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Preface

This book has as its purpose the study of a mathematical object
called a differentiable manifold. Historically, differentiable mani-
folds arose in many different mathematical disciplines. Such subjects
as local differential geometry, projective geometry, algebraic geometry,
Riemann surface theory, and continuous or Lie groups have all con-
tributed examples upon which was based the definition of a differen-
tiable manifold. Once the present formulation of the concept of a
differentiable manifold was achieved, it was successfully applied to
yield extensive generalizations and reformulations of results in the
classical disciplines from which it sprang. For instance, the modern
treatment of Lie groups could not even be formulated without the
language of manifold theory. In addition, differentiable manifolds
themselves have served as a source in the development of the mathe-
matical concept of a fiber bundle. Certain studies of manifolds have,
in recent years, led to the wholly new subject of differential topology.

The book begins with a leisurely introduction to the general concept
of a differentiable manifold. The path that we have chosen to this
goal leads through a careful reexamination of the differentiable struc-
ture of euclidean space. Once the reader has understood euclidean
space as a differentiable manifold, we define the general object and
study its elementary properties. We have accompanied our abstract
discussion of differentiable manifolds with a liberal dose of some of
those historical examples which originally motivated their definition.
Once these foundations have been laid, we have selected topics (see
the Table of Contents for exact details) which illustrate further the
historical background for differentiable manifolds and the directions
in which the concepts have been applied. In particular, we have tried
to sample the various techniques that have been found useful in
handling differentiable manifolds. In a few places, where the tech-
nicalities become oppressively intricate or repetitious, the arguments
have been left incomplete, and the reader is urged to consult the
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references at the end of the book for the missing parts. Above all,
we hope that the reader will be encouraged by this introduction to
pursue the references well beyond the material which is presented here.

This book is not self-contained. The prospective reader will need
a solid understanding of the basic theory of finite-dimensional vector
spaces and their linear transformations, point-set topology, and that
part of analysis which is generally called advanced calculus.

We are, of course, deeply indebted to the previous workers in this
field, including the authors listed among the references, whose material
we have freely borrowed. And we are especially grateful to Prof.
Saunders MacLane for his detailed criticism of former versions of the
early parts of this book.

Louts Auslander
Robert E. MacKenzie
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CHAPTER 1

Euclidean, Affine, and Differentiable
Structure on R”

The study of differentiable manifolds begins with the set RB* of all
ordered n-tuples z = (z1, . . . , Za), where x,, . . . , z, are real num-
bers. The set R* may be endowed with various mathematical struc-
tures which the reader has already encountered in geometry, algebra,
and analysis. In differential geometry all these structures are called
into play simultaneously, and so we shall take the time to distinguish
one from another and to study some of the identifications which are
customarily made.

1-1 EUCLIDEAN 2-SPACE, LINEAR n-SPACE, AND AFFINE n-SPACE

The set R may be made into a metric space by defining the distance
d(z, y) between the n-tuplesz = (x;, . . . ,z.)andy = (¥1, - . . ,¥Un)
by

d(zy y) = ‘\/(271 - .1/1)’ + -+ (15,. - yn)z

This metric space will be called euclidean n-space and will be denoted
by E*. A homeomorphism p of E" onto itself which preserves dis-
tances, that is, for which d(p(z), p(y)) = d(z, y), will be called a rigid
motion. The set of all rigid motions of E* forms a group which we
denote by R(n).

On the other hand, we may introduce into the set R" the vector space
operations

c(x1, . .., %) = (cT1y . . . , CTn)

@y .- )+ Wy e YD) =@t Y, - Tt Yn)

This vector space may be given the topology of the n-fold topological

product of the real line with itself. With respect to this topology, the

set R™ becomes a topological vector space; that is, the mapping of

B* X R" into R" given by (¢, z) — cz and the mapping of R* X R" into
1



2 INTRODUCTION TO DIFFERENTIABLE MANIFOLDS

R" given by (z, y) — = + y are continuous. This topological vector
space will be called linear n-space and will be denoted by V= A
homeomorphism of V" onto itself which preserves the operations is,
of course, the same thing as a nonsingular linear transformation. The
set of all nonsingular linear transformations of V" forms a group called
the general linear group and denoted by GL(n).

The reader should note that we have not assumed the existence of a
metric on V™, although the topology that we have put on V* is equiva-
lent to the topology on E». Indeed, our object is to investigate the
relationship between the metric on E* and the algebraic operations
in V=,

If in E» we retain the topology, the notion of straight line, and the
notion of parallelism among straight lines but discard the metric
structure, we obtain affine n-space, which we shall denote by A*. In
A™ we may speak of continuous mappings or of parallel lines, but we
cannot speak of the distance between points. A homeomorphism of
A that maps lines onto lines is called an affinity. The set of all
affinities of A» forms a group which we denote by A (n).

Let z € E». A homeomorphism r,: V»— E» of V* onto E" for
which 7,(0) = z will be said to attach V* to the point z. Such a
homeomorphism enables the additive group of V* to act on E* as a
group of homeomorphisms. That is to say, if u € V', then p,: E*— E*
is & homeomorphism of E* defined by

pu(y) = 7:(rs7(y) + )
and the homeomorphisms p, satisfy the rule

Pu°Pyv = Pu+te

where p.op, is the composition of the mappings p, and p,. In a
similar fashion, if z € A*, a homeomorphism 7,: V*— A" attaches V»
to the point z and enables the additive group of V" to act on A"

Lemma 1-1. Let V" be attached to E» by means of the homeomo'rphzsm
: V»— E™. Then the elements of V* act on E" as rigid motions if and
only if they act on E* so0 as to move each line onto a parallel line.
Proof. 1. Assume that the elements of V" act on E» as rlgld
motions. Lety € Erand u € V. Letv = r.~1(y). _ Then

pu(z) = 72(u)

and so p,(pu(z)) = 7.(u + v) On the other hand, p.(y) = 7.(u + v),
and 80 p,(pu(z)) = pu(y). Since p,(z) = y, we find that p, moves the
points z and p.(z) onto the points y and pu(y), respectively. Since a,
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is a rigid motion, we conclude that d(y, pu(y)) = d(z, pu(z)) for all
y € E*, that is, p, moves all points of E* the same distance.

The line through the points y! and y? in E*» may be characterized as
follows by means of the metric: z lies on the line through ! and 2 if
and only if one of the following relations holds:

d(z, y") + d@*, y?) = d(z, y?)
d(yll z) + d(z; 1/’) = d(yly 3/’)
d(y', y») + d(y?, 2) = d(y', 2)

Since p, is a rigid motion, these relations persist when y!, 2, 2z are
replaced by p.(¥'), pu(y?), pu(2), respectively. Consequently p, carries
lines of E™ onto lines.

Moreover, two lines in E* are parallel if and only if the distances
from one of the lines to the points of the other are bounded. It follows
that p. carries each line in E* onto another which is parallel to it.

2. Conversely, assume that the elements of V" act on E” 8o as to
move each line onto a parallel line. As in the proof of part 1, let
yE E w € V* and v = 7,7 (y). Then p, moves the points z and
pu(z) onto the points y and p.(y), respectively. Hence the line
through y and p.(y) is parallel to the line through z and p.(z). But
also the line through p.(z) and p.(y) is parallel to the line through z
and y. Hence z, ¥, p.(3), and p.(z) are the vertices of a parallelogram,
and it follows that d(p.(z), pu(y)) = d(z, y).

If y, z are two points in E», the triangle with vertices pu(z), pu(¥),
and p.(z) is similar to the triangle with vertices z, y, and z. Since the
length of one side of the first triangle is equal to the length of the
corresponding side of the other, they are actually congruent. Hence
d(pu(y), pu(2)) = d(y, 2z), which says that p, is a rigid motion.

If o,: V»— E*is a homeomorphism which attaches V» to E* in such
a way that the elements of V* act on E* as rigid motions, these rigid
motions are called translations of E*. If ¢,: V*— A* attaches V* to
A" in such a way that the elements of V* act on A" so as to carry each
line onto a parallel line, these affinities are called translations of A™.
Lemma 1-1 expresses the fact that translations in E» are equivalent to
translations in A",

We shall now see that the translations of A" (or of E*) are defined
independently of the way in which V» is attached to a point of A* (or
of En).

Theorem 1-1. If x € A", then it s possible to attach V" to A" at z by
a homeomorphism a.: V* — A" in such a way that the elemenis of V*
act on A" as translations. If r.: V*» — A" is a second homeomorphism
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which has this property, then o;'or.: V*— V* 48 a nonsingular linear
transformation.

Proof. Let {v, ..., v*} be a basis of V. Define the mapping
0z V* — An as follows: If u = ¢! + - ¢  +ewn, then
o) =(c1+ 21, ..., + n)
Then
o(0:7'Y) +u) = (1t - . ., F Un)

so that the elements of V" act on A" as translations.

Let 7.: V» — A" be a homeomorphism which attaches V" to the
point z of A" in such a way that for each w € V* the mapping
pu: A® — A" given by

pu(y) = 7a(r"'(y) + w)

is a translation. Let A = o, %or,. Let u, v € V*, and let y = 7-(u).
Then p,(z) = 7.(v) and p,(y) = 7.(u + v). It follows that the line
through 7,(0) and 7.(u) is parallel to the line through 7,(v) and 7.(u + v).
Similarly, the line through 7.(0) and 7.(v) is parallel to the line through
r-(w) and 7.(u + v). Consequently, 7.(0), 7-(u), 7-(u + v), and 7.(v)
are the vertices of a parallelogram in A». If we apply ¢.~, we obtain

Mu +v) = Mu) + Mp)

In particular, we may conclude that A(mu) = mA(u) for any positive
integer m. If we replace mu by u, we also obtain

(9 (@)

Thus A(ru) = rA\(u) for every positive rational number r. From
AO0) = 2\(0) we find that A\(0) = 0 and hence that N\(—u) = —\(u).
Combining these results, we obtain A(ru) = rA(u) for every rational
number r. Since \ is continuous, A(cu) = cA(u) for every real number
c¢. Thus ) is a linear transformation. Since A is one-to-one, it must
be nonsingular.

Actually we have proved a bit more than is indicated in the state-
ment of Theorem 1-1. For we have given a formula for the homeo-
morphism ¢ ,.

By virtue of Lemma 1-1, we may replace A® by E* in the statement
of Theorem 1-1.

Theorem 1-2. If x € E*, then il is possible to attach V" to E™at 2 by a
homeomorphism o,: V*— E* tn such a way that the elements of V" act
on E" as rigid motions. If v,: V*— E" ts a second homeomorphism
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which has this property, then oz~ tor.: V*— V" is a nonsingular linear
transformation.

Let o, V*— E® be a homeomorphism which attaches V* to the
point z in E* If o. is such that the elements of V* act on
E* as translations, we shall say that o. attaches V* affinely to E~.
Let \: V*» — V* be a nonsingular linear transformation, and let
12 = az.2\. Then

72(rs~1(y) + u) = aa(07'(y) + Mu))

We see from this that 7, attaches V” to E» affinely if and only if o,
does, and when this is true, both determine the same family of trans-
lations of E*. When 7, = 0,°\, we shall say that 7. and 0. are equivalent.
Theorem 1-2 tells us that there is only one equivalence class of homeo-
morphisms which attach V* affinely to the point z in E». Con-
sequently, the family of translations of E* is unique. The explicit
formula for o.(c.~'(y) + %) given in the proof of Theorem 1-1 shows
that this family is independent of the point z.

Theorem 1-3. Let V" be attached affinely to each point of A" by means
of the family {o.} of homeomorphisms. If p: A" — A" is an affinity,
then o,y lopoa,: V* — V* is a nonsingular linear iransformation for
each x € A"

Proof. Let N\ = o,z °p%,. Let I; and I, be two distinct lines
through a point y. Then p(l;) and p(l;) must be two distinct lines
through the point p(y). We may describe the plane P determined by
a pair of lines /; and I, as the set of points which lie on those lines that
intersect {; and I; in distinet points, together with the pointy. Thus
p(P) is the plane determined by p(l,) and p(lz). We have therefore
proved that p maps planes onto planes. It follows that p maps
parallel lines onto parallel lines.

Let u, v € V*. According to Theorem 1-1, which gives us a
formula for computing o, the line I; through ¢.(0) and o,(u) must be
parallel to the line I; through o.(v) and o.(u 4 v). Similarly, the line
l, through o.(0) and ¢.(v) must be parallel to the line I; through o,(u)
and o,(u + v). Since the pairs of lines p(y), p(l1) and p(ls), o(l;) are
parallel, it follows that po0.(0), pco.(u), poo.(u + v), and poo.(v) are the
vertices of a parallelogram, provided that these four points are not
collinear. Applying o,(»~!, we obtain Mu + v) = Mu) + A(v). The
provision that the four points are not collinear is equivalent to the
gondition that u and v are linearly independent. However, X is a
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continuous mapping so that the relation
Mu + v) = Mu) + )

holds generally. It now follows, as in the proof of Theorem 1-1, that A
is a nonsingular linear transformation. :

Since a rigid motion of E” carries straight lines into straight lines, we
may replace A" by E* in Theorem 1-3.

Theorem 1-4. Let V" be attached affinely to each point of E* by means
of the family {o.} of homeomorphisms. If p: E™» — E™ 43 a rigid motion,
then o,zy~lepoo,: V™ — V* 48 a nonsingular linear transformation for
each x € E~.

To summarize briefly, Theorem 1-4 shows that it is possible to
attach V" to each point of E* in such a way that a rigid motion of E»
induces nonsingular linear transformations of V* at each point. If we
insist that V» be attached affinely at each point, Theorem 1-2 shows
that this can be done in essentially only one way, if we identify
equivalent homeomorphisms.

However, we are chiefly concerned with the situation where the set
R~ is provided with a differentiable structure. Briefly, this means
that R» is not only a topological space but that among the continuous
real-valued functions on R" we distinguish certain ones called the
differentiable functions. A homeomorphism of R" that preserves the
class of differentiable functions will be called a diffeomorphism. In
this situation we shall consider the problem of how to “attach” V* to
each point of R* in such a way that the diffeomorphisms of R»
will induce nonsingular linear transformations of ¥V at each point.
Although this cannot be done, as it was in this section, by means of
homeomorphisms o.: V*— R", we shall see that the problem has a
satisfactory solution.

Our interest in “attaching” V* to R" lies in the expectation that
significant properties of mappings of R* will be reflected in the map-
pings which are induced on V*. For rigid motions in E* or affinities
in A" the induced mappings reflect all the properties. However, for
differentiable mappings, only the behavior in the neighborhood of a
point is reflected, as we shall see.

1-2 DIFFERENTIABLE FUNCTIONS AND MAPPINGS ON LINEAR
n-SPACE

If 0,: V*— A" is a homeomorphism that attaches V" to the point z,
we may use ¢, to transfer the affine structure of A" to V" or to transfer
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the algebraic structure of V*to A". We shall simply say that we have
used o,: V* — A" to identify A» with V. In a similar fashion, we may
identify E® with V" so as to put a metric on V.

Let E* be identified with V* by means of a homeomorphism
oz: V*— E* which attaches E» affinely to the point z. If v € V», the
numbers yi, . . . , y» determined by the relation o2(v) = (y1, . . . , y»)
will be called the coordinates of v. If f is a real-valued function
defined on an open set U in V*, the composite mapping fos.~? is a real-

Real numbers

FiG. 1-1

valued function of the variables 3, . . . , y» on an open set in E™
We shall say that f is differentiable on U if fos.—! has partial derivatives
of all orders with respect to the coordinates y;, . . . , ¥» at each point
of 0,(U). It is easy to see that this notion of differentiability does not
depend on the point z in E* or the choice of the homeomorphism
o;: V*— En which attaches V* to the point z.

Let U be an open subset of V*. Consider a mapping ¢: U — V™.
The mapping ¢ is said to be differentiable on U if for every function g
which is differentiable on an open subset W of V™ the composite func-
tion gee is differentiable on ¢—!(W) (see Figure 1-1). In case the set
¢~ (W) is empty, this condition is vacuously satisfied. Let (z5,. . .,
zm) be coordinates for the points of V™. In particular, we may write
(z21(v), . . ., 2m(v)) for the coordinates of the point ¢(v) if v € U.
Then 2;(v), . . . , zm(v) are real-valued functions on U, and the dif-
ferentiability of the mapping ¢ on U is equivalent to the simultaneous
differentiability of the functions 2,(v), . . . , 2m(v) on U.
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Let ¢: V*— V" be a one-to-one differentiable mapping onto V*.
If the inverse mapping ¢~': V» — V* is also differentiable, ¢ is called a
diffeomorphism of V». That the inverse of a one-to-one differentiable
mapping need not be differentiable can be seen in the case n = 1.
Consider y = 2% whose inverse z = y* is not differentiable on any
neighborhood of 0. If ¢; and ¢, are diffeomorphisms of V», then so is
the composite mapping ¢:°0s. Consequently, the set of all diffeo-
morphisms of V* forms a group.

If we identify A™ with V* and also E* with ¥ by attaching V* to
these spaces affinely, we are able to consider affinities and rigid
motions of V». These are easily seen to be diffeomorphisms of V.
Thus the group of diffeomorphisms of V* contains the group of
affinities, and this group, in turn, contains the group of rigid motions.
Properties, such as the distance between points and the angles between
lines, that remain unchanged by the group of rigid motions are called
melric invariants. Those, such as the collinearity of points and the
parallelism of lines, that remain unchanged by the group of affinities
are called affine invariants. We may similarly define the differentiable
invariants to be those properties that remain unchanged by the group
of diffeomorphisms. If we consider, for example, the diffeomorphism
¢: V2 — V? given by

. Y=o
e Y2 = 212 + 2o
we can see that the affine structure of V" is not preserved by the
diffeomorphisms of ¥*. It is therefore apparent that the group of
diffeomorphisms is larger than the group of affinities, and so affine
invariants are not generally differentiable invariants. One says that
the differentiable structure of V* is ‘“weaker” than the affine structure.

EXERCISES

1. Let V" be attached affinely to z in A* by means of a homeomorphism
oz: V»— A" Show that the vector space operations which are introduced into E»
by this identification are given by

(Ul, ) rﬂﬂ)"‘(zl; o e ,zn)‘(yl+zl-3h « o ,y.+z..—z,.)
oYy « « -y ¥Yn) =(ctn + (1 —c)zy, . . ., cyn + (1 — c)za)

2. Prove that the differentiability of a function on an open subset of ¥* does not
depend on the choice of the homeomorphism by which we attach V» affinely to E»,

8. If (21, . . ., 2m) are coordinates in V™, if ¢: U — V™ is a mapping of the
open set U in V" into V™, and if (zi(v), . . . , zm(?)) are the coordinates of o(v),
prove that z)(v), . . . , zm(v) are differentiable functions on U if and only if ¢ is

AL ncncmslahla ae TT
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4. Let ¢: W — U, where W is an open subset of V* and U is an open subset of
Vm, and let y: U— V& Prove that, if ¢ and ¢ are differentiable, the composite
mapping ¥op: W — Vi is differentiable.

6. Consider the mapping ¢: V*— V? given by

Y1 = X2, CO8 T2

A Y2 = 71 8in 22

Show that ¢ is one-to-one on a sufficiently small neighborhood of each point (z1, 22)
of V* with z; »= 0.

1-3 THE TANGENT SPACE AND COTANGENT SPACE AT A POINT
OF Vv»

Let J denote the open interval —1 < ¢ < 1 and J the closed interval
—1 2t = 1. A continuous mapping v: J — V» is called a param-
etrized curve in V. The image of the point ¢ of J will be denoted by
¥(t). If v = 4(0), then vy will be said to be a curve through v. If the
restriction of y to the open interval J is a differentiable mapping, v will
be called a differentiable parametrized curve.

Let » be a point of V». Let € be the set of all differentiable
parametrized curves through ». Let § be the set of all functions that
are defined and differentiable near »; that is, if f € §, there is a
neighborhood U of » on which f is differentiable. If y € €and f € §,
then foy is a real-valued differentiable function of ¢, provided that ¢ is
sufficiently small. We may therefore define

d
<‘7) f) = dt Joy i=0

The “product” (v, f) gives rise to an equivalence relation in € and
also an equivalence relation in {§ as follows: We say that two curves
v: and ¥; from € are equivalent when (v;, f) = {3, f) for all fin §.
Similarly, two functions f; and f. from § are equivalent when
(v, i) = (v, fo) for all curves ¥y in €.

The equivalence classes of curves of € will be called tangent vectors to
Vratv. We shall presently show that the set of all tangent vectors to
V» at v may be given the structure of a vector space. This space will
be called the tangent space to V» at v and will be denoted by T(v).
Geometrically, a tangent vector to V* at » may be thought of as a
family of curves, all of which are tangent to one another at v (see
Figure 1-2). If 4 is a curve in the equivalence class a, we shall say
that « is the tangent vector to v at v.

Presently we shall see that T'(v) is a vector space of dimension n.
It is as the tangent space T'(v) that we ‘“attach’” V* to the point v.
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The reader should recognize that we are engaged in solving the problem
described at the end of Section 1-1.

The equivalence classes of functions from the set § will be called
differentials at v. We shall see that the set of all differentials at v may
also be given the structure of a vector space. This space will be
called the cotangent space to V" at v and will be denoted by T*(v). If f
is a function from §, the equivalence class to which f belongs will be
called the differential of f and will be denoted by df.

Fic. 1-2

If « is the tangent vector to the curve vy in € and f is a function
from §§, we shall define the value of df at a, denoted by (e, df), by
(a, df) = (v,f). We shall find that (e, df) is a product in the algebraic
sense ; that is, it is linear in each of its two arguments.

In order to facilitate the introduction of vector space operations into
T*(v), we shall employ another equivalence relation among the func-
tions of §. It is clear that, in order to compute the value of (v, f), we
need only know the values of f on a neighborhood of v. Consequently,
for this purpose we shall cease to distinguish between two functions
that have the same values on a neighborhood of v. The equivalence
classes in § which arise from this equivalence relation will be called the
germs of the functions of §. The set of all germs will be denoted by
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G*(v). 1If fis a function which belongs to the germ «, we may define
0 =, 1).

The operations among functions, which are already at hand, may
now be used to introduce vector space operations in G*(v). Let f,
and f; be functions from § and let «; and «, be their germs, respectively.
Let a; and a; be two numbers. There is a neighborhood of » on which
both f, and f; are defined and differentiable and hence on which the
function a,f; 4 a.f. is defined and differentiable. We shall define
aik1 + axxs to be the germ of the function alfl + azf:.. Then G*(v)
becomes a vector space.

If f; and f, are functions with the same germ, then df, = df,. Hence
we may map G*(v) into T*(v) in the following way: Let f be any func-
tion in the germ « and map « onto df. We may also speak of df as the
differential of x and denote it by dx. Let Z* denote the subspace of
G*(v) consisting of those germs whose differentials are zero. Since
dry = dk, if and only if x; — «, has the differential zero, it follows that
the mapping of G*(v)/Z* onto T*(v) which is given by

k+ Z*—> dk

is well-defined and one-to-one. Consequently we may give to T*(v)
the vector space structure of G*(v)/Z* by defining

a1dry + a2 de; = d(ak; + asxs)
Since differentiation is a linear operator, we also obtain the rule
(a, a1 + asxs) = aila, 1) + asxa, «2)
Hence if A\, and A\, are elements of T*(v), then

{(a, d17\1 + az>\2> = al(a, A1 + ase, )\2)

The mappmg A— (a \) of T*(v) into the real numbers, which we
may associate with the tangent vector a, is a linear functional on
T*(v). Each tangent vector « gives rise to a distinct linear functional,
and so we may regard T'(v) as a subset of the dual space T*(v)* to T*(v).

"Lemma 1-2. T(v) is a subspace. of T*(v)*.

Proof. Let oy and a; be two tangent vectors to V™ at w.
Let o1(\) = (a3, \) and ¢2(N) = (@3, A) for all X in T*(v). Let
¢ = ayp1 + a2 in T*(v)*, where a, and a, are numbers. We must
show that there is a tangent vector a such that ¢(X) = (a, \) for all A
in T*(v).
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Let v: and 4. be differentiable parametrized curves through » with
the tangent vectors a; and ay, respectively. Define the curve y by

v®) = ari()) + av2(®) + (1 — a1 — aal
for —1 £t<1 Thenvyisin €. If f € §, then

%Mm@+mw®+ﬂ—Wr—wﬂ=m%MMﬂ+m%Mﬂﬂ

and so
v, ) = axlm, ) + axlys, )

It follows that, if « is the tangent vector to v at v, then
{a, \) = ar{as, N\) + axas, N)

for all X in T*(v), which was to be proved.

We see from the preceding lemma that we may give to T'(v) the
vector space structure that it acquires as a subspace of T*(v)*. We
then have the rule

(alal + Qq0t2, 7\) = al(“l, )\) + az(ﬂz, k)

Let (z1, . . . , za) be coordinates in V*. Let w be the vector with
the coordinates (0, . . . , 0), and let u#(f) be the vector with the
coordinates (0, . . . , ¢, . . ., 0), where the ¢ occurs in the jth place.

Then define the curve v; by
7)) =v+ W) —w

for —1 = ¢t =< 1. We shall denote the tangent vector to v; at v by
(8/9z;), or by 8/dz, if it is clear at which point this tangent vector is
being considered. Define the function f; by f,(z1, . . . , Za) = z,.
The differential of f; at » will be denoted by (dz,), or by dz; when we
wish to suppress the point ». If » has the coordinates (a1, . . . , @),
then

_ aj if 2 bl ]
sy =%, §izd
Hence
/o .\ _[0o ifi=j
\-ﬁ:t dx;/ =11 ifi=3 (1-3-1)
Theorem 1-6. Let (1, . . . , xn) be coordinates in V. Then the

vector spaces T (v) and T*(v) are dual to one another and of dimension n.
Furthermore, {8/02,, . . . , 3/3x,} 18 a basis of T(v) and {dz,, . . . ,
dx,} is its dual basis.
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Proof. From the relations (1-3-1) it is clear that the differentials
dzi, . . . , dz, are linearly independent. We shall prove that they
span T*(v). If v is any curve in G, there are functions gy, . . . , g, of
t such that y(¢) is the point whose coordinates are (gi(t), . . . , ga(f)).
If f is a function from {, then

mm=2 7}(0)

]B

On the other hand,
(v, dz;) = g;(0)
0
and so (v, df) = <7, z aﬁj dx;>
It follows that
of
af = 2 F | @z
=1

‘This proves that T*(») has dimension x.

The dual space T*(v)* to T*(v) therefore has dimension n. Since
T(v) is a subspace of T*(v)*, its dimension cannot exceed n. On the
other hand, from the relations (1-3-1) we may conclude that the
tangent vectors 9/dz;, . . . , 0/dz, are linearly independent. Con-
sequently dim T'(») = » and hence T(v) = T*(v)*. The duality of
the two bases is expressed by the relations (1-3-1).

Let ¢: U— V™ be a differentiable mapping of an open subset U of
V* which contains the point ». If fis a function which is differentiable
on a neighborhood of the point ¢(v), then fop is in § (see Figure 1-3).
Furthermore, if f; and f, are two such functions which belong to the
same germ at ¢(v), then fiop and fiop belong to the same germ at v.
Consequently we may define

¢# (germ of f at ¢(v)) = germ of fop at v

and obtain a linear transformation ¢ # : G*(o(v)) — G*(v).

On the other hand, if v is a curve in €, then ¢oy is a curve in V™
through ¢(v) (see Figure 1-4). Since fo(¢oy) = (fop)oy for functions f
defined near ¢(v) and curves v in €, we see that

(M) d“) = (7) d‘P#(“» (1'3'2)
where « is the germ of f.
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If x, and «s are two germs at ¢(v) with dx; = dk,, then, from (1-3-2),
(v, do#* (k1)) = (v, do* (xs)) '

for all curves v in €. Hence do#(x1) = do#(x;). We may there-
fore define ¢*(dx) = do#(x) and obtain a linear transformation

Vm

® ¢(v)

Fra. 1-3

Fi16. 14

*: T*(p(v)) = T*(v) of the cotangent space to V™ at ¢(v) into the
cotangent space to V" at v. ¢* will be called the linear transformation
of T*(¢(v)) induced by .
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Similarly, if v; and v, are two curves in € with the same tangent
vector, then

(¢°’Yl} d") = (¢°72) d‘)

for all germs « at ¢(v). Hence ¢oy; and ¢oy; have the same tangent
vector at ¢(v). We may define

ox(tangent vector to y) = tangent vector to ooy

and obtain a mapping ¢«: T(v) — T(¢(v)) of the tangent space to V*
at v into the tangent space to V™ at ¢(v). The mappings ¢* and ¢«
satisfy the relation

(px(@), \) = (a, ¢*(N)) (1-3-3)

for « € T(v) and A € T*(¢(v)). Since ¢* is a linear transformation,
it follows from the relation (1-3-3) that ¢« is a linear transformation.
ox will be called the linear transformation of T'(v) induced by ¢.

EXERCISES

1. Let (21, . . . , zs) be coordinates in V*. Let y be a parametrized curve in
V». Let (gi(t), . . . , ga(t)) be the coordinates of the point v(t). Prove that v is
differentiable if and only if g1, . . . , ga are differentiable.

2. Prove that, if v1 and v, are two curves in € with the same tangent vector at v,
then v1 and v are tangent to each other at v.

8. Construct an example of two differentiable curves in V* which are tangent to
one another at 0 and yet do not have the same tangent vector.

4. Consider the functions

0 fort £1
fi(t) = {e-u(t—m fort > 1
f,(t)=0 for—eo<t<w

Prove that f; and f; are differentiable on V1. At which points do f; and f belong
to the same germ? At which points do they have the same differential?

B. Let (z1, . . . , Za) be coordinatesin V». Let y € €. Let (gi(2), . . . , ga(t))
be the coordinates of v(f). Prove that the tangent vector to vy at v is

3

Io —

29,( )az;
y=

8. Let ¢: U — V™ be differentiable, where U is an open subset of V" containing
the point . Let (z1, . . . , Za) be coordinates in U and (3, . . . , Ym) be coordi-
nates in V™. Let ¢ be given in terms of the coordinates by

Y1 = hy(zy, . . ., Zn)

Ym -hﬂ(zlt L) ,3.)



16 INTRODUCTION TO DIFFERENTIABLE MANIFOLDS
Prove that

n
e*(dy;) = z g_y_‘, ,dw‘
i=]
C 3
Y
o () = X &l

7. Let ¢: V2 — V2 be given by

Y1 = z16% + 24

¢ Yz = Z1€*3 — 23

Prove that ¢ is a diffeomorphism. Find the matrix of ¢« with respect to the
basis {3/0z1, 8/9zx2} and of ¢* with respect to the basis {dz;, dz.} at (0, 0).
8. Repeat Exercise 7 for the mapping ¢: V3— V3 given by
x 2
h = 2—-——‘-——-_'_ za + z2e%
z
Yz = 2—+l$2' — Tee%s + 2,
Ys = 2x2e% + 2,
at the point (zi, z¢, 2:) = (1, 0, 0).
9. Let Ubeanopensetin V"and Sanopensetin V™. Letp:U— S,¢:S— V!
be differentiable mappings. Let 8 = yop. Prove that for the induced linear
transformations

Ox = Yaopu 0% = p*oy*

10. Prove tflat, if ¢: V" — Vnris a diffeomorphism, the induced linear transforma-
tions ¢« and ¢* are nonsingular.
11. Let f, g € §. Prove that at v

d(fg) = f(v) dg + g(v) df

12. Letf € §. Leta = f(v). Let ebe a positive number, and let ¢(¢) be a real-
valued function defined and differentiable for |t — a] < e Let g = ¢gof. Prove
that dg = ¢'(a) df at v.

1-4 INNER PRODUCTS AND QUADRATIC FORMS

Let {#!, . . ., v*} be a basis of V». Define the linear functional
M\ V™ — real numbers by

Newt+ - - - Fewt) =

Then {A;, . . . , \,} is the basis of the dual space V»* which is dual to
{1, . . ., o). We shall write (u, \,) for \,(w).
Define the homeomorphism ¢,: V* — E" by

a'z(u) = «u: )‘l> + Ty « v oy (u) X,) + J:..)



AFFINE AND DIFFERENTIABLE STRUCTURE ON R" 17

Then o, attaches V" affinely to the point z, and we may use it to
identify E* with V*. In this way we introduce a metric into V». We
may assign a length |u| to each vector u, namely, the distance from
0:(0) to o.(u). Then

n

lult =3 (u, \)?

t=1

Let 7.: V*— E" be any homeomorphism that attaches V» affinely
to the point z. We know that there is a nonsingular linear trans-
formation u: V* — V" such that r, = o,0u. Hence

Ta(u) = ((I‘(u)r )‘1) +2,..., (u(u), An) + 2.)

By means of the homeomorphism 7, we introduce a different metric
into V" with respect to which the length |u| of the vector u is given by

fult = 3 (), M2

1=1

Let (a,,) be the matrix of the linear transformation g, that is,

n
u() = Z a, v
i=1
forj=1,...,n Then

n

(”(u)y x‘l) = z au(u, XJ)
1=1
as we may see by first checking it for v = v*. Hence the length |u| of
a vector u with respect to the metric introduced into V* by 7, is
given by

ul* = E E gty M)u, N,)
3=] y=1
where (g,,) = (a,,)%(a,) and (a,,)* denotes the transpose of (a,,).
The matrix (g,) is symmetric; thatis, it satisfies the relation
(g,)t = (gi7). It is also positive-definite, which means that the
quadratic form

$ 3 exx,
t=m] gl

is nonnegative for all real values of the variables X,, . . . , Xa and is
equal to 0 only if all these variables take the value 0. If we define a
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mapping (u, v) — (u, v) of V* X V* into the real numbers by

<ur v) E Z yu(“: )‘l)(”» J)

fm] jm]

these properties are equivalent to the properties of symmetry,
(v, u) = (u, v)
and positive definiteness,
(u,u) =0 and (u, u) =0 onlyifu =0

for this mapping. The “product” (u, v) is a product in the algebraic
sense, in that it satisfies

<alul + Q2Usg, v> = al(uh v) + a2<u2) U)

where a, and a, are numbers, and a similar linear relation for the
second argument. In terms of this product, |u|* = (u, u).

A “product” (u, v), defined on ¥V* X V* with real values, which is
symmetric, positive-definite, and bilinear (linear in each of its “fac-
tors”), is called an ¢nner product on V*. Every such inner product has
the form

(ur ”) z E gu(“; N)(u, )‘f>
tm] jm=]
where (g.;) is a positive-definite symmetric matrix, as the reader may
easily show, since g,; = (%, v/). We may summarize in these terms
what we have learned so far.

Theorem 1-8. Let |u| be the length of the vector u determined by
tdentifying E» with V" by means of a suitable homeomorphism. Then
there i3 an inner product (u, v) on V" with respect to which |u|? = (u, u)
for all u € V».

We shall show that the converse to this theorem is also true.

Let (u, v) be an inner product on V». Two vectors u, v are said to be
orthogonal if (u, v) = 0. If the vectors v}, . . ., v™ are mutually
orthogonal, they are linearly independent. If they are mutually
orthogonal and also of unit length, that is, if

0 when 7 = j
d =
o o) l when ¢ = j

they are said to be an orthonormal set.
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Lemma 1-3. Let {v?, ..., v™} be a linearly independent set of
vectors from V™. With respect to each inner product on V* there is an

orthonormal set {ul, . . ., u™} which spans the same subspace as
{vt, . .., o}

Proof. If m = 1, we have only to define

1
W = — 1
V', o)
Assume that the theorem has been proved form =1, . .., r. Let
{vo}, . . ., vt} be a linearly independent set. There is an ortho-
normal set {«!, . . . , 4"} which spans the same subspace as {v, . . . ,
v'}. Thus {u!, . . ., u, vv+!} is a linearly independent set. Let
w = pyrtl — (vr+l’ ul)ul -— et e <vr+l’ ur>ur

Then w 0, and we may define

1
u'+l = e—Y
Vv (w, )
Then {u!, . .., urt'} is an orthonormal set which spans the same
subspace as {v?, . . . , v"*'}. The theorem is therefore true for all m

by induction.

Theorem 1-7. Let (u, v) be an inner product on V*. Then there is a
homeomorphism v,: V* — E™ which attaches V" affinely to the point x such
that the length |u| which is determined by r. satisfies |u|®* = (u, u) for all
u € v

Proof. Let {o!, . .. ,v*} bea basisof V*. By Lemma 1-3 we may
assume that {v!, . . ., v*} is an orthonormal set. Let {Ay, . . . , Aa}
be the dual basis to {#}, . . . , »*}. Define r,: V* — E" by

T:c(u) = ((uy xl) +o,..., <uv M) + Z»)
Then [ul? = E {uy )2

=1

But we also have

. n
u= Y (u A)vf
&

from which we obtain

wy= 3 (u

t=]1

Hence jul* = (u, w)
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EXERCISES

1. Prove that, if (g¢;) is a positive-definite symmetric matrix, there is a non-
singular matrix (a:;) such that (g,,) = (a.;)%(as;).

2. Let u — |u| be a mapping of V» into the nonhegative real numbers such that
|u| = 0 only if w = 0. Prove that there is an inner product (u, v) on V" such that
(u, u) = |u|? if and only if the following conditions are satisfied:

a. |au| = |a| Ju| for numbers a.

b. lu 49| S [ul + vl

c. lu 4o+ |u—o|*=2[u* + 2|2

1-6 THE STRUCTURE OF THE GROUP OF AFFINITIES OF A*

Let o.: V» — A" be a homeomorphism which attaches V* affinely to
the point z in A™ If ¢: A®— A" is an affinity, let v = .7 (¢(2)).
Let p_u: A®— A™ be the action of the element —u on A™ Then
¥ = p—u°¢ is an affinity of A" which keeps the point z fixed. If we
write ¢ = p,o), we see that we have proved that every affinity is the
composition of an affinity which keeps the point z fized and a translation.
We shall therefore study the group of affinities that keep z fixed.

If : A»— A* is an affinity that keeps z fixed, then ¢y = o, lopo0,
is a nonsingular linear transformation of V*, by Theorem 1-3. Con-
versely, if ¢x: V" — V" is a nonsingular linear transformation,

¢ = 0:%0x%0; !

is an affinity, as the reader may easily demonstrate. Furthermore, if
¢1 and ¢ are two affinities of A" that keep z fixed, the induced linear
transformation (p1903)« is the same as the composition ¢1x°p2« of the
linear transformations ¢« and ¢sx. Consequently the group of affini-
ties that keep a point fixed has the same structure as the group GL(n) of
all nonsingular linear transformations of V. In group theoretic terms,
A(n) = V(n)GL(n), where A(n) is the group of all affinities of A" and
V (n) is the group of translations.

Theorem 1-8. V(n) is a normal subgroup of A(n). If p. denotes the
action of w € Vr on A* and ¢ and ¢ are affinities that keep the point x
fized, then

(pu0)°(puo) = poo(po¥)

where v = Uy + o« (Us) and o« 18 the linear transformation of V* induced
by o.
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Proof. Let o,: V*»— A® attach V* affinely to the point z. Let
¢: A" — A" be an affinity that keeps the point z fixed. Then
¢x = 05 '°¢pog;. By simple computations we may prove that

©°p.2¢~ ! = py (v
forv € V». If p, is any translation, then
(puop)opeo(puop) ™! = Pe, (v)

which proves that V(n) is a normal subgroup of A(n). The multiplica-
tion rule stated in Theorem 1-8 also follows from these computations.

We may derive from Theorem 1-8 a representation of the group A (n)
by matrices. Let {vl, . . . , v*} be a basis of V. For each element
¢x of GL(n) there is a unique nonsingular n X n matrix (c,,) such that

n
ox(v?) = E Civ*
=1

forj=1,..., n. If ¢, is a second element of GL(n) with the
. . ! . A !
corresponding matrix (c,,), then the matrix of p«op, is (c,)(c,).
On the other hand, if u € V', there are unique numbersa,, . . . , aa
such that
u=alvl+ o« o +anvu

We shall map the affinity p.o¢ onto the matrix

a1

(ed)
Qn
0 --- 0 1

Thus each element of A(n) corresponds to an (n + 1) X (n + 1)
matrix, and this correspondence is one-to-one. If the matrix

!’
(13}

(ciy)
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corresponds to the affinity p.-°¢’, we hope to find that the matrix

ax a;
(cep) . (cip) !
an a,
0 e 0 1 0 o o 0 1
a + b
(cii)(ey)
Gn + ba
0 0 1
b1 a;
where -] = (ey)
b a,

corresponds to (p.o¢)°(puo¢’). This follows from Theorem 1-8.

If we identify E» and A", we may regard the group R(n) of all rigid
motions -as a subgroup of A(n). The translations of A" are rigid
motions, and so it follows that every rigid motion is the composition of a
rigid motion with a fized point and a translation. A rigid motion with
a fixed point is called a rotation. The group O(n) of all rotations of E*
is called the orthogonal group. R(n) = V(n)O(n) in group theoretic
terms. The relationship among the various groups with which we
have been concerned is indicated in Figure 1-5.

A(n)
GL(n) >R (u)
\o(,,, .

Fia. 1-6
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Let us choose as our basis {v?, . . . , v*} of V" an orthonormal set
with respect to the inner product on V* which is derived from the
identification of E® with V». Since thisinner product is given in terms
of the lengths of vectors by the relation

2u, v) = |u + o* — ul? — |of?

it follows that a rotation p: E*— E™ about the point z to which V» is
attached preserves the inner product, that is,

(px(u), pe(v)) = (u, v)

where px: V*»— Vn is the linear transformation induced byp. It
follows that {p«(Y), . . ., px(v")} is also an orthonormal set. If (c;)
is the matrix of p« with respect to {v%, . . . , v*}, the relations
e, o = {7 17
tell us that (c,;)(c,,) is the identity matrix. Such matrices are said to
be orthogonal. Conversely, if (c,;) is an orthogonal matrix, the non-
singular linear transformation psx which it represents with respect to
the basis {»!, . . . , v*} preserves the inner product on ¥V». Thus it is
the linear transformation induced by a rotation about the point z. It
follows that the rigid motions of E* may be represented by matrices of
the form
a1

(c)

0...01

where (c;;) is an orthogonal matrix.

EXERCISE

Let (u, v) be an inner product on V». Prove that a mapping 6: V*»— V=, for
which (6(u), 6(v)) = (u, v) for all u, v € V™, is a nonsingular linear transformation.



CHAPTER 2

Differentiable Manifolds

In this chapter we shall see how it is possible to assign a differentiable
structure to certain topological spaces which are of a more general
character than euclidean n-space. What we shall demand is that these
spaces be locally homeomorphic to ¥V» and that these local homeo-
morphisms fit together in a smooth way. For the purpose of visualiz-
ing such spaces intuitively, the reader should keep in mind the familiar
example of a surface in ordinary euclidean 3-space without singulari-
ties, defined by a differentiable relation f(z) = 0.

We shall first consider the general class of examples consisting of
subspaces of E* which are defined by means of a set of relations.
Later we shall give the definition of an abstract differentiable manifold
which does not require that the manifold be a subset of some euclidean
space. Although we shall not need it for the general theory, it is
interesting to examine the relationship that exists between the differ-
entiable structure of a subspace of E» and the differentiable structure
of E» itself.

2-1 DIFFERENTIABLE VARIETIES IN E-

Let f1, . . . , fs be functions which are differentiable on an open set
V in E». These functions define a variely S of E* consisting of those
points z in V for which fi(z) = + - - =f,(x) = 0. We shall assign

to S the topology which is induced on it by the topology of E*. For
example, a single function f(z,, o, ;) defines a surface in E3. A pair of
functions fi, f, defines the intersection of two surfaces, which is
generally a curve.

It is necessary to impose a condition on S which will guarantee that
there are no singularities. We shall assume that each point of S has a
neighborhood in E* on which the matrix

#i -
9z 0%n
AN/
6::1 oxn
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has constant rank r with » < n and that r is the same for all points of S.
A variety S that is subject to this condition will be called a differentiable
variety in E». In the next section we shall show that, if x is a point of
S, there are an open subset W of E™, where m = n — r, and a one-to-
one differentiable mapping n: W — E* such that U = n(W) is an open
subset of S which contains . Furthermore, there are an open subset
U of E* and a differentiable mapping ¢: U — E™ such that U C U and
fon is the identity mapping on W. It follows that 7 is one-to-one and

Ea

Fie. 2-1

its inverse mapping is the restriction of { to U. In the case of a surface
S in E?, this says that there is a one-to-one differentiable mapping of
an open set W in the plane E? onto an open set U on the surface which
can be inverted by a differentiable mapping from E® into E? (see
Figure 2-1).

Actually, there are many choices for the set W and the mapping 7.
Each set U = n(W), together with its corresponding mapping », will
be called a coordinate neighborhood of S. 1t should be apparent that we
may attach to S at the point 2 in U a tangent space of dimension m
which plays the same role as the tangent space to E™ at a point.
This construction will be presented in detail for abstract differentiable
manifolds, and so we shall postpone it until that time.

Let us consider, as an example, the 2-sphere S? defined by
z:? + 292 + 232 = 1. In this case the matrix under consideration is
the 1 X 3 matrix (22, 2z: 2xs) which has rank 1 at all points of S2.
We shall show how to construct a coordinate neighborhood of the
point (1, 0, 0). Let W be the plane z; = 0. If u = (0, u, us) is
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a point on W, we let n(u) be the point where the line joining « to
(=1, 0, 0) intersects S? (see Figure 2-2). If n(u) = (21, 3, z3), then

l - u;’ - 'u:’

B = T T
Zs = 2u1
14 u® + ua?
2y = 2uz
P u + ou?

Consequently n: W — E? is a differentiable mapping that carries W
onto the subset U of S? which is obtained by removing just the one

Fic. 2-2

point (—1,0,0). On the other hand, let U be the subset of E? obtained
by removing the point (—1, 0, 0) and define ¢{: U — W by projection
through the point (—1, 0, 0). If {(z1, 72, z3) = (0, u1, u2), then

== xz Uo = xa
14z 2 142

and so { is a differentiable mapping. The projection 5 is called the
stereographic projection of the plane onto the sphere.

U1
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Before we leave the differentiable variety Sin E* and turn to abstract
manifolds, we shall examine the relationship between the notions of
differentiability on S and differentiability in E». Let g be a function
which is defined on a neighborhood in 8 of a point z. Let U be a
coordinate neighborhood of z, and let n: W — U be the corresponding
mapping. We shall say that g is differentiable at z if the composite
mapping gon: W — R is differentiable at n~!(z). Since z may lie in
many coordinatq neighborhoods, we must show that this notion of
differentiability does not depend upon the particular coordinate
neighborhood that we use.

Let U, and U: be two coordinate neighborhoods of z, and let
m: Wi — U, and 52: W2 — U, be the corresponding mappings. There
are open sets U, and U. in E* and differentiable mappings ¢1: U, — W,
and {2: Uy — W, such that Uy C Uy, U, C Uy, §109: is the identity
mapping on W, and {yon, is the identity mapping on W,. If we
suppose that gon, is differentiable at 5,7'(z), then, on W, N\ W,,
gons = gomotion, is the composition of the differentiable mappings 5.
and ¢, and the differentiable function goy;, and so gon, is differentiable
at n,~1(x). Similarly, if gon, is differentiable at #,~'(z), then goy, is
differentiable at 7,~(x).

The next theorem shows that the differentiable functions on S are
locally the restrictions to S of differentiable functions on E».

Theorem 2-1. Let g be a function which is defined on the coordinate
netghborhood U of 8. Then g is differentiable on U if and only if g is the
restriction to U of a function h which is differentiable on an open subset
U of E* such that U C U.

Proof. Letn: W — U be the differentiable mapping associated with
the coordinate neighborhood U. Let {: U — W be the differentiable
mapping such that U C U, where U is an open subset of E#, and {ey is
the identity mapping on W.

1. Assume that ¢ is differentiable on U. Define A = gonof on U.
Then 4 is differentiable on U, and hA(z) = g(z) for z in U.

2. Conversely, assume that g is the restriction of a function 4 which
is differentiable on an open subset U of E" such that U C V. Now
gon = hon, and heq is differentiable on W. Hence g is differentiable
on U.

Let V be an open subset of E!. The differentiability of a mapping
¢: V — 8 will be defined by referring it to the differentiability of func-
tions on V. We shall say that ¢ is differentiable at the point y in V if
for every function g on S which is differentiable at ¢(y) the function
gop is differentiable at y.
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Now ¢: V — S may also be regarded as a mapping into E*. From
the point of view ¢: V — E*, we know that ¢ is differentiable at y if for
every function 4 on E» which is differentiable at ¢(y) the function heep
is differentiable at y. According to Theorem 2-1, the functions g used
in the definition of the differentiability of ¢: V — S are the restrictions
to S of the functions 2 which are used in the definition of the differ-
entiability of ¢: V — E». Consequently these two notions of differ-
entiability for ¢ are equivalent to one another.

EXERCISES

1. Show that the relation
1% + 292 + T — 3TaTezs = 1

defines a differentiable variety in E2.
2. Show that the relations

z1% + 2% + 23 + 42
T1Z2%3T4

|
—

define a differentiable variety in E* provided the points ( +34, 34, +34, +34)
are excluded.
8. Show that the relations
) Z1? + 22123 — 229%3 — T2? = 0
22, — 22+ 23 =0

define a differentiable variety in E?.

4. Let W be the subset of the plane z; = 0 in E?* consisting of those points
(0, w1, us) for which w12 + us? < 1. If u = (0, uy, ue) is a point of W, let n(u) be
the point where the line through u parallel to the z;-axis intersects S? with a
positive z-coordinate. Prove that (W) is a coordinate neighborhood of 8* with
respect to the mapping ».

