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PREFACE

The title of this volume is an abbreviation for the more
properly descriptive one: “Topics in the theory of approxi-
mation™. It is a brief essay in a field on which an encyclopedia
might be written. On the personal side, it is an account
of certain aspects and ramifications of a problem to which 1
was introduced at an early stage, and which has given direction
to my reading and study ever since.

One day about twenty years ago I was admitted to the
study of Professor Landau, seeking advice as to a subject
for a thesis. After some preliminary inquiries as to my
experience and preferences, he handed me a long sheet of
paper, and directed me to take notes as he enumerated some
dozen or fifteen topics in various fields of analysis and number
theory, with a few words of explanation of each. He told
me to think about them for a few days, and to select one
of them, or any other problem of my own choosing, with the
single reservation that I should nof prove Fermat’s theorem.
an injunction which I have observed faithfully. Guided partly
by natural inclination, perhaps, and partly by recollection
of a course on methods of approximation which I had taken
with Professor Bocher a few years earlier, I committed myself
to one of the topics which Landau had proposed, an investi-
gation of the degree of approximation with which a given
continuous function can be represented by a polynomial of
given degree. When I reported my choice, he said meditative-
ly, in words which I remember vividly in substance, if not
perfectly as to idiom: “*Das ist ein schénes Thema, ich beneide
Sie um das Thema... Nein, ich bencide Sie nicht, aber es
ist ein wunderschones Thema!™ It is in fact a problem which
admits a surprising variety of interesting developments on
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iv PREFACE

its own account, and offers a natural avenue of approach
to a number of fields of still broader importance.

Although delayed in its completion by the conflict of other
duties, the following exposition is substantially in the form
in which it was projected at the time of the Colloquium
lectures in 1925, and presented in abstract in the lectures
themselves. One section, on the vector analysis of function
space, originally designed for inclusion in the Colloquium,
has meanwhile been published separately instead. The sections
which had been written at full length in September, 1925
— practically the whole of the first chapter, parts of the
second, and most of the third — have been left unchanged,
except in minor details. The elementary account of Legendre
series in Chapter I, for example, was written before the appear-
ance of the admirable article on the subject by M. H. Stone
in vol. 27 of the Annals of Mathematics. A few other articles
published since 1925 are mentioned in the text.

For the most part, however, citations of the literature have
been omitted. The preparation of a really adequate bibliog-
raphy would have been a task of such magnitude as to
delay the publication indefinitely. References to some of
the most important papers of not too recent date are con-
tained in my thesis (Gottingen, 1911) and in my report
on The general theory of approximation by polynomials and
trigonometric sums in vol. 27 of the Bulletin of the American
Mathematical Society. Among publications in book form
supplementing the material given here, mention should be
made of Borel's Lecons sur les fonctions de variables réelles
et les développements en séries de polynomes, de la Vallée
Poussin’s Legons sur Uapproximation des fonctions d'une
variable réelle, and S. Bernstein’s Lecons sur les propriétés
extrémales et la meillewre approximation des fonctions analytiques
d'une variable réelle, all appearing in the Borel series. As
to the content of these lectures themselves, there are many
points where it would be difficult now to recall the original
sources either of specific results and proofs or of suggestions
as to method. To the extent that the work is my own, some
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parts have been published previously, in my thesis, in various
articles in the Transactions of the American Mathematical
Society, and elsewhere; other parts are now offered in print
for the first time. Numerous detailed acknowledgments, not
repeated here, have been made in the pages of the earlier
publications. In connection with Chapter IV, reference should
still be made to the work of Faber on trigonometric inter-
polation in his memoir Uber stetige Fumktionen (zweite Ab-
handlung) in vol. 69 of the Mathematische Annalen. My
acquaintance with the statistical formulas discussed in Chapter V,
which might have come from any of a variety of sources, was
in fact mostly obtained from Yule's Introduction to the The-
ory of Statistics. The lemma on which the method of Chapter 11T
depends is derived from the most important single memoir in
the literature on degree of approximation, S. Bernstein's epoch-
making prize essay of 1912, with which the present work also
has other points of contact. And in conclusion it should be
said that my study of the problem has been dominated from
the beginning not only by the influence of my own teachers,
but also by the writings of T.cbesgue and de la Vallée Poussin.

October 1, 1929
DuNiAM JACKSON
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CHAPTER I

CONTINUOUS FUNCTIONS

Introduction

Weierstrass first enunciated the theorem that an arbitrary
continuous function can be approximately represented by a
polynomial with any assigned degree of accuracy. The
theorem may be stated with precision in the following form:

If f(x) 4s a given function, continuous for a << x <0, and
if € is a given positive quantity, it is always possible to define
a polynomial P(x) such that

|f(@)—P(x) | <e¢
Jor a <z <.
To Weierstrass is due also the corresponding theorem on
approximation by means of trigonometric sums:
If f(x) is a given function of period 2 m, continuous for
all real values of x, and if € is a given positive quantity, it
is always possible to define a trigonometric sum T (z) such that

f () =T (@)| e

Jor all real values of x.
By a polynomial is meant an expression of the form

o+ m r+axt+t .- Ffazxt

This expression will be said to represent a polynomial of
the nth degree, not only when a, is different from zero, but,
in distinction from the usage which prevails in some parts
of algebra, also when a, = 0. That is to say, the words
“polynomial of the nth degree” will be used in place of the
longer expression “polynomial of the nth degree at most”.

Even the case of identical vanishing is not excluded. A trig-
1 1



2 THE THEORY OF APPROXIMATION

onometric sum, or more specifically a trigonometric sum of
the nth order, is an expression of the form

ao-Fay cosr+az cos 2.0+ ... +a, cos nx
-+ sin -+ b2 sin 20+ ... D, sin na.

The definition is inclusive once more; the simultaneous vanish-
ing of a, and b, is not ruled out.

These two types of approximating function show a persistent
and fundamental similarity in their behavior, on which
differences of more or less significance are from time to time
superimposed. Simplicity of statement and proof will favor
sometimes one and sometimes the other.

It is readily seen that the number of terms required to
vield a specified degree of approximation, or, under the
converse aspect, the degree of approximation attainable with
a specified number of terms, will be related to the properties
of continuity of f(r). It is the purpose of the next pages
to trace out this relationship in some detail.

1. Approximation by trigonometric sums

For a considerable body of results, the following theorem
may be regarded as fundamental:
Taeorem 1. If f(x) /s a function of period 27, such that

if(7)‘—f(ll) Ty—y |

Jor all real values of xy and ry, L being « constant, there will
cxist for every positive integral value of n a trigonometric
sum T (x), of the nth order, such that, for all real values of x,

) — Tyt - KR

where K /s an absolute constant, depending neither on x, nor
on n, nor on A, nor on any further specification with regard
to the function f(z).

In the proof of the theorem, use will be made of the
following



1. CONTINUOUS FUNCTIONS 3
LEMMA. If m is a positive integer, the expression

sin® (mzx/2)

8 a trigonometric sum in x, of order 2m— 2.
Because of the identity

COS px COS qx == —‘1)— [cos (p+ @)z -+ cos (p — @) 2]

and the others of similar type, it is seen at once that the
product of two trigonometric sums, of orders n, and n,
respectively, is a trigonometric sum of order m, +ns. It is
sufficient for the purpose in hand, therefore, to recall any
one of the numerous proofs of the well-known fact that

sin*(mx/2)  1—cosmx
sin*(z/2) ~  1—cosx

is a trigonometric sum of order m—1; its square will then
be a sum of order 2m—2. The fact that 1—cosmx is
equal to the product of 1-—cosx by a trigonometric sum of
order m —1 appears, for example, from the identities

m—1

1—cosmz = 2 [cospz— cos(p+1).],

p--0

cospr—cos(p+1)x

= (1—cosxz) — f [cos(g—1)z—2cosgxr

=1
+cos(q +1)2],

cos(g—1)x—2cosqx +cos(g+ 1)z

== [cos(¢q — 1)r+ cos(qg+1)x] — 2 cosqr

= 2 cosqx cosx — 2 cosqx

= —2cosqx(l —cosx).

To proceed with the proof of the theorem, let

1 . 4 ]
Folt) = [ﬂmlb] y Im(x) = lz,,,([”mq f@+2u) FnG)du,

msinw

1*



4 THE THEORY OF APPROXIMATION

where m is any positive integer, and %, is defined by the

equation
1 /2
Y fﬂ/z Fn(w)du.

By means of the substitution z+42u = v, the expression
for I (x) is transformed into

Lt [ 10 Pl 3 0= a0

Both factors in the last integrand have the period 27 with
regard to v, so that the value of the integral is unchanged
if the interval of integration is replaced by any other interval
of length 27z. In particular,

I (x) = —12-lzm fﬂ S ) Fm[—;-(v——x)]dv.

The expression Fi, [3(v—=z)], by the Lemma above, is a
trigonometric sum of order 2m-—2 in (v—x), and may be
regarded as a trigonometric sum of the same order in .
with coefficients which are trigonometric functions of v. The
whole integrand is a trigonometric sum in z with coefficients
which are continuous functions of v, and I,(x) therefore is
a trigonometric sum of order 2m — 2 in x, with constant co-
efficients. The proof that this sum is an approximate rep-
resentation of f(z), when m is large, will be based on the
original representation of I, (x).

Let the equation defining %, be multiplied by 7mf(x).
Since f(x) is a constant as far as u is concerned, it may be
placed under the sign of integration, so that

F@ =t [ F@) Fn ) dre.
Consequently |
In@—f @) =l | o [F @200 —f )] Fn(w) .
By the hypothesis imposed on f(x),
|f@+20)—f(a)] < 24]u].
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Hence
12
| In @ —f @) < 230 [ ] Fn) du,

or, since F,, (x) and |u| Fn () are even functions of u,

/2 J’m uFom (u) du
IIm(x)—f(x)lguh,,.J; w o () i = 20 2%

(nj2

Fn(w) du
To anticipate the conclusion of the proof, let

2 sint¢ sint ¢
o [ [T,

These quantities are merely numerical constants. Is is clear
that each integrand approaches a limit for ¢ = 0, and that
the improper integral defining ¢ is convergent.

By the use of the fact that 0 < sinw < u for 0 < u < /2,
and the substitution mwu = ¢, it is recognized that

M2 qin?
J)” Fm (ll) du> > F Sln m N ] — 17 Sm‘ t dt
mu m Jo ¢
Z 2 sm‘ 't ar -
m ¢ m

On the other hand, (sinw)/w decreases monotonically as
goes from O to 7/2, so that

sinu __ sin(#/2) 2 1 a1

v~ (w/2) A’ sine 2 wu
throughout the interior of this interval. Hence

[ uPntoan< (—’»’—)4 J T P
0 =\2/ ) mu
. 7_1_ ( Tf)*i ’mn/zﬂnl.-t .
— =3 jo "
1 [a\t (™ sint¢ (e
- _n—z?(é) j(: —FMdt h (2) m®

From these relations it follows that

T (_21

{Im(x)-—f(x)' o T

(”1



6 THE THEORY OF APPROXIMATION

Now let » be an arbitrary integer, and let m be taken
equal to 3n-+1 or }(n41), according as » is even or odd.
In either case, 2m —2 <n-I2m. Let the corresponding
expression I, (x) be denoted by 7. (x). Then Th(x) is a
trigonometric sum of the nth order (it will be remembered
that this is understood to mean of the nth order af most.
according to the more usual terminology). and, since 1/m -2/,

wtey ¢
lm (’) '—f(’) - ¢ (-A K .

= den N

it K is taken equal to *ey/(4¢;). Thus the proof of the
theorem is completed.

So much has been conceded to simplicity of outline, in
building up the above inequalities. that the final upper limits
are quite unnecessarily large, giving little indication of the
actual magnitude of the quantities that precede. It will
add a little to the definiteness of the conclusion to point
out that ¢ ™ (2/a)% =since (sin ¢)/¢>>2/m throughout the
interior of the interval of integration. while

4 200 1 %
e _J . 51!‘-—'dt+[ 5‘—“«141 f ldH—f "5,’ =1,
1 Jo 1

so that
atey al

Ko g ~ 82

-2 100.

With more attention to detail, however. the estimate can be
cut very much closer. The theorem is actually true with
K = 3, instead of the value adopted above, or even with
a somewhat smaller value of K. On the other hand, it can
be shown that the statement is not generally true with a value
of K smaller than /2,

To pass on to a more general theorem, let f(x) be an
arbitrary continuous function of period 27, and let w(d) be
the maximum of |f(x))—f(x,)! for |zs—xy,| < 8. The
function w(d) has been called by de la Vallée Poussin the
modidus of continuity of f(x). With the word maximum
replaced by /lcast upper bound. it can be defined for any
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bounded function, whether continuous or not. The character-
istic property of a uniformly continuous function is that
limg_, w(d) = 0.
Let ¢ (x) be the continuous function of period 27 which
takes on the same values as f(r) at the points
2w 27

4
— T, —"’%—"’V ’ ——7E—+> Ty ey, T ) T
n ) n

)

and is linear from each point of this set to the next. The
graph of y(x) is a broken line, no segment of which has
a slope greater than «(2n/n)/(27/n) in absolute value.
In analytical language, ¢ (x) satisfies the hypothesis of
Theorem 1, with
w (27 [n)

2rx/n

For every positive integral value of n, therefore, there is
a trigonometric sum T,(x), of the nth order, such that

),:::

@ —Th@ < 5o 2F).

On the other hand, any specified value of » differs by less
than 27/n from one of those for which f and ¢ are by de-
finition equal to each other; neither f(x) nor ¢ (x) can differ
by more than (2 7r/n) from the corresponding common value;
and hence

F@—y@] = 20 (27

for all values of z. If the quantity K/(27x)+ 2 is denoted
by K', the last two inequalities may be combined to yield
the following statement:

THEOREM II. If f(x) iés a continuous function of period
27, with modulus of continuity w(0), there exists for every
positive integral value of n a trigonometric sum T, (x), of
the nth order, such that, for all real values of «,

f@—Tu@)| < K'o (2”) .

where K' is an absolute constant.
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While this theorem is applicable to any continuous function,
it involves the modulus of continuity in the inequality which
forms the essence of its conclusion. It can be shown that
the assignment of an outer limit of error for an arbitrary
continuous function, without some dependence on properties
of the function beyond the mere fact of its continuity, is
impossible.

Since lim,=w @(272/n) = 0, it is to be noted that
Theorem 1I includes one of the theorems of Weierstrass to
which reference was made in the opening lines of the chapter.

In preparation for the next developments, there is occasion
to examine more closely the proof that was given above for
Theorem I. It will be recalled that to an arbitrary positive
integer » a second positive integer m was assigned, in terms
of which a function F), («) was constructed; and a trigono-
metric sum 7, (x), yielding an approximate representation
of the given function f(r), was defined as equal to an ex-
pression which could be reduced to the form

1 n 1
':‘2“ hmJiﬂ f(l') Fm [_2‘ (”—"f)jl d vy

/i, being independent of r. A lemma stated essentially that
Fyn (3 ) is a trigonometric sum in u, of order 2m — 2 << n.
It is possible therefore to write F},[3(v— )] in the form

1 n .

> Ano + 2 [Anr cosk (v— o)+ B sin k (6 —0)].

= k=1
When the above expression for T%,(x) is expanded as a trig-
onometric sum in x, the constant term is

1
Z Tn Ano fﬂf(v) d v,

and is zero if the last integral vanishes, an observation which
will presently be important, for the reason that the indefinite
integral of a trigonometric sum without comstant term is
itself a trigonometric sum, while this is not the case if the
sum to be integrated has a constant term different from zero.
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1t may be pointed out in this connection, though it is not
essential to the main argument, that the coefficients By are
all zero. This can be inferred from an elementary theorem
on trigonometric sums, since F, (3 w) is an even function of u,
and is also directly apparent on inspection of the proof of
the lemma. If «, Iy are the Fourier coefficients of f(x):

1 1 .
W= J:”f(u) coskudn, b= v fnf(v) sin kv dv,
and if 37 Ay, A,k is denoted by d,x, it is seen that

1 1
Tn(z) = 9 o ao +k2 dni: (ai; coska + by sink.r).
v 1

As the d's are independent of the function to be represented,
the calculation of the successive expressions 7, () amounts
to a method of summation of the Fourier series for f(a).

