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Preface to the Third Edition

The techniques of modern statistics permeate the research ac-
tivities of social and natural scientists and the practices of private
and public administrators. The simple methods of dealing with
“classified facts respecting the condition ... of the people of a
state,” which constituted ‘‘statistics”” for our grandfathers, have
grown into a comprehensive system of concepts and of related pro-
cedures for the advancement of knowledge and for dealing with the
uncertainties that face men in the ordinary affairs of life. The growth
of this discipline has extended, indeed, over centuries, but the ad-
vance has been greatly accelerated in recent decades.

In the Preface to the second edition of this book, published in
1938, I wrote ‘‘ The postwar years have witnessed . . . the initiation
of such another period of ferment and creative activity as that which,
earlier, brought the great contributions of Karl Pearson and his as-
sociates. The older instruments of quantitative analysis have been
refined . . .; methods of designing statistical experiments and formu-
lating and testing hypotheses have been improved; statistical in-
ference has been placed on a sounder foundation.” The years that
have passed since 1938 have brought no slackening in the tempo of
advance. The mathematical and logical bases of statistics have been
strengthened and broadened; the tools of statistical analysis have
been sharpened. And the forces of growth are still strong.

In preparing the third edition of Statistical Methods I have sought
to take account of the more important of recent developments that
bear on the applications of statistics in the social sciences, in business
administration, and in governmental affairs. I have extended and
brought up to date examples of the uses of statistics in research and
administration. I have tried to make the text a more effective in-
strument for instruction in the logic and methodology of modern
statistics, and a more useful handbook for the practicing statistician.
To these ends, the book has been re-worked from first to last. The
structure of the opening descriptive sections (Chapters 2—5) has been
modified only slightly, but the balance of the book has been subs
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stantially re-written. Sections have been added on several topics not
treated in preceding editions.

The chief change in arrangement is in the early introduction of
statistical inference. A foundation for this is laid in Chapter 6; the
two following chapters deal at greater length with procedures for
generalizing from sample statistics and for testing hypotheses. These
topics are further developed in succeeding chapters. The emphasis
thus given to inference is, I think, not only logically but pedagog-
ically desirable. Processes of inference are the essence of modern
statistics. The concepts that underlie these processes give coherence
to an exposition of statistical procedures. Moreover, this aspect of
statistics is the most stimulating to the student. Consideration of the
doctrines of inference can lift statistics from the humdrum to the
(sometimes even) glamorous, as a subject of instruction. An effective
presentation of statistical inference can offer the student discipline
in scientific method, and can provide an illuminating experience in
the uses of applied logic. This subject should be introduced early
and should, I venture, be the continuing thread that ties together
the topics making up a course in statistics.

Subjects of special interest to economic and social scientists —
index numbers and time series — are somewhat more fully treated
in the present edition than in the preceding one. The chapters on
index numbers now include a section on the measurement of pro-
ductivity changes, a topic of special concern in an era of rapid tech-
nological advance. In handling time series, discussion of the more
traditional methods of analysis is supplemented by an account of
the fruitful techniques used by the National Bureau of Economic
Research in the study of business cycles. The final chapter of the
book is given to the art of sample surveys, a relatively new instru-
ment of rich potential.

In the organization and presentation of subject matter I have had
two objectives. I have sought to make the exposition intelligible to
the non-mathematical reader — that is, to the reader whose formal
mathematical training does not go beyond the elements of algebra
and analytic geometry. While I have tried to set forth the nature of
the theory that underlies specific procedures and to establish the
logical bases of these procedures, I have not, in general, essayed to
give mathematical proofs of the various theorems discussed. As Sir
Ronald Fisher has said, this is ““an age of technical cooperation.”
There must be division of labor between the tool-makers in statistics
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and the great body of students and practitioners who employ sta-
tistics in subject-matter fields and in administration. This book is
directed to the needs of users. It is of course essential that users un-
derstand the assumptions on which particular procedures rest and
the limitations attaching to particular instruments. I have attempted
to make these assumptions and limitations clear.

My second objective in presentation has been to give a coherent
discussion of statistical methods. The statistical approach embodies
a fundamentally unified attitude toward the world of men, things,
and events; it entails the application to diverse problems of a central
body of principles. A vital element is lost if statistics be regarded
as a bundle of unrelated procedures. I hope that I have succeeded
in making this book an integrated whole.

This does not mean that there is but one proper order for the
treatment of topics in the development of statistical principles.
Individual teachers may well wish to modify, in detail, the order
I have employed, or to select sections from the body of the book
and the appendices for inclusion in a brief course of study. As I
have indicated, I think it desirable that the student be introduced
to the concepts of statistical inference at an early stage, after cer-
tain descriptive procedures have been covered. Thereafter, choice
among the diverse techniques and applications of statistics may
depend upon the background and interests of particular student
groups. Variation in order and content of treatment is by no means
inconsistent with coherence and continuity in the exposition of
principles of statistical inquiry.

The list of references at the end of each chapter is designed to
serve the needs of readers at different levels of statistical compe-
tence, and of varying interests. Most of the lists include elementary
texts, intermediate texts, and treatises developing the mathematical
foundations of statistics. Certain of the lists include, also, references
to original memoirs of special importance and to research studies
exemplifying applications of particular methods.

The obligations, both general and specific, that I have incurred
in the preparation of this volume are numerous. The writer of any
such book as this draws upon a body of knowledge built up through
the efforts of many workers over many years. My indebtedness to
these workers will be clear; it is acknowledged with pleasure. I am
grateful, too, to representatives of public and private agencies who
have been uniformly courteous and obliging in complying with re-
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quests for data and for information on procedures. Specifically, I
would mention the Chief Statistician’s Division of the American
Telephone and Telegraph Company, the National Bureau of Eco-
nomic Research, the Bureau of Labor Statistics, and the Bureau of
the Census. The tables appended to this volume are drawn from
various sources. My chief obligations here are to Sir Ronald Fisher of
Cambridge University and his publishers, Messrs. Oliver and Boyd
of Edinburgh and London; to Professor George W. Snedecor and
the Iowa State College Press; to Professor Truman L. Kelley and
the Harvard University Press; and to Dr. W. H. S. Stevens and the
Bureau of Transport Economics and Statistics of the Interstate
Commerce Commission. Generous help has been given me by mem-
bers of my family — by William H. Mills and Robert L. Mills on
specific points, by Dorothy C. Mills on the many tasks entailed in
the making of a book. To them, and to others who have aided me
with counsel and suggestion, I am deeply grateful. Finally, I must re-
affirm my thanks to those who assisted me in various ways in the
preparation of earlier editions.

Although I should like to believe that the text of this book is free
of mistakes, typographical and other, I may not do so. I shall be
obliged to readers who will inform me of errors they may detect.

F. C. M.
February, 1955.
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CHAPTER n

On Statistics and Statistical
Methods

This book deals with a mode of inquiry — a method of investi-
gating social and natural processes and of providing bases for de-
cisions in research and administration. Seen in detail, statistical
techniques are numerous and varied, but in sum they constitute a
unified, systematic, and logical approach to the study of the affairs
of man and the order of nature. In their workaday applications
they furnish investigators and administrators with succinct de-
scriptive summaries of masses of observations. But we should miss
the essence of this mode of inquiry if we saw it merely as a collec-
tion of techniques for summarizing experience, in the form of aver-
ages, standard deviations, coefficients of correlation, index num-
bers, trend lines, and seasonal and cyclical patterns. For its use
does not end with the perhaps prosaic tasks of simple description.
In broad as well as in narrow spheres it can provide a foundation
for rational action when a choice must be made among alternative
procedures. And, perhaps most important of all, in the statistical
approach we have a means for the advancement of knowledge that
seems to accord in fundamental ways with the nature of things in
the world we are seeking to understand.

In their most significant aspect modern statistical techniques
are procedures for the making of what Dewey has termed war-
ranted assertions. Such assertions, when statistically based, may
be estimates or generalizations that go beyond the sample of ob-
servations immediately studied; they may be decisions that accept
or reject hypotheses. Inference, in these forms, is the heart of mod-
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ern statistics. In the detailed development of methods of statistical
inference we shall examine the nature and role of random samples;
we shall be concerned with populations of persons, things, events,
and measurements, and with means of estimating the attributes
of such populations on the basis of samples drawn from them.
We shall discuss techniques adapted to the testing of hypoth-
eses.

These various methods, we have said, seem to accord with reality
— with the ways of men and of nature in the world about us. To
explore this subject in detail would take us beyond the direct con-
cerns of the working statistician. And yet this working statistician
may properly ask whether his techniques are adapted to the raw
materials with which he deals. There is much evidence to indicate
that they are, whether the statistician be dealing with the mass
attributes of human beings or of other organic forms, or with the
behavior of assemblages of physical entities. More than eighty
years ago Clerk Maxwell wrote, ¢. . . our actual knowledge of con-
crete things is of an essentially statistical nature. . . . . Those uni-
formities which we observe in our experiments with quantities of
matter containing millions of molecules are uniformities . . . arising
from the slumping together of multitudes of cases each of which is
by no means uniform with the others.” The emphasis Maxwell here
placed upon aggregates, as opposed to individuals, and upon uni-
formities in group behavior, is the emphasis that characterizes all
statistical inquiry. For although omnipresent chance may shape
the behavior of individuals, making it unpredictable, valid state-
ments may still be made about aggregates.

Maxwell was concerned with molecular theory. The statistical
view of nature that he first made explicit now shapes the approach
of physical scientists in studies that go far beyond the field of mo-
lecular phenomena. Indeed, such a view is mandatory wherever
an element of probability enters into our knowledge of the physical
world — and there are few areas into which it does not enter. In
the realms of organic nature and of human relations our present
funds of useful knowledge rest largely upon conceptions of the same
statistical character. Such knowledge deals with things that are
individually indeterminate; the behavior of John Jones, the precise
yield of corn in a given plot, the transmission of the quality repre-
sented by a particular gene, the price of wheat on a given day in a
competitive market — these are individually unforeseeable and
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unpredictable. But when each of the entities of which we are speak-
ing is combined with similar entities we have aggregates in which
clear uniformities are discernible. It is with such uniformities in
the behavior of aggregates, whether they be aggregates of mol-
ecules, of neutrons and protons, of genes, or of human beings, that
statistical generalizations deal. Because these uniformities are
nearly always imperfect, although definable and in some degree
predictable, statistical generalizations are always couched in terms
of probabilities. Statistical knowledge is thus imperfect, and always
marked by uncertainty. But it is knowledge that is usable in the
world of natural and human events.

Procedures by which such knowledge is established and extended
are discussed in the pages that follow. They rest, at hottom, upon
the rational and informed use of data of observation. Since accurate
and relevant observations are the building blocks of statistical
inquiry, a word is in order, in this introductory note, about the
character of the data available to workers in the fields of human
affairs with which this book deals. These data are numerous. They
often fall short of specific needs, it is true, but they are more ac-
curate and vastly more comprehensive than those that were avail-
able a short quarter century ago. For immediate purposes these
data may be regarded as of two types — those acquired by random
sampling, and those not so acquired.

In deriving the statistical generalizations we have spoken of
the investigator seeks to employ randomly acquired data. What
this means, in detail, we shall discuss later. Here we shall say, only,
that sample data drawn from a stated population are randomly
acquired when the sampling process gives each individual ele-
ment of that population a definable probability of inclusion in the
sample. Some of the data available to statisticians today have been
obtained by procedures that yield truly random samples. Indeed,
one of the most encouraging of recent developments in the improve-
ment of social, economie, and business ‘‘intelligence’ (using that
word in its military sense) is the growing use of closely controlled
survey techniques for obtaining random samples. This is true of a
number of current compilations made by federal agencies. Private
investigators, too, in increasing degree, design field studies to yield
random samples adapted to specific purposes. When randomness
is thus realized, the methods of generalization and of testing that
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will be described in the discussion of statistical inference are ap-
plicable.

But vast collections of data available for use in social, economic,
and business research have not been randomly obtained. They may
be nonrandom because of the way they were compiled. Statistical
agencies, both governmental and private, sometimes gather sta-
tistics that are readily available rather than those that are de-
sirable for the purpose in hand. (In fact, the truly desirable may be
quite unavailable.) Or a given set of data may be nonrandom be-
cause of inevitable interdependence among successive observations,
a condition usually true of statistics making up time series. In
dealing with such nonrandom samples probability concepts, and
modes of inquiry and generalization involving such concepts, do
not apply, or apply only with important reservations. When these
methods are misapplied, serious error may result. This is not to
say that nonrandom observations are of no value. There is much
information to be gleaned from such data, perhaps all the informa-
tion needed for particular purposes. In some tasks purely descrip-
tive statistics may play a pre-eminent role in providing brief and
effective summaries of varied experience, and may serve as an in-
dispensable aid to rational judgment. But the careful investigator
will be scrupulous in limiting the uses to which nonrandom data
are put, and cautious in generalizing from them.

These brief introductory remarks anticipate ideas and concepts
that will be developed in the pages that follow, but they may serve
a purpose in suggesting to the student of statistics something of
the nature of the tools we shall be talking about, and of the method
of inquiry these tools implement. It is a powerful method, widely
applicable today in administration and research. Yet, as goes with-
out saying, it is not all-powerful or all-sufficient. As cautionary aids
in the application of the methods discussed in this book, two gen-
eral points may be left in the mind of the reader.

We have spoken of statistical techniques as tools, or instruments,
and the terms are appropriate. But it is obvious that tools must be
used with judgment. In statistical work the investigator must have
the benefit of guiding principles and rational concepts. For the
statistician, as statistician, faces two occupational hazards — the
danger that he will overemphasize the accumulation of data, and
the danger that he will be overconcerned with techniques of ma-
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nipulating data. The piling up of evidence, quantitative or other-
wise, is not the object of investigation, nor does indiscriminate
accumulation necessarily provide a basis for wise decisions. The
warranted assertions that are sought in all inquiry are achieved
through the rational use of evidence — the use of empirical data
in making generalizations that go beyond the limits of observation,
in testing hypotheses, in modifying hypotheses when they fail
to accord with relevant observations. The play of reason in formu-
lating theories is checked by reference to the data of observation;
the accumulation and manipulation of such data are controlled and
guided by reason.

The second general warning may sound equally obvious, but it
is no less pertinent to the work of the statistician. Techniques can
never be given priority over substantive knowledge of the field of
inquiry, over what J. L. Henderson has spoken of as . . . intimate,
habitual, intuitive familiarity with things.” Sharp tools may be
grievously misused without this deep familiarity with reality in
the area of investigation — and this statement applies with special
force to the use of statistical techniques. If such techniques are to
be well and wisely employed they must be adapted, with under-
standing, to the materials under study.
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CHAPTER @

Aspects of Graphic Presentation

Some Relevant Principles and Basic Procedures

The explanation of methods of condensing, analyzing, and inter-
preting quantitative observations must start with the discussion of
some fundamental considerations that are mathematical rather
than statistical in character. In doing so it is deemed advisable,
even at the risk of treading quite familiar ground, to discuss cer-
tain simple mathematical conceptions to which constant reference
will be made in later chapters.

Statistical analysis is concerned primarily with data based upon
measurement, expressed either in pecuniary or physical units. The
methods of coordinate geometry, developed first by the philosopher
Descartes, greatly facilitate the manipulation and interpretation of
such data. We briefly summarize some relevant principles of co-
ordinate geometry.

Rectangular Coordinates. If two straight lines intersecting each
other at right angles are drawn in a plane, it is possible to describe
the location of any point in that plane with reference to the point
of intersection of the two lines. We will call one of the lines (a
vertical line) Y'Y, the other line (horizontal) X’X, and the point
of intersection (or ortgin) O (see Fig. 2.1). If P be any point in the
plane, we may draw the line PM, parallel to Y'Y and intersecting
X’'X at M, and the line PN, parallel to X’X and intersecting
Y'Y at N. If we set OM equal to g units and ON equal to h units,
g and h constitute the coordinates of P, describing its location
with reference to the origin O. Thus, in Fig. 2.1, g equals 6 and &
equals 5. The distance g along the z-axis is termed the abscissa of
the point P, while the distance h along the y-axis is termed the or-
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dinate of the point P. (It is a rule of notation always to give the
abscissa first, followed by the ordinate.) The coordinates of any
other point in the same plane may be determined in the same way.
Conversely, any two real numbers determine a point in the plane,
if one be taken as the abscissa and the other as the ordinate.

Y
—b6
P
AL @
\Y %
4
3
h
1
M
X' X
o 1 2 4 5 6 7
< g >|
YI

FIG. 2.1. Location of a Point with Reference to
Rectangular Coordinates.

A point may lie either to the right or left or above or below the
origin, O. It is conventional to designate as positive abscissas laid
off to the right of the origin, and as negative abscissas laid off to
the left of the origin, while ordinates are positive when laid off
above the origin and negative when laid off below the origin. In
general, the values to be dealt with in economic and social statistics
lie in the upper right-hand quadrant, where both abscissa and or-
dinate are positive.

This conception of coordinates is fundamental in mathematics
and of basic importance in statistical work. A very simple example
will illustrate the utility of this device in representing economic
observations. The figures presented in Table 2-1 may be em-
ployed.

These data may be represented graphically on the coordinate
system, months being laid off along the z-axis and number of auto-
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mobiles along the y-axis, as in the accompanying diagram (Fig.
2.2). In plotting the abscissas, December, 1953, is considered as
located at the point of origin. The z-value of the entry for January,
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FIG. 2.2, Factory Sales of Passenger Automobiles, by Months, during the
Year 1954.*

* Source: Automobile Manufacturers Association.

1954, is thus 1, of the February figure 2, ete. The coordinates of the
point representing the number of cars sold in January, 1954, are
1 and 454,562; for February the values are 2 and 446,676. The co-
ordinates for December are 12 and 669,778. The movement of
automobile sales during the year may be more easily followed if
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the points are connected by a series of straight lines, as is done in
the figure.
TABLE 2-1

Factory Sales of Passenger Automobiles in the United States,
by Months, during the Year 1954 *

Number of

Month passenger cars
sold
January 454,562
February 446,676
March 531,529
April 534,667
May 497,062
June 507,055
July 451,663
August 415,306
September 300,998
October 221,195
November 498,248
December 669,778

* Source: Automobile Manufacturers Association.

Functional Relationship. In the location of any point by means
of coordinates, it has been pointed out, two values are involved;
every point ties together and expresses a relation between two
factors. In the above case these are months and number of passen-
ger automobiles sold at factories. With the passage of time the
volume of automobile sales changes, and the broken line shows the
direction and magnitude of these changes. Both time and number
of cars sold are variables, that is, they are quantities not of constant
value but characterized by variations in value in the given dis-
cussion. Thus in Fig. 2.1 the abscissa has a fixed value of 6, while
the ordinate has a fixed value of 5, but in Fig. 2.2 both abscissa
and ordinate have varying values, the one varying from 1 to 12,
the other from 221,195 to 669,778. The symbols z and y are, by
convention, used to designate such variable quantities as these,
the former in all cases representing the variable plotted along the
horizontal axis, the latter representing the variable plotted along
the vertical axis.!

Independent and dependent variables. In Fig. 2.2, which depicts

1 Tt should be noted that letters at the end of the alphabet are used as symbols for
variables, while letters at the beginning of the alphabet are used as symbols for con-
stants, i.e., quantities the values of which do not change in the given discussion.
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the changes taking place in automobile sales with the passage of
time, it will be noted that the latter variable changes by an ar-
bitrary unit, one month. Having made an independent change in
the time factor we then determine the change in output taking
place during the period thus arbitrarily chopped out. The variable
which increases or decreases by increments arbitrarily determined
is called the independent variable, and is generally plotted on the
z-axis. The other variable is termed the dependent variable, and is
plotted on the y-axis. This dependence may be real, in the sense
that the values of the second variable are definitely determined
by the values of the independent variable, or it may be purely a
conventional dependence of the type described. Time, it should
be noted, is always plotted as independent, when it constitutes one
of the variables.

When two variables y and z are so related that the value of y
is determined by a given value of z, y is said to be a function of x.
The general expression for such a relationship is ¥y = f(x). Thus the
speed at a given moment of a body falling in a vacuum is a function
of the time it has been falling, the pressure of a given volume of
gas is a function of its temperature, the increase of a given principal
sum of money at a fixed rate of interest is a function of time. If the
values of the independent variable be laid off on the z-axis of a
rectilinear chart and the corresponding values of the function (i.e.,
the dependent variable) be laid off on the y-axis, a graphic repre-
sentation of the function will be secured, in the form of a curve.?
This concept of functional relationship is a very important one in
statistical work. Some of the simpler functions may be briefly dis-
cussed.

The straight line. The simplest case of relationship between vari-
ables is that in which y = z. As an example, the relation between
the age of a tree and the number of rings in its trunk may be cited.
A tree 6 years old will have 6 rings, one 20 years old will have 20
rings, and so on. This relationship may be represented on a co-
ordinate chart, several sample values of x and y being taken. When
these points are plotted and a line drawn through them, we secure
a straight line passing through the origin (see Fig. 2.3).

Similarly, any equation of the first degree (i.e., not involving zy,
or powers of z or y other than the first) may be represented by a

2 The general term ‘““curve” is used to designate any line, straight or curved, when
located with reference to a coordinate system.



FUNCTIONAL RELATIONS 11

straight line. The generalized equation ean be reduced to the form
y = a + bz, where a is a constant representing the distance from
the origin to the point of intersection of the given line and the y-
axis, and b is a constant representing the slope of the given line
(that is, the tangent of
the angle which the line &
makes with the hori-
zontal). The constant g
term a is called the y-
intercept. 1tis clear from
the generalized equa-
tion of the straight line
that when « has a value 3
of zero, y will be equal

to this constant term.
In the example repre-
sented by Fig. 2.3 a is
equal to 0, and b to 1.
The location of a given
line depends upon the " 1 2 3 4 5 6
signs of a and b as well
as upon their magni-
tudes. The practical problem involved in the determination of
any straight line is that of finding the values of a and b from the
data, a problem that will appear in various forms in the discussion
of statistical methods.

These points may be illustrated by the plotting of a simple equa-
tion of the first degree. Thus, to construct the graph of the function,
Yy = 2 + 3z, various values of = are assumed, and corresponding
values of y are determined. These may be arranged in the form of
a table:

Y

FIG. 2.3. Graph of the Equation y = .

T Y
(2 + 3x)

-4 - 10

-2 -4

0 2

2 8

4 14

Plotting these values and connecting the plotted points, the graph
illustrated in Fig. 2.4 is secured. It will be noted that since this
function is linear (that is, the graph takes the form of a straight
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line) any two of the points would have been sufficient to locate the
line. The y-intercept is equal to the constant term 2, and the tan-
gent of the angle that the given line makes with the horizontal (the
slope of the line) is equal to 3,
the coefficient of xz. That this
curve represents the equation
7 is proved by the fact that the
/ equation is satisfied by the

coordinates of every point on
5 the curve, and that every pair
of values satisfying the equa-
4 tion is represented by a point
/ on the curve. It is character-

8 Y

3 istic of a linear relationship
that if one variable be in-
2 creased by a constant amount,
the corresponding increment
1 of the other variable will be
X0 / x constant. In the above case as
x grows by constant incre-
- ments of 2, for example, the
constant increment of the y-
-2 variable is 6. Series that in-
/ crease in this way by constant
-3 increments are termed arith-
melic series.

-'4—2 -1 o0 1 2 3 4 Many examples of linear
Y ) relationship between varia-

FIG. 2.4. Graph of the Equation y = 2 . .
+ 3z, bles are found in the physical

sciences. An example from the
economic world is found in the growth of money at simple interest,
that is, interest which is not compounded. If we let r represent the
rate of simple interest, £ the number of years, and y the sum to
which one dollar will amount at the end of z years, the equation of

relationship is of the form
y=14+rz

Since in a given case r will be constant, this is of the simple linear
type. In statistical work precise relationships of this type rarely if
ever occur, but approximations to the straight line relationship are
found constantly.
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Nonlinear relationship. Nonlinear functions are of many types,
of which only a few of the more common will be discussed here.
The student should be fa-
miliar with the general char-
acteristics of the chief non-
periodic curves, of which the
parabolic and hyperbolic
types, on the one hand, and
the exponential type on the 10
other, are the most impor- \ {
tant. Polynomials are men-
tioned as a more general
form of rather wide utility.
Of periodic functions the sine
curve is briefly described, 5 \
as a fundamental form.

Functional relationships
of the parabolic or hyperbolic
form are quite common in
the physical sciences, and o
such curves are found to fit -5-4-3-2-1 0 1 2 3 4 5
certain classes of social and FIG. 2.5. Parabola: Graph of the Equation
economic data. The general ¥ ="
equation, when there is no constant term, is of the form y = ax®.
The curve is parabolic when the exponent b is positive, and hyper-
bolic when b is negative. The two following examples will serve to
illustrate these types:

Problem: To construct the graph of the function y = z%

T

y
(%)
25
16

[
U GO DD = O = B W W O
O = S D

|

16

The graph is shown in Fig. 2.5.
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Problem: To construct the graph of the function y = 2-1, for posi-
tive values of z.

z y
()
3 3
3 2
1 1
2 3
3 3
4 3
5 3

The graph of the function, an equilateral hyperbola, is shown in
Fig. 2.6. It should be noted that this equation may also be written

1:—10rx =1
‘/—x y=1.

3.0 A X
2.5 -
y=z~!
2.0
1.5 \
1.0 \
5
\
0 X
0 .5 1.0 15 20 25 3.0

FIG. 2.6. Equilateral Hyperbola: Graph of the Equation
y = x~! (for positive values of z).

It is characteristic of relationships of this type that as 2 changes
in geometric progression, y also changes in geometric progression.
Thus, in the example of the parabola given above (y = x?), if we
select the x values which form a geometric series,® the correspond-
ing y values form a similar series:

* A geometric series is one each term of which is derived from the preceding term by
the application of a constant multiplier.
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r 1 2 4 8 16 32
vy 1 4 16 64 256 1,024
Another class of functions is of the form represented by the equa-
tion y = ab’. In equations of this type one of the variable quantities
occurs as an exponent; graphs representing such equations are
called exponential curves. The example that follows illustrates the
type.
Problem: To construct the graph of the function y = 2* for posi-

tive values of z. 140
x y
(27) 130
0 1
1 9 120 I
2 4 110
3 8 I
4 16 100
5 32 I
6 64 90
This graph is plotted in 80
Fig. 2.7. 70
It has been noted that /
the relationship between 60
two variables that increase /
. 50
by constant increments /
(constituting arithmetic 40
series) may be represented /
by a straight line, and that 30 /
the relationship between 2
variables changing in geo- //
metric progression may be 10 7
represented by either a
parabola or a hyperbola. 0 1 2 3 4 & 6 7 8

The exponentil curve con- 19, 27: Fpmentil Curve: Grph of
stitutes a hybrid type. It
describes a relation in which one variable increases in arithmetic
progression while the other increases in geometric progression. The
figures given above illustrate this relationship.

Extensions of the simple linear form y =a + br, employing
higher powers of z, give polynomial expressions of the type

y=a+br+cx?+dr*+---
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Here we have a polynomial in one variable; y is a function of z
alone. In a relationship of this type a specific value of y is given by
the sum of a finite number of terms, each of which consists of a
power of z multiplied by a constant. (The constant a may be
thought of as az°.) If y is a function of more than one variable, say
of w, z, and 2, we should have a polynomial in several variables.
Both forms are extensively applied in statistical practice.

Periodic functions constitute another distinct type, a class
represented notably by electrical and meteorological relations,
though not confined to these fields. The characteristic feature of
such relations is that values of the dependent variable repeat them-
selves at constant intervals of the independent variable. The sine
curve, the basic type of this class, is illustrated in the following
example.

Problem: To construct the graph of the function y = sin z.

z y
(angle in degrees) (sin x)
0° .000
30° .500
60° .866
90° 1.000
120° .866
150° .500
180° .000
210° — .500
240° — .866
270° — 1.000
300° — .866
330° - .500
360° .000
390° .500

ete.

The graph is shown in Fig. 2.8.

The full importance in statistical work of securing a mathe-
matical expression for the relation between two variables cannot
be demonstrated until the subject has been further developed. One
fundamental object is the determination of physical or economic
regularities underlying observed phenomena. More specifically,
equations defining such a relation are used in estimating values
of one variable from given values of the other. Examples through-
out the book will serve to illustrate how these objects are attained.
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1.0 /\
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) N

0 60° 120° 180° 240° 300° 360°
FIG. 2.8. Sine Curve: Graph of the Equation y = Sin z.

Logarithms and Their Use in Graphic Presentation. Logarithms,
which play such an important part in general mathematical opera-
tions, are of equal importance in the manipulation of the raw ma-
terials of statistics. The characteristics of logarithms, and the
methods by which they are employed to facilitate arithmetic proc-
esses, may be briefly reviewed. The detailed discussion is con-
cerned only with the common system of logarithms of which the
base is 10.

T he nature of logarithms. Any positive number may be expressed
as a power of 10. Thus

1,000 = 10 X 10 x 10 = 10®
10,000 = 10 x 10 x 10 x 10 = 10¢

In each case the exponent of 10 (the small number written above
and to the right) indicates the number of times the figure 10 is
repeated as a factor. For the integral powers of 10 the exponent is a
whole number, but for other numbers the exponent will contain
a fractional value. Thus 100 is equal to 10 raised to the power 2, or
102; 110 is equal to 10 raised to the power 2.04139, or 10>,

The exponent of 10, or the index of the power to which 10 must
be raised to equal a certain number, is called the logarithm of that
number. The logarithm of 100 is 2, the logarithm of 110 is 2.04139,
the logarithm of 998 is 2.99913. These figures all have reference to
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the base 10, though a system of logarithms might be developed on
any base. In general, if
a=b°
logra =c

which may be read ‘‘the logarithm of a to the base b is equal to
¢.”’” The relation between the given number, the base and the log-
arithm, when the common system of logarithms is employed, may
be easily remembered if the following relations are kept in mind:
100 = 10?
logie 100 = 2

The logarithm of any number has two parts, the integral and
the decimal. The whole number is called the characteristic, and the
decimal portion is termed the mantissa. The former is determined
in a given case by inspection, while the mantissa may be obtained
from logarithmic tables. The characteristic varies with the loca-
tion of the decimal point, while the mantissa remains the same for
any given combination of numbers. This fact is illustrated by the
following figures:

log of 8,450 = 3.92686
log of 845 = 2.92686
log of 84.5 = 1.92686

log of 8.45 = 0.92686
log of 0.845 = 9.92686 — 10
log of 0.0845 = 8.92686 — 10

In finding the natural number to which a given logarithm cor-
responds (such natural numbers are termed antilogarithms), the
mantissa determines the sequence of figures, while the whole num-
ber, or characteristic, determines the location of the decimal point.
For example, in seeking the antilogarithm of 2.17609 it is found
that the decimal .17609 follows the natural number 1500 in a table
of logarithms.. Since the characteristic is 2, the natural number
desired must lie between 100 and 1,000, and must therefore be 150.

A brief study of the following figures, showing the progression
of numbers corresponding to certain powers of 10, will help to fix
in mind the relations between the multiples of 10 and their loga-
rithms, and will enable the characteristic of a desired logarithm to
be readily determined.

.0001 .001 .01 .1 1 10 100 1,000 10,000
10~* 107* 102 10°* 10° 10* 10%* 103 10¢
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The exponents of 10 in the lower row are the logarithms of the
numbers in the upper row.

It should be noted that the logarithms of all numbers from 0 to
1 are negative. Thus the logarithm of 0.845 is — 1 + .92686; this
is written 9.92686 — 10. In covering the range of all positive natural
numbers from zero to infinity, logarithms traverse all positive and
negative values. A negative natural number, therefore, can have
neither a positive nor a negative logarithm.

The advantage of thus expressing numbers as powers of 10 lies
in the fact that the ordinary arithmetic operations of multiplica-
tion, division, raising to powers, and extracting roots are greatly
facilitated by this procedure.

To multiply numbers, add their logarithms. The sum of the loga-
rithms of the factors is the logarithm of their product. In general

terms:
ab x ac _ a(b+o)

Specifically, putting a = 10, b = 2, ¢ = 3:
102 x 10* = (10 x 10) x (10 x 10 x 10) = 10* = 100,000
100 x 1,000 = 100,000

To divide one number by another, subtract the logarithm of
the latter from the logarithm of the former. The remainder is the
logarithm of the desired quotient.

In general terms:
ab - q¢ = a(b—c)

Specifically, putting a = 10, b = 5, ¢ = 2:

Cqpe 10X 10X 10X 10X 10 -0
10° + 10° = - 1010 = 10° = 1,000

100,000 + 100 = 1,000

To raise a given number to any power, multiply the logarithm
of the number by the index of the power. The product is the loga-
rithm of the desired power.

In general terms:

(ab)° = gt

Specifically, putting a = 10, b = 3, ¢ = 2:

(10%)2 = (10 x 10 x 10) x (10 x 10 x 10) = 10* = 1,000,000
1,0002 = 1,000,000
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To extract any root of a given number, divide the logarithm of
the number by the index of the root. The quotient is the logarithm
of the desired root.

In general terms:

Yz = g®
Specifically, putting a = 10, b= 3, ¢ = 6:

V108 = 10% = 102 = 100
/1,000,000 = 100
In summary:
log (a X b) =loga+logb
log (a + b) =loga —loghb
loga®=bxloga
log Va = loga +b

Logarithmic equations. The graphic representation of data by
means of a system of rectangular coordinates has been described
above and some of the advantages of this method have been out-
lined. For many purposes it is desirable to plot logarithms rather
than the natural numbers themselves. This may result in bringing
out significant relations more distinctly, or it may serve greatly to
simplify and facilitate the manipulation of data. In particular,
when it is possible through the use of logarithms to reduce a com-
plex curve to the straight line form, a distinct gain has been made
in the direction of simplicity of treatment and interpretation.

A linear equation, it will be recalled, is of the general form
Y = a + bz, where a and b are constants that measure, respectively,
the y-intercept of the given line and the slope. The simplification
of equations through the use of logarithms involves in all cases
the substitution of log z or log y, or both, for the z or y variables,
thereby reducing an equation of a higher order to a simpler form.

This process may be illustrated with reference to the equation
y = 2. When plotted on rectangular coordinates this equation
gives a curve of the parabolic type (see Fig. 2.5). Reduced to loga-
rithmic form this becomes log y = 2 log x. This equation, in which
the variables are log y and log z, is linear in form. It is plotted in
Fig. 2.9, for positive values of log z. To indicate the relations in-
volved, natural numbers corresponding to the logarithms are given
on scales to the right and at the top of the figure. The natural num-
bers appearing on the scales constitute geometric series, while their
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Natural Numbers

1 2 4 8 16
2.40824 2 64256
2.10721 128
1.80618 64
©1.50515 32
[
£ -
= o
& 5
S1.20412 16 2
5 K
2 3
o
3 90309 8 =
.60206 4
.30103 2
0

1
0 .30103 .60206 .90309 1.20412 1.50515 1.80618
Scale of Logarithms

FIG. 2.9. Graph of the Equation log y =2 log x

(logarithmic form of the equation y = z2).
logarithms form arithmetic series. It will be noted that equal dis-
tances on the chart, vertical or horizontal, represent equal absolute
increments on the scale of logarithms and equal percentage incre-
ments on the scale of natural numbers.

The equation y = 5z° can be reduced in the same way to log y =
log 5 + 3 log x, a linear form. Similarly, all equations of the type
y = ax®, that is to say, all simple parabolas and hyperbolas, can
be reduced to the straight line form log y = log a + b log . Graph-
ically this means plotting the logarithms of the y’s against the
logarithms of the x’s.

A different problem is presented by an equation of the type y =
ab®, the graph of which is termed an exponential curve. Expressed
in logarithmic form, we have log y = log a + x log b. This also is of
the linear type, the two constants being log a and log b, while the
variables are r and log y. If we plot the natural 2’s and the logs of
the y’s with such an equation, a straight line will be secured. A
curve of this type is discussed and illustrated below.

Logarithmic and semilogarithmic charts. There are certain dis-
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advantages to the plotting of logarithms, however. If a considerable
number of points are being plotted the task of looking up the loga-
rithms may be tedious, and, in addition, the original values, in
which chief interest lies, will not appear on the chart. These diffi-
culties may be avoided by constructing charts with the scales laid
off logarithmically, but with the natural numbers instead of the
logarithms appearing on the scales. This is an arrangement identi-
y cal with that employed in
7/ the construction of slide
rules. Thus, although the
/ natural numbers are given
/ on the scales, distances are
proportional to the loga-
/ rithms of the numbers
thereon plotted. In Fig.
4 2.10 such a chart is pre-
sented, showing the graph
3 of the equation y = x2%

A variation of this type
of chart which is of great
importance in statistical
work is one that is scaled
arithmetically on the hori-
zontal axis and logarith-
mically on the vertical axis.
This is equivalent, of
1 x course, to plotting the z’s
. Gl 2.10, Graph 2f e E 3 t' 4 5 on the natural scale and

- 21 o whe Rqualion y = 2% plotting the logarithms of
(plotted on paper with logarithmic scales). the y’s. As was pointed out
above, such a combination of scales reduces a curve of the expo-
nential type to a straight line. Plotting paper of this semiloga-
rithmic or “ratio’” type may be constructed with the aid of a slide
rule or of logarithms, or may be purchased ready-made. It is of
particular value in charting social and economic statistics when
time is one of the variables, time being plotted on the arithmetic
scale.

As an example of this type of curve the compound interest law
may be used. If r be taken to represent the rate of interest, z the
number of years, p the principal, and y the sum to which the prin-

1

o o N 0owvwo
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cipal amounts at the end of x years (interest being compounded
annually), an equation is secured of the form
y=p(l+r7)*
Expressed logarithmically this becomes
logy =logp + zlog (1 +7)

the equation to a straight line.

In Fig. 2.11 a curve representing the growth of $10 at compound
interest at 6 percent is plotted on the natural scale. This is the
graph of the exponential

equation 3500
y representing the total /

amount of principal and 2500
interest at the end of z
years. Figure 2.12 shows 2909
the same data plotted on
semilogarithmic paper, 1500
the exponential curve /
being reduced to a )
straight line.

The use of semiloga- y
rithmic paper is not con- 500 /
fined to cases in which _,//

Dollars

. . 0 —

an exponential curve is 0 10 20 30 40 50 60 70 80 90 100
straightened out, for the Years .
significance of many FIG. 2.11. The Compound Interest Law: Growth

of $10.00 at Compound Interest at 6 Percent for
100 Years (plotted on arithmetic scale).

types of data is most
effectively brought out
when charts of this type are used. These advantages are more fully
explained below.

Types of Graphic Presentation

When the results of observations or statistical investigations
have been secured in quantitative form, one of the first steps to-
ward analysis and interpretation of the data is that of presenting
these results graphically. Not only is such procedure of scientific
value in paving the way for further investigation of relationships,
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Dollars

30
20 pd

i

o 10 20 30 40 50 60 70 80 90 100
Years

FIG. 2.12. The Compound Interest Law: Growth of $10.00 at Com-
pound Interest at 6 Percent for 100 Years (plotted on semilogarithmic
or ratio scale).

but it serves an immediate practical purpose in visualizing the re-
sults. The interpretation of a column of raw figures may be a diffi-
cult task; the same data in graphic form may tell a simple and
easily understood story.

It is beyond the scope of this book to present any detailed ac-
count of the multiplicity of graphs employed by engineers and stat-
isticians today. Certain of the more important principles of graphic
presentation may be briefly explained, however, and some of the
chief types of graphs in daily use may be illustrated. Other ex-
amples appear in later chapters of this book.

The selection of the type of chart to be employed in a given case
will depend upon the character of the material to be plotted and the
purpose to be served. While the data of a given problem may fre-
quently be presented graphically in several different forms, there
is generally one type of chart best adapted to that material. It
may be true, also, that certain types would be quite inappropriate
to the data in question. The selection of a type of chart to employ,
therefore, must be made with the characteristics of the data clearly -
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in mind. Perhaps more important is the purpose the given chart is
designed to serve. Each of the many types of charts in common use
is appropriate to certain specific purposes. It will bring out certain
characteristics of the data or will emphasize certain relationships.
There is no chart that is sovereign for all purposes. Until the pur-
pose is clearly defined the best chart form cannot be selected. The
following descriptions of a few standard types will facilitate the
selection of an appropriate form.

The Plotting of Time Series. In the graphic presentation of a
time series, primary interest attaches to the chronological varia-

y
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FIG. 2.13. Annual Expenditures for Producers’ Durable Equipment, United States,
1929-1953.*

* Source Office of Business Economics, U.S. Department of Commerce.

tions in the values of the data — to the general trend and to fluc-
tuations about the trend. If the purpose is to emphasize the abso-
lute variations, the differences in absolute units between the values
of the series at different times, a simple chart of the type illustrated
in Fig. 2.13 will serve the purpose. This chart depicts total annual
expenditures for producers’ durable equipment in the United States
during the period 1929-1953. Expenditures for such equipment are,
of course, one of the major components of gross private domestic
investment. Both scales are arithmetic. Points representing the
various annual values are shown and, to facilitate interpretation,
these points are connected by a series of straight lines. The chart
traces clearly the drop in equipment purchases that came with the
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1929 recession, the fluctuations of the following decade, and the
rise to unprecedentedly high levels in the years following the war.
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FIG. 2.14. Seasonal Movements of Five
Economic Indicators.*

* Chart reproduced b;
serve Bank of Philadelphia from the

courtesy of the Federal Re-
May 1954

issue of the Budiness Review of that Bank.

With respect to general make-
up, the following points should
be noted:

1. The title constitutes a clear
description of the material plot-
ted and indicates the period
covered.

2. The vertical scale begins at the
zero line, enabling a true im-
pression to be gained of the
magnitude of the fluctuations.

3. The zero line and the line
joining the plotted points are
ruled more heavily than the co-
ordinate lines.

4. Figures for the scales are placed
at the left and at the bottom of
the chart. The vertical scale
may be repeated at the right to
facilitate reading. All figures are
so placed that they may be read
from the base as bottom or from
the right hand edge of the chart
as bottom.

Figure 2.14 is a line chart
serving a different purpose.
Here are shown patterns of
seasonal variation in five basic
economic series. The plotted
indexes fluctuate about a base
line of 100, which represents,
for each series, an average an-
nual value.! The sharp con-
trasts among seasonal rhythms
in these five major fields are

clearly revealed by the paralleling of graphs in this arrangement.

Advantages of the ratio chart. If relative rather than absolute varia-
tions are of chief concern, the chart employed should be of the
semilogarithmic type, scaled logarithmically on the y-axis and

¢ The construction of index numbers of seasonai variation is discussed in Chapter 11,
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arithmetically on the z-axis. In such a chart, as we have noted,
equal percentage variations are represented by equal vertical dis-
tances, as opposed to the ordinary arithmetic type in which equal
absolute variations are represented by equal vertical distances.
The argument for the use of the semilogarithmic or ratio chart for
the representation of time series is that, in general, the significance
of a given change depends upon the magnitude of the base from
which the change is measured. That is, an increase of 100 on a base
of 100 is as significant as an increase of 10,000 on a base of 10,000.
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FIG. 2.15. Average Weekly Production of Steel Ingots and Castings
in the United States, 1929-1954 * (plotted on semilogarithmic scale).

* Source: American Iron and Steel Institute.

In each case there is an increase of 100 percent. The absolute in-
crease in the second case is 100 times that in the first case, and the
two changes would show in this proportion on the arithmetic chart.
They would show as of equal importance on the semilogarithmic
chart.

Such a chart is presented in Fig. 2.15, which shows the course of
steel production in the United States from 1929 to 1954. The abso-
lute magnitudes are plotted, but the vertical scale is so constructed
as to represent variations from year to year in proportion to their
relative magnitude.

Certain distinctive advantages of the ratio or logarithmic ruling
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are brought out by a comparison of Fig. 2.16 and Fig. 2.17. Here
are shown exports of the United States, from 1939 to 1953, to four
broad continental divisions. If the six series are to be presented on
a single chart, scaled arithmetically, a scale must be selected that
will include the largest item recorded, which is for $9,344,000,000
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------ Northern North America / |
8,000 o == Europe ,I \
' = - — | atin America [ "
Oceania '

7,000 I |‘
e
8 I \
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1929 1931 1933 1935 1937 1939 1941 1943 1945 1947 1949 1951 1953

FIG. 2.16. Exports of the United States to Selected Continental Divisions, 1929-
1953.*

* Source: Bureau of the Census, U.S. Department of Commerce (summarized in the Statistical Abstract
of the U.8., 1953 and the Economic Almanac of the National Industrial Conference Board, 1953-1954).

worth of exports to Europe, in 1944. Such a scale reduces the rela-
tive importance of all the smaller magnitudes. Fluctuations in ex-
ports to Europe during this period were much greater, in absolute
terms, than the fluctuations in trade with other divisions. Varia-
tions in trade with Oceania, at the other extreme, seem insignifi-
cant. If one is interested in relative variations such a picture is
quite misleading. When the data are plotted on the ratio scale, in
Fig. 2.17, the picture is placed in truer perspective. Movements at
the lower end of the scale are discernible, and the relative ampli-
tudes of changes in the volume of exports to different divisions-may
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FIG. 2.17. Exports of the United States to Selected Continental Divisions, 1929-
1953. Semilogarithmic Plotting, with Scales of Increase, Decrease, and Comparison.
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be determined. For the comparison of series that differ materially
in magnitude, the ratio ruling has distinct merits.

The scales printed below Fig. 2.17 emphasize certain very useful
features of the logarithmic ruling. The scale of increase may be used
to measure with a fair degree of accuracy the increase in a given
series between any two dates. A given vertical distance on the
chart, it will be recalled, represents a constant percentage increase
at all points on the chart. Thus the distance from 1 to 10, along the
vertical scale, is the same as the distance from 100 to 1,000. Any
vertical distance may he measured, and the percentage of increase
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FIG. 2.18. New Nonfarm Housing Starts in the United States, 1944—
54, with Lines Defining Uniform Rates of Growth.*

* Source: U.S. Bureau of Labor Statistics

which it represents may be determined by laying off the given dis-
tance along the scale of increase, which is always read from the
bottom up. For example, to determine, for exports to Europe, the
degree of increase from 1939 to 1941, we measure the vertical dis-
tance between the points plotted for these two years. Laying off
this distance along the scale, it is found to represent an increase
slightly in excess of 40 percent.

The scale of decrease is used in a similar fashion. The vertical
distance between any two points is measured, and the percentage
decrease which it represents is determined by laying off the given
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distance on the scale from the top downward. The arrows indicate
the direction in which the various scales are to be read.

By means of the scale of comparison the percentage relation of
one series to another at any time may be determined. For example,
we may wish to know the percentage relation between exports to
Northern North America and exports to Latin America in 1951. The
vertical distance between the two plotted points is measured, and
laid off on the scale of comparison, reading from the top downward.
We find that exports to Northern North America in that year
amounted to about 70 percent of exports to Latin America.

Scales of the type illustrated above may be readily constructed
on a given chart by using the ratio ruling for the scale intervals.
When a series of charts is prepared on semilogarithmic paper of a
standard type it is convenient to construct such scales in a more
permanent form, in the shape of special rulers.

A ratio chart is particularly useful when interest attaches to
rates of growth (or decline) over a considerable period of time. In
such a case, the reading of the chart is facilitated by the plotting of
straight diagonal lines indicating uniform rates of change. These
should radiate from a single point of origin. The procedure is illus-
trated in Fig. 2.18. Each of the several diagonal lines there shown
indicates changes at a uniform annual rate. By reference to these
lines the user of the chart may readily determine the approximate
rate of growth of the plotted series between any two years.

The chief advantages of the semilogarithmic ruling in chart con-
struction may be briefly summarized:

1. A curve of the exponential type becomes a straight line when plotted
on a semilogarithmic chart. For example, a curve representing the growth
of any sum of money at compound interest takes the form of a straight
line when so plotted.

2. The graph will be a straight line so long as the rate of increase or de-
crease remains constant.

3. Equal relative changes are represented by lines having equal slopes.
Thus two series increasing or decreasing at equal rates will be repre-
sented by parallel lines.

4. Comparison of the rates of change in two or more series is effected by
comparison of the slopes of the plotted lines.

5. The semilogarithmic ruling permits the plotting of absolute magnitudes
and the comparison of relative changes.

6. Comparison of series differing materially in the magnitude of individual
items is possible with the semilogarithmic chart.

7. Percentages of change may be read and percentage relations between
magnitudes determined directly from the chart.
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- The Use of Bar Charts for the Comparison of Magnitudes and of
Relative Values. A simple column diagram may be useful in the
comparison of aggregates, when attention is to be drawn to abso-~
lute differences. The eye readily distinguishes such differences as
those represented in Fig. 2.19, showing total income payments to
individuals in six New England states in 1952. The bars may be
drawn vertically, as in the example just cited, or horizontally, as
in Fig. 2.20. The latter diagram gives the ranking of ten leading
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MAINE N.H. VI. MASS. R.L CONN.
FIG. 2.19. Total Income Payments to Individuals, New England
States, 1952.* :

* Source: U.S. Department of Commerce.

cities of the United States, by population in 1950. The horizontal
representation is particularly advantageous when the chart-maker
wishes to present the data with the corresponding bars.

Columns may be employed effectively in setting forth, for com-
parison, the relative values of several time series for a stated period
or date. Fig. 2.21 shows the standing of six elements of the price
system in October, 1954, with reference to 1939 as base. The wide
range of variation is well brought out by this presentation.

Further examples of column diagrams, as employed in the repre-
sentation of frequency distributions, are contained in the next
chapter. It is there shown how a frequency polygon or frequency
curve may grow out of the simple bar diagram, when data of cer-
tain kinds are being handled. Such frequency curves constitute very
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important graphic types, but it will be appropriate to treat them
in full at a later point.

Representation of Component Parts. Bar diagrams are well
adapted to the showing of the component parts of a given aggre-
gate. These parts may be given in absolute terms, as in Fig. 2.22.
This particular illustration shows the same aggregate, the total in-
vestment funds of state and local governments in the United States

Population in Millions

0 2
City Population 4 6 8
New York 7,891,957
Chicago 3,620,962

Philadelphia 2,071,605

Los Angeles 1,970,358

Detroit 1,849,568
Baltimore 949,708
Cleveland 914,808
St.Louis 856,796
Washington 802,178
Boston 801,444

FIG. 2.20. Ranking of Ten Leading Cities of the United States according
to Population as of April 1, 1950.*

* Source of data: Bureau of the Census, U.S. Department of Commerce (as presented in the
Economic Almanac, National Industrial Conference Board, 1953-1954).

during the six-year period 1948-1953, broken up in two ways, to
show the sources of these funds and the uses to which they have
been put. In another form, exemplified by Fig. 2.23, the diagrams
may show the percentage distribution of an aggregate among its
parts at a given date, or at different times. This figure defines the
changing industrial composition of the work force of the United
States over the period 1870-1950.
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FIG. 2.21. Relations among Elements of the Price Structure, November,
1954 * (1939 = 100).

* Source: U.S. Bureau of Labor Statistics, U.S. Department of Commerce, U.S. Department of
Agriculture, Engineering News Record.
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FIG. 2.22. Sources and Uses of the Investment Funds of State
and Local Governments Aggregated for the Period 1948-1953.*

* Source of data: Office of Business Economies, U.8. Dgnrtment of Commerce.
Definitions of terms are given in ‘‘Private and Public Debt in 1953,” by H. D.
Osborne and J. A. Gorman, Survey of Current Business, October 1954, from which
the chart is reproduced.
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States, and Three Components Thereof. Monthly Averages,
1945-1954.*

* Source of data: Compiled by various federal agencies; published in Economic
Indicators by the Joint Committee on the Economic Report.
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Shifts, over time, in the absolute magnitude of a given aggregate
and in its composition may also be shown by a modification of the
ordinary line chart. New construction in the United States in-
creased materially during the nine years following the end of World
War II; the elements of the total advanced at varying rates. The
record is graphically depicted in Fig. 2.24.

YEARS

MALE FEMALE

Percentage Percentage

FIG. 2.25. Structure of the Population of the United States,
1950, Showing Percentage Composition by Age and Sex.*

* Source: Bureau of the Census, U.S. Department of Commerce.

Representation of Population Structure. A distinctive type of
chart has been used to define the age structure of the population,
by sexes. The characteristics of the population of the United
States, in 1950, in these respects, are shown by Fig. 2.25. (Those
85 years old or over are not included.) These diagrams change
their shape over time, of course, as age structure varies, but ordi-
narily these changes occur slowly. A picture of a violent alteration
in both sex and age structure is given by Fig. 2.26. The ravages of



POPULATION STRUCTURE 37

AGE (YEARS)
100}

MALE ‘ FEMALE

] 1 1 1 I | 1 1 1 1 1 1 1

45 40 35 30 25 20 15 10 5 0 O 5 10 15 20 25 30 35 40 45

Thousand s Thousand
May, 1939  Aug., 1945

FIG. 2.26. Structure of the Population of Berlin, 1939 and 1945, Showing Composi-
tion by Age and Sex.*

* Source: Statistische Prazis, Monatszeitschrift des Statistischen Zentralamts, Berlin, October 1946,

war on the population of Berlin during the brief period of six years
from 1939 to 1945 are here dramatically depicted.

Note on Procedures in Graphic Presentation. The various illus-
trations given above will serve as examples of the methods em-
ployed in the graphic representation of observations. Much, of
course, has been left uncovered concerning the art of graphic por-
trayal. Principles of effective, pleasing, and honest design have
been developed in recent decades, and progress has been made in
the standardization of practices in chart making. Although we
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cannot here set forth these principles in detail, the interests of the
beginner may be served by a summary statement of certain recom-
mended procedures in the plotting of time series.

1. Grids should be so proportioned as not to distort the facts. (Grid is
the term used to define the area or field composed of coordinate rul-
ings.) It is perhaps obvious, but worthy of emphasis, that the relation
between the z-scale (time) and the y-scale (amount) used in portraying
a given series of observations has a determining influence on the ap-
pearance of a plotted curve, and on the impression given to the chart
reader.

2. The amount scale should normally include the zero value or other
principle point of reference. In plotting relatives on a stated base,
taken to be 100, the point of reference is of course the 100 value.

3. When the zero value or other principle point of reference is omitted,
the fact should be clearly indicated in a manner that will attract notice.
This omission may be indicated by a wavy line across the bottom of
the grid, or by means of a straight line waved at one end.

4. The horizontal axis, zero line, or other line of reference should be ac-
centuated so as to indicate that it is the base of comparison of values.

5. It is advisable not to show any more coordinate lines than are necessary
to guide the eye in reading the diagram.

6. The curve lines of a diagram should be sharply distinguished from the
ruling. Curves should be sufficiently heavy to attract immediate at-
tention and to impress a visual image on the mind of the reader.

7. Numerals defining the amount scale (the y-scale) should be so written
and placed that they will clearly indicate the value of the horizontal
rulings.

8. A caption should always accompany the scale numerals unless the
scale units are otherwise indicated.

9. Time scale designations should be so arranged as to facilitate the
reading of the time values for all plotted points on the curves.

10. When more than one curve appears on a chart, each curve should be
clearly identified by an appropriate label or key.

11. The title of a diagram should be made as clear and complete as pos-
sible. The main title should give the reader a quick understanding of
what the chart is about. Material serving to complement or supple-
ment the main title should be placed in a subtitle.?