2-2 THE IMPLICIT-FUNCTION THEOREMS

The unproved statement in the previous section concerning the
existence of coordinate neighborhoods on varieties in E* is a con-
sequence of the well-known implicit-function theorem of advanced
calculus. The implicit-function theorem describes sufficient condi-
tions under which a system of r equations

fi@, .« Ty, - Ym) =
................. ce (2-2-1)

fr(xly v ey T Yy .. ;yM)=0
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in r + m variables z,, . . ., 2, %1, . . ., Yym may be solved for
Ty, ...,%intermsof y1, . . . , Ym

Implicit-function Theorem of Advanced Calculus. If fy, . . ., f;
are differentiable functions on a neighborhood of the point

(xo, yo) = (zlor vy xfoy y1°) e ey ymo)
in Er+m of fi(x°, y°) = - -+ = f(2° ¥°) = 0, and if the r X r matriz
o o
3:61 axr
o .. O
axy oz,

18 nonsingular at (z°, ¥°), then there are a neighborhood U of the point
¥ =" ..., yn") in E™ a neighborhood V of the point

2=(@°...,z°)

in Er, and a unique mapping ¢: U— V such that ¢(y°) = z° and
file®), ) = + -+ = fleW®), y) = 0 for all y in U. Furthermore, ¢
1s differentiable.

In other words, if we write

o) = (@), . . ., 9®)
where g1, . . . , gr are differentiable functions on U, then
z=gi1(yy, - - -, Yn)
Xy = gr(yly e ey ym)

is the unique solution of the system (2-2-1) near y°. A proof of this
theorem may be found in most books on advanced calculus. In
particular, the reader may consult R. C. Buck, ‘“Advanced Calculus”
(McGraw-Hill, New York, 1956).

We shall extend this theorem to take care of the case where the
number of equations exceeds the number of unknowns.

General Implicit-function Theorem. Iff, . . . ,f. are differentiable
Sfunctions on a neighborhood of the point

(xor yo) = (zlo’ voe e ,:c,°, yloy e ;ymo)
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in Ertm 4f f1(2° ¥°) = - - - = fi(2° ¥°) = O, if the 8 X r mairiz

o .
a::l a:c.
g(x,y)=‘ PR S
o . O
83:1 azr

G .. h .
o or, 9Oy OYm
Py =1 -
O .. o S . O
9z, dz, 9y Ym
has constant rank r on a neighborhood of (z°, y°), then there are a neighbor-
hood U of the point y° = (11° . . . , Yyn*) in E™ a neighborhood V of the
point z° = (z:° . . . , 2.°) in Er, and a unique mapping ¢: U—> V
such that ¢(y°) = z° and fi(e(y), ¥) = * -+ = fule®), ¥) = O for all
y in U. Furthermore, ¢ is differentiable.
Proof. By renumbering the functions fi, . . . , f;, we may assume
that the submatrix
o . o
6:81 axr
gl(x, y) =1 ¢ ¢ ¢ s e
LA
o oz,

consisting of the first » rows of g(z, y) is nonsingular at (2°, ¥°). It
follows from the continuity of the determinant of gi(z, y) that thereisa
neighborhood W of (z° %°) on which gi(z, ¥) is nonsingular. We may
assume that the neighborhood W is so small that g*(z, y) has rank r
at every point of W. It follows that the first r rows of g*(x, y) are
linearly independent and its remaining rows are linear combinations of
these when (z, y) isin W. We may write for the sth row

i91"-=alg‘f—’+---+a,a—f' J=14L ...,r

ox; oz, ox; (2-2-2)
a—'f‘.:ala_‘fl_i_ .« . . +a911 k=1 m

ayg 3yg 'ayk Yo

for (2, y) in W, where a,, . . . , a, are functions on W,
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Apply the implicit-function theorem of advanced calculus to the
functions f1, . . . ,f». There are a neighborhood U of y°, a neighbor-
hood V of z°, and a unique mapping ¢: U — V such that ¢(y°) = z°
and

fille@), v) = + + - =fle(),y) =0 (2-2-3)

foryin U. ¢isdifferentiable. We may assume that U is a connected
set and is so small that (¢(y), ¥) isin W when y isin U. TUnder these
circumstances, we may prove that also

frale@), ) =+ + + =fle), ) =0
foryin U.
Define the functions gy, . . . ,g-on Ubye(y) = (:(%), . . . ,9:®))
and define w,(y) = fi(e®), ¥) forr +1 ¢ <s. Then

r

a_w-_za_ﬁ
dy; a
Y; o] Tk

ogx | O

(v)) OY5  OU;

(e().v)

If we use the relations (2-2-2), then

r

ow, _ a [ ofi
a9y, ! oz
=1 k=1

3. | of
(o)) 0Y;  OYj

(e(),9) l

But the expressions in braces are equal to zero for y in U, as can be
seen by differentiating the relations (2-2-3) with respect to y;. Hence
dw,/dy, = 0forj =1, ..., m. This implies that w, is constant on
U. Since w; = 0 at y°, it follows that w; = 0 on all of U, which was to
be proved.

The theorem which is needed for the existence of coordinate neigh-
borhoods on varieties in E® is a symmetrical form of the general
implicit-function theorem. It states sufficient conditions for a system
of equations

fl(:tx, e ,z..) =0

------------

ooooooooooooo
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Implicit-parametrization Theorem. If f, . . . , f, are differentiable

functions on a neighborhood W of the point 2° = (z.°, . . . , z.°) in E",
if fi(@°) = + - - = fu(z°) = 0, and if the 8 X n matriz

o 1 o

azl axu

g(x) =0 ¢ ¢ ¢ 0 e e

of ..

0z oz,
has the constant rank r on W, with r < n, then there are a neighborhood U
of ¥°=1(0,..., 0) in E™ where m = n — r, and a differentiable
mapping n: U — W such that n(y°) = z° and

fin@) = - - - =fila(®) =0

for yin U. Let S be the variety defined by f1, . . . ,foin W. If Wis
sufficiently small, then there is a differentiable mapping ¢: W — E™ such
that n(U) = W N 8 and ton is the identity mapping on U.

Proof. The proof is similar to the proof of the preceding theorem.
Consequently the details will be left to the reader.

By suitably renumbering the coordinates x1, . . . , z», we may apply
the general implicit-function theorem in order to solve for z;, . . . , z-
in terms of z,41, . . . , .. There are a neighborhood U, of the point
(2241, - - ", °) in E™ a neighborhood V of the point (z,° . . . , z,°)
in Er, V X U, C W, and a unique mapping #,: Uy — V such that
Mm@y -, 2% = (@°% ..., 2°) and

Sim@esy, - o o, Zn)y Ty, o .., 20) =0

forj=1,..., sand for (4, . . ., ) € Ur. Let r: E»— E™

be the translation of E™ which carries y° = (0, . . ., 0) onto the

point (22,4, . . . , 2.°). Let U =7"'(U,), and define n: U —» W by
1Y) = (mer(y), 7))

We may now replace W by the product set V X U,. Then define
‘- . V X U1—> U by
g-(z) = T-l(xr-}-l; « .oy xn)

These sets and mappings satisfy the desired conditions.

2-3 DIFFERENTIABLE MANIFOLDS

With the differentiable varieties in mind, we shall now give the
definition of an abstract differentiable manifold.
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Let M be a Hausdorff topological space with a denumerable basis.
We postulate the existence of an indexed collection of pairs {W.,,
Na}ac1, Where W, is an open subset of E* and 5,: W, — M is a homeo-
morphism of W, onto an open subset U, of M which satisfies the
following conditions:

1. If m is a point in M, there is an index « in I such that U,
contains m.

2. For every ordered pair of indices a, 8 from I such that

U=U.NUs

is not empty, the restriction of ng~'oy, to 7,~*(U) is a differentiable
mapping of this set into E".

3. If »: W — U is a homeomorphism of an open subset W of E" onto
an open subset U of M such that for any index « for which U M U, is
not empty the restriction of 5~en, to 7.~'(U M U.) and the restriction
of 9a=1eq to 7~ Y(U M U,) are differentiable mappings, there is an index
B such that (W, #) = (W, 15).

The integer n is the same for all indices and is called the dimension of
the manifold M. The sets U, are called the coordinate neighborhoods
of M. The mapping ¢a = 7."': Ua — W, will be called the coordinate
mapping corresponding to the coordinate neighborhood U. Condi-
tion 1 guarantees that M is covered by its coordinate neighborhoods.
If a, B are indices such that U, M Us = U is not empty, condition 2
tells us that ng'on, and n.lens, when suitably restricted, are both
differentiable mappings. Since these two mappings are inverse to one
another, it follows that their jacobian matrices have rank n. The
mapping ng~lon, = @gep,~! will be denoted by ¥.* and will be called the
coordinate transformation on U, M Uy (see Figure 2-3).

Condition 3 expresses the fact that the family {U., ¢a}«cr contains
every possible coordinate neighborhood of the manifold M. In a
certain sense, which we shall make clear, this condition is superfluous.
Its purpose is to eliminate the annoying ambiguities which would arise
if the family of coordinate neighborhoods were not complete. We
shall see that, if we merely assume conditions 1 and 2, it is possible to
enlarge the family { We, 74}acr in one and only one way so as to make
it satisfy condition 3.

Let M be a Hausdorff space with a denumerable basis and with a
family W = {Wa, n.}cr subject only to conditions 1 and 2. Under
these circumstances, we shall call M a coordinate manifold. A pair
{W, 3} consisting of an open subset W of E* and a homeomorphism
n: W — U onto an open subset U of M will be said to be compatible
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with W if, for every index a such that U N U, is not empty, the
mappings #~ e, and 7, 'on are differentiable when restricted to the
sets 7.~ (U N U,) and 5~} (U N UL), respectively. It is clear that, if
it is possible to enlarge the family W so that M becomes a differentiable
manifold, the enlarged family consists of those pairs { W, n} which are
compatible with W.

Fi6. 2-3

Theorem 2-2. Let M be a coordinate manifold with the family
W = {Wa, na}acr satisfying conditions 1 and 2. Then the family W*
consisting of all pairs which are compatible with "W satisfies conditions 1,
2, and 3, and therefore makes M into a differentiable manifold.

Proof. 1t is clear that, if we prove condition 2 for ‘W*, we have
proved the theorem. Let {W, 3} and {W’, "} be two pairs which are
compatible with W. Let U = (W) and U’ = 5'(W’), and assume
that U M U’ is not empty.

Let z be a point of '~}(U N U’). We must prove that n~loy is
differentiable at 2. By condition 1, there is an index « such that ’'(x)
is contained in U, = 9.(W.). Hence the set U. N\ U N U’ is not
empty, and on this set n~lon’ = (n~lona)e(ns"'oy’). By the compati-
bility of { W, n} with W, we know that the mappings n—'en, and na"ton,
suitably restricted, are differentiable. Hence n~loy’ is differentiable
at z.
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We see from Theorem 2-2 and the remarks preceding it that it is
sufficient to describe the coordinate neighborhoods of a coordinate
manifold in order to define a differentiable manifold. We shall
usually be satisfied with such a description when presenting examples
of manifolds.

Let M be a differentiable manifold, and let U, be a coordinate
neighborhood of M. Let ¢a: Us— W, be the associated coordinate
mapping. If m is a point in U,, then g.(m) = (z;, . . ., z,). In
other words, with respect to a particular coordinate neighborhood U,
the coordinate mapping assigns to each point of U, a set of coordinates

Zy, . ..,Zn. Whenitisclear that the point m is being considered as a
point of U,, we shall speak of it as the point (z;, . . . , z.) instead of
na(Z1, . . ., Za). Of course, m may also be a point in another coordi-

nate neighborhood and may have quite different coordinates with
respect to that other coordinate neighborhood.

Let M be a differentiable manifold. Let f be a real-valued function
defined on an open subset V of M. In order to describe the differ-
entiability of f, we shall refer to the notion of differentiability in E» by
introducing coordinate neighborhoods. Let m be a point in V. Let
U. be a coordinate neighborhood of m, and let 9.: W, — U, be the
corresponding mapping. Then foy, is a function on the set 9,~}(V N
U,). If foy, is differentiable at ,~'(m), we shall say that f is differ-
entiable at m. We must show, of course, that this notion of differentia-
bility does not depend upon the choice of the coordinate neighborhood.
Let Uj be another coordinate neighborhood which contains m, and let
ns: Wg— Ujp be the corresponding mapping. Then

Jons = (fona)oys®

where 32 is the coordinate transformation on U, N Us. Con-
sequently fong is also differentiable at 75~'(m), which was to be proved.
If f is differentiable at all points of V, we shall say that f is differentiable
on V.

The differentiability of mappings may now easily be defined in terms
of the differentiability of functions. Let M and M’ be two manifolds.
Let o: V — M’ be a mapping defined on an open subset V of M. Let
m be a point in V. If for every function g which is differentiable on a
neighborhood of #(m) the function ges is differentiable at m, we shall
say that o is differentiable at m. If o is differentiable at all points of V,
we shall say that o is differentiable on V.

If § is a homeomorphism of the manifold M onto itself such that
both & and 6! are differentiable on M, then § is called a diffeomorphism
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of M onto itself. It is clear that the set of all such diffeomorphisms
forms a group.

EXERCISES

1. Prove that the differentiable varieties in £ are differentiable manifolds
2. Prove that the mapping

Y1 = I1 8in 25 + 22 cO8 73
LH Y2 = 1 CO8 T3 — Ty 8in 3
Ys = T3

is a diffeomorphism of S? (see Section 2-1).

2-4 CONSTRUCTION OF DIFFERENTIABLE MANIFOLDS BY
IDENTIFICATION

A topological space M can be given the structure of a differentiable
manifold if there is a homeomorphism of M onto a differentiable
variety in E». For example, any space that is topologically equivalent
to the variety in E? defined by the equation z,2 + 2,2 4+ 232 = 1 can be
made into a differentiable manifold called the 2-sphere. We shall now
present some examples of topological spaces which can be given the
structure of differentiable manifolds because they are the image of a
sufficiently well-behaved mapping defined on E*. In particular, we
shall produce the 2-sphere by this method.

Identify E® with V3 so that the point (0, 0, 0) corresponds to the zero
vector. If u is a nonzero vector from V3, the set H, of all points
(uat, ust, ust) with £ > 0 will be called the ray or half line in E? defined
by u. If v is another nonzero veetor, then H, = H, if and only if v
and u have the same direction, that is, if and only if there is a positive
number ¢ such that v = cu.

Let S be the set of all rays of E3. Let E* be the set of all points of
E3 that are different from (0, 0, 0). Each point z in E* belongs to
precisely one ray H in E3. The correspondence x — H of E* onto S
will be called the identification mapping and will be denoted by =.
Let U be a subset of S, and denote by #~'(U) the set of all points of E*
that are mapped into U by =. We say that U is an open set in S if
#~1}(U) is an open set in F% By this definition S becomes a topo-
logical space.

Let 82 be the variety in E? defined by the equation

2?2t 3 =1
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If H isa point in §, then, as a ray in E3, H intersects S? in precisely one
point which we denote by o(H). o is a one-to-one mapping of S onto
82 which the reader may easily show is a homeomorphism.,

Of course, the homeomorphism ¢ enables us to introduce the dif-
ferentiable structure of S2into S. But we shall see that the identifica-
tion mapping can also be used to introduce a differentiable structure
into S.

Let f be a real-valued function on an open set U in S. Then
U = x~1(U) is an open set in E3, and f* = for is a function on U. We
shall say that f is differentiable on U if f* is differentiable on .
With this notion of differentiability for functions, we may define
differentiability for mappings in the same manner as for differentiable
manifolds.

We shall show that the homeomorphism o: S — 8%, defined pre-
viously, and its inverse are differentiable mappings. Let f be a func-
tion defined on an open subset U of S2. Letg = for and V = ¢~ *(U).
Letu = #~3(V) and ¢* = gox. Thenu N 82 = U and

Xy X2 T3

g*(:lh, T, :c;) = f -a-’ _J, d)

where d = /2.2 + 1.2 + 23 for (zy, T2, 23) € U. If fis differentiable
on U, then clearly g* is differentiable on U. By the definition of
differentiability which we have adopted for S, this means that g is
differentiable on V; hence we have proved that o is a differentiable
mapping. On the other hand, let g be a function defined on an open
subset V of S. Let f = goo~! and U = (V). Let U = »~}(V) and
g* = ger. Then U4 N 82 = U, and the restriction of g* to U is the
same function as f. If g is differentiable on V, this means that g* is
differentiable on 4. Theorem 2-1 then tells us that f is differentiable
on U; hence we have proved that ¢! is differentiable.

It should now be clear that, if we can find a coordinate neighborhood
of S with respect to which the differentiable functions are the same as
those we have already defined, this coordinate neighborhood will be
the image under ¢! of a coordinate neighborhood on S%. We leave
to the reader the verification that S may be given a complete set of
coordinate neighborhoods so that it becomes a differentiable manifold
with respect to which the differentiable functions are the same as those
already defined.

We now have an example of a topological space, namely, the
topological 2-sphere, which has defined on it two differentiable struc-
tures. These differentiable structures are abstractly the same, in a
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sense which we shall now make precise. Two differentiable structures
M, and M; on the same topological space X are said to be isomorphic
if there is a homeomorphism ¢ of X onto X such that both ¢ and its
inverse ¢! are differentiable mappings.

It is not generally true that two différentiable manifolds that are
topologically equivalent must have isomorphic differentiable struc-
tures. It has been proved that there are many differentiable structures
on the 7-sphere no two of which are isomorphic.

We shall now consider how to give the 2-dimensional torus a dif-
ferentiable structure. On the one hand, the 2-torus is a surface of
revolution in E? generated by revolving a circle about a straight line
which does not meet it. Consequently it is a differentiable variety in
E% and can be given the corresponding differentiable structure. We
shall now describe another method for producing a differentiable
structure on the 2-torus.

Identify V? with E? so that we may regard E? as a group. The
group operations induce diffeomorphisms of V2. Choose a basis
{v', 2} of V2. Let D be the subgroup of V* consisting of all vectors
aw! + aw?, where a;, and a, are integers. Let T denote the quotient
group V?/D. If v is any vector in V2, the coset v + D will be called
the lattice in V* determined by v. Let x: V2— T be the natural
homomorphism, for whichx(y) = v + D. A subset U of T will be said
to be open in T if the subset #~1(U) of V?is open in V2. This choice of
open sets establishes a topology on T.

Consider the mapping o*: V2 — E? defined by

a*(e1w! + c?) = ([2 + cos 2rey] cos 2rey, [2 + cos 2wey] sin 2wres, sin2mwre,)

The reader may easily verify that ¢*(V?) is the differentiable variety
in E3 which we have called the 2-torus and which we shall denote by 7.
He may also prove that o*(u) = ¢*(v) if and only if u and v are in the
same lattice. Consequently o* induces a one-to-one mapping o of T
onto T? defined by o(v + D) = ¢*(v). The mapping o is a homeo-
morphism of T onto T.

Let f be a function on the open set U in T. Let U = x~}(U).
Then for is a function on U. We shall say that f is differentiable on U
if for is differentiable on 4. In terms of these differentiable functions,
the notion of differentiability for mappings into T may be defined in
the usual fashion. Just as for the 2-sphere, we find that o: T'— T2 is
an isomorphism between the two differentiable structures that we have
introduced on the 2-torus,
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EXERCISES

1. Prove that S is a topological space and that ¢: 8§ — S? is & homeomorphism.

2. Prove that S may be given the structure of a differentiable manifold with
respect to which the differentiable functions are the same as those which were
defined by means of the identification mapping.

8. Prove that T is a topological space and that o: T — 7T?is a homeomorphism.

4. Prove that T may be given the structure of a differentiable manifold with
respect to which the differentiable functions are the same as those which were
defined by means of the homomorphism =.

2-5 GERMS OF DIFFERENTIABLE FUNCTIONS

Let M be a differentiable manifold. Let m be a point of M. Asin
the case of E*, we may introduce the germs at m of functions which are
differentiable near m. Let f; and f; be two functions, each of which is
differentiable on some neighborhood of m. If f, and f; have the same
values on a neighborhood of m, they will be said to have the same
germ at m. This is an equivalence relation among the functions that
are differentiable near m. The equivalence class of all functions that
have the same germ as f; will be called the germ of fi.

The set G*(m) of all germs at m is easily given the structure of a
vector space by using the operations of addition and multiplication by
numbers on the functions (see Section 1-3). We shall see that G*(m)
is of infinite dimension. Let U be a coordinate neighborhood of m,
and let (z;, . . ., z.) be the coordinates of the points of U. We
define the sequence of functions fo, f1, f2, . . . on U by

L@y, ..., 1) =2

Suppose that the germs of the functions fo, fi, . . . , f» were linearly
dependent. Then there would be numbers ¢o, . . . , ¢, Dot all zero,
such that cofo + * * * + c¢f, would be the zero function on some
neighborhood of m. But this would mean that the polynomial
co+ ez + -+ - + cxi” is zero for all values of z; in some open
interval, which is not true. Thus we have produced an infinite
sequence of germs which are linearly independent.

The product A of two functions f and g which are differentiable on a
neighborhood of m may be defined by h(p) = f(p)g(p) for points p
which are in a neighborhood of m on which both f and g are defined.
The function kb will then be differentiable on a neighborhood of m.
If fi and f; have the same germ and if g, and g, have the same germ,
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then fig: and fag: have the same germ since

figr = fag2 = (i — fa)g1 + fa(g1 — g2)

Thus we may define the product of the germ of f and the germ of g to
be the germ of k, and the result does not depend upon which functions
we have used to represent the germs. If we introduce this operation
into the vector space G*(m), then G*(m) becomes a commutative
algebra.

Theorem 2-3. Let m and m’ be two points of a differentiable manifold
M. Let G*(m) and G*(m') be the corresponding algebras of germs of
differentiable functions. Then there is an isomorphism of G*(m) onto
G*(m').

Proof. Let U and U’ be coordinate neighborhoods of m and m’,
respectively. Let ¢ and ¢’ be the corresponding coordinate mappings.
Let » be the translation of E* which carries ¢'(m’) onto ¢(m).

If « is an element of G@*(m), we may assume that the function f which
represents « is differentiable on a neighborhood V of m which is con-
tained in U. Then g = fog—loroy’ is a function which is defined on a
neighborhood of m’. Since gop'—! = (fop—')or is the composition of
the differentiable mapping = and the differentiable function fee™!, it
follows that goo’—! is differentiable on a neighborhood of ¢'(m').
Thus ¢ is differentiable on a neighborhood of m’ and has a germ in
G*(m’). We shall call this germ o(x). We must show that this
definition depends only upon x and not upon the function that we have
chosen to represent «.

Let f; be another function which represents «, so that f — fi is zero
on a neighborhood of m. Let g, = fiop~lorop’. Then

g — g1 = (f = fr)ep loroy’
is zero on a neighborhood of m’. Consequently g, belongs to the same
germ as g, and we have proved that ¢: G*(m) — G*(m’) is a well-defined
mapping.

Let «; and k2 be two elements of G*(m) which are represented by the
functions f, and f,, respectively. If @, and a, are numbers, then
aifi + asf, represents the germ aix; + aax; on a suitable neighborhood
of m. Hence o(aix1 + a@2x;) is represented by

(arfy + asfs)oporop’ = ar(firog~oro9’) + as(frop~toroy’)

Thus
o(ax1 + asxs) = aw(k) + azo(xs)

and we see that o;: G*(m) — G*(m') is a linear transformation.
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In the same manner, we may define a linear mapping ¢’: G*(m') —
G*(m). If g represents the element «’ of G*(m’), then gop/—ler—lop
represents ¢’'(x’) in G*(m). It is easily seen that o’cc and oos’ are
identity mappings on G*(m) and G*(m’), respectively. Consequently
o is a one-to-one mapping of G*(m) onto G*(m'). The reader may
easily verify that o also preserves the operation of multiplication.

Theorem 2-4. Let M be a differentiable manifold and let G*(m) be the
algebra of germs of differentiable functions at the point M. Then every
germ in G*(m) is represented by a function which is differentiable on all
of M.

This theorem is a consequence of the following lemma.

Lemma 2-1. Let 0 < r, < ro. Let |z| denote the distance of a point
z of E*from (0, . . . ,0). Then there is a differentiable function h on
E* such that
_ v forlzl =n
h(z) = [0 Jor |z| = 7,

Proof. Define the functions ¢:(f) and ¢:(¢) by

=10 for0 <t sm
we= exp {—(¢t — r)~?} for t>n

_ Jexp {—=(t —r)? for0<t<r
u® = l 0 for t=ry

Then ¢q; and ¢, are differentiable for ¢ = 0; hence g(f) = ¢1(t)q:(?) is
differentiable for ¢ = 0. Furthermore, the integral C = [7q(f) dt is
finite. Define

M@ =g .,T o) dt

oh

1
- C q(|z]) 22

Since iz
||

we see that h is differentiable, and it clearly satisfies the other desired
conditions.

Proof of Theorem 2-4. Let f be a function on the manifold M which
is differentiable on a neighborhood of m. We may assume that f is
differentiable on the coordinate neighborhood U of m with the coordi-
nates (21, . . . , Z») and that m has the coordinates (0, . . ., 0).
There is a number r, > 0 such that the points z of E* which satisfy
|z| < 7, give coordinates of points which are in U. Choose r, so that
0 <r, <r;. Leth be the function described in Lemma 2-1. Define
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f*(@@) = f(h(z)zy, . . . , h(z)z,) for the points of U, and define

f‘(m')=f(01 ) 70)

for those points m’ of M which lie outside U. Then f* is differenti-
able on all of M. Since f*(z) = f(z) for |z| < 71, we see that f* has
the same germ as f at m.

Theorem 2-4 shows that for the investigation of the local properties
of a differentiable manifold it involves no loss of generality to assume
that the functions used are differentiable on all of M.

EXERCISE

Define the germ of a differentiable mapping ¢: M — M’ at a point m of M.
Prove that every germ of a differentiable mapping may be represented by a
mapping which is differentiable on all of M.

2-6 THE TANGENT AND COTANGENT SPACES AT A POINT

Let M be a differentiable manifold, and let m be a point of M.
Let {U,, ¢.} be the indexed family of all coordinate neighborhoods of
M which contain the point m and their corresponding coordinate
mappings. For each pair of indices a and 8 we may introduce the
coordinate transformation y¥.f = ¢gpp,~! defined on ¢u(U. N Up).
In this way we obtain the doubly indexed family {¢.’} of mappings.
If v is a third index, then

VeV = 0yo08 00! = pyPpa ! = Ya'

on ¢ YU N Us N\ U,). The relations ys7op.f = ¢.” will be called
the coherence relations of the family of coordinate transformations
at m.

The reader should bear in mind that the domain and range of the
mapping y.° are subsets of E", so that y.? has the explicit form

i =q1(z1, . . ., Zn)
L P

Yn = gn(T1, . . . , Zn)
where (23, . . . , z,) ranges over the points of the set ¢.(Us M Up).
The numbers z;, . . . , 2, may also be looked upon as coordinates of
the point ¢,~'(z1, . . . , @») in U, and the numbers y;, . . . , y» 88
coordinates of the same point og~(y1, . . . , ¥») in Up if

(yl, e ey yn) = ¢aﬁ($l, o« e ,xn)
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It is then a question of two systems of coordinates for the points of
U. N Up, and ¢.° describes the relationship of one system of coordi-
nates to the other.

Let 2° = @,(m) and y° = ¢s(m), so that y° = ¢.A(z°). The differ-
entiable mapping vof: @a(Ua M Up) — @p(Us N Up) induces the
linear mapping ¥.%«: T(z°) — T(y°) of the tangent space to E» at z°
into the tangent space at ¥°. The coherence relations ys7oyf = Ya?
imply the coherence relations ¥s7xo¢fx = Yo'« for the induced linear
mappings. Furthermore, y,% is the identity mapping, so that ¥.f« is
nonsingular and y4% is its inverse. The family of coordinate neigh-
borhoods of m therefore produces a family of n-dimensional vector
spaces which are linked together by the coherence relations

¢ﬂ1*°¢aﬂ¥ = ¢a7*

In a similar fashion, y.? also induces a nonsingular mapping y.** of
the cotangent space T*(y°) to E" onto the cotangent space T*(z°).
The resulting family of n-dimensional vector spaces is interrelated by
the coherence relations Y og?* = yY,1*.

Let 3(m) be the set of all pairs (z, a), where £ = ¢(m) for some
coordinate mapping ¢ and « is a tangent vector to E» at x. The
symbol a which denotes a tangent vector to E» should not be confused
with the index « for coordinate neighborhoods. Let (z, @) and (/, ')
be two pairs from 3(m). We shall say that (z, o) is equivalent to
(z’, o'), or, less precisely, that « and o' represent the same tangent
vector at m, when 2z’ = ¢(z) and o = y¥x(a) for some coordinate
transformation ¢ at m. It is clear from the coherence relations that
this is an equivalence relation in 3(m). The equivalence classes of
pairs will be called tangent vectors to M at m. We shall denote the
equivalence class that contains the pair (z, a) by {a}.

In a similar fashion, we may define differentials on M at m. Let
3*(m) be the set of all pairs (z, \), where z = ¢(m) for some coordinate
mapping ¢ and X is a differential at z. Two pairs (z, A) and (z', \')
from 3*(m) will be called equivalent, or we shall say that A and A’
represent the same differential at m, when z' = ¢(z) and A = ¢*(\')
for some coordinate transformation ¥ at m. We shall denote the
equivalence class that contains the pair (z, A) by {A}.

We may introduce vector operations among the tangent vectors to
M at m. Suppose that (z, ) and (2/, &) are equivalent elements of
3(m), so that 2’ = ¢(z) and & = Yx(a). Let B be a second tangent
vector to E» at x and B8’ = ¢« (8). Since Y is a linear mapping, it
follows that

aa’ + b’ = Yx(aa + bB)
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where @ and b are numbers, and consequently (z, aa + bB) is equiva-
lent to (z/, aa’ + b8’). We may therefore legitimately define

afa} + b{f} = [aa + b6}

Under this definition, the set 7'(m) of all tangent vectors to M at m
becomes a vector space with the same algebraic structure as the tangent
space to E» at x. T(m) will be called the tangent space to M at m.
The cotangent space T*(m) to M at m may be defined similarly, and
it will have the algebraic structure of the cotangent space to E” at x.
Let {a} be a tangent vector to M at m and {\} a differential at M.
We may assume that the representatives « and A are associated with
the same coordinate neighborhood U. If ¢ is a coordinate trans-
formation at m from U to another coordinate neighborhood, then

Wx(a), ¥*1(N) = (e, V)
Consequently we may define
({a}, (A = (&, V)

and the value will not depend upon the choice of the coordinate
neighborhood that we have used to define it. It follows immediately
that the rules for the “product” ({a}, {\}) are the same as those for
(a, ) and. hence that T'(m) and T*(m) are dual spaces to one another.

At this point the reader may reasonably protest that a tangent
vector to M ought to be associated with certain curves in M and that a
differential on M ought to be the differential of a function on M.
We shall show how this may be brought about.

Let f be a function which is differentiable on a neighborhood of the
point m of the manifold M. Let U be a coordinate neighborhood of
the point m and ¢: U — W the corresponding coordinate mapping.
Then foe~! is a function which is differentiable on a neighborhood of
the point ¢(m) in E*. If U’ is another such coordinate neighborhood
and ¢’ is its coordinate mapping, then

Jog™! = fop'—loy

where ¢ is the coordinate transformation on U N U’. Consequently
the differentials of these functions on E* satisfy

(e’ ™) = d(foe™)

and we see that d(fe¢’~!) and d(fo¢!) represent the same differential
at m on M. This differential {d(fo¢—!)} will be denoted by df since
it does not depend upon the choice of the coordinate neighborhood
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that we used to define it. Since

dl(a1fy + asf2)o0™Y] = aid(fiog™) + ad(froe™Y)

it follows that
d(afi + asf) = awdfy + audfs

If the pair (¢(m), \) represents the differential {A} on M at m, then
N = dg for some function g on E" which is differentiable on a neigh-
borhood of ¢(m). Let f = gop. Then fis a function on M which is
differentiable on a neighborhood of m. Since g = fop™Y, it follows that
{A\} = df. We have thus demonstrated that every differential at m is
the differential of some function on M.

Let J be the interval —1 < ¢ < 1 and J its closure in E!. A
continuous mapping v: J — M for which the restriction to J is differ-
entiable is called a differentiable parametrized curve in M. If
v(0) = m, then v will be said to be a curve through m. If y passes
through m and if f is a function which is differentiable on a neigh-
borhood of m, we may define

=S|

We would like to define (v, df) = (v, f). In order to justify this
definition, we must show that, if g is another function which is differ-
entiable on a neighborhood of m and if dg = df, then (v, g) = (v, /).
Let U be a coordinate neighborhood of m and ¢ the corresponding coordi-
nate mapping. Then foy = (fog=")°(¢ov) and goy = (go¢~")e(¢o7) for
small valuesof . Tosay thatdg = dfis tosay that d(geg™?) = d(foe™?).
Hence

2 goeelool | _, = & [Goeeleon] | _,

and thus

2 4

9.
—ﬁfv

t=0 t=0

or o)==

It now follows that, for a given differentiable parametrized curve
through m, the mapping df — (v, df) is a linear functional on T*(m)
and corresponds to a unique element {a} of the dual space T'(m).
The tangent vector {a} will be called the tangent vector to v at m.
Two differentiable parametrized curves v, and v through m will have
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the same tangent vector if and only if (yi, {A}) = {v;, {A}) for all
differentials {A}.

EXERCISE

Let S be a differentiable variety in E». Any differentiable parametrized curve
in S may also be regarded as a differentiable parametrized curve in E». Prove that
two differentiable parametrized curves in 8 have the same tangent vector at a
point if and only if they have the same tangent vector as curves in E.

2-7 DIFFERENTIABLE MAPPINGS AND THEIR INDUCED LINEAR
TRANSFORMATIONS

Let M and M be two differentiable manifolds. Let V be an open
subset of M, and let ¢: ¥V — M be a differentiable mapping. Let
m € V. Let T be the tangent space to M at m and T the tangent
space to M at o(m). We wish to derive a linear transformation
ox: T — T from the mapping s: V— M. Naturally we must examine
the linear transformations of the tangent spaces to E* that are induced
by ¢ when we introduce coordinate neighborhoods of m and o(m).

Let U be a coordinate neighborhood of m in M and U a coordinate
neighborhood of ¢(m) in M. ILet ¢ and @ be the corresponding
coordinate mappings. Then o¢: V — M induces a differentiable
mappingv;: (U N ¢=1(T) N V) — a(U) given by o1 = gcgop~! which,
in turn, induces a linear transformation (U, U) = o1« of the tangent
space Ty to E™ at ¢(m) into the tangent space Ty to E* at g(a(m)).
Briefly, each pair U, U of suitable coordinate neighborhoods gives rise
in a natural way to a linear transformation Z(U, U): Ty — Tg. We
must examine the relationships among the linear transformations
(U, 0).

Let U’, U’ be another pair of suitable coordinate neighborhoods and
¢', @ the corresponding coordinate mappings. Let ¢ = ¢’op! and
¥ = @’og~! be the corresponding coordinate transformations. From
01 = @'o0o¢p'~! = Joo0p~! we obtain

(U, U') = goZ(U, U)oyn? (2-7-1)

Our problem is to derive a well-defined linear transformationos: 7 — T
from the family of mappings Z(U, U).

Let 6« be the natural isomorphism of 7'y onto T given by 6« (a) = {a}.
Let 8x: Ty — T be the natural isomorphism. Then we obtain a linear
transformation ox: T— T by defining ox = GxoZ(U, U)obs~. If we
change from the pair U, U to the pair U’, U’, the natural isomorphisms
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04: Ty: — T and 8,: Tg» — T satisfy 6}, = uogu—" and 7, = Guogs—1.
Hence, using the relation (2-7-1),

G,0Z(U’, U')o8, ™" = BxoZ(U, U)ofy—!

and we see that the definition of o« is independent of the choice of the
pair U, U of coordinate neighborhoods. We have therefore proved
that o: V — M induces in a natural way a linear transformation on the
tangent space to M at each point of V.

In a similar fashion, o: V — M also induces a linear transformation
o*: T* — T*, where T* is the cotangent space to M at ¢(m) and T* is
the cotangent space to M at m. We shall leave the details of the
construction of ¢* to the reader.

In the proof of the next theorem we shall see how the behavior of
the differentiable mapping o: V — M on a neighborhood of the point
m is reflected in the behavior of the induced linear transformation
ox: T— T. Roughly speaking, o: V — M is one-to-one on a neigh-
borhood of m if and only if ox: T — T is one-to-one, and ¢ maps
suitably small neighborhoods of m onto open sets if and only if o4 is
onto.

If the induced linear transformation ox: T — T is one-to-one at a
point m, the differentiable mapping ¢: V — M is said to be regular at
m. If ¢ is regular at each point of V, then ¢ is said to be regular on V.

Theorem 2-6. Let V be an open subset of a differentiable manifold M.
Let M be another differentiable manifold, and let o: V — M be a differ-
entiable mapping. Let m be a point of V. Then o is regular at m if and
only if there are a neighborhood W of o(m) and a differentiable mapping
7: W — V such that r(W) is an open set and roo is the identily mapping
on r7(W).

Proof. Since we may assume that the neighborhoods on which our
mappings are defined are coordinate neighborhoods, it suffices to prove
this theorem when M and M are euclidean spaces. Thus we may
assume that the mapping ¢ is given by

=01, . . ., Zn)
eF eeerereaaaas
Yr = gr(zy, y &n)
T
). Y (_a_)
Then Oy (ax,) = 4 2 \3y;

fori=1,...,n
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Let o be regular at m. We shall prove that the columns of the
r X n matrix

991 991
oy 0Tn
g =0 ¢ ¢ ¢ e e .
o9 .. %
0z, 0z,
are linearly independent at the point m. Letei, . . . , ¢, be numbers
such that
agz
z * 3T, |m 0
1=1
forj=1,...,r. Thenatm

w(Fe)- Do ()2 o2 () -

Since ox is one-to-one at m, it follows that

n

i)
z “ (61‘,),,, =0

and hence that ¢; = - - - =¢, = 0.
Since the matrix g has rank n, there are subscripts j;, . . , 7. such
that the » X n matrix

99,, 99,
ox 1 a:c,.
g 1=1 = e
ag,. ag,.,
ox 1 axn

is nonsingular at m. We may apply the implicit-function theorem to
the relations

g]l(xl' L] xﬂ) =Y = 0
................ (2-7-2)
g;,.(l'ly LRI} xn) = Y = 0
Let m=(@° ...,2°). Let o(m) =y°=@"° ...,y°) and
X =S - .., %) Then the relations (2-7-2) are satisfied by the

point (m, 2°) in E?*, Using the implicit-function theorem, we may
assert that there are a neighborhood U of 2° in E* and a differentiable
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mapping p: U — V such that p(2°) = m and
91(p(2) —21=0

..........

9n(0(2)) — 2. = 0

for zin U. Let w: E— K" be the projection for which

T(yly LI} yf) = (an N 7!/1:-)

In terms of x, our assertion is that wegop is the identity mapping on U.

For the induced linear transformations on the tangent spaces we
must have (ro0)xopx = identity mapping. Ilence p is regular at the
point 2°. We may repeat for p the argument which we have just
presented for 0. Thus there are a neighborhood V', of m, which we
may assume is contained in V, and a differentiable mapping 6: 1", — U
such that 8(m) = z° and po@ is the identity mapping on V' (sce I'igure
2-1).

Fia. 2-4
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On V; we have woc = wogopof = 6. Hence 6op is the identity
mapping on 6(V,). If uisa point of U, p(u) isin V,, and 4’ = 6op(u),
then p(u’) = p(u). Hence wooop(u’) = wooop(u) or ' = w. This
proves that u is in 6(V,) and hence that p='(V1) C 6(V;). But then
0(V,) = p~1(V,); hence 6(V,) is an open set in E»

Let W = x~1[6(V,)]. Then W is an open set. Define r = por:
W — V. Then 7(W) = pox(W) = po8(V,) = V, is an open set. On
(W) = V; we find that 7o = powros = pof = identity mapping.

The converse statement follows because ros = identity implies
rxo0x = identity for the induced linear transformations; hence o« is
one-to-one.

Theorem 2-6. Let V be an open subset of a differentiable manifold M.
Let M be another differentiable manifold, and let : V — M be a differ-
entiable mapping. Let m € V, and let ox: T — T be the linear trans-
formation that o induces on the tangent space to M at m. Then ox 18 onlo
if and only if there are a neighborhood W of a(m) and a differentiable
mapping v: W — V such that oor is the identity mapping on W.

Proof. Asin the proof of Theorem 2-5, we may assume that M and
M are euclidean spaces and that ¢ is given by

¥ = gi(xy, y Tn)
0F eeeeeeeiaaaas
Yr = g"(xlr y xﬂ)
Let o« be onto. By renumbering the variables z,, . . . , z. we may
assume that {ox(8/0z1), . . . , ox(9/92,)} is a basis for 7. Thus the
r X r matrix
o9 . o
6.1:, ax,
..
or, 61:,-
is nonsingular. Letm = (z,° ... ,z.°)andoe(m) = %:° . . . , %°).

We may apply the implicit-function theorem to the relations

01(-'1:1, L] ,.’L',.) _’y1=0

oooooooooooooo

g, . .. ,2) =% =0
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There are a neighborhood Wy of (22,,, . . . , 2.5 %% . . ., %°) in E*
and a differentiable mapping 7,: W, — U such that

71(3:+1; ) xﬂoy ylo’ v :yfo) = (zlo) o yzno)
and
T @esr, - o o T Y)y Trir, o, Ta) — Y1 =0

----------------------------

grr(@rsry Ty Y)y Tty o o, Tn) — Y =

Let W be the neighborhood of 3° in E” which consists of those points
y such that (22,,, . .., 2.° y) € W1 Define the differentiable
mapping r: W — V by

() = (1'1(1::,,1, cy T Y), x‘,’+,, Cy ZR0)

It follows that oor = identity on W.
The converse follows by a simple argument like that in the proof of

Theorem 2-5.

EXERCISES

Let o: V — M be a differentiable mapping. Let m € V. Prove the following:

1. If f is a differentiable function defined on a neighborhood of o(m), then
o*(df) = d(Jor).

2. If y is a differentiable parametrized curve through m and if {a} is the tangent
vector to v at m, then o«({a}) is the tangent vector to goy at o(m).

8. ¢ is regular if and only if +* is onto.

4. 0. is onto if and only if ¢* is one-to-one.



CHAPTER 3

Projective Spaces and Projective
Algebraic Varieties

The projective spaces and the nonsingular projective algebraic
varieties are examples of abstract differentiable manifolds whose
natural development does not display them as differentiable varieties
in a euclidean space. Many of the details of their presentation will
be left to the reader as exercises, although not explicitly stated as
such. It is hoped that the reader will gain more insight into the
nature of these examples by being forced to consider for himself the
details of their construction.

8-1 THE-PROJECTIVE PLANE

The projective plane is, perhaps, the earliest example of an abstract
differentiable manifold in mathematical history. We shall give a
heuristic account of this concept, roughly following its historical
development.

We begin with the affine plane A2. The incidence relations in A? are
such that two points are contained in precisely one line, but two lines
either intersect in preciscly one point or are parallel. The projective
plane is obtained by adjoining more points to A? in such a way that
every pair of lines intersects in precisely one point and every pair of
points, including the new ones, is contained in precisely one line.

Let I be a line in A2. Let p be the family of all lines in A? that are
parallel to ! (including I). p will be called an ¢deal point or point at
infinity. In the geometry of the projective plane, p is an additional
point of the line I. It follows that all lines of the family p have the
common point of intersection p. Two lines which are not parallel
have distinct points at infinity and so they intersect only at an ordinary
point. In order to ensure that two points at infinity are contained in
precisely one line, it is agreed that the points at infinity shall constitute

52
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a line called the 7deal line or the line at infinity. The set obtained
from A2 by the adjunction of the ideal points of the ideal line with the
incidence relations which we have just described will be called the
projective plane and will be denoted by P2.

The incidence relations in P? may be summarized as follows:

1. Two ordinary lines which are not parallel meet in an ordinary
point.

2. Two ordinary lines which are parallel meet in their common ideal
point.

3. An ordinary line and the ideal line meet in that ideal point which
is on the ordinary line.

4. Two ordinary points are contained in an ordinary line.

5. An ordinary point and an ideal point are contained in an ordinary
line, the one line in the family of parallel lines which passes through the
given ordinary point.

6. Two ideal points are contained in the ideal line.

The duality in the incidence relations in P? has been achieved at a
price. Apparently we must deal with two different kinds of lines and
two different kinds of points. One of the great achievements of
mathematics was the demonstration that these distinctions are only
apparent, in the following sense. Let r: P?— P? be a one-to-one
correspondence of the projective plane onto itself. If /is a line in P2,
the image 7(I) is a set of points in P2. If r(I) is a line for every line lin
P2, then r will be called a projective transformation. Such a trans-
formation preserves the incidence relations among lines and points,
and so it does not alter the geometry of lines and points in P2. We
shall ultimately prove the following theorem: Given any two lines l and
m (any two points p and q) in P2, there exists a projective transformation
which carries 1 onto m (p onto g). This remarkable statement shows
that it is meaningless to distinguish between ordinary and ideal lines
and between ordinary and ideal points in P2. They play the same
role in the geometry.

The view of the projective plane which we have taken so far fails to
give it the structure of a differentiable manifold or even a topology.
We shall show that there is one and only one topology which may be
assigned to P?in a “natural” way, that is, so as to satisfy the following
two conditions:

1. The topology of P? induces on A?, as a subset of P? the usual
topology.

2. Every projective transformation of P? is a homeomorphism.

There are two general methods by which we may prove this state-
ment: the synthetic approach, which proceeds in the spirit of the



54 INTRODUCTION TO DIFFERENTIABLE MANIFOLDS

preceding discussion, and the analytic approach, which makes use of a
numerical model for P2. The analytic approach is the one which we
shall adopt since it gives us the desired results with greater ease.
Identify A? with E?. Let S be a sphere with center ¢ which is
tangent to E2. If p is an ordinary point of P? and thus a point in E?,
the line through p and ¢ intersects S in precisely two diametrically
opposite points p’ and p”’ (see Figure 3-1). If we regard S as the
sphere 2,2 4+ 2,2 4+ 232 = 1 in E? then p’ and p” have coordinates
(ay, as, as) and (—a1, —as, —as), with a; > 0. An ordinary line in P2,

Fia, 3-1

which is a line in E?, projects onto a great circle of S with the exception
of the two points where this great circle intersects the equatorial circle
C. Every great circle of S except C is the projection of some line in E2.
If !, and [, are two parallel lines in E?, the projections of /; and I, on
S (as great circles on S) intersect in two diametrically opposite points
on the great circle C. Indeed, every line parallel to I, projects into a
great circle which passes through these same two points. Con-
sequently we shall regard these two points as the images of the point
at infinity on /;. Distinet points at infinity correspond to distinct pairs
of diametrically opposite points on C. The coordinates of the points
on C have the form (a;, as, 0).

By means of the central projection just described, the points of P?,
including the ideal points, are in one-to-one correspondence with the
pairs of diametrically opposite points on S. In order to assign
coordinates to the points of P?, it is more convenient to associate with
each point p of P2, including the ideal points, the line through p’ and
p”. In this way we obtain a one-to-one correspondence between the
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points of P? and the lines in E* which pass through (0, 0, 0). We may
then assign to the point p any one of the sets of coordinates (a1, a;, as)
of the points on the line through p’ and p” except (0, 0, 0). It follows
that two sets (a1, as, as) and (b, b, bs) of coordinates are assigned to
the same point of P?if and only if there is a nonzero number ¢ such that

a, = cby az = Cbz az = cbs

The preceding sketch indicates how we should proceed formally to
define a numerical model for P?, and we shall now carry out this
procedure. Let E* be the set of all triples (z, xs, x3) in R? except
(0, 0, 0). Two triples (z1, z2, x3) and (y1, y2, ¥s) are called equivalent
if there is a number ¢ such that

Ty = Ch T2 = CY2 T3 = CYs

The relation of equivalence in E* partitions it into mutually disjoint
equivalence classes. The family of these equivalence classes will be
denoted by P’. 'The elements of P’ will be called points. If (z,, xs, x3)
belongs to a point of P/, then (x;, x2, x3) will be called a set of coordi-
nates of that point.

We must also define lines in P’.  Let a4, a;, a; be real numbers which
are not all zero. Let p’ be a point in P’ and (z, zs, 23) be coordinates
of p’. If these coordinates satisfy the relation

a1y + @ + aszs = 0

then every set of coordinates of p’ satisfies this relation. In this case
we say that the point p’ satisfies the relation

aizy + @z + aszs = 0 (3-1-1)

The set of all points of P’ that satisfy a relation of the form (3-1-1) will
be called a line. The following theorem shows that P’ is a model of the
projective plane.

Theorem 3-1. There is a one-to-one mapping o: P’ — P? onto P?
under which the lines of P’ are carried in a one-to-one manner onto the
lines of P2. The mapping o therefore preserves the incidence relations
among lines and points.

Proof. Let a, and a, be two numbers, not both zero. Let I be the
line in E? that has the equation

—-a,Xl + 01Xg =0

Then the ideal point which consists of all lines parallel to ! will be
denoted by (ailas). It follows that all symbols of the form (cailcas),
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with ¢ 5 0, denote this same ideal point. In terms of this notation, we
define a mapping ¢: E* — P? as follows:

1 T2 .
¢(x1, 2, T3) = {( ! ) if z; 20

T3 T3
(z1|z2) ifzs =0
Since d¢(cx, cxa, €x3) = &(21, T2, T3)

where ¢ # 0, the mapping ¢ induces a mapping o: P’ — P2 given by the
rule: If p’ is a point of P’ with the coordinates (zi, xo, z3), then

”(p’) = 6(xly T2, .’Es)

The reader may easily verify that ¢ is a one-to-one mapping of P’
onto P2

Let a,, az, as be numbers which are not all zero. Let I’ be the line
in P’ whose points satisfy the relation

a1 X + a: Xy + a:X; =

We suppose first that a; and a; are not both zero. Then (2, z,, ;) are
coordinates of a point on I’ if and only if

oy + @z + azzr; = 0

and this relation holds if and only if one of the following two conditions

hold: Either
X1 To _
al(£)+az(x_3)+a3 =0

or a1y + ATy = 0

That is to say, (1, 22, ;) are coordinates of a point on !’ if and only if
¢(x1, x3, x3) is on the line

X1+ aX:+a;=0

in E? or is its ideal point.

