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PREFACE

This book 1s based on a course of lectures on ‘‘Three Dimensional
Dynamics”” which I have given to Honours students in Mathematics in
the University College of Wales, Aberystwyth, over a number of years.
The scope of the book is a study of the three dimensional motion of a
partiele and of a rigid body when developed from first principles and
when treated vectorially. The material covered is thus largely that to
be found in A. 8. Ramsey’s Dynamics, Volume 1, and Lamb’s
Higher Mechanics with the exclusion of the more advanced portions
on analytical dynamics such as the theory of Lagrange’s equations,
small oscillations, and Hamilton’s equations.

Although the basic treatment is vectorial, no mention has been made
of tensors. This is because the properties of tensors and the laws of
tensor algebra are, on the whole, more difficult to master than are those
of vectors, and it has been found that students are often put off if they
have to master too much that is new in the way of abstract theory in one
course. One has, therefore, to strike a balance between the mastery of
a technique and that of the subject itself. Since tensors are not so vital
to the study of three dimensional dynamics as are vectors, they have
been omitted. The theory of moments of inertia and that of Euler’s
equations are thus treated, in the main, by the traditional methods.

A short treatment of three dimensional statics has been included as
an Appendix; this was thought to be appropriate since statics, although
usually treated as a distinct branch of mechanics, is nevertheless simply
a special case of dynamics, the conditions for the equilibrium of a particle
or of a rigid body being directly deducible from the corresponding
equations of motion.

The book is intended for students in their second and third years at a
University and who are reading for an Honours degree. It is hoped that
it may serve as a useful introduction to the vectorial study of the motion
of a particle and of a rigid body; to this end a number of illustrative
examples have been worked out in the text, while a set of selected
examples has been included at the end of each chapter.

‘With a view to helping the student to trace the historical development
of the subject, a short biographical note has been added as a footnote

v



PREFACH

wherever a person’s name occurs in the text in connection with any
theorem or result, while a complete list of names, arranged n
chronological order and with dates, is given at the end of the book. In
the case of Newton no biographical note has been given, as it was felt
that all students of applied mathematics should be familiar with his
achievements and discoveries through their school work.

I wish to thank the following for permission to use questions taken
from examination papers: The Registrary of the University of Cam-
bridge, The Oxford University Press, the Senate of the University of
Liverpool, and the Registrar of the University of Wales. Finally, 1t is
my pleasure to thank Professor I. N. Sneddon for his advice and
encouragement.

C. E. E.

University College of Wales,
Aberystwyth

May 1957
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CHAPTER I
VECTOR ALGEBRA*

1. Definition and representation

A wector may be defined as a quantity which requires for its
complete specification both a magnitude and a direction and, in
addition, is such that it combines with one or more such quantities
according to the laws of addition, subtraction, and multiplication to
be defined below. Tt is clear that a vector, since it possesses both a
magnitude and a direction, may be represented diagrammatically by
means of a segment of a straight line, the length of the segment being
proportional to the magmtude of the vector, according to some con-
venient scale, whilst its direction 1s taken to be parallel to that of the
vector.

A vector may be cither free or localized. A free vector is one whose
directron in space is prescribed, but whose pomt of application and
line of application are not; an example of this type of vector is the
translational displacement of a rigid body, which may be represented
equally well by the displacement of any individual pomt of it. A
localized vector also has its direction preseribed, but, in addition, has
either its line of application prescribed (e.g. a force acting on a rigid
body), or both its point of application and its line of appheation pre-
scribed (e.g. a force acting on an elastic body). If only 1ts hne of appli-
cation is prescribed, then a localized vector is also suid to be a sliding
vector; if both 1ts point of application and its line of application are
prescribed, then it is said to be a bound vector.

To denote a vector symbolically we shall adopt the standard notation
and shall represent it by a single symbol printed in bold-face type, for
instance, R denoting a vector quantity whose magnitude or module
is B; alternatively we shall denote it by the terminal points of 1ts repre-
sentative line, taken in the proper order, with a bar placed above, AB,
for example, denoting the vector represented in magnitude and direction
by the line 4B, the direction of the vector bemng from 4 to B. 1In this
second notation the order in which the letters occur is important, for
the vectors represented by AB and BA are not equivalent; although
they have the same magnitudes, they have different directions. For
two free vectors to be identical they must have the same magnitudes

* For an outline of the historical development of vector algebra, see Weatherburn,

Elementary Vector Analysis, pp. xvil-xxvi.
1—r.n.D. 1



2 VECTOR ALGEBRA 1.2

and directions; if localized, then they must also have the same line of
action, and, in the case of a bound vector, the same point of application.
If the magnitude of a vector is unity, then the vector is said to be a
wunit vector.
A zero vector, or null vector, is one whose module is zero.

In the following paragraphs we shall discuss the laws of vector
algebra as applied to systems of free vectors. Such vectors are defined
completely by their magnitude and their direction and may always be
regarded, if necessary, as being concurrent. Although we shall consider
only systems of free vectors, no difficulty will be experienced when, in
later chapters, we come to apply the results so obtained to systems
involving localized vectors.

2. Addition and subtraction of vectors

2.1. Addition. Vector quantities add according to the parallelogram
law, i.e. if @ is a vector represented by the directed line segment OA

B C 8
A
b ax b
o
xv xv
?>
0 ‘a A a A

>
(o]
Figure 1.1 Figure 1.2

and b is a vector represented by OB, then their sum a--b is defined
as the vector represented by OC, where OACB is the completed
parallelogram (Fig. 1.1).*

It can be deduced immediately from the above definition of vector
addition that the following laws hold:

(i) Commutative Law: a-+b = b-t-a, i.e. the result of adding two
vector quantities is independent of the order in which the operation
is carried out. From this result it follows that, if a point undergoes
two successive displacements, then the two displacements may also be
regarded as taking place simultaneously.

* Not all quantities possessing both a magnitude and a direction are vector
quantities, for not all directed quantities obey the above law of addition, e.g.
finite rotations of a rigid body free to rotate about a fixed point do not (see Chap.
IIL, § 1.3). The necessary and sufficient condition for a directed quantity to be a
vector is that it should combine with another directed quantity of the same kind
according to the parallelogram law.



1.2 VECTOR ALGEBRA 3

(i) Associative Law: a+(b--c) = (a+b)-c, i.e. in the addition of
more than two vectors by the repeated use of the above law, the order
in which the vectors are associated is irrelevant.

The results are clearly illustrated in Figs. 1.1 and 1.2.

2.2. Subtraction. To subtract a vector a from a vector b, we add
to b a vector having the same magnitude as a, but whose direction is
directly opposite to that of a. Thus if 04 = a and OB = b (Fig. 1.3),
the vector b—a is a vector equal and parallel to that represented by
the diagonal 4B. This construction implies that (—a) is the vector
having the same magnitude as a, but whose direction is the opposite

B C

0 a A
Figure 1.3

of that of a. The law of vector subtraction is therefore such that the
equation

a—a=>0
holds, just as the similar relation holds for scalars.

It should be mentioned here, perhaps, that free vectors, provided that
they are of the same kind, can always be added and subtracted; in the
.case of localized vectors, however, it is only when their lines of applica-
tion are concurrent, or, in the case of bound vectors, when they have a
common point of application, that these operations can be carried out.

3. Multiplication of a vector by a scalar

The vector a--a is clearly a vector having the same direction as the
vector a but of twice its length. Thus it is denoted by 2a. Similarly
ma is a vector having the same direction as a but of length ma. In
particular, if a is a unit vector, then ma is a vector having the direction
of a and of length m.

It immediately follows from this definition that

m(na) = n(ma) = mma.

Tt can also be shown quite simply, using the properties of similar

triangles,* that
m(a--b) = ma-+mb.
* See Rutherford, Vector Methods, Chap. I, p. 3.



4 VECTOR ALGEBRA 1.3
For let ABC be the triangle (Fig. 1.4) such that 4B —a, BC = b.
Then we have, by the law of vector addition,
a+b = AC.

Now draw the triangle A’B'C’ such that A’B’ = ma, B'C' = mb.
Then, by the same law, we have

ma+mb = A'C".
But since A'B":AB = B'C':BC
by construction, the triangles are similar; from which it follows that

A a B A ma B’
Figure 1.4

A'C' and AC are parallel (and so have the same direction), whilst
A'C’ =mAC. Hence

ac :_mZU,
1.e. ma-+mb = m(a-b).

4. Components of a vector
If a vector r can be represented as the sum of a number of vectors,

r =a-}+b-4...+s,

then we say that r can be resolved into the components a, b, c, ..., s.

It is important to realize that any vector can be resolved uniquely
into three components parallel to any three given directions whick are
not coplanar. To show this, let the given vector be represented by OP,
and let i, j, k be three unit vectors localized at O and parallel respectively
to the three given directions. Through P draw PN parallel to k (Fig.
1.5) to intersect the plane defined by i and j in N; through N draw
lines respectively parallel to j and i to cut the axes defined by i and
jin A and Brespectively. If we now complete the parallelepiped having
concurrent sides 04, OB and OP as its diagonal, then we have

r = OP = 0A+AN+NP
= 04+0B+0C.
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The required components 04, OB, OC are thus the sides of the parallel-
epiped on OP as diagonal, respectively parallel to the given directions.

It is clear from the above construction that the resolution into three
components, respectively parallel to the given directions, must be
unique.*

The important case of resolution into three components is that in
which the three directions are mutually orthogonal. 1In this case the
magnitudes of the components 04, OB, OC are equal to the orthogonal
projections of OP in the same directions. Tf we take a set of coordinate

Figure 1.5

axes OXYZ parallel to the threc given directions and if (2,5,2) are the
coordinates of P with respect to these axes, then we have

0A4 = i, OB =yi, 0C = 2k,

and hence r - xi Fyj+zk.
This is termed the representation of r in terms of its Cartesian com-
ponents.

More generally, if a is a given vector and (az,ay,a;) are its orthogonal
projections in the directions of the coordinate axes respectively, then
a = azitayjtak.
(It should be noticed that it is only in the case in which the dircctions
are mutually orthogonal that the components in the respective dircctions
have the same lengths as the orthogonal projections of the vector in
the corresponding directions.)

5. Linearly independent vectors
If a, b, ¢ are three vectors and if no real values of the scalar co-
efficients o, B, v can be found such that
aa-+pb-+yc =0,
then a, b, c are said to be linearly independent.

* A vector may, of course, be resolved into three components, all of which lie
in the same plane, in an infinite number of ways.
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If three vectors are linearly independent, then they must be non-
coplanar. For, if they were coplanar, then any one of them could be
expressed as a linear function of the other two, i.e. a relation of the
above type would exist between them. Conversely, any three non-
coplanar vectors are linearly independent. For, if they were not so,
then a relation of the above type must exist between them. Let the
relation be such that y, say, is different from zero. Then we could
write

1
=— ~(ca--b
c y(aHff),

so that ¢ must lie in the plane defined by a and b, i.e. a, b, and ¢ are
coplanar, which is contrary to the initial hypothesis. Thus any three
non-coplanar vectors must be linearly independent.

From the fact that a vector can always be uniquely resolved into
three components respectively parallel to three non-coplanar vectors, i.e.
three linearly independent vectors, it follows that if a, b, ¢ are three
linearly independent vectors and d is a fourth vector, then d can always
be expressed in the form

d == aa+-Bb+yc,
where o, 8, y have real values. Expressions for «, 8, ¥ in terms of
a, b, ¢, and d are derived in § 8 below (eqn 1.10).

6. Products of two vectors

The operation of multiplication, applied to two vector quantities, may
he defined in two distinct ways. When defined in one way the result

B

0 a A
Figure 1.6

is a scalar quantity, in the other a vector quantity. The former is
therefore known as the scalar product, the latter as the vector product,
of two vectors,

6.1. Scalar product (a.b). This is defined as the product of the
absolute value of either into the orthogonal projection of the other on
it. It clearly has no directional properties and so is a scalar quantity.
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Let a and b be the two vectors, represented by OA and OB respec-
tively, and let 6 be the angle between them (Fig. 1.6), then the scalar
product is given by the relation

a.b == ab cos 6.
It follows that
a.b = b.a,

so that the scalar product obeys the Commutative Law.

Special Cases
(i) When 6 == 0°, i.c. when the two vectors are coincident or parallel,

a.b = ab;
(ii) when 6 == 90°, i.e. when the two vectors are orthogonal,
a.b =0.

Hence, if (i,j,k) are three unit vectors defining an orthogonal system
of reference, then we have

ii=jj=kk=:1;
ij=ji=0, jk=kj=0, ki=ik=0.
6.1.1. Expression for the scalar product in terms of the
z,y,2-components of a and b. From the definition of a.b as the
length of a multiplied by the projected length of b on a, it follows

that if a, b, ¢, are three vectors, then, since the projection of b+-c on
a is the algebraic sum of the projections of b and ¢ on a,

a.(b+-c) = a.b+ta.c.
The scalar product thus obeys the Distributive Law, and we may write
a.(mb) = (ma).b == m(a.b).
Consequently, writing
a = (agitayj+ak), b = (byi+byj+b.K),
we have
a.b = (azi+ayj+ak).(bzi+byj+0.K)
== @ghy(iid) +azhy(ij) Fazb(ik)
Fayba(ii) +ayby i) +ayba(i-k)
bz (k) +azby(K.j)+ab,(k.K)
= agbgt-ayby-tazb,. (1.1)
Alternatively, this result could have been obtained as follows. Let
(li,m1,m1), (l2,ma,ma) be the direction cosines of the lines 04, OB

respectively: then
cos 8 = lilo+mymg-+-ning.
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But
(ll,’lﬂl,nl) = (ax/a,ay/aﬂz/a), (l2;7"'2)n2) = (bx/b’by/b,bz/b),
and hence a.b = abcos b
— ab(azbz”Fayby*f‘azbz)
ab
= agbgt+ayby+azb,.
Since the quantity ab cos 8 is in no way dependent upon the orienta-

tion of the chosen system of coordinate axes, it follows that
agbztayby+azb, is an invariant with respect to all such systems.

An example of a physical quantity which may be represented by
a scalar product is the work done by a force. Suppose we denote the
force by F, then, if its point of application undergoes a small displace-
ment dr, the work done by the force in this displacement, being equal
to the product of the displacement and the component of the force
in the direction of the displacement, will be given by

8W =F.ér.
If (X,Y,Z) are the components of F and (8z,8y,82) those of 8r, when
referred to a set of orthogonal axes, then, by the above theory, we also

have
SW = X8r+ Y8y Zdz.

6.2. Vector product (a Ab). This is defined as the vector which is
perpendicular to both the vectors a and b, whose magnitude is ab sin 6,

jaAb

6 ———
0 a
TFigure 1.7

and so is numerically equal to the area of the parallelogram defined
by a and b, and whose sense is that of a right-handed screw rotating
from a to b (Fig. 1.7). 'We shall denote it by a Ab, although other
notations which are frequently used are a x b and [ab].
From the definition it follows that
a/\b = —(b/\a),

so that the vector product does not obey the Commutative Law.
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Special Cases
(i) When 6 -= 0°, so that a and b are coincident or parallel, then
aAb-=0;
(ii) when 6 = 90°, and the vectors are orthogonal, then
a/Ab = abn,

where n is a unit vector at right angles to both a and b and whose
direction is that of the vector product aAb.
Ve If (i,j,k) form a set of unit vectors, mutually orthogonal, we therefore
have
iNi=jA] =kAk =0;

iNi=—(AD) =k jAk=—(kAj) =i, KkAi=—({1Ak) =].
_if (i,j,k) define a right-
handed triad, i.e. the relative positions of the axes are such that a
clockwise rotation about the axis ‘i’ through a right angle brings the
axis ‘j’ into the original position of the axis ‘k’, and similarly for
rotations about the other axes.

6.2.1. Components of the vector product. These may be
obtained either by first showing that the vector product obeys the
distributive law and then proceeding as in the case of the scalar product,
or, alternatively, from the properties of the vector product, viz. that
aAb is orthogonal to both a and b and has a magnitude ab sin f. Both
methods are considered.

First Method. To show that the vector product obeys the distributive

law, we have to show that, if a, b, ¢ arc any three vectors,
a/(b+c) ==aAb+4aAc.

Let I" be a plane at right angles to a; then all three vectors aAb,
ac, and a A (b-+c) will be parallel to this plane. In Fig.1.8leta,b,c
be represented by OA, OB, OC respectively, so that b-}-c is represented
by OD, and let the plane of the paper represent I Then, if OM,, OM,
are the orthogonal projections of b--c on this plane, the projection of
b+-c on I'is OM, where OM is the diagonal of the parallelogram on
OM, and OMj. 1t is clear that the lengths of OMy, OMs, and OM are
given by

The last three results hold, of course, only if

OM; = bsin / AOB, OMs = ¢sin / AOC,
OM == |b-+c|sin / AOD.
Now let this parallelogram be rotated through a right angle and at the
same time let its dimensions be altered in the ratio a:1. Let My, Mg,
and M’ be the new positions of M, 1112; and M ; thezl_ﬂearly, from
the definition of the vector product, OM{, OM}, and OM’ have the
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magnitudes and directions of the respective vector products aAb,
aAc, and aA(b4-c), and so represent them completely. But OM’
is the diagonal of the parallelogram OM{M’M} so that

OM' == OM;+0M;,
i.e. aA(b+4c) =aAbtaAc.

Having obtained this result we can now determine the components of
a /b respectively parallel to the coordinate axes defined by the unit

Figure 1.8

vectors (i,j,k). For, in terms of the x,y,2-components of a and b, we
have

aAb = (azi+ayj+ak) A(bgi+byj-+b:k),
which may be expanded, in view of the above result, giving
aAb = azby(i Ai)+-azby(i AJ)+ab (i AK)
Fayba(i A1) +Fayby(i Aj)-+ayba(i AK)
+azba(k A1) +azby(k Aj)+ab.(k AK)
= (@ybz—aby)i+(abz—azbr)j+(azby—aybr)k. (1.2)
The x,y,2-components of a Ab are thus:
(@ybz—azby, abz—azhs, azby—aybs).

The expression for aAb in terms of these components (eqn 1.2) is
most easily memorized when written in the form of a determinant, viz.
apb=|i j k|
Gy @y G
br by b,
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Second Method. For convenience, let us denote the vector product
aAb by p, its components by (pz,py,pz). Then, if (,m,n) are its
direction cosines,

(Lmm) = (palp, Pylp, Pz[P);
where p = absin .

But p is perpendicular to both a and b, so that, if (I3,m1,71), (l2,ma,n2)
are the direction cosines of a and b respectively, then

Iy 4-mmg+nny = 0,
s -+mmg+nng = 0,
which, in terms of the z,y,z-components of a, b, and p, become
Ptz +pyty+patz =0,
Pibz4-pyby+pbz = 0.
Consequently (pz,py,pz) must be such that

px _ py - pz _
a’ybz“azby o azby—azh, - axby__ayba: K, (1.3)

where « is some constant. To determine (pz,py,pz) we have therefore
to evaluate «.
Now from (1.3) we have

Pz =ru(ayb—azby), py=r(abz—azby), p,=«k(azby—aybs). (1.4)
Also PL2+py2+p22 = a2b? sin2 6. (1.5)
Substituting for (pg,py,pz) from (1.4), we therefore have
k2{(@ybs—a2by)2+(abs—azb2) 2+ (azby—aybz)?} = b2 sin? 6.
But the left-hand side of this equation, by Lagrange’s identity, equals
Kg{(axz+ay2+“zz)(bz2+by2+bzz)_(axbx‘*‘ayby*l‘azbz)z}

== k2{a2b%—a2b? sin2 0}

= 1k2¢2b? sin2 6.
Therefore « = 4-1. It is necessary, however, for « to have either one

sign or the other. To decide upon the choice of sign, we need only
apply the above results to a known case. Thus, if we take

a=1=(1,00), b=j=/(0,1,0),
then, as we know, we shall have
p=aAb ==k = (0,0,1).
Hence, substituting in the relation

Pz

K= —————
azby'-aybz
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(eqn 1.3), we have k = 1, so that the positive sign must be taken.*
The expressions for the components of p now follow from (1.4) and are
identical with those obtained above.

A physical quantity which possesses the characteristics of a vector
and which may be represented by means of a vector product is a couple.
Let the couple consist of forces (—F,F) acting in the plane of the paper,
say, and let O and O’ be points on their respective lines of action
(Fig. 1.9). Let 00" = r. Then the magnitude of the couple, as defined
by its moment, is given by

G=F.OM
= F .00’ sin 0,
where OM is the perpendicular from O on to the line of action of F
and § = /0O0'M. The axis of the couple is perpendicular to the

A
F
G:=rAF
r
0o - > — o'
N e /
N 4
\\ 7
N
~ /
N d
\\ Va
N P
\\,’
“M

-F
Figure 1.9
plane of the paper and, by the usual convention as to its sign, is either
out of or into the paper according as to whether the couple would
tend to turn a body on which it acts in a counter-clockwise or clock-
wise direction. (In Fig. 1.9, the axis of the couple points out of the
paper.) Consequently, if we represent the couple by a line segment
OA of suitable length and having the appropriate direction, then 04
will clearly have the magnitude and direction of the vector product
r AF. Since the effect of two or more couples acting on a body, the
forces comprising the couples being such that they pass through O and
0', is a couple whose magnitude and direction are given by compounding

* Actually, the choice of sign depends upon whether one adopts a rlght handed
or left-handed system of coordinate axes; with a left-hand system, i.e. one such
that a counter-clockwise rotation about the ‘i’ axis brings the ‘j’° axis into the
original position of the ‘k’ axis, one would have « = —1.
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the representative lines of the individual couples according to the paral-
lelogram law of addition, a couple is a vector quantity. In addition,
we know that the forces of a couple may be moved about and have
their magnitudes and directions altered in any way provided only
that the plane defined by the forces retains its direction and that the
moment of the couple is unchanged as regards both its magnitude and
its direction®*. A couple may thus be equally well represented by any
line segment drawn perpendicular to the plane defined by the forces
and having the appropriate magnitude and direction. It follows,
therefore, that a couple is a free vector. A couple (—F,F) is thus
completely represented by the free vector whose magnitude and
direction are those of r AF, where r = 007, O and O’ being any two
points on the respective lines of action of the forces.

7. Products of three vectors

7.1. Scalar product of a vector and the vector product of two
other vectors (a.bAc)f. This is known as the triple scalar product.
It is also written [a b c].

To evaluate it, we have, using (1.1) in conjunction with the expressions
for the components of the vector product obtained above,

abAC = ag(byc,—bsey)Fay(bes—bzes)+ay(bycy—bycs),
or, more conveniently,
[abc] = a.b/\C: Uy dy Az |
by by b,
ez Cy Cz
Since interchanging two adjacent rows of a determinant changes its
sign but otherwise leaves it unaltered, it follows that
[abc] = —[acb] == [cab]= —[cba]=[bca] = —[bac].
Geometrical Interprelation. By drawing the parallelepiped having
aAb and c for concurrent sides, as in Fig. 1.10, it is seen that [abc]
represents its volume. For bAc = besin fn, where 6 is the angle
between b and ¢ and n is a unit vector perpendicular to b and c, so that
[abc] = a.bAc = besin f(a.n)
==bcsin O x AM
== Area of base X perpendicular height
= Volume of parallelepiped.
* See appendix §2.
1 It should be noticed that it is not necessary to bracket b A ¢ in any way, since

no ambiguity of meaning arises if no brackets are inserted; b can be associated only
with ¢, for (a.b) Ac would have no meaning.
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If [ab c] = 0, the volume of the parallelepiped is zero. This means
that, provided b and c are not coincident, a must be coplanar with
b and c. That this is so also follows directly from the properties of
the scalar product; for [a b ¢] = a.b Ac will be zero when a is at right
angles to bAc, i.e. when a lies in the plane of b and c.

It should be noted that since a determinant vanishes if any two of
its rows are identical, the triple scalar product also vanishes if any
two of the vectors occurring in it are parallel.

From the above it follows that the necessary and sufficient condition
for three vectors, no two of which are parallel, to be coplanar is
that their triple scalar product should be zero. Since, as we have seen,
the condition for three vectors to be linearly independent is that they

Figure 1.10

should be non-coplanar, the condition for the linear independence of
three vectors, a, b, and c, no two of which are parallel, is that
[abc] #O.

7.2. The vector product of a vector and the vector product of
two other vectors [aA(bAc)]. This is known as the triple vector
product. Tt is clearly a vector at right angles to bAc and so must
be coplanar with b and c. It must be possible therefore to express it in
the form

a/A(bAc) - fb—yc, (1.6)

where 8 and y are scalar coefficients.
To determine B and y, and so the expression for a A (b Ac), let us write

p—=aA(bAc).
Then, since
a = (Ag,ay,0,), bAC = (by/”z—bz0u7 b2z —bate, bx('y'—bycx),
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we have, applying the formulae for the components of a vector product,
Px = (ly(bxcy"‘bycx)'“ @o(batr—bac2)

== ba(ayCy-F-azcz) —cal@yby+azb,)

== bz(axcx+ay0y+azcz)'—Cx(axbx+ayby+azbz)

== bgz(a.c)—cz(a.b).
But, since p is of the form (1.6),

Pz = Bbz—yca;
hence B = a.c, y = a.b.
Therefore,
a/A(bAc) = b(a.c)—c(a.b)*.

In the case of the triple vector product it is important that the vector
product occurring in it (b Ac above) should be clearly indicated by
means of brackets, for it is easily verified that

aA(bAc) # (aAb)Ac.

For, applying the above expansion, we have

(aAb)Ac = —{cA(@aAb)}
= —{a(c.b)—b(c.a)}

== b(a.c)—a(b.c).

But this clearly cannot be equivalent to the above expression for
aA(bAc) unless c(a.b) = a(b.c), which is impossible unless a and ¢
are identical, in which case the two expressions are clearly equivalent.
Hence it follows that the manner in which the vectors are associated
within the triple vector product is important.

8. Scalar and vector products of two vector products
In applying vector algebra to problems in Mechanics one sometimes
encounters the scalar and vector products of two vector products.
Although they can be evaluated easily on the basis of the above theory,
it will be useful to obtain expressions for them here.
(1) Sealar Product [(aAb).(cAd)]. If we write aAb == p, then we
have
(aAb).(cAd) = p.(cAd)
= c(dAp)
=c.[dA(aAb)]
= c.[a(d.b)—b(d.a)]
= (a.c)(b.d)—(b.c)(a.d). (1.7)
* The above proof is based on the expansion of the vector product in terms of
1ts components. It is, however, possible to obtain this result using a purely vector

derivation—see, for instance, Milne, Vectorial Mechanics, Chap. I, § 31, p. 18;
also, Math. Qaz., Vol. XXXV, No. 311 (1951), p. 60.
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This may be conveniently written in the form of a determinant, viz.

(aAb).(cAd) =|a.c ad

b.c b.d

If we put ¢ = a, d = b, then (1.7) becomes
(aAb).(aADb) = (a.a)(b.b)—(a.b)(a.b),
or (aADb)2 = a22—(a.b)?,
which, in its more familiar form, is Lagrange’s identity, already used
above.

(ii) Vector Product [(a Ab)A(cAd)]. This is a vector at right angles
to a Ab and so coplanar with a and b. It may be expressed, therefore,
as a linear function of a and b. Similarly, it is coplanar with ¢ and
d and so, also, may be expressed as a linear function of ¢ and d.

To obtain these expressions, let us write aA\b = p as above. Then
we have

(@aAb)A(cAd) =PA(cAd)
= ¢(b.d)—d(p.c)
=clabd]—d[abc]. (1.8)
Alternatively, writing cAd = p, we have
(aAb)A(cAd) = (aAb)AP
= —{pA(@Ab)}
= —{a(b.p)—b(a.p)}
== blacd]—a[b cd]. (1.9)
If we equate these two expressions, then we obtain a relation between
the four vectors a, b, ¢, d, viz.
[abdlc—[abcld=[acd]b—[bcd]a
Hence we can write
__[bcdja—[acd]b+[abd]c
- [abc] ’
provided that a, b, ¢ are such that [a b ¢] does not vanish, i.e. provided
that a, b, ¢ are not coplanar. From this it follows that any vector d
may always be expressed as a linear function of three other vectors
a, b, ¢ except in the case in which a, b, ¢ are coplanar, i.c. provided
that they are linearly independent, a result in agreement with that
obtained in § 5 above.

d (1.10)

9. Division of vectors
Since a vector can be multiplied by a vector to give either a scalar
or a vector quantity, one would expect to be able to define two possible
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operations of division. This, however, is not so, the operation of
division being avoided in vector theory.

To see why this is so, let us consider the following possibilities:

(i) Let m be a scalar quantity, a a given vector. Then one could
define the quotient of 7 by a to be that vector such that, when multiplied
by a scalarly, gives m. Let b be this vector; then b would have to
satisfy the equation

a.b = m. (1.11)
But, if ¢ is any vector orthogonal to a, so that
a.c =0,

then the vector b--Ac, where A is a scalar coeflicient, would also satisfy
(1.11). Consequently therc is no unique vector b which satisfies the
equation.

(ii) Let a and ¢ be two given vectors. Then the quotient of ¢ by a
could be defined as that vector b which, when multiplied by a vect-
orially, gives c, i.e. b would have to satisfy the equation

aAb =c. (1.12)

But, since aAb is a vector at right angles to a, this equation could
only have a meaning if ¢ were also at right angles to a. But ¢ is a
given vector and so need not be at right angles to a. Consequently,
in general, no vector b can be found to satisfy (1.12). But even if ¢
were orthogonal to a, so that a vector b could be found to satisfy the
above equation, the vector b-2a obtained by adding to b an arbitrary
vector parallel to a, would also satisfy (1.12). Thus (1.12) cannot, in
any case, have a unique solution.

In view of the fact that neither of these operations leads to a unique
vector, the operation of division by a vector has no place in vector
theory.

10. Differentiation of a vector with respect to a scalar

Supposing both the magnitude and the direction of a vector a depend
upon the value of a scalar variable ¢; both may change, for instance, with
the time. If we denote this dependence upon ¢ by writing a = a(#),
then the differential coefficient, or derivative, of a with respect to ¢ is
defined as a limiting process by the equation
da 1, a(t4-8t)—alt) _lim da

dt ~— t>0 5t t—>0 8¢’

In Fig. 1.11, if a(?) and a(t+8) are represented by OA and 04’

respectively, then 8a is represented by A4,
2—1.D.D.
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Since the division of a vector by a scalar does not destroy its vector
nature, the derivative of a vector with respect to a scalar variable is
itself & vector. This fact is perhaps best demonstrated by writing a in
terms of its components, viz.
here (@y,ay,a;) are scalar variables of ¢, while (i,j,k) are unit vectors
having fixed directions in space. If (8az,8ay,8¢;) now represent the

4,
Lt st)

0 arny
Figure 1.11

changes in (az,a4,a;) consequent upon a small change 8¢ in ¢, we have
Sa == Saxi—*‘sayj—'-sazk,
which, on dividing by 8¢ and proceeding to the limit, gives

da_ dag,  da
@ W

Thus da/dt is clearly a vector.

”j+d“’k

The following results may now be deduced:
. d da db
For, expressing a-}-b in terms of its components,
a+b = (az+bz)i+(ay+by)i+(a.+b)k
= (agi-+ayj-+aK)+(bai+byj+bK).

On differentiating, we thus have

(T(lt(a+b) _ ((laxl+day +_daz )+(db dbgH_dbz )

da  db

=a T
.. d db tla
(11) d—t(a‘b) = .= +dt

We have ab =a,bytayby+ab,:
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therefore, differentiating,

/

(%(a.b) . ( dbx+ y(lby+ zdbz)—}—((lazbz+’](tlby+dazb )

db da
=a.g kb

Since both terms on the right-hand side are scalar products, it follows
that the order in which the vectors occur in the respective products is
immaterial.

(iti) Lanb) - an %+“Ab
dt dt
Writing a Ab in terms of its components,
aAb = (ayb,—aby)i4-(abz—azb,)j+(adby—a,br)k;
therefore

d . dby dby dbgy  dby\, dby dby
(—lz(a/\b) = (“y PR )14‘(“2‘% "azﬁ)l‘i”(( ot ay%—)k
da,y daz daz (lax da,; rlay
db da
=aNG TGP
Since a vector product changes its sign if the order in which the
vectors occur in it is inverted, it follows that the order in which a, b,
and their derivatives occur in the above vector products must be
maintained as shown.
(iv) If a vector a is written as the product of its module « with the
direction vector n, whose module is unity, then
da d da dn
’(-12 = (—l-i((ln) == En"}—'am.
For, if (ng,my,n,) are the components of n,
an == angi+-anyj+ank,

0 that
d d . d, ., d
Et((m) = —(anx)1+—u((my)]—|— d—(anz)k

- ( da dng da rlnz)

et )l+(lt wta— )H—(dt el
- ;[iz(?bxi+nyj+nzk)+a((f_@:l+dny _*_dnz )

da dn
= (l—zn +(Iz‘(zz .



20 VECTOR ALGEBRA 1.10

Some special results relating to the rate of change of a vector, and
which may be readily deduced from the differential properties derived
above, are important.

(1) If a is a vector of constant magnitude, then we have

d d 9
B e La?) = 0.
(”(a.a) dz(a )

4 f
But, from (it), g.t(a,a) — 23_‘(_5,
da
so that a.% =0,

i.e. da/dt must be perpendicular to a.

2
axd

o a
Figure 1.12

This result might also have been deduced quite simply in another way.
In Fig. 1.12 let 04 and 04’ represent the vectors a and a--6a corres-
ponding to times ¢ and t+4-8¢ respectively; then, since a is a vector of
constant magnitude, a and a--8a have the same lengths, so that

04 = 04'.
Consequently, as 8a—0, A" approaches 4 along the arc of a spherical
curve having O as centre. The limiting direction of da/dt is thus
along the tangent to the curve at 4, and so is at right angles to a.
(2) From (iv) above we have
da d da dn
76 == -d—t((ln) = d—tn+am.

But since n is a unit vector, n and dn/dt are orthogonal vectors.
da dn

Consequently we have
2 da\ 2
— == 21—
de ((lt) e dt

from which it follows that |da/d¢| is not in general equal to da/dt, or,
in words, the module of the rate of change of a vector is not in general
equal to the rate of change of its module.

2

>
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A simple illustration of this result is furnished by considering the

motion of a point P describing a circle of radius a about a centre 0.
Writing OP = a, the velocity of P in space is given by

_da

Cdr
da|?
2 = v2 = a2 2
7 a’w?,
where w is the angular velocity of P in the circle. But, for circular
motion, @ is constant, so that da/dt = 0. Consequently

da]  da
|Et|# “,

11, Integration of a vector function

and hence

As in ordinary analysis, so in vector theory, the process of integration
is the reverse of that of differentiation. Thus, if f(t) is a vector function
defining a variable vector, whose magnitude and direction depend upon
the scalar variable ¢, and if F(t) is a vector function of ¢ such that

f(t):d—th(t), (1.13)

then F(2) is said to be the integral of f(¢) with respect to ¢, and we write
f(t)dt — F().
Clearly F(¢) is indefinite to the extent of an arbitrary constant vector

C, since, if F(t) satisfies (1.13), F(¢)-C also satisfies (1.13). In general,
therefore, if F(t) is a vector function defined by (1.13), then

[f(de = F()+C,
where C is termed the constant of integration.

The above applies when the integrand is a vector function. In the
application of vector theory one has, also, frequently to evaluate
integrals in which the integrand has the form of a scalar product; and
thus, while expressed in terms of vectors, the integrand is a scalar
function. In such cases the integral is also a scalar function and the
constant of integration a scalar constant.

As examples illustrating the above, we have the following :

2
G [{a0n 52} = a1 T+,
(i) f {a(z)f-’%f‘—)}dz — 1@-a)+C

= {a¥(9)+C,

C being a vector constant, C' a scalar constant.
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When integrals of the above types occur in problems of a physical
nature, then C and C, in general, are determined from the initial con-
ditions of the problem.

12. Moment of a vector

Such a quantity is frequently met with in the application of vector
algebra to Mechanics. It may be defined with respect to either (i) a
point, or (i) a line. The definition with respect to a line, however, is
dependent upon that with respect to a point.

12.1. Moment with respect to a point. Let O be a given point
and let F denote either a bound vector or a sliding vector (see § 1).
Then, if P is a point on the line of action of F, the moment of F with
respect to O is defined by the equation

M = I'/\F, F
where r = OP (Fig. 1.13).

Figure 1.13

In the above definition P is some point on the line of action of F.
We shall now show that M, as defined, is independent of the position
of Pon F, i.e. for a given point O, M depends only upon the magnitude
and the position of the line of action of F. To do this, let P’ be some
other point on the line of action of F.  Then, using the above definition,

we have o
M =r \F = OPAF = (OP'+PP)\F

= OP' A\F—PP'\F
= OP" AF,
since PP’ and F are collinear vectors, i.e. M is independent of the position

of P.
It is seen that the moment of a vector with respect to & point, being
represented by a vector product, is itself a vector. Further, whilst
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its magnitude and direction are defined in terms of those of r and F,
yet, as a quantity, it is associated essentially with the point O; it must
therefore be regarded as a localized vector, its point of application being
at O.

12.2. Moment with respect to a line. Let O be a point on the
given line whose direction is defined by the unit vector A, and let P be a
point on the line of action of F. Then the moment of F with respect
to the given line is defined to be the component of the moment of F with
respect to O in the direction of the line. It is therefore a scalar quantity
being defined by the equation

M, =AM = A AF),

where r = OP. Since M, has the form of a triple scalar product, the
moment of F with respect to the line vanishes when A, r, and F are
coplanar, i.e. when the line A and F are coplanar.

We have already shown that M, the moment of F with respect to O,

Figure 1.14

is independent of the position of the point P on the line of action of F.
We shall now show that the component of M with respect to the line
is independent of the position of O on the line. For let O’ be some other
point on A (Fig. 1.14). Then we have

M), = A(r AF) = A.(OPA\F) = A{(00"+O0'P) \F}
== A(O0" AF)4+A(O'P AF)
= l-(O‘,_P/\F),

since 00" and A are coincident. M), is thus independent of the positions
of both O and P on their respective lines, i.e. it depends only upon the
magnitude and the position of the line of action of F and the position
of the line A.
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Examples of physical quantities which involve the moment of a
vector and which we shall meet with in later chapters, are:

(i) The moment of a force with respect to a point or a line. 1{ M denotes
the moment of the force with respect to a point O and if (__)£ ,Y,Z) are

the components of the force F and (z,,2) those of r (= OP) with re-
spect to a set of rectangular axes through O, then we have

M = (Mz,My,Mz) = r/\F
= (w’y’z)/\(X,Y’Z)
= (yZ—2zY 2 X—uxZxY - yX),

the components of M being the respective moments of F with respect
to the coordinate axes 0X,0Y,0Z.

(ii) The moments of the linear momentum of a particle with respect to a
point and a line. That with respect to a point is termed the moment
of momentum of the particle with respect to the point. It is usually
denoted by the symbol H, so that, if r is the vector displacement of
the particle from a point O and if we adopt the same convention as to
sign as in the case of the moment of a force above, then we shall have

H =rAmv.

where m is the mass of the particle and v its velocity.

The moment of the linear momentum with respect to any line through
0O is the component of H in the direction of the line; it is termed the
moment of momentum of the particle with respect to the line.

13. Equations of a line and a plane

To conclude this chapter on the properties of vectors we shall derive
the equations of a line and a plane when expressed in vector notation,
since we shall need to use them in later work.

13.1. Line. Let O be a fixed point, P a variable point, and let
r(z,y,2) be the vector displacement of P with respect to O. Let
ro(Z0,%0,%0) denote the position of some fixed point Py on the line whose
direction is that of the unit vector t, its direction cosines being (I,m,n).
Then the position vector of any other point on this line will be of the
form

r — roAt, (1.14)
where A is a variable scalar coefficient (Fig. 1.15). As A takes different
values, r determines the position of different points on the line.

Equation (1.14) is therefore the vector equation of the straight line.
It is equivalent to the threc scalar equations

T = zo+Al, Y = yo-+Am, 2z = 29-+An,
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which, on the elimination of A, give the usual equations for a straight
line in Cartesian coordinates, viz.

- IIO =¥ myo = nzo' (L.15)

A modified form of (1.13) is also useful. If we write (1.13) in the form
r—ro=At,

and multiply both sides by t, forming the vector product, then we have

(r—ro) At = A(tAL) = 0. (1.16)

Since the module of the vector (r—rg) At is zero only if its com-
ponents are separately zero, it follows that (1.16) is equivalent to the
three equations

(y—yo)n—(z—2zp)m == 0, (2—2zo)l—(x—x0)n = 0,
(z—zo)m—(y—yo)l = O,
which are, of course, simply equations (1.15) above. Thus
(r—ro) At =10 (1.17)

is an alternative form of the equation of a straight line.

Figure 1.15

This form could also have been deduced directly from the figure;
for, if P is to be a point on the line, then PoP must be coincident with
t, and hence we must have

(r—ro) At = 0.

13.2. Plane. Let Pg be a point on the plane whose vector position
with respect to an origin O is ro (Fig. 1.16). Let the plane be defined
by two unit vectors s and t, both localized at Po. Then, if P(r) is a
variable point, it lies on the plane provided that PoP is at right angles
to the normal to the plane, i.e. to the vector product s At. The con-
dition for P to be on the plane is thus that the scalar product

(r—ro).(SAt) = 0. (1.18)
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(This condition could, of course, have been written down at once by
using the fact, already stated above [see § 7.1] that the necessary and
sufficient condition for three vectors to be coplanar is that a triple
scalar product formed from them should vanish.) Eqn (1.18) is there-

Figure 1.16

fore the equation of the plane when expressed in vector notation. The
equivalent scalar equation is

(#—zo)l+(y—yo)m-+(z2—20)n == 0,
where (I,m,n) are proportional to the components of the vector s At.
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CHAPTER II
MOTION OF A PARTICLE

1. Equations of motion
Consider a particle of mass m moving with a velocity v. Then its
equation of motion is given by
d d({ dr
F = Jt(mv) = "i-t(m(ﬁ), (2.1)
where F is the resultant of the forces acting on the particle and r is
its vector displacement with respect to some fixed origin O.
In the case in which m is constant, (2.1) reduces to

A% d?r

F = mii == m(—ﬁé.

Equations (2.1) and (2.2) are simply vector expressions of Newton’s
Second Law of Motion, viz. that the rate of change of the linear
momentum of a particle is equal in magnitude and direction to the
resultant force acting on the patticle. The equivalent Cartesian

equations are

_d{ dx _df dy 4 dz
X= a("‘a) Y= d‘t("‘a) Z= Jt(’”ﬂ)
or, in the case in which m is constant,
_ d2x A%y _d%,
X——mm, Y——m‘m, Z-—’Ind—t-‘z,

here (X,Y,Z) are the components of F and (r,y,2) those of r re-
spectively parallel to a set of orthogonal axes through 0.

(2.2)

1.1. Integrals of the motion
1. Energy Integral. If the particle undergoes a small displacement
8r in an interval of time 8¢, then we have, on multiplying (2.2) scalarly
by ér,

F.or = m‘?z.Br

dt
e
dt’dt

dv
= m (m .V) ot.
27

St
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This yields, on integrating with respect to t over a finite interval of
time (f1,t2) in which the particle moves from the position r; to the
position rg,

= Im(Va.va)—Fm(vi.vy).
If we write
T = Im(v.v) = Ime2,

then this may be written
Ty
Ty—T) = f F.dr.
N

We thus have the general result: the change in the kinetic energy
in any interval of time s equal lo the total work done on the particle by
the forces acting on it in the same interval of tvme.

Let Fy (¢ = 1,2,...,n) denote the forces acting on the particle, so that
F = >F;. Then in the case in which all the F; can be derived from
potential energy functions V; (¢ = 1,2,...,n), so that

F; =iX;+jYi+kZ, = —VV; (i —=12,..9),
0

0,0
where V = lfﬁ+j8'§/+k5z’

(i,j.k) being three unit vectors respectively parallel to the coordinate
axes through O, or, alternatively, in the case in which those forces

which cannot be derived from potential functions do no work in a small
displacement, we have

To—T) = f F.dr = f (SF).dr

= —f(ZVV,).dr

L [e(@Ve,  OVe, Vi
- = [3(Ghe e )

ol
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If we write V == >V, then this may be written
To—Ty = Vi—Vo,
so that To4-Vo = T1+Vy, (2.3)

i.e., expressed in words. the sum of the kinetic and potential energies
of the particle remains constant during the motion Equation (2.3) thus
expresses the law of conservation of energy for the motion.

Since in any case of particle motion 7' will be a scalar function of
the coordinates together with their first derivatives with respect to the
time, while ¥ will be a scalar function of the positional coordinates
alone, it follows that, when the motion is such that the total energy
remains constant, then the equation

T4V = constant

represents a first integral of the motion.

2.  Angular Momentum Integral. An important quantity associated
with the motion of a particle is the moment of its linear momentum
with respect to a point. As already stated in Chapter I, § 12, it is
termed the moment of momentum or the angular momentum of the particle
with respect to the point. If we denote the moment of momentum of
the particle with respect to the origin O by H, then

H = r Amv.
Its rate of change is thus given by
dH dr d
T /\mv-{-r/\(—i-t(mv),
. dr Lo d
or, since — ==V, while (Tt(mv) =F by (2.1),
(E{ = vAmv+rAF,
dt
and hence, since the vector product of two parallel vectors vanishes,*
dH
7T AF. (2.4)

We thus have the result: the rate of change of the moment of momentum
of a particle with respect to a fixed point is equal to the moment of the
resultant of the forces acting on the particle with respect to the same point.

Since F is the resultant of the forces acting on the particle, it
follows that the right-hand side of (2.4) cannot in general vanish: it
can vanish only if F either vanishes or, alternatively, passes through
O (ie. F and r are coincident). Thus H cannot, in general, be a

* Strictly, reduces to a null vector.
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constant of the motion. Suppose, however, that we multiply (2.4)
scalarly by a unit vector A localized at O; then we have

dH
I.Et— =ArAF.

The right-hand side of this equation represents the component of the
resultant moment of the forces acting on the particle about the line
through O whose direction is that of A. If A is such that

AL AF =0,

i.c., if A, r, and F are coplanar, then the component of the resultant
moment with respect to this line vanishes, and we have

dH
— == ), P .!-
A 7 0 (2.5)
If, in addition, A is a constant unit vector, i.e. it has a constant direction

in space, then we can write

dH d
A-W = d-t().-H) 3

so that (2.5) becomes
d
Zt()"H) =0.

This may be integrated immediately giving
A.H = constant, (2.6)

i.e. the component of the moment of the momentum of the particle with
respect to the line through O, whose direction is that of A, is constant
throughout the motion.

The function AH (= A.r Amv) will be in all cases a scalar function of
the positional coordinates of the particle together with their rates of
change. It therefore represents another first integral of the motion.

Since a particle moving in space, and not subject to constraints,
requires three independent coordinates to define its position, it has three
degrees of freedom, and the above integrals, when they exist, will not be
sufficient to determine the motion completely; one further first integral
of the motion, clearly, will be required. This may be supplied by a
second integral of the type (2.6). If, however, the particle is subject
to a constraint, e.g. if it is constrained to move on a given surface, then
the number of its degrees of freedom is reduced by one, and two in-
dependent coordinates suffice to define its position on the surface. In
this case the above integrals of the motion, provided they exist, will
be sufficient for the determination of its motion. If the particle is
constrained to move along a curve, then only one independent coordinate
is required to define its position, namely its distance measured along
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the curve from some fixed point on the curve. In this case one first
integral only is required for the determination of its motion. Conse-
quently, if the curve is smooth, then the motion may be determined by
means of the energy integral alone, provided the forces acting on the
particle are such that this exists.

To illustrate the use of the above integrals we shall consider in detail
the motion of a particle in contact with a smooth surface of revolution.
Before proceeding to do so, however, we shall first derive expressions
for the components of the velocity and of the acceleration of a particle
when its position is defined in terms of either (i) cylindrical coordinates
(r,0,2), or (ii) spherical polar coordinates (r,0,4), these systems being the
ones most readily applicable to the three-dimensional motion of a
particle.

2. Components of velocity and acceleration

2.1. Cylindrical coordinates. Let OXYZ be a set of right-handed
rectangular axes fixed in space and let the coordinates of a general point

4 2
t,
P
r
z
0 14
/]
X M X
(a) (%)

Figure 2.1

P in cylindrical coordinates be (r,62), where OM =r, MP = gz,
/[ MOX = ¢ (Fig. 2.1(a)). Let (ir,i,i;) be three unit vectors, i, in the
direction of OM, iy in the plane OXY and at right angles to OM in the
direction of § increasing, and i, in the direction of the upward vertical
(Fig. 2.1(3)). 'Then, in terms of these vectors, we have

r = 0—P—= Tir+ziz,
and hence

dar d diy | di,

r.,  dz,
V=4= d—t'ir-i-&zlz-i"’&z +z%,
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or, if we use the dot notation to denote the rate of change of a scalar

variable with respect to the time,

dlr lllz
7

But, if (i,j,k) are three unit vectors in the directions of 0X,0Y,0Z
respectively, then

V= rl,.+zlz+r (2.7

ir = cos O i+sin b j, ig= —sinfi+tcosbj, i, =Kk,
and hence, (i,j,k) being constant unit vectors in space,
di, . dig . di;
% = 100, Et = lr9, EE =0. (2.8)

On substituting these values in (2.7), we therefore have, omitting the
terms involving the null vector,

v = fiptrbip-i,; (2.9)
the components of v in the directions of r, §, and z increasing are thus
(vr,0,02) = (F,r,2) (2.10)

respectively.

To obtain the components of the acceleration we have, differentiating
(2.9) with respect to ¢,

dv iy (llg iz

f= 5= Fip—- lt(ré)lg-y—zlz-{-r i i

which becomes, in virtue of (2.8),

f = #i,+ %(70)i9+2iz+i9i0—792i,
= (i—rﬂz)ir—l—{{%(m) +i~é}io+ziz

. 1 -
== (f-702)1,+; (;—lt(r?é)lg—i—zlz.

The component accelerations in the directions of r, 8, increasing
are therefore given by

Grforfs) = (r+r92 L8025 ) (2.11)

2.2, Spherical polar coordinates. If the spherica Ipolar co-
ordinates of a general point P are (r,0,4) as shown (Fig. 2.2), then,
introducing three orthogonal vectors (ir,is.i4) in the directions of r, 6,
and ¢ increasing respectively and proceeding as for cylindrical
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co-ordinates, the components of the velocity and of the acceleration in
these directions, in terms of (,8,¢) and their rates of change, are found
to be

(vr,00,04) = (7,70,r sin 0), (2.12)
(fo-forfp) — (Fr02—rf2 sin2 0, ; (%(rzé)quiz sin 0 cos 6,
1d
- Jt(ﬂqﬁ) ++2r8¢ cos ) (2.13)

respectively.*

V4
P
Iy
0
0 -y
s >
M
X
Figure 2.2

3. Motion of a heavy particle on a smooth surface of revolution

To consider the motion of a particle on a general surface of
revolution we shall use the cylindrical coordinates (r,0,2). In the case
in which the surface is a right circular cone, however, spherical polar
coordinates are the more convenient ones to use. We shall consider
this motion in detail in § 4.

3.1. Equations of energy and angular momentum. Consider
a particle moving on a smooth surface of revolution whose axis is
vertical, the equation of the surface in cylindrical coordinates being

z = f(r).
The only forces which we shall assume to be acting on the particle are
its weight and the reaction of the surface. We shall further assume
that the particle moves on the inner surface; the treatment for a
particle moving on the outside of such a surface is, of course, similar.

Since the surface is smooth the reaction clearly does no work in
any displacement of the particle. Consequently, the total energy of

* A simpler derivation of these components, based on the theory of rotating axes,
8 given in Chap. IV, § 1.3.
3—T.0.D.
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the particle remains constant during the motion. If referred to the
horizontal plane through the origin (Fig. 2.3), the potential energy of the
particle is given by
V = myz,
while the kinetic energy of the particle is given by (see eqn 2.10)
T = ym(u2+-v3-+02) = din(r2--r202442).
The energy equation for the motion thus becomes
1(#24-r2624-22) +-mgz = constant,

or, since m is constant,

7240202432 4-2g2 — 2E, (2.14)

where E is the total energy per unit mass of the particle.

Figure 2.3

An angular momentum integral also exists. Since the reaction always
lies in the axial plane through P, both the forces acting on the particle
are coplanar with OZ and r (= OP) and so have no moment about
O0Z; consequently, the angular momentum of the system with respect
to this axis is constant. Thus we have, as an integral of the motion,

mrvg = mr20 = constant,
or, omitting m,
720 = h. (2.15)

3.2. Differential equation of the motion in terms of r or z. If
we eliminate 8 between (2.14) and (2.15), then we have

2
Pt ag — o8, (2.16)
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Since z = f(r), z = f'(r),
and hence (2.16) may be written

2
i'2+’%2+f'(r)i‘2+2gf(r) = 2K,

2
or (£ P+ By 20/ ) = 2, (2.17)

giving a differential equation for the determination of r as a function of ¢.
Alternatively, if the equation of the surface is given by
r==F(2),
then we can eliminate 7 from (2.16), the resulting differential equation
in z being
14 P ()22 e 4992 — 9E 2.18)
{+(z)}Z+F—(z$2+!]z~ . (2.18)

In general, the equation of the surface is given most simply in the
form z = f(r), but sometimes it is convenient to use (2.18) in preference
to (2.17) (see § 3.7 below).

