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PREFACE.

THE flattering manner in which the Glasgow Edition of Newton’s Prin-
cipia has been received, a second impression being already on the verge
of publication, has induced the projectors and editor of that work, to
render, as they humbly conceive, their labours still more acceptable, by
presenting these additional volumes to the public. Irom amongst the
several testimonies of the esteem in which their former endeavours have
been held, it may suffice, to avoid the charge of self-eulogy, to select the
following, which, coming from the high authority of French mathematical
criticism, must be considered at once as the more decisive and impartial.
It has been said by one of the first geometers of France, that ¢ L’edition
de Glasgow fait honneur aux presses de cette ville industrieuse.  On peut
affirmer que jamais 'art typographique ne rendit un plus bel hommage
a la memoire de Newton. Le mérite de 'impression, quoique tres-remar-
quable, n’est pas ce que les editeurs ont recherché avec le plus de soin,
pour tant le materiel de leur travail, ils pouvaient s’en rapporter a I’habi-
lité de leur artistes: mais le choix des meillecures éditions, la revision la
plus scrupuleuse du texte et des épreuves, la recherche attentive des fautes
qui pourraient échapper méme au lecteur studicux, et passer inapergues
ce travail consciencieux de lintelligence et du savoir, voild ce qui éléve
cette edition au-dessus de toutes celles qui Pont précédée.

¢ Les editeurs de Glasgow ne s’etaient chargés que d’un travail de re-

vision. S’ils avaient congu le projet daméliorer et compliter Vaeuvre des
a3
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commentateurs, ils auraient sans doute employé, comme euz, les travaux des
successeurs de Newton sur les questions traitées dans le livre des Principes.

“ Les descendans de Newton sont nombreux, et leur genealogic est
prouvée par des titres incontestibles ; ceux qui vivent aujourd’bui verraient
sans doute avec satisfaction que I'on formit un tableau de leur famille, en
reunissant les productions les plus remarquables dont Pouvrage de Newton
a fourni le germe: que ce livre immortel soit entouré de tout ce I'on peut
regarder comme ses developpemens: voild son meilleur commentaire.
Ledition de Glasgow powrrait donc étre condinuée, et prodigieusement
enrichie.”

The same philosopher takes occasion again to remark, that ¢ Le plus
beau monument que 'on puisse tlever a la gloire de Newton, c’est une
bonne edition de ses ouvrages: et il est ¢tonnant que les Anglais en aient
laissé ce soin aux nations etrangéres. Les presses de Glasgow viennent
de reparer, en partie, le tort de la nation Anglaise: la nouvelle edition
des Principes est effectivement la plus belle, la plus correcte et la plus com-
mode qui ait paru jusqilici. La collation des anciennes editions, la revi-
sion des calculs, &c. ont ¢té confiees 4 un habile mathematicien et rien
n’a cté negligé pour éviter toutes les erreurs et toutes les omissions.

“]l faut esperer que les editeurs continueront leur belle enmtreprise, et
quils y seront assez encouragés pour nous domner, non seulement tous les
ouvrages de Newton, mais ceux des savans qui ont complété ses travaux.”

The encouragement here anticipated has not been withheld, nor has
the idea of improving and completing the comments of ¢ The Jesuits”,
contained in the Glasgow Newton, escaped us, inasmuch as long before
these hints were promulgated, had the following work, which is cemposed
principally as a succedaneum to the former, been planned, and partly writ-
ten. It is at least, however, a pleasing confirmation of the justness of our
own conceptions, to have encountered even at any time with these after-
suggestions. The plan of the work is, nevertheless, in several respects,
a deviation from that here so forcibly recommended.

The object of the first volume is, to make the text of the Principia, by
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supplying numerous steps in the very concise demonstrations of the pro-
positions, and illustrating themn by every conceivable device, as easy as
can be desired by students even of but moderate capacities. It is univer-
sally known, that Newton composed this wonderful work in a very hasty
manner, merely selecting from a huge mass of papers such discoveries as
would succeed each other as the connecting links of one vast chain, but
without giving himself the trouble of explaining to the world the mode of
fabricating those links. His comprehensive mind could, by the feeblest
exertion of its powers, condense into one view many syllogisms of a pro-
position even heretofore uncontemplated.  What difliculties, then, fo Aim
would seem his own discoveries? Surely none; and the modesty for
which he is proverbially remarkable, gave him in his own estimation so
little the advantage of the rest of created beings, that he deemed these
difficulties as easy to others as to himself: the lamentable consequence of
which humility has been, that he himself is scarccly comprehended at this
day—a century from the birth of the Principia.

‘We have had, in the first place, the Lectures of Whiston, who des-
cants not even respectably in his lectures delivered at Cambridge, upon
the discoveries of his master. Then there follow even lower and less
competent interpreters of this great prophet of science—for such Newton
must have been held in those dark days of knowledge—whom it would be
time mis-spent to dwell upon. But the first, it would seem, who properly
estimated the Principia, was Clairaut. After a lapse of nearly half a cen-
tury, this distinguished geometer not only acknowledged the truths of the
Principia, but even extended the domain of Newton and of Mathematical
Science. But even Clairaut did not condescend to explain his views and
perceptions to the rest of mankind, farther than by publishing his own
discoveries. Ior thesc we owe a vast debt of gratitude, but should have
been still more highly benefited, had he bestowed upon us a sort of run-
ning Commentary on the Principia. It is generally supposed, indeed,
that the greater portion of the Commentary called Madame Chastellet’s,
was due to Clairaut. The best things, however, of that work are alto-
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gether unworthy of so great a master ; at the most, showing the penoii-
ance was not one of his own seeking. At any rate, this work does not
deserve the name of a Commentary on the Principia. The same may
safely be affirmed of many other productions intended to facilitate New-
ton. Pemberton’s View, although a bulky tome, is little more than
a eulogy. Maclaurin’s specul’ations also do but little, elucidate the
dark passages of the Principia, although written more immediately for
that purpose. This is also a heavy unreadable performance, and not
worthy a place on the same shelf with the other works of that great
geometer. Another great mathematician, scarcely inferior to Maclaurin,
has also laboured unprofitably in the same field. Emerson’s Comments
is a book as small in value as it is in bulk, affording no helps worth the
perusal to the student. Thorpe’s notes to the First Book of the Princi-
pia, however, are of a higher character, and in many instances do really
facilitate the reading of Newton. Jebb’s notes upon certain sections deserve
the same commendation ; and praise ought not to be withheld from several
other commentators, who have more or less succeeded in making small
portions of the Principia more accessible to the student—such as the Rev.
Mr. Newton’s work, Mr. Carr’s, Mr. Wilkinson’s, Mr. Lardner’s, &c.
It must be confessed, however, that all these fall fur short in value of the
very learned labours, contained in the Glasgow Newton, of the Jesuits
Le Seur and Jacquier, and their great coadjutor. Much remained, how-
ever, to be added even to this erudite production, and subsequently to its
first appearance much has been excogitated, principally by the mathema-
ticians of Cambridge, that focus of science, and native land of the Princi-
pia, of which, in the composition of the following pages, the author has
liberally availed himself. The most valuable matter thus afforded are the
Tutorial MSS. in circulation at Cambridge. Of these, which are used in
explaining Newton to the students by the Private Tutors there, the author
confesses to have had abundance, and also to have used them so far as seem-
ed auxiliary to his own resources. But at the same time it must be remark-
ed, that little has been the assistance hence derived, or, indeed, from all
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other knowu sources, which from the first have been constantly at com-
mand.

The plan of the work being to make those parts of Newton easy which
are required to be read at Cambridge and Dublin, that portion of the
Principia which is better read in the elementary works on Mechanics,
viz. the preliminary Definitions, Laws of Motion, and their Corollaries,
has been disregarded. Tor like reasons the fourth and fifth sections have
been but little dwelt uponh. The eleventh section and third book have
not met with the attention their importance and intricacy would seem to
demand, partly from the circumstance of an excellent Treatise on Physics,
by Mr. Aircy, having superseded the nccessity of such labours; and
partly because in the second volume the reader will find the same subjects
treated after the easier and more comprehensive methods of Laplace.

The first section of the first book has been explained at great length,
and it is presumed that, for the first time, the true principles of what has
been so long a subject of contention in the scientific world, have there
been fully established. It is humbly thought (for in these intricate specu-
lations it is folly to be proudly confident), that what has been considered
in so many lights and so variously denominated I'luxions, Ultimate Ratios,
Differential Calculus, Calculus of Derivations, &c. &c. is here laid down
on a basis too firm to be shaken by future controversy. It is also hoped
that the text of this section, hitherto held alinost impenetrably obscure, is
now laid open to the view of most students. The same merit it is with some
confidence anticipated will be awarded to the illustrations of the 2nd, 3rd,
6th, Tth, 8th, and 9th sections, which, although not so recondite, require
much explanation, and many of the steps to be supplied in the demon-
stration of almost every proposition. Many of the things in the first
volume are new to the author, but very probably not original in reality —
so vast and various are the results of science already accumulated. Suffice
it to observe, that if they prove useful in unlocking the treasures of the
Principia, the author will rest satisfied with the meed of approbation,
which he will to that extent have earned from a discriminating and im-
partial public.
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The second volume is designed to form a sort of Appendix or Supple-
ment to the Principia. It gives the principal discoveries of Laplace, and,
indeed, will be found of great service, as an introduction to the entire
perusal of the immortal work of that author—the Mecanique Celeste.
This volume is prefaced by much useful matter relative to the Integra-
tion of Partial Differences and other difficult branches of Abstract Ma-
thematics, those powerful auxiliaries in the higher departments of Physical
Astronomy, and which appear in almost evers page of the Mecanique
Celeste. These and other preparations, designed to facilitate the com-
prehension of the Newton of these days, will, it is presumed, be found
fully acceptable to the more advanced readers, who may be prosecuting
vesearches even in the remotest and most hidden receptacles of science;
and, indeed, the author trusts he is by no means unreasonably exorbitant
in his expectations, when he predicates of himself that throughout the

undertaking he has proved himself a labourer not unworthy of reward.

THE AUTHOR.









A COMMENTARY

ON

NEWTON’S PRINCIP{A.

SECTION I. BOOK L

1. Tuis section is introductory to the succeeding part of the work. Tt
comprehends the substance of the method of Exhaustions of the Ancients,
and also of the Modern Theories, variously denominated Fluxions, Iif-
Jerential Caleulus, Calculus of Derivations, Functions, &e. &e.  Like
them it treats of the relations which Indefinite quantities bear to one ano-
ther, and conducts in general by a nearer route to precisely the same
results,

2. In what precedes this section, finite quantities only are considered,
such as the spaces deseribed by bodies moving uniformly in fiuite times
with finite velocities ; or at most, those deseribed by bodies whose mo-
tons arg @iniformly accclerated, But what follows relates to the motions
of bodies™ ated according to various hypotheses, and requires the
consideration of quantitics indefinitely small or great, or of such whose
Ratios, by their decrease or increase, continually approximate to certain
Limiting Values, but which they cannot reach be the quantities ever so
much diminished or augmented. These Limuting Ratios are called by
Newton, ¢ Prime and Ultimate Ratios,” 2?rime Ratio meaning the Limit
from which the Ratio of two quantities diverges, and Ultimate Ratio that
towards which the Ratio converges.  'L'o prevent ambiguity, the term L
miting Ratio will subsequently be used throughout this Commentary.

A
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LEMMA L

3. QuanTITiES AND THE RATi08 0F QuUANTITIES.] Hereby Newton
would infer the trath of the Lemma not only for quantitics mensurable
by Integers, but also for such as may be denoted by Pulgar Fractions.
The necessity or use of the distinction is none; there being just as much
reason for specifying all other sorts of quantities. The truth of the LEmma
does not depend upon the species of quantitics, but upon their confor-
mity with the following conditions, viz.

4. That they tend continually to equality, and approach nearer to each
other than by any given difference. 'They must tend continually to equa-
lity, that is, every Ratio of their successive corresponding values must be
nearer and nearer a Ratio of Lquality, the number of these convergen-
cies being without end. By geven difference is merely meant any that can
be assigned or proposed.

5. I'ivite TimE.] Newton obviously introduces the idea of time in this
enunciation, to show illustratively that he supposes the quantities to con-
verge continually to cquality, without ever actually reacking or passing that
state ; and since to fix such an idea, he says, ¢ before the end of that

”

time,” it was moreover necessary to consider the time Tinite.. Hence
our author would avoid the charge of ¢ Fallacia Suppositionis,” or of
¢ shifting the hypothesis.” For it is contended that if you frame certain
relations between actual quantities, and afterwards deduce conclusions
from such relations on the supposition of the quantities having vanished,
such conclusions are illogically deduced, and ought no more to subsist
than the quantities themselves.

In the Scholium at the end of this Section he is more explicit. IHe
says, The ultimate Ratios, in which quantities vanish, are not in realily the
Ratios of Ultimate quantitics ; but the Limits to which the Ratios of quan-
tities continually decreasing always approach ; which they ncver can pass
beyond or arrive at, unless the quantities are continually and indcfinitely
diminished. After all, however, neither our Author himself nor any of
his Commentators, though much has been advanced upon the subject, has
obviated this objection. Bishop Berkeley’s ingenious criticisms in the
Analyst remain to this day unanswered. He therein facetiously denomi-
nates the results, obtained from the supposition that the quantities, before
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considered finite and real, have vanished, the ¢ Ghosts of Departed
Quantities ;” and it must be admitted there is reason as well as wit in the
appellation.  The fact is, Newton himself, if we may judge from his own
words in the above cited Scholium, where he says, ¢ If two quantities,
whose DIFFERENCE 1$ GIVEN are augmented continually, their Ultimate
Ratio will be a Ratio of Equality,” had no knowledge of the true nature
of his Method of Prime and Ultimate Ratios. If there be meaning in
words, he plainly supposes in this passage, a mere Approximation to be
the same with an Ultimate Ratio. He loses sight of the condition ex-
pressed in Lemma L. namely, that the quantities tend to equality nearer
than by any assignable difference, by supposing the difference of the quan-
tities continually augmented to be given, or always the same. In this
sense the whole Karth, compared with the whole Earth minus a grain of
sand, would constitute an Ultimate Ratio of equality ; whercas so long as
any, the minutest difference exists between two quantities, they cannot be
said to be more than nearly equal.  But it is now to be shown, that

6. If two quantitics tend continually to equality, and approach to one
another nearer than by any assignable difference, their Ratio 1s ULTIMATE-
Ly a Ratio of apsoLuTE equality. ‘This may be demonstrated as fol-
lows, even without supposing the quantities ultimately evanescent.

It is acknowledged by all writers on Algebra, and indeed self-evident, that
if in any equation put = 0, there be quantities absolutely different in kind,
the aggregate of each species is separately equal to 0. For example, if

A+a+BV24+bV2ZH+CV _1=0,
since A + a is rational, (B + b) & 2 surd and C ¥ — 1 imaginary,
they cannot in any way destroy one another by the opposition of signs,
and therefore
A4a=0B4+b=0,C=0.

In the same manner, it logarithms, cxponentials, or any other quantities
differing essentially from one another constitute an equation like the above,
they must separately be equal to 0. This being premised, let L, L’ de-
note the Limits, whatever they are, towards which the quantities L + 1,
L 4 1" continually converge, and suppose their difference, in any state of
the convergence, to be D.  Then

L+1—L—1=0D,
or, - L'4+1—1—D=0o,
and since L, L’ are fixed and definite, and 1, I’, D always variable, the
former are independent of the latter, and we have
A2
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L
L—~L =0,0r =1 accurately. Q.e.d.

This way of considering the question, it is presumed, will be deemed
free from every objection. 'The principle upon which it rests depending
upon the nature of the variable quantities, and not upon their evanescence,
(as it is equally true even for constant quantities provided they be of dif-
ferent natures), it is hoped we have at length hit upon the true and lo-
gical method of expounding the doctrine of Prime and Ultimate Ratios,
or of Fluzions, or of the Differential Caleulus, &c.

It may be here remarked, in passing, that the Method of Indeterminate
Cogfficients, which is at bottom the same as that of Prime and Ultimate
Ratios, is treated illogically in most books of Algebra. Instead of
¢ shifting the hypothesis,” as is done in Wood, Bonnycastle and others,
by making x = 0, in the equation

a4+ bx4cx?4dx34..... =0,
it is sufficient to know that each term x being indefinitely variable, is he-
terogeneous compared with the rest, and consequently that each term
must equal 0.

7. Having established the truth of Lemma I. on incontestable princi-
ples, we proceed to make such applications as may produce results useful
to our subsequent comments. As these applications relate to the Limits
of the Ratios of the Djfferences of Quantities, we shall term, after Leib-
nitz, the Method of Prime and Ultimate Ratios,

THE DIFFERENTIAL CALCULUS.

8. According to the established notation, let a, b, ¢, &c, denote con-
stant quantities, and z, y, x, &c., variable ones. Also let Az, Ay, A x,
&c., represerit the difference between any two values of z, y, x, &c., re-
spectively.

9. Required the Limiting or Ultimate Ratio of A (ax)and A X, i e.
the Limit of the Difference of a Rectangle having one side (a) constant, and
the other (x) variable, and of the Difference of the variable side.

Let L be the Limit sought, and L 4 1 any value whatever of the va-
rying Ratio. Then
Aiaxx)=a(x+i:;)-——ax=a. -~ by No. 7

L = a

L+ =1
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In this instance the Ratio is the same for all values of x. But if in the
Limit we change the characteristic & into d, we have

d@x) _
dx ~

d(ax) = adx
d (a x), d x being called the Differentials of a x and x respectively.

A R
10. Required the Limit of '—AQ;—).

Let L be the Limit required, and L 4 | the value of the Ratio gene-
rally. Then
A (x? X+ Ax)?—x?
L+4+1= A(x)=(+'l}£ =
2xAX 4+ Ax?
A X
oL —2x 4 1—ax=0
and since L — 2 x and 1 — A x are heterogeneous
L—2x=0,
or

=2x 4+ Ax.

or
d(x?*) =2xdx . (c)
A (x")
Ax
Let L and L + 1 be the Limit of the Ratio and the Ratio itself re-
spectively. Then
A(xT X AX)" —x"
e

.(n—1
= nx“—'+n—(n2——-——).x°"’Ax+&c.

11. Generally, required the Limit of

and L — n x ®—! being essentially different from the other terms of

the series and from }, we have

d(x®)
x

or in words,

=L=nx"-'ord(x*) =nx°*—!'dx . . . . . (d)

AS



6 A COMMENTARY ON [SEcr. I.

The Differential of any power or root of a variable quantity is equal to
the product of the Differential of the quantity itself, the same power or
root MINUS one of the quantity, and the index of the power or root.

‘We have here supposed the Binomial Theorem as fully established by
Algebra. It may, however, easily be demonstrated by the general prin-
ciple explained in (7).

12, From 9 and 11 we get

d(@ax®)=nax®"!'dx . . . . . . (e
A bxe m P 3
18. Required the Limit of S2F 2X2F e X2+ o X7 + &e)
Let L be the Limit sought, and L + 1the variable Ratio of the finite
differences; then
Afa4bx® 4+ cx™ 4 &)
L+l= A x
_a+b(x+Ax)“+c(x+Ax)“‘ + &c. —a—bx®*—cx®—&ec.
= ax
=nbx®""!'4mex2-'4 &+ Pax+ Q(ax)? 4 &
P, Q, &c. being the coefficients of A x, A x? 4+ &c. And equating the

homogeneous determinate quantities, we have

d bx» e
(a+ x(—li-:x ns c)=L=nbx““'+mcx"'“+pexl’“+&c...(f)
. .. Afa4+bx®4+cx™4 &)F
14. Required the Limit of Ax :

By 11 we have
d(a4+bx?24cx™ 4 &)
hi*d(a+bx“+&c.) =r(a4+bx®4+cx™ 4 &c)r—!?
and by 13
d@a+bx*4+cx™ 4+ &) =mbx®"' 4 mecx™ !4 &c)dx
d(a+bx» w4 &c. )
(a+bx -fi-::‘x +&e) =r(nbx*'4mex™! 4 &c.)(a+bx "+ &e.) .. (g)
the Limiting Ratio of the Finite Differences A (a 4+ bx® 4 cx™ 4 &ec.),
A X, that is the Ratio of the Differentials of a 4+ bx? 4 ¢ x ™ 4 &c,,
and x.

A4+ Bx"4 Cxm .
15. Required the Ratio of the Differentials of a I bxx' ..: C ,:‘ P : 3??‘
and X, or the Limiting Ratio of their Finite Differences.
Let L be the Limit required, and L 4 1 the varying Ratio. Then
L l'__.A+B(x+Ax)“+C(x+Ax)""+8zc. A4+Bx® 4 &c.
= A F b+ A% F (X FAx)A + & — a4 bx 4 &e
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which being expanded by the Binomial Theorem, and properly reduced
gives
Lx(a+4+bx+&c)+Lx{P. ax4Q(ax)? +&c. +1X jat-bx 4+ &e.
+ P.Aax 4+ Q(ax)*+ &c} = (a+ bx' 4 cx# 4 &c.) X (nBx>!
+mCx™!' 4 &) —(A+Bx2+Cx™ 4 &)X (vbxr—!
+uwexe—t 4 &e) 4+ Poax+ Q (ax)? 4 &
P, Q, P, Q &c. being coefficients of A x, (a x) 2 &c. and independent of
them.
Now equating those homogeneous terms which are independent of the
powers of a x, we get
La+bx' 4+ &c)?=(a+bx'+&c)— (n Bx*~'4+mCx ™~ 14 &c.)
—(A+4+Bx"4Cx™ 4 &) — (vbx'— T 4 pexe—1 4 &c.)
and putting u = 'Aﬂ -:_ 113) );*,—IMCC xx}: _:-&il.c: we have finally

du du
Ix = L, and therefore ix =

(a+bx+&e.)(nBx+*"'mCx™~'+&c.)-(A+Bx"+&c. ) pbxr ! +ucx#1+&e.)

(8 +bxr + cxrF &c)?
the Ratio required.

16. Hence and from 11 we have the Ratio of the Differentials of
(A + Bx4 Cx™ 4 &c.)P
(a4+bxr+4+ cx+ 4+ &e)d
ready been delivered it is easy to obtain the Ratio of the Differentials of
any Algebraic Function whatever of one variable and of that variable.

and x; and in short, from what has al-

N. B. By Function of a variable is meant a quantity anyhow involving
that variable. The term was first used to denote the Powers of a quan-
tity, as x 2, x?% &c. But it is now used in the general sense.

The quantities next to Algebraical ones, in point of simplicity, are Ex-
ponential Functions; and we therefore proceed to the investigation of
their Differentials.

11. Required the Ratio of the Differentials of a* and x; or the Limit-
ing Ratio of their Differences.

Let L. be the required Limit and L 4 1 the varying Ratio; then
a(ax) axt+ax__gx

ax = A X

adx—1
___ax x -

L+1=

A X
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But since

av=(l4+a—1)7
=14y@—1) + y’—(y‘;—l). (a—1) +
o (y—1 —2
y-y 2.)3(3' ) (a—1)° + &,

it is easily seen that the coefficient of y in the expansion is
@—1* (a—1)°
a—1—"—5—"—+ —3g - —4&c
Hence
ax a—1)* (a—1)3
L +1= 3 {(a—1— (2 2”) + ("3*‘)- —&c)ax 4 P(ax)? + &e}
and equating homogeneous quantities, we have

d.(a* —1)2 —1)3
%%:L:{a—-l——(i—z—)—-{-*(a——g—)-—&c.}a‘

=Aa* . . . . . . . . (h)

or the Ratio of the Differentials of any Exponential and ils exponent is
equal to the product of the Exponential and a constant Quantity.

Hence and from the preceding articles, the Ratio of the Differentials of
any Algebraic Function of Exponentials having the same wariable indez,
may be found. The Student may find abundance of practice in the Col-
lection of Examples of the Differential and Integral Calculus, by Messrs.
Peacock, Herschel and Babbage.

Before we proceed farther in Differentiation of quantities, let us inves-
tigate the nature of the constant A which enters the equation (h).

For that purpose, let (the two first terms have been already found)

a*r=14+Ax+Px?24 Qx? + &ec
Then, by 18,
d (ax)
qx = A4+2Px4+8Qx?+ 4Rx3 4 &c.

But by equation (h)
(-l-zgnx)also=Aa‘
=A+4+A?x+APx?*4+ AQx? 4 &

CAF2Px4+3Qx?2+4Rx* 4+ &= A+ A?x+4+ APx? 4 &
and equating homogeneous quantities, we get
2P=A%3Q=AP, 4R = A Q, &c = &c.
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whence
A? AP A3
P=7%,Q="7g=53R=

Therefore,

A Al
-—?49' = 2. 8.4!&0‘ &Co

A? Al At
a‘=l+Ax+—§‘x2+2.—§x3+*2_—3.—4‘x"+&c.

Agam, put A x = l, then
A

1 1
a 1+l+z+33+234+8‘°
= 2.718281828459 as is easily calculated

=e
by supposition. Hence
_log. a
A...—E—log.e )
, (a—1)° (@—1! og. a
..ﬂ—-l— 2 + 3 c—loge—"]-a

for the system whose base is e, 1 being the characteristic of that system,
This system being that which gives
e—1)2 e—1)3
e—1— (—“2“‘ + '(“*3‘*— —_&c. =1
is called Natural from being the most simple.
Hence the equation (h) becomes
d(a*x
wé{%{l—lux:l‘ e e o
17 a. Required the Ratio of the Differentials of 1 (x) and x.
Letlx = u. Thene" = x
swdx=dEe")=lexe®du=e®du,by 16
ddx) 1 1
.'.—a*x—::eu:x e e e e e e e e (m)
. I x

In any other system whose base is a, we have log. (x) = 1%

d log. x 1 1 :
'dx-—-]ax;{'........(n)

We are now prepared to differentiate any Algebraic, or Exponential
Functions of Logarithmic Functions, provided there be involved but
one variable,

Before we differentiate circular functions, viz. the sines, cosines, tan-
gents, &c., of circular arcs, we shall proceed with our comments on the
text as far as LEmma VIIIL
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LEMMA 1L

18. In No. 6, calling L and L’ Limits of the circumscribed and inscribed
rectilinear figures, and L + 1, L’ 4 I’ any other values of them, whose
variable difference is D, the absolute equality of L and L' is clearly de-
monstrated, without the supposition of the bases A B, B C, C D, D E,
being infinitely diminished in number and augmented in magnitude. In
the view there taken of the subject, it is necessary merely to suppose them
variable.

LEMMA III

19. This LEMmaA is also demonstrable by the same process in No. 6,
as Lemma 1L

Cor. 1. The rectilinear figures cannot possibly coincide with the curvi-
linear figure, because the rectilinear boundaries a 1bm c¢n d o E,
a KbLcMdD E cut the curve ab E in the points a, b, ¢, d, E in
finite angles. The learned Jesuits, Jacquier and Le Seur, in endeavour-
ing to remove this difficulty, suppose the four points a, 1, b, K to coincide,
and thus to form a small element of the curve. But this is the language
of Indivisibles, and quite inadmissible. It is plain that no straight line,
.or combination of straight lines, can form a curve line, so long as we un-
derstand by a sty_z_z&lz_t__l’z/m;ﬂ“ that » whlch lies evenly between its extreme
pomts_‘,and by a curve line, ¢ that which does not lie evenly between its
extreme pomts ” for otherwise it would be possible for a line to be
Straight and not straight at the same time. The truth is manifestly this.
The Limiting Ratio of the inscribed and circumscribed figures is that of
equality, because they continually tend to a fixed area, viz. that of the
given intermediate curve. But although this intermediate curvilinear
area, is the Limit towards which the rectilinear areas continually tend and
approach nearer than by any difference; yet it does not follow that the
rectilinear boundaries also tend to the curvilinear one as a limit. The
rectilinear boundaries are, in fact, entirely Aeterogeneous with the interme-
diate one, and consequently cannot be equal to it, nor coincide therewith.
We will now clear up the above, and at the same time introduce a strik-
ing illustration of the necessity there exists, of taking into consideration
the nature of quantities, rather than their evanescence or infinitesimality.
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Take the simplest example of Lemma 1I, in the case of the right-
angled triangle a E A, having its two legs A a, A E equal.

The figure being constructed as in the text of Lemma II, it fol-
lows from that Lemma, that the Ultimate Ratio of the inscribed and cir-
cumscribed figures is a ratio of equality ; and moreover it would also
follow from Cor. 1. that either of these
coincided ultimately with the triangle & 1
a E A. Hence then the exterior boundary
albmcndoE coincides exactly with m
a E ultimately, and they are consequently b
equal in the Limit. As we have only n
straight lines to deal with in this example, c
let us try to ascertain the exact ratio of o
a E to the exterior boundary. M d

If 2 be the indefinite number of equal
bases A B, B C, &c., it is evident, since A B C D E
A a = A L, that the whole length of

albmcendoE =2nx AB. Alsosmnce ab=>bc = &e
= +val*4+bl?2=w~2 AB,wehaveaE =n~ 2 AB.
Consequently,

albmendoE:aE::2: v2::v2: L

Hence it is plain the exterior boundary cannot possibly coincide with
a E. Other examples might be adduced, but it must now be sufficiently
clear, that Newton confounded the witimate equality of the inscribea and
circumscribed figures, to the intermediate one, with their actual ceinci-
dence, merely from deducing their Ratios on principles of approximation
or rather of Exhaustion, instead of those, as explained in No. 6 ; which
relate to the komogencity of the quantities. In the above example the
boundaries being heterogencous inasmuch as they are incommensurable,
cannot be compared as to magnitude, and unless lines are absolutely equal,
it is not easy to believe in their coincidence.

Profound as our veneration is, and ought to be, for the Great Father
of Mathematical Science, we must occasionally perhaps find fault with
his obscurities. But it shall be done with great caution, and only with
the view of removing them, in order to render accessible to students in
general, the comprehension of ¢« This greatest monument of human ge-
nius.”

20. Cor. 2. 8. and 4. will be explained under Lemma VII, which re-
lates to the Limits of the Ratios of the chord, tangent and the arc.



12 A COMMENTARY ON [Secr. L

LEMMA 1V.

21. Let the areas of the parallelograms inscribed in the two figures be
denoted by
P, Q R, &c.
ps 9 1 &c.
respectively ; and let them be such that
P:p::Q:q::R:r,&c.::m:n.
Then by compounding these equal ratios, we get
P+Q+R+....5p+q+r+4+....::m:n
ButP+ Q<+ R....andp + q 4+ r 4 .... have with the curvili
near areas an ultimate ratio of equality. Cansequently these curvilineal
areas are in the given ratio of m: n.
Hence may be found the areas of certain curves, by comparing thei
incremental rectangles with those of a known area.
. 1. Required the area of the common Apollonian parabola comprisec
between its vertex and a given ordinate.
Let a ¢ E be the parabola,
whose vertex is E, axisEAand 5 A
Latus-Rectum = a. Then A A’ 1
being its circumscribing rectan- b | m
gle, let any number of rectan- C
gles vertically opposite to one
another be inscribed in the areas D’
saEAaEA, viz. AbbA’; d
Bec, ¢ B, &c.

And since A B c D E

Ab=AK. AB
2
Ab=ALADB = A:{ AP
from the equation to the parabola.

.Ab a. AB
“ADbTAK AP

Also
(Aa)?’—Bb?=aXAE—aXBE=ax AB

or

(Aa+Bb)Xx AB =aXx AB
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A

x AB

ZKT'B*,—-:ARJ-Bb

Ab Aa+4+Bb 2Bb 4 Ka Ka
“Ab=BbH = Bb =2+ 8y

. .. A
Hence, since in the Limit s becomes fixed or of the same nature with
the first term, we have

e
I
©

=
o

ultimately.

And the same may be shown of all other corresponding pairs of rec-
tangles ; consequently by LEMma IV,

aEA:aEA::2:1
~aE A :rectangle A A ::2: 3.
or the area of a parabola is equal to two thirds of its circumscribing rec-
tangle.

Ex. 2. To compare the area of u semiellipse with that of a semicircle
described on the same diameter.

P

pL—]

QQ“:O

A
M N B

Taking any two corresponding inscribed rectangles P N, P’ N; we

have

PN:PN::PM:PPM::a:b
a and b being the semiaxes major and minor of the ellipse; and all other
corresponding pairs of inscribed rectangles have the same constant ratio ;
consequently by Lemma IV, the semicircle has to the semiellipse the ratio
of the major to the minor axis.

As another example, the student may compare the area of a cycloid
with that of its circumscribing rectangle, in a manner very similar to
Ex. 1.

This method of squaring curves is very limited in its application. In
the progress of our remarks upon this section, we shall have to exhibit a
general way of attaining that object.
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LEMMA V.

22. For the definition of similar rectilinear figures, and the truth of thi
Lemma as it applies to them, see Euclid’s Elements B. VI, Prop. 4, 19
and 20,

The farther consideration of this LEMMA must be deferred to the ex-
planation of LEmma VII.

LEMMA VL

23. In the demonstration of this Lemma, ¢ Continued Curvature” at
any point, is tacitly defined to be suck, that the arc does not make with the
tangent at that point, an angle equal to a finite rectilinear angle.

In a Commentary on this LEMMa if the demonstration be admitted,
any other definition than this is plainly inadmissible, and yet several of
the Annotators have stretched their ingenuity to substitute notions of
continued curvature, wholly inconsistent with the above. The fact is,
this LEMMa is so exceedingly obscure, that it is difficult to make any
thing of it. In the enunciation, Newton speaks of the angle between the
chord and tangent ultimately vanishing, and in the demonstration, it is
the angle between the arc and tangent that must vanish ultimately. So
that in the Limit, it would seem, the arc and chord actually coincide.
This has not yet been established. In Lemma III, Cor. 2, the coinci-
dence ultimately of a chord and its arc is implied; but this conclusion by
no means follows from the Lemma itself, as may easily be gathered from
No. 19. The very thing to be proved by aid of this LemMma is, that the
Ultimate Ratio of the chord to the arc is a ratio of equality, it being
merely subsidiary to LEmma VII. But if it be already considered that
they coincide, of course they are equal, and LEmmMa VII becomes nothing
less than ¢ argumentum in circulo.”

Newton introduces the idea of curves of  continued curvature,” or
such as make no angle with the tangent, to intimate that this LEMMa does
not apply to curves of non-continued curvature, or to such as do make a
JSinite angle with the tangent. At least this is the plain meaning of his
words. But it may be asked, are there any curves whose tangents are
inclined to them ? The question can only be resolved, by again admitting
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the arc to be ultimately coincident with the chord; and by then showing,
that curves may be imagined whose chord and tangent ultimately shall be
inclined at a finite angle. The Ellipse, for instance, whose minor axis
is indgfinitely less than its major axis, is a curve of that kind; for taking
the tangent at the vertex, and putting a, b, for the semiaxes, and ¥, X, for

the ordinate and abscissa, we have
2

y2=a_, X (ax —x?)

and
y_b s
X " a xxl_mv2a——x

.. since b is indefinitely smaller than a & x, x is indefinitely greater than
¥ and supposing y to be the tangent cut off by the secant x parallel to
the axis, x and y are sides of a right angled a, whose hypothenuse is the
chord. Hence it is plain the ~ opposite x is ultimately indefinitely
greater than the £ opposite to y.  But they are together equal to a right
angle. Consequently the angle opposite x, or that between the chord and
tangent, is ultimately finite. Other cases might be adduced, but enough
has been said upon what it appears impossible to explain and establish as
logical and direct demonstration. We confess our inability to do this,
and feel pretty confident the critics will not accomplish it.

24. Having cxposed the fallacy of Newton’s reasoning in the proof of
this LEMM4, we shall now attempt something by way of substitute.

Let A D be the tangent to the curve at the
point A, and A B its chord. Then if B be
supposed to move indefinitely near to A, the
angle B A D shall indefinitely decrease, pro-
vided the curvature be not indefinitely great.

Draw R D passing through B at right an-
gles to A B, and meeting the tangent A D and
normal A R in the pointsD and R respective-
ly. Then since the angle B A D equals the
angle A R B, if A R B decrease indefinitely
when B approaches A ; that is, if AR be- R
come indefinitely greater than A B; or
which is the same thing, if the curvature at A, be not indefinitely great;
the angle B A D also decreases indefinitely. Q. e. d.

We have already explained, by an example in the last article, what is
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meant by curvature indefinitely great. It is the same with Newton’s ex-
pression ¢ continued curvature.” The subject will be discussed at length
under Lemma XI.

As vanishing quantities are objectionable on account of their nothing-
ness as it has already been hinted, and it being sufficient to consider va-
riable quantities, to get their limiting ratios, as capable of indefinite diminu-
tion, the above enunciation has been spmewhat modified to suit those
views.

LEMMA VIIL

25. This LeMma, supposing the two preceding ones to have been fully esta-
blished, would have been a masterpiece of ingenuity and elegance. By
the aid of the proportionality of the homologous sides of similar curves,
our author has exhibited quantities evanescent by others of any finite
magnitude whatever, apparently a most ingenious device, and calculated
to obviate all objections. But in the course of our remarks, it will be
shown that LEMMA V cannot be demonstrated without the aid of this
Lemma.

First, by supposing Ad, A b always finite, the angles at d and b and
therefore those at D and B which are equal to the former are virtually
considered finite, or R D cuts the chord and tangent at finite angles.

Hence the elaborate note upon this subject of Le Seur and Jacquier is
rendered valueless as a direct comment.

Secondly. In the construction of the figure in this LEMMa, the de-
scription of a figure similar to any given one, is taken for granted. But
the student would perhaps like to know how this can be effected.

Lemma V, which is only enunciated, from being supposed to be a mere
corollary to LEmma III and LEmma IV, would afford the means immedi-
ately, were it thence legitimately deduced. But we have clearly shown
(Art. 19.) that rectilinear boundaries, consisting of lines cutting the inter-
mediate curve ultimately af finite angles, cannot be equal ultimately to the
curvilinear one, and thence we show that the boundaries formed by the
chords or tangents, as stated in Lemma III, Cor. 2 and 3, are not ulti-
mately equal, by consequence of that LEMMA, to the curvilinear one.

Newton in Cor. 1, LEmMa III, asserts the ultimate coincidence, and
therefore equality of the rectilinear boundary whose component lines cut
the curve at finite angles, and thence would establish the succeeding cor-
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ollaries @ fortiori. But the truth is that the curvilinear boundary is the
limit, as to magnitude, or length, of the tangential and chordal bounda-
ries; although in the other case, it is a limit merely in respect of area.
Yet, we repeat it, that LEMMA V cannot be made to follow from the
Lemmas preceding it. According to Newton’s smplied definition of simi-
lar curves, as explained in the note of Le Seur and Jacquier, they are the
curvilinear limits of similar rectilinear figures. So they might be consi-
dered, if it were already demonstrated that the limiting ratio of the chord
and arc is a ratio of equality ; but this belongs to Lemma VII. Newton
himself and all the commentators whom we have perused, have thus
committed a solecism. Even the best Cambridge MSS. and we have
seen many belonging to the most celebrated private as well as college tu-
tors in that learned university, have the same error. Nay most of them
are still more inconsistent. They give definitions of similar curves wholly
different from Newton’s notion of them, and yet endeavour to prove
Lemma V, by aid of LEmma VII. Tor the verification of these asser-
tions, which may else appear presumptuously gratuitous, let the Cantabs
peruse their MSS. The origin of all this may be traced to the falsely
deduced ultimate coincidence of the curvilinear and rectilinear boundaries,
in the corollaries of LEmma III.  See Art. 19. -

We now give a demonstration of the LEmma without the assistance of
similar curves, and yet independently of quantities actually evanescent.

By hypothesis the secant R D cuts the chord and tangent at finite an-
gles. Hence, since

A+ B4+ D =180
~B+ D = 180° — A
orL4+14+L'4+1= 180°— A
L and 1 being the limits of B and D and I, I' their variable parts as in

Art. 6; and since by LEMma VI, or rather by Art. 24, A is indefinitely
diminutive, we have, by collecting homogeneous quantities

L + L’ = 180°
But A B, A D being ultimately not indefinitely great, it might easily
be shown from Euclid that L = L/, and .: A B = A D ultimately, (sce
Art. 6) and the intermediate arc is equal to either of them.



18 A COMMENTARY ON [Secr. 1.

D
OTHERWISE, N /”Tsﬁ
If we refer the curve to its axis, .
A a, Bb being ordinates, &c. as
in the annexed diagram. Then, -5 v
a h

by Euclid, we have
AD*=AB:+BD*4+2BD.Bd
A D¢ BD +2Bd
wapi= 1 HBD g
Now, since by Art. 24 or Lemma VI, the 2 B A D is indefinitely less
than either of the angles B or D, ... B D is indefinite compared with A B

or AD. Hence L being the limit of ‘2-]];
extract the root of both sides of the equation and compare homogencous
terms, we get,

L = 1 or &c. &e.

26. Having thus demonstrated that the limiting Ratio of the chord, arc
and tangent, is @ ratio of equality, when the secant cuts the chord and tangent
at FINITE angles, we must again digress from the main object of this work,
to take up the subject of Article 17. By thus deriving the limits of the rati-
os of the finite differences of functions and their variables, directly from the
Lemmas of this Section, and giving to such limits a convenient algorithm
or notation, we shall not only clear up the doctrine of limits by nume-
rous examples, but also prepare the way for understanding the abstruser
parts of the Principia. This has been before observed.

Required to find the Limit of the Finite Differences of the sine of a cir-
cular arc and of the arc itself, or the Ratio of their Differentials.

Let x be the arc, and » x its finite variable increment. Then L being
the limit required and L. + 1 the variable ratio, we have

asin.x _ sin (x 4+ A x) — sin. x

and | its variable part, if we

L l = =
+ aX A X
__sin. X. cos. (aX) 4 cos. X. sin. (A x) —sin. x
A X
sin. (o X) | °sin.x. cos.ax  sin. X
= Cc0s. X. —
A X aX AX

Now by LEmma VII, as demonstrated in the preceding Article, the li-

. sin. AX ., cos. (ax sin. x
mit of — % 1, and ( ),-—-

have no definite limits,
AX AX
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Consequently putting
€os. X E-ii]—'—(e-l)—cos x-Fl’
. . AX — . b
we have
sin. X, cos.aAx  sin. x

L4+1l=cos.x 4V + —
A X AX

and equating homogeneous terms

L = cos. x
or adopting the differential symbols

d. sin. x

% = cos X

or B €Y

d sin. x = d x. cos. x
27. Hence and from the rules for the differentiation of algebraic, expo-
nential, &c. functions, we can differentiate all other circular functions of
one variable, viz. cosines, tangents, cotangents, secants, &c.

Thus,

. o
?__S_lg.__(z_ x) = cos. (“———x) =sin. x

x 2
d. (5 —_ x)
or
d. cos. x .
=22 = sin. x
—d x
or
d. cos. x .
——d p” = — Slll, X
or B )
d. cos. x = — d x. sin. x
Again, since for radius 1, which is generally used as being the most simple,
1
L2xX = sec.” X =
1+ tan.®x cos.? x
1 — 2cos. X. d. cos. x
.~ 2 tan. x. d. tan. x = d. — = 3
cos.? x cos.* x
See 12 (d). Hence and from (b) immediately above, we have
d x. sin. x
tan. x. d. tan,. x = ——,~ -
cos.® x
1
sodtanx =dx. —— . .« v (C
cos. * X ©
Again,
cot. x = 1
tan, x

B2
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Therefore,

1 — d. tan. x
.d. cot. X = d- fan. X = "—t‘i;r‘].‘;z“x - (120 d)
- —dx = d x (@
tan. ? x, cos.* X sin. ® x /
Again,
1
sec. X =
cos. X
wdosec.x = d —— = :lfl—%o—s-‘—} (12. d)
cos. X cos. ? x
d x. sin. x
= —&—S:—r)—(— . . . . . . . (e)

and lastly since cosec. x = sec. (g — x)

we have

d. (% —_ x) sin. (225 — x)
cos. ? (‘7—-2r —_— x)

- d x. cos. x

IR )

.d. cosec. x = d. sec. (g — x) =

Any function of sines, cosines, &c. may hence be differentiated.

28. In articles 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 26 and 27, are to
be found forms for the differentiation of any function of one variable,
whether it be algebraic, exponential, logarithmic, or circular.

In those Articles we have found in short, the limit of the ratio of the
first difference of a function, and of the first difference of its variable.
Now suppose in this first difference of the function, the variable x should
be increased again by a x, then taking the difference between the first
difference and what it becomes when x is thus increased, we have the dif-
ference of the first difference of a function, or the second difference of a
function, and so on through all the orders of differences, making » x al-
ways the same, merely for the sake of simplicity. Thus,

a(x°) = (x 4+ %)% —x*
=8x?*aAax+3xax*+4+ ax?
and A% (x)°* =8 (x +2x)?ax+3(x+2x)ax? 4+ ax*—3x%Ax
’ —3xnax*—Aax?®

=382xax*4+32x"°
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denoting by A * the second difference.
Hence,

a*(x®) _

TX.QV =3 2 x +3ax

and if the limiting ratio of A* (x®) and A x?% or the ratio of the second
differential of x? and the square of the differential of its variable x, be
required, we should have
L4+1=382x+8ax
and equating homogeneous terms
dx?

=L =38 2.x

In a word, without considering the difference, we may obtain the se-
cond, third, &ec. differentials d® u, d° u, &c. of any function u of x im-

. . lu. _
mediately, if we observe that f(]—\ is always a function itself of x, and

make d x constant. For example, let
u=ax"4+ bx™ 4 &c.
Then, from Art. 13. we have

g—i—nax““‘+mbx‘““+&c

(d x) _d@du) _
Tdx T Tdx® dx2

nn—1lax"~*4mm—1I)bx"—* 4 &ec.

(by notation)

Similarly,
ddu
dx?®
&e. = &e.

Having thus explained the method of ascertaining the limits of the ra-
tios of all orders of finite differences of a function, and the corresponding
powers of the invariable first difference of the variable, or the ratios of the
differentials of all orders of a function, and of the corresponding power
of the first differential of its variable, we proceed to explain the use of
these limiting ratios, or ratios of differentials, by the following

=n(mn—1).n—2)ax""* 4 &c

B3
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APPLICATIONS
OF THE

DIFFERENTIAL CALCULUS.

29. Let it be required to draw a tangent to a given curve at any given
point of it.
Let P be the given point, and A M
being the axis of the curve, let P M
=y, AM = x be the ordinate and
abscissa. Also let P’ be any other P/
point; draw P N meeting the ordi-
nate P’ M’ in N, and join P P’. Now /
let T P R meeting M’ P’ and M A in
R and T be the tangent required.
Then since by similar triangles

PPN:PN::PM:MT
v — g 23X
M1 "MT+TT,“‘Y’Ay

z "\ =

T T A M M/

Now y being supposed, as it always is in curves, a function of x, we have
seen that whether that function be algebraic, exponential, &c.

AX, - X, . . .
Z’}E n the limit, or %;- is always a definite function of x. Hence putting

ax _dx
sy —ay !
we have
MT+TT =y(3 +1)
dy
and equating komogeneous terms,

MT=¥a-d—y§.......(e)

which being found from the equation to the curve, the point T will be
known, and therefore the position of the tangent P T. M T is called
the subtangent.
Ex. 1. In the common parabola,
y¥=ax
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Thercfore,
dx 2y
dy = Ta
and
2y*

MT=T=2x

or the subtangent M T is equal to twice the abscissa.
Ex. 2. In the ellipse,

2

y' =3 (@t —x7)
and it will be found by differentiating, &c. that
MT < @ =X
- X
Ex. 8. In the logarithmic curve,
y =a*
dy
Sy =l axy (see 17.)
1
AMT = a
a

which is therefore the same for all points.

The above method of deducing the expression for the subtangent is
strictly logical, and obviates at once the objections of Bishop Berkeley
relative to the compensation of errors in the denominator. The fact is,
these supposed errors being different in their very essence or nature from
the other quantities with which they are connected, must in their aggre-
gate be equal to nothing, as it has been shown in Art. 6. This ingenious
critic calls 2 R = z; then, says he, (see fig. above)

MT = ———-—d"’}; (}sz accurately ;

whereas it ought to have been

Jyax y

MT=37% =5y &

ax T 2X

the finite differences being hereconsidered. Now in the limit, ;,yi becomes a
lefinite functi dy if
definite function of x represented by g7~ Consequently if 1 be put for

) A
the variable part of Kif’ we have
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y
dx t 1+ A X
and it is evident from Lemma VII and Art. 25, that z is indefinite com-
d -~
paresl with o x. .. Aix is indefinite compared with M T, a“r‘{, and y;
and 1 is also so; hence

dy z
MT.a—i-{-(lﬁ-E)MT:y
gives

y.dx

Z .
MT = dy,:mdl+A—§=0

which proves generally for all curves, what Berkeley established in the
case of the common parabola; and at the same time demonstrates, as had
been already done by using T T’ instead of P’ R, incontestably the ac-
curacy of the equation for the subtangent.

80. If it were required to draw a tangent to any point of a curve, re-
ferred to a center by a radius-vector ¢ and the £ ¢ which ¢ describes by
revolving round the fixed point, instead of the rectangular coordinates
X, ¥; then the mode of getting the subtangent will be somewhat different.

Supposing x to originate in this center, it is plain that

X = ¢ cos, 8
y =¢ sin. 4 }
and substituting for x, y, d x, d y, hence derived in the expression (29.
e.) we have i V
. decos.d —pgdésin d
MT = gsin. 4 x dgsin.0+ gedacos.a s ()
Ex. In the parabola

2a
£= 1= cos. 0°
where a is the distance between the focus and vertex, or the value of ¢ at
the vertex. Then substituting we get, after proper reductions

1 cos. ¢
MT=2ax licos.a

and the distance from the focus to the extremity of the subtangent is

1 + cos. d cos. 8
1 —cos.8 1 - cos.é

MT-—gcos.0=2a(
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2a

Sl —cos.0 T

‘

as is well known.

80. a. The expression (f) being too complicated in practice, the following
one may be substituted for it.

Let P T be a tangent to the
curve, referred to the center S, P
at the point P, meeting ST -
drawn at right angles to S P,
in T; and let P’ be any other
point. Join P P’ and produce B s
itto T, and let T P be pro- S
duced to meet S P’ produced in

R, &c. Then drawing P N parallel to S T, we have

)/

PN
ST =ST+TT =xgp XSV
But
PN=ptnad SP=¢++a¢
and
3
NP = SP'—-SN:g*}-Ae—-m.
Therefore, substituting and equating homogeneous terms, after having
applied LEmma VII to ascertain their limits, we get

ST:*a‘E—........(g)

Ex. 1. In the spiral of Archimedes we have
p=ald;
e,
S~ 8T =7
Ex. 2. In the hyperbolic spiral
a
¢ =7
ST =—a

81. It is sometimes useful to know the angle between the tangent and
axis.

. PM dy
I'an.T:-M—rfzdx B (Y]

See fig. to Art. 29.
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Again, in fig. Art. 30 a.
SP d
Tan.T:-S—T=E—d% B (9]

82. It is frequently of great use, in the theory of curves and in many
other collateral subjects, to be able to expand or develope any given func-
tion of a variable into an infinite series, proceeding according to the
powers of that variable. "We have already seen one use of such develop-
ments in Art. 17. This may be effected in a general manner by aid of
successive differentiations, as follows.

If u = f (x) where f (x) means any function of x, or any expression
involving x and constants; then, as it has been seen,

du=vdx
(u” being a new function of x)

Similarly
dv =u"dx
d u// —_ u/ll d X
&c. = &e.
But
du d2u X dx—dtx X du
du =d (d_)z) = Tx? (6 k)
&e. = &e.

.denoting d. (du), d. (dx)byd?u, d®x, and (d x)*by d x?
according to the received notation ;
Or, (to abridge these expressions) supposing dx constant, and .. d? x=0,
d?u

du =
dx
du B
d?::u’
d?u
d’;;:u" O €
d3u
dx3=u//l
&e. = &e.

which give the various orders of fluxions required.
Ex. 1. Letu = x"
Then
du
dx =nx*"!
d®u
I =n (n— 1) xn—¢
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d®u

I =0 (n—1. (n—2)xn—3

&c. = &c.

deu

Ixs =M m—1). n—2) ..... 3. 2 1

Ex.2, Letu=A 4+ Bx 4 Cx®4 Dx®+4 Ex* 4+ &
Then,

1
IT}%:B+2Cx+3Dx9+4|Ex3+&c.
d?u )
(—]—;2=2C+2.3Dx+3.4ch2+&c.
d®u

J’_‘\Ta:2.3D+2.3.4sEX+&c.

&e. = &e.
Hence, if « be known, and the cocfficients A, B, C, D, &c. be un-
known, the latter may be found; for if U, U’, U”, U™, &c. denote the

du d?2u d’nu

values of u, ;o , 57—, 7
¢ ‘dx’d x> d x®

s (XC.

when x = 0, then

1 1 1
A — [L B = UI, C — __2_. U”, D f— é_.—-—3—'. U///, E — m. U/III,
&e. = &e.
and by substitution,

\,3

53t & . ... (b)

This method of discovering the coefficients is named (after its inventor),

X

u:U+ U/X+U//._§~+U///

MACLAURIN'S THEOREM.

The uses of this Theorem in the expansion of functions into series are
many and obvious.
For instance, let it be required to develope sin. x, or cos. X, or tan. X,
or . (1 + x) into series according to the powers of x. Here
u = sin. X, or = cos. X, or = tan. x, or = L (1 + x),

du . 1 1

“d x = cos. = — . Y =7,
Ix 0S. X, Or sin, x, or o5t % O T TF x
dtu . 2 sin, x 1
dxe = — = — COS. = Ty = — T L <
dx: sin, x, or COS. X, Or cos. 3%’ or 0T +x°
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dsu 2 4 4sin®x 2

T = — = si =0 s = T
i = cos. X, or = sin. X, or cos. * x or Tk

&e. = &c.

U =0, or=1, or =0,0or =0
U =1, or=0, or=1lor=1
U/ =0 or=-—lLor=00r=—1
U"=-—<1lor =0, or=2o0r=2
&e. = &e.
Hence
x3 x?®

sin.x:x—§:§+m—&c.

cos. X = 1——2--{-2.3.4‘—-&&
x3 2x° 17 x7
tan.x=x+-§-+§.—5—+m+&c.v
x? x3

LA+x)=x—75+ 3 — &

Hence may also be derived

TAYLOR'S THEOREM.

fx) = A4+ Bx 4+ Cx?4+ Dx®*+4+ Ex* + &c

B.(x4+h) 4+ C. (x4 h)?4+ D.(x+h)® + &e
Bx 4+ Cx?+4 Dx?®+ &ec
B+2Cx+3Dx%h
(C+3Dx+ 6Ex?h*
+D+4Ex + 10Fx?)h?
+ &ec.
d. f(x A f(x) h?
=1 + T n 4 S
d*f(x) h?®
+ qxs g gt& . ..o (0
the theorem in question, which is also of use in the expansion of series.
For the extension of these theorems to functions of two or more varia-
bles, and for the still more effective theorems of Lagrange and Laplace,
the reader is referred to the elaborate work of Lacroix. 4to.
Having shown the method of finding the differentials of any quanti-

A+
A+
+
+



Book 1.] NEWTON’S PRINCIPIA. 29

ties, and moreover, entered in a small degree upon the practical applica-
tion of such differentials, we shall continue for a short space to explain
their farther utility.

33. 70 find the MaxiM4 and MINIMA of quantities.

If a quantity increase to a certain magnitude and then decrease, the
state between its increase and decrease is its maximum. If it decrease
to a certain limit, and then increase, the intermediate state is its mi-
nimum. Now it is evident that in the change from increasing to decreas-
ing, or wice versa, which the quantity undergoes, its differential must have
changed signs from positive to negative, or vice versa, and therefore (since
moreover this change is continued) have passed through zero. Hence
When a quantity is.a MAXIMUM or MINIMUM, its differential = 0. . . (a)

Since a quantity may have several different maxima and minima, (as for
instance the ordinate of an undulating kind of curve) it is useful to have
some means of distinguishing between them.

34. To distinguish between MAxIMA4 and MINIMA.

LemMMmA. To show that in Taylor’s Theorem (32. c.) any one term can
be rendered greater than the sum of the succeeding ones, supposing the
coefficients of the powers of 4 to be finite.

Let Q h™—"' be any term of the theorem, and P the greatest coefficient
of the succeeding terms. Then, supposing % less than unity,

Pho(1 4+ h <4 h®4....ininfin.) = Phe x -i-—-_l:-E
is greater than the sum (8) of the succeeding terms. But supposing % to
decrease in infin.

1 .
Ph."y—5 = P h* ultimately. Hence ultimately

Phr> S
Now
Qhr=':Phr::Q:Ph,
and since Q and P are finite, and % infinitely small ; therefore Q is > Ph,
Hence Q h2—1is > P h", and a fortiori > S.
Having established this point, let *
u = f(x)
be the function whose maztma and minima are to be determined; also
when u = max. or min. let x = a. Then by Taylor’s Theorem
du d?u h® d®u h?

Gt gar T3~ daras T8

f(a—h) =f(a) — o> 2.3
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and
du d®u h® d*u h?
f(a+h)-—f(8)+—(mh+-a—-—a—'—2. 'l':—é-f-—d—-a—-3. i—é+&c.
and since by the LEMMa, the sign of each term is the sign of the sum of
that and the subsequent terms,

~f(a—h) = f(a)-—-g—g. M

fa+h) =f@) + %g. N

Now since f (a) = max. or min. f (a)is > or < than both f (a — h)
and f (a 4 h), which cannot be unless

du _
da =
Hence
2
f(a—h) = f(a) + :1_1_}; M

d?u

f@+h) =f@)+ 5 N

)
<

and f (a) is max. or min. or neither, according as f(a)is >, < or = to
both f (a — h) and f (a 4+ h), or according as
d?u.

= 1s negative, positive, or zero. .. ..

da*

If it be zero as well as i—l—l, we have

da

f(a—h) f(a)—%ju—l;. M”}

Il

d3u

f(a4h) =1f(a) + Ia N~
and f (a) cannot = max. or min. unless
d®u
dal
which being the case we have
— d‘ u "
f(a—h) =fa +d_a"M

4
f (a4 h) =fa+g-—a-l:. N

‘= 0,

and as before,
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£ (a) i - mi th ding as % is negative, positi
(a) is max. or min. or neither, according as —— is negative, positive, or

da

zero, and so on continually.
Hence the following criterion.

o du . )
If inu = f(x), T = 0, the resulting value of x shall give u = M4X.
. d?u ., . ..
or MIN. or NEITHER, according as I s negative, positive, or zero. .
du d?u d?u
— =0 = 0, and —— = 0, then the resulting value of u
‘fdx > dx® ’ dx? ’ . © of

. d*u .
shall be a MAX., MIN. oy NEITHER according as ——; 1S NEGATIVE, PO-

dx
SITIVE, or ZERO ; and so on continually.

Ex. 1. To find the Max. and MIN. of the ordinate of a common para-
bola.

y=+#ax
dy 1 va
Cdx T 20 vy

which cannot = 0, unless x = «.
Hence the parabola has no maxima or minima ordinates.
Ex. 2. To find the MAXINMA and MINIMA of y in the equation

y!—=2axy 4 x?=D>b"

Here
9, 4y _ (dyy
dy sy ity *Tlnd)
dx " y—ax dx!*” = y—ax
and putting z—l—% = 0, we get
= +ab +b d . _ F

V(I—ay ¥ TV I—ay dx* b~ (I—a9)
which indicate and determine both a maximum and a minimum.

Ex. 8. To divide a in such a manner that the product of the m™ power
of the one part, and the n™ power of the other shall be a mazximum.

Let x be one part, then a — x = the other, and by the question
u=x" (a—x)" = max.

e i xm=! (a—x)"=! X (ma—X. m + n)



32 A COMMENTARY ON [Sect. L

and

dtu
e = X"=2(a—x)""*X (m+n—1 m+ n x*— &)
du
Put-J‘;(' = 0; then
X 0 X or X ma
= or = a =
’ ’ m 4

the two former of which when m and » are ever nuumwvcis BLYG sesrseincuy
and the last the required mazimum.

L
Ex. 4. Letu = x*.

Here
du 1—1Lx .
dx=uw i =0 . L. x = 1, and x = e the Ayperbolic base

= 2.71828, &c.

Innumerable other examples occur in researches in the doctrine of
curves, optics, astronomy, and in short, every branch of both abstract and
applied mathematics. Enough has been said, however, fully to demon-
strate the general principle, when applied to functions of one independent
variable only.

For the Mmaxima and miniMa of functions of two or more variables, see
Lacroiz, 4to.

85. If in the expression (30 a. g) S T should be finite when ¢ is infinite,
then the corresponding tangent is called an Asymptote to the curve, and
since ¢ and this Asymptote are both infinite they are parallel. Hence

To find the Asymptotes to a curve,

de
InST = ¢ T make ¢ = «, then each finite value of ST gives an

Asymptote ; which may be drawn, by finding from the equation to the
curve the values of ¢ for ¢ = o, (which will determine the positions of ¢),
then by drawing through S at right angles to g, S T, S T", S "I, &c. the
several values of the subtangent of the asymptotes, and finally through
T, T’, T”, &c. perpendiculars to S T, S T', S T, &c. These perpen-
diculars will be the asymptotes required.

Ix. In the hyperbola

b 2
¢ = a (T—ecos. o)
Here p = «, gives 1 — e cos. 4 = 0, .. cos.d = %

. .1
o+ 0 = £ whose cos. is <"



Book I.] NEWTON’S PRINCIPIA. 33

bt b?
Also ST = Toen = ;—;—/—;—;—:——_——i = b; whence it will be seen that

the asymptotes are equally inclined (viz. by < ¢) to the axis, and pass
through the center.

The expression (29. e) will also lead to the discovery and construction
of asymptotes.

Since the tangent is the nearest straight line that can be drawn to the
curve at the point of contact, it affords the means of ascertaining the in-
clination of the curve to any line given in position ; also whether at any
point the curve be inflected, or from concave become conver and vice ver-
sa; also whether at any point two or more branches of the curve meet,
i. e. whether that point be double, triple, &c.

86. 10 find the inclination of @ curve at any point of it to a given line ;

Jind that of the tangent at that given point, which will be the inclination
required.

Hence if the inclination of the tangent to the axis of a curve be zero,
the ordinate will then be a maximum or minsmum ; for then

tan. T = (;1—‘% =0 (81. h)

37. To find the points of Inflexion of a curve.

n
/
a /% {

m b
7z

/ a_#n
/ m
A B A B
Let y = f (x) be the equation to the curve a b; then A a, B b being
any two ordinates, and a n a tangent at the point a, if we put Aa =y,

and A B = h, we get
Aa="Fx

Bb:f(x+11)_y+dy +d’; —h——-+&c (32. c)

y 'y
y+dxh+d M (34)
ButBn=y+ mn=y. +g—i. h, Consequently Bbis <or>Bn

. dty. . e )
according as -EJ—: is negative or positive, i. e. the curve is concave or con-

[}



34 A COMMENTARY ON [SEct. 1.

vex towards its azis according as g—;—% is ncgative or positive.
Hence also, since a quantity in passing from positive to negative, and
vice versa, must become zero or infinity, at a point of inflexion
d’y
dx?*
Ex. In the Conchoid of Nicomedes
xy=(a+y) v (b*—y?)
which gives, by making d y constant,
d*x _2b*a—b?y*—38b*ay"
dy"’ - (bzys_y5) V(b"'-——y"’)
and putting this = 0, and reducing, there results
y*+3ay*=2b?%a
which will give y and then x.
These points of inflexion are those which the Theory of (34) indicates
as belonging to neither maxima nor minima ; and pursuing this subject
still farther, it will be found, in like manner, that in some curves

%%%:001‘«,%%: Oor o, &c. = &ec.
also determine Points of Inflexion.
38. To find DOUBLE, TRIPLE, &c. points of a curve.
If the branches of the curve cut one another, there will evidently be as
many tangents as branches, and consequently either of the expressions,

= 0or «

d T
Tan. T = Zi‘%( (31. h)

y dx
dy
as derived from the equation of the curve, will have as many values as
there are branches, and thus the nature and position of the point will be
ascertained.

If the branches of the curve touch, then the tangents coincide, and the
method of discovering such multiple points becomes too intricate to be in-
troduced in a brief sketch like the present. For the entire Theory of
Curves the reader is referred to Cramer’s express treatise on that subject,
or to Lacroix’s Different. and Integ. Calculus, 4to. edit.

89. We once more return to the text, and resume our comments. We
pass by LEmMma VIII as containing no difficultv which has not been al-
ready explained.

As similar figures and their properties are required for the demonstra-

MT = (29. €)
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tion of LEMMa IX, we shall now use LEMmma VI1I in establishing LEMMaA
V, and shall thence proceed to show what figures are similar and how to
construct them.

According to Newton’s notion of similar curvilinear figures, we may
define two curvilincar figures to be similar when any rectilinear polygon
being inscribed in one of them, a rectilincar polygon similar to the former,
may always be inscribed in the other.

Hence, increasing the number of the sides of the polygons, and dimi-
nishing their lengths indefinitely, the lengths and areas of the curvilinear
figures will be the limits by Lemmas VII and 111, of those of the recti-
linear polygons,. and we shall, therefore, have by Euclid these lengths
and areas in direct and duplicate proportions of the homologous sides
respectively.

40. To construct curves similar to given ones.

If y, x be the ordinate and abscissa, and x’ the corresponding abscissa
of the required curve, we have

v

. I 4 ’ ,
N = X = v e e e . ki
X 1y X " X y (q)

the ordinate of the required curve, which gives that point in it which
corresponds to the point in the given curve whose coordinates are x, y;
and in the same manner may as many other points as we please be de-
termined.

In such curves, however, as admit a practical or mechanical construc-
tion, it will frequently be sufficient to determine but one or two values of y’.

Ex. 1. In the circle let x, measured along the diameter from its extre-
mity, be r (the radius) ; then y = r, and we have

, Yy ’
==X X =X
y X

’

where x" may be of any magnitude whatever. Hence, all semicircles, and
therefore circles, are similar figures.

Ex. 2. In a circular arc (2 «) let x be measured along the chord (2 b),
and suppose X = r sin. «; theny = r. vers. a

,  vers.«

X x

sin. o
which gives the greatest ordinate to any &emlchord as an abscissa, of the
required arc, and thence since
y =v— V7V —x"
it will be easy to find the radius r' and centre, and to describe the arc
required.
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But since

y' _ v/ vers.a’ _ vers.a _ vers.a
X T Vsin.& T~ sin.e . simoa
therefore
. @ . o
1 —cos.a _ 2sint 3 _l—cos.a _ 2sin.t3
sina T 2 coS. — sin, — ~ o odnd T 2 cos. L sin L3
2 2 2 )
or
o o
tan. ) = tan. 5
and

et ==
which accords with Euclid, and shows that similar arcs of circles subtend
equal angles.
Ex. 3. Given an arc of a parabola, whose latus-rectum is p, to find a
stmilar one, whose latus-rectum shall be p'.
In the first place, since the arc is given, the coordinates at its extremi-
ties are ; whence may be determined its axis and vertex ; and by the usual

mode of describing the parabola it may be tompleted to the vertex.
Now, since

yr=px
X, X’ being measured along the axis, and when
P
X = % ) y = '—g
oy :l.x’ =2 x= 2 x
X y

which shows tkat all semi-parabolas, and therefore parabolas, are similar
Sigures. Hence, having described upon the axis of the given parabola,
any other having the same vertex, the arc of this latter intercepted be-
tween the points whose coordinates correspond to those of the extremi-
ties of the given arc will be the arc required.

Ex. 4. In the ellipse whose semi-diameters are a, b, if x be measured
along the axis, when x = a, y = b. Hence

== X
y a
and X’ or the semi-axis major being assumed any whatever, this value of
v’ will give the semi-azis minor, whence the ellipse may be described.

This being accomplished, let (2, 8) (¢, 8) be the coordinates at the
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extremities of any given arc of the given ellipse, then the similar one of
the ellipse described will be that intercepted between the points whose
coordinates, (X', y') (x"; y”) are given by

’

l=x

y ==+ (24 xX —x'?

N

/"
4 )

B Xy
"B -th}tu}and
X y =¥ (2a"x" —x"?

a’.B’.

—

=

In like manner it may be found, that

All cycloids are similar.

Epicycloids are so, when the radit of their wheels « radii of the spheres.

Catenaries are similar whensthe bases o« tensions, &e. &c.

40. If it were required to describe the curve A ¢ b (fig. to LEMMA
VII) not only similar to A C B, but also such that its chord should be of
the given length (c); then having found, as in the last example, the co-
ordinates (X, y') (x”, y”) in terms of the assumed value of the abscissa
(as a’ in Ex. 4), and (e, B), («, 8') the coordinates at the extremities of
the given arc, we have

c= (X/ - x//)g + (y/ __y//)g = f(“l)
a function of a’: whence a’ may be found.
Ex. In the case of a parabola whose equation is y* = a x, it will be

found that (y/* = a’ x’ being the equation of the required parabola)

c==.@B—B) VEFR) + o

«

whence (a') is known, or the latus-rectum of the required parabola is so
determined, that the arc similar to the given one shall have a chord = «¢.

41. It is also assumed in the construction both to Lemma VII and
Lemma IX, that, If in similar figures, originating in the same point, the
chords or axes coincide, the tangents at that origin will coincide also.

Since the chords A B, A b (fig. to LEmma VII), the parallel secants
B D, b d, and the tangents A D, A d are corresponding sides, each to
each, to the similar figures, we have (by LEMma V)

AB:BD::Ab:bd

and £ B = £ b. Consequently, by Euclid the . BAD = b Ad,
or the tangents coincide.
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To make this still clearer. Let

BI
M B, M B’ be two similar curves,
and A B, A’ B’ similar parts of them. A ///,‘
Let fall from A, B, A’, B, the or- B _¢C

dinates A a, Bb, A’ &, B’ b’ cut- Z é__ Yy
ting off the corresponding abscissa A
Ma, Mb, M a’, MV, and draw M |ala b b’

the chords A B, A’ B’; also draw
A C, A’ C at right angles to B b, B’ C.
Then, since (by LEmma V)
Ma:Mb::Aa:Bb }
Ma : Mb:: Aa: B'VY
*Ma:ab::Aa:BC }
Ma :a'bl:: A2 BC
+“AC:BC::Ma:Aa }
AYC B C:: Ma': A

But
Ma:Aa::Ma: A'a
S~“AC:BC::AC:BC

andthe £ C = o C

.. the triangles A B C, A’ B’ C’ are similar, and the £ BA C =
¢ B’ A’ C,i. e. A Bis parallel to A’ B'.

Hence if B, B’ move up to A, the chords A B, A’ B’ shall ultimately
be parallel, i. e. the tangents (see LeEmma III, Cor. 2 and 3, or LEMMA
VI,) at A, A’ are parallel.

Hence, if the chords coincide, as in fig. to Lemma VII, the tangents
coincide also.

The student is now prepared for the demonstration of the Lrmma.
He will perceive that as B approaches A, new curves, or parts of curves,
A’c b similar to the parts A C B are supposed continually to be described,
the point 4 also approaching d, which may not only be at a finite distance
from A, but absolutely fixed. It is also apparent, that as the ratio be-
tween A B and A b decreases, the curve A ¢ b approaches to the straight
line A b as its limit.

42, Lemma XI. The construction will be better understood when
thus effected.

Take A e of any given magnitude and draw the ordinate e ¢ meeting
A C produced in ¢, and upon A c describe the curve A b c (see 39)
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similar to A BC. Take Ad = Ae X %—II-)‘: and erect the ordinate d b
meeting A b ¢ in b. Then, since A d, A ¢ are the abscissee corre-
sponding to A D, A E, the ordinates d b, e c also correspond to the
ordinates D B, E C, and by Lemma V we have
db:DB::ec:EC::Ae: AE
:: Ad: AC (by construction)
and the £ D = 2 d. Hence
b is in the straight line A B produced, &c. &c.

43. This LEMMA may be proved, without the aid of similar curves, as
follows :

ABD:%Q. (DT + I B)
tan. « ‘t_XD . Bﬁ I

= AD:?2. ) + —5—

and

tan. « AE.CG
B) + 9

where « = .~ D A L.

 ABD _éDQ.tnn.a{—AD.BE
"ACE T AE*.tane + AE.CG

Now by Lemma VII, since B A F is indefinite compared with F or B;

therefore B Iy C G are indefinite compared with A D or A E. Hence

if L be the limit of Jj& I:J ?«j’ and L + lits varying value, we have

ACE = A E°.

{\ D2, tan. ¢ + AVD>. B I‘i

AE*  tana + AE.CG

and multiplying by the denominator and equating homogeneous terms
we get

L41=

L.AE?. tan.e = A D2, tan. «

.. Limit of ABD _ AD*
) ACE  AE:

44. Lemma X. ¢ Continually increased or diminished.” The word
“ continually” is here introduced for the same reason as ‘¢ continued
curvature” in Lemma VI.

If the force, moreover, be not ¢ fnite,” neither will its effects be; or

the velocity, space described, and time will not admit of comparison.
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45. Let the time A D be divided into several portions, such as D d,
A b B being the locus of the extremities of the ordinates which D repre-
sent, the velocities acquired D B, d b, B
&c. Then upon these lines D d, &c. N

np N

h
r m\B’

as bases, there being inscribed rect-

angles in the figure A D B, and when

their number is increased and bases

diminished indefinitely, their ultimate \N\
sum shall = the curvilinear area D d D’ A

A B D (Lemma IIL.) But each of these rectangles represents the space
described in the time denoted by its base ; for during an instant the ve-
locity may be considered constant, and by mechanics we have for constant
velocities S = T Xx V. Hence the area A B D represents the whole
space described in the time A D.

In the same manner, A C E (see fig. LEMma X) represents the time
A E. But by LEMma IX these areas are ¢ ipso motus initio,” as A D *
and A E* Hence, in the very beginning of the motion, the spaces de-
scribed are also in the duplicate ratio of the times.

46. Hence may be derived the differential expressions for the space
described, velocity acquired, &c.

Let the velocity B D acquired in the time t (A D) be denoted by v,
and the space described, by s.

Then, ultimately, we have

Dd=dt, Bn=4dy,
and
Dnbd=ds=DdXdb=dt x v
Hence

[=9)

ds
i,ds:vdt,dt:—‘—]— N ()

vV =

o

Again, if D d = d D', the spaces described in these successive instants,
are D b, D’ m, and therefore uitimately the fluxion of the space repre-
sented by the ultimate state of D’mis bnrmor 2b m B. Hence

d (ds) = 2 X b m B’ ultimately,
and supposing B’ to move up to A, since in the limit at A, B’ coincides
with A, and B’ m with A D, and therefore b m B’ or d (d s) represents
the space described “ in the very beginning of the motion.”

Hence by the LemMMa,

d(ds) a2dt® adt?
or with the same accelerating force
désadt® . . . . . . . . . (b
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With different accelerating forces d * s must be proportionably increased
or diminished, and .. (see Wood’s Mechanics)

d’sa Fdt?
Hence we have, after properly adjusting the units of force, &c.
d®s = Fdte
and .-
dg s . . . . . . . . . (c)
U= (-—1—t-—2

Hence also and by means of (a) considering d t constant,
~_dv — T
1—'d—";,VdV—de e e e« e . (d)
all of which expressions will be of the utmost use in our subsequent
comments.

47. Lemma X. Cor. I. To make this corollary intelligible it will be
useful to prove the general principle, that

If a body, moving in a curve, be acted upon by any new acceleraling
Jorcey the distance between the points at which it would arrive WITHOUT
and WITH the new force in the same time, or * ervor,” is equal to the space
that the new force, acting solely, would cause it to describe in that same
time.

Let a body move in the curve A B C, and when at B, let an additional
force act upon it in the direction Bb. Also let B D, DE, £ C;
B F, F G, G b be spaces that would be described in equal times by the
body moving in the curve, and when moved by the sole action of the new
force. Then draw tangents at the points B, D, E meeting Dd, Ee, Cec,
each parallel to B b, in P, Q, R. Also draw F M, G R, b d parallel to
BP; MS, RN, de parallel to DQ; and S V, N T, ec parallel to
E R.
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Now since the body at B is acted upon by forces which separately
would cause it to move through B D, ‘BF, or, when the number of
the spaces is increased and their magnitude diminished in infnitum,
through B P, B F in same time, therefore by Law III, Cor, 1, when
these forces act together, the body will move in that time through the
diagonal up to M. In the same manner it may be shown to move from
M to N, and from N to C in the succeeding times. Hence, if the num-
ber of the times be increased and their duration indefinitely diminished,
the body will have moved through an indefinite number of points M, N,
&ec. up to C, describing a curve B C. Also since b d, d e, e ¢ are each
parallel to the tangents at B, D, E, or ultimately to the curve B D E C;
.~ b d e c ultimately assimilates itself to a curve equal and parallel to
B D E C; moreover Cc is parallel to Bb. Hence Cc is also equal
to B b.

Hence, then, The Error caused by any disturbing force acting upon a
body moving in a curve, is equal to the space that would be described by
means of the sole action of that force, and moreover it is parallel to the
direction of that force.  'Wherefore, if the disturbing force be constant, it is
easily inferred from LEmmas X and IX, and indeed is shown in all books
on Mechanics, that the errors are as the squares of the times in whick they
are generated. Also, if the disturbing forces be nearly constant, then the
errors are as the squares of the times quam proxime. But these conclusions,
the same as those which Note 118 of the Jesuits, Le Seur and Jacquier,
(see Glasgow edit. 1822.) leads to, do not prove the assertion of Newton
in the corollary under consideration, inasmuch as they are general for all
curves, and apply not to similar curves in particular.

48. Now let a curve similar to the above be constructed, and completing
the figure, let the points corresponding to A, B, &c. be denoted by
A’, B/, &c. and let the times in which the similar parts of these curves,
viz. BD, B’ D’; DE, DY E'; E C, E C are described, be in the ratio
t : . Then the times in which, by the same disturbing force, the spaces
BF,BF; FG, ¥ G; Gb, G'b are described, are in the ratio of
t : . Hence, *“ in ipso motus initio” (by LEmma X) we have

BF:BF::t:t”®
FG:FG 2t
&e. &e.

and therefore,

BF+FG+ &c.: BF 4+ FG + &e: it t'?
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But, (by 15,)

BF 4+ F G 4 &c. = theerror C ¢,
and

B'F + F G + &c. = the error C' ¢/,
and the times in which B C, B’ C’ are described, are in the ratio t : .
Hence then

Cec:Cc¢ vt

or The ERRORs arising from equal forces, applied at corresponding points,
disturbing the motions of bodies in similar curves, whick describe similar
parts of those curves in proportional times, are as the squares of the times
in which they are generated EXACTLY, and not “ guam proxime.”