® For a detailed statement of principles of preferred practice in graphic presentation
the reader should consult the manual on Time Series Charts prepared by the Com-
mittee on Standards for Graphic Presentation, which is published by the American
Society of Mechanical Engineers, New York. These standards have the approval
of the American Standards Association. See also Mudgett, Ref. 114, and Smart
and Arnold, Ref, 144.
The eleven principles listed above are based on the recommendations of the Com-
mittee on Standards for Graphic Presentation. The wording has been modified in a
few cases, since the recommendations have been lifted out of context.
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CHAPTER @

The Organization of Statistical

Data: Frequency Distributions

Our systematic discussion of statistical procedures opens here,
with the investigator possessed of the body of observations that
make up a sample. It is assumed that these observations relate to
a quantity that may take different numerical values — that is,
that we are dealing with a variable. The data may have been com-
piled in the first instance by the statistician himself,' or they may
have been obtained from primary or secondary sources. Before
generalizations or tests may be based upon these materials, organ-
ization of the observations is usually necessary.

Preliminary Considerations and Operations

At the outset we should distinguish between problems arising in
the analysis of observations ordered in time and problems involved
in the treatment of observations not so ordered, or for which the
time order is not relevant to the object of inquiry. In studying a
time series the primary object is to measure and analyze the chron-
ological variations in the value of the variable. Thus one may study
variations in sales over a period of years, fluctuations in the pro-
duction of bituminous coal, changes in the level of wholesale prices,
or the movements of national income from year to year. Quite
different is the procedure in the study of such a problem as income
distribution at a given time. Here we are desirous of knowing how
many income recipients in the United States fall in each of a num-

! Practices employed in the field work of sampling, and some sampling principles,
are treated in Chapter 19.
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ber of income classes. The general problem of organization in this
latter class of cases is to determine how many times each value of
a variable is repeated and how these values are distributed. Data
of this sort, when organized, constitute a frequency series, as op-
posed to the time or historical series. The methods appropriate to
these two types of data differ fundamentally and will therefore be
treated separately. In the present section we are concerned with
the organization and preliminary treatment of data not arranged
in order of time.

We may here recall the distinction drawn in Chapter 1 between
statistical description and statistical inference. The present chap-
ter and the two next following are concerned solely with problems
of description. In'the consideration of these problems, however, we
should bear in mind their relation to the processes of inference that
constitute the heart of statistical method. We shall open the dis-
cussion of these processes in Chapter 6. One minor but practical
aspect of the distinction between description and inference should
be noted here, since it bears upon the language and symbols we
shall employ. We shall speak of a measure derived from a sample
as a statistic. Such a statistic may be an end in itself, as a quantita-
tive description of an attribute of the sample. More often the sta-
tistic is of use to us as a basis for an estimate of the corresponding
attribute of the parent population. A measure defining such a popu-
lation attribute is called a parameter. It is a useful general rule (al-
though there are exceptions to it) to use Latin letters as symbols
for statistics, Greek letters as symbols for parameters.

Raw data. When quantitative data of the type with which the
statistician works are presented in a raw state they appear as
masses of unorganized material, without form or structure. They
may have been drawn from the records of family saving, or from
the production or sales records of a business establishment; they
may represent a miscellaneous collection of price quotations. If
the data have been gathered by other agencies they may already
have been arranged in the form of a general table, but this form
may be entirely unsuited to the particular object in the mind of
the investigator. The first task of the statistician is the organiza-
tion of the figures in such a form that their significance, for the
purpose in hand, may be appreciated, that comparison with masses
of similar data may be facilitated, and that further analysis may
be possible. Data, the results of observation, must be put into defi-
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nite form and given coherent structure before the generalizations
and tests that constitute the process of inference are possible.
The figures that follow, representing the earnings during a given
week of 220 individuals engaged in piece work in textile manu-
facturing, will serve as an example of such data in their raw state.

Weekly Earnings of 220 Textile Workers

$40.85 $59.85 $44.40 $57.10 $44.70 $48.80 $44.55 $50.10
48.65 50.50 53.80 51.05 46.85 46.20 47.40 48.30

50.55 48.40 50.40 45.10 48.50 52.05 55.10 43.85
50.10 51.65 55.40 50.30 45.65 45.55 46.65 51.75
53.20 60.50 48.35 48.50 46.20 52.05 52.70 51.20
47.65 42.50 52.65 45.30 58.60 67.60 49.55 48.25
51.456 46.056 46.95 16.40 40.25 47.95 41.05 47.40
45.30 48.65 50.15 51.35 50.056 49.95. 49.05 46.65
49.20 50.45 56.90 49.55 52.85 45.40 45.25 49.00
49.60 54.50 50.45 45.85 46.70 50.65 51.30 61.25
52.25 54.10 50.20 51.25 49.25 47.35 59.95 56.40
50.35 50.60 49.45 58.15 39.55 47.85 49.55 48.70
45.55 55.65 43.30 47.70 47.10 51.55 53.00 38.80
52.00 49.65 48.65 52.60 45.85 54.70 41,10 53.65
48.10 15.00 52.95 51.25 50.15 50.80 51.65 56.70
45.45 50.70 40.40 50.30 48.60 51.85 49.75 51.10
50.00 46.60 47.60 53.10 51.25 50.70 63.85 62.10
55.70 55.25 52.30 41.85 50.55 51.95 49.45 48.35
42.20 50.25 47.00 55.95 48.15 50.75 47.70 52.30
53.45 46.45 49.15 58.95 46.30 53.55 55.30 48.10
64.75 53.35 64.05 19.40 51.90 52.70 49.65 49.70
48.55 48.70 48.45 51.70 59.30 50.95 46.35 46.95
51.70 47.30 54.70 49.30 50.40 44.40 51.10 49.85
54.45 49.75 43.60 44.85 44.75 45.70 49.40 48.45
49.45 50.70 46.50 50.00 52.40 57.30 44.25 49.50
45.75 46.45 40.10 54.65 47.70 49.65 47.75 49.00
61.90 52.90 57.30 57.75 60.40 46.15 47.15 49.60

46.80 50.85 42.95 51.95

The array. If these figures are arranged in order of magnitude
something will have been done toward securing a coherent struc-
ture. The range covered and the general distribution throughout
this range will then be clear, and the way will be prepared for

further organization. When so arranged the array on page 43 is
secured.

The Construction of Frequency Tables

General Features. While the array presents the figures in a shape
much more suitable for study than is the haphazard distribution
first shown, there is still something to be desired before the mind
can readily grasp the full significance of the data. The factory man-
ager may see that the smallest amount earned during the week was
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Array: Weekly Earnings of 220 Textile Workers

$38.80 $45.55 $47.35 $48.70 $49.85 $50.75 $52.25 $55.30
39.55 45.65 47.40 48.70 49.85 50.80 52.30 55.40
40.10 45.70 47.40 48.80 49.95 50.85 52.30 55.65
40.40 45.75 47.55 49.00 50.00 50.95 52.40 55.70
41.05 45.85 47.60 49.00 50.00 51.05 52.60 55.95
41.85 45.85 47.70 49.05 50.05 51.10 52.65 56.40
42.20 46.05 47.70 49.15 50.10 51.10 52.70 56.70

42.50 46.15 47.70 49.20 50.10 51.20 52.70 56.90
42.95 46.20 47.75 49.25 50.15 51.25 52.85 57.10
43.30 46.20 47.85 49.25 50.15 51.25 52.90 57.30
43.60 46.30 47.95 49.30 50.20 51.25 52.95 57.30
43.85 46.35 48.10 49.40 50.25 51.30 53.00 57.75
44.10 46.40 48.10 49.40 50.30 51.35 53.10 58.15
44.25 46.45 48.15 49.45 50.30 51.45 53.20 58.60
44.40 46.45 48.25 49.45 50.35 51.65 53.35 58.95
44.40 46.50 48.30 49.45 50.40 51.65 53.45 59.30
44.55 46.60 48.35 49.50 50.40 51.65 53.55 59.85
44.70 46.65 48.35 49.55 50.45 51.70 53.65 59.95
44.75 46.65 48.40 49.55 50.45 51.70 53.80 60.40
44.85 46.70 48.15 49.55 50.50 51.75 54.10 60.50
45.00 46.80 48.45 49.60 50.55 51.85 54.45 61.25
45.10 46.85 48.50 49.60 50.55 51.90 54.50 61.90
45.25 46.95 48.50 49.65 50.60 51.95 54.65 62.10
45.30 46.95 48.55 49.65 50.65 51.95 54.70 63.85
45.30 47.00 48.60 49.65 50.70 52.00 54.70 64.05
45.40 47.10 48.65 49.70 50.70 52.05 55.10 64.75
45.45 47.15 48.65 49.75 50.70 52.05 55.25 67.60
45.55 47.30 48.65 49.75

$38.80, that the largest amount earned was $67.60, and that most
of the employees earned between $46.00 and $53.00, but this is
still a vague description of the data. By a process of grouping, that
is, by putting into common classes all individuals whose earnings
fall within certain limits, a simplified and more compact presenta-
tion of the wage distribution may be obtained. Table 3-1 shows the
results of this grouping process when the range of each class (the
class-interval) is five dollars.

This table presents a condensed summary of the original figures,
a summary which not only gives us the approximate range of the
earnings, but shows, also, how the earnings of the 220 workers are
distributed throughout this range. There has been a considerable
loss of detail, it will be noted. From the table we may learn that
there are 58 persons who earned, during the given week, between
$43.00 and $48.00 (the class extends to but does not include
$48.00), but we cannot learn how the earnings of the 58 individuals
were distributed throughout this range of five dollars. All may have
earned exactly $43.00, so far as we may know from the figures



44 FREQUENCY DISTRIBUTIONS

shown in the table. This loss of detail is an inevitable accompani-
ment of the condensation and simplification which the process of
classification involves.

If the size of the class-interval be decreased the loss of detail is
less pronounced, though the increase in the number of classes means
a more cumbersome table and one that presents a more complex
picture to the eye. Tables 3-2, 3-3, and 34 present the same data,
classified with intervals of three dollars, two dollars, and one dollar.

TABLE 3-1

Frequency Distribution of Employees
(Classified on the basis of weekly earnings; class-interval = $5)

————

Weckly carnings Number earning stated amount

(frequency)

$38.00 to $42.99 9
43.00 to  47.99 58
48.00 to  52.99 110
53.00 to 57.99 28
58.00 to  62.99 11
63.00 to 67.99 4
220

The four tables we have thus constructed represent four different
degrees of condensation of the same data. Tables 3-1, 3-2, and 3-3
present the same general characteristics: a small number of cases in
the extreme classes and a more or less regular increase in the fre-
quencies as the center of cach of the distributions is approached.
The departure from regularity becomes greater the greater the
number of classes. Table 3-4, in which the class-interval is one
dollar, has 30 classes. In this table the distribution of cases through-
out the range is irregular, with noticeable departures from sym-
metry. The structure of each of the other tables is orderly and
approaches more closely a condition of symmetry. Each presents
the wage data in condensed and compact form, so that one con-
sulting the tables may learn of the size and distribution of weekly
earnings in the factory in question much more readily than by ref-
erence to the chaotic collection of figures first shown. Such organ-
ized collections of data are termed frequency distributions, and their
purpose, as the term implies, is to show in a condensed form the
nature of the distribution of a variable quantity throughout the
range covered by the values of the variable. The construction of
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Frequency Distributions of Employees
(Classified on the basis of weekly earnings)

TABLE 3-2 TABLE 3-3 TABLE 3-4
(Class-interval = $3) (Class-interval = $2) (Class-interval = $1)
M

Weekly Fre- Weekly Fre- Weckly Fre-
earnings quency earnings quency earnings quency

$38.00 to $40.99 4 $38.00 to $39.99 2 $38.00 to $38.99 1

41.00 to 43.99 8 40.00 to 41.99 4 39.00 to  39.99 1

44.00 to  46.99 40 42.00 to 43.99 6 40.00 to  40.99 2

47.00 to  49.99 63 44.00 to 45.99 22 41.00 to 41.99 2

50.00 to  52.99 62 46.00 to 47.99 33 42.00 to 42.99 3

53.00 to 55.99 21 48.00 to 49.99 48 43.00 to 43.99 3

56.00 to  58.99 10 50.00 to 51.99 48 44.00 to 44.99 8

59.00 to 61.99 7 52.00 to  53.99 22 45.00 to 45.99 14

62.00 to  64.99 4 54.00 to 55.99 13 46.00 to 46.99 18

65.00 to 67.99 1 56.00 to 57.99 7 47.00 to 47.99 15

220 58.00 to 59.99 6 48.00 to 48.99 20

60.00 to 61.99 4 49.00 to 49.99 28

62.00 to  63.99 2 50.00 to 50.99 28

64.00 to 65.99 2 51.00 to 51.99 20

66.00 to 67.99 1 52.00 to 52.99 14

320 53.00 to 53.99 8

51.00 to 54.99 6

55.00 to 55.99 7

56.00 to 56.99 3

57.00 to 57.99 4

58.00 to 58.99 3

59.00 to 59.99 3

60.00 to  G0.99 2

61.00 to 61.99 2

62.00 to 62.99 1

63.00 to 63.99 1

64.00 to  64.99 2

65.00 to  65.99 0

66.00 to 66.99 0

67.00 to  67.99 1

220

such a table is the first step to be taken in the organization and
analysis of quantitative data of the type represented above.

This general introduction to the subject of frequency tables has
left untouched many important matters in connection with their
construction. It remains to present a summary statement of these
details. It will be clear that the first step here taken, the arrange-
ment of the items in order of magnitude, is unnecessary in the
actual construction of such a table. Having determined the upper
and lower limits through an inspection of the data, one has but to
decide on the number of classes desired, write the class-intervals
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on an appropriate blank sheet, and proceed to tally the cases falling
in each of the classes thus set off. When this process is completed
the frequencies are computed and the totals arranged in tabular
form of the type illustrated above. These simple operations involve
decisions on a number of points, however.

Size of Class-Interval. In deciding upon the size of the class-
interval (which is equivalent to deciding upon the number of
classes) one fundamental consideration should be borne in mind,
namely, that classes should be so arranged that there will be no
material departure from an even distribution of cases within each
class. This arrangement is necessary because, in interpreting the
frequency table and in subsequent calculations based upon it,
the mid-value of each class (the class mark) is taken to represent the
values of all cases falling in that class. Thus, in basing calculations
upon Table 3-3, it is assumed that the 33 cases falling between
$46.00 and $48.00 may all be represented by the mid-value of that
class, $47.00. This assumption will seldom be strictly valid. In the
case just cited reference to the original figures will show that it is
not a correct assumption. Absolute accuracy would only be ob-
tained by having a class for every value represented in the original
figures. Since condensation is necessary, an arrangement of classes
should be secured which will minimize the error involved, without
transgressing other requirements. Table 3-1 furnishes an example
of class-intervals too wide for the material.

The requirement that has just been described clearly calls for a
large number of classes. A second requirement, which ordinarily
conflicts with this, is that the number of classes should be so deter-
mined that an orderly and regular sequence of frequencies is se-
cured. If the classification is too narrow for the data, regularity
will not be attained in this respect, and a table without structure
or order will be secured. It is desirable, also, that the number of
classes be limited in order that the data may be easily manipulated
and their significance readily grasped.

A useful procedure for approximating a suitable class-interval
has been suggested by H. A. Sturges (Ref. 154). Given a series of N
items of which the range (the difference between the smallest item
and the largest item) is known, a suitable class-interval < may be
approximated from the formula

_ Range
T 1+3.3221lg N

T
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The specific figure secured in a given instance is likely to be a frac-
tional value, quite unsuited to actual use. An appropriate round
number close to the theoretical value, may be chosen.? Thus, in
the example cited above, with a range of $28.80 and N equal to
220, the use of a class-interval of $3.28 is indicated by the formula.
The nearest round number, suitable with reference to other con-
siderations as well, is $3.00. Table 3-2, in which this class-interval
is employed, seems to conform most thoroughly to all the require-
ments we have set forth.

Location of Class Limits. The location of class limits is a matter
of considerable importance, for attention to this matter will sim-
plify tabulation and facilitate later calculation. Tabulation of data
is easiest when class limits are integers and the class-interval itself
is a whole number. Calculation of averages and other statistical
measures is facilitated when the mid-values of classes are integers.

Some types of data show a tendency to cluster or concentrate
about certain values on the scale along which they are distributed.
This is illustrated by the following figures, which form part of a
table showing business loans outstanding on the books of a com-
prehensive sample of member banks of the Federal Reserve Sys-
tem on November 20, 1946. The loans are distributed according to
the rate of interest charged.

Interest rate Number of loans

pe(lx')irncr?::n) (in thousands)
2.1t02.9 13.7
3.0 34.8
3.1t03.9 13.2
4.0 117.2
4.1t04.9 26.6
5.0 141.1
5.1 to 5.9 3.6

Here is quite obvious bunching about the integers. The original
classified data would show, also, a secondary concentration at each
half of one percent. It is clear that in classifying measurements of
this sort the midpoints of the various classes should fall at those
values about which the observations are concentrated, and class
limits must be located with this end in view. For in calculations
3 The use of this formula rests on the assumption that the proper distribution into classes

is given, for all numbers that are powers of 2, by a series of binomial coefficients. The

relation of the terms in the binomial expansion to the theory of frequency distributions
is discussed below, in Chapter 6.
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based upon a frequency table the assumption is made that all the
items in each class are concentrated at the midpoint of that class.
Thus if a standard class-interval of one half of one percent were to
be employed in classifying data of the type represented above, the
classes should extend from 1% to (but not including) 2%, 2} to 23,
2% to 3%, rather than from 2 to 23, 2% to 3, etec.

Accuracy of observations and the definition of classes. In the con-
struction of frequency tables it is essential that there be a clear
definition of classes, so that there may be no uncertainty as to their
range and no question as to the precise class in which a given case
falls. A table with an arrangement similar to the following is some-
times encountered:

Class-interval Frequency
0 to 10 3
10 to 20 8
20 to 30 15
30 to 40 6
40 to 50 2

In the absence of explanation, a question arises at once as to
whether a case with a value of 10 would fall in the first or in the
second class. It is highly desirable that the range of each class be
indicated in some such way as the following, in order that this am-
biguity may be avoided:

Class-interval Frequency
Oto 9.9 3
10 to 19.9 8
20 to 29.9 15
30 to 39.9 6
40 to 49.9 2

This procedure solves the difficulty, however, only in case the ob-
servations are accurate to the nearest tenth. If the observations
are accurate only to the nearest unit (that is, if the cases recorded
as having a value of 10 actually lie between 9.5 and 10.5) a mere
change in the description of the class range does not solve the prob-
lem of allocating a case at the class limit. In such a case an observa-
tion falling at a class boundary may be cut in two, one half being
allocated to each of the adjacent classes.

Yule and Kendall lay down the useful principle that in fixing a
class boundary the limit should be carried to a farther place in dec-
imals, or a smaller fraction, than the values of the individual cases
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as originally recorded. Thus, in the preceding example, if observa-
tions were correct to the nearest tenth, it would mean that a value
recorded as 9.9 actually lay between 9.85 and 9.95. In accurately
describing the classes, therefore, the intervals should be given as 0
to 9.95, 9.95 to 19.95, ete. (Since the observations to be tabulated
are recorded only to the first decimal place no ambiguity arises
from the apparent overlapping of these class limits.) It should be
noted that the values of the midpoints, or class marks, with these
class limits, would be 4.95, 14.95, ete. In presenting and using the
table as given above the real meaning of the class limits should be
borne in mind. In all cases class boundaries must be fixed with
reference to the accuracy of the observations, and exact class marks
must be used to ensure accuracy in subsequent calculations.

The work of tabulation is simplified if, in designating a class,
both limits are stated, as above. Errors are likely if only the lower
limit of each class is given, or if the midpoint alone is designated.
It is desirable, however, particularly if calculations are to be based
upon the table, to include a separate column showing the values
of the midpoints of the various classes.

Other requirements. Class-intervals should be uniform throughout
the table in order that all classes may be comparable. Occasionally
tables are published with varying class-intervals, so that on one
section of the scale the number of items falling within a class having
an interval of 5 is given, and on another section of the scale the
number of items falling within a class having a range of 10 is given.
Obviously, comparison of classes is impossible. It may be desirable
to show in more detail the cases falling within certain ranges on
the scale, but this end is best achieved by the construction of a
supplementary table relating only to the cases falling within this
restricted section. The utility of the main table is not lessened
thereby.

Similar in nature is the requirement that there should be no in-
determinate classes, that is, classes the ranges of which are not de-
fined. Had all the individuals making $50.00 and over in the illus-
tration of piece-work earnings been entered in a class with the des-
ignation ‘“$50.00 and over,” the upper limit of this class would
have been quite uncertain. This fault in a table is a vital one when
it is desired to base calculations upon the data contained in the
table. When there are several extreme cases the inclusion of such
classes is sometimes unavoidable, but when this is done the actual
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values of the cases included in such “open end’’ classes should be
given in a footnote to the table.

The errors described in the two preceding paragraphs are ex-
emplified in Table 3-5.

TABLE 3-5

Frequency Distribution of Rented Dwellings in Reno, Nevada, 1934*
(Classified on the basis of rental value)

e ——————

Number of dwellings

Monthly rental in each class

(frequency)
Under $10.00 327
$10.00 to $14.99 349
15.00 to 19.99 521
20.00 to 29.99 1,039
30.00 to 49.99 1,075
50.00 to 74.99 189
75.00 to  99.99 24
$100.00 and over 9
3,533

* The table is taken from Real Property Inventory, 1934. Summary and Sixty-Four Cities
Combined, Department of Commerce, Washington. Figures for 255 rented dwellings
in Reno were not reported.

In this case the ranges of the two ‘“open end’’ classes are not
known. The ranges of the intermediate classes vary, being $5.00
for two classes, $10.00 for one class, $20.00 for one class, and $25.00
for two classes. The purposes of a special investigation may some-
times be served by the use of such a form, but a table of this type
is poorly adapted to the requirements of statistical calculation.

A statistical table, in the form presented to users, should be
adapted to the special purpose it is designed to serve. It is not
enough that it should meet technical requirements of the kind out-
lined in the preceding pages. It should have an orderly structure
and clear and unambiguous column headings and title; it should be
self-sufficient and self-explanatory.

Graphic Representation of Frequency Distributions

Frequency distributions of the type illustrated above serve a
very important statistical function in presenting a compact sum-
mary of data, and in preparing these data for further manipulation.
Such distributions may be presented not only in tabular form, but
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graphically, utilizing the general principles of the coordinate sys-
tem which were explained above. Many of the characteristic fea-
tures of a frequency distribution are most clearly revealed when
the graphic method is adopted.

Table 3-1, presenting the weekly earnings of 220 employees,
with a class-interval of five dollars, is depicted graphically in Fig.
3.1. In this figure class-intervals are plotted along the z-axis and
the corresponding class-frequencies along the y-axis, appropriate
scales being selected. The fact should be noted that the scale of
abscissas starts not with zero, but with $33. For convenience in
presentation, that part of the scale extending from 0 to $33 is
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FIG. 3.1. Column Diagram: Distribution of 220 Em-
ployees Classified on the Basis of Weekly Earnings
(Class-interval = $5.00).

omitted. The student should bear this in mind in seeking to secur»
a correct impression of the relations between the two variables
plotted. In constructing such a figure, which is termed a column
diagram or histogram, short horizontal lines are drawn connecting
the points plotted to represent the upper and lower limits of eacb
class-interval. In interpreting this diagram it should be noted that
the areas of the different rectangles are proportional to the number
of cases represented, the total area representing the entire 220
cases. This device thus presents to the eye a very clear picture of
the distribution, showing quite unmistakably the relative number
of workers falling in each of the wage classes.

The classes in this case are so large, however, that some violence
is done to the facts. So many details are lost that a true conception
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of the disposition of the items is not given. Fig. 3.2 is a histogram
depicting the distribution of cases when a class-interval of three
dollars is used. In this case, with smaller steps, we approach more
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FIG. 3.2. Column Diagram: Distribution of 220 Em-

ployees Classified on the Basis of Weekly Earnings
(Class-interval = $3.00).

closely an orderly and symmetrical distribution. The same is true
of Fig. 3.3, which shows the distribution when the class-interval is
two dollars. The distribution represented in Fig. 3.4 has a class-
interval of one dollar which, as has been pointed out, is too narrow
for the data, with the result that a somewhat irregular structure is
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FIG. 3.3. Column Diagram: Distribution of 220 Employees

Classified on the Basis of Weekly Earnings (Class-interval

= $2.00).
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FIG. 3.4. Column Diagram: Distribution of 220 Employees Classified on

the Basis of Weekly Earnings (Class-interval = $1.00).
secured. (It should be noted that the vertical scale is not the same
in these four figures, so that comparison with respect to class fre-
quencies is only possible by reference to the scale figures.)

Frequency polygons corresponding to the histograms of Figs. 3.1

and 3.4 are shown in Figs. 3.5 and 3.6. Each of these polygons has
been constructed by plotting as abscissas the midpoints of the class-
intervals, and as ordinates the class frequencies, the points thus
secured being connected by a broken line. In completing such a
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FIG. 3.5. Frequency Polygon: Distribution of 220 Em-
ployees Classified on the Basis of Weekly Earnings
(Class-interval = $5.00).
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figure the class next below the lowest one on the scale and the class
next above the highest one on the scale are included, the class fre-
quency being zero in each case. The ends of the polygon thus con-
nect with the base line at the midpoints of these two extra classes.
For the frequency polygon the entire area under the curve repre-
sents the entire number of cases, but the area of a given interval
cannot be taken to be proportional to the number of cases in that
interval, because of irregularities in the distribution on either side
of the given class. The heights of the ordinates at the midpoints of
the various classes are, of course, scaled to represent the class
frequencies.
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FIG. 3.6. Frequency Polygon: Distribution of 220 Employees

Classified on the Basis of Weekly Earnings (Class-interval = $1.00).

The Smoothing of Curves. Attention is again called to the re-
sults secured with varying class-intervals. As the class-interval is
decreased, up to a certain point, the histograms and polygons be-
come smoother and more regular. Beyond that point breaks begin
to appear in the data; the regular change in class frequencies which
was found when the classes were larger is broken by the appearance
of irregular classes which seem to depart from the rule. Fig. 3.4
reveals some of these breaks. Such irregularities, it is obvious, are
exceptions to a general rule which seems to prevail, the rule that
the numbers of workers falling within the different wage classes
increase from the lower limit of earnings up to a maximum in the
neighborhood of $50.00 and then decrease till, in the topmost class
from $67.00 to $67.99, but one worker is found. Since all the 220
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individuals are engaged in the same work, and since their earnings
depend only upon their rapidity and skill, one would expect a quite
regular increase and decrease. If we had figures not for one week
only, but for 52 weeks, and took the average weekly earnings of
each of the 220 workers for the year, we should expect greater regu-
larity with the smaller class-intervals than is actually found, since
the accidental fluctuations peculiar to one week alone would thus
be eliminated. Or, if we had earnings during one week for 11,440
workers (52 times 220), the same result would be secured. Thus,
if regularity and smoothness are to be secured, it is essential not
only to decrease the size of the classes but also to increase the num-
ber of cases, in order that the accidental irregularities that affect
a small number of observations may be eliminated. A refined classi-
fication with a small number of cases leads to the condition exempli-
fied in Figs. 3.4 and 3.6. But such an increase in the number of cases
is, in general, a practical impossibility. We wish, if possible, to de-
velop a feasible method of approximating the distribution that
would be secured with very small class-intervals and a very large
number of cases. Such an approximation is possible through the
device of curve smoothing. By this method we may secure a smooth
frequency curve that lacks the irregularities occasioned by minor
fluctuations.

Such a smooth frequency curve represents what is taken to be
the true underlying distribution of the members of the population
from which the sample was drawn. It was pointed out that areas
in the frequency polygon are not proportional to the number of
cases included, the cause lying in the irregularities of the data. In
a smoothed frequency curve these irregularities have been elimi-
nated, and the area between ordinates erected at given points on
the scale of abscissas is assumed to be proportional to the theoreti-
cal frequency of cases between the given values. Moreover, a
smooth progression having been established, frequencies for in-
termediate values not shown in the original table may be deter-
mined by interpolation.?

The data of Table 3—6 representing the distribution in 1918 of

?* The limitations of practical statistical work are such that there must of necessity be
many gaps in the data. The given values of the variables are not continuous. Interpola-
tion is the process of estimating values of a variable quantity between given values,
or of locating a point on a curve between given points. That interpolation is most ac-
curate which leads to estimated values having the highest degree of consistency with
the given values
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personal incomes below $4,000, will serve to exemplify the smooth-
ing process.*
TABLE 3-6
Distribution of Income among Personal Income Recipients in 1918

(Including all personal incomes below $4,000)
e ——————————————————————————————

Income class * Number of persons t

$ 0to$100 62,809
100 to 200 103,704
200 to 300 209,087
300 to 400 489,963
400 to  50Q 961,991
500 to 600 1,549,974
600 to 700 2,154,474
700 to 800 2,668,466
800 to 900 3,013,034
900 to 1,000 3,144,722
1,000 to 1,100 3,074,351
1,100 to 1,200 2,850,526
1,200 to 1,300 2,535,285
1,300 to 1,400 2,205,728
1,400 to 1,500 1,832,230
1,500 to 1,600 1,512,649
1,600 to 1,700 1,234,397
1,700 to 1,800 999,996
1,800 to 1,900 811,236
1,900 to 2,000 663,789
2,000 to 2,100 549,787
2,100 to 2,200 463,222
2,200 to 2,300 395,115
2,300 to 2,400 340,141
2,400 to 2,500 295,490
2,500 to 2,600 258,650
2,600 to 2,700 227,731
2,700 to 2,800 201,488
2,800 to 2,900 178,901
2,900 to 3,000 154,499
3,000 to 3,100 142,802
3,100 to 3,200 128,217
3,200 to 3,300 115,583
3,300 to 3,400 104,504
3,400 to 3,500 94,803
3,500 to 3,600 86,405
3,600 to 3,700 79,023
3,700 to 3,800 72,562
3,800 to 3,900 66,900
3,900 to 4,000 61,894

* The definition of classes used is equivalent to “$0 to and not including $100,” etc.
Thus an individual with an income of $100 would fall in the second class.

t Mitchell’s report states “The numbers below are given to the nearest unit. It is not
pretended that such arithmetic accuracy is anything more than technical.”

¢ From Mitchell, King, Macaulay and Knauth, Ref. 108. The graduated income estimates
are those of Frederick R. Macaulay.
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FIG. 3.7. Column Diagram: Distribution of Personal Income Recipients

in the United States, 1918. Including All Recipients of Incomes Below
$4,000 (Class-interval = $500).

Figures 3.7, 3.8, and 3.9 present column diagrams of these in-
come data, grouped with class-intervals of $500, $200, and $100.
As the class-interval is decreased the histograms become more
regular and uniform, but our original data permit us to carry this
process only to the point where the class-interval is $100. Our
problem is to determine the underlying distribution which the data
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FIG. 3.8. Column Diagram: Distribution of Personal Income Recipients

in the United States, 1918. Including All Recipients of Incomes Below

$4,000 (Class-interval = $200).
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approximate more and more closely as the class-interval is lessened.
If we replace the broken line of the histogram by a smooth curve
enclosing the same total area as the histogram and so drawn through
the points of the histogram that the area cut from each rectangle is
approximately equal to the area added to the same rectangle by the
curve, we will have a frequency curve representing the desired dis-
tribution. The requirement that the same total area be enclosed is
fundamental. Exceptions to the rule concerning the area of in-
dividual rectangles will frequently occur because of the existence
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FIG. 3.9. Column Diagram: Distribution of Personal Income Recipients
in the United States, 1918. Including All Recipients of Incomes Below
84,000 (Class-interval = $100).

of quite irregular classes, but as a general working principle it is
helpful. (More refined methods of fitting a smooth curve to data
will be discussed at a later point, but a process of smoothing by in-
spection such as that described above gives a fairly close approxi-
mation to the required curve.)

Figure 3.10 illustrates the result of smoothing the histogram of
income distribution shown in Fig. 3.9. Here the quite artificial
jumps between income classes are smoothed out, and we secure the
graduation by infinitesimal increments which we should expect
to find when the incomes of so many millions of persons are in-
cluded. Here we have that which we desired — an approximation
to the true underlying distribution, with the sharp breaks resulting
from the method of classification eliminated.
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Note on the contemporary distribution of income. The preceding
detailed estimates of income distribution in the United States for
1918 serve well the immediate purpose — that of exemplifying the
passage from a broken column diagram to the smooth curve ap-
proximating the distribution of incomes in the parent population.
Macaulay’s figures constitute, indeed, the most comprehensive
set of graduated income estimates available. They do not, however,
provide an accurate representation of income distribution in the
United States today. The economic changes of the last thirty years
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FIG. 3.10. Frequency Curve: Distribution of Personal Income Recipients
in the United States, 1918. Including all Recipients of Incomes Below
$4,000. (Derived from the column diagram with class-interval of $100.)

have brought major shifts in the division of income by size-classes.
Estimates of income distribution in a more recent year, 1950, are
given in Table 3-7.

In this discussion of curve smoothing we have been dealing with
a major aspect of statistical work — the estimation of the attri-
butes of a population. In particular, we have here been concerned
with the manner in which the members of a population of income
recipients are distributed, with reference to income size. The pres-
ent quite preliminary approach to this problem, through the
smoothing of an observational distribution, is essentially mechan-
ical. But the problem is one that will enter into much of the sub-
sequent discussion. The precise definition of the manner in which
the values of a variable are distributed — the determination of the
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TABLE 3-7

Distribution of Family Personal Income
by Families and Unattached Individuals, United States, 1950 *
(Incomes before deduction of income taxes)

S ——————————— —

Number of families and
Income class unattached individuals
(in thousands)

Less than $1,000 3,704
$ 1,000 to 1,999 7,328
2,000 to 2,999 8,044
3,000 to 3,999 8,463
4,000 to 4,999 6,980
5,000 to 5,999 4,459
6,000 to 6,999 2,909
7,000 to 7,999 2,036
8,000 to 8,999 1,212
9,000 to 9,999 728
10,000 and over 2,727
Total 48,590

* Source: “Income Distribution in the United States,” a supplement to the Survey of
Current Business, Office of Business Economics, U.S. Department of Commerce, 1953.
Table 3-7 is derived from the absolute and relative frequencies given in Appendix
Tables 2 and 24 of this publication.

The estimates in Table 3-7 are based upon Federal income tax returns (projected
from earlier years, since 1950 returns were not available when these estimates were
prepared) and on sample field surveys of 1950 family income conducted by the Census
Bureau and the Board of Governors of the Federal Reserve System. These returns
were related to estimates of total family personal income made by the Office of Busi-
ness Economics as a part of the national income accounts.

The reader will note that the income-receiving unit in Table 3-7 is the family.
In preceding income tables in the text it was the individual income recipient. (In the
Commerce Department definition, a “family” is a group of two or more related
persons living in the same household. An “unattached individual” is a person living
alone or with persons not related to him.) Table 3-7 differs, also, from the preceding
text tables in that the entire range of incomes is included.

law of distribution prevailing in the case in question — is the ob-
jective of scientific work in many fields. Statistics as a scientific
discipline has developed and strengthened as our knowledge of the
sampling distributions of statistical characteristics has grown. With
this we shall deal in greater detail at later points.

Continuous and Discrete Variables. The logical validity of the
smoothing process is dependent on the nature of the data being
manipulated. From this point of view frequency series of the type
discussed above may be divided into two classes, those that relate
to continuous variables and those that relate to discontinuous vari-
ables. A continuous variable is one that may take any numerical
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value within a specified range. When observations on such a vari-
able are ranked in order of magnitude, successive values may differ
by infinitesimal increments. A discontinuous variable takes only
discrete values. Observations on such a variable, ranked in order,
change in value only by definite amounts. The curve of underlying
values does not rise smoothly, as for the continuous series, but by
jumps.

The fact should be emphasized that in making this distinction
we are speaking of the values as they would be found in the under-
lying universe of phenomena from which the actual bodies of ma-
terial we study are drawn. Any given sample, whether representing
continuous or discrete series, will be marked by breaks in the values
of the variable. This will be true, in the case of a continuous series,
because of the limitations of the instruments and senses we use in
measuring. Thus if we measure the heights of individual persons,
we may do so to the nearest inch, or perhaps to the nearest eighth
or sixteenth of an inch. Yet if ten million men were arranged in
order of height the differences between successive individuals
would be much smaller than the smallest measurable interval.
Height is a continuous variable, even though the ohservations that
enter into a given sample are marked by discontinuity.

Quite different is the distribution of such a variable as interest
or discount rates. If one were to secure 100 such quotations and
rank them in the order of size the variations would be discontinu-
ous, as in a sample of men whose heights are measured. But in
the case of heights the underlying values, if they could be deter-
mined for a large population, would be marked by continuous var-
iation, whereas, were an infinite number of discount rate quota-
tions secured, there would still be breaks in the sequence. Discount
rates increase or decrease by one quarter or one half of one percent,
not by infinitesimal amounts. Such a series is termed discrete, or
noncontinuous.

A good example of a discrete series, which also serves as an ex-
ample of a J-shaped distribution, is provided by Table 3-8 (see
Fig. 3.11). This is a classification of machine-tool makers, based
upon the number of types of machine tools produced by each.

The series is, of course, discrete since the number of types of
tools made by each producer is necessarily defined by an integer.
The high degree of specialization in the industry is shown by the
concentration of machine-tool makers at the lower end of the scale.
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FIG. 3.11. Column Diagram: Distribution of 137 Ma-
chine Tool Builders, Classified by Number of Tool
Types Produced.

More than half of the total number made but one style of machine
tool.

The smoothing process provides a means of securing an approxi-
mation to the distribution of values as they would be found if a
sample could be increased indefinitely in size. It is based upon the
assumption that the irregularities found in the sample actually
studied are accidental, and that the underlying values would show

TABLE 3-8

Classification of Membership of National Machine Tool
Builders' Association according to Number of
Types of Machine Tools Produced *

Types of tools Number of

Number manufacturers

1 80

2 33

3 13

4 8

5 2

More than five 1
137

* From ‘“Trends in Manhours Expended per Unit, Selected Machine Tools, 1939-1915.”
U.S. Bureau of Labor Statistics, June, 1947, p. 44.
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continuous and unbroken variation. Obviously, therefore, it is only
fully justified when applied to a continuous series. A histogram of
human heights may be smoothed in order to secure a representation
of the true underlying distribution in the population at large, and
interpolation based upon this smoothing process is valid. But
smoothing is quite illogical for a markedly discontinuous series. It
would be meaningless to construct a smooth curve showing the dis-
tribution of discount rates for the purpose of securing the theo-
retical frequency of rates between 4.3675 percent and 4.3850
percent. In practical statistical work, however, it is frequently
helpful to handle discrete series as though they were continuous,
and in these cases the smoothing device may be employed. But in
the interpretation and use of the smoothed curve the logical dis-
tinction between continuous and discontinuous variation should be
kept in mind.

A U-shaped frequency distribution. In sharp contrast to the
customary frequency distributions, in which frequencies increase
to a maximum and then decline, is the type represented by the data
in Table 3-9. In this distribution commodities are classified on

TABLE 3-9

Distribution of 206 Commodities Classified according
to Frequency of Monthly Price Changes
in Wholesale Markets, 1890~1925 *

A ———

Class limits

Number of

Mensure of frequency commodities
.00- .10 45
11— .20 25
.21- .30 16
31- .40 ' 19
41- .50 14
.51- .60 7
.61- .70 6
.71- .80 15
81- .90 15
.91-1.00 4“4
206

* Excluding 1914-21

t The range of the first class in the above table (in actual values .00 to .105, the original
measures being recorded to the second decimal place) is slightly greater than the range
of any other class, and the range of the last class (in actual values .905 to 1.000) is
slightly less than the range of any other class. The error introduced is negligible,
however.
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the basis of the frequency of price change, in wholesale markets.
An index of frequency of change was constructed for each of 206
commodities for which average monthly prices were available for
the period 1890-1925 (the disturbed years 1914-21 were omitted).
The index was simply the ratio of the number of months in which
prices changed (from the price of the preceding month) to the total
number of months less one covered by a continuous price record.
Thus for a record covering 120 successive months, the index would
be 0 (0/119) for a commodity marked by no price changes; the
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FIG. 3.12. Column Diagram Showing Distribution of
Measures of Frequency of Price Changes, 1890-1925
(1914-1921 excluded).

index would be 1.00 (119/119) for a commodity for which the price
changed every month.® The graphic representation of this distribu-
tion, in Fig. 3.12 reveals the remarkable clustering of commodities
at the two extremes of the z-scale, with frequencies at a minimum
near the median position on the scale. This rather rare distribution
type has special interest for economists, in this case, for the light
it throws on the movement of prices. High inflexibility and high
flexibility were the two dominant types of price behavior in the
period covered by this record.

5 See Mills, Ref. 100, pp. 56-60, 379-81 for a fuller discussion.
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Cumulative Arrangement of Statistical Data

For certain purposes it is desirable to arrange data cumulatively,
rather than in exclusive classes of the type illustrated in the fre-
quency tables presented above. The accompanying tables will illus-
trate some of the advantages of this arrangement.

In a study by Kurtz of the durability of telephone poles the re-
sults given in Table 3-10 were secured. The table shows that 1,150

TABLE 3-10

Frequency Distribution of 248,707 Telephone Poles, Classified
according to Length of Life

Length of life Number of poles
(years) (frequency)
0- 0.9 1,150
1- 1.9 4,221
2- 29 10,692
3- 3.9 13,966
4- 49 16,633
5- 5.9 18,211
6- 6.9 19,011
7-79 19,260
8- 8.9 20,909
9- 9.9 19,879
10-10.9 20,764
11-11.9 15,454
12-12.9 14,237
13-13.9 13,779
14-14.9 9,764
15-15.9 8,534
16-16.9 7,659
17-17.9 6,018
18-18.9 4,591
19-19.9 1,798
20-20.9 815
21-21.9 313
22-22.9 102
23-23.9 47

poles were scrapped during the first year of use, that 4,221 were
scrapped after reaching the age of one year and before reaching the
age of two years, and so on. This is simply a frequency table of
the ordinary type. A much more significant arrangement for many
purposes is secured when the figures are assembled cumulatively,
as in Table 3-11.
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TABLE 3-11

Cumulative Distribution of 248,707 Telephone Poles, Classifled
according to Length of Life
(Cumulated upward with reference to life scale)

Length of life Number of poles surviving
(frequency)
Less than 1 year 1,150
“ % 2years 5,371
[ [ ‘3 “ 16)06:;
13 113 4 [ 30’029
« « 5« 46,662
11 113 6 11 64,873
4 “ 7 “ 83,884
“ o wogou 103,144
¢ “ o9 124,053
wowogp o« 143,932
¢ “o1r ¢ 164,696
«“ o woqg o« 180,150
“ w13« 194,387
“ “ 14 208,166
“ w15 217,930
‘! “ 16 ¢ 226,464
“owqr o« 234,123
“ 18« 241,041
“ooe19 245,632
“ “o20 ¢ 247,430
o2 ¢ 248,245
“ w22 248,558
« o« 93 o« 248,660
“ “ 24 248,707

We should note that it is possible to cumulate a frequency series
in two different ways. From Table 3-11 we may determine readily
the number failing to attain any given age. It is often more con-
venient to reverse the process, so that the table will enable the
total number above any given value to be immediately determined.
When the telephone pole figures are thus cumulated downward Table
3-12 is secured.

Cumulative tables such as those given above have distinct ad-
vantages in the handling of many types of data. Life tables are
generally presented in this form. The scientific study of deprecia-
tion will lead to the construction of elaborate ‘“mortality tables”
for various types of equipment, and these will be most useful in the
cumulative form. It is frequently desirable to reduce the frequen-
cies to percentages, as in column (3) of Table 3-12. Cumulated
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TABLE 3-12

Cumulative Distribution of 248,707 Telephone Poles, Classified
according to Length of Life
(Cumulated downward with reference to life scale)

1 (2) 3)

Length of life Number of poles surviving

frequency Percent
0 and more 248,707 100.0
1 year “ ¢ 247,557 99.5
2 years ‘¢ 243,336 97.8
3« oo 232,644 93.6
4 ¢ “ “ 218,678 88.0
5 ¢ oo« 202,045 81.2
6 183,834 73.8
7 “ “ “ 164,823 66.:3
8 « “ “ 145,563 58.5
9 « “ ¢ 124,654 50.1
10 « 0« 104,775 42.1
1« ‘“ “ 84,011 33.8
12« o« 68,557 27.6
13 oo 54,320 21.8
14 “ “ ‘“ 40,541 16.3
15 ¢« ¢« 0« 30,777 12.4
16 ¢ oo« 22,243 8.9
17 14,584 5.9
18 “ “ 7,666 3.1
19« o« 3,075 1.2
20 ¢« o« 1,277 0.5
21« “ “ 462 0.2
7 149 0.06
23« “oou 47 0.02
24 o {3 “ 0 0.00

percentages are particularly helpful when frequency distributions
are to be compared.

The Ogive, or Cumulative Frequency Curve. The general utility
of such cumulated data is limited by the classification system nec-
essarily adopted in condensing the material. Unless we interpolate
mathematically we are limited to the points on the scale actually
noted in Tables 3-11 and 3-12. For this reason, a generalized cu-
mulative curve similar to the smoothed frequency curve described
in the preceding section is desirable. If the values given in Table
3-11 be plotted on coordinate paper (the length of life in each case
as abscissa, and the corresponding number of poles as ordinate)
and a smooth curve drawn through the points thus plotted, the
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FIG. 3.13. Cumulative Frequency Curve: Distribution of Telephone
Poles Classified according to Length of Life (cumulated upward).
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cumulative frequency curve shown in Fig. 3.13 is secured. In Fig.
3.14 the data of Table 3-12 are plotted.

Such a curve constitutes one of the most effective and useful
representations of a frequency series. It is obvious that the limita-
tions of the particular class-interval adopted are in large part re-
moved; the shape of the curve will be fundamentally the same,
though the class-interval and number of classes may vary. Fre-
quency curves of the usual type may not be compared unless the
groupings are the same, but cumulative frequency curves are sub-
ject to no such restriction. Moreover, uneven class-intervals do
not distort the ogive, or cumulative curve, as they do the ordinary
frequency curve. .

The cumulative curve is particularly well adapted to interpola-
tion. Thus if it is desired to know the number of poles surviving
less than 153 years, the value of the ordinate of the curve having
153 as abscissa may be approximated from Fig. 3.13. A value of
222,000 is secured. If the number surviving 8% years or more is
desired, a similar estimate may be made from Fig. 3.14. The inter-
polated figure in this case is 135,000.

Another type of interpolation possible with such a curve is the
determination of the number of cases falling within any given in-
terval. One is not limited to the class-intervals marked out in the
original tables. For instance, it may be desirable to know the num-
ber of poles surviving more than 104 but less than 15 years. Read-
ing from the table or from the chart we find that 217,930 poles sur-
vived less than 15 years. Interpolating on the chart in the manner
described above a figure of 154,000 is secured for the number sur-
viving less than 10} years. Subtracting the latter figure from the
former we have 63,930 as the number of poles falling within the 104
to 15 years interval. The figure is, of course, an approximation to
the true value, as are all values secured through such smoothing
and interpolation.

It should be noted that the ogive may be derived directly from
the array, without the formation of a frequency table as an inter-
mediate step. This curve, in fact, may be looked upon as merely a
graphic representation of the array. It represents one of the sim-
plest forms of statistical organization, as well as one of the most
effective methods of manipulating quantitative data.

Relation between the ogive and the frequency curve. The ogive and
the frequency curve are merely two different arrangements of pre-
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cisely the same material, each arrangement having certain dis-
tinctive advantages. The characteristics of each may be more
clearly apparent if the structural relationship between these two
curves is understood. This relationship is graphically portrayed in
Fig. 3.15.
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FIG. 3.15. Distribution of Bricks Classified according to Transverse Strength.

Illustrating the Structural Relation between the Ogive and the Frequency
Curve.

This figure is based upon the data in Table 3-13, showing the
results of certain tests of the transverse strength of bricks. The
upper part of Fig. 3.15 indicates the method by which the ogive is
built up. Just as in the histogram, the area of each rectangle is pro-
portional to the number of cases falling in the given class. Since
the operation is a cumulative one, however, the base of each rec-
tangle is the cumulated frequencies of all preceding classes. Thus
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TABLE 3-13

Frequency Distribution of Bricks Classified
according to Transverse Strength *

Number of bricks

Transverse strength having strength

. within given
(lbs. per sq. inch) limits

(frequency)
225- 374.9 1
375- 524.9 1
525- 674.9 6
675- 824.9 38
825- 974.9 80
975-1124.9 83
1125-1274.9 39
1275-1424.9 17
1425-1574.9 2
1575-1724.9 2
1725-1874.9 0
1875-2024.9 1
Total 270

The data are from the A.S.T.M. Manual on Presentation of Dala, published by the
American Society for Testing Materials, Philadelphia, 1933.

the y-value (frequency) of the first rectangle is 1, erected from 0
as a base, the y-value of the second class is 1, erected from 1 as a
base, the y-value of the third class is 6, erected from 2 as a base,
and so on. The slope of the curve connecting these rectangles is
gradual at first when the frequencies are low, then steeper as the
frequencies become greater, and finally tapers off as the frequencies
decrease near the upper limit of the distribution.

When the various rectangles representing the class frequencies
are dropped to the zero line as a common base, the z-values remain-
ing the same throughout, the histogram or column diagram de-
scribed in an earlier section is secured. From this the frequency
polygon or smoothed frequency curve may be derived.

The Lorenz Curve. Another arrangement of cumulative frequen-
cies is particularly useful in studying income distribution. The data
recorded in Table 3-14, taken from the 1949 midyear report of the
President’s Council of Economic Advisors, will serve to exemplify
the procedure.

This arrangement, in which the basis of classification (column 1)
and the frequencies (columns 2 and 3) are in corresponding rela-
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TABLE 3-14

Cumulative Distribution of Spending Units in the United States Ranked
according to Percentage of Total Money Income Received in 1948
before and after Deduction of Federal Income Tax *

S —

Spending units t ranked Cumulative percentage of
by size of income total money income received

§)) (2) (3)

Before tax After tax
Lowest tenth 1 1
Second tenth 4 5
Third tenth 9 10
Fourth tenth 15 17
Fifth tenth 22 25
Sixth tenth 31 34
Seventh tenth 41 44
Eighth tenth 53 56
Ninth tenth 68 71
Highest tenth 100 100

* Based on data from the 1949 Survey of Consumer Finances, conducted for the Board
of Governors of the Federal Reserve System by the Survey Research Center of the
University of Michigan. The figures given are, of course, estimates. They are based
on a sample survey covering 3000 to 3500 spending units. For an account of the
methods used see the Federal Reserve Bulletin, June 1949.

t A spending unit consists of related persons who live together and pool their incomes
for their major items of expense.

tive terms, permits the type of graphic portrayal illustrated by
Fig. 3.16. An absolutely equal distribution of income, cumulatively
expressed, would be represented by a straight line inclined at an
angle of 45 degrees. One tenth of the number of spending units
would receive one tenth of the income, three tenths of the number
of spending units would receive three tenths of the income, etec.
The greater the departure from equality (the greater the concentra-
tion of income in upper income groups) the more widely will the
curve of cumulative relative frequencies depart from the line of
equal distribution. Effective comparison of degrees of concentra-
tion at different times or under different conditions is facilitated by
the use of such graphs as these, which are known as Lorenz curves.
Of the two distributions here compared, one relating to the distri-
bution of income before deduction of Federal income taxes, one
to income distribution after taxes, the latter shows a closer ap-
proach to equality of distribution. This is, of course, the natural
result of the application of a graduated income tax.
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FIG. 3.16. Lorenz Curves Showing the Distribution
of Income in the United States in 1948 before and
after Deduction of Federal Income Tax.*

* As estimated by the Survey Research Center for the Board of
Governors of the Federal Reserve System,
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CHAPTER @

Some Characteristics of Frequency

Distributions: Averages

The classification of quantitative data and the construction of a
frequency distribution are a first stage in the task of organization
and examination. By means of classification the underlying struc-
ture of the data may be revealed and the essential unity of a mass
of material may be brought out. But this is only the beginning of
the processes of description and inference. It remains to develop
methods of measuring and expressing more concisely the significant
characteristics of a body of data. For certain purposes the fre-
quency distribution itself must be summarized and condensed,
must be boiled down until its essence has been distilled into three
or four significant figures.

If each frequency distribution constituted a novel and unique
phenomenon, obeying a law peculiar to itself, the task of studying
and describing such distributions would be a difficult one. Fortu-
nately this is not so. Quantitative data in widely different fields,
when assembled in frequency distributions, show certain common
characteristics, obey certain general laws. Experience in one field,
therefore, constitutes a guide to work in others. Uniformity in the
behavior of masses of data makes possible the development of a
generalized method of organizing, analyzing, and comparing meas-
urements drawn from many fields of scientific study.

Examples of Frequency Distributions from Diverse Fields

This fact of a common law of arrangement running through the
universe of quantitative facts may be brought home most effec-
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FIG. 4.1. Frequency Curve: Distribution of 67,995 Soldiers
Classified by Height.

ively by a comparison of distributions illustrative of various types
f data. The characteristics of the frequency distributions and of
he frequency curves which follow should be noted, and the dis-
ributions compared.

TABLE 4-1
Distribution of Soldiers Classified by Height, 1943 *

Height in inches Number of soldiers
60 136
61 340
62 748
63 1,632
64 3,264
65 5,576
66 8,227
67 9,791
68 10,675
69 9,519
70 7,343
71 5,100
72 3,060
73 1,428
74 680
75 272
76 136
77 68

Total 67,995

Source: Report No. 1-BM, Army Service Forces, Office of Surgeon General, Medical
Statistics Division, ‘ Height and Weight Data for Men Inducted into the Army and
for Rejected Men.” Classification of inductees by height is based on the whole num-
ber of inches reported, disregarding any fractional parts of an inch.
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FIG. 4.2. Frequency Curve: Distribution of Errors of Observa-
tion in Astronomical Measurements.

The curve in Fig. 4.1 is based upon the data classified in Table
4-1, relating to the heights of a sample of 67,995 men inducted into
the U.S. Army in 1943.

Figure 4.2 depicts a frequency curve based upon 1,000 observa-
tions made at Greenwich, of the right ascension of Polaris.! The

TABLE 4-2

Distribution of Errors of Observation in Astronomical Measurements
(1,000 observations of the Right Ascension of Polaris)

Magnitude of deviation,

. . ? Number of observations
in seconds of time, from origin

- 35 2
- 3.0 12
—25 25
- 20 43
- 15 74
- 1.0 126
- 05 150
0 168
0.5 148
1.0 129
L5 78
2.0 33
2.5 10
3.0 2
1,000

! From Whittaker and Robinson, Ref. 190.
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values on the abscissa define deviations, in seconds of time, from an
origin near the mean of all the observations. Frequencies of oc-
currence of given values on the z-scale are measured, of course, as
ordinates on the y-scale. The distribution plotted in Fig. 4.2 is given
in Table 4-2.

2 7 16 25 25 16 7 2

FIG. 4.3. Zone of Dispersion, Artillery Firing, Showing the Theoretical
Percentage Distribution of Shots.