We now suppose that a; = a; = 0. Then the points of P’ which
satisfy the relation a;X; = 0 are precisely those which have coordi-
nates of the form (z,, x5, 0). Since é¢(z1, 22, 0) = (x1|x:), we see that
a point in P’ has coordinates (z;, z2, 0) if and only if its image under
o is on the ideal line. We have therefore proved that the mapping o
induces a mapping of the lines of P’ onto the lines of P2. And it is
clear that this mapping is one-to-one.
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We are now justified in using the numerical model P’ in place of P?
whenever it is convenient. Consequently we shall no longer dis-
tinguish between P’ and P2

EXERCISES

1. Find the equation (in E?) of the line through the points ( —1, 1) and ( —2|1).
2. Prove that the points (1, 3, Z3), (¥1, Y2, ¥s), and (21, 22, 23) in P’ are collinear
if and only if the rank of the matrix

T T2 X3
Y Y2 Ys
21 22 23

a1 X1 + 02X + asXs =0
X, + bzXz + b:sXa =0
61X1 + CzXz + CaX; =0

is less than 3.
8. Prove that the lines

in P’ have a common point if and only if the rank of the matrix
a a= as
by b bs
C1 C2 C3

3-2 THE DIFFERENTIABLE STRUCTURE OF P*

is less than 3.

Let GL(3) be the general linear group on V3. In Section 1-5 we have
seen that we may look upon GL(3) as the group of affinities of A3 that
keep a point fixed. We may assume that the fixed point is (0, 0, 0).
Under these circumstances, we have arranged matters so that the
elements of GL(3) act on E® in such a way as to carry straight lines
through the origin onto straight lines through the origin.

Let p be an element of GL(3). Then p induces a one-to-one mapping
of P2 onto itself since the points of P? are in one-to-one correspondence
with the lines in E3 which pass through the origin. We shall also
denote this mapping of P2 by p.

Theorem 3-2. The elements of GL(3) act as projective transforma-
tions of P? and, conversely, each projective transformation of P? may be
effected by an element of GL(3).

Proof. If p € GL(3), then p carries any plane in E?® which passes
through the origin onto another plane through the origin. Con-
sequently it carries a line in P? onto a line in P? and is therefore a
projective transformation.
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Conversely, let p be a projective transformation of P2. Let ! be the
ideal line in P2 and I’ = p(l). Since ! and !’ are associated with planes
in E® which pass through the origin, it is clear that there is an element
p1 of GL(3) such that I’ = pi(!). Then p, = p;~%p is a projective
transformation of P? which carries the ideal line onto itself. It follows
that p. is an affinity of A2 (the complement of the ideal line) and may
be described by

(z1, T2, 23) = (Y1, Y2, ¥s)

Y1 T T2
where S=an—+ a1 — + a3
Ys T3 Ty
Yz 31 Z2
= = @an— + G2 =+ ax
Ys T3 T3

(au au)

Gz Q22

is nonsingular. If we take y; = x;, then p. is described by an element
of GL(3); hence so is p = p1ops.

and the matrix

Corollary. If | and m are any two lines (p and q are any two points)
of P?, then there is a projective transformation which carries I onto m (p
onto q).

Theorém 3-3. There is one and only one topological structure on P?
which satisfies the following conditions:

(i) The topology of P? induces on A? (the complement of the ideal line)
its usual topology.

(ii) Every projective transformation of P? is a homeomorphism.

Proof. Let E* be the set of points (z1, s, z3) of E® excepting (0, 0,
0). Let ¢ be the mapping of E* onto P? which carries (z,, 5, 3) onto
the point with these coordinates. We introduce into P? the natural
topology that is induced on it from E* by the mapping . We shall
prove that this topology satisfies conditions i and ii.

Let S* be the subset of E* which consists of those points (z1, 3, z3),
with z3 ¢ 0. Define r: S* — A? by

Zy X2
-r(x;, T, a:;) = ;'7 1-3—3.)
(see Figure 3-2). Let S = o(S*). Let 7: S — A? be the one-to-one
mapping of S onto A? for which r = 7o¢. Condition i will be proved if
we show that 7 is a homeomorphism.
Let U be an open subset of 8. Then ¢—1(U) is an open subset of S*.
Thus #(U) = roe—1(U) is the image of an open set under the mapping r.
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It is not difficult to see that » maps open sets onto open sets, and so
#(U) is open. This proves that 7! is continuous. On the other hand,
if V is an open subset of A2, then (V) is an open subset of S*.
Since o~1(7F1Y(V)) =+~ V), i“(V) is an open subset of S. This
proves that 7 is continuous and completes the proof of condition i.

Any projective transformation p may be effected by an element of
GL(3), which certainly produces a homeomorphism of E*. Since ¢ is
an open mapping, it follows that p is a homeomorphism of P?, and
so condition ii is true.

To show that the topology on P? is uniquely determined by condi-
tions i and ii, it is sufficient to prove that each point of P2 is contained

S*

S i > A
F1G. 3-2

in a set p(S), where p is a suitable projective transformation. But
this statement follows immediately from the corollary to Theorem 3-2.

Theorem 3-4.  There is one and only one differentiable structure on P*
which satisfies the following conditions:

(i) The differentiable structure of P? induces on A2 (by taking the
coordinate neighborhoods of A? to be those of P? which are contained in A?)
its usual differentiable structure.

(ii) Every projective transformation of P? 18 a diffeomorphism.

Proof. Let p; be the projective transformation of P? given by
p1(xy, Ta, x3) = (22, 3 21). Let ps = piopr. Then every point of P?
is in one of the three sets A2, p1(42), or p2(4?). We define ¢: A2 — E?
by
3y xz

@(21, 22y T3) = (

x; X3

and ¢1: p1(A?%) — E?and ¢s: ps(A?) — E2by ¢, = opi~'and ¢z = ¢°ps~?,
respectively. It is not difficult to prove that ¢e¢=1: p(42 M p1(42)) —
e1(As N p1(A42)) is a differentiable mapping, and similar statements
hold for the mappings ps°¢;~! and gops~! and the inverses of these three
mappings. Consequently they define a differentiable structure on P?
which satisfies condition i.
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Let p be a projective transformation of P2 In order to prove condi-
tion ii, it suffices to prove that p is differentiable, for a similar proof
can be given for p~1.  Let (1, 21, z3) be a point in PZ. We shall assume
that (21, 72, 7s) is in A2 and that p(zi, 22, 23) is in p1(4 2), but a similar
argument can be given for any other pair of coordinate neighborhoods.
If (y1, Y2, ys) = (21, 2, 73), then

-1 (F Z2) _ -1 = (Y3 Y1
©19p°¢ (Is xs) ¥op1 (?/1, Ya, y:;) (yz’ yz)

Now the projective transformation p is given by
(1 92 y) =@ v )M

where 910 is a matrix and v = x1/z; and v = z,/z; are the coordinates
of points in A2, Consequently ys/y. and yi/y. are differentiable
functions of w and v, and it follows that ¢opce~! is a differentiable
mapping. Therefore p is a differentiable mapping, and condition ii
is proved.

The uniqueness of the differentiable structure on P? follows immedi-
ately from conditions i and ii and the fact that every point of P?is in
one of the sets A2, p1(4?), or p2(42).

EXERCISES

1. Prove that the only elements of GL(3) which act as the identity transforma-
tion on P? are the nonzero numerical multiples of the identity element of GL(3).
Hence prove that two elements p,  of GL(3) produce the same projective trans-
formation if and only if there is a nonzero number ¢ such that o = cp.

2. Let p1, ps, 3, p4 be points of P2, no three of which are collinear. Prove that a
projective transformation which keeps each of pi, ps, s, P4 fixed must be the
identity transformation. This means that a projective transformation p is
completely determined by the images p(21), o(p2), p(Ps), P(P4)-

8. Let p1, p2, Ps, p4 be points of P2 no three of which are collinear. Let q1, q3,
g1, g4 be another set of such points. Prove that thereisa projective transformation

p such that p(p1) = q1, p(p2) = g2, p(Ps) = g3, P(Ps) = Qa.
4. Prove that P?is a compact topological space.

8-3 REAL AND COMPLEX PROJECTIVE SPACES
OF HIGHER DIMENSIONS

Let E* be the set of all points of En+! except (0, . . ., 0). Two
points (zy, . . . , Tayr) and (¥y, . . . , Yny) are said to be equivalent
if there is a number ¢ such that 1 = ¢1, . . . , Yn41 = CTag1. This
equivalence relation partitions E* into mutually disjoint classes.
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Let P denote the set of equivalence classes of E*. P» is called
projective n-space.
Let o be the identification mapping defined by

oz, . . . , ZTay1) = equivalence class containing (71, . . . , Zat1)

We shall give to P* the topology that is induced on it from the topology
in E**1 by the mapping s. For n = 2, P?is the projective plane which
we have just studied. We shall leave to the reader the definition of a
differentiable structure on P”, which proceeds in a fashion completely
analogous to the construction which we have carried out for P2.

So far we have dealt exclusively with real euclidean and projective
spaces. We wish to consider briefly now the analogous concepts when
the real numbers are replaced by the complex numbers.

Let C* consist of all n-tuples (a1, . . . , as) where ay, . . . , a. are
complex numbers. If we define the distance d(a, 8) between two
elements @ = (@1, . . . ,ax)and B = (B, . . . , Ba) by

d(e,8) = VI —a*+ - -+ + |Bs —

then C* becomes a metric space with the same structure as E**. For if
we put

®Ra, = real part of o;

da, = imaginary part of a,

we may identify the point (a1, . . . , as) in C* with the point

(Ray, Jau, . . . , Ran, Jan)
in E?n,
On the other hand, if @ and 8 are elements of C” and ¢ is a complex
number, we may define

a+ﬁ=(al+ﬁlyv . e ,an+ﬁu)

ca = (cay, . .. ,cCan)

Then C* becomes a vector space of dimension n over the complex
numbers which we shall denote by V*¢. The mapping

a— (Ray, ay, . . . , Gan, o)

is an isomorphism of V"¢ onto V" as real vector spaces. The only way
in which these two spaces differ on this level is that V"¢ permits
multiplication by complex numbers and V?* does not. We shall
assign to V"¢ the same differentiable structure as that of V" if we
merely wish to require that V»¢ be a differentiable manifold. It is
clear how we may identify C» with V"¢, so that C* also has a differ-
entiable structure.
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For many purposes it is desirable to strengthen the differentiable
structure of V"¢ beyond that customary for real differentiable mani-
folds. This is done by restricting the differentiable functions on V*¢
to be those complex-valued functions f for which

f(z1, . . ., 2a) = convergent power seriesin z;, . . . , 2a

in a neighborhood of each point. Such functions are said to be
complez-analytic, and under such a restriction V"¢ becomes a complex-
analytic manifold.

From C™+!' we may construct complex-projective n-space. Let C*
be the set of all points of C*+! except (0, . . . ,0). Two points a and
B of C* are called equivalent if there is a complez number ¢ such that
B1 = cay, . .., Bas1 = canyr. The set of equivalence classes of C*
will be denoted by Prc. The reader may introduce a topology and a
differentiable structure into P"¢ by analogy with the procedure for P~.

We shall attempt to give some geometric insight into the structure
of the real projective spaces. Consider first P. The equivalence
classes of E* C E? are the straight lines which pass through (0, 0),
except for the point (0, 0). Each of these equivalence classes inter-
sects the upper half of the unit circle,

24 2?=1 2220

in one point, except the one class that intersects it in the two end points
(1, 0) and (—1, 0). If we identify these end points, the resulting
space is topologically equivalent to a circle (1-sphere). It is not
difficult to see that the one-to-one correspondence which we have just
described between P! and the circle is a homeomorphism. Thus P! is
topologically equivalent to a circle.

A similar construction is possible for P2. Again the equivalence
classes of E* C E? are the lines through (0, 0, 0), except for the point
(0, 0, 0). These lines intersect the upper half of the unit sphere,

22t a2l =1 2320

in one point, except the lines that lie in the z;, z.-plane. Each of the
lines in the z;, z:-plane intersects the circular boundary,

212+$2’=1 x;=0

of the half sphere in two points which are diametrically opposite one
another. If we identify these diametrically opposite points of the
boundary of the half sphere, we obtain a space that is topologically
equivalent to P2,
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Another, less concrete representation for P! is the following more
symmetric construction. Each line in E? through (0, 0) intersects the
unit circle,

1«'1’ + x,’ =1

in two diametrically opposite points. The space obtained from the
circle by identifying diametrically opposite points is therefore topo-
logically equivalent to P!. This is precisely the identification which
we made on the boundary of the half sphere on obtaining P2. Con-
sequently we may obtain P? from the half sphere by identifying the
circular boundary so as to make it topologically equivalent to P1,

In general, to obtain a topological model for P* we begin with the

lines in E*+! which pass through (0, . . . , 0). Each of these lines
intersects the half unit n-sphere,
x12+"'+$:+1=1 Tnp1 2 0

in one point, except the lines in the hyperplane z,,, = 0. The
boundary of the half n-sphere has the equation

TP+ 2t =1 Zan =0

Hence it is the (n — 1)-sphere. In order to obtain P* from the half
n-sphere, we must identify the antipodal points of its boundary, since
each line of E™*! which passes through (0, . . . , 0) and which lies in
the hyperplane z,,; = 0 intersects the boundary (n — 1)-sphere in
two antipodal points.

We may also obtain P* from the full unit n-sphere by identifying
antipodal points. For each line in E*+! through (0, . . . , 0) inter-
sects the unit n-sphere in precisely two points which are antipodal.
But this is precisely the identification which we made in the boundary
of the half n-sphere in our previous construction. Consequently P" is
obtained from the half n-sphere by identifying the boundary points in
such a way that the boundary becomes P!,

To see how the complex-projective spaces differ from the real-
projective spaces we shall consider P'¢. The other complex-projective
spaces cannot be treated adequately without the notion of fiber bundle
which we shall introdure in Chapter 9.

For every point in P!¢ with coordinates (2, z2) except one, the
coordinate 2z, will be different from zero. Consequently, except for
that one point, we may associate the complex number 2,/z, with the
point whose coordinates are (z;, 2;). This gives a one-to-one corre-
spondence between the set P* of points (z,, 2;) of P'¢ with 2z, 0 and
the complex plane, which is actually a homeomorphism. We then
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map the complex plane onto the unit 2-sphere, excepting the point
(0,0, 1), by a homeomorphism called stereographic projection which we
shall now describe.

Let n be the point (0,0, 1). Take the z,, zs-plane to be the complex
plane, so that z;/2z;s = z; + ix.. Join 7 to the point 2,/z; = (z,, 22, 0)
by a straight line. This straight line intersects the unit sphere in one
point p which is different from =n. p is called the stereographic
projection of z1/2: onto the unit sphere (see Figure 3-3). For fixed 21,

z/z,

Fra. 3-3

as 2, approaches 0 the stereographic projection p of 21/2, approaches the
point n. Consequently, we should map the point (2, 0) onto n. In
this way we produce a homeomorphism of P'¢ onto the 2-sphere.

Theorem 3-6. Pm and P"¢ are compact topological spaces.

Proof. P~ is obtained from the n-sphere by identifying antipodal
points. Since the n-sphere is compact and the identification mapping
is continuous, the image P* must be compact.

Pr¢ is obtained from the compact subset of C*+!' defined by the
equation

falt + -+ el =1

[this subset is the (2n + 1)-sphere in E?2*t?] by identifying suitable
points. As before, the image must be compact.

EXERCISES

1. A hyperplane in P* is the set of all points whose coordinates satisfy a relation
of the form
aX 4+ -0+ an+lxu+l =0
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where a1, . . . , @ay1 are not all zero. Prove that, if (z1, . . . , Zas1), .
(w1, . . . , Was1) are n points such that the matrix

has rank =, there is one and only one hyperplane which contains these points.
2. Provethat,ifai X1+ - - - +au1Xnj1=0,...,0: X1 4+ - -+ + gn1Xn41 =0
are n hyperplanes such that the matrix

has rank n, these hyperplanes have one and only one point in common.

8. A projective transformation of P" is a one-to-one mapping of P" onto itself
that carries lines onto lines. Prove that a one-to-one mapping of P* onto itself is a
projective transformation if and only if it carries hyperplanes onto hyperplanes.

4. Prove that every projective transformation of P" can be effected by an
element of GL(n + 1).

6. State and prove the analogues for P of Theorems 3-3 and 3-4.

6. Give an example of a differentiable function on V"¢ which is not complex-
analytic.

7. Show that the homeomorphism (21, 22) — (21, z2, z3) of Plc onto the 2-sphere
can be described analytically by

2MRz17, = 29212, 2 — 2,

Ty = T T2 o R I W
21 + 2,? z? + 2, 21? + 29?

where 2, is the conjugate complex number to z..
8. Prove that there is a one-to-one regular differentiable mapping of P*into P"c.

3-4 ALGEBRAIC VARIETIES

If f is a polynomial in the variables z;, . . . , Za, then f is a function
which is defined on all of E*. Letfy, . . ., f, be polynomials on E™
Then the set of points (x1, . . . , z.) such that

fily, ... ,2,)=0

fe@y, . . . ,2a) =0

is called an affine algebraic variety. An affine variety need not be a
differentiable variety in E*. In Section 2-1 we have seen the condi-
tions under which it is a differentiable variety.

The close relationship between En+! and P* enables us to define
algebraic varieties in P», in spite of the fact that one cannot define
polynomial functions on P,



66 INTRODUCTION TO DIFFERENTIABLE MANIFOLDS

A polynomial function f on E»t! is called homogeneous if it satisfies

flzy, . . o at) = Ef(2y, . . ., Taya)

where d is the degree of f. Every term.of f then has the degree d. It
is clear that if (@i, . . . , @s41) are the coordinates of a point in P and
if f(ay, . . . , Gny1) = O, then f is also zero for all other coordinates of
that same point. Let Ay, . . . , h, be homogeneous polynomials on
E~+1,  The points of P* whose coordinates (1, . . . , Znq1) satisfy

hi(zy, y Tag1) =

hr(xl, ) ,xn+l) = 0

will be called a projective algebraic variety.

Theorem 3-8. Every projective algebraic variety is a compact topo-
logical space.

Proof. We have seen in Theorem 3-5 that P* is a compact space.
Therefore it is sufficient to demonstrate that a projective variety in
P* is a closed subset of P*». Let the homogeneous polynomials
hy, . . ., h, define a projective variety V, and let V; be the variety
that is defined by the single polynomial 4,, Then

V=V."N-- NV,

Thus it suffices to show that each of V,, . . . , V, is a closed set.
Let A(yy, . . . , Yas1) be & homogeneous polynomial. The set S
of points (¥1, . . . , Yn41) in En*! for which A(yy, . . . , Ynt1) = 0 is

closed, since the mapping h: E»t! — E!is continuous and S = A~1({0}).
In accordance with the way in which we define the topology of P" from
the topology in E*t!, the projective variety defined by A must be a
closed subset of P», which completes the proof.

Since we may regard E™ as a subspace (or even submanifold) of P~,
we may imbed any affine algebraic variety V of E» in the projective
space P»., 'We shall see that it is possible to complete V to a projective
algebraic variety by the adjunction of suitable points at infinity. The
procedure also provides us with a ‘‘compactification” of the locally
compact space V, since the completed variety is a compact space,
according to Theorem 3-6. We shall illustrate the procedure with an
algebraic curve in the plane. The reader may easily generalize it to an
affine variety in E".

Let f(z;, z3) be a polynomial function on E? which defines an affine
algebraic variety V*. A point (z1, z.) isin V*if and only if f(z,, z3) = 0.
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We may identify the point (z,, zs) in E? with the point in P2 that has
the coordinates (z1, 23, 1). Then V* becomes the subset of P2 con-
sisting of those points (z,, 22, 1) of P? for which f(z;, 2;) = 0. More
generally, we can say that the point (y,, ¥,, ¥5) is in V* if and only if
ys # 0 and f(y1/ys, ¥2/ys) = 0. Let d be the degree of f. Then the
polynomial

h(yy, ¥, ys) = ys®f (%i' %3)

is homogeneous. Furthermore, (¥, ¥2, ¥s) is a point in V* if and only if
ys # 0 and Ay, ¥2, ¥3) = 0. Thus we see that V* is a subset of the
projective algebraic variety V in P? which is defined by the polynomial
h. 1In fact, V*is that subset of V' which is obtained by removing the
points at infinity (those with y; = 0).

Of course, E? may be imbedded in P? in an infinite number of ways,
depending upon which line in P? is chosen to be the line at infinity.
Hence it appears that V* may be completed in many different ways.
Actually, for any two completions of V* there is a projective trans-
formation of P? which carries the one on the other, so that they are
equivalent as far as the geometry of the projective plane is concerned.

Let V be a projective algebraic variety in P* defined by the homo-
geneous polynomials Ay, . . . , h, of degreesdy, . . . , d,, respectively.
Consider the jacobian matrix

o oh

ayl ayn+l

Iy, . . . ,y”_H) =1 ... ...
ah, oh,

oy Yns1

where all the partial derivatives are evaluated at the same point
(Y1, . . ., Yny1) of Evtl, Since

ey, - - -y CYnp)) = €YWY, - . -, Yni1)
¢! 0
where eC= .
0 ‘ cir?
it follows that the rank of g(yi, . . . , ¥ns1) depends only upon the

point of P whose coordinates are (y1, . . . , ¥a+1) and not on the actual
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coordinates used. We shall say that V is nonsingular if the rank of
9y, . . ., Yntr) is the same at all points of V.

Let p: P*— P* be a projective transformation. Theorem 3-2 may
be generalized to P", and from this it follows that the relationship
between the coordinates (y1, . . . , ¥a41) of a point in P* and the
coordinates (y;, . . . , Ynsa) Of its image under p is given by

- ?/1,.+1) = (Y1 * " * Yny1) M

where 91 is a nonsingular matrix. If V is a projective variety defined
by the homogeneous polynomials Ay, . . . , h,, then p(V) is the
projective variety defined by the homogeneous polynomials g;, . . . ,
gr, where

g1y« oy Yng) = MYy - . o Yngr)
gr(y;: e ey yrlb+l) =h(y1, .« . 5 Yns1)
Let
o
, , ay,l 3y:.+1
g, ..., ?In+1) = -
9 %
ay; ay'lu-l
Since
n+1 n+1
a—g'-’ = ihg ayk = C a_h’
3y, Y 9y, * oy
k=1 k=1
where M~ = (c,;), it follows that
vg’(y;) o v ey y”l+l) = 3(1/1; o .. 7y”+1) N
where 9 is the transpose of 91-1. 'We may conclude that the matrices
g, . .. y Yns1) 80d g(¥1, . . ., Ya4r) have the same rank at

corresponding points under the transformation p. Consequently p(V)
is nonsingular if and only if V is nonsingular. In other words, the
nonsingularity of a projective variely is a projective invariant.

Theorem 3-7. A nonsingular projective algebraic variety can be given
the structure of a differentiable manifold.

Proof. Let V be a projective algebraic variety, and let p be a
point of V. By means of a projective transformation p, we may carry
p onto the point with coordinates (0, . . . , 0, 1). We identify the
point (z1, . . . , ) of E» with the point of P whose coordinates are
(®1, . .., Zs 1). Then p(p) isin E.
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Let ki, . . ., h, be the homogeneous polynomials which define
p(V). Let
fil@y, . .., %) =ha(Zr, . . ., Za, 1)

......................

fr(xl, . ey 11.) = hr(xl, o e ey 17", 1)

Then p(V) N E~ is the affine algebraic variety defined by the poly-

nomials f3, . . ., fr. We shall show that p(V) N E satisfies the

conditions described in Section 2-1 for a differentiable variety in E=.
Let g(z1, . . . , z») be the 7 X n matrix

o
0y o 0%

3(:;1’ ... ,xn) =0 « ¢« ¢« ¢
aff a_,fr

6171 e az,.

where the derivatives are evaluated at (1, . . . , ). In terms of the

polynomials A1 (y1, « . . 5 Ynt1)y « - « 5 Be(¥s, « « ., Yn41), We have
o, _ o
0T Y|, .. .21
fori=1...,randj=1,...,n Thus g(z, ..., ) isthe
same as the jacobian matrix of p(V) at the point (zi, . . . , Za, 1),

except that the last column is missing. We shall show that this
missing column is a linear combination of the others, and consequently
the rank of §(z, . . . , *.) is equal to the rank of the jacobian matrix
of p(V). Since p(V) is nonsingular, it follows that g(zs, . . . , z,) has
the same rank at all points of p(V) N En.

Consider the identity

R(tyy, . . o Wasa) = By . - ., Yasd)

where d is the degree of h.. If we differentiate this identity with
respect to ¢ and set ¢ equal to 1, then

oh. oh;
: D n f = dhq PR n
i £ + + Ynt1 W (¥ y Yni1)
At the points of p(V) N E* we have hy(zy, . . . , Ts, 1) = 0, and so
n
oh; 2 oh,
OYnt1 |1, . wznl) & Y |z, . wzml)
J-

fori =1,...,r Thisproves the assertion,
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It follows that p(V) N E~ is the differentiable variety in E* defined
by the equations
f;(:cl, e ey x,.) =0

............

fe(xy, . . . ,20) =

We shall adopt as the differentiable structure of V in the neighborhood
of p the differentiable structure of p(V) M E transferred to p by
the homeomorphism p~!. Let U be a coordinate neighborhood of
©, ...,0,1) in the manifold p(V) N\ E*. Let ¢: U— E™ be the
coordinate mapping. Then ¢op: p~}(U) — E™ is a homeomorphism
onto an open set in E™. The space V is covered by the sets of the
form p—!(U) as we allow the point p to range over V. We shall show
that these sets serve as coordinate neighborhoods of V.

Let p’: P* — P* be another projective transformation. Let U’ be a
coordinate neighborhood of (0, . . . , 0, 1) in the differentiable variety
(VYN Er. Let ¢: U — E™ be the coordinate mapping. We
suppose that p~1(U) N p'~}(U’) is not empty. It is then our task to
prove that the mapping ¢'op’e(¢0p)~1is differentiable where it is defined.
But this mapping is the composition of the mappings ¢, p’0p~?, and
¢'. Consequently it suffices to prove that p’op~! is differentiable as a
mapping of the subset U of the manifold p(V) M E* into the manifold
p'(V) ME». In accordance with the remarks following Theorem 2-1,
this is equivalent to proving that p’ep~? is a differentiable mapping of
U into E». Moreover, by Theorem 2-1, a function on U is differ-
entiable at a point of U if it is the restriction of a differentiable function
on an open set in E». This means that p’op~! is differentiable at a point
of U if it is the restriction of a differentiable mapping on some open set
in E». But this last statement is clearly true since p’op~! is a projec-
tive transformation when applied to all of P

EXERCISES

1. Prove that the projective variety defined by y:? — y2* — ys? = 0 in P? is
nonsingular,
2. Prove that the projective variety defined by

Y1Ysys — Yd =0
ity +y?—y2=0
in P? is nonsingular.

8. Show that the completions of the circle z;? + z3* = 1 and the hyperbola
1) — 2,9 = 1 in P? are projectively equivalent, in the sense that there is a projec-
tive transformation which carries one onto the other. Do the same for the circle
712 + z3? = 1 and the parabola z;? = z,,



CHAPTER 4

The Tangent Bundle of a Differentiable
Manifold

4-1 VECTOR FIELDS ON E»

Let U be an open subset of E*. A wvector field on U is a corre-
spondence x which assigns to each point z in U a vector x(z) of the
tangent space T'(zr). The tangent vectors (9/0z1)s, . . . , (8/0%n):
form a basis of T'(z), and so we may write

) )
x(x) = “‘(”)a_x', + -+ “"(”)a_x,

Since the coeflicients a1, . . . , a, may change from one point z to
another, they will be regarded as functions defined on U.
If f is any differentiable function on U, we may form the ‘“product’

n

x@,d) = )o@ (+1)

t=]

at each point of U. Then (x(z), df) is also a function on U. If for
every differentiable function f on U the corresponding function
(x, df) is also differentiable, the vector field x is said to be differentiable
on U. Itis clear fromrelation (4-1-1) that, if the functionsa;, . . . ,aa
are differentiable on U, then x is differentiable on U. Conversely, if
x is differentiable on U, we may take f to be the function that assigns
to the point z its sth coordinate z,. Then (x, df) = a, and so
ai, . . ., a, are differentiable functions. Thus the vector field x is
differentiable if and only if all the coefficient functions a.(z), . . . , aa(z)
are differentiable on U. In particular, the vector field x for which
x(z) = (8/0zs)s for all z is differentiable. It will be denoted by
d/9%;.
71
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4-2 THE TANGENT BUNDLE

In this section we shall see that we may look upon a differentiable
vector field as a differentiable mapping. _

Let U be an open subset of E*. Let T(U) consist of all ordered
pairs (z, a), where z € U and a € T'(z). If x is a vector field on U,
we may associate with x the mapping x — (z, x(z)) of U into T(U).
We shall also denote this mapping by x. Thus x(z) will denote either
a vector from T'(x) or a pair (z, &) from the set T(U), depending upon
the context.

We shall show that it is possible to give a differentiable structure to
T(U) in such a way that the differentiable vector fields on U are
precisely those mappings of the form z — (z, o) which are differentiable.
Let (z, a) be a point of T(U). Then

The mapping
(r,a)> (@, ... ,ZTnCt,H...,Cn)

of T(U) onto the subset U X E" of E*" is one-to-one. We may give
to T(U) the topology that makes this mapping a homeomorphism, and
then we may regard the mapping as a coordinate mapping. In this
way T(U) is entirely covered with one coordinate neighborhood and
becomes a differentiable manifold of dimension 2n. The manifold
T (V) is called the tangent bundle over U.

Let x = ai(x)(9/0z1) + - * - + an(x)(9/9x,) be a vector field on
U. As the mapping

T (Zy, . . ., Ty ar(x), . . ., an(x))

into T(V), x is differentiable if and only if the functions a;, . . . , ax
are differentiable, that is, if and only if x is a differentiable vector field.
Let x: £(U) — U be defined by n(z, @) = 2. From the point of view
of the tangent bundle, a differentiable vector field on U is a differ-
entiable mapping x: U — T(U) such that xox is the identity mapping.
The mapping = is clearly differentiable. If we introduce the corre-
sponding linear mappings which are induced on the tangent spaces,
we obtain mxox« = 1. Consequently x is regular at each point of U.
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EXERCISE

Let x: U— T(U) be any mapping such that xox is the identity mapping.
Prove that x is continuous if and only if for every differentiable function f on U
the function (x, df) is continuous on U.

4-3 ELEMENTARY PROPERTIES OF VECTOR FIELDS

Let U be an open subset of E». Let D be the ring of all functions
that are differentiable on U. Let ¥ be the set of all differentiable
vector fields on U. For the purposes of this section, we shall not need
the tangent bundle T(U), and so we shall take the point of view of
Section 4-1. Then ¥ may be regarded as 8 module over D in the
following way: Let x; and x2 be elements of %X, and let f be an element
of ©. Define

(x1 4+ x2) (@) = x1(z) + x2(2)
(fx1) (@) = f(@)x1(z)

for all zin U. These relations define vector fields x1 + x: and fx: on
U which are clearly differentiable. The resulting operations make
% a module over D.

The vector fields 8/0x1, . . . , 9/0z. span %X over D, and they are
linearly independent, in the sense that if Z.,1.(8/92.) = 0 the functions
fi, . . ., faare all zero. When we speak of the linear independence
of vector fields on U, we shall always mean linear independence with
respect to D.

Let &: U — V be a one-to-one differentiable mapping of U onto an
open set V in E» such that 5! is also differentiable. Then § induces a
linear transformation éx: T'(x) — T'(6(x)) for each z in U. Let ¢ be
a vector field on U. If y is a point of V, we may define

X @) = a[x(3'¥))]

Then x® is a vector field on V which is said to be induced by & from x.
If g is any function which is differentiable on V, then (x?, g) = (x, g°é)
(see Section 1-3). Hence if x is differentiable on U, then x? is dif-
ferentiable on V.

Let (yy, . . ., Yn) = 8(x1, . . ., Z,), and let

n

x(2) = 2 a;(z) (3%;),

I=1
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We know that there are functions b;, . . . , b, on V such that
i}
w30
) 2 o (),
It is natural to ask how the functions b1, . . . , b, are related to the
functions @1, . . . , @.. Since
sabx@) = ) a@n] (2) ]
7=1 vE
i) . [ 9
{[(2)]- 3 2.
it follows that
3y,
b(y) = z L o457 @)) (4-3-1)
¢
I=1
The collection of n-tuples of functions {a;, . . . , a.}, one collection

for each coordinate neighborhood and all related by (4-3-1), is called a
contravariant vector in the classical literature of differential geometry.
The relation (4-3-1) is called the transformation law for a contravariant
vector.

EXERCISES

1. Let

x1(Z1, 1) = (21 + 23) 7 6::, - bi:-,

xa(Z1, 22) = (22 + 1) + l

for all points (1, zs) in E*. Prove that x: and xs are lmearly independent dif-
ferentiable vector fields on E?. Let

x(z1, Z2) = (21? + 22%) 52,—‘ + (212 — T2%) :’%’

for (21, z3) in E3%. Find functions b, and b. such that x = bix1 + baxa.
2. Let 5: E*— E? be the diffeomorphism of Exercise 7 in Section 1-3, and let
x1, x3, and x be the vector fields of the preceding exercise. Find the vector fields
8.8 .3
X1y X2y X«
8. Let x1, . . . , x» be linearly independent differentiable vector fields on an
open subset U of E*. Let

x™ a1+ -+ auxn
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Prove that x is differentiable on U if and only if the functions @, . . . , as are
differentiable on U.

4. Let x1, . . ., xa be the vector fields of the preceding exercise. Let & be a
diffeomorphism of E’. Prove that the vector fields xi%, . . . , xa’ are linearly

independent on 5(U).
6. Let 3 be the diffeomorphism of Exercise 8 in Section 1-3. Find

=) (ax,) (53:)‘

x(z1, T2, 23) = Tl oo + TaTs 5 + T3T1 —

Let
a4
0z3

Find the functions by, b, bs such that
3 \* 3 \* A
x=b0 () +0 () +0 ()

4-4 FLOWS IN E»

As we shall see, it is also possible to look upon a differentiable vector
field as a system of differential equations. We shall first consider an
example.

Let x be the vector field

d
X"xn +x2

on E2. We may attempt to visualize this vector field by drawing a
directed line segment whose components are xi, z; at the point (i, x2).
The resulting picture is given in Figure 4-1.

We shall undertake to solve the following geometric problem: }Find
a family § of differentiable parametrized curves such that, if v € §
and vy passes through the point z, the tangent vector to v at z is the
given vector x(z). In our example we see immediately that the
straight lines through the origin will have tangent vectors with the
correct directions. But these lines will have to be parametrized
suitably if their tangent vectors are to be vectors of the given vector
field x.

Consider the sfraight line z, = mz;. Let us suppose that it is
possible to parametrize this straight line so that it has the correct
tangent vectors. If this parametrization is given by z, = f(t), we
must have

1O g + MO g = O 5 + mfO 5
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Hence f(f) must satisfy the differential equation f’(t) = f(f). The
general solution of this equation is f(t) = cet; clearly v(f) = (ce!, meet) is
a solution of our problem.

For the purposes of this section, our former definition of a differ-
entiable parametrized curve in E* and its tangent vector must be
relaxed a bit, asis indicated by the example that we have just examined.

Fig. 4-1

A differentiable mapping ¥ of an open interval of E! into E* will be
called a differentiable parametrized curve. The interval need not be
bounded. Let z° = y(f,) be a point on y. Let

7@ = (@), . . ., g:(®)
Then the tangent vector to y at z° is

g1(t) (5%1); o e (5(:—")=°

Let x be a differentiable vector field on an open subset U of E».
A differentiable parametrized curve v will be called an integral manifold
for x if the tangent vector to v at the point v(t) is x(v(t)) for each ¢ for
which v is defined.
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The collection of all integral manifolds for x is called the flow
determined by x, by analogy with the lines of flow of the velocity field
of a moving fluid. Let y(t) = (:1(f), . . . , z.(f)) be an integral
manifold for the differentiable vector field

(V] 9
X = 5?1 + + a. '5;.
on the open set U. Then a4, . . . , a, are differentiable functions of
21, . . ., 2, 0n U. The tangent vector to v at v(to) is
) S 4 ) 2
xl(to) axx + + xﬂ(to) axn
We therefore find that the functions z,(t), . . . , x.(f) must satisfy
the system
o) = aiz, . . ., Za)
zo(t) = an(zy, . . . , Tn)
of differential equations. Conversely, if there is a solution z,(¢), . . . ,

z.(t) of this system of equations, the curve y given by

Y(t) = (xl(t)y ] xﬂ(t))
is an integral manifold for the vector field x.
Returning to our example, the integral manifolds for

d d
X-—xla—z';'i'ng;:;

on E? are the solutions of the system
6 = o @) =z

These are x; = cie’, T2 = cq¢!. Since zz = (co/c1)1, we see that, as we
would expect, the only integral manifolds are the straight lines radiat-
ing from the origin, plus the trivial case when v(Z) = (0, 0) for all ¢.
In this example, the origin is a singularity, for none of the nontrivial
integral manifolds pass through it.

The question of the existence and uniqueness of the integral mani-
folds for an arbitrary differentiable vector field is settled by means of
the Picard theorem on the existence and uniqueness of the solutions of
systems of first-order differential equations. For the proof of this
theorem, the reader is referred to L. R. Ford, “Differential Equations”
(2d ed., chaps. 5, 6, McGraw-Hill, New York, 1955) (it is called the
method of successive approximations in this book). We shall state
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the theorem in a weakened form which is, however, sufficient for the
study of integral manifolds.

Picard Theorem. Let a), . . . , a, be differentiable functions on a
neighborhood U of the point y° in E». Then there are a neighborhood V of
y° contained in U, a positive number ¢, and unique functions z.(y, t),

. » Zn(y, t), which are differentiable for y € V and |t| < ¢, such that

y=(2(y, 0), . .., 2a(y, 0)), the point (z:(y, 8), . . . , 2a(y, 1)) 18 in
U, and

%‘ =a(zi(y, 8, . ., 2.y, 1)

0Zn

—a't_ = aﬂ(zl(yr t)! DR ,Z,.(y, t))

wheny € Vand |t| < e

Let
‘] 0
X =015~ + + a. oz,
be a differentiable vector field on an open subset U of E*. Let y° be a
pointin U. The Picard thcorem gives us a neighborhood V of y° which
is contaimed in U, a positive number ¢, and a family

'Y(yi ) = (zl(yr D, . ..,z.(y 1)

of integral manifolds for x. The integral manifold v(y, ¢) liesin U and
passes through the point y in V. Furthermore, the integral manifolds
are unique in the sense that, if ¥(f) is any integral manifold for x such
that ¥(0) = y € V, then %(f) = v(y, ) for |t| < e. Consequently, if
¥(t) is any integral manifold for x such that ¥({)) = y € V, then
¥t 4+ to) = ¥(y, t) for |{| < e. Finally we observe that the integral
manifolds y(y, t) depend differentiably on the point y in V.

If x(¥°) = 0, the integral manifold through y° is the trivial one
() = y° for all t. If x(¥°) # O, then the integral manifold through
y° must actually pass through y°. The singularities of the flow
associated with x are therefore precisely the points where x vanishes.

The problem of flows is capable of generalization in the following
way. In place of the given vector field we are given a correspondence
X which assigns to each point z a 2-dimensional subspace X(z) (or,
more generally, a p-dimensional subspace) of the tangent space T'(z).
An integral manifold is then a 2-dimensional submanifold S of E* (or a
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p-dimensional submanifold) such that at each point = the tangent space
to S at z is X(z). These problems will be taken up in a later chapter.

EXERCISES

1. Determine the flows associated with the following vector fields in E3:

a. = - X '—a"
' x 29z, ' oz,
a3 a

= —_— 3 —

b. X T2 9z1 Z2 zs

2. Determine the flow associated with the vector field

X = ZTao- +Ia + 15__;;

in E3.
8. Find the vector field of the flow {va.;,}, where

Yao(t) = (a sin (¢ — &), a cos (¢t — o), at)

4-5 FORMS ON E~

Let U be an open subset of E». A form on U is a correspondence w
that assigns to each point z of U a differential w(z) from T*(z).
Since the cotangent space at x is dual to the tangent space at z, it is
to be expected that the theory of forms will be dual to the theory of
vector fields.

In order to define the concept of differentiability for forms, we
introduce the cotangent bundle of E». Let £*(U) be the set of all
pairs (z, \), where z is in U and M is in T*(z). If (z, N) is a point of
T*(U), then

n

A= E a(dz).

t=1]1
The mapping
(xy 7\)—)(:01, ooy Tny Oy .. ,C..)

of T*(U) onto the subset U X E" of E?* is one-to-one. We give to
T*(U) the topology that makes this mapping a homeomorphism, and
then we may regard the mapping as a coordinate mapping. In this
way T*(U) is covered with one coordinate neighborhood and becomes a
differentiable manifold of dimension 2n. The manifold T*(U) is
called the cotangent bundle over U.

If w is a form on U, we may introduce the mapping z — (z, w(z)) of
U into T*(U). This mapping will also be denoted by w. We shall
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say that the form w is differentiable if it is a differentiable mapping of
U into $*(U).
For any form w on U there are functions a,, . . . , @, on U such that

w@) = a@)dz1 + ¢ ¢~ + an(x) dz,

It is clear that w is differentiable on U if and only if the functions
ai, . . ., a,are all differentiable on U. In particular, the form w for
which w(z) = (dz.). for all z is differentiable. It will be denoted by
dz,. If g is a function which is differentiable on U, the form w for which
w(r) = (dg), for all z is differentiable and will be denoted by dg.

Let W be the set of all differentiable forms on U. Let D be the
ring of all functions which are differentiable on U. Just as with vector
fields, we may make {8 a module over D by defining

(@1 + wg) (@) = w1(z) + w2(2)
(for) (z) = f(@)en(2)
when w;, w; € Wand f € D. Then the formsdz,, . . . , dr. span B
and are linearly independent over .

Let 6: V— U be a one-to-one differentiable mapping of the open
subset V of E™ onto an open subset U of E* such that 6! is also
differentiable. Then 6 induces a linear transformation 6*: T*(z) —
T*(5~'(z)) foreachzin U. Letwbeaformon U. IfyisapointofV,
we may define

W*(y) = 6*w(3(y))]

Then «® is a form on V which is said to be induced by é from w. Let
(Zy, . .. ,20) =81 . .., Yn), and let

n

(@) = JZ 0,(z) (dz,).

=1
There are functions b;, . . . , b, on V such that

n

) = Zb,(y)uy.),

Since

$*{u(@)] = za,u)s*t(dx,o,]

n

and 0*[(dz;)z] = 2 g%: (dys)sra
i=
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it follows that

n

a
b.(y) = 2 5y (80)) (4-5-1)
P
The collection of n-tuples of functions {ai, . . . , a.}, one collection

for each coordinate neighborhood and all related by (4-5-1), is called a
covariant vector in the classical literature of differential geometry.
The relation (4-5-1) is called the transformation law for a covariant
vector. The relation (4-5-1) also tells us that if w is differentiable on U
then o is differentiable on V.

When a form w and a vector field x are defined on the same open set
U in E», then w(z) is a linear functional on T(z) and, in particular, has
a value at x(x). Thus

f@) = (x(2), w(z))

is a function on U. Let w = Z}_ic,dx, and x = Z]_,a.(8/0x.). Then
f(x) = 2t c(x)a.(x). If wand x are differentiable on U, then f will be
differentiable on U. It is also clear that a form w on U is differentiable
on U if and only if for every differentiable vector field x on U the
function (x, w) is differentiable on U.

EXERCISES

1. Let
w] = (1 + 1‘12) dzy + dz,
w2 = (21 + x2%) dz1 — (1 — 7:1?) d2s

on E2. Show that w; and w; are linearly independent differentiable forms on E?2.
If
g(x1, 22) = z1%2

find the functions b, and b; such that dg = biw: + bew..

2. Let & be the inverse of the diffeomorphism of Exercise 7 in Section 1-3. If
w1 and w; are the forms of the preceding exercise, find w:® and w.®.

8. If g, and g, are two differentiable functions on an open subset U of E2,
find a necessary and sufficient condition that the forms dg: and dg. be linearly
independent on U.

4. Let

wr = e*1dz1, wy = e*1dzs w3 = e*1 dzs

on E% Show that wi, ws, w; are linearly independent differentiable forms on E3.
6. Let & be the inverse of the diffeomorphism of Exercise 8 in Section 1-3.
If w1, ws, ws are the forms of the preceding exercise, find w:’, ws®, ws’.
6. Let U be an open subset of E», Let w1, . . . , wa be lincarly independent
diffcrentiable forms on U. Let w = =}_,a.w,. Prove that o is differentiable on
U if and only if the functions ay, . . . , aa are all differentiable on U.
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7. Let wy, . . . , wa be the forms of the preceding exercise. Let & be a diffeo-
morphism of E*. Prove that the forms w\, . . . , ws’ are linearly independent
on &~ Y(U).

4-6 THE TANGENT BUNDLE AND COTANGENT BUNDLE
OF A DIFFERENTIABLE MANIFOLD

Let M be a differentiable manifold. We may form the set (M) of
all pairs (m, a), where m & M and a € T(m). We shall give a
differentiable structure to the set T(M) which is locally the same as the
differentiable structure of the tangent bundle defined in Section 4-2.

If (m°, @°) is a pair from T(M), there is a coordinate neighborhood
U of m® with coordinates (1, . . . , 2.). Let x: T(M) — M be the
mapping defined by v(m, a) = m. Then »~1(U) is the set of all pairs
(m, a) such thatm € U. If (m,a) €E x~Y(U),thenm = (z1, . . . , 2n)
and

] ad
a—ala—;l'i' +a”5x—,.

The correspondence
ma)y— @, ...,%,0,...,0

is a one-to-one correspondence between 7—!'(U) and an open subset of
E?», The reader may easily show that there is a unique topology on
T(M) such that all such mappings, as U runs through the coordinate
neighborhoods of M, are homeomorphisms. We would like to
use the sets #~}(U) as coordinate neighborhoods of T(M) with the
homeomorphisms

ma)y>(xy, ...,%50,...,0)

as the coordinate mappings. We must therefore verify that these
coordinate neighborhoods are compatible with one another.

Let U and V be two coordinate neighborhoods of M such that
UNYV is not empty. Let (x;, ..., 2,) and (y1, . . ., yn) be
coordinates in U and V, respectively. Let ¢ be the coordinate trans-
formation on U NV, so that y = ¢¥(z). Then y is a differentiable
mapping. If (m, ) € » (U N V), then

where
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a!/:
ax.

t=]

Consequently

The partial derivatives dy,/dz; are differentiable functions of =z,

, Zn, and so the coordinates by, . . . , b, are differentiable func-
tions of z1, . . ., Zn, @1, . . . , @. The coordinate transformation
from (1, . .., %, Gy . .., 8n) 0 (¥1, ..., Yn by, ..., by)is

therefore differentiable. This means that our choice of coordinate
neighborhoods gives to T (M) the structure of a differentiable manifold
of dimension 2n. The manifold T(M) is called the tangent bundle of
the manifold M.

The reader may easily construct for himself the analogous cotangent
bundle T*(M) of the manifold M.

Let U be an open subset of a differentiable manifold M. A differ-
entiable mapping x: U — T(U) such that mox = identity is called a
differentiable vector field on U. We may also look upon x as a
correspondence which assigns to each point = of U a vector x(z) in T(z).
The set X of all differentiable vector fields on U may in the usual way
be made into a module over the ring D of all differentiable functions
on U. We leave to the reader the analogous definition of a differ-
entiable form on U.

Let x be a differentiable vector field on an open subset U of a
differentiable manifold M. An integral manifold for x is a differentiable
mapping v: J — U, where J is an open interval of E!, such that

v (§) = xo®)

for all points ¢ in J. Here vy« denotes the linear transformation
induced on the tangent space by the differentiable mapping v. When
U is a coordinate neighborhood of M with the coordinates (zi, . . . ,
z,), we may write

(@) = @), . . ., z())
where z1, . . . , z, are now differentiable functions of ¢ on the interval
J. We may also write
9
x(z;,...,x,.)—alb?‘+ +a,.5—-z"
where a;, . . . , a, are differentiable functions of z,, . . . , z.. Then

v is an integral manifold for x if and only if z:1(¢), . . . , z.(f) are
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solutions of the system of differential equations

x;(t) = a1($1, ey :E,.)

The question of the existence and uniqueness of integral manifolds in
this case is therefore no different from the same question for E» which
was settled in Section 4-4.

EXERCISES

1. Let M be the 2-torus. Construct two differentiable vector fields xi, x on M
which are linearly independent.

2. Construct two differentiable forms on the manifold M of the preceding
exercise which are linearly independent.

4-7 THE PRINCIPAL BUNDLE

Let M be a differentiable manifold of dimension n. As a point set,
the principal bundle P(M) is the set of all pairs (m, o), where m € M
and ¢: T(m) — T(m) is a nonsingular linear transformation of the
tangent space T'(m) at m, that is, ¢ € GL(T(m)). We shall give
PB(M) a differentiable structure by a procedure analogous to the
construction of T(M) in Section 4-6.