Hence Newton appears to have neglected to investigate this corollary.
The corollary indeed did not merit any great attention, being limited by
several restrictions to very particular cases.

It would seem from this and the last No. that Newton’s meaning in
the forces being ¢ similarly applied,” is merely that they are to be applied
at corresponding points, and do not necessarily act in directions similarly
situated with respect to the curves.

For explanation with regard to the other corollaries, see 46.

49. Lemma X1, « Finite Curvature.” Before we can form any precise
notion as to the curvature at any point of a carve’s being Finite, Infinite or
Infinitesimal, some method of measuring curvature in general must be de-
vised. This measure evidently depends on the wltimate angle contained by
the chord and tangent (A B, A D) or on the angle of contact. Now, although
this angle can have no finite value when singly considered, yet when two
such angles are compared, their ratio may be finite, and if any known
curvature be assumed of a standard magnitude, we shall have, by the
equality between the ratios of the angles of contact and the curvatures, the
curvature at any point in any curve whatever. In practice, however, it
is more commodious to compare the subtenses of the angles of contact
(which may be considered circular arcs, see LEmma VII, having radii in
a ratio of equality, and therefore are accurate measures of them), than the
angles themselves.

50. Ex. 1. Let the circumference of a circle be divided into any num-
ber of equal parts and the points of division being joined, let there be ¢
tangent drawn at every such point meeting a perpendicular let fall from
the next point; then it may easily be shown that these perpendiculars or
subtenses are all equal, and if the number of parts be increased, and their
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magnitude diminished, in infinitum, they will have a ratio of equality.
Hence, the CIRCLE has the same curvature at every point, or it is a curve
of uniform curvature. A D

51. Ex. 2. Let two circles touch one
another in the point A, having the . B
common tangent A D. Also let BD
be perpendicular to A D and cut the
circle A D in B. Join AB, A B,
Then since A B, A B’ are ultimately
equal to A D (Lemma VII) they are

B

equal to one another, and consequently Y

the limiting ratio of BD and B’ D, is

that of the curvatures of the respective SR
circles A C, A D (by 17.) E

But, by the nature of the circle,
AD*=2R x DB —-DDB*?*?=2rx DB—D B*
R and r being the radii of the circles.
Therefore
DB 2R—D B
L+1= DT = er—DB
and equating homogeneous terms we have

R
L:T,

i. e. The curvatures of circles are inversely as their radis.

52. Hence, if the curvature of the circle whose radius is 1, (inch, foot,
or any other measure,) be denoted by C, that of any other circle whose
radius is r, is

C
T

53. Hence, if the radius r of a circle compared with 1, be jfnite, its
curvature compared with C, is finite , if r be infinite the curvature is
infinitesimal ; if r be infinitesimal the curvature is /nfinite, and so on through
all the higher orders of infinites and infinitesimals. By infinites and in-
finitesimals are understood quantities indefinitely great or small.

The above sufficiently explains why curvature, compared with a given
standard (as C), can be said to be finite or indefinite. 'We are yet to show
the reason of the restriction to curves of finite curvature, in the enuncia-
tion of the LEMMa.

54. The circles which pass throngh A, B, G; a, b, g, (fig. LEsma XI)
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have the same tangent A D with the curve and the same subtenses. Hence
(49. and 52.) these circles ultimately have the same curvature as the curve,
i.e. A1 is the diameter of that circle which has the same curvature as the
curve at A. Hence, according as A I is finite or indefinite, the curvature
at A is so likewise, compared with that of circles of finite radius.
Now A G ultimately, or
A B
BD

whether A I be finite or not. If finite, BD o« A B2 as we also learn
from the text.

Al =

A B
BD
is infinite, B D must be infinitely less than A B?% or, A B being
always considered in its ultimate state an infinitesimal of the first order,
B D is that of the third order, i.e. BD o« A B2 The converse is
also true.

Ex. In the cubical parabola, the abscissa « as the cube of the or-
dinate; hence at its vertex the curvature is infinitely small. At other
points, however, of this curve, as we shall se¢ hereafter, the curvature is
finite.

To show at once the different proportions between the subtenses of the
angles of contact and the conterminous arcs, corresponding to the differ-
ent orders of infinitesimal or infinite curvatures, and to make intelligible
this intricate subject, let A B ultimately considered be indefinitely small

55. If the curvature be infinitesimal or A I infinite ; then since

o

compared with 1; then since é\% = A B, A B* is infinitesimal com-

pared with A B; and generally K—%}g—n_—, = A B, shows that A B"is
infinitely small compared with A B®—"'so that tke different orders of in-

JSinitesimals may be correctly denoted by
A B, AB: AB% ABY &ec
Also since 1 is infinite compared with the infinitesimal A B, and A B
compared with A B®, &c. the different orders of infinites may be repre-
sented by
1 1 1 1
AB’ AB* AB*® AB*

56. Hence if the curvature at any point of a curve be infinitesimal in

the second degree

, &ec.
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1;3__?32 o —-—AlB -» and BD « A B*, and conversely.

And generally, if the curvature be infinitesimal in the n™ degree,
A B® 1
BD “ AB*
Again, if the curvature be infinite in the n' degree,
A B?
BD
The parabolas of the different orders will afford examples to the above
conclusions.

57. The above is sufficient to explain the first case of the LEmMMA.

. Case 2. presents no difficulty ; for b d, B D being inclined at any equal
angles to A D, they will be parallel and form, with the perpendiculars let
fall from b, B upon A D, similar triangles, whose sides being propor-
tional, the ratio between B D, b d will be the same as in Case 1.

Case 8. If B D converge, i. e. pass through when produced to a given
point, b d will also, and ultimately when d and D move up to A, the
difference between the angles A d b, A D B will be less than any
that can be assigned, i. ee B D and b d will be ultimately parallel;
which reduces this case to Case 2. (See Note 125. of PP. Le Seur and
Jacquier.)

Instead of passing through a given point, B D, b d may be supposed
to touch perpetually any given curve, as a circle for instance, and B D
will still @ A D?; for the angles D, d are ultimately equal, inasmuch as
from the same point A there can evidently be but one line drawn touch-
ing the circle or curve.

Many other laws determining B D might be devised, but the above
will be sufficient to illustrate Newton’s expression, ¢ or let B D be deter-
mined by any other law whatever.” It may, however, be farther observed
that this law must be definite or such as will fix B D.  For instance, the
Lemma would not be true if this law were that B D should cu¢ instead of
touck the given circle.

> and BD « A B2+% and conversely.

« AB" and BD « A B?—", and conversely.

58. Lemma XI. Cor. II. It may be thus explained. Let P be
the given point towards which the sagittee S G, s g, bisecting the chords
A B, A b, converge. S G, s g shall ultimately be as the squares of
A B, Ab, &ec.
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For join P B, Pb and produce
them, as also P G, P g, to meet the
tangent in D, d, T, t. Then if B
and b move up to A, the angles
T P D, t P d, or the differences be-
tween the angles A T P and A D P,
and between A t P and A d P, may
be diminished without limit; that is,
(Lemya I), the angles at T, D and
at t, d are ultimately equal. Hence
the triangless AT S, A D B are
similar, as likewise are A ts, A d b.

A t TdDd D
g/

Consequently

ST:DB::AS:AB::1:2
and

st:db:: As: Ab: 12
and

SSTist::DB:db
Also by Lemya VI,
ST:st: :85G:s
and by LEmma X1, Case 3,
DB:db::AB*: Ab®
A8G:isg:t AB*i Abe

as

Q. e. d.

Moreover, it hence appears, that the sagitte which cut the chords, tn
ANY GIVEN RATIO WHATEVER, and tend to a given point, have ultimately
the same ratio as the subtenses of the angles of contact, and are as the squares
of the corresponding arcs, chords, or tangents.

59. Lemma XI.  Cor. IIL. If the velocity of a body be constant or
“given,” the space described is proportional to the time t. Hence
ABax t,and .. SGax ABax t®

60. LemMa XI. Cor. IV. Supposing B D, b d at right angles to
A D (and they have the same proportion when inclined at a given angle
to A D, and also when tending to a given point, &c.) we have
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AADB,AAdeADxDB,Adxdh

: D g
-:%foD Ad

Dz

A d®

::AD®: Ad3

XAD: Ad

Also

AADB:AAdb:Z-ﬁ—?XDB!(lb

,¥DB
"V db
B @pk
It may be observed here, that the tyro, on reverting to LEmya IX,
usually infers from it that
AADBa AD?and doesnot « A DS,

but then he does not consider that A D, in LEmma IX, cuts or makes a
Jinite angle with the curve, whereas in LEMma X1 it touches the curve.

xDB:db

61. Lemma XI. Cor. V. Since in the common parabola the ab-
scissa o square of the ordinate, and likewise BDor A Ca AD? or
C D¢ it is evident that the curve may ultimately be considered a
parabola.

This being admitted, we learn from Ex. 1, No. 4, that the curvilinear
area A C B = % of the rectangle C D. Whence the curvilinear area
ABD = ;of CD = % of the triangle A B D, or thearea A BD «
triangle A BD o A D &c. (by Cor. 4.) So far B D, b d have been
considered at right angles to A D). Let them now be inclined to it at a
given angle, or let them tend to a given point, or ¢ be determined by any
other law ;” then (LEmma, Case 3, and No. 25) B D, b d will ultlmate]y
be parallel. Hence, B D, b d’ (fig. No. 26) being the corresponding
subtenses perpendicular to A D, it is plain enough that the ultimate dif-
ferences between the curvilinear areas A BD, A BID’ and between
A bd, Ab & are the similar triangles B D D/, b d &, which
differences- are therefore as B D?% b d% or as A B4 Ab¢ i e
BDD' « AB*

But we have shown that A BD « A B>
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Consequently
ABD = ABD+BDD’—axAB’+beB‘—AB’(a+beB)
and b X A B being indefinite compared with a, (see Art. 6,)
ABIY =ax AB*a A B>
Q. e d.

SCHOLIUM TO SECTION L

62. What Newton asserts in the Scholium, and his commentators Lc
Seur and Jacquier endeavour (unsuccessfully) to elucidate, with regard to
the different orders of the angles of contact or curvatures, may be briefly
explained, thus.

Lct DB a ADm™ Then the diameter of curvature, which equals

(s«.e No. 22and 24), « A D*— ™ Similarly if D Ba A Dn, the

D B
diameter of curvature « A D2?—° Hence D and D’ represents these
diameters, we have

Dlz, = 91_’_)%1{”11))1;: = —‘:—, A Dr—m (aand a’ being finite)
and if n = 2 or D’ be_finite, then D will be finite, infinitesimal, or infinite,
according as m = 2, or is any number, (whole, fractional, or even transcen-
dental) less than 2, or any number greater than 2. Again, if m = n
then D compared with DV is finite, since D : D’ : : a : 2. Ifm be less
than n in any finite degree, then n — m is positive, and D is always in-
finitely less than D’. If m be greater than n, then

D_a 1
DT o T AD™ -0
and m — n being positive, D is always infinite compared with D’.
t Hence then, there is no limit to the orders of diamegers of curvature,
;:with regard to infinite and infinitesimal, and consequently not to the
curvatures.
63. In this Scholium Newton says, that ¢ Those things which have
been demonstrated of curve lines and the surfaces which they comprehend
re easily applied to the curve surfaces and contents of solids.” Let us
ttempt this application, or rather to show,
Ist, That if any number of parallelopipeds of equal bases be inscribed in

ny solid, and the same number having the same bascs be also circumseribed
i Vor, L, D
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about it ; then the number of these parallelopipeds being increased and their
magnitude diminished IN INFINITUM, the ultimate ratios whick the aggre-
gates of the inscribed and circumscribed parallelopipeds have to one another
and to the solid, are ratios of equality.

A

D £
wl

Let AST UV ZY X W A be any portion of a solid cut off by three
planes A A’ V, A A’Zand Z A’ V, passing through the same point A’,
and perpendicular to one another. Also let the intersections of these
planes with one another be A A’, A’ V, A’ Z, and with the surface of the
solid be AUV, AYZ and Z1V. Moreover let A’ V, A’ Z be each
livided into any number of equal parts in the points B/, T’, U’; D, X, Y,
ind through them let planes, parallel to A A’ Z and A A’V respectively,
be supposed to pass, whose intersections with the planes A A’ V, A A’ Z
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shall be SB, TT, UU'; WD/, XX’ YY, and with the plane
AZV,1B,m T, n U;t D), s X, o0 Y, respectively. Again, let the
intersections of these planes with the curve surfice be SP1, T Q m,
URn; WPt X Qs, YR orespectively. Also suppose their several
mutual intersections to be PC/, P’ E, P" x, P G, Q F/, Q H, Q" K/,
&c.; those of these planes taken in pairs and of the plane A’ Z V, being
the points C/, E, x, G/, F/, H/, K’, I, &c. and those of these pairs of
planes and of the curve surface, the points P, P, P, P, Q, Q’, Q”, R, &c.

Now the planes, passing through B/, T’, U’, being all parallel to
A A’ Z, are parallel to one another and perpendicular to A A’ V. Also
because the planes passing through DY, X’, Y’ are parallel to A A’ V,
they are parallel to one another, and perpendicular to A A’ Z. Hence
(Bue. B.XL)SB, TT,UU, WD, XX, Y Y,asalso P C, P'E,
P x, PG, QF, Q H, Q' K/, &c. &c. are parallel to A A’ and to
one another. It is also evident, for the same reasons, that B’1, Tm, U’ n,
ave parallel to A’ Z and to one another, as also are 1’t, X’s, Y o to
A’V and to one another. Hence also it follows that A’ B’ C’ D,
B’ C’' E’' T, &c. are rectangles, which rectangles, having their sides equal,
are themselves equal.

Again, from the points A, I, Q, R in the curve surface, draw A B,
AD;PE P G; QH QK; RL, RN parallel to A’ B, A’D’;
CE,CG; 1”1, 1T"K, "o, I'’n and meeting B’ S, D/ W; E' P,
G P"; H Q, K’ Q” produced in the points B, D; E, G; H, K, re-
spectively.  Then complete the rectangles A C, P ¥, Q I which, being
equal and parallel to A’ C/, C’ ¥, F’ I, will ¢vidently, when C’' P, F Q,
I’ R are produced to C, I', I, complete the rectangular parallelopipeds
AC,PT, QT. Morcover, supposing I I' the last rectangle wholly
within the curve Z V produce K’ I’y H' I’ and make I’ L/, I’ N’ equal
K' Iy H T, and complete the rectangle I” M’.  Also complete the
parallelopiped R M".

Again, produce E P, G P, HQ, K Q; L R, N R to the points d, b;
g ¢; k, h, and complete the rectangles P a, Q p, R q thereby dividing
the parallelopipeds A C/, P F,, Q I, each into two others, viz. A P,
aC; PQ pF; QR, q T

Now the difference between the sum of the inscribed parallelopipeds
aC,pF, q I, and that of the circumscribed ones A C', PF, QI’, R M/,
is evidently the sum of the parallelopipeds A P, P Q, Q R, R M’; that
is, since their bases are equal and the altitudes I' R, RI, QF, P C
ave together equal to A A’, this difference is equal to the parallelopiped

A C. Inthe same manner if a series of inscribed and circumscribed
D2
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rectangular parallelopipeds, having the bases B’ E', E’ H/, H' L/, be
constructed, the difference between their aggregates will equal the paral-
lelopiped whose base is B’ E' and altitude S B/, and so on with every
series that can be constructed on bases succeeding each other diagonally.
Hence then the difference between the sums of all the parallelopipeds
that can be inscribed in the curve surface A Z V and circumscribed about
it, is the sum of the parallelopipeds whose bases arc each equal to A’ C’
and altitudes are A A, SB, TT, UU, WD/, XX, YY. Let
now the number of the parts A’ B/, B’ T/, T” U, U’V, and of the parts
AD,D X, XY, Y Zbe increased, and their magnitude diminished
in infinitum, and it is evident the aforesaid sum of the parallelopipeds,
which are comprised between the planes A A’ Z, S B’ 1 and between the
planes A A’ V, W D' t, will also be diminished without limit; that is, the
difference between the inscribed and circumscribed whole solid is ulti-
mately less than any that can be assigned, and these solids are witimately
equal, and a fortiori is the intermediate curve-surfaced solid equal to either
of them (sec LEMmma I and Art. 6.) Q. e.d.

Hitherto only such portions of solids as are bounded by three planes
perpendicular to one another, and passing through the same point, have
been considered. But since a complete curve-surfaced solid will consist of
four such portions, it is cvident that what has been demonstrated of any
one portion must hold with regard to the whole. Moreover, if the solid
should not be curve-surfaced throughout, but have one, two, or three plane
faces, there will be no difficulty in modifying the above to suit any parti-
cular case.

2dly, If in two curve-surfaced solids there be inscribed two serics of paral-
lelopipeds, each of the same number ; and ultimately these parallelopipeds
have to cach other a given ratio, the solids themselves have to one another
that same ratio.

This follows at once from the above and the composition of ratios.

8dly, Al the corresponding edges or sides, rectilinear or curvilinear, of
similar solids are proportionals ; also the corresponding surfaces, plane or
curved, are in the duplicate ratio of the sides ; and the wvolumes or contents
are in the triplicate ratio of the sides.

When the solids have plane surfaces only, the above is shown to be
true by Euclid.

‘When, however, the solids are curve-surfaced, wholly or in part, we
must define them fo be similar when any plane-surfuced solid whatever
being inscribed in any one of them, similar ones may also be inscribed in the
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others. Hence it is evident that the corresponding plane surfaces are
similar, and consequently, by LEMMA V, the corresponding edges are
proportional, and the corresponding plane surfaces are in the duplicate
ratio of these edges or sides. Morcover, if the same number of similar
parallelopipeds be inscribed in the solids, and that number be indefinitely
increased, it follows from 63. 1 and the composition of ratios, that the
curved surfaces are proportional to the corresponding plane surfaces, and
therefore in the duplicate ratio of the corresponding edges ; and also that
the contents are proportional to the corresponding inscribed parallelopi-
peds, or (by Euclid) in the triplicate ratio of the edges.

These three cases will enable the student of himself to pursue the ana-
logy as far as he may wish.  We shall ¢ leave him to his own devices,”
after cautioning him against supposing that a curved-surface, at any point
of it, has a certain fixed degree of curvature or deflection from the tangent-
plane, and therefore that there is a sphere, touching the tangent-plane at
that point, whose diameter shall be the limit of the diameters of all the
spheres that can be made to touch the tangent-plane or curved-surface
—analogously to A Tin LEmMa XI. Every curvilinear scction of a curved-
surface, made by a plane passing through a given point, has at that point
a different curvature, the curved-surface being taken in the general sense;
and it is a problem of Maxima and Minima 7o dctermine those sections
which present the greatest and least degrees of curvature.

The other points of this Scholium require no particular remarks. If
the student be desirous of knowing in what consists the distinction be-
tween the obsolete methods of Exhaustions, Indivisibles, &c. and that of
PRIME AND ULTIMATE RATIOS, let him go to the original sources—to the
works of Archimedes, Cavalerius, Xec.

64. Before we close our comments upon this very important part of the
Principia, we may be excused, perhaps, if we enter into the detail of the
Principle dclivered in Art. 6, which has already afforded us so much
illustration of the text, and, as we shall sec hereafter, so many valuable
results. We have thence obtained a number of the ordinary rules for
deducing indefinite forms from given definite functions of one variable;
and it will be confesscd, by competent and candid judges, that these ap-
plications of the principle strongly confirm it. Iinough has indeed been
already developed of the principle, to prove it clearly divested of all the
metaphysical obscurities and inconsistencies, which render the methods of
Fluxions, Differential Calculus, &c. &c. so objectionable as to their logic,

and which have given rise to so many theorics, all tending to establish
D3
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the same rules. It is incredible that the great men, who successively in-
troduced their several theories, should have been satisfied with the
reasonings by which they attempted to establish them. So many con-
flicting opinions, as to the principles of the science, go only to show that
all were founded in error. Although it is generally difficult, and often
impossible, for cven the most sharp-sighted of men, to discern truth
through the clouds of error in which she is usually enveloped, yet, when
she does break through, it is with such distinct beauty and simplicity that
she is instantly recognized by all. In the murkiness around her there are
indeed false lights innumerable, and each passing meteor is in turn, by
many observers, mistaken for the real presence ; but these instantly vanish
when exposed to the refulgent brightness of truth herself. Thus we have
seen the various systems of the world, as devised by Ptolemy, Tycho
Brahe, and Descartes, give way, by the unanimous consent of philoso-
phers, to the demonstrative one of Newton. It is true, the principle of
gravitation was received at first with caution, from its non-accordance
with astronomical observations ; but the moment the cause of this discre-
pancy, viz. the erroneous admeasurement of an arc of the meridian, was
removed, it was hailed universally as truth, and will doubtless be coeval
with time itself. ‘The Theories relative to quantities indefinitely variable,
present an argument from which may be drawn conclusions directly op-
posite to the above. Newton himself, dissatisfied with his Fluxions, pro-
duces PRIME AND ULTIMATE RATIOS, and again, dissatisfied with these, he
introduces the idea of Moments in the second volume of the Principia.
He is every where constrained to apologize for his obscurities, first in his
Fluxions for the use of time and velocities, and then again in the Scholium,
at the end of Sect. I of the Principia, (and in this instance we have shown
how little it avails him) for reasoning upon nothings. ~After Newton comes
Leibnitz, his great though dishonest rival, (we may so designate him, such
being evidently the sentiments of Newton himself), who, bent upon oblite-
rating all traces of his spoil, melts it down into another form, but yet falls
into greater errors, as to the true nature of the thing, than the discoverer
himself. From his Infinitesimals, considered as absolute notkings of the dif-
ferent orders, nothing can be logically deduced, unless by Ilim (we speak
with reverence) who made all things from nothing. Such fiats we mortals
cannot issue with the same effect, nor do we therefore admit in science, finite
and tangible consequences deduced from the arithmetic of absolute no-
things, be they ever so many. Then we have a number of theories pro-
mulgated by D’Alembert, Euler, Simpson, Marquise 1L’Hopital, &e. &c.
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all more or less modifications of the others—all stru reling to establish
and illustrate what the great inventor, with all his almost supernatural
genius, failed to accomplish.  All these diversities in the views of philo-
sophers make, as it has been already observed, a strong argument that
truth had not then unveiled herselt to any of them.  Newton strove most
of any to have a full view, but he caught only a glimpse, as we may per-
ceive by his remaining dissatisfied with it. Hence then it appears, to us
at least, that the true metaphysics of the doctrine of quantities indefinitely
variable, remain to this day undiscovered. But it may be asked, after
this sweeping conclusion, how comes it that the results and rules thence
obtained all agree in form, and in their application to physics produce
consequences exactly in conformity with experience and observation ?
The answer is easy. 'These forms and results are accurately true, al-
though illogically deduced, from a mere compensation of errors. ‘This has
been clearly shown in the general expression for the subtangent (Art. 29),
and all the methods, not cven Lagrange’s Caleul des IFonctions excepted,
are liable to the paralogism. Innumerable other instances might be
adduced, but this one we deem amply suflicient to warrant the above
assertion.

After these preliminary observations upon the state of darkness and
error, which prevails to this day over the scientific horizon, it may per-
haps be expected of us to shine forth to dispel the fog. But we arregate
to ourselves no such extraordinary powers. All we pretend to is sel/-
satisfaction as to the removal of the difficulties of the science. Having
engaged to write a Commentary upon the Principia, we naturally sought
to be satisfied as to the correctness of the method of Prime and Ultimate
Ratios. The more we endeavoured to remove objections, the more they
continually presented themsclves ; so that after spending many months in
the fruitless attempt, we had nearly abandoned the work altogether;
when suddenly, in examining the method of Indcterminate Cogfficients in

. Wood’s Algcbra, it occurred that the aggregates of the coefficients of
the like powers of the indefinite variable, must be separately equal to zero,
not because the variable might be assumed equal to zero, (which it never
is, although it is capable of indefinite diminution,) but because of the
different powers being essentially different from, and forming no part of
one another.

Ifrom this a train of reflections followed, relative to the treatment of
homogeneous definite quantities in other branches of Algebra. It was
soon pereeptible that any equation put = 0, consisting of an aggregate of

D
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different quantities incapable of amalgamation by the opposition of plus
and ménus, must give each of these quantities equal to zero. Reverting to
indefinites, it then appeared that their whole theory might be developed
on the same principles, and making trial as in Art. 6, and the subsequent
parts of the preceding commentary, we have satisfied ourselves most fully
of having thus hit upon a method of clearing up all the difficulties of
what we shall henceforth, contrary to the intention expressed in Art. 7,
entitle

THE CALCULUS

OF
INDEFINITE DIFFERENCES.

65. A constant quantity is such, that from its very naturc it cannot be
made less or greater.

Constants, as such quantities may briefly be called, are denoted generally
by the first letters of the alphabet,

a, b, ¢, d, &c.
A definite quantity is @ GIVEN VALUE of a quantity essentially variable.
Definite quantities are denoted by the last letters of the alphabet, as

Z, ¥, X, W, &c.

An INDEFINITE quantity is @ quantity essentially variable through all
degrees of diminution or of augmentation short of absolute NOTHINCNESS or
INFINITUDE.

Thus the ordinate of a curve, considered generally, is an indefinite,
being capable of every degree of diminution. But if any particular value,
as that which to a given abscissa, for instance, be fixed upon, this value is
definite.  All abstract numbers, as 1, 2, 8, &c. and quantities absolutely
fixed, are constants.

66. The difference between two definite values of the same quantity (y) is
a definite quantity, and may be represented by

Ay e e (a)
adopting the notation of the Calculus of Finite (or dgfinite) Differences.

In the same manner the difference between two definite values of & y is
a definite quantity, and is denoted by

a(ay)
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or more simply by
e Y ()]
and so on to
aty.
67. The difference between a Definite value and the Indefinite value of
any quantity y is Indefinite, and we call it the Indgfinite Difference of y, and
denote it, agrecably to the received algorithm, by

dy . . . . . . . . .. (0
In the same manner .
d(dy)
or
dzy

the Indefinite Difference of the Indefinite Difference of y, or the second in-
definite difference of y.

Procceding thus we arrive at
dey . . . L ... (@)
which means the n* indefinite difference of y.

68. Definite and Indefinite Diflerences admit of being also represented
by lines, as follows:

tl/
s"_% _—
/t) —

AT
r / u
271 S
g

A P |Q |R s T |v

Let P P’ = y be any fixed or definite ordinate of the curve A U, and
taking P Q = Q R’ = R’ & = &c. let ordinates be erected meeting
thecurvein Q, R, S, T, &c. Join PQ, QR, R S, &c. and produce
them to meet the ordinates produced in 1, s, t, &c.  Also draw r s’y s t/,
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&c. parallel to R S, S T, &ec. and draw s t”, &c. parallel to st’, &c. ; and
finally draw P m, Q n, R o, &c. perpendicular to the ordinates.

Now supposing not only P P’ but also Q Q’, R R/, &c. fixed or defi-
nite; then

Qm=QQ —PP =aPP =4y

Rr=nr—mR=Qm—Rn=aAQm
2(aPP)=na*PP =A%y
ss Ss —S¢ =Ss—Rr=sRrx
A’y

tt! =ttt —t't’ =ttt/ —ss’ = Aass
=oa(a’y) =2y

and so on to any extent.

But if the equal parts P’ Q’, Q' R/, &c. be arbitrary or indefinite, then
Qm, Rr,s¢,tt”, &c. become so, and they represent the several Inde-
JSinite Differences of y, viz.

dy, d*y, d°y, d*y, &c.

69. The reader will henceforth know the distinction between Definite
and Indefinite Differences. 'We now proceed to establish, of Indcfinite
Differences, the

FUNDAMENTAL PRINCIPLE.

It is evidently a truth perfectly axiomatic, that No aggregate of INDEFI-
NITE quantities can be a definite quantity, or aggregate of dcfinite quanti-
ties, unless these aggregates are equal to zero.

It may be said that (a— x) 4 (a 4 x) = 2 a, in which (x) is indefinite,
and (a) constant or definite, is an instance to the contrary; but then the
reply is, a — x and a + x are not indefinites in the sense of Art. 65.

0. Hence if in any equation

A+Bx+4+Cx?24+Dx°+4 &. =0
A, B, C, &c. be definite quantities and x an indefinite quantily ; then we
have
A=0,B=0,C=0, &c.

For Bx 4+ Cx? 4 D x3 4 &c. cannot equal — A unless A = 0.
But by transposing A to the other side of the equation, it does = — A.
Therefore A = 0 and consequently

Bx 4+ Cx24+Dx34 &. =0

or

x(B4+Cx+ Dx*+ &) =0
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But x being indefinite cannot be equal to 0 .-.
B4+Cx+4+Dx%4 &. =0

Hence, as before, it may be shown that B = 0, and therefore
x(C+Dx + &e)=0

Hence C = 0, and so on throughout.

T1. Again, if in the equation
A+Bx+By+Cx*+C'xy+C"y +Dx*+D'x?y +D"’xy'+ D"y + &e.
A, B, B, C, C, C", D, &e. be definile quantities, and X, y INDEFINITES ;
then

A=0
Bx + By= ()}w/zen y s a_function of x.
Cx*4+ Cxy+4+ C'y*=0
. &e. =0
For, let y = z x, then substituting
A4+ x(B+ Bz)+x2(C+ Cz+4 C2z?
+x*D4 D'z 4+ D"z 4 D"2°% + &e. =0
Hence by 70,
A=0B+DBz=0,CH+Cz+ C"z* =0, &c.
and substituting —3{- for z and reducing we get
A=0, Bx 4+ By=0&ec

In the same manner, if we have an equation involving three or more
indefinites, it may be shown that the aggregates of the homogencous terms
must each equal zero.

This general principle, which is that of Indeterminate Cogfficients
legitimately established and generalized, (the ordinary proofs divide

0
Bx 4+ Cx®+4 &c. = 0 by x, which gives B 4+ Cx 4+ Dx* +&c.=;

. 0 .
and not 0; x is then put = 0, and thence truly results B = > which

instead of being 0, may be any quantity whatever, as we know from alge-
bra; whereas in 70, by considering the nature of x, and the absurdity of
making it = 0 we avoid the paralogism) conducts us by a near route to
the Indcfinite Differences of functions of one or MORE variables.

72. To find the Indefinite Difference of any function of x.

Let u = { x denote the function.

Then d u and d x being the indefinite differences of the function and
of x itself, we have
u+du="f(x +dx)

Assume .
f(x +dx)=A + D dx + C dx* 4 &e
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A, B, &c. being independent of d x or definite quantities involving x and
constants ; then
u4+du=A+B dx+4+ C dx* + e
and by 71, we have
u=A, du=DB.dx
Hence then this general rule,

The INDEFINITE DIFFERENCE of any function of x, f X, is the second
term in the developement of £ (x + d X) according to the increasing powers
of d x.

Ex. Let u = x" Then it may casily be shown independently of the
Binomial Theorem that

x+dx)" =x"4+n.x""'dx + Pdx*?
sd(x") =n.x"~"1dx
The student may deduce the results also of Art. 9, 10, &c. from this general
rule.
3. To find the indefinite difference of the product of two variables.
* Letu = xy. Then
ut+du=(x+dx).(y+dy)=xy+x dy+y dx+dx dy
sdu=xdy4+ydx+dxdy
and by 71, or directly from the homogeneity of the quantitics, we have

du=xdy+ydx . . . . . . . . (3
Hence
d(xyz)=xd(yz)+yz dx
=xzdy+xy dz4+yzdx . . . (b)

and so on for any number of variables.
. . X
Again, required d. 3

T.et B Then
y

x=yumddx=udy+y du
. =du=(l—)—{—-—u-d
y y
dx—x d
=y_——'—2—‘__y . . . . . . . . (c)

Hence, and from rules already delivered, may be found the Indefinite
Differences of any functions whatever of two or more variables. We
refer the student to Peacock’s Examples of the Differential Calculus for
practice.

The result (a) may be deduced geometrically from the fig. in Art. 21.
The sum of the indefinite rectangles A b, b A’ makes the Indefinite
Difference.



Book I.] NEWTON’S PRINCIPIA. 61

We might, in this place, investigate the second, third, &c. Indefinite
Differences, and give rules for the mazima and minima of functions of two
or more variables, and extend the Theorems of Maclaurin and Taylor to
such cases. Much might also be said upon various other applications,
but the complete discussion of the science wec reserve for an express
Treatise on the subject. 'We shall hasten to deduce such results as we
shall obviously want in the course of our subscquent remarks ; beginning
with the research of a general cxpression for the radius of curvature of a
given curve, or for the radius of that circle whose deflection from the
tangent is the same as that of the curve at the point of contact.

T4. Required the radius of curvature for any point of a given curve.

Let A P QR be the given
curve, referred to the axis A O
by the ordinate and abscissa
PM,AMoryandx. PM
being fixed let Q N, O R be
any other ordinates taken at
equal indefinite intervals M N,
N O. Join P Q and produce
it to meet O Rinr; and let
P t be the tangent at P drawn
by Art. 29, meeting Q N, OR
in q and t respectively. Again

draw a circle (as in construc-
tion of Lemma XI, or other-
wise) passing through P and Q and touching the tangent P t, and there-
fore touching the curve ; and let B D be its diameter parallel to A O.
Now
Qu=dy, Pn=dx, Pq=P Q (Lemma VII) =
¥ (dx* 4 dy?) or ds, if s = arc A P.

Moreover let

-

PM =y;

then it readily appears (see Art. 27) thatd s = B—-}-,d—}i » R being the ra-

dius of the circle.
Again
Pq*'=Qqx (Qq+ 2QN)
=Qq(Qq+2dy +2y)
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62
or
2Rdx
2 e
d9)*=Qq(Qq+2dy + ds )
But since
t: Qq::Pr*:PQ%::4:1 (Lemma XI)
and
Qq:tr::1:2
°.Rt=2tr,orRr=tr=2Qq
. r dy
..Qq_g—_—;a——(byArt.GS.)
Consequently
_dy yd 2Rdx
ds? = 5 \"5" +2d + —ds
R dx d?*y

(dz )
+dy dy + ds

and equating I-Iomogeneous Indefinites
ds? = R dx d®y
ds
Cpo s _dxt4dyyt
T T dx d*y— dx d*y

y &2
(l + d x )
= Tdry B
d_§2
the general expression for the radius of curvature.
Ex. 1. In the parabolay? = a x.

. d dy _ a
“dx 2y
and since when the curve is concave to the axis d® y is negative,
d*y _ a dy _ a®
Tdx*T T 2yt dx Ay T
az\E 4y
“R=(1+ 1y -

3 1
=(4,y2+a2)1‘x§;2

a . .
Hence at the vertex R = 50 and at the extremity of the latus rectum,

%
R 3:a=a~/2.

=3
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Ex. 2. If p be the parameter or the double ordinate passing through
the focus and 2 a the axis-major of any conic section, its equation is

0 _ p
y =px p 2 ax2
Hence
2ydy =pdxi-!%xdx
and

2dy"+2yd“y:-_l-_—%:-d.\;2

and
. Xy __2p
drzy P (Le ) FTye
T dxtT 4y° -
ey 5
x1\2) 2
Lryier (23]
R =
. X \g-—2] 2}
2 {p (l-_l:_u) 2 Y
which reduces to
3
{pr+ 22 2axp)x + Dps2wxe)
R = 2 .

2p*
Ix. 8. In the cycloid it is easy to show that
dy _ /2r—y
dx T A y
r being the radius of the genecrating circle, and x, y referred to the base
or path of the circle.

d*y _ r

e (-l—}? -_ y 2
R =2+ 2ry= 2 the normal.
Ilence it is an easy problem to_find the equation to the locus of the ccntres
of curvature for the several points of a given curve.
If y and x be the coordinates of the given curve, and Y and X those of

the required locus, all referred to the same origin and axis, then the stu-
dent will easily prove that
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X =x— ( )( dy)

(G2
dx?
and
dy*
Y=y + Lt (TT:
d*y
dx?

which will give the equation required, by substituting by means of the
equation to the given curve.
In the cycloid for instance
X=x+4+~¥28ry—y?
Y=—y
whence it easily appears that the locus required is the same cycloid, only
differing in position from the given one.
"5. Required to express the radius of curvature in terms of the polar co-
ordinates of a curve, viz. in terms of the radius vector g and traced-

angle 4.
X = g cos. §
and }
y = ¢ sin. 0

*. taking the indefinite differences, and substituting in equation (d) of Art.
74, we get

o
(e + 55)
dg d2

2Tt e
which by means of the equation to the curve will give the radius of curva-
ture required. -

Ex. 1. In the logarithmic spiral
0

g=2a;
le—f’ =laxa' (Art. 17.)
...“(dl%eé:-_(la)QXao =—(la)2.¢
LR (et et e <_1._+<1n>*>g

2(la)g*—(la), ”+e’z e (1 4 (1a)9)
=¢fl + (1a)3t
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Ex. 2. In the spiral of Archimedes

e=al
and
R = 2+ ank
- 2&2 + g2

Ex. 3. In the hyperbolic spiral

¢ = —

]
“R = e—-(—li‘{—*—;—gf
Ex. 4. In the Lituus
L
> 4
R g Gt

Ex. 5. In the Epicycloid
e=(r4+1r)2-—2r(r 4 r)cos. 4
r and 1’ being the radius of the wheel and globe respectively.
Here

R — (r4+1)(8r*—2rr —1't 4 2,)
238r*—2ry —1'%) 4+ 3,

Having already given those results of the Calculus of Indefinite Differ-

ences which are most useful, we proceed to the reverse of the calculus,

which consists in the investigation of the Indefinites themselves from their

indefinite differences. In the direct method we seek the Indefinite Differ-

ence of a given function. In the inverse method we have given the Inde-

JSinite Difference to find the function whose Indefinite Difference it is. This
inverse method we call

wa

THE INTEGRAL CALCULUS
oF

INDEFINITE DIFFERENCES.

76. The integral of d x is evidently x 4+ C, since the indefinite differ-
ence of x 4+ Cis d x.

. Required the integral of a d x ?

By Art. 9, we have

d(@ax) =adx
Vor, I. K
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Hence reversely the integral of a d x is a x. 'This is only one of the in-
numerable integrals which there are of a d x. 'We have not only d (a x)
= ad x but also
diax 4+ C) =adx
in which C is any constant whatever.
sax4+ C=/ adx=a/dx . . . (a) (see'76)
generally, /" being the characteristic of an integral.

78. Regquired the integral of
axPdx
By Art. 12
d(ax*4+C)=nax"~!dx
..ax®* 4+ C=/nax""'dx
=n X Sax*~'dx (17)
ax® C
+

n n -

s Sfaxrldx =

But since C is any constant whatever -g may be written C.

cSaxrmtdx =24 C
Hence it is plain that
pdx =2X° T
SaxPdx = b1 + C

Or To find the integral of the product of a constant the p™ power of the
variable and the Indefinite Difference of that variable, let the index of the
power be increased by 1, suppress the Indefinite Difference, multiply by the
constant, divide by the increased index, and add an arbitrary constant.

79. Hence
S(axPdx +bxidx 4 &)=

a};P-i-l b x 1+!
p+1 + q+1
80. Hence also
a
fax""dx:-——(—a—_-_—w;—l+c.

81. Required the integral of
ax™1dx(b 4 exm)P,

+ &c. 4+ C

Let
u=>b 4 exm
sdu=mexm—'dx

a
caxP-ldx=—.du
me

e Saxm='dx(b 4 ex™)P =_/E:.‘.é urdu
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a
Tme.p¥ 1 MO
a

Tme(p+])
82. Required the integral of (—1—5—( .

By 80 it would seem that
dx 1
x 0

.(b X exm)P4l 4 C,

and if when

fgl‘:O C=c,w— dx 1 _'1 =0

X x o0 "o
But by Art. 17 a. we know that
d.1x = 4%
X
Therefore
‘—13—‘ =1lx 4+ C.
X

Here it may be convenient to make the arbitrary constant of the form 1 C

Therefore

‘.‘;’f~1x+1c-—1c~(

Hence the integral of a fraction whose numerator is the Indefinite Differ-
ence of the denominator, is the hyperbolic logarithm of the denominator PLUS
an arbitrary constant.

83. Hence

axm'dx _ a8 mx®—1dx
bx"‘+e—bm/ e
- —'l—.l.(xm+'-‘i) + C

e
b m’ -1.C (‘{m T)_) ’
and so on for more complicated forms.
84. Required the integral of a* d x.
By Art. 17
d.a*=1a.a*dx

sfardx= o fda
= gar+C
E 2
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85. Ify, x, t, s denote the sine, cosine, tangent, and secant of an angle
¢; then we have, Art. 26, 21.

do=__94y _ —dx _ dt ___ ds
TV (I—=y) T V(A=) T 14+t s ¥ 2s5—st
fvu_ =04 C=sin"'y4+C

—dx
Sya=s =+ C=minse

-L(:——ttg- =4 + C = tﬂn._lt'*‘c
ds
—_— = = , 1
fsV2s—s’ + C =sec."'s4 C

sin, ~'y, cos.~! x, &c. being symbols for the arc whose sine s y, cosine is
X, &c. respectively.
86. Hence, more generally,

b
/ du _ 1/ v du
¥ (a—bu?).” &b
(ﬂ ll) ‘\/(l—--—lzuz)
a
1 . b
= g s lu‘~/-z—l-+C . . (a)

or = VIBXanglewhose sineis u J; torad. 1 4 C.
Also

—du’ 1 _ b
fV(a—buﬂ)_Vb'cos' 'u~/;‘—‘+C .o (b)
Again
b
f du - 1 /V;d“
a 4+ bu? = yab’ 1+£u-"
a
1 _ b
—_—V_a__tan qu/}{""C (c)
and
b
/0 du - 1 / ;-du
us (bu—a)~ ~a b J b
uJ-;—X (;u’-—-l)
1
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Moreover, if u be the versed sine of an angl: 4, then the sine
=  (2u—u?) and
du=d(1—cos ) =dd.sin. ¢ (Art. 27.)
=dd. ¥ (2u—u?)
du

do= mz)
Hence
j V@u 2 =04C
=vers.~'u+4 C
and generally
2 b

/ VbJ(2. %’u— E:;l-))"u’)

=71—Bvers.—'2;b-u+c e . (e)

fV (au———bu")

87. Required the integrals of
dx dx dx

a4+ bx’ a—bx’ a—bx*

fndx _ 1 fd.(a+bx)

+bxT b’ a4 bx
=-F.l.(a+bx)+C P (4
and
f dx 1 rd(a—bx)
a—bx~ b a—bx

=——-llT.l.(a——bx)+C C e e (8)

see Art. 17 a.
Hence,

1 2adx
f(lx{ +bx+a—bx} af—bix*

l(a+bx)-—-F 1. (a—bx)+C

a4 bx

'lT
X
b " "a—bx

1.
E3

+C-
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Hence we easily get by analogy
dx 1 vYa4 vb.x
fa——bx’_Vab'l' v a—Dbx? +C (h)
_ 1 ] Va+Vb.x+C
T 2+4ab Va—Vb.x
88. Required the integral of

d x
ax!4+bx ¢’
In the first place

2-——n
ax“+bx+c=a{x+—l-)—+?/—(—bL§—£ig—c')~}x
b V(b’—&ac} { b’—-4«ac}
{x+2__a =2 (x+2a - 2a
Hence, putting
x+——-=u
we have
dx =du
and
d x _ du
- 2__4dac
ax?*4+ bx +c a(u“—b 2:“’)

which presents the following cases.

Case 1. Let a be negative and ¢ be positive ; then
dx - du

—ax?*4+ bx+4+c —a(u—ll,—a—s-i-u“)

o . V2 “u, /5
" ZaxTF bxfe —«/aV(b’+4ac) b2+4'110

(see Art.86) = _J m tan. =1 +2J)~/b +4’ac+c e (i)

Case 2. Let ¢ be negatzve and a positive ; then

/ax +bx—c / (u’ b*+4~ac)

du
== /b2+4\c 't

b’+4«ac b
__‘J - 1 J 2a+C (k)
2a(b +4~ac) Jb2+4ﬂc

2a
see Art. 87.
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Case 8. Let b*be > 4 acanda, c lre both positive ; then

dx
fax’-{-bx-i-c:/ (u- b’—-—4-.19)

- du
T —af b*”4ac .
—2a "
b*—4ac b
_ 1 N/ T2a x+2-__n C.. a
TN Ta—dao) T b—tac p+C-- 0
N 2a T T 2a
Casc 4. Let b? be < 4 a ¢ and a, ¢ be both positive ;
Then !
/__d_L 1/ du_
ax?’4-bx+4c _a/ 4ac—b? 2
__2*_.,.
—_ i =1
- 4 a(‘l'ac——b’) -t (x:l: )’\ 4-nc b“+(' < (m)
Case 5. If b2 be > 4 a c and a, c both negative ;
Then
Jyoo8x 1/  du
—axt4+bx—c —n/ 2—Mnc_*_ug
2a

=_Ja(b 24& mnhl(k'&:Za)Jb" 4ac+C - (n)

Case 6. Ifb*be < 4 a c and a and ¢ both negative ;
Then

f d x m ___1_ N du
—ax’4bx—c :\/ dac—b*
~2a "

Jlén_c.:__l.i+‘\'+__

1 2a 2a
- J2a(4ac-b”)‘l' /4~nc—b2__ _R +C.... (0}
2a T 2a

89. Required the integral of any rational function whatever of one
variable, multiplied by the indefinite difference of that variable.
Every rational function of « is comprised ‘under the general form
Ax™4 Bxm~t g4 Cxm—*4 &. Kx + L
ax" 4+ bxo—1t4¢ x“—'+‘&c.kx + 1
E 4
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in which A, B, C, &c. a, b, ¢, &c. and m, n are any constants whatever.
If

n=20,
then we have (Art. 77) .
dx Axm ! Bxm
-l = [ _
JS(Axm4 Bxm= 4 &) “\m+1 + m
m —1-
+ me; e &c) 4 constant.

Again, if m be > n the above can always be reduced by actual division
to the form
A’'x —' 4 B”xn 24 K.

axn 4 bxn—1! +&C
and if the whole be multiplied by d x its integral will consist of two parts,
one of which is found to be (by 7'7)
A’ B .,xm—n
w1 XY ot e

and the other

A’ xm=—n 4 B'xm—-n—14 &e, 4 -

d x.

f AVxr» =t B x4 &ec.
ax"+4 bxn-!t4 &
Hence then it is necessary to consider only functions of the gencral

form

x" P4 Axv 4+ Bx" 4 & _ U
X"+ ax" ' bx" "4 & ~V

in order to integrate an indefinite difference, whose definite part is any
rational function whatever.

Case 1. Let the denominator V consist of n unequal real factors, x — «,
X — ﬁ,_ &c. according to the theory of algebraic equations. Assume
U P Q R
V= x—u+x——3+ x—-—7+&c'
and reducing to a common denominator we shall have

U=P.x_-—_B.>T:7...to(n—-l)terms
+Q X~ 06G.X=~—7.
+R.X—«.X—B. . .
....(P+Q+R+8(,c)x““l
—P.(S—a) + Q. (S—F) + &e} x"~*
+ {P.(IS:—-a. §_a') + Q.(ISE—B.$:8)+&c.}x“~°

— &c.
where S, S’ &c. denote the sum of @, B, y &c. the sum of the products of
11,

every two of them and so on.
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But by the theory of equations

S=—a
1

S=0»0
1 2
&e. = &ec.

A U=P+Q4+ R 4+ &e)xn—!
+{2aP+Q+R 4+ &)+ Pat+ QB+ Ry+&el x x2—
+HbP+Q+R+&c)+2a(Pes+ QB+ &)+
(Pa?4+ QB2+ Ry? 4+ &c.)t x"—3 4 &ec.
Hence equating like quantities (6) ;
P+ Q+ R & =1
a+Pa+ QB+ Ry+ & =A

b4+a(A—a)+Pau?4+QB*+ Ry* 4 &. =B
&ec. = &e.
giving n independent equations to determine P, Q, R, &c.
| U x*4+ 6x 43
Ex. 1. Let o= ;J-+_6ﬂ;?21—1ﬂ;x_:6
Here
P+ Q4+ R=1
64+P+2Q4+ 3R = G}Whence
114+P4+4Q+4+9R =3
P=—1,Q=5and R =—3
Ilence
~-Udx —dx 5dx 3dx
<" =St s <73
=C—L(x+1)+5L(x+ 2)—38L(x+3).
P, Q, R, &c. may be more easily found as follows: .,
Since .

x" ' 4 Ax"2&c = P (x —B). (x — 7). &e.
+ Q (x — «). (x — 7). &ec.
4+ R (x —a). (x —B). &c.
+ &ec.
let X = a, B, 7, &c. successively; we shall then have
="'+ A2 4 & = P.(a—B). (« — y) &e.
Br—t4 ABr—% 4 &e. Q.(B—-a).(B—-—'y)&c.}...(A)
y"lp Ay =24 &= R.(y —a). (y —B) &e.
&e. = &ec.

In the above example we have

nnn

«=—1,8=—2y=—3andn =3
A=6adB =3
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1—6+3_ _ |
L2~

_4—62+3

|

=5

& o °
i

Tt 3

as before.

Hence then the factors of V being supposed all unequal, either of the
above methods will give the coefficients P, Q, R, &c. and therefore
enable us to analyze the general expression [\—J; into the partial fractions
as expressed by

P Q
x-—oc+x—-,3+&c'

U _
v =
and we then have

fU3X=R1@—@+QLm_m+&Q+Q

a3 +bx adx a+4b dx a4+ b pdx
EX2f = "x~+~—fa-——x-—_2 fa+x
=aIX——agbl(a-——x)—-av-2'--l? .(a +x)+C

=alx—@a+4+b)lv¥a?—x?4+ C
by the nature of logarithms.

3x—5 d x d x
Ex. 3f‘cz-—6x+8dx:_{’fx—2+gfx—4,+c
=3.1(x—4)—}1.(x—2) + C.

xdx _ pPdx Qdx N
Ex'4'~/x’+4«ax-—b2_fx +7+f'<+6“ Pl(x + «)
+Ql.(x +8) + C

where

e =2a+4+ & (4a> 4 b?),B=2a— (4224 b?)
and
P__% _23+¥ (4a*4bY
«—B~ "2 (Aa+ b9
Q= —B - vV (4a® 4+ b2) —2a
a—B - 2V (da'+ b9
Case 2. Let all the factors of V be real and equal, or suppose a = {8
=y = &c.
Then

U x“"+Ax"“"+&c

AY% I AT
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and since

¢=—fB=0,¢—y =0 &c.
the forms marked (A) will not give us P, Q, R, &c. In this case we
must assume

u_ P Q R
Vig—a T a—ar =gt &
to n— 1 terms, and reducing to a common denominator, we get
U=P4+Q.(x—u)+ R (x —a)4 &ec

now let x = «, and we have

a*='4 Aa"—?4 & =P

Also
dU 2
K=Q+ 2R. (x—a)+3S.x—a)*+ &c
d’U 2
d_xT=2R+ 3.2.S.(x—a)+ 4.8. T (x —a)?+ &ec
CU _ 5. 3.8+4.3.2T (x—a) + &e
dx?

&ec. = &ec.

and if in each of these x be put = «, we have by Maclaurin’s theorem
the values of Q, R, S, &ec.
U x?2—8 x4+ 2

Ex. 1. Letv = T HE—1)°
Then
U=x%*—~—3x 4+ 2
dU
—d-;_.2x-—-3
d:U
dx? =2
P=¢6
Q=8—38=5
R=3}.2=1
Udx 6dx 5dx dx
Y f(x—4-)’+f(x-—-4s)’+/x—-4
- 1 5
= C 3(x__4)2 " 4‘+l(x—-4<)
17 5x
=C + x j"‘)‘i'f‘l(x—'l‘)
U _ x5+4 x°

Ex- ’2. Let v = (—x-—m-
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Here
U=x%4x?
dU
Ix = 5x*4 8x?
d:U
a“; = 20 x? 4 6x
U o 6oxi+6
dx
d+ U
a——'.— 120 x
dsU
H———_ 120
WP =8543"=27Tx10 =27
Q=27 X 16 =432
R_20X2'72+6X3_279
_9X60 46 _
S=—7%xs =¥
360
r~2.3.4.—15
120
W“2.3.45‘1
Hence
X +x -
f 3)6dx_270f( 3)G.;.432f( 3)5+279f( oy
dx 1
+91f(x 3)3+ l5f( 3)2+f 3+C C— (X——?)"’;
1 1 91 ]
— 108. (x-g)‘-—93. (X——-3)3—‘E. (x~3)2—15.}'(—'_—§ + L (X-—3)
which admits of farther reduction.
U
Ex. 8. Let(x:l);5=_
Here
U=x*4x
dU
dx =2x+1
and
d’U=2.

dx*
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Hence
P=2
Q=38
R=%=1
XX dx dx . dx
'aﬁ;nmd*—?ﬂx-n5+3ﬁ»—n‘ffm—n’
1 1 1
A Py | ey ) i B ey
x2
== sE—r

It appears from this example, and indeed is otherwise evident, that the
number of partial fractions into which it is necessary to split the function
exceeds the dimension of x in U, by unity.

This is the first time, unless we mistake, that Muaclaurin’s Theorem
has been used to analyze rational fractions into partial rational fractions.
It produces them with less labour than any other method that has fallen
under our notice.

Case 3. Let the factors of the denominator V be all imaginary and un-
equal.

‘We know then if in V, which is real, there is an imaginary factor of
the form x + h 4+ k & — 1, then there is also another of the form
x +h—k 4 —7. Hence V must be of an even number of dimensions,
and must consist of quadratic real factors of the form arising from

x+h4+kv —T)x+b—kv =T
or of the form
(x + h)® 4+ k=
Hence, assuming
U_ P+4+Qx P4+ Qx
VEGF 4R T RF e+
and reducing to a common denominator, we have
U= (P+Qx)§(x+a)*+ 8% {(x+a")+ "} X &
F (P4 Q) f(x + @) + B {(x +a")7 + B x &e.
+(P"+ Q"x) {(x+ a)2+‘32} {(x + a,’)"’ + 8 sz} X &c.
+ &e.
Now for x substitute successively
ot BV =1, o+ V=1,  +8 ¥V —1, &
then U will become for each partly real and partly imaginary, and we
have as many equations containing respectively P, Q; P, Q'; P, Q", &c.
as there are pairs of these coefficients; whence by equating homogencous
quantities, viz. real and imaginary ones, we shall obtain P, Q; P, Q', &c.

+ &e.
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Ex. 1. Required the integral of
x®dx
x*4+3x*42°
Here the quadratic factors of V are x* 4 1, x* 4 2
ca=0,0 =0 =1, and 8 = ¥ 2.
Consequently
x*= (P 4+ Qx)(x*+2)
+ (P + @x) (x* + 1)
Letx = # —1. Then
— vV _1=P4+QVv=1).(—1+4+2)
=P+ QV-_-——i
“P=0,Q=—1
Again, let x = v 2. ¥ —71, and we have
— 2 TI=(P+Q V2. V1) (—2+ 1)
=—P_-Qv2.¥y¥=1
P =0, and Q =2

f x*dx —xdx f2xdx
x*+oxt4+2 JxF1 X' 2

=C—31(x*4+1)+ L (x242)
Ex. 2. Required the integral of

Hence

dx
To find the quadratic factors of
1 4-x2°
we assume
x2"41=0,

and then we have
x=—1=cos.(2p+ 1) 74 ¥ — 1sin.(2p+ 1) =
= being 180° of the circle whose diameter is 1, and p any integer what-
ever.
Hence by Demoivre’s Theorem

- 2p+1 — o 2p +1
X = cos. 5 x4 & —1.sin. o

But since imaginary roots of an equation enter it by pairs of the form

A + & — 1. B, we have also

2p+1
2n

2p+

X = COS. T o A =1, sit, =
2n
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and
.'.(x—-cos [)2+ — & —1.sin. 2p2+1w)x
(x-—-—cos p+ 4+ — 1 sin. p+ ar):

2n
P+l

— 2 X COs.

7+ 1

which is the general quadratlc factor of x?° 4'1. Hence putting
p=0,1L2...... n — 1 successively,

x4l = (x2—2x CoS. E’iﬁ-" l) . (x’—-2xcos.g~:{+ 1) X

(x"-—2xcos.g£+ 1 ) X oouo (x9—2x CoS. 21;:11- l) .

Hence to get the values of P and Q corresponding to the general factor,
assume

1 P+Qx +
en T RV
14 x \{2—2xcos.2p+lor+l M
2n
Then
1=(P+ Qx). M+N(x*—2xcos p+l +l) .
But
2n
M = 1+x
x%?—2xcos. - p+ — w1
and becomes of the form-% when for x we put cos. -2—P2—;:—lqr+ vV —1x
sin, 2—1-)2—:'-——! «; its value however may thus be found
Let cos. p+l x4 ¢ — 1 sin. p+lw=r
2n
then .
2p+1 — . 2p+ _ 1
cos. o 7 — & — 1.siD. o r ==
and
en
M = 1+ x

1
(x —r. (x—--;)
Again let X — r = y; then
M = 14y*°+2n yto—!r4 &c....2nyr** 14 r?t

Y(x—-)
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But

r’*=cos.2p+ 1.2+ # —1sin.2p+ 1.7 = —1
" M _y*4eny*—*.r4....2n 1‘*“""

X —
r

Hence when for x we put r, y = 0, and

2o—1
M = 2”‘“‘3—1‘*

1 ——

r

and from the above equation we have

1= (P +Qr2nr"" "“l"'.

r — —
T
or

2p+1.2n—1
2n

sin. 2 +12'3n_lqr—2nQ(since rin =z —1)

2 ¥ —1sin. p+ a=2nP. cos. r42nP vV —1X

.. equating komogeneous quantities we get

sin. 2P+l p g 2Ptl.2n—1
2n 2n
and
) 2p+1.2n—1__
P.cos. 5 = Q.
But
2p+1.8n—1l.r  ——o 2p+1
5n —2p+ l-"ff———2-———
Hence the above equations become
Do 2p+1 _ 2p+ 1
s —5- -x._.nPsm—-—ﬂ—
— P cos. 2p+ l =Q
1 2p+ 1
P_n,andQ_—E.cOs g "

Hence the general partial integral of

dx

THFx
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(l—-—xcos. qr)dx
/ 2p+l .;1=

+

X?— 2X cos.

—cos.&p / 2x dx—2cos

2n
2n

‘+w
[ .':
+

x?— 2x cos. ol U

N
=14

2P '
Sll] 2 @ / d X 3
n < 2p +

2p+l‘)r

. 2n 2p+1

—_ N (xr— , p

C 5T (x 2 x cos. 5T fx+l)
2p+1

sin. S " X = COS. 2})_-:1 a
-1
+ -~ X tan. p T 1

N sin, —
2n

see Art. 88. Case 4.

Hence then the integral of

i i’; -, which is the aggregate of the results
obtained from the above general form by substituting forp = 0, 1, 2...

n — 1, may readily be ascertained

As a particular instance let f i + ; be required.

Here
n=3
and the general term is
—cos 2R3 1, o4
———6—————~.l.(x~—2xcos.—P———6 or+l)
sin. ?—R‘;—— x X — COS. ?_p_ﬁ;l—__l -
+ . tan, —!
3 sin. 2p+1

Let p—O, 1, 2, collect the terms, and reduce them ; and it will appear that
V3 x’+xv3+l 3x(l—x)}

+X° { vy UL G L

By proceeding according to the above method it will be found, that the

general partial fractions to be integrated in the integrals of
Vor. 1. F
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dx d x'dx

xo ] x"—1
are respectively
2 gos.2porx__ 1
- . n 557 .dx
n 2 X cos. E +1
and®
2 (r'_&+ 1).2p= X — cos. 2rpr
n
2, T S Y

n x’-—-2cos-2-;l—x+l

and when these partial integrals are obtained, the entire ones will be

found by putting p =0,1.... g— or —— L according as p is even or
odd.
Ex. 8. Required the integral of
xTdx

xf8—2ax® 4 1
where a is < 1.

First let us find the quadratic factora of x*"—2ax"4 1. For that
purpose put
X —2ax"= —1

Then
x"=at+ vV a?—1

=at+ v —1.vTI—at
since a is < 1.

Now put a = cos. 3; then
X"=cos.6+ & —1sin. 8
=cos. (2p7 + 8+ ¥ — 1sin. (2p + 9)

~ X = COS. pw+b+v 1 sin. 2p:+8
and the general quadratic factor of
. x'—2ax"+41
is
x"——-2xcos.g—p—::—.t—9+ 1

where p may be any number from 0, 1, &c. ton — 1.
Hence to find the general partjal integral of the given indefinite differ-
ence, we assume
X' . ' P+Qx N

5 _9axid 1. +
xfs —2ax°+1 x‘—-2cos.2p’;+a+1 M
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and proceeding as in the last example, we get
Q=sin.(r——1+l) (2p¢r+6)x 1

n nsin. 8

and
(n—r). (2p¢+6) 1
n sin, 3
whence the remainder of the process is easy.
Case 4. Let the factors of. the denominator be all imaginary and equal in
pairs.
In this Case, we have the form

P = sin.

u_ U
V= IxFa)+p%40
and assuming as in Case 2.
U_ _P+Qx P Qx
V—'(x+alg+ﬁg)“ +(x+¢} 1)n—l+&c
K K4+ Lx K'4+ L'x

tararer P Tt e
and reducing to a common denominator,
U=P+Qx+ (P + Qx)(x+ «|* + B?) + &c.
and substituting for x one of its imaginary values, and equating hor}mge-
neous terms, in the result we get P and Q. Deriving from hence the
dU a* U
dx’ dx*
one of the quantities which makes x + «l* 4+ 8? = 0, and equating ho-
mogeneous terms we shall successively obtain
P, Q; P, Q' &e.

This method, however, not being very commodious in practice, for the
present case, we shall recommend either the actual developement of the
above expression according to the powers of x, and the comparison of the
coefficients of the like powers (by art. 6), or the following method.

Having determined P and Q as above, make

U = U— (P + Q x)

values o

T x4a)*+ 8
U” = U'—(P’-I—-Q'X)
st +8°
o = U” — (P’ + Q' x)
(x + a)* + B
&c. = &ec.

Then since U/, U”, U”, &c. have the same form as U, or have an
F2
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integer form, if we put for x that value which makes (x + «)* 4+ 8* =
0, and afterwards in the several results, equate homogeneous quantities
we shall obtain the several coefficients.
PI’ Ql; PI" QII’ &c.
Case 5. If the denominator V consist of one set of Factors simple and
unequal of the form
X —oX— oy &C.;
of several sets of equal simple Factors, as
(x—e)? (x —¢) 9, &e.
and of equal and unequal sets of quadratic factors of the forms
x*4+ ax 4 b, x* 4 a’' x 4 b/, &ec
(x2 4 1x 4 1) (x2 4 x4 1), &c.

then the general assumption for obtaining the partial fractions must be

Vet itk
+ (x—]—he)p T & -—Fe)P—'+&°' x f’ef) Tt & ___F:').,_. + &ec.
S 1:’;3:. Bt P;*;,‘,f'jj =+ &
o B e G e T R

and the several coefficients may be found by applying the foregoing rules
for each corresponding set. They may also be had at once by reducing
to a common denominator both sides of the equation, and arranging the
numerators according to the powers of x, and then equating homogeneous
quantities.

We have thus shown that every rational fraction, whose denominator
can be decomposed into simple or quadratic factors, may be itself analyzed
into as many partial fractions as there are factors, and hence it is clear
that the integral of the general function

Axm 4 Bx»—-14 &c. Kx 4 L

ax® 4+ bx*-"4 & kx +1
may, under these restrictions, always be obtained. It is always reducible,
in short, to one or other or a combination of the forms

fxmdx,fx+ i’ fx
Having disposed of rational forms we next oonsider irrational ones.
Already (see Art. 86, &c.)

dx

+d
fV (a—jl{)x’)’ fo(bxz——a)’ fv (ax-—bx’)
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have been found in terms of circular arcs. 'We now proceed to treat of
Irrationals generally; and the most natural and obvious way of so doing
is to investigate such forms as admit of being rationalized.
90. Required the integral of
dx x F %x, x%, x"L, x!'", x%, &c.§~
where F denotes any rational function of the quantities between the brackets.

Let
X=umsra e,
Then
1
XM =qyt®rar, .,
1
X% = ymear,
1
XP=qymnoar, .,
&e. = &e.
and
dx=mnpq....Xum"Pa----—lyxdqy

and substituting for these quantities in the above expression, it becomes
rational, and consequently integrable by the preceding article.

Ex x3+2ax§~+_x_§

b+cx*
Here
x =u®
x¥ =u®
]
x¥=u*
x*:u”
x¥=uw

and
dx =6u®du.

Hence the expression is transformed to
u® 4 2au* 41
9 [ S -
60u”du b4 cu®

whose integral may be found by Art. 89, Case 3, Ex. 2.

91. Required the integral of

L 1
dx x Fix, (a4 bx)% (a+ bx)=, &l

where F, as before, means any rational function.

Puta 4 bx =urmr.... then substitute, and we get

nmp.... nome s —a
___Pb .unmpi..‘—nduxF(____.b. , u@Pe PP ,&c.)‘
which is rational.
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Examples to this general result are
x*dx x’dx(a+bx)g
5 and ? »
cx®«4 (a + bx)% X 4+c(a+bx)
which are easily resolved.
92. Required the integral of

dxF{X, (;Ig’; :I:’;)q, &c. }

Assume
a4 bx
T+ex
and then by substituting, the expression becomes rational and integrable.
93. Required the integral of
dxFix, ¥ (a 4+ bx+4cx?)}
Case 1. When ¢ is positive, let
a4+bx4cxt=c(x4+u)

R ILL LIRS

Then
__a'—(:u2 2C(Cu2_~7bu+_a)d“
x._manddx_. r“h—-(igc“____b)i ARl
2-‘
Vtbxex) =Gt

and substituting, the expression becomes rational.
Case 2. When c is negative, if r, 1’ be the roots of the equation
a4+ bx—cx*=0
Then assume
Ve(x—r)(—x)=(x—rT)Cu
and we have
_crut4r dx = (r—r)2cudu
T cut41’ T (cut4 1)
¥ (a4 bx—cx?) = %‘;%cl_}_’
and by substltutxon, the expression becomes rational.
94. Required the integral of

dxT gx, (a+bx){’, (8 +b’x)£}’

Make
a4bx=((4+bx)u;
Then
_a—a'u?t _(@b—Va)2udu
TErw = T T W ut—b)"
usv(ab/—a'b , v (ab’—a’b)
Vi bn) =S EETR, v @ v = ST
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Hence, substituting, the above expression becomes of the form
duF {u,  (b’u—D>b)}
F’ denoting a rational function different from that represented by F.
But this form may be rationalized by 93 ; whence the expression becomes
integrable.
95. Required the integral of

xm—1dx(a4bxn)i.

. . . . m m . .
This form may be rationalized when either = o — + % is an integer.

P L R
Case].Leta+bx"=u°;then(a+bx“)T=uP,xn—_-li——l;fa,x’":
ul—a\m _qui-'du ul—an—r
() xntdx =gy ) "

Hence the expression becomes

ud —a\n=—n
)=

9 yr+a-t
nb.up 1 du( 5

Cy e . m . .
which is rational and integrable when — Is an integer.

Case 2. Let a 4+ bx " = x"u9; then substituting as before, we get the
transformed expression

m o p
an“"E urta=1du
n

(e — b+ L

e . m . .
which is rational and integrable when 4t —}é is an integer.

Examples are
x2dx xtimdx
b ]
(a'+ xi)i (a’ + X’)*

m4 1 6
x’“‘dx(a’+x’)g""~z_', _=%dx -
(a*+x?)3

96. Required the integral of

x"—'dx(a4bx") 5 x F(x ).
This expression becomes rational in the same cases, and by the same sub-
stitutions, as that of 95. To this form belongs

p
xm¥e=ldx(a4+bx")g
and the more general one

%x"’-'dx X (a+bx)£
F4
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where
P=A+4+Bx"4Cx?"+ &c
and
Q=A4+Bx"4 Cx2?" 4 &c.
97. Required the integral of '
xm—1dx X F%x"‘, X% (a + bx“)iz

Make a4 bx®= u?t; then
—1 g m
x"'"‘dx:flu:bd“, uba)'i"‘du

. m . . .
and in the cases where 4 isan integer, the whole expression becomes ra-

tional and integrable.

98. Required the integral of

Xdx
X X" ¥ (a4 bx 4 cx?)

where X, X'y X" denote any rational functions of x.

Multiply and divide by

X 4+ X"— (a4 bx 4 x2)

and the result is, after reduction,

XX'dx _XX”de(a-}-bx-}-cx"’)
X?—X"%(a4+bx 4+ cx?) X'*—X"%(a 4 bx 4 cx?)
consisting of a rational and an irvational part. The irrational part, in
many cases, may also be rationalized, and thus the whole made integrable.

99. Required the integral of
x"dx F{x® # (a4 bx® 4 cx?")}

Letx” = u; then the expression may be transformed into

) - L
Sue duFfu, ¥ (a4 bu4 cu?)}

which may be rationalized by Art. 98, when 131_:—_1 is an integer.

100. Required the integral of
x*dxFix® & (a4 b2?x?®),bx" 4 & (a 4+ b2x2")}.

Let
bx» + g (a + b2xf.’n) =u;
then
1 u+4a u?e—a\m+1_,
xPdx = . . B du
neb)*- v Sl
and the whole expression evidently becomes rational when o : L is an

integer.
Many other general expressions may be rationalized, and much might
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be said further upon the subject; but the foregoing cases will exhibit the
general method of such reductions. If the reader be not satisfied let him
consult a paper in the Philosophical Transactions for 1816, by E. Ffrench
Bromhead, Esq. which is decidedly the best production upon the Integrals
of Irrational Functions, which has ever appeared.

Perfect as is the theory of Rational Functions, yet the like has not been
attained with regard to Irrational Functions. The above and similar arti-
fices will lead to the integration of a vast number of forms, and to that of
many which really occur in the resolution of philosophical and other
problems; but a method universally applicable has not yet been discover-
ed, and probably never will be.

Hitherto the integrals of algebraic forms have been investigated. We
now proceed to Transcendental I'unctions.

101. Required the integral of
a*dx.
By Art. 17,
d.a*=1l.axa*dx

o faxdx =1 fdar

1
:E.a"+C B €
Hence
1
fa"’"dx:ma“'x-l-C B ()
102. Required the integral of
Xaxdx
where X is an algebraic function of X.
By the form (see 3)
d(uv) =udv 4 vdu

we have
Sudv=uv—/vdu.
Hence
- _ ax ax
SXa dx_X.——fl-dX
de n"dx /-a" dzX
dx T Ta dx (la)sz (Ta)® dx

d*X a*dx _d*X aX a* d°X
dxt e T dx? (Ta)® f(la * dxe
&e. = &ec.
the law of continuation being manifest.



90 A COMMENTARY ON [Seer. 1

Hence, by substitution,
ax dX ax dzX arx
fXa*dx—X (1a)g+—dx2‘(hl;)‘3
which will terminate when X is of the form
i A+ Bx4 Cx*+4 &ec
x a*x® 3a*x*® 3.2a*x 3.2a* .
Ex. /x°a (]x—_-~—I;———--(-1—a-)—2-+ ey~ (la)* + C.

—&c.

OTHERWISE
SaxXdx=ax/Xdx—/la.a*dx/Xdx
=a*X’—lafa*X'dx
puttin
8 X' =/Xdx.
Hence

SaxXdx=a*X"—lafaxX"dx
&c. = &ec.
and substituting, we get
SJaxXdx=a*X' —la.a*xX” 4 (la)*a*x X" — &e.
X', X”, X", &c. being equal to /X dx, /X' dx, /X" dx, &c. ve-
spectively.

la . x*(l 1
Exf“x“——“xl X+ 5+ 1(22 +12(;)3

+ &c. 4+ C.

which does not terminate.

By this last example we see how an Indefinite Difference may be in-
tegrated in an infinite series. If in that example x be supposed less
than 1, the terms of the integral become less and less or the series is con-
vergent. Hence then by taking a few of the first terms we get an ap-
proximate value of the integral, which in the absence of an exact one, will
frequently suffice in practice.

The general formula for obtaining the integral in an infinite or finite
series, corresponding to that of Taylor in the Calculus of Indefinite

Differences, is the following one, ascribed to John Bernoulli, and usually
termed

JOHN BERNOULLI’'S THEOREM.

SXdx=Xx—/xdX

dX 1 dX x° x*dx d:X
dx " *4*=ax-2 /) 2 axt
d*X x*dx _d*X x? x%dx d*X
dx?' 72 Tdx'23J 28 dxe

&e. = &ec.
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Hence
dX x*  dX «x3
S Xdx = Xx———-—dx g +—-———dxg . 2———.3—&c. + C

the theorem in question,

Ex.l.fx"'dx:xm+'—§2x'"+’+£n—';n—:—;——£x'“+'-—&c.+C
m m m.m—1 .
=xm+Ix (l-—"2‘+—'—§f3—‘+&(«.)+c
_xm+! m+1l.m m+4l.m.m—1 C
—m+1(m+1" 5 T 2.3 &e )+
But since
(1-—-1)“""':1-——m+l+n-lj-—2l——'—m—&c.=0
xm+1
..‘/dex-—l:n—;—i-f-c
as in Art. 78.
102, Required the integral of
Xdx (Ix)n

where X is any Algebraic Function of x, 1 x the Hyperbolic logarithm of x,
and n a positive integer.

By the formula
SJudv=uv—/Svdu

we have
JXdx (%) =(1x)"X dx—n/(x)" = 9% X dx
= (lx)nxl_nf(lx)n—lg),(’fxz
f§dx(lx)"—‘ = (lx)"_lx"—(n-—l)f(lx)"—agxi}{”

&c. = &c.
. X’ X
where X’, X”, X", &c. are put for /' X d x, f N d x, / 5 d x, &c. re-

spectively.
Hence .
JXdx (Ix)"=X’(1x)*—n X" (Ix)"~'4n. (n—1) X" (Ix)"— 2 —8&c. 4 C.

m +
Ex. L/xmdx(Ix)" = %T;{(lx)n_ﬁ_l (lx)““'&c.}
193. Required the integral of

where U is any function of 1 x.
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Let u=1Ix
Then
d x
x ,
and substituting, the expression becomes algebraic, and therefore integra-
ble in many cases.
104. Required the integral of
Xdx (I1x)

du = —

where n is negative.
Integrating by Parts, as it is termed, or by the formula
Judv=uv—/vdu

we get, since

SRS = xx L2 an,

==
fde_ X x 1 dx  d(Xx)
(Ix)» = (n—1) (lx)“—1+n—1f(lx)“—" dx
and pursuing the method, and writing
, _d (X x)
X = dx
< _ 4 (X'x)
dx
&c. = &ec.
we have ,
/\dx X x X’'x e _Xmdx
(lx)n T (n -1)(x)- n—1.n—2,(Ix)» TS (n=1)...2.1(Ix)
X x X @+ dx
T (=1 {x)v-T —&c f(n——l).(n—-2). . (n—m)(Ix)v—m

according as n is or is not an integer, m being in the latter case the
greatest integer in n.

x“‘dx__ xm+41 n]+l
Bx [ e = —n=1 {(1 xe=1 T =gy (Ix)w-e T & }
_ (m 4 t)r-! md X
n—1)(n—2).. lf
when, m is an integer.
105. Required the integrals of

dd.cos. 8 do.sin.g, dd.tan. ¢, d 4. sec.

By Art. 26, &c.
dsin.d = do.cos. 4, andd cos. 0 = — d dsin, ¢

sfdbcos.d=sin04+C . . ... . oL . (a)

do do do
cos. 8 sin. 4° tan. ¢°

and
Sdosinn0 =C—cos.0 . . . . . . . . (b)
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Again let tan. 4 = t; then
dt
V=17w
and
_ rtdt .
_/'dotan.d_fl_i_t,._il(l-i-t)-{-c
=C—l.cogd¢ . . . . . . . (0
since
1+t’—sec”0-—-——l—.
-7 7 T cos.t
Again
do d 0 cos. ¢
dosec'g—cos.o_]——sin.go
d (sin. 9)
=1—sin®9
=3 d {sin, 0) d sin. ¢

l—sin.0+ b 1 + sin. 0
oS dosec. § = gl.(14sin.6)—3 1 (1—sin.6)4C

=1.tan (854 5)+C ... (@)
do

which is the same as .
cos. 0

Again

de¢
fmé_fddcosec.o

=‘/'dosec.(%—0) =——jd(~% -—-0)sec.(—;——0)
=—1.tan.(45° 4 7;5 ——-2‘-) +C
= 1. (tan. 5) + C

Again '

dé x
g =/ ddcot. 0 = /d . tan. (é--.a)

= 1 cos. (—g— —6) + C (by c)

=lsinnd4+C . . . . ... (D
106. Required the integral of '

sin. ™ ¢ cos. 2 4, d 4,
m and n being positive or negative integers.
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Let sin. ¢ = u; then d  cos.# = d u and the above expression becomes

n~—1
umdu (1 —u?)"z

which is integrable when either '2" L ; ! 4+ _; l_m ;- -

is an integer (see 95.) 1f n be odd, the radical disappears; if n be even
m+4n
2

and m even also, then

= an integer; if n be even and m odd, then

= '2l' Lisan integer. Whence

undu (1 — uy)"7"
is integrable by 95.