To return from the digression of the last paragraph, let
f(x) be a function of period 2sr, which has everywhere
a continuous derivative f'(x). For a particular value of »,
let #,(z) be a trigonometric sum of the nth order, without
constant term:

n

ta(@) -~ 2 (an coskax+ B sinka),

v

and let #, be a constant such that
.f’ (.’l‘) - ’:4 (l) | ‘_é &n

for all values of ». Let #,(+) be the trigonometric sum,
without constant term, which has #,(») for its derivative:

tn (&) ——_ ( i = sinka — ":"

cos l.'.r) .

and let »,(x) = f( x)—ty (). Then rp(x) has the period 27,
and, since |rn(x)| < ea, satisfies the conditions imposed on f (x)
i the hypothesis of Theorem 1, with A = &,. Hence there
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exists a trigonometric sum of the nth order, which may be
denoted by 7,(r). such that
- K n
[ () — () = nf .
It Tn(-l') =1y (3')+'n(J')- then f(x)—“Tu(-") h 7'»(-'1')'_';;(-"),
and
Ken

£ —Ta@)] < =

From the existence of an approximation for f'(r) it has been
possible to draw an important inference with regard to the
approximation of f(z). If f(r) is itself the derivative of
a function of period 27, so that the integral of f(+) over
an interval of length 2.7 is zero, it follows that

04‘ oL .;1
I_ (o) da == j_,,f(:r) der —.L. ta(r) dz = 0,

whence, according to the second paragraph preceding, the
sum 7, () given by the proof of Theorem I as an approximation
for ru(x) will have no constant term. So the constant term
in the present 7),(r), defined in terms of this 7, (z), will be
zero likewise.

The way has now been prepared for a demonstration of

TueoreM 11,  If f(7) is a function of period 27, having
a pth derivative fP (r) such that

!f(m(-l'z) "f”" (1) ; - A l ay— |

Jor all real values of xry und xs, 2 being a constant, there will
cxist for every positive integral value of n a trigonometric sum
Tu(x), of the nth order, such that, for all real values of r,

Kri1]

hﬁ-l 1

|f @) —Tu@) .

where K is the absolute comstunt found in the proof of
Theorem 1.

It is to be noticed that the argument is based on the ex-
plicit construction of the approximating sum in Theorem I,
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and it is not clear that a smaller value of K in that theorem,
justified by some different method, would necessarily be
applicable here. The value K = 3, previously mentioned
in connection with Theorem I, results from the same explicit
construction, and is available in Theorem III.

By Theorem 1 itself, there exists a sum 7%;(x) such that

K2
n

!f(ll) () — Ty () 1 i

On the basis of the more recent discussion, as

fnﬂfu» (@) da = f0 V() —f @D (—p) =0,

it may be understood that 7Ty (x) has no constant term.
Since /P (z) is the derivative of the periodic function
S @V (2), furthermore, an approximating sum 7% (z) may
be constructed for =V (r), as indicated above, with
e, — KA/n. and .

SO T ) <

n®

It p>1, fP V() is itself the derivative of the periodic
function f(»~2 (x), and the constant term in 7). () is zero.
By a sufficient number of repetitions of the process, the
theorem is established.

In Theorem II, even if the integral of f (x) over an inter-
val of length 27 is zero, the same thing is not necessarily
true of the auxiliary function ¢(x), and it is not clear that
the approximating sum in the conclusion of the theorem will
lack the constant term. The difficulty is not a serious one,
however. If

)71
J_n g @ dx = ¢,
let ¢, (x) == ¢ (x) —¢/(27). Then
ﬁ, g (©)da = 0,

and there is a trigonometric sum 7T (r), without constant
term, such that
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i @D—Tu@] < K w (2”).

2 n

But on the hypothesis that the integral of fdx over a period
is zero,

- U:{p(ac)dx‘ = u:[? (x)—f@)] da;‘

297 . % (_2_7[)’
n

IA

and
9

9 @—9 @] < 20 (21), 1f@—n @] < 40 (2F).
So the conclusion of Theorem II applies to the approximate
representation of f(x) by a trigonometric sum without constant
term, when f'(x) is the derivative of a periodic function, on
the condition merely that K’ = K/(27)+2 be replaced by
K" = K/2n)+4.

The same process of induction which was used to prove
Theorem III then serves to establish

THrEOREM 1V. If f(a) is a function of period 2m which
has everywhere a continuous pth derivative, with modulus of
continuity w(0), there exists for cvery positive integral value
of n a trigonometric sum Th(z), of the nth order, such that,
Sor all real values of x,

(@) —Tulr)| <

K”K (27t)
w|— ’
n

where K is the absolute constant given by the proof of Theorem 1,
and K" = K/(2n)+ 4.

A part of the content of this theorem may be restated
in the following

COROLLARY. If f(x) is a function of period 27 which has
everywhere a continuous pth derivative, there exists for every
positive integral value of n a trigonometric sum Ty(x), of the
nth order, such that

lim n?e¢, = 0,
n==00

if €y @5 the mazimum of | f(x) — Tn(x)|.
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2. Approximation by polynomials

The development of the theory of approximation by trigono-
metric sums will be interrupted at this stage, to make way
for a presentation of the corresponding results with regard
to polynomial approximation. The transition will be aided,
however, by one more lemma on the trigonometric side.

LEMMA.  If f(x) is an even function of period 27w, and
if there is a trigonometric sum T, (x), of the nth order, such
that | f () — Tn(x)| = ¢ for all values of x, there exists a cosine
sum Cy,(x) of the same order (that is, a trigonometric sum
without sine terms), suck that, for all ralues of w,

| f()—C(@)] = &

When f(x) is even, the approximating sum given by the
proof of Theoremm I will automatically lack the sine terms.
as an immediate consequence of the fact, already pointed
out, that its definition is equivalent to a method of summation
of the Fourier series; and this observation would be sufficient
for the main argument; but it is of interest to note that the
lemma subsists independently of any particular mode of con-
struction of the original approximating function.

For the proof, let

Cal) — %[Tn @)+ T (— 2)].

Then C,(x) consists merely of the cosine terms of 7 (x).
without the sine terms. On the other hand, since f(x) is
even,

. 1 .

1@ = S @+, (=),

and therefore ,
lf(x) —Cu(z)| = ; [f(x) - Tn(x)] +‘% [f(“l) - Tn("'f,)]!
< &,

Now let f(x) be a function defined for —1 <z~ 1, and
subject to the condition

[f(xe) —f()| < Alwe— 2]
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throughout this interval. Let
xr == cos 0, S@) = f(cos 8) = ¢(h).

Then ¢(8) is an even function, defined for all real values
of 4, and
|9 (6:) — 9 (8,)] == |f(cos 6;) — f(cos 6,)]
< 1|cos 83— cos 8| < A[6,— 6, ..

By Theorem I, together with the lemma just proved, there
exists a cosine sum C, (6), of the nth order, such that
KA

n "

lg (8) - Cu (8)] -

But a cosine sum of the nth order in # is a polynomial of
the nth degree in cos@, which may be denoted by P, (x),
and the conclusion is that a polynomial P, (r) exists such
that
. .. K2
S@) = Pa(@) = - -
for —1 L & < 1.
If the interval (—1, 1) in the hypothesis is replaced by
an arbitrary interval (a, ), a preliminary transformation of
variable may be made according to the formulas

= 27 - b @) = AW,

a

whereby £ (y) is defined for -1 < y < 1, and

i ye) — 1 (),
= |flxs) — flay)! < Aay — | = ';'}'('J—")'i?]s_%!-

The result just obtained may then be applied to the approx-
imation of f;(y) by a polynomial in y, which is at the same
time a polynomial in ». The general coneclusion may be
formulated as

THEOREM V. [f f(r) salisfies the condition

f(xe) — fla)] £ Aay—
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throughout the closed interval (a, b), of length I, there exists
Jor every positive integral value of n a polynomial P, (x), of
the nth degree, such that

f)— Pulr)) = EE

n

Jor a < & T b, with 1. =3} K, where K is the constunt of
Theovem 1.

If the smallest possible value of K were found in Theorem I,
it is not clear that 3 K would then be the smallest admissible
value of L, but it can be shown that the validity of Theorem V
is not general for any /. smaller than }.

More generally still, suppose that f(x) is an arbitrary con-
tinuous function for ¢ <z << b, and let (d) be its modulus
of continuity in this interval. With b —a =1, let ¢ (x) be
the continuous function which takes on the same values as
J(x) at the points

21 l

l
a, a+- , « cerch— " L b
! +n’ + n’ n’

and is linear from each point of this set to the next. The
function ¢ (), having a broken line for its graph, satisfies
the hypothesis of Theorem V, with

o (l/ n)

b= i

while
S =) =~ 20 (/n)
throughout (a, b). There is a polynomial P, (x) such that
l¢ (@) — Pu ()] < Lo (/n);

setting L-+2 -= L', one may state

Tueorem VI If f(x) is a continuous function with mod-
wlus of continuity () in the closed interval (a,b), of length
l, there exists for every positive integral value of n a poly-
nomial P, (r), of the nth degree, such that, for a« ~ x < b,

!f(b)— )n(-l')l e L’w(l/n),

where L' is an absolute constant.



16 THE THEORY OF APPROXIMATION

This incidentally includes the theorem of Weierstrass on
polynomial approximation, which was quoted at the beginning
of the chapter.

The proof of a theorem corresponding to Theorem III is
simplified by the fact that the indefinite integral of a poly-
nomial is always a polynomial, so that special considerations
analogous to those relating to the constant term in the trig-
onometric case are not needed. A new complication is
introduced, on the other hand, by the circumstance that the
degree of a polynomial is raised by integration, while the
order of a trigonometric sum remains unchanged.

Suppose that f(x) has a continuous derivative f' (z) for
a < z < b, and that there is a polynomial p), (x), of degree
n—1, such that

|7 (@) —pa @)} = &

throughout the interval. Let

J:xpiz (x)ydx = pa (), S@) —pa(@) = ry ().

Since | 7, ()| < €4, ra (x) satisfies the hypothesis of Theorem V,
with 4 = ¢,. There is consequently a polynomial m, (x),
of the nth degree, such that

- Llfn
. - A A
[rn () — 0 ()| < n "

If pu () + 70 (@) = Py (z), this P, (z) is a polynomial of the

nth degree, and

| f2)—Pp(x)| = |1a (@) —ma(x)| < __Lﬁn.

n
Let f(x) have a pth derivative /P (2), satisfying the
condition that
|fP (@) —f P ()] < A|as—2]

throughout (a,b). If n—p>0, there is a polynomial of
degree n—p which differs from f®(z) by not more than
Li1i/(n—p) throughout the interval. There is then, by the
preceding paragraph, a polynomial of degree n—p—+1,
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differing by not more than L2*I*i/[(n—p)(n—p+1)] from
JS® (), and so on. Finally a polynomial P,(x) is obtained,
of the nth degree, for which
. Lpit et}
() — P - - T
J@ =P (m—p)(n—p+1) --- n
For the applications, the existence of a constant in the

right-hand member of the last relation is far more important
than any close estimate of its numerical value. It is most
convenient, even at considerable unnecessary expense nume-
rically, to be satisfied with the observation that

S | R T
m—p)(n—p+1)...n n—p n—p-+1
n_ 1 . (p+Dr 1
Tu—1 it P! nPtl

for n Z> p+1, and to state the result in the form of
THEOREM VII. If f(x) has a pth derivative fP (x) satisfying
the condition that

3./'('" (-’L':)"'f(m(ﬁ) . A |y~ Sy

throughout the closed interval (a, b), of length I, there exists
Jor every integral value of n=>>p a polynomial Py (x)," of the
nth degree, such that for a <x == .

) — Pua), = 2 ZUE

where Ly  (p+1)P LYY p', and L is the constant of
Theovem .

It is clear that even with 4 0 the hypothesis implies
nothing whatever as to the possibility of approximating f(x)
by a polynomial of degree lower than p, since f(x) itself
may then be any polynomial of the pth degree. By suitable
changes in formulation it would be possible, though of
secondary interest, to admit the value »n =: 0 in Theorem V
(or Theorem I), and the value n = p here.

From Theorem VI, by reasoning similar to the above. one
may deduce
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TuroreM VIII. If f(x) has a continuous pth derivative with
modulus of continuity w(0) throughout the closed interval (a, b).
of length 1, there exists for every imtegral value of n>p
a polynomial P, (z), of the nth degree, such that for a <ax-Zb.

-
f@—P@] = e, L),
where Ly == (p+1)P 1 LP(L+2)/p!, and L is the constant
of Theorem V.
CoroLLARY. If f(x) has a continuous pth derivative for
a X x b, there exists for every positive integral value of n
a polynomial P, (x), of the nth degree, such that

lim »n?e, = 0,

n=—a0
where &, is the maximum of * f(x)— Pa(x)| in the interval
(a, D).

The exceptional status of the values of » < p has no
significance for the corollary, which is concerned only with
a limit for n = oo,

3. Degree of convergence of Fourier series

The preceding theorems can be made to serve as basis
for a discussion of the convergence and rapidity of convergence
of Fourier and l.egendre series, as well as of other processes
of approximation. This idea will be developed more fully in
succeeding chapters; its first consequences will be presented here.

With regard to the Fourier series for a given function f(x),
it will be premised merely that it is a series of the form

o
2
in which the coefficients have the values

o]
+k2 (ax cos k.c + by sin k:x),
1

1, L (= ;
My = ﬁ,J’_nf(t)(:OSktdt; by = ”-f_nf(t)smktdt,

the formula for @; being applicable when & = 0, as well
as when k is positive. The expression
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n
Sp(z) = %0 -I—kZl (ux cos kx + by sin ko)

will be called the “partial sum of the series to terms of the
nth order.”
If the quantity

1
o + cosu—+cos2u—+ --- + cosnu

is multiplied by 2sin}u, the product may be rewritten as
U . 3u u__]
.sm2+[s1n2 sin ., + .-

-+ [sin (n + 3) u — sin (n — ;) 'u—I :

which immediately reduces to sin (24 3)u, so that
sin (n + 3 u
2sindu
Let each coefficient in S, (x) be replaced by the integral
expression which defines it. Since coska> and sinka are
independent of ¢, they may be written under the sign of
integration, and the various integrals may be combined into
a single one:

n
S, (@) = l-l-r-fnf(t)[—; +k§1 (coshtcoskar+sinktsinkx)|dt
1 2
== 1; J_nf(t) 1 + }_cos k(i——.r)]dt

1 sin(n+3) (¢ —x)
ff() 25in } (¢ ') dt.

From the last expression may be deduced the following:
LEMMA, If f(x), of period 2m, is bounded and integrable
(in the sense of Riemann or in the sense of Lebesgue), if

;— -+ cosu—+-cos2u+ ... + cosnu

fl) = M

Jor all values of x, and if S, (x) is the partial sum of the
Fourier series for f(x), to terms of the nth order, then

o*
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|Sn (x)' << CMlogn,

for all values of a and for ull values of n>-1, where C is
an absolute constant, depending neither on z, nor on n, nor
on the function f(z).

By the hypothesis on f(r),

. M sin (n+ 3) (£ — )
@ = 2[00 esnyc—z |1

If one-half the integral on the right is denoted by ja, its
form may be modified by the substitution » = §({—=z), and
by recognition of the fact that the resulting integrand is an
even function of «, of period r, to yield the conclusion that

.1 pa-ne|sin(2rn+1)u
1 pnre | sin (2n+1)u l sin(2n+1)u
= T)—F e Jm -i- — " du,
2 ) e sin u sin %
2M
' Sa ()| < == n.
From the fact that
sin@n+Du ST
N == 1+2k210052ku
it follows that
sm@rt Dl o gy
' sinu =

for all values of . On the other hand, [sin (224 1) == 1,
while

sine  sin(w/2) 2 1 < 7 1

ey , k =

wo = /2 T sine = 2w
throughout the interval of integration. So

= [ s [Mentndet g ndu
0 1/n 0 1/n

n
w

1 Y/ 4 b4
== 2+.1.l +'§10g’§ + é logn.
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The last expression does not exceed a constant multiple of
log n, for » > 2, and the conclusion of the lemma is justified.

The method of application of the lemma, which is due to
Liebesgue (though he did not make so extensive use of it as
is done here), may be summarized in

THEOREM 1X. [f f(x) is a continuous function of period 2,
and Sy (x) the partial sum of its Fourier series to terms of
the nth order, n>-1, and if there exists a trigonometric sum
Tn(@), of the nth order, such that

|f) — Tu(x)| = &
Jor all values of x. then. for all values of r,
Jflr)— 8 (x)| ~ Bénlogn,

where B is an_absolute constant.

The statement is equally true. though of less interest, if
f(x) is merely assumed to be integrable; of course &, can
not approach zero. when the relations are considered for
successive values of n, unless f(x) is continuous.