Let #:B(M) — M be defined by n(m, ¢) = m. Let U be a coordi-
nate neighborhood of M, with the coordinates z;, . . . , .. We shall
make 7—!(U) into a coordinate neighborhood by defining a homeo-
morphism ¢ of #~!(U) into E****, The mapping ¢ is given by

o(m,a) = (X1, . . . ,Tny Q11, G132, . . . , Gna)
a a 0]
where v (a—x,) = a5 + -+ am 7.
fori=1, ..., n The verification that the sets #—1(U), together

with their mappings ¢, provide (M) with the structure of a differ-
entiable manifold will be left to the reader.

EXERCISES

1, Carry out the construction of P(M) which is sketched in this section.
2. Let M be a differentiable manifold. Let P*(M) consist of all pairs (m, ¢*),
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where m is a point of M and ¢* € GL(T*(m)). Show how to make B*(M) into a
differentiable manifold. Show that there is a differentiable mapping & of (M)
onto P*(M) such that the following conditions are satisfied:

a. & is one-to-one.

b. 6711is also differentiable.

¢. %05 = x, where = and »* are the projection mappings given by x(m,¢) = m
and »*(m, ¢*) = m, respectively.



CHAPTER 5

Submanifolds and Riemann Metrics

5-1 SUBMANIFOLDS

The general notion of a submanifold of a differentiable manifold is
suggested by the example of a differentiable variety in E». In general
terms, a subset M’ of a differentiable manifold M is a submanifold if it
is a differentiable manifold whose structure is derived from the
differentiable structure of M. This means that the differentiable
functions on M’ must be locally the restrictions of differentiable
functions on M.

Theorem b6-1. Let M and N be differentiable manifolds. Let
o: N— M be a differentiable mapping, and let n € N. If for every
differentiable function f on N there are a neighborhood U of n and a
differentiable function g on M such that gco = f on U, then o is regular
at n.

Proof. Let n’ = a(n). Let V be a coordinate neighborhood of n
and (21, . . ., z,) the coordinates on V. There are functions
fi, . . . ,fron Vsuch thatdz; = df.atnfori =1, ... ,r. By the
hypotheses of this theorem there is a neighborhood U of n and there are
functions gy, . . . ,g.,0n M such thatf, = gcoon Ufore =1, . ..,
It follows that if o* is the linear transformation of 7*(n’) induced by o
then dz; = o*(dg,) at nfor7 =1, . . ., r, and consequently dg;, . . . ,
dg, are linearly independent at n.

The differentials dgy, . . . , dg- may be completed to a basis
{dgy, . . ., dgry, Mo, . . ., N} of T*(n'). Let gryr, . . ., g be
differentiable functions on M such that dg; = N\;forj=r+41, ... ,s.
We shall prove that y, = gi(m), . . . , ¥, = g,(m) are coordinates on
some neighborhood of #n’. Consider the mapping r: M — V* given by

r(m) = (ga(m), . . . , g.(m))

Let W be a coordinate neighborhood of »’ and (2, . . ., 2,) the
coordinates on W. Then gy, . . . , g, are differentiable functions of
86
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2, . . .,2 and r is given by

7 3-S5 T R T

Ye = g1, . . . ,2)
Furthermore,

dg, = -gg—;dz,- i=1,...,8
Fm]

and so the rows of the matrix

691 ag 1
92, 0z,
ag. g,
02y 9z,

are linearly independent. By the implicit-function theorem, there is a
differentiable inverse mapping to r on a neighborhood of r(n’).
Consequently (y;, . . . , ) are coordinates on a neighborhood W’
of n’.

Suppose that a & T'(n) and ox(x) = 0, where o« is the linear
transformation of T(n) induced by o. Then (ox(a), dy,) = 0 for
J=1,..., r. But then (a, o*(dy)) =0 or (o dz;) = 0 for
J=1,...,r. Itfollowsthat « must be 0; hence o« is a one-to-one
mapping, which was to be proved.

Let M be a differentiable manifold, and let M’ be a subset of M.
M’ is called a submanifold of M if there are a differentiable manifold N

and a differentiable mapping ¢: N — M such that the following
conditions are satisfied:

1. o is one-to-one.

2. o(N) = M'.

3. For any differentiable function f on N and any point n in N there
are a neighborhood U of » and a differentiable function g on M such
that gos = fon U.

If the differentiable structure of N is transferred to M’ by the one-to-
one mapping o, the differentiable functions on M’ are precisely those
functions which are locally the restrictions of differentiable functions
on M. On the other hand, in Section 5-2 we shall see that the topology
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which is transferred to M’ from N need not be the topology induced on
M’ from M.

As one can see from Theorems 2-4 and 2-5, the converse of Theorem
5-1 is also true.

Theorem 6-2. If M and N are differentiable manifolds and if
o: N — M is a regular differentiable mapping, then for any point n in N
and any differentiable function f on N there are a neighborhood U of n
and a differentiable function g on M such that goo = f on U.

Thus a subset M’ of M is a submanifold of M if there are a differ-
entiable manifold N and a one-to-one regular differentiable mapping
o: N — M such that M’ = ¢(N). Itisclear that, if M’ is a subset of a
differentiable manifold M which can be made into a submanifold of M,
its differentiable structure is uniquely determined by the differentiable
structure of M.

Let M’ be a submanifold of M. Let ¢: M'— M be defined by
o(m) = m. Then ¢ is a regular differentiable mapping. If m € M’,
there are a neighborhood V of ¢(m) in M and a differentiable mapping
r: V— M’ such that U = »(V) is a neighborhood of m in M’ and
roo = identity on U. It follows that r(m) = m for the points m in M’
and U=V NM. If g is a differentiable function on V, then
f = geo is the restriction of g to M’. In terms of the induced linear
transformation ¢* on the cotangent space at o(m), we have df = o*(dyg).

On the other hand, let ¥ be a differentiable parametrized curve in M’
through the point m. Then ooy is the same diffcrentiable parametrized
curve but now regarded as a curve in M. In terms of the induced
linear transformations on the tangent spaces, we have (sov)x = oxovx.
But @ = vx(8/0t) is the tangent vector to v at m in M’ and (oov)x (8/9:)
is the tangent vector to ooy at m in M. Consequently we find that
the tangent vector to govy at m is the image under ox of the tangent vector
to vy at m. The mapping o« is one-to-one. If we adopt the geometric
view of a tangent vector as a family of differentiable curves, the tangent
vectors to M’ at m may be regarded as those tangent vectors to M at m
that are represented by curves which lie in //’. In particular, we may
regard the tangent space to M’ at m as a subspace of the tangent space
to M at m. From the algebraic point of view, we are simply identifying
the tangent space to M’ at m with its image under o«.

Now let \ be a differential at m in M. If « is any tangent vector
to M’ at m, we have (a, o*(\)) = (ox(a), N\). In other words, if we
identify « and o« (@), the value of o*(\) at « is the same as the value of
A at a. Since o*or* = (ro0)* = identity, +* maps the cotangent space
of M at m onto the cotangent space of M’ at m. Consequently we may



SUBMANIFOLDS AND RIEMANN METRICS 89

say that the differentials of M’ arise from the differentials of M by
restricting them to the tangent space to M'.

EXERCISES

1. Prove Theorem 5-2.

2. Prove that the differentiable varieties in E* are submanifolds of En.

8. Prove that if M’ is a submanifold of M and if M"’ is a submanifold of M’,
then M"” is a submanifold of M.

4. Prove that every open subset of a differentiable manifold M is a submanifold
of M.

5. Let M be a differentiable manifold and M’ a submanifold of M. Let N be
a differentiable manifold and u: N — M’ be a mapping. Prove that p is differenti-
able as a mapping into M’ if and only if u is differentiable as a mapping into M.

6. Under the hypotheses of the previous exercise, let r: M’ — N be a mapping.
Prove that r is differentiable if and only if r is locally the restriction to M’ of
differentiable mappings from M into N.

7. Let M’ be a submanifold of the differentiable manifold M. Let T(M’)
and T(M) be the tangent bundles of M’ and M, respectively. Show how T(M’)
may be regarded as a submanifold of T(M).

5-2 AN EXAMPLE

In this section we shall consider an example which shows that it is
possible for a differentiable manifold M to have a submanifold of
lower dimension which is everywhere dense in M.

Let T? be the 2-torus described in Section 2-4. To simplify the
computations, choose the basis {»* = (1, 0), »> = (0, 1)} for V2.
Then the points (z;, z2) and (y1, y2) represent the same point of T if
and only if z; — y; and z; — y, are integers. Let = be the natural
homomorphism of the group V2 onto the group T2. Let ¢ be a number,
and let L be the differentiable variety in E? defined by the equation
zg—czy = 0. Let 8 = x(L). We shall see that S is a submanifold
of T2,

Suppose that =: V2 — T? is not one-to-one when restricted to L.
Then there are distinct numbers ¢, and ¢, such that (¢, ct;) = = (ts, cts).
Thus there are integers l and m such thaté, — ¢, = mand ¢t, — ct; = 1.
Since m is not zero, ¢ = I/m is a rational number. We may assume
that the fraction I/m is in lowest terms. Let S! be the identification
space model of the 1-sphere, and let 6: E! — 8! be the identification
mapping. In other words, ({,) = 6(t;) if and only if ¢ — ¢, is an
integer. Then the mapping 6(¢) — = (mt, lt) of 8! into T2 is well-defined
and is actually a one-to-one mapping of S! onto S. Furthermore, this
mapping is differentiable and regular, and so S is a submanifold of 7%
with the differentiable structure of S
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Henceforth we shall assume that ¢ is an irrational number, so that
x: V2 — T?is one-to-one on L. Thus the mapping ¢t — = (¢, cf) is a one-
to-one mapping of E! onto S which is differentiable and regular. This
shows that S is a submanifold of T with the differentiable structure of
E!. We shall prove that S is everywhere dense in T2,

The set #~1(S) consists of all points (¢ + I, ¢t + m), where [ and m
are integers and ¢ is any real number. It therefore consists of the
union of all straight lines in E? whose equations have the form

a:g—m-c(:cl-l)=0

where m and [ are integers. If we prove that »~!(S) is everywhere
dense in E?, it will follow that S is everywhere dense in 72. Since the
lines of #~1(S) are all parallel to one another, it suffices to show that
their intersections with the line z; = 0 are everywhere dense in this
line. These intersection points have the form (0, m — ¢l), where m
and ! are integers. We must therefore prove that, if ¥ is any number
and e is any positive number, there are integers m and ! such that
Im — ¢l — y| <e

We shall first show that it suffices to establish this statement when
y = 0. For suppose that we are able to find integers /; and m, such
that |m; — cli] < e Then ¢; = m; — cl, is an irrational number, and
80 c; is niot zero. Let k be the largest integer which does not exceed
y/ci. Then let m = km, and I = kl,. It follows that

|m — el — y| = |ker — yl| = |eil

_y
k c1|<|cl|<e

which was to be proved.

The case when y = 0 follows easily from the following theorem
concerning the approximation of irrational numbers by rational
numbers.

Theorem b5-8. Let ¢ be an irrational number. Then there are

sequences of inlegers my, ma, . . . and ny, Mg, . . . Such thatn, 2 ¢ — 2
and
-2
n, n,
fori=23,....
Proof. Define the sequence cq, ¢y, ¢z, . . . of irrational numbers and

the sequence l, l;, . . . of integers as follows: co = ¢, l; is the largest
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integer which does not exceed c¢;—, and

C = 1
c;—l'_l‘

Since 0 < ¢,._1 — L < 1, it follows that ¢, > 1 and hence that L, = 1

for ¢t=1, 2,.... Then define two sequences of integers m.,
my . ..and ny, ng ... as follows: my=1 me=1, m =0,
ne = 1, and

Miy1 = lmy 4+ muy
Ny = lm; + niy

fori = 2,3, . ... Inparticular,

ng=ln:+nm=05L=21
ng=1Ilmg+ne=ULla+122

Once we have proved that n; 2 j — 2 for j < 7 with ¢ = 5, it follows
that
=iy + M2t —3+1—427—2

since { — 3 2 2. Hence this relation is established by induction for
all 7.
We shall prove by induction that

mm,—1 — NiMy—1 = ('_l)i—l

fori =2,3,. ... The case 7 = 2 is easily settled by substitution.
Furthermore,

MMy — N = (l—1micy + Mu—g)Nicy — (a1 + ni_2)mia
— (MyeaMas — MiyM,_3)

from which the general case follows. The relation may be rewritten as

mey _ome (1)

Ny n; NN
Finally we shall prove by induction that
m, ( - 1)’

fori=2,3,.... The case ¢ = 2 may be verified by substitution.
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If we assume that

Mi-y _ (=1)—?
iy Nia(MimaCie + Naa)
then c—Tm - Tt g T
n; Ni1 Ni—1 n,
- (=1)nis6—2 — (N, — n,_)
N1 Ny—1Ciwz + Nig
= ("l)i Ci—g — Ly
n;  Ni1Ci-z + Nz
_ (=1 1
T o a1(Bie + o)

Since ¢,—1¢i—2 = ¢i—1li-1 + 1, we obtain

c—m_ (I 1
n; n, (boafor + nig)eio + nia
_ (=1
n‘(n‘lc‘l—l + ni-—l)
From the inequalities ¢;.; = 1 and n,_, =0 forz =2, 3, . . . it

follows that

m(nic—1 + ny_y) = N2
Henc~

EXERCISE

The 3-torus T is obtained from V? in the same way that T'? is obtained from
E?* namely, by identifying two vectors (zi, 2, ;) and (1, ¥, ¥s) for which 2, — i,
Z3 — Y, and z; — y; are integers. Let x: V3 — T3 be the identification mapping.
Let L be the differentiable variety in E3 = V3 defined by the equations z; — ¢;z1 =
Z3 — c2xy = 0. Prove that S = x(L) is a submanifold of T3. Prove that S is
dense in T if and only if ¢, ¢z, and ¢1/c; are irrational,

6-3 PRODUCTS OF MANIFOLDS

Let M and M’ be differentiable manifolds of dimensions » and »’,
respectively. The topological product M X M’ is a Hausdorff space
with a denumerable basis. We shall see that M X M’ may be given
the structure of a differentiable manifold in a natural way.

Let {U.} be the family of all coordinate neighborhoods of M
and {U,} the family of all coordinate neighborhoods of M’. Let
¢a: Ua— E* and ¢.: Uy — E¥ be the corresponding coordinate
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mappings. The open subsets {U. X Us} cover M X M’, and the
mapping ¢a X ¢u: Us X U — E* X E¥ = E*+ defined by
(¢a X %’;')(m: m’) = (‘Pc(m)) ‘Pt'!‘(m'))
is a homeomorphism of U. X Uy, onto an open subset of E™+,
Furthermore, since
(98 X 08) % (0a X o) = @500 X 05 'ogle

it follows that this mapping is differentiable on the set in E*+*' on
which it is defined. Consequently the sets U, X U’ become coordi-
nate neighborhoods of M X M’ with the corresponding coordinate
mappings ¢. X ¢u.

vievixy!

TXT 0

1=8'x S* g > T?
Fia. 5-1

Various properties which are true of topological products and
continuous mappings also hold for products of differentiable manifolds
and differentiable mappings. These properties are listed in the
exercises and their proofs are left to the reader.

As an example, we shall show that if 8! is the 1-sphere then S* X St
is a differentiable manifold with the same structure as the 2-torus 72
This gives us a third model for the 2-torus.

S! can be regarded as the differentiable variety in E? defined by
212 4+ 2.2 = 1. However, we shall use the identification space model
in which 8! is obtained by identifying any two points ¢ and ¢’ of V'such
that ¢ — ¢’ is an integer. The details of this construction are similar to
those for the 2-torus and will be left to the reader. (Of course, S* is
also the 1-torus 7".) Let x: V! — S! be the identification mapping.
Then = is differentiable.

Let M denote the manifold S' X 8!, and consider the differentiable
mapping 7 X w: V! X V! = V2 — M defined by

(@ X x)(t, ') = (x(t), ()

Let 6: V2 — T2 be the identification mapping. It is clear that there is
a one-to-one mapping ¢ of M onto T? (see Figure 5-1) such that
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oo(x X x) = 6. We wish to show that ¢ and ¢! are differentiable
mappings. Then M and T will have the same differentiable structure.

Let m = (81, 83) € M. The linear transformation = which is
induced by x: V! — 8! is onto. By Theorem 2-6, there are neighbor-
hoods U; and U, of 8, and s;, respectively, and differentiable mappings
71: Ur— V! and 15: Uy — V?! such that xor, = identity on U,; and
mory = identity on U,. Then

Go(ry X 73) = oo(xr X 7)o(r1 X 72) =@

on U, X U,. Hence ¢ is differentiable at m.
Since 6: V2 — T? induces a linear transformation 6x which is onto,
we may prove in the same fashion that ¢! is differentiable.

EXERCISES

1. Let M, M’, and M"’ be differentiable manifolds. Let u: (M X M’) X M —
M X (M' X M") be the natural homeomorphism of these topological products.
Prove that u and u~! are differentiable mappings. This shows that these two
products of manifolds have the same differentiable structure. It is customary to
identify them and denote either one by M X M’ X M.

2. Let M and M’ be differentiable manifolds. Let =: M X M’ — M be the
natural projection. Prove that = is a differentiable mapping.

8. Let U and U’ be open subsets of differentiable manifolds. Let M and M’ be
differentiable manifolds. Let 5: U — M and &': U’ — M’ be differentiable map-
pings. Let § X &: U X U’ — M X M’ be defined in the natural way, and prove
that 8 X & is differentiable.

4. In Exercise 3, prove that & X &' is regular at the point (u, ') of U X U’ if
and only if 3 is regular at » and &’ is regular at u'.

5. Let M and M’ be differentiable manifolds. Let m € M and m' € M/,
and let T(m), T(m'), and T(m, m') denote the tangent spaces at m, m’, and
(m, m’) € M X M’, respectively. Prove that T(m, m’) is isomorphic in a natural
way to T(m) & T(m), that is, every element of T(m, m') may be written in one
and only one way as a + o with « € T'(m) and o’ € T(m’).

8. Let M and M’bedifferentiablemanifolds. Let T(M), T(M’'),andT(M X M’)
be the tangent bundles of M, M’, and M X M’, respectively. Prove that
T(M X M’) has the differentiable structure of T(M) X T(M').

7. Prove statements similar to Exercises 5 and 6 for the cotangent space and
the cotangent bundle.

5-4 RIEMANN METRICS

Let z be a point in E2. Let T(x) be the tangent space at z. We
may introduce an inner product in 7'(z) as follows: If

9 d
a—al(é?l)"l'az(g;’ i
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and B=0b (52—)2 + b, (a%’)

then (a, ﬂ) = albl + azbz

The inner product assigns a length 1/{a, a) to each vector « in T'(z).
We shall introduce this inner product intp the tangent space at each
point of E2,

Let v be a differentiable parametrized curve in E2. Let

7@ = (1), F:(®)
fora =t =b. The ordinary arc length s along v is given by

sO = [ VAW + A0 du = [ VW), «@)du

where a(t) is the tangent vector to v at v(f). If v is not stationary at
any point @ < ¢ < b, that is, if a(f) # 0 for a < t < b, then

(a(®), () # 0

for a <t <b. Under these circumstances, s(f) is a differentiable
monotone increasing function and has a differentiable inverse ¢(s)
defined for 0 < s < s(b). We may therefore easily reparametrize v
by setting ¥(s) = v({(s)) for 0 = s < s(b). That is to say, ¥ and v
have the same points, but these points are parametrized differently.
It follows that the tangent vector to ¥ at each point v(s) with0 < s <
s(b) has length 1. Actually, the arc length s(f) along v may be char-
acterized as that reparametrization of y for which all the tangent
vectors have length 1.

We propose to generalize this situation by permitting other inner
products to be introduced into the tangent spaces besides the one
which has been discussed. Furthermore, we shall allow the inner
product {, B)m to vary in a suitably differentiable manner from one
point m of the manifold to another. (a, B)» is then called a Riemann
metric. Under these circumstances, we shall find that we may still
reparametrize a differentiable curve v in such a way that the tangent
vectors all have length 1. This reparametrization will be called the
arc length along v with respect to the Riemann metric {(a, 8)n.

Let M be a differentiable manifold. Let {(a, 8)» be a real number
which is defined for each point m in an open subset U of M and for all
vectors a snd B in the tangent space T'(m). For each point m in U,
(e, B)m is assumed to be an inner product on T'(m). Let &, . . ., &
be vector fieldson U. &, . . . , & will be said to be orthonormal on U
if for each point m in U the set {£i(m), . . . , &(m)} is orthonormal,
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that is,
) _Jo ife =g
(Et(m)a EJ(m»m - ‘ 1 if'l = j
Theorem b6-4. Let M be a differentiable manifold with an inner
product (a, B)m in T(m) at each point m. Let x1, . . . , x- be linearly
independent differentiable vector fields on an open subset U of M. If the
Sfunctions

gn(m) = (xa(m), x;,(m))m

are differentiable on U fori,j = 1, . . . , r, then there is an orthonormal
set {&, . . ., &} of differentiable vector fields on U which spans the same
module over the ring D of differentiable functions on U as the set {xi,

c vy Xr)

Proof. We shall apply the orthonormalization procedure described
in Theorem 1-4 to the vector fields x1, . . . , x-

Since x1(m) # 0 for all m € U, it follows that

gu(m) = (xa(m), x1(m))m #= 0

on U. Hence we may define

ti(m) = Xl( )

\/ n(

on U. Then ¢ is a differentiable vector field on U such that
(&1(m), Ea(m))m = 1

form € U. Furthermore, £, spans the same module over D as x; and

(m), m)), = gu(m)
is a differentiable function on U for< =1, . . ., r.

We have constructed the first vector field £, of our orthonormal set,
and we have proved not only that it is differentiable and spans the
same module over D as x1 but that it satisfies the condition that the
functions

ha(m) = (x: (m) , £1(m) >"|

are differentiable on U fors =1, ...,
We shall now assume that we have constructed differentiable vector

fields &, . . . , & on U which are orthonormal, which span the same
module over D as xi, . . ., xs, and which satisfy the additional
condition that forz =1, ... ,randj =1, .. ., s the functions

hiy(m) = (xi(m), £(m))m
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are differentiable on U. Then we shall show how to construct the

vector field £,41 on U so that the set {£;, . . . , &41] satisfies the same
conditions. The theorem is then proved by taking s successively
equaltol, . .. ,r—1.

Consider the vector field ¢ defined by
(m) = Xl+l(m) - Z (Xa+l(m); Ex(m))mEx(m)
k=1

on U. By our assumptions, { is a differentiable vector field on U.
Since for each m € U the vector

kiummxmmnmm

is in the vector space spanned by xi(m), . . . , x.(m) and x,+1(m) is
not in this vector space, it follows that ¢(m) % 0. Thus we may
define

(m)

Eoa(m) =

1
V¢ (m), ¢(m))m
on U.

Since

mmwmm=mﬂmm»1§m“my

it follows that (¢(m), £(m))= is differentiable on U. Consequently £.4+1
is a differentiable vector field on U. It is easy to verify that
(Egr(m), £ox(m))m = 1 (Ea(m), E(m))m = 0

forj=1,...,sand that &, . . . , £&41 span the same module over
Dasxi, . . ., Xe+1. Finally we observe that

Lx(m), £(m))m_

h'i.l 1 = —
am = ), .
g|, n+l(m) - kzl hn+l. k(m)hlk(m)
- V& m), Sm)n
and so h;, .41 is differentiable on U for: =1, . . . , .

We shall say that (@, 8)n is differentiable on U if there is an ortho-
normal set of n differentiable vector fields on U, where n is the dimen-
sion of the manifold M. According to Theorem 5-4, if we can find n
linearly independent differentiable vector fields x1, . . . , x» on U
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such that the functions

g‘!(m) = <X=(m), x:(m))m

are differentiable on U, then (e, 8). is differentiable on U. The next
theorem shows that the choice of the linearly independent differentia-
ble vector fields x;, . . . , x» is immaterial.

Theorem B6-6. If (a, B)m 18 differentiable on an open subset U of a
differentiable manifold M and if x1, . . . , xr are differentiable vector
fields on U, then the functions

gu(m) = (xi(m), x;(m))m

are differentiable on U for,j =1, . . . ,r.

Proof. There is an orthonormal set {£, . . . , £} of differentiable
vector fields on U. We may assume that U is a coordinate neighbor-
hood of M with coordinates (z1, . . . , zm). Let

&= Z a;dz, x, = E bi; dz;
=1 1=1
Then the functions a,; and b, are differentiable on U. Since &, . . . ,
£, are linearly independent on U, we may write

and it follows that (b;)) = (ci;)(as;), in matrix notation. Since (a,,) is
nonsingular at all points of U, we have (c,,) = (b;)(a,,)!, and so the
functions c;, are differentiable on U. Since

n

gs(m) = Y, cu(m)es(m)

k=1
the functions g¢;; are differentiable on U.

We now see that, in order to test the inner products {a, 8)= for
differentiability on U, it suffices to choose any set of n linearly inde-
pendent differentiable vector fields on U and to subject these to the
orthonormalization procedure. (o, B8)m is then differentiable if and
only if the resulting orthonormal vector fields are differentiable on U.
When this is the case we shall say that (a, 8)m is a Riemann metrjc on U.

Let M’ be a submanifold of the differentiable manifold M. Let
{(a, B)m be a Riemann metric on M. Let m be a point in M’. We
have seen how we may regard the tangent space 7"(m) to M’ at m as a
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subspace of the tangent space T'(m) to M at m. Consequently we may
restrict (@, B)m to T”(m) and in this way obtain a Riemann metric on M’.

Let U be a coordinate neighborhood of M with the coordinates
(®1, . . ., Za). Since {dzy, . . ., dz.} is a basis of the cotangent
space at m, we have

n n

(@, B)m = z E gi(m){a, dx.XB, dx;)

t=]1 j=1

(see Section 1-4). Now let V be a coordinate neighborhood of M’
which is contained in U. Let the coordinates of V be (y1, . . . , yr).
Then the coordinates zi, . . . , z, are differentiable functions of
Y1, - . -, Yr, for we know that the mapping o: V' — U given by

(xly- . 'yxﬂ)=¢(y17' .. ;yr)

is a regular differentiable mapping. Let m be a point of V. If {a, 8),,
is the restriction of (a, 8)» to M’, then

@B =3 % hym)a, duXs, du)

1=1 =1

The relationship between the functions k., and the functions g,, is

) = 2 un( ) (22 2m)|

t=] =

(5-4-1)

Let (a, B)» be a Riemann metric on an open subset U of a differ-
entiable manifold M. Let v be a differentiable parametrized curve in
U which is never stationary (does not have any zero tangent vectors).
We shall show that ¥ may be reparametrized so that the tangent vectors
of the new curve all have length 1 with respect to (e, 8)m.

Let v(f) be defined fora <t =< b. Let

s0) = [} Ve, ey du

where a(f) is the tangent vector to v at y(t). Then («a(t), a(t)) > 0
for a <t < b, and it follows that s(f) is a monotone increasing differ-
entiable function for a S ¢ < b. It therefore has an inverse #(s)
which is also differentiable and monotoneincreasing. Lety(s) = v(t(s))
for 0 < s < s(b). Since the tangent vector to ¥ is

¢ (8)alt(s)) = 8—}7) a(t(s)) = a(f)

1
V{(a(®), a®))rw
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it has length 1. The function s(¢) is called the arc length along v with
respect to the Riemann metric (@, 8)m.

EXERCISES .
1. Let

@m—iE%W@M%M

g=] gm]

be an assignment of an inner product to the tangent space at each point of a
coordinate neighborhood U, with coordinates (zi, . . . , zs). Prove that (a, 8)m
is a Riemann metric on U if and only if all the functions g;, are differentiable on U.

2. Let (@, B)m be given as in the preceding exercise. Consider the mapping
p: U X E» — E!given by

%y o oy Tas @y . ..y an; by oL, b)) = (o, BYm
where m= (21, ...,2Zn
i) a
a=a(ag).t e,

o=n(am). o ().

Prove that («, 8)n is differentiable on U if and only if the mapping pis differentiable.
3. Let
gll(xl, 332) =24 4+ 3252 + 22122 + 212+ 1
g15(T1, T2) = ga(Zy, T2) = T2 + 21222 + 221
yn(:cl, z;) =252+ 1

on E*. Let s a
(@ B) = 3 3 guz)e dz)B, dz,)
i=m] j=1

Show that («, 8): is a Riemann metric on E2.
4. Orthonormalize the vector fields 9/dz1, 3/0z, with respect to the Riemann
metric of Exercise 3.

5. Let

g11(Z1, T2y 23) = 2
g12(T1, T2y T3) = ga(x1, T2y Ta) = 1
gaa(x1, T2y 23) = 12 + 1
g25(Z1, T2, Ts) = gso(T1, T2y T3) = T1
g13(z1, T2, z3) = ga1(21, 2, Z3) = Zo
033(Z1, T2y T3) = 212 + 222 + 1

on E3 Let

3 3
(e B = ), Y, gus(Xa, dzXB, dz,)

im] j=1

Show that (a, 8). is a Riemann metric on E2.
6. Orthonormalize the vector fields 3/dz;, 8/dz,, 8/0zs with respect to the
Riemann metric of Exercise 5.
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7. Let M’ be a submanifold of the differentiable manifold M. Let U be a
coordinate neighborhood of M with the coordinates (z1, . . . , zs). Let V be a
coordinate neighborhood of M’ with the coordinates (y1, . . . , ). Let\;be the
restriction of dz, to the tangent space to M’. Prove that

r
Az:
A = —d
zay; v
I=1

and hence derive the relations (5-4-1).

8. Let (a, B)m be a Riemann metric on a differentiable manifold M. Let v be a
differentiable parametrized curve in M defined for a <t £ b. Prove that the
following conditions characterize the function s(¢) completely:

a. 8(t) is a monotone increasing differentiable function fora <t < b.

b. s(a) = 0.

¢. The reparametrization 4(s) = v((s)) produces a differentiable parametrized
curve whose tangent vectors with respect to («, 8)m all have length 1.

9. Let

n n
(a) Bm = E z gu,(m)e, dz.)8, dy,)
t=]13=1
be a Riemann metric on a coordinate neighborhood U, with coordinates (zi, . . . ,
zn). Let v be a differentiable parametrized curve in U without stationary points
defined by
() = (fud), . . ., fa(D))
fora =t < b. Compute the arc length along v in terms of the functions g,, and f,.
10. Let

g1z, T2) = 2e?=:

q12(x1, 22) = g21(x1, T2) = 2x,€2%:

g22(z1, T2) = 2(x1%%*2 + 1)

Let
2 2
{a, B)r = E Z gus(z ), dz, X8, dz;)
tm] g=1
Let

A(t) = (t—ﬂ%—l log (¢ + 1), log (¢ + 1))

for0 £t = 1. Compute the arc length along v with respect to (a, 8)..

11. Let (@, B)m be a Riemann metric on a coordinate neighborhood U of a
differentiable manifold M, with coordinates (z1, . . . ,s). Let 8: M — M bea
diffeomorphism. Let (y1, . . . , ya) be coordinates in 5(U). Define

<a; ﬁ); = (5#—l(a)r 6*_1(6))5'1(7)
on 8 U). Show that (a, B):, is a Riemann metric on 8(U). If

(a, B)z = i i gu(z)a, dz.)B, dz,)

1=] =1
n n
and (0 8 = 3 3, hulyXe, dyX, dy,)
iml jm=1
find the relationship between the functions g;, and hj;.
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12. Under the circumstances described in Exercise 11, let ¥ be a differentiable
parametrized curve in U. Show that the arc length along oy with respect to
(a, B), is equal to the arc length along v with respect to (a, 8)..

18. Let

n?

gu(zy, 23, T3) = T—_J;l—’

352’

—z?

gas(Z1, 23y T3) = 1

g33(Z1, T3, 23) = 1
and let

3
(ar B)z = E gu(x)(ay dzl)(ﬁ' dx!)

=]

on the subset z12 + z,* < 1 of E3, Show that (e, 8). is a Riemann metric on this
subset. Let

+1) = (cos%(t + 1), sin g (¢ + 1), t)

for 0 <t < 1. Find the arc length along y with respect to (e, 8)..

5-6 PARACOMPACT SPACES

The topological facts in this section are needed for the proof that
every differentiable manifold has a Riemann metric. This theorem is
presented in the following section.

Let X be a topological space. A covering of X is called locally
finite if every point has a neighborhood which intersects only a finite
number of elements of the covering. Let € and €’ be two coverings
of X. € is called a refinement of € if every element of €’ is contained
in an element of €. A Hausdorff space X is called paracompact if
every covering of X by open sets has a locally finite refinement which
consists of open sets. It is clear that every compact Hausdorff space
is paracompact.

Let X be a paracompact space. Let 1 = {U.} be a covering of X
by open sets. Then there is a covering = { W3} by open sets which
is a locally finite refinement of 1. However, we may insist on more
than this. We may arrange that the index sets for Ul and B be the
same and that W, C U, for each index . To see this, let Ua be a
fixed element of 11 which contains W;s. For each index a, of the index
set for U define

Vae= YU Wp
a(B) mao
Let 8 = {V.]. Then B is a covering of X by open sets such that
Va« C U, for every index a. Furthermore, any neighborhood which
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intersects only a finite number of the elements of 8 also intersects only
a finite number of the elements of 8. Consequently D is locally finite.

Theorem 5-6. If X is a locally compact Hausdorff space with a
denumerable basis, then X is paracompact.

Proof. X has a denumerable basis U;, Us, . ... Since X is
locally compact, we may assume that the sets Uy, U,, . . . are com-
pact. For if z € U, then x has a neighborhood W which is con-
tained in U, and whose closure W is compact. There is a j such that
z € U; C W, and it follows that U; is compact. Consequently we
may discard those among the sets Uy, U, . . . whose closures are not
compact, and the remaining sets will still be a basis for X.

Define W, = U,. Assuming that the open set W,_, is defined so
that its closure is compact, let k be the least integer such that

W,..]CU],UU:U s UU];
Then define
W;=U,U - - UU};UU,

This procedure defines a sequence of open sets W, W,, . . . whose
closures are compact so that W, C W, and UW; = UW, = X.

Let W = {U.} be any covering of X by open sets. Letj = 2. The
compact set W,;» — W; is contained in the open set W,,, — W,_..

W41 — W, is covered by a finite number U,,, . . . , U, of the sets of
U Let Vi= UsN (Wye— W,.1). Let B, denote the family
{Vy, ..., V,}. Forj =1, cover W, with a finite number of sets of 1

and let B, be the family of these sets. Define 8 = \U?S,.

Since W, U UF(W,., — W,) = X, B is a covering of X by open
sets which is a refinement of . If z is any point of X, there is a j
such that x € W,. Clearly W; intersects only a finite number of the

sets of B. This proves that B is locally finite and hence that 11 has a
locally finite refinement.

Since a differentiable manifold is a locally compact Hausdorff space
with a denumerable basis, it follows from Theorem 5-6 that it is
paracompact. However, one may prove a stronger statement.

We shall denote by B, the set of points z in E» with

IIP=$12+ e a2 < 2

Theorem 5-7. Let M be a differentiable manifold. Let I = {U.,}
be a covering of M by open sets. Then there is a denumerable family B
of coordinate mneighborhoods of M such that the following conditions
prevail:

(i) B is a locally finite refinement of U,
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(ii) If V € B and ¢: V — En i3 the coordinate mapping associated
with V, then (V) = B;.
(iii) If for each coordinate neighborhood V, ¢ in B we define

V' = oY)

then the family B’ of the sets V' covers M.

Proof. We introduce the sets W1, W,, . . . which were defined in
the proof of Theorem 5-6. Then M is the union of the disjoint sets
Wy Ws— Wy Wy—Ws .... f mE M and, in particular,
m € Wipn — Wi, let a(m) be an index such that m € Ug(my. Thereisa
coordinate neighborhood N, with the coordinate mapping »,, such that
vmim) = (0, ..., 0), va(Nm) = Bs, and Npm C Uam N (Wy42 —
Wiz). Ifm € W, we may require that Ny C Uaemy N Wi Since the
family ® = {Nn} is a refinement of 11, it suffices to prove Theorem 5-7
for Ninstead of U. Let N, = »,~'(B1) and N’ = {N.}.

Forj = 2, W,s1 — W, is covered by a finite number N,,, . . . , N,
of the sets of N’ withm,, . . . , m, E W,u — W,. Sincem,, . . .,
m, € W,4s — W,, it follows that N, , . . . , N, are all contained in

Wits — Wim. For j = 1, cover W, with a finite number of the sets
of N'. Define V, = Nm, = vm '(B;). The remainder of the proof
is the same as the proof of Theorem 5-6, but now the family 8 also
satisfies conditions ii and iii.

A denumerable covering ¥ of a differentiable manifold M by
coordinate neighborhoods which satisfies conditions ii and iii of
Theorem 5-7 will be said to be normalized. Theorem 5-7 then says

that every covering of M by open sets has a locally finite normalized
refinement.

EXERCISE

Prove that a paracompact space is normal.

5-6 THE EXISTENCE OF RIEMANN METRICS

Let M be a differentiable manifold and let f be a nonnegative
differentiable function on M. The closure of the set of points m in M
for which f(m) > 0 will be called the carrier of f. A family § of
differentiable functions on M will be called a partition of unity if it
satisfies the following conditions:

1. Each element of § is nonnegative.

2. The family of carriers of the elements of §§ forms a locally finite
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covering of M [which implies that the infinite sum ;< f(m) makes sense
for each m € M].
3. For each m € M, Zscgf(m) = 1.

Lemma 6-1. Let M be a differentiable manifold and 1 an open
covering of M. Then there is a denumerable partition of unity § = {f,}
such that the carriers of § form a refinement of 1.

Proof. Introduce the coverings ¥ and ¥’ of Theorem 5-7. By
Lemma 2-1, for each V, in ¥ there is a nonnegative differentiable func-
tion g, for which

1 form € V!
gi(m) = IO for m & I-’;-

Since B is a locally finite covering of M, it makes sense to define

gom) = % gi(m)

for each m € M. g is then a nonzero differentiable function on M.
Define
_ gi(m)
fim) g(m)
for each V, in 8. Then f,(m) is nonnegative and =}2,f;(m) = 1 for
each m.

Theorem 6-8. Every differentiable manifold M can be given a
Riemann metric.

Proof. Let U be a covering of M by coordinate neighborhoods.
From Lemma 5-1, there is a partition of unity § = {f,} whose carriers
form a refinement of . For each j let U; be an element of 1 which
contains the carrier of f,, Introduce any Riemann metric («, B)m‘”
into U;. Then the infinite sum

(@ Bn = 3 film)(a, B)a?

makes sense for each m € M, and it is easy to verify that it is a
Riemann metric on M,



CHAPTER 6

The Whitney Imbedding Theorem

In this chapter we shall prove a theorem due to Hassler Whitney
which shows that a differentiable manifold may be looked upon as a
closed submanifold of E™ if the dimension m is sufficiently large.
At first hand, this result seems to indicate that our studies of abstract
differentiable manifolds have been mere exercises and that we might
as well have never departed from the euclidean spaces. However,
such a limitation would stand in the way of a natural treatment of
most differentiable manifolds and the development of intuitive insight
into their properties.

6-1 SETS OF MEASURE ZERO

Let z be a point of E». We shall denote by Q(z, r) the hypercube of
gside » > 0 and center x which consists of all points y such that
lyi — x| S Yr,v =1, ... ,n The volume of Q(z, r) is r. Let S
be a subset of E*. S is said to have measure zero if for every ¢ > 0
there is a denumerable family of hypercubes which cover S and whose
total volume is less than e.

Let the set S have measure zero. Let 2 &Z S. Then no hypercube
Q(z, ) can be contained in S \U {z}. Otherwise every covering of S
by hypercubes would have total volume = r*. Thus every hypercube
with center z contains a point not in S U {z}. This shows that the
complement of S is dense in E».

Lemma 6-1. Let U be an open subset of E* ando: U — E* a differ-
entiable mapping. If S is a subset of U with measure zero, then o(S) has
measure zero.

Proof. Let ¢ > 0 be given. By assumption, S may be covered by
a denumerable family of hypercubes whose total volume is less than e.
We shall first show that these hypercubes can be assumed to be in U.
1t suffices to show that, if Q is any hypercube, @ N U may be covered

108
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by a denumerable or finite family of hypercubes contained in U whose
total volume is not greater than the volume of Q.

Let Q(z, r) be a hypercube which is not contained in U. Sub-
divide Q(z, r) into 2» hypercubes of side 14r. These will overlap only
on their boundary hyperplanes. Discard those small hypercubes that
are disjoint from U, retain those that are contained in U, and subdivide
gimilarly the remaining ones. Again discard the smallest hypercubes
that are disjoint from U, retain those contained in U, and subdivide
the remaining ones. Repeat the process so as to obtain a finite or
denumerable family of hypercubes that are contained in U and
whose total volume does not exceed the volume of Q(z, r).

Let y € Q(z, r) N\ U. Then y has a neighborhood of radius p > 0
which is contained in U. 'When the subdivision process has proceeded
to the stage where the sides of the hypercubes are less than }4p, then y
will certainly have to be contained in a hypercube that was retained.
Thus the denumerable or finite family which we have constructed
covers Q(z, r) N U.

Let the mapping o be given by o(z) = (fi(z), . . . , fa(z)). Let Q
be any hypercube which is contained in U. Let K(Q) denote the
maximum of all the functions |3f./dr,| on the compact set Q. Then
for any two points z and y in @ we have

@) = 1) = 3 Ui - - 3 - )
_.f'(yly sy Ui Tigny - - - xﬂ)]

If we apply the theorem of the mean to each of the terms of the sum on
the right, then

n

@) - 1) = z Uil (g -y

6:&:; 2
=1

where 2!, . . . , 2" are points in Q. Hence

n

i@ = 1@ S K@ X | = ui

fori=1,...,n It follows that if Q(z, r) is contained in U then
¢(Q(z, r)) C Q(o(2), nK(Q(z, ))r)
Let ¢ > 0 be given. Cover S by hypercubes @i, Qs .. . con-

tained in U. For each ¢ there is a hypercube H, contained in U whose
interior H, satisfies Q; C H:. Then S N H, has measure zero. Cover
8N H, with hypercubes Q(ya, 1), @@, 9), . . . Which are con-
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tained in H; and whose total volume is less than ¢/2n*K(f,)". Since

(@i, 7)) C Qo(ys), nK (H-)r:)

we find that o(SM H,) is covered by the hypercubes Q(c(yi1),
nK(H)r1), Qe(y.2), nK(H.,)rs), . . . whose total volume is less than
¢/2'. It follows that o(S) is covered by the denumerable family
{Q(e(y.;), nK(H)r;)} of hypercubes whose total volume is less than
e22.,(234)' = e. This shows that o(S) is of measure zero.

Lemma 6-2. Let U be an open subset of E* and o: U — E? a differ-
entiable mapping. If n < p, then o(U) has measure zero.

Proof. Letz = (21, . . . , 2p—n) be a point in E#—», 'We shall show
that U X {2z} has measure zero in Er. It suffices to show that
E?»' X {2,-»} has measure zero since U X {z} is a subset of this set.
Let & > 0, and consider the region H; in E? between the hypersurfaces

0
1+ (@2 + - + 22!

H; contains the set Er! X {z,.,}, its volume v(H;) is finite, and
v(H,) = sv(H,). Clearly it is possible to fit a sequence of hypercubes
into H; in such a way that the total volume of these hypercubes is less
than v(H;) and yet they cover E»~! X {z,_,}. Since v(H;) may be
made arbitrarily small, the set E»~! X {z,_.} has measure zero.

Let x: E» = E* X EP™— E" be the natural projection. Then
ogor: U X Er"— Er is a differentiable mapping. By Lemma 6-1,
gomr(U X {z}) = o(U) has measure zero.

Let M be a differentiable manifold. Let S be a subset of /4. Then
S is said to have measure zero if for every coordinate neighborhood U,
¢ of M the set ¢(S M U) has measure zero. It follows immediately
from Lemma 6-2 that if o is a differentiable mapping of a differentiable
manifold M into a differentiable manifold M’ and if the dimension of M
18 less than the dimension of M', then (M) has measure zero.

By refining the methods of this section, it is possible to obtain the
following statement which is due to A. Sard. Let U be an open subset
of E*» and o: U — E? a differentiable mapping. Let o« be the induced
linear transformation on the tangent space to E*. Let S, be the set of
points of E* where oy is of rank r. If r < p, then o(8S,) is of measure
zero. We shall not give the proof.

Tp = 2p—n T

EXERCISE

Compute the volume of H,.
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6-2 APPROXIMATION BY REGULAR MAPPINGS

Let 9 (p X n) be the vector space of all p X n matrices. M(p X n)
is isomorphic to ¥#" under the mapping

i " Qs
""""" - (au, e oy Q1ny Go1y . . . ,a,,.)
pp * * ° Gpn

and so we may give to 9M(p X n) the differentiable structure of V»».
We denote by M (p X n, k) the subset of 9M(p X n) which consists of
the matrices of rank k.

Lemma 6-3. If k < min {p, n}, then M(p X n, k) is a submanifold
of M(p X n) of dimension k(p + n — k).

Proof. Let ® be a nonsingular p X p matrix and @ a nonsingular
n X n matrix. Then the mapping M — EMQ of M(p X n) onto
M(p X n) is a diffeomorphism. If I is any element of M(p X n, k),
there are nonsingular matrices ® and @ such that ®@3MQ has the special

form
(a ®
CcC D

with @ a nonsingular k X k matrix. Consequently it suffices to
produce coordinate neighborhoods in 91 (p X n, k) for matrices of this
form. -

Let
_ (G0 B
Mo = (eo 530)
where M, € M(p X n, k) and @ is a nonsingular k X k matrix. Let
@ € m(k X k), and denote by s(@, Go) the maximum of the absolute
values of the components of the matrix @ — @o. Since det Qo # 0
and det @ is a continuous function of the components of @, it follows

that there is a & > 0 such that if s(@, @) < & then det @ = 0, and so G
is nonsingular. Let U consist of all matrices of 9M(p X n) of the form

m-(e 5)

where @ € m(k X k) and s(@, @) < é. Then U is an open subset of
M(p X n).
The matrix

& 0\/(e ® _(a ® )
—-ea! §/\¢ D/ \0 —ec@'®+ D
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where &; is the j X j identity matrix, has the same rank as the matrix

-2 )

Consequently the matrix 9% has rank’k if and only if D = ea'®.
It follows that the matrices of the open set U N M(p X n, k)-in
M(p X n, k) are precisely the matrices of the form

a ®
¢ ce'®

where @ € M(k X k) and s(@, @) < 8. This open set contains the
matrix M.
The set of all matrices in M(p X n) of the form

(¢ 9)

where @ € M(k X k), has the differentiable structure of euclidean
space of dimension pn — (p — k)(n — k) =k(p +n — k). Let W
be the subset of these matrices for which s(®@, @) < . Then W is
an open subset of E*#+»—%_ Consider the one-to-one mapping
o: W— M(p X n), which is onto U N M(p X n, k), defined by

. e ®) (e ®
\e 0/ " \e ea@®

o is clearly differentiable. If r: U — W is defined by

(¢ 5)-6 %)

then 7 is a differentiable mapping and ros = identity on W. It follows
that ¢ is regular on W; hence U N 9M(p X n, k) is a submanifold of
mip X n). If we take U N M(p X n, k) to be a coordinate neigh-
borhood of M(p X n, k), then M(p X n, k) becomes a submanifold of
M(p X n) of dimension k(p + n — k).

Lemma 6-4. Let U be an open subset of V*, andleto: U — V7, p = 2n,
be a differentiable mapping. For each ¢ > O there i a p X n matriz
@ = (ai) such that |ay| <efori=1,...,p;5=1...,n and
7: U — E? defined by

() =c(@) + Q-
18 regular on U.
Proof. Define the mapping pi: M(» X n, k) X U — NM(p X n) by

p(IM, 2) = M — J(z)
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where g(z) is the jacobian matrix of the mapping o, defined as

oz OZn

g(z) =0 ¢ e

) W ..
ox 0%y

where y = o(x). g is a differentiable mapping of a differentiable
manifold of dimension k(p + n — k) + n into a differentiable mani-
fold of dimension pn. Let k = n — 1. Since p = 2n, we have

m—k@+n—-k+n=0@—-kn-k —n
z2Cn—n+1)n—-—n+1)—-n=1>0

From Lemma 6-2 we know that the image domain of p. has measure
zeroin M(p X n) fork < n — 1. Hence the complement of the image
domain of px is dense in M(p X n).

Let ¢ > 0. There must be a matrix @ = (a,,) with |a;| < € for all
7 and 7 which is not in the image domain of po, p1, . . . , OFr po_y. Let
() =o(®) + @ -z for £t € U. Then the jacobian matrix of the
mapping 7 is g(z) + @& This jacobian matrix is not in M(p X n, k)
for k < n — 1, since otherwise px(g(x) + @, ) = @ would be in the
image domain of p,. Hence g(z) + @ has rank n for every z in U.
This shows that 7 is regular on U.

If z and y are two points of V?, we shall denote by d(z, y) the dis-
tance between z and y when V7 is identified with E».

Theorem 6-1. Let M be a differentiable manifold of dimension n, and
let C be a closed subset of M. Leto: M — V?, p 2 2n, be a differentiable
mapping which is regular on C. For each continuous positive function g
on M there is a regular differentiable mapping v: M — V? such that
r(m) = o(m) for m € C and d(r(m), o(m)) < 9(m) for m € M.

Proof. If m is a point of C, there is a neighborhood of m on which ¢
is regular. It follows that C is contained in an open set A on which &
is regular. The open sets {A, complement of C} cover M. By
Theorem 5-7, this covering has a denumerable, locally finite, nor-
malized refinement 8. We shall number the sets V, of 8 with positive
and negative integers so that V; C A if j < 0 and V, C complement of
Cif j > 0. If ¢ is the coordinate mapping of the coordinate neigh-
borhood V,, let V, = ¢;%(B;) and V,’ = ¢;~!(B), where B, consists
of the points z in V* for which d(z, 0) < r, Recall that the sets {V;'}
cover M,
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We are going to construct a sequence aq, o1, . . . of differentiable
mappings ox: M — V7 such that the following conditions prevail:
1. 09 = 0.