OTHERWISE,

Integrating by Parts, we have
sinm—14 m
m g Nf—___ n41
/S désin@ g cos. n 1 oo 0+
sin.m=14
= — n41ly
m 4 n Cos. + m + n
and continuing the process. m is diminished by 2 each time.
In the same way we find
sin.m+19 cos.n—! ¢

m 4 n

—llj'cos.“*"o. sinm=24xd ¢

fdx sin.™=2¢cos. "¢

Sdésin. ™4 cos." 0 = + 2

- +n_/d X sin. ™ ¢ cos, "—~2 ¢
and so on.
107. Required the integrals of
du = d dsin. (a 4 + b) cos. (a’ § + b’)
dv =désin. (ad + b) sin. (a’ ¢ 4 b')
and
dw = d écos. (ad 4+ b) cos. (a' 0 4 b)
By the known forms of Trigonometry we have
du=do{sin.(a + a'.04b 4+ b') 4 sin. (a—a' . 04+b—1/)}
dv=4d0{cos. (a4 a'.04b 4 b') —cos. (a —a’ .4+ b—b')}
dw = dé§cos. (8 + a. 04+b 4 b)) 4 cos. (a—a’ . d4+b —b')}
Hence by 105 we have
u=C-—-}{COS (a4 a.04+b+b) cos.(a_-—7.0+b—-b')}

a4 a a—a’

sin(a4a.64b4 b sin.(a —a’.04b—b
B )

_ sin. (a + & .0+b+b’) sin. (a—a’. 8 4+ b—1/)
W-C+i{ a4 a a— a’

These integrals are very useful.
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108. Required the integrals of
47 d g sin. 4, and 4™ d 9 cos. 4.
Integrating by Parts we get
/67X d0sin, §=C— 0" cos. 04nd»="sin, 04n.(n —1) " =2cos.d — &e.
and
Jonxdocos.0=C+6"sin. 04 né"="cos.0 —n. (n—1) 4" =2sin. 0 4+ &ec.
109. Required the integrals of
X dxsin.—'x
X dxtan,—'x
X dxsec.—'x
&c.
Integrating by Parts we have
JXdxsin—!x = sin.—lede——de/«)(i{;}ég;;—
SXdxtan.~'x = tan. -lede—fdi‘i’if“
JXdxsec.—'x =sec.~'x /X dx-~f——d——x4LX—d—§

V(x—1)
&e. = &e.
see Art. 86.
110. Required the integral of
du = (f+ gcos.6)de

(a 4 bcos. )™ *
Integrating by Parts and reducing, we have
(ag—bf)sin.4 + 1 -
(n—1)(a*—b* (a4 beos. )"~ " (n—1)(a*—b?)
f(n—-l (aft—bg)+ (n—2) (ag—Dbf)cosé d s,
(a + bcos. g)»=1
which repeated, will finally produce, when n is an integer, the integral
required.

u =

()
(a—Db) tan. &
\ de _ 2 ] -2 .
Ex. a4 bcos.d ™ V(a“—b*)'tm]' vV (at—Db?) +C
or
1 1b+acos 0+ sin. 0 ¥ (b* -—a)
v (bt—a?)"’ a + bcos. o

Notwithstanding the numerous forms which are mtegrable by the pre-
ceding methods, there are innumerable others which have hitherto resisted
all the ingenuity that has been employed to resolve them. If any such
appear in the resolution of problems, they must be expanded into con-
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verging series, by some such method as that already delivered in Art. 101;
or with greater certainty of attaining the requisite degree of convergency,
by the following

METHOD OF APPROXIMATION.

111. Required to integrate between x = b, x = a, any given Indcfinite
Difference, in a convergent series.

Let f (x) denote the exact integral of /X d x; then by Taylor’s
Theorem

2
f.(x+h)-—fx=Xh+£1d—§ Th.—éi-&c.
and making
h=b—a
f(x +b—a)—fx = X. (b—a) + 5. =Dy g

Again, make

X =a
then

dX d=X

ax® dx<° &
become constants
A, A/, &ec.
and we obtain

F(b)—f(a) = A(b—a) + & b—u)* 4 2 (b—u)*

which, when b — a is small compared with unity, is sufficiently conver-
gent for all practical purposes.
If b — a be not small, assume
b—a=p.8
p being the number of equal parts @, into which the interval b — a is sup-
posed to be divided, in order to make 8small compared with unity. Then
taking the integral between the several limits
a, a+B
a a4 23
&ec.
2, a4 pB
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we get
_ A/ . AII .
f.(a+6)—f(@) = AB+ 5.8+ 5.8+ &e

BII

f(a+2ﬁ’)—-—f(a+{3)=BB+%f. B+ 53

&c. = &ec.
——— P . P
flatpB) —f(a4p—1.8) =PB + 5 B° + 558° + &

A, A, &c. B, B, &c. . ..... P, P, &c.
being the values of

B + &ec.

d X

X’ _a_;"

&ec.

when for x we put
a, a4 B, a+ 283 &ec

Hence
f(b) —f@) =(A+B+....P)B
BQ
+ (A+B+....P) i
63
+ (A 4+ B"4....P) 1 2.8

+ &c.
the integral required, the convergency of the series being of any degree
that may be demanded.
If 8 be taken very small, then
f(by —f(a) = (A + B + ....DP)3B nearly.
Ex. Required the approximate value of
SXm-1dx X (1 —x") o

m m
between the limits of x = 0 and x = 1, when neither — > M"O" =

P
+‘l

is an integer.

Here
X = xm~=! (l—x“)%
and
d X 2 r_
I =(m+n %_ 1) xm—2(] .—x") ¢ ——E;lgx“‘—”(l-—x“)" :

b—a=1—0=1. .
Assume 1 = 10 X 3, and we have for limits

1 2
0, 705 0 103 &e

Vou. I. G
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Hence m being > 1,
A=0
1

B = mm—l(l 10'-)L
c= " {i-@
b= (™ {1 (G 1

&e. = &ec.

9 \m—! I\" L &
> e - — —— —_—
P = (10) {1 (10) }‘“
Hence, between the limits x = 1 and x = 0

SXdx = — {(wn— )T+ (10" — 20y
10m+n

+ (10" —3") > 4 &c. + (100 —9“)":;‘}nearly.

We shall meet with more particular instances in the course of our
comments upon the text.

IHitherto the use of the Integral Calculus of Indefinite Differences has
not been very apparent. 'We have contented ourselves so far with
making as rapid a sketch as possible of the leading principles on which
the Inverse Method depends; but we now come to its

APPLICATIONS.

112. Required to find the area of any curve, comprised between two
given values of its ordinate.

Let E ¢ C (fig. to Lemma II of the text) be a given or definite area
comprised between 0 and Cc, or 0 and y. Then C c being fixed or De-
finite, let B b be considered Indefinite, or let Lb = dy. Hence the
Indefinite Difference of the area E ¢ C is the Indefinite area

BCch.
Henge if E C = x, and S denote the area E ¢ C; then
dS=BCcb=CL+ Lc¢b
=ydx+ Lch.
But L c b is heterogeneous (see Art. 60) compared with C L or y d x.
s dS=vdx
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Hence
S=/ydx,
the area required.

Ex. 1. Required the area of the common parabola.
Here

y: = ax

ndx = 2y4y
a
and

2ytdy 2
S=/"Y Y = —y? ;
f a 3.7t C
and between the limits of y = r and y = 1’ becomes

—_— 2 3 /3
S = 3a (r* —1"?)
If m and m’ be the corresponding values of x, we have

_.2 / ’
S_—é—(rm—-—r m’)

=35 of the circumscribing rectangle.

Let r’ = 0, then
. 2
S = Frm (see Art. 21.)
Ex. 2. Take the general Parabola whose equation is
y® =ax"
Here it will be found in like manner that

—_mxy \
S—m-{-n+ c
m
—m+n.a3

between the limits of n =y = 0, and x = ¢, y = 8.

Hence all PARABOLAS may be squared, as it is termed ; or a square may
be found whose area shall be equal to that of any Parabola.

Ex. 8. Required the area of an HYPERBOLA comprised by its asymplote,
and one infinite branch.

If x, y be parallel to the asymptotes, and originate in the center

xy=ab
is the equation to the curve.
Hence
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and
s=,—209Y _c_an1y
Let at the vertex y = B, and x = 0; then the area is 0 and
=ab.lB.

Hence
S=ab.l. B—
y

113. If the curve be referred to a fixed center by the radius~vector ¢ and
traced-angle 0; then
tdo

dS—T

For d S=the Indefinite Area contained by g, and ¢+d g=(¢+d ) *——

2
=¢ : ’ + gdgd d (Art. 26) and equating homogeneous quantities we

gsm do

have
,_e*dye
dS = 5
Ex. 1. In the Spiral of Archimedes
g =ald

a? a’
'.'S=73-‘/02d0= —2—T—3.03+ C.
Ex. 2. In the Trisectrix
= 2cos. 0 + 1
dS =%/ (2cos. 8+ 1)2d ¥
which may easily be mtegrated
Hence then the area of every curve could be found, if all integrations
were possible. By such as are possible, and the general method of ap-
proximation (Art, 111) the quadrature of a curve may be effected either
exactly or to any required degree of accuracy. In Section VII and many
other parts of the Principia our author integrates Functions by means of
curves; that is, he reduces them to areas, and takes it for granted that
such areas can be investigated.
114. To find the length of any curve comprised within given values of the
ordinate ; or To RECTIFY any curve.
Let s be the length required. Thend s = its Indeﬁmte Chord, by
Art. 25 and Lemma VIL
wds =+ (dx*+dy?
and

s=/V (dx*4dy?) . . . . . (a)
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Ex. 1. In the general parabola

y® = ax"
Hence
dx? = m: 1m_2. dy?
n?aw
and
ds=dy. V(l + 1n2£y2Tm_)
n“anmn
which is integrable by Art. 95 when either
1 1 1
2—}2 . or ﬂ_ﬂ . + 5
n n
that is, when either
1 n 1 m
T m—n"2 " m—n

is an integer; that is when either m or n is even.

The common parabola is Rectifiable, because then m = 2. In this case
ds=dy vl +—~y) . . . .. (@

a 2
Hence assuming according to Case 2 of Art. 95,

4
l+_a_2y2=y2uz

we get the Rational Form
u?du

ds = ——7—5
(“2—';2)

Hence by Art. 89, Case 2,

2
— 4+ u
P S Vi +C
2 (—‘—g—ug) ?—Vu
2 —
o w s mtvEo
4 4 4
2(;—2—“12) ~/E—!——u

JLF Ly
Butu = ___y_?___.. Hence by substituting and making the ne-

cessary reductions
G3
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yv (y +%) y+v (5 + )
=— %" 4l

- T + C.
2
Lety = 0; thens = 0 and we get C = 0
and .’ between the Limits ofy = 0 andy = 8
2 2,
B.v (8 +75) B+ v (er+ 5
s= ~—————"" 4al, e

In the Second Cubical Parabola
yi=ax?

and
= 9y
ds=dy J(1+ 3
which gives at once (Art. 91)
8 932
=z +53) +C
Ex. 2. In the circle (Art. 26)

ds = dy

v (I—y9)
which admits of Integration in a series only. Expanding (1 — y?)—3%
by the Binomial Theorem, we have

l-—yi) %"']+y+ y-l-&c
Hence,

ds—-dy+ydy+ y*dy + &e.

2.4
and
3

s=y+ +245y+&c+C

and between the limits of y = O and y = 1 or for an arc of 300 we have

2
1 1 3
s=9 +373 z’+24525+&°’
= "'312‘“"5 5.a3 T 7 2""' 2m+&°
(.5
| .0208333333
= 4.0023437500 b = .5285851948 nearly.
.00034871720
(.0000593890

&c.
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Hence 180° of the circle whose radius is 1 or the whole circumference
7 of the circle whose diameter is 1 is
7 = . 5235851943 ... X 6 nearly
= 8.1415111658

which is true to the fourth decimal place; or the defect is less than

1
10000°
By taking more terms any required approximation to the value of = may
be obtained.

Ex. 3. In the Ellipse
‘a'—e’x?
s =/dx. N T
where x is the abscissa referred to the center, a the semi-axis major and
ae the eccentricity (see Solutions to Cambridge FProblems, Vol. II. p. 144.)
115. If the curve be referred to polar coordinates, ¢ and ¢; then
s=/V (g2dot4de?) . . . . . . . (b)
For
y = gsin. 4
X = m + g cos. d
and if d x% dy* be thence found and substituted in the expression
(114. a) the result will be as above.
Ex. 1. In the Spiral of Archimedes
e = a 0

vwds = dg,‘/(i—z + l)

2 2 2 2
eV (e'+a%) L 5,y etV (T+a), o
2a a
see the value for s in the common parabola, Art. 114.
Ex. 2. In the logarithmic Spiral
0

s =

g =€
or
0 =1. 4
and we find
s= vV 2fdep=¢v 24 C.
116. Required the Volume or solid Content of any solid formed by the
revolution of a curve round its axis.
Let V be the volume between the values 0 and y of the ordinate of the
generating curve. Then d V = a cylinder whose base is = y* and alti-
tude d x + a quantity Indefinite or heterogeneous compared with either

4V or the cylinder.
G4
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But the cylinder = = y*d x. Hence equating komogeneous terms, we
have

dV:qry’dx
and

V=afytdx . . . . . . . (¢
Ex‘ V. In the sphere (rad. = r)
yi=r?—x"*
W V=aofrtdx —afx*dx
x3
=qr(r”x-—-§-)+C;
and between the limits x = 0 and r
— 2,
V_3r x

which gives the Hemisphere.
Hence for the whole sphere

V = ;—r:"x.
Ex. 2. In the Paraboloid.

y*=ax
W V=afaxdx

Ta
= '—2— x? + C

and between the limits x = 0 and «
V = 12—9,“2.

Ex. 8. In the Ellipsotd.

b2
y'= e (2t —xY)

‘ 2
:.V:Wab2 J(a*d x —x*d x)

_wbg

(a x---)+C

and between the hmlts x =0anda
2sb? | Qx
V=57 =53

Hence for the whole Ellipsoid
=4 .
V= gTe bt.

ab?.

The formula (c) may be transformed to
V=ayS—a/Sdy . . . . . . . . (d)
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where S = /'y d x or the area of the generating curve, which isa singular
expression, /'S d y being also an area.

In philosophical inquiries solids of revolution are the only ones almost
that we meet with. Thus the Sun, Planets and Secondaries are Ellip-
soids of different eccentricities, or approximately such. Hence then in
preparation for such inquiry it would not be of great use to investigate
the Volumes of Bodies in general.

If x, y, z, denote the rectangular coordinates, or the perpendiculars let
fall from any point of a curved surface upon three planes passing through
a point given in position at right angles to one another, then it may easily
be shown by the principles upon which we have all along proceeded,
that

dV=dy/zdx
or
=dzfydxp . . . . . . (e
or
=dx/fzdy
according as we take the base of d V in the planes to which z, y, or x is
respectively perpendicular
For let the Volume V be cut off by a plane passing through the point
in the surface and parallel to any of the coordinate planes; then the area
of the plane section thus made will be

Szdx

Sy dx Lsee Art. 112.

or

or
Szdy

Then another section, parallel to f'zd x, or /'y d x, or /'zd y and at
the Indefinite distance d y, or d z, or d x from the former being made,
the Indefinite Difference of the Volume will be the portion comprised by
these two sections; and the only thing then to be proved is that this por-
tionis =dy/fzdxordzfydx,ordx /zdy But this is easily to
be proved by Lemma VII.

This, which is an easier and more comprehensible method of deducing
d V than the one usually given by means of Taylor’s Theorem, we have
merely sketched ; it being incompatible with our limits to enter into de-
tail. To conclude we may remark that in Integrating both /" z d x, and
S dy fzdx must be taken within the prescribed limits, first considering
y Definite and then a.
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117, To find the curved surface of a Solid of Revolution.

Let the curved surface taken as far as the value y of the ordinate re-
ferred to the axis of revolution be ¢, and s the length of the generating
curve to that point; then d ¢ = the surface of a cylinder the radius of
whose base is y and circumference 2 = y, and altitude d s, by LEmma VII.
and like considerations. Hence

deo=2ayds
and
eo=2afyds. . . . . . . . . . (a)
or
=2ays—2afsdy . . . . . . (b)
which latter form may be used when s is known in terms of y; this will
not often be the case however.
Ex. In the common Paraboloid.
y*=ax
and

4
o= ydy ¥ (v + a9

= 43—‘—::(y?+ u"’)% + C.
Let y = 0 and B, then ¢ between these limits is expressed by
o= g—:{(ﬁ* + az)%

If the surface of any solid whatever were required, by considerations

similar to those by which (116. e) is established, we shall have
do=«~ (dy*+dz?) /v (dx24+dz%) . . . . (c)

and substituting for d z in v/ dx?+ d z° its value deduced from z = f.
(%, y) on the supposition that y is Definite; and in ' (d y? 4 d 2?) its
value supposing x Definite. Integrate first 4 (d x* + d z®) between the
prescribed limits supposing y Definite and then Integrate & (dy? 4 d z?)
S ¥ (dx? 4+ d z°) between its limits making x Definite. This last result
will be the surface required.

‘We must now close our Introduction as it relates to the Integration of
Functions of one Independent variable.

It remains for us to give a brief notice of the artifices by which Func-
tions of two Independent Variables may be Integrated.

118. Required the Integral of

Xdx+Ydy =0,

where X is any function of X, and Y a function of y the same or different.
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When each of the terms can be Integrated separately by the preceding
methods for functions of one variable, the above form may be Integrated,
and we have

SXdx+/Ydy=C.
This is so plain as to need no illustration from examples. We shall,

nowever, give some to show how Integrals apparently Transcendental
may in particular cases, be rendered algebraic.

Ex. l(-1—§+ = 0.
y

slx4ly=C=1.C

“l(xy) =1 C
and

soxy =Cor =C.

. d x dy
Ex. 2. vI=x9 + v =y = = 0.

Here
sin, ='x 4 sin. 'y = C = sin.—!' C
o C sin. {sin, 7! x = sin. ~ !y}

= sin, (sin. =' x). cos. (sin. ~! y) + cos. (sin. ~!x) sin. (sin. —1y)
=x./¥(1—y)+y~vV(l—x9?
which is algebraic.
Generally if the Integral be of the form
f-'(x) 4+ f.~'(y) =C
Then assume
. =f.—1(C)
and take the inverse function of f —* (C) and we have
C=fif (x) + £~ ()}
which when expanded will be algebraic.
119. Required the Integral of
Ydx 4+ Xdy =0.
Dividing by X Y we get

Xty \
which is Integrable by art. 118.
120. Required the Integral of
Pdx + Qdy = 0;
where P and Q are each such functions of x and y that the sum of the expo-
nents of x and y in every term of the equation is the same.
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Letx = uy. Then if m be the constant sum of the exponents, P and
Q will be of the forms
Ux yr—Uy
U and U’ being functlons ot u.
Hence, sinced x = udy 4 y d u, we have
U.(udy+4+ydu +Udy=0

(Uu+U)dy+Uydu=0
dy Udu _ )
'y+Uu+U'—'O N )]
which is Integrable by art. 118.
Ex.lL.(ax 4+ by)dy + (fx +gy)dx = 0.
Here

and ’

i

P=fx+gy,Q=ax+by
U=fu4+g U =au+b
dy (fu4g)du

+fu + (g + a)u +

which being ratlonal is Integrable by art. (88, 89)
Ex.2. xdy—ydx=dx # (x* 4+ y?

b=0

Here
Q=xP=—y— ¥ (x*+y?)
U=u4yU=—1—+#(1+4 u?
dy 1 4+ & (1 4 u? -
+ uV(l(+ - du=0
or
d du du

y tPatavagre =
which is Integrable by art. (82, 85.)
These Forms are called Homogeneous.
121. To Integrate
(@ax+by+c)dy+(mx+ny+pdx=0.
By assuming

ax+by+c=u
and }
mx+4+ny-4p=
we get
mdu—adv bdv—ndu
dy--__nTb sanddx == “mb—na

and therefore
(mu—nv)du+ (bv—au)du=0
which being Homogeneous is Integrable by Art. 120.
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We now come to that class of Integrals which is of the greatest use in
Natural Philosophy—to

LINEAR EQUATIONS.

122. Required to Integrate
dy4+yXdx = X' dx,
where X, X’ are functions of X.
Let
y = uyv.
Then
udv4+vdu4+ Xuvdx = X' dx

Hence assuming

dv4+vXdx=0 . . . . . . . (3
we have also
vdu=X’'dx . . . . . . . . (b
Hence
dv

T+de=0
sSlv4Xdx=C

or
vV = eC-fde
— e€ X e —=/Xdx

= C X e—/Xdx

Substituting for v in (b) we therefore get
d 1 JXdx X’ ]
u = —C. (] ax
which may be Integrated in many cases by Art. 118.

Ex.dy4+ydx =ax>dx.

Here
X=1X =ax*
JXdx =x
and
SX' dxe/Xdx = afx’e*dx

=ae*(x’—3x’+6x—6)
see Art. (102)
Hence
y=Ce~* 4 a(x?—8x*+ 6x—6)
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122. Regquired to Integrate the LINEAR Equation of the second order
CYixTyxy=o

where X, X' areﬁmctzons of x.

d
Lety = e/udx; thena——}-{ = ue/udx

g—;—}; = eJfudx (3—%: + u’)

d ... by substitution,

du+u 2 Xu4+ X =0
which is an equation of the first order and in certain cases may be Integ-
rable by some one of the preceding methods. 'When for instance X and
X’ are constants and a, b roots of the equation
u?4+ Xu4+ X' =0
then it w1ll be found that
y=Ce?*4 Cebx
123. Required the Integral of

ds d
Tt Xgx+ Xy=x

where X" is a new function of x.

Let y = t z; then Differencing, and substituting, we may assume the
result

d2x2+ng+X'z—0 N €Y
and
d d 1"
S+ @ (e p Bax=X

Hence (by 122) deriving z from (a) and substituting in (b) we have a
Linear Equation of the ‘first order in terms of (g%) ; whence gé ) may

be found ; and we shall thus finally obtain

y=1tz= Lf(—me" fx""zdx).

d*y , dy 1 _a
Ex it ax « —x ¥ ST
Here
l X/._. ] 1 )
X——i—, -——-xq,X ra—
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Equat. (a) becomes
d*z  dz 1 _ z
dx* Tdx" x 7 xt
whence

du+(u -{-——--———-)dx—.O

wherein z = e/u4*; which becomes somogeneous when for u we put v -1,
Next the variables are separated by putting (see 120)

X=vs
and we have

v + s(s?— 1) ds
and
1 /s 41
’s‘~/"s-_1
Hence
x? 41 x?—1
ll—x(x2~:l),fudx_l X -
and
2 1
— aSudXx — X S
Z e/u %
Again
ef.‘(dx —_ elx = x
and

SX"esXdxgdx = fadx=ax 4+ C

and

x?—1 pax +C)xdx_
y=—=/ xf—1)¢
which being Rational may be farther integrated, and it is found that
finally .
ax 4+ C xt—1 x —1
Y=7Tex T Tax x + 1
Here we shall terminate our long digression. We have exposed both
the Direct and Inverse Calculus sufficiently to make it easy for the
reader to comprehend the uses we may hereafter make of them, which
was the main object we had in view. Without the Integral Calculus, in
some shape or other, it is impossible to prosecute researches in the %igher
branches of philosophy with any chance of success; and we accordingly
see Newton, partial as he seems to have been of Geometrical Synthesis,
frequently have recourse to its assistance. His Commentators, especially

al. (c'
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the Jesuits Le Seur and Jacquier, and Madame Chastellet (or rather
Clairaut), have availed themselves on all occasions of its powers. The
reader may anticipate, from the trouble we have given ourselves in establish-
ing its rules and formule, that we also shall not be very scrupulous in that
respect. Our design is, however, not perhaps exactly as he niay suspect.
As far as the Geometrical Methods will suffice for the comments we may
have to offer, so far shall we use them. But if by the use of the Algo-
rithmic Formulee any additional truths can be elicited, or any illustrations
given to the text, we shall adopt them without hesitation.

SECTION II. PROP. I

124. This Proposition is a generalization of the Law discovered by Kepler
from the observations of Tycho Brahe upon the motions of the planets
and the satellites.

 When the body has arrived at B,” says Newton, “let a centripetal

Jorce act at once with a strong impulse, &c.”] But were the force acting
incessantly the body will arrive in the next instant at the same point C.

For supposing the centripetal force
incessant, the path of the body will cTe
evidently be a curve such as A B C.

Again, if the body move in the chord
A B, and A B, B C be chords de-
scribed in equal times, the deflection
from A B, produced by an impulsive T
force acting only at B and communi- -==—- -
catingavelocity which wouldhavebeen
generated by the incessant force in the time through A B, is Cc. But
if the force had been incessant instead of impulsive, the body would have
been moving in the tangent B T at B, and in this case the deflection at the
end of the time through B C would have been half the space describ-
ed with the whole velocity generated through B C (Wood’s Mech.)
But

CT=3Cc

»*. the body would still be at C.
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AN ANALYTICAL PROOF. -

Let F denote the central force tending constantly to S (see Newton s
figure), which take as the origin of the rectangular coordinates (x, y)
which determine the place the body is in at the end of the time t. Also
let ¢ be the distance of the body at that time from S, and ¢ the angular
distance of ¢ from the axis of x. Then F being resolved parallel to the
axis of x, y, its components are

F.X andF. L
4 4
and (see Art. 46) we .. have
d®x x d®
-d—t—g-z—-F.—e,a—-t—z'=-—F.lg
Hence
yd*x _ _p Xy _xd®y
T =—F 7 =g
._yd’x——xd*y_o
: dt -
But

yd*x —xd*y =dydx +yd*x—dxdy—xd?y

=d.(ydx—xdy)
.. integrating
ydx —xdy
dt

constant = c.

Again,
X = gcCos. b,y =gsind, X* 4 y® = p*
sdx = —pgddsin. 4 4 dgcos. o
dy = ¢décos.d 4 dgsin. 6;
whence by substitution we get ’
ydx —xdy =¢*dé
Lerde
D

But (see Art. 113)

]
_____e__g_ﬁ = —i—.d A.

E_ig_f = d. (Area of the curve) = d. A
sodt

Vou. I. H
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Now since the time and area commence together in the integration
there is no constant to be added.
ot= —i— X A« A,
Q. e d.

125. Cor. 1. Prop. II. By the comment upon LEMMa X, it appears
that generally
_ds
Tdt
and here, since the times of describing A B, B C, &c. are the same by
hypothesis, d t is given. Consequently
v ds
that is the velocities at the points A, B, C, &c. are as the elemental spaces
described A B, B C, C D, &c. respectively. But since the area of a a
generally = semi-base X perpendicular, we have, in symbols,
d.A=pxds
v dsx (_l_é
and sincethe A ABS,BCS,CD S, &c. are all equal, d A is constant,
and we finally get
v lor=¢
P
the constant being determinable, as will be shown presently, from the

nature of the curve described and the absolute attracting force of S.

126. Cor. 2. The parallelogram C A being constructed, C V is equal and
parallel to A B. But A B = B ¢ by construction and they are in the
same line. Therefore C V is equal and parallel to Bc. Hence BV is
parallel to C c. But S B is also parallel to C ¢ by construction, and
B V, B S have one point in common, viz. B. They therefore coincide.
That is B V, when produced passes through S.

127. Cor. 8. The body when at B is acted on by two forces; one in
the direction B ¢, the momentum which is measured by the product of its
mass and velocity, and the other the attracting single impulse in the di-
rection B S. These acting for an instant produce by composition the
momentum in the direction B C measurable by the actual velocity X mass.
Now these component and compound momentums being each propor-
tional to the product of the mass and the initial velocity of the body in
the directions B ¢, B V, and B C respectively, will be also proportional
to their initial velocities simply, and therefore by (125)to BV, B¢, B C.
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Hence B V measures the force which attracts the body towards S when
the body is at B—and so on for every other position of the body.

128. Cor. 1. Provr. IL. Inthe annexed
figuire B ¢ = A B, C c is parallel to
S B, and C’ c is parallel to &’ B. Now
ASCB =ScB=SA B,and if the
body by an impulse of S have deflected
from its rectilinear course so as to be
in C, by the proposition the direction
in which the centripetal force acts is that
of C c or S B. But if, the body having
arrived at C, theaSBC'be > SA B
(the times of description are equal by
hypothesis) and .. > S B C, the vertex
C’ falls without the o S B C, and the
direction of the force along ¢ C' or B S,
has clearly declined from the course
B S in consequentia.

The other case is readily understood
from this other diagram.

129, To prove that a body cannot de-
scribe areas proportional tothe timesround
two centers.

If possible let

ASAB=aSBC

and
SAB=SBC.

Then

AaSBC(=S AB)=S5Bc
and C cis parallel to 8 B. But it is
also parallel to S B by construction.
Therefore S B and &’ B coincide, which
is contrary to hypothesis.

130. Prop. III. The demonstration of this proposition, although strictly
rigorous, is rather puzzling to those who read it for the first time. At least
so I bave found it in instruction. It will perhaps be clearer when stated
symbolically thus :

Let the central body be called T and the revolving one L. Also let

the whole force on L be F, its centripetal force be f, and the force ac-
H?2
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celerating T be f.  Then supposing a force equal to f' to be applied to
L and T in a direction opposite to that of f, by Cor. 6. of the Laws,
the force f will cause the body L to revolve as before, and we have
remaining

f=F—f
or
F=f4f.
Q. e d.
ILLUSTRATION,

Suppose on the deck of a vessel in motion, you whirl a body round in a
vertical or other plane by means of a string, it is evident the centrifugal
force or tension of the string or the power of the hand which counteracts
that centrifugal force—i. e. the centripetal force will not be altered by the
force which impels the vessel. Now the motion of the vessel gives an
equal one to the hand and body and in the same direction ; therefore the
force on the body = force on the hand -+ centripetal power of the hand.

131. Prop. IV. Since the motion of the body in a circle is uniform by
supposition, the arcs described are proportional to the times. Hence

t o arc described o 228 X radius 2mdms
o area of the sector.

Consequently by Prop. II. the force tends to the center of the circle.

Again the motion being equable and the body always at the same dis-
tance from the center of attraction, the centripetal force (F) will clearly
be every where the same in the same circle (see Cor. 3. Pror. 1) But
the absolute value of the force is thus obtained.

Let the arc A B (fig. in the Glasgow edit.) be described in the time T.
'Then by the centripetal force F, (which supposing A B indefinitely small,
may be considered constant,) the sagitta D B (S) will be described in
that time, and (Wood’s Mechanics) comparing this force with gravity as
the unit of force put = 1, we have

< _ B
S=5FT
g being = 82 ¢ feet.
But by similar triangles A B D, A B G

S=BD = (chord A B)* _ (arc A B)*

AG = @8R W
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(Lemma VIIL)

W T = 2S _ (arc A B)*
~F=om= oy

If T be given
(arc A B)®
F —R

If T = arc second

(arc A B)?*
F = g R
132. Cor. 1. Since the motion is uniform, the velocity is
v? vt
ol F - —g—-—l'i [ R“‘.

183. Cor. 2. The Periodic Time is

P = circumference _ 2 # R

velocity
_4a*R® _ A R

.'.F—gRPQ— gPQ “—Fg.
134. Cor. 3, 4, 5, 6, 7. Generally let
P=k x Rn,

k being a constant.
Then '
_2«R 2

and

F =

VETP TKkRT* R

47 R 4 x*

Conversely. If F o R‘“l—:ﬁ Pwill x R,

Ln
For (133)

PaN/%o: v Resx R

185. Cor. 8. A B, a b are similar
arcs, and A B, a h contemporaneous- A

ly described and indefinitely small. M B

Now ultimately
an:am::ah®:ab?®

and

am: AM::ab:AB

(LEMMA V)

~an:AM::ah*:ab.AB

- gk’ Ren = g'k” Rzn—l‘x Rroa—:"

117
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or

.@w..ah* AB? ah®* AB?®
f,F..-;r.AB.. s AS(LEMMAV)
vi‘ V2
as AS
or
v ¥V
I«or—A~S.

And if the whole similar curves A D, a d be divided into an equal
number of indefinitely small equal areas A B S, BC S, &c.; abs,becs,
&c. these will be similar, and, by composition of ratios, (P and p being
the whole times)

P:p: : time through A B : time through a b
..AB ab_ _AS as
. . _-V' e T . e TXT —

v \Y v
WP AS
-'_V—v_ .
Hence
F o ._Y: o é_S .
AS P
136. Cor. 9. Let A C be uniformly described,
and with the force considered constant, suppose A
the body would fall to L in the same time in /
which it would revolve to C. Then A B being  / B
indefinitely small, the force down R B may be '
considered constant, and we have (181) L p
AC*: AB®*::T?:T? )
AB  AC
: T2 T
AL RB
: AL: RB (1381) D
A B*®
: 2 AL: 'H)-
Hence

AB*=AL x AD.
Pror. VI. Sagitta x F when time is given. Also sag. « (arc)* by
Lemma XI, « t* when F is given
.. when neither force nor time is given
sag. x F X t?;

3 sag.
.-.I~o<—t—§~
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OTHERWISE,

By Lemma X, Cor. 4,
F o SPace ipso tn:otus initio

o -
t2

To generalize this expression, let —g— be the space described in 17 at

the surface of the Earth by Gravity. Also let the unit of force be Gravi-
ty. Then

sag.
SRR PG

2 sag. 2 s
thgz-EXF........(a)

by hypothesis.
.. QR QR
137. 1k
37. Cor. 1. F« — “(areaSPQ)”
« QR __
SP:x QT
To generalize this, let a be the area described in 1”. 'Then the area

described int” = a X t = SP ;‘ QT.
Lp= SPxQT,
T 2a
and substituting in (a) we get
_8a® QR
F=F *sprxqr: - O

Again, if the Trajectories turn into themselves, there must be
a: 1”11 A (whole Area) : T (Period. Time)

A = A
. — T‘o N
Hence by (b) we have
_8A® QR '
F = g—,r“2 X Wz . . . e e e e (Cs
which, in practice, is the most convenient expression.
_8A:® QR
138. Cor.2. F = é—,ﬁ X S~Y-r)(—Q-—1“ e e e e e e e (d)
8A* 1

139. Cor. 3. F=ET'—EXW N ) (e)
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Hence is got a differential expression for the force.

2pd
PV:‘E‘E"g
L po8AT, 1
T T gTe 2p’_ig
dp
4A’ dp
gT" sde

[Secr. I1.

(f)

Another is the following in terms of the reciprocal of the Radius Vector

¢ and the traced-angle 4.

Because
_ e2dd
PE V@ e
1 dg® 4 p*doe®
})Q eQdaQ
_ dg® 1
T etdo® +g—"
Let lou
4
Then
du
d¢ = — —
also
1 du? 2
pr= qe T
1 2
_2;3,’ =g._d_au_0(21__._+2udu

d d®u .
65%2’ =7 u® 4 u’
and substituting in f we have
4 A*

F=oT X (Freu+ w?)
1 1 1
140. Cor. 4. chﬁ{—2 X P——CXV’z X gy

This is generalized thus. Since
space _ P Q
V= Time — " t
and
F2

- (8
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a Xt (_ s X t) = area described
_PQxSY
- 2
P 2A 1
VETT ST X 5w

Hence

and by Cor. 3.

PV..........(h)
From this formula we get

V2=-g—xePV

=2gF x ¥
But by Mechanics, if s denote the space moved through by a body
urged by a constant force F
Vi=2¢gF x5
PV .
5_4(1)
that is, the space through which a body must fall when acted on by the force
continued constant to acquire the velocity it has at any point of the Trajec-

tory, is } of the chord of curvature at that point.
Also

pdeg de
V“._2gFX dp_ng ip (k)
The next four propositions are merely examples to the preceding formulec.
141. Pror. VIIL.
RP*(=QR XxRL): QT*:: AV::PV?

QR XRLxPV: o,

and multiplying both sides by Q-Rg and putting P V for R L, we have

SP:x PV®_SP:x QT?
AV: - QR

-F« AV: X 1 .

) SP*x PV: SPtx PV?®

Also by (1387 c.)
F 8 A AV: __32orr‘ 1
= gT® XSPrx PV~ g T¢ XSPrx PV
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. OTHERWISE‘.

From similar triangles we get
AV:PV::SP:SY

SPxPV
~SY = AV_'
_SP:x PV
~SY:xPV= —x v X PV
SP:x PV
- AVe
. Fo 1 o 1
: SY*x PV SPEx PV?
as before.
OTHERWISE.
= r—ate
P=-——
is the equation to the circle; whence
dp_ ¢
de T r

4A2x dp _4A: __e__
gT: " p7dg gT: "
_4w;rrx % 8rd
=T XX g e
_327r* ¢

- gTi x(l‘"—a2+g2)3.

OTHERWISE.

* F =

The polar equation to the circle is

_ 2acos. ¥
£=1 <+ cos. %4

(_ __) cos.o

2acos 9 2a

__l_( sin. ¢
0 2 a \cos. o 0
1 sin. 2 ¢
2 cos. % ¢
3sin. %9  2sin*¢
( cos. 0 + cos. 3 o)
sin. % 4

a X cos.?

=4

lﬁu

— sin, 0)

o

X

|

d®*u
‘2

(=¥

a

|~ “’l-—

X (3 — sin. *4).

]
©
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Hence

d®u sin. 20 . 1
doet U= gncoemg B —sint ) + o e
1

=—2'm X (8sin®d — sin.* 0 4 cos.?d + cos. * §)

+

cos. 8
2a

123

= ﬂ—clo'_sfro X (2sin.? d—sin.* 04- 1 4 1—2 sin, ? 4-sin.*4)
_ 1
~ acos.’d’
which by (139) gives
4 A u?

FzET—“ acos.®6

_4A* (14 cos.?0)®
TgT®” Taacos. %0
;S (I + cos.®0)*
T ga’'T:® cos.% ¢

1
142.Cor. 1. F x SPr PV

But in this case
SP=PV.
1 82ar* 1
o Fq—s—]?‘—s, OI‘ZW— X -b‘—Pv5-
Cor.2. F:F::RP:xPT*:SP:xPV:
s R

SP3x PV’
PT:
::SP x RP*:SG3

vy similar triangles.

::SPx RP2:

This is true when the periodic times are the same.

different we have

T
F:F:: SPx RP*-% x SG?,
s R 1
where the notation explains itself,
143. Pror. VIIL
CP:: PM*:: PR*:QT*
and

PR:=QR x (RN +QN)=QR x 2PM

When they ave

S~CP::PM*:: QR x2PM:QT?*

LQT: _2PM
QR T CP?
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and
QT:*x SP* _2PM*®x SP*
QR - CcP®
x CP: 1
BRI S 3V ERvarsy Thab -3 v b
Also by 1317,
4at CP:
F=— XspixpM
But

a_SP><velocity_SP><V
- 2 - 2
v:  CP*
..F_E X—P-—I—VI-S.

OTHERWISE.

By Pror. VII,
1
Fesprxpvs:
But S Pis infiniteand PV = 2 P M.
. F « 1

OTHERWISE.

The equation to the circle from any point without it is
C?—r?—ptf

P = 2r
where c is the distance of the point from the center, and r the radius,
N |
v -

Moreover in this case
e=c+PM=c+y

c?—r?—c*—2cy—y*

P = St
=Y
- T r
. dp _c+y r’
";‘)Tg—g" T Xy
r!

(<]
»
«
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Hence (139)
4ar’ __l__V'r’xl

cig T y° g vy

SCHOLIUM.

144. Generally we have
PR*: QT*:: PC*: PM*
PR QT® | .. .
.-WR—‘.W..PC .PM

But
PR*
qQr=""
and
PC:PM:: 2R (R = rad. of curvature) : PV
QT _ PM: 2R xPM
cQR =PV X per= "o
_ 2R x PM?
- pPCs )
But
A C? .,
R_ﬁjx PC
T: 2AC*
e %R‘ = —B—F x PM:?
and
1
Fe o

From the expression (g. 139) we get
4a* d®u

F=—Tg WXU
But
aXt=egdo=ax(—l——§
2 A%
4‘&2~V2g‘
det — dx®
Also
u=1,
4
wdu= — 8
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and

d* 2de®
d’u:—?g __gii—e-
2
=—%-2—g(see69)
Hence
_V1e4 dae 1
F=gax e
-V, a%
-7 g T dx¢
ve dty
_—-g-xa—x—,-,........(l).
This is moreover to be obtained at once from (see 48)
F=21ydy
Tz T ded
For
dt:‘%
e V¢ dy
. F = — X — g3

145. Pror. IX. Another demonstration is the following:

S T P

Let £LP S Q= 4pS q Then from the nature of the spiral the
angles at P, Q, p, q being all equal, the triangles S P Q, S p q are simi-
lar. Also we have the triangles R P Q, r p q similar, as likewise Q P T,
qpt. ‘
Hence
QT . qt'.. . gp.
-ﬁ . *(T'l— ::SP:S P

and by Lemma IX.
griqr:ipri:iprt:iqtt:qt?
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Hence

and

OTHERWISE.

The equation to the logarithmic spiral is

P_EXE
a
.dp _b
..E—E

and by (f. 139) we have
F_4a2 dp 4« b a’

=g XpideT g aXog
_4at.at x 1
= ghe X
Using the polar equation, viz.
b g
b= PV Prp— X log.z—l

the force may also be found by the formula (g).
146. Provp. X.
PyxvG:Qv*::PCt:CD*
Qv::QT*:: PC*: P F*
WPvxvG:QT*:: PC*: CD*x PF*

. LQTE .. CD*® x P F¢
v G Pv ::PC ."———"W—-—'
But
PV=QR,andCD x PF = (by Conics) BC x CA

also
ult. vG =2 PC.

. .QT: . .BC*x CA*
o-2PC.ﬁ..PCgo_—‘p’"C!
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. QR PC
“FegTTxcp “sBorxca P @
Also by expression (c. 137) we get
8 A® PC

F = TiXsBorxCch
But
A=axXx BCx CA
4 x*
~F=_mxPC

The additional figure represents an Hyberbola. The same reasoning

shows that the force, being in the center and repulsive, also in this curve,
« C P.

ALITER.
Take
Tu=Tv
and
uV:vG::DC*: PC*
Then since

Qv:: PvxvG::DC2: P C?
S2uVivG::Qve: Pyx vG

" QVvi=PvxuV
sAQvi4+uPX Pv=PvXx (uV 4 ubP)
=Pvx VP

But
Qv:i=QT* 4+ Ty»*=QT* 4 Tu?
PQ*—PT?+ Tut
PQ*— (PT?— T u?
PQ?—Pux Pv
(chord PQ)2 = Pvx VP.
-low suppose a circle touching P R in P and passing through Q tc
cut P G in some point V’.  Then if Q V’ be joined we have
LPQv=,QPR=2QVP
and in the AQ Pv, Q V' Pthe - QP V’is common. They are there
fore similar, and we have
Pv:PQ::PQ:PV
APQ2=Pvx VP=Pvx VP
&VP=VP
or the circle in question passes through V;
~ P V is the chord of curvature passing through C.

i
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Again, since

DC:®
llV:VGXm:CXVG
or
PV—Pu=C(PG—Pv)
and
. PV,PG
being homogeneous
_2Db¢cC:* _2CD?®
PV="Fcr PC="pc
<. (Cor. 8, Pnop. V1.)
F PC

“3PTFerx CD*

But since by Conics the parallelogram described about an Ellipse is
equal to the rectangle under its principal axes, it is constant. .. P F x
CDis.

and
F«<PC

OTHERWISE.

By (f. 139) we have
F=1? A? x dp
TgT: T pidg’
But in the ellipse referred to its center
. a%b®
P= g
1 a4 bt—p?

I

oe IT;_, a’l;* -
and differentiating, and dividing by — . 2, there results
dp _ ¢
p 3 d e - a 2 b [
which gives
F=1* Az ¢ 4t

gT® X albt — g T:x ¢
In like manner may the force be found from the polar equation to the
ellipse, viz.
b!
T—e®cos.%0’
by means of substituting in equat. (g. 139.)
Vor. L I

¢' =
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147. Cor. 1. For a geometrical proof of this converse, see the Jesuits’

notes, or Thorpe’s Commentary. An analytical one is the following.

Let the body at the distance R from the center be projected with the
elocity Vin a direction whose distance from the center of attraction is P.
\lso let '

F=pug
being the force at the distance 1. Then (by f)
_4A*  dp _
FE T X pray =
vhich gives by integration, and reduction
1 _ugTe 1 wgT:_ ,
pi=aAr X R +pi— TRE
R and P being corresponding values of ¢ and p.
But in the ellipse referred to its center we have
1 a?4b? e?®
lT 2a’b?  a®bh?
which shows that the Ol‘blt is also an ellipse with the force tending to its
center, and equating homogeneous quantities, we get

at4bt_uwgTt oo 1

a*h® — 4 A® P
and
1 _wgT:
at*b® ™ 4 A?®
But
A=xab
2
_V_’;E(l)

which gives the value of the periodic time, and also shows it to be con-
stant. (See Cor. 2 to this Proposition.)

Having discovered that the orbit is an ellipse with the force tending to
tne center, from the data, we can find the actual orbit by determining its
semiaxes a and b.

By 140, we have

2A 1
V=-rxp
t bt R* 1
"'aa-:-bn =g V:pn"" P
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\'A
. 2 2 e 2 N
cat4bt=R +/Tg

and v
2VPpP
2ab=—=
vVug
.V 2vp
KX b=« (R*+
and
2
a—b:V(R’+-———2VP)

“g Vug
which, by addition and subtraction, give a and b.

OTHERWISE.

By formula (g. 189,) we have
F"E%‘ (do*'*'“) Sy
d"aﬁ_'_u SLAT—,—X 1’_0
and multiplying by 2 d u, integrating and putting &4-7—’— M, we have

d2
e +u+M+C—0. N ©))

To determine C, we have
d u H} _ —_l_ d e ']

(oW
RS
©
|
o
»
LN

Hence, when ¢ = R, and p = P,

pi+MR* 4 C=0 . . . .. ... @

which gives the constant C.
Again from (2) we get
do= udu
“ ¥/ (—M—Cu®—u')

which being integrated (see Hersch’s Tables, p. 180.—Englished edit.
published by Baynes & Son, Paternoster Row) and the constants properly
determined will finally give g in terms of ¢; whence from the equation to

the ellipse will be recognised the orbit and its dimensions.
1§
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148, Cor. 2. This Cor. has already been demonstrated—see (1).
Newton'’s Proof may thus be rendered a little easier.
By Cor. 8 and 8 of Prop. 1V, in similar ellipses

T is constant.
Again for Ellipses having the same azis-major, we have

-
T(«é)o: wabq_@_.
o

o o

But since the forces are the same at the principal vertexes, the sagittae
are equal, and ultimately the arcs, which measure the velocities, are equal
to the ordinates, and these are as the axes-minores. Hence, @ (which
_rxSY) .y

b .
AT a | & 1oris constant.

Again, generally if A and B be any two ellipses whatever, and C a third
one similar to A, and having the same axis-major as B; then, by what
has just been shown,

TinB=TinC

- and
TinC=Tin A
o TinB = Tin A.

149. ScHoL. See the Jesuits’ Notes. Also take this proof of, ¢ If one
curve be related to another on the same axis by having its ordinates in a
given ratio, and inclined at a given angle, the forces by which bodies are
made to describe these curves in the same time about the same center in
the axis are, in correspogding points, as the distances from the center.”

T A N /th c v
8" R

The construction being intelligible from the figure, we have
PN:QN::pO:q0O
S~PN:pO::QN qO
: : NT: OT ultimately.
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*. Tangents meet in T,
the triangles C P T C QT are in the ratio of PN : Qh or of parallelo‘
grams P N O p, Q N O q ultimately, i. e. in the given ratio, and
CpP:CPT::pP:PT ultimately.
::NO:NT
1qQ:QT

LQq cQT
~CpP:CqQin a given ratio.

*. bodies describing equal areas in equal times, are in corresponding
points at the same times.
*. P p, Q q are described in the same time, and m p and k q are as the
forces.
Draw C R, C S parallel to P T, Q T; then
pO:qO::PN:QN::n0O:10
wnO0:p0::10:q0

and )
np:nO::1q:1Q
but
nO:nR::1Q:18
(sincenO:OR:: TO:0C::10:008)
~np:nR::1q:18
“np:pR::1q:q8
and
np:pR::mp:pC
1q:qS::k q:qC
~mp:pC::k q:qC
or
Fatp:Fatq:: p C:qC.

Q. e. d.

SECTION I1IL

150. Prop. XI. This proposition we shall simplify by arranging the pro-
portions one under another as follows:
LxQR(=Px): LxPv:: PE: PC

ttAC:PC
But

LxPv :GvxPv:: L :Gv
GvxPv Qv :: PC*: CD*

Qv? Qx? I | H |
Qx* QT:? :: PE*: PF?
:: CA*: PF*
:: CD*: CB*

13
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~LXQR:QT*:: ACXLXPC*xCD*: PCxGvXCD*XCB*
and.

QR _ ACxPC _ ACxPC _ AC
QT " Gvx CB* 2PCx CB* 2CB*

) QR _ AC 1
~F e oty sPs 5i(= scBrsPY) 5P
Q. e d.

Hence, by expression (c) Art. 187, we have

=gT:X 2CB x SP?

= e - T T ()|
3 ¢*
where the elements a and T are determinable by observation.

OTHERWISE.

A general expression for the force (g. 139) is
2 2
P b oG + )
But the equation to the Ellipse gives
_1_ 14 ecos?
T~ a(l—e?)
where a is the semi-axis major and a e the eccentricity.
.du e sin, ¢
Tde T Ta(l—e?)
and ’
d3u _ e cos. ¢
def T T a(l—e?)
dzu 1
..a—o—, + u = a———-————*(l_eg)

4 A* u?
F=gm X am—ey’
A = g2a®bh? _.._...‘,,e at(a?—ate?)

.'.F=4'"a3 ¢

g T;— X u
the safe as before.
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OTHERWISE.

Another expression is (k. 140)

_4A® dp
F=oT*5dy

Another equation to the Ellipse is also

1 _2a—p 2a 1
T T
. .ep _ o
T pidy = B
. A2 a
wF = X e
_4a%a%b? a 4a%a’ 1

gTT X b= T X v
151. Prop. XII. The same order of the proportions, which are also let-
tered in the same manner, as in the case of the ¢llipse is preserved here.
Moreover the equations to the Hyperbola are

_ a(e*—1)
¢=1 4 e cos. ¢
and
b2
P R—
P =i+ ea

which will give the same values of F as before excepting that it becomes
negative and thereby indicates the force to be repulsive.
152. Prop. XIII. By Conics
4SP.Pv=Qv*= Q x* ultimately.

But

Pv=Px=QR.

S~4SP.QR:Qx2%:: 1: 1
and

Qx*: QT*:: SP?*: SN*
::SP:SA
~4SP.QR:QT® ::SP:SA

. QR 1 1

‘QT*=4SA-L

L being the latus rectum.

F « QR o« 1
QT xsSpP: SP°?
or .
8at QR
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gLXSP T T *FP

a being the area described by the radius-vector in a second, or P the per-
pendicular upon the tangent and V the corresponding velocity.

OTHERWISE,
In the parabola we have
1 2 2 -2
u_-e-_—l-‘(1+cos.0)_—1-‘+—1-‘cos.0
and
_!_— 4 x_l. -
s—r ¢ ‘
which give
d%u 2
ar TUEL
and
dp _ 2 X-l—
pidg~ L7g®

and these give, when substituted in

2 2 2
F:Pg‘" .u (((1109-‘-“)
or
_P3v* dp
T Tg pde
the same result, viz.
ap ve 1.........(b)

F= gL X’e-—g-
Newton observes that the two latter propositions may easily be deduced
from Pror. XI.
In that we have found (Art. 150)
4 A* a .
- "'T‘i
2 2
= ?}Y— x F‘?
Now when the section becomes an Hyperbola the force must be repul-
sive the trajectory being convex towards the force, and the expression re-

mains the same.
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Again by the property of the ellipse

b':%;:axa:LT(Qa-—%)

181
" which gives

and if ¢ be the eccentricity

b*=a*—c?=(a+4c¢c) X (a—c) ’

. a _ 2 1
"EBFox(a—ec) L ZFa

Now when the ellipse becomes a parabola a and c are infinite, a — c is

Jinite, and a + c is of the same order of infinites as a. Consequently l_;l’
is finite, and equating like quantities, we have

a _ 2
b T L’
which being substituted above gives
) 2PIV 1
F= gL X I
the same as before.

Again, let the Ellipse merge into a circle; then b = a and
F=E'V’ a

g brg

aV?e 1
= X —

g 4

Ve
:gxa...........(c)

158. Prop. XI1II. Cor. 1. For the focus, point of contact, and position of

the tangent being given, a conic section can be described having at that point
a given curvature.]

For a geometrical construction see Jesuits’ note, No. 368.
The elements of the Conic Section may also be thus found.
The expression for R in Art. 75 may easily be transformed to

eﬁ
_ p®
R_e‘ de® d®e
F§+ ai—f'doe
for
P‘esdo‘ & d
§ V(g’-{--—g—



oy A COMMENTARY ON- rSecw HI
Now the general equation to conic sections being
=1
= & X T¥ecos?
the denomiuator of the value of R is easily found to be

a
peé :
which gives
b 2 -
R - ‘;“ r‘;‘i .
Hence -
£
ba =P xR
is known.
Again, by the equation to conic sections we have
e D%
P =2aty
which, by aid of the above, gives
i ¢
=32 e2—pR’
And
bt = Fp’R_ .
2¢'—p R

Whence the construction is easy.
154. The Curvature is given from the Centripetal Force and Velocity being

given.]
If the circle of curvature be described passing through D, Q, V, and O

(P V being the chord of curvature passing through the center of force,
and P O the diameter of curvature); then from the similar triangles

PQR, PVQ, we get
QR_.

Also from the triangles P Q T and P S Y (S Y being the perpendicu-
+lar upon the tangent) we have
_SPxQT
PQ=""gy
and from PS Y, PV O,

PV:

PQ’

2RxSY
—SP
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whence by substitution, &c.
QR _ SP
QT*x8P' " 2RxSY*

P2V, QR _VIXSP
g QT*xSP*” RxSY

which gives
SpP Vs
R= g—-——' SY X T

Hence, S P, S Y and g being given quantities, R is also given if V and
F are.

155. Two orbits whick touch one another and have the same centripetal
Jorce and velocity cannot be described.} -

This is clear from the ¢ Principle of sufficient Reason.” For it is a
truth axiomatic that any number of causes acting simultaneously under
given circumstances, viz. the absolute force, law of force, velocity, direc-
tion, and distance, can produce but one ¢ffect. In the present case that
one effect is the motion of the body in some one of the Conic Sections.

OTHERWISE.

Let the given law of force be denoted generally by f ¢, where f ¢ means
any function; then (139) ;

P!\T! dp
X =
g p’de

F =
and since P and V are given
P:v: dp
PV SE
g pUdy
But if A be the value of F at the given distance (r) from the center to
the point of contact; then

F:A::fg:fr
and
Fr:A::fg:fr
A )
WwF=—xtf
"F'ffrx ¢
and

F’=fé;xfg'
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Hence
PeV: dp _ A
-—g*——.p——,—‘d'——ﬁx fg
and '

Prve  dp/ A
g ‘pdy T fr
and integrating, we have
P*Vefr /1 1
Fga x (pa—pe) =/t
and )
P2Vefr 1 1 — ’ £
Fga*(m—p) =/
Now fd gfgand fd ¢ f¢ are evidently the same functions of ¢ and ¢/,
which therefore assume
\ pgand p ¢
and adding the constant by referring to the point of contact of the two
orbits, and putting
P:Vefr
we get

p: P’
1 _er 1 _ o
pi—' M P2 M . (d)
1 _er 1 of
Pz~ M P: M

in which equations the constants being the same, and those with which
¢ and ¢ are also involved, the curves which are thence descriptible are
identical. Q. e. d.

These explanations are sufficient to clear up the converse proposition
contained in this corollary.

156. It may be demonstrated generally and af once as follows :

By the question
1

fe= =3
4 gt
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then
1
fr: ;;,
and
—pde 1
¢e""jea— e

and substituting in (d) we have
1 1
pr= T rMT Pty
But the general equation to Conic Sections is
1 _2a_1
p? = b7 b
Whence the orbit is a Conic Section whose axes are determinable from
%2a_ 1 _2gAr?

b*™ M PV

and
— 1 1 1
ter=—rmtpe
_1 g
= pe =

and the section is an Ellipse, Pambola or Hyperbola according as
V¢is>,or=or<2gAr.
Before this subject is quitted it may not be amiss by these forms also to
demonstrate the converse of Pror. X, or Cor. 1, Pror. X.

Here
fe=c¢
fr=r
= fode =L
pe=Jede=3
l.!
¢l = 'é-.
Whence
1 _ r® 1 'S

proeMtEiTIM
But in the Conic Sections referred to the center, we have

1 1 1 . ¢t
B

which shows the orbit to be an Ellipse or Hyperbola and its axes may be
found as before.
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In the case of the Ellipse take the following geometrical solution and
construction

C, the center of force and distance C P are given. The body is projected
at P with the given velocity V. Hence P Vis given, (for V3 = _gl F.PV.)

Also the position of the tangent is given,-.'. position of D C is given, and
PV = g-g‘g—’ Hence C D is given in magnitude. Draw P F per-
pendicular to C D. Produce and take P f = C D. Jéin C f and bisect
ing. Join P g, and take g C, g f, g p, g q, all equal. Draw Cp, Cq.
These are the positions of the major and minor axis. Also § major axis
= P q, # minor axis = P p.

For from g describe a circle through C, f, p, q, and since C Ff is a
right ., it will pass through F.

& Pp.Pq=PF.Pf=PF.CD
Also
PC?* +Pf? = Pg? 4+g C*® + P g® 4-gf?*, (since base of A bisected in g)
or
PC* 4+CD?*=Pg®+gq®+ Pg®+gpt-: -

=Pq*—2Pg.gq+ Pp*+23Pg.gp
=Pq*+Pp? - ,

&~ Pp.Pq=PF.CD But a and b are determined by the same
Pp?+ Pq*=PC* 4 CD?%J equations. ..Pq=aPp=h

Also since p and F are right angles, the circle on x y will pass through p
and F, and LPpx=€pq=CFq=xFp,because . x FC=pFq,

¢ LPpx = +in alternate segment. .. P p is tangent.
Pp*=PF.Px S~ PF.Px =b"
But if in the Ellipse C x be the majoraxis, PF.Px =b?%
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*. Cx is the major axis, and .». C q is the minor axig.
«~ the Ellipse is constructed.

Prop. XIII, Cor. 2. See Jesuits’ note. The case of the body’s
descent in a straight line to the center is here omitted by Newton, be-
cause it is possible in most laws of force, and is moreover reserved for a
full discussion in Section VII.

The value of the force is however easily obtained from 140.

157. Pror. XIV. L= %’II‘: « %I"

« Q T* x S P* by hypoth.

OTHERWISE.

By Art. 150,
4A°  a _ 8A* 1
BT X g S LT p
for the circle, ellipse, and hyperbola, and by 152.
2P:V?e 1
F= L g X é‘;

F=—

for the parabola.
Now if » be the value of F at distance 1, we have

‘Whence in the former case
8 A _2P*x Ve
g L Tg = 4y O] T o . . e e s (a)
and in the latter
2Pt x V?

2 T ()]

-——-—————SP‘XQTQ:I’:A’:T’
4

A* _SP*x QT'_PtxV
S\ e A

SPrxQT=%FL . .. ... .. ... .. 0@
158. Pror. XIV. Cor. I. By the form (a) we have
A(=wab)=J%gX v Lx1.
«T « L.
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159, Pror. XV: From the preceding Art.
«ab
T= J g vL'®

Bt in the ellipse

wWT=—"""_xa® . . . . . (e
. VMug
160. Prop. XVI. For explanations of the text see Jesuits’ notes.

OTHERWISE.
By Art. 157 we get
=/ 8r VL
V_.‘J2xP N (|

for the circle, ellipse, hyperbola, and parabola.
But in the circle, L = 2 P.

— 1 — 1
.'.V:Vg#xv—P:Vg(IaXﬁ e (g)
r being its radius.
In the ellipse and hyperbola

L=2%
a
—_ b 1
._Vg[-bx;—/—ax—ry .......(h)
161. Pror. XVI, Cor. I. By 157,
L=——-><P*><V2

162. Cor. 2. V = ~/5—-x

D being the max. or min. distance.
168. Cor. 8. By Art. 160, and the preceding one,

v Ty

:¥ L: /2D
164. Cor. 4. By Art. 160,

w, VL — 1
v’::J%XT—:VgMXV—-
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But

165. Cor. 6. By the equations to the parabola, ellipse, and hyper-
bola, viz.

2

L
pr=z Xep'=

2a—p
the Cor. is manifest. '

166. Cor. 7. By Art. 160 we have
1 L 1
L 2RI R Pt R
AAERARRE B = K
which by aid of the above equations to the curves proves the Cor

OTHERWISE.

By Art. 140 generally for all curves

vi=gFX _P;_V
But generally
—2pde
PV = ~ap

and in the circle
PV =2¢(rad. = ¢)
coveivies: B :dp_

An analogy which will give the comparison between v and v’ for any
curve whose equation is given.

167. Cor. 9. By Cor. 8,

v:v’::!—é-:l’
and
'L
Pyl P et
v .v"..Vg.N/ 5
. €X equo
nyy [t
v‘v ..Jg p
Vou. 1.
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168. Pror. XVII. The ¢ absolute quantity of the force” must be
known, viz. the value of u, or else the actual value of V in the assumed
orbit will not be determinable; i. e.

L:L'::P2Ve: ey
will not give L.

‘It must be observed that it has already been shown (Cor. 1, Prop
X III) that the orbit is a conic section.

See Jesuits’ notes, and also Art. 158 of this Commentary.

169. Pror. XVII, Cor. 8. The two motions being compounded, the
position of the tangent to the new orbit will thence be given and therefore
the perpendicular upon it from the center. Also the new velocity.
Whence, as in Prop. XVII, the new orbit may be constructed.

OTHERWISE.

Let the velocity be augmented by the impulse m times.

Now, if u be the force at the distance 1, and P and V the perpendicu-
lar and velocity at distance (R) of projection, by 156 the general equation
to the new orbit is such that its semi-axes are

) R
m?—2

8= —9 OF =

2 _—m?*
and

m? P m?P

_—m> Tmr—2

according as the orbit is an ellipse or hyperbola. Moreover it also
thence appears that when m® = 2, the orbit is a parabola, and that the
equations corresponding to these cases are

bt =

m? P ]
2 = -
P "'2-—-m”>< R
2X2_m, ¢
or
m? P e
= X
= —g— '
m 2 ox gt
or

=PXqg
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DEDUCTIONS AND ADDITIONS
TO
SECTIONS 1I AND IIL

170. In the parabola theforce acting in lines parallel to the axis, required F.
4SP.QR:QT*::Qv*:QT*:: YE:: YA*::SE:SA::SP:SA

%’IF"E = Z%K’ and §' P is constant, ... F is constant.

’ /‘E
Y A

S
P M
R v
e N
7 Q T

s

Let u be the velocity 1esolved parallel to P M then since the force acts
perpendicular to P M, u at any point must be same as at A, ... if P Q be

4
the velocity in the curve, Q T = u = constant quantity, and a =SP. 2 QT
SP.u
2 .

8a:.QR 2ut .
& F = é—s,—w—%,r' - g—I‘— (see 157) '
which avoids the consideration of S P being infinite ; and

ut = 2gF.%

«*» body must fall through %— to acquire the velocity at vertex, which agrees
SP
5K

171, In the cycloid required the force when acting parallel to the axis.

with Mechanics. (At any point V = u
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Ve
p
E} = &,
P
Q
B M NA Y
8

RP:: QTt:: ZP*:ZT*:: VF*: EF*:: VB: BE
and since the chord of curvature (C.¢) =4 PM, RP:=4PM.RQ,
~4PM.RQ:QT*:: VB: (BE=)PM
.QR _ VB
“Q"F{"I‘FM'"
o Fa Fll\F (since S P constant)

s :,V .
- é_%l'P——gQBT_ 2_‘18—'-17—1%1’ if u = velocity parallel to A B.

(At any point v =.u. N/ %)

172. In the cycloid the force is parallel to the base
AN

v zR
\Qj\p
E T
B A

RP*:QTt::ZP*:Z'F*: VE‘ VM:*:: VB: VM
andsmceC c=4EM
RP*=4EM.RQ,
S“4EM.RQ:QTt:: VB: VM,

QR ] 1
TRTET m«m-

[fVM=y’F_gyV2ry—-y (r._ 2)
u = velocity parallel to V B,
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(F=-88QR _2u"QR__u.VB
= SPQT = g.QT" “§g.EM.VM')

. BV
(At any point v = u. ~/ W)
118. Find F in a parabola tending to the vertex.

P

T A N

TP:PN:: TA:AE

or
—_— x
V&x’+y':y::x:——4===———-—~V4,x’:+y,=P,(AE),
1 _4x*4ax__4x+2a
‘ptT ax® T ax?®
2dp _4dx.ax*—2axdx(4x+a)
"‘-l')T— atx?
_4x'+‘23}. x=—-g.2—§—'§+~f.dx,
ax a X
.'.d—?=2——-——-—-xta.dx
P ax
Also
¢= VX +y5
adx
—Xdx+ydy xdx+4 2
= Ux Ry T Vi
d 2x4+a 2V x*4ax_2+ x*4ax
“pide T Tax® T 2x+a ax’
'Fa—é-}i
e AN®

K38
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m Mdﬁdtay Let‘P Q O be the circle of curvature,

but

but

(]

P v (C. c through the vertex of the parabola) =

PQ* _ PO.A:z

“QR T AP
PQ:* A Ps
Q““—:r
QR _ AP
T: = PO.AzZ°
. p__88.QR _ 8a'.AP

g.APL.QT* g.PO.Az

s 3 2
PO.Az=24s.50,. 888 54
A F = 4at. AP
T~ g.AS./AN”

[Sseor 1Ak

PO.Az
AP

S.AN?

178. If the oentnpetal be changed into a repelling force, and the body
revolve in the opposwe hyperbols, F « 'FIIT'
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The body is projected in direction P R3 R Q is the deflection, from the
Tangent due to repelling force H P, find the force.

L.Px:L.Pv::Px:Pv::PE:PC::AC:.PC
L.Pv:Pv.vG::L:2PC
Pv.vG: Qve ::PC: CD?*

Qy*: Qx* :: 1 :1

Qx*: QT* :: PE*: PF*:: AC*:PF*::CD*: BC*
~L.Px:QT?*:: AC.L.PC:.CD*:2PC*.CD*.BC*

2BC:

L: AT HESS BN |
Q_T_
“L=QFr
F = 8a QR _ 8at 1
=gHP.QT: g L.HP** HP*
R

w

_ . L.SP:
176. In any Conic Section the chord of curvature = SV

for
PV_QP*__QT’.SP"_L.SP*
“ QR T QR.SY* T SY*?
L.SP?
177, Radius of curvature = 5~ &3

for PV P_L.SP®
.S .
PW="—F5y— =757
2
178. Hence in any curve F = ——S—%E-P—V

=§§T?r§%§v 4%'??'11% sec Art. T4,
=57 »

K4
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‘79, Flenve in Conic Sections *
¥

_ 8at T gat Bat 1
S g .BY. PV g . 8SY.L.§SP*~ g.L.SP** 8Pt
SY!

1]
180, If the chord of curvature be proved = ~LSSYI:~ independently of

he p!roof that %ll;—’ = L, this general proof of the variation of force in

tonic sections might supersede Newton’s; otherwise not.
. 181, A body attached to a string, whose length = b, is whirled round so as
to describe a circle whose center is the fizxed extremity of the string parallel
to the horizon in T ; required the ratio of the tension to the weight.

Gravity = 1, .*. v of the revolving body = & g F b, if b be the length of
the string ;
2
< F (= centripetal force = tension) = —gY-F (181)

find
. T circumference _  2+b P v b
2 ¥ gFb vgF
.F__a"ttb
. — ng‘
4

. .
. F : Gravity : : ——Tél—) : 1, or Tension : weight : : 4#?b: g T*
If Tension = 8 weight; required T.

4x*b:gT®::8:1,

47%*b

s T = 8g

If T be given, and the tension = 8 weight, required the length of the string.
Tt = 42%b
TQ oy ?

g

s17°g
wb= 40"

182. If a body suspended by a string from A
any point describe a circle, the string describes '
a cone ; required the time of one revolzdzon or
of ome oscillation.

Lt AC=1,BC =h,

The body is kept at rest by 8 forces, gra-
vity in the direction of A B, tension in the
direction C A, and the centripetal force in ¢ B
the direction C B.
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As before, centripetal force = 4;’ ,b ’

and centripetal force : gravity : b : 4 17 —b?% (from a): : ng';‘l’): 1
. T,__4n'\/l'-——5‘

T =2« ~/ i—‘-}:‘iz a constant quantity if ¥ 1° — b*
be given.
- the time of oscillation is the same for all conical pendulums having a
common altitude.
183. v in the Ellipse at the perihelion : v in the circle e.d. : :n: 1, find
the major axis, excentricity, and compare its 'T with that in the circle, and
Jind the limits of n.
Let SA = ¢,
v in the Ellipse : that in thecirclee.d. :: ¥ HP: ¥ AC
:: ¥ HA: ¥ A Cin this case
: n : 1 by supposition,
“2AC—AS=n*A(C,
C
~AC= Tt

2~
Excentricity = AC— A S = §:(i—‘ —e =% —c

T:Tinthecircle::ACk: As¥: :—-——f—s————- :
(@—ny ¥

Also n must be < v 2,
forif n = # 2, the orbit is a parabola
if n > # 2, the orbit is an hyperbola.

184. Suppose } of the quantity of B
matter of @ to be taken away. How
much would T of D be increased, and
what the excentricity of her new orbit ?
the D’s present orbit being considered .
circular. \A .8 ¢C

At any point A her direction is
perpendicular to S A,

~ if the force be altered at any
point A, her v in the new orbit will
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= ber v in the circle, since v = gg and S Y = § A, and a is the
mhtA.

]
LetAS—c,PVatA L,andF_.__PXV !
mthiscue,
v 8:4::2¢ (= Lin the circle) : ——-(...Lmtheelhpse)
o= 8bt 3(&'—&—(:) 8(2ac—-—c’) c—-g—?:
a a a a
‘.§-—c:=2c,
a
LY
=5
And T in the circle : T in the ellipse : : e -(-3—° i
: e e pse..m..2
v's
V3 (2 L |
Va4 2) V22
v 2:8
[

And the excentricity=a — c= % c—e= 3.

N

185. What quantity must be destroyed that ’s T may be doubled, and
what the excentricity of her new orbit ?
Let F of @ : /' (new force) ::n : 1

R J%F.Pv,andvisgiven,

1
.‘.F“rv,
] L g — —
snili 2b 2 g L T2TC :c::2————————-—a° ©ic::2a—c:a’
Ta 8 a
sLna=2a-—4¢
[
‘ 2—n"
Also T in the circle : T in the ellipse :: 1 : 2
ceb

Vl’) : (2_n)§
] (2—n)*:n*

~s1:4:0(@=—n)*:n..n=4(2—n)’ whencen.

S8 =
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And the excentricity

_ __c c—(2c—nc)__c(n—1)
=8—C¢=s 2—n T 2e—n
186. What quantity must be destroyed that »’s orbit may become a

parabola ?

——C ==

L=4dc
“F:f::4c:2c::2:1,
.. § the force must be destroyed.
187. F « -——,, a body is projected at given D, v = v in the circle,

¢ with S B = 45°, find axis major, excentricity, avd T.
Since v = v in the circle, .". the body is projected from B,
and 2 SB Y= 45°;
2 SBC,or BSC = 45°,

.SC=SB. cos. 450 = 5B

Yy B

M

But

S B =D = 22287,
*. axis major and excentricity are found.
) P

And T may be found from Art. 159.

188. Prove that the angular v round H : that round S:: SP: H P.
This is called Seth Ward’s Hypothesis.
In the ellipse. Let P m, p n, be perpendicular to S pHP,
<. pm = Increment of S P = Decrement f HP = Pn
.. triangles P m p, P n p, are equal,

. Pm = pn, and angular v * fistance
189, Similarly in the hyperbola. \
Angular vofSP:angnlarvofSYv::PV:SSP::gf—g—ﬂSP
82 %-?,—! AC

:: HP : AC.
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. 100y Compaw the times of falling to the center q{' the hgamhuw “spiral
vM%mprs \ .

The times are as the areas.

d. area =E‘d—“’, (¢=2CS8SP) ford.nreaz——*———QTéSP,

Also %—% = g;idg‘ = tan. . Y P T = tan. @, (« being constant) = a

.d
.‘.d&:“ e,

Letdo_a.p.dp
e T 2

1
~. area = %g‘ o ¢% (for when ¢ = 0, area = 0, .~ Cor. = 0)

.~ if P, p, be points given,
T from P to center : t from p to center : : SP*: Sp*
191, Compare v in a logarithmic spiral with that in a circle, e. d.
2Vv:
’ F = g. PV
« if F be given, V « ¥ PV,
.~ v in spiral : v in the circle: : 4 P V in spiral :# 2SP:: 1
192. Compare T+in a logarithmic spiral with that in a circle, e. d.

(140)

T in soiral = wholearea _  ap® ap®
prel = reainl” — 4.v.8Y  2v.p.sh.a
2‘
i w.a _ Wholearea @' 2ap® 24
T in circle = areaml’ v.SY  v.g ~ vV
P s 8g ""’R 8 .ox.:a: ]
T:T’ vy e asin.“.2w..a.4"w.sm.a.

sitan.atda.sine:: 1: 4acos
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192. In the Ellipse compare the time from the iean distance to the Aphe-
lion, with the time from the mean distance to the Perihelion. Also given the
Eaxcentricity, to find the difference of the times, and conversely.

- D

B

A 8 c v

ADVis 9%% described on A V.

T of passing through Aphelion : t through Perihelion

::SBV:SBA
::SDV:SDA
::CDV+—D—-C?'§—9:CDV——-D——(-’-'2—S——9.

Let Q = quadrant CD V,
a.ae a.ae
Tt Q4+ 5 :Q_._,2
S(TH+t=)P: T—t::2Q:a.ae
P a.ae
T =t = 5 Q«———
whence T — t, or, if T — t be given, a e may be found.

198. If the perihelion distance of a comet in a parabola = 64, ®’s mean
distance = 100, compare its velocity at the extremity of L with @’s velocity
at mean distance.

Since @ moves in an ellipse, v at the mean distance = that in the circle
e.d. and v in the parabola at the extremity of L

:vinthecirclerad. 2S A:: ¥ 2:1
vin the circlerad. 2 S A
: vin the circle rad. AC:: ¥VAC: ¥ SA
*. v in the parabola at L ‘ ‘
:v in the ellipse at B :: ¥ 2, AC: ¥ SA.2
i Y0V 2:8v 2
) HER 4

194. What is the difference between L of a parabola and ellipse, having
the same < distance = 1, and axis major of the ellipse = 8007 Compare
the v at the extremity of L and <* distances. '

In the parabola L = 4 A S = 4.
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i allipse 17 z23 0! = o5 (A Ct —AT—FAY)
n_600—1
= (2AC.AS— AS)-—-——-—-—-wo

wL—L=4—(4— 150) 150

v in the parabola at A : vin thecirclerad. SA:: v 2:1
v in the circle rad. S A : vin the ellipse e.d. :: ¥ AC: ¥ H P
t i ¥VAC: ¥V 2AC—SA:: v 150: /299

o vin the parabola at A : v in the ellipse e. d. : : + 300 : ¥/ 299,

Similarly compare v*. at the extremity of Lat. R.

195. Suppose a body to oscillate in a
whole cycloidal arc, compare the tension
of the string at the lowest point with
the weight of the body.

The tension of the string arises
from two causes, the weight of the
body, and the centrifugal force. At
V we may consider the body revolving
in the circular arc rad. D V, .- the 7 1
centrifugal = centripetal force. Now \%
the velocity at V = that down C V by the force of grav.

= that with which the body revolves in the circle rad.
2CV.

.. grav. : centrifugal force : : 1: 1,

%
Q

. tension : grav. 1:2:1

196. Suppose the body to oscillate C A

through the quadrant A B, compare the
tension at B with the weight.

At Bthestring will be in the direction of

gravity; .. the whole weight will stretch

the string; .-.the tension will = centrifugal < /
force 4 weight. Now the centrifugal \ -
force = centripetal force with which the B

bbdy would revolve in the circle e. d.
And vin the cirdle = V2 g-F.
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1 ] . ) ,
WF=Y_ = Y _inthis case,

gR " gCB
also v/ at B from grav. = + 2g. C B, grav. = 1.
vl!

e gl‘av. =1= §—-g—C—B-

v?e vl 1]
.'.F:Agrav.::m:m::2: 1,
since v = v/,
~ tension : grav.:: 8 : 1.
19%. A4 body wibrates in a circular arc C B
Jrom the center C ; through what arc must
it wibrate so that at the lowest point the
tension of the string = 2 X weight ?

v from grav. = vd. NV, (if P N P
be the point required) v/ of revo-

.. . cVv /
lution in the circle = v d. -5 v—"

.. centrifugal force : grav.: : v: v/ 13 J —_..Ezi ¥ NV

.. centrifugal force4-grav. (=tension) : grav. : : JC—;-, 4+ vV NV:¥ NV

: : 2: 1 by supposition,

T
5T =
ANV = —.2-‘—'

198. There is a hollow vessel in form
of an inverted paraboloid down which
a body descends, the pressure at lowest
point = n . weight, find from what point G
it must descend.

At any point P, the body is in the
same situation as if suspended from G,
P G being normal, and revolving in the
circle whose rad. G P. Now P G = A P

VQAS.§I,.‘.&CA,PG=

¥VNV=2+&NV

| <
+

1l

o]
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VAAST=2A8. Ahov'stAwnth which the body revolves =
2g. F. BAS

2
«. centrifugal force = §—gv_ﬂ_§

and grav. = B—;—?—B-, if h = height fallen from.

But the whole pressure arises from grav. 4- centrifugal force, and=n. grav.
«. centrifugal force 4 grav. : grav.

tin:l
or
1 1 l
—-S -E' tn:l,
AlS —}ll—::n—l:],
~h=n—1.AS. _ 1/
199. Compare the time (T') in which a body de-~

scribes 90° of anomaly in a parabola with T in the /
circle rad. = S A. L

Time through AL:1::area ASL:ainl”

L r_AS.SL_4As

- A 8o
a 8a
T in the circle rad. S A : 1:: whole circle : a’ in 1”
T_erAS’z
= —
v, ..i._’f_
T.T..sa.a,

and

a:a:: ¥YL: ¥V 2AS:: ¥4AS: ¥2AS::v 2:1
4

. ’ . .. . o .
..T.T..s———-—,2.w..2‘\/2.3m

Compare the time of describing 90° in the parabola A L with that in the
parabola A 1, (fig. same.)

t: Tinthecirclerad. SA::4:8+ 2.7
T in the circle S A: T inthe circlerad. s A:: SA¥: s A%
(smeeTfot R?)