Let the sum T7,(x) in the hypothesis have the expression

n
% 4 3 ook Aesink),
- k-1

It is found by direct integration that

L 1@ coskt dt = e, l—f' To() sinkt dt — B,
T v 4 T J-n

for k <<n, so that the partial sum of the Fourier series for
T (x), to terms of order m, is identical with Ty (x) itself. If
the Fourier coefficients of f(x) are ax, bk, those of the function

Ra(x) = f(x) — Th(r)

are ax— oy, bx-— By, for k = m, and the partial sum s,(x)
of the Fourier series for R,(r), to terms of order =, is

sa(x) = % (ap— atg) + ;;:2’11 [(ax — k) cos kx =+ (bx— By) sin kx]
- Sn(ﬂ})— Tn (1').
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Since | R,(x)| < &,, it follows from the [Lemma that

[sn(@)! < Cép

log n.
Consequently

|f(@) = Sn(@) | £ | f @) — Tu(@) | + | T (x) — Su ()|

= | Ra(@)! 4|8 (@)| < &n+ Cenlog n < &, lo_gl +- Cey log

for n = 2, and the last expression has the form Be, log #,
with B = (log 2)~'-C.
The theorem may immediately be specialized and made
more definite by combination with Theorems I—IV, as follows:
CoroLLARY 1. If

Uf(xe) — fla)| < Ay —a |

Jor all values of. x, and zy, A being a constant, then
A).lo n
@ =8 @) = =708

CoroLLARY II. If f(x) s continuous with modulus of con-
tinuity o (d),

@) —Su(@)] < do (72;’5) log n.

CorOLLARY Ila. The Fourier series converges uniformly to
the value f(x), if f(x) has a modulus of continuity (d)
such that limg_,w(d) log 6 = 0 (Lipschitz-Dini condition).

CoroLLARY II1. If f(x) has a pth derivative fP (x) such
that .

lf(p) (xs) —f P (x))| = Az —my]

for all values of x, and x4, 2 being a constant, then

dAp Al
f@)— 8 (@) < S SE

CoROLLARY IV. If f(x) has everywhere a continuous pth
derivative with modulus of continuity »(9),

|f@)—8a (@) < = w(2 )logn
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In each of these statements, the conclusion holds Jor all
vilues of x, and for all values of n > 2; the coefficient A is
an absolute constant, while A, depends only om p.

The corollaries are stated separately for emphasis; it is
clear that all are included in Corollary IV, if it is under-
stood that » may in particular have the value 0. The use
of the same A in I and II, and of the same A, in III and
1V, signifies merely that when two constants are concerned,
one symbol may be used to represent the larger of them.

It is worthy of note that even the dependence of A, on
p can be eliminated, with a resulting simplification in Cor-
ollaries IIT and IV which does not have a counterpart, as
far as the present evidence goes, in the case of the corre-
sponding third and fourth Theorems.

If f(x) is a function of period 27 having a continuous
derivative, the Fourier series for f'(x) is that obtained by
formal differentiation of the Fourier series for f(x). This
is recognized without any further assumption as to the con-
vergence of the series, from the relations

L/f4 7
J_vf'(t)cos/;{dt = I.'J:I_lf(t)sinktdt,
7T 7
[nf(t) sinktdt — —l.'fnf(t)cosktdt.

which are obtained by integration by parts, the terms which
would appear outside the integral sign reducing to zero,
because of the periodicity of the functions involved. If the
coefficients in the series for f(r) once more are ax, bx, and
if f(z) has a continuous derivative of order 2¢, where ¢ is
any positive integer, the Fourier coefficients for f©? (x) are
@ == (— 1)1 k* ay, B = (— 1)7k% by, which means that the
seriex for f(x) can be written in the form
00

Yo 10 3L (e cos ke + By sin k).

2 k=1 k4
The partial sums of the series for f(r) and for f®“?(x), to

terms of the nth order, may be represented by S, (x) and
SPP () respectively.
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Let ‘ _
SO (2) — S8 (2) - - o (2),

and suppose now that |, (z)| << &5, where &n41 < ¢, for all
values of n that are considered. and limy—, & =- 0. Then

a,coskr—+Besinkx - gp—1 () — ox ().

By any of the pr'eceding corollaries, IIa, for example. the
series for f(xr) converges to the value of the function, while
the series X or—1 (x)/k*, X ox (£)/k¥ are convergent, because
lo ()| is uniformly bounded. Hence the remainder f(x)-- S, (=)
can be written and rearranged as follows:

)= = (=10 3 a7 (@ cos ko + By sin k)
&1
- (—'— 1)41 2{ ke [Qk—l (.’l,') — Ok (‘1')]
k=n+1

: 1 ,
== (— I)QH[_ (n+1)x on ()

3 1 1 )
+k——§{-l (—Ifﬁ_ - (I‘—'i- 1 )gq Ok (.’1')].
Ax the parentheses in the last summation are all positive.
and as |k () < & - & for k ™m0

. . \ 3 l 1
S x) — Sy (@) - "~ (n +1)~q T ”;. %-1 (_k—iq o (/-'+1)2q)

L 2én _ 2¢,
= Gk S
Uuder the hypotheses of Corollary III, let p — 2q if p is even.
p = 2¢+1if pis odd. Then Corollary 1 or Corollary Il11
may be applied directly to f®?(r), which is found to satisfy the
requirements of the preceding paragraph, with &, = (44ilogn)/n
in one case and £, = (A,1logn)/n® in the other. The
corresponding values of 2¢,/n* are (2.11logn)/nPt! and
(2 4,2 log n)/nP? respectively. For literal accuracy. it must
be admitted that (log #)/n diminishes only from n = 3 on,
and that the conclusion has been established, when p is even,
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only for n 2> 3. The value » = 2 may be included if the
previous & is replaced by a somewhat larger quantity, with
a suitable adjustment of the constant in the conclusion, if
necessary.

Similar reasoning may be employed under the conditions
of Corollary 1V, except that it is no longer satisfactory to
take 2q = p when p is even, as w(27/n)logn might not
decrease with increasing #. It is sufficient, however, to let
p = 2q+2 when p is even, p = 2¢+1 when p is odd, and
to obtain ¢, by the application of Corollary IV to f@(x)
as thus defined. From the definition of «(d) it is certain
that o (2:1/n) itself diminishes. or at any rate does not
increase, as u increases.

All the cases in question are covered, with some redundancy.
it the following are considered successively: for w(d)-< 24,
p=0,1,2q (¢ 1), 2q-+1 (¢ > 1); for general w(d),
p=0,1,2,2¢941 (g=>1), 2¢q+2 (g=>1). If a single letter
is used to represent the largest of the finite number of con-
stants entering into the corresponding conclusions, the result
may be formulated thus:

THEOREM X.  The preceding Corollaries 111 and IV may be
restated, for all values of p >0, with the multiplier Ap replaced
by an absolute constant D. depending neither on p nor on
anything else.

4. Degree of convergence of Legendre series

A considerable part of the above reasoning can be carried
over to the case of Legendre series, though the relations
are less simple than for Fourier series, and the results as
presented here will be less complete.

By the Legendre series for a given continuous function £ (x)
is meant a series of the form

@ Xo (@) + ay Xo (@) + as Xy (@) +- - -
where Xy (x) is the Legendre polynomial of the kth degree, and

ax == 2k;_*1'~£1 S Xx(D)dt.




26 THE THEORY OF APPROXIMATION

Not to work out the theory of these polynomials from the
beginning, it will be assumed as known that one of them
is defined for each integral value of ¥ = 0, the first two
being X, = 1, X, == 2; that they satisfy the relations

0 Y 19

1
) i . C o .2 e
J“ll\;(f) .\I:(f)(lf =0 * L), jl)ﬁk(t)dt == 3kt 1 3

that any successive three of them are connected by the
recursion formula

(k+1) Xppa () — 2k + D v Xie(@) + kX (x) = 0;

and that the polynomial of the Ath degree can be expressed
in the form

7l
Xi(r) = :lr— K [+ i(1—2*)cosglt dey.

In the last expression. the presence of imaginaries is only
superficially apparent; if the integrand is expanded by the
binomial theorem for a positive integral exponent, the co-
efficient of each odd power of 7 after integration is an integral
which is seen at once to be equal to zero.

Let Sp(x) stand for the sum of the first 2 +1 terms of
the series:

Sp(r) = o Xo(z) +a, X;(@)+ - -+ an X ().

By the definition of the coefficients,

S,;(:E) = lef(t) Kn(-’", tdt,

where
Kl 0 = o [%0) X%e®O+3X, () X+ ---
cor +@2n+1) Xu(x) Xn(t)]-

This function can be rewritten in the form

W+l Xuts(x) Xn () — Xn (@) Xua (8)

Ku(x, t) == 5 p—y
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the identity is immediately verified for » = 0, and may then
be proved in general by a straightforward process of induction.
based on the recursion formula.

In the integral expression for Xj(c), when .« - 1,

lz+i(1—a?)2cosp| == [22+ (1 —2?) cos®g]12
<40 —a))P2 =1,

and hence | Xi(x), < 1. There will be occasion to use a closer
inequality for | Xi| in the interior of the interval (—1. 1).
To return to the integral representation,

w
P Xi(x) -2 71t I [2*+ (1 —.r) cos® o] d g

0
9 (2
~= ) [#*+ (1 —x®) cos*g]2dy.
the last equality resulting from the fact that cos® ¢ = cos? (.1 —¢).
Since

224 (1 —2a?) cos®y == cos*g+x*sing == 1 —(1—a?)sinty.

and since sin ¢ —> 29/ 7 throughout the interval of integration,
while 1—2?* is positive for the values of .~ tinder considera-
tion. it follows that

(1t ety L 1— L (1=t g — 1 — g

if §=2(1—u«*"*/n. By an application of the extended
mean value theorem to the function e,

so that e ¥ - 1—y for all real values of y, and in the
present connection

1—§2¢2 -l ¢ S0,
So

9 72 9 i .
Xi(x)| < - kB2 L2 e B2 e
| Xl | = - ) 9= 5, ,
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-

and, by the substitution u = (L) &g,

. . 982 o . o )
'lk(x)'\f‘-Tkl/? 0 ¢ du = JUE (L — )i (k- 0).

where ¢, is independent of % and z; the numerical value
e =- ([2)Y2 is not essential for present purposes.

From the relation just obtained it follows, first, that if »
is restricted to an interval — 1439 . r~~1—39,0-_9-22.
then

PUCIE
where g is independent of & and x, but depends on 7; and
secondly, that
‘1 dux Cy
f | Xe@)ide - F/—J 1(1—a2r2 A%
where ¢; is independent of .

It is possible now to proceed to the proof of the following
lemma, which assigns an upper bound for | S, (z)|, not through-
out the entire interval —1 < « -~ 1. to be sure, but through-
out an interval interior to it:

LemmA.  If f(x) is bounded and integrable (in the sense
of Riemann or in the sense of Lebesgue) for —1 < a < 1. ¢

f@)] = M

throughout the interval, and if Sy(2) is the partial sum of
the Legendre series for f(x), then

[Sn(@)] == GMlogn

Jor =14+ <z 1—9,0 <1, where G does not depend
on x, n, or the function f(x), but does depend on .
The proof starts from the fact that

1
Sa@)! < M [ | Kate, 0] dt.

Let the interval of integration be divided into five sub-intervals,
terminated by the points

1 1 1 1
'—1) _1+—2"]' x'—77 T+ ﬂ, 1—'§'ﬂ9 1.
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Under the hypothesis that —1-+9 _ .. 1 —7, these points
will succeed each other in the order named, as soon as
n=>2/q. Tt will be assumed for the present that this con-
dition is satisfied; then, in particular. » 4+ 0, and as there
will be occasion to observe incidentally. [(n+ 1)/n]¥%-2
Let the values of the integral of | K, over the sub-intervals be
denoted by I3, -.-, I respectively. The relation | Xi ()] < ¢/k'"
can be used in the second. third and fourth integrals, and
the relation |Xx(x)| < 4/k'? which is independent of ¢, in
any of the five. In the middle interval.

| . .
K, (z, t)l - ikz_'n 2 (2h + 1) X () 4\7-'(’)'

\

1 o 1 gy 4
I~ - 21‘ . =
P ISCLE R

1 Oy 1
. 2

o + 201+ 57)

n
S 22_{/’ 14+2¢%n < 245+ 1) 0,
K1
and hence

ri1n . / r--1n .
I, _f o Bl 8 @t 2] gt mdt = 22074 10,

The representation of A, (x, f) as a fraction is to be used in
the remaining integrals. In the first interval. .r--#1 = .
and

S -

1

) , 7
]l = .l—l ! I\—" (.l'- t)i d’

RN

—14-, 7
"lj‘_]_[m"”(,), l i Xn () dt
:— -l-r.]_,v
+i4\'n(-1')'j "\'n.l(t”’”]
.n+1 q 1 g ("
i [T WECITIE A P RO
n+1 2039 - day

SR EN GO L
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In the same way, I; <4cyg/y. In the second interval,

L Xats () X ()Xo (@) Xats O]
n+1 2q

Ol < 2
= "2 "In@aE+pe <295
s0 that
a—1/n r—1/n dt
L—J uowuﬂyf 2
1+ 2 ] r—i

or, by the substltutlon r—t = u,

.t-l-l—-_l
I’<29’f zvd“’<2g*'f du . 24% (log 2 + log 2).
J1n u 1'n U

Similarly, Z; < 2¢4* (log 2+ logn). As = is an integer satis-
fying the condition n >2/9>-2, it is certain that » = 3.
logn>>1, and the inequalities that have been obtained for
1, + -+, Iy will merely be strengthened if the factor log =
is inserted in the right-hand members wherever it does not
occur. By combination of these inequalities,

r [ Ky (. B)]dt < Gy logn

for n>2/y, the number ¢, depending only on 7. For each
value of n belonging to the range 2 = n = 2/7, the integral.
considered as a function of = for — 149 <z << 1—7, has
a maximum value. Let G, be the largest of the finite
number of maxima thus determined. Then G, depends only
on g, and the statement of the lemma is true for all values
of n > 2, if @ is taken as the larger of the numbers G,.
(/»/log 2.

For the application of the lemma, it is to be noticed that
an arbitrary polynomial of the nth degree can be expressed
identically as a linear combination of Xo(z), -+, Xa(x).
with constant coefficients. Then a process of reasoning
which is entirely analogous to that used in the proof of
Theorem IX, and which need not be repeated at length,
serves to demonstrate
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THEOREM XI. If f(x) is a continuous function for
—1 x££ 1, and Sp (x) the sum of the first n+ 1 terms
of its Legmdre series, n > 1, and if there exists a polynomial
Py (z), of the nth degree, such that

If@)— Do ()| < én
Jor —1 Z x < 1, then, for —149 <z < 1—7q (>>0),

| f@)— S, @)| -~ Hey, log n.

where H depends only on 1.

The more specific results obtained by combining this prop-
osition with Theorems V—VIII will not be formulated sepa-
rately, but will be summarized in a single

CoroLLARY. If f(x) has a continuous pth derivative (p = 0)
Jor —1 < x I 1, with modulus of continuity w(d), and if
Su(x) is the sum of the first n+ 1 terms of the Legemdre
series for f(x), then

|f(@)—Sn(r) = Ay w ( 2 ) log n

omr n-—p !
Jor n~p and for —1+4 = > < 1—1q, where Hp de-
pends on n and on p, but not on anything else: in parti-
cular, the series comverges uniformly to the value f(x) for
—149 S x < 1—7, if f(x) itself has a modulus of con-
tinuity w(0) for —1 L -2 1, such that llm w(d) log 6.= 0.

Since 5 may be arbitrarily small, the last conclusmn implies
that the series is convergent, not necessarily uniformly.
throughout the open interval —1-la-<1.

Gronwall(Mathematische Annalen, vol. 74(1913),pp.213-270;
Transactions of the American Mathematical Society, vol. 15
(1914), pp. 1-30) has shown essentially that

1
f_ | Eale, D] dt < Gynt®

for —1 < x <1, where G, is an absolute constant. It follows
that conclusions analogous to those of the preceding theorem
and its corollary hold for the entire closed interval (—1, 1),
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it the factor logn ix replaced by ='? the corresponding
sufficient condition. for uniform convergence being that
limy.., @(d)/d'*= 0. But the proof of the relation of in-
equality for the integral appears to be rather long, and will
not be set forth here. Krom the definition of K,. together
with the facts that [Xx(r): ~- 1 for —1-- o+ - 1 and that
| X(®) dr - /2, it is obvious that

)

=k

1 n
J Kaloo ) dt =10 L @b D ek on,
1 ¢ 1

where ¢ is an absolute constant; and it can be inferred at
once that the series converges uniformly to the value f(x)
for —1- < 1. if £(«) has a first derivative with a modulus
of continuity o (d) such that limy ,w(d)/d"* - 0, while
there are corresponding theorems on degree of convergence.
In a later chapter, conditions will be obtained which are
closer than those thus indicated, though not so close as the
ones corresponding to the factor n'<.