3.3. Nature of the motion. From (2.17) we have

e = 20 (28— T) s},
or {11/ (N2 = 29{G(r)—f(r)}, (2.19)
» . 1 h?
on writing G(r) = 2_&(25‘_72). (2.20)

Now {l-f'(r)2} cannot be zero at any point on the surface; conse-
quently 7 vanishes only when 7 is such that

G(r) = f(r). (2.21)
Since the motion must also be such that
(£ >0,
it follows that the motion must be confined to that region, or regions,
of the surface for which

@ = f). (2.22)

Suppose we plot the curves of intersection of the surfaces of revolution
defined by z = f(7), z = G(r) (eqn 2.20), with an axial plane through OZ.
If the surface z = f(r) is concave upwards, which is appropriate to the
particle’s motion on the inner surface, then the general forms of the
curves will be as represented by the continuous and dotted lines respec-
tively in Fig. 2.4. Tn order that the inequality (2.22) may hold, it
follows that the motion must be confined to the zone of the surface
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represented by the arc AB. But no matter what form the surface
z = f(r) may have, the surface z = G(r) will always intersect it in one
or more zones bounded by horizontal circles. Thus, for given initial con-
ditions, i.e. subject to given values of E and 7, the condition for motion
on the surface to be possible is that a zone of the surface should be more
remote from OZ than the corresponding zone of z = G(r). If a particle
does move in contact with a smooth surface of revolution it is clear
that the motion will be confined to a zone bounded by the two horizontal
circles r == ry, r = rg, where 7; and rg are two adjacent solutions of
(2.21). One should realize, however, that the above treatment is

z=f(r)

i
Figure 2.4

based upon the equations of energy and angular momentum alone.
No account has been taken of the sign of R, the reaction of the surface,
which, of course, must be positive for motion on the surface to be
possible. The above result is true, therefore, only if subject to the
proviso that at no point within the region (r1,r2) does R vanish and
change its sign; if this happens, then the particle leaves the surface.

3.4. Condition that the particle should rise or fall initially
when projected horizontally. At the points 4 and B the particle
is moving horizontally, since # = 0 at these points. Consequently, if
the particle is projected horizontally, then the initial position of the
particle must lie on one of the bounding circles. Since, for motion on
the surface to be possible, the zone on which the particle moves must
be more remote from the z-axis than the corresponding zone of z == G(r),
it follows that whether the particle rises or falls initially depends upon
whether the initial position corresponds to the cirele A or B respectively,
1.e. whether the initial conditions are such that

G'(r) = f'(r)
initially.
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This condition could also have been deduced directly from (2.19).
For, differentiating with respect to ¢, we have as a property of the motion

2{L+f (2421 (1 f "(r)i3 = 29{G () —[' (")},
or, since 7 is not in general zero,
{1+ B+ (Nf "(r)i2 = g{@' (1) —f'(n)}.

But, when the particle is moving horizontally, # == 0. Therefore, at
such a point, we have

{L4-f'(n3F = g{&'(n—f'(n)}- (2.23)

Consequently, since the particle either rises or falls according as# 2 0,
the condition for the particle to rise or fall initially is that
@' 2 f'(n
initially.
From (2.20), which defines the function G(r), the above condition
thus becomes, if r = 7¢ initially,

R

g = Sf'(ro),
or, since h2=rZ,

L

rTr 70.

Flroy <970
But f'(r) = tan o, where to is the angle which the tangent to the
meridian curve through the initial point makes with the horizontal
(Fig. 2.3). In terms of iy, the condition thus hecomes

3 cot o = gro.

3.5. Condition for circular motion. If the particle moves in a
horizontal circle of radius @, say, then the initial conditions must be
such that the points 4 and B in Fig. 2.4 coincide. This means that
G(r) and f(r) are tangential at r = a. The conditions for circular
motion are thus that

Gy =fn), G =f
at r = a, these two conditions ensuring that both # and # should be zero
(see (2.19) and (2.23)). From (2.20) the conditions, in terms of £ and
h, thus become )
2E—h%/a? = 2gf(a), h2 = gadf'(a). (2.24)
From the second of these conditions, it is seen that for circular motion
to be possible the form of the surface must be such that f'(a) is positive.

3.6. Stability of circular motion. In discussing the stability
of circular motion we make use of the equation, obtained by
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differentiating (2.17), the equation of energy. This gives (r#0).
{1+ (24 (r) f" (r)yi2—h2[r24-gf'(r) = 0. (2.25)
Now let the particle, which is assumed to be moving uniformly in a
circle of radius a, be subjected to a small impulse applied in the meridian
plane. This will cause the particle to move away from its circular orbit;
it will not, however, produce any change in &, the angular momentum
with respect to the vertical OZ. Consequently (2.25) also holds for

the disturbed motion.
To study the nature of this motion, suppose we write

r = a+uo,
so that in the disturbed motion
F =, 7 = &.
Then, on substituting for 7, #, and # in (2.25), the differential equation
in z becomes

{1+ f'(a+2)%E+ f'(a+a) " (a+x)i2— @tz )3+qf (a4x) = 0.

If the disturbance is small, then, when z is small, # and & are also
small. Thus, neglecting terms of the second order of smallness, the
equation governing the behaviour of « in the immediate neighbourhood
of z = 0 becomes

{1+ f'(a)%)i—(h?/a®)(1—3x[a) +g f (@) +g2 f'(a) = 0,
or, since h2 = ga3 f'(a) (eqn 2.24),
{L+ f'(@)3i+(g/a) 3 f'(a)+a f'(a)z =0,

WL @ Ao @),

a(l+ f'(@)?) '
The disturbed motion will be simple harmonic, therefore, provided that

3f(@)+af'(a

This, therefore, is the condition for the stablhty of circular motion.

It is seen that if this condition is satisfied, then the period of oscillation
of the particle about the circle r = a in the disturbed motion will be

given by
a1+ f'(@)?)
= 2’3/ {9(3f @ Far @) (2.26)

That a circular motion is stable, as regards disturbances of this type,
could have been established also, in a general way, by studying the
change in G(r) consequent upon the application of the impulse. For, if

ie. Z4
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[G(r)]z denotes the function G(r) corresponding to the disturbed motion,
then we should have

2
[G(N]a = G(r)+-3G(r) = 21?}{2(E+3E) _lr'_z_

1 h2\ SE
Ay

so that 8G(r) = Sg_E

But 8E is the instantaneous change in the kinetic energy per unit mass
of the particle due to the impulse, there being, of course, no instantaneous
change in the potential energy, so that

SF = 152,

where 8v is the instantaneous velocity given to the particle in the
meridian plane. Thus 8G(r) is positive and independent of r. The
effect of the impulse, therefore, is to displace the G(r) curve from its
original position through a distance

o

g %
parallel to OZ. The G(r) curves for the two motions will thus be as
shown in Fig. 2.5, the continuous curve representing the G(r) function

8G(r)

E/g+dEN
E/g

Figure 2.5

corresponding to the circular motion, the broken line the G(r) for the
disturbed motion. Thus, in the disturbed motion, the particle will
oscillate about the circle r = @, the motion being confined to the small
zone represented by the arc ABin Fig. 2.5. The original motion, there-
fore, is stable.

The above result has been obtained assuming the impulse to be applied
in the meridian plane. If the impulse is not applied in this plane, but
is applied horizontally along the tangent to the path, so that 4 is
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increased to (k-+84), then the disturbed motion will no longer be oscil-
latory about r = a. To investigate this case, let us proceed as above
and consider the change in ((r) arising from the application of the
impulse. Writing % == ko for the undisturbed motion, then we have

[G(n)]a — G(r)+-8G(r) = 1{2(E+8E)“(lto;8h)2}

1. B hodh_8h2
“‘(2 —) (o 35

29 e
" hodh o2
s0 that 8G(r) = -(azv, i 272)

But 8E, being the instantaneous increase in the kinetic energy per unit
mass of the particle, is given by

SE — 3v(v+82—”).
Also ho = awv, 8h = adv.
Hence, inserting these values for 8K and 8k in the above expression,

we have
2 42 2802
G(r) = { w5 81) _a 1)281) a2i121 }

=il Sv_@z)( )}

or, putting 7 = ¢+ and treating = as small,

s60) =",
ga

when small quantities of the third order are neglected. We thus see
that 8@(r) vanishes when ¢ = 0. In addition, if we assume the impulse
to be such that v is positive, then 8G/(r) is positive when x is positive
and negative when z is negative. Thus the G(r) curve for the disturbed
motion will be, in this case, as indicated by the broken line in Fig. 2.6.
The disturbed motion will be confined, therefore, to the zone PP’, the
particle rising initially.

The form of the G(r) curve for the disturbed motion could also have
been deduced from the fact that the new motion is the same as
that which would result from projecting the particle horizontally with
a velocity (v4-8v). For it follows from the above theory (see § 3.4)
that the G(r) curve for the disturbed motion must pass through P, the
point of projection, which must be a point on one of the hounding
circles. But, if 8v is positive, 8h == adv is also positive, and hence in
the disturbed motion we have

h2 = (ho+8k)2 > gadf’(a).
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The particle therefore rises as a result of the impulse, and the dis-
turbed motion will be confined to the zone PP’ as indicated in Fig. 2.6.
If one investigates the problem in detail, putting
r = a2, ho== ho-+8h
n (2.25), then it is found that the disturbed motion is one of simple
harmonic motion about the circle
r = a-}8a,
28h af’(a)
where da = @t @y
the period being the same as in the case in which 84 = 0 (eqn 2.26).

Tigure 2.6

If the particle is subjected to a small impulse applied in the tangential
plane but inclined to the horizontal, then the nature of the ensuing
motion may be deduced by combining the disturbed motions arising
from the application of an impulse in the meridian plane and a tan-
gential impulse respectively. Since the disturbed motions are stable in
both cases, it follows that a circular motion of the particle is stable with
respect to any small impulse applied in the tangential plane.

3.7. Time between two points. From (2.17)

’ /2
ol = e 2 P gfir } ,

S BN U CRE
and hence the time between any two points Py and Py is given by
> P,
(L e (Lt 03
t =+ dr = -+ T /21
[ s ﬂr)} G0
7,

the - or — sign being taken according as to whether  is increasing or
decreasing with ¢.
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Alternatively, if we use (2.18) instead of (2.17), then, since

h2
4 F'(2)2452 — 2F — 20— —r_
{1-+F'(2)2}s2 = 2E —2g2 o

we have t = - 2E{l+}§(z)2}21/2 7t
{2~ e}
P

Application. For purposes of actual calculation the second expres-
sion involving F(z) is in gencral the simpler one to use. As an applica-
tion we shall consider the case of a particle moving on the smooth
inner surface of a sphere. The general theory is of interest since it is
identical with that of the motion of the spherical pendulum,* and is
also similar to that of the motion of a point on the axis of a sym-
metrical top spinning on a rough horizontal plane (see Chap. VIII,
§ 2.3).

Let the radius of the sphere be . Then we have, the centre of the
sphere being taken as origin,

az p— 72+z2’
80 that r = F(2) = (a2—22)172,
and hence

- 22 a?
1+F (Z) = l—l—-(;é?-zz = 0,2_.——22'
The expression for ¢ thus becomes
r,

t=-a dz
o f {2E(a%—22)—2g2(a2—22) —h2}1/2
r,

i
a dz

~ V) Gy

E 52
h 2) = —(a2—22)—2(a®—22) — = .
where g(?) g(a 22)—z(a ) 5

Now g¢(2) is clearly a cubic in z. To obtain the nature of its roots we
have:

when z = — 00, g(2) 18 —Ve,
» 2= —a, ¢(2)18 —ve,
» 2= -a, g(z)is —ve,

» 2= 400,9(2) is +ve;
* See Synge and Griffith, Principles of Mechanics (2nd ed.), p. 373, § 13.3.
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furthermore, g(2) must be positive for those values of z within the range
(—a <z < a) corresponding to the motion. Therefore the form of

9(z)

ez

/' ol B S 23

Figure 2.7

g(2) must be as shown in Fig. 2.7. Thus, if 21, 22, 23 are the three roots
of g(z) = 0, such that

2 <2y <23,
then both z; and 2g lie between |-, while 23 > a.  Consequently the
expression for £ may be written

r,
a dz
:I:\/ (29)1J: {(z—21)(22—2)(z3—2)}1/%

The right-hand side of this expression is an elliptic integral. To reduce
it to standard form, we introduce the new variable « defined by

U = ’\/(Z—Zl),

so that dz == 2udu.

t =

Then we have

P,
a dz 2a2 du
= iW)PW o ‘-hA/(F)PJ‘{(Zz—-z1~u2)(zs—zl—“2)}1/2.

2.27)
Now write
- u B 2—2
N '\/(z2—‘zl) - '\/(Zz—zl)’
b= J(E2) 2= visrda—m).
Then, in terms of v, (2.27) becomes
P,
dv
"= iJ. {T—?)(1—k22) 172 (2.28)

Thus ¢ is given by an elliptic integral of the first kind.
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Since » is positive and < 1 throughout the motion, we may put
v == sin ¢, when (2.28) transforms to

P, .
pt = i}!\mﬁ%ﬁrﬁ = {F(k,p2)—F(k,1)}.

From (2.28) we can also determine 2 as a function of ¢. In terms of
Jacobi's Elliptic Functions™® we have, in general, introducing #p as a
constant of integration,

z—2z; = (23—21)sn2[p(t—to)],
29—z = (za—2z1)en?[p(t—to)],
23—2 = (z3—21)dn?[p(t—to)],
any of which may be used to determine 2.
From the equation expressing the constancy of the angular momen-

tum, viz.
720 = b,

it follows that 6 (= h/r?) cither increases continuously as r decreases or
decreases continuously as r increases, but never vanishes. Also, we

! B

————

Figure 2.8

know from the above theory that the motion of the particle will be
confined to a zone bounded by two horizontal circles on which 7 = 0.
Consequently, for points on the bounding circles, we shall have 7 = 0,
6 # 0, so that the path will be tangential to the bounding circles as
shown in Fig. 2.8.

* See, for instance, Jeffreys and Jeflreys, Methods of Mathematical Physics
(2nd ed.), Chap. 25, § 25.03; also, Synge and Griffith, Principles of Mechanics
(2nd ed.), p. 364, § 13.1.
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The time between the two bounding circles will be given by (eqn 2.28)
(2,)

Plap= & f

v(2y)
1

dv
{(1—2v2)(1—k22)}1/2

dv

B j:f{(l—vz)(lAkzvz)}l/‘z!
0

w2
f de
— e g
(1)

e L E(ky[2).
The period of the motion is thus given by
_2F(k,n[2)
=—
3.8. Expression for the reaction 2. From Fig. 2.9 we cleatly

1‘

Figure 2.9

have, on resolving in the direction of the inward normal,
R—mg cos iy = m(f, cos —f, sin ¢),
80 that R = m(g cos Y+ f, cos i — f sin )
= m(g-|-f 2~ fr tan i) cos

—Ir 4 )
~ ML bl e son,
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which becomes, on substituting for f, and f, (eqn 2.11),

RB— m{g—i—é-—(i"——réz)f’(r)}
T T aRmeE

But
= f'(r)f, &= f'(r)Ff+f"(r)i%
Hence, substituting for £ and %, we have
B m{g-+f"(r)yi24-rf2f'(r)}
N {L4-f'(r)2}1/2
_ m{g+fr (2R f(r)(1/r3)}
B DR

where 72 is given by (2.17).
If one wishes to retain z as the independent variable instead of 7,
then, resolving vertically, we have

R cos f—mg = mf,
R — ™g+%)
cos ¢
_ m(g+E{14F'(z)21/2
- F,(Z) B
On substituting for Z in terms of 2, using (2.18), the expression for B
in terms of z thus becomes

R m{gl’ (2) —22F" (2)+h2(1/F (2)3)}
- o FeR?

so that (f, = 2)

(r = F(2).

4. Motion of a heavy particle on a smooth right circular cone
with axis vertical and vertex downwards

The motion of a particle on a right circular cone may be treated either
by expressing the motion in terms of cylindrical coordinates, as above,*
or, alternatively, by the use of spherical polar coordinates. With the
latter system of coordinates, since 8, the polar angle, is equal to «, the
semi-vertical angle of the cone, throughout the motion, the equations
of energy and angular momentum become (see eqns 2.12. and 2.13)

1m (7272 sin? « ¢2)-+-mgr sin « = constant,
mr2 sin2 @ ¢ = constant,
or 72472 sin2 « $24-2gr cos o = 2F,
2sin2ad = h.

* See Ramsey, Dynamics, Pt. 11, p. 86, § 4.26.
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Thus, climinating q§ from these equations, we have

2
724 h 5~ 1+2gr cos o = 2F. (2.29)

72 sin2 o

The general properties of the motion may now be obtained by reasoning
similar to that employed above, but it must be remembered that r is
now measured along the generator of the cone through P and not in
the OXY plane.

mg
o«
o Y
¢
M
X
Figure 2.10

To obtain the equation of the path, we have, on differentiating (2.29)
2
AT 74297 cos a« = 0,
and hence, since # = 0 cannot be a general property of the motion,
2

"ﬁ%ﬁz‘;‘w cos o = 0. (2.30)
If we now change the independent variable to ¢, then, since
dr _drdp  h_dr
dt — dp'dt  r2sinfa dg’
d2r { h & 2h (dr)2 h

di?  \r2sin%a dg2 3sin? a\dgp) [72sin? .

h2 d2r dr\2
= Asind « d4>2 ;(d?) ?

7":

¥ o=
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the (r,¢) equation of the path of the particle becomes, on substituting
for # in (2.30), ‘
k2 (d%r 2(dr\2 h2
rsind o \dg2 7 ((-lT;S) }_73 sin? a-}-g cos & = 0. (231)
The angle ¢, occurring in this equation, is measured on the horizontal
plane, and not on the surface of the cone. Tet P’ be a neighbouring
point to P on the particle’s path, and let /P'OP = 6¢’. Also let
OM and OM' be the orthogonal projections of OFP and OF' on the
plane z = 0. Then, since
sin « (area APOP’) = area AMOM’,
we have sin a (3726¢4") == 172 sin? « 8¢,
and hence 8¢’ == sin o 8¢.
Thus, replacing ¢ by ¢’ as the independent variable in (2.31), we have
r 2(dr\2  rigcosasin®a
de? r\d¢’ ! h2
This, therefore, is the polar equation of the path of the particle relative
to the surface.
Suppose we now put r = 1/u, so that
dr 1 du d2r____1_i2i+3d_u2
dp' w2 de”  dg'2 T u de’? ud\dé') ’
Then, after substitution, (2.32) reduces to
d?u __geosasin?a
P R T R
It follows, therefore, that, if the cone be developed into a plane, the
trace of the path on the surface will be the same as if the particle were
in motion in a plane under the action of a constant central force.*

= 0. (2.32)

5. Motion of a charged particle

An important example of particle motion is that of a charged
particle in an electromagnetic field. If the electric and magnetic
intensities of the field are denoted by E and H respectively, then the
electromagnetic force per unit charge acting on the particle is given

by
E-FL(vAH),

where Vv is the velocity of the particle and E and H are measured in
Gaussian units, ¢ being the velocity of light. Consequently, if m is

* See, for instance, Lamb, Dynamics, p. 263, § 90.
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the mass of the particle, e is its charge, and r is its vector displacement
at time ¢ with respect to a fixed origin O, then its equation of motion

is given by*
—5 e{E—}— (‘Ir /\H)} (2.33)

Suppose we consider the case in which E and H are at right angles.
Then, multiplying (2.33) scalarly by H, we have
d?r
d72-
i.e. the acceleration is always at right angles to the direction of H.
If H has a constant direction, then it follows that the component velocity
of the particle parallel to H is constant throughout the motion and equal
to its initial value in this direction. Let this velocity be ». Then we
can regard (2.33) as defining the motion of the particle in a plane at
right angles to H, the plane itself travelling forwards parallel to the
direction of H with velocity w.
Now let us suppose that E and H are both constants and that w is
zero.  Then, integrating (2.33), we have

—0,

dr e
),1(72 = GEt—{'(;(r/\H)'f"C,
where C is a constant of integration. (C, E, and dr/dt are, of course,
coplanar.) If the motion is such that dr/dt =0 when r =0, ¢ == 0,
then G vanishes and hence

dr

= {Et F- (r/\H)}.

Substituting this expression for dr/dt in (2.33), the differential equation,
which determines the motion, thus becomes
Jer

man cE-- "‘(]:/\11)"7L {(r/\H)/\H}

,ﬁ(EJr (E/\H)f+ ,{(r. YH—-11%r},
d’r +_e‘lH‘~ - ‘R
e

* This equation is that appropriate to non-relativistic motion, when the speed of
the particle is small compared with that of light; for speeds comparable with that
of light, the relativistic equation of motion must be used, the left-hand side of
(2.33) being replaced by

ie. Sl mz((L/\H)

d m (Ir)
JZ(V(I—vZ/ce) dt)*

4—1.D.D.
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since r.H = 0. If we now write

me2
R—r—_2F, (2.34)
then this becomes
A*R  H? o ar
TE T szEAH” (2.35)

The complete solution of this equation consists of the general solution of
the equation

d?R  e2H?
el +m202 =0 (2.36)

together with a particular integral. Now the general solution of (2.36)
is given by

R=Acoswt+Bsinwt (w?=e2H2m2%?),

where A and B are two arbitrary vector constants, while a particular
integral of (2.35) is clearly

¢
R = 71—2(E AH)L.
The complete solution of (2.35) is thus given by

R = -——(E AH)t-+A cos wt+B sin wt,

so that the general expression for r is (eqn 2.34)
MO+ S (EAH)A B si
e +}—1—2( AH)t+A cos wi-+B sin wt.

Putting in the above initial conditions, r == 0, dr/d{ = 0 when ¢ == 0,
the values of A and B are thus

me? ¢
A = —e—}-I“ZE, B == *'W(EAH),

ana che expression for r becomes
. mc? ¢ .
r= EI_I—ZE(l —cos wt)+c—u_i1_2(E AH){wt—sin wt)

_— ;ﬁi—)&{E(l—cos wt)—l—(E ;\IH)(wt—sin wt)}.

If we now choose a set of orthogonal axes OXY such that OX is in the
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direction of E, OY in the negative direction of EAH (Fig. 2.11(a)),
then we have

ek
xr = W(I“COS (Ut),

2 .
Y = —m(wthsm wt).

The path of the particle in the OXY plane is thus a cycloid with its
cusps along the axis of OY as shown in Fig. 2.11(h).

Ay

4V/ 0 X

9 =~ -7

(a) (b)
Figure 2.11

A more complete discussion of the motion of a charged particle in an
electromagnetic field is to be found in Synge and Griffith, Principles
of Mechanics, 2nd ed., p. 381, § 13.4.

In many problems involving the motion of a particle it is advantageous
to refer the motion to a moving frame of reference. Before considering
the general theory of such motion we shall first consider the kinematical
motion of a rigid body. This necessitates the introduction of the idea
of angular velocity and the establishment of its vector nature. We
shall return to the consideration of the equations of motion of a particle,
when referred to a set of rotating axes, in Chap. IV.

Examples
1. A particle of mass m moves on the smooth surface of revolution
having as its equation 22 =r2—a2 The particle is projected hori-
zontally with a velocity 24/(ag) along the surface from a point whose
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distance from the axis of symmetry is 4/(2a). Show that the particle
moves between the two horizontal circles whose radii are given by
72 = 2a2 and 72 = 2(2-++/2)a2. .

2. A heavy particle of mass ;i moves on the smooth inner surface of
a sphere of radius a, its greatest and least depths below the centre
being a/2 and a/4. Show that when the depth below the centre is 2,
the normal reaction of the sphere is

3mg(z-+a/2)/a.

3. A heavy particle is projected with a velocity V from a point on
the smooth outer surface of a paraboloid of revolution, of latus rectum
4a, whose axis is vertical and vertex upwards; the point of projection
is at a depth @ below the vertex, the direction of projection being in
the tangent plane to the surface and inclined at an angle « to the line
of greatest slope. Show that the particle remains on the surface
indefinitely provided

dag > V14 sin? o).

4. One end of a light elastic string, of natural length ¢ and modulus
), is attached to a fixed point 4 and to its other end is attached a small
heavy particle of mass m. The string passes through a small hole at
the highest point of a hollow sphere of radius a, the centre of the sphere
being at a distance a--c vertically below 4, and the particle is projected
along the smooth inner surface of the sphere. Show that, as long as the
particle remains in contact with the sphere, the energy equation is
given by

7’2—1—524—@;—%2(1 —_a,i) == constant,
r gme
where r is the radial distance of the particle from the vertical diameter
of the sphere, z is the distance of the particle below O, the centre of the
sphere, and % has its usual meaning.

1f the particle is projected horizontally from a point whose angular
displacement from the downward vertical through O is «, show that
the particle rises initially provided that

A .
h2 > g(l ——a—)a3 sin3 o tan o.
gme

5. Two particles 4 and B, the mass of 4 being twice that of B, are
connected by a light inextensible string. The particle 4 is free to
move on the smooth inner surface of a circular cone of semi-vertical
angle 4=, which has its axis vertical and vertex downwards. The string
passes through a small hole at the vertex of the cone, the string having
sufficient length that the particle B is never in contact with the cone.
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Initially the particle B is hanging freely, while the particle 4 is held at a
distance @ from the vertex of the cone and projected horizontally.
Show that B begins to rise initially provided the velocity of projection
is such that

4h2 > 3gad.

6. A particle of massn and charge eis released fromrest and proceeds
to move under the influence of a uniform electric field of intensity E
and a uniform magnetic field of intensity H not parallel to E.  Prove
that the particle describes a cyecloid in a plane, perpendicular to H,
which moves parallel to itself with constant acceleration.

Show, also, that if a set of rectangular axes OXYZ is taken, OX
being in the direction of E, OY in the negative dircction of EAH, and
0Z a mutual perpendicular such that OXY Z is right-handed, then the
initial motion is given approximately by

oo cE2  e3EH? cos? o 1
T 2m 24m3cz
_ AEH cos a3
Gime
_ 3EH? sin 20 14
o 48m3cz  ’

where « is the angle which H makes with OX and ¢ is the time from rest.



CHAPTER III
KINEMATICAL MOTION OF A RIGID BODY

1. Finite displacements

In discussing the kinematical motion of a rigid body, we consider the
general character of its motion without being concerned with the nature
of the forces which produce it. We shall start by studying the finite
displacement of a rigid body which has one point fixed, and then proceed
to a study of the most general displacement of such a body.

1.1. Displacements about a fixed point. Euler’s theorem.
The important theorem relating to finite displacements of a rigid body
having one point fixed is one due to Euler* and which is named after
him. It may be expressed as follows: If a body has one point O
fized, then any displacement of the body from one given position to another
is equivalent to a rotation about some fixed axis through O.

To prove the theorem, let us imagine O to be the centre of two
coincident spherical surfaces one of which is fixed in the body and the
other in space. Let the radius vector to a point @ of the body cut
the spherical surfaces in the point I; then the motion of every point @
of the body may be represented by that of the corresponding point P.

Let the displacements on the spherical surface fixed in space of
two such points 4 and B, resulting from a given displacement of the
body, be A4’ and BB’ respectively. Then the displacement on this
surface of any other point P may be found quite simply by constructing
on A’B’ as base a spherical triangle A’P’'B’ similar and equal to APB,
for clearly?t it will be represented by the arc PP’. Let D and E be the
middle points of the arcs 44’ and BB', and let the arcs of great circles
be drawn through D and E perpendicular to 44" and BB’ respectively.
Their point of intersection C will be clearly a unique point. Then,
considering the triangles ACB and A'CB’, we have

C4 =04, CB == CH,

* Leonard Euler (1707-1783) has been described as the most prolific mathema-
tician of all time. He was born at Basle in Switzerland, but did most of his
mathematical work in the Research Academies of St. Petersburg and Berlin,
Although essentially a pure mathematician, he made important contributions in
the applied fields of astronomy, mechanics, and hydrodynamics.

1 For a proof of the theorem that on the same base, and on the same side of it,
there cannot be two triangles on the same sphere which are congruent, see any
textbook on spherical geometry.

54
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and, since the bases are of necessity equal,

AB = A'B'.
The two triangles, therefore, are congruent, and the displacement of C
is zero. But O is a fixed point, so that its displacement is in any
case zero, and hence it follows, the displacements of both O and C
being zero, that the displacement of every point on OC is zero. Con-
sequently it follows that, by a rotation about the axis OC, 4 can be

A

Figure 3.1

brought to A’ and B to B’, and hence, since the position of a rigid body
is clearly fixed if the positions of three non-collinear points of it are
known, every point of the body from its initial to its final position.
Similarly for any other displacement. It follows, therefore, that every
displacement of a rigid body having one point fixed is equivalent to a
rotation about a unique axis through the fixed point, and the theorem
is proved.*

1.2. Positive and negative rotations. It is clear that a rotation
has both a magnitude and a direction, its magnitude being the angle
through which the body is rotated, its direction being determined by the
direction of the axis together with the sense of the rotation about it.
If the rotation about an axis OJ is related to the direction from O to J
in the same way as the sense of the rotation is related to that of advance
in a right-handed screw motion, then it is counted positive; in the

* For a proof based on vector analysis, see Milne, Veclorial Mechanics, Chap,
VIIL, p. 145, § 170



56 KINEMATICAL MOTION OF A RIGID BODY II1.1

reverse direction, negative. A finite rotation may therefore be repre-
sented by a segment OA4 marked off on the axis of rotation, the length of
the segment being chosen to represent the angle of rotation according to
some convenient scale, and the direction from O to 4 being so chosen
that the rotation is right-handed with respect to it. Thus in Fig. 3.2,

7 J
Al
PN g
ol 10
~_| -
-[A
+ve -ve
(a) (5)

Figure 3.2

if OJ represents the axis of rotation, then a positive rotation is re-
presented by a line segment O4 as in (@), a negative rotation by a
line segment 04 as in (b). It follows, therefore, that a finite rotation
may be represented both in magnitude and direction by the segment of
a straight line.

1.3. Composition of finite rotations. Suppose we consider the
result of applying to a rigid body two successive rotations, a rotation «
about an axis 04, followed by a rotation B about an axis OB, 4 and B
being the points in which the respective axes meet the spherical surface
fixed in space and having O as its centre. We wish to find the angle
of rotation and the axis of rotation corresponding to the equivalent
single rotation.

Suppose we construct on 4B as base the spherical triangles ACB,
AC'B having the angles at 4 cach equal to «/2, and the angles at B each
equal to 8/2 (Fig. 3.3). Then, itis clear from the figure that the rotation
o about O4 brings a point of the body from C to C’, and that the
subsequent rotation S8 about OB takes it back to C. (Triangles
ACB and AC'B are, of course, congruent.) Hence OC is the axis of
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rotation corresponding to the rotation equivalent to the two given
ones. It should be noted that had the order of the rotations about
0OA and OB been inverted, however, then the resultant displacement
would have been equivalent to a rotation about OC'. We have here,
therefore, an instance of the operation of addition which does not follow
the commutative law. Consequently, finite rotations about intersecting
axes, though directed quantities, do not obey the parallelogram law
of addition and, therefore, do not add as vectors. Finite rotations,

c' B

S

A q

Figure 3.3

therefore, cannot be regarded as veector quantities, and the laws of
vector algebra cannot be applied to them.

We have found the axis of the resultant rotation; it remains to find
the angle. To do this, construct on the opposite side of BC a triangle
A’BC symmetrically equal to ABC. Since the rotation about 04 does
not affect a point initially at A, whilst the rotation about OB brings
it to A’, the required angle is ACA’ or 2(m—C). Since a rotation
through four right angles does not affect the position of a body, this is
equivalent to a rotation —2C about the same axis.

1.4. The most general displacement of a rigid body. Consider
any point O of the body and let it be moved into its new position 0" hy
means of a translational displacement of the body as a whole. Then,
since the position of a rigid body is known if the positions of any three
non-collincar points of it are known, it follows that if we bring any two
points of the body not collinear with O’ into their final positions, the
body, clearly, will have been brought from its initial to its final position.
But, by Euler’s theorem, any displacement of the body about 0’ as a
fixed point must be equivalent to a rotation about some unique axis
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through 0’. Consequently we have the result: Every displacement of a
rigid body may be represented by a combination of the following motions:
(1) @ motion of translation whereby every particle undergoes a displacement
equal and parallel to some assumed point O rigidly connected to the body
and called the base point; (i1) @ motion of rotation of the whole body about
some unique axis through this assumed point.

Since these motions are completely independent, it is evident that
their order may be inverted, i.e. we may first rotate the body and then
translate it. The two displacements are thus commutative. We may
also suppose them to take place simultaneously.

Initially, any point of a body may be chosen as base point. Con-
sequently any given displacement may be brought about in an infinite
variety of ways.

It is at once obvious that the translational displacement of a body
will vary with the base point chosen. But, in the case of the rotational
displacement, this is not so, for it is possible to show that no matter
what the choice of base point, the axes of rotation corresponding to
all base points are parallel and the angles of rotation equal. (For
proof see, for instance, Rooth, Elementary Rigid Dynamics, p. 186,
§§ 220-224.) Our main interest, however, is not in finite displacements
but in the infinitesimally small displacements arising from the motion
of the body in a small interval of time. We shall not prove, therefore,
the above result for finite displacements, but only for infinitesimal
displacements. Such displacements we consider in the next paragraph.

2. Infinitesimal displacements

Infinitesimal displacements are much simpler to treat analytically
than are finite displacements since, as we shall see, the effect of successive
small rotational displacements may be found by means of the parallelo-
gram law of vector addition, whereas finite rotations, as we have seen,
cannot be added in this way. We shall consider first the theory of
infinitesimal rotations, then the theory of infinitesimal displacements in
general, and finally, by considering the rate of change of such displace-
ments in the limit when the displacements tend to zero, the instanta-
neous motion of a rigid body.

2.1. Infinitesimal rotations. It is clear that an infinitesimal
rotation is defined when we know the axis about which the rotation
takes place and the angle, having regard, of course, to the sense. An
infinitesimal rotation, like a finite rotation, may thus be indicated
completely by means of a segment 4B, say, measured along the axis, the
length of the segment being related to the angle of rotation 86 by a

relation of the form
80 = eAB,
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where ¢ is an infinitesimally small quantity, and the direction from A4
to B is so chosen that the rotation is right-handed with respect to it.
The exact position of 4B along the axis is, of course, not important.

2.2. Displacement of a rigid body due to an infinitesimal
rotation. To find the displacement of a point P of a rigid body due
to an infinitesimal rotation of the body through an angle 66 about a
given axis, let us first consider the displacement of P when the rotation
is a finite one.  Let 6 be the angle of rotation, the axis of rotation passing
through a given point O, its direction being specified by means of the
unit vector a. Let P be a general point of the body, and let OF == r.
Then, as a result of the rotation, P will go to the point P’ in the plane
through P perpendicular to the axis of the rotation such that

PP’ = 2PM sin 0/2,
where PM is the perpendicular from P on to the axis of rotation, PP’
making an angle 1(7—0) with the plane OPM (Fig. 3.4). Consequently,

Figure 3.4

if i, is a unit vector in the direction of MP and i, a unit vector in a
perpendicular direction as shown, then we have

PP" = 2PM sin (6/2) {cos (6/2) ip—sin (6/2) im},

. aAr aAr .
But 1p = m = m ((,‘6 == LPOM),

in = ipha = BLDAZ

Hence
PP = 25in (6/2) {(a \r) cos §/2—[(a A1) Aa] sin 6/2}
= (aAr) sin §+{a A\ (a Ar)}(1—cos 0). 3.1)
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In the case in which 6 is small (= 86), then, neglecting small quantities
of the second order in 86, we can write

sin 6 ~~ 86, cosf ~ 1.

Consequently, substituting into (3.1), we have, in the case of small
rotations,

PP — 86(apr),
i.e. provided second powers of small quantities are neglected, the dis-
placement of the point P of the body, where OP = r, is perpendicular
to the plane POM, its magnitude and direction being thosc of the
vector product 86(a Ar).

2.3. Vector nature of infinitesimal rotations. If 8r is the
displacement of P due to a small rotation 80 about the axis of rotation
defined by a, then

or = 86(aAr).

But, if the components of a when referred to a set of orthogonal axes
are (I,m,n), then we can write

a = li4-mj+4nk,
where (i,j,k) have their usual meanings, so that
dr — 80 (li+mj--nk) AT
=1 80(i Ar)-}-m 80(j Ar)-Fn 80K AT),

i.e. the digplacement of the body is the same as that which would arise
if the body were given small rotations 186, 86, n80 about the coordinate
axes respectively in any chosen order. Thus a small rotation may be
resolved into components in the same way as a vector quantity, which
implies that small rotations combine according to the parallelogram
law. Tt follows, therefore, that the combined effect of applying two
successive small rotations (861,805) about two intersecting axes,
defined by the unit vectors (aj, as), to a rigid body is equivalent to
that of a small rotation of magnitude 86 about an axis a where

801 a1+802 az — &0 a,

the vector 80a being defined in magnitude and direction by the
diagonal of the parallelogram having adjacent sides proportional to
80, a; and 80s ag respectively (see § 2.1). We thus have the result
that small rotations are vectors. Two or more small rotations about
intersecting axes applied to a rigid body may be regarded, therefore,
as taking place either successively or simultaneously.

In the ensuing theory, we shall denote the vector nature of a small
rotation by writing

86 a == 80.
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2.4. General infinitesimal displacement of a rigid body. It
follows from § 1.4 that, just as in the case of a finite displacement, so
any small displacement of a rigid body may be regarded as consisting
of the infinitesimal translational displacement of some chosen base
point together with a small rotation 80 about some unique axis through
the base point. As stated above, the translational displacement, being
that of the base point, varies in general with the choice of base point;
we shall now prove the result that the angles of rotation are equal,
and the axes of rotation are parallel, no matter what point is chosen as
base point.

Let the small displacement of the body be equivalent to the trans-
lational displacement 8s¢ of a point O of the body plus a rotation 80
about an axis through 0. Then, if P is a general point of the body such
that OP = r, the displacement of P will be given by

or == 8sp+00 Ar. (3.2)
When referred to a new base point O’, let the displacement of the body
be equivalent to a translational displacement 8s¢’ plus a rotation 86’
about an axis through O’. Then, in the same way, the displacement of

P will be given by
8r = 8s¢o'+80' AT, (3.3)

where ' = O'P. But, in terms of the first representation, 8s¢-, being
the displacement of O’, must also be given by
8so’ = 8s0--80 A\ OO’
= 889+ 80 A (r—r’).
Consequently, substituting this expression for 8s¢’ in (3.3), we have
8t = 88080 A(r—r')+80" AT,
This is equivalent to the expression for 8r, as given by (3.2), only if
SO A(r—1)+80' Ar" = SO AT,
i.c. only if 80’ AT’ == SO AT,
This requires that the relation between 86" and 80 be of the form
80" = 80--kr’,

where k is an arbitrary scalar coefficient. But 80’, whilst possibly
depending on the position of 0’, can in no way be dependent upon the
position of P. Hence k must be zero. We have the result, therefore,
that

50’ == 56,
i.c. the rotational displacements are the same, both as regards magnitude
and direction, whatever the choice of base point.
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3. Instantaneous motion of a rigid body

Suppose that we consider the displacement of the body during a
small interval of time (t,t+8¢). Let this displacement be equivalent
to the translational displacement 8s¢ of a point O of the body plus a
rotation 80 about an axis through O, the latter being a unique vector
as regards both magnitude and direction. Then, if P is a general
point of the body such that OP -=r, the displacement of P in the
interval 8¢ will be given by

dr = 8sp-]-60 AT,

and hence the velocity of the point P at time ¢, being defined by the
relation
lim or _dr

Vp = 8->0 St o v

will be given by

8—>0

_ lim [%80_ 36
VP - St +8t /\r b

== Vo+WAT,

where Vo is the velocity of the point O at time ¢, and w is the vector
defined by the relation

_ lim %0
= o 5 (3.4)
In the same way, if we choose some other point O of the body as base
point, then the velocity of P will be given by

Vp = Vot WAL,

where v is the velocity of 0" and ¢’ = O'P.

The vector w, defined by (3.4) above, being independent of the choice
of base point, depends upon the motion of the body alone and so is
completely defined when the motion of the body at time ¢ is known. It
is termed the angular velocity of the body at time ¢. Although it can
be defined without reference to a base point, yet it cannot be regarded
as a free vector. For, in determining the motion of a point of the body
at any instant, the axis of the angular velocity vector must be specified,
since the effect of an angular velocity about a given axis is not equivalent
to that of an equal angular velocity about a parallel axis.* In this
connection, therefore, the angular velocity vector is a sliding vector in
just the same way as a small rotation is a sliding vector.

* It is equivalent to an equal angular velocity about a parallel axis together with
a velocity of translation.
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Summing up, we thus have the result : the instantancous motion of
a rigid body is equivalent, in general, to a velocity of translation plus an
angular velocity, the velocity of translation being that of some arbitrary
point O of the body, whilst the axis of the angular velocity passes through O;
-the velocity of translation wvaries with the choice of O, but the angular
wvelocity s the same, both as regurds magnitude and direction, whatever
the choice of O.

In the case of a rigid body having one point O fixed, then taking O
ag base point, it follows, from the above, that the instantaneous motion
of such a body is equivalent to an angular velocity about a unique
axis through O*; the axis is termed the instantancous axts of rotation.

3.1. Examples

(1) 4 right-circular cone of semi-vertical angle o rolls on a horizontal
plane with its vertex at 0. A second cone of semi-vertical angle (3w —2q)
rotates, with its axis vertical and vertex at O, 1n rolling contact with the first
cone. If the line of contact of the first cone with the plane makes a complete
circust around the vertical in time T, determine the angular velocity of the
second cone.

Solution. Since the cone of semi-vertical angle « is in rolling contact
with the ground, it follows that any point on OI, the line of contact,
must be instantaneously at rest. OI is thus, at any instant, the axis
of rotation for the cone.

S (
0 A 1

)

Let w be the angular velocity of the cone. Then the velocity of a
point P on its axis will be given by

v = wAOP = wOP sin a p,
where p is a unit vector at right angles to the plane IOP in the

* A vector proof of this result, which is independent of Kuler’s Theorem, is given
in Milne, Vectorial Mechanics, Chap. X, p. 163, § 198.
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appropriate direction. But the cone makes onc complete circuit
around the vertical in time 7. Hence we have

270P cos @« 2m cos o
- ) T wsina’

1'

so that w = 2m cot «. (1)
T
Now consider the motion of the second cone. Since the two cones
are in rolling contact, it follows that there must be no relative motion
between the cones along their line of contact. Now the velocity of
any point I’ on the line of contact, regarded as a point on the first
cone, is given by

Vv = wA\OI' = wOI’ sin 2a p. (2)

Regarded as a point on the second cone, the velocity of I” will be
given by
vV = w AOT' == —&'Ol' sin (y7--20) p, 3)

if w’ is the angular velocity of the second cone about its axis which is
vertical.

Equating the expressions for v', given by (2) and (3), we must there-
fore have

' sin (}7—2¢) = —w sin 2,
w sin 20
so that w = ———— =: —w tan 2e.
cos 2a

The negative sign means that if the angular velocity of the first cone
about OI is positive, i.e. it corresponds to a right-handed rotational
motion about OI, then the rotational motion of the sccond cone about
its axis must be in a negative direction, i.e. it must be left-handed.

On substituting for w from (1), the magnitude of the angular velocity
of the second cone, the question of sign being ignored, is thus given by

W = i,—ﬂ cot « tan 2e.

(2) A sphere of radius a s pressed between two perfectly rough parallel
planes and made to revolve with uniform angular speeds 21, 22 about
Jized axes perpendicular to their planes. Determine the motion of the
sphere, and show that the path of the centre of the sphere is a circle described
with uniform speed.

Solution. Let the upper plane rotate with an angular speed £,
about an axis I, and let the lower plane rotate about the axis I's with
an angular speed 2. Let a plane parallel to the given planes and
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passing through @, the centre of the sphere, cut the axes of rotation
in O; and O respectively, and let

61_(;' = I, 0:G = ra.

Let 4; and A4z be the points of contact of the sphere with the planes.
Then, if n is a unit vector perpendicular to the planes, we have

GA4; = an, GAy — —an,
where @ is the radius of the sphere.

5 i

2

—_—— e ——

Now consider the motion of the pomts 4; and 4. Since the sphere
is in rolling contact with the planes, it follows that the point A,
regarded as a point of the sphere, must have the same velocity as the
corresponding point of the plane. Similarly for the point dg. To
express these results mathematically, we must be able to write down
the velocities of 41 and As, therefore, (i) as points of their respective
planes, (ii) as points of the sphere. The former can be written down
at once, for clearly we have:

Velocity of 41 regarded as a point of the upper plane

= Q1 A\014;
= Q1A (01G +-GA4y)

= Q(n Ary). (1)
Similarly :
Velocity of Ap regarded as a point of the lower plane
= 2p(n A\rg). (2)

5—T.D.D



66 KINEMATICAL MOTION OF A RIGID BODY I11.3

To write down the velocities of 4; and 4p when regarded as points of
the sphere, the motion of the sphere must be known. This can be defined
in terms of the velocity of a chosen base point together with the angular
velocity of the sphere. The most convenient point to choose as base
point is the centre of the sphere. Let v be the velocity of (, therefore,
and w the angular velocity of the sphere. Then we shall have:

Velocity of 41 regarded as a point of the sphere = v4-(w Aan),  (3)

Velocityof Az 5, s 5 5 5 »  =V—(wAan). (4
Therefore, equating (1) and (3), and (2) and (4), we have

V4w Aan = 21(nAT)Y), (5)

V—wAan == o(nAry). (6)

We have now two vector equations to determine the two vector

unknowns, v and w.
On adding the above equations, we obtain v; for we have

2v — Q(n ATy) 22N AT2),
so that vV = é{l’l/\(.erl-{—.le’g)}. (7)

Since all the quantities on the right-hand side are known, v can be
determined.
To determine w we have, on subtracting (6) from (5),

2w Aan) = Q(n AT)—822(nATs),
Le. a(w An) = {n A\ (2;r1—82r2)},
or {aw -3 (1r1— 2or2)} AN = 0.
The general solution of this equation is
a4 3(£21r;—L2rs) = An,
or aw = An—}(02r;—Hry),

where A is an arbitrary constant. Thus, unless the initial conditions
of the motion are known, w is indeterminate to the extent of an

arbitrary vertical component.
To determine the path of G, we make use of (7). Let O be the point

in 0,03 such that o .
210,025,020 = 0. (8)
Then, by a well-known result, we have
Qi1+ Qorp = (21+2:)0G
= (1+L)r,
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say, where OG = r. But O is clearly a uniquely defined point in 010y,
and hence a fixed point in space. We can therefore write

,
dr
Consequently (7) may be written in the form
dr
= N2+ 2)mAD). ©)

But, if a point P describes a circle of radius » and centre O with an
angular velocity €, then its velocity at any instant is given by

= QAr = Q(nAr),
where OP = r and n is a unit vector perpendicular to its plane. Thus
its motion is defined completely by the vector equation

((% — QnAT). (10)
Comparing (9) and (10), we thus see that the path of & is a circle having
the point O in 010z, defined by (8), as centre, the angular speed with
which @ describes the circle being constant and equal to $(£2,-+85).

Note. Eqn (10), which is the description of circular motion in vector
notation, is important in vectorial mechanics and should be remembered ;
we shall have oceasion to use it in later chapters.

3.2. Screw motion. Equation of central axis. Since the
velocity of translation associated with the representation of the in-
stantaneous motion of a rigid body varies, as regards both magnitude
and direction, with the choice of base point, while the axis of the angular
velocity vector, which with the velocity of translation defines the
instantaneous motion of the body, has the same direction whatever
the choice of base point, the question naturally arises: can a base point
be found such that the direction of the corresponding velocity of trans-
lation is in the direction of the angular velocity vector? We shall see
that, no matter what the motion (provided that it is not a pure
translational one), such a base point can always be found. When
referred to this point as base point, the motion is defined as being a
screw motion, the axis of the angular velocity vector being termed the
central axts of the motion.

To show that the above representation of the motion is always
possible, let O be some point of the body and let the instantaneous
motion of the body at time ¢ be defined in terms of the translational
velocity vp of O together with an angular velocity w. Let O be
some other point of the body and let v be its velocity at time ¢. If the
motion is to be equivalent to a screw motion with O’ as base, then 0’
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must be such that v/ and w are parallel. But, if 0’ is such that this
is so, then the velocity of any point on the line through O’ whose
direction is that of w (i.e. of any point on the central axis corresponding
to the motion) will also be parallel to w. Thus the central axis corres-
ponds to the locus of points such that v’ and w are parallel. Using this
property, we can now obtain the vector equation for the instantaneous
position of the central axis. .

With O as base point, the velocity of O’ (00" ==r) will be given by

V' = vo-+wAT. (3.5)
Applying the above condition, O’ will thus be a point on the central
axis provided that r is such that
vV = puw,
where p is some scalar coefficient, i.e. provided that
WAV = 0.

Substituting for v’ from (3.5), the condition for O’ to be a point on the
central axis is thus that r should satisfy the equation

WAVoHWA(WATD)} =0,
which becomes, on expanding the second term
wAVo+w(w.r)—rw? = 0;
on rearranging, this may be written
_w/\vo _ w(r.w)

r

w? w? '

Multiplying both sides of this equation by w and forming the vector
product, r must therefore be such that

(r_w/\vo)/\ __(w.r)

w2 W == o2 (wAw),

i.e. it must satisfy the equation
wAVo
(r— o )/\w = 0. (3.6)

But we know that the vector equation of a straight line which passes
through a point ro, and whose direction is defined by the unit vector t,
is given by (Chap. I, eqn 1.17)

(r—ro)At=0.
Hence (3.6) defines a straight line passing through the point

wAVp
w?

r=rp= (3.7)
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whose direction is parallel to that of w. Tt is, therefore, the equation
of the central axis. It is clear that the point ro, as defined above,
always exists, no matter what values w and vo may have. Thus,
in general, any given motion possesses a central axis. The one exception
is that for which w = 0, v 7 0 corresponding to a pure translational
motion of the body.

Equations (3.6) and (3.7) enable the position of the central axis to
be easily determined. It is clearly the line parallel to w which passes
through the point O’ on the perpendicular through O to the plane
defined by w and v and drawn in the direction of the vector product
w A\ Vo, its distance from O being given by

wAVop vo sin @
| ,

00’ =

w

where 0 is the angle between w and vo (Fig. 3.5).

w
\Js o
v, o
\\ Z
[\
\ =
£
»

6 WAvy| vy sin6
= e
w? [
I.

““'_0 o’

Figure 3.5

To determine the screw motion equivalent to the given motion, we
have yet to determine the velocity of a point on the central axis. To do
this, we shall make use of an invariance property of the motion, though
other methods may be used (e.g. vV = Vo+wATo). If v is the velocity
of a general point P of the body, where OP = r, then

V= Vot+wATr.
Hence, multiplying by w scalarly, we have
WY = w.[vo+wAT] = w.vo.

Consequently w.v is a scalar invariant of the motion, i.e. it has the
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same value for all points of the body. But, if P is a point on the central
axis, then vp and w are parallel. Applying the above property, we
therefore have,

wvp = W.Vp,

so that vp = wVo vo cos 0, (3.8)
w

i.e. the velocity of a point on the central axis is equal to the component
of vo in the direction of w.

We have established the result, therefore, that the instantaneous
motion of a rigid body is equivalent to that of a screw motion con-
sisting of a velocity of translation (w.vo)/w along the line defined by
(3.6) together with an angular velocity about it. The ratio of the
linear velocity of a point on the central axis to the angular velocity is
termed the patch of the screw; it is given by

w.vV
P = (3.9)

3.2.1. Condition for motion to reduce to a pure rotation. If
the motion is equivalent to a pure rotation, then, for any point on the
axis of rotation, we must have

Vo-l-w AT = 0.

This, therefore, must represent the equation of the axis. On multiply-
ing by w vectorially, and proceeding as above, we again find that the

locus of r is given by
(r——w/\zvo) AW = 0,
w

i.e. if the motion reduces to a pure rotation, then the axis of the rotation
must correspond to the central axis of the motion. The central axis
thus becomes the enstantaneous axis of rotation corresponding to the
motion. The condition for the motion defined by vp and w to reduce
to a pure rotation is thus that vp (eqn 3.8) should be zero. It follows
that the condition for this to happen is that

w.Vg = 0,
i.e. that vp and w should be at right angles.
Examples
(1) An aeroplane rotates about s axis and at the same tvme describes
a ctreular path of radius a in such a way that its axis remains horizontal.

If O is the centre of its circular path and OXYZ a set of orthogonal azxes
such that at any instant OX is at right angles to the axis of the aeroplane,
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OY s parallel to the axis, and OZ is along the vertical through O, show that
the instantaneous motion of the aeroplane is equivalent to a screw motion
and find the equation of the surface generated by its central axis when
referred to these axes.

Solution. The axis of the acroplance will be along the tangent to
its circular path and will point in the direction of its motion. If the
acroplane describes its circular path in a counter-clockwise direction,
then the instantancous positions of the axes OXYZ will be as shown.
Let (i,j,K) be a set of unit vectors respectively parallel to the instant-
aneous positions of 0X, OY, OZ and let O be the point of intersection
of OX with the axis of the acroplane. We shall refer the motion, in
the first place, to the instantancous position of 0" as base point.

If the aeroplane describes the circle with an angular speed £,
whilst its angular speed about its axis is 0, then its angular velocity
at any instant will be given by

© — ik,
so that w? = 02402,
Also, if vy, is the velocity of O, then
v = afdj.

The motion will be equivalent, therefore, at any instant to a screw
motion, the vector equation of its axis being (eqn 3.6)

O+ N o o
{r—- 0l }/\(01+9k)-0,

or

22, .
(r+0—%}_—ml) A(6j+ k) == 0.
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If the components of r, referred to a parallel set of axes through 0’,

are (z,y',#'), then the above equation may be written

B2 ) A 06.9) = 000)
z +02+92’./ > L] . 1Y)y
so that its equivalent scalar equations are

Y R—2'0 =0 (a)
02
—Q(w'+02l_*-—_m) —~0 ()
02
O(w'+0_2?:i__g2) =0 (¢ J

Since both £ and 6 are different from zero, (1(b)) and (1(c)) are equi-
valent to the single equation

1)

a(Q/6?

e @
But, from (1(a)),
QI8 =2y,
80 that, on eliminating £/ from (2), we have
’ ’ 2
o SEWE

1"[”'(2,/:[/,)2 D

or
@' (y'2+2"%) a2 - - 0. 3)

Thus, no matter what the values of £2 and 0, the central axis must lie
on the surface defined by this equation. When referred to axes 0XY Z,
its equation will be given by (3) with (z—a,y,2) replacing (z',y',2')
respectively; the equation of the surface generated by the central axis,
when referred to these axes, is thus

ay? = 2(y?+-27).

(2) 4 body has angular velocitics w1, wg about two non-tntersecting
axes. If OO0 is the shortest distance between them, show that the axis of
the equivalent screw intersects 00" in the point which divides it tn the ratio

wa(wa+w1 €08 ) wi(w1+ws cos y),
where vy is the angle between w; and ws.

Solution. Suppose we take a set of coordinate axes as shown, viz.
OX in the direction of wy, OY along O0’, and OZ a mutual perpendicular
such that OXYZ forms a right-handed system. Let O'X’, O'Z’ be
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axes respectively parallel to OX, OZ so that w2 makes an angle y with
O’ X’ as shown.

‘Z \Zl

W,
w =W, +wy

)
X
Q
<Y

w

X X’

Now the resultant motion of the body is equivalent to that aris-
ing from the superimposing of the motions defined by w; and wo.
But the motion due to the angular velocity ws about an axis through
0’ is equivalent to the motion due to an equal angular velocity about a
parallel axis through O together with the motion due to a velocity of
translation given in magnitude and direction by the vector product
w3 ANOO (see footnote, p. 62). Hence, taking O as base point, the
resultant motion of the body will be equivalent to the motion in which
the body has an angular velocity

W~ W1+we (M

about an axis through O, whilst O has a velocity of translation given by
vo = wsANO'0 = ws \ ~ hj

= hj\wg, @)

where j is a unit vector in the direction of 00" and h = 00’. The
position of the axis of the equivalent screw will thus be given by the
vector equation

w

where w and vo are defined by (1) and (2). Since both w and vg lie
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in the OXZ plane, it therefore passes through the point M in OO’
where

T @AVo  (witws) Ak Aws)
OM = = Y .. 1 2w2 2
_ hi{ws. (@14 wa)}— walhj.(wi-|-wa)}

w?2

Mwiws cos y+wj),
D™ R
since j.(wy -Fwz) = 0, j being at right angles to both w) and wg.  Thus

2
OM — Iwiwe co: y—l—wz),
w
where w? = witwi{-2wiws cosy.
The point M therefore divides OO’ in the ratio
A wiws o8 y-+w} (1 wiwy COS y—{—w%

w? T w? ’

ie. in the ratio
wa(wz+wy €08 y) :wi(wi+-wz 08 ).
The pitch of the equivalent screw is given, as we know from the
general theory (eqn 3.9), by the expression
w.Vo
P w2’
so that, on substituting for w and v, we have
(e1+-w2).(hj A w2)

w?

p=
_ hjJos A(wr+ws)]
= -

_ hj(w2 Awy)
= ey

hj.wiwg siny j
T e
L lelwz sin b4
T e
Since p and w are now known, the velocity of a point on the central
axis may be obtained from the relation
vVp = pw.

The equivalent screw has thus been completely determined.
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Examples

1. A circular cone, of semi-vertical angle B, rotates about its axis OZ
with uniform angular speed 2. An inner circular cone, of semi-vertical
angle o, rolls without slipping inside the former cone, so that its axis
0OC revolves around OZ with the angular speed #2. Show that o,
the angular speed of the inner cone, is given by

w =  sin B/sin (B—0),

where 0 is the angle that the instantaneous axis of rotation of the inner
cone makes with OZ.
Show, also, that 8 is given by the equation

cot (B—0) = (1—Fk) cot -k cot B.

2. Two concentric spherical surfaces, of radii @ and b, rotate with
angular speeds w1, wa respectively about fixed perpendicular diameters.
A sphere, placed between them, rolls in contact with both. Determine
the vector expression for the velocity of its centre, and hence show that
the path of its centre is a circle which it describes with an angular speed

(a2 ++b2w3)1/2/(a+-b).

Obtain the corresponding result when the diameters about which
the spheres rotate are not perpendicular.

3. A circular cone, of semi-vertical angle « and height £, is rolling
without slipping on the floor of a lift which is descending with speed V.
The centre C of the base of the cone describes a circle, relative to the
Lift, with speed . Show that the axis of the equivalent screw motion at
any instant is parallel to the generator of the cone in contact with the
lift and at a distance Vh sin /v from it.

4. A rigid body is given angular velocities w; and wg respectively
about a pair of non-intersecting perpendicular lines, together with
linear velocities pw; and pwg respectively along these lines. The
shortest distance between the lines is k. Determine the position of
the central axis of the resultant screw, and show that the magnitude of
the velocity along the axis is

P t-hwiws+pws
(@f+w)!/?
5. A rigid body has simultaneous angular velocities about the lines
Y=@a,z=—a; 2=a, &= —a; £=4a,y==—a. If the equivalent

screw motion has a pitch @, show that its axis lies on the plane

z+y+z =0.
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6. The motion of a rigid body is compounded of angular velocities
about the lines

z=y—2—a=0, y=z-r—a-=0, z=z—y—a=0.

Prove that (i) it cannot reduce to a translation, (ii) if it reduces to a
rotation, the instantaneous axis of rotation lies on the surface

@24 y2-{-22—2yz— 22—y = a?,



CHAPTER 1V
THEORY OF ROTATING AXES

In the previous chapter, we saw how the motion of a rigid body may
be defined in terms of the linear velocity of a chosen point of the body
together with an angular velocity. In future, our main problem will
be the determination of the motion of a particle, or of a rigid body, when
the forces producing the motion are given; in other words, we shall be
principally concerned from now on with the kinetics of a system moving
under the action of prescribed forces.

In determining the motion of a particle, and also in the solution of
problems involving the motion of a rigid body, it is frequently convenient
to refer the motion to a set of axes rotating in some preseribed manner.
In this chapter we shall derive the general expression for the acceleration
of a moving point when referred to such a system, and then utilize the
expression so obtained in the solution of some problems of particle
motion, including that of a particle whose motion is referred to a sct of
axes fixed relative to the earth, the earth’s rotation being taken into
account.

1. Rate of change of displacement referred to rotating axes

Let I” be a point moving in space and let its vector position, referred
to a fixed origin O, at time ¢ be r.  Let 0123 be a system of rectangular
axes which rotates about O with an angular velocity 0, so that at
time ¢ the components of r with respect to these axes are (ry,7,73).
In a time &t let P move to P’, and let the position at time (¢-8¢) of the
point, assumed rigidly attached to the rotating axes, which was
coincident with I at time ¢, be P” (Fig. 4.1).

Then we have PP - PP | PP,

where PP’ represents the displacement of P relative to the rotating
axes in time 8¢. But, if 80 is the angular displacement of the coordinate
axes, regarded as comprising a rigid frame, in the interval of time
ét, then

PP" — §O Ar =: OSL AT,

and hence PP = (O AD)St+PP.
77
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The velocity of P in space will thus be given by
- lim EI_)_ lim (0/\1‘ + lim @

8t—>0 St 8—0 8t->0 8t
lim 2P’
ot—>0 §t °

= OAr+

In this relatxon hm (PP'/St ) represents the rate of change of r in space
at time ¢, and so may be defined in terms of its components with respect
to any set of coordinate axes fixed in space, wlulstal:_lilo(l’”P'/Sl) repre-

sents the rate of change of r with respect to the moving axes.
Consequently, if we choose to refer the rate of change of r in space to

3 p"

S~ '
2N =~ P

Figure 4.1

the set of axes fixed in space which are coincident with 0123 at time ¢,
and if we let d/dt denote the rate of change with respect to these axes,
/0t the tate of change with respect to the moving axes, then at time ¢
we shall have

%
v=dl—r T LOAD). (4.1)
Since a vector can always be represented by a displacement, it
follows that the above result, viz.
dr or

o HOAT, (4.2)

may be interpreted as a general result expressing the relation between
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the rates of change of any vector r referred to fixed and moving axes
respectively.™

If, in problems which involve the use of rotating axes, we restrict
the use of the symbols d/dt and 9/dt to the above meanings, then in
operator notation we have the result

d 0
7= atON (4.3)

1.1 Acceleration of a moving point. If we apply the above
operator (eqn 4.3) to the vector v, then we have

dv
dt

()V

= eAY

= ,)t{m + eAr} 4—6A{‘r+0/\r}

rra(en T )+ AT OAOAN. (1)

f = acceleration of P =

r‘l
1.2. Expressions for v and f referred to a moving origin. In
deriving the above expressions for v and f, we have taken the origin O
to be fixed. If O is also in motion, then, in order to obtain expressions
for the velocity and acceleration of I’ in space, we must add to the

* Kqn (4.2) may also be derived as follows. Let (i.j,k) be unit vectors in the
directions of the axes 01, 02, O3 respectively.  Then, if (r, 7y, r3) are the com-
ponents of r with respect to these axes,

r = rli—}f7'2j+rdk.
Differentiating with respect to t, we therefore have, smee (i,j,k) are not fixed in
space,

dr  dry, dry, dry di j k
T :l-H I“jJr k- g 1 "z + g

But (i,j,k) may be regarded as fixed to the rotating f'mme. so that
di dj dk
Jt = OAI, ’-l‘t—ﬂ/\j, 7 = QAk.

Hence, substituting in the above equation, we have
ir  dry,  dr dr.
G = I R rOAD {720 | 7@ AK)

= ey U oA i it rak)

or
= ‘a‘t'f'e/\rv

£r/dt representing the rate of change of r with respect to the rotating frame.
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expressions (4.1) and (4.4) respectively the velocity v and the accelera-
tion fo of O, so that we have
— dr R
V= Vot (4.5)
av
f - f0+ (ﬁ. (4.6)

1.3. Expressions for the components of acceleration in
spherical polar coordinates. A method for the derivation of these
expressions has already been given in Chap. I, § 2.2. We shall now
derive them using the above theory.*

4

443

a4

/ 2
M
H]
Let OXYZ be a set of orthogonal axes fixed in space, and let the
spherical polar coordinates of a general point P be (r,0,4), where
r=0P, 0 = /POZ, and ¢ = / MOX, M being the foot of the per-
pendicular from P on to the OXY plane (Fig. 4.2). Now choose a set
of rotating axes 0123 such that Ol lies in the plane ZOP, is at right

angles to OP and makes an angle 6 with OM as shown; 03 is along OP;
and 02 is a mutual perpendicular axis such that 0123 forms a right-

Figure 4.2

* This method of derivation is given in Jefireys and Jeffreys, Methods of Mathe-
matical Physics, 2nd ed, § 3.131, p. 109,
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handed system. (02, being at right angles to the plane ZOP, will
clearly lie in the OXY plane.)

Now consider the velocity of the point 2. To apply the above theory
(eqn 4.1), we have to determine 0, the angular velocity of the rotating
axes. If (i,j,k) are unit vectors in the directions of 01, 02, 03 respec-
tively, then this is defined by

8 = bj-+4z,

where z is a unit vector in the direction of the upward vertical 0Z,
and 0 and ¢ are the rates of change of the angles 0 and ¢ respectively.*

But Z = —sin fi4-cos O k.

Hence 0 = 0j+-¢(—sin 6 i4-cos 6 k)
= —¢ sin 0 i4-0j4- cos O k,

so that (61,02,03) = (—¢ sin 6,6, cos 6)

when relerred to the axes 0123. Also the components of r (= OP),
referred to the same axes, are (0,0,7). Hence, expressing 8 and r in
(4.1) in terms of their components, we havet

V(v1,02,03) = ‘%(0,0,7)—{—( —qﬁ sin 0,0,({5 cos 6) A (0,0,7)

== (0,0,F) - (r0,rd sin 6,0)
= (rf,r sin 0,7). (4.7)

These are the component velocities of P parallel respectively to

01, 02, 03.

* In this and the following chapters, we shall restrict the use of the dot notation
to denote the rate of change of a scalar quantity; the rate of change of a vector
quantity a with respect to a set of fired axes will always be denoted by da/dt.

+ It should be understood that d/dt and 0/0t are different operational symbols
only when the quantity operated upon is a vector, in which case the two symbols
have their own distinct meanings.  When, however, the r in the expression

or
a-Z*Fe/\l‘
is replaced by its scalar components and written in the form
0
5T vr2,r3) 1(01,02,03) A (rura,rs),
then the 8/t is no longer operating on a vector quantity as such, but on the equiva-
lent triad of scalar quantities (r1,72,r3). The 8/0t in the above expression may

therefore be replaced by d/dt, the standard symbol for denoting the rate of change
of a scalar quantity, so that we have

0 d
a—t(rx,fz.fa) = :l—‘(rl,fz,fa) = (#1,F2,#3).

6—T.D.,D



82 THEORY OF ROTATING AXES V.1

To obtain the corresponding components of acceleration, since
- %’-{-9 AV,
we have, on substituting for 8 and v,
(f1.f2.f3) == %(rG,rqS sin 0,)4-(—d sin 0,0, cos 0) A (r6,ré sin 6,7),
so that
f1= c%(’ré)—f—(i‘é—»wﬁz sin 0 cos ) = #(f—sin 0 cos 0¢2) 270

L

d . i
fo= 6-l—t(nﬁ sin 0)--(rf¢ cos 04-#¢ sin 6) =rond it
f3 = F—rd? sin? f—rf2 = F—r(62+sin 642)

(72 sin2 O) (+.8)

2. Application to particle kinetics

Let the moving point P in § 1 denote the position of a particle of
mags m moving under the action of a resultant force F.  Then, referred
to a set of moving axes whose origin is at rest, the vector equation of
motion of the particle is

’r 00 1%
m Et%‘qt%z/\r«}ﬂ(ﬂ/\?;)qtﬂ/\(e/\r)} = F. (4.9)

This can be written in the form

o%r 00 . or
o = F_m{a /\r+2(0/\5£)+9/\(0/\r)}'

If 8 is constant, equal to § say, then this reduces to

o%r or

M- = F—m<2{R2A = | +FQA(RAD) b

s {2(@nF)+eA@AD

The motion relative to the rotating frame of reference is therefore seen
to be the same as if the frame were at rest and two extra forces were

applied to the particle, viz.
. ar
(i) a force: —~2m(9/\ 5),
(i) a force: —m{Q A\ (2AT)}.

The former is clearly perpendicular to the angular velocity of the rotating
frame and to the velocity of P relative to the frame; it is known as the
Coriolis force.* The latter is perpendicular to the axis of rotation, lies

* Gustave Gaspard de Coriolis (1792-1843) ‘was a French mathematician who
made many contributions in the field of mechanics. In 1829 he published his
Traité de la mécanique des corps solides, a second edition appearing in 1844,
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in the plane containing OP and the axis of rotation, is directed outward
(see Fig. 4.3), and has a magnitude given by

2%r sin 0 == 22PN ;

it is therefore equivalent to the centrifugal force.

Figure 4.3

If O is neither at rest nor in uniform motion, but has an acceleration
fo, then a term mfo must be added to the left-hand side of (1.9).

2.1. Example. A particle slides in « smooth straight tube which
rotates with constant angular speed 2 about a vertical aris which does
not intersect the tube. If OO is the shortest distance between the vertical

R i
| ‘\P
1
\}‘6=.Qz :
v |
s ]
// ! ‘ //
, ! mg
7/ : 7/
P ' k
//
. Y ,/
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’, 1
yd !
0 o’ 3

axis and the tube, and if initially the particle is projected from O along the
tube with a speed vo, determine the position of the particle after a time t.

Solution. Let the axis of the tube make an angle o with the upward
vertical through O’, and let i be a unit vector in the direction of the
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tube, j a unit vector in the direction of O0’, and k a unit vector in a
mutually perpendicular direction such that (i,j, k) form a right-handed
triad. Let z be a unit vector in the direction of the upward vertical.
Then the angular velocity of the rotating axes, having their origin at
0’ and defined by the unit vectors (i,j,k), is given by

= z.
Also, if £y, is the acceleration of O’ in space at any instant and
00' = a, then
for =— —afd?j,
Hence the equation of motion of the particle, when referred to the
above axes, becomes

a%r ar " o
m{gﬁ —{—2Q(z A é—t) -8R Z N (2 /\r)]~(152{]} = R—myz, (0

where r == O'P and R is the reaction between the tube and the particle.
ar i o?r
o or
Substituting into (1), the equation of motion thus becomes

m{Fi+ 2027z A\i)-| 2[(z.1)Z - r]--af2%} == R—mgz. (2)
But the position of the particle at time ¢ is known if we know the position
of the particle along the tube as a function of t. To determine the
position of the particle, we therefore require a scalar differential
equation in 7 which does not involve the reaction. This may be
obtained by multiplying (2) scalarly by i, for, R being at right angles
to the axis of the tube, R.i = 0, and we therefore have

m{i—822%(z.r)(z.1) —2%(r.1)} = --mg(z.i).

But .

Since
Z.I' == ¥ COS Zd == cos «, ri-—=ur,
this reduces to
747822 sin? o == ——¢ cos a, (3)
which is the desired equation.
If we write (3) in the form

. . g cOS &

#-- 02 gin? a(7—“m) = 0,
then it is readily seen that the most general solution of the equation is
given by

g cos &
£22 5in? o

= A cosh (£2 sin « t)-+B sinh (2 sin « ¢),
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where 4 and B are two constants to be evaluated. But initially r = 0,
# = vp. Using these conditions, we thevefore have
g cos a s o
22 sin2 o T 22sin? o

so that the solution for » becomes

y;

. gcosa
T Psin?
In deriving the expression for the acceleration of a moving point
when referred to a set of rotating axes (eqn 4.4), it is assumed that 6
is the angular velocity of the rotating axes relative to a set of axcs
which are fixed in space. In the above example, however, the motion is
referred to a set of axes which is rotating with an angular velocity
0 — Qz with respect to a set of axes fixed relative to the earth. But the
carth is itself rotating in space. Conscquently these latter axes do
not fulfil the above condition. The expression (4.4) above for f, in
which 0 is taken to be the angular velocity of a set of axes rotating
with respect to a set of axes fixed relative to the earth, can be regarded,
therefore, as being reasonably accurate only provided the effects of
the earth's rotation are negligible. This point is discussed in greater
detail in § 3 below.

2.2. Motion of a particle on a rotating plane curve. Suppose
we apply the above theory to the case of a particle whose motion is
restricted to a plane curve which rotates about an axis perpendicular to
its plane. We shall assume the speed of rotation to be constant, its
magnitude being equal to £2.

Let the plane of the curve intersect the axis of rotation in 0, and
let us choose a set of axes 0123 such that O1 and 02 are in the planc of
the curve and are fixed relative to it, while O3 coincides with the axis
of rotation (Fig. 4.4). Then, referred to such a set of rotating axes,
the acceleration of P will be given by

B . vy Y0 .
{l—cosh (£ sin « t)}4 T sn?a sinh (2 sin a ).

2 i
1= or2(0n ) +0n@AD
f2 a
— %{;*"2 (e/\b-f ) —r(6.0), (4.10)

since r.0 == 0, 8 being at right angles to r, where 8 is, as above, the
angular velocity of the rotating axes.

Here or/ot and &2r/0t? are, respectively, the velocity and acceleration
of P relative to the curve. The direction of the relative velocity at
any instant will clearly be along the tangent to the curve at that instant.
Let its magnitude be v. Then it follows, from the known properties of
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the motion of a particle on a plane curve, that 92r/ot? is equivalent to
a component v dv/ds (= dv/dt) in the direction of the forward tangent
to the curve (s being the displacement of P along the curve from some
fixed point on the curve) and a component v%/p along its inward normal,
p being the radius of curvature. Consequently, if i, in, i, are
three unit vectors in the directions of the forward tangent to the curve,
its outward drawn normal, and the radius vector respectively, then we

4’

(VB

Figure 4.4

shall have from (4.10), since ® = Qk where k is a unit vector in the
direction of the axis of rotation so that KAl = —ig,

£ (v‘gi’.,—@in) 200k, Qi (4.11)
p
But (see Fig. 4.5)

. . .o . do L dr
ip =i, cos ptissing == 1,,7;{:_+1¢(Z9,
where 8 is the angular displacement of P from an axis in the plane of
the curve (say Ol) and fixed relatively to it. Therefore, substituting
into (4.11), we have
2
£ — (202 )i, — (22001 20,

Vs ds p ds

The acceleration of the particle at any instant may thus be resolved

into two components:

(i) a component
dv dr
fo=vg =g,

along the forward tangent to the curve,
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(1) a component
A0
ds
along the ¢nward-drawn normal to the curve.
If M is the foot of the perpendicular from O on to the tangent to the

v? ¢ 2,2
Sn = -;+2.Qv—|—!2~r

M

Figure 4.5

curve at P and if p is the length of this perpendicular, then we have

OM = p =rcos¢d — 72(10

ds’

Consequently, the above expression for f; may also be written
2
fn= %—1—2.(20—1»92]).

2.2.1. Application to the motion of a bead on a smooth wire.
Suppose we apply the above results to the motion of a bead free to
move on a smooth plane horizontal wire which rotates about a vertical
axis with a constant angular speed, the only forces acting on the particle
being its weight and the reaction of the curve; then the scalar equations
of the motion will be given by

dv dr
(2
m{v 7 22r ds} 0,
02
m{—f—)—+29v+92p = Ry,

where R, is the component of the reaction in the direction of the
tnward normal, R being zero since the curve is smooth. If the polar
equation of the curve is » = f(6) (6 being measured from a polar axis
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fixed relative to the curve), then the integration of these equations
leads to the determination of the motion.

In a position of relative equilibrium » must be zero. Such positions
are therefore given by

dr/ds == sin ¢ = 0.

The positions of relative equilibrium thus correspond to those points
for which ¢ = 0, i.e. for those points at which the tangent to the curve
is at right angles to the radius vector through the point. They are

therefore those points for which  has an extreme value, and are thus
given by the equation

drfdf = f'(8) = 0.

To study the stability of a position of relative rest, let § = g corres-
pond to such a position, and suppose the particle to be slightly displaced
from this position. Then, since the curve is smooth, the disturbed
motion will be governed by the equation

dv dr
02— ¢
VT Q A 0. (4.12)

Let us now determine the form which this equation assumes when 6 is
such that the motion is in the immediate neighbourhood of 8 = 6.
Since

ds? == dr2+4-r2d02 = {r2| f'(0)22d62,
we have
dr r dr
T T O @
If we write = o+,
and treat « as being a small quantity, then, in the immediate neighbour-
hood of 6 = 6, we have, since f'(fp) =: 0,

7= f(Bo+a) = f(B0) +-af '(6o)-+.. = f(Bo),
U ' ota) = F(00)+Faf 00 +... — af"(00),

provided second-order terms in « are neglected, and hence

(2L OBV — 2 ot 1 == f(80).
Consequently, to this degree of approximation,

lr "
rjl—s = af"(B). (4.13)

Also
dv dv

’U‘-l—"sw‘zz.
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But
ds df det
W o 2 P22 s £ 211/28¢
0= D OIS = (2 f O e
o that
d {Tz_|_f (Bo+<) 2}1/2( ) H{r2+f (B0« 2}1, oc'
But for a small disturbance both de/dt and d2«/dt2 will be small quantities
and hence, to the above degree of approximation, the term involving
(de/dt)? can be neglected, while we may replace the second term by
, d2
0T
where rg = f(fg). To the degree of approximation assumed, we may
therefore write
dv  dP«
’l)d—s = 70@.
Thus, substituting for 7 dr/ds and v dv/ds from (4.13) and (4.14) into
(4.12), the equation which governs the motion of the particle in the

immediate neighbourhood of the position of relative rest 6 = g, result-
ing from a small disturbance from this position, is given by

Q")

t—i—l—z_ 7o
The motion will therefore be simple harmonic about 6 -- 6y, and the
position of relative equilibrium a stable one, provided that f"(6p) is
negative (ro must, of course, be positive), i.e. provided that 8 == 6,
corresponds to a maximum value of 7.

(4.14)

== 0.

3. Motion relative to the earth

It was mentioned at the end of § 2.1 that, when we refer the motion
of a particle to a sct of axes fixed relative to the earth, we are, in fact,
referring the motion to a set of axes rotating in space, since the earth
itself is rotating. 'We shall now investigate the magnitude of the error
introduced if the earth’s rotation is neglected.

Consider a particle moving near the earth’s surface. One of the
forces acting on it must be its weight. Now this can be defined in
cither of two ways. In the first place we may define the weight of the
particle or body as being the force with which the earth attracts it;
with this definition the line of action of the weight is along the
earth’s radius through the particle or, in the case of a body, through
its centre of gravity. On the other hand, we may define the weight of a
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body as being either the pull exerted on a spring balance, or the tension
in a supporting string, when the body is at rest relative to the earth.
This is the definition used in practice. But, when a body is at rest
relative to the earth, it is in reality describing a circle about the earth’s
axis, and so must have an acceleration toward this axis, this accelera-
tion being produced by the joint effect of the earth's attraction and the
tension of the supporting string. It follows, therefore, that the weight
of the body as measured in practice is not equal, in general, to the earth’s
attraction; except at the poles, or at a point on the equator, its line
of action must be inclined to that of the carth’s attraction.

To find the amount of this deviation, let P be the bob of a pendulum
of weight W (as measured by the tension in its supporting string), and

Figure 4.6

C its point of support. CP is, of course, small when compared with the
earth's radius OP. The direction of the ‘plumb line” PC is called the
vertical at I>. Let F denote the earth’s attraction on the bob, m the
mass of the bob, @ the earth’s radius, and let CP,PO make angles o,¢
with the earth’s axis (¢ = 17m—A, where A is the latitude of P) (Fig. 4.6).
Then, considering the relative equilibrium of the bob, we have

F+T == mQ2PN, (4.15)

where £ 1s the angular speed of the earth about its axis of rotation.
From this equation we have, on multiplying by F and forming the
vector product,

FAT = m.QZ(F/\ITV),



Iv.3 THEORY OF ROTATING AXES 91

while, on multiplying through by F and forming the scalar product, we
get

F.F-+F.T = mQ%F.PN).
1f 0 is the deviation of CP from the earth’s radius, we thercefore have,
in virtue of the above equations,
tan 6 — tan (w— /. CL0)
~- —tan / CPO
_|EAT]
F.T
mQ2|F APN|
F.F—mQ2(F.PN)
mS22F.PN sin / OPN
F2—m$Q2F.PN cos / OPN
_ mfRasin ¢ cos
T F—mQ2a sin? ¢’
which becomes, if we write F = myg’ for convenience,
2 q1 2 g1
tan 6 — a{) s1!r;2</> f:O:«/: B af2 s;r!lz;ﬁcos¢ .
g - a82sin? ¢ !]’(l ‘_/7_ sin2 (/))

Thus tan § =

But, taking the earth’s radius to be 4000 miles, af2? in ft/scc units is
approximately 1/9, so that, assuming ¢’ to be equal to 32.2 ft/sec (g’ i8,
of course, the acceleration of a freely falling body, the only force acting
on such a body, if air resistance is neglected, being the earth’s attraction),
af22lg’ is approximately 1/290. Thus the term («£2? sin? ¢)/y’ is small
compared with unity for all values of ¢, and we have, therefore, neglecting
squares and higher powers of «£2/¢’,

as? .
tan 0 = e sin ¢ cos ¢;
{

1. .
hence 0~ 550 Sin ¢ cos = 580 sin2 ¢.
The deviation vanishes, therefore, when ¢ = 0 or 7/2 and is a maximum
when ¢ = 45°, its value in this position being

1 .
Omaz = 580 radians.

It is thus seen that the deviation is quite small whatever the latitude
of P.
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3.1. Equation of motion for a particle moving near the earth’s
surface. Consider a particle moving near the carth’s surface in
latitude A.  We shall suppose that in addition to F, the carth’s gravi-
tational pull, it is acted upon by other forces having a resultant R.
Let us refer the motion to a set of axes fixed relative to the carth, their
origin being a point O on the earth’s surface in latitude A. Then, since

/e
N

N Zz

S

Figure 4.7

the acceleration of O in space is Q20N (Fig. 4.7) while the axes themselves
are rotating in space with an angular velocity €2, the equation of motion
of the particle becomes, on applying (4.9) after the inclusion of a term to
account for the motion of O,

—  O%r ar .
R-|-F = »n{Q20N+ o +2(.Q A &) +QA(R /\r)}. (4.16)

But, if we assume that the particle never moves far from the earth’s
surface, then we can assume F to be constant and to have the same
magnitude and direction as it would have if the particle were at O;
if, in addition, we define the weight of the particle as being the force
equal and opposite to the tension in a supporting string when the
particle is suspended in equilibrium from a fixed point on the vertical
through O, then, replacing T by —W in (4.15), we have

F—W == m$20N.

Hence, substituting for m$220N in (4.16), the equation of motion becomes

R+4+F = F-—W—}—m{g%'—i—Z(Q/\g) +QA (R /\r)},



1V.3 THEORY OF ROTATING AXES 93
o%r or
or R4+W = m{b—-ﬁ—l—Q(Q/\a) +9/\(§2/\r)}.
1€ we write W = mg, then this becomes
R-tmg = m 2—:+2(9/\?§)+9/\(9/\r)}. (4.17)

(It should be noted that the g occurring in this equation is not, of course,
the true acceleration due to the earth’s attraction, since this is defined
by the equation

F = wg’;

instead, it represents the apparent acceleration due to gravity, its
direction being that of the plumb line at 0.)

In the above equation, § is a small quantity whose magnitude is
of the order of 0-73 % 10-4 radians per second.  Consequently, if we
neglect the term involving Q2in comparison with the other terms in the
equation, then (4.17) reduces to

J2r ar
R4+mg - an{({)?—&(ﬂ/\%-t)}, (118)

where g may now he regarded as the true acceleration due to gravity,
since to the above degree of approximation g and ¢" are equal,* while
6= 0.

3.1.1. Motion of a projectile. With the high muzzle velocities
now possible in modern gunnery, it is essential that the effect of the
earth’s rotation be taken into account, in the case of long-range fire, if
reasonable accuracy is to be achieved. We shall work i detail,
therefore, an example of this nature and obtain an estimate of the
target error which would be likely to arise if the carth’s rotation were
ignored.

Example. A shot is Jired with velocity 'V due Eust from a point on
the earth’s surface whose latitude is X°N, the angle of projection being c.

* The difference in the magnitudes of g and ¢" may be obtained by resolving in
the direction of PO (Fig. 4.6); this gives
mg’-—mg cos 8 = mQ20N sin ¢ = maf2?sin? ¢,
or, sinee 0 is a small quantity of the order aQ?/g’,
g g = af22sin® ¢,

neglecting (a£22/y’)2, so that

e
g == g’(l --”—g,— sin2 dz).



94 THEORY OF ROTATING AXES IV.3

Show that the point where the shot again meels the horizontal plane through
the point of projection is at a distance approximately

4v302 sin? « cos « sin Afg?
South of a line drawn Eastwards from the point of projection.

Solution. 1f we ignore the resistance of the air, then we shall have
R =0, and hence, neglecting terms of 0(£22), the equation of motion

becomes
ar ar
m{é,‘ﬁ —i—Z(SZ/\ o )} - mg,

ao’r ar
;o 2| Q2 =g, 1
t(Rny) - ()
Since both £ and g are constant vectors with respect to axes fixed
relative to the earth, this equation can be immediately integrated
giving

or, omitting m,

)
i FARAT) - g A,

where A is an arbitrary vector, so that
ar

5o T ALAD - gA (2)

On substituting this expression for ¢r/of in (1), we now have
op
e PURAL ARAD LAY - g,

which, on neglecting the term involving £2, becomes
o*r

o FURAB L ARNA) g,
This again can be integrated directly giving

HEAL)PH2ARQANAN =~ gt+B, (3)

ar
ot

which, after a further integration, gives
T+ {RALLH(RAA) — 182 — Br+C, ()
B and C being two additional arbitrary vectors.

The three vectors A, B, G have to be determined in terms of the
initial conditions. Since we know only the values of r and or/et
initially, it follows that the three cannot be independent. let us take
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the initial point of projection as origin, so that mitially r = 0, or/ét = V.
Then, from (2), (3) and (4), we have
A=B-.V, C =0,
so that
r+HQAL)BH{(RAV)—1g}% =~ Vi ®)
hence we have found r as a function of .

To determine the southward deviation of the trajectory during the
time of flight, we have to express the above equation in terms of its
equivalent scalar equations. To do so, let us choose a system of
orthogonal axes such that OZ is vertical (i.e. it is in the direction of
the plumb line at O*), OX is horizontal and points due East, while Y
is a mutual perpendicular such that 0XY Z forms a right-handed system
(it will lie, therefore, in the meridian plane and point due North)
(Fig. 4.7). Then we have

r - (5,.2),
Q — (0,2 cos A\, 2 sin A),
g = (0,0,—9),
V == (V cos «,0,V sin «),
so that
QA = (—Qq cos A,0,0),
QAV = (2V sin a cos A, 2V cos a sin A, —R2V cos « cos A).
Hence, substituting these values into (5), we have
(x,y,z)—f—%(—.Qg cos )\,O,O)t3
F{(2V sin « cos \,2V cos « sin A,— 2V cos « cos A) —35(0,0,—g)}¢2
== (V cos «,0,V sin a)t,
so that the equivalent scalar equations become
z—30Qg cos A3+ sinacos A2 = V cosal
y+82V cos a sin A 2 =0 . (6)
2—(82V cos « cos A+1g)t2 = Vsmat
From the last of these it follows that z -= 0 when either ¢ = 0 or

2V sin «

b= 2V 8 cos « cos A-g’

* Since we are neglecting terms of the order 22, the vertical at O may be con-
sidered as coinciding with the earth’s radius through O.
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The latter is the time of flight. At this instant we have

y = —8V cos « sin A (2
2 qin2
= —0V cos « sin )\.{‘L_V ;;n _g(l__Zglicos @ 008 /\+...)}

4073 sin? « cos a sin A
g2
when terms of O(£2) are neglected. The shot thus meets the horizontal
plane at a point distant 4Q2V3sin? « cos a sin Ajy? South of OX, i.e.
South of Kast.
To get an estimate of the above effect, suppose we take
V = 3000 ft/sec,  a = 30°, A = 45°;

then the range of the projectile will be approximately 46 miles, while
the above deviation will be approximately 326 yds, which is certainly
not negligible and well worth taking into account when considering
gunnery performance.

3.2. Foucault’s pendulum.* This is a simple pendulum. It is
termed Foucault’s pendulum when used to demonstrate the earth's
rotation, the underlying theory being that of determining the nature of
its motion for small displacements from the vertical when suspended
from a fixed point in latitude A, the earth’s rotation being taken into
account.

To study its nature, suppose we refer the motion to O, the position
of the bob of the pendulum when hanging at rest. Let C be the point
of suspension, and let 0XY Z be a set of rectangular axes fixed relative
to the earth such that OZ is in the direction of the upward vertical
through the point of suspension, while 0X, OY both lic in the horizontal
plane through O and point duc Kast and due North respectively
(Fig. 4.8(a)). We shall neglect terms of O(£22), so that OZ may be
regarded as coincident with the carth’s radius through O.

Since the only force acting on the bob, apart from the earth’s
attraction, is the tension in the supporting string, we have R =T
(eqn 4.18), so that the equation of motion of the bob becomes, if OP =r,
P being the bob of the pendulum,

T+mg = 77&{%2—}-2(9/\%;‘)}. (4.19)

* Jean Bernard Léon Foucault (1819-1868) was a French scientist who carried
out rescarches in many branches of both pure and applied physics. One of his
important experiments involved the determination of the velocity of light, which
he showed to be greater in air than in water, a result which was taken as establishing
the wave theory of light. Today he is chiefly remembered for his pendulum experi-
ment, first carried out in Paris in 1851, by means of which he demonstrated the
carth’s rotation.

b
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Let us now put

o= Z‘l"‘ P:
where z represents the vertical displacement MP of the bob and p its
horizontal displacement NP (Fig. 4.8(b)). Then, on substituting for r
and dividing through by m, (4.19) becomes

0%z 0z 0 rd—z), Te
3u+at2*‘{9/\(()t+()1)} T K (120)

where k is a unit vector in the direction of 0OZ and [ is the length of
the pendulum. But, for small displacements of the pendulum from
the vertical, z is a small quantity of the second order, whereas p is a

Q

\ny , 5

X ¢

0
. N T
ol
12
(a) (b)

Figure 4.8

small quantity of the first order. Therefore, neglecting terms involving
z (= 2K) as being small in comparison with those involving p, {4.20)
reduces to

- op\ _(T Te .

We can also write
Q = Nsin Ak cos Aj,
where j is a unit vector in the direction of OY. On substituting into
(4. 2]), we therefore have
P | 90 sin /\(k/\ )+2.Q 008 )l(]/\ ) (—1-'—9 ~Le (199
3&2 mi

m
7—T.D.D,
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But, since j and dp/ot are both vectors in the horizontal plane, j A 2p/ot
must be a vertical vector parallel to k, while k Adp/0t must be a hori-
zontal vector. Consequently (4.22) must be equivalent to the two
equations

ﬂmgmm@A )zgg (@)

T
{(;}[’9) —20 cos A

From the second of these we have

T == g428 cos A

m

(4.23)

"/\52

}kzo )

., 0p

JA i

On substituting this value for 1" in (4.23(a)), the differential equation
in p for the determination of the motion thus becomes

*p _ P in2e
TE ——-28 sin )\(k/\ ) = l(g+29 cos Alj A\ 2 )>

or, since the second term on the right-hand side, being of the order of
p2, is of the second order of smallness and so may be neglected,

>t2 +2.Q sin A (k/\ ) +n2p = 0, (4.24)

where n2 = g/l.

To interpret the motion represented by this differential equation,
consider a particle moving in a plane under the action of a central
force of attraction n2r. Then, referred to a set of axes fixed in space
and having their origin at the centre of attraction O, the equation of
motion of the particle is

2
(cl—l_t;+ nr = 0,

and the path of the particle is an ellipse having its centre at O and
described with a periodic time 27/n.

If the same motion be referred to a set of axes rotating about the
perpendicular to the plane through O with a uniform angular speed £,
then, since the acceleration of the particle when referred to these axes
is given by

‘t 5 -}—ZQ(k A= ) Q2r,
the corresponding equation of motion would be

a%r or
oy — 2—- 2 =
72l az)‘*”(" 2y =0,
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where Kk is a unit vector perpendicular to the plane of the motion. But
the actual path of the particle is, of course, the same in both cases.
Consequently we have the general result that the solution of the differ-
ential equation of the type

o2r or o

the motion being referred to a set of axes rotating with an angular
speed £ about an axis perpendicular to the plane of the motion, is the
central ellipse which, when referred to a set of fixed axes, corresponds
to the solution of the equation

I2r o | A
2 — 0.

If we now apply the above interpretation to (4.24), we sec that the
path of the bob is the central ellipse fixed in space, the differential
equation of which, when referred to fixed axes, is

d?p

dz
To an observer moving with the carth the path of the bob thus appears
to be that of an ellipse, described with a periodic time

T — 2m/(n2-+£22 sin2 A)1/2 & 27/n,

which rotates about the vertical with an angular speed —£2 sin A.

A visual demonstration of this result may be seen in the entrance
hall of the Science Museum, South Kensington. Here a simple pendulum
is suspended from a point vertically above the centre of a circular
design traced on the floor. The pendulum oscillates to and fro in a
vertical plane through the point of suspension, the direction of the
plane being, of course, fixed in space. Owing to the rotation of the
carth, however, this plane appears to rotate relative to the circle about
the vertical through O, whereas, in fact, it is the circle which is rotating
relative to the plane of oscillation. As mentioned in the footnote on
p. 96, this proof of the rotation of the earth was first demonstrated by
Foucault.

+(n?--£22sin2 A)p = 0.

Examples

1. A smooth tube of narrow bore is bent into a circle of radius a.
The cirele is fixed in a vertical plane which is constrained to rotate with
constant angular speed £2 about a fixed vertical axis; the normal to
the planc through the centre C' of the circle intersects this axis in a
fixed point O, and the distance OC is constant and equal to 2. A
particle of mass m, which is free to move within the tube, is slightly
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displaced from a position of rest relative to the tube at its highest point.
Show that, when the angle between the radius to the particle and the
upward vertical is §, the speed of the particle relative to the tube is

{2ga(1-—cos 0)-{-a2£22 sin2 }1/2,

2. A particle moves under gravity on a smooth plane, inclined at
an angle a to the horizontal, which rotates with small angular speed
£ about a fixed vertical axis. The axis intersects the plane in the
point O. Taking rectangular axes OXY fixed in the plane such that
OX points down the planc in the direction of the line of greatest slope,
prove that, if at time ¢ ==0 the particle starts from rest at O, its
deviation from OX at time ¢ is given approximately by

10¢63 sin 2e,
terms of 0(£22) being neglected.
3. A shot is fired with velocity V towards the East from a point
on the earth’s surface in latitude A°N, the angle of projection being «.
Find the position of the point of impact of the shot with the horizontal

plane through the point of projection, and show that the increase in
range due to the rotation of the carth is

4QV3
3g2
£ being the angular speed of the carth's rotation.

cos A sin (1 —% sin2 a),

4. A particle P, of unit mass, moves with simple harmonic motion
£ = a cos nt in a smooth E~W groove on the earth’s surface in latitude
A°N. If Q is the earth’s angular velocity, show that, provided that
terms in 22 are neglected, the reaction of the groove has a horizontal
component at right angles to the motion of magnitude 2ans2 sin A sin 2,
and a vertical component whose magnitude fluctuates harmonically
with an amplitude 2anS2 cos A.

5. A particle is displaced slightly from the position of stable equili-
brium inside a smooth spherical surface, fixed relative to the earth, and
is then released. Prove that after a time ¢ the particle oscillates
approximately in a line making an angle £¢sin A with the original
line of oscillation.

6. A simple pendulum of length [ is suspended from a fixed point
near the earth’s surface in latitude A°N. If the pendulum describes a
circular cone of small angle, show that the period of rotation relative
to the earth depends upon the direction of rotation about the vertical,
the difference between the two periods being approximately 472 sin A/n,
when terms of O(£22) are neglected.



CHAPTER V
MOMENTS OF INERTIA

The dynamical behaviour of a rigid body, when acted upon by a given
system of forces, is determined by its shape and constitution. The
dependence of the motion on these properties is expressed through a
number of constants which occur in the equations of motion and are
characteristic of the body. They are termed the moments and the
products of inertia of the body*. Before proceeding to consider the
kinetics of a rigid body, it will be convenient to consider their general
properties.

1. Definition of moments and of products of inertia

1.1. Moments of inertia. The moment of inertia of a system of
particles with respect to a plane, line, or point is defined as the sum
of the products formed by multiplying the mass of each particle of
the system into the square of the perpendicular distance of the particle
from the plane, line, or point (or, merely, the square of the distance
in the case of a point). If m; (¢ == 1,2,...,n) are the respective masses
of the particles and p; (¢ = 1,2,...,n) the appropriate perpendicular
distances, then the moment of inertia has the form

I = myp3-+mopl+...-tmpp2 = > mip?.

In the case of a rigid body, this sum passes over into the definite
integral
I =f p2dm,
2

where dm = pd{2, p being the mass per unit volume of the body, and
the suffix Q2 denotes that the integration is taken over the whole of the
volume occupied by the body.

If I,, I, I, denote the moments of inertia with respect to the planes
z =0, y = 0, z = 0 respectively, then by the above definition

* Alternatively, they are termed the quadratic moments of the body.
101
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Y
Iy=7> mi;r?—>fw2 dm

2

Iy==3 mly%—>fy2 dm L (6.1)
)

I, =3 mgp? ——>sz dm
2 J

similarly the moments of inertia with respect to the x,y,2-axes
respectively are given by

A4 =3 myi+23) »>f (y2+22)dm
2

~

B =St > [ @ratyin | 5.2)
2

0 =S miad+yh —~ f (22-+y2)dm
Q J

From these results it is evident that
A::Iy+13, B:Iz‘l_lag, O:Ix+1y.
The moment of inertia with respect to the origin is

Lo = 3 mi(af+yited) — f (2242 +2%)dm,
2

= Ix+Iy+Iz
— YA+B+0). (5.3)

Since the choice of coordinate system is entirely arbitrary, it follows
that:

(i) The moment of inertia with respect to any line is the sum of the
moments of tnertia with respect to any two mutually perpendicular planes
which pass through that line.

(i) The moment of inertia with respect to any point is equal to the sum
of the moments of inertia with respect to any three mutually perpendicular
planes which pass through that point, or to one half the sum of the moments
of inertia with respect to any three mutually perpendicular lines which pass
through that point.

1.2. Products of inertia. Expressions similar to (5.1) above, in
which the squares of the coordinates are replaced by the product of the
rectangular coordinates with respect to two perpendicular planes, are
termed the products of inertia with respect to these planes. The
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products of inertia with respect to the coordinate planes taken in pairs
are thus given by

> meyizi, > mazgxy, > miriy,
or, in the case of a continuous distribution, by

f yz dm, fza: dm, f xy dm;
2 2

2

we shall denote them by the letters F, ¢, H respectively.*
Since
(y—2) =0,
it follows that
y2+2% = 2y,
and therefore

f (y2+22)dm > 2 f yz dm,
2

2

i.e. A > 2F,
similarly B = 24, C > 2H.
Thus Iy = Y(A+B+C) = (F+G4-1I).

2. Radius of gyration

Suppose the entire mass M of the body, or of the system of particles,
to be concentrated into a single particle of mass M at a distance %
from the plane, line, or point with respect to which the moment of
inertia is I. Then, if k is so chosen that

Mk 1,

k is called the radius of gyration with respect to that plane, line, or point.

The principal radius of gyration with respect to a given direction
(the direction being that of either a given plane or a given line, as the
case may be) is the radius of gyration with respect to the parallel plane,
or line, which passes through the centre of mass.

2.1. Minimal property of a principal radius of gyration. In
order to establish this property, we shall derive first the following
general theorem relating to a set of particles:

Consider the scalar function
Q (5, 1,2) = Qr) - a(r.0)+b(Ar)(r), (5.4)

where a,b are two scalar constants and A,@ two arbitrary wwit vectors,

* D, E, and ¥ are also commonly used.
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and let m be the mass of a particle of the system situated at the point P(r);
then

2. m(r) = MQ(rg)-+2, me(r’),
where M = 3 m, Tq is the vector displacement of G, the centre of mass,

with respect to the origin and t' is the vector displacement of P with respect
to G. (Fig.5.1).*

Figure 5.1

To prove this result, since
ro-re|r,

we have, on substituting for r in expression (5.4),

Qry,2) = Q(r) = a(rg-| T')(r¢-t1')-Fb(Ar +r') (T 1)
== a{r(,v.r(;+2(ra.r’) +I".I"}~+-b{(l.l"(;)( p..r(,v)
F AL (@er) ML) (T )+ (M) (o)

Consequently, multiplying by s and summing over all the particles of
the system, we have

2, mQ(r) =
(2 m){a(re.ra)+oAre)(pre)} 42 m{a(r'.r’) - b(AAr)(w.r)}
+[2ar g-+D{(Ar @) - (T DA} mr’)
= MQ(r¢)+> mQ(r’),
since > mr’ = 0, thus proving the theorem.
* On putting r = (2,9,2), A = (I,m,n), p = (I';m’,n’), the expression for Q(r)

becomes identical with the most general homogeneous function of the second degree
in (z,9,2). The above theorem is thus equivalent to that proved in Lamb, Statics

(Cambridge University Press, 1933), Chap. VIII, § 73; also Routh, Klementary
Rigid Dynamics (MacMillan and Co., 1913), Chap. I, § 14.
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Having obtained the above result, we shall now deduce the follow-
ing properties regarding principal radii of gyration and products of
inertia. Suppose we put:

() A=pm,a=1,b— —I. Then, if we regard A as defining a line
through the origin O, we have

Q(r) = ©2—(AL)(AT) == (AAD).(AAD)*
== 1)2,

where p is the perpendicular distance from the point I(r) to the line * A,
Thus we have

> m@(r) == > mp? =1,
where I is the moment of inertia of the system with respect to the same
line. But, from the above theorem, it follows that

I = MOATQ.AAFQ) LS mAAT)AAR)
= Md2{1gq, (5.5)

where d is the perpendicular distance from @ on to the line ‘A’ and
I is the moment of inertia of the system with respect to a line through
G parallel to A. We thus have the well-known result, termed the
Theorem of Parallel Axes, which states that the moment of inertic of
system about any aais s equal to the moment of inertia of the system with
respect to @ parallel axis through the centre of mass together with the pro-
duct of the tolal mass of the system and the squarc of the perpendicular
distance between the axes.

Since I = Mk?, I ¢ = Mk}, where k and k¢ are the radii of gyration
with respect to the parallel axes through O and (7 respectively defined
by A, (5.5) may also be written

Mi2 = Md>4-Mi,
so that
k2 == d2-1- k2.
But d? must always be positive or zero; hence it follows that a principal
radius of gyration is smaller than the radius of gyration with respect to
any parallel axis.

(2) A=, a=0,b=1. Then,if we regard A as being a unit vector
perpendicular to a given plane through O, we have

Qr) = (Ax)(Ar) == p?,
where p is the perpendicular distance from the point P(r) to the plane,

80 that
> mQ(r) = > mp? = Ip,
* Seo Chap. 1, § 8 (i).
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where I, is the moment of inertia of the system with respect to the
given plane. Using the above theorem, we thus have

Iy = M(Arg)(Are) 42> m(Ar')(Ar')

= M2+,

so that k2 = d2-+k2,
where d is the perpendicular distance from the centre of mass to the
given plane and k and k¢ are the radii of gyration with respeet to the

given plane and the parallel plane through the centre of mass respect-
ively. It isseen that a principal radius of gyration is again a minimum.

(3) @« =1,b=0. Then we have
Q) =72,

> mQ(r) = > mr2 = I,
where Ip is the moment of inertia of the system with respect to the
origin. Proceeding as above, we obtain

Io = Mr2+> mr'2,

so that k2 = 12 }-k2,
where k£ and k¢ are the radii of gyration with respect to the origin
and the centre of mass respectively; from this it follows that the
radius of gyration with respect to the centre of mass vs smaller than the
radius of gyration with respect to any other point.

so that

(4) @ = 0, while X and . are taken to be unit vectors perpendicular to
two orthogonal planes through O, so that A.p. = 0. Then we have

Qr) = (Ar)(per) == papy;
where p, and p, are the perpendicular distances from P to the planes
through O at right angles to A and w respectively, and hence

> mQ(r) = > m(AL)(T) == > mpyp, = L),
where I,, is the product of jnertia of the system with respect to the
two planes. Applying the above result, we thus have

I, = M(Arg)(pre)+2 m(Ar)(p.r)
= Mp\pu-+2, mpipls (5.6)
where pj, p,, are the perpendicular distances from P to parallel planes
through G. We thus have the result: the product of inertia with respect
to any two perpendicular planes is equal to the product of inertia with
respect to a parallel set of planes through the centre of mass plus the

product of inertia with respect to the original planes of a particle of mass
M situated at the centre of mass.
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Since the product pip; = (Arg)(®.r¢) may be either positive or
negative, depending upon the position of the centre of mass, there is,
in this case, no minimal principle involved.

3. Moment of inertia with respect to a variable line through a
fixed point O

Let the point O be taken as the origin of a system of rvectangular
coordinates, O¢) any line through O having ([,n,n) as its direction cosines,

. P(x,yz)

<Y

¢
Figure 5.2
P(x,,2) any point of the body, and PN the perpendicular from P to
the line OQ (Fig. 5.2). Then, if 7 = OP and § == / PON, we have
PN == rsinf = [(AAT)],
where A is a unit vector in the direction of 0Q, so that
p2 = PN2 — (AAT).(AAT)
L) A (,2) 12
= {mz—ny,ne—Ilz,ly—mz}?
== (y2+4-22) -+ m2(22+x2) +n2(r24-y2)
—2mnyz—2nlze—2lncy.

Multiplying by m; and summing over all the particles of the system, we
thus have

I == 3 mgp? == 123 mg(y2+22)+m?2 > my(22+4-a2) 402 D my(a2--y2)
—2mn 3 mgyz—2nl > mgze—2lm 3 mxy
= AI24-Bm2+Cn2—2Fmn—2Gnl-—-2Hn ;
the moment of inertia of the system with respect to the line OQ may
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thus be expressed in terms of the direction cosines of OQ and the moments
and products of inertia of the system with respect to the coordinate
axes and planes.

4. The momental ellipsoid or ellipsoid of inertia

A geometrical interpretation of the above result can be given.
Consider the quadric whose equation is

Aa?+-By?+Co2—2F yz—2072x—2Hwy = Me4, 5.7

where ¢ is any arbitrary length (the reason for taking the fourth power
of €13 to keep the dimensions of the constant term consistent with those
of the other terms occurring in the equation), and M == 3 m, the total
mass of the system. 1f r is the radius of this quadric in the direction
0Q, then, on replacing (z,y,2) in (5.7) by (Ir,mr,nr) respectively, we have
I = Medr2,

1.e. the moment of inertia about any radius varies inversely as the square
of its length. Since I is necessarily positive, the above equation for the
determination of r always has real roots; thus every radius meets the
surface in real points, and the quadric is therefore an ellipsoid. It is
called the momental ellipsord with respect to the point O.

If the surface be referred to its principal axes, then the product
terms in (5.7) vanish and the equation takes the form

Az By 1022 — M.

These special axes are termed the principal axes of inertia at O, and
A4,B,C the corresponding moments of inertia with respect to them, the
principal moments of tnertia at 0. Since every ellipsoid has at least
three principal axes, so every material system has at least three principal
axes of inertia and hence three principal moments of inertia.

The mutually orthogonal planes which pass through the principal
axes are termed the principal planes of tnertia at 0. It is seen that the
products of inertia (3 myz, > mzr, > may) with respect to these planes,
taken in pairs, all vanish.

It should be noticed that the possible forms which can be assumed
by the momental ellipsoid are restricted in number. This arises from
the fact that 4, B, C' must always be such that

B4+C> A, C+4 > B, A4+B>C

(sec eqns 5.2). The greatest principal moment must therefore be less
than the sum of the other two.*

* An exception occurs when the distribution is a two dimensional one. For,
taking the plane of the distribution to be the plane z = 0, then in this case
A+B=C.
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4.1. Determination of the principal moments of inertia and
the principal axes. The principal axes of the ellipsoid clearly coincide
with those radii which cut the ellipsoid orthogonally. If we write the
equation of the ellipsoid in the form

d(@,y,2) = Az?--By2+-C22—2F yz —2G2x—2Hury = M,
then the direction cosines of the normal at a point P(x,y,2) will be
proportional to

while the direction cosines of the radius vector to P are proportional to
(,y,2). Consequently the point P corresponds to the extremity ol a
principal axis provided that its coordinates are such that

oplox  Oploy  Oploz

oy %

But, it the numerator and denominator of the first of these ratios arc

both multiplied by a, those of the second by y, and those of the third

by 2, and the three numerators added and the three denominators
added, then the common value of the above ratios is equal to

(3(}5 o a¢)’

(5.8)

ob . op o
oy m o wwe
22y |22 - T

since ¢(x,1,2) is a homogeneous quadratic expression. HKvaluating the

partial differential coefficients in (5.8), the point (x,y,2) therefore corre-
sponds to the extremity of a principal axis provided that

Ar—Hy—Gz  —Ha-\-By—Fz —Ge—Fyt-Cz I

z o Yy o z v

L.e. provided (z,7,2) satisfy the three equations
(A—Dz—Hy—Gz =0
—Hz+(B—1)y—Fz =0 } (5.9)
—Gr—Fy-+(C—I)z =0
But, if these equations are to yield consistent solutions, then it is
necessary, since (z,%,z) cannot all be zero, that
A—I —H —G |=0.
—-H B—-I —F
—G —F C—=I
This is a cubic in I. The three values of I corresponding to its three
roots determine the moments of inertia of the system with respect to
the three axes coincident with the three principal axes of the momental

’
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ellipsoid at O, i.e. they are the three principal moments of inertia at O.
If these three values of I are now substituted in turn into (5.9), then
the principal axis of inertia corresponding to any one of these values is
defined by the intersection of any two of the planes, corresponding to
this value of I, defined by (5.9).

42. Special Cases. (In this paragraph 4,B,C refer to principal
moments of inertia.)

(1) If two of the principal moments at O are equal, say 4 = B, then
the momental cllipsoid is an ellipsoid of revolution about 0Z as axis,
and the system is said to have kinetic symnetry with respect to this
axis. All diameters perpendicular to this axis are principal axes.
Such a system is said to be uniawal.®

(2) f 4 — B -- U, the momental ellipsoid is a sphere. All axes
through O are in this case principal axes and the moment of inertia
with respect to cach is the same.  The system is accordingly said to be
kinetically symmetrical with respect to O.

5. Central ellipsoid

Tf the point O coincides with the centre of mass, then the momental
cllipsoid is termed the central ellipsoid.

5.1. Principal property of the central ellipsoid. Let O be an
arbitrary point and suppose we take it to be the origin of a system of
coordinate axes. [f these coincide with the principal axes at O, then
the equation of the momental ellipsoid, when referred to them, will be
of the form

Ax?+By2--Cz2 = Met.
Now suppose that we take a new set of orthogonal axes OX'Y’Z’ such
that OZ' coincides with OZ. Then we shall have z =: 2’, while £ and y
will e linear functions of 2" and y’. Consequently, if we refer the
above ellipsoid to these axes, then its equation will contain a term
involving the product +’y’ but no terms involving z'z" and 2'y’. It
follows, therefore, that, if a given axis is to be a principal axis at a
point O, then the product of inertia of the distribution with respect to
the plane through O, at right angles to the axis, and any other plane
which contains the axis must vanish. But, if this condition is satisfied
for any two given plancs, say the planes x == 0, y = 0, the given axis
being taken as OZ, so that
> mrz == 0, > myz =0,

then it clearly follows that
> m(axr+by)e = 0
* This term was first used by Routh.
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for all values of the coefficients @ and b, i.e. the condition is satisfied
for all planes which pass through the axis. Consequently we have the
result: if OXYZ is « system of orthogonal axes passing through a point
0, then the necessary and sufficient conditions for OZ to be a principal
axis at O s that the products of inertia of the distribution with respect to
the plane z =0 and any other two planes which pass through OZ
should vanish.

Now suppose that OZ is a principal axis at some point O, so that

Somaz =0, 3 inyz==0, (5.10)
and let O’ be some other point on OZ at a distance & from O. Then, so
that the z-axis should also be a principal axis at 0, it is necessary that

> mx(z—h) =0, > my(z—h) =0,
and therefore, in virtue of (5.10), that
h> me =0, h> my = 0.

But these conditions are satisfied if, and only if, the z-axis passes
through the centre of mass of the system. We thus have the result:
A principal axis of inertia of the central ellipscid is @ principal acis of
inertia for all its points. Conversely, if any aris is a principal axis of
wnertia for any two of its points, then it passes through the centre of mass
and so s @ principal axis of inertiu at all its points.

If the moment of inertia about any axis through the centre of mass
is known, then that about any parallel axis can be determined; for, by
the theorem of parallel axes, it is simply obtained by the addition of
the quantity Md2, where d is the distance between the two axes.  For
this reason the central ellipsoid is one of special importance.

6. Ellipsoid of gyration
Let a,b,c be the radii of gyration with respect to the principal axes
at some point O, so that

4 = Ma?, B = M2, C = Mc2
Then the moment of inertia about an axis through O in the direction
(L,m,n) will be given by
I = A2+ Bm2+Cn?

== M(a?l2+b2m2+c*n2)

== Mp?,
where p is the length of the perpendicular drawn from O in the direction
(I,m,n) to a tangent plane to the ellipsoid

22 g2
+b—2'+5‘2 =L

22
a?
This ellipsoid is therefore called the ellipsoid of gyration.
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6.1. Determination of the principal axes at a given point P
when the principal moments of inertia and principal axes of
inertia at the centre of mass are known. Let a system of
orthogonal axes ¢.XYZ be chosen to coincide with the principal axes
at @, the centre of mass, and let the coordinates of I” with respect to
these axes be (w1,y1,21). Let 4 = Ma?, B == Mb2, C = Mc® be the
principal moments of inertia at (. Then the moments and products
of inertia with respect to a set of parallel axes and coordmate planes
through the point P are (eqns 5.5 and 5.6)

A" = AFM(y3-1-23), F' == M1z
B’ == B+M(23-}-a3), G —= Mz . (5.11)
¢ = C+M@ityD), I == Mo

The equation of the momental ellipsoid with respect to a set of axes
PX'Y'Z’ respectively parallel to GXYZ will thus be given by

A2 4By  C'22 28" y'2' 207 o' —2H cy - - Met.
Its principal axes are thus determined by the equations
(A'—Da'"-~H'y'—G'z" — 0
—H'w (B —I)y —F7 =0, (5.12)
=0y (=17 =0
where I assumes the values given by the roots of the cubic
A'—I =l —G" | =0,
—-H B—-I —F
-’ —F -1
the three values being the moments of inertia with respect to the

principal axes at . On substituting the values for 4’, B, ¢', F', &', H’
as given by (5.11), the determinental equation in I thus becomes

M(a2 412423 —1 — My —Mayz) =0.
—Mayy M@2--22ad)--1 —Myz
—Mi12q —My1z1 ]"(‘;2’*”«%‘*‘3/?) -1

If we now make the substitution
MGPY—T = M-yt 25)—I — M,
say, this reduces to
—ai-+H(a2+-2) —x1y1 —azr | =0.
— 11 —yi+ (022 —1121 (5.13)
121 —21 —25+(c2+A)
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But the general expansion of a determinant of the form

4 = [y fan 12 713
Z21 rog-tags Z23
31 x32 r33-t-ags

is given hy*
4 = an1a2sa33-+r11022033 20033011 -+ 3301 1022
+|z11720|ag3+|®11033| a2 -} [Toowas| @11+ [T11220 053] -
Consequently, expanding (5.13) using this result, it follows, since
|eniweswss| = | (—a1 —y1 —21) X@
(=21 —y1 —2z)X;m
(—w1 —y1 —2z1) X2

, and |zy1xeawss| are all zero, that the

so that |z11zes|, |veerss|, |Tasz11
cubic equation in A becomes

(@2 4N (B2H-2)(24-X) —3(B2-- (2 4N)
YN @ N =2} (@ ) (B2 1) =0,
which, on dividing through by (a2-+X)(62+A)(c2+-Q), takes the form
z2 y2 2
aatemtam !
We therefore see that the principal moments of inertia at P are given by
I —= M(GP2—)), (5.15)
where A takes the values Ay, A2, Az which define the three surfaces
through P confocal with

(5.14)

2 2 2
T 4 Z
atpta="

the ellipsoid of gyration at G.

To find the principal axes at P, we note that their direction cosines
are proportional to the values of («",5",2") as given by (5.12) when [
agsumes the above values (eqn 5.15). Consequently it follows that
they will be proportional to the minors of the first row of (5.13) when
A takes the values Ap,A2,Ag in turn. They are thus proportional to

(B2H-2)(2H-X) =2} (0242 =32 -Q),  ziyi(EHA), @z (b2+-A),
or, on dividing through by (62-+-2)(¢2-+-2), to
A g mp am

A 24N D24X 24

* See, for instance, Aitken, Determinants and Matrices (University Mathematical
Texts, Oliver and Boyd, Edinburgh, 1948), p. 87, eqn (2).

8—1.D.D.

1 (A = Ay,A2,A3),
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1.e. in virtue of (5.14), to
.lf xr1yi r1zy
a24+X 24X X

i.e. to
x Y1 2
AHXN 2N 24X (5.16)

The principal axes at P thus correspond to the normals to the above
three confocal surfaces passing through P. The condition that a line
may be a principal axis at some point of its length thus becomes the
condition that it may be a normal at some point to one of a family of
confocal quadrics.

It follows from the above that the principal moments and principal
axes at any point P> may be determined if the ellipsoid of gyration at
G is known.

6.2. Special cases
(1) Two of the principal moments at ( are equal. This is the case of
kinetic symmetry with respect to an axis through (/. Suppose we take
B = (C, so that b2 = ¢2. Then, taking the coordinate axes to coinecide
with a set of principal axes at ¢/, the equation of the ellipsoid of gyration
will be of the form
12 22
R AL N 5.17
a? b2 ! -17)
In this case the equation for the determination of the confocal quadrics
passing through the point P(x,y,2) becomes

x2 y2+zz o
PEEID R S
which for any particular values of (z,y,2) is a quadratic in A. Let its
two roots be denoted by A1 and Ag respectively. Then to the one root
will correspond an ellipsoid of revolution, to the other an hyperboloid
of revolution. Further, these surfaces will cut orthogonally, the curve
of intersection being a circle. The surfaces confocal to (5.17) thus
consist of (i) a family of confocal ellipsoids, (i) a family of confocal
hyperboloids, the two families being mutually orthogonal. Two of the
principal axes at P are the normals to the respective members of these
families which pass through P. The third principal axis must there-
fore be the axis mutually orthogonal to them; it will thus be parallel
to the yz-plane. The principal moments at P are therefore

M(GP2—2), M(GP2—2z), M(GP?+b?),

the last value being obtained by the theorem of parallel axes.
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(2) The three principal moments at G are equal (4 = B = (! = Ma?).
This is the case of kinetic symmetry with respect to /. In this case
the ellipsoid of gyration is a sphere, and the confocal surfaces are
concentric spheres. If P is any point in space, then, if GP is a principal
axis at (¢, we know that it will also be a principal axis at P. Therefore
one principal axis is the line GP itself, in other words, the normal to
the surface through P concentric with the sphere of gyration. The
other principal axes must therefore be a pair of orthogonal axes passing
through P and lying in the tangent plane to this sphere at . But
since the moments of incrtia about all lines through 7 ave the same, and
since all lines through P in the tangent plane at P are at the same per-
pendicular distance from @, it follows, by the theorem of parallel axes,
that the moments of inertia about all lines through P perpendicular to
GP are the same, so that the system must be kinetically symmetrical
with respect to G at . The principal axes at P thus consist of G
and any two mutually orthogonal lines through P.

The principal moments of inertia will he Ma with respect to (P, and
M(a2+-GP?) with respect to the other two axes. That with respect
to GP is casily seen to be equivalent to M(GP2—2), where X is the root
of the equation

2y J
(#,%,2) being the coordinates of P, as we should expeet from the general
theory described above.

7. Examples

(1) The coordinate ares OXYZ can be brought into coincidence with
the principal axes at @ point O of « body by « small rolaion 8. Show
that the equation of the momental ellipsoid referred to OXYZ is

Az By? | C24-2(B—C)01yz-4-2(C— A)0ozz+-2(A — B)Ogry — Med,
where A,B,C are the principal moments at O and (01,02,03) are the
components of @ with respect to the coordinate axes.

Solution. Let OX',0Y',0Z’ be the principal axes at 0. Then, re-
ferred to these axes, the equation of the momental ellipsoid at O is

Ax'2-}-By'24-C2'2 = M4,

Consequently, if the transformation relations between the («",y',2') and
the (z,y,2)-coordinates can be obtained, then, on substituting for
(#',y',2") in terms of (x,4,2) in the above equation, the resulting equation
will be that of the momental ellipsoid when referred to the axes OX YZ.
To determine these relations, let R(«’,y',2’) be the vector position of a
general point P of the body with respect to the axes OX'Y’'Z’ and
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let r(z,y,2) be the vector position of the same point when referred
to OXYZ. Imagine the body as undergoing a rotation (—8). Then,
after undergoing this rotation, its principal axes will coincide with the
axes OXYZ. Thus, if P’ is the new position of P, then the coordinates
of P’ referred to OXYZ will be (2',4',2'). Also we shall have

OP" = 0P PP,
i.e. R(X,Y,Z) = r(z,y,2)—0(01,02,03) Ar(2,9,2).
The transformation of coordinates from (z',y',2") to (x,y,2) will thus
be described by the scalar equations

(«',y'2') = (€—0024-03y, 9y —O3-1-0, 2,201} Ox).
Referred to the OXYZ axes, the equation of the momental ellipsoid
thus becomes
A(x+022+03y) 2+ B(y —0324-012)24-C(2—01y4-022)> = Mel,
or, neglecting second-order terms,

Ax2+- By2-+C224-2(B—C)01yz-4-2(C — A)ozx+-2(A — B)03zy = Met.

(2) To find the principal axes and the principal moments of inertia
al a point on the rim of a uniform thin hemispherical shell.

Solution. Let M be the mass of the hemisphere, @ its radius, G its
centre of mass, and O the centre of its rim. We shall use the results of
§ 6.1 above.

Let P be the point on the rim, and let 0.X"'Y’Z’ be a set of orthogonal
axes such that OX’ is perpendicular to the rim, OY’ is in the direction
of OP, and OZ' is a mutual perpendicular. Also let GXYZ be a set of

’
Y “Y
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parallel axes through . Then, since the hemisphere is symmetrical
with respect to GO, (GX,GY,G'Z) are the principal axes at ¢. Once the
moments of inertia with respect to these axes have been found, the
principal moments of inertia and the principal axes at P can be deter-
mined.

The moments of inertia of the hemisphere with respect to GXYZ
can easily be calculated. To evaluate them, consider a spherical shell
of mass M, centre O, and radius a. If I is its moment of inertia with
respect to its centre, then we have, from the general properties of
moments of inertia (§ 1.1, eqn 5.3),

A+B4C =21,
or, since 4 = B = C for a spherical shell:

Moment of inertia of spherical shell of mass M about a diameter

=3lo = §Ma?.
The moments of inertia of the hemisphere with respect to 0X’,0Y',02’
may now be deduced; they will be equal to §Ma2, where M is now the
mass of the hemisphere. Consequently we have:

Moment of inertia of hemisphere about GX = $Ma?,

Moments of inertia of hemisphere about GX,G'Y == 2Ma2 M(G0)2
== —-i*M(lz
— '52 Ma?

The equation of the ellipsoid of gyration for the hemisphere will thus
be given by
Y2422 .

Ty
% 150?

Also the coordinates of P with respect to the axes through ¢ are
(3a,a,0). Thus the quadrics through P confocal with the above ellipsoid
are determined by the values of A given by the equation

(3a)? a?

§a2—l—/\+—§—a2+/\ L
ie. Jo2(Fa0 1N +a2(3a%-HY) = (Bt N (o +N),
or A2—(3a)?A—7%4a% = 0.

On solving this equation for A, we find that the roots of the quadratic
are given by
14-64/2

(Ab)‘2) = 12 -
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The principal moments of inertia at P are thus given by:
(I1,13) (about principal axes which lic in the GXY plane)
== M(GP%—)) (A = Ap,A2)

14 64/2
= Maz(%—— i-lfz‘/ )

)
6
I3 (about the principal axis parallel to GZ)
= PsMa?-+M(GP?)
s Ma?+5Ma?
Ma2.
The directions of the principal axes corresponding to I3,/ may now

be obtained by determining the direction cosines of the normals at P
to the two confocal quadrics defined by the equation

22 Y222

2a24-X T Fa?4A

in which A takes the values Aj,A2 in turn; they will be proportional to
(eqn 5.16)

o Ll

I

I
wion !

1

a2 @
(o g ) O B

In this example it is simpler to use the above method rather than the
direct method of § 4.1, since in this case the principal axes at (7, together
with the moments of inertia with respect to them, can be determined
quite easily; to have used the method of § 4.1 would have involved the
determination of the moments of inertia with respect to a set of ortho-
gonal axes having their origin at P together with the products of inertia
with respect to planes defined by these axes. By using the above
method, the determination of the products of inertia is avoided. In
other cases, however, it may be simpler to use the direct method.

Examples

1. The principal moments of a uniaxal body at its centre of mass are
A,4,C, and the direction cosines of the axis of symmetry with respect
to rectangular axes through the centre of mass are (I,m,n). Prove
that its moments and products of inertia with respect to these axes are

A+(C— A2, A+-(C—A)ym?, A-+(C—A)n?,
and (A—C)ymn, (A—C)nl, (A—C)lm,
respectively.
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2. Find the principal moments of inertia at the vertex of a cone
of semi-vertical angle «, height 4, and mass M, and show that the
moment of inertia about a generator is

3MA2 8in? a(l -5 sec? ).

3. Three uniform rods OA4,0B,0C are each of unit length and mass;
OB is normal to the plane COA4, and the angle COA is 30°. Show that
the principal moments of inertia at O are (},(4--4/3)/6), and determine
the directions of the principal axes.

4. The edges of the base of a uniform rectangular block of mass M
are each of length 2a, and the height of the block is 2a4/5. Find the
principal moments of inertia, and also the directions of the principal
axes, at a corner of the base.

5. The principal moments of inertia of a solid of revolution at its
centre of mass are A4,4,C, where C > A. Show that there are two
points on the axis of the body such that the system is kinetically
symmetrical with respect to either point.

6. Show that a uniform right circular cone, whose altitude is equal
to the diameter of its base, is kinetically symmetrical with respect to
its centre of mass, and determine the principal moments of inertia and
the directions of the principal axes at a point on the rim of its base.



CHAPTER VI
EQUATIONS OF MOTION OF A RIGID BODY

Having discussed the properties of the moments of inertia of a rigid
body, we shall now consider the derivation of the equations of motion
of such a body when moving three-dimensionally. We shall consider
first the motion of a system of mutually interacting particles, and then,
having obtained the equations of motion appropriate to such a system,
deduce the form which these equations take when applied to a rigid body.

1. Equations of motion of a system of particles. Principles
of linear and angular momentum

The equations which govern the motion of a single particle are

dv d?r
Moy =M = F, (6.1)
dH \

and T rAF, (6.2)
where r is the vector displacement of the particle with respect to a
fixed origin O, F is the resultant force acting on the particle, and
H = r Amv is the moment of momentum of the particle with respect
to O (see Chap. II, eqns (2.2) and (2.4)). The second of these equations
expresses the fact that the rate of change of the moment of momentum
of the particle with respect to O is equal to the moment of the resultant
force acting on the particle with respect to the same point.

Suppose we now apply these results for a single particle to the motion
of a system of mutually interacting particles. Let there be n particles
in the system, and let their masses be denoted by my,ms,...m4, the mass
of the sth particle being m;y, its vector displacement with respect to O
being ry, and its velocity v;. Further, suppose that we denote the
resultant force acting on my from outside the system by Fy, and the
force which the particle my cxerts on my by Fiz. Then the equations of
motion of the particles are given by eqn (6.1)

d _ d dl‘i o , .
Et(mivi) = zt(mi-dt—) = Fi—}—% Fix (¢ =1,2,....m). (6.3)

We shall call Fy (7 == 1,2,...,n) the external forces, the Fyz’s the internal
forces of the system. With the aid of Newton's third law, the following
results may now be obtained:

120
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(1) If we add equations (6.3), so that we have

d .
= > (mvi) = 2, Fi+2 > Fug, (6.4)
dt 5 v T
then, since according to Newton’s third law F;p = —Fy;, the internal
forces cancel out in pairs and we obtain
1
(% S (mivi) = 3 Fu. (6.5)
k2 T

The vector sum of the individual linear momentum vectors is called
the resultant or total linear momentwm ol the system. The above result
thus states that: The rate of change of the total linear momentum of the
system is equal to the resultant of the external forces acting on the system
and is independent of the internal forces.

(2) If we consider the rate of change of Hy (= r; AmyVy,), the moment

of momentum of the ¢th particle with respect to O, then we have
from (6.2)

d;{i ri/\(Fi—l—Z Fi).
Therefore, summing over all the partlcles, we have
dgz Z{n/\ Fz+z Fix)}
o % (ri AFy) +€S (ri/\;;:' Fip). (6.6)
But riAFig == —(Cr AFki), (6.7)

and hence the sccond term on the right-hand side of (6.6), which
involves the internal forces, drops out. We are therefore left with the
equation

dH

- = i" T \F), (6.8)

where H =3 (r; Amgvy) (6.9)

is the resultant moment of momentum of the system, a result which
states that: The rate of change of the resultant moment of momentum of
the system of particles with respect to an arbitrary fixed point O is equal
to the resultant moment of the external forces with respect to the same
potnt and is tndependent of the internal forces.

1.1. Independence of the translational motion of the centre
of mass and the motion relative to the centre of mass

(1) Translational Motion of the Centre of Mass. The motion of any

system can be defined by the translational motion of some chosen base
point together with the motion relative to this base point. Suppose we
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choose the base point to be the centre of mass, or centre of gravity, of
the system.* Its position with respect to the fixed origin O is defined
vectorially by the equation

Mr ¢ == D myry,
7
where M = 3 g is the total mass of the system. If we now assume

(]
that the individual masses my,ms,....my are all constant, then we shall
have

dr ¢ dr;
o T M
or, writing drg/dt = vg,
Mve == 3 mvy,
1

Le. the total linear momentum of the system ts the same as that of a particle
of mass M whose motion is that of the centre of mass of the system. From
the above equation we have, on differentiating,
(lV(; d
M— = - Vi,
di dt EL: mivi
and consequently (6.5) becomes

dV(; (lzl‘(; =
M— = M—~ = > F, 6.10
dt a2 (6-10)
i.e. the motion of the centre of mass of the system obeys the same law of
motion as that for a single particle having @ mass equal to the total mass
of the system and acted upon by a set of forces equal and parallel to the
external forces applied to the system.

(2) Motion relative to the Centre of Mass. Let us now consider the
motion of the system relative to its centre of mass. Suppose we write

r; = rg—f—r;, (6.11)
where r¢ represents the vector displacement of the centre of mass with
respect to O, and r; is the vector displacement of m; with respect to

the centre of mass. Now the resultant moment of momentum of the
system is given by eqn (6.9)

H = Z (r¢ Amgvy).

* The centre of mass and the centre of gravity of a system are coincident when the
gravitational field acting on the system is uniform throughout the region occupied
by the system. For systems ordinarily met with, this may always be regarded
as being true in the case of the earth’s gravitational field. Throughout the book,
we shall therefore use the term centre of mass, although both terms are in all cases
appropriate.
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This may be expressed as the sum of two terms, one representing the
moment of momentum of the system relative to the centre of mass,
the other the moment of momentum with respect to the origin of a
hypothetical particle of mass M moving with the centre of mass. For,
on substituting for r; from (6.11), we have

H =3 {(rg+r) Amivi}
(I‘G/\Z ’mtVtH—Z (T Amgvy).

But Z myVi == A’IVG,
so that H =Hg-+rgAMvg), (6.12)
where Hg = 3 (rjAmivi)

1

= > A{riAmi(vatvi)}
(2 ) AVet2 (T Amavy)
= 2 (CiAmvy) (D mr —= 0) (6.13)
1 D

represents the moment of momentum of the system with respect to the
centre of mass. (It should be noticed that the velocity occurring
in the expression (6.13) for H; is the velocity of m; relative to the centre
of mass, not its actual velocity; thus Hg may be expressed either by
> (rj Amgvy) or X' (rjAmgv's.) On differentiating (6.12), we thus have
K] 1

H JdH
([ = (1+M (TGAVE)
dt
lH Ir v
= (—Zit—a+ (( G/\ (,)—FM(I'('/\( G)
But drg/dt = v, so that the second term vanishes; we are therefore
left with
dH . (IH(; (lV(l
I _(lt—+( reAM )
or, by virtue of (6.10),
= ranS R (6.14)
On the other hand, we have from (6.8)
dH
— =2, (re \Fy)
1
=2 {(re+r) A\F3}
1t

=ra A2 Fit2 (r;AF)). (6.15)
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Therefore, equating (6.14) and (6.15), we have

T fG A3 Fi =16\ Y Fel-3 (AR,

ie. “HG = > (r;AFy) = Mg, say (6.16)

T

where M ¢ represents the resultant moment of the external forces with
respect to the centre of mass. We therefore have the result: The rate
of change of the resultant moment of momentum of the system with respect
to the centre of mass s equal to the resultant moment of the external forces
acting on the system with respect to the same point.

It is seen that this result is identical in form with that obtained when
moments are taken with respect to a fixed origin, the mathematical
expressions for the two results being:

dH ) - (with respect to a fixed
T2 (ri \Fy), H = ; (rs Amivy) origin),
dH(, (with respect to the centre

o~ 2@AF),  He= % (r; Amgv)

- of masy).

The above theory shows that the translational motion of the centre
of mass and the motion relative to the centre of mass are independent
of one another. This fact is important, since its use greatly facilitates
the determination of the motion of a system consisting of two or more
particles; in particular, it is important in considering the motion of a
rigid body, as we shall see in § 2. The simplification introduced is in
part due to the fact that, in applying the second result, we are refer-
ring the moments to a point moving with the system instead of to a
point fixed in space.

We shall now investigate whether the above result, that the rate of
change of the moment of momentum of a system with respect to a point
is equal to the moment of the external forces with respect to the same
point, holds when moments are taken about a moving point other than
the centre of mass.

1.2. Rate of change of the moment of momentum with respect
to a moving origin. Let O be a moving origin and let its velocity
be vg. Then the velocity in space of the particle, whose vector dis-
placement with respect to O is r, is

dr
V= Vot (6.17)
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If H is the resultant moment of momentum of the system with respect
to O, then

H = 2 (rs Amgvy).

Thus ;—I

; ( /\mtVi) +Z (r;/\mi———)

2 (Vi—Vo /\mivi}+2 (rz/\m, i )

on substituting for dr;/dt from (6.17),

. d
= —> (Vo Amivs) |- (I‘z/\"li-d!;)

= —(Vo/\z MmgVi) -, (1‘1/\7711(—1:;) (6.18)
But > (ri/\mz c;; ) =3 {riA(Fi~}-%' Fir)}
== > (r AFy)

in virtue of (6.7). Hence, writing
p =2 myvg = Mvg (6.19)
(4

for the total lincar momentum of the system, (6.18) reduces to

dH ,
M i vonp 3 (AR, (6:20)
4 (2
This represents the general result for the rate of change of the moment
of momentum with respect to a moving origin.  1f the moving origin
corresponds to the centre of mass, then it follows immediately from
(6.19) that
VoAP = VgAMve =0,

dH dHg _
T @ 2 WAF),
in agreement with the result obtained above (eqn 6.16). In addition,
Vo Ap will also vanish if the veloclty of O is such that vo = kv where £
is a scalar coefficient, i.e. if the moving origin, while not being coincident
with the centre of mass, yet has a velocity which is parallel to that of
the centre of mass.

Summing up, we thus see that vo Ap vanishes, and that the rate of
change of the moment of momentum of the system with respect to a

so that we have
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point may be equated to the moment of the external forces with respect
to the same point, if:
(i) vo = 0, so that the point vs fized in space;
(i1) vo = kvg, so that either
(@) the point coincides with the centre of mass (k = 1), or
(b) the point is mot coincident with the centre of mass, but has a
velocity parallel to that of the centre of mass (k # 1).

1.3. Equation of energy. The equation of motion of the ith
particle of the system is given by

d2ry
My = Fi+2 Fix.
Multiplying this equation scalarly by dri/dt then we have
dr; dry

Mg = (F +>~ F““) lt

and hence, on summing over all the particles of the system,

S (G =3 {<F¢+z Fip)- dr‘}

Integrating this equation Wlth respect to ¢, we thus have
drydr,
> mt(mj- dtt) f {Z (Fi—f—z Fik) }dt+constant

== ZJ.{(FH—Z' Fir).drg}-+constant.

The left-hand side of this equation is simply the total kinetic energy
of the system. Hence, writing

o dry dl‘i
T = 22 m{( (T[[';E)’

then on integrating over an interval of time (fo,f1), we have the result

Ty—To =3 f (i3’ Fudry
0

1 1
=3[ Fudeo-+3 [ (5 Fgar, (6:21)
(3 r £y 9 k

or, expressed in words: the change in the kinetic enerqy of the system in
any interval of time is equal to the total work done on the system by both
the internal and external forces acting on the system during the same
interval of tine.
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In the event of the displacement of the system during the interval
being such that the mutual distances between the respective particles
remain unchanged, then the work donc by the internal forces will be
zero, and in this case (6.21) reduces to

1
Tl——T() == zf (Fi.(ll‘i),
V]

so that the increase in the kinetic energy in the interval is now equal
to the work done on the system by the external forces alone. If, in
addition, the forces F; can be derived from potential energy functions
V4 such that

Fi - _VV'i’

d
2

O,
where V — lé-)_;c.+]8_y+k

[%
(i,j,k) having their usual meanings, then we shall have

1

Tl——To == ——f z (VV{.(]I’@)

0
1
o _f S (dVi(] ﬁ_)zfd _{_8__”[ )

=2 (Vio—Va).
i
Writing V = > V;, we thus have
7
T1—To = Vo—V1,
1.e. T1+Vy1 = To+ Vo — constant, (6.22)
a result which expresses the law of conservation of energy for the system.

1.4. Expression for the kinetic energy. The kinetic energy of a
system of particles may be conveniently expressed as the sum of two
terms, one involving the motion of the centre of mass of the system,
the other the motion relative to the centre of mass.

To obtain the expression, we have,

oT = Z my(Vi-Ve)

=2 m{(ve+vi)-(Ve+Vi}
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where v/ (= dr}/dt) is the velocity of the ith particle relative to the
centre of mass,

= Z mi{(Veve)+2(ve.v;y) —F(V;:.V,'i)}
= (va.v(;)z MH—ZVG.(Z mEvy) -2, mi(Vi.v;)

= M3 42 (D mavy) -2, mai.
(1 (2

, e drp d N
But % myv} = %m"{ﬁ = (Tt(g myry) = 0.

Therefore we have
T = Mo} +1> mi?, (6.23)
(2

or, expressed in words: the kinetic energy of a system of particles vs equal
to the kinetic enerqy of a hypothetical particle, supposed moving wilh the
centre of mass of the system and having a mass equal to the totul mass of
the system, together with the kinetic energy of the system in ils motion
relative to the centre of mass.

2. Motion of a rigid body

Since a rigid body in reality consists of a system of mutually inter-
acting particles, it should be possible to use the above results to deter-
mine its motion.

In order to apply them, suppose we look at the position in a little
more detail. Any substance is, of course, made up of a large number
of molecules, each molecule consisting of one or more atoms; the atoms
themselves consist of electrons in motion around hard, compact nuclei
composed of neutrons and protons, each nucleus having its own particular
number of satellite electrons. A rigid body is characterized by the fact
that, no matter what the forces acting upon it, the distances between
the centres of mass of the molecules which compose the body, together
with their relative positions, remain unchanged.

Having described, in brief, the physical structure of a rigid body,
let us now consider the application of the above results to the motion
of such a body. The simplest case involving the motion of a rigid
body is that in which the body has one point fixed. Its motion at
any instant is defined, as we know (Chap. III, § 3), by an angular
velocity «w about an instantaneous axis passing through the fixed point,
and to determine the motion we have thus to determine w as a function
of t. Since only one vector unknown is involved, one vector equation
in w should suffice for the determination of the motion. To obtain
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this equation, it is natural, in view of the nature of the motion, to start
with the moment of momentum equation of § 1 above, viz.

M s rnFy, [6.8))

dt
where H is the moment of momentum of a system of interacting
particles with respect to the fixed point O (eqn 6.8), and investigate
what form this equation assumes when the system is a rigid body.

To derive the form of this equation, let the body consist of n molecules
and let m; be the mass of the 7th molecule, r¢; the vector displacement
of its centre of mass from O, mg the mass of one of the constituent
partlcles of the molecule, Iy its vector displacement with respeet to O,
and r/; its vector displacement with respect to the centre of mass of
the molecule Also let Fg represent an external force (i.c. a force
from outside the system) acting on mgs. Then, provi(lml that all the
internal forces within the body are assumed to be in the nature of
central forces, (6.8) above, when applied to such a system, becomes

dH v
M S5 (eanFa, (624
13 &
) o drg; -
where H == > > (rsi AmsiVsi), Vi == 5 (6.2D)
s
But Is = TaiHTry.

Hence

> S{(rei+r;) AFs}
Z (rai AFs)- E E (I‘ AF )
(r(,t/\? Fg)+ Z E r;, AFg)

(rGl AN ) +2 2, (r“/\F.sz) (6.26)

Z Z (rsi AFsi) =

~M *M «M =

where F; = > F is the total external force acting on the /th molecule.*
S

Also
H= 2 Z (rse AmsiVsi)
T 8

i’ Ire
= 3 SH{(raitry) Ams(Vi+Va)} v, = iy, CE
s e dt

* It should be realized that F, does not include the interactions between the ith
molecule and the other molecules of the system, since these forces do not enter
into (6.24).

9—1.D.D.
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= % 2; (I'ai/\”istV;l)—F% }; (Tae AmsiV i)
133 L Amav) 2 3 (L AV )
= % {r Gt/\(g 7"’8i"§@)}+2; {l‘ai/\(g Mst)V ¢}
+i2 ? (r;iA7rzs¢v;i)+2iT {(g MsiTy) AV i}
== % (rei /\WV(MH‘; % (T AmsiVy,)

: ’ ’ d S ’
since 2 mgry; =0, > MgV = Zt(z Mgily;) = 0,
8 8 $
ie. H= Z He+> Hiy, (6.27)
1 (]
where He =raAmve,  Hi =2 (T Amsivy). (6.28)
8

Substituting for > 5 (rgAFs) and H from (6.26) and (6.27), into
18

(6.24), the moment of momentum equation thus becomes

i ZHGi)+ ZHM =3 I’Gi/\Ft)+Z,§(r§i/\Fsi). (6.29)

This equation, however, can be simplified if we assume that the resultant
forces between the molecules to be such that they act through the centres
of mass of the respective molecules. For, Hi; being the moment of
momentum of the 7th molecule with respect to its centre of mass, we
have, on applying the result for a system of particles given by (6.16)
to this molecule,

dH(x'L

== z (r.sz A Fst

the only forces, apart from Fg, acting on the molecule being either the
internal forces within the molecule, which will make no contribution to
this equation, or the molecular interaction forces which also do not
enter in view of the above assumption. Thus (6.29) reduces to

= LS Ha) =3 (rai/Fi,

H -
or ('J =2 (rae \Fo) (6.30)
if we write H=7Hg=2raAmve. (6.31)

Equation (6.30) has exactly the same form as (6.8). Consequently we
have the result that, provided the intermolecular forces are such
that they act through the centres of mass of the respective molecules,
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then the result given by (6.8) for a system of mutually interacting
particles can be applied to a system of mutually interacting molecules,
although the molecules themselves consist of systems of interacting
particles; in applying the equation, each molecule is to be regarded as
being replaced by a hypothetical particle having a mass equal to that
of the molecule and supposed situated at its centre of mass. We shall
call such a particle a molecular particle. For convenience, we shall
drop the suffixes and replace rgg, Vi, and Fy by r, v, and F respectively.
Then (6.30) and (6.31) become
dH

- = S(rAF), H==3} (rAmv), (6.32)

m denoting the mass of a molecular particle whose vector displacement
from O isr.*

Having obtained this result, we can now apply (6.32) to the case in
which the system is a rigid body rotating about a fixed point. For in
this case we can write, from our knowledge of the motion of such a body,

= WAT,

H =3 {r Am(wAr)}
=2 m{r A(wAr)}
= > m{w(r.r)—r(r.cw)}
= Wy mri—> mr(r.w).
The scalar components (H z,Hy,H;) of H respectively parallel to a set
of coordinate axes OX Y Z through O, and which arc termed the moments
of momentum of the body with respect to the coordinate axes, are thus
given by
Hy=iH = (iw)> mr2—> m(ir)(r.w)
= wgy ME2Fy2+22) — 2, mr(wwg Yo y+-2w,)
= wgy M(Y2-+22) —wyD Mmry—wz2, Mrz

and hence

= Awz—Hwy—Gw,,
with similarly

Hy = jH = —Hw;+Bwy—Fw,,
H, =kH= —Gw;—Fwy+Cuw,.

* The above assumption that the intermolecular forces are in the nature of
central forces is, of course, an over-simplified picture, since not all intermolecular
forces are of this type. To consider the question more generally, however, would
be a much more difficult problem. Consequently, it is necessary to assume that,
although the intermolecular forces do not in all cases act along the lines joining
their centres of mass, nevertheless (6.32) is generally true. The same assumption
must also be made, of course, when considering the motion of a rigid body having
no point fixed (eqns (6.34) and (6.35) below).
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We thus have
H = (Ha»Hy;Hz)
== (Awz—Hwy—Gw;,—Hwz+Bwy—Foy,,
—Gwz—Fwy+Cw;). (6.33)

On expressing (6.32) in terms of its equivalent scalar equations, we
shall thus have three equations to determine (wgz,wy,wz) and hence w.

In the case of a rigid body which has no point fixed, then its motion
will be known if we know its angular velocity w together with the
velocity Vo of some point O of the body which is taken as base point
(Chap. I11,§3). In this case, therefore, the determination of the motion
involves the determination of two vectors unknown, viz. w and Vo,
as functions of ¢, so that two differential equations of motion involving
these quantities are required. These may be obtained by the applica-
tion of the equation of linear momentum (eqn 6.10),

M%’ —=SF, [(6.10)]
and that of moment of momentum (eqn 6.20),
dH -
L VoAR = 3 (T AP, [(6:20)]

where v is the velocity of the base point. In practice, it is convenient
to take @, the centre of mass of the system, as base point, in which case
(6.20) becomes, on putting vo == Vg,

Mo S@AR,  HowS@Anv),  [619)]
where ' is the vector displacement of the particle of mass s with respect
to G and V' is its velocity relative to G. If we apply these equations to
a system of mutually interacting molecules, then, by reasoning similar
to the above, it can be shown that the above equations can be applied
to such systems, the individual particles being replaced by molecular
particles. The above equations are thus immediately applicable to
the motion of a rigid body.

Since for a rigid body
vV = AT,
we have, in this case,
Hg = 3 m{r’ A(w AT}
Comparing this expression with that for H (p. 131), it follows that the
expressions for the scalar components of Hg will have the same form as
those for (Hz,H,,H;) above (eqn 6.33) except that the 4,B,C,F,G,H

occurring in them are now the moments of inertia and products of
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inertia with respect to a set of rectangular axes and planes through
the centre of mass, the directions of the axes in space being fixed.
When (6.10) and (6.16) are expressed in terms of their scalar equi-
valents, we thus have six equations to determine the six components
of vg and w.

To summarize the results obtained above, we see that the equations which
deterniine the motion of a rigid body are thus :

(1) Rigid body rotating about a fixed point:
dH
— =2 (tA\F), [(6.32)]

where H is the moment of momentum of the system with respect to O; the

components of H with respect to a set of fixed rectangular ares, having

their origin at O, are given by

(HgzHyHy) = (Awz—Hwy—Gwz,—Hwzt Bwy—Fw,,
GwgFoytCo),  [(6:33)]

A,B,C,F,G,H being the moments and products of tnertia with respect to

the coordinate azes and planes.

(2) General motion of a rigid body:

Md;’f —S'F, (6.34)

‘%‘-" =S (' AF), (6.35)
where He is the moment of momentum of the system with respect to G/, ils
centre of mass; the expressions for the components of He referred lo rect-
angular axes through G, respectively parallel to « set of fized axes, are
similar to those of (6.33) except that A,B,C,.F,G,H are now the moments
and products of tnertia with respect to a set of parallel axes and planes
through G.

In the above equations, the rates of change of the vector quantities
occurring in them always refer to rates of change with respect to a
set of axes whose ditections in space are fixed. This means, since the
body is moving relative to these axes, that the inertia coeflicients
A,B,C,F,G.H will not in general be constants. This fact severely
restricts the use of the above equations. They may, however, be used
to determine the motion of a spherical body which either has its centre
fixed, or is moving freely, and whose mass distribution is symmetrical
with respect to its centre, since in this case the moments of inertia
with respect to all axes through its centre are the same and the pro-

ducts of inertia vanish.
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2.1. Examples involving motion of a sphere

(1) Motion of a Billiard Ball. Consider a billiard ball in motion on
a rough table. We shall assume that the conditions at the commence-
ment of the motion are such that slipping occurs initially. Then, as
long as this condition lasts, the equations of motion are, applying
(6.34) and (6.35) above,

M‘i_: — N4+Mg-+F, (1)
dH d
= A7 = —nAR), )

AN

where 4 is the moment of inertia of the ball with respect to a diameter,
v is the velocity of its centre (7, w is its angular velocity, N is the normal
reaction at the point of contact 4, F is the force of friction, and n is a
unit vector in the direction A¢, the normal to the plane at the point of
contact.

Since there is no motion perpendicular to the plane

N+Mg = 0,
and hence (1) reduces to
dv

or, since we can write

F = —-—,u.MgS
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where 8 is a unit vector in the direction in which slipping occurs,

dv

de

We have now written down all the equations that are open to us:
they must therefore suffice for a discussion of the motion.

To integrate the above equations, we first eliminate F from (2) and
(3); this gives

= —ugs. )

dw v\ .
A%—kMa(n/\m) — 0%,
or, writing 4 = M#k?,
dw dv
.2 =) = y
k 7 +a(n/\ ([t) 0. (5)

We now introduce a new variable, namely, the velocity v 4 of the point
A of the ball. This is given by

V4= V4+wA—an = v+ia(n A w).
If we differentiate this equation with respect to ¢, then we have
dvgq dv dw
i (ﬁ*“(“A‘;ﬁ)’
while from (5), on multiplying through vectorially by n,

B ) = —efrn (1)}
= —an(n.d—v) -{—ad—v
dt dt
v
E)
n.dv/di being zero since the motion of the centre of the ballis parallel
to the table and so at right angles ton. Therefore we have

dva _dv a?dv _ (k2-+4a?) dv

=a

i @R R @

k2 2
= s (0

* This result could also have been derived directly by taking moments about 4,
the point of contact, using (6.20), § 1.2. Since the motion of 4, regarded as a point
of the plane, is equal and parallel to that of (7, the term v A p = v4 A Mvq vanishes,

so that
T = 5 0AR) = anpMg;
also, applying the result given by (6.12) for a system of interacting particles,
Hy =Hg+r¢g\ Mvg = Aw+an A\ Mg.

Substituting this expression for H into the above expression, the result follows.
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on substituting for dv/dt from (4). But, in view of the definition of s,
we can write
V4 =048,
dVA ds dvA
—-‘l—t = vAEl—t W S.
Hence, substituting for dv 4/d¢ into (6), we have
2 1 42
ds {dvA (k2-+-a?) ™)

so that

A I =R

which, on multiplying both sides scalarly by s, gives
ds dvg  (k2-}-a2) -
'LAS.(—Iz——— *{W—F——-kz——/.lg , S8 = 1.
But s.ds/dt = 0 since s is a unit vector; so that
dvg  (k2-|-a?)
TR

Hence, from (7), we have

=0. ®)

ds
dt
i.c. s must be a constant vector and so must have a constant direction
in spacc. We thus have the result that the direction of slipping is
constant throughout the motion. Tts direction will therefore be
defined completely by its initial direction, that is, by the initial direction
of v4. In addition, it follows from (8) that dv4/dt is negative, so that
va is a decrcasing quantity. Slipping will therefore continue until

v4 == 0. But, integrating (8), we have

12 1 g2

V4 = _"ug(’ Z;a )t+constant
k2 a2
= VA0 Mg '_kz_— t’

- 0,

where v4g is the initial value of v4. Thus slipping continues for a
time
e — k2o A0
e
Having deduced the result that s is a constant vector, the motion
and the path of the centre of the sphere may now be determined.
From (4), we have on integrating™®

dr
Ve = —pgst+Cy, 9)

* r is the horizontal vector displacement of ¢ with respect to a fixed axis per-
pendicular to the plane of the table.
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where Cj is an arbitrary constant vector. This gives v as a function
of t, once Cp is known. The angular velocity of the ball may now be
obtained by substituting the above expression for v in that for «
obtained by integrating (5), viz.
k2w--a(n A\v) = a constant vector = C.
To obtain the path of the ball, we have from (9), after integration,
r = —}ugst?+Cyt+Co, (10)
say, where Cg is another arbitrary constant vector. If initially r = 0,
v == dr/dt = Vo, then we shall have Cj-=vy, Cz =0, so that (10)
becomes
r = —lugst24-vt. (11)
This is the equation of a parabola whose axis is in the direction opposite
to that of s. (This follows immediately if one compares this equation
with that for the path of a particle moving freely under gravity.) Thus,
in general, the path of the centre of the ball, as long as slipping takes
place, is a parabola. It reduces to a straight line, however, if
(1) Vo is zero,
(ii) vo and s are parallel; since the direction of s is determined by the
initial conditions according to the equation
9408 == Vo+-a(n A wo),
this will be the case if the ball is struck in such a way that n A w,
is parallel to vo, i.e. if the axis of wy is horizontal and perpendicular
to vy.
Rolling Motion. When slipping ceases, then the motion becomes one

of pure rolling. The equations of motion corresponding to this motion
are

M%:—’ =F (12)
and Mkz{-fl—(:) = —a(nAF), (13)

where F is the force of friction at the point of contact, though no longer,
of course, having its limiting value; in addition we have the kinematical
condition for rolling contact, viz.

V4 =V+tanAw)=0. (14)
If we climinate F from (12) and (13), we have

o dv
MR a(n/\Mdt),

or k2(—law—t— = —a(n/\(‘li—:), (15)
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which gives, as above, on multiplying both sides vectorially by n
dw (lv
2
#(nnG) = g
Also, we have from (14), on differentiating with respect to ¢,
dv dw
Ez-{-a (n /\ ‘d?) =0

Eliminating dew/d¢ from these equations, we thus have

dv
i 0.
On integrating, this gives the result
dr .
V = ¥/ D,, (16)
say, so that
r = Dyt-+Dy, 17

where D; and Dg are arbitrary constant vectors.

If in (16) and (17) we choose ¢ = O to correspond to the instant when
pure rolling begins, and if v = v, T = r; at this instant, then we shall
have D; = vg, Do = 14, so that (16) and (17) become

V= } (18)
r =rs+vst

We thus have the result that the velocity of the centre of the ball after
rolling commences is constant, both in magnitude and dircction,
and the path of the ball is a straight line, whose direction in space is

that of vs.
The values of vs and rs may be obtained from (11); they are

dr
Vs = ( ‘_E)t=t, = —ugsts+Vo,

rs = —ugstZ+vols.
The equation of the path during rolling motion will therefore be given
by (eqn 18)
(r—Ts) A\Vs =0,
where v; and rs have the above values.
It should be noticed that, since dv/dt == 0,
F=0
(eqn 12), i.e. no frictional force is necessary for rolling motion to be
possible.
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(2) Rolling Motion of a Uniform Sphere on a Fixed Rough Inclined
Plane. Consider a sphere of radius @ in rolling motion under gravity
on a fixed inclined plane whose inclination to the horizontal is «. Let v
be the velocity of its centre, w its angular velocity, and R the reaction
between it and the plane. (In this example, it is not essential to resolve

R into components at right angles and perpendicular to the plane, as
in Example (1), since the motion, being one of pure rolling, the equa-
tion of limiting friction, F = uIN is not applicable.) Then the equations
of motion are

dv
W — Ry Mg, (1)
d
%:’ = —a(nAR), )

where n is a unit vector perpendicular to the plane, together with the
kinematical condition for rolling contact, viz.

v4a(nAw) = 0. 3

We have thus three equations between the three unknowns occurring
in the problem, namely v, w, and R, i.e. we have just sufficient equations
for the solution of the problem.

To determine the motion of the sphere, and hence the equation of
its path, we have, on eliminating R from (1) and (2),

d d
A%Jrzvfa(n/\%)—Ma(n/\g) = 0. )
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We have now to eliminate w from (3) and (4). Multiplying (4) vector-
ially by n gives
A(n /\‘%’) — M Mafn ppB)} = 0;
also, from (3), we have
dv

dw
7 +a(n/\ i ) =2 0,
Eliminating dew)/dt, we thus have, putting 4 == M2,

(24 a2n A (B} - 0. ®)

This can be immediately integrated, the result being
(k-+av-Hadin A AR = e
where c; is an arbitrary constant vector. Since we can write v = dr/dt,
where T is a vector parallel to the planc as in Ex. (1), we have on inte-
grating again
(A2-Fa?)r+la{n A (nAg)}2 = cit-Cq, (6)
¢ being a second arbitrary constant vector. Also, if i is a unit vector
parallel to a line of greatest slope and pointing up the plane, then
g == ¢g(sin ai—cos an),
and hence
n/\(nAg) = n(ng)—g
= —¢ cos an—g¢(sin «i—cos an)
== —¢ sin ai.
Consequently (6), which expresses r as a function of ¢, becomes
(k24-a2)r = }a?g sin «it2-}-c1t4-Co.

If r = 0 when ¢ = 0, then ¢z = 0 and we have

r (c1t+1g sin «it?).

- k2--a2
The path is thus a parabola with its axis parallel to a line of greatest
slope and pointing down the plane.

(3) Rolling Motion of a Uniform Sphere on a Rotating Planc. Both
of the above examples involved the rolling motion of a sphere on a fixed
plane. Another example involving the rolling motion of a sphere is
that in which the sphere rolls in contact with a horizontal plane which
is made to rotate with a constant angular velocity about an axis per-
pendicular to itself.
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To consider this problem, let O be the point of intersection of the axis
of rotation with the plane, and let r be the vector displacement of 4,
the point of contact of the sphere with the plane, from O. (It is also
the vector displacement, parallel to the plane, of &, the centre of the
sphere, from the axis of rotation.) Then, with the same notation as
above, the equations to determine the motion of the sphere are

M‘;ll-‘t’ — R+ Mg, (1)
dw
A—d— = —a(nAR), (2)

together with the kinematical condition for rolling motion, which in
this case is

v-ta(nAw) = QnAr), (3)

if Q is the angular velocity of rotation of the plane. We have here
again threc equations involving three vector unknowns, viz. r, w, and
R. The problem should thus be soluble.

If we eliminate R from (1) and (2), and put 4 == Mk2, we have

ol (o]} o) oo

which on multiplying by n vectorially gives
dw v
( Nt ) “a

dv dw
%—}—a(n/\ %) = QNAV).

Also, from (3), we have

Eliminating dw/dt from these equations, we thus have

(h2- %az)((ll == 2R AV).
This can be immediately integrated giving

(k24-a?)v = k2Qfn A (r—c}, 4)

where c is an arbitrary constant vector; or, putting v = dr/dt,

dr k22

dt  k2+a
Comparing the form of this equation with that occurring in Chap. 111,
§3.1 (Ex. 2, eqn 10), it is seen that the path of the centre of the sphere

2{n A(r—c)}.
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is a circle of radius |[r—c| having its centre at the point r = ¢, and
described with a uniform angular speed £2Q/(k2+4-a2).*

Additional problems involving the motion of a sphere, which do
not lend themselves to a completely vector solution, are discussed at
the end of the chapter.

2.2. Derivation of the principle of energy for a rigid body. In
§ 1.3 we derived the principle of the conservation of energy for a system
of mutually interacting particles. If the internal forces are such that
they do no work in any small displacement of the system and if the
external forces acting on the system are conservative, and so can be
derived from potential energy functions, then we found that throughout
the motion of the system

T-+V = constant,

where V = > Vj is the total potential energy of the system in the field
of the external forces (eqn 6.22).

Let us now consider the same question for a system of mutually
interacting molecules. We shall first obtain an expression for the

* To determine the radius of the circle and the position of its centre, one has to
evaluate € in terms of the initial values of v and w. If the sphere is at rest and
is placed gently on the rotating plane such that the point of contact A4 is at a vector
distance r¢ from O, for instance, then an impulsive force comes into play initially
at the point of contact of the sphere with the plane. The determination of the
initial values of v and w thus involves the application of the equations of impulsive
motion. These are discussed in full in Chap. IX. IfJ is the impulse which occurs
at 4, then, if vo and wy are the initial values of v and w, the appropriate equations
in the present case are

Mvo=J, (a) Awg = —a(nAJ), (b)
together with the equation
Vot+a(nAwg) = 2MnArg). (c)
Eliminating J from (a) and (b), we have
Awo = Ma(voAn),
which, on multiplying by n vectorially, gives
AN Awo) = Ma{n A (voAn)} = Mavy.
Using (c), we therefore have
(A+Ma2)vo = AQ(nAro),
i.e. writing 4 = Mk2,
(k2+a2)vy = k2Q2(n A o).
Substituting into (4), the value of ¢ is thus given by the equation
nAry =nA(ro—c),

from which it follows that ¢ must be zero. The centre of the circle thus coincides
with the point O; its radius is therefore equal to r¢.
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kinetic energy. Using the result given by (6.23), we have, with the
same notation as above (§ 2),

Total kinetic energy of the ¢th molecule = T -T',

where
Ty = Imy(VeiVer), T =1 > msa(Vyvi).
8

Summing over all the molecules, we thus have:

Total kinetic energy of system = T+41",
where

T = z Ty =13 Z mi(V eV Gi)s T = Z T:=1% Z z Msi(VgeVep)-
i i T8

The former is the kinetic energy of the molecular particles of the
system (see p. 131), whilst 7" represents the total kinetic energy of the
individual particles which together make up the molecules, in their
motion relative to the centres of mass of the molecules. We shall call
T the internal kinetic energy of the system. It will, of course, be
unaffected by the external forces acting on the system, its value at
any instant depending entirely upon the internal forces within the
molecules.

Now let us apply the results of § 1.3 to the system. We shall clearly
have (eqn 6.21)

(T14-T3)— (To+T4) = Work done by all the forces acting on the system,

both internal and external.
But the internal forces of the system consist of the intermolecular
forces between the molecules together with the internal forces associated
with the respective molecules. Also, if the system is a rigid body, then
we know that the relative positions of the molecules remain unchanged.
Consequently the work done by the intermolecular forces in any displace-
ment of the body will be zero. Further, if V; denotes the potential
energy associated with the internal forces of the ith molecule, then the
work done by such forces for the system as a whole in any interval of
time will be given by

S Vi=3 Vi = Vo—Vi,

(]
say. Henee, for a rigid body, we have the result

(T1-+T)—(To+10) = Vo—Vi+2, [Fidr .
K3

where F; is the total external force acting on the 7th molecule. But,
since the motion of the particles within any molecule, relative to its
centre of mass, is independent of the external forces acting on the body,
then. for the relative motion alone,

T{—Tp= Vo—Vi.
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Consequently, the above equation reduces to
T—Ty = z [Fidrg, (6.36)
1

where, for simplification of the notation, dr; has been written in place
of dr¢;. 1If the external forces are conservative, and so can be derived
from potential-energy functions Vy, say, then

zf Fodry == > Vio—2 Vi = Vo—V1,

and (6.36) becomes
T14+Vy1 = To+ Vo = constant, (6.37)
which is the energy equation for a rigid body. The kinetic energy
defined by the expressiou
T=1 z my(Vei Vi) = 5 D m(v.y),
v being written in place of v, will be termed the kinetic energy of
the body.

2.3. Expression for the kinetic energy of a rigid body. In
order to use the energy equation (6.37) as an integral of the motion, it
is essential to be able to write down an expression for 7. We have
already obtained such an expression when the system consists of
mutually interacting particles (eqn 6.23). What we require is the
corresponding expression when the system is a rigid body.

(1) Rigid body having one point fized. If r denotes the vector displace-
ment of a molecular particle of mass # with respect to the fixed point,
then we have, since v = wAT,

2T = > m(v.v) == > m(w AT).(WAT). (6.38)

We notice that this expression is identical in form with the expression
for the moment of inertia I with respect to a line, viz. > m(r AA).(r A)
(see Chap. V, § 3) with w(wz,wy,w;) replacing A(l,m,n). We therefore
have
2T = Awi--}—Bwi—FOwg——2Fwywz—-20wzwz—2wawy, (6.39)

where 4,B,0,F,G,H are the moments and products of inertia with respect
to a set of orthogonal coordinate axes and planes through O.

An alternative expression for 7', which is sometimes useful, may be
obtained as follows:

T == 3 m(V.v) = > m{V.(wAT)}
= > m{w.(r AV)}
= w.) (r\mv)
= w.H. (6.40)
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On expanding (for components of H see (6.33)), this reduces to (6.39)
above.

(2) Rigid Body having no point fized. The kinetic energy of a system
of mutually interacting particles is given by eqn (6.23)

2T = M2+ m(v'.v'),

where v’ is the velocity of the particle of mass m relative to G, the centre
of mass of the system, v being the velocity of G. But, in the case of
a rigid body, v’ for a molecular particle is given by

vV = wAr,
and hence
2T = Mvi+> m(w Ar').(w Ar').

The second term of this expression is identical in form with (6.38)
above. We therefore have

27 = M/v‘f,-{—(Aw%—}—Bw%—}—ng—2Fwywz—2(z7wzwx—2wawy),

where 4,B,C,F,G',H are now the moments and products of inertia with
respect to a set of orthogonal axes and planes whose origin is at the
centre of mass.

We also have

2T = Mv%+w.Hg
analogous to (6.40) above.

2.4. Application of the principles of conservation of angular
momentum and energy. Just as the moment of momentum of a
particle with respect to a given axis may be conserved throughout its
motion, so the moment of momentum of a rigid body with respect to a
fixed direction may, under certain circumstances, be conserved (see
below), a result which is known as the principle of conservation of angular
momentum for a rigid body. This principle, when it holds, and the
principle of conservation of energy, as derived above, are often extremely
useful in the solution of problems involving the motion of a rigid body
since, when expressed mathematically, they lead to first integrals of
the equations of motion, i.e. the resulting equations involve the rates
of change of the positional coordinates of the system but not their
second differentials.

(1) Motion of a Rigid Body about a Fized Point. Let H be the moment
of momentum of the body with respect to a fixed point O. If Ais a
unit vector defining a line through O, then the moment of momentum
of the body with respect to the line A is defined by the scalar quantity

HA = A.H.

10—rT.p.D.
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Suppose we multiply the equation

dH

7 = 2 (TP,

which expresses that the rate of change of the moment of momentum
of the body with respect to O is equal to the algebraic sum of the moments
of the external forces about O, scalarly by A. Then we have

A0S (e AF) = 5 (e AT

In the event of the right-hand side of this equation vanishing, we
shall have
dH

A.% = 0,

and hence, since A is a constant unit vector in space,
A.H = constant, (6.41)

i.e. the moment of momentum of the body about the line A is constant
during the motion. The condition for this to happen is clearly that
the algebraic sum of the moments of the external forces about the
line should vanish.*

In the solution of problems involving the motion of a rigid body
having one point fixed, the system being such that it possesses only
two degrees of freedom (i.e. it requires only two independent coordinates
to define its position) and is moving under the action of a system of
conservative forces, then an equation of the type (6.41), if it exists,
together with the equation expressing the constancy of the total energy
will suffice to determine the motion completely.

If the body possesses three degrees of freedom, as in the case in which
a rigid body moves freely under gravity about a fixed point, then two
equations of the above type together with the energy equation will
be sufficient for the determination of the motion.

(2) General Motion of a Rigid Body. 1If the body has no point fixed,
then the motion will be defined at any instant by the motion of its
centre of mass together with the rotational motion of the body relative

* In some cases it may happen that

dAH)
=%
so that A.H = constant,

even if the direction of A is not constant in space, e.g. the moment of momentum
of a top, spinning on a rough plane, about its axis is constant. This point is
discussed in detail in Chap. VIIIL.
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to the centre of mass. The motion of the centre of mass is determined,
in the usual way, by the equation

dVG -

=
= F, (6.42)
while the rotational motion is governed by the equation
H
dd_tG =S (rAF). (6.43)

Now a rigid body, not subject to constraints, requires six independent
coordinates to specify its position; these, in general, are chosen for
convenience to be the three positional coordinates of its centre of mass
together with the three coordinates defining the orientation of the body
relative to the centre of mass. Thus six scalar integral equations in-
volving these six coordinates, together with their rates of change, will
in general be required to determine the motion. These may be obtained
by the integration of (6.42) and (6.43), each equation being equivalent to
three independent scalar equations. Some of these integrals may,
however, be written down at once by applying the principles of con-
servation of linear momentum, angular momentum, and energy, when
they exist. Thus, if A is a unit vector defining a constant direction in
space such that

AN _ASF=y R 0,

then we have
A.Mv g = constant

as one such integral of the motion. Similarly, if a unit vector A exists
such that
dHg

AE = A (AP = 3 (M AF) =0,

then we have, as in (6.41) above,
A.H = constant

as another integral of the motion. If, in addition, the body is in motion
under the action of conservative forces, then the equation of energy
leads to a further first integral.

If the body is subject to constraints, so that the number of independent
coordinates required to define its position is reduced, then it often
happens that the equations of constraint together with integrals of the
above types suffice for the determination of the motion; in this case
the direct integration of the equations of motion, (6.42) and (6.43), can
be avoided.
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Example. A square plate OPQR 1is free to move about the corner O
with the lower edge OQ sliding on a smooth horizontal plane through O.
The plate is held with its plane vertical and, after being slightly displaced,
is allowed to fall. Prove that, when the plate becomes horizontal, OQ will
have moved through an angle 3m/16 and determine the angular velocity
of OP about OQ in this position.

Solution. Let ¢ be the angle that 0Q makes with 0X, a fixed line
in the plane, 6 the angle that OP makes with the upward vertical OZ.
Then these two angles clearly define the position of the lamina at any
instant, while their rates of change define its motion. Only two co-
ordinates are thus involved, so that two first integrals of the equations
of motion will suffice for the determination of the motion.

R

Since the total moment of the external forces about OZ is zero, all
the forces acting on the lamina being vertical, one integral of the motion
will be given by the constancy of the component of the moment of
momentum with respect to OZ, while a second integral will be given
by the constancy of the total energy, the plane on which O slides
being smooth.

To obtain the integrals we have:

(i) Angular Momentum Integral. To obtain an expression for H,
the component of the angular momentum, or the moment of momentum,
about OZ, it is convenient to take a set of axes 0123, fixed relative to
the plate, such that O1 is along OP, 02 is along 0Q, and 03 is a mutual
perpendicular axis such that 0123 is a right-handed system. Then we
shall have

Hz == Z.H,
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where z is a unit vector in the direction of the upward vertical, and
H = (H3,Hs,Hy)
= (Aw; —Hwe—Gw3,— Hwy +Bws—Fwz,—Gwi—Fws+ Cws),

A,B,C,F,G H being the moments and products of inertia with respect to
the axes and planes defined by 0123, and (w;,wg,wg) the components
of the angular velocity with respect to the same axes. But, if ¢ is the
length of a side of the plate, then

A = Moment of inertia about 01 = }Ma?2,

B = Moment of inertia about 02 = }Ma2,

C = Moment of inertia about O3 = $Ma?2;
also the products of inertia are given by

F=I23=0, G=131=0, fI=Ilz=}Ma2
(The value of H is obtained by using the general result for the product
of inertia given in Chap. V (eqn 5.6), viz.,
H = Iz = MiZa+-Ici2
= Mi%s,

since I 12, the product of inertia with respect to parallel planes through
the centre of mass of the plate, is by symmetry zero.) Hence we have

o Map@r_w2 @1 w2203
(o ) = Ma2(— P-4+ 5752,
Also z = (cos 6,0, sin 0),

when referred to the same axes, and hence

—zH = a@1_w2 @1 wp 2wg
H, =2z.H = (cos 6,0, smﬁ)Ma( T 4_|_3,3)
— Ma 2{(-3- —“ié) cos 0+2————“’3§m 0}. (1)
To obtain the components of w, and so evaluate H, we have
w = dz-1-6j,

if j is a unit vector in the direction of OQ; consequently
W = (w1,wz,w3) = ¢(cos 6,0, sin 6)46(0,1,0)
= (¢ cos 6,6, sin ). (2)

Hence, from (1),
2
H,— Mg 2{(45 cos 9) <0 249 sin2 4

= Ma?{}(cos? 842 sin2 6)d— }9 cos 60}
= Ma?{}(1+ sin2 6)¢—}0 cos 6}.
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The angular momentum integral,
H, = constant,
thus becomes
Ma2{}(1+ sin? )¢ —10 cos 6} = constant.

But initially § = ¢ == 0, so that the constant vanishes, and we therefore
have

1(1+4-sin2 6)¢—16 cos § = 0,
. 30 cos 0
Le. = .

4(14-sin? 6)

Thus

)

3cosd
b= f (I Fsm® o)d()—{—constant.

To carry out the integration, put

sin § = w,
so that
cos 0 df = du.
Then we have
3cos b 3du § tan-lu — 7 tan?
fmd e tan—! » = § tan~1 (sin 6).

Hence ¢ == % tan~1 (sin 6)4-constant.

But the constant vanishes, since 6§ = ¢ = 0 initially; thus

é = 3 tan~1 (sin 0).
When the plate becomes horizontal, then 6 = 7/2, so that sinf =1,
and hence

4
5

3m

3
= == - -1 ==
¢(0 = 7/2) i tan11 o

NE]

i.e. OQ has moved through an angle 37/16.

(ii) Energy Integral. To obtain 6, and thus to determine the motion,
we make use of the energy integral,

T+V = constant. 4)
Now T is given by

2 = wH = Mat{(oronwd (P55 +575) }

H 2w3
_ Maz(u_)_x_wlwz_wlwz +w2 + 3)
3 4 4
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- ipflettettien o)
3 2

= A-!ﬁiz{2(1+sin2 0)2--262—364 cos 6}

after substituting from (2); also
V = $Mga cos 6.
Therefore (4) becomes

2
]‘—16(}—{2(1 +-sin2 )¢$24-262—364 cos 0}-+Mga cos 6 = constant,

ie. 2(14-sin2 0)¢24-262 304 cos 6-+(6g/a) cos § = C, say. (5)
But initially § = ¢ = 0, 8 = 0; therefore
C = 6g/a,
so that (5) becomes
2(1+4-sin? 0)¢2+202—364 cos 6 = (6g/a)(1—cos 6).
On substituting for ¢ from (3), this leads to the equation
2
(2—%)02 — (6g/a)(1—cos 6),

ie.

{16(1 +-sin2 8)—9 cos? )62 = (48g/a)(1—cos 6)(1+-sin2 §),
8o that

g2 48¢ (1—cos 6)(1-}-sin2 6)
- a(7T+25 sin? )
This equation together with (3) allow the motion of the lamina to be

determined.
Putting 6 = =2, the angular velocity of OP about O, when the

plate becomes horizontal, is thus 4/(3g/a).

The above general theory has been derived for a single body; it is
clear, however, that the equations so obtained may be readily applied
to systems consisting of two or more mutually interacting bodies.

2.5. Additional problems involving the rolling motion of a
sphere. The examples involving the rolling motion of a sphere,
discussed in § 2.1, all involved motion in contact with a plane, the system
being such that n, the unit vector through the point of contact in the
direction of the normal to the plane, had a constant direction in space.
If the surface on which the sphere rolls is such that the direction of n
i8 not constant, however, then a complete vectorial solution of the motion
is not possible,
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To see why this is so, suppose we consider the case of a sphere in
rolling contact with a fixed surface, the surface being such that the
direction of n is variable. 'We shall assume that the only forces acting
on the sphere are its weight and the reaction at the point of contact.
Then, using the same notation as in § 2.1, the equations of motion are
given by

M;i—t =R Mg,

A— = —a(nAR),

together with the kinematical condition for rolling contact

v4a(n Aw) = 0.

If we eliminate R from the first two of these equations, then we have

dw av
A% = uefan () |

which, after multiplying vectorially by n, gives

A(n/\d:l:)) Ma[n/\ n/\( )}]
When n has a constant direction in space, then w can be eliminated
from this equation using the kinematical relation above, after differen-
tiating with respect to the time. If the direction of n is not constant,
however, then on differentiating we have

v dw dn
a‘t-—l—a«(n/\ d—t)-l'a(%/\O)) = 0,
and it is seen that the elimination of w is no longer possible. In this
case, therefore, we proceed rather differently. We first multiply the
kinematical relation for rolling contact by n vectorially; this gives
nAv+ae{n(n.w)—w} =0,
so that we have
aw = n/\v+4aen(n.w)
= n/Av-+tawsn,
where wg(= n.w) is the component of w in the direction of the normal
to the surface.* On differentiating with respect to ¢ and substituting

the resulting expression for dw/d¢ into the equation obtained above,
after the elimination of R, we thus have

A{(n/\‘g)+( - /\V)—}—awa . adﬁ“’n} Ma2{n/\( ‘fl:')}

* The reason for this notation becomes clear later when we apply the theory to a
particular example.
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or, writing 4 = Mk?,

2 2 2 2 2
B (n/\‘g)+’i(@/\ )+’“ wsdt B dos, mpg) —o.

a? a2\ dt e dt ' a dt

To effect a solution, we now replace this equation by its equivalent
scalar equations. This necessitates the introduction of a set of rotating
axes. If these are suitably chosen, then the scalar equations invari-
ably involve just three scalar variables and their rates of change. These
variables are wg together with the two positional coordinates which
define the position of the centre of the sphere relative to the surface
on which it moves. The equations are therefore sufficient for the
determination of the motion.* To illustrate the theory, we shall
consider just one case of such motion.

Example. Motion of a uniform sphere on the interior rough surface
of a fized vertical circular cylinder.

Solution. Let the radii of the sphere and cylinder be @ and b re-
spectively. We shall refer the motion to a set of axes G123 whose

* The above procedure is not actually essential in the case of a sphere in rolling
contact with a fixed sphere. In this case, if O is the centre of the fixed sphere, &
that of the moving sphere, then the radius OG is always coincident with the normal
at the point of contact. Consequently, if @ and b are the radii of the respective
spheres, then the velocity of G may be expressed in the form

d
v= (a+b)£.

As a result, the motion may be determined without first writing down the
equivalent scalar equations, the scalar first integrals, necessary for the determina-
tion of the motion, being obtained as in the case of the top (see Chap. VIII); see,
also, Newboult, Analytical Method in Dynamics (Oxford, Clarendon Press, 1946),
Chap. I1I, § 3.3.
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origin is at the centre of the sphere, the directions of the axes being
such that G1 is vertically upwards, G3 is along the inward normal, and
G2 is a mutually orthogonal axis such that G123 isa right-handed system,
while to define the position of the sphere we introduce the two positional
coordinates x and 6, where & denotes the distance of @ above a fixed
horizontal level and 8 is the angle which a meridian plane through ¢
makes with a meridian plane fixed in space.

To determine the scalar equations equivalent to the above equation,
when referred to axes G123, we must first replace dv/dt and dn/dt by

cov on on
SFOAY, T H0An=0/n (a—")

respectively, @ being the angular velocity of the rotating axes. Remem-
bering that n.v = 0, this leads to the equation

(M){(n /\%:.') —v(n.ﬂ)}-{—gn(e.v) +Ifﬁ(0 An)

a2
sy ang) =0 ()

The scalar equations may now be derived. We have

0(=6z) —06(,00), n\%Y = (— (b0}
n = (0,0,1), 6An = 6(0,—1,0),

g (: —gZ) = —g(l,0,0), n/\g = _g(o’lao):

v = {&,(b—a)6,0}, nd =0,

ov

a ={&(b—a)f0},  Ov  —ab.
Hence, substituting into (1), we have, after multiplying through by
a?)(k2+a2),

ak?w
{—(b— a)0x0}+k2 00+ =

k2
+I‘:2+w32(0 0,1)+ k2 v zg(0,1,0) = (0,0,0).

6(0,—1,0)

The equivalent scalar equations are thus:

]

I

0, (@)
_ akws +izq_

k2+4-a2" ' k242
#0-+adwg =0, (c)

=0, () (2)



n
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The first of these gives on integrating

6 = constant = B;
thus 6 is constant during the motion. On substituting for § in (2c),
we get

Bi+-adwz =0,
which can be immediately integrated giving
Br--awz = constant = ap.

On substituting for aws and 6 in (2b), we finally have the equation

. k%8 a%g
x“m(“f‘*‘ﬁ‘”)-‘*m =0,

which on rearranging takes the form

o

Tt is thus seen that the centre of the sphere oscillates in the cylinder
about the horizontal level defined by

e

with simple harmonic motion of period

- (5)

The fact that the centre of the sphere oscillates vertically with simple
harmonic motion has been given as the explanation of why a golf ball,
after apparently having been ‘sunk’, sometimes leaves the hole to the
chagrin of the golfer.

Examples

1. A particle of mass m, moving with velocity v, strikes a stationary
body, also of mass m, at a point whose position vector relative to G,
the centre of mass of the body, is ¢. The particle penetrates the body
and at the instant when it is reduced to rest, relative to the body, its
position vector with respect to G is ¢. If the body possesses kinetic
symmetry with respect to G, show that w, the angular velocity of the
body, at this instant is given by

2Iw-+mi{c A\ (w Ac)} = m(@aAV),
where I is the moment of inertia of the body about any axis through G.

9. A uniform sphere of mass M and radius a rolls without slipping
on a rough horizontal board, which is free to turn about a vertical axis
through a point O of the board. The moment of inertia of the board
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about the axis is I, and its angular velocity at any instant is 2. Show
that the equations of motion of the system are given by

S/
(i) &2 a—?-&a(n/\‘%) =0, (i 1% n+M(r/\d,) =0,
(iii) v+e(n Aw) = 2nAr),

where w is the angular velocity of the sphere, v is the velocity of its
centre, k is its radius of gyration about a diameter, n is a unit vector
in the direction of the upward vertical, and r is the vector displacement
of the point of contact of the sphere from O,

Hence show, by integrating these equations, that £ satisfies an equa-
tion of the form

{ME2r2+I(k2+a?)}2— Moa(r.C)=constant,
where C is an arbitrary constant vector.

3. A uniform sphere is in rolling motion on a rough inclined plane,
of angle «, which is compelled to rotate with a constant angular velocity
£ about an axis normal to itself. Show that the vector equation of
the path of the centre of the sphere, when referred to a set of axes fixed
in space, is given by

dr a2g sin at

-(Tt k2+a2n A {(r rO) +—555— 20 )

where £ is the radius of gyration of the sphere about a diameter, r is
the vector displacement of the point of contact of the sphere from the
point of intersection of the axis of rotation with the plane, n is a unit
vector in the direction of the axis of rotation, and j is a unit vector in
the direction of a fixed horizontal line in the plane.

Interpret this result.

4. A uniform rod of length 2a can turn freely about one end which
is fixed. Initially it is inclined at an acute angle o to the downward
drawn vertical. If it is set rotating about a vertical axis through the
fixed end with an angular velocity £, show that the rod rotates about
the axis at constant inclination « provided

oL
40 cos o

If this relation is not satisfied, show that the inclination of the rod
varies between o and

cos~Y{—n-++/(1—2n cos a+n2)},

where
a2 gin2 «

39
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5. A uniform rectangular lamina, whose principal moments of
inertia at the centre are k4, 4, (14-%)4, is mounted so that it can swing
freely about a smooth horizontal axis which coincides with the axis
about which the moment of inertia is 4. The axle is carried on a frame
which can rotate about a smooth vertical axis passing through the centre
of the lamina. At time ¢t =0, 8 = n/4, § = 0, = Q, where 8 is the
inclination of the lamina to the horizontal and ¢ is the angle through
which the frame turns. Show that, in the subsequent motion,

g2 (14-2Kk)£22 cos 26
T 4(k+cos? )

6. A uniform sphere, whose centre is G and whose radius is a,
rolls on the rough inner surface of a fixed hollow sphere of radius
(a+tc) and centre 0. Obtain the equations of motion, and hence show
that the condition for a steady motion in which G describes a hori-
zontal circle of radius » with a constant angular speed £ is

a?n? = 3brgS2 cot «,

where n is the spin of the sphere about OG and « is the angle that the
line OG makes with the downward vertical through O.

7. A sphere is in rolling motion on the rough inner surface of a right
circular cone at rest with its axis vertical. Show that the path of its
centre is similar to that of a heavy particle moving under gravity on the
smooth inner surface of a vertical cone of the same angle. Show also that
the vertical component of its angular velocity is constant throughout

the motion.

8. A sphere of radius @ is in rolling motion on the rough inner surface
of a vertical right-circular cylinder of radius b, which rotates about its
axis with a uniform angular velocity £2. Show that the vertical motion
of its centre is simple harmonic with period

7 27 (b—a)(a24-k2)
T bR(R+m)

where # is a constant.



CHAPTER VII
EULER’S EQUATIONS AND APPLICATIONS

1. Equations of motion referred to rotating axes

It has already been pointed out in Chap. VI (see § 2, p. 133) that the
use of the equation

B S wnp (1)

in the solution of problems involving the motion of rigid bodies is limited
by the fact that, since the motion is referred to a set of coordinate axes,
the directions of which are fixed in space, the inertia coefficients occur-
ring in the scalar components of H (and hence in the scalar equations
equivalent to (7.1)) are variable quantities. In practice it is, in general,
more convenient therefore to refer the motion to a set of axes moving in
some prescribed manner such that the inertia coefficients are constant
with respect to them.

Let the origin of the axes have a velocity vo and suppose that they
rotate with an angular velocity 8. Let H be the moment of momentum
of the system with respect to the origin. If we denote the rate of
change of a vector with respect to the rotating axes by 0/dt, so that
we have

d 9o
@~ aton
(see Chap. IV, eqn 4.3), then the equation of moment of momentum of
the previous chapter (eqn 6.20) becomes, when referred to the rotating
axes,
aH_oH
dt — ot
where p is the linear momentum of the system.

If the origin is at rest, or coincides with the centre of mass of the
system, then (7.2) reduces to

+O0AH+VoAP = 3 (T AF), (1.2)

T OAH =3 (r ). (1.3)

1.1. Application to a body having one point fixed. Euler’s
equations. If the body has one point O fixed, then, taking O to be
158
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the origin, the motion is determined by (7.3). The equivalent scalar
equations of motion of the body are thus:

UL 0ot —t11) = 1, |

dH

dtz (0sH1—0,H3) = M2 (1.4)
ng

——+(01H2—0:H,) = M3

where the suffixes 1,2,3 are used to denote the instantaneous values
of the components of a vector with respect to the moving axes and
M(My, M2, M3) = > (r AF) is the resultant moment about O of the
external forces acting on the body. The expressions for (H1,Hz, Hs)
are given by
(Hy,Ho,H3) = (Aw1—Hwe—(Gw3,— Hw) - Bws—Fwg,
—Gw1—Fws+Cuwsg). (7.5)
Now suppose the rotating axes to be so chosen that they are fixed
in the body, so that

(01,02,03) = (w1,ws,w3).

Then the inertia coefficients occurring in (7.5) will be constants, and
(eqns 7.4) become

I H

‘ 1-I~(wzHa—wal’l’z) M;

lH

F st —enly) = My . (7.6)
¢1113

+(w1H2-w2H1) M3 J

If, in addition, the rotatlng axes are taken to coincide with the
principal axes of inertia at O, then we shall have ¥ = G = H = 0,
so that

(H1,H2,H3) == (Aw1,Bwz,Cwg).
On substituting these values into (7.6), the scalar equations of motion,
when referred to such a set of axes, thus reduce to

Ady—(B—C)wowg = M3
Boy—(C—A)wswy = M3z 3, (7.7
Cuwg—(4A—B)wiws = M3

the dot being used, as in previous chapters, to denote the differentiation

of a scalar quantity with respect to the time. In this form they are
known as Euler’s equations of motion of a body having one point fixed.
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A similar set of equations will govern the rotational motion of a rigid
body about its centre of mass if the motion is referred to a set of axes
fixed in the body whose origin is at the centre of mass, the directions
of the axes being such that they coincide with the principal axes at the
centre of mass.

Ezamples

(1) An aeroplane is moving n a horizontal circle of radius a with speed
v, the axis of the propeller being horizontal. Prove that the couple acting
on the propeller has a component Cnvja in an axial vertical plane and a
component (A—B)nvja tn an axial plane rotating with an angular
velocity 2n, where m is the spin of the propeller, assuming the axis of the
propeller to be a principal axis.

Solution. Suppose we refer the motion of the propeller to a set of
rotating axes, the origin O of the axes being taken at the centre of mass
of the propeller. Let O3 be chosen to coincide with the axis of the
propeller, Ol to be along the axis of the blade, and 02 a mutually
perpendicular axis such that 0123 is a right-handed system.

At time ¢, let O1 make an angle § with OX, the horizontal through
O in the plane of the blade, i.e. in the plane 012. Then, if £ is the
angular speed with which the aeroplane describes its circular motion,
the angular velocity of the propeller in space, and hence the angular
velocity of the rotating axes, will be given by

w = Qz-+0k,

where z is a unit vector in the direction of the upward vertical and k is a
unit vector in the direction of O3. But, referred to the rotating axes,

z = sin fi+tcos G k,
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where i and j are unit vectors in the directions of O1 and O2 respectively,
so that
w=N2sin0i+NcosdjtoKk,
and hence
(wl,wg,wg) = (.Q sin 0, 2 cos 0, 9)
On substituting these values into Euler's equations, the equations of
motion thus become
AR cos 0 6—(B—C)Q cos § 6 = M,
—BQRsin 0 0—(C—A)2sin 060 = M,,
—(4—B)£22sin § cos 0 = M3,
or, since 2 = v/a while 6 = constant = n,

(A—B)n(v/a) cos 0-+Cn(v/a) cos 0 = My, (1)
(A—B)n(v/a) sin 0—Cn(v/a) sin § = Ma, (2)
—(A—B)(v/a)2 sin 0 cos 0 = M3. (3)

These equations give the values of the component couples acting on the
blade with respect to the rotating axes.

Suppose we consider the couples My and Mz. The resultant of the
couple (4-—B)n(v/a) cos 6 about O1 and the couple (4—B)n(v/a) sin 8
about 02 is clearly a couple of magnitude (4—B)nv/a about an axis
in the plane O12 making an angle ¢, say, with O1, where

__ (A—B)n(v/a)sinf
~ (A—B)n(vja) cos §

i.e. it is equivalent to a couple of magnitude (4—B)nv/a whose com-
ponent forces lie in an axial plane making an angle 26 with the horizontal
plane through O. The plane of this couple thus rotates with an angular
velocity 2n.

In the same way the couple Cn(v/a) cos 6 about O1 together with the
couple —Cn(v/a) sin 6 about 02 is equivalent to a resultant couple
of magnitude Cnoja about an axis making an angle (7—u) with the
negative direction of 02, where

Cn(v/a) sin 6
Cn(v/a) cos 8

i.e. i = 0, so that the axis must be coincident with O.X; thus the forces
which comprise the couple must always act in the vertical plane through
03, the axis of the propeller.

The couple represented by (3) is about the axis of the propeller.
Since v/a will be small compared to n, the magnitude of this couple is
small compared to the other two.

11—r.n.D.

tan ¢

tan 6,

tan = = tan 0,
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(2) If a constant couple be applied about the awis of symmetry of a body
supported at its centre of mass, and initially rotating about an axis per-
pendicular to that of symmetry, determine the motion completely and show
that the cone described in the body by the instantaneous axis has the equation

2AN(x24y2) tan~1(y/z) = C(4—C)022%2,

where N 1s the magnitude of the couple and 2 the initial angular speed of
rotation.

Solution. Taking @, the centre of mass as origin, let the axes (123,
fixed relative to the body, be taken such that G3 coincides with the
axis of symmetry, while G1 and G2 are two mutually perpendicular
axes forming with G3 a right-handed system. Then, since 4 = B in
this example, the body having an axis of symmetry, Euler's equations

become

Adin—(4—C)wowg = 0, (1
Awg—(C—A)wzwy = 0, (2)
Cag = N. (3)
From the third of these it follows that
dog N
dt C’

8o that
wg = Nt/C+-constant.

But initially wg = 0; therefore the constant vanishes, and we have

wg = Ni/C. (4)

On substituting this value for wg into (1) and (2), these become
Ain—(N/C)(A—C)twz = 0, 5)
Awgo+(N/CY(A—C)twy = 0. (6)

To integrate these equations, and so determine the motion, we mul-
tiply (6) by ¢ and add to (5); this gives

A(o1+1de9) +1(N/C)(A—C)Ywitiw) = 0,

d .
or 772—0+z)\tpc =0, (7)
if we write

Pe = w1 +iwg (8)
and

)= N(A—-C) ©)

A0
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Equation (5) may be integrated immediately giving
pe = Do,
where D,, the constant of integration, is a complex number. On
writing
D¢ = Dy1-+iDy,
the expressions for w; and wg thus become

w1 = D1 cos 32— Dy sin $A¢2, wg = Dy sin A2+ Dy cos $A2,
To evaluate D; and Ds, suppose we choose G1, G2 to be such that G1
coincides with the initial position of the axis of rotation. Tben initially
w1 = 0, wy =0, so that

D; = Q, Dy =0,
and hence
wy = £2 cos A2, wp = 2 sin JA2. (10)
The component angular velocities (wj,wg,w3) are now known as func-
tions of ¢; the motion has thus been completely determined.

To find the path of the instantancous axis in the body, let P be a
general point on the instantaneous axis, the coordinates of P being
(z,5,2) when referred to the axes G123, which are, of course, fixed in the
body. Then we shall have

so that — =3 2 =
using (10), and hence
22 of N
2y 2 AR
by (4). But, from (10), we have
9y . “2_Y
tan ($Ac2) o ,

(11)

x
so that
1M2 = tan~(y/x).
On substituting for ¢2 in (11), we thus have
22 N2z 2 i
2 b Zap-1d
o Rl oo Rl
which, on using (9), gives
2AN(22+4?) tan-1 L = C(4—C) Q22

&£

This, therefore, represents the path of the instantaneous axis in the body.
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2. Euler’s geometrical equations

The equations of Euler obtained above (eqns 7.7) determine
(w1,we,wg) as functions of ¢ They do not, however, enable one to
determine the position of the body at time ¢ unless we can also express
(w1,ws,w3) in terms of a set of coordinates, which define the orientation
of the body in space, together with their rates of change. In the case
of a body rotating about a fixed point, or in the rotational motion of
a body relative to its centre of mass, the most convenient set of
coordinates to take for this purpose are Euler’s angular coordinates
(0,¢,). These are illustrated in Fig. 7.1 and are defined as follows.

Figure 7.1

Let OABC be a set of rectangular axes fixed in the body. Then 8 is
the angle which OC makes with an axis OZ, fixed in space, ¢ is the angle
which the plane ZOC makes with a fixed plane ZOX, and y the angle
which the plane CO4, fixed in the body, makes with the plane ZOC.
(Fig. 7.1 represents the intersection of the planes through O with unit
sphere, centre 0.) It is readily seen that the position of the body at any
instant may be specified by means of these three angles; 8 and ¢ define
the position of the axis OC in space, while i defines the orientation of
the body with respect to OC.

Having defined these coordinates, we shall now derive expressions
for (wy,wz,ws) in terms of them and their time derivatives (6,4,4).
To do 8o, let OX Y Z form a right-handed system of mutually orthogonal
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axes fixed in space and let (I,J,K) denote unit vectors in their respective
directions; let (i,j,k) be three unit vectors in the directions of 04, OB,
OC respectively. Then, if w is the angular velocity of the body and
(w1,w2,wg) are its components with respect to the axes 04BC, we have
W = wiitwsjtwsk.
Also, from the diagram, it is seen that
w = 03" +JK 4k, (7.8)
where J' is a unit vector in the direction of OB’ (B’ is the point of inter-
section of the great circles XY X’ and A"AB, so that OB’ is at right
angles to the plane ZOC). But, since / A"OB" = / A'OB’ = =,
J’ = cos (}m—¢) i+sin (3n+4) j
== sin ¢ i+-cos ¢ j,
while, if 1” is a unit vector in the direction of OA”",
K=cosfk—sinfI"
== 08 @ k—sin 6 (cos i i—sin  j)
=: —gin 0 cos ¢ i+sin 0 sin ¢ j+4-cos O k.
Hence, substituting for J’ and K into (7.8), we have
@ = O(sin o i4-cos ¢ j)+F(—sin 0 cos ¢ i-}-sin 6 sin  j+cos 6 k) -+Jk
= (0 sin y—d sin 0 cos ¢)i-+(0 cos Y+ ¢ sin 0 sin P)j+(J-+- cos O)k.
The desired expressions are thus
(w1,wz,w3) = (6 sin y—¢ sin O cos i, § cos Y-+ sin 0 sin ¢,
-+ cos6). (1.9)

They are known as Euler's geometrical equations.

Example. A body, possessing an axis of symmetry, rotates about its
centre of mass under no forces. Show that 0, the angle that the axis of
symmetry makes with the axis of the resultant angular momentum, 1s
constant, while ¢ and W, the other two Eulerian angles specifying the
position of the body, are linear functions of the time.

Solution. Since the body has an axis of symmetry, if G3 is taken to
coincide with this axis, then 4 = B; also M = > (r AF) = 0, since the
body is in motion under no forces, its centre of mass being fixed. Euler’s
equations of motion thus become (eqns 7.7)

Adn—(4—C)wawsg = 0, @
Awe—(C—A)wzwy = 0, )
Cag = 0. (3)
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From the third of these equations, it follows that
wg == constant = n,
say. But, since the body is in motion under no forces,
dH
@ =%

so that H is a constant vector, i.e. both its magnitude and its direction
are constant. In addition, it is a localized vector, its axis passing
through @, the centre of rotation; hence its direction defines a fixed
line in space. Consequently if 6 is the angle between the axis of

symmetry and this line, then we shall have
Ca)3 Cn
cosf = — = —.,

H H

Since both 7 and H are constant, 6 is also constant.
If ¢ and ¢ are the other two Eulerian angles, then from the above
(eqns 7.9)
w1 = 0 sin —d sin 6 cos ¥,
w2 = 0 cos Y-+ sin 0 sin .
But, in this case, 6 is constant, so that § = 0. We therefore have
w1 = —dsinfcosyh, w3 =dsinbsin .
On substituting these expressions into (1) and (2), we thus have
A sin 6(—d cos 4Py sin ¢h) —(4—C)ne sin 6 sin = 0,
A sin 0( sin -+ cos ) +(C—A)nd sin 6 cos ¢ = 0,
or, since sin 6 # 0,
A cos y— Ay sin y4-(A—C)nd sin b =0 }
A sin Y4 Ady cos y—(A—C)nd cos p =0 f°
Suppose we multiply the first of these by cos ¢4 and the second by
sin . Then, adding the resulting equations, we obtain

4)

A =0.
Hence é = constant = C,
8o that ¢ = C1t+Cy,

where C; and Cp are two constants of integration. Also, since § =0
and ¢ = constant, we have, from either of (4),
Ay—(A—C)n =0,
_(4-0)
'l' - A n,

and hence Y= Lé;—o)'nt—}—Cg,

so that
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C3 being a further constant of integration. Thus both ¢ and ¢ are
linear functions of the time.*

3. Motion referred to rotating axes only one of which is fixed
in the body

In the above examples the motion has been referred to a set of axes
fixed in the body and rotating with it, the motion being determined by
the application of Euler’s equations. In some cases in which the body
possesses an axis of symmetry, it is more convenient to refer the motion
to a set of axes which rotates, but which is not fixed relative to the
body. In this case, the rotational motion of the body will be given
by (7.4). In order, however, that the inertia coefficients which occur
in the components of H with respect to the rotating axes should be
constant, it is necessary that the axes should be principal axes. This
means that one axis coincides with the axis of symmetry and is fixed in
the body.

Before applying the theory to a specific problem, we shall first
determine certain relations between the components of 0, the angular
velocity of the rotating axes, and those of w, the angular velocity of
the body, which hold when such a system of axes is used.

Let us choose O3 to be the axis fixed in the body, and let P be the
point on O3 such that OP is unity. Then, regarding P, in the first
place, as a point of the body, its velocity will be given by

vp = w AOP = w Ak,

where k is a unit vector in the direction of 03. But we may also regard
P as being a point rigidly attached to the rotating frame 0123. Re-
garded in this way, we shall have

vp = OAKk.
Equating these two expressions for vp, we must thus have
Ak = wAK,
which can only be satisfied provided that
0 = wAk,
where A is an arbitrary scalar coefficient, i.e. provided that the com-
ponents of 8 and w are such that

(61,02,03) = (w1,w2,w3)+A(0,0,1).
Thus it follows that, if O3 is fixed in the body, then we must have
0; = wy, 02 = w, (7.10)
but 03 £ ws. (7.11)

* A vector treatment of this problem is given under § 5.2.
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These relations are important in the application of the theory and
should be remembered.

3.1. Application to the gyroscope. A gyroscope (or gyrostat), in
its simplest form, consists of a rigid body possessing an axis of symmetry
AA’ about which it spins, the extremities of its axis being at the same
time constrained to rotate in a circular frame, which itself may be
free to rotate about a diameter 00’ (Fig. 7.2).

Figure 7.2

We shall now derive an important property of the gyroscope. If the
frame is rigidly mounted in a horizontal position at some point on the
earth’s surface and the gyroscope given a spin about its axis, then,
owing to the rotation of the earth, the axis of the gyroscope is
able to remain in relative rest only when its axis is orientated along
the N-S line.*

To show that this is so, let the frame of the gyroscope be fixed with
its plane horizontal at a point on the earth’s surface whose latitude,

* The word ‘gyroscope’ was originally used to denote an instrument in which
an effect, arising from the rotation of the earth, could be measured. It was coined
by Foucault, who used such an instrument to verify the fact of the earth’s rotation,
first demonstrated by means of his pendulum experiment. The word is derived
from the two Greek words, gyros meaning ‘revolution’, and skopien meaning
‘to view’. The term gyroscope is now used, however, to denote any system in
which a rapidly spinning body is mounted so that it may change the direction of
its angular velocity vector. Thus a symmetrical top spinning on a rough hori-
zontal plane may be regarded as a form of gyroscope; its motion is discussed in
detail in Chap. VIIL,
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say, is A°N. Let GX Y Z be a set of orthogonal axes fixed relative to the
earth such that GX, GY point due East and North respectively while
GZ is in the direction of the upward vertical, and let the motion itself
be referred to a set of rotating axes G123 having their origin at the
centre of mass of the gyroscope, the directions of the axes being such
that G3 is along the axis of the gyroscope, G1 coincides with (/Z, and
G2 is a mutual perpendicular such that G123 is a right-handed system
(Fig. 7.3).

|
v \:JQ z 4 Z (1)

-

S

(a) (b)
Figure 7.3

Let the position of the rotating axes be defined by the angle ¢ which
G3 makes with GX. Then, if O represents the angular velocity of
(/123 in space, we have

0 — Qi
where Q is the angular velocity of the earth and i is a unit vector in
the direction of (1, and hence of @Z. But if y is a unit vector in the
direction of Y,
Q=0sinri+2cos Ay,

= Qsin Ai+4+-Q cos A(sin ¢ k—cos ¢ j),

= Qsin A i—0 cos A cos ¢ j+£2 cos Asin $ k,
j and k being unit vectors in the directions of G2 and G3 respectively.
Hence

0 — (2sin A+-¢)i—2 cos A cos $ j+ R cos Asin$ K,
so that
(61,02,03) = (2 sin A4, —2 cos A cos ¢, 2 cos Asin ). (7.12)
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Now the scalar equations of motion of the body are given by (7.4), viz.,
dH
1“i-("?zf“fs—@:zll’z) =M

dH dH>
“dt

dH3

(03H1—0,H3) = . [(7.4)]

— T(OH2—0:11) = M3

But the only forces acting on the system are the reactions of the frame
on the extremities of the axis (the centre of mass is fixed); hence, the
gyroscope being constrained to rotate in a horizontal plane,

My =0, My+#0, Ms=0.

Also, since G3 is an axis of symmetry, (G1,G2,G3) are the principal
axes at 0. Consequently we have

(H1,Hs,H3) = (Aw1, dws,Cws).

The scalar equations of motion for the system thus become, on sub-
stituting for (M1,M2,M3) and (H1,Hz,H3) into (7.4),

A1+ (Clawz— Ab3w3) == 0,
Adirg+(Ab3w1 —CO1w3) = M,
Carg +(A0109— Abowy) = 0,

or, since G3 is fixed in the body, so that relations (7.10) and (7.11)
hold,

A92+(A9391——001w3) =My (b)
Cag == (c)
But, from (7.13¢), we have

w3 = constant = n,

Al +(CO03—Ab305) =0 ()
(7.13)

say. Hence (@) and (b) become, on substituting for (61,02,03) from (7.12),
Ad—(Q sin A+-¢) —CnQ cos A cos ¢+A02 cos? A sin ¢ cos ¢ = 0,

A= ( Q cos A cos ¢) +AR cos A sin $(2 sin A-+-¢) —Cn(2 sin A4-¢) = Mo,

ie.
A —CnQ cos A cos ¢-+A22 cos? A sin ¢ cos ¢ = 0,
AQ cos A sin p+A8 cos A sin (2 sin A+$)—Cn(L2 sin A-+4) =
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Neglecting terms involving £2 as being small, these reduce to

A$—Cnf cos A cos ¢ = 0, (7.14)

2404 cos A sin p—Cn(R sin A-+$) = My; (7.15)

they are the equations which define completely the behaviour of the
gyroscope. From (7.14) it follows that the axis of the gyroscope will
remain at rest, given ¢ = O initially, only if cos¢ = 0, i.e. when
¢ = +-1w. Thus, in a position of relative rest, the axis of the gyroscope
lies either along G'Y or in the reverse direction. If the axis is released
from rest in any other position, then it is clear that it will not remain
at rest in this position, but instead will seek the N-S position. The
couple acting in the gyroscope in a position of relative rest is given by
(7.15).

To discuss the stability of the above positions, let ¢¢ define a position
of relative equilibrium. Then, putting

¢ = dote

in (7.14), the differential equation governing small disturbances from
an equilibrium position becomes

Aé—CnL2 cos A cos (Po+e) =0,

where e is to be regarded as small. Neglecting second-order quantities,
this reduces to

Aé—Cn&2 cos A(cos ¢o—e sin ¢g) = 0,

or, since cos ¢g = 0,

Aé+Cne cos A sin g = 0. (7.16)
Hence,

(1) if ¢o = =/2, then (7.16) becomes
Aé+CnQe cos A = 0;

thus the disturbed motion will be oscillatory provided n is positive,
1.e. for the position of relative equilibrium in which the axis points due
North to be stable the gyroscope must be spinning about its axis G3

in a clockwise direction.
(i) if o = —m/2, so that G'3 points due South, then (7.16) becomes

Aé—Cnfecos X =0,

which represents a simple harmonic motion about the position of
relative equilibrium only if » is negative; the condition for stability is
therefore, in this case, that the gyroscope should be spinning about its
axis in a counter-clockwise direction.
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In both of the above cases, the period of small vibrations about a
stable position of relative equilibrium is given by

A
T= 27TA/ Cnf cos X'

If the frame of the gyroscope is mounted in latitude A, so that its
axis of symmetry is free to move in the meridian plane, then it can be
shown, in the same way, that, in a position of relative equilibrium, the
axis of the gyroscope lies along a line making an angle A with the horizon-
tal, the period of small vibrations about a stable position in this case
being given by

A
T =2n A/ m.
It should be mentioned that the above theory has important con-

sequences in navigation; it is the basis of the development and use of
the gyrocompass and the automatic pilot as navigational aids.*

4. Motion under no forces

In the example discussed in § 2 above (p. 165), we considered the
motion of a rigid body rotating about its centre of mass when there
were no forces acting on it. We shall now consider the general theory
of such motion in detail. The theory will apply not only to the above
case, but also to the following motions: (1) that of a rigid body rotating
about a fixed point O, (2) the rotational motion of a rigid body with
respect to its centre of mass, the forces acting on the body being such
that the algebraic sum of their moments with respect to O, or the
centre of mass as the case may be, vanishes. In case (2), this means
that the resultant of the forces acting on the body must pass through
the centre of mass; if the resultant vanishes, then the centre of mass
will be either at rest or moving with uniform velocity.

In developing the theory, the motion considered will be that of a
rigid body rotating about a fixed point; the results obtained for this
motion may then be applied, where appropriate, to the corresponding
case of the rotational motion of a rigid body with respect to its centre
of mass by simply making the inertia coeflicients which occur in them
refer to axes having their origin at the centre of mass instead of at the
fixed point.

If a rigid body rotates about a fixed point O under the action of a

* For a detailed technical treatment of gyroscopes and their uses, together with
a complete bibliography on the subject, see Richardson, The Gyroscope Applied
(Hutchinson’s Scientific and Technical Publications, 1954).
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system of forces such that their total moment about O is zero, then we
have

S (tAF) =0, (7.17)

and hence H, the moment of momentum of the body with respect to O,
is a constant vector, i.e. it has both a constant magnitude and a constant
direction in space.

The line through O whose direction is that of H is called the invariable
line, while a plane perpendicular to it is called an ¢nvariable plane.

If w is the angular velocity of the body and (wj,ws,ws) are its com-
ponents respectively parallel to the principal axes at O, then

H = (H1,H3,H3) = (Aw1,Bws,Cws),
so that A2w3+ B2w3+C2%w3 = H? = constant (7.18)

is an integral of the motion.

To obtain another integral, suppose we express (7.17) in terms of
its equivalent scalar equations; when referred to the principal axes at
0O, these are (Euler’s equations):

Adiry—(B—C)waws = 0
Bog—(C—A)wzwy =0 3. (7.19)
Ciz—(A—B)wiwg = 0
On multiplying these by w1, ws, ws respectively and adding, we have
Awii+Bwews+Cwsziwg = 0,
which can be integrated immediately giving
Aw?+Bwi+Cuw? = 2T = constant. (7.20)

In the present case T' is, of course, the kinetic energy of the motion;
otherwise it is the kinetic energy of the motion relative to the centre
of mass.

It should be noted that both (7.18) and (7.20), involving as they do
(0,,4) and their rates of change, represent first integrals of the equations
of motion, and so do not themselves define the position of the body at
any instant. As we shall see, however, they do enable the path in
space of any particular point of the body to be traced.

In consequence of the result that T' is constant, it follows, since
2T = w.H (Chap. VI, eqn 6.40), that

w.H = constant,

i.e. since H is itself constant, that the component of w in the direction
of the invariable line is constant.
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4.1. Poinsot’s representation of the motion.* Let the equation
of a momental ellipsoid referred to the principal axes at O be

Aa?+By?2 022 = Met, (7.21)
and let P(¢7,0) be the point in which the ellipsoid is cut by the

Invariable line
t/

7

Invariable
plane

Momental
ellipsoid

Figure 7.4

instantaneous axis of rotation (Fig. 7.4). Then the direction cosines
of the normal to the tangent plane at P are proportional to
(4£,B7,CY).
But, if OP = r, then
(&frm/rLr) = (wifw, wejw, wsfw), (7.22)
so that

(4¢,B1,00) = Z(Aw,Bun,Cus),

i.e. the normal is parallel to the invariable line. ~Consequently the
motion is such that the tangent plane to the ellipsoid at P has a constant
direction in space.
Now let p be the perpendicular distance from O to the tangent plane
at P. Then we have
Hw) 27Tr
p = rg—) = = (7.23)
Ho Ho
* Louis Poinsot (1777-1859) was a French mathematician, who made many
contributions in the field of Mechanics. Apart from his work on the motion of a
rigid body, he originated the theory of couples, which he set forth in his ‘Les
Eléments de la Statique’, published in 1803.
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But, since (£,7,0) is a point on the ellipsoid, we have, on substituting
from (7.22) into (7.21),

72 . ME4(IJ2 o M€4w2
"~ Aw?+ Bw3+Cw}§ -oer>
so that
M
= 2 — 2
r = ew A/ o7 (7.24)
Hence, substituting into (7.23),
2T M 2MT
== == . 2 — 2 ~T7o it
T " €@ oy =€ ek (7.25)

and so is constant throughout the motion. Thus the tangent plane to
the ellipsoid at P not only has a fixed direction but is also at a fixed
distance from O. It is therefore a fixed plane in space. In addition,
P being a point on the instantaneous axis, its velocity at the instant
under consideration is zero.

We therefore have the following result: If a rigid body is in motion
about a fized point O under the action of a system of forces such that their
total moment about O 1is zero, then the motion may be represented by the
rolling of an arbitrary momental ellipsoid for the body on an invariable
plane, the angular velocity of the body at any instant bevng proportional
to the radius of the ellipsoid in the direction of the instantaneous axis. It
is known as Poinsot’s representation of the motion.

4.2. The polhode and herpolhode. As the cllipsoid rolls on the
invariable plane, the point of contact traces out a curve both on the
cllipsoid and on the plane. The former is the curve of intersection of
the instantaneous axis with the momental ellipsoid and thus defines the
path of the instantaneous axis in the body ; it is termed the polhode, the
cone associated with it being the polhode come. In the same way
the curve traced out on the plane defines the path of the instantancous
axis in space and is termed the herpolhode, the associated cone being the
herpolhode cone.

It is clear that it is possible to have an infinity of polhode and her-
polhode curves, their positions in space being determined by the choice
of ¢€; the positions of the corresponding cones, however, are independent
of the choice of e.

From Poinsot’s representation, derived above, it follows that during
the motion the polhode cone rolls on the herpolhode cone.

Polhode Cone. If P(€,0) is the point of intersection of the instant-
aneous axis with the momental ellipsoid defined by (7.21), then we
have

AE24-Bp24-C12 = Met. (7.26)
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But, as we have seen, the motion is such that the length of the per-
pendicular from O to the tangent plane at P is constant. Hence, since

P2 = M2e4/(A2£24 B2+ C202),
(€m,0) must also satisfy the relation (eqn 7.25)

A2£24 B2 C212 = MeAH?/2T. (7.27)
The polhode will thus be the curve of intersection of the two surfaces
represented by (7.26) and (7.27) with (x,y,2) replacing (¢,,0). The

equation of the polhode cone will be obtained from (7.26) and (7.27)
by eliminating e; its equation is therefore

A(A—H2/2T)a2+ B(B—H2[2T)y2 +C(C—H2/2T)22 = 0. (1.28)

Now the most general equation of a surface which passes through
the polhode will clearly be of the form

(A202 4 B2y2 +C%2— MAH2/2T) —X(Ax2+By2+ 02— Med) = 0, (1.29)
y

where A is an arbitrary constant. By giving A special values, the
following results may thus be obtained:

(1) If we put A = A, then the terms in x cancel one another and the
resulting equation is that of the projection of the polhode on the plane
z =0. Similarly the equations of the projections on the planes
y == 0, z = 0 may be obtained. The projections of the polhode on the
coordinate planes are thus given by:

B(A—By2+0(4—C)e2 = MM A—H22T) (a)
A(B—A)22+-0(B—C)2 = M&B—H22T) () 5.  (1.30)
A(C—A)22+B(C—B)2? = Med(C—H22T)  (c)

If we suppose 4 > B > C, then we see that (7.30a) and (7.30c) are
ellipses and (7.300) is a hyperbola; thus, in general, for any chosen
values of € and H?/2T, the corresponding polhode consists of a closed
curve, which surrounds either the axis of greatest moment or that of
least moment. It is seen that the above projections are real only if
A > H?)2T > C, i.e. if H%/2T lies between the greatest and the least
values of the principal moments of inertia.

(2) If we put A = H?2/2T, then the constant term in (7.29) disappears
and we get the equation of the polhode cone, viz. eqn (7.28),

A(A—H?/2T)a2-+ B(B— H2/2T)y2+C(C—H2/2T)2% = 0. [(1.28)]

The condition for the reality of this cone will be the same as that for the
reality of the curves of projection in (1) above. The condition may,
however, be deduced quite simply in another way; for, clearly, it can
be real if, and only if, the length of the perpendicular from O to the
tangent plane to the ellipsoid (eqn 7.21) lies between the greatest and
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least values of the lengths of its semi-axes, i.e. it is real only if
A > H?/2T > C, in agreement with the above condition.
If H2/2T = B, then it is seen that the cone consists of the two planes

-+ /(a0

These two planes, which pass through the y-axis, intersect the ellipsoid
of inertia in two ellipses which intersect on the y-axis of the ellipsoid.
These cllipses, being the curves of intersection of polhode cones with the
ellipsoid, are themselves polhodes, and separate the polhodes on the
surface of the ellipsoid into two classes, the one class consisting of
closed curves surrounding the z-axis, the other class the closed curves
surrounding the z-axis.* To pass from one class to the other it would
be necessary for the path to cross these ellipses, so that f12/2T would
have to assume the value B. Consequently, for any particular motion,
for which H2/2T has, of course, a prescribed value, the polhode must
consist of ecither a closed curve surrounding the z-axis, or of a closed
curve surrounding the z-axis; the class of curve to which the polhode
belongs is determined by the initial motion of the body.

Special Cases. We have seen above that, when H?/2T == B, the
polhode cone consists of two planes. It is of interest to consider what
form the polhode cone takes for other values of H2/2T. We shall
assume 4 > B> C. Then we have:

() If H2]2T = A, the cone 1is the line y = 0, z =0, t.c. the instant-
ancous axts coincides with the axis of greatest moment throughout the
motiow’; the polhode thus reduces to a point.

(i) If A > H%2T > B> C, then the cone cuts the plane x =0
tmaginary lines and the planes y =0, z =0 wn real lines, so that in
this case the cone surrounds the axis of greatest moment, and therefore so
does the polhode.

(i) If H2/2T = B, then, as we have seen, the cone consists of two planes
which pass through the axis of mean moment and cut the ellipsoid in two
ellipses which separate the polhodes surrounding the axis of moment A
from the polhodes surrounding the axis of moment C.

(iv) If B> H?2T > C, the cone cuts the planes x =0, y =0 wn
real lines and z == 0 in tmaginary lines, so that the cone surrounds the
axts of least monent, and so does the polhode.

(v) If H22T = C, the cone vs the ine x = 0, y == 0, d.e. the
nstantaneous axts coincides with the axis of least moment and the polhode
again reduces to a point.

* See, for instance, MacMillan, Theoretical Mechanics—Dynamics of Rigid Bodies
(1st ed., McGraw-Hill, 1938), p. 209, Fig. 54 (continuous curves).
12—r.p.D.
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Herpolhode Cone. The herpolhode, as we have scen, is the path
traced out by the point of contact of an ellipsoid of inertia turning
about its centre and in rolling contact with an invariable plane. If M
is the foot of the perpendicular from the centre on to the fixed plane
and P a point on the herpolhode (Fig. 7.5), then we have (eqns 7.24
and 7.25)

gy M, AT
MP? = P = oF (w Hz)‘

Since 412/ H?2 is constant throughout the motion, and since, in addition
w has at some time during the motion both a greatest and a least value,
it follows that MP will also have a greatest and a least value. The
herpolhode, therefore, lies between two concentric circles. Poinsot,

0
p Invariable plane
r
Polhode
M

~ Herpolhode

Igure 7.5

who gave the herpolhode its name, thought that the path would touch
these two circles alternately and so have a snakelike appearance,
which is the meaning of the word ‘herpolhode’. In general, however,
the curve is transcendental and is always concave towards the origin.*
The name herpolhode is therefore a misnomer.

The cone traced out in space by the instantaneous axis as it traverses
the herpolhode is the herpolhode cone.  We shall not obtain its equation
since, for this to be of any purpose, it would be necessary to refer it to
a set of axes fixed in space, whereas the equations of motion (viz.
Euler's equations), from which the above properties have been deduced,
are all referred to axes fixed in the body and rotating with it. The
nature of the herpolhode cone in the case of a solid of revolution rotating
about a point on its axis is, however, discussed in § 4.4 below.

Invariable Cone. Although the invariable line is fixed in space, as
the body rotates, the line clearly traces out a cone in the body. This
is called the ¢nvariable cone.

* See, for instance, MacMillan, Dynamics of Rigid Bodies (1st ed.), p. 210, § 98.
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To obtain its equation, we have, from (7.18) and (7.20),
A202+ B2+ (%03 = (Aw?+Bwi+Cwi)H2/2T.

But the direction cosines of the invariable line, when referred to the
principal axes at O, are proportional to (Awi,Bws,Cws), so that if
(z,y,2) are the coordinates of a point on the invariable line, when
referred to the same axes, then

z:y:2 = Aw;:Bwy:Cws.
Consequently the equation of the invariable cone is given by
22(1—H?%/24T)+y*(1—H?/2BT)+22(1—H?/2CT) = 0.

It follows that, in its general form, it resembles that of the polhode
cone discussed above (see eqn 7.28).

4.3. Stability of rotational motion. From the above discussion
of the properties of the polhode and the polhode cone it follows that,
if the body is set in motion so that 4 > H2/2T > C (H?/2T +# B),
then the motion must be one in which the instantaneous axis rotates
about the axis of greatest or of least moment. Further, no matter
which rotation it is, this motion will continue. These axes are therefore
called the axes of permanent rotation.

1f, initially, the motion is such that either H2/27 = A4 or H2/2T = C,
then the motion is one of steady rotation with the axis of greatest
or of least moment as instantaneous axis. If the motion is slightly
disturbed from such a steady state, then in the new motion the path
of the instantaneous axis will be that of a neighbouring polhode cone.
But, for a rotation about the axis of greatest or of least moment, a
neighbouring polhode will be a small closed curve surrounding the
original axis of rotation. Consequently, in the disturbed motion, the
instantaneous axis will never depart far from its position in the un-
disturbed motion. A motion in which the body rotates steadily either
about the axis of greatest or of least moment is thus stable.

More generally, if the original motion is one in which the instant-
aneous axis rotates either about the axis of greatest or of least moment,
then the motion is stable provided that the dimensions of the cor-
responding polhode are small; for, if this is so, the disturbed motion
will be that corresponding to a neighbouring polhode and its deviation
from the original will always be small. If the polhode corresponding
to the original motion is not small, however, then the disturbed motion
may be quite different from that of the original. This will happen if
(B—H?2/2T) changes its sign as a result of the disturbance. For this
to occur (B—H?2/2T) in the original motion must be small, and the
polhode for the motion must be an elongated ellipse.
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Since, when HZ2/2T = B, the polhode cone consists of two planes
through the axis of mean moment, it follows that the motion of the axis
must in this case be confined to one of these planes. It can, however,
be shown that, provided this relation holds, then, no matter how started,
the body ultimately rotates about its axis of mean moment (see § 4.4
below). A motion in which the axis of rotation coincides with the
axis of mean moment is thus a possible motion of steady rotation. If
this motion undergoes a slight disturbance so that the relation
H?2/2T = B is destroyed, then, in the disturbed motion, the instant-
aneous axis will rotate either about the axis of greatest or of least
moment according as, in the disturbed motion, H2/2T 2 B. A motion
of rotation about the axis of mean moment is thus unstable.

4.4. Solution of the equations of motion. When a rigid body is
in motion about a fixed point O under the action of a system of forces
whose total moment about O is zero, then the scalar equations governing
the motion are (eqns 7.19)
Adn—(B—C)wawz =0
Bd)g—(C—A)w;;wl =0 . [(7.19)]
Cirg—(4—B)wiwg = 0

We shall now consider the solutions of these equations when (i) 4 = B,

(1) H2 = 2BT. For the solution corresponding to the general case
the reader is referred to one of the standard text-books.*

(i) 4 = B. In this case (7.19) become

Ai—(A—Q)wowz =0 (a)
Adrp—(C—Aywswr = 0 (B) b (7.31)
Carg =0 (e

From (7.31a) we immediately have, on integration,
wg == constant = n.
From (7.31), we also have
w1 +twadz-twzig = 0,
so that
w = constant.

Thus, if y is the angle which the instantaneous axis makes with the
C-axis, then we have

cos y = w3fw = njw,
and hence, since w3 and w are both constant, y is constant. Also, if

* See, for instance, Ramsey, Dynamics, Vol. II, p. 280, § 11.6.



VIl.4 RULER’S EQUATIONS AND APPLICATIONS 181

B is the angle which the instantaneous axis makes with the invariable

line, then
wH 2T

wH — wH

Consequently, 8is constant. Thus, both of these angles being constant,
we have the result that, when 4 = B, both the polhode and herpolhode
cones are right circular cones. Clearly this case corresponds to that
in which the body is that of a solid of revolution.

cos B =
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Figure 7.6

1f we put w3 = n, then (7.31a) and (7.316) become
Aoy —(A—C)nwy = 0, Awg—(C—A)nw; = 0,
which, on eliminating ws, give
A261+(C—A4)2n2w1 = 0.

On integrating, we thus have

w1 = P cos (Ant-+e), wy == —p sin (Ant+-¢), (7.32)
where A == (A—C)/A € is an arbitrary constant, and
= wi+twi = (H2—C?)/42 (7.33)

(eqn 7.18). Thus w; and wg are both periodic functions of ¢ with the
same period T' = 2m/An.

Suppose we introduce the Eulerian angles (8,4,4), the invariable
line being taken as the fixed axis OZ from which § is measured (Fig. 7.6).
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Then resolving H along OC, the axis of symmetry, we have

Cwz = H cos 6,
so that cos § = C_Iui)_s = g}—; (7.34)

Thus 6 is constant throughout the motion. (This also follows from the
above, since 0 == B4y, see Fig. 7.7.) Also, from Euler’s geometrical
equations (eqns 7.9), we have

wy = 0 sin i—d sin 6 cos i, wg = B cos Y+ sin 0 sin 4,
where ¢ is the angle which the plane ZOC' makes with a fixed plane

through OZ and ¢ is the angle which an axial plane fixed in the body
makes with the plane ZOC'; hence, since =0,

w1 = —¢ sin 0 cos i, wz = ¢ sin 6 cos . (7.35)
Thus wi+-wd = $2 sin2 6.
On comparing this expression with (7.33), we therefore have
$2 sin? 0 = p2? = (H2--C2n2)/42, (7.36)
so that
o — H2—C22 H:  H?
- A2 CH2_(C2p2 A2

in virtue of (7.34), i.e.
45 == :]:H/A’

and hence
b= ;{:gt-l—constant,

the choice of sign being determined when the initial conditions are
known.* We also see, on comparing (7.32) and (7.35) and noting that
é sin (= p) is constant (eqn 7.36), that

= Ant+m+e,
so that

J=An = (i——-zo)n
These results for ¢ and  are, of course, consistent with those obtained
in the example considered in § 2 above.
If I is a point on the instantaneous axis, then since both the polhode
and the herpolhode cones are right circular cones, and since the motion
of a rigid body ‘under no forces’ is, by the definition of these cones,

* When we consider the same problem vectorially in § 5.2, we shall find that the
positive sign has to be taken in all cases.



VII.4 EULER'S EQUATIONS AND APPLICATIONS 183

equivalent to a rolling of the one cone on the other, it follows that
0Z, 0C and OI must be coplanar. Thus ¢ will be the angle which the
plane ZOI makes with a fixed plane in space and so ¢ (= +-H/A) must
be the angular velocity with which the instantaneous axis describes
the herpolhode cone.

Z

V4
| Herpolhode cone \
|

Herpolhode\
cone

Polhode
cone

(b)

{a)

Herpothode :Z /C
! Polhode
cone

Figure 7.7

Similarly i will be the angle which the plane ZOI makes with a fixed
plane in the body. Thus, relative to the body, the angular velocity
with which the instantaneous axis describes the polhode cone is
given by —i = n(C—A4)/A.

"The nature of the polhode and herpolthode cones may be as repre-
sented in Fig. 7.7, (a), (b), or (o).
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Since in terms of Euler’s angular coordinates

n = i+ cos 0
from (eqn 7.9), we have
n—i
¢= cos 0’
But
J = n(4—0)/A.
Hence, substituting for i, it follows that, for any given motion, ¢ and
J are related by the equation

4 Cn CJ

T dcosd (4—C) cos &
That ¢ and s are related in this way could also have been deduced
from first principles. Since the angular velocity of the body is made

z
AH

C(;{;+¢.c050)

Figure 7.8

up of the angular velocity ¢ about the axis of the body together with
the angular velocity ¢ about the invariable line OZ, it follows that
at any instant H is the resultant of two components, a component
C(+¢ cos 6) about the axis of symmetry and a component Ag sin 0
about a perpendicular axis in the plane defined by the axis of symmetry
and the invariable line, these two axes being principal axes at O (see
Fig. 7.8). Thus, resolving in a direction in this plane at right angles
to H, it is clear that ¢ and ¢ must be such that

Ad sin 6 cos § = C(f-+¢ cos 6) sin 6,

from which the above relation follows.

The above type of motion in which the axis of symmetry of the body
makes a constant angle with the invariable line and rotates around it
with a uniform angular velocity is termed one of steady precession.
Such motion is discussed in full in the next chapter.
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(i) H2 = 2BT. In this case the polhode cone splits up into two
planes, while the first integrals of the equations of motion become

Awi+Bwi+Cw? = 2T,
and A?wi+ B2+ C20f = H? = 2BT.
On rearranging, these may be written
Aw?+(Bwi—2T)+Cwi = 0,
A20i+B(Bwi—2T) +C%wf = 0,
which, on solving for wi, we, ws, give
w? 27— Bw3 w§

C—B) ~ AC0—4) = AB—A) (7.37)
Thus, throughout the motion,
w1 = uws, (7.38)
where
C(B—-C
‘U.2 = ﬁ:—B—)). (7.39)

Also, from the second of the equations of motion (eqn 7.19), we have
Bap+(4—C)wiwg = 0,
which, on substituting for w; from (7.38), gives
Bag+(4—C)pwi = 0.
But, from (7.37),
w3 = (%)(2T~Bw§). (7.40)
Hence we have
(A B)

o (21— DBwj) = 0,

Bag+p

which may be written

dwg (A—B)
d—wl PO

de =0,

where of == 2T'/B. On integration, this gives
wg _ De2—1
ag DT
where D is an arbitrary constant and
—B)2  (A—B)(B—O)T
c: ABC

2 = pragd
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If we measure ¢ from the instant when wg = 0, then D =1 and the
expression for wg becomes
wg = og tanh At
w1 and w3 can now be obtained. From (7.40) we have
C(A—C)w? = (A—B)(2T—Bwj)
= (A—B)(2T——B.%—§ tanh2 At)

= 2T(A—B) sech? X,

so that
w3 = ag sech At,
and
_ [2T(4—B)
®=N0A=0)
while

wy = pws (eqns 7.38 and 7.39).
We thus have
(w1,wz,w3) = (o1 sech Aoz tanh At,a3 sech At),

where o) =pog, and o, «3 are defined as above. Since the three
components of the angular velocity are now known as functions of ¢,
the angular velocity of the body at any instant is thus completely
defined.

1t should be noticed that since, when H2 = 2BT, w3 = pws, where u
is a constant depending only on the inertia coefficients 4, B, and C,
only two of the three unknowns (w1, ws, w3) may be regarded as
independent. Thus the complete solution involves only two arbitrary
constants of integration and not the usual three. In the above ex-
pressions these are D, which, by a suitable choice of the origin for ¢, has
been put equal to unity, and T'; the third constant H is now related to
T by the relation H2 = 2BT.

Since sech Xd— 0 as t—> co, it follows that ultimately the body
rotates about the axis of mean moment whatever its initial motion.

5. Vector treatment of the motion of a uniaxal body

In the case in which a body possesses symmetry with respect to an
axis, so that 4 = B, say, and rotates about a point O on its axis, then
in many cases the motion may be treated quite simply vectorially.
This arises from the fact that when 4 = B both w, the angular velocity
of the body, and H, the moment of momentum of the body with respect
to O, may be conveniently represented by vector expressions.

5.1. Expressions for the angular velocity and the angular
momentum of a uniaxal body. Let k be a unit vector in the
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direction of the axis of symmetry. Then, if P is the point on the axis of
symmetry such that OP is unity, the velocity of P will be given by

vp = wAk.
But we also have
Vp = él-{
dt’
and hence, equating the two expressions, we have
dk
wNk = T

On multiplying both sides of this equation vectorially by k, we thus
have

kA@AK) = kAT,
or
w(kk) —k(k.w) =k /\‘fi—lt‘,
1.e.
W= k/\-(i—]t(—{—nk, (7.41)

where 7 (== K.w) is the component of the angular velocity about the
axis of symmetry.

To obtain the expression for the angular momentum, or moment of
momentum, of the body with respect to O, we notice that k Adk/d¢ is
the component of w at right angles to k. Suppose we choose a set of
orthogonal axes 0123 such that at any instant O3 is in the direction of
k, Ol in the direction of dk/dt (since K is a unit vector, dk/dt is at right
angles to k), and O2 has the direction of k Adk/dt, 0123 thus forming a
right-handed system. Then, from (7.41), we have

;”);

denotes the magnitude of the component of w in the

dk
W = (wy,wz,ws) = (O,lk/\%

dk
k/\ﬁf

where

direction of k /\‘2(. But the above axes are principal axes at O, the
& P

corresponding principal moments of inertia being 4,4,C; hence
H = (H1,Hz,H3) = (Aw1,Aw;2,Cws)

= (O,A k/\(fi—lt( ,C'n).
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The angular momentum of the body will therefore be given by
H-- A(k/\%‘—:)—l-C’nk. (7.42)

From the expressions (7.41) and (7.42) for w and H respectively, it
follows that k, w, and H are coplanar, both w and H lying in the plane
defined by k and k Adk/dt.

Assuming n to be positive, the above results are illustrated diagram-
matically in Fig. 7.9.

Cnk

Figure 7.9

The above expressions for w and H are fundamental to the vector
treatment of the motion of any uniaxal body and should be remembered.

5.2. Application: Determination of the motion of a uniaxal
body rotating about a fixed point O under no forces. T.ct h be a
unit vector in the direction of H, the angular momentum with respect
to 0. Then, since for this type of motion H is constant, h will be a
bound vector with its point of application at O and having a constant
direction in space. We shall now derive the following properties of
the motion.

(1) w is constant. Let j be a unit vector in the direction of k A dk/dt,
and suppose we write

dk .
kNG =1

so that p is the component of w perpendicular to K in the plane defined
by h and k (h, k, and w are coplanar as shown above). With this
notation the expressions for w and H become

w = pj+unk, (7.43)
H = Apj+Cnk. (7.44)
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If we differentiate the second of these with respect to ¢, we have, since
H is constant throughout the motion,

Ap’ j—[—A 2y t0n +c‘%‘k —0. (7.45)
This gives, on multiplying scalarly by k
dj dn
Ap(k.%)wE —o0.

But j is always at right angles to k, so that k.j = 0. Differentiating
with respect to ¢, we thus have

(l] dk .
(lt+— -0,
so that
dj  dk,
l;it' —_— dt IJ.
But
dk
= k/\ (I—t’
and hence
dk, dk ( (lk) 0.
re =
Thus
dj
T 0,
and hence
dn
C-JZ = 0.

We therefore have

w3 == N = constant.

Similarly, the scalar multiplication of (7.45) by j leads to

dp
@Y
so that
P = constant.
Since

w? = p2+n2,

it follows that w is constant throughout the motion.
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(ii) The polhode and herpolhode cones are circular. If y is the angle that
the instantaneous axis makes with the axis of symmetry, then, since

n=Kkw =wcosy
so that
cos y = njw,

it follows that y is constant. The polhode cone is thus right circular.

Also, from (7.42), we have, on multiplying scalarly by k,

Cn =kH = H cos 0,
where 0 is the angle that the axis of symmetry makes with the in-
variable line (Fig. 7.6), so that
cos § = Cn/H;

hence, since C, n, and H are constant, 6 is constant. But h, k, and
w are coplanar. Consequently the angle B = (6+y) (Fig. 7.10),
which the instantaneous axis makes with h, will also be constant.
Therefore the herpolhode cone is also right circular.

‘ h

o
A

Figure 7.10

(iii) Angular velocities of the instantaneous axis in the body and in
space. On multiplying (7.42) vectorially by k, we have

KAH — A{k/\ (k/\‘%‘)}

dk
=4
so that
dk H
@ — A0AK)-

Thus k rotates around the invariable line h with a uniform angular
velocity H/A. This is, therefore, the angular velocity with which the
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plane containing h, w, and k rotates around h: it is, therefore, the
angular velocity with which the instantaneous axis describes the
herpolhode cone. Since

H? = A2p24C2n2 = »?(A42 sin? y4-C2 cos? y),
the magnitude of this angular velocity is given by
05 = w(A2sin2 y4-C2 cos? y)1/2/4.
To find the angular velocity with which the instantancous axis

describes the polhode cone, we have, on referring the motion to a set
of axes rotating with the body,

¢H JdH
Zr T@NH=0, (w = )
i.e.
i ok . .
Apz,+COnzp (pi-+nk) A (4pj+Cnk) = 0.

But k is a constant vector with respect to these axes, so that dk/ot = 0;
consequently, the above equation reduces to

dj . .
Apd-+Apn(k Aj)+Cpn(k Aj) = 0,

9  (C—A) .
so that iy (kAJ)-
Thus, relative to the body, j rotates about k with a uniform angular
velocity

(C—4) _ (C—4)
4 T4

It follows that this is the angular velocity of the instantaneous axis
in the body.

It is seen that the above values for £, and £, are identical with
those obtained in § 4.4 above.*

2y = w CoS y.

* The carth, while not strictly a sphere, is symmetrical about the polar axis, its
form being that of a prolate spheroid (4 < C). Since the moments of the forces
due to the other heavenly bodies with respect to its centre are small, its rotational
motion may be regarded as being similar to that of a uniaxal body under no forces.
If its axis of rotation is not coincident with the polar axis, then, by the above
theory, it should describe a cone about the polar axis with period 2mv/{4/n(C--4)},
assuming the earth to be absolutely rigid. If we put » equal to the earth’s angular
velocity, then since it has been established that the value of (C—A4)/4 is 0.0033,
the above result would give a period of approximately 306 days, a result known as
the ‘Kulerian nutation’ of the earth. Some observational evidence exists that a
motion of this nature takes place, although the period is longer, being of the order
of 427 days.
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5.3. Examples

(1) 4 rigid body, having an axis of symmetry, 1s free lo turn about its
centre of mass. It is acted upon by a frictional couple —Aw, where w
1s the angular velocity of the body and A is @ positive constant. Deduce
an expression for the angular velocity as a function of the time, and show
that the axis of rotation ultimately coincides with the axis of symmetry
provided C, the moment of inertia about this axis, is greater than A.

Solution. The equation governing the motion of the body, viz.

lH
= =S (CAF),
in this case becomes, in virtue of the expressions (7.43) and (7.44)

for w and H,
d

dt

or, on differentiating with respect to ¢,

=(Apj+Cnk) = —A(pj+nk),

dp, dn

dj .
e I AR )

1f we now multiply both sides of thls equatlon scalarly by j, then we have

dp
m‘ = -A]),
which, on integrating, gives
]) — Dle"/\tld’
where Dj is an arbitrary constant.
In the same way, multiplying both sides of the equation scalarly
by k, we have
U
O(d—? =),
o that
n == Doe=N/C,
where Dj is a second arbitrary constant.
The magnitude of the angular velocity as a function of ¢ is thus given

by
w? = p24-n? = D3e—2M/4| D240,
If y is the angle that the instantaneous axis makes with the axis of
symmetry, then
tan y = p/n

== (Dy/Dy)e-N1/4-1/0),
using the above expressions for p and n,

= (Dy/Dg)e~MC—A) A},
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But, if C > A4, then clearly tany— 0 as t— 0, i.e. y—> 0 as {— cc,
and the axis of rotation ultimately coincides with the axis of symmetry.

(2) A uniform solid of revolution moves about a point O, so that its
motion may be represented by the uniform rolling of a cone of semi-vertical
angle « fired in the body wpon an equal cone fixed in space, the axis of the
former being the awis of revolution of the solid. Show that the forces
necessary to maintain the motion are equivalent to a couple of moment

102 tan o{C+(C'—A4) cos 2a},
where w 1s the magnitude of the resultant angular velocity and A,A,C are
the principal moments of inertia at the point. Show also that the axis
of the equivalent couple is at right angles to the plane containing the axes
of the cones.

Solution. Since the body has an axis of symmetry, w and H, its
moment of momentum with respect to O, are given respectively by (7.41)
and (7.42) above. The forces necessary to maintain the motion must
thus have a total moment given by

dH d?k dk
n being constant since n == k.w = w cosa. Also, we have
dw d?k = dk
T kA Jﬁ_%nﬁf’
so that, if we eliminate k A d2k/dt2 from (1), then
dw dk
M = Am- ”(C—A)H_t' (2)
But
%:w/\k:wsinai, 3)

13—T.D.D.
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where i is a unit vector at right angles to the plane ZOC as shown (it
is, of course, in the direction of dk/dt). Also, ifaisa unit vector in
the direction of the instantaneous axis of rotation, then

d da
= = wg @)

If o’ is the angular velocity with which a rotates around the vertical,
however, then

da , . .
-;[—t:w(zf\a) — ' sin i,

z being a unit vector in the direction of the upward vertical. Also,
0Z, OI, and OC are always coplanar from the nature of the motion.
Consequently, considering the motion of a point on OC, unit distance
from O, then we have

w'(z\K) = w(a \K),

ie.
o' 8in 201 = wsinai;
hence
' = w sin « cosee 2¢ = lw sec «,
so that
da .
7 = totanai ()
From (4) and (), we thus have
dw da
— = w— = jo?tan«i. 6
@ Y@ * ()

On substituting for dk/dt and dew/dt from (3) and (6) respectively into
(2), the total moment of the forces required to maintain the motion is
thus given by
M = LAw? tan a i--n((—A)w sin a i
= w?{} tan a-+(C—A4) sin « cos aji
= Jw? tan a{d 42(C—A) cos? a}i
= Jw? tan «{C+(C—A) cos 2a}i.
The forces must thus be equivalent to a couple of moment
lw? tan a{C+(C—A4) cos 2a},
the axis of the couple being parallel to i, i.e. at right angles to the
plane ZOC.
It should be noticed, from the study of these examples, that, in

order to treat the motion of a uniaxal body veetorially, it is necessary
that one should be able to express the resultant moment with respect to
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O of the forces acting on the body as the sum of three vectors respectively
parallel to the three vectors i, j, k as defined above.

Examples

1. A uniform circular lamina rotates with constant angular velocity
w about a fixed axis which passes through its centre and makes an
angle « with the normal to its plane. Show that, if a is the radius of
the lamina, the reactions of the axis on the lamina are equivalent to a
couple of magnitude 1 Ma2w? sin « cos c.

2. A thin plane Jamina is free to rotate about O, its centre of mass,
and 1s acted upon by no forces except the reaction at 0. 0X,0Y are
the principal axes of inertia at O in its plane and the moments of inertia
with respect to these axes are 4,5. The lamina is set in motion with
an angular velocity £ about an axis OJ in its plane which makes an
angle « with OX. Show that, throughout the motion, the component
of the angular velocity in the plane of the lamina has a constant
magnitude whilst its direction makes a constant angle 0 with OX
such that

(A+B)62 - = (A—B)(sin2 0—sin2 ) Q2.

3. The end of a uniform rod of length [ is mounted on an axle so that
the rod can turn freely in the plane perpendicular to the axle. If the
axle is made to rotate in a horizontal plane with a constant angular
veloecity £2, the point where the rod joins the axle remaining fixed, prove
that 0, the angle that the rod makes with the downward vertical at
time t, satisfies the equation

# == 22 sin 8 cos B»Jr-%/ sin 6.

Tixamine the stability of the motions in which 8 is constant.

4. A solid of revolution is free to move about its centre of mass
which is fixed. It is set in motion from the rest by an impulsive couple
whose components along and perpendicular to the axis of symmetry
are J and AJ respectively. If A is a small quantity, show that the
equation of the polhode cone is

A2(22-4-y2) — 220222 = 0,
where 4 and €' have their usual meanings.

5. A uniform right circular eylinder, whose length is three times the
radius of its circular section and which is set spinning with an angular
velocity £2 about an axis through its centre and through a point of the
rim of one of its plane ends, is thrown into the air. If the resistance
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of the air is neglected, prove that the times taken by the instantaneous
axis to describe the herpolhode and polhode cones are in the ratio 3:5.

6. An elliptic disc, whose semi-major and minor axes are of lengths
a and a/+/2 respectively, is free to move about its centre which is fixed.
It is set rotating with an angular velocity £2 about an axis in a plane
normal to the disc and which passes through the major axis. If the
initial axis of rotation makes an angle 30° with the major axis, show
that at time ¢ the component angular velocities of the disc about the
principal axes at its centre are respectively

R4/% scch (2¢/2), 24/3 tanh (£2¢/2), 182 sech (£2¢/2).

7. A uniform rectangular lamina, whose sides are of lengths ¢ and
2a, is set rotating under the action of no external forces about an axis
through its centre of mass G. If initially the instantaneous axis of
rotation is equally inclined to the three principal axes at G, prove that
the angle between the instantaneous axis and the plane of the lamina
varies between the limits « and 8, where 2 cot @ = cot 8 = 4/5.

8. A gyroscopic compass is mounted in a ship which is speeding
North with speed V in latitude A. If the axis of the compass is con-
strained to move in a horizontal plane show that, when in a position
of relative stable equilibrium, the axis points in a direction.

o = tan l&Qcosa
to the West of North, where £ is the angular velocity of the earth
and a is its radius.
What is the corresponding result if the ship is speeding due Kast.
(Hint: In the first case, owing to the motion of the ship, A is no
longer constant, while the angular velocity of the axes of reference
about the Kast-West line is incrcased by an amount V/a).



CHAPTER VIII
PRECESSIONAL MOTION

1. General Properties

We have already met with an example of precessional motion in the
previous chapter (see § 4.4, Case 4 = B, p. 180). We shall now discuss
the nature and general properties of such motion in detail. The theory
of precessional motion is important in the field of Theoretical Physics
and also in that of Applied Mechanics in which it has many applications;
in particular, it is the theory underlying the use of both gyroscopic
stabilizers in ships and automatic pilots.

1.1. Definition. We have already seen that if a rigid body has
one point fixed and 1s acted upon by a system of forces, then its motion
is determined by the equation

dH/dt == 3 (r A\F)=M, (8.1)

where H is the moment of momentum of the body with respect to the
fixed point and M is the resultant moment of the forces acting on the
body with respect to the samc point. A similar equation holds for
the motion of the body with respect to its centre of mass. In any
small interval of time 8¢, the change in the moment of momentum of the
body will therefore be given by

SH = MSt, (8.2)

i.e. the change in the moment of momentum of the body during any
small interval of time (¢,¢+4-8f) must be parallel to the instantaneous
direction of M at time ¢.

Now suppose the body to be uniaxal and free to rotate about a
fixed point O on its axis of symmetry OC under a given system of forces,
the direction of the resultant moment of the forces with respect to O
being always at right angles to the plane defined by OC and some other
fixed line OZ. If the body has no spin about itg axis, then (8.2) may
clearly be satisfied by a motion of the body which is one of rotation
about the axis of M. If, however, the body possesses a spin n about its
axis, then a contribution to the change 6H required by (8.2) can arise
from a motion of the body such that in the interval 8¢ the axis OC
undergoes a rotation about O in the plane defined by the instantaneous
directions of M and OC; for, if € is the angle through which OC rotates

in time & (Fig. 8.1) and C is the moment of inertia of the body with
197
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respect to OC, then the consequent change in H arising from the spin
would have the desired direction and be of magnitude

Cn tan € & Cne.

A similar contribution also arises in this case from the simultaneous
rotation about O of the component of H with respect to the principal
axis in the plane ZOC at right angles to OC'; the rotation of the com-
ponent with respect to the third principal axis leads, of course, to no
contribution parallel to M.

In general, the motion of a body having a spin about its axis will be
such that 8H is made up of the contribution arising from the rotation
of the body about the axis of M, together with those due to the rotation
of the angular momentum vector. As we shall see below, however,

Figure 8.1

if the forces acting on the body have the appropriate moment with re-
spect to O, then (8.2) may be satisfied by a motion in which there is no
rotation about the axis of M. In this case, if the forces acting on the
body are such that the magnitude of M remains constant, then the
motion will be one in which OC rotates about OZ with a uniform
angular velocity, the angle ZOC remaining constant. Such a motion is
termed one of uniform precession about 0Z.*

1.2. Couple required to produce uniform precessional motion.
Let k be a unit vector in the direction of the axis of symmetry. Then
the moment of momentum of the body may, as we have already seen
(p. 188, eqn 7.42), be expressed in the form

H = A(k Adk/dt)+Cnk, (8.3)

* The uniform precessional motion met with in the previous chapter is known as
that of free precession since it is that which arises when a uniaxal body is in motion
about a fixed point under no forces. In this case, M being zero, the motion is
guch that 3H is also zero.
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where C is the moment of inertia of the body about OC, 4 the moment
of inertia about a perpendicular axis through O, and » is the component .
of the angular velocity of the body about OC. If the motion of the

%4

Figure 8.2

body is one of steady precession, then both 2 and £, the angular velocity
of precession, are constant. Consequently we have, on differentiating
(8.3) with respect to ¢,

dH d?k dk

whilst, from the above definition of precessional motion, it follows that,
if z is a unit vector in the direction of OZ,

dk
P (z \K), (8.5)
d2k dk
so that = Q(z/\ %)
= 2z A\ (zAk)}, from (8.5),
= Q2{z(z.k)—Kk}. (8.6)
_— dk d2k o -
On substituting for 7 and T from (8.5) and (8.6) into (8.4), we thus
have
dH
= OnQ(z NK)+ 422k \z)(k.z)

= (CnR—A22 cos «)(zA\K) (kz =cosa). (8.7)

Consequently we see that a state of steady precessional motion about
OZ with an angular velocity of precession £, the axis OC making a
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constant angle o« with OZ, is possible provided the forces acting on the
system are such that their resultant moment about O is equivalent to
that of a couple of moment

(Cnf2—A822 cos @) sin « (8.8)

whose axis is in the direction of the vector z Ak, i.e. it is perpendicular
to the plane ZOC and acts in the direction shown in Fig. 8.2.%*

For a uniaxal body in motion under no forces, then the angular
velocity of precession, corresponding to an angle «, will be given by
equating the above couple to zero, i.c. it is given by

£ = Cn/A cos a,
a value in agreement with that obtained for ¢ in Chap. IV, § 4.4, Case (i).

1.2.1. Motion under gravity. If the body is in motion under the
action of its own weight, the only other force being the reaction at O,
then the moment of these forces about O is equal to

hk N —Mgz = Mgh(z \K),

where OG = (Fig. 8.3). It immediately follows, therefore, that such
a body can precess about the vertical, with its axis making a constant
angle o with the vertical, provided the angular velocity of precession
£ is such that

(Cn82--A822 cos a)(z ANKk) = Mgh(z Ak),
i.e. provided & satisfies the equation

A822 cos a—CnQ2+Mgh = 0. (8.9)

* The above result can be used to discuss the stability of the motion of a person
on a bicycle. In this case, assuming the person to be riding along a straight road
so that the wheels of the bicycle are spinning about their spindles, which are
horizontal, then, if, through any cause, the plane of the bicycle tilts to either side,
each spindle will be acted upon by a resultant couple, the directions of the axes
of the couples being horizontal and at right angles to the respective spindles; the
forces producing the couples arise from the reactions between the wheels and the
ground and the reactions of the frame on the spindles.  As a result of these couples,
each wheel will tend to undergo a motion of precession about the vertical. If Q
is the angular velocity of precession of the front wheel, say, and » is the angular
velocity of the wheel about its axis, then the magnitude of the couple acting on the
wheel must be C'n2, assuming the angle of tilt to be small (cqn 8.8, with « = =/z).
Consequently it follows that for the same couple, i.e. for the same amount of tilting,
the rotational motion of the wheel about the vertical will be greater the smaller the
value of n, i.e. the slower the motion the greater the ‘wobble’, or, in other words,
the faster one goes the greater the stability.

By the above reasoning one can also see why one leans inwards when rounding a
bend: it is clearly in order to produce the couple necessary for the precessional
motion involved in the chango of direction.
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This is a quadratic in £, its two solutions being given by

Cn--+/(C?n2—4AMgh cos o)
24 cos a ’

These values are real if and only if
C2n2 = 4AMgh cos a.

This, therefore, is the condition that a body, possessing an axis of
symmetry and rotating about a fixed point on its axis under the action
of its own weight, may be able to precess uniformly about the vertical
with its axis making a constant angle o with the vertical. Further,
if this condition is satisfied, then, unless C2n2 = 44 Mgh cos «, there
are two possible angular velocities of precession, the directions of

Q=

lZ

Figure 8.3

rotation in both cases being the same. They are termed the fast and
slow precessions.

Having obtained the conditions necessary for a uniaxal body to
precess uniformly about an axis, we could next proceed to discuss the
general question of the stability of such motion. This, however, is
better left until later (see § 2.7). Instead, we shall illustrate the general
theory by considering in detail the motion of a top spinning on a hori-
zontal plane. If the plane is sufficiently rough to prevent slipping,
then the point of contact becomes a fixed point and the theory is similar
to that above; if the plane is smooth, then the point of contact is no
longer fixed. Since, however, in this case both the reaction at the
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point of contact and the weight act vertically, the motion of G will be
confined to a vertical line, and a state of steady precessional motion
about the vertical is still possible. We shall consider both of these
motions.

2. Top spinning on a rough plane

2.1. Vector treatment. If O is the point of contact, then taking
moments about O, we shall have, as a general result,

d dk
4 (k A Ez?) —}—C’nk} — Mgh(z\K),
or A(k /\‘%‘) +0n‘fllt‘+c‘%k — Mgh(zA\K). (8.10)

This is the vector differential equation which governs the motion of
the top.

Figure 8.4

Now a body having one point fixed has three degrees of freedom;
three positional coordinates are therefore required to define its position,
and hence its motion, at any instant of time. The most natural system
of coordinates to use in this case is that consisting of Euler’s angular
coordinates (0,4,6). To determine the motion completely, we thus
require three scalar integrals of the above equation involving these
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coordinates and their time rates of change. The three integrals may
be obtained as follows:

(1) Integral of Awial Spin. If we multiply the above equation
scalarly by k, then we have, since k.dk/dt = 0 and kk =1,

dn

20

dt ’
so that n = constant,

i.e. the spin of the top about its axis is constant. The equivalent
result expressed in terns of Euler’s angles is (see Chap. VII, eqn 7.9)
i+ cos 6 == constant.
(2) Angular Momentum Integral. Putting dn/dt = 0 in (8.10), then
the differential equation of motion becomes
a2k dk
— — . 8.
A(k/\ dt2)+on L (.11)

On multiplying this equation scalarly by z, we have
d%k dk
Az.(k/\ ‘—m—) —{ACn(z.zt) =0,

which can be integrated immediately giving
Az.(k /\(%) +Cn(z.k) = constant.
Tf we write this in the form

z.{A (k /\Cfl—l;)+0nk} = constant = D, say, (8.12)

then we see that this integral is simply the mathematical expression of
the fact that the component of the moment of momentum of the top
about the vertical through O is constant.* It is termed the ntegral
of angular momentum of the motion.

* The above equation can be deduced more simply, perhaps, by writing the equa-
tion of motion in the form

JdH

T Mgh(z AK).
Yor, multiplying this scalarly by z, we have
z.[ljl == Mgh{z.(z AK)}
dt
=0,

and hence on integrating, z being a unit vector whose direction is constant,

z.H = z.{A (k /\L‘%() -+ C‘nk} = constant.
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To express the above integral in terms of Euler’s angles, suppose we
introduce two additional unit vectors i and j localized at O such that i is
in the plane ZOC and at right angles to k, whilst j is a mutually ortho-
gonal vector such that (i, j, k) form a right-handed triad, the respec-
tive directions of (i, j, k) being as shown in Fig. 8.4. Then, referred to
these directions, we have

z = (—sin 6,0, cos ), k= (1,0,0),  dk/dt — (0, sin 0,0)*, (8.13)
and hence
z.k/\a(li—l; =|—sinf O cos 8 | = ¢ sin2 0.
0 0 1
6 $sind 0
Consequently (8.12) becomes
Ad sin2 6-+-Cn cos 0 = constant = D. (8.14)

(3) Energy Integral. If we multiply (8.11) scalarly by kAdk/dt,
then we have

d%k dk\ ., dk dk\ dk
A(k/\ Zl?)'(k/\ Ji)+(,nm.(k/\ d_t) == Mgh(z/\k),(k/\m)’

A(k /\‘%‘).(k /\%l;—{)quk{(z.k) (k.‘%‘)—(k.k) (z‘f{—lt‘)} 0,

i.e. since k.dk/dt = 0,
a2k dk dk

This again can be integrated immediately, the result being

or

2
A(k /\(f_il_:) +2Mgh(z.K) = constant = E, say.

This is simply the energy equation which expresses the fact that the
total energy remains constant throughout the motion, the first term
being equal to the kinetic energy (minus {Cn?)t and the second term

* The components of dk/d¢ are simply the velocity components of a point P on

the axis unit distance from O.
+ Using the result 27" = «w.H (Chap. VI, eqn 6.40), the kinetic energy is given

b
’ o7 = {A(k/\‘g_:)+0nk}. {(k/\%)—i—nk}

2
= A(k/\(fi-l—:) +Cn.
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representing the potential energy. Expressed in terms of Huler’s
coordinates, the result becomes, in virtue of (8.13),

A(624-42 sin? 0)+-2Mgh cos 0 = E. (8.15)

We have thus obtained three equations between the three angular

coordinates (6,4,4) and their first differentials with respect to the time.

These three equations are sufficient for the complete determination of
the motion.

2.2. Integrals of the motion derived non-vectorially. For a
body rotating about a fixed point, its vector equation of motion, when
referred to a set of axes rotating with an angular velocity 0, is given by

oH
& +OAH) =M, (8.16)
where M = > (r AF). 1If the body is uniaxal and 03 is chosen to
coincide with the axis of symmetry, then, since
H = (H;,Hs,H3) = (Aw1,Awy,Cws),
the scalar equations equivalent to (8.16) are
A1 +-(COwz— Abzwg) == M,
Adro-1-(A03w1—C0yw3) = Mg . (8.17)
Cag+(Ab1we—ABsw1) = M3
In this case, we also have, O3 being fixed in the body (seec Chap. VII,
p. 167, § 3, eqns 7.10 and 7.11),
b1 = w1,  b2=wz, b3 w3
Substituting these values into (8.17), the equations of motion thus
become
Adry+H(Cwgwz—AbBgws) -~ My
Adso-+-(Abgwy —~Cwywg) = My . (8.13)
Cawsg = M3
Now let us apply these equations to the motion of the top. Choosing

the axes 0123 to coincide with the directions of the unit vectors (i,j,k)
as defined above (Fig. 8.4), then we have

0 = fz+-0j,
(81,89,03) = (—¢ sin 6,6,¢ cos 0),

so that

and hence
w) == ——qg sin 6, wy == é.
Also, we have
M; =0, My = Mgh sin 6, M3 = 0.
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Substituting into (8.18), the equations of motion thus become

A% sin 0)4-Chug—a8 cos 0 — 0 @
A%——ASAZ sin 0 cos 04-Cwse sin 6 = Mghsin 0 (b) (8.19)
Cog —0 ©

These equations, on integration, yield the desired first integrals of
the motion.
From the third, we have

wg == constant = n.

Replacing wg by n, (8.19¢) and (8.190) become
A(%(qg sin 0)-} A0 cos 0—Cnb = 0, (8.20)

Af—A? sin 0 cos 04-Cn sin 6 = Mgh sin 0. (8.21)
On multiplying (8.20) by sin 6, then we have

A{((I—lt(cﬁ sin ) sin 8-+64 sin 8 cos 9}—0719 s 0 = 0,

which can be integrated immediately giving
A sin2 6-+Cn cos § = constant = D [(8.14)]

in agreement with (8.14).
To obtain the energy integral, we have, on multiplying (8.21) by 6,

A — A2 sin 0 cos 0 0-+Cnep sin 0 6 = Mgh sin 6 6.
On substituting for Cné from (8.20), this reduces to

A(i'g—i—Agt(gﬂ sin 0)¢ sin @ == Mgh sin 9 6,

which gives on integration (8.15), viz.
A(624-42 sin2 8)+2Mgh cos 6 = constant = E. [(8.15)]

2.3. Properties of the motion. If we eliminate ¢ from (8.14)
and (8.15), then we have
(D—Cn cos 8)2

2| m2f -~
A2+ 4 sin2 0 T enid

A-2Mgh cos 0 = E,
or
(D—Cn cos 6)2

By ey (8.22)

A62 = E—2Mgh cos 0
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Writing
2 == cos 0,
so that
2 == —sin 8 6, 2 == (1—22)62,
this may be written
A2 = E(1—22)—2Mghz(1 —22)—(D—Cnz2)%/A.

The right-hand side of this equation is a cubic in 2, so that the equation

f @) == E(1—22)-—2Mghz(1—2%) —(D—Cnz)2/4 = 0 (8.23)

has three roots. To obtain the general form of f(z), we know in the
first place that for a value of 2, say z =20 (—1 <29 <1), corres-
ponding to a position of the top during its motion for which 6 # 0, f(z)
must of necessity be positive. We thus have the following table:

2 == — 00, f(2) is —ve and infinite,

z == , flz) is —ve,

z=2y, f(2)is +ve,

z—=1,  f(z)is —ve (or zero, if D = Cn),

z = -+ o0, f(2) is +ve and infinite.

Consequently, if 21, 22, 23 represent the three roots of (8.23) such that
21 < 72 < 23, then, in the general case (D 3= Cn), it follows that 21

f(z)
% N / :
- 00 - 0 /;] 2, 1 23 + 00

/

and 2 both lie between z = —1 and z =1, while 23 is greater than
unity. The general form of f(2) is thus as shown in Fig. 8.5.

Since 62 must always be positive during the motion, it follows that
the axis of the top will be confined to the region such that 6, > 6 > 62,
where 6, and 0 are the values of 8 corresponding to z = 21 and z = 23
respectively.

If D = Cn, then one root of the above cubic is z = 1. In this case,
therefore, the axis of the top either passes through the upward vertical
or becomes vertical at some stage of its motion.

Figure 8.5
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It should be mentioned here, perhaps, that, in discussing the motion
of the top spinning on a rough plane, z is restricted to the values
0 <z<1. If, however, the top is pivoted at its vertex, then z may
assume values such that —1 <{z <C 1. When this is so D may be such
that D £ Cn, D = Cn, or D = —Cn. In the first case the axis of
the top never assumes the vertical position, in the second it assumes
the upward vertical position, whilst, in the last, it assumes the down-
ward vertical position, but not the upward. In what follows we
shall consider the nature of the motion when D == Cn and when
D = Cn; the nature of the motion for the case in which D = —Cn can,
of course, be readily deduced from that in which D = Cn.

In order to study the motion of the top in detail, it is possibly better
to consider the behaviour of the function g(2), defined by the equation

_J@
9(e) = A2 =, (8.24)
rather than f(z) itself. The exact expression for g(2) is given by
(D—Cnz)2

g(2) = E—2Mghz— (8.25)

A(l—2%) "
It is clear that we are concerned only with the behaviour of g(z) in the

Figure 8.6

region —1 < z <1. There are a number of different cases to consider
depending upon the initial conditions.

Case I. Initial conditions are such that D = Cn while 0 is not, in
general, zero during the motion.* Since in this case the equation
f(2) = 0 has two roots within the region —1 <z < 1 (Fig. 8.5),
g(z) = 0 (see eqn 8.24) will also have two roots within the same
region; further g(2) is clearly asymptotic at —co to both z = —1
and z= 1. Within the region —1 <z <1, it thus has the general

* Initial conditions are the initial values of 8, 0, é, and n.
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form as shown in Fig. 8.6, the portion of the curve corresponding to the
motion being represented by the shaded region.

If 0; and 05 are the two roots of g(2) = 0 within this region, and if P
is the point of intersection of the axis of the top with unit sphere having
its centre at O, then the path traced out by P will touch two horizontal
circles on the sphere, defined by 0 = 6; and 8 = s, alternately.

0’02 6:6')

A p=01

(a) (b)

(c)
Figure 8.7

If ¢ does not vanish when either § = 6; or § = 6, then the path of P
will be tangential to the bounding circles as shown in Figs. 8.7 (a) or
(b), case (b) corresponding to that in which the sign of D—Cnz (and
hence that of ¢ (eqn 8.14)) changes between z; and za.

If 6 and ¢ vanish simultaneously at any point, then ¢ also vanishes
at the same point (eqn 8.14). Consequently, at such a point, the path
of P will be orthogonal to a bounding circle and so will have a cusp.
Since, when 6 and ¢ are both zero, the axis is instantaneously at rest,

14—r.D.D.
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it follows that the ensuing motion of the axis, immediately afterwards,

must be in a downward direction and not in an upward one, ie. a

cusp can occur only at a point of contact with the upper of the two

bounding circles.

That this is so can also be shown analytically. For, from (8.14),
we have

§— D Cnz

1227

so that ¢ = 0 when
D—Cnz =0. (8.26)

But, if this equation is satisfied by a particular value of 2, it will not
be satisfied by any other value of z.  Consequently a cusp can occur on
only one of the bounding circles. To determine on which it occurs,
suppose we differentiate g(z) (cqn 8.25); then we have

s (D—Chnz) (D—Cnz)?
g (2) = ~2Mgh+2CnA(1 ) —22 A=)

But, at a cusp, (8.26) holds, and hence at such a point

y'(2) = —2Myh,
i.c. the slope of g(2) is negative. The path of P can therefore have
a cusp, if at all, along the circle corresponding to z == 2y, i.e. along the
upper bounding circle. The nature of the path of P, in this case, is
thus as shown in Fig. 8.7(c).

If initial conditions are such that z = 2z while § = 0, then 2z == 2o
must coincide with one of the points 4 or 4z in Fig. 8.5. The question
as to whether the axis of the top rises or falls initially (the case of circular
motion, corresponding to a state of steady precession, is discussed in
§ 2.4 below) depends on the sign of ¢'(z9). If this is positive, then 2o
must coincide with 4; and the axis of the top will rise initially; if
negative, then 2o coincides with 42 and the axis of the top descends.

The angular velocity 6 is termed the angular velocity of nutation,
and the complete period between two successive instants at which the
axis of the top is passing through the same value of § with the same
velocity, the period of nutation.

Case II. Initial conditions are such that D = Cn and 0 # 0 when
z = 1. In this case, since D = Cn, ¢(2) has the form

C2n2(1—2z)2

A(1—22)
C2n2 (1—2)

A (142
Further, the equation g(z) == 0 is now a quadratic, one of its roots

9(2) = E—2Mghz—

= E—2Mghz———
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being greater than unity. The general nature of the curve for ¢(2) in
the range —1 <{z <1l is thus as shown in Fig. 8.8. It intersccts

Figure 8.8
the z-axis at one point between z = —1 and z = 1, and the motion
of the axis will thus be confined to the region corresponding to
71 <z,

the axis of the top passing periodically through the vertical and touching
the circle 6 = 6;. The projection of the path of P on a horizontal
planc will thus be as in Fig. 8.9.

Figure 8.9

Case I11. Inwitial conditions are such that D = Cn and 0 = O when
z==1. TIn this case, since § = 0 when z =1, E can be evaluated.
From (8.22), on putting D = Cn, § == 0, we have E == 2Mgh, and hence

252
gz = (1 —z){2Mg71 _ZTlTnﬁ)}' (8.27)
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It is asymptotic at —oo to z = —1, and also passes through z =1.
Its general behaviour, therefore, may be as indicated in Fig. 8.10,
curves (a), (b), (¢). The question as to which of the curves is applic-
able to the motion depends upon the sign of the slope of g(z) at z = 1.
Differentiating (8.27), we have
, C2p2 C2n2

g = “‘{2M9h_m}+(l“z)ma
so that
C2n2  C22—4AMglh
24 24 )
The curves (a), (b), (c) thus correspond to the cases in which

C2n2 = 44 Mgh

respectively, (b) being tangential to the z-axis at z = 1.

g'(1) = —2Mgh+- (8.28)

(c)

(b)
(a)

Figure 8.10

Now a top can clearly spin with its axis vertical no matter what
the value of n. If C2n2 > 44 Mgh, then it is seen that, subject to the
conditions D = Cn, § = 0, the only possible motion is one where the axis
stays vertical; i.e. initial values different from zero cannot be found
for 6, §, and ¢ such that E = Mgh, D = Cn, and, at the same time,
6 = 0 when § = 0. If, however, 02n2 << 44 Mgh, then an alternative
motion is possible. In this case the g(z) curve cuts the z-axis not only
when z = 1 but also for a value of z given by
C2n2—2A4AMgh
—Sdligh

(Since we are assuming C2n2 << 44Mgh, this value of z is such that
—1 < 7 < 1 and so corresponds to a real value of 6.) Thus, if initially
the top is held with its axis in this position, subject to the condition
6 = 0, and, at the same time, is given a velocity of precession such that

21 =
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the condition D = Cn is satisfied, then, when released, the axis of the
top begins to rise and during the ensuing motion will steadily approach
the vertical.

Suppose we investigate the nature of this motion when nearing the
vertical. We have, from (8.24) and (8.27),

2,2
A2 = (l—z){2Mgh— Z%-%-z-)}.
Putting
z == cos 0 = 1—62/2,
then we have
C2p2
A=)

on- G0 )

so that, neglecting terms of O(64),
02— e {4AMgh—Czn2}.

2
A2 — 5‘_{2Mgh—

442

Since, in the present case, C2n2 << 44 Mgh, this may be written

62 = p262,

1A Mgh—C2n2
2 .

where RV P 0),
so that 6 = +pb.
Consequently we have

do

7 +pdt,
and hence

0 = Betrt, (8.29)

where B is a constant of integration. Now during the motion, when the
axis of the top is approaching the vertical, 6 must clearly be negative.
Therefore, choosing the negative sign in (8.29), the behaviour of 6 near
the vertical will be given by

0 = Be~7t,
i.e. it decreases exponentially with the time. Thus 6 can vanish only

when ¢ becomes infinite, i.e. the axis of the top approaches the vertical
asymptotically with the time.

When a top spins with its axis vertical, then it is referred to as the
upright or sleeping top.
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Although a top can spin theoretically with its axis vertical whatever
the value of , if slightly disturbed from this position, then the nature
of the disturbed motion, and hence the stability of the original motion,
varies according to the value of n. To study the nature of the dis-
turbed motion, suppose the disturbing force to be a small impulsive
force applied in an axial plane. The values of D and » will remain
unchanged in the new motion, the effect of the disturbing force being
to increase E by an amount 8E. If gy(z) denotes the function g(2)
corresponding to the disturbed motion, then we shall have (eqn 8.25)

9a(2) = g(2)+3E;
the g4(2) curves will thus be as represented by the broken lines in

JoE

(a) (b)

Iigure 8.11

Fig. 8.11 (a), (b), and (c), obtained by displacing the corresponding
g(z) curve for the original motion through a distance & in a direction
perpendicular to the z-axis. It is clear that in each case the motion will
be of the type described in Case II.

In Case(a) (C2n% > 4AMgh), it can be scen that, in a general way,
the original motion is stable, the motion of the axis in the disturbed
motion being restricted to the shaded region. Since, when D = Cn
and § = 0 when z = 1,

g'(1) = (C2n2—44AMgh)[24

(eqn 8.28), it follows that the slope of g(z) at z=1 increases as
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(C2n2—4AMgh) increases. Consequently, for the same impulsive
energy increase 8E, the greater Cn, the greater the value of ¢'(1), and
hence the smaller the range of the disturbed motion, i.e. the greater
Cn, the greater the stability of the original motion.

In Case(b) (C2n2 == 4AMgh) the disturbed motion would appear
from the diagram (Fig. 8.11 (b)) to be of the same general type as that
in Case (a). As we shall see in § 2.6, where we discuss the same problem
vectorially, this is not so, the disturbed motion in Case (a) being
oscillatory about the vertical, while in this case the deviation increases
linearly with the time. The motion must therefore be regarded as
unstable.

In Case (¢) (C2n2 << 44Mgh) the motion is unstable, and no matter
how small the disturbing impulse, the deviation of the axis from the
vertical in the disturbed motion will never be less than that for the non-
vertical motion represented by the broken line in Fig. 8.11(c).

2.4. Steady precessional motion. This is characterized by the
fact that 6 remains constant, so that 6 =0, § = 0 throughout the
motion.

From the general equation

A2 = g(2), [(8.24)]
we have
2400 = ¢'(2),
or, since £ == —sin 0 0 — /(1—22)6,
240 0 == —g'(2)4/(1—22)0. (8.30)

But this is a result which holds no matter what the nature of the motion,
whether & = 0 or not, and hence we must have, as a general property
of the motion,

240 = —g'(2)4/(1—22). (8.31)
For z == 2p to correspond to a motion of steady precession, therefore,
we must have, putting 6 == 0, § == 0,

9(z0) =0,  g'(20) = 0.

In a state of steady precession the two solutions of the equation g(2) =:- 0,
which one normally gets in the general case (Fig. 8.6, p. 208), thus
merge into a single value z = 29, and g(z) becomes tangential to the
z-axis at this point (Fig. 8.12). Differentiating the general expression
for g(z) (eqn 8.25), the equation g'(zo) == O thus becomes

Cn(D—Chnz) | 2o(D—Cnzg)®

Mgh—=— ="+ = (8.32)
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But, if ¢ = Q is the angular velocity of the axis about the vertical
in the state of steady precession, then
D—Cnzy = AR sin? 0y = AQ(1—22),
and condition (8.32) becomes*
Azo§22—CnQ+Mgh = 0. [(8.9)]

Z=2Z
-1 il 1

Figure 8.12

This is identical with (8.9), showing that for any set of values of » and

20, there are two possible values of £, viz.

On+-+/(C?n2—4 A Mghzy)
2A20 ’

Q= (8.33)

which are real provided
C2n2 = Mghzy.

The above is the general result for zo << 1, D # Cn. It should be
noted that it does not apply to the case 2y = 1, since, when 29 =1,
then D = Cn and the form of the g(z) curve is quite different from that
given in Fig. 8.12 (sce Fig. 8.10).

2.5. Stability of steady precessional motion. Let z ==z
correspond to a state of steady precession, so that g(zo) = 0, g'(2p) == 0,
and suppose the top to be slightly disturbed from this position by an
impulse applied to the top in an axial plane through the vertical. Such
an impulse will not produce any instantaneous changes in either D
or n, only in E. Consequently D and » retain their values in the
disturbed motion; in addition, ¢'(2) also retains its form, since it de-
pends upon D and = but is independent of K.

To discuss the nature of the disturbed motion, let us write

0 = Op+e, z=2019,

8 being the small change in z (= cos ) consequent upon a small change
€ in 0 when 6 = 3. Then, substituting these expressions for 6 and

* This condition could also have been deduced from (8.21), the second of the
scalar equations of motion, by putting § = § =0, ¢ = Q.
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z in equation (8.31) for §, the equation governing the behaviour of € in
the neighbourhood of z = zg is given by

24¢é = —{1—(20+8)2}1/2¢" (20+5)
5
_ _(1—zg)1/2{1_(1i1;20_)}{g'(z0) +9"(20)3}

= —(1—2) V2" (20)3 (8.34)
on neglecting small quantities of the second order, g’(z) being zero.
But

20-+8 = cos (fp-+-€) = cos fy cos e—sin b sin ¢,
so that
8 = —sin by e = (1—23)1/%
to the same degree of approximation. Hence, substituting into (8.34),
the differential equation in e becomes

a2
(L 2;")9"(%)5 =0. (8.35)

Since (1—2%) > 0 (29 #% 1), this represents a motion of oscillation

Figure 8.13

about z = zq, provided ¢g”(z0) < 0. But, from Fig. 8.12, it is clear that
this condition is always satisfied, z = 29 corresponding to a maximum
value of g(z). Thus a motion of steady precession is stable.

The same general result regarding the stability could also have been
deduced from the nature of the g(z) curve. When a small impulse
is applied as above, then its effect is to increase E by an amount 8E,
D and n remaining unchanged. The g(2) function corresponding to the
disturbed motion will thus be represented, as in § 2.3 when discussing
the stability of the vertical motion, by the broken line in Fig. 8.13.
In the disturbed motion the axis of the top thus oscillates through the
region bounded by the horizontal circles corresponding to the points 4;
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and 42 as in Case I,§2.3, above. The original motion of precession
must therefore be stable.

The period of oscillation, or the nutation, for small disturbances will
be given by

T = 2x/p,
a -z§)g”(zo)
2 .
where p? = —54
((’n 2A4822)2 —i—Az.QZ(l—zn)

(8.36)

A2

after D has been eliminated from the expression for g”(zp) by means of
the relation

D—Cnzg = AQ(1—22),
the condition for the existence of the state of steady precession.

2.6. Vertical top. Stability. Vector treatment. The stability
of a top spinning about its axis which is vertical was discussed in general
terms in § 2.3. We shall now consider the same problem vectorially.

For a top moving under gravity on a rough horizontal plane, the
vector equation of motion is ((8.10) with dn/dt = 0)

(k A hg)+o d—lf~—Mgh(z AK) = 0. (8.37)

A particular solution of this equation is clearly
k = constant = z,

which describes a top spinning with its axis vertical, D being equal to
Cn (eqn 8.12).

Now let us consider the stability of this motion. We shall suppose
the motion disturbed by a small impulse applied in an axial plane so
that # (and also D) remains unchanged. To consider the nature of the
disturbed motion, let us write

k =z+p,

where p is to be regarded as a vector whose magnitude is of the first
order in 6 and is such that, to this degree of approximation, z.p = 0.
Then, replacing k by this expression, (8.37) reduces, when terms of the
second order are neglected, to

( dt*) -}—Cn —~Mgh(z Ap) = (8.38)
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Suppose we now refer the motion to a set of axes rotating about the
vertical with an angular velocity £2. Then we shall have

de (Ef
r ,~+Q(Z/\P)~

%,—? (—P—P’Q(/A )+93‘A(pi) -0

ce P\ _ o
. mﬁm(z/\w) @,

since z.p = 0. Consequently (8.38) becomes, on substituting these
expressions for dp/dt and d29/<lt2

(z/\ ) |—(On—2A.Q) { (CnQ—Mgh—AL22)(z A\ p) —
or, after multiplying vectorially by z,
A———(C'n~2AQ)(Z A= 5 )+(CnQ Mgh—AQ2%)p = 0; (8.39)

this, by choosing 2 = Cn/24, so that O'n—24LQ = 0, reduces to

2p  (C2n2—4AMgh

Lt ( P—_— Jo=o. (8.40)
The nature of the disturbed motion in the nelghbourhood of the vertical,
and hence the stability of the original motion, may now be obtained
by considering the solutions of this equation for different values of n.
We have the following cases:

(i) C2n2 > 44AMgh. For large values of n, such that this inequality

is obeyed, (8.40) takes the form

where
p2 = (C2n2—4 4 Mgh)/4A42.
Relative to the rotating frame, p is thus periodic with respect to ¢, its
general form being given by
p = A cos pt-+B sin pt,
where A and B are two arbitrary constant vectors. Taking the initial
conditions to be
o _
P = 0; _E% = Vo,

then we have
A =0, B = vo/p,
so that

Vo .
= gin pL.
p
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Relative to the rotating axes, the point P on the axis, such that OP
is unity, thus performs simple harmonic vibrations along the line
defined by the vector vp, the period of vibration being T' = 2x/p, while
the line itself rotates about the vertical with an angular velocity
Q = Cnj24. The maximum deviation of P from the vertical is thus
vo/p, and the vertical motion is clearly stable.

(ii) O2n2 = 4AMgh. T1f the value of n satisfies this relation, then
(8.40) reduces to
22p
="

and the general solution of p is given by

e = At+4B.
Subject to the same initial conditions as above, we thus have

P = Vol.

Relative to the rotating axes, the path of P is again the straight line
defined by vo; the deviation of P from the vertical, however, now
increases linearly with the time. Although the deviation from the
vertical will still be small for a small disturbing force, yet, if oscillatory

motion is taken as the test of stability, then, on this basis, the original
motion must be regarded as unstable.

(iii) C2n2 < 44Mgh. TFor values of = satisfying this inequality,
(8.40) becomes
9%p 44 Mgh—C2n?
2P =0 (pz = ——7;;12—““)-
The general solution of this equation is
P = AePtL-Be 7t
Putting in the initial conditions as above, we have
A=B= Vo/ 2p,

so that p, as a function of ¢, is given by
Vo Vo .
= -V(ept—g—pt) — — ginh pt.
e 2p( ) p P

The path of P, relative to the rotating axes, is again the straight line
defined by vo, while the distance of P from the axis increases with the
time hyperbolically. The vertical motion is thus again unstable.

Summing up, we can say, on the basis of the above, that it is only
when (212 > 44 Mgh that the motion of a symmetrical top, spinning
with its axis vertical, is stable.
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In the above theory £2 has been put equal to Cn/24 as a matter of
convenience, in order that the term in z Adp/ét in (8.39) should vanish.
That such a value of £ should occur in the theory, however, can be
explained on physical grounds. If the impulse is applied in an axial
plane, then D = Cn in the disturbed motion. But we know that

D = Aé sin2 64-Cn cos 6.
For small 6, putting sin2 0 == 62, cos § = 1—62/2, D will thus be given by

D = A$f2-1-Cn(1—62/2),
which is equal to C'n only if

é = Cn/24.

Thus, for small 6, the axis of the top precesses about the vertical with a
constant angular velocity £ = Cn/24; the reagson for this angular
velocity occurring in the theory in the above manner thus becomes
clear.

2.7. Stability of precessional motion. Vector treatment.
The equation which determines the angular velocity of precession
corresponding to a given value of # and a given inclination of the axis
(eqn 8.9) was derived vectorially in § 1.2.1. To discuss the general
question of the stability of this type of motion, however, it is better to
derive this equation, which is the condition for the existence of steady
precessional motion, in another way, using the theory of rotating axes,
as we did in the previous paragraph.

If the motion is referred to a set of axes rotating around the vertical
with a uniform angular velocity £, then, when referred to these axes,
we shall have, as in § 2.6,

dk (’)
=S4 eEAK), (8.41)

Pk o[k ik
=2 E+.Q(z/\k)}+!2{z/\(D—z+32(z/\k))}

2k ok
d 2+2Q( /\%E)+92{Z(k.Z)—k},

and hence the equation of motion of the top, viz.
(k A dt2)+0 K Mgh(k Az) == 0,
becomes, on substituting these expressions for dk/dt and d2k/de2,

A (k A 8((%{) +{C¢L—2AQ(k.z)}%l;+{A 22(k.z)—Cnf2-+Mghy(k \z) ==
(8.42)
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(k.0k/ot = 0, see (8.41)). But, if the top is precessing around the
vertical with an angular velocity £2, then, with respect to this frame, k
must be a constant vector. Putting ok/ot = 0, 0%k/0t2 = 0 in (8.42),
k can therefore be constant with respect to the rotating frame only if
{4922(k.z)—Cn2-+Mgh}(k Az) = 0,
i.e. since k Az is not in general zero, provided £ is such that
A2 cos a—CnQ+Mgh =0 (k.z = cos o).

This equation, which determines the possible angular velocities of
precession for given values of n and «, is, of course, identical with that
already obtained above (eqn 8.9).

To determine the stability of a state of steady precessional motion,
let such a state be defined by k == ko, and let it be disturbed by the
application of a small impulse.* Then we have to study the nature
of the disturbed motion when k differs but slightly from Ko. To do this,
we write, as in § 2.6 above,

k= k0+ P)

where p is to be regarded as a vector whose magnitude is of the first
order of small quantities and is such that ko.p = 0 to this degree of
approximation. Then, referred to a frame rotating around the vertical
with the angular velocity of precession £2, corresponding to the state of
steady motion, we shall have, since Ko is constant with respect to this
frame,

ok _op Pk

ot e o o
Hence, substituting for k, ék/ot, and ¢2k/oi2 in (8.42), the equation
governing the behaviour of p becomes, on neglecting small quantities
of the second order and assuming the line of application of the impulse
to be such that # remains unchanged,

) .
A(ko /\%t_‘;) —1—{Cn——2AQ(k0.z)}()5‘-:+AQZ(p.z)(ko AZ)=0.  (843)
But
z = Kg cos a—1ip sin «,

where at any instant ig is the position of i as defined in § 2, p. 204 (sec,
also, Fig. 8.4) corresponding to k = ko. Consequently, substituting for
z, (8.43) becomes

09 [
A(ko /\‘_,’d-tg) 1 (Cn—240 cos a)%i:-kAQZ 6in2 o p-do) (Ko Ao) = 0,

* ko makes a constant angle with the vertical but is not, of course, a constant
vector in space.
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or, multiplying vectorially by ko and remembering that ko.p == 0,
92p , op 0 o : s
A"Jﬁ —(Cn—248 cos o) ko A e +A82% sin? o p.ip)ip : < 0. (8.44)

In this equation p, since it is to be regarded as a vector perpendicular
to Ko, is a two-dimensional vector with respect to the rotating frame.
Owing to the presence of the third term, which involves the component
of p in the direction defined by ig, the equation is not directionally
independent. In consequence, the equation cannot be solved vectorially.
To integrate it, we shall therefore replace it by its equivalent scalar
equations. If Py is the point on the axis of the top such that

0Py == ko, then, taking a set of orthogonal axes having Py as origin and
respectively parallel to the directions defined by (io,jo.ko) (sce Fig. 8.4),

0 o
k=000, p=@p0), 7 =@

Writing
Cn—248 cos « )
— .
the equivalent scalar cquations are thus
E—Ay+-822sin2 ez =0 (a)
j+xa =0 () } '
Th(lsse are readily integrated. After first integrating (8.450), which
yields

(8.45)

§ = —Az-t+Aj, (8.46)

the final expressions for « and y are given by

x = Bp cos pt+By sin pt—{—A—lz/\ ()
P
, (847
A . A122
y = —7-)(B1 sin pt—Bj cos pt)— > t-+4s (D)

where
(Cn—248 cos «)2+ 42622 sin? «
A2 ’

and A;, Ag, By, Bs are four constants of integration. Only two of
them, however, are independent owing to the coupling which occurs
between (8.45a¢) and (8.45b) arising from the term involving ko A 0p/ot
in (8.44).

If, as in § 2.5, the disturbing impulse is chosen so that D, the angular
momentum about the vertical, remains constant, and so must act in an

P2 = A4 2sin2 o = (8.48)
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axial plane through OZ, then the initial conditions for the disturbed
motion are

&£y == 0, x A0, 9y ==0.
Substituting these values into (8.46) and (8.47), then the ecxpressions
for 2 and y for the disturbed motion are found to be

« = By sin pt, Y == %é(cos pt—1).

It is seen that the disturbed motion is periodic, the locus of the point P
on the axis of the top such that OP is unity being the ellipse whose
equation, when referred to the ip- and jo-axes, is

@ | (y+BAp)?* __ .
B3 ' (B2A/p)? ’
the ellipse itself rotates about the axis ko with an angular velocity 2
and is described with a periodic time 27/p. It follows that a motion of
steady precession is thus stable.

The above result for the periodic time (eqn 8.48) is identical with that
obtained previously in § 2.5 (eqn 8.36) with zp = cos«. Using the
vector treatment, however, it is seen that we are able to show, not only
that the motion of steady precession is stable, but also how the axis of
the top moves in space in the disturbed motion. To this extent the
vector treatment is superior to the non-vector one.*

3. Top spinning on a smooth horizontal plane

Let R be the reaction between the plane and the top at the point of
contact. Then, applying the principle of linear momentum, we have,
if v is the velocity of G, the centre of mass,

dv
MY — R—Myz;
& 923
* It should be noted that the treatment of the motion of the top, as given in this
chapter, may also be applicd to the motion of the spherical pendulum. 1f 1 is
the length of the pendulum and m is its mass, then, on putting C = 0, 4 = mi2,
h = 1 in the vector cquation of motion of the top, we obtain the equation
2k
mlz(k/\(fu—z) +mgl(k Az) = 0,
which is the vector equation of motion for the spherical pendulum (see Milne,
Vectorial Mechanics, § 259). On integrating this equation, as for the top, we get
the integrals of angular momentum and of energy, viz.
ml2 sin? 0 = mi2(1- 22)¢ == hior D),
22 ' dmal k2
=2 15— 2mgla- mi2(1—z2)’

where z = cos §. These may now be dealt with as in §§ 2.3-2.5, while the condition
for uniform circular motion, together with the question of its stability, may also
be discussed vectorially as in § 2.7,

ml262 = mil>
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also, taking moments about ¢, we have

dH «
dt

where k is a unit vector in the direction of OG. Eliminating R from
these equations, we thus have

g _ ——h{k A (M’(ll_‘t’+Mgz)}. (3.49)

= (”"hk/\R))

dt
But

He — A(k /\”(%‘) LCnk,

where C is the moment of inertia of the top about its axis and 4 is
its moment of inertia about a line through ¢/ perpendicular to its axis.
(8.49) therefore becomes

d2k dk = dn dv
where, in consequence of the plane being smooth, so that &' moves
along a fixed vertical line during the motion,

d d
V= %(h cos 0)z = h‘%(z.k)z. (8.51)

(8.50) may be integrated as in the case of a top spinning on a rough
plane. Proceeding as in § 2, we obtain the following integrals:

(1) Integral of Awial Spin. Multiplying scalarly by k, we have
dn
O(Tt =0,
so that # = constant.

(2) Angular Momentum Integral. Putting dn/dt = 0, (8.50) becomes
k) | dk dv ]
4 (k /\Eﬁ) Ot = —Mh{k A ( ‘—ﬁ-l—gz)}. (8.52)

On multiplying scalarly by z, dv/dt being parallel to z, this gives,

d2k dk
Z.{A (k/\ m)—l-cnl—{t Dz O,

which can be immediately integrated giving
Z.{A(k/\(g—:) +C1Lk} == constant,

a result which expresses the fact that the angular momentum of the
top about the vertical through G is constant during the motion.
15—r.D.D.
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(3) Energy Integral. On multiplying (8.52) scalarly by kAdk/dt,
after substituting for dv/dt using (8.51), we have, smce d (k A dt) 0,

T R |

i.e. after expanding the right-hand side,

d%k dk ’k dk
A(en %) (ke )+Ml{h( + } ) o
This can be integrated as it stands giving
2
(k /\dk) —+—Mh2(z.(f{l:) +2Mgh(z.K) = constant,

which expresses the constancy of the total energy.

Having obtained these three integrals, if we now introduce the
Eulerian angles (6,4,4) to define the position of the top relative to (7,
then we shall have three scalar equations connecting these variables
and their rates of change. The remainder of the theory is therefore
asin §2.3.

3.1. Precessional motion. If the top has a motion of steady
precession, then G remains stationary. To obtain 2, the angular
velocity of precession corresponding to such a motion, the axis making
an angle o with the vertical, we can proceed either as in § 2.7 above, or,
alternatively, make use of the fact that in a state of steady precession

dk

-(-i? = Q(Z/\k),

dzk
% = 2(zn5) = 2erek).

On substituting these values into (8.52), we have, after putting
dv/dt =0,

A%k Az N\ (2 NK)}—Cn(k AZ)+Mgh(k Az) = 0,
or
(4Q%(k.z)— CnQ-+ Mgh}(k Az) = 0.

The possible angular velocities of precession are therefore given by
A2 cos a—CnQ+-Mgh == 0,

It is seen that this equation has exactly the same form as (8.9) for a
top spinning on a rough plane; the only difference is that 4 now repre-
sents the moment of inertia about a transverse axis through G instead
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of through the point of contact 0. The condition for steady precessional
motion to be possible is again
C2n2 = 4AMgh cos c.
Further problems, which involve precessional motion and which are

treated by vector methods, are to be found in Milne, Vectorial Mechanics,
Chapter X VII.*

Examples
1. A right circular cone of mass M, whose axis makes an angle « with
the vertical, has its vertex smoothly pivoted to a fixed point O and moves
with the rim of its base on a smooth table. If the points of contact lie
on a circle of radius @, prove that the pressure on the table is
sin a(Mgh-+-Cnf2— A2 cos o)/a.

where £ is the angular velocity of rotation of the vertical plane con-
taining the axis of symmetry.

2. A symmetrical top is spinning on a rough horizontal plane. If
£21, £ are the two possible values of the angular velocity of precession
with the axis inclined at a constant angle « to the vertical, show that,
in order to maintain a constant precessional angular velocity £ with the
same constant value of «, a couple of magnitude

A sin « cos a (2—021)(2—5822)

must be applied in the vertical plane through the axis of the top in a
direction tending to decrease o.

3. A symmetrical top is spinning with its vertex in contact with a
rough horizontal plane. Initially the axis of the top is at rest and
makes an angle 7/3 with the upward vertical, the spin about the axis
being

24/(4 Mgh/C?).
Prove that, after the axis is released, its inclination to the vertical varies
between 7/3 and 7/2, and that in the latter position the velocity of
precession is 4/(Mgh/A4).

4. A symmetrical top is frec to move about a fixed point O of its
axis. The axis is projected without vertical motion so that the

* An interesting example of a uniaxal body spinning in contact with a rough
plane is that of the ‘tipple-top’. This is a body whose shape is that of a segment of
a sphere (greater than a hemisphere) with a slender cylindrical peg protruding
from the centre of the plane portion of its surface. When spun with the spherical
portion of its surface in contact with a rough plane, the top rolls and eventually
spins with the extremity of its peg in contact with the plane, its spherical portion
being uppermost. For the theory of its motion, see D. G. Parkyn, “The Inverting
Top”, Math. Gaz., Vol. XL, No. 334 (1956), p. 260.
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precession £2 and the spin n of the top are connected by the relation
CnQ2 = 2Mgh. Show that, if 242 < Cn, the axis of the top comes to
rest from time to time.

If the axis of the top is horizontal when it is projected in this way,
show that, when it comes to rest, it makes an angle « with the vertical,
where cos & = 482/Cn.

5. A symmetrical top is spinning with the point of its peg fixed.
When the inclination of its axis to the upward vertical is « (</2), the
rate of precession is £2 and the inclination is instantaneously stationary.
Prove that the condition that the axis reaches the horizontal position is

24Mgh = C2n2 cos a--24ACn82 sin? a— 4202 sin2 « cos a.

6. A top of mass M, which can move freely about its vertex O which
is fixed, is precessing uniformly with its axis of symmetry in the hori-
zontal plane through 0. If the precession is advanced by the action of
an impulsive couple of moment 4 Mgh/Cn about a vertical axis, prove
that, during the subsequent motion, the least inclination of the axis
of symmetry to the vertical is cos™1 (24Mgh/C?r2) provided
C2n2 > 24 Mgh.

7. The apex of a symmetrical top is constrained to move in a smooth
horizontal groove of radius a. Prove that a steady motion is possible
in which the axis makes an angle « with the vertical and the velocity
of precession £2 is given by

(4 sin a+Mah)§22 cos «—Cn2 sin a+Mgh sin « = 0,

A being the moment of inertia of the top about a line through its apex
perpendicular to its axis.

8. A sphere, of radius @ and mass M, whose centre of mass coincides
with its centre of figure, but whose principal moments at that point are
A4,4,0, i in rolling contact with a horizontal plane. If n is the angular
velocity of the sphere about the axis of unequal moment, show that the
equations of motion are satisfied by a steady motion in which this
axis is inclined at an angle o to the vertical whilst the centre of the
sphere describes a circle of radius ¢ with a constant angular velocity £2,
where

(c—4 (C+Ma?)

c=————)—asinacosa, Q= ——"""nseca.

(C+Ma2) (4+Ma?)



CHAPTER 1X
IMPULSIVE MOTION

1. Equations of impulsive motion of a particle

Consider a particle of mass m moving under the action of a force F.
Its equation of motion is given by

gz(mv) =TF.
If we integrate this equation with respect to ¢ from ¢ = ¢; to ¢ = 3, say,
then we have

L,
MVg—mV] = f F dt. 9.1)
4L

The integral on the right-hand side is defined to be the impulse of the
force F in the interval of time (f2—t1); equation (9.1) thus expresses
the fact that the impulse of the force in any interval of time is equal to the
change of the linear momentum of the particle in the same interval of time.

The result stated above is true no matter what the length of the
interval (f2—t;) may be, whether it is large or small; in particular, it
will hold for infinitesimally small intervals of time. Suppose, therefore,
that we consider a very large force acting for an infinitesimally short
interval of time, the magnitude of the force being such that it produces
a finite change of momentum in the given interval. Such a force is
termed an impulsive force, and is defined by the change of momentum
which it produces. Mathematically, an impulsive force may therefore
be defined by the limit of the integral occurring on the right-hand side
of (9.1) as the interval 7 == (t—t;) is indefinitely diminished. If we
write

T

J =I1im | Fdt, (9.2)
—>0
then we have
J = mvg—mvy. (9.3)

J is termed the instantancous impulse exerted on the particle at time
L= ty(==t3).
In order for the limiting value of the above integral to be different
from zero, it is clear that, as = = (¢2—*t;) is indefinitely diminished, F
229
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must become very large. Consequently, in calculating the effect of
an impulsive foree, the effect of any ordinary finite forces, which may be
acting on the particle at the same time, may be neglected; in addition,
since the velocity of the particle, although it changes, remains finite,
it follows that the integral

lim | vdt

T—>0
0

is zero, i.e. the change in the position of the particle in the short
interval of time 7 == (fa—t;) may also be ignored. The vector J defined
by (9.2) and (9.3) may thus be regarded as localized at the position of
the particle at the instant at which the sudden change of motion takes
place.

The above result has been obtained by considering the equation
expressing the rate of change of the linear momentum of the particle.
Now let us consider the equation governing the rate of change of its
moment of momentum. If O is a fixed point and H is the moment of
momentum of the particle with respect to it, then we have

dH

o =TAF, (9.4)

where r is the vector displacement of the particle with respect to O.
Tntegrating over an interval of time (f2—t1), we thus have

tﬂ

Hy—H; — f (r AF)d. (9.5)

t
Now suppose the interval = = (f2—f1) to be made indefinitely small,
whilst, at the same time, F is so increased that the integral

t

J'ch

4t
remains finite and different from zero. Then, as we have scen above,
we may regard I as remaining constant during this interval. Conse-
quently (9.5) may be written

Hy—H, = r/\( limdet) T Ad.
0

>0

In deducing this result we started with the equation expressing the
rate of change of the moment of momentum of a particle with respect
to a fixed point. If, instead of taking a fixed point, we consider the
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rate of change of the moment of momentum with respect to a moving
point O whose velocity is Vo, then (9.4) has to be replaced by (see Chap.
VI, § 1.2, p. 125)

%I+Vo/\mv =rAF.

On integration this gives

t, ts

Hy—H, -+ f (Vo Amv)dt — f (r AF)L. (9.6)

ty t
But the velocity of O is clearly independent of the forces acting on
the particle. Consequently, in the limit, when the interval v == (ta—t1)
is taken to be infinitesimally small, we can assume vo to remain constant
during the interval, so that (9.6) becomes, on proceeding to the limit
T—>0,

T

Hy—H; +mvo /\( lim f vdt) —r /\( lim f th),
0

>0 7>0

or
Hz—-Hl = I'/\J,

since lim | v d¢ = 0 (see above).
70

We thus have the result: if an instantaneous tmpulse is applied to @
particle, then the instantaneous increase in its moment of momentum with
respect to a point O in space, whether O 1s at rest or in motion, is equal to
the moment of the impulse with respect to the same point.

2. Extension to a system of interacting particles

For a system of mutually interacting particles, the equations govern-
ing the rates of change of the total linear momentum and the total
moment of momentum of the system are (see Chap. VI, eqns 6.4 and
6.6)

(%(Z myvg) = 3 Fy-3, %’Fﬂc;

ff—t{z (ri Amve)} = 2. (ti AFy)+2, (rt/\g'F k)

respectively.

If the forces occurring in the above equations are replaced by
impulsive forces, then, since there are no instantaneous changes in the
positions of the particles, the corresponding equations for the instan-
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taneous changes in the total linear momentum and the total moment of
momentum for the system are

2 (mive)a—2, (mvi)r = 2 Jo+-2, %’Jup,

(2 (2 1 1

2 v Mmavia—(mavas =3 (AT +2 T AZ b,

T

where Ji=1lm | F;dt (+=12,...n)

>0

represent the impulses applied to the system and

. 12,
Jyp = lim | Fip de (' ) ko
i -rl—I:(l)o * k=12,...,n ( a

are the internal impulses brought into play as a result of the application
of the external impulses. The suffixes 1 and 2 refer, as above, to the
motion immediately before and immediately after the application of
the impulses respectively. But the internal impulses will consist of
pairs of equal and opposite impulses, so that, for any system of mutually
interacting particles,
2 %’th =0, > (W/\%’th) =0.
1 v (]
Consequently, since
Z MiVi == ]V[V,
B

where M = 3 m; and v represents the velocity of the centre of mass of

1
the system, the equations governing the instantancous change in the
motion of the system due to the application of a set of impulsive forces

become
MVz——MV]_ = z J{, (97&)

H;—-H, = Z (I',;/\mzvi)z—z (rs Amigvy)y == Z (ri AJg),  (9.70)

v (2

the last equation being truc whether the origin with respect to which
moments are taken is either at rest or in motion. We thus have the
following results: when a system of mutually interacting particles is acted
upon by a set of instantaneous vmpulses then (i) the instantaneous change
in the total linear momentum of the system is equal to the vector sum of
the applied impulses, (ii) the instantaneous increase in the total moment of
momentum of the system with respect to any poivnt, which may be either at
rest or in motion, is equal to the vector sum of the moments of the impulses
with respect to the point.

It follows from (9.70) that, if the total moment of the applied
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impulses with respect to any point vanishes, then the total moment of
momentum of the system with respect to this point remains constant.

Another important result also follows from (9.70). If A is a unit
vector defining a line through O, the point about which moments are
taken, then, on multiplying this equation scalarly by A, we have

)\.Hz——l.Hl == l.z (l'i /\Ji)
X

If the impulses and their points of application are such that
A (g ANJy) =0,
then we shall have '
AH; = AH;,
i.e. the component of the moment of momentum with respect to the
line A remains constant.

3. Application to a rigid body

The above results for a system of mutually interacting particles will
hold, of course, if the system on which the impulses act is a rigid body.
In this case the motion of the body is known if we know the velocity
of some point of it (usually the centre of mass) together with the angular
velocity of the body. If the impulses are known, then the velocity of
the centre of mass immediately after the application of the impulses will
be determined by means of (9.7a), while the angular velocity may be
obtained by applying (9.7b), moments being taken with respect to the
centre of mass.* Thus the above equations allow the instantaneous
change in the motion of a rigid body, resulting from the application of
given impulses, to be determined.

We shall now consider their application to some particular types of
motion.

3.1. General equations for a single body. Let v be the velocity
of @, the centre of mass of the body, w the angular velocity, and suppose
the body to be acted upon by a set of impulses J; whose points of applica-
tion are at distances r; from . Then, if the suffixes 1 and 2 denote the
values of v and H, the moment of momentum of the system with respect
to the centre of mags, immediately before and immediately after the
application of the impulses, the equations which determine the change of
motion will be given by

M(ve—vy) = > Js, (9.8)
1
Hy;—H, = z (r¢ AJy). (9.9)
1
* Any other convenient point may also, of course, be chosen, the angular velocity

of the body being a property of the motion without reference to any particular
point.
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The scalar equations equivalent to these are:
M(v2g—v14) = ,ZJ””’
M(vzy—v1y) = ;Jiw
M(va,—v12) = 2 Jiz,
A(wzg—w1z)—H (w2y—w1y)—G(w2z:w1z) - ; (il 12—l iy),

—H(waz—w1z) +Blwgy—w1y) —F(wzz—w1z) = 2 (212 12),
‘“G(wZz—’wlx) "F(wa—wly) +C(w2z—w1z) == z (wiJiy—?/iJ'lz) 5

1
the axes of reference arc any convenient, instantaneous, set of orthogonal
axes through 6.

Provided the impulses and their points of application are known, then
the above equations are just sufficient to determine the change of
motion.

If the impulses are not known, but v;, the velocities of their points
of application in the new motion, are prescribed, then we have a further
set of equations of the type

Va-h(w2 ATy) = V. (9.10)
These, in conjunction with (9.8) and (9.9), or their scalar equivalents,
allow the impulses, as well as the change in motion, to be determined.

As we shall see below, in certain cases, the solution of (9.8), (9.9), and
(9.10) may be effected vectorially; in general, however, the equivalent
scalar equations have to be used.

3.2. General result for a body possessing kinetic symmetry
with respect to its centre of mass. Consider a rigid body in motion,
and let it be acted upon by an instantaneous impulse J whose point of
application P is at a vector distance r from . Then the instantaneous
change in the linear momentum of the body will be given by

J = M(va—vy), (9.11)
while, if w; and wg are the corresponding angular velocities of the body,
we shall have, considering the instantaneous change in the moment of
momentum of the body with respect to @,

rAd = lawgo—I1w;, (9.12)
where I3 and I3 are the moments of inertia of the body about the re-
spective instantaneous axes of rotation, regarded as localized at G,
immediately before and immediately after the application of the impulse.
We also have, if vpis the velocity of P immediately after the application

of the impulse,
V2+(w2/\r) = Vp. (9.13)
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We thus have three equations which may be used to determine any
three of the seven vector quantitics —vy, vz, Wi, Wz, J, r, and vp- the
other four quantities being regarded as known.
If we eliminate J from (9.11) and (9.12), then we have
M{r A(va—V1)} = Towo—1I11
which, after substituting for vo from (9.13), gives

M{r A[Vp—(wa AT)]--(r AV1)} == T2wa—I 1001,
or
M{(r AVP) - o +r(r.ws) - (TAVY)} ~= [aws — 1w,

wo(la--Mr?) = [1wi+ M{r(r.wa)+(rAvpe)- (rAv}.  (9.14)
But, from (9.12), we have, on multiplying scalarly by r,
Iz(r.wg) = I1(r.wy),
so that, substituting for (r.ws) in (9.14),
00 Lz +M{I(r.w)r+Ta(r AVp) —Iy(r Avi)}
2 To(Io+Mr) '
In the general case, the right-hand side of this equation does not
determine wa, however, since Iz cannot be determined until the direction
of g itself is known. In the case in which the body possesses kinetic
symmetry with respect to its centre of mass, then the moments of
inertia about all lines through G are the same, so that Is = I == I, say.
Consequently, for such a body, the difficulty does not exist, and (9.15)
reduces to

(9.15)

s — To1+M{r(r.w)+(r Avp)—(r AVy)}
2= I+ My ’

Thus, in this case, we may be determined if vy, w1, T, and vp are known.

In the special case in which vy = 0 and the impulse is such that it
brings the point P to rest, so that vp = 0, the motion of the body initially
being such that it is rotating about an axis through its centre of mass
which is at rest, then the new angular velocity will be given by

© _ dwy+Mr(r.wy)

2= I+Mr2 -

The velocity of the centre of mass in the new motion, and hence the

new motion itself (wz being known), may now be determined by means

of (9.13). The impulse required to bring about this instantaneous
change in the motion is given by (9.11).

Since vp =0, it follows that the motion immediately after the

application of the impulse must be equivalent to a rotational motion

(9.16)
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about an axis through P, the magnitude and direction of the angular
velocity being those of wg. But, from (9.16), it is seen that, in this
case, wg is represented by the sum of two vectors, one of which has the
direction of w; and the other that of r. Thus the new axis of rotation
lies in the plane defined by w; and r, i.e. it lies in a plane which passes
through @. 1If, in addition, r.w; # 0O (if r.w; = 0, wg will be parallel
to wj), then it will intersect the axis of rotation corresponding to the
motion immediately before the application of the impulse, the angle
0 between the two axes being given by
-1 Wy /\wZ

1.2 :

6 = tan

Example. A uniform cube, of edge 2a and mass M, is rotating in
space about a diagonal with angular velocity Q. One of the corners, not
on the axis of rolation, is suddenly brought to rest by a frictionless constraint.
Show that the angular velocity of the body is suddenly changed to ($24/17)[11
and determine the magnitude of the vmpulse required.

V4
D f c’
]
1
)
|
| |
I 1
1 '
D —r—1C
]
1
| R S —_
C Y
_____ R Tl
A B

Solution. From symmetry considerations, it follows that the three
lines through G, the centre of mass, mutually orthogonal to one another
and perpendicular to the faces of the cube are principal axes at G.
Since the moments of inertia about these three lines are equal, it also
follows that the momental ellipsoid corresponding to the point G is a
sphere. The moments of inertia about all lines through G are thus
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equal, so that a cube is kinetically symmetrical with respect to its
centre of mass. We may therefore determine the new angular velocity
by applying the above theory.

Let A4’ be the initial axis of rotation, and let B be the point which
is suddenly fixed. Then, since G is at rest initially, while B is at rest
after the application of the impulse, we have, putting w; = & in (9.16),

_ IQ-+Mr(r.Q)
_ ©2= TR @
where r — ('B.
Suppose we choose a set of axes GXYZ as shown. Then we shall
have

1 1 1

- = 0f - — 9
r—al,—11), Q .Q( 53U \/3), (2

80 that
r.Q = —af2[+/3. (3)

Also

I = 3%Ma?, (4)

s0 that
I--Mr2 — i Ma?4-3Ma? = YL Ma?. (5)

Hence, substituting from (2), (3), (4), and (5) into (1), we have

3 1 1 1 Ma2Q2
- 2 —_
w2 - 11 M z{ Ma Q( \/3 \/5 3) \/3 5 b ]’])}

Q\/3 1’1a1) (1)“],1)}

024/38
%(*%fs’»*%)- (6)
Therefore wy = Qf\[/é(%)é“‘%;é*lr%)l/g
Q417
!

The impulse applied at B, necessary to bring B to rest in the new
motion, is given by
J = Mvy (vy==0).
But, since vp =0,
Vat-(w2 AT) =0,
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where r and wg are given by (2) and (6), so that we have

£24/3
vo =22 58 Haan, -1

= Y 55— AL—L1)
o a.Q\/3
a0,

Hence

13
. —— W — (
J S Ma(—1,1,0).

4. A body is in motion when a line in the body is suddenly fixed.
To find the new angular velocity of rotation.

In order to fix a line in the body it is necessary to apply impulses to
two points of the line, the impulses being such that they bring their
respective points of application to rest. But these impulses, since they
intersect the line, will clearly have no moment about it, and hence,
by the result obtained in § 2 above, the moment of momentum of the
system with respect to the line will be the sanie in both motions, i.c.
we shall have, if I is the moment of inertia of the body with respect to
the given line and wg the new angular velocity about it,

Twg = a known quantity. (9.17)

But, since the new motion is completely defined if wg is known, it follows
that the new motion may be completely determined by means of the
above scalar equation.

In order to make use of this result, it is cssential to be able to determine
the moment of momentum of a moving system with respect to a given
line. This is most conveniently done in the case of a rigid body if the
motion of the body is expressed in terms of the linear motion of its
centre of mass together with the rotational motion relative to the centre
of mass. The required expression is obtained below.

4.1. Expression for the moment of momentum of a body with
respect to a line

(1) General case. Tn Chapter VI, § 1.1, when considering the motion
of a system of mutually interacting particles, we derived the result that
Hy, the moment of momentnm of the system with respect to a point
0, may be expressed in the form

Ho =He-+(re AMvg), (9.18)
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where v ¢ is the velocity of ¢, the centre of mass of the system, r¢ = 0G,
M =3 m, and

Hg =3 (r' Amv) = 3 (r' Amv')
is the moment of momentum of the system with respect to ¢, r’ and v’
respectively denoting the position and velocity of a particle of mass m of
the system relative to G (see equations 6.12 and 6.13).

The above result will clearly apply if the system is a rigid body.
We thus have the result: the moment of momentum of a rigid body with
respect to any point O is equal to the mmoment of momentum of the body with
respect to the centre of mass plus the moment of momentum with respect
to O of a fictitious particle supposedly situated at the centre of mass and
moving with it and having a mass equal to that of the body.

If the motion is such that @ is at rest, then it follows that, no matter

what the point O,
Ho =Hg.

Now let O be a point on the given line. If the unit vector A defines
the direction of the line in space, then, on multiplying (9.18) scalarly
by A, we have

AHp = AHgA(re AMvVe). (9.19)
AHo is termed the moment of momentum of the system with respect to
the given line.

Smee O is any pomt on the given line, this is justified only provided
the above expression is independent of the choice of 0. To show that
this is so, let 0" be some other point on the line, so that we can write

00" = kA,
where k is a scalar coefficient. Then we shall have (eqn 9.18)
Ho' == Het+(rgAMve),
where ry; = O'G.  But
) =rg—00 =rg—kA,
and hence
Ho' == Hg+4-(r¢—kA) AMve
= {Hg+(TraeAMve)}—kAAMYVe)
=Ho—k(AAMvg).
If we now multiply scalarly by A, we have
AHo = AHo—FA(AA Mvy),
ie.
° 7\.Ho' = K,H(),
as desired.
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Expressed in words, (9.19) states that: the moment of momentum of a
system about a given line is equal to the moment of momentum of the system
about a parallel line through the centre of mass of the system together with
the moment of momentum about the given line of a fictitious particle
supposedly situated at the centre of the mass of the system and moving with it
and having @ mass equal to the total mass of the system.

If the centre of mass is at rest, then the above result reduces to

AHo = AHg,

i.e. the moment of momentum of the system about any line is equal
to the moment of momentum of the system about a parallel line through
the centre of mass.

(2) Eawpression when the motion is one of rotation about an axis fixed
in the body. Suppose the new motion to arise from the sudden fixing
of some axis in the body, the original motion being one of rotation about
an axis, this axis being released at the same instant as the new axis is

Figure 9.1

fixed. In such cases, as already stated, the new motion will be com-
pletely defined by the angular velocity about the new axis of rotation,
so that the scalar equation obtained by expressing the constancy of the
moment of momentum of the system about the new axis of rotation will
suffice to determine the motion (eqn 9.17). To enable this result to be
applied, we shall now obtain an expression for the moment of momentum
of a rigid body about a given line when the motion of the body consists
of a rotation about some other axis.
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Let the body be rotating with an angular velocity & about the line I’
whose direction is defined by the unit vector A, and let I' be some other
line whose direction is defined by the unit vector A’, say (Fig. 9.1). We
wish to find the moment of momentum of the body about I".

Let A be some point on I" and A’ some point on I, and let their
vector displacements with respect to @, the centre of mass of the hody,
be @ and a’ respectively.  Then the velocity of ¢ is given by

va— (RAa) - —QAAa).
Henece, applying the expression for H above (eqn 9.18), we have
Hy = Heg+H{—a'A—MQANa)}
= Hg+-MQ{a’ A\(AAa)}.
The moment of momentum of the system about I is thus given by
A H, == NHg+MON.{a' A(AA\a)}
== N He--MQ{N' . A)(a'.a)—(A'.a")(A.a)}
= N.Hg+MQ{AN Na').(ANa)},
which is the desired expression.

If either a or @’ is zero, so that either I" or I passes through ¢, then
the second term on the right-hand side vanishes and the above result
becomes

AN Hy = AHg.

Erample. ABCD and A'B'C'D’ are two parallel faces of a cube of

side 2a.  The cube is rotating with an angular velocity $2 ubout the diagonal
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AD’ of the side AA'DD’.  Show that the moment of momentuin about the
edge B'C’ is Ma282[3+/2, where M 1s the mass of the cube.
If the axis of rotation AD' is suddenly released and at the same tnstant
the edge B'C’ is fized, determine the new angular velocity of the cube.
Solution. Let G be the centre of mass of the cube, and take a set of
axes GXYZ perpendicular to the sides as shown. Then if 4 is the
moment of inertia of the cube about any axis through &,
= (w1, Aws, Awg) = ( 52, 52)

where 4 = 2Ma?2/3. Also
1 1 ;L )
)‘ - (_\72>0,\_/_'2)a l - (090’1);
a = G4 = (a,—a,—a), a' = GB == (—a,a,—a).*
Hence, applying the general expression obtained above, we have

Moment of momentum about B'C’

= AN H4MQN' Aa').(AAA)

Q2 Q2
— 2 Ma2
(0,0,1).3 Ma ( N \/2)
1 1
+MQ{[(0,0,1) /\(—a,a,———a)].[(—m,o,\—/—z) A (a,—a,——a)]}
_ 2Ma?Q
~Tgva e{i-a a0 750 %) |
. 2Ma2.Q_ Ma2Q
T32 12
. ‘_Ma2.Q
T8yv2?
ie.
2
Moment of momentum about B'C’ = Zgz/f in a clockwise direction.

To find the new angular velocity about B'C" when AD’ is released
and B’C’ is fixed, we make use of the fact that the moment of momentum
about B’C’ remains unchanged in the new motion. Consequently,
if ' is the new angular velocity and I is the moment of inertia of the
cube about B’C’, then we must have
Ma?282

342"
* We have here chosen 4 and B’ as the points on 4D” and B’C’ defined by a and

a’ respectively. But other points, equally convenient, would have been D’ and
C’, or even the mid-points of AD" and B'C".

1 =
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the direction of £2' being opposite to that of £2. But, by the theorem
of parallel axes,

== A-+M.2a2% = Ma2-+-2Ma? = $Ma?.

= Q/8v/2,

its direction about B'C" being clockwise.

Hence

5. General theorems

Consider a system of n particles, the masses of which are
my(t == 1,2,...,n), and suppose the system to be acted upon by a set of
simultaneous impulses. Let the resultant of the external impulses
acting on ni; be J;, and the vesultant of the internal impulses acting on
the same particle be J,. (The latter are brought into play, of course,
as a result of the action of the J;). Then, considering the instantaneous
changes in the linear momenta of the respective particles, we have

mi(Vig—Vi1) = Ji—{—J% (v == 1,2, ..,m), (9.20)

where v;1 and via denote the velocities of m; immediately before and
immediately after the application of the impulses.
Suppose we now multiply each of the above equations scalarly by
a small displacement 8r; and add their respective sides. Then we
have
z Mi(Vig~~Vi1).0r; == 2 (JH—J%)-SI‘@. (9.21)
2 2
Now this equation, since it has been obtained by simply multiplying
both sides of the constituent equations in (9.20) scalarly by equal
vector quantities and adding, must hold no matter what values the
dry may have. Thus they may be chosen to correspond to any possible
small actual displacements of the system, or, on the other hand, they
may be entirely arbitrary.
By a suitable choice of the dry, the right-hand side of (9.21) can be
considerably simplified. 1f we use the notation of § 1, then we may
write

© >0

S [k dysr = 3 { lim f (Fy - Fiyde\org
K2
0

lim f {3 (Fit F)).brije.

>0

But the F['s occurring in this expression will consist of pairs of equal
and opposite forces; also, if the 8ry’s have been so chosen that the
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mutual distance between any two particles of the system remains
unchanged, then we know that for such displacements

Z (F;.0rg) ==

Consequently, with this chowe of the éry’s, (9.21) reduces to

T

Z my(Vig—Vi1).0r; = lim Z (Fy.0ry)dt

7—>0
- (hm f F, dt) 5y,
1 7—>0
ic.
Z My(Vig—Vi1).0r = Z (J;.0ry). (9.22)
i B

Although the terms involving the internal impulses no longer occur,
the term » (J;.8r;) can still involve the impulses due to any constraints
which may be acting on the system. If, however, the constraints are
frictionless and the displacements are so chosen that they are along
the surface of the constraint, then the terms arising from the constraints
will also disappear, and the term on the right-hand side of (9.22) will
involve the external impulses alone.

When the displacements have been so chosen that this is the case,
then they are termed wvirtual displacements, the term virtual meaning
that the displacements are completely arbitrary except in so far that
they must comply with the geometrical constraints which act on the
system and are such that the relative positions of the particles of the
system remain unchanged. With this choice of displacements, (9.22),
when written in the form

> {mi(viz—vg1)—Jg}.8ry = 0, (9.23)

is known as the Equation of Virtual Work for the system when acted
upon by a set of instantaneous impulses. In particular, it will clearly
apply if the system consists either of a rigid body or of a number of
rigid bodies mutually connected by inextensible constraints, e.g. a
framework of jointed rods.

We shall now use the above result to derive some general theorems
governing the instantaneous change in the motion of a system of
mutually interacting particles when acted upon by a set of impulses.
In deriving them, it should be borne in mind that the condition for
(9.22) to hold is that the 8r; occurring in the equation should correspond
to any possible small displacement of the system in which the particles
retain their relative positions. Clearly, provided that this condition is
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satisfied, then the displacements may be taken to refer to the small
displacement of the system corresponding to the motion of the system
in a small element of time 8¢ either immediately before or immediately
after the application of the impulses. Such displacements will clearly
be permissible ones if the system consists of either a rigid body or a
set of rigid bodies mutually connected. In what follows, we shall
assume that the system is such that this is always so. Consequently
we may write
or; = vy,

and (9.22) becomes

Z ?)l{(sz——-Vu).Vg = Z (Jt.Vi), (924)

] k3
where the v;, without an additional suffix, may be chosen to correspond
to the motion of the system immediately before the application of the
impulses, immediately after the application of the impulses, or to some
other motion consistent with the above conditions regarding the &r;
being satisfied.

To simplify the notation, we shall drop, in the remainder of the
chapter, the suffix 7, and let the suffixes 1 and 2 above denote velocities
immediately before and immediately after the application of the
impulses respectively, while v replaces v;.  With this modification in
the notation, (9.24) thus becomes

> m(Ve—vy)v = > (J.v). (9.25)

5.1. Changes in the kinetic energy produced by a set of
impulses

Theorem. If any set of instantaneous impulses vs applied to a moving
system, the change in the kinelic energy is equal to the sum of the scalar
products of the tmpulses and the vector mean of the velocities of their points
of application immediately before and after the action of the impulses.

Taking v in (9.25) to correspond to the actual motion of the system
immediately before the application of the impulses, then, on replacing
v by vy, (9.25) becomes

> m(va—vi).vy = > (J.vy). (9.26)
Similarly, by taking v to correspond to the motion immediately after
the application of the impulses, we have
z m(Vg—Vy).vg = Z (J.Vz). (9.27)
Hence, adding (9.26) and (9.27), we have
2 m(Va.Ve—Vi.Vy) == Z (J.vi+J.vo)

or
1> m(va.ve)—3> m(vivy) = > J.

thus proving the theorem.

(Vi+4-va)
2 )
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5.2. Kelvin’s theorem.* If any points of a connecled system are
suddenly set in motion with prescribed velocities, the kinetic energy of the
resulling motion is less than that of any other kinematically possible motion
in which the given points have the same prescribed velocities.t

To prove the theorem, let vo denote the velocity of a particle of the
system in the actual motion, including the prescribed velocities of
specified points of the system, and let > denote a summation extending
only to those particles whose motion is prescribed. Let J denote the
impulses applied to the particles to give them their prescribed velocities.
Then, choosing v to correspond to the actual motion of the system
immediately after it has been set in motion, we have, on replacing
v by vy in (9.25),

Z m(Va—Vy).Vg = Z'(J.Vg),
and hence, since the system is initially at rest so that vy =0,
S m(vava) = 3'(J.vg). (9.28)

But we are also free to choose V to correspond to a kinematically possible
motion. If we denote the velocities corresponding to such a motion
by vj, then we have, in like manner,

S m(vevh) = 3'(J.va), (9.29)

the velocities of the given points being the same in both motions.
Hence, equating the left-hand sides of (9.28) and (9.29), we have

z m(Va.Vg) = Z m(Va.vy)
. = §2 m(VaVa) +32, m(V5Ve) —12 m(vi—Va)-(V3—Va),
1.e.
15 m(vve) —1> m(Vave) = 5> m(Vi-—Vva).(vi—Va).  (9.30)

Since the right-hand side of this equation is essentially positive, the
theorem follows.

Since any kinematically possible motion may vary by an infinitesimal
amount from another kinematically possible motion, we may replace

* Lord Kelvin (William Thomson) (1824-1907) was born in Belfast and died at
Largs, Scotland. He was both a mathematician and a physicist and was appointed
to the Chair of Natural Philosophy at Glasgow when only twenty-two years of
age. His most important researches were in the fields of thermodynamics and
applied electricity. Altogether he published more than three hundred original
papers and was regarded as the foremost scientist of his time.

T By ‘any kinematically possible motion’ is to be understood a motion in which
the points whose velocities are prescribed in the actual motion have these same
velocities, while the motion as a whole is consistent with the mutual distances
between the particles remaining unchanged.
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the vy in the above equation by va+-8va. If we do this, then (9.30)
reduces to

z ?n(V2.8V2) =0,
or 8> m(va.vg) =0,

i.e. the actual motion corresponds to a stationary value of the kinetic
energy. The kinetic energy of the actual motion is thus a minimum.

Example. A framework consisting of four uniform rods, smoothly
Jointed at their ends lo form a rhombus ABCD, is at rest on a smooth
horizontal plane, the angle at A being 20. If it is jerked tnto motion by
an impulsive force applicd at A vn the direction AC, such that the velocity
imparted to A s v, show that the angular velocity w tmparted to the rods
s given by

(143 sin2 f)w == (3v/2a) sin 0,

where 2a is the length of each rod.

Solution. Since the impulse at 4 acts in the direction AC, the
direction of v will also be that of AC. Further the angular velocity
imparted to cach rod will be as indicated in the diagram.

Let (4, G2, (3, G4 be the centres of mass of the four rods. Then
choosing AC and a perpendicular axis through 4 in the plane of the

B

framework as axes of reference, we have:
Coordinates of G; = (a cos 8,a sin 0),
Coordinates of G'g == (3a cos f,a sin 6).
Therefore:
Velocity components of ¢; —= (v—a sin 6 6, cos 6 0)
= (v—aw sin f,aw cos 6),
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Velocity components of Gz = (v—3a sin § 6,a cos 0 6)
= (v—3aw sin 0,aw cos f).
T, the kinetic energy of the whole framework, is thus given by
2T = 2m{(v—aw sin 0)2+a2w? cos? §-+(v—3aw sin 6)2
+a2w? cos? 0} +41w?, (1)
where I is the moment of inertia of each rod with respect to an axis
perpendicular to the plane of the motion and passing through its centre
of mass. But, in the actual motion, w must be such that I'isa minimum,
Therefore, differentiating (1) with respect to w, the equation to determine
w becomes

%g = 2m{—a sin f(v—aw sin ) —3a sin H(v—3aw sin 0)
+2a2w cos? 0} +4lw == 0,
i.e,
w(I-4-ma? cos? 0+Hma? sin2 ) = 2mav sin 6. (2)
Also
I = ma?/3.

Substituting this value of I into (2), w is thus given by
3v
P LI
w(143 sin2 §) = 3g 50 0.

5.3. Bertrand’s theorem.* If a system tn motion s acted upon
by any impulses, the kinetic energy of the subsequent motion ts greater
than if this system were subjected to any additional constraints (of a kind
which do no work n a small displacement) and acted upon by the same
tmpulses.

If J denotes the impulse applicd to the system when the constraints
are absent, then we have (eqn 9.25)

> m(va—viy).v = 3 (J.v). (9.31)

Also, since the additional constraints are of the type which do no work,
the impulses arising from the constraints will not figure in the equation
similar to (9.31) for the constrained motion. Consequently, if v,
denotes the velocity of the mass m in this motion, then we shall have

> m(vy—vi).v = 2 (J.v).

* Joseph Lowis Frangois Bertrand (1822-1902) was born in Paris. He was an
infant prodigy, being awarded the Doctorate of Science at the age of seventeen.
He published numerous papers in both pure mathematics and mathematical
physics and held professorships in these subjects. His final appointment was that
of Professor of Mathematical Physics in the Collége de France to which he was
appointed in 1862 and which he held until his death.
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But we may clearly take v in both equations to correspond to the actual
motion immediately after the imposition of the constraints. Con-
sequently, putting v = v}, we have

2, m(Va—V1).vj = 2 (J.vp),

> m(Vh—Vy).vh = > (J.Vh).
On equating the left-hand sides, we thus have
. > m(VE—V1) V) = > m(Va—V1).V},
ie.

> m(Vhvh) = 2 m(Va.vy)
= 12, m(Va.Va)+12 m(vyVy) —1 2 m(Ve—vy).(V2—Vy).
Thus
1> m(Va.Ve) — 5> m(Vhvy) = 1Y m(ve—vi).(Va—Vy),  (9.32)

and the theorem is proved.

The expression occurring on the right-hand side of (9.32) is termed
the kinetic energy of the relative motion of the two motions defined by the
velocities vo and v} respectively. It is thus seen that the difference
between the kinetic energies in the two states of motion is equal to the
kinetic energy of their relative motion.

It should be noticed that, in the above treatment, the vj's refer to a
motion of the system when subject to frictionless constraints.* They
therefore refer to the motion of a system which differs kinematically
from the given one. Thus we cannot, in this case, replace v} in the
above expression by vo 4-6vg as we did in the case of Kelvin's theorem,
since it does not follow that frictionless constraints can be imposed in
such a way that the vy's and the v}'s corresponding to the different
systems differ from one another by infinitesimal amounts. Thus
Bertrand's theorem involves no stationary property.

The motion resulting from the sudden imposition of a set of impulses
on a moving system can, however, be associated with the stationary
value of a certain function as is proved in the following theorem.

5.4. Robin’s theorem.t If frictionless constraints are suddenly
imposed on a moving system simultaneously with the application of @ set
of impulses J, the values of the velocities immediately afterwards are such
as to give a stationary valuce to the expression.

1> m{(va—vi).(va—v1)}—2, J.(va—V1). (9.33)

* The term frictionless constraint is here used to denote a constraint which does
no work in a small displacement.

t Victor Gustave Robin (1855-1897) was born in Paris. He was a mathematical
physicist of note who died tragically early. His collected works were published
posthumously in three volumes between the years 1899 and 1903.
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Since the constraints imposed are frictionless, then we have (eqn 9.25)

> m(ve—vy).v = > (J.v).
Now v may clearly be taken to correspond to the motion immediately
after the imposition of the constraints, so that we have, on putting
V = Vg,

> m(Ve—Vi).Va = 2 (J.va). (9.34)

We may also take v to correspond to any other kinematically possible
motion compatible with the constraints. If v} represents such a motion,
then we also have

> m(ve—vy).Vh == > (J.V)). (9.35)
Subtracting (9.34) from (9.35), we therefore have
> m(Va—V1).(Vi—Va) = > J.(V5—V2). (9.36)

But, since any kinematically possible motion may vary by an infinitesi-
mal amount from another kinematically possible motion, we may, as
in the case of Kelvin’s theorem, replace vj, by vo+68va. Then, neglecting
terms of second order, (9.36) becomes

> m(Va—vy).8va— > J.6vy =0,
or (3> m(ve—v1)(va—V1)—> J.(va—V1)} = 0.
The actual motion thus corresponds to a stationary value of the
expression
}z ’m(Vz-—VI)‘(Vz -*Vl)wz J.(Vz——Vl),
and the theorem is proved.

That the stationary value corresponds to a minimum value can
easily be shown. For we have

> m(va—v1).(V5—V2)
= > m(Va.Vh)—> m(Va.Va)—> m(V1.Vy)+> m(V1.Ve)
= > m(Va.Vy)—> m(Va.Va)+1> m(vh—v1)2—1> m(va—vy)2
—1> m(vy.vh) 1> m(va.ve)
= 2 m(vy—v)2—12, m(va—v1)2—13 m(v}.vy)
—13 m(va.ve)+ Y m(va.vy)
— 13 m(Vy—V)2—1S m(va—vy)?
—1> m{(v5.vy)+-(Va.ve) —2(Va.vy)}
= }> m(vi—V1)2—1> m(ve—v)2—1> m(vy—Vs)2.
Using this result, (9.36) may be written
{32 m(va—v1)2—2 J.(vp— v} —{}> m(ve—v1)2—2 J.(va—V1)}

= 1> m(vh—Vg)2.



[X.5 IMPULSIVE MOTION 251

The right-hand side of this equation is essentially positive, and the
value of the expression

I = 1> m(ve—v1)(va—Vv1)—2 J.(Va—V1) (9.37)

for the actual motion is thus less than that for any other kinematically
possible motion compatible with the constraints.

Special Cases

(1) Only impulses of the type I are imposed on the system, the frictionless
constraints being absent. Tt follows, by reasoning similar to that above,
that the new motion will also be such as to give a stationary value to
the expression (9.33).

(2) The impulses of the type I are absent, the only impulses acting on
the system being those arising from the sudden application of the frictionless
constraints. The above result then shows that the new velocities
resulting from the application of these constraints must be such as to
make the kinetic energy of the relative motion a minimum.

Examples

(1) Two equal uniform rods AB,BC of length 2a are freely jointed at
B and lie on a smooth horizontal plane, the angle at B being =/2, while BC
is free to rotate about its end C which is fized. An impulsive blow s given
to A towards D, a point in BC' such that DC == 1BC. Find the initial
motions of the rods.

Solution. Let J be the impulse applied at 4. Since the end C of the
rod BC is fixed, it follows that simultaneously with the application of
J at 4 an impulse comes into play at €. Furthermore, since C is at
rest in the new motion, this impulse is of the type which does no
work when the small displacements 8r are chosen to correspond to the
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motion immediately after the application of the impulse at 4. The
initial motion of the system may thus be found by applying Robin's
theorem, the angular velocities of the rods being such that they give a
stationary value to the expression

I'= 15 m(va.va)—(J.va), (1)

v4 being the velocity of the point 4.

To evaluate this expression, let % and v be the component velocities
of A at right angles to 4B and along 4B respectively, w1 and ws, the
angular velocities of the rods, being as shown. Then, if G1,G2 are the
mid-points of 4B and BC respectively, we have:

Component velocities of Gy parallel to « and v respectively
=(U—awy,v) ;

Component velocities of (2 parallel to « and v respectively
= (u—2aw1,v—aw3).

The first term in (1), being equivalent to the kinetic energy of the system,
is thus given by

15 m(va.ve) —- dm{(u—aw))24-v2-+(u—2aw1)?4-(v—aws)?}
+i(wf+ed), (2)
where I is the moment of inertia of either rod about a perpendicular

axis through its centre of mass. But, since 4 is a fixed point, we must
clearly have

u—2awy = 0, v—2awe = 0,
so that
u = 2aw, v = 2aws. (3)
Hence, substituting for » and v, (2) becomes
1S m(va.ve) = Im(a2w}+4a2wi-+a2wl) +ima(wi4-wj)
= Ima?(wi+4wd). 4)
We also have
Jvy =J sin butJ cos v (0 = /BCD)
= 3Jut&Jo
= 2aJ (w1 +4ws). )
Hence, substituting from (4) and (5), expression (1) for I" becomes
r= §ma2(w“12+4w%)—%aJ(3a)1—|—4w2).

I is thus a function of the two independent variables ‘w1 and wa.
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Differentiating with respect to these, the equations to determine the
angular velocities are thus:

“az = 4ma2w1_.g_ =Y,
ow1
2-1: == laﬁmazwg-%anf =0
dwg
Hence
9 3
1= T0ma’ “2 = T0ma’

while, from (3), » and v, the component velocities of €, are given by

-9 = =2 =
waao 5m’ v awe B
The motion of each rod has thus been determined.
(2) Four equal uniform rods of mass m are freely jointed together o form
a square. An impulse J vs applied at the mid-point of one of the rods

Y3
w
3
D 63 C
Y3
b v, b v,y
/-\% /\wz
b p———
% U G, Uy
i
w)
u B

along a line which makes an angle o with the rod and lies in the plane of
the square. Show that the kinetic energy created s

J?2
) > i 2 .
l_ﬁm(ﬁ 3 sin? «)

Solution. In this example no impulsive forces of constraint come
into play, the only impulse acting being the single applied impulse J.
The problem may therefore be solved by applying Robin's theorem,
Special Case (1).
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Let G1,G2,G3,G4 be the mid-points of 4B,BC,CD,DA respectively,
and let their component velocities be (u1,01), (u2,v2), (u3,v3), (w4,v4) a8
shown. Also, let wy,ws,w3,ws be the angular velocities of the four
rods, their directions being in all cases clockwise. Then, since the
four rods are of equal length, it follows that

w] = w3y, wy = w4.
Also, only two of the eight component velocities (u1,v1),...,(us,04) can
be regarded as independent. Choosing these to be (u1,v1), then we have:

Velocity components of Gy = (u1,v1),

”» » T B = (ul,’l)l'—awl),

y, G2 = (u1-}-aws,v1—awy),

» ”» » 0 = (u+2aws,v1—awy),

’ ’ b O3 = (u1-+2awe,v1—aw1 +-awg)
= (u1-+2aws,v1),

» D = (u1+2awe,v1 —aw1+2aws)
= (u1-}-2aws,v1+aw;),

» (4 = (u14-2awg—awg,v1-+aw)
= (u1t-aws,v1-+awi).

To evaluate I"eqn 9.37, since v = 0, we have

B m(ve—v1).(Vve—V1) = $2m(Va.ve)
= kinetic energy of system (-=1);
also >J.(va—Vy) = J.vo. Hence, I' = T—J.v,.

But it follows, using the above expressions for the velocity components,
that

T = m{(u3+v2) +(u1-+awz)24-(v1—aw1)2+4-(u1+-2aw1) 2+
+(u1+-awe)2+(v14-aw1) -3 (20]4-20})
= Im{u+203+2(u1 +-awz) 2+ (v1—aw1) 2 4-(u1-+2aws)?
+(v1taw)B+ima(witod), (1)
since I = ma?/3, while
J.vg = J cos « u3-}J sin o vy.

Hence,

= Im{u2 4202 4-2(u; +-awe) 2+(v1 —awy) 2+ (w14 2aws) 2+ (v1+-aw1) %}

+ima?(w?+wd) —(J cos « uy+-J sin « v1).



IX.5 IMPULSIVE MOTION 255

Differentiating this cxpression partially with respect to uy,v,w1,ws,
the equations to determine the motion thus become

91: = mfuy +-2(u1 +aws) - (u1-2awg)} —J cos a = 0, (2)

aul
or .
Ty m{2v14-(v1 —aw1) +(v1+-awy)}—dJ sin « =0, (3)
0%% = m{—a(v;—aw))+a(v1—awi)}+§matw; = 0, (4)
3%% = m{2a(u1-+aws)+2a(u1 +20ws)} +3malws == 0. (5)
On solving these, we have, from (2), (3), (4), and (5) respectively:
uy == J cos af/tm—aws, (6)
vy =J sin af4m, (7
wy =0, (8)
baws = —3uj. 9)
From (6) and (9) we now have
uy = bJ cos a/8m, awg = —3J cos «/8m.

The four quantities u;, v1, w1, w2 have thus been evaluated in terms of
J, and the motion of the system thus determined. The desired value
of T is obtained on substituting the above values of uj, vi, w1, w2
into (1).

/ Y

-
3

N T T

= w 2
- 1114 =W >
G, 2o 6, X

'

wy

A G, B
(8) Four equal rods arc smoothly jointed in the form of a square ABCD,
which is rolating with angular velocity w about the perpendicular to the
plane of the square through its centre. The nid-point of one of the rods is
suddenly fized. Show that immediately afterwards the angular velocity
of the rod is unaltered, while that of an adjacent rod is 2w/5.
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Solution. In this case the only impulse acting on the system is that
arising from the imposition of a frictionless constraint, when the mid-
point of one of the rods is fixed. The problem may therefore be solved
by means of Robin’s theorem, Special Case (2).

Let G4,(2,G3,G4 be the mid-points of the rods, (1 being the point
which is suddenly fixed. Let w; be the new angular velocities of
AB and OD, wy the new angular velocities of BC and DA. Then, if
2a is the length of each rod, we have, on taking orthogonal axes 0X,0Y
as shown,

256 IMPULSIVE MOTION

Component velocities | Component velocities
before fixing after fixing
71 (—uw,0) (0,0)
(s (0,—aw) (awe,—awy)
(I3 (aw,0) (2dwe,0)
(14 (0,aw) (tws,uwy)

The kinetic energy of the relative motion is thus given by*
Trer = bma2{e?td-H(o1—w)-+ 2wr+0)+wf+ (o1 —w)?
+{(w1—w)? -+ (wa—w)?}.
But I == ma?/3. Therefore
Tre1 = Ima{w?+2wi+2(w) —w)2+ (2we—w)2}
+3ma{(w1—w)2+(we—w)?}.
* In the two dimensional motion of a uniform rod, if, immediately before the
application of an impulse, (u,v) are the orthogonal components of the velocity of its
centre of mass, along and perpendicular to its length, and w is its angular velocity,

while the corresponding quantities immediately after are (w’,v’) and ' respectively,
then the relative kinetic energy of the two motions is given by

Trey = dm{(w'— )2+ (' 0)2)+ 3 (o' —w)2.

That this is so readily follows from the fact that, by the general definition, if « is
the distance of an element of the rod of mass ém from its centre, then,

Trer = 32 dmf (0’ —u)2+{(v" +-2w’) —(v-] 2w)3],
= }2 dmi{(u'—u)? |- (v —0)2 - 220 —v) (' — w) +-2Hw’ — )2}
= 302 dm){(u'—w)? (0"~ 0)%= 200"~ v)(0'—w) 3 8m 2+ (' — )23 Sm £2]
= gm{(u’ —u)2+ (v — )%+ L (o'~ w)?,

since 3 dmx = 0 and I = 3 dm 22,



IX.5 IMPULSIVE MOTION 257

Differentiating with respect to w; and ws, the equations to determine
the angular velocities are thus:

1 or
ma? Foy 2(w1—w)+3{w1—w) =0,
1 oI
i Doy = 2wa+2(2we—w)+%(we—w) =0,

or, on collecting terms,

w—w =0, bwas—2w = 0.
Thus

w] = w, wg = 2w/5.

5.5. Carnot’s theorem.* When constraints of the type which do
no work are suddenly vmposed on a system, kinetic energy is always lost.
Since the constraints are frictionless, (9.25) reduces to

> m(Va—vy).v = 0. (9.38)

But, clearly, we may take v to correspond to the motion of the system
immediately after the imposition of the constraints. Replacing v by ve,
therefore, we have

z m(va—Vi).vg = 0,
or
3 m(vave) = 3 m(vi.vs)
lz V1.V1 Z 771(V2 Vz) Z m(Vl—Vz) (Vl—Vg),

]z m(va.Va) — IZ m(Vi.Vy) == }z m(vi—ve).(V1—Vs).

Since the right-hand side of this equation is always negative, the result
follows.

It is seen that the amount of kinetic encrgy lost is equal to the kinetic
energy of the relative motion.

5.6. Converse of Carnot’s theorem. If constraints of the type
which do no work are suddenly removed, kinetic energy is always gained.

Equation (9.38) again holds. Tn this case, however, in order for the
small displacements, occurring in the equation of virtual work (9.22) or
(9.23), to be consistent with the condition that the constraints should
do no work, they must clearly be chosen to correspond to the motion

* Nicolas Léonard Sadi Carnot (1796-1832) was an officer in the French army
and also a scientist. His main research work was in thermodynamics, principally
on heat engines, but he also made important contributions in the field of mechanics.

17—r.p.D.
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immediately before the removal of the constraints. Hence, writing
v = v; in (9.38), we have

> m(va—v1)v =0,
leading to the result
%z m(Vz.Vg)—%z m(V1.vy) == % m(vy ——-V2).(V1——V2),

thus proving the result.

The frictionless constraints, introduced in Carnot’s theorem, may take
the form of uniting material systems, previously free, by such means
as strings, hinges, etc., the impulsive reactions from which do no work
in the immediate subsequent motion. The removal of the constraints
considered in the converse of Carnot’s theorem is illustrated by the
explosion of a shell, when kinetic energy is clearly generated consequent
on the fragmentation. Another example would be the sudden breaking
of the rope in a tug-of-war contest between two teams.

Examples

1. A uniform right circular cone, of vertical angle 2¢, is rotating freely
about its axis when a point on the rim of its base is suddenly fixed.
Prove that the axis about which it procceds to rotate makes with the
axis of the cone an angle

b tan «

tan~! —————,
an 2-+3 tan2 «

2. A uniform solid cube, of mass M and edge 2a, is spinning freely
about a diagonal through one corner O, when suddenly an edge 04
becomes fixed. Show that the kinetic energy is reduced to one twelfth
of its initial value.

3. A uniform solid cube, of mass M and edge 2a, is rotating frecly
about the centre O of one of its faces, the component angular velocities
parallel to three adjacent edges being each equal to £2/4/3. The point
O is suddenly set free, and a corner 4 of the opposite face is fixed.
Determine the impulsive reaction at 4 and the new angular velocity
of the cube.

4. A uniform square plate ABCD of side length 2a, free to move in
any manner, is spinning about the diagonal 4C with angular velocity £.
Show that the corner B may be reduced instantaneously to rest by a
suitable blow applied at the middle point of 4B normal to the plate.
Prove that the angular velocity of the plate immediately after the
application of the blow is £24/(5/8) about the line joining B to the
middle point of CD.
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5. Three equal uniform rods 4B,BC,CD freely jointed at B and C
are placed so as to form three sides of a square ABCD. If 4 is suddenly
jerked parallel to the dircction CB, show that the angular velocity of
OB is initially seven times that of CD.

6. Two uniform rods AB,BC of masses m,m’ are smoothly hinged
at B and rest on a smooth horizontal table in the same straight line.
The end 4 is fixed and the mid-point of BC is in contact with a smooth
peg. If an impulse J be applied to the mid-point of 4B, perpendicular
to its length and in such a way that BC is pressed against the constrain-
ing peg at its mid-point, show that the kinctic energy of the system
immediately after the application of the impulse is

3J2[8(m--m").

7. Kqual uniform rods 4B,BC,CD, cach of length 2a¢ and mass m,
are smoothly hinged at B and C. They rest on a smooth horizontal
table with angles ABC,BOD each 7/2 and AB and (D are on opposite
sides of BC. An impulse J is applied at 4 in the direction AC. Prove
that the initial angular velocitics of the rods are in the ratios —49:12:7,
and that the kinetic energy generated is

55J2/56m.

8. Four uniform rods, each of mass m and length 2a, are freely
jointed together to form a thombus ABCD. At the instant when the
framework is square and rotating in its own plane about A with an
angular velocity w as if rigid, 4 is set free and the mid-point of CD is
fixed. Show that the loss of kinetic energy is

26maw?/5.



APPENDIX
THREE DIMENSIONAL STATICS

1. Conditions of equilibrium of a rigid body.

Although statics is treated, in general, as a distinet branch of mech-
anics, it is, nevertheless, simply a special case of dynamics. In statics
one is required to find either the system of forces which will keep a
body at rest in a given position or the position in which a body will
remain at rest when acted upon by a given system of forces. If a body
is to be at rest when acted upon by a system of forces the conditions to
be satisfied may readily be deduced from the equations of motion of
such a body.

As we have seen in Chapter VI, equations (6.33) and (6.34), the
equations of motion of a body moving under a given system of forces
F, are

dv

M = SF (A1)
dH
T 2(rAF), (A.2)

where v is the velocity of @, the centre of mass of the body, and H is the
moment of momentum of the body with respect to (/. The former
determines the translational motion of the centre of mass, while the
latter dctermines the rotational motion of the body. In the event of
the forces being such that

EF = 0, (a)
SEAF) =0, () (4.3)
then
av dH
a=% =9

so that both v and H have either constant magnitudes and direc-
tions or, alternatively, are zero. The conditions which must be satisfied
by the forces acting on a body, if the body is cither at rest or has a
uniform motion (i.e. one in which v and w, the angular velocity, are
both constant vectors), are therefore given by (A.3).

Now consider the case in which the body is at rest, and suppose we

take moments about some point O of the body. Let the vector position
260
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of P, the point of application of an external force acting on the body,
with respect to O be r’. Then taking moments about O, we have,

since r = GO+r’,
3(r' AF) = 3{(r—GO0) \F}

= S(r AF)—GOAJF. (A4)
Hence, if equations (A.3) are satisfied, then it follows that

2’ A\F) = O,
so that the vector sum of the moments of the forces with respect to O
vanishes, while, conversely, if

SF=0, > AF)=0,

then

2(r\F) =0,
so that equations (A.3) are satisfied. Consequently it follows that the
conditions, necessary and sufficient, for a body to remain at rest when
acted upon by a system of forces F are

>F=0, (a) S(eAF) =0, (b (A.B)

where r now denotes the vector position of the point of application of an
external force with respect to any arbitrarily chosen point of the body.

0 r
P

G
Figure A.1

Expressed in words, we thus have the result: If a rigid body is at rest,
then the necessary and sufficient conditions for it to remain at rest when
acted upon by a system of forces are (i) the vector sum of the forces should
vanish, and (i) the vector sum of the moments of the forces with respect
to any arbitrarily chosen point O of the body should also vanish.

If (z,9,2), (X,Y,Z) are the components of r and F respectively with
respect to a set of orthogonal axes having their origin at O, then the
scalar equations equivalent to (A.5) are

S(yZ—2Y) = D (2 X—aZ) = S (Y —yX) = 0. } (A.6)

Since, for a body to be in equilibrium, the vector sum of the moments
of the forces acting on the body with respect to any point of the body



262 APPENDIX

must be zero, it follows that the algebraic sum of the moments of the
forces about any axis through an arbitrarily chosen point of the body
must also be zero.

1.1. Examples

(1) A rectangular lamina ABCD of edges AB = 2a, AD = 2b, has
two smooth hinges at points P and Q on the horizontal edge AD equidistant
from O, the mid-point of AD. The lamina ts kept at an angle e with the
vertical plane through AD by a light string joining a fized point H, ver-
tically above O, to the corner C of the lamina. To find the tension in the
string.

Solution. Let T represent the tension in the string, and let OXY Z
be a set of mutually orthogonal axes such that OX is horizontal and at
right angles to AD, OY is in the direction of 4D, and OZ is vertically
upwards, the system being right-handed. Since we are not interested
in the reactions at the hinges but only require the tension in the string,

one scalar equation involving 7' will suffice for its determination. This
equation may be obtained by expressing the fact that, in the position of
equilibrium, the algebraic sum of the moments of the forces acting on
the lamina about OY must be zero, i.e. that

M y = My =0,
where j is a unit vector in the direction of OY and My is the vector
sum of the moments of the forces with respect to OY.
Now Mj is given by
M, = OGAW-+OCAT,
and hence

My = jMg = j.(0G AW)+j.(OCAT).
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But
i=(0,10), W=(0,0,—W), T = (T1,T,T3),
0G = (a sin ,0,a cos @), 0C = (2a sin «,b,2a cos a),

and the expression for M, thus becomes

My = 0 1 0 + 0 1 0
asine 0 a@cosa 2asinae b 2acosa
0 0 .4 T, Ty T3

= aW sin ¢4 2aT'; cos «—2aT3 sin «.
Hence, putting M, = 0, we have
T3sin a—T1 cos « = W sin a. (h

But, since OH =}, the coordinates of H are (0,0,k), while those of ¢!
are (2asin «, b, 2a cos «). Consequently the direction cosines of CH
are given by

(L) — (—2acsm a, _%’ h——2accos a) (© = ),
and hence
Ty =Tl = —2a 2257,
Ty — Tn — (h—2cz cos a)T.

Substituting for 7'; and 1's into (1), we thus have

2T . . .
—6-{(k~2a cos a) sin a-+2a sin o cos «} = W sin «,

1.c.
T = cW/2h.

(2) Two smooth planes intersect in a horizontal line and are inclined
at the same angle o to the horizontal. A uniform rod of weight W and
length 2a is placed between them vn a horizontal position making an angle 0
with their line of tntersection. Show that a horizontal couple of magnitude
Wa cos 6 tan o is required to maintain equilibrium.

Solution. Let AB be the rod, O its mid-point. Choose a set of
axes O0XYZ such that OX is horizontal and at right-angles to the line
of intersection of the planes, OY is parallel to the line of intersection,
and OZ is vertically upwards, the direction of the axes being such that
the system is right-handed.
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Let Ry and Ry be the reactions of the planes on the rod at 4 and B
respectively, and let G be the couple which must be applied to the rod

to maintain equilibrium. Then, applying the general conditions for
equilibrium, moments being taken with respect to O, we must have

Ri1+Re-+W =0, @
04 AR1+0OBARz+G = 0. (2)
Now
R; = (—Rysinq, 0, By cos o),
R; == (Ra sin «, 0, Rz cos ),
W = (0, 0, —W),
G = (G, Go, G3);
also

04 = —OB = (a sin 0, « cos 6, 0).
Applying (1), the equivalent scalar equations are thus:
(Re—R1) sine =0,
(R1+Rs) cos a— W = 0.

These give
Ry =Ry = R, 3)

say,
R = W/2 cos a. 4)

Applying (2), we have, using (3) and (4),
(a sin 6, a cos 0, 0) A{(—R sin a, 0, R cos &) —(& sin «, 0, R cos )}
+(6G1,G2,G3) = (0,0,0),
or
(@ 8in 0, a cos 8, 0) A(—2R sin «, 0, 0)+-(G1,G2,G3) = (0,0,0),
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so that the equivalent scalar equations are:
G =0, (g =0, 2Ra cos 0 sin -Gz = 0.
Thus
Gl == G2 = O,
while
G3 = —2Ra cos 8 sin «

= —Wa cos 6 tan «,

on substituting for R from (4). Thus, for equilibrium to be maintained,
a horizontal couple of magnitude Wa cos 0 tan o, actingina ) direction,
must be applied to the rod.

Note. Tt should be realised that, in any problem, once the vector
equations (A.5) for the equilibrium of the body have been written down
and a suitable set of coordinate axes chosen, so that the components of
the various vectors occurring in them can be evaluated, then the writing
down of the scalar equations required for the solution of the problem
becomes a purely routine process and constitutes a standard technique
for the solution of statical problems.

1.2. Equilibrium of a body under the action of three forces.
Suppose a body to be in equilibrium under the action of three forces
F1,Fy,F5. Let their points of application be P1,Pg,P3, and let the
vector displacements of Py and Pg with respect to Py be rz and r3
respectively. Then, for equilibrium, we must have

>F = F;1-|-F2+F3 = 0, (A.T)
while, taking moments with respect to Py,
S(rAF) =raAFz+r3\F3 = 0. (A.8)
Multiplying (8) scalarly by ra, we must thus have
ro.(rgAFg) =0, (A.9)

i.c. since in general no two of the vectors occurring in the scalar product
need be parallel, F3 must lie in the plane P1/’2P3 defined by rg and r3.
Alternatively (A.9) expresses the fact that the moment of Fz with
respect to the line P1Ps must be zero. In the same way, it can be
shown that F; and Fy must lie in the plane P1PgP3. Thus, in order
for a body to be in equilibrium under the action of three forces, the
forces must be co-planar.
Also, if we multiply (A.7) vectorially by Fy say, then we must have

F1A(Fz2+F3) =0.

This can be satisfied if (i) F1, Fa, F3 are all parallel, (ii) if they are not

all parallel, then provided the resultant of Fa and Fj is parallel to Fy.

But, if this condition holds, then, for the body to be in equilibrium so
18—r.D.D.
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that the moment of the resultant with respect to P vanishes, as required
by the general conditions of equilibrium, the resultant must pass
through Py, i.e. if the forces are not all parallel then for equilibrium they
must be concurrent.

Thus we have the general result: if a rigid body s in equilibrium under
the action of three forces, then the forces must be coplanar and either con-
current or parallel.

2. Equivalence of two sets of forces

Two sets of forces are defined to be equivalent if they produce the
same effect when acting upon the same body. If F and F’ denote the
two sets of forces, and r and r’ the vector displacements of their re-
spective points of application with respect to @, the centre of mass of
the body, then it follows from (A.1) and (A.2) that the two systems will
be equivalent provided

() SF=3F (i) SCAF) = S AF). (4.10)

The two sets will also be equivalent if >F = >F’, while the vector

sums of their moments with respect to any given fixed point are the

same, since, if these conditions hold, equations (A.10) are also satisfied.
From the above, it follows that, in the case of a couple, since

SF=0
while
>(r AF) = G = moment of the couple

no matter what the point about which moments are taken, any two
couples having the same vector moment are under all circumstances
equivalent. Similarly, it follows that the forces and the arm of a couple
may be varied in any way one pleases, or the couple moved about in
any manner one wishes, without its effect being altered, provided only
that its vector moment remains unchanged.

3. Reduction of a system of forces to a wrench

Consider a force F acting at a point P and let O be some other point.
Suppose we introduce two equal and opposite forces, F and —F, to
act at O (Fig. A.2). It follows (§ 1.2) that the system consisting of the
single force F at P and the system consisting of the force F at P together
with the forces (F,—F) at O will be equivalent, the conditions for
equivalence as set out above being satisfied. We thus have the result:
a force F acting at a point P is equivalent to a force F acting at any other
point O together with a couple of moment (OP AF). Since any force may
be replaced in this way by an equal and parallel force acting at an
arbitrary point O together with a couple, we have the general result: a
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system of forces F1, Fy, . . ., acting at the points Py, Py, . . ., will be equiva-
lent to a single force F acting at an arbitrary point O together with a couple
G, where F == 3F; is the resultant of the forces acting at O and
G = S(OP; \Fy) s the resultant couple. 1t is clear that while the
magnitude and direction of F arc independent of the choice of O, those
of G are not. It should also be realised that F is a vector localized at
0, but G, although its magunitude depends upon the position of 0, is
a free vector.

Figure A.2

Now suppose we compare the above theory with that for the motion
of a rigid body resulting from the superposing of two or more angular
velocities. In Chapter III, § 3, we found that an angular velocity
about an axis through a point P is equivalent to an equal and parallel
angular velocity @ about an axis through an arbitrary point O together
with a velocity of translation v given by

vo = w APO = OP A w,
while, more generally, the motion resulting from simultaneous angular
velocities w1, w2, . . ., about axes passing through the points Py, P, . . .,
respectively is equivalent to the motion resulting from an angular
velocity
w = zwg

about an axis through an arbitrary point O together with a velocity
of translation given by

Vo = (0P \wy);
the resultant angular velocity e is independent of the choice of O,
but vo varies, both as regards its magnitude and direction, with the
choice of O.
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If we compare the above expressions for F and G with those for
w and Vg, then it is seen that the two representations are completely
analogous with w and vq replacing F and G. In view of this corres-
pondence between the equivalent representations in the two cases, one
can readily deduce certain results for a system of forces. Thus, just as
it was found possible to represent the motion of a rigid body by an
equivalent screw motion in which the velocity of translation has a
direction parallel to that of the resultant angular velocity, so it is
possible to replace a system of forces by a single force together with a
couple, the axis of the couple being parallel to the direction of the re-
sultant force. This representation is termed a wrench, the line of action
of the force F in this representation being again termed the central
axts. If a system of forces is equivalent to a force F acting at a point O
together with a couple G, then, proceeding as in Chapter 1L, the vector
equation of the central axis of the equivalent wrench is given by

FAG
(r— A )/\F ~0

(see eqn. 3.6), while the pitch of the wrench, being defined as the ratio
of the magnitude of the resultant couple to that of the resultant force,
is given by

p = F.G/F?

(equation 3.9). The analogous quantities entering into the respective
representations are shown in the accompanying table.

Instantaneous Motion of Force System
a Rigid Body
Basic Vectors associated | Resultant Angular Resultant Force F
with a base point O Velocity w. Resultant Couple G

Resultant Transla-
tional Velocity Vo

Invariants of the system w.w = w? W. Vo F.F = F2, F.G
Nimplest Representation Serew Motion Wrench
(Litch = w.vo/w?) (Puteh = F.G|F?)

In the motion of a rigid body, the condition for the instantaneous
motion of the body to be equivalent to a pure rotation was (§3.2.1)

w.vy = 0;
a system of forces may similarly be replaced by a single force if
F.G =0.
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4. Work done by a wrench

The above representations may be used to derive an expression for
the work done by a system of forces acting on a rigid body when the
body undergoes an infinitesimal displacement.

Let the forces acting on the body reduce to a wrench of intensity
F and pitch p, and let the small displacement which the body undergoes
be equivalent to that resulting from a serew motion of intensity w and
pitch p’ supposed acting for an interval of time 6f. Let OO’ be the
shortest distance between the two axes.

Suppose we take a set of axes 0X'Y Z having O as origin, OX along the
axis of the wrench, OY in the direction of 0O0’, and OZ a mutual
orthogonal axis such that OXY Z forms a right-handed system. If 0’
lies to the right of O, then the system will be as shown (Fig. A.3). Let
the angle which the axis of the screw makes with the XY plane be y.

Zz

Figure A.3

Now the force F acting at O together with the couple G ( = pF) will
be equivalent to a force F acting at O’ together with a couple G’ whose
magnitude and direction are those of the resultant of G and a couple
whose moment is equal to that of F acting at O with respect to O’
If O0' = h, and if (i,j,k) are unit vectors in the directions of the co-
ordinate axes respectively, we shall thus have

G’ = G+(0OAF)
= G—(hj \Fi)
= G-+Fh(iAj)
= G+FIk.
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Also the displacement of the body in the interval of time 8¢ will be
equivalent to a translational displacement of amount s, where
88 == vt = p'wét
together with a rotational displacement of amount 60 = w3t. Con-
sequently, considering the forces acting on the body as being represented
by the force F at O’ together with the couple G’, then in the small
displacement of the body defined by the infinitesimal vectors ds and
80, the work done by the forces will be given by
8W = F.8s+G'.80

== F.8s8+(G+-Fhk).50

== (F.p'w)dt+4 (pF+4-FEK).w 8t

= {(F.w)p'+(F.w)p+Fh(k.«w)}5t

== {Fw(p+p’) cos y+Fhew sin y}6t

= Fowdt{(p+p') cos y-+h sin y}.

If the point O were to lie to the right of O’ instead of to the left, as in
the diagram, then it is easily seen that the corresponding result would be

SW = Fuwdt{(p-+p’) cos y—h sin y}.
The work done by the wrench, therefore, is given by

8W = Fuwdt{(p-+p') cos y+h sin y},
according as to whether O’ lies to the right or left of O.

Examples

1. A heavy rectangular trap-door ABCD of weight W hangs with its
plane vertical and its line of hinges 4D inclined at an angle « above the
horizontal. It is opened through an angle 6 and kept in this position
by a horizontal force F applied at the corner B in a direction perpendicu-
lar to the plane of the door when hanging freely. Show that in the
equilibrium position

F = }W cos o tan 6.

2. A tripod consists of three equal uniform bars, each of length
a and weight W, which are freely jointed at one extremity, their middle
points being joined by strings, each of length 3a. The tripod is placed
with its free ends in contact with a smooth horizontal plane and a weight
3nW is attached to the common joint; show that the tension in each
string is

(2n+1)W/+/6.
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3. A uniform rod, of length 21 and weight W, rests in a horizontal
. position with its ends on two smooth planes; each plane is inclined at
an angle o to the horizontal and their line of intersection is horizontal
and makes an angle 6 with the rod. The rod is held in equilibrium by a
force P acting through its mid-point, and inclined to the downward
vertical at an acute angle ¢, together with a couple. Show that the
angle which the axis of the couple makes with the vertical is

cot~1{cos § tan2 a(cot qS—I-P—;: cosec $)},

aud prove that, if P > W tan «, then equilibrium is possible only if
¢ < a-Fsin~1 (W sin ofP).

4. A uniform rod of weight W can turn freely about a hinge at one
end and rests with the other end against a rough vertical wall, making
an angle 8 with the normal to the wall. Show that this end may rest
anywhere on the arc of a circle of angle 2 tan—! (u cot ), where u is the
coeflicient of friction, and that, at the extremities of the arc, the normal
reaction of the wall is }W/+/(u2+tan2 B).

5. A uniform circular cylinder of weight W and length 21 is pivoted
freely at the centre O of its base. It rests obliquely against a smooth
horizontal rail, being supported by a force F acting through the centre
of the face not containing O, F being parallel to the rail. Show that

F = W cos a cos y/2 sin? o,
where y is the inclination of the axis of the cylinder to the vertical and

o is the angle between the axis of the cylinder and the rail.
Show, also, that the magnitude of the reaction at the rail is

Wi(1—cos? a—cos2 y)1/2
Asin e

b

where A is the perpendicular distance of the point of contact from the
base of the cylinder.

6. A,B,C are three points on the axes OX, OY, OZ respectively at
distances @ from the origin. Forces P, 2P, 3P act at 4, B, C parallel
to BC, CA, AB respectively. Show that they are equivalent to a single
force and determine the position of its line of action.



HISTORICAL NOTE

The names of certain mathematicians and mathematical physicists
have occurred in the text in connection with important results; as an
aid to a better appreciation of the development of the subject, they are
here listed in chronological order.

Newton, Sir Isaac (1642-1727)
Euler, Leonard (1707-1783)
Poinsot, Louis (1777-1859)
Coriolis, Gustave Gaspard de (1792-1843)
Carnot, Nicolas Leonard Sadi (1796 -1832)
Foucault, Jean Bernard Léon (1819-1868)
Bertrand, Joseph Louis Francois (1822-1902)
Kelvin, Lord (William Thomson) (1824-1907)
Robin, Victor Gustave (1853-1897)
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Acceleration, components of
(i) cylindrical polar coordinates, 32
(ii) spherical polar coordinates, 33,
80

Acceleration referred to rotating axes,
79

Angular momentum, definition, 29

principle of, 120, 145

Angular velocity of a rigid body,
definition, 62

Appendix, 260

Associative law, 3

Axes of permanent rotation, 179

Bertrand’s Theorem, 248
Billiard ball, motion of, 134
Bound vector, 1, 3

Carnot’s Theorem, 257
converse of, 257
Central axis, equation
motion), 67

(wrench), 268
Central ellipsoid, 110

Charged particle, motion of, 48
Commutative law, 2, 7, 8, 57
Components of acceleration

(See Acceleration, components of)
Components of velocity

(See Velocity, components of)
Components of, a vector, 4

a vector product, 9
Coordinates, Euler’s angular, 164
Coriolis force, 82
Couple, vector representation, 12

of, (screw

Differentiation of a vector, 17
Displacement, rate of change referred
to rotating axes, 77
Displacements, finite, 54
infinitesimal, 58, 61
virtual, 244
Distributive law, 7, 9

Earth, motion relative to, 8)
Ellipsoid, central, 110
momental, 108
of gyration, 111
of inertia, 108
Energy, equation of, 126
kinetic, 28, 144, 127
Energy integral, 27
Equation of, a line, vector notation, 24
plane, vector notation, 25
Equations of impulsive motion of, a
particle, 229
a rigid body, 233
a system of particles, 231
Equations of motion of, a particle, 27
a rigid body, 120, 128
a system of particles, 120
Equilibrium of a rigid body, condi-
tions of, 260
under three forces, 265
Kquivalence of sets of forces, 266
Kulerian nutation, 191
Euler’s angular coordinates, 164
equations, 158
equations, solution of, 180
geometrical equations, 164
Theorem, 54

Finite displacements, 54

Finite rotations, composition of, 56

Forces, equivalence of, 266
reduction to a wrench, 266

Foucault’s pendulum, 96

Frictionless constraint, definition, 249

Gyration, ellipsoid of, 111
principal radius of, 103
radius of, 103

Gyroscope (gyrostat), 168

Herpolhode, 175
cone, 175, 178
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Impulse of a force, definition, 229
Impulses, kinetic energy produced by,
245
Impulsive motion, general theorems,
243
of a particle, 229
of a system of particles, 231
of a rigid body, 233
Inertia, moment of, 101, 107, 108
product of, 101, 102, 106
Infinitesimal displacement of a rigid
body, 61
Infinitesimal rotations, 58
composition of, 60
vector nature of, 60
Instantaneous axis of rotation, 63, 70
Instantaneous impuise, 229
Instantaneous motion of a rigid body,
62
Integration of a vector function, 62
Invariable cone, 178
Invariable line, 173
Invariable plane, 173

Kelvin’s Theorem, 246
Kinematical motion of a rigid body, 54
condition for a pure rotation, 70
Kinetic energy, of a rigid body, 144
of a system of particles, 127
change produced by finite forces,
28
change produced by impulsive
forces, 245
of relative motion, 249
Kinetic symmetry with respect to
an axis, definition, 110
a point, definition, 110

Law of conservation of energy, 29
Line, vector equation of, 24

Linear independence of vectors,
Linear momentum, principle of, 120
Localized vectors, 1

Module of a vector, 1
Molecular particle, definition, 131
Moment of a force, 24
a vector, 22
Moment of Momentum, of a particle,
24, 29
of a particle, rate of change of, 29
rate of change with respect to
moving origin, 124
with respect to a line, 238

INDEX

Momental ellipsoid, 108
Moments of inertia, definition, 101
principal, 108
with respect to a variable line,
107
Momentum, angular, 29
Motion of a particle, general theory, 27
Motion of a particle, on a rotating
plane curve, 85
on a smooth right circular cone,
46
on a smooth surface of revolution,
33
Motion of a charged particle, 48
of a projectile, 93
of a rigid body, 128
of a sphere, 134, 157
relative to the carth, 89
Motion under no forces,
propertics, 172
Poinsot’s representation of, 174
solution of equations of motion,
180
stability of, 179

Null vector, 2
Nutation, Eulerian, 191
of a top, 218

general

Parallelogram law of addition, 2
Particle, general motion of, 27
motion on a rotating plane curve,
85
Pendulum, Foucault’s, 96
spherical, 224
Pitch, of a screw, 70
of a wrench, 268
Plane, equation in vector notation, 25
Poinsot’s representation, 174
Polhode, 175
cone, 175
Precession, free, 198
uniform, 198
Precessional motion, 197
definition, 197
of a top, 215, 221, 226
Principal axes of inertia, 108, 109, 112
Principal moments of inertia, 108,
109, 111
Principal planes of inertia, 108
Principal radius of gyration, defini-
tion, 103
minimal property of, 103
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Principle of angular momentum, 103,
- 145
Principle of energy, 142, 145
Principle of linear momentum, 103
Product, of three vectors, 13
scalar, 6
vector, 6, 8
Products of inertia, definition, 101,
102
general result, 106

Quadratic moments, 101

Radius of gyration, 103
principal, 103
minimal property of, 103
Rigid body. conditions of equilibrium

of, 260
cquations of motion of, 120
general infinitesimal displace-
ment of, 11

instantaneous motion of, 62
kinematical motion of, 54
most general displacement of, 57
Robin’s Theorem, 249
Rotating axes, motion of a particle
referred to, 82
theory of, 77
Rotations, composition of finite, 56
infinitesimal, 58, 60
positive and negative, 55

Secalar product, 6, 13, 15
definition, 6
expression for, 7
of two vector products, 15
Screw motion, 67
pitch of, 70
Sleeping top, 213
Sliding vector, 1
Sphere, cxamples involving motion
of, 134, 151
Spherical pendulum, 224
Surface of revolution,
particle on, 33

Theorem of parallel axes, 105
Tipple-top, 227
Top spinning, on a rough plane,
non-vector treatment, 205
rough plane, precessional motion
of, 215, 221
rough plane, vector treatment,
202

motion of
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smooth plane, 224
smooth plane, precessional mo-
tion of, 226
Triple scalar product, 13
Triple vector product, 14

Uniaxal body, definition, 110
motion treated vectorially, 186
motion under no forces, 180, 188
vector expression for angular
momentum, 186
vector expression for angular
velocity, 186

Vector algebra, 1
Vector, bound, 1, 3
cartesian representation, 5
components of, 4
definition, 1
free, 1, 2, 3
localized, 1, 3
module of, 1
moment of, 22, 23
representation, 1
sliding, 1
Vector product, components of, 9, 14,
15
definition, 8
of two vector products, 15
Vector operations, addition, 2
differentiation, 17
division, 16
integration, 21
multiplication by a scalar, 3
subtraction, 3
Vectors, linear independence of, 5
products of, 6
Velocity, angular, 62
Velocity, components of
(i) cylindrical polar coordinates, 31
(i) spherical polar coordinates, 33,

Vertical top, motion of, 218

Virtual displacements, 244

Virtual work, equation of, 244

Work done by a force, cxpression for,
8

Wrench, definition, 266

pitch, 268
work done by, 269

Zero vector, 2
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