. T:t throughl A::8 v 2,0:4

o tthrough SA:t througho A::SAY: oAk,
See Sect. VL. Prop. XXX.
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200. Dra.'w the diameter P p such that the time through P V p: time
throughpAP::n:l,forceOts-l—r;-,. '
Describe the circle on A V.

Let t = time through P V p, and T the periodic time
n _ PVpS_QVqgS _circe4+ s QqS

U= TF T T elipse T cirde circle
_circle+SR.2CQ
- 2 2
circle
xat .
= 5 4 ae,sln.u.a .
» (u = excentric anomaly)
zat
— K + s
=3 e. sin. u
@<
x -
ne=n--41 (—§+esm.u)
x T .
= §+—2—+n+l.esm.u
s sin. u = —1 -
..As 'u_n+l 5’
warsvas s .rmines u, &c.

201. The Moon revolves round the Earth in 80 days, the mean distance
Jrom the Earth = 240,000 miles. Jupiter’s Moon revolves in } day, the
mean distance from Jupiter = 240,000 miles. Compare the absqute Jorces

of Jupiter and the Earth.
Vor. I * L
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. § .
Tx -A—- ~» A being the major axis of the ellipse,

~IfA be given, p o == T‘

Mass of Jupiter "~ T * of the Earth’s Moon _ 80° _ 14,400

*"* Mass of the Earth T'® of Jupiter’s Moon R
4‘

202. A Comet at perikelion is 400 times as near to the Sun as the Earth
at its mean distance. Compare their velocities aé those points.

B

SA4A

Velocity* ofthe Comet _ F.4AS8 _F 4 _ F 1
Velocity® of the Earth ~ F.2BS ~ F " 2,400~ F " 200
400 1

T 00 — °%°

V. _ 4/ 2.20 _ 80
v

f s

=—F =7 nearly.

208. Compare the Masses of the Sun and Earth, having the mean distance
of the Earth from the Sun = 400, the distance of the Moon from the Earth,
and Earth’s P4, = 18. the Moon’s P4,

3
T* 'aT"—’

O b X Tg’
Mass of the Sun __ 400° .. 64,000,000

1
* Mass of the Earth — 17 "13¢ — i69

= 400,000 nearly.

204, If the force x ;{1 —_ xﬁ-, where x is the distance from the center
of Sorce, it will be centripetal whilst — > ,, or x > a3 there will be

a point of contrary flezure in the orbit whmx!; = 5—;, orx = a, and

afterwards when x < 8, the jforce will be repulsive, and the curve change
its direction,
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205. The body revolving in an ellipse, at b
B the force becomes n times as great. Find B

the new orbit, and under what values of nit /] \
C

will be a parabola, ellipse, or kyperbola.
S being one focus since the force AlTs }

in B H produced both ways, since AN
S B, H B, make equal angles with

the tangent. V?* = %— F.PV = % F.2 A Cin the original ellipse, or

= %— n F. P V in the new orbit.

2SB.h B
"SB+hB’

2
~(SB4+hB)AC=2n.SB.hB,
+AC*+hB.AC=2nAC.hB,

AC
~hB= ST
If2n— 1 = 0, or n = $, the orbit is a parabola; if n>> }, the orbit
" is an ellipse; if n < }, the orbit is an hyperbola.
Let S C in the original ellipse be given = B C,
.S B H = right angle, and SBor AC = Bh.cot. BSh
whence the direction of a a’, the new major axis; also

W2AC=n.PV=n

a8’ =SB+ Bh,and S¢ = %ﬁ = :LBE;—.,_S_E',

If the orbit in the parabola a a’ be parallel to Bh, and L. R =28 B,
since S B h = right angle.

206. Suppose a Comet in its or-
bit to impel the Earth from a cir-
cular orbit in a direction making
an acute angle with the Eartk's
distance from the Sun, the velo-
city after impact being to the velo-
city before :: ¥'8: ¥ 2. Find
the alteration in the length of the
year.

Since ¥ 8 : ¥ 2 < ratio than # 2 : 1, .~ the new orbit will be an
ellipse.

L2
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V:*_8 PV _28P.HP_HP
vV T 2 T8SPTAC.2SPTAC
‘ _2AC—SP
T T AC

~8AC=4AC—2SP
~2SP=AC

.Tinellipsg_2gSP&_§_nwl
“Tincirde ~ gpfF T 8 ¥

207. A body revolves in an ellipse, at any given point the force becomes
diminished by L part. Find the new orbit.

AlS C H Ja

B

vix F.PV
.. in this case P V « —;,-,

1
.PVinellipse _ 1—n _n—1
““pvinneworbit — ~ 1 T " n

But
n
v®in conic secton _ pv _n—1'PV
viincirclee.d. ~ 2SP - ~ 28P
_ n HP
“"n—1"AC

wWif —2 _ _HP = ' A C, thenew orbitisaCircle

n—1
= 2 A C, —————w—— Parabola
< 2AC, Ellipse j
> 2 A C, ——————— Hyperbola

-2 _ = 2, orn=2, then when the orbit is a circle or an ellipse, P

wmust be bétweeri a, B; when the orbit is a parabola, P must be at B;
when the orbit is an hyperbola, P must be between B, A.
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208. If the curvature and inclination of the tangent to the radius be the
same at two points in the curve, the forces at those points are inversely as the
radii®,

F = 8at _ 8a* _ - 8at 1
g-SY" . PV~ g SY.SP.R™g.sin.dSPT.R*S§P*"

This applies to the extremities of major axis in an ellipse (or circle) in
the center of force in the axis.

209. Required the angular velocity of p.

By 46, 4 being the traced-angle,

w= 939
Tdt
But by Prop. I. or Art. 124,
dt: T::dA:A
td o
uL?aAum)
cacds_2A 1
TTTAdeT T T g
or
P:gv.........(a)

210. Required the Centrifugal Force (p) in any orbit.

When the revolving body is at any distance ¢ from the center of force,
the Centrifugal Force, which arises from its inertia or tendency to persevere
in the direction of the tangent (most authors erroneously attribute this force
to the angular motion, see Vince’s Flux. p. 288) is clearly the same as it
would be were the body with the same Centripetal Force revolving in a

“circle whose radius is p. Moreover, since in a circle the body is always
at the same distance from the center, the Centrifugal Force must always
be equal to the Centripetal Force.

But in the circle

QT*=QR x2SP
and .. by 187 we have
BA*_. 1 _4A°_ 1
F=gT X35 =g X ¢

or

P and V belonging to the orbit.
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Hence then '

Prtv:! 1
— X-—- . . . ] . . . . . . a
_ o (@)
Hence also and by 209,.
‘ = utXe L L
¢ z (b)
And 189,
dp d
F:¢::-—§—,~p:—e-g R (V)]

21). Required the angular wvelocity of the perpendicular upon the
tangent.

. If two consecutive points in the curve be taken; tangents, perpendiculars
and the circle of curvature be described as in Art. 74, it will readily ap-
pear that the incremental angle (d 4) described by p = that described
by the radius of curvature. It will also be seen that

QT PQ
dd:d«l.«(::-—}—-:——R):: E-Tef
But from similar triangles )
PV:2R::p:
wdo:dy::PV:2p
P V being the chord of curvature.

Hence
d do _ 2
(= _a_‘i’) = 51 X pi; (see 209)
—exgb L. L@
or
_2PxV @
—-é—x-_P_-v . . . . . . . . . . .
or
_PxV dp

X Y ( 4
pe ~ dg ()
Ex. 1. In the circle PV = 2¢; whence

W o ——— 02 W
e!
Ex. 2. In the other Conic Sections, we have
2

bt
Rafg

Pt =
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which gives by taking the logarithms
2lp=1bt41pg—1(2aF¢) .

and (17 a.)
2dp _dgy dp __2adg
P ¢t 2aF¢ ¢(2aFo)
whence
_ aPxV .
T e*(RaFe)

212. Required the Paracentric Velocity in an orbit.
It readily appears from the fig. that

ds:dg::g: ¥ g2 —p-=
*. If u denote the velocity towards the center, we have

_dgy _ds ¥ *—p*
“(—d’t i E e

=PXV vVt —pt (125)
4

=PV><,J( l,
= JE—

or

Also since
1 e*dé® 4 dg*
pz"' e4d0:
uw=PV x -3¢
- e*d

18

(8)

(h)

(k)

213. To_find where in an orbit the Paracentric Velocity is a mazimum.
From the equation to the curve substitute in the expression (212. g)
for p*, then putd u = 0, and the resulting value of ¢ will give the posi-

tion required.
Thus in the ellipse

bt

p* 2a—
and
2a8—p 1

2 .. PVy? . =) =
u va(b’g e,)_max
2a 1 1
..E-i—é——?——'—b’_w
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2ad 2d
o m— -%gig + gag =

_ b* __ Latus-Rectum
£= % 2

or the point required is the extremity of the Latus-Rectum.

and

OTHERWISE.

Generally, It neither increases nor decreases when F = ¢, Hence
when u = max. (see 210)

d p - __g .
p? ¢
which is also got from putting
d(u? =0

in the expression 212. h.

214. To find where the angular velocity increases fastest.
By Art. 209 and 125,
d w d g PV 2PV de

It =2PV x —'—a—"’ "—“‘—xe‘—(‘l—os
.'.E—:—lag—z=max.............(a)

But from similar triangles
'p: ¥ (2 —pY::QT:PT::pdo:dp
. dw _2P*V?

X & (¢ — p*) = max.

dt T opet
L 1 1
'.'Bpfg? rge g-__max B )

either of which equations, by aid of that to the curve, will give the point
required.

Ex. In the ellipse
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which gives
at= ¥ (49 —48bY)

aal-:t

¢ =

for the maxima or minima positions.
If the equation
_be 1
¢ = % X T¥ecosd

and the first form be used, we have

a — X g¥sin. 0
Eﬂ
and
sin. ¢
—4 = max. = m
g

Whence aud from d m = 0, we get finally
1 1 3\
cos.0=--—j-; /(6Té—’+z)'

215. To find where the Linear Velocity increases ﬁtstest.

Here
dv
a—i;—-nlax.
But (125)
v=LxV
P
and
PXV va e—-p’
LAv _PIVEM(et—pY)  dp
Tdt T ¢ pide
=ng_____p__V(g"— 2).
LV *—p), dp
¢ pide
or = max. = m
F x V(e'—*P’)
¢
and
dm =0

will give the point required.

108
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“Thus in the ellipse
]
F“?
,B""‘ s_ 1 bt
..-—?B—'_—e—;—mzmax.
dm 4 , 10ab®et—6b2ys
T STt TR
which gives
1] ]
€3+4ae2_8a____-2’-8bg+—g—abz=0,

whence the maxima and minima positions.
In the case of the parabola, a is indefinitely great and the equation
becomes ’

4a’g———g-ab’= 0

bﬁ
a

S

= 3 %X Latus-Rectum.

X 16

Sop = ~8-

Many other problems respecting velocities, &c. might be here added.
But instead of dwelling longer upon such matters, which are rather
curious than useful, and at best only calculated to exercise the student,
I shall refer him to my Solutions of the Cambridge Problems, where: he
will find a great number of them as well as of problems of great and
essential importance.

SECTION IV.

216. Prop. XVIIL If the two points P, p, be given, then circles whose
centers are P, p, and radii A B x SP, A B J S p, might be described
intersecting in H.

If the positions of two tangents T R, t r be given, then perpendiculars
ST, S t must be let fall and doubled, and from V and v with radii each
= A B, circles must be described intersecting in H.

Having thus in either of the three cases determined the other focus H,
the ellipse may be described mechanically, by taking a thread = A B in
length, fixing its ends in S and H, and running the pen all round so as to
stretch the string.



Boox 1. NEWTON’S PRINCIPIA. -

This proposition may thus be demonstrated analytically. -

Ist. Let the focus S, the tangent T R, and the point P be given in
position; and the axis-major be given in length, viz. 2 a. Then the per-
pendicular S T (= p), and the radius-vector S P (= ¢) are known.

But the equation to Conic Sections is

bt
2afe

pt=
whence b is found.
Also the distance (2 c) between the foci is got by making p = ¢, thence
finding ¢ and therefore ¢ = a Fg.
This gives the other focus ; and the two foci being known, and the axis-
major, the curve is easily constructed.
217. 2d. Let two tangents T R, tr, and the focus S be given in position.
Then making S the origin of coordinates, the equations to the trajectory
are
b® b 1
plzzaé—z, Bnde:‘.-;-.l_'_ecos.(o_“) e (a)
o being the inclination of the axis-major to that of the abscisse.
Now calling the angles which the tangents make with the axis of the ab-
scissee T and T”, by 31 we have

=4y
tan.T_a—}
But
. X =gcos. 6 y = gsin. ¢
whence
_dgsin. § 4 pddcos. ¢
tan'T—dgcos.o-—-gddsin.o
e—ea(—l-‘-,tan.0+l
=, (b)
EEgm—
Also from equations (a) we easily get
%::—:’.gsin.“—a) B 4 3]
2—-
cos.(&-—a):bae:e P )]
sm.(d--a):ﬁ—ex ¥V (2ag=—p*—Db?) . . (3)
and -
2
Rap R O

g=-—p—'-i:—53 . Y . . .
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ud putting. : S
: R= V(2ag~—g‘—b‘) N ()]
w@ have
E'”“' = tan. (0 —a) = lt-:-n't:n. e @
which gives tan. ¢ in terms of a, b, g, and tan. «.

Hence by successive substitutions by means of these several expres-
sions tan. T may be found in terms of a, b, p, tan. «, all of which are given
except b and tan. «. Let, therefore,

tan, T = f (a, p, b, tan. o).
In like manner we also get
tan. TV = f (a, p/, b, tan. )
p’ belonging to the tangent whose inclination to the axis is T.

From these two equations b and tan. « may be found, which give
¢ = # a®'—Db*and a, or the distance between the foci and the position
of the axis-major; which being known the Trajectory is easily con-
structed,

218, 8d. Let the focus and two points in the curve be given in posi-
tion, &c.

Then the corresponding radii g, ¢/, and traced angles 4, #, in the
equations

_ +a(l—e?
¢= 1 + ecos. (0 — a)
, +a(l—e?)

= T ecos (¢ —«)
are given; and by the formula
cos. (§ — a) = cos. 8. cos. & 4 sin. ¢ sin.a
2 a e and « or the distance between the foci and the position of the axis-
major may hence be found.
This is much less concise than Newton’s geometrical method. But it
may still be useful to students to know both of them.
219. Proe. XIX. To make this clearer we will state the three cases
separately.
Case 1. Let a point P and tangent T R be given.
Then the figure in the text being taken, we double the perpendlcular
8 T, describe the circle F G, and draw F I touching the circle in T and
pasging through V. But this last step is thus effected. Join V P, sup-
poserlt to cut the circle in M (not shown in the fig.), and take
VF¢=VMx (VP 4+ PM)
The rest is easy.
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Case. 2. Let two tangents be given. Then V and v being determined
the locus of them is the directrix. Whence the rest is plain.

- R~
v

Case 8. Let two points (P, p) be given. Describe from P and p the
circles F G, f g intersecting in the focus S. Then draw F f a common
tangent to them, &c.

P
F
f
I S_—8
K S~
G

But this is done by describing from P with a radius = SP—Sp, a
circle ¥/ &, by drawing from p the tangent p ¥’ as in the other case (or
by describing a semicircle upon P p, so as to intersect ' G’ in F') by
producing P ¥’ to F, and drawing F f parallel to ¥’ p.

See my Solutions of the Cambridge Problems, vol. I. Geometry, where
tangencies are fully treated.
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*Tluse three-cases may ensily be deduced analytically from the general
iolution above; or in the same way may more simply be done at once,
rom the equations :
. _ L 1
pPPEgee=sg X T+ cos. (0 —a)

220. Pror. XX. Case 1. Given in species] means the same as * simi-
lar” in the 5th LEMMa.

‘Since the Trajectory is given in species, &c.] From p. 86 it seems that
the ratio of the axes 2 a, 2 b is given in similar ellipses, and thence the
same is easily shown of hyperbolas. Hence, since

ct=a®*Fb?
2 c being the distance between the foci, if % = m, a given quantity, we
have

®|o

which is also given.
With the centers B, C, &c.]
The common tangent L K is drawn as in 219.
Cases 2. 8. See Jesuits’ Notes.

OTHERWISE.

. 22). Case J. Let the two points B, C and the focus S be given.
Then

_ __Fa(d—e?)
¢ = 1T+ ecos. (0 — a) 1)
, +a()—e?) Coee .

s g e cos. (¢ — a)
« being the inclination of the axis of abscissee to the axis major.
But since the trajectory is given in species

c.
e = — is known,
a

and in equations (1), g, 8; ¢s ¢, are given.
Hence, therefore, by the form
cos. (§ — a) = cos, 4, cos. & + sin. 4 sin. &,
a and a, or the semi-axis-major and its position are found ;
" also ¢ = a-e is known;

which gives the construction.
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Case 2. By proceeding as in 220, in which expressions (e) will-be
known, both s, a e, and « may be found.
Case 8. In this case

pi—_l)_!_~Lx—£—_~.l~e §

Zagy 2ate
will give a. Hence ¢ = a e is known and
+a(l—e?)

=T+ ecos. (6 — o)
gives a.
Case 4. Since the trajectory to be described must be similar to a given
one whose a’ and ¢’ are given,

-

®|e

C
=

is known (217).

Also ¢ and ¢ belonging to the given point are known.

Hence we have

+a.(1—e?
14 ecos. (§ — «)

And by means of the condition of touching the given line, another
equation involving a, « may be found (see 217) which with the former
will give a and «.

222. ScHorium 10 Pror. XXI.
Given three points in the Trajectory and the focus to construct it.

e =

ANOTHER SOLUTION.

Let_the coordinates to the three points be g, 8; ¢, #; ¢, ¢, and « the
angle between the major axis and that of the abscissee. Then
+a.(l—e?
=T+ e cos. (0 — a)
¢ = +a(l—e?
"1+ e cos. (— @)
¢! = ta(l—e®)
T 14 ecos (¥ —a)
and eliminating +a (1 —e*) we get
g—g¢ = e.cos, ({ — a) — e cos. (0—-@)} (B)
g—¢ =e.cos. (¢ —a) — e cos. (¢

(4)
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‘g which eliminating e, there results

g cos. (F —a) — g cos. (0 — a) ¢ cos. (¢ — &) — ¢ cos. (J — @)
Hence by the formula
€08, (P« Q) = cos. P. cos. Q + sin, P.sin. Q
tam, @ = (e—¢')¢" cos. &'—(g—¢") ¢ cos. & ¢ (¢ —¢’)cos.d
t—g) ¢ sin. ¢ —(g—¢ ) gsm. 0 +¢(f—¢ )sin.0

W

——

which gives a.
Hence by means of equations (B) e will be known; and then by substi-
tution in eq. (A), a is known.

SECTION V.

The preliminary LEMMAs of this section are rendered sufficiently intel-
ligible by the Commentary of the Jesuits P.P. Le Seur, &c.
Moreover we shall be brief in our comments upon it (as we have been
upon the former section) for the reason that at Cambridge, the focus of
mathematical learning, the students scarcely even touch upon these sub-
“jects, but pass at once from the third to the sixth section.
223. Prop. XXIL
This proposition may be analytically resolved as follows:
The general equation to a conic section is that of two dimensions (see
Wood’s Alg. Part IV.) viz. :
v+ Axy+Bx*+ Cy+Dx+E=0
in which if A, B, C, D, E were given the curve could be constructed.
Now since five points are given by the question, let their coordinates be
a Bs a B; o B3 oy By B,
11 22 83 4 4
These being substituted for x, y, in the above equation will give us five
simple equations, involving the five unknown quantities A, B, C, D, E,
which may therefore be easily determined; and then the trajectory is
aasily constructed by the ordinary rules (see Wood’s Alg. Lacroix’s Diff.
Cal. &ec.) ‘
224, Prop. XXIII. The analytical determination of the trajectory
from these conditions is also easy.
Let,

a B; f,‘ﬁ;:,f;:,f
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be the coordinates of the given point. Also let the tangent given in pusi-
tion be determinable from the equation
' y=mx+4n . . ... 0 ., (a)
in which m, n are given.
Then first substituting the above given values of the coordinates in
v+ Axy4+Bx*4+ Cy+Dx+E=0 . . . (b)
we get four simple equations involving the five unknown quantities
A, B,C,D, E; and secondly since the inclination of the curve to the axis
of abscissee is the same at the point of contact as that of the tangent,
d dy
=47
y=y
x =x
. Ay+2Bx 4+ D
" 2y4+ Ax+4 C
and substituting in this and the general equation for y its value

= —m

y =mx +4n
we have
Amx +n)4+2Bx 4+ D _
2(mx+n) 4+ Ax+4 C =—m

and
mx+n)*+Ax(mx+n) 4+ Bx*+ C(mx+n)+Dx+ E=0,
from the former of which
__nA4+mC+D
T 2(m®4+mA+B)
and from the latter
1
T 2(m*+ mA +B)
FVimA4+mC+D+2mn)*—(n*+nC + E)(m?+ mA + B}
and equating these and reducing the result we get
dm'n*=mA+mC+D+2mn)*—(n*4+nC+E)(m*++m A4 B)
and this again reduces to
n*A*4+m*C*+D*+mnAC+2nAD
4+2mCD—nBC—~mAE—~BE+ 8mn*tA
+8nm!C+4mnD—n*B—m?*E—n*m?*=0
which is a fifth equation involving A, B, C, D, E.
From these, five equations let the five unknown quantities be determined,
and then construct eq. (b) by the customary methods.
‘M

X =

X (nA+4+mC+4D42mn
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225, Pror. XXIV.

OTHERWISE.

Let

wy 35 oy, 35 oy 87
be the coordinates of the three given points, and

y =mx'+n

y/'=m'x" 4 1’
the equations to the two tangents. Then substituting in the general
cquation for Conic Sections these pairs of values of x, y, we get three
simple equations involving the unknown coeflicients A, B, C, D, E; and
from the conditions of contact, viz.

dy _ dy’ _ m? d; dy”
¢

y _ _
dx T dx T Ix—(T;’_’—m/l
y y/ g y=y// s
X = x’ X = x”

We also have two other equations (sce 224) involving the same five un-
knowns, whence by the usual methods they may be found, and then the
trajectory constructed.

226. Pror. XXV,

Procecding as in the last two articles, we shall get two simple equations
and three quadratics involving A, B, C, D, E, from whence to find them
and construct the trajectory.

227, Pror. XXVL

In this case we shall have one simple equation and four quadratics to
find A, B, C, D, E, with, and wherewith to describe the orbit.

228. Pror. XXVIIL

In the last case of the five tangents we shall have five quadratics.
wherewith to determine the coeflicients of the general equation, and to
construct.

Il
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SECTION VI
229. Pror. XXX.
OTHERWISLE.,

After a body has moved V' from the vertex of the parabola, let iof be ) e-
quired 1o find its position.

If A be the area described in that time by the radius veetor, and P, V

the perpendicular or the tangent and velocity at any point, by 124 and
125 we have

and by 157,

> —_ f g L
PV = N2
L being the latus-rectum.
i _Vgu L
.. l\ —_— 2 '\/HQA x t.
But

ASDP =

AOP—SOP=$A0xPO—LSOxPO
Pxy—d.(x—r)y
where r = A S, &c. (see 21) and

0

ye=4drx
=N T2 TN T o Y F T oY

Syi412ry = 12rt V—g—/:;
by the resolution of which y may be found and thercfore the position of 1",

OTHERWISE,

230. By 46 and 125,

Also
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de= PS¢ .. @

which is an expression of general use in determining the time in terms of
the radius vector, &c.
In the parabola

pi=rg
whence
v r ede
dt= X Fe=n
and integrating by parts
24r
t=
V
{eV(e-—l)———(e~l) }
2
= 3(: r) X (e+ 271)
But
c=PV=w2gur (229)
.'.tzsz//ir x(g+2r)(g—r)i’ (b)

which gives
e +3re?=4r°+ g gut,
whence we have ¢ and the point required.
By the last Article the value of M in Newton’s Assumption is easily
obtained, and is
A t gn

M=m=7 %5

231. Cor. 1. This readily appears upon drawing S Q the semi-latus-
rectum and by drawing through its point of bisection a perpendicular to
G H.

232. Cor. 2. This proportion can easily be obtained as in the note of
the Jesuits, by taking the ratio of the increments of G H and of the curve
at the vertex; or the absolute valuc of the velocity of H is directly got
thus.

v=d GH _3dM_ 3 'gu.
=Tdr T e T aa 2x

Also the velocity in the curve is given by (sce 140)

P V 2gu

o

""=2gFx
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and at the vertex g =1,
— /2gs
v = =

sviviii3:i8.

233. Cor. 3. Either A P, or S P being bisected, &c. will determine
the point H and thercfore
4 2r
3 ~/ Y x G H.

234. Lemma XXVIII. That an oval cannot be squared is differently
demonstrated by several authors. See Vince’s Fluxions, p. 356; also
Waring.

235. Pror. XXXI. This is rendered somewhat easier by the follow-
ing arrangement of the proportions :

If G is taken so that

0G:0A::0A:08

t =

or

. OA:*
0G = 0S
and
GK:20G::t:T
or

2ax OA* t

GK = 0S -X,r . . . Ve e (d)

Then, &c. &c. Ior
ASP=ASQ x —::

:f_: X (OQA—0QS)
= 2 (0QXxAQ—0Q X SR)

b X
= 5 (AQ—SR).

But
SR:sin,AQ:: SO: 0A
tOA:O0G::AQ:FG
SR =AQsnAQ
o bl{«—"'—*‘i“\()
and
AQ—SR =3 x(FG—sin AQ)

M3
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81? X (FG—sin. A Q)

.-ASP—OSXb
) - 2a

X (FG —sin. A Q)

=9—;%bxGK.......(b)
(see the Jesuits’ note q.) which is identical with (a), since
t_ASP
T — Ellipse
A SP
dab ’
OTHERWISE.
236. By 230 we have
_ _ pedg edg
dt = —>2 -+ . —
c¥ (g*—p?) e’ )
But in the ellipse
._ b
L Py
bede
dt = ¢V (2ap—Db*—¢")
and putting
g—a=u
it becomes
b.(a4u)du
dt = cv (ate*—u?)
2 a e being the excentricity.

Hence

ba du udu
‘="c"f7‘(5‘2e —u‘) /V (a%e*—u?)
_ba. _,u b 242 2 )
= — sin. .oe——?V(ae—u)-k(,.

Lett = 0, when u = ae; then
. ba
c

and we get

__b'l - - u b A0l 2
t=--X (—§+>m lé)—g. vV (atef—ut)
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which is the known form of the equation to the Trochoid, t being the ab-

scissa, &c.

Hence by approximation or by construction u and therefore ¢ may be

found, which will give the place of the body in the trajectory.

It need hardly be observed that (157)

e sin.d

r
= V= /8#1 = g1,
c=Px ~ 3 L=>»b o 25
OTHERWISE.
[ ] )
237. dt = £ e 5
¢
but in the ellipse
_ b 1
¢= 14+ ¢ cos. o
dt = ‘b‘ X dg
a‘c (l+<,c0s 0)-
and (sec Hirsch’s Tablgs, or art. 110)
___‘r(l—e o, ¢4 cos.d
b= {V(l—-c‘) cos. “I4ecosd
which also iﬂdl(.dleb the Trochoid.
To simplify this expression let
cos, —~! Ltcosd
1 4 ecos. 0~
then
Lt cond = CO0s. u
l 4 ecos.
and
¢ —COS. U
Cov. 0 = - -
¢ cos. u~—1
Ience
vV (1l —et
S 0 = ( ‘Ll
1 —ccos.u
and

_“E_sin.o __ esin.u
1+ ecos.d ™ ¥ (1—e?)
a’ ¥ (1—c?)

St =

But (157)

X fu-— esin. u}

c=PV=b., /8= v (1 —cY) vigun

M4

1

T T 4 ccos. 0
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5
a? .
t= — esin.
v (u—esin. u)
§
Let -—z-‘;»__ = _l_ .
v ow n

Then

nt=u—esinnu . . . . . . . . . (1)
Again, ¢ may be better expressed in terms of u, thus

. 0 l1—cos.0 14e 1—cos.u l+ u
tan.* - = = ——tan, ?—
2T 1§ cos0 - T—e T Feosu—1—c™ 3
0 1+4e u
tan~ Nl— X tan SRR (2)
Moreover ¢ is prresmblc in terms of u, for
_ a(l—ef)

IA_—F—e—»wso—-x(l—ccos.u) N )

In these thrce equations, nt is called the Mean Anomuly; u the
Lgcentric Anomaly, (because it = the angle at the center of the ellipse
subtended by the ordinate of the circle described upon the axis-major
corresponding to that of the ellipse); and 0 the True Anomaly.

238. SCHOLIUM.

Newton says that ¢ the approximation is founded on the Theorem that
The area AP S o« AQ — ST, ST being the perpendicular let fall from
S upon O Q.”’]

First we have

APR:AQRX?—:
SPR:SQRX‘L:
‘ A < b
'.ASP:ASQX—;
But
ASQ=A0Q—-S5S0Q
=} AQXAO0O—-}SFx0Q
=5A0 X (AQ—ST)
‘.AbI’—%foQ S T)
b , .,
=-§x(au—acsm.u) N ¢ )

u’ being the 2 A O Q.
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(Ilence is suggested this easy determination of eq. 1. 237,

TFor . > .
A Sp 2rat 5 (au—ac sin.u)
t=T x i = ez X
Ellipse ~ & ug =ab
al :
= — X (u— e sin. u).)
vV g
Again, supposing v’ an approximate value of u, let
E
u=1u + N
Then, by the Theorem, we have
2ASp

=Aq—S O Xsin. Aq

b -
=AQ+ Qq+ —SOxsin. AQ+Qq)
to radius 1
But A Q being an approximate value of A ¢, Q q is small compared
with A O, and we have
sin. (A Q-+ Q q) = sin. AQ cos. Qq+cos. A Qsin. Qq
= sin. AQ + Q q cos. A Q nearly.

1
2A8 . SO
S Qq= ( AbS P_AQ+ SOsin. A Q) x Pl— —————=- nearly
SO T cos AQ

which points out the use of these assumptions ¢

N = 2_{@‘:5 b bi—i‘ x area of the Ellipsc

oo =ETa

B=S5S0 =7

and

IV =S 0O.sin. AQ = B'sin. AQ
.
V=30
Then
1/

Qe=N—=AQ+ D)X —rt7g
in which it is easily secen B/, N/, 1), 1.
arc identical with B, N, D, L.

Ilence

]J

E=Qq=(N -—AQ+D)L+cos AQ’



186 A COMMENTARY ON [Secr. VIL

Having augmented or diminished the assumed arc A Q by E, then re-
peat the process, and thus find successively
G, 1, &c.
For a developement of the other mode of approximation in this
Scholium, see the Jesuits’ note 386. Also see Woodhouse’s Plane Astro-
nomy for other methods.

SECTION VIL

1 A

«» Determine the spaces which a

239. Prop. XXXII. F «

distance
body descending from A in a sthaight line towards the center of
force describes in a given time.

It the body did not fall in a straight line to the center, it would
describe some conic section round the center of force, as focus
ellipse
(which would be < parabola % if the velocity at any point were to S |
hyperbola

1
the velocity in the circle, the same distance and force, in R".{ =
' >

|

vV 2: 1) )
(I) Let the Conic Section be an Ellipse A R P B.
Describe a circle on Major Axis A B, draw

C P D through the place of the body perpendi-

cular to A B. Crmm—
The time of describing A P « area A SP «

area A S D, whatever may be the excentricity 0l

of the ellipse.

Let the Axis Minor of the ellipse be diminish-

ed sine limite and the ellipse becomes a straight

line ultimately, A B bcing constant, and since S

A S.S B = (Minor Axis)? = 0, and A S finite ~ BL

~ S B = 0, or B ultimately comes to S, and

time d. A C « area A D B. ... if A D B be taken proportional to time,

C is found by the ordinate D C.

(T ACoxareaADBa ADO+ODBaxarcAD 4+ CD

.. take 0 + sin, ¢ proportional to time, and D and C are determined.)
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Hence
@ T 11
he time down A O 2t ot =+ 1y 9
r[‘, 0 B = ;:——._ =';—~— = ll‘* = Z‘ - Eneal’ly)
T—y 41 5 1 T 1

N. B. The time in this case is the time
from the beginning of the fall, or the time
from A.

(IT) Let the conic section be the hyperbola
B I* P. Describe arectangular hyperbola on
Major Axis A B.

T « arca SBEFP o areca S B E D.

Let the Minor Axis be diminished sine
limite, and the hyperbola becomes a straight 1
line, and T « area B D E.

- . - . . . !
N. The time in this case is the time {rom |
|

the end of motion or time to S. A

Let the conic section be the parabolaB I .
Describe any fixed parabola B K D.

T o arca SBFP o« area S B E D.

Let L. R. of B I' P be diminished sine
limite the parabola becomes a straight line,
and T « areca B D L.

N. The time in this case is the time from
the end of motion, or time to S.

Objection  to Newton’s mecethod.  If a

straight line be considered as an evanescent
conic scction, when the body comes to peri-
helion i. e. to the center it ought to return to aphelion i. e. to the original
point, whereas it will go through the center to the distance below the
center = the original point.

240. We shall find by Prop. XX XIX, that the distance from a center from
which the body must fall, acted on by a ¥ force, to acquire the velocity such
as to make it describe an ellipse = A B (finite distance), for the hyperbola
= — A B, for the parabola = «.

241, Case 1. vdv = — g u d x, f = force distance 1,
x*
SVi=gu. “_:_35)
: ax
it a be the original point
dx v a X
dt_w—‘,—z—-vz—gﬂ’dx v ix e
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{( x)dx ——dk }
—'J?g vVax—x* Vax;:;

! e =1
a —_— vers, —!'x
vt =/ - A-.«(Vax-—x’— l
20w l a
) rad. = | j
+ C, whent = 0, x = a, 2
[ a { AV oax—x34 (circumference

-— . D o =1y
t= ~/ 2g/z,' 5 vers. J;,
rad, = §)

_
:J»ZHM(CD+AI))

if the circle be described on B A = a,
a A LDOB ADAQI) 2

TN B2gp u' )'"V'g(r‘,‘,,

BAD.

a X .5 . . .
Case2. v* =2g u. -—;—-‘T » if — a be an original point,
/ / X (1 X
~N 2au g o vV oax + x?
for t in this case is the time to the center, not the time from the original
point,

wt =

dx dx

so—dt = — ,ordt = —.
v

v
Now if with the Major Axis A B = a, we describe the rectangular
hyperbola, .

we have
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d.BED=d.BEDC—d.ABD C=ydx—1XY = yd=—xdy

2
_Vux—F? a _ axdx _ vVageu
= o .dx-——x.(§+x)(lx_4vax+x.2_dt.2V2

2vax 4 x*

s tfrom B = N/’ -2—2{;;; . B E D, for they begin or end together at 13,

Al b) l
Case 3. v = 2 gp—,ifabe «,
X

tel
sdt = Q-E = Qﬁfb , t being time to B,
v e g
1 2 3 -\
to= N TYE x% 4+ C, whent =0,x = 0,..C = 0.
g

Describe a parabola on the line of fall, vertex B, L. R. = any fixed
distance a,

2 — 242

= ..1‘_.}.Vx.x= 2V2.?‘;.Vax.x— ——.BED.
vV 2gu vVagu vagu

. . E—_— 24 2 -
Hence in general, in Newton Prop. XXXII, t = == curvili-

ag W

near area, a being L. R. of the figure described.

In the eve t conic secti L.R _ 2 (Ax. Min.)® | i Ax
1e evanescent conic sections, L. R. == " = Maj. * " X,

Min. be indefinitely small, L. R. will be indefinitely small with respect to the
Ax. Min. The chord of curvature at the finite distance from A to B is ulti-

Q )
mately finite, for PV = 25 X .BA L sbutat Aor B, PV =L, = -

2
finitesimal of the second order. Hence S B is also ultimately of the second

order, for at B, S B = L. -—%E

2AS
1
Pror. XXXIIL - Force o gy

VatC v AC. .
e = TR Ilipse and hyperbola.
v in the circle distance SC — W SA in the ellipse and hyperbola

2



[Secr. VIL

_Ccp
= BQ’

190 A COMMENTARY ON
(— VY\’IZI 11\)x = L%when the conic section becomes a straight lme)
2 2
NEWTON’S METHOD.
L
Ve SY*_L SP
V:T28P T 2°SY*
Spe
AC.CB_ AO? _ _2A0
P? = Min Ax~®  2/Min. Ax. ¢
( 2 ( 2 ‘)
TTAO
.L_AO.CP?
2 7 AC.CB
V2 AO.CP:S
v:T AC.CB.SY®’
but
CO _BO
BO ™ TO’
,CO _CB comp. in the ellipse
“B°O T BT div. in the hyperbola,
LAC _CT div. in the ellipse
""BO T BT’ comp. in the hyperbola
L AC: _CPe
TAOTT BQY
.BQ*.AC _AO.CP*
TAO T TAC
V: BQ:*.AC.SP
v:T AO.BC.SY?
but ultimately
BQ=SY,SP =B,

*. ultimately

V% in a straight line
v in the circle

I
|

SR

Cor, 1. It appeared in the proof that 10 = BT



Book 1.] NEWTON’S PRINCIPIA. 191

AC_CT
AOT ST
(This will be used to prove next Prop.)
Cor. 2. Let Ccometo O, then AC = A Oand V = v,
. the velocity in the circle = the velocity acquired by falling externally

.. ultimately

through distance = rad. towards the center of the force a w——- 3
distance
242. I'ind actual Velocity at C.

_—._Vf “t,g_ - A E
v¢in the circle distance BC — B'A’
2
2AC 9AC wu ..
. V2= L v = 2T D y
BA " pA BC O
if » = the force at distance 1,
D magu A
- “BA.BC
Ve voge YL TX iBA=0BC=x
vV oax

L. space dce(nl)ul
If ais given, V « Spa

V space to be described
In descents from different points, .
¥ space deseribed
Vo —=== bace ¢
Vs sp.\(c cc to be deseribed X imitial l‘CIf?hL
In descents from different points to different centers,

4 space. (luuihul X .1l)~olutc ﬁn(e

V o —ee s,
VAR sl) ace 1o be deseribed X initial helnht
. /"
248. Otherwise. vd v = g
\ o a—X
SVE= 2 g when a is positive, as in the ellipse
¢

4+ x . . .
=2gn. when a is negative as in the hyperbola

1
= 2gw. —, when a is o, as in parabola

(w])cn x = 0, v is infinite)
V? in the circle radius x (in the ellipse and hyperbola)

VR

x*? X
v 2a—x a—x
SVES T in the cllipse, = ——.

a {
3)



192 A COMMENTARY ON [Secr. VIL

©

<

2a+x a4 X

(3)

V?in the circle radius = (m the parabola) = {.:

,J

in the hyperbola, =

2
%’ﬁ = —i— in the parabola.

244. In the hyperbola not evanescent

Velocity at the infinite distance _ S A /
velocity at A =Sy B b/

finite Re., but when the hyperbola van-

ishes, S Y ultimately = Min. Ax. for —
o -

i‘lf = S[)S’ and ultimately S C =

ACandbC = AC, . ultimately S Y = A b = C B, ... ultimately
SY _ infinitesimal of the first order

SA -~ /" ""ifthe 2d order

_ velocity at A ’

~ velocity at « distance

Velocity at C for
velocity in the circle, distance S C =1
2

245. Provr. XX).(IV

the parabola.

\ )
Tor the velocity in the parabola at P = velocity in the circle S -91 what-

ever be L. R. of the parabola.
246. Propr. XXXV. Torce «

(distance) ?”
The same things being assumed, the area swept out by the indefinite

radius SD in fig. D E S = area of a circular sector (rad. = =L 2B

of fig.) umiformly described about the center S in the same time.
Whilst the falling body describes C ¢ indefinitcly small, let K k be the
arc described by the body uniformly revolving in the circle.

Case 1. If D E S be an ellipse or rectangular hyperbola, L.R_SA

2 T 2
Cec CT
DA™ DT
CD_DT

SYTTS
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.Cc ChD _.CT_AC Li 1
PI.SY ™ Ts = A0 ultimately.
(Cor. Prop. XXXIIL)
But
velocity at C _~VAC
v in the c1rcl¢, rad. SC ¥V AO
v in the mrclc rad. S C SK AO
vin thecirclerad. SK ~ A&/ §C = ‘\’I SC
. ( ve10c1ty at C Cc /A C A_E
* \V'in the circle rad. S K b K K Kk~ N SCT CD

. Kk.AC _AC
"Dd.SY = A0’
*“AO.Kk=Dd.SY,
*. the area S K k = the area S D d,
*. the nastent areas traced out by S D and S K are equal
*. the sums of these areas are equal.

Case 2. If D E S be a parabola SK = !‘—,)—}—{
As above
Ce.CD _CT _ 2
DA.SYTTS™ 1 ‘
also velocity in the circle 5¢
Cc _ velocity at C L 2
Kk ~ velocity in the circle L. R~ velocity in the circle L. R
2 2
_ V' SK _ SK
= Vsc T CD
2 2

.CD =2. K k.S K
K K k .SK=Dd.SY.
247. Prop. XXX VI Vorce o L.
(distance) *

To determine the times of descent of a body falling from the given (and
. finite) altilude A S

On A S describe a circle and an equal circle round the center S.

From any point of descent C erect the ordinate C D, join S D. Make
the sector O S K = the area AD S(OK = AD + D C) the body

will fall from A to C in the time of describing O K about the center S
Vor. I. N
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uniformly, the force « Also S K being given, the period

distance®’

in the circle may be found, (P = N %‘ .#. SK %), and the time through

OK

=.ooo o — .. the time through O K is known. .-. the time
circumference

OK=P

through A C is known.

248. Find the time in which a Planet would jfull from any point in ils
orbit to the Sun.

A
T
/
‘)
(§)
> C
/
S
\\‘K
S “H
circle SP

Time of fall = time of describing —- 0 KH,SO=—,

~

period in the circle O K H _ period in the circlerad. SO _ S O* %
period in the ellipse ~ period in the circle vad. A C ™ A ci

o SO\ ¥ . ‘ :
.. the time of fall = }.P. (—A——C) » P=period of the planet. It the orbit

be considered a circle

sovtE 1 \F_
o) =) =,
and the time of fall
= 4‘—%72 = P.i/gz = P.% nearly
8
= L nearly,
6
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249. The time down A C « (arc

= AD+ CD), « CL, ifthe cy- 2'\ L
cloid be described on A S. Hence, ¢ D\ !
having given the place of a body at a 0= .
given time, we can determine the Pt
place at another given time. bf'—/“ S
Cutoff Sm=CL . timedAc )
time d. A C ‘
Draw the ordinate m 1; 1¢ will deter- n—"

mine c¢ the place of the body.
250. Prop. XXXVIL. 70 determine the times of ascent and descent of a
1
distance?
Let the body move off from the point G with a given velocity. Let

V2at G m?
—_— = —, (V v known, ... m known).
v ?in the circle e. d. 1° (V and ’ )

To determine the point A, take

body projected upwards or downwards from a given point, F o

GA _m:*
SAT 1T
2
. G A _m?
TGAFGS T 2
.GA _ m?
TGS T 2—m?
~sifm?=2,G Ais4andw, .. the parabola must be des-
ifm?< 2, G Ais+and fin. .- the circle }cribcd on the
if m?> 2, G A is—andfin. .. the rectangular hyperbola ) axis 5 A.
‘With the center S and rad. = —2‘ of the conic section, describe the

circle k K H, and erecting the ordinates G I, C D, c d, from any places
of the body, the body will describe G C, G ¢, in times of describing the
areas S K k, S K k’, which are respectively = S 1D, SId.

251. Pror. XX XVIII. Force « distance. A[\\

Let a body fall from A to any point C, c \P \\p
by a force tending to S, and «&. as the
distance. Time « arc A D, and V acquir-

ed o CD. Conceive a body to fall in an s I
evanescent ellipse about S as the center.

.. the time down A P or A C

xASPa ASD a AD. AP

o A D for the same descent, i. e. when al_

A is given.
N2
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The velocity at any point P

« ¥VF. PV
« o 5. 228 C L% mimately.
« CD.

Cor. 1. T. from A to S = } period in an evanescent cllipse.
= % period in the circle A D E.
= T. through A E.
Cor. 2. T. from different altitudes to
S a time of describing different quadrants B A
about S as the center « 1. l
N. In the common cycloid A C S it is /
proved in Mechanics that if Sca=S CA /?(C
and the circle be described on 2. S ¢ a,
and if a ¢ = A C, the space fallen through, R R
then the time through A C « arc ad,
and V acquired « c¢d, which is analogous
to Newton’s Prop. |
Newton’s Prop. might be proved in the
same way that the properties of the cycloid —
are proved.

o

OTHERWISE.

252, vdv=—gpux.dx,
“v?=2gp(a®—x?),ifa = the height fallen from
sv= M 2gu. ¥ at—x*= &/ 2gu. CD.

dt — — dx _ dx 1
- v T V2gu ¥ at-—x?
arc COsS. = X ~
T T awvegu (rad. = a) +GC =0
-1
T a V:‘égﬁ

.. velocity o sine of the arc whose versed sine = space, and the arc
o time, (rad. = original distance.)

253. The welocity is velocity from a finite altitude.

If the velocity had been that from infinity, it would have been infinite
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d
and constant, .. dt = ——x, andt = — > + C, when t = 0,
v a. Vg
=V gpu.a,a=a.
x=a, .. cis finite, ..t = C = _1_._
vVguw

Similarly if the velocity had been > velocity from infinity, it would
have been infinite.

254. Pror. XXXIX. Force o (distance)®, or any function of distance.

Assuming any «?, of the centripetal force, and also that quadratures of
all curves can be determined (i. e. that all fluents can be taken); Re-
quired the velocity of a body, when ascending or descending perpendicu-
larly, at different points, and the time in which a body will arrive at any
point.

(The proof of the Prop. is inverse. Newton assumes the area A BEF D
to « V2and A D to « space described, whence he shows that the force '
« D F the ordinate. Conversely, he concludes, if I' « D I, A BF D
a V)

viefvdva ST, ds.

Let D E be a small given increment of space, and I a corresponding

increment of velocity. By hypothesis

ABFD _V: _ '
ABGE T v 7T Vig2V. I4 10
CABED Ve Ve

|

BIGE= VI It =35Vl ultimately.

But
ABFDxV: - DFGEx2V.]
- D E. D F ultimately. a« 2. V. I

2v.1 1.V
DE *DE

But in motions where the forces are constant if Ibe the velocity gene-

SDEF «a

rated in T, I¥ « —;I—, , (F « (»l—v) and if S be the space described with uni-

dt
for . . vV 1 ds . .
orm velocity V in T, §= 7° (d t = <) Also when the force is

I.V

abte, the same holds for nascent spaces. .. I« S and D E re-

oresents S. .. D I represents F.
N3
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oket DL « ﬁ;ﬁrﬁ 4, DL ME ultimately = D L.DE
o« time through D E ultimately.

.. Increment of the area A TV M E « increment of the time down A D.
SV“ATVMExT.

Sdt x f —%—-b
(Since A B F D vanishes at A, .. A T is an asymptote to the timc

curve. And since E M becomes indefinitely small when A B F D is in-
finite, ... A E is also an asymptote.)

255. Cor. 1. Let a body fall from P, and be acted on by a constant
force given. If the velocity at D = the velocity of a body falling by the
action of «®! force, then A, the point of fall, will be found by making

ABFD=PQRD.
\ ,B T

eV

TFor

ABTFD \Y
DFGE ~ 21 > Prop
DFGE _DF I
DRSE " DR ™7
if i be the increment of the velocity generated through D E by a constant
force.

1—13—3—;-5 = ‘Lz—g{—,—;’:—]-)—f = -2‘-; ultimately.
_ABFD _ 1
“"PQRD T T1°
256. Cor.2. If a body be projected up or down in a straight line
from the center of force with a given velocity, and the law of force given;
Find the velocity at any other point E’. Take E’ g’ for the force at I
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] N /
velocity at E/ = velocity at D. V‘LQ[/RPD Q+RDDE gr =y + if pro-

jected down, — if projected up.
(Fo YPQRD+DFJE & ABJWF

vV PQRD ¥ ABFD/’

257. Cogr. 3. Find the time through D B.
Take ¥/ m inversely proportional to ¥ PQRD+ D F g E (or
to the velocity at 1),

T.PD_vPD__ v PD v PD DI small
T.PETVTE v(PDFDE) = 5 DE |
2 v PD
D
T pp4 DE B

_T.PD _2PD _2PD.DL
“T.DET DE T~ DLME

also
T.D E by «bforee _ DLME
T.DI'Dy do. ~ DLmE”’
but T'. D E by a constant force = T . D E by ab force since the velo-

cities at D are equal (d t = lv—s

.PD _2PD.DL
T DE~™ DLmE °

. , 1
258. It is taken for granted in Prop. XXXIX, that F « :1 : (46),

dv

d , whence it follows thatif ¢. F= 1i’ dv=c.F.dt

and that v = a's
andvdv =c¥.ds
svi=2c¢fFds
Newton represents /' F d s by the area A B F D, whose ordinate D F
always = F.
ds ds
W= = Jee rds

e Is
=S

N §
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Newton represents /

W by the area A B T U M E, whose or-

dinate D L always = %.

(= v2g.. A BT D)
In Cor. 1. If F/ be a constant force V* = 2 ¢ [V, P D, by Mechanics
but
Vi=2c./Tds
And F.PDorPQR Disproved = fFdsor ABFD,
ne=g
and
vi=2yp./ds.
In Con. 2 velocity at T Vfl* dswhens = A T

“velocity at D T & 1 dswhens = A D
_ v ABg ¥
T VWABFD'
v s ds
In Cor.3. t=time through D E f Vv2;¢‘r7 s =D Lml,
. 2P D 2PD
T =time through P D = VoD = voa . 5 QAT D
=2PD.DL
L L_2PD.DL
‘"t DLmE '
259, The force o x 0,
sovdyv = —gpx"dx, u = the force distance 1.

2 gu
2 = antil_xn+!
v n gl (a )
if a be the original height.
Let n be positive.
V from a finite distance to the center is fmite}
V from o to a finite distance 1s infinite.
Let n be negative but less than 1.
V from a finite distance to the center is ﬁnite}
V from @ to a finite distance is infinite.

Letn = — 1 the above Integral fails, because x disappears, which
cannot be.
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lve— gudX
V(v_.—-gﬂ.x-

a
Sovi=2aup. ]
g x

.. Vfrom a finite distance to the center is inﬁnite}
V from ® to a finite distance is infinite.

SR - - Ix
But the log. of an infinite quantity is ! less than the quantity itself — when

X is infinite = 0 . Diff, and it becomes L-l‘( = 1 = L
0 X X

d x
Let n be negative and greater than 1.

V from a finite distance to the center is inﬁnite}
V from o to a finite distance is finite.

260. If the force be constant, the velocity-curve is a straight line parallel
to the line of fall, as Q R in Prop. X XXIX.

DEDUCI'IONS.

261. 'To find under what laws of force the velocity from o to a finite
istance will be infinite or finite, and from a finite distance to the center
;ill be finite or infinite.

M) Fax® Va va?—x?

(2) X Vo oat—x*

3) —1 — ¥ a X
1 i a

T —

1 '.’l n—1 __xn~1
(7) n Ne=l gyl
X ~N a""i'x
In the former cases, or in all cases where I' w some dircct power of
distance, the velocity acquired in falling from o to a finite distance or to

the center will be infinite, and from a finite distance to the center will be
finite.
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In the 4th case, the velocity from o to a finite, and from a finite dis-
tance to the center will be infinite.

In the following cases, when the force a as some inverse power of
distance, the velocity from ® to a finite distance will be finite, for

af—! __xn—1 B |
N T = W e
when a is infinite.  And the velocity from a finite distance to the center
will be infinite, for

r]'l—l ,(n—l
dn—l‘{n-— _’JO
when x = 0.

262. On the Velocity and Time-Curves.

A B A B A B
- —
D— D . DI Y
3 D|—F
/o L@ ef® ~_
[ 97 S I

(1) Let I' « D, the area which represents V* becomes a 4.
ForDF « D C.
(2)LetF « ¥ D, .. DF* « D Cand V-curve is a parabola.
(3) Let F o« D% .. DF o D C?% and V-curve is a parabola the

axis parallel to A B.
(4)Let F « 5, ~DF «

to the asymptotes A C, C H.
(6) If T o D, and be repulsive, V?* « D C. D F « D C?

DIT)’ .. V-curve is an hyperbola referred

. . 1 1
.V o D C, ... the ordinate of the time curve « v * p’
.. T-curve is an hyperbola between asymptotes.
(6) If a body fall from @ distance, and F « T;” V —Il—),

.. the ordinate of the time-curve D, .. T-curve is a straight line.
’ 1 1
(7) If a body fall from 0, and I « EL V « 7B’
.. the ordinate of T-curve » & D C, ... T-curve is a parabola.

(8) If a body fall from ®, and F « ITI_“ V o 1“;‘2

.. the ordinate of T-curve o« D C¢? .. T-curveis aparabola as in case 3.
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EXTERNAL AND INTERNAL FALLS.

263. Find the external fall in the ellipse, the force in the focus.

Let x P be the space required to acquire the velocity in the curve at P.

V2down P x Px
V7in the circle distance S P — S x
2
V¢ in the circle distance S P Aa
Viin the ellipscat P — 2. H P
V2 down P x Aa.Px
**V¥in the elipscat P~ Sx. H P
.Px HP
‘Sx T Aa
Px HP

“SPTsP
S Px=HP
. Sx =SP4 Px = A a and the locus of x is the circlec on 2 A a,

the center S.
264. Find the internal fall in the ellipse, the force in the focus.

VidownPx _ Px
Viinthecircle Sx — S P
2
V*in the circle Sx _ S P { . 1
Vi thecircle SP = Sx’ '€ % gistance*
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V2inthecircle SP _ Aa
VZintheellipseatP — 2 H P

. V*down P x _Px.Aa

""VitintheellipseatP — Sx.HP
JPx_HP
"Sx T Aa
x_ HP
CSPT Aa4+ HP

Describe a circle from H with the radius A a. Produce P H to the
circumference in F. Join F'S. Draw H x parallel to F' S.
265. Generally.

s
[

f
A

v/

For external falls.
___\Zi q?vg;lP X 2g.area AB F D Newton’s fig.
V 2 in the circle distance S P — g F.SP  F=forceatdistance S P
V2inthecircle SP 28 P
Veinthecurveat P — PV
. Ygdowan _4.ABFD
‘V®inthecurve = F. PV
4. ABFD=F.PV
ordinate = I¢
abscissa = space}

Find the area in general {

In the general expression make the distance from the center = S P,
and a the original height, S x will be found.

266. For internal falls.

V¢ down P x _ gg AB ¥ D Newton’s fig.
Vzin thecircle S P ™ gF. T = force at P b
V2in the circle SP 2 Sfj Y,
Viinthecurveat P ~ PV / /" x
. VdownPx _4ABFD J
**VinthecurveatP — F.PV

.. if the velocities areequal, 4 A B¥FD =I'. P V.
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267. Ex. For internal and external falls.

]

In the ellipse the force-tending to the cender.
In this case, D ¥ o D S. Take A B for the force at A. Join B S.

.. DY is the force at D, and the arca ABF D = ﬁg_Q (AB + DF)

= AS—SD.AB+ DF. Letu equal the absolute force at the dis-
tancel. JetSA=a,SD=x,"AB=au

DF =xu
e TR.AE R aft—x

'.ABI'D—-,U:. —2— = M 7,2<
and

4ABTD=F.PYV,
er

zﬂ-—x':CP.%II)):intlleellipse,
or

at—x*=CD:
For the external fall,make x=C P,then a=Cx,and C x*—C P?=CD?,

or Cx2=CP24 CD?*
=AC*+4 BC:

= ADB*

. Cx=AB.

Tor the internal fall, make a = C P, then x = C x/, and
CP:—_Cx't=CD3

or
Cx*=CP*—CD3?
L CxY =V CPP—CDA
268. Similarly, in all cases where the velocity in the curve is quadrable,
without the Integral Calculus we may find internal and external falls.
But generally the process must be by that method.
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Thus in the above Ex.
vdv=—gux.dx
Sviz=gu(at—x?®)
’ 2 af—x¢
SABED = ;,é = ,44“——2——](—, as above, &c.
269. And in general,

2 .
ve=28# (ar+!' — x n+1), if the force o« x *.

n+1
Also .
vi=EF.PV= %,Lgn,,&gg_f

And to find the external fall, make x = ¢, and from the equation find a,

the distance required.
And to find the internal fall make a = r, and from the equation find x,

the distance required.
270. Find the external fall in the hyperbola, the force « 1;?_/‘1'07): the focus.

O
‘,
o
7] 0
A=
_~"H c__— /s
SO

Vedown O P : V?inthecirclerad. SP:: OP: 5
V2in the circle S P : V2 in the hyperbolaat P : : AC: HP
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< VidownOP: V”inthellypcrbolat:AC.OP:M

2
HW2AC.OP=SO.HP
W2AC.SO—2AC.SP=SO.HP
2AC.SP
- SO = —IP—3AC = —2AC
To find what this denotes, find the actual velocity in the hyperbola.
Let the force = B, at a distance = r, .. the force at the distance
_B.r?
= "l
Also
Vzinthecircle SP _ pg.r* x _ Bx*?
2g T Tx?T T2 T ex
~ V?in the hyperbola (2 a 4 x)B1r*
. 2 ¢ - a.2x
_ fJ‘ r 6 r?
Tox 2a
But ;7—1 when the body has been projected from o = prt + ‘V  of
g X 28
projection from w, .. v of projection from @ = B.rt _ v down 2 a,
2 2a 2g
I being constant and = %; or=V ?from @ to O’, when SO'=2AC.

.. Vin the hyperbola is such as would be acquired by the body ascend-
ing from the distance x to ® by the action of force considered as repul-
sive, and then being projected from ® back to O, S O being = 2 A C.

In the opposite hyperbola the velocity is found in the same way, the
force repulsive, p externally = 2HC.8 P .

2AC--HP

271. Internal fall.

Vedown PO : V2inthecirclerad. SO : : PO : é)P
V*in the circle SO : V*2in the circle S P ::SP:SO
V2in the circle S P : V%in the hyperbolaat P : : AC: HP

. Vidown P O : V*®in the hyperbola : : AC. PO :-—

S“2AC.PO=SO.HP
or

2ACSP—80)=8S0.HP
. 4_ 2AC.SP
“SO=sACHHP
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and
} SP.HP
PO=SP—-SO= SACT I

Hence make H E = 2 A C, join S E, and draw H O parallel to S E.

Hence the external and internal falls are found, by making V acquired
down a certain space p with a®* force equal that down . V bya
constant force, P V being known from the curve.

272. Find how far the body must jfall externally to the cir-
cumference to acquire V in the circle, I &« distance towards the or
center of the circle.

Let OC = p, O B = x, O A = a, C being the point re= By
quired from which a body falls. //K\

Q.
)-

Let the force at A = 1, .- the force at B = 35

vdv=—g. F. dx, (for the velocity increascs as x decreases)
X
=—g - dx o
wvi= g x? 4 C
a
and whenv = 0, x = p,

. C = g p?
a
L A £
a
and when x = a,

? _ 8 1 __
vatA_a(p a?).

But
a
viat A = 2¢g. 5
- the force at A being constant, and
a PV
7=
=ga
Spt—at=a? p?=2a% .p =« 2.2

213. Find how far the body must fall internally from the circumference to
acquire V in the circle, F o distance towards the center of the cirdle.

Let P be the point to which the body must fall, O A = a, O P=p,
O0Q=x,FatA =1, .. the force at Q = X

a
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savdyv=—g., 2 odx

'.vQ:—-g-.x"-{-C,
and whenv = 0, x = a,

'.C:i{.n2

a
evi= B (a"-—x?)
a
and when x = p,
v?= -8:- (2* — p?*) from uxb'¢ force
¢

and
v? = g. a, from the constant force 1 at A.
soaf—p?=a’ oop =0, .. the body falls from the circumference
to the center.
.. o 1
271. Similarly, when F oo ——— -,
k distance
O C, or p externally = «a Ve, (¢ = basc of hyp. log.)
and
. R
O P, or p internally = v

275, When I x| .
distance*

p externally =

I
-

p internally = °

wll

. 1
276, When 1Y o +—— -
distance

p externally = ¢ .
p internally =

1
277 When FF o ——rr |
distance ® +!

n
R

p externally = a J2 o

p internally = a J2 _?_ -

1f the force be repulsive, the velocity increases as the distance increascs,

sovdv=gF.dx
Vor. I O
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278. I'ind how fur a body must full externally to any point P in the
1

parabola, to acquire v in the curve. F « D’ towards the focus.
PV=4SP=¢,SQ=p,SB=x,SP =a,forccat P=1,
a 2
S FatB = i \//\‘,)
a2 B
°.vdv=—g?z—2.dx ///P
v? ﬂ-e ~ ’// ° ’
'.g:g}‘{ + C, [/ -
S
whenv = 0, x = p
ga’
- . b
p
v? = 2gu‘(——————%) = 2g42(~‘1:— A)MI,
bur
v = 2g.%: 2 g a,
Sl 11
‘a p_ a’
. }l) =0,.p=®
279. Similarly, internally, p = %;—
280. In the ellipse, F -1—)]—2 towards a focus
pexternally= PH + PS. (.. describe a circle with the center S, rad. =2 A C)
PH.PS

p internally = m .

(Hence Vat P = V in the circle ¢. d.)
281. In the hyperbola, F « —1;— towards focus
pexternally= — 2 A C (Hence V at P = V in the circle e. d.)

. PH.PS v Vin the cirel
p internally = SACE PI’ (Hence V at P=V in the circle e.d., p. 190)

282. In the ellipse I o« D from the center
pexternally= # A C* 4+ B C% (= A B)} (Hence construction)
or(=+# CD? 4 CP?
(Hence also V at P = V in the circle radius C P, when CD = C P)
pinternally= v CP*— C D%

.
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(Henceif CP=CD,p=0,and Vat P = V in the circle e. d
was deduced before)

(If C P < C D, p impossible, .. the body cannot fall from any distance
to C and thus acquire the V in the curve)

., as

283. In the ellipse, F « D from the center.

Eaxternal fall.
N
M. AN
/ / \0
2l ‘
AN
7 /\/\ P
e
! h o~ \’ \
. - T

The velocity-curve is a straght line, (since D I« C D, also
since T = 0, when C P = 0, this straight line comes to €, as
Cdb, V.a ¥ COb a CO, O being the point fallen from, to acquire
Voat P

S Virom OwC: ViromPtoC: : OC: PC

Also since vd v = — g I'. dx, and if the force at the distance 1 = 1,
the force at x = x. . vdv=—gxdx, and integrating and correct-
ing, vi=g(p*—x7), where p = the distance fallen from.

siva v pt— x% and it a circle be described, with center C, rad. C O

a P> N (the right sine of the arc whose versed P O is the space fallen
through).
A VEomOtoP: ViiomOtoC:: PN: (CM=)0OC
and
V from Pt C: Vin the circle rad. CP 2 21 11
(forif Pv=4PCvd = CdP) and
Vin the circle C P : Vinthe ellipse : : C P C 1
Compounding the 4 ratios,
Vdown O P : Vintheellipse : : PN :CD
.~ Take PN = C D, and
Vidown O P = V in the cllipsc,
W CO=CN=v CP*+CD-~
02
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Internal fall.

1

a\

N

()

V in the ellipse : Vin the circlerad. CP : : CD : C P
Vin the circle : V.down C P A | 01
Vdown CP : Vdown PO "(CM—)CP:ON
+» Vintheellipse: Vdown PO : : CD: ON
quc ON=CD, and Vin the curve = V down > O, and C O
=+ CP'—CD:-
284. Find the point in the ellipse, the force in the center, where V = the
wvelocily in the circle, e. d.

In this case C P = C D, whence the construction,

Join A B, describe E‘é‘ﬂ? on it, bisect the circumference in IY, join
B IV, AD. TFrom Cwith A D’ cut the ellipse in P.

2AD*(=2PC)=AB*=AC*+BC*(=CP*+ CD?

~2CP*=CP*4 CD*
CP*=CD*% (CP wil pass through E.)

A simpler construction is to bisect A B in E, B M in F, then C P is
the diameter to the ordinate A B, and from the triangles C K B, C F B,
CT is parallel to A B, .. CIY is a conjugate to C I’ and= C .

, p externally (to which body must
285. In the hyperbola, rise from P,)=+ CD* 4 C P?

force repulsive, « D, from the center [ p internally (to which body must

risefromthecenter) = ' C PP=CD*
(Hence if the hyperbola be rectangular p internaily =0, or the body must
rise through C 1)



Boox 1.] NEWTON’S PRINCIPIA. 213
286. In any curve, F x D—nl_,_—l yJimd p externally.

_— a l;
— AV . e e s N
P R nc ’
¢ 7)

whereca = SP,c = P V.

287. If the curve be a logarithmic spiral, ¢ = 2 u,

1

a *

sp=a [ ——— | n
na
L‘. —_— ‘é"

/
. t | }
also IV « l‘)"} Sop = a (11— l) o=
sono= 2
e Foa 1 : nall
288. In any cuwve, T ot s Joud poanternally.
a 1 4an+!
=a [ — — 2 (p" =
b= ( n c) (p 4a+4n c)
a4+ —
1
289, It the curve be a logarithmic spiral, ¢ = 2. a, n = 2,

X a

Sop = .1(:;-_—1) no— VR

290. If the curve be a circle, It in the circumference, ¢ = a. and n = 4,

a 1
cop externally = a ( — ) T — o
- a—a
1
H a b a
and p internally = a ( - ) P= .
H 8 a
vV 2

201, In the cllipse, I« 1; Srom focus. Laternal full.

-0

. SO
v¢ down O P: V:?in the circle radius SP:: O P 2-_)- , Sect. VI

V2 in the circle S P: V2in the ellipse at P:: A C: 1L P,
03
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* Vtdown O P: V*in theellipse:: AC.O P: —~OTI-£—P
“2AC.OP=S0O.HP

.'.SO=2AC'OP 2AC.SO—2AC.SP

HP = HT
e _ R2AC.SP
.SO_2A ___HP_QAC.
Internal fall.
_ P
U\

\\ ‘l
Nw

VIL

Vzdown P O: V2in the circle radius SO :: P O S?l) ,
V2inthecircle SO: V2in the circle S P:: S P:S0O
V¢ in the circle S P : V2 in the ellipse at P A C:HP
)
< VedownP O: Vein theellipse :: P 0. A ¢: 20T
~2PO.AC=SO.HP?
SH28SP.AC—2S0.AC=SO.HP
, 2AC.SP
~S0 =5y aHp
Hence, make H E = 2 A C, join S E, and draw H O parallel 0 E S,
292, External full in the parabola, ) / O
F « ]‘)—‘ from focus. o //
V2d.0 P: Vtin the circle radius S P ™ / P
:0P: §-—Q Sect. VII. \/
/ ~0
V %in the cn‘ch. S P: V?in the parabola __/

atP:: 1 :2 ! S



Boox 1.] NEWTONS PRINCIPIA. 215

= V2down O P: V*in the parabola:: O P: SO
SLOP=S0,..S0 = «
Internal full.
. . SP
V2down QP:V2inthecircle SO:: 0P "9~
V¢in the circle SO : Viinthecircle SP :: SP: SO
V2in the circle S P: V#inthe parabolaatP:: 1 : 2
< Vadown O P: V2in the parabola :: O P: S O,
SO0OP =SS0,
SP

S0 = 9

.

> ; -
V = V down £4\ = Vdown SP = V.down E P = V of a body describ-

’
ing the parabola by a constant vertical force = force at P, Jx

293, Iind the cxternal full so that the wvelocity® ac-
quired = 0. velocity in the curve, I¥ o x . .

—

vdvy=—gu. x"dx, (& = force distance 1), .
. 20 n .. . .
vt = =D (at+!l— x B+ 1) u = original height, N

13

+

o rd g g . 2pd: /
V mthe curve = ¢ p. ! i f = *; w.oife = o L £ /
dp 2
o 2"‘"1. A
LT s =2 (A —x ), orn’ e = - L (=N

2 n+41 n+1

Make x = S P = ¢, and from the equation we get a, which = S x.
For the internal fall, make a = S > = ¢, and from the cquation we get

x, which = S /.
204, Find the cxternal fabl i « LEMNISCATA.
(X* 4y =t (xT—y)
15 a rectangular equation whence we must get a polar one
let . NSP =14,
Sy =e.sil X = pacondy gt = (X7 4 y)
et =at (e (cos. B — sintY)) = ateticos 24

= a%.cos 290

g
. ? l)
W20 = (con. = ), —_
< ’/‘/
e _/ . —_—
2Q,d» m?.;‘dg e ]
Qd = — T2 = St . S N
at vV oat—yp
—

O
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csodod =

—

¢

g

but in general

~opt

!

L1
s
2dp

T pide T

Il

2
tder T

A COMMENTARY ON
¢ 2 d f2

1
.. force to S« F

vdv =

wvi=

Also

PV =

Sovi= €

a4___g4!
34_e4
gﬁ
de.p
Vr
.‘34(102_g2dozp2=dgi.pz’
- g4d02 _ e"
S Tderdy T e
RTE
N
in this case ———-"—;—-————;
at—p
e +
e‘Z
eﬁ
;{29
(14
e’
6.a*
___,..g,q_’
o e
-—9;7.(!)(,
2gu sl 1
6 (x6 1‘)
2pdp a* _ 2.¢°
ap SRy T ooyp
gr 2¢ _2ge. 1
g'z 3 6 eo’
1 _1_1
¢ 6 e®’

[Secr. VIL
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295. Find the force and external fall in an EPICYCLOID

_ P ., YB? B
CY'=CP:—YP:=CP*—CA*. 4, ,

Let
CY=pCP=gCB=¢c,CA=1,
2 e
.'.p":gg——-b“’.c L“p
werpt=ctpt—Dbc* 4+ brp-
c?(¢*—b?)
. 2 -
P = c?t —b¢
L c“—bﬁ__
=ty
. 2dp _ ¢ —-—2dg ¢
e (e L)
.. force « £

GEaEEY
(as in the Involute of the circle which is an Epicycloid, when the radius
of the rota becomes infinite.)
Having got &0 of force, we can easily get the external (or internal) fall.
206. Lind in what cases we can integrate for the Velocity and Time.
Case 1. Let force « x7,
svdy =gp.xdx,
o 284
Tn 41

~—dx ‘n4 1 —dx
t—f =~ ‘)“/A fV(l" x"+‘)

Now in general we can integrate x ™ d x.(a 4+ b x°}) P when
: . q

(n+l__xn+l)

m+ 1 iswho]cor’—]—]——"'-—l + P yhole.
n n (l
-, in this case, we can integrate, wheu + 72 or _1_ {— % » is whole.
" Let
o _:_ ] = b any whole number
1
n+4 1= —I; ’
e l—p , . .
. 1 o’ {p being positive), ()
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IJCt
lh____l_)
n+ 1 =P
. 1 1 2p+ 1
n A4 —l+-‘é_ T
2
-|l+l—-‘zp—+-l',
. 1—2p
Son = l+2)(8)

. these formula admit only 0 and 1 for integer positive values of n, and
no positive fractional values. .. we can integrate when F a x,or Fa 1,

. 1
297, Case 2. Let force x o

d x
wvdy :—g/b—\—T,
. 1_25111/ l_____‘n—l
SV _l:\——::l ( 'n-—-l‘.n—l )
_ p—dx_ In——-l n—1 —dx. \“_l
- v 2 o A =l !
n—1I 1 1
. D l l~2 + l _ .l
in which case we ean integrate, when ——-——q-—,0r == — 2, whole.
. | 1 1
e if — ———_or be whole.
1. e |t2 + “__l,m 1 ¢ whole
Let ;lf!~1 = p, any whole positive No.
. 1 _p+ l ,
.n—]_]}—), .n = b , (o)
1
Let5 + 57— =
. N_,l _2p ”‘,,l
‘n—1" 2
2
n—1= 2p — 1
. 2p + |
Son = op—1° . (8)

.. these formule admit any values of n, in which the numerator X~
ceeds the denominator by 1, or in which the numerator and denominator
are any two successive odd numbers, the numerator being the greater.

we can int te, when 11 « 1 ! ! &
.*» We can integrate, wh — —, —, &C.
. g , x"x;}’x‘%’xi’
nYy
1 1 1 <
39 T Ty Tgo U
xxn§7x27x7

s



Boox 1.] NEWTONS PRINCIPIA. 219

298, Case 3. The formula (o) (8'), in which p is positive, cannot be-
come negative. But the formulz («) and (8) may. Irom which we can

) 1 1 1 1
integrate, when F¢ —, —, —, —, &ec.
Xy X5 X3 X3
1 1 1 1

orwhen Pt —, — . —  &c.
XQ”X}’Xi}’x%’
299. When the force o x*, find av. of times from different altitudes

1
to the center of force. Find the same, force a8 —; vk

I « x",.°.vdv = —gux"dx,
_ 2gn (an+!—xn+n
n4 17 !
d x — n41 .. .
dtes — — ___f!,: —— whichis of — #Tf‘ — dimensions,
\Y anl+l___‘.ll+ P
. . n—1 . .
.t will be of — T dimensious.
and when x = 0, t will € ——.
a n-—1
]
F « 1 ) 1 n-i;l.
LR Ty e 2
X" a 2
dx 1 —dx

t = L
S o S o

1
:'lLlf_]\{l_ ‘_,)n+l} ]

« ;rl"/—“" {‘+~g-<;~:)"+'+;:.‘i-<i>” m+&“"}

1 ~ [ 1 x"+2 1.3 x‘.‘n+‘1 }
q““tl( 1\+ 2 n+2a"—‘+2-4' 2n 4 3.4 ’"--4 e )
whent = 0, x = a,

‘ 1 a 1.3 a .
‘ = { —— [ Qe b
¢ {‘+2 w2t e ———"—9“_,_3*"“3
. 1 1 1.3 1 1
-—d{l 2 ll+2+§—71<'2n+3+&('f

ﬂr\-\+

1 I x"+? 1 .
l+2 n+2 &L} {\+2 ;.:? \":‘+&c'})

a 1

Sowhen x = 0,6 o -y, @
atdl = and
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. . 1 ntl
when n is negative t « T
. F]
Cor. If n be positive and greater than 1, the greater the altitude, the
less the time to the center.
300. A body is projected up P A with the velocity V from the given | P

pout A, force in S « X", find the height to which the body will rise.

vdv = —gux"dx,
for the velocity decreases as x increases, A
. 2 — 2‘ ’u xn+l + C .
n4 1° !
whenv = V, x = a, ;
Qg//, |
~C=V? Lant! o
+ n 4 1 o
20w
. [n) . (x1\+1_an+l):\72_
n+41
Letv = 0,
22‘5"”’ n4l o4l — V2
'.r+ i.(x +'—a +)__
x4l —gndl = Y_:ﬁ_i__!
2g,u.
Cox Nl = 41 +2gp. ot
2gu
2 5 ; ng ! | ,
= (V .n+4 14+ 2gimwj )"+l
2gup
Cor. Letn = — 2, and V = the velocity down %, force at A con-

stant, = velocity in the circle distance S A.

k= e 2w\ Rge
"x"(, Vit :.) T2ge vy,
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SECTION VIIL

301. Pror. XLI. Resolving the centripetal force IN or D E (IY)
into the tangential one I T (F’) and the perpendicular one T N, we

have (16)

. '..p.:/..(l_y.‘ilvl
IN:IT::F:1 YTt dv
sdvidviidex IN:dtY x ITT

But since (16)

ds dy
dt = ) dt’:‘:
and by hypothesis
v =V

wdtidtiids:ds ::IN: 1K
cdvidv i INY D ITK X IT
N | 1
or

dyv = d v,

e, Ne.
OTHERWISE,

302. By 46, we have generally
vdv = g Fds

s being the direction of the force F. Hence if & be the straight line and

s the trajectory, Xe. we have
vdv = gl'ds
vVdv =glVdy
SV = Vi =20/ Fds
ViVt = 20 [TV dY

V and V’ being the given values of v and v/ at given distances by which

the integrals arc corrected.

Now since the central body is the same at the same distance the central
force must be the same in both curve and line.  Therefore, resolving F
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when at the distance s into the tangential and perpendicular forces, we
have

IT IN

! — T - — T —

F_I‘xIN__I XK
ds
-_FX(—{-S,»

S Pds =TFds
and
VE—V2=2g/Fds=v'—V"*
which shows that if the velocities be the same at any two equal distances.
they are equal at all equal distances — i. e, if’
V=V
then
v = V.
303. Cor. 2. By Prop. XXXIX,
via A B G E.
But in the curve
y o« o An—?
soydxo Ar—td A
Therefore (112)

n
ABGE :./‘ydxtx~‘;/\;+(‘/
Po__ An
o QU
n
Hence
viuw Pr A"

OTHERWISE.

304. Generally (46)
vdv=—glds
and if
= usn—t
then
2guw R
viz= —%——« (C—sm)
But when v = 0, let s = P; then

0 =282

and

C = P~
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vt = 2{-’;//'(1):1_5")

in which s is any quantity whatever and may therefore be the radius vector
of the Trajectory A that is
e 28w 2gu
vi= SBE P — A or="EE Dr— )

in more convenient notation.

N. B. From this formula may be found the spaces through which a
body wmust fall externally to acquire the velocity in the curve (286, &c.)