From the diseussion of approximation in terms of polynomials
and trigonometric sums it is natural to pass to similar questions
with regard to developments in series of more general functions,
particularly the characteristic functions defined by linear differ-
ential equations with boundary conditions. The beginnings
of such a theory have been presented by the author (Trans-
actions of the American Mathematical Society. vol. 15 (1914).
pp. 439-466) and W. K. Milne (the same Transactions. vol. 19
(1918). pp. 143 156). The present account. however. will
be continued along other lines,



CHAPTER 1I

DISCONTINUOUS FUNCTIONS; FUNCTIONS OF LIMITED
VARIATION; ARITHMETIC MEANS

Introduction

The discussion hitherto has been concerned almost entirely
with uniform convergence, and with functions that are con-
tinuous throughout the interval under consideration. Corres-
ponding theorems with regard to the approximate represen-
tation of discontinuous functions are naturally less simple,
and perhaps of less immediate interest. It will be well,
nevertheless, not to disregard entirely the question how far
the theory that has been outlined can be brought to bear
on the representation of such functions. This question will
occupy the present chapter. (For a somewhat different set
of theorems on the approximate representation of discontinuous
functions, reference may be made to a paper by C. E. Wilder.
in the Rendiconti del Circolo Matematico di Palermo, vol. 39
(1915), pp. 346-361.) There will be occasion also for the
further development of the theory as applied to continuous
functions, by reference to the concept of limited variation,
and by study of the summation of Fourier series according
to the method of the first arithmetic mean. A beginning
will be made by a review of some well-known general theorems
about Fourier series.

1. Convergence of Fourier series under hypothesis
of continuity over part of a period

Let f(x) be a function of period 2, which is summable
over a period, together with its square. (Without change in
the form of the argument, the discussion can be kept elementary
for the present, with results which still have a high degree

33 2
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of generality, if it is assumed instead that f(») is bounded
and integrable in the sense of Riemann.) TLet

1 4 1 n
ar = _ 'J St cosktdt, by = - f(t) sin &t dt,
‘ —1

Su(x) = 2 (ar: cos ko< by sin k).

-

Then. as may be verified by multiplying out the square and
integrating term by term.

1 o4
o J:_' [f(@)— 8, (D)) dr
1 L 4 2 L 4 1 m
- J Lr»PFdr— J S@)Sn(0)dx+ %J [S0 ().
T / -
= f f@)de—2 [2 -I—Z(az -Hm)]
[ +z (ak+bk)]
1 i (l.j X 2 2
- —j f (@) dr— [-) +> (a;}+b;})] .
T J-n < k==1
As the first member can not be negative, it must be that
2 n 7T
N D@t < 1f [f @]
2 k=1 To)--n
for all values of n, and hence that the series
2 0
(;3 + kZI (ic + bie)

is convergent. It follows that for any function f(z) of the
character specified, the coefficients ax, bx approach zero
as k becomes infinite. The idfantiﬁcation of the sum of the
series with the value (l/nr)J [f(x)]*dx is not nceded for
present purposes.

The assumption that [f(»)]® is summable is not essential
to the truth of the conclusion. On the hypothesis that f(x)
itself is summable, let fx(*) be the function which is equal
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to f(») when |f(z)| < N, and equal to O when | f(z)! >~ A.
Let ax, bx be the Fourier coefficients of f(x), and axy, bay
the corresponding Fourier coefficients of fy(x). It is known
from the earlier work that limx _w axy = 0, limg—o bry == 0,
for fixed .V, since f (») is bounded. Let & be an arbitrary
positive quantity, and let N be taken so large that

L (" @ —f3@) de < |

7'! x x N\) ar ~ 2 €,
The hypothesis of summability implies that such a choice
of .V is possible. Then

1 (7

= | f)—fx@]coska dr < —1—6,
it K4 - 2
L(" f@)—fy @) sinkz dr - -_1- €.
b2 2
for all values of %, and hence
| 1
|ax— arn' < R bp—lpex - = 9 €

But for the particular value of .V in question there is a &,
such that |mn| < 3¢,|bxn| < ke, for k 2> k. and for
values of k& subject to the last condition it follows that
lakl < &, ;be| < e. If f(2) is @ summable function of period
2nx, and if ax, b are its Fourier coefficients,

limax - 0. lim & = 0.
k=00 k=00
Now let f(x), still summable and of period 27, be supposed
to vanish identically for vo—7 < 2 < o419, 0Z<gy<m.
As was shown in the first chapter,

coy LT sin (e 3) (F—a)
S (.Io) —_ . j—nj (t) 9 Sil_l % (1—1‘0) dt.

Let f—uw@y == «; inasmuch as the integral of a periodic
function over a period is the same, wherever the initial
point is taken. the limits — =, r may be retained after the
substitution:
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Sl = 3 f_ Flatw Sn@EDE G

2sindu

or, after expansion of sin (nu + }) by the addition theorem,

g4
Sy () = 2-%- J__, S (xo+u) cot ; 1 sin nu du
1 e

F f (o + 1) cos nu du.
2 J_a

The factor cot }u is bounded and continuous over the range
of integration, outside the interval where f(x, + «) vanishes
identically. Hence f(zo+ u)cotyu, like f(xo+ ) itself,
is a summable function (or a bounded function integrable in
the sense of Riemann, if this hypothesis was originally im-
posed on f(x)). and the reasoning of the preceding para-
graph is directly applicable to show that both integrals in
the last expression approach zero as n becomes infinite;
that is,

lim Sn (:Z‘o) = 0.

n=x

More generally, if £ () and ¢ () are two summable functions
(or two functions satisfying the alternative hypothesis), if
S, (x) and s, (r) are their respective Iourier sums of the
nth order. and if f(x) and ¢ (x) are identically equal for
xg—y - < x << ry+ g, then

lim [SM (ro) — 8 (-"u)] —= 0
n=00

if the Fourier sevies for g (x) converges for r - uxy to the
value ¢ (xo) = f(xy), the Fourier series for f(x) does the
same. This is commonly expressed by saying that the con-
vergence of the Fourier series for u given function at a speci-
Sied point depends only on the behavior of the function in the
neighborhood of the point; it is tacitly understood that only
functions of some specified class are considered, as, in the
present connection, summable functions. or functions which
are bounded and integrable.
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It is possible then to pass immediately from (‘orollary ITa
of Theorem IX in the first chapter to the following statement:

THEOREM 1. If f(x) 7s « summable function of period 2 (or,
less generally, a function of period 27 which is bounded and
integrable in the sense of Riemann), and [f there is an inter-
val (xo—7vy, xo+1), 0Ig< @, throughot which f(x) is
continuous, with « modulus of continuity o (0) such that
limg_, w(d) log & = 0, then the Fourier series for f(x) con-
verges for x == ury to the value f(x).

For a periodic function ¢ (z) can be defined as equal to
J@) in (xo—19y, so+9), and linear, say, from z,+ 9 to
oo—y+2m, and this ¢ (x) will have a modulus of continuity
satisfying the requirements of the Corollary cited.

Attention will next be directed to the simplest case of
convergence at a point of discontinuity. . Let f(x) now Dbe
a function which has a *‘finite jump™, or discontinuity of the
first kind, at the point 2 —- @y, approaching limits which may
be denoted by f(ro—) and f(x, +) as .r approaches i, from
the left and from the right respectively. Let it be supposed
that the values of f(x) in the interval uy— g < »-_ay, to-
gether with the value f(x,—), form a continuous function
with modulus of continuity w, (d), and that f(z) is likewise
continuous, with the other limiting value at u,. in the interval
from &y to x,--9, the modulus of continuity this time being
oy (). For each value of &, let @(d) represent the larger
of the numbers @, wy. It will be said briefly that f(x) /s
continuous for xo—1n = o < xo+ 5, with modulus of con-
tinuity w(9d), except for a finite jump at the point xy. It is
understood always that f(x) is summable over a period. If
limy_ ,w(d) log d = 0, Theorem T establishes the convergence
of the Fourier series for f(r) at all interior points of the
interval (xo— 4, ro+ g), other than ap, and it remains to
consider the question of convergence at the point z, itself.

For this purpose, it may be assumed without loss of gene-
rality that 2, — 0. For the terms of the series which involve
cosnx and sinn., taken together. are identical with the
corresponding terms in the development of f(r) as a function
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of x—a,. In formulas, let o —x, = y, f(z) = ¢(y),
t—xyp=wu. Then  —y = t—ux, and

(4
cos nyﬂl o (1) cos nu du -+ sin nyJ:l ¢ (u) sinnw du
ZJ:{p(u) cosn(u —y)du = Enf(t) cosn(t—ux)dt
(1 7
== CO0S nrJznf(t) cosntdt—+ sin n:r;f;f(t) sinntdt.

The assumption that x, = 0 is therefore equivalent to a change
of variable which does not affect the conditions of the problem.

With this understanding, let the symbols f(x,+) and f(x, —)
be replaced by f(04) and f(0 —). let

Silx) = flx) (0-Zr<7), filr)=fi(—x) (—7--2x-20),
J1(0) = f(0+),

and let f;(x) similarly be an even function identical with f(z)

for —r < <0, and taking on the value f(0—) for r = 0.

Let Su(x) and Suz2(x) be the partial Fourier sums for f;(x)

and f;(x) respectively. The function f(») is continuous

throughout the interval —y <o <. If 2, and ». are two
numbers belonging to this interval, and if |xy—ux,! ~Jd,
LA @) — fi (@) < w(d)

if x; and x, have the same sign, or if one of them is zero, and
| (@) —fi (@) | 1 fiGee) — £ 0) 1+ [ A (0)—fi (1) | = 20(9)
if 2, and xz; have opposite signs. Similarly, f;(z) has a
modulus of continuity < 2w(d) for —q < o < 9. If it is
supposed that lims_ () log d == 0,

n—oo n -

by Theorem I. But
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Sp(0) = ,l;.r,,fi()im(ﬁj’-t dif - 2J Ty sin(m+9)t .

2sin} ¢ 2sinyt
s =" [ f;<t)-“"f,‘fl,f";*,l’r = 2[" poietdt,,
. 1 sln(n—}-}‘)f ,
S, (0) = f" sy SEt Sy [s,,1<0)+u,2(0)],

and therefore

lim 8,0 5 L0+ .

The conclusion may be appended to the theorem as

CorOLLARY L. [f f(7) satisfies the conditions of Theorem 1,
exrcept for « finite jump at the point x,, the series converges
at o to the value Y[f(ro+) -+ f (2o —)].

So far. nothing has been said about uniformity of con-
vergence. To lead up to a discussion of this topic, the
following lemma will be established:

LemMma 1. If f(2) is an arbitrary summable function, the
ategrals

Y Y
Ae(y) = f_vf(l) coshtdt. Bi(y) = [—-rf(ﬁ sinktdt.

approach zero, as k becomes infinite, uniformly for —m -~y <.r.
If f(2) is bounded and integrable in the sense of Riemann.
the proof holds without change of form when the integrals
are thought of as Riemann integrals.
In the first place, it is clear that

limg .- o0 A% (y) = limg o Bk (!/) =0

for any fired value of y in the interval. For Ax(y)/a and
B (y)/m are the Fourier coefficients of a function ¥ (r) which
is equal to f(r) for —a < r -l y, and equal to O for
y--x X m. Let € be any positive quantity. Let

4@ = 7 lrolat.

This function is continuous for — s < y < 7, and so
mniformly continuous. [et  be a positive number such that
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1
Al) — A <5 ¢

if ¥, and y, are any two points in (— 7, #) for which
|lys— | <d. Let N be an integer, for definiteness the
smallest integer, such that 2a/N<C9, and let z; = — =z +(2ja/N),
J=0,1,..., N. By the remark made above as to the
behavior of Ax(y) and Bx(y) for fixed y, there is for each
value of j a number %; such that | dk(zj)| << 4e, |Br(z)] <<%+,
for k > kj. Let k' be the largest of the mumbers ko, - - -, kx.
If y has any value in the interval (— =, @), there is a z;
such that 0 < y — 2z;<<d. Then, for any value of ¥,

Yy Y
) — e = | [Py eoskar| < [ pwlar
— Ay — 4() < }Ze,

Bi()— Bu(a)] < .

It E o H
)] = Ak () Ak () — Ak (2)] <€, | Br(y)| Ze.

This is equivalent to the conclusion of the lemma.

The existence of the period 2z for f(x) being understood
throughout, let the definition of Ax(y) and Bi(y) be extended
to all real values of y. For any y, and ys.,

LA
L S(t) cosktdt = Ax(ys) — Ax(yy).

Here and subsequently, each relation written down for A,
has a counterpart involving Bx. Let & be defined for each £
as the larger of the maximum values attained by |Axk(y)|,
| Bk(y)| in (—7, 7). In particular, | Ax(n)| < e, | Be()| < ex.
The lemma just proved is equivalent to the statement that
limk—o & = 0. Because of the periodicity of f(¢) coskt¢
and f(t)sinkt, the integrals defining Ax(y) and Bx(y) are
not altered in value if both limits of integration are increased
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or diminished by the same integral multiple of 27. For
example, if y is in the interval (=, 87x),

| A (y) — Ai(m) | = &,

whence it follows that |Adx(y)| < 2¢& in this interval. If y,
and y, are anywhere in (— &, 37), the corresponding values
of Ay will differ by not more than 4&. Finally, if 3, and y, are
any two numbers subject to the condition that |y, —y,| < 27,
there will be an integer j (positive, negative, or zero) such
that y,+ 257 and y,-+2j7 belong to the interval (— =, 37),
and
| Aie(ys) — Ax(y) | < 4er.

A similar relation holds for Bx.

The purpose of these details is to bring out a fact which
will be used presently. For any x, and for any y in (—m, ),

|f:;f(t)sinn(t—x)dtl
== 1c0Snx [ Bu(@+y)—Balx — m)] — sinna [ dn(z+y)—An(c — )] |
= 8¢y,

or, by the substitution {—x == u,
Yy |
‘f S+ u)sinnu du‘ =~ 8é,
—7 i

for arbitrary x and y, subject to the condition that —n < y
< m. (It is clear that the interval from — 7 to y may be
replaced by any other interval of length < 2n.)

The next stage of the discussion may be summarized in
another lemma:

Lemma 11, If f(z) is a summable function which vanishes
ientically for a—n < x < B8+, with >0, its Fourter
series converges uniformly to the value 0 for « < x < 8.

The proof will be expressed in terms of the Lebesgue
theory of integration, and, unlike those that have gone before,
would have to be appreciably modified in form if reference
to that theory were to be eliminated. A more elementary
method of proof appropriate to the case of functions bounded
and integrable in the sense of Riemann will be indicated later.
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Let > have a value belonging to the interval « < .- 8.
By the usual formula,

oy LT pp s D =)
S (@) ,rj_-,f(') 2sin} (f—a) at

T
. ;)—]T— ‘ J () cot l, (t—.r) sinn(t -—-r)dt
- L ‘-’ -
1 T
+ 5 S ) cosn(t—umx)dt.
2 J_,

The second of the two terms making up the last expression
is equal to 4(an cos n.r |-b, sinne). and approaches zero
uniformly for all values of ., as an immediate consequence
of the fact that a, and b, approach zero.

In the first term. let #—. -: w. Then the integral is
equal to

T
Jplxr) - f_,_/‘(.r—}—u) cot ; wsin nudu.

Let (') be a function of period 27 which is equal to
cotde for - -a-"w . —q and for 4o w-Iw, equal to 0
for -iy--u .17, and so defined for —y -~ u < — 19 and
for §7:.w Zg as to have a continuous derivative every-
where; it is scarcely necessary to write down an explicit
formula for the construction. As f(r--w) is identically zero
for —y5 < w <7, when » is in («. 8), the integral J,(r) is
the same as

a4
r_‘f(.r 41 CGo) sinnwdnu.
Let

fif(a: +w)sinnudu = F(y);

the values of » and o are for the moment to be regarded as
fixed. The function F(y) has almost everywhere a derivative
equal to f(r-+y)sinny. Consequently, as C(x) is differ-
entiable everywhere, the function F(u) C(x) has almost
everywhere a derivative equal to F'(u) C(u)+ F(u) C' ().
Furthermore, F(x) is absolutely continuous, and €(x), having
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@

a bounded derivative, is absolutely continuous also. Hence
F(u) C(u) is absolutely continuous, and its increment over
an interval is equal to the integral of its derivative over
the interval. That is, in particular,

F(n) C(n) — F(—n) C(— )
= fﬂ F' (1) CQo) du+ Jj; F(u) C' (w) du,

In(x) = J:”" F'(w) Clu) du
— F(n) (7)) — F(—a) C(—n) —-JZ'F(N) (" (u) du.