If a piece of artillery be accurately adjusted on a given target
(a point) and 100 shots be fired, it will be found that the points of
impact of the hundred shots will be dispersed about the target. No

TABLE 4-3
Distribution of 1,000 Shots from a Single Gun

Division Number of shots recorded

10 © 16
11 (bottom) 2

matter how accurate the piece or the adjustment only a small per-
centage of the shots will fall upon the exact point at which they
were directed. The points of impact will be scattered about the
target in a quite regular fashion, however. If a rectangle be so
drawn as to include all the points of impact, and this rectangle (or
zone of disperston) be divided into eight equal parts, the distribu-
tion of shots within these sections will be as indicated in Fig. 4.3.
(In any given case there are likely to be slight departures from this
order, but in the long run this distribution will prevail.)

This general rule holds for all classes of guns. The more accurate
the gun the smaller will be the zone of dispersion, but the distribu-
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tion within this zone is theoretically the same in all cases. Rules
of fire used in artillery adjustment are based upon this fact.

The results of actual firing may be contrasted with this theoreti-
cal distribution. Table 4-3 presents a record of one thousand shots
fired from a battery gun at the middle of a stationary target 200
vards distant.? The target was divided by horizontal lines into

eleven equal divisions. These results are presented graphically in
Fig. 4.4.

200
160
2
L
& 120
S
3
£ 80
E
4
40
0 1 -

1 2 3 4 5 6 7 8 9 10 11
Divisions
FIG. 4.4, Column Diagram: Distribution of 1,000 Shots from a Single
Gun.

The zone of dispersion being divided into eleven divisions in-
stead of the eight referred to in describing the theoretical distribu-
tion, a direct comparison cannot he made. We have here, however,
the same general type of distribution found in the other examples
given. A tendency toward concentration in the lower half of the
target reflects a slight departure from symmetry.

When coins are tossed the distribution of heads and tails is as-
sumed to be determined by pure chance. In a single experiment ten
coins were tossed 100 times. Table 4-4 shows the frequencies with
which given numbers of heads appeared. (The greatest number of
heads possible in a given throw under such conditions is, of course,
10; it is also possible that no heads should appear.) Figure 4.5
depicts the corresponding frequency distribution.

? From Merriman, Ref. 98.
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TABLE 4-4

Distribution of Results in Coin Tossing Experiment
(Ten coins tossed 100 times)
e e eee——————————————————————— e RIRNNNNSS,

Number of heads Frequency of occurrence

10 0
9 1
8 4
7 7
6 23
5 30
4 20
3 9
2 5
1 1
0 0
100

We find in these four widely different fields something approach-
ing a uniform law of arrangement of quantitative data. Do eco-
nomic data show the same general characteristics? If reference be
made to examples given in Chapter 3, comparisons with the four
preceding illustrations may be made. The frequency distributions
referred to are those relating to weekly earnings of employees, the
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FIG. 4.5. Frequency Polygon: Distribution of Heads in a Coin Tossing
Experiment.

0 bae—]
0 1 2




80 AVERAGES

length of life of telephone poles, and the size-distribution of income
in the United States. (The curve of the 1918 distribution, it should
be noted, would show a long tail extending far to the right if the
incomes above $4000 were included.) Several additional examples
of economic data may be given.

Figure 4.6 illustrates the order in which price variations are dis-
tributed. It is based upon a study made by W. C. Mitchell of 5,578
individual cases of change in the wholesale prices of commodities
from one year to the next.® Thus, for example, the average price of
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FIG. 4.6. Frequency Polygon: Distribution of 5,540 Cases of Change in
Wholesale Prices of Commodities from One Year to the Next (after
Mitchell).

0

middling upland cotton in New York in a given year was $0.115
per pound. In the following year the average price was $0.128 per
pound, an increase of 11.3 percent. This would constitute one entry
in the table of rising prices, falling in the class ‘“10-11.99,.” The
entire table consists of 5,578 such entries. These data are presented
in Fig. 4.6 in the form of a frequency polygon, no attempt being
made to smooth the curve.

Table 4-5 shows the distribution of London-New York exchange
rates (sterling exchange) from 1882 to 1913, inclusive. This was a
3 From Mitchell, Ref. 106. The figure shows the price changes only within the range of a

51 percent fall and a 51 percent rise. One case of a price fall of 55 percent is not shown,

and 37 cases of price increases ranging from 52 percent to 104 percent have not been
included.
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TABLE 4-5

Distribution of London-New York Exchange Rates.as Recorded by
Months during the Period 1882-1913

S— — m—e—————
Frequency . |
Class-interval (number of months given
rate prevailed)

$4.8275-$4.8324 1
4.8325- 4.8374 6
4.8375— 4.8424 11
4.8425— 4.8474 21
4.8475- 4.8524 23
4.8525— 4.8574 24
4.8575— 4.8624 25
4.8625- 4.8674 40
4.8675- 4.8721 45
4.8725 - 4.8774 49
4.8775—- 4.8824 35
4.8825- 4.8874 45
4.8875—- 4.8924 33
4.8925- 14.8974 16
4.8975- 4.9024 - 8
4.9025- 4.9074 1
4.9075- 4.9124 1
384
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FIG. 4.7. Frequency Polygon: Distribution of London-New York IEx-
change Rates (as recorded over a period of 384 months).
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period when both currencies were freely convertible into gold, at
fixed ratios, with customary market forces operating to keep ex-
change rates between the two ‘‘gold points.”” Observations covering
recent decades would show quite different characteristics. In the
distribution shown graphically in Fig. 4.7 monthly rates have been
classified according to the frequency of their occurrence over the
32 years of prewar experience.*

A distribution of slaughtering and meat-packing plants, classified
according to the average hourly earnings of employees, is shown in
Table 4-6 and graphically in Fig. 4.8. The data relate to 309 estab-
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FIG. 4.8. Frequency Polygon: Distribution of Establishments Kngaged
in Slaughtering and Meat Packing, by Average Hourly Earnings of
Employees, March, 1946.

lishments, employing 122,269 production workers in 1946. There is
a clear concentration of frequencies between 80 and 120 cents on
the scale of hourly earnings, with the heaviest grouping between
100 and 110 cents. As is customary in income and wage distribu-
tions this one is skew, with a tail extending to the right. The range
of hourly earnings, like that of incomes in general, is greater above
the mode than below.

The frequency curves and histograms based upon economic data,
it will be noted, do not all show the symmetry and regularity that
seem to characterize the curves representing physical data. Some
are nonsymmetrical, showing a preponderance of cases on one side
4 “The figures are . . . the averages of those quoted at the beginning of each month

in the Economist; on and after July, 1886, the exchange is the ‘telegraphic transfer,’
before that date, ‘short at interest.’”” The data are taken from Peake, Ref. 125.
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TABLE 4-6

Frequency Distribution of Establishments Engaged in Slaughtering
and Meat Packing, by Average Hourly Earnings of Employees
in March, 1946 *

S ———

Hourly Earnings Number of Reporting
Plant Average Establishments
50— 59.9 cents 4
60- 69.9 cents 12
70- 79.9 cents 17
80- 89.9 cents 41
90- 99.9 cents 63

100-109.9 cents 73

110-119.9 cents 37

120-129.9 cents 25

130-139.9 cents 10

140-149.9 cents 14

150-159.9 cents 6

160-169.9 cents 5

170-179.9 cents 1

180 -189.9 cents 0

190-199.9 cents 0

200-209.9 cents 1

Total 309

Reports cover any part of the pay period ending nearest March 15, 1946, on both

full-time and part-time basis.
of the point of greatest concentration. In some there are breaks in
the regularity of the increase or decrease of frequencies. But in
spite of these differences there is obviously a family resemblance
between the measurements drawn from the fields of economics,
astronomy, anthropometry, ballistics, and pure chance.® Certain
of the common characteristics may be noted.

Some General Characteristics. There is, in the first place, varia-
tion in the values of the measurements secured. Human heights
vary, astronomical measurements of the same quantity differ, pro-
jectiles fired under conditions as nearly constant as it is humanly
possible to make them fail to land at the same spot, incomes vary
as between individuals, and hourly earnings vary from man to
man and from plant to plant. The various observations or values

8 Examples of more extreme deviations from standard types have been cited. Thus
there are J-shaped distributions with maximum frequencies at one end of the scale
of z-values; there are U-shaped distributions in which the concentrations of frequen-
cies come at the tails rather than toward the center of the range of z-values. For
distributions of these types the descriptive measures to be discussed in this and the
following chapter lose some of their power and significance. But such distributions,
although of special interest when they occur, are rare.
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secured in a given case are distributed along a scale, between two
extreme values.

The distribution of these values along the scale (the z-axis) is
such that, moving from one extreme value towards the other, the
number of cases found at successive points along the scale (the
successive class frequencies) increases with more or less regularity
up to a maximum, and then decreases in much the same way. In
spite of variation, therefore, we find a central tendency, a massing
of cases at certain points on the scale of values. This is the second
notable characteristic that all the frequency distributions appear
to possess in common.

)
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FIG. 4.9. The Normal Curve of Error.

If we measure, for each of the successive classes, the amount of
deviation along the scale from the point of greatest concentration
it will be noted that small deviations are much more frequent than
large ones, that extreme deviations are rare, and that deviations
on both sides of the point of concentration reach perfect (or almost
perfect) equality in the examples taken from the physical sciences
and from the field of pure chance, and approximate equality in the
economic distributions. (Exceptions to this rule of approximate
equality on the two sides of the point of greatest concentration are
not infrequent, the example of income distribution being a striking
case in point.)

Figure 4.9 is a graph of what is called the normal distribution.
The traditional term for the curve is ‘““normal curve of error.” Its
characteristics, and the nature of the scales used in its representa-
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tion, will be discussed in greater detail in a later section. At this
point it is presented merely as a basic type which some of the above
examples approach closely, and from which others represent more
or less pronounced deviations. Departures from this type, let it be
emphasized, are numerous and significant, but as a basic form this
normal curve of error is extremely important in statistical work. Its
existence and our knowledge of its qualities are a main justification
for the use of a generalized method of describing frequency distribu-
tions. Distributions of quantitative data vary, and their variations
from each other and from certain standard types are of the greatest
significance, but in spite of their variations a family resemblance
runs through them all. Each new frequency distribution is not an
isolated phenomenon, but a member of a large family. Accordingly,
the task of describing a given distribution and generalizing from
it.may be approached with confidence in methods that have been
found applicable in other cases.

Given this more or less common type, how may a given distribu-
tion be described and differentiated from others? Certain methods
will have been suggested by the preceding discussion.

Descriptive Measures: General

The values of all the observations, it has been noted, are spread
along a scale. The frequency distribution may be deseribed by the
selection of a single value on that scale which is thoroughly repre-
sentative of the distribution as a whole. Since the frequencies vary,
an obvious choice is the selection of that value which occurs the
greatest number of times, or, in other words, that point on the scale
at which the concentration is greatest. This value constitutes a
measure of the central tendency of the distribution. Thus, one might
find the income class in which the greatest number of families fall,
and let the midpoint of that class (which is $3,500 in the distribu-
tion presented in Table 3-7) serve as the representative of the dis-
tribution. This most common value, it should be noted, is only one
of several possible measures of the central tendency of a given
distribution. All such measures are termed averages. They are some-
times spoken of as measures of location, since they locate the dis-
tribution, or important elements of it, on the z-scale.

A single representative value of this type has many uses but, by
itself, it obviously leaves out many facts concerning the distribu-
tion. Of great importance is the character of the distribution about
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the average. Are the values of all tabulated cases closely concen-
trated, or is there pronounced dispersion over a wide range? The
representative character of any average depends upon how closely
the other values cling to it, upon the degree of concentration about
the central tendency. The average, therefore, must be supple-
mented by a measure of variation, a measure of the “scatter’’ about
the central value.

An adequate description should include also an account of the
degree of symmetry of the distribution. It is highly important to
know whether there are equal distributions of cases on the two
sides of the point of greatest concentration, or whether the fre-
quency curve is skewed to one side, as in the casc of income dis-
tribution illustrated above. If the curve is not symmetrical the
degree of a symmetry should be determined, and for this purpose
measures of skewness have been developed.

Statisticians have employed, also, a measure of the degree of
peakedness of frequency curves, derived by comparing given curves
with the normal curve of error as a standard. It is obvious that the
frequency polygon representing price changes from year to year
(Fig. 4.6) would, if smoothed, yield a curve much more peaked
than the normal curve, and this fact of pronounced concentration
at the central value is highly significant. This characteristic of fre-
quency curves is called kurtosis, or peakedness, or excess. The meas-
urement of kurtosis, when suitable, constitutes the final step in
the description of the frequency distribution.

When these various measures have been secured the task of sta-
tistical inquiry will be well under way. The chaotic assortment of
data with which we started will have been reduced to workable
form in the shape of a frequency table, and the essential facts that
the table reveals will have been distilled into three or four signifi-
cant measures. This process not only reveals the characteristics of
the given distribution, but also facilitates comparison with similar
distributions. For example, it is impossible to compare some tens
of millions of unorganized personal income figures for the United
States with similar data for Great Britain. But if we secure a value
for the average or most representative income for each country, to-
gether with a description of the distribution of personal incomes
about that central value, we have a legitimate basis for compara-
tive study. Finally, by the determination of these descriptive meas-
ures a foundation will have been laid for the processes of inference
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— whether the purpose be to estimate population characteristics
or to test hypotheses — that are usually the main concern of scien-
tific inquiry.

The succeeding section is devoted to a discussion of one phase
of this descriptive process, that involving the measurement of cen-
tral tendencies. After the development of this subject of averages,
problems relating to measures of variation and of skewness will be
dealt with.

Measures of Central Tendency

We have seen that the representation of a frequency distribution
by an average, a single typical figure, is justified because of the
tendency of large masses of figures to cluster about a central value,
from which the values of all observed cases depart with more or less
regularity and smoothness. It is because of the concentration of
cases about a central point on the scale that such representative
figures have significance. The average represents the distribution
as a whole because it is a typical value. If the individual items en-
tering into a distribution vary widely in value and show no tend-
ency toward concentration, no single value can represent them.
Thus the arithmetic mean of the three numbers 3, 125, 1,000 is 376,
but 376 is of limited usefulness as a substitute for the three values
on which it is based. This fundamental requirement, that there be
a tendency toward concentration about a central value, should be
met if an average is to be representative.

If the general character of a frequency distribution be recalled,
the logic of one sort of average will be clear at once. It was sug-
gested above that that point on the z-scale at which the concentra-
tion is greatest, the value that occurs the greatest number of times,
might be taken as typical of the entire distribution. This value is
termed the mode, and the group in which it falls is called the modal
group. If a frequency curve be drawn to represent a given distribu-
tion, the mode will be the z-value corresponding to the maximum
ordinate.® The maximum ordinate itself measures the frequency of
the modal group. Students frequently confuse these two values in
determining the mode. It is not the distance along the y-scale
but the distance along the z-scale that defines the value of the
mode. Each ordinate merely measures the number of cases falling
in a given class, not the value of the cases falling in that class.

¢ Strictly speaking, the mode is the z-value corresponding to the maximum ordinate
of the ideal frequency curve that has been fitted to the given distribution.
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As typical of a given distribution we might also select that point
on the scale of z-values on each side of which one half the total
number of cases falls. This value, which is called the median, is that
which exceeds the values of one half the cases included, and is in
turn exceeded by the values of one half the cases. Thus it has been
estimated that in 1947 the median family income in the United
States was $3,027; one half of the 37,000,000 families received less
than this sum, while one half received more. When a distribution
is represented by a frequency curve, the area under the curve is
divided into two equal parts by an ordinate erccted at that point
on the z-axis corresponding to the median value. This follows, of
course, from the definition of the median, and from the fact that
the area under a frequency curve represents the total number of
cases included in the distribution.

The arithmetic mean is a third type of average that may be used
to represent a distribution. This is a calculated average, affected by
the value of every item in the distribution. Herein, obviously, it
differs from the mode and median, which depend primarily upon
the relative position of the items in the frequency table and are not
affected by the values of all individual items. The arithmetic mean
is the center of gravity of a distribution; it would be the z-value of
the point of balance of a frequency curve, if the curve could be
blocked out and manipulated in solid form.

The geometric mean and the harmonic mean are two other aver-
ages; the characteristics of these will be discussed at a later point.

Notation. The computation or location of these various averages
may involve somewhat lengthy processes if the number of cases in-
cluded is great. If appropriate methods are employed, however, the
labor of computation may be materially cut down. The use of the
following symbols will simplify the explanation of these methods:

X: the value of an individual observation ; a series of ob-
servations on a variable quantity is represented by
Xy, Xo, X3---X,; xis also used as a general symbol
for a variable
M, X or Z: the arithmetic mean of a sample ?

7 In later sections use will also be made of the symbol y (the Greek letter mu) to repre-
sent the arithmetic mean. As has been noted, letters from the English alphabet are
conventionally used to represent attributes of a sample, Greek letters for the corre-
sponding attributes of the population that is being sampled. Thus M, the mean
height, of a sample of male college students, might be 5 feet 10 inches. This is taken

to be an estimate of u, the unknown mean height of the entire population of male
college students.
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d or x: the deviation of an individual observation from the
mean; the deviation of a class midpoint from the mean
A or M’: an arbitrary origin other than the mean
c: the deviation of the mean of a sample from the arbi-
trary origin
d’ or z’: the deviation of an individual observation or a class
midpoint from an arbitrary origin
f: the number of items (observations) in a given class in a
frequency distribution
N: the total number of items in a given series, or in a fre-
quency distribution
Mo: the mode
Md: the median
M,: the geometric mean
H: the harmonic mecan
h: class-interval
2 (Sigma): a symbol for the process of summation, meaning “the
sum of ”’

The Arithmetic Mean. Using the above notation, the formula for
the arithmetic mean is:
% - 2X

X-5 (4.1)

Thus the mean of the measures 2, 5, 6, 7, is equal to the sum of
these measures divided by 4, which is 22 or 5. The computation of
the arithmetic mean when each measure is reported at its true value
is thus a simple process of summation and division. The weekly
earnings of 220 textile workers were listed in an earlier section. If
these figures be added and the total divided by 220, the mean
weekly wage is found to be $50.16841. In this case the task of add-
ing 220 items is somewhat tedious; it is a task which would become
almost impossible if one were dealing with the 37,000,000 family
income figures, for example. For practical reasons, therefore, it is
usually necessary to compute the required averages from the fre-
quency distribution rather than from the original ungrouped data.
To exemplify this process we may utilize data relating to the hourly
earnings of workers in industrial chemical plants in 1946.

The importance of certain of the precautions mentioned in the
section on classification, in connection with the choice of a class-
interval, will be clear from this example. When the mean of a
distribution is calculated from classified observations, we must as-
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sume an even distribution of cases within each class. The class-
interval should be selected with this in mind, in order that errors
introduced by the assumption may be minimized. If the items in
each class are evenly distributed, the mid-value of each class may
be taken as representative of all the observations included; when
such a mid-value is multiplied by the number of items in the class,
the product is approximately equal to the sum of all the individual
items in the class. The formula for the mean thus becomes X =

E——-——(]{,X). Table 4-7 illustrates the procedure in detail.

TABLE 4-7

Calculation of the Arithmetic Mean of Straight-Time Average
Hourly Earnings of Workers in Industrial Chemical Plants
in the Southeastern States, January, 1946 *

e e R

Class-interval Midpoint Frequency 3
(cents per hour) X f f.

40- 49.9 45 2 90
50- 59.9 55 326 17,930
60- 69.9 65 500 32,500
70- 79.9 75 368 27,600
80- 89.9 85 202 17,170
90- 99.9 95 174 16,530
100-109.9 105 150 15,750
110-119.9 115 154 17,710
120-129.9 125 72 9,000
130-139.9 135 22 2,970
140-149.9 145 6 870
150-159.9 155 4 620
160-169.9 165 8 1,320
170-179.9 175 4 700
180-189.9 185 2 370

1,994 161,130

7 _ 2(X)
X = N (4.2)
161,130
1,991 = 80.8074 cents

* These figures and similar data appearing in subsequent tables were compiled by the
Wage Analysis Branch of the United States Bureau of Labor Statistics. See Monthly
Labor Review, November, 1946. The detailed statistics were provided through the
courtesy of Dr. Ewan Clague, Commissioner of Labor Statistics, and Mr. H. M. Douty,
Chief of the Wage Analysis Branch, Bureau of Labor Statistics.

The value secured in this way is sometimes called a weighted
arithmetic mean. What we do, in effect, is to secure the arithmetic
mean of the 15 figures in the column headed X. We do not take a'
simple average of these figures, however, but weight each one in

proportion to the number of cases falling in the class-interval of
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which it is the mid-value. It is precisely the procedure we should
follow in calculating the mean of five men’s incomes, two of whom,
let us say, have incomes of $2,000 and three of whom have incomes
of $3,000. Clearly it would not do to add the figures $2,000 and
$3,000, dividing the sum by two. The figure $2,000 is given a weight
of two, the figure $3,000 is given a weight of three, and the re-
sultant sum, $13,000, is divided by five. Though the procedure in
working from the frequency distribution is thus a form of weighting,
the term ‘‘ weighted average’” hasin general a more restricted mean-
ing, to be explained at a later point, and should not be applied to
an average computed from a frequency distribution.

Short method of computing the arithmetic mean. The calculation
of the arithmetic mean from the frequency table is much easier,
in general, than from the ungrouped data, but when the number of
cases included is large even the computation from the frequency
table by the method illustrated above may be laborious. The pro-
cedure may be greatly simplified.

From the method of computing the arithmetic mean it follows
that the algebraic sum of the deviations of a series of individual
magnitudes from their mean is zero. This may be readily demon-
strated. We represent the series of magnitudes by X,, X,, X; ...
X, their arithmetic means by X, and the deviations of the various

magnitudes from the mean by d,, d, ds, . . . d,.
Then
X1+X2+Xa+"'+Xn=X (4.3)
N
and
X 4+ Xo+ X34+ X, = NX (4.4)

The number of terms, of course, is equal to N. Therefore, sub-
tracting X N times from each side of the equation,
(X=X HX-X)+H( X=X+ - +(X—X)=0  (4.5)
But
X, -X=d, X,- X = d,, ete., and formula (4.5) may be written
2d=0 (4.6)

Knowing this to be true we may measure the deviations of a series
of magnitudes from any arbitrary origin, secure the algebraic sum
of the deviations, and from this sum ascertain the difference be-
tween the arbitrary origin and the actual mean of the distribution.
In effect, a constant has been added to (or subtracted from) each



92 AVERAGES

deviation, when the deviation is measured from the arbitrary origin
instead of from the actual mean. This constant is the difference be-
tween the mean and the arbitrary origin. Since the constant is
introduced N times, its value may be readily determined by divid-
ing by N the sum of the deviations from the arbitrary origin.
If we let A represent the arbitrary origin, whilec = X — 4, and
1, d3, d, . .. d;represent the deviations of the various magnitudes
from A (i.e.,di= X, — A, d; = X, — A, ete.) then

di=di+c,di=dy+c,ds=ds+c,...dr=d,+c¢

and
>d'=2d+ Ne¢
But
2d=0
~2d = N¢
and
_zd
C=N

From the known values of A and ¢ the value of the actual mean
may be obtained, for X = A + ¢. The procedure is illustrated in
the simple example given in Table 4-8.

TABLE 4-8

Computation of the Arithmetic Mean (Short Method)
(Ungrouped data)

X f &

5 1 - 15 A =20

15 1 -5 Zd_+25

25 1 + 5 c=x="35 —Tt5

35 1 + 15 = ‘

45 1 5 X=44¢c¢=204+5=25
5 + 25

The work of computation may be still further abbreviated, for
observations arranged in the form of a frequency distribution, by
measuring the deviations in terms of the class-interval as a unit.
Then, in finally applying the necessary correction, the difference
between the true mean and the arbitrary origin may be again ex-
pressed in terms of the original units. The method may be illus-
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trated in detail with reference to the wage data for which the mean
has already been calculated (see Table 4-9).

TABLE 4-9

Calculation of the Arithmetic Mean of Straight-Time Average
Hourly Earnings of Workers in Industrial Chemical Plants
in the Southeastern States, January, 1946 (Short method)

—— — —

Class- . d
interval  VHid- Frequency (in class- Jd'
point . _

(cents per X f interval _ +

hour) units)

40— 49.9 45 2 -4 8 Calculations

50~ 59.9 55 326 -3 978 A = 854

60- 69.9 65 500 -2 1,000

70- 799 75 368 -1 368 1. Algebraic sum of devia-
80- 899 85 202 0 tions from A

90- 99.9 95 174 +1 174 — 2354
100-109.9 105 150 +2 300 11518
110-119.9 115 154 +3 462 —__—LS-}E
120-129.9 125 72 + 4 288 )

130-139.9 135 22 +5 110 2. Calculation of ¢ (in
140-149.9 145 6 + 6 36 class-interval units)
150-159.9 155 4 + 7 28 — 836

160-169.9 165 8 + 8 64 ¢ =—— = — 41926
170-179.9 175 4 +9 36 1,994

180-189.9 185 2 + 10 20 3. Reduction of ¢ to origi-
Total 1,994 — 2,354 4 1,518  nal units

Class-interval = 10¢
¢ (in original units)

= — .41926 X 10¢
= — 4.1926¢

4. Determination of X
X=4A +c
= 85 — 4.1926
= 80.8074¢

The steps in this process of calculating the arithmetic mean by
the short method may be briefly summarized:

1. Organize the data in the form of a frequency distribution.

2. Adopt as the arbitrary origin the midpoint of a class near the center
of the distribution.

3. Arrange a column showing the deviation (d’) of the items in each class
from the arbitrary origin, in terms of class-interval units. This deviation
will be zero for the items in the class containing the arbitrary origin,
— 1 for the items in the next lower class, + 1 for the items in the next
higher class, and so on.
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4. Multiply the deviation of each class by the frequency of that class,
taking account of signs. These products are entered in the column fd'.

5. Get the algebraic sum of the items entered in the column fd'.

6. Divide this sum by the total frequency (N). The quotient is the cor-
rection (c) in class-interval units.

7. Multiply the correction (c) by the class-interval. The product is the
correction in terms of the original units.

8. Add this correction (algebraically) to the arbitrary origin (4); the sum
is the mean (X).

Location of the Median. The median is a value of a variable so
selected that 50 percent of the total number of cases, when ar-
ranged in order of magnitude, lie below it and 50 percent above it.
For many frequency distributions this is a useful and significant
figure.

$3,475
$2,750 $2,975 $3,128 $3,4501 $3,825 $3,950

1) U - 1 3
2500 3000 Medi anI 3500 4000

[« Income Scale in Dollars————— >}

FIG. 4.10. Illustrating the Location of the Median with
Ungrouped Data (personal incomes of seven individuals).

Ungrouped data. When an investigator is handling unclassified
observations the location of the median is a simple matter. The
data having been arranged in order of magnitude, it is necessary
only to count from one end until that point on the scale of values is
reached that divides the number of cases into two equal parts. As
a simple example we may assume that the following seven figures
represent the annual incomes of seven individuals:

$2,750 $2,975 $3,128 $3,450 $3,475 $3,825 $3,950

The scale of values extends from $2,750 to $3,950, and seven
items are arranged along this scale. The value $3,000 has two items
on one side and five items on the other, so obviously does not con-
form to our definition of the median. The value $3,450, which coin-
cides with the income of one of the seven individuals, is the median
in this case. Three items lie on each side of this value; or, if we
assume the central item to be cut in two, 34 items lie on each side
of this point. This case is illustrated in Fig. 4.10. This diagram may
help to bring out the fact that the median is a point on a scale so
located that it cuts the frequencies in two.
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The problem is slightly different when an even number of cases
isincluded. This condition is exemplified in Table 4-10 which shows

TABLE 4-10

Average Hourly Earnings in Selected Industries,
January, 1947 *

Cents
Industries per

hour
Hotels (year-round) 64.8
Fertilizers 81.0
Cotton manufactures, except smallwares 91.4
Sawmills and logging camps 93.6
Retail trade 95.1
Canning and preserving 97.5
Silk and rayon goods 97.5
Boots and shoes 99.8
Cigarettes 104.1
Furniture 104.5
Cement 107.9
Radios and phonographs 108.4
Flour 110.1
Clocks and watches 110.6
Paper and pulp 112.9
Telephone 113.3
Leather 117.4
Paints, varnishes, and colors 118.1
Wholesale trade 119.7
Slaughtering and meat packing 120.3
Aluminum manufactures 121.3
Textile machinery 122.7
Electrical equipment. 123.2
Machinery and machine-shop products 126.2
Refrigerators and refrigeration equipment 126.7
Steel castings 129.8
Machine tools 132.6
Blast furnaces, steel works, and rolling mills 133.3
Aircraft engines 135.8
Engines and turbines * 136.8
Automobiles 138.9
Locomotives 139.7
Shipbuilding and boatbuilding 142.1
Forgings, iron, and steel 143.0
Petroleum refining 146.3
Bituminous coal mining 149.0
Newspapers and periodicals 157.2
Anthracite coal mining 158.9

* From Monthly Labor Review, April, 1947.

the average earnings per manhour in each of 38 selected indus-
tries in January 1947.
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In this case the median must be a value on each side of which 19
industries lie. Therefore any value exceeding 119.7 cents (average
earnings in wholesale trade) and less than 120.3 cents (average
earnings in slaughtering and meat packing) will satisfy the defini-
tion of a median. Under these conditions, where the median is
really indeterminate, a value half-way between two limiting values
is accepted, by convention. The median of the 38 figures would thus
be 120.0 cents.

Grouped data. The task of locating the median is essentially the
same when the data are in the form of a frequency distribution.
The fact that the real values of the individual items are not known,
because of the groupings by classes, complicates the problem
slightly. We may illustrate the procedure with reference to data
on the distribution of family income, as classified in Table 4-11.

TABLE 4-11

Distribution of Money Income among Families in 1947 *

Number of families

Income class (in thousands)

Under $500 1,640 N 37,279

$ 500to$ 999 2,386 2= g T 186395
1,000 to 1,499 2,908 993.5
1,500 to 1,999 3,280 Md = $3,000 + (——— X $500)
2,000 to 2,499 4,213 4,213
2,500 to 2,999 3,989 = $3,000 + $27
3,000 to 3,499 4,213 = $3,027
3,500 to 3,999 3,131
4,000 to 4,499 2,572
4,500 to 4,999 1,752
5,000 to 5,999 2,870
6,000 to 9,999 3,318
10,000 and over 1,007

Total 37,279

* U.S. Bureau of the Census. Current Population Reports: Consumer Income, Scries
P-60, No. 5, Feb 7, 1949. The present table is derived from the percentage distribu-
tion given in the Census publication.

This example is especially appropriate because the median may be

accurately determined, whereas the mean could not be.

In the present case the location of the median involves the de-
termination of that value on each side of which 18,639.5 items lie.
We may assume that we start at the lower end of the scale and
move through the successive classes. When we reach the upper
limit of the first class (that including items having values from 0
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to $500) we have left behind us 1,640 cases, while 35,639 lie in
front of us. (The counting unit is 1,000 families). When the upper
limit of the second class is attained, 4,026 items have been passed.
The upper limit of the sixth class has below it, 18,416 items while
below the upper limit of the seventh class are 22,629 items. Some-
where between the lower and upper limits of this seventh class lies
the desired point, that which has 18,639.5 items on each side of it.
How far must we move through this class, from $3,000 to $3,500
in order to reach this point?

It will be recalled that, for purposes of calculation, the assump-
tion is made that there is a uniform distribution of the items lying
within any given class. Since before we reach the seventh class
18,416 cases have been counted, only 223.5 of the 4,213 included
in this class are needed to complete the desired number, 18,639.5.
On the assumption of even distribution the required 223.5 cases
will lie within a distance on the scale equal to £33:* of the class-
interval. The class-interval is $500; 252:2 of $500 is equal to $27.
As we move up the scale, then, having reached $3,000, we proceed
an additional distance equal to $27. At a point on the scale having
a value of 3,027 is the dividing line on each side of which lie 18,639.5
cases. This is the value of the median.

The process of computation is shown at the right of the fre-
quency table. The following is a summary of the steps involved in
the location of the median:

1. Arrange the data in the form of a frequency distribution.

2. Divide the total number of measures by 2; this gives the number that
must lie on each side of the point to be located.

3. Begin at the lower end of the scale and add together the frequencies
in the successive classes until the lower limit of the class containing
the median value is reached.

4. Determine the number of measures from this class which must be added
to the frequencies already totaled to give a number equal to N/2.

5. Divide the additional number thus required by the total number of
cases in the class containing the median. This indicates the fractional
part of the class-interval within which the required cases lie.

6. Multiply the class-interval by the fraction thus set up.

7. To the lower limit of the interval containing the median add the result
of the multiplication process indicated in (6). This gives the value of
the median.

The last three steps constitute merely a simple form of inter-
polation.
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The entire process may be reversed by beginning at the upper
end of the scale and counting downwards. In this case the final
operation is one of subtraction from the upper limit of the interval
containing the median.

N/2 may be a fractional value, as in the example given, or a
whole number. The operation is precisely the same in the two cases.

Location of the Mode. The mode is the value of the z-variable
corresponding to the maximum ordinate of a given frequency curve.
The concept of a modal value is a thoroughly easy one to grasp.
It is the most common wage, the most common income, the most
common height. It is the point where the concentration is greatest,
a characteristic which is effectively brought out by Fechner’s term
for this average, dichtester wert, or thickest value. It is not so easy,
however, to locate the true mode in a given case. In general sta-
tistical work an approximate value only is secured for the mode.

The method of determining this approximate modal value may
be illustrated by reference to the distribution shown in Table 4-12.

TABLE 4-12

Frequency Distribution of 5-Percent Bonds
(This table is based upon quotations on the New York Stock Exchange
on December 31, 1948, on domestic bonds with coupon
rate of 5 percent) *
——————————————————————————————————————

Quoted price Midpoint Frequency
Class-interval X

Less than 80 11
80- 89.9 85 7
90- 99.9 95 14
100-109.9 105 29
110-119.9 115 7
120-129.9 125 3
130 and more 2
73

* Bonds of corporations in default or in bankruptey or receivership are excluded.

There is wide dispersion of the 11 cases falling below 80; the exist-
ence of this ““open-end” class and another at the top of the scale
makes it impossible to compute the mean, as the table stands.
The mode is therefore an appropriate average to employ.

The class having limits of 100-109.9 contains the greatest num-
ber of cases. This appears to be the modal group, and the midpoint
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of this class, 105, may be tentatively accepted as the value of the
approximate mode. But with different classifications quite different
values might be secured for the mode. When the original bond quo-
tations are tabulated with varying class-intervals the results in
Table 4-13 are secured. (Only the frequencies of the central classes

TABLE 4-13

Selected Class Frequencies
Distribution of 5-Percent Bonds

(a) (b) (e) (d)

Class-interval = 5 Class-interval = 5 Class-interval = 2.5 Class-interval = 1

Class-interval  f Class-interval f Class-interval f Class-interval f
85— 89.9 4 82.5- 87.4 4 97.5- 999 5 100-1009 3
90- 94.9 7 87.5- 92.4 3 100.0-102.4 9 101-101.9 5
95— 99.9 7 092.5- 97.4 7 102.5-104.9 8 102-1029 2
100-104.9 17 97.5-102.4 14 105.0-107.4 8 103-103.9 5
105-109.9 12 102.5-107.4 16 107.5-109.9 4 104-104.9 2
110-114.9 3 107.5-112.4 7 110.0-112.4 3 105-105.9 3
106-106.9 5

107-1079 4

are shown. It is not necessary, for this purpose, to present each of
the tables as a whole.) With a class-interval of 5 a value of 102.5
is secured for the mode; a class-interval of 5, again, but with differ-
ent class limits, yields a mode of 105. With a class-interval of 2.5
a value of 101.25 is obtained. Finally, a class-interval of 1 gives
three modes: 101.5, 103.5, and 106.5. Further changes in classifica-
tion would give still other values. The mode thus appears to be a
curiously intangible and shifting average. Its value, for the same
data, seems to vary with changes in the size of the class-interval
and in the location of the class-limits.

These difficulties arise primarily from limitations to the size of
the sample being studied. The true mode, that value which would
occur the greatest number of times in an infinitely large sample,
could be located exactly if we could increase indefinitely the num-
ber of cases included. For, given sufficient cases, the approximate
mode approaches the true mode as the class-interval decreases.
Grouping in large classes obscures details, and as these classes are
reduced in size more of the details are seen and a truer picture of
the actual distribution is secured. But since most practical work is
necessarily based upon relatively small samples, the increase in the
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number of classes reveals gaps and irregularities, and causes such
a loss of symmetry and order that doubt arises as to where the point
of greatest concentration really lies. The different tabulations of
bond prices furnish an excellent example of this.

By mathematical methods it is possible to estimate the value of
the true mode without securing an infinite number of cases. The
smoothing process has been briefly explained. One sort of smooth-
ing involves the fitting of an appropriate type of ideal frequency
curve to the data of a given frequency distribution. This gives,
theoretically, the distribution which would be secured by the proc-
ess first indicated, that of decreasing indefinitely the size of the
class-interval and increasing indefinitely the number of cases. The
value of the z-variable corresponding to the maximum ordinate of
this ideal fitted curve is the estimated mode.®

For most practical purposes approximate values of the mode are
adequate, and these may be secured by much simpler methods. A
first and rough approximation may be obtained by taking the mid-
value of the class of greatest frequency, a method suggested above.
If the general rules for classification which were outlined in an
earlier section have been followed, this procedure will not gen-
erally involve a gross error.

It is possible, given a fairly regular distribution, to secure, by
a process of interpolation within the modal group, a closer approx-
imation than is obtained by accepting the mid-value of this group
as the mode. Referring again to the tabulation of bond prices in
Table 4-12 it will be noted that the distribution on the two sides
of the modal class is not symmetrical. The modal class is that with
a mid-value of 105. The class next below, with a mid-value of 95,
contains 14 cases, while that next above, with a mid-value of 115,
contains but 7 cases. The disproportion is continued in the suc-
ceeding classes below and above, more cases being bulked below
the modal class than above. For other purposes we have assumed
an even distribution of cases between the upper and lower limits
of each class, but it is probable that this is not true of the modal
class in the present case. Judging from the distribution outside this
class, it is likely that the concentration is greater in the lower half
of the class-interval, that is, between 100 and 105. The mode, there-
fore, probably lies below the mid-value 105, rather than precisely
at that point. We may attempt to locate it within the group by

8 A method of approximating the true mode is discussed in Chapter 6.
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weighting, assuming a pull toward the lower end of the scale equal
to 14 (the number in the class next below) and a pull toward the
upper end of the scale equal to 7 (the number in the class next
above). This may be expressed by a formula, employing the follow-
ing symbols:

[ = lower limit of modal class
fi = frequency of class next below modal class in value
f2 = frequency of class next above modal class in value
h = class-interval

The interpolation formula is

Mo—l+([+f1 ) @7

Applying this formula to the bond price data presented in Table
4-12, we have

Mo = 100 + (;’T X 10) = 100 + 3.3 = 103.33
A closer approximation may sometimes be secured by basing the
weights (represented by f. and f;) upon the total frequencies of the
two or three classes next above the modal class and the same num-
ber below. If two classes on each side are included in the present
case, a value of 103.23 is secured for the mode of bond prices.

In some cases the problem of locating the mode is complicated
by the existence of several points of concentration, rather than the
single point which has been assumed in the preceding explanation.
A distribution of this type is called bi-modal; when plotted, a fre-
quency curve having two humps is obtained. If the data are homo-
geneous such a distribution is the result of paucity of data and of
the method of classification employed. It may be due to the use of
a class-interval too small, with respect to the number of cases in-
cluded in the sample. An approximate mode may be determined in
such cases by shifting the class-limits and increasing the class-
interval, carrying on this process until one modal group is definitely
established. This reverses the process by which the true mode may
be located when the number of cases is infinitely large. With a lim-
ited number of cases the location of the point where the concentra-
tion is greatest necessitates increasing the size of the class-interval,
in order to get away from the irregularities due to the smallness
of the sample.
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If the distribution remains bi-modal in spite of changes in the
class-intervals and class-limits, it is probable that the data reflect
the influence of quite different sets of forces. Thus if hourly wage
data for a sample of anthracite coal miners and for a sample of
hotel workers were combined in a single frequency distribution,
two modal points would be expected (see averages in Table 4-10,
p. 95). The significance of a frequency distribution is lost if it con-
tains a mixture of observations relating to essentially different
groups.

Determination of modal value from mean and median. Another
method of securing an approximate value for the mode, a method
based upon the relationship between the values of the mean, me-
dian, and mode, may be employed in certain cases. In a perfectly
symmetrical distribution mean, median, and mode coincide. As
the distribution departs from symmetry these three points on the
scale are pulled apart. If the degree of asymmetry is only moderate
the three points have a fairly constant relation. The mode and
mean lie farthest apart, with the median one third of the distance
from the mean towards the mode. (If the asymmetry is marked,
no such relationship may prevail.) Having the values of any two
of the averages in a moderately asymmetrical frequency distribu-
tion, therefore, the other may be approximated. In fact, however,
the method should only be employed in determining the value of
the mode, as the other two values may be computed more accu-
rately by other methods. The value of the mode itself should only
be determined in this way when more exact methods are not ap-
plicable or are not called for.

The following formula is based upon this relationship:

Mo = Mean — 3(Mean — Md) (4.8)

Applying this formula to the telephone pole data shown in Table
3-10, the following result is secured:

Mo = 9.33 — 3(9.33 — 9.015) = 8.385

This value is slightly below the mid-value of the modal class, 8.5,
and is also less than the value 8.49 which is secured by weighting
within the modal group (using four classes on each side).

For some purposes, particularly those that involve the averaging
of rates or ratios rather than quantities, none of the averages that
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have been described is suitable. The geometric and the harmonic
means are types of averages that should be familiar because they
are particularly appropriate for such purposes.

The Geometric Mean. The geometric mean is the nth root of
the product of n measures; its value thus is represented by:

Mg=\"/al'az'(ls"'an (4.9)
The geometric mean of the numbers 2, 4, 8 is

M,=vV2x4x8
= V64
=4
It is obvious from the method of computation that if any one of

the measures in the series has a value of zero the geometric mean is
zZero.

The actual computation of the geometric mean is greatly facili-
tated by the use of logarithms. In this form

Log MU=logal+logaz+l(])\;:a3+'~+loga,, (4.10)

The logarithm of the geometric mean is equal to the arithmetic
mean of the logarithms of the individual measures.

When the measures, of which the geometric mean is desired, are
to be weighted, the separate weights are introduced as exponents
of the terms to which they apply. Thus if we represent the sum of
the weights by N and the weights corresponding to the terms a,,

@z, @3, . . . @, Tespectively, by wi, we, w;, . . . w,, the formula for the
geometric mean is

M, =Va% a%-a% ... g (4.11)

This is equivalent to repeating each term a number of times, the
number corresponding to the amount by which it is weighted.
(This, of course, is precisely what is done in securing a weighted
arithmetic mean.) When logarithms are employed the formula for
the weighted geometric mean becomes

Log M, = w; log ay + w; log a2+w]irlog as + - - - + w, log a, (4.12)

A method of computing the geometric mean may be illustrated
with reference to Table 4-14, which shows the distribution of the
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TABLE 4-14

Computation of the Geometric Mean of Preferred Stock Prices

Class-interval X f log X flog X
$ 20-% 39.9 30 3 1.47712 4.43136
40~ 59.9 50 5 1.69897 8 49485
60— 79.9 70 10 1.84510 18.45100
80- 99.9 90 18 1.95424 35.17632
100- 119.9 110 19 2.04139 38.78641
120- 139.9 130 3 2.11394 6.34182
58 . 111.68176
Log M, = % = 1.92555
M, = $84.25

prices of 58 preferred stocks with a 5-percent dividend rate. The
table is based upon closing prices on the New York Stock Exchange
and the New York Curb Exchange on December 31, 1948.

Characteristics of the geometric mean. The nature of the geometric
mean may be understood by considering its relation to the terms
it represents, as an average.

If the arithmetic mean of a series of measures replace each item
in the series, the sum of the measures will remain unchanged. Thus,
the sum of the numbers 2, 4, 8 is 14. The arithmetic mean of these
three numbers is 4%; if this value be inserted in the place of each
of the three measures the sum remains 14. It is characteristic of
the geometric mean that the product of a series of measures will re-
main unchanged if the geometric mean of those measures replace
each item in the series. Thus the product of 2, 4, 8 is 64. The geo-
metric mean of the three numbers is 4; if this value replace each
of the three measures the product remains 64.

Again, it is true of the arithmetic mean that the sum of the de-
viations of the items above the mean equals the sum of the devia-
tions of the items below the mean (disregarding signs). The sums
of the differences between the individual items and the mean are
equal. In the case of the geometric mean the products of the cor-
responding ratios are equal. If the ratios of the geometric mean to
the measures which it exceeds be multiplied together, the product
will equal that secured by multiplying together the ratios to the
geometric mean of the measures exceeding it in value. For example,
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the geometric mean of the numbers 3, 6, 8, 9 is 6. The following
equation may be set up:

9

6

The last example brings out the most important characteristic
of the geometric mean. It is a means of averaging ratios. Its chief
use in the field of economic statistics has been in connection with
index numbers of prices, where rates of change are of major con-
cern, and where equal relative changes should usually be regarded
as of equal importance. An example frequently cited is that of two
cases of price change, one a ten-fold increase, from 100 to 1,000,
the other a fall to one tenth of the old price, from 100 to 10. The
arithmetic mean of 1,000 and 10 is 505, the geometric mean is
V1,000 x 10, or 100. When the average is of the latter type it is
seen that the two equal ratios of change have balanced each other.
The arithmetic mean, 503, is quite incorrect as a measure of aver-
age ratio of price change. This subject is discussed at greater length
in the chapter on index numbers.

What has been said in an earlier section in regard to the advan-
tages of logarithmic charting for certain purposes bears upon the
use of the geometric mean. This average is sometimes called the
logarithmic mean, as its logarithm is simply the arithmetic mean
of the logarithms of the constituent measures. Wherever percent-
ages of change are being averaged, where ratios rather than abso-
lute differences are significant, the use of the geometric mean is
advisable.

A problem involving the use of the geometric mean arises in com-
puting the average rate of increase of any sum at compound in-
terest. If p, represent the principal at the beginning of the period,
p. the principal at the end of the period, r the rate of interest, and
n the number of years in the period, the sum to which p, will
amount at the end of the n years, if interest is compounded an-
nually, is represented by the equation:

Pr=Ppo(l +1)" (4.13)
It follows from this that:

n pn
- \/: -1 4.14
r P (4.14)

o

6.6_8,
376 6

Thus, if $1,000 at compound interest amounts to $1,600 at the
end of 12 years, there has been an increase of 60 percent. The arith-
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metic mean is 5 percent, but this is not the rate at which the money
increased. The true rate is:
1,000
- V/1.60 - 1
1.04 - 1
.04, or 49,

Precisely the same problem arises whenever rates of increase or
decrease are to be averaged. The use of the arithmetic mean gives
an incorrect result.

The geometric mean as a measure of central tendency. A question
arises as to the type of frequency distribution the central tendency
of which would bhe best represented by the geometric mean. When
the absolute measures, plotted on the arithmetic scale, give a fairly
symmetrical distribution, the arithmetic mean is clearly preferable
to the geometric mean. But when the absolute figures thus plotted
give an asymmetrical frequency curve of such a type that the asym-
metry would be removed and a symmetrical curve secured by plot-
ting the logarithms of the measures, the geometric mean would
appear to be preferable. Such a distribution would be one in which
not the absolute deviations about the central tendency but the rela-
tive deviations, the deviations as ratios, were symmetrical. The
arithmetic mean of the logarithms of the various measures (which
value is, as has been shown, the logarithm of the geometric mean of
the original measures) would be the best representative of the cen-
tral tendency in such a distribution. The curve thus plotted would
be symmetrical about the logarithm of the geometric mean. A fre-
quency curve representing the logarithms of percentage changes
in prices would tend to show this symmetry about the logarithm
of the geometric mean of these changes. These percentage changes,
as natural numbers, group themselves in an asymmetrical form,
with the range of deviations above the arithmetic mean greatly ex-
ceeding the range below. This arises, of course, from the fact that
prices of given commodities may increase 1,000 percent or more
from a given base, but cannot fall more than 100 percent from any
given base. The section on index numbers contains a fuller discus-
sion of this particular phase of the subject.?

9 Walsh, Ref. 187, lays down the following criteria for the use of averages:

(a) When there are no conceivable or assignable upper or lower limits to the values
of the terms in a series, the arithmetic average should be employed.

1

]
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The construction of a frequency distribution in which logarithms
are tabulated would be laborious, if the logarithm of each item to
be entered had to be determined, before tabulation. It is possible,
however, with no great trouble to construct a true logarithmic dis-
tribution, with class-interval constant in terms of logarithms. The
58 quotations on preferred stocks tabulated in Table 4-14, range
from $23.00 to $124.50. The logarithm of 23.00 is 1.36173; the loga-
rithm of 124.50 is 2.09517. The range in logarithms is 0.73344. We
may select 0.12 as a suitable logarithmic class-interval for the pres-
ent purpose. For convenience in tabulating the data we set up two
series of class limits, one in terms of logarithms, one in terms of the
corresponding natural numbers. In constructing the distribution
natural numbers may be tabulated, utilizing the tlass limits de-
fined in natural terms. All subsequent calculations may be carried
through in terms of logarithms. The distribution appears in Table
4-15.

If the geometric mean is considered appropriate for a given
series, the type of distribution represented by Table 4-15 is more
logical than that shown in Table 4-14, and the descriptive measure-
ments secured from Table 4-15 have correspondingly greater va-

TABLE 4-15

Distribution of 5-Percent Preferred Stocks on the Basis of Market Price

—

. . Midpoint

Class-interval Class-interval : Frequency .

(natural numbers) (logarithms) (logar{'thms) X
$ 22.39-% 29.51 1.35-1.46999 1.41 1 1.41
29.52- 38.90 1.47-1.58999 1.53 1 1.53
38.91- 51.28 1.59-1.70999 1.65 3 14.95
51.29- 67.60 1.71-1.82999 1.77 10 17.70
67.61- 89.12 1.83-1.94999 1.89 . 12 22.68
89.13- 117.49 1.95-2.06999 2.01 27 54.27
117.650- 154.88 2.07-2.18999 2.13 4 852
b1 111.06

(b) When there is a definite lower limit at or above zero and no upper conceivable or
assignable limit, the geometric average should be employed. Because this is true
of price changes Walsh believes the geometric average to be the correct one to use
in making index numbers of prices.

(¢) When in practice, or in the nature of things, certain upper and lower limits are
found to exist and the above criteria cannot be employed, a study of the actual
dispersion of the data is necessary. In this case, if the mode is found nearer to the
arithmetic average, that average should be employed; if the mode is found nearer
to the geometric average, that average should be used.
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lidity. We may derive the mean of the logarithms of the preferred
stock prices by dividing ZfX of Table 4-15 (111.06) by 58. The de-
rived value is 1.91483. The antilog of this is $82.19, which is the
geometric mean of the distribution. This differs somewhat from the
value $84.25 secured from Table 4-14. The difference is due, in part,
to the use of different class-intervals and class limits in the two
cases. With a relatively small number of observations such differ-
ences would be expected to lead to different results. Differing as-
sumptions concerning the internal distribution of items within the
several classes would also contribute to a discrepancy between the
two results. The value obtained from Table 4-15 is probably a
closer approximation to the actual geometric mean than is that ob-
tained from Tdble 4-14.

A frequency curve based upon the logarithms of the mecasures
included, rather than upon the natural numbers, has been employed
to advantage in plotting data relating to income distribution. When
natural numbers are plotted, the range of income distribution is so
large that it is physically impossible to prepare a chart that will
reveal the characteristic features of all sections of the curve. The
process of plotting on double logarithmic paper (which is, of course,
equivalent to plotting the logarithms of both z’s and y’s) meets this
difficulty, giving a true impression of the whole distribution and
the relations between its parts, and, at the same time, brings out
certain important features that are obscured in the natural scale
chart. In particular, this device appears to smooth into a straight
line that part of the curve lying above the mode, a fact which led
Vilfredo Pareto to enunciate what has been known as Pareto’s Law
concerning income distribution. An intensive study of the distribu-
tion of income in the United States has led the staff of the National
Bureau of Economic Research to call into question certain conclu-
sions drawn from Pareto’s generalizations, though the value of the
double logarithmic scale for the presentation of income data has
been recognized.

The Harmonic Mean. The harmonic mean is a type of average
capable of application only within a restricted field, but which
should be employed to avoid error in handling certain types of data.
It must be used in the averaging of time rates and it has distinctive
advantages in the manipulation of some types of price data. As
will be seen in Chapter 13, on Index Numbers, the harmonic mean
is subject to certain biases that correspond inversely to those to
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which the arithmetic mean is subject. A mutual offsetting of biases
is thus possible. The following example will illustrate the method
of employing the harmonic mean.

A given commodity is priced, in three different stores, at ‘“‘four
for a dollar,” “five for a dollar,” and ‘““twenty for a dollar.” The
average price per unit is required. The arithmetic average of the
figures given (4, 5, and 20) is 9%. If we take this to be the average
number sold per dollar, the average price would appear to be $1.00
+ 9%, or 1043 cents each. But the original quotations are equivalent
to unit prices of 25 cents, 20 cents, and 5 cents; the arithmetic aver-
age of these prices is 16% cents apiece. The discrepancy between
1043 cents and 16% cents is due to a faulty use of the arithmetic
mean in averaging quotations in the ‘‘so many per dollar”’ form.
Such a mean is, in effect, a weighted average, with greater weight
being given to quotations involving a larger number of commodity
units.

The correct result may be secured by taking the harmonic mean
of the three original quotations. The harmonic mean of a series of
numbers s the rectprocal of the arithmetic mean of the reciprocals of
the indwidual numbers. Thus if we represent the numbers to be aver-
aged by 7, 73, . . . 75, the formula for the harmonic mean, H, is

= = ' (4.15)

The harmonic mean of 4, 5, and 20 is 6, the average number of units
sold per dollar. The average price per unit is 16% cents.

The computation of the harmonic mean of a series of magnitudes
is greatly facilitated by the use of prepared tables of reciprocals.!

19 Barlow’s Tables of Squares, Cubes, Square Roots, Cube Roots and Reciprocals, New York,
Spar and Chamberlain,
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Relations among Different Averages
When different averages are located or computed for a given

series of observations, certain relationships are found to prevail
among them.

1.
2.

The arithmetic mean, the median, and the mode coincide in a sym-
metrical distribution.

In a moderately asymmetrical distribution the median lies between the
mean and the mode, approximately one third of the distance along the
scale from the former towards the latter. Hence, for this type of distri-
bution there is an approximation to the following relationship:

Mo=M - 3(M — Md)

. The arithmetic mean of any series of magnitudes is greater than their

geometric mean.

. The geometric mean of any series of magnitudes is greater than their

harmonic mean. The only exception to the last two rules is found when
all the measures in the series are equal, in which case arithmetic mean,
geometric mean, and harmonic mean are equal.

The geometric mean of any two terms is equal to the geometric mean
of the harmonic and arithmetic means of those terms. Thus if the terms
be 2 and 8, the harmonic mean is 3%, the geometric mean 4, and the
arithmetic mean 5. But 4 is also the geometric mean of 3% and 5. This
relationship does not hold when the series includes more than two
terms, unless the terms constitute a geometric series.