2. o¢ is regular on Fy = Ui,V U VTV + - - UT] for k = 1,

2,....

3. ox(m) = ora(m) for m &V, k=1,2, .. ..

4, d(or(m), ox—1(m)) < q(m)/2* formEM,k=1,2,....
Suppose that o¢, 71, . . . , ok—1 have already been constructed. Let y
be a differentiable function on V" such that 0 S ¢(zx) £ 1, ¢(x) =1
for x € By, and ¢(z) = 0 for x & B,. Forany p X n matrix 9 define

b (2) = ov—100x~ () + Y(T)IM -

for x € B;, where ¢, is the coordinate mapping of V. Then ®gy:
B; — V7 is a differentiable mapping.

Let g(om, x) be the jacobian matrix of &5 and Ji(x) the jacobian
matrix of ox—1090:~t. If M = (m,,), then

a
IO, ) = Gu(x) + Y(x)IM + (5{' Z mzkxk)
¢

Consequently the components of (I, z) are differentiable functions of
the components of 9 and xz. We may regard the mapping

(om, z) — g(9m, z)

as a mapping from V?* X Bg, which is an open subset of V?*+» into V",

Let 2 € (V' N Fiy). Then g(0, 2) = gr(2) is of rank = since
or—1°¢x ! is regular at z. Hence there is a neighborhood of (0, 2) in
Ver X Bj, of the form W, X U, with0 € W, C Verand 2 € U, C B3,
on which g(9n, z) is of rank n. The set {0} X ox(V’' N Fi_,) is com-
pact, and so it is covered by a finite number of these neighborhoods.
From this we may conclude that there is a neighborhood W of 0 in V#»
such that, if M € W and z € (V' N Fi_y), then (N, 2) has rank n
and so ®yy is regular at 2. We may also assume that W is sufficiently
small so that d(0, 9 - ) < n:/2* for z € B, and I € W, where #; is
the minimum of the function # on the compact set V.

Now apply Lemma 6-4 with U taken to be B., o taken to be ox—yo@i !,
and e determined by the size of the neighborhood W. Then there is an
I in W such that the mapping

z— g (T) + M-z
is regular on B,. Using this 9, define ox: M — V? by

_ | ora(m) + Y(ax(m))M - gu(m)  form €V
oxm) = { a:—l(m) ‘ % form & VZ
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ox is pieced together from two differentiable mappings which agree on
the open set Vi — V., and so it is differentiable on M. Since
Y(ex(m)) = 1 for m € V7, our choice of 9N guarantees that oy is
regular for m € VI'. Since 9N is in W, o) is regular on V; N Fi_,.
On the remainder of the set Fi_y, ox(m) = ax—1(m), and so oy is regular.
Thus o is regular on all of Fi_; and hence on F.. Finally we observe

that

d(or(m), or_1(m)) = ¥(er(m)) d(0, I - or(m)) < k< "7(27":)

for m € V,. Since this distance is 0 for m & V;, we find that
d(or(m), ox_1(m)) < 9(m)/2*forallm € M. Thus we have completed
the construction of the mappings o¢, 01, . . .

Let m° be a point of M. There is a nelghborhood N of m® which
intersects only a finite number of the sets Vy, Vs, . . . . Thus for
sufficiently large & the mappings oy, oi41, . . . are the same on N.
We shall define 7(m°) = a:(m°). Since r(m) = ax(m) for all m € N,
we see that 7: M — V» is differentiable. It follows from our construc-
tion that = is regular on \Up_ \Fi. = M.

Let m €C. If m € V;, then V, is not contained in the com-
plement of ' and so k¥ < 0. Thus m & V;, for all k> 0, and it
follows that r(m) = oo(m) = o(m). Finally we observe that

d(r(m), o(m)) < d(r(m), ox(m)) + Z;_1d(0,(m), 6,-1(m))
which for k sufficiently large gives
k
dz(m), o(m)) < n(m) 21 (34)7 < n(m)

for each m in M.

6-3 APPROXIMATION BY ONE-TO-ONE MAPPINGS

Let 0: M — N be a regular differentiable mapping of one differ-
entiable manifold into another. If ¢ is one-to-one, we know that
o(M) is a submanifold of N. In this case we shall call ¢ a diffeo-
morphism of M into N.

Theorem 6-2. Let M be a differentiable manifold of dimension n and
ao: M—> Ve, p = 2n + 1, a regular differentiable mapping. Let o be
one-to-one on an open set U which conlains the closed set C. For each
positive continuous function n on M there is a diffeomorphism r: M — V?
such that r(m) = a(m) for m € C and d(r(m), o(m)) < n(m) form € M.



114 INTRODUCTION TO DIFFERENTIABLE MANIFOLDS

Proof. The proof of this theorem proceeds in much the same
manner as the proof of Theorem 6-1. For this reason many of the
details will be left to the reader.

Let m € M. Since o is regular at m, there is a neighborhood Una
of m on which ¢ is one-to-one. We may assume that U, is either in U
or in the complement of C. Let B = {V;} be a locally finite, nor-
malized refinement of the covering {Un}, and define V; and V,’ as in
Theorem 6-1. We shall renumber the sets of B with positive and
negative integers so that V; C U if j < 0 and V; C complement of C
if 7 > 0.

We shall construct a sequence oo, 01, . . . of regular differentiable
mappings ox: M — V7 such that the following conditions prevail:

1. g = 0.

2. ox(m) = opa(m) form & Vi, k=1, 2, . . ..

3. ox(m) = ax(m’) only if or—1(m) = gr—1(m’) for m, m' € M.

4. d(ox(m), or—1(m)) < n(m)/2*form € M,k =1,2, . . ..
Suppose that oo, . . ., ox—1 have been constructed. Let y be the
function from the proof of Theorem 6-1. If z € V7, define

®,(z) = or-100c1(z) + ¥(2)2

for z € B;. Then there is a neighborhood W of 0 in V7 such that, if
2 € W and = € B,, then &, is regular at 2. The neighborhood W may
be chosen so small that for 2z € W we have d(0, z2) < n4/2*, where »; is
the minimum of » on the compact set V.
Define
_ | ¥(e(m))  form €V,
6(m) = lo form @ Vi

The function 6, is differentiable on M. Let Qi be the open subset of
M X M consisting of all points (m, m’) such that 6:.(m) = 6:.(m’).
Define

pe(m, m') = L p [or-a(m) = s ()

Ox(m) — 6x(m
for (m, m') € Q.. Then pr: Q@ — V? is a differentiable mapping.
Since p > 2n, the image set pi(Qx) has measure zero. The comple-
ment of px(Q:) is therefore dense in V7, and it is possible to find a 2 in
W such that z & p(Qx) and z £ 0. Using this 2, define ox: M — V?
by ox(m) = or—1(m) + Ok(m)z. o is differentiable and regular on M
since ox(m) = &,(pr(m)) for m € V, and ox(m) = ax—s(m) for m & V.
Furthermore, if ox(m) = ox(m’), then

G-1(m) — ox—1(m’) = — [0(m) — 6(m')]2
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Since z & px(Q:), it follows that 6(m) = 6:(m’) and hence that
or-1(m) = ox—1(m’). Finally,

d(or(m), ox—1(m)) = 6:(m)d(0, 2) < —5— n(m)

for m € V, and hence on all of M. This completes the construction
of the mappings aq, 01, . . .

The mapping 7: M — E? is deﬁned as in the proof of Theorem 6-1.
As in that theorem, = is a regular differentiable mapping on all of M
which is equal to ¢ on C and which satisfies d(r(m), o(m)) < n(m) for
m € M. It remains to prove that r is one-to-one. Suppose that
t(m) = r(m’). Then there is a j such that

r(m) = "J(m) = a,pa(m) =
r(m’) = o,(m) = oa(m’) =

Hence oi(m) = ox(m’) for k = j, and it follows that ox(m) = ox(m')
for all k = 0. In particular, ¢(m) = o(m’). Now o is one-to-one on
each of the sets Vi. Let m € V,'. Then or(m) = ara(m) + 2. If
m' & Vi, then ox(m) = ax(m’) = or_1(m’) = or—1(m), which implies
that z = 0. Since this is not true, we conclude that m’ € V4, and so
m’ = m, which completes the proof.

6-4 THE IMBEDDING THEOREM

Let M be a differentiable manifold. Let m?!, m?, . . . be a sequence
of points of M. This sequence will be said to be convergent if there is a
coordinate neighborhood U, ¢ and an integer k such that m? € U for
j = k and the sequence ¢(m*), o(m**'), . . . is convergent. Let 2°
be the limit of the sequence ¢(m¥), (m*t!), . . . . It is easy to see
that the point ¢~!(z°) does not depend upon which coordinate neigh-
borhood we use, and we shall call m® = ¢~!(2°) the limit of the sequence

m!, m?, . ... More generally a point m’ will be called a limit point
of a sequence m!, m?, . . . if m’ is the limit of a subsequence of m!,
m? . ...

Let o: M — E? be a continuous mapping. Consider the set of all
sequences {m‘} of points of M which do not have any limit points.
The corresponding sequences {a(m*)} of points of E? will generally not
converge, but some of them may. Let L(s) denote the set of the
limits of those sequences {o(mf)} which do converge. The reader
may easily prove that o(M) is a closed subset of E? if and only if
L(e) Co(M).
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Lemma 6-6. If M is a differentiable manifold, then there ts a differ-
entiable function o: M — E' with L(c) empty.

Proof. Let {V; o}, i=1, 2, ..., be a denumerable, locally
finite, normalized covering of M by coordinate neighborhoods. Let
V;, V', and ¢ be defined as in the proof of Theorem 6-1. If m° € M,
there is a k such that m® & V, for j = k, and we may define

k L)
om) = % Wlesm) = % j#(es(m))

Since this same integer k works for all the points of some neighborhood
of m°, the mapping ¢: M — E! is differentiable.

Let m!, m?, . . . be a sequence of points of M which does not have
any limit points. Let ¢ be a positive integer, and consider the compact
set VU - - - UV, Then only a finite number of the points
m!, m?, . .. mayliein ViU - - - U V7. Thus there is an integer
j such that m» @ ViU - - - UV, Then y¢(p(m?)) =0 for
k=1,...,¢q and so o(m’) > q. The sequence o(m?), o(m?), . .
is therefore unbounded and cannot converge. This proves that L(s)
is empty.

Theorem 6-3 (Whitney Imbedding Theorem). If M is a differentia-
ble manifold of dimension n, then there is a diffeomorphism r: M — E*n+!
such that v(M) s closed in E?nt1,

Proof. By Lemma 6-5, there is a differentiable function ¢ on M with
L(¢) empty. Define g:: M — E?**! by o1(m) = (e(m), 0, . . . , 0).
Then o, is a differentiable mapping with L(c,) empty. By Theorem
6-1, there is a regular differentiable mapping ¢,: M — E?**! such that
d(oa(m), o1(m)) < ¥4 for m € M. By Theorem 6-2, there is a diffeo-
morphism 7: M — E?*! guch that d(r(m), ¢2(m)) < 14 for m € M.
Hence d(r(m), ai(m)) < 1 for m € M. We shall prove that L(r)
is empty, from which we may conclude that (M) is a closed subset
of E2n+1,

Let € L(r). Then there is a sequence m!, m?, . . . of points of
M such that z = lim,_.r(m’) but m!, m?, . .. does not have any
limit points. But

d(z, o1(m?)) = d(z, 7(m?)) + d(r(m?), o1(m?))
= d(x) r(m) + 1

Consequently the sequence oi(m!), oi(m?), ... is bounded. A
subsequence o¢i(m"), oi1(m®), . . . must therefore converge. Since
the sequence m*, m#, . . . does not have any limit points, this implies
that L(sy) is not empty. Since this is not true, L(r) must be empty.



CHAPTER 7

Lie Groups and Their One-parameter
Subgroups

The previous chapters of this book have been devoted primarily to
the formulation of the definition of a differentiable manifold and the
illustration of this definition by examples. In the remainder of the
book we shall investigate some of the consequences which the existence
of a differentiable structure entails in various situations.

7-1 LIE GROUPS

Roughly speaking, a Lie group is a differentiable manifold which is
also a group in such a way that the group structure is compatible with
the differentiable structure. We shall give the precise definition.

Let f(z1, . . ., za.) be a real-valued function defined on an open
subset U of E». f will be said to be real-analytic at the point z in U if
there is a neighborhood of z on which f can be represented by means of
its Taylor expansion in the variables z;, . . . , z.. f is real-analytic
on U if it is real-analytic at each point of U. From the theory of
power series, we know that such a function has partial derivatives of
all orders and is therefore differentiable. The following example
shows that even for functions of one variable a differentiable function
need not be real-analytic. Let

_Jet fort#0
1@ = 0 fort =0

Then f is differentiable even at the point ¢ = 0. But all derivatives
of f are equal to zero at t = 0. The only real-analytic function with
this property is the function which is identically zero. Hence f cannot
be real-analytic at ¢t = 0.

A mapping of an open subset of E* into E* is called real-analytic if
the real-valued functions which describe this mapping are real-analytic.
A differentiable manifold is called real-analytic if it may be covered by
a family of coordinate neighborhoods among which the coordinate

117
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transformations are real-analytic mappings. It follows that the
product of two real-analytic manifolds is real-analytic and that a
submanifold of a real-analytic manifold is real-analytic.

It is necessary to caution the reader that two or more distinct real-
analytic structures may arise from the same differentiable structure
on a manifold. For example, the mappings

‘Pl(t) —_ ﬁ)‘ (1 + e—llu) ds

and ¢:(t) = t are coordinate mappings of E! which give rise to incom-
patible real-analytic structures on E!.

Let M be a real-analytic manifold. Let f be a function on an open
subset U of M. If m € U, then f is said to be real-analytic at m if
there is a coordinate neighborhood V, ¢ (of the real-analytic structure)
of the point m such that foo~! is real-analytic at ¢(m). f is real-
analytic on U if it is real-analytic at each point of U. Ifo: N — Misa
mapping of one real-analytic manifold into another, o is said to be
real-analytic if for every real-analytic function f on an open subset U
of M the function fos is real-analytic on o—1(U).

Let X be a set of points. We shall assume that X is a real-analytic
manifold and also that X is a group. When we speak of X as a
manifold, we shall denote it by M, and when we speak of X as a group
we shall denote it by @G, at least for the present. We shall denote the
product of two elements g; and g, of G by gig.. Form the product
manifold M X M. 1If g, and g, are elements of G (and hence of M),
then (g1, g2) is an element of M X M, and we may consider the mapping
p: M X M— M defined by ui(g, g:) = g1g2 and the mapping
pa: M — M defined by ui(g9) = ¢g~!. If the mappings u, and u, are
real-analytic, then X together with the structures of M and of G is
called a Lie group.

The reader is already familiar with a number of Lie groups such as
the additive group of V», the multiplicative group of the positive real
numbers, the multiplicative group of the nonzero complex numbers,
and the multiplicative group of the complex numbers of absolute value
1. In the construction of examples, it is well to bear in mind that if
® i3 a Lie group and if © is a subgroup of ® and alsoa submanifold of &
then O 18 a Lie group.

EXERCISES

1. Let X be a set with the structures of a real-analytic manifold M and a group
G. Prove that the mapping us: M X M — M defined by us(g1, g2) = g1g2"1 is
real-analytic if and only if X is a Lie group. It follows that in the definition of a
Lie group we may replace the two mappings u: and us by the single mapping us.
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2. Let go be a fixed element of a Lie group ®. Prove that the mappings g — gog
and g — ggo are real-analytic.

3. Prove that a submanifold of a real-analytic manifold is real-analytic.

4. Prove that the examples of Lie groups listed in this section are actually Lie
groups.

6. Prove the last statement in this section.

7-2 THE GENERAL LINEAR GROUP

We shall give to the general linear group a real-analytic structure
which will make it a Lie group. But first we shall discuss the topo-
logical structure of this group. We shall leave the proofs of many
statements to the reader, including the proof of the following lemma.

Lemma 7-1. Let U be an open set in V" and C a compact subset of U.
Then there is a neighborhood W of 0 such that if v € C and w & W then
v+wel.

The general linear group GL(n) consists of the nonsingular linear
transformations of V* into V", and so it is a subset of the vector space
L(n) of all linear transformations of V» into V*». We may first
topologize L(n) and then give GL(n) the topology induced on it by
the topology in L(n).

Let U be a neighborhood of 0 in V». Let C be a compact subset of
V». Denote by N(C, U) the set of all linear transformations in L(n)
which map C into U. If ¢9 € L(n), denote by oo 4+ N(C, U) the set
of all linear transformations oo + ¢ withe € N(C, U). From Lemma
7-1 it follows that, if oo € N(C, U), there is a neighborhood W of 0
in V» such that oo + N(C, W) C N(C, U). The reader may now
easily show that the family of sets {so + N(C, U)} withoo € L(n), C a
compact subset of ¥», and U a neighborhood of 0 in V" constitutes a
basis for a topology in L(n). This topology may then be used to
define the topology on the subspace GL(n).

The description of the topology on L(n) which has just been given
enjoys the advantage of not depending upon the choice of a basis for
the vector space V». However, for numerical computations in L(n)
it is often necessary to represent its elements by matrices, and we shall
now investigate how the topology in L(n) appears in terms of a matrix
representation of L(n).

Let {v!, ..., v*} be a basis of V». We then associate with
o € L(n) the matrix 9, = (m,) for which

n
@)= Y m# j=1,...,n
t=]
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We shall see that a basis for the topology of L(n) is provided by the
sets of linear transformations ¢ whose matrices 9, belong to sets of the
form {9, + 9}, where 9N, is a fixed matrix and M = (m,,) with
n o
Z mi? < €
im] jm]l

where ¢ > 0. Actually it suffices to consider the case 917; = 0 and to
prove the following:

1. Given N(C, U), there is an ¢ > 0 such that whenever 22Zm,,? < ¢
the linear transformation with matrix (m,,) is in N(C, U).

2. Given e > 0, there are sets C and U in V* such that whenever
o € N(C, U) the matrix (m,,) of ¢ satisfies ZZm,,2 < €.

To prove point 1 we observe that the function

St + - - -+ aw) = VarF ¥ o

is bounded on the compact set C, say f(v) < K forv € C. Also there
is an 9 > 0 such that f(v) < n implies v € U. Take ¢ = /K.

To prove point 2, let U be the open subset of V* consisting of the
vectors v which satisfy f(v) < ¢/4/7n, and let C be the compact set of
vectors v which satisfy f(») < 1. The details are left to the reader.

It is clear from our observations that the mapping

oo (M, . . ., M, Ma1, . . . , Mgn)

where (m,,) is the matrix of ¢ with respect to the basis {+!, . . . , v"},
is a homeomorphism of L(n) onto V*'. Consequently, it makes L(n)
into a coordinate neighborhood, and so it gives to L(n) the structure
of a differentiable or a real-analytic manifold. Since GL(n) is an open
subset of L(n), GL(n) may be given the structure of a submanifold
of L(n), and so it becomes a real-analytic manifold. Since a change
of the basis {#!, . . ., v*} is effected by a nonsingular linear trans-
formation of V** onto itself, the choice of this basis is immaterial for
the real-analytic structure of GL(n). It is not difficult to show that
the multiplicative group GL(n) is a Lie group.

Theorem 7-1. Let A be an affine algebraic variety in L(n) (or E™).
If A N\ GL(n) is a group, then A N GL(n) is a Lie group.

Proof. Let® = A N\ GL(n). From Section 2-1, it suffices to prove
that the jacobian matrix of the equations that define A has the same
rank at all points of @, for then & will be a differentiable variety in
L(n), and so it will be a submanifold of GL(n).

If go is any fixed element of GL(n), the mapping g — gog is a real-
analytic diffeomorphism of GL(n). Hence if g(g) is the jacobian
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matrix at the point g of any finite set of functions on GL(n), then

J(gog) = TMog(g)

where 91, is a nonsingular matrix which depends only on g,. In
particular, g(go) = 9Mcg(e), where e is the identity element of GL(n),
so that the rank of g(go) is the same as the rank of g(e¢). Since this is

true for any element go of & [and even for any element of GL(n)], the
theorem is proved.

EXERCISES

1. Prove the assertions made in this section.

2. Prove that the orthogonal group O(n) is a Lie group.

8. Prove that the group of all n X n matrices whose determinants are equal to
1 is a Lie group.

4. Prove that the set of all n X n matrices of the form

is a Lie group.
6. Prove that the set of all n X n matrices of the form

an aiz * - Qia
0 @ - - am
0 0 .- aw

7-3 ONE-PARAMETER SUBGROUPS IN GL(n)

is a Lie group.

The general linear group serves as a useful example for illustrating
the features of Lie groups. Later we shall see how the theory may be
generalized for arbitrary Lie groups.

Let ® and $ be two Lie groups. A mapping o: ® — $ is called a
homomorphism of @ into § if the following conditions prevail:

1. o is a group homomorphism.

2. o is a regular real-analytic mapping.

If o: ® > 9 is a homomorphism, then o(®) is a subgroup of .
Although ¢(®) is also a submanifold of  and therefore a Lie group, we
shall not need this fact now.

In particular, we may take for @ the real line V! under addition.
The image o(V?) under a homomorphism ¢: V! — $ will be called a
one-parameter subgroup of . We have the rule o(t; + t3) = o(t1)o(ts).
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If o4 is the linear transformation induced by ¢ on the tangent space,
the regularity of ¢ is equivalent to the statement that o«(3/d¢) is not
zero.

In dealing with L(n) we shall use a matrix representation and regard
L(n) as the ring of all n X n matrices. GL(n) is then identified with
the multiplicative group of all nonsingular matrices in L(n). We shall
describe a method of constructing one-parameter subgroups of GL(n).
The method is a rather formal procedure employing infinite series of
matrices. Later we shall analyze its abstract features in order to see
how it can be made to work in general Lie groups.

Let @ € L(n), and consider the infinite series

E+@+30 + @+

where € is the identity matrix. This infinite series is to be interpreted
as a sequence of matrices in L(n), the terms of the sequence being the
partial sums of the series. We shall prove that this infinite series
converges in the topology of L(n) to a unique limit matrix which we
denote by exp @. This is equivalent to asserting that each component
of the partial-sum matrix converges as a sequence of real numbers.

Let & = (3.','), Q= (a.-,-), and @™ = (m,"”’) for m = 2, 3, e e
Then the component of exp @ in the 7th row and jth column, if it
exists, is the limit of the infinite series

1 1
8 + ai; + 5 a,® + 31 a;® 4+ - .-
We must show that this series converges. Let a = max {|a,|} and
a™ = max {|a.,;™|} form =2,3, . ... Since

n
a'.l(m) = aik("_l)akj
kzl
it follows that
a(ﬂ) § naa(m—'l)

Using this repeatedly, we obtain

a(m) é (na)m
Hence

1 (na)™
= |gum| < \Y)
m! lay] = m!

It follows that the series for the components of exp @ converge abso-
lutely since they may be compared with the convergent series

1+ na + g (0)? + 37 (a)* + - - -
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Theorem 7-2. @ — exp @ s a real-analytic mapping of L(n) into
L(n) which i3 regular at 0 and maps a neighborhood of 0 homeomorphically
onto a neighborhood of &.

Proof. We shall use the notation of the previous paragraph. We
observe that a,,™ is a polynomial in the variables ai1, a2, . . . , Gun.
Hence the partial sums of the series

i+ aiy + o ® + gy + -

are also polynomials in @31, @12, . . . , @aa. It follows that the com-

ponents of exp @ are convergent power series in the variables a,

@12, . . . , Gzn and hence that @ — exp @ is a real-analytic mapping.
Since the points of L(n) have the coordinates

(xu R T
Zni " " Znn
), ..., (28
0T11 )0 "\ 3z, /o

are a basis of the tangent space to L(n) at 0. We shall show that, if
expx is the linear transformation induced by exp on this tangent space,

then
expu (<0-Y, . . ., exp. (2=
P 0z o’ 7 XPy 0%nn /o

are linearly independent. It follows that exps« is an isomorphism of
the tangent space to L(n) at 0 onto the tangent space to L(n) at &.
We have seen in Section 2-7 that such a mapping provides us with a
local homeomorphism.

(8/8zw)o is the tangent vector to the curve y(f) = (@, where Qy; is
the matrix with 0 everywhere except for a 1 in the kth row and Ilth
column. exp y(f) is easily computed, and we obtain a matrix which is
the same as the identity matrix & except that in the kth row and Ith
column there is

the vectors

et ifk =1
t ifks=1

Hence ex ) (L2
P« ru /o \9Tu/s

for all £ and I. This completes the proof of the theorem.
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Our aim is to show that the matrix exp @ is nonsingular, and con-
sequently the mapping ¢{— exp i@ may be used to define a one-
parameter subgroup of the general linear group.

Lemma 7-2. If @ and ® are matrices from L(n) for which G® = ®Q,
then

exp (@ + ®) = exp G exp ®

Proof. Denote by ®,, the expression
2m

,‘Zokl!(a"'&)k—(il%!ak)(kz;kl!mk)

The lemma will be proved if we can prove that the sequence ®;,

®Rqg, . . . converges to 0. The binomial theorem is valid for (@ + ®)*.
Hence

2m K] m m

Rm = _1— QRI@* — _l._ QRrF®?
kY7 — k)! k!j!
1=0k= k=0 7=0
1 1
= z Al QF ? ®
k+ss2m ’
k>m or 3>m

Denete by ¢ the maximum of the absolute values of the components
of the matrices @ and ®. We have seen that the components of the
matrices @* and ®* are then bounded by (nc)*. Hence the components
of (1/k!j!) @*®’ are bounded by n(nc)*+/k!j!. There are fewer than
m? such terms in the expression for ®., so that each component of ®,, is
bounded by m?n(nc)?™/m!. This bound may be made arbitrarily
small by choosing m sufficiently large, and so the lemma is proved.

Theorem 7-3. exp @ is nonsingular.

Proof. Let t be a real number and f(f) = det exp {@. Then f(¢)
is a continuous function on E'. Since f(0) = 1, there is an ¢ > 0 such
that |f(f)] > 14 for |t| < 2. Thus for || < 2¢ we know that the
matrix exp {Q is nonsingular.

Suppose that for some real number » the matrix exp «@ is non-
singular. Let|t — u| < e Since

exp i@ = exp [(! — u)@] exp u@

is the product of nonsingular matrices, exp {Q is nonsingular. Thus
we may conclude that the matrices

exp €@, exp 2¢Q®, exp 3¢@®, . . .
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are all nonsingular and also the matrices
exp (—e)@, exp (—2¢)@, exp (—36)@, . . .

It follows that exp ¢@ is nonsingular for all values of {. In particular,
exp @ is nonsingular.

Since ¢t — exp (@ is a group homomorphism of V! into GL(n) and also
a real-analytic mapping, it provides us with a one-parameter subgroup
of GL(n). There is such a one-parameter subgroup for each matrix
@ in L(n). We shall see later that there are no other one-parameter
subgroups of GL(n).

EXERCISES

1. If @ is the diagonal matrix

a 0 0
a=(? ™00
0 0

compute exp {@Q.
2. Show that if @ is a matrix of the form

0 a1z ais * - Qi
a=|? 0 o 0w
0O 0 O 0

then exp {@ is a polynomial in ¢.
8. Prove that, if @ is a nonsingular matrix, then

® (exp @)P~! = exp (CPQCP™?)

4.! Prove that, if v is an eigenvector of @ with the eigenvalue ¢, then v is an
eigenvector of exp @ with the eigenvalue ec.
6.! Prove that
det exp @ = exp (trace @)

7-4 LEFT-INVARIANT VECTOR FIELDS

Let ® be a Lie group. Let ¢t— v(f) be a homomorphism of the
Lie group V! into the Lie group ®. This mapping defines the one-
parameter subgroup of ® which consists of the elements {y(¢)}, and at
the same time it describes a differentiable parametrized curve ¥ in ®,
in the extended sense introduced in Section 4-4.

If g is any fixed element of @, the mapping ¢t — gv(?) is real-analytic

! For those readers who are acquainted with sufficient linear algebra.
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and therefore defines a differentiable parametrized curve in ® (but
not a one-parameter subgroup) which we denote by gy. If we allow g
to range over the elements of ®, we obtain a family {gy} of curves
which completely covers ®. Indeed, if » is a point of ®, many
different curves of this family pass through h. We shall now prove
that all the curves of the family {gy} which pass through A have the
same tangent vector at h.

Theorem 7-4. If t — «(t) 78 a homomorphism of V! into a Lie group
® and if h = g1v(t)) = gav(t2), where g1, g2 € ©, then the curves gyy
and gy have the same tangent vector at h.

Proof. Let us first assume that A = gy(t;) = y(ts). Let U be a
coordinate neighborhood of h with the coordinates (zi, . . ., z.).
On U we may write

10 = @@, . . ., z(1)
with ¢ in a neighborhood of {;. But we also have

YE+ bt — t) = y(E)y(t) (@) = gv(2)
and so we may write

gv@) = @+ t—t), ..., 2.0+t — t))

with ¢ in a neighborhood of ¢, From these expressions it is,apparent
that ¥ and gy have the same tangent vector at h.
More generally, if o = g1v(t)) = ga2v(¢2), then

goth = ga7'griy(l) = v(te)

Consequently gs—'g1y and v have the same tangent vector at g;~1h. It
follows that g,y and g,y have the same tangent vector at h.

Let v: V1 — ® be a one-parameter subgroup of a Lie group ®. If
h = gy(t), define x(h) = tangent vector to gy at h. According to
Theorem 7-4, the vector field x is well-defined on . Foreachg € ©,
denote by ¢¢ the mapping ¢?: ® — ® given by o?(h) = gh. Let o%
denote the linear transformation of the tangent space induced by o*.
Then the vector field x satisfies the relation g%°x = x°e9. Any vector
field on © which satisfies this relation for all g € @ will be said to be
left-invariant. We have thus found that each one-parameter subgroup
v of the Lie group ® determines a left-invariant vector field x on ©.
The flow of this vector field x consists of the integral manifolds gvy.

Conversely, let x be a left-invariant vector field on ®. It is
reasonable to conjecture that the flow determined by x must arise by
left multiplication from some one-parameter subgroup of ®, The
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difficulty that we face if we attempt to prove this conjecture is that we
only know the existence of integral manifolds for x in the neighborhood
of a point. Thus we have only a mapping ¢t — v(t) of an interval of V!
into ®, whereas we need a mapping of all of V! into . Nevertheless,
we shall see that the group structure on @ enables us to extend the
mapping v to all of V.

Let x be a real-analytic left-invariant vector field on ®. Let vy be an
integral manifold for x which passes through the identity element of ®.
We may assume that v(0) is the identity element of . Then thereisa
positive number e such that y(t) is defined for |t| < e Let [to] < e
and g = y(fy). Let o denote left multiplication by g, and let o« be the
linear transformation that ¢ induces on the tangent space at a point.
Then the tangent vector to the curve gy at gy (f) is (oxox)[v(f)]. Since
x is left-invariant, (oxox)[v(t)] = xloov(#)] = xlgv()]. Hence gy is
also an integral manifold for x. Both y and gy pass through the
point g = y(¢o) = ¢gv(0). The uniqueness statement of the theorem
on integral manifolds tells us that y(to 4+ t) = gv(t) for those values of
¢t for which [to + ¢|] < ¢ and |{| < e. Thus we have proved that for
[t < ¢ |t| < e and to+t] <e

Y(to + £) = v(to)v(®)

We shall now show how to extend v so that it is defined for |f| < 2.
Let e St < 2. Then we may write ¢t = {; + {5, with f; < ¢ and
ts < e. We wish to define v(t) = v(t1)y(ts). Suppose thatt = ¢; + 2,
with t; <e and # <e Then ty — & =t — ¢, and |t — ;] < e
Hence y(t)v(—t) = v(t2)v(—22) or ¥(t)v(ts) = ¥(t1)¥(t). Thus our
definition for ¢ St < 2¢ is legitimate. We may similarly define
v(@) = y(t)v(@:) for —2¢ <t S —eif t = #; + ¢5, with {; > —e and
t2 > —e. The left invariance of x assures us that the extended curve
v will still be an integral manifold for x.

The construction by which y was extended from the interval (—¢, ¢)
to the interval (—2¢ 2¢) may be repeated in order to produce an
integral manifold v defined for all values of ¢. Then ¢ — v (t) will be a
group homomorphism of V! into ®. It is not difficult to prove that,
since x is a real-analytic vector field [and consequently in any suitable
coordinate neighborhood the coeficients of the system of differential
equations of which v(t) is a solution are real-analytic functions], the
mapping ¢ — v(t) is real-analytic. Hence this mapping defines a one-
parameter subgroup of ®, and x is the left-invariant vector field which
is determined by this one-parameter subgroup. Thus we have proved
the following result.
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Theorem 7-6. A homomorphism t — v (t) of the Lie group V1into a
Lie group © determines, through left mulliplication by elements of ®, a
left-invariant vector field on ®. Conversely, every left<invariant vector
field on ® 7s determined by a homomorphism of V! into ©.

It is easy to see that a left-invariant vector field on @ is completely
determined by its value at the identity element of ®. The preceding
theorem then says that a homomorphism ¢t — () of V! into ® is
completely determined by the tangent vector to the curve v(t) at
t = 0. Since any vector from the tangent space to @ at the identity
element may be used to generate a left-invariant vector field on ©, it
follows that such vector fields are in one-to-one correspondence with
the vectors of the tangent space to @ at the identity element. In the
next section we shall see what this means for the general linear group.

EXERCISES

1. Prove that left-invariant vector field x on ® is completely determined by its
value at the identity element of ©.

2. Prove that, if x is a left-invariant vector field, x is real-analytic; that is, as a
mapping of ® into the tangent bundle T(®), it is real-analytic.

7-6 THE EXPONENTIAL MAPPING IN GL(n)

We shall determine the left-invariant vector fields on GL(n). A
point

of GL(n) has the coordinates x11, 13, . . . , Tun. Consequently

(CARCHRCN

is a basis of the tangent space to GL(n) at the point . A vector in
the tangent space to GL(n) at & then has the unique representation

d (i)
a = an (3-'5_1-1>a: + + @un (m)x

It is convenient to arrange the coefficients of « in the form of a matrix

........
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and we see that the tangent space to GL(n) at a point has the algebraic
structure of L(n), the space of all n X n matrices. We shall therefore
speak of the tangent vector @ = (a.,) to GL(n) at the point X instead
of the tangent vector a.

Theorem 7-6. Let @ be a tangent vector to GL(n) at the identity
element & Let x be the left-invariant vector field on GL(n) for which
x(8) = @. Then at each point X of GL(n)

x(X) = XQ@

Proof. We have seen in the previous section that there is a unique
one-parameter subgroup {vy(f)} such that the tangent vector to v at
8 is @. Then the tangent vector to Xy at & is X@. But this is the
vector x ().

Theorem 7-7. Let @ be a tangent vector to GL(n) at the identity ele-
ment §. Let {y(t)} be the one-parameter subgroup of GL(n) which has
the tangent vector @ at 8. Then

v(t) = exp i@

Proof. 1t suffices to demonstrate that, if vi(f) = exp ¢@, the
tangent vector to v, at & is @. For we know that {vi(f)} is a one-
parameter subgroup of GL(n).

Let exp« be the linear transformation which the mapping exp induces
on the tangent space to L(n) at 0. We have proved that

exo. () = (-2
P 9z,/0  \9z,/s

foralliandj. LetT'(¢) = i@ Then I'isa differentiable parametrized
curve in L(n) whose tangent vector at { = 0 is

t7=1
where @ = (a;;). Hence

n

expoa = (i)

p* - 1) aw.j s
=1

is the tangent vector to the curve exp I' at § which was to be proved.

We see that we may regard the exponential mapping @ — exp G as a
mapping of the tangent space to GL(n) at & into GL(n). If we adopt
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this viewpoint, we shall be able to generalize the exponential mapping
to any Lie group.

7-6 THE EXPONENTIAL MAPPING IN LIE GROUPS

It is now clear how to define the analogue for Lie groups of the
mapping @ — exp @ for GL(n). Let ® be a Lie group, and let T be the
tangent space to @ at the identity element. Let U be a coordinate
neighborhood of the identity element of ®, and let (z;, . . . , z,) be
the coordinates of the points of U. Then an element « of T has the

form
2 d
a = a ((.’—:;:—1)¢ + + a. (a—zn>‘

where e is the identity element of . If we take (a1, . . . , a,) to be
the coordinates of a, then T becomes a differentiable manifold. The
structure of I' as a differentiable manifold does not depend upon
which coordinate neighborhood U we use, and it makes T into a Lie
group.

The exponential mapping for @ will then be defined as a mapping of
T into © as follows: Let a be an element of 7. We have seen that
there is a unique one-parameter subgroup v(t) such that the curve v has
the tangent vector « at ¢ = 0. Define

exp a = (1)

It is possible to prove that the mapping a — exp a enjoys the
properties which we have observed in the special case of the general
linear group. Specifically, they are as follows:

1. It is a real-analytic mapping of T into ©.

2. It maps a neighborhood of the zero element of 7' in a one-to-one
manner onto a neighborhood of the identity element of .

The proofs of these properties are too involved to be given here.

EXERCISE

Prove that, if « is in T and ¢, and ¢, are real numbers, then

exp (&1 + ts)a = (exp tia)(exp tyx)

7-7 THE GLOBAL BEHAVIOR OF ONE-PARAMETER SUBGROUPS

In this section we shall examine a number of examples of Lie groups
which illustrate special features of the topics introduced in this chapter.
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Example1. The 2-torus T is the factor group V2/D, where D is the
subgroup consisting of those vectors of V* which have integral com-
ponents. It is not difficult to verify that 7 is a Lie group and that the
natural group homomorphism a: V; — T? is a homomorphism of the
Lie group V2 onto the Lie group 7.

V2 may be regarded as the tangent space to 7% at the identity
element. If » € V2, then (f) = ¢(tv) is the one-parameter subgroup
of T? with the tangent vector v at the identity element. Hence
exp v = o(v) in this case. It is therefore apparent that the exponential
mapping in T? is not globally one-to-one.

It may be objected that T2 is not a simply connected space and that
perhaps the exponential mapping must be globally one-to-one in simply
connected spaces. The next example shows that this is not the case.

Example 2. Let the set © consist of all 4 X 4 matrices of the form

cosw sinw

0
—sinw cosw O
0

0 0

-8 e

where u, v, w are real numbers. Then

S(u1, v1, w1)§(us, v2, wa) = §(u, v, w1 + wa)
where
U = Uz c08 Wy + vg 8in wy + u,
v = —uy s8in wy + v, cos wy + 01

Hence © is a subgroup of GL(4). The mapping o defined by
o(u, v, w) = $(u, v, w) is a differentiable one-to-one mapping of E?
into GL(4). Let ox be the induced linear transformation of the
tangent space to E3. Then

a\ _ o
(&) - a5
3\ _ 9
"*(5)_@

9 = 1 9 + _?__ sw_(z._—sinwi_{._a._
Oy 5—1‘-0' = — SIlnw 53;—“ CO8 w axu CO! axu Erm Er
Hence o4 (3/0u), ox(3/3v), ox(8/0w) are linearly independent. Thus o
is regular, and we have proved that & is a 3-dimensional submanifold
of GL(4). Hence & is a Lie group.
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It follows from our computations that the tangent space to € at the
identity element has the basis {a1, as, a3}, where

= (-2
= \ozu/e
9
o 0z /s
%= (39312)5 (31?21)5 <3xu>c

Every one-parameter subgroup of & is also a one-parameter subgroup
of GL(4). Consequently we may employ the conventions and results
established in Section 7-5.

If v(t) is the one-parameter subgroup of & whose tangent vector at
the identity element is aay + bas + cas, then y(f) = exp i@, where

0 c¢c 0 a
—c 0 0 Db
€=l 000 ¢
00 0O

It is not difficult to show by direct computation that

cosct sinct 0 wu(f)

_ [ —sinct cosct 0 w(f)

'@ = 0 o0 1
0 0 0 1

where u(t) and v(f) are real-analytic functions of .
Suppose that ¢ is not zero. Since v(2xr/c) = v(x/c)y(x/c),

1 0 0 u(2x/c) -1 0 0 u(w/c) \ 2
01 0 v2x/c) | _ 0 -1 0 v(r/c)

0 01 2% N 0o o0 1 ™

0 00 1 0 0 0 1

It follows that u(2r/c) = v(2r/c) = 0. We see therefore that every
one-parameter subgroup of & whose tangent vector ac; + bas + cas
at the identity element has ¢ > 0 passes through the point

100 O
010 O
001 2r
000 1

in &. Consequently the exponential mapping in & is not one-to-one.
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Example 8. Let the set © consist of all 3 X 3 matrices of the form

1 v v
01 w
0 01

We may show by the methods used in Example 2 that € is a Lie group,
that the tangent space to & at the identity element is spanned by the
vectors (8/0x12)s, (8/0%13)s, (9/0%23), and that the one-parameter
subgroups of & are given by y(f) = exp t@, where @ has the form

0 a b
ea=1{0 0 ¢
0 0O

Thus by direct computation

1 at bt 4+ Yact?
&) ={0 1 ct
0 0 1

Since for any numbers u, v, w there is one and only one set of numbers
a, b, ¢ such that

u=a v =0b+ Yac w=c

it follows that the exponential mapping in S maps the tangent space
at the identity element in a one-to-one manner globally onto S.

Example 4. Let O*(n) be the subgroup of the orthogonal matrices
which have their determinants equal to +1. Since O*(n) is a sub-
group of GL(n) and is an algebraic variety, it is a Lie group. We wish
to determine the tangent space to O*(n) at the identity element. Let

zu() 0 21(t)
7(t) =1 ¢ ¢ ¢« v ¢ i s e
z"‘l(t) vt xnn(t)

be any differentiable parametrized curve in O*+(n) with

'Y(O) =§= (5:':)
Then we know that

2 x'J(t)sz(t) = du

1=1

fori,k =1, .. . ,n. If we differentiate this relation with respect to
t, set ¢ = 0, and remember that z,;(0) = &;, we obtain

2(0) + 24,(0) = 0
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for 4, k=1,..., n Hence the tangent vector (z,(0)) to v at
t = 0 is skew-symmetric.

The vector space of all n X n skew-symmetric matrices has dimen-
sion }4n(n — 1). We shall produce a set of %4n(n — 1) tangent
vectors to 0*(n) which constitute a basis of this vector space. Thus
we shall prove that the vector space of all n X n skew-symmetric
matrices is the tangent space to 0+(n) at the identity element.

Consider the curve

t J
g ‘
cos ¢ sin ¢ 1
"/u(t) =
—gin ¢ cos ¢ J
L y

with 1s in the unspecified places on the diagonal, Os in all other places,
and 1.< ¢ < j S n. Then y; is a differentiable parametrized curve
in O*(n). The tangent vector to v; at ¢t = 0 is

=(9 (8
= 0z, /¢ 9z, /¢

Clearly the Y4n(n — 1) vectors o, are linearly independent, which
completes the proof.

EXERCISE

Prove that the set & consisting of all n X n matrices of the form

is a Lie group and that the exponential mapping in & maps the tangent space at
the identity element in a one-to-one manner globally onto ©.



CHAPTER 8

Integral Manifolds and Lie Subgroups

8-1 A SURVEY OF THE PROBLEM

In this chapter the results of Chapter 7 for one-parameter sub-
groups of a Lie group will be generalized to higher-dimensional
subgroups. We shall give up the requirement that the subgroup be
parametrized. Consequently it will be necessary to weaken the
notions of left-invariant vector field and integral manifold.

Let ® be a Lie group. A subgroup of & which is also a submanifold
of @ will be called a Lie subgroup of . We shall find that the Lie
subgroups of a Lie group ® correspond to certain subspaces of the
tangent space to ® at the identity element.

Let © be a Lie subgroup of ® of dimension greater than zero. The
cosets g9 with g € O constitute a family of submanifolds of @, since,
for a fixed element g, the mapping h — gh of $ into © is a diffeo-
morphism. In this chapter the manifolds 9§ take the place of the
integral manifolds that were studied in Chapter 7. The tangent vec-
tor to an integral manifold must be replaced here by the tangent
space X(g) to the submanifold g§ at the point g. X(g) may be
regarded as a subspace of the tangent space to & at g. Thus we must
replace our former notion of vector field by a correspondence X which
associates with each point g of @ a subspace X(g) of the tangent space
to ® at g.

The new kind of vector field X may also be described in the follow-
ing way. Let X, = X(e), where e is the identity element of @. Let
0?: @ — ® be defined by o?(g’) = gg’, and let o be the linear trans-
formation that is induced by o¢ on the tangent space. Then

X(9) = o+ (Xo)
It follows that X is left-invariant in the sense that
*+(X(g")) = X(o,(g")

for g, ¢ € ®. Conversely, any left-invariant correspondence X of
135
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this new type must satisfy X(g) = o%(X(e)) for ¢ € @. Hence our
new kinds of left-invariant vector fields are in one-to-one correspond-
ence with the subspaces of the tangent space to ® at e.

The meaning of integral manifold which we shall adopt is the
following: A submanifold S of ® is an integral manifold for X if at
each point s € S the tangent space to S is X(s). In this sense, the
cosets g9 of the Lie subgroup § are integral manifolds for the left-
invariant vector field X which is derived from the tangent space to $
at the identity element.

The generalized ideas of vector field and integral manifold which
have just been sketched are not confined to Lie groups. We shall
first study them on any differentiable manifold. Before we do so, we
shall present an example which shows that not every left-invariant
vector field on a Lie group ® may be derived from a Lie subgroup.
We therefore face the question of how to characterize those subspaces
of the tangent space to ® at the identity element which are tangent
spaces to Lie subgroups of ®. We shall eventually answer this
question.

Let @ be the Lie group which consists of all 3 X 3 matrices of the

form
) T2
0 1 T3
0 0 1

The tangent space to @ at the identity element consists of all matrices

of the form
0 a1 a,
0 0 as
0 0 O

Let X(e) be the subspace which consists of all matrices of the form

0 ay 0
0 0 as
0 0 O

Assume that § is a Lie subgroup of ® and that the tangent space to $
is X(e¢). Then $ contains the one-parameter subgroups

0t O 00O
exp{0 0 O explO O ¢
0 0 0 0 00
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and hence all matrices of the forms

1 ¢ 0 100
010 01 ¢
0 00 0 01

In particular, § contains the matrices

1 « 0\/1 0 O\/1 -« O\/1 0 O 1 0 u?
01 0J{0 1 «J{0 1 OJ{0 1 —u)={0 1 O
0 0 1/\0 0 1/\0 O 1/\0 0 1 0 0 1

and hence the one-parameter subgroup

1 0 ¢
010
0 01

But the tangent vector to this curve at the origin is

0 01
0 00
0 00

which is not in X(e¢). Thus our assumption that § exists is incorrect,
as we wished to demonstrate.

8-2 p-VECTOR FIELDS AND INTEGRAL MANIFOLDS

Let M be a differentiable manifold. Let U be an open subset of M.
A correspondence X which assigns to each point m of U a subspace
X (m) of dimension p of the tangent space to M at m, in such a way
that p is the same for all points of U, is called a p-vector field on U.

Let m° be a point of U. If there is a neighborhood U, of m® and
differentiable vector fields x1, . . . , xp on Uy such that for each point
m in U, the vector space X(m) is spanned by xi(m), . . . , xp(m),
then X is said to be differentiable at m°. Under these circumstances,
the vector fields x1, . . . , xp are linearly independent on U,. X is
differentiable on U if it is differentiable at each point of U.

The p-vector field X will be called integrable at the point m® if there
is a coordinate neighborhood U, containing m° with coordinates
(z1, . . ., za), such that for each point m of U, the vector space X (m)
is spanned by the vectors

9y, ..., (L
a.c,,,.’ ’633,.".
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Under these circumstances, if m = (¢1, . . . , ¢) is a point of U,, the
submanifold of U, defined by the equations

Tpt1 = Cptly « + « yTn = Cn

is an integral manifold for X which containsm. The following theorem
shows that this integral manifold is essentially unique.

Theorem 8-1. Let U be a coordinate neighborhood of a manifold with
coordinates (z, . . . ' za). Let X be the p-vector field on U which is
spanned by the vector fields

d d

W
If N 18 an integral manifold for X which contains the point (0, . . . ,
0) € U and if every point of N may be joined to (0, . .., 0) by a
differentiable parametrized curve which lies in N, then N is an open subset
of the submanifold of U defined by the equations x,41 = * * + = z, = 0.

Proof. Let m = (¢1, . . . , ¢a) be a point of N. We must prove
that ¢pp1= - - = ¢, = 0. Let v be a differentiable curve in N
which joins (0, . . . , 0) to m. We may write

@) = (@@, . . ., ()
It suffices to prove that gy41, . . . , gn are zero functions. But the
tangent vector to v at v(t) must lie in X(v(¢)). Hence
’ ’
g1 = """ =g, =0
It follows that gp41, . . . , gn are constant. Since
gp+1(0) = - -+ =ga(0) =0
the theorem is proved.

Corollary. Let x be a vector field and X a p-vector field, both of which
are defined on an open subset U of a differentiable manifold. Let
x(m) € X(m) for m € U. Let v be an integral manifold for x and N
an iniegral manifold for X with v(0) € N. If X s inlegrable at v(0),
then there 18 an ¢ > 0 such that v({) € N for |t] < e

EXERCISES

1. Prove the corollary.
2. Let S be the 3-sphere, that is, the differentiable variety in E* defined by the
equation
2tz tattali=1
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Consider the vector fields

a9 a9 9

X1 = (l -2y — 21’) —--l- - 1T2 — ax’ - znxa + 31(1 34)5?"
9 9
X2 = —Z1%g Fr + (1 -z - Zs’) Framis L v + z3(1 — z4) 37,

Let S* be the set of points of S? excepting (0, 0, 0, 1).
a. Show that x: and x; are linearly independent vector fields on S*.
Let X be the 2-vector field on S* spanned by x; and xa.
b. Show that the 2-dimensional differentiable varieties defined by the relations
Z3 + kxy = k
2tz tzd=1
kzs — x4 # 0
Ty # 1
— ® < k < =, are integral manifolds for X.