But C(xr) — C(—m) == cot(+1a) --- 0. By an earlier
paragraph, | F'(v)| < 8¢, for ~-a < u < a, where ¢, is in-
dependent of r; if u is the maximum of the continuous func-
tion |(" («)|, which is independent of » and =,

T
in(x): == (I__IF(u) C'(u) dui < 16 mpe ey,

No Ja(x) approaches zero uniformly for the values of x in
question, 5, (x) does likewise, and the lemma is proved.

It follows at once that if f(x) and ¢ () are two summable
functions, identically equal for ¢ — g < ax -2 8+7, and if
the Fourier series for ¢ (x) converges uniformly to the value
¢(x) = f(z) for « < r -~ B, the series for f(x) does the same.
In particular, Theorem I may be further supplemented by

CoroLLARY 11.  If f(x) is a summable function of period 2,
and {f there is an interval « — 5 < x ~Z B8+, >0, through-
out which f(x) is continuous, with a modulus of continuity w(d)
such that limg_,w(d)logd == 0. then the Fourier series for
S (x) converges uniformly to the value f(x) for ¢ < a - 8.

2. Convergence of Fourier series under hypothesis
of limited variation

As the next pages will be concerned largely with functions
of limited variation, the insertion of a proof of the theorem
about the convergence of the Fourier series for such a function
is not out of place.
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Let f(x) be a function of period 2, having limited
variation over any finite interval. Since a shift of the
origin from which x is measured does not change either the
character of the function or the terms of its Fourier series,
when sine and cosine terms of like order are taken together,
it is sufficient to consider convergence for x = 0.

Since f(x) is of limited variation, its discontinuities, if any,
are finite jumps. Let w(x) be a function of period 27 which
is linear for 0-Jlx<<2n, and further defined by the con-
ditions ¢(0+) = f(0+), ¥(0—) = Y(@2n—) = f(0—),
Y(0) = }[f(04+)+£(0—)]. If f(x) is continuous for x = 0,
Y (x) is merely a constant. 1f f(x) is discontinuous for x = 0,
Y(x) is equal to the constant 3 [£(0-+)+(0—)] plus an
odd function, and its Fourier series consists of this constant
plus a series of sine terms, all of which vanish at the origin.
So the partial sum of this Fourier series not merely approaches
Y (0) (in accordance with Corollary I above) but is always
exactly equal to ¥(0). As f(x) = ¢ @)+ [f(l2)—y@)],
the problem of convergence for f(r) reduces immediately to
the corresponding problem for the difference f(x)— ¥ (x).
which is continuous at the origin, if f(r) is defined for
xz =0 as equal to the mean of its limiting values. There
is no loss of generality therefore in assuming at the outset
that f(x) is continuous at the origin and vanishes there.
This assumption will be made henceforth.

By the hypothesis of limited variation, f(x) can be ex-
pressed for —7x <z < 7 in the form f(x) = ¢, (x) — ¢3 (z),
where ¢, and ¢, are bounded and monotone increasing
throughout the interval, are continuous wherever f(x) is
continuous, for x = 0 in particular, and vanish for x = 0.
For the study of the expression

¥ sin (n+4) ¢
S (0) = f() Sangs O

. sm(n—H[)t
)u—f o () Tsin 3 ¢ dt,

let
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let j;3 be the integral similarly formed with ¢, in place of ¢,,
and let j;, and j;, be the corresponding integrals from —
to 0. Then S, (0) = (1/”)(.].11"“,].x2 +Je1—Js2)-

If § and & are any two numbers belonging to the interval
(0, n), and if » is any positive integer,

S sin(at e |
IJE Tsindt dt| < 3n.

1

For the integrand is alternately positive and negative over
intervals of length n/(n-3), the arches of its graph dimin-
ishing steadily in height from left to right. The integral
over an interval corresponding to any number of whole arches
is therefore a sum of diminishing terms of alternate signs.
and its magnitude does not exceed that of the largest term,
namely the area of the first arch involved. The integral
from any &, to any &, is made up at worst of such a sum,
plus the integrals corresponding to parts of two other arches.
But the integrand, being equal to ¥4 cos¢+ ... 4- cosnt,
never exceeds n-+ 34 in absolute value, and the area of any
one arch, with base n/(n-+4), can not exceed m. So the
magnitude of the integral from & to & can not exceed 3.
(It is almost as easy to see that the value is actually less
than 27, and a still lower bound could be obtained. but the
inequality as written is sufficient for the purpose in hand;
the essential thing is that the right-hand member is independent
of &, &, and n.)

If 020 < & -~ & =<, the number J being regarded
as fixed,

J’E’ sin(m+ 4, - 3?”’:} 1

s 2singt U= a4l 7 2sinde’
For the absolute value of the integrand never exceeds ¢y, and
the magnitude of the integral can not exceed the sum of
the areas of three arches, each of base z/(n-+3}) and of
height not greater than cg.
Let ¢ be any positive quantity, and let d be chosen (by
virtue of the continuity and vanishing of ¢, at the origin)
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so that ¢, (0) <~ ¢/(6n). The integral defining j;; may be
taken as the sum of the integrals from O to J and from d
to w. The second law of the mean may be applied in each
of these integrals. For that from 0 to J it gives

s . . ,
f o1 (1) sin (n+ 3)¢ dt = %(d)j sin (n+ 3)¢ at,
’ §

2'sin } 1 2 sin }¢

where § has some value in the interval (0, d); by the second
paragraph preceding, the absolute value of the integral on
the right does not exceed 37, and consequently that of the
integral on the left does not exceed }e¢, for any value of 7.
For the rest of jj,,

7 R . N
f; pu(p SROEDL ) I, sin (-3t

2 ~in § 1 2 sin 3 f

+ 94 () j: Mo et Dy,

2 sin §¢

the new & being in the interval (d, m); here ¢, () < ¢, (n),
and the absolute value of each integral on the right,
by the preceding paragraph, is less "than or equal to
3acg/n+13). So

i i f ‘ 6egpg(
S bty < P,

2 sin } ¢
which is less than 4¢ as soon as = is sufficiently large. This
means that j;, approaches zero as » becomes infinite. By
similar treatment of jis, sy, and js,, it is recognized that
S5 (0) approaches the value 0 -— f£(0).

For functions having the original degree of generality,
the result may be stated in the following form:

THEOREM 1I. If f(2) is a function of period 2r having
limited variation over a period, its Fourier series converges
to the value f(x) at every point where f(x) is continuous, and
to the mean of the values approached from the right and from
the left at every point where f(x) is discontinuous.

If f(x) is discontinuous at the origin, the details of the
above calculation apply properly not to f(x) itself, but to
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the difterence f(x)— 4 (x), the retention of the symbol f(»)
having been equivalent to a change of notation. Let it be
supposed now that f'(») is continuous throughout. Then the
complication just mentioned does not arise (except for the
subtraction of a constant to make f(0) = 0. which is of
no consequence). The functions ¢, (x) and ¢,(r) may be
taken as the positive and negative variations of f(x) itself
(in the sense that ¢, (o) is the positive variation from 0 to
r when o is positive and minus the positive variation from
x to 0 when :r is negative, ¢, being similarly defined). The
use of the origin as representative of an arbitrary point .,
in the convergence proof amounts to another change of
notation, in connection with which ¢,(d), in the course
of the reasoning, takes the place of gy (o - 0)—g ().
Under the present hypotheses, ¢, and ¢, are everywhere
continuous, and so uniformly continuous. Hence the choice
of d, if the proof is written out in terms of the general no-
tation, can be made independently of .. For any .. further-
more, ¢, (ry 4+ ) —g¢y (1) and ¢y (o -+ T)—ge (r,) can not
exceed the total variation of #'(x) over a period, a quantity
likewise independent of »,. These are the essential points
needed to justify the supplementary assertion:

CoroLLARY 1. [f f(r) satisfies the hypotheses of Theorem 11.
and is furthermore continuous crverywhere, the Fourier sevies
concerges to f(x) wuniformly for all values of .

If it is assumed merely that f () is of limited variation for
To—17 ~ & << ry4y5, and summable over a period, the
function ¢ () which is equal to f'(2) for ro— 1 =X r < axo+1,
and identically zero over the rest of a period, is of limited
variation over the entire period, and its Fourier series converges
at & to the value } [y (ro-+) 4 9(ro—)] = § [ f (@0 +)+f (o—)].
from which it follows that the Fourier series for f(x) does
the same. If f'(x) is continuous and of limited variation for
a—q =~ xr < g4y, and summable over a period, the
function ¢(x) of period 27 which is equal to f(x) for
e—qg S x<B+g, and linear for 8+94 Sz < a—i+2n,
is of limited variation and continuous over the entire period,
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and its Fourier series converges uniformly with ¢ () for its
sum; the Fourier series for f(x)—¢ (x) converges uniformly
to zero for ¢ <« < 8, by Lemma II; and consequently the
series for f(x) converges uniformly to f(x) for ¢ < x < 8.
These conclusions may be expressed as

CoroLLARY II. If f(x) is a function of period 2r, summable
over a period, and of limited variation for xoy—1y < x < xo+1,
its Fourier series converges for x = a, lo the value
S (wo+)+flxo—)); if f(x) is of period 2m, summable
over a period, and continuous and of limited variation for
a—y < x < B4y, its Fourier series converges uniformly to
the value f(x) for e << x < 8.

It may be noted in passing that the second law of the
mean leads to a proof of Lemma II for functions that are
bounded and integrable in the sense of Riemann, without
the use of Lebesgue integration. In the expression which
was denoted by ., (x), in the proof as given previously, let
the integrals from —z to —# and from # to 7 be considered
separately; the integrand is identically zero for —z < w < 4.
Since cot 3« is monotone from 7 to m, and cot3n = 0,

7 $
f S (x+u) cot%u sinnudu — (cot ;21~ q)f Sfx+wsinnudu,
K 7

where & is a number of the interval (5, n). The magnitude
of the last integral does not exceed the quantity 8e,, which
is independent of x and approaches zero as n becomes infinite.
Similarly it may be shown that the integral from —n to —y
approaches zero uniformly, and the conclusion of the lemma
follows at once.

3. Degree of convergence of Fourier series under
hypotheses involving limited variation
Attention will now be directed once more to questions of
degree of convergence. The next theorem is a rather simple one:
TueoreM III.  If f(x) is a function of period 2n with
limited variation, the total variation over a period being V,
then, for n >0,
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(1
'fnf(:r)coswxdm} < %, |fnf(a:)sinnzdac < %

Let ¢,(x) and gs(x) be the positive and negative variations
of f(z), starting from the point —n, so that f(z) = f(—n)
+9:1(x)—93(x), 9(—n)=gs(—n)=0. Since f(n)=f(—n),
91(m)—g:(x) = 0. But ¢,(7)+¢93(7) =V, and therefore
91(n) = ¢3(7n) = 4V. By the second law of the mean,

J:.q), ()cosnzdxr == gpl(n)f"cos nxdx

_ __V(smnn—smnE) __Vsinrg_
n - 2n '
EJ’" @) d | 14
! _7‘?1 X)CoSnx xl*; 271,
Similarly,
IJ-):I q’g(m)cos’nx da:l } —2—-1;
while

fnf(—n)cosnwdx = 0.

So the first inequality of the theorem is obtained. A mechan-
ical repetition of the reasoning for the integral with sin nx
would lead to the expression cosn&—cosns in place of
sinnm—sinn&, and the new expression has the maximum
value 2 instead of 1, since cos nm 0. But by virtue of
the periodicity the integral from — 7z to = is the same as that
from — -+ [a/(2n)] to w4 [7/(2n)], and if the variations
are measured from the left-hand end of the latter interval the
upper bound V/n is obtained once more, as stated in the
theorem.

Suppose now that f(x) has a first derivative with limited
variation, and let V be the total variation of f'(z) over a
period. By integration by parts,

J:f(z) cosnrdr = [&M‘”] 1 f" £ (@) sinnz de

n

. -—-_1_ L .
= n f_nj (x)sinnxdx,
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whence it follows further, since Theorem IIT is applicable to
the last integral, that

| rﬂ flryecosnrdr = I “: /7 (r) sinar :l.r! - I; .

Jo T n
Similar reasoning applies to the integral with sin nax in
place of cos na. Repetition of the process of integration
by parts leads to the following:

CorOLLARY L. If f(x) s « function of period 2n which
has a pth derivative with limited vaviation, p ™ 0, and {f'V
is the total variation of fP (r) over a period, then, for n ™\,

'r;.f(.r) cosnrdr .. ”,,‘,l . J ‘:,/'(.r) sinwrdr ":“ .

The conclusion is really somewhat more general than the
statement would indicate. Suppose for simplicity once more
that p = 1. As will be seen on re-examination of the
proof in the light of well known theorems on Lebesgue inte-
grals, the essential thing is not that f'(») be uniquely de-
fined at every point, but that f(2) be expressible as the in-
tegral of a function ¢ («) of limited variation:

Sy -- T a) +Jﬂ-" g@)da,

for any value of «. This observation is of some interest,
since the simplest functions represented by graphs with cor-
ners satisfy the modified hypothesis, but not the original
one. The generulization carries over to the applications of
the Corollary in Theorems 1V and Vb below.

For the sake of another corollary, let f(x) be identically
zero for xy—y <z~ r,-} 7, and of limited variation over a
period. If S, (r) is represented once more by the formula

1 £¥ .
Su () =- P J Sro4-u) cot ; wsin nu du
2n,)_,

<l
+ -')J},—J S(xo+u)cosnudu,
~ -
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both f(xo+w) and f(ao-u) cot Ja are of limited variation,
regarded as functions of w, and consequently |8, #,) does
not exceed a constant multiple of 1/n. With regard to
uniformity of convergence, let f(s) be identically zero fol
e—q <z -Z B84y, the hypothesis of limited variation over
a period being kept unchanged. When « .. <8, the
function f(ao+1) cot 3w is identical with f(s0-t-2)Cy (o), if
C, (w) is defined as equal to O for O -3 w.- .4, and equal
to cot yu for 9 < jw |~ m. In general, if ¢, () and ¢; ()
are any two functions of limited variation, the total variation
of ¢, (u) being 1, and that of ¢, () being 1, and if M,
and M, are upper bounds for | ¢, («) and |¢. () respectively.
the function ¢, (1) ¢y (n) is of limited variation, and its total
variation does -not exceed MM, Vy+ ;1. In the present
instance, ¢, (1) and ¢, (1) being replaced by f(r, !-u) and
!, (1) respectively, f(ro-+u) has the same total variation
over a period and the same bounds as f(.r). for any value ot
a9, and C) (n) is independent of .. so that the total varia-
tion of f(xo + u) cot yu, while presumably different for dif-
ferent values of r,, has an upper bound independent of ..
as long as x, belongs to the interval (¢, 8). Such an upper
bound can be calculated more specifically as the product
of V, the total variation of f(x), by a quantity depending
only on 5. (The absolute value of f(r) can not exceed T
anywhere, since every period contains points where f(r)
vanishes.) It is possible therefore to state

CoroLLARY 11 If f(2) is a function of period 2n with
limited variation, the total rariation over a period being V.
and if f(x) vanishes identically for «—y < a < B-+y. then
" ) |« _(Zﬂ
b" (Il) vt n

Jor a« < x < B, where S, (x) is the partial sum of the Fourier
series for f(x), and Cy depends only on .

Each of these corollaries, taken in conjunction with results
obtained earlier, leads at once to a theorem on degree of

convergence. If p =1 in the hypothesis of Corollary I, it
‘t
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is known that the Fourier series for f(x) converges uniformly
to the value f(z); this follows from Theorem IX of Chapter I,
and more directly from Corollary I or Corollary I1a of that
theorem, since the hypothesis provides f(x) with a bounded
first derivative, and

| f()) —f ()| < 2|2y —m1 |,

if A is an upper bound for |f'(x)|. On the other hand, Corol-
lary I, interpreted in terms of the Fourier -coefficients,

states that .
lan| S VI(anrth), |ba]| < V/(mn?ty),
Hence

|[f@)— 8. (2)| = \k;;ﬂ(ak cos kx - by sin kx)l
< 2 (ai+ind
k=n+1

. vV 2V (T du _ 2V

= 22&@7 = ';af. W prar
The conclusion may be formulated as

THEOREM IV. If f(x) is a function of period 2nm which

has a pth derivative with limited variation. p 2> 1, and
if V is the total variation of fP (x) over a period, then, for
n>0,
QV
nr’

< Qp -

@) —8n @] < 2~ <

where Sy (x) is the partial sum of the Fourier series for f(z),

Qp s a constant depending only on p, and Q is an absolute
constant: more specifically, Q, = 2/(pn), Q —= @, == 2/n.

This result is to be compared with Theorem X and the
corollaries of Theorem IX in Chapter 1.

