"‘(p)“p-ﬂt o 1T (317)
, ~ " ap R_” I ,
E*(p) p-Ht z+wz 1 d - B..

The corresponding primary functions may. be written down
immediately on account of the formulas (74) and (75). Hence
we obtain, adding the factor H (f) to each side,
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(—p-eH4t4pu-cos wt+w-sin wt)- £ d-B.-H (t),
; (318)

. R
——— —_— . t o [ . 1 L . — . .
" (1)= pen | e (—p-eHt4-u-cos wt+w-sin wt) ] d-By-H ().

e’* (t) ’+ﬂ9

Now, by (125)
V(x, t)=W'(z; p)-€«(t) and v"(x, t)=W" (2; p)-€"x(t), .. (319)

where W’ and W" are certain series expressions formed by terms
of the type

R GQk.QE. g ks 4-x)
R+FR '

Operating upon €y (¢), this integrator gives:

X Gk.GRe
R+R GG u

R (2Ls+m) , 2ks+x
e*(t—— )

Hence we obtain a system of waves, exponentially attenuated
and travelling along the telephone line in both directions with
the velocity u. A reduction of the amplitudes of the waves is
also caused by reflection-losses at the ends. In practical appli-
cations the waves are often damped so rapidly that even a few
terms offer a sufficiently good picture of the transient disturbance
process. The steady state disturbance is easily obtained by
omitting the exponential term in the expressions for €’y (t) and
e”* (t). )

The general case, where the line is not distortionless and
where Z' and Z” are functions of p, can always be attacked
formally in the same way, but we see at a glance that con-
siderable complications will enter.

F. Application of integrational and operational methods to the
double-pole-radiation problem.

The fundamental equations (Maxwell’s equations) of the electro-
magnetic field may be written:



112

H denotes the vector of magnetic field strength, E that of
electric field strength, B the magnetic induction, D the electric
displacement,I the current density, and E; the external electric
field strength. w is the permeability, ¢ the dielectric constant, and
o the conductivity.

We shall assume Ej to be zero and , ¢, and ¢ to be constant
all over the space. Further we prescribe the fields to be iden-
tically zero at the moment ¢{=0. Thus, if henceforth we let the
capital letters represent the basic integrators, we get the integra-
tional equations:

rot H=(4 na-{—pe)E;
rot E=—p-y-I—I.

From this the solenoidal nature of the vector fields necessaﬁly
follows, i.e.

div E=0, div H=0. .............. (324)

We will examine the process of radiation from an electric
double-pole, the axis of which we take as one axis of a spheri-
cal coordinate system (r, 3, ®). From the cylindrical symmetry
with respect to this axis follows that all magnitudes will be in-

dependent of the angle ¢, and thus we may put 5?—]) =0 in the

equations. In the very neighbourhood of the doublet, or the
»rational current element» as it is sometimes called, the finite
propagation-velocity of the disturbance can he let out of conside-
ration, i. e. we may as a first approximation assume the fields
to change simultaneously at all points and to coincide with the
fields in the so-called quasi-stationary case. In this the compo-
nents Ep, Hy, and Hy are all zero, which means that the elec-
tric vector lines are situated in planes through the axis, and the
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magnetic lines are circles with their centra upon the axis and
their planes orthogonal to it. The magnitude of the vector

H, H=H,, is connected with the current i=‘ditq in the element

according to Biot-Savart's formula, which we may write in the
integrational form

_sind
=

H

1pQ ...... TR (325)

@ being the basic integrator of the charge and ! the distance
between the two poles.

We shall make tentatively the assumption that the general
radiation field of the doublet has the same fundamental geo-
metrical character as the one just outlined, and especially that,
when the distance r tends to zero, the analytic form of the mag-
netic field approaches the expression (325). Then, according to
well-known formulas as to the operations rot and div in spherical
coordinates, we get from (323) and (324) the following system
of partial differential equations:

1 a . .
7 Sind 79 (sin 3-H)=(4 wope)- Er,

e,

190
— o (r-H.)-—(4n'0+pe) -Eg,

oo (326)
14 1 0E,

‘—(r'E3) r —5—‘9—=—pM.H’

. a, ., Jd . . _
sin 9 Br(r -Er)+r- %(sm 3-Eg)=0.

From the last equation we conclude that E; and Ey can be
derived from an auxiliary function U. Indeed, it will be identi-
cally satisfied if we put:

1
""risin 9 09°
.......... (327)
1 i18)

r-sin 4 dr
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Then, from the second equation (326):
14 H 4o+pe dU

r-sind or

Here we may divide by ; and then integrate both the members

with respect to », omitting the constant of integration (Cf. (326)).
Thus

_4mo+pe .

= sind U. . (328)

Inserting the expressions found for H and E, into the first
equation (326), one finds this to be identically satisfied. From
the remaining equation of the system we get at last, putting

0Yp)=p*-eu+p-dmore, ..ooviiint. (329)
a partial differential equation for U, viz
U sind d( 1 U\

Tt dﬂ(smﬁ 03) —0%U=0. ........ (330)

By the substitution
U=sin?d-D(r) ......coovvven.. (331)

one can eliminate the variable 9 from this equation, thus obtaining
an ordinary differential equation for @

o
%z( 12 )-m ................... (332)

The field components, according to (327), (328), (329), and (331),
are now given by:

2 3
H= 2 sin 9- 9
pr r’
(1))
Er=2'COS19";2, ............ (333)
o P
E0=_Sln J";‘. )

Two independent particular integrals of (332) are known to be



01=A1( +a) e, %=Az-(%——é)-e"' ...... (334)

The factor 4, being determined so that H satisfies the condition
(325) at the origin, we find, corresponding to @;:

.o [0, 1\
H =sin J(z’-—i—’:i)e Jr.l.p.Q’

2u o, 1\ s
=g 059'(;#;3)'8 rlp@ 1 ..., (335)

E.q—%fsmﬂ( +- + ) e?r1-p-Q.

Replacing 6 by —0, we get the system corresponding to @..

In the most important case the surrounding medium is an
isolator, i. e. 6=0. Then, from (329), if we choose a suitable
branch of the square root:

In this case we have the interpretation

e p-QH (t)___‘_e"P:Z_q' (t)=q’( ———2), ........ (337 '

the right hand side representing a spherical wave travelling out
from the doublet with the velocity u. The other branch of the
root corresponds to a similar wave converging towards the ori-
gin; obviously such a wave cannot exist in our state of affairs.
Accordingly, attaching the unit-function H (f) to each member

and interpreting p as the differentiation-symbol -j—t, and at last

denoting for short by m the moment l-q(t—é) of the doublet

at the instant t—%, we obtain the following explicit expressions

for the field components:
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” 7

m’ . m

H=sin ¥:|—+—
' ru+r’ ’

E,=cos J- + . (338)

2;4u m’
rs

2uu-m ) L

. .mli . ’ ‘,ugt
Ey=sin 0~(M +5 :n +H sm).
r r r

Because, according to our assumptions, ¢ (¢)=0 when ¢ <0,
there is no electric or magnetic field strength present at a point

at a distance r from the doublet, until the time 5 has elapsed.

When the conductivity of the medium is not zero, the radia-
tion problem becomes much more complicated. We shall now
briefly outline how it is possible to attack this problem by inte-
grational methods. One general way of treating a .compound
integrator is to split it into terms or factorials of simpler forms
or of standard types the interpretation of which is already
known. For that scope we first rewrite the expressions for the
field components under the following form:

H= lsm«?[ QP H (1
Q-

ui'—‘

gﬂ E——rﬁ
wobael H(t)]

E,=2u-l-cos 9- [ -p- Q e H (2)
. (339)
19o.P.