8-83 THE INTEGRABILITY OF VECTOR FIELDS

In order to study the integrability of p-vector fields, we need infor-
mation concerning the manner in which the solution of a system
of differential equations depends upon the boundary values. The
Picard theorem as it is stated in Section 4-4 will suffice for our purposes.

One use of the Picard theorem in the theory of differentiable mani-
folds may be illustrated by the following situation. Let U and V be
coordinate neighborhoods of two differentiable manifolds. Let
o: V— U be a differentiable mapping. Let x be a differentiable
vector field on U. We shall see that it is possible to extend o to a
differentiable mapping v: V/ X J — U, where J is a neighborhood of
0 in E! and V’ is an open subset of V, in such a way that v(y, ¢) is an
integral manifold for x when y is a fixed point in ¥V’ and v(y, 0) = o(y)
for y € V'. Furthermore, if y° is a point of V, then V' may be
required to contain y°.

Let (z1, . . . , z.) be coordinates in U. Then x determines a sys-
tem of first-order differential equations
dz
m! = a1(2, ) Tn)
dz,
3 = W » Tn)
a3 a
where x-—a15—;+ +a,.5;"

whose solutions are integral manifolds for x. Let 3° € V and
2° = o¢(y°). By the Picard theorem, there are an ¢ > 0, a neighbor-
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hood U° of z°, and integral manifolds I'(z, t) for x for each z € U° and
[t| < ¢ such that z = I'(z, 0) and the mapping (z, t) — I'(z, ¢) is
differentiable. Let V' = o¢~}(U°®), let J be the interval —e < t < ¢,
and define v(y, t) = T'(e(y), ?).

We shall apply the Picard theorem in this manner in the following
theorem.

Theorem 8-2. Let x be a differentiable vector field on an open subset U
of a differentiable manifold M. If x(m°) = 0, then there is a coordinate
netghborhood U, of m°® with coordinates (xy, . . ., x.) such that
X = 6/ 6:c1 on Ul.

Proof. Let W be a coordinate neighborhood of m° with coordinates
Wy ..., Ys). We may assume that m°=(0,..., 0) and

//// 7>

27

Fia. 8-1

(8/8y1)m = x(m°). We may also assume that W is sufficiently small
so that x(m) = 0 for m € W. Let V be the open subset of E*!
consisting of those points (ya3, . . . , y») such that (0,ys, . . . ,¥.) €
W. Defineoct Vo Wbyoa(ys, . ..,9s) =0, 92 ..., s

Figure 8-1 illustrates this situation for n = 3. It shows the surface
a(V) along which y; = 0 with the vectors of the vector field x attached
toit. Only the vector at m° need have the direction 9/dy1.

If we apply the Picard theorem as we have described, there are a
neighborhood J of 0 in E* and a neighborhood V' of (0, . . . ,0)in V
and a differentiable mapping v: J X V' — W such that v(¢, z;, . . . ,
%») is an integral manifold for x when z,, . . ., z. are fixed and



INTEGRAL MANIFOLDS AND LIE SUBGROUPS 141

¥(0, 3 ... ,2) = (0,25 . ..,z). We shall show that v defines
a coordinate neighborhood of M with the desired properties.

Let (1, . . - ,4n) = ¥(®, . . ., x,). At the point (0, ... ,0)
g i)
ayl 6:1 10 0
oS "Y_[o1 0
%s %n 00 1
o, 0z,
Consequently v is regular at (0, . . . , 0), and there is a neighborhood
of this point on which v is a diffeomorphism. Thus (z, . . . , z.)
become coordinates on this neighborhood. With respect to these
coordinates, d/dz1 = x, since y(z1, . . . , Z.) is an integral manifold

for x as a function of z,.

In brief, Theorem 8-2 says that a differentiable vector field is
integrable at each point at which it does not vanish.

8-4 LIE DERIVATIVES OF VECTOR FIELDS

Let ¢ be a differentiable vector field on an open subset U of a
differentiable manifold M. If ¢ # 0 on U, then ¢ determines a flow
on U which has no singularities. We shall show how to measure the
rate of change along this flow of any other differentiable vector field
on U.

Let m°® € U. By applying the reformulation of the Picard theorem
given in the previous section, with ¢ the identity mapping, there are a
neighborhood J of 0 in E*, a neighborhood U’ of m°, and a differentiable
mapping y: U’ X J — U such that v(m, t) is an integral manifold for ¢
as a function of ¢ and y(m, 0) = m. Define p(m) = y(m, t). For
each t € J we may regard u,: U’ — U as a kind of displacement of U’
along integral manifolds for ¢.

We shall prove that, if the interval J and the neighborhood U’ are
sufficiently small, the displacements p, are all diffeomorphisms. By
Theorem 8-2, we may assume that U’ is a coordinate neighborhood with
coordinates (z1, . . ., %,) such that 8/dxz; = ¢. The mapping
v: U’ X J — U is continuous, and so y~(U’) is an open subset of
U’ X J containing (m°, 0). Hence there are a neighborhood U"’ of
m° contained in U’ and a neighborhood J’ of 0 contained in J such
that y(U” X J') C U’. We may conclude that there is an ¢ > 0
such that |f| < e implies p(U"”) C U’. For [t| < e and (25, . . .,
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z,) € U”, we then have
w(xy, . .., T) =@+ 2 ..., Zn)

which is clearly a diffeomorphism. We shall call the family {n.} of
diffeomorphisms the one-parameter family of motions determined by ¢.
For m near m°, let A\¢: T(ue(m)) — T'(m) be the linear transforma-
tion which is induced on the tangent space by the inverse of the
diffeomorphism p,. Let x be a differentiable vector field on a neigh-
borhood of m°. We may use A, to move the vector x(u:(m)) to the
point m so that it may be compared with the vector x(m). Define

Agx(m) = lim 3 Dulx(u(m))} — x(m)]
-0

for m near m°. We shall show that this derivative exists and con-
sequently defines a vector field A,x on a neighborhood of m°.
In terms of the coordinates in U’,

a d
X—ala—zl'i' +a"_0_x—,.

where the functions a;, . . . , a. are differentiable near m°. Since

w(@y, . .., %)= (@1 + 2, ..., Zn)

it follows that
dm| (Y , ... 4 0m|(8
m (-‘E)m + + 0z, mn(axn)m

Agx(m) = 3_911
Thus A,x is a differentiable vector field. A,x is called the Lie deriva-
tive of x with respect to ¢.

EXERCISE

Let x be a differentiable vector field on an open subset U of a manifold, and let
f be a differentiable function on U. Let ¢ be a nonzero differentiable vector field
on U. Let ¢(m) = f(m)x(m) for m € U. Prove that

Agy = (o, df)x + fAex
on U.
8-6 ANOTHER FORMULATION OF THE LIE DERIVATIVE

Let ¢ and x be differentiable vector fields on an open subset U of a
differentiable manifold M. Let m € U, and let G*(m) be the space
of germs of differentiable functions at m. If x € G*(m) and if « is
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represented by the differentiable function f, then g = (x, df) is a
differentiable function on a neighborhood of m. Hence we may form
the differentiable function (p, dg) on a neighborhood of m. The

mapping
k= (o(m), (dg)m)

is clearly well-defined and is a linear functional on G*(m).
Similarly, we may form the function h = (¢, df) and the linear
functional
k= (x(m), (dh)m)

We shall denote the linear functional

k= (p(m), (dg)m) — (x(m), (dh)m)

on G*(m) by [¢, x](m). Inspite of the fact that the terms (o(m), (dg)m)
and (x(m), (dh).) may be different for two germs whose differentials
are the same, we shall prove that this is not the case for [¢, x](m).
Consequently [¢, x](m) is a linear functional on the cotangent space
T*(m), and so it represents a tangent vector to M at m.

Let U, be a coordinate neighborhood of m which is contained in U.
Let (1, . . . , Z.) be the coordinates on U;. Then ¢ = Z_,a,(3/9x:)
and x = =}_,b.(3/9x.), where ay, . . . , @n, by, . . . , b, are functions.
Hence g = 27.,b.(3f/dx.) and h = =_,a.(3f/dz.), and so

- 9 of
<<P, dg) = 2 a, 5;’ (z b, a—%)
1

1=1 1=

_ 5 of
(x, dhY = z b (2 o ax’)
=1 1

1= )=

_ ab; _ , da;| of
(¢, dg) — (x, dh) = 2 z l“‘ 55, " 9a.| z,

tm] j=]

and finally

It follows that if f, and f, represent germs with the same differential,
which means (df1)m = (dfs)m, the value of [¢, x](m) is the same for both,
as we asserted. [p, x] is therefore the vector field on U, which is
given by the formula

by _ aa,> d
[¢!X] ;5,}2 az' ax‘ &w
m] g
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Theorem 8-8. If ¢ and x are differentiable vector fields on an open
subset U of a differentiable manifold and if ¢ 18 nonzero on U, then

Apx = o, xI
on U. .

Proof. Letm € U. By Theorem 8-2, there is a coordinate neigh-
borhood of m with coordinates (z;, . . . , &») such that ¢ = d/dz1.
If x = =_,b.(3/0z,), then

ab, @
A«’X = E ‘é‘;‘
i=1
ab, a
and also [e, x] = z 3%, 9%,

i=1
According to Theorem 8-3, we may use the vector field [, x] to

extend the definition of the Lie derivative A, to the case where ¢ is not
necessarily different from zero.

Corollary. If ¢ and x are differentiable vector fields on an open subset
of a differentiable manifold, then

Apx = —Aye

Corollary. Let X be a p-vector field which is integrable on an open
subset U of a differentiable manifold M. If ¢ and x are differentiable
vector fields on U such that (m) € X(m) and x(m) € X(m) form € U,
then A,x(m) € X(m) form € U.

Proof. Let m € U. Since X is integrable at m, there is a coordi-
nate neighborhood U, of m with the coordinates z;, . . . , Z, such that
X is spanned by 8/dz1, . . . , 8/dz, on Uy. Thus

P P
N T N )
Y = ¢ axj X = ¢ azj
=1 J=1
on U;. By Theorem 8-3,
P 4
_ %, _, 90 o
Aex = 2 z (at% b 6:1:,) az,
i=] j=1
and so
Ayx(m) € X(m)

From this corollary we may derive a necessary condition for the
integrability of a differentiable p-vector field. Let X be a p-vector
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field which is differentiable on an open subset U of a manifold M.
Let m®° € U. Then there are differentiable vector fields x1, . . . , x»
such that at each point m of a neighborhood U, of m° the vectors
x1(m), . . ., xp(m) span X(m). Since these vectors are linearly
independent, they are all different from zero, and we may form the Lie
derivatives A,x, for ¢, 5 = 1, . . . , p. If X is integrable on U, then
each of the Lie derivatives A,,x,(m) is in X(m) and is therefore a linear
combination of the vectors x1(m), . . . , xp(m) for m € U,.

Let x1, . . . , xp be linearly independent differentiable vector fields
on an open subset U of a differentiable manifold, and let them span the
p-vector field X. If on U there are functions a;* such that

Avxi = avixa 4+ ¢ - -+ ap"jXr

fors,7 =1, ..., p, then X will be said to be closed with respect to
Xy . - .,xpon U.

In terms of this terminology, we have proved that if a differentiable
p-vector field X is integrable at a point m, then X is closed with respect
to any set of p differentiable vector fields which span it on some
neighborhood of m.

EXERCISE

If x, ¢, and y are differentiable vector fields on an open subset of a differentiable
manifold, prove the Jacobi identity

[x ley ¥1] + IP; ['ﬁ; x1l + ¥, [X: ell =0

8-6 THE EXISTENCE OF INTEGRAL MANIFOLDS

In Section 8-5 we showed that a necessary condition for a p-vector
field X spanned by the differentiable vector fields x1, . . . , x, to be
integrable is that X be closed with respect to x1, . . ., xp. In
Section 8-7 we shall prove that this condition is also sufficient. Before
presenting the proof, we shall examine the case of a 2-vector field in E?
where the curves and surfaces under consideration are easily visualized.

Let x1 and x. be linearly independent vector fields on an open subset
U of E%. Let x1 and x; span the 2-vector field X. Let X be closed
with respect to x; and x2. How shall we construct an integral mani-
fold for X? We may be guided by the fact that, if such an integral
manifold exists, the integral manifolds for the vector fields x; and x.
must lie in the integral manifold for X, at least locally.

Let m® be a point in E3 Let v be an integral manifold for x,
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through m°. Through each point of v, consider the integral manifold
for xs. These curves determine a surface N in E3, as illustrated in
Figure 8-2. Consider the one-parameter family of motions {u.}
determined by x2 on a neighborhood of m°. These are displacements
of the surface N along itself in the direction of the integral manifolds
for x.. In particular, the curve v is displaced onto the curve u:(y) by
the diffeomorphism pu,.

Fic. 8-2

Let ¥ be the vector field on N which assigns to each point m the
tangent vector to the curve w/(y) at m. Then the vector fields x.
and ¢ are linearly independent on N, and at each point m the vectors
x2(m) and ¢(m) constitute a basis of the tangent space to N at m.
In order to show that N is an integral manifold for X, we must prove
that ¢ is a linear combination of x; and x3.

x1 and x. can be completed by a third differentiable vector field xs
in such a way that x;, x2, and xs are linearly independent near m°
and the Lie derivative of x; with respect to xs is zero. We may write

¥ = fixa + faxs + faxs

where f3, f5, and f; are functions on N. The Lie derivatives of ¢, xs,
and xs with respect to x: are all zero. In terms of the parametrization
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(s, t) = pi(v(s)) of the surface N, we have

= %?Xl + frdyxi + %”%x: + %f;'m

We now apply the assumption that A,,x; is a linear combination of
x1 and x:z to conclude that df;/8t = O on N. If we make sure that N
is a connected set, then f; is a function of s alone. Since f; = 0 along
v(s), it follows that f; = 0 on N, which concludes the proof that N is an
integral manifold for X near m.

It is not difficult now to introduce coordinates (s, ¢, ) near m® in
such a way that v = 0 is the surface N, and this would complete the
proof that X is integrable at m°. The methods that we have employed
in this special case can be extended by induction to cover the general
case. But the analytic proof that we shall give in the next section is
much simpler, and so we shall not carry out the geometric proof.

EXERCISE

Fill in the missing details of this section.

8-7 THE INTEGRABILITY THEOREM
Theorem 8-4. Let X be the p-vector field which is spanned by the

linearly independent differentiable vector fields x1, . . . , Xo On an open
subset U of a differentiable manifold M. If X is closed with respect to
X1 - - « , Xpy then X 18 integrable on U.

Proof. The case p = 1 has been proved in Theorem 8-2. We shall
prove the general case by induction on p. Assume that the theorem
has been proved for (p — 1)-vector fields, p = 2.

Let m° be a point of U. There is a coordinate neighborhood U, of

m° with coordinates (z1, . . . , z.) such that x; = 4/9z;. We may
assume that U, is contained in U and that m°® = (0, . . . ,0). Then
fort=2,...,p
= a i
X Y 9z,

J=1
f
where the a;; are differentiable functions on U;. Define

P
i Xs X1 = Xs ""ax,
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for t=2,..., p. Then ¢, ..., ¢, are linearly independent
differentiable vector fields on U,. Let ¥ be the (p — 1)-vector field
which is spanned by ¢,, . . . , ¥p. In order to apply the induction

hypothesis to ¥, we must prove that ¥ is closed with respect to

Wz, o s oey 4’9-
Let @(m) be the vector space spanned by

Y, . (L
6.'):2,,.’ ,axnm

for each point m in U;. Then
¥(m) = X(m) N Q(m)

Since the Lie derivatives Ay y;(m) are in Q(m), it suffices to prove that
they are in X(m).
We have

AvYi = Wi, Wil = W, X, — axi)
= [‘Plr Xi] - (‘l’iy daﬂ)xl - aﬂ[‘h; X1]
and
Wi, xi1 = — [xi, ¥l = = [x, % — auxil
= — [xj, x:] + (x5 dau)xa + aulx;, xil

Since X is closed with respect to x1, . . . , xp, it follows that [¢,, x;](m)
is in " X(m) for j =1, . . ., p and hence that Ay¥;(m) is in X(m).
This proves that ¥ is closed with respect to ¢, . . . , ¥5.

Let S be the submanifold of U, defined by the equation z, = 0.
Then ¥ may be regarded as a (p — 1)-vector field on S. If we apply
the induction hypothesis to ¥, we may assert that there is a coordinate

neighborhood V of S containing m°, with coordinates (yz, . . . , ¥a),
such that ¥ is spanned on V by the vector fields
8, ...,8
3y " 3Y»
Let the coordinate transformation (0, za, . . . , Za) = (2, . . - , Yn)
on V M U, be given by
‘ Y2 = ga2(2s ) Tn)
Yn = gn(Ts, . . . , Tn)
Define 2=
20 = ga(Z2, . . ., Tn)

............
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for (z1, . . ., z.) in a neighborhood U, of m® in U, such that U; N
S C V. Weshall prove that (2, . . . , z,) are coordinates in U, such
that

i) i)

W
span X on U,.

Since the mapping (0, zs, . . ., %) = (¥2, . . . , ya) is a diffeo-

morphism, it is clear that the mapping (2, . . . ,zs) = (21, . . . , 2a)

is a diffeomorphism. 'Hence this mapping defines a coordinate trans-
formation on U;. There are differentiable functions ¢,, on U, such that

- 9
X = Cok 2
k=1
forj=1,...,p Since X is closed with respect to x1, . . . , xp,

there are differentiable functions b,, on U, such that

P

P n
a
Ay xs = z bykxr = z E b;kckz%

k=1 k=11=1
forj=1,...,p On the other hand, x; = /92 on U,, so that
_ ac,z 7]
AXIX) - azl 3z1
1=1
Thus the functions ¢y, . . . , ¢ are solutions of the system of homo-

geneous linear differential equations

)
86,1 _
7 z byxcn

k=1
Jj=1,..., p, as functions of z,. When I > p, we know that the
functions ¢y, . . . , ¢, satisfy the boundary conditions
cu= - - =c,z=0

when 2, = 0, since the vector fields
o, ...,
021, ' 6z,,

span X on U, N S. We may assume that U, is a set of the form
{1, . .. ,2) 222+ + -+ + 2.2 < r2}. Then the uniqueness of the
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solution of our system of differential equations assures us that the

functions ¢y, . . . , ¢ are zero everywhere on U, for I > p. Hence
X1, - - - , Xp are linear combinations of the vector fields

2 ... ,2

92 ’ 2,

on U,, which was to be proved.

8-8 MAXIMAL INTEGRAL MANIFOLDS

In the preceding sections we have considered integral manifolds only
in the neighborhood of a point. In this section we shall demonstrate
the existence of integral manifolds in the large.

Lemma 8-1. Let X be an integrable p-vector field on an open subset
of a differentiable manifold M. Let N, and N be two integral manifolds
for X. If mis a point in N1 M\ N, then there is an integral manifold N
for X which contains m and which is an open submanifold of N1 and of N.

Proof. Let U be a coordinate neighborhood of m with coordinates

(1, . . ., za) such that X is spanned by
9, ...,
az, " 9z,
on U and m = 0,...,0). Then NyN\ U and NN\ U are open

submanifolds of N, and N, respectively, and hence are integral
manifolds for X,

Let N be the set of all points of N; M U which may be joined to m
by a differentiable curve lying in Ny N\ U. Then N is an open set in
the topology of Ny M U and so may be given the structure of an open
submanifold of Ny N\ U. Thus N; becomes an integral manifold for X.
We may define N} similarly as an open submanifold of N, N U.

By Theorem 8-1 each of N; and N3 is contained in the submanifold
8 of U defined by the equations Zp41 = - + + = z, = 0. Since N}
and N, are open submanifolds of S, we can take N = N3 N N, and
the lemma is proved.

Theorem 8-B. Let X be an integrable p-vector field on a differentiable
manifold M. If m® is any point of M, then there is an integral manifold
N for X which contains m°® and which satisfies the following conditions:

(i) Every point of N may be joined to m® by a differentiable curve which
lies in N.

(ii) N ¢s mazimal, in the sense that N is not a submanifold of any
larger integral manifold for X which satisfies condition i.
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(iii) If Ni is any integral manifold for X which satisfies condition i,
then Ny 18 an open submanifold of N.

Proof. Let S be the point set which is the union of all integral
manifolds for X which satisfy condition i. We give a topology to S
by defining the open sets of S to be the unions of integral manifolds for
X which are contained in S. That this is a topology follows from the
preceding lemma. It is clear that S is a Hausdorff space.

We shall make S into a differentiable manifold by describing a
suitable family of coordinate neighborhoods. Let N, be an integral
manifold for X which satisfies condition i. Let U be a coordinate
neighborhood of N.. Then U is an integral manifold for X. Thus U
is an open subset of S, and the topology on U as a manifold is the same
as the topology induced by the topology on S. We define U to be a
coordinate neighborhood of S, using the same coordinate mapping as
for N.. We must show that our coordinate neighborhoods are related
by differentiable coordinate transformations.

Let N. and N3 be two integral manifolds for X which satisfy condi-
tion i. Let U, be a coordinate neighborhood of N., and U; a coordi-
nate neighborhood of Ny, and let ¢, and ¢s be the corresponding
coordinate mappings. If U, M Us is not empty, we must show that
egope! is differentiable.

U, and Up are integral manifolds for X. Let m be a point in
Ua M Up. According to Lemma 8-1, there is an integral manifold U
for X which is an open submanifold of U, and of Us. Let ¢, be the
restriction of ¢, to U and ¢ be the restriction of ¢s to U. Then ¢,
makes U into a coordinate neighborhood U,, of the manifold U, and ¢
makes U into a coordinate neighborhood Up of the same manifold U.
Thus gpee,™ is differentiable at m, and it follows that ggpp. is
differentiable at m, which was to be proved.

Let N denote the differentiable manifold which has been constructed
from the set S. The proof will be completed if we can show that N is a
submanifold of M, for the conditions i, ii, and iii then follow easily.
However, the identity mapping of N into M is locally the identity
mapping of some integral manifold N, into M. Thus this identity
mapping is a differentiable mapping which is regular, and so N is a
submanifold of M.

Actually we have not completed the proof that N is a differentiable
manifold for we have not shown that N is a separable topological space.
The proof of this fact is difficult and will be omitted. It may be found
in C. Chevalley, “Theory of Lie Groups,” I (Princeton University
Press, Princeton, N.J., 1946).
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8-9 LIE ALGEBRAS

Let 9% be a vector space of finite dimension over the real numbers.
% will be called a Lie algebra if there is an operation on A which
associates with each pair of elements «, 8 of ¥ an element [, 8] of A
in such a way that it satisfies the following axioms:

(a) (@11 + @zas, B] = as[on, B] + azlas, B]
la, @181 + asB:] = aila, Bi] 4+ asla, By

for numbers a, and a; and e, a1, as, B, B1, B2 € A.

® e, a] =0
foralla € A.

(c) lla, B], ¥] + (8, 7], «] + [[v, a], B] = O
for , 8, v € .

As an example of a Lie algebra, consider the set L(n) of all n X n
matrices with real components. Define

[on, 91} = 9no — IM

in terms of the usual operations among matrices. The reader may
easily verify the axioms.

Another example, which is of basic importance in the theory of Lie
groups, is the Lie algebra of a Lie group, which we shall now describe.

Lemma 8-2. Let ® be a Lie group. Let ¢ and x be two left-invariant
vector fields on ®. Then [¢, x] is also left-invariant.

Proof. We may assume that ¢ is different from zero everywhere on
@®, for otherwise ¢ is identically zero.

Let go be an element of ®. Let o be the diffeomorphism g — gog,
and let o« be the linear transformation induced on the tangent space at
a point by ¢. Since ¢ is left-invariant, sxop = ¢o0.

Let {u;} be the one-parameter family of motions determined by ¢ on
a neighborhood of o(g). Let {u:} be the one-parameter family of
motions determined by ¢ on a neighborhood of g. If v is an integral
manifold for ¢ through g, then soy is an integral manifold for ¢ through
o(g). Hence poc = oop,, and therefore A, 'cox = oxoA;~), where \;
and )\ are the linear transformations of the tangent spaces induced by
the inverses of the diffeomorphisms ; and u;, respectively.



INTEGRAL MANIFOLDS AND LIE SUBGROUPS 153

Since x is left-invariant, oxox = x°s. Hence
(oucle, 31} @) = lim 5 [Goh) (x(g))} = o0 (x@)]]
= lim § (Vo) (@) = ou [x@)]

= lim 3 I\ Ex(luiool @)} — x(o(o)]
= lo, xl(o(9))

as was to be proved.

Let %A be the vector space of all left-invariant vector fields on ©.
The preceding lemma shows that we may introduce the operation in %A
which assigns the product [¢, x] to the pair of vector fields ¢, x from .
We then obtain a Lie algebra which will be called the Lie algebra of ®
(see the exercise of Section 8-5).

It is easy to transfer the Lie-algebra structure of U to the tangent
space to @ at the identity element e. If a; and a, are two tangent
vectors at e, they determine unique left-invariant vector fields x, and
x2 on ©, respectively. Then we may define [a1, as] = [x1, x2(e).
This makes the tangent space at e into a Lie algebra with the same
structure as .

Let %A be any Lie algebra. Then, from [« 4+ 8, a + 8] = 0, we
conclude that [a, « + 8] + [8, « + 8] = O or

la, 8] + [8,a] = 0

This condition is equivalent to axiom b. F¥or if [«, 8] + 8, ] = 0,
then, in particular, 2[a, ] = 0 and so [a, o] = 0.
Let {ai, . . . , a.} be a basis of the vector space A. Then

&
[, o] =

i [ =

CijkClic
k=1

where c,; are numbers. The numbers c, are called the constants of
structure of A with respect to the basis {a1, . . . , @x}. Axiomsb and
c are reflected in certain relations among the constants of structure.
From [ay, ;] + [@j, au] = O we obtain

n n

E CygkOlk + E CjikOlk = 0
k=1 1

- Py

and thus cye + Cjik = 0 (8-9-1)
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From the Jacobi identity
[, @i, ] + [ley, ], ai] + [[ar, o], 5] = 0

we obtain

n

E cuila, ax] + 121 cirilaa, o] + 12 Crilay, aj) = 0

=1 =1

Hence

n n n n n
E E CyCiknon + Z Z CykiCunan + z E ceacipan = 0
h=11=1 h=1l=1 h=

1k=1
so that ;Ex (esicun + cyucin + cracin) = 0 (8-9-2)

Conversely, let % be any vector space of dimension n with the basis
{ar, . . ., an}. Let {cix} be any set of numbers 1 =4, j, k =S n
which satisfy (8-9-1) and (8-9-2). Define

n

[, @] = E Cipk Ot
k=1

and [E aa, Z b,a,] = E 2 aby[an, ]

=1 =1 1=1 y=1
Then axiom a is easily verified. Furthermore, condition (8-9-1)
implies that [a, ;] + [, @] = 0, from which axiom b is easily derived.
Axiom ¢ may be obtained from (8-9-2), and thus ¥ is a Lie algebra.

We see from this result that the construction of all Lie algebras of
dimension n is equivalent to the determination of all solutions of
equations (8-9-1) and (8-9-2).

Let ® be a Lie group and A the Lie algebra of . If § is a Lie
subgroup of ® and if 9 is the Lie algebra of , then B8 may be regarded
as a subalgebra of A. Specifically, the elements of 8 may be considered
as elements of %, and when this is done the product of two elements of
B is the same in ¥ as it is in B.

Theorem 8-6. Let A be the Lie algebra of a Lie group ®. If Bisa
subalgebra of N, then there 18 a Lie subgroup O of ® such that B is the
Lie algebra of 9.

Proof. As we have seen, we may regard B as a subspace of the
tangent space to & ‘at the identity element e. Consequently 8B
determines a unique left-invariant p-vector field X on ®. Indeed, if
{B1, . . . , By} is a basis of the vector space B, the unique left-invariant
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vector fields xi, . . . , x, which are determined by 8i, . . ., 85,
respectively, span X everywhere on ®. Since 9 is a subalgebra of ¥,
it follows that [xs:, x,](¢) = [8;, B;] is an element of B and hence is a
linear combination of 8y, . . . , B5:

[xi xil(e) = aiBr+ * * - + apBp = a1xale) + * * + +azxs(e)

Since the vector field [x;, x,] is also left-invariant,

Xy ) =axa 4+ * * * + apxyp

everywhere on @; this proves that X is closed with respect to x, . . .
xpon ®. It follows that X is integrable on ®.

Let © be the maximal connected integral manifold for X which
contains e. Let h be a point of . Then AP is also a connected
integral manifold for X which contains e. Hence A~'9 is contained
in §, and it follows that § is a Lie subgroup of ®. Since the tangent
space to O at e is B, it follows that 9B is the Lie algebra of $.

’

This theorem answers the question that was raised at the beginning
of this chapter. For it characterizes those subspaces of the tangent
space to a Lie group ® at the identity element ¢ (now possessing the
structure of a Lie algebra) which are tangent spaces to Lie subgroups
of . They are precisely those subspaces which are also subalgebras
under the Lie-algebra structure.

EXERCISE

Prove axioms a, b, and ¢ from (8-9-1) and (8-9-2).

8-10 THE LIE ALGEBRA OF THE GENERAL LINEAR GROUP

Let GL(n) be the general linear group on ¥V». We have seen that
the tangent space to GL(n) at the identity element may be identified
with the vector space of all n X n matrices. We now know that this
tangent space has the structure of a Lie algebra, and the next theorem
describes this structure in terms of the known operations on matrices.

Theorem 8-7. If the n X n malrices IN and N are regarded as
tangent vectors to GL(n) at the identity element, then

[o1, ;N] = MR — NM

Proof. Let M = (ay) and N = (by). Let X = (i) be an element
of GL(n). Let ¢ and x be the left-invariant vector fields on GL(n)
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determined by 9 and 9, respectively. Then

n n n

2

(p('x) = z 2 E LoyQyke Tx
1=] =] k=1

n n n

x(X) = z z Tigbk ——
t=]1 =1 k=]

2 2 i i {z Tinlai G z b

1=1)=1k=11l=1 p=1

0%k

Hence

I

lo, x)()

n

9
z Tipbp 5 - oz, z xkqaqll Erm
=1

p=1

z z {Zppby — Tip maﬂ} ax

1=-l J=l l-=1 p=

2% Qe By Yoo

On the other hand,

n n
MR — NM = (z a,by — z b;,a,z)
1=1 =1

which shows that [o, x] is the left-invariant vector field determined by
MR — 9NIM. Consequently,

(o1, ] = NN — M

EXERCISES

1. Compute the constants of structure of the Lie algebra of GL(n) with respect
to the basis {811, 812, . . . , &}, Where §&,, is the matrix with zeros in every place
except the sth row and the jth column where thereisa 1.

2. Choose bases for the Lie algebras of the following three Lie groups and
compute the constants of structure of each Lie algebra with respect to its basis:

a. All n X n matrices of the form

...........
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b. All n X n matrices of the form

Zin Tz ' Tim
0 x22 - Zon
0o 0 Tnn
¢. The orthogonal group O*(n) on V=
Show that

8. Let % be a 3-dimensional vector space with the basis {a1, as, as}.
9 may be given the structure of a Lie algebra in such a way that [a;, as] = a3,
[a1, @3] = [@s, as] = 0. Show that every 2-dimensional subalgebra of % must

contain oj.



CHAPTER 9

Fiber Bundles

This chapter is concerned with a generalization of the familiar
concept of the product of manifolds. In order to understand more
clearly how this generalization comes about, it is desirable to examine
the product M X M’ of two differentiable manifolds M and M’ from
the structural point of view. We shall find the answer to the question:
Given a differentiable manifold N, how can we tell when it is the
product manifold M X M’?

9-1 PRODUCT MANIFOLDS

Let M and M’ be differentiable manifolds, and let N be the product
manifold M X M’. The natural projections=: N — M and»': N — M’
are differentiable mappings.

Let m € M. The restriction of =’ to the set #—!(m) is a one-to-one
mapping of =~'(m) onto M’. Denote its inverse by »,. Then
ve: M' — N is a diffeomorphism which we call a natural injection of
M’into N. There are also the analogous natural injections vy : M — N
for each m’ € M’.

It is the existence of suitably interrelated projections =: N — M and
#': N—> M’ which will tell us that N has the structure of M X M’.
The conditions are:

1. There are differentiable mappings »: N— M and »': N - M'.

2. For each m € M the restriction of »’ to #~1(m) is one-to-one and
onto M’. Denote the inverse mapping by .

3. For each m’ € M’ the restriction of » to »'~!(m’) is one-to-one
and onto M. Denote the inverse mapping by vm'.

4. Each of the mappings »,: M’ — N and each of the mappings
vm': M — N is a diffeomorphism.

The reader may easily verify that under conditions 1 to 4 the
mapping n — (x(n), »'(n)) is a diffeomorphism of N onto M X M’.

The notion of fiber bundle arises through a relaxation of conditions

158
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1to 4. In the first place, we shall give up the symmetry of the roles
played by the manifolds M and M’. When N is a fiber bundle, there
will be a projection =: N — M and injections v,: M’ — N for each
m € M but not generally the corresponding mappings when M and
M’ are interchanged.

EXERCISE

Show that condition 3 is superfluous.

9-2 COORDINATE BUNDLES

The notation of the previous section will now be modified. In place
of N, M, and M’ we shall write B, X, and F, respectively.

Let X, F, and B be three differentiable manifolds. Let = be a
differentiable mapping of B onto X.  is called the projection of B onto
the base manifold X. To produce a fiber bundle, we shall cover B
suitably with a patchwork of product manifolds U X F, where U is an
open subset of X. This patchwork must be pieced together in a
consistent manner, giving rise to certain compatibility conditions.
Furthermore, we shall require that the pieces fit together smoothly and
50 as to exclude unmanageable pathological situations. We shall now
describe these requirements more precisely.

Let X be covered by a family {U.} of open subsets. Ior each set
U. we assume that there is a diffeomorphism 5. of the product mani-
fold U, X F into B such that won.(z, y) = z for each z € U, and
y € F and that 5, maps U. X F onto #~}(Ua). The manifold F is
called the fiber.

Note that, if n, is restricted to {z} X F with z € U,, we obtain the
analogue of the injection mapping of Section 9-1. However, this
mapping generally depends also upon the index . If it did not, we
would eventually find, after all the conditions which we are about to
describe are brought to bear, that we were led merely to the product
manifold X X F.

If U. N Usisnot empty, the restriction Aap of ng~lona to (UM Up) X F
is a diffeomorphism of this manifold. Then for fixed x € U. M Ups
the mapping (z, y) — has(z, y) is a diffeomorphism of {z} X F and
therefore gives rise naturally to a diffeomorphism of F, which we
denote by gas(z). Thus we have the relation

hap(z, y) = (x; ges(7)y)
where we have written g.s(z)y instead of (gas(z))(y). It is clear that
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if Us N Us N U, is not empty then

hay = hgyohap
on (U.NUsNU,) X F. 1t follows that

gar(T) = gay(T)°gas()

foreach zin U. N Us N U,.

The conditions that we have imposed so far will appear quite natural
to the reader, who is accustomed to the similar requirements for
defining a differentiable manifold. They are, however, not strong
enough. In order to describe the desired smoothness requirements,
we must introduce the notion of the action of a Lie group on a
differentiable manifold.

Let @ be a Lie group, and let M be a differentiable manifold. We
shall say that & acts on M on the left or that ® is a differentiable left
transformation group on M if the following conditions are satisfied:

1. With each g € ® there is associated a diffeomorphism of M which
we also denote by g. It must be borne in mind, however, that although
g1 and g, are different elements of ® they may be the same diffeo-
morphism of M.

2. The mapping of & X M into M defined by (g, m) — g(m) is
differentiable.

3. The identity element of ® is the identity diffeomorphism of M.

4. (g1g2)(m) = g1(g2(m)) for all g1, g € @ and m € M.

We shall write gm for g(m). Then condition 4 becomes

(9192)m = gi1(gam)

Action of ® on the right is defined by replacing condition 4 by
(g1g2) (m) = ga(gi(m)). In this case we write mg for g(m), and condi-
tion 4 becomes m(gig2) = (mgi1)g..

® will be said to act effectively on M if the only element of @ which
is associated with the identity diffeomorphism of M is the identity
element of ®. In this case, distinct elements of & are distinct
diffeomorphisms of M.

In these terms it is possible to state the smoothness conditions that
we desire. In the first place, we require that the mappings g.s(z) be
elements of a Lie group @ acting on the fiber F on the left. In addi-
tion, we require that the mapping gus: U. N Usg— & given by
Z — gas(z) be differentiable.

We shall summarize in the form of a definition the requirements
which we have been discussing. .
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A coordinate bundle consists of the following differentiable manifolds
and mappings:

1. Three differentiable manifolds B, X, and F.

2. A differentiable mapping = of B onto X.

3. A Lie group & which acts effectively on F on the left.

4. An indexed family {U.}, « € A, of open sets which covers X.

5. For each a in A, a diffeomorphism 7, of the product manifold
U« X F onto 7~1(U.), subject to the following conditions:

6. (rona)(z, y) = z for (z, y) € U X F.

7. For £ € Ua M U, the diffeomorphism y— 6[(ns~ton.)(x, ¥)],
where 6: Ug X F — F is the natural projection, is given by an element
gep(x) of ©.

8. For each pair a, 8 € A such that U. N Us is not empty, the
mapping & — gap(x) of U, M Up into @ is differentiable.

B, X, and F are called the bundle manifold, base manifold, and fiber,
respectively. = is called the projection. The mappings g.s are called
the coordinate transformations of the coordinate bundle.

As an example, the reader may consider the tangent bundle T (M) of
a differentiable manifold M. In this case T (M) is the bundle manifold
and M is the base manifold. If M has dimension =, the fiber is V=.
The Lie group which acts on V' is the general linear group GL(n). For
the indexed family {U.} we may take any covering of M by coordinate
neighborhoods. Let U. be such a coordinate neighborhood and

Zi, . . . , T, the coordinates in U,. Then the diffeomorphism 7, is
given by
11.,(331, R 7 YO / 2 PRSP ,a,.)
d i)
—(131, e ,x,,,alt—,_)—i:-l+ +ana—x">

The reader may easily verify that the conditions of the definition are
satisfied.

9-8 THE CONSTRUCTION OF COORDINATE BUNDLES

The definition of a coordinate bundle has been given from the
structural point of view. But it is natural to ask how we may start
with two differentiable manifolds X and F and construct a coordinate
bundle with these as base manifold and fiber, respectively. Of course
we shall need a Lie group ® which acts on F. It turns out that it is
sufficient to have a suitable open covering {U.} of X and suitable
differentiable mappings gus: Ua N Us — @. Then we may con-
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struct the bundle manifold B, the projection =, and the mappings
Na: Ua X F — B 80 as to satisfy the definition of a coordinate bundle.

We shall assume that we are given the following objects:

1. Differentiable manifolds X and F

2. A Lie group ® which acts effectively on F on the left

3. An open covering {U.} of X

4. For each pair «, B of indices such that U, N Uj is not empty, a
differentiable mapping gas: Us N Usg— ©

We assume that these mappings satisfy the compatibility conditions:

5. 06+(2)gas(z) = gay(z) forz € U N Uy N U,

It follows that ge.(z) is the identity element of @ and that gs.(z)
and g.s(z) are inverses of one another.

The family {gas} will be called a system of coordinate transformations
on X with values in . The use of the word “coordinate” in the
language of fiber bundles is by analogy with its use in the language of
differentiable manifolds. We do not have coordinates here in the
strict sense of the word.

Let A be the index set of the covering {U,.}. Give the set A the
discrete topology (in which every set is open), and form the topological
product X X F X A. Let H be the subset of X X F X A consisting
of those points (z, y, ) such that € U,. Thus H is the union of the
subsets Uas X F X {a} of X X F X A as a runs through A. Each of
these is an open subset of H.

In H define (z, y, a) ~ (2, ¥, B) when z = z’ and g.s(x)y = ¥'.
From condition 5 it follows that this is an equivalence relation. Let
B be the set of equivalence classes. Let 6: H — B be the natural
mapping which assigns to h € H the equivalence class which contains
h. Then 6 is one-to-one on each of the subsets U, X F X {a}.

Give to B the topology which is naturally associated with 6, in which
a subset W of B is open when 6-!(W) is open in H. Then 6: H — Bis
continuous, and the reader may show that it is an open mapping.
Consequently its restriction to each of the open subsets U, X F X {a}
is a homeomorphism.

Define 71: H— X by my(z, y, @) = z. Then =, induces'a mapping
x: B — X such that 706 = x, (see Figure 9-1). Since =, is continuous
and ¢ is an open mapping, it follows that = is continuous. Further-
more, since 71~ (Us) = Uas X F X {a}, it follows that

7 (U,) = 0(Ua X F X {a})
Define the mapping na: Ua X F — #~1(U.) by

ndx. u) = B(x. u o
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Then 7. maps Ua X F onto x~'(U,). Since 7. is the composition of the
natural homeomorphism of U, X F onto U X F X {a} and the
restriction of 8to U, X F X {a} (see Figure 9-2), it follows that n, is a
homeomorphism of U, X F onto #~}(U.).

The topological space B is Hausdorff. Since the covering {U,.} of X
has a denumerable refinement, it follows that B also has a denumerable
basis. We wish to give B the structure of a differentiable manifold in

0

H > B
™ T
X
Fia. 9-1
Natural
UexF - - — U, xFX{a}
mapping

7 (Ua)
Fia. 9-2

such a way that »: B — X is differentiable and 7.: Us X F — B is a
diffeomorphism. It is natural to transfer the differentiable structure
of Uy X F to 7~ (U,) by means of the homeomorphism 7,. But we
must check that these structures agree on #~1(U. N Upg) when this set
is not empty. In other words, we must see that the restriction hap of
g ton, to (Ua M Up) X F is a diffeomorphism.

The mapping has is given by

has(z, y) = (%, gas()y)

(see Figure 9-3). It suffices to show that the mappings z — has(z, ¥)
for fixed y and y — has(z, y) for fixed = are differentiable. For these
statements imply that h.s is differentiable. Since hg, is the inverse of
hag, it follows that h.g is & diffeomorphism.
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From condition 4, z — g.s(z) is differentiable, and from condition 2,
g — gy is differentiable. The composition of these is the map-
ping z — g.s(z)y, which is therefore differentiable. It follows that
z — (2, gus(x)y) is differentiable. A similar, but simpler, argument
shows that y — (2, gus(x)y) is differentiable.

The remainder of conditions 1 to 8 for a coordinate bundle are easily
verified. The results may be summarized in the form of a theorem.

(Ua N Up)XFx {a} (Ua N Up)xFx |8}
A} g
g
p-| ~ %
il i
2| & 2| &
z| 8 zl 3
g 8
9 ]
(Ua N Upyx P2Etion vy A Up) —eetol (U N Up)x F
of 9, of 9!
Fia. 9-3

Theorem 9-1. If X and F are differentiable manifolds, ® is a Lie
group which acts effectively on F on the left, and {U,, gas} s a system of
coordinate transformations on X with values in ©, then there is a coordi-
nate bundle with base manifold X, fiber F, group ®, and coordinate
transformations {Us, gas}.

The coordinate bundle provided by this theorem is essentially
unique. Suppose that B and B’ are two bundle manifolds with pro-
jections 7: B — X and »’: B’ — X and mappings n,: U, X F — B and
Me: Ua X F — B’, respectively, which satisfy the conclusion of
Theorem 9-1. Then we may define diffeomorphisms

0o = NeoNa i 7Y (Ua) = 7'~(Ud)

The reader may easily show that for 2 € #~'(U. N Us) we have
0a(2) = os(z). Hence the diffeomorphisms {s,} determine a mapping
a: B— B’ such that o(z) = 0.(2) for z E 7~ 1(U.). ¢ is a diffeo-
morphism of B onto B’ which satisfies #’o0¢ = ». For this reason it is
pointless to distinguish between these two coordinate bundles, and we
shall denote either one of them by {B, X, F, ®, {Ua, gas}}.

Observe that in Theorem 9-1 the system of coordinate transforma-
tions {U.,, g.s} refers only to the Lie group ®. Consequently, with
the same system of coordinate transformations on X, it is possible to



FIBER BUNDLES 165

construct different coordinate bundles by altering the fiber F and the
action of @ on F. In particular,if 8 = {B, X, F, ®, {U., gas}} is a
given coordinate bundle, we may obtain a new coordinate bundle by
replacing F by @ itself and taking the action of ® on @ to be multipli-
cation on the left by elements of @. The resulting coordinate bundle
P={P,X,0,0, {Ud gap}} is called the principal coordinate bundle
associated with B.

EXERCISES

1. Complete the proof of Theorem 9-1 and the uniqueness statement which
follows it.

2. Verify that the principal bundle of a differentiable manifold M is the principal
coordinate bundle associated with the tangent bundle T(M).

3. Let B = {B, X, F,®, {Ua, gop} } be a coordinate bundle. Lety:® — Hbea
Lie homomorphism into a Lie group $. Show that ¢ and 8 determine a principal
coordinate bundle with group  and base manifold X.

9-4 FIBER BUNDLES

The alert reader, guided by the analogy with differentiable mani-
folds, will expect that it is possible to eliminate the arbitrariness in the
choice of the covering {U.} of the base manifold X and the mappings
ne: Us X F — B. Indeed, this can be done, as it was for differentiable
manifolds, by introducing all coordinate neighborhoods and mappings
which are compatible with the given ones. However, we shall describe
another method which is quite natural and which entirely circumvents
the covering {U.}.

It suffices to devise such a method for principal coordinate bundles.
For if we are given a principal coordinate bundle P with group ®, then
every coordinate bundle associated with P arises by replacing the fiber
® by another manifold F on which @ acts effectively on the left. We
shall see later how the bundle manifold of such a coordinate bundle
may be described directly in terms of P, F, and @.

LetP = {P, X, ®, ®, {U.,, gas}} be a principal coordinate bundle.
We shall see that & acts on P in a natural way on the right. In the
first place, ® acts on the manifold U, X ®& on the right in accordance
with the rule

(z, g1)g2 = (x, g1g2)

Let 74: Ua X @ — P be the coordinate mapping corresponding to U,.
We would like to define the action of @ on 5.(z, g1) by

[ﬂa(z: 91)]92 = ”c(z; glg’)
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This will be well-defined if ns(z, g) = 74(z, g1) implies

(2, 9192) = na(z, 9192)

The reader may easily verify thls and also the following simple
properties of this action:

1. If #: P— X is the projection and ¢ € ®, then g maps the set
7=1(z) onto itself.

2. If g is not the identity element of ®, then g leaves no element of
P fixed.

3. If 21, 2z, € »~(z), there is an element g of & such that z, = zyg.

If M is any differentiable manifold on which  acts as a differentiable
right transformation group, we may define an equivalence relation in
M as follows: Let z,, 22 € M, and define z; ~ 2, if there is a g in ®
such that 2z, = z;9. The set of equivalence classes in M will be
denoted by M/®.

In the case of the principal coordinate bundle {P, X, ®, ®, { U, gas} }
we may form P/®. Let m: P— P/® be the natural mapping which
carries z € P onto the equivalence class which contains z. Properties
1 and 3 assure us that there is a one-to-one mapping r: X — P/® such
that 71071 = r. 'We may use the mapping r to transfer the differentiable
structure of X to P/®. Then the manifold P/® may be used in place
of X as the base manifold of P if we replace the projection r: P — X
by the new projection 7;: P — P/@®.

The main problem is therefore to characterize those actions of a Lie
group ® on a manifold P on the right for which the natural mapping
m1: P— P/® may be considered as the projection mapping of a
suitable principal bundle. The central idea which we require is that
of a local cross section.

Let B and X be differentiable manifolds, and let = be a differentiable
mapping of B onto X. Let U be an open subset of X. A differentiable
mapping o: U — B such that roc = identity on U will be called a local
cross section of B. If U = X, then ¢ is called simply a cross section.
As examples, consider the differentiable vector fields on open subsets of
a differentiable manifold M. These are local cross sections of the
tangent bundle T(M).

Let {B, X, F, ®, {Ua gas}} be a coordinate bundle. Let
7a: Uas X F— B be the mapping associated with U.. Then the
composition of the injection x — (z, y) of U, onto U, X {y} and the
mapping 7. provides us with a local cross section of B over U.. We see,
therefore, that in a coordinate bundle every point of the base manifold
has a neighborhood over which there is a local cross section.

Let P be a differentiable manifold, and let ® be a Lie group which
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acts on P on the right. Let P/® have a differentiable structure such
that the natural mapping »: P — P/® is differentiable. If every point
zin P/® has a neighborhood U over which there is a local cross section
o: U — P such that the mapping (z, g) — o(z)g is a diffeomorphism of
U X ©® into P, we shall say that  is locally trivial.

Let us return to the principal bundle {P, P/®, ®, ®, {U., g.s}}.
Let go €©®. Then o: U, — P defined by o(z) = 7.(z, go) is a local
cross section, and the mapping (z, g) — o(z)g is the same as (z, g) —
na(z, gog). It follows that the projection =: P— P/@® is locally
trivial. The following theorem shows that this condition of local
triviality is a satisfactory substitute for the former smoothness
conditions which we had imposed on a principal coordinate bundle
and it does away with the coordinate mappings.

Theorem 9-2. Let P be a differentiable manifold, and let ® be a Lie
group which acts on P on the right with the following results:

(1) If g is not the idenlity element of ®, then g leaves no element of P
Jized.

(ii) P/® has a differentiable structure such that the natural projection
w. P — P/® s differentiable and locally trivial.