Corollary I1 will be combined with Corollary IT of Theorem IX
in Chapter I, and with the theorem just obtained. In connection
with the result from Chapter I, it is to be noted that if f(x)
is a continuous function which is not identically constant,
and if w(d) is its modulus of continuity,

o)

lim in
d_
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For if this were not the case, it would be possible for every
¢ 0 to find arbitrarily small positive values of d such that
o (0) =X &d; for any such d, | f(ry) — f(20)] < e|ay—u |, if
ry —x, is an integral multiple of d, since | f(x, + Nd)— f(x,)]
= Nw(d) <e&.Nd, if Nis integral; but for any choice of
ary and xy, it would be possible to find values of & satis-
fying the condition that @(0) < ¢d, and so small that o — oy
differs arbitrarily little from an integral multiple of J; and
then it must still be true by continuity that |f(2v) — ()|
“s €|xe — 2y}, which in view of the arbitrariness ot ¢ means
that f(x;) — f (&) - O for all w; and s, contrary to the
hypothesis that f(«) is not constant. The conclusion may be
stated by saying that (d)/0 has a positive lower bound for
values of 0 that are sufficiently small; as «(d) itself has
a positive lower bound over any interval not reaching to the
origin, it appears further that w(d)/d has a positive - lower
bound over any finite range for 4.

Suppose now that f(z), having the period 2x, is con-
tinuous with modulus of continuity w(d) for « —y <. 2 <X 849,
but not constant over the interval, and of limited variation
(but not necessarily continuous) over the rest of a period.
Let ¢(x) be periodic with period 22, equal to f(a) for
e—n~~x< 8-+, and linear for 849~ x: «—y5+2a.
In the latter interval, the modulus of continuity of ¢(r) is
@ constant multiple of 0, which by the preceding remarks
does not exceed a constant multiple of w(d), say kw(d), over
the range within which w(d) is defined, namely for 0-Z9d
< B—ea-+2q. If J satisfies the latter condition, any inter-
val of length d is made up at worst of an interval congruent
(modulo 2n) to (84 . « — 7+ 2x), together with parts of
two intervals congruent to (e — g, 8+ 7), and so ¢ (x) has
everywhere a modulus of continuity w,(d) which for 0-24
< B— « - 27 does not exceed (k4 2) w(d). By the corollary
cited from Chapter I, ¢ (2) differs from the partial sum of its
Fourier series by not more than dw, (2x/n)logn, and so
by not more than A (k+ 2) w(2 n/n) log n, if » is large enough
s0 that 2a/n comes within the specified range of values for d.
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On the other hand, f(x) — ¢(r) is of limited variation, and
identically zero for e — y -J » <l 8+ 7, so that the recent
Corollary II is applicable; and the quantity 1/» which enters
into the conclusion of that corollary does not exceed a constant
multiple of w(2a/n). So it is possible to state

THEOREM Va. If the function f(x), of period 2m, is conm-
tinuous with modulus of continuity w(d) for e —y < x < 8+1,
where @(8) >0 for >0, and of limited variation (but not
necessarily continuous) over the rest of a period. then

S @) —Sa(@)| < co(2a/n)logn

Jor e S x = B, if nois large enough so that @(2n/n) has
a meaning, Sy(2) being the partial sum of the Fourier series
Jor f(x), and ¢ a constant depending neither on x nor on n.

The combination of Corollary II with Theorem IV (or
rather with a part of that theorem) proceeds with a little
more facility. Let f(x) be a function of period 2 having a
first derivative with limited variation for a —9 < x < 841,
while f(z) itself is of limited variation over a period.
Let ¢ () this time be of period 2n, equal to f(x) for
«—n<xr< B8+, and defined for8+7 Jr<a—7+2n
as a polynomial of the third degree so that ¢ (x) and its
derivative lave determinate values at both ends of the interval.
Then ¢ (x) has a first derivative everywhere, which is of limited
variation over a period, and f (x) — ¢ (z) is of limited variation
over a period and identically zero for e—g < =z < 8-+ 1.
It remains to apply Theorem IV to ¢(z), and Corollary II
to f(x)—¢(z), and the following theorem is obtained:

THEOREM Vb. If the function f(x), of period 2m, is of
limited variation over a period, and has a first derivative of
limited variation for e —n < » < B+ 9, then

|f@)—8n(x)| < %

Jor ¢ < x < B, where Su(x) is the partial sum of the Fourier
series for f(z), und ¢ is a constant depending neither on x
nor on n.
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Space will not be taken here for the working out of more
elaborate combinations of similar character. A theorem re-
lated to Theorem I1II, however, will be obtained for the sake
of a subsequent application.

It was shown early in the chapter that the Fourier co-
efficients of an arbitrary summable function of period 2#
approach zero as a limit. Let f(x) now be a function of
period 27 which is absolutely continuous, and let ax, bx be
its Fourier coefficients. Its derivative exists almost every-
where, and is summable. -The product f(z) sin kz is like-
wise absolutely continuous, and so has a derivative almost
cverywhere, and its change of value over an interval is
equal to the integral of its derivative. Specifically, it has
a derivative equal to f’(x) sin kx + %k f(z) cos kx at every
point where f'(x) exists. Consequently

0 -= f(n)sinkn — f(—mn) sin (—kn)

= j f)ysinkxde+k f(@)coskxdx,
. T -

w
kar = ——IJ Sfla)sinkzxdz.
() —n

But by the theorem cited at the beginning of the paragraph,
the last integral approaches zero as k becomes infinite, since
S () is summable. Similarly, kb; approaches zero.

It was seen at the beginning of the chapter that

ilr- J:. [f(@)—Su(@)] d
- “,1, J:[f(x)]’da--—lgj_;_ 2 (@4 B2) ]

But under the hypothesis of the moment f(z), being abso-
lutely continuous, is @ fortiori of limited variation, and hence
Sa(2) converges uniformly to f(r). So the left-hand member
approaches zero, and the right-hand member must do the

same:
[

2 (24 52).

l"’leu

L verar -



56 THE THEORY OF APPROXIMATION

(It is still not necessary for the purpose in hand to establish
the well-known fact that the last relation holds under much
more general hypotheses. Use of the theorem on the con-
vergence of the Fourier series for a function of limited variation
can be avoided by reference to the least-square property of
the sums S, (z), discussed in the next chapter, together with
the fact that by Weierstrass’s theorem trigonometric sums
Ta(x) can be found so as to make f(x) — Tn(x) approach
zero uniformly.) From the last two equations, taken together,
it appears that

[ o —sorar —

0
(ak + 3.
=n+1
Let ¢ be an arbitrary positive quantity. It is possible to
choose n, so that [kax| < (3&)V2, |kbi| < (3 )12, for &k = n,.
Then, if n > n,,

N; 2 D 2] 1 -ool
2 (@+)<e D k_,_§£i du e

k=n+1 k=n-1
which means that

00
lim » 2 (ak+b%) = 0.
n—0 k=n-+1
The results of the last two paragraphs may be summarized in
THEOREM VI. If f(x) is an absolutely continuous function
of period 27, and if aa, by are its Fourier coefficients,

lim za, = 0, lim nb, = 0.

n=—o0 n=00

If Su(x) is the partial sum of the Fourier series for f(z),
and if yn is defined by the equation

=] [f@)— 8@ dz,
then
lim ny, = 0.
n—=o0
The first part of this theorem supplements Theorem III:
the products n as, nb, are bounded for any function of limited
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variation, and approach zero if the hypothesis of limited
variation is replaced by the more stringent requirement of
absolute continuity. The last part of the theorem will be
used in the next chapter.

4. Convergence of the first arithmetic mean

The next undertaking will be to outline a theory of the
convergence and degree of convergence of the approximating
functions with which the name of Fejér is associated, the first
arithmetic means of the Fourier series for a given function.
The mean in question is defined by the identity

on(z) = 71‘ (S (@) + 8. @) + - - - + Sny ()],

where S(r), as usual, denotes the partial sum of the Fourier
series through terms of the %th order.

It will be recalled that the fundamental integral expression
for Sk(x) involves a factor sin (k- 3) (t — ), and otherwise
does not change with k. The product of the expression

| . 3 . 1
smgv + s1n—2—v+ .+« sin (1:——2—) v
by 2sin v can be rearranged in the form

[1 — cos v] 4 [cos v — cos 2v] + - - - -+ [cos (n—1) v—cos nv]
= 1 —cosnv =- 2sin®(nv/2).

Application of this identity with » replaced by ¢ —x, gives

sm ifn(t -x)
or in terms of a new variable « = }(f — z):
1 sin? nu

o (x) = mf(x+2 s

1f (sin’nu)/(sin’u) is denoted for brevity by @, (x), the ex-
pression becomes
1

@) = = [ flat 2000w du.
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The fact that the trigonometric factor @, («) in the inte-
grand, unlike the corresponding factor in the expression for
Sa (@), is never negative. has important consequences, and
materially simplifies the reasoning. If f(x) in particular is
identically 1, each Sk (2) reduces to the single term 1. and
o, (r) also is identically 1, for all values of n:

[ = 1 sin %n(f—w) _ 1 J: @, () .

nm J—= 2sin? %((

More generally, then, if f(x) has J/ as an upper bound for
its absolute value,

. L™ o,
jo (), - e Y {C +2u): @, () du
1 7.2
= 0w me MO () du = M,

I @) < M for all ralues of x. then oy ()| ~. M for all
values of x likewise, and for all values of n.

For any specified value of ., the identity in the preceding
paragraph, multiplied by the quantity f(+), which is constant
as far as the variable of integration is concerned, states that

of2

_f(l') - f( l') wn (N) ([N,

nm J—=xl2
whence

ay (@) — flr) = L[ [f@4-21) — f(x)] @, () du.

—

Suppose now that f(x) is summable over a period, and
continuous for o -= xo. Let & be an arbitrary positive
quantity, and let d --. 7/2 be chosen so that | (a4 2u) — f(ay):
< 4e for lu. ~2 0. Then

] - J [FCrot2 1) — f2)] @, (0) dul Lo J =My () du

1 (=2 1 1
- J - -e @, (W) du —- g &

for all values of n. On the other hand, since @, ()~ 1/(sind)
for 0 - |u| - n/2,
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nL fx/,+r )[f(-'”o + 2u) — f ()] ‘Dn(u)du!

S nn sln"d fn/z |f (ro+21) — f20) du;

the last integral exists, by the hypothesis of summability,
and is independent of n, so that the whole expression is less
than }e as soon as = is sufficiently large. Therefore
.0 (x)) —f(x0) | <<e, when n is sufficiently large; oy (x0)
converges toward f(xo). If f(x) is continuous everywhere,
s (r) converges toward f(x) for all values of z, and the
convergence is uniform. For d in the proof can be chosen
independently of .y, since f(r) is uniformly continuous, and
if M is the maximum of !f(x)!,

nf2
J | f(ao+2u) — flao) du < 2Mn,

—m/2
which is likewise independent of z,.

For convergence at a point of discontinuity, let f(x) be
summable over a period, and have a finite jump for » = .
Let f(r,) be defined as the mean of the limits approached
from the right and from the left. l.et a function v (x) be
defined by the requirements that it shall be of period 27,
and linear for ao -~ » - xo+ 2m, and that Y (xo+) = flao+),
Y(ro—) = flao—), ¥(x) = flx). For x = xy, each
partial sum of the Fourier series for ¢ (r) is exactly equal
to (x,), as was pointed out in substance at the beginning
of the proof of Theorem II. The same is trne therefore of
the arithmetic means of these partial sums. But f(z) is the
sum of ¢ (x) and a function continuouns for . = .,y; and the
arithmetic mean formed for the sum of two functions is the
sum of the corresponding arithmetic means. So the arith-
metic mean o, (x) formed for f(r) converges for » = », to
the value f(x,).

The results on convergence obtained thus far may be
restated in

THEOREM VII. If f(x) is a summable function of period 27n.
and o, (x) the arithmetic mean of the first n partial sums of



60 THE THEORY OF APPROXIMATION

its Fourier series, as defined above, ay(x) converges toward
f(x) at every point where f(x) is continuous, and converges
toward the average of the limits approached from the right and
Sfrom the loft at every point where f(x) has a finite jump.
If f(2) is continuous everywhere, the convergence s uniform
throughout.

It should be mentioned as an immediate consequence of the
definition of the arithmetic mean that /'Sy, (x) converges at any
point, a,(x) converges to the same value. In fact, if S, , S,
is any convergent sequence of numbers whatever, with limit S,
and if o, = (So+ 81+ - -+ +8r—1)/n, then g, also converges
to the limit S. Let §S—Sip—= R, and let N be chosen so
that | Ril-Z%e for k™ N. Then, if n-.N,

PS— (St Sik e S

S—a, -= n -7
_ Rt B --- A By
n
Ry+ - - By + By+ - +Bn 1
n n !

the last fraction is less than }e in absolute value for all
values of #>> N, and the preceding fraction, in which the
numerator is independent of #, is less than 4 for » suffici-
ently large.

5. Degree of convergence of the first arithmetic mean

As a first hypothesis for the study of degree of convergence,
let f(x) satisfy everywhere the condition

[flas) —flx) | < Ajag— !

In the integral expression for oy(z)—f(x),
Sa420)—f(2)| == 4] 24|,
so that
.9 i /2 4 A o7tf2
| P T 2E . 4+
lan(@)—f ()] - e _nmluid),.(u)du popeng] 8 u®@,(u)du.
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In dealing with the last expression, it is to be remembered
that w/sinu < /2 for 0-Zu =< m/2. Let the integrals from
0 to 1/»n and from 1/n to /2 be considered separately.
In the former, let the integrand be expressed by the formula

sinnuw

" .
u®@,(u) = -——-.sinnu- .
n (10) sin sinw

of the three factors indicated, all of which are positive for
0<u < 1/n, the first does not exceed rr/2, the second does
not exceed 1, and the third does not exceed n. Hence

1/n n
L uw @y (W) du - g

-

In the integral from 1/2 to /2,

u? 1 n? 1
(D R .,‘. s . < — .-
1 @ (1) sinto S =Ty
and
o2 a? T du a T
t @ < - f — == - —(lo s + 1o n).
Jl,'u @, ()du < Pl 1 g 5 + log

It follows that the whole integral from 0 to 7c/2 does not
exceed a constant multiple of logn, and |g,;(r)—f(+)| does
not exceed a constant multiple of (logn)/n. A slightly
more specific statement of the result is

Tueorem VIIL  If f(a) s a function of period 27 satis-
Jying everywchere the condition

L f(we) — f ()]~ Alas—ua s

and 6, (r) the corresponding arithmetic mean, then, for n>=-1,
. . Cy2logn
FOETACIINRE L
where Cy s an absolute constant,
Let f(x) have a derivative satisfying everywhere the

condition
| ) —f ()| < A|ay—my |9,
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with a positive value of «. The error then can be somewhat
more narrowly restricted. The factor @,(u) being an even
function of u, the substitution of — u for w gives the integral
expression for the error the alternative form

1 —1/2

o () —flx) = —-— [f(x—2u) —f (@)] @, (v)du

nn /2

1 Iﬂl/2
= [f @@ —2w) — f @)] @u(w)du,

nw , —71/2

and a third expression is obtained by taking the average of
this and the original ome:

76/2

ap(x)—f(r)= 2;; / [flr+210—=2f (0 +f@—200] Pu()d .
72

By the mean value theorem, together with the hypothesis
now in force,

J@+20) —F@ == 2uf &),
fle—2uw)—f@) = —2uf (&).
S22 —2f@+flx—2u) = 2u[f &) —f &),
|f@+20)—2f@+fle—2uw)| < 24]ul. | E—EF
< Qe+l )| g @l
the numbers & and & being in the intervals (z, z+2 u) and
(x — 2 u, x) respectively, so that |§ —&| < 4|u|. Hence

2 ) 2 |
o (@) —f@)] = - w %t @, (1) due
- nn —n/2
2041 /2
— i"_}' w @, (u) du.
nrw 0
But
D, (u) < 1 1
"= gin®e = 40 u®

in the interval of integration, so that

g%—1} *d
' on 2) — f (@) | < - f =

n
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which does not exceed a constant multiple of 1/n, the last
integral being convergent. In more formal statement:

THEOREM IX. If f(x) is a function of period 21 having
« first derivative which satisfies everywhere the condition

E‘/" (z2) —j’(.l,‘l)l - Z'i'['-’_-"l lee

with @« >0, and if 6, (x) is the corresponding arithmetic mean,
then

L) —m () - ( ‘:f .
where Ce 18 a constant depending only on «.

No higher order of approximation would be obtained by
supposing f(») provided with additional derivatives. In fact,
the arithmetic mean corresponding to the analytic function
S(r) 7 cosz is 6, (r) — [(m—1)/n]cos >, and the error
is actually of the order of 1/n.