Ey=p-l-sin “}l\:'bz.gQEe*ﬂsH(t)

+;1,;'P'Q'6£'8"“""H )+

LS

Q

0”1"8

L2l H(t)]

Here all the factors appearing are familiar integrators. Because
of the formulas (297), (299), (303), and (329) we have:
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2 ()= H ()= ue—"‘Io( \/;:( a2,

8 (p)=1 Vi FrP—7, (340)
u=—-!.—_— s u=2=g§—q .
& ¢

For the special value r=0 we get the interpretation of another

integrational factor, % Hence

wO)=LHW)=w-et LGty H@). ........ (341)

<

At last we meet in (339), bhesides Q (p), which we may regard
2
as a given basic integrator, the factors ¢ %, and p, symbolizing

pure differentiation processes. Indeed, from (329) follows that:

O2=¢lt- 1t2+47w‘ T l

2

)
—==gl +4no,u l
p

It may be sufficient to carry through the method upon one
of the terms. We choose one of the most complicated, say the
second term of the expression for the magnetic field strength:

_bsind 8P o () E-e P H@. .. (343)

If @ and¥ denote the integral operators (g (0)=0)
t

t
=[ﬁ'(t—1)'dr], E=(p(0)+ [ (t—o)-d), .... (344)

0

this can be presented in the more explicit form

Lsind [
H*=-—~s:§‘ -(eu-dit+4my).qfxq><x(t). ...... (345)
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From (341) we see that v (0)=u, and for >0
W ()=u-e*{—u-Lo(A)+A-Lo(A)}. ........ (346)

Thus we know the expression for the operator .
If we put v(t)=¥Xx(t), we get:

l sin 3 «9

B =" e (0) v (t)+
¢ t
+47wyf q'(t—17)-v (z) dr—!—ey-'/ q (t—7)-v (1) dfr} R

(347)

v (t)=u?e " ;Io[ F—( ):I_l—,/.[—‘k Io(A-(t—7))
+i-T (x-(t—r))].z.,[z. V 12—(2) ]-dt}-H(t—g).

Accordingly we get a wave with the propagation-velocity 4 and
r

a spatial damping-factor ¢ “ of the face. The function v (¢)
characterizes especially the mechanism of radiation.

12. Some applications of integrational methods to linear
integral equations.

In Chapter 6, when studying the universal equation of tele-
graphy, we arrived at a differential equation of the type:

av

Fry —0(p) V=—F(2;P) -vvvvvvuco.. (348)

In order to find the solution of this equation corresponding
to the homogeneous boundary conditions

=2 (p) &V . =2 (P) 4V
Vo P =i @z (% P V(sép) Tl dg 5 P) - (349)

we first tried to determine the so-called Green function K (z,&;p) .
belonging to the homogeneous equation under the same bound-
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ary conditions; having found this, we could form the solution
desired according to the formula

V (2; p)= / K (2, & p)-F (& p)ds ....... (350)

Another mode of proceeding will bring us into the domain of
linear integral equations. By this we take under consideration
the simpler differential equation

av
&—E——U(w, p) .................. (351)

and try to solve it under the same boundary conditions as be-

fore. Denoling by H (z, &; p) the Green function of the differential
2
expression dm{"{’ we can write the solution of (351)

V (w)‘—“/H (@, & p) U (& p)ds . oo.. ... (352)

We can apply this result to the original equation (348) by
infroducing into (351):

U (z; p)=F (z; p)—0%(p)- V().

Then the equality (352)s will appear in the form of a linear
integral equation of Fredholm’s type:

V (z)+0*(p)- / H (z, & p)-V($)-dé=R (z; p), .... (353)
where

R (2; p)= f H (2, & p)-F (& p)dbe ... (354)

The kernel of this equatign, H (z, §; p), is symmetric in # and
&, but it is real only provided that p is real. One finds without
difficulty the expressions:
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L Z @+ -a 12 (p)+r+ph)-(s—8)
B (@ & P=""17 )+ 2" () +(r+pD) 3] -+ p)  ’
ife<é
1 Z'(p)+(r+pl)-8- 12" (p)+(r+pl)-(s—2))
R A T E A e e R e
ife=¢

L .. (355)

Therefore, if Z’'(p) and Z” (p) are rational functions of p, this
kernel is itself such a function, and accordingly it is of a simpler
structure than the Green function K (z, §; p), which involves
transcendentals in p (Cf. (107)).

The treatment of the equation (353) may be executed in
accordance with the general methods of the theory of integral
equations. From the point of integrational calculus special com-
plications will enter, because the kernel H (z, & p) contains the
parameter p. In the following we will discuss more in detail a
special case of practical importance where that is not so. We
arrive at this case putting

Z (p)=s"-(r+pl), Z" (p)=s"-(r+pl),

¢ and s” being positive numbers of the dimension of a length.
A transmission-line can always be so connected at its ends that
this condition is fulfilled. Then we have simply
(8'+2) (" +s—¢) _(+8) (" +s—2)

sr+sn+s ’ H(l?’ §)— 8l+8,,+8 . (356)
if 2<§ if 2=>¢

H (z, §)=

Now the integral equation (353) has a real symmetric kernel,
and we know that the corresponding homogeneous equation

¢(m)=,z/ H@ 8 @) dE..oouunnnn... (357)

has real characteristic numbers, which may be proved to be all
simple and positive. We will denote them by o}, w},.... and
the corresponding normal functions by @i (z), @2 (@) ..:v....
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According to the so-called Schmidt’s formula we get the following
expression for V (z):

V (z)=R (z; p)— 62((;:)(%;~Rn(p)-¢n (), ....(358)
putting:
Ra (p)= / R(&p)ga(f)ds. .oooovinnn. (359)

0

By the definition formula (354) we obtain, making use of the
symmetry of H (2, §) and of (3857),

8 8

Ru(p)= / F (& p)-dé [H(E &) onl(&) déi=
0 'y

.. (360)

8
1 -
= [FE D a
0

Thus Rn(p) differs only by the factor %—2 from the Fourier-

coefficient of the function F (z; p) with respect to the system of
normal functions @n(z).

In our case we can easily®get some knowledge of the
characteristic numbers and the normal functions. Indeed, put-
ting F (2, p)=0, we infer that the integral equation (357) is
equivalent to the differential equation (i=w?)

2
g—$+w=.¢=o, .................. (361)

combined with the boundary conditions in question, viz
@ (0)=s"-9' (0), —@(8)=s"-¢'(s). ........ (362)
Writing the solution of (361)

p(z)=A4-sinwa+B-coswz,
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we get, according to (362), the following system to determine
the coefficients 4 and B:

(sin ws+ws”-cos ws)-A+(cos ws—ws”-sin ws)-B=0
ws'-44(—1)-B=0.

The determinantal equation of this system, i. e.

gives us the possible values of w or A.

The equation being transcendental, the properties of its roots
may be most easily overlooked by a geometrical discussion. It
means no serious limitation, principally at least, if for that pur-
pose we assume s =s”=s. Putting ws=a, our equation becomes:

2 anp
tg w—-—ﬁ_-—i. .................. (3()3 a)

Fig. 10.
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Referring to fig. 10, we note that A= w’—;— takes a sequence

of positive values which asymptotically tend to the form

when n tends to infinity. Hence the normal functions are

@n (2)=An(sin O+ wn s’ -cOs Wnk), .. ...... (365)
and 4, may be chosen so that ¢, (z) is normalized. To each
characteristic number «,; one normal function corresponds. The

orthogonality of the normal functions can be verified e. g. from
the symmetry of the function H (z, §).

Now we return to the expression (358) for F” (z). Attaching
the unit-function to both the members we obtain the time- and
space-function v (2;¢) in the integrational form

& (p)
0% (p)+o

v(z,t)=R (z; p ztpn (). Ra(p)-H (), .. (366)

which shall now be mterpreted.

At first we discuss the case where no electric or magnetic
field acts upon the line, but there is originally a certain distri-
bution of voltage v(z, 0). Then, according to the definition
formulas (100) an (96),

F (z; p)=(p*let+p-re)v(,0)...covvenn.. (367)

and according to (360), .

s
Ru(p) = (p-letp-re) s [ 08 0)-u (§)-dS
0 .... (368)
Z2(p*le+p- rc) —;
Further we obtain from (354): “r

R (z; P)'H(t)‘—'(z’"lc-l-i)‘fc)'/H (@, §)-v (§, 0)-ds-H (1)=0 (369)

as, for £>0, p is equivalent to %
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Therefore
n 62
v (, t)=——(p"lc+p-rc)-z%3'¢n (w)-éz(p)(_l_)——w-—,-H(t) .. (370)

In this expression appears a function

0 (=5 f;)(i)w;.ﬂ )y e (371)

which obviously may be regarded as characteristic of the pro-
blem. In the universal case we have (Cf (299))

1
O (p)=_4 [(p+p—4]
and thus

wa (t)=1—u2- 0 H() .... (371a)

. 1
" (pFitor
if we put

Op=Ur WA (372)

Employing the expansion theorem, we readily arrive at the iden-
tity:

_w,_,.l___._.H (t —_

(pFwp s 0=

(373)

— xt
1 [1 £ -(wn-cos wat+x-sin Bnt)]-H(t),

'u-):+ ®? Wn

from which for positive { we get the derivative
w2
wn(t)=—u?="-e.sin wul.
(p
Accordingly, as wa (0)=1, the integral operator corresponding to
wn (£) must be:
t

2
W,,=[1_ua%1 / e—+1).5in (t—r)-dr]........ (374)

n

We will soon make use of this result.