305. Prov. XLL  Guven the centripetal force to construct the Trajec-
tory, and to find the time of deseribing any portion of it

By Prop. XXXIX,

= P xT
tangent when the velocity is Voo Sce 125, &e.)
Morcover, if V be the velocity at 'V, by Prop. XXXIX,
V=wvw2g vABLV

— v D =45 4oy = LK
Y = A h.V}\I}I‘D-—m(“())—-Tl—t‘
But
lt=1CK x _I'Enc [ CXK Nx Time
ar=an Arca 772 Area
A X KN (P being the perpendicular upon the

Whencee
P v A Bl \ I K

VABLED = — T X kN
‘. putting
. P ABLY Q P x\
/7 = - T ,w(( = N V-L’g’A) (N
we have
\BFI)"“‘"II\'"]\'N’
CABEFD—-Z I K*— KN*: KN:
and
T T . Q. TN
vVABID -7 7 = N cIN: KN
Q x1IN L@

A X KN=—-"7, '
vV ABI'D —12Y)
Also since similar triangles are to one another in the duplicate ratio ot
their homologous sides

YXxXC=AaxKNx N
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Qx CX*xIN
ATV (ABFD—27Z9

i

and putting

— — Q
y=Db=soamgrp—79
and
. _ Q x CX*
Y=De= gy ABrD =29
Then
AreaVCI =/ydx=VDba
Al‘mVCX:/'y'dx:VDca}
Now (124)

VCI _ 2VDba

x VT PxV

’...l" (&)

or
2VDba
V2g.PXx VABLV
the time of describing V 1.
Also, if 2 V C I = ¢, we have

VDczxzvcxzx"’g‘?l’:ﬁf_g\‘

2VDca
0= pe

which gives the Trajectory.

VIIL

(3

(1)

(6)

806. 70 capress cquations (5) and (6) in {erms of ¢ and &, (2 = A).

First
ABFD=_—
‘i/g
2
ABLV——2—:;
and
Q__l XV
{')
. —.Q —I)YXV‘;
S P
2 I)’.',XVQ
.'.ABFD—ZQ-‘—-'L—-;——T—‘
2 2g¢
1

)
= gy X v =PV
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Hence
_ Px Ve
y“?V(e’v’—-—l”V‘)
and
, P*x V
Y —ng(g‘vﬂ—Prw)
. I edg
.VDba_ fx/ VPV
and
v dg
VDca= =% ngV GV —DPTVE
= edoe

V(gtvi—P*V?)
But by Prop. XL.
vi=2/a T dy
the integral being taken from v = 0, or from ¢ =D, D being the same as
P in 301

S Gp— L = e v
t—f\/ 2e"/‘gl"dg-——l“\"?)’m —fv (Gv:—PIvy "o (7)

P x Vdg Pvd;
=S =g a;—vevy = vy - ©)
307. To find t and 9 wn terms of ¢ and p.
Since (125)

. pP:yv: oo
vi= P = —2fgld;

pedg
"_fv (1) e _])SIV!l))

= /J*“ﬁ,___,,._,(g)

p’

de
0= —m e e e e e e e (10)
/g/w(e—_l)

But previous to using these forms we must find the equation to the tra-
jectory, thus (139)
P2V (] l)
— X

and

xS =F =
f denoting the law of force.
P V 2 . i
oS 9 (l)s_ ):'/dglg

Vor. 1. P
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or
. pP:v:
S e 1727
308. To these different methods the following arc examples:
Ist. Let F o ¢ = u g Then (sce 304)
Ve = gu (D®*—¢9)
and if P and V belong to an apse or when P = ¢;
V¢ =gﬂl(D2“‘_P2)
_ 1 ede L
—_— V.__—glb xf‘/{gg(Dg_fﬂ)__I)Z(Dﬁ_]_)g)}-

St

2

Let g2 — 2« = u.  Then we easily get

2t ga= L
N =) =)
= sin, =} o - D: T C
2
and making t = 0 at an apse or when ¢ = P, we find
D2
Pz — =
C = —sin.—L SQ:——s'm."‘l
2 ___
P 2
= — 2 .
¢* o
1 . 2 T
—_ -1 _ 1
t_2Vg}&x{Slll.lP2 5 2% (1)
T2

Also

and assuming

P2—-I—;~2-—-u =v?x (Pg——-?aj + u)

we get D be D

(P ) +5 (—3)
2z

)

) 1 { o
TIXF — S X sin.
V T 2vguP.¥D —P¢

+C
T (pe____
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and making 4 = 0, when ¢ = P we find

—sin =1y =__ .7
C =—sin.—'1= 5

Also
V=4w¥gu. v (D2—P?

(=B Y
¢? (P2_;I;2)
D2 D¢ D:*
PZ__V._“ B 2+'T— e __ T
(—-——2~)~~'i)(ﬁ————?—~) == sin. (2 0+ %)

ez(Pz__é_

204 ”2' = sin. !

=co0s. 20=2co0s.20— 1
which gives
s — P2 (D2 — P?) )
= TP DYy
Now the equation to the ellipse, ¢ and 0 being referred to its center, is
b 2

1 —e%cos.?0’

Therefore the trajectory is an ellipse the center of force being in its
center, and we have its semiaxes from

¢t =

T2 P2
,_¢c* _a*—Db?*_ 2P*—D*
c —_—— - =
at at Pe
viz.
and

b=+v(D>—P?
ﬂ:P }

which latter value was already assumed.
To find the Periodic time.
From (8) it appears that when
al - .
t= —4—,01'0= 5 ,e=b=+(D*—DP?
and substituting in (1) we have

D2 ,
T 1 e ”’1
T = X qsin. =t e g
2vega Pr—3 f
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But
sin =1 (— 1) = 27

T =
ol

and
P

T e h e e e e e e e e e e e e ()
vgu (
which has already been found otherwise (see 14%).

To apply (9) and (10) of 307 to this example we must first integrate

(11) where fp = pg; that is since

fmede—---e +C

—* 9 * D
=3¢ 2P
we have
P2ye
pZ:" ) ik
V2—wuge?+pughP:?
But

Ve = g/A(DQ—P?)
P2.(D2—D?)
“PPE e (5)
which also indicates an cllipse referred to its center, the equation being
generally

o _ a?b?
PrET
Hence
¢? e?(D?—¢?) —P2(D?2—P?)
ITE_lz PP(DI—P%
ot = ede

v“gfvieﬂ(Dﬂ_g'A) —PzDr—D
the same as before.

With regard to 4, the axes of the ellipse being known from (5) we have
the polar equation, viz.

b2
= vy
1—e?cos.?¢

309. Ex. 2. Let F= e—”‘g— . Then (304)

viz= g__g{» X (D=t —¢=)
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D —

_2gﬂx—m-£

and
P
V2=2gu X PD*P!"
P’ and V belonging te an apse.
e v D edg

=S e X VD= — D P E T

D 2
which, adding and subtracung ~—, transforms to

= ede
o 2
and makingg——é— =u
u+2)du

V2g /J{( ug}
=~/2-]é—#x {C—-—V{(P—Tz-)’—-ug}-f-é-sin.—‘ij;:}

(scec 86).
Lett = 0, when g = P, Then

C:———?-sin."‘l:——‘l;— 7:
/{—(_ )~ L e=Sr==Dr Lo

L-f‘“_ /D du
PV =) SN g / D D o
(045 )W {(P=3g ) —vt}
But assuming
P— ;) —u=v?2x (P—- 12) + u)
the above becomes rationalized, and we readily find
P3
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/ du _
D\ , D -
(v + 5 )N {(P—5 ) =}
1 (r— ,212) 4o ?
—1 2 “
—Ji)——.___(—-]:)——-_-.—r-)-)-x tan. — R D +C
: VP (D—P)x,/ {(P———§)3—-—u‘f} 1
and making 0=0, when ¢= D, or when u=P — 12) , we get
1 x
C:—tﬂl’l. 1-6 :—-’5.
Hence, since moreover
_ D—P
V=W 2gu /~]—5»P

=)+ D—2) -
v P. (D—P)xJ {(P—*‘) —(e— l?)}

04 %:tan."‘

or

= sin, — D ——

—5 —PD
iy (P z)cosﬂ
2P.(D——P) 1
= D x apy
1+(1———D cos. 0

(2)

But the equation to the ellipse referred to its focus is
b2 1
=g X 1 + ecos. 0
. b? 2 P(MD—-P)
Y D
and
—b?

e2 =2 a2-_l-—--(1___._

/
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b 4P 4P 4P

"?“zT)———]T“—D_‘ (D—P)
_br 2
=7 %D
D
‘.a:——2- .l

and L s’ @
b=#vDPx (D—-P)

To find the Periodic Time; let 0 = Theng=2a—P=D-—-D,
and equation (1) gives

E:J(?{—g)—;x—g—x(sin.—‘—l——%)
‘%
- (_ 2)

Vg
27

Ie-’
wa F

., 'I‘ V_g

®

see 159.
OTHERWISE.

9

First find the Trajectory by formula (11. 307) ; then substitute for ﬂ;
in 9 and 10, &c.

310. Required the Time and Trajectory when F:e‘u3

By 304,
vi=_gux (D-2—¢~?)
_gwr  Dr—¢®
- D 2 X ez
<. if V and P belong to an apse we have
g D2—P2
VQ-i"L X Pg

coetv —P’V2=%/; x {D*—¢2—D24 P2

=55 (Pr—ey)

= D g ede
ot nglv'/VP2—-g?
P4
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D

= X (C+ VP22
Van (Cx v P —¢?)
and taking t = 0 at an apsc or when ¢ = P, C = 0,
D -
t=—=- X ¥V P2—p2 . . . . . . . . (1
Ve ¢ (1
also
0 _ p,dt D de
pvaSE sy m S
But
_de =1 { v (PT—e9F }
Siviei=m = g ! = ¢
wnd
W
V:»P—%,f X v (D¥— Po).
+ P V(PP ) ED
W (DQ-— P2 — =1 e +C
and making ¢ = 0 at the apse or where ¢ = P,
I)
C:——l.-P:O
R S B A L
— & D?— P¢ ¢
O p— P({ it V(P2~§2):FP
—e & (DF=P?) e
which gives
- 1’6
9P ey DISTY
) T )

L VT
31). Rlequired the Lrajectory and circumstances of motion when
W
FE
or for any inverse law of the distance.
The readiest method is this; By (11) 807, if r, and P be the values of
¢ and p for the given velocity V (P is no longer an apsidal distance)

P‘ZV?_‘ re 2/11 l‘"-'l-—g"—l
pz - + (ll—— 1I)rn—! X en—l e (l)

the equation to the Trajectory.
Also since
vdy = —g I"d
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o 2pu X
LV = '(—n—_-——%—i (h‘om @ to g)
Hence
: 2¢
"2 = F:—%)ﬁ;ﬁ (ﬁ'oﬂ) ® to e)
and if we put
; 2mygu
2 —
v (n — l) re—1!
in which m may be > = or < 1 we casily get
n—1 7
/) m e 2
p__N/ m_lx /( . T om> 1
~\$ m—1
) P X "‘2" 1
=~ e e . . . m=
b= 78 1 (2)
n—1
x Pg *
p= ,m :_ll .. m< 1l
S | R |
'J (l—m
To jfind 0 on this hypothesis.
We have (307)
rpde
d 0 == —— e
e V(e*—rp~)
which gives by substitution
n_-z_“ de
”_+l'~/1i-——l . P I .om>1
EJ m———l ©+ il_{——:l)
do =+ "_;’(f B |
‘J(l . n—.‘)
p:
Lu?"‘ doe

m
(lo_iIN/'i;EXPx phn—1 m

¢ I-m~ 1—m
the positive or negative sign being used according as tlu. body ascends or
descends.

Ex. If n = 2, we get

l)zgn—d__gn—l)

p:J P x ¢ - e oo m>
T e )

m—1
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>
P= I% ?‘é .

— /_m 3
p_~/]_—mP.~/( - < e m<]
1—
the equations to the ellipse, parabola and hyperbola respectively.
Also we have correspondingly

do = + A,/m——lPdg

E,J(§’2+ lg—mT_I'Pz)

- _de
dd = +rP.W(]‘g-—-P2)

aa_+1/ m de
b e P =)

which are easily integrated.
Ex. 2. Letn = 3. Then we get

p:J—-—i—i——-xPx ¢ — .o.oom> 1
" l J(e2+ml—z—1)

P-_—*f‘g.............m:]
= [.m Y S
p...Jm__leX“/m_— m <
1——m——e)
da:i‘J]’?}%‘ ml” 2 .nl>1
CJ( m— 1 )
Pr de _
dd:iﬁln:ﬁP_‘ij' T m=1
d
(10=j-_’/—lil_erPx rg__nspz .m<1

ToomlT e
( l1—m
312. In the first of these values of 4, m P2 may be > =or <r2
(1). Let m P2 > r2 Then (see 86)

\ -1 m—1
o-:::iJ——) P X Pr scc e m i-”—————sec r El_l’“-;r‘*)
and at an apse or whenr = P

0=j-_Jmn_l_l—xPXSec.“Tg; ... (a)
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,J ln—,:.l,_—_!.or— l
mpPr—2= P T ¢

(2) Let m P* = r%  Then we have

for

=1 . (b)
1.2
v (et +

m — |

_ r? dg
0—“_i&/_(m—:—]5 xf?

— (A1
— &/ m—1 r e)
r ¢g—r
= X P - L. .o
— 4 m—1 4 (c)

which indicates the Reciprocal or Ilyperbolic Spiral.
(3) Let m P2be < r2%  Then

,I)
1—m N )

p =
»J(l—-—m )
1
t=+r 1’,,,/,“11/” (g2+(r€;—_l}1115)

N m . r2—m P~’ r’—m P2
_+11’§/ sz ]V(€2+—1i1- -1 J m—1

Ill

+C

—# (1*—mP?)

o |/ m EV(m—l.eﬁ-l-r;—mP’) )
_illJl'”—llll”XI'g VL (P—P) — ¥ (r*—m P77 (c)

at an apsc r = P; and then
2 5% e
IR BV A Gkl 3/ e N ()
- 1—m ¢

Thus the first of the values of 8 has been split into three, and integrat-

ing the other two we also get

Pr
0 — o = +V(r ) X (lg—1r)

1)
Ve =T % I

0——a..+rP~/l__m/ J(rz——mPT_——f:)

] —m

=
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t*—mP* , r——mP2
= !‘2-—111]?2 T,

=+x'PJ m r V(" mPQ:l:—m )——V(r’——m\l\’_‘)
- F—mp* "¢ ¥ (n.r?—;%) —# (r*—m P?)
and if ¢ is measured from an apse or r = P it reduces to
o=+P~/'n it Vetort
- I —m I3
313. Hence recapitulating we have these pairs of equations, viz.

m
m —1 §

~/(g * m ) )

! —1 m—1]
I —a=tPr [ ~rp f M=l e [ m=1
*==T mP2z 2 X (sec e/&/ m P8 M~ m Pz-—r“)

(Np=

or

{
0 = +P~/~—m~~- X sec. —!&.

- m — | It
To construct the Trajectory,
put § = 0, then
e=P=SA;
let ¢ = w, then

m
Pzime—l

Pvr~/ m
0=+ — [ —;
* 2 m— 1’

and taking A S B, A S B’ for these values of 4,
and S B, S B’ for those of p and drawing B Z,
B" Z/ at right angles we have two asymptotes; S C being found by put-
ting 0 = = Thus and by the rules in (35, 36, 87, 38.) the curve may
be traced in all its ramifications.

and

2 p= _—r o« f —
vV (m — 1) J r*
(ez + m — l)
and
d—o =+ ! gt

-V (m——l)x ¢
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This equation becomes more simple when
we make ¢ originate from ¢ = oo; for then A
it is IR

r? 1 s|
v (m— 1) X o '
and following the above hinted method the \
curve, viz. the Reciprocal Spiral, may casily be - B \(,
described as in the annexed diagram.

>
— m 4
3. P—PJl——-m X — = é \Z

'\/ (l —m + g’2)
and

0——a—+rPJ m 1 rV(m-—lg_H — mD%) — & (1*—-mP*

0 =

l)ix * e —
—m g ¥V m(rf—P*—# (r?—mP?
and when ¢ is measured from an apse or when I’ = r
i -2 AN
EES BV LAUL SV
- l1—m ¢
Whence may easily be traced this figure.*

A
Bl
i
l)
4. p —_ —FE
and
_ Pr e
00— = i—v—(fz:'l)ﬁ)l.—r_’

From which may be described the Logarithmic Spiral.t

[ — . m ¢
J'p_PNm—li( r?
1-—111_~€)

. m r VEE—m PPl —m. &) — &V (*—mP)
—a=tr PJI‘Q—-—:]]"l PQX] e v (mwl '?‘) — ¥ (r*—mDP?)




238 A COMMENTARY ON [Secr. VIII

or

_ ! m r— v (p2 —r?)
o=tr /ol (e?
when P = r.
Whence this spiral,
These several spirals are called Cotes’ Spirals,
because he was the first to construct them as
Trajectories.
314. If n = 4. Then the Trajectory, &ec.
are had by the following equations, viz.

PN/mlil g%
TR

dé=rP /

de

X 3
= (= Pt o)

2

315. If n = 5. Then
p=P«#m

V(m——l g —|—1“)

1
d0=rPJm_l (e 4

NE = e )

which as well as the former expression is not mtegmble by the usual
methods.
‘When

a__ M poey ¥
§ —m_ng T o=

is a perfect square, or when
r4 2 P4
m—1_ 4 (m—1)*

then we have
d dg
m Pz
' 5 (m —1)

dé =4

Therefore (87)

/I m P2 e

1) N 2(m—1)

o—a...lPJm_l '\/ (mP Xl ( T P ~
NG 2(m—l))
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PVm—gV3m—1)

—a=1r¥ 2X1. 2

b=y X e m—T.¢ —m Py

V2(m—1)4+P+m
—tdor=r ¥ 21.% LS
* or=r V(mP?—2.m—1.¢?%)

and these being constructed will be as subjoined.

VA

316. Cor. 1. OTHERWISE.

To find the apses of an ovbit where T =
} ¢n
Let
p=c
Then
n—1 m 1)2 n—3+ _]_.“_—I _0 1ﬂ
¢ m— 1 § m— 1 m >
n—1
Fi—=3 . v 4 o o« o +« « .m=1
o = - —
Pz L., . . A
and
-
n—1 JE_ D2 ,ne=3 ___ rn l
£ Fimt ¢ l——m"°m< J

which being resolved all the possible values of ¢ will be discovered in each
case, and thence by substituting in ¢, we get the position as well as the

number of apses.

Ex. 1. Letn = 2. Then P
r mP?
ez+m-—l'e_m——l =0
L .
_ P " L
e
. r mP?
—i—attiom
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which give

— r + rf44mbP?,.(m—1)
¢= 2 (m— 1) -~ A(m—1)*
_ L
£ =7
and
e r r*—4mP?, (1 —m)
2—2(1——111)i'~/ 4.(1 —m)*

Whence in the ellipse and hyperbola there are two apses (force in the
focus) ; in the former lying on different sides of the focus; in the latter
both lying on the same side of the focus, as is scen by substituting the
values of ¢ in those of 0.  Also there is but one in the parabola.

Ex. 2. ketn = 3. Then eq. (A) become

. m 1)2 + r?
S =T

which indicate two apses in the same straight line, and on different sides

of the center, whose position will be given by hence finding ¢;
2
(
5 — Q0
P
because r is > D,

whence there is no apse.

(3) 0% =

o]

(2)

I
d

r*—m P?

1 —m
which gives two apses, r # being > m P*? because mis < 1 and P < »;
and their position is found from J.

317. Cor. 2. This is done also by the equation

P = g sin. ¢, or sin. p = —];«

¢ being the £ required.

Ex. Whenn = 3, and m = 1, we have (4. 313)
P

p= ¢

. P
cosin g =
.. ¢ is constant, a known property of the logarithmic spiral.
318. 710 find when the body reaches the center of force.
Put in the equations to the Trajectory involving p, ¢; or g, ¢
g = 0.
Ex. 1. When n = 3, in all the five cases it is found that
p=20
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and
0 == — w,

Ix. 2. When n = 5 in the particular case of 315, the former value of
¢ becomes impossible, being the logarithm of a negative quantity, and the
latter is = — .

319. 7o find when the Trajectory has an asymplotic circle.

If at an apse for ¢ = o the velocity be the same as that in a circle at
the same distance (166), or if when

0 = ®
and
p=c
we also have
p _dp
¢~ dyg

then it is clear there is an asymptotic circle.

Examples are in hypothesis of 315.

320. 1o find the number of revolutions from an apse to p = .

Let ¢ be the value of § — « when ¢ = p or at an apse, and ¢’ when
¢ =®. Then

v g . .
V=g = the number of revolutions required.
a
Ex. By 813, we have
/ m ®
¥y v =D - sec, T -
v m — 1 P

/ m T
= ANm—_1"%2
/  m
SV = ?‘J M'l;-—;——- .
321. Cor. 3. First let V. R S be an hyperbola whose equation, x being
measured from C; is

y"' = l{%—: (x*—a?).
Then
VeRrR=7 % —sydx
But

fydx:—:;—fde(x”—a?)

2dx
(x‘—— a?)

b T
- 2 T ___ 2
2 X v x " f
Vou 1. Q
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=Dxw (0mat) 2 fl v () f-v_(ﬂ_

x?—a?)

X +#v (x%2-—a?)
) a

~2fydx =%x~/(x2—a2)-—-abl

and
2
VeRr=2P) Xt Y (Tl )
Again
¢= CP = CT = x — subtangent
= x — ﬂl X (29)
x2—a? a¥
= X —— = —-
x x
and substituting for x in (1) we have
— + —_— ——a
VCR = ﬂ) I. 'J ( )
2
2
.-.0:VCPaVCR:979N1.37+—3/——(3—~—§~—) : (@)
2 a (3]
N being a constant quantity.
322, Hence conversely
2 1 fr1 1
gen? = " “N/ (;é - Tz)
= u— J(u2 — ‘.11”2)
and differentiating (17) we get
du? 4
e = arpene * (v ()

and again differentiating (d ¢ being constant)

d?u 4

aoe =aprNa X U
Hence (139)

Pzv: 4 1 1
Py G + e
322. By the text it would appear that the body must proceed from V
in a direction perpendicular to C V — i. e. that V is an apse.

From (1) 322, we easily get

d 4

dgo = 4sz2(a e?—¢?
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and since generally

p? = g*do?
2d92+dg2

doe?

dg= St —pY

W Xp*X(a®—gf) =¢*—p’

2

Spt= 4

. . (1)
bt e X (@5 —¢9)

which is another equation to the trajectory involving the perpendicular
upon the tangent.
Now at an apse
p=c
and substituting in equation (1) we get easily
= a

which shows V to be an apse.
OTHERWISE.

Put d ¢ = 0, for ¢ is then = max. or min.

324. With a proper velocity.]

The velocity with which the body must be projected from V is found -
from

vdv=—gl'de
3825, Descend to the center).  When
e=0,p =0(1.323) and ¢ = o (2. 321).

326. Secondly, let V R S be an cllipse, whose equation referred to the

center C is

b ) .
yi= Fz.(a‘——xﬁ

Then
VCR=Y" 4 /—ydx
_yx__ b, At
=% “‘/d x v (a x?)
and as above, integrating by parts,
V I — 2
Sdx v (at—x) =X B TX) (12 x%) va “_XZ)

Q2
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_ XV (a’—x?) at, . _ x x
=" + 5 (sin= 5 —5)
AVCR=22(F —sin-1 XY,
Also
g:x+NT=x+Zw
dy
a®—x* a?
=X + - 5
and
abN
) = = o =12
N.VCR > 5 — sin ) (1)
wsin 2o 720
R e 2 abN
A g (T 20 . 24
e =i (g —apw) = s oy
and

3 24
et S )]

Conversely by the expression for I' in 139, we have
1
Fa-
gﬁ
327, To find when the body is at an apse, either proceed as in 323,

or put

de=0.
d x. sin. x
By (27) d. seC. X &= m
sin. 4
s Y 0
or
=0

that is the point V is an apse.

328. The proper velocity of projection is easily found as indicated
in 824,

329. Will ascend perpetually and go off to infinity.]

From (2) 327, we learn that when

240 o
abN~— 2
gis w3

also that ¢ can never = 0.
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330. When the force is changed from centripetal to centrifugal, the
sign of its expression (139) must be changed.

331. Pror. XLII. The preceding comments together with the Jesuits’
notes will render this proposition easily intelligible.

The expression (139)

o PEVE L dp
g pide
or rather (307)
. _ 1)2 V 2
D=y g rd, i
in which I and V are given, will lead to a more direct and convenient
resolution of the problem.

It must, however, be remarked, that the difference between the first
part of Prop. XLI. and this, is that the jforce itself is given in the former
and only the law of force in the latter.  That is, if for instance F = w =1,
in the former 1« is given, in the latter not. But since V is given in the
latter, we have w from 304.

SECTION IX.

332. Pror. XLIIL. 70 make a body move in an 01bit revolving about
the center of force, in the same way as in the same orbit quiescent)
that is, To adjust the angular velocity of the orbit, and centripetal force
so that the body may be at any time at the same point in the revolving
orbit as in the orbit at rest, and tend to the same center.

That it may tend to the same center (sce Prop. 11), the area of the new
orbit in a fixed planc (V C p) must « time « arca in the given orbit
(V C P); and since these areas begin together their increments must also
be proportional, that is (see fig. next Prop.)

CPx KR o« Cpx kr
But
KR=CKx «KCP
kr=Ck x 2kCp
and CP = Cp, and CK = Ck
S LKCPakCp
and the angles V. C P, V Cp begin together
W VCP a 2 VCp.
Q3
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- Hence in order that the centripetal force in the new orbit may tend to
C, it is necessary that
VCp o VCP.
Again, taking always
CP=Cp
and
VCp:VCP::G: F
G : T being an invariable ratio, the equation to the locus of p or the orbit
in fixed space can be determined; and thence (by 137, 139, or by Cor.
1, 2, 3 of Prop. VI) may be found the centripetal force in that locus.
383. To find the orbit in fived space or the locus of p.
Let the equation to the given orbit V. .C P be
e =1(9)
where g = CP,and ¢ = V C P, and fmeans any function; then that of
the locus is

ng(—%’o)............(l)

which will give the orbit required.

OTHERWISE.

Let p’ be the perpendicular upon the tangent in the given orbit, and p
that in the locus; then it is easily got by drawing the incremental figures
and similar triangles (see fig. Prop. XLIV) that

KR:kr::I: G
kr:pr:ip: v (g*—p?)
pr:PR::1:1
PR:KR:: ¥ (g*—p'®):p
whence
1:1 2 F.pv/(e2—p2):Gp' ¥ (g?—p*)
and
Gep'2e? .
LpE= Fg‘g“fi-"((?“‘f—”iﬁ)}’”“ A )

334. Ex. 1. Let the given Trajectory be the ellipse with the force in
its focus; then
a. (1 —e?)

2
b¥e , and p = - —

19— -
pe= a—e¢ 1 4 ecos. ¢

and therefore
2 b‘l(}i(Qa.Te_)’g‘l
PP = s (GT 1Y) F T2 (2ag—¢?)
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and

IHence since the force is (139)
pe:ve e d?u

g aee t u)
and here we have

a(l—ec?Hu = l+ccos.AG0

du? ) O
S e X e — (1 —a(l—e) )
2k Ire
=+t rera=— " T e

and again differentiating, &c. we have
d?u J O (S O
qoert ' =gnag=ey T TG X*
But it 2 R = latus-rectum we have
L b* .
R = 5 = =a(l—e¢?
.. the force in the new orbit is
p*v: F* RG*— RT*
e X Lyt )

335. Ex. 2. Generally let the equations to the given trajectory be

: g = t'(f?’)}
P =9

Then since
G

0=7F0’
2
'.(102:—1(;—2(]0”
dtu F2d?u
..a—0'é+ll=m,—'z+ll

Fe 12u ke
= G:* X :T‘;l—g-{- u) + u——G~2u
and if the centripetal forces in the given trajectory and locus be named
X, X/, by 139 we have
g X It r X G*—TI* 1
Prvi= Gi X prva LU CER A
Q4
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<X = T (pen GQ;FfXZIa)
Also from (2. 333) we have :
Plz g: 32 + Gg(;]” X El
dpE oy v

L)

g X F:gX  G*—TF* 1
PrvVET Prayie + TG X o
the same as before.
This second general example includes the first, as well as Prop. X1.1V,
&ec. of the text.
836. Another determination of the force tending to C and which shall
make the body describe the locus of p.
First, as before, we must show that in order to make the force X tend
to C, the ratio « VC P : £V Cp must be constant or = I' : G.
Next, since they begin together the corresponding angular velocities
w, o’ of C P, Cp are in that same ratio; 1. e.
ot TG
Now in order to exactly counteract the centrifugal force which arises
from the angular motion of the orbit, we must add the same quantity to
the centripetal force. Hence if ¢, ¢’ denote the centrifugal forces in the
given orbit and the locus, we have
X=X+4+¢—p
X being the force in the given orbit.

But (210)
1)’2\]! ]
PR XY
and
o w?
when ¢ is given.
o a_)_’__’__ G*_Prv: G* 1
=X = ¢>x1‘ =T XX
P:v:  G*—F 1
. oo t-v” =
Y —p = : X — xes
l)sz Pz ]
X',—-x+"__"x 1‘\7"‘ x?ﬂ— . . . . . (])
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or
p2v: d*u | | G*— I
= g-x ug'Ib’+u+—FTET~) ¢ e e (2)
or
Perve gp G?—F*®

= x(ﬁ”'d'g*'_FTgT') N )
837. Pror. XLIV. Take up, u k similar and equal to VP and V K;
also
mr:kr::2VCp:VCP.
Then since always C P = p ¢, we have
pr=PR.
Resolve the motions P Ky p kinto P R, R Kand pr, r k. Then
RK(=rk):rm::2VCP:2VCp
and therefore when the centripetal forces P R, p r are equal, the body
would be at m.  Bat if
pCn:pCk:: VCp:VCP
and
Cn=Ck

the body will really be in n.
Hence the difference of the forces is

mk xms (mr—kr). (mr+ kr)
mt - mt )

mn =

But since the triangles p C k, p C n are given,

1
Kr amr ac——l-)
1

Semn % m— X — .
Cp? " mt

Again since

pCk:pCn::PCK:pCn::VCP:VCp
::kr :mr by construction
::%p Ck : p C m ultimately

SpCn=pCm
and m n ultimately passes through the center. Consequently
mt = 2 C p ultimately
and

mn &« =——
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OTHERWISE.

338. By 336,

X —-—X=¢—9
P:vV: G- 1
=g XTEXp
1
0(—3—.
¢

839. 7o trace the variations of sign of m n.

If the orbit move in consequentia, that is in the same direction as C P,
the new centrifugal force would throw the body farther from the center,
that is

Cmis>CnorCk
or m n is positive.

Again, when the orbit is projected in antecedentia with a velocity <
than twice that of C P, the velocity of C p is less than that of C P.
Therefore

Cmis<Cn
or m n is negative.

Again, when the orbit is projected in antecedentia with a velocity =
twice that of C P, the angular velocity of the orbit just counteracts the
velocity of C P, and

mn = 0.

And finally, when the orbit is projected in antecedentia with a velocity

> 2 vel. of C P, the velocity of Cp is > vel. of CP or Cmis> Cn, or

m n is positive.

OTHERWISE.

By 338,
mno ¢’ —o
L e
But
o =wt+ W

W being the angular velocity of the orbit.
emnx+ 20 W4 W
4204+ W
+ or — being used according as W is in consequentia or antecedentia.
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Hence m n is positive or negative according as W is positive, and nega-
tive and > 2 w; or negative and < 2 w. That is, &c. &c.
Also when W is negative and = 2 w, m = 0. Therefore, &c.
340. Cor. 1. Let D be the difference of the forces in the orbit and in
the locus, and f the force in the circle K R, we have
D:f::mn:zr
.mkxXms rk?
mt = 2kc
,(mr4+rk)(mr—rk) rk*

2kec " 2ke
cimrf—rk?:rk®
. G!l I‘Q . F2
841. Cor. 2. In tlze ellipse wilh the force in the focus, we have
, RG*— R I‘2
hl A2 + AS

For (C V being put = T)

Torce at V in Ellipse : Do. in circle : EF(STJ:]?—\’ PYl:/,
. ] . 1
"2R2T
::T: R
Also FinCircle: mnat V:: F2: G?— F*

1
mnatV:mn at }):’71'1"'5:'

TF* RG*—RF*

~FatVinellipse:mnat p:: - et Ty
Hence
Fe
X = '/‘\‘—2

we have
"2

I' in ellipse at V = T

and
N RG:—RI:
AQ
and
X=X 4 mn
RG*—RF?*

“xt TR
see 834,
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OTHERWISE.

: 342. Dy 836,

, Prv: Gr_T' 1
x =X+ g X 11‘2 X’e"g
But
X="
E'Z
and
) ?
IQgV :%/L:RM(I;’)'?)
, w F:  G¢*— F*
X xS

343. Con. 3. In the cllipse with the force in the center.
. F2A RG:?— D2
X o DA ”E__ASRI‘

, 2
For here X « A and the force gencrally « IT‘V (140)

Force in ellipse at V : ForceincircleatV:: T: R

. JF in circle tmmnatV e It G210
lm natV :mmnatp e ,—11‘-3: 7\17
. Fe ., RG*:—RI?
s Finellipseat V:mnatp T A ~——(f——-—3-~~—~
1 A
S . F:A
<. assuming I in ellipse at P = —f o We have
s Ir®
Finellipscat V = 7 X T
and

RG:—RI®

Semn = — g

OTHERWISE.
_ P*V? 4 (Area of Ellipse)?
344. X =pgand —— = & (Period)?
47%a®bh?

@ (Periody: = # 0" b (147)
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Therefore by 836
2—-
X’=Me+na‘b’x(j——17,—rzx !
3 2 2 14 2
wal {I‘ +b x(G F)}

—'—i;‘_z—
wa’ F2e RG—RF2
o (s erary

315. Con. 4. Generally let X be the force at P, VL at V, R the

radius of curvature in 'V, C'V =T, &e. then
VRG*— VRF*

X'« X 4 A
TFor
Finorbitat V: Fincircleat V:: T : R
{F' tmnatV o F2r G2 —F2
mnatV Tmn AT
. . VF G:—F?
s FinorbitatV:mn Ve V R. —
.~ since by the assumption
T2
IFin orbitat V = —V—I—I;—
VR (G?—F?)
SMn = e

and

X X +Y._.R_(_CX_._:—_1.'_Q.),

OTHERWISE.

This may better be done after 386, where it must be observed V is not
* the same as the indeterminate quantity V in this corollary.
846. Cor. 5. The equation to the new orbit is (333)
. GQ 1)’ 2 3 2
P" = 4 82 + (G"{"___ F‘") p/2
p’ belonging to the given orbit.
Ex. 1. Let the given orbit be a common parabola.

Then

prt=reg
. . GQ r e!
I (R ] crpumy of) I
and the new force is obtained from 886.
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Ex. 2. Let the given orbit be any one of Cotes' Spirals, whose general
equation is
b 2 e 2
S
Then the equation of 333 becomes
G. 2
K

p't=

b2g2

P'=G T
T b4 a*—b*Fe?
which being of the same form as the former shows the locus to be similar
in each case to the given spiral.

This is also evident from the law of force being in each case the same
(see 336) viz.

, P:V:  G®—F:_ 1
X =;ﬁ+ g X G* X ‘03
« ;l’

Ex. 8. If the given orbit be a circle, the new one is also.
Ex. 4. Let the given trajectory be a straight line.
Here p’ is constant.  Therefore

G2 pEXe?

PY= g G —F°®
et + —pr— P’

the equation to the elliptic spiral, &c. &c.

Ex. 5. Let the given orbit be a circle with the force in its circumference.

Here

g’ (41 —¢?)
pI2= 4 r? a

and we have from 333
G 2 4
P = T Fe g ((,2 £t
Ex. 6. Let the given orbit be an ellipse with force in the focus.
Here
b%e
2a—;¢

p'*

and this gives
GI b2 ei
Ftg(2a—¢ + b (G*— FY

pt=
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347. To find the points of contrary flexure, in the locus put
dp = 0;
and this gives in the case of the ellipse
_b? F*—G*
e

OTHERWISE.

In passing from convex to concave towards the center, the force in the
locus must have changed signs. That is, at the point of contrary flexure,
the force equals nothing or in this same case

F'*A+RG*—RF?2=0

R
VA=, x (FP—GY)
_b’ E S e X!

S ac T O

And generally by (336) we have in the case of a contrary flexure

Pzv: ! — F* 1
g X e X p=0

which will give all the points of that nature in the locus.

X =X 4

348. To find the points where the locus and given Trajectory intersect
one another.
It is clear that at such points
e=¢,and ¥ =2 Wa+9

W being any integer whatever. But

[ 0 = m

G
¥
2Wa
m+1°

This is independent of either the Trajectory or Locus.

349. To find the number of such intersections during an entire revolution
of C P.

Since ¢ cannot be > 2 «
Wis<m 4 1and also <m — 1
L2 Wis<£2m.

Or the number required is the greatest integer in 2 m or ?'IT‘Q .

This is also independent of either Trajectory or Locus.
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850. To find the number and position of the double points of the Locus,
i. e. of those points where it cuts or touches itself.

Having obtained the equation to the Locus find its singular points
whether double, triple, &c. by the usual methods; or more simply,
consider the double points which are owing to apses and pairs of equal
values of C P, one on one side of C V and the other on the other, thus :

The given Trajectory V. 'W being
symmetrical on either side of V W, let
W’ be the point in the locus correspond-
ing to W. Join C W’ and produce
it indefinitely both ways. Then it is
clear that W’ is an apse; also that the

angle subtended by V v/ x* W’ is

= % Xr=wa+4 . VCy, wbeing :

~

the greatest whole number in <, (this

1
supposes the motion to be in consequentia). Hence it appears that where-
ever the Locus cuts the line C W’ there is a double point or an apse, and
also that there are w 4 1 such points.

Ex. 1. Let % = 2; i e. let the orbit move in conse-
quentia with a welocity = the velocity of C P.  "Then 2
V Cy’ = 0, y’ coincides with V, and the double points
arey’ V, x" and W',

The course of the Locus is indicated by the order of
the figures 1, 2, 8, 4.

Ex. 2. Let —(I:J; =3.

Then the Locus resembles this figure, 1, 2, 8,
4, 5, 6. showing the course of the curve in which
V, x/y A, W’ are double points and also apses.

G

Ex. 8. Let T = 4,

Then this figure sufficiently traces the Locus.
Its five double points, viz. V, x/, A, B, W’ are
also apses.

a’™

Higher integer values of % will give the Locus
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still more complicated. If % be not integer, the

figure will be as in the first of this article, the
double points lying out of the line C V. More-

over if % be less than 1, or if the orbit move in

antecedentia this method must be somewhat
varied, but not greatly. These and other curio-
sities hence deducible, we leave to the student.

351. T investigate the motion of (p) when the
ellipse, the force being in the jfocus, moves in ante-
cedentia with a wvelocity = wvelocity of C P in
consequentia.

Since in this case

G=0
*. (333) also
p=20 . L
or the Locus is the straight line C V. N
Also (312)
., _w F* RTF
X' = Ir'c (ez 23 )
g — R
= s X =,
gﬁ
Hence
—d
vdvoa X de o ——g(e+Rda
2e—R__, 2e—l—ef—g
e','.’
(where qx“—;f‘—]?—l- = 1;) and the body stops when
2p—14e?— A2 =0,
or when

e=1l+e

Hence then the body moves in a straight line C V, the force increasing

to -% of the latus-rectum from the center, when it = max. Then it

decreases until the distance = —121 or R. Here the centrifugal force pre-

vails, but the velocity being then = max. the body goes forward till the
Vor. T R
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distance = the least distance when v = 0, and afterwards it is repelled
and so on in infinitum.
352. To find when the velocity in the Locus = maax. or min.
Since in either case
d.v?=2vdv=0
and
vdv=X'd¢
X =0
. (336)

o w2 RG*—RI
X = 1'2 02 + g:l )
2 RG*—RT?
ot . o =0
r:—aG:*
g = R X “'l“i —
b -G
T a Ir®
b? L 5 -
IfG = 0, v = max. whenp = W 90T when P is at the extre-

mity of the latus-rectum.
G? — G*
P GE

3

If F=2G, v = max. wheng:R.df ]

3
ZI{:»

lat. rectum.
358. To find when the force X' in the Locus = maz. or min.
Put d X’ = 0, which gives (sce 336)
3P*V’-‘x(i2——]” 1

dX =— —_— X
g k ¢
Ex. In the ellipse
-
g2
and (157)
D)2
peve_ o
g
. —2F2de 3RG’dg_—_:—_3RF2dg_0
et T ¢’ B

which gives

3R TI*—G:*
g ="~ X n—']_«‘—ﬂ'","



Book 1.] NEWTONS PRINCIPIA. 259

Hence when

G=0
X = max. when ¢ = 32R
When e = R, and G = 0. Then
Ir: R I'?
X=g— g ="

When I' = 2 G, or the ellipse moves in consequentia with } the velo-
city of C p; then
X = max. when
=3k 4G —G*_ 9 R
¢= o -7y Ggr T w® ™
351. Cor. 6. Since the given trajectory is a straight line and the center
of Jorce C not in 1t, this force cannot act at all upon the body, or (336)
X =0.

Ilence in this case

X =

P:V: Gt I
X \Y
g K-

1
X EJ
where P = C V and V the given uniform velocity along V' P,

In this case the Locus is found as in 346.

355. It the given Trajectory is a circle, it is clear that the Locus of p
is Jikewise a circle, the radius-vector being in both cases invariable.

356. Prov. XLV. TVe orbits (round the same center of force) acquire
the same form, if the centripetal foices by which they are deseribed at cqual
altitudes be rendered proportional.]

Let £ and {” be two forces, then if at all cqual altitudes

f «t
the orbits arc of the same form.
For (16)
1 1
aer C T P SPTx QT

1 1

QT SPex do

=l
R

and

R 2
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But they begin together and therefore
0 o tf
and
e = ¢.
Hence it is clear the orbits have the same form, and hence is also sug-
gested the necessity for making the angles ¢, ¢ proportional.

. . . . G
Hence then X/, and X being given, we can find 2 such as shall ren-

der the Trajectory traced by p, very nearly a circle. This is done ap-
proximately by considering the given fixed orbit neamly a circle, and
equating as in 336.

35%. Ex. 1. To find the angle between the apsides when X’ is constant.

In this case (342)
X al a%—z cxlﬂg+R?J2—R FQ.
Now making ¢ = T — x, where x is indefinitely diminishable, and
equating, we have
(T—x)°=T*T—T!x 4+ RG*— RT*
=T*—3T*x 43Tx*—x?
and equating homologous terms (6)
T =I""T+RG*—RI*=F* X (T—R)+RG*

and
Fe=3817T¢*
G2 T T —R
"TtTT REF:T TR
T T —1R
SSRTT R
T T—R _ 3R—2T

3 R R 3R

1
= —3—near] y

since R is = T nearly.

Hence when F = 180° = =

'7f
7:(}:—;/—3-..........(1)

the angle between the apsides of the Locus in which the force is constant.

858. Ex. 2. Let X’ ag»=3, Then as before

(T—x)»=F*(T—=x)+ RG?—-RT?*

and expanding and equating homologous terms

Tr=F*T+RG*—RF?
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and
Fe=nTnr-\.
But since T nearly = R
Tr=1= G*
G*_ 1

n

[ Jp—
..l“2

and when F = «
< x
r=G= v’
Thus when n—38 = 1, we have
T T
7= =g = 90
Whenn—8 =—1,n =2, andy = J‘,—) = 127°, 16¢. 45",

Whenn —3 = —1:;,11: i ,and y = 2o = 360°,

359. Let X/ o ‘b_g"_‘giT(,_g_: Then
b (T—x)"4+c(T—x)"=TF* (T —x)4+ R.(G*—F?
and expanding and equating homologous terms we get
bT»+c¢T"=TF* (T —R) + RG*
and
bmTm=14+c¢nTr=' = F*
But R being nearly = T, we have
bTw=l4+cTr=!=G*
G* bTm=t4+cTr=! _ bTrm4cl®
“FrT bLm ’l‘v“‘:'—i“c nTo=' " mbIm+ncKhe

which is more simply expressed by putting T = 1. Then we have

G* _ b+4c
F* 7"mb+nec
and when IF = ~
b+c¢

7y=0C= 7'meiné'
360. Cor. 1. Given the ¢ between the apsides to find the force.
Letn:m:: 360° : 2y
11800 =@y
Y=L

But it X/ o gp—3

R 3
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e
P = o

n2 4
oo X o pme

Ex.l. fn:m::1:1,

X! ot -1-,
g
as in the ellipse about the focus.
2. Ifn:m:: 363 : 360
1204 ®
Xt ()=
3. Ifn:m::1:2
X' o l[T
¢ T
And so on.
Again if X/ « —gl~3
— i —
T=EVoT®
and the body having reached one apse can never reach another.
. xr 1
If X/ ET
_ T
AV

.. the body ncver reaches another apse, and since the centrifugal force

1 . . . .
& 7’ if the body depart from an apse and centrifugal force be > centri-
petal force, then centrifugal is always > centripetal force and the body

will continue to ascend in infinitum,
Again if at an apse the centrifugal be < the centripetal force, the centri-
fugal is always < centripetal force and the body will descend to the center.

. . 1 . .
The same is true if X’ o« — and in all these cases, it
3

centrifugal = centripetal

the body describes a circle.
. . 1 .
361. Cor. 2. First let us compare the force T A, belonging to

the moon’s orbit, with
F: RG:—RI*
ot
Since the moon’s apse proceeds, (n m) is positive.
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1
*. ~— ¢ A does not correspond to n m and .. =, does not correspond

Aﬂ
re '
O }\-'2.
Now
1 A—cA* bLA™—cA®
'A_Q'—CAO( Al e oAy T
1—4c Fe
X' AT=e "?x A G238
1—4c O
T—2 TG
kt  RG:—RF®* _1—4c¢c, 8cR
Sae A =~ t &
2 — Ao
. }li, = }*K?f and not—‘i—z
and
mn = Sck
=
Hence also
I —

y == '\/ T . &e. &e. &e.

362. o determine the angle between the apszdcs gencrally.
Let
f(A)
X —}(\_T

f (A) meaning any function whatever of A, Then for Trajectories which
arc nearly circular, put

fF(A) _T*A 4+ R(G*—TF?)

o T

“f.A=TF*A 4+ R(G*—T)
or
f.(T—x)=F*(T—x)+ R(G?—I'%)
But expanding f (T — x) by Maclaurin’s Theorem (32)

i=f(T—x)=U—-Ux + U":é—ﬁ— &e.

U, U’ &ec. being the values of u, 3 u, dx ‘n ' &e.
when x = 0, aund therefore independent of x. Hence comparing
homologous terms (6) we have
U=F*'T+ R(G*—F?
U =F:
R 4
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Also since R = T nearly
U=TG:* .
G* U
'F“g = "T‘Tﬁ, . . P (l)
IHence when F = =, the angle between the apsides is

+ /U
7:(_‘1:1‘ T-.—U,]
or T 2
= 19
AU

naking T = 1. .
Ex. 1. Let f(A) = bA™ 4+ cA*=u
Then
du
(l—;{‘ =
Hence since A = T whenx = 0
U=fT=bTm4+cTr
U=mbTr—'4 neTr-!
LG*_bTrmgelr
F*T mbTm4nel™n

mbA™=!'4ncAr—L

or

G* b+ c

F27 mb4nc
and

y = b+ ¢

mb + nc
as in 859.
Ex. 2 Letf.CA) =bA™ 4+ cA» 4+ c A" + &
. t{—;—:: mbAP='gncAr—! 4 rcAr—' 4 &
U =bTm4cTr+eTr+ &
and
TXx U =mbT P 4+ncT"+4reTr+ &e.
LG _bTr 4 eTr 4+ e T + &
Tt T mbTrRgnc T 4reTr4&e.
or
_ b+c+e¢+ 4 &
“mb+ncH re 4 sf+ &e.

’_“N/ b+c+e.....
7= mb4+nec4re4.....

when T = 1.
Also
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Ex. 3. Let AI})
Here (17)
du
dx
IHence
U
T x U
12
'I:\—u
and when T =1
G*?
T
%
Ienceifa =ct
—
7 - 2 M

Ix. 4. Let £ (A)
Then
du
dx

and
du
d x
ST U

NEWTONS PRINCIPIA.

I

Il

. (} 2 — R -
~ 3sin. T4 Tcos. T

. 1“—2

at = u
A?ar x (34 Ala)
T?aTx (34 Tla)
T2a®™(3 4+ Tla)

1

Tx 3+ Tla)

L
3 41a

qJ,,l_
4 34 1a

sin. A.

f(A) = A’sin. A
T sin. T

3 A®sin. A 4+ A3cos. A
3T3sin. T 4+ T *cos. 1

sin. T

sin, T

'~/ 3 sin.

he hyperbolic base, since | ¢

)

T 4+ Teos T°

= 1, we have
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a
IfT = T Then

363. 10 prove that
bAm+cAn_ 1 mb+nc —3
A’ '_b-l-(,'A bre T
bAm+cA"=b. (1 —x)"4c.(1 —x)"
_-_-b+c—-(ml)+nc)>.+ &e.

1 mb+nc
:b+c(l— bic x+&c.)
l mb+|u
=5 +Lx(l—\) b+c
1 ml;-f-nr.
:-b—+—c.A b+

364. 70 find the apsides when the excentricity is infinitely greal.

Make
2q: & (n+ 1) :: velocity in the cmve : velocity in the circle of the
same distance a.

Then (306) it casily appears that when 1" « ¢

n+3
0= o qn 2 de
gV(un-f-l___fn-{-l)g':____q':un-i-l(n‘:__gx-)
and
de _
-(—l-z)__()

gives the equation to the apsides, viz.
(art! —gn¥h)ei—qrar+!(a®—¢) =0

whose roots are
a (and — a when n is odd) and a positive and negative quantity (and when
n is odd another negative quantity).

Now when q = 0

(an+i—gn ) gr =0

two of whose roots arc 0, 0, and the roots above-nientioned consequently
arise from q, which will be very small when q is.

Again since

n—+1 2?22
Ll Hat=0

when q and ¢ are both very small

a?
l—‘i}? =0
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and
e=+aq.
.*. the lower apsidal distance is a q.
A nearer approximation is

|
<

~~
=,
+i

=

Hence

do= B

where 3 contains q * &c. &c., and this must be integrated from ¢ = b to
¢ = a(b = aq).

But since in the variation of ¢ fiom b to ¢, Q may be considered con-
stant, we get

N c
=scc.—% ¢ 4+ C = sec. —4L —.
a (] a q
and
T 87 5« .
Y=o o9 0 &c. ultimately
the apsidal distances required.
Next let
A f an"
I —and = !
0 n

Then again, make
v i vina circle of the same distance : : ¢ ¥ 21 ¥ (n—1)
and we get (306)
do = qade

VRS (g
and for the apsidal distances

en—-l q‘:en—l (l':n:}—n

l—F=t oy = =0
which gives (n > 1 and < 8)
e=a q:l—-:-‘T
Ience
[ =f—-—-—-- S ..‘_lq_g S
eV (" —qtal=n 4+ 8 x Q

_ 1 7 aqde
=VQ S eV ET=i —qtad—n .
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and
2 3—n 3
c 2 L4 L3
— — — —
7= g see 3_11_3_11_3_“,8&.
qa ?
Hence, the orbit being indefinitely excentric, when
Foeg . . . . wehave . . . . 7:%
tor
(P S -7
any number<1 * * ° ° ° " 7 7= 9
1
Fo — -
e 7= 2
T « 1 > r <=
gnumber between land2 ~ ~ ° ~ 77 %
1

F“;j‘g{ﬁ-.........'y)fx.

But by the principles of this 9th Section when the excentricity is inde-
finitely small, and T o o ®

— @
SEATE)
(see 358), and when
I' « ~—l—n
£
— L2
7=V (3—=n)

Wherefore when nis > 1
y increases as the excentricity from

©

T ~ t x
V{3+n) 2°
When IF ¢

T o ~ o o,
r=5 is the same for all excentricities.

2

When I « ¢ ¥

y decreases as the excentricity increases from
T x

VE—m 2

which is also true for F « -:—
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»>1<2

When I « g—l—
7 decreases as the excentricity increases from
- to x
/(3—mn) 3—nu’
1
When F o
¢
v = ®
5 1
When I’ o« ——
¢ ;

7 increases with the excentricity from
T o
viEe—n i

If the above concise view of the method of finding the apsides in this
particular case, the opposite of the one in the text, should prove obscure ;
the student is referred to the original paper from which it is drawn, viz
a very able one in the Cambridge Philosophical Transactions, Vol. 1,
Part I, p. 179, by Mr. Whewell.

365. We shall terminate our remarks upon this Section by a brief dis-
cussion of the general apsidal equations, or rather a recapitulation of re-
sults—the details being developed in Leybourne’s Mathematical Repository,
—by Mr. Dawson of Sedburgh.

It will have been seen that the equation of the apsides is of the form

X" —Axm—B=0 . . . . . . . .. (]
the equation of Limits to which is (se¢ Wood’s Algeb.)
nx"=!'—mAx™='=0 . . . . . . . (2
and gives

1
x= (2 Ay

n
If n and m are even and A positive, x has two values, and the number
of real roots cannot exceed 4 in that case.
Multiply (1) by n and (2) by x and then we have
(m—n)Axm"—nB=0
which gives
1 1
n o B\w
X =(=— —
(m —_ n) ( A)
and this will give two other limits if A, B be positive and m even ; and 1f
(1) have two real roots they must each = x.
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If m, n be even and B, A positive, there will be two pairs of equal roots.
Make them so and we get

(m—n)n—m
nn-—m

An___(_n_) mBn—m =0

m
which will give the number of real roots.

(1). If n be even and B positive there are two real roots.

(2). If n be even, m odd, and B negative and (M), the coeflicient to
A", negative, there are two; otherwise none.

(8). If n, m, be even, A, B, negative, therc are no real roots.

(4). If m, n be even, B negative, and A positive, and (M) positive there
are four real roots; otherwise none,

(5). If m, n be odd, and (M) positive there will be three or one real.

(6). If m be even, n odd, and A, B have the same sign, there will be
but one.

(7). If m be even, n odd, and A, B have different signs, and M’s sign

differs from B’s, there will be three or only one.
(8). If

x4+ An®»—B =0
then

— ne~—m
(m n A. n,
n

is positive, and it must be > B, and the whole must be positive.
If
x"—Ax"4+ B =0
the result is negative.

SECTION X.

366. Pror. XLVI. The shortest line that can be drawn to a plane
from a given point is the perpendicular let fall upon it. TFor since
Q CS = right 2, any line Q S which subtends it must be > than either
of the others in the same triangle, or S C is < than any other S C.

A familiar application of this proposition is this:

367. Let S Q be a sling with a body Q at the end of it, and by the hand
S let it be whirled so as to describe a right cone whose altitude is S C, and
buse the circle whose radius is Q C; required the time of a revolution.

Let SC=h, SQ=,L,QC=r=+1?—h2
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Then if F denote the resolved part of the tension SQ in the direction
Q G, or that part which would cause the body to describe the circle P Q,
and gravity be denoted by 1, we have

F:l::r:h

N o r .
..I_-—;.
But by 134, or Prop. 1V,
Fxpr=t47mXr_ ; x P
8 ] !
;N
..P_2¢N/-;—r— e e e e e o (D)

the time required.

If the time of revolution (P) be observed, then h may be hence obtained.

If a body were to revolve round a circle in a paraboloidal surface, whose
axis is verticaly, then the reaction of the surface in the direction of the
normal will correspond to the tension of the string, and the subnormal,
which is constant, will represent h.  Consequently the times of all such
revolutions is constant for every such circle.

368. Pror. XLVIL. When the excentricity of the ellipse is indefi
nitely diminished it becomes a straight line in the limit, &c. &e. &ec.

369. Scuorivy. Inthese cases it is sufficient to consider the motion
in the generating curves.]

Since the surface is supposed perfectly smooth, whilst the body moves
through the generating curve, the surface, always in contact with the
body, may revolve about the axis of the curve with any velocity whatever,
without deranging in the least the motion of the body: and thus by ad-
Jjusting the angular velocity of the surface, the body may be made to trace
any proposed path on the surface.

It the surface were not perfectly smooth the friction would give the
body a tangential velocity, and thence a centrifugal force, which would
cause a departure from both the curve and surface, unless opposed by
their material; and even then in consequence of the resolved pressure a
rise or fall in the surface.

Hence it is clear that the time of describing any portion of a path in a
surface of revolution, is equal to the time of describing the corresponding
portion of the generating curve.

Thus when the force is in the center of a sphere, and whilst this force
causes the body to describe a fixed great-circle, the sphere itself revolves
with a uniform angular velocity, the path described by the body on the
surface of the sphere will be the Spiral of Pappus.
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870. Prop. XLVIII and XLIX In the Epicycloid and Hypocycloid,
: 2vers. :2(R+r): R

where s is any arc of the curve, s’ the corresponding one of the wheeiy and R
the radius of the globe and x that of the wheel, the + sign being used for
the former and — in the Hypocycloid. (Sec Jesuits’ notes.)

OTHERWISE,

If p be the perpendicular let fall from C upon the tangent V P, we
have from similar triangles in the Epicycloid and Hypocycloid
PY:CB:: VY:VC

or

e—pt: (Rt 2r)2—p2: (R+2r)
which gives
f=(R+2r)* P — R 1
= ( T l) X (IT':‘:*2T) TTRE ¢t ( )
Now from the incremental figure of a curve we have generally
ds ¢
2
de = vV (e*—p?) ®)
But
R .
¢ —p* (R+Ar)ﬁ NV R X {(R+2r)*—¢%}
2/ T+ Rr edg
d S
5= R VAT T p

and integrating from

s =0, wheng =R
we get
2 9
s = ?_‘_’Ll,{i_l“ X (VIRFE —Ri—v(RE21) =}
which is easily transformed to the proportion enunciated.
The subsequent propositions of this section shall now be headed by a
succinct view of the analytical method of treating the same subject.
871. Generally, 4 body being constrained to move along a given curve b
known forces, required its velocity. B

D
Let the body P move along the curve ,ﬁ

P A, referred to the coordinates x,y
originating in A ; and let the forces be M
resolved into others which shall act
parallel to x, y and call the respective A
aggregates X, Y. DBesides these we
have to consider the reaction (R) of the
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curve along the normal P K, which being resolved into the same direc-
tions gives (d s, being the element of the curve)
dx

R -——:- ) and R
Hence the whole forces 'llong X and y are (see 46)
dzx - X R
are = X+RGY
d*y _ dx
dt* =Y—R (T?S

Again, climinating R, we get
2dxd’x +2dyd'~’y: 2Xdx+2Ydy

dt?
and
2 2
df"fd";;ly — 9/ (Xdx+Ydy)
But
o _ds’ _dx*4dye
VoS dee T dt? (46) :
=2/ Xdx 4+ Ydy) . . . . . o (D)

Hencc 1t appears that The wvelocity 1s independent of the reaction of the
curve.
372. If the force be constant and in parallel lines, such as gravity, and
x be vertical ; then
X=—g
and
Y=0
and we have
vi=2f—gdx
=2g(c—x)
=2g(h—x)
h being the value of x, when v = 0; and the height from which it begins to
fall.
373. To determine the motion in @ common cycloid, when the force is gravity.

The equation to the curve A P is
2r —x

dy--dx —~

r being the radius of the generating circle.

‘ Sds=dx {2r
x
s

Vor. I.
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and

ds T dx
dt:-—- — = — P
vV 2g.+ (h—x) ”/g X v (hx —x*)

r _2x ,_ .
..t_C——'\/—g—vexs. ‘-h~(8(>)

r 2x
..J—g«{cr—vers. ‘T} .. .o (D

t being = 0, whenx = h.
Hence the whole time of descent to the lowest point is
ir
9 =7 -—g—
which also gives the time of an oscillation.
374. Required the time of an oscillation in a small circular arc.
Here
y=+ (8rx—x?
r being the radius of the circle, and

ds = — rdx
vV (2rx —x?%
ds
VA v |
_ r dx
T wegl Vih—x)2rx—x)}
r dx

l

T Viag  Vihx—x9(Br—x)

to integrate which, put

0 = sin. -‘Jr,

=g rhx‘ — =9
and since

J)}: = sin. 4§

x =hsin?4,2r—x = 2r—hsin.?¢
= 2r (1 —d*sin. 2 4), 6* being put=—

_ Jr do
t=—Ng X v(i=esmy"

Now since the circular arc is small, h is small; and therefore 8 is so.
And by expanding the denominator we get

.[V(l_i,on]n,a) =/d¢ {1 + -—sm 20+ 54 6‘sm."0+ &c.}
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and integrating by parts or by the formula
. 1 . — .
Jdo.sinnmg = — 4 Cos-Osin. m=14 4 “-lx-n——!deSm.m—H
and taking it from
0 =0tod = —%
we get

m =

S, dosinmg = l‘/;désin.""“”

the accented /] denoting the Definite Integration from 0=0, to 4= ;

In like manner

m_gf d dsin.m~4¢

Srdosinnm—2¢ =

and so on to

./;do‘sin.'dzf}./;dO:?z.—;.
Hence

. . —D(m—=3)..... 1 L

dsin, ™ :(m by

S, dosin. ™m0 mm—2) . ....... SR

and

fron =0
fV(l—a*sm g _
=3

is the same as

/, do =
ST WV (1 —=3%sin.%0) from 2
0= 0

whence then

= S () (R (R e s}

and taking the first term only as an approximate value

T /r
t = — — (3)
g
. . . T
which equals the time down a cycloidal arc whose radius is - i

If we take two terms we have
- r
a5
x r h
=4 E(l+§; B € )
s2

t



276 A COMMENTARY ON [Secr. X.

875. To determine the velocity and time in a Hypocycloid, the force
tending to the center of the globe and « .

By (870)
the equation to the Hypocycloid is
R 2 ___ 2
P'= Rr_ gy oy X (T —R)*
Rt n
=R e X D*
by hypothesis.

Now calling the force tending to the center I, we have

x=_Fx§,Y=_Fng

w.f(Xdx4Ydy)= —/F xix,j ydy

= —/Fd;
ev?i=C—2/Fde . . . . . o . o .0 (1)
But by the supposition
F=uwg
vizuh?i—ey) o . oo . o o0 o0 ()
Hence
ds v R*=D? ede

dt=—= — it 3 I

Ry Vig*—DY (h*—¢9}"

To integrate it, put

g?—D*=u’
. ede  _
“VE=py = 4"
ht —¢?2=h?—D?—u?
and
dt_____VR"’—-D2 du
- RV u vV (h*—D*—u?)
. ¥ (R*—D? - e?— D2
Sl = TRV cos, —! =D

Hence making ¢ = D, we have
1 2 2
ouil. _ e LD
876. Since h does not enter the above expression the descents arc
Isochronous.
We also have it in another form, viz.

T 2
E—WA/(R,U, Fr’—/.c)
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If R w = g or force of gravity and R be large compared with b,

T r
Lo
the same as in the common cycloid.
377, Required to find the value of the reaction R, when a body is con-
strained to move along a given curve.

As before (46)

d*x (ly
dtz = X +R d
d*y
de? ™ R"d_s
Ilence
lyd?x —dxd?
IEELTTEY = Xdy—Ydx + Rds
S R= _Xdy—Ydx dyd“x(—dxd*y
ds dt*ds
But if r be the radius of curvature, we have (74)
= ds’
Tdydix—dxd*y’
Hence

Ydx—Xdy  d»s” ,
a5 Fraeer oo o ()

R =

Another expression is
R =
or e (2)

de—-—-X(ly+v*

¢ being the centrifugal force.
If the body be acted on by gravity only
d ds?® )

or

93
o
<
A

(3)

~ ds r
ov

d
=83 40

If the body be moved by a constant force in the origin of x, y, we have

Ydx —Xdy=rxdy—ydx
4

=ng£?.‘

8]
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for
xdy —ydx =¢2d¢
. _ngo ds?)
s R=—ge + o
or
_Fedy v? L
- ds r (4)
or
_Fedo
= ds t*

S18. To find the tension of the string in the oscillation of a common
cycloid.

Here
R=ody, ds*
ds " rdt*
but
2a—X
dy =dx —
‘2 a
ds..dx,Jx
dy = 2a—x '
ds — N 2a
and
r=2+2a# (2a—x)
ds®
ﬂ§=2g(lx_x)
2a— x g (h — x)
. —y |28 X Lo BT R
R=gy 2a vV2aV(2a—x)
_ ., 2a4+h—2x
T W(@dat—2ax)’
When x = h
_ 2a—h _ ¥ (2a—h)
k=g V(4.:19—2ah)—g_-—(2v71_
When x = 0

R:g.gafl-‘:g(l-}-;—ln).

‘When moreover h = 2 a, the pressure at A the lowest point is = 2 g.

879. To find the tension when the body oscillates in a circular arc by
gravity.
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Here
c— x)dx
dy = (V(TC;;'):—,()
ds= —_cdx
vV (2cx —x¥)
dy c¢—x
dx 7 ¢
r=-c
ds® 9 ol
der— ~°8 (b —x)
R:g.c—x 2g(h'——x)
c ¢
c+2h—3x
=g —"
When x = 0
.c4+2h
R=¢ e
=3gorh =c
If it fall through the whole semicircle from the highest point
h=2¢
and
R=5g¢g

or the tension at the lowest point is five times the weight.
‘When this tension = 0,

c+2h
c+2h—3x=0,orx = ~———+3——- .
A body moving along a curve whose plane is vertical will quit it when
R=0
that is when
¢+ 2h
X = ,_'t -—

3
and then proceed to describe a parabola.

380. 1o find the motion of a body upon a surface of 1revolution, when
acted on by forces in a plane passing through the axis.

Referring the surface to three rectangular axes x,'y, z, one of which (z)
is the axis of revolution, another is also situated in the plane of forces, and
the third perpendicular to the other two.

Let the forces which act in the plane be resolved into two, one parallel
to the axis of revolution Z, and the other F, into the direction of the

radius-vector, projected upon the plane perpendicular to this axis. Then,
S 4
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calling this projected radius ¢, and resolving the reaction R (which also

takes place in the same plane as the forces) into the same directions, these
components are

supposing d s = # (d z* 4 d¢*) and the whole force in the direction
of ¢ is

¥4 Rflrl
and resolving this again parallel to x and y, we have
d*x _ d zy x7
dt? ~ ~_(F+ l{ds>
d?y \ dz
(TF = (I< + R d s) > (n)
and
d*z dg
dt: = Z + Rogs J
Hence we get
xd*y—yd*x o xdy—ydx "
dt =0 =d. —Fgr— (2)
and
dxdﬁx+dyd?y+dzd2 r xdx+ ydy
dt? — ¢
dz (xdx 4+ ydy (_l_g(ﬂl»'f} 31
—Zdz—R. GV T ds N €
‘Which, since
xdx -;- y d__l' —d;
dx"+dy2+d\( .
Again

dz* _dz* dg®
dt? ™ der dt?’
and from the nature of the section of the surface made by a plane passing

through the axis and body, g—; is known in terms of p. Let therefore
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and we have ’
dz® _ ,deg?
dee = P qpe-
Also let the angle corresponding to ¢ be 4, then
xdy—ydx =¢2do
and
dx® 4+ dy? =dg? + ¢*d o3

and substituting the equations (2) and (3) become

do
d ¢t d o? 1,2 .
d{di* d(t@“—+p2{l~f;.,}=—QI'.dg-—2Zdz.
Integrating the first we have
¢?dd=hdt
h being the arbitrary constant.
or
td o
dt = —H——

The second can be integrated when
—2Fde;—2Zd:z

281

(+)

is integrable.  Now if for F, Z, z we substitute their values in terms of o,
the expression will become a function of ¢ and its integral will be also a

function of . Let therefore

J(Fde+ Zdz)y=Q

and we get

de? etd g . d 2 .
ar H i g =0—2Q
which gives, putting for d t its value
h?de*® h*®
(1 +P2)’€4—(‘r0—; + g“-— C—2Q
dd = V(1 4+ pHhdg

Vie—2Q —h4
Hence also
V(L+pY).gde
vV ic—2Q)e*—h?y
If the force be always parallel to the axis, we have
=0
and if also Z be a constant force, or if
Z —_ g

dt =

we then have
Q=/Zdz=gz

)

(6)

(1)

(8)
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Z being to be expressed in terms of ¢.
381. 70 find under what circumstances a body will deseribe a circle on a
surface of revolution,
Tor this purpose it must always move in a planc perpendicular to the
axis of revolution ; ¢, z will be constant; also (Prop. 1V)
gcos. d = x

,d*x _ pcos.0dé”
dtr T dt?
Also
—¢ed?
VEde
d*x _ v? cos. d
d tQ - ¢ .
Hence as in the last art.
2 ,
Yorends
¢ s
. n de
V=—7Z+R ds
v \ dz
'g_"l'*'zd'é B e )
If the force be gravity acting vertically along z, we have
Z=g
vi o dz
e 8

Hence may be found the time of revolution of a Conical Pendubum.

(See also 3617.)
382. To determine the motion of a body moving so as not to describe a

circle, when acted on by gravity.
Here
Q=2¢gz
and
C—2Q=2g.(k—2)
k being an arbitrary quantity.
Also
e*=2rz—1z°
z being measured from the surface.
cede=(r—z)dz

and

»

l+p2_l+_ ei _ r?
- v aV2 ™ (v _ 7\ 2"
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Hence (380) .
di= Y Q@Q+pede
Vi2gk—z).(2rz—z2%) —h?¥{’
In order that
dz
dt
the denominator of the above must be put = 0; i. e.
2gk—2)8rz—2z%)—h*=0

=0

or
” 3 g2 . h ¢
2 —(k 4+ 2r) 2 +2k1/,——2—§=0
which has two possible roots; because as the body moves, it will reach
one highest and one lowest point, and therefore two places when
dz
dt
Hence the equation has also a third root. Suppose these roots to be
ay 5 b4
where « is the greatest value of z, and 3 the least, which occur during the
body’s motion.

Hence

= 0.

dt = - -~ — . ‘ll,d"{‘” B
TN (Rg ¥V H(a—2).(z—B)(y — 1)

To integrate which let

— -1 z—p
0 = sin. Ja-—-B
Then
(10_
P e (e
. dz
— 24 (o — z) (2 — B)}
Also
. 2y _Z——p’)’
sin.?d = oy
z =83+ (e —B)sin.*0
and
y—z=y— {8+ (¢ —B)sin." i}
= (y — B) {1 — 3% sin.® 0},
if

é = v —8

y—8
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2rdd
V2g.(y—RB). Vil — §*sin. 20}
which is to be integrated from z = B, to z = «; that is from

sdt =

T
this expanded in the same way as in 374 gives
l 3 6
t =

# V2g(7—- { +( ) +&c}2
which is the time of a whole oscillation from the least to the greatest
distance.

Also
hdt hdt
do= et T 2rz—12°¢

and 4 is hence known in terms of z.

883. A body acted on by gravity moves on a surface of revolution whose
axis is vertical : when its path is nearly circular, it s requirved to find the
angle between the apsides of the path projected in the plane of X, y.

In this case

SJZdz=gz=Q
and if at an apse
= a, Z = k

|

we have
(C—2gk)a*—h*=10
. C = !L + 2 gk

Hence (380)
v (1 +p*Hhde

do= h?*(a? — o?)
g,,/{Qg(k—Z)e“———a—i—*}
vy LS
{2g k—-z)-——h'(——-————)}
Let - = ~]l + w

- d—e=dw
g
v (14 p>hde L

ek —n—n ()
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1
.dw2_2g(k_z)_h2(?7_i‘2')

der T h*(1 4+ p?)

It is requisite to express the right-hand side of this equation in terms

of w
Now since at an apse we have
w=0,z=k andp = a
we have generally
VA 2 7 wQ
r=k+ ot G 4 ke
the values of the differential coefficients being taken for
w = 0 (sce 32)
And
dz=pde=—pedu
d?z=—2p¢dedw—e2dwdp
or, making
dp=qdeg
d*z=—@p+qeededw=(2p + qe)eg’dwt
And if p, and q, be the values which p and q assume when » = 0,
¢ = a, we have for that case,

d*z
Tt = (p,+ q,a)a’

o

Z=k—p,a%«+(2p + q‘a)aﬂbJ — &e.

2
Also

w

P = e

a
Hence

€ P Q l ]
2gk—z)—h (—e',-',;-z)
becomes
w? W2
2g (p/ atw— (2p,+ q,a)a’ 5 + &c.)—— h -(,hﬁ’ + w')’

But when a body moves in a circle of radius = a, we have
h =ge’p=ga’p,
in this case. And when the body moves nearly in a circle, h* will have
nearly this value. If we put
h*=(1438)ga’p,
we shall finally have to put
=20
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_in order to get the ultimate angle when the orbit becomes indefinitely near
a circle. Hence we may put
h* = ga’p,
and

o (1 1
2g(k——z)—h~(—g—3——;—2)
becomes
— 8ga’p, +ga‘tqle’ + &
in which the higher powers of @ may be neglected in comparison of w ?;
LAdet o ga'Bp +qa)e’  —@p +qa)e
tdor T h2(1 4+ p¥% - p, (14 p3
= Bp+q) e
P, (1 +p,%)
again omitting powers above w*: forp = p, + A w 4+ &c.
Differentiate and divide by 2 d «, and we have

d*w __ 3p +gq2a
4= Ty ey T TN

suppose; of which the integral is taken so that

0 = 0, when w = 0
is
w = Csin. 0 +/ N.
And w passes from 0 to its greatest value, and consequently ¢ passes
from the value a, to another maximum or minimum, while the arc ¢ ¥ N
passes from 0 to 7. Hence, for the angle A between the apsides we have
AV N=zorA =

T
v N
where
_3p,+4q a
N =
884. Let the surface be a sphere and let the path described be nearly a
circle ; to find the horizontal angle between the apsides.
Supposing the origin to be at the lowest point of the surface, we have
z=r—# (r*—g¢"%)

_dz_ e
p - de - V (r’l_fll)
dp r?
q= 7+ = ——

d? (ra_ea)s

. - a
<P, = Iv; (rz_"_a‘z)
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r?
q = —— -
(rf—ani
r?
L
1+ Tr?—a?
4r2—3a?
ooNz'_'——;":__-

Hence the angle between the apsides is
@ v
V(@dr2—3a?)’

The motion of a point on a spherical surface is manifestly the same as
the motion of a simple pendulum or heavy body, suspended by an inex-
tensible string from a fixed point; the body being considered as a point
and the string without weight. If the pendulum begin to move in a ver-
tical plane, it will go on oscillating in the same plane in the manner al-
ready considered. But if the pendulum have any lateral motion it will
go on revolving about the lowest point, and generally alternately ap-
proaching to it, and receding from it. By a proper adjustment of the velocity
and direction it may describe a circle (134) ; and if the velocity when it
is moving parallel to the horizon be nearly equal to the velocity in a cir-
cle, it will describe a curve little differing from a circle.  In this case we
can find the angle between the greatest and least distances, by the for-
mula just deduced.

A=

Since

T

A= vV (dr*—3a?)

ifa=20,A :-Z-, the apsides are 90° from each other, which also ap-

pears from observing that when the amplitude of the pendulum’s revolu-
tion is very small, the force is nearly as the distance; and the body de-
scribes ellipses nearly ; of which the lowest point is the center,
Ifa=m,
A = o = 180°
this is when the pendulum string is horizontal ; and requires an infinite
velocity.

r . .. . .
Ifa= 5380 that the string is inclined 30° to the vertical ;

2a

= ——_ = 99° 5(0'.
v 13
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!
Ifa® = 35 %0 that the string is inclined 45° to the vertical ;
2 ’
A== B = 1130, 56'.
2
Ifat = 21 ; so that the string is inclined 60° to the vertical ;

2«
— o .
A= i B = 136° nearly. ;
385. Let the surface be an inverted cone, with its axis vertical : to find
the horizontal angle between the apsides when the orbit is nearly a circle.

Let r be the radius of the circle and y the angle which the slant side
makes with the horizon. Then

Z = g tan. y
p = tan. y
q=20
N = 3tan.zo = 3cos.*y
tan. y. sec.” y
and
A= coswf/\/ 3"
If y = 60°
2w
= = = 120°,
A 3
886. Let the surface be an inverted paraboloid whose parameter is c.
gﬂ = CZ
Lp=d7 _2¢
P= de 7 ¢
q = 2
1 5 c
uorg Jes 6ia + 2a 4ot
O N = c _ c
' ‘i

)_(:2-{-4‘.’12'

(1
Ifa = ; , or the body revolve at the extremity of the focal ordinate,

N=2
and,

L3
A_7-2.
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387. IWhen a body moves on a conical surface, acted on by a force lend-
ing to the vertex ; its motion in the supface will be the same, as if the sur-
Jace were unwrapped, and made plane, the force remaining at the vertex.
Measuring the radius-vector (¢) from the vertex, let the force be F,
and the angle which the slant side makes with the base = 5 ; then
= g tan. ¢
p = tan. y
I+ p* = sec.ty
also
Q=/f(Fde+ Zdz) =/1I"d
IHence (380)
sec. y hdy

Q= e d =
or putting
h' cos. 5 for h
d ¢ sec. y for d ¢
and
¢ cos.  for g
we have
hdy¢
A = C— 2 WA 7 =

Now d ¢ is the differential of the angle described along the conical sur-
Juce, and it appears that the relation between ¢ and ¢ will be the same as
in a plane, where a body is acted upon by a central force F.  For in that

l l N4 /
l{u(]g, }:~—21< dy¢

hed¢® h'®
?T'“d"l)/ i gl I
which agrees with the equation just found.

388. IWhen a body moves on a surface of revolution, to find the reac-
tion R.

Take the three original equations (380) and multiply them by x d z,
y d z, ¢ d¢; and the two first become

case we have

and integrating

=C—2/1dy

xd?xdz F'x*dz x*
— e = e —— — R .
dt® e (ls ¢
ydrydz Fy*dz dz® y*
—— = — ——-R-—-.——-
dt* ¢

VYor. L. T
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add these, observing that
X2yt =p®
and we have

(xd*x4yd*y)dz _ o, _ dz
g = FPedz Rgd-s-.

Also the third is

5}

2

eded’? o zpap e meUE

Subtract this, observing that d z* 4+ d ¢? = d s* and we have
(xd*x 4+ yd?y)dz—edod?z _
dt* -
e(Zde—Y¥ dz)— Reds.

But

X' 4 y* =gt
xdx+ydy =¢dg
xd?x+yd?y+dx?+dy? =¢d¥o 4 det
Hence -
(de? —dx*—dy?)dz + edzdéeg—edeod®z _
dt® ‘dt*
p(Zde—TI"dz)y —Reds

and
de?* =ds?*—dz=
Hence
Zde—1"dz  ded?z—dzd?,
R = ‘ ds + dt*ds
+ (dx*4dy?* 4+ dz?—ds?)dz
edtids '
Now if r be the radius of curvature, we have (74)
ds?