Let f(r) be an arbitrary continuous function of period 2 =,
with modulus of continuity w (d). The theorem to be obtained
in this connection is perhaps of secondary interest, because
a closer result is given for an important class of cases by
the theorem following it; but it also covers cases not admitted
by the hypothesis of the later theorem, and so is not entirely
superfluous. The proof is an adaptation of that of Theorem 11
in Chapter 1. Let ¢ () be a continuous function of period 2
which is equal to f(x) for a set of values of xr dividing
a period into » equal parts, and is linear between successive
points of this set. This ¢ (2) satisfies the hypothesis of Theo-
rem VIII, with 4 =— [w (2 7/n)]/(2 n/n), and is represented
by the corresponding arithmetic mean with an error not
exceeding a constant multiple of w(2 n/n) log n. The absolute
value of the mean corresponding to the difference f(x) —¢ ()
does not exceed the maximum of the absolute value of the
difference itself, which is not greater than 2w (2x/5), and the
error of this mean can not be greater than 4w(2n/n). Hence:

THEOREM X. If f(x) is a continuous function of period 2 r,
with modulus of continuity w(9), and oy, (x) the corresponding
arithmetic mean, then. for n™>1,
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(r)—‘an()l\(om( )l()gn

where Cy is an absolute constant.
Let f(r) be subjected to the hypothesis that

f@s) — )] = 2 xe— 2|7,

with 0 ~_«-J1. From the original integral expression for
(2]

the error,

. _ A 2
O () —f()] < SO R [20]® Dy (1) d n

2(¢+1}_ T2
. Jo u* @, (1) du.

Let the interval of integration again be considered in two
parts, from O to 1/n and from 1/n to /2. In the former
interval,

u® . sin 7 u
W@, (1) = ——— -sin“nu- ( — ) ( <1029
sin® sin

I

“1/n m\“
JO WD, () du < (;)—) n' -«
From 1/n to a/2,

uc a® 1

O S ey S Y e

fmu“d) (0 du < n? I""- du . nt J’” du ninl—¢
du = ;- 2wl e T
1n " = 4 Jun 27" T 4 Juyn yt ¢ 4(l—a)’

Substitution of these inequalities in the formula for the error
gives

THEOREM XI.  If f(r) s a function of period 2 v satisfying
everywhere the condition

l./("')_f(-tl)l '72—-7‘11 ’

with 0-Ze-Z1, and if 6, (x) is the corresponding arithmetic
mean, then
o
|f(r) — o ()] < - —;;-.

where Ce is a constant depending only on «.
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Two outstanding facts with regard to the arithmetic mean,
as compared with the simple partial sum of the Fourier series,
are that the former converges for every continuous function,
but does not reproduce identically a function which is itself
a finite trigonometric sum. Consideration of Theorems XI,
VIII, and 1X, in the order named, throws some further light
on the ability of the arithmetic mean to adapt itself to irre-
gularities in the function represented, and its inability to avail
itself of an exceptional degree of regularity. The hypotheses
of the three theorems imply that

Iflr+ o) — 2f(0) +flr —v)| < 4 lej

with a constant 4, in each case, and values of « successively
less than 1, equal to 1, and greater than 1 (the present a,
in the case of Theorem IX, taking the place of the number
previously denoted by «-4-1). The upper bounds obtained
for the error of the arithmetic mean have the orders respect-
ively of 1/n% (log n)/n% and n*~Yn“ The corresponding
upper bound for the error of the simple partial sum of the
Fourier series is of the order of (log»n)/n* in each case.

For a concluding theorem with regard to the arithmetic
mean, let f(r) be of period 27, summable over a period, and
identically zero for ¢ —y -~ x < 8+ 5. If = has any value
in (e, 8), f(r+2u) is identically zero for — 3y < u = }7.
Hence

o, (x) - n” f’)/' J;/ )f(ut-}—?u)m,,(u)du

/2
Nince @, (1) = 1/(sin* 3 9) for 37 < |u! < 3, it follows that

b L L
loa(r)| < g "/2+f |flx+2w)|du
. 1
e 'nrt-smf |flc+2u0)! du.
In terms of the variable ¢ = x4 2u,

z/2 1
f,,/,lf(x+2“)| du = —2~J:r|f(l)| dt,
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the limits of integration on the right having been adjusted
by use of the frequently applied observation that the integral
of a periodic function over a period is independent of the
position of the initial point of the period. If the last integral.
which is independent of x, is denoted by J,

'T

G < tsin?ly
| w(@)] < 2nnsin®yg

The conclusion is

THEoREM XII. If f(x) is @ function of period 2m which
s identically zero for ¢ —n < x < B8+ 5, and summable over
«a period, the integral of its absolute value over a period being J,
and if a,(x) is the corresponding arithmetic mean, them, for
€ =B,

loy, (1), < i,
=y
where Cy is @ constant depending only on 1.

Taken with the last assertion in Theorem VII, this shows
that if f(x) is continuous for «— g -7 r -2 8+, and summable
over a period, the arithmetic mean associated with it con-
verges uniformly for « =Z x <X 8. The results obtained by
combining Theorem XIT with Theorems VIII-XI need not be
enumerated at length.

6. Convergence of Legendre series under hypothesis
of continuity over a part of the interval

The theory set forth in the early part of the chapter can
be carried over in some measure to the case of Legendre
series, the discussion being kept on the same elementary level
which was maintained in the treatment of these series in
Chapter I, to the extent that no use is made of an asymptotic
formula for the Legendre polynomials. The next paragraphs
will be devoted to a presentation of the analogies that work
out most readily, though it will be seen that the treatment
is left incomplete in several particulars.

Let f(x) be summable together with its square for
—1<xz <1, and let ax be the coefficient of Xi(r) in its
Legendre series,



II. LIMITED VARIATION; ARITHMETIC MEANS (

S
-l

9 o1
ap = “—’f; 1 j S (&) Xi() dt.
e —1
lLet
Salr) == 1y X, (') +ay Xy () + oo w0 X, (),

as before. By reference to the property of orthogonality of
the polynomials Xk (), together with the definition of «; and
the fact that the integral of [Xi:(x)]® over the interval (—1, 1)
is 2/(2k-F 1), it is seen that

& 9

Ol .
)= - SN2 dor N2 dr »_ = 2
J 1[](.1! Sy ()P d.e J-]lf('”] d. AT .

As the quantity on the left-hand side can not be negative,
the sum on the right is bounded for all values of u. the
infinite series obtained by letting 2 become infinite is eon-
vergent, and

linl ’lk_/(?]f—{_l)l/z = 0.

h -

or. as equivalent statements,

g
lim ap/kre 0, lim l."‘-’J 1) Xuh)dt = 0.
k o Kk x 1

The parallelism with the case of Fourier series becomes
clearer if the polynomials X% () are replaced by the normalized
sequence {[(2k+1)/2]"2 Xi(s)}. or, more superticially, if it
is considered that the magnitude of the coefficient is less
significant than the magnitude of the general term of the
series: it was seen in Chapter I that |.X; ()] does not exceed
a constant divided by A2, when » stays away from the cnds
of the interval. and consequently

lim az Xp(2) - - 0
k=%
uniformly throughout any closed interval interior to (-—1.1).
Let f(») again be summable together with its square. and
suppose now that it vanishes identically for ao—# - .c << o+,
the interval (xy—7, ro+ %) being contained in (—1, 1). The
value of S,(xy) can be expressed in the form
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Aqn (.l'o) = n +1 4¥u+1(a‘0)f f(t) Xn(t)dt
1 .
- ‘"_+ Xa ( 0) f f_(i) An4-1 (t) dt.

Each of the quantities X,41(+y). Xn(xo) is less than a con-
stant divided by »'?, and the factor in front of each integral
is thereforc less than a constant multiple of %!2; the quan-
tity 1/(xo—1¢) is bounded over the range where f(¢) is
different from zero, and f(£)/(x,— ) therefore is summable
together with its square; consequently, by the preceding
paragraph, the product of either integral by a quantity of
the order n'? approaches zero. In other words, S,(xo) con-
verges to the value 0. If two functions f'(z), ¢ (x) are identical
for xp— 1y < x < x+ 1, the Legendre series for their differ-
ence converges toward zero at the point x,, and the series
for f(z) and ¢(x) themselves converge or diverge together
at that point: the convergence of the Legendre series for a given
Sunction at an interior point of the interval (—1, 1) depends
only on the behavior of the function in the neighborhood of
the point.

As a preliminary to a discussion of uniform convergence,
let f(x) be any summable function with summable square
over the interval (—1, 1), and let

4@ == [ 7O X ar.

It is to be shown that k%2 A.(y) approaches zero uniformly
for —1 <y <1. The proof is largely a repetition of the
corresponding argument for the case of Fourier series, but
there are differences of detail which are not altogether trivial.
For any fixed value of y, Ax(y) is the same as

[ £ xar,

if fi(f) is a function equal to f(f) for —1:if- -y, and
vanishing for y<<¢< 1, and consequently %'/2 Ax(y) approaches
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zero for the particular value of y in question. Let ¢ be any
positive quantity. Let

aw [ rora

This function is continuous, and therefore uniformly continuous,
for —1 <y <1. Let d be chosen so that

o

| A (ye) — A )| (1) 6)-

whenever |y, — # |~ J, y and y; being points of the inter-
val (—1,1). Let N be the smallest integer such that 2/N-Zd,
and let zj == —1-4+(2j/N). j=0,1,-.., V. The points z;
being finite in number, there is a k' such that AY2| Ax(z;) -~ 3¢
for all the values of ; in question, whenever k¥ > k'. For
any value of y in (—1, 1), let j be that one of the numbers
0,-... .V for which 0 <y—2z - 2:N-_d, and let Z == z,.
Consider the difference

) — 4(2) = [ 1) Xautt) .

By Schwarz’s inequality,
[ ro xawad < [ irorac [ 1xor a
= [46) — A [ Xl e

< @) — A2)] f_ll [Xx(D]*dt

_ (1) 1)
< (—2—5) 22K+ 1) (_—2 s) k.
Consequently

1
k2| A (y) — Ap(Z) 1 < 9 &

This is true for any positive value of &. On the other hand,
it & K, k2| Ax(Z)!-Z 3. For such values of k, therefore,
12| Ax(y)| <Ce; and K’ is independent of y. Let & be the
maximum of | Ax(y)| for —1 = y < 1. The conclusion is that
limg-- o0 kY% & = 0.
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Now let f(x) be summable together with its square over the
interval (—1, 1), and identically zero for e —y < 2 < 841,
where —1<{a — g <8+ 5<C1. Consider the expression

EAGR. YOI f Ay (t)

-1 xr—1t

on the assumption that x has a value belonging to the inter-
val &« < « < 8; the function A4.(f) has almost everywhere
a derivative equal to f(f) X,(f). Let R(x) be a function
equal to 1/u for |u|=> 7, and so defined for |u|-<9 as to
have a continuous derivative everywhere. Then, for any «
in (e, 8), R(x—1) is the same as 1/(x—f) at all points of
the interval —1 < ¢ <1 where f(¢) is different from zero,
and the integral above is equal to

f_ll Ap(t) B(x — t) dt.

The product 4, (t) R (xr— ¢) has almost everywhere a derivative
with regard to ¢, equal to A,() R(x—1¢) — A, (t) R (x—1),
and its increment over an interval is equal to the integral
of this derivative, so that

f_llAQ(t) R(z—t)dt
= (4 R — 01+ [ 40 R =0 ar.

Both R(x) and R'(w) are continuous for all real values of u,
and approach zero as u becomes infinite in either direction.
Let M, be the maximum of | R(x)|, and M; the maximum of
| R'(u)|; these numbers are of course independent of x. In
the right-hand member of the last equality, As(—1) = 0,
|4n ()| < €, |R(x—1)| < My, while |4, ()| < en,
|R’x—-t)| < M,, over the whole interval of mtegratmn
Consequently

1 i
}j:-lA;‘(t)R(I—t)dt §M0€n+2M]5n.

Since limn;—m 'nlm &p — 0,
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iz [ SO X )

-1 r—t

approaches zero uniformly for ¢« < 2 < 8. The same con-
clusion holds if X, (f) is replaced by Xn.1 (). On the other
hand, n'2 X, 1, (x) and n'? X, (x) are uniformly bounded over
(e, 8). Hence, on assembling the coustituent parts of the
integral expression for S, (x), it is seen that S, (x) approaches
zero uniformly over the interval in question:

THEOREM XIII. If f(x) ds summable together with its square
over the interval (— 1, 1), and identically zero over an interval
«—q < x < B4+7q contained in (—1, 1), and if Sp(x) s
the partial sum of the Legendre series for f(x), them Sy (x)
converges uniformly toward 0 for « < x < 8.

With the corollary of Theorem XI in Chapter I, this yields
at once the further

CoRrOLLARY. If f(x) is summable together with its square over
the interval (—1, 1), and continuous over the interval e —1
<z < B8+ 1, with a modulus of continuity w(9) such that
limg_, @(0) log 6 = 0, the Legendre series for f(x) comverges
uniformly to the value f(x) for « < r < 8.

7. Degree of convergence of Legendre series under
hypotheses involving limited variation

It remains to consider questions of degree of convergence.

The discussion will be based on the properties of the Legendre
polynomials already used, together with the identity

_1
2n+1

Let f(x) be a function of limited variation for —1 < v <1,
its total variation being V. Let ¢,(z) and g5(x) denote its
positive and negative variations, measured from the left-hand
end of the interval, so that f(x) = f(—1)+ ¢,(x)—g¢:(x),
¢ (—1) = ¢g(—1) = 0. By the second law of the mean,

1 1
[ @ X@ s = 0. [ Xa @) dz

Xn(x) = [Xn41 (@) — Xia ()]



12 THE THEORY OF APPROXIMATION

for some value of & in (—1,1). But as a consequence of
the identity in the preceding paragraph. with the observation
that ‘Yn—{»—] (1) == Xn—l (1) - 1,

1 1 .
J X s = g ) X 0
ol ®—x
= gnp A (8) — Xnt1 (9]

For a sufficiently close estimate of the magnitude of the
difference in the last bracket, there is occasion to go back
to the identity

Xa@ = LT ia— s gl dg.

If this formula isused to express the difference Xp—1(x) —Xny1(r)
by means of a single integral, the integrand is

[z +i(1 — "2 cos 9]+ {1 — [ir + i (1 — 222 cos ¢]?}
= [w+i(1—2)"2 cosp]* 1—a?)V*[(1—2*)V*(1+cos’p)—2ixcosy].
For » in (—1, 1), the absolute value of the last bracket
can not exceed 4, and hence

T
[ Xn—1() = Xppa(r)| < -74’7(1 -.z'2)”2ﬁ lrti(1—a%"cosg *de.

On repeating, with slight changes of notation, the reasoning
which led to inequalities for the Legendre polynomials in
Chapter I, it is found that

7T)2

f]x—i—i(l—z")”"'coswI”"“dtp ==2) [x®+(1—x?) cosPp]™ V2 dey,
$2+ (1 _ :If’) COSZ ¢ ;;’ g"22'02

for the values of the variables that come into consideration,
if z=(2/n)(1—x?)"? and

fn/Z ) 'llp’/g p B 21/2 foo .
e \n—hz < e~ % du
0 $ = (n—1)"22z Jo

— Jm PRLTp
T R-na—=sp2 ), ¢ "
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With the observation that »—1 > 4= for n 2> 2, the pre-
ceding inequalities may be summarized by saying that there
is an absolute constant ¢ such that

| Xn—1(@) — Xnpa(2) | < c/nl?

for n > 1 and for —1:Sa <1; it is clear that the case
n=1 can be included in the final statement. (Strictly
speaking, of course, the result is obtained directly for |x|<1,
and extended to the ends of the interval by continuity.)
The essential point is that there is no factor (1—z*)!® in
the denominator on the right, as there was in the corres-
ponding inequality for a single Legendre polynomial; its
absence is due to the factor (1—ax*)"? which comes out before
the integral sign in the expression for the difference.

Applied to the problem in hand, the inequality just obtained
shows that

lf_ll‘h(x) Xn(:r/)(l.ri < D) e e 91(1) .

Om-F1 plz = 2p32

Similarly, the magnitude of the integral formed with ¢, (x)
in place of g,(r) does not exceed cg,(1)/(2rn*?), while for
n >1 the integral corresponding to the constant f(—1) is
zero. Consequently, as ¢, (1) (1) == T,
Ul ) Xa(@)dz| < 20
S @) N(@)dx | < o
The analogue of Theorem III is
THEOREM XIV. If f(x) is of limited variation for —1 < x
<1, its total variation being V, and if an is the coefficient
of X, (x) in its Legendre series, then, for n>>0,
Ry V

lan| < T

where Ky s an absolute constant, so that

i R,7 v
[an Xa(2)} < n

Jor — 14y < w-< 1 —q, the constant R, depending only
on 7.
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Now let it be assumed that f(x) has a first derivative with
limited variation, and let the total variation of f'(x) for
—1< 2 <1 be denoted by V. (In more general terms, it
would be sufficient that f(z) be the integral of a function
of limited variation, and not necessarily provided with a unique
derivative at every point.) For the moment, let

Yn(x) - fl Xn(t) dt.
By integration by parts,

fl f(@) Xu(x) dx =J“ f@) Ya(x) dx
= [f(2) Yn(ﬂc)]l_l—i_lj'(x) Ya() du.
In the last member, Y,(—1) =0, and forn == 1, ¥Y,(1) == 0

also. Furthermore, by the identity already employed,

1
2n+1

the terms coming from the lower limit of integration cancel
each other, since Xp4+1(—1) =X, _1(—1) = (—1)**1. Hence.
with the assumption that » >> 1,

v L ,
[renea =t [ rete—Xaele.