The general term of (370) involves the integrator

2_12
lc'(p”-l-pu)-g—%. (u=§>

(Cf. the definitions of 4 and x in formula (299)), the primary
function of which may be obtained from (373) or directly by
the expansion theorem. Thus we get from (366) the result

v (, t)=zvn‘(ﬂn (w),e—xt.(cos (T)nt-l-;%l—- sin wnt )-H (®).. (375)

n=1
If we define an angle « according to the equations
A=U Wp COS &, Wn=U Wy Sin @,

our expression for the voltage can also be written:

(=]

v (, t)=2 O P (@)-e—*-sin (nt ) H (t). ... (376)

Wn
n=1

When $=0, as is most easily seen from (375), this expression
is reduced to:

oo

v(2,0)= Yvu (@), -oooriiai.n. (377)
n=1

which is the Fourier-devel(;pment of v (x, 0) with respect to the
system of normal functions ¢ (%), ¢=(2),......

Now we will pass over to a brief examination of the case
where the voltage as well as the current is initially zero, while the
line at the moment {=0 is exposed to e. g. a magnetic distur-
bance. Then, according to (100) and (96),

F (z; p)=d-p:[B'z(2; p)—Bz (2, 0). ........ (378)

We will limit ourselves to the practically most common case,
where the external magnetic field can be regarded as varying
simultaneously along the line. Then we may put

B (z,t)=B (z)-a(t)=B(2)- A (p)H(@#)........ (379)
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and
F (z; p)=d-p-B' (z) [4 (p)—a(0)). .......... (380)

Further we have by (360)
1 ’
R. (p)=(—”—5-d~p-[.4 (p)—a (0)]-Ba, «oevvovnn... (381)

employing the notation

8

and from (354) follows:
R (2; p)=d-p-[4 (p)—-a((»]-/ H(z, B (§)-d6 ... (383)

Thus we obtain, making both members operate on H (),

Ra(p)-H(t) =g§ Bnd'®t), -cvviiiin... (384)

n

R (z; p)-H (t)=d-/H (@, §)-B' (§)-d&-a’(t). .... (385)

Inserting these results into (366), we get the following expres-
sion for the voltage:

v (2, t)=
. © (386)
& [H @& B (@d8d (=@ Y 02 g @) gy () P ora 0)

and can now immediately apply our formula (374) to arrive at
the wanted explicit form of the function v (z, ), which becomes:
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v(z, )=
oo , t (387)
—ead-S Pt g (@) [ e - sin o (t—7)-a (v)-dr,
Wn q7
n=1 [

as we have, because of the integral form (354) of R (z; p),

fH(w,f)'B'(§)-d§=§ h @n ().

In passing we remark that the function v (z, ) derived ahove
only represents one constituent of the real voltage transient. In
fact, because of formula (103) we have aunother constituent ob-
tained from the homogeneous differential equation under inhomo-
geneous boundary conditions. The examination of this part does
not lead to integral equations and may be performed according
to methods exemplified in the preceding chapter.

As a last example of the treatment by integrational methods
of a problem where initial and boundary conditions are combi-
ned, we shall derive the analytic expression for the motion of
an inhomogeneous elastic string with fixed ends.

The differential equation for the elongation v (2,¢) will then
be of the form .

b% (a (w),g_;)= alz)- f;tf £)) cieinnnn (388)

where « (z) denotes the modulus of elasticity multiplied by the
section, a () the mass pro unit length, and e (x,t) some func-
tion of disturbance.

Our mode of reasoning may as well be applied to the more
general equation

( o )ﬂl’)_i.,g (@) v=a (2)- 28 Cte@ ). ... (389)

Here the left hand side represents the most general self-adjung-
ated linear differential form of the second order. The functions
a(z), o (z), and B(x) are prescribed to be continuous in the in-
terval 0<z<s. We assume the initial conditions



128
v(@0)=F (@), 5 (@0)=6(@) oo (390)

and the boundary conditions
v(0,8)=0, v(s,t)=0. ............ (391)

Then, of course, we must have F (0)=F (s)=0.
From a purely methodical point of view we could as well
have chosen other homogeneous boundary conditions.
Now we introduce the basic integrators of v (z,t) and e (x, t),
putting
v(z,t)=V (x; p)-H (1), e(z,t)=E (x; p)-H (t), .... (392)

and accordingly obtain for V (z;p) the ordinary differential
equation

d av s
P a(w)'a—‘; +p () V—p*a(z)-V=r(z p), -....(393)

where
7 (z; p)=E (z; p)—p*a(z) F (z)—p-a(z)-G(z). .. (394)

Further, let G (z, ) be the Green function of the differential
form

jd;c(“ (m).%)—l—ﬁ @Feeeeennnnn.. (395)

under the boundary conditions in question.

Performing the same reasoning as above when studying the
equation of telegraphy, we easily prove the following integral
equation to be satisfied by the function V (z; p):

8

V(w)+p*-/ G (2 &)-a (&) (&)-dE=Q (2 D), --.. (396)

0

where we have put for brevity

Q(z;p)=— [ G (2, &)-7(§;p)dé. oo ... (397)

0

Unlike (353) this equation has a keruel G (z, §)-a (§) that is
not symmetric, unless the density a (£) is a constant. However,
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one can readily pass over to an integral equation with a symmetric
kernel also in this case. For that scope we only have to multiply
(396) by Va () (@ (z) is supposed not to assume negative values
in the interval (0, s)) and then to introduce the new functions:
Vi (@)=Va(z)V (a), |

Gy (2, O =Va (2)-Va (9-C (2, &), I ........ (398)

Q (@; p)=Va (2)-Q (; p).

Then our equation will appear in the form

8

Vs (»‘v)—Hf-/ Gy (2, 8) V4(8)-ds=Qu(2; p). --.. (399)

0

The kernel now being real and symmetric, because the Green
function G (2, §) has these properties, we know that the corre-
sponding homogeneous integral equation

8

¢ (w):,zf G (2, 8) @ (E)dE cenvnnnn (400)

0

has an infinite set of real characteristic numbers. These may
be proved to be all simple and positive; we will denote them
by w? w}...... and the corresponding normal functions by
q)l(w), q)g (m) ...... .

According to Schmidt’s formula the solution of the inhomo-
geneous equation (396) can be wrilten:

Va(0)=Qu @ )= Y 5 s @0 (p)pn(a) <o (40D
where

Qu(p) = / Qu (& D) Pu(&)BEe +eevnnnnns (402)
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Now we make both the members of (401) operate upon the
unit-functi~n H (t). From (394), (397), and (398) follows:

Q« (2; p)=;/aT<‘w“>-f G (z, &)-[p*a (§)-F (H+

(403)
+p-a($)-G()—E (§; p)l-ds,
and we get, because p=% if t>0,
Q« (@ p)-H ()=—Va (z) f G (z, §)e(§1)-ds. ... (404)
Further, by (402) we have
Qn(p)=/{\/¢7(?¢)' G (& ) [p*a(n)-F(n)+
0 0 (405)
+p-a(n)-G(n)—E (@ p)]-dn}-qon ()-ds.
Hence we may write:
Qn (p) =p2Fn+pGn—En (p) ............. (406)
Employing the notations
Fy (z)=Va(x)-F (), Gx(x)=Va ()G (), ...... (407)

we can define the coefficients ¥, and Gr by the double integrals:

Fn:of f G (& 7)-Fx (1)-gn (6)-d6-d,

G”=//G* ($ 0)-Gu (1) Pn (§)-d$-dn.