Then there is a principal coordinate bundle with bundle manifold P,
base manifold P/®, projection m, and group ® and such that the action of
O on P in this coordinate bundle ts the given action. Furthermore, the
differentiable structure of P/® is uniquely determined.

Proof. If x € P/®, there are an open set U, in P/® and a local
cross section o.: U, — P such that (u, g) — o.(u)g is a diffeomorphism
of U, X ® into P. We shall take the family {U.}, indexed by the
points of P/®, as the covering of P/®. Define 9.: U, X & — P by

12(%, ) = 0z(u)g

7. is a diffeomorphism of U, X @ onto #~(U3).

Let u€ U, NU, If g€EG, there is a g € ® such that
ru(W)g’ = oa,(u)g. Let goe(u) = g'g7". Then 0.,(u)gsz,(u) = 0.,(u),
and g¢..(u) is uniquely determined by wu. The three mappings
05 Uy N\ Usx— P, 15,7 7Y (Us, N Uz) = (U, N U, X O, and
the natural mapping (U, N Uz) X ® — @ are all differentiable;
hence their composition g,,5,: Uz, N\ U,, — @ is differentiable. Further-
more, 7:,(%, g) = 7:,(4, gz=(u)g). All the conditions 1 to 8 of the
definition of a coordinate bundle are easily verified.

Assume that it is possible to put two differentiable structures on
P/® in such a way that the hypotheses of the theorem are satisfied.
Denote the two resulting manifolds by X and X’ and the natural
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mapping of P onto P/® by n: P — X and »’: P — X', respectively, in
the two cases. Then there is a one-to-one mapping ¢ of X onto X’
such that 7’ = yor. As a mapping of sets, ¢ is the identity mapping of
P/®. We shall show that y: X — X’ is a diffeomorphism. Let
z € X. There are an open set U containing z and a local cross
section ¢: U — P. Then the restriction of ¥ to U is given by =’cg,
which is differentiable at x. Similarly ¢! is also differentiable, and
Theorem 9-2 is proved.

LevB = {Pr X) ®) @y {Uﬂr gﬂﬁ} , and$, = {Ps X’; @) @)) {Ut’!'i g;'ﬁ’}}
be two principal coordinate bundles with the same bundle manifold and
the same group. We shall say thatP and P’ are equivalent if they give
rise to the same action of & on P on the right. An equivalence class of
principal coordinate bundles will be called a principal bundle.

Theorem 9-3. {P, X, ®, ®, {U., gas}} 7s equivalent to {P, X, ®, ©,
{Ua, gogl} if and only if there are differentiable mappings Ae: U — ©
such that

9a8(x) = [Ms(2)]"'gap(z)Na(2)

Jorz & U, N U,

Proof. Letn,: Uy X ® — Pand1.: Us X ® — P be the coordinate
mappings corresponding to the coordinate transformations {g.s} and
{g.s}, respectively.

Assume that the given coordinate bundles are equivalent. If
z € U,, the element \.(z) of O is well-defined by the relation

ﬂ;(zx €) = ﬂa(x’ Na(2))

where e is the identity element of ®. Since ,~lon,, is a diffeomorphism
of Uas X ®&, A\a: Us — O is differentiable. The equivalence gives

ﬂc'z(xyg) = 14(z, \a()g)
for g € ® and hence the desired relation

9as(@) = No(2)] 'gas()Na(z)

forx € U. N Us.
Conversely, if there are differentiable mappings A\.: U, — @ such
that
Ga8() = Ma(@)]'gap(z)Na()

for £ € Ua M Usp, consider the mapping pa: Us X @ — P defined by
“G(x: 9) = ﬂﬂ(x) >‘¢(z)9)
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pia i8 one-to-one and differentiable. Its inverse is given by the com-
position of the mappings 7.~! and (z, g) — (z, [Aa(z)]~'g) and hence is
also differentiable. Thus w.: Usa X ®— P is a diffeomorphism.
Furthermore,

pa(Z, 9) = pa(z, gas(2)g)

and so the coordinate mappings ua: Us X ® — P define the bundle P’.
It is clear that the action of ® on P is the same for P’ as it is for PB.

Theorem 9-3 actually serves to test the equivalence of any two
principal coordinate bundles. For equivalent principal coordinate
bundles may be regarded as having the same base manifold. If at
first they do not have the same coordinate coverings of this base
manifold, these céverings may be replaced by a common refinement,
whereupon we may apply Theorem 9-3.

Two coordinate bundles {B, X, F, ®, {Ua, gas}} and {B’, X', F, @,
{U., gus}} with the same fiber and group and action of the group on
the fiber will be*called equivalent if they have equivalent principal
coordinate bundles. An equivalence class of coordinate bundles will
be called a fiber bundle. Of course, equivalent coordinate bundles
may be regarded as having the same base manifold, and we shall now
see that they may also be regarded as having the same bundle manifold.

Let 8 = {B, X, F, ®, {Ua, gas}} be a coordinate bundle. Let
B={P, X,®, ®, {Us gas}} be the associated principal coordinate
bundle. Then ® acts on F on the left and on P on the right.

Introduce the product manifold P X F. We wish to map P X F
into B. Let n4: U« X F— B and pa: Ua X @ — P be the coordinate
mappings of B and P, respectively. If (2, y) € P X F, we may sup-
pose that z = ua(z, g). We wish to define 6(z, ) = 74(x, gy), and so
we must show that this definition is independent of a. If 2 = ps(z, ¢),
then g’ = gap(z)g and ms(z, g'y) = ns(x, gasgy) = na(z, gy). Thus
6: P X F — B is well-defined. Clearly 6 maps P X F onto B.

Let 0(zy, y1) = 0(22, y2). We may suppose that 6(zy, y1) = 7a(z, 1y1)
and 0(zs, y2) = na(x, gay2), where 2z, = pa(z, 1) and z; = pa(z, g2).
Let g = gr'g». It follows that (22, y2) = (219, g'y1). Conversely, if
(22,92) = (219, g~ 'y1) for some element g from @, then 6(z, y1) = 6(z5, ¥2).
If we define the action of ® on P X F by

(2, 9)g9 = (29, g7%)

then ® acts on the right. We have just seen that, if »: P X F —
(P X F)/® is the natural mapping, there is a one-to-one corre-
spondence 6, of (P X F)/® onto B such that § = 60». If we transfer
the differentiable structure of B to (P X F)/®, we may use (P X F)/®
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as the bundle manifold of B, provided that we replace the projection
x: B— X by x08,. If p: P — X is the projection of P, then

m0(z, y) = p(2)

Finally we shall prove that 6: P X F — B is differentiable and
locally trivial. It follows from this that P X F and ® define a
principal bundle over the base manifold (P X F)/® and consequently
the differentiable structure on (P X F)/® is unique.

The mapping 6: P X F — B is given locally by the composition of
the mappings

(2 y) = (Ba(2), ¥)
((z, 9), ¥) — (z, 9, %)
(2, 9, ¥) = na(z, gy)

and is therefore differentiable. On the other hand, the composition of
the mappings 7.~! and (z, y¥) — (ua(z, €), y), where e is the identity
element of @, provides us with a local cross sectiong: 7=2(U.) > P X F.
Consider the mapping 7: #~1(U,) X ® — P X F given by r(z, g) = ¢(2)g.
Then

T(na(z, 1), 9) = (wa(z, 9), ™)

forr€ U, yEF, g€ ®. It is clear that r is differentiable and
one-to-one. The inverse mapping 7! is the composition of the
mappings
(w, y) = (ua~'(w), y)
(=, 9, v) > (z, 9, 9v)
(z, 9, y) = (na(z, 1), 9)

and so is also differentiable. Thus 6 is locally trivial.

9-68 HOMOGENEOUS SPACES

Let ® be a Lie group and 9 a closed Lie subgroup of @. Actually
we need only assume that § is a closed subgroup. For it is possible to
prove that a closed subgroup of a Lie group is also a Lie group, but we
shall not present the proof.

Through group multiplication, § acts on the manifold ® on the
right, and so we may form the set /9. ©/9 consists of the left
cosets of § in @. The action of § on @ is such that the only element
of © which leaves an element of @ fixed is the identity element. We
shall show that the set &/ may be given the structure of a differ-
entiable manifold in such a way that the natural mapping r: & —» &/9
is differentiable and locally trivial. It then follows that ® is a princi-
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pal bundle with the group §. With this differentiable structure, which
we have seen is uniquely determined, &/ is called a homogeneous
space.

Lemma 9-1. Let ® be a Lie group of dimension n, and let O be a
connected closed (Lie) subgroup of ® of dimension p. Then there is a
coordinate neighborhood V of the identity element of ® with coordi-
nates (x1, . . ., Z,) such that © NV 4is the set of poinis of V with
Zpp1 = * ° ° =z, = 0.

Proof. Let e be the identity element of . The tangent space to ©
at e generates a left-invariant p-vector field X on ®. Since X is
integrable, there is a coordinate neighborhood U of ¢ in @ with coordi-

nates (z1, . . . , Z,) such thate = (0, . . . , 0), U has the form
U={(x, ...,z)|22+ - + 2,2 <12
and X is spanned by 8/dz,, . . ., 8/0z, on U. 9 is a maximal

integral manifold for X.
Let N be the submanifold of U defined by the equations

Z1= " =2,=0
Then e € N. Let §: U — N be defined by
0y, . . .,2a) =@, ...,0,Zp41, . - ., Zn)

If 2 € N, then 6-1(2) is a connected integral manifold for X on U.
Thus if 6-1(2) contains a point of §, then 6-1(z) is an open subset of
O and z itself is in . Hence

&SNU= U 6
2EONN

and this is a union of disjoint sets. Since  has a denumerable basis,
it follows that § M N is a denumerable set.

Consider § NN = {23, 22, . . .} in the topology of . We shall
prove that § M N must contain an isolated point. Suppose, on the
contrary, that every point of § M N is a point of accumulation of
Y N N. Thereader may easily construct a sequence Uy, D U; D - - -
of 'open sets such that U; C U, U; contains a point of § M N but does
not contain z;, U,.1 C Uj, and, in terms of the natural metric on U,
the diameter of U;;; S one-half the diameter of U, forj = 1,2, . . . .
Then let {w} = NU,. On the one hand, w & $ N N. On the other
hand, w is a point of accumulation of N\ N. Since $ is closed,
wEP. SincewEU,CUand wE N, wEN. But this implies
w € $ N\ N, which is a contradiction.

We may now prove that every point of N N is isolated. Let A,
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be an isolated point of § N, and let h € $\N. There is a
neighborhood W of ho in § such that hhe™'W C 6-'(h) because 6-(k)
is an open set in §. We may assume that W C 6-'(ho). But ho is
isolated in § N N in the topology on @. Hence there is an open set Z
in ® such that W = §"N\Z. Then hhe'W = § M hhi'Z. Since
hho='Z is open in ®, this shows that A is also an isolated point of
ONN.

In particular, e is isolated in § M N, and there is an open set V in §,
V C U, such that 6-'(¢) = $ N V, which proves the lemma.

Corollary. The topology induced on O as a subspace of & and the
topology of © as a maximal integral manifold are the same.

Let ® be a Lic group and § a subgroup of . Letx: ® — ®/9 be
the natural mapping. We may put a topology on /9 by calling a set
U C ®/9 open if #~1(U) is open in @. Under this topology = is a
continuous open mapping.

Lemma 9-2. Let § be a connected closed (Lie) subgroup of the Lie
group &. Let #: & — &/ be the natural mapping. Then there is a
submanifold M of & such that # maps M homeomorphically onto a
neighborhood of n(9). Futhermore

Dimension of M = dimension of & — dimension of ©

Proof. Let X be the left-invariant vector field on ® generated by
the tangent space to © at the identity element. Let V be the coordi-
nate neighborhood whose existence is asserted in Lemma 9-1. We
may assume that V has the form

V=A@, ...,z) ¢+ - +z.2 <72

Let V, be a neighborhood of the identity element in @ of similar form
such that V.V, C V. Let V, be another neighborhood of the iden-
tity element such that V,~'V, C V.. Let 6: V — V be given by

0(2}1, e ,Z,.) = (0, e ,0,37,,4.1, PRI ,1)..)
We shall prove that, if x(g;) = x(g2) and gy, g» € V), then

6(g1) = 6(g2)

Let h = go"%;,. Then h€E $ N\ V,. Since $ N V. is connected,
g2($ N V) is a connected subset of g2 N V. Now g.9 is a maximal
integral manifold for X, and so, by the argument given in the proof of
Lemma 9-1,

pONV = U 6)
9E0(0sDNYV)



FIBER BUNDLES 173

The sets 6-'(g) are both open and closed in g N V, and so
g2(P N V2) C 0 (gs). Since g1 = goh € g2(P N V3), we find that
0(g1) = 6(g2).

Let M = 6(V,). Then M is the submanifold of V, defined by the
equations 2, = - + - =z, = 0. The restriction of the mapping = to
M is one-to-one and maps M onto »(V,). Since r is an open mapping,
(V1) is a neighborhood of »(9), and the lemma is proved.

We may use Lemma 9-2 to put a differentiable structure on @/9.
Let #: @ — /9 be the natural mapping and M be the submanifold
of @ whose existence is asserted in Lemma 9-2. If ¢ € @, we may
use w, which maps gM homeomorphically onto a neighborhood U of
7(g) in O/9, to transfer the differentiable structure of gM to U.
Clearly, the coordinate neighborhoods that are produced in this manner
are compatible with one another and define a differentiable structure
on ®/9. This differentiable structure is characterized by the prop-
erty that a real-valued function f on ®/9 is differentiable at the point
w(g) if and only if for is differentiable at g. In particular, = is a
differentiable mapping, and the reader may readily verify that it is also
locally trivial. The results may be summarized in the following
theorem.

Theorem 9-4. If © s a connected closed (Lie) subgroup of a Lie
group ®, then © is a principal bundle with the group © under the natural
action of  on ® on the right.

The condition that § be connected can be removed from the hypoth-
eses of this theorem. In fact, it is possible to prove the following more
general theorem by similar methods. Although we shall refer to this
result, the proof will be omitted.

Theorem 9-6. If ©: and D; are closed subgroups of the Lie group ®
such that 2 C i, then D1 acts naturally on ® on the right and on H1/D:
on the left and gives rise to a fiber bundle whose bundle space may be
identified with &/ 9.

9-6 TRANSITIVE GROUPS

Let ® be a Lie group. We shall extend the notion of the action of ®
on a manifold. Let S be a topological space. We shall say that @ isa
continuous left transformation group on S or that ® acts on S on the left
if the following conditions are satisfied:

1. With each ¢ € @ there is associated a homeomorphism s — gs
of S.
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2. The mapping (g, 8) — gs of ® X 8§ into § is continuous.

3. The identity element of ® is the identity homeomorphism of S.

4. (0103)8 = gl(gzs) for g1, g2 E®andsE S.

We shall say that & acts transitively on S if for every pair of points
81, 82 in S there is a g in @ such that s; = gs:.

Let the Lie group ® act transitively on the topological space S on
the left. Let 8o € 8. Then the set $ of all elements of & which leave
8o fixed is a closed subgroup of . We may form the homogeneous
space /9. The mapping y: @/H — S given by ¥ (gD) = gs, is well-
defined, one-to-one, and onto S. Let r: ® —» &/ be the natural
mapping, and let u: @ — S be defined by u(g) = gse. Then yor = p.
Since = is an open mapping, ¥ is continuous. The necessary and
sufficient condition that ¢ be a homeomorphism is that u: ® — S be an
open mapping. Because of the transitivity of &, this condition is
satisfied for each mapping g — gs once it is satisfied for g — gso. If ¢
is a homeomorphism, we may use it to transfer the differentiable
structure of /9 to 8. In this manner & induces a differentiable
structure on S.

More generally, let @ be a Lie group and S a set. Assume that for
each g € O there is a one-to-one mapping s — gs of S onto S. And
assume that these mappings satisfy the condition (gigz2)s = gi(g:s).
Under these circumstances we shall say that @ is a Lie group of
permutations of S. If @ acts transitively on S, we topologize S in the
following manner. Let so € S. The open sets in S are the images of
the open sets in @ under the mapping g — gso. This topology does not
depend on the choice of the point s,.

Under the topology which has been induced on S by &, the reader
may verify that @ becomes a continuous transformation group on S
which satisfies the condition that g — gs, is an open mapping. We
have therefore proved the following theorem.

Theorem 9-6. If ® is a Lie group of permutations of a set S which
acts transitively on S, then ® induces a differentiable structure on S.

Now we shall agssume that 8 is a differentiable manifold and that the
Lie group ® acts transitively on S as a differentiable transformation
group. Once again we introduce the projection =: ® — &/9, the
mapping u: ® — S defined by u(g) = gso, and the mapping ¢: &/ — S
such that u = yor. Since u is differentiable, it follows that ¢ is
differentiable. Suppose that ¥ is a diffeomorphism. For the induced
linear transformations of the tangent spaces we obtain ux = Yaoms.
Both x+ and Y« are mappings onto, and 80 us is onto.

Conversely, we shall prove that, if us is onto, ¢ is a diffeomorphism.
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In the first place, Y« must be onto. Let s € 8. By Theorem 2-6,
there is a differentiable mapping p: U — ®/$ with 8 € U such that
yop = identity on U. But then ¢! = p on U; hence y~!is differentiable
at s.

‘When the mapping p: @ — S satisfies the condition that the induced
linear transformation usx : T(g) — T(gs) is onto, we say that ® acts with
mazimal rank at s. If @ acts transitively on S, then ® acts with maxi-
mal rank at each point of S if and only if @ acts with maximal rank
at one point. In this case we merely say that @ acts with maximal
rank on S. In these terms we have proved the following theorem.

Theorem 9-7. If the Lie group & acts transitively on a differentiable
manifold M, then the differentiable structure which @ induces on M 1is the
same as the differentiable structure of the manifold M if and only if ® acts
with maximal rank on M.

The theory of transitive transformation groups gives rise to inter-
esting examples of differentiable manifolds.

1. The n-sphere. Let O(n 4 1) be the orthogonal group on V»+i
Let 8" denote the n-sphere. Then O(n + 1) acts transitively and with
maximal rank on S* in a natural way. Let x € S*. Then the sub-
group of elements of O(n 4 1) which leave x fixed may be identified
with O(n). It follows, from Theorem 9-7, that S» and O(n + 1)/0(n)
have the same differentiable structure.

2. Stiefel manifolds. An ordered set of » mutually orthogonal unit
vectors in V*+? will be called an n-frame in V*+». Denote the set of all
n-frames in V*+? by S, .. Then the orthogonal group O(n + p) is a
transitive Lie group of permutations of S,,.. By Theorem 9-6, the
Lie group O(n 4 p) induces a differentiable structure on S,,. The
differentiable manifold S, is called a Stiefel manifold.

The subgroup of O(n + p) that keeps a particular n-frame fixed can
be identified with the orthogonal group O(p). Consequently S,,, has
the differentiable structure of O(n 4 p)/O(p). In particular, the
m-sphere S™ is the Stiefel manifold Sy, ;.

The set of all unit vectors in ¥»+» constitutes the (n + p — 1)-sphere
S**-1, We may map S,, onto S***~! by mapping each n-frame
(vy, . . ., vs) onto its first vector v;. The remaining vectors (v,
. . ., v,) constitute an (n — 1)-frame in the tangent space to Sr+r—!
at v;. Thus S, , is made up of Stiefel manifolds S,, »—1 of tangent
vectors to S*+?—1, one such manifold at each point of S*+*—1, In other
words, S, is a fiber bundle over S**#~! with group O(n + p — 1) and
fiber Sy, a—1. In particular, S, is the manifold of all unit tangent
vectors to §r+1,
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3. Grassman manifolds. An n-dimensional subspace of V**? will be
called an n-plane. Let G, be the set of all n-planes in V**». Then
the orthogonal group O(n + p) is a transitive Lie group of permuta-
tions of G,.. By Theorem 9-6, the Lie group O(n + p) induces a
differentiable structure of G,.. With this structure, G, is called
a Grassman manifold.

Let P* € G,... Let P? be the orthogonal complement of P*in V*+»,
Then P? is a p-plane in V*t?, If p € O(n + p), then p is determined
by its restrictions to P» and P?. Suppose that p keeps P* fixed. Then
it must also keep P? fixed. Its restrictions to P» and P? may therefore
be identified with elements of O(n) and O(p), respectively. Hence the
subgroup of O(n + p) that keeps P» fixed may be identified with
O(n) X O(p). Gp. therefore has the differentiable structure of
O(n + p)/(0(n) X O(p)).

Since O(p) may be regarded as a subgroup of O(n) X O(p), Theorem
9-5 tells us that S,,, is the bundle space of a fiber bundle with group
0(n) X O(p), fiber O(n), and base space G,.. In geometrical terms,
the projection of S,., onto G,,, is the mapping that carries an n-frame
onto the n-plane spanned by the vectors of that n-frame.

9-7 REDUCTION OF THE GROUP OF THE BUNDLE

Let P be a principal bundle with group . Let $ be a closed sub-
group of ®. If P is represented by a principal coordinate bundle
{P, X, ®, ®,{Us,, gag}} such that g.s(U. N Up) C 9 for all o, 8, we
shall say that the group of B can be reduced to $. We shall obtain a
characterization of this property which does not depend upon coor-
dinate transformations.

In general, if P is a principal bundle with group ® and if $is a closed
subgroup of ©, then @ acts on the homogeneous space /9 on the
left by the rule g1(g:9) = (g192)9. This action may not be effective,
and so it may be necessary to replace © by the group ®/9o, where

o= N ¢gHg!
€0

the largest normal subgroup of & which is contained in §. In this
case, the coordinate transformations of P have to be replaced by their
cosets modulo $, and the bundle manifold P of P must be replaced
by P/$.. However, the base manifold of this new principal bundle
is still P/®. Also the homogeneous spaces &/9 and (8/9d)/(H/
$o) are the same. When this is done, one obtains a fiber bundle
P with the same base manifold as P, with group /9., and with
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fiber /9. The bundle manifold of B may be identified with P/$
under the natural homeomorphism

(290,99)0/ D0 — 299

of [(P/Do) X (©/9)])/(®/Do) onto P/H. B will be called the fiber
bundle determined by P and ®&/9.

Lemma 9-3. If B is a principal bundle with bundle manifold P and
group ® and if O 1s a closed subgroup of ®, thenB is also a principal
bundle over P/ D with group 9.

Proof. Let {Ua, na}, 1a: Ua X @ = P, be a system of coordinate
neighborhoods for a representative coordinate bundle for . We know
that the same covering of the base space will do for a system {U,, {a},
ta: Ua X 8/9 — P/9, of coordinate neighborhoods for a representa-
tive coordinate bundle for B, the fiber bundle determined by $ and
/9. Let 7: W — © be a local cross section of ®, as a fiber bundle
over ®/9, where W is a neighborhood of the coset  in /9. Our
object is to demostrate that the projection »: P — P/ is locally
trivial.

Let 4o € P/H. We may assume that uo = {a(zo, go9). Let
V = {a(Ua X goW). Then V is a neighborhood of e in P/H. We
shall define a local cross section ¢: V — P by

olta(z, 99)] = na(z, gor(go~'99))

Then the mapping (u, h) — ¢(u)h is a homeomorphism of ¥V X § into
P, which completes the proof.

Theorem 9-8. If P s a principal bundle with group & and if 18 a
closed subgroup of ®, then the group of B can be reduced to O if and only if
the fiber bundle B determined by B and &/D has a cross section.

Proof. 1. Assume that the group of P can be reduced to §. Let
P be represented by a coordinate bundle {P, X, ®, ®, {U., gas}} with
ges(Ua M Up) C . Then B is represented by {P/D, X, &/, ©/Do,
{Ud, gap®o}}. Let na: Ua X &/ — P/9 be the coordinate mapping.
Define g,: U, — P/ by ce(z) = na(z, ). Then o, is a local cross
section of 8. Since

0‘5(.’6) = ’18(17, @) = nﬂ(x’ gﬂa(x)Q) = ﬂn(xr ‘5) = Ud(x)

for £ € U. N Us, it follows that we may define a cross section o:
X — P/ by o(x) = ga(x) for 2 € Ul.

2. Conversely, let o: X — P/9 be a cross section of 8. Since Pisa
principal bundle over P/ with group §, it is represented by a coordi-
nate bundle with the coordinate covering {Va, {a}, fa: Va X & — P.
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Let U, = ¢7'(V.). Then ¢ is a diffeomorphism of U, onto V. and
{U.} is an open covering of X. Define ro: U, — P by

fa[a'_l(z)] = rﬂ(zr e)

for 2 € V.. Then 7, is a local cross section of P which satisfies the
condition that the mapping (z, g) — r.(z)g is a diffeomorphism of
U X @ into P. We may therefore take {Us, 7.}, 1.(z, g9) = 1a(2)g,
as a coordinate covering of X for P.

The coordinate transformations h.s: ViNVy— O for B as a
principal bundle over P/$ satisfy 74(x) = ra(2)hagoo(r) when
2 € UaMN Up. Thus {haeoo} are the coordinate transformations for
{Ua, 14}, and we see that the group of P can be reduced to 9.

Let M be a differentiable manifold of dimension n. Assume that M
has a Riemann metric. Let {U.} be a system of coordinate neighbor-
hoods of M. We may use the Riemann metric to produce a set
{Xi2, . . ., X2} of n orthonormal differentiable vector fields on UL.
Let B(M) be the principal bundle of M. Define 5.: U, X GL(n) —
P(M) by

ﬂa(x, (a‘J)) = (x: Eal,X,", c ey 20, X))

Then {U., 7.} is & system of coordinate neighborhoods for P(M).
If x € Ua. M Up, the linear transformation from the n-frame (X,(z),
.« «, Xa%(z)) to the n-frame (X,A(z), . . . , X.#(z)) is orthogonal.
Consequently, with respect to this system of coordinate neighborhoods,
the coordinate transformations of (M) have valuesin the orthogonal
group O(n). In brief, the group of the principal bundle B(M) can be
reduced to the orthogonal group.

Conversely, let B(M) be the principal bundle of the differentiable
manifold M, and assume that the group of (M) can be reduced to the
orthogonal group. Let {U., %a}, na: Ua X GL(n) — B(M), be a sys-
tem of coordinate neighborhoods for B(M) for which the coordinate
transformations have valuesin O(n). Let the n-frame {X,2(z), . . . ,
Xa2(z)} be given by

na(z, identity) = (z, X;*(z), . . . , X.*(z))

for each z in U,. There is a unique Riemann metric on U, for which
X%, . .., X, are orthonormal vector fields. By assumption, if
z € Ua M Uy, the linear transformation from (X,2(z), . . . , X,2(z))
to (XiA(z), . . . , XaP(z)) is orthogonal. Hence the Riemann metrics
on U, and on Up agree on U. N U, and we obtain a Riemann metric
over all of M,
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We have therefore proved the following statement.

Theorem 9-9. The differentiable manifold M has a Riemann metric if
and only if the group of its principal bundle P(M) can be reduced to the
orthogonal group.

By virtue of Theorem 5-8, the principal bundle of a differentiable
manifold can always be reduced to the orthogonal group.

In a similar fashion we may prove that a differentiable manifold M
of dimension 7 has n linearly independent vector fields if and only if the
group of its principal bundle (M) can be reduced to the identity.
We also leave to the reader the proof that this property is always true
of a Lie group.

9-8 VECTOR SPACE BUNDLES

We shall now restrict our attention to fiber bundles whose fiber is
V', for some n, and whose group is GL(n). Many of the ideas that
we shall introduce are capable of more general treatment, which we
shall leave for the reader to develop if he is interested. The tangent
bundles and cotangent bundles of differentiable manifolds are among
these vector space bundles, and so it should not be surprising that this
class of fiber bundles plays a fundamental role in the theory of differ-
ential topology.

If B is a fiber bundle with fiber V*» and group GL(n), we shall denote
it by 8" The bundle manifold and base manifold of 8" will be
denoted by B(8") and X(B"), respectively. If »: B(B") — X(B") is
the projection and if z € X(B"), the set #~'({z}) will be called the
fiber over z. Denote the fiber over z by F.. We shall see that F, has
the algebraic structure of an n-dimensional vector space. Let {Ua,
e}, Ma: U« X V*— B(B"), be a covering of B(B") by coordinate
neighborhoods. If z € U., then we wish to define

ama(z, v1) + ama(z, v2) = na(z, @11 + as2)

for numbers a; and as. It is easily seen that this definition does not
depend on the choice of @, and it gives to F. the desired structure.
The mapping z — 14(z, 0) for z € U, is also well-defined and provides
us with a cross section of B which we shall call the zero section.

Let B;™ and B, be two vector space bundles. Let x: B(B:1™) —
X (B and m;: B(B:") — X(B2") be the corresponding projections.
Let y: B(B,™) — B(B;*) be a differentiable mapping for which
xi(z)) = m1(21) implies wooy(2]) = xo¢¥(2;). That is to say, if z €
X(B™) and if F. is the fiber over z, then =yo¢(F.) is a single point
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vx(z) in X(8B,"). Thus ¢ induces a mapping yx: X(B,") — X(B,")
which satisfies Yxom; = mof. If the restriction of ¢ to F,, which we
know carries F, into the fiber over yx(z), is a linear transformation
for all z € X(8B:™), then ¢ will be called a linear mapping of B,™ into
B,", and we shall write ¢: 8, — B,

If m = n and the restriction of ¢ to F. is of rank n forallz € X(B,"),
then y: B8," — B, will be called a bundle mapping. On the other hand,
if X(81™) = X(B.") and ¢Yx: X(B1™) = X (B.") is the identity map-
ping, then ¥: 8" — B." will be called a homomorphism. A homo-
morphism is regular if and only if it is one-to-one. Two vector space
bundles B, and B,* with X(B,") = X(B,") are equivalent, that is,
represent the same fiber bundle, if and only if there is a linear mapping
¥: 8, — B,* which is both a bundle mapping and a homomorphism.

Lemma 9-4. Let B" be a vector space bundle with the projection
x: B(B*) —» X(B"). For each differentiable manifold M and differ-
entiable mapping 6: M — X (B") there 1is a vector space bundle B, with

B(®,") LJ > B@")
N 1r
v
M 9 > X(@®")
Fia. 9-4

X(®B:*) = M and a bundle mapping ¢: B," — B* such that bowr, = moy,
where 71: B(B1") — M is the projection (see Figure 9-4). Furthermore,
B" ¢s uniquely determined by 6 up to equivalence.

Proof. Form the product manifold M X B(8"). Let E be the
submanifold of M X B(8B") which consists of the points (m, u) with
6(m) = w(u). Define m;: E— M by mi(m, u) = m. Let {U., 7.},
Na: Ua X V*— B(B"), be a coordinate covering for B". Define
ta: 0N UL) X VP> E by ta(m, v) = (m, n.(8(m), v)). Then the
coordinate covering {6~'(U,), {.} makes E the bundle manifold of a
vector space bundle B;” with X(8,") = M and projection ;.

Define ¢: E — B(8") by ¢(m, u) = u. Then ¢ is differentiable.
If m € M, the fiber of B;" over m is the subset {m} X »~1({6(m)}) of
E, and ¢ maps this set linearly and one-to-one onto the fiber of B*
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over 8(m). Hence ¢ is a bundle mapping ¢: 8,* — B which satisfies
bowy = mY.

Consider the situation illustrated in Figure 9-5, where y; and ¢, are
bundle mappings which satisfy 6owr, = xoy¢; and Gowy = woyp. If
2, € B(8B,"), the restriction of ¥, to the fiber (of B,") over 7i(z)) is
one-to-one and onto the fiber (of B") over fox,(z;) = woy1(z1). Hence
there is a unique element p(2;) of B(B,") for which ¥2(p(21)) = ¥1(21).

B(8")

¥ T 2]

B(®,") X@®") B(®B,")

M
Fia. 9-5

The mapping p: B(8:") — B(B,") is one-to-one and onto and satisfies
Yop = ¢1. It follows from this relation and the fact that the mappings
¥1 and ¢ induce linear transformations of the fibers of rank n that p
is differentiable and hence is an equivalence.

The fiber bundle which is represented by B," will be called the bundle
induced by 6.

Theorem 9-10. If y: B™ — B," 18 a linear mapping, then there are a
homomorphism ¢: B1™ — B;" and a bundle mapping p: Bz" — B2 such
that ¢ = poy and B is uniquely determined up to equivalence.

Proof. Let yx: X(B1™) — X(B:") be the mapping induced by ¢
on the base manifolds. Let B;" be the bundle induced by yx and let
p: B;" — B,* be the bundle mapping which carries the fiber over =
onto the fiber over y¥x(z). B(B;") is a certain submanifold of
X(B,™) X B(B:") and pis given by p(z, 25) = 2. Define ¢: B(B1™) —
X(B1™) X B(B:") by ¢(21) = (r1(21), ¥(21)), where =, is the projection
of B,". Then ¢ is actually a homomorphism of B(®B,") into B(Bs")
and satisfies ¢ = pe¢.
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Conversely, let ¢ = pop, where ¢: 8™ — B" is & homomorphism
and p is a bundle mapping. Then px = ¢x, and so B must be the
bundle induced by ¢yx. By Lemma 9-4, 8" is uniquely determined up
to equivalence.

Let 8" be a vector space bundle. Let ¥ C X(8") be a submanifold
of X(B"). Let 6: Y— X(B") be the injection mapping. The
bundle induced by 6 is called the restriction of B* to Y and is
denoted by B"Y. The associated bundle mapping ¢: B"|Y — B is
a diffeomorphism.

Let 8,™ and B;" be two vector space bundles. Form the product
manifold B(B;") X B(B.*). Define r: B(B:™) X B(B:"*) — X(B1™) X
X (Bs") by (21, 22) = (r1(21), 72(22)), where 7, and 7, are the projections
of B;™ and B,", respectively. Then = is a differentiable mapping.
The reader may easily demonstrate that B(B,") X B(8:") has a
natural coordinate bundle structure with the projection = in which the
fiber is ¥m+», The resulting vector space bundle will be denoted by
B1™ X B:*. The natural projections of B(Bi™) X B(B,") onto
B(%8,™) and B(B,") are linear mappings.

Consider the special case when X(B,") = X(B,") = X. The
diagonal mapping 6: X —» X X X given by é(z) = (z, z) is a diffeo-
morphism. The restriction (8™ X B,")|8(X), that is to say, the
bundle induced by §, is called the Whitney sum of B,™ and B," and is
denoted by B, @ B,". The fiber of By @ B.» is V»*n. The
bundle manifold of B, & B," may be described as the submanifold of
B(B:1™) X B(B,") which consists of those points (z1, z;) for which
m1(21) = m2(22). For this model the natural injection of B, & B
into B;™ X B," is the trivial mapping (21, 22) — (21, 2;). There are
obvious natural projections of 8, & B," onto B,™and B,*. Further-
more, if go: X(Bs") — B(B,") is the zero section of B.*, the mapping
21— (21, o°w1(21)) is & one-to-one homomorphism of B, into B1™ &
B,* which we shall call the natural injection. There is also a natural
injection of B, into By @ BV,*. The Whitney sum is a commutative
and associative operation on fiber bundles with a common base
manifold.

Let ¢: 81 — 81" be a homomorphism. Let o9: X(B:") — B(B:")
be the zero section of B,". The set Y—oo(X(B:"))] is called the
kernel of y. If ¢ is onto, the rank of the linear transformation that ¢
induces on the fiber over z is equal to n for all z € X(8,™). In this
case the kernel of ¢ is a vector space bundle ™" with

X&) = X(B:™)
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Returning to a general homomorphism y: 8, — B,*, we may define
2a ~ 23 for 2z;, z; € B(B;") when 2, and z, lie in the same fiber and
zs — 22 € Y(B(B1™). The set Q of equivalence classes of elements of
B(B,™) with respect to this relation is called the cokernel of y. If ¢
is one-to-one, @ is the bundle manifold of a vector space bundle
Q= with X(Qr") = X (B,").

Let ¢: B1™— B:" and ¢: Be" — Bs? be homomorphisms such that
¢ is one-to-one, ¢ is onto, and ¥(B(B1™)) = kernel of ¢. In the
language of cohomology theory,

0—) %1"'—&%2"—%%3"—-’0

is an exact sequence. Then there is a homomorphism §: By, —
B," & B;» which is also a bundle mapping such that sy: B,™ —
B, @ B;s? is the natural injection and ¢od1: By™ & Bs? — By?is the
natural projection.

Let M, and M, be differentiable manifolds and let ¢: M, — M; be
a regular differentiable mapping. Let T, and T,* be the tangent
bundles of M, and M., respectively. Let ox be the linear transforma-
tion that o induces on the tangent space to M,. Define ¢: B(T,™) —
B(T:™) by ¢(z, @) = (0(z), ox(a)). Then ¢ is a linear mapping. By
Theorem 9-10, there are a homomorphism ¢: T, — 8" and a bundle
mapping p: B — To"such that y = pop. B" is the bundle induced by
¢. Since o is regular, ¢ is one-to-one. The cokernel of ¢ is called the
normal bundle of ¢ and is denoted by N,. It follows that

0T S5B 5N, -0

is an exact sequence, where 7 is the natural mapping. Consequently
the bundle induced by ¢ from T," is equivalent to T,™ & N..

9-9 UNIVERSAL BUNDLES

Let Gy, be the Grassmann manifold of n-planes in V*+?. Let B be
the submanifold of G,,, X V**? consisting of the pairs (H, v), where v
is a vector in the n-plane H. We shall describe a bundle structure on
B. The projection =: B— G, , is given by w(H, v) = H. In Section
9-6 we saw that the Stiefel manifold S, » of n-frames in V**+7 is a fiber
bundle over G,.. Hence, if Hy € G, there is a local cross section
o: U— 8,. with Hy € U. Let the vectors of the n-frame o(H) be
(wi(H), . . ., us(H)). Then H is spanned by wi(H), . . . , ua(H).
We may define n: U X V*— B by

n(H, y) = H, yra(H) + -+ * + yaua(H))
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where y = (y1, . . ., ¥a). Then 5 is a diffeomorphism. We shall
leave to the reader the verification that all such pairs U, n are com-
patible with one another and make B the bundle manifold of a vector
space bundle U, U," is called a universal bundle. The following
theorem illustrates the appropriateness of this name.

Theorem 9-11. Let B~ be a vector space bundle. Then the following
lwo properties of B are equivalent:

(i) There is a vector space bundle €7 such that B" & Gr is equivalent to
X(_GBn) X Yntr,

(ii) There is a universal bundle U," and a bundle mapping ¢: B*— U™

Proof. Assume property i. Then the natural injection of B* into
B @ Cr followed by the equivalence of B» @ €? and X(B") X Vrtr
provides us with a regular homomorphism ¢: 8* — X(8") X Vrt».
Thus if F, is the fiber of B over x, then ¢(F.) is an n-plane in the fiber
of X(B") X Vrtr over z, that is, in V**r itgelf. Hence if r: B(8") —
X (B") is the projection, we may define a mapping ®: B(8") — G, by
®(z) = o(I'r»). We shall prove that @ is differentiable.

Let U, n: U X V*»— B(B") be a coordinate neighborhood of B~.
It suffices to show that the restriction of ® to #—1(U) is differentiable.

Let {»1, . . . , v} be a fixed basis of V. Define u*: #=1(UJ) — V*t? by
w(2) = ¢ln(x(2), v")]

Then %!, . . ., w" are differentiable mappings and the vectors

ul(z), . . ., u*(z) span ®(z). It follows that ® is differentiable.

If 2z €& B(B"), then ¢(2) is a vector in the n-plane ®(z). Hence
z2— (P(2), ¢(2)) is a differentiable mapping of B(8B") into B(U,").
Since ¢ induces a linear transformation of rank n on the fibers of B~,
the same is true of z— (®(z), ¢(2)), which is therefore a bundle
mapping.

Conversely, assume property ii. We may identify B(U,") with a
submanifold of Gp. X V*t?. Let 6: Gpn X V7 — Vrtr be the
natural projection. Let ¢ = 6. Then ¢: B(B") — V*?r is a
differentiable mapping whose restriction to each fiber of B" is a linear
transformation of rank n. Let v: B(8") — X(B") be the projection.
Then define 7: B(B") —» X(B") X V»tr by

7(2) = (7(2), ¢(2))

 is a regular homomorphism. We may therefore form the cokernel
@7 of r. Since

0— B X(B") X V= 62— 0
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is an exact sequence, where » is the natural mapping, it follows that
X(B") X Vrtr is equivalent to B & G».

Corollary. The tangent bundle (M) of a differentiable manifold M
of dimension n has a bundle mapping ¥: T*(M) — UL ,,.

Proof. By the Whitney imbedding theorem (Theorem 6-3), there
is a diffeomorphism o: M — V27+1, Let §**! be the normal bundle of
o, and let B27t1 be the bundle induced by ¢ from the tangent bundle of
Vantl Then B2+l ig equivalent to T*(Af) ® Grtl. But B2»t! ig
equivalent to M X V2»+! and so we may apply Theorem 9-11.



CHAPTER 10

Multilinear Algebra

let Vy, ..., V, W be vector spaces. The set of all ordered
r-tuples (a1, . . . , @), where o, is a vector from V,, will be denoted by
ViX -+ XV, Amapping
e:ViX " XV,»W

will be called multilinear if it satisfies the condition

olay, .. .,a;+ad'a,, . .., o) ,
=aplas, . .., ...,0)+adela, ...,a¢ ...,a¢)

where a and a’ are numbers, forz =1, . . . ,r. Roughly speaking, ¢
is multilinear if it is linear in each of its ‘“variables” separately.
Multilinear algebra is the theory of such mappings and certain vector
spaces to which they give rise.

We shall denote the set of all multilinear mappingsof V; X - -+ X V,
into W by L(Vy, . . ., V,; W). This set becomes a vector space in a
natural way if we define addition by

(¢1 + ‘Pﬂ)(aly e ey a!‘) = ¢l(al; ¢ e sy a") + ‘PZ(al, LI ] a')

and multiplication by numbers by

(@p)(as, . . . , ) = ap(ay, . . ., a)

We shall use this notation even when » = 1. In this case L(V; W) is
the vector space of all linear transformations of V into W.

When r = 2, the elements of L(V,, Vi; W) are called bilinear
mappings of V; X Vs into W. We shall usually carry out the details
of the multilinear algebra only for bilinear mappings, but the reader
should bear in mind (and check for himself) that the proofs are also
valid in the more general case.

186
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10-1 THE TENSOR PRODUCT OF VECTOR SPACES

Let U and V be vector spaces. A vector space T, together with a
bilinear mapping 8: U X V — T, will be called a tensor product of U
and V if it satisfies the following conditions.

1. The image set 6(U X V) spans T.

2. If o: U X V— W is any bilinear mapping, there is a linear
transformation A: T — W such that ¢ = N8 (see Figure 10-1).

Since condition 2 requires that the equation ¢ = o8 have a solution
M for every bilinear mapping ¢, no matter what the vector space W

UxV

A
Fic. 10-1

may be, the reader may feel that only very special vector spaces U
and ¥ may have a tensor product. Nevertheless, we shall eventually
show how to construct a tensor product of any pair of vector spaces
U, V. Putting aside, for the present, the question of the existence of
tensor products, we shall show how the theory of the bilinear mappings
of U X V is equivalent to the theory of the linear transformations of a
tensor product of U and V.

Theorem 10-1. Let T, 6 be a tensor product of the vector spaces U and
V. If ¢: U X V— W s a bilinear mapping, then the linear trans-
formation N\: T — W such that ¢ = N0 i8 uniquely determined by ¢.
The mapping ¢ — \ is an 1somorphism of L(U, V; W) onto L(T; W).

Proof. If \;: T— W and \;: T— W are linear transformations
such that A\j0@ = A6, then \; — A\; maps the elements of 6(U X V)
onto zero. It follows from condition 1 for the tensor product that
M — A2 = 0. Thus ¢ — \ is a well-defined mapping of L(U, V; W)
into L(T; W). On the other hand, if \ is an element of L(7'; W), then
¢ = M0 is an element of L(U, V; W) which maps onto \, and so the
mapping ¢ — A is onto L(T'; W).

The mapping ¢ — A\ is clearly one-to-one. It remains to show that
it is linear. Let ¢, and o2 be elements of L(U, V; W), and let A\; and
Az be the elements of L(T; W) such that ¢, = \°6 and ¢2 = M. If
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a, and a; are numbers, then
@101 + G202 = a1 120 + a2A00 = (a1M1 + as)s)00

It follows that ai¢: + asp: — ai\1 + @2\;, and so this mapping is
linear.

The following theorem shows that there is essentially only one tensor
product of a pair of vector spaces.

Theorem 10-2. Let T, 0 and 1", 6’ be two tensor products of the vector
spaces U and V. Then there is an tsomorphism o of T onto T’ such that
6’ = go0.

Proof. ¢': U X V— T’ is a bilincar mapping, and so there is a
linear transformation o: T — 7T such that ¢’ = ¢°0 (compare Figure

UxV

4

Fic. 10-2

10-2 with Figure 10-1). Similarly, there is a linear transformation
o': T"— T such that 8 = ¢’°¢'. Then ' = ooo’of’ and 6§ = ¢'ogo8.
We conclude that oo’ is the identity mapping on the set 6'(U X V)
and hence on all of 7’. Similarly, ¢’oc is the identity mapping on T,
and therefore ¢ is one-to-one and onto, as was to be proved.

We shall now construct a tensor product of the two vector spaces U
and V. Let R denote the real numbers, and let @ denote the set of all
mappings f: U X V— R such that f(a, 8) = 0 except for a finite
number of elements (a, 8) in U X V. @ is readily made into a vector
space by defining

(a1f1 + a2f2)(a, B) = arfi(e, B) + asf:e, B)

where a; and a; are numbers and f, and f, are elements of @. It is more
convenient and suggestive to write an element f of @ as a formal sum

f = Eaa,ﬁ(a, ﬁ)
over the elements of U X V, where aq.s = f(a, 8). Then the vector
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space operations take the form

cZaas(a, B) = z(caa.ﬁ)(a’ B8)
Zaas(e, B) + Zbas(e, B) = Z(Bap + bap) (e, B)

We shall agree to omit, when convenient, those terms of the formal sum
Zaa,s(a, B) whose coefficients aas are zero and to write (a, 8) for the
term 1(a, ) and — (@, B) for the term (—1)(«, 8) when these terms
oceur.

Let N be the subspace of @ which is spanned by all elements of the
form

(@101 + @202, b1B1 + b2B2) — aibi(ay, Bi)
— aiba(ay, B2) — asbi(as, B1) — asbe(az, B2) (10-1-1)

Let T be the quotient space Q/N, and let 8: @ — T be the natural
homomorphism If we identify the element (e, 8) of U X V with the
formal sum (e, B) in @, then U X V may be regarded as a subset of Q.
Under these circumstances, 6 may be restricted to a mapping of
U XV into T. We shall see that 7T, 0 is then a tensor product of
Uand V.

Since the formal sums

(@11 + azas, B) — ai(ai, B) — as(az, B)
(e, b1B1 + b2B2) — ba(e, B1) — ba(a, Ba)

are in N, it follows that they are carried onto zero by 6. Hence

6(arar + @sas, B) = a16(ay, B) + a20(az, B)
0(c, b1B1 + baBz) = b16(a, B1) + b26(e, B2)

which proves that 8 is bilinear on the set U X V. Since the subset
U X V spans Q, it follows that the image set (U X V) spans T. Let
¢: U X V — W be a bilinear mapping. Then define : Q — W by

®(2aq8(a, B)) = Zaape(e, B)

The mapping ® is well-defined since U X V is a basis of Q. It is clear
that @ is a linear transformation. Since ¢ is bilinear, ® maps the
elements (10-1-1), which span N, onto zero. Hence & maps all of N
onto zero, and we may define a linear transformation A\: T — W by

Mf + N) = &(f)

for all elements f of Q. In particular, (\°8)(«a, 8) = ®(e, B) = ¢(a, B)
for all elements (o, 8) of U X V, and so all the conditions for a tensor
product of U and V are satisfied.

The tensor product which we have just constructed will be denoted
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by U ® V and will be called the tensor product of U and V. We have
seen that all tensor products of U and V are isomorphic to this one.

The element (o, 8) + N of U ® V will be denoted by a ® 8.
Since the elements of the form a ® Bspan U ® V, we may write every
element ¢ of U ® V in the form

E = Eaa,pa ® ﬁ
These generators satisfy the rules

(alal + azaz) ®B =008+ a:a: @B
a® (bifr + b2B2) = b1a @ B1 + baa ® B

It is frequently convenient to define a linear transformation ¢: U ®
V — W by specifying the images s(a ® B) of the generatorsa ® 8. 1In
spite of the fact that these generators are not linearly independent, we
have a simple criterion which enables us to say when such a mapping is
well-defined: Let o: U X V — W be a mapping. Then there is a linear
transformation \: U @ V— W such that A(a ® B) = ¢(a, B) for all
(a, B) in U X V if and only if ¢ is bilinear. The sufficiency of this
criterion results from the fact that U ® V is a tensor product of U and
V. The necessity comes from the fact that any linear transformation
A: U ® V — W induces a linear transformation A: Q — W by the rule

A(§) = M§ + N)

This mapping is bilinear when it is restricted to U X V. This
criterion makes it unnecessary to check that

zaa,ﬂ‘?(a; ﬂ) = Eba.ﬂﬂo(ay ﬂ)
whenever Zao50 @ B = Zbapa @ B

EXERCISES

1. Let U, V, W be vector spaces. Prove that L(U, V; W) is isomorphic to
L(U; L(V; W)).

2. Define a tensor product of r vector spaces Vi, . . . , V. and show that it is
essentially unique. Prove that if T is a tensor product of V), . . ., V,, then
there is an isomorphism of L(V,, . . ., Vy; W) onto L(T; W).