I"n (1') = [Xn+1 (-T) - 4Yn~l (1)] )

1f the integral on the right is taken as the difference of two
integrals, Theorem XIV, or, more directly, the inequality
immediately preceding the statement of that theorem, can be
applied to each. It is to be noted once more that 1/(n—1)
< 2/n for n > 1. The resulting general formulation, however,
does not hold for n = 1, as may be seen by taking f(x) = Gz,
in which case V = 0, while @ may be arbitrarily large; the
conclusion is essentially restricted to values of n =~ 2. In-
duction based on repetition of the process of integration by
parts leads to a conclusion which may be stated as

CoRrOLLARY 1. If f(x) has a pth derivative of limited variation,
p=0, and if V is the total variation of f'P (x) for —1 <x <1,
then, for n_>p,



II. LIMITED VARIATION; ARITHMETIC MEANS 5

R,V
lan| = — i
where R, depends only on p, and
R,V

|an Xa (@) = =75

Jor =149 < 2 <1 —q, where Ry, depends on p and on i,
but not on x or on n.

Suppose f(x) is of limited variation for —1 < 2 < 1, with
total variation V, and identically zero fora —y <z < A8+ 5.
Let B(w), as before, be equal to 1/u for |u| > 5, and defined
in some way for |u| <9 so as to have a continuous derivative
everywhere. If M, is the maximum of |R'(x)|, the total
variation of R(uw) over any interval of length 2 does not
exceed 2M,. The quotient f(¢)/(x—¢) is identical with
S () R(x — 1), if » has any value belonging to the interval
e <z B. It is of limited variation, regarded as a function
of ¢, and its total variation has an upper bound which may
be expressed as the product of V by a quantity depending only
on 7, and, in particular, independent of 2. So Theorem XIV
may be applied to the function f(f) R(x—¢), and the result
substituted in the integral expression for S, (x), to prove

CoroLLARY 1. If f(x) is of limited variation for —1 < a1,
with ltotal variation V, and identically zero throughout an
interval e« —qn < < B+ contained in (—1, 1), and if
Su () is the partial sum of its Legendre series, them, for

nzland ez

S

Sl < ——,

where C,; depends only on 1.

Further consequences can be deduced substantially as in
the case of Fourier series. If f(x) has a bounded derivative
for —1 <2< 1, it comes under the hypothesis of the
Corollary of Theorem XI in Chapter I, and its Legendre series
converges to the value f(x) for —1<<x<C1. If the series
converges uniformly for —1 < z <1, its sum agrees in value
with f(x) at the ends of the interval also, by continuity.
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So Corollary I above yields information as to the order of
magnitude of the error, under the hypotheses indicated. A result
may be stated for the entire interval (—1, 1), as well as for
an interior interval, since |a, X» (z) | < lau|for —1 <2 < 1:

TueoreM XV. If f(x) has a pth derivative with limited
variation, p =1, if V is the total variation of fP(z) for
—1<z<1, and if Su(x) is the partial sum of the Legendre
series for f(x), them, for n = p, .

F@) =) <

Jor —1 <z <1, where Qp depends only on p, and

. , |
S@—S@|< S5

for —1+4q < x.< 1—1, where Qp, depends only on p and on 7.

In conclusion, the following consequences of Corollary 1I,
taken first with the corollary of Theorem XI in Chapter 1
and then with the Theorem XV just formulated, may be
stated without further comment:

THEorEM XVIa. If f(x) is continuous with modulus of
continuity (0) throughout an interval a—n<.r <g-+1
contained in (—1, 1), where w (6) >0 for >0, and of
limited variation over the rest of the interval (—1, 1), then

|f@)—8n (@) | < cw(2/n) log n

Jor a < x < B, if n is large enough so that w(2/n) has a meaning,
Sp (x) being the partial sum of the Legendre series for f(z),
and ¢ a constant depending neither on x nor on n.

THEOREM XVIb. If f(x) 7s of limited variation for —1
<x<1, and has a first derivative of limited variation
throughout an interval e—np < x<B+y contained in
(—1, 1), then

F@O—8 @) < =
Jor @ < x < B, where S, (z) is the partial sum of the Legendre

series for f(x), and ¢ is a constant depending neither on x nor
on n.



CHAPTER III

THE PRINCIPLE OF LEAST SQUARES
AND ITS GENERALIZATIONS

1. Convergence of trigonometric approximation as
related to integral of square of error

In the discussion of Fourier series hitherto, scarcely any
mention has been made of one of their most remarkable and
important properties, namely their relation to a problem ot
least squares. The property in question is not peculiar to
Fourier series, but is of much wider significance.

Let py(x), py (z), pe (), ---, be a sequence of normalized
orthogonal functions over an interval («, b), that is, a sequence
of functions satisfying the conditions

b
J:pj @p@)de — 0 (G 1K), L [px (0))Pdr = 1.

Let f(z) be another function defined over the same interval.
The functions px (x) and f(x) may be continuous, or, more
generally, bounded and integrable in the sense of Riemann,
or merely summable together with their squares. The problem
of least squares in question is that of determining a set of
coefficients ¢y, ---, ¢4, for a given value of n, so that when

9@ = copo@+ap @+ - Fcapa ()
the integral

J;b (@) — o @) dz,

regarded as a function of its coefficients, shall be a minimum.
The following theorem is well known:

THEOREM I. The integral has a minimum value, for the
attainment of which it is necessary and sufficient that

e :ff(w)l’k(w) dz, k=10,1,..-, 0.
(s
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It is to be noticed at the outset that no function of the
form ¢(x) can vanish identically over the interval unless all
the coefficients c¢x are zero; in other words, the conditions
on the p’s insure that they are linearly independent. For

b
S p@rae = atat - te,

and the identical vanishing of ¢ would require the vanishing
of the sum of the squares. More definitely, it is recognized
that the value of the integral on the left must be positive,
if the ¢’s are not all zero. If the p’s are continuous, this
means that there must be one or more intervals throughout
which ¢ remains different from zero; if they are not so
restricted, it means in any case that ¢ must be different from
zero over a set of positive measure.

To prove the necessity of the condition, suppose that ¢ (x)

is a function of the form X ¢k px (x), in which, for a particular
ndex k = m,

Ja j; ' f@) pm () dr.
Let

Y@ = copo@+ap @)+ -+ emt+R)pn@) 4 - capal@)
= 9 (@) +hpm (),

where A is a constant, the value of which will be specified

presently. Then f(z) — ¢ (z) = f(x) — ¢ (x) — hpm (x), and

h b
fv@—pera = [ —yora
b b
— 21 [ /) — ¢ @] pm @) da+ 12 [ [pm @) do.

The last integral in this equation is equal to 1; if the others
are denoted by J, R, S respectively,

J= R—2hS+ M.
b
But ]; ¢.(2) pm () dx = cm, and

) b
§ = | @ —s@lpm@ dz = [ F@)pn@)dz—on 0,
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by hypothesis. Let %2 be taken equal to S; then
= R—S*<R,

and the value R corresponding to the function ¢ is not the
smallest value of the integral, since the function ¥ gives
a smaller value.

To show that the condition is sufficient, suppose now that

b
¢ = D ck px With cx =J;f(:c) pe(x) dx fork=0,1,..., n,
and let

Y(x) = apo@)+ap(@)+ - + chpa(),

where at least one ¢ is different from the corresponding cx.
Then ¢ (x) — Y (z) is a linear combination of p,, .- -, pn, With
coefficients which are not all zero, and

b
V= [ lp@ — v@ dz>o0.
On the other hand,
D b
[[r@mnmae = a = 9@ @ az,
J;b[.f(x)"""g)(-r)] Pk(x) dr = 0, k=201,..-,n,

so that if x(xr) = X ¢k px(x) is any linear combination of
Doy -+ 5 Pny >
[[r@— 9@l 1) dz

= chfc'ﬁb [f (@) — ¢ (x)] px(x) dx = O.
k=0

In particular,
v=["r@—s@lls@)— v@] dz = 0.
Hence, by the resolution f— ¢ = (f — ¢) + (9 — ¥,
[ 1@ —v@r iz = [ /@ — @) drt2u+V

~ (@ — s @1 az,
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which means that ¢ actually gives the integral a smaller
value than any other linear combination of py.---, pu.

As the most important of specific cases, pg, py, p2, - - - May
be the sequence of functions

1 cos sin.r cos 2. sin 2.

@A)’ A i AR TRttt

1f % above is replaced by 2’ = 2n 4 1, ¢ (x) is a trigonometric
sam 7T, (r) of the mth order. A periodic function f(z) being
given, the condition that the integral

J):. [.f(‘l‘) — T, (-")]’ dr

shall be a minimum, is that the coefficient of cos kz/a'i? be
J £ cﬁi dt

for L >0, with a corresponding determination of the constant
term and the sine terms, and this is equivalent to saying
that 7%, (x) shall be the partial sum of the Fourier series
for f(x).

This property of least squares may be taken as a point of
departure for a discussion of the convergence of the series,
under suitable hypotheses with regard to f(x). While the
hypotheses are more restrictive than those used in the con-
vergence proofs already given, the method is of interest for
its own sake, and furthermore lends itself to a remarkable
variety of generalizations in other directions. It depends on
theorems of approximation from Chapters I and II, and also
on a proposition, due in the first instance to S. Bernstein,
the simplicity and importance of which are noteworthy in
the highest degree:

BERNSTEIN'S THEOREM. If Tyn(x) is a trigonometric sum of
the nth order, and if L is the maximum of its absolute value,
the absolute value of the derivative Tyn(x) can not exceed nL.

The proof to be given here was devised independently by
Marcel Riesz and by de la Vallée Poussin. For the purposes
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of the demonstration, the theorem may be restated in the
following equivalent form:

If Ta(x) is a trigonometric sum of the nth order, and if
the mazimum of | Ta(x)| is 1, the maximum of | Tu(x)| itself
can not be less than 1/n.

Suppose the maximum of |7}, (x)] were less than 1/m.
Then, for any value of the constant C, the function

R,(x) = '}Lv cos (nx— C)— T, (x)

would have the same sign as cos(nxz—C) at each of the
points C/n, (C+n)/n, (C+2n)/n, --., (C/n)+2n, where
cos (nz—C) takes on the values 41 and —1 alternately.
Hence R,(x) would vanish at least once in each of the
2n intervals between successive points of this set, say at
the points @y, as. .-, a2n, all contained in an interval of
length 27, By Rolle’s theorem, R, (x) would vanish between
a, and xy, between xy and a5, etc., and also, as R,(x,+ 2n)
= Rn(x) == 0, between x2, and &, +2n; and the 2» distinct
roots of R, thus specified all lie within the interval from
oy to i +2n.  Explicitly,

Ry(x) = —sin(nx—C) — T, (x).

If ¢ is chosen so as to make sin(nz— C) equal to the
negative of 7 (x) at a point where T (z) = 41, R (z). will
have a double root at this point; for each of the functions
sin(nz— ), Ty(x) separately attains a maximum or a minimum
there. Having 2n distinct roots in a period, and at least
one double root, R, has roots of aggregate multiplicity at
least 2n-4-1. But this would require that I, as a trigonometric
sum of order », vanish identically, which is impossible, since
Byis sometimes positive and sometimes negative, by hypothesis,
and so can not be constant. Consequently the assumption
that | 7% (x)| remains less than 1/~ is inadmissible.

(The fact that a trigonometric sum of order » can not
have roots of multiplicities aggregating more than 2n without
vanishing identically is assumed here as known. A special

6
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case of it, sufficient for the present application, is proved
incidentally in another connection in Chapter IV below.)

To proceed with the proof of convergence, let f(x) be
a continuous function of period 2z, and S,(x) the partial
sum of its Fourier series to terms of order n, and let

’n = J‘:In [‘f (.1') - Sn (.’l')]2 dr.

Let t,(x) be a trigonometric sum of the nth order, sub-
sequently to be chosen so as to furnish an approximation
to f(x), but arbitrary for the present, and let

S@)—t(x) = r(x), Sulr)—t(x) = r,(x).
Then r—rz, is identical with f—JS,, and
7l
f [r(x) — 1, ()P ds = ya.
J-n
Let ¢, be an upper bound for the absolute value of r(x):
r() = [f@)—t(@)] < ¢

for all values of x. Finally, let u, be the maximum of
|7, (x)|, and zo a point where |z, (z0)| = pn.
By Bernstein’s theorem.

IT;(L)! < npp

for all values of ». For |z—ua,| < 1/(2n), consequently,

Mn.

l\’)‘»—t

[T (@) — 1n(20) | < %.“/n, [Ta(x) | =

1f &, < }un (the contrary case being reserved for separate
mention),

R | . 1
|r(x) | = 4 M,y |7 (x) —7a () | = Z.“n,

throughout the interval specified. As the length of the
interval is 1/n,
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Vn - fn ["(ﬂ')_l,t(.’lf)]gdx = i (iu’ﬁ)l
-7 - n\4)°
whence u, < 4(ny,)'2. To suppose, on the other hand, that
£, >> 2 pn, is to assume outright that p, <<4¢,. So in either
case u, does not exceed the larger of the quantities 4¢,,
4(nyn)'2, or, in a single formula,

M = 4(nya)2+4e,.

But |7,| <, |r| < &, and r—7, is the same as f—N),.
Consequently

|f(@)—8a (@) < 4(nya)'?+De,
for all values of .

The function f(x) being continuous, it is always possible
to choose t,(x) for successive values of n in such a way
that lim,—wén, == 0. So the relation just obtained amounts
to a proof of

THEOREM 1. If f(x) is a continuous function of period 2,
its Fourier series will converge uniformly to the value f(x),

provided that
lim ny, — O.

n—0o
In particular, Theorem VI of Chapter II yields at once
COROLLARY 1. A4 sufficient condition for uniform convergence
s that f(x) be absolutely continuous.
By Theorem 1I of Chapter I, on the other hand, if w(J)
is the modulus of continuity of f(x), there will exist sums
t, (x) such that

f@)—t (@] < K'e (27/n),

where K’ is an absolute constant. Then

J::[f(x)-—-tn(x)]zdm < 2n[K'w (27/n)].

But as the integral takes on its minimum value when S, ()

is put in place of f,(x), the right-hand member of the last

relation is an upper bound for y». So ny, will approach

gero if n'?w (27v/n) approaches zero, and it is possible to state
o
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CoRrOLLARY I1. A4 sufficient condition for uniform convergence
is that limy_ow (6)/0Y2 =0, where w(d) is the modulus of
continuity of f(x).

The conditions of Corollaries I and II of course overlap
to a considerable extent, but they are not coextensive, and
neither includes the other. As previously mentioned, they
are less general than others which have already been obtained;
absolute continuity is more stringent than limited variation,
and the requirement involving d' is more restrictive than
the Lipschitz-Dini condition.

The novel possibilities of the present method will be more
apparent, if it is remarked that in the proof of Theorem II,
down through the final relation of inequality preceding the
statement of the theorem, no use whatever was made of the
assumption that S, (x) was the Fourier sum for f(r), and
the value of the integral y, a minimum; the argument can
be repeated step by step with S, (x) replaced by 7% (z), an
arbitrary trigonometric sum of the nth order, and y, replaced
by g, the integral of [f(x) — T, («)]* over a period. The
conclusion is

TueorEM ITa.  If f(x) is a continwous function of period
21, To(x) an wbitrary trigonometric sum of the nth order.
and

gn == '[1 [j(l) — Th (I)P d.’l’y

and if there exists a trigonometric sum t, (), of the nth order.
such that
Lf(r) — by ()] - &

Sfor all values of x, them, for all values of x,
If(a) — Th (‘7)) < 4('”_7:;)1/2+ He,.

To this may be added immediately

TheorEM IIb.  If sums Tn(x) are defined for infinitely
many values of n in such a way that gn <~ Ayn, where A s
independent of n, the sums Ty (x) will converge uniformly to
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the value f(x), as n becomes infinite, under the conditions of
Theorem 11 or either of its corollaries.

The next applicatio