= ded*z—dzd*e

and
dx*4+dy*+dz*=do*®
¢ being the arc described.
Hence
Zde—TF dz ds?
ds rdt?®

det—ds? dz
T R ¥

R =

Here it is manifest that
ds?
d t [3
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is the square of the velocity resolved into the generating curve, and that
do?—d s

L —— m—

dti®

is the square of the velocity resolved perpendicular to g The two last
terms which involve these quantities, form that part of the resistance
which is due to the centrifugal force; the first term is that which arises
fiom the resolved part of the forces.

From this expression we know the value of R for we have, as before

j : =C—2/(Fds4 Zd o).
Also
do* —ds® _ ¢*do” _ht
dt? T oder T
Hence
ls: R
S o C—n (WA 24 )
det . ;
_h-
889, To find the tension of a pendulum moveng o a spherical surfuce.
C—2/1"de+7ds)y=2g(h--7)
c=V (2re—2z")
de  r—z
d7 7 vV (2rz—7zY)
ds
de T r—vs
ds v
dz™7 ~V(2rz—2%)
Hence
2g(k—s)—", .
_glr—2) _et b e
R = 7 + T g.x‘ »
g(r4+2k—32)
= et —

and hence it is the same as that of the pendulum oscillating in a vertical
plane with the same velocity at the same distances. ‘

390. 1o find the Velocity, Reaction, and Motion of a body upon any
surface whatever,

Let R be the reaction of the surface, which is in the direction of a nor-

mal to it at each point. Also let 5, ¢, ¢/ be the angles which this normal
T2
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makes with the axes of x, y, z respectively; we shall then have, consider-
ing the resolved parts of R among the forces which act on the point
d®x

:; =X + Rcos. ¢

dt
d?y
T—— =Y 4+R.cos.¢
de

7
I = =7 4+ R.cos.e

Now the naturc of the surface is expressed by an equation between
X, y, z: and if we suppose that we have deduced from this equation
dz=pdx + qdy
where p = dz Sand q = dz
dx dy’
p and g bemtr taken on the supposition of y and x being constants respec-
tively; we havc for the equations to the normal of the points whose co-
ordinates are
X, ¥, 2
X' —x4+p—z) = O}
Y—y+q@#—2)=0
X'y y's 2/ being coordinates to any point in the normal (sce Lacroix,
No. 143.)
Hence it appears that if 1> K be the normal,

P G, P II its projections on planes parallel to o r
X 7z, y z respectively. Az
The equation of P G is /{V—W P> g/
X —x 4 p.(d—2)=0, (;j/jj o0/ N
and hence '//- o

GN4+pPN=0 : S
and
GN=—p.PN
Similarly the equation of P H is
Y—y+q@—2)=0
whence
HN+ q.PN=o0
HN=—q.PN
Anund hence,
Ph
P K
GN
VPNF NG TN

cos.¢ =cos. KPh =
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- P
T V(1 +pr+4gY
co~ ¢ = cos. K 1)g = II:]%
HN o
vV (PN24+ NG* 4 HN?Y)
— q

Va9

Whence, since
cos.2¢ 4 cos. ?¢ 4 cos. 2 =1
cos. * ¢ = & (1 — cos. 2¢ —cos. 2 ¢)
_ 1
V(1 +p24qy)’
Sabstituting these values ; multiplying by d x, d y, d z respeetively, in
the three equations ; and observing that
dz—pdx—qdy=0
we have
dxdix 4+ dyd y+dzd®z R , ,
+ (’l‘:"+ = Xdx 4+ Ydy +7Zds
and integrating
dx*+dy2 4 dz¢ R . ,
Y R e (Xdx 4 Ydy 4 240

and if this can be integrated, we have the velocity.

It we take the three original cquations, and multiply them 1espectively
by —p, — ¢, and 1, and then add, we obtain
d*x d'y dz
IR Eh rE N
—pPNXN—=qY 4+ Z 4+ RV (14 p*+q).
But
dz=pdx + qdu.
Hence
d?z dex dy dpds 4 dgdy
JF:I)JT‘ (l(lt)“'+ l d? A5
Substituting this on the first side of the above equation, and taking
the value of R, we find

R=P X4qY-—7 dpdx + (l‘q dy

V(T+pi+ q3) " dtc V(I 4pt4q°)

If" in the three original equations we climinate R, we find two second
diflerential equations, involving the known forces

X, Y, Z

T3
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and p, q, which are also known when the surface is known, combining
with these the equation to the surface, by which z is known in terms of
X, y, we have equations from which we can find the relation between the
time and the three coordinates,

391. To find the path which a body will describe upon a given surfuce,
when acted upon by no force.
In this case we must make
X, Y, Z each = 0.
Then, if we multiply the three cquations of the last art. respectively by
—(qdz4dy), pdz+dx, qdx—pdy
and add them, we find,

—(qdz 4 dy)d*x 4+ (pdz4 dx)d*y 4+ (qdx —pdy)d:s
—(qdz+ dy)cos. ¢
= Rdt? {+ (pdz-}-dx)cos.s’}
+ (qdx —pdy)cos. ¢
or putting for cos. ¢ cos. ¢, cos. ¢/ their values
Rdt:
=vVatpFa
Hence, for the curve described in this case, we have
(pdz+dx)d?y=(pdy —qdx)d?z4(qdz4dy)d-x

This equation expresses a relation between x, y, z, without any regard
to the time. Hence, we may suppose x the independent variable, and

qdz+dy)— q(pdz+dx)+qdx—pdy} =0.

d?x = 0; whence we have
(pdz 4+ dx)d*y =(pdy—qdx)d-z
This equation, combined with
dz=pdx 4+ qdy,
gives the curve described, where the body is left to itself, and moves along
the surface.

The curve thus described is the shortest line which car be drawn from
one of its points to another, upon the surface.

The velocity is constant as appears from the equation

vi=2f(Xdx 4+ Ydy + Zdz).

By methods somewhat similar we might determine the motion of a point
upon a given curve of double curvature, or such as lies not in one plane
when acted upon by given forces.

392. Tofind the curve of cqual pressure, or that on which a body descend-
ing by the force of gravity, presses equally at all points.
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l.et A M be the vertical abscissa = x, M P the hori-
zontal ordinate = y; the arc of the curve s, the time t,
and the radius of curvature at P = r, r being positive
wheun the curve is concave to the axis ; then R being the
reaction at P, we have by what has preceded.
gdy ds*
v . +—_~rdt" N e )
But if II M be the height duc to the velocity at P,
A II = b, we have

R =

ds®
di: = 2 ¢ (h —x).
Also, if we suppose d s constant, we have (71)
dsdx
P = — ——
d¥y

and if the constant value of R be k, equation (1) becomes
K — gdy 2¢g(h—x)d'y
T ds dsdx

k dx 5 d%y  dy d x
T g2 (h—x) T V(h—:\)'qis Tds 2 v (h—x)

The right-hand side is obviously the differential of
Ndy,
v (h — x) qs

hence, integrating

k dy

—. ¥ (h—x) =~ (h—x). +—= + (,
g ds
dy _ k ___© (2)
ds 7 g vV h—x ~ T
If C = 0, the curve becomes a straight line inclined to the horizon,

which obviously answers the condition.  The sine of inclination is =
)
1)

In other cases the curve is found by equation (2), putting
vV (dx*4 dy?) fords
and integrating.
If we differentiate equation (2), d s being constant, we have

dly_ _ Cdx
ds 2 (h—x)
) 3
l____dsdxz2(1)—:\')‘ @)
d*y C

And if C be positive, r is positive, and the curve is concave to the axis.
T4
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. ly
‘We have the curve parallel to the axis, as at C, when ;l—s) = 0, that is,

whenk—-—-——c—~ when
g~ (h—x)’
(/2(,.2
x—h~—~kg .

. . . d
When x increases beyond this, the curve approaches the axis, and <

d x
is negative; it can never become < — 1; hence B the limit of x is
found by making

K¢ __,
g V(h—x)" ’
or
()"tr"
ko

If k be < g, as the curve descends towards Z, it approximates perpe-
tually to the inclination, the sinc of which is (lé .

te]

If k be > g there will be a point at which the curve becomes horizontal.

C is known from (2), (3), if we knew the pressure or the radius of cur-
vature at a given point.

If C be negative, the curve is convex to the axis.  Inthis case the part
of the pressure arising from centrifugal force diminishes the part arising
from gravity, and k must be less than g.

393. 7o find the curve which cuts a given assemblage of curves, so as to
make them Synchronous, or descriptible by the force of gravity in the same
time.

Let A P, A Py, A P, &c. be curves of the 5 b
same kind, referred to a common base A D, AT
and differing only in their parameters, (or the \\\,, "\ //

)

/

constants in their equations, such as the radius

of a circle, the axes of an ellipse, &c.) l—
Let the vertical A M = x, M P (horizontal) /

= y; y and x being connected by an equation  r|___~

involving a. The time down APis

z0

f v (ng)
the integral being taken between
x=0and x=AM;
and this must be the same for all curves, whatever (a) may be.
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Hence, we may put

(l‘s
fv(zgx)k............(l)

k being a constant quantity, and in differentiating, we must suppose (a)
variable as well as x and s.

Let

ds=pdx
p being a function of x, and a which will be ot 0 dimensions, because d x,
and d s are quantities of the same dimensions.  Hence

pdx
S g =k .
and differentiating
byd x )
7‘(‘ ‘r\) +(l(l:l:0 e e e (3)

Now, since p is of 0 dimensions in x, and a, it is casily seen that

f pdx
vV (2 ¢X)

is a function whosce dimensions in x and a are %, because the dimensions
of an expression are increased by 1 in integrating.  Ileuce by a known

o

property of homogencous functions, we have

px IR .
v (2gx) + qa=}4k:
_k p Vv X
1= 9070 V-(3E)
substituting this in equation (2) it becomes
pdx kda pd:th=“ W

Vet Ea Tav (2w
in which, it we put tor (a) its value in x and y, we have an equation to the
cmve PP P,

It the given time (k) be that of falling down a vertical height (h), we

have
2 h
k = ~/ ’ o
and henee, equation (3) becomes
pdx—xda)+davhx)y=0. . . . (t
ix. Let the curves A Py A Yy A P” be all cycloids of which the bases
coincide with A D.
Let C D be the axis of any one of these cycloids and = 2 1, . being

the radius of the generating ciicle.  If C N = «/, we shall have as before

—-—(ls:dx"\/Q)—:;



290 A COMMENTARY ON [Secr. X,

and since
X =2a—x
; 2a
s =dx /=",
ds =dx N T %
Hence
/| 2a
P= J 2a—x’
and equation (4) becomes
¥ (Ra)(adx—xda)

V(Z(T—:—x)dw +dvhx)=0 . . . . (5

Let X = u
a
so that
adx—xda=adu
X =au;
and substituting

atduv 2
(h ¢ =
V(g_“)-}-(l'\\/ (hau) =0
_duv‘z_w dth__O
‘v (2u—u?) 2
.V2xvers.“u——2~/z::() N ().

When a is infinite, the portion A P of the cycloid becomes a vertical
line, and
x=h, ~.u=0, -.C=0.
Hence
X . 2h -
= o=wvers., i=— .. L L Lo (
a N oa ()

From this equation (a) should be eliminated by the equation to the
cycloid, which is
y= avers.—'%— vV (2ax—x" . . . . (8)
and we should have the equation to the curve required.
Substituting in (8) from (7), we have
y=+#(2ah)—# (2ax —x?
dy = davh xda+4 adx———\cd_:\
vV (2a) vV (2ax—x?)
and climinating d a by (5)
dy _ 2a—x 2a—x
dx — 7 ¥ (2ax—x%) T A x
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But differentiating (8) supposing (a) constant, we have in the cycloid
X
dy = 74——.

Y= A 3a—x

And hence (31) the curve P I’ P cuts the cycloids all at right angles,
the subnormal of the former coinciding with the subtangent of the latter,
cach being

,2a-—X

yf’\~x

)

The curve P P’ P” will meet A D in the point B, such that the given
time is that of describing the whole eycloid A B. It will meet the vertical
line in I, so that the body falls thhough A T in the given time.

391 Ifinstead of supposing all the cycloids NOO D
to meet in the point A, we suppose them all to "K\MMF :

pass through any point C, their bases still being \ M
in the same line A D a curve P P drawn <o \/l’

/
that the times down P C, P’ C, &c. are all VAN

. . 1 \\
cqual, will cut all the cycloids at night angles. T
T'his may cusily be demonstrated. (

395. To find Tautochronous curves or those doan which to a given flxed
pownt a body descegding all distances shall move in the same fime.
(1) let the force be constant and act in parallel lines.

Let A the lowest point be the fixed point, D that g D
from which the body falls, A B vertical, B, M P [ “—~—*7
horizontal. A M =x, AP = s, AB = h, and the -
constant force = g. M ;7P

Then the velocity at 1” is o

v=«# (2g.h—x) A
and
ds —ds
dt = — =

v vV 2g s (h—x)
and the whole time of descent will be found by integrating this from
x=h,tox = 0.

Now, since the time is to be the same, from whatever point D the body
falls, that is whatever be b, the integral just mentioned, taken between the
limits, must be independent of h.  That is, if we take the integral so as
to vanish when

x=0
and then put h for x, h will disappear altogether from the result. This
wust manifestly aris¢ from its being possible to put the result in a form
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. . X x * - . . . . .
involving only AR &ec.; that is from its being of 0 dimensions in
x and h.

Let

ds=pdx
where p depends only on the curve, and does not involve h.  Then, we
have

t= fV{2<r (h—x)}

1 pdx 1 pxdx 1.3 px*dx
— —To S Tt i I R o +&t}
v/ TR AL

aud from what has been said, it is evident, that cach of the quantities

f_p_dx pxdx ppxtdx

1 30 Ton41
h? he h—7
must be of the form
2n+41
cx ¢
fn-{—_l s
h™=
that is
. ERTEE = |
Spxtdxmust=c¢x" 7 ;
hence
2n | dn=l
pxtdx = ;~cx T dx;
2n 4 1 c
p=- T
x &
orif
2n+1 ¢
5 =
, "a
b= X
and
-

! a
ds=dx 4 =
which is a property of the cycloid.

Withoat expanding, the thing may thus be proved. If p be a function

of m dimensions in x, ~—-t—— is of m — } dimensions; and as the

v (h —x)

dimensions of an expression arc increased by 1 in integrating

f pdx
v (h—x)
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is of m 4 1 dimensions in x, and when h is put for x, of m 4 } dimen-
sions in h.  But it ought to be independent of h or of 0 dimensions
Hence
m+ 3 =0
-p

1
o

a?x

as before.

396. () Let the force tend to a center and vary as any function of the
distance.  Requived the Tautochronous Cu ve.

Let S be the center of force, A the point to [

which the body must descend; D the point from ! I)/
which it descends.  Let also 1 P/
SA=¢,SD=f,SP=¢, AP =5 ‘ ///
W 1 ‘1. o A= L
P hf ing any point whatever, f//’ /
Now we have e A
vi=C—2fFd; 4
or if Y\ n '
N |

2Pd:= ¢ (¢
vi= () —¢ () |
the velocity being 0 when o = f.
Hence the time of deseribing D A is
. ds
TV Gi—
taken from ¢ = f, tog = ¢.  And since the time must be the same what-
ever is 1D, the integral so taken must be independent of f.
Let
po—pe=1
rf—pe=h
ds =pdu
p depending on the nature of the curve, and not involving . Then

f\/ l()hd_/_ ,fromz=htoz=0

=/V l()hd_: )’ fromz =0toz =h,
And this must be independent of 1, and thercfore of ¢ f; and of h.
Hence, after taking the integral the result must be 0 when z = 0, and
independent of hy when h is put for z. Therefore it must be of 0 dimen-
sions in z and h.  But it p be of n dimensions in z, or it
p=cz"
will be of n — 3 dimensions,

(|—~)
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&

and

f y pdz of n 4 } dimensions.

(h—72)
Hence, n 4+ } = 0, n = —}, and

LN

Therefore

Al
/9

c C
‘15—-(ll~/";—@§‘l§~/§‘g"_—;“;

whence the curve is known.
If 0 be the angle A S O, we have
ds®=de* 4 ¢2do®
and

der = (15“——(lgj‘
ot

whence may be found a polar equation to the curve.
397. Ex. 1. Let the force vary as the distance, and be attractive

Then
F=ugppe=mes;
z=¢¢—pe=p("—c);

dz=2pun¢d,

Y C _ / C

({b_dL~/~Z—_ 2,u.gdg~/‘u(eg_cﬂ)

4cup
_..gdgN/———— -~

ds. . .. . . .
when ¢ = e, a8 infinite or the curve is perpendicular to S A at A

If S Y, perpendicular upon the tangent P Y, be called p, we have

p? _ds?t—dg*
?_ ds*
_ d__g_
— T dst
et — et
—ieny?

. e?—(1—4dcpu)e?
P = 4dcw :
If e = 0, or the body descend to the center, this gives the logarithmic

spiral.

In other cases let
2

e
l—-4c,a.=-a—§,
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2 2
a?—e
Sodep =
“ a?
and
eﬁ/a‘z__ez)
Q2 -— o\ B A
p*= _ b

at—e*
the equation to the Hypocyclpid (370)

It 4 ¢ ¢ = 1, the curve becomes a straight line, to which S A is per-
pendicular at A.

If 4 ¢ » be > 1 the curve will be concave to the center and go off to
infinity.

398. Ix. 2. Let the force v‘;n'y inversely as the square of the distance.

Then

"
="
4
and as before we shall find

pr= g f—c)
2uce

399. A body being acted upon by a force in parallel Lines, in its descent
Jrom one point to another, to find the Brachystochron, or the curve of quick-
est descent between them.

Let A, B be the given points, and AOPQ B
the required curve.  Since the time down
A O P Q B is less than down any other curve, if
we take another as A O p Q B, which coincides
with the former, except for the arc O P Q, we
shall have
Time down AO: T.OPQ + T. Q B, less than
Time down AO4+T.0OpQ+ T.Q B
and if the times down Q B be the same on the two suppositions, we shall
have

T. O P Q less than the time down any other arc O p Q.

The times down Q B will be the same in the two cases if the velocity
at Q be the same. But we know that the velocity acquired at Q is the
same, whether the body descend down

AOPQ,orAOpQ.

Hence it appears that if the time down A O P Q B be a minimum, the

time down any portion O P Q is also a minimum.
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Let a vertical line of abscissas be taken in the direction of the force:
and perpendicular ordinates, O L, P M, Q N be drawn, it being sup-
posed that

LM=MN.

Then, if L M, M N be taken indefinitely small, we may consider them
as representing the differential of x: On this supposition, O P, P Q, will
represent the differentials of the curve, and the velocity may be supposed
constant in O P, and in P Q. Let

_ AL=xLO=y,0A =5
and let d x, d y, d s be the differentials of the abscissa, ordinate, and
curve at Q, and v the velocity there; and d x/, d y', ¢ ¢, v/ be the cor-
responding quantities at I’. Hence the time of describing O P Q will
be (16)

ds d

v v/

which is a minimum; and consequently its differential = 0. This dif=
ferential is that which arises from supposing P to assume any position as
p out of the curve O P Q; and as the diflerentials indicated by d arise
from supposing P to vary its position along the curve O P Q, we shall
use & to indicate the diflerentiation, on hypothesis of passing from one
curve to another, or the wariations of the quantities to which it is
prefixed.

We shall also suppose p to be in the line M P, so that d x is not sup-
posed to vary. These considerations being introduced, we may pro-
ceed thus,

’
a{fl;-ydvf } S ¢ )

And v, v/ are the sume whether we take O P Q, or O p Q; for the
velocity at p = velocity at P.  Hence

dv=0,0vV =0

and
6ds 6 dy
- + v = 0.
Now
ds*=dx*4+dy?
sdséds=dydady,
(for 6 d x = 0).
Similarly

dysds’ =dydsdy.
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Substituting the value of 8 d's, 3 d s’ which these equations give,
we have
dyod dy ody
Tt v =
And since the points O, Q, remain fixed during the variation of I’s
position, we have
dy + dy’ = const.
sdy = —ady.
Substituting, and omitting o d y,
d dv/
v (ly.\ v t.] o 0.
Or, since the two terms belong to the successive points O, P, their
difference will be the differential indicated by dj hence,

dv
d. %Y =0

vid s

(]\
co T = const, B )
vds

Which is the property of the curve: and v being known in terms of x,
we may determine 1ts nature.
Let the force be gravity @ then
v= v (2oN);
dy
da v (2 g x)
dv 1
ds vV x 7 ¥ a

« being a constant,

= cOonst.

Ly

de T 'J a
which is a property of the cycloid, of which the axis is parvallel to x,
and of which the base passes through the point from which the body
lalls.

If the body fall from a given point to another given point, setting ofl
with the velocity acquired down a given height; the curve of quickest
descent is a cycloid, of which the base coincides with the horizontal line,
from which the body acquires its velocity.

400, If « body be acted on by gravity, the curve of its quickest descent
Jrom a given point to @ grven curve, culs the latter at right angles.

Let A be the given point, and B M the given curve: A B the curve of

quickest descent cuts B M at right angles.
Vor. L. U



806 A COMMENTARY ON [Sect. X.

« It is manifest the curve A B must be a cycloid, for
otherwise a cycloid might be drawn from A to B, in-
which the descent would be shorter. If possible, let
A Q be the cycloid of quickest descent, the angle

A Q B being acute.  Draw another cycloid A P, and N\ \\ oy
let P P’ be the curve which cuts A P, A Q so as to \\\ . Q
make the ares A P, A I synchronous. Then (391) P 1’ 5/t

is perpendicular to A Q, and therefore manifestly 17 is
Letween A and Q, and the time down A P is less than the time down
A Qj therelore, this latter is not the curve of quickest descent.  Ience,
if A Q be not perpendicular to B M, it is not the curve of quickest
descent,

The cycloid which is perpendicular to B M may be the cycloid of
longest descent from A to B M.

401. If a body be acted on by gravily, and if A B be the L

curve of quickest descent from the curve A L to the pount B al
AL the tangent of AL at A, is parallel to BN, a per pen- S
& A~
dicular to the covve A B at B. ‘ !
If BV be not parallel to A T, draw B X parallel to ! \

A Ty and falling between B V. and A, In the curve A L \ AN

. N . \
take a point @ near to A.  Let a B be the eycloid of quick- \ \\\\,
est descent from the point a to the point B; and Bb being ' 1
. X- .
taken equal and parallel to a A, let A b be a cycloid equal = i

and similar to a B. Since A BV is a right angle, the
curve B P, which cuts off A P synchronous to A B, has B 'V for a tan-
gent.  Also, ultimately A a coincides with A I, and therefore B b with
B X. Ilence B is between A and P. Ience, the time down A b is less
than the time down A P, and therefore, than that down A B. And
hence the time down a B (which is the same as that down A b) is less
than that down A B. Hence, if B V be not parallel to A T, A B is not
the line of quickest descent from A L to B.

402. Supposing a body to be acted on by any forces whatever, to determine
the Brachystochron.

Making the same notations and suppositions as before, A L, L O, (sce
a preceding figure) being any rectangular coordinates; since, as before,
the time down O P Q is a minimumn, we have

ds d¥¢
6{7-"7 = . . . . . . . . (l)
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ods  8ds’ dsév ds'év
v v/ v e v’/
Now as before we also have

sds = dyédl'

- ds
supposing o d x = 0, and
sdy — dy’.ody _ __dy’.édy'
dy’ d s
dv=0
for v is the velocity at O and does not vary by altering the curve.
V=v+4dv
dvvEov4ddv=asdv.
Ience
dysdy dyody dsodyv
g — — = 0.
vds Vvids! vl
Also
1 1 1 dv
Vivddv T v v?

for d v¥, &c. must be omitted.  Substituting this in the second term of
the above cequation, we have
dv.ody dyddy  dy'dvedy d¢adv

—_—— — . — =0
vds vids viady v/

or
() LYy de S
ds ds/'v T ds. v vETady
Now as before
dy  dy dy
Tv —ds =4 a5
And in the other terms we may, since O, P, are indefinitely near, put
ds,dy,viords, dy, v:
it we do this, and multiply by — v, we have
d dy.dv ds odv
et PO Ty
which will give the naturc of the curve.
If the forces which act on the body at O, be equivalent to X in the
direction of x, und Y in the direction of y, we have (371)
vdv=Xdx+ Ydy

dy=Xdx+ Ydy
v

(L &)

'.6(]V=Xﬂ1y
v

U2
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because 8 v = 0, 8 d x = 0; also X and Y are functions of A L, and L. O,
and therefore not affected by o.
Substituting these values in the equation to the curve, we have
7
d. dy dy )xd\c+Y(ly+ds \7:()

ds  ds’ Ve v

or
(ly dx \dy-w\ d\
d. —_ L=
ds ™ ds’ ve
which will give the nature of the curve.
If r be the radius of curvature, and d s constant, we have (from 71)
_dsdx
dty
r being positive when the curve is convex to A M
dy dx
d.8Y = &2
ds r
and hence

v Xdy--Ydx

r ds
.ovE, o . .

The quantity s the centrifugal force (210), and therefore that part

. . . . . Xdy —Y dx.
of the pressure which arises from it.  And == 1. - is the pressure

ds

which arvises from resolving the forces perpendicular to the axis.  Ilence,
it appears then in the Brachystochron for any given ferces, the pats of
the pressure which arisc from the given forces and from the centrifugal
force must be equal.

403. 1f we supposc the force to tend to a center S,
which may be assumed to be in the line A M, and I' A

to be the whole force; also it \
\ 1Y) — '\ — N ML r
SA=e,SP=¢SY =p; 3
I > B
then we have [ >
M = force in P S resolved parallel to )’/ / B
ds y
YS=Fx le)" e//

and
v2= C—-2J‘ng°
.C—2g/Fdg_TIp
K = =7,
also
ede
T dp
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. - Fpd
.‘.(/~2ng‘(1g=——fT§

J2dp . —2Tdg
"7y T Coeg T,
and integrating
pt=CH{C—2g/l"dg
whence the relation of p and ¢ is known.
It the body begin to descend from A
C—2g/Fde=0
when ¢ = a.
0L, Ex. 1. Let the force vary directly as the distance.
Herce
I'= e
C—2p/Fde=vi=pg(a~-—z¢)
pr=Cu(a*—e?)

which agrees with the cquation to the Hypocycelowd (370).

105, Ix. 20 Lot the force vary inversely as the square of the distance ;
then
\ L
="
H
“ e ou 2w
C—2g /1l de= =L
¢ a
24 C a— a—
pi= -—- .- = S
! ¢ g

by supposition.

et —p = - Y ——
g 1 ¢
pde
) o= i
4 ¢V (@ —p)
eV (a—p).dyg
TV (et cty—cta)
= ede
= e
’N/ a— ‘ S

When ¢ = a, d 0 = 0; when
e+ cfe—c'a=0
d 9 is infinite, and the carve is perpendicular to the radius as at B, 'L'nis
equation has only onc real root.

8 o a
If we have ¢ = 5o SB = 3
B being an apse.
U3
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Ifc=+

Ife=2,SB=-.

. a
Ifc:m—l—l—,SB:Fq_vv-l.
406. When a body moves on a given surface, to determine the Biachy-
stochron.
Let x, y, z be rectangular coordinates, x being vertical; and as before
let d s, d s’ be two successive elements of the curve; and let
dx,dy,dzg
dx,dy,d?
be the corresponding elements of x, y, z; then since the minimum pro-
perty will be truc of the indefinitely small portion of the ciirve, we have

as before, supposing v, v/ the velocities,

ds ds” .
~ + —~ = min
L fds ds' )
'O.{”‘\'m + ‘V/ J._O c e e e e e e e e (1)

The variations indicated by o are those which arise, supposing d x, d x’
to be equal and constant, and dy, d z, d y/, d 2’ to vary
Now
ds =dx*4+dy* 4+ dz®
wdsods =dysdy +dzodua
Similarly
ds'ods =dy'édy +dz oduz
Also, the extremities of the are
ds +dv
being fixed, we have
dy 4+ dy = const.
wody +ody =0
dz 4 dz = const.

wodz4o0dd =0,
Heuce :
1. dy 1z
od.s_dso(l}-{-l 6dz @
, l ll hd . . . . . . ~
ods =——-(i- (3(15— T 0(115

And the surface is defined by an equation between x, y, z, which we

may call
y L =
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Let this differentiated give

dz=pdx+4+qdy . . . . . . . (3

Hence, since d x, p, q are not affected by 4
ddz=qédy . . . . . . . . (4
T'or the sake of simplicity, we will suppose the body to be acted on
only by a force in the direction of x, so that v, v/ will depend on x alone,
and will not be affected by the variation of d y, d z. IHence, we have by (1)

bds  ods

which, by substituting from (2) becomes

5y _,_.LI_L (]y+{d/' dz}adz:().

vids  vds vids ds
"Therefore we shall h'u e, as before
dy dz .
d'\'d ody +d. d‘hod/,.._().
and by cquation (1), t]ux becomes
. dz

+ qd. =0 . . . . . . . (9

v d s vd s
whence the equation to the curve is known.

If we suppose the body not to be acted on by any foree, v will be con-
stant, and the path deseribed will manifestly be the shortest line which
can be drawn on the given surface, and will be determined by

dv

1——~+q.d ll—— [ ()

If we suppose d s to be constant, we have
y+qd-z2=0
which agrees with the equation there deduced for the path, when the
body is acted on by no forces.

Lence, it appears that when a body moves along a surface undisturbed,
it will describe the shortest line which can be drawn on that surtace, be-
tween any points ol its path,

407, Let P oand Q be two bodies, of <which the first hangs

Jrom a flred point and the sccond from the first by means of /!/A
ineatensible strings AP, P Qs ot is required to determine the / :
small oscillations. '// ll
Let vl
AI\I:X, M P:y, / ’ )
AN:X',N(Q:y’ /
AP=a, P Q=vn ! l

mass of P = p,0f Q =
tension of A P =p,of PQ = p".

I
~ '
e
_
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Then resolving the forces p, p’, we have
Ly _pPey—=y_ rg v

de? w Py w :{l

dQ yl )/ » . - . . . . . . (1)
—_ Vg y—y S

d e w

By combining these with the equations in x, x’ and with the two
X*4 yr=a?
(=2 4 (=) = '
we should, by eliminating p, p’ find the motion. But when the oscilla-
tions arc small, we may approximate in a more simple manner.

Let 8, 8 be the initial values of y, y’. Then manifestly, p, p’ will de-
pend on the initial position of the bodies, and on their position at the time
t: and hence we may suppose

pP=M+P34+Qp+ Ry + Sy + &
and smilarly for p’.

Now, in the equations of motion above, p, p’ arc multiplicd by y, y —y
which, since the oscillations are very small are also very small quantities,
(viz. of the order 8). Ience their products with 8 will be of the order
B2, and may be neglected, and we may suppose p reduced to its first
term M.

M is the tension of A 2, when 3, 3 &c. are all = 0. Ilence it is the
tension when P, Q, hang at rest from A, and consequently

M=u+ .

Similarly, the first term of p’, which may be put for it is m’.  Substi-

tuting these values and dividing by g, equations (1) become

dry w R A,
‘:.T(TFQ T \ud + Tna )y + e y 1 2
42 yl _ .y _l' S e e . .
gdt? a a’

Multiply the second of these equations by » and add it to the first, and
we have
d?y 4 ad*y w wod W Ay x w
__)_I___Q._éz__.(_. ’+._~__A —_— y_ (_'_7._’_")),/
gdt wa mwa a/ v mwa
and manifestly this can be solved if the second member can be put iu
the form
—k.(y +2y)
that is, if
e A

wa a’

w
a’
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PN w
a oma

or
oWk = w a o owa
a —_/Z+ o ",___;\1
y N T
— = @k — 1)
Lliminating » we have
/ ’ ’ r ot
3 L a YZamtt
dk—1Dak—-= = (@ k—1 ( . — )
(a'k—1) /L ( ) L T a
Ilence

(2 k)" —(1-{—“)( ~>:t’!\_—_-—lu:——f‘('/l}i oo ()

I'rom this cquation we obtain two values of k. Let these be de-
noted by

ll\'. k

and let the corresponding values of 7, be
I .
2y A

Then, we have these equations.
div 4 Dody
div4-rdy

gdt

= —k(y + 2y

= —*k (.y + 3)..\’/\

and it is easily scen that the integrals of these equations e
v+ 2y ='Ccos t ¥ (kg)+ 'Dsin. t v (k)
y 42y =Cceos.t & (Ckg) + Dsint v (kg)

1C, 1D, ~Cy D being arbitrary constants.  But we may suppose

'C = I cos. fe
D = 'Y s e
C = IS cos, e
D)= -1 sm. e

By introducing these values we find
y+ 2y ='Ecos ft ¥ (‘kg) + e} (5)
y 4+ 2y =L cos. {tV(‘-kg)+‘c}} o

From these we casily find

a5

2 IR

Y=g L 5 cos. ft v ('kg)4le} + 5

¢

5 Cos- it v (k g)+ 'c}?

y,:‘A = COs it (kg)+let +— 5 oS- it &/ (*kg)+- «.}S

The urlntrm‘y quantities 'E, ‘e, &ec. depen(l on the initial position and

- (6)
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velocity of the points. If the velocities of P, Q = 0, when t = 0, we
shall have
'L, %, cach = 0
as appears by taking the Differentials of y, y’.
If either of the two 'E, *IX be = 0, we shall have (supposing the latter
case and omitting ‘e)

2 14
y = é}\v:]—J—l}\— Ccos. t V (lk g)
y = ;ék cos. t ¥ (ke g).

Hence it appears that the oscillations in this case are symmetrical ; that
is, the bodies P, Q come to the vertical line at the same time, have similar
and cqual motions on the two sides of it, and reach their greatest dis-
tances from it at the same time. It is easy to sce that in this case, the
motion has the same law of time and velocity as in a cycloidal pendulum ;
and the time of an oscillation, in this case, extends from when t = 0 to
when t & ('k g) = = Also if 8, # be the greatest horizontal deviation
of P, Q, we shall have

y =p#.cos. t vV ('kg)
y = f.cos. t ¥ ('k g).

In order to find the original relation of 8, &/, (the oscillations will be
symmetrical if the forces which urge P, Q to the vertical be as P M, Q N,
as is easily seen. Hence the conditions for symmetrical oscillation might
be determined by finding the position of P, Q that this might oiiginally
be the relation of the forces) that the oscillations may be of this kind, the
original velocities being 0, we must have by cquation (5) since *Ii = 0.

B+ *»f = 0.
Similarly, it we had
B4 p =0
we should have 'E = 0, and the oscillations would be symmetrical, and
would employ a time
T

vV (kg
‘When neither of these relations obtains, the oscilations may be consi-
dered as compounded of two in the following manner: Suppose that we
put
y=1Ilcos.t # ('kg) + Kcos. t &/ (%kg) . . . (7)
omitting ‘e, %, and altering the constants in equation (6); and suppose
that we take
Mp=H.cos.t# (k g);
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Then p will oscillate about M according to the law of a cycloidal pen-

dulum (neglecting the vertical motion).  Also
p Pwill = K. cos. t v (k g).

Hence, P oscillates about p according to a similar law, while p oscil-
lates about M. And in the same way, we may have a point ¢ so moved,
that Q shall oscillate about ¢ in a time

kg
v (*kg)
while q oscillates about N in a time

23

v ('k g)

And hence, the motion of the pendulum A P Q is compounded of the
motion A p q oscillating symmetrically about a vertical line, and of AP Q
oscillating symmetrically about A p q, as it that were a fixed vertical line.

When a pendulum oscillates in this manner it will never return exactly
to its original position it ¥ 'k, & “k arc incommensurable.

If & %k,  “k are commensurable so that we have

m+ 'k =n«# -k
m and n being whole numbers, the pendulum will at certain intervals, re-
turn to its original position.  For let
tv (kg)=2n«
then
tv (*kg)=2m=~
and by (7)
y=Hcos.2nz 4+ K.cos. 2m~
= Il 4+ K.
which is the same as when
t = 0.
And similarly, after an interval such that
tv ('kg) =1ns 6n 7 &c
the pendulum will return to its original position, having described in the
intermediate times, similar cycles of oscillations.
408. Ex. Lot v = »
a’ =
to determine the oscillations.
Here equation (1) becomes
a?k? —4ak =—2
and
ak =24 v 2.
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Also, by equation (3)
ak =3 —2a
=14 VN =1—V2

Hence, in order that the oscillations may be symmetrical, we must
either have

B+ (1+4+.+2)F =0, whence / = — (v 2—1)3

or

B—(vV2—1)F =0, whence ' = (¥ 2 4+ L) A.
The two arrangements indicated by these equations are thus repre-
sented.

The first corresponds to
F=w=e+ 18
or
QN=(v 24+ 1)P M.
In this case, the pendulum will oscillate into the position A P Q' stm-
larly situated on the other side of the line; and the time of this complete
oscillation will be

il J— ki - /_:,l.' .
/{b’i(g_vz)} VEZE—VNg
~ a
In the other case, corresponding to
B=—(V2—1)38
Q is on the other side of the vertical line, and
QN=(v¥2—1)PM
The pendulum oscillates into the position A P’ Q'y the point O remain
ing always in the vertical line; and the time of an oscillation is

@ J a
VEFVIN g
The lengths of simple pendulums which would oscillate respectively in
these times would be

a d a
g _vae™srve
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or
1.707 a and .293 a.

If neither of these arrangements exist originally, let 8, 8 be the origi-
nal values of y, y” when tis 0. Then making t = 0 in equation (5), we
have

E=84+ (Y2413
and
P =pB—(vV2—1)73.
And these being known, we have the motion by equation (6).

409, Ay number of material pornts Py P,y Py Q,

hang by means of « stying without wweight, from a point A !
A it s vequaed (o determine theiy small oscillations in P, '»IMl
a verlweal plane. / ‘
Tet A N be avertical abscissa, and Py M,, P, M, PLL‘A\Iz
&ec. horizontal ordmates; so that ,
A DM, = x, AM, = x, & P-f;._u,
DM, = v PN, =y, &e P
AP =0, P =a. & |
tension of A P; = pj,of P, P,= p_, &ec. Q,Zl_/_y N
mass of Py =, of P, = u, &e.

[ence, we have three equations, by resolving the forcees parallel to the
horizon.

d'yi _ pg v, mg yo—n )

T = oot Tt

at ) a; 14y H

dfy, _ _pg ey Pig Ni—Y

dtr ™ PR wy oy

dyy g =y g =g o ()
dt” sy Wy ay

d : yn —_— pn 3‘-‘: yn - AT

dt® o, a, J

And as in the last, it will appear that py, p,, &e. may, for these small
oscillations, be considered constant, and the same as in the <tate of rest,
Heuce if

/"l+5“2+ e e e My = l\]a
thenr
=M pp=M—p, pp= M —p —pu, e

Also, dividing by g, and arranging, the above equations may be put in

this form :
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dty, _ (P pi) W+ P2 ¥2
gdt? LT fy
d%ye _ Peyi_ (P2 PLy y, 4 Pods
g gdt? ™ u,a, o az e aa ‘uq ag
Ays _PiYe (P Py PV
gdt*  uyay My ag oy 3 Ay
d b yn_ — pn yn— 1 —_ pn YH

g dt* Moy Ay oy Qy

rSecr. X.

M

The first and last of these cquations become symmetrical with the rest

it we observe that

Yo = 0
and
Pot1 = 0.
Now if we multiply these equations respectively by
1, », W, 2, &e.

and add them,-we have

dyr + 2diy, + M Ay + &
gdt?

{_ b p,} ,
ey 8y Ml -1') e N

),
+ {_}_3_ —_—
ey g
A
+ {L —
fhy g

+ {3\/ (=23 p“ R
fon —1 4y,

p:

A (___:_. +
o, Ay

).
/\./ (-_I__‘L +
thy Qg

)\/ n

—2 p

{Ln "lll

P
) “3) +

P
o)t

? } Yu

(g 8y

M,

I/ﬂﬂ(,‘

Pt]
5

]

and this will be integrable, if the right-hand side of the equation be redu-

cible to this form

That is, if

) P: 7P
k=P 4 P nh
hy oy s fly
s D). pg
k= — P2 + A (_}._1__ + _) A &
y @, My Qy 83
APs ) o
kW = — 283 4y (+ ,_—) +
g Ay thy &3 3 By
Kk A/ (=2 No=Vp, | WO-Tp

—k(yy+ 2y + 2y + &e)

fhy Ay

N py
M3 a
A py
oy Ay

4

. (3
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If we now eliminate
n Ny W, &e.
from these n equations, it is casily seen that we shall have an equation of
n dimensions in k.
Let
D O O S
be the n values of k; then for each of these there is a value of
)/’ )\//, )\///
casily deducible from equations (3), which we may represent by
2y 0, &e
B9 D K.
ITence we have these equations by taking corresponding values A and k,

(l VoA Ay, d \,+&(

—k (y1 + Ay v+ &e)

gdt®
d*y, + 'k(l v, +* /”d \"+L\(
—k (y2 + 2y vat &e
ode (y2 + 2+ vyt )
and so on, muking n cquations.

Integrating cach of these equations we get, as in the last problem
i+ v+ v+ &Koo= Feosft v (k) + c}}
Y4 Ay, 40 vy 4 Qe =l cos ft v (Ckg) 4 e}
'K, *E, &e. e, ‘e, &c. being arbitrary constants.

From these n simple equations, we can, without difficulty, obtain the n
quantitics vy, vo, &¢.  And it is manifest that the 1esults will be of this
form )

vi='Icos.{t ¥ (k@) + 'e} 47, cos. {to/ (*k g) + e} + &(1

ve="ILcos{t v (kg) 4 'e} 4T, cos.§ta/ ((k g) + %} + &e. ... (6)

de.=&e. )
where 'TI, 'H,, &c. must be deduced from 8, 8,, &c. the original values
of ¥y, vu, &ec.

If the points have no initial velocities (i. e. when t = 0) we shall have
=0, = 0, &ec.

We may have symmetrical oscillations in the following manner. If,
of the quantities 'L, 2L, "E, &c. all vanish except one, for instance "E; we
have

i+ Ay + Ny 4+ Xe. =0 |
Yi+ Ay + 2y 4+ & =0
Y1+7~) +’>\’y +8Lc._0 o (1

yl+"A yz-f-“)\’ )H—&.c —“L cos.t ¥ (*kg)
omitting "E.
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From the n — 1 of thesc equations, it appeurs that y,, ys, &c. are in
given ratio to y,; and hence

Yot "rye + Wy + &e

is a given multiple of y, and = m y, suppose. Ilence, we have
my, = "Lcos. v "k g);

or, omitting the index n, which is now unnecessary,
my, = E cos. t v (kg).

Also if Vo = €Y1,

my, = Ee,cos. t ¥ (k)

and similarly for y, &ec.

Hence, it appears that in this case the oscillations are symmetrical.  All
the points come into the vertical line at the same time, and move similar-
ly, and contemporancously on the two sides of it.  The relation among
the original ordinates B, 3,5 335 &c. which must subsist in order that the
oscillations may be of this kind, is given by the n -—— 1 equations (7),

Bi4 28, + W4 Xee = 0

B ABy 23, + &e. =0

B4 2B+ 3+ &= 0
&ce. = &c.

These give the proportion of 5, 8,, &c; the arbitrary constant "I,
the remaining equation, gives the actual quantity of the original displace-
ment.

Also, we may take any one of the quantities ‘I, 2L, 'L, &c. for that
which does not vanish ; and hence obtain, in a different way, such a sys-
tem of n — 1 equations as has just been deseribed.  Flence, there are n
different relations among B, B,, &c. or n different modes of arrangement,
in which the points may be placed, so as to oscillate symmectrically.

(We might here also find these positions, which give symmetrical oscil-
lations, by requiring the force in each of the ordinates P, M,, P, M, to
be as the distance ; in which case the points Py, Py, &c. would all come
to the vertical at the same time.

If the quantitics 4 'k, + “k have one common measure, there will be
a time after which the pendulum will come into its original position. And
it will describe similar successive cycles of vibrations. If these quantities
be not commensurable, no portion of its motion will be similar to any
preceding portion.)

The time of oscillation in each of these arrangements is easily known ;
the equation

my; = 2E cos.t &/ ("k g)
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shows that an oscillation employs a time
T
= v (kg)
And hence, if all the roots 'k, %k, °k, &c. be different, the time is dif
ferent for cach different arrangement.

t

If the initial arrangement of the points be different from all those thus
obtained, the oscillations of the pendulum may always be considered as
compounded of n symmetrical oscillations.  That i¢, if an imaginary pen-
dulum oscillate symmetrically about the vertical line in a time

T .
v (kg)’
and a second imaginary pendulum oscillate about the place of the first,
considered as a fixed line, in the time
v (kg
and a third about the second, in the same manner, 1 the timne
.
v (kg)’
and so on; the n® pendulum may always be made to coincide per-
petually with the real pendulum, by properly adjusting the amplitudes of
the imaginary oscillations.  This appears by considering the equations
(6), viz.
yi ="l cos. t & (k g) + *H cos. t &/ (‘k o) 4 &e.
Qe = &e.

This principle of the cocxistence of vibrations is applicable in all cases
where the vibrations are indefinitely small.  In all such cases each set of
symmetrical vibrations takes place, and affects the system as it that were
the only motion which it experienced.

A familiar instance of this principle is seen in the manner in which the
circular vibrations, produced by dropping stones into still water, spread
from their respective centers, and cross without disfiguring each other.

If' the oscillations be not all made in one vertical plane, we may take a
horizontal ordinate z perpendicular to y.  The oscillations in the direc-
tion of y will be the same as before, and there will be similar results ob-
tained with respect to the oscillations in the direction of z.

We have supposed that the motion in the direction of x, the vertical
axis, may bc neglected, which is truc when the oscillations are very
small.

410, Ex. Let there be three bodies all equal (each = u), and also their
divtances a,, a,, a3 all equal (each = a).

Vor. [. X
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Here
P=3wp=2up=u
and equations (3) become
ak=5—22
akra=—2431—W
akdN =—nr4 0.
Eliminating k, we have
SA—2A2=—24 31—,
5N 2AN =—x 4 N,
or
’ N =22 —2A—2,
4N —=21N =—2
A
A —4
S(2A—20 —2) (22 —4) =1
or

SN =

x3_3x?+gm+2=0,

which may be solved by Trigonometrical Tables. We shall find three
values of A,
Hence, we have a value of A’ corresponding to ecach value of »; and
then by equations (1)
Brd"2 B4 W By =07
B +2B+WpB=0J
whence we fmd B,, B; in terms of 3.
‘We shall thus find

(7)

g, = 2.295 B,
or
B, = 1.348 §,
or
B, =—. 6438,
according as we take the different values of .
And the times of oscillation in cach case will be found by taking the
value of
ak =5 —22x;
“that value of A being taken which is not used in equation (7). For the
time of oscillation will be given by making
tv (kg =m
If the values of 8, 8,, 3; have not this initial relation, the oscillations
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will be compounded in a manner similar to that described in the example
for two bodies only.

411, A flexible chain, of uniform thickness, hangs from a fived point :
to find its initial form, that its small oscillations may be symmctrical.

Let A M, the vertical abscissa = x; M P the hori-
zontal ordinate = y; A P = s, and the whole length Aj
AC=a;

AP =a—s.

And as before, the tension at P, when the oscillations p/
are small, will be the weight of P C, and may be represent- Q/f,
ed by a—s, This tension will act in the direction of a
tangent at P, and hence the part of it in the direction

P M will be B c
. dv
tension X -
ds
or
5 by
(a —s) der

Now, if we take any portion P Q = h, we shall find the horizontal
force at Q in the same manner.  For the point Q, supposing d s constant
de dfy h d'y ht

d dy dy N
I bccoxnc, d s + To 1 ds, 132 5 &e.

(sce 32).
Also, the tension will be a — s 4 h.  Hence the horizontal force in
the direction N Q, is
] d*y h .
(a—s+h (5 + T + &)

Subtracting from this the force in P M, we have the force on P Q
horizontally.

dy

ds

d®y h d?y h? )
:(:1—5)(a—;2.~~+(—l—“. ‘)+&c.)

1
—h (t]ly-}- 1 +;\c)
and the mass of P Q being represented by h, the accelerating force
(_ pressurc X &
mass
with different velocities, thls expression is only applicable when h is inde-

finitcly small.  IHence, suppoamn Q to approach to and coincide with P,
we have, when h vanishes

Ll‘:

) is found. But since the different points of P Q move

S dty dy
accelerating force on P = (a —s) | 7, T
ds® s

X2
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But since the oscillations are indefinitely small, x coincides with s and
we have

S

Now, in order that the oscillations may be symmetrical, this force must
be in the direction P M, and proportional to P M, in which case all the
points of A C, will come to the vertical A B at once. Hence, we must
have

-0 Ay gy L)
dx® dx
k being some constant quantity to be determined.

This equation cannot be integrated in finite terms. To obtain a

series let

y=A+ B.(a—x)+ C(a—x)* 4 &e.

A =B —2Ca——3Da—x"

. d?y Y < .

dx‘_l 2.C+42.3D (a—x) + Xc.
Hence

PR e P
gives
0=12C(a—x)+ 23D (a—x)*+ &c.
+B+2C(a—x) 4+ 3D (a—x)*+ &e.
+kA+4+kBa—x)+ kC(a—x)?+ &e.

Equating coeflicients ; we have

B=—kA,
2¢C=—kB
32D =—kC
e = &e.
“B=kA
k? A
C=3
k® A
D_—:-é-e:32
&e. = &e. *

and

k? s
v= A{l—k(a-—-x)+ é—é(a——x)’—z—,k.-g—z.(u—x) + &c.} . (2)
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Here

A is B C, the valuc of y when x = a. Whenx = 0,y = 0;

252 3 3
.'.l—ku+k—2?,—-—f;——.:—;—;+&c.=0 NG )

I'rom this equation (k) may be found. The equation has an infinite
number of dimensions, and hence k will have an infinite number of values,
which we may call

K, *%ky ...k,
and these give an infinite number of initial forms, for which the chain
may perform symmetrical oscillations.

The time of oscillation for cach of these forms will be found thus. At
the distance y, the force is k g y : hence by what has preceded, the time
to the vertical is

h
2V (kg)
and the time of oscillation is
x
vikg)

('The greatest value of k ais about 1.44 (Iluler Com. Acad. Petrop.

tom. viii. p. 43).  And the time of oscillation for this value is the same as

D)
that of a simple pendulum, whose length is - - a nearly.)

3
The points where the curve cuts the axis will be found by puttingy = 0.
Hence taking the value °k of k, we have
nkelq —x)* nks :).-—X)z
(0 — X)Lk

0=1—"k(a—x)+ ¢ 537

+ &ec.

which will manifestly be verified, if
"k {(a—x)="tka
or
tk(a—x) =%ka
or
nk(a—x)="ka
&e. = &e.
because 'k a, %k a, &c. are roots of equation (3).
That is if )
X = a (1 ‘———%i—) or = a(l -—-n-}ﬁ) or = &c.
Suppose 'k, *k, °k, &c. to be the roots in the order of their magnitude
'k being the least.
Then it for °k, we take 'k, all these values of x will be negative, and

the curve will never cut the vertical axis below A.
X3
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If for *k, we take %k, all the values of x will be negative except the
first; therefore, the curve will cut A B In onc point. If we take °k, all
the values will be negative except the two first, and the curve cuts A B
in two points; and so on.

Hence, the forms for which the oscillations will be
symmetrical, are of the kind thus represented. )

And there are an infinite number of them, cach
cutting the axis in a different number of points.

If we represent equation (2) in this manncr

y = Ap(k x) A

it is evident that

y ='Ap (k x)

y = ‘A ¢ (’%k, x)

&e = &

will each satisfy equation {1). Hence as before, if we put

y ='A ¢ (k, x) 4+ *Ap (*k, x) 4 &e.
and if 'A, *A, &c. can be so assumed that this shall represent a given
initial form of the chain, its oscillations shall be compounded of as many
coexisting symmetrical ones, as there are terms 'A, *A, &c.

We shall now terminate this long digression upon constrained mo-
tion. The reader who wishes for more complete information may con-
sult Whewell’s Dynamics, one of the most uscful and elegant treatises
ever written, the various speculations of Kuler in the work above quoted,
or rather the comprehensive methods of Lagrange in his Mccanique
Analytique.

We now proceed to simplify the text of this Xth Section.

412. Pror. L. Tirst, S R Q is formed by an entire revolution of the
generating circle or wheel, whose diameter is O R, upon the globe
SOQ '

413. Sccondly, by taking

CA:CO::CO:CR
we have
CA:CO::CA—CO:CO—CR
A0 :OR
and therefore if C S be joined and produced to meet the exterior globe
in D, we have also

AD:SO(::CA:C0O):: AO0: OR.
But
7.0R

S O = the semi-circumference of the wheel O R = —5
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. AO
—5—
A O. Thatis S is the vertex of the Hypocycloid A S, and A S is per-
pendicular in Sto CS.  But O S is also perpendicular to C S.  There-
fore A S touches O Sin S, &c.

A14. The similar figures A S, S R.]

By 39 it readily appears that Hypocycloids are similar when

R:r:: R:r

R and r being the radii of the globe and wheel ; that is when
CA:AO0::CO:0R

SAD =

=1} the circumference of the wheel whose diameter is

or when
CA:CO::CO:CR
- A'S, S R are similar

415. V B, V. W are equal to O A, O R.]

If B be not in the circumference A D let C V meet it in B’.  Then
V P being a tangent at P, and since the clement of the curve A P is the
same as would be genecrated by the revolution of B/ P around B’ as a
center, and .. B’ P is perpendicular both to the curve and its tangent
PV, theretore P B, P B’ and ... B, B’ coincide. That is

VB =0A.

Also if the wheel O R describes O V. whilst A O describes A B, the
angular velocity B P in each must be the same, although at first, viz. at
O and A, they are at 1ight angles to each other.  Ience when they shall
have arrived at V and B theiv distances from C B must be complements
of cach other. But

x

LTVW=8BVP = —PBV
1" Vs a chord in the wheel O R, and

VW = OR.

See also the Jesuits’ note.
OTHERWISL.

116. Construct the curve S P, to which the radius of curvatuie to every
point of S R Q is a tangent ; or which is the same, find S A the Locus of
the Centers of Curvature to S R Q.

Hence is suggested the following generalization of the Problem, viz.

417, To make a body oscillate in any given curve.

Let S R Q (Newton’s fig.) the given curve be symmetrical on both sides
X 1
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of R. Then if x, y be the rectangular coordinates referred to the vertex
R, and «, 8 those of the centers of curvature (P) we have
r*=PT*=(y—pB)2+ (x —a)
Hence, the contact being of the second order (74)

x—-a+(y~—-6)3i’=0 < e e e oo oo (D

and
dy? d?
L4 gLt —Bg,%=0 « . . ... @

These two equations by means of that of the given curve, will give us
B in terms of «, or the cquation to the Locus of the centers of curvature.

Let S A be the Locus corresponding to S R, and A Q the other half.
Then suspending a body from A attached to a string whose length is R A,
when this string shall be stretched into any position A P T, it is evident
that P being the point where the string quits the locus is a tangent to it,
and that T is a point in SR Q.

Ex. 1. Let S R Q be the common parabola.

Here 7
y*==2ax
Ldy _a
CTdx Ty
dey _a dy o af_ w
dx? ™ y*idx T y' 2xXy
.. substituting we get
H
x—-—a+(y—p’).y:ﬂ
and
a R
- e— — B, — =0
l+2x (y A) 2xy
a a 2xy . .
,_x——a+»y—(l+é—;{-).——v;- =0 =3x « + a
or
«=3X 4 a
and l
(3=___:_:‘f,)_'s
a
But
y'*’-'zax
Q' 2 8 3
'.82_.4'){ Qy __X
a 1
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_ 8 (a—a)_ 8
= -;T‘ X >-—-—27 = '2“,‘7—'{1 . (G — 3)3 . e e (3)
Now when 8 = 0, « = a; which shows that A R the length of the

string must equal a. * Also making A the origin of abscissas, that is, aug-

menting « by a, we have
8
[ 2— >
Bl =g X =
the equation to the semicubical parabola A S, A Q, which may be traced
by the ordinary rules (35, &c.); and thereby the body be made to oscillate

in the common parabola S Q R.
0x. 2. Let S R Q be an cllipse.

Then, referring to its center, instead of the vertex,
b
y* = F. (i’l‘ -—-—X')
or

aty? 4 b*x? = a¢b:
.u*y::i+l>9x:n

and

2 ¢ (!iy. + ll!El’L, + bq = 0.

Y Ix

These give

dy _ b¢x

dx = T aty
and

dry b#

dx* ™ aty?’
Hence

O ES
a

and

g = — (a* — b y‘“.
b*
IHence substituting the values of y and x in
aty‘4 b*x? = a*b?

we gct
(-_.Bl)z)g.i_( @b §=] I € )

at—>b a?t—Db?

the equation to the Locus of the centers of curvature.
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In the annexed figure let
SC=b, CR =a
CM=x,TM =y.

Then .
PN=#CN=a A
And to construct A S’ by points, first put c T
B=20 /,/
whence by equation (a) )
o=+ i‘—;:l—l)—
the value of A C. Let
a = 0
then
a* —Db?
B==4 —p

the value of " Cor C Q'.

Hence to make a body oscillate in the semi-cllipse S R Q we must
take a pendulum of the length A R, (part = A P §' flexible, and part
= S & rigid; because S S is horizontal, and no string however stretched
can be horizontal—sce Whewell’s Mechanics,) and suspend it at A.
Then A P being in contact with the Locus A &, P T will also touch
A Sin P, &c. &c.

Ex. 3. Lot S R Q be the common cycloid ;

The equation to the cycloid is

d 2r — 21
(li = '\/ Y= /( - )
odry r
whence it is found that

B=—y
Hence
de _2r—y
dx — y
and
ds _ dy 2r—y
dx —_ll‘x—'—J y
.Q____ y — —B
da T 21——y ~N2r 4B

which is also the equation of a cycloid, of which the generating circle is



Boox 1.] NEWTONS PRINCIPIA. 33t

precisely the same as the former, the only difference consisting in a change
of sign of the ordinate, and of the origin of the abscissz.

The rest of this section is rendered sufficiently intelligible by the
Notes of P. P. Le Scur and Jacquier; and by the ample supplementary
matter we have inserted.

SECTION XL

417. Pror. LVIL. Two bodies attracting one another, describe vound
cach other and round the center of gravity similar figures.

PN
§_,7_‘ -H,,A(v‘ _.?\\\\P
\ e \

N S
T 4

Since the mutual actions will not affect the center of gravity, the bodies
will always lic in a straight line passing through C, and their distances
from C will always be in the same proportion.

ASC:TC::PC:QC
and
LSCT=QCP.
.. the figures described round cach other are similar.

Also if Tt be taken = S P, the figure which P scems to describe

round S will be t Q, and
Tt: TQ::SP:TQ
1 CP:CQ
and
ttTQ=PCQ.
'~ the figures t Q, P Q, arc similar; and the figure which S seems to
describe round P is similar, and equal to the figure which P seems to
describe round S.

418. Prov. LVIIL. If S remained at rest, a figure might be de-
scribed by P round S, similar and equal to the figures which P and S
seem to describe round each other, and by an equal force.
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™ C p s 4

Curves arc supposed similar and Q R, q v indefinitely small. Let P and
p be projected in directions P R, p r (making equal angles C P R, s p 1)
with such velocities that
V_ ¥S _~VCP_VrIPQ

v O VS¥P Vsp WVpq.
ds

Then (since dt =

t T pq ¥ PQ Vmpq_— Vr(ul?‘

But in the beginning of the motion { = -

T _PQ ¥pq _¥PQ_+vQR

I\SI’I‘-;\m
-

CF _ QR qr _1
T oqr TQR T 1

"The same thing takes place if the center of gravity and the whole system
move uniformly forward in a straight line in fixed space.

419. Cor. 1. If F & D, the bodies will describe round the common
center of gravity, and round each other, concentric ellipses, for such would
be described by P round S at rest with the same force.

Converscely, if the figures be ellipses concentric, I « 1),

420, Cox. 2. IfF«x BE the figures will be conic sections, the foci in

the centers of force, and the converse.

421. Cor. 8. Equal areas are described round the center of gravity,
and round each other, in equal times.

v s
~ Q B T \_\\l\’

S~ 2:\ P e '{{/j ~ }
N N

T

422. Cor. 8. Otherwise. Since the curves are similar, the arecas, bounded
by similar parts of the curves, are similar or proportional.
cspq:CPQ::sp?: CP2:: (S4+P)*:s®in a given ratio;

~
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and T. through sp q: T.through CP Q:: ¥ S+P: # S, in a given ratio
and .~ :: T.through spv: T.through CPV
.. T\ through C P Q: 'T. through C P V: : T.throughspq: T.throughspv
trspq:spv (by Sect, IL.)
:CPQ:CPV
-. the arcas described round C are proportional to the times, and the
areas described round each other in the same times, which are similar to
the areas round C, are also proportional to the times.
423. Pror. LIX. The period in the figure described in last Prop.
: the period round C:: vV S P : ¥ S; for the times through similar
arcs p ¢, P> Q, are in that proportion.
421, Pror. LX. The major axis of an ellipse which P secms to de-

scribe round 8 in motion (Force « ]—)—> : major axis of an ellipse which

would be described by P in the same time round Satrest 11 S 4 1t first
of two mean proportionals between S 4 P and S.

Let A = major axis of an ellipse described (or seemed to be described)
round S in motion, and which is similar and equal to the ellipse de-
scribed in Prop. LVIIL

Let x = major axis of an cllipse which would be described round S at
rest in the same time,

reriod in ellipse round S in motion V'S
-, Deriof T e pse 7 : = ——2_ (Prop. LIX)
period in same ellipse round Sat rest VS 4D

and by Sect. 11,

3
period in ellipse round S at rest _A®
seriod m required ellipse round Sat rest — 3
1 1 x 2
3
period in clllps(, round S in motion A S
*Heoriod in N md S a - T3 S
period in required ellipse round Sat rest XP W8 4P

but these periods are to be equal,
S AS=x2.84 P
[, J— [ J—
SArx: VS 4 PSS 4 P fivst of two mean proportionals

[ — 3 —
(forifa, ar, ar® a r? be proportionals, 4 a: # ar’::a:ar.)

425. At what mean distance from the earth would the moon revolve
round the earth at rest, in the same time as she now revolves round the
earth in motion ?  This is casily resolved.

426. Pror. LXI. The bodies will move as if acted upon by bodies at
the center of gravity with the same force, and the law of force with re-
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spect to the distances from the center of gravity will be the same as with
respect to the distances from each other.

For the force is always in the linc of the center of gravity, and .- the
bodies will be acted upon as if it came from the center of gravity.

And the distance from the center of gravity is in a given ratio to the
distance from each other, .. the forces which are the same functions of
these distances will be proportional.

427. Pror. LXII. Problem of two bodies wilk no initial Velocities.

F x T)l—z . Two bodies are let fall towards each other. Determine the

motions.

The center of gravity will remain at rest, and the bodies will move as
if acted on by bodies placed at the center of gravity, (and exerting the
same force at any given distance that the real bodies excrt),

.. the motions may be determined by the 7th Sect.

428, Pror. LXIIL.  Problem of two bodies with given initial Telo-
cities.
F o . Two bodies are projected in given directi ith gi
D wo bodies are projected in given directions, with given
velocities. Determine the motions.

The motion of the center of gravity is known from the velocities and
directions of projection. Subtract the velocity of the center of gravity
from each of the given velocities, and the remainders will be the velocities
with which the bodies will move in respect of cach other, and of the cen-
ter of gravity, as if the center of gravity were at rest.  Hence since they
arc acted upon as if by bodies at the center of gravity, (whose magnitudes
are determined by the cquality of the forces), the motions may be deter-
mined by Prop. X VII, Sect. ITI, (velocities being supposed to be acquired
down the finite distance), if the directions of projection do not tend to the
center, or by Prop. XXXVII, Scct. VII, if they tend to or dircetly from
the center. Thus the motions of the bodies with respect to the center of
gravity will be determined, and these motions compounded with the uni-
form motion of the center of gravity will determine the motions of the
bodies in absolute space.

429. Pror. LXIV. F « D, determine the motions of any number of
bodies attracting each other.
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I and L will describe concentric
ellipses round D.
Now add a third body S. I
Attraction of S on T may be re- S
presented by the distance T S, and
on L by LS, (attraction at distance I
being 1) resolve T S, L S, into \
TD,DS; LD,DS, whercofthe K
parts 'T' D, L D, being in given l
ratios to the whole, T L, L. T, will
only increase the forces with which
L and T act on cach other, and

the bodies L and T will continue to describe ellipses (as far as respect:
these new forces) but with accelerated velocities, (for in similar parts of
similar figures V* « . R Prop. IV. Cor. 1 and 8.) The remaining
forces D S, and D S, being equal and parallel, will not alter the relative
motions of the bodies L and T, ... they will continue to describe ellipses
round D, which will move towards the line I K, but will be impeded in
its approach by making the bodies S and D (D being T 4 L) describe
concentric cllipses round the center of gravity C, being projected with
proper velocities, in opposite and parallel directions. Now add a fourth
body V, and all the previous motions will continue the same, only accel-
erated, and C and V will describe ellipses round B, being projected with
proper velocitics,

And so on, for any number of bodies.

Also the periods in all the cllipses will be the same, for the accelerating
forcconT=L.TL+4+ S$.TD=(T+L). TD4+S. TD=(T+L +S).
T D, i. e. when a third body S is added, T is acted on as if by the sum
of the three bodies at the distance T D, and the accelerating force on D
towards C = S.SD =S.CS+S.DC=(T+L).DC+S.DC
=(T+ L+ S).DC.

.. accelerating force on T towards D @ do.on D towards C :: TD: D C

.~ the absolute accelerating forces on T and D are equal, or T and D
move as if they revolved round a common center, the absolute force the
same, and varying as the distance from the center, i. e. they describe cl-
lipses, in the same periods.

Similarly when a fourth body V is added, T, L, D, S, C, and V, move
as if the four bodies were placed at D, C, B, i e. as if the absolute forces
were the same, and with forces proportional to their respective distances
from the centers of gravity, and .. in equal periods.
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And so on, for any number of bodies. .
430. Pror. LXVI. S and P revolve round T, S in the exterior orbit,
P in the interior,

1 . . .
F « D2’ find when P will describe round T an orbit nearest to the

ellipsc, and areas most nearly proportional to the times.
(1st.) Let S, P, revolve round the greatest body T in the same planc.
Take K S for the force of S on P at the mean distance S K,
and

U AR

lk
LS:SK.—S—I—)Ezﬁ)rce at P,

resolve L Sinto L M, M S,
L M is parallel to P T, and .. tends to the center T, ... P will con-
tinue to describe areas round T proportional to the times, as when acted

on only by P T, but since L M does not « II’ITQ > the sum of I M and

1
P T
disturbed by this force, L M, M S neither tends from P to the center

P T will not « , «+ the form of the clliptic orbit P A B will be

T, nor o« —Pi,l—q , +* from the force M S both the proportionality of arcas

to times, and the clliptic form of the orbit, will be disturbed, and the
elliptic form on two accounts, because M S does not tend to C, and be-
cause it does not o P—-IT—; .

.. the areas will be most proportional to the times, when the force
M S is least, and the elliptic form will be most complete, when the forces
M S, L M, but particularly I, M, are least.

Now let the force of S on T = N S, then this first part of the force
M S being common to P and T will not affect their mutual motions, .. the
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disturbing forces will be least when L M, M N, are least, or L. M remain-
ing, when M N is least, i. e. when the forces of S on I’ and T are nearly
equal, or S N nearly = S K.

(2dly) Let S and P revolve round T in different planes.

Then L M will act as before.

But M N acting parallel to T S, when S is not in the line of the Nodes,
(and M N does not pass through T), will cause a disturbance not only
in the longitude as before, but also in the latitude, by deflecting P from
the plane of its orbit. And this disturbance will be least, when M N is
least, or S N nearly = S K.

431. Cor. 1. If more bodics revolve round the greatest body T, the
motion of the inmost body P will be least disturbed when T is attracted
by the others equally, according to the distances, as they are attracted by
each other.

432. Cor. 2. In the system of T, if the attractions of any two on the

. 1 . . R .
third be as D’ P will describe areas round T with greater velocity near

conjunction and opposition, than near the quadratures.
433. To prove this, the following investigation is necessary.

p A
/ ""‘ I - TN : ~
~ -~ N
\ n m B‘\ T
\ AN
\ \ 1
C

Take 1 S to represent the attraction of S on P,
nsS T,
Then the disturbing forces are 1 m (parallel to P T) and m n.
Now

1
S1= S P" (foxcc % 1y ),
S —
= Ri—2lreos Agreo (R=Shr=
ST S.R
Sm=Sl g p= R U Rreos A7)
S.R

2r cos A 2r cos. A
SR SRS

PT)A=.S8STP

¥/ R*—2Rrcos. A + r*

R"

Vor. 1.
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three first, namely, attraction of T, addititious force, and central ablatiti-
ous force, do not disturb the equable description of areas, but the fourth
or tangential ablatitious force does, and this is 4+ from Ato B, —from B
to C, + from C to D, — from D to A. .. the velocity is accelerated from A
to B, and retarded from B to C, .-. it is greatest at B. Similarly it is a
maximum at D.  And it is a minimum at A and C. This is Cor. 3.
436. o otherwise calculate the central and tangential ablititious Jorees.

n

o M,( N 1 \

M

On account of the great distance of S, S M, P L. may be considered
parallel, and
A PT=LMandSP=SK=ST.
-, the ablatitious force = 3P T. sin. ¢ = 3 P K.
Take P m = 3 P K, and resolve it into P n, nm.
Pn="Pm.sin 0 =3P T. sin. 20 = central ablatitious force

1 — cos. 2:’
fnd ) U —
=3PT. 9

nm=Pm.cosd =3 T.sin.dcos. d = g— . P T.sin. 2 ¢ =tangential
ablatitious force.

The same conclusions may be got in terms of 1 m from the fig. in Art
433, which would be better.

437, Find the distw bing force on P in the direction P 'T.

This = (addititious 4 central ablatitious) force = 1m + 31m. sin.?y

=lm_31m(l—cos. 29)

- -—-lm(l ——32cos.29).

438. To find the mean disturbing jforce of S during a whole revolution
in the direction P 'T.

. —3cos. 2 4
Let P T at the mean distance = m, then — Il m ’l—-——é()———-—

Y2



Book 1.] NEWTON’S PRINCIPIA. 339

three first, namely, attraction of T, addititious force, and central ablatiti-
ous force, do not disturb the equable description of areas, but the fouth
or tangential ablatitious force does, and this is 4 from A to B, —from B
to C, 4 from C to D, — from D to A. .-. the velocity is accelerated from A
to B, and retarded from B to C, .. it is greatest at B, Similarly it is a
maximum at D.  And it is a minimum at A and C. This is Cor. 3.
436. To otherwise calculate the central and tangential ablititious forces.

m

On account of the great distance of S, S M, P> L may be considered
parallel, and
“PT=LM andSP=SK=ST.
.. the ablatitious force = 3P T.sin. ¢ = 3 P K.
Take P m = 3 P K, and resolve it into P n, nm.
Pn="Pm.sin. 6 =3P T.sin. 2¢ = central ablatitious force
I —cos. 24

=3PT. 9

. 3 v .
nm=Pm.cosd =3P T. sin. dcos. 0§ = 5 . P T sin, 2 0 =tangential

ablatitious force.

The same conclusions may be got in terms of 1 m from the fig. in Ait
433, which would be better.

437, Find the disturbing force on P in the direction P 'T.

This = (addititious + central ablatitious) force = 1m + 31 m. sin.?¢

=lm_31m(l——c0§ 20)

- -—lm(l —32(:05.20).

438. To find the mean disturbing force of S during a vwhole revolution
in the direction P 'T.

. —3cos. 2 4
Iet P T at the mean distance = m, then — I 'm (1——;09 )

Y2
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= — 5 = — 5 since cos, 2 ¢ is destroyed during a whole revo-

lution.
489. The disturbing forces on P are

(1) addititious = —SR'»a = A.

(2) ablatitious = 8. A . sin. ¢

which is (1) tangential ablatitious force 3 7'2A . cos. 20

. . — cos. 20
and (2) central ablatitious force = 3 A. ! cos. 2 ¢

2
3 A A
.. whole disturbing force in the direction P T=A — -~ 4 .-, cos. 2 ¢
A 3 A
= — —§' + “é‘“ cos. 2 4.

But in a whole revolution cos. 2 ¢ will destroy itself, ... the whole dis-
turbing force in the direction I 'I' in a complete revolution is ablatitious
and = } addititious force.

N

The whole force in the direction P T = —R'—E (l — 3 sin.20) (Art. 433)

= (l (} — cos. 2 0))

multiply this by d.¢, and the integral = ‘E; (0 —_ g 0+ 72 . sin. 2 0)

=sum of the disturbing forces; and this when 6= becomes ——Sﬁ-; . ; .

This must be divided by =, and it gives the mean disturbing force act-
S.r

ing on P in the direction of radius vector = — } R -
440. The 2d Cor. will appear from Art. 433 and 434.
For the tangential ablatitious force = 5 - sin 20.% addititious force,

.. this force will accelerate the description of the areas from the quadra.
tures to the syzygies and retard it from the syzygies to the quadratures,
since in the former case sin. 2 4 is 4, and in the latter —.

441. Cor. 3 is contained in Cor. 2. (Hence the Variation in as-
tronomy.)
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mk////\"

- [

m’ P

442. PV is equivalent to P'T, T V, and accelerates the motion ;

p V is equivalent to p T, T V, and retards the motion.

443. Con. 4. Cuwxt. par., the curve is of greater curvature in the quadra-
tures than in the syzygies.

For since the velocity is greatest in the syzygies, (and the central abla-
titious force being the greatest, the remaining force of Pto T' is the least)
the body will be less deflected from a right line, and the orbit will be less
curved. The contrary takes place in the quadratures.

414. The whole force from Sin the direction P T_bR s (1 — 3 sin.®9)
(see 133) and the force from T in the direction PT = Tg .
7 D
. L - ’l S.
. the whole force in the dircetion P 'T' = — + —{— (l — 3 sin. 24)
and at A this becomes T!; + 'bl{;
T 2.8.r
aaB.. ... .. T R
T S.r
at C. . —% + TEl
T 28,
aD. ... .. TR

(for though sin. 270 is —, yet its syzygy is +).

Thus it appears that on two accounts the orbit is morc curved in the
quadratures than in the syzygies, and assumes the form of an ellipse at
the major axis A C.

Y 3



842 A COMMENTARY ON [Sect. XI.

.. the body is at a greater distance from the center in the quadratures
than in the syzygies, which is Cor. 5.

445, Cor. 5. Hence the body P, cat. par., will recede farther from
T in the quadratures than in the syzygies; for since the orbit is less
curved in the syzygies than in the quadratures, it is evident that the body
must be farther from the center in the quadratures than in the syzygies.

446. Cor. 6. The addititious central force is greater than the ablati-
tious from Q' to P, and from P’ to Q, but less from P to 1”, and from
Q to Q) ... on the whole, the central attraction is diminished. But it
may be said, that the areas are accelerated towards B and D, and .-. the
time through P P’ may not exceed the time through P’ Q, or the time
through Q Q’ exceed that through Q" P. But in all the corollories, since
the errors are very small, when we are seeking the quantity of an error,
and have ascertained it without taking into account some other error,
there will be an error in our error, but this error in the error will be an
error of the second order, and may .-, be neglected. '

The attraction of P to T being diminished in the course of a revolution,
the absolute force towards T is diminished, (being diminished by the

3
?{I;, 439,) ... the period which « :/—zf, is
increased, supposing r constant.

But as T approaches S (which it will do from its higher apse to the

mean disturbing force — 3

lower) R is diminished, the disturbing force (which involves 1%) will be

increased, and the gravity of Pto T still more diminished, and .- r will
be increased ; .». on both accounts (the diminution of f and increase of r)
the period will be increased.

(Thus the period of the moon round the earth is shorter in summer
than in winter. Hence the Annual equation in astronomy.)

When T recedes from S, R is increased, and the disturbing force di-
minished and r diminished. ... the period will be diminished (not in com-
parison with the period round T if there were no body S, but in compari-
son with what the period was before, from the actual disturbance.)

T S

44'7. Cor. 6. The whole force of P to T in the quadratures :F-f-»l{' s
the syzygies = L—251
y ‘yg r2 1{'1

.. on the whole the attraction of P to T is diminished in a revolution.
For the ablatitious force in the syzygies equals twice the addititious force
in the quadratures.
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At a certain point the ablatitious force = the addititious ; when

1 =38sin.24
or
. 1
sl 0 = V3
and
A = 55°, &c.
. I
(the whole force being then = ~—)
2

Up to this point from the quadratures the addititious force is greater
than the ablatitious force, and from this point to one equally distant from
the syzygies on the other side, the ablatitious is greater than the addititious ;
.. in a whole revolution P’s gravity to 'T' is diminished.

Again since T alternately approaches to and recedes from S, the radius

3

.. . . e
P T is increased when T approaches S, and the period &« ————
~ absolute force
and since f is dininished, and ... r increased, .. the periodic time is in-

creased on both accounts, (for fis diminished by the increase of the dis-
turbing forces which involve T{.) If the distance of S be diminished, the
absolute force of S on P will be incrcased. .. thedisturbing forces which o:—lT
from S arcincreased, and I”’s gravity to T diminished, and .- the periodic

5 . T
time is increased in a greater ratio than r#® (because of the diminution of

rd

fin the expression ——) and when the distance of S is increased, the dis-
turbing force will be diminished, (but still the attraction of P to T will be
diminished by the disturbance of S) and r will be decreased, ... the
period will be diminished in a less ratio than r g,

448. Con. 7. To find the effect of the disturbing force on the motion
of the apsides of I’s orbit during one whole revolution.