If the dispersion of data tends towards symmetry when the data are
plotted on an z-scale in natural numbers, the mode and median will
generally be found closer to the arithmetic than to the geometric
average. If the dispersion tends toward symmetry when data are plotted
on a logarithmic (or ratio) z-scale, the mode and median will generally
be found closer to the geometric than to the arithmetic average.

Characteristic Features of the Chief Averages

The arithmetic mean

1.

The value of the arithmetic mean is affected by every measure in the
series. For certain purposes it is too much affected by extreme deviations
from the average.

The arithmetic mean is easily calculated, and is determinate in every
case. '

The arithmetic mean is a computed average, and hence is capable of
algebratc manipulation.

. The arithmetic mean is a stable statistic, in a sampling sense. (The

meaning of this important statement will be developed more fully at a
later point.)
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The median
1. The value of the median is not affected by the magnitude of extreme
deviations from the average.
2. The median may be located when the items in a series are not capable
of quantitative measurement.
3. The median may be located when the data are incomplete, provided
that the number and general location of all the cases be known, and

that accurate information be available concerning the measures near
the center of the distribution.

The mode

1. The value of the mode is not affected by the magnitude of extreme
deviations from the average.

2. The approximate mode is easy to locate but the determination of the
true mode requires extended calculation.

3. The mode has no significance unless the distribution includes a large
number of measures and possesses a distinet central tendency.

4. The mode is the average most typical of the distribution, being located
at the point of greatest concentration.

The geometric mean

1. The geometric mean gives less weight to extremely high values than
does the arithmetic mean.

2. It is strictly determinate in averaging positive values.

3. The geometric mean is the form of average to be used when rates of
change or ratios between measures are to be averaged, as equal weight
is given to equal ratios of change. It is particularly well adapted to the
averaging of ratios of price change.

4. The geometric mean is capable of algebraic manipulation.

The harmonic mean

1. The harmonic mean is adapted to the averaging of time rates and certain
similar terms. It has been employed in the field of economic statistics in
the measurement of price movements.

2. The harmonic mean is capable of algebraic manipulation.

This summary has been designed to show that each type of aver-
age has its own particular field of usefulness. Each one is best for
certain purposes and under certain conditions. The characteristics
and limitations of each one should be understood in order that it
may be appropriately employed. A complete description of a fre-
quency distribution often calls for the determination of two or three
of the chief averages, as well as other statistical measurements. The
arithmetic mean is perhaps the most useful single average. The
simplicity of its computation, the possibility of employing it in al-
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gebraic calculations and the fact that its meaning is perfectly defi-
nite and familiar make it highly serviceable in statistical work. Its
sphere of usefulness is not universal, however, and it should only
be employed when the given conditions render it suitable. A fuller
appreciation of the distinctive virtues of the geometric mean is
leading to a wider employment of that measure in many types of
statistical work.
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CHAPTER 5

Some Characteristics of Frequency
Distributions: Measures of

Variation and Skewness

In the preceding chapters we have been concerned, first, with
methods of reducing a mass of quantitative data to a form in which
the characteristics of the mass as a whole may be readily deter-
mined and, in the second place, with methods of describing the as-
sembled data. The first object is accomplished with the formation
of a frequency distribution. The second is partially accomplished
when there has been obtained a single significant value in the form
of an average which represents the central tendency of the distribu-
tion. But any average, by itself, fails to give a complete description
of a frequency distribution. Other values are needed before the
chief characteristics of a given distribution have been defined and
effective comparison with other distributions made possible. The
first of these is a measure of the degree to which the items included
in the original distribution depart or vary from the central value,
the degree of ‘‘scatter,” variation or dispersion. The second is a
measure of the degree of symmetry of the distribution, of the bal-
ance or lack of balance on the two sides of the central value. A third
measure sometimes employed to define the pattern of variation
takes account of the distribution of observations as between classes
near the mean and classes at the tails of a distribution. This attri-
bute, termed kurtosts, will be discussed at a later point, The present
chapter deals with measures of variation and skewness,
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Nature and Significance of Variation

The fact of variation in collections of quantitative data has been
pointed out in earlier sections and the bearing of this fact upon.the
work of the statistician indicated. Practically every collection of
quantitative data, consisting of measurements from the social, bio-
logical, or economic field, is characterized by variation, by quan-
titative differences among the individual units. And this fact of
variation is as important as the fact of family resemblance. Bio-
logical variation has been a fundamental factor in the evolutionary
process. No measurement of a physical characteristic of a racial
group, such as height, is complete without an accompanying meas-
ure of the average variation in the group in this respect. The ma-
terial well-being of the people of a country depends upon the degree
of variation in income among income recipients, as well as upon
the size of the average income. The price movements that are char-
acteristic of economic changes are not uniform throughout the price
system. They are unequal from sector to sector, and it is the in-
equalities that both reflect and necessitate economic adjustments.

The whole body of statistical methods may, indeed, be regarded
as a set of techniques for the study of variation. It is variation that
creates various types of frequency distributions. The powerful tools
of correlation analysis have been constructed for studying relations
among variations in different quantities. Comparisons of measures
of variation provide means of testing hypotheses. When we gen-
eralize statistical measures we attempt to define the limits of ac-
curacy of such generalizations, and for this purpose use still other
measures of variation. When we deal with observations that are
ordered in time, and for which the chronological sequence is sig-
nificant, we face new aspects of variation. Changes from month to
month and from year to year in national income, in the level of
wholesale prices, in the physical volume of production, have pro-
found economic significance. Products of a manufacturing process
are marked by variation, no matter how fine the tolerance limits
imposed. A new and important body of statistical techniques has
been developed to distinguish between those variations in quality
that are due to assignable causes (and are thus open to control) and
those that are due to chance — ‘“‘chance’” meaning the mass of
floating or random causes that cannot be separately defined.

Accurate and sensitive measures of variation are thus necessary
at all levels and for all types of statistical work. For our immediate
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purposes, which have to do with the description of observations
organized in frequency distributions, the need of such measures as
supplements to measures of central tendency is to be emphasized.
An average by itself has little significance unless the degree of var-
iation in the given frequency distribution is known. If the variation
is so great that there is no pronounced central tendency an average
has limited significance. With a decrease in the degree of variation
an average becomes increasingly meaningful.

Variation may be expressed in terms of the units of measurement
employed for the original data, or may be expressed as an abstract
figure, such as a percentage, which is independent of the -original
units. When the original units are employed absolute variability is
measured; when an abstract figure is secured we have a measure
of relative variability, more suitable for comparison than the former
type. Measures of absolute variability are first considered.

Notation. A few symbols not hitherto employed will be used in
this chapter. Explanations will come later, but it may be helpful
to present the more important of these at this point:

s: the standard deviation of a sample
s?: the variance of a sample
si: the mean-square deviation from an arbitrary origin
§': an estimate of the standard deviation of a pépulation (this
symbol used chiefly with small samples)
8": an estimate of the variance of a population (this symbol
used chiefly with small samples)
o: the standard deviation of a population
o®: the variance of a population
M.D.: the mean deviation
Q:: the first quartile
Q.D.: the quartile deviation
Dys: the eighth decile
V': the coefficient of variation
sk: the skewness of a distribution

Measures of Variation

The Range. A rough measure of variation is afforded by the
range, which is the absolute difference between the value of the
smallest item and the value of the greatest item included in the dis-
tribution. From the array in Chapter 3, showing the weekly earnings
of textile workers, we may note that the smallest observation is
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$38.80, the largest $67.60. The range, therefore, is $67.60 — $38.80,
or $28.80. If the original data were not to be had the range could
be approximated from the frequency table. It would be the differ-
ence between the lower limit of the lowest class and the upper limit
of the highest class. Thus for bricks classified according to trans-
verse strength (Table 3-13 in Chap. 3), the range is from 225 to
2025, or 1800 (pounds per square inch).

Themagnitude of the range, it is obvious, depends upon the values
of the two extreme cases only. A single abnormal item would change
the range materially. It is, therefore, a somewhat erratic measure-
ment, likely to be unrepresentative of the true distribution of items.
For small samples, however, particularly when the sampling opera-
tion is repeated and an average of successive results utilized, the
range has certain distinct advantages. These have led to its rather
extensive employment in inspections designed to maintain the qual-
ity of industrial products.

The Standard Deviation and the Variance. The standard and
most widely used measure of variation, the standard deviation, is
the square root of the mean of the squared deviations of the in-
dividual observations from their mean. Such deviations are termed
restduals. The deviations are always measured from the arithmetic
mean, since the stm of their squares is a minimum under these con-
ditions. We may note that in statistical work extensive use is made
also of the square of the standard deviation (i.e., s? for a sample, o2
for the population). This quantity is termed the variance.

The standard deviation of a sample. The procedure employed in
computing s? and s is illustrated by a simple example in Table 5-1.

TABLE 5-1

Computation of the Standard Deviation

X d d
3 -6 36 X=9
6 -3 9 st = Zdi/N 6.1)
9 0 0 =% =18
12 +3 9 s = VZd@/N (5.2)
15 +6 36 = V18 = 4.24

90

The sum of the squared deviations from the mean of the five ob-
servations here shown is 90. The mean of this quantity is 18, the
variance. The square root of 18 is 4.24, the standard deviation.
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The symbol s will be used throughout to represent the standard
deviation of a sample, taken as the square root of Zd?/N. However,
the student should at this stage be introduced to a slight modifica-
tion of this procedure which yields a measure we may represent by
§’, derived from

, Zd?
$=V¥y—7 (5.3)
, /90 : .
In the present case s’ = = 4.74. This quantity is of importance

in the theory of sampling, and becomes of practical concern when
samples are small. It is to be preferred to s when the investigator
is using sample results as bases for estimates concerning the popula-
tion from which the sample was drawn. To make the distinction
clear we may at this point briefly anticipate certain ideas which
will be discussed more fully in later chapters.

Estimating the standard deviation of a population. In general, in
deriving a statistical measurement from a sample, we do so as a
step preliminary to an estimate of a population characteristic. The
mean of a sample is of value to us as an approximation to the mean
of a parent population; the standard deviation of a sample is an
approximation to the population ¢. Our prohlem, in the latter case,
is that of estimating the variation prevailing in a population of
which both the mean and the standard deviation are unknown to
us. Regarding the problem in this light, let us consider the nature
of the information provided by successive observations. A single
observation provides the basis of an estimate of the mean of the
parent population. It provides no basis for an estimate of the degree
of variation in that population. For all that we know when we have
but one observation, all the members of the parent population may
have a single uniform value. When we have {wo observations, how-
ever, we have a basis for an estimate of the variation in the popula-
tion; when we have three observations we have an added basis for
such an estimate. In the language of Statistics, two observations
provide us with one degree of freedom for estimating the variation
in the parent population, three observations provide us with two
degrees of freedom for such an estimate, etc. Qne degree of freedom
is lost, for an estimate of variation, when we have only the informa-
tion about the parent population that is provided by the observa-
tions in our sample. If, in some independent way, we knew the
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mean of the parent population, there would be no loss of degrees
of freedom for such an estimate. A single observation, the devia-
tion of which from the known mean of the parent population could
be measured, would provide the basis for an estimate of variation.
But we seldom have such independent information. In effect, in
default of such information, we use up one degree of freedom in
estimating the mean. This leaves N — 1 degrees of freedom for the
estimate of the standard deviation. The sum of the squared devia-
tions is divided, thus, not by N, but by the number of degrees of
freedom available for the given purpose. (As we shall see, the prob-
lem of determining degrees of freedom enters in various forms into
later procedures.) When this is done in deriving s, we may, from
V5”2, obtain an unbiased estimate of ¢.!

For practical purposes it is convenient and permissible to use N
as the divisor, rather than N — 1, when N is large, say in excess of
100. The difference between N and N — 1 is then negligible; either s
or 8’ provides a satisfactory estimate of o. (In general, with large
samples we shall make no distinction between s and s’.) Even with
a small sample N may be used as the divisor of =d? if the derived
measure is to be thought of as simply descriptive of a given set of
observations, rather than as an estimate of a population charac-
teristic.

Computation of the standard deviation. In the example given in
Table 5-1 the five observations were ungrouped. When data are
grouped in a frequency distribution the task of computing the
standard deviation takes a slightly different form. The measure-
ment of deviations from an arbitrary origin is essential in this case,
as it greatly simplifies the calculations. In this process, the sample
being quite large, the formula for an estimate of the standard de-

viation may be written
2
s=Y %{-}i— (5.4)

where f represents a class-frequency, d the deviation of the midpoint
of that class from the arithmetic mean, and N the total number of
cases included. For the square of the standard deviation we have,
of course,

82=§E._2
N

! The problem of estimation is discussed more fully in Chapter 7.
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If a deviation from an arbitrary origin be represented by d’ and
the mean-square deviation from this origin be represented by s?,
we have

o 2@
¢ N
The mean-square deviation from the mean (s?) is less than the
mean-square deviation from any other point on the scale. Hence
83 is greater than s2. We may represent by c¢ the difference between

the true mean and the arbitrary origin. It may be readily estab-
lished 2 that

82 =38} —¢? (5.5)

The value of the standard deviation may be most easily deter-
mined, therefore, by computing s and c2. The operations involved
are illustrated in detail in Table 5-2, showing the distribution of
83,114 chemical workers, classified on the basis of average hourly
earnings in January 1946.

The entire calculation, it will be noted, is carried through in
terms of class-interval units, the result being reduced to the original
units in the final operation. In computing ¢, the difference between
the true mean and the arbitrary origin, the algebraic sum of the
deviations is divided by the number of cases. The arithmetic mean
could be determined by reducing ¢ to original units and adding this
value (algebraically) to the value of the arbitrary quantity selected
as origin, but this is not an essential step. The actual value of the
mean need not be known in the computation of the standard de-
viation.

The variance of the distribution in Table 5-2 is, of course,

s? = (23.5357)% = 553.93

This can be obtained directly from the figures given below Table
5-2, by multiplying s? in class-interval units (5.5393) by the square
of the class-interval (100).

? For s’=%d—’ but Zd =0
s:=§(:7-'>' @ () = Z& + Net
: @)y Za
d =d+c N -N +c
(d)? = d + 2cd + ¢ 83 =g+ ¢

Z(d')* = Zd* + 2¢2d + N¢t P R
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TABLE 5-2

Computohon of Standard Deviation
Straight-Time Average Hourly Earnings of Workers in Industrial
Chemical Plants, United States, January, 1946

y

D

n ) (3) @ (5) (6) ) ®

. Deviation

Class- Mid-

interval point Fre- lf)x_'zm 5 e (@ r f(@ 4+ 1)
(cents per  (cents) quency  arbitrary I @) @+1)? fl@+1)

hour) Xm ! or:lg'm

30.0- 39.9 35 1 -8 -8 64 49 49
40.0- 49.9 45 5 -7 -35 245 36 180
50.0- 59.9 55 422 -6 — 2,632 15,192 25 10,550
60.0- 69.9 65 1,600 -5 — 8,000 40,000 16 25,600
70.0- 79.9 75 3,661 -4 — 14,644 58,576 9 32,949
80.0- 89.9 85 6,004 -3 — 18,012 54,036 4 24,016
90.0- 99.9 95 10,564 -2 — 21,128 42,256 1 10,564
100.0-109.9 105 13,136 -1 - 13,136 13,136 0 0
110.0-119.9 115 15,048 0 0 0 1 15,048
120.0-129.9 125 13,116 1 13,116 13,116 4 52,464
130.0-139.9 135 8,219 2 16,438 32,876 9 73,971
140.0-149.9 145 4,%65 3 13,695 41,085 16 73,040
150.0-159.9 155 4,519 4 18,076 72,304 25 112,975

160.0-169.9 165 1,051 5 5,255 26,275 36 37,836
170.0-179.9 175 988 6 5,928 35,568 49 48,412
180.0-189.9 185 82 7 574 4,018 64 5,248
190.0-199.9 195 91 8 728 5,824 81 7,371
200.0-209.9 205 17 9 153 1,377 100 1,700
210.0-219.9 215 10 10 100 1,000 121 1,210
220.0-229.9 225 6 11 66 726 144 864
240.0-249.9 245 2 13 26 338 196 392
250.0-259.9 255 2 14 28 392 225 450
270.0-279.9 275 1 16 16 256 289 289
310.0-319.9 315 2 20 40 800 441 882
340.0-349.9 345 2 23 46 1,058 576 1,152
83,114 — 3,210 460,518 537,212

N = 83,114

Class-interval = 19 cents

¢ (in class-interval units) = 3210 - .03862

8114
¢? (in class-interval units) = .00149
460518
2 10 . Sy -
s? (in class-interval units) 3114 5.54080

8? (in class-interval units) = s} — ¢* = 5.54080 — .00149 = 5.53931
8 (in class-interval units) = 2.35357
s (in original units) = 2.36359 X 10 cents = 23.5357 cents
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Correction for errors of grouping. We have pointed out in an ear-
lier section that in basing computations on a frequency table we
usually assume that the observations in each class may be treated
as though they were concentrated at the midpoint of that class or,
which is equivalent to this, that the observations grouped in a
given class are distributed evenly between the class limits. Of
course, this assumption is not strictly true. If one considers the
structure of Table 5-2 it will be clear that the density of the items
increases as one moves from either tail toward the modal class. It
is a fair inference that, if the data relate to a continuous variable,
this increase in density will characterize the observations within
any class, as well as the items grouped in different classes. In gen-
eral, that half of each class-interval that lies toward the mode will
contain more observations than the other half, lying away from the
mode. Thus the actual mean of the observations in a given class
will not usually coincide with the midpoint of that class, but will
deviate from the midpoint in the direction of the mode.

If the distribution is reasonably symmetrical, this fact will not
lead to a systematic bias in the calculation of the mean, for there
will be a tendency for positive errors in deviations measured in one
direction from the mean to be offset by negative errors in devia-
tions on the other side. But when the deviations are squared, as
they are in computing the standard deviation and the variance,
the error is systematic. The square of the deviation (from the mean
of the total distribution) of a class midpoint will in general be
greater than the square of the deviation of the actual mean of the
observations in the given class from the mean of the distribution.
Under these conditions the sum of the squared deviations derived
from the grouped items, as in Table 5-2, will be greater than the
true sum of the squared deviations, as this sum might be derived
from ungrouped data. '

W. F. Sheppard (Ref. 139) has established that the error in the
variance due to the use of grouped data in computations amounts
to about one twelfth of the square of the class-interval. This will
be the case when two conditions prevail:

1. When the data tabulated are observations on a continuous variable.

2. When the frequencies taper off gradually at the two extremes. This
latter condition is often defined as one in which the frequency curve
fitted to the given distribution is characterized by ‘“‘high contact”
at both tails.
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The application of Sheppard’s correction is a simple process. If
8? is the uncorrected variance derived from deviations in class-
interval units (the variance thus measured is 5.53931 for the data
in Table 5-2), we may write

Corrected variance = s — -1-15 (5.6)

When the deviations are in original units of measurement, and & is
the class-interval in such units, we have

2

Corrected variance = s? — —1h—2 (5.7)

Applying this correction to the measures given in Table 5-2 we ob-
tain a corrected variance, in class-interval units, of 5.45598, a cor-
rected standard deviation, in original units, of 23.3580 cents.

The point should be stressed that the application of Sheppard’s
correction when the basic conditions are not fulfilled (e.g., when a
U-shaped distribution, a J-shaped distribution, or any very skew
distribution is being studied) may lessen rather than increase the
accuracy of the estimate of the variance or the standard deviation.
Moreover, the correction should be avoided when the number of
observations tabulated is small, say below 500, with customary
grouping.

The Charlier check. A check upon the accuracy of the calcula-
tions in Table 5-2 (the Charlier check) is afforded by the figures in
columns (7) and (8). If deviations be measured, not from the arbi-
trary origin employed in computing the standard deviation, but
from an origin one class-interval below, we secure a set of values
equal to d’ + 1. The squares of these values are given in column
(7). Multiplying by the corresponding frequencies we have the
quantities recorded in column (8), the sum of which is 537,212. This
total stands in a definite relationship to the values secured in com-
puting the standard deviation. For

Zf(d +1)2 =2f[(d")*+2d" + 1]
=2f(d")? + 2Zfd’ + =f
or Zf(d +1)? = Zf(d")* + 2Zfd’ + N (56.8)
Inserting in this last equation the values secured from the cal-
culations shown in Table 5-2, we obtain this check:

537,212 = 460,518 — 6,420 4 83,114
= 537,212
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The following is a summary of the steps in the process of com-
puting the standard deviation of items grouped in a frequency dis-
tribution:

1. Select as arbitrary origin the midpoint of a class near the center of the
distribution.

2. Measure the deviations from this point of the items in each class, in
class-interval units. Multiply the deviations by the corresponding class
frequencies.

3. Divide the algebraic sum of the deviations by N. This gives ¢, in class-

interval units. Compute c2.

. Square the deviations and multiply by the corresponding class fre-

quencies.

. Divide the sum of the squared deviations by N. This gives sZ, in class-

interval units.

. From the formula, s? = sZ — ¢?, compute s?. Extract the square root of

this value, securing s in class-interval units.

7. Multiply s, as thus computed, by the class-interval. The result is s in
the original units of measurement.

kS

S O

If the population variance is to be estimated, derive the estimate
from the relation

_ Zd?
T N-1
Alternatively the estimate may be made from
N
N-1
Certain of the characteristics of the standard deviation and its

relation to other measures of dispersion are described in a later
section.

The Mean Deviation. An alternative but less useful measure of
the dispersion of items about the central value of a sample is

s’?

§'? = g?

TABLE 5-3

Computation of Mean Deviation

1

X f d
3 1 6 M=9
6 1 3 18
9 1 0 M.D. = 5 = 3.6
12 1 3
15 1 6
18
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afforded by the device of measuring the deviation of each item
from this central value, in absolute terms, and averaging these
deviations. A simple example is given in Table 5-3. The average
(the mean and median coincide in this case) is 9. The deviations
are added, taking no account of algebraic signs, and the total
divided by the number of items. This procedure is described by
the expression

Z|d|
N

where | | indicates that no account is taken of signs.

In general terms, the mean deviation of a series of magnitudes is
the arithmetic mean of their deviations from an average value,
either mean or median. In the process of summation and averag-
ing the algebraic signs of the deviations are disregarded. It is good
practice to take the deviations from the median when the mean
deviation is to be used as a measure of dispersion, for the mean de-
viation is a minimum when the median is the point of reference.

When the observations are many the task of computing the mean
deviation is less simple. With the data grouped in a frequency dis-
tribution, deviations may be measured from the median (or mean)
and multiplied by class frequencies. Alternatively, deviations may
be measured from the midpoint of the class containing the median
(or mean), a later correction being made to offset the error resulting
from the use of the class midpoint as origin, rather than the median
(or mean). The mean deviation is useful in dealing with small num-
bers of observations when no elaborate analysis is called for. For
extensive use it has certain logical and mathematical limitations
(e.g., the disregard of plus and minus signs in adding the deviations
is algebraically illogical). It is seldom employed when data have
been organized in a frequency distribution.

Quantiles. The character of the variation characteristic of a
given distribution of the variable £ may be effectively indicated
by selected quantiles. This is a general term for quantities defining
points on the z-scale which divide the total frequencies in specified
proportions. The median is a central quantile which, as we have
seen, divides the total frequencies into two equal groups. Quartiles,
as the term implies, are values which divide the total number of
observations in a distribution into four equal groups. Thus the first
quartile is that point on the scale of z-values below which lie one
quarter of the total number of cases and above which lie three

M.D. = (5.9)
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quarters of the total. (The second quartile and the median are, ob-
viously, identical). The deciles divide the total frequencies into 10
equal groups; the percentiles divide them into 100 equal groups.
Quantiles are simple and easily understood measures which may be
used effectively in defining the degree and character of dispersion.
In studies of the distribution of price relatives and other variables
Wesley C. Mitchell made extensive use of such measures (Refs. 105
and 106).

In locating quantiles the count begins in all cases at the lower
end of the z-scale. The two following examples will illustrate the
procedure:

Location of the First Quartile (Q,), Family Incomes (See Table 4-11)

N/4 =9319.75
Q, = $1,500 + (2,385.75/3,280) X $500

= $1,863.68
Location of Eighth Decile (Ds), Family Incomes (See Table 4-11)
N/10 = 3,727.9 Dg = $4,500 + (1,491.2/1,752) X $500
8N /10 = 29,823.2 = $4,925.57

As is true of the median, the other quantiles will be indeterminate
when a quantile value falls between given (ungrouped) values of
the variable. In such a case, a value half-way between the two lim-
iting values is conventionally employed.

The Quartile Deviation. In studying dispersion by means of quan-
tiles one does not have a single measure, such as the standard or
mean deviation. Such a single measure of variation may be com-
puted readily from the quartiles, however. Within the range be-
tween the two quartiles, of course, one half of all the measures are
included. The greater the concentration the smaller this interval,
hence a fairly accurate measure of dispersion may be obtained from
the relationship between these two quartiles. The quartile devia-
tion is the semi-interquartile range, half the distance along the scale
between the first and third quartiles. Thus if Q.D. represent the
quartile deviation, @, the first quartile and Q; the third quartile,

Q.D. = Q’—;——Q‘ (5.10)

If the value of a point on the scale half-way between the first
and third quartiles is represented by K, one half of all the measures
in a frequency distribution will fall within the range K + Q.D. For
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the data in Table 5-2, relating to the hourly earnings of workers in
industrial chemical plants in 1946, we have (in cents):

Q, = 98.60
Qs = 129.07
129.07 — 98.60
Q.D. = — 5 —
= 15.235
K = 98.60 + 15.235
= 113.835

Thus one half of all the measures lie within the range 113.835 =
15.235. This statement, together with the arithmetic mean of the
hourly earnings of chemical workers in the year in question, con-
stitutes a useful description of the distribution. In a perfectly sym-
metrical distribution the value of K will coincide with the value
of the median (that is, the median will lie half-way along the scale
from Q. to @;). The distribution of wage rates is almost symmetri-
cal, the value of the median being 113.89 cents, as compared with
113.835 cents for K.

The probable error. In studying the results of astronomical and
other physical measurements it has been found that the values se-
cured by different observers for the same constant quantity vary.
In such cases there is an obvious need of a measure of variation
which may be used as an index of the reliability of given results.
The traditional measure employed in such cases is termed the prob-
able error. The probable error (or P.E.) is that amount which, in
a given case, is exceeded by the errors of one half the observations.

For the normal distribution, which is the ideal type to which
many observed distributions of errors of measurement tend to con-
form, the probable error is equal to 0.6745¢. For the normal dis-
tribution, that is, a distance equal to the probable error laid off
on each side of the arithmetic mean will define limits within which
one half of the total number of cases will fall.

This measure of variation has been employed in fields other than
that in which it was originally applied, fields in which the name
probable error is somewhat misleading. In such cases it is better to
think of it as the probable deviation, that distance from the mean
which will be exceeded by one half of the total deviations.

The probable error is a measure of dispersion which is fully sig-
nificant only when it applies to a distribution following the normal
law of error. In such cases it has a definite and precise meaning.
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This is not so when it is applied to skew distributions, and its use
in such cases is not advisable.

Relations among Measures of Variation

An understanding of the significance of the various measures of

dispersion described above may be facilitated by a general com-
parison and a summary statement of the relations among them.

1.

2.

The range is a distance along the scale within which all the observations
lie.

The quartile deviation or semi-interquartile range is a distance along the
scale which, when laid off on each side of the point midway between
the two quartiles, includes one half the total number of observations.

. The mean deviation from the mean, in a normal or slightly skew distribu-

tion, is equal to about # of the standard deviation. A range of 74 times
the mean deviation, centering at the mean, will include approximately
99 percent of all the cases.
When a distance equal to the standard deviation is laid off on each side
of the mean, in a normal or only slightly skew distribution, about two
thirds of all the cases will be included. (In the normal distribution
68.27 percent of the observations will be included.) When a distance
equal to twice the standard deviation is laid off on each side of the mean
approximately 95 percent of the cases will be included (95.45 percent
in a normal distribution). When a distance equal to three times the
standard deviation is laid off on each side of the mean about 99 percent
of all the observations will be included (99.73 percent in a normal
distribution). This general rule that a range of six times the standard
deviation, centering at the mean, will include about 99 percent of all
the measures furnishes a useful check upon calculations.

A study of Fig. 6.5 may help to make clear the significance of the
standard deviation in a normal distribution.
The probable error, in a normal distribution, is equal to 0.6745¢. A
range of twice the probable error, centering at the mean, will include
50 percent of all the observations. A range of eight times the probable
error, centering at the mean, will include approximately 99 percent of
all the observations.

Characteristic Features of the Chief Measures of Variation
The range

1.

2.

The range is easily calculated and its significance is readily understood.
As a rough measure of the degree of variation the range is useful.

The value of the range is determined by the values of the two extreme
cases. It is thus a highly unstable measure, the value of which may be
greatly changed by the addition or withdrawal of a single figure.

. This measure gives no indication of the character of the distribution

within the two extreme observations.
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The quartile deviation

1.

4.

The quartile deviation is a measure of dispersion that is easily computed
and readily understood. It is superior to the range as a rough measure
of variation.

. The quartile deviation is not a measure of the variation from any

specific average.

. This measure is not affected by the distribution of the items between

the first and third quartiles, or by the distribution outside the quartiles.
The values of the quartile deviation might be the same for two quite
dissimilar distributions, provided the quartiles happened to coincide.
Because it is not affected by the deviations of individual items it cannot
be accepted as an accurate measure of variation.

The quartile deviation is not suited to algebraic treatment.

The mean deviation

1.

The mean deviation is affected by the value of every observation. As the
average difference between the individual items and the median (or
mean) of the distribution it has a precise significance.

. The mean deviation is less affected by extreme deviations than the

standard deviation. -

. Mathematically, the mean deviation is not as logical or as convenient

a measure of dispersion as the standard deviation.

The standard deviation

1.
2.

The standard deviation is affected by the value of every observation.
The process of squaring the deviations before adding avoids the algebraic
fallacy of disregarding signs.

. The standard deviation has a definite mathematical meaning and is

perfectly adapted to algebraic treatment.

The standard deviation is, in general, less affected by fluctuations of
sampling than the other measures of dispersion.

The standard deviation is the unit customarily used in defining areas
under the normal curve of error. (See Chapter 6.) The standard deviation
has, thus, great praétical utility in sampling and statistical inference.

The probable error

1,

The probable error has a definite meaning in the case of a distribution

_following the normal law. It has not this precise meaning for other

2,

distributions, and should not be employed in describing them.

The definite relationship between the probable error and the standard
deviation, for a normal distribution, permits the value of the probable
error to be readily determined.

Traditionally, the probable error has been used as an index of the
magnitude of sampling errors. It has now been generally displaced by
the standard error (which will be discussed in Chapters 7 and 8). Its
use is not recommended.
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All the measures of variation described above may be utilized
for particular purposes. The standard deviation, however, is the
best general measure and should be employed in all cases where a
high degree of accuracy is required. The probable error is, in effect,
merely a fractional part of the standard deviation, with a definite
but restricted field of usefulness.

The Measurement of Relative Variation

We have been dealing in the preceding section with absolute var-
iability. The various measures of dispersion secured by the methods
outlined describe the variability of the data in terms of absolute
units of measurement. The standard deviation of a distribution of
workers classified according to hourly wage rates would be in cents;
that of a distribution of steel plants according to the tonnage of
steel produced would be in tons. If the object in a given case is the
description of a single frequency distribution it is desirable that
the original unit be employed throughout, but if measures of var-
iation of two different distributions are to be compared, difficulties
are encountered. This is clear if the units are unlike, but even if the
units are identical the same difficulty arises. Thus measures of var-
iation in the weights of dogs and in the weights of horses might
both have been computed in pounds. Because the standard devia-
tion of horse weights is greater than the standard deviation of dog
weights, it does not follow that the degree of variability is greater
in the former case. A measure of absolute variation is significant
only in relation to the average from which the deviations are meas-
ured. For comparison, therefore, it must be reduced to a relative
form, and the obvious procedure is to express a given measure of
variation as a percentage of the average from which the deviations
have been measured. The quantity thus becomes an abstract num-
ber, a measure of the relative variability of the given observations,
and may be compared with similar terms computed from other dis-
tributions. -

The Coefficient of Variation. The measure of relative variation
most commonly employed is that developed by Pearson, termed
the coefficient of variation, and represented by the letter V. It is
simply the standard deviation as a percentage of the arithmetic
mean. Thus

V= -];54- x 100 (5.11)



130 VARIATION AND SKEWNESS

Applying this formula to the results secured from the analysis of
the distribution of workers in industrial chemical plants in 1946,
classified according to average hourly earnings (Table 5-2), we
have

' 23.54

= Tid.61 <100

= 20.54 percent

v

This measurement may be compared with a similar coefficient re-
lating to the distribution of steel workers in open hearth furnaces
in 1933, classified according to average hourly earnings. For steel
workers the standard deviation of hourly earnings was 18.68 cents.
This indicates smaller dispersion than that found among chemical
workers in 1946. However, the average hourly earnings of steel
workers in 1933 (a depression year) was 50.14 cents. For the co-
efficient of variation we have

18.68
V= 5014 % 100

= 37.26 percent

The relative variation of hourly earnings for steel workers in 1933
was substantially greater than that of hourly earnings for chemical
workers in 1946, although the absolute variation was much smaller
for the steel group.

The coefficient of variation is affected, of course, by the value
of the mean, as well as by the size of the standard deviation. If
the mean should coincide with the origin (i.e., if M = 0), V would
be equal to infinity for all values of the standard deviation other
than zero. For distributions with mean values close to zero (e.g.
distributions of corporations, in a year of depression, classified on
the basis of net operating revenue) V is thus a somewhat am-
biguous statistic.

When the median is the average employed, a measure of rela-
tive variation analogous to V may be obtained from the relation
M.D./Md; similarly, when the quantity K is used to define central
tendency, relative variation may be measured by @.D./K. These
measures may be put in percentage terms if desired.

Measures of Skewness

Methods have been developed in the preceding sections for de-
scribing the central tendency of a frequency distribution and for
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measuring the degree of concentration, or degree of dispersion,
about that central tendency. One further measure is needed, and
that is one which indicates the degree of skewness or asymmetry
of a given distribution. For it is essential to know, in regard to a
given distribution, whether the observations are arranged sym-
metrically about the central value, or are dispersed in an uneven,
asymmetrical fashion about that value. Having such a figure it will
be possible effectively to summarize the characteristics of a fre-
quency distribution in three simple terms — an average, a measure
of dispersion, and a measure of skewness. There are two measures
of skewness in current use.

If a frequency curve is perfectly symmetrical, mean, median, and
mode will coincide. As the distribution departs from symmetry
these three values are pulled apart, the difference between the mean
and the mode being greatest. This difference may be used, there-
fore, as a measure of skewness. It is desirable in this case, as in
measuring relative variability, to secure an index in the form of an
abstract number, which may be compared with similar figures de-
rived from other distributions. To this end, Pearson has proposed
dividing the absolute difference between mean and mode by the
standard deviation of the given distribution. His formula for the
measure of skewness is

sk = ————— (5.12)

In a symmetrical distribution, where mean and mode coincide, the
value of this measure will be zero. Under other conditions the value
may be positive or negative, depending upon the relative positions
of the two averages on the scale.?

For moderately skew distributions the degree of skewness may
be estimated more readily from the formula

_3(M - Md)
oA

sk (5.13)
This corresponds approximately to the other formula, because of
the fact that in a moderately asymmetrical distribution the median
lies between the mean and the mode, about one third of the dis-
tance from the former towards the latter.

Because it is difficult to locate the mode by simple methods, a

3 A means of approximating sk from sample data is given in Chapter 6.
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measure of skewness more easily computed than Pearson’s is de-
sirable in some cases. Bowley has proposed such a method, based
upon the relationship between the first and third quartiles and the
median. If the distribution is symmetrical these two quartiles will
be equidistant from the median; with an asymmetrical distribu-
tion this is not so. Therefore, if we let ¢, represent the difference
between the upper quartile and the median and ¢; represent the
difference between the median and the lower quartile, we may use
the formula
92 — Q1

sk = P (5.14)
as a means of securing a measure of skewness. This value will vary
between 0 and + 1. For with perfect symmetry ¢ = ¢;, and the
measure is 0; with asymmetry so pronounced that the median and
one of the quartiles coincide, either ¢» or ¢; becomes equal to 0,
and the formula gives a value of + 1 or — 1. Bowley suggests that
a value of 0.1 indicates a moderate degree of skewness, while a
value of 0.3 indicates marked skewness.

The values secured from this measure are not, of course, com-
parable with the values secured from the application of Pearson’s
formula for measuring skewness.

Peakedness, or ‘“ Excess.”” Reference has been made to a fourth
measurable characteristic of grouped data. This characteristic has
to do with the degree to which observations are concentrated in
the neighborhood of the mean and at the tails of a given distribu-

tion. The measurement of peakedness, or kurtosis, is discussed in
Chapter 6 (pp. 172-3).
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CHAPTER @

Introduction to Statistical Inference
and Probability: Binomial and
Normal Distributions

In the opening chapter of this book we emphasized the significant
distinction between sample and population, and noted that the
central concern of statistics, as a method of inquiry, is with
inferences that go beyond the observations that make up a given
sample. In dealing with the organization and description of
frequency distributions in the three preceding chapters, only
incidental mention has been made of populations and their charac-
teristics. These chapters dealt, in the main, with the problems
faced in reducing masses of quantitative data to orderly form and
in defining the attributes of the resulting distributions. But the
organization and description are but a beginning of the statistician’s
task. These steps merely pave the way for processes of generaliza-
tion aimed at knowledge transcending the immediate observations.
We turn now to this central problem.

Deduction and Induction

The logical process by which one arrives at generalizations from
a study of particular cases is termed tnduction, as opposed to
deduction, which involves the drawing of specialized conclusions
from general propositions. The distinction is familiar, but its
bearing on the logical issues we here face is so direct as to warrant
a brief review of the subject.
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The syllogism of deductive reasoning, running from major premise
and minor premise to conclusion, takes such a form as the following
(to cite an example that is sanctified by immemorial usage):
Major premise: All men are mortal
Minor premise: Socrates is a man
Conclusion: Socrates is mortal.

Or the following
Major premise: All the beans in this (specified) bag are white
Minor premise: These beans (i.e., a specific handful) are from this

bag
Conclusion: These beans (the specific handful) are white.

In noting the necessary formal validity of such syllogisms, three

points may be made:

1. There is complete internal consistency

2. The conclusions flow from the premises; they are consequences of
universal propositions

3. In employing such a syllogism we are working with a closed system.
All the relevant circumstances are before us, or are implied in the
premises.

Inductive arguments corresponding, in subject matter, to the
above illustrations would take the following form:

Premise: Socrates, Xenophon, Democritus (et al)—are men
Premise:  Socrates, Xenophon, Democritus (et al)—are mortal
Conclusion: All men are mortal.

Or:
Premise:  These beans (a specific handful) are from this (specified) bag
Premise:  These beans (the specific handful) are white
Conclusion: All the beans in this (specified) bag are white.

One sharp contrast between the two modes of reasoning is to be
emphasized. The conclusions of the deductive arguments are
implied in the two statements that introduce each argument. If
the premises are true, the conclusion may not be questioned.
Nothing is added by the conclusion, although the chains of reason-
ing may be highly valuable in revealing truths that are only
implicit in the premises. The conclusions of the inductive argu-
ments, however, are broader than the premises. Something new
has been added. If the conclusions are true, human knowledge has
been extended. But there is a price to be paid for this potential
extension of knowledge. Inductive reasoning may be fruitful, but
it is dangerous. There can be no certainty that the conclusions of
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inductive reasoning are true. Invalid, indeed quite false, conclusions
may be drawn by the inductive process.

Certain of the essential qualities of inductive reasoning are

summarized by the following statements:

1.

The conclusions of an inductive argument hold only in terms of prob-
abilities, never with certainty. For such conclusions, by the very
definition of induction, apply to cases not included in the observations.
When all the cases to be covered by a conclusion are included in the
observations, the conclusion ceases to be an induction. Accordingly,
although induction is a highly fruitful means of adding to human
knowledge, it is always hazardous. A leap in the dark is always involved
when we apply conclusions to cases not yet observed.

There is a necessary reference to circumstances outside the facts inherent
in the premises. We are not working with a closed system, but with an
open system, only part of which has been directly observed. Many of
the unobserved parts are relevant to our argument and conclusions.
Facts not always set forth in the premises are relevant to our confidence
in the conclusions, e.g., the method employed in making the observations
that enter into the premises. (How were the beans making up the hand-
ful selected?) Since no comprehensive account of all the circumstances
that bear upon an inductive argument is ever possible, one who accepts
the conclusions of inductive reasoning places dependence on the personal
discernment and integrity of the persons making the observations and
completing the argument. One may with justice paraphrase the adver-
tising slogan, and say, “The priceless ingredient of every induction is
the honor and integrity of its maker.” One might be tempted to go
further and say that it is less dangerous to have a scoundrel among
deductively reasoning mathematicians than to have a scoundrel among
statisticians!

. We must assume that there exists some uniformity in the system of

facts to which the premises and the conclusion of inductive reasoning
relate. Here is the rational justification for the leap in the dark that
induction always entails. This assumption, which has been termed,
variously, the uniformity of nature, the routine of experience, “a
limitation to the amount of independent variety” found in nature, is
always present as an unspoken premise in induction. If there were not
some uniformity in natural processes, if nature were marked by utter
chaos, no amount of piling-up of evidence could justify an induction.
We could say nothing about conditions beyond the limits of observation.
It is clear that we must go beyond the immediate evidence in accepting
this assumption of uniformity. That compound of judgment and of
accumulated but unspecified experience that we use in distinguishing
the “rational” from the “irrational,” and which may give us confidence
in the assumption of uniformity in a given situation, contains a prior:
elements. It is here that deduction (which is never really divorced from
induction) enters into our empirical reasoning.
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4. The verification of induction calls for objective reference. The formal
validity of deduction (e.g., of a chain of mathematical reasoning) rests
purely on internal consistency. ‘ Mathematical truth,” it has been said,
“is the absence of contradiction.” But the conclusions of inductive
reasoning must be tested finally against observation; if they stand, it
must be on the basis of consistency with the facts of nature in the
given sphere.

Statistical Inference

The statements just made relate to induction as a general
logical process. Our concern here is with statistical induction, or
statistical inference. Such inference, which involves the generali-
zation of statistical results, is akin to the more general process, in
all respects covered by the four summary statements. It has, in
addition, distinctive characteristics of its own. The problems with
which it deals take two forms—estimation, and the testing of
hypotheses.

Estimation. The problem of estimation may be put in the
following form: A statistical measurement—an arithmetic mean,
a standard deviation, a coefficient of variation—has been derived
from the study of sample data drawn from a given population. At
an earlier point the reader was introduced to the concept of a
“population,” as the statistician employs that term. In general,
let us recall, a sample is assumed to have been drawn not from a
finite population—the population that might be covered by actual
enumeration—but from the infinite population, or universe, that
would be generated if the forces or system of causes that brought
this sample into being were to operate without limit. A population
may be an aggregate of persons, things, or measurements; R. A.
Fisher speaks of a population of “possibilities,” referring to the
possible results of an experiment many times repeated. The
measurement derived from the sample—such a measurement is
termed a statistic—defines some characteristic of that sample. The
task of inference, in such a case, is to provide us with an estimate
of the measurement defining the corresponding characteristic of
the population. The measurement relating to the population is
termed a parameter. Such an estimate may specify a particular
value of the parameter (this is potnt-estimation). Alternatively, this
form of inference may take the form of a statement defining limits
within which the parameter may be expected to lie, together with
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a measure, in probability terms, of the reliability of this conclusioh
(this is interval-estimation). A significant feature of interval-
estimation is this: The uncertainty that attaches to the conclusions
of all inductions holds for the conclusion of such an inference, but
in basing estimates upon statistical data we are able to provide a
measure of the degree of uncertainty attaching to the conclusion.
How this is done will be our concern in the following chapter. At
this point we reiterate: Our certain knowledge is limited to statistics
—to measurements of the characteristics of samples. We use this
knowledge to the best of our ability to provide us with approxima-
tions to the true parameters which we can never know.

The other general statements made about inductive reasoning
apply, also, to statistical inference. The assumption of uniformity
in nature, or of a limited amount of independent variety in nature,
is usually spoken of in the statistical world as the stability of
large numbers. Regularities in birth rates and death rates, in price
movements, and in seasonal processes are familiar examples of
such stability.

The uniformity that statistical stability indicates is, of course,
of supreme practical importance. If we could not be assured of a
certain degree of stability in the results obtained from successive
samples it would be quite invalid to generalize from the examina-
tion of a limited number of cases. No weight would attach to any
study except one covering the entire universe of things or measure-
ments composing the given population. Yet such all-inclusive
studies are practically impossible. Index numbers of prices, of
wages, of living costs, and of production; monthly counts of the
labor force; surveys of corporate profits and of consumer spending
—all must of necessity be based on the study of samples, and all
must postulate stability. Therefore, when we generalize such a
measure as an index of wholesale prices we do so on some such
assumption as this: It is reasonable to suppose that, in the larger
population to which this result is to be applied, there exists
uniformity with respect to the characteristic we have measured.
As a result of this uniformity we should expect that inferences
based upon successive samples of the same size drawn from this
population would belong to a family with common, stable, and
definable characteristics. On this assumption we are able to attach
measures of reliability to statistical inferences.

It is evident that in making this assumption, in saying “It is
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reasonable to suppose . . . ,” we are introducing a hypothesis that
is incapable of complete verification by purely statistical methods.
There is thus, as we have already pointed out, an a prior: element
in every statistical induction. The statistical conclusion can never
stand completely on its own feet. It must be endorsed by reason
and judgment if it is to carry conviction.

The problem of statistical inference, in the words of Oskar
Anderson, is that of so utilizing samples as to arrive at the best
possible approximation to the characteristics of universes. In the
task of estimation that is here entailed we must assume that these
universes are stable, and that all their attributes are stable. Of
course, an attribute of such a stable universe may not be exactly
determined from the attribute of a single sample. However,
measures defining the attributes of numerous samples drawn from
the same universe (i.e., the same parent population) will be
distributed in a systematic fashion about the universe parameter
of which they are estimates. The precise determination of the
characteristics of such a distribution of estimates is essential to the
determination of the reliability of estimates. The power of sta-
tistical techniques has grown as our detailed knowledge of such
distributions has expanded.

Tests of hypotheses. In testing hypotheses, the other form of
statistical inference, there is also reference to a “population,” but
here the task is that of determining whether a sample yielding a
given statistic (e.g., a stated arithmetic mean) could have been
drawn from a population for which the corresponding parameter
is known, or is given by hypothesis. Is the difference between the
actual statistic and this parameter one that the chance fluctuations
of sampling might bring about, or is the difference too great to be
attributed to sampling fluctuations? This is the form taken by
most tests of hypotheses, or fests of significance. The question is
one that is always answered in terms of probability. If the proba-
bility that chance factors could account for the observed difference
is very slight, the hypothesis is rejected. The difference is signifi-
cant. If the probability is great enough to justify an explanation
in terms of chance, we say that the observations are not inconsistent
with the hypothesis. The difference is not significant. The hypoth-
esis is not rejected.

These rather abstract statements will become much more
definite when we discuss concrete instances of statistical inference,
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in Chapters 7 and 8. At this stage we would emphasize the following
in summary of part of the preceding argument:

The conclusions of all inductive reasoning hold in terms of
probability. The logician Charles S. Peirce used the words

‘“‘uncertain inference’’ to describe induction—a suggestive phrase
that points to a key aspect of induction.

Statistical inference, which is concerned with the generaliza-
tion of quantitative results, is distinctive in that it is possible in
such inference to provide measures of the probabilities attaching
to conclusions. This is true whether the conclusions are estimates
of limits within which population parameters fall, or statements
relating to tests of significance. The task of the statistician in
this major field of statistical endeavor is to provide the tools
for defining these probabilities, and to set up working rules for
the use of these tools.!

It is clear that the concept of probability lies at the very heart
of the theories and practices of modern statistics. We turn now to
a discussion of some elementary principles of probability. A de-
tailed treatment of the theory of probability would carry us beyond
the limits of the present volume. The discussion that follows is
presented only as an introduction to the subject, with emphasis
on certain ideas and distributions having a special bearing on
statistical procedures.

Notation. For convenience of reference we here list the symbols
that will be introduced in this chapter. Explanations will be given
in the text.

p: the probability of the successful outcome of an event
g: the probability of the unsuccessful outcome of an event
n: the number of ways in which an event can occur; the
number of events in a trial
n!: factorial n; the product of-the integers from 1 to n
u (mu): the mean of a population
u’: the mean of a population of relative frequencies
o’ (sigma): the standard deviation of a population of relative
frequencies
y: an ordinate of a frequency curve
Yo: the maximum ordinate of a frequency curve

1 In the present discussion of statistical inference no attempt is made to develop the
general theory of statistical decision functions. The foundations of this general
theory, which comprehends the problem of esfimation and the testing of hypotheses
as special cases, were laid by the late Abraham Wald in a series of brilliant contributions
made during the years immediately pre('edmg is untimely death in 1950. (See Wald,
Ref. 184). .
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m’ (with subscripts 1, 2, 3, ...): moments about an arbitrary
origin
m (with subseripts 1, 2, 3,...): raw moments about an arith-
metic mean; central moments
m (with subscripts 1, 2, 3, . . .): central moments, after the appli-
cation of Sheppard’s corrections
p (mu) (with subseripts 1, 2, 3, . . .): central moments of a popula-
tion
B (beta): a criterion of curve type (Pearsonian)
B:: a criterion of curve type (Pearsonian)
X (chi): a measure of skewness
d: the modal divergence; x X ¢
v: (gamma): a measure of skewness
7. (gamma): a measure of peakedness

Elementary Theorems in Probability

If an event can occur in # mutually exclusive and equally likely
ways, a of which are to be considered as successful and b as un-
successful, the probability p of a successful outcome may be
written

a
p=,
and the probability ¢ of an unsuccessful outcome may be written
b
q =

n

It will be understood that the words ‘“‘successful’” and “unsuccess-
ful” are used in a neutral sense. (Alternatively we might say that
we include in the a group only outcomes marked by the possession
of a certain property, in the b group outcomes marked by the
absence of this property. But it will be convenient to use the
traditional terms.) Since the sum of the successful and unsuccessful
outcomes is equal to the total number of events, we have

a+b=n
Dividing by n,

« b

ntn=1
so that

ptag=1

A probability, therefore, inay be written as a ratio. The numer-
ator of the fraction corresponding to this ratio represents the
number of suceessful (or unsuccessful) outcomes, while the de-
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nominator represents the total number of possible outcomes. If
the outcome or outcomes represented by a should be, in fact,
impossible, this ratio would be zero. On the other hand, if only
the outcome or outcomes represented by a were possible, ¢ would
equal n, and the ratio would be unity. The scale of probability
thus extends from zero, representing the impossible, to unity,
representing certainty.

The idea that a “probability’’ corresponds to a frequency ratio is
one that is generally accepted today. However, for purposes of
mathematical reasoning it is desirable that the concept have a
precision and a generality that would be denied it if it were tied
to empirically observable ratios. These purposes are served if a
probability number be regarded, in Cramér’s words, as ‘““the
conceptual counterpart” of an empirical frequency ratio. A prob-
ability is, in the last analysis, an abstract conception. Perhaps no
die could be so flawlessly constructed that the probability of getting
a 6 spot on a given throw is exactly 1/6. But we may conceive of,
and build theorems on, an abstract entity for which p is exactly
1/6. It is these abstract entities, and the abstract probabilities
attaching to them, that provide the foundation of the theory of
probability. This theory in turn provides the conceptual frame-
work for the study of the results of random experiments which are
the direct concern of modern statistics.

If we toss a coin there are two possible outcomes, the turning
up of a tail and the turning up of a head. If we regard these two
possibilities as equally likely (as they are if we think of the con-
ceptual counterparts of the frequency ratios we should get from
numerous tossings) we have, as the probability of a tail

p=13
and of a head
qg=13
If we roll a die, regarding a 6 spot as a favorable outcome,
P=3
and
q=%

If a card be drawn from a pack of 52 the chance of drawing the
ace of spades is #, of failing in that endeavor, £4.

The addition of probabilities. What is the chance of securing
either an ace of spades or a two of spades in a single draw from a
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pack of 52 cards? In such a case, where any one of several mutually
exclusive outcomes will be considered favorable, the probability of a
success 18 the sum of the separate probabilities. In this example

P=+7d =14

The chance of drawing either a heart or a spade from a pack of
playing cards is given by
p=%+8H=3

The multiplication of probabilities. Two events are said to be
independent when the outcome of one does not affect the outcome
of the other. Thus the result of one throw of a die does not, pre-
sumably, affect the result of the next toss. The probability of a
compound event (i.e., a combination of lwo events, independent of one
another) s the product of the probabilities of the separate events. Thus
the chance of securing an ace, followed by a 2 spot, in two successive
throws of a die, is given by

= 1 1 _ 1
Pp=3%s X% =73%

In computing the probability of a given outcome it is frequently
necessary both to multiply and to add probabilities. For example,
we wish to determine the chance of securing the total 5 from two
dice thrown simultaneously. We may label the dice a and b to
distinguish them. This total may be secured from any one of the
four following combinations:

Die a Die b
1 4
2 3
3 2
4 1

The chance of securing an ace with die a is 1, of securing a 4 with
die b is §. The chance of the two in combination is ¢%. Similarly,
the probability of each of the other three combinations is 4%. But
any one of these four results will give a total of 5, and will be
considered successful. Hence

P=dstdst+sstiss =13
We have in this example answered the question: What is the
probability of securing exactly 5 in the toss of two dice? We might

put the question: What is the chance of securing at least 5 in the
toss of two dice? In this case a total of 5 or more will be considered
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a favorable outcome. Just as in the preceding example, we may
work out the probability of securing each of the results that will
be accepted as successful. The following summary indicates the
probability of each of these totals:

Probability of throwing 12 with two dice = o=

«“« « « 1 1 «“« « « —_

« « 4 —_
¢ “« 10 «“® « [{ §6

4

36

5

36

6

36

5

36

4

36

30

36

The chance of throwing at least 5 in the toss of two dice is, there-

fore, $3 or §.

The Binomial Expansion and the Measurement of Probabilities.
It is possible to express certain of these fundamental relations in
a generalized form. A simple illustration may be employed to
exemplify the derivation of the desired general expression.

If two coins are tossed simultaneously there are four possible
outcomes

«“« [3 « 7 «“« « « —

Sum of above probabilities =

a b a b a b a b
T T T H HT HH

(The two coins are represented, respectively, by the letters a and
b.) In the first of these possible outcomes we get two tails (7T'T).
This, which we may here regard as two successes, represents the
compound probability p-p = p2 In the present case, where p = %,
the probability of this compound event is 4.4 = }. The fourth of
the four possible outcomes (HH) represents two failures (i.e., no
tail with either coin). The probability of this result is also
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1 (¢- ¢g= 5-3). Each of the two other outcomes (the second and
third) represents a combination of one success (7') and one failure
(H). The probability of the second of these combinations, TH, is
1 (= p.g = 3-3); the probability of the third outcome, HT, is
1 (= q-p = }-3). For the probabiity of such mixed result, one
success and one failure (the order being here of no concern), we
must add the probabilities of the separate outcomes, getting, in
the present case, 2pq, or 3.