8. Construct the tensor product Vi - - - @ V. of the vector spaces V),
¢« o0y V'.

10-2 PROPERTIES OF UQ®V

Theorem 10-8. Let U and V be vector spaces. There i3 an iso-
morphism o of U @ V onto V @ U such thato(a @ B) = B ® a.
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Proof. Since the mapping (a, 8) = 8 @ « is bilinear, there is a
linear transformations: U ® V— V ® U such thate(a ® 8) = 8 ® a.
Similarly, there is a linear transformation ¢’: V ® U — U ® V such
that 0'(8 ® @) = a ® 8. Then oo¢’ and ¢’oc are identity mappings,
and so ¢ is one-to-one and onto.

Theorem 10-4. Let U, V, W be vector spaces. Then there is an
isomorphism o of (U ®@ V) @ Wonto U ® V @ W such that

a®B) @V =a®B 7

Proof. Let v be an element of W. Since the mapping (o, 8) 2 a ®
B ® v is bilinear, there is a linear transformation o,: U ® V —
U®V ® W such that o,(¢ ® 8) = a ® 8 @ v. Since the mapping
(a® B, v) > ay(a®pP) = a®B ® v is bilinear, there is a linear trans-
formation o: (U® V) @ W— U ® V ® W such that

d@®B) ®V]=a®LBy

On the other hand, the mapping (e, 8, v) = (e ® ) ® v is multi-
linear. Hence there is a linear transformation o’: U@ V @ W —
(U® V) ® W such that ¢’(a ® 8 ® 7) = (¢ ® f) @ 7. Since o0’
and ¢'o¢ are identity mappings, ¢ is an isomorphism.

Of course, there is also an isomorphism ¢”’ of U ® (V ® W) onto
UV ® Wsuchthat o’[a @ B® ¥)] =a ® L ® 7.

The isomorphisms described by these two theorems are called the
natural isomorphisms in the situations to which they apply. They
enable us to treat tensor multiplication as if it were a commutative and
associative operation.

Theorem 10-5. If R denotes the real numbers, then there i an iso-
morphism o of B ® V onto V such that o(a @ a) = aa.

Proof. 'The mapping (a, @) — aa is bilinear, and so there is a linear
transformation ¢: R ® V— V such that ¢(a ® ) = aa. On the
other hand, the mapping ¢’: V— R @ V defined by o’(a) = 1 @ a is
linear. Since (¢'0)(@a® a) = 1 Qac=a(l @ a) =a ® «, it fol-
lows that ¢'oc is the identity mappingonallof R ® V. Also oo¢’ is the
identity mapping on V, and so we conclude that o is an isomorphism.

Theorem 10-6. Let U ‘and V be vector spaces of finite dimension.
Let {ay, . . . , am} be a basis of U and {B,, . . . , Ba} e a basis of V.
Then the mn elements a; ® B1, 1 @ By, . . . , 01 D P, 22a @By, . . .,
am ® B, constitute a basis of U @ V.
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Proof. The mapping

(sslhauli hﬂo“’mwl
tm=]1 =1

for fixed integers k and [, is bilinear. Hence there is a linear functional
M of U ® V such that

wl(F ) @ (3 68)] = a
i=1 =1
In particular,
_|o ifi=korj=lI
Malex ® B)) = ' 1 ifi=kandj=1
Suppose that
Y Y aau®s =0
i=1,=1
If we apply M. to this relation, we find that ax; = 0. Since this is true
for 1sk=m 1=1=n we see that the elements o; ® 8,
a;® B ..., amn ® B, are linearly independent. On the other
hand, every element of U ® V of the form a ® 8 is a linear com-
bination of these elements; hence they span all of U ® V. Con-
sequently, they constitute a basis for U ® V.

Theorem 10-7. Let V be a finite-dimensional vector space. Let V*
be the dual space to V. Then there ts an isomorphism o of V ® V* onto
L(V; V) such that r = a(a ® \) s the linear transformation

7(8) = MB)a
forall Bin V.
Proof. If aisin V and A is in V*, define 7on: V— V by

Ta\ (B) = )\(B)a

Then the mapping (a, \) — 7. is bilinear. Hence there is a linear
transformation ¢: V ® V*— L(V: V) such that o(a ® N\) = 7aa.
Let {ai, . . ., as} be a basis of V, and let {A\;, . . . , N} be the
dual basis of V*. Since V ® V* and L(V; V) have the same dimen-
gion, it suffices to prove that the elements 74,0, Tayryy - - - ; Tan, 8T€
linearly independent.

Suppose that

Y Y bitan, =0

t=] jm=1
n n

Then i bac, = Y, Y byran () =0
=1 ‘

tm] j=]
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Hence by = b = * * - = bu = 0. Since this is true for k¥ = 1,
. , m, the elements 7,,,, are linearly independent.

EXERCISES

1. Let U, V, W be vector spaces, and let S be the direct sum of U and V. Prove
that there is an isomorphism o of the direct sum of U @ W and V @ W onto
S ® W such that

(a®7,807) =(a,B8) ®x
for «in U, 8in V, and v in W. If we denote the direct sum by @, then this is
the distributive law for the tensor product which says that (U@ V) @ W is
isomorphic to (U @ W) & (V @ W) in a natural way.
2. Let U be a vector space, and let V be a finite-dimensional vector space. If

{B1, - . . , Ba} is & basis of V, prove that every element of U ® V can be written
in one and only one way in the form

a1 ®@B1+ - - +an @PBa

where a1, . . . , as are from U.

10-8 THE TENSOR PRODUCT OF LINEAR TRANSFORMATIONS

Theorem 10-8. Let ¢: U— V and o': U’ — V' be linear trans-
formations. Then there is a linear transformation \: U @ U' - V @ V'
such that M(a ® ') = o(a) ® o'().

Proof. The mapping ¢: U X U'— V ® V' defined by

¢(a, @) = a(a) ® o'()

is bilinear. Hence there is a linear transformation A\: U ® U’ —
V ® V'’ such that AMa ® a’) = o(a) ® ¢'().

The mapping \: U Q@ U'—V @ V' is called the tensor-product
transformation of o and ¢’ and will be denoted by e @ ¢’. Leto:U— V,
d:U->V,r.V>W,and7: V' > W’. Then

[ ® 7)e(c ® d)l(a ® &) = (r ® 7')[o(a) ® o'(a')]
= (ro0)(a) ® (r"o¢")(a') = (o0 ® 7'°¢’)(a @ ')
Consequently
r ®@ )o(0 ® ') = 100 @ 7’00’

onallof U ® U’

Let U and V be vector spaces, and let U* and V* be their dual
spaces, respectively. Then N in U* and p in V* are linear trans-
formations, and we may form their tensor-product transformation
A® u: U® V —real numbers. Thus A @ x4 is in the dual space
(U® V)* of U® V. On the other hand, we may also form the
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tensor product U* ® V*. In order to distinguish A ® u as an element
of U* ® V* from the product transformation of A and g, we shall
temporarily denote the tensor-product transformation of the trans-
formations X\ and x by A @, .

Theorem 10-9. Let U and V be finite-dimensional vector spaces.
There 18 an isomorphism o of U* ® V* onto (U @ V)* such that
a(\ ® p) is the tensor-product lransformation of the transformations
\and u.

Proof. The mapping (A, u) — N\ ®n p is bilinear. Hence there
is a linear transformation ¢: U* @ V* — (U ® V)* such that
oA ®p) =X @®mpu. Since U* ® V* and (U @ V)* have the same
dimension, it suffices to show that ¢ is onto.

Let {a;, . . . , am} bea basisof U and {8;, . . . , B} a basis of V.
Let {\1, . . . , Am} be the dual basis to {ai, . . . , am} and {u,, . . . , ua}
the dual basis to {81, ..., Ba}. Then the elements \; ®n ui,
N ®Ompz - - .y Mm ®m pn constitute a dual basis to the basis {a; ® 8,
a1 @B ... ,0m @B of U V. Itfollows that s maps U* @ V*
onto (U @ V)*.

‘We see from this theorem that, if A is from U* and u is from V*, then
\ ® p may be interpreted either as an element of U* ® V* or as the
tensor-product transformation of the transformations \ and u. We
shall no longer distinguish between these points of view. Since the
tensor multiplication of real numbers is the same as ordinary multi-
plication, we obtain the rule

(\ ® w)(a ® B) = Ma)u(B)

EXERCISES

1. Let U, V, W, Z be finite-dimensional vector spaces. Prove that there is an
isomorphism o of I{U; V) ® IL{W; Z) onto L{U ® W; V ® Z) such that
o(p ® 7) is the tensor-product transformation of the transformations p and r.

2. Let 01: Uy — V) and o3: Uz — V; be linear transformations, where Uy, V,,
U,, Vjare finite-dimensional vector spaces. Prove that rank (o1 ® ¢2) = (ranke;)
(rank d").

8. If o: U~ V is a linear transformation and U* and V* are the dual spaces to
U and V, respectively, the linear transformation ‘o: V*— W* is defined by
tg(A) = Nog. If r: W — Z is also a linear transformation, show that

o @ 1) mizg @

4. Let U, V, W, Z be finite-dimensional vector spaces with the bases {ay, . . .,
ﬂn', ‘ﬁl, .« . ,B.,, '7], “ e ey ‘Yr', ‘6], .« e ey 3.’, mpectively. Leto: U— V
and r: W — Z be linear transformations with the matrices 9% and 9, respectively,
with respect to the given bases. Find the matrix of ¢ @ r with respect to the
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b”es [al @’YI’ (-1 Q'Y’, .0y ay @'Yn (-4} 07], « o ey Ol @7"’ &nd (ﬂl @61)
B1®8, ..., 505,808, ...,80 044l
10-4 TENSOR SPACES

Let V be a vector space, and let V* be its dual space. Denote by V,"
the tensor product

Ve=VQ® - - @VOV*® -+ @V*
N ———T N N ———— N "
rfactors 8 factors

An element of V" is called a tensor of type (r, s). r is called the con-
travariant order, and s the covariant order of such a tensor. V0 is
defined to be the real numbers. The elements of V,! are called
contravariant vectors, and the elements of V,° are called covariant
vectors.

In accordance with the commutative law for the tensor product, we
shall disregard the order of the factors in V,”. For example, we shall
also write

Val =V*@V ® V*

if that is convenient.
Throughout the remainder of this section we shall denote tensor

multiplication by juxtaposition. That is to say, if a1, . . . , a; arein
Vand)\, . .. ,NareinV*thena; ® - - @&, @M ® - - - @ \,
will be denoted by ajaz * * * aAA2 * * * A Every element of V,"isa

linear combination of elements of this type.

We shall now assume that V has finite dimension. Let {a;, . . . ,
an} be a basis of V. Then there is a unique basis {\, . . . , \,} of V*
which is dual to {a;, . . ., @s}. Under these circumstances the
n'+* elements

a, "t a, N,

constitute a basis of V,”. If T is a tensor of type (r, 8), we may express
T uniquely in the form
T = E e E tj::::i:a;, RV VRTINS W
=1 Jl-l
The coefficients t;:'.llf: are called the components of the tensor T with
respect to the basis {aj, . . . , aa}.
Let {81, . . . , Ba} be another basis of V. Then
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fori=1,...,n If{m, ... ,n) isthedualbasisto {8, . . . ,B.},
then
= 2 b,
)=1

The product of the matrices (b,') and (a,’) is then the identity matrix.
We shall determine the effect of such a change of basis on the com-
ponents of a tensor. Let u!...; be the components of the tensor T
with respect to the basis {81, . . . , 8s}. Then

— AR ™ “ e s . o .
T = 2 u“l---pﬁ‘ll Blr“)'l Hj,
=] J.-l
n . n n
R R B T B RERD TR
=1 =1 k=1 Li=1
bz,jl P bl.],akl e alc)\l. CEEIRED ¥
Hence if
& k:
T = . E tt,l:..’;:ak. SREEIP) PRESTIEES V)
k=1 l.=1
it follows that
LI e
thl"':‘,' E E u;:...;:a"k' . a“k,blla, « e bl.h

Ja=1

This is the law of transformation of the components of a tensor of
type (r, s).

Let o: V— W be a linear transformation. The correspondence
A — Ao is then a linear transformation of W* into V* which is called
the transpose of ¢ and is denoted by ‘o. If ¢ is an isomorphism of V
onto W, then ‘¢ will be an isomorphism of W* onto ¥*. In this case
we may form the mapping ‘o, which is an isomorphism of V* onto W*.

Now suppose that ¢: ¥V — V is an element of the general linear group
on V. Then ‘o~!: V*— V*is an element of the general linear group

on V*. We may form the tensor-product transformation
"0’@ ®a,®to.—l®...®t¢-l
r factors 8 factors

which will then be an element of the general linear group on V,". It
is essential to use the mapping ‘s~! on the covariant factors of V.7,
instead of ‘o, so that the mapping will proceed in the same direction as
it does for the contravariant factors.
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Let 6: V' ® V.~ — VIIT be the natural isomorphism for which

o(al.-.a'xl...A'®Bl...ﬁr,”1...#',)
=a1'°'arﬂl"'ﬁr')\l"')\aﬂl'"Ih'

Then the bilinear mapping ¢: V" X V" — V,r ® V., for which
¢(T, T') = T ® T, gives rise to a bilinear mapping op: V,” X V' —
Vit called the multiplication of tensors. If T, T’ are tensorsfrom
V., Vo', respectively, then the product TT’ is defined by

TT' = (60¢)(T, T)
In particular,

(al"'ar)\l" 'ka)(ﬁl"'ﬁr'ﬂl" ."‘,)
=Bt Beht Nt

We shall now work out the product of tensors in terms of their
components. Let {1, . . ., a.} beabasisof V,andlet {\;, . . ., N}
be the dual basis of V*. Let

n n
. DY L « o+ e o s

T= z E byee e 0.0 .\, Ni,

=1 ].‘l
and

n n

) — o« 0. et o . e o e e s

=Y Y e, o, N
u=1 =1

be tensors from V" and V", respectively. Then

n n n n
= o o e ... 110 e gtkye okt
T = ) D DR ARI(Z O
g1 2e=1 k1=1 lo=1
a“ “ e . alrakl “« o akr,le o« v e k]‘kh o o e xl.'

Thus the components of TT' are obtained by forming the products of
the components of T and the components of T".

EXERCISES

1. Prove that for » =2 1 and s 2 1 there is a linear transformation {,*: V" —
Vi-1 such that

[ CTICIITIr~® VERIRIRID W IECID W ¢ PAURIR P ST WO SR SRITIPS PEPIPIN WPe WS REITIRED W
Prove that, if ¢ is an element of the general linear group on V, then
r—1

£it00" = 0.71%%,°

2. Let 7 be the natural isomorphism of L(V; V) onto V. If {;!is the mapping
of Exercise 1 and o is an element of L(V; V), the trace of ¢ is defined by Tr (¢) =
(f1'or)(e). Since Tr: L(V; V) — real numbers is a linear transformation, it is &
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linear functional of L(V; V). Let 9N be the matrix of ¢ with respect to a basis
far, . . . yan} of V. Find Tr (¢) in terms of the components of . Prove that

Tr (vw:) = Tr (nn)

10-5 SYMMETRY AND ALTERNATION

Let S, denote the symmetric group on r symbols, that is, the group
of all permutations of the symbols {1, . . . , r}. Through the com-
mutative law for tensor multiplication, the elements of S, give rise
naturally to linear mappings of V" (or of V,% onto itself; namely, if »
is an element of S,, there is an isomorphism ¢ of V" onto V¢ such that

(a1 ® ' Qa) =ar ® * * ° @ aren)

(and similarly for V,%). We shall denote this mapping by = also.

A tensor T in V' is called symmetric if #(T) = Tforallwin S,. It
is called alternating if =(T) = (sign =)T for all = in S,. A linear
transformation o: V" — W is called symmetric if gor = o for all 7 in S,.
It is called alternating if ooxr = (sign 7)o for all r in S,.

We have seen that the tensor space V,° is naturally isomorphic to
(VoO*. If Ay, ..., N\ are elements of V*, we may regard \; ®
« + + @ M\, either as an element of V,° or as the tensor-product trans-
formation of the transformations A;, . .., \. The definitions of
symmetry and alternation are not the same from these two points of
view, but we shall see that they are equivalent.

Theorem 10-10. Let o: V,°— (V) * be the natural tsomorphism.
If T* is a tensor from V.9, then

o(x(T*)) = o(T*)ex™?
for all = in 8S,.
Proof. Denote by ®. the tensor multiplication of transformations.

Let Ay, . . . , N\, be elements of V*and o, . . . , a, be elements of V.
Then
oM ® - @M@ ® * - ®a)

= (xr(l) ®1u c Om x1'(1'))(‘31 ® ' ® ar)

= Aey(@1) * * * Aeny(ar)
and

[t ® - @N)ox (a1 ® *** @ )
= (xl @m " On x9‘)(“‘:'1(1) R - ® ar'l(r))
= M) * * * Mlar1n)
= Men(aa) * * * Aeen(ar)
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Hence the theorem is true for T* = \; ® * * * @ \, and so for all
elements of V,O.

It follows immediately from this theorem that a tensor T* of V,° is
symmetric if and only if it is symmetric as a linear functional of V',
and likewise for alternation.

The linear transformation

2y = E L 4
s
of V¢ into itself is called symmetrization. The linear transformation
A, = z (sign »)x
s

of V into itself is called alternation.

Theorem 10-11. Let T be a tensor in V. Then Z,(T) is symmetric
and A.(T) s alternating. Furthermore, if T 18 a symmetric tensor, then

Z(T) =rIT

and if T 18 alternating, then
A(T) =»IT

Proof. Let m be an element of S,. Then
mo(2,(T)) = ;ror(T)
*o(A(T)) = g (sign m)wor(T)

As 7 runs through the elements of S,, so does xer. Furthermore,
sign = = (sign mo) (sign wor). Hence xo(Z.(T)) = =,(T) and
7o(Ar(T)) = (sign 7)) A(T))
This proves the symmetry of Z,(T) and the alternation of A,(T).
If T is symmetric, then
(M =)Yx(T)=)T=rIT
2" =3
If T is alternating, then
A.(T) = E (sign m)x(T) = E (sign7)2 T = E T =rIT
& s A

It follows from this theorem that Z, is a linear transformation of V¢
onto the subspace of V" consisting of the symmetric tensors. Further-
more, A, is a linear transformation of V¢ onto the subspace of V" con-
sisting of the alternating tensors. ‘ :
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Theorem 10-12. Let N* denole the kernel of the alternation mapping
A,. Leto: Vi — W be a linear transformation. Then o is alternating
if and only if o carries the elements of N onto zero.

Proof. Let o be alternating. Let T be an element of N. Then
A.(T) = 0, and so ¢(A,(T)) = 0. But

o(A(T)) = o (SE (sign m)x(T)) = g': (sign 7)o (x (T))
Y o(T) = rlo(T)

Sr

I

Hence ¢(T) = 0.
Conversely, let ¢ carry the elements of N7 onto zero. If T is in
V¢ and = is in S,, then

AT — (sign =omo(T)] = 3, (sign m)[x(T) — (sign ro)rro(T)]
= E (sign m)x(T) — E (sign mro)rro(T) =

that is, T — (sign mo)wo(T) is in N*. Thus
a(T) = (sign mo)a(wo(T))

and 8o gomy = (sign 7)o, which shows that ¢ is alternating.

EXERCISES

1. Let Zr be the kernel of the symmetry mapping 2,. Prove that a linear trans-
formation o: V" — W is symmetric if and only if o carries the elements of Zr onto
zero.

2. Let Q be the subspace of V," spanned by all elements of the form a1 ®

. @ ar with two or more factors the same. Prove that Q C N".

8. Let V be a vector space of finite dimension with the basis {o1, . . . , as}.
Then the elements B = {a,, @ + + + ® ) With1 L4y Snforj=1,...,r7
constitute a basis for V,". Write B = By \U B,, where B, consists of those ele-

ments with two or more factors the same and B, U B,isempty. Ifa, ® - - - ®
a;, and aj, ® - - - ® aj, are from B,, we say that they are equivalent when
there is a permutation » from S, such that i = jy@ fork =1,..., r. By

means of this relation, B; may be divided into equivalence classes, each of which
is made up of tensor products which differ only in the order of their factors.
Choose one element from each equivalence class and denote by C the set of these
gelected elements. Denote by S, the set of elements of 8, which are different
from the identity permutation. Then

B = ByUC: ;J'r(Cx)

Prove that, if
T-;a‘l.- .‘ra‘le P @a"
1

and A,(T) = 0, then T = 0.
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4. Using the notation of Exercise 3, let C» consist of the elements
a, ® -+ @, — (sign w)r(ai, ® - -+ O ai,)
where a;, ® + + + ® a;, i8in C1. Prove that
By, U C) ;}' Cx

is also a basis for V. Using this result and the preceding exercises, prove that
Q =N
10-6 EXTERIOR POWERS OF A VECTOR SPACE

Let V be a vector space. Let N be the kernel of the alternation
mapping A,: Vo — V. The quotient space Vy/N* is called the

Vo

NV A > W

Fia. 10-3

r-fold exterior power of V. It is denoted by A*V. Then AW =V
and we define A°V = real numbers.

The next theorem shows that the r-fold exterior power plays the same
role with respect to alternating mappings that the tensor product plays
with respect to multilinear mappings (see Theorem 10-1).

Theorem 10-13. If ¢: V" — W is an alternating linear transforma-
tion, then there is a uniquely determined linear transformation \: AV — W
such that ¢ = \o8, where 6: Vi — A’V 18 the natural homomorphism.
Furthermore, the mapping ¢ — \ is an isomorphism of the vector space
A(Vy; W) of all alternating linear transformations of Vo into W onlo the
vector space L(INV; W).

Proof. We have seen that ¢ carries the elements of N* onto zero.
Hence we may define

ME+ N7) = o(8)

where £ + N7 is an element of A’V. Since 6(¢) = ¢ + N7, it follows
immediately that ¢ = M6, and it is clear that \ is unique (see Figure
10-3).



202 INTRODUCTION TO DIFFERENTIABLE MANIFOLDS

The mapping ¢ — ) is obviously an isomorphism. We must show
that it is onto L(A'V; W). Let N be an element of L(A'V; W).
Define ¢ = M6, Then ¢ carries the elements of N* onto zero, and we
have seen that this implies that ¢ is alternating. Since ¢ — A, the
proof is complete.

If @), . . ., a are elements of V, the element

a1® " Qa + N
of AV is denoted by
aAagA\ * * * Aey

Such an element of AV is said to be decomposable. Since every
element of V, is a linear combination of elements of the form
a® *° * ® o, it follows that every element of ArV is a linear
combination of elements of the form oy A * - * Aay.

The alternation mapping A, maps V" onto the subspace of alter-
nating tensors. Since Nr is the kernel of this mapping, it follows that
ATV is isomorphic to the space of alternating tensors in V¢". Under
this isomorphism, a; A * * * Ac, corresponds to A,(a; @ * * * @ a).

The natural homomorphism 6: V" — A’V is an alternating map-
ping. Consequently we have the rule

arm A 0 Aaren = (sign marA * 0 Aoy
for = in S,

Theorem 10-14. Let o: V — W be a linear transformation. Then
there exists a linear transformation A'a: A"V — A'W such that

Aa(ea A * * * Aay) =a(a)A * * * Aa(ar)
Proof. Define r: Vo"— Wy by
T=0Q® ' Qo (r factors)

Let n: W¢ — AW be the natural homomorphism. Since 5 is alter-
nating and wor = rom,

' nerox = yewor = (sign x)ner
which proves that nor is alternating. Hence there is a linear trans-
formation Afe: ATV — A'W such that nor = (Afe)e8, where 8:
Vo — ATV is the natural homomorphism (see Figure 10-4). If
ai, ..., a are elements of V, then

Pres @ @) = no(ar) ® * * * ® a(ar))
=g(@)A * ** Ad(ar)
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and
[((A70)ob)(a1 ® - * * @ &) = ATo(aaA * * * Aay)

so that the theorem is proved.

The mapping A’ is called the r-fold exterior power of .
Let o: V— W be a linear transformation and 'e: W* — V* its
transpose. Then the transpose of A%sis A" .

Vo u > W,
/ \ "
r
ATV Ao > AW

ke, 10-4

EXERCISES

1. Prove the last statement of Section 10-6.

2. Let V be a vector space. Let Z™ be the kernel of the symmetry mapping
2. Vo= V. Define 1V = V¢ /Z7. Let 6: Vo'— {*V be the natural homo-
morphism. Prove that if ¢: V" — W is a symmetric Iincar transformation there
is a uniquely determined linear transformation X. 'V — W such that ¢ = o8
Prove that the mapping ¢ — \ is an isomorphism of the vector space S(Vy; W)
of all symmetric linear transformations of V" into W onto L(1*V; W)

8. Using the notation of Exercise 2, denote the element a; @ - Q@ ar + 2"
of t*'V by aiT - - - tar, Prove that if = is a permutation from S, then axmt
tarey = art -+ far.

4. Using the notation of Exercises 2 and 3, prove that if ¢: V — W is a linear
transformation, there exists a linear transformation 7. §*V — W such that

froont tar) = o(a)t - - tolar)

6. Using the notation of the preceding exercises, prove that, if ¢ V> IV 1s a
linear transformation and if ‘o: W* — V* is the transpose of o, the transpose of
tro is 1" to.

8. If V = real numbers, what are the spaces A"V and trV?

10-7 EXTERIOR ALGEBRA

Theorem 10-16. There is a bilinear mapping u: AV X AV —
ATV such that

#(al/\ [N /\ar,ﬁl/\ /\ﬂ.) = aqg A * Aa’/\ﬂl/\ . e /\ﬁ'
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Proof. For each tensor T of V,* the mapping
(@&, ..., >a1® " ®a,®T

is multilinear and so determines a linear transformation or: Vo — Vi
such that .

ot ® " ®a)=a1® ' ®a, T
Let »: Vit — A™V be the natural homomorphism. Then woor:
Vo — AtV is an alternating linear transformation and so determines

Vor Op > Vor+a
vod‘T v

Arv k'l’ > Ar+sV

Fi1a. 10-5
Vo
Ty
AV A > LNV NH8V)

Fia. 10-6

a linear transformation Ar: A*V — AV such that, if

T - ﬁl ® « o . ® ﬁ'
then
Ar(aiA *  Aay) =aaA * 0 A ABIA - - - ABs
(see Figure 10-5).
The mapping T — Ar of V* into L(ATV; ArtV) is then an alter-
nating linear transformation and so determines a linear transformation
A: AV — L(ATV; A™V) such that, if A = A(B1A * + * AB,), then

MasA ¢ * Aaw) = aaA * * * Ao ABIA  + - ABe
(Figure 10-6).
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Let ¢ be an element of A’V and # an element of A*V. Define

I-‘(g.; 77) = x(g.)

where X = A(n). Then u: A"V X A*V — AV is clearly bilinear
and satisfics the desired condition. This completes the proof.

If ¢ is an element of A’V and 7 is an element of A*V, then u(¢, %)
will be denoted by ¢ A%. This element of A"V is called the cxterior
product of ¢ and . We have seen that it is bilinear and satisfies

(A - AN ) ABIA - - - AB) =arA - " * N ABIA - NG,
The exterior product therefore satisfies the associative law
[(laa N = - Aa)ABIA - = = ABIA(MA - - - Av)

= (1A * ** Aa)A[BIA - - ABIA(MA =+ Ayl

for decomposable elements. By forming lincar combinations of these,
we may prove the associative law in general:

EADAE = EAMAE)
where ¢ isin A"V, pisin A®V,and £isin AV
Theorem 10-16. If { isin ATV and n is in AV, then
ANt = (=D ¢An

Proof. let ¢ = a;A * -+ Aa, and 93 =BA * - - AB.. Let =
be the permutation in S,,, such that
a1 ® " - Qa, @B ® -+ QB
=6® " QB O ® " Qar
Then sign # = (—1)™ and so
BiA - AB AN\ - 0 Aa
= (=D A * ** Ay AB1A = = NBs

The theorem then follows by forming lincar combinations of decom-
posable elements.

Theorem 10-17. If V has dimension n and if r > n, then AV s the

zero space.
Proof. Let {ai, . . . , .} be a basis of V. Every element of A"V
is a linear combination of elements of the form a, A - - - Aa,.

But such a decomposable clement has at least two of its vectors the
same. If we interchange two equal vectors, the element must be
multiplied by —1 and yet remain unchanged. Hence it must be zero.
It follows that every element of A7V is zero.
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Let V be a vector space of dimension #n. Denote by AV the direct
sum of the vector spaces A°V, AV, ..., A*V. An element Z of
AV may be written uniquely as

=ttt +i
where ¢; is an element of AV. If
R R R T/

is another element of AV, we may define

[-1-14

EE =n+m+ - +m
[
where %= Z ENE;

7=0
and where £)A¢; is defined to be £ot) and £ A, is defined to be £jé..

Then AV is an algebra (a vector space which is also a ring) called the
exterior algebra (Grassman algebra) of V.

Theorem 10-18. Let {ai, . . . , a.} be a basis of the vector space V.
Then the (:") elements

aﬁ/\"'/\a., 1§‘i1<iz<"‘<'i,§n
r=1,...,n

Jorm a basis of the exterior power A'V. The exterior algebra AV
therefore has the dimension 2.
Proof. It is clear from the preceding theorem that the elements
ag At Aay, 1< <4, =n

span A'V. It suffices to prove that these elements are linearly
independent. Suppose that

Za,....,a,\ *** A, =0
Let ji, . . ., ju-r be n — r integers from the set {1, ..., n}.
Multiply the relation by aj, A * - * Aq,._. Then

... p o A 0 A, Ao At Aa,, =0
where k;, . . . ,k, are those integers such that

{kly L ;kﬂjl; O ’jﬁ—f}

is the set {1, . . . ,n}.- All other terms of the sum are zero because of
repeated factors.

If we can prove that ey A * + - Aa, # 0, then
aklA tte Aa.rAale te Aa’u—r #0
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and we may conclude that ay,...,, = 0. If we apply the alternation
mapping A, to the tensor a; ® * * * ® a,, we do not obtain the zero
element, for the elements {r(a1 ® * - * ® a,)} with x in S, are linearly
independent. Hence a1 A * * * Aas #0.

In this way we may prove that each coefficient a,, .. s, is zero and thus
conclude the proof.

On the basis of this theorem, we may write each element £ of A"V
uniquely in the form

£t = E Q..o 0t, A\ * 0 Aoy,
1S0< - <pSn

On occasion it is more convenient to write

E: i MR i b“..q,a“A vt Aa'v
f1=1] tr=1

The coefficients b,,...,, are uniquely determined if we impose the
condition

Dipgry - 1w = (8igM M)y .o,

for all permutations 7 in S,. They have the values

0 if two or more of the integersji, . . . ,
b I Jjr are equal
ne signw where = is the permutation for which
rl T e < < 000 <Jre

and are called the components of &.
Let {ay, . . . , s} bea basisof V. Let B, . .., B be vectors of
V. Then
ﬁt = blla‘ + T + b'mau

fori =1, ...,r. We shall determine the coefficients of 81 A - - *
AB, in terms of the r X n matrix (b,). On the one hand,

BN -t ABe= 3 -t Y by biag A Aay
tim=1 tr=]
and, on the other hand,
ﬂl/\ ° e Aﬁr = a;l....',ai,/\ et /\a.'
1Si< - <irSn
Hence Gy .5, = Z (sxgn r)b;.-,(,, e b.-.'ﬂ,,
Se

We see that the coefficient ai,...;, is the determinant of the r X r
minor of (b;) consisting of the columns numbered 4, . . ., % In
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particular, if » = n, then
Bl/\ cc e /\ﬂn = det (bu) atA\ * °° Aan

Theorem 10-19. Let By, . . . , B: be vectors from a finite-dimensional
vector space V. A mecessary and sufficient condition that these vectors be
linearly dependent s that

BiA - ABr=0

Proof. If By, . . ., B, are linearly independent, they may be made

part of a basis of V. Then 81A - - - AB, is part of a basis of ATV
and so is not equal to zero.
Conversely, if 81, . . . , B are linearly dependent, say =b:8. = 0

with b; O, multiply by 82 A * * + AB,. ThenbdBiA - - - AB =0,
and 80 B1A * - * AB, = 0.

By means of this theorem it is possible to describe the subspaces of a
finite-dimensional vector space in terms of the exterior algebra of V.
Let oy, . . . , a, be linearly independent vectors of V. Then a vector
B from V is a linear combination of a1, . . . , o if and only if
BAaiA * ** Aar =0. We may therefore conclude that the set W
of those vectors B such that BAoaA * * *+ Aar = 0 48 precisely the sub-

space of V which has the basis {1, . . . , ). If {1, ..., a} and
{ai, . . ., a;} are two bases of W, then

- A - Aa, =det (@,)aaA - Aar
where (a,,) is the matrix of the relations which express aj, . . . , o, in
terms of a1, . . ., a. Thus the element oy A * - Aea, of AV

which is associated with W is uniquely determined except for a
numerical factor.

EXERCISES

The notation of the previous set of exercises will be employed in the following
ones.
1. Prove that there is a bilinear mapping p: {*V X ¥V — {r+*V such that

wart o tan Bt -+ 18) = ant - - fatlit - - - 18,

2. Using the mapping u of Exercise 1, define ¢y = u(%, ), where £ is an ele-
ment of 1*V and 7 is an element of {*V. Prove that this product is associative
and commutative.

8. If {as, . . . , an} is & basis of V, prove that the elements

ant + - te, 1s41£:---54%Sn

constitute a basis of {*V.
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4. Let U be a finite-dimensional vector space. Let V and W be subspaces of V

with the bases {ai. . . ., am} and {1, . . ., Ba}, respectively. Let & = ayA
c o Namand g = B1A « - - ABa.

a. Prove that V C W if and only if there are vectors v1, . . . , Ya—m in U such
that EAVA « + - Avpem = 9.

b. Prove that V N\ W = {0} if and only if §An 5 0.

10-8 DUALITY IN EXTERIOR ALGEBRA

Let V be a finite-dimensional vector space, and let V* be the dual
space of V. We have seen how it is possible to identify the vector
space V,° = V* @® - - - ® V* with the vector space

(Vor)*..____ (V@ « .. @ V)*

Indeed, if Ay, . . . , A\, are elements of V*, then \; @ * - + @ \, may
be regarded either as a tensor in V,° or as the tensor-product transfor-
mation of the transformations A\;, . . . , A, and thus an element of
(Vy)*. The following theorem presents the analogous result for the
exterior power AV.

Theorem 10-20. Let V be a finite-dimensional vector space and V*
its dual space. Then there is an tsomorphism o of AT(V*) onto (A"V)*
such that

[euA - 2 - AN A - - 0 Aay) = det (Mi(e))

Proof. Letr:V,'— (V¢)* be the natural isomorphism under which
M ® - - ®),) is the tensor-product transformation of the trans-
formations A\, . . . , \,. We have seen that a tensor T* in V,% is
alternating if and only if its image 7(T*) is an alternating linear
transformation. Consequently » maps the subspace A4, of V,°
consisting of the alternating tensors isomorphically onto A(V,'; R),
the subspace of (Vy")* consisting of the alternating linear functionals.

The alternation mapping Ar is a linear transformation of V,° onto 4,°
whose kernel is N, [where A7 (V*) = V,°/N,]. Hence A": V,°— 4,°
induces an isomorphism 8 of AT(V*) onto 4,° defined by

0(T* 4+ N,) = A (T*)
for all tensors T* in V,°. In particular,

OMA - AN) =A"(M® - ®N)

Furthermore, if »: Vo"— A’V is the natural homomorphism, the
mapping u — vop of L(A'V; R) = (A*V)* onto A(V"; R) is an iso-
morphism, according to Theorem 10-13. Let ¢ be the inverse of this
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isomorphism. Then the composition of the isomorphisms
ATV D 40D A(Ver; B) S (ATT)*

is the desired isomorphism, as we shall demonstrate.

Let Ay, . . ., A\ be elements of V* and a;, . . . , a, be elements of
V. Then
E=00A - AM) =Y Gignm) M ® 0 ® My

Sy

and, as we have seen in Section 10-6,

(a1 ® * - @ ay) = 2 (sign T)Aey(@r) * -+ Mny(ar)
8
= det ()\.’(aj))
Consequently
yorob(aa A * - 0 Aay) =181 @ - ¢ ¢ @ ar) = det (\(a))
or [eA - AN A -+ -+ Aar) = det (M(a))
as was to be proved.

In accordance with this result, we may identify c(A\;A * -« AN,)
with M A -+ © AN. That is, we may regard M, A * © + AN, either
as an element of A7(V*) or as the linear functional on A’V for which

(7\1/\ ct e /\)\r)(al/\ e /\a,-) = det ()\,(aJ))

An element of (ArV)* [now identified with A7(V*)] will be called an
exterior r-formon V.

EXERCISE

Using the notation of the previous exercises, prove that, if V is a finite-dimen-
sional vector space and V* is its dual space. there is an isomorphism ¢ of {7(V*)
onto (1'V)* such that

Ot + -« Bt + + + ter) = Aeqy(an) « - - Aweo(ar)
S,

10-9 APPLICATIONS TO VECTOR SPACE BUNDLES

Let A™ and B" be vector space bundles with X (%) = X(B").
Let {U., gas} and {Ua, has} be systems of coordinate transformations
for Am and B, respectively, with respect to a common covering of the
base manifold. If z € Ua N U, then g.s(z) € L(V™; V™) and
hes(z) € L(V"; V*), and 80 we may define g.s(z) = gas(z) ® has(z).
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¢.s(z) is & nonsingular linear transformation of V™ @ V* Then
{Ua, gap} is a system of coordinate transformations for a vector space
bundle €= which will be called the tensor product of A™ and B" and will
be denoted by A™ ® B". The tensor product of vector space bundles
is a commutative and associative operation if we identify equivalent
bundles.

Let T and T*" be the tangent bundle and the cotangent bundle,
respectively, of a differentiable manifold M. Let U, be the set of all
cross sections of the vector space bundle

1u®...®tu®t*n®...®t*n
e Ve
r factors 8 factors

Then v," is a module over the ring of differentiable functions on M.
The elements of UV, are called tensor fields of contravariant order r and
covariant order s. In particular, V,° consists of the differentiable
functions on M, V¢! consists of the differentiable vector fields on M,
and ,° consists of the differentiable forms on M. If T, € U,” and
T:_.;", € U,~, we may form the product T,”T’, which is an element of
'0,4.:'.

Let B be a vector space bundle. Let {U,, g.s} be a system of
coordinate transformations for 8. If x € U, N Us, we may form
hep(x) = ATgas(x). hapis a nonsingular linear transformation of A7V™.
Then {U.,, hap} is a system of coordinate transformations for a vector

space bundle §¢ with ¢ = (’:) which will be called the r-fold exterior

power of B and will be denoted by A™B".

Let T** be the cotangent bundle of a differentiable manifold M.
Let W be the set of all cross sections of A*T**. Then Wr is a module
over the ring of differentiable functions on M. The elements of Wr
are called exterior r-forms on M. In particular, W° consists of the
differentiable functions on M, and AW! consists of the differentiable
forms on M. If " € Wrand 9 € W', we may form Q" AQ"’, which
will be an exterior (r + /)-form. If r > n, then W* = {0}. Let W
denote the direct sum

w0®w1® . e . ®W"
If multiplication is defined in W in accordance with the rules for the

exterior algebra, W becomes an algebra called the algebra of exterior
forms. If r < n, then ‘W’ may be regarded as a subspace of W.

Theorem 10-21. If W s the algebra of exterior forms on a dif-
ferentiable manifold M, then there is a unique linear transformation
d: W — W which satisfies the following conditions:
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() If f € W°, then df 1is the differential of f.

(ii) If d 18 restricted to “Wr, then d i8 a linear transformation of Wr
into Wrtl,

(iii) If 9 € Wr and Qs* € W*, then

d(ﬂ{/\ﬂz‘) = (dﬂl')/\nz' + (—1)'91'/\(192‘

@{iv) dod = 0.

Proof. Let U be a coordinate neighborhood of M with the coordi-
nates (zy, . . . , o). The properties i, iii, and iv imply d(dz.) = 0,
d(dz; Adr,) =0, ddr. Adz, Adx) =0, . ... It follows that
for f € WO

d(fdz. Ndz, A+ * - Adz) =df Ade. A+ + A dnx

=Zif—dxz/\d$:/\ s Adx
axz

lm=]

This means that, if the mapping d exists, it is given locally by the
formula

d(Za,,,..., wdz, N\ ' Adzx,) = Zda,,..., w ANdxy A 0 0 Adx,

on the elements of Wr. Since d is a linear mapping, it must therefore
be unique on W.

The existence of d follows by showing that the local formula which
we have derived provides a well-defined mapping d which actually has
the properties i to iv.

The mapping d is called extertor differentiation.

EXERCISES

1. Fill in the missing details in this section.

2. Let M be a differentiable manifold. Prove that there is a diffeomorphism
of the principal bundle of M into U,? which carries fibers into fibers (see Theorem
10-7).

8. Define the analogue for tensor fields of the mapping ¢,* of Exercise 1 in
Section 10-4. This mapping is called contraction.

4. Let {(a, 8)m be a Riemann metric on the differentiable manifold M. Prove
that («, B)m determines a tensor field on M of contravariant order 0 and covariant
order 2.

5. According to Theorem 10-20, if T* and T*» are the tangent bundle and
cotangent bundle, respectively, of a differentiable manifold M, the fiber over m of
AT*» is the dual space of the fiber over m of A®*T~. If x; and x:aredifferentiable
vector fields on M, then x1Ax: is a cross section of AT Consequently, if w
is & 1-form on M, we may compute the value of the 2-form dw at x1Ax:. Prove
the identity dw(xiAxs) = (x1, di{xs, ®)) — {xa, d{x1 @) — {[x1, xal, ).
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principal, 165

Coordinate manifolds, 33-35
Coordinate mappings, definition of,
33
Coordinate neighborhoods, of differ-
entiable varieties, definition
of, 25
of manifolds, definition of, 33
normalized coverings, 103-104
Coordinate transformations, of mani-
folds, 33
with values in a Lie group, 162
Coordinates in V*, definition of, 7
Cotangent bundle, of En, 79
of a manifold, 83
Cotangent space, to a manifold,
definition of, 44
to V», 9-15
definition of, 10
Covariant order, 195
Covariant vector, 81
Cross sections of coordinate bundles,
166
Curves, in manifolds, definition of,
45
in V», definition of, 9

Derivatives, exterior, 211-212
Lie, 141-144
Diffeomorphisms, of manifolds, de-
finition of, 35
of V», definition of, 8
Differentiable structure, isomor-
phism of, 38
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Differentiable structure, of pro-
jective plane, 5960
of projective spaces, 61-62
Differentiable varieties, 24-32

Differentials, of functions, on mani-

folds, 44
on V#, 10
of a manifold, definition of, 44
of V», definition of, 10
Dimension of manifolds, definition
of, 33

En, definition of, 1
forms on, 79-82
Euclidean n-space, definition of, 1
Exp @, 123-125
Exponential mapping, 122-125,
128-130
Exterior algebra, 203-210
Exterior derivative, 211-212
Exterior forms, on a manifold, 211
on a vector space, 210
Exterior powers, of a vector space,
201-210
of a vector space bundle, 211

Fiber bundles, definition of, 169
reduction of group, 176-179
Flows, 75-79
Forms, on E», 79-82
definition of, 79
on manifolds, 84
Functions, complex analytic, 62
on differentiable varieties, 27
on manifolds, definition of, 35
germs of, 39-42
real-analytic, 117-118
on V*, definition of, 7

General linear group, definition of,
2
exponential mapping, 122-125,
128-130

General linear group, Lie algebra
of, 155-157
Lie structure of, 120-125, 128-
130
representation by matrices, 21
topological structure of, 119-120
Germs of functions, on manifolds,
39-42
on V», 10
GL(n) (see General linear group)
Grassman algebra (exterior algebra),
203-210
Grassman manifolds, 176, 183-184

Homogeneous spaces, 170-176
Homomorphism, of Lie groups, 121
of vector space bundles, 180, 182-
183

Imbedding theorem, Whitney, 116
Implicit-function theorems, 28-32
Induced linear transformations, in
manifolds, definition of, 46-47
in V», definition of, 14-15
Inner products, in tangent spaces,
94-95
in V», 16-20
Integral manifolds (see p-vector
fields; Vector fields)
Invariants, definition of, 8
Irrational numbers, approximation
by, 90-92
Isomorphism of differentiable struc-
tures, 38

Left-invariant vector fields, 125-128
Lie algebras, constants of structure,
153-154
definition of, 152
of general linear group, 155-157
of Lie groups, 152-155
Lie derivatives, definition of, 141-
144
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Lie groups, action of, on a manifold,
160
with maximal rank, 175
on a set, 173-174
definition of, 118
exponential mapping of, 130
homomorphisms of, 121
Lie algebra of, 152-155
Lie subgroups, 135-137, 154-155
one-parameter subgroups, 121-125,
128-134
transitivity of, 174
vector fields on, 125-128
Lie structure of general linear groups,
120-125, 128-130
Linear n-space, complex-analytic
structure of, 62
definition of, 2
Locally trivial projections, 167—168

Manifolds, coordinate, 33-35
curves in, 45
definition of, 33
diffeomorphisms of, 35
dimension of, 33
forms on, 84
exterior, 211
functions on, 35
differentials of, 44
germs of, 39-42
imbedding in euclidean spaces,
116
induced linear transformations in,
46-47
integral (see p-vector fields; Vec-
tor fields)
mappings of, 35
maximal integral, 150-151
principal bundle of, 84-85
products of, 92-94, 158
real-analytic structure of, 118
Stiefel, 175, 183-184
tangent vectors of, 43
Mappings, coordinate, 33
into differentiable varieties, 28

217

Mappings, exponential, of general
linear group, 122-125, 128-130
of Lie groups, 130
of manifolds, definition of, 35
multilinear, 186
one-to-one, approximation by,
113-115
real-analytic, 117-118
regular, approximation by, 109
113
regularity, 47-50, 86-88
tangent vectors, 9-15
vector space bundle, 180, 181
of V», definition of, 7
Madtrices, representation by, of affini-
ties, 21-22
of general linear group, 21
of orthogonal groups, 22-23
of rigid motions, 23
Maximal integral manifolds, 150-151
Measure zero, 106-108
Multilinear mappings, 186

n-space, affine, 2
euclidean, 1
linear, 2, 62
n-sphere, 175
Neighborhoods (see Coordinate
neighborhoods)
Normal bundle, 183
Normalized coverings, 103-104

0O(n), definition of, 22
0+(n), 133-134
One-to-one mappings, 113-115
One-parameter subgroups, 121-125,
128-134
(See also General linear group)
Order, contravariant, 74
covariant, 195
Orthogonal group, definition of, 22
representation by matrices, 2223
Orthonormal vector fields (see Rie-
mann metrics)
Orthonormal vectors, definition of, 18
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p-vector fields, closure of, 145
definition of, 137
integrability of, 137-141, 144-150
integral manifolds of, definition of,
136
maximal, 150-151
Paracompact spaces, 102-103
Partitions of unity, 104-105
Picard theorem, 78, 139-140
Principal bundle, general definition
of, 168
of a manifold, 84-85
Principal coordinate bundles, 185
Products of manifolds, 92-94, 158
Projection, stereographic, 25-26
Projections, locally trivial, 167-168
Projective algebraic varieties, 66-70
Projective plane, definition of, 52-53
differentiable structure of, 59-60
projective transformations, 53, 57—
58
topology of, 58-59
Projective spaces, definition of, 6061
differentiable structure of, 61-62
Projective transformations, 63, 57—
58, 60-62

Real-analytic mappings, 117-118
Regular mappings, 109-113
Riemann metrics, 94-102, 104105,
179
existence of, 104-105, 179
Rigid motions, definition of, 1
group of, 22-23
representation by matrices, 23
R», definition of, 1

Sard, A., 108
Sequences, exact, of vector space
bundles, 183
Spaces, homogeneous, 170-176
projective, 60-61
tensor, 195-200
vector, exterior forms on, 210

INTRODUCTION TO DIFFERENTIABLE MANIFOLDS

Spaces, vector, exterior powers of,
201-210
tensor product of, 187-193
(See also Cotangent space; n-space;
Tangent space)
Stereographic projection, 25-26
Stiefel manifolds, 175, 183-184
Submanifolds, 86-92
definition of, 87

Tangent bundle, of E*, definition of,
72
of a manifold, definition, 82-83
Tangent space, inner products, 94-95
to a manifold, definition, 42-44
to V», 9-15
definition of, 9
Tangent vectors, to manifolds, defini-
tion, 43
to V», definition, 9
Tensor fields, 211
Tensor product, of linear transforma-
tions, 193-195
of vector space bundles, 211
of vector spaces, 187-193
Tensor spaces, 195-200
Transformation groups, 160, 173-174
Transformations, coordinate, 33, 162
linear, tensor product of, 193-195
projective, 53, 57-58, 6062
Translations, definition of, 3
2-sphere, 25-26, 36-37
2-torus, 38-39, 89-94, 131

Unity, partitions of, 104-105
Universal bundles, 183-185

Varieties, differentiable, 24-32
mappings into, 28
projective algebraic, 66-70
Vector, contravariant, 74
covariant, 81
orthonormal, 18
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Vector fields, on E», 71-75

integrability of, 139-141

integral manifolds of, 76, 83

on Lie groups, left-invariant, 125

128

on manifolds, 83-84

Vector space bundles, 179-185, 210~
212

bundle mappings, 180

definition of, 179

exact sequences, 183

exterior powers of, 211

homomorphisms of, 180, 182-183

induced by mappings, 181

restriction of, 182

tensor product of, 211

Whitney sum of, 182

(See also Spaces, vector)

V», coordinates of, 7
curves in, 9
diffeomorphisms of, 9
functions on, 7
differentials of, 10
germs of, 10
induced linear transformations in,
14-15
inner products, 16-20

Whitney, Hassler, 106

Whitney imbedding theorem, 116

Whitney sum of vector space bundles,
182

Zero, measure, 106-108
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