TSy
Whole force in the direction P T = rl,: + 5 } (1—3cos.® A)
T R S Tr4T.c
= Toeon (fT.c = (1—3cosA) R

.. the £ between the apsides = 180 ]:--1-— by the IXth Scct. which

is less than 180 when c is positive, i. e. from Q' to P and from P’ to P,
Y &
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(fig. (446,)) and greater than 180 when c is negative, i. e. from P to P’
and from Q to Q/,

.. upon the whole the apsides are progressive, (regressive in the quadra-
tures and progressive in the syzygies) ;

f T 8Sr . L

orce = I—E— —R——r = force in CODJUI')CUOI]
T 38.8Sr . .
SR = force in opposition

Now

R°T—3Sr? R’T—3Sr>
r’R° and )"72‘“1{'3

X 1 1
differ most from =i and e

when r is lcast with respect to v/,
which is the case when the Apsides are in the syzygies.
But
R:T4+ Sr* R*T 4 Sr’?
r* R? 2R

. 1 1 .
differ least from oo and 7 when r is most nearly cqual tor/,

449. Cor. 7. Ex. I'ind the angle from the quadratures, when the apses
are stationary.

Draw P m parallel to T S, and = 3 P K, m n perpendicular to T P,
resolve P m into P n, n m, whereof n m neither increases nor diminishes
the accclerating force of P to T, but P n lessens that force, .. when P n
= P T, the accelerating force of P is ncither increased nor diminished,
and the apses are quiescent,

by the triangles PT : PK :: PM =3P K: Pn=PT
.+ in the required position 3 P K* = P 'I'?
or
PK:B;: P T.sin ¢,
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»~osin 0 = al
or
0 = 35° 26'.

The addititious force P T — I’ n is a maximum in quadratures.

ForPT:PK::3PK:Pn=20 K
SPT —Pn= PT-—:—;—%:-,II.&—Z, which is a maximum when P K = 0,

or the body is in syzygy.

450. Cor. 8. Since the progression or regression of the Apsides de-
pends on the decrement of the force in a greater or less ratio than D % from
the lower apse to the upper, and on a similar increment from the upper
to the lower, (by the IXth Sect.), and is .-. greatest when the proportion
of the force in the upper apse to that in the lower, recedes the most from the
inverse square of D, it is manifest that the Apsides progress the fastest from
the ablatitious force, when they are in the syzygies, (because the whole forces
in conjunction and opposition, i. e. at the upper and lower apses being
T 28Sr

riTT R when the apsides are in the syzygies and when r is greatest

al
at the upper apse, = being least, and the negative part of the expression

‘
D

r, . Lo .
R being greatest, the whole expression is .. least, and when r is least,

r

at the lower apse, =, being greatest, and the ncgative part least, ... the
It

whole expression is greatest, and .. the disproportion between the forces at
the upper and lower apse is greatest), and that they regress the slowest
in that casc from the addititious force, (for 1£ + ;{l; , which is the whole
force in the quadratures, both before and after conjunction, r being the
semi minor axis in each case, differs least from the inverse square) ; therc-
fore, on the whole the progression in the course, of a revolution is greatest
when the apsides are in the syzygies.

Similarly the regression is greatest when the apsides arc in the quadra-
tures, but still it is not equal to the progression in the course of the re-
volution.

451. Cor. 8. Let the apsides be in the syzygies, and let the force
at the upper apse : that at the lower, : : D E: A B, DA’
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being the curve whose ordinate is inversely r Da g
as the distance ? from C, .-. these forces being
diminished, the force D E at the upper apse

by the greatest quantity T S, and the force

A B at the lower apse by the least quantity < —7;4—-—-'- B
a
2r S
R the curve a d which is the new force
curve has its ordinates decreasing in a C

reater ratio than 1
g f an ;-

Let the apsides be in the quadratures, then the force I D will be increased

. Sr .
by the greatest quantity R and the force A B by the least quantity
S

TR the curve a’ d’ which is the new force curve will have its

. . . . 1
ordinates decreasing in a less vatio than o

451. Cor.9. Suppose the line of apsides to be in quadratures, then while the

body moves from a higher to a lower apse, it is acted on by a force which
. 1 . R°T+ Svr?

does not increase so fast as E (for the force = ———l—‘:——{_,L—— , «~ the

numerator decreases as the denominator increases), ... the orbit will be

exterior to the elliptic orbit and the excentricity will be decreased.  Also as

the descent is caused by the force (1 — 3 cos. * A), the less this

li‘

force is with respect to ce the less will the excentricity be diminished.

Now while the line of the apsides moves from the line of quadratures, the
Sr

force Rs (1 — 3 cos. 2 A) is diminished, and when it is inclined at £ 35°

16’ the disturbing force = 0, and .- at those four points the excentricity
is unaltered. After this, it may be shown in the same manner that the
excentricity will be continually increased until the line of apsides coin-
cides with the linc of syzygies. Here it is a maximum, since the disturb-
ing force is negative. ~Afterwards it will decrease as before it increased
until the line of apsides again coincides with the quadrature, and then the
excentricity = maximum.
(Hence Evection in Astron.)
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452, Lenma. To calculate that part of the ablatitious force which is
employed in drawing P from the plane of its orbit.
Let A = angular distance from syzygy.
Q = angular distance of nodes from syzygy.
I = inclination of orbit to orbit of Sand T.

. 3Sr . .
Then the force required = TR oS AL sin. Q. sin. L (not quite
accurately.)
When P is in quadratures, this force vanishes, since cos. A = 0.
When nodes are in syzygy, ——————— since sin. Q = 0,
quadratures, this force (ceet. par.) = maxi-
mum, since sin. Q = sin. 90 = rad.

453. Cor. 12. The effects produced by the disturbing forces are all
greater when I s in conjunction than when in opposition.

. . 1 .
For they iuvolve IR when R is least, they are greatest.

I

451. Con. 13. Let S be supposed so great that the system Pand T re-
volve round 8 fixed. Then the disturbing forces will be of the same kind
as before, when we supposed S to revolve round T at rest.

The only difference will be in the magnitude of these forces, which will
be increascd in the same ratio as S is increased.

453. Cor. 14. If we suppose the different systems in which S and S T
o, but T and P and T remain the same, and the period (p) of P round

- . S A.d? . . .
I' remains the same, all the errors « 1;—3 S T if & = density of S,

and d its diameter,
o o if A given, and §=apparent diam,
also
1 S
P Re

.*. the errors «

if P = period of T round S,

1
17 [
These are the linear errors, and angular errors o in the same ratio,
since P T is given.
456. Cor. 15. If S and T be varied in the same ratio,
S T
T R?C
.. the disturbances remain the same as bch)re.
(The same will hold if R and r be also varied proportionally.)
. the linear errors described in P’s orbit & P T, (since they involve r),
it P T o, the rest remaining constant.

Acceleratiug force of S 1 that of " , the same ratio as before.
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linear errors _ P T

also the angular errors of P as scen from T o P S PT 1o

1,

and are .. the same in the two systems.
The similar linear errors « f. T'% .. P T « f, T?% and f «

—I?I—,—E:, but f « accelerating force of T on P « I;;I" (p = period of P

round T,)
T o pand .. P
ST PT?3

(fOl‘ P2 g o T x p '3)

Cor. 14. In the systems
S, T, P, Radii R, r Periods P, p

S, T, P R, P, p.
Linear errors dato t. in 1st. : do. in second : : Pl . " Pl’
- angular errors in the period of P —— —_— I}“ 'y }T:‘._
Cor. 15. In the systems
S, T, P, R, r P, p
S, T, P R,y . p,
] S _ 1 R
so that g =T and R=
P _p
. l—)/' = i)—; .
Linear crrors in a revolution of P in Ist. : do. in second :: » : 1/
angular errors : A N B
Cor. 16. In the systems
S, T, P, R, r P, p
S, T, P, R,y P, p.
Linear errors in a revolution of P in 1st. : do in second :: r p*: v/ p/
angular errors in a revolution of P : optopa
To compare the systems
Mms, T, P R, P, p
() s, 1,1 R,y Y/, p.
Assume the system
8)s,T,P R, r r,p

. by (14) angular errors in I’ S revolution in (1) : in(3) : :1~:—2 : ]3,-,

by (16) angular errors in (3) : in (2) :: p? @ p'*
% /2
therefore errors in (1) @ in (2) :: };)—2 : Il)m
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Or assume the system (3) 3, T, P — ¢ r— 11, p
=z T Q _r

so that il 2
. ors i . L1 S s, S R?
..theerxorsm(l).erroxsm(i’.)..I,ﬁz.I—l—;..»Ra.-é;..-5-.-_5S
3): @2)::1:1

SS R* R’ S T/ R*® y°3
USRS YT R T
LS8 W pr oy
CURBT R TC pRopre
457. Cor. 16. In the different systems the mean angular errors of

> . . .
P o« 11” whether we cousider the motion of apses or of nodes (or errors

in latitude and longitude.)

I'or first, suppose every thing in the two different systems to be the same
except P T, .. p will vary. Divide the whole times p, p’, into the same
number of indefinitely small portions proportional to the wholes.  Then if
the position of P be given, the disturbing forces all o cach other « P T
and the space o« £.T'% .- the lincar errors generated in any two corre-
sponding portions of time o P T p=

.~. the angular errors gencrated in these portions, as seen from T, « p2

.. Compe. the periodic angular errors as scen from T « p2

Now by Cor. 14, if in two different systems P T and .~ p be the same,
cevery thing else varying, the angular errors generated in a given tine, as in

1
b, & P

.. neutris datis, in differcnt systems the angular errors gencerated in the

. )
time p &« b

l)‘: *
Now
p//: l/r:.}_)__lJ . P

‘P 1_)2?
.. the angular errors generated in 1” (or the mean angular errors) “"II))?-
Hence the mean motion of the nodes as seen from T o mean motion

of the apses, for each «

458. Cor. 117.
Mean addititious force : mean force of Pon T :: p*® : P~
For
mean addititious force : force of S on T ::PT: ST,

b
P:'
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ST PT

force of S on T : mean force of T on P:: o P

(force « 1_1_(!_)
p

.. mean addititious force : mean force of Ton P:: p2: P*

.. ablatitious force : mean forceof Ton P::3 cos. 0.p*: P.

Similarly, the tangential and central ablatitious aud all the forces may
be found in terms of the mean force of T on P.

459. Pror. LXVII. Things being as in Prop. LXVI, S describes
the arcas more nearly proportional to the times, and the orbit more cllipti-
cal round the center of gravity of P and T than round T.

3 .

For the forces on S are —1—,}? and ,—r}s—? .

.. the direction of the compound force lies between S P, S T'; and T
attracts S more than P.

.. it lies nearer T than P, and .-. nearer C the center cof gravity of T
and P.

.*. the areas round C are more proportional to the times, than when
round T.

Also as S P increases or decreases, S C increases or decreases, but ST’
remains the same; ... the compound force is more nearly proportional to
the inverse square of S C than of S T'; .-, also the orbit round C is more
nearly elliptic (having C in the focus) than the orbit round T



SECOND COMMENTARY

ON

SECTION XI.

460. To find the axis major of an ellipse, whose periodic time round
S at rest would equal the periodic time of P round S in motion.

Let A cqual the axis major of an cllipse described round P at rest
equal the axis major of P Q v.

Let x equal the axis major required,

P. T.of Pround Sin motion: p Satrest:: ¥ S: ¥ S+ P

3

P. T. of p in the ellipticaxis A: P. T. in the elliptic axis x : : A ? 1x®
<. P. T. of P round S in motion: P.T.in the clax. x: : ¥ A’ S: ¥ x*(S4P).
By hyp. the 1st term cquals the 2d,

W A'S=x°.SFD
oA :x::(S+P)§ . s

461. Prop. LXIII. Having given the velocity, places, and directions
of two bodies attracted to their common center of gravity, the forces vary-
ing inversely as the distance?, to determine the actual motions of bodies in
fixed space.

Since the initial motions of the bodies are given, the motions of the center
of gravity are given. And the bodies describe the same moveable curve
round the center of gravity as if the center were at rest, while the center
moves uniformly in a right line.

* Take therefore the motion of the center proportional to the time,
i. e. proportional to the area described in moveable orbits.

* Since a body describes some curve in fixed space, it describes areas in proportion to the times
in this curve, and since the center moves uniformly forward, the spaco described by it is i pro-
portion to the time, therefore, &c.
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462. Ex. 1. Let the body P’ describe a circle round C, while the center C
moves uniformly forward. Take CG : CP :: v of C: vof P, and with the

center C and rad. C G describe a circle G C N, and suppose it to move
round along G H, then P will describe the trochoid P L T, and when P
has described the semicircle P A B, P will be at the summit of the trochoid
-. every point of the semicircumference G F N will have touched G H,
<. G H equals the semicircumference G F N,
svof P:vof C:: P A B semicircumference: C R=G I N semicircle

CP:CG Q. e d.
463. Ex. 2. Let the moveable curve P
be a parabola,and let the center of gravity 7 7z
. .. .. D L. o ;
move in the direction of its primitive L /
axis. When the body is at the vertex i /

A, let 8’ be the position of the center
of gravity, and while S’ has described
uniformly §’ S, let A have described the
arc of the parabola A P. e
Let A’ N = x, N P> = y, be the ab-A’ s A
scissa and ordinate of the curve A P in fixed space.
Let 4 p equal the parameter of the parabola A P.
yt t 4px—
'S = 8 y' o Apx—y
AN= prAS S =x— ip = ip
SN=AN~AS=AN-p—g
Area ASP=ANP—SNP=2ANXNP—}NSx NP
=3. y —pyizApty _y’+ 12pfy,
4p 24 p
By Prop. 'S «© A S P; thexetore they are in some given ratio.

. Y y+mpy4vx—y

BT |

¢ If C P = C G the curve in fixed space becomes the common cycloid.
IfCpPp>SCG the oblongated trochoid.
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~y’4 12pfy=4pax—ay?®
Sy*4ay*4 12pty—4pax =0.
Equation to the curve in fixed space.
464 Ex. 3. * Let B B’ be the orbit of the earth round the sun, M A

that of the moon round the earth, then the moon will, during a revolution,
trace out a contracted or protracted epicycloid according as A L has a
greater or less circumference than A M, and the orbit of the moon round
the sun will consist of twelve epicycloids, and it will be always concave to
the sun. Tor

s R
I’ of the earth to the sun : I' of the moon to the earth:: e ITr—’
400 1

in a greater ratio than 2: 1. But the force of the earth to the sun is
nearly cqual to the force of the moon to the sun, ... the force of the moon
to the carth, ... the deflection to the sun will always be within the tan-
gential or the curve is always concave towards the sun.

465. Pror. LXVI. If three bodies attract each other with forces

AEN T M

\

varying inversely as the square of the distance, but the two least revolve

* To determine the nature of the curve described by the moon with respect to the sun.
Vour. I. V/
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about the greatest, the innermost of the two will more nearly describe the
areas proportional to the time, and a figure more nearly similar to an el-
lipse, if the greatest body be attracted by the others, than if it were at rest,
or than if it were attracted much morc or much less than the other bodies.

LM:PT::SL:SP,

rPT
.’.LM@—S—I)—:",
, _PTxSL_SK*x DT
aLM =X Rl S BR T,

S SK2:SP*:: SL:SP).

Let P and S revolve in the same plane about the greatest body T, and
P describe the orbit P A B, and S, E S E. Take S K the mean distance
of P from S, and let S K represent the attraction of P to S at that dis-
tance. Take SI.: SK :: SR?: SP?% and S L will represent the
attraction of S on P at the distance S >. Resolve it into two S M, and
L M parallel to P T, and P will be acted upon by three forces P T, L M,
S M. The first force P T tends to 1", and varies inversely as the dis-
tance % .+ P ought by this force to describe an cllipse, whose focus is T\
The second, L. M, being parallel to P T may be made to coincide with it
in this direction, and .-, the body P will still, being acted upon by a centri-
petal force to T, describe arcas proportional to the time.  But since I. M
does not vary inverscly as P T, it will make P> describe a curve different
from an ellipse, and ... the longer L M is compared with P T, the more
will the curves differ from an ellipse.  The third force S M, being neither
in the direction P T, nor varying in the inverse square of the distance, will
make the body no longer describe areas in proportion to the times, and the
curve differ more from the form of an cllipse. The body P will .-, describe
areas most nearly proportional to the times, when this third force is a
minimum, and P> A B will approach nearest to the form of an ellipse, when
both second and third forces are minima. Now let S N represent the
attraction of S on T towards S, and if S N and S M were cqual, P and
T being equally attracted in parallel directions would have relatively the
same situation, and if S N be greater or less then S M, their difference
M N is the disturbing force, and the body P will approach most nearly
the cquable description of areas, and P A B to the form of an cllipsc,
when M N is either nothing or a minimum.

Casec 2. If the bodies P and S revolve about T in different planes, L M

being parallel to P S will have the same effect as before, and will not
1
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tend to move P from its plane. But N M acting in a different plane,
will tend to draw P out of its plane, besides disturbing the cquable des-
cription of areas, &c. and as before this disturbing force is a minimum,
when M N is a minimum, or when S N = nearly S K.

466. To estimate the magnitude of the disturbing forces on P, when P
moves in a circular orbit, and in the same plane with S and I\

Let the angle from the quadratures P C T = 4,

— —~

———

ST =d, PT = r, I at the distance (a) = M,

14
Fon? = —Ig%?,
.. From P in the direction SP: — PT :: SP: D I,

M a2 PT
SP: XS
But SP*=d? 4 r*— 2drsin. 4,

» F in the direction P T =

Ma®r
(d? 4+ r*—2drsin ¢) §
_ IVIn’r{l srt—2dr >in.0}
—35 — 3 B

< If in the direction P T =

d? di
Ma®r . _— . .
=-—3, = = A nearly, since d being indefinitely great compared with r

. . . 1
in the expansion, all the terms may be neglected except two. First o

vanishes when compared with T the addititious force in the direction

I'' T = A. By proportion as before, force in the direction S T
Ma®ST _ Matd 3

T SP*SP T AP 4+ (r2—2dr s 4

)

Ma? 3r2—2drsin. d
== (=3 —a)

Ma?® SMa?r? SMa?r sin. ¢
—7gs TTaar Tt ’

22 -
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Maz 3Ma?r

*. force in the direction ST = S Uik sl sin. ¢ nearly, since

1 . o 1 M a?
-r+ vanishes when compared with -, and the force of Son T = ,
d+ d? d*

. Ma®* 3Mar . Ma?
.~ ablatitious I' = o T s 0 — =

= 3 A.sin. 0.
(|

//\';,
— n\A\ ) )

!

If P T equal the addititious force, then the ablatmous force equals 3 P K,
for PK:PT::sino:(1 =),
*“3PK =3P T.sin.d =3 A.sin. 4.
To resolve the ablatitious force. Take
Pm:Pn::PT:TK::1:cos.

*“Pn=Pm X cos. d =3 A X sin.()cos.():géA.sin.Qd

mn=Pmx PK=3A.sin.26 =3A. L'ng)i—zv—é,
*. the disturbing forces of S on P are
\ - Ma?r

1. The addititious force=A~-d~3—~ = A.

2. The ablatitious force which is resolved into the tangential part
= '—3~2é . sin. 2 0, and that in the direction T P = 3 A. l_:_‘_%i‘}i_é s

. . . . . 1—2 cos. /

.. whole dlsturbmg force in the direction P T = A — 3 A. 2C os. A
= A— 3 A + —5 + COs. 20 = — %— + %“} . cos. 2 4, and in the whole

revolutlon the posm\c cosine destroys the negative, therefore the whole
disturbing force in a complete revoluation is ablatitious, and equal to one
half of the mean addititious force.

467. To compare N M and L. M.

S 3
LM:PT::(SL:E—I;;) S P,
SK:3
..LM—SP, xPT
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SK?* S5K?*—SP?

MN:—S—P—5X ST—-ST:———-S—P3~-—XST
SK*—(SK—KP)?
= ST L xsT
3__ s 2
-SK SKJP‘%SR XKPXSTnear]y
3SK*x PK - 3 SK?
=—7gpsr— X S T nearly = 5 X PK
I3
.—_-3—;—57 X PT X sin. 4

AMN:LM::1: 3sin.é.

468. Next let S and P revolve about T in different planes, and let
N P N’ be I”’s orbit, N N’ the line of the nodes. Take TKinT S =
3 A.sin. 0. Dass a plane through T' K and turn it round till it is per-
pendicular to P’s orbit.  Let T e be the intersection of it with P’s orbit.
Produce T E and draw K I¥ perpendicular to it, ... K It is perpendicular
to the planc of P's orbit, and therefore perpendicular to every line meet-
ing it in that orbit, T in the plane of 8’s orbit; draw K IT perpendicular
to N’ N produced ; join H Iy then I T1 K equals the inclination of the
planes of the two orbits. For K HT, K I'T', K I' H being all right angles,

KT?*?=KII*4 HT?
Kre4+ Hr=K IF2 4 I'H* 4+ HTY
* o FT:=TIH24 IITY
. I II is perpendicular to I T\
SincePT = A, TK = A X sin. ¢

* Let theangle K II T=T, HT K = ¢ = angular distance of the line of the nod.s

from Sy z.
43
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PT:TK::1:8sin.0
TK: KH::1:sin ¢
KH: KF::1:sin. T,
<« PT:KF::1:8sin 0.sin ¢.sin. T,
-~ ablatitious force perpendicular to P’s orbit = K F
=8P T X sin. 0,sin, ¢ x sin, T = 8 A X sin. 0.sin. ¢ X sin. T.
2d. Ience it appears that there are four forces acting on P.

1. Attraction of Pto T « ;1«2

2
2. Addititious T in the dircetion P T = M.2°T
2 3
3. Ablatitious F in the direction P T = i—l\—/{r?——l .sin. ® 4,
2
4. Tangential part of the ablatitious force = . M(f" L. sin.2o.

Of these the three first acting in the direction of the radius-vector do
not disturb the equable description of areas, the fourth acting in the di-
rection of a tangent at P does interrupt it.

Since the tangential part of F is formed by the revolution of P M=3 A x
sin. 6 at C, 4 = 0, therefore P m = 0, and consequently the tangential
F =0; from Cto A, Pn is in conscquentia, and therefore accelerates
the body P at A, it again equals 0, and from A to D is in antecedentia,
and therefore retards P; from D to B it accelerates; from B to C it re-
tards.

Therefore the velocity of P is greatest at A and B, because these are
the points at which the accelerations cease and retardations begin, and
the velocity is least at D and C. To find the velocity gained by the ac-
tion of the tangential force.*

dZ=Fdx=3A.sin.24d4¢

¢ Fin the direction P T is a maximum at the quadrature, because the ablatitivus ¥ in the
quadrature ;s 0, and at every other point it is something.
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sin. 24 X 20 = — (cos. 20),
, v® '
o Z= Tg = Cor. — % A. cos. 2 4.
But when ¢ = 0, the tangential I = 0, and no velocity is produced,
cocos. 28 =R =1,
ve _3 A .
"y o (1 —cos.20) =3 A.25sin.2 4,
v2 = 3 g A.sin.? 4,
Sov= 4+ 3g A, sin 4,
v (sin. 0))

. whole f on the moon at the mean distance : £ of Son T :: pl-—1 : f,]-
and the force of S on T : add. f at the mean distance (m) : lj (—lq—a,

. whole f at the mean distance : m : : P?: p®and lIT’ x whole f &c.=m.

Now f on the moon at any distance (r) = ;2- — zi](—;‘) and at the mean
. . s m
distance (1) = f — Q"{JJ =f—"9
. p:f mp*
M=y T aTY
o = 2pef
) 1_21""—}-1)”
. e f “f
and therefore nearly = PSD-A — 21,11).4. ,
<. m r (which equals the addititious force) == f. 1 ]g — iPDT} .

469. To compare the ablatitious and addititious forces upon the moon,
with the force of gravity upon the earth’s surface. (Newton, Vol, IIL

Prop. XXV.)

add. f: fof Son T e PT: ST
fof Son T : f of the earth on the moon :: ST : PV = =PT
1)‘2 1112 1)2 ’
.~ add. f : f of the earth on the moon :: p2: P?*
f of the earth on the moon : force of gravity 011605

~ add. f : force of gravity :: p*: P60 . . . (1)
Also ablat. f : addititious force :: 3P K : P T,
-. ablat. f : addititious force :: 3 P K.p®: 602 P T. P*. (2)

470. Cor. 2. In a system of three bodies S, P, T, force «8 H!i’ the
Za
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body P will describe greater areas in a given time at the syzygies than at
the quadrature.

The tangent ablatitious f = §. P T. sin. 2 ¢; therefore this force will
accelerate the description of areas from quadratures to syzygics and retard
it from syzygies to quadratures, since in the former case sin. 2 4is positive,
and in the latter ncgative.

Cor. 3. is contained in Cor. 2.

The first quadrant d. sin. being positive the velocity increases,
in the second d. sin. negative the velocity decreases, &c. for the 1st Cor.
2d Cor. &ec.

Also v is a maximum when sin. 4 is 4 maximum, i. e. at A and B.

4771. Cor. 4. The curvature of s orbit is greater in quadratures than
in the syzygy.

Ma2 Ma®r 3Ma?r

The whole I on P = -t T (1 —cos. 20) X

Tod
(3Ma°r. sin, 2 0)
2d? ’
In quadratures sin. 2 ¢ = 0,
.F__Ma‘-’ anr.
T r? d?
Aud in syz. 2 0 = 180,
cosine20=0, cos.20=1
< 24 2 / 2 5
. 3-21\/;[(;% . (1 —cos.20) = 1»‘\(1{;1__1 ’
.. the whole I' on P in the syz. = Mﬁ# -'--2—1%1—1

.. F is greater in the quadratures than in the syzygies; and the velocity
is greater in the syzygies than in the quadratures.

1 T . .

But the curvature « PV &y s greatest in the quadratures and
least in the syzygies.

472. Cor. 5. Since the curvature of P's orbit is greatest in the quadra-
ture and least in the syzygy, the circular orbit must assume the form of an
cllipse whose major axis is C D and minor A B

.. P recedes farther from T in the quadrature than in the syzyey.

413. Cor. G.

\ . . Ma® Ma®r 3 Ma’r

The whole I' on P in the lineP T= ot O

Ma?  Ma®r

Tt e

.sin

= in quad,
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Ma®t 2Madr

rz 4

let the ablatitious force on P equal the addititious, and
Ma*r 8 Ma'r

d d?

and in syz. =

.sin. 24
»oesin 4 = 1 sin. 35°. 16.
v 3

Therefore up to this point from quadrature the ablatitious force is less
than the addititious, and from this to one equally distant from the other
point of quadrature, the ablatitious is greater than the addititious, therefore
in a whole revolution the gravity of I to T is diminutive from what it
RZ
v abll F
and since the action of S is alternately increased or diminished, thcxd‘orc
P « from what it would be were P 'T' constant, both on account of the
variation, and of the absolute force.

would be if the orbit were circular or if S did not act, and P o« —

474, Cor. 7. * Let P revolve round T in an elliptic orbit, the force on

P in the quad. = Mr 1 4+ \l(ilJ + 5 + Cr.

C

3]

1)
+ ¢ 'md since the number is greater than the de-
Ny + 4

<G+ 180

nomination G is less thzm 180. .- the apsides are regressive it the same
clfeet is produced as long as the addititious force is gieater than the abla-
titious, i. ¢, through 35°. 16’.

n? 2
The force on P in the syz. = Mr‘l 2 ]\fl? L = ]—bn —2cr

3
. R ¢ S . .
* Since Poc . " ___ .. and in wintcr the sun is nearer the ecarth than in summer,
4/ ablatitious foree
R is increased in winter, and A is diminished, therefore the lunar months are sherter in winter
than in summer.
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-G =180. J?_—_?_C>1soo

-~ in the syz. the apsides arc progressive, and since J l_—_— will be

an improper fraction as long as the ablatitious force is greater than the
addititious, and when the disturbing forces are cqual, m ¢ = n ¢, therefore
G = 180°, i. e. the line of apsides is at rest (or it lies in V C produced
9th.) .. since they are regressive through 141°. 4/ and progressive
218°.56’ they are on the whole progressive.

To find the effect produced by the tangential ablatitious force, on the
velocity of P in its orbit. Assume u = velocity of a body at the mean

. u . . .
distance 1, then-r~ = velocity at any other distance r necarly, the orbit

being nearly circular.
Let v be the true velocity of P at any distance (r), vdv = g Fdx

( £~ 16 ll For the tangent ablatitious f = 3. P T.24, and ¥’ = v 0’)
=8P T.mr.sin. 240.7,
wviz=—3PTmrcos 20 4 C,
and
u?
C = 170
2
Sevi= :—l; — &ec.

Hence it appears that the velocity is greatest in syzygy and least in
quadrature, since in the former casc, cos. 2 4 is greatest and negative, and
in the latter, greatest and positive.

To find the increment of the moon’s velocity by the tangential force
while she moves from quadrature to syzygy.

vi=—8PT.m.r.cos.20+4 C,
but (v) the increment = 0, when ¢ = 0,
. C=8PT.m.r,
svi=3PT.m.r(l—cos. 2 0)=6 PT, m.r.sint,
and when ¢ = 90°, or the body is in syzygy v* = 6 T mn. 1,

475. Cor. 6. Since the gravity of P’ to T is twice as much diminished
in syzygy as it is increased in quadrature, by the action of the disturbing
force S, the gravity of P to T during a whole revolution is diminished.
Now the disturbing forces depend on the proportion between P 'I'and
T S, and therefore they become less or greater as T S becomes greater
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or less. If thercfore T approach S, the gravity of P to T will be still
more diminished, and therefore P T will be the increment.
i . .
Now P. T « ————; since, therefore, when S T is di-
v ‘absolute force

minished, R is incrcascd and the absolute force diminished (for the ab-
solute force to T is diminished by the increase of the disturbing force) the
P. T is increased. In the same way when S T is increased the P . T is
diminished, thercfore P. T is increased or diminished according as ST
is diminished or increased. Hence per. t of the moon is shorter in winter
than in summer.

OTHERWISE.

476. Cor. 7. To find the effect of the disturbing force on the motion
of the apsides of P's orbit during a whole revolution.

f

Let £ = gravity of P to T' at the mean distance (1), then o= gravity

ot P at any other distance r.

Now in quadrature the whole force of P to T = — + add. f = — + r

fr4r* . . . . , f 1
= 1T "7 nd with this force the distance of the apsides = 180° / +~
r? /\/ f + 4
which is less than 1809, thercfore the apsides are regressive when the
.. . . . f
body is in quadrature. Now in syz the whole force of Pto T = — —
Te
fr—=2rt . . .
21 = T , therefore the distance between the apsides = 180°

'\/ s wlnch is greater than 1800, therefore the apsides are progressive
when tllc body is in syzygy.

But as the force (2 r) which causes the progression in syzygy is double
the force (r) which causes the regression in quadrature, the progressive
motion in syzygy is greater than the regressive motion in the quadrature.
IHence, upon the whole, the motion of the apsides will be progressive
during a whole revolution.

At any other point, the motion of the apsides will be progressive or

. . PT 3PT
retrograde, according as the whole central force — <5 + —5— - cos. 24
is negative or positive.
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477. Cor. 8. To calculate the disturbing force when P’s orbit is ex-
centric.

G _ M
X
u

r [
. [e>_ B

s AT T
p
m D

. . . PT 3pPT

- . e . _
I'he whole central disturbing force = — g gy c0s. 24 =
mr 3mr . 1 —e¢?

—_ ~—5—-. €0s. 2 0 (m is the mean add. f). Nowr = — - ———

2 2 1 —ecos.u

= by div. 1 —e* 4 ¢.cos. u 4 e cos.* u, &ec. neglecting terms in-

2 a

. c

volving ¢% &c. = 1 — -

e
5 t ¢.cosu + 5 - oS 2 u; therefore the
. . m m c? m.c. cos. u

whole central disturbing force = — 5 + Tl 5 —_

me?cos. 21 3 3me? 3

]
P i = 5020 e © -0s. 2 , s e .
1 + 2mcos 20 B) . COs. 20 4 2"1(,.(.05.1].(.05.20

+ 2 me? cos. 2u.cos. 20

478. Cor. 8. It has been shown that the apsides are progressive in
syzygy in consequence of the ablatitious force, and that they are regres-
sive in quadrature from the effect of the ablatitious force, and also, that
they are upon the whole progressive. It follows, thercfore, that the
greater the excess of the ablatitious over the addititious force, the more will
the apsides be progressive in the course of a revolution. Now in any
position m M of the line of the apsides, the excess of the ablatitious in
conjunction = 2 A 1" in opposition = T B, therefore the whole excess
= 2 A B. Again, the excess of the addititious nbove the ablatitious force
in quadrature = C D. "Therefore the apsides in a whole revolution will
be retrograde if 2 A B be less than C D, and progressive if 2 A B be
greater than C D.  Also their progression will be greater, the greater the
excess of 2 A B above C D; but the excess is the greatest when M m is
in syzygy, for then A B is greatest and C D the least.  Also, when M m
is in syzygy the apsides being progressive are moving in the same direc-
tion with S, and therefore will remain for some length of time in syzygy.
Aguin, when the apsides are in quadratire AB =P p, and CD =M,
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but if the orbit be nearly circular, 2 A B is greater than C D; therefore
the apsides are still in a whole revolution progressive, though not so
much as in the former case,

A\l

In orbits nearly circular it follows from G = —;}L—. when I &« AP=3,
N

that it the force vary in a greater ratio than the inverse square, the
apsides arc progressive. If therefore in the inverse square they arc sta-
tionary,—if in a less ratio they are regressive.  Now from quadrature to
35° a force which @« the distance is added to one varying inversely as
the square, therefore the compound varies in a less ratio than the inverse
square, therefore the apsides are regressive up to this point. At this point

- 1 . .
F oo —————, therefore they are stationary. From this to 35° from
distance *

another O a quantity varying as the distance is subtracted from one
arying inversely as the square, thercfore the resulting quantity varies
in a greater ratio than the inverse square, theretore the apsides are
progressive through 218,

OTHERWISE,

479. Con. 8. It has been shown that the apsides are progressive n
syzygy in consequence of the ablatitious force, and that they arc regressive
in the quadratures on account of the addititious force, and they are on the
whole progressive, because the ablatitious force is on the whole greater
than the addititious. ... the greater the excess of the ablatitious force
above the addititious the more will be the apsides progressive.

In any position of the line A B in conjunction the excess of the ablati-
tious force above the addititiousis 2 I, in opposition 2 p t. .. the whole

excess in the syzygies = 2 P p.  In the quadratures at C the ablatitious
force vanishes. .o the excess of the addititious = additious = C T.

.. the whole addititious in the quadratures = C D.

Now the apsides will, in the whole revolution, be progressive or regres-
sive, according as 2 P p is greater or less than C D, and then the progres-
sion will be greatest in that position of the line of the apses when 2 P p—-
C D is the greatest, i. e. when A B is in the syzygy, for then 2 P p =
2 A B, the greatest line in the ellipse, and C D = R r = ordinate =
least through the focus. .. 2P p — C D is a maximum. Also when
A B is in the syzygy, the line of apsides being progressive, will move the
same way as S. .. it will remain in the syzygy longer, and on this account
the apsides will be more progressive. But when the apsides are in the
quadratures S P = Rr and CD = A B, and the orbit being nearly
circular, R r nearly equals A B. .. 2 P p— C D is positive, and the



366 A COMMENTARY ON [Secr. XL

apsides are progressive on the whole, though not so much as in the last
case ; and the apsides being regressive in the quadratures move in the op-
posite direction to S, .-. are sooner out of the quadratures, .. the regres-
sion in the quadrature is less than the progression in the syzygy.

480. Cor. 9. LEmma. If from a quantity which « % any quantity
be subtracted which o« A the remainder will vary in a higher ratio than

the inverse square of A, but if to a quantity varying as Kli another be

added which « A, the sum will vary in a lower ratio than 1

A<
A* be diminished C A = !-—_i%——A—z If A increases 1 — c A ®

1. . .
decreases, and 7 increases. .. the quantity decreases, 1 — ¢ A increases

and X7 increases. .. increases from both these accounts, ... the whole
quantity varies in a higher ratio than i
14 cA? .. .
If C A be added — R8s A is increased the numerator increases,
. 1
and K—, decreases. .. the quantity does not decrease so fast as Ao and
if A be diminished 1 4 ¢ A *is diminished, and }fi increased. .. the
quantity is not increased as fast as X_* ~o&e Quoed
OTHERWISE.

481. Cor. 9. To find the effect of the disturbing force on the excen-
tricity of P’s orbit. If P were acted on by a force o Z:; » the excentricity
of its orbit woul(l not be altered. But since P is acted on by a force vary-

ing partly as T, and partly as the distance, the excentricity will continual-

dl

ly vary.
Suppose the line of the apsides to coincide with the quadrature, then

while the body moves from the higher to the lower apse, it is acted upon

. . 1
by a force which does not increase so fast as 3 for the force at the quad-
rature = i'{’ + mr, and .-, the body will describe an orbit exterior to the

elliptic which would be described by the force o al—, Hence the body
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will be farther from the focus at the lower apse than it ‘would have been
had it moved in an elliptic orbit, or the excentricity is diminished. Also
as the decrease in excentricity is caused by the force (m r), the less this

. f . S
force is with respect to Y the less will be the diminution of excentricity.

Now while the line of apsides moves from the line of quadratures, the force
(m 1) is diminished, and when it is inclined at an angle of 85° 16 the
disturbing force is nothing, and .. at those four points the excentricity
remains unaltered. After this it may be shown in the same manner that
the excentricity will be continually increased, until the line of apsides
coincides with the syzygies. Hence it is a maximum, since the disturbing
force in these is negative.  Afterwards it will decrease as before it in-
creased, until the line of apsides again coincides with the line of quadra-
ture, and the excentricity is a minimun.

Cor. 14. Let T = r, ST = d, f = force of T on P at the distance
1, g = force, of S on T at the distance, then the ablatitious force

Jorsin.d_ . . . . .
=S5 if .. the position of P be given, and d varies, the ablati-

tious force o T But when the position of P is given, the ablatitious

: addititious ; : in a given ratio, .. addititious force « I or the dis~
. 1 . . .

turbing force & ;. Ience if the absolute force of S should « the dis-

d3

L absol. f. - .
turbing force o O, Let P = the periodical time of T about S,

ds
1 absol. f. . .
cpT -1-‘{103— . Let A = density, 6 = diameter of the sun, then the

A3
o

. . . A d 1
absolute force « A &7 then the disturbing force « — qv Ep:* 4 (ap-~

parent diameter)® of the sun.  Or since P T is constant, the linear as well
as the angular errors o« in the same ratio.

483. Cor. 15. If the bodies S and T cither remain unchanged, or their
absolute forces are changed in any given ratio, and the magnitude of the
orbits described by S and I’ be so changed that they remain similar to
what they were before, and their inclination be unaltered, since the accel-

. N bsolute force of T
crating force of P to T : accelerating force of S : : o i_, T: SALILAF

absolute force of S
ST+
terms are changed in the same given ratio, the accelerating forces remain
in the same ratio as before, and the linear or angular errors « as before,

, and the numerators and denominators of the last
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f. €. as the diameter of the orbits, and the times of those errors & P T’s
of the bodies.

Cor. 16. Hence if the forms and inclinations of the orbits remain, and
the magnitude of the forces and the distahces of the bodies be changed; to
find the variation of the errors and the times of the errors. In Cor. 14,

. . 1
it was shown, how that when P T remained constant, the crrors o P

Now let P T also «, then since the addititious force in a given position
of P & P T, and in a given position of P the addititious : ablatitious in
a given ratio.

Coxr. If a body in an ellipse be acted upon bv a force which varies
in a ratio greater than the inverse
square of the distance, it will in de-
scending fromthe higher apse Btothe
lower apse A, be drawn nearer tothe 4

center. .. as S is fixed, the excen-~ \\\j
tricity is increased, and from A to B

the excentricity will be increased

also, because the force decreases the faster the distance? increases.

484. (Cor. 10.) Let the planc of P’s orbit be inclined to the plane of T’s
orbit remaining fixed. Then the addititious force being parallel to P T,
is in the same plane with it, and .. does not alter the inclination of the
plane. But the ablatitious force acting from P to S may be resolved into
two, one parallel, and one perpendicular to the plane of 1’s orbit. The
force perpendicular to P’s orbit = 8 A X sin. ¢ X sin. Q X sin, T
when ¢ = perpendicular distance of I> from the quadratures, Q = angular
distance of the line of the nodes from the syzygy, T = first inclination of
the planes.

Hence when the line of the nodes is in the syzygy, 6 = 0, .. sin. = 0
.. no force acts perpendicular to the plane,
and the inclination is not changed. When
the line of the nodes is in the quadratures,

0 = 90°, ... sin. is a maximum, .*. force per-
pendicular produces the greatest change ,
in the inclination, and sin. ¢ being posi-
tive from C to D, the force to change the
inclination continually acts from C to D G
pulling the plane down from D to C. S8in. 6

is negative, .. force which before was posi-

N
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tive pulling down to the plane of S’s orbit (or to the plane of the paper)
now is negative, and .-, pulls up to the plane of the paper. But P’s orbit is
now below the plane of the paper, .. force still acts to change the inclina-
tion. Now since the force from C to D continually draws P towards the
plane of S’s orbit, I’ will arrive at that plane before it gets to D.

If the nodes be in the octants past the quadrature, that is between C
and A.  Then from N to D, sin. ¢ being positive, the inclination is di-
minished, and from D to N’ increased, .. inclination is diminished through
270°, and increased through 90°, .-. in this, as in the former case, it is
more diminished than increased. When the nodes are in the octants be-
fore the quadratures, i. e. in G H, inclination is decreased from H to C,
diminished from C to N, (and at N the body having got to the highest
point) increased from N to D, diminished from D’ to N’, and increased
from 2 N’ to I, .- inclination is increased through 270°, and diminished
through 90°, .. it is increased upon the whole. Now the inclination of
P’s orbit is a maximum when the force perpendicular to it is a minimum,
i. e. when (by expression) the linc of the nodes is in the syzygies. When
is the quadratures, and the body is in the syzygies, the least it is increased
when the apsides move from the syzygies to the quadratures; it is dimin-
ished and again increased as they return to the syzygies.

485. (Cor. 11.) While P moves from the quadrature in C, the nodes
being in the quadrature it is drawn towards S, and ... comes to the plane
of §’s orbit at a point nearer S than N or D, i. e. cuts the plane before it
arrives at the node. .. in this case the line of the nodes is regressive. In
the syzygies the nodes rest, and in the points between the syzygies and
quadratures, they are somctimes progressive and sometimes regressive,
but on the whole regressive; .. they are either retrograde or stationary.

486. (Cor. 12.) All the errors mentioned in the preceding corollaries are
greater in the syzygies than in any other points, because the disturbing
force is greater at the conjunction and opposition.

487. (Cor. 18.) And since in deducing the preceding corollaries, no re-
gard was had to the magnitude of S, the principles are truc it S be so
great that P and T revolve about it, and since S is increased, the disturbing
force is increased; .- irregularities will be greater than they were before.

188, (Com. 1) LM = M2 NN = 3NN G g, i

a given position of P, if P T remain unaltered, the forces N M and L M
Vor. 1. Aa
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1 1 4
® 43 % absolute force « mé of T for (sect. 3. P* « absolute 1,

whether the absolute force vary or be constant. Let D = diameter of S,
8 = density of S, and attractive force of S « magnitude or quantity of
matter o« D? 4§,

.. forces D33

~oforces LMand N M o« P ERE

D . .
But—d— = apparent diameter of S,
.~ forces & (apparent diameter) * & another expression.

489, (Cor. 15.) Let another body as P’ revolve round TV in an orbit |
similar to the orbit of P round T, while 'T”is carried round &’ in an orbit
similar to that of T round S, and let the orbit of P’ be equally inclined to
that of T" with the orbit P to that of T. Let A, a, be the absolute forces
of S, T, A, o/, of &, T,

. . A g
accelerating force of P by S: that of P by T :: gpie 'P’:—Ifg,
and the orbits being similar
.. . A :
accelerating force of P’ by S’ : that of P’ by T" : : Sp P"'}’} s
~ if A’:a’:: A a, and the orbits being similar,
SP:PT*:: P:DPT,
accelerating force of P’ by §’: that of P by T"
: : force on P by S : force on P’ by T,
and the errors due to the disturbing forces in the case of P are as
A . A
g3 X nin the casc of P’ and S’ are as g X R,
.. linear errors in the first case : that in the second :: r : R.
sin. errors
R b
angular errors in the first case : that in the second :: 1 : L.

Angular errors o

linear errors
TC
aﬂgy_lur errors
R
.. T? & angular errors,
.. angular errors : 860 :: T*: P?%
.. T*« P*? X angular errors,
« T « P for = angular errors.

Now Cor. 2. Lem. X. T? «

x R,
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490. (Cor. 16.) Suppose the forces of S, P T, ST to vary in any man-
ner, it is required to compare the angular errors that P describes in simi-
lar, and similarly situated orbits. Suppose the force of S and T to be
constant, .. addititious force ¢ P T, .~ if two bodies describe in similar
orbits = evanescent arcs. Lincar errors @ p? x P T.

.. angular errors « p? (p = per. time of P round T, P = that of ‘I’
round S). But by Cor. 14. if P T be given, the absolute force of A and
ST .

1
Angular errors o P
< Af PT, ST and the absolute force alternately vary,
angular errorvs « P
p?’
P = per. time of P round T Matr
. . .+ force x —
p = per. time of T round S d
linear errors
angular errors o« ————
radius
. . Masr .,
.+, lin. errors o« force T?® < — x P2 by last Cor.
[§
r p 2 P 2
‘. angular errors « .7 — &« —7)
d?*x r p
Ma®
)
Now the errors d t X p = whole angular errors o L_l'—

p

1)2

s.error d t o ), thence the mean motion of the apsides ® mean motion

)

ot the nodes, for cach o« »1})3, for each error is formed by forces varying as

proof of the preceding corollaries, both the disturbing forces, and .. the
errors produced by them in a given time willae P T. Let P describe an
indefinite small angle about T (in a given position of P), then the lincar
errors generated in that time o force T P time?, but the time of describ-
ing = angles about T « whole periodic time (p), .. linear errors o«
P T p? and as the same is true for every small portion, similar; the
lincar errors during a whole revolution « P T p% Angular errors
o l%:—e‘; < o« pte.when ST, P T, and the absolute force vary, the

p®  absolute p * * .
angular errors o -l},——, « _—S_l"_p— @ _SQ 5 (when the absolute force is

" Aa?
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given.) Now the error in any gix‘fen time X p varies the whole errors during
IE) 5+ Hence the
mean motion of the apsxdes of P’s orbit varies the mean motion of the

2
arevolution o 75 P 3+ - the errors in any given time o

nodes, and each will « P ~5s the excentricities and inclination being small

and remaining the same.
491. (Cor. 11.) To compare the disturbing forces with the force of

PtoT.

FofSonT: Fof Pon T :: 2ute I, a

ST: "TPp:

Pt « absolute F LA.ST aTP
axis major ’ T SS* TTPe

ST TP, d | r
‘tpe P-' Tt pet p'z'
2 2
mean add. T : Fof Son Tz MATF. M2ty
smeanadd.- F: FPonT ::p2:P2
492. To compare the densities of diflerent planets.
Let P and P’ be the periodic times of A and B, r and 1’ their distances
from the body round which they revolve.

w4
Fof AtoS:FofBtoS:: i g
quantity of matterin A do.in B D?of Ax density D ®of BxX density
distance ? * distance®* "’ distance ? : distance ®
r Y
H 17—2 H .Pﬂ
.D3xd D3xd 1
o l‘3 2—~—~r,3 ..?T,'.h",——g
r 3 r/’
wd:d D3P DIPT
1 1

S3pe : S
where S and S’ represent the apparent diameters of the two planets.
493. In what part of the moon’s orbit is her gravity towards the earth
unaffected by the action of the sun.
F Ma? Ma?*r 383Ma®*r f1—cos.?2¢, 3 Ma'r

= « - 2
B i CE 5 —av ot

2
for the

and when it is acted upon only by the force of gravity = Ma

other forces then have no effect.
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. Ma®r 3Ma%r 1— cos. 2% 3 Matr

T — 47 5 + 5 —q3 sin, 4 = 0
1—3.1—_——%93'—2—-'?+-§—sin.29=0
1 ?’2—+%cos.20+gsin.20=0
1 fg.+%.-l—'f%g+gsin.2o=o

Let x = sin. 0,
(1 —3 +F—3sin?04 F X 2sin.0 X cos. § = 0)
and
3Ix*
2
An cquation from which x may be found.

1 — 4+8x 41 —x*=0.

194, LEmma. If a body moving towards a plane given in position, be
acted upon by a force perpendicular to its motion tending towards that plane,
the inclination of the orbit to the plane will be increased. Again, if the body
be moving from the plane, and the force acts from the plane, the inclina-
tion is also increased.  But if the body be moving towards the plane, and
the force tends from the plane, or if the body be moving from the plane,
and the force tends towards the plane, the inclination of the orbit to the
plane is diminished.

495. To calculate that part of the ablatitious tangential force which is
employed in drawing P from the plane of its oibit.

Let the dotted line upon the ecliptic N A P N’ be that part of I”’s orbit
which lies above it. Let C D be the intersection of a plane drawn per-

pendicular to the ecliptic; P K perpendicular to this plane, and there-
Aad
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fore parauer w we ecliptic. Take TF = 3 PK; join P F and it will
represent the disturbing force of the sun. Draw P i a tangent to, and
F i perpendicular to the plane of the orbit. Complete the rectangle i m,
and P F may be resolved into P m, P i, of which P m is the effective force
to alter the inclination. Draw the plane F G i perpendicular to N N’;
then F G is perpendicular to N N.  Also Fi G is a right angle. As-
sume P T tabular rad. Then
PT:TF::R:3g3.~PT:Pm::R°*:38g.s.i
TF:FG::R:s } Pm = PT.3gas.i
FG:Pm::R:i ) - R*
g = sin. § = sin. 2 dist. from quad.
sin. ¢ = sin. . dist. of nodes from syz.

s =
i=sin. FTi=sin. F Gi = sin. inclination of orbit to ecliptic.
Hence the force to draw P from its orbit = ———:13{-%2 when P is in

the quadratures. Since g vanishes this force vanishes. When the nodes
are in the syzygies s vanishes, and when in the quadratures this force is a
maximum. Since s = rad. cotan. parte.

496. To calculate the quantity of the forces.
Let ST = d, P T = r, the mean distance from T = 1. The force

n .
/ b '({J\\ L
m / A H \\
S A\ N 1 /u M

N

~

of T on P at the mean distance = f; the force of S on P at the mean
distance = g.

Then the force S T = égq, and the force ST : f PT ::d :r,

o force PT = %—;, hence the add. { = ‘:-”}—;; ablat. f = 3ng1‘ sin. 4, the
3gr

sin. ¢ 4, the

mean add. force at distance 1 = agj, the central ablat, = 13

. 3gr .
tangential ablat. f = 575 . sin. 2 4.
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The whole disturbing force of Son P = '—;—f; + %_%.: . cos. 24; the

__(%_r (since cos. 2 # vanishes) = — nm by supposi-

mean disturbing f = 3

tion.

3
2

r
57 X

[

f
T

Hence we have the whole gravitation of P to T = ;

gr
—gaot

j=

f o .
cos. 2 ¢, and the mean = == 2—{’{(% (since cos. 2 ¢ vanishes).

PROBLEM.
497. Required the whole eflect, and also the mean effect of the sun to

diminish the lunar gravity; and show that if P and p be the periodic
times of the earth and moon, f the earth’s attraction at the mean
distance of the moon, r the radius-vector of the moon’s orbit; the additi-

2 4
tious force will be nearly represented by the formula {%2 — —B-—} fr.

2 P+
R . PT 3
Pn=3PT.sin!0,andP T —3 P T.sm.“é:——T +—2—PT X
cos. 2 ¢ = whole diminution of gravity of the moon, and the mean di-
T PT —gr ..
minution = -— —72—' + -—2—‘Tj—' by supposmon.
Again,
P?« d?
a_l()le o I(}_—l . Vid. seq.

498. To find the central and ablatitious tangential forces.

Take Pm = 3 P K = 8 P T.sin. ¢ = ablatitious force.
Then Pn = Pm.sin. ¢ = 3 P T .sin.? 0 = central force
mn = Pm.cos.¢ =38P T.sin. ¢.cos. ¢
= §. P T sin. 2 ¢ = tangential ablatitious force.

To find what is the disturbing force of S on P.
Aal
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'The disturbing force = P T — 3 P T.sin.2 0 = (i—’r_g_gos*%a) X
PT =—P—2T+% PT.cos. 24

To find the mean disturbing force of S during a whole revolution.

Let P T at the mean distance = m, then — PQ—T + g— .PTcos. 20

PT

—m . . ) .
—5~ = —g— since cos. 2 6 is destroyed during a whole revolution.

499. To find the disturbing force in syzygy.
S3AT—AT =2AT = disturbing force in syzygy;
the force in quadrature is wholly effective and equal P T,
. force in quadrature : finsyzygy :: PT: 2P T :: 1: 2.
To find that point in P’s orbit when the force of P to T is neither
increased nor diminished by the force of S to T\

Inthispoint Pn = P Tor3 P Tsin?¢ = P T,

»oosing 0 = -—_1_—_-
v 3
and
0 = 35° 16".
To find when the central ablatitious force is a maximum.
Pn=38PT.sin?0 = maximum,

od. (sin.20) or 2 sin. 0.cos. 0 — d 0 = 0,
.. sin. 8, cos. 0 = 0,
or
sin. 0, 4 1 —sin.24 = 0,
and
sin, ¢ = 1,
or the body is in opposition.
Then (Prop. LVIII, LIX,)
T?:t*::SP:CP :: S+ P : S
and
T?:t2:0 A% x?
CAYIx S+ P S
and
Arxus+r)b:sh
500. Pros. Hence to correct for the axis major of the moon’s orbit.
Let S be the earth, P the moon, and et per. t of a body moving in a
secondary at the earth’s surface be found, and also the periodic time cf
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the moon. Then we may find the axis major of the moon’s orbit round

the earth supposed at rest = x, by supposition. Then the corrected axis

. . . L1
or axis major round the earth in motion : x :: (S4+ P)3: 87

; 3
.. axis major round the earth in motion = x. @_"*‘_}E)___ =y
S 3
Hence to compare the quantity of matter in the earth and moon,
3 3_
y:x:: ¥V S4+P: VS
Syl—x*ix3ii P S

501. To define the addititious and ablatitious forces. Let S T repre-

n

P,/_ —~ L
8 _;R. e e
N
N \ } ' / - !

sent the attractive force of T to S.  Take
1 1
SL:ST::»:——-;:—,—,—‘—;::ST*:SP’
SP2ST:

and S L will represent the attractive force of P to S. Resolve this into
S M, and L. M; then L M, that part of the force in the direction P 'T
is called the addititious force, and S M — S T = N M is the ablatitious
force.

502. To compare these forces.

- . “ . ST? .

Since SL: ST::ST*:SP, .. SL= §pe = Altractive force of

L

3 T 4
P to Sin the direction S P,and SP:ST:: 2—%—2 : %—-’
force of I to S in the direction TS = ST* (ST —-PK)™ =S8ST
4+ 3P K = S M nearly,
3P K =TDM = P L = ablatitious force = 3 P T. sin. 4
. ~ ST ST
AlSO S P: 1) l HE _S_T)_E: S_PAJ.
P T = attractive force of P to S in the direction L M = P T nearly.
Hence the addititious force : ablatitious force : : P 1T: 3 P'I'. sin. ¢: 1
$3sin. 4. Q. e d

= attractive






BOOK IIIL.

1. Prop. I. All secondaries are found to describe areas round the
primary proportional to the time, and these periodic times to be to each
other in the sesquiplicate ratio of their radii. Therefore the center of

force is in the primary, and the force o I}’ .
2. Prop. II. In the same way, it may be proved, that the sun is the
. . . S 1
center of force to the primaries, and that the forces o Tist 2 Also the

Aphelion points arc nearly at rest, which would not be the case if the
force varied in a greater or less ratio than the inverse square of the dis-
tance, by principles of the 9th Section, Book 1st.

3. Pror. 11I. The foregoing applies to the moon. The motion of the
moon’s apogee is very slow—about 3° 3’ in a revolution, whence the force

will o ili:t . 733+ It was proved in the 9th Section, that if the ablatitious

force of the sun were to the centripetal force of the earth :: 1 : 857.45,
that the motion of the moon’s apogee would be } the real motion.
.~ the ablatitious force of the sun : centripetal force :: 2 : 857.45

1 1: 178 §8.

This being very small may be neglected, the remainder & ].J)—E

4. Cor. The mean force of the earth on the moon : force of attraction
1177 28 ¢ 178 23,
The centripetal force at the distance of the moon : centripetal force at
the earth:: 1: D*

5. Prop. IV. By the best observations, the distance of the moon from
the earth equals about 60 semidiameters of the earth in syzygies. If the
moon or any heavy body at the same distance were deprived of motion in
the space of one minute, it would fall through a space = 16 'y fect. For the
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deflexion from the tangent in the same time = 16 ;% feet. Therefore the
space fallen through at the surface of the earth in 1”7 = 16 i feet.
For 60”:t:: D: 1,
60
thence the moon is retained in its orbit by the force of the earth’s gravity

like heavy bodies on the carth’s surface.
6. Prop. XIX. By the figure of the carth, the force of gravity at

an

AN

B

the pole : force of gravity at the cquator :: 289 : 288. Suppose AB Qg
a spheroid revolving, the lesser diameter P Q, and A C Q q ¢ a a canal
filled with water. Then the weight of the arm Q q ¢ C : ditto of
AacC::288:289. The centrifugal force at the equator, therefore 1
suppose zi5 of the weight.

Again, supposing the ratio of the diameters to be 100 : 101. By com-
putation, the attraction to the carth at Q : attraction to a sphere whose
radius = Q C:: 126 : 125. And the attraction to a sphere whosc ra-
dius A C : attraction of a spheroid at A formed by the revolution of an
cllipse about its major axis :: 126 : 125.

The attraction to the carth at A is a mean proportional between the at-
tractions to the sphere whose radius = A C, and the oblong spheroid,
since the attraction varies as the quantity of matter, and the quantity of
matter in the oblate spheroid is a mean to the quantitics of matter in the
oblong spheroid and the circumscribing sphere.

Hence the attraction to the sphere whose radius = A C : attraction to
the earth at A :: 126 : 125 }.

. attraction to the earth at the pole : attraction to the earth at the equa-
tor :: 501 : 500.
Now the weights in the canals & whole weights « magnitudes X gra-
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vity, therefore the weight of the equatorial arm : weight of the polar
:: 500 x 101: 501 x 100
HH 505 : 501.
Therefore the centrifugal force at the equator supports A to make an

505
equilibrium.

But the centrifugal force of the earth supports

LA —l— N S —— = the excess of the equatorial over tl lar
“ 505 ° 589 ° ° 100 ° 999 = thee q al ov 1e polar

1
289°

radius,
. . 1
Hence the equatorial radins : polar: : 1 + 909 | 1

:: 230 @ 229,
Again, since when the times of rotation and density are different the
- . \'A .
difference of the diameter o Jens? and that the time of the earth’s rota-
tion = 23h. 56,
The time of Jupiter’s rotation = 9h. 56,
The ratio of the squares of the velocity are as 29 : 5, and the density
of the earth : density of Jupiter : : 400 : 94.5.

d the difference of Jupiter’s diameter is as 2;2 X ;—’;—295 X ﬁ@ )
<. d: Jupiter’s least diameter : : 25? X 3(4)_05 X —2;9 1120 %80 : 94.5 % 229
112320 : 21640
1 232 : 2164
1 : 9}
The polar diameter : equatorial diameter : : 93 : 10§

ON THE TIDES.
7. THE PHENOMENA OF THE TIDES.

1. The interval between two succeeding high waters is 12 hours 25
minutes. The diminution varies nearly as the squares of the times from
high water.

2. Twenty-four hours 50 minutes may be called the lunar day. The
interval between two complete tides, the tide day. The first may be call-
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ed the superior, the other inferior, and at the time of new moon, the
morning and evening.

. The high water is when the moon is in S.W. tous. The highest tide
« Jrest is a day and a half after full or change. The third full sea after
the high water at the full moon is the highest ; the third after quadrature
is the lowest or neap tide.

4. Also the highest spring tide is when the moon is in perigee, the next
spring tide is the lowest, since the moon is nearly in the apogee.

5. In winter the spring tides are greater than in summer, and from the
same reasoning the neap tides are lower.

6. In north latitude, when the moon’s declination is north, that tide in
which the moon is above the horizon is greater than the other of the same
day in which the moon is below the horizon. The contrary will take
place if either the observer be in south latitude or the moon’s declination
south.

7. Pror. I. Suppose P to be any

particle attracted towards a center L,

and let the gravity of I to S be repre- \
sented by ES. Draw B A perpendi-

cular to E S, which will therefore re- N K

present the diameter of the plane of il- B

|~
>

lumination. Draw Q P N perpendicu-
lar to B A, P M perpendicular to E C.
Then take EI =3 P N, and join P, p
P I will represent the disturbing force

(M
l)
of P. P I may be resolved into the
two P E, P Q, of which P E is counter- \
\
A

balanced by an equal and opposite force,

P Q acts in the direction N P. |
Hence if the whole body be supposed

to be fluid, the fluid in the canal N P

will lose its equilibrium, and therefore i //

cannot remain at rest. Now, the equi-

librium may be restored by adding a Z

small portion P p to the canal, or by Q

supposing the water to subside round

the circle B A, and to be collected to-

wards O and C, so that the earth may put on the form of a prolate sphe-

roid, whose axis is in the line O C, and poles in O and C, which may be
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the case since the forces which are superadded o N P, or the distance
from B A, so that this mass may acquire such a protuberancy at O and C,
that the force at O shall be to the force at B:: E A : E C; and by the
above formula .

5C _EC—EA

X —
r T 4g T EA
8. Pror. II. Let W cqual the terrestrial gravitation of C; G equal its
gravitation to the sun; F the disturbing force of a particle acting at O and
C; S and E the quantities of matter in the sun and earth.
3S C

SF W CS" X CG ¢ L

Since the gravitation to the sun o aislt. 2
CS::ES2::ES:CG

“CGx CS*=ES>

.38 E

'.]‘:W:.ESSZ‘C—E-‘
and
E: S::1:338343
EC:ES:: 1: 23668
385 E “aY .. T . W
..Ws. ﬁT. : 112773541 ¢ : I \\’.
“4W:5F ::CE:EC—EA.
Attraction to the pole : attraction to the equator : : 1 — 4,;' 1 — 35(1

Quantity of matter at the pole : do. at equator :: 1: 1 —d.

. . . 4d
Weight of the polar arm : weight of the equatorial arm :: 1 — —5—( 11— 8,;‘
4d
1+ 5 ¢l
- Excess of the polar = attractive force : weight of the equator or
mean,weight W : ‘—t—:! o |
wd="9 v
nd= e

9. Pror. Ii1. Let A E a Q be the spheroid, B E b Q the inscribed
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sphere, A G a g the circumscribed sphere, and D F d f the sphere equal
(in capacity) to the spheroid.

el

=
n/N \
NM
l)
FlIE

a

Then since spheres and spheroids are equal to § of their circumscribing
cylinder, and that the spheroid = sphere D I' d f.
CF:xCD=CE*x CA
CE*:CF2::CD:CA,
and make
CE:CF::CF:Cx
~CE2:CF*:: CE :Cx
~CD:CA::CE:Cx
SCD:CE::CA:Cx
but
C D = C E nearly
+“CA =Cx
Also
E x = 2 E F nearly
SAD=2ET*

'AL(-tCE=a,CF=n+x,
. Cx=a‘+2t;x+x==a’-|;2 x

= a 4 2 x newly
«% E x = 2 x nearly.
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Prop. IV. By the trianglesp I L, C I N,
AB:IL::r*:{cos)?eTCA
“IL=ADBX (cos.)!ICA =S x (cos.)*x
(if § = A B and x = angular distance from the suw’s place.)
Again,
GE:KI::r®*:(sin)*2TCA
S~ KI =8 x (sin)?.o K.

Cor. 1. The elevation of a spheroid above the level of the undisturbed
S =S x (@)Tx—1%
The depression of the same = S X (sin.)? x — S = S X (sin.) °x — 3.
Cor. 2. The spheroid cuts the sphere equal in capacity to itself in a

point where S X (cos.)®x = —2— = 0, or (cos.)?*x = L
. cos. x = 57734, &c.

= cos. 54°. 44/,

ocean = li—1m =S x (cos.)?x —

10. Pror. V. The unequal gravitation of the carth to the moon is
(4000) ? times greater than towards the sun.

Let M cqual the clevation above the inscribed sphere at the pole of
the spheroid, y equal the angular distance from the pole.

.. the elevation above the equally capacious sphere= DM X (cos.)*y — }

the depression = MX (sm.) 'y — i

Ience the effect of the joint action of the sun and moon is cqual to the
sum or difference of their separate actions.
.~ the clevation at any place=S X (c0s.)® x4 M x (cos.) *y —3} S¥M
the depression —————=8x (sin.) * x + M X (sin.) *y — § S+ M.
1. Suppose the sun and moon in the same place in the heavens.
Then the clevationat thepole = § + M — S + M = 3 S + M, and
the depression at the equator = S + M — 35S + M =} S + b,
.. the clevation above the inscribed sphere = S 4 M.

2. Suppose the moon to be in the quadratures.
The clevation at S = S — 3 b—-i_-_l\—f =3S—3§DM
the depressionat M = S — 8 S + M = !
the elevation at S above the inscribed sphere = S — M,
the elevation at M (by the same reasoning) = M — 8.
But (by observation) it is found that it is high water under the moon
when it is in the quadratures, also that the depression at S is below the

natural level of the ocean; hence M is more than twice S, and although
Vor. 1. Bb

|
ot
107]
|
Qs
£
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the high water is never directly under the sun or moon, when the moon is
in the quadratures high water is always 6 hours after the high water at
full or change.

Suppose the moon to be in neither of the former positions.

Then the place of high water is where the elevation = maximum,
or when 8 X cos.? x + M X cos. *y = maximum,
and since

cos.*x = } 4 4 cos. 2 x,
and
cos.y = % + } cos. 2y,
elevation = maximum, when 8 X cos. 2x + M X cos. 2 y = max-
imum.

Therefore, let A B S D be a great circle of the earth passing through
S and M, (those places on its surface which have the sun and moon in the
zenith). Join C M, cutting the circle described on C S in (m), Make
Sd: da:: force of the moon : force of the sun (which force is suj posed
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known), Join ma, md, and let H be any point on the surface of the
ocean. Join C H cutting the circle Cm Sin (h); draw the diameter

h d b’y and draw m t, a x perpendicular to h IV, and a y parallel to it.
Then

M=Sd,S=ad
and
tMCH=y,.SCH = x,

swemdh=2.MCH =2y
and

tadx=2SdH =2x,
sdt =M X cos. 2y, dx = 8 X cos. 2x,
.. clevation = maximum when tx = a y = maximum,
or when ay = am, i c. when h h' is parallel to a m, hence

CONSTRUCTION.
Make
Sd:da::M:S,
and join m a, draw h b’ parallel to am, and from C draw C h H cutting
the surface of the ocean in H, which is the point of high water.

Again, through h/ draw L C I, meceting the circle in L, L’; these are
the points of low water. For let

LCS=u,w LCM = z,

cos. adx=cos.Sdh = ¢c05. 2 SCH = cos. 2u=dx
and

cos.2z=cos. 2LCM = dt.
oS X cos.2u 4+ M X cos. 22z = max.

Cor. If df be diawn perpendicular to a m, a m represents the whole
difference betwcen high and low water, a f equals the point effected by the
sun, m f that by the moon.

For

sin,® u = cos. ? X,
sin.®*y = cos.? x.
. elevation + depression = S X :cos.* x — 3 + M X :cos.'y — }
+ S x cos.t x — %

4+ M X :cos.t'y —£=8x%x:2cos.fx— 14 Mx:2cos.%y— 1

S X cos.2x -+ M X cos. 2y

and

dt = M X cos. 2y"

“dx = S X cos. 2 X,
Bh?2
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12. Conclusions deduced from the above (supposing that both the sun
and moon are in the equator.)

1. At new and full moon, high water will be at noon and midnight.
For in this case C M, am, C S, d h, C H, all coincide.

2. When the moon is in the quadrature at B, the place of high water is
also at B under the moon, when the moon is on the meridian, for C M is
perpendicular to C S, (m) coincides with C, (a m) with (a C), d h with
d C.

8. While the moon passes from the syzygy to the quadrature the place
of high water follows the moon’s place, and is to the westward of it, over-
takes the moon at the quadratures, and is again overtaken at the next
syzygy. IHence in the first and third quadrants high water is after noon
or midnight, but before the moon’s southing, and in second and fourth vice
cersd. ,

4. t MCH = max. when SC H = 45°. Sd I = 90°, and m’ a
perpendicular to S C, and 2 am’ d = max.,, andam’d - m’"dhW= 2y".
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Hence in the octants, the motion of the high water = mooun's custerly
motion; in syzygy it is slower; in quadratures faster. Therefore the tide
day in the octants = 24h. 50’ = the lunar day; in syzygy it is less = 21h,
35; in quadratures = 25h. 25'.

For take any point (u) near (m), draw u a, u d, and d i parallel to a u
and with the center (a) and radius a u, deseribe an arc (u v) which may
be considered as a struight line perpendicular to am; umand i h are
respectively equal to the motions of M and H, and by triangles u m v,

dmf.
um:ih::ma:mf

Therefore the synodic motion of the moon’s place : synodic motion ot
high water : : ma:mfl

Con. 1. At new or full moon, m a coincides with Sa, and mf with S d;
at the quadratures, m a coincides with C a, and m f with C d; thercfore
the retardation of the tides at new or full moon : retardation at quadia-
tures:: Sa:Ca:: M 4+ S: M — S,

Cor. 2. In the octants, m a is perpendicular to S a, therefore m a, m f

coincide.  ‘Therefore the synodic motion of high water equals the synodic
motion of the moon.

Cor. 3. The variation of the tide during a lunation is represented by
(ma);atS,ma=SaatC=Ca.

Therefore the spring tide : neap tide : : M 4+ S: M — S,

Cor. 4. The sun contributes to the elevation, till the high water is in
the octants, after which (a f) is — v e, therefore the sun diminishes the
clevation,

Conr. 5. Let m u be a given arc of the moon’s synodic motion, m v is
the difference between the tides m a, u a corresponding to it.

Therefore by the triangles m u v, m d f.

mu:mv::md:df
smv ox df:
and since
md:df::r:sinndmf::r:sin.mdh::v:smm2MCH
mv « sin. 2arc M H.

13. Pror. VL. In the triangle m d a, md, d a and &4 m d a arc known
when the proportion M : S is known and the moon’s elongation.
Let the angle m da = a,
and make
M+ S:M—S::tan a:tan b
BbL3
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then

a—b 7 b
b %l

y =
For
M4+S:M—8::md+4+da:md—da

mad+4+amd mad—amd
::tan, s tan

D) . P)
. 2x 4+ 2y  2x—2y
: tan. ) : tan, —

s:tan. X 4 7y':t:m. i{w:_}_'
::tan. a: tan. b,
SoXdyix—y:ziah,
s“2x=a+4+b 2y=a—,
a4 b
2

and

a b

y = ) .

14. Pror. VII. To find the proportion between the accelerating forces
of the moon and sun. 1st. By comparing the tide day at new and full
moon with the tide day at quadratures.

35:85:: M: S,
35 4+ 85 85— 85
SoM: M:: g o ¢
Also, at the time of the greatest separation of high water from the moon
in the triangle m’ da,md:da::r:sin. 2y:: M: S,

:5Ile

[

I?f = sin. 2y,
at the octants y is found = 12° 80/,
. 1‘?,[ = sin. 25°,
oo M: S::5: 24 nearly.
Hence taking this as the mean proportion at the mean distances of the
s 1
moon and sun (if the earth = 1) the moon = 70"
Cor. 1. If the disturbing forces were equal there would be no high or
low water at quadratures, but there would be an elevation above the in-
scribed spheroid all round the circle, passing through the sun and moon

=iM+S

-
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Con. The gravitation of the sun produces an elevauon or z4 inches,
the gravitation of the moon produces an elevation of 58 inches.
.. the spring tide = 82 inches, and the neap tide = 33 inches.

15. Cor. 3. Though M : S:: 5: 2, this ratio varies nearly from (6 : 2)

to 4 : 2, for supposing the sun and moon’s distance each = 1000.

In January, the distance of the sun = 983, perigee distance of the
moon = 915.

In July, the distance of the sun = 1017, apogee distauce of the moon
= 1055.

. . 1
Disturbing force « NEE hence

S M
apogee _L901 4.258
mean 2 5
perigee 2.105 5.925.*
. .. 5 . A’ 13
The gencral expression is M = —:— S x IR :—3

To find the general expression above. «
Disturbing force of different bodies (See Newton, Sect. 11th, p. 66,

. 1

Cor. 14,) o« R

-~ disturbing force S : disturbing force at mean distance : : D?: A
disturbing force M : disturbing force at mean distance : : d° : 83,

ALs @y

s 2 DA
M 5 A de

s T e XpaXge
5 . A’
.I\I—E'Xbxl)jxas

(or supposing that the absolute force of the sun and moon are the same).

16. Pror. VIII. Let N QS L be the earth, N S its axis, E Q its equas

tor, O its center; let the moon be in the direction O M having the de-
clination B Q.

* The solar force may be neglected, but the variation of the moon’s distance, and proportion-
ally the variation of its action, produces am effect on the times, and a much greater on the heights
of the tides,

Bbh
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Let D be any point on the surface of the earth, D C L its parallel of
latitude, N D § its meridian ; and let B’ F b’ f be the elliptical spheroid
of the ocean, having its poles in O M, and its equator I O f.

As the point 1 is carried along its parallel of latitude, it will pass
through all the states of the tide, having high water at C and L, and low
water when it comes to (d) the intersection of its parallel of latitude with
the equator of the watery sphex"()id.

Draw the meridian N d G cutting the terrestrial equator in G.  Then
the arc Q G (converted into lunar hours) will give the duration of the
ebb of the superior tide, G I in the same way the flood of the inferior.
N. B,, the whole tide G Q C’, consisting of the ebb Q G, and the flood
G Q is more than four times G O greater than the inferior tide.

Con. If the spheroid touch the sphere in F and f, C C' is the height
at C, L L’ the height at L, hence if L’  be a concentric circle C' q will
be the difference of superior and inferior tides.

CONCLUSIONS DRAWN FROM PROP. VIII.

1. If the moon has no declination, the duration of the inferior and su-
perior tides is equal for one day over all the earth.

2, If the moon has declination, the duration of the superior will be
longer or shorter than the duration of the inferior according as the
moon’s declination and the latitude of the place are of the same or differ-

cnt denominations.
3. When the moon’s declination equals the colatitude or exceeds i,
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there will only be a superior or inferior tide in the same day, (the paral-
lel of latitude passing through f or between N and f.)
4. The sin. of arc G O = tan. of latitude X tan. declination.
For
rad. : cot. d O G : : tan. d G : sin. G O,
woin. GO =cot. d O G x tan. G d
= tan. declination X tan. latitude.

17. Pror. 1X. With the center C and radius C Q (representing the

m

whole elevation of the lunar tide) describe a circle which may represent
the terrestrial meridian of any place, whose poles are P, p, and equator
E Q. Bisect P Cin O, and round O describe a circle P B C D; let M
be the place on the earth’s surface which has the moon in its zenith, Z
the place of the observer. Draw M C m, cutting the small circle in A,
and Z C N cutting the small circle in B draw the diameter B O D and
A I parallel to E Q, draw A F, G H, 1 K perpendicular to B D, and
joinID, AB, AD, and through I draw C M’ cutting the meridian in
M’. Then after § a diurnal revolution the moon will come into the
situation M’; and the angle M’ C N (= the nadir distance) = supplement
thecangle ICB = 1D B.
Alsothe 2 A D B = B C A = zenith distance of the moon.
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Hence D F, DK o« cos.* of the zenith and nadir distances to rad. D B.
« elevation of the superior and inferior tides.

CONCLUSIONS FROM PROP. IX.

1. The greatest tides are when the moon is in the zenith or nadir of the
observer. For in this case (when M approaches to Z) A and I move to-
wards D, B, and F coincides with B; but in this case, the medium tide
which is represented by D H (an arithmetic mean to D K, D I) is di-
minished.

If Z approach to M, D and I separate; and hence, the superior and
inferior and the medium tides all increase.

2. If the moon be in the cquator, the inferior and superior tides are
equal, and equal M X (cos)? latitude. For since A and I coincide with
C,and F and K with (i) Di = DB X (cos.)* BDC = M X (cos.)*
latitude.

3. If the observer be in the cquator, the superior and inferior tides are
equal every where, and = M X (cos.)* of the declination of the moon.
For B coincides with C, and F and K with G; PG = P C X cos.? of
the moon’s declination = M x (cos.) ? of the moon’s declination.

4. The superior tides are greater or less than the inferior, according as
the moon and place of the observer are on the same or different sides of
the equator.

5. If the colatitude of the place equal the moon’s declination or is less
than it, there will be no superior or inferior tide, according as the latitude
and the declination have the same or different denominations. For when
PZ=M Q, D coincides with I, and if it be less than M Q, DD falls between
I and C, so that Z will not pass through the equator of the watery spheroid.

6. At the pole therc are no diurnal tides, but a rise and subsidence
of the water twice in the month, owing to the moon’s decliniug to both
sides of the equator.

18. Pror. X. To find the value of the mean tide.

A G = sin. 2 declination (to rad. = O C.)
and

O G = cos. 2 declination (to the same radius).
. OH = cos. 2 declination X cos. 2 lat. X o

+DH=0D 4+ OH
=M x 1 4 cos. 2 lat. X2cos. 2 declination
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Now as the moon’s declination never exceeds 30°, the cos. 2 declination
is always 4 v?% and never greater than }; if the latitude be less than 45°,
the cos. 2 lat. is 4 ve, after which it becomes — v e.

Hence

1. The mean tide is equally affected by north and south declination of
the moon.

2, If the latitude = 45°, the mean tide 3 M.

8. If the lat. be less than 45°, the mean tide decreases as the declina-
tion increases.

4. If the latitude be greater than 45°, the mean tide decreases as the
declination diminishes.

1 + cos. 2 declination
2

5. If the latitude = 0, the mean tide = M X






BOOK I.