. (408)
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On account of the symmetry relation Gy (&, 7)=Gx(1,§) and
because @n (&) satisfies the homogeneous equation, we can per-
form one integration, thus obtaining the simpler expressions:

|
8

1. [F dn="L.F*
n—;;.:' x (1) @n (1) '7=w—‘:' s

8

1 1
Gn=;)z- Gy (1)-Pn (n)-dn Ebi'G:'
0

The last term of (406) is defined by the integral

En(P)=f/G(§,'2)"/5"(5'13('7;P)'¢n(§)~d§-d'7- -+ (410)

With our new notations the formula (401) presents us the
function v (z,t) in the form

v (2, 8)= —vaz'w‘)-f G (x £)-e (& )-d

| —z(ps.Fﬁp-Gn)-;ﬁ—%ﬁ-H(t)-«p,.(w)' reee (A1)

n=1

Y o B (o) H () (@),

n=1

At last, making use of rule nr 5 of our table and the nota-
tions (409), we arrive at the explicit function v (2, f):
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8

v (2, t)= —\/ZE—(E"/G (@, §)-€ (5, 1)-d§

0

G*
+2F,, @n (2)-cos wnt-H (t +2 gn(@)-sin oal-H (1) (412)

-I-i% (m)~[en (t)—<0n/si11 ©n (t—"’)'en(f)'df]-

Here the first term may be developed into a series of normal
functions, thus being found to cancel the first part of the third
sum in (412). Therefore, on introducing

8

en(t)= 12- e(E’_t_)_-(p,,(:;)-dr,'i':'(:,_,-e* () IO (413)
)

which expression is easily obtained by applying Ex (p) to H (t),
we get the final result:

oo t
v(z, t)=— ‘l)— “¢n () / sin wa(t—rt)-€e¥ (1) dr
n=t ! (414)
—I-an ¢n (z)-cos wn t-H(t) +2 )-sin wa t-H (1).

This involves, as we see, the Fourier-cocfficients of the functions

‘/(;.(_ }/a ,and '/d—;),

which, together with the boundary conditions (391), specily the
problem.



Appendix.
1. The Fourier-Mellin integral theorem.

Assume the real function f(t) of the real variable ¢ to have
the following properties:

1. f(t) and its first derivative are piecewise continuous in
each finite interval.

2. f() =;[f (t4+0)47f(t—0)] at a point of discontinuity.

3. The integralﬁj(rﬂ-dr exists.

— 00

Then the classical Fourier theorem states that the function
f () can be identically represented by the double integral

20 + 20

f(t)::}rfdz f (1)-C08 A(t—t)-dry - v .. (1)

which may also he written

too oo
f(z)zé—lrgfd,% fr)e#a=D.dge, .. ... (1a)

provided that the right hand side of (1) converges if the cos-
function is replaced by the sin-function; its value then equals
zero, because sin is an odd function.

By introducing the new variable p=1t4, we can also express the
contents of (1a) by the two formulas

+100
ept

[O=gs [ F O p (2)

—-{00
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-+ oo
F(p)=pff (). e de, ..ol (2a)

the path of integration in the first integral being the imaginary
axis of the complex p-plane.

As to the proof of Fourier’s integral theorem we refer to text-
books of the subject, e. g. Courant-Hilbert, Methoden der ma-
tematischen Physik.

The Mellin modification of this theorem, as formulated in
Chapter 1, formulas (1) and (2), is now readily obtained in the
following way.

In the right hand member of the first of these formulas, which

by the second may be written
0-f-ioc0

R M.— fem dp / 77 -dr,

0 —100

we put p=0+ii, o being a real constant, i a real variable.
Hence dp=1%-di, and our path of integration runs parallel to the
imaginary axis. Thus we obtain

+o00 oo
R. Al.ze“‘-;;/d/i f(r)- 60t e~ 0. gy

=¢%-f(t)-e~9'=f (t), according to Fourier’s theorem (1 a), provi-
ded that the function f(¢)-¢—° fulfils the condition 3 of inte-
+ oo
grability, i. e. that [/ |f(r)]-e°7-dr exists. When this is the case
— 0o
if i <o<a, any line parallel to the imaginary axis in the
band region a1 <Re{p}<a, may be used as path of integration.

A theorem, reciprocal to that just proved, is also due to Mellin.
This may be stated as follows:

Let F (p) be a function of the complex variable p such that:
(p=0+ild)

1. I_'_;)P) is holomorphical in the band region a<o<g.
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-+ oo
2. / IIL;)E)Idl converges in the same region.

3. 'F;)B)I_;() uniformly, when A1 -+ 4 oo in the region
at+0<a<p—0, (0>0).

Then formula 2 of Chapter 1 is a consequence of formula 1.
We refer to the book mentioned above for a more complete
examination of these so-called reciprocal theorems.

As a rule our investigations are to be performed on functions
f(2) that have no other point of discontinuity than possibly the
origin; for ¢<C0 they will vanish identically and for ¢ > 0 he
more or less regular. Naturally, the integral theorem ought to
be proved comparatively simply for such functions. We will
now derive the theorem in a form suitable in many cases, and
in a way that will give us a wider view of the notions of hasic
integrator and integral operator of Chapters 2 and 3.

We start from the expression .

t
p )=f(0)-¢ (t)+ﬁ'(t—t)~¢ (r)-dr, vovvnnnn.. (3)

¢ (t) being any integrable function and f(¢) a function having
continuous derivatives in the Interval of variability employed.
We are going to perform a suite of integrations by parts, and
for that aim we introduce the auxiliary notations

t t

U1 (t)=/(p (r)-dry.... un(t)= [ un—a(r)-dr. ...... 4)

] 0

It is easily proved by the Lejeune-Dirichlet's method that

t

Un (t)=|‘;;:—1- (t—*"l')n_'l*q’('t)'dt ............. (5)

0
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As all the u,(0) vanish, the repeated integration by parts gives
Y (t)=
=1(0)-9 () +f (0)-w: )+ .- . +/"(0) tn—s (1) +

t
+‘/f(")(t"‘"[) “Un— (r)-dr,

and therefore we gel, according to (5),

y )=/ (0)-(?)
” f(n—l) (0) . .
+/{f 0)+ Il (t—1)+- -+ (t—1) 'l-gn(1)-d'r

| n—

ol fiaa s

The last term may be transformed in the above manner, thus
getting ‘the form:

¢ t
}nl__2f{/}(n)(t_g).(g—-f)"“‘%dgI~(p(7)'d’r. ...... (7

Obviously, the function () can be regarded as derived from
¢ (t) by a symbolic multiplication (Cf. Chapter 3):

YE)=FXpEt), oo, (8)

the integral operator F' being

(6)

o +/ {f O+ 0 o e @) 4T

t
iy 1008 (s ||
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The case n=1 corresponds to the original formula (3), which

gives
t
F=[ro+ //’(t—r) - dr],

i. e. the formula (36) of Chapter 3.

Now we return to formula (6), specializing ¢ (¢) to the unit-
function H (t). Then we know a priori that y (t) —f (¢), provided
that f()=0 when t < 0. All integrations but one may now be
performed and we get the simpler formula

t tn—‘]
=047 O+ o0y L

n—1

(10)
t
»{--;L—llz-v/}(") (t—r7)- 1" H(1)-d1.

Now, it is possible to prove by means of the theory of residues

and Jordan’s lemma that, il m is a positive integer or zero and
>0,

¢+ioo
tm 1 1 ept
%H(f)—gﬁJl)m;dp ................. (1])
_ g—ioco
Accordingly we obtain
o +ioo *
1 /(0) [ (0)] e
f(t) —2”/{f (0)+ P -+ -+ pn__l . p ‘dp+Rn. .. (12)

G—ioco

The rest-term may be transformed in the following way:

t
an !]1,_71-:!-/}(”) (1)-(1_7)71-——1’11 (t—"[)d[
0 (13)

iy 10 ey B ) e

0
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¢ +ico

’(n) p(t-—l)
/ o/
g—ico
0‘+’L:>0 (<] (13)
(n) e pL.
L TAVA e

G--ioco

The last operation, viz the inversion of the order of integration,
is correct, if the double integral converges absolutely.* This will
certainly be the case, if /™ () belongs to class nr n, and if 6>«
(Cf. the definition in Chapter 1; | /™ (¢)] <e* when t>1y). In-
deed, putting p=o-+1%-w, we gel as an upper bound of the
magnitude of the last expression:

+oc oo
l 0'+u))

Even the outer integral must converge, if n>1.
If (13) be introduced into (12), we get the result:

o+ico

ept
f(t 27% F(P)";'dp,

0—ico

(14)

F )= 0+ Do +f(n—:.)_10)+"7£—1 //w ). dr.

This equality constitutes the integral theorem in the wanted
form. By our deductions we have got it proved for any func-
tion of class 2, but as we know, it also subsists for functions
of class 1. The last equality (14) is, of course, nothing but
formula (20) in Chapter 1.

By a quite analogous proceeding we may generally prove the
identity (Cf. Chapter 3)

FXQO)=F () @) +oeveenrrere.. (15)

* This condition is sufficient but not necessary.
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to be valid for any function ¢ (), the basic integrator of which
(Cf. Chapter 2) may be @ (p). In fact, we only need to employ
the rule (Cf. page 36)

G+ioco

e (t——r”*l(p yar—- [ op) L. Ledp,.... (16)
|n——1 274 pmp

g—1i00

which is a direct consequence of the rule of integration on
page 15.

The expression vy (f)= F X ¢ (t) has the meaning defined by (6).
From (16) follows that

U ()=

ARED) . ) y (17)
o SO OO POy,

g—[~0

where, in accordance with (16), we may write

t G+ico
1 er
Rn= f(n)(t—r).{fz_ﬂ—i 'D(p);;dp:df. ...... (18)
0 G—ioo

Transforming as above, we get

G+ix

’ p(l—r) 1
R.= / el f D)) de

© G—i00

(19)

g4+ico o0

= ‘)’”/‘L/}(n)(r oDl dr} q;(p)

g—ico

Because |®@ (p)| <4 when o> €, the absolute convergence
of the double integral can bhe proved just as above, if n>1.
Adding this resull to (17), we get, according to (14),

G+1i00

1 ept

Y (t)z% F(p)-w(p)--})-—-dp. .......... (20)

---ioo
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But here, by definition, the right member agrees with the
function F (p)-¢ (t)=F (p)- @ (p)-H (1).

The expressions (9) of F and (14) of F (p) may conveniently
be termed the transformed operalor resp. integrator of order m.

2. A proof of Jordan’s lemma.

Let @(p) be a function that fulfils the conditions stated on
page 10 in the region Re {p} = «. The path of inlegration may
be a half-circle C of radius ¢ and with ils centre at m, where
Re {m} = «. Then upon C we can put

p=m-+g-e?.

Denoting by & an arbitrarily small posilive number, we can
always find, on account of our assumptions, a number g (¢)
“such that the inequality

|o(p)| <~

holds at all points upon C, as far as ¢ = go. Then we get the
following estimation:

a1
F Lo
¢ (im0 cos 0-4ipsin®) <L), .
I/‘ )-eP dpl " |¢, 0 0 |gd9
or: . 0

. ™
I/@(P)-ent.dp|<-2-ﬁ[_‘~’.ek"\"‘v't /ei"°”30".d9.
7
¢

9

Now we introduce 9=6'—7; and make use of the fact that

~

sin 0’ >7r 0 in the interval 0< ¢ <f— Hence we obtain, if t<< 0:
n

2
2 2!9
I/ e”‘dp 5(’ Re m} ¢ v/;ll .do' =

T
9 It’e(m} 4o 2(".9: ‘.;,

=-—.£.-0-€ . e
xt? 2to o




141

Im).
|/®(p)‘e”‘-dp|<—;~em‘ }t. .......... (1)
c

Also this inequality subsists for all ¢ > g, (¢). However small
the value of |t] # 0 is, we can always choose an & so that the
right hand side is < &, &2 being an arbitrarily small positive
number. In fact, if

or

Relm) |t
e < er|t]-e Nt

................ (2)

the absolute value of the integral must be less than &, and this
for all half-circles with ¢ > g (¢1, ). Obviously this result involves
the statement of Jordan's lemma. From (1) follows that the
convergence is uniform in the interval £ < £ < 0, provided that
Relm} = 0.

3. A proof of the theorems of page 8.

These theorems refer to a function of the complex variable p,
presenled in the form of a definite integral, viz

P [ iryerde, ooviin . (1)
p
0
f () being a real function of class nr 1 at least (Cf. p. 7).
The first theorem states that £(p) is holomorphical in the

region Re{p)>e.
To prove this we will first verify that the infinite integrals

o0 (o]

[ 0

are uniformly convergent if Re{p} = oo > e
This may be done by estimating the rest-integrals I’ and I.’
with the limits ¢ and oco. We obtain:

|Ix'|=|ﬁ(r)~e—p'~dr
t

[eo]

</e“'(“°““>"-dr= 1 ',e-—-(ﬂ'o——a)°t, (3)

Go— 0
t
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provided that ¢ >4 (Cf. (3) in Chapter 1). Here the right hand
side can be made less than any positive number ¢ if ¢ is made
sufficiently large, say if £ > & >74, #, being the same for any p
of the region Re{p}=0, >a.

Further we have, if { >y,

/t-f (z)-ePt-dr </ft-e—“’°"“)"-d1=
t t

:%-e—("m)". .............. (4)

| L' |=

Obviously, as x-¢* tends to zero if x tends to infinity, the
right hand side of (4) will remain less than ¢ if t > & >4, &
being the same number all over the region Re{p} > go >e.

Now, as I, converges uniformly and its integrand z-f (7)-e—#?
is a continuous function of 7 and p, we may conclude that I,,
but for the sign, represents the derivative of I, with respect to p.

F (p)
p

Hence the function has a derivative at each point, and

accordingly it must be analytic anywhere in the region Re{p} > .

F (p)

The second theorem states that p tends uniformly to zero

if | p| = oo in the half-plane Re{p} = 0o >a. For the proof we
will employ the formula (14) in Chapter 2:

F (p)=f (0)+/}'(r)-e—p’-dr.

Of course, we have only to verify that the last term of this
expression is uniformly limited within the region in question.

We obtain:
SI/} (v)-ePt-dr +l/}'(1).e—m.dr

/.2/' (r)-e=?*-dr
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Te oo
< Mfﬂo’-d’r +/e’°("o"“)"-d'r,
° Te

denoting by M an upper bound of | f (7) | in the interval (0—z3).
Accordingly

ﬁ’(z)-ﬂ'-dr

and the right hand side represents an upper bound of the mag-

nitude of the integral, which is the same for all points of the

region Re{p} = 0o > a.

< M—'(l—e—"o"")-f- e 0o Te (5)
(o1 Jo

4. Note about the convergence of the modified integral.

It is almost trivial to prove the uniform convergence fort > %
(to an arbitrarily small positive number) of the complex integral

@ (p) being a function that increases at most as a power of p,
when p -+ oo along L: and L. (Cf. page 17 and fig. 2).

Let us split the path of integration into three parts L), L1+ L",,
L. by the points P, and P, the first and the last part having
an infinite extension. To get the uniform convergence established
we only have to verify that it is always possible o fix the
positions of P; and P, so that the contributions to the integral
from Ly and L', remain less in magnitude than an arbitrarily
small positive number for all values of ¢ >t > 0. Obviously, it
is sufficient to perform the proof for one of the parts, say L.

Upon L. we may put p=o+o-€'¥ (6 > «). Accordingly dp=
do € and

ebl— g(0+¢ - cos g+ig-sing)-t,
Therefore we get

oo

| I, |<-~—/i @ (p)|-ee o8 tdg,............ (2)
0s

denoting by I's the contribution to I from L.
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Because of our condition that | @ (p)| should increase at most
as rapidly as a power of | p | when ¢ - oo, there must surely exist
a number ¢* such that the inequality

[O@) | < e i, (3)

subsists for all values of ¢ > ¢.*, k being any fixed positive
number. Hence we obtain, taking ¢. > ¢.*,

[e o]

| 1] < /ew OOy, e 4

(L]

This integral converges if k+4£-cos ¢ <0, i.e. if

t-(— cos @) >k,
and we get
1 ehot(o+ge. cosyﬂ) t 1 eLo»+(cr+(n cosw +lo

g AR I . (B
1< 27 t-(—cosg)—k 27 to(—cosg)—k )

provided that

12> anda> T, 6)
— oS ¢

Accordingly, we have got | I';] < an expression that may be
made arbitrarily small if we take ¢, sufficiently great, and this
for all values of ¢ > . It should be observed that the bound
i can be regarded as arbitrarily small, since k could be any
positive number.

The integral Iy can be treated in exactly the same way, and
hence the uniform convergence of I is proved.

In the modified integral (8) on page 17 we have (D(p)=Q(p)-F—‘—(—@,

P
where @ (p) is assumed to increase at most as a power of p and

F(p)
4

to tend to zero when p- oo in the region in question.

Thus the uniform convergence of the integral () follows a fortiori
from that of I.
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5. On the examination of more general irrational inte-
grators. Generalization of the expansion theorems.

In Chapter 9 we investigated a class of irrational integrators
possessing a single branch-point at the origin. The results thus
gained may be generalized without difficulty to integrators F (p)
with an arbitrary but finite number of poles and branch-points.

To arrive at an expansion theorem corresponding to the formu-
las (130) and (134) of Chapter 7 we will assume F (p) to be a
basic integrator with the following properties:

F (p) shall satisty the condition 4 of Chapter 2. Upon the
path of integration L. L. (Cf. fig. 11), into which the original

o\,
A N |
N\ :
~_ \ |
g N I
- N\ |
= % \.\ .
50 ®pg - R
W 18
" p,®//}' |
= | I
== L .
-t o
v
z.7
/
Fig. 11.

path L can be changed if £ > 0, and to the left of which all the
F(p)
p

singularities of must be situated, the expansion

Fp=) "
M

—l<s1<$:<<::-
shall be valid under uniform convergence.

K
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In order that F (p) shall be uniquely defined we assume cuts
e. g. in the form of straight lines to be put between the branch-
points qi, ¢.--- and the point at infinity in the domain to the
left of L, and L,; obviously these cuts can always be drawn so
that they do not intersect.

Now we shall prove the expansion theorem:

oo

F()=F (p)-H ()= z H ()= a,,-ﬂ-%r—)-H(t). e (@)

y=1 r=1

At first we may note that, according to our assumptions, f(t)=0
when 1< 0. To evaluate the integral

1 . et
f(t)-—é;;é/}’ (p)?dp .............. (3)

Lila

when ¢t > 0 we introduce:

F (p) =z§,§ TR (D) eeveinnennnn (4)

y=1
where, ¢ being an arbitrarily small positive number, we shall have
| Be ()| < &

for all values of n sufficiently large, say n > N (¢), N being the
same for all points of L, and L..
Hence we get (£ > 0):

)= 2 35if g o[BS dp - ()

y=1 LiL: LiLe

A rough estimation of the magnitude of the last term in (5),
sufficiently good for our purpose, can easily be obtained, if we
observe that on the path of integration we may put

p=0-+¢-¢*?, |p|=|o| sin ¢, |ert|=¢t.-e0" °®7- ¢, |dp|=de
Thus:

1 fR ( ) pl<— £ e (6)
275;14 n\P z.sin @-cos @ t'lol. ........
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Accordingly, t being any fixed positive number, the right hand
side of (6) can be made as small as we like by taking & suffi-
ciently small, i. e. by taking n sufficiently large. Therefore we
have proved for ¢ > 0 the equality:

)= z MJ ¥ e;t

=1 Inls

Here the origin is the common branch-point or pole of all
the terms, and obviously we may replace the path L. L, by a
loop enclosing the negative real axis. Thus (2) follows imme-
diately.

We see at once that our previous rule

f(0)=F (o0)
for functions F (p) that are regular at infinity still subsists for
the general class of basic integrators under consideration.

Now we shall proceed to investigate more generally the
asymplotic form of a function f(f)=F (p)-H (). For that aim
we will first examine the contribution of a singularity at the
origin by the same method as in Chapter 9, but this time assuming
the cut to be any straight line from the origin to infinity in the

Fig. 12.

left half-plane. (Cf. Fig. 12). Accordingly we take under consi-
deration the integral
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extended over a loop § enclosing the cut. About the origin, say
within the circle |p| < a, we prescribe F (p) to be of the form

n

F(p)=Ya,p>+p*Rny o evvvvvii .. (8)

y=1
where s1 < 8;--- <sn, >0, and such that

| Ra| <s.£a'§ ...................... 19)

for any sufficiently great value of n. Further we assume that it
shall be possible to determine two real numbers K >0 and k
so that the inequality

IF(p)|<K-e 12l ... (10)

subsists anywhere upon the borders of the cut outside the point 4.

Our mode of reasoning will now be identically the same as
in Chapter 9; we only have to change ¢ into {-cos ¢ in the
formulas (191) and (199). Hence, by chosing n sufficiently great
we must get

n
I()— A sy.ff—t.d <8& iiiinon.. 11)
> omi ) P P P o (
K

r=1

for all values of £>1t and ¢.
From the definition formula of a basic integrator we further
conclude that

g+{1i00
1 ert 1 ert
P’V-H(t)—%fps”'?dp— [gy;ifpsy‘“ﬁ‘dp]‘H(t)=
6—ico s (12)
5%
_I_i—(___sy)’H (t)

provided that s, <1. If s,>1 we may regard the integral along
S as the modified integral, making it possible to maintain the
last equality for all real values of s,, and thus it follows that
(11) is equivalent to the asymptotic expansion (201) or (202)
for I (2).
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The general case, where

F_‘_Z(;p_) has an arbitrary but finite num-
ber of singular points, can now be treated without difficulty.
Obviously it means no essential limitation if, for the sake of

(p)

simplicity, we confine ourselves to e. g. the case where has

the poles po=0, pi, p. and the branch-points ¢, ¢.. We also
F(p)
4

assume

Jordan’s lemma may be applied. Then we know that f(f)=0
when t <0, and

to approach zero uniformly when p- oo, so that

f@)=1g41g,+Ip+1p+1p, «ovonenon... (13)
when ¢>0, putting e. g.
Li=-L [Fp)Z-a 14
@ ‘2751_/ (p)-p 7/ (14)
S1
and
In—-L [F(p)&d (15
"= P P Do i )
(o ly /1

Here S, denotes a loop surrounding a straight-line cut from
the point ¢ to the point at infinity in the left half-plane (Cf.
fig. 11).

To compute I, we change the variable of integration, putting
p=z+¢q, thus gettmg

_eql ~‘) / ( +q1 ~:F—; ;—-dz. ........ (16)

Sy

The path of integration in the z-plane becomes a loop sur-
rounding the origin, obtained by a parallel displacement of S,
a stretch given by the complex vector —q.. Upon this path we
may employ the results obtained above. For that aim we assume
the equality :

n

F(z+q)-, +

r=1
to subsist within a circle of radius a about the origin, the
factor R, satisfying the condition (9). Of course, we may as well
prescribe that
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n

Y V) RPN Y
2 (p—g) 2«1, (p—g) +(p—g)* B ... (17a)

y=1
in the region |p—gq:| < a about ¢: in the p-plane. This being
the case, we get from (16), as we know, the asymptotic expansion

n
=%
Iqlmeqli.zay‘jj(—_-—g;-) ................ (18)
r=1
or, symbolically written, "’
n
I, et za o H ) e (18a)

r=1

One can arrive at this expression in a simpler way by employ-
ing formally a shifting rule of our table in Chapter 5, viz:

F(p)-H(@#)=e*F (p+a)-e—-H (1)

Here we put e¢=¢: and _1{)_ -H (t) instead of e—t-H (t), thus
1

getting
oV H (et Flotad. P H@.
F(p)H ()=es Flptg) 1 HO (19)

After that we only have to employ the equality (17), replacing
2 by p, to recover (18a).

In a quite similar manner the constituent I,, corresponding to
the other branch-point ¢,, is obtained.

The contributions Ip, Ip,, I, from the poles can, of course,
be computed by the same method, but in this case exact instead
of asymptotic expressions are obtained. It may be of some
interest to compare this mode of proceeding with other methods
of computing Iy, =(F(p)-H (t))p,.

We assume F(p) to be of the form

(F@Dm=be Pt P tavptavp p—p)+

+ax p(p p:)“
in the neighbourhood of the pole. Accordingly (Cf. (17a)),

1p1+b1+ao-(p—px)-l-ax-(p—-p:)’-i-

(20)

F(p)
P (p—p1)=bs- p—
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and we get by formula (18a)

Ip,_:ep-\t' (bz. ;; +bl+ao.p+al.p2+ .. .).H(t) =e1"t.(bl+b2.t).H(t). (21)

Alternatively we may apply the shifting rule to (20), thus
getting more directly

l .
(Fp)-H O, = (b et aoptanp ) B =
=epit-(bi+by-t)-H (t).
The simplest way of arriving at this result is, of course, to
apply the rule nr 3 of the table to the principal part of (20)

. a .
and to interpret p as —. in the other terms.

dt

Our investigations have brought us asymptotic or exact expres-

sions of the different constituents of f(f). As we see, every sing-

ular point of Ez()p) leads to an exponential factor, and obviously

the term corresponding to the singularity to the extreme right
will dominate over the other terms more and more as ¢ tends
to infinity, thus representing the ultimate form of the function
f(t). If there are several such singularities, thus situated upon
a line paralle] to the imaginary axis, of course the sum of their
contributions determines the final character of f(¢).

As an application of the general method developed we shall
now derive the asymptotic expansion of the function

=F H 2'2?:;‘::'1{ R A T 22
f@&)=F(p)-H(2) Vi ®) (22)

(Cf. pages 89—90). According to the uniformity-rule we have

f (wt)=F(g)- H(t)= _b£+_‘ H (t)=J (wt)-H ().

Here we have two branch-points, ¢i=1% and ¢,=—4, but no pole.
To get the contribution from ¢ we first transform (22) by the
shifting-rule, thus obtaining (Cf. (19)):
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it VP
f)y=et. P ()
or (23)
(-3 -
f(t)=}71?2-'€ Vp (l—zg) H (1)

Then we expand about the origin according to the binomial
formula:

(1—i-2)~t=
- - (24)
LD (1 i Y (- )

=1 k=1

Hence the asymptotic form of the term I, looks:

R
— v 1 3 4k—1) 1 1 "
{ ‘PQ(‘ y (Wc) ) g P (25)
k=1
. ~ 4k—3) 1
'—z’z(—l) é-lk 2; 22k—1 p'zk——» H(t)'
k=1
Further we have: ‘
t# 1
phH @) =ppt Ho=2 L mp=—1L g,
dt ]/n 2 Vntt
and generally, if n > 1,
@G =(—n 238 1y g

n Vat tm

Accordingly we get the following explicit expression for the func-
tion Iy (f) (The factor H (t), of course, may be dropped):
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~ g \/ (t 4) {1+Z( )k [1 3 (‘:k’;l)]ﬂ 24" tzlk+

k=1

(27)
n
[l 3 5---(4k—3)F 1 1
1) 22 . . .
t z( D k=) aw
k=1
For brevity we will write
1, [2 (% .
1, (t)wé ——-ei( 4)-[A @&+iB@). .....on.n. (28)
mt
Correspondently we obtain the contribution from the other
branch-point g.=-—i; obviously this must be the conjugate form
of I,, i. e.
LW/2 —‘( —)
1,,(t) 3Vt f[4@)—iB@)] ..oovo.. .. (28 a)

At last, combining the expressions I, and I,,, we arrive at
the required asymptotic form of the Bessel function Jo(t), viz:

Jo(t) o V%-[A (t)-cos (t——z)—B(t)-sin (t—;‘)] R T)

where, according to (27), the coefficients 4 (t) and B (f) may be
written:

A(t)=l+z(_l)k.{1.3.5.;.2.l(c4k——1)]2. (8:)%’

... (30)

[1.3.5 (4k 1
t) 2(_1),. |2k (st)‘.’Jc-—l'

k=1

If only the first term of A4 is taken into account, the develop-
ment of course degenerates into the formula (252), derived by
a more heuristical reasoning.

We will not continue further the analysis of formula (29) but
refer the reader to textbooks of Bessel functions and e. g. Funk-
tionentafeln von Jahnke-Emde as to its managing in numerical
calculus.
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6. On the commutativity of the shifting integrator e—®r,

It follows from the definition integral of an integrational
product that

e.f (t)y=e".F (p)-H (t)=F (p)-e=®-H(t)=f (t—a). .. (1)

As usual f(t) is assumed to be of class nr 1 at leasl. Especi-
ally is
e .-H (t)=H (t—a).

Accordingly, the primary function of e~“P has a point of dis-
continuity at ¢=a; if @ < 0 it does not vanish identically when
t < 0. Obviously this function is not of class 1, and there is no
corresponding integral operator.
Now we shall prove the following important proposition, applic-
able in cases where e~ occurs combined with integral operators:
If a > 0, the commutative law

e P FXp)=FXe P q(t)
holds for any function ¢ (¢) of class 1.

The proof runs:

¢
R. M=[f (0)+ff' (t——'r)-dr]X(p(t-——a)
t .
=f(0)-¢ (t—a)—l—./-f' (t—7)-¢ (t—a)-dr.
t—a

t
L M.—cr(Fxg (t)}=[f (0)-9 () + /f (t—)-g <r)'dr]

t—a
—1(0)- (t—a)+ ff (t—a—)- (¢')-d’
or, if we put ¥=1—a,

t
L.M.=f (0)-¢ (t—a)+/‘f' (t—2)-¢p (v —a)-dr.
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But now, a being positive, we have ¢ (v—a) == 0 in the interval
0 < 7 < a, and accordingly we may write as well

t .
L. M.=/(0)-¢(t—a)+ﬁ' (t—1) ¢ (r—a)-dr=R. M.

Lemark. In Chapter 6 we showed a certain parallelism belween
the symbolic method and the integrational calculus. Thus the
exponential factor ¢/t was scen to correspond to the unit-function
H (t). The shifting integrator e has its analogon in the ex-
ponential factor e=¢ ®; in facl, F denoling the complex vector
representing e. g. the harmonic function

1 (&)= Im {F-eit},

we get f(t—a) represented by the vector e~ F. For that reason
the multiplying by e~ may be characterized as an operation of
phase-shifving.

7. Extended theory of integral operators.

In Chapters 3 and 4 have been defined the four fundamental
algebraical operations with_ integral operators. Accordingly, we
are in a position of forming arbitrary rational functions of integral
operators, e. g. such a function as

a-F+b-HXK

c X ¥td '
where the capital letters may denole operators, the others ordi-
nary numbers. However, the procedure of division, being essenti-
ally equivalent to the solution of a Volterra equation, will as a
rule lead to not closed expressions.

There may be reason for developing to some more extent the
parallelism between the theory of basic integrators and that of
integral operators. We will start with deducing the operators of
the successive derivatives of a function. The operators of f (),
/ (t)-----f @ (t) may be denoted by F, 'F,.-.- @ F,
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Let ¢ (t) be any function and. form the product
t .
"P(t)=F><(/)(t)=f(0)-¢(t)+ﬁ' (t—1) @ (7)-dr.
By differentiation: 0
:,ltFer(t) 1(0)- dt"”(t [ +/}"(t—r) dr]X(p()

But, by our manner of writing:

[/' (0)+ /tf"(t - 'r)-dr]:

and accordingly we must have, ¢ (¢) being arbitrary,

d .
If——alv dt-f(()). .................... (1)
The next step of differentiation gives:
"F—i d f(O) f (0), from which follows
“au\a’ @ o

LA Al _d:
P=2 P—2 10— 51 0),
and it is easily proved by induction that

W= i Gl O+ Gl O+ g )|
dtr dir din— di

which equality is formally equivalent to formula (20) of Chapter 2.
From the identities:

Fxot)= [F 1 (01X @),

"FX ¢ (t)=%[’F~f'(0)]>< @ (2),

we may conclude the following statement:
From a function ® FX ¢ (f) to the function WFX ¢ (t) one
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will always come on differentiating a function with the initial
value zero.

This fact will be of importance in the applications because of
the following commutative law:
The product

d d
—F=FX-,
dt dt
i. e. is commutative, provided that it operates upon a function

valﬁshing at the origin.
For the proof we have to compare the two functions

Y (t)= dFti() and s (t)=F X%go(t).

According to the foregoing:
yi()=1(0)-¢" () +'F X9 (1)
Further we get by integration by parts:

t
pe ()=1 (0)- & <t>+ff' (t—1) ¢ (r)-dr

t
=1 (0)-¢' ) +[f(t—1) 9 () + [ " (t—1)-¢(7)-de
=1(0)-¢" (&) —f (1) 9 (0)+'F X ¢ ().
Hence yn (t)=y» (¢), only provided that ¢ (0)=

t
Now we will apply the operator I=[_/dr] to both members
[

of (3). Because of the lemma just stated we get

IXFx g ()=I X & [F—] )X g ()= 2 IX[F—] O)]x g (1)

=[F—/ (0)]x ¢ (®),
and, ¢ (t) being arbitrary, this necessitates that
IX'F=F—f(0). ..ccovvvvrviinninnnn. (5)
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By repeated use of this important rule we get

IPXOF=F —[f (0)+1-f(0)+-- - +I"=-f @D (0)], ... (6)

which equality ought to he compared with (2).

Formula (6) furnishes us with a means of getting by purely
operational .calculus the solution of a linear differential equation
with constant coefficients under given initial conditions. The
procedure may: be exemplified on the simple case:

d*x

dx
*&F‘{‘Qﬁ'ﬁ‘kmz'w:]‘ ®),

dx
z (0)=u, dr (0)=r.
If X and F denote the integral operators of z () and f (¢)
respectively, the first equation may be written
"XXH (t)+28 " XXH (t)+w XX H (t)=FXH (t).

Obviously the law of uniqueness must subsist also for integral
operators, and hence we get for X the “differential” equation

X428 X+ X=F. .................. (7)

This may be solved by multiplying by I? and then employing
formula (6). Thus the equation will appear in the “algebraized”
form:

[1428-I+0* FIx X=X F+u+(v+28u)-1. ...... (8)

The operational factor before X may be written:
t
L=1 +2,8~I+m2-12=[1 +/-{2,6‘+m""(t — 't)}-d'r]. e (9)
0

The corresponding inverse operator L™ can always be obtained
according to the general method (i. e. by solution of a Volterra
equation), and we get on multiplying (8) by L—:

X=LX I'’X F+u-L=+(v+28u)- L X I.
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Hence the explicit time function becomes
z ()= (1) +as (1),
o)=L X I2X {(z), | ........ (10)
s () =[u+(v+28u)- I|X L' X H (¢). ’ ’
This result should be compared with the integralional solution

(83) in Chapter 6 of the same problem; the expressions agree
formally, if p be interpreted as I~

At last we are going to examine the inverse operation of
FXx ¢ (t) in the case of degeneration where f(0)=0, thus

r-| /}a_,).d,]. ................ ()

Let ¢ (t) be any function of class 1 and form
t
1/)(t)=FX¢(t)=ﬁ' (t—1)-¢(r)dr. ........ (12)

Proposed that the primary function f(¢) belongs to class 2 at
least, we can differentiate both members of (12), thus getting

t
7©0) 9+ f/ (t—1) ¢ (2)-dr=y/ (1

or

Fxg (t)=gi PO e, (13)

Now, if f(0) # 0, we know the inverse operator of 'F to exist
and may thus apply ("F)™* to both sides of (13). Because y (0)=0,
we obtain

, d d o
(p(t)=(F)*1><a y’(t)=3?'(F) I QTI1 () PP (14)

Accordingly, when f(0)=0, we may define the inverse operator

of F' by the equality
d _d

F—x=('F)~1><..di__d_t.(‘F)"l. ................ (15)
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This must always have the character of an integro-differential
operator.

If also f (0)=0, while f”(0) # 0 and f(?) is of class 3 at least,
we may take another step upon the same way, defining in (15)
(F)™ by the expression

e (ram—ty & @
(Fy=(F)yx 5= ()

Hence it follows that
J da) (”F)"‘X{ft d S ("F), "

and we may formulate the general rule:

If the function f(¢) belongs to class (n41) at least and if

F(0)=f (0)="---=f (0)=0, f ®(0) = 0, the inverse operator of
the integral operator F is defined by the formula
ar _dr
—1l— (WYX ~ = . (W)L
F=(™F) X = gy (WE)L (16)

Accordingly, y (t) being a sufficiently regular function, we are
now in a position of solving the operational equation
FXg @)=y (1)

even in cases where f(f) and some of its derivatives vanish at
the origin.

It may be of interest to identify the inverse operator of the

fundamental integral operator I with the derivative operator i

dt
For that purpose we have only to put f(0)=0, /' (!)=H (t), thus
getting "I=(I)"'=1.

8. Note about the differentiation and the integration of a
basic integrator with respect to a parameter.

Let f(z,t) be a function of time and a parameter 2 (e.g. a
space-coordinate) such that

b
’ f (), .;%‘ and ff (, t)da
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have basic integrators. Then the following propositions are
immediate consequences of the integral theorem:
1. If

(o] oo

(‘}% f(x, ©)-e?? d'r=/f)/ ((—g’l-)@’“mdr, ........ (1)

[ [}

then

diw [F(a; p)-H (1)=" (j;l’—)H (t)-

oo

2. If .
j [ j; (x, r).e—prdz-]dx_—: f [ ﬁ(w, T)dw].e—md,, @
lhena ’ ’ “
/2[1" (@7 p)-H (1)) dw———[ /b F (x; p) da ] H (1)

It may be leaved to the reader to establish these relations.

It is sufficient for the fullilment of the conditions (1) and (2)
that for the range of a-values under consideration the respective
time functions belong to class 1. Indeed, then the necessary
uniform convergence of the infinite integrals is guaranteed, p
being situated in a suitable half-plane. Accordingly, we may
state the theorem: .

Any function f(a,t) of class 1 may be differentiated or inte-
grated with respect to the parAmeter @ by differentiating resp.
integrating the corresponding basic integrator F (z; p) before its
application to H (t), provided that the differentiated resp. inte-
grated time function belongs itself to class 1.

9. Table of principal formulas.*

1 A
1. —H @)=+ -H(@{),s>—1............ 170
o H 0= 510 H () (170)
* This table presents only such formulas as have been deduced in the text.
It may be referred to the indices 4, 5 and especially 8 of the Bibliography for
a more extensive collection of operational formulas.

L
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2. Z‘—%{H (&) =e=t-H (1),
3. . P . _
3 oo H 0=,y e H Q).
4. p— H(t)—— (e—1)-H (1).
5. T)T_{_TQ;-H (t)=cos wt-H (t).
6. pfjr”“ H (t)=sin wt-H (2).
7. p.(p+ﬂz;)s_:_"ﬂ(;;i:;qsfp.}[ (t)=e"Pt-sin (wt+¢)-H (t).
@ (p). 20), QO _2(py)
8. ) (0= [IF(O +§‘ Wy t] H(t). (142)
Ve ) o

9. . =|1— —1 |- ), «=>0..... 2

-If(t) [1 erf(2Vt)] H(t), >0 (218)

Vg = e
10. p-e H (t) S 1Y e “H(@) ...... (220)
11. V,?-e“”‘"/”-H(t)=71:t-e‘fi~H(t) ......... (221)

p__(Vp+oi—p)'
12. _:( ol -—-—)-H(t)=J; (wt)-H (), 4=0. .. (233)
]/p2+(z)2 [0
P as\/p+or
N A “H (1) =
]/pa—{—m’ )

13. (234, 241)

=Z_(:qw) -Jo(t—a))-H (t—a)=Jo(w VE—a®)-H (—a).



14.

15.

15 a.

16.
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e’ | (t)=1 (t-+a).
@ (p+a) f (@)=e* @ (p)-e*f(1).
O (p)-f(t)=e* @ (p+a)- e~ f (1)

If F (p)-H (t)=f(t), then F(}.p)-H(t)=f(;), 2> 0.
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