The generalization of this process of estimating the probabilities
of various combinations of independent events, when the prob-
abilities of these events are known, rests upon the fact that the
probabilities of the several combinations are given by the suc-
cessive terms of a binomial expansion. Thus, for the simple case of
two events, we have

(p + @? = p* + 2pq + ¢
The student will note that p? is the probability of two successes as
has been demonstrated above; 2pq is the probability of a com-
bination of one success and one failure; ¢? is the probability of two
failures. For the case in which p (e.g., the probability of throwing
a tail) = ¢ = %, the probabilities of the several different outcomes
are given by
G+d=i+i+1
If three coins, represented by the letters a, b, and c, are tossed

simultaneously, we have eight possible outcomes
abc abc abc abc abc abc abc abc

TTT TTH THH THT HTT HTH HHT HHH

A count of the possible outcomes will show that the chance of
getting 3 tails in a single toss of 3 coins is 1/8. The chance of
getting 2 tails (combined with 1 head) is 3/8; the chance of getting
1 tail (combined with 2 heads) is 3/8; the chance of getting no
tails is 1/8. Here, since we have three independent events, the
exponent of the binomial is 3. The probabilities of the several
possible outcomes are given by the successive terms of

(p + @ =p* + 3p’¢ + 3p¢" + ¢°
With p = ¢ = }, we have
G+ =t+i+ti+i
These are the probabilities shown by direct count in the example
cited above.
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This procedure applies generally. It may be shown that if there
are n independent chance events, the probability of a ‘“‘successful”
outcome of a given event being p and the probability of an “un-
successful’”’ outcome being, ¢ the probabilities of n successes, of
n-1 successes, of n-2 successes, etc. are given by successive terms
in the binomial expansion (p + ¢)™.

If we wish to know not the separate probabilities but the prob-
able frequencies of the various outcomes in a given number of
trials, these may be computed from the expression

N(p+ @ (6.1)

where N represents the number of trials and » the number of
independent events in a trial. Thus if there are 200 trials and there
are two independent events in each trial, the probable frequencies
are given by

200(p + @)* = 200(p* + 2pq + ¢*)
With p = ¢ = } this gives us

200(&) + 200(%) + 200(%) = 50 + 100 + 50

which indicates the probable frequencies of 2 successes, 1 success,
and no successes.

If there are three independent events, the probable frequencies
in N trials are determined from the binomial expansion of

N + @)*
If N equals 200, we have
200(p* + 3p*q + 3pg* + ¢*)

If » equals 3, we have
1 3\ | (3 1
200(§> + 200(§> + zoo<§> + 200(8’) = 25475+ 75 + 25

These terms indicate, in order, the probable frequencies of 3
successes, 2 successes, 1 success, and no successes. The total fre-
quencies secured by carrying through the process of multiplication
will be equal to the number of trials, for all possible outcomes are
covered by the expansion.
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Thus when we know in advance? the probabilities attaching to
similar but independent events, we may determine the probable
frequencies of any given number of successes or failures. This is
true whether p and ¢ be equal or unequal. It is necessary only that
p and ¢ remain constant. There is here a fact of great significance
in the development of statistical theory.

The Binomial Distribution

Certain points of importance may be made clear by comparing
some experimental results with the theoretical frequencies given
by the binomial expansion. Twelve dice were thrown a number of
times. Each 4, 5, or 6 spot appearing was considered to be a
success, while a 1, 2, or 3 spot was a failure. (In a typical throw we
might have the following spots up: 3, 1, 5, 1, 2, 4, 4, 6, 3, 2, 3, 5.
In this lot there are five successes, and the result is so tallied.) In
a classical example recorded by W. F. R. Weldon3? twelve dice
were thrown in this way 4,096 times, a success being defined as
above. The results are recorded in Col. (2) of Table 6.1, and the
distribution is shown in Fig. 6.1. By computation we find the
arithmetic mean and the standard deviation of this distribution
to be, respectively, 6.139 and 1.712.

Let us compare with these results those we might expect, from
given conditions, with 12 flawless (i.e., evenly balanced) dice.
Twelve dice were thrown each time, hence we are dealing with 12
independent events. There were 4,096 trials. Since either a 4, 5, or

6 is considered a success, p = q¢ = 1.

2 A distinction is sometimes drawn between a priori probabilities of the type described
above, which are assumed to be known apart from experience, and empirical proba-
bilities, which are derived from observation. As an example of the latter type we have,
as the probability that a man aged 35 will live 10 years, the ratio 74,173/81,822.
This is based upon the American Experience Table of Mortality, which shows that of
81,822 men living at age 35, there are 74,173 living 10 years later. (This particular
table, we should note, is now somewhat out-dated, as a result of recent improvements
in mortality experience.) Since the idea of a priori probubilities is a somewhat nebulous
one, it would be preferable to distinguish between conceptual probabilities and em-
pirical probabilities, the former being the conceptual counterparts of the frequency
ratios that provide measures of empirical probabilities. (Cf. Cramér, Refs. 22, 23 and
Neyman, Refs. 118, 119)

3 Cited by F. Y. Edgeworth, Encycl. Brit., 11th ed., Vol. XXII, 394.
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For the terms in the binomial expansion we have
nn — 1
(p + q)n — pn + npn—lq + _]T_.§__2pn—~2q2

nn — 1)(n — 2)
1.2.3

In the present case we have

_I_ pn—3q3+...+qn

1 1\®
| 4,096("2‘ + ‘2>
Expanding
1 12 66 220 495 _ 792 924
4,096 (4,096 + 2006 T 3,006 T 2,006 T 2096 T 2,006 T 4,096

792 495 220 66 12 1
+ 2006 T 4006 T 2,006 T 4,006 T 4,006 T 4,096)

Completing the indicated multiplication we have the theoretical
frequencies of the various possible successes in 4,096 throws of
12 dice. These are shown in column (3) of Table 6.1.

The distribution of the theoretical frequencies is shown in
Fig. 6.1, with that of the observed frequencies. The relationship

1000

Frequency
5§ 8
1 T

200

1

o

0 1 2 5 4 5 6 7 8 9 10 11 12
Number of Successes

FIG. 6.1. A Comparison of Actual and Theoretical Frequen-
cies in a Dice-Rolling Experiment,.
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of the two distributions appears to be close. (What is a “‘close”
relationship will be considered at later points.)

TABLE 6-1
Comparison of Actual and Theoretical Frequencies in Dice-Rolling
Experiment
1) 2) 3)
Number of Observed Theoretical
successes frequencies frequencies

0 0 1

1 7 12

2 60 66

3 198 220

4 430 495

5 731 792

6 948 924

7 847 792

8 536 495

9 257 220

10 71 66

11 11 12

12 0 1
4,096 4,096

The distribution defined by the entries in columns (1) and (3) of
Table 6.1, and shown graphically by the broken line in Fig. 6.1, is
a binomial distribution, one of central importance in statistical
theory and in the applications of statistical methods. The general
formula for the binomial distribution is

n! —
Y= in —2)1 P9 (6.2)

where 7 is the number of independent events in a trial, p is the
probability of success in a single event, g is the probability of a
failure, z is a stated number of successes, and y is the probability
of obtaining the stated number of successes. The symbol n! stands
for “factorial n”’, which is the product of the integers from 1 to n;
z!is factorial z. To exemplify the use of this formula: we wish to
determine the probability of obtaining just 3 heads in a single
trial consisting of the toss of 4 coins. Substituting in the above
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equation the given values (i.e., for n substitute 4; for z, 3; for p,
1/2; for q, 1/2), we have

V= ot i = 2ap = a6

The probability of getting 3 heads in a toss of 4 coins is 4/16.
Certain of the characteristics of the binomial distribution may
be briefly summarized:

It is a discrete distribution. Its graphic representation is marked by
discontinuities of the type shown in Fig. 6.1.

Its form depends, in a particular case, on the parameters p and n (g, being
equal to 1 — p, is not counted as a separate parameter). The parameter n
is always a positive integer.

The distribution will be symmetrical if p and ¢ are equal, asymmetrical
if p and ¢ are unequal. However, as n increases, p and ¢ (unequal) being
unchanged, the degree of skewness decreases sharply. This approach to
symmetry as n increases is graphically portrayed in Fig. 6.2. Here we have
plotted the distributions derived by expanding (0.8 4+ 0.2), i.c., (¢ + p)
with n equal, successively, to 6, 12, and 48. The frequencies shown on the
y-axis are percentages of the total, for each distribution. With increasing
values of n there is a notable increase in symmetry, even though p and ¢

0.35 /\(—
sl
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FIG. 6.2. Binomial Distributions. Graphic Representation of the
Binomial (0.8 + 0.2)" forn = 6, n = 12, and n = 48.
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are far from equal. There is also apparent a decline in the discontinuities
that are so marked with low values of n. This point will call for further
comment in the next section.

For the mean* of a binomial distribution we have

p=np (6.3)
The variance* of a binomial distribution is given by
o = npq (6.4)

and the standard deviation* by

Substituting in the above equations the values of n, P, and ¢ for the
theoretical distribution represented in Table 6.1, we have
12X 05 =6
V12 X 05 X 05 = /3 = 1.732

These may be compared with the mean of the observed frequencies, which
is 6.139, and with the standard deviation of these frequencies, which is
1.712. The differences may reflect the influence of sampling fluctuations,
or imperfections in the dice actually used by Weldon. At a later point we
shall discuss methods by which these two effects may be distinguished.

I

In
and o

]

Occasion often arises to deal with relative frequencies, or
frequency ratios, when handling data entering into a binomial
distribution. Thus the ‘“‘successes” listed in column (1) of Table
6-1, might be measured as ratios to the total number of events in
each throw of 12 dice, i.e., as 0/12, 1/12, 2/12, ete. The class
frequencies would, of course, be the same. The mean (') of such
frequency ratios binomially distributed, would be given by

!

Wo=p
and the standard deviation (¢’) by

’

o = 4/ P9 (6.6)

)"n

For the theoretical relative frequencies represented in Table 6.1
we would have, therefore, a mean of 0.5, a standard deviation of
0.144.

The binomial distribution is one of a number of mathematical
models that enter into statistical theory. Each of these models is
an abstract generalization; its attributes and the axioms from
which its qualities may be deduced may be defined with precision.
These abstract conceptions may be built up without reference to

4 Derivations of these formulas, which enter into subsequent discussion of sampling
errors, are given in Appendix D.
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events in the real world, and may have no bearing on such events.
Of course, it may be found that natural events in some spheres
correspond in some degree to a model thus built up. In the latter
case, the model may contribute materially to an understanding of
these events and to generalizations concerning such events. As the
preceding example will have suggested, distributions of data in a
number of fields correspond closely to the model provided by the
binomial expansion. Such models, accordingly, provide working
tools of high value in dealing with observational material.

The Normal Distribution

We may return to a consideration of the curve in Fig. 6.1 which
represents the theoretical frequencies in the dice-throwing experi-
ments. It is a perfectly symmetrical 12-sided polygon, the number
of sides (excluding the base) corresponding to the number of
independent events in the particular problem considered. With 6
events we should have a 6-sided figure, with 20 events a 20-sided
figure, and so on. It is obvious that, as n increases, the number of
sides to the polygon increasing correspondingly in number, the
graph representing the expansion of the binomial (p + Q)" ap-
proaches more and more closely a smooth curve.

This approach to continuity in binomial distributions as =
increases will be found whether p and ¢ be equal, as in the distri-
butions represented in Fig. 6.1, or unequal, as in the distributions
represented in Fig. 6.2. Moreover, if p and ¢ be unequal, the
skewness marking distributions corresponding to low values of n
will decline as n increases. We have already noted (Fig. 6.2) the
movement toward symmetry as n increased from 6, to 12, to 48,
with p and ¢ constant. As n approaches infinity, such a graph
approaches a smooth, symme’ 2zal curve. The limit which the
binomial distribution thus approaches’ is called the normal
distribution. Its graphic representation, which is called the normal
curve of error, is shown in Fig. 6.5, on page 158.

The normal distribution has long occupied a central place in the
theory of statistics and in applications of this theory. It was first
defined over 200 years ago by De Moivre, who recognized it as a

8 In the exceptional case, when p approaches zero as n approaches infinity (the quantity
np being constant), the limiting distribution is not the normal distribution but a
discrete type called the Poisson distribution. This distribution has been found useful
as a population model when the observed frequencies relate to the occurrence of
very rare events, i.e., when p is very small.
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continuous form marking the limit of the discrete binomial dis-
tribution. It was independently rediscovered by C. F. Gauss and
P. 8. Laplace in the early years of the nineteenth century. The
rediscovery, which came from work on the distribution of errors
of observation, led to great emphasis in the succeeding half century
on the normal “law” as a model to which distributions of obser-
vations on all natural phenomena were supposed to conform.
Correction of this excessive emphasis (a correction largely due to
Karl Pearson and his co-workers in the Galton Laboratory of the
University of London) served to place the normal distribution in
proper perspective, as one among many distribution types occur-
ring in nature. However, as Kendall remarks, “as the importance
of the (normal) distribution declined in the observational sphere it
grew in the theoretical, particularly in the theory of sampling.”’
And as the theory of sampling has developed, to become the
fundamental concern of statisticians, the normal distribution has
retained its place as one of the pillars of modern statistics.

In writing the equation to this curve we express the frequency
y as a function of the variable z. For convenience, the origin of the
independent variable is taken at the mean; a given z stands,
therefore, for a stated value of that variable expressed as a devi-
ation from the mean z. This equation is written in several forms.
The expression

1
= »-7%/24% )
y o\ or e 6.7)

is a basic form, relating to a curve having unit area. In this equa-
tion ¢ is the standard deviation of the given normal distribution,
= is the constant 3.14159, and e is the constant 2.71828 (the base
of the system of natural logarithms). When we say that the curve
has unit area we mean that the totul frequency, N, is equated to 1,
for convenience in representation and calculation. To obtain
ordinates for a particular distribution, the ordinates given by
formula (6.7) are multiplied by N. The equation to a normal
curve corresponding to a particular distribution is thus given by

N 2 /9 42
y=7 5 e>/? (6.8)
. N .
We may note that the quantity P in formula (6-8) is equal
™

to the maximum ordinate (y,) of the normal curve corresponding
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to a distribution of stated total frequency (V) and stated standard
deviation (¢). Thus if N is 1000 and ¢ is 10, we should have

1000

Substituting 3.14159 for = we derive the value 39.894 for ..

Having y, we may use the following form of the equation to the
normal curve

Y = Yo/ (6.9)
Thus the ordinate at any stated distance z from the maximum
ordinate may be determined by multiplying the maximum ordinate
by the quantity /27, (In a normal distribution mean, median
and mode coincide. The maximum ordinate is, therefore, the
ordinate at that point on the X-scale at which these three identical
values fall). An ordinate 20 units above the mean, on the X-scale,
would, for the above distribution, have the value

y = 39.894 X 2.71828400/200

1
= 39.804 X 2718282
= 5.399*

Finally, we may have an equation that refers to a curve of unit
area, and with deviations from the mean of the X-variable ex-
pressed not in the original X-units, as in formulas (6.7), (6.8), and
(6.9), but in units of the standard deviation of X. That is, the
unit of measurement on the X-scale will be z/¢, where z is the
deviation (X — u). We obtain then an equation like (6.7) above,
but with ¢ equal to 1. That is

. _1 - p-z}/2

y= Vo e/ (6.10)
This gives us an expression for the normal distribution in standard
form, with zero mean, unit standard deviation, and unit area.
Reversion to the original units of measurement for any variable,
and to absolute frequencies, may be accomplished by simple

adjustments, using given values of o and N.
The curve plotted in Fig. 6.5 on p. 158, which shows frequencies
rising to a maximum at the mean (which is also the mode and

¥ Tabled values greatly facilitate the calculation of ordinates. See Pearson and Hartley,
Ref. 126; Fisher and Yates, Ref. 51.
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median) and declining symmetrically for values of z above the
mean, is called the normal frequency Sfunction. The corresponding
cumulative distribution (ep. Fig. 3.13, p. 68), with frequencies
cumulated upward, is termed the normal distribution Sfunction.
This is shown graphically in Fig. 6.3. The cumulated frequency is,

1.00 I

9
n
N

N
o

Cumulative frequency
wn
o

/

i} /
=30 =20 =16 0 +lo +2¢ +3¢

FIG. 6.3. The Cumulative Normal Curve:
The Normal Distribution Funection.

of course, zero at the lower end of the range, N (or unity, for the
standardized normal form) at the upper end.

Properties of the Normal Distribution. Some of the major
properties of this distribution have already been noted. The
distribution is symmetrical (skewness = 0) and continuous. The
range extends theoretically from an  of — © to an z of + .
Actually, 0.997 of the area under the curve falls between ordinates
atx = — 3cand ¢ = + 3. The general distribution is completely
defined by the parameters u and ¢. That is, when the location of
the mean has been established (as a base from which z is measured)
and the standard deviation has been specified, the distribution of
frequencies for a curve having unit area (i.e., with N=1) may be
determined. (See formula 6.7 above.) To determine the absolute
frequencies corresponding to a specific set of observations the
quantity N must be known, in addition to x and ¢ (see equation
6.8 above).

If the normal curve be regarded geometrically, we may note
that points of inflection occur at 4 + o and at u — o.

The usual representation of the normal curve of error in its
standard form gives the impression that all normal frequency
curves are exactly alike (apart from variations in N). It is useful to
consider the effect on the curve of changes in the two parameters
p and ¢ (N being constant). The effect of a change in u is merely
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to shift the curve along the z-scale, with no change in form. A
change in ¢ affects the representation on both scales, and thus
modifies the relative proportions of the plotted curve. The effect
on the z-scale is obvious. But the y-scale is also affected, because
the value of the maximum ordinate in a curve of unit area depends

on the value of o (for y, = \/2 —-—=). The effect of varying ¢ from

6 to 10, and then to 20, with N constant at unity and with u
constant at 0, is shown by the curves plotted in Fig. 6.4.

Y
.08

06

) M\
pkr
\\/—-—u= 10

7" ) Lo =20
—60 —48 -36 —24 —12 0 +12 +24 +36 +48 +60
X

FIG. 6.4. Comparison of Normal Frequency
Curves with Varying Standard Deviations.

02

The equation to the normal curve of error may be derived in
several ways. It can be obtained as the equation to the limit curve
of the binomial distribution.® Gauss’s deduction of the error equa-
tion may be found in standard works on least squares. We have
given the equation here without proof. At this stage the student
will, perhaps, accept this model on an intuitive basis, as the limit
of the binomial distribution. We may, however, throw light on
reasons for the emergence of the normal distribution in varying
observational fields by noting four basic conditions that must
prevail among the factors affecting the individual events that

make up a given population, if the distribution of observations is
to be normal:

1. The causal forces must be numerous and of approximately equal weight.

2. These forces must be the same over the universe from which the obser-
vations are drawn (although their incidence will vary from event to
event). This is the condition of homogeneity.

¢ Cf. Cramér (Ref. 23, 198-203) for a proof of the limit theorem for the binomial dis-
tribution, obtained by De Moivre in 1733.
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3. The forces affecting individual events must be independent of one
another.

4. The operation of the causal forces must be such that deviations above
the population mean are balanced as to magnitude and number by
deviations below the mean. This is the condition of symmetry.

Areas Under the Normal Curve. Practical applications of our
knowledge of the normal distribution are greatly facilitated by
prepared tables giving ordinates of the standardized normal curve
for stated values of z/¢, and specifying fractional parts of the total
area under the curve that lie between ordinates erected at stated
distances from the mean. By simple computations these standard
values of ordinates and areas may be modified for the N and the
o of any given distribution. Greater use is made of the tabulated
areas than of the tabulated ordinates. Selected values from a table
of areas are given in Table 6.2. The more detailed measurements
needed for accurate computation are given in Appendix Table I.
Areas as well as ordinates of the normal curve are given in Pearson
and Hartley (Ref. 126) and Fisher and Yates (Ref. 51).

TABLE 6-2

Areas under the Normal Curve, in Terms of Abscissa
(Giving fractional parts of the total area between y, and ordinates
erected at varying distances from y,)

z/o a z/o a
0.0 .00000 2.0 .47725
0.1 .03983 2.1 .48214
0.2 .07926 2.2 .48610
0.3 11791 2.¢ .48928
0.4 .15542 2.4 .49180
0.5 .19146 2.5 .49379
2.5758 .49500
0.6 22575 2.6 .19534
0.7 .25804 ‘2.7 .49653
0.8 .28814 2.8 .49744
0.9 .31594 2.9 .49813
1.0 .34134 3.0 .49865
1.1 .36433 3.1 .49903
1.2 38493 3.2 .49931
1.3 .40320 3.3 .49952
1.4 .41924 3.4 .49966
1.5 .43319 3.5 .49977
1.6 . 44520 3.6 .49984
1.7 .45543 3.7 .49989
1.8 .46407 3.8 .49993
1.9 .47128 3.9 .49995
1.96 .47500 4.0 .49997
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Since the normal curve is symmetrical about the maximum
ordinate, the values given in Table 6-2 apply to observations on
either side of the mean. In using such a table, deviations from the
mean are first expressed in units of the standard deviation. (The
term normal deviate is applied to such a quantity, that is, to a
deviation from the mean of a normal distribution expressed in
units of the standard deviation of that distribution.) The propor-
tion of the total area lying between any two ordinates may then
be readily determined. For example: What proportion of the cases
in a normal distribution lies between the maximum ordinate and
an ordinate erected at a distance from the mean equal to + 1o¢?
Reading down the z/¢ column to 1.0, we find the value .34134
opposite it. This, in ratio form, is the proportion of cases falling
within the limits indicated. Expressing this ratio as a percentage,
we have 34.134 percent as the answer to our question.

Fig. 6.5 shows the relation of this area (the shaded area A) to

0.4Y
0.2 %\
/
A
) T T / T X
-46 -3¢ -26 -6 0 +6 +26 436 +40

FIG. 6.5. An Illustration of the Measurement of Areas
Under the Normal Curve.

the total area under the curve. (The ordinate values measured on
the y-scale of Fig. 6.5 are those given by the standard formula
(6.10), when N = 1 and ¢ = 1.)

What proportion of the total number of cases in a normal
frequency distribution will fall between an ordinate erected at a
distance from the mean equal to — 1.4¢ and one erected at — 207
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From the table we find that 41.924 percent of the total area will
lie between y, and the ordinate at — 1.4¢; 47.725 percent will
lie between y, and the ordinate at — 2¢. The difference, 5.801
percent, will fall between the ordinates at — 1.4¢ and at — 2.
This may be converted into actual frequencies by taking this pro-
portion of the total number of cases in the given distribution. The
shaded segment B in Fig. 6.5 represents the area thus marked off.

For certain purposes we wish to know the proportion of the
total number of cases deviating by a stated amount or more in
either direction from the mean of a normal distribution. If we wish
to know the proportion of all cases deviating from the mean by
1.96¢ or more, we must add to the area between + 1.96¢ and the
upper limit of the curve the arca between — 1.96¢ and the lower
limit of the curve. Each of these areas equals 0.50000 — 0.47500,
or 0.025. The percentage of cases deviating from the mean by
+ 1.960 or more is 2.5; the percentage deviating by — 1.96¢ or
more is 2.5. The percentage deviating above or below the mean by
1.960 or more is 5.0. Similarly, it may be determined from the
entries in Table 6-2 that just one percent of all the cases in a
normal distribution will deviate from the mean, positively or
negatively, by 2.5758¢, or more. This ‘“‘one percent’” area is
represented by the sum of the shaded portions at the two tails of
Fig. 6.5. The ordinates defining the inside limits of these segments
are erected at + 2.5758¢ and at — 2.57580, while the outer limits
are at infinity.

Special significance attaches to the two limits last mentioned,
because of the uses made of them in interpreting errors of sampling.
This topic is developed at a later point. Here we may note that
the figures defining proportions of the total area under the normal
curve falling in given areas may also be interpreted as probabilities.
The probability that a given observation, made at random in a
population distributed according to the normal law of error, will
fall between the mean and a value one standard deviation above
the mean is 0.34134; the probability that a given observation will
deviate from the mean by 1.96¢ or more is 0.05; the probability
that a given observation will deviate from the mean by 2.5758¢
or more is 0.01.

The method by which probabilities of occurrence may be
determined from a table of areas under the normal curve, and by
which the significance of a given normal deviate may be estab-
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lished, should be clearly understood. These methods enter in many
ways into the work of a statistician.

A general theorem on dispersion. The statements made above, concerning
the proportion of cases that will fall between ordinates erected at stated
distances from the mean, or beyond ordinates erected at stated points,
hold of course only for normally distributed observations. A useful general
rule, relating to the proportion of cases falling beyond stated limits in a
distribution of any type, is given by a theorem of Tchebycheff, known as
Tchebycheff’s inequality. We let k define a given distance from the mean of
a frequency distribution, this distance being expressed in standard deviation
units. Tchebycheff’s theorem states that the proportion of the total area
under the curve defining the distribution (i.e., the proportion of all cases)
falling beyond ordinates erected a distance k from the mean will be equal
to or less than 1/k2 Thus we should expect that for a given distribution
the proportion of cases deviating from the mean (in either direction) by 4
standard deviations or more would be equal to or less than 1/16 of the
total; the proportion deviating by 2 standard deviations or more would be
equal to or less than 1/4. Concretely: In a population of income recipi-
ents with mean $6,000 and standard deviation $300, the proportion of
persons with incomes that deviate from $6,000 by $600 or more will be
equal to or less than one fourth of the total. Such a statement as this may
be made without reference to the form of distribution. It is only necessary
that the sample be large.

Tchebycheff’s inequality provides a somewhat crude instrument. More
precise statements may be made if the exact form of the distribution is
known, or even if we know only that the distribution is unimodal and
continuous. But the value of the Tchebycheff theorem lies in its complete
generality. It may be used in a particular situation, where we have no
knowledge of the form of distribution, to give an immediate and concrete
indication of the degree of dispersion to be expected.?

The uses of the normal curve of error, and of the table of areas
based thereon, are too varied to be enumerated at length here. A
simple example may serve to introduce the subject.

Fitting a Normal Curve. The process of fitting a normal curve to
a set of observations involves the computation of theoretical
frequencies corresponding to the observed frequencies. This may
be done from a table of areas under the normal curve (see Appendix
Table I). Using such a table, in the manner indicated in the
preceding section, the areas between the maximum ordinate and
ordinates erected at the various class limits may be determined.
By the simple process of subtraction the area within each class,
and hence the theoretical frequencies, may then be computed.

7 See Smith, Ref. 145, Cramér, Ref. 23, and Mood, Ref. 109, for discussions of the Tche-
bycheff theorem.
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To illustrate the fitting procedure we make use of a frequency
distribution based upon the annual number of telephone calls made
by members of a sample of 995 residence telephone subscribers in
Buffalo, New York.® It is a tenable preliminary assumption that
the conditions giving rise to a normal distribution prevail among
a population of residence telephone subscribers, although this
assumption must be tested against the actual observations. Of
course, the actual range of message use is not infinite; there is,
indeed, a definite lower limit at zero on the scale of message use,
But within the actual range of the observations the tailing off of
frequencies is so pronounced that the existence of a boundary at
zero does nbt, in fact, conflict with the theoretical conditions.

The actual distribution of telephone subscribers is given in
Table 6-3. We shall require estimates of the mean and standard
deviation of the assumed parent population; calculations of these
two quantities are shown below the table.? '

The computations shown in Table 6-3 yield 476.96 as the sample
mean, 147.65 as the standard deviation of the sample. The sample
mean may be used as an estimate of the population mean p, but,
as we have seen, the sample standard deviation s requires a modifi-
cation if we are to have an unbiased estimate of the population &
(see p. 117 above). The correction is made in the variance. For an
unbiased estimate of the population variance we have

2 — Q2
T NI
In the present case s2, in class-interval units, is 8.7182. Thus
995
re = U =
$ = go4 X 8.7182 = 8.7270

and s’ = 2.954

To obtain s’ in original units we multiply this value by the class-

interval, 50. The unbiased estimate of the standard deviation

of the population is then 147.70. (With a sample as large as the

present one there is no difference, for practical purposes, between

s and s’. With small samples s’ is definitely superior to s.)

8 The study from which this distribution was derived was made by the statistical
division of the American Telephone and Telegraph Comparry. See “Introduction to

Frequency Curves and Averages.” Statistical Bulletin, Statistical Methods Series, No. 1.
Issued by Chief Statistician, American Telephone and Telegraph Co.

? The entries in columns (7) and (8) are discussed at a later point in this chapter. They
may be disregarded at this stage.
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Our next task is to determine theoretical class frequencies, i.e.,
the frequencies to be expected for class-intervals of 0-50, 50-100,

TABLE 6-3

Annual Message Use of 995 Telephone Subscribers
(Nustrating the computation of the moments of a frequency distribution)

1) (2) 3) 4) (5) (6) (7) (8)
Deviation
of class
midpoint,
Interval Mid- Fre- from arbi-
of message point  quency trary origin
use* in class-in-
terval units
f o fa) flz')? flx)
0- 50 25 0 - 10 0 0 0 0
50— 100 75 1 - 9 -9 81 - 729 6,561
100~ 150 125 9 - 8 - 72 576 — 4,608 36,864
150- 200 175 19 - 7 — 133 931 - 6,517 45,619
200- 250 225 38 — 6 — 228 1,368 — 8,208 49,248
250- 300 275 50 - b — 250 1,250 - 6,250 31,250
300- 350 325 95 - 4 — 380 1,520 — 6,080 24,320
350- 400 375 85 - 3 — 255 765 - 2,295 6,885
400- 450 425 115 - 2 — 230 460 - 920 1,840
450- 500 475 132 -1 — 132 132 — 132 132
500- 550 525 144 0 0 0 0 0
550- 600 575 116 1 116 116 116 116
600- 650 625 79 2 158 316 632 1,264
650- 700 675 54 3 162 486 1,458 4,374
700- 750 725 31 4 124 496 1,984 7,936
750~ 800 775 11 5 55 275 1,375 6,875
800- 850 825 5 6 30 180 1,080 6,480
850~ 900 875 6 7 42 294 2,058 14,406
900- 950 925 2 8 16 128 1,024 8,192
950-1,000 975 1 9 9 81 729 6,561
1,000-1,050 1,025 1 10 10 100 1,000 10,000
1,050-1,100 1,075 1 11 11 121 1,331 14,641
95 — 956 9,676  — 22,952 283,564
CALCULATIONS
' = (
M=o # = 900 — (~ 0.9608)"
995 = 0.7246 — 0.9231
= — 0.9608 = 8.8015

¢ (in original units)
= — 0.9608 X 50

= — 48.04

M =M +c

= 525 — 48.04

= 476.96

Applying Sheppard’s correctionst

2 = 8.8015 — 0.0833
= 8.7182

s = 2.953

& (in original units)
= 2.953 X 50
= 147.65

* As here classified an item having a value of 50 was put in the class having 50 as an

upper limit. Items falling on other class limits were similarly disposed of.

t At this point we use the same symbol 82 for the uncorrected and corrected variances.
In a later more general application of Sheppard’s corrections different symbols will

be employed.
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etc., in a distribution of 995 observations drawn from a normal
population having a mean of 476.96 and a standard deviation of
147.70. The computations shown in Table 6-4 are based upon a
table of areas under the normal curve similar to that given in
Appendix Table I. (Sheppard’s table, which was used, gives

TABLE 6-4
lllustrating the Computation of Theoretical Frequencies from a Table
of Areas
(1) 2) 3) (4) (5)
Deviation Number of
Class from mean Proportion of cases between
limit in units area between y, Yo and ordi- Theoretical frequencies,
of & and ordinate nate by classes
z atZ at T
g (-2 g
0 -3.23 .4993810 196.88
50 —2.89 . 4980738 495.58 0- 50 1.92+
100 — 2.55 . 4946139 192.14 50- 100 3.44
150 —-2.21 4864474 184.02 100- 150 8.12
200 - 1.88 . 4699460 167.60 150- 200 16.42
250 -~ 1.54 .4382198 436.03 200- 250 31.57
300 —1.20 3819303 383.01 250- 300 53.02
350 - .86 3051055 303.58 300- 350 79.43
400 - .52 . 1984682 197. 48 350~ 400 106.10
450 - .18 .0714237 71.07 400- 450 126.41
500 + .16 .0635595 63.24 450- 500 134.31
550 + .49 . 1879331 186.99 500- 550 123.75
600 + .83 2967306 295.25 550- 600 108.26
650 +1.17 .378Y995 377.10 600- 650 81.85
700 + 1.51 43144783 432.31 650- 700 55.21
750 + 1.85 1678432 165 .50 700- 750 33.19
800 +2.19 4857379 183.31 750- 800 17.81
850 + 2.53 4942969 491.83 800- 850 8.52
900 + 2.87 4979476 195.46 850- 900 3.63
950 +3.20 .4993129 196.82 900—- 950 1.36
1,000 +3.54 --4997999 197.30 950-1,000 .48
1,050 + 3.88 .4099478 497.45 1,000-1,050 .18
1,100 +4.22 .4999878 497.49 greater than
1,050 .05
995.00

* The theoretical distribution shows .62 of a case below — 3.23s. To preserve formal
consistency this amount has here been added to the theoretical frequency between
0 and 50.

areas to two more decimal places than does Appendix Table I.)
The procedure employed should be clear from the previous illus-

tration. For the lower limit of the class falling between 50 and 100
on the z-scale, the deviation from the mean in standard deviation
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FIG. 6.6. Illustrating the Fitting of a Normal Curve to
Frequency Distribution of Telephone Subscribers, Class-
ified according to Message Use.

units is 50 — 476.96 1_474;8'96, or — 2.89. From the table of areas we find
that the proportion of the total area falling between an ordinate
at the mean and an ordinate 2.89 standard deviations below the
mean is .4980738. Multiplying by 995, this proportion is expressed
in terms of total frequencies for a sample of 995 cases drawn from
the assumed normal population. This gives 495.58 cases as the
number to be expected between the mean and an ordinate at
50 on the z-scale. A similar calculation gives us 492.14 as the num-
ber of cases to be expected between the mean and an ordinate at
100 on the x-scale. The difference between 495.58 and 492.14, or
3.44, is the theoretical frequency in the class whose limits are 50
and 100 on the z-scale. This process, repeated for each of the other
classes, gives us the theoretical distribution by classes shown in
column (5) of Table 6-4.

This theoretical distribution may be compared, class by class,
with the distribution of actual frequencies as given in column (3)
of Table 6-3. (For more convenient comparison, see columns (2)
and (3) of Table 15-9.) Or the comparison of the actual distribution
and fitted curve may be made graphically, as in Fig. 6.6. It is
apparent by inspection that the normal curve gives a fairly good
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fit to the data, although there are several classes in which the
differences are marked. A natural question arises as to the reason
for the failure of the normal curve to fit at all points. There are
two possible answers to such a question. The failure to fit may be
due merely to chance fluctuations such as are found in any sample.
We may have an underlying law of distribution of residence
subscribers, classified by message use, which accords perfectly
with the normal law of error, but the particular sample selected
may be marked by certain irregularities which would be ironed
out if a very large number of cases were included. On the other
hand, the differences may be due to the fundamental failure of
such a distribution to accord with the normal law of error. Such
a law may not describe the distribution of telephone calls, in which
case the normal curve should not be employed.

At this stage we may note, without discussion, that the differ-
ences between theoretical and observed frequencies in the present
example are small enough to be attributed to chance fluctuations
of sampling. The reasoning that supports this conclusion is
presented in a later section (Chapter 15). The evidence is clear,
however, that the discrepancies between the observed frequencies
and those in the corresponding normal distribution are not ex-
cessively large. The observed facts are not inconsistent with the
hypothesis that residential telephone subscribers, classified ac-
cording to frequency of telephone use, are distributed in accordance
with the normal law of error.

This conclusion gives generality to the results of our study. We
know the attributes of distributions following the normal law of
error, and once the identification of an actual distribution with
this standard type has been effected we may draw upon this
knowledge. In using the original frequency table we are limited to
the classes there established. We may now go beyond this and
determine how many cases may be expected within stated limits.
We may compute the probability of a case falling between any two
points on the z-scale, or above or below any given value. The
observed results, standing alone, are restricted in their significance
to the particular observations recorded, but the theoretical
frequencies have no such limitations. They apply generally, to the
entire population from which the sample was drawn. In so far as
we are assured of the representative character of our sample we
have a basis for inference that would be afforded by no amount of
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study of the particular distribution as a thing apart. This fact,
that a knowledge of the theoretical frequencies permits generaliza-
tion beyond the limits of direct observation, is perhaps the most
important of the advantages derived from the identification of an
actual distribution with an ideal type, such as the normal distri-
bution.!?

The Moments of a Frequency Distribution

It is appropriate at this point to introduce certain concepts and pro-
cedures that make possible a straightforward and systematic description
of the characteristics of a frequency distribution, and that facilitate
inferences concerning parent populations. The method to be discussed
involves the computation of the ““moments’” of a frequency distribution.

“Moment” is a familiar mechanical term for the measure of a force with
reference to its tendency to produce rotation. The strength of this tendency
depends, obviously, upon the amount of the force and upon the distance
from the origin of the point at which the force is exerted. The concept is
illustrated in Fig. 6.7. Here we show a force of 8 pounds being exerted at
a distance 1 foot above the origin
at zero. This is exactly balanced
by a force of 2 pounds exerted

7 1bs 8 Ibs 4 feet below the origin. The con-
TR T dition of equilibrium isdefined by

-4 -3 -2 -1 0 4+ +2 +3 +4 the equality of positive and neg-
Feet ative products. If either force were

exerted elsewhere on the scale,

or if the origin were shifted, the

FIG. 6.7. Illustrating the Concept of  sum of the pressures which are

Moments. measured by the moments would
not be zero.

The term “moment” is used in statistics in a quite analogous sense, the
class frequencies being looked upon as the forces in question. The column
diagram shown in the upper panel of Fig. 6.8 may be regarded as a solid
figure, with each column exerting a pressure on the x-axis measured by the
number of observations in the class in question. The “moment” contribution
of each column is measured by the product of the class frequency and the
corresponding deviation (z’) from M’ (M’ being the origin—indicated by the
arrow—which is 100 on the original z-scale). The sum of the f2’ products, di-

10 In this chapter we have discussed only two of a number of theoretical distributions
that are used by statisticians. Other distributions of special importance in the theory
of sampling will be discussed in subsequent chapters. Explanations of the Poisson
distribution will be found in standard works. A comprehensive system of ideal
frequency distributions, developed by Karl Pearson, is described by Elderton,
Ref. 35. For a discussion of the Pearson and other distribution functions see also
Kendall, Ref. 78, Vol. I, Chapters 5-6 and Mood, Ref. 109, Chapter 6.
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FIG. 6.8. Showing the Computation of the First Moment of a
Frequency Distribution,
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vided by the total frequencies, gives a net measure termed the first moment.
(See the computations below the diagram.) It is obvious that the value of
the moments depends upon the location of the origin. In the present
illustration the first moment, with reference to an origin at 100 on the
original scale, is +4. This quantity is called the first moment of the fre-
quency distribution because the first powers of the deviations from the
origin are used in its computation. The squares of the deviations yield the
second moment, the cubes of the deviations the third moment, etc., as we
shall see.

In the lower panel of Fig. 6.8 the origin is shifted to 104 on the original
z-scale, which is the midpoint of the central class and, in the present case,
the arithmetic mean, M. Here we use the symbol z for a deviation. With
reference to this origin the first moment is zero.

The moments of a distribution about any origin may be computed by
multiplying the class frequency, for each class, by a given power of its
distance along the z-axis from the origin, summing the resulting products,
and dividing by the number of cases. These moments constitute sensitive
measures of the attributes of frequency distributions. In particular, the
degree and character of variation are defined by these moments with great
accuracy. Slight differences in patterns of variation are reflected in the
moments. These moments yield, moreover, the basic descriptive measures
already discussed, and other highly serviceable measures.

We now set forth a systematic procedure for computing the moments of
a frequency distribution and for deriving from them various descriptive
statistics. For the moments of a sample we shall use the symbol m, for the
moments of a parent population the symbol u. In each case subscripts will
indicate the order of the moments defined by a particular measure (the
order being the same as the power to which the deviations are raised). In
a practical problem it is convenient to compute, first, the moments about
an arbitrary origin, correcting these later to obtain moments about the
arithmetic mean, which are most significant for statistical purposes. The
computation of moments may be carried to any required order; the first
four moments give all the refinements of measurement needed in most cases.

For the first calculations, therefore, we have

’
my = gf]{,-x—)— = first moment of the distribution about
the arbitrary origin.
. _ 2f(@)? TR
my = N = second moment of the distribution about
the arbitrary origin 11
f(x')® . e (6.11)
my = N = third moment of the distribution about
the arbitrary origin
,  Zf(x)¢ e
mp == = fourth moment of the distribution about

the arbitrary origin

The central moments, or moments about the mean as origin, may be
represented by the same symbol, but with a bar. These central moments



MOMENTS OF FREQUENCY DISTRIBUTION 169

may be derived by simple algebraic processes from the moments about the
arbitrary origin. Thus

ml = 0
'IT’L, = mé - miz
My = mj — Smpmg 4 2myp 6.12)

my = mg — dmimg + 6m? my — 3ms

If these moments are calculated, as they usually are, from data organized
in the form of a frequency distribution, the assumption is made that the
items in each class can be treated as though they were concentrated at the
midpoint of that class. We have called attention at an earlier point to the
errors of grouping that may be involved in this procedure, and to Shep-
pard’s corrections for such errors (see p. 121). We there noted, in particular,
that the standard deviation computed from grouped data is subject to a
systematic bias when the distribution relates to a continuous variable, and
when the frequency curve of the distribution is characterized by “high
contact”’—that is, when the curve tapers off gradually in both directions.
Under these conditions this bias will affect all even moments—the second,
fourth, sixth, etc. Thus if we wish to avoid errors of grouping, and ap-
proximate the moments of the continuous distribution that corresponds to
the broken distribution we actually have, all even moments must be
adjusted. For present purposes we need concern ourselves only with
corrections for the second and fourth moments.

We shall employ the symbol m, with suitable subscript, to represent a
corrected moment about the sample mean. (The uncorrected moments,
represented by m’ and m, are called “raw” moments.) The application of
Sheppard’s corrections gives us the following final formulation, which
applies to central moments:

m; = 0
msz = 777,3 ’

my = my — ma/2 + 7/240

In applying the corrections 1/12 and 7/240, the corresponding decimal
values, 0.08333 and 0.02917, will generally be employed. It is assumed in
making these corrections that the class-interval unit has been employed
in measuring deviations from the mean. For moments in original units the
corrections take the following form (h standing for the class-interval):

mqe = mz - 112-}12 }
my = My — $Moh? + 5 15h*

We may illustrate the computation of moments with reference to the
distribution of telephone subscribers, classified by number of calls made
per year, that was given in Table 6-3. We use the sums of columns (5), (6),
(7), and (8) of that table for this purpose. Calculations are shown below.
Sheppard’s corrections are applied, since the curve is marked by reasonably

(6.14)
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high contact. It is a discontinuous distribution, but the unit (1) is so small
in comparison with the range that it may be treated as continuous.

956

my = — 995 = ~ 0.960804
, _ 9,676 _
=905 = 9.724623
2952 _ .
mg = 995 = 23.067337
, _ 283,564 _
M= —5e5 = 284.988945
ml =0
my = my — my? = 9724623 — 0.923144 = 8.801479
ms; = my — 3mimy + 2mi3 = — 23.067337 + 28.030370 — 1.773922
= 3.189111
My = my — dmymg + 6mi® my — Imy!
= 284.988945 — 88.652760 + 53.863384 — 2.556586 = 247.642983
m, = 0
me = mg — 1/12 = 8.801479 — 0.083333 = 8.718146
mg = m3 = 3.180111
my = My — M2/2 + 7/240 = 247.642983 — 4.400739 + 0.029167
= 243.271411

The Use of Moments in Defining the Characteristics of a
Frequency Distribution

These final values, my, ma, msy, my, are the first four central moments of
the sample distribution. They are approximations to uy, ua, s, and us, the
central moments of the population from which the sample was drawn.
From the sample moments we may derive the major measurements that
describe the sample distribution and that indicate the distribution type to
which it belongs.

Criteria of curve type. Two fundamental criteria, represented by the
letter beta, with subscripts 1 and 2, are derivable from the second, third,
and fourth moments abhout the mean. For the distribution of telephone
subscribers we have
m
m3
_ 10.170429
"~ 662.632015
m4
i

243.271411

= ~76.000070 ~ 5-200083
Each of these is an abstract measure, for the moments in numerator and
denominator have been raised to the same order. (The order of m —where

B1

(6.15)

= 0.015349

n

B2 (6.16)
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b defines the moment and a defines the power to which mp is raised—is
given by a X b.) Thus for 8;, the numerator is the third moment squared,
the denominator is the second moment cubed. In deriving B the fourth
moment has been divided by the square of the second moment.

The criterion B, is, essentially, an index of the skewness of the distri-
bution. Its square root, indeed, is a standard measure of skewness. This
quantity is equal to zero for the normal distribution, and will be zero for
any symmetrical distribution. (The student will note that the third moment,
which in squared form is the numerator of the fraction giving B, is derived
from the sum of the cubed deviations from the mean. This sum will be
zero if plus and minus deviations are perfectly symmetrical.) 8; will be
plus (it is given the sign of mean minus median) if the distribution is
asymmetrical with a tail extending to the right. It will be minus for an
asymmetrical distribution with the longer tail to the left.

The formula for the criterion 8, may also be written my/s* or, for popu-
lation characteristics, us/a*. For the normal distribution this ratio is equal
to 3. Values in excess of 3 have been taken to indicate a relatively heavy
concentration of frequencies near the central tendency, while values below
3 have been taken to indicate a relative deficiency of frequencics near the
central tendency. (The comparison in each case is with a normal distribution
having the same standard deviation.) HHowever, as we shall note again
below, this particular interpretation of 8, is not altogether safe.

These criteria have their greatest usefulness in connection with Karl

Pearson’s system of ideal frequency curves. They enable the investigator
to identify the ideal type, normal or otherwise, to which a given sample
distribution appears to belong. This subject, which will not be explored
here, is developed by Elderton (Ref. 35); basic tables and charts relevant
to this family of curve types, and of wide general utility, will be found in
Pearson’s Tables for Statisticians and Biometricians.
Derivation of Descriptive Measures. We now briefly summarize the
operations by which descriptive measures are derived from the sample
moments. Illustrative data relate to the distribution of telephone sub-
scribers (see Tables 6-3 and 6-4, and computations on pages 162 and 165).
The symbols have been previously explained.

Central tendency. ) :
Mi{+ (m’ X h) (6.17)

M =
= 525 + (— 0.9608 X 50)
= 476.96

Variation. The standard deviation is the square root of the second

moment. Since the moments cited above are in class-interval units, appro-
priate modification is needed:

s=1myXh (6.18)
= /871815 X 50
= 147.65
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. . M — Mo
Skewness. The basic measure of skewness is ————. However, the
g

modal value of a sample cannot be rigorously defined. Pearson derives the
quantity x (chi) from B8; and B, in the following relation:

VB1 (B2 + 3)
2(58; — 681 — 9)

We have noted that 4/8, is sometimes used as a measure of skewness. The
fuller expression (formula 6.19) is more satisfactory in that, for the

Pearson curves, it gives a quantity equal to ‘—M—iﬂ). Substituting the

Skewness = x =

(6.19)

values of 81, B2, and ¢ for the telephone distribution, we have
x = — 0.05558

(The sign of the skewness is given by the sign of mean minus median. The
mean is 476.96, the median is 482.39, hence the skewness is negative.)

The measure of skewness given above is used in general in connection
with the Pearson system of frequency curves. An alternative measure
represented by the Greek gamma with subscript 1 has also been used as
a coefficient of skewness. This is given by v; = m3/s%; for population
values y; = us/03.

The modal divergence. The distance d between the mean and the mode
may be determined from

d=xXgo
— 0.05558 X 147.65 (6.20)

= — 8.21

Location of the mode. We have noted above that the mode is an elusive
value, impossible to define rigorously from sample data. Having the mean
and the modal divergence, however, we may derive a value for the mode.
(We should note that what we thus derive is the z-value of the maximum
ordinate of the ideal frequency curve, of the Pearson family, that could be
fitted to the sample distribution.) The mode as thus estimated is the mean
less the modal divergence: .

Mo=M—-4d (6.21)
= 476.96 — (— 8.21)
= 485.17

This gives a truer approximation to the modal value than any of the
methods discussed in Chapter 4.

Peakedness or ““excess.” The quantity 8; — 3 is a traditional measure of
an attribute of a frequency distribution, or frequency curve, which goes
by various names—peakedness, kurtosis, excess, or concentration. Its
value is zero for the normal curve. In general, positive values indicate
relatively high concentration of frequencies near the central tendency—
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high, that is, in comparison with the distribution of frequencies in a normal
distribution with the same standard deviation. In general, negative values
indicate a deficiency of cases near the central tendency, in comparison
with a normal distribution of the same standard deviation. The measure
of peakedness is represented by the Greek gamma with subscript 2. In the
present case we have
Ye=B:— 3 (6.22)
= 3201 — 3
= 4+ 0.201

This would indicate a distribution slightly more peaked than the normal
(Cp. Fig. 6.6). However, these relations are not invariable. Certain patterns
of variation can show peakedness with the quantity 8, — 3 negative, and
conversely. Accordingly, 82 — 3 is not to be taken as a clear-cut index of
peakedness, or the reverse.

The methods of utilizing moments discussed in this section provide a
straightforward procedure for defining the essential attributes of a frequency
distribution. The mean and mode as measures of central tendency, the
standard deviation as a measure of dispersion, x as a measure of skewness,
and B8; — 3 as a measure of degree of concentration (the interpretation of
this measure must be somewhat qualified) may be computed directly from
the first four central moments of a frequency distribution. Because of their
uses for these and other purposes, moments are tools of high value in
statistical analysis.
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CHAPTER ?

Statistical Inference: Problems
of Estimation

At various stages in the preceding discussion we have spoken of
the problems involved in passing from the known facts provided
by a sample to generalizations about the population from which
the sample was drawn. In particular, our concern in such general-
izations is with the unknown values of the parameters that define
attributes of such a parent population.‘In estimating a parameter
(a mean, a median, a standard deviation) we may wish to obtain
a single figure which, in some sense, represents the best guess we
can make as to the actual value of the parameter in question.
Alternatively, our estimate may take the form of a statement
specifying limits within which, with a given degree of confidence,
we may expect the actual value of the parameter to fall. The
estimate of a single figure is called a point estimate; the statement
that presents limits, rather than a single figure, is called an interval
estimateNIn the present chapter we shall deal with certain criteria
and methods that have to do with point estimation, and shall then
proceed to a more extended discussion of interval estimates and
of the probabilities that attach thereto. But first the basic idea of
randomness calls for brief discussion. For the samples to which the
theory of probability may be applied must be random samples.

Random Variables and Random Samples

We think of a variable as a quantity that may take any of a
number of different values. The addition of the word random
modifies the concept materially. A random variable may take any
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of a number of values; the individual values will be marked by
irregularity in their occurrence, but when many individual values
are brought together regularity of arrangement will appear. The
regularity may be of many types, for different random variables,
but for any one such variable there is orderliness in its mass
behavior. Another way of putting this is to say that when many
individual values of a random variable are organized (as in a
frequency distribution) orderliness that takes the form of a
definite distribution function will emerge. The separate values will
be members of a “population’” with definable attributes.

We should stress that randomness is the key to the orderliness
that thus appears. The practical importance of this fact is very
great. As Shewhart has said, ‘“The ability to randomize a set of
numbers or a set of objects by means of some distinguishable
physical operation provides the scientist with a powerful technique
for making valid predictions.” For the prediction that is impossible
with reference to individual members of a population of random
variables is possible with reference to members of such a population
in the mass. Some of the conditions under which random series
appear have been suggested in discussing the normal distribution.
Here the forces affecting individual events must be independent;
each event must be affected by a multiplicity of forces; there must
be equality of forces tending to generate values above and below
the mean value. Such a distribution is, of course, just one of many
possible random distributions. The conditions noted may be
modified rather substantially, and randomness may remain. The
regularities represented by distribution functions are of diverse
types. In all cases individual events are unpredictable, but the
stability of large numbers generates regularity, and makes possible
prediction (in probability terms) concerning mass behavior.

As we shall see, deliberate achievement of the randomness that
makes valid prediction possible calls for design and most careful
planning (see Chapter 19). At this stage we may note that if we
are to have a random sample, which is the necessary basis of a valid
inference, we must have a sample the elements of which are in-
dependent events, that all these events must come from the same
population, and that the method of drawing the sample must be
such that the probability of being chosen is definable for each
member of the population (by ‘“‘element of % sample” we here
mean & single observation). In the actual field work of sampling
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elaborate techniques are often necessary to ensure that these
conditions are in fact met in a given case.

We may here note a special term used for distributions of random
variables. When we have specified for any distribution the relative
frequency with which values of a random variable fall within each
of a number of defined classes, we have a probability distribution.
(Relative frequencies, as we have seen, may be interpreted as
probabilities.) The binomial and normal distributions are proba-
bility distributions; there are many others. Every random variable
has its distinctive probability distribution. Such a distribution may
be defined by a frequency function of the familiar type, with
frequencies rising to a maximum and then declining, or by a
distribution function showing cumulative frequencies or proba-
bilities.

Notation. The symbols employed in this chapter accord in general
with the system previously outlined. We may note the following:

s’: an unbiased estimate of &
m: the mean of a distribution of sample means
om: the standard deviation of a distribution of sample means;
the standard error of a mean; also written o3
sm: the estimated standard error of a sample mean; also
written sz
0 (theta): a population parameter (a general symbol)
t.: a statistic regarded as an estimate of 9
#: the maximum likelihood estimate of 8
as: the standard deviation of a distribution of sample §’s;
the standard error of the standard deviation
s;: the estimated standard error of a sample s
oma: the standard error of the median
Sma: the estimated standard error of a sample median
oq,: the standard error of the first quartile
oa: the standard error of the first decile
~ fs: the number of successful outcomes out of n events
n~f,: the number of unsuccessful outcomes out of » events
8p: the estimated standard error of a proportion, or of a
relative frequency
pe. a percentage
8pe: the estimated standard error of a percentage
N,: the total number of cases in a finite population
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Sampling Distributions: Preliminary Discussion

When a sample has been drawn, by random processes, from a
given population, we may from the sample (which is composed of
Xy, Xa X5 ... X,) estimate any characteristic of the parent
population. The mean of the sample is an estimate of the mean of
the population; the standard deviation of the sample can be
corrected to give an unbiased estimate of the standard deviation
of the population; a measure of skewness of the sample provides
an estimate of the skewness of the population. If we should draw
many random samples from a given population, all samples being
of the same size, the means of the various samples (X,, X, X,
etc.) would give us a series of varying estimates of the population
mean. These varying estimates would constitute a random variable.
Every sample mean may be regarded as an observed value of this
new random variable (new in that the unit of observation here is
not one member of the original population of X’s, but one member
of a new population of X’s). These means may be organized in a
frequency distribution. Similarly, a series of standard deviations
derived from successive samples may be put in the form of a
frequency distribution. Such a distribution, composed of the means
of successive samples, or of the standard deviations of successive
samples, would have the general characteristics of the distributions
discussed in earlier chapters. In each distribution observations
would tend to concentrate about a central value; frequencies would
tail off, symmetrically or asymmetrically, about this central value.
As the number of observations was increased, discontinuities that
might be present when the number of observations was small
would be reduced; there would be a clear tendency toward a
continuous frequency curve as the total frequencies increased. The
smooth frequency curve which would thus be approached would
be the graphic representation of what is called a sampling distri-
bution.

The attributes of such sampling distributions are of supreme
importance in the theory and practice of statistics. The power of
statistical inference derives from the knowledge we now possess
of the sampling distributions of standard deviations, coefficients
of correlation, and other statistical measurements. For knowledge
of such distributions—which are probability distributions—enables
us to specify the probabilities that attach to the conclusions of
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statistical inferences. To understand how this is done we must.
know something about the sampling distributions of the chief
statistical measurements. As a basis for the discussion that is to
follow we first briefly note the characteristics of
distribution of the arithmetic mean.

We have seen above that the means of successive random
samples of size N, all drawn in the same way from the same parent
population, constitute a random variable. Observations on this
random variable (i.e., the various mean values) can be organized
in a frequency distribution. This distribution—and this is a fact
of central importance in theoretical and practical statistics—will
be hormal, or will tend toward the normal type, whether the
population from which the samples have been drawn be normally
distributed or not. If the parent population is normal, the dis-
tribution of sample means will be normal: if the parent population
is not normal, the distribution of sample means will be asymp-
totically normal, that is, will approach the normal form as N
increases.! Moreover, the mean and the standard deviation of the
distribution of means will bear definite relations to the parameters
of the parent population. The mean of the sampling distribution,
which we may represent by the symbol ma, will be equal to y, the
population mean. Or, more precisely, as the number of samples
increases the mean of the distribution of means will approach u or
converge in probability 2 to u. The standard deviation of the
sampling distribution, which we may represent by s, or, in the
limit, 0,,, will in the same sense be equal to the population ¢
divided by the square root of the number of observations in each
sample; that is 6., = ¢/4/N. The mean and the standard deviation
completely define a normal distribution; the sampling distribution
! This approach to normality of distributions of means has been established for samples

drawn from infinite populations with finite standard deviations, regardless of distri-
bution type; it holds also for samples drawn from finite populations under quite
general conditions. For a discussion of the validity of the normal approximation see
Cochran (Ref. 17, pp. 22-28) and the references there cited.

W. A. Shewhart gives a striking illustration of the emergence of the normal distribu-
tion among means of samples drawn from parent distributions of diverse types. Shew-
hart drew many samples, each containing four observations, from a normal parent
population, from a rectangular parent population (i.e., one for which the frequency
distribution was rectangular in shape), and from a right triangular parent population

(i.e., one for which the frequency distribution took the form of a right triangle). In

each of the three cases the distribution of sample means was acceptably normal.
See Shewhart, Ref. 140, 179-184.

* For the mathematical meaning of convergence in probability see Cramér, Ref. 23,
p. 252.

the sampling
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of means of samples drawn from a population of given mean and
standard deviation is thus completely determined.

Since we are normally concerned about the degree of dispersion
to be found among a series of means, standard deviations, or other
statistics derived from successive samples from a given parent
population, our chief interest, in respect of measures descriptive of
sampling distributions, is usually in those that define the degree
of variation in such distributions. For the sampling distribution
of the mean this, as just noted, is o,.. The knowledge that o, =
a/V'N suffers from one important practical limitation. We do not
usually know g, the standard deviation of the parent population.
However, for large samples the standard deviation s of the sample
may be accepted as a good estimate of ¢, for s tends to approach «
(i.e., “converge in probability” to o) for such samples. (For small
samples it is well to use s’, the unbiased estimate of ¢, in preference
to s. See p. 117.) If we use s or s’ as an approximation to ¢ we em-
ploy the symbol s,, instead of ¢,, for the standard deviation of the
sampling distribution of the mean. (We may note that this measure,

Tm OF Su, is called the standard error of the mean.) Having s, and
knowing that it measures the dispersion of sample means in a

distribution that is normal, or acceptably so, we may interpret it
with confidence as a measure of sampling reliability. We shall see
shortly how such measures are used in estimation.

Each sampling distribution may be thought of as a population
of estimates. We are interested in such distributions because of
their basic role in the process by which we estimate population
parameters, or seek to define the limits within which such param-

eters may be expected to fall. It is the process of estimation which
is our central concern.

Point Estimation

Criteria. Before further discussion of the characteristics of
specific sampling distributions it will be well to note certain
general criteria that may be applied in evaluating estimates, and
to consider methods that may be open to us in the making of
estimates. For we wish to employ methods that will give us good
estimates. How may we distinguish good methods of estimation
from poor ones? What standards of judgment are appropriate?

Statisticians have developed four major criteria that are applied
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in the appraisal of estimates, and thus in the evaluation of methods
of estimation. They distinguish unbiased from biased estimating
methods, consistent methods from those that are not consistent,
efficient from inefficient methods, sufficient methods from methods
that are not sufficient. We do not here attempt to present the
mathematical reasoning behind these various criteria. Our purpose
will be served by brief statements of the nature of these criteria
and by a summary indication of the considerations that have led
students of the logic of statistics to define these principles.?

A given statistic ¢, is an unbiased estimate of the corresponding
population 6 if 6 is the mathematical expectation of . To say that
6 is the mathematical expectation of ¢, is to say that as the number
of samples increases the arithmetic mean of the ¢, values obtained
from the samples approaches (or converges in probability to) 4.
(It is here assumed that all the ¢’s are derived from samples of
fixed size N.) A sample mean X is an unbiased estimate of u, the
corresponding population parameter. A sample variance s?, com-
puted from s? = Z( X — X)?/ N, is not an unbiased estimate of the
population variance ¢?, for the mean of the sampling distribution
of s* will be smaller than o2 (This fact has been noted in Chapter 5
in discussing the method of deriving from a sample an estimate of
the population ¢.) An unbiased estimate of o2 may be obtained by
dividing Z(X — X)2by N — 1 instead of by N.

A given statistic (. is a consistent estimate of the parameter  if,
as the sample size N increases without limit, the values of ¢,
converge in probability to 6. This criterion differs from the pre-
ceding in that N was taken to be fixed in the preceding case,
whereas N is thought of as tending to infinity in the present case.

A sample mean X is a consistent, as well as an unbiased, estimate
of u, the population mean. The sample statistic s?, computed
from s? = Z(X — X)%/N, is a consistent although not an unbiased
estimate of the population variance o2 For as N gets larger and
larger the difference between s? and o? tends to get smaller and
smaller; s* approaches o2. This is not incompatible with the fact
that from samples of fixed size we would get a distribution of s2

® Basic work in the development of systematic methods of estimation was done by
R. A. Fisher in two path-breaking papers that appeared in the nineteen-twenties.
(Sce Fisher, Ref. 47, papers 10, 11. The criteria employed in evaluating point estimates,
and the method of maximum likelihood for obtaining point estimates, are due to
Fisher.
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values the mean of which would not be ¢2, but something less than o2.

In considering the idea of efficiency in estimates we may revert
to the concept of sampling distributions. Estimates such as sample
means, standard deviations, or measures of skewness, when derived
from many samples of the same size drawn from the population
whose parameters are to be estimated, form frequency distribu-
tions. In the limit, each of these constitutes a population of
estimates. In the long run we may expect to get better estimates
from statistics the distribution of which is concentrated about the
parameter we are estimating, than from statistics having a distri-
bution marked by extreme dispersion. For the reliability of the
estimate (if it be an unbiased estimate) depends on the degree of
concentration found in its sampling distribution. This concentra-
tion, as measured by the variance (¢2) of the sampling distribution,
a quantity which is termed the sampling variance, is the quality
to which the term efficiency applies. Of two estimates, that with
the smaller variance is the more efficient. An estimate marked by
minimum variance is an efficient estimate.

When we consider the attributes of specific sampling distribu-
tions we shall be particularly interested in their variances, or their
standard deviations. These indexes of efficiency and of reliability
are of central importance in statistical inference.

The final criterion used in evaluating methods of estimation is
the standard of sufficiency. If a statistic derived from a sample
contains all the information that the sample contains, relevant to
the parameter in question, that statistic provides a sufficient
estimate. Sufficiency is a very desirable attribute of an estimate,
but a somewhat exceptional one. The statistic X as an estimate of
the mean of a normal population is sufficient, as well as efficient;
the variance s? computed, for a sample, from s? = (X — u)?/N,
where the population mean, u, is known, is also both sufficient and
efficient. But few statistics embody all the relevant information
contained in a given sample.

Methods of Estimation. The problem of point estimation, we
may recall, is that of determining single numbers which, for given
reasons, may be regarded as acceptable estimates of the unknown
values of specified parameters. The preceding statements indicate
certain qualities that good estimates should have, and other
qualities that may characterize poor estimates. Having decided on
criteria, there remains the important question: What methods of
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estimation may be employed in estimating population parameters
from the data of actual samples? How shall we proceed to estimate
a population mean or standard deviation, or any other parameter,
with confidence that the number obtained will meet some or all of
our criteria? Three methods of estimation may be noted.

The nature of the method of least squares is suggested by its name.
When we employ this method for estimating, say, a population
mean, we find that value from which the sum of the squares of the
deviations of the observed values (i.e., the squares of the residuals)
is a minimum. The arithmetic mean of a series of observations
meets this condition; the mean of a sample is a least squares
estimate of the mean of the population from which the sample has
been drawn. A least squares fit of a straight line to scattered points
is that line for which the sum of the squares of the deviations is
a minimum. The least squares principle is one with a long tradition,
and one that has been extensively employed in practice. It has a
practical advantage in that the procedures followed in applying it
are relatively simple. As we shall see, this method is widely used
in correlation studies, and in defining the trends of time series.
However, except in the important special case of a normally
distributed variate the justification for its use is largely one of
convention and expediency. For normally distributed observations
the results obtained when estimates are based on least squares
procedures have logical validity.

When the method of moments is used in estimation, we assume
that a certain number of the moments of the parent population
(e.g., the first two, or the first four) are equal to the moments of
the sample. The desired parameters are then estimated from the
assumed population moments. This method, which is due to Karl
Pearson, is generally used in fitting frequency curves of the Pearson
family. The practical procedures involved have the advantage of
simplicity, in most cases, but the method is not an efficient one
except for distributions of the normal type.

The principle of least squares and the method of moments are,
thus, of limited validity when generally applied. The method which
1s now standard has wider applicability and sounder logical
foundations. This is the method of maximum likelihood, developed
by R. A. Fisher.* For present purposes we shall indicate the basic

* Ref. 47, papers 10, 11, 24, 26. The procedure is explained, with applications, in stand-
ard works on mathematical statistics.
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characteristics of this method, without attempting to set forth the
details of its application in specific cases.

The essence of the method of maximum likelihood may be ex-
plained in the following terms: We are working with a sample of
n observations, from a population of known form. The drawing of
this sample is the observed event. On the basis of the information
given us by this sample we are to estimate a certain population
parameter, 6 (it is assumed that only one parameter is here in-
volved). From the many possible estimates of 8 we choose that
one §, if it exists, that renders the probability of the occurrence of
the observed event as great as possible. (Back of this procedure
lies, of course, the basic assumption that the sample is representa-
tive of the population from which it has been drawn.) This principle
lends itself to a straightforward mathematical procedure by which
may be derived the maximum likelihood estimates of parameters
of the standard distribution functions.

It will be of interest at this point to cite a few examples of
estimates that meet the maximum likelihood condition. For a
sample of observations drawn from a normal population, the mean
X, estimated from =X /N, is the maximum likelihood estimate of u,
the mean of the parent population. (In the case of a normally
distributed variate the least squares method of estimating u and
the maximum likelihood method are equivalent.) The mean X of
a sample from a Poisson distribution is, similarly, the maximum
likelihood estimate of the population mean. The maximum likeli-
hood estimate of the variance o2 of a normally distributed variate
is given by

§2 = gg_];_& (7.1)

However, this is not an unbiased estimate. The best unbiased
estimate® of o is given by the quantity

8 = 3(X — X)Y(N — 1) (7.2)

We may, obviously, derive the best unbiased estimate of the
variance from the relation

N

8’ = = s?

N-1

¢ This term, which is employed by J. Neyman, defines that one among several possible
unbiased estimates (if they exist) that has minimum variance.
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The point should be stressed that there is no definitive argument
in favor of any one method of estimation. The method of maximum
likelihood has, however, strong practical claims in its support. The
estimates it yields are consistent. If in a given case an efficient
estimate exists, the method of maximum likelihood will give it.
For large samples maximum likelihood estimates tend toward
normality. Maximum likelihood estimates will be sufficient, if
sufficient estimates exist for a given parameter. Estimates given
by the method of maximum likelihood are not necessarily unbiased,
as the above illustration has indicated. That is, the parameter we
may be seeking to estimate in a given case is not necessarily equal
to the arithmetic mean of the population of maximum likelihood
estimates that make up the given sampling distribution. However,
corrections to eliminate bias may be made (as was indicated in the
case of the variance). In most cases in which estimates of popula-
tion parameters are sought, the method of maximum likelihood
provides the standard of reference (i.e., the standard against which
results obtained by other methods are appraised), if not the
standard procedure.®

For many problems maximum likelihood estimates are readily
arrived at. When samples are drawn from normal populations
maximum likelihood estimates are identical with least squares

¢ The nature of this procedure may be briefly noted, although applications of the method
of maximum likelihood are not developed in this book. We are to derive from a sample
of n observations (X, X, ... X,) an estimate of a population parameter 8. The method
entails two steps:
1. Set down the likelihood function of the sample. This is the function that defines
the probability of obtaining that particular sample (when the sample relates to a
continuous variable this is spoken of as the probability density at the sample
point). The observed sample values and the unknown parameter 8 enter into the
expression for the function. When there is but one parameter to be estimated we
may write for the likelihood function

L =X, X5 X3, ...Xs;0)
Since the n sample values are known, the likelihood function L becomes a function

of 6 alone.

2. Determine that estimate of § among the many possible estimates which will
maximize L (i.e., which will make as great as possible the probability of obtaining
the particular sample). This is done by a process of differentiation that locates the
point at which the likelihood function has a maximum. The equation to be solved
can be written in the form

oL

a6 =0

The solution gives §, the maximum likelihood estimate of 6.
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estimates for arithmetic means, standard deviations, and measures
of correlation. For other problems the maximum likelihood tech-
nique may be more complex and more demanding of time and
effort. In such cases the simpler least squares technique is custom-
arily used, particularly if the populations being sampled are
believed to depart only moderately from the normal form. Under
these conditions least squares estimates provide good approxima-
tions to maximum likelihood estimates.

Interval Estimation: Confidence Limits

The object of point estimation is to pick out a single value
which, in some specified sense, may be regarded as the “best”
estimate of some unknown parameter. But an estimate of this sort,
while pinpointed on a unique value, is quite unlikely to coincide
with the true value of the parameter that concerns us. If we are
dealing with a continuous variable there is an infinity of possible
wrong estimates, and but one right estimate. Perhaps we have
studied a sample of income recipients in the United States in a
given year, and on the basis of the information provided by the
sample reach the conclusion: The true mean income of income
recipients in the United States in the year X was $4,244. Although
this may be the “best”’ estimate that we can make, it is almost
certainly not the correct figure (which may fall at any point over
a wide range). To the conclusion as it stands no probability
statement may be attached. But for logical and practical reasons
the information given by our sample will be of greatest use to us
if a conclusion summarizing the relevant information given by the
sample can be put in a form to which a probability statement may
be attached. Since we shall be generalizing from a sample the
conclusion will be an uncertain one, in any event, but we should
like to be able to put some measure to the degree of uncertainty
involved.

The theory of interval estimation leads to a conclusion of the
following sort: The true mean income of income recipients in the
United States in the year X lay between $4,146 and $4,342. This
is a statement that may be true or false, for the true mean income
of the population in question was either between the stated limits
or it was not. Whether it is true or false we do not know. But the
merit of the method of interval estimation is that it enables us to
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attach a specific probability to a family of statements of the type
Just cited, and thus to define the degree of confidence we may have
in any single statement of this sort.

An Example : estimation of » when ¢ is known. The method of
interval estimation now generally employed may be explained,
first, in terms of a hypothetic example. We shall assume that an
investigator is seeking to estimate the mean u of a normal popu-
lation having a standard deviation o equal to 40. That is, the
investigator knows that the distribution is normal, and knows the
standard deviation of the distribution, but does not know its mean.
We assume now that the investigator has drawn 1,000 samples from
this population, each including 400 observations. For each of these
samples he has calculated X. Let us say that the calculated values
of X are 99.5, 102.1, 95.8, 98.7, 101.4 . . . , ete., to a total of 1,000
figures. We have seen above that the means of samples of fixed
size N, drawn from a given population, will be distributed normally,
with a standard deviation equal to ¢ /v/N. Thus we know that the
1,000 means, of which 5 have been given above, will make up a
normal distribution, with standard deviation 40/4/400, or 2. We
know, therefore, that the investigator is drawing from a population
that may be represented by the graph shown in Fig. 6.5. The mean
of this population, y, is unknown to the investigator, but he does
know the limits within which stated proportions of the population
of means will fall. Sixty-eight percent will fall within u =+ 2; 95.45
percent will fall within u + 4; 99.7 percent will fall within u =+ 6.

We must now permit the investigator to draw the inference that
is possible on the basis of the information given him by each
successive sample. We do so at this point without explanation,
other than to note that 95 percent of the area under a normal curve
falls within ordinates erected 1.96¢ below the mean and 1.96¢
above the mean. This is to say that in using the multiples of ¢
indicated below, the investigator is working with a 95 percent,
“confidence interval,” a phrase that will be explained shortly.

After drawing the first sample, of which the mean is 99.5, our
investigator makes the statement:

1. “The mean p of the population from which I am drawing
falls between 95.58 and 103.42.”

After drawing each of the succeeding samples he makes a statement
similar in form, but different in the limits it specifies. The four
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succeeding statements, corresponding to the second, third, fourth,
and fifth sample means given above, are:

2. “The mean u falls between 98.18 and 106.02.”

3. “The mean pu falls between 91.88 and 99.72.”

4. “The mean u falls between 94.78 and 102.62.”

5. “The mean p falls between 97.48 and 105.32.”

The reader will observe that the limits set in each statement are
derived by subtracting 3.92, i.e., 1.96 X 2, (2 being the standard
deviation of the distribution of means), from the given sample
mean, and by adding 3.92 to the given sample mean. Thus 95.58 =
99.5 — 3.92; 103.42 = 99.5 + 3.92.

If, now, we may assume that we (the author and the reader)
have a piece of information not available to the investigator, we
may check the accuracy of his several statements. This added
information is that the true mean of the population from which the
samples have been drawn is exactly 100. We note that four of the
five statements are true, and that one (the third) is false. The
mean p does not fall between 91.88 and 99.72. The relation of each
statement to the facts may be more clearly apparent in Fig. 7.1.

40

30
20
10

0
94

< > 5
FIG. 7.1. Normal Curve Showing Distribution of
Sample Means, with 0.95 Confidence Intervals Based

on Five Samples.*

* Parameters of population from which samples were drawn: Mean =
100 (not known to investigator). Standard deviation = 40 (known
to investigator). Each sample N = 400.

The statements, in order, are represented by the numbered lines
drawn below the graph of the normal curve representing the
distribution of means. Each of these lines indicates the location of
ordinates at the limits of the specified interval. Four of these
intervals include the true mean, u; one does not.
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The ordinates a and b are erected at points on the z-scale falling
1.960 below and 1.960 above the mean n. The area between them
is 95 percent of the area under the curve. It will be noticed that
if a point corresponding to a sample mean falls anywhere within
the area between ordinates a and b, the interval X + 1.96¢ will
include the mean u. In all such cases statements of the type given
on page 187 will be true. If a sample point falls outside ordinate a
or ordinate b, the interval X + 1.96¢ will not include the mean TR
In all such cases, statements of the type cited in the examples
above will be false. But since X’s of the type here considered will
be normally distributed, 95 percent of them, in the long run, will
fall within the limits u 3 1.960. Thus for 95 percent, of all cases,
statements of the type here discussed will be true, while 5 percent,
will be false. If our investigator were to base upon each of his
1,000 X’s statements similar to the 5 cited above, we should
expect that about 950 of them would be true, while about 50
would be false. (We say “about,” because 1,000, although a large
number, is finite, and the chances of sampling could easily lead to
some departure from these figures.) In an actual inquiry the
investigator would probably draw but one sample. Thus the only
generalization he would make would be, say, “The mean u fallg
between 95.58 and 103.42.”” This is true or false. The investigator
does not know which. He does not say that the probability is 0.95
that it is true. The actual probability that it is true is either 1
(i.e., the statement is in fact true) or O (i.e., the statement is in
fact false). But he does know that of many statements of this
type, based upon operations of the same kind, 95 out of 100 would
be true. In other words, this particular statement belongs to a
family of statements of which 95 out of 100 would be true. His
confidence in the statement is measured by a “probability co-
efficient” of 0.95. Hence the term confidence interval, used to describe
the interval between 95.58 and 103.42.

This mode of phrasing a statistical inference departs from the
method that was prevalent several decades ago. In particular, the
reader will note, the parameter u, which is to be estimated, is
regarded as a constant, not as a variable quantity. In most practical
problems we are trying to estimate a value that is clearly a con-
stant, although an unknown one. Thus we may not use language
(such as, “The probability is 0.50 that the true mean falls between
such and such limits’’) that implies that a parameter is variable.



190 PROBLEMS OF ESTIMATION

—
Since the parameter is a constant, statements specifying limits
“Within which it is said to lie are either true or false. Probabilities
attach to the family of statements, all made in the same way, but
specifying varying intervals. What is variable in such a family of
statements is the location of the interval, not the parameter that is
being estimate

We must note, finally, that the example cited above illustrates
a special situation—that in which the ¢ of the parent population
is known, Because ¢ is known, the intervals specified in the various
statements are all of the same width. Where ¢ is not known the
procedure and the interpretation of the conclusions are similar, but
the ranges set forth in different statements will be unequal. This
case calls for brief attention.

An example : estimation of u when ¢ is not known. We shall now
assume that an investigator has drawn ten samples, with n = 101
in each case, from a given population, which may or may not be
normal. The population mean and standard deviation, which are
not known to the investigator, are, in fact, 80 and 20, respectively.
From the observations in each sample the investigator computes
the mean, X, and the standard deviation, s’ }s’ being regarded as

values of X and of s’ are given in Table 7-1. The standard error of

TABLE 7-1

lllustrating the Estimation of a Population Mean
Means and Standard Deviations derived from Ten Samples from a given
Population, with 0.95 Confidence Intervals Based Therean

(1) @ 3) B '(4) 4 ()
Sample Standard stimate Confidenee
rumber Mean deviation stand(;rg?error interval for P = 0.95

X 8! $7 X = 1.96 8z
1 81.2 19.8 1.98 77.32 to 85.08
2 79.6 21.4 2.14 75.41 to 83.79
3 84.0 19.2 1.92 80.24 to 87.76
4 82.1 22.6 2.26 77.67 to 86.53
5 80.6 20.2 2.02 76.64 to 84.56
6 78.2 17.3 1.78 74 .81 to 81.59
7 78.8 20.9 2.09 74.70 to 82.90
8 81.4 18.5 1.83 77.77 to 85.03
9 79.1 19.5 1.93 75.28 to 82.92
10 80.3 21.1 2.11 76.16 to 84.44

(Population parameters: 4 = 80, ¢ = 20. Each sample N = 101)
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the mean of each of the ten samples is now estimated (from
s = 8’//N). On the basis of the information given by each sample
the investigator now estimates an interval within which the mean
may be expected to fall. Since he has decided to work with a
confidence coefficient of 0.95 the confidence limits are derived, in
cach case, by subtracting from and by adding to the sample mean
the quantity 1.96s;. Thus from the data of sample No. 1 the
conclusion reached is:

“The mean u falls between 77.32 and 85.08.”

(The lower limit, 77.32 is, of course, 81.2 — (1.96 X 1.98) while
the upper limit, 85.08, is 81.2 4+ (1.96 X 1.98). These limits appear
as the entries in column (5) of Table 7-1). This statement may be
true or it may be false. On the theory of interval estimation the
investigator believes that of 100 statements, each based on an
operation similar to that which yields the first statement, 95 will
be true and 5 false. The ‘“confidence intervals” specified in 10 such
statements, each based on the information given by a sample of
101 observations drawn from the same parent population, are
shown in column (5) of Table 7-1. They are shown graphically in
Fig. 7.2.7

The ten confidence intervals thus set forth differ in location.
The central point of each is the mean of one of the ten samples. In
this respect they are like the confidence intervals cited in the
preceding example (p. 188). But they differ from those previously
cited in that their ranges differ. Thus the range of the first confi-
dence interval in Table 7-1 is 7.76, that of the second is 8.38. The
smallest interval is 6.78, given by sample No. 6; the greatest is
8.86, given by sample No. 4. The ranges differ, of course, because
the investigator has to use the standard deviations of the several
samples as estimates of the population ¢, which he does not know.
Some of these sample standard deviations are below the true ¢
(in sample No. 6, s’ is but 17.3, as compared with the ¢ value 20);
some are above. There are two factors, therefore, in the variations
among the confidence intervals estimated from the several samples
—varying central points and varying ranges. But the notable fact
is that in spite of the two varying factors, 95 percent of the ranges

? This graph is of a type first suggested by Walter Shewhart. See Fig. 8.4 which give:
a reproduction of an illuminating chart from Shewhart's Statistical Method from th
Viewpoint of Quality Control.
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FIG. 7.2. Showing the Range of Each of Ten
Interval Estimates of a Population Mean, with
Confidence Coeflicient of 0.95 (Population para-
meters, u = 80, ¢ = 20, not known to investi-
gator. Each sample N = 101).

Original Units of Variable X

thus specified will in the long run include the true mean.? In the
illustration here given, in Table 7-1 and Fig. 7.2, nine of the ten
confidence intervals cited do in fact include the mean, 80. Only
for sample No. 3, which gave a mean value well in excess of the
population u, does the confidence interval fail to include u. It will
be understood, of course, that in both this example and the one
preceding, the investigator who is estimating the location of the
population mean is without the information we possess, in studying
Fig. 7.1 and Fig. 7.2. He does not know where any interval falls,
with respect to the true mean u. To make clear what is actually
happening, the reader has here been given information not avail-
able to the investigator. The latter possesses only the information
needed for defining each of the confidence intervals and the
corresponding probability coefficient, together with the knowledge
that each statement asserting that p falls within a given confidence
8 No formal proof of this statement is here given. The memoirs by J. Neyman (Refs.

117 and 121) and other references given at the end of this chapter should be consulted
by the interested student.
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interval belongs to a family of statements of which, in the long
run, 95 percent will be true. In a particular case this is not exact
information, it is true, but it is information of high practical
importance, and information on the basis of which decisions may
be made and action taken.

We should note that the choice of the confidence coefficient 0.95
is in some respects arbitrary. If the investigator chooses to make
statements that he would expect to be true, in the long run, only
1 time out of 2, he would choose a confidence coefficient of 0.50.
The multiplier of the standard error of the mean (see heading to
column (5), Table 7-1) would then be 0.6745 instead of 1.96. If
he chose to make statements that he would expect to be true, in
the long run, 99 times out of 100, he would choose a confidence
coefficient of 0.99, and use a multiplier of 2.576. Thus, with the
coefficient 0.99, the conclusion reached on the basis of the first
sample drawn, for which the mean is 81.2 and the standard devi-
ation 19.8, would be:

“The mean u falls between 76.1 and 86.3.”

Raising the confidence coefficient in this way, from a level of
0.95 to 0.99, increases the range of the confidence interval, of
course, thus making the conclusion less precise. But it raises one’s
confidence in the truth of the statement, elevating it into a family
of statements which may be expected to be correct 99 times out
of 100. In defining confidence limits we may choose to have greater
precision with less confidence, or less precision with greater
confidence. The choice of confidence coefficients in given cases
will depend on the nature of the problem faced, and to some extent
on the temperament of the investigator. Coefficients of 0.95 and
0.99 are most commonly used.

In practical employment of the method of interval estimation
the essential element is knowledge of the sampling distribution of
the particular statistic—mean, standard deviation, coefficient of
correlation—that is to be generalized. Is the sampling distribution
normal for such a measure (e.g., a mean) computed from samples
drawn from a normal parent population? for a measure computed
from samples drawn from non-normal populations? Most impor-
tant in such knowledge of sampling distributions is knowledge of
the character of dispersion to be expected and of means of estimating
the degree of dispersion. If we know that a given distribution is
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normal, or not too far removed from the normal type, and if we
may make a reasonable estimate of the standard deviation of such
a distribution, the specific information to be had from a single
sample will give us the basis for setting the limits of a confidence
interval and for asserting with a specified degree of confidence that
the population parameter falls within this interval. If the sampling
distribution departs significantly from the normal type the
procedure is somewhat less simple, but inference is still possible.
Important non-normal sampling distributions have been defined
in detail, often in tabular form. Such tables, to which we shall
have later reference, make it possible to estimate parameters and
to test hypotheses with definable degrees of precision.

Some Standard Errors and Their Uses in Estimation

In the present section we shall give examples of procedures
employed in defining confidence intervals, setting forth at the same
time characteristics of the sampling distributions of wvarious
statistical measures.

The Arithmetic Mean. Table 5-2 in Chapter 5 shows the distri-
bution of 83,114 workers in industrial chemical plants, classified
aceording to their average hourly earnings in January, 1946. The
arithmetic mean of this distribution is 114.61 cents; the standard
deviation s is 23.54 cents. Accepting this standard deviation as an
approximation to the standard deviation of the population from
which this sample was drawn,® we have

_ 8 _ 2354 0.082
T VN=1 /83113
The true mean of the hourly earnings of wage workers in

industrial chemical plants in January, 1946, is not known. The
figure 114.61 cents is our best approximation to it. If we should

? We have derived s from the formula s = /‘/ % Accordingly, in estimating the stand-

ard etror of M it is logical to use the formula s, = 8/A/ N — 1. That is, N should be
reduced by 1 either in the estimation of ¢ or in the derivation of .. (For samples as
large as the one here considered the reduction of N by 1 is purely formal. It does not
affect the result significantly.) If s, is derived from the d’s of the original data, the
single operation is summed up in Bessel’s formula

n= g/
NN -1
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draw many samples, each the size of the one we have here, we
should have many mean values normally distributed and centering,
we may assume, at the true value. The standard deviation of this
normal distribution we estimate as 0.082 cents. If we wish to work
with a probability coefficient of 0.95 we have as the lower limit of
the desired confidence interval 114.61 — (1.96 X 0.082), or 114.45.
As the upper limit we have 114.61 + (1.96 X 0.082), or 114.77.
Our statistical inference, therefore, takes the following form: “The
mean hourly earnings of the universe of industrial chemical workers
in January, 1946, lay between 114.45 cents and 114.77 cents.”
This particular statement may be true or false. Of an infinitely
large number of such statements, based upon similar operations,
95 percent will be true, 5 percent false.

If we should choose to work with a probability coefficient of
0.99 we should set the lower limits of the confidence interval at a
point 2.576 s,, below the sample mean, the upper limit at a point
2.576 s,, above the sample mean. In this case our conclusion would
be: ‘““The mean hourly earnings of the universe of industrial
chemical workers in January, 1946, lay between 114.40 cents and
114.82 cents.”

The confidence intervals are narrow, of course, with samples as
large as the one here considered. Means of samples of this size
would be very closely concentrated—a fact that permits very
accurate estimation.

When a measure derived from a sample is presented as an
estimate of a population parameter it is customary to give the
statistic in question with its standard error, rather than to write
out the formal conclusion. Thus we would write, for the estimated
mean of hourly earnings of industrial chemical workers, M =
114.61 cents = 0.08. The user of the statistic may then set up his
own confidence interval, choosing the probability coefficient that
he deems appropriate. It was the practice in earlier years to present
the probable error of a statistic (i.e., 0.6745 the standard error) in
this fashion, but the standard error is now generally employed.
To avoid confusion, however, it is well to indicate that it is the
standard error which is given.

In setting up confidence intervals for population means on the
basis of information derived from samples, we have made use of
three important facts—that the sampling distribution of X’s is
normal, or asymptotically normal, that the standard deviation of
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the sampling distribution of means may be defined in terms of the
standard deviation of the parent population and of the sample N,
and that when a sample is large the standard deviation of the
parent population may be estimated with confidence from the
standard deviation of the sample. By procedures somewhat
similar to those that lead to the standard error of the mean, the
standard errors of a number of other statistical measurements
have been derived. It is true, under very general conditions, that
the distributions of sample characteristics computed from sample
moments tend toward normality as n approaches infinity.l® The
standard deviations of such sampling distributions are usually
definable, as was true in the case of the mean, in terms of the
parameters of the parent population and of sample N’s. The
standard errors of these measurements are generally approximated
by substituting the known sample characteristic (e.g., the standard
deviation of the sample, as in the preceding example) for the
corresponding unknown population parameter. Thus it is true,
remarkably, that by virtue of behavior characteristics of large
numbers we are able to utilize information given by samples
themselves in generalizing the results obtained from samples.!

Sampling a finite population. The procedures discussed above
all relate to samples drawn from infinite populations. This is the
assumption usually made in statistical inference. Even when the
population sampled is in fact limited in size, we usually take our
results to apply to the infinite population that would be generated
if the forces that gave rise to the population actually in existence
were to operate indefinitely without change in character. But the
investigator sometimes wishes to work in terms of a population of
limited and known size. The standard error of the mean of a sample

10 The central limit theorem by which this fact is demonstrated is one of the notable
mathematical discoveries and one of the most fundamental propositions in theoretical
statistics. This theorem states that under quite general conditions the sum of any
number of independent random variables tends toward normality in its distribution
as n tends to infinity. The striking general feature of this theorem is that the separate
components of the sum need not be normally distributed themselves. The fundamental
role of the normal distribution in statistical theory derives in good part from the
remarkable fact stated in this theorem. For proof of this theorem and discussion of
its implications for statistics, see Cramer, Ref. 23, pp. 198-203, 213-220, and Kendall,
Ref. 78, Vol. I, pp. 180-183.

The procedures here discussed are applicable to large samples. For most purposes a
sample of 100 may be considered “large.” Samples for which N is less than 30 are
always considered “small.” (Special procedures appropriste to small samples are
discussed below.)

Il
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drawn from such a population may be estimated from a modifica-
tion of the customary formula. Using N as the number of cases in
the sample and N, for the total number in the population, we

may write
= _ig_f_ N; N
Sm \/N /‘/ 1\7—[) ~ (7 3)

The effect of the modification is to reduce the sampling error of
the mean. If N, is very much greater than N the reduction is very
slight; in effect the drawing in such a case has been made from an
infinite population. If the sample has covered every case in the
population, N, and N will be equal and the standard error of the
mean will be zero.

The Standard Deviation. The standard deviation s, treated as a
random variable as was X above, has an asymptotically normal
distribution. (For small samples, as we shall see, the departure
from normality is great enough to call for distinctive treatment.)
For large samples, say with N in excess of 100, we may treat it as
a normally distributed variate. If the parent population is normal,
the standard deviation of a distribution of s’s will be given by

os = o/V2N (7.4)

Not knowing the standard deviation of the population we substi-
tute for ¢ (in the right-hand term above) the sample s. (No dis
tinction is drawn between s and s, for we are dealing with large
samples.) Thus we have

8 = .S‘/\/W (7.5

As an illustration of the process of estimating the standarc
deviation of a normal population we may use the data on residenc
telephone subscribers (see Table 6-3). As an estimate of ¢ we hav

= 147.7; N = 995. We have, therefore,

VA 990
If we wish to work with a confidence interval of 0.99, we se
confidence limits below and above 147.7 by 2.576 X 3.31, or 8.!
Thus our conclusion is: “The standard deviation of the populatio
of residence telephone subscribers lies between 139.2 and 156.2.
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Our confidence that the statement is true is measured by a co-
efficient of 0.99.

For samples drawn from a non-normal universe the standard
deviation of the distribution of s's is given by

—_ 2
o = 1/ T (7.6)

where the u’s represent the moments of the parent population. If
we let the symbol m, represent the second moment of the sample,
and m, represent the fourth moment of the sample, we have as our

estimate of the standard deviation of s, for a sample from a non-
normal universe

my — mi

S = ———
477L2 . N

(7.7)

This formula is to be applied and the results interpreted in the
usual fashion. For large samples it may be taken as an estimate of
the standard deviation of a normal distribution, since the distribu-
tion of the s’s tends toward normality as n tends toward infinity.
We may note that the general formula for ¢, reduces to the
simpler formula ¢/4/2N for samples drawn from a normal parent
population. For in the case of a normal distribution s = 32
The Quantiles. We have used quantile as a generic term for
measures such as the median, the quartiles, or the deciles, that
divide the total frequencies in a distribution into specified pro-
portions. Since every sample quantile may be regarded as an
estimate of a corresponding population quantile, the usual prob-
lems of inference arise in the use of such measures in research.
The sampling distributions of all quantiles tend toward normality
as the sample size N increases. Thus for large samples we regard
such sampling distributions as effectively normal, with means
equal to the population quantiles that correspond to given sample
quantiles. The standard deviations of the sampling distributions
of the various quantiles (i.e., the standard errors of the quantiles)
vary, as is to be expected. The following summary gives the
standard errors of various quantiles, derived from samples drawn
from normal parent populations. If the samples are large, the
stated measures give good approximations to the standard errors
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of quantiles for samples from non-normal parent populations,
provided that the parent distributions are not extremely skew.

Quantile Standard error
Median Ome = 1.25330 /2N
First quartile oq = 1.36260/2/N

(043 identical)

First decile oy, = 1.70940/A/N
(049 1dentical)

Second decile ga, = 1.4288¢ //N
(o4 1dentical)

Third decile cuy = 1.31800 /\/N
(047 identical)

Fourth decile oay = 1.26800 /A/N
(04g identical)

The ¢ of each formula stands, of course, for the standard deviation
of the parent population. If this is not known the sample s (or s’)
will be substituted for it, with a corresponding change in the
symbol for the standard error.

It will be noticed that the sampling error of the median is some
25 percent greater than the sampling error of the mean of a sample
of similar size. The mean is, ordinarily, a more stable statistic than
the median. (For a distribution with heavy concentration of
observations near the modal value, i.e., a very peaked distribution,
the stability of the median would be greater.) Quantiles near the
center of the scale of xz-values are marked by sampling errors
smaller than those characteristic of quantiles near the limits of
the range.

The Standard Error of a Proportion. In discussing the binomial
distribution (Chapter 6) we noted that the standard deviation of

a distribution of relative frequencies is given by V P4 This fact
n

is very useful in generalizing results that take the form of frequency
ratios, or relative frequencies, whether these are cited as propor-
tions (e.g., 8/12) or as percentages. If we let f, represent the
number of ‘“‘successful” outcomes out of n events, the relative
frequency or proportion of successes will be f,/n; the proportion of
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nonsuccesses will be n%;]& . Since f,/n corresponds to p, of the

general formula given above, and n—%—ff corresponds to ¢, the for-

mula for the standard error of the proportion f,/n may be written

Y
§p = non (7.8)
T
_ V@Eﬂi (7.9)
nd '

Thus we may regard f./» as a random variable, normally distrib-
uted with standard deviation given by formula (7.9) above. For
accurate approximation by these processes n should not be small,
and neither p nor ¢ should be very small.

To illustrate this procedure we shall assume that a sample poll
has been taken of election preferences in a given community. Of
400 voters interviewed 320 (= f,) favor candidate 4, while 80
(= n — f,) favor candidate B. We are required to estimate the
proportion of all the voters favoring A. The sample proportion, p,
of successes is 320/400 or 0.80. The standard error of this propor-
tion is

which reduces to

320(400 — 320)
400°

Sp =

The proportion and its standard error may be presented thus:
fs/n = 0.80 & 0.02

If we wish to generalize, using 0.95 as the probability coefficient,
the limits of the desired confidence interval will lie 1.96 s, below
and above the given proportion, 0.80. The product 1.96 s, is equal
to 0.0392, which we round off to 0.04. We may then say ‘The
proportion of all voters favoring candidate A falls between 0.76
and 0.84.” We make this assertion with confidence measured by
the indicated probability coefficient.

For proportions, as for arithmetic means, standard errors vary
inversely with the square root of n. Thus if we had covered only
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100 cases in the above poll, the proportions being as they were in
the larger sample, we should have

_ /80(100 — 80)
100°

= 0.04

In the first example cited n wes four times as great as in the second;
the standard error in the first case was one half as large as in the
second case.

It is frequently convenient to work with percentages, rather
than with frequency ratios or proportions. When this is done, the
standard error of the percentage is derived from a slight modifica-
tion of equation (7.8). If we let P, = 100(f,/n) and 100 — P, =
100(n — f5)/n, equation (7.8) becomes

_ /P.100-P,)
Spe = 4/ e (7.10)

Sp

For the first example cited we should have P, = 100 X 320 _ 80.

400

For the standard error of P, we should have
o g/SOX 00 =)
re 400 -

The result would be given as
e =80+ 2

Sampling errors and significant figures. In deciding upon the
number of figures to be recorded as significant, measures of sam-
pling errors are, of course, pertinent. A useful general rule laid down
by Truman L. Kelley follows: In a final published constant, retain
no figures beyond the position of the first significant figure in one
third of the standard error; keep two more places in all computations.
Its application may be illustrated with reference to the figures on
hourly earnings of 83,114 chemical workers (Table 5-2). The mean,
to four places, is 114.6138 cents. The standard error of the mean
is .082 cents. One third of this is .0273. The first significant figure
is in the column of hundredths. By the rule, therefore, the arith-
metic mean should be given as 114.61 cents. Two more places, or
four decimal places in all, should be retained in calculations.

Some Limitations to Measures of Sampling Errors. The im-
portance of such measures of reliability as have been discussed
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above is, of course, great. With their aid we may give precision to
our judgments concerning the margins of error involved in extend-
ing statistical results beyond the limits of actual observation. Yet
limitations attach to thtm, and these must not be forgotten in a
purely mechanical application of statistical tests.

Reference has been made to limitations arising out of the size
of samples. We have noted the striking fact that many of the
sampling distributions that concern statisticians are only “asymp-
totically normal,” tending toward normality as » increases. When
this is the case procedures that may be justified in handling large
samples may be invalid for small samples. *“. . . asymptotic ex-
pressions,” as Cramér says, “are sometimes grossly inadequate
when we are dealing with small samples.”’!? Here we should like
to have knowledge of the exact form of sampling distributions.
However, knowledge of exact sampling distributions is limited. The
exact distribution of the mean, X, has been established for very
general conditions. Distributions of other statistical measures
defining attributes of samples from normal universes have been
systematically studied, and some generally applicable findings
obtained. For measures other than the mean, derived from samples
drawn from non-normal universes, knowledge of exact distributions
is limited. Fortunately, however, the tendency toward normality
as n increases enables us to generalize with a fairly high degree of
confidence when we are dealing with many of the statistics that
are currently employed in handling mass data, provided that our
samples be large. When this is so, the methods discussed in the
present chapter may be used in drawing warranted conclusions.
Moreover, exact distributions have been defined for certain small
sample characteristics, and techniques have been developed for
the practical application of this information. These will be dis-
cussed in the following chapter.

In deriving and using the measures of sampling error discussed
in this chapter we make certain assumptions about the character
of the samples employed and about the nature of the sampling
process that has generated these samples. A basic assumption is

22 Cramér, Ref. 23. See pp. 378-9 for a general statement on the limitations of our
knowledge in this field.

In general, as we have noted, we should regard a sample as small when N is less
than 30; we regard a sample as large when N is greater than 100. Under certain
circumstances, however, (see Chapter 9 on correlation for examples) a sample of 100
may not be considered large.-
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that our samples are random. Only when we generalize from
random samples may we speak in terms of probabilities. (Means
of assuring randomness have been mentioned in Chapter 1; they
are more fully discussed in Chapter 19.) A sample is drawn under
random conditions if the separate events (the selections, or draw-
ings of sample elements) are independent, and the probability of
inclusion in the sample is known, or definable, for all members of
the population. We have conditions of simple random sampling if
the events (the selections) are independent and if the probability
of inclusion in the sample is the same for aill members of the
population. (The condition of independence, strictly interpreted,
would mean that in sampling from a finite population a given
drawing would have to be replaced before the next drawing were
made. If the finite number is reasonably large such replacement
may be neglected.) The various measures of sampling error de-
scribed in this and the following chapter are applicable when the
conditions of simple random sampling have been realized.!

The degree to which the stated conditions of random sampling
are fulfilled, in a given case, is in part subject to conscious control.
Elaborate techniques have been developed to improve the approxi-
mations to these conditions that are achieved in actual field
investigations. In particular, much may be done to ensure random-
ness in the sample, and something can be done to ensure the
independence of individual events. Perfect fulfillment of all the
conditions is, however, difficult to realize in the handling of social
and economic data. The standard errors we have discussed in this
chapter, we must emphasize, can give no indication of the possi-
bility of fluctuations in successive samples arising from errors
unrelated to random sampling. Fluctuations due to bias and faults
arising from lack of representativeness of the sample quite elude
this method of measuring the reliability of statistical inferences.
The reduction of such biases and the avoidance of such faults must
be the constant concern of the statistical investigator.

The element of time adds one serious difficulty to the problem
of statistical induction in the realm of economics, and in the social
sciences generally. A universe that extends over time is subject to

18 In Chapter 19 we develop an additional, though related, condition, bearing on sample
design in simple random sampling. If & sample of n elements is to be regarded as a
simple random sample, the conditions of selection must be such that every possible
set of n elements in the population has the same chance of being chosen.
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elements of change that are not present among data relating to a
cross-section of time. Conditions of pig iron production, of banking,
of foreign trade, of income distribution change from year to year,
even from month to month. We may hardly assume that data
relating to different time periods reflect the play of identical forces.
When we deal with data from different periods we are, as Oskar
Anderson has pointed out, drawing from different universes. The
structural changes that occur in economic organization are mani-
festations of this state of never-ending transition. Accordingly the
homogeneity of all populations extending over time is suspect. In
particular are hazards faced when an induction extends to a time
period not covered by the data of observation.

In the application of statistical methods proper choice of
objectives, wise planning, and effective field work are of at least
equal importance with skill in the use of statistical techniques.
This is especially true as regards problems of sampling. Here chief
emphasis falls on soundness and accuracy in the field work. The
problems of field work are specialized and particular, arising out
of specific problems and conditions. Appropriate special knowledge
is needed for the selection and validation of the sample.

Much may be done to strengthen a statistical induction by
making actual statistical tests of the homogeneity of the population
and of the stability of sampling results. By the study of successive
samples the representativeness of statistical measures may be
determined; and by testing the subordinate elements of a given
sample, when broken up into significant subgroups, the inherent
stability of a sample may be checked. The uniformity of nature
in a given field is assumed in every induction. The induction is
strengthened by every piece of evidence that supports the as-
sumption.
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Statistical Inference: Tests
of Hypotheses

In introducing the subject of statistical inference we drew a
distinction between estimation, the object of which is to locate a
population parameter at a point or within stated limits, and the
testing of hypotheses. We concern ourselves now with the theory
of such tests and with their application.

The testing of hypotheses that refer to the actual world involves,
in one form or another, the setting of hypotheses against data of
observation. If observed facts are clearly inconsistent with a given
hypothesis, it must be rejected. If the facts are not inconsistent
with the hypothesis, the hypothesis is tenable. These simple state-
ments require elaboration, of course, but they contain essential
traths about the process by which scientific theories are tested,
- prior to acceptance or rejection. So far as the immediate evidence

is concerned acceptance is always qualified; rejection often is. In
"the tests here in question decisions are made in terms of proba-
bilities.

The procedures here to be discussed relate to statistical hy-
potheses. A statistical hypothests is one that specifies properties of
a distribution of a random variable. These properties (or param-
eters) are the hypothetical values with which we compare measures
derived from an actual sample. The difference between an observed
statistic and the corresponding hypothetical parameter is the
central quantity with which the test deals. If this difference is
small (what constitutes a ‘‘small”’ difference will be considered
below) we may say that the facts are not inconsistent with the
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hypothesis; if the difference is great, we conclude that the facts
are not consistent with the hypothesis. ~

The techniques and theory of statistical tests have been de-
veloped over the last half century, the greatest progress having
been made in the last thirty years. Karl Pearson, “Student,” R. A.
Fisher, Jerzy Neyman and E. S. Pearson have made major contri-
butions. The argument that is here briefly sketched deals with the
theories of Neyman and E. S. Pearson.!

Notation. Certain symbols not hitherto used will be introduced
in this discussion. The more important of these are given below:
H, Hy, H,: hypotheses

T: a deviation from the mean of a normal distribution

expressed in units of the standard deviation ; 2 normal
deviate

D: the difference hetween two arithmetic means

8p: the standard error of the difference between means;
written also as 83,3,
$s,-s,- the standard error of the difference between two
standard deviations
8p—p,: the standard error of the difference between two pro-
portions
{: the ratio of a normally distributed variable with zero
mean to the square root of an independently distributed
estimate of the variance of that variable

On the Theory of Statistical Tests

The theory of statistical tests may be introduced by citing two

general principles: .

1. In testing a particular statistical hypothesis H, we imply that
it may be wrong. That is, we admit that there are hypotheses
alternative to the one being tested. These alternative hypoth-
eses should be considered explicitly in choosing an appropriate
test.

2. When we test a hypothesis we should like to avoid errors. In
the choice of a test we therefore try to minimize the frequency
of errors that may be committed in applying it.

The Neyman-Pearson theory thus recognizes the hypothesis H,,

! Bee Neyman and Pearson, Refs. 122, 123; Neyman, Refs. 116, 121,
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the one explicitly defined as the subject of the test, and a family

of alternative hypotheses, a member of which may be represented

by H,. When a test has been chosen (on principles to be referred

to below) and applied, the investigator faces the possibility of two

kinds of errors:

1. An error of the first kind (Type I) is committed when two
conditions prevail:

(a) The hypothesis Ho, which is being tested, is in fact true;

(b) The result of the test leads to the rejection of the hy-
pothesis H,.

2. An error of the second kind (Type II) is committed when two
conditions prevail:

(a) The hypothesis H,, which is being tested, is in fact false
(some alternative hypothesis H, is true);

(b) The result of the test leads to the acceptance of the
hypothesis H,.

The existence of two kinds of possible errors is distinctive of the
problems faced in testing hypotheses. In interval estimation, one of
the forms of statistical inference discussed in the preceding chapter,
the investigator makes the flat statement that a given parameter
falls within stated limits. The statement is false if the parameter
in question does not fall within those limits. The investigator faces
the possibility of but one type of error. A new theoretical problem
is faced, thus, when we pass from interval estimation to the testing
of hypotheses. The solution of this problem gave new power to
statistical tools. In the present discussion we dea. “riefly with the
general nature of the solution, before passing to applications.

In general terms, it is obviously desirable that tests should be
employed that make the chances of both kinds of errors as small
as possible. Since it is generally considered more important to
avoid an error of the first kind than it is to avoid an error of the
second kind, the test employed should be one that leads very
infrequently to the rejection of a true hypothesis. This leads to
the following working principle, in selecting among possible tests:
An attempt is made, first, to control errors of Type I. That is, the
probability of a Type I error is fixed arbitrarily at a level of
significance, say « (alpha), which would ordinarily be one of the
conventional limits 0.05 or 0.01. In comparing two tests for both
of which the probability of a Type I error is a, we would choose
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that one for which the probability of a Type II error is the smaller.

Any test of this sort is in effect a rule that specifies “properties”
the observations should possess if the hypothesis to be tested is to
be accepted. If they do not possess these properties, the hypothesis
is rejected. The crucial properties are usually defined in terms of
regions (in n-dimensional space—the number of dimensions de-
pending on the number of coordinates of the sample point E). If
the point E, which is defined by the observations included in the
sample, falls within the acceptance region, the hypothesis is judged
to be tenable; i.e., it is accepted. If the point E falls within the
critical region, which is also termed the rejection region, the hy-
pothesis is rejected. Using the symbol W to denote the whole
sample space (i.e., the region within which points derived from all
possible samples will fall), we may represent by w the region of
rejection, by W-w the region of acceptance. The two regions are
complementary. As we have noted, the probability that E will fall
within w, the region of rejection, when the hypothesis is in fact
true is called the significance level of the test. Where the significance
level is to be set in a given case must be determined by the in-
vestigator, with reference to the possible consequences of errors of
each of the two types.?

An example. We may illustrate the procedure by reference to a
simple example (after Mood), involving a choice between two
alternative hypotheses. The test will be based upon a single
observation. Let us assume that a given population of z’s is de-
scribed by either the probability function A or the function B,
which are shown in Fig. 8.1. We are to test H, which is the
hypothesis that the population in question has the distribution A.
We set the significance level at 0.05. The single alternative hy-
pothesis is H;, which specifies that the population has the distri-
bution B. One or the other is true.

The single observation x, on which the test is to be based will
give us a point on the z-axis. Our problem is to define on this axis
inlervals of acceptance and of rejection (these correspond, of course,

' A logical burglar, pondering possible professional operations on a certain bank, might
set up the hypothesis:

The bank is equipped with a burglar alarm.

He commits an error of Type I if, the hypothesis being in fact true, he rejects it and
tries to rob the bank. The consequence is his arrest. If the hypothesis is, in fact, false,
and he accepts it, abstaining from the attempt, he commits an error of Type II. In
consequence he foregoes a possibly fruitful operation. An error of Type I might well
seem to him to be more serious in its adverse consequences.
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FIG. 8.1. An Illustration of Tests of Hypotheses
Location of Regions of Acceptance and Rejection
in a Simple Test.

to the regions set up for tests involving more dimensions). Having
the information here assumed, i.e., information concerning the two
distributions A and B, the problem is solved by locating on the
z-axis the point a at which an ordinate of distribution A will
divide the area under curve A into two segments including,
respectively, 0.05 and 0.95 of the total (see Fig. 8.1). The region of
acceptance will be the interval on the z-scale lying to the right of
the point a; the region of rejection will be the interval to the left
of a. H, will be accepted if the observation z, falls in the interval
of acceptance, rejected if it falls in the interval of rejection.

It is clear that if H, is in fact true, the probability of z, falling
to the right of point a is 0.95, of falling to the left, 0.05. Hence the
possibility of an error of Type I (i.e., of rejecting H, when it is
true) is 0.05. The location at point a of the division between the
intervals of acceptance and rejection leaves open the possibility of
an error of Type II (i.e., the acceptance of a false hypothesis).
For if H, is in fact false (H, being true), there is a probability,
though a small one, that an observation which is really drawn
from distribution B will fall in the interval of acceptance for H,.
This probability is measured by the proportion of the total area
of distribution B that falls in the interval of acceptance shown in
Fig. 8.1.

The probability of an error of Type I, in respect of hypothesis
H,, may be modified at will. Thus if we wish to reduce the proba-
bility of such an error to, let us say, 0.0001, we could do so by
setting at point b on the z-scale the dividing line between the
intervals of acceptance and rejection for H,. Point b.has been so
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located as to divide the area under curve 4 into segments including,
respectively 0.9999 and 0.0001 of the area under the curve. In o
doing, of course, we increase the probability of a Type II error,
for we increase the portion of the area under curve B that lies in
the interval of acceptance for H,. Conversely, we could move the
point of division to ¢ (see Fig. 8.1), which would, under the con-
ditions here pictured, reduce to a negligible figure the probability of
an error of Type II, but would increase materially the probability
of an error of Type I.

A major criterion for choosing among possible tests has to do
with their relative effectiveness in avoiding errors of Type II. It
is, of course, desirable that when a given hypothesis H, is in fact
false, the sample point E should fall in the critical region w, which
is the region of rejection. When this occurs, the test is successful
in detecting a false hypothesis. The probability that the test will
do this is the measure of its power. Of two tests that are alike in
respect of the probability of a Type I error, that one is the more
powerful which is the more effective in detecting false hypotheses.

Neyman and Pearson have stressed one other criterion for use
in evaluation of tests of hypotheses—that of bias. A stated hy-
pothesis H,, being tested, is either true or false. We should not
like to reject it if it is true; we should like to reject it if it is false.
If a given test is less likely to reject H, when it is true than when
it is not true, the test is said to be unbiased. This is to say, for an
unbiased test the probability that a stated hypothesis will be
rejected is always a minimum when the hypothesis tested is true.

The object sought in the application of these various criteria is,
of course, to minimize the chance of making a mistake, whether of
Type I or of Type II. To this end, we wish to employ a technique
that has high powers of discrimination—that will enable us to
identify and thus to accept true hypotheses, and to identify and
thus to reject false hypotheses.

The problem is not a simple one, nor have definitive solutions
been reached for all problems of this sort. One important com-
plexity arises out of the fact that in a particular case there may be
many alternative false hypotheses, not merely one that may be
set against a single true hypothesis. Thus we face a series of
comparisons: H, the true hypothesis versus H,’ a given false hy-
pothesis; H, against H,”’, another false hypothesis; H, against
H,'"”, a third false hypothesis, etc. For a fixed probability of a
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Type I error, critical regions may vary from comparison to com-
parison.

Consider, as an example of this situation, the problem that is
faced when one wishes to test the hypothesis that a sample yielding
a given mean, say X = 38, has been drawn from a parent popula-
tion with mean u = 40. That is, the hypothesis H,, which is true,
is that u = 40. Actually there are a great many possible alternative
hypotheses—that u = 25, that u = 39, that u = 52, etc. If, in fact,
the hypothesis H, is true, a Type II error would be committed if
the false hypothesis H,’ that u = 25 were accepted. But the Type
IT risk is very slight in this case, the difference between the true
hypothesis and the false one being great. But for the alternative
hypotheses H, = 40 and H,"’ = 39, the situation is different. The
differenee between the true and the false hypotheses is very small.
The danger of a Type II error (which would be committed if the
false hypothesis H,’” were accepted) is very much greater than in
the first examgle. Similarly, for other possible false hypotheses
probabilities of a Type II error will vary. Which is to say, the
critical region w’ for one test will not be the same as the critical
region w’’ for another test.

It will be true, under rare circumstances, that there is one
critical region that provides the best test for all admissible alter-
natives. That is, for a given Type I risk the test corresponding to
this particular critical region reduces to a minimum the probability
of a Type II error regardless of whigh alternative hypothesis is
considered. Such a test is called a uniformly most powerful test. It
is the most powerful in detecting all false hypotheses. This, of
course, is a*happy situation for the investigator. It is rarely
encountered, however, unless the family of alternative hypotheses
is deliberately restricted. Usually the statistician must content
himself with tests that fall short of being “best,” in this sense.
This being so, the choice of tests calls for discrimination, and for
the utilization of all information relevant to a given situation.

The examples that follow illustrate procedures that are employed
in testing various statistical hypotheses. (Applications of other
tests will be given in later chapters.) These specific examples will
give a measure of concreteness to the general statements about
the theory of tests of significance. The examples to be cited are
simple, intended only to indicate the nature of such tests and to
suggest their fruitfulness.
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Some Tests of Significance

Significance of a Mean. Weldon’s data (see Table 6-1), relating
to results obtained from tossing dice, present a typical problem.
It will be recalled that since the appearance of a 4, 5, or 6 spot was
counted as a success, p = 0.5, and ¢ = 0.5; 12 dice were tossed
on each throw, hence n = 12; the number of throws, 4096, gives
us the value of N. The theoretical value of the mean result is
6 (= np); the theoretical value of the standard deviation is 1.732
(= V/npq). The actual mean X was 6.139. Could this mean value
have been obtained if the dice were actually true? Could our
sample of 4096 tosses come from a population for which x = 6 and
for which ¢ = 1.732?

At an earlier point we have discussed the sampling distribution
of the arithmetic mean. We know that many means, derived from
samples of size N drawn from a given parent population, will
constitute a distribution having a mean (u) equal to the mean of
the parent population, and with standard deviation (s,.) equal to
a/V/'N (where ¢ is the standard deviation of the parent population
and N is the sample size). With reference to our present problem,
we know that the means of many samples drawn from a parent
population with x = 6.00 and o = 1.732 would be distributed
normally with mean = 6.00 and o,, = 1.732/4/4096 = 0.027. May
we regard the mean we have actually obtained, 6.139, as a random
member of such a distribution of arithmetic means?

The central measure in such a test is X — u, the difference
between sample mean and hypothetical mean. We set up the
hypothesis H, that the true difference is zero. (In this form the
hypothesis is often called the null hypothesis.) Our question is: Are
the observed facts consistent with this hypothesis?

In the application of the test we express the deviation of sample
mean from hypothetical mean in units of the standard deviation
of the distribution of the means. Thus wtayve

_X—u
===

6.139 — 6.00 _
= ooz = ot

Since the distribution of sample means to which ¢, relates is
normal (see p. 179), the quantity 7', which measures a deviation

T

(8.1)
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from the mean of a normal distribution in units of the standard
deviation of that distribution, is to be interpreted as a normal
deviate. In the present case we have a deviation (from the mean of
a normal distribution) equal to 5.1 standard deviations. Is such a
deviation a likely occurrence? The answer, of course, is No. If our
sample mean 6.139 is to be regarded as actually a member of a
population of means having an average value of 6.00 and a standard
deviation of 0.027, it represents an event that is to be expected less
than 1 time in 1,000,000. Such an event is so improbable that we
must dismiss it as a possibility. Chance could not have accounted
for such a large deviation. We conclude: The observed facts are
not consistent with the null hypothesis, which must therefore be
rejected. This leaves us with the positive conclusion that the mean
of the parent population from which the sample was drawn was
not 6.00; the dice were not balanced and true. The rejection, it is
to be noted, must be in terms of probability. It is not impossible
that true dice would, in a very rare combination, yield results of the
kind we have observed. But when the probability of such results
is so small (if the hypothesis in question were in fact true) that
only a miracle, in effect, would account for them, we may with
high confidence reject the hypothesis.

A question of central importance must be faced here: How small
should be the probability (corresponding to a particular deviate T')
to warrant rejection of a stated hypothesis? Where should we set
the significance level? We must answer, first, that the setting of
such a boundary must be in part arbitrary. What one investigator
would regard as highly improbable might be regarded by a tem-
peramentally more optimistic man as not unlikely. However, as
we have noted on earlier pages, there is a general consensus that
sets the limit of customary rejection at either P = 0.05 or P =
0.01. In using the lower of the two as the limit, we would say:
The event that can happen only 1 time out of 100, or less frequently,
does not happen in ordinary experience. Therefore, if T is equal to
or greater than 2.576 the hypothesis is to be rejected. The same
type of reasoning would be used for a limit set at P = 0.05 (for
which the normal deviate T would equal 1.96), except that an
event happening only 1 time in 20, or less frequently, would be
regarded as too unlikely to warrant acceptance of the hypothesis.

When we say that a T of 2.576 represents a deviation that will
be reached or exceeded only 1 time in 100, we are taking account
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of deviations above and below the hypothetical true mean. In the
particular case we are dealing with, the sample mean 6.139 exceeds
the hypothetical mean 6.00, but in testing the significance of such
a difference it is usually proper to ask whether such an absolute
difference, regardless of sign, may be attributed to chance. We
have no reason in this case to expect bias in one direction, rather
than the other, or to formulate a hypothesis involving deviations
in one direction only. In other words, the appropriate test in this
instance is a two-tailed test, meaning that in interpreting 7 we
take account of areas in both tails of the normal distribution. The
region of rejection includes both extremes of that distribution.
There are cases in which deviations in one direction only are of
concern; in these cases a one-tailed test is appropriate.

We have suggested above that it is well to consider the possible
consequences of errors of Type I and Type II, in choosing bounda-
ries of the region of rejection. If one believes that an error of the
first kind (i.e., the rejection of a true hypothesis) is particularly
undesirable, the significance level of the test may be pushed out.
Thus one might decide to reject a stated hypothesis only in case of
a divergence between observed and hypothetical values so great
that it would occur only 1 time out of 1,000, or less frequently.
That is, the value of 7 in such a test as that cited above would
have to be 3.291, or greater, to warrant the conclusion that the
observations were inconsistent with the hypothesis. On the other
hand, if the danger of accepting a false hypothesis were particularly
to be avoided, one might work with a significance level of 0.10
(corresponding to a T of 1.645). By this means we would reduce
the likelihood of accepting a false hypothesis, although we should
thereby increase the probability of rejecting a true hypothesis.
Thus the selection of the significance level is a problem that is in
some ways peculiar to each test, to be solved by the individual
investigator. The Weldon problem that has served as our illus-
tration above involves no special considerations one way or the
other, since its interest is historical. But to one making professional
use of dice the matter would be of particular concern. For the
acceptance of dice as accurate when they are not (a Type II error)
would affect the hazards of play to the presumed disadvantage of
one party.

A somewhat different example is provided by data relating to
the financial experience of buyers and sellers of securities. Table
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8-1, which is taken from the report of an exhaustive study by
Paul F. Wendt, shows the distribution of customers of a New York
Stock Exchange firm, classified by amounts of realized profits, or
losses. The sample here represented was chosen by random
processes from among all customers whose invested capital
amounted to less than $5,000. The trading experience recorded
fell between 1933 and 1938. The mean of the distribution shown in
Table 8-1 is + $135.44. The estimated standard deviation of the
population, s’, is $1,214.90.

The universe of which this is a random sample is the total of all
small investors (a group defined as those whose capital investment
did not exceed $5,000) purchasing securities through member firms
of the New York Stock Exchange during the period 1933-38. It is
of some interest to know whether such investors gained or lost, on
the whole, in this period. We may set up the null hypothesis that
the true mean of realized profits and losses of this group was zero.
Are the sample results consistent with this hypothesis? It seems
appropriate to use a probability level of 0.01 in this test.

The test to be made is similar in form to that applied in the
preceding case, except that we now have no information about the
degree of dispersion in the parent population except that which is
afforded by the sample. Accordingly, in estimating the standard
error of the mean, we must use s’ as an estimate of the population
o. Thus

For the measure 7, which expresses the difference between sample
mean and hypothetical mean in units of the standard error of the
mean, we have,

X —p 13544 —0 _
T= sm  61.13 =222

This is to be interpreted as a normal deviate; a distribution of
arithmetic means of samples of the size here considered would be
normal. Moreover, we should use a two-tailed test, since in testing
the hypothesis we should take account of the possibility of de-
viations on the loss side as well as on the profit side. A deviation
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TABLE 8-1

Frequency Distribution Showing the Investment Experience of 395 Customers
of a New York Stock Exchange Firm, 1933-1938*
(Realized profits and losses in a random sample of accounts having
invested capital of less than $5,000)

Class-intervalt Midpoint Frequency
(dollars) (dollars)
- 9,000 to — 8,000 — 8,500 1
— 4,000 to — 3,000 — 3,500 2
— 3,000 to — 2,000 - 2,500 7
— 2,000 to — 1,000 - 1,500 15
- 1,000t0 O — 500 147
0 to + 1,000 + 500 187
+ 1,000 to 4 2,000 + 1,500 23
+ 2,000 to 4 3,000 + 2,500 5
+ 3,000 to + 4,000 + 3,500 2
+ 4,000 to + 5,000 + 4,500 3
+ 5,000 to + 6,000 + 5,500 1
+ 6,000 to + 7,000 + 6,500 1
+ 9,000 to + 10,000 + 9,500 1

395

* Wendt, Ref. 189, p. 31.
t An entry exactly at the upper limit of any class, say with profits of $2,000, was put
in the class next above.
of the magnitude here observed would occur, in a normal distribu-
tion, about 2.6 times in 100 trials. At the significance level we
have set up, a difference as great as the one here recorded between
the sample mean and the hypothetical value zero could occur as
the result of random sampling fluctuations. We must conclude that
the observations are not inconsistent with the hypothesis that
small investors, on the whole, neither gained nor lost in the period
1933-38; we therefore accept the hypothesis.

Significance of a Difference between Two Means. A problem
that arises frequently in statistical investigations is that of deter-
mining whether two samples could have been drawn from the
same parent population, or from parent populations which are
alike in respect of some stated parameter. There would, of course,
solely as a result of sampling fluctuations, be some difference
between corresponding measurements derived from two samples
drawn by random methods from the same universe. Arithmetic
means would differ; measures of dispersion or of skewness would
differ. This problem may be approached by comparing any two
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statistics (e.g., standard deviations of two samples), or by com-
paring the frequency distributions of the two samples, in full.
Usually interest attaches to particular statistics. Do the mean
incomes of doctors and lawyers differ significantly? Is the standard
deviation of hourly earnings greater among textile workers than
among steel workers? At this point we consider the procedure
employed in testing the significance of the difference between two
arithmetic means.

The office of the Surgeon General of the United States Army has
recorded the heights of a sample of army inductees in 1943 and of
a similar sample in 1917.> Summary measures follow:

1943 sample 1917 sample
N 67,995 868,445
Mean height 68.11 inches 67.49 inches
Standard deviation 2.59 inches 2.71 inches

Are these results consistent with the hypothesis that the 1943 and
the 1917 samples came from parent populations with equal arith-
metic means? The null hypothesis is a statement, in effect, that
no change occurred between 1917 and 1943 in the average height
of American males of service age.

The measure that concerns us is D, the difference between the
two arithmetic means. In the present case D = 68.11 — 67.49, or
+ 0.62. The null hypothesis specifies that the true difference
between the means is zero. If we were in fact drawing successive
pairs of samples from parent populations with the same mean we
should obtain a series of values of D, some plus, and some minus.
The sampling distribution of D’s thus derived has been established.
The D’s would be distributed in accordance with the normal law
about a mean value zero. The parameter of this sampling distri-
bution of immediate concern to us is its standard deviation. How
great would the dispersion of these sample D’s be? It has been
determined that under these conditions the dispersion of D’s
would be measured by

ot | ol

o, = 91 4,7 8.2

L% ] 8.2)
where ¢, is the standard deviation of the population from which
the first sample comes, o is the standard deviation of the popula-
1 ¢Height and Weight Data for Men Inducted into the Army and for Rejected Men.”

Report No. 1-BM, Army Service Forces, Office of the Surgeon General, Medical
--Stdtistics Division.
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tion from which the second sample comes, and the two N’s define
the numbers of observations in the two samples. In fact we do not
know the two o’s. We substitute for them the s’s of the correspond-
ing samples. We have, therefore, as our estimate of o,,
s? 83

N + N, (8.3)
(In view of the size of the samples we may neglect the loss of one
degree of freedom in estimating s.) Formula (8.3) may be put in
the form

Sp =

$p = \/8% + 82, (8.4)

where each s, is the standard error of the mean of a given sample.

In testing the null hypothesis in this case we shall use a confi-

dence level of 0.01. The measurement needed for this test, derived
from formula (8.3), is

o, = 4/ 259 | 271%
P 67,995 ' 868,445
= 170.000106
=  0.01

The test is made in terms of T, the discrepancy between the
observed D and the hypothetical value zero, expressed in units of
the standard error of ). Thus we have
T D~-0
Sp
_ 062 -0
~ 001
= 62.0

This value of 7, regarded as a normal deviate, represents an
infinitely small probability. The observed difference between the
sample means of 1943 inductees and 1917 recruits is far too great
to be attributed to the play of chance. We may reject the null
hypothesis with a very high degree of confidence. The two samples
did not come from populations with equal arithmetic means.*

(8.5)

* If we had been testing the hypothesis that the two samples came from the same
parent population, we should have regarded the two sample variances si and s} as
estimates of the same population variance. It would be appropriate in this case to
use deviations from the two sample means as bases for a single pooled estimate of the
population variance, using this single variance as the numerator of each of the terms'
under the radical sign in formula (8.3). See formulas (8.16) and (8.17) for & similar
procedure with small samples.
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In the example just cited the test relates to the standard error
of the difference between independent random variables. As in
earlier illustrations, we treat the mean of the 1943 sample as one
value of a random variable. Other values of the variable would be
the means of similar samples drawn from the same parent popu-
lation. Similarly, the mean of the 1917 sample is regarded as an
observed value of a random variable. The following general
rule holds: The standard error of the difference between two independ-
ent random variables is equal to the square root of the sum of theiwr
variances. This is precisely what we have in formula (8.4). (The
standard error of the sum of two independent random variables is
also equal to the square root of the sum of their variances.)
Emphasis should be placed on the word independent. If the random
variables compared (in this case the means) are not independent,
the standard error of their difference will be reduced by an amount
depending on the degree of correlation between the two variables,
while the standard error of their sum will be correspondingly
increased.’ In the present instance the variables are completely
independent. As an example of related variables we may cite the
discount rates of commercial banks and of Federal Reserve banks,
discussed in the following chapter. These rates are not independent
random variables, for commercial bank rates in a given district
are immediately affected by changes in Federal Reserve rates in
that district. The standard error of the difference between the
means of these two sets of rates would not be given by formula
(8.2).

For tests of this sort, when samples are large, it is not necessary
that the parent populations from which the samples come be
normal in their distribution. For samples of the size here considered
the distributions of means would be normal, and the distribution
of D’s would be normal, whether parent populations were normal
or not. For the full accuracy of such tests, equality of the variances
of the parent populations from which the samples come is a
necessary condition when samples are small and unequal in size.
(Other considerations enter also when samples are small, as we
shall see.) For large samples, however, a difference between
population variances will not invalidate the test.

& The general concept of correlation will be introduced in Chapter 9. In the meantime
the student unfamiliar with the concept may simply take the term to be synonymous
with nonindependent.
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Significance of a Difference between Two Standard Deviations.
In Table 8-2 we have distributions of workers in industrial chemical
plants in New England and in southeastern states, the workers
being classified on the basis of straight-time hourly earnings in
1946. The average hourly wages in the two districts differ sub-
stantially; for New England plants the average rate was 104.50

TABLE 8-2

Distributions of Workers in Industrial Chemical Plants by Straight-Time
Average Earnings, January, 1946, New England and the Southeast*
e ————————————————————————

(N 2 3)

Average Number of workers
hourly carningst New England Southeast
(cents)
30.0— 39.9 1 0
40.0— 49.9 0 2
50.0-- 59.9 23 326
60.0-— 69.9 74 500
70.0— 79.9 184 368
80.0— 89.9 174 202
90.0— 99.9 119 174
100.0—-109.9 312 150
110.0-—119.9 428 154
120.0-—129.9 145 72
130.0 -139.9 117 22
140.0—149.9 22 6
150.0—159.9 9 4
160.0—169.9 0 8
170.0—179.9 5 4
180.0—189.9 2 2
190.0—199.9 2
200.0 209.9 5
210.0 219.9 2
220.0 229.9 1

Total 1,625 ’ 1,994

* Source: Wage Analysis Branch, U. S. Bureau of Labor Statistics.

t Iixcludes premium pay for overtime and night work.

cents per hour, while in the Southeast it was 80.81 cents. Are the
standard deviations of the distributions of wages in the two
districts significantly different?

We have cited above the general rule that the standard error of
the difference between two independent random variables is equal
to the square root of the sum of their variances. The random
variables we here deal with are standard deviations; the standard
deviation of each of the two distributions is regarded as a member
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of a population of such measures, a population that could be
derived from successive samples from the same parent population.
The variance of each of the standard deviations is, of course, the
square of its standard error. This rule is applicable to the present
problem.

Using the symbol s, —,, for the standard error of the difference
between two standard deviations, and s and s, for the respective

variances of these standard deviations, we have
Ss—s, = \/.‘sfl + sf,' (8.6)

When the parent populations are normal the variance 'of each
2

standard deviation may be estimated from the relation s? = 2iN_’

where the s of the right-hand member is the standard deviation of
the sample, used as an estimate of the population standard devi-
ation. Since we may not assume that the two distributions given
in Table 8-2 are normal, we shall derive estimates of the variances
of the two standard deviations from the more general relation
previously cited

g2 = M — m;
* 4m2 N
The m’s in this equation are moments about the mean.

Following are the relevant measures for wage earners in the two
groups of industrial chemical plants:

" New England Southeast
s = 23.16 s = 22.72
st = 0.336 st = 0.193

The difference between the standard deviations is 0.44. For the
standard error of this difference we have

8s-s, = 1/0.336 + 0.193 = 0.727
Expressing the difference in units of its standard error,
0.44
0.727
The difference between the two standard deviations is clearly
nonsignificant.®

T = = 0.605

8 In Chapter 16 we shall deal with a broad range of problems involving the comparisons
of standard deviations and variances, and shall develop other methods of analysis,
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Significance of a Difference between Proportions. Another test
of great practical utility involves the comparison of proportions,
or percentages. We may have for samples for each of two industries
the percentage of workers unemployed at a given time. Is an
observed difference attributable to chance, or does it provide
evidence of a real difference between the industries in the incidence
of unemployment? The percentage of short business cycles recorded
for the United States is smaller than the percentage of short cycles
in the experience of Great Britain. Is the observed difference in
relative frequencies indicative of a real difference between the
forces determining cycle durations in the two countries?

For the standard error of a proportion, such as f,/n (f, being the
frequency of successes and n the total number of independent

events), we have o) = v/pg/n (8.7)

where p is the proportion in question and ¢ is 1 — p.

In a problem of the type here in question, the critical figure is the
difference between relative frequencies, or proportions. If two
measures of relative frequency are independent of one another we
may apply the general rule cited above for the standard error of
the difference between two independent random variables (p. 220).
Kach of the two proportions is here regarded as a member of a
series of random variables. In testing the relevant null hypothesis,
the variance of the first random variable is pg/n,; the variance of
the second is pg/n,. (Here p, the weighted mean proportion
(mip1 + nap2)/(ny + ny), is our best estimate of the population p.)
The two variances differ only in respect of n, for by hypothesis the
samples come from the same universe. Thus we have

Snn = 4/ P4+ - (8.8)

ny ns
where s, _, is the estimated standard error of the difference
between two proportions.

To illustrate the use of this test we may use data cited by Wendt
in his study of the financial experience of customers of a Stock
Exchange firm for the period 1933-38. Wendt divided the members
of a sample of 285 customers into an “investment’’ group, whose
dealings were largely in bonds and in dividend-paying common and
preferred stocks, and a “speculative’” group, whose dealings were
largely in low-priced, speculative shares.” Of 98 customers in the

" Wendt, Ref. 189, pp. 149-158. What I have here termed the “speculative” group is
Wendt's “full-lot speculative.”
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investment group 68 showed profits while 30 showed losses. (These
are realized profits and losses. The record was less favorable after
adjustment for book profits and losses.) Thus we have p, = 68/98,
or 0.694; ¢; = 1 — 0.694 = 0.306. In the speculative group 105
customers out of 187 showed profits, while 82 showed losses.
Therefore p, = 105/187 = 0.561; ¢. = 0.439. The investment
group, as here sampled, fared better in respect of realized gains
than did the speculative group. For the difference between p, and
p: we have 0.694 — 0.561, or 0.133. Is this difference indicative of
a real difference between the ‘“populations” from which the
investment and speculative samples come? In this test we shall
use an 0.01 level of significance.

On the assumption that the conditions of simple sampling (see
p. 203) prevailed in Wendt’s operations, we may estimate the
standard error of the difference between the two proportions from
the relation shown in formula (8.8) on page 223. The weighted
mean proportions are p = 0.607, ¢ = 0.393. Thus we have

o — 4/02386  0.2386

PP 98 187

= (.061

The observed difference between the two proportions is 0.133. We
set up the null hypothesis, that the true difference between the two
relative frequencies in the populations from which they come is
zero. In applying the test for significance we are asking, therefore,
whether the quantity 0.133 may be regarded as a single observation
on a normally distributed variate with a mean of zero and a stand-
ard deviation of 0.061. (The distribution of the quantity p, — p,
will approach normality for large samples. We may therefore
assume normality in the present instance, although with small
samples this assumption would not be warranted.) Expressing the
deviation of the observed difference from the hypothetical differ-
ence in units of the standard error of the difference, we have

0133 — 0

T'=goer =218

A deviation as great as this, or greater, might be encountered about
2.9 times in 100 trials as a result of chance fluctuations. Since we
are working with an 0.01 criterion in this case, we are not justified
in rejecting the hypothesis. The difference is large enough, it is
true, to suggest that the parent population of which the investment
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group was a sample fared somewhat better in realized gains than
did the ‘‘speculative’” population. But the difference is not clearly
significant.

In the following example we have “population” values for the
p’s and ¢’s, together with values from a sample drawn from the
parent population. The World Almanac has reported that 8.28
percent of all males in the United States are named John; 0.43
percent are named Clarence. Of a sample of 400,000 males having
common surnames (such as Smith, Brown, or Jones) 5.48 percent
were named John, 1.04 named Clarence. These proportions suggest
that parents whose surnames are common are less likely than are
parents with uncommon surnames to select a common given name
for their sons, and more likely to select a relatively uncommon
given name. In this case, since we have a population value, we
may estimate the standard error of a proportion from the general
expression for the standard deviation of a distribution of relative
frequencies, v/pg/n. We may ask: Does the proportion of males
in the sample who are named John, 0.0548, differ materially from
the universe proportion, 0.0828? For a sample of this size

0.0828 X 0.9172
S =4/ 0000 - = 0-000436
We here use the universe values of p and of ¢, and the N of the
sample for the n (the number of independent events) of the formula.
The test then takes the form
T =P " Pa (8.9)
Sp

where p, is the observed proportion of males named John in the
sample of 400,000, p, is the anticipated proportion, on the hypoth-
esis that the probability of a male having ‘the given name of
John is the same in the sample of 400,000 as in the general popu-
lation, and s, is the standard error of the proportion in question

for samples of 400,000. In this case
p _ 0.0548 — 0.0828 _
0.000436

This value of T, interpreted as a normal deviate, represents, of
course, a deviation so extreme as to be impossible. The probability
of being named John is significantly smaller for the members of
the group with common surnames than it is for members of the
population of males at large. A similar test applied to the sample

— 64.2
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proportion named Clarence also indicates a clearly significant
difference, the sample proportion this time being in excess of the
universe proportion.

Generalizing from Small Samples; the t-Distribution

In applying the tests discussed in preceding pages we have made
use of the fortunate fact that the sampling distributions of many
statistics tend toward normality as n increases. This condition of
asymptotic normality makes it possible to test for significance
many measurements derived from large samples without special
attention to the exact form of the sampling distributions in
question, or to the form of the parent populations from which the
samples were drawn. But when samples are small, procedures
valid for large samples may be very crude and inaccurate. If one
must make a decision on a sample including only 6 or 8 observations
it is of little help to know that a statistic derived from a sample of
1,000 observations would be a normally distributed variable. If
rational action is to be taken in such a case we need more exact
knowledge of distributions of sample characteristics, for samples
drawn from specified parent populations. Pioneer work in this
field has been done by ‘“Student” (W. S. Gosset), R. A. Fisher,
and others, but our knowledge of exact sampling distributions is
still limited in scope. Within certain not unimportant areas,
however, we can generalize from small samples with a fair measure
of confidence. At this point we shall discuss one such sampling
distribution, the first to be accurately defined, and shall exemplify
some of its uses.

We have made use in earlier pages of the fundamental fact that
the deviation of a sample mean from the mean of a parent popu-
lation, when this deviation is expressed in units of the standard
error of the sample mean, gives a quantity 7 which may be
interpreted as a normal deviate.® That is

_X—u
Om

T

(8.10)

T may be taken to be a normal deviate for large samples even
when we have to approximate 0. with s, the latter being an

* I should emphasize that the symbol 7', as here used, is not to be confused with Hotel-
ling’s T, the generalized Student ratio.
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estimate of the standard error of the mean based on the information
provided by the sample alone. The formula for T, thus derived, is

X —u
- —— -
T = 7= (8.11)
where s is the standard deviation of the sample. T may be regarded
as a ratio—the ratio of a normally distributed variate, X — yu, to

its estimated standard error, s/+/N — 1. If in place of s we should
use s’ (= VZd*/N — 1), we should have

When N is as large as 30 the error involved in interpreting 7' as a
normal deviate is not appreciable, except for extreme deviations;
if N is as large as 100 the error is very small indeed. But when N
is small the expression given above for T does not yield a normal
deviate. A consistent bias is introduced, one that leads to a
persistent and, for very small samples, a very considerable de-
parture from normality. For such small samples a method appro-
priate to large samples breaks down badly. Asymptotic normality
then becomes a very weak reed on which to lean.

The Work of ‘“Student.” In the first decade of this century
W. 8. Gosset, who wrote under the pseudonym “Student,”” became
aware of the deficiencies of the conventional ratio (which we have
termed 7" above), when it was applied to small sample results. His
studies indicated that the difficulty lay in unsuspected aberrations
of s, the standard deviation derived from the sample.? The distri-
bution of s for small samples, he discovered, departs systematically
from the normal form. This leads to inaccuracy in the estimation
of ¢, and hence to faulty estimates of the standard error of the
mean when the procedure appropriate to large samples is applied
to small samples. Student was able to define the sampling distri-
bution of s? He then investigated the distribution of the ratio
(X — u)/s, a quantity which has been termed z ; In establishing its
exact distribution Student made one of the great forward steps in
sampling theory. (See Student, Ref. 153, 1908). Seventeen years
later R. A. Fisher provided a more rigorous theoretical foundation

* F. R. Helmert had established the sampling distribution of s* some thirty years
earlier, but this fact was not known to Gosset. See Deming and Birge, Ref. 31.



228 TESTS OF HYPOTHESES

for Student’s ratio, and at the same time put the ratio in the form
in which it is now generally employed. This is

t = S/IVN =1 (8.12)

where X is the mean of a sample, u is the mean of the parent
population from which the sample has been drawn, s is the standard
deviation of the sample (derived!® from v/Zd?/N) and N is the
number of observations in the sample. (The distinctive feature of
the formula for ¢, as will be brought out later, is that the s in the
denominator is the sample s, used as such and not as an estimate
of the population o. The standard deviation of the population
does not enter into the determination of ¢.) The quantity ¢, it is
obvious, equals 2v/N — 1, where z is Student’s original ratio
(X — u)/s. The sampling distribution of ¢ (which is sometimes
spoken of as Student’s ¢, sometimes as Fisher’s ) is one of the
fundamental instruments of sampling today. In considering this
distribution and its uses we may first give attention to the nature
of the bias that is present in s when samples are small.

The essential feature of the sampling distribution of s is effec-
tively revealed by the results of an interesting experiment con-
ducted by W. A. Shewhart.!! Shewhart drew 1,000 samples, each
consisting of four observations, from a normally distributed parent,
population with a known standard deviation, equal to unity. The
standard deviation, s, of each sample was computed, with 4 as the
divisor of =d2 The distribution of these 1,000 values of s is repre-
sented by the dots in Fig. 8.2.'2 (The line running through the dots
defines the theoretical distribution of the s’s to be expected, with
samples of 4, on the basis of Student’s theory. There is a notably
close agreement between the theoretical and observed distribu-
tions.) Traditional sampling concepts would lead us to expect a
normal distribution of s’s, centered at 1, the value of ¢ in the
parent population. Instead, the distribution is definitely skew, with
the measurements clustering about a central tendency well below

e X —u
10 If instead of s we have s, derived from \/ Zd*/N — 1, t would be given by 5,7:;&
1 W. A. Shewhart, Ref. 140, 163-173, 185-6.

12 The figure is here reproduced with the permission of Dr. Shewhart and his publishers,
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FIG. 8.2. Distribution of Standard Deviations in Samples
of Four Drawn from a Normal Universe.

unity. The mode of the 1,000 values of s here represented is, in

fact, 0.717 and the arithmetic mean is 0.801. There is a clear

tendency for these s’s, based on samples of 4, to understate the

true value. As estimates of ¢ they are clearly biased.!?

13 The degree of error involved in using s as an approximation to «, for small samples,
is indicated by the following figures, taken from W. A. Shewhart (loc. cit., 185).

They define the relation between the modal s, for samples of size N drawn from a
population of which the standard deviation is known, and the true ¢ of that population.

Size of sample Modal s as a decimal fraction of true o

N

3 577

1 707

5 775

6 .817

7 :845

8 .866

9 .882

10 .894

15 931

20 .949

25 .959

30 .966

50 .980

100 .990

The fractions given above define relations that are to be expected on the basis of
error theory, as modified by Student to take account of conditions affecting small
samples. The modal value of the 1,000 standard deviations obtained by Shewhart in
his empirical test of this theory was, as we have seen, .717 of the standard deviation
of the universe. This result is very close indeed to the expected value of .707, for
samples in which N = 4, :
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The Distribution of {. The nature of ¢ and the form of its dis-
tribution call for brief comment. The numerator of the ratio

X -

s/~/N =1 (8.13)
which defines ¢ is a normally distributed variable with mean zero;
the denominator is the square root of an independently distributed
estimate of the variance of that variable. (We speak of the de-
nominator as the square root of the variance of the variable in
question, not as the standard error of that variable. The term
“standard error” would suggest that the ratio is to be interpreted
as a normal deviate. This is not so, as has been noted, when N is
small.) Attention is called to the phrase “independently distrib-
uted.” This means that the distributions of the variables in
numerator and denominator of expression (8.13) are independent
of one another. This is an essential condition. Only when X and s?
are independent variables is the ratio given by formula (8.13)
distributed in the form defined by Student and Fisher. This
condition holds only for samples drawn from a normal parent popu-
lation. In a single sample thus drawn, X may be small (i.e., well
below u in value) and s? large (i.e., well above o2 in value); in
another sample X may be large and s? small; in a third sample
both may be small, or both large. The sampling distribution of ¢
is restricted, in its fully accurate applications, to samples from
normal parent distributions.

We have noted above that no population parameter is involved
in the derivation of the ¢ ratio. In the computation of T, for testing
the deviation of a sample mean from an assumed population mean
(formula 8.10), we use ¢; when we do not know o we use s/, a
quantity derived from the sample but used as an approximation
to ¢. But in the computation of ¢, only the sample mean and the
standard deviation of the sample (and, of course, N) are employed.
Herein lies its great value. The theoretical distribution of t relates
to a quantity derivable from observations.

The distribution of ¢ may be defined by the equation

Yo

5D ®14)

In this expression y is an ordinate at a stated distance ¢ from an
origin at zero on the t-scale; y, is the maximum ordinate at ¢t = 0;
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n is the number of degrees of freedom of ¢. This will be N — 1 in
a problem of the type here discussed; in other cases more than
one degree of freedom may be lost. It will be clear that from the
maximum ordinate at zero on the t-scale the t-curve falls away
symmetrically for plus and minus values of ¢. For very small values
of n the curve is flat-topped, with a larger proportion of the area
in the tails than is found in a corresponding normal distribution.
Since areas under the curve are to be interpreted as relative
frequencies, or probabilities, this fact means that large deviations
from the mean are more probable for the ¢-distribution than for
the normal distribution. As n gets larger the ¢-distribution ap-
proaches the normal form. With n as large as 30, as we have noted,
the difference is small. Relations between ¢-distributions and the
normal form are shown in Fig. 8.3, in which are plotted t-curves
for n = 2 and n = 25, together with a normal frequency curve.

A0 T
Normal distribution
......... t-distribution (n=25)
20k — — — — t-distribution (n=2)
20—
A0
~

1 ul A A
-6 =5 -4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6

FIG. 8.3. Frequency Curves of the Normal Distribution and of t-Distributions for
n = 2and n = 25. ’ '

Tabulations of the {-distribution greatly facilitate the use of this
measure in practice. Extracts from two such tabulations are given
in Table 8-3. The entries in Part A of that table define the per-
centile values of ¢ for varying values of n. As has been indicated
above, the form of the distribution varies as n changes. There is a
specific distribution of ¢ for every value of n. ,

We may briefly explain the entries in Part A of Table 8-3. If
we had a graph of the ¢-distribution for n = 10, an ordinate
erected on the horizontal scale (the ¢-scale) at a point 2.764 units
to the left of the mean would cut off a tail that included 0.01 of
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the total area under the curve. As for the normal distribution, such
a proportion is to be read as a probability. There is only 1 chance
out of 100 that a random drawing from such a distribution would
give a measure falling in this tail of the distribution. The figure
cited, 2.764, which is the first percentile value of ¢ for a distribution
with 10 degrees of freedom, is found in the column headed ¢,
(the subscript to ¢ defines the percentile) in the line for which
n = 10. Since the distribution is symmetrical, the 99th percentile
value of ¢ (¢.¢9) is also 2.764, but this represents a point to the right
of the mean. (Deviations to the left of the mean, corresponding to
percentiles below 0.50, are, of course, negative; those corresponding
to percentiles above 0.50 are positive. These signs are not given
in the table, but will be understood.)! \

Since the form of the {-distribution varies with n, the percentile
values of ¢ in a given column of Part A of Table 8-3 change from
line to line. Thus, at the 99th percentile, ¢ is 31.821 when n is 1;
it is 6.965 when = is 2, drops to 2.457 when n is 30, and to 2.326
when 7 is infinitely large. These reductions mean, of course, that
large deviations become less and less likely, as n increases.

The entries in Part B of Table 8-3 are those given in most
presentations of the ¢-distribution. These are the measures that
would be used in a two-tailed test, the kind usually made in
employing the ¢-distribution. In making such a test we are asking:
What is the probability of a given deviation (or one that is greater)
above or below the mean of the ¢-distribution? This question could,
if desired, be answered with reference to Part A of Table 8-3. For
example, with a sample for which » = 10, the chance of a deviation
of 3.169 (or more) below the mean is 0.005 (see column for ¢ 4 in
Part A); the chance of a deviation of 3.169 (or more) above the
mean is 0.005 (see column headed ¢ g5 of Part A.) The sum of these
probabilities, or 0.01, measures the probability of a deviation of
3.169, or more, in either direction. But we may obtain this com-
lined probability more directly from the entries in Part B of
Table 8-3. In the column headed.0.01 in the line for » = 10, we
14 In using subscripts for percentiles, with the meaning indicated in the text, I am

employing a notational scheme introduced by Dixon and Massey (Ref. 32) and followed

by Walker and Lev (Ref. 186). This scheme differs from current practice (which is
exemplified in Part B of Table 8-3) but is to be preferred as a simpler and more
straightforward representation of the ¢-distribution. Strictly speaking, only the
columns in Table 8-3 that give .01, .05, .95, and .99 values of ¢ define percentiles;

however, the fractional percentile values given, for t.o» etc., are of special interest,
as will appear.
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TABLE 8-3

Part A: Distribution of : Percentile Values

et e ——————————————————————————————— e —————————

L. oos t.o t. 02 toos Lo Lors tow t.os

1 63.657 31.821 12.706 6.314 6.314 12.706 31.821 63.657
2 9.925 6.965 4.303 2.920 2.920 4.303 6.965 9.925
3 5.841 4.541 3.182 2.353 2.353 3.182 4.541 5.841
4 4.604 3.747 2.776 2.132 2.132 2.776 3.747 4.604
5 4.032 3.365 2.571 2.015 2.015 2.571 3.365 4.032
6 3.707 3.143 2.447 1.943 1.943 2.447 3.143 3.707
7 3.499 2.998 2.365 1.895 1.895 2.365 2.998 3.499
8 3.355 2.896 2.306 1.860 1.860 2.306 2.896 3.355
9 3.250 2.821 2.262 1.833 1.833 2.262 2.821 3.250
10 3.169 2.764 2.228 1.812 1.812 2.228 2.764 3.169
20 2.845 2.528 2.086 1.725 1.725 2.086 2.528 2.845
30 2.750 2.457 2.042 1.697 1.697 2.042 2.457 2.750
o 2.576 2.326 1.960 1.645 1.645 1.960 2.326 2.576

Part B: Values of t Corresponding to Stated Probabilities in Two-Tailed Test

Probability

n 0.80 0.60 0.40 0.20 0.10 0.05 0.02 0.01
1 .325 1.000 1.376 3.078 6.314 12.706 31.821 63.657
2 .289 .816 1.061 1.886 2.920 4.303 6.965 9.925
3 277 .765 978 1.638 2.353 3.182 4.541 5.841
4 .271 eS| L941 1.533 2.132 2.776 3.747 4.604
5 .267 727 .920 1.476 2.015 2.571 3.365 4.032
6 .265 718 .06 1.440 1.943 2.447 3.143 3.707
7 .263 711 .896 1.415 1.895 2.365 2.998 3.499
8 .262 .706 .889 1.397 1.860 2.306 2.896 3.355
9 .261 .703 .883 1.383 1.833 2.262 2.821 3.250
10 .260 .700 .879 1.372 1.812 2.228 2.764 3.169
20 .257 .687 .860 1.325 1.725 2.086 2.528 2.845
30 .256 .683 .854 1.310 1.697 2.042 2.457 2.750
© .253 .674 .842 1.282 1.645 1.960 2.326 2.576

e ———t.

v
'
|

The entries in Part B are extracts from a more detailed table (Table IV) in R. A.
Fisher’s Statistical Methods for Research Workers, ¥.dinburgh, Oliver and Boyd. The
table is printed here through the courtesy of Dr. Fisher and his publishers. (See also
Fisher and Yates, Statistical Tables, Ref. 51.

find 3.169, the deviation that will be reached or exceeded 1 time
in 100. The entries in Part B all refer to absolute deviations, i.e.,
without regard to sign. They are thus directly adapted for use
in applying a two-tailed test, whereas the entries in Part A are
adapted to a one-tailed test.

It will be noted that the several entries in Part B of Table 8-3
in the column for which the probability is 0.01 are the same as
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the corresponding entries in Part A in the columns headed £ 5 and
t.005; that the entries in Part B in the column for which the prob-
ability is 0.05 are the same as the corresponding entries in Part A
in the columns headed £.02s and ¢.45. The reason for the identities
has been indicated: the probability of a stated absolute deviation,
as given in Part B, is the sum of the probabilities corresponding
to the same deviation, plus and minus, as given in Part A.

The table of areas under the normal curve is usually given in a
form comparable to that used in Part B of Table 8-3. In the last
line (for which the entry in the n column is « ) we have the familiar
values of T' (a normal deviate) corresponding to probabilities of
0.01, 0.05, etc. Thus for a probability of 0.01 the corresponding
normal deviate is 2.57582. These entries in the last line of Part B
of Table 8-3 are the limiting values of ¢, the values which ¢ ap-
proaches, for stated probabilities, as n increases. For an 7 infinitely
large, ¢t and T coincide. Even for n as large as 30 the approach to
the normal values is fairly close. Which means, of course, that we
need resort to the ¢-distribution only when dealing with small
samples.

Some Uses of the t-Distribution

Significance of a Mean : Small Samples. In determining whether
the mean of a sample drawn from a normal population deviates
significantly from a stated value (the hypothetical value of the
population mean), we compute ¢ from the ratio previously given:

N ey
s/A/N —1
In interpreting ¢ when the arithmetic mean of a sample is being
tested for significance, n = N — 1.
A study of interest rates paid on business loans by various
classes of borrowers!® revealed that large borrowers (i.e., those

15 The study, made by the Board of Governors of the Federal Reserve System, related
to loans outstanding in November, 1946. See Youngdahl, Ref. 198. The rates given
for individual groups in this example are weighted averages of the rates paid by
individual borrowers, weights being the dollar volume of loans outstanding at each
rate. In combining rates for retail trade groups in the present example, to get an
average for all retail trade, no weights were used.
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with assets of $5,000,000 or more) in five retail trade groups paid
the following average rates:

Average interest rate

Retail trade ' on business loans
Percent

Food, liquor, tobacco, and drugs 1.8
Apparel, dry goods, and dept. stores 1.9
Home furnishings, metal products, and

building materials 2.0
Automobiles, parts, and filling stations 1.7
All other 2.2

The arithmetic average of these five group rates is 1.92 percent;
the standard deviation s (derived with N as the divisor of the sum
of squared deviations) is 0.172. Our problem is to determine whether
the mean rate paid by these groups of large retail merchants differs
significantly from the mean rate paid by all business borrowers in
the United States. We shall here use 2.9 percent, the weighted
mean of the average rates paid by 100 groups of business borrow-
ers, as the population mean. It is appropriate to use a significance
level of 0.01 in testing the null hypothesis in this case. For { we have

1= X—w _ 192-29  —0.98
$/v/N —1  0172/y/5 =1 0.086
= — 114

This test of significance should be a two-tailed test, since we are
concerned with the probability of a deviation as great as 0.98
above or below the population mean. From Part B of Table 8-3
(or from Appendix Table III), we find that for n = 4, the value of ¢
corresponding to a probability of 0.01 is 4.604. The observed value
of ¢ is far greater than this. On the level of significance here em-
ployed, we should reject the null hypothesis. The interest rates
paid by large retail borrowers are significantly lower than those
paid by business borrowers as a whole.

Setting Confidence Limits: Small Samples. The examples just
cited have involved tests of hypotheses using small sample results.
We revert briefly to estimation, with reference to the special
problems that are faced when estimates of population parameters
are based on small samples. The procedure employed is similar to
that outlined in Chapter 7, for large samples, but use is made of
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the ¢-distribution rather than the normal distribution in setting
limits corresponding to a chosen confidence level.

We have the following observations on the yield of alfalfa, in
tons per acre, on four plots each of which received 18 inches of
irrigation water during the growing season.!®

5.69; 6.46; 7.02; 8.02
We are required to set confidence limits for the mean of the
population from which this sample comes. For the sample we have

X = 6.7975
> ]2
s = fv—d ~ 0.849
Consider the relation _
fo X ok
T s/A/N =1

We have the values of s and N, hence the degrees of freedom
n (=N — 1). Let us say that the confidence level for the estimate
is to be 0.95. Knowing P and n we may readily determine from
the t-table the appropriate value of ¢. For a P of 0.05 and an n
of 3, t = 3.182. The unknown quantity in the above equation is
the numerator of the right-hand term, the range X — p. We wish
to set limits on either side of X within which we may, with the
stated degrees of confidence, expect u to fall. The desired range
may be written (from the equation nine lines above)

X—p=tXs/VN =1 (8.15)
= 3.182 X (0.849/4/3)
= 1.5592

The desired limits of the confidence interval are thus 6.7975 +
1.5592. Rounding off the fractions we may write this: 6.80 4 1.56.
We may say, with confidence measured by a probability of 0.95,
that the mean of the population from which the sample comes
falls between 5.24 tons and 8.36 tons.

We may take opportunity at this point to give an example of
estimation from small samples that will serve, at once, to demon-
strate modern procedures in interval-estimation™and to illustrate
the use of the ¢-distribution in such estimation. The data employed
are from W. A. Shewhart (Ref. 140) and the graphic illustration

18 Beckett and Robertson, Ref. 10.
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given is taken, with permission, from the same author (Ref. 141,
p. 59). Shewhart set up a normal universe with mean zero. From
this universe he drew 100 samples, with four observations in each
sample; for each sample he computed X and s (the latter derived
with 4 as the divisor of =d?). On these two statistics for each
sample he then based a statement setting confidence limits cor-
responding to a confidence level of 0.50. That is, each statement
belonged to a family of statements of which, in the long run, one
half would be expected to be true and one half false. The 100
samples thus provided bases for 100 estimates of confidence
intervals.

The two following hypothetical sets of drawings will illustrate
the procedure: ‘

Sample A + 0.5, — 0.3, — 0.6, + 0.8
Sample B — 21, +05 — 26, —0.2

In the first sample the mean X = + 0.10, s = 0.570. For a P of
0.50 and an n of 3, ¢t = 0.765. Following the method employed in
the preceding example, we compute

t X s/v/N —1 = 0.765 X 0.570/v/1.732 = 0.25

Limits of the 0.50 confidence interval for an estimate of the
population mean, based on this sample, are — 0.15 and + 0.35.
(These, of course, are derived from + 0.10 — 0.25 and + 0.10 +
0.25). The second sample, of which the mean is — 1.0 and s is
1.366, provides the basis of a similar estimate. By an identical
procedure we set 0.50 confidence limits at — 1.60 and — 0.40.

The evidence of the first sample warrants the statement, “The
mean of the parent population lies between — 0.15 and + 0.35.”
The evidence of the second sample warrants the statement, “The
mean of the parent population lies between — 1.60 and — 0.40.”
Since Shewhart’s illustration was experimental, we know the
parent mean. It is zero. Thus the first statement is true, the second
is false. Shewhart’s data provided him with bases for 100 such
statements. The range and location of each of the 100 confidence
intervals thus set up are shown in the left-hand panel of Fig. 8.4,
which is reproduced from Shewhart’s Statistical Method from the
Viewpoint of Quality Control.

This figure is an illuminating representation of statistical
inference. The heavy horizontal bar is drawn at zero on the
vertical seale, that is, at the value of the population mean. Each
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FIG. 8.4. Showing Confidence Intervals Based upon Samples Drawn from a
Normal Universe with Mean Zero and Standard Deviation Unity.*

"B STEEI Nl P S o g o e
vertical line depicts a confidence interval based on one of the 100
samples. The center of each vertical line is located at the value
of a sample mean. The range of the corresponding confidence
interval above and below that sample mean is determined by an
operation similar to that represented by formula (8.15) above."”
The vertical lines differ greatly, it is clear, in the location of their
midpoints, and in their range. If a sample mean fell close to the
true mean of the population the center of the corresponding bar
would be close to the heavy central bar; if not, the center of the
line would be far from the central bar. If the sample s were small
the range of the corresponding vertical line would be narrow; if
the sample s were large, the length of the corresponding vertical
line would be great. In the diverse locations and varied lengths

1 For the entries in this panel the range of each confidence interval is given by
X = 0.4417s, where sis the sample standard deviation. The coefficient 0.4417 is
derived from t/A/ N — 1 (i.e., from 0.765/1.732.) For present purposes it isconvenient
to divide by 1.732, the first term of the right-hand member of formula (8.15) instead
of the first factor in the second term. That is, we divide ¢, instead of s, by A/N = 1,
since 8 varies from sample to sample, while the other quantities do not. We may
note that ¢/ \/ N - 1 is Student’s original z (see p. 228).
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of these vertical lines we have a vivid picture of the play of chance
in shaping the results of sampling operations.

Yet, despite the diversity of sample results, a soundly based
procedure makes rational estimation possible. According to sample
theory approximately half of the confidence intervals set up by
Shewhart should include the population mean (his confidence level
was 0.50). If a given vertical line in Fig. 8.4 cuts across the heavy
central line this means, of course, that the confidence interval in
question does in fact include the population mean. It is of interest
to note that 51 of the 100 confidence intervals represented on the
diagram do in fact include the parent mean; 49 do not. The
agreement with expected results is very close indeed.

The fact that small sample theory makes rational estimation
possible when we have but a few observations does not, of course,
remove the uncertainties from sampling procedures. Nor does it
mean that small samples are as good as large ones. Apart from the
consideration that the use of the t-distribution is fully accurate
only with samples drawn from normal universes, the investigator
who works with very small samples must know that his estimates
will vary widely from sample to sample. Moreover, he must content
himself with relatively wide confidence intervals. Precision of
statement is less, of course, the wider the intervals employed.
Large samples are more stable than small ones (in the sense that
the means of large samples will be clustered much more closely
about the population mean), and they permit more precision in
inferences based on them.

These attributes of large samples, and their great superiority to
small samples, are well illustrated by the right-hand panel of Fig.
8.4. This presents confidence intervals relating to the same parent
population as does the left-hand panel. Here, however, each
vertical line defines the limit of a confidence interval (at confidence
level 0.50) designed to include the population mean, but based
upon a sample of 100 observations.!® The vertical scale is the same
as for the left-hand panel, so the results may be compared. The
centers of the vertical lines in the right-hand panel (these centers
are located, as we have noted, at the sample means) are much
more closely concentrated about the population mean. More
striking, however, is the fact that the ranges of the confidence

18 The range of each confidence interval in this case is given by X = 0.0769s (the value
0.0769 being derived from ¢/ \/ N — 1, or 0.765//99).
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intervals based on samples of 100 are much smaller. Each inference
drawn from large sample results is far more precise, in the limits
it sets up, than is an inference based on a much smaller sample.
(Of the 40 confidence intervals based on large samples, we may
note, 45 percent include the population mean, while 55 percent do
not. These percentages stand reasonably close to the long-run
expectation of 50 percent right and 50 percent wrong.) The mean-
ing of this is obvious, of course. Inferences based on small samples
are inherently less reliable than inferences based on large samples.
However, when we must infer from small samples, under the
conditions set forth, we can have a trustworthy procedure.

Significance of a Difference between Two Means: Small
Samples. The method we have employed above for testing the
significance of the mean of a sample from a normal universe may
be applied in determining whether the means of two samples differ
significantly. This very important extension of Student’s procedure,
which is due to R. A. Fisher, is applicable in testing the hypothesis
that the two samples whose means are compared are from the
same normal parent population. Here, as in the previous example,
Student’s distribution gives us an unbiased test.

In form, this test follows that discussed above in dealing with
the same problem for large samples. On the assumption that the
samples are from the same population it is appropriate to pool the
sums of the squared deviations from the respective means of the
two samples in deriving a single s’, which is our best estimate of
the standard deviation of the population. Thus we have

r_ zdi + Zd3
s —/‘/N1+N2—2 (8.16)
Having this estimate s’, we compute the standard error of the
difference between means from the customary formula

s, =4 4 S (8.17)
Szl—:a:2 = A_71 + ]72 .

—_ o Nl + N2
=38 ,1/ NN, (8.18)

The ratio of X; — X, to s’/ (N; + N:)/N:1N is distributed in the
t-distribution. That is /

X, - X, X, - X,,/ NN,
t = — 2 = 8.19
8’ N1+N2 8, N1+N2 ( )

NN,
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The quantity #, in this case, is to be interpreted with n, the degrees
of freedom, equal to N, + N, — 2. (We may think of one degree
of freedom being lost in the calculation of each of the two com-
ponents of s’, in formula (8.16) above.)

We may illustrate the application of a test of this sort by
comparing a sample of six small cities with a sample of five large
cities, in respect of average family expenditures on current con-
sumption (Table 8-4). The unit observation for present purposes is

TABLE 8—4

Average Family Expenditures on Current Consumption in Samples of
Small and Large Cities*

—— R ———————— S———

Small Cities Large Cities
Average family Average family
expenditures on expenditures on
consumption consumption
Grand Junction, Colo. $3,538 Providence, R. 1. $3,916
Madill, Okla. 3,190 Milwaukee, Wis. 4,331
Camden, Ark. 3,094 Youngstown, Ohio 4,166
Garrett, Ind. 3,699 Kansas City, Mo. 3,989
Pulaski, Va. 3,326 Cincinnati, Ohio 4,186
Dalhart, Texas 3,548
Average 3,399.17 4,117.60

* The data are from U. S. Bureau of Labor Statistics Bulletin 1097 (revised June, 1953),
‘amily Income, Exrpenditures and Savings in 1950. In the present illustration cities
with population of 2,500 to 30,500 are classed as small; those with population of
240,000 to 1,000,000 as large. Cities and metropolitan areas with populations of
1,000,000 and over are not included.

a city average of consumption expenditures-by a sample of indi-
vidual families resident in that city. (The number of families in
such a sample ranged from 65 in small cities to 250 in the group of
large cities.)

The figures cited in Table 8-4 indicate that family expenditures
on current consumption are less in small cities than they are in
large cities, but an objective test is needed. Again we shall use a
significance level of 0.01. For the computation of s’ (using the
relations shown in formula 8.16) we have
o = 1/273;5577169;74—1

= g s = 206.4
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For ¢ (from formula 8.19)

_ 4,117.60 — 3,390.17 /35

t 306.4 11

= 5.75

Consulting the t-table (Part B of Table 8-3, or Appendix Table III)
we find that for n = 9 the value of ¢ corresponding to a probability
of 0.01 is 3.250. The present value is clearly significant. The two
samples of cities could not have come from one homogeneous
parent population. Average family expenditures for purposes of
current consumption appear to be clearly higher in large cities
than in small cities.

The hypothesis here tested is that two samples, the means of
which are compared, come from the same normal universe. The
direct test is applied to the difference between means, but since
the sample s’s enter into the calculations their values obviously
affect the outcome. It is possible that a significant value of ¢ might
appear in a test of this sort because samples were drawn from
populations with different standard deviations, rather than
different means. This would lead, properly, to the rejection of the
hypothesis, although the factor responsible for the rejection would
not be a difference in means. But this possibility, as Fisher suggests,
is not great. If there is reason to believe that the sample standard
deviations differ significantly, their difference may be tested.

Some General Considerations Bearing on Tests
of Hypotheses

Our chief concern in this chapter has been with the testing of
statistical hypotheses (in dealing with small samples we reverted
briefly to an aspect of the subject of estimation). This discussion
has touched upon some of the more general aspects of the theory
of inquiry, but it has dealt, in the main, with methodology. In
concluding the discussion it is proper to stress certain logical
considerations that were not fully developed in the preceding
pages. Three points of central importance are to be made.

1. A generalization (a hypothesis) suggested by the observations
in a given sample cannot be tested against that sample. There
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must be predesignation of the hypothesis, or of the population
parameter, that is to be tested.!”® If a given sample of business
cycles should suggest that the mean duration of business cycles
in the United States is 40 months, we could hardly use the mean
of that sample in testing the hypothetical mean of 40 months.
The fallacy of such a test is obvious, yet this type of circularity
is not uncommon. A technique for forecasting the level of
wholesale prices, the prices of securities, or the state of business
is often tested against the historical record that suggested the
technique. Of course, this is not to say that an investigator
should not be open-minded to theories that may be suggested
by observations. But when a theory is thus suggested, it must
be tested against a new set of observations. (We have already
referred to the rule that an investigator should, before he applies
a test of significance, designate the confidence level according
to which he will accept or reject the hypothesis in question.
The principle here is the same.)

2. Statistical evidence never provides positive proof of the truth
of a hypothesis. The essence of statistical testing is that the
facts are given a chance to disprove hypotheses; the facts do
not prove hypotheses. The reader will have noticed the form of
the conclusion reached after a test is applied. One may say,
“The observations are not inconsistent with the hypothesis,”
or, “The observations are not consistent with the hypothesis.”
The second statement, it is clear, is more decisive than the first.
When we reject a hypothesis we may be able to do so with a
high degree of confidence. If the difference between an observed
statistic and a hypothetical parameter is so great that chance
might be expected to lead to such a divergence only 1 time in
10,000,000 trials, the investigator may be reasonably sure that
there is a true difference, and so reject the hypothesis. (But

19 A player might draw (with replacement) from a pack of cards a four of diamonds, a
king of spades, a five of clubs, and a nine of clubs, and then exclaim at the remarkable
fact that just these four cards should have turned up—a combination to be expected
only 24 times in 7,311,616 trials (the order of draw is not assumed to matter). This
is not remarkable after the event. It would only have been remarkable had the
player predesignated the result by announcing before his draw that these four par-
ticular cards would appear. Without this predesignation the player is, in effect,
setting up the hypothesis that he will draw a four of diamonds, a king of spades, a
five and a nine of clubs after he has drawn those precise cards.

In an incident famous in baseball history Babe Ruth, being heckled by the opposing
team, pointed to a spot in the right-field bleachers and then proceeded, on the next
pitch, to hit a home run to that precise spot. This was predesignation.



244 TESTS OF HYPOTHESES

there will always remain a slight probability that the rejection
was unjustified.) However, acceptance of a hypothesis can never
carry the degree of confidence that would attach to a rejection
based on a 1/10,000,000 probability. Indeed, these facts are
more likely to be consistent with a false hypothesis (of which
there will be legion) than with the true hypothesis. Choice
among hypotheses with which the facts are consistent must be
based on rational grounds, not on empirical evidence. This last
statement carries us to the third of our three points.

3. If we are to have confidence in a hypothesis it must have
support beyond the statistical evidence. It must have a rational
basis. This phrase suggests two conditions: The hypothesis
must be ‘“reasonable,” in the sense of concordance with a prior:
expectations. Secondly, the hypothesis must fit logically into
the relevant body of established knowledge. Reference to
statistical evidence is essential and important in determining
the degree of confidence we may have in a hypothesis, but the
support we get from this side is of a negative sort. We say of it
that it does not disprove the hypothesis. Positive elements of
support come from the side of reason.?
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The Measurement of Relationship:

Linear Correlation

Introduction

The problems we have discussed in the preceding chapters have
dealt primarily with the behavior of a single variable. The arrange-
ment of the values of a single variable along a scale may be
described by measures of central tendency, or of location, and by
accompanying measures that define the pattern of variation about
a central value. The examples of statistical inference so far con-
sidered have dealt with the estimation of parameter values for a
single variable, or to tests involving hypothetical values of such a
variable. In dealing with theoretical distributions in Chapter 6 we
introduced the concept of frequency, measured along the vertical
or y-axis of a coordinate system, as a function of a variable z,
usually measured as a deviation along the horizontal axis. That is,
the frequency of occurrence of a single value is presented as
dependent upon the magnitude of the deviation of that value from
a specified origin. The mathematical expression for such a theo-
retical distribution is a statement of a functional relation between
a dependent and an independent variable. Such relations of a
simple type were briefly considered in Chapter 2. We now open a
more systematic discussion of methods employed in the measure-
ment of relations among variable quantities. Our concern here will
be with the manner in which two (or more) variables fluctuate
with reference to one another. A suggestive general term for such
joint behavior is covariation; the term commonly employed in
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statistical literature is correlation. In the present chapter we deal
with the simplest form of covariation, linear correlation between
two variables.

As a familiar example of simple correlation we may refer again
to the relation between the number of rings in the trunk of a tree
(Y) and the age of the tree (X). For an X-value of 3, ¥ will be
equal to 3; for an X-value of 5, Y will be equal to 5. This relation
is shown in Fig. 2.3, on p. 11. Here we have a perfect relationship;
X determines Y completely. All the plotted points lie on a straight
line that can be drawn through them. Fig. 9.1 (based on Table 9-1)
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FIG. 9.1. Personal Net Savings and Disposable
Personal Income in the United States, 19048-1953.

TABLE 9-1

Personal Net Savings and Disposable Personal Income in the
United States, 1948-1953 (in billions ‘of dollars)
e

Personal Disposable
net savings personal income
1948 10.0 188
1949 7.6 188
1950 12.1 206
1951 17.7 226
1952 18.4 237
1953 20.0 250

shows a different situation. Here are plotted aggregate personal
net savings, in billions of dollars, as estimated for the United States
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for the years 1948-53, and corresponding figures for aggregate
disposable personal income (i.e., personal income less personal
taxes). It is to be expected that personal savings will be affected
by the magnitude of personal income. It is also to be expected that
the relationship will be imperfect, since factors other than size of
income affect consumers’ decisions on the division of income
‘between consumption and saving. These expectations are borne
out by Fig. 9.1. (The period covered is, of course, too short to
provide evidence of anything like a consistent relationship; these
fragmentary data are here used merely for illustrative purposes.)
The general tendency of savings to rise as disposable income rises
may be defined by a line drawn through the plotted points, but
it is clear that what is defined is a tendency, not an invariant
relationship.

The first task in a problem of this sort is that of defining the
relationship between dependent and independent variables,whether
it be perfect, as in the tree example, or merely a tendency to which
there are exceptions, as in the other example. In general terms,
for the linear case, we must establish the values of @ and b in the
equation to a straight line, ¥ = a + bX. For the first example
given above this presents no problem. It is obvious that the
equation desired is ¥ = X. The first constant on the right hand
side of the general expression disappears, i.e., @ = 0; the constant
b is equal to 1. But the simplicity of this problem is quite excep-
tional. The situation represented in Fig. 9.1 is the usual one. Any
two of the six points here plotted would define a straight line;
fifteen different lines might be obtained. But no one of these lines
would be accepted as satisfactorily defining the relationship that
concerns us. What we want is the single straight line that best
describes the average relationship between Y and X, that best
defines the tendency for Y and X to vary together. We wish to
determine values of a and b in the general equation to a straight
line that may be regarded as best in the light of the evidence we
have.

A simple illustration will serve to demonstrate an approximative
method and the preferred method of doing this. Nine points
(1,3; 2,4; 3,6; 4,5; 5,10; 6,9; 7,10; 8,12; 9,11—the X-value being
given first in each pair of coordinates) are plotted in Fig. 9.2. Our
problem is the fitting of a straight line to these points. By inspec-
tion, rough values of a and b may be determined. A transparent
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FIG. 9.2. Illustrating the Fitting of a Straight Line to Nine
Points.

ruler may be used in approximating the desired function. The
slope of the line thus laid out may be measured, the y-intercept
determined, and the desired equation thus approximated. Obvious-
ly this is a loose and uncertain method; the results obtained by
different individuals may be expected to differ widely. We need a
more objective procedure for selecting a line that may be considered
“best.”” One such procedure for determining the constants a and b
for such a line of best fit is the method of least squares. Reference
has been made to this method in preceding chapters, in connection
with the problem of estimation. Some of its limitations were there
noted. We here deal with it in simple terms as a generally useful
procedure for estimating the values of constants when observations
conflict.?

The Method of Least Squares. Assume that we have a number
of observed values of a certain quantity, and that these observed
values differ. We wish to obtain the most probable value of the
quantity being measured. It is capable of demonstration that the
most probable value of the quantity is that value for which the
sum of the squares of the residuals is & minimum. (A “residual” is
of course a difference between an estimated value and an observed

1 See Appendix C for a more detailed discussion of least squares procedure, together
with a description of certain checks upon the calculations.
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value.) This is true of the arithmetic mean of the observed values.
Thus, if a given distance be measured by a number of individuals,
with varying results, the most probable value is the arithmetic
mean of the different measurements. The process of computing
the mean involves the following steps, which are enumerated for
the purpose of simplifying the later explanation. We seek a result,
a statement of the most probable value of the distance being
measured, which will take the form:

M = (a constant)
Let us say we have three approximations to this value:

M = 5,672 feet

M = 5,671 feet

M = 5,676 feet
adding, 3M = 17,019 feet

Since there is but one unknown, M, it may be derived directly
from this equation, and we have

M = 5,673 feet

This is the value for which the sum of the squares of the deviations
is & minimum.

A similar problem arises when the relation between two variables
is being measured. Our goal in this case is an equation describing
this relationship. However, we have secured varying results that
do not agree precisely as to the constants in the equation of
relationship.

In other words, our plotted points do not all lie on the same
line. What are the most probable values of the constants in the
required equation? The answer is analogous to that given when a
single quantity was being measured. We seek the constants which,
when the resulting equation is plotted, will give a line from which
the deviations of the separate points, when squared and totaled,
will be a minimum. Assuming that each pair of measurements
gives an approximation to the true relationship between the
variables, we wish to find the most probable relationship, and this
is given by the line for which the sum of the squared deviations is
a minimum.

We have, in the present example, nine pairs of values for X and
Y. Substituting these values in the generalized form of the linear
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equation, Y = a + bX, we secure the following observation
equations:

=a+ 1b
a+ 2b
a+ 3b
a+ 4b
a + 5b
=a+ 6b
=a+7b
=a + 8
11 =a+ 9

Any two of these equations could be solved as simultaneous
equations, and values of a and b secured. But these values would
not satisfy the remaining equations. Our problem is to combine
the nine observation equations so as to secure two normal equations,
which, when solved simultaneously, will give the most probable
values of a and b. The first of these normal equations is secured by
multiplying each of the observation equations by the coefficient
of a, the first unknown in that equation, and adding the equations
obtained in this way. Since the coefficient of a in the present case
is 1 throughout, the nine observation equations are unchanged by
the process of multiplication. The second of the normal equations
is secured by multiplying each of the observation equations by
the coefficient of b, the second unknown in that equation, and
adding the equations obtained. Thus the first equation is multiplied
throughout by 1, the second by 2, and so on. The process of
securing the two normal equations is illustrated in Table 9-2.

i i —
WO OOUTO W
]

TABLE 9-2

Derivation of Normal Equations from Observation Equations

l

3= a4+ 1b 3= la+ 1b
4= a4+ 2b 8= 2a+ 4b
6= a4+ 3b 18 = 3a+ 9
5= a+ 4 20 = 4a + 16b
10= a+ 5b = ba 4+ 25b
9= a++ 6b 54 = 6a + 36b
10= a4+ 7b 70 = 7a + 49
12= g4 8 96 = 8z + 64b
11= a4+ 9 99 = 9a + 81b

70 = 9a + 45b 418 = 45a + 285b
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The two normal equations are
70 = 9a + 45b
418 = 45a + 285b

It remains to solve these equations for @ and b. By multiplying
the first equation by 5 and subtracting it from the second, a may

be eliminated; a value of 2—08—, or 1.133, is found for b. Substituting

this value in either of the equations, a value of 2.111 is secured
for a. The equation to the best fitting straight line is, therefore,

Y = 2.111 4+ 1.133X

In the actual application of the method it is not necessary to
write out and total the equations, as is done above. We need only
insert the proper values in the two equations,?

2(Y) = Na 4+ b2(X) (9.1)
2(XY) = a2(X) + b2(X?) (9.2)

where T indicates a summation process.
The work of computation is facilitated by a tabular arrangement
similar to that shown in Table 9-3. The normal equations for a

TABLE 9-3

Computation of Values Required in Fitting a Straight Line

b'e Y Xy X:
1 3 3 1 N=9
2 4 8 4 2(X) =45
3 6 18 9 2(¥) =70
4 5 20 16 2(X?) =285
5 10 50 25 E(XV)=418
6 9 54 36
7 10 70 49
8 12 96 64
9 11 99 81

45 70 418 285

specific problem are secured by substituting in the* standard
equations (9.1) and (9.2) above the values given at the right of
that table. The results are of course identical with those obtained
from the aobservation equations. '

2 General rules f9r the formation of normal equations are given in Appendix C.
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When the equation to the best fitting straight line has been
obtained the values of Y corresponding to given values of X may
be computed and compared with the observed values. Table 9-4
presents the results secured.

TABLE 9-4
Comparison of Observed and Computed Values of a Variable Quantity*
4
——————— “
X Y, Y. v v? Xv
(Yo— Y. IS
(observed) (computed)
1 3 3.2% - 2% .0597 - 2%
2 4 4.3% - .3% 1427 - .73
3 6 5.5% + .48 .2390 + 1.4§
4 5 6.64% — 1.6 2.7041 - 6.5§
5 10 7.7% +2.2% 4.9381 +11.13
6 9 8.9% + .0% .0079 + .5%
7 10 10.04 — .04 L0020 - .3}
8 12 11.1% + .83 .6760 + 6.5%
) 1 12.3} —1.33 1.7190 —11.8
0.0 10.4885 0.0

* The common fractions are retained in certain columns in order that the sum of the
deviations may be exactly zero.

The sum of the deviations of the plotted points from the line is
zero. The sum of the deviations when each is multiplied by the
corresponding value of X is also zero. The accuracy of the actual
calculations involved in fitting may be tested in this way. The
sum of the squares of the deviations, 10.4885, is a minimum. Any
change in the value of a or b would give a line for which the sum
of the squared deviations would exceed 10.4885.

We have discussed the technique of least squares because of its
bearing on the problem of defining relations between variables.
This problem is faced in all fields of inquiry. In some cases in the
realm of the physical sciences the relations that prevail are in-
variant. Thus the speed of a body falling in a vacuum is a direct
function of the time it has fallen. In a perfect vacuum the relation-
ship is perfect; there are no departures from the relation specified
by the equation y = gt (where y is the speed, ¢ the time of fall, and
g the gravitational constant). But in the social and biological
sciences perfect mechanical relationships are not found. We find
tendencies, relationships that hold on the average. Observations
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do not accord without exception to a mathematically definable
“law.” Causal forces are complex, not single, and isolation of one
or two factors is usually impossible. Thus the height and weight
of individuals are related, but not in a mechanical way; the price
of cotton is related to the supply of cotton, but other factors also
influence the price; earnings are influenced by the productivity of
labor, but are not determined by this factor alone. In all such cases
as these the determination of an equation of relationship calls for
an averaging process by which ‘“most probable’’ values of the
constants in the equation may be estimated from varying observa-
tions. The method of least squares is an instrument appropriate
to this problem. This method, we should note, is fully justified as
a means of estimating ‘“most probable’’ values of desired constants
only when the distribution of deviations is normal. Practically,
the method is used as a convenient and simple procedure for
approximating the desired values even when more complex
procedures (maximum likelihood for non-normal cases) would give
more defensible results.

Notation. In general the system of notation employed in this
chapter on correlation follows the practice of earlier chapters.
Certain new symbols are introduced.

8,.»: the standard error of estimate of Y, as estimated from
X

8..,: the standard error of estimate of X, as estimated from
Y

r: the coefficient of correlation; often with subscripts, as
ryz, the first subscript indicating the dependent variable,
the second the independent variable

p (rho): a population value of a coefficient of correlation

b,.: a coefficient of regression, subscripts indicating de-
pendent and independent variables

B,z: (beta with subscript yz) the population value of b,.
Y. or y.: a value of Y or of y computed from a regression equation
d,.: the deviation of a value of Y, from the mean Y
v: a residual; the deviation of Y from Y,
8yet the standard deviation of a series of Y, values
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pr
: the estimated standard error of r,

T (tau):
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the mean product of the paired values of two variables,
the origin being at the point of averages; this quantity
is sometimes called the covariance

8z, the covariance of a sample; p.,

0., the population covariance; the population equivalent

of pzy

: the mean product of the paired values of two variables,

the origin being elsewhere than at the point of averages

: a coefficient of determination, subscripts indicating

dependent and independent variables; a quantity equal
to 7i:

: a logarithmic transformation of r
: the population value of 2’
: an estimate of the standard error of r; when written o,,

the population value of s,

: the estimated standard error of 2’
. an estimate of the standard error of the coefficient of

regression; when written o,, the population of s,

: a value of Spearman’s coefficient of rank correlation

obtained from a sample
a population value of Spearman’s coefficient

Kendall’s coefficient of rank correlation (the symbol 7
is used for a sample measure, the practice thus depart-
ing from the general rule that Greek letters stand for
population parameters)

: the total score, indicative of the degree of concordance

of two rankings (Kendall)

: the positive component of S
: the negative component of S
Sact

the estimated standard error of the score S

Asin earlier chapters, capital letters (X, Y) are used to represent
original values of the variables, as measured from the zero points
on the scale of actual values. Small letters (x, y) are used for values
of variables expressed as deviations from their respective arithmetic
means. Small letters with prime marks (z’, y’) are used for devi-
ations from arbitrary origins.
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The Relation between Family Expenditures for Current
Consumption and Family Income after Taxes:
Averages by Cities

As a typical example, illustrating the derivation of descriptive
measures, we consider the relation between expenditures for
purposes of current consumption and current family income after
taxes. The data, which relate to income and expenditures in 1950,
are averages for 33 small cities which constitute a representative
sample of United States cities with populations from 2,500 to
30,500.2 These averages are given in columns (2) and (3) of Table
9-5. (In interpreting conclusions the reader will bear in mind that
the city, not the individual family, is the unit of observation.)

These data are plotted in Fig. 9.3, each dot defining the position
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FIG. 9.3. Family Consumption Expendi-
tures and Family Income: Averages by
Cities,* 1950, with Line of Average Rela-
tion.

* A sample of 33 cities with populations of 2,500 to
30,500.

? The materials are from the Survey of Consumer Expenditures in 1950, conducted by
the U. 8. Bureau of Labor Statistics. Definitions, details of the sampling procedure,
and some preliminary results are given in “Family Income, Expenditures, and Savings
in 1950,” Bulletin No. IQB7 (Revised) of the Bureau of Labor Statistics, June, 1953.
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TABLE 9-5

Average Current Family Income after Taxes and Average Family
Expenditures for Current Consumption in Cities with Populations of
2,500 to 30,500 United States, 1950*

(Both variables in thousands of dollars)

1) (2) 3) 4) (5) (6)
Average Average
Current  Family
Family Expenditures

City Income for Current
Consumption
X Y XY Xz y:

Anna, Il 3.60 3.40 12.2400 12.9600 11.5600
Antioch, Calif. 5.10 4.52 23.0520 26.0100 20.4304
Barre, Vt. 3.78 3.90 14.7420 14.2884 15.2100
Camden, Ark. 3.04 3.09 9.3936 9.2416 9.5481
Cheyenne, Wyo. 5.04 4.58 23.0832 25.4016 20.9764
Columbia, Tenn. 3.15 3.22  10.1430 9.9225 10.3684
Cooperstown, N. Y. 3.55 3.47 12.3185 12.6025 12.0409
Dalhart, Tex. 4.00 3.55 14.2000 16.0000 12.6025
Demopolis, Ala. 2.93 2.85 8.3505 8.5849 8.1225
Elko, Nev. 5.33 5.05 26.9165 28.4089 25.5025
Fayetteville, N. C. 3.47 3.40 11.7980 12.0409 11.5600
Garrett, Ind. 4.03 3.70 14.9110 16.2409 13.6900
Glendale, Ariz. 3.40 3.69 12.8460 11.5600 13.6161
Grand Forks, N. Dak. 4.02 3.95 15.8790 16.1604 15.6025
Grand Island, Nebr. 3.97 3.96 15.7212 15.7609 15.6816
Grand Junction, Colo. 3.58 3.54 12.6732 12.8164 12.5316
Grinnell, Iowa 3.59 3.28 11.7752 12.8881 10.7584
Laconia, N. H. 3.55 3.78 13.4190 12.6025 14.2884
Lodi, Calif. 4.07 4.10 16.6870 16.5649 16.8100
Madill, Okla. 3.18 3.19 10.1442 10.1124 10.1761
Middlesboro, Ky. 3.02 3.26 9.8452 9.1204 10.6276
Nanty-Glo, Pa. 3.78 3.78 14.2884 14.2884 14.2884
Pecos, Tex. 3.82 3.73 14.2486 14.5924 13.9129
Pulaski, Va. 3.45 3.33 11.4885 11.9025 11.0889
Ravenna, Ohio 3.88 3.72 14.4336 15.0544 13.8384
Rawlins, Wyo. 4.71 4.26 20.0046 22.1841 18.1476
“Roseburg, Ore. 4.58 4.04 18.5032 20.9764 16.3216
Salina, Kan. 3.60 3.40 12.2400 12.9600 11.5600
Sandpoint, Idaho 3.28 3.32 10.8896 10.7584 11.0224
Santa Cruz, Calif. 3.69 3.34 12.3246 13.6161 11.1556
Shawnee, Okla. 3.08 3.19 9.8252 9.4864 10.1761
Shenandoah, Iowa 3.97 3.67 14.5699 15.7609 13.4689
Washington, N. J. 4.06 4.15 16.8490 16.4836 17.2225

Total 125.30 121.41 469.5635 487.3518 453.9073

+ Readers should note the following comment by the Bureau of Labor Statistics: “Ex-
perience suggests that average family income is usually understated. . . . It is therefore
quite incorrect to interpret the entire difference between reported income and ex-
penditure as saving or dis-saving.”
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of a single city in respect of average family expenditure for con-
sumption and average current income. Such a figure is termed a
“scatter diagram.” It is clear from this diagram that there is a
relationship between the two variables. In general, the cities with
high average family incomes are also those with high average
family expenditures for consumption. The relationship, however,
is not perfect. Two cities with almost the same average family
income may differ materially in average expenditures for con-
sumption. Thus for Dalhart, Texas, with average family income
of $4,000, average consumption expenditures were $3,550, while
for Washington, New Jersey, where average family income was
$4,060, average expenditures for consumption were $4,150. Were
the relation between the two variables perfect, cities having the
same average family income would have the same average ex-
penditures for consumption.

The Equation of Average Relationship. Our first problem is the
derivation of an equation to describe this relationship which, while
not perfect, is clearly existent. We shall assume that the relation-
ship is linear, and shall employ the method of least squares in
estimating the best values of the constants @ and b in an appropriate
equation. This calls for the solution of the normal equations

2(Y) = Na + b2(X)
2(XY) = a2(X) + bZ(X?)
The values required for the solution of these equations may be

derived from the data as arranged in Table 9-5. Substituting,
we have

121.4 = 33a + 125.30b
469.5635 = 125.30a + 487.3518b
Solving,
a = 0.8707
b = 0.7396
The required equation is
Y = 0.8707 4 0.7396X

This line is plotted in Fig. 9.3.
A mathematical expression has now been secured for the relation
between the two variables being studied, average family expendi-
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tures for consumption and average family income after taxes. The
former is the dependent or Y-variable in the equation, the latter
the independent or X-variable. This equation constitutes s
measure of the functional relationship between these two variables,
but it is only an expression of average relationship. How significant
is the equation? If the relationship were perfect, and the plotted
points all lay on the line describing this relationship, the equation
could be used with confidence as an accurate instrument for
determining the value of one variable from a value of the other.
But a line with a definite equation may be fitted to points that
depart very widely from it, that are widely dispersed. In such a
case the equation may have the appearance of describing a precise
relationship but the variation is so great that it cannot be used
with confidence. It is the same problem as that which arises when
an average is employed. We must know how significant the average
13, how great the concentration about it, before we may use it
intelligently. So the equation of relationship between variables
means little unless we know to what extent it holds in practical
experience. We must have a measure of the dispersion about the
line we have fitted.

In describing the frequency distribution, the standard deviation
is used as the best general measure of variation. It is, obviously,
the measure we need in determining the reliability of the equation
of average relationship. The standard deviation about this line
will not only serve as a general index of the significance of this
equation but will enable us to measure the degree of accuracy of
estimates based upon the equation.

Computation of the Standard Error of Estimate. The standard
deviation about a line of average relationship, being a measure of
the accuracy of estimates, may be termed the standard error o
estimate. (The term standard deviation is generally confined to the
root-mean-square deviation about the arithmetic mean.) The
standard error of estimate is represented by the symbol s,..,
usually written with subscripts to indicate dependent (first sub-
script) and independent variables.

In the computation of s,.. we must know the computed value of
Y that corresponds to each given value of X. By substituting the
given values of X in the equation

Y = 0.8707 + 0.7396X
normal Y values may be computed. The deviations of the actual
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Y values from the computed may be determined. The root-mean-
square of these deviations, or residuals, which are represented by
the symbol v, is the required measure. A method of computation
is illustrated in Table 9-6. From this table we have

20* _ /08868
N 33
= 0.164 (in thousands of dollars)

The measure s,., is to be interpreted in precisely the same way
as the standard deviation about an arithmetic mean. Given a
normal distribution of items about the line of relationship, 68
percent of all the cases will lie within a range of 4 s (in this case
0.164), 95 percent will fall within =+ 2s (in this case 0.328) and
99.7 percent will fall within 4 3s (here, 0.492). If there were no
scatter about the line fitted to the points representing the corre-
sponding values of X and Y, s,., would have a value of zero, and
the value of Y could be estimated from the value of X with perfect
accuracy. The less the dispersion about the line, the smaller the
value of s,... The value of s,., serves, therefore, as an indicator of
the significance and usefulness of the line that describes the
relation between the two variables. The standard error of estimate,
it should be noted, is expressed in the same units as the original
Y-values.?

The making of estimates. We may, for the moment, consider the
significance of these results. Let us assume that, not knowing the
average family expenditures for current consumption in a given
city, we are under the necessity of estimating it. Two methods are
open to us. We may, in the first place, base the estimate upon our
knowledge of the Y-variable alone. The arithmetic average of the
33 city entries for ¥, given in Table 9-6, is 3.679 (the unit, it will
be remembered, is $1,000). With no specific information as to
average expenditures for consumption in a particular city, the

Sy =

3 For descriptive purposes, and for consistency in the various calculations illustrated in
this part of Chapter 9, we derive the standard errorof estimate f rom\/ Zv?/N. However,
if we are thinking of s,.- as an estimate of a population value, o,.., the divisor in the
expression under the radical sign should be N — 2, not N. The reasoning that justifies
this is similar to that which leads to the use of N — 1 rather than N in estimating a
population ¢. In deriving an estimate of the standard error of estimate from obger-
vations we use up two degrees of freedom, in effect, when we use these observations
in the fitting of the straight line. Hence there are only N — 2 degrees of freedom for
the observations to deviate from the line. It will be desirable to use N — 2 as the
divisor in dealing with certain problems of inference in later sections of this chapter.
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TABLE 9-6
lllustrating the Computation of Residuals and their Squares

N REERRTEREETRRIRDD==
e ———

(1) (2) (3) 4) (5)
Average Expenditures
City for Current Consumption 2)-(3)

(in thousands of dollars)
Actual Computed

Yo Yc v o2

Anna, 111 3.40 3.53 —-0.13 0.0169
Antioch, Calif. 4.52 4.64 —-0.12 0.0¥44
Barre, Vt. 3.90 3.67 +0.23 0.0529
Camden, Ark. 3.09 3.12 - 0.03 0.0009
Cheyenne, Wyo. 4.58 4.60 - 0.02 0.0004
Columbia, Tenn. 3.22 3.20 + 0.02 0.0004
Cooperstown, N. Y. 3.47 3.50 —0.03 0.0009
Dalhart, Tex. 3.55 3.83 - 0.28 0.0784
Demopolis, Ala. 2.85 3.04 -0.19 0.0361
Elko, Nev. 5.05 4.81 +0.24 0.0576
Fayetteville, N. C. 3.40 3.44 —0.04 0.0016
Garrett, Ind. 3.70 3.85 —0.15 0.0225
Glendale, Ariz. 3.69 3.39 + 0.30 0.0900
Grand Forks, N. Dak. 3.95 3.84 +0.11 0.0121
Grand Island, Nebr. 3.96 3.81 + 0.15 0.0225
Grand Junction, Colo. 3.54 3.52 + 0.02 0.0004
Grinnell, Iowa 3.28 3.53 —-0.25 0.0625
Laconia, N. H. 3.78 3.50 +0.28 0.0784
Lodi, Calif. 4.10 3.88 + 0.22 0.0484
Madill, Okla. 3.19 3.22 —0.03 0.0009
Middlesboro, Ky. 3.26 3.10 +0.16 0.0256
Nanty-Glo, Pa. 3.78 3.67 +0.11 0.0121
Pecos, Tex. 3.73 3.70 +0.03 0.0009
Pulaski, Va. 3.33 3.42 - 0.09 0.0081
Ravenna, Ohio 3.72 3.74 —0.02 0.0004
Rawlins, Wyo. 4.26 4.35 —0.09 0.0081
Roseburg, Ore. 4.04 4.26 —-0.22 0.0484
Salina, Kan. 3.40 3.53 —-0.13 0.0169
Sandpoint, Idaho 3.32 3.29 + 0.03 0.0009
Santa Cruz, Calif. 3.34 3.60 —0.26 0.0676
Shawnee, Okla. 3.19 3.15 +0.04 0.0016
Shenandoah, Iowa 3.67 3.81° —-0.14 0.0196
Washington, N. J 4.15 3.87 +0.28 0.0784

Tatal 0.8868

arithmetic mean of all the city figures would be taken as the most
probable value for the city in question. (The most probable value
of a series of observations is the mean of the series.) The-accuracy
of this estimate depends on the degree of dispersion about the
mean, which may be defined by the standard deviation. In the
present case the standard deviation has a value of 0.468. Here is a

measure of the reliability of estimates based on the mean of all
the Y’s.
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Another method of estimating current family expenditures for
consumption in a given city is open to us if we have information
concerning average family income in that city. For as a result of
the study described in the preceding pages we know that the
average relationship between consumption expenditures and family
income (as averaged by cities) is defined by the equation

Y = 0.8707 + 0.7396X

If in a given city average current family income, after taxes, is
4.000 (in thousands of dollars), it may be estimated from this
equation that current consumption will be 3.8291, or 3,829 to the
nearest dollar. This is the most probable value of ¥ as determined
from the equation of average relationship. Is this estimate any
better than the previous one, which took the mean Y as the most
probable value? Does our knowledge of the average relationship
between X and YV aid usin estimating the value of Y from a known
value of X?

The answers to these questions are given by the standard error
of estimate, and by the relation between the standard error of
estimate and the standard deviation of Y. The standard error of
estimate is 0.164. The standard deviation of Y is 0.468. Clearly
the estimate made from the equation is more accurate than the
estimate based upon the value of the mean Y. From our knowledge
of the relationship between the two variables, even though that
relationship is by no means constant or perfect, we are able to
reduce materially the errors of estimate. (The reader will be aware
that, in working with data obtained from samples, estimates of the
mean Y and of the constants a and b in the equation of regression
are themselves subject to errors. These errors do not enter into the
comparison of the standard deviation of Y and the standard error
of estimate.)

The Coefficient of Correlation. We have now secured two
measures that aid us in describing the relationship between
variable quantities. The first is the fundamental equation of
relationship, the expression of the degree of change in one variable
associated, on the average, with a given change in the other. The
second is the standard error of estimate, the measure of the degree
of “scatter’”’ about the line of average relationship. The standard
error resembles the standard deviation in that it is a measure
expressed in absolute terms, in the units employed in measuring
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the original Y-values. This measure enables us to determine the
probability that an observed value will fall within specified limits
of an estimate based upon the equation of relationship.

In measuring variation it has been found that an abstract
measure of variability is needed, one which is divorced from the
absolute terms of the given problem. Such a measure is particularly
needed, it was noted, when different distributions are to be com-
pared. So, for measuring the degree of variability, a coefficient of
variation is employed. There is need of a somewhat similar measure
in connection with our present problem. We need a measure of the
degree of relationship between two variables, an abstract coefficient
that is divorced from the particular units employed in a given
case. Such a measure is termed a coefficient of correlation.

This measure may be explained in terms of the preceding dis-
cussion. It was found that the usefulness of estimates based upon
the equation of relationship could be determined by comparing
the standard error of estimate of Y (the measure of scatter about
the line of relationship) with the standard deviation of V. If the
standard error of estimate be as great as the standard deviation
the equation of relationship is of no use to us, but if the standard
error be less than the standard deviation the accuracy of estimates
may be improved by using this equation. The significance of the
equation is thus indicated by the relation between the standard
error of estimate and the standard deviation. But these are both
in absolute terms, so that by dividing one by the other an abstract
measure may be secured. Thus we might write

. 8.
Measure of correlation = ;’ z
v
A somewhat more useful measure is secured by putting the ratio
in this form:

2
Measure of correlation = r = 1/ 1 - 8;;; (9.3)
v

This measure, when used in connection with a linear equation, is
called the coefficient of correlation and, as is indicated in formula
(9.3), is represented by the symbol r.

A brief consideration of this formulat will help to make clear the
4 In deriving the mean squares s.. and s} that enter into the formula (9.3), the same

N must be used as the divisor of the two relevant sums of squares. That is, there is
no reduction of N to take account of degrees of freedom lost. See footnote p. 260.
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significance of r. If there is no dispersion about the line of relation-
ship, s,., will have a value of zero; the equation describes a perfect
relationship between the two variables. In this case, as is clear
from the formula, » must have a value of 1.

The maximum value of s,., is one that is equal to s,. Under
these conditions, when the equation of relationship is of no aid in
improving our estimates, the formula will give zero as the value
of r. Such a value indicates that there is no relationship between
the two variables; in other words, that the straight line of best fit
is horizontal, passing through the mean of the ¥’s. It shows that
there is no tendency for the high values of Y to be associated with
high values of X or for high values of Y to be associated with low
values of X. The two variables fluctuate in absolute independence.
In such a case the deviation of each point from the fitted line is
equal to its deviation from the mean, and the two root-mean-square
deviations are equal, as stated.

Zero and unity are thus the limits to the value of r. The values
found in practical work fall somewhere between these limits,
approaching unity in cases where the degree of relationship is high.
The greater the value of r, the greater the confidence that may be
placed in the equation as an expression of a relation which is
approximated in a high percentage of cases. In the example pre-
sented above, dealing with average family expenditures for
consumption and average family income after taxes, we have

_ _ (0.164)*
r= 1/ 1 = {0.468)
= 0.937

This coefficient indicates a definite and fairly close connection
between these two variables for the cities included in the sample.

The coefficient of correlation may be made more meaningful by
giving it the sign of the constant b in the equation of relationship.
This sign indicates whether the slope of the line is positive or
negative and, when attached to r, enables us to tell whether the
relationship is direct or inverse. Thus in the present case high
values of one variable are paired with high values of the other.
The correlation is positive and the coefficient should be written
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4+ 0.937. As an example of negative correlation we may cite cotton
production and cotton prices. Here the relation is inverse: high
values of one variable are generally associated with low values
of the other.

The Coefficient of Determination. In the preceding pages we
sought to measure the relation between two variable quantities by
deriving a linear equation of average relationship, supplementing
this equation by a standard error of estimate and a coefficient of
correlation. The standard error of estimate defines the degree of
variation, in absolute terms, about the line of relationship; the
coefficient of correlation provides an abstract measure of the
degree of relationship between two variables, when this relation-
ship is defined by a straight line. It will be helpful now, in intro-
ducing a final relevant measure, to view the problem of correlation
in a somewhat different light.

An investigator uses the methods of correlation analysis because
he is concerned about the fact of variation in some quantity that
interests him. Thus in seeking to understand crop-yield variations
from year to year one may study the effect of variations in rainfall
on yields. In the example cited on earlier pages, the concern of the
investigator is to explain, in some sense, the rather wide variations
among the city averages defining family expenditures for current
consumption. From this point of view the problem is set by the
fact of variation in the dependent variable; the magnitude of the
problem, we may say, is indicated by the variance, or the standard
deviation, of the dependent variable.

The variance, among small cities, of average family expenditures
for consumption is given by s = 0.21907 (standard deviation
s, = 0.468). This is a measure of the dispersion.among the observed
values of Y, as given in column (2) of Table 9-6 (p. 261) and as
plotted in Fig. 9.3 (p. 256). This dispersion among the observed
values of Y is what we are seeking to explain. We may compute a
similar measure among the computed values of Y, as these are
derived from the linear equation of average relationship. These
Y’s are given| in column (3) of Table 9-6. The variance of these
computed values, which we may represent by s, is 0.1922. As a
final measure, derived from the difference between the members
of each pair of observed and computed values (see columns (4)
and (5) of Table 9-6), we have s2.. = 0.0269. This is the variance
of the residuals, the square of the standard error of estimate
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(8,.z = 0.164) to which we have already been introduced.
These three variances stand in an interesting relation:

s = st + 8 (9.4)
0.2191 = 0.0269 + 0.1922

That is, the original variance of Y is equal to the sum of the
variance of the computed values of Y and the variance of the
residuals, which measure the difference between observed and
computed values.® The original variance has been broken into two
components. One of these components, s2, may be taken to
reflect the influence, on average family expenditures for consump-
tion, of factors other than variations in average family income.

5 Following is a proof of this relation:
A least squares fit to the observed values, Y, gives us the equation

Y.=a+bX (1)
The series Yo and Y. (Y. being a computed value) have the same mean, Y.
Let d= Yo -— T’-
de=Y.-Y
v = Yo - Yc

It follows from the least squares fitting process (see Appendix C) that
o= (2)

X =0 @)
Since d.=Y.-Y
then, from (1)
d.=a+bX - T
=a-Y +bY (4)
If we multiply each residual » by the constant a — ¥, and add, we have, from (2)
Sa—-Yw=0 (5)

If we multiply each vX by the constant b and add, we have from (3)
XX =0 (6)
Adding (6) and (6),

Za-Y +bX)w =0 (7
But from equation (4) the quantity in parentheses is equal to d..
Hence
Tod, = 0 ®)
From the initial expressions for d, », and Y. it follows that
d=0v+d. 9
Hence a = v* + 2vd, + d? (10)
and Zd? = Zv* + 2Zvd, + Zd? (1)
But from (8) Zvd. = 0
Hence 2d® = Zv 4 2d? (12)
2dt/N = Zv*/N + 2d./N (13)
and

& =8 + 8, (14)
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These are the factors responsible for “scatter’” about the line of
average relationship. If we may speak in terms of “‘explanation,”
8., measures the ‘‘unexplained variation” in Y. The other
component, s}, may be thought of as a measure of the “explained
variation” in Y. For, on the assumption that we are dealing here
with a truly causal relationship, we may say that these computed
values vary among themselves because they are associated with
varying average family incomes—i.e., with varying values of X.
If consumption expenditures were a rigid function of family
income, with no other factors affecting such expenditures, ¥ and
Y. would be equal for each value of X; s2, would be zero, and
82, would equal sZ. In the present case the component representing
“explained variation’’ is much larger than the component repre-
senting ‘“unexplained variation.”” On the assumption that the two
variables are causally related we may say that variation from city
to city in average family income accounts for the major part of
the variation from city to city in average family expenditures for
consumption.

Since the variances cited stand in an additive relationship, we
may express the “‘explained variation,” as defined by s2, as a
fractional part of the original variation of the }’s, as defined by
s3. Thus if we use the symbol d,, to represent the proportion of
the variation in 1" attributable to, or determined by, variations
in X, we may write

dye = 9.5)

_ 0.1922
0.2191

This is the coefficient of determination.
The coefficient of determination stands in a simple relation to

the coeflicient of correlation. As a general expression for the square
of this coefficient we have

= 0.877

2, =1 = S (9.6)

H
This equation may be put in the form

2 __ o2
2 _ S Sy.=
r”,_-”_____

(9.7
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But from equation (9.4) on p. 266 above we have
s — sk, = s, (9.8)

The left hand member of equation (9.8) is the numerator of equa-
tion (9.7). Substituting in (9.8) the equivalent value, s, we have
32
Tie = 22 = dyz (9.9)
Sy
The coefficient of determination is equal to the square of the
coefficient of correlation. This last equation, (9.9), provides an
illuminating way of regarding the coefficient of correlation. The
coefficient of correlation, squared, is equal to the variance of the
computed values of Y (the “explained’” variance) divided by the
variance of the observed values of Y. With reservations to be
noted shortly, r2 may be said to measure the proportion of the
variability of the dependent variable that is attributable to the
independent variable.

The coefficient of determination is a highly useful measure, but
one that is obviously open to misinterpretation. In the first place,
the term itself may be misleading, in that it implies that the
variable X stands in a determining or causal relationship to the
variable Y. The statistical evidence itself never establishes the
existence of such causality. All the statistical evidence can do is
to define covariation, that term being used in a perfectly neutral
sense. Whether causality is present or not, and which way it runs
if it is present, must be determined on the basis of evidence other
than the quantitative observations. (What constitutes causality
in an ultimate sense may, indeed, be beyond the power of an
investigator to establish.) Because this is so, the words “‘explained”
and ‘“unexplained” have been set within quotation marks in the
preceding discussion.® In the present case there is a rational basis
for assuming that expenditures for consumption are in part de-
termined, in a meaningful sense, by the size of family income;
there is some justification for the use of the term in this instance.

The second qualification has to do with the measure of variation
employed. The additive relationship that permits the breaking of
total variation into ‘“explained” and ‘‘unexplained’”’ components
holds only for the variances. It does not hold for the standard

¢ Here, as in systematic semantics, quotation marks around a word may be taken to
mean ‘“Beware, it’s loaded.”
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deviations. The fact that variation is measured by the square of
the standard deviation must be borne in mind when a coefficient
of determination is cited.

A third general point applies to all the measures of correlation
discussed in the preceding pages. We have dealt only with the
linear case—the case in which the function defining average re-
lationship is a straight line. Measures similar to d,, may be com-
puted when other functions are used, but the function employed
in a given instance must be specified if the measure is to be un-
ambiguous.

With these reservations in mind, we may say that the evidence
of our present sample of 33 small cities indicates that 87.7 percent
of the variation from city to city in average family expenditures
for consumption is due to variation in average family income, after
taxes. Buch a statement, properly qualified, is informative and
useful.

Details of calculation. In the preceding section an attempt has
been made to explain the various measures necessary in studying
the relationship between variable quantities without introducing
a detailed explanation of procedure. We may now return to a
consideration of the details of calculation, including certain
methods by which this calculation may be reduced to a minimum.

The procedure followed in the preceding illustration is a logical
one to employ in deriving the three required values. This method
is capable of general application, but the labor involved may be
materially reduced by taking advantage of a short-cut method of
deriving s,... This method may be first explained with reference
to data of the type dealt with above. And, for the present, the
discussion will be confined to cases in which the relationship
betweeri variables may be described by a straight line.

The: first problem is the derivation of the equation of relation-
ship. A line of the type

Y =a+4+0bX

is fitted by the method of least squares.

The next step is the computation of sl.., the square of the
standard error of estimate. This was done in the above illustration
by measuring the deviation of each individual observation from
the fitted line, and getting the mean-square of these deviations.
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It may be shown’ that this value can be derived from the following
equation:
2 2(Y?) — aZ(Y) — b2(XY)
8.z =
N
The quantities @ and b are the constants in the equation to the
fitted straight line. The other values relate to the original obser-

vations. Substituting in this equation a and b and the other
necessary values, taken from Table 9-5, we have?

o2 _453.9073 — (0.870745 X 121.41) — (0.739628 X 469.5635)
yr — 33———»-» I
= 0.0269

8y.. = 0.164

From this point the procedure may follow that already described,
r being computed from the formula

g
_ Sy.z
v

The coefficient r may be secured,ho wever, without computing s, .

7 The general formula for the standard error of estimate is

8., = /N (1)
where each v="Y,-Y.
= Yo - a - bX (2)

There will be as many equations of this type as there are points. Multiplying each
equation by v, and adding, we have

2 = ZwY, — aZv — bZvX 3)
But v =0
and ZvX =0
and therefore
32 = Y, 4)
Returning to equation (2), we multiply throughout by Y, and add, securing
Yo = ZY§ — aZY, — b2(XY,) (5)
Substituting the equivalent of ZvY, in equation (4), we have
It = ZYE — aT¥, — b2(XY,) (6)

from which the given formula for s.. is derived. (The symbol Y of the text formula
represents, of course, observed values of Y, for which the symbol Y, has been used
in this note.)

¢ For the sake of formal consnstency the values of @ and b are here given to a greater
number of decimal places than in the equation as first presented.
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as an'intermediate value. The above formula for » may be reduced
to

- aZ(Y)E-(fyl:;z(f 1];)63- Ney (9.10)

where ¢, is the difference between the mean Y and the origin
employed in the calculations.® If the origin is zero on the original
Y scale, ¢, will be equal to the arithmetic mean of the ¥’s.

In the present case, using the data of Table 9-5, we have

12141
= "33

The other values are the same as those employed above in com-
puting s .. Substituting in formula (9.10), we have

= 3.67909

, = 6.341362
7.2292
= 0.8772

r = + 0.937

In effect, then, the labor of fitting a straight line by the method
of least squares gives us most of the quantities needed in securing
sand r, the two other measures necessary for a complete description

% The formula

2
re=1 -
8y
may be written
()
)

in which y refers to deviations from the arithmetic mean of the ¥’s. But
() (YY) 2
R ik
where Y represents a deviation from an arbitrary origin (in this case zero on the
original scale) and ¢, represents the difference between this origin and the mean of
the Y’s.
Therefore
r?=1 )
T T2y N
Substituting in this equation the equivalent of Z(#3), as given in footnote 7,
A=l Z(Y?) — aZ(Y) — bZ(XY)
=(Y*) — N¢!

Simplifying,

aZ(¥) + bX(XY) — Ne

r (V) = N¢i
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of the relation between two variable quantities. The only additional
quantities required are Z(Y?) and c,.

There is a logical validity in the sequence of operations described
in the preceding pages, a sequence that yields, first, a least squares
equation of average relationship, secondly, a measure of errors
involved in basing estimates on such an equation and, thirdly, an
abstract measure of degree of correlation. It will be convenient to
call this method the ‘least squares’” procedure. An alternative
procedure yields the coefficient of correlation as the first measure
obtained, with the constants in the equation and the standard
error of estimate as supplementary measures. We shall call this
latter method the ‘“‘product-moment”’ method. (The methods are
mathematically equivalent; different terms are employed for
convenience of reference.) The arithmetic of the product-moment
method is simpler when the number of observations is large and
the data are organized in a double frequency table.

The Product-Moment Formula for the Coefficient of
Correlation: Ungrouped Data

In the preceding examples the coefficient of correlation has been
computed from the formula

2 _ a3(Y) + bE(XY) — Ne}
(Y — N

which is based upon relations involved in fitting a straight line by
least squares. We shall show that this reduces to a simpler form
often more appropriate in practice.

When a straight line is fitted to data, the origin being at the
point of averages, the two normal equatlons

2(Y) = Na + b2(X)
2(XY) = aZ(X) + b2(X?)

become
2(y) = Na + bZ(x)
S(zy) = aZ(x) + bZ(x?)
where y and z measure deviations from the point of averages. The
first of these equations disappears and the second reduces to .
Z(zy) = bZ(x?)

for
Z(z) = 0 and Z(y) =
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The slope, b, is the only constant required, and this may be
computed from the relationship

Under the same conditions the formula

p2 = aZ(Y) + b2(XY) — Ney
(YY) = Né
reduces to

r = bZ(zy)

Z(y?)
for ¢, = 0 when the deviations are measured from the mean of the
Y’s. Substituting for b its equivalent, as just determined, we have

e = 2(y) " 2(zy)

T 2(yY) 2y
But Z(y?) = Ns? and Z(z?) = Ns?

Therefore
2@ - 2ay)
N2sls?
and
_ Z(xy)
r = Ns.s, (9.11)

in which z and y refer to deviations from an origin at the point of
averages.
This formula may be given as

r=P (9.12)

in which

The quantity p is the mean product of the paired values of x and y,
these variables being measured as deviations about their respective
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means. The mean product, which is sometimes represented by the
symbol s,,, is also termed the covartance, or the first product-
moment. Since the first product-moment is one of the quantities
entering into the formula given in (9.11) and (9.12) above, this is
called the product-moment formula for r.

This formula has been given here in terms of statistics derived
from samples. With reference to population characteristics we

should use symbols for population parameters. Thus we should
have

Z(zy) T
= 2\Y) 9.1:
P No,a, (9:13)
or
p = T (9.14)
.0,

In this last formula the symbol o,, stands for the population
covariance, that is, for the mean product of paired X and )" values
making up the parent population. It is the population equivalent
of p. (The symbols s,, and o., are not to be confused with Sr., and
with g..,, the standard error of estimate when X is estimated from
Y.

The computation of the coefficient of correlation from this
formula proceeds along lines somewhat different from those outlined
in the preceding section. As we have seen, both the arithmetic
mean and the standard deviation may be readily computed by the
selection of an arbitrary origin from which all deviations are
measured, a later correction being made to offset the error involved
in using this arbitrary origin. Similarly, the mean product p may
be computed by a short method, requiring the use of assumed
means and the application of a correction at the end of the process.

If 2’ and y’ represent deviations from points arbitrarily selected

as assumed means, while p’ represents the mean product of such
deviations, then

, _ Z(z'y’)
P==5

The computation of p’ is not difficult, for deviations may be
measured from central points, and may be expressed in class-
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interval units. Having »p’ we may secure the true mean product.
from the formula

p=7p - cc
in which ¢, and ¢, represent the differences between the true and
assumed means of the 2’s and y’s, respectively.!

An example. This method may be illustrated with reference,
first, to ungrouped data, using the figures for family income (X)
and family expenditures for consumption (Y), by cities. The values
required for this computation, as given in Table 9-5, are

N =33
=(X) = 125.30
3(Y) = 121.41
>(X?) = 487.3518
3(Y?) = 453.9073

2(XY) = 469.5635
The mean produect may be computed from the formula

3(x Z(x'y’
p = ;(.Vy) I K}i) — e,
We may select as arbitrary origin the actual origin on the two
original scales. Hence we have
2()2.” - (9.15)

(When the arbitrary origin is at zero on the original scales, the

p:

' The following is & proof of this relationship:
r' = deviation of any point from assumed mean of r's

x = deviation of same point from true mean of 's

¢; = difference between true and assumed means of r's
#' = deviation of same point from assumed mean of y’s
y = deviation of same point from true mean_ of y's

¢, = difference between true and assumed means of y’s
r=x 4+

Y =y+te

'y = +e)y+e) =2y 4y +er + ey,
For the sum of all such products for N points, we have
2r'y') = Z(ry) + e:2(y) + ¢,Z(x) + Nese,

But 2(y) = 0and Z(z) = 0.
Therefore S@'y') = Z(xy) + Nesc,
) 2,
N N v
I(xy)  Z@'y)
v =T —ea

orp =p' —cx,
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symbol X corresponds to 2’ and Y corresponds to y’, as used in
the formulas.)
For the two standard deviations

8 = /‘/E(ﬁz) — c?
- VR

These measures may be computed readily from the values
secured from Table 9-5:

¢, = 125.30/33 = 3.79697 ¢, = 121.41/33 = 3.67909
¢ = 14.41698 ¢ = 13.53570
- 46_92;3635 — (3.79697 X 3.67909)
— 4 0.25981
_ /4873518 _ 453.9073 _ o rorn
s = 4/ 18 1441698 s, = s 13.53570
= 0.5927 — 0.4680

Solving for the coefficient of correlation

P _ _+0.25981
5.5, 0.5927 X 0.4680

+ 0.93666

The equation to the straight line that describes the average
relationship between X and Y may be derived from the values
required for the preceding calculations. When the origin is at the
point of averages this equation may be written

r =

x
or, in terms of sample measures
8
y=7r"'x (9.17)

Substituting the proper values,!! we have

0. 4680

= 0.73962

11 For purposes of numerical consistency r is carried to five places in this calculation.

Y
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This is the equation secured by the method of least squares. The
constant term representing the y-intercept disappears, since the

origin is at the point of averages, through which the least squares
line must pass.!?

When the product-moment method is employed in computing
the coefficient of correlation and in determining the equation of
regression, the standard error, s,.,, may be derived by a simple
change in the formula first presented for r. From the expression

Sy.
r2 =1 — 2%z

we may secure the formula

Syz = SV 1 — r2 (9.18)

which enables us to compute s,.., if we have s, and r. In the present
case,

sy= = 0.4680v/1 — 0.877332
= 0.164

The Product-Moment Method: Classified Data

In the examples presented above we have had only 33 observa-
tions. With a larger number it becomes difficult to retain the
individual values in the study of rclationships. These individual
items must be grouped in significant classes, and all computations

2 That the formula y = pZ’ZI is equivalent to the formula based up<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>