SECTION XII.

503. Pror. LXX. To find the attraction on a particle placed within
. . 1
a spherical surface, force o8, dictanea

Lect P be a particle, and through P draw I P K,

I P L. making a very small angle, and let them I K
revolve and generate conical surfaces I P H, H L

L P K. Now since the angles at P are equal

and the angles at I1 and L are also equal (for

both are on the same segment of the circle),

therefore the triangles II I P, P L K, are similar. -~
~HI:KL::HP:PL

Now since the surface of a cone o (slant side) %,

.. surface intercepted by revolution of I P H: that of LPK:: PH®: P L+

e 11T KL”
and attractions of each particle in I P H :thatof LP K: : l'lll” : I"lI_'z
oo 1
"HI*KL®
but the whole attraction of P o the number of particles X attraction of
each,
. . HI* KL:®
- « P > . £y o e T .
.. the whole attraction on P from H I: from K L : : HI* K L:
] : 1

and the same may be proved of any other part of the spherical surface;
. Pis at rest.

504. Prop. LXXI. To find the attraction on a particle placed without
a spheri rface, force o ——v - .
1 spherical surface, fore Jistance®
1
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Let A B, ab, be two equal spherical surfaces, and let P, p be two
particles at any distances P S, p s from their centers; draw P H K,

P I L very near each other, and S F D, S E perpendicular upon them, and
from (p) draw p hk, p il, so that h k, i 1 may equal H K, I L respcctive-
ly, and s fd, s e, i r perpendiculars upon them may equal S I D, S E,
I R respectively; then ultimately PE = PF =pe=pf, and D F
= df. Draw I Q, i q perpendicular upon P S, p s.
Now
PI:PF::IR:DF
and o PI pfepi.PF::1R:ir::IH:ih
pf:pi::df:ir }
Again
PI:PS::1IQ:SF
and }.'.PI.ps:pi.I’S::IQ:iq
ps:pi::sf:iq
S PItpf.ps:(pi)*.PF.PS::I1Q.IH:iq.ih
: : circumfer. of circle rad. I Q x I H: circumfer. of circle rad i ¢ Xih
: : annulus described by revolution of 1 Q : that by revolution of i q.
Now
attraction on lst annulus : attraction on 2d : : Ist :mnu]\is : 2(]. anmxllfs
distance?® * distance *
Plipfps (pi)=PI.PS
opPIr (p1)®
v pf.ps :PF.PS

And
attraction on the annulus : attraction in the direcion P S:: PI: P Q
::PS:PF

.. attraction in direction PS = p f. p s. i:g .
. . PF pf
. whole att”. of P to S: whole att™. of (p) tos::pf.ps. 5T F. PS-p—g

iipst: P S 1 !

"PStpst
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and the same may be proved of all the annuli of which the surfaces are

1

composed, and therefore the attraction of I « . -
p ’ P St % distance® from

the center.

Con. The attraction of the particles within the surface on P equals the
attraction of the particles without the surface.
Yor KL:IH::PL:PI::LN:IQ.
.~ annulus described by I H : annulus described by K L
2 IQ.IH:KL.LN::PI®:PL*
.. attraction on the annulus I H : attraction on the annulus K L
..PIQ-PIAQ-.
P PLE
and so on for every other annulus, and one set of annuli equals the part
within the surface, and the other set equals the part without,

1:1,

506. Pror. LXXII. To find the attraction on a particle placed with-
1

out a solid sphere, force 8. ——-—.
distance

Let the sphere be supposed to be made up of spherical surfaces, and

. . 1
the attraction of these surfaces upon P will « Totncet’ and therefore

the whole attractions
number of surfaces _ content of sphere  diameter?
T P S « PSe o T TS?
and if P S bear a given ratio to the diamecter, then

the whole attraction on P « M o« diameter.
diameter?

507. Pror. LXXIII. To find the attraction on the particle placed
within.

Let Pbe the particle; with rad. S P describe —
the interior sphere P Q; then by Prop. LXX.
(considering the sphere to be made of spherical b
surfaces,) the attraction of all the particles con- 4f f—~—__
tained between the circumferences of the two
circles on I will be nothing, inasmuch as they
are equal on each side of P, and the attraction

D Q3
of the other part by the last Prop. o« {,-—SSQ «PS.
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508. Pror. LXXIV. Tf the attractions of the particles of a sphere
1 .
Jotances? and two similar spheres attract each other, then the spheres
will attract with a force o8 as ————— of their centers.
distance *
~————- from the center of the
distance®
attracting sphere (A), and therefore with respect to the attracted particle
the attracting sphere is the same as if all its particles were concentrated
in its center. Hence the attraction of each particle in (A) upon the

For the attraction of cach particle «

. 1 co
whole of (B) will a« ditanca of each particle in B from the center of P,

and if all the particles in B were concentrated in the center, the attraction
would be the same; and hence the attractions of A and B upon each other
will be the same as if each of them were concentrated in its center, and

therefore o« ———;.
distance?

509. Pror. LXXVI. Let the spheres attract cach other, and let
them not be homogenecus, but let them be homogencous at correspond-
ing distances from the ceuter, then they attract each other with forces

1

8 T .
distance ?

\

M
K
H

/:\) \/@\

Suppose any number of spheres C D and E F, I K and L M, &e. to
be concentric with the spheres A B, G H, respectively; and let C D and
I K, EF and L M be homogcneous respectively; then each of these

1
distance?®”
the original spheres to be made up by the addition and subtraction of
similar and homogeneous spheres, each of these spheres attracting each

spheres will attract each other with forces o®. Now suppose
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. 1 e .
other with a force o8. Tstnces’ then the sum or differences will attract

each other in the same ratio.

510. Proe. LXXVII. Let the force « distance, to find the attraction
of a sphere on a particle placed without or within it.

Let P be the particle, S the center, draw two planes E F, e f; equally
distant from S; let H be a particle in the plane E F, then the attraction
of Hon P « H P, and therefore the attraction in the direction S P «
P G, and thc attraction of the sum of the particles in E I on P towards
S « circle E I'. P G, and the attraction of the sum of the particles in
(e f) on P towards S « circle e f. P g, therefore the whole attraction of
EF,ef, o circle EF (P G+ P g) « circle E F.2 P S, therefore the
whole attraction of the sphere o spherc X P S.

‘When P is within the sphere, the attraction of the circle E F on P to~
wards S « circle £ FF. P G, and the attraction of the circle (¢ f) towards
S « circle e f. P g, and the differencc of these attractions on the whole
attraction to S « circle EF (P g— P G) & circle EF.2 P S. There-
fore the whole attraction of the sphere on P o sphere X P S.

511. Lemma XXIX. If any arc be described with the center S, rad.

S B, and with the center P, two circles be described very near each other
Vor. I. Ce
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cutting, first, the circle in E, e, and P Sin F, f; and E D, e d, be drawn
perpendicular to P S, then ultimately,
Dd:Ff::PE:PS.
For
Dd:Ee::DT:ET::DE:ES
and
Ee:Ff::Ee:er::SE:SG
“Dd:Ff:: ——— ::DE:SG::PE:PS.
512. Prov. LXXIX. Let a solid be generated by the revolutions of a.
evanescent lamina E T { e round the axis P S, then the force with which
the solid attracts P o« D E® F f X force of cach particle.

Draw E D, ¢ d perpendiculars upen P S; let ¢ d intersect E T in r;
draw r n perpendicular upon XX D. Then Er:nr:: PE: ED, .-
Er,ED=nr.PS =Dd.PE, .. the annular surface generated by
the revolution of Er « Er.EDo Dd. P E, and (P I remaining the
same) o« D d. But the attraction of this annular surface on P « D d.
P E, and the attraction in the direction P I, : the attraction in the direc-
tion PS:: PE:PD,

%—E.Dd. PE«PD.DdJ
and the whole attraction on P of the surface described by E F « sum of

the P D.D d.

. the attraction in the direction P S «

Let PE=r,DF = x,
SPD=r—x,
“PD.Dd=rdx —xdx,
v w? OF
Ssumof PD.DAS = /rdx —xdx =2 x2 X = D2I « D E?,
and therefore the attraction of lamina & D E* Ff X force of each particle.
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e
518. Pror. LXXX. Take D N proportional to—I-?-EP'—EIi—S X force

. . < ol
of each particle at the distance P E, or if y Tepresent that force, let D N

« P_ngz—%db , then the area traced out by D N will be proportional to

the whole attraction of the sphere.

For the attraction of lamina E F fe &« D E® I fxforce of each parti-

cle « (LEMma XXIII) —I—)—IEI;—I;ILE . D d x force of each particle, or

e b) R
o IBP_EI_‘_I_VE Dd, ... D N.Dd « attraction of lamina It T f e, and the
sum of these areas or area A N B will represent the whole attraction of
the sphere on P.
514. Prop. LXXXI. To find the area A N B.

Draw the tangent P H and H I perpendicular on P S, and bisect I 1
in L; then

Cce2
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PE*=PS*4+ SE*+2PS.SD

But
SE*=SH*=PS.S1,
S~PE*=PS*4+PS.S14+2PS.SD

=PS{PS+SI 4+ 2SD}
=PS{PI4+IS)4+ SI+ 25D}
=PS{2LI4+ 2SI 4+ 2SD}
=2PS{ILI4+ SI4+SD}=2PS.LD

DE*=SE*—SD*=SE*— (LD —L 8)®

SE*—~LD*—LS*42LD.LS
2LD.LS—LD*— (LS4 SE)(LS~—SE)
2LD.LS—LD*—LB.LA,
“DNgRE-PS 2LD.LS.PS
PLE.V vV2SD.PS.V
__LD:PS _ LB.LA.PS
¥V2LD.PS.V ~¥2LD.PS.V
and hence if V be given, D N may be represented in terms of L D and
known quantities.

i

515. Ex. 1. Let the force « ; to find the area A N B.

1
distance

Since F « oc‘l—,,.'.VocPE,

distance

DN « 2LS.LD.PS_LDQ.PS__AL.LB.PS
) 2LD.PS 2LD.PS 2LD.PS

LD.Dd _AL.LB
~DN.Ddord.area @ LS. Dd— =232 2LDDd,

. area A N D between the values of . A and L. B

LB'—LA* AL.LB LB
4 2 LA"

=LS.(LB—LA)—

Now
LB'*—LA*=(LB+ LA).(LB—L A)
= (CSF¥AS+LS—AS)AB=2LS.AB,
.-.areaAND:LS.AB—2LS4AB ALanliI.:lz
_LS.AB_AL.LB LB
2 2 LA
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516. To construct this area.

To the points L, A, B erect L1, Aa, Bb,
perpendiculars, and let A a = L B, and Bb
= L A, through the points (a), (b), de-
scribe an hyperbola to which L1, LL B are
asymptotes. 'Then by property of the hy-
perbola, AL.Aa=LD.DF,

If
._AL.Aa _AL.LB -
DI = LD = D ) S _T .............. .}b
AL.LB.Dd
. N _ A e L \
ADF.Dd = LD ’ £ bd B
sarea AalFD =/DF.Dd=AL.LBSLD,
. LB
< hyperbolicarca AafbB= A L. L B-/L—A_ .
TheareaAaBb:Bb.AB+£-B§'—z—l—n
=Bb.‘AB+an+Bb.AB=Aa+BbAB
2 2 2
=£5}££AB=L&A&
ccarcaafba=areaAaBb—areaAafb B
LB
_LS.AB—AL.LBf—i—A.
517. Ex. 2. Let the force o ——1—3; to find the area A N B.
distance
PE?
LetV—2W1
.DN_QLS.LD.PS LD=2PS AL.LB.PS
= PE.V T PE.V T T PE.V
but
PE* 4PSLLD: PS
7 ){—, —— ] ——— 2
\'IE"QAS?_ 5AS? —QPSASQ'LD’
. _SI.LS SI AL.LB.SI_ 1 .
..DN— LD ——2——“_2“11%1)‘*2—-_2]?8.5;‘1-14[),
. , SI.LD AL.LB.SI
..fI)N.x_SI.LSfLD—-—-2—- 51D

.*. area between the values of I. A and L B
G /LB SI.(LB—LA) LB.SI AL.SI
_SI‘LS/"L—A- 2 "‘( 2 T T 2 )
=SLLS/%%—SLAR

Cc3
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To construct this area.

1y a

L A | S Dd B

Take S I=S s, and describe a hyperbola passing through a, s, b, to which
L1, L B are asymptotes; then as in the former case, the area AanbB

=AL.SB.f§J‘~%:LS.sz%%:SI.LS_/%%

~thearea AN B = sI.Lsf}}ﬁ_—SI.AB.

518. Prop. LXXXII Let I be a particle within the sphere, and P
the same particle without the sphere, and take
SP:SA::SA:S]
then will the attracting power of the sphere on I : attracting power of the
sphere on I’
:: 4 SI. ¥ lorceon 1: 4/ S P. &/ force on P.
D N force on the point P : D’ N force on the point I
.DE*PS DE*IS
CTPLIV T TTENV
:: PS.IE.V:IS.PE.V.

Let

V: V::PEr: 1En,
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then
DN:DN:: PS.IE.TE:IS.PE.P L,
but
PS:SE:: SE: S,
and the angle at S is common,
- triangles P S K, 1 S I are similar,
S“PE:ITE::PS:SE:: SE: S,
SDN:D'N:: PS.SE.TE": PS.SI.PLn,
:: SE.IEr: SI.PE"
:: ¥SP.IE»: ¥ST.PE®
:: ¥SP:SI2 wST.PSY

519. Propr. LXXXIII. To find the attraction of a segment of a sphere

upon a corpuscle placed within its centre. n
Draw the circle I' E G with the
center P, let B B S be the segment of K

the sphere, and let the attraction of the
spherical lamina I I' G upon P be
proportional to F N, then the area de-

D »
scribed by F' N o whole attraction of KB
the segment to P. !

|
Now the surface of the segment N7 1
EIFFG o PFDF, and the content
of the lamina whose thickness is O = G
PFDF O.
} ]
Let F & .———— and the attraction on P of the particle in that
distance® .
. . . < E*O
spherical lamina, « (Prop. LXXIIL) pl’ e
o 2PFID—FD%O

PI
2FDO_FD?O
PF =T "PF®’

. 0 IrD:®
.. if F N be taken proportional to ;—%“—21 — PFn’ the area traced

out by F N will be the whole attraction on P.

520. Pror. LXXXIV. To find the attraction when the body is placed

in the axis of the segment, but not in the center of the sphere.
Ced
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Describe a circle with the radius P E, and the segment cut off by the
revolution of this circle E ¥ K round P B, will have P in its center, and

E

N K

the attraction on P of this part may be found by the preceding Proposi-
tion, and of the other part by Prop. LXXXI. and the sum of these at-
tractions will be the whole attraction on P.

SECTION XIII.

521. Prop. LXXXV. If the attraction of a body on a particle placed
in contact with it, be much greater than if the particle were removed at
any the least distance from contact, the force of the attraction of the par-

1 o in a hicher ratio than that of ——.
ticles igher ratio t Ttance®

. 1 . .
For if the force o Ttance®’ and the particle be placed at any distance

‘ : 1
from the sphere, then the attraction & —————— from the center of the
. distance
sphere, and .. is not sensibly increased by being placed in contact with
the sphere, and it is still less increased when the force o in a less ratio

than that of _, and it is indifferent whether the sphere be homo-

distance®
geneous or not; if it be homogeneous at equal distances, or whether the
body be placed within or without the sphere, the attraction still varying in
the same ratio, or whether any parts of this orbit remote from the point of
contact be taken away, and be supplied by other parts, whether attractive
or not, .. so far as attraction is concerned, the attracting power of this
sphere, and of any other body will not sensibly differ ; .. if the pheno-
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mena stated in the Proposition be observed, the force must varyina higher

ratio than that of distance? "

522. Pror. LXXXVIL. If the attraction of the particles o« in a higher

ratio than then the attraction of a body placed

distance’’ **  Jistance®’
in contact with any body, is much greater than if they were separated
even by an evanescent distance.

For if the force of each particle of the sphere o in a higher ratio than

1 . C e .
that of ————, the attraction of the sphere on the particle is indefinitely
distance *

increased by their being placed in contact, and the same is the case for
any meniscus of a sphere; and by the addition and subtraction of attrac-
tive particles to a sphere, the body may assume any given figure, and
.. the increase or decrease of the attraction of this body will not be sensi-

bly different from the attraction of a sphere, if the body be placed in con-
tact with it.

523. Prop. LXXXVII. Let two similar bodies, composed of particles
cqually attractive, be placed at proportional distances from two particles
which are also proportional to the bodies themselves, then the accelerat-
ing attractions of corpuscles to the attracting bodies will be proportional
to the whole bodics of which they are a part, and in which they are simi-
larly situated.

For if the bodies be supposed to consist of particles which are propor-
tional to the bodies themselves, then the attraction of each particle in one
body : the attraction of each particle in the other body, : : the attraction
of all the particles in the first body : the attraction of all the particles in
the second body, which is the Proposition.

Conr. Let the attracting forces « -, then the attraction of a

distance
particle in a body whose sideis A : — B
AJ BJ
" distance ® from A ° distance ® from B
A B?
Ah ' BE
1 1

T1oATh=3 - Pn=3s?
An-=3 B n-3

il the distances o« as A and B.
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524. Pror. LXXXVIIIL If the particles of any body attract with a
force o« distance, then the whole body will be acted upon by a particle
wvithout it, in the same manner as if all the particles of which the body is
composed, were concentrated in its center of gravity.

Let R STV be the body, Z the pai-
ticle without it, let A and B be any
two particles of the body, G their cen-
ter of gravity, then A A G = B B G,
and then the forces of Z of these parti-
cles @« A AZ, B BZ, and these
forces may be resolved into A A G +
AGZ BBG+BGZandAAG
being = B B G and acting in opposite
directions, they will destroy cach other,
and .- force of Z upon A and B will be
proportional to A Z G + B Z G, or to (A 4+ B) Z G, . particles A
and B will be cqually acted upon by Z, whether they be at A and B, or

collected in their center of gravity. And if there be three bodies A, B,
C, the same may be proved of the center of gravity of A and B (G) and
C, and .. of A, B, and C, and so on for all the particles of which the
body is composed, or for the body itself.

525. Pror. LXXXIX. The same applies to any number of bodies
acting upon a particle, the force of each body being the same as if it
were collected in its center of gravity, and the force of the whole system
of bodics being the same as if the several centers of gravity were collected
in the common center of the whole.

526. Pror. XC. Let a body be placed in a perpendicular to the plane
of a given circle drawn from its center; to find the attraction of the circu-
lar area upon the body.

With the center A, radius = A D, let D
a circle be supposed to be described, to
whose plane A P is perpendicular. From
any point K in this circle draw P L, in
P A or it produced take P ¥ = PE, and
draw I K perpendicular to P T, and let
F K « attracting force at E on P.  Let M
I K L be the curve described by the point P A/E
K, and let T K L meet AD in L, take
P H =P D, and draw HT perpendicular
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to P H meeting this curve in I, then the attraction on P of the circle
o« A Pthearea A HIL.

For take E e an evanescent part of A D, and join I e, draw e C per-
pendicular upon PE, . Ee: EC:: PE: AE, . Ee.AE=EC x
P E « annulus described by A E, and the attraction of that annulus n

the diréction PA« EC.PE. gﬁ X force of each particleat E oc E C x
P A x force of each particle at B, but EC =T f, .. K. fa E Cx

the force of each particle at E, .-, attraction of the annulus in the direction
PA « PA.F{.FK,and .. PA X sum of the areas ' K. Ffor PA
the area A H I L is proportional to the attraction of the whole part de-
scribed by the revolution of A E.

527. Cor. 1. Let the force of cach particle « sy at PIN=x,

distance
let b = force at the distance a,

- . b a?
.. I' K the force at the distance x = LT

'.FI{.Ff:-f 1)"’
. . ba*dx
- attraction = PA.FK.Ff= PA/——XQ'—

1

o« I’A—;cx A_T’“F’
and between the valdes of P A and P I, the attraction

1 1 PA

pJ o
=PApa—pHE v

b an
_x_xf 4

528. Cor. 2. Letthe force « - ! , then TK =
distance™

. attraction = P A /br 12(l X & T)P—m—{}l X — ;{'“"—"l + Cor.,

and between the values of P A and P H,
. PA 1 1
attraction = — PA— PII"=1J
1 PA
*PA—T PH" -’
529. Cor. 3. Let the diamecter of a circle become infinite, or P I
1

530. Pror. XCI. To find the attmcuon on a particle placed in the

axis produced of a regular solid.

« o, then the attraction «
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R I
D/
P A Fif B

J/I
G K|k

LD<S L

Let P be a body situated in the axis A B of the curve D E C G, by
the revolution of which the solid is gencrated. Let any circle R F S
perpendicular to the axis, cut the solid, and in the semidiameter F S of
the solid, take I K proportional to the attraction of the circle on P, then
F K. Ff « attraction of the solid whose base = circle R I' S, and depth
= T f, let I K L be the curve traced out by F K, . ALKYF « at-

traction of the solid.

Cogr. 1. Let the solid be a cylinder, the force varying as distancat *

Then the attraction of the cirde R T S, or F K which is proportional
PF

PR’

Lt PF=x, FR =b,

to that attraction o 1 —

X
S FKal — V;T—:}:f—é’
x x'
o FK. chtdx_ ;};;-.ﬂ._;._,i)_z,

coarea & — X X7 4 DT
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Now if P A = x, attraction = 0,
o Cor. = PD—PA,
.~ whole attraction = PB —PE 4+ PD—PA
=AB—PE+ PD.
et AB= o =PE=PD,
.. atraction = A B.

531. Cor. 3. Let the body P be placed
within a spheroid, let a spheroidical shell
be included between the two similar
spheroids D O G, K N I, and let the
spheroid be described round S which
will pass through I, and which is simi-
lar to the original spheroid, draw D P E,
F P G, very near cach other. Now P D
= BE, PF=CG, PH=BL PK
= CL.

WIFK=LGand DH=1EL,
and the parts of the spheroidical shell which are intercepted between these
lines, are of equal thickncss, as also the conical frustums intercepted by
the revolution of these lines, and

.~ attraction on P by thepart DK :.... G I
. number of particlesin DK ... G*
o P D7 PGt

PD:* PG*, .

b 1)1)2 H PGE R S S
and the same may be proved of every other part of a spheroidical shell, and
. body is not at all attracted by it; and the same may be proved of all the
other spheroidical shells which are included between the spheroids, A O G,
and CP M, and .. P is not affected by the parts external to C P M, and
< (Prop. LXXIL),

attraction on P : attractionon A :: P S: A S.

532. Pror. XCIIL To find the attraction of a body placed without an

P . . . 1 .
infinite solid, the force of each particle varying as Totance®? where n is
greater than 3. '

Let C be the body, and let G L, H M, K O, &c. be the attractions
at the several infinite planes of which a solid is composed on the
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body C; then the area G L O K equals the whole attraction of a solid
on C.

L
\M \H‘ s \
C G H 1 K
1 m n o
1

Now if the force «

Then

distance™’

HM « —C,%:—, (Cor. 8. Prop. XC)
SSHM.dx otf—;d“xfg o« _x_“]——J + Cor.

« 1 1 .
C Gn—:i— C H»—3°

andif HC = o

1
then the area G L O K GO
Case 2. Let a body be placed within the solid.

L N O]
|
G (I}__ I K| j|
;
1 o l

Let C be the place of the body, and take C K = C G; the part of
the solid between G and K will have no effect on the body C, and there-
fore it is attracted to remain as if it were placed without it at the distance

C K.

. 1
% attraction « CRKo=s @« CGi=s*




Book 1.] NEWTON’S PRINCIPIA. 415

SECTION XIV.

534. Pror. XCIV. Let a body move through a similar medium, ter-
minated by parallel plane surfaces, and let the body, in its passage through
tl}is medium, be attracted by a force varying according to any law of its
distance from the plane of incidence. Then will the sine of inclination be
to the sine of refraction in a given ratio.

Let A a, B b be the planes which terminate the medium, and G H be
the direction of the body’s incidence, and I R that of its emcrgence.

Casc 1. Let the force to the plane A a be constant, then the body will
describe a parabola, the force acting parallel to I R, which will be a diameter
of the parabola deseribed.  FI M will be a tangent to the parabola, and if
K I bg produced I L will also be a tangent to the parabola at I. Let K I
produced meet G M in L with the center L, and distance L I describe
a circle cutting I Rin N, and draw L O perpendicular to I R. Now by a
property of the parabola M I = I,

o+ML=HL, - MO=OR,and.. MN =1R.

The angle L M I=the angle of incidence, and the angle MIL = sup-
plement of M I K = supplemental angle of emergence.
Now
LMI=MH*=4ML"
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but

MN.MI=MI.IR=MQ.MP=ML+LQ.ML—-LQ
=ML*—LQ*
. _ML*:—LQ:
~MI = e
S&L:IR::4ML*: ML*—L Q?®
but L and I R are given
SAML2aML2—LQ®
~ML? «c LQ® «' LI®
«~ M L & LIor sin, refraction : sin. inclination in a given ratio.
Case 2. I.Jet the force vary according to i/
any law of distance from A a. B 17
Divide the medium by parallel planes A a, € y
B b, Cc, Dd, &c. and lct the planes be at D R
evanescent distances from each other, and /
let the force in passing from A a to Bb, = ®
from Bbto Cc, from CctoD d, &c. be
uniform.

aloic's

cosi TatHi:sino Rat H::a: b
sin. RorTat I:sin. RatK::c:d
si. RorITatK:sin. Rat R::e: f, and so on.
«wsmIatH:sin. Rat R::a.c.e:b.d.fand in a constant pro-
portion.

535. Pror. XCV. The velocity of a particle before incidence : velocity
after emergence : : sin, emergence : sin. incidence.

G
}\H
A a
B \ b
C \ c
D I\ld
K
Take A H = I d, and draw A G, d K perpendicular upon A a, D d,

meeting the directions of incidence and emergence in G, K. Let the
motion of the body be resolved into the two G A, A H, 1d, dk, the ve-
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locity perpendicular to A a cannot alter the motion in the direction A a;
therefore the body will describe G H, I K in the same time as the spaces
A H, I d are described, that is, it will describe G H, I K in equal times
before the incidence and after the emergence.
Velodity before incidence : velocity after emergence:: G I1: 1 K
A1l 1d
"% sin, mcidence  sin. emergence
: : sin, emergence: sin. incidence.
536, Pror. XCVI. Let the velocity before incidence be greater than
the velocity after emergence, then, by inclining the direction of the inci-
dent particle perpetually, the ray will be refracted back again in a similar
curve, and the angle of reflection will equal the angle of incidence.

¢ g

A /

h .
B

H
_\l: p / L

Y Q ‘l/ c
N

D . R d

1D e

Let the medium be separated by parallel planes A a, B b, C ¢, D d,
L e, &c. and since the velocity before incidence is greater than the
velocity after emergence. .. sin. of emergence is greater than sin. of in-
cidence. .. HP, P Q, QR, &c. will continually make a less angle with
Ha, Pb, Qec, Rd, &ec. till at last it coincides with it as at R; and after
this it will be reflected back again and describe the curve R q p h g simi-
lar to R Q P I G, and the angle of emecrgence at h will equal the angle
of incidence at H.

537. Pror. XCVII. Let sin. incidence : sin. refraction in a given ra-
tio, and let the rays diverge from a given point; to find the surface of
medium so that they may be refracted to another given point.

A CNM B

Let A be the focus of incident, B of refracted rays, and let C D E

be the surface which it is required to determine. Take D E a small arc,
Vor. I. Da
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and draw E F, E G perpendiculars upon A D and DB; then DF, D G
are the sines of incidence and refraction ; or increment of A D : decrement
of B D :: sin. incidence : sin. refraction. Take .. a point C in the axis
through which the curve ought to pass, and let C M : C N : : sin. inci-
dence : sin. refraction, and points where the circles described with radii
A M, B N intersect each other will trace out the curve.

538. Cor. 1. If A and B be either of them at an infinite distance or at
any assigned situation, all the curves, which are the loci of D in different
situations of A and B with respect to C, will be traced out by t'ns
process.

B

539. Cor. 2. Describe circles with radii A C and C B, meeting A D,
BDin Pand Q; then PD : D Q: : sin. incidence : sin. refraction, since
P D, D Q are the increments of B C and A C.



BOOK IIL

SECTION I

1. Pror. I. Suppose the resistance « velocity, and supposing the whole
time to be divided into equal portions, the motion lost will « velocity, and
o space described. Therefore by composition, the whole decrement of the
velocity o space described.

Cor. Hence the whole velocity at the beginning of motion : that part
which is lost : : the whole space which the velocity can describe : space
already described.

2. Pror. II. Suppose the resistance o« velocity.

Case 1. Suppose the whole time to be divided into equal portions, and
at the beginning of each portion, the force of resistance to make a single
impulse which will « velocity, and the dccrement of the velocity
o« resistance in a given time, o velocity. Therefore the velocities
at the beginning of the respective portions of time will be in a con-
tinued progression. Now suppose the portions of time to be diminished
sine limite, and then the number increased ad infinitum, then the force of
resistance will act constantly, and the velocity at the beginuing of equal
successive portions of time will be in geometric progression.

Case 2. The spaces described will be as the decrements of the velocity
o velocity.

8. Corn. 1. Hence if the timne be represented by any line and be divid-
ed into equal portions, and ordinates be drawn perpendicular to this
line in geometric progression, the ordinates will represent the velocities,
and the area of the curve which is the logarithmic curve, will be as the

spaces described. )
Dae
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Suppose L S T to be the logarithmic curve to the asymptcte A Z.
A L, the velocity of the body at the beginning of the motion.

L P Q

AN

NJ S
\\\
\ T
A L H K Z

The space described in the time A IT with the first velocity continued
uniform : space described in the resisting medium, in the same time : :
AHPL:arca ALSH::veet. AL X PL:rect. AL X PS*

:: P L:PS(if A L = subtan. of the curve).

Also since IT'S, KT representing the velocities in the times A H, A K;;
P S, Q T are the velocities lost, and therefore o spaces described.

4. Cor. 1. Suppose the resistance as well as the velocity at the begin-

H

ning of the motion to be represented by the line C A, and after any time by

the line C D. The area A B G D will be as the time, and A D as the
space described.

Tor if A B G D increase in arithmetical progression the areas being
the hyperbolic logarithms of the abscissas, the abscissa will decrease in
geometrical progression, and therefore A D will increase in the same
proportion.

5. Prop. 111. Let the force of gravity be represented by the rectangle

* Let the subtangent = M. Then the whole area of the curve = M X A L.
vothearen ALSH=MXAL—-MXHS=MXPS=ALXTDPIS.



Boox 11.] NEWTON’S PRINCIPIA. 421

B A C H, and the force of resistance at the beginning of the motion by
the rectangle B A D I on the other side of A B.

k
I
) 8-~
E —I——‘ — e - 1
o l“ F
G f—"“.g"

S
[~5
>
=

Describe the hyperbola G B K between the asymptotes A C and C H
catting the perpendiculars D 1, d ¢, in (¢ and g.

Then if the body ascend in the time represented by the arca D G g d,
the body will describe a space proportional to the area I G g ¢, and the
whole space through which it can ascend will be proportional to the area
i G B.

If the body descend in the time A B K I, the area desciibed is BT K.

For suppose the whole arca of the parallelocram B A C IT to be di-

K

s 47
e 271k lm
TR e
Aa KLAMN

vided into portions, which shall be as the increments of the velocity in
cqual times, therefore Ak, Al, A m, An, &c. will « velocity, and there-
fore & resistances at the beginning of the respective times.

Let A C: A K :: force of gravity : resistance at the begiuning of the
second portion of time, then the parallelograms B A C H, k K CH, &c.
will represent the absoluteforceson the body, and will decrease in geome-
trical progression. Hence if the lines K k, L I, &c. be produced to meet

Da3
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the curve in q, r, &c. these hyperbolic areas being all equal will repre-
sent the times, and also the force of gravity which is constant. But the
arca BAKq:areaBqk:: Kq:4kq:: AC:3AK :: force of
gravity : resistance in the middle of the first portion of time,

In the same way, thearcasq K L r, r L M s, &c. are to the areas
qklr,rlms,&c. asthe force of gravity to the force of resistance in the mid-
dle of the second, third, &c. portions of time. And since the first term is
constant and proportional to the third, the second is proportional to the
fourth, similarly as to the velocities, and therefore to the spaces described.

«..by composition Bk q, Brl, Bsm, &c. will be as the whole spaces
described, Q. e. d.
The same may be proved of the ascent of the body in the same way.

6. Cor. 1. The greatest velocity which the body can acquire : the velo-
city acquired in any given time :: force of gravity : force of resistance
at the end of the given time.

7. Cor. 2. The times arc logarithms of the velocities.

8. Cor. 4. The space described by the body is the difference of the space

representing the time, and the area representing the velocity, which at the
beginning of the motion are mutually equal to each other.

Suppose the resistance to « velocity.

. v . . . .
Seetiviiir: =retarding force correspondin« with the velocity (v)

rv?
svdv= —g X ot X d x,

.'.dng-gxdl
g v
Wx=—bXxXlv 4 C,

ax=bx1<
v
dx bdv

— =
1 .

.’.t:—-bX-—-;+Cor.

1 1 1 1

=bX——"a——=
v ¢ v ¢’
.. the times being in geometiical progression, the velocities C, d, E, &c.

will be in the same inverse geometrical progression.

Also the spaces will be in arithmetical progression.
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9. Pror. IV. Let D P be the dircction of the projectile, and let it
represent the initial velocity; draw C P perpendicular to C D, and

A
7

L
9
v /
T a
E I |
i =B \ \
Gl z— 11 VK
~ it Q
1) R A S

let D A: A C::resistance: gravity. Also D P : C P : : resistance :

gravity, . DAXDP:CPXCA::R:G. Between DC, CP de-

scribe a hyperbola cutting D G and A B perpendicular to D C in G and B,

from R draw R V perpendicular cutting D P in V and the hyperbola in T,

complete the parallelogram G K C D and make N: QB:: CD: C D,
Take

for gince
N:QB::CD:CP::DR:RV,
DR x QB

RV ="" SNT e
and
GTEI DRx QVB—GTL= R
N - N
in the time represented by DR T G the body will be at (r), and the great-
est altitude = a, and the velocity o v L.

For the motion may be resolved into two, ascending and lateral.  The
lateral motion is represented by D R, and the motion in ascent by I2 r,
which

‘«c DRx QB —GTt,
or
DRXAB—DG.RT
Tt oot N e TTTT e
Dday
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or

DRXAB—DRXAQ
N b
DR:Rr::N:AB—AQorQB

::CD:CP
: : lateral motion . ascending motion at the beginning,
.. (r) will be the place of the body required.

SECTION I1.

10. Pror. V. Suppose the resistance to vary as the velocity *
"Then as before, the decrement of velocity o resistance o velocity %

H
BXE
m
G
(9

AKLM T D

Let the whole time A 1 be divided into a great number of equal por-
tions, and draw the ordinates A B, K k, L1, M m, &c. to the hyperbola
described between the two rectangular asymptotes, C I, C D; then by the
property of the hyperbola,

AB:Kk::CK:CA,

SAB—KEKk:Kk:: AK:CA

:tABX AK:AB x CA.
S“AB—Kkax AB x Kk
In the same way
Kk—LI « Kk? &c.
or
AB% Kk? L1 &ec.
are proportional to their differcnces.

. velocities will decrease in the same proportion. Also the spaces de-

scribed are represented by the areas described by the ordinates ; hence in
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the time A M the space described may be represented by the whole area
A MmB.

Now suppose the lines C A, C K, &c. and similarly A K, K L, &c. in
geometrical progression, then the ordinates will decrease in the inverse
geometrical progression, and the spaces will be all equal to each other.

Q. e d.

11. Cor. 1. The space described in the resisting medium : the space de-
scribed with the first velocity continued uniform for the time A D :: the
hyperbolic arca A 1) G B : rectangle A B x A D.

12. Con. 3. The first resistance equals the centripetal force which would
generate the first velocity in the time A C, for if the tangent B T be drawn
to the hyperbola at B, since the hyperbola is rectangular AT = A C, and
with the first resistance continued uniform for the time A C the whole
velocity A B would be destroyed, which is the time in which the same ve-
locity would be generated by a force equal the first resistance. L'or the
first decrement is A B— K k, and in equal times there would be equal de-
crements of velocity.

.

13. Cor. 4. The first resistance : force of gravity :: velocity generated
by the force equal the first resistance in the time A C : velocity generated
by the force of gravity in the same time.

14. Cor. 5. Vice versd, if this ratio is given, every thing clse may be
found.

H

N
My

| \‘\l\“
COPr L KTA -

15. Pror. VIII. Let C A represent the force of gravity, A K the resis-
tance, ... C K represents the absolute force at any time (if the body de-
scend); A P, a mean proportional to A C and A K, represents the velo-
city; K L, P Q are contemporaneous increments of the resistance and
the velocity.

Then since

AP« AKLKL «a 2AP xPQ ax AP X KC,
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the increment of velocity o force when the time is given,
A~KLxXxKNxAPXKCXKN,
. ultimately K L. O N (equal the increment of the hyperbolic area)
« A P « velocity, o space described, and-the whole hyperbolic area =
the sum of all the K L O Ns which are proportional to the velocity, and
. space described. ... If the whole hyperbolic area be divided into cqual
portions the absolute force C A, C I, CK, &c. are in geometrical pro-
gression. Q. e d.

16. Cor. 1. [Hence if the space described be represented by a hyper-
bolic area, the force of gravity, velocity, and resistance, may be repre-
sented by lines which are in continued proportion.

17, Cor. 2. The greatest velocity = A C.

18. Cor. 3. If the resistance is known for a given velocity, the greatest

velocity : given velocity : : #/force of gravity : 4 given resistance.
19. Pror. IX. Let A C represent the greatest velocity, and A D be per-

S

|

pendicular and equal to it.  'With the center D and radius A 1) describe
the quadrant A t E and the hyperbola A VZ. Draw the radii D P, D p.
Then
Case 1. If the body ascend ; draw D v g nearto D p, .~ since the sector
and the triangle are small,
Dvt:Dpq::Dt*:Dp*

. Dqp
SDvt @« Dpe,
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$ADXpq P9
AD"+AD x AK “CK
o increment of the time.
.. by composition, the whole sector « whole time till the whole
V=0
Case 2. If the body descend ; as before
DVIT:DPQ::DT?:D P
1 DX®:DA*:: TX2: AP
e DX?2—TX?2: DA — AP
:tAD?2:AD?— ADx AK
:AD:CK.
By the property of the hvpcrbo]a,
TX*=DX*—DA*
“DA*=DX*-TX:*

ADVT - R2PQ _ PQ

o« increment of the time.

. by composition, the whole time of descent till the body acquire its
greatest V = the whole hyperbolic sector D A T

20. Cor. 1. IfA B =1 AC.

The space which the descending body describes in any time : space
which it would describe in a non-resisting medium to acquire the greatest
velocity : : aren A B N K: a A T D, which represents the time.  For
sinice AC: AP::AP:AK

KL:)!PQ::AP:}AC
and
KN: AC ::AB:CK
“KLON:DTV::AP:AC
: vel. of the body at any time : the greatest vel.

Hence the increments of the arveas « velocity o spaces described.

.. by composition the whole A B N K : sector A T D : : space described
to acquire any velocity : space described in a non-resisting medium for
the same time.

21. Cor. 2. In the same way, if the body ascend, the space described
till the velocity = A p: space through which a body would move ::
ABnk:ADt

22. Cor. 3. Also, the velocity of a body falling for the time A T D :
velocity which a body would acquire in a non-resisting medium in the
same time:: A A D P: sector 'I' D A; for since the force is constant,
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the velocity in a non-resisting medium o time, and the force in a resist-
ing medium « APx aADP.

23. Cor. 4. In the same way, the velocity in the ascent : velocity with which
a body should move, to lose its whole motion in the same time : : A Ap D
isector AtD:: Ap:arcAt.
For let A Y be any other velocity acquired in a non-resisting mediumn
in the same time with A D.
SWATP:AC:: APD: this area
and
AP:AC:: APD:ACD.
Therefore the area which represents the time of acquiring the greatest
velocity in a non-resisting medium = A C D.
In the same way, let Ay be velocity lost in a non-resisting medium i
the same time as A p in a resisting medium,
S Ap:Ay::a ApD:arca which répresents the time of losing the
velocity A p.
. time of losing the velocity A y = A A p D.

24. Cor. 5. Hence the time in which a falling body would acquire the
velocity A P : time in which, in a non-resisting medium, it would acquire
the greatest velocity : : sector A D T: a CAD.

Also the time in which it would lose the velocity A p : time in which,
in a non-resisting medium, it would lose the same velocity : : arc A t:
tangent A p.

25. Corn. 6, Hence the time being given, the space described in ascent
or descent may be known, for the greatest veloeity which the body can
acquire is constant, therefore the time in which a body falling in a non-
resisting medium, would acquire that velocity is also known. Then the
sector AD Tor ADt:a A D C:: given time : time just found; there-
fore the velocity A P is known or A p.

Then the area ABNK or ABnk: A D Tor A D t::space sought
for : space which the body would describe uniformly with its greatest
velecity.

26. Cor. 7. Hence vice versd, it the space be given, the time will be
known.
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27. Pror. X. Let P I Q be the curve meeting the plane P Q. Let

Il‘
?§‘
L
/’E A
- G HS N
R
L K
!
{ |
P A B C D E @

G, 11, I, K be the points in the curve, draw the ordinates; let BC = CD
= D F, Xe.

Draw 1IN, G L tangents at IT and G, meeting the ordinates produced
in L and N, complete the parallelogram C H M D. Then the times
« & LTI and ¥ NT, and the velocities oo G H and H I, and the times

- . .. G I I .
w; let T and t = times, and the velocities « T and o therefore
the decrement of the velocity arising from the retardation of resistance and
GII II'T

the acceleration of gravity o - T T T also the accelerating force of

gravity would cause a body to describe 2 I N in the same time, therefore

. . . 2 . -
the increment of the velocity from G = — > dgain the arc is increased

MT .
by the space = HI — HN =R I = —X—-II—;—[EI, therefore the de-
from the resistance alone = G H _HT 2 MIX NI
crement from tae resistance alone = T — ¢ SRS 15 SRk
GIIxt 2MIx NI

resistance : gravity :: —T — HI 4 e TH S 2NIL

Again, let
A B, CD, CL, &c be — o +0,20,30, &c.
CIl="7r
and
MI=Qo+ Ro*+ So’+ &
S DI=P—Qo+ &
EK=P—2Qo—4Ro*— &ec
BG=DP+ Qo+ &c.
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(BG~CH)*+ BC*(=GH?) =0+ Q*o*+3QRo’° + &c.
S“GH!=14Q*%x 0*+8QRo?}
R o?
“GH= vIFQixot 2R
+Q o+ vIiraQ

and

R o?
HT=o0ovIFQiq 2
o +Q+V1+Q’

Subtract from C H § the sum G B and D I, and R o2 and R o? +
8 S o° will be the remainder, equal to the sagittxc of the arcs, and which
are proportional to L H and NI, and therefore, in the subtracted num-
ber of the times,

Lt R+3Sn R+3 380
T°‘~/ gn cc‘*”21{"
.'.g—f,}thon-f-Q’-{-——QRo b()

i_’.Qi + 2R
-5 QRo* 3So°V14Q7 8So QRot

- 140 il O e 2t O
=0./14Q +~/"1+Q“ SR +2va1+(«z‘
QR()2
HlI=o0. ¥/ 1+ Q¥4 ==
+ Q* + T+ Q:
MIxNI_Ro® xQo-}-Ro + &ec.
HI To. V14 Q¢ Q RQ
Vl—{-Q
. resistance:gravity::GI;—}‘l——t——HI+—£—T~N 2N 1
. 3So*v 14 Q¢

:2Ro?

2R
118841+ Q%:4Rx
The velocity is equal to that in the parabola whose diameter = IT (',

2 2
and the lat. rect. = P{‘NN or ! "i{Q . The resistance & density x V¢,

. resistance 3 S & 1 L R
therefore the density « Ve x i l{j- Q directly o TI‘.Q_Y
. S
d"ect]y [ 4 m_.—;_——.—Q‘—:a.

28. Ex. 1. Let it be a circular arc, CII = e, AQ =1n, AC = a,
CD =o,

o“DI*=n*—(a4+o0)*=n*—a’—2a0—0*'=e*—2a0—o0}
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"DI=e—20__Nt0* an?o’
and therefore
2
Pog@=f, o, 5o

e
. S an? 2e? e
sodensity € ———— o X o X - Y —

sy X R VT @ 2¢ X v X

a a _ sin,
® — «— - -« tangent.
ne e  cos.
. . 3an®* _n n*
r o . .. . ..
[he resistance : gravity : : 5o X gigsiida2n

20, Ex. 2. Of the hyperbola.

VAN B

P A cD Q
PIxb=PDy

SputPC=a, CD =0, QP = ¢,

a4+ oXec—a—o0o=ac—a*—2a0 4 co—o?

_Dl_ac—nQ 2a+4c o*

b R (Y

and since there is no fourth tern,
S =0,
sodrawy = 0.
30. Pror. XIII. Suppose the resistance to @ V 4 V¢,

D TR

431

Case 1. Suppose the body to ascend ; with the center D and rad. D B,
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describe the quadrant B T I'; draw B P an indefi nite line perpendicular
to B D, and parallel to D F. Let A P represent the velocity; join D P,
D A, and draw D Q near D P.

.. resistance * A P* 4+ 2 B A x A P, suppose gravity « D A?,
-~ decrement of V & gravity + resistance x A D24 A P24+2 B Ax AP.
xDP*
DPQ(‘IPQ):DTV::DPZ:D'IW,
DTV DT?« 1,
therefore the whole sector E T D, is proportional to the time.

Case 2. Suppose the force of gravity proportional to a less quantity
than D A%, draw B D perpendicular to B P, and let the force of gravity

B A E P Q
v /
T
D I'G

o« AB*—BD2% Draw D I parallel to P B and = 1D B and with the
center D — } axis-major = } axis-minor = D B, describe a hyperbola
from the vertex I, cutting A D produced in E, and D P, D Q in T, V.
Now since the body is supposed to ascend.
The decrement of the velocity « A P? 4+ 2A B x AP 4+ AB*—
BD*« BP:—BD:*(BP*=AP*+AB*4+2A8B x BD).
Also, DTV:DPQ::DT2: D P* (by similar triangles)
:: T G*: B D* (T G perpendicular to G)
:DF*: PB*— D B=
Now D P Q « decrement of velocity « P B? — D By,

DTV x DF? « 1 « increment of the time, since the time flows uni-
formly.,
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Case 3. If the body doscend ; let gravity « BD* — A B*

B

D

With center D and vertex B, describe the rectangular hyperbola BTV,
cutting the lines D A, D P, D Q produced in E, T, V.

The increment of V « BD? — AB* —2ABx AP—AP*
«BD*—(AB +AP)*x BD*—BP*
DTV:DPQ(x PQ)::DT*:D P
.:GT*:BP*::66D*—BD*: BP*
L.GD*:BD*::BD?: BD*— B P,
~DTVaxBDrx ],
.. the whole sector E D T o time.

31. Cor. With the center C and distance D A describe an arc similar
to B T.

'Then the velocity A P : the velocity whichin the time E D t a body
would lose or acquire in a non-resisting medium :: a8 D A P ¢ sector
ADt.

For V in a non-resisting medium o time.

32. In the case of the ascent,

Let the force of gravity « I. Resistance « 2a v + v*
codvae 4+ 2av 4 v*

dv .
K m, o time.
.. by Demoivre’s first formula,
f. or time = 0
when

dv =1 X cir. arc. rad, = g and

£ 1+ 2avtv: gt

tangent = v + a
Vor. 1, Fe
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- . 1 .
I'he whole time .. whenv = 0 = -, Xcirarcrad, = g
g

and tangent = a 4 (..
- cort. time = El; X cir.arc rad. = g and tangent v 4+ a — cir. arc rad.
= g and tangent a.
*. the time of ascent = sector EDT — g®* =1 — a®
33. In the case of descent,
dv ¢ 1 —2av—y?
let
V4 a=x
wodv=dx
covi42av a4 at=x"
Swldat—x'=1—2av—yv!

1 i + X . X
b=y X gt Glr=1407)
'me =0, v=0,
X = a,
+a .
- o
“.—20)( L;—lt+('
. 1 . )
< Coit, time == é_;;r (: Al fflr i i

34. Pror. X1V, Take A C proportional to gravity, and A K to the
resistance on contrary sides if the body ascend, and vee ver sd.

Between the asymptotes describe a hyperbola, &e¢ &e.

Draw A b perpendicular to C A, and

Ab:DB::DB%4BA xXAC.

The arca A b N K increases or decreases in ariimetic progression it
the forces be taken in geometric progression.

Now .
A K « resistance « 2BADP + AP
Let

., 2BAP4 ADP?

AKL=2BAXPQ;2APxPQ’
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TR PO
KL= PQ

7
D ) )
AkLoN=ZERXER oy,
Now
AL:LOCK:CA
DB:AL::tBAXCA:DDB?
BD?
4{BAxCK
- _2PBxPQxBD?
~KLON = CIBARCK x 2"
Case 1. Suppose the body to ascend.
AB*4+BD
gravity @ AB 4 BDr=220 20

ez

~LO=
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AK = A_Ilij:z‘{ll AP

S~DPt=CKx Z.
SDT®:DP:::DB*:CK x Z
and in the other two cases the same result will obtain.

Make
DTV=DBx m.

~DBxm:}DBxXx PQ::DB*:CK X 7Z
~BD*xPQ=2BDxmx CK x Z.

BP x BDxm
o N = X X
AbBNK D

S“ABDNK—-=DTV = Bl —A}SﬁBD&l—]QAP.xvc]ocity.

- it will represent the space.

SECTION 1IV.

35. Prnor. XV. Lemma. The
O0OPQ=arcctangle = £ OQR

and

e OPS=,0QS.

SPQ=_,ofthespiral = 2« SQR

.. the circle which passes through the points P, S, O, also passes
circle

Also when Q coincides with P, this 5 touches the spiral.

through Q.

. circl .
W2 PSO Lina 5 € whose diameter = P O.
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Also
TQ:PQ::PQ:2PS.
~PQ*=2PSx TO
which also follows from the generval property of every curve.
PQ:=PVx QR
Qur=2Q
36. Hence the resistance o density X square of the velocity.

. . 1
, centripetal force « dencsity * o Totanca:

37. Density « prwyt

distance
Then produce SQ to Vsothat SV = S P, and let P Q be an arc
described in a small time, P R described in twice that time, ... the decre-
ments of the arcs from what would be described in a non-resisting me-
dinm « T
.. decrement of the arc P Q = 1 decrement of the arc P R
» decrement of the arc PQ = F Rr (if Q St = area P S Q).
For let P q, q v be arcs described (in the same time as I’ Q, Q R) in a
non-resisting medium,
PSq—PSQ=QSq=qSv—QSr
=rSv—QSq
SL2Q8Sq=rSv
it S T ultimately = S t be the perpendicular on the tangents
STXQq=48Stxrv
S2Qqg=ryv

and
Rv=4Qq
"2Qq=Rmr
Hence
Resistance : centripetal force : : } Rr:T'Q,
Also

TQ x SP* « time?, (Newt. Sect. I1.)
SPQREX S P o« time?
sotime &« PQ x & 8D
rQ 1
Vo e ————
“PQx vsr FVED

also

1

VatQ o —bo

Qe oy
1".1'3
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PQ:QR:: v SQ:¥SP
:8SQ: ¥V SQxSP
PQ:Qr::SQ:SP
since the areas are equal, and the angles at P and Q are equal.
SPQ:Rr::SQ:SP— v SQXxSP
0 SQ:IVQ

Tor
$SQ=8SP_VQ
“SQXSP=SP'—VQx SP
V¥ EQXSP=SP—}V vQ:
. =SP—1VQ—

gsp &
<3V Qultimately = SP— v SPx SQ
. i decrement of V Rr
Resistance o et “ P Q*xSP

« LV Q
PQx SQ xSP
IVQ:PQQ::10S: PO

and

SQ=8P o« 298

Ol x SP*
. . . OS
.. density X square of the velocity o« resistance o —~—————rse
y 2 ) OP xSTPe
0OS

o (ICllSlty [0 4 m')
S.

. e . O
and in the logarithmic spiral O p [ constant.

.. density o b% . Qe d.

88. Cor. 1. Vin spiral = V in the circle in a non-resisting medium at
he same distance.

39. Cor. 8. Resistance : centripetal force:: J Rr: T Q
3V QX PQ QT
T 8Q TSP
:3VQ:PQ
::308S:0P.
.. the ratio of resistance to the centiipetal force is known if the spiral be
given, and wice versd.

40. Cor. 4. If the resistance exceed } the centripetal force, the body
cannot move in this spiral.  For if the resistance equal } the centripetal
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force, O S = O P, .- the body will descend to the center in a straight
line I S,

V of descent in a straight line : V in a non-resisting medium of de-
scent in an evanescent parabola :: 1 : 4 2; for Vin thespiral = V in the
circle at the same distance, V in the parabola = V in the circle at

4 distance.

. . 1
Flence since time « v o

time of descent in the Ist case ; that in @d:: /2 1.

41. 'Cor. 5. Vin the spiral P Q R = V in the line P S at the sam
distance.  Also
PQR:PSinagivenratio:: PS:PT:: 0P:08
»otinme of descending PQ R :that of PS:: O P: OS2
Length of the spiral = T P = scctor of the .. T P S,
a:b:ibicoierdiid. e
a4+b+c+Xc:b+c+d+4 &e:ia:b
.a+b+c4 &eraziaza—Db,
42. Cor. 6. If with the center S and any two given radii, two
circles be described, the number of revolutions which the body mukes
between the two circumferences in the different spirals « tangent ol the

. . RS
angle of the spiral « s

The time of describing the revolution : time down the difference of the

radii : 2 length of the revolution : that diflerence.
2d « 4th,
- time « length of the revolution o« sceant of the angle of the spiral
« or
0sS’
* pq pt Sp Sy
or
pdx
dw, e - X P
M ri—p?
. . x d x
a W = V e P N
bS 2
. w =‘,_)~/‘|-1M—-p:
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43. Con. 7. Suppose a body to revolve as in the proposition, and to cut

the radius in tl.c points A, B, C, D, the tersections by the nature of the
spiral are in continued proportion.

perimeters described

\%

Times of revolution «

and velocity o8 ————x
y + distance

3 3 5
x ASY BS? CS¢,
.. the whole time : {ime of one revolution : : A Sg-}- B SZ + &c.:AS

[

ccAST aAs? st

44. Pror. XVI. Suppose the centripetal force SpvED

time « PQ x SDP¢

. 1
and velocity o ———

Sp:
PQ:QR::SQ¢:SP?
Qr: PQ:: ST :8SQ

Qr: QR:: SQ-':Spe-!
*“Qr: Rr :: SQ%"’:SQ%"l_SP'&—l
1 S Q i1 —43n.VQ.

For
SP=SQ+ VQ,
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-.SQ’J-'-—SP’-}—'zl—;xVQ X SQE-2,

‘I'hen as before it may be proved, if the spiral be given, that the density

o0} Sll)- Q. C. d-

15. Cor. 1
Resistance : centripetal force : : 1 — j—l 0S:0PD,
for the resistance : centiipetal force @ : }
i (1—,)xvVexrQ rQ
28 Q 2SsPT
e l——%x VQR:PQ

Loy 3. )
01 2x()S.Ol.

46. Cor. 2. Ifn 4+ 1 = 8, 1 _;_'z 0,
‘. resistance = ).

Cor. 3. If'n 4 1 be greater than 8, the resistance is propelling.
SECTION VI

47. Pror. XXIV. The distances of any bodies’ centers of oscillation from
the axis of motion being the same, the quantities of matter o weight
x squares of the times of oscillation in vacuo.
force x time

AN - I'orce on bodies at
qu.mtlms of matter

IFor the velocity generated oo —

cqual distances from the lowest points @ weights, times of describing
corresponding parts of the motion o whole time of oscillation,
- . force x time of oscil.
*. quantities of matter & — —— - —
velocitics

w weights X squares of the times,

. . 1
since the velocities generated o e for equal spaces.
s

48. Cor. 1. llence the times being the same, the quantities of matter
o weights,
Con. 2. If the weights be the same, the quantities of matter o time®.

1
Cor. 3. If the quantitics of matter be the same, the weights o TSR
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49. Cor. 4. Generally the accelerating force « Xi‘f&:u of matter,
and L o0 T T'g,
. ~ W x 'l‘ 2
Lo S
W x T
LQ o T

»if Woand Q be given L o T2
If T and Q be given L o W.

weight X time? of oscillation
length

51 Pror. XXV. Let A B be the arc which a body would describe in a

50. Cor. 5. generally the quantity of matter o

.

non-resisting medium in any time. Then the accelerating force at any
point D @ C D; let C D represent it, and since the resistance w time,
it may be represented by the arc C o.
.. the accelerating force in a resisting medium of any body d, = od.
Take
1:CD::eB: CB.

Therefore at the beginning of motion, the accelerating force will be in
this ratio, .-. the initial velocities and spaces described will be in the same
ratio, ... the spaces to be described will also be in the same ratio, and
vanish together, .. the bodies will arrive at the same time at the points
C and o.

In the same way when the bodies ascend, it may be proved that they
will arrive at their highest points at the same time. . It AB: a B in
the ratio C B : o B, the oscillations in a non-resisting and resisting me-
dinm will be isochronous. Q. e. d.
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Cor. The greatest velocity in a resisting medium is at the point o.
The expression for the } time of an oscillation in vacuo, or time of de-
scent down to the lowest point o« quadrant whose radius = 1. Now

A B ¢

\ /w /

N7
MX

\

suppose the body to move in a resisting medium when the resistance
: force of gravity : s v : 1.

Iy

Thenvdv = —gFdx + grdz = —gd*x 4+ grdz Nowhy

Q

<~

. : . z
a property of the cycloid, 1f ;bc theaxis,dx:dz:ix: 12 a,

2dz
wdx =257
a

0 VY
covdv= — - xzdz 4 grdz —
a <

= —-"Xz2"4 pru
N3

v ? = ;!‘,_ X 2% 4 Qng-I- C.
Now

s =dyv = o,

> s

Lvi= Xdt—z? —2grx d—2z

|
e

= X d*—4aard + 2adrz —2z%

. — _l('_':_ ? PR - O n __“_ 2
.v__f o X v d 2ard 4+ 2arz—27

—d z

—dz a 9
~dt v "f o x Vd?—2ard 4+ 2arz—z"

i

Assume

Z—ar =y,
wzt—2arz4 alr?=y5%
wQarz—zt=a'vt—y?’

—
'~
fo
=]

~

<

e

I

—~
—

©

(%%

>
Nl

dt—2ard 4 2arz—2? =
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and
dz=dy
adt= 2 x =4y

g Vb : y 2

=f % X circular arc, radius = 1,
»

and
Z—ar -
cos. = g — 1+ Cand C = o.

. . a .

.. the whole time of descent to the lowest point = f =~ X circular arc
o
O

—ar . . . . . .
whose cos. = i time in vacuo : time in resisting medium
—ar
:: quadrant : arc whose cos. =
d—ar

Conr. 1. Time of descent to the point of greatest acceleration is constant,
for in that case z = ar,

a .
wt= f - X quadrant, for dv = 0,
8
s~vdv =0,
“—gzdz 4 garz =0,
wz=ar,
wzir:sacl
Cor. 2. To find the excess of arc in descent above that in ascent.

vdv=4+gTdx+4 grdy

zdz
~.vdv=——g»——-—--——grdz
i
v: o mz* C
g = — ———grz+
1= & (qr— 0 ; 9oy
vi= (d* —2%) — (z — d) x 2 ax

(13
= “l— X (d*—2ard) — (2ars—2z?)

which when the body arrives to the highest point = 0,
d*—2ard—2avrz—12*=0,
sdt—2ard =224+ 2arz
~z4+ar=d-—an,
wz=d—2ar,
wd—z=2ar,
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52. Pror. XXVI. Since V « arc, and resistance & V, resistance & arc.

.. Accelerating force in the resisting medium o« arcs.

Also the increments or decrements of V' & accelerating force.

... the V will always e« arc.

But in the beginning of the motion, the forces which e arcs will generate
velocities which are proportional to the arcs to be described. .-, the velo-
cities will always oo aies to be described.

.*. the times of oscillation will be constant.

53. Pror. XXVIII. Let C B be the arc described in the descent, C a

in the ascent.

A /B
/

e
a4~ —% d

o

- A a = the difference (if A C = C B)
Force of gravity at D : resistance : : C D : C O.
CA=CB
Oa=08
S CA—OaorAa—CO=CB—0B=CO
SCO=1LAa
.. Force of gravity at D : resistance : : C D :
.. At the beginning of the motion,
Force of gravity : resistance : : 2 C B: Aa
) : : 2 length of pendulum : A a.

Aa

Qe

54. Pros. To find the resistance on a thread of a sensible thickness.

l\l{/
m :
L P
/ [)
e
7
Nz
“WrR
C- )

Resistance @ V* X D? of suspended globe.
.. 1esistance on the whole thread : resistance on the globe C : :
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::2a%b% (a—b)? : a’rfc*—rfc?. (n—2Dh)7 c=a+4r
::a’bt. (a—Db)?: 3a?r?c’b—bab?rtc?4 4b3rtc?
:a’b . (a—Db)?: 3a*r?c®*—~babric?4 4b®rict
.~ 1esistance on the thread : whole resistance
::a*b.(a—Db)?: r?c?.(3a*—bab4 4Db?).

Cor. If the thickness (b) be small when compared with the length (a)
3a* —bab+4 4b*=3a*—bab 4 3b?(nearly) = 8. (a—b)*
.. Resistance on the whole thread : resistance on the globe
sa*b:3rect
and
Resistance on the thread : whole resistance to the pendulum
::a’b:a’b 4 3rzc.
Suppose, instead of a globe, a cylinder be suspended whose ax. = 2 r.
Now by differentials
the resistance on the circumference : resistance on the base . : 2: 3.

By composition the resistance to the cylinder : resistance on the square
=2r::2:8.
Resistance o x* x/,
.. resistance o x %
.*. resistance to the whole thread « x’.
Resistance on A E « (a—2Db)%if2b = E D.
.~ Resistance on the thread : resistance of the globe

::16.a°b2 (a—b)2:8p.a’ — (n—2D)? xr?, (a 41)%

55. Pror. XXIX. B ais the wholearc of oscillation. In the line O Q
take four points S, P, Q, R, so thatif O K, S'T, P I, Q E be crected



Booxk 11.] NEWTON'S PRINCIPIA. 447

perpendiculars to O Q mceting a rectangular hyperbola between the
asymptotes O Q, O K in T, I, G, E, and through I, K F be drawn

parallel to O Q, meeting Q E produced in .  The area P I E Q may

besareaP1ST::CB:Ca. AlsoIEF:ILT::OR:08.
Draw M N perpendicular to O Q meeting the hyperbola in N, so that

P I. M N may be proportional to C Z, and P 1 G R to C D.

OR

0Q
Now since the force e distance, the arcs and forces are as the hyper-

bolic areas, ... D d is proportional to R r G g.

Then the resistance : gravity : XTEIF—IGH:PINM.

Now by taking the differentials the increment of (8 S TEF-IG H)
. Re.IEF o . ITEFT -
=GIllgh— —oq ' RrxGR::HG — 0Q :GR::OR x
OR

IG—IEZX »O~-Q=OP XPI—ORxHG=0ORXx IR —
OPX PI=PIHR=PIRGH+IGH)::PIRG4+IGH—
OR )
()Qx IEF:OPx P
. OR
Now if Y = 0Q
Let 'V = the whole from gravity, .V —R = actnal accelerating

force. .. Increment of the velocity o« V <<= R x increment of the time.
As the resistance o V2 the increment of resistance o V X increment of

X IEF —IG H, the increment Y PIG R — Y.

increment of the space
increment of the time *
resistance @ V — R if the space bLe given, @ P I G R — Z, if Z be the’
area which represents the resistance R e.

Since the increment Y « PI G R — Y, and the increment of Z

the velocity, and the velocity « .. Increment of
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©® PIGR —Z. IfY and Z be equal at the beginning of the motion and
begin at the same time by the addition of equal increments, they will still
remain equal, and vanish at the same time.

Now both Z and Y begin and end when resistance = 0, i. e. when

OR ? —
0qQ IELF—IGH=0
or
IIJT I -
55 X OR—IGH=o.
ORXIEF .
,_.__(.)_Q..___I(‘n..z

*. Resistance : gravity : () Q IEF—IGH:PMNIL

SECTION VIIL

56, Prop. XLIV. The friction not being considered, suppose the mean
K

0/
B C
G
"
f
|

> ol

>
S ~ R

-

P Q

altitude of the water in the two arms of the vessel to be A B, C D. Then
when the water in the arm K L has ascended to E F, the water in the arm
M N will descend to G H, and the moving force of the water equals the
excess of the water in one arm above the water in the other, equals twice
AEFB. Let VP be a pendulum, R S a cycloid = } length of the
canal, and P Q = A E. The accelerating force of the water : whole
weight:: AEor PQ: PR,
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Also, the accelerating force of P through the arc P Q : whole weight
of P:: P Q: P R; therefore the accelerating force of the water and P
« the weights. Therefore if P equal the weight of the water in the canal,
the vibration of the water in the canal will be similar and cotemperaneous
with the oscillations of P in the cycloid.

Cor. 1. Hence the vibrations of the water are isochronous.

Comn. 2. If the length of the canal equal twice the length of the
pendulum which oscillates in seconds; the vibrations will also be performed
in scconds.

Con.3. The time of a vibration will « ™ L.
Let the length = L, A E = a,
then the accelerating force : whole weight :: 2 a: T,

. lerati . 2a
. accelerating torce = T
. . 2A0
-. whea the surface is at 0, the accelerating force = o
Put £ 0 = ¥,
A0 =a~—x,
Jerati ‘..x_2:1—2x
*oacce clnlm_g; orce = -~—-L——,
o.2adx—2xdx
wvdv=2=2
L ’
. Q0 —_—
vei= 2 x2ax—x3
1.
2g —
LYV = -t vV 2ax —\*%
N X A
Lt dx , L adx
dt = — = - — "
v N 2gat V2ax —xt

L .
oot ::'\/ z_g—m—_’ x cir, arc rad. =a, and vers, = x
4 cor™. and cor’. = 0,
‘vt=0, x =0,
- ifp = 3. 14159, &c.

I o 2 T PN
t_JanX g{“’hen(’\)—(a)}'— 2gx2
-‘L- = time of one entire vi-
2g

.~. time of one entire vibration = p X J
L
2

bration of a pendulum whose length =

Vou I, Fr
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57..Cor. 1. Since the distance (a) above the quiescent surface does
not enter into the expression. The time will be the same, whatever be

the value of A E.

58. Cor. 2. The greatest velocity is at A = ~/ %Ig X a, o I:LT“ —n{
” z

« AR

59. Pror. XLVIL Let E, T, G be three physical points in the line

B C, which are equally distmt; E ¢, T f,
G g the spaces through which they move
during the time of onc vibration. Let ¢, ¢, y
be their place at any time, Make P S =
E ¢, and bisect it in O, and with center O
and radius O P = O S, describe a circle.
Let the circumference of this circle repre-
sent the time of one vibration, so that in
the time PHor PH S h,if HL or h 1
be drawn perpendicular to P S and E ¢ be
taken = P L or P1, E s may be found in et
E; suppose this the nature of the medium.
Take in the civcumference P HSh, the arcs
HI, IK, hi, ik which may bear the
same ratio to the circumference of the circle as T 1" or 1 G to 21
BC. Draw I M, K N or i m, k n perpendiculamr to S, Hence ‘[
P11, or P HSi will represent the motion of I'. and P K or Gt
PHSkthatof G.E¢, Fo, Gy = PL, PM, PNor’l, gl
P m, P n respectively.

Hence ey or EG4+ Gy —LEe¢e=GE — LN = expan-
sionatey; or = EG <+ 1n,

. in going, expansion : mean cxpansion :GE—LN:EG

In returningy, : :EG4+ In :EG

Now join I O, and draw K r pexpendlculal toHL, HKr,
I O M are similar triangles, since the . KHr=} KOk =}
I10i=~,I0Pand 2 atrand M = 90°,
ALN:KH::IM:1IOor O P, and by supposition K H :
L G :: circumference PSLP:BC:: OP:V = radius of
the circle whose circumference = B C.

. by composition LN: GE:: IM: V., \_A

.. expansion : mean expansion: : V—1M: V, B

-1

41
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e . . 1
.. elasticity : mean elasticity : : V—IM’ {, . In the same way, for the

1 1 1 1
V—HL'V*V_KN'V
: : excess of elasticity of ¥ : mean elasticity
. IHL—KN 1
CVEHLXxV—KNx VFIILx KN’V
::HL—KN: V.
Now

points I and G, the ratio will be

V«l

.. the excess of s elasticity o« H L — K N, and since H L — K N

=Hr:IIK::OM:0PD,
AHL—KNa«OM,
. excess of s clasticity ¢ O M.

Since E and G cxert themselves in opposite directions by the arc’s ten-
dency to dilate, this excess is the accelerating force of € 7, .- accelerating
force @ O M.*

ON THE HARMONIC CURVL,

Since the ordinates in the harmonic curve drawn perpendicular to the
axis are in a constant ratio, the subtenses of the angle of contact will be

. . . arcs
in the same given ratio.  Now the subtenses ¢ — = " —— ,and when
rad. of curv.

the curve performs very small vibrations, the ares are nearly equal.

1
Now the curv. « wadl? subtense & curvature.

o

Ience the accelerating force on any point of the string o« curvature at
that point.

* Now bisect F {in 0,
S OM=2a9¢
Yor
OM=0P—PM=aF—~TFop=209
{. e. the accelerating force & distance fiom 0 the middle point. Q. e d.
Fre
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To find the equation to the harmonic eurve.

B
P N,
/ nft
g S E D A

Let A C be the axis of the harmonic curve C B A, D the middle point,
draw B D perpendicular cutting the curve in B; draw P M perpendi-
cular to B D cutting the curve in P, and cutting the quadrant described
with the center D and radius D B in N. Draw P S perpendicular to A C-

Put

BD=a3, PM=y, BM =x,
+DM=a—x=PS
r = rad. of curv. at B, BP = z,

. rad. of curv. = -:_gzzyd X (if d © be constant).
Now
BD: P S:: curvature at B : curvature at P
::rad. of cur, at P : rad. at B
or
_w_x“d;(lx.l_
a . é ..——d!'y'*. s
srad!y+adzdx—xdxdz =0,
2
swrady4adzx — x2dz=0+ C.
Now
x=0,dy =dx,
sradz=04 C = C,
2 P
.'.rady—{-axdz——x 2d"= radz
Put
2
ax-—-%:b’, E

~rady =ra=b’ dz,
sortatdyl= (ra—b?)* X dx* 4 rtatdy*—2rab*dy*+ b'dy’
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“(ra—Db?%)?xdx?=2rab'dy*—b*dys
sortatdxt=2rab?dy '

if (b) be small compared to (a),

~dy o7’
Vraxd r adx
d y == == seewee——— I o T Ty
vV 2ax — x¢ a vV 2a ‘(—‘{‘

/v .
O —-- % circular arc whose rad. = a, and vers. = x
O 'l
+ C, and cor". = 0,

because wheny = 0, x = 0,

|
e

Soare =

~CD ,\//’:{ X quadrant B N L,

and thercfore

\/r_ CD
o=

B
B

Sy =

ZXL—

ovils Z
(O

60, Propr. XLIX. Put A = attraction of a homogencous atmosphere
when the weight and density equal the weight and density of the mediumn
through which the physical line E G is supposed to vibrate. Then every
thing remaining as in Prop. XLVIL the vibration of the line ¥ G will
be performed in the same times as the vibrations in a cycloid, whose
length = P S, since in each case they would move according to the same
law, and through the same space. Also, if A be the length of a pendulum,
since T « & L

The time of a vibration : time of oscillation of a pendulum A

: v/ PO: VA

Also (Pror. XLVII.), the accelerating force of X G in medium : ac
celerating force in cycloid ’
tAXHK: Vx EG;
siice HK:GE:: PO: V.
:POx A: V2
Fr3
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Now

Ta '\/ ;1]‘— when L is given.

.. the time of vibration : time of oscillation of the pendulum A
Vi A
11 B C : circumference of a circle rad. = A.

Now B C = space described in the time of onc vibration, therefore
the circumference of the circle of radius A = space described in the time
of the oscillation of a pendulum whose length = A.

Since the time of vibration : time of describing a space = circum-
ference of the circle whose rad. = A :: B C : that circumference.

Cor. 1. The velocity equals that acquired down half the altitude of
A. Tor in the same time, with this velocity uniform, the body would de-
scribe A ; and since the time down half A : time of an oscillation :: r :

circumference. In the time of an oscillation the body would describe the
circumference.

Cor. 2. Since the comparative force or weight o density X attraction

elastic force

of a homogcneous atmosphere, A @ -
: ° P ’ density

, and the velocity o v A.

. v g]astic for_cg
" Wdensity

SCHOLIUM.

61. Pror. XLIX. Sound is produced by the pulses of air, which
theory is confirmed, 1st, from the vibrations of solid bodies opposcd to it.
2d. from the coincidence of theory with experiment, with respect to the
velocity of sound.

The specific gravity of air : that of mercury : : 1: 11890.

Now since the alt, &

5 <. 1:11890 : : 30 inches : 29725 feet =

altitude of the homogeneous atmosphere. Hence a pendulum whose
length = 29725, will perform an oscillation in 190”, in which time by
Prop. XLIX, sound will move over 186768 fect, therefore in 1” sound
will describe 979 feet. This computation does not take into considera-
tion the solidity of the particles of air, through which seund is pro-
pagated instantly. Now suppose the particles of air to have the same
density as the particles of water, then the diameter of cach particle : dis-
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tance between their centers :: 1: 9, or 1: 10 nearly. (For if there are
two cubes of air and water equal to each other, D the diameter of the par-
ticles, S the interval between them, S 4+ D = the side of the cube, and if
N = N°o. NS 4+ N D = Nv, in the side of the cube, Ne. in the cube
o N3  Also, if M be the N°. in the cube of watel, M D the side of the
cube and the N°. in the cube o« M2

Put1: A::N?: M3
~M=AbN,
By Proposition
NS+ND=MD=NAD,
~S=DxAd_1,
'.S:D::Ag‘—l:l,
WS+ D:D::AY:1::9:1ifA = 870
or 10: 1if A = 1000).

Now the space described by sound : space which the air occupies:: 9: 11,
>, spacc to be added = 9—;{2 = 108 or the velocity of sound is 1088

feet per 17,

Again, also the elasticity of air is increased by vapours. Hence since
v clasticity

the velocity « BVan T if the density remain the same the velocity
& density ’

« # clasticity. IHence if the air be supposed to consist of 11 feet, 10 of
air, and 1 of vapour, the elasticity will be increased in the ratio of 11 : 10,
therefore the velocity will be increased in the ratio of 114 : 10} or 21 : 20,
therefore the velocity of sound will altogether be 1142 feet per 17, which
is the same as found by experiment.

In summer the air being more elastic than in winter, sound will be
propagated with a greater velocity than in winter. The above calculation
velates to the mean elasticity of the air which is in spring and autumn.
Hence may be found the intervals of pulses of the air.

By experiment, a tube whose length is five Paris feet, was observed to
give the same sound as a chord which vibrated 100 times in 17, and in
the same time sound moves through 1070 feet, therefore the interval of

the pulses of air = 10.7 or about twice the length of the pipe.
Fft
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62. On the vibrations of a harmonic string.
The force with which a string tends to the center of the curve : force
which stretches the string : : length : radius of curvature. Let I p be a

/—‘"\{

’ /\,‘\ P
N

B A

0

small portion of the string, O the center of the curve; join O P, O p, and
draw P t, p t, tangents at P and p meeting in t, complete the parallclo-
gram Pt pr. Join t r, then P t, p t represent the stretching force of
the string, which may be resolved into P x, t x and p x, t x of which
P x, p x destroy each other, and 2 t x = force with which the string
tends to the eenter O. Now the 2t Pr=},POp, . tPx =02
POp,.tr:Pt::Pp:OP,ic the force with which any particle
moves towards the center of the curve : force which stretches it : : length
: radius.
63. To find the times of vibration of a harmonic string.

P

C A

ll

Let w = weight of the string. L = length.
Dd:L::weight Dd:w

~oweight of Dd = I—)——QL-&—W-
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Also

Da: L*

prat = rad. of curve : : the moving force of Dd : P

Px Ddxap?

*. the moving force of Dd =

Lw
*. accelerating force = P x Dg,x ap’ X l)de —
_Pxap?
-~ Lw.

fDO=x,DC=3,0C=a—x,

o I BN
.. the accelerating force at O = Ppt.a—x

Lw
P — e
vds—gL pxudx—xdx
nv’:gIij X 2ax —z¢
D [ ] _
'.v=~/g££ X & 2ax—x?
S~ Cand 1 =

/ L \\4 d X

sodt SN vEas =%

Lad

il

k <‘="“°
93 |

...dl"
'cli

., X cir. arc rad.

and
vers, sine =

x
ry
when x = a,
0

Lw Lw P
. \/Wx quadrant = ’\/ 2 P ])2 X '5

*. time of a vibration = 1

)
*. number of vibrations in 1”7 = \/ g l

Cor. Time of vibration = time of the osclllanon of a pendulum whose

lenath = L%

o PF
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For this time = ,\/ ;‘g .

64. Pror. LI. Let A F be a cylinder moving in a fluid round a
fixed axis in S, and suppose the fluid divided into a great number of solid

IHGF@ABCD Q

orbs of the same thickness. Then the disturbing force « translation of
parts X surfaces. Now the disturbing forces are constant. ... Transla-

tion of parts, from the defect of lubricity « S Now the differ-

distance’
ence of the angular motions « translation 1 On A Q draw
gul distance d.stance®”’ ¢

Aa, Bb, Cc, &c.:: d.—l—-, then the sum of the differences will
Istance “
3
1 |
angular motion * hyperbolic area
In the same way, if they were globes or sphcres, the periodic time

would vary as the distance *

a« hyperbolic area.
« distance.

.~ periodic time o

END OF THE FIRST VOLUME
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