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PREFACE

THE ten essays in this volume represent work extending through
fifty years in the life of one of the great philosophers of our times.
All of these essays are representative, and several can be regarded as
among the most important of his writings. None the less, only one
of these papers has previously been available in a hard-cover edi-
tion, authorized by Lord Russell, and available through the normal
channels of the book trade. Indeed, most of these papers have
previously been available only in libraries with unusually full
periodical collections, and this in itself would serve as ample
justification for reprinting them in book form.

Two collections of essays with partly overlapping contents are
all we have had, up to now, to preserve the shorter writings of
Russell’s most productive decades of work in logic, mathematics,
and the theory of knowledge. Nothing included in Philosophical
Essays (1910) or Mysticism and Logic (1918) appears here, and an
examination of all three books is necessary for a comprehensive
view of Russell’s papers of the early years of the century. The
period which marked the transition to the neutral monism of 4n
Analysis of Mind (1921)—in other words, Russell’s philosophical
activity (apart fromsocial philosophy) during and immediately after
the 1914-18 war—has previously been difficult to study. The
appearance here of three papers from those years, none of them
previously available in an authorized edition, should serve to fill
this troublesome gap in the chronology of Russell’s available
works.

It is the editor’s belief that what is ultimately desired is a com-
prehensive edition of Russell’s shorter writings arranged on a
chronological basis by subject, eliminating only journalistic pieces
of limited interest. Such a project is beyond the means of a com-
mercial publisher, in all probability, but it deserves the attention
of those interested in preserving in an appropriate form the
writings which—for the most part—linked one of our most distin-
guished contemporaries with his audience.

Selection has been difficult, and I do not expect everyone to
agree with my choices. I have reprinted the three papers of Russell
which are starred in Church’s Bibliography of Symbolic Logic. These
are technical but important. To include them I was forced to omit
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vi PREFACE

a group of papers which appeared originally in French in the
Revue de M étaphysique et de Morale which are still among the best
general discussions of the problems they raise. I regret that I had
to make such a choice, but I do not regret the choice that I made.
The reader who is not prepared to cope with mathematical logic
will, nonetheless, find in certain of the other essays writing as
lucid and readable as any of Russell’s more popular works.

I was introduced to Russell’s philosophy by Professor Arthur H.
Nethercot at Northwestern University in 1944. In 1951 I took a
doctorate at Harvard University with a thesis on Russell’s philo-
sophy, and since that year I have had the pleasure, from time to
time, of discussing philosophical questions with Lord Russell him-
self. In the production of this book, I alone am responsible for its
contents and the views expressed in the introductory remarks
which preface each of the essays. Lord Russell has been consulted
on all matters relating to the text of the papers, and these, to the
best of my knowledge, are here issued in the form which he wishes
to be taken as final and definitive. For this aid, and for many other
kindnesses, I am greatly in his debt.

The first paper has not been reset entirely: the greater part of
the symbols are reproduced here by means of photo-engraving
from the original edition. For that reason slight variations may be
found in the typography of the English text and the symbolic
material, since it has not been possible to duplicate exactly the type
faces of Peano’s Italian printer. There is no instance, however, in
which this is likely to introduce an element of ambiguity. In reset-
ting the second paper we have followed the style of the Principia
Mathematica rather than the earlier typographical conventions
Russell used in the initial publication of this essay. It was Lord
Russell’s desire that we take advantage of the resetting of the paper
to introduce these minor revisions. The dates given for the papers
are those of initial publication. In most instances the paper was
written in the same year or that immediately preceding publication.

The scarcity of some of the papers now made generally available
here can be seen from the fact that only one copy of the text of the
lectures on logical atomism was known to exist in the whole of
Cambridge, and when this disappeared from the University library
during the preparation of the book it was necessary for me to
borrow the missing material from the library of the University of
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Bristol. I am greatly in debt to Bristol for the consideration shown
me in making the original edition of these lectures freely available
to me. Because of this kindness, future students of philosophy will
be spared the inconvenience of inter-library loans or the necessity
of resorting to theft.

This collection was planned shortly after I first went to Cam-
bridge in 1953 and was eventually seen through the press during
my second period there in 1954-56. I shall always associate Cam-
bridge with a wonderful sense of having achieved freedom from
departmentalism, so that I might function, not as a philosopher,
or a musician, or an educator, but as a thinker with the right to do
whatever he feels to be important.

Mr. Walter Beard of George Allen and Unwin undertook super-
vision of the production of the book. He has been obliged to deal
with some vexing problems, and his contribution to the volume
is not to be underestimated. I am grateful to him for the assistance
he has given me, and for the effective but unobtrusive manner in
which he attended to difficulties.

Trinity College, ROBERT CHARLES MARSH
Cambridge.






I am grateful to Mr. Robert Marsh for the industry, patience and
accuracy which he has displayed in the following reprints of some
of my less well-known writings. In regard to a considerable part
of this volume he has undertaken the laborious work of collating
versions which differed owing to difficulties arising from war-time
censorship. Of many of the articles copies were not easily available
and he has had much trouble in finding the material. Mr. Marsh
has, in my opinion, shown good judgment in selecting what to
reprint and also in his elucidatory introductions. It is not for me
to judge whether it is worth while to perpetuate the record of what
I thought at various times, but if any historian of bygone lucubra-
tions should wish to study my development he will find this
volume both helpful and reliable.

BERTRAND RUSSELL
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The Logic of Relations

In his autobiographical essay My MENTAL DEVELOPMENT Russell
says: ‘The most important year in my intellectual life was the year
1900, and the most important event in that year was my visit to the
International Congress of Philosophy in Paris’* He travelled to
Paris with Whitehead, his former teacher and then colleague, and
they were both struck by the skill shown in the discussion of mathe-
matical and logical problems by Peano and his pupils. Impressed,
Russell went home to master Peano’s works and particularly his
notation. Its influence on the later Russell-Whitehead notation of the
PrINcIPIA MATHEMATICA s fairly easily traced.

THE Locic oF RELATIONS was written in 19oo and published the
Sfollowing year. It was composed in Peano's notation, although it re-
presents work contemporary with the writing of much of the PRINCIPLES
OF MATHEMATICS #n which Russell uses an early form of the notation
developed fully in the PRINCIPIA MATHEMATICA. Those unfamiliar
with Peano’s symbols will find a concise and admirable discussion of the
system in Jorgen Jorgensen's standard rok, A TREATISE OF FORMAL
Logic, Copenhagen and London, 1931, Vol. I, p. 176 ff. The Peano
notation is actually not difficult to read if one knows that of the
PrINCIPIA MATHEMATICA, and the paper is therefore reproduced in
its original form.

Russell’s first publication was in 1895, the year following his first
period of residence at Cambridge. It is of no particular interest,
although his mathematical investigations during the following four
years led to publications that repay examination. However it is with
this paper that we see clearly the appearance in philosophy of a crea-
tive mind of the first order, and on its publication (in the year in
which he was twenty-nine) Russell’s eventual position as a ‘thinker of
reputation’ seems to have been assured. Asked what idea in the paper
he now feels to be the most important, Russell replied ‘my definition of
cardinal number’'—which here appeared tn print for the first time.

It was largely on the basis of this paper and next but one in this
collection that Russell was elected a Fellow of the Royal Society in
1908.

*The Philosophy of Bertrand Russell, Evanston and Cambridge, 1944
et seq., p. 12.
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1901

THE LOGIC OF RELATIONS
With some Applications to the Theory of Series

This paper first appeared in French in Peano’s Rivista di Matematica
[Revue de Mathématiques] Vol. VII, pp. 11548, Turin, 19o0-o1.
The translation is by R.C.M. and has been revised and corrected by
Lord Russell.

CONTENTS

page
§1  General Theory of Relations 5
§2 Cardinal Numbers 10
§3  Progressions 15
§4 Finite and Infinite 23
§5 Compact Series 26
§6 Fundamental Series in a Compact Series 30

THE LOGIC of relations, which we find in the works of Peirce and
Schrader, is difficult and complicated to so great a degree that it
is possible to doubt its utility. Since they lack the distinction be-
tween e and D, these authors consider a class as a simple sum of
individuals. For that reason, a relation for them is like a sum of
pairs of individuals, It follows from this that the fundamental
properties of relations are expressed by very long formulae of sum-
mation, the significance of which is not made very evident by the
notation. It is, however, the logic of relations which must serve as
a foundation for mathematics, since it is always types of relations
which are considered in symbolic reasoning; that is, we are not
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4 LOGIC AND KNOWLEDGE

required to consider such and such particular relation, with the
exception of those which are fundamental to logic (like € and ),
but rather relations of a certain type—for example, transitive and
asymmetrical relations, or one-one relations. I point out in the
present paper that it is possible to simplify the logic of relations
enormously by making use of Peano’s notation, knowledge of which
is assumed in the following text. However it will appear that the
logic of Peano is hardly complete without an explicit introduction
to relations. Of the basic concepts, take for example the definition
of function (1). The signs xu and ux, which appear on the right in
that definition, are not made self-explanatory by the preceding
text. The juxtaposition of two letters has not hitherto possessed
any meaning other than logical multiplication, which is not in-
volved here. The fact is that the definition of function is not pos-
sible except through knowing a new primitive idea, that of relation.
We may observe, for example, the following consequence. From
the definition cited, and from P§20 Pg-4, §22 P2-4, §23 P1-02, P2-0,
we derive

a,be N, 0. a4-b = ab = axbd

This consequence shows that the notation adopted has need of
modification. I shall give a more complicated notation from which
we cannot derive an equivalent conclusion. I believe, moreover,
that the introduction of relations gives occasion for a simplification
and generalization of many mathematical theories; and it
permits us to give nominal definitions whenever definitions are
possible.

In the following text, I have adopted some of the sumbols 1\

Schroder, for example, f{, o’, 1’. I have not succeeded in makin

myself conform to the rule of formulation, to put all symbols in
aline, and in the case of relations I have had to distinguish between
RP and RnP. Otherwise I have adopted all that is given in the
logic of Peano, and at the same time the notation Elm suggested
by Padoa [Rivista di Matematica, Vol. VI, p. 117]; however I have
distinguished pu, where u is a class contained in the range of a
relation R, from gnu. For that reason the logical product of a class
u and a class represented by a Greek letter is always indicated by
enu, or mny etc., and not by pu or up. [See 1, Prop. 1:33:34°35-36).



THE LOGIC OF RELATIONS 5

§1. GENERAL THEORY OF RELATIONS

% 1:0 Primitive idea: Rel= Relation
‘1 Re Rel .0t ¥Ry .=. x has the relation R with y.
‘21 Re Rel 2. o= x3lay3(@Ry){ Df
22 Re Rel 0. o= x3iay3(yRx)} Df

If R is a relation, p can be called the domain of the relation R,
that is to say, the class of terms which have that relation with a
single term, or with several terms. I always use (except for the
relations which are met with in the formulary) capital letters for
relations and the corresponding small Greek letters for the domain
of the relations. In definitions -21 -22 the letter R is assumed to be
variable, that is to say, a shall be the domain of a relation A, 8 of
a relation B, etc. I regard > as a primitive idea of the sort that
permits me to put this sign before propositions which are not
reducible without its aid to the form xea.

31 Rerel . xgp 0. o1 = y3(xRy) Df
32 e 0. o = Y3(yRa) Df
33 Re rel. ue Cls. uog 0. gu = y3 {au A x3(xRy)} Df
*34 ug = y3lweu ox. xRy}  Df
35 uog 0. ou == yalaunra(yRa)} Df
*36 up = y3jweu ox . yRa} Df
4 Re rel 0. 5o .=. d¢

5 aR =. d@¢ Df
6 R,R'e rel .0.. RoR"..=: xRy .oz,y. xRy Df
*61 R=R' .=: RoR'. ROR Df
7 Re rel 0. arel n Rz xRy =. yRx) Pp

71 Re rel 0. rel »n R3(xR'y .=. yRa) &€ Elm
[ Ry,Ry & rel n R's(xR'y .=. yRx) .0.". xR,y .=. yRx : *Ryy .=. yRar.".
2: xR,y .=. xRy : 9. Ry =R, ]

72 Rerel .0. R =1rel nR3(@R'y .=. yR) Df
8 grelrnRao = .o =) Pp

This Pp is of great importance, chiefly in arithmetic. It affirms
B



6 LOGIC AND KNOWLEDGE

that between any two individuals there is a relation which does
not hold for any other pair of individuals. It does not need a hypo-
thesis, since x and y are not subject to any limitation. However
one can limit it to the case where x and y are different, since the
case where x and y are identical is derived from this by relative
multiplication.

‘9 Rerel 0. R=R
[ #Ry .=. yRee .=. Ry |
91 RSerel. R=S 0. 9g=0. e=0
R=S =R=S

‘93 R, R,erel 0. 2(RVR)y = 2Ry ~ 2Ry Df
94 KeCls'rel .0. K = R3|zRy .=. aK » R'3(zR'y)} Df
93 vKerel Pp
‘96 R,,R,erel 0. zRAR)y .=: xRy . xRy Df
07 Ke Cls'Rel D). n ‘K =Rs|xRy = R'eK.or'. Ry} Df
‘98 ~Kegrel Pp

¥ 24 R,Rerel o:xRR,z = ay3xRy.yR,3) Dt
‘11 R.R,erel Pp

It is necessary to distinguish R;nR,, which signifies the logical
product, from R;R,, which signifies the relative product. We have
R;nR;=R,;, but not in general, R|R,=R;; we have R;nR,=
R,nR;, but not in general R,R,=R,R,. For example, grandfather
is the relative product of father and father or of mother and father,
but not of father and mother.

‘42 Rerel .0. R'=RR . Dt
43 RSerel .0. (RS) = SR
[ :o(ﬁﬁ)y .=. yRSx .=. qs¢ (yRe . 35x) .=. [z @Sz £Ry) .=. «SRy |
-2 Transitive=tr=relnR3(R%R) Df
When one has R%HR, one has xRy.yRz.0.xRz.
3 Rerel .0.. R*=R .= xRz .=. ay3(@Ry . yR3)

If R is a relation which yields a series (which requires that R be
transitive and contained in diversity), R2=R gives the condition
for that series to be compact (iiberall dicht) that is to say it contains
a term between any two of its terms. (See {5 below.)
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‘4 Rerel o: xRy =, =(xRy)
4] =R & rel

6 (~R) = «R)

Df
Pp

I have not found the relative addition of Peirce and Schroder
necessary. Here is its definition:

Let R and S be relations: their relative sum is a relation P such as

xPy .=.". x-Rs .0x . 2Sy : 2-8y .0x xRz Df
xPy .=. ~g(-gx A ~oy) .=. ~\x(~R-S)y!
yielding
% 31 ee rel Pp

This Pp says that e is a relation. In this case I have been obliged
to abandon the rule of using capitals for relations.

2 ¢ =ua3|ay3(rey)} Df [e=individual]
3 e=ux3)ay3(yexr)| Df [ e=Cls~iA |
‘4 coe [ yeo o. yeCls .0. yee |

8 weey .=. AZIXEX . YE)

81 weey =. 4s3(zex  z8y) = x,yeCls . Twy
6 ye Cls'Cls 0. v’y = x3(we"y)

1 Rerel: xwgo 0. y3(@Ry) =x 0. R=¢

[ 22¢ .9z : xRy .=. yex 0.*. R =%
‘8 wu,ve Cls=t A\ 0. @reln Rs(acliy ==. LEU . YEV)

[ Prop 1'8 .0. grel n Pe(iu = = .« =7
Perel . su = . 10 == .0t

XEU . YEV .=z,y. ac(eP}')y S LU N Y=EY =y, -la(ePe)y! ::a. Prop ]

This proposition proves that, if #, v are two non-null classes,
there is a relation which holds between all terms of « and all terms
of v, but which does not hold between any other pair of terms.

‘81 wueCls=t\ 0. arel nRa(p = u : weu .=,. xRy)
[ Prop 1'8 0. § relaPa(e = 1 . 7 = ) o.".
w8 9z, w(eP)u : x-2u 05 . ~x(eP)u .2.". Prop ]

‘82  wue Cls=t A D). su==1rel nR3(o=u : vew =,.xRv) Df
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The relation e, is the relation e for the class » alone. It is formed
by the relative product of € with the relation which holds only
between u and .

¥ 41 Primitive idea: 1’ =identity
This symbol is given in the notation of Schréder. I do not use
the symbol =for the identity of individuals, since it has another

usage for the equivalence of classes, of propositions, and of rela-
tions.

2 1’ g Rel Pp
‘3 0= <1’ Df
o’ is diversity. It is a relation as a consequence of Prop 2.
3 xl'x Pp
32 U's 1 Pp
33 Rerel . xRy .y 1’3 .0. 2Rz Pp
3 1701 [ Prop 4:33 .o. Prop |
4 I'=T1
[al'y .= yl'e {1 111, Prop:32 0. xl'y (2!
1210. 701" 1] i3} . Prop-82 .o. Prop, ]
‘M 1'=1
[xl'y.yl'y 5. 21"y . 1'0 1" U

{1} . Prop-34 .o. Prop ]
42 0 =0
[ Prop:3-4.D. Prop |}
5 RPerel.o:RPo0’ .= RPo (¥
[ RP20' .=: xRy . yPz .ozy3. x0'7 :
=. <4 (x,y)axRy . yPx)
=. -3 (@,y)«yRx . 2Py)
=: yRae . Pz .0z,y,2. y0's :=. RP2 0' ]

d 51 Nc-+1=RelnR3jxRy . xRz .0, . yl's} Df
‘11 1-+Nc=RelnR3jyRx . 3Rx .0,. y1'5| Df
‘2 ReNe-+1 .= Re1-+Ne
‘3 1-+1 =(Nc~+1)1-Nc) Df

Nc—-1 is the class of many-one relations. The symbol Nc—1
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indicates that, if we have xRy, when «x is given, there is only one
possible y, but that, when y is given, there is some cardinal number
of x’s, which satisfies the condition xRy. Similarly, 1—Nc is the
class of the converses of many-one relations, and 1—-1 is the class

of one-one relations.
34 Ne-+1 = Rel ~n R3(xeg 9.,. o% € Elm)

32 1-+Nc = Rel »n Re(@eg .0,. o € Elm)
4 l'el-=1
[ Prop 4:34'4 .o. Prop ]

5 Rel-+1.0.Rel=+1
6 Rel-+Nc.o.RRol’

L% v
One does not have RR=1’, since the domain of RR is the same

as that of R, which is in general only a part of the domain of 1’.

[ xRRy .o. gzs(x,ye o 2) : Re 1+Ne 0. ¢z ¢ Elm .*.0. Prop ]
‘7 R,Sel—+1.0.RS £ 1-+1

8 RSeNc-+1.ueCls. uog . gu o0 . RS =P 0. olou) = nus

[ e . y 1" 120 2. yea 02 21" 1ya .9. ®RSz ..0. a(ow) o u
xew . RSz 9. of on y3(xRy . ySz) 0. yeou . z¢ ;(Eu) :
3. 2 2 olgu)
i1 324 0. Prop ]
% 61 SeNe—+1.R=SS.0.RoR.R=R
[ R .=. g ya(xSy . 28y)
sRw .= 9 v3(2Sv . 1wSv)
SeNe-+1 .28y . z8v 0. yl'v
11112113} 0z «Rs . 2Rw 0. [ y3(«Sy . wSy) .0. xRw 0. R*oR

oRz .=. i y3(axSy . 2Sy) .=. qya(sSy . x8y) .=. zRx :0. R=R
14}.16} .0. Prop ]
2 Rerel.ROR.R=R.aR .0. 2 Ne—+1nS3R==59)
[ Su .=. asp . =g :0:
*Su . ySu .=. x,ye0 . w=gx =Ey 2. xRy 0. SSoR
R%R.R=R.gR .0: xe0 .0z . xs g &

12! . Hpi1} .0: xRy .0. x,y¢ o .0. xSgzx . ySe .0, 2SSy 9. RoSS
{1} . {8} .0. Prop ]

1

3

1
12
138
14!



10 LOGIC AND KNOWLEDGE

P6-2 is the converse of P6-1. It affirms that all relations which are
transitive, symmetrical;'and non-null can be analysed as products
of a many-one relation and its converse, and the demonstration
gives a way in which we are able to do this, without proving that
there are not other ways of doing it. P6-2 is presupposed in the
definitions by abstraction, and it shows that in general these defini-
tions do not give a single individual but a class, since the class
of relations S is not in general an element. For each relation S of
this class, and for all terms x of R, there is an individual that the
definition by abstraction indicates; but the other relations S of
that class do not in general give the same individual. This will be
explained better in the applications, for example in the following

section. Meanwhile, we can always take the class gx, which appears
in the demonstration of Prop 6-2, as the individual indicated by
the definition by abstraction; thus for example the cardinal num-
ber of a class u will be the class of classes similar to u.

§2. CARDINAL NUMBERS
%* 11 wreCls 20w sim v .=. & 1-+1R3(1tag . g.u==r) Dt

For the definition of (;u see 1 Prop 1-33.
‘11 sim g rel Pp

To affirm that a term of constant value, such as ‘sim’, belongs
to this or that class, we always need some Pp.

2 ueCls.o.usimu
[1'e1+1:R=1'.0.udp. gt ==t:2. Prop ]

‘24 %,veCls.0o:u simo. = vsimu
[ §1 Prop 55 .o. Prop ]

22 %, 9,weCls.o: usimv.vsimw.0. usimw
[ § 1 Prop 57 .9. Prop. ] _

‘3 & Nc —+1n833im=2=SS)
[ 1.11-2-21-22. § 1 Prop 6:2 .0. Prop ]

4 g=Nc -+ 1n83 sim =8§) Df

See the note at the end of §1. If we wish to define cardinal number
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by abstraction, we can only define it as a class of classes, of which
each has a one-one correspondence with the class ‘cardinal number’
and to which belong every class that has such a correspondence.
This results from proposition -52 and -54 below.

8 Seg.0.0=~Cls [sim =SS : ue Cls .ou . u sim 0.
ug Cl8 .ou. T w3(uSx) |

31 8,8'eg.0.85 £1+1
[ wES’y . aBS’y'.:. q Clsmua(uSx . uS y) . q Cls Aw'a(u'Sxc. w'S'y’) 1)

uSz . w'Se 0. usimw 0. u STw 0. gy a(uSy” . wsy”) 124
{11. 121 . 8,8 e Ne+1 0. yl'y" . y1'y” 0. yl'y’ 0. 55 eNe+1 3|
181 0. §'S'e Ne-+1.9. S8’ & 1+Ne 14} 18!.14} 2. Prop ]
82 8,8%g.0. 08im ¢

[ xeo 0. g Cls ~ uz (uSx) |1
Prop 1'6 . u¢Cls .0. J o A ya(uS'y) 12}
11} . |2} 0t Ted 93, 7T N y2ESS'Y) 18}
18] .0t yeo' .oy, o A 23(x58y) 14}

18} . |4} . Prop b1 .0. Prop ]
83 Serel.Re1-+Nc.o0p.0. SRRS =58

[T 0 e -0: @Sy .ony. gealyRs) 1
Re 14No .0t yR7 . Ry 0. yl'y' 121
11).12) 2. SRR =81 181

181 . § 1 Prop 438 .o. SRR = S .o. Prop ]
‘84 Seg.ksimo.0. 3G S'3(k=7)

{ ksimo.=. g 1-+1 ~ Ra(kog . gk =) 1
111 . Prop 1% .o:ue Cls .04 .  k~ra(uSRx) 13}
Se Ne-+1 . Re-+1 ,0: SR ¢ Ne~+1 18
Prop ‘68 .0. SRRS = S8 = sim 141

20,8 .14!. 0. Prop]

Propositions 52 and -54 prove that all classes which form the
domains of different relations of the class g are similar (sim), and
that all classes similar to one of them belong to this class of
classes. The arithmetic of cardinal numbers applies in its entirety
to each of these classes; but to develop the theory of finite numbers
completely, one needs mathematical induction. (See §4.)
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##® 2. Seg.ou
1 upe Cls 010 > 100 .=, =(usimv) , aCls103 ~ (Wsimv . wou)
Df
2 10U <100 .=. 760 >>0u Df
3 u=A\.v=\ .o usimo
[ Rel-+l.u=A 0. udp . ug = A 114
11} . v=A . Prop 1'1 .o. Prop ]
‘4 Qo= 'I;/\ Df
5 e sim ey

[ §1 Prop 1:8 .0. Prop }
‘6 wusim .0: ue Elm

[w sim s .=. q 1-+1 ~» Ra(udp . gu = ix)

Rel-+1. udp . gu = 1 .9: y,3eu 9. yRx . sRx 0. y1'z 0. ue Elm ]
‘61 u,v € Elm .0, # sim v

[ we Elm . xew .0, u sim i b
v8 Elm . yev 0. v sim 1y 121
11} . |2} . Prop 2:6 .0. Prop ]

T lo==10 nw3(ue Elm .ou. uSx) Df

# 341 Rerel.uop.3u .0
grel nR'3}o'=u: xRy .=w,y. veu . xRy}
Hp. §1 Prop 88 .0. i rela R*2p” == u . ¢" = ou : xeu . yspts .=sy . xR"y}
Rrerel : xR"y .=y 5. xeu . yeou : RAR” =R’ :o:
xR'y .=. xeu . ye gu . Ry .=. xeu . xRy :0. Prop |

‘11 Rerel. i0p 0. relnR2 jaRy .=. weu . xRy} 3EIm
[ Ry, RyerelnR's{xR'y .==. xew. xRy!.0: xR,y .=.xeu . xRy.=.xRyy 2. Prop]

P-1-11 point out that one can always find a relation the domain
of which is a limited portion of that of a given relation, and equiva-
lent to the given relation in that portion.

‘12 Rerel . udg .0. Ru=1Rel nR'3}xRy .=. xeus . xRy}
Df
2 uWeCls. usimu' 0.4 1-+1nR3(u=p . u'=0)

| wsimu’ .0, q 1-+1 A Ra(uop . ot = u) B Y
:1! . Prop3-1 .5. Prop }
3 urwWeCls. uv=A\ . w0 =/ .usimv . osim? .0
o sim w0’
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[ usimw . Prop2.0. g 1+1 A Ra(u=p¢ . u'=¢)
vsimv' . Prop'2 .0. 7 1+1 AR 3(v=¢' . v'=¢)
wo=A . ' v=A . P= RVR’ 0. a= uw Sr=ww . Pel1 0. Prop ]
‘4 keCls’1+1:R,Rek . R, O'R, .oR R‘.g(«g,=/\ .
1y

0roy =/ 0.k e 1-+1
[ ®(vky .=. g k~Ra(xRy) .0. i k~ Ra(xzo)
R,,Regk . R, 0’ Ry 0 .m0 = A 3¢ i kA Ra(xeg) .0z . kn Ra(xee) e Elm:
1y
2.". Rek , xep .0: x(V'k)y .=. xRy .".o. Prop ]

341 Rel-+1. g0 &Cls'Cls: xRy oxy. xsimy :
x,x'€0. 20X Dz, 1 =\: y,y'€0 YO'Y 0y, 00'=/\ 0. Vo sim Vo
[ xRy .o%¥. xsimy :0: xRy .0. 7 1-+1 A R's(x=p’ . y=¢')
wep .0z Ry £ 1-+1 A R's(w=0’ . t0c =¢') : k= 1-+1 A R"3!51e m x3(R"1'Rz )I:

P= 'k . Prop 34 :0. Pe 141 . a==p = vTé 0. Prop ]

This proposition gives the foundation of arithmetical addition,
in a form which permits the addition of an infinite number with
finite or infinite numbers.

33 ueCls. x,yeu 0. u=t2 sim u=ty
[ u=t=ty sim u=tx-ty . ¢ sim ¢y . Prop 3:3 .0. Prop ]
31 wu,weCls. usimv.xew. yev. ). w=ta sim v=ty

[ Re 1-+1 . u=¢ . v=g . xRy .o. Prop 114

Re 1-+1.u=¢. v=p . -(xRy) .0.". 7 v~ ze(xRa) : xRz . Dy . 0’z .-.
9. w=tx sim v=1z 121

Prop3-H 0. v=iz sim v=1y 18!

a2l 0. Prop )
52 ,re Cls . x€w . yev 5: 1 sim v ==, u=1 8im v=iy

»* 4. Seg. D

1 mngs.D). mAn=10nx3{uSm . vSn . uv=/_\ ou. uw S}
Df

This definition depends on Prop 3-3.
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‘2 koo 0. 3k = 10~ p3jue Cls!Cls . usimk : a,yeu oxy. oY=/

4 1-+1ARa(u=p . k=9 : x&u . wRy 2. 2SY) :9u. vy Sp} ot

This definition depends on Prop 3-41. It is important to note
that this defines the sum of a finite or infinite class of finite or
infinite numbers; but it is necessary for all these numbers to be
different, because otherwise, one cannot define them as a class of
numbers but only as numbers of classes. For the case where there
are some equal numbers in the summation, different considerations
are required, and especially multiplication, which I do not develop
here in order to avoid excess length.

3 164000
[4S14 .. ue Elm : vS06 .0. v=A : A~& Elm :5. Prop)

This proposition proves that for any relation whatsoever of the
class g, 1o differs from og.

4 %€0.0.%+41o=10nY3UST . 3=EU Du,s. Uk3 Sy} Df

‘41 wE0m00 D.5—1o=10ny3|uS®w . 36% Ou,e. u=zSy}  Df

This definition depends on Prop 3-51.

48 xg omi0o . 0: 0—1o ' = w1'x+10
[2—101' 2. uS ®—1¢ . vSx 2. w sim v 11
11} . Prop 8:32 .0.". z=gtt . w-gv .D): % 8im v .=. toviz sim YW .".
Rx—lol'x.= x1 x{lo ]
6 @€ 0et06.0: 2~100'x . =. 2 0’ x+1o
[ *6 . Transp .3. Prop] -

Propositions -5 and ‘6 prove that if the number of a class is
identical with the number of a class which is obtained by subtract-
ing a term from the given class, then this number is also identical
to the number of the class which is obtained by adding a term to
the given class, and vice versa. Since we have proved (4°3) that 1o
is different from oo, we have the means of proving that in the class
of numbers which obey mathematical induction, starting from og,
two successive numbers are never equal. To develop this subject,
it is necessary to examine the theory of progressions, that is, of
the series of which the ordinal number is w.
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§3. PROGRESSIONS

% 14 o=Clsruzglal+1nRa(udp . ou U . T Umglt :
s€ CIS . T su=gt . o(SU)9s .03 . U0s} Df

This is a definition of the ordinal number w, or rather, if one
wishes, a definition of the class of denumerable classes. The
ordinal numbers are, in effect, classes of series. The class w is the
simplest of the classes of infinite series. Since the definition does
not presuppose numbers, it will be good to give to this type of
series a name which does not imply numbers. Therefore I call
this the class of progressions. Here is the definition in words: w is
the class of the classes u such that there is a one-one relation R
such that u is contained in the domain of R, and that the class of
terms to which the different #’s have the relation R is contained in
u, without being identical with %, and which, if s is any class what-
soever to which belongs at least one of the terms of % to which any
u does not have the relation R, and to which belongs all terms of
to which a term of the common portion of % and s has the relation
R, then the class « is contained in the class s.

41 Rel-+1.g0p.dp=g. 0.

wo = U3\U0Q . @ U O . T umpts : SECIS . T Sumgt . Q(SU) 95 .05 . U0S|
Df

wp is the class of progressions of which R is the generating relation.

‘42 uéew .9 . Relu =1-1 nR3(ue wp) Df
43 Induct.=.. uw . R&é Relu.0: s Cls. & su=gus . @ ()
0§ s UOS Df

2 ugw.ReRelu .o . u=gu £ Elm
[ xs U=t . 8= (v Eu 9. g(sw) 08 . asupgu 11
111 . Induct 0. 408 .0. 40 1uglt 3. U=gh 34 .0. Prop |

Rel—+1.g00.3p=g. UEwg . O =

3 Ou = umgu) Df
31 wew .9 . seqw = (g
‘4 PeRel.o. PO, =12 Df

‘5 PeRel. neu .0, Pseqn = PuP Df
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P1-4-5 define by induction the finite powers of relations. This
definition is effected by means of the terms of ». In the theory of
progressions one cannot do without the powers of relations; there-
fore, if one wishes to make that theory independent of numbers,
it is necessary to define the powers in a manner which does not
introduce numbers. The symbols 1’ signifies identity in the class
7, and the null relation everywhere else. See §2 Prop 3-12.

6 lu==10 (0u) Df
‘7 Pe 141.0. Plu==P
[P =1'2P=P |
18 Pel+l.agu.o.Pagl+l
[Poue 1-+1 By
Pel-+1 . §1Prop 5°7 .0: agw . Pa & 1-+1 .0, Pseqa g1 —+1 124

111.124 . Induct .o. Prop ]
‘81 wew.OuRzz .0. 21’z

[21'04 . Os Rz z 2. 21'0y 14
seqr
Ou Rz .0.04 R seqx 121 {1{ . 12! . Induct .2. Prop ]
‘82 vew . R'eRelv. xeu . OvR™z . 0. zev
[21'04 . 0y R'z 2 .0, 2170y .0, 280 114
0y R'2 2. 280 .0. Oy R’seqzseqz . seq z ev 12

11} . 12{ . Induet .o. Prop ]
19 vew.ReRely.o.a 1+1 n Pelu=n . v=n:x,yeu .
2Ry Day. 172 R 1yl

This proposition affirms that two progressions are always two
similar series, that is to say that one can find a one-one relation of
which the domain is one of the two progressions, and of which the
converse relation has the other progression for its domain, and
which is such that terms which precede in one series correspond
to terms which precede in the other, and vice versa.

[§1 Prop 1-8 2. g rel A Pya(m, = (0u . 7, == (Ov) 114
Prop 81 .0: xeu . Oy Rz 2 .0. zeu 12}
Prop 82 .0: xeu . 0y R'z 2" 0. 2's0 18}
111.121. 13! .0t xeu . 2Rz PR’z 2* 0. zeu . 2'ev . al'x 144
§1 Prop6-7. §3 Prop1'8 .0. R# P,R'z g 141 161

141,16/ . Q=rel n Faiqu n x3(F =Rz P, R'z )| . P='Q .0.".

Pe1+1. u=x . v=x: x,yeu . TRy .0zy. ixxR'szy ..5. Prop |
1'91 o'simu.o. Wew
In this proposition we prove that any class similar to a progression
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is itself a progression. If P is the one-one relation between % and
u', and R the generating relation of %, then PRP is the generating
relation of u’.
{ wsimu 2. g 1-+1 A P's(uon’ . ¥'u =v')
P2 1-+1 . uow . 7t =u' : X6U .00, T'= 1AL . 86QX’ = {A(86GX) 19.
m’l}ft.steqz.soquseqz’.a.:c'fRPseqw‘ 124
Hp:2!. PRP =R’ .0. R’ 1+1. g'ts ow' 18!
Hp 13 . 2= 120y .0. oty'= 1'=p'ts’ 144
Hp 13! . 82 Cls . su'=g'’ &5 . g'(u'8) 98 0.°
Ou (Pe)s : x(Pe)w's .oz . seqx (Ps) u's
16} . Induet .o: xeu .oz, x(Pe)u's

Hp {51 .16 . Pe 1-+1 .0t 'er’ o', x'e8
18 . {41 .17} .2. Prop ]

B Y

161
161
|

% 2 'Rzl+l.g00.d o= . UE .03t
1 QUE wp

[ Prop1-91. R’ = RRR .0. gu e @y’
{1} . R'oR .0. Prop]

‘1 weu 0. gTu £ we
[ w= 0% u . Prop 2:1 . Induct .o. Prop ]

wu

Note. Ezu= y3} qures (zR2 y)i.

‘42 wew .0 .20’ seq x
[ @u~gt . % =g & Elm .0. 0y 0'1s 114

Prop 11 . xeu .0. g uee . x1'0g® u 19
11} . |21 .0t wew 02 . 20’ seqe ]
P2-11 proves that we can omit as many terms as we wish at the
beginning of a progression without its ceasing to be a progression:

P2-12 proves that any term of a progression differs from its successor.

43 VO U .AV . 0. AV=QV

[ v0 @0 2., Ou =£v : 28 U=D .0z BOQL ~£V 11

11} . Induct 9. =guav 0. v=A 124
12} 20t vou . v 0. av-z;v :0. Prop ]
245 0. TV, QUOV 9. VE wg,

[ Prop 213 .o. gum-gv B

Hp .o. Zvov 121

18]

VU . UDQ 9. VIQ
TV . QUIV 0. BB T EV D% TEV .oz.Etu AV 10 ;e 1::9'0 2. v::Ez u |4

4} . Prop 2:11 .o. Prop }
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48 xgou .o . x00u
[ xegu Ou =2 o 2. Prop ]

46,281 . yegu . xR'z . 0. 20’z

[w =p% u 0. 0@ . x=0u . zew' 1 111 . Prop 2:15 .o. Prop]

This proposition proves that the same term can never recur in a

2 a,bew.o. qu " ¢3(aRdc)
[ 104 .0. aR” a
aRPc . ceu 0. aR%*Pseqe . seqe su
11! . 12! . Induct *o. Prop ]
21 a,bew . 0. un c3(aRdc) € Elm
[ Prop 1'8 .9. Prop }
3 abeu .o, a+b=1un c3(aRdbc)
‘4 a,boew . 0. qu n y3joRae )Py}
[61°04 2. x(Re Y
x(Re )b y . qu~zz(yRe 2) 0. qu n 23j(Re  Ra 2
2. qu A 2aiz(Re *040;)
111, {2 . Induct .2. Prop ]
‘4 abeu .o, RePel+]
[(R? 0z e 1+1

(R+)’e 1+1 . §1Prop 67 .0, (B8 1% ¢ 144
11 . 12| . Induct .o. Prop ]

42 abweu .o, unysjx®RaPyl e Elm
[ Prop 2-41 .0. Prop]

43 aboeu . 0. xtab=1un y3jxRa) y}

44 ab = Ou+abd

4% abl'c.o.x+4ab1l x+c

46 ab0'c o . x4ab0 x+4c

47 abl'c =. x4ab 1’ x+c

progression; every term differs from all preceding terms.

Df

1

12l

1
12

Df
Df
[ Induct ]
[ Induct

[ Prop 2:45-46 .0. Prop ]

‘48 agu.ds.a+0,=a
‘49 agu.d.0,4a=a

[ a4-0u = 14 A x3(aROx)=a ]

[ Prop 1'81 .5. Prop ]
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28 abeu 0. RaRd = Rad

[ Rs ROx =Rs —=Ras+0x 114
Re R} = Re4d 5. Rt Reegp = Re R R =R+HR=Reqa+}) 121
a + seqb= 11 n x3(aR%eabx) = runxs)q yr(aR Py . yRa)|
= 1u A 25 A (a,)3(0u R a.aRP y.yRx)! 181
18! . Hpi2t .0. a-80qb =1unxsjq uny2(0u R Hy . yRx)
= seq(a+d) 14
121 . 14! ;0. RaRb= Ra,+b ,0. Rs Reegh=—=Ra+negd 15

111 . 15! . Induet .o. Prop ]
‘81  a,baen 0. (@+a)+b=x+(a+Dd)
[ @+a)t+b=1unzziqunys(xRay . yR? 2)!

= unz:(xRs Rb 2) 11
i1¢ . Prop 25 .0. (@+-a)4-b =unga(@cRrHz) = x+(a ) |
82 a,hxen 9. x4-a+b= (x+a)+b Df
‘53 a,beuw 0. at+b="b+a
[ Ou +0n =0« +0u 11! Oy +lu =1lu=1y +Ou [2{
at+lu=1lu-+ta .o :seqatlv =(@+41u)+1lu =u +a)+1u 134
Hp 13!. 3}.Prop 2:62 .0. seqa+1u=1y +(@+1u ) +1u =1u +seqa 4!
121. {41. Induct .0. a{-1lu=1u-+}a 15t
18] .a+4b=b+a 0. atseqd = a+b+41y =a+lu +b=1u +a+bdb=1u +b4-a
=b+}1« +a=seqdta 164

11} . |61 . Induct .0. Prop ]

‘6 aguo.alu=a
[ alu=runixa| Oy (R )lux|=1unxs|OuRs x| = OQuta=a]
60 aQu=O0ua=a
64 a,beu .0. a(b+1u)=ab+a
[a(Ou +1u ) =aly =a=aly }a Y
a(d+41y )=ab+-a 0.
a(seqb-1u? ) =1unx3) O u (Ra )seqbtlug
=mnm|5[uayz(0uR?Hﬂy.yR¢ o)l
= 1unxs|0 y Radtatax)
= 1unxs|Oy Raseqttax| =aseqdb+-a 12}
11. 12{.Induct .0. Prop ]
‘611 abeu 2. (0+1u)a=bata
[ @414 )Ou =0y = 0u }-Ou 114
0+1w)a = ba+ta 0.
(0414 )(@+1u ) =1uAxs| Oy RO+1u) (at1u)x)
=unxs|qys(Ou RE+1vjay, yRo+1ug))
= 1unwxs|qys(Ou Rba-tay . yRi+1ug)}
=ba+ta-+t+b4-1u =batbtatlu 12}
Prop 2'61 . o . bat-btatlu=bla+1u Hatly 18}
121181 .0: (b+1u)a=ba+ta .9. (b+1lu)@+1u)=0a+1u) +at1u |4}
111 . i4}. Induet .o. Prop ]
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We have now proved the formal laws of addition and multiplica-
tion: the associative law of addition in P2-51, the commutative
law of addition in P2-53, the distributive law in 62 and ‘63, and
the commutative law of multiplication in -64. The associative law
of multiplication results immediately (as for all relational products)
from the same law for the logical products. In all that precedes
have never presupposed numbers: the entire theory applies to
every progression. Hence follows in a general form all the arith-

we
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2:62 a,bceu 0. a(b4c) = ab+4ac

a(d+0u ) =abd =ab+d0u 111
ab4-c) =ad-+t-ac ». a®d+-ct1u ) =ad-+-c)+ta= adb4-acta 121
Prop 261 .0. ab}-act-a=ab-}a(c41u) 131

Prop 2:63 .0. ab-+-act-a=ac+t-ab-t+a=actad+1s )=a®+1u )+ac 4]
.13t. 141 9: a(d+tc) = ab+tac 2. ad+tct1u) = ab+a(c+1u ) =a(d+1u )
“+ac 161

{1}:15}. Induct . o . Prop |

63  a,bceu 0. (b4c)a = bat-ac

[ (54-¢)0u = 0u =b0y +-cOu 1

(bte)a=ba+tca .2. (b+c)at1w)=(b+c)a+btc =ba+tcatb+c
=ba-t+btcatc 12

Prop 2:61 . o: ba4-b=b(a+14) . catc=c(a}+1u ) 134

121,18} .0t (b+c) a=ba+t-ca .0. (b+c)(at1u) =bla+1u)tclat+1u) |4}
111 . |4}, Induct .o. Prop ]
‘64 a,beu 0. ab = ba

[ @0u =0y =Ou a 1]
ab =ba .9. ab+1u ) =abta=ba+a=(b+1u)a 12}
{1} . |2. Induct .. Prop ]

metic of finite numbers.

% 3. Rel+l.gop. Ho=0 - uEwe . a,b,ceu 0::

‘4 Pel+l.yPz . xPseqaz 0. xPay
[ 2 Pseas z .0. g unws(xPa w . wPz) 114
Pel+1 0. ws(wP3)eElm 12}
12} . yPa 0. yews(wP3) .0. Prop ]

‘44 Pe 1+1 . Py . xPseqaz o, yPaz
Pseqs = Patlu = Plwta = PPa 111
11} 02 xPseqsz , = . qus(xPw .. wPo 2) 12,

12! . %c ¢ Elm . Py .0. yews(@Pw . wPa £ 2. Prop ]
12 xEou 9. w—1u=11Myp (Seqy==x) Df



THE LOGIC OF RELATIONS 21

32 g u » x3(aRxd . bRxa)

[ O« RA B 21}
q ou nxz(@R= b) . Prop 8-11 .9. x—1u ¢ unys(seqa Ry b) 124
aROub 5. bRluseqa .o. 5 u n y«(bRY seqa) 18}
g unxsDR= a) . zeu nxa(bR= a) .0. bReedrseqa

9. 4 uny:bRY seqa) 144

12:.181.141 0. f u A xa(aR= b .v. DRz @) .0. 7 un y(seqa Ry b.v.b Ry seqa {5}
111.:5¢ Induct .. Prop ]
‘24 Ou & u » x3(aRxb .. bDRxa) 0. al’d

22 Que=g u A 23(aRxb v bRza) 0. q owwr3(@Rzb v. bRxa)

‘3 a>b .=. [ ounx3(bRZa) Df
‘31 a<<h .=. 7 ou ~ x3(aRxb) Df
32 at’d . a>b w. a<lb [ Prop 82 .o. Prop ]
33 a>b .0. =(a<lb)
[ a>b.agh .= ggzm(m,y)n(aRﬂb bRy a .. 39unm+y'(aRffHa)
2. =(Prop 2-16) (28]

{1} .0.". Prop 216 .0. a>b .0. <(a<b) .".9. Prop ]
34 a<lb .0. =(a>d)

‘38 a<lb = b>a [ Prop 8:3:31 .5. Prop ]
*36 a<lb .0. ac<bc
37 a>b 0. ac>be

¥ 4. Rel+l.og. Jo=o . UEWy . a,b,cEQU O:.

‘1 aBc .=. ab=¢ Df
‘41 Be Rel

[ xew .9. c3(xb=c)s Elm 114

1{.§1 Prop 18 .0: xb=¢c .0a. FRolARms(ocb=1 . gzb=tc) 12}
Kb =RelnRs|gunas(acb=c . o=t . g==t¢)} . Rs =v* Ks .0.

aRp ¢ .=.ab=c .5. Ry 1'B 131

13} . § 1- Prop 1-95 .o0. Prop]

‘2°'Be 1+1

[ b1'1u .o, Bel+l 114
Bsl-+1 . d1'seqb.o. Del+1 124
111 . 12! . Induet .o. Prop )

‘3 deg u .0: aBCd =. 5 u mnzlab=n . dc=n} .=. bADc
‘4 BCe 1+1

[ B,Cel+1 0. Prop ]

#3 He Nc+1 .0: ®Opa =y .==. «Hy Df
31 Op = p3|{(p=) & Ne~+1{
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In mathematics we are accustomed to speak of operations rather
than many-one relations. Df 4-5-51 are for the purpose of permit-
ting us to use our accustomed language. The relation between a
many-one relation and an operation is explained in these defini-
tions: the operation coming after a sign of equality signifies the
corresponding relation.

6 ru=g3la ou ~ @yY)3lg= Opx )| Dt
61 bjc = Opss Df
P4-6-61 give the general definition of operations which corres-
pond to rational numbers. It is important to remark that according
to this definition no rational number can be identified with a whole
number, since the rational numbers are operations on whole num-
bers, whereas the whole numbers are not.

*7 ab/(ac) = a/c [ Prop 43 .o. Prop ]

‘71 aBAb [ aBab . bAab .o. Prop ]
72 q,q'er 0. T un (2,Y,2)3(q=x/5 . ¢=Y/3)
[g=m/n.q'=m’'/n’ . Prop4'T .0. g= mn’ [(nw') .q'= m'n| (') .53. Prop )
T g=wjr =07 . g=ylz=Y 7 . x<ly 2. ¥'<Y
{ Prop 836 .0. Prop ]

74 > > >y 0. x>y
[ Prop 3:37 .o. Prop ]

8 ¢,Q€ru o0 gMq =: g= /3 . =Y/ Ox,y,5. <y Df
‘84 M € Rel

[This P is proved by the method of Prop 4-11, but the proof is long.]
9 g,deru . qMq 0. 3 run ¢"3(gMg" . ¢"Mq)

[ g=alc . ¢'=dlc . ~(aRb) .o. ¢ M seqa jc . seqa c M bie Bt
g=alc . ¢'=bjc . aRb . deg’x .0. g= ad/(cd) . ¢'=bd/(cd) . ~(adRbd) ;2!
111.12! .. Prop ]

‘91 M=M { Prop 4'9 . § 1 Prop 2:8 .o. Prop ]

To avoid confusions, I have designated by M the relation of be-
ing smaller among the rational numbers. We wish to demonstrate
that this relation is equal to its square, which proves that it gives
rise to a compact series. In {5 we shall develop the general theory
of these series.

# 5. Rel-l. 0.3 0=p . UEw, . a,b,c,deu 032
‘4 4a=0pgs Df ‘14 —a = Op¥e Df

4 Re=(Ra) { Induet |
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3 Ju =wx3la un y3(x 1’ +y)} Df
3 —u = x3}d un y3(x 1’ =) Df
32 tu=+4uv—u Df

4 q,qeru Hs q(D/C) =:q=a'c.q¢=1Dc

A o' A (X,,3)3(a==13 . c==Y5 v b=05 . c==y5) .. atd=h Df

‘41 4d/c=0ppc Df 42 —djc =O0p 5¢) Df
3 Fru = x3}d 1 (Y,3)3(x= +y/5) Df
B4 —ru = 234 uNy,5)3r= —Y/5)} Df

+r, is the class of positive rationals, which are operations on
rationals without signs. The classes %, r,, +u, +r, mutually
exclude each other: no term of one of these four belongs to any of
the three others.

§4. FINITE AND INFINITE

% 11 Clsinfin = Cls » 43} @ unx3(u=ts sim u){ Df

‘41 Cls fin = Cls= CIs infin Df

2 Clsinfin= Clsrua{xwew .0, . u=tx simu|

{ §2 Prop 36 .0: a,yeu .0. u= (2 sim u=y 2. Prop ]

24 Clsinfin==Clsr u3 ju=tx simu |

[ Prop 1'2. xeu .0, u~x sitn u B
LB D, U=IL == U .D. U=4T SiMY B
111 . {2| .2. Prop ]

92 Cls fin = Cls n u3 jweu 0,. =(u =t sim )}

[ Prop1-1:11 .o. Prop ]

3 wue Cls infin . w=gu 0. 4 v € Cls infin

[ Hp.yeu .o, u~tysimu 11
11} . §2 Prop 3-3 .0. usim wwix 2. Prop |

31 wuvx €Cls fin . x=eu 0. ue Cls fin

[ Prop1:3. Transp .o. Prop |

‘4 ueCls. uv tx € Cls infin . x=gu 0. ue Cls infin

[ wve e Clsinfin . x=gu 2. wv @ simu 1
111 . yew . §1 Prop 8:31 .0. u sim u=ty .0. Prop ]

‘41 ue Cls fin . w=gu .0: uux € Cls fin

{ Prop1-4. Transp .o. Prop]

5 we Cls. wegu .0: 1e Cls fin .=. wmx € Cls fin

[ Prop 1-31-41 0. Prep |

‘6 AeCls fin

| ue Cls infin .2. gu 2. Prop ]
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1'64 Elm o CIs fin
[ we Elm .ou, gaa(u==tx) : Prop 1-41 . Ae Cls fin :5. Prop ]

‘7 ueCls fin 0. F=u Pp
% 2. Seg.o::

4 g infin = o(Cls infin) Df

41 ofin = o(Cls fin) Df

42 ofin = o= infin [ SeNec-+1.o.Prop )

2 xgofin .= x4 1o g9 fin [ Prop 15 .0. Prop }

21 e ofin .= 20’z + 1o
| Prop1-22. §2 Prop 46 .0. Prop |

‘3 Ro=1Rel n R3jwRy .=. we o fin . y=x +10 | Df
31 Ro& 1+1 [ §2Prop 352. Se Ne+1.0. Prop |
32 Rs00 [ Prop221.o. Prop ]

‘33 go= ¢ fin

[ xee, .uSx.o. ue Cls fin 114

1. Prop 1'7.0. g-u .0. e, & 9. Prop ]
‘34 go=o fin = 106
| xeofin. uSx . 20'0s 0. Ft6.0: Yeu 0. U=ty Sig, x 0. Prop |
‘3% ¢ fin & Cls infin

[ o fin = s - ofin - ‘0¢=;,, .0 sim‘éo .0. Prop ]

#* 3. Seg.o:

‘4 s£Cls.0s8s.0s(snofin)os .0 0finos Pp
‘11 Induct = Prop 31 Df

One may, if one wishes, define the finite numbers by mathe-
matical induction, and take as Pp definition 1-1. But I have not
succeeded in deducing one of these P’s from the other. If one has
defined an infinite class by the property of containing a part that
is similar to itself, one cannot succeed in demonstrating that the
part which one obtains by removing a single individual is similar
to the entire class, and this has fatal consequences for the theory
of finite numbers. If one then defines an infinite class by the pro-
perty of remaining similar to itself when one adds to it a term which
does not belong to it, one excludes the class of all individuals
[the universal class], since one can add nothing to that class. For
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these reasons I have adopted the definition 1-1 with the two Pp
1-7 and 3-1.
32 ofincw
[ Prop 2:3-31-33:34-3'1. §3 Prop 1'1 .2. Prop )
3 ofin = Cls » u3 |ag » S3(u = ofin)} Df
31 ofin=o0
| Prop32.0.0fnow 1
Rel-o-l.u:e.‘o'ﬂn:;.P=RRa§.o.ueo)” 12
§2 Prop 1:54 .0. ue o fin 131 111 .12!. 13! 2. Prop ]

We have now proved that any class similar to the finite cardinal
numbers is a progression, and vice versa. From that we deduce
that all the consequences of §3 apply to finite numbers.

‘4 we Cls fin 0. T wn v3(1 0 V)

[ u=A .9 vew .ou. 4oV 11

§2 Prop 8'6 . §3 Prop 1'91 .0: ueElm . v’z . xev 0. V=i V8 2@

9. | wn v3(uov) 124

ug Cls fin . vew . uov . uSx . y-cu .9.

wiy & Cls fin . wwy S w410 . way o vty 181
Prop 3:31 . Prop 2:35 . Prop 1'1'3 . §3 Prop 1'91 .0. vmty & 141
131141 .9: ue Cls fin . veo . uov . uSxk . Yy=-cu .9,

wvty € Clsfin . vuyeo . uvty o vty . wuy S x+1o 164

111 : 12{ . {5] . Induct :0. Prop ]
‘41 ue Clsfin .0, & wn v3juov . @ vz (yeu .=. y<& )|

For the definition of y < x see §3 Prop 3-31.

| u=A . vew .0: yeu .=. y<Ov 11y
ueElm . Prop3-4 .0. f wn v3(1ucv) 121

vew . 1uev . §3 Prop 2-11 .0. su v vnzz (22> 1u) e
2. gonv's juav’ . v’ Axs(yen .= y<e )l 181

vees . ue Cls fin . wov . gunxs(yeu .=. y<x) . s-cu .0t

vuisew . uviz e Cls fin. wwiso vws ., 2ev 1 y<L =, Yeu ..o,
qOAV'3 |VOV' . V=V =iz . TeV' : Ye uv iz =Y<L } 144
{1}.12}. {4} . Induct .o. Prop ]

42 Cls fin = Cls » ua{aw nv3 [ wov . IV X3 (Yeu = y<x )|
We deduce that any finite class may be well ordered.

5 ug Cls fin .9, =7 Cls n 03 (vou . Au=v . usimv)

| Seg.vSx. u-vSy .0. uS ety il
§3 Prop 2:16 .0. x4y 0' ¢ .0. Prop ]

‘31 Clsinfin=_Cls ~ 3 {a Clsn v3 (vou . Trr=r, usimo )}

| Prop1:1: 3:51. Transp :9. Prop |
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P3-51 gives the customary definition of infinity, from which,
however, it does not appear possible to deduce P1-1.

+ 36 u,ve Clsfin .0, € Cls fin

[ wow.0. uww=u.2. Prop DY
uew .9, uAv = v .9. Prop 12
qu=v . go=u . S3g . uSk . v-uSy .0. wwv Sxty B
131 . §3 Prop 2.2 .0. Prop 141

111 . 121 . {4} 2. Prop ]
64 ue Cls infin . vgCls 0. uwve Cls infin
[ 3w . ue Cls infin 0. usim u~1 .0. ¥ v vsimu v v-r .9. Prop }
62 % voeCls fin 0. u, veCls fin
[ Prop 3.61. transp .2. Prop ]

§5. COMPACT SERIES

14 ReRel.Ro0’'.R'=R .0. Op = Clsnualu o owg .,
w,ysu Oz,yt 21’y . Ry . yRa .o,
x,yeu . xRy .05,y qu n 33(xRz . zRy)i Df
41 d=Clsnua}arelnR3(Ro0’ .R*'=R. ue Pr )} Df

These P’s give the definition of a compact series. If R is a con-
tinuous relation contained in diversity and equal to its square, and
if u is a class contained in the logical sum of the domain of R with

Q
that of R, and if two different u’s always have one of the two rela-

O
tions R, R, and if between two «’s there is always a third u, then »
is a @. The class @ is the class of all compact series for all relations
which give rise to such series.

2 ReRel.Ro0’ . R'==R: E oug . 9.0 U u o == Qug: .0
Qrz’ Q"‘Es Pr
3 ReRel.R00'.R*'==R.uePr.q u= ot .0. tt=gtg Elm

| xsu-gu . yau=iz : 2Ry .. yRx 2. xRy .. yeou |
‘4 ReRel.Ro0 .R'=R.0. $p = Br

<4 ReRel.Ro0' . R'=R. Sel+l . 0g Br 0. o€ BIRS

| at0.ylhiox.s. ySzx )
'sox. y'1Mox 2. 'Sy’ . xR’ 2. xRSy’ @
1).(@ .0 ySRSy .y'2o )
ySRS y .y BRSy” .0. y SRSSRS y” 4)

Se 1-+1 . R’=R .2. SRSSRS o SRS ®)
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@) . (5) .. RS)*> SRS ®)
y SRS y* .o, 7 on (¢',x") 2 (B . xR . 2"Sy*) )
(7. R*=R. St 1-4+1.0. g o n(z,x' ") 2 (yB . xRz’ . '8 . 'R’ .
- - x"8y") (8)
(8) .o. SRS 2 (SRS)* 9
(6). (9) .o. (SRS)* = 8BRS (10)
Ro0' . Sel-+1 .2, SRS o0’ (1

(8). (10) . (11) .o. Prop |

This P gives a method by means of which we obtain a new com-
pact series by correlation with a given compact series. It proves
that every class similar to a compact series is itself a compact series
in respect to a certain relation. We have the more general theorem:
given P, a relation such that Poo’.P%P, the class of series of the
same type of order as = is the class of the domains of the relations

v
P’ such that there is a one-one relation S such as P’=SPSz=o.
This theorem applies to series of all types without any exception.
I omit the proof to avoid excess length.

‘6 ReRel . Ro0’ . R=R . u3®R. P = Runou .0. uePp, =tz #

For the definition of Rungu, see §2 Prop 3-12.

# 2. PeRel.Po0’.P*=P.u=rnuz.ug ®p 2::
‘4 veCls . vou 9. a(wv) = nv

[ sv=A 2. a(xv) = A .0. a(av) = v )
gV 9.°. xaxv 0. gonys (xPy): @
Q). P*=P .0. quaza (xPz . 3Py) .0. Ten(wv) 3)

wen(wv) 0. quazs | gonys(cPs . sPy) |
2. gonys (cPy) 0. x3mv 4)

). (3).(4) .. Prop ]

2 p&Cls . vou 9. A(wv) = v
3 pu=_Clsrv3jvou . 70 =0 .30 . Au=v| Df

4 pu=Cls~v3{vow . 7v==0.q0 . Aum=v} Df

pu corresponds to what Peano calls the class of segments [Rivista
di Matematica, Vol VI p- 133, §8, P-o]. I shall call pu the class
of lower segments, p# that of upper segments.
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5 veCls. vou.d vV . T UaND D, 7D £ Pu

[ qonAx.o. gav ) Prop 2'1 .0. a(wv) = nv @)
(). (@) . quenv 2. Prop]

281 0e0ls. vou . AT . AUan 0. 70 € PU
6 ovvepu.or wt'ov

[ .v,v'apu . qv'=v .. av’av; .0t 22w .95, JV'AY? (xPy) 1)
(1) . v'epu .0 22V .oz, eV’ 2. VOV’ 2)
qu-t’ 0. vt  (8) (2).(8) .0. Prop |

For the definition of O:r, see §1 Prop 1-34.

61 ,0'e pu .c: vV . Yo

7 uTv = vvepu. vov' . ve=v' Df

‘71 TeRel

[ 81 Prop 882 .ot r,v'epu .=. veputput’ (¢3) (o) eRel (2)
(=) eRel (3

(1).(2).(8). 81 Prop 198 . Prop 25 .9. (eputpu) A (0) A(==) sRel  (4)
“4) .T= (Gpu: pu) A (3) A (==) .2. Prop }

The P’s (2) and (3) of this proof are the Pp, which we should
have had to introduce in §1, if we had wished to make a complete
logic; (2) affirms that the inclusion of a class in a class is a relation,
and (3) affirms that the equality of classes is a relation.

‘72 ToO' . THT

73 T'=T

| TV .20, q'=v.0. Fav'=v .2. V' A (2,Y)2 (X,y-2v . x0'y) (0))
(1). xPy .2. vTax . axTv’ (2) 1).yPx 2. vTay . ayTv' (8)
1).(2).(8) .. Prop ] .

‘R pusg G [ Prop 1-1.2°71-72:78 .5, Prop |

We have now proved that the class of lower segments is a com-
pact series by reference to T. Similarly it is proved that the class
of upper segments is a compact series.

# 3. PeRel.Po0’. P=P. u==ma: 0EU.0. WL L UAL == 1 :O::
‘1 repuo.ro=pitnx3(xTr) [ +wor.wpu.o. Prop]
2 weCls. wopu 0. re ==pu~x3}q w ~ y3(xTy)}
31 wt = pu ~x3}ycw 9,. *Ty |

For the definition of w, see {1 Prop 1-36.
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‘3w ECIS. wo Pt 2. ot
wE CIS . w9 puo . Tee . T Pt =w . A=W D%

‘4 SwEPN
[ zevtw.=. q wavs(xse. ve pu) .=. quavsgeayxxPy
W= q Ve AyAxPy) =, 28 a(V 0) i G0 = a(vte) |

35 o == Y(u‘u-)

| vewnw.=. vepu.qwazs(vers) (1) zaw.o. 120 (i) 2
(1) . (2).9. verw .2, ve pu . ve ¥(V 1) 9. T 3 T(W 1) 3)
Ve 1(V'w) 0. LIV . V==V 10 0. VW =D

9. g 10A%3(vTz) 0. ve viw 9. r(Vw) 9 T [())

(3).(4).2. Prop ]

This P proves that, if w is a class of segments of a compact
series, the class of segments contained in a variable term of w is
the same as the class of segments contained in the logical sum of
the class of classes w. When the class w has no maximum, we
deduce that the logical sum of w is the higher limit of w: the class
w has, therefore, always either a maximum or an upper limit.
(See P3-6-7-8 which follow.) Half of the analogous theorem is
demonstrated for the lower limit and the logical product in Prop
351

81 7(Mw) o wr
[ wew .0: Nwox (1)
(1). 2TAw .0t xew .9z.2Tx 9. 28 wr .. Prop }

One cannot prove that 7(n‘w)=wr. This theorem will only be
true when w has a minimum; in the contrary case, the lower limit
of w will be n‘w, and will belong in certain cases to the class wr,
but not the class 7(n‘w).

‘6 AP A X3 (tw == 7X) [ Prop3b .0. Prop )
7 N = 10U N x3(tw =1) Df
‘8 vepu o. A Clsnuw3(wd pu . v=2~Anw) |w=1w]

P3-6-8 prove that pu is perfect for upper limits, but not neces-
sarily for lower limits. A, as just defined, is not always a limit,
since it is the maximum if there is one. The segments which com-
pose the class pu are defined by any classes contained in %. In the
next section we shall examine the segments and limits which are
obtained by using exclusively what Cantor calls fundamental series.
[Rivista di Matematica, Vol. V, p. 157.]
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§6. FUNDAMENTAL SERIES IN A COMPACT SERIES

. Fundamental series are series of type w, each of which ascend or
descend continuously within the compact series which contain
them. In the first case (1-1) I call the fundamental series progression;
in the second case (1-2) I call it regression. As for the compact
series, it is not subject to any condition except for it to be compact;
I do not decide, for example, whether it is denumerable or con-
tinuous or neither one nor the other.

3 1. PgRel.Po0’ . P’=P: 2 nur 0. avutdsynw=
T U= 10
‘4 op=wnv3{vdu:ReRel, . x,yev . 2Ry .9,,. ©Py | Df
2 wr=wnv3}vou : ReRel, . x,yev . xRy .04y yPx | Df

If v is a progression, Rel, is the class of generating relations of
that progression (§3 Prop 1-12). In the present case, one can admit
as a generating relation only a relation which satisfies the given
condition. Such a relation, if it exists, is unique. We must not
confuse w® and w,. See §3 Prop 1-11.

3 nw==x3} T wp™M3lr=nv)| Df
3 on =x3| T wprvRE=0)| Df
4w =x3} A wF3@=mv)| Df
41 wrn=a3}| I wprv3(x=vn)} Df

We must not confuse mw and pu. [§5 Prop 2-3]: pu is the class of
all the lower segments of u, 7w is the class of lower segments which
define progressions. These two classes are identical in most cases,
but I do not know any proof that they are always so.

‘5 vE wp .2, VORIV | wev.o.2Pseqx 0.2 av )
31 V€ wF .. ¥O 7
6 V€ wp.0, V7T = UentD

[ xevm.0. 28 u=nv §))
L8 U=V 0. ~FUAYHXPY) .9.°. yev .oy : yl'x V. yPr @)
yl'z 0. xPseqy .0. veav 3)
@) . (8) .9.". @weu~av :3: yev .oy, yPI:0. waVA “4)

(1). (4) .9. Prop )
61 VE WP.0. 7 = UmaD
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T nwopu ‘N awopu
‘8 vVEwp.o AOnY wn¥OnY [ §5 Prop 2:6 .0, Prop |

‘81 00’8 wF.0: AV AV W AV O AV { §5 Prop 2:61 .. Prop |
% 2. PeRel.Po0’.P'=P :xerux .0, 2% v 0undt =
U= . 0,0 Ewp 0%
4 xev 0, Av'y(wPy . yPseqw) 0. <@ vAvx
[ Hp:keo ox gk 0. qu' aysiquaxs(@xPy . y Pseqx) ! e Ly
Re Rele . R'eRel , §8 Prop 2:11, xer, yev' . aPy . yPreqx n. ¢ v, o' v'ewp (1)

-y
Hp(1).yew' . z'sg v. Py’ .y Preqx’ 2. y'to ¢’ @
-y
Fe' v ny"sseqx’ Py . y* Pseq seqx’) .0:seqy’ 1' y* .v. seqy’ Py :
2. seqy’ P seq seqx’ @)
(2).(3) 0.0 280" s : 220 .0.50gs 8 a0 (4) Hp.o.0p2 v (6)

(4) . (©) . Induct .9, v'3 #v .2. Prop ]

Since this demonstration is a little complicated, I shall repeat
it in words. The P affirms that if two progressions ,0 are such
that between any two consecutive terms of v whatsoever one
always finds at least a term of v’, then there is not any term of v’
which follows all terms of v. Let x be a term of ©, and y a term of
v’ between x and seq x. Then the terms of v which do not precede

v
x form a progression p%v, and the terms of »’ which do not precede

v Q
y form a progression p¥v’. If then x’ is any term whatever of p*v,y’
a term of v’ between x and seq x’, one deduces that y’ is a term

of Z”v. Now there is a term y’’ of Z”v' which goes between seq x’
and seq seq x” and such a term must be seq ¥’ or succeed seq y';
thus seq ¥ must precede seq seq x'. It follows then, if 2z is a v’
which precedes any v, then seq z is also a v’ which precedes any v.,
But by the hypothesis there is some v’ which precedes v, therefore
the first term of v’ must precede v. We deduce by induction that
all terms of v’ precede some terms of v, that is to say, that no term
of v’ follows all terms of v.

22 Hp Prop 21 .0, a0 = a0’

[ xeav' 0. go'Ays(xPy) 1)
(1) . v'oxv .0t XAV’ Dp . TEAV . AV IV 2
xeaw 0. Jonya(xPy) 0. qu'nes (eP2) .0. 2eav’ 0. xvony’ 3

(2).(3) .0. Prop ]
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3 weCls. wou . av A 23(wom3) : wew Q. dwny3(xPy . yPseqwx).
A Y3(@Py . yPseqx) € EIm : o7 0 wr 0. w & wp

This P affirms that if v is a progression in a compact series %,
and if w is a class contained within # and succeeding certain terms
of v, and if there is a term of w, and one alone, between any two
consecutive terms whatsoever of v, and if finally the terms which

succeed all terms of v succeed also all terms of w, then w is a
progression in u.

[ Hp.§1Propl-8 .o: xev .ox. gl-+1n Ry 3 tx=px .w ny3(xPy . yPseqx) =ox |

xev .9z Re =11+1 A Ry 3}t = px . wny3(xPy . yPseqx) =ox!:

RweRelnR’slaR'd .=. qunx3(aRa b)| . §3Prop2:16 0. Rwe 1-+1 1)
ReRely : e 0z, w o= teny3(xPy . yPseqx) : sequz = wseqa :9. TR w0z .0,

1t « R1o Rseqar . seqx Ruseqite 10, ReR R sequts 2
- wz Pseqx . seqx Pseqwsz .0. wz Pseqwa 3)
220=100 3. Wy P 0. =(wonx) @
°
4) . Hp.o. wan0y )
vmown .0t yew .oy, Fo na's(yPseqa’) (6)
Hp (6) . §3Prop. 2:11 .0. vnx'3(yPseqx’) ewp
yew . one’s(yPseqx’) = v' . &£ =00v' 0. y=wr ()
§1 Propb+7 . (1) . R’ = RuwRRu.0. R'el-+1. wy = w=g'w )
v
86ClS . Wy £8 ¢ TEV . Wy £8 .9z SeqWs &8 :9: L(Rws)sw .0z, seqe(Ruo 8)sw (9)
v
9) . Hp(9) . Induet .0: £ .0z, 2(Rwe) sw 10)
Hp (9) . (10) . Rwel+.0: wz ew ow. Wz &8 a1
z
(7). (8). (1) .0. Prop |
‘4 dwprud(ow= )\ .70 = nw) { Prop2:3 .. Prop |
3 @on A 23(n2 = av) 2. va A 23(ns =) EEIm
| az=av.sP2 0. a2'==av )
s =av.z'Pz 0. 13~ =nv (2) 1). () .2. Prop |
‘8 avanza(ns = av) 2. I'v = 1 AF3(nz = av) Df

‘81 wewp. aIwansa(nz=mr) 0. Lw=wrrds=nw)  Df

I'v and 1w, as just defined, are true limits, while X’v and Ao
of the section preceding are either limits or maxima or minima.
Since 'v belongs to the class vm, I'v cannot belong to the class v,
which, moreover, by definition, has no maximum. Likewise [
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does not belong to the class w, which has no minimum. If a

v
wP or a wP possesses a limit, it is only possible to have one, but

it is possible not to have any at all. In the derived classes, 7w,
v v
wm, wm, mw, on the other hand, one can demonstrate the existence

of limits, as we have seen.

M 3 PeRel.Po0’. Po=P ., v == mur : 28 .0, 70w (0TI == 10 33: :
‘1 a,beu . aPb 0. Awp A 13(a0na . v Onb)

This P affirms that one can find a progression all the terms of

which are contained between two given terms of the compact
series u.

[ xeu . xPb . P* = P .0, quays(xPy . yPb) )

§ 1 Prop 1'8 Rsl4-1 .;og . ﬁ[g:; cv'awg . g lq-lﬂR%’?(gov':(O,a .
aPig, . 19 Pb) @
" 'Q
§1 Propl'8., (1) . Hp(2) . 220’ .o: q1-+1AR; 3(0r = i . aPio: . 19 Pb) .o.

:._‘[l-l-‘ " Ruqzi (Qseqz = (seq® . ;éz Pl_euqz . I-éuqub) (3\
(2).(8). Induct .o; 80’05 .q1-+1nRz #(0z =t . aPigz .tz Pigssqz - 1 seqzPb) 4y
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In the above proof, one first takes any progression whatsoever
v’ of which the generating relation is R. One takes any term what-
soever between a and b and establishes a relation Ro,’, which holds
uniquely between the first term of v’ and the term which one takes
between a and b. Then one proves by induction that for any term
x of ¥’, one can find a relation R, which holds only between x and
a single term between a and b, which precedes the only term with
which seq x has the relation R seq x. Thus one takes the logical
sum R’ of the relations R, for all the values of x for whichever x

- . o4 . .
1s a v, and one demonstrates that the domain of R’ is a progression
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in u, of which all the terms are found between a and b. The process
which one has used can be described as ‘counting without num-
bers’.
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For the definition of T, se¢ {5 Prop 2-7.
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This P proves that any term of ww (that is to say, all lower seg-
ments of «) is the upper limit of a progression of the terms of 7w.
If v is a progression in u, x a variable term of v, 7o is the limit of
the segments 7x; but this fact does not suffice for the demonstra-
tion of 4-2, since one has no reason to believe that mx always be-
longs to the class 7w, that is to say, that if x is a u, x is the upper
limit of a progression in u.

21 xgwn 2. FwTh 2303 =2)

This P follows from Prop 3-11 as 4-2 follows from 3-1.
‘22 xEaw 9. 0T, 33('z =)
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The demonstration of Prop -22 to -27 is similar to that of Prop
-2. There are other propositions of the same form which we do

not know how to demonstrate, and which do not always appear
to be true. This is the proposition
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Here also there are eight other propositions of similar form
which do not always appear to be true. Such is the proposition
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Note to §6. We can now summarize the principal results of §6.
A compact series (a @) is a series which has a term between any
two of its terms. One such series is defined by a transitive relation
P, which implies diversity, and which is such that P2=P. If xPy,
one may say that x precedes y. If there are terms outside the series
considered which have the relation P or P with other terms, one
can always find another relation, equivalent to P in the series being
considered, and such that all the terms which hold that relation
or its converse belong to the series being considered. (§5 Prop 1-6.)
In consequence, it is more simple, and no less general, to take as
the type of a compact series the entire domain of a suitable relation
and its converse.

Let u be one such series, P its generating relation. A progression
in u is a series of type w, contained in %, and such that one always
has xP seq x, if x is a term of the progression. We call wP the

v
class of progressions in u. At the same time, wP is the class of
A%
regressions, that is to say, of series of type w, for which xP seq x.
d
One may construct a wP and a wP, of which all terms may be

found between any two terms whatsoever of u.

Every class v contained in # defines four classes in u:

(1) 7o, which contains all terms such that there is a v which
succeeds them;

v
(2) 7o, which contains all terms such that there is a v which pre-
cedes them;

(3) vm, which contains all terms which precede any term of v;

v
(4) vm, which contains all terms which succeed any term of v.

If v is a progression, (1) and (4) alone are important; for a
regression (2) and (3) alone are important. If v is a progression,
any term of u belongs to (1) or (4), and (1) does not have
a last term; but one cannot know (in the general case) if (4)
has a first term or not. One has some similar remarks if v is a
regression.

One now advances the theory of segments, which constitutes a
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generalization of the theory of real numbers. One has four classes
of segments:

(1) The class 7w, which is formed of all the classes v, where
v is any wP whatsoever;

(2) The class ;w, which is formed of all classes 7o, where v is
any wP whatsoever;

(3) The class wm, which is formed of all the classes vmr, where v
is any wP whatsoever;

(4) The class w;, which is formed of all the classes v, when
v is any wP whatsoever.

Each of these four classes is a @, of which the generating rela-

v
tion is derived from logical inclusion. Any term of wm is the pro-
duct of u and the negation of the corresponding term of 7w; and

the same for mw and wr. The classes 7w and wr may have com-
mon terms; for example, if u is the class of rational numbers, and
v is a progression in # which does not have a rational limit, v’ a
regression which determines the same section (in the sense of
Dedekind). If u is a series which satisfies Dedekind’s postulate of
continuity, 7w and wm have not common terms; for then there is
a third term in all classes which belong to the class wm, and in no
class of 7w. o o

In each of these four classes, 7w, 7w, wm, wm, one can construct
a progression or a regression, which will always have a limit be-
longing to one of the four classes, but not always to the class which
contains the same progression or regression. Further, any term of
each of these four classes is the limit of certain progressions, or
of certain regression, but not necessarily (so far as appears) of
both; and the terms of the specified progressions or regressions
do not have to belong to the same class as the term which is their
limit. These results are summarized below:

Any term of 7w is the limit of a progression in 7w and a progression in w7

v v e
i3] » " TW " ” ”» )y " iR W ) " iR wm
”» gy W, 1y 3y TEGrESSion ,, W ,, ,, ” y wm

v (V] v
) sy WT o, o, [T ” 3 TW 5y ” yy @
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All progressions in 7w or in wm have a limit in 7w

v v v
”» ” 1 TW 4y 4y W 55 5 gy gy TW
sy TEGIESSIONS ,, W ,, 5, WH  ,, 4, ,, ;) @7
3} v v
”» » 2 TW 5y 5 Wy 4y 3y 5y WO
Thus:
mw is identical to the class of limits of progressions in 7w or wm
o v v
TWw i34 " " ” i3] " " " " ” W ”» wmT
T, » 1 sy sy a3y sy g TEGTESSIONs ,, Tw ,, ww
v 5} v
wm iR ) " ” i3] bR ’, i3] ” " ” Tw " wm

We have not succeeded in proving that each of these four
classes is a completely perfect series, but each of them is perfect
either to the right or the left, that is to say, either for regressions

v
or for progressions. The logical sum of 7w and wm, or of 7w and

wrisa perfect series, but in general that series will not be compact.
For if there exists in # a progression v and a regression v’ having
the same limit in # (which is known to be possible), then =v and v’ =
will be consecutive in the series 7w v wm for ¥’w contains only a
single term which does not belong to 7w, namely the common
limit. Therefore 7w v wm is not in general a continuous series.

We have not succeeded in proving that any progression or re-
gression in # has a limit, because we do not know an example of a
compact series of which no term is not a principal element (in the
language of Cantor). We have not been able to prove that there are
terms of mw which are limits of regressions, etc.

One knows after Cantor how to prove all these theorems if u
is a denumerable series [Rivista di Matematica, Vol. V, pp.
129-62]. We do not develop this subject, since it has been referred
to previously by Cantor. In {6 we have only wished to deduce the
results which are valid for all compact series, without introducing
other conditions.



On Denoting

The volume of MIND for 1905 appears superficially to be an out-
dated collection of the sort of papers that usually fill journals issued
by and for academic men. One would assume from it that the conflict
between idealists and pragmatists over the nature of truth was the
most important thing in the world. Embedded in this context of philo-
sophic warfare and dwarfed by the seventy-eight page disquisition on
‘Pragmatism v. Absolutism’ that precedes it is a fourteen-page paper
by Russell which he has called his finest philosophical essay. The
editor of MIND, Professor G. F. Stout, regarded it as unusual and
unconventional, but none the less had the sound judgment to print it.
How many of his readers understood it remains an open question.

ON DENOTING #s a milestone in the development of contemporary
philosophy, revealing once more Russell’s inventiveness and striking
originality in thought. Ironically it contains a minor error. G. E.
Moore has pointed out that Russell’s ‘shortest statement’ at the close
of the paper is faulty because of the ambiguity of the verb ‘to write’.
‘Scott is the author of WAVERLEY does not, therefore, have the same
meaning as ‘Scott wrote WAVERLEY’, since Scott (like blind Milton)
may be the author of the work without being the person who literally
wrote it for the first time. Russell has accepted this correction ‘with
equanimity’.* The right to feel patronizing about this slip is reserved
by law to those who have done as much for philosophy as Russell and
Moore.

The fuller development of these ideas is the well-known theory of
descriptions, the full statement of which was to come five years later
with the publication of the first volume of the PRINCIPIA MATHE-
MATICA.

* The Philosophy of Bertrand Russell, Evanston and Cambridge, 1944
et seq., p. 6go. Moore’s well-known essay is on p. 177 fI. of the same
volume.
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ON DENOTING

BY a ‘denoting phrase’ I mean a phrase such as any one of the
following: a man, some man, any man, every man, all men, the
present King of England, the present King of France, the centre
of mass of the solar system at the first instant of the twentieth
century, the revolution of the earth round the sun, the revolution
of the sun round the earth. Thus a phrase is denoting solely in
virtue of its form. We may distinguish three cases: (1) A phrase
may be denoting, and yet not denote anything; e.g., ‘the present
King of France’. (2) A phrase may denote one definite object;
e.g., ‘the present King of England’ denotes a certain man. (3) A
phrase may denote ambiguously; e.g., ‘a man’ denotes not many
men, but an ambiguous man. The interpretation of such phrases is
a matter of considerable difficulty; indeed, it is very hard to frame
any theory not susceptible of formal refutation. All the difficulties
with which I am acquainted are met, so far as I can discover, by
the theory which I am about to explain.

The subject of denoting is of very great importance, not only in
logic and mathematics, but also in theory of knowledge. For ex-
ample, we know that the centre of mass of the solar system at a
definite instant is some definite point, and we can affirm a number
of propositions about it; but we have no immediate acquaintance
with this point, which is only known to us by description. The
distinction between acquaintance and knowledge about is the dis-
tinction between the things we have presentations of, and the
things we only reach by means of denoting phrases. It often
happens that we know that a certain phrase denotes unambigu-
ously, although we have no acquaintance with what it denotes; this
occurs in the above case of the centre of mass. In perception we
have acquaintance with the objects of perception, and in thought we
have acquaintance with objects of a more abstract logical character;

41
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but we do not necessarily have acquaintance with the objects
denoted by phrases composed of words with whose meanings we
are acquainted. To take a very important instance: there seems
no reason to believe that we are ever acquainted with other people’s
minds, seeing that these are not directly perceived; hence what
we know aboyt them is obtained through denoting. All thinking
has to start from acquaintance; but it succeeds in thinking about
many things with which we have no acquaintance.

The course of my argument will be as follows. I shall begin by
stating the theory I intend to advocate;* I shall then discuss the
theories of Frege and Meinong, showing why neither of them
satisfies me; then I shall give the grounds in favour of my theory;
and finally I shall briefly indicate the philosophical consequences
of my theory.

My theory, briefly, is as follows. I take the notion of the variable
as fundamental; I use ‘C (x)’ to mean a propositionf in which x is a
constituent, where x, the variable, is essentially and wholly un-
determined. Then we can consider the two notions ‘C (x) is always
true’ and ‘C (x) is sometimes true’}. Then everything and nothing
and something (which are the most primitive of denoting phrases)
are to be interpreted as follows:

C (everything) means ‘C (x) is always true’;

C (nothing) means ‘ “C (x) is false” is always true’;

C (something) means ‘It is false that “C (x) is false” is always
true’.§

Here the notion ‘C (x) is always true’ is taken as ultimate and
indefinable, and the others are defined by means of it. Everything,
nothing, and something are not assumed to have any meaning in
isolation, but a meaning is assigned to every proposition in which
they occur. This is the principle of the theory of denoting I wish

* T have discussed this subject in Principles of Mathematics, Chap. V,

and § 476. The theory there advocated is very nearly the same as Frege’s,
and is quite different from the theory to be advocated in what follows.

t More exactly, a propositional function.

1 The second of these can be defined by means of the first, if we take
it to mean, ‘It is not true that “C () is false’ is always true’.

§ I shall sometimes use, instead of this complicated phrase, the phrase
‘C (x) is not always false’, or ‘C (x) is sometimes true’, supposed defined
to mean the same as the complicated phrase.
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to advocate: that denoting phrases never have any meaning in
themselves, but that every proposition in whose verbal expression
they occur has a meaning. The difficulties concerning denoting
are, I believe, all the result of a wrong analysis of propositions
whose verbal expressions contain denoting phrases. The proper
analysis, if I am not mistaken, may be further set forth as follows.

Suppose now we wish to interpret the proposition, ‘ I meta man’.
It this is true, I met some definite man; but that is not what I
affirm. What I affirm is, according to the theory I advocate:

¢ “I met x, and x is human” is not always false’.

Generally, defining the class of men as the class of objects having
the predicate human, we say that:

‘C (a man)’ means ‘ “C (x) and x is human” is not always false’.
This leaves ‘a man’, by itself, wholly destitute of meaning, but
gives a meaning to every proposition in whose verbal expression
‘a man’ occurs.

Consider next the proposition ‘all men are mortal’. This pro-
position* is really hypothetical and states that if anything is a man,
it is mortal. That is, it states that if x is a man, x is mortal, what-
ever x may be. Hence, substituting ‘x is human’ for ‘x is a man’,
we find:

‘All men are mortal’ means ‘ “If x is human, x is mortal” is always
)
true’.

This is what is expressed in symbolic logic by saying that ‘all men
are mortal’ means ‘ “x is human” implies “x is mortal” for all
values of x’. More generally, we say:

‘C (all men)’ means ‘ “If x is human, then C (x) is true” is always
true’.

Similarly

‘C (no men)’ means ‘ “If x is human, then C (x) is false” is always

true’.
‘C (some men)’ will mean the same as ‘C (a man)’,t and

* As has been ably argued in Mr. Bradley’s Logic, Book I, Chap. II.

t+ Psychologically ‘C (a man)’ has a suggestion of only one, and ‘C
(some men)’ has a suggestion of more than one; but we may neglect these
suggestions in a preliminary sketch.
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‘C (a man)’ means ‘It is false that “C (x) and x is human” is
always false’.

‘C (every man)’ will mean the same as ‘C (all men)’.

It remains to interpret phrases containing the. These are by far
the most interesting and difficult of denoting phrases. Take as an
instance ‘the father of Charles II was executed’. This asserts that
there was an x who was the father of Charles II and was executed.
Now the, when it is strictly used, involves uniqueness; we do, it is
true, speak of ‘the son of So-and-so’ even when So-and-so has several
sons, but it would be more correct to say ‘a son of So-and-so’.
Thus for our purposes we take the as involving uniqueness. Thus
when we say ‘x was the father of Charles II’ we not only assert that
x had a certain relation to Charles II, but also that nothing else had
this relation. The relation in question, without the assumption of
uniqueness, and without any denoting phrases, is expressed by
‘x begat Charles II’. To get an equivalent of ‘x was the father of
Charles II’, we must add, ‘If y is other than x, y did not beget
Charles IT’, or, what is equivalent, ‘If y begat Charles II, y is
identical with &’. Hence ‘x is the father of Charles II’ becomes:
‘x begat Charles II; and “if y begat Charles II, y is identical with
x” is always true of y’..

Thus ‘the father of Charles IT was executed’ becomes: ‘It is not
always false of x that x begat Charles II and that x was
executed and that “if y begat Charles 11, y is identical with x”’
is always true of y’.

This may seem a somewhat incredible interpretation; but
I am not at present giving reasons, I am merely stating the
theory.

To interpret ‘C (the father of Charles II)’, where C stands for
any statement about him, we have only to substitute C (x) for
‘¢ was executed’ in the above. Observe that, according to the
above interpretation, whatever statement C may be, ‘C (the father
of Charles II)’ implies:

‘It is not always false of x that “if y begat Charles II, y is
identical with x” is always true of y’,
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which is what is expressed in common language by ‘Charles II
had one father and no more’. Consequently if this condition fails,
every proposition of the form ‘C (the father of Charles II)’ is false.
Thus e.g. every proposition of the form ‘C (the present King of
France)’ is false. This is a great advantage in the present theory.
I shall show later that it is not contrary to the law of contradiction,
as might be at first supposed.

The above gives a reduction of all propositions in which denoting
phrases occur to forms in which no such phrases occur. Why it is
imperative to effect such a reduction, the subsequent discussion
will endeavour to show.

The evidence for the above theory is derived from the difficulties
which seem unavoidable if we regard denoting phrases as standing
for genuine constituents of the propositions in whose verbal ex-
pressions they occur. Of the possible theories which admit such
constituents the simplest is that of Meinong.* This theory regards
any grammatically correct denoting phrase as standing for an
object. Thus ‘the present King of France’, ‘the round square’,
etc., are supposed to be genuine objects. It is admitted that such
objects do not subsist, but nevertheless they are supposed to be
objects. This is in itself a difficult view; but the chief objection is
that such objects, admittedly, are apt to infringe the law of con-
tradiction. It is contended, for example, that the existent present
King of France exists, and also does not exist; that the round
square is round, and also not round, etc. But this is intolerable ; and
if any theory can be found to avoid this result, it is surely to be
preferred.

The above breach of the law of contradiction is avoided by
Frege’s theory. He distinguishes, in a denoting phrase, two ele-
ments, which we may call the meaning and the denotation.t Thus
‘the centre of mass of the solar system at the beginning of the
twentieth century’ is highly complex in meaning, but its denotation
is a certain point, which is simple. The solar system, the twentieth
century, etc., are constituents of the meaning; but the denotation

* See Untersuchungen zur Gegenstandstheorie und Psychologie (Leipzig,
1904) the first three articles (by Meinong, Ameseder and Mally respec-
tively).

t See his ‘Ueber Sinn und Bedeutung’, Zeitschrift fiir Phil. und Phil.
Kritik, Vol. 100.



46 LOGIC AND KNOWLEDGE

has no constituents at all.* One advantage of this distinction is
that it shows why it is often worth while to assert identity. If we
say ‘Scott is the author of Waverley’, we assert an identity of
denotation with a difference of meaning. I shall, however, not
repeat the grounds in favour of this theory, as I have urged its
claims elsewhere (loc. cit.), and am now concerned to dispute
those claims.

One of the first difficulties that confront us, when we adopt the
view that denoting phrases express a meaning and denote a denota-
tion, } concerns the cases in which the denotation appears to be
absent. If we say ‘the King of England is bald’, that is, it would
seem, not a statement about the complex meaning ‘the King of
England’, but about the actual man denoted by the meaning. But
now consider ‘the King of France is bald’. By parity of form, this
also ought to be about the denotation of the phrase ¢ the King of
France’. But this phrase, though it has a meaning provided ‘the
King of England’ has a meaning, has certainly no denotation, at
least in any obvious sense. Hence one would suppose that ‘the
King of France is bald’ ought to be nonsense; but it is not non-
sense, since it is plainly false. Or again consider such a proposition
as the following: ‘If u is a class which has only one member, then
that one member is a member of #’, or, as we may state it, ‘If uis a
unit class, the u is a «’. This proposition ought to be always true,
since the conclusion is true whenever the hypothesis is true. But
‘the %’ is a denoting phrase, and it is the denotation, not the mean-
ing, that is said to be a u. Now if u is not a unit class, ‘the #’ seems
to denote nothing; hence our proposition would seem to become
nonsense as soon as # is not a unit class.

Now it is plain that such propositions do not become non-

* Frege distinguishes the two elements of meaning and denotation
everywhere, and not only in complex denoting phrases. Thus it is the
meanings of the constituents of a denoting complex that enter into its
meaning, not their denotation. In the proposition ‘Mont Blanc is over
1,000 metres high’, it is, according to him, the meaning of ‘Mont Blanc’,
not the actual mountain, that is a constituent of the meaning of the pro-
position.

t In this theory, we shall say that the denoting phrase expresses a mean-
ing; and we shall say both of the phrase and of the meaning that they
denote a denotation. In the other theory, which I advocate, there is no
meaning, and only sometimes a denotation.
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sense merely because their hypotheses are false. The King in
The Tempest might say, ‘If Ferdinand is not drowned, Ferdinand
is my only son’. Now ‘my only son’ is a denoting phrase, which,
on the face of it, has a denotation when, and only when, I have
exactly one son. But the above statement would nevertheless have
remained true if Ferdinand had been in fact drowned. Thus we
must either provide a denotation in cases in which it is at first
sight absent, or we must abandon the view that the denotation is
what is concerned in propositions which contain denoting phrases.
The latter is the course that I advocate. The former course may
be taken, as by Meinong, by admitting objects which do not sub-
sist, and denying that they obey the law of contradiction; this,
however, is to be avoided if possible. Another way of taking the
same course (so far as our present alternative is concerned) is
adopted by Frege, who provides by definition some purely con-
ventional denotation for the cases in which otherwise there would
be none. Thus ‘the King of France’, is to denote the null-class;
‘the only son of Mr. So-and-so’ (who has a fine family of ten), is to
denote the class of all his sons; and so on. But this procedure,
though it may not lead to actual logical error, is plainly artificial,
and does not give an exact analysis of the matter. Thus if we allow
that denoting phrases, in general, have the two sides of meaning
and denotation, the cases where there seems to be no denotation
cause difficulties both on the assumption that there really is a
denotation and on the assumption that there really is none.

A logical theory may be tested by its capacity for dealing with
puzzles, and it is a wholesome plan, in thinking about logic, to stock
the mind with as many puzzles as possible, since these serve much
the same purpose as is served by experiments in physical science.
I shall therefore state three puzzles which a theory as to denoting
ought to be able to solve; and I shall show later that my theory
solves them.

(1) Ifaisidentical with b, whatever is true of the one is true of the
other, and either may be substituted for the other in any proposi-
tion without altering the truth or falsehood of that proposition.
Now George IV wished to know whether Scott was the author of
Waverley; and in fact Scott was the author of Waverley. Hence
we may substitute Scott for the author of ‘Waverley’, and thereby
prove that George IV wished to know whether Scott was Scott.
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Yet an interest in the law of identity can hardly be attributed to
the first gentleman of Europe.

(2) By the law of excluded middle, either ‘4 is B’ or ‘4 is not B’
must be true. Hence either ‘the present King of France is bald’ or
‘the present King of France is not bald’ must be true. Yet if we
enumerated the things that are bald, and then the things that are
not bald, we should not find the present King of France in either
list. Hegelians, who love a synthesis, will probably conclude that
he wears a wig.

(3) Consider the proposition ‘4 differs from B’. If this is true,
there is a difference between 4 and B, which fact may be expressed
in the form ‘the difference between 4 and B subsists’. But if it is
false that 4 differs from B, then there is no difference between A4
and B, which fact may be expressed in the form ‘the difference
between A and B does not subsist’. But how can a non-entity be the
subject of a proposition? ‘I think, therefore I am’ is no more evi-
dent than ‘I am the subject of a proposition, therefore I am’,
provided ‘I am’ is taken to assert subsistence or being,* not exist-
ence. Hence, it would appear, it must always be self-contradictory
to deny the being of anything; but we have seen, in connexion with
Meinong, that to admit being also sometimes leads to contradictions.
Thus if 4 and B do not differ, to suppose either that there is, or
that there is not, such an object as ‘the difference between 4 and
B’ seems equally impossible.

The relation of the meaning to the denotation involves certain
rather curious difficulties, which seem in themselves sufficient to
prove that the theory which leads to such difficulties must be
wrong.

When we wish to speak about the meaning of a denoting phrase,
as opposed to its denotation, the natural mode of doing so is by
inverted commas. Thus we say:

The centre of mass of the solar system is a point, not a denoting
complex;

‘The centre of mass of the solar system’ is a denoting complex,
not a point.

Or again,

The first line of Gray’s Elegy states a proposition.

* T use these as synonyms.
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“The first line of Gray’s Elegy’ does not state a proposition. Thus
taking any denoting phrase, say C, we wish to consider the relation
between C and ‘C’, where the difference of the two is of the kind
exemplified in the above two instances.

We say, to begin with, that when C occurs it is the denotation
that we are speaking about; but when ‘C’ occurs, it is the meaning.
Now the relation of meaning and denotation is not merely linguis-
tic through the phrase: there must be a logical relation involved,
which we express by saying that the meaning denotes the denota-
tion. But the difficulty which confronts us is that we cannot suc-
ceed in both preserving the connexion of meaning and denotation
and preventing them from being one and the same; also that the
meaning cannot be got at except by means of denoting phrases.
This happens as follows.

The one phrase C was to have both meaning and denotation.
But if we speak of ‘the meaning of C’, that gives us the meaning
(if any) of the denotation. ‘The meaning of the first line of Gray’s
Elegy’ is the same as ‘The meaning of ‘“The curfew tolls the knell
of parting day”,” and is not the same as “The meaning of ‘“‘the first
line of Gray’s Elegy”.” Thus in order to get the meaning we want,
we must speak not of ‘the meaning of C’, but of ‘the meaning of
“C”,” which is the same as ‘C’ by itself. Similarly ‘the denotation
of C’ does not mean the denotation we want, but means something
which, if it denotes at all, denotes what is denoted by the denota-
tion we want. For example, let ‘C’ be ‘the denoting complex
occurring in the second of the above instances’. Then

C = ‘the first line of Gray’s Elegy’, and

the denotation of C = The curfew tolls the knell of parting day.
But what we meant to have as the denotation was ‘the first line of
Gray’s Elegy’. Thus we have failed to get what we wanted.
The difficulty in speaking of the meaning of a denoting complex
may be stated thus: The moment we put the complex in a pro-
position, the proposition is about the denotation; and if we make
a proposition in which the subject is ‘the meaning of C’, then the
subject is the meaning (if any) of the denotation, which was not
intended. This leads us to say that, when we distinguish meaning
and denotation, we must be dealing with the meaning: the mean-
ing has denotation and is a complex, and there is not something
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other than the meaning, which can be called the complex,
and be said to have both meaning and denotation. The right
phrase, on the view in question, is that some meanings have
denotations.

But this only makes our difficulty in speaking of meanings more
evident. For suppose C is our complex; then we are to say that C
is the meaning of the complex. Nevertheless, whenever C occurs
without inverted commas, what is said is not true of the meaning,
but only of the denotation, as when we say: The centre of mass of
the solar system is a point. Thus to speak of C itself, i.e., to make a
proposition about the meaning, our subject must not be C, but
something which denotes C. Thus ‘C’, which is what we use when
we want to speak of the meaning, must be not the meaning, but
something which denotes the meaning. And C must not be a
constituent of this complex (as it is of ‘the meaning of C’); for if
C occurs in the complex, it will be its denotation, not its meaning,
that will occur, and there is no backward road from denotations
to meanings, because every object can be denoted by an infinite
number of different denoting phrases.

Thus it would seem that ‘C’ and C are different entities, such
that ‘C’ denotes C; but this cannot be an explanation, because the
relation of ‘C’ to C remains wholly mysterious; and where are we
to find the denoting complex ‘C” which is to denote C? Moreover,
when C occurs in a proposition, it is not only the denotation that
occurs (as we shall see in the next paragraph); yet, on the view in
question, C is only the denotation, the meaning being wholly rele-
gated to ‘C’. This is an inextricable tangle, and seems to prove
that the whole distinction of meaning and denotation has been
wrongly conceived.

That the meaning is relevant when a denoting phrase occurs in
a proposition is formally proved by the puzzle about the author
of Waverley. The proposition ‘Scott was the author of Waverley’
has a property not possessed by ‘Scott was Scott’, namely the
property that George IV wished to know whether it was true.
Thus the two are not identical propositions; hence the meaning
of ‘the author of Waverley’ must be relevant as well as the denota-
tion, if we adhere to the point of view to which this distinction
belongs. Yet, as we have just seen, so long as we adhere to this
point of view, we are compelled to hold that only the denotation
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can be relevant. Thus the point of view in question must be
abandoned.

It remains to show how all the puzzles we have been considering
are solved by the theory explained at the beginning of this article.

According to the view which I advocate, a denoting phrase is
essentially part of a sentence, and does not, like most single words,
have any significance on its own account. If I say ‘Scott was a man’,
that is a statement of the form ‘x was a man’, and it has ‘Scott’ for
its subject. But if I say ‘the author of Waverley was a man’, that is
not a statement of the form ‘x was a man’, and does not have ‘the
author of Waverley’ for its subject. Abbreviating the statement
made at the beginning of this article, we may put, in place of ‘the
author of Waverley was a man’, the following: ‘One and only one
entity wrote Waverley, and that one was a man’. (This is not so
strictly what is meant as what was said earlier; but it is easier to
follow.) And speaking generally, suppose we wish to say that the
author of Waverley had the property ¢, what we wish to say is
equivalent to ‘One and only one entity wrote Waverley, and that
one had the property ¢'.

The explanation of denotation is now as follows. Every proposi-
tion in which ‘the author of Waverley’ occurs being explained as
above, the proposition ‘Scott was the author of Waverley’ (i.e.
‘Scott was identical with the author of Wauverley’) becomes ‘One
and only one entity wrote Waverley, and Scott was identical with
that one’; or, reverting to the wholly explicit form:‘It is not always
false of x that x wrote Waverley, that it is always true of y that if y
wrote Waverley y is identical with x, and that Scott is identical
with x’. Thus if ‘C’ is a denoting phrase, it may happen that there
is one entity x (there cannot be more than one) for which the pro-
position ‘x is identical with C” is true, this proposition being inter-
preted as above. We may then say that the entity x is the denota-
tion of the phrase ‘C’. Thus Scott is the denotation of ‘the author
of Waverley'. The ‘C’ in inverted commas will be merely the phrase,
not anything that can be called the meaning. The phrase per se has
no meaning, because in any proposition in which it occurs the
proposition, fully expressed, does not contain the phrase, which
has been broken up.

The puzzle about George IV’s curiosity is now seen to have a
very simple solution. The proposition ‘Scott was the author of
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Waverley’, which was written out in its unabbreviated form in the
preceding paragraph, does not contain any constituent ‘the author
of Waverley’ for which we could substitute ‘Scott’. This does not
interfere with the truth of inferences resulting from making what
is verbally the substitution of ‘Scott’ for ‘the author of Waverley’,
so long as ‘the author of Waverley’ has what I call a primary
occurrence in the proposition considered. The difference of pri-
mary and secondary occurrences of denoting phrases is as follows:

When we say: ‘George IV wished to know whether so-and-so’,
or when we say ‘So-and-so is surprising’ or ‘So-and-so is true’,
etc., the ‘so-and-so’ must be a proposition. Suppose now that
‘so-and-so’ contains a denoting phrase. We may either eliminate
this denoting phrase from the subordinate proposition ‘so-and-so’,
or from the whole proposition in which ‘so-and-so’ is a mere
constituent. Different propositions result according to which we
do. I have heard of a touchy owner of a yacht to whom a guest, on
first seeing it, remarked, ‘I thought your yacht was larger than it
is’; and the owner replied, ‘No, my yacht is not larger than it is’.
What the guest meant was, ‘The size that I thought your yacht
was is greater than the size your yacht is’; the meaning attributed
to him is, ‘I thought the size of your yacht was greater than the
size of your yacht’. To return to George IV and Waverley, when
we say, ‘George IV wished to know whether Scott was the author
of Waverley’, we normally mean ‘George IV wished to know
whether one and only one man wrote Waverley and Scott was that
man’; but we may also mean: ‘One and only one man wrote
Waverley, and George IV wished to know whether Scott was that
man’. In the latter, ‘the author of Waverley’ has a primary occur-
rence; in the former, a secondary. The latter might be expressed by
‘George IV wished to know, concerning the man who in fact
wrote Waverley, whether he was Scott’. This would be true, for
example, if George IV had seen Scott at a distance, and had asked
‘Is that Scott?’. A secondary occurrence of a denoting phrase may
be defined as one in which the phrase occurs in a proposition p
which is a mere constituent of the proposition we are considering,
and the substitution for the denoting phrase is to be effected in p,
not in the whole proposition concerned. The ambiguity as between
primary and secondary occurrences is hard to avoid in language;
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but it does no harm if we are on our guard against it. In symbolic
logic it is of course easily avoided.

The distinction of primary and secondary occurrences also
enables us to deal with the question whether the present King of
France is bald or not bald, and generally with the logical status of
denoting phrases that denote nothing. If ‘C’ is a denoting phrase,
say ‘the term having the property F”, then
‘C has the property ¢’ means ‘one and only one term has the

property F, and that one has the property ¢’.*

If now the property F belongs to no terms, or to several, it follows
that ‘C has the property ¢’ is false for all values of ¢. Thus ‘the
present King of France is bald’ is certainly false; and ‘the present
King of France is not bald’ is false if it means

“There is an entity which is now King of France and is not bald’,
but is true if it means

‘It is false that there is an entity which is now King of France and
is bald’.

That is, ‘the King of France is not bald’ is false if the occurrence
of ‘the King of France’ is primary, and true if it is secondary. Thus
all propositions in which ‘the King of France’ has a primary
occurrence are false; the denials of such propositions are true, but
in them ‘the King of France’ has a secondary occurrence. Thus we
escape the conclusion that the King of France has a wig.

We can now see also how to deny that there is such an object as
the difference between 4 and B in the case when 4 and B do not
differ. If 4 and B do differ, there is one and only one entity x such
that ‘x is the difference between 4 and B’ is a true proposition;
if 4 and B do not differ, there is no such entity x. Thus according
to the meaning of denotation lately explained, ‘the difference be-
tween A and B’ has a denotation when A and B differ, but not
otherwise. This difference applies to true and false propositions
generally. If ‘a R stands for ‘a has the relation R to ¥, then
when a R b is true, there is such an entity as the relation R between
a and &; when a R b is false, there is no such entity. Thus out of
any proposition we can make a denoting phrase, which denotes
an entity if the proposition is true, but does not denote an entity

* This is the abbreviated, not the stricter, interpretation.

):4
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if the proposition is false. E.g., it is true (at least we will suppose
so) that the earth revolves round the sun, and false that the sun
revolves round the earth; hence ‘the revolution of the earth round
the sun’ denotes an entity, while ‘the revolution of the sun round
the earth’ does not denote an entity.*

The whole realm of non-entities, such as ‘the round square’
‘the even prime other than 2’, ‘Apollo’, ‘Hamlet’, etc., can now be
satisfactorily dealt with. All these are denoting phrases which do
not denote anything. A proposition about Apollo means what we
get by substituting what the classical dictionary tells us is meant
by Apollo, say ‘the sun-god’. All propositions in which Apollo
occurs are to be interpreted by the above rules for denoting
phrases. If ‘Apollo’ has a primary occurrence, the proposition con-
taining the occurrence is false; if the occurrence is secondary, the
proposition may be true. So again ‘the round square is round’
means ‘there is one and only one entity x which is round and
square, and that entity is round’, which is a false proposition, not,
as Meinong maintains, a true one. “The most perfect Being has all
perfections; existence is a perfection; therefore the most perfect
Being exists’ becomes:

“There is one and only one entity x which is most perfect; that
one has all perfections; existence is a perfection; therefore that
one exists’. As a proof, this fails for want of a proof of the premiss
‘there is one and only one entity x which is most perfect’.

Mr. MacColl (Mind, N.S., No. 54, and again No. 55, page 401)
regards individuals as of two sorts, real and unreal; hence he
defines the null-class as the class consisting of all unreal individuals.
This assumes that such phrases as ‘the present King of France’,
which do not denote a real individual, do, nevertheless, denote an
individual, but an unreal one. This is essentially Meinong’s theory,
which we have seen reason to reject because it conflicts with the
law of contradiction. With our theory of denoting, we are able to

* The propositions from which such entities are derived are not iden-
tical either with these entities or with the propositions that these entities
have being.

t The argument can be made to prove validly that all members of the
class of most perfect Beings exist; it can also be proved formally that this
class cannot have more than one member; but, taking the definition of

perfection as possession of all positive predicates, it can be proved almost
equally formally that the class does not have even one member.
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hold that there are no unreal individuals; so that the null-class is
the class containing no members, not the class containing as mem-
bers all unreal individuals.

It is important to observe the effect of our theory on the inter-
pretation of definitions which proceed by means of denoting
phrases. Most mathematical definitions are of this sort; for example
‘m—n means the number which, added to 7, gives m’. Thus m—n
is defined as meaning the same as a certain denoting phrase; but
we agreed that denoting phrases have no meaning in isolation. Thus
what the definition really ought to be is: ‘Any proposition contain-
ing m— n is to mean the proposition which results from substituting
for “m—n" “‘the number which, added to #, gives m”’." The result-
ing proposition is interpreted according to the rules already given
for interpreting propositions whose verbal expression contains a
denoting phrase. In the case where m and n are such that there is
one and only one number x which, added to n, gives m, there is a
number x which can be substituted for m—n in any proposition
containing m—n without altering the truth or falsehood of the
proposition. But in other cases, all propositions in which ‘m—n»’
has a primary occurrence are false.

The usefulness of identity is explained by the above theory.
No one outside a logic-book ever wishes to say ‘x is x’, and yet
assertions of identity are often made in such forms as ‘Scott was
the author of Wawverley’ or ‘thou art the man’. The meaning of such
propositions cannot be stated without the notion of identity, al-
though they are not simply statements that Scott is identical with
another term, the author of Waverley, or that thou art identical with
another term, the man. The shortest statement of ‘Scott is the
author of Waverley’ seems to be ‘Scott wrote Waverley; and it is
always true of y that if y wrote Waverley, y is identical with Scott’.
It is in this way that identity enters into ‘Scott is the author of
Waverley’; and it is owing to such uses that identity is worth
affirming.

One interesting result of the above theory of denoting is this:
when there is anything with which we do not have immediate
acquaintance, but only definition by denoting phrases, then the
propositions in which this thing is introduced by means of a
denoting phrase do not really contain this thing as a constituent,
but contain instead the constituents expressed by the several words
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of the denoting phrase. Thus in every proposition that we can
apprehend (i.e. not only in those whose truth or falsehood we can
judge of, but in all that we can think about), all the constituents
are really entities with which we have immediate acquaintance.
Now such things as matter (in the sense in which matter occurs
in physics) and the minds of other people are known to us only by
denoting phrases, i.e. we are not acquainted with them, but we
know them as what has such and such properties. Hence, although
we can form propositional functions C (x) which must hold of
such and such a material particle, or of So-and-so’s mind, yet we
are not acquainted with the propositions which affirm these things
that we know must be true, because we cannot apprehend the
actual entities concerned. What we know is ‘So-and-so has a mind
which has such and such properties’ but we do not know ‘4 has
such and such properties’, where 4 is the mind in question. In
such a case, we know the properties of a thing without having
acquaintance with the thing itself, and without, consequently,
knowing any single proposition of which the thing itself is a
constituent.

Of the many other consequences of the view I have been advo-
cating, I will say nothing. I will only beg the reader not to make up
his mind against the view—as he might be tempted to do, on
account of its apparently excessive complication—until he has
attempted to construct a theory of his own on the subject of
denotation. This attempt, I believe, will convince him that, what-
ever the true theory may be, it cannot have such a simplicity as
one might have expected beforehand.



Mathematical Logic as based on the Theory of
Types

In this paper, originally published in the AMERICAN JOURNAL OF
MATHEMATICS, Russell offers his celebrated approach to the solution
of a set of classical mathematical and logical problems involving the
appearance of contradiction. The doctrine of types (as he then called
it) was ‘put forward tentatively’ in the second appendix to THE
PrINCIPLES OF MATHEMATICS, a valuable discussion from the point
of view of history, since it shows us these ideas in the form they took
shortly after they first came to Russell in the opening years of the
century, although (in the words of the Iniroduction he wrote to the
second edition of the PRINCIPLES in 1937) as ‘only a rough sketch’.
The paper reprinted here gives us what was in effect the finished
theory, although these ideas are better seen in the larger context in
which they reappear in the first volume of the PRINCIPIA MATHE-
MATICA (1910).

The theory of types has played such an important role in modern
philosophy that it is pointless to comment further on ils significance,
other than to say that this paper is one of Russell’s finest and univers-
ally acknowledged to be a masterpiece of recent philosophic thought.
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MATHEMATICAL LOGIC AS BASED ON
THE THEORY OF TYPES

THE following theory of symbolic logic recommended itself to
me in the first instance by its ability to solve certain contradictions,
of which the one best known to mathematicians is Burali-Forti’s
concerning the greatest ordinal.* But the theory in question seems
not wholly dependent on this indirect recommendation; it has also,
if I am not mistaken, a certain consonance with common sense
which makes it inherently credible. This, however, is not a merit
upon which much stress should be laid; for common sense is far
more fallible than it likes to believe. I shall therefore begin by
stating some of the contradictions to be solved, and shall then show
how the theory of logical types effects their solution.

I. THE CONTRADICTIONS

(1) The oldest contradiction of the kind in question is the
Epimenides. Epimenides the Cretan said that all Cretans were liars,
and all other statements made by Cretans were certainly lies. Was
this a lie? The simplest form of this contradiction is afforded by
the man who says ‘I am lying’; if he is lying, he is speaking the
truth, and vice versa.

(2) Let w be the class of all those classes which are not members
of themselves. Then, whatever class x may be, ‘x is a @’ is equiva-
lent t to ‘x is not an x’. Hence, giving to x the value w, ‘wis a w’ is
equivalent to ‘w is not a w’.

(3) Let T be the relation which subsists between two relations
R and S whenever R does not have the relation R to S. Then,

* See below.
t Two propositions are called equivalent when both are true or both are
false.
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whatever relations R and .S may be, ‘R has the relation 7 to S’is
equivalent to ‘R does not have the relation R to S’. Hence, giving
the value T to both R and S, ‘T has the relation T to T is equiva-
lent to ‘T does not have the relation T to 7.

(4) The number of syllables in the English names of finite inte-
gers tends to increase as the integers grow larger, and must gradu-
ally increase indefinitely, since only a finite number of names can
be made with a given finite number of syllables. Hence the names
of some integers must consist of at least nineteen syllables, and
among these there must be a least. Hence ‘the least integer not
nameable in fewer than nineteen syllables’ must denote a definite
integer; in fact, it denotes 111,777. But ‘the least integer not name-
able in fewer than nineteen syllables’ is itself a name consisting
of eighteen syllables; hence the least integer not nameable in fewer
than nineteen syllables can be named in eighteen syllables, which
is a contradiction.*

(5) Among transfinite ordinals some can be defined, while others
can not; for the total number of possible definitions is &,, while
the number of transfinite ordinals exceeds §,. Hence there must
be indefinable ordinals, and among these there must be a least.
But this is defined as ‘the least indefinable ordinal’, which is a
contradiction.t

(6) Richard’s paradox] is akin to that of the least indefinable
ordinal. It is as follows: Consider all decimals that can be defined
by means of a finite number of words; let E be the class of such
decimals. Then E has §&, terms; hence its members can be ordered
as the 1st, 2nd, 3rd, . .. Let N be a number defined as follows: If
the nth figure in the ath decimal is p, let the nth figure in N be
p+1 (or o, if p=9g). Then N is different from all the members of

* This contradiction was suggested to me by Mr. G. G. Berry of the
Bodleian Library.

t Cf. Konig, ‘Uber die Grundlagen der Mengenlehre und das Kon-
tinuum-problem’, Math. Annalen, Vol. LXI (19035); A. C. Dixon, ‘On
“well-ordered” aggregates’, Proc. London Math. Soc., Series 2, Vol. IV,
Part I (1906); and E. W. Hobson, ‘On the Arithmetic Continuum’, ibid.
The solution offered in the last of these papers does not seem to me
adequate.

1 Cf. Poincaré, ‘Les mathématiques et la logique’, Revue de Méta-

physique et de Morale (May, 1906), especially sections VII and IX; also
Peano, Revista de Mathematica, Vol. VII1, No. 5 (1906), p. 149 ff.
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E, since, whatever finite value » may have, the nth figure in N is
different from the nth figure in the ath of the decimals composing
E, and therefore N is different from the nth decimal. Nevertheless.
we have defined N in a finite number of words, and therefore N
ought to be a member of E. Thus N both is and is not a member
of E.

(7) Burali-Forti’s contradiction* may be stated as follows: It
can be shown that every well-ordered series has an ordinal number,
that the series of ordinals up to and including any given ordinal
exceeds the given ordinal by one, and (on certain very natural
assumptions) that the series of all ordinals (in order of magnitude)
is well ordered. It follows that the series of all ordinals has an
ordinal number, Q say. But in that case the series of all ordinals
including Q has the ordinal number Q + 1, which must be greater
than Q. Hence Q is not the ordinal number of all ordinals.

In all the above contradictions (which are merely selections from
an indefinite number) there is a common characteristic, which we
may describe as self-reference or reflexiveness. The remark of
Epimenides must include itself in its own scope. If all classes, pro-
vided they are not members of themselves, are members of w, this
must also apply to w; and similarly for the analogous relational
contradiction. In the cases of names and definitions, the paradoxes
result from considering non-nameability and indcfinability as ele-
ments in names and definitions. In the case of Burali-Forti’s para-
dox, the series whose ordinal number causes the difficulty is the
series of all ordinal numbers. In each contradiction something is
said about all cases of some kind, and from what is said a new case
seems to be generated, which both is and is not of the same kind
as the cases of which all were concerned in what was said. Let us
go through the contradictions one by one and see how this occurs.

(1) When a man says ‘I am lying’, we may interpret his state-
ment as : ‘There is a proposition which I am affirming and which
is false’. All statements that ‘there is’ so-and-so may be regarded
as denying that the opposite is always true; thus ‘I am lying’ be-
comes: ‘It is not true of all propositions that either I am not affirm-
ing them or they are true’; in other words, ‘It is not true for all
propositions p that if I affirm p, p is true’. The paradox results

* ‘Una questione sui numeri transfiniti’, Rendiconti del circolo mate-
matico di Palermo, Vol. XI (1897).
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from regarding this statement as affirming a proposition, which
must therefore come within the scope of the statement. This, how-
ever, makes it evident that the notion of ‘all propositions’ is illegiti-
mate; for otherwise, there must be propositions (such as the above)
which are about all propositions, and yet can not, without contra-
diction, be included among the propositions they are about. What-
ever we suppose to be the totality of propositions, statements about
this totality generate new propositions which, on pain of contra-
diction, must lie outside the totality. It is useless to enlarge the
totality, for that equally enlarges the scope of statements about
the totality. Hence there must be no totality of propositions, and
‘all propositions’ must be a meaningless phrase.

(2) In this case, the class w is defined by reference to ‘all classes’,
and then turns out to be one among classes. If we seek help by
deciding that no class is a member of itself, then @ becomes the
class of all classes, and we have to decide that this is not a member
of itself, i.e., is not a class. This is only possible if there is no such
thing as the class of all classes in the sense required by the paradox.
That there is no such class results from the fact that, if we suppose
there is, the supposition immediately gives rise (as in the above
contradiction) to new classes lying outside the supposed total of
all classes.

(3) This case is exactly analogous to (2), and shows that we can
not legitimately speak of ‘all relations’.

(4) “The least integer not nameable in fewer than nineteen syl-
lables’ involves the totality of names, for it is ‘the least integer such
that all names either do not apply to it or have more than nineteen
syllables’. Here we assume, in obtaining the contradiction, that a
phrase containing ‘all names’ is itself a name, though it appears
from the contradiction that it can not be one of the names which
were supposed to be all the names there are. Hence ‘all names’ is
an illegitimate notion.

(5) This case, similarly, shows that ‘all definitions’ is an illegiti-
mate notion.

(6) This is solved, like (5), by remarking that ‘all definitions’ is
an illegitimate notion. Thus the number E is not defined in a finite
number of words, being in fact not defined at all.*

* Cf. ‘Les paradoxes de la logique’, by the present author, Revue de
Meétaphysique et de Morale (September, 1906), p. 645.
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(7) Burali-Forti’s contradiction shows that ‘all ordinals’ is an
illegitimate notion; for if not, all ordinals in order of magnitude
form a well-ordered series, which must have an ordinal number
greater than all ordinals. '

Thus all our contradictions have in common the assumption of
a totality such that, if it were legitimate, it would at once be en-
larged by new members defined in terms of itself.

This leads us to the rule: ‘Whatever involves all of a collection
must not be one of the collection’; or, conversely: ‘If, provided a
certain collection had a total, it would have members only definable
in terms of that total, then the said collection has no total’.*

The above principle is, however, purely negative in its scope.
It suffices to show that many theories are wrong, but it does not
show how the errors are to be rectified. We can not say: ‘When I
speak of all propositions, I mean all except those in which “all
propositions” are mentioned’; for in this explanation we have
mentioned the propositions in which all propositions are men-
tioned, which we can not do significantly. It is impossible to avoid
mentioning a thing by mentioning that we won’t mention it. One
might as well, in talking to a man with a long nose, say: ‘When I
speak of noses, I except such as are inordinately long’, which would
not be a very successful effort to avoid a painful topic. Thus it is
necessary, if we are not to sin against the above negative principle,
to construct our logic without mentioning such things as ‘all pro-
positions’ or ‘all properties’, and without even having to say that
we are excluding such things. The exclusion must result naturally
and inevitably from our positive doctrines, which must make it
plain that ‘all propositions’ and ‘all properties’ are meaningless
phrases.

The first difficulty that confronts us is as to the fundamental
principles of logic known under the quaint name of ‘laws of
thought’. ‘All propositions are either true or false’, for example, has
become meaningless. If it were significant, it would be a proposi-
tion, and would come under its own scope. Nevertheless, some

* When I say that a collection has no total, I mean that statements about
all its members are nonsense. Furthermore, it will be found that the use
of this principle requires the distinction of all and any considered in
Section 1I.
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substitute must be found, or all general accounts of deduction be-
come impossible.

Another more special difficulty is illustrated by the particular
case of mathematical induction. We want to be able to say: ‘If n
is a finite integer, # has all properties possessed by o and by the
successors of all numbers possessing them’. But here ‘all pro-
perties’ must be replaced by some other phrase not open to the
same objections. It might be thought that ‘all properties possessed
by o and by the successors of all numbers possessing them’ might
be legitimate even if ‘all properties’ were not. But in fact this is
not so. We shall find that phrases of the form ‘all properties which
etc.” involve all properties of which the ‘etc.’ can be significantly
either affirmed or denied, and not only those which in fact have
whatever characteristic is in question; for, in the absence of a cata-
logue of properties having this characteristic, a statement about all
those that have the characteristic must be hypothetical, and of the
form: ‘It is always true that, if a property has the said character-
istic, then etc.” Thus mathematical induction is prima facie incap-
able of being significantly enunciated, if ‘all properties’ is a phrase
destitute of meaning. This difficulty, as we shall sce later, can be
avoided; for the present we must consider the laws of logic, since
these are far more fundamental.

II. ALL AND ANY

Given a statement containing a variable x, say ‘x=x’, we may
affirm that this holds in all instances, or we may affirm any one of
the instances without deciding as to which instance we are affirm-
ing. The distinction is roughly the same as that between the general
and particular enunciation in Euclid. The general enunciation tells
us something about (say) all triangles, while the particular enuncia-
tion takes one triangle, and asserts the same thing of this one tri-
angle. But the triangle taken is any triangle, not some one special
triangle; and thus although, throughout the proof, only one tri-
angle is dealt with, yet the proof retains its generality. If we say:
‘Let ABC be a triangle, then the sides AB, AC are together greater
than the side BC’, we are saying something about one triangle, not
about all triangles; but the one triangle concerned is absolutely
ambiguous, and our statement consequently is also absolutely
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ambiguous. We do not affirm any one definite proposition, but an
undetermined one of all the propositions resulting from supposing
ABC to be this or that triangle. This notion of ambiguous asser-
tion is very important, and it is vital not to confound an ambiguous
assertion with the definite assertion that the same thing holds in
all cases.

The distinction between (1) asserting any value of a proposi-
tional function, and (2) asserting that the function is always true,
is present throughout mathematics, as it is in Euclid’s distinction
of general and particular enunciations. In any chain of mathe-
matical reasoning, the objects whose properties are being investi-
gated are the arguments to any value of some propositional func-
tion. Take as an illustration the following definition:

‘We call f(x) continuous for x = a if, for every positive number o,
different from o, there exists a positive number ¢, different from o,
such that, for all values of § which are numerically less than e, the
difference f(a+ 8)—f(a) is numerically less than ¢.’

Here the function f is any function for which the above state-
ment has a meaning; the statement is about f, and varies as f varies.
But the statement is not about o or e or §, because all possible
values of these are concerned, not one undetermined value. (In
regard to ¢, the statement ‘there exists a positive number ¢ such
that efc.” is the denial that the denial of ‘etc.’ is true of all positive
numbers.) For this reason, when any value of a propositional func-
tion is asserted, the argument (e.g., f in the above) is called a real
variable; whereas, when a function is said to be always true, or to
be not always true, the argument is called an apparent variable.*
Thus in the above definition, f is a real variable, and o, ¢, § are
apparent variables.

When we assert any value of a propositional function, we shall
say simply that we assert the propositional function. Thus if we
enunciate the law of identity in the form ‘x=x’, we are asserting
the function ‘x=x’; i.e., we are asserting any value of this func-
tion. Similarly we may be said to deny a propositional function
when we deny any instance of it. We can only truly assert a pro-
positional function if, whatever value we choose, that value is true;

* These two terms are due to Peano, who uses them approximately in
the above sense. Cf., e.g., Formulaire Mathématique (Turin, 1903), Vol.
IV, p.s.
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similarly we can only truly deny it if, whatever value we choose,
that value is false. Hence in the general case, in which some values
are true and some false, we can neither assert nor deny a proposi-
tional function.*

If ¢x is a propositional function, we will denote by (x).$x’ the
proposition ‘x is always true’. Similarly ‘(x, y) . ¢ (x, )’ will mean
‘b (», y) is always true’, and so on. Then the distinction between
the assertion of all values and the assertion of any is the distinction
between (1) asserting (x).$x and (2) asserting ¢x where x is un-
determined. The latter differs from the former in that it can not
be treated as one determinate proposition.

The distinction between asserting ¢x and asserting (x) . px was,
I believe, first emphasized by Frege.} His reason for introducing the
distinction explicitly was the same which had caused it to be pre-
sent in the practice of mathematicians; namely, that deduction
can only be effected with real variables, not with apparent variables.
In the case of Euclid’s proofs, this is evident: we need (say) some
one triangle ABC to reason about, though it does not matter what
triangle it is. The triangle ABC is a real variable; and although
it is any triangle, it remains the same triangle throughout the argu-
ment. But in the general enunciation, the triangle is an apparent
variable. If we adhere to the apparent variable, we can not perform
any deductions, and this is why in all proofs, real variables have
to be used. Suppose, to take the simplest case, that we know ‘¢x is
always true’, i.e. ‘(x).¢x’, and we know ‘¢x always implies x’,
1.e. {(x).{¢x implies ux}’. How shall we infer “Jx is always true’,
i.e. ‘(x).¢x’? We know it is always true that if ¢x is true, and if
éx implies ix, then Yux is true. But we have no premises to the
effect that ¢x is true and ¢x implies x; what we have is: ¢x is
always true, and ¢x always implies Yx. In order to make our infer-
ence, we must go from ‘bx is always true’ to ¢x, and from ‘¢x
always implies ¢ix’ to ‘bx implies ¢x’, where the x, while remaining
any possible argument, is to be the same in both. Then, from ‘¢x’

* Mr. MacColl speaks of ‘propositions’ as divided into the three classes
of certain, variable, and impossible. We may accept this division as
applying to propositional functions. A function which can be asserted is
certain, one which can be denied is impossible, and all others are (in Mr.
MacColl’s sense) variable.

t See his Grundgesetze der Arithmetik (Jena, 1893), Vol. I, § 17, p. 31.
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and ‘¢x implies x’, we infer “Yx’; thus Y is true for any possible
argument, and therefore is always true. Thus in order to infer
‘(%) . ¢’ from ‘(x).¢x" and ‘(x) . {px implies x}’, we have to pass
from the apparent to the real variable, and then back again to the
apparent variable. This process is required in all mathematical
reasoning which proceeds from the assertion of all values of one
or more propositional functions to the assertion of all values of
some other propositional function, as, e.g., from ‘all isosceles
triangles have equal angles at the base’ to ‘all triangles having equal
angles at the base are isosceles’. In particular, this process is re-
quired in proving Barbara and the other moods of the syllogism.
In a word, all deduction operates with real variables (or with
constants).

It might be supposed that we could dispense with apparent
variables altogether, contenting ourselves with any as a substitute
for all. This, however, is not the case. Take, for example, the
definition of a continuous function quoted above: in this defini-
tion o, ¢, and 8 must be apparent variables. Apparent variables
are constantly required for definitions. Take, e.g., the following:
‘An integer is called a prime when it has no integral factors except
1 and itself’. This definition unavoidably involves an apparent
variable in the form: ‘If # is an integer other than 1 or the given
integer, 7 is not a factor of the given integer, for all possible values
of n’.

The distinction between all and any is, therefore, necessary to
deductive reasoning, and occurs throughout mathematics; though,
so far as I know, its importance remained unnoticed until Frege
pointed it out.

For our purposes it has a different utility, which is very great.
In the case of such variables as propositions or properties, ‘any
value’ is legitimate, though ‘all values’ is not. Thus we may say:
‘p is true or false, where p is any proposition’, though we can not
say ‘all propositions are true or false’. The reason is that, in the
former, we merely affirm an undetermined one of the propositions
of the form ‘p is true or false’, whereas in the latter we affirm (if
anything) a new proposition, different from all the propositions of
the form ‘p is true or false’. Thus we may admit ‘any value’ of a
variable in cases where ‘all values’ would lead to reflexive fallacies;
for the admission of ‘any value’ does not in the same way create
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new values. Hence the fundamental laws of logic can be stated
concerning any proposition, though we can not significantly say
that they hold of all propositions. These laws have, so to speak, a
particular enunciation but no general enunciation. There is no
one proposition which zs the law of contradiction (say); there are
only the various instances of the law. Of any proposition p, we can
say: ‘p and not-p can not both be true’; but there is no such pro-
position as: ‘Every proposition p is such that p and not-p can not
both be true’.

A similar explanation applies to properties. We can speak of any
property of x, but not of all properties, because new properties
would be thereby generated. Thus we can say: ‘If n is a finite
integer, and if o has the property ¢, and m+ 1 has the property ¢
provided m has it, it follows that n has the property ¢’. Here we
need not specify ¢; ¢ stands for ‘any property’. But we can not say:
‘A finite integer is defined as one which has every property ¢
possessed by o and by the successors of possessors’. For here it is
essential to consider every property,* not any property; and in
using such a definition we assume that it embodies a property
distinctive of finite integers, which is just the kind of assumption
from which, as we saw, the reflexive contradictions spring.

In the above instance, it is necessary to avoid the suggestions of
ordinary language, which is not suitable for expressing the distinc-
tion required. The point may be illustrated further as follows: If
induction is to be used for defining finite integers, induction must
state a definite property of finite integers, not an ambiguous pro-
perty. But if ¢ is a real variable, the statement ‘# has the property
¢ provided this property is possessed by o and by the successors
of possessors’ assigns to # a property which varies as ¢ varies, and
such a property can not be used to define the class of finite integers.
We wish to say: ‘“z is a finite integer’”” means: “Whatever pro-
perty ¢ may be, 7 has the property ¢ provided ¢ is possessed by o
and by the successors of possessors”.” But here ¢ has become an
apparent variable. To keep it a real variable, we should have to say:
‘Whatever property ¢ may be, ‘“‘n is a finite integer” means: “n
has the property ¢ provided ¢ is possessed by o and by the succes-
sors of possessors”.” But here the meaning of ‘“z is a finite integer”
varies as ¢ varies, and thus such a definition is impossible. This

* This is indistinguishable from ‘all properties’.
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case illustrates an important point, namely the following: ‘The
scope* of a real variable can never be less than the whole proposi-
tional function in the assertion of which the said variable occurs’,,
That is, if our propositional function is (say) ‘¢x implies p’, the
assertion of this function will mean ‘any value of “‘¢x implies p”
is true’, not ‘ “‘any value of ¢x is true” implies p’. In the latter, we
have really ‘all values of ¢x are true’, and the x is an apparent
variable.

I11I. THE MEANING AND RANGE OF GENERALIZED
PROPOSITIONS

In this section we have to consider first the meaning of proposi-
tions in which the word all occurs, and then the kind of collections
which admit of propositions about all their members.

It is convenient to give the name generalized propositions not
only to such as contain all, but also to such as contain some (un-
defined). The proposition ‘px is sometimes true’ is equivalent to the
denial of ‘not-¢ux is always true’; ‘some 4 is B’ is equivalent to the
denial of ‘all 4 is not B’; i.e., of ‘no 4 is B’. Whether it is possible
to find interpretations which distinguish ‘px is sometimes true’
from the denial of ‘not-¢x is always true’, it is unnecessary to in-
quire; for our purposes we may define ‘¢x is sometimes true’ as
the denial of ‘not-$x is always true’. In any case, the two kinds of
propositions require the same kind of interpretation, and are sub-
ject to the same limitations. In each there is an apparent variable;
and it is the presence of an apparent variable which constitutes
what I mean by a generalized proposition. (Note that there can
not be a real variable in any proposition; for what contains a real
variable is a propositional function, not a proposition.)

The first question we have to ask in this section is: How are we
to interpret the word all in such propositions as ‘all men are
mortal?’ At first sight, it might be thought that there could be no
difficulty, that ‘all men’ is a perfectly clear idea, and that we say of
all men that they are mortal. But to this view there are many ob-
jections.

* The scope of a real variable is the whole function of which ‘any value’
is in question. Thus in ‘¢x implies p’ the scope of x is not éx, but ‘¢x
implies’ p’.

F
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(1) If this view were right, it would seem that ‘all men are
mortal’ could not bé true if there were no men. Yet, as Mr.
.Bradley has urged,* “T'respassers will be prosecuted’ may be per-
fectly true even if no one trespasses; and hence, as he further
argues, we are driven to interpret such propositions as hypotheti-
cals, meaning ‘if anyone trespasses, he will be prosecuted’; i.e.,
‘if x trespasses, x will be prosecuted’, where the range of values
which x may have, whatever it is, is certainly not confined to those
who really trespass. Similarly ‘all men are mortal’ will mean ‘if
is a man, x is mortal, where x may have any value within a certain
range’. What this range is, remains to be determined; but in any
case it is wider than ‘men’, for the above hypothetical is certainly
often true when « is not a man.

(2) ‘All men’ is a denoting phrase; and it would appear, for
reasons which I have set forth elsewhere,t that denoting phrases
never have any meaning in isolation, but only enter as constituents
into the verbal expression of propositions which contain no consti-
tuent corresponding to the denoting phrases in question. That is
to say, a denoting phrase is defined by means of the propositions
in whose verbal expression it occurs. Hence it is impossible that
these propositions should acquire their meaning through the de-
noting phrases; we must find an independent interpretation of
the propositions containing such phrases, and must not use these
phrases in explaining what such propositions mean. Hence we can
not regard ‘all men are mortal’ as a statement about ‘all men’.

(3) Even if there were such an object as ‘all men’, it is plain that
it is not this object to which we attribute mortality when we say
‘all men are mortal’. If we were attributing mortality to this object,
we should have to say ‘all men is mortal’. Thus the supposition that
there is such an object as ‘all men’ will not help us to interpret
‘all men are mortal’.

(4) It seems obvious that, if we meet something which may be a
man or may be an angel in disguise, it comes within the scope of
‘all men are mortal’ to assert ‘if this is a man, it is mortal’. Thus
again, as in the case of the trespassers, it seems plain that we are

* Logic, Part I, Chapter II.

t ‘On Denoting’, Mind (October, 1905). [The second paper in this
volume. R.C.M.]
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really saying ‘if anything is a man, it is mortal’, and that the ques-
tion whether this or that is a man does not fall within the scope of
our assertion, as it would do if the all really referred to ‘all men’,

(5) We thus arrive at the view that what is meant by ‘all men are
mortal’ may be more explicitly stated in some such form as it is
always true that if x is a man, x is mortal’. Here we have to inquire
as to the scope of the word always.

(6) It is obvious that always includes some cases in which x is
not a man, as we saw in the case of the disguised angel. If x were
limited to the case when x is a man, we could infer that xis a mortal,
since if x is a man, x is a mortal. Hence, with the same meaning of
always, we should find ‘it is always true that x is mortal’. But it is
plain that, without altering the meaning of always, this new propo-
sition is false, though the other was true.

(7) One might hope that ‘always’ would mean ‘for all values of
«’. But ‘all values of «’, if legitimate, would include as parts ‘all
propositions’ and ‘all functions’, and such illegitimate totalities.
Hence the values of x must be somehow restricted within some
legitimate totality. This seems to lead us to the traditional doctrine
of a ‘universe of discourse’ within which x must be supposed to lie.

(8) Yet it is quite essential that we should have some meaning
of always which does not have to be expressed in a restrictive hypo-
thesis as to x. For suppose ‘always’ means ‘whenever x belongs to
the class 2. Then ‘all men are mortal’ becomes ‘whenever x be-
longs to the class 7, if x is a man, x is mortal’; i.e., ‘it is always
true that if & belongs to the class 7, then, if x is a man, x is mortal’.
But what is our new always to mean? There seems no more reason
for restricting x, in this new proposition, to the class 7, than there
was before for restricting it to the class man. Thus we shall be
led on to a new wider universe, and so on ad infinitum, unless
we can discover some natural restriction upon the possible values
of (i.e., some restriction given with) the function ‘if x is a man, x
is mortal’, and not needing to be imposed from without.

(9) It seems obvious that, since all men are mortal, there can
not be any false proposition which is a value of the function ‘if
is a man, x is mortal’. For if this is a proposition at all, the hypo-
thesis ‘x is a man’ must be a proposition, and so must the conclu-
sion ‘x is mortal’. But if the hypothesis is false, the hypothetical
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is true; and if the hypothesis is true, the hypothetical is true.
Hence there can be no false propositions of the form ‘if x is a man,
x is mortal’.

(10) It follows that, if any values of x are to be excluded, they
can only be values for which there is no proposition of the form
‘if x is a man, x is mortal’; i.e., for which this phrase is meaningless.
Since, as we saw in (7), there must be excluded values of #, it fol-
lows that the function ‘if x is a man, x is mortal’ must have a cer-
tain range of significance,* which falls short of all imaginable values
of x, though it exceeds the values which are men. The restriction
on x is therefore a restriction to the range of significance of the
function ‘if x is a man, x is mortal’.

(r1) We thus reach the conclusion that ‘all men are mortal’
means ‘if x is a man, x is mortal, always’, where always means ‘for
all values of the function ““if x is a man, x is mortal”.” This is an
internal limitation upon x, given by the nature of the function; and
it is a limitation which does not require explicit statement, since
it is impossible for a function to be true more generally than for
all its values. Moreover, if the range of significance of the function
is 7, the function ‘if x is an 7, then if x is a man, x is mortal’ has the
same range of significance, since it can not be significant unless its
constituent ‘if x is a man, x is mortal’ is significant. But here the
range of significance is again implicit, as it was in “if x is a man, x
is mortal”; thus we can not make ranges of significance explicit,
since the attempt to do so only gives rise to a new proposition in
which the same range of significance is implicit.

Thus generally: ‘(x).¢x’ is to mean ‘¢x always’. This may be
interpreted, though with less exactitude, as ‘px is always true’, or,
more explicitly: ‘All propositions of the form ¢x are true’, or ‘All
values of the function ¢x are true’.} Thus the fundamental all is
‘all values of a propositional function’, and every other all is deri-
vative from this. And every propositional function has a certain

* A function is said to be significant for the argument x if it has a value
for this argument. Thus we may say shortly ‘¢x is significant’, meaning
‘the function ¢ has a value for the argument x’. The range of significance

of a function consists of all the arguments for which the function is true,
together with all the arguments for which it is false.

t A linguistically convenient expression for this idea is: ‘¢x is true for

all possible values of x’, a possible value being understood to be one for
which ¢x is significant.
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range of significance, within which lie the arguments for which the
function has values. Within this range of arguments, the function
is true or false; outside this range, it is nonsense.

The above argumentation may be summed up as follows:

The difficulty which besets attempts to restrict the variable is,
that restrictions naturally express themselves as hypotheses that
the variable is of such or such a kind, and that, when so expressed,
the resulting hypothetical is free from the intended restriction.
For example, let us attempt to restrict the variable to men, and
assert that, subject to this restriction, ‘x is mortal’ is always true.
Then what is always true is that if x is a man, x is mortal; and this
hypothetical is true even when x is not a man. Thus a variable can
never be restricted within a certain range if the propositional func-
tion in which the variable occurs remains significant when the
variable is outside that range. But if the function ceases to be
significant when the variable goes outside a certain range, then the
variable is ipso facto confined to that range, without the need of
any explicit statement to that effect. This principle is to be borne
in mind in the development of logical types, to which we shall
shortly proceed.

We can now begin to see how it comes that ‘all so-and-so’s’ is
sometimes a legitimate phrase and sometimes not. Suppose we say
‘all terms which have the property ¢ have the property ¢’. That
means, according to the above interpretation, ‘px always implies
Jx’. Provided the range of significance of ¢x is the same as that of
Jx, this statement is significant; thus, given any definite function
$x, there are propositions about ‘all the terms satisfying ¢x’. But
it sometimes happens (as we shall see more fully later on) that
what appears verbally as one function is really many analogous
functions with different ranges of significance. This applies, for
example, to ‘p is true’, which, we shall find, is not really one func-
tion of p, but is different functions according to the kind of pro-
position that p is. In such a case, the phrase expressing the ambi-
guous function may, owing to the ambiguity, be significant
throughout a set of values of the argument exceeding the range
of significance of any one function. In such a case, all is not legiti-
mate. Thus if we try to say ‘all true propositions have the pro-
perty ¢, i.e., ‘“‘p is true” always implies ¢p’, the possible argu-
ments to “‘p is true”’ necessarily exceed the possible arguments to
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¢, and therefore the attempted general statement is impossible.
For this reason, genuine general statements about all true pro-
positions can not be made. It may happen, however, that the sup-
posed function ¢ is really ambiguous like “p is true”, and if it
happens to have an ambiguity precisely of the same kind as that
of ““p is true”’, we may be able always to give an interpretation to
the proposition ‘ “p is true” implies ¢p’. This will occur, e.g., if
¢p is ‘not-p is false’. Thus we get an appearance, in such cases, of
a general proposition concerning all propositions; but this appear-
ance is due to a systematic ambiguity about such words as true
and false. (This systematic ambiguity results from the hierarchy
of propositions which will be explained later on.) We may, in all
such cases, make our statement about any proposition, since the
meaning of the ambiguous words will adapt itself to any proposi-
tion. But if we turn our proposition into an apparent variable, and
say something about all, we must suppose the ambiguous words
fixed to this or that possible meaning, though it may be quite
irrelevant which of their possible meanings they are to have. This
is how it happens both that all has limitations which exclude ‘all
propositions’, and that there nevertheless seem to be true state-
ments about ‘all propositions’. Both these points will become
plainer when the theory of types has been explained.

It has often been suggested* that what is required in order that
it may be legitimate to speak of all of a collection is that the col-
lection should be finite. Thus ‘all men are mortal’ will be legiti-
mate because men form a finite class. But that is not really the
reason why we can speak of ‘all men’. What is essential, as appears
from the above discussion, is not finitude, but what may be called
logical homogeneity. This property is to belong to any collection
whose terms are all contained within the range of significance of
some one function. It would always be obvious at a glance whether
a collection possessed this property or not, if it were not for the
concealed ambiguity in common logical terms such as true and false,
which gives an appearance of being a single function to what is
really a conglomeration of many functions with different ranges
of significance.

The conclusions of this section are as follows: Every proposition

* E.g., by M. Poincaré, Revue de Métaphysique et de Morale (May,
1906).
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containing all asserts that some propositional function is always
true; and this means that all values of the said function are true,
not that the function is true for all arguments, since there are,
arguments for which any given function is meaningless, i.e., has
no value. Hence we can speak of all of a collection when and only
when the collection forms part or the whole of the range of signific-
ance of some propositional function, the range of significance being
defined as the collection of those arguments for which the func-
tion in question is significant, i.e., has a value.

IV. THE HIERARCHY OF TYPES

A type is defined as the range of significance of a propositional
function, i.e., as the collection of arguments for which the said
function has values. Whenever an apparent variable occurs in a
proposition, the range of values of the apparent variable is a type,
the type being fixed by the function of which ‘all values’ are con-
cerned. The division of objects into types is necessitated by the
reflexive fallacies which otherwise arise. These fallacies, as we saw,
are to be avoided by what may be called the ‘vicious-circle prin-
ciple’; i.e., ‘no totality can contain members defined in terms of
itself’. This principle, in our technical language, becomes: ‘What-
ever contains an apparent variable must not be a possible value of
that variable’. Thus whatever contains an apparent variable must
be of a different type from the possible values of that variable; we
will say that it is of a higher type. Thus the apparent variables
contained in an expression are what determines its type. This is
the guiding principle in what follows.

Propositions which contain apparent variables are generated
from such as do not contain these apparent variables by processes
of which one is always the process of generalization, i.e., the
substitution of a variable for one of the terms of a proposition,
and the assertion of the resulting function for all possible values
of the variable. Hence a proposition is called a generalized proposi-
tion when it contains an apparent variable. A proposition contain-
ing no apparent variable we will call an elementary proposition.
It is plain that a proposition containing an apparent variable
presupposes others from which it can be obtained by generaliz-
ation; hence all generalized propositions presuppose elementary
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propositions. In an elementary proposition we can distinguish one
or more terms from one or more concepts; the terms are whatever
can be regarded as the subject of the proposition, while the con-
cepts are the predicates or relations asserted of these terms.* The
terms of elementary propositions we will call individuals; these
form the first or lowest type.

It is unnecessary, in practice, to know what objects belong to the
lowest type, or even whether the lowest type of variable occurring
in a given context is that of individuals or some other. For in
practice only the relative types of variables are relevant; thus the
lowest type occurring in a given context may be called that of
individuals, so far as that context is concerned. It follows that the
above account of individuals is not essential to the truth of what
follows; all that is essential is the way in which other types are
generated from individuals, however the type of individuals may be
constituted.

By applying the process of generalization to individuals occur-
ring in elementary propositions, we obtain new propositions. The
legitimacy of this process requires only that no individuals should
be propositions. That this is so, is to be secured by the meaning
we give to the word individual. We may define an individual as
something destitute of complexity; it is then obviously not a
proposition, since propositions are essentially complex. Hence
in applying the process of generalization to individuals we run no
risk of incurring reflexive fallacies.

Elementary propositions together with such as contain only
individuals as apparent variables we will call first-order propositions.
These form the second logical type.

We have thus a new totality, that of first-order propositions. We
can thus form new propositions in which first-order propositions
occur as apparent variables. These we will call second-order pro-
positions; these form the third logical type. Thus, e.g., if Epimen-
ides asserts ‘all first-order propositions affirmed by me are false’,
he asserts a second-order proposition; he may assert this truly,
without asserting truly any first-order proposition, and thus no
contradiction arises.

The above process can be continued indefinitely. The n+ 1th
logical type will consist of propositions of order n, which will be

* See Principles of Mathematics, § 48.
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such as contain propositions of order n— 1, but of no higher order,
as apparent variables. The types so obtained are mutually exclu-
sive, and thus no reflexive fallacies are possible so long as we re-
member that an apparent variable must always be confined within
some one type.

In practice, a hierarchy of functions is more convenient than one
of propositions. Functions of various orders may be obtained from
propositions of various orders by the method of substitution. If p
is a proposition, and a a constituent of p, let ‘p/a’x’ denote the
proposition which results from substituting x for @ wherever a
occurs in p. Then p/a, which we will call a matrix, may take the
place of a function; its value for the argument x is p/a‘x, and its
value for the argument a is p. Similarly, if ‘p/(a, b)(x, y)’ denotes
the result of first substituting x for @ and then substituting y for b,
we may use the double matrix p/(a, b) to represent a double func-
tion. In this way we can avoid apparent variables other than indi-
viduals and propositions of various orders. The order of a matrix
will be defined as being the order of the proposition in which the
substitution is effected, which proposition we will call the proto-
type. The order of a matrix does not determine its type: in the
first place because it does not determine the number of arguments
for which others are to be substituted (i.e., whether the matrix is
of the form p/a or p/(a, b) or p/(a, b, c) etc.); in the second place
because, if the prototype is of more than the first order, the argu-
ments may be either propositions or individuals. But it is plain
that the type of a matrix is definable always by means of the hier-
archy of propositions.

Although it is possible to replace functions by matrices, and al-
though this procedure introduces a certain simplicity into the
explanation of types, it is technically inconvenient. Technically,
it is convenient to replace the prototype p by ¢a, and to replace
plaix by ¢x; thus where, if matrices were being employed, p and
a would appear as apparent variables, we now have ¢ as our ap-
parent variable. In order that ¢ may be legitimate as an apparent
variable, it is necessary that its values should be confined to pro-
positions of some one type. Hence we proceed as follows.

A function whose argument is an individual and whose value
is always a first-order proposition will be called a first-order func-
tion. A function involving a first-order function or proposition as
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apparent variable will be called a second-order function, and so on.
A function of one variable which is of the order next above that of
its argument will be called a predicative function; the same name
will be given to a function of several variables if there is one among
these variables in respect of which the function becomes predica-
tive when values are assigned to all the other variables. Then the
type of a function is determined by the type of its values and the
number and type of its arguments.

The heirarchy of functions may be further explained as follows.
A first-order function of an individual x will be denoted by ¢ !x
(the letters i, x, 0, f, g, F, G will also be used for functions). No
first-order function contains a function as apparent variable;
hence such functions form a well-defined totality, and the ¢ in
¢ !x can be turned into'an apparent variable. Any proposition in
which ¢ appears as apparent variable, and there is no apparent
variable of higher type than ¢, is a second-order proposition. If
such a proposition contains an individual #, it is not a predicative
function of x; but if it contains a first-order function ¢, it is a pre-
dicative function of ¢, and will be written f!(y!2). Then fis a
second-order predicative function; the possible values of f again form
a well-defined totality, and we can turn f into an apparent variable.
We can thus define third-order predicative functions, which will
be such as have third-order propositions for their values and second-
order predicative functions for their arguments. And in this way
we can proceed indefinitely. A precisely similar development
applies to functions of several variables.

We will adopt the following conventions. Variables of the lowest
type occurring in any context will be denoted by small Latin
letters (excluding f and g, which are reserved for functions); a
predicative function of an argument x (where x may be of any
type) will be denoted by ¢ !x (where ¢, x, 0, f, g, F or G may re-
place ¢); similarly a predicative function of two arguments x and y
will be denoted by ¢ !(x, ¥); a general function of x will be denoted
by ¢x, and a general function of x and y by ¢(x, y). In ¢x, ¢ can
not be made into an apparent variable, since its type is indeter-
minate; but in ¢ ! x, where ¢ is a predicative function whose argu-
ment is of some given type, ¢ can be made into an apparent variable.

It is important to observe that since there are various types of
propositions and functions, and since generalization can only be
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applied within some one type, all phrases containing the words
‘all propositions’ or ‘all functions’ are prima facie meaningless,
though in certain cases they are capable of an unobjectionable
interpretation. The contradictions arise from the use of such
phrases in cases where no innocent meaning can be found.

If we now revert to the contradictions, we see at once that some
of them are solved by the theory of types. Wherever ‘all proposi-
tions’ are mentioned, we must substitute ‘all propositions of order
»’, where it is indifferent what value we give to n, but it is essential
that z should have some value. Thus when a man says ‘I am lying’,
we must interpret him as meaning: “There is a proposition of order
n, which I affirm, and which is false’. This is a proposition of order
n+1; hence the man is not affirming any proposition of order n;
hence his statement is false, and yet its falsehood does not imply,
as that of ‘I am lying’ appeared to do, that he is making a true state-
ment. This solves the liar.

Consider next ‘the least integer not nameable in fewer than nine-
teen syllables’. It is to be observed, in the first place, that nameable
must mean ‘nameable by means of such-and-such assigned names’,
and that the number of assigned names must be finite. For if it is
not finite, there is no reason why there should be any integer not
nameable in fewer than nineteen syllables, and the paradox col-
lapses. We may next suppose that ‘nameable in terms of names of
the class N’ means ‘being the only term satisfying some function
composed wholly of names of the class N’. The solution of this
paradox lies, I think, in the simple observation that ‘nameable in
terms of names of the class IV’ is never itself nameable in terms of
names of that class. If we enlarge N by adding the name ‘nameable
in terms of names of the class N’, our fundamental apparatus of
names is enlarged; calling the new apparatus N’, ‘nameable in
terms of names of the class N” remains not nameable in terms of
names of the class V'. If we try to enlarge N till it embraces all
names, ‘nameable’ becomes (by what was said above) ‘being the
only term satisfying some function composed wholly of names’.
But here there is a function as apparent variable; hence we are
confined to predicative functions of some one type (for non-pre-
cative functions can not be apparent variables). Hence we have
only to observe that nameability in terms of such functions is non-
predicative in order to escape the paradox.
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The case of ‘the least indefinable ordinal’ is closely analogous to
the case we have just discussed. Here, as before, ‘definable’ must
be relative to some given apparatus of fundamental ideas; and there
is reason to suppose that ‘definable in terms of ideas of the class N’
is not definable in terms of ideas of the class N. It will be true
that there is some definite segment of the series of ordinals con-
sisting wholly of definable ordinals, and having the least indefin-
able ordinal as its limit. This least indefinable ordinal will be
definable by a slight enlargement of our fundamental apparatus;
but there will then be a new ordinal which will be the least that
is indefinable with the new apparatus. If we enlarge our apparatus
so as to include all possible ideas, there is no longer any reason to
believe that there is any indefinable ordinal. The apparent force
of the paradox lies largely, I think, in the supposition that if all the
ordinals of a certain class are definable, the class must be definable,
in which case its successor is of course also definable; but there
is no reason for accepting this supposition.

The other contradictions, that of Burali-Forti in particular,
require some further developments for their solution.

V. THE AXIOM OF REDUCIBILITY

A propositional function of x may, as we have seen, be of any
order; hence any statement about ‘all properties of x’ is meaning-
less. (A ‘property of &’ is the same thing as a ‘propositional func-
tion which holds of #’.) But it is absolutely necessary, if mathe-
matics is to be possible, that we should have some method of mak-
ing statements which will usually be equivalent to what we have
in mind when we (inaccurately) speak of ‘all properties of x’. This
necessity appears in many cases, but especially in connexion with
mathematical induction. We can say, by the use of any instead of
all, ‘Any property possessed by o, and by the successors of all
numbers possessing it, is possessed by all finite numbers’. But we
can not go on to: ‘A finite number is one which possesses all pro-
perties possessed by o and by the successors of all numbers posses-
sing them’. If we confine this statement to all first-order properties
of numbers, we can not infer that it holds of second-order pro-
perties. For example, we shall be unable to prove that if m, n are
finite numbers, then m+n is a finite number. For, with the above
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definition, ‘m is a finite number’ is a second-order property of m;
hence the fact that m+o is a finite number, and that, if m+n is a
finite number, so is m+n+1, does not allow us to conclude
by induction that m+n is a finite number. It is obvious that
such a state of things renders much of elementary mathematics
impossible.

The other definition of finitude, by the non-similarity of whole
and part, fares no better. For this definition is: ‘A class is said to be
finite when every one-one relation whose domain is the class and
whose converse domain is contained in the class has the whole
class for its converse domain’. Here a variable relation appears,
i.e., a variable function of two variables; we have to take all values
of this function, which requires that it should be of some assigned
order; but any assigned order will not enable us to deduce many
of the propositions of elementary mathematics.

Hence we must find, if possible, some method of reducing the
order of a propositional function without affecting the truth or
falsehood of its values. This seems to be what common sense
effects by the admission of classes. Given any propositional func-
tion ¢x, of whatever order, this is assumed to be equivalent, for all
values of x, to a statement of the form ‘x belongs to the class a’.
Now this statement is of the first order, since it makes no allusion
to “all functions of such-and-such a type’. Indeed its only practical
advantage over the original statement ¢x is that it is of the first
order. There is no advantage in assuming that there really are such
things as classes, and the contradiction about the classes which
are not members of themselves shows that, if there are classes,
they must be something radically different from individuals. I
believe the chief purpose which classes serve, and the chief reason
which makes them linguistically convenient, is that they provide a
method of reducing the order of a propositional function. I shall,
therefore, not assume anything of what may seem to be involved
in the common sense admission of classes, except this: that every
propositional function is equivalent, for all its values, to some
predicative function.

This assumption with regard to functions is to be made what-
ever may be the type of their arguments. Let ¢x be a function, of
any order, of an argument x, which may itself be either an indivi-
dual or a function of any order. If ¢ is of the order next above x,
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we write the function in the form ¢ !x; in such a case we will call
¢ a predicative function. Thus a predicative function of an indivi-
dual is a first-order function; and for higher types of arguments,
predicative functions take the place that first-order functions take
in respect of individuals. We assume, then, that every function is
equivalent, for all its values, to some predicative function of the
same argument. This assumption seems to be the essence of the
usual assumption of classes; at any rate, it retains as much of
classes as we have any use for, and little enough to avoid the con-
tradictions which a less grudging admission of classes is apt to
entail. We will call this assumption the axiom of classes, or the
axiom of reducibility.

We shall assume similarly that every function of two variables
is equivalent, for all its values, to a predicative function of those
variables, where a predicative function of two variables is one such
that there is one of the variables in respect of which the function
becomes predicative (in our previous sense) when a value is
assigned to the other variable. This assumption is what seems to
be meant by saying that any statement about two variables defines
a relation between them. We will call this assumption the axiom of
relations or the axiom of reducibility.

In dealing with relations between more than two terms, similar
assumptions would be needed for three, four, . . . variables. But
these assumptions are not indispensable for our purpose, and are
therefore not made in this paper.

By the help of the axiom of reducibility, statements about ‘all
first-order functions of &’ or ‘all predicative functions of o’ yield
most of the results which otherwise would require ‘all functions’.
The essential point is that such results are obtained in all cases
where only the truth or falsehood of values of the functions con-
cerned are relevant, as is invariably the case in mathematics. Thus
mathematical induction, for example, need now only be stated for
all predicative functions of numbers; it then follows from the
axiom of classes that it holds of any function of whatever order.
It might be thought that the paradoxes for the sake of which we
invented the hierarchy of types would now reappear. But this is
not the case, because, in such paradoxes, either something beyond
the truth or falsehood of values of functions is relevant, or expres-
sions occur which are unmeaning even after the introduction of the
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axiom of reducibility. For example, such a statement as ‘Epimen-
ides asserts Y’ is not equivalent to ‘Epimenides asserts ¢ !x’, even
though yx and ¢ ! x are equivalent. Thus ‘I am lying’ remains un;
meaning if we attempt to include all propositions among those
which I may be falsely affirming, and is unaffected by the axiom of
classes if we confine it to propositions of order n. The hierarchy
of propositions and functions, therefore, remains relevant in just
those cases in which there is a paradox to be avoided.

VI. PRIMITIVE IDEAS AND PROPOSITIONS OF
SYMBOLIC LOGIC

The primitive ideas required in symbolic logic appear to be the
following seven:

(1) Any propositional function of a variable x or of several vari-
ables «, y, 2, . . . This will be denoted by ¢x or ¢(x, ¥, 2, . . .)

(2) The negation of a proposition. If p is the proposition, its
negation will be denoted by ~ p.

(3) The disjunction or logical sum of two propositions; i.e.,
‘this or that’. If p, ¢ are the two propositions, their disjunction
will be denoted by p v ¢.*

(4) The truth of any value of a propositional function; i.e., of
¢x where x is not specified.

(5) The truth of all values of a propositional function. This is
denoted by (x).¢x or (x):¢x or whatever larger number of dots
may be necessary to bracket off the proposition.t In (x) . ¢x, x is
called an apparent variable, whereas when ¢x is asserted, where
x is not specified, x is called a real variable.

(6) Any predicative function of an argument of any type; this
will be represented by ¢ !x or ¢ la or ¢! R, according to circum-

* In a previous article in this journal, I took implication as indefinable,
instead of disjunction. The choice between the two is a matter of taste; I
now choose disjunction, because it enables us to diminish the number of
primitive propositions. [See “The Theory of Implication’, American
Journal of Mathematics, Vol. XXVIII, 1906, pp. 159-202—R.C.M.]

t The use of dots follows Peano’s usage. It is fully explained by Mr.
Whitehead, ‘On Cardinal Numbers’, American Journal of Mathematics,
Vol. XXIV, and ‘On Mathematical Concepts of the Material World’,
Phil. Trans. A., Vol. CCV, p. 472.
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stances. A predicative function of x is one whose values are pro-
positions of the type next above that of #, if x is an individual or a
proposition, or that of values of x if x is a function. It may be
described as one in which the apparent variables, if any, are all of
the same type as x or of lower type; and a variable is of lower type
than x if it can significantly occur as argument to x, or as argument
to an argument to X, etc.

(7) Assertion; i.e., the assertion that some proposition is true,
or that any value of some propositional function is true. This is
required to distinguish a proposition actually asserted from one
merely considered, or from one adduced as hypothesis to some
other. It will be indicated by the sign ‘H’ prefixed to what is asserted,
with enough dots to bracket off what is asserted.*

Before proceeding to the primitive propositions, we need certain
definitions. In the following definitions, as well as in the primitive
propositions, the letters p, g, r are used to denote propositions.

pIq.=.~pvq Df.

This definition states that ‘p D¢’ (which is read ‘p implies ¢’)
is to mean ‘p is false or ¢ is true’. I do not mean to affirm that ‘im-
plies’ can not have any other meaning, but only that this meaning
is the one which it is most convenient to give to ‘implies’ in sym-
bolic logic. In a definition, the sign of equality and the letters ‘Df’
are to be regarded as one symbol, meaning jointly ‘is defined to
mean’. The sign of equality without the letters ‘Df’ has a different
meaning, to be defined shortly.

p.q.=.~(~pv~q) Df

This defines the logical product of two propositions p and g, i.e.,
‘p and q are both true’. The above definition states that this is to
mean: ‘It is false that either p is false or ¢ is false’. Here again, the
definition does not give the only meaning which can be given to
‘p and g are both true’, but gives the meaning which is most con-
venient for our purposes.

p=q.=.pdq.q2p Df.

* This sign, as well as the introduction of the idea which it expresses, is
due to Frege. See his Begriffsschrift (Halle, 1879), p. 1, and Grundgesetze
der Arithmetik (Jena, 1893), Vol. I, p. 9.
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That is, ‘p=¢’, which is read ‘p is equivalent to ¢’, means ‘p
implies g and g implies p’; whence, of course, it follows that p and
q are both true or both false.

(gx) . px. = . ~{(x). ~¢x} Df.

This defines ‘there is at least one value of x for which ¢ux is true’.
We define it as meaning ‘it is false that ¢x is always false’.

x=y.=1:(d):dlx.D.4!y Df.

This is the definition of identity. It states that x and y are to be
called identical when every predicative function satisfied by x is
satisfied by y. It follows from the axiom of reducibility that if x
satisfies v, where i is any function, predicative or non-predicative,
then y satisfies yy.

The following definitions are less important, and are introduced
solely for the purpose of abbreviation.

(%, ) - b(x, ) e = :(x) : () - $(x, y) DA,
(a@x ) - d(x, ). = :(gx) : (AY) - $(x, y) DA,
$x.D . px:=:(x):dx Dyx D,
¢x.= . xi=:(x)1dx .= .fx DI,

$(%, 3)  Og, y (%, ¥) 2 = 2(%, 3) 1 4(%, ¥) . 2 (%, y) DA,

and so on for any number of variables.
The primitive propositions required are as follows. (In 2, 3, 4,
5, 6, and 10, p, ¢, r stand for propositions.)

(1) A proposition implied by a true premise is true.

(2) F:pvp.D.p.

(3) F:q.D.pvyg

(4) F:pvg.D.qvp.

(5) Fepv(gvr).D.gv(pvr).

(6) F:.gDr.D:pvg.D.pvr.

(7) Fe(x).¢x.2.4y;
i.e., ‘if all values of ¢£ are true, then ¢y is true, where ¢y is any
value’.*

(8) If ¢y is true, where ¢y is any value of ¢4, then (x).dx is
true. This can not be expressed in our symbols; for if we write

* It is convenient to use the notation éx to denote the function itself, as
opposed to this or that value of the function.

G
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‘éy . D .(x).4x", that means ‘¢y implies that all values of $£ are true,
where y may have any value of the appropriate type’, which is not
in general the case. What we mean to assert is: ‘If, however y is
chosen, ¢y is true, then (). ¢x is true’, whereas what is expressed
by ‘¢y.D.(x).¢x" is: ‘However y is chosen, if ¢y is true, then
(%) . ¢ is true’, which is quite a different statement, and in general
a false one.

(9) F:(x).4x.D.da, where ais any definite constant.

This principle is really as many different principles as there are
possible values of a. ILe., it states that, e.g., whatever holds of all
individuals holds of Socrates; also that it holds of Plato; and so on.
It is the principle that a general rule may be applied to particular
cases; but in order to give it scope, it is necessary to mention the
particular cases, since otherwise we need the principle itself to
assure us that the general rule that general rules may be applied
to particular cases may be applied (say) to the particular case of
Socrates. It is thus that this principle differs from (7); our present
principle makes a statement about Socrates, or about Plato, or
some other definite constant, whereas (7) made a statement about
a variable.

The above principle is never used in symbolic logic or in pure
mathematics, since all our propositions are general, and even
when (as in ‘one is a number’) we seem to have a strictly parti-
cular case, this turns out not to be so when closely examined. In
fact, the use of the above principle is the distinguishing mark of
applied mathematics. Thus, strictly speaking, we might have
omitted it from our list.

(10) Fio(x).pvda.D:p.v.(x).x;
i.e., if “p or ¢x’’ is always true, then either p is true, or ¢x is always

true’.

(11) When f(¢x) is true whatever argument x may be, and
F(¢y) is true whatever possible argument y may be, then {f(¢x)
. F(¢x)} is true whatever possible argument x may be.

This is the axiom of the ‘identification of variables’. It is needed
when two separate propositional functions are each known to be
always true, and we wish to infer that their logical product is
always true. This inference is only legitimate if the two functions
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take arguments of the same type, for otherwise their logical pro-
duct is meaningless. In the above axiom, x and y must be of the
same type, because both occur as arguments to .

(12) If ¢x.dx Dyx is true for any possible x, then yux is true for
any possible x.

This axiom is required in order to assure us that the range of
significance of Y, in the case supposed, is the same as that of
dx . px Dypx . D .fx; both are in fact the same as that of $x. We
know, in the case supposed, that ix is true whenever ¢x . px D
and ¢x .dx D . D .px are both significant, but we do not know,
without an axiom, that yux is true whenever i is significant. Hence
the need of the axiom.

Axioms (11) and (12) are required, e.g., in proving

(%) ez (x) e Difx 1D . (%) ..
By (7) and (11),
Feo(x).dx:(x).dxDyx: D1y .y Dby,
whence by (12),
Foo(x).dx:(x).dx DDy,

whence the result follows by (8) and (10).

(13) Feo(qf):(®):idx. = .flx

This is the axiom of reducibility. It states that, given any func-
tion ¢£, there is a predicative function f!£ such that f!x is always
equivalent to ¢x. Note that, since a proposition beginning with
‘(s1.f) is, by definition, the negation of one beginning with ‘(f)’,
the above axiom involves the possibility of considering ‘all predi-
cative functions of &’. If ¢x is any function of x, we can not make
propositions beginning with ‘(¢)’ or ‘(g¢)’, since we can not con-
sider ‘all functions’, but only ‘any function’ or ‘all predicative
functions’.

(14) F:o(@f) - (xy) 1 dx,9).=.f 1 (x,9)

This is the axiom of reducibility for double functions.

In the above propositions, our x and y may be of any type what-
ever. The only way in which the theory of types is relevant is that
(11) only allows us to identify real variables occurring in different
contents when they are shown to be of the same type by both
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occurring as arguments to the same function, and that, in (%) and
(9), ¥ and @ must respectively be of the appropriate type for argu-
ments to ¢£. Thus, for example, suppose we have a proposition
of the form (¢) . f!(¢! %, x), which is a second-order function of x.

Then by (7),
F2(d).f1($!%,%).D.fL(W!5, x),

where ! £ is any first-order function. But it will not do to treat
(¢) .f1 (!4, x) as if it were a first-order function of x, and take
this function as a possible value of !4 in the above. It is such
confusions of types that give rise to the paradox of the lar.

Again, consider the classes which are not members of themselves.
It is plain that, since we have identified classes with functions,*
no class can be significantly said to be or not to be a member of
itself; for the members of a class are arguments to it, and argu-
ments to a function are always of lower type than the function.
And if we ask: ‘But how about the class of all classes? Is not that a
class, and so a member of itself?’, the answer is twofold. First, if
‘the class of all classes’ means ‘the class of all classes of whatever
type’, then there is no such notion. Secondly, if ‘the class of all
classes’ means ‘the class of all classes of type #’, then this is a class
of the next type above ¢, and is therefore again not a member of
itself.

Thus although the above primitive propositions apply equally
to all types, they do not enable us to elicit contradictions. Hence
in the course of any deduction it is never necessary to consider the
absolute type of a variable; it is only necessary to see that the differ-
ent variables occurring in one proposition are of the proper relative
types. This excludes such functions as that from which our fourth
contradiction was obtained, namely: “The relation R holds be-
tween R and S’. For a relation between R and S is necessarily of
higher type than either of them, so that the proposed function is
meaningless.

VII. ELEMENTARY THEORY OF CLASSES AND
RELATIONS

Propositions in which a function ¢ occurs may depend, for their
truth-value, upon the particular function ¢, or they may depend

* This identification is subject to a modification to be explained shortly.
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only upon the extension of ¢, i.e., upon the arguments which satisfy
é. A function of the latter sort we will call extensional. Thus, e.g.,
‘I believe that all men are mortal’ may not be equivalent to ‘I
believe that all featherless bipeds are mortal’, even if men are co-
extensive with featherless bipeds; for I may not know that they
are coextensive. But ‘all men are mortal’ must be equivalent to
‘all featherless bipeds are mortal’ if men are coextensive with
featherless bipeds. Thus ‘all men are mortal’ is an extensional
function of the function ‘x is a man’, while ‘I believe all men are
mortal’ is a function which is not extensional; we will call func-
tions intensional when they are not extensional. The functions of
functions with which mathematics is specially concerned are all
extensional. The mark of an extensional function f of a function

pliis
$lu.= . lxidy i f($19). = f(H!4).

From any function f of a function ¢ ! £ we can derive an associ-
ated extensional function as follows. Put

FEW)} . = :(gp):dlx. =, Yx:f{$1£} DL
The function f{£(z)} is in reality a function of ¢4, though not the
same function as f(£), supposing this latter to be significant. But
it is convenient to treat f{#(4:z)} technically as though it had an
argument £(yz), which we call ‘the class defined by y’. We have

Frogo. =, x: D f{8(h2)}. = . f{£(Y2)},
whence, applying to the fictitious objects £(¢2z) and £(z) the defini-
tion of identity given above, we find

Fiogo. = ohx: D 5(h2) = 2(P2).

This, with its converse (which can also be proved), is the dis-
tinctive property of classes. Hence we are justified in treating
%(¢2) as the class defined by ¢. In the same way we put
FlE9d(, M) = (D) 81 (%, 3) . =, -dlx, ) f 614 $) DE.
A few words are necessary here as to the distinction between
$!1(#£, #) and ¢!(#, £). We will adopt the following convention:
When a function (as opposed to its values) is represented in a
form involving £ and #, or any other two letters of the alphabet,
the value of this function for the arguments 4 and b is to be found
by substituting a for £ and 4 for #; i.e., the argument mentioned
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first is to be substituted for the letter which comes earlier in the
alphabet, and the argument mentioned second for the later letter.
This sufficiently distinguishes between ¢ ! (£, §) and ¢ ! (9, £); e.g.:

The value of ¢ !(£, §)for arguments a, b is ¢ !(a, b).

” ”» ”» ”» » b’ a ”» ¢ ! (b’ a)’

” » ¢!(y’ ﬁ) ” ”» a’ b ”¢!(b’ a)'

”»” ”» » ”» b’ a ”» (ﬁ !(a’ b)‘

xep!s.=.4!x Di,

Froxef (). = :(qd):dly .=, .y :dlx.
Also by the reducibility-axiom we have

@) idly. =4y,
Fixed(P2). = ..

This holds whatever x may be. Suppose now we want to con-
sider £(y2) epf{£(¢ ! 2)}. We have, by the above,

b 8(pz) edf (5B 12)} . = f{£(2))
=:(g¢):dly. =, 4y f{d!2},

B d(2)=2(x2) . D 1 8(P2)ex . = . . §(xR)ex,

where x is written for any expression of the form ¢ f{4(¢ ! 2)}.

We put
cs=a{gd).a=%(¢4!2)} Df.

Here cls has a meaning which depends upon the type of the appar-
ent variable ¢. Thus, e.g., the proposition ‘cls € cls’, which is a
consequence of the above definition, requires that ‘cls’ should have
a different meaning in the two places where it occurs. The symbol
‘cls’ can only be used where it is unnecessary to know the type; it
has an ambiguity which adjusts itself to circumstances. If we
introduce as an indefinable the function ‘Indiv!x’, meaning ‘x is
an individual’, we may put

Kil=d{(g¢).a=%(¢!2.Indiv!2)} Df.

Then Kl is an unambiguous symbol meaning ‘classes of indi-
viduals’.

We put

whence

whence

whence
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We will use small Greek letters (other than ¢, ¢, ¢, x, 0) to re-
present classes of whatever type; i.e., to stand for symbols of the
form £(¢ ! 2) or £($2).

The theory of classes proceeds, from this point on, much as in
Peano’s system; £(¢2) replaces z3(¢z). Also I put
aCB.=:1xea.D,.xef Df,
qla.=.(gx).xea Df,

V=4%&=x=x) Df,
A =x{~(x=x)} Df
where A, as with Peano, is the null-class. The symbols g, A, V,
like ¢ls and ¢, are ambiguous, and only acquire a definite meaning

when the type concerned is otherwise indicated.
We treat relations in exactly the same way, putting

afp!(4, . = .4(a &) DA,
(the order being determined by the alphabetical order of x and y
and the typographical order of a and b); whence

Fioa{ffy(x, 3)}b.=:(d):d(x ¥).=4,-0x »):dl(a, b)
whence, by the reducibility-axiom,
F:a{f9¢(x, y)}b. = .J(a, b).

We use Latin capital letters as abbreviations for such symbols
as £y(x, y), and we find

F:e.R=S.=:xRy.=_ ,.xSy,

|

where
R=S.=:f!'R.D>;.ftS Df.

Rel=R{(q4). R=4$!(x, y)} Df,

and we find that everything proved for classes has its analogue for
dual relations. Following Peano, we put

anf=4%(xea.xeB) DA,
defining the product, or common part, of two classes;
auB=4%(xea.v.xef) Df,
defining the sum of two classes; and
—a=4%#{~(vea)} Df,

We put
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defining the negation of a class. Similarly for relations we put

RA S=%£9(xRy.xSy) Df,
Ry S =%£9(xRy.v.xSy) Df,
~R=$5{~(xRy)} DI

VIII. DESCRIPTIVE FUNCTIONS

The functions hitherto considered have been propositional func-
tions, with the exception of a few particular functions such RA S.
But the ordinary functions of mathematics, such as x2, sin x, log x,
are not propositional. Functions of this kind always mean ‘the
term having such-and-such a relation to «’. For this reason they
may be called descriptive functions, because they describe a certain
term by means of its relation to their argument. Thus ‘sin /2’
describes the number 1; yet propositions in which sin #/2 occurs
are not the same as they would be if 1 were substituted. This ap-
pears, e.g., from the proposition ‘sin /2 =1’, which conveys valu-
able information, whereas ‘1=1" is trivial. Descriptive functions
have no meaning by themselves, but only as constituents of pro-
positions; and this applies generally to phrases of the form ‘the
term having such-and-such a property’. Hence in dealing with
such phrases, we must define any proposition in which they occur,
not the phrases themselves.* We are thus led to the following
definition, in which ‘(1x) (¢x)’ is to be read ‘the term x which satis-

fies ¢x’.
P{(x) ($x)} . = :(spb) 1 hx. =, . x=b:b DFf.

This definition states that ‘the term which satisfies ¢ satisfies i’
is to mean: “There is a term b such that ¢x is true when and only
when x is b, and b is true’. Thus all propositions about ‘the so-
and-so’ will be false if there are no so-and-so’s or several so-and-
s0’s.

The general definition of a descriptive function is

R'y=(1x)(xRy) Df;
that is, ‘R‘y’ is to mean ‘the term which has the relation R to y’.

* See the above-mentioned article ‘On Denoting’, where the reasons for
this view are given at length.
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If there are several terms or none having the relation R to y, all
propositions about R‘y will be false. We put
E!l(x) (¢x). = :(qb):dx.=,.x=b Df.
Here ‘E ! ("x) (¢x)’ may be read ‘there is such a term as the x which
satisfies $x’, or ‘the x which satisfies ¢x exists’. We have
F:.E!Ry.=:(qb):xRy.=,.x=b.

The inverted comma in R‘y may be read of. Thus if R is the rela-
tion of father to son, ‘R’ is ‘the father of y’. If R is the relation

of son to father, all propositions about R will be false unless y
has one son and no more.

From the above it appears that descriptive functions are obtained
from relations. The relations now to be defined are chiefly import-
ant on account of the descriptive functions to which they give rise.

Cnv= QP{ny .=, 4-yPx} Df.

Here Cno is short for ‘converse’. It is the relation of a relation toits
converse; e.g., of greater to less, of parentage to sonship, of preced-
ing to following, etc. We have

F.Cov'P=(Q){xQy.=_ ,.yPx}.
For a shorter notation, often more convenient, we put
P=Cnv'P Df.
We want next a notation for the class of terms which have the

relation R to y. For this purpose, we put

R—if{a—4%(xRy)} DI,
whence

-—’
F. R =#£(xRy).

”

R=p#{B=9(xRy)} Df,

P,
F.R‘x=4(xRy).

Similarly we put

t

whence

We want next the domain of R (i.e., the class of terms which have
the relation R to something), the converse domain of R (i.e., the
class of terms to which something has the relation R), and the
field of R, which is the sum of the domain and the converse
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domain. For this purpose we define the relations of the domain,
converse domain, and field, to R. The definitions are:

D=iR{a=4((3y).xRy)} Df,

a=PR{B=9((ax).*Ry)} DA,
C=yR{y=4%£((ay):xRy.v.yRx)} Df.

Note that the third of these definitions is only significant when R
is what we may call a homogeneous relation; i.e., one in which, if
xRy holds, x and y are of the same type. For otherwise, however
we may choose x and y, either ¥Ry or yRx will be meaningless.
This observation is important in connexion with Burali-Forti’s
contradiction.

We have, in virtue of the above definitions,

F.D'R=£{(gy) %Ry},

F.@‘R=29{(ax). xRy},
F.C‘R=%{(qy):*Ry.v.yRx},

the last of these being significant only when R is homogeneous.
‘DR’ is read ‘the domain of R’; ‘D‘R’ is read ‘the converse domain
of R’, and ‘C*R’ is read ‘the field of R’. The letter C is chosen as
the initial of the word ‘campus’.

We want next a notation for the relation, to a class a contained
in the domain of R, of the class of terms to which some member of a
has the relation R, and also for the relation, to a class 8 contained
in the converse domain of R, of the class of terms which have the
relation R to some member of B. For the second of these we put

R.=ip{a=4((gy).yef.xRy)} DE.

F.R B=4£{(ay).yeB .*Ry}.

Thus if R is the relation of father to son, and B is the class of
Etonians, R ‘B will be the class ‘fathers of Etonians’; if R is the
relation ‘less than’, and B is the class of proper fractions of the
form 1 — 27" for integral values of n, R ‘B will be the class of frac-
tions less than some fraction of the form 1—2-"; i.e., R ‘B will be
the class of proper fractions. The other relation mentioned above

is (R)..

So that
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We put, as an alternative notation often more convenient,
R“B=R.B Df.

The relative product of two relations R, S is the relation which
holds between x and = whenever there is a term y such that xRy
and yRz both hold. The relative product is denoted by R| S. Thus

R|S=4£2{(qy).xRy.yRz} Df.
We put also
R*=R|R Df.

The product and sum of a class of classes are often required.
They are defined as follows:
s‘c=£{(ga).aex .xea} Df,
px==%{aex.D,.xea} Df.

Similarly for relations we put

$A=29{(gR).ReX.xRy} Df,
PA=29{ReX. D5 xRy} DAf.

We need a notation for the class whose only member is x. Peano
uses ux, hence we shall use «“x. Peano showed (what Frege also had
emphasized) that this class can not be identified with x. With the
usual view of classes, the need for such a distinction remains a
mystery; but with the view set forth above, it becomes obvious.

We put
i=dt{a=J(y=x)} Df,
whence
Fofx=P(y=x),
and

F:Eli%a.D.i%=(x) (xvea);

i.e., if a is a class which has only one member, then i‘a is that one
member.*
For the class of classes contained in a given class, we put

Cl'a=B(8Ca) Df.

We can now proceed to the consideration of cardinal and ordinal
numbers, and of how they are affected by the doctrine of types.

* Thus t‘a is what Peano calls ta.
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IX. CARDINAL NUMBERS

The cardinal number of a class a is defined as the class of all
classes similar to a, two classes being similar when there is a one-
one relation between them. The class of one-one relations is de-
noted by ||, and defined as follows:

11 =k{ny -x'Ry.xRy".J, , o, .x=x".y=y"} DL
Similarity is denoted by Sim; its definition is
Sim=dB{(gR)-Rex—>1.D‘R=a.D‘R=p} Df.

Then Sim ‘a is, by definition, the cardinal number of a; this we
will denote by Nc‘a; hence we put

—
Nc¢=Sim Df.
whence —
F.Nc‘a=Sim ‘a.
The class of cardinals we will denote by NC; thus
NC=Nc‘cls Df.

o is defined as the class whose only member is the null-class, A,
so that
o= A Df.

The definition of 1 is
1=ad{(gc) sxea. = ,.x=c; Df.

It is easy to prove that o and 1 are cardinals according to the
definition.

It is to be observed, however, that o0 and 1 and all the other
cardinals, according to the above definitions, are ambiguous sym-
bols, like cls, and have as many meanings as there are types. To
begin with o: the meaning of o depends upon that of A, and the
meaning of A is different according to the type of which it is the
null-class. Thus there are as many 0’s as there are types; and the
same applies to all the other cardinals. Nevertheless, if two classes
a, B are of different types, we can speak of them as having the same
cardinal, or of one as having a greater cardinal than the other,
because a one-one relation may hold between the members of a
and the members of B, even when a and B are of different types.



MATHEMATICAL LOGIC 97

For example, let B be (“‘a; i.e., the class whose members are the
classes consisting of single members of a. Then «“‘a is of higher
type than a, but similar to a, being correlated with a by the one-
one relation ¢.

The hierarchy of types has important results in regard to addi-
tion. Suppose we have a class of a terms and a class of 8 terms,
where a and B are cardinals; it may be quite impossible to add
them together to get a class of a and 8 terms, since, if the classes
are not of the same type, their logical sum is meaningless. Where
only a finite number of classes are concerned, we can obviate the
practical consequences of this, owing to the fact that we can always
apply operations to a class which raise its type to any required
extent without altering its cardinal number. For example, given
any class a, the class «“‘a has the same cardinal number, but is of
the next type above a. Hence, given any finite number of classes
of different types, we can raise all of them to the type which is
what we may call the lowest common multiple of all the types in
question; and it can be shown that this can be done in such a way
that the resulting classes shall have no common members. We
may then form the logical sum of all the classes so obtained, and
its cardinal number will be the arithmetical sum of the cardinal
numbers of the original classes. But where we have an infinite
series of classes of ascending types, this method can not be
applied. For this reason, we can not now prove that there must
be infinite classes. For suppose there were only » individuals al-
together in the universe, where # is finite. There would then be 2"
classes of individuals, and 22" classes of classes of individuals, and
so on. Thus the cardinal number of terms in each type would be
finite; and though these numbers would grow beyond any assigned
finite number, there would be no way of adding them so as to get
an infinite number. Hence we need an axiom, so it would seem, to
the effect that no finite class of individuals contains all individuals;
but if any one chooses to assume that the total number of
individuals in the universe is (say) 10,367, there seems no a priori
way of refuting his opinion.

From the above mode of reasoning, it is plain that the doctrine
of types avoids all difficulties as to the greatest cardinal. There is a
greatest cardinal in each type, namely the cardinal number of the
whole of the type; but this is always surpassed by the cardinal



98 LOGIC AND KNOWLEDGE

number of the next type, since, if a is the cardinal number of one
type, that of the next type is 29, which, as Cantor has shown, is
always greater than a. Since there is no way of adding different
types, we can not speak of ‘the cardinal number of all objects, of
whatever type’, and thus there is no absolutely greatest cardinal.

If it is admitted that no finite class of individuals contains all
individuals, it follows that there are classes of individuals having
any finite number. Hence all finite cardinals exist as individual-
cardinals; i.e., as the cardinal numbers of classes of individuals.
It follows that there is a class of R, cardinals, namely, the class of
finite cardinals. Hence X, exists as the cardinal of a class of classes
of classes of individuals. By forming all classes of finite cardinals,
we find that 28 exists as the cardinal of a class of classes of classes
of classes of individuals; and so we can proceed indefinitely. The
existence of X, for every finite value of n can also be proved;
but this requires the consideration of ordinals.

If, in addition to assuming that no finite class contains all in-
viduals, we assume the multiplicative axiom (i.e., the axiom that,
given a set of mutually exclusive classes, none of which are null,
there is at least one class consisting of one member from each
class in the set), then we can prove that there is a class of indivi-
duals containing ¥, members, so that R, will exist as an indivi-
dual-cardinal. This somewhat reduces the type to which we have
to go in order to prove the existence-theorem for any given cardinal,
but it does not give us any existence-theorem which can not be
got otherwise sooner or later.

Many elementary theorems concerning cardinals require the
multiplicative axiom.* It is to be observed that this axiom is
equivalent to Zermelo’s,} and therefore to the assumption that

* Cf. Part III of a paper by the present author, ‘On some Difficulties in

the Theory of Transfinite Numbers and Order Types’, Proc. London
Math. Soc. Ser. 11, Vol. IV, Part 1.

t Cf. loc. cit. for a statement of Zermelo’s axiom, and for the proof that
this axiom implies the multiplicative axiom. The converse implication
results as follows: Putting Prod ‘% for the multiplicative class of &, consider

Z8 = R{(gx).xef. D'R = ¢f.q*'R = +'x} Df,
and assume
7e Prod *Z%cl‘a. R = {x{ (aS). Ser. £Sx }.
Then R is a Zermelo-correlation. Hence if Prod ‘Z*¢ cl‘a is not null, at
least one Zermelo-correlation for a exists.
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every class can be well ordered.* These equivalent assumptions
are, apparently, all incapable of proof, though the multiplicative
axiom, at least, appears highly self-evident. In the absence of
proof, it seems best not to assume the multiplicative axiom, but
to state it as a hypothesis on every occasion on which it is used.

X. ORDINAL NUMBERS

An ordinal number is a class of ordinally similar well-ordered
series, i.e., of relations generating such series. Ordinal similarity
or likeness is defined as follows:

Smor=PQ{(gS).Se1—>1.q'S=C'Q.P=S|0|S} Df,

where ‘Smor’ is short for ‘similar ordinally’.
The class of serial relations, which we will call ‘Ser’, is defined
as follows:

Ser=P{xPy. J,y-~(x=y):xPy.yPz.3, , ,.xPx:
- -«
xeC‘P.D, . P'xu‘xuP'x=C‘P} Df.

That is, reading P as ‘precedes’, a relation is serial if (1) no term
precedes itself, (2) a predecessor of a predecessor is a predecessor,
(3) if x is any term in the field of the relation, then the predecessors
of x together with x together with the successors of x constitute
the whole field of the relation.

Well ordered serial relations, which we will call Q, are defined
as follows:

Q=P{PcSer:aCC'P.qla.dq.q!(a—P“a)} Df;

i.e., P generates a well ordered series if P is serial, and any classa
contained in the field of P and not null has a first term. (Note that

©
P“q are the terms coming after some term of a).

If we denote by No‘P the ordinal number of a well ordered
relation P, and by NO the class of ordinal numbers, we shall have

A —
No=dP{PeQ .a=Smor‘P} Df,
NO=No*“Q.

* See Zegmelo, ‘Beweis, dass jede Menge wohlgeordnet werden kann’.
Math. Annalen, Vol. LIX, pp. 514-16.
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From the definition of No we have

—>
F:PeQ.D.No‘P=Smor ‘P,
Fi~ (PeQ).D . ~E!No‘P.

If we now examine our definitions with a view to their con-
nexion with the theory of types, we see, to begin with, that the
definitions of ‘Ser’ and Q involve the fields of serial relations. Now
the field is only significant when the relation is homogeneous;
hence relations which are not homogeneous do not generate series.
For example, the relation « might be thought to generate series of
ordinal number w, such as

€ € ¢ [
b A AT R A RN

and we might attempt to prove in this way the existence of w and
®,. But x and «‘x are of different types, and therefore there is no
such series according to the definition.

The ordinal number of a series of individuals is, by the above
definition of No, a class of relations of individuals. It is therefore
of a different type from any individual, and can not form part of
any series in which individuals occur. Again, suppose all the finite
ordinals exist as individual-ordinals; i.e., as the ordinals of series
of individuals. Then the finite ordinals themselves form a series
whose ordinal number is w; thus w exists as an ordinal-ordinal,
i.e., as the ordinal of a series of ordinals. But the type of an ordi-
nal-ordinal is that of classes of relations of classes of relations of
individuals. Thus the existence of w has been proved in a higher
type than that of the finite ordinals. Again, the cardinal number of
ordinal numbers of well ordered series that can be made out of
finite ordinals is X;; hence ¥, exists in the type of classes of
classes of classes of relations of classes of relations of individuals.
Also the ordinal numbers of well ordered series composed of
finite ordinals can be arranged in order of magnitude, and the
result is a well ordered series whose ordinal number is w,. Hence
w, exists as an ordinal-ordinal-ordinal. This process can be re-
peated any finite number of times, and thus we can establish the
existence, in appropriate types, of N, and w, for any finite value
of n.

But the above process of generation no longer leads to any
totality of all ordinals, because, if we take all the ordinals of any
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given type, there are always greater ordinals in higher types; and
we can not add together a set of ordinals of which the type rises
above any finite limit. Thus all the ordinals in any type can be
arranged by order of magnitude in a well ordered series, which
has an ordinal number of higher type than that of the ordinals
composing the series. In the new type, this new ordinal is not the
greatest. In fact, there is no greatest ordinal in any type, but in
every type all ordinals are less than some ordinals of higher type.
It is impossible to complete the series of ordinals, since it rises to
types above every assignable finite limit; thus although every seg-
ment of the series of ordinals is well ordered, we can not say that
the whole series is well ordered, because the ‘whole series’ is a
fiction. Hence Burali-Forti’s contradiction disappears.

From the last two sections it appears that, if it is allowed that
the number of individuals is not finite, the existence of all Cantor’s
cardinal and ordinal numbers can be proved, short of R, and we.
(It is quite possible that the existence of these may also be demon-
strable.) The existence of all finite cardinals and ordinals can be
proved without assuming the existence of anything. For if the
cardinal number of terms in any type is #, that of terms in the next
type is 2™ Thus if there are no individuals, there will be one class
(namely, the null-class), two classes of classes (namely, that con-
taining no class and that containing the null-class), four classes
of classes of classes, and generally 27! classes of the nth order.
But we can not add together terms of different types, and thus we
can not in this way prove the existence of any infinite class.

We can now sum up our whole discussion. After stating some
of the paradoxes of logic, we found that all of them arise from the
fact that an expression referring to all of some collection may it-
self appear to denote one of the collection; as, for example, ‘all
propositions are either true or false’ appears to be itself a proposi-
tion. We decided that, where this appears to occur, we are dealing
with a false totality, and that in fact nothing whatever can signific-
antly be said about al/ of the supposed collection. In order to give
effect to this decision, we explained a doctrine of types of variables,
proceeding upon the principle that any expression which refers
to all of some type must, if it denotes anything, denote something
of a higher type than that to all of which it refers. Where all of
some type is referred to, there is an apparent variable belonging to

H
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that type. Thus any expression containing an apparent variable is of
higher type than that variable. This is the fundamental principle
of the doctrine of types. A change in the manner in which the types
are constructed, should it prove necessary, would leave the solu-
tion of contradictions untouched so long as this fundamental
principle is observed. The method of constructing types explained
above was shown to enable us to state all the fundamental defini-
tions of mathematics, and at the same time to avoid all known con-
tradictions. And it appeared that in practice the doctrine of types
is never relevant except where existence-theorems are concerned,
or where applications are to be made to some particular case.

The theory of types raises a number of difficult philosophical
questions concerning its interpretation. Such questions are, how-
ever, essentially separable from the mathematical development of
the theory, and, like all philosophical questions, introduce ele-
ments of uncertainty which do not belong to the theory itself. It
seemed better, therefore, to state the theory without reference to
philosophical questions, leaving these to be dealt with indepen-
dently.



On the Relations of Universals and Particulars

In this essay we find Russell moving toward the logical atomism of
1918 but with his ideas still in a state of transition. Read as the
Presidential Address to the Aristotelian Society (of London) in the
autumn of 1911, it was published for the members at the time and
later appeared in the PROCEEDINGS for 1911-12. As the appended
note of 1955 indicates, Russell no longer accepts the argument for the
extstence of particulars given here, although he rejects it on the basis
of parsimony rather than the fact that it can be proved wrong. (It
cannot be proved either way.) The question of universals and parti-
culars is a fundamental one in philosophy, and Russell’s treatment
is cogent and clear, so that in spite of his later views on the validity
of this argument for particulars, I recommend this paper to students
of contemporary philosophy.

Shortly after reading this paper Russell began his first period of
association with Ludwig Wittgenstein, whose views were to exert a
degree of influence on Russell’s thinking for about seven years (i.e.
until Russell became a neutral monist in late 1918 or early 1919).
The comparison of this paper with those of 1914, 1918, and 1919
following will thus provide some index to Wittgenstein's effect on
Russell’s work.
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IQII

ON THE RELATIONS OF UNIVERSALS
AND PARTICULARS*

THE purpose of the following paper is to consider whether there
is a fundamental division of the objects with which metaphysics
is concerned into two classes, universals and particulars, or whether
there is any method of overcoming this dualism. My own opinion
is that the dualism is ultimate; on the other hand, many men with
whom, in the main, I am in close agreement, hold that it is not
ultimate. I do not feel the grounds in favour of its ultimate nature
to be very conclusive, and in what follows I should lay stress rather
on the distinctions and considerations introduced during the argu-
ment than on the conclusion at which the argument arrives.

It is impossible to begin our discussion with sharp definitions
of universals and particulars, though we may hope to reach such
definitions in the end. At the beginning, we can only roughly
indicate the kind of facts that we wish to analyse and the kind of
distinctions that we wish to examine. There are several cognate
distinctions which produce confusion by intermingling, and which
it is important to disentangle before advancing into the heart of
our problem.

The first distinction that concerns us is the distinction between
percepts and concepts, i.e., between objects of acts of perception
and objects of acts of conception. If there is a distinction between
particulars and universals, percepts will be among particulars,
while concepts will be among universals. Opponents of universals,
such as Berkeley and Hume, will maintain that concepts are deriv-
able from percepts, as faint copies, or in some other way. Oppo-

* The thesis of the present paper is closely similar to that of Mr.
Moore’s paper ‘Identity’, read before this Society in 1900—-1901. My chief
reason for thinking that the question demands a fresh discussion is that

the statement of the grounds for the thesis appears to require some
examination of the nature of sensible space as opposed to physical space.

10§
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nents of particulars will maintain that the apparent particularity
of percepts is illusory,and that, though the act of perception may
differ from the act of conception, yet its objects differ only by their
greater complexity, and are really composed of constituents which
are, or might be, concepts.

But the distinction of percepts and concepts is too psychological
for an ultimate metaphysical distinction. Percepts and concepts
are respectively the relata of two different relations, perception and
conception, and there is nothing in their definitions to show
whether, or how, they differ. Moreover, the distinction of percepts
and concepts, in itself, is incapable of being extended to entities
which are not objects of cognitive acts. Hence we require some
other distinction expressing the intrinsic difference which we seem
to feel between percepts and concepts.

A cognate distinction, which effects part at least of what we
want, is the distinction between things which exist in time and
things which do not. In order to avoid any question as to whether
time is relative or absolute, we may say that an entity x ‘exists in
time’ provided «x is not itself a moment or part of time, and some
such proposition as ‘x is before y or simultaneous with y or after y’
is true of x. (It is not to be assumed that before, simultaneous, and
after are mutually exclusive: if x has duration, they will not be so.)
Prima facie, a percept exists in time, in the above sense, while a
concept does not. The object of perception is simultaneous with
the act of perception, while the object of conception seems indiffer-
ent to the time of conceiving and to all time. Thus, prima facie, we
have here the non-psychological distinction of which we were in
search. But the same controversies will break out as in the case of
percepts and concepts. The man who reduces concepts to percepts
will say that nothing is really out of time, and that the appearance
of this in the case of concepts is illusory. The man who reduces
percepts to concepts may either, like most idealists, deny that any-
thing is in time, or, like some realists, maintain that concepts can
and do exist in time.

In addition to the above distinction as regards time, there is a
distinction as regards space which, as we shall find, is very import-
ant in connexion with our present question. Put as vaguely as
possible, this is a distinction which divides entities into three
classes: (a) those which are not in any place, (b) those which are in
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one place at one time, but never in more than one, (¢) those which
are in many places at once. To make this threefold division precise,
we should have to discuss what we mean by a place, what we mean
by ‘in’, and how the different kinds of space—visual, tactile, physi-
cal—produce different forms of this threefold division. For the
present I will merely illustrate what I mean by examples. Relations,
obviously, do not exist anywhere in space. Our bodies, we think,
exist in one place at a time, but not in more than one. General
qualities, such as whiteness, on the contrary, may be said to be in
many places at once: we may say, in a sense, that whiteness is in
every place where there is a white thing. This division of entities
will be discussed later; for the present I merely wish to indicate
that it requires examination.

In addition to the above psychological and metaphysical dis-
tinctions, there are two logical distinctions which are relevant in
the present enquiry. In the first place, there is the distinction
between relations and entities which are not relations. It has been
customary for philosophers to ignore or reject relations, and speak
as if all entities were either subjects or predicates. But this custom
is on the decline, and I shall assume without further argument
that there are such entities as relations. Philosophy has, so far as I
know, no common name for all entities which are not relations.
Among such entities are included not only all the things that would
naturally be called particulars, but also all the universals that
philosophers are in the habit of considering when they discuss
the relation of particulars to universals, for universals are generally
conceived as common properties of particulars, in fact, as predi-
cates. For our purpose it is hardly worth while to invent a technical
term ad hoc; I shall therefore speak of entities which are not rela-
tions simply as non-relations.

The second logical distinction which we require is one which
may or may not be identical in extension with that between rela-
tions and non-relations, but is certainly not identical in intention.
It may be expressed as the distinction between verbs and substan-
tives, or, more correctly, between the objects denoted by verbs
and the objects denoted by substantives.* (Since this more correct

* This is the distinction which I formerly spoke of as the distinction
between things and concepts, but these terms no longer seem to me appro-
priate. Cf. Principles of Mathematics, § 48.
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expression is long and cumbrous, I shall generally use the shorter
phrase to mean the same thing. Thus, when I speak of verbs, I mean
the objects denoted by verbs, and similarly for substantives.) The
nature of this distinction emerges from the analysis of complexes.
In most complexes, if not in all, a certain number of different
entities are combined into a single entity by means of a relation.
‘A’s hatred for B’, for example, is a complex in which Aatred com-
bines A and B into one whole; ‘C’s belief that A hates B’ is a
complex in which belief combines A and B and C and hatred into
one whole, and so on. A relation is distinguished as dual, triple,
quadruple, etc., or dyadic, triadic, tetradic, etc., according to the
number of terms which it unites in the simplest complexes in
which it occurs. Thus in the above examples, hatred is a dual rela-
tion and belief is a quadruple relation. The capacity for combining
terms into a single complex is the defining characteristic of what
I call werbs. The question now arises: Are there complexes which
consist of a single term and a verb? ‘4 exists’ might serve as an
example of what is possibly such a complex. It is the possibility
that there may be complexes of this kind which makes it impossible
to decide off-hand that verbs are the same as relations. There may
be verbs which are philosophically as well as grammatically intran-
sitive. Such verbs, if they exist, may be called predicates, and the
propositions in which they are attributed may be called subject-
predicate propositions.

If there are no such verbs as those whose possibility we have been
considering, 1.e., if all verbs are relations, it will follow that subject-
predicate propositions, if there are any, will express a relation of
subject to predicate. Such propositions will then be definable as
those that involve a certain relation called predication. Even if
there are subject-predicate propositions in which the predicate is
the verb, there will still be equivalent propositions in which the
predicate is related to the subject; thus ‘4 exists’, for example, will
be equivalent to ‘4 has existence’. Hence the question whether pre-
dicates are verbs or not becomes unimportant. The more important
question is whether there is a specific relation of predication, or
whether what are grammatically subject-predicate propositions are
really of many different kinds, no one of which has the character-
istics one naturally associates with subject-predicate propositions.
This question is one to which we shall return at a later stage.
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The above logical distinctions are relevant to our enquiry be-
cause it is natural to regard particulars as entities which can only
be subjects or terms of relations, and cannot be predicates or
relations. A particular is naturally conceived as a this or something
intrinsically analogous to a this; and such an entity seems incapable
of being a predicate or a relation. A universal, on this view, will
be anything that is a predicate or a relation. But if there is no speci-
fic relation of predication, so that there is no class of entities which
can properly be called predicates, then the above method of dis-
tinguishing particulars and universals fails. The question whether
philosophy must recognize two ultimately distinct kinds of entities,
particulars and universals, turns, as we shall see more fully later on,
on the question whether non-relations are of two kinds, subjects
and predicates, or rather terms which can only be subjects and
terms which may be either subjects or predicates. And this ques-
tion turns on whether there is an ultimate simple asymmetrical
relation which may be called predication, or whether all apparent
subject-predicate propositions are to be analysed into propositions
of other forms, which do not require a radical difference of nature
between the apparent subject and the apparent predicate.

The decision of the question whether there is a simple relation
of predication ought perhaps to be possible by inspection, but for
my part I am unable to come to any decision in this way. I think,
however, that it can be decided in favour of predication by the
analysis of things and by considerations as to spatio-temporal
diversity. This analysis and these considerations will also show the
way in which our purely logical question is bound up with the
other questions as to particulars and universals which I raised at
the beginning of this paper.

The common-sense notion of things and their qualities is, I
suppose, the source of the conception of subject and predicate,
and the reason why language is so largely based on this conception.
But the thing, like other common-sense notions, is a piece of half-
hearted metaphysics, which neither gives crude data nor gives a
tenable hypothesis as to a reality behind the data. A thing, of the
everyday sort, is constituted by a bundle of sensible qualities
belonging to various senses, but supposed all to coexist in one
continuous portion of space. But the common space which should
contain both visual and tactile qualities is not the space of either
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visual or tactile perception: it is a constructed ‘real’ space, belief in
which has, T suppose, been generated by association. And in crude
fact, the visual and tactile qualities of which I am sensible are not
in a common space, but each in its own space. Hence if the thing
is to be impartial as between sight and touch, it must cease to have
the actual qualities of which we are sensible, and become their
common cause or origin or whatever vaguer word can be found.
Thus the road is opened to the metaphysical theories of science
and to the metaphysical theories of philosophy: the thing may be a
number of electric charges in rapid miotion, or an idea in the mind
of God, but it is certainly not what the senses perceive.

The argument against things is trite, and I need not labour it.
I introduce it here only in order to illustrate a consequence which
is sometimes overlooked. Realists who reject particulars are apt
to regard a thing as reducible to a number of qualities coexisting
in one place. But, apart from other objections to this view, it is
doubtful whether the different qualities in question ever do coexist
in one place. If the qualities are sensible, the place must be in a
sensible space; but this makes it necessary that the qualities should
belong to only one sense, and it is not clear that genuinely different
qualities belonging to one sense ever coexist in a single place in a
perceptual space. If, on the other hand, we consider what may be
called ‘real’ space, i.e. the inferred space containing the ‘real’
objects which we suppose to be the causes of our perceptions, then
we no longer know what is the nature of the qualities, if any, which
exist in this ‘real’ space, and it is natural to replace the bundle of
qualities by a collection of pieces of matter having whatever char-
acteristics the science of the moment may prescribe. Thus in any
case the bundle of coexisting qualities in the same place is not an
admissible substitute for the thing.

For our purposes, the ‘real’ object by which science or philo-
sophy replaces the thing is not important. We have rather to con-
sider the relations of sensible objects in a single sensible space,
say that of sight.

The theory of sensible qualities which dispenses with parti-
culars will say, if the same shade of colour is found in two different
places, that what exists is the shade of colour itself, and that what
exists in the one place is identical with what exists in the other.
The theory which admits particulars will say, on the contrary,
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that two numerically different instances of the shade of colour exist
in the two places: in this view, the shade of colour itself is a uni-
versal and a predicate of both the instances, but the universal does
not exist in space and time. Of the above two views, the first,
which does not introduce particulars, dispenses altogether with
predication as a fundamental relation: according to this view,
when we say ‘this thing is white’, the fundamental fact is that
whiteness exists here. According to the other view, which admits
particulars, what exists here is something of which whiteness is a
predicate—not, as for common sense, the thing with many other
qualities, but an instance of whiteness, a particular of which white-
ness is the only predicate except shape and brightness and what-
ever else is necessarily connected with whiteness.

Of the above two theories, one admits only what would naturally
be called universals, while the other admits both universals and
particulars. Before examining them, it may be as well to examine
and dismiss the theory which admits only particulars, and dis-
penses altogether with universals. This is the theory advocated by
Berkeley and Hume in their polemic against ‘abstract ideas’. With-
out tying ourselves down to their statements, let us see what can
be made of this theory. The general name ‘white’, in this view, is
defined for a given person at a given moment by a particular patch
of white which he sees or imagines; another patch is called white
if it has exact likeness in colour to the standard patch. In order to
avoid making the colour a universal, we have to suppose that ‘exact
likeness’ is a simple relation, not analysable into community of
predicates; moreover, it is not the general relation of likeness that
we require, but a more special relation, that of colour-likeness,
since two patches might be exactly alike in shape or size but differ-
ent in colour. Thus, in order to make the theory of Berkeley and
Hume workable, we must assume an ultimate relation of colour-
likeness, which holds between two patches which would commonly
be said to have the same colour. Now, prima facie, this relation of
colour-likeness will itself be a universal or an ‘abstract idea’, and
thus we shall still have failed to avoid universals. But we may apply
the same analysis to colour-likeness. We may take a standard parti-
cular case of colour-likeness, and say that anything else is to be
called a colour-likeness if it is exactly like our standard case. It is
obvious, however, that such a process leads to an endless regress:
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we explain the likeness of two terms as consisting in the likeness
which their likeness bears to the likeness of two other terms, and
such a regress is plainly vicious. Likeness at least, therefore, must
be admitted as a universal, and, having admitted one universal,
we have no longer any reason to reject others. Thus the whole
complicated theory, which had no motive except to avoid universals,
falls to the ground. Whether or not there are particulars, there
must be relations which are universals in the sense that (a) they
are concepts, not percepts; (b) they do not exist in time; (c) they
are verbs, not substantives.

It is true that the above argument does not prove that there are
universal qualities as opposed to universal relations. On the con-
trary, it shows that universal qualities can, so far as logic can show,
be replaced by exact likenesses of various kinds between particulars.
This view has, so far as I know, nothing to recommend it beyond
its logical possibility. But from the point of view of the problem
whether there are particulars, it has no bearing on the argument.
It is a view which is only possible if there are particulars, and it
demands only an easy re-statement of subject-predicate proposi-
tions: instead of saying that an entity has such and such a predicate,
we shall have to say that there are entities to which it has such
and such a specific likeness. I shall therefore in future ignore this
view, which in any case assumes our main thesis, namely, the
existence of particulars. To the grounds in favour of this thesis
we must now return.

When we endeavoured to state the two theories as to sensible
qualities, we had occasion to consider two white patches. On the
view which denies particulars, whiteness itself exists in both
patches: a numerically single entity, whiteness, exists in all places
that are white. Nevertheless, we speak of fwo white patches, and
it is obvious that, in some sense, the patches are two, not one. It is
this spatial plurality which makes the difficulty of the theory that
denies particulars.

Without attempting, as yet, to introduce all the necessary explan-
ations and distinctions, we may state the argument for particulars
roughly as follows. It is logically possible for two exactly similar
patches of white, of the same size and shape, to exist simultane-
ously in different places. Now, whatever may be the exact meaning
of ‘existing in different places’, it is self-evident that, in such a
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case, there are two different patches of white. Their diversity might,
if we adopted the theory of absolute position, be regarded as be-
longing, not to the white itself which exists in the two places, but.
to the complexes ‘whiteness in this place’ and ‘whiteness in that
place’. This would derive their diversity from the diversity of this
place and that place; and since places cannot be supposed to differ
as to qualities, this would require that the places should be parti-
culars. But if we reject absolute position, it will become impossible
to distinguish the two patches as two, unless each, instead of being
the universal whiteness, is an instance of whiteness. It might be
thought that the two might be distinguished by means of other
qualities in the same place as the one but not in the same place as
the other. This, however, presupposes that the two patches are
already distinguished as numerically diverse, since otherwise what
is in the same place as the one must be in the same place as the
other. Thus the fact that it is logically possible for precisely
similar things to coexist in two different places, but that things in
different places at the same time cannot be numerically identical,
forces us to admit that it is particulars, i.e., instances of universals,
that exist in places, and not universals themselves.

The above is the outline of our argument. But various points in
it have to be examined and expanded before it can be considered
conclusive. In the first place, it is not necessary to assert that there
ever are two exactly similar existents. It is only necessary to per-
ceive that our judgment that this and that are two different
existents is not necessarily based on any difference of qualities, but
may be based on difference of spatial position alone; and that
difference of qualities, whether or not it always in fact accompanies
numerical difference, is not logically necessary in order to insure
numerical difference where there is difference of spatial position.

Again, it is not easy to state exactly what sort of spatial distribu-
tion in perceived space warrants us in asserting plurality. Before
we can use space as an argument for particulars, we must be clear
on this point. We are accustomed to concede that a thing cannot
be in two places at once, but this common-sense maxim, unless
very carefully stated, will lead us into inextricable difficulties. Our
first business, therefore, it to fina out how to state this maxim in an
unobjectionable form.

In rational dynamics, where we are concerned with matter and
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‘real’ space, the maxim that nothing can be in two places at once
is taken rigidly, and any matter occupying more than a point of
space is regarded as at least theoretically divisible. Only what
occupies a bare point is simple and single. This view is straight-
forward, and raises no difficulties as applied to ‘real’ space.

But as applied to perceived space, such a view is quite inadmis-
sible. The immediate object of (say) visual perception is always
of finite extent. If we suppose it to be, like the matter correspond-
ing to it in ‘real’ space, composed of a collection of entities, one for
each point which is not empty, we shall have to suppose two
things, both of which seem incredible, namely: (1) that every
immediate object of visual (or tactile) perception is infinitely com-
plex; (2) that every such object is always composed of parts which
are by their very nature imperceptible. It seems quite impossible
that the immediate object of perception should have these pro-
perties. Hence we must suppose that an indivisible object of visual
perception may occupy a finite extent of visual space. In short, we
must, in dividing any complex object of visual perception, reach,
after a finite number of steps, a minimum sensibile, which contains
no plurality although it is of finite extent. Visual space may, in a
sense, be infinitely divisible, for, by attention alone, or by the micro-
scope, the immediate object of perception can be changed in a way
which introduces complexity where formerly there was simplicity;
and to this process no clear limit can be set. But this is a process
which substitutes a new immediate object in place of the old one,
and the new object, though more subdivided than the old one,
will still consist of only a finite number of parts. We must therefore
admit that the space of perception is not infinitely divided, and
does not consist of points, but is composed of a finite though
constantly varying number of surfaces or volumes, continually
breaking up or joining together according to the fluctuations of
attention. If there is a ‘real’ geometrical space corresponding to
the space of perception, an infinite number of points in the geo-
metrical space will have to correspond to a single simple entity
in the perceived space.

It follows from this that, if we are to apply to the immediate
objects of perception the maxim that a thing cannot be in two
places at once, a ‘place’ must not be taken to be a point, but must
be taken to be the extent occupied by a single object of perception.
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A white sheet of paper, for example, may be seen as a single un-
divided object, or as an object consisting of two parts, an upper
and a lower or a right hand and a left hand part, or again as ar
object consisting of four parts, and so on. If we on this account
consider that, even when the sheet appeared as an undivided object,
its upper and lower halves were in different places, then we shall
have to say that the undivided object was in both these places at
once. But it is better to say that, when the sheet appeared as an
undivided object, this object occupied only one ‘place’, though
the place corresponded to what were afterwards two places. Thus
a ‘place’ may be defined as the space occupied by one undivided
object of perception.

With this definition, the maxim that a thing cannot be in two
places at once might seem to reduce to a tautology. But this maxim,
though it may need re-wording, will still have a substantial signific-
ance, to be derived from the consideration of spatial relations. It
is obvious that perceived spatial relations cannot hold between
points, but must hold between the parts of a single complex object
of perception. When the sheet of paper is perceived as consisting
of two halves, an upper and a lower, these two halves are combined
into a complex whole by means of a spatial relation which holds
directly between the two halves, not between supposed smaller
subdivisions which in fact do not exist in the immediate object of
perception. Perceived spatial relations, therefore, must have a cer-
tain roughness, not the neat smooth properties of geometrical
relations between points. What, for example, shall we say of dis-
tance? The distance between two simultaneously perceived objects
will have to be defined by the perceived objects between them; in
the case of two objects which touch, like the two halves of the sheet
of paper, there is no distance between them. What remains definite
is a certain order; by means of right and left, up and down, and
so on, the parts of a complex object of perception acquire a spatial
order, which is definite, though not subject to quite the same laws
as geometrical order. The maxim that a thing cannot be in two
places at once will then become the maxim that every spatial re-
lation implies diversity of its terms, i.e., that nothing is to the right
of itself, or above itself, and so on. In that case, given two white
patches, one of which is to the right of the other, it will follow
that there is not a single thing, whiteness, which is to the right of
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itself, but that there are two different things, instances of whiteness,
of which one is to the right of the other. In this way our maxim
will support the conclusion that there must be particulars as well
as universals. But the above outline of an argument needs some
amplification before it can be considered conclusive. Let us there-
fore examine, one by one, the steps of the argument.

Let us suppose, for the sake of definiteness, that within one field
of vision we perceive two separated patches of white on a ground
of black. It may then be taken as quite certain that the two patches
are two and not one. The question is: Can we maintain that there
are two if what exists in each is the universal whiteness?

If absolute space is admitted, we can of course say that it is the
difference of place that makes the patches two; there is whiteness
in this place, and whiteness in that place. From the point of view
of our main problem, which is as to the existence of particulars,
such a view would prove our thesis, since this place and that place
would be or imply particulars consituting absolute space. But from
the point of view of our immediate problem, which is concerned
with plurality in perceived space, we may reject the above view
on the ground that, whatever may be the case with ‘real’ space,
perceived space is certainly not absolute, i.e., absolute positions
are not among objects of perception. Thus the whiteness here and
the whiteness there cannot be distinguished as complexes of which
this place and that place are respectively constituents.

Of course the whitenesses may be of different shapes, say one
round and one square, and then they could be distinguished by
their shapes. It will be observed that, with the view adopted above
as to the nature of perceived space, it is perfectly possible for a
simple object of perception to have a shape: the shape will be a
quality like another. Since a simple object of perception may be of
finite extent, there is no reason to suppose that a shape must imply
spatial divisibility in the object of perception. Hence our two
patches may be respectively round and square, and yet not be
spatially divisible. It is obvious, however, that this method of
distinguishing the two patches is altogether inadequate. The two
patches are just as easily distinguished if both are square or both
are round. So long as we can see both at once, no degree of likeness
between them causes the slightest difficulty in perceiving that
there are two of them. Thus difference of shape, whether it exists
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or not, is not what makes the patches two entities instead of
one.

It may be said that the two patches are distinguished by the
difference in their relations to other things. For example, it may
happen that a patch of red is to the right of one and to the left of
the other. But this does not imply that the patches are two unless
we know that one thing cannot be both to the right and to the
left of another. This, it might be said, is obviously false. Suppose
a surface of black with a small white space in the middle. Then the
whole of the black may form only one simple object of perception,
and would seem to be both to the right and to the left of the white
space which it entirely surrounds. I think it would be more true
to say, in this case, that the black is neither to the right nor to the
left of the white. But right and left are complicated relations in-
volving the body of the percipient. Let us take some other simpler
relation, say that of surrounding, which the black surface has to
the white patch in our example. Suppose we have another white
patch, of exactly the same size and shape, entirely surrounded
by red. Then, it may be said, the two patches of white are distin-
guished by difference of relation, since one is surrounded by black
and the other by red. But if this ground of distinction is to be
valid, we must know that it is impossible for one entity to be both
wholly and immediately surrounded by black and wholly and
immediately surrounded by red. I do not mean to deny that we
do know this. But two things deserve notice—first, that it is not
an analytic proposition; second, that it presupposes the numerical
diversity of our two patches of white.

We are so accustomed to regarding such relations as ‘inside’
and ‘outside’ as incompatible that it is easy to suppose a logical
incompatibility, although in fact the incompatibility is a character-
istic of space, not a result of logic. I do not know what are the un-
analysable spatial relations of objects of perception, whether visual
or tactile, but whatever they are they must have the kind of char-
acteristics which are required in order to generate an order. They,
or some of them, must be asymmetrical, i.e., such that they are
incompatible with their converses: for example, supposing ‘inside’
to be one of them, a thing which is inside another must not also
be outside it. They, or some of them, must also be transitive, i.e.,
such that, for example, if x is inside y and y is inside 2, then x is

1
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inside s—supposing, for the sake of illustration, ‘inside’ to be
among fundamental spatial relations. Probably some further pro-
perties will be required, but these at least are essential, in view of
the fact that there is such a thing as spatial order. It follows that
some at least of the fundamental spatial relations must be such as
no entity can have to itself. It is indeed self-evident that spatial
relations fulfil these conditions. But these conditions are not
demonstrable by purely logical considerations: they are synthetic
properties of perceived spatial relations.

It is in virtue of these self-evident properties that the numerical
diversity of the two patches of white is self-evident. They have
the relation of being outside each other, and this requires that they
should be two, not one. They may or may not have intrinsic
differences—of shape, or size, or brightness, or any other quality—
but whether they have or not they are two, and it is obviously
logically possible that they should have no intrinsic differences
whatever. It follows from this that the terms of spatial relations
cannot be universals or collections of universals, but must be
particulars capable of being exactly alike and yet numerically
diverse.

It is very desirable, in such discussions as that on which we are
at present engaged, to be able to talk of ‘places’ and of things or
qualities ‘occupying’ places, without implying absolute position.
It must be understood that, on the view which adopts relative
position, a ‘place’ is not a precise notion. But its usefulness arises
as follows: Suppose a set of objects, such as the walls and furniture
of aroom, to retain their spatial relations unchanged for a certain
length of time, while a succession of other objects, say people who
successively sit in a certain chair, have successively a given set of
spatial relations to the relatively fixed objects. Then the people
have, one after the other, a given set of properties, consisting in
spatial relations to the walls and furniture. Whatever has this
given set of properties at a given moment is said to ‘occupy’ a
certain place, the ‘place’ itself being merely a fixed set of spatial
relations to certain objects whose spatial relations to each other
do not change appreciably during the time considered. Thus when
we say that one thing can only be in one place at one time, we
mean that it can only have one set of spatial relations to a given set
of objects at one time.
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It might be argued that, since we have admitted that a simple
object of perception may be of finite extent, we have admitted that
it may be in many places at once, and therefore may be outside
itself. This, however, would be a misunderstanding. In perceived
space, the finite extent occupied by a simple object of perception
is not divided into many places. It is a single place occupied by a
single thing. There are two different ways in which this place may
‘correspond’ to many places. First, if there is such a thing as ‘real’
space with geometrical properties, the one place in perceived
space will correspond to an infinite number of points in ‘real’
space, and the single entity which is the object of perception will
correspond to many physical entities in ‘real’ space. Secondly,
there is a more or less partial correspondence between perceived
space at one time and perceived space at another. Suppose that
we attend closely to our white patch, and meanwhile no other
noticeable changes occur in the field of vision. Our white patch
may, and often does, change as the result of attention—we may
perceive differences of shade or other differentiations, or, without
differences of quality, we may merely observe parts in it which
make it complex and introduce diversity and spatial relations
within it. We consider, naturally, that we are still looking at the
same thing as before, and that what we see now was there all along.
Thus we conclude that our apparently simple white patch was not
really simple. But, in fact, the object of perception is not the same
as it was before; what may be the same is the physical object sup-
posed to correspond to the object of perception. This physical
object is, of course, complex. And the perception which results
from attention will be in one sense more correct than that which
perceived a simple object, because, if attention reveals previously
unnoticed differences, it may be assumed that there are correspond-
ing differences in the ‘real’ object which corresponds to the object
of perception. Hence the perception resulting from attention gives
more information about the ‘real’ object than the other perception
did: but the object of perception itself is no more and no less real
in the one case than in the other—that is to say, in both cases it is
an object which exists when perceived, but which there is no
reason to believe existent except when it is perceived.

In perceived space, the spatial unit is not a point, but a simple
object of perception or an ultimate constituent in a complex object
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of perception. This is the reason why, although two patches of
white which are visibly separated from each other must be two, a
‘continuous area of white may not be two. A continuous area, if
not too large, may be a single object of perception not consisting
of parts, which is impossible for two visibly separated areas. The
spatial unit is variable, constantly changing its size, and subject
to every fluctuation of attention, but it must occupy a continuous
portion of perceived space, since otherwise it would be perceived
as plural.

The argument as to numerical diversity which we have derived
from perceived space may be reinforced by a similar argument as
regards the contents of different minds. If two people are both
believing that two and two are four, it is at least theoretically
possible that the meanings they attach to the words two and and
and are and four are the same, and that therefore, so far as the
objects of their beliefs are concerned, there is nothing to distin-
guish the one from the other. Nevertheless, it seems plain that
there are two entities, one the belief of the one man and the other
the belief of the other. A particular belief is a complex of which
something which we may call a subject is a constituent; in our case,
it is the diversity of the subjects that produces the diversity of the
beliefs. But these subjects cannot be mere bundles of general
qualities. Suppose one of our men is characterized by benevolence,
stupidity, and love of puns. It would not be correct to say: ‘Bene-
volence, stupidity, and love of puns believe that two and two are
four’. Nor would this become correct by the addition of a larger
number of general qualities. Moreover, however many qualities
we add, it remains possible that the other subject may also have
them ; hence qualities cannot be what constitutes the diversity of the
subjects. The only respect in which two different subjects must
differ is in their relations to particulars: for example, each will
have to the other relations which he does not have to himself. But
it is not logically impossible that everything concerning one of the
subjects and otherwise only concerning universals might be true
of the other subject. Hence, even when differences in regard to
such propositions occur, it is not these differences that constitute
the diversity of the two subjects. The subjects, therefore, must be
regarded as particulars, and as radically different from any collec-
ion of those general qualities which may be predicated of them.
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It will be observed that, "according [to the generalprinciples
which must govern any correspondence of real things with objects
of perception, any principle which introduces diversity among
objects of perception must introduce a corresponding diversity
among real things. I am not now concerned to argue as to what
grounds exist for assuming a correspondence,!but, if there is such
a correspondence, it must be supposed that diversity in the effects
—i.e., the perceived objects—implies diversity in the causes—i.e.,
the real objects. Hence if I perceive two objects in the field of
vision, we must suppose that at least two real objects are concerned
in causing my perception.

The essential characteristic of particulars, as”they appear in
perceived space, is that they cannot be in two places at once. But
this is an unsatisfactory way of stating the matter, owing to the
doubt as to what a ‘place’ is. The more correct statement is that
certain perceptible spatial relations imply diversity of their terms;
for example, if x is above y, x and y must be different entities.
So long, however, as it is understood that this is what is meant,
no harm is done by the statement that a thing cannot be in two
places at once.

We may now return to the question of particulars and universals
with a better hope of being able to state precisely the nature of the
opposition between them. It will be remembered that we began
with three different oppositions: (1) that of percept and concept,
(2) that of entities existing in time and entities not existing in
time, (3) that of substantives and verbs. But in the course of our
discussion a different opposition developed itself, namely, (4) that
between entities which can be in one place, but not in more than
one, at a given time, and entities which either cannot be anywhere
or can be in several places at one time. What makes a particular
patch of white particular, whereas whiteness is universal, is the
fact that the particular patch cannot be in two places simultane-
ously, whereas the whiteness, if it exists at all, exists wherever
there are white things. This opposition, as stated, might be held
not to apply to thoughts. We might reply that a man’s thoughts
are in his head; but without going into this question, we may
observe that there certainly is some relation between a man’s
thoughts and his head (or some part of it) which there is not
between his thoughts and other things in space. We may extend
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our definition of particulars so as to cover this relation. We may
say that a man’s thought ‘belongs to’ the place where his head is.
We may then define a particular in our fourth sense as an entity
which cannot be in or belong to more than one place at one time,
and a universal as an entity which either cannot be in or belong to
any place, or can be in or belong to many places at once. This
opposition has certain affinities with the three earlier oppositions,
which must be examined.

(1) Owing to the admission of particulars in our fourth sense,
we can make an absolute division between percepts and concepts.
The universal whiteness is a concept, whereas a particular white
patch is a percept. If we had not admitted particulars in our fourth
sense, percepts would have been identical with certain concepts.

(2) For the same reason, we are able to say that such general
qualities as whiteness never exist in time, whereas the things that
do exist in time are all particulars in our fourth sense. The converse,
that all particulars in our fourth sense exist in time, holds in virtue
of their definition. Hence the second and fourth senses of the oppo-
sition of particulars and universals are co-extensive.

(3) The third opposition, that of substantives and verbs, pre-
sents more difficulties, owing to the doubt whether predicates are
verbs or not. In order to evade this doubt, we may substitute
another opposition, which will be co-extensive with substantives
and verbs if predicates are verbs, but not otherwise. This other
opposition puts predicates and relations on one side, and everything
else on the other. What is not a predicate or relation is, according
to one traditional definition, a substance. It is true that, when sub-
stance was in vogue, it was supposed that a substance must be
indestructible, and this quality will not belong to our substances.
For example, what a man sees when he sees a flash of lightning
is a substance in our sense. But the importance of indestructibility
was metaphysical, not logical. As far as logical properties are con-
cerned, our substances will be fairly analogous to traditional sub-
stances. Thus we have the opposition of substances on the one hand
and predicates and relations on the other hand. The theory which
rejects particulars allows entities commonly classed as predicates—
e.g. white—to exist; thus the distinction between substances and
predicates is obliterated by this theory. Our theory, on the con-
trary, preserves the distinction. In the world we know, substances
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are identical with particulars in our fourth sense, and predicates
and relations with universals.

It will be seen that, according to the theory which assumes,
particulars, there is a specific relation of subject to predicate, unless
we adopt the view—considered above in connexion with Berkeley
and Hume—that common sensible qualities are really derivative
from specific kinds of likeness. Assuming this view to be false,
ordinary sensible qualities will be predicates of the particulars
which are instances of them. The sensible qualities themselves do
not exist in time in the same sense in which the instances do.
Predication is a relation involving a fundamental logical difference
between its two terms. Predicates may themselves have predicates,
but the predicates of predicates will be radically different from
the predicates of substances. The predicate, on this view, is never
part of the subject, and thus no true subject-predicate proposition
is analytic. Propositions of the form ‘All 4 is B’ are not really
subject-predicate propositions, but express relations of predicates;
such propositions may be analytic, but the traditional confusion
of them with true subject-predicate propositions has been a dis-
grace to formal logic.

The theory which rejects particulars, and assumes that, e.g.,
whiteness itself exists wherever (as common sense would say)
there are white things, dispenses altogether with predication as a
fundamental relation. “This is white’, which, on the other view,
expresses a relation between a particular and whiteness, will, when
particulars are rejected, really state that whiteness is one of the
qualities in this place, or has certain spatial relations to certain
other qualities. Thus the question whether predication is an ulti-
mate simple relation may be taken as distinguishing the two
theories; it is ultimate if there are particulars, but not otherwise.
And if predication is an ultimate relation, the best definition of
particulars is that they are entities which can only be subjects of
predicates or terms of relations, i.e., that they are (in the logical
sense) substances. This definition is preferable to one introducing
space or time, because space and time are accidental character-
istics of the world with which we happen to be acquainted, and
therefore are destitute of the necessary universality belonging to
purely logical categories.

We have thus a division of all entities into two classes* (1)
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particulars, which enter into complexes only as the subjects of
predicates or the terms of relations, and, if they belong to the world
of which we have experience, exist in time, and cannot occupy more
than one place at one time in the space to which they belong;
(2) universals, which can occur as predicates or relations in com-
plexes, do not exist in time, and have no relation to one place
which they may not simultaneously have to another. The ground
for regarding such a division as unavoidable is the self-evident fact
that certain spatial relations imply diversity of their terms, to-
gether with the self-evident fact that it is logically possible for
entities having such spatial relations to be wholly indistinguishable
as to predicates.

The argument in the above article in favour of the existence of
particulars no longer seems to me valid for reasons which I have
explained in Human Knowledge: its scope and limits. The gist of the
matter arises out of the last sentence in the above article. I no longer
think that there are any spatial or temporal relations which always and
necessarily imply diversity. This does not prove that the theory which
asserts particulars is wrong, but only that it cannot be proved to be right.
The theory which asserts particulars and the theory which denies them
would seem equally tenable. If so, the latter has the merit of logical
parsimony. [Note added in 1955.]



On the Nature of Acquaintance

In the spring of 1914 Russell was Lecturer in Philosophy at
Harvard University, and while there he delivered under the Lowell
Institute the lectures which were to appear later that year as OUR
KNOWLEDGE OF THE EXTERNAL WORLD. The themes which appear
in those lectures and the three papers (first printed in 'THE MONIST)
which follow here were not new in philosophy or Russell’s published
work. The distinction between knowledge by acquaintance and know-
ledge by description is found in a clear and well developed form in
St. Augustine’s DE MAGISTRO; Russell had given a full exposition
of it in THE PROBLEMS OF PHILOSOPHY (1912). What makes these
papers of interest is that they show us Russell engaged in philosophical
debate with some of the leading American philosophers of the day,
and they provide us with his arguments against neutral monism, a
position that he later adopted in 'T'HE ANALYSIS OF MIND (1921) and
gradually abandoned, apparently for reasons similar to those given
here.

The months at Harvard put Russell in direct contact with James,
Perry, Sheffer, and Demos of the ‘new realist’ school which, except
for some of its pragmatic overtones, Russell could regard as a close
relative of the Cambridge philosophy which was growing out of his
own work. Indeed, Russell’s praise for Sheffer’s ‘new and very power-
ful method in mathematical logic’ caused Russell to ‘recommend’ to
him the re-writing of the PRINCIPIA. ‘since what has so far been
published by him is scarcely sufficient to enable others to undertake
the mecessary reconstruction’ *

In 1916 President Lowell of Harvard invited Russell to return as
a permanent member of the philosophical faculty, an invitation which
must have been especially appealing, since he had just been dismissed
Sfrom his lectureship at Trinity College, Cambridge, because of his
first conviction under the Defence of the Realm Act. He was prevented

*Principia Mathematica, Introduction to the Second Edition, Vol. I,
Cambridge, 1925, p. xv. Russcll’s praise was an important factor in
Sheffer’s appointment to a chair in logic at Harvard; but the reconstruc-
tion Russell wished to see never took place, and Sheffer probably pub-
lished less than any other professor in the university, his total writings in
the Church bibliography coming to less than twenty-one pages.
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from accepting the appointment by the refusal of the Foreign Office
to permit him to leave the country, a move in the campaign of syste-
matic persecution for nonconformity in thought which led, eventually,
to his imprisonment in 1918.

Might-have-beens are a dangerous pastime, but it is interesting for
all that to speculate on which might have happened to American
Dphilosophy if Russell had been a part of the scene from 1916 onwards.
Surely pragmatism would never have gained as much ground as ¢
did—only to crumple, eventually, under criticism from the very type
of philosophy which Russell had initiated at Cambridge; and surely
Russell would have left a stronger mark on the Harvard philosophic
faculty than Whitehead (who went there in 1924), whose speculative
thought ceased to be influential at Harvard within a short time after
his retirement and has now seemingly vanished without a trace. When
Russell lectured at Harvard for a second time, in 1940, his ideas
(published as AN INQUIRY INTO MEANING AND TRUTH) had a relev-
ance to contemporary American thought which Whitehead’s cosmology
had never possessed.

It is therefore as a commentary on transatlantic thinking before
the 191418 war that these relatively unknown essays are reprinted
here. Russell’s comments on his changes of opinion in some of these
questions will be found in 1v of the lectures on logical atomism im-
mediately following.
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ON THE NATURE OF ACQUAINTANCE

I. PRELIMINARY DESCRIPTION OF EXPERIENCE

THE purpose of what follows is to advocate a certain analysis of
the simplest and most pervading aspect of experience, namely
what I call ‘acquaintance’. It will be maintained that acquaintance
is a dual relation between a subject and an object which need not
have any community of nature. The subject is ‘mental’, the object
is not known to be mental except in introspection. The object may
be in the present, in the past, or not in time at all; it may be a
sensible particular, or a universal, or an abstract logical fact. All
cognitive relations—attention, sensation, memory, imagination,
believing, disbelieving, etc.—presuppose acquaintance.

This thecory has to be defended against three rival theories:
(1) the theory of Mach and James, according to which there is no
distinctive relation such as ‘acquaintance’, involved in all mental
facts, but merely a different grouping of the same objects as those
dealt with by non-psychological sciences; (2) the theory that the
immediate object is mental, as well as the subject; (3) the theory
that between subject and object there is a third entity, the ‘con-
tent’, which is mental, and is that thought or state of mind by
means of which the subject apprehends the object. The first of
these rivals is the most interesting and the most formidable, and
can only be met by a full and detailed discussion, which will
occupy a second essay. The other theories, along with my own,
will be considered in a third essay, while the first essay will consist
of an introductory survey of data.*

The word ‘experience’, like most of the words expressing funda-
mental ideas in philosophy, has been imported into the technical

* [The three essays to which Russell refers in this passage are here
reprinted, under their respective subheads, consecutively.—R.C.M.]
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vocabulary from the language of daily life, and it retains some of the
grime of its outdoor existence in spite of some scrubbing and
brushing by impatient philosophers. Originally, the ‘philosophy
of experience’ was opposed to the a priori philosophy, and ‘experi-
ence’ was confined to what we learn through the senses. Gradually,
however, its scope widened until it included everything of which
we are in any way conscious, and became the watchword of an
emaciated idealism imported from Germany. The word had, on
the one hand, the reassuring associations of the ‘appeal to experi-
ence’, which seemed to preclude the wilder vagaries of transcen-
dental metaphysicians; while on the other hand it held, as it were
in solution, the doctrine that nothing can happen except as the
‘experience’ of some mind. Thus by the use of this one word the
idealists cunningly forced upon their antagonists the odium of the
a priori and the apparent necessity of maintaining the bare dogma
of an unknowable reality, which must, it was thought, be either
wholly arbitrary or not really unknowable.

In the revolt against idealism, the ambiguities of the word
‘experience’ have been perceived, with the result that realists have
more and more avoided the word. It is to be feared, however, that
if the word is avoided the confusions of thought with which it has
been associated may persist. It seems better to persevere in the
attempt to analyse and clarify the somewhat vague and muddy
ideas commonly called up by the word ‘experience’, since it is
not improbable that in this process we may come upon something
of fundamental importance to the theory of knowledge.

A certain difficulty as regards the use of words is unavoidable
here, as in all philosophical inquiries. The meanings of common
words are vague, fluctuating and ambiguous, like the shadow
thrown by a flickering street-lamp on a windy night; yet in the
nucleus of this uncertain patch of meaning, we may find some
precise concept for which philosophy requires a name. If we
choose a new technical term, the connexion with ordinary thought
is obscured and the clarifying of ordinary thought is retarded;
but if we use the common word with a new precise significance,
we may seem to run counter to usage, and we may confuse the
reader’s thoughts by irrelevant associations. It is impossible to
lay down a rule for the avoidance of these opposite dangers; some-
times it will be well to introduce a new technical term, sometimes
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it will be better to polish the common word until it becomes suit-
able for technical purposes. In the case of ‘experience’, the latter
course seems preferable, since the actual process of polishing the
word is instructive, and the confusions of thought which it covers
cannot well be otherwise dispelled.

In seeking the central ideal embodied in the word ‘experience’,
we shall at the same time be performing the analysis required for
a definition of ‘mind’ and ‘mental’. Common sense divides human
beings into souls and bodies, and Cartesian philosophy generalized
this division by classifying everything that exists as either mind or
matter. This division is so familiar, and of such respectable anti-
quity, that it has become part of our habits, and seems scarcely
to embody a theory. Mind is what we know from within—
thoughts and feclings and volitions—while matter is what is in
space outside our minds. Nevertheless, almost all the great philo-
sophers since Leibniz have challenged the dualism of mind and
matter. Most of them, regarding mind as something immediately
given, have assimilated to it what appeared to be ‘matter’, and have
thus achieved the monism of the idealist. We may define an idealist
as a man who believes that whatever exists may be called ‘mental’,
in the sense of having a certain character, known to us by intro-
spection as belonging to our own minds. In recent times, however,
this theory has been criticized from various points of view. On the
one hand, men who admitted that we know by introspection things
having the character we call ‘mental’ have urged that we also
know other things not having this character. On the other hand,
William James and the American realists have urged that there is
no specific character of ‘mental’ things, but that the things which
are called mental are identical with the things which are called
physical, the difference being merely one of context and arrange-
ment.

We have thus three opinions to consider. There are first those
who deny that there is a character called ‘mental’ which is revealed
in introspection. These men may be called ‘neutral monists’,
because, while rejecting the division of the world into mind and
matter, they do not say ‘all reality is mind’, nor yet ‘all reality is
matter’. Next, there are ‘idealistic monists’, who admit a character
called ‘mental’, and hold that everything has this character. Next,
there are ‘dualists’, who hold that there is such a character, but
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that there are things which do not possess it. In order to decide
among these views, it is necessary to decide whether anything is
meant by the word ‘mental’; and this inquiry brings us back to
the meaning of ‘experience’.

When we consider the world without the knowledge and the
ignorance that are taught by philosophy, we seem to see that it
contains a number of things and persons, and that some of the
things are ‘experienced’ by some of the persons. A man may experi-
ence different things at different times, and different men may ex-
perience different things at the same time. Some things, such as
the inside of the earth or the other side of the moon, are never
experienced by anybody, but are nevertheless believed to exist.
The things which a man is said to experience are the things that
are given in sensation, his own thoughts and feelings (at any rate
so far as he is aware of them), and perhaps (though on this point
common sense might hesitate) the facts which he comes to know
by thinking. At any given moment, there are certain things of
which a man is ‘aware’, certain things which are ‘before his mind’.
Now although it is very difficult to define ‘ awareness’, it is not at
all difficult to say that I am aware of such and such things. If I
am asked, I can reply that I am aware of this, and that, and the
other, and so on through a heterogeneous collection of objects.
If I describe these objects, I may of course describe them wrongly;
hence I cannot with certainty communicate to another what are
the things of which I am aware. But if I speak to myself, and denote
them by what may be called ‘proper names’, rather than by de-
scriptive words, I cannot be in error. So long as the names which
I use really are names at the moment, i.e., are naming things to
me, so long the things must be objects of which I am aware, since
otherwise the words would be meaningless sounds, not names of
things. There is thus at any given moment a certain assemblage of
objects to which I could, if I chose, give proper names; these are
the objects of my ‘awareness’, the objects ‘before my mind’, or
the objects that are within my present ‘experience’.

There is a certain unity, important to realize but hard to analyse,
in ‘my present experience’. If we assumed that ‘I’ am the same at
one time and at another, we might suppose that ‘my present
experience’ might be defined as all the experience which ‘I’ have
‘now’. But in fact we shall find that ‘I’ and ‘now’, in the order of
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knowledge, must be defined in terms of ‘my present experience’,
rather than vice versa. Moreover, we cannot define ‘my present
experience’ as ‘all experience contemporaneous with this’ (where
this is some actual part of what I now experience), since that would
ignore the possibility of experience other than mine. Nor can we
define it as ‘all experience which I experience as contemporaneous
with this’, since that would exclude all that part of my experiencing
of which I do not become introspectively conscious. We shall have
to say, I think, that ‘being experienced together’ is a relation be-
tween experienced things, which can itself be experienced, for
example when we become aware of two things which we are seeing
together, or of a thing seen and a thing heard simultaneously.
Having come to know in this way what is meant by ‘being experi-
enced together’, we can define ‘my present contents of experience’
as ‘everything experienced together with this’, where this is any
experienced thing selected by attention. We shall return to this
topic on several subsequent occasions.

I do not propose as yet to attempt a logical analysis of ‘experi-
ence’. For the present, I wish to consider its extent, its boundaries,
its prolongation in time, and the reasons for regarding it as not
all-embracing. These topics may be dealt with by discussing suc-
cessively the following questions: (1) Are faint and peripheral
sensations included in ‘experience’? (2) Are all or any of our present
true beliefs included in present ‘experience’? (3) Do we now
‘experience’ past things which we remember? (4) How do we come
to know that the group of things now experienced is not all-
embracing? (5) Why do we regard our present and past experiences
as all parts of one experience, namely the experience which we call
‘ours’? (6) What leads us to believe that ‘our’ total experience is not
all-embracing? Many of these questions will have to be discussed
again more fully at a later stage; for the present, we are not discus-
sing them on their own account, but in order to become familiar
with the notion of experience.

1. Are faint and peripheral sensations included in ‘experience’?
This question may be asked, not only with regard to sensations,
but also with regard to faint wishes, dim thoughts, and whatever
else is not in the focus of attention; but for illustrative purposes,
the case of sensation, which is the simplest, may suffice. For the
sake of definiteness, let us consider the field of vision. Normally,
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if we are attending to anything seen, it is to what is in the centre
of the field that we attend, but we can, by an effort of will, attend

_to what is in the margin. It is obvious that, when we do so, what
we attend to is indubitably experienced. Thus the question we have
to consider is whether attention constitutes experience, or whether
things not attended to are also experienced. It seems we must
admit things to which we do not attend, for attention is a selection
among objects that are ‘before the mind’, and therefore presup-
poses a larger field, constituted in some less exclusive manner,
out of which attention chooses what it wants. In cases, however,
where, in spite of the physical conditions which might be expected
to produce a sensation, no sensation appears to exist, as for example
when we fail to hear a faint sound which we should hear if our
attention were called to it, it would seem that there is no corres-
ponding ‘experience’; in such cases, in spite of the physical
existence of the sound-stimulus, there seems to be sometimes
no answering ‘mental’ existent.

2. Our mental life is largely composed of beliefs, and of what
we are pleased to call ‘knowledge’ of ‘facts’. When I speak of a
‘fact’, I mean the kind of thing that is expressed by the phrase ‘that
so-and-so is the case’. A ‘fact’ in this sense is something different
from an existing sensible thing; it is the kind of object towards
which we have a belief, expressed in a proposition. The question
I am asking now is not whether believing is experienced, for that
I take to be obvious; the question is, whether the facts towards
which beliefs are directed are ever experienced. It is obvious at
once that most of the facts which we consider to be within our
knowledge are not experienced. We do not experience that the
earth goes round the sun, or that London has six million inhabi-
tants, or that Napoleon was defeated at Waterloo. I think, how-
ever, that some facts are experienced, namely those which we see
for ourselves, without relying either upon our own reasoning from
previous facts, or upon the testimony of others. These ‘primitive’
facts, which are known to us by an immediate insight as luminous
and indubitable as that of sense, must, if I am not mistaken, be
included in the original matter of experience. Their importance in
the theory of knowledge is very great, and we shall have occasion
to consider them very fully in the sequel.

3. Do we now experience past things which we remember? We
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cannot of course discuss this question adequately without a con-
sideration of the psychology of memory. But in a brief preliminary
way, something may be said to indicate an affirmative conclusion
In the first place, we must not confound true memory with present
images of past things. I may call up now before my mind an image
of a man I saw yesterday; the image is not in the past, and I cer-
tainly experience it now, but the image itself is not memory. The
remembering refers to something known to be in the past, to what
I saw yesterday, not to the image which I call up now. But even
when the present image has been set aside as irrelevant, there still
remains a distinction between what may be called ‘intellectual’
memory and what may be called ‘sensational’ memory. When 1
merely know ‘that I saw Jones yesterday’, this is intellectual mem-
ory; my knowledge is of onc of those ‘primitive facts’ which we
considered in the preceding paragraph. But in the immediate
memory of something which has just happened, the thing itself
seems to remain in experience, in spite of the fact that it is known
to be no longer present. How long this sort of memory may last,
I do not profess to know; but it may certainly last long enough to
make us conscious of a lapse of time since the thing remembered
was present. Thus it would seem that in two different ways past
things may form parts of present experience.

The conclusion that past things are experienced in memory
may be reinforced by considering the difference between past and
future. Through scientific prediction, we may come to know, with
greater or less probability, many things about the future, but all
these things are inferred: not one of them is known immediately.
We do not even know immediately what we mean by the word
‘future’: the future is essentially that period of time when the
present will be past. ‘Present’ and ‘past’ are given in experience,
and ‘future’ is defined in terms of them. The difference between
past and future, from the standpoint of theory of knowledge, con-
sists just in the fact that the past is in part experienced now, while
the future still lies wholly outside experience.

4. How do we come to know that the group of things now experi-
enced is not all-embracing? This question arises naturally out of
what has just been said concerning the future; for our belief that
there will be a future is just one of those that take us beyond pre-
sent experience. It is not, however, one of the most indubitable;

K
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we have no very good reason to feel sure that there will be a future,
whereas some of the ways in which reality must transcend present
experience seem as certain as any knowledge.

This question is one of great importance, since it introduces
us to the whole problem of how knowledge can transcend personal
experience. For the present, however, we are not concerned with
the whole of our individual experience, but only with the experi-
ence of a given moment. At first sight, it might seem as though the
experience of each moment must be a prison for the knowledge
of that moment, and as though its boundaries must be the boun-
daries of our present world. Every word that we now understand
must have a meaning which falls within our present experience;
we can never point to an object and say: ‘Tis lies outside my pre-
sent experience’. We cannot know any particular thing unless it is
part of present experience; hence it might be inferred that we can-
not know that there are particular things which lie outside present
experience. To suppose that we can know this, it might be said,
is to suppose that we can know what we do not know. On this
ground, we may be urged to a modest agnosticism with regard to
everything that lies outside our momentary consciousness. Such
a view, it is true, is not usually advocated in this extreme form;
but the principles of solipsism and of the older empirical philo-
sophy would seem, if rigorously applied, to reduce the knowledge
of each moment within the narrow area of that moment’s experi-
ence.

To this theory there are two complementary replies. The one
is empirical, and consists in pointing out that in fact we do know
more than the theory supposes; the other is logical, and consists
in pointing out a fallacy in the inference which the theory draws
from the data. Let us begin with the empirical refutation.

One of the obvious empirical refutations is derived from the
knowledge that we have forgotten something. When, for example,
we try to recall a person’s name, we may be perfectly certain that
the name came into our experience in the past, but for all our
efforts it will not come into our present experience. Then again,
in more abstract regions we know that there are facts which are
not within our present experience; we may remember that there
are 144 entries in the multiplication-table, without remembering
them all individually; and we may know that there are an infinite
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number of facts in arithmetic, of which only a finite number are
now present to our minds. In both the above cases, we have cer-
tainty, but in the one case the thing forgotten did once form part
of our experience, while in the other, the fact not experienced is
an abstract mathematical fact, not a particular thing existing in
time. If we are willing to admit any of the beliefs of daily life, such
as that there will be a future, we of course have a great extension of
what exists without being experienced. We know by memory that
hitherto we have constantly become aware, in sensation, of new
particulars not experienced before, and that therefore throughout
the past our experience has not been all-embracing. If, then, the
present moment is not the last moment in the life of the universe,
we must suppose that the future will contain things which we do
not now experience. It is no answer to say that, since these things
are future, they do not yet form part of the universe; they must,
at all times, be included in any complete inventory of the universe,
which must enumerate what is to come just as much as what is and
what has been. For the above reasons, then, it is certain that the
world contains some things not in my experience, and highly prob-
able that it contains a vast number of such things.

It remains to show the logical possibility of the knowledge that
there are things which we are not now experiencing. This depends
upon the fact that we may know propositions of the form: “There
are things having such-and-such a property’, even when we do
not know of any instance of such things. In the abstract mathe-
matical world, it is very easy to find examples. For instance, we
know that there is no greatest prime number. But of all the prime
numbers that we shall have ever thought of, there certainly is a
greatest. Hence there are prime numbers greater than any that
we shall have ever thought of. But in more concrete realms, the
same is true: it is perfectly possible to know that there are things
which I have known, but have now forgotten, although it is obvi-
ously impossible to give an instance of such things. T'o recur to our
former example, I may perfectly remember that yesterday I knew
the name of the lady I was introduced to, although to-day the
name is lost to me. That I was told her name, is a fact which I
know, and which implies that I knew a particular thing which I
no longer know; I know that there was such a particular thing, but
I do not know what particular thing it was. To pursue this topic



136 LOGIC AND KNOWLEDGE

farther would require an account of ‘knowledge by description’,
which belongs to a later stage. For the present, I am content to
have pointed out that we know that there are things outside present
experience and that such knowledge raises no logical difficulty.

5. Why do we regard our present and past experiences as all
parts of one experience, namely the experience which we call
‘ours’? This question must be considered before we can advance
to the further question, whether we can know that there are things
which transcend the whole of ‘our’ experience. But at our present
stage we can only give it a brief preliminary consideration, such
as will enable us to speak of one person’s total experience with
some realization of what we mean and of what are the difficulties
involved.

It is obvious that memory is what makes us call past experiences
‘ours’. 1 do not mean that only those experiences that we now
remember are considered as ours, but that memory always makes
the links in the chain connecting our present with our past. It is
not, however, memory per se that does this: it is memory of a
certain sort. If we merely remember some external object, the
experiencing is in the present, and there is not yet any reason to
assume the past experience. It would be logically possible to
remember an object which we had never experienced; indeed, it
is by no means certain that this does not sometimes occur. We may
hear a striking clock, for instance, and become aware that it has
already struck several times before we noticed it. Perhaps, in this
case, we have really experienced the earlier strokes as they oc-
curred, but we cannot remember to have done so. Thus the case
serves to illustrate an important difference, namely the difference
between remembering an outside event and remembering our
experiencing of the event. Normally, when we remember an event,
we also remember our experiencing of it, but the two are different
memories, as is shown by the case of the striking clock. The memory
which prolongs our personality backwards in time is the memory of
our experiencing, not merely of the things which we experienced.
When we can remember experiencing something, we include
the remembered experiencing with our present experiencing as
part of one person’s experience. Thus we are led to include also
whatever experience we remembered at that earlier period, and so
back, hypothetically, to earliest infancy. In the same hypothetical



ON THE NATURE OF ACQUAINTANCE 137

manner, we stretch our personality forward in time to all experi-
ences which will remember our present experiences directly or in-
directly.* By this extension of the present experience into a series
of experiences linked by memory, we include within our own total
experience all those particulars, spoken of under our last heading,
which are known to have existed, though they do not form part of
present experience; and in case time should continue beyond the
present moment, we include also those future experiences which
will be related to our present as our present is related to our past.

6. What leads us to believe that ‘our’ total experience is not all-
embracing? This is the question of solipsism: What reason have
we for believing that anything exists or has existed or will exist
except what forms part of our total experience in the sense ex-
plained in the preceding paragraph?

The logical argument by which we showed that it is possible
to know of the existence of things that are outside present experi-
ence applies, without change, to the existence of things that lic
outside our total experience. Thus the only question we have to
consider is whether, as a matter of empirical fact, we know any-
thing which proves the existence of suchathings. In abstract logical
and mathematical regions, it is casy, by means of the very examples
which we used before, to prove that there are facts which do not
form part of our total experience. It seems certain that we shall
not think of more than a finite number of arithmetical facts in the
course of our lives, and we know that the total number of arith-
metical facts is infinite. If this example be thought inconclusive,
on the ground that perhaps we survive death and become more in-
terested in arithmetic hereafter, the following example will be
found more stubborn. The number of functions of a real variable
is infinitely greater than the number of moments of time. There-
fore even if we spent all eternity thinking of a new function every
instant, or of any finite or small infinite number of new functions
every instant, there would still be an infinite number of functions
which we should not have thought of, and therefore an infinite
number of facts about them which would never enter our

* In the language of the logic of relations, if M is the relation ‘remem-
bering’, N the sum of M and its converse, and x is any moment of experi-
ence, the total experience to which x belongs is all moments of experience
which have to x the relation N*. Cf. Principia Mathematica, »9o.
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experience. It is therefore certain that there are mathematical facts
which do not enter into our total experience.

With regard to existing particulars, no such cogent argument,
so far as I know, can be produced. We naturally suppose that
other people’s bodies are inhabited by minds more or less like
ours, which experience pleasures and pains, desires and aversions,
of which we have no direct awareness. But although we naturally
suppose this, and although no reason can be alleged for believing
that our supposition is mistaken, yet it would seem also that there
is no conclusive reason for believing it not mistaken. Exactly the
same degree of doubt attaches to the inside of the earth, the
other side of the moon, and the innumerable physical facts which
we habitually assume without the warrant of direct experience. If
there is good reason to believe in any of these things, it must be
derived from induction and causality by a complicated process
which we are not at present in a position to consider. For the pre-
sent, let us assume as a working hypothesis the existence of other
people and of unperceived physical things. From time to time we
shall reconsider this hypothesis, and at the end we shall be in a
position to sum up the evidence as to its truth. For the present,
we must be content with the conclusions: (@) that there is no
logical reason against it, (b) that in the logical world there certainly
are facts which we do not experience, (c) that the common-sense
assumption that there are particulars which we do not experience
has been found thoroughly successful as a working hypothesis, and
that there is no argument of any sort or kind against it.

The conclusion to which we have been led by the above dis-
cussion is that some of the things in the world, but not all, are
collected together at any given moment of my conscious life into
a group which may be called ‘my present experience’; that this
group embraces things existing now, things that existed in the
past, and abstract facts; also that in my experiencing of a thing,
something more than the mere thing is involved, and may be
experienced in memory; that thus a total group of my experiences
throughout time may be defined by means of memory, but that
this group, like the momentary group, certainly does not contain
all abstract facts, and appears not to contain all existent particulars,
and in especial does not contain the experiencing which we believe
to be associated with other people’s bodies.
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We have now to consider what is the analysis of ‘experiencing’,
i.e., what is the bond which combines certain objects into the
group forming a momentary experience. And here we must first,
consider the theory which we have called ‘neutral monism’, due
to William James; for the questions raised by this theory are so
fundamental that until they are answered, in one way or in another,
no further progress can be made.

II. NEUTRAL MONISM

‘Neutral Monism’—as opposed to idealistic monism and materi-
alistic monism—is the theory that the things commonly regarded
as mental and the things commonly regarded as physical do not
differ in respect of any intrinsic property possessed by the one
set and not by the other, but differ only in respect of arrangement
and context. The theory may be illustrated by comparison with a
postal directory, in which the same names come twice over, once
in alphabetical and once in geographical order; we may compare
the alphabetical order to the mental, and the geographical order
to the physical. The affinities of a given thing are quite different
in the two orders, and its causes and effects obey different laws.
Two objects may be connected in the mental world by the associa-
tion of ideas, and in the physical world by the law of gravitation.
'The whole context of an object is so different in the mental order
from what it is in the physical order that the object itself is thought
to be duplicated, and in the mental order it is called an ‘idea’,
namely the idea of the same object in the physical order. But this
duplication is a mistake: ‘ideas’ of chairs and tables are identical
with chairs and tables, but are considered in their mental context,
not in the context of physics.

Just as every man in the directory has two kinds of neighbours,
namely alphabetical neighbours and geographical neighbours, so
every object will lie at the intersection of two causal series with
different laws, namely the mental series and the physical series.
“Thoughts’ are not different in substance from ‘things’; the stream
of my thoughts is a stream of things, namely of the things which
I should commonly be said to be thinking of; what leads to its
being called a stream of thoughts is merely that the laws of succes-
sion are different from the physical laws. In my mind, Caesar may
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call up Charlemagne, whereas in the physical world the two were
widely sundered. The whole duality of mind and matter, according
to this theory, is a mistake; there is only one kind of stuff out of
which the world is made, and this stuff is called mental in one
arrangement, physical in the other.*

A few quotations may serve to make the position clearer.

Mach says:

“That traditional gulf between physical and psychological re-
search, accordingly, exists only for the habitual stereotyped method
of observation. A colour is a physical object so long as we consider
its dependence upon its luminous source, upon other colours, upon
heat, upon space, and so forth. Regarding, however, its dependence
upon the retina. . ., it becomes a psychological object, a sensation.
Not the subject, but the direction of our investigation, is different
in the two domains.” [op. cit., page 14.]

“T'he primary fact is not the I, the ego, but the elements (sensa-
tions). The elements constitute the I. I have the sensation green,
signifies that the element green occurs in a given complex of other
elements (sensations, memories). When I cease to have the sensa-
tion green, when I die, then the elements no longer occur in their
ordinary, familiar way of association. That is all. Only an ideal
mental-economical unity, not a real unity, has ceased to exist.

‘If a knowledge of the connexion of the elements does not suffice
us, and we ask, Who possesses this connexion of sensations, Who
experiences the sensations, then we have succumbed to the habit
of subsuming every element (every sensation) under some un-
analysed complex’ [pages 19-20].

‘Bodies do not produce sensations, but complexes of sensations
(complexes of elements) make up bodies. If to the physicist bodies
appear the real abiding existences, while sensations are regarded
merely as their evanescent transitory show, the physicist forgets,
in the assumption of such a view, that all bodies are but

* For statements of this theory, sce William James, Essays in Radical
Empiricism (Longmans, 1912) especially the first of these essays, ‘Does
“‘Consciousness” Exist?” See also Mach, Analysis of the Sensations (Chi-
cago, 1897; the original was published in 1886). Mach’s theory seems to
be substantially the same as James’s; but so far as I know James does not
refer to him on this subject, so that he must have reached his conclusions
independently of Mach. The same theory is advocated in Perry’s Present
Philosophical Tendencies and in The New Realism (1912).
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thought-symbols for complexes of sensations (complexes of
elements)’ [page 22].

‘For us, therefore, the world does not consist of mysterious
entities, which by their interaction with another equally mysterious
entity, the ego, produce sensations which alone are accessible.
For us, colours, sounds, spaces, times, . . . are the ultimate ele-
ments, whose given connexion it is our business to investigate’
[page 23].

Mach arrived at his opinions through physics. James, whose
opinions are essentially the same, arrived at them through psycho-
logy. In his Psychology they are not yet to be found, though there
is a certain approach to them. The various articles containing the
opinions which concern us at present are collected in the post-
humous book called Essays in Radical Empiricism. The following
quotations will, I hope, serve to make it clear what these opinions
are.

¢ “Consciousness”,’ says James, ‘is the name of a non-entity, and
has no right to a place among first principles. Those who still cling
to it are clinging to a mere echo, the faint rumour left behind by the
disappearing ‘“‘soul” upon the air of philosophy. For twenty years
past* I have mistrusted ‘‘consciousness” as an entity; for seven or
eight years part I have suggested its non-existence to my students,
and tried to give them its pragmatic equivalent in realities of
experience. It seem to me that the hour is ripe for it to be openly
and universally discarded.

“T'o deny plumply that ‘“‘consciousness’ exists seems so absurd
on the face of it—for undeniably “thoughts” do exist—that I fear
some readers will follow me no farther. Let me then immediately
explain that I mean only to deny that the word stands for an entity,
but to insist most emphatically that it does stand for a function.
There is, I mean, no aboriginal stuff or quality of being, contrasted
with that of which material objects are made, out of which our
thoughts of them are made; but there is a function of experience
which thoughts perform, and for the performance of which this
quality of being is involved. That function is knowing’ [pages 2—4].

‘My thesis is that if we start with the supposition that there is
only one primal stuff or material in the world, a stuff of which
everything is composed, and if we call that stuff “pure experience”,

* This article was first published in 1904.
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then knowing can easily be explained as a particular sort of relation
towards one another into which portions of pure experience may
enter. The relation itself is a part of pure experience; one of its
“terms” becomes the subject or bearer of the knowledge, the
knower, the other becomes the object known’ [page 4].

After explaining the view, which he rejects, that experience
contains an essential opposition of subject and object, he proceeds:

‘Now my contention is exactly the reverse of this. Experience,
1 believe, has no such inner duplicity: and the separation of it into
consciousness and content comes, not by way of subtraction, but by way
of addition—the addition, to a given concrete piece of it, of other
sets of experiences, in connexion with which its use or function
may be of two different kinds. The paint will also serve here as
an illustration. In a pot in a paint-shop, along with other paints, it
serves in its entirety as so much saleable matter. Spread on a can-
vas, with other paints around it, it represents, on the contrary, a
feature in a picture and performs a spiritual function. Just so,
I maintain, does a given undivided portion of experience, taken
in one context of associates, play the part of a knower, of a state
of mind, of “‘consciousness’; while in a different context the same
undivided bit of experience plays the part of a thing known, of an
objective “‘content”. In a word, in one group it figures as a thought,
in another group as a thing. And, since it can figure in both groups
simultancously, we have every right to speak of it as subjective and
objective both at once’ [pages 9-10; the italics are in the original].

‘Consciousness connotes a kind of external relation, and does
not denote a special stuff or way of being. The peculiarity of our
experiences, that they not only are, but are known, which their
“conscious” quality is invoked to explain, is better explained by their
relations—these relations themselves being experiences—to one
another’ [page 25; the italics are in the original].

James explains, a few pages later, that a vivid image of fire or
water is just as truly hot or wet as physical fire or water. The dis-
tinction, he says, lies in the fact that the imagined fire and water
are not causally operative like the ‘real’ fire and water. ‘Mental
fire is what won’t burn real sticks; mental water is what won’t
necessarily (though of course it may) put out even a mental fire.
Mental knives may be sharp, but they won’t cut real wood’ [page

33l
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‘“The central point of the pure-experience theory is that “outer”
and “inner” are names for two groups into which we sort experi-
ences according to the way in which they act upon their neighbours. .
Any one “content”, such as hard, let us say, can be assigned to
either group’ [page 139].

Finally he comes to the alleged introspective certainty of consci-
ousness. But his introspective deliverance is not the usual one.
In himself, he says, ‘the stream of thinking (which I recognize
emphatically as a phenomenon) is only a careless name for what,
when scrutinized, reveals itself to consist chiefly of the stream of my
breathing. The “I think” which Kant said must be able to accom-
pany all my objects, is the “I breathe” which actually does accom-
pany them. There are other internal facts besides breathing . . .
and these increase the assets of “‘consciousness” so far as the latter
is subject to immediate perception; but breath, which was ever the
original of “spirit”’, breath moving outwards, between the glottis
and the nostrils, is, I am persuaded, the essence out of which
philosophers have constructed the entity known to them as consci-
ousness’ [page 37].

In order to understand James’s theory, it is necessary to consider
more in detail his account of ‘knowing’. Mere seeing and hearing,
and sensation generally, he does not call ‘knowing’. In all the cases
where those who hold a different theory would say we have direct
knowledge, there is, in James’s view, no knowledge at all, but
merely the presence of the thing itself as one of the constituents
of the mind which is mistakenly supposed to know the thing.
Knowing, according to him, is an external relation between two
bits of experience, consisting in the fact that one of them leads to
the other by means of certain intermediaries. The following illus-
tration aptly introduces his account of knowing:

‘Suppose me to be sitting here in my library at Cambridge, at
ten minutes’ walk from ‘‘Memorial Hall”, and to be thinking
truly of the latter object. My mind may have before it only the
name, or it may have a clear image, or it may have a very dim
image of the hall, but such intrinsic differences in the image make
no difference in its cognitive function. Certain extrinsic pheno-
mena, special experiences of conjunction, are what impart to the
image, be it what it may, its knowing office.

‘For instance, if you ask me what hall I mean by my image, and
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I can tell you nothing; or if I fail to point or lead you towards the
Harvard Delta; or if, being led by you, I am uncertain whether
the hall I see be what I had in mind or not; you would rightly
deny that I had “meant” that particular hall at all, even though
my mental image might to some degree have resembled it. The
resemblance would count in that case as coincidental merely, for
all sorts of things of a kind resemble one another in this world
without being held for that reason to take cognizance of one
another.

‘On the other hand, if I can lead you to the hall, and tell you of
its history and present uses; if in its presence I feel my idea, how-
ever imperfect it may have been, to have led hither and to be now,
terminated; if the associates of the image and of the felt hall run
parallel, so that each term of the one context corresponds serially,
as I walk, with an answering term of the other; why then my soul
was prophetic, and my idea must be, and by common consent
would be, called cognizant of reality. That percept was what I
meant . . .

‘In this continuing and corroborating, taken in no transcen-
dental sense, but denoting definitely felt transitions, lies all that
the knowing of a percept by an idea can possibly contain or signify’
[pages 54-56].

It will be observed that, according to the above account, he
usually ceases to ‘know’ Memorial Hall when he reaches it; he
only ‘knows’ it while he has ideas which lead or enable him to
perceive it by taking suitable steps. It is, however, possible, appar-
ently, to regard an experience as ‘knowing’ itself in certain circum-
stances. In an enumeration of cases, James says:

‘Either the knower and the known are:

‘1. the self-same piece of experience taken twice over in differ-
ent contexts: or they are

‘2. two pieces of actual experience belonging to the same sub-
ject, with definite tracts of conjunctive transitional experience
between them; or

‘3. the known is a possible experience either of that subject or
another, to which the said conjunctive transitions would lead, if
sufficiently prolonged’ [page 53].

In a later illustration, he says:
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“To call my present idea of my dog, for example, cognitive of
the real dog means that, as the actual tissue of experience is con-
stituted, the idea is capable of leading into a chain of other experi-
ences on my part that go from next to next and terminate at last in
vivid sense-perceptions of a jumping, barking, hairy body. Those
are the real dog, the dog’s full presence, for my common sense’
[page 198].

And again: ‘Should we ever reach absolutely terminal experi-
ences, experiences in which we were all agreed, which were super-
seded by no revised continuations, these would not be true; they
would be real, they would simply be. . . . Only such other things as
led to these by satisfactory conjunctions would be “true” ’ [page
204].

Before proceeding to examine the substantial truth or falsehood
of James’s theory, we may observe that his use of the word ‘experi-
ence’ is unfortunate, and points to the lingering taint of an idealis-
tic ancestry. This word is full of ambiguity; it inevitably suggests
an experiencing subject; it hints at some common quality, ‘being
experienced’, in all the constituents of the world, whereas there
is reason to believe that no such common quality is to be found.
This word is abandoned by Professor Perry, whose chapters on
‘A realistic theory of mind’ and ‘A realistic theory of knowledge*
give an admirable account of the Mach-James hypothesis. Never-
theless, even in his account, as in the whole doctrine, it seems
possible to detect the unconscious influence of an idealistic habit
of mind, persisting involuntarily after the opinions upon which it
was based have been abandoned. But this can only be made clear
by a detailed examination of the grounds for and against the whole
theory of neutral monism.

In favour of the theory, we may observe, first and foremost, the
very notable simplification which it introduces. That the things
given in experience should be of two fundamentally different kinds,
mental and physical, is far less satisfactory to our intellectual
desires than that the dualism should be merely apparent and super-
ficial. Occam’s razor, ‘entia non multiplicanda praeter necessitatem’
which I should regard as the supreme methodological maxim in
philosophizing, prescribes James’s theory as preferable to dualism

* Chaps. XII and XI1II of Present Philosophical Tendencies.
+ [Entities should not be multiplied beyond necessity.—R.C.M.]
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if it can possibly be made to account for the facts. Again, ‘matter’,
which in Descartes’ time was supposed to be an obvious datum,
has now, under the influence of scientific hypotheses, become a
remote super-sensuous construction, connected, no doubt, with
sense, but only through a long chain of intermediate inferences.
What is immediately present in sense, though obviously in some
way presupposed in physics, is studied rather in psychology than
in physics. Thus we seem to have here, in sense, a neutral ground,
a watershed, from which we may pass either to ‘matter’ or to
‘mind’, according to the nature of the problems we choose to
raise.*

The ambiguous status of what is present in sense is illustrated
by the difficulties surrounding the notion of ‘space’. I do not
intend now to attempt a solution of these difficulties; I wish only
to make them felt, lest it should seem as though space afforded a
clear distinction between the material and the mental. It is still
sometimes thought that matter may be defined as ‘what is in space’,
but as soon as ‘space’ is examined, it is found to be incredibly
ambiguous, shifting and uncertain. Kant’s a priori infinite given
whole, which merely expresses our natural beliefs whenever the
difficult disintegrations of analysis escape from our memories, has
suffered a series of shattering blows from the most diverse quarters.
The mathematicians have constructed a multiplicity of possible
spaces, and have shown that many logical schemes would fit the
empirical facts. Logic shows that space is not ‘the subject-matter
of geometry’, since an infinite number of subject-matters satisfy
any given kind of geometry. Psychology disentangles the contribu-
tions of various senses to the construction of space, and reveals

* The neutrality of sensation in orthodox philosophy may be illustrated
by the following quotation from Professor Stout’s Manual of Psychology,
page 133: ‘If we compare the colour red as a quality of a material object
with the colour red as a quality of the corresponding sensation, we find
that redness as immediately perceived is an attribute common to both.
The difference lies in the different relations into which it enters in the two
cases. As a quality of the thing, it is considered in relation to other
qualities of the thing—its shape, texture, flavour, odour, etc. As a psychi-
cal state, it is considered as a peculiar modification of the consciousness
of the percipient, in relation to the general flow of his mental life.” There
seems in this passage an acceptance, as regards sensation, of the doctrines
of neutral monism which Professor Stout would be far from adopting
generally,
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the all-embracing space of physics as the outcome of many empiric-
ally familiar correlations. Thus the space of actual experience is
appropriated by psychology, the space of geometry is appropriated
by logic, and the space of physics is left halting between them in
the humbled garb of a working hypothesis. It is not in ‘space’,
therefore, that we can find a criterion to distinguish the mental and
the physical.

A large part of the argument in favour of neutral monism, as
stated by its advocates, consists in a polemic against the view that
we know the external world through the medium of ‘ideas’, which
are mental. I shall consider this view in the next part; for the pre-
sent, I wish only to say that, as against this view, I am in agree-
ment with neutral monism. I do not think that, when an object is
known to me, there is in my mind something which may be called
an ‘idea’ of the object, the possession of which constitutes my
knowledge of the object. But when this is granted, neutral monism
by no means follows. On the contrary, it is just at this point that
neutral monism finds itself in agreement with idealism in making
an assumption which I believe to be wholly false. The assumption
is that, if anything is immediately present to me, that thing must be
part of my mind. The upholders of ‘ideas’, since they believe in the
duality of the mental and the physical, infer from this assumption
that only ideas, not physical things, can be immediately present
to me. Neutral monists, perceiving (rightly, as I think) that consti-
tuents of the physical world can be immediately present to me,
infer that the mental and the physical are composed of the same
‘stuff’, and are merely different arrangements of the same elements.
But if the assumption is false, both these opposing theories may
be false, as I believe they are.

Before attempting a refutation of neutral monism, we may still
further narrow the issue. Non-cognitive mental facts—feeling,
emotion, volition—offer prima facie difficulties to which James
offers a prima facie answer. His answer might be discussed, and
might prove tenable or untenable. But as we are concerned with
the theory of knowledge, we will ignore the non-cognitive part of
the problem, and consider only what is relevant to knowledge. It is
in this sphere‘that his theory is important to us, and in this sphere
that we must make up our minds as to its truth or falsehood.

Apart from objections depending upon argument, there is an
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initial difficulty in the view that there is nothing cognitive in the
mere presence of an object to the mind. If I see a particular patch
of colour, and then immediately shut my eyes, it is at least possible
to suppose that the patch of colour continues to exist while my
eyes are shut; so far, James would agree. But while my eyes are
open, the patch of colour is one of the contents of my momentary
experience, whereas when my eyes are shut it is not. The difference
between being and not being one of the contents of my momentary
experience, according to James, consists in experienced relations,
chiefly causal, to other contents of my experience. It is here that
I feel an insuperable difficulty. I cannot think that the difference
between my seeing the patch of red, and the patch of red being
there unseen, consists in the presence or absence of relations be-
tween the patch of red and other objects of the same kind. It seems
to me possible to imagine a mind existing for only a fraction of a
second, seeing the red, and ceasing to exist before having any other
experience. But such a supposition ought, on James’s theory, to
be not merely improbable, but meaningless. According to him,
things become parts of my experience in virtue of certain relations
to each other; if there were not a system of interrelated things
experienced by me, there could not be one thing experienced by
me. To put the same point otherwise: it seems plain that, without
reference to any other content of my experience, at the moment
when I see the red I am acquainted with it in some way in which
I was not acquainted with it before I saw it, and in which I shall
not be acquainted with it when it ceases to be itself present in
memory, however much I may be able to recall various facts which
would enable me to see it again if I chose. This acquaintance
which I have with what is part of my momentary experience seems
to deserve to be called cognitive, with a more indefeasible right
than any connected ideas such as James describes in speaking of
Memorial Hall.

I shall return to the above difficulty, which seems to me the
main objection to neutral monism, when I come to consider how
the contents of my momentary experience are to be distinguished
from other things; in this connexion, the difficulty will take a more
general form, and will raise questions which can be better consi-
dered after various more detailed difficulties have been dealt
with.
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The first difficulty which seems to require an answer is as to the
nature of judgment or belief, and more particularly of erroneous
belief. Belief differs from sensation in regard to the nature of what
is before the mind: if I believe, for example, ‘that to-day is Wednes-
day’, not only no sensation, but no presentation of any kind, can
give the same objective content as is involved in my belief. This
fact, which is fairly obvious in the above instance, is obscured, I
think, by the unconscious habit of dwelling upon existential beliefs.
People are said to believe in God, or to disbelieve in Adam and
Eve. But in such cases what is believed or disbelieved is that there
is an entity answering to a certain description. This, which can
be believed or disbelieved, is quite different from the actual entity
(if any) which does answer to the description. Thus the matter of
belief is, in all cases, different in kind from the matter of sensation
or presentation, and error is in no way analogous to hallucination.
A hallucination is a fact, not an error; what is erroneous is a
judgment based upon it. But if I believe that to-day is Wednesday
when in fact to-day is Tuesday, ‘that to-day is Wednesday’ is not a
fact. We cannot find anywhere in the physical world any entity
corresponding to this belief. What idealists have said about the
creative activity of mind, about relations being due to our relating
synthesis, and so on, seems to be true in the case of error; to me,
at least, it is impossible to account for the occurrence of the false
belief that to-day is Wednesday, except by invoking something
not to be found in the physical world.

In The New Realism* there is an essay called ‘A realistic theory
of truth and error’, by W. P. Montague. It will serve to illustrate
the argument if we examine what is said on error in the course of
this essay.

“The true and the false’, says Mr. Montague, ‘are respectively
the real and the unreal, considered as objects of a possible belief
or judgment’ [page 252).

There is nothing unusual in this definition, yet it suffers from a
defect so simple and so fundamental that it is amazing how so
many philosophers can have failed to see it. The defect is that
there is no such thing as the unreal, and therefore, by the defini-
tion, there can be no such thing as the false; yet it is notorious that
false beliefs do occur. It is possible, however, that Mr. Montague

* By the American Six Realists, New York and London, 1912.
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might maintain that there are unreal things as well as real ones, for
with him ‘real’ is definable. His definition is as follows:

“The real universe consists of the space-time system of existents,
together with all that is presupposed by that system’ [page 255].

He proceeds at once to deduce his view of the unreal:

‘And as every reality can be regarded as a true identity-complex
or proposition, and as each proposition has one and only one con-
tradictory, we may say that the remainder of the realm of subsistent
objects [i.e., the unreal] must consist of the false propositions or
unrealities, particular and universal, which contradict the true
propositions comprising reality’ (¢bid).

From the above it appears that, according to Mr. Montague, (1)
every reality is a proposition; (2) false propositions subsist as well
as true ones; (3) the unreal is the class of false propositions. We
cannot now pursue these topics, which belong to logic. But for
reasons which I have set forth elsewhere, it would appear (1) that
no reality is a proposition, though some realities are beliefs, (2)
that true propositions have a certain correspondence with complex
facts, while false propositions have a different correspondence,
(3) that the unreal is simply nothing, and is only identical with
the class of false propositions in the same sense in which it is
identical with the class of simoniacal unicorns, namely in the
sense that both are null. It follows, if it is not otherwise obvious,
that belief involves a different kind of relation to objects from any
involved in sensation and presentation. The typical error to Mr.
Montague, as to neutral monists generally, is the so-called ‘illusion
of sense’, which, as I shall try to show fully on another occasion,
is no more illusory or erroneous than normal sensation. The kind
of error with which we are all familiar in daily life, such as mis-
taking the day of the week, or thinking that America was discovered
in 1066, is forced into the mould of ‘illusions of sense’, at the
expense of supposing the world to be full of such entities as ‘the
discovery of America in 1066’—or in any year that the ignorance
of schoolboys may suppose possible.

A further difficulty, not wholly unallied to the difficulty about
error, concerns the thought of non-temporal entities, or the belief
in facts that are independent of time. Whatever may be the right
analysis of belief, it is plain that there are times at which I am
believing that two and two are four, and other times at which I am
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not thinking of this fact. Now if we adopt the view that there is no
specifically mental element in the universe, we shall have to hold
that ‘2 + 2 = 4’ is an entity which exists at those moments of
time when some one is believing it, but not at other moments. It
is however very difficult to conceive of an abstract fact of this sort
actually existing at certain times. No temporal particular is a consti-
tuent of this proposition; hence it seems impossible that, except
through the intermediary of some extraneous temporal particular,
it should acquire that special relation to certain moments which is
involved in its being sometimes thought of and sometimes not. It
is, of course, merely another form of the same difficulty that we
shall be compelled, if we adopt neutral monism, to attribute causal
efficacy to this abstract timeless fact at those moments when it is
being believed. For these reasons, it seems almost inevitable to
hold that my believing that 2 + 2 = 4 involves a temporal parti-
cular not involved in the object of my belief. And the same argu-
ment, word for word, applies also to presentations when their
objects are not temporal particulars.

An analogous problem arises in regard to memory. If I remem-
ber now something which happened an hour ago, the present
event, namely my remembering, cannot be numerically identical
with the event of an hour ago. If, then, my present experience
involves nothing but the object experienced, the event which I am
said to remember cannot itself be the object experienced when I
remember. The object experienced must be something which
might be called an ‘idea’ of the past event. T this, however, there
seem to be the same objections, if taken (as it would have to be)
as applying to all memory, that there are to the doctrine that all
contact with outside objects occurs through the medium of ‘ideas’
—a doctrine against which neutral monism has arisen as a protest.
If the past can never be directly experienced in memory, how, we
must inquire, can it ever come to be known that the object now
experienced in memory is at all similar to the past object? And if
this cannot be known, the whole of our supposed knowledge of
the past becomes illusory, while it becomes impossible to account
for the obvious difference between our knowledge as regards the
past and our knowledge as regards the future.

An objection, possibly not unavoidable, applies to James’s ac-
count of ‘processes of leading’ as constituting knowledge. His
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definition of the sort of ‘leading’ required is vague, and would
include cases which obviously could not be called knowledge.
Take, for example, the instance, quoted above, of James’s know-
ledge of his dog, which consists in the fact that ‘the idea is capable
of leading into a chain of other experiences on my part that go from
next to next and terminate at last in vivid sense-perceptinns of a
jumping, barking, hairy body.” Obviously a great deal is unex-
pressed in this account. The original idea must have somehow
‘intended’ the jumping, barking, hairy body: some purpose or
desire must be satisfied when the dog appears. Otherwise, an idea
which had led to the dog by accident would equally be cognitive
of the dog. It is in this way, I suppose, that James was led to the
pragmatic theory of truth. Ideas have many effects, some intended,
some unintended; they will be cognitive, according to James,
when they have intended effects, when we have the feeling ‘yes,
that is what I was thinking of’. At this point, the need of a neutral
theory of desire becomes very urgent; but we will not dwell on
this difficulty. The purely cognitive aspect of James’s view offers
sufficient difficulties, and we will consider them only.

The relations of cause and effect, which James supposes to
intervene between the antecedent knowledge of his dog and the
dog’s actual presence, will require some further definition; for un-
intended sequences of cause and effect, even if their final outcome
were what is intended, could not be said to show that the original
idea was cognitive. Suppose, for example, that I wish to be with
my dog, and start towards the next street in hopes of finding him
there; but on the way I accidentally fall into a coal-cellar which
he has also fallen into. Although I find him, it cannot be said that
I knew where he was. And apart from this difficulty, the causal
relation is an extremely obscure one. I do not believe the received
notions on the subject of causality can possibly be defended; yet,
apart from them, James’s account of the cognitive relation becomes
obscure. There is in James and in some of his followers a certain
naiveté towards science, a certain uncritical acceptance of what may
be called scientific common sense, which seems to me largely to
destroy the value of their speculations on fundamental problems.
The notion of ‘a chain of experiences that go from next to next’,
if introduced in the definition of cognition, seems to me to show an
insufficiently critical attitude towards the notion of causality. But
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I am not at all sure that this is a vital objection to James’s view: it
is not unlikely that it could be avoided by a re-statement.

Another difficulty is that, in order to make his account of cogni-
tion fit all cases, he has to include potential processes of leading as
well as actual ones. Of the three kinds of relation which, according
to him, may subsist between knower and known, the third, we
saw, is described as follows: ‘“The known is a possible experience
either of that subject or another, to which the said conjunctive
transitions would lead, if sufficiently prolonged.’ It is true he says
[page 54]: ‘Type 3 can always formally and hypothetically be re-
duced to type 2’, and in type 2 both experiences are actual. But by
the word ‘hypothetically’ he re-introduces the very element of
possibility which he is nominally excluding: if you did such-and-
such things (which perhaps in fact you do not do), your idea would
verify itself. But this is a wholly different thing from actual verifica-
tion. And the truth of a possible or hypothetical verification in-
volves, necessarily, considerations which must sweep away verifica-
tion altogether as the meaning of truth. It may be laid down gener-
ally that possibility always marks insufficient analysis: when analysis
is completed, only the actual can be relevant, for the simple reason
that there is only the actual, and that the merely possible is no-
thing.

The difficulties in the way of introducing precision into the
account of James’s ‘processes of leading’ arise, if I am not mistaken,
from his having omitted to notice that there must be a logical rela-
tion between what is believed in the earlier stages and what is
experienced in the fulfilment. Let us revert to the instance of Mem-
orial Hall. According to James, I should be said to ‘know’ Mem-
orial Hall if, for example, I know that it is reached by taking the
first turning on the right and the second on the left and then going
on for about 200 yards. Let us analyse this instance. In the case
supposed, I know, or at least I believe truly, the following pro-
position: ‘Memorial Hall is the building which is reached by taking
the first turning on the right and the second on the left, and then
going on for 200 yards’. For brevity, let us call this proposition p.
The name ‘Memorial Hall’, in this proposition, may be assumed
to occur as a description, i.e. to mean ‘the building called “Mem-
orial Hall”.” It may occur as a proper name, i.e., as a name for an
object directly present in experience; but in the case supposed,
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when it is being questioned whether I know Memorial Hall at all,
it is more instructive to consider the occurrence of the name as a
description. Thus p asserts that two descriptions apply to the same
entity; it says nothing about this entity except that the two de-
scriptions apply to it. A person may know p (for instance, by the
help of a map) without ever having seen Memorial Hall, and with-
out Memorial Hall having ever been directly present in his experi-
ence. But if I wish to discover whether the belief in p is true or not,
two courses are open to me. I may either search for other proposi-
tions giving other descriptions of Memorial Hall, such as that it
comes at such and such a point on the map; or I may proceed to
discover the actual entity satisfying one of the descriptions, and
then ascertain whether it satisfies the other. The order, as between
the two descriptions, is theoretically irrelevant; but it happens
that one of the two descriptions, namely the one telling me the
way, makes it easy to find the entity described. I may therefore
take the first turning on the right and the second on the left and
proceed for 200 yards, and then inquire the name of the building
in front of me. If the answer is ‘Memorial Hall’, the belief in p is
verified. But it seems a misuse of terms to say that belief in p, when
p is in fact true, constitutes knowledge of Memorial Hall. Belief
in p is belief in a proposition of which Memorial Hall itself is not
even a constituent; it may be entertained, on adequate grounds,
by a person who has never experienced Memorial Hall; it may
be rejected erroneously by a person who vividly remembers Mem-
orial Hall. And when I actually see Memorial Hall, even if I do
not know that that is its name, and even if I make no propositions
about it, I must be said to know it in some sense more fundamental
than any which can be constituted by the belief in true propositions
describing it.

If what has been said is correct, certain points emerge as vital.
First, that James and his followers, like many other philosophers,
unduly assimilate belief to presentation, and thereby obscure the
problem of error; secondly, that what they call knowledge of an
object is really knowledge of a proposition in which the object
itself does not occur, but is replaced by a description in terms of
images or other constituents of actual present experience; thirdly,
that what makes such a proposition true is the relations of the
constituents of this actual proposition, relations which may be (but
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need not always be) established by the intermediary of the object
described, but even then are not relations into which the actual
object described enters as a term or constituent. Thus what James
calls knowledge of objects is really knowledge of propositions in
which the objects do not occur, but are replaced by descriptions;
and the constituents of such propositions are contained in the pre-
sent experience of the person who is believing them.

This brings us to the last objection which I have to urge against
neutral monism, namely the question: How is the group of my
present experiences distinguished from other things? Whatever
may be meant by ‘my experience’, it is undeniable that, at any
given moment, some of the things in the world, but not all, are
somehow collected together into a bundle consisting of what now
lies within my immediate experience. The question I wish to con-
sider is: Can neutral monism give a tenable account of the bond
which unites the parts of this bundle, and the difference which
marks them out from the rest of the things in the world?

This problem is incidentally discussed by Professor Perry in his
Present Philosophical Tendencies, in the chapter called ‘A Realistic
Theory of Mind’. He emphasizes first the fact that the same thing
may enter into two different people’s experience, and that there-
fore one mind’s objects are not necessarily cut off from the direct
observation of another mind. So far, I should agree. But it does
not follow, unless neutral monism is assumed (if then), that one
man can directly know that a certain thing is part of another man’s
experience. 4 and B may both know a certain object O, but it does
not follow that 4 knows that B knows O. Thus the fact that two
minds may know the same object does not show that they are
themselves accessible to each other’s direct observation, unless
they are simply the objects which constitute the contents of their
experience. In that case, of course, they must be accessible to each
other’s direct observation. Professor Perry regards a shrinking
from this conclusion as a mere mistake, due to the fact that so
many of our objects are internal bodily states which, for physical
reasons, are hidden from other observers. I cannot think that he is
right in this. Consider something in no way private: suppose I am
thinking 3 + 3 = 6. I can know directly that I am thinking this,
but no other man can. Professor Perry says:

‘If you are a psychologist, or an interpreter of dreams, I may
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“tell” you what is in my mind. Now it is frequently assumed by
the sophisticated that when I thus verbally reveal my mind you
do not directly know it. You are supposed directly to know only
my words. But I cannot understand such a supposition, unless it
means simply that you know my mind only after and through hear-
ing my words’ [page 290].

This passage appears to me to embody a logical error, namely a
confusion of universals and particulars. The meanings of words,
in so far as they are common to two people, are almost all universals.
Perhaps the only exception is ‘now’.* If I say ‘this’, pointing to
some visible object, what another man sees is not exactly the same
as what I see, because he looks from a different place. Thus if he
takes the word as designating the object which he sees, it has not
the same meaning to him as to me. If he attempts to correct this,
he will have to replace the immediate datum of his sight by a de-
scription, such as ‘the object which, from the point of view of my
friend, corresponds with the object which I see’. The words,
therefore, in which I try to tell my experience will omit what is
particular to it, and convey only what is universal. (I do not mean
that it is logically impossible for two men to know the same parti-
cular, but only that practically it does not occur, owing to differ-
ence of point of view.) It may be said, however, that this difficulty
does not apply in the case of an abstract thought consisting wholly
of universal or logical constituents. In that case, it is true, I can
convey wholly the object of my thought; but even then, there is
something which I cannot convey, namely that something which
makes my thought a particular dated event. If I think, at a certain
moment, that 3 + 3 = 6, that is an event in time; if you think it
at the same moment, that is a second event at the same time. There
is thus something in my thought over and above the bare logical
fact that 3 + 3 = 6; and it is just this something which is partly
incommunicable. When I tell you that I am thinking that 3 + 3
= 6, I give you information even if you are not wholly ignorant
of arithmetic. It is this further something, which makes the thought
my thought, that we have to consider.

On this point, Professor Perry says:

‘When I am thinking abstractions, the contents of my mind,
namely the abstractions themselves, are such as you also may think.

* Even this exception is open to doubt.
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They are not possessed by me in any exclusive sense. And the fact
that they are my contents means that they are somehow bound up
with the history of my nervous system. The contents, and the link-
age which makes them mine, are alike common objects, lying in
the field of general observation and study’ [page 297].

The important sentence here is ‘the fact that they are my con-
tents means that they are somehow bound up with my nervous
system’. The same idea is expressed elsewhere in the same chapter.
‘Elements become mental content’, he says, ‘when reacted to in the
specific manner characteristic of the central nervous system’ [page 299,
his italics]. And again, more fully:

‘A mind is a complex so organized as to act desideratively or
interestedly. I mean here to indicate that character which distin-
guishes the living organism, having originally the instinct of self-
preservation, and acquiring in the course of its development a
variety of special interests. I use the term interest primarily in its
biological rather than its physiological sense. Certain natural pro-
cesses act consistently in such wise as to isolate, protect, and re-
new themselves’ [pages 303—4].

But such an account of what makes a mind seems impossible
to reconcile with obvious facts. In order to know that such and
such a thing lies within my experience, it is not necessary to know
anything about my nervous system: those who have never learned
physiology, and are unaware that they possess nerves, are quite
competent to know that this or that comes within their experience.
It may be—I have no wish either to affirm or deny it—that the
things which I experience have some relation to my nervous sys-
tem which other things do not have; but if so, this must be a late
scientific discovery, built up on masses of observation as to the
connexions of the object of consciousness with the nervous system
and with the physical object. The distinction between things of
which I am aware—for instance, between the things I see before
my eyes and the things behind my back—is not a late, elaborate,
scientific distinction, nor is it one depending upon the relations of
these things to each other. So much, I think, is clear to inspection;
I do not know how to prove it, for I cannot think of anything more
evident. But if so, then neutral monism cannot be true, for it is
obliged to have recourse to extraneous considerations, such as the
nervous system, in order to explain the difference between what I
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experience and what I do not experience, and this difference is too
immediate for any explanation that neutral monism can give.

We may now sum up this long discussion, in the course of which
it has been necessary to anticipate many topics to be treated more
fully at a later stage. Neutral monism, we saw, maintains that there
are not two sorts of entities, mental and physical, but only two
sorts of relations between entities, namely those belonging to what
is called the mental order and those belonging to what is called
the physical order. In favour of the theory, we may admit that
what is experienced may itself be part of the physical world, and
often is so; that the same thing may be experienced by different
minds; that the old distinction of ‘mind’ and ‘matter’, besides
ignoring the abstract facts that are neither mental nor physical,
errs in regarding ‘matter’, and the ‘space’ in which matter is, as
something obvious, given, and unambiguous, and is in hopeless
doubt as to whether the facts of sensation are to be called physical
or mental. In emphasizing all this, we must acknowledge that
neutral monism has performed an important service to philosophy.
Nevertheless, if I am not mistaken, there are problems which this
theory cannot solve, and there are facts which it cannot account
for. The theory has arisen chiefly as a protest against the view that
external objects are known through the medium of subjective
‘ideas’ or ‘images’, not directly. But it shares with this view the
doctrine that whatever I experience must be part of my mind;
and when this doctrine is rejected, much of its plausibility ceases.

The first and chief objection against the theory is based on
inspection. Between (say) a colour seen and the same colour not
seen, there seems to be a difference not consisting in relations to
other colours, or to other objects of experience, or to the nervous
system, but in some way more immediate, more intimate, more
intuitively evident. If neutral monism were true, a mind which
had only one experience would be a logical impossibility, since a
thing is only mental in virtue of its external relations; and cor-
respondingly, it is difficult for this philosophy to define the respect
in which the whole of my experience is different from the things
that lie outside my experience.

A second difficulty is derived from belief or judgment, which
James and his followers unduly assimilate to sensation and pre-
sentation, with fatal results as regards the theory of error. Error
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is defined as ‘belief in the unreal’, which compels the admission
that there actually are unreal things.

A third difficulty is that the thought of what is not in time, or a
belief in a non-temporal fact, is an event in time with a definite
date, which seems impossible unless it contains some constituent
over and above the timeless thing thought of or believed. The same
point arises in regard to memory; for if what is remembered actu-
ally exists in the remembering mind, its position in the time-series
becomes ambiguous, and the essential pastness of the remembered
object disappears.

A fourth difficulty arises in regard to the definition of knowledge
offered by James, though here it is hard to say how far this defini-
tion is essential to neutral monism. James considers throughout
rather knowledge of things than knowledge of truths, and he re-
gards it as consisting in the presence of other things capable of
leading to the thing which these other things are said to know.
Immediate experience, which I should regard as the only real
knowledge of things, he refuses to regard as knowledge at all; and
it would seem that what he calls knowledge of a thing is really
knowledge of a proposition of which the thing is not even a consti-
tuent.

In addition to the above difficulties, there is a fifth, more fatal,
I think, than any of them, which is derived from considerations of
‘this’ and ‘now’ and ‘I’. But this difficulty demands considerable
discussion, and is therefore reserved for the next part.

For these reasons— some of which, it must be confessed, assume
the results of future discussions—I conclude that neutral monism,
though largely right in its polemic against previous theories, can-
not be regarded as able to deal with all the facts, and must be
replaced by a theory in which the difference between what is
experienced and what is not experienced by a given subject at a
given moment is made simpler and more prominent than it can
be in theory which wholly denies the existence of specifically men-
tal entities.

III. ANALYSIS OF EXPERIENCE

IN our first part, we took a preliminary survey of the objects
experienced. In the second part, we considered the theory that
experience is merely a certain interrelation of these objects,
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involving no particular existent in addition to what is experienced.
Having found this theory unsatisfactory, we have now to seek out
the additional constituent of experience, and to consider the nature
of its relation to the objects experienced.

Before embarking upon our analysis, let us again take stock of
those relevant facts which are least open to doubt. From the diver-
sity of philosophical theories on the subject, it is evident that the
true analysis, whatever it may be, cannot itself be among the facts
that are evident at once, but must be reached, like a scientific
hypothesis, as the theoretic residue left by the comparison of data.
Here, as in philosophy generally, it is not the few logically simplest
facts that form our data, but a large mass of complex everyday
facts, of which the analysis offers fresh difficulties and doubts at
every step. For this reason, if we wish to start with what is un-
deniable, we have to use words, at first, which, though familiar,
stand in need of a dissection and definition only possible at a later
stage.

The most obvious fact, in our present inquiry, is that, whatever
may be the definition of ‘experience’, some objects undoubtedly
fall within my present experience, and of these objects some at
least did not fall within my experience at earlier times which I can
still remember. What is only slightly less obvious is that remem-
bered objects sometimes—at least in the case of the immediate
past—are still experienced, so that the objects experienced are not
necessarily contemporaneous with the experiencing. It is obvious
also that we can think of abstract facts, such as those of logic and
mathematics; but in this case some argument is needed to dis-
cover what we experience when we think of them. If it were not
for the fact that neutral monism has been believed, I should have
said it was obvious that we can experience our own experiencing,
and that this is different from experiencing the object of our experi-
encing; and in spite of neutral monism, I think a place must be
found for what appears as an experience of our experiencing, since
it is hard to see how otherwise we should have arrived at the notion
that we have experiences.

At an earlier stage, we decided that our present experience can
be known not to be all-embracing. It is sometimes maintained
that this cannot be known, on the ground that if a thing lies out-
side our experience we cannot know that there is such a thing. At
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the risk of repetition, it may be worth while to repeat the reasons
(belonging to logic rather than to theory of knowledge) which
show that this argument is fallacious. An object may be described
by means of terms which lie within our experience, and the pro-
position that there is an object answering to this description is then
one composed wholly of experienced constituents. It is there-
fore possible to know the truth of this proposition without passing
outside experience. If it appears on examination that no experienced
object answers to this description, the conclusion follows that there
are objects not experienced. For example, we may know Jones and
paternity and the fact that every man has a father. Then we know
there is ‘the father of Jones’, although we may never have experi-
enced him. To consider this case more fully would demand a dis-
cussion of knowledge by description. For the present, it is only
necessary to remove a possible objection to the view, which I shall
henceforth assume, that what is experienced at any moment is
known not to be the sum total of the things in the world. At the
same time, it is important to remember that I can never give an
actual instance of a thing not now within my experience, for every-
thing that I can mention otherwise than by a description must lie
within my present experience. This is involved in the very nature
of experience, and is one of the most important of the obvious
facts about it.

Experiencing is only one, though perhaps the most character-
istic and comprehensive, of the things that happen in the mental
world. Judging, feeling, desiring, willing, though they presuppose
experiencing, are themselves different from it; they may be them-
selves experienced, and they doubtless require that we should
experience the objects with which they are concerned, but they
do not themselves consist merely in experiencing objects.

It is important to be clear as to the extent to which the experi-
ence of one mind may overlap that of another. Neutral monists
have done a service to philosophy in pointing out that the same
object may be experienced by two minds. This certainly applies,
as a matter of fact, to all experiencing of universals and abstracts;
it applies also, though I think only as a theoretic possibility, to the
things of sense. But there remain a large number of things which
only one mind can experience. First and foremost, an experiencing,
as opposed to the mere object experienced, seems, empirically,
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not as a matter of a priori necessity, to be only capable of being
experienced by one person. I can know by immediate experience
what I am seeing at this moment; but antoher person, though it is
theoretically possible for him to see the same object, cannot, as a
matter of empirical fact, know by immediate experience that I am
seeing it. Exactly the same is true of other mental facts, such as
judging, feeling, desiring, willing. All these can only be experienced
by one person.

Thus when an object O is experienced by two different persons
A and B, the experiencing of O by A4 is one fact, and the experienc-
ing of O by B is another. The experiencing of O by A may be
experienced by 4, and the experiencing of O by B may be experi-
enced by B, but neither can experience the other’s experiencing.
A can experience his experiencing of O without logically requiring
any other experience; hence the fact that he experiences O cannot
consist in a relation to other objects of experience, as neutral mon-
ism supposes. From these characteristics of experience, it seems
an unavoidable inference that A’s experiencing of O is different
from O, and is in fact a complex, of which 4 himself, or some sim-
pler entity bound up with A4, is a constituent as well as O. Hence
experiencing must be a relation, in which one term is the object
experienced, while the other term is that which experiences. We
might continue to call this relation ‘experience’, but we have em-
ployed the word ‘experience’ hitherto because it is a non-committal
word, which seemed not to prejudge the issue of our analysis.
Now, since we have decided that experience is constituted by a
relation, it will be better to employ a less neutral word; we shall
employ synonymously the two words ‘acquaintance’ and ‘aware-
ness’, generally the former. Thus when 4 experiences an object O,
we shall say that 4 is acquainted with O.

We will define a ‘subject’ as any entity which is acquainted with
something, i.e., ‘subjects’ are the domain of the relation ‘acquaint-
ance’. Conversely, any entity with which something is acquainted
will be called an ‘object’, i.e., ‘objects’ are the converse domain of
the relation ‘acquaintance’. An entity with which nothing is ac-
quainted will not be called an object. A fact will be called ‘mental’
if it contains either acquaintance or some relation presupposing
acquaintance as a component. Thus any instance of acquaintance
is mental, since it is a complex in which a subject and an object
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are united by the relation of acquaintance. The object by itself
need not be mental. We will call a fact ‘physical’ when some parti-
cular, but no relation presupposing acquaintance, is a constituent
of if. The reason for defining mental facts rather than mental
entities is that we reach subjects only by description, and cannot
know whether they are among objects or not.

It is to be observed that we do not identify a mind with a sub-
ject. A mind is something which persists through a certain period
of time, but it must not be assumed that the subject persists. So
far as our arguments have hitherto carried us, they give no evidence
as to whether the subject of one experience is the same as the sub-
ject of another experience or not. For the present, nothing is to be
assumed as to the identity of the subjects of different experiences
belonging to the same person.

The strongest objection which can be urged against the above
analysis of experience into a dual relation of subject and object is
derived from the elusiveness of the subject in introspection. We
can easily become aware of our own experiences, but we seem never
to become aware of the subject itself. This argument tends, of
course, to support neutral monism. It is a serious argument, and
deserves careful consideration. We may attempt to meet it in
either of two ways, namely by maintaining that we do have ac-
quaintance with the subject, or by maintaining that there is no
reason why, even if the theory is true, we should have acquaintance
with the subject.

Let us consider first the theory that we have acquaintance with
the subject.* It is obvious that the question is bound up with that
of the meaning of the word ‘I’. This is a question in which con-
fusions are very hard to avoid, but very fatal if they are not avoided.
In the first place, the meaning of the word ‘I’ must not be confused
with the meaning of ‘the ego’. ‘“The ego’ has a meaning which is a
universal: it does not mean one person more than another, but
rather that general characteristic, whatever it is, which makes each
one of us call himself ‘I’. But ‘I’ itself is not a universal: on each
occasion of its use, there is only one person who is I, though this
person differs according to the speaker. It is more nearly correct

* In a former discussion of this point, I maintained tentatively that we

have such acquaintance. Cf. “Knowledge by Acquaintance and Knowledge
by Description’ Arist. Soc. Proc., 1910-11, esp. pp. 110, 127.
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to describe ‘I’ as an ambiguous proper name than to describe it as
a universal. But when used, ‘I’ is not in the least ambiguous: it
means the person using it, and no one else. In order, however, to
obtain a clear statement of our problem, it is necessary to pare away
from ‘I’ a great deal that is usually included—not only the body,
but also the past and future in so far as they may possibly not
belong to the subject of the present experience. It is obvious that
all these are obtained by an extension from the present subject,
and that the essential problem is concerned with our consciousness
of the present subject. Let it therefore be assumed, in this discus-
sion, that ‘I’ means the subject of the experience which I am now
having (the vicious circle here is important to observe), and that
we have to ask ourselves whether ‘I’ in this sense is something
with which we are acquainted.

On this question, it must be confessed that introspection does
not give a favourable answer. Hume’s inability to perceive himself
was not peculiar, and I think most unprejudiced observers would
agree with him. Even if by great exertion some rare person could
catch a glimpse of himself, this would not suffice; for ‘I’ is a term
which we all know how to use, and which must therefore have
some easily accessible meaning. It follows that the word ‘I’, as
commonly employed, must stand for a description; it cannot be a
true proper name in the logical sense, since true proper names can
only be conferred on objects with which we are acquainted.

We are thus forced to investigate the second answer suggested
above, and to ask ourselves whether our theory of acquaintance in
any way implies a direct consciousness of the bare subject. If it
does, it would seem that it must be false; but I think we can show
that it does not. Our theory maintains that the datum when we
are aware of experiencing an object O is the fact ‘something is
acquainted with O’. The subject appears here, not in its individual
capacity, but as an ‘apparent variable’; thus such a fact may be a
datum in spite of incapacity for acquaintance with the subject.

If it is true, as it seems to be, that subjects are not given in
acquaintance, it follows that nothing can be known as to their
intrinsic nature. We cannot know, for example, that they differ
from matter, nor yet that they do not differ. They are known
merely as referents for the relation of acquaintance, and for those
other psychical relations—judging, desiring, etc.—which imply
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acquaintance. It follows that psychical data—at any rate those that
are cognitive—consist not of particulars, but of certain facts (i.e.,
of what certain propositions assert), and of relations, namely acquain-
tance and certain others which presuppose acquaintance. We may
distinguish sensation from perception by saying that the former
gives particulars while the latter gives facts; in this case, introspec-
tion consists wholly of perceptions, not of sensations.

The definition of what is ‘mental’ as what involves subjects is
inadmissible, in view of the fact that we do not know what subjects
are. We may define a mental fact as one involving acquaintance or
one of those other relations—judging, desiring, etc.—which pre-
suppose acquaintance. It may be that subjects are constituents of
other facts of the kind we should call physical, and therefore a fact
which involves a subject may not be always a mental fact.

When two objects O and O’ are given as parts of one experience,
we perceive the fact ‘something is acquainted with both O and O”.
Thus two instances of acquaintance can be given as having a com-
mon subject, even when the subject is not given. It is in this way,
I think, that ‘I’ comes to be popularly intelligible. When we have
recognized that an experience is constituted by the relation of
acquaintance, we may define ‘I’ as the subject of the present experi-
ence, and we can see that, so defined, it denotes the same entity as
is denoted by our former more popular definition. But in neither
form does it require us to assume that we are ever acquainted with
the bare subject of an acquaintance.

One very interesting and important point, however, remains to
be investigated in the above definition of ‘I’, and that is, what is
meant by the ‘present’ experience. If ‘I’ is to be defined as we have
suggested, it seems evident that the ‘present’ experience must be
known by acquaintance. There are here several points to be
brought out. First, it is necessary to consider the connexion (if
any) between psychological presence and the present time. Sec-
ondly, it is necessary to consider what is psychologically involved
in our acquaintance with the present experience. Thirdly, it is
nevessary to consider the logical difficulty of the vicious circle in
which any definition of the present experience appears to be en-
tangled.

1. Whatever I experience is, in one sense, ‘present’ to me at the
time when I experience it, but in the temporal sense it need not

M
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be present—for example, if it is something remembered, or some-
thing abstract which is not in time at all. The sense in which every-
thing experienced is ‘present’ may be disregarded, the rather as we
already have three words—experience, acquaintance, and aware-
ness—to describe what is meant by this sense. There is, however,
another sense in which objects given in sensation are ‘present’.
As we shall find later, there is reason to suppose that there are
several species of the general relation ‘acquaintance’, and it would
seem that one of these species is ‘presence’ in the sense in which
objects are present in sensation and perception but not in memory.
The relation of ‘presence’ in this sense is, I think, one of the ulti-
mate constituents out of which our knowledge of time is built, and
the ‘present’ time may be defined as the time of those things which
have to me the relation of ‘presence’. But remembering what has
been said about ‘I’, we see that, when we speak of things which
have the relation of presence to ‘me’, we mean things which have
the relation of presence to the subject of the present experience.
Thus ‘the present experience’ is a more fundamental notion than
‘the present time’: the latter can be defined in terms of the former,
but not vice versa.

2. What is psychologically involved in our acquaintance with
the present experience? The least that is possible is obviously that
there should be an experience of an object O, and another experi-
ence of experiencing O. This second experience must involve pre-
sence in the sense in which objects of sensation and perception are
present and objects of memory are not present. Let us call this
sense P. Then it is necessary that a subject should have the rela-
tion P to an object which is itself an experience, which we may
symbolize by S—4— O. Thus we require an experience which
might be symbolized by

S'—P—(S—A—0).*

When such an experience occurs, we may say that we have an
instance of ‘self-consciousness’, or ‘experience of a present experi-
ence’. It is to be observed that there is no good reason why the two
subjects S and S’ should be numerically the same: the one ‘self’
or ‘mind’ which embraces both may be a construction, and need
not, so far as the logical necessities of our problem are concerned,

* or rather, S'—=P-[( S) . (S—A-0)].
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involve any identity of the two subjects. Thus ‘present experiences’
are those experiences that have the relation of presence to the
subject using the phrase.

3. But there remains a logical difficulty, of which the solution
is both interesting and important. In order to know a present
experience, it is not necessary that I should perceive the fact

8'—P—(S—A4-0),

and it must be possible to pick out an experience as present with-
out having perception of this fact. If it were necessary to perceive
this fact, it is fairly evident that we should be embarked upon an
endless regress. It is in fact obvious that ‘the present experience’,
or ‘the present object’, or some phrase fulfilling a similar purpose,
must be capable of being used as a proper name; all manner of
objects are present on different occasions to different subjects, and
we have already seen that the subject concerned in presence to
‘me’ must be defined by means of presence.

The main consideration is undoubtedly to be derived from
remembering what ‘presence’ actually is. When an object is in my
present experience, then I am acquainted with it; it is not neces-
sary for me to reflect upon my experience, or to observe that the
object has the property of belonging to my experience, in order to
be acquainted with it, but, on the contrary, the object itself is
known to me without the need of any reflection on my part as to its
propertics or relations. This point may perhaps be made clearer
by an illustrative hypothesis. Suppose I were occupied, like Adam,
in bestowing names upon various objects. The objects upon which
I should bestow names would all be objects with which 1 was
acquainted, but it would not be necessary for me to reflect that I
was acquainted with them, or to realize that they all shared a cer-
tain relation to myself. What distinguishes the objects to which I
can give names from other things is the fact that these objects are
within my experience, that I am acquainted with them, but it is
only subsequent reflection that proves that they all have this dis-
tinguishing characteristic; during the process of naming they ap-
pear merely as this, that, and the other.

Further consideration of the word ‘this’ will help to make the
point clear. The word ‘this’ is always a proper name, in the sense
that it applies directly to just one object, and does not in any way
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describe the object to which it applies. But on different occasions
it applies to different objects. For the purposes of our present
problem, we may say that ‘this’ is the name of the object attended
to at the moment by the person using the word. The relation of
attention, here introduced, is of course different from that of
acquaintance, and one point in which it differs is that a subject can
only attend to one object, or at least a very small number, at a
time. (This may of course be disputed, but for our purposes it
may be assumed.) Thus we may speak of ‘the object of attention
of a given subject at a given moment’. The object so described is
the object which that subject at that moment will call ‘this’. But
it would be an error to suppose that ‘this’ means ‘the object to
which I am now attending’. “This’ is a proper name applied to the
object to which I am now attending. If it be asked how I come to
select this object, the answer is that, by hypothesis, I am selecting
it, since it is the object of my attention. “This’ is not waiting to be
defined by the property of being given, but is given; first it is
actually given, and then reflection shows that it is ‘that which is
given’.

We may now retrace our steps in the opposite order. At any
moment of my conscious life, there is one object (or at most some
very small number of objects) to which I am attending. All know-
ledge of particulars radiates out from this object. This object is
not intrinsically distinguishable from other objects—it just hap-
pens (owing to causes which do not concern us) that I am attending
to it. Since I am attending to it, I can name it; I may give it any
name I choose, but when inventiveness gives out, I am apt to
name it ‘this’. By the help of reflection and special experiences, it
becomes evident that there is such a relation as ‘attention’, and
that there is always a subject attending to the object called ‘this’.
The subject attending to ‘this’ is called ‘I’, and the time of the
things which have to ‘I’ the relation of presence is called the pre-
sent time. ‘This’ is the point from which the whole process starts,
and ‘this’ itself is not defined, but simply given. The confusions
and difficulties arise from regarding ‘this’ as defined by the fact of
being given, rather than simply as given.

The objection to our theory of acquaintance which was derived
from the absence of acquaintance with the subject is thus capable
of being answered, while admitting that the objectors are in the
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right in maintaining that we are not acquainted with the subject.
Having answered the objection, we can now retort on neutral
monism with the demand that it should produce an account of
‘this’ and ‘I’ and ‘now’. I do not mean merely that it should pro-
duce an account of particularity and selfhood and moments of
time; all this it might accomplish without in any way touching the
problem. What I demand is an account of that principle of selec-
tion which, to a given person at a given moment, makes one object,
one subject and one time intimate and near and immediate, as no
other object or subject or time can be to that subject at that time,
though the same intimacy and nearness and immediacy will be-
long to these others in relation to other subjects and other times.
In a world where there were no specifically mental facts, is it not
plain that there would be a complete impartiality, an evenly dif-
fused light, not the central illumination fading away into outer
darkness, which is characteristic of objects in relation to a mind?
It may be that some answer can be found to these queries without
admitting specifically mental facts; but to me it seems obvious
that such ‘emphatic particulars’ as ‘this’ and ‘I’ and ‘now’ would
be impossible without the sclectiveness of mind. I conclude, there-
fore, that the consideration of emphatic particulars affords a new
refutation, and the most conclusive one, of neutral monism.

Before leaving the analysis of experience, we must take account
of a widely held theory according to which our acquaintance with
objects involves not only subject and object, but also what is called
‘content’. The distinction between content and object is set forth
very explicitly by Meinong, for instance in his article ‘Uber
Gegenstinde hoherer Ordnung und deren Verhiltniss zur inneren
Wahrnehmung’.* The following quotations from this article may
serve to make the theory plain.

“That it is essential to everything psychical to have an object,
will presumably be admitted without reserve at least in regard to
that psychical material which will here exclusively concern us.
For no one doubts that one cannot have a presentationt without
having a presentation of something, and also that one cannot judge

* Zeitschrift fiir Psychologie und Physiologie der Sinnesorgane, Vol. XX1I
(1899), pp. 182f. .

t I think the relation of subject and object in presentation may be
identified with the relation which I call ‘acquaintance.’
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without judging about something. People will probably also con-
cede just as willingly that there is no presentation or judgment
without content; but for not a few this readiness comes from the
assumption that content and object are pretty much the same thing.
I also long believed that the two expressions could be used in-
differently, and that therefore one of them could be dispensed with.
To-day I regard this as a mistake’ [p. 185]. He proceeds at once to
give his grounds. The chief ground, he says, is that we may have a
presentation or judgment whose object is non-existent, whether
because it is self-contradictory, like the round square, or because,
like the golden mountain, there happens to be no such thing, or
because, like the difference between red and green, it is not the
kind of thing which can exist, although it may ‘subsist’, or because,
though now presented, its existence belongs to the past or the
future. He concludes: ‘Thus the presentation exists: but who,
except in the interests of a theoretical preconception, will be wil-
ling to assume that the presentation exists, but not its content?’
[p. 186]. Thus the first difference between object and content is
that the object may be something non-existent, but the content
must exist when the presentation exists. A second difference is
that the object may be not psychical, whereas the content must be
psychical. The object may be blue or warm or heavy, but the con-
tent cannot have attributes of this kind [pp. 187-8]. All presenta-
tions, however different their objects, have in common, he says,
just what makes them presentations, namely ‘das Vorstellen oder
den Vorstellungsact’; but two presentations of different objects
cannot be completely similar to each other, and therefore the
difference in the objects must point to some difference in the
presentations. Now that in which two presentations may differ in
spite of the identity of the ‘act’ is what is to be called the ‘content’.
This exists now and is psychical, even when the object does not
exist, or is past or future, or is not psychical [p. 188].

Before deciding whether in fact there are ‘contents’ as well as
objects of presentations, let us examine Meinong’s arguments in
the above. The instances of non-existent objects quoted by Mei-
nong are largely disposed of by the theory of incomplete symbols—
the round square and the golden mountain, at any rate, are not
objects. (I do not mean that they are objects which do not exist.)
The other instances are less intractable. The difference between
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red and green, for example, has the kind of subsistence appropri-
ate to objects of this kind; and future things are not presented,
although they may be known by description. Nevertheless, it re-
mains the case that we can have a presentation of an abstract’
(which has no position in time), or of a remembered object which
exists no longer. The case of memory suffices to illustrate Mei-
nong’s difficulty in the supposition that a presentation can exist
when its content does not exist. We should say that we remember
now, and in popular language we should say that we are in a differ-
ent ‘state of mind’ when we remember from that in which we
should be if we were not remembering. Meinong’s ‘content’ is in
fact what would commonly be called a ‘state of mind’. Thus the
question is: Are there ‘states of mind’, as opposed to objects cog-
nized in various ways? We are told that it is impossible the present-
ation should exist now, if its content does not exist now. But if
presentation consists wholly and solcly, as we have contended, in
a relation of subject and object, then a memory-presentation is a
complex of which one constituent is present while the other is past.
It is not clear that such a complex has any definite position in the
time-series: the fact that the remembering subject is in the present
is no sufficient reason for regarding the whole complex as present.
And similar remarks apply to the case of presentations whose ob-
jects are not in time at all. Thus the question ‘who will be willing
to assume that the presentation exists but not its content?’ loses
its force: the word ‘exist’ is very ambiguous, but if it means ‘being
at some part of the time-series’, then it is not at all clear that the
presentation does exist; and if it means any other legitimate mean-
ing, it is not clear that the object does not exist.

The arguments that the content but not the object must be
psychical, and that the object but not the content may have such
attributes as blue or warm or heavy, may be passed by, since they
do not afford any independent ground for believing that there are
such things as contents.

The argument which has probably done most to produce a belief
in ‘contents’ as opposed to objects is the last of those adduced by
Meinong, namely that there must be some difference between a
presentation of one object and a presentation of another, and this
difference is not to be found in the ‘act’ of presentation. At first
sight, it seems obvious that my mind is in different ‘states’ when
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I am thinking of one thing and when I am thinking of another.
But in fact the difference of object supplies all the difference re-
quired. There seems to be, in the hypothesis of ‘states’ of mind,
an operation (generally unconscious) of the ‘internal’ theory of
relations: it is thought that some intrinsic difference in the subject
must correspond to the difference in the objects to which it has the
relation of presentation. I have argued this question at length
elsewhere, and shall therefore now assume the ‘external’ theory
of relations, according to which difference of relations affords no
evidence for difference of intrinsic predicates. It follows that, from
the fact that the complex ‘my awareness of A’ is different from the
complex ‘my awareness of B’, it does not follow that when I am
aware of A I have some intrinsic quality which I do not have when
I am aware of B but not of 4. There is therefore no reason for
assuming a difference in the subject corresponding to the differ-
ence between two presented objects.

It remains to inquire whether there are any other reasons for
assuming ‘contents’. I think perhaps belief in them has been en-
couraged by a careless use of such words as ‘image’ and ‘idea’. It
may be thought that, when a given physical object is seen from
many different points of view, the physical object itself is the object
of many presentations, and that the different images are the differ-
ent contents. Meinong himself is far from any such confusion,
but language tends to encourage it. In fact, of course, the one
physical object which is supposed to be seen from different points
of view is a theoretical construction, and is not the object of any
presentation. The objects of the various presentations concerned
are the immediate visual data from the different points of view.
The change in the visual data, combined with the belief that the
physical object is unchanged, tends to generate the belief that the
visual data are ‘subjective modifications’, and thus to obscure
their character as objects. I shall not enlarge on this subject now,
as I have dealt with it at length in an article in Scientia for July
1914.*

It may be urged that different people can know the same object,
but cannot have the same presentation, and that this points to
something other than the object as a constituent of a presentation.
As against neutral monism, the argument is valid if its premise is

* [Reprinted as Chapter VIII of Mysticism and Logic—R.C.M.]
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granted; but in our theory, the difference between the subjects
suffices to distinguish the two presentations, and therefore no
problem arises.

The chief argument against contents is the difficulty of discover-
ing them introspectively. It may be said that this difficulty—
which is admitted—applies equally to the subject in our theory of
acquaintance. This is true; but our theory is based on inference
from the nature of experience, not on any supposed introspective
perception of the subject. If the arguments by which Meinong
supports his belief in tontents had appeared to us valid, we should
have admitted contents; but in the absence of valid arguments
introspective evidence alone could lead us to admit contents. Since
such evidence is lacking, we may therefore conclude that there is
no reason to admit contents.

The belief in ‘contents’ as subjective modifications is often held
in a more extreme form than that advocated by Meinong. It is
thought that whatever can be immediately known must be ‘in the
mind’, and that it can only be by inference that we arrive at a
knowledge of anything external to ourselves. This view may be
combated in many ways. It would be well to know, first of all,
what is meant by ‘my mind’, and what really is being debated
when it is asked whether this or that is ‘in my mind’. We might
next point out that abstract facts and universals may be known to
many people, and that therefore, if they are ‘in my mind’, the
same thing may be in two minds at once. But I think the main
source of subjective theories has always been the supposed illusions
of sense. The sun, as it appears in astronomical theory, is not
immediately given: what is immediately given is a certain visible
bright patch, which according to physics depends upon the inter-
vening medium and our sense-organs. Hence if we suppose that
the astronomer’s sun is the object when we ‘see the sun’, then
what is actually given has to be degraded to the level of something
subjective. But in fact, the physical object which the astronomer
deals with is an inference, and the bright patch that we see, in
spite of its variability, is only thought to be illusory as the result
of fallacious arguments.

To sum up: The obvious characteristics of experience seem to
show that experiencing is a two-term relation; we call the relation
acquaintance, and we give the name subject to anything which has
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acquaintance with objects. The subject itself appears to be not
acquainted with itself; but this does not prevent our theory from
explaining the meaning of the word ‘I’ by the help of the meaning
of the word ‘this’, which is the proper name of the object of atten-
tion. In this respect, especially, we found our theory superior to
neutral monism, which seems unable to explain the selectiveness
of experience. Finally we considered and rejected the opinion that
experience involves mental modifications called ‘contents’, having
a diversity which reproduces that of objects—an opinion which
appeared to rest upon the internal theory of relations; and along
with this opinion we rejected—though partly by arguments which
await amplification on another occasion—the doctrine that all
immediate knowledge is confined to knowledge of ourselves.



The Philosophy of Logical Atomism

Ludwig Wittgenstein came to England (from the Technische Hoch-
schule, Berlin) at the age of nineteen and began studies in aeronautics
as a research student in the Engineering Laboratory of the University
of Manchester. While there he read THE PRINCIPLES OF MATHE-
MATICS, and in January of 1912 he went to Cambridge as an ‘Ad-
vanced Student’, presumably a candidate for the B.A. ‘for research’
since Cambridge did not offer the Ph.D. until 1920. He stayed five
terms, working for the most part with Russell, who was in contact
with him during the fourteen months between his departure from
Cambridge in the summer of 1913 and the outbreak of war the follow-
ing year. Very little remains to tell us what occupied their conversa-
tions. In the preface to his Harvard lectures of 1914 Russell speaks
of the ‘vitally important discoveries, not yet published’ of ‘my friend,
Myr. Ludwig Wittgenstein’ [p. 9], a phrase that suggests a quite differ-
ent relationship than that one would expect between a student of
twenty-four and his distinguished supervisor of forty-one (but not at
all surprising in the light of Russell’s character).*

Russell’s lectures on logical atomism of 1918 are probably the best
record of his development of the ideas which he had discussed with
Wittgenstein in the period 1912-14. It is not to be inferred that
Wittgenstein would have approved of the manner in which Russell
treated this material; indeed, Wittgenstein is known to have taken
exception to Russell’s introduction to the English edition of the
TRACTATUS. It is a common failing of great philosophers that they
think their own thoughts well and do not fully appreciate the thought
of others (second-rate minds, with few ideas of their own, can often do

*Russell was chiefly responsible for the publication (in 1922) of
Wittgenstein’s Tractatus Logico-Philosophicus. When Wittgenstein re-
turned to Cambridge in 1929 he was still a degreeless ‘student’ and only
after he had kept two further terms was he able to proceed (at the age of
forty) to the Ph.D., submitting the Tractatus as a thesis and undergoing
examination at the hands of Russell and Moore. Russell was also instru-
mental in Wittgenstein’s appointment to a research fellowship at Trinity
College; but apart from these things, there was no resumption of their
previous relationship, as Russell was then removed from the precincts of
Cambridge and involved in other philosophical problems than those of
his earlier period.
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this much better). We see the ideas of the young Wittgenstein, there-
fore, only in the form in which they have been assimilated into the
thought of the mature Russell, but for all that, the view is an interest-
ing one.

These lectures provide an extended and systematic account of
Russell’s thought in a critical period in the development of his philo-
sophy. It is strange that in the nearly forty years since they were given
they have never been reprinted in an authorized form. One thing they
do is show that ‘one of the greatest merits of modern logic is that it has
allowed us to give precision to [several types of philosophical] problems
while definitely abandoning any pretensions of solving them.’ The
author of that statement (it could be either Russell or P. E. B. Jourdain)
was a wiser man than the sceptic he appears to be.
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The following [is the text] of a course of eight lectures delivered in
[Gordon Square] London, in the first months of 1918, [which] are very
largely concerned with explaining certain ideas which I learnt from my
friend and former pupil Ludwig Wittgenstein. I have had no oppor-
tunity of knowing his views since August, 1914, and I do not even
know whether he is alive or dead.* He has therefore no responsibility
for what is said in these lectures beyond that of having originally sup-
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I. FACTS AND PROPOSITIONS

THIS course of lectures which I am now beginning I have called
the Philosophy of Logical Atomism. Perhaps I had better begin
by saying a word or two as to what I understand by that title.
The kind of philosophy that I wish to advocate, which I call
Logical Atomism, is one which has forced itself upon me in the
course of thinking about the philosophy of mathematics, although
I should find it hard to say exactly how far there is a definite
logical connexion between the two. The things I am going to say
in these lectures are mainly my own personal opinions and I do
not claim that they are more than that.

As I have attempted to prove in The Principles of Mathematics,
when we analyse mathematics we bring it all back to logic. It all
comes back to logic in the strictest and most formal sense. In the
present lectures, I shall try to set forth in a sort of outline, rather
briefly and rather unsatisfactorily, a kind of logical doctrine which
seems to me to result from the philosophy of mathematics—not
exactly logically, but as what emerges as one reflects: a certain kind
of logical doctrine, and on the basis of this a certain kind of meta-
physic. The logic which I shall advocate is atomistic, as opposed
to the monistic logic of the people who more or less follow Hegel.
When I say that my logic is atomistic, I mean that I share the com-
mon-sense belief that there are many separate things; I do not re-
gard the apparent multiplicity of the world as consisting merely
in phases and unreal divisions of a single indivisible Reality. It
results from that, that a considerable part of what one would have
to do to justify the sort of philosophy I wish to advocate would
consist in justifying the process of analysis. One is often told that
the process of analysis is falsification, that when you analyse any
given concrete whole you falsify it and that the results of analysis
are not true. I do not think that is a right view. I do not mean to say,
of course, and nobody would maintain, that when you have ana-
lysed you keep everything that you had before you analysed. If
you did, you would never attain anything in analysing. I do not
propose to meet the views that I disagree with by controversy, by
arguing against those views, but rather by positively setting forth
what I believe to be the truth about the matter, and endeavouring
all the way through to make the views that I advocate result
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inevitably from absolutely undeniable data. When I talk of ‘undeni-
able data’ that is not to be regarded as synonymous with ‘true
data’, because ‘undeniable’ is a psychological term and ‘true’ is not.
When I say that something is ‘undeniable’, I mean that it is not
the sort of thing that anybody is going to deny; it does not follow
from that that it is true, though it does follow that we shall all
think it true—and that is as near to truth as we seem able to get.
When you are considering any sort of theory of knowledge, you
are more or less tied to a certain unavoidable subjectivity, because
you are not concerned simply with the question what is true of the
world, but ‘What can I know of the world?” You always have to
start any kind of argument from something which appears to you
to be true; if it appears to you to be true, there is no more to be
done. You cannot go outside yourself and consider abstractly
whether the things that appear to you to be true are true; you may
do this in a particular case, where one of your beliefs is changed
in consequence of others among your beliefs.

The reason that I call my doctrine logical atomism is because the’
atoms that I wish to arrive at as the sort of last residue in analysis
are logical atoms and not physical atoms. Some of them will be
what I call ‘particulars’—such things as little patches of colour or
sounds, momentary things—and some of them will be predicates
or relations and so on. The point is that the atom I wish to arrive
at is the atom of logical analysis, not the atom of physical analysis,

It is a rather curious fact in philosophy that the data which are
undeniable to start with are always rather vague and ambiguous.'
You can, for instance, say: ‘There are a number of people in this
room at this moment.” That is obviously in some sense undeniable.
But when you come to try and define what this room is, and what
it is for a person to be in a room, and how you are going to dis-
tinguish one person from another, and so forth, you find that what
you have said is most fearfully vague and that you really do not
know what you meant. That is a rather singular fact, that every-
thing you are really sure of, right off is something that you do not
know the meaning of, and the moment you get a precise statement
you will not be sure whether it is true or false, at least right off.
The process of sound philosophizing, to my mind, consists mainly
in passing from those obvious, vague, ambiguous things, that we
feel quite sure of, to something precise, clear, definite, which by
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reflection and analysis we find is inyolved in the vague thing that
we start from, and is, so to speak, the real truth of which that vague
thing is a sort of shadow. I should like, if time were longemd if
I knew more than I do, to spend a whole lecture on the conception
of vagueness. I think vagueness is very much more important in
the theory of knowledge than you would judge it to be from the
writings of most people. Everything is vague to a degree you do not
realize till you have tried to make it precise, and everything precise
is so remote from everything that we normally think, that you can-
not for a moment suppose that is what we really mean when we say
what we think.

When you pass from the vague to the precise by the method of
'analysis and reflection that I am speaking of, you always run a
certain risk of error. If I start with the statement that there are so
and so many people in this room, and then set to work to make that
statement precise, I shall run a great many risks and it will be
extremely likely that any precise statement I make will be some-
thing not true at all. So you cannot very easily or simply get from
these vague undeniable things to precise things which are going
to retain the undeniability of the starting-point. fThe precise pro-
positions that you arrive at may be logically premisses to the sys-
tem that you build up upon the basis of them, but they are not
premisses for the theory of knowledge. It is important to realize
the difference between that from which your knowledge is, in fact,
derived, and that from which, if you already had complete know-
ledge, you would deduce it. Those are quite different things. The
sort of premiss that a logician will take for a science will not be the
sort of thing which is first known or easiest known: it will be a
proposition having great deductive power, great cogency and
exactitude, quite a different thing from the actual premiss that
your knowledge started from. When you are talking of the premiss
for theory of knowledge, you are not talking of anything objective,
but of something that will vary from man to man, because the
premisses of one man’s theory of knowledge will not be the same
as those of another man’s. There is a great tendency among a very
large school to suppose that when you are trying to philosophize
about what you know, you ought to carry back your premisses
further and further into the region of the inexact and vague, be-
yond the point where you yourself are, right back to the child or
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monkey, and that anything whatsoever that you seem to know—but
that the psychologist recognizes as being the product of previous
thought and analysis and reflection on your part—cannot really be
taken as a premiss in your own knowledge. That, I say, is a theory
which is very widely held and which is used against that kind of
analytic outlook which I wish to urge. It seems to me that when
your object is, not simply to study the history or development of
mind, but to ascertain the nature of the world, you do not want to
go any further back than you are already yourself. You do not
want to go back to the vagueness of the child or monkey, because
you will find that quite sufficient difficulty is raised by your own
vagueness. But there one is confronted by one of those difficulties
that occur constantly in philosophy, where you have two ultimate
prejudices conflicting and where argument ceases. There is the
type of mind which considers that what is called primitive experi-
ence must be a better guide to wisdom than the experience of re-
flective persons, and there is the type of mind which takes exactly
the opposite view. On that point I cannot see any argument what-
soever. It is quite clear that a highly educated person sees, hears,
feels, does everything in a very different way from a young child
or animal, and that this whole manner of experiencing the world
and of thinking about the world is very much more analytic than
that of a more primitive experience. The things we have got to.
take as premisses in any kind of work of analysis are the things
which appear to us undeniable—to us here and now, as we are—
and I think on the whole that the sort of method adopted by Des-
cartes is right: that you should set to work to doubt things and
retain_only what you cannot doubt because of its clearness and
distinctness, not because you are sure not to be induced into
error, for there does not exist a method which will safeguard you
against the possibility of error. The wish for perfect security is one|
of those snares we are always falling into, and is just as untenable
in the realm of knowledge as in everything else. Nevertheless,
granting all this, I think that Descartes’s method is on the whole
a sound one for the starting-point. _ .

I propose, therefore, always to begin any argument that I have
to make by appealing to data which will be quite ludicrously obvi-
ous. Any philosophical skill that is required will consist in the
selection of those which are capable of yielding a good deal of

N
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reflection and analysis, and in the reflection and analysis them-
selves. -

What I have said so far is by way of introduction.

The first truism to which I wish to draw your attention—and I
hope you will agree with me that these things that I call truisms
are so obvious that it is almost laughable to mention them—is that
the world contains facts, which are what they are whatever we may
choose to think about them, and that there are also beliefs, which
have reference to facts, and by reference to facts are either true
or false. I will try first of all to give you a preliminary explanation
of what I mean by a ‘fact’. When I speak of a fact—I do not pro-
pose to attempt an exact definition, but an explanation, so that
you will know what I am talking about—I mean the kind of thing
that makes a proposition true or false. If I say ‘It is raining’, what
I say is true in a certain condition of weather and is false in other
conditions of weather. The condition of weather that makes my
statement true (or false as the case may be), is what I should call a
“fact’. If I say ‘Socrates is dead’, my statement will be true owing
to a certain physiological occurrence which happened in Athens
long ago. If I say, ‘Gravitation varies inversely as the square of the
distance’, my statement is rendered true by astronomical fact. If
I say, “Two and two are four’, it is arithmetical fact that makes my
statement true. On the other hand, if I say ‘Socrates is alive’, or
‘Gravitation varies directly as the distance’, or “T'wo and two are
five’, the very same facts which made my previous statements true
show that these new statements are false.

I want you to realize that when I speak of a fact I do not mean a
particular existing thing, such as Socrates or the rain or the sun.
Socrates himself does not render any statement true or false. You
might be inclined to suppose that all by himself he would give truth
to the statement ‘Socrates existed’, but as a matter of fact that is a
mistake. It is due to a confusion which I shall try to explain in the
sixth lecture of this course, when I come to deal with the notion
of existence. Socrates* himself, or any particular thing just by it-
self, does not make any proposition true or false. ‘Socrates is dead’
and ‘Socrates is alive’ are both of them statements about Socrates.
One is true and the other false. What I call a fact is the sort of

* [ am here for the moment treating Socrates as a ‘particular’. But we shall
see shortly that this view requires modification.
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thing that is expressed by a whole sentence, not by a single name
like ‘Socrates’. When a single word does come to express a fact,
like ‘fire’ or ‘wolf’, it is always due to an unexpressed context, and
the full expression of a fact will always involve a sentence. We
express a fact, for example, when we say that a certain thing has a
certain property, or that it has a certain relation to another thing;
but the thing which has the property or the relation is not what I
call a ‘fact’.

It is important to observe that facts belong to the objective world.
They are not created by our thoughts or beliefs except in special
cases. That is one of the sort of things which I should set up as an
obvious truism, but, of course, one is aware, the moment one has
read any philosophy at all, how very much there is to be said before
such a statement as that can become the kind of position that you
want. The first thing I want to emphasize is that the outer world—
the world, so to speak, which knowledge is aiming at knowing—is
not completely described by a lot of ‘particulars’, but that you
must also take account of these things that I call facts, which are
the sort of things that you express by a sentence, and that these,
just as much as particular chairs and tables, are part of the real
world. Except in psychology, most of our statements are not in-
tended merely to express our condition of mind, though that is
often all that they succeed in doing. They are intended to express
facts, which (except when they are psychological facts) will be
about the outer world. There are such facts involved, equally when
we speak truly and when we speak falsely. When we speak falsely
it is an objective fact that makes what we say false, and it is an
objective fact which makes what we say true when we speak truly..

There are a great many different kinds of facts, and we shall be
concerned in later lectures with a certain amount of classification
of facts. I will just point out a few kinds of facts to begin with, so
that you may not imagine that facts are all very much alike. There
are particular facts, such as “This is white’; then there are general
facts, such as ‘All men are mortal’. Of course, the distinction be-
tween particular and general facts is one of the most important.
There again it would be a very great mistake to suppose that you
could describe the world completely by means of particular facts
alone. Suppose that you had succeeded in chronicling every single
particular fact throughout the universe, and that there did not
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exist a single particular fact of any sort anywhere that you had
not chronicled, you’still would not have got a complete descrip-
tion of the universe unless you also added: ‘These that I have
chronicled are all the particular facts there are’. So you cannot
hope to describe the world completely without having general facts
as well as particular facts. Another distinction, which is perhaps
a little more difficult to make, is between positive facts and nega-
tive facts, such as ‘Socrates was alive’—a positive fact—and
‘Socrates is not alive’—you might say a negative fact.* But the
distinction is difficult to make precise. Then there are facts con-
cerning particular things or particular qualities or relations, and,
apart from them, the completely general facts of the sort that you
have in logic, where there is no mention of any constituent what-
ever of the actual world, no mention of any particular thing or
particular quality or particular relation, indeed strictly you may
say no mention of anything. That is one of the characteristics of
g)ggzil_mgggsj_ﬁ@, that they ‘mention nothing. Such a proposi-

on is: ‘If one class is part of another, a term which is a member
of the one is also a member of the other’. All those words that come
in the statement of a pure logical proposition are words really be-
longing to syntax. They are words merely expressing form or con-
nexion, not mentioning any particular constituent of the proposi-
tion in which they occur. This is, of course, a thing that wants to
be proved; I am not laying it down as self-evident. Then there are
facts about the properties of single things; and facts about the
relations between two things, three things, and so on; and any
number of different classifications of some of the facts in the world,
which are important for different purposes. ,

It is obvious that there is not a dualism of true and false facts;
there are only just facts. It would be a mistake, of course, to say
that all facts are true. That would be a mistake because true and
false are correlatives, and you would only say of a thing that it was
true if it was the sort of thing that might be false. A fact cannot be.
either true or false. That brings us on to the question of statements
or propositions or judgments, all those things that do have the
duality of truth and falsehood. For the purposes of logic, though
not, I think, for the purposes of theory of knowledge, it is natural
to concentrate upon the proposition as the thing which is going

* Negative facts are further discussed in a later lecture,
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to be our typical vehicle on the duality of truth and falsehood. A
proposition, one may sayj, is a sentence in the indicative, a sentence
asserting something, not questioning or commanding or wishing.
It may also be a sentence of that sort preceded by the word ‘that’.
For example, ‘That Socrates is alive’, “That two and two are four’.
‘That two and two are five’, anything of that sort will be a propo-
sition.

~ A proposition is just a symbol. It is a complex symbol in the
sense that it has parts which are also symbols: a symbol may be
defined as complex when it has parts that are symbols. In a sen-
tence containing several words, the several words are each sym-
bols, and the sentence composing them is therefore a complex
symbol in that sense. There is a good deal of importance to philo-
sophy in the theory of symbolism, a good deal more than at one
time I thought. I think the importance is almost entirely negative,
i.e., the importance lies in the fact that unless you are fairly self-
conscious about symbols, unless you are fairly aware of the relation
of the symbol to what it symbolizes, you will find yourself attribut-
ing to the thing properties which only belong to the symbol. That,
of course, is especially likely in very abstract studies such as
philosophical logic, because the subject-matter that you are sup-
posed to be thinking of is so exceedingly difficult and elusive that
any person who has ever tried to think about it knows you do not
think about it except perhaps once in six months for half a minute.
The rest of the time you think about the symbols, because they
are tangible, but the thing you are supposed to be thinking about
is fearfully difficult and one does not often manage to think about
it. The really good philosopher is the one who does once in six
months think about it for a minute. Bad philosophers never do.
That is why the theory of symbolism has a certain importance,
because otherwise you are so certain to mistake the properties of
the symbolism for the properties of the thing. It has other interest-
ing sides to it too. There are different kinds of symbols, different
kinds of relation between symbol and what is symbolized, and
very important fallacies arise from not realizing this. The sort of
contradictions about which I shall be speaking in connexion with
types in a later lecture all arise from mistakes in symbolism, from
putting one sort of symbol in the place where another sort of
symbol ought to be. Some of the notions that have been thought
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absolutely fundamental in philosophy have arisen, I believe, entirely
through mistakes as to symbolism—e.g., the notion of existence, or,
if you like, reality. Those two words stand for a great deal that
has been discussed in philosophy. There has been the theory about
every proposition being really a description of reality as a whole
and so on, and altogether these notions of reality and existence
have played a very prominent part in philosophy. Now my own
belief is that as they have occurred in philosophy, they have been
entirely the outcome of a muddle about symbolism, and that when
you have cleared up that muddle, you find that practically every-
thing that has been said about existence is sheer and simple mis-
take, and that is all you can say about it. I shall go into that in a
later lecture, but it is an example of the way in which symbolism
is important.

Perhaps I ought to say a word or two about what I am under-
standing by symbolism, because I think some people think you
only mean mathematical symbols when you talk about symbolism.
I am using it in a sense to include all language of every sort and
kind, so that every word is a symbol, and every sentence, and so
forth. When I speak of a symbol I simply mean something that
‘means’ something else, and as to what I mean by ‘meaning’ I am
not prepared to tell you. I will in the course of time enumerate a
strictly infinite number of different things that ‘meaning’ may mean
but I shall not consider that I have exhausted the discussion by
doing that. I think that the notion of meaning is always more or
less psychological, and that it is not possible to get a pure logical
theory of meaning, nor therefore of symbolism. I think that it is
of the very essence of the explanation of what you mean by a sym-
bol to take account of such things as knowing, of cognitive relations,
and probably also of association. At any rate I am pretty clear that
the theory of symbolism and the use of symbolism is not a thing
that can be explained in pure logic without taking account of the
various cognitive relations that you may have to things.

As to what one means by ‘meaning’, I will give a few illustra-
tions. For instance, the word ‘Socrates’, you will say, means a
certain man; the word ‘mortal’ means a certain quality; and the
sentence ‘Socrates is mortal’ means a certain fact. But these three
sorts of meaning are entirely distinct, and you will get into the
most hopeless contradictions if you think the word ‘meaning’ has
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the same meaning in each of these three cases. It is very important
not to suppose that there is just one thing which is meant by ‘mean-
ing’, and that therefore there is just one sort of relation of the sym-
bol to what is symbolized. A name would be a proper symbol tc
use for a person; a sentence (or a proposition) is the proper sym-
bol for a fact.

A belief or a statement has duality of truth and falsehood, which
the fact does not have. A belief or a statement always involves a
proposition. You say that a man belicves that so and so is the case.
A man believes that Socrates is dead. What he believes is a pro-
position on the face of it, and for formal purposes it is convenient
to take the proposition as the essential thing having the duality
of truth and falsehood. It is very important to realize such things,
for instance, as that propositions are not names for facts. It is quite
obvious as soon as it is pointed out to you, but as a matter of fact
I never had realized it until it was pointed out to me by a former
pupil of mine, Wittgenstein. It is perfectly evident as soon as you
think of it, that a proposition is not a name for a fact, from the
mere circumstance that there are two propositions corresponding
to each fact. Suppose it is a fact that Socrates is dead. You have
two propositions: ‘Socrates is dead’ and ‘Socrates is not dead’.
And those two propositions corresponding to the same fact, there
is one fact in the world which makes one true and one false. That
is not accidental, and illustrates how the relation of proposition to
fact is a totally different one from the relation of name to the thing
named. For each fact there are two propositions, one true and one
false, and there is nothing in the nature of the symbol to show us
which is the true one and which is the false one. If there were,
you could ascertain the truth about the world by examining pro-
positions without looking around you.

There are two different relations, as you see, that a proposition
may have to a fact: the one the relation that you may call being
true to the fact, and the other being false to the fact. Both are
equally essentially logical relations which may subsist between the
two, whereas in the case of a name, there is only one relation that
it can have to what it names. A name can just name a particular,
or, if it does not, it is not a name at all, it is a noise. It cannot be a
name without having just that one particular relation of naming
a certain thing, whereas a proposition does not cease to be a



188 LOGIC AND KNOWLEDGE

proposition if it is false. It has these two ways, of being true and
being false, which-together correspond to the property of being a
name. Just as a word may be a name or be not a name but justa
meaningless noise, so a phrase which is apparently a proposition
may be either true or false, or may be meaningless, but the true and
false belong together as against the meaningless. That shows, of
course, that the formal logical characteristics of propositions are
quite different from those of names, and that the relations they have
to facts are quite different, and therefore propositions are not names
for facts. You must not run away with the idea that you can
name facts in any other way; you cannot. You cannot name them
at all. You cannot properly name a fact. The only thing you can do
is to assert it, or deny it, or desire it, or will it, or wish it, or ques-
tion it, but all those are things involving the whole proposition.
You can never put the sort of thing that makes a proposition to
be true or false in the position of a logical subject. You can only
have it there as something to be asserted or denied or something
of that sort, but not something to be named.

Discussion

Question: Do you take your starting-point “That there are many
things’ as a postulate which is to be carried along all through, or
has to be proved afterward?

Mpyr. Russell: No, neither the one nor the other. I do not take
it as a postulate that ‘There are many things’. I should take it
that, in so far as it can be proved, the proof is empirical, and that
the disproofs that have been offered are a priori. The empirical
person would naturally say, there are many things. The monistic
philosopher attempts to show that there are not. I should propose
to refute his a priori arguments. I do not consider there is any
logical necessity for there to be many things, nor for there not to
be many things.

Question: 1 mean in making a start, whether you start with the
empirical or the a priori philosophy, do you make your statement
just at the beginning and come back to prove it, or do you never
come back to the proof of it?

M. Russell: No, you never come back. It is like the acorn to the
oak. You never get back to the acorn in the oak. I should like
a statement which would be rough and vague and have that sort



THE PHILOSOPHY OF LOGICAL ATOMISM 189

of obviousness that belongs to things of which you never know
what they mean, but I should never get back to that statement.
I should say, here is a thing. We seem somehow convinced that
there is truth buried in this thing somewhere. We will look at it
inside and out until we have extracted something and can say,
now that is true. It will not really be the same as the thing we
started from because it will be so much more analytic and precise.

Question: Does it not look as though you could name a fact by a
date?

Mr. Russell: You can apparently name facts, but I do not think
you can really: you always find that if you set out the whole thing
fully, it was not so. Suppose you say ‘The death of Socrates’. You
might say, that is a name for the fact that Socrates died. But it
obviously is not. You can see that the moment you take account of
truth and falsehood. Supposing he had not died, the phrase would
still be just as significant although there could not be then any-
thing you could name. But supposing he had never lived, the sound
‘Socrates’ would not be a name at all. You can see it in another way.
You can say “The death of Socrates is a fiction’. Suppose you had
read in the paper that the Kaiser had been assassinated, and it
turned out to be not true. You could then say, “The death of the
Kaiser is a fiction’. It is clear that there is no such thing in the
world as a fiction, and yet that statement is a perfectly sound state-
ment. From this it follows that “T'he death of the Kaiser’ is not a
name.

II. PARTICULARS, PREDICATES, AND RELATIONS

I propose to begin to-day the analysis of facts and propositions,
for in a way the chief thesis that I have to maintain is the legitimacy
of analysis, because if one goes into what I call Logical Atomism
that means that one does believe the world can be analysed into a
number of separate things with relations and so forth, and that the
sort of arguments that many philosophers use against analysis are
not justifiable.

In a philosophy of logical atomism one might suppose that the
first thing to do would be to discover the kinds of atoms out of
which logical structures are composed. But I do not think that is
quite the first thing; it is one of the early things, but not quite the
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first. There are two other questions that one has to consider, and
one of these at least is prior. You have to consider:

1. Are the things that look like logically complex entities really
complex?
2. Are they really entities?

The second question we can put off; in fact, I shall not deal with
it fully until my last lecture. The first question, whether they are
really complex, is one that you have to consider at the start.
Neither of these questions is, as it stands, a very precise question.
I do not pretend to start with precise questions. I do not think
you can start with anything precise. You have to achieve such
precision as you can, as you go along. Each of these two questions,
however, is capable of a precise meaning, and each is really import-
ant.
Theée is another question which comes still earlier, namely:
what shall we take as prima facie examples of logically complex
entities? That really is the first question of all to start with. What
sort of things shall we regard as prima facie complex?

Of course, all the ordinary objects of daily life are apparently
complex entities: such things as tables and chairs, loaves and fishes,
persons and principalities and powers—they are all on the face
of it complex entities. All the kinds of things to which we habit-
ually give proper names are on the face of them complex entities:
Socrates, Piccadilly, Rumania, T'welfth Night or anything you like
to think of, to which you give a proper name, they are all apparently
complex entities. They seem to be complex systems bound
together into some kind of a unity, that sort of a unity that leads
to the bestowal of a single appellation. I think it is the contem-
plation of this sort of apparent unity which has very largely led to
the philosophy of monism, and to the suggestion that the universe
as a whole is a single complex entity more or less in the sense in
which these things are that I have been talking about.

For my part, I do not believe in complex entities of this kind,
and it is not such things as these that I am going to take as the
prima facie examples of complex entities. My reasons will appear
more and more plainly as I go on. I cannot give them all to-day,
but I can more or less explain what I mean in a preliminary way.
Suppose, for example, that you were to analyse what appears to be
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a fact about Piccadilly. Suppose you made any statement about
Piccadilly, such as: ‘Piccadilly is a pleasant street’. If you analyse
a statement of that sort correctly, I believe you will find that the
fact corresponding to your statement does not contain any constitu-
ent corresponding to the word ‘Piccadilly’. The word ‘Piccadilly’
will form part of many significant propositions, but the facts cor-
responding to these propositions do not contain any single consti-
tuent, whether simple or complex, corresponding to the word
‘Piccadilly’. That is to say, if you take language as a guide in your
analysis of the fact expressed, you will be led astray in a statement
of that sort. The reasons for that I shall give at length in Lecture
VI, and partly also in Lecture VII, but I could say in a preliminary
way certain things that would make you understand what I mean.
‘Piccadilly’, on the face of it, is the name for a certain portion of the
earth’s surface, and I suppose, if you wanted to define it, you would
have to define it as a series of classes of material entities, namely
those which, at varying times, occupy that portion of the earth’s
surface. So that you would find that the logical status of Piccadilly is
bound up with the logical status of series and classes, and if you
are going to hold Piccadilly as real, you must hold that series of
classes are real, and whatever sort of metaphysical status you assign
to them, you must assign to it. As you know, I believe that series
and classes are of the nature of logical fictions: therefore that thesis,
if it can be maintained, will dissolve Piccadilly into a fiction.
Exactly similar remarks will apply to other instances: Rumania,
Twelfth Night, and Socrates. Socrates, perhaps, raises some special
questions, because the question what constitutes a person has
special difficulties in it. But, for the sake of argument, one might
identify Socrates with the series of his experiences. He would be
really a series of classes, because one has many experiences simul-
taneously. Therefore he comes to be very like Piccadilly.
Considerations of that sort seem to take us away from such
prima facie complex entities as we started with to others as being
more stubborn and more deserving of analytic attention, namely
facts. I explained last time what I meant by a fact, namely, that
sort of thing that makes a proposition true or false, the sort of
thing which is the case when your statement is true and is not the
case when your statement is false. Facts are, as I said last time,
plainly something you have to take account of if you are going to
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give a complete account of the world. You cannot do that by merely
enumerating the particular things that are in it: you must also men-
tion the relations of these things, and their properties, and so forth,
all of which are facts, so that facts certainly belong to an account
of the objective world, and facts do seem much more clearly com-
plex and much more not capable of being explained away than
things like Socrates and Rumania. However you may explain away
the meaning of the word ‘Socrates’, you will still be left with the
truth that the proposition ‘Socrates is mortal’ expresses a fact.
You may not know exactly what Socrates means, but it is quite
clear that ‘Socrates is mortal’ does express a fact. There is clearly
some valid meaning in saying that the fact expressed by ‘Socrates
is mortal’ is complex. The things in the world have various pro-
perties, and stand in various relations to each other. That they
have these properties and relations are facts, and the things and
their qualities or relations are quite clearly in some sense or other
components of the facts that have those qualities or relations. The
analysis of apparently complex things such as we started with can
be reduced by various means, to the analysis of facts which are
apparently about those things. Therefore it is with the analysis of
facts that one’s consideration of the problem of complexity must
begin, not by the analysis of apparently complex things.

The complexity of a fact is evidenced, to begin with, by the
circumstance that the proposition which asserts a fact consists of
several words, each of which may occur in other contexts. Of
course, sometimes you get a proposition expressed by a single word
but if it is expressed fully it is bound to contain several words.
The proposition ‘Socrates is mortal’ may be replaced by ‘Plato is
mortal’ or by ‘Socrates is human’; in the first case we alter the
subject, in the second the predicate. It is clear that all the proposi-
tions in which the word ‘Socrates’ occurs have something in com-
mon, and again all the propositions in which the word ‘mortal’
occurs have something in common, something which they do not
have in common with all propositions, but only with those which
are about Socrates or mortality. It is clear, I think, that the facts
corresponding to propositions in which the word ‘Socrates’ occurs
have something in common corresponding to the common word
‘Socrates’ which occurs in the propositions, so that you have
that sense of complexity to begin with, that in a fact you can get
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something which it may have in common with other facts, just as
you may have ‘Socrates is human’ and ‘Socrates is mortal’, both of
them facts, and both having to do with Socrates, although Socrates
does not constitute the whole of either of these facts. It is quite
clear that in that sense there is a possibility of cutting up a fact
into component parts, of which one component may be altered
without altering the others, and one component may occur in
certain other facts though not in all other facts. I want to make it
clear, to begin with, that there is a sense in which facts can be ana-
lysed. I am not concerned with all the difficulties of any analysis,
but only with meeting the prima facie objections of philosophers
who think you really cannot analyse at all.

I am trying as far as possible again this time, as I did last time,
to start with perfectly plain truisms. My desire and wish is that the
things I start with should be so obvious that you wonder why I
spend my time stating them. That is what I aim at, because the
point of philosophy is to start with something so simple as not to
seem worth stating, and to end with something so paradoxical
that no one will believe it.

One prima facie mark of complexity in propositions is the
fact that they are expressed by several words. I come now to an-
other point, which applies primarily to propositions and thence
derivatively to facts. You can understand a proposition when you
understand the words of which it is composed even though you
never heard the proposition before. That seems a very humble
property, but it is a property which marks it as complex and
distinguishes it from words whose meaning is simple. When you
know the vocabulary, grammar, and syntax of a language, you can
understand a proposition in that language even though you never
saw it before. In reading a newspaper, for example, you become
aware of a number of statements which are new to you, and they
are intelligible to you immediately, in spite of the fact that they are
new, because you understand the words of which they are com-
posed. This characteristic, that you can understand a proposition
through the understanding of its component words, is absent
from the component words when those words express something
simple. Take the word ‘red’, for example, and suppose—as one
always has to do—that ‘red’ stands for a particular shade of
colour. You will pardon that assumption, but one never can get
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on otherwise. You cannot understand the meaning of the word
‘red’ except through seeing red things. There is no other way in
which it can be done. It is no use to learn languages, or to look up
dictionaries. None of these things will help you to understand the
meaning of the word ‘red’. In that way it is quite different from the
meaning of a proposition. Of course, you can give a definition of
the word ‘red’, and here it is very important to distinguish between
a definition and an analysis. All analysis is only possible in regard
to what is complex, and it always depends, in the last analysis,
upon direct acquaintance with the objects which are the meanings
of certain simple symbols. It is hardly necessary to observe that
one does not define a thing but a symbol. (A ‘simple’ symbol is a
symbol whose parts are not symbols.) A simple symbol is quite a
different thing from a simple thing. Those objects which it is im-
possible to symbolize otherwise than by simple symbols may be
called ‘simple’, while those which can be symbolized by a com-
bination of symbols may be called ‘complex’. This is, of course,
a preliminary definition, and perhaps somewhat circular, but that
doesn’t much matter at this stage.

I have said that ‘red’ could not be understood except by seeing
red things. You might object to that on the ground that you can
define red, for example, as ‘The colour with the greatest wave-
length’. That, you might say, is a definition of ‘red’ and a person
could understand that definition even if he had seen nothing red,
provided he understood the physical theory of colour. But that
does not really constitute the meaning of the word ‘red’ in the
very slightest. If you take such a proposition as “This is red’ and
substitute for it “This has the colour with the greatest wave-length’,
you have a different proposition altogether. You can see that at
once, because a person who knows nothing of the physical theory
of colour can understand the proposition ‘This is red’, and can
know that it is true, but cannot know that ‘This has the colour
which has the greatest wave-length’. Conversely, you might have
a hypothetical person who could not see red, but who understood
the physical theory of colour and could apprehend the proposition
“This has the colour with the greatest wave-length’, but who would
not be able to understand the proposition “This is red’ as under-
stood by the normal uneducated person. Therefore it is clear that
if you define ‘red’ as “The colour with the greatest wave-length’,,
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you are not giving the actual meaning of the word at all; you are
simply giving a true description, which is quite a different thing,
and the propositions which result are different propositions from
those in which the word ‘red’ occurs. In that sense the word ‘red’
cannot be defined, though in the sense in which a correct descrip-
tion constitutes a definition it can be defined. In the sense of ana-
lysis you cannot define ‘red’. That is how it is that dictionaries are
able to get on, because a dictionary professes to define all words in
the language by means of words in the language, and therefore
it is clear that a dictionary must be guilty of a vicious circle some-
where, but it manages it by means of correct descriptions.

I have made it clear, then, in what sense I should say that the
word ‘red’ is a simple symbol and the phrase “This is red’ a complex
symbol. The word ‘red’ can only be understood through acquaint-
ance with the object, whereas the phrase ‘Roses are red’ can be
understood if you know what ‘red’ is and what ‘roses’ are, without
ever having heard the phrase before. That is a clear mark of what
is complex. It is the mark of a complex symbol, and also the mark
of the object symbolized by the complex symbol. That is to say,
propositions are complex symbols, and the facts they stand for
are complex.

The whole question of the meaning of words is very full of
complexities and ambiguities in ordinary language. When one
person uses a word, he does not mean by it the same thing as an-
other person means by it. I have often heard it said that that is a
misfortune. That is a mistake. It would be absolutely fatal if
people meant the same things by their words. It would make all
intercourse impossible, and language the most hopeless and use-
less thing imaginable, because the meaning you attach to your
words must depend on the nature of the objects you are acquainted
with, and since different people are acquainted with different ob-
jects, they would not be able to talk to each other unless they at-
tached quite different meanings to their words. We should have to
talk only about logic—a not wholly undesirable result. Take, for
example, the word ‘Piccadilly’. We, who are acquainted with
Piccadilly, attach quite a different meaning to that word from any
which could be attached to it by a person who had never been in
London: and, supposing that you travel in foreign parts and ex-
patiate on Piccadilly, you will convey toyour hearers entirely different
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propositions from those in your mind. They will know Piccadilly
as an important street in London; they may know a lot about
it, but they will not know just the things one knows when one is
walking along it. If you were to insist on language which was un-
ambiguous, you would be unable to tell people at home what you
had seen in foreign parts. It would be altogether incredibly incon-
venient to have an unambiguous language, and therefore merci-
fully we have not got one.

Analysis is not the same thing as definition. You can define a
term by means of a correct description, but that does not consti-
tute an analysis. It is analysis, not definition, that we are concerned
with at the present moment, so I will come back to the question
of analysis. -

We mayTeEt down the following provisional definitions:

That the components of a proposition are the symbols we
must understand in order to understand the proposition;

That the components of the fact which makes a proposition
true or false, as the case may be, are the meanings of the symbols
which we must understand in order to understand the proposi-
tion./7

That is not absolutely correct, but it will enable you to under-
stand my meaning. One reason why it fails of correctness is that
it does not apply to words which, like ‘or’ and ‘not’, are parts of
propositions without corresponding to any part of the correspond-
ing facts. This is a topic for Lecture III.

I call these definitions preliminary because they start from the
complexity of the proposition, which they define psychologically,
and proceed to the complexity of the fact, whereas it is quite clear
that in an orderly, proper procedure it is the complexity of the fact
that you would start from. It is also clear that the complexity of
the fact cannot be something merely psychological. If in astrono-
mical fact the earth moves round the sun, that is genuinely com-
plex. It is not that you think it complex, it is a sort of genuine
objective complexity, and therefore one ought in a proper, orderly
procedure to start from the complexity of the world and arrive at
the complexity of the proposition. The only reason for going
the other way round is that in all abstract matters symbols are
easier to grasp. I doubt, however, whether complexity, in that
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fundamental objective sense in which one starts from complexity
of a fact, is definable at all. You cannot analyse what you mean by
complexity in that sense. You must just apprehend it—at least so
I am inclined to think. There is nothing one could say about it,
beyond giving criteria such as I have been giving. Therefore, when
you cannot get a real proper analysis of a thing, it is generally best
to talk round it without professing that you have given an exact
definition.

It might be suggested that complexity is essentially to do with
symbols, or that it is essentially psychological. I do not think it
would be possible seriously to maintain either of these views, but
they are the sort of views that will occur to one, the sort of thing
that one would try, to see whether it would work. I do not think
they will do at all. When we come to the principles of symbolism
which I shall deal with in Lecture VII, I shall try to persuade you
that in a logically correct symbolism there will always be a certain
fundamental identity of structure between a fact and the symbol
for it; and that the complexity of the symbol corresponds very
closely with the complexity of the facts symbolized by it. Also, as
I said before, it is quite directly evident to inspection that the fact,
for example, that two things stand in a certain relation to one an-
other—e.g., that this is to the left of that—is itself objectively
complex, and not merely that the apprehension of it is complex.
The fact that two things stand in a certain relation to each other,
or any statement of that sort, has a complexity all of its own. I
shall therefore in future assume that there is an objcctive com-
plexity in the world, and that it is mirrored by the complexity of
propositions.

A moment ago I was speaking about the great advantages that
we derive from the logical imperfections of language, from the
fact that our words are all ambiguous. I propose now to consider
what sort of language a logically perfect language would be. In a
logically perfect language the words in a proposition would cor-
respond one by one with the components of the corresponding
fact, with the exception of such words as ‘or’, ‘not’, ‘if’, ‘then’,
which have a different function. In a logically perfect language,
there will be one word and no more for every simple object, and
everything that is not simple will be expressed by a combination
of words, by a combination derived, of course, from the words for

o
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the simple things that enter in, one word for each simple compo-
nent. A language of that sort will be completely analytic, and will
show at a glance the logical structure of the facts asserted or denied.
The language which is set forth in Principia Mathematica is in-
tended to be a language of that sort. It is a language which has only
syntax and no vocabulary whatsoever. Barring the omission of a
vocabulary I maintain that it is quite a nice language. It aims at
being that sort of a language that, if you add a vocabulary, would
be a logically perfect language. Actual languages are not logically
perfect in this sense, and they cannot possibly be, if they are to
serve the purposes of daily life. A logically perfect language, if it
could be constructed, would not only be intolerably prolix, but,
as regards its vocabulary, would be very largely private to one
speaker. That is to say, all the names that it would use would be
private to that speaker and could not enter into the language of
another speaker. It could not use proper names for Socrates or
Piccadilly or Rumania for the reasons which I went into earlier
in the lecture. Altogether you would find that it would be a very
inconvenient language indeed. That is one reason why logic is so
very backward as a science, because the needs of logic are so extra-
ordinarily different from the needs of daily life. One wants a
language in both, and unfortunately it is logic that has to give way,
not daily life. I shall, however, assume that we have constructed
a logically perfect language, and that we are going on State occa-
sions to use it, and I will now come back to the question which I
intended to start with, namely, the analysis of facts.

The simplest imaginable facts are those which consist in the
possession of a quality by some particular thing. Such facts, say,
as ‘“This is white’. They have to be taken in a very sophisticated
sense. I do not want you to think about the piece of chalk I am
holding, but of what you see when you look at the chalk. If one
says, ‘This is white’ it will do for about as simple a fact as you can
get hold of. The next simplest would be those in which you have a
relation between two facts, such as: “This is to the left of that’.
Next you come to those where you have a triadic relation between
three particulars. (An instance which Royce gives is ‘4 gives B to
C’.) So you get relations which require as their minimum three
terms, those we call triadic relations; and those which require
four terms, which we call tetradic, and so on. There you have a
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whole infinite hierarchy of facts—facts in which you have a thing
and a quality, two things and a relation, three things and a relation,
four things and a relation, and so on. That whole hierarchy con-
stitutes what I call atomic facts, and they are the simplest sort of
fact. You can distinguish among them some simpler than others,
because the ones containing a quality are simpler than those in
which you have, say, a pentadic relation, and so on. The whole lot
of them, taken together, are as facts go very simple, and are what
I call atomic facts. The propositions expressing them are what I
call atomic propositions,

In every atomic fact there is one component which is naturally
expressed by a verb (or, in the case of quality, it may be expressed
by a predicate, by an adjective). This one component is a quality
or dyadic or triadic or tetradic . . . relation. It would be very con-
venient, for purposes of talking about these matters, to call a
quality a ‘monadic relation’ and I shall do so; it saves a great deal
of circumlocution.

In that case you can say that all atomic propositions assert
relations of varying orders. Atomic facts contain, besides the rela-
tion, the terms of the relation—one term if it is a monadic relation,
two if it is dyadic, and so on. These ‘terms’ which come into
atomic facts I define as ‘particulars’.

Particulars =terms of relations in atomic facts. Df.

That is the definition of particulars, and I want to emphasize
it because the definition of a particular is something purely logical.
The question whether this or that is a particular, is a question to
be decided in terms of that logical definition. In order to under-
stand the definition it is not necessary to know beforehand ‘This
is a particular’ or “That is a particular’. It remains to be investi-
gated what particulars you can find in the world, if any. The whole
question of what particulars you actually find in the real world is a
purely empirical one which does not interest the logician as such.
The logician as such never gives instances, because it is one of the
tests of a logical proposition that you need not know anything
whatsoever about the real world in order to understand it.

Passing from atomic facts to atomic propositions, the word
expressing a monadic relation or quality is called a ‘predicate’,
and the word expressing a relation of any higher order would
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generally be a verb, sometimes a single verb, sometimes a whole
phrase. At any rate the verb gives the essential nerve, as it were,
of the relation. The other words that occur in the atomic proposi-
tions, the words that are not the predicate or verb, may be called
the subjects of the proposition. There will be one subject in a
monadic proposition, two in a dyadic one, and so on. The subjects
in a proposition will be the words expressing the terms of the rela-
tion which is expressed by the proposition.

The only kind of word that is theoretically capable of standing
for a particular is a proper name, and the whole matter of proper
names is rather curious.

Proper names =words for particulars. Df.

I have put that down although, as far as common language goes,
it is obviously false. It is true that if you try to think how you are
to talk about particulars, you will see that you cannot ever talk
about a particular particular except by means of a proper name.
You cannot use general words except by way of description. How
are you to express in words an atomic proposition? An atomic
proposition is one which does mention actual particulars, not
merely describe them but actually name them, and you can only
name them by means of names. You can see at once for yourself,
therefore, that every other part of speech except proper names is
obviously quite incapable of standing for a particular. Yet it does
seem a little odd if, having made a dot on the blackboard, I call it
‘John’. You would be surprised, and yet how are you to know
otherwise what it is that I am speaking of. If I say, “The dot that
is on the right-hand side is white’ that is a proposition. If I say
“This is white’ that is quite a different proposition. “This’ will do
very well while we are all here and can see it, but if I wanted to talk
about it to-morrow it would be convenient to have christened it and
called it ‘John’. There is no other way in which you can mention
it. You cannot really mention ¢ itself except by means of a name.

What pass for names in language, like ‘Socrates’, ‘Plato’, and
so forth, were originally intended to fulfil this function of standing
for particulars, and we do accept, in ordinary daily life, as parti-
culars all sorts of things that really are not so. The names that we
commonly use, like ‘Socrates’, are really abbreviations for descrip-
tions; not only that, but what they describe are not particulars byt
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complicated systems of classes or series. A name, in the narrow
logical sense of a word whose meaning is a particular, can only be
applied to a particular with which the speaker is acquainted, be-,
cause you cannot name anything you are not acquainted with.
You remember, when Adam named the beasts, they came before
him one by one, and he became acquainted with them and named
them. We are not acquainted with Socrates, and therefore cannot
name him. When we use the word ‘Socrates’, we are really using a
description. Our thought may be rendered by some such phrase
as, “T'he Master of Plato’, or “The philosopher who drank the hem-
lock’, or “The person whom logicians assert to be mortal’, but we
certainly do not use the name as a name in the proper sense of the
word.

That makesit very difficult to get any instance of a name at all
in the proper strict logical sense of the word. The only words one
does use as names in the logical sense are words like ‘this’ or ‘that’,
One can use ‘this’ as a name to stand for a particular with which
one is acquainted at the moment. We say “This is white’. If you
agree that “This is white’, meaning the ‘this’ that you see, you are
using ‘this’ as a proper name. But if you try to apprehend the
proposition that I am expressing when I say ‘This is white’, you
cannot do it. If you mean this piece of chalk as a physical object,
then you are not using a proper name. It is only when you use
‘this’ quite strictly, to stand for an actual object of sense, that it is
really a proper name. And in that it has a very odd property for a
proper name, namely that it seldom means the same thing two
moments running and does not mean the same thing to the spcaker
and to the hearer. It is an ambiguous proper name, but it is really
a proper name all the same, and it is almost the only thing I can
think of that is used properly and logically in the sense that I was
talking of for a proper name. The importance of proper names, in
the sense of which I am talking, is in the sense of logic, not of daily
life. You can see why it is that in the logical language set forth ir
Principia Mathematica there are not any names, because there w
are not interested in particular particulars but only in general
particulars, if I may be allowed such a phrase.

Particulars have this peculiarity, among the sort of objects that
you have to take account of in an inventory of the world, that each
of them stands entirely alone and is completely self-subsistent. It
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has that sort of self-subsistence that used to belong to substance,
except that it usually only persists through a very short time, so
far as our experience goes. That is to say, each particular that there
is in the world does not in any way logically depend upon any other
particular. Each one might happen to be the whole universe; it
is a merely empirical fact that this is not the case. There is no
reason why you should not have a universe consisting of one parti-
cular and nothing else. That is a peculiarity of particulars. In the
same way, in order to understand a name for a particular, the only
thing necessary is to be acquainted with that particular. When you
are acquainted with that particular, you have a full, adequate, and
complete understanding of the name, and no further information
is required. No further information as to the facts that are true of
that particular would enable you to have a fuller understanding of
the meaning of the name.

Discussion

Mpr. Carr: You think there are simple facts that are not complex.
Are complexes all composed of simples? Are not the simples that
go into complexes themselves complex?

Mpr. Russell: No facts are simple. As to your second question,
that is, of course, a question that might be argued—whether when
a thing is complex it is necessary that it should in analysis have
constituents that are simple. I think it is perfectly possible to
suppose that complex things are capable of analysis ad infinitum,
and that you never reach the simple. I do not think it is true, but
it is a thing that one might argue, certainly. I do myself think that
complexes—I do not like to talk of complexes—are composed of
simples, but I admit that that is a difficult argument, and it might
be that analysis could go on forever.

Myr. Carr: You do not mean that in calling the thing complex,
you have asserted that there really are simples?

Myr. Russell: No, I do not think that is necessarily implied.

Mr. Neville: 1 do not feel clear that the proposition ‘This is
white’ is in any case a simpler proposition than the proposition
“This and that have the same colour’.

Mr. Russell: That is one of the things I have not had time for.
It may be the same as the proposition “This and that have the
same colour’. It may be that white is defined as the colour of ‘this’,
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or rather that the proposition “This is white’ means “This is iden-
tical in colour with that’, the colour of ‘that’ being, so to speak,
the definition of white. That may be, but there is no special reason
to think that it is.

Mr. Neville: Are there any monadic relations which would be
better examples? ‘

M. Russell: 1 think not. It is perfectly obvious a priori that you
can get rid of all monadic relations by that trick. One of the things
I was going to say if I had had time was that you can get rid of
dyadic and reduce to triadic, and so on. But there is no particular
reason to suppose that that is the way the world begins, that it
begins with relations of order z instead of relations of order 1. You
cannot reduce them downward, but you can reduce them up-
ward.

Question: If the proper name of a thing, a ‘this’, varies from
instant to instant, how is it possible to make any argument?

Mr. Russell: You can keep ‘this’ going for about a minute or
two. I made that dot and talked about it for some little time. I
mean it varies often. If you argue quickly, you can get some little
way before it is finished. I think things last for a finite time, a
matter of some seconds or minutes or whatever it may happen to
be.

Question: You do not think that air is acting on that and chang-
ing it?

Myr. Russell: It does not matter about that if it does not alter its
appearance enough for you to have a different sense-datum.

III. ATOMIC AND MOLECULAR PROPOSITIONS

I did not quite finish last time the syllabus that I intended for
Lecture II, so I must first do that.

I had been speaking at the end of my last lecture on the subject
of the self-subsistence of particulars, how each particular has its
being independently of any other and does not depend upon any-
thing else for the logical possibility of its existence. I compared
particulars with the old conception of substance, that is to say,
they have the quality of self-subsistence that used to belong to
substance, but not the quality of persistence through time. A
particular, as a rule, is apt to last for a very short time indeed, not
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an instant but a very short time. In that respect particulars differ
from the old substances but in their logical position they do not.
There is, as you know, a logical theory which is quite opposed to
" that view, a logical theory according to which, if you really under-
stood any one thing, you would understand everything. I think that
rests upon a certain confusion of ideas. When you have acquaint-
ance with a particular, you understand that particular itself quite
fully, independently of the fact that there are a great many pro-
positions about it that you do not know, but propositions concern-
ing the particular are not necessary to be known in order that you
may know what the particular itself is. It is rather the other way
round. In order to understand a proposition in which the name of a
particular occurs, you must already be acquainted with that parti-
cular. The acquaintance with the simpler is presupposed in the
understanding of the more complex, but the logic that I should
wish to combat maintains that in order thoroughly to know any
one thing, you must know all its relations and all its qualities, all
the propositions in fact in which that thing is mentioned; and you
deduce of course from that that the world is an interdependent
whole. It is on a basis of that sort that the logic of monism develops.
Generally one supports this theory by talking about the ‘nature’
of a thing, assuming that a thing has something which you call
its ‘nature’ which is generally elaborately confounded and dis-
tinguished from the thing, so that you can get a comfortable see-
saw which enables you to deduce whichever results suit the mo-
ment. The ‘nature’ of the thing would come to mean all the true
propositions in which the thing is mentioned. Of course it is clear
that since everything has relations to everything else, you cannot
know all the facts of which a thing is a constituent without having
some knowledge of everything in the universe. When you realize
that what one calls ‘knowing a particular’ merely means acquaint-
ance with that particular and is presupposed in the understanding
of any proposition in which that particular is mentioned. I think
you also realize that you cannot take the view that the understand-
ing of the name of the particular presupposes knowledge of all the
propositions concerning that particular.

I should like to say about understanding, that that phrase is
often used mistakenly. People speak of ‘understanding the uni-
verse’ and so on. But, of course, the only thing you can really
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understand (in the strict sense of the word) is a symbol, and to
understand a symbol is to know what it stands for.

I pass on from particulars to predicates and relations and what
we mean by understanding the words that we use for predicates
and relations. A very great deal of what I am saying in this course
of lectures consists of ideas which I derived from my friend
Wittgenstein. But I have had no opportunity of knowing how far
his ideas have changed since August 1914, nor whether he is alive
or dead, so I cannot make any one but myself responsible for them.

Understanding a predicate is quite a different thing from under-
standing a name. By a predicate, as you know, I mean the word
that is used to designate a quality such as red, white, square, round,
and the understanding of a word like that involves a different kind
of act of mind from that which is involved in understanding a
name. To understand a name you must be acquainted with the
particular of which it is a name, and you must know that it is the
name of that particular. You do not, that is to say, have any sug-
gestion of the form of a proposition, whereas in understanding a
predicate you do. To understand ‘red’, for instance, is to under-
stand what is meant by saying that a thing is red. You have to
bring in the form of a proposition. You do not have to know, con-
cerning any particular ‘this’, that “This is red’ but you have to
know what is the meaning of saying that anything is red. You have
to understand what one would call ‘being red’. The importance
of that is in connection with the theory of types, which I shall come
to later on. It is in the fact that a predicate can never occur except
as a predicate. When it seems to occur as a subject, the phrase
wants amplifying and explaining, unless, of course, you are talking
about the word itself. You may say “ ‘Red’ is a predicate”, but
then you must have ‘red’ in inverted commas because you are
talking about the word ‘red’. When you understand ‘red’ it means
that you understand propositions of the form that ‘x is red’. So
that the understanding of a predicate is something a little more
complicated than the understanding of a name, just because of
that. Exactly the same applies to relations, and in fact all those
things that are not particulars. Take, e.g., ‘before’ in ‘x is before
3’ you understand ‘before’ when you understand what that would
mean if x and y were given. I do not mean you know whether it is
true, but you understand the proposition. Here again the same
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thing applies. A relation can never ogcur except as a relation, never
as a subject. You will always have to put in hypothetical terms, if not
real ones, such as ‘If I say that x is before y, I assert a relation be-
tween x and y’. It is in this way that you will have to expand such a
statement as ¢ ‘‘Before” is a relation’ in order to get its meaning.

The different sorts of words, in fact, have different sorts of uses
and must be kept always to the right use and not to the wrong use,
and it is fallacies arising from putting symbols to wrong uses that
lead to the contradictions concerned with types.

There is just one more point before I leave the subjects I meant
to have dealt with last time, and that is a point which came up in
discussion at the conclusion of the last lecture, namely, that if you
like you can get a formal reduction of (say) monadic relations to
dyadic, or of dyadic to triadic, or of all the relations below a cer-
tain order to all above that order, but the converse reduction is
not possible. Suppose one takes, for example, ‘red’. One says,
“This is red’, “That is red’, and so forth. Now, if anyone is of
opinion that there is reason to try to get on without subject-
predicate propositions, all that is necessary is to take some standard
red thing and have a relation which one might call ‘colour-like-
ness’, sameness of colour, which would be a direct relation, not
consisting in having a certain colour. You can then define the things
which are red, as all the things that have colour-likeness to this
standard thing. That is practically the treatment that Berkeley and
Hume recommended, except that they did not recognize that they
were reducing qualities to relations, but thought they were getting
rid of ‘abstract ideas’ altogether. You can perfectly well do in that
way a formal reduction of predicates to relations. There is no
objection to that either empirically or logically. If you think it is
worth while you can proceed in exactly the same way with dyadic
relations, which you can reduce to triadic. Royce used to have a
great affection for that process. For some reason he always liked
triadic relations better than dyadic ones; he illustrated his prefer-
ence in his contributions to mathematical logic and the principles
of geometry.

All that is possible. I do not myself see any particular point in
doing it as soon as you have realized that it is possible. I see no
particular reason to suppose that the simplest relations that occur
in the world are (say) of order n, but there is no a priori reason



THE PHILOSOPHY OF LOGICAL ATOMISM 207

against it. The converse reduction, on the other hand, is quite
impossible except in certain special cases where the relation has
some special properties. For example, dyadic relations can be
reduced to sameness of predicate when they are symmetrical and
transitive. Thus, e.g., the relation of colour-likeness will have the
property that if 4 has exact colour-likeness with B and B with C,
then A has exact colour-likeness with C; and if A has it with B, B
has it with 4. But the case is otherwise with asymmetrical rela-
tions.

Take for example ‘4 is greater than B’. It is obvious that ‘4 is
greater than B’ does not consist in 4 and B having a common
predicate, for if it did it would require that B should also be greater
than 4. It is also obvious that it does not consist merely in their
having different predicates, because if A has a different predicate
from B, B has a different predicate from 4, so that in either case,
whether of sameness or difference of predicate, you get a sym-
metrical relation. For instance, if 4 is of a different colour from B,
B is of a different colour from A. Therefore when you get sym-
metrical relations, you have relations which it is formally possible
to reduce to either sameness of predicate or difference of predicate,
but when you come to asymmetrical relations there is no such
possibility. This impossibility of reducing dyadic relations to same-
ness or difference of predicate is a matter of a good deal of import-
ance in connection with traditional philosophy, because a great
deal of traditional philosophy depends upon the assumption that
every proposition really is of the subject-predicate form, and that
is certainly not the case. That theory dominates a great part of
traditional metaphysics and the old idea of substance and a good
deal of the theory of the Absolute, so that that sort of logical out-
look which had its imagination dominated by the theory that you
could always express a proposition in a subject-predicate form has
had a very great deal of influence upon traditional metaphysics.

That is the end of what I ought to have said last time, and I
come on now to the proper topic of to-day’s lecture, that is mole-
cular propositions. I call them molecular propositions because
they contain other propositions which you may call their atoms,
and by molecular propositions I mean propositions having such
words as ‘or’, ‘if’, ‘and’, and so forth. If I say, ‘Either to-day is
Tuesday, or we have all made a mistake in being here’, that is the
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sort of proposition that I mean that.is molecular. Or if I say, ‘If it
rains, I shall bring my umbrella’, that again is a molecular pro-
position because it contains the two parts ‘It rains’ and ‘I shall
being my umbrella’. If I say, ‘It did rain and I did bring my um-
brella’, that again is a molecular proposition. Or if I say, “The
supposition of its raining is incompatible with the supposition of
my not bringing my umbrella’, that again is a molecular proposi-
tion. There are various propositions of that sort, which you can
complicate ad infinitum. They are built up out of propositions
related by such words as ‘or’, ‘if’, ‘and’, and so on. You remember
that I defined an atomic proposition as one which contains a single
verb. Now there are two different lines of complication in proceed-
ing from these to more complex propositions. There is the line
that I have just been talking about, where you proceed to molecular
propositions, and there is another line which I shall come to in a
later lecture, where you have not two related propositions, but one
proposition containing two or more verbs. I’xamples are got from
believing, wishing, and so forth. ‘I believe Socrates is mortal.’
You have there two verbs, ‘believe’ and ‘is’. Or ‘I wish I were
immortal’. Anything like that where you have a wish or a belief or
a doubt involves two verbs. A lot of psychological attitudes involve
two verbs, not, as it were, crystallized out, but two verbs within
the one unitary proposition. But I am talking to-day about mole-
cular propositions and you will understand that you can make
propositions with ‘or’ and ‘and’ and so forth, where the constitu-
ent propositions are not atomic, but for the moment we can con-
fine ourselves to the case where the constituent propositions are
atomic. When you take an atomic proposition, or one of these
propositions like ‘believing’, when you take any proposition of that
sort, there is just one fact which is pointed to by the proposition,
pointed to either truly or falsely. The essence of a proposition is
that it can correspond in two ways with a fact, in what one may
call the true way or the false way. You might illustrate it in a pic-
ture like this:

o
True: Prop. Fact
—>
False: Fact Prop.

Supposing you have the proposition ‘Socrates is mortal’, either
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there would be the fact that Socrates is mortal or there would be
the fact that Socrates is not mortal. In the one case it corresponds
in a way that makes the proposition true, in the other case in a way
that makes the proposition false. That is one way in which a pro-
position differs from a name.

There are, of course, two propositions corresponding to every
fact, one true and one false. There are no false facts, so you cannot
get one fact for every proposition but only for every pair of pro-
positions. All that applies to atomic propositions. But when you
take such a proposition as ‘p or ¢’, ‘Socrates is mortal or Socrates
is living still’, there you will have two different facts involved in
the truth or the falsehood of your proposition ¢ or ¢’. There will
be the fact that corresponds to p and there will be the fact that
corresponds to ¢, and both of those facts are relevant in discovering
the truth or falsehood of ‘p or ¢’. I do not suppose there is in the
world a single disjunctive fact corresponding to ‘p or ¢’. It does
not look plausible that in the actual objective world there are facts
going about which you could describe as ‘p or ¢’, but I would not
lay too much stress on what strikes one as plausible: it is not a
thing you can rely on altogether. For the present I do not think
any difficulties will arise from the supposition that the truth or
falsehood of this proposition ‘p or ¢’ does not depend upon a single
objective fact which is disjunctive but depends on the two facts
one of which corresponds to p and the other to ¢: p will have a fact
corresponding to it and ¢ will have a fact corresponding to it. That
is to say, the truth or falsehood of this proposition ‘p or ¢’ depends
upon two facts and not upon one, as p does and as g does. Generally
speaking, as regards these things that you make up out of two
propositions, the whole of what is necessary in order to know their
meaning is to know under what circumstances they are true, given
the truth or falsehood of p and the truth or falsehood of ¢. That is
perfectly obvious. You have as a schema, for ‘p or ¢,
using ‘T'T’ for ‘p and ¢ both true’

‘TF’ for ‘p true and q false’, etc.,

T TF FT  FF
T T T F

where the bottom line states the truth or the falsehood of ‘p or ¢’.
You must not look about the real world for an object which you
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can call ‘or’, and say, ‘Now, look at this. This is “or”.” There is
no such thing, and if you try to analyse ‘p or ¢’ in that way you will
get into trouble. But the meaning of disjunction will be entirely
explained by the above schema.

I call these things truth-functions of propositions, when the
truth or falsehood of the molecular proposition depends only on
the truth or falsehood of the propositions that enter into it. The
same applies to ‘p and ¢’ and ‘if p then ¢’ and ‘p is incompatible
with ¢’. When I say ‘p is incompatible with ¢’ I simply mean to
say that they are not both true. I do not mean any more. Those
sorts of things are called truth-functions, and these molecular pro-
positions that we are dealing with to-day are instances of truth-
functions. If p is a proposition, the statement that ‘I believe p’
does not depend for its truth or falsehood, simply upon the truth
or falsehood of p, since I believe some but not all true propositions
and some but not all false propositions. ‘

I just want to give you a little talk about the way these truth-
functions are built up. You can build up all these different sorts of
truth-functions out of one source, namely ‘p is incompatible with
q', meaning by that that they are not both true, that one at least
of them is false.

We will denote ‘p is incompatible with ¢’ by p/q.

Take for instance p/p, i.e., ‘p is incompatible with itself’. In
that case clearly p will be false, so that you can take ‘p/p’ as mean-
ing ‘p is false’, i.e., p/p=not p. The meaning of molecular pro-
positions is entirely determined by their truth-schema and there
is nothing more in it than that, so that when you have got two
things of the same truth-schema you can identify them.

Suppose you want ‘if p then ¢’, that simply means that you can-
not have p without having g, so that p is incompatible with the
falsehood of g. Thus,

‘If p then ¢'=p/(q/q).

When you have that, it follows of course at once that if p is true,
q is true, because you cannot have p true and g false.

Suppose you want ‘p or ¢’, that means that the falsehood of p
is incompatible with the falsehood of g. If p is false, ¢ is not false,
and vice versa. That will be

(2p)(gl9)-
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Suppose you want ‘p and g are both true’. That will mean that p
is not incompatible with g. When p and ¢ are both true, it is not
the case that at least one of them is false. Thus,

‘p and g are both true’ =(p/q)/(p/q)-

The whole of the logic of deduction is concerned simply with
complications and developments of this idea. This idea of incom-
patibility was first shown to be sufficient for the purpose by Mr.
Sheffer, and there was a good deal of work done subsequently by
M. Nicod. It is a good deal simpler when it is done this way than
when it is done in the way of Principia Mathematica, where there
are two primitive ideas to start with, namely ‘or’ and ‘not’. Here
you can get on with only a single premise for deduction. I will not
develop this subject further because it takes you right into mathe-
matical logic.

I do not see any reason to suppose that there is a complexity in
the facts corresponding to these molecular propositions, because,
as I was saying, the correspondence of a molecular proposition
with facts is of a different sort from the correspondence of an
atomic proposition with a fact. There is one special point that
has to be gone into in connexion with this, that is the question:
Are there negative facts? Are there such facts as you might call
the fact that ‘Socrates is not alive’? T have assumed in all that I
have said hitherto that there are negative facts, that for example
if you say ‘Socrates is alive’, there is corresponding to that pro-
position in the real world the fact that Socrates is not alive. One
has a certain repugnance to negative facts, the same sort of feeling
that makes you wish not to have a fact ‘p or ¢’ going about the
world. You have a feeling that there are only positive facts, and
that negative propositions have somehow or other got to be expres-
sions of positive facts. When I was lecturing on this subject at
Harvard* I argued that there were negative facts, and it nearly
produced a riot: the class would not hear of there being negative
facts at all. I am still inclined to think that there are. However,
one of the men to whom I was lecturing at Harvard, Mr. Demos,
subsequently wrote an article in Mind to explain why there are
no negative facts. It is in Mind for April, 1917. I think he makes

*[In 1914—R.C.M.]
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as good a case as can be made for the view that there are no nega-
tive facts. It is a difficult question. I really only ask that you should
not dogmatize. I do not say positively that there are, but there may
be.

There are certain things you can notice about negative pro-
positions. Mr. Demos points out, firsz of all, that a negative
proposition is not in any way dependent on a cognitive subject
for its definition. To this I agree. Suppose you say, when I say
‘Socrates is not alive’, I am merely expressing disbelief in the
proposition that Socrates is alive. You have got to find something
or other in the real world to make this disbelief true, and the only
question is what. That is his first point.

His second is that a negative proposition must not be taken at
its face value. You cannot, he says, regard the statement ‘Socrates
is not alive’ as being an expression of a fact in the same sort of
direct way in which ‘Socrates is human’ would be an expression
of a fact. His argument for that is solely that he cannot believe that
there are negative facts in the world. He maintains that there can-
not be in the real world such facts as ‘Socrates is not alive’, taken,
i.e., as simple facts, and that therefore you have got to find some
explanation of negative propositions, some interpretation, and
that they cannot be just as simple as positive propositions. I shall
come back to that point, but on this I do not feel inclined to agree.

His third point I do not entirely agree with: that when the
word ‘not’ occurs, it cannot be taken as a qualification of the
predicate. For instance, if you say that “This is not red’, you might
attempt to say that ‘not-red’ is a predicate, but that of course
won’t do; in the first place because a great many propositions are
not expressions of predicates; in the second place because the
word ‘not’ applies to the whole proposition. The proper expression
would be ‘not: this is red’; the ‘not’ applies to the whole pro-
position ‘this is red’, and of course in many cases you can see that
quite clearly. If you take a case I took in discussing descriptions:
“The present king of France is not bald’, and if you take ‘not-bald’
as a predicate, that would have to be judged false on the ground
that there is not a present king of France. But it is clear that the
proposition ‘The present king of France is bald’ is a false proposi-
tion, and therefore the negative of that will have to be a true pro-
position, and that could not be the case if you take ‘not-bald’
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as a predicate, so that in all cases where a ‘not’ comes in, the ‘not’
has to be taken to apply to the whole proposition. ‘Not-p’ is
the proper formula.

We have come now to the question, how are we really to inter-
pret ‘not-p’, and the suggestion offered by Mr. Demos is that
when we assert ‘not-p’ we are really asserting that there is some
proposition ¢ which is true and is incompatible with p (‘an opposite
of p’ is his phrase, but I think the meaning is the same). That is
his suggested definition:

‘not-p’ means ‘There is a proposition ¢ which is
true and is incompatible with p.’

As, e.g., if I say “This chalk is not red’, I shall be meaning to assert
that there is some proposition, which in this case would be the
proposition ‘This chalk is white’, which is inconsistent with the
proposition ‘It is red’, and that you use these general negative
forms because you do not happen to know what the actual pro-
position is that is true and is incompatible with p. Or, of course,
you may possibly know what the actual proposition is, but you
may be more interested in the fact that p is false than you are in
the particular example which makes it false. As, for instance, you
might be anxious to prove that someone is a liar, and you might
be very much interested in the falsehood of some proposition
which he had asserted. You might also be more interested in the
general proposition than in the particular case, so that if some-
one had asserted that that chalk was red, you might be more
interested in the fact that it was not red than in the fact that it
was white.

I find it very difficult to believe that theory of falsehood. You
will observe that in the first place there is this objection, that it
makes incompatibility fundamental and an objective fact, which
is not so very much simpler than allowing negative facts. You
have got to have here ‘That p is incompatible with ¢’ in order to
reduce ‘not’ to incompatibility, because this has got to be the
corresponding fact. It is perfectly clear, whatever may be the
interpretation of ‘not’, that there is some interpretation which will
give you a fact. If I'say ‘There is not a hippopotamus in this room’,
it is quite clear there is some way of interpreting that statement
according to which there is a corresponding fact, and the fact

P
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cannot be merely that every part of this room is filled up with
something that is not a hippopotamus. You would come back to
the necessity for some kind or other of fact of the sort that we
have been trying to avoid. We have been trying to avoid both
negative facts and molecular facts, and all that this succeeds in
doing is to substitute molecular facts for negative facts, and I do
not consider that that is very successful as a means of avoiding
paradox, especially when you consider this, that even if incompati-
bility is to be taken as a sort of fundamental expression of fact,
incompatibility is not between facts but between propositions.
If I say ‘p is incompatible with ¢’, one at least of p and ¢ has got
to be false. It is clear that no two facts are incompatible. The
incompatibility holds between the propositions, between the p and
the g, and therefore if you are going to take incompatibility as a
fundamental fact, you have got, in explaining negatives, to take
as your fundamental fact something involving propositions as
opposed to facts. It is quite clear that propositions are not what
you might call ‘real’. If you were making an inventory of the
world, propositions would not come in. Facts would, beliefs,
wishes, wills would, but propositions would not. They do not
have being independently, so that this incompatibility of pro-
positions taken as an ultimate fact of the real world will want a
great deal of treatment, a lot of dressing up before it will do.
Therefore as a simplification to avoid negative facts, I do not
think it really is very successful. I think you will find that it is
simpler to take negative facts as facts, to assume that ‘Socrates is
not alive’ is really an objective fact in the same sense in which
‘Socrates is human’ is a fact. This theory of Mr. Demos’s that I
have been setting forth here is a development of the one one hits
upon at once when one tries to get round negative facts, but for
the reasons that I have given, I do not think it really answers to
take things that way, and I think you will find that it is better to
take negative facts as ultimate. Otherwise you will find it so diffi-
cult to say what it is that corresponds to a proposition. When,
e.g., you have a false positive proposition, say ‘Socrates is alive’,
it is false because of a fact in the real world. A thing cannot be
false except because of a fact, so that you find it extremely difficult
to say what exactly happens when you make a positive assertion
that is false, unless you are going to admit negative facts. I think
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all those questions are difficult and there are arguments always to
be adduced both ways, but on the whole I do incline to believe
that there are negative facts and that there are not disjunctive
facts. But the denial of disjunctive facts leads to certain difficulties
which we shall have to consider in connexion with general pro-
positions in a later lecture.

Discussion

Question: Do you consider that the proposition ‘Socrates is
dead’ is a positive or a negative fact?

Mr. Russell: Tt is partly a negative fact. To say that a person
is dead is complicated. It is two statements rolled into one:
‘Socrates was alive’ and ‘Socrates is not alive’.

Question: Does putting the ‘not’ into it give it a formal charac-
ter of negative and vice versa? '

My. Russell: No, I think you must go into the meaning of words.

Question: I should have thought there was a great difference
between saying that ‘Socrates is alive’ and saying that ‘Socrates
is not a living man’. I think it is possible to have what one might
call a negative existence and that things exist of which we cannot
take cognizance. Socrates undoubtedly did live but he is no
longer in the condition of living as a man.

Mr. Russell: T was not going into the question of existence after
death but simply taking words in their everyday signification.

Question: What is precisely your test as to whether you have got
a positive or negative proposition before you?

Myr. Russell: There is no formal test.

Question: If you had a formal test, would it not follow that you
would know whether there were negative facts or not?

M. Russell: No, I think not. In the perfect logical language that
I sketched in theory, it would always be obvious at once whether
a proposition was positive or negative. But it would not bear
upon how you are going to interpret negative propositions.

Question: Would the existence of negative facts ever be any-
thing more than a mere definition?

Mr. Russell: Yes, I think it would. It seems to me that the busi-
ness of metaphysics is to describe the world, and it is in my
opinion a real definite question whether in a complete description
of the world you would have to mention negative facts or not.
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Question: How do you define a negative fact?
M. Russell: You-eould not give a general definition if it is right
that negativeness is an ultimate.

IV. PROPOSITIONS AND FACTS WITH MORE THAN
ONE VERB; BELIEFS, ETC.

You will remember that after speaking about atomic proposi-
itons I pointed out two more complicated forms of propositions
which arise immediately on proceeding further than that: the
first, which I call molecular propositions, which I dealt with last
time, involving such words as ‘or’, ‘and’, ‘if’, and the second in-
volving two or more verbs such as believing, wishing, willing,
and so forth. In the case of molecular propositions it was not
clear that we had to deal with any new form of fact, but only
with a new form of proposition, i.e., if you have a disjunctive
proposition such as ‘p or ¢’ it does not seem very plausible to say
there there is in the world a disjunctive fact corresponding to
‘p or ¢’ but merely that there is a fact corresponding to p and a fact
corresponding to g, and the disjunctive proposition derives its
truth or falsehood from those two separate facts. Therefore in
that case one was dealing only with a new form of proposition and
not with a new form of fact. To-day we have to deal with a new
form of fact.

I think one might describe philosophical logic, the philosophical
portion of logic which is the portion that I am concerned with in
these lectures since Christmas (1917), as an inventory, or if you
like a more humble word, a ‘zoo’ containing all the different
forms that facts may have. I should prefer to say ‘forms of facts’
rather than ‘forms of propositions’. To apply that to the case of
molecular propositions which I dealt with last time, if one were
pursuing this analysis of the forms of facts, it would be belief in
a molecular proposition that one would deal with rather than the
molecular proposition itself. In accordance with the sort of
realistic bias that I should put into all study of metaphysics, I
should always wish to be engaged in the investigation of some
actual fact or set of facts, and it seems to me that that is so in
logic just as much as it is in zoology. In logic you are concerned
with the forms of facts, with getting hold of the different sorts of
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facts, different logical sorts of facts, that there are in the world.
Now I want to point out to-day that the facts that occur when one
believes or wishes or wills have a different logical form from the
atomic facts containing a single verb which I dealt with in my
second lecture. (There are, of course, a good many forms that
facts may have, a strictly infinite number, and I do not wish you
to suppose that I pretend to deal with all of them.) Suppose you
take any actual occurrence of a belief. I want you to understand
that I am not talking about beliefs in the sort of way in which
judgment is spoken of in theory of knowledge, in which you would
say there is the judgment that two and two are four. I am talking
of the actual occurrence of a belief in a particular person’s mind
at a particular moment, and discussing what sort of a fact that is.
If I say ‘What day of the week is this?’ and you say ‘Tuesday’,
there occurs in your mind at that moment the belief that this is
Tuesday. The thing I want to deal with to-day is the question.
What is the form of the fact which occurs when a person has a
belief. Of course you see that the sort of obvious first notion that
one would naturally arrive at would be that a belief is a relation
to the proposition. ‘I believe the proposition p’. ‘I believe that
to-day is Tuesday’. ‘I believe that two and two are four’. Some-
thing like that. It seems on the face of it as if you had there a
relation of the believing subject to a proposition. That view won'’t
do for various reasons which I shall go into. But you have there-
fore got to have a theory of belief which is not exactly that. Take
any sort of proposition, say ‘I believe Socrates is mortal’. Suppose
that that belief does actually occur. The statement that it occurs
is a statement of fact. You have there two verbs. You may have
more than two verbs, you may have any number greater than one.
I may believe that Jones is of the opinion that Socrates is mortal.
There you have more than two verbs. You may have any number,
but you cannot have less than two. You will perceive that it is not
only the proposition that has the two verbs, but also the fact,
which is expressed by the proposition, has two constituents
corresponding to verbs. I shall call those constituents verbs for
the sake of shortness, as it is very difficult to find any word to
describe all those objects which one denotes by verbs. Of course,
that is strictly using the word ‘verb’ in two different senses, but I
do not think it can lead to any confusion if you understand that
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it is being so used. This fact (the belief) is one fact. It is not like
what you had in molecular propositions where you had (say)
‘p or ¢’. It is just one single fact that you have a belief. That is
obvious from the fact that you can believe a falsehood. It is ob-
vious from the fact of false belief that you cannot cut off one part:
you cannot have

I believe/Socrates is mortal.

There are certain questions that arise about such facts, and the
first that arises is, Are they undeniable facts or can you reduce
them in some way to relations of other facts? Is it really necessary
to suppose that there are irreducible facts, of which that sort of
thing is a verbal expression? On that question until fairly lately
I should certainly not have supposed that any doubt could arise.
It had not really seemed to me until fairly lately that that was a
debatable point. I still believe that there are facts of that form, but
I see that it is a substantial question that needs to be discussed.

1. Are beliefs, etc., irreducible facts?

‘Etc.’ covers understanding a proposition; it covers desiring,
willing, any other attitude of that sort that you may think of that
involves a proposition. It seems natural to say one believes a
proposition and unnatural to say one desires a proposition, but
as a matter of fact that is only a prejudice. What you believe and
what you desire are of exactly the same nature. You may desire
to get some sugar to-morrow and of course you may possibly
believe that you will. I am not sure that the logical form is the
same in the case of will. I am inclined to think that the case of
will is more analogous to that of perception, in going direct to
facts, and excluding the possibility of falsehood. In any case desire
and belief are of exactly the same form logically.

Pragmatists and some of the American realists, the school
whom one calls neutral monists, deny altogether that there is
such a phenomenon as belief in the sense I am dealing with. They
do not deny it in words, they do not use the same sort of language
that I am using, and that makes it difficult to compare their views
with the views I am speaking about. One has really to translate
what they say into language more or less analogous to ours before
one can make out where the points of contact or difference are.
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If you take the works of James in his Essays in Radical Empiricism
or Dewey in his Essays in Experimental Logic you will find that
they are denying altogether that there is such a phenomenon as
belief in the sense I am talking of. They use the word ‘believe’
but they mean something different. You come to the view called
‘behaviourism’, according to which you mean, if you say a person
believes a thing, that he behaves in a certain fashion; and that
hangs together with James’s pragmatism. James and Dewey
would say: when I believe a proposition, that means that T actin a
certain fashion, that my behaviour has certain characteristics, and
my belief is a true one if the behaviour leads to the desired result
and is a false one if it does not. That, if it is true, makes their
pragmatism a perfectly rational account of truth and falsehood,
if you do accept their view that belief as an isolated phenomenon
does not occur. That is therefore the first thing one has to con-
sider. It would take me too far from logic to consider that subject
as it deserves to be considered, because it is a subject belonging
to psychology, and it is only relevant to logic in this one way that
it raises a doubt whether there are any facts having the logical
form that I am speaking of. In the question of this logical form
that involves two or more verbs you have a curious interlacing
of logic with empirical studies, and of course that may occur else-
where, in this way, that an empirical study gives you an example
of a thing having a certain logical form, and you cannot really be
sure that there are things having a given logical form except by
finding an example, and the finding of an example is itself empiri-
cal. Therefore in that way empirical facts are relevant to logic at
certain points. I think theoretically one might know that there
were those forms without knowing any instance of them, but
practically, situated as we are, that does not seem to occur.
Practically, unless you can find an example of the form you won’t
know that there is that form. If I cannot find an example contain-
ing two or more verbs, you will not have reason to believe in the
theory that such a form occurs.

When you read the works of people like James and Dewey on
the subject of belief, one thing that strikes you at once is that the
sort of thing they are thinking of as the object of belief is quite
different from the sort of thing I am thinking of. They think of it
always as a thing. They think you believe in God or Homer: you
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believe in an object. That is the picture they have in their minds.
It is common enough, in common parlance, to talk that way, and
they would say, the first crude approximation that they would
suggest would be that you believe truly when there is such an
object and that you believe falsely when there is not. I do not
mean they would say that exactly, but that would be the crude
view from which they would start. They do not seem to have
grasped the fact that the objective side in belief is better expressed
by a proposition than by a single word, and that, I think, has a
great deal to do with their whole outlook on the matter of what
belief consists of. The object of belief in their view is generally,
not relations between things, or things having qualities, or what
not, but just single things which may or may not exist. That view
seems to me radically and absolutely mistaken. In the first place
there are a great many judgments you cannot possibly fit into that
scheme, and in the second place it cannot possibly give any explana-
tion to false beliefs, because when you believe that a thing exists
and it does not exist, the thing is not there, it is nothing, and it
cannot be the right analysis of a false belief to regard it as a rela-
tion to what is really nothing. This is an objection to supposing
that belief consists simply in relation to the object. It is obvious
that if you say ‘I believe in Homer’ and there was no such person
as Homer, your belief cannot be a relation to Homer, since there
is no ‘Homer’. Every fact that occurs in the world must be com-
posed entirely of constituents that there are, and not of constitu-
ents that there are not. Therefore when you say ‘I believe in
Homer’ it cannot be the right analysis of the thing to put it like
that. What the right analysis is I shall come on to in the theory of
descriptions. I come back now to the theory of behaviourism
which I spoke of a moment ago. Suppose, e.g., that you are said
to believe that there is a train at 10.25. This means, we are told,
that you start for the station at a certain time. When you reach the
station you see it is 10.24 and you run. That behaviour constitutes
your belief that there is a train at that time. If you catch your
train by running, your belief was true. If the train went at 10.23,
you miss it, and your belief was false. That is the sort of thing
that they would say constitutes belief. There is not a single state
of mind which consists in contemplating this eternal verity, that
the train starts at 10.25. They would apply that even to the most
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abstract things. I do not myself feel that that view of things is
tenable. It is a difficult one to refute because it goes very deep and
one has the feeling that perhaps, if one thought it out long enough
and became sufficiently aware of all its implications, one might
find after all that it was a feasible view; but yet I do not feel it
feasible. It hangs together, of course, with the theory of neutral
monism, with the theory that the material constituting the mental
is the same as the material constituting the physical, just like the
Post Office directory which gives you people arranged geographi-
cally and alphabetically. This whole theory hangs together with
that. I do not mean necessarily that all the people that profess the
one profess the other, but that the two do essentially belong to-
gether. If you are going to take that view, you have to explain
away belief and desire, because things of that sort do seem to be
mental phenomena. They do seem rather far removed from the
sort of thing that happens in the physical world. Therefore people
will set to work to explain away such things as belief, and reduce
them to bodily behaviour; and your belief in a certain proposition
will consist in the behaviour of your body. In the crudest terms
that is what that view amounts to. It does enable you to get on
very well without mind. Truth and falsehood in that case consist
in the relation of your bodily behaviour to a certain fact, the sort
of distant fact which is the purpose of your behaviour, as it were,
and when your behaviour is satisfactory in regard to that fact
your belief is true, and when your behaviour is unsatisfactory in
regard to that fact your belief is false. The logical essence, in that
view, will be a relation between two facts having the same sort of
form as a causal relation, i.e., on the one hand there will be your
bodily behaviour which is one fact, and on the other hand the
fact that the train starts at such and such a time, which is another
fact, and out of a relation of those two the whole phenomenon is
constituted. The thing you will get will be logically of the same
form as you have in cause, where you have ‘This fact causes that
fact’. It is quite a different logical form from the facts containing
two verbs that I am talking of to-day.

I have naturally a bias in favour of the theory of neutral monism
because it exemplifies Occam’s razor. I always wish to get on in
philosophy with the smallest possible apparatus, partly because it
diminishes the risk of error, because it is not necessary to deny
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the entities you do not assert, and therefore you run less risk of
error the fewer entities you assume. The other reason—perhaps
a somewhat frivolous one—is that every diminution in the number
of entities increases the amount of work for mathematical logic
to do in building up things that look like the entities you used to
assume. Therefore the whole theory of neutral monism is pleasing
to me, but I do find so far very great difficulty in believing it. You
will find a discussion of the whole question in some articles I
wrote in The Monist,* especially in July 1914, and in the two
previous numbers also. I should really want to rewrite them rather
because I think some of the arguments I used against neutral
monism are not valid. I place most reliance on the argument about
‘emphatic particulars’, ‘this’, ‘I, all that class of words, that
pick out certain particulars from the universe by their relation to
oneself, and I think by the fact that they, or particulars related
to them, are present to you at the moment of speaking. “This’, of
course, is what I call an ‘emphatic particular’. It is simply a proper
name for the present object of attention, a proper name, meaning
nothing. It is ambiguous, because, of course, the object of atten-
tion is always changing from moment to moment and from person
to person. I think it is extremely difficult, if you get rid of con-
sciousness altogether, to explain what you mean by such a word
as ‘this’, what it is that makes the absence of impartiality. You
would say that in a purely physical world there would be a com-
plete impartiality. All parts of time and all regions of space would
seem equally emphatic. But what really happens is that we pick
out certain facts, past and future and all that sort of thing; they
all radiate out from ‘this’, and I have not myself seen how one
can deal with the notion of ‘this’ on the basis of neutral monism.
I do not lay that down dogmatically, only I do not see how it can
be done. I shall assume for the rest of this lecture that there are
such facts as beliefs and wishes and so forth. It would take me
really the whole of my course to go into the question fully. Thus
we come back to more purely logical questions from this excursion
into psychology, for which I apologize.

2. What is the status of p in ‘I believe p’?
You cannot say that you believe facts, because your beliefs are
*[The three parts of this essay are the fifth paper in this collection.—R.C.M.]
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sometimes wrong. You can say that you perceive facts, because
perceiving is not liable to error. Wherever it is facts alone that
are involved, error is impossible. Therefore you cannot say you
believe facts. You have to say that you believe propositions. The
awkwardness of that is that obviously propositions are nothing.
Therefore that cannot be the true account of the matter. When 1
say ‘Obviously propositions are nothing’ it is not perhaps quite
obvious. Time was when I thought there were propositions, but it
does not seem to me very plausible to say that in addition to facts
there are also these curious shadowy things going about such as
‘That to-day is Wednesday’ when in fact it is Tuesday. I cannot
believe they go about the real world. It is more than one can man-
age to believe, and I do think no person with a vivid sense of reality
can imagine it. One of the difficulties of the study of logic is that
it is an exceedingly abstract study dealing with the most abstract
things imaginable, and yet you cannot pursue it properly unless
you have a vivid instinct as to what is real. You must have that
instinct rather well developed in logic. I think otherwise you will
get into fantastic things. I think Meinong is rather deficient in
just that instinct for reality. Meinong maintains that there is such
an object as the round square only it does not exist, and it does not
even subsist, but nevertheless there is such an object, and when
you say ‘The round square is a fiction’, he takes it that there is an
object ‘the round square’ and there is a predicate ‘fiction’. No one
with a sense of reality would so analyse that proposition. He would
see that the proposition wants analysing in such a way that you
won’t have to regard the round square as a constituent of that
proposition. To suppose that in the actual world of nature there
is a whole set of false propositions going about is to my mind
monstrous. I cannot bring myself to suppose it. I cannot believe
that they are there in the sense in which facts are there. There
seems to me something about the fact that ‘To-day is Tuesday’
on a different level of reality from the supposition “That to-day is
Wednesday’. When I speak of the proposition “That to-day is
Wednesday’ I do not mean the occurrence in future of a state of
mind in which you think it is Wednesday, but I am talking about
the theory that there is something quite logical, something not
involving mind in any way; and such a thing as that I do not think
you can take a false proposition to be. I think a false proposition
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must, wherever it occurs, be subject to analyses, be taken to
pieces, pulled to bits, and shown to be simply separate pieces
of one fact in which the false proposition has been analysed away.
I say that simply on the ground of what I should call an instinct
of reality. I ought to say a word or two about ‘reality’. It is a vague
word, and most of its uses are improper. When I talk about
reality as I am now doing, I can explain best what I mean by say-
ing that I mean everything you would have to mention in a com-
plete description of the world; that will convey to you what I
mean. Now I do not think that false propositions would have to
be mentioned in a complete description of the world. False beliefs
would, of course, false suppositions would, and desires for what
does not come to pass, but not false propositions all alone, and
therefore when you, as one says, believe a false proposition, that
cannot be an accurate account of what occurs. It is not accurate to
say ‘I believe the proposition p’ and regard the occurrence as a
twofold relation between me and p. The logical form is just the
same whether you believe a false or a true proposition. Therefore
in all cases you are not to regard belief as a two-term relation be-
tween yourself and a proposition, and you have to analyse up the
proposition and treat your belief differently. Therefore the belief
does not really contain a proposition as a constituent but only con-
tains the constituents of the proposition as constituents. You can-
not say when you believe, ‘What is it that you believe?’ There is no
answer to that question, i.e., there is not a single thing that you
are believing. ‘I believe that to-day is Tuesday.” You must not
suppose that “That to-day is Tuesday’ is a single object which I
am believing. That would be an error. That is not the right way
to analyse the occurrence, although that analysis is linguistically
convenient, and one may keep it provided one knows that it is not
the truth.

3. How shall we describe the logical form of a belief?

I want to try to get an account of the way that a belief is made
up. That is not an easy question at all. You cannot make what I
should call a map-in-space of a belief. You can make a map of an
atomic fact but not of a belief, for the simple reason that space-
relations always are of the atomic sort or complications of the
atomic sort. I will try to illustrate what I mean. The point is in
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connexion with there being two verbs in the judgment and with
the fact that both verbs have got to occur as verbs, because if a
thing is a verb it cannot occur otherwise than as a verb. Suppose
I take ‘A believes that B loves C’. ‘Othello believes that Desde-
mona loves Cassio.” There you have a false belief. You have this
odd state of affairs that the verb ‘loves’ occurs in that proposition
and seems to occur as relating Desdemona to Cassio whereas in
fact it does not do so, but yet it does occur as a verb, it does occur
in the sort of way that a verb should do. I mean that when 4
believes that B loves C, you have to have a verb in the place where
‘loves’ occurs. You cannot put a substantive in its place. Therefore
it is clear that the subordinate verb (i.e., the verb other than be-
lieving) is functioning as a verb, and seems to be relating two
terms, but as a matter of fact does not when a judgment happens
to be false. That is what constitutes the puzzle about the nature
of belief. You will notice that wherever one gets to really close
quarters with the theory of error one has the puzzle of how to
deal with error without assuming the existence of the non-existent.
I mean that every theory of error sooner or later wrecks itself by
assuming the existence of the non-existent. As when I say ‘Desde-
mona loves Cassio’, it seems as if you have a non-existent love
between Desdemona and Cassio, but that is just as wrong as a
non-existent unicorn. So you have to explain the whole theory of
judgment in some other way. I come now to this question of a
map. Suppose you try such a map as this:
OTHELLO

|

beli|eves
Y
DESDEMONA——>CASSIO
loves
This question of making a map is not so strange as you might sup-
pose because it is part of the whole theory of symbolism. It is
important to realize where and how a symbolism of that sort
would be wrong: where and how it is wrong is that in the symbol
you have this relationship relating these two things and in the
fact it doesn’t really relate them. You cannot get in space any occur-
rence which is logically of the same form as belief. When I say
‘logically of the same form’ I mean that one can be obtained from
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the other by replacing the constituents of the one by the new terms.
If I say ‘Desdemona loves Cassio’ that is of the same form as ‘4 is
to the right of B’. Those are of the same form, and I say that
nothing that occurs in space is of the same form as belief. I have
got on here to a new sort of thing, a new beast for our zoo, not
another member of our former species but a new species. The
discovery of this fact is due to Mr. Wittgenstein.

There is a great deal that is odd about belief from a logical point
of view. One of the things that are odd is that you can believe
propositions of all sorts of forms. I can believe that “This is white’
and that “T'wo and two are four’. They are quite different forms,
yet one can believe both. The actual occurrence can hardly be of
exactly the same logical form in those two cases because of the
great difference in the forms of the propositions believed. There-
fore it would seem that belief cannot strictly be logically one in
all different cases but must be distinguished according to the na-
ture of the proposition that you believe. If you have ‘I believe p’
and ‘I believe ¢’ those two facts, if p and ¢ are not of the same
logical form, are not of the same logical form in the sense 1 was
speaking of a moment ago, that is in the sense that from ‘I believe
p’ you can derive ‘I believe ¢’ by replacing the constituents of one
by the constituents of the other. That means that belief itself can-
not be treated as being a proper sort of single term. Belief will
really have to have different logical forms according to the nature
of what is believed. So that the apparent sameness of believing in
different cases is more or less illusory.

There are really two main things that one wants to notice in
this matter that I am treating of just now. The first is the impossi-
bility of treating the proposition believed as an independent entity,
entering as a unit into the occurrence of the belief, and the other
is the impossibility of putting the subordinate verb on a level with
its terms as an object term in the belief. That is a point in which I
think that the theory of judgment which I set forth once in print
some years ago was a little unduly simple, because I did then treat
the object verb as if one could put it as just an object like the terms,
as if one could put ‘loves’ on a level with Desdemona and Cassio
as a term for the relation ‘believe’. That is why I have been laying
such an emphasis in this lecture to-day on the fact that there are
two verbs at least. I hope you will forgive the fact that so much of
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what I say to-day is tentative and consists of pointing out diffi-
culties. The subject is not very easy and it has not been much
dealt with or discussed. Practically nobody has until quite lately
begun to consider the problem of the nature of belief with any-
thing like a proper logical apparatus and therefore one has very
little to help one in any discussion and so one has to be content
on many points at present with pointing out difficulties rather
than laying down quite clear solutions.

4. The question of nomenclature.

What sort of name shall we give to verbs like ‘believe’ and ‘wish’
and so forth? I should be inclined to call them ‘propositional
verbs’. This is merely a suggested name for convenience, because
they are verbs which have the form of relating an object to a pro-
position. As I have been explaining, that is not what they really
do, but it is convenient to call them propositional verbs. Of course
you might call them ‘attitudes’, but I should not like that because
it is a psychological term, and although all the instances in our
experience are psychological, there is no reason to suppose that
all the verbs I am talking of are psychological. There is never any
reason to suppose that sort of thing. One should always remember
Spinoza’s infinite attributes of Deity. It is quite likely that there
are in the world the analogues of his infinite attributes. We have
no acquaintance with them, but there is no reason to suppose that
the mental and the physical exhaust the whole universe, so one
can never say that all the instances of any logical sort of thing are
of such and such a nature which is not a logical nature: you do not
know enough about the world for that. Therefore I should not
suggest that all the verbs that have the form exemplified by believ-
ing and willing are psychological. I can only say all I know are.

I notice that in my syllabus I said I was going to deal with truth
and falsehood to-day, but there is not much to say about them
specifically as they are coming in all the time. The thing one first
thinks of as true or false is a proposition, and a proposition is no-
thing. But a belief is true or false in the same way as a proposition
is, so that you do have facts in the world that are true or false. I
said a while back that there was no distinction of true and false
among facts, but as regards that special class of facts that we call
‘beliefs’, there is, in that sense that a belief which occurs may be
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true or false, though it is equally a fact in either case. One might
call wishes false in the same sense when one wishes something that
does not happen. The truth or falsehood depends upon the pro-
position that enters in. I am inclined to think that perception, as
opposed to belief, does go straight to the fact and not through the
proposition. When you perceive the fact you do not, of course,
have error coming in, because the moment it is a fact that is your
object error is excluded. I think that verification in the last resort
would always reduce itself to the perception of facts. Therefore
the logical form of perception will be different from the logical
form of believing, just because of that circumstance that it is a
fact that comes in. That raises also a number of logical difficulties
which I do not propose to go into, but I think you can see for
yourself that perceiving would also involve two verbs just as believ-
ing does. I am inclined to think that volition differs from desire
logically, in a way strictly analogous to that in which perception
differs from belief. But it would take us too far from logic to dis-
cuss this view.

V. GENERAL PROPOSITIONS AND EXISTENCE

I am going to speak to-day about general propositions and exist-
ence. The two subjects really belong together; they are the same
topic, although it might not have seemed so at the first glance. The
propositions and facts that I have been talking about hitherto have
all been such as involved only perfectly definite particulars, or
relations, or qualities, or things of that sort, never involved the
sort of indefinite things one alludes to by such words as ‘all’,
‘some’, ‘2, ‘any’, and it is propositions and facts of that sort that
I am coming on to to-day.

Really all the propositions of the sort that I mean to talk of
to-day collect themselves into two groups—the first that are about
‘all’, and the second that are about ‘some’. These two sorts belong
together; they are each other’s negations. If you say, for instance,
‘All men are mortal’, that is the negative of ‘Some men are not
mortal’. In regard to general propositions, the distinction of affirm-
ative and negative is arbitrary. Whether you are going to regard
the propositions about ‘all’ as the affirmative ones and the proposi-
tions about ‘some’ as the negative ones, or vice versa, is purely a
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matter of taste. For example, if I say ‘I met no one as I came along’,
that, on the face of it, you would think is a negative proposition.
Of course, that is really a proposition about ‘all’, i.e., ‘All men are
among those whom I did not meet’. If, on the other hand, I say
‘I met a man as I came along’, that would strike you as affirmative,
whereas it is the negative of ‘All men are among those I did not
meet as I came along’. If you consider such propositions as ‘All
men are mortal’ and ‘Some men are not mortal’, you might say it
was more natural to take the general propositions as the affirmative
and the existence-propositions as the negative, but, simply because
it is quite arbitrary which one is to choose, it is better to forget
these words and to speak only of general propositions and pro-
positions asserting existence. All general propositions deny the
existence of something or other. If you say ‘All men are mortal’,
that denies the existence of an immortal man, and so on.

I want to say emphatically that general propositions are to be
interpreted as not involving existence. When I say, for instance,
‘All Greeks are men’, I do not want you to suppose that that im-
plies that there are Greeks. It is to be considered emphatically as
not implying that. That would have to be added as a separate pro-
position. If you want to interpret it in that sense, you will have to
add the further statement ‘and there are Greeks’. That is for pur-
poses of practical convenience. If you include the fact that there
are Greeks, you are rolling two propositions into one, and it causes
unnecessary confusion in your logic, because the sorts of pro-
positions that you want are those that do assert the existence of
something and general propositions which do not assert existence.
If it happened that there were no Greeks, both the proposition
that ‘All Greeks are men’ and the proposition that ‘No Greeks are
men’ would be true. The proposition ‘No Greeks are men’ is, of
course, the proposition ‘All Greeks are not-men’. Both propositions
will be true simultaneously if it happens that there are no Greeks.
All statements about all the members of a class that has no mem-
bers are true, because the contradictory of any general statement
does assert existence and is therefore false in this case. This notion,
of course, of general propositions not involving existence is one
which is not in the traditional doctrine of the syllogism. In the
traditional doctrine of the syllogism, it was assumed that when
you have such a statement as ‘All Greeks are men’, that implies

Q
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that there are Greeks, and this produced fallacies. For instance,
‘All chimeras are animals, and all chimeras breathe flame, there-
fore some animals breathe flame.” This is a syllogism in Darapti,
but that mood of the syllogism is fallacious, as this instance shows.
That was a point, by the way, which had a certain historical
interest, because it impeded Leibniz in his attempts to construct a
mathematical logic. He was always engaged in trying to construct
such a mathematical logic as we have now, or rather such a one as
Boole constructed, and he was always failing because of his respect
for Aristotle. Whenever he invented a really good system, as he did
several times, it always brought out that such moods as Darapti
are fallacious. If you say ‘All 4 is B and all 4 is C, therefore some
B is C’—if you say this you incur a fallacy, but he could not bring
himself to believe that it was fallacious, so he began again. That
shows you that you should not have too much respect for distin-
guished men.*

Now when you come to ask what really is asserted in a general
proposition, such as ‘All Greeks are men’ for instance, you find
that what is asserted is the truth of all values of what I call a pro-
positional function. A propositional function is simply any expression
containing an undetermined constituent, or several undetermined
constituents, and becoming a proposition as soon as the undeter-
mined constituents are determined. If 1 say ‘x is a man’ or ‘n is a
number’, that is a propositional function; so is any formula of
algebra, say (x+y)(x—y)=x%—)%. A propositional function is
nothing, but, like most of the things one wants to talk about in
logic, it does not lose its importance through that fact. The only
thing really that you can do with a propositional function is to
assert either that it is always true, or that it is sometimes true, or
that it is never true. If you take:

‘If x is a man, x is mortal’,
that is always true (just as much when x is not a man as when x
is a man); if you take:
‘x is a man’,
that is sometimes true; if you take:

‘x is a unicorn’,

that is never true.
* Cf. Couturat, La logique de Leibnix.
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One may call a propositional function

necessary, when it is always true;
possible, when it is sometimes true;
impossible, when it is never true.

Much false philosophy has arisen out of confusing propositional
functions and propositions. There is a great deal in ordinary tradi-
tional philosophy which consists simply in attributing to proposi-
tions the predicates which only apply to propositional functions,
and, still worse, sometimes in attributing to individuals predicates
which merely apply to propositional functions. This case of neces-
sary, possible, impossible, is a case in point. In all traditional philo-
sophy there comes a heading of ‘modality’, which discusses zeces-
sary, possible, and impossible as properties of propositions, whereas
in fact they are properties of propositional functions. Propositions
are only true or false.

If you take ‘x is &’, that is a propositional function which is true
whatever ‘4’ may be, i.e., a necessary propositional function. If
you take ‘x is a man’, that is a possible one. If you take ‘x is a uni-
corn’, that is an impossible one.

Propositions can only be true or false, but propositional func-
tions have these three possibilities. It is important, I think, to
realize that the whole doctrine of modality only applies to proposi-
tional functions, not to propositions.

Propositional functions are involved in ordinary language in a
great many cases where one does not usually realize them. In such
a statement as ‘I met a man’, you can understand my statement
perfectly well without knowing whom I met, and the actual person
is not a constituent of the proposition. You are really asserting
there that a certain propositional function is sometimes true,
namely the propositional function ‘I met x and x is human’. There
is at least one value of x for which that is true, and that therefore
is a possible propositional function. Whenever you get such words
as ‘a’, ‘some’, ‘all’, ‘every’, it is always a mark of the presence of a
propositional function, so that these things are not, so to speak,
remote or recondite: they are obvious and familiar.

A propositional function comes in again in such a statement as
‘Socrates is mortal’, because ‘to be mortal’ means ‘to die at some
time or other’. You mean there is a time at which Socrates dies,
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and that again involves a propositional function, namely, that ‘¢ is
a time, and Socrates dies at ¢’ is possible. If you say ‘Socrates is
immortal’, that also will involve a propositional function. That
means that ‘If ¢ is any time whatever, Socrates is alive at time ¢,
if we take immortality as involving existence throughout the whole
of the past as well as throughout the whole of the future. But if we
take immortality as only involving existence throughout the whole
of the future, the interpretation of ‘Socrates is immortal’ becomes
more complete, viz., ‘There is a time ¢, such that if ¢’ is any time
later than ¢, Socrates is alive at ¢’.” Thus when you come to write
out properly what one means by a great many ordinary statements,
it turns out a little complicated. ‘Socrates is mortal’ and ‘Socrates is
immortal’ are not each other’s contradictories, because they both
imply that Socrates exists in time, otherwise he would not be
either mortal or immortal. One says, ‘There is a time at which he
dies’, and the other says, ‘Whatever time you take, he is alive at
that time’, whereas the contradictory of ‘Socrates is mortal’ would
be true if there is not a time at which he lives.

An undetermined constituent in a propositional function is called
a vartable.

Existence. When you take any propositional function and assert
of it that it is possible, that it is sometimes true, that gives you the
fundamental meaning of ‘existence’. You may express it by saying
that there is at least one value of x for which that propositional
function is true. Take ‘x is a man’, there is at least one value of
x for which this is true. That is what one means by saying that
“There are men’, or that ‘Men exist’. Existence is essentially a
property of a propositional function. It means that that proposi-
tional function is true in at least one instance. If you say “There
are unicorns’, that will mean that ‘There is an «x, such that x is a
unicorn’. That is written in phrasing which is unduly approximated
to ordinary language, but the proper way to put it would be ‘(xis a
unicorn) is possible’. We have got to have some idea that we do
not define, and one takes the idea of ‘always true’, or of ‘sometimes
true’, as one’s undefined idea in this matter, and then you can
define the other one as the negative of that. In some ways it is
better to take them both as undefined, for reasons which I shall
not go into at present. It will be out of this notion of sometimes,
which is the same as the notion of possible, that we get the notion
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of existence. To say that unicorns exist is simply to say that ‘(xis a
unicorn) is possible’.

It is perfectly clear that when you say ‘Unicorns exist’, you are
not saying anything that would apply to any unicorns there might
happen to be, because as a matter of fact there are not any, and
therefore if what you say had any application to the actual indi-
viduals, it could not possibly be significant unless it were true.
You can consider the proposition ‘Unicorns exist’ and can see that
it is false. It is not nonsense. Of course, if the proposition went
through the general conception of the unicorn to the individual,
it could not be even significant unless there were unicorns. There-
fore when you say ‘Unicorns exist’, you are not saying anything
about any individual things, and the same applies when you say
‘Men exist’. If you say that ‘Men exist, and Socrates is a man,
therefore Socrates exists’, that is exactly the same sort of fallacy
as it would be if you said ‘Men are numerous, Socrates is a man,
therefore Socrates is numerous’, because existence is a predicate
of a propositional function, or derivatively of a class. When you
say of a propositional function that it is numerous, you will mean
that there are several values of x that will satisfy it, that there are
more than one; or, if you like to take ‘numerous’ in a larger sense,
more than ten, more than twenty, or whatever number you think
fitting. If x, ¥, and z all satisfy a propositional function, you may
say that that proposition is numerous, but x, y, and 2 severally are
not numerous. Exactly the same applies to existence, that is to
say that the actual things that there are in the world do not exist,
or, at least, that is putting it too strongly, because that is utter
nonsense. To say that they do not exist is strictly nonsense, but
to say that they do exist is also strictly nonsense.

It is of propositional functions that you can assert or deny exist-
ence. You must not run away with the idea that this entails conse-
quences that it does not entail. If I say “The things that there are
in the world exist’, that is a perfectly correct statement, because
I am there saying something about a certain class of things; I say
it in the same sense in which I say ‘Men exist’. But I must not go
on to ‘This is a thing in the world, and therefore this exists’. It is
there the fallacy comes in, and it is simply, as you see, a fallacy
of transferring to the individual that satisfies a propositional func-
tion a predicate which only applies to a propositional function.
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You can see this in various ways. For instance, you sometimes
know the truth of an existence-proposition without knowing any
instance of it. You know that there are people in Timbuctoo, but
I doubt if any of you could give me an instance of one. Therefore
you clearly can know existence-propositions without knowing any
individual that makes them true. Existence-propositions do not
say anything about the actual individual but only about the class
or function.

It is exceedingly difficult to make this point clear as long as one
adheres to ordinary language, because ordinary language is
rooted in a certain feeling about logic, a certain feeling that our
primeval ancestors had, and as long as you keep to ordinary lan-
guage you find it very difficult to get away from the bias which is
imposed upon you by language. When I say, e.g., “There is a x
such that x is a man’, that is not the sort of phrase one would like
to use. ‘There is an x’ is meaningless. What is ‘an &’ anyhow?
There is not such a thing. The only way you can really state it
correctly is by inventing a new language ad hoc, and making the
statement apply straight off to ‘¢ is a man’, as when one says
‘(x is a man) is possible’, or invent a special symbol for the state-
ment that ‘x is 2 man’ is sometimes true.

I have dwelt on this point because it really is of very fundamental
importance. I shall come back to existence in my next lecture:
existence as it applies to descriptions, which is a slightly more
complicated case than I am discussing here. I think an almost
unbelievable amount of false philosophy has arisen through not
realizing what ‘existence’ means.

As I was saying a moment ago, a propositional function in itself
is nothing: it is merely a schema. Therefore in the inventory of the
world, which is what I am trying to get at, one comes to the ques-
tion: What is there really in the world that corresponds with these
things? Of course, it is clear that we have general propositions,
in the same sense in which we have atomic propositions. For the
moment I will include existence-propositions with general pro-
positions. We have such propositions as ‘All men are mortal’ and
‘Some men are Greeks’. But you have not only such propositions;
you have also such facts, and that, of course, is where you get
back to the inventory of the world: that, in addition to particular
facts, which I have been talking about in previous lectures, there
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are also general facts and existence-facts, that is to say, there are
not merely propositions of that sort but also facts of that sort. That
is rather an important point to realize. You cannot ever arrive at a
general fact by inference from particular facts, however numerous.
The old plan of complete induction, which used to occur in books,
which was always supposed to be quite safe and easy as opposed
to ordinary induction, that plan of complete induction, unless it
is accompanied by at least one general proposition, will not yield
you the result that you want. Suppose, for example, that you wish
to prove in that way that ‘All men are mortal’, you are supposed
to proceed by complete induction, and say ‘A is a man that is
mortal’, ‘B is a man that is mortal’, ‘C is a man that is mortal’,
and so on until you finish. You will not be able, in that way, to
arrive at the proposition ‘All men are mortal’ unless you know
when you have finished. That is to say that, in order to arrive by
this road at the general proposition ‘All men are mortal’, you must
already have the general proposition ‘All men are among those I
have enumerated’. You never can arrive at a general proposition
by inference from particular propositions alone. You will always
have to have at least one general proposition in your premises.
That illustrates, I think, various points. One, which is epistemo-
logical, is that if there is, as there seems to be, knowledge of general
propositions, then there must be primitive knowledge of general
propositions (I mean by that, knowledge of general propositions
which is not obtained by inference), because if you can never infer
a general proposition except from premises of which one at least
is general, it is clear that you can never have knowledge of such
propositions by inference unless there is knowledge of some gen-
eral propositions which is not by inference. I think that the sort
of way such knowledge—or rather the belief that we have such
knowledge—comes into ordinary life is probably very odd. I mean
to say that we do habitually assume general propositions which are
exceedingly doubtful; as, for instance, one might, if one were
counting up the people in this room, assume that one could see
all of them, which is a general proposition, and very doubtful as
there may be people under the tables. But, apart from that sort
of thing, you do have in any empirical verification of general pro-
positions some kind of assumption that amounts to this, that what
you do not see is not there. Of course, you would not put it so
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strongly as that, but you would assume that, with certain limita-
tions and certain qualifications, if a thing does not appear to your
senses, it is not there. That is a general proposition, and it is only
through such propositions that you arrive at the ordinary empirical
results that one obtains in ordinary ways. If you take a census of
the country, for instance, you assume that the people you do not
see are not there, provided you search properly and carefully,
otherwise your census might be wrong. It is some assumption of
that sort which would underlie what seems purely empirical. You
could not prove empirically that what you do not perceive is not
there, because an empirical proof would consist in perceiving, and
by hypothesis you do not perceive it, so that any proposition of that
sort, if it is accepted, has to be accepted on its own evidence. 1
only take that as an illustration. There are many other illustrations
one could take of the sort of propositions that are commonly
assumed, many of them with very little justification.

I come now to a question which concerns logic more nearly,
namely, the reasons for supposing that there are general facts as
well as general propositions. When we were discussing molecular
propositions I threw doubt upon the supposition that there are
molecular facts, but I do not think one can doubt that there are
general facts. It is perfectly clear, I think, that when you have
enumerated all the atomic facts in the world, it is a further fact
about the world that those are all the atomic facts there are about
the world, and that is just as much an objective fact about the
world as any of them are. It is clear, I think, that you must admit
general facts as distinct from and over and above particular facts.
The same thing applies to ‘All men are mortal’. When you have
taken all the particular men that there are, and found each one of
them severally to be mortal, it is definitely a new fact that all men
are mortal; how new a fact, appears from what I said a moment
ago, that it could not be inferred from the mortality of the several
men that there are in the world. Of course, it is not so difficult to
admit what I might call existence-facts—such facts as “There are
men’, ‘There are sheep’, and so on. Those, I think, you will
readily admit as separate and distinct facts over and above the
atomic facts I spoke of before. Those facts have got to come into
the inventory of the world, and in that way propositional functions
come in as involved in the study of general facts. I do not profess
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to know what the right analysis of general facts is. It is an exceed-
ingly difficult question, and one which I should very much like to
see studied. I am sure that, although the convenient technical
treatment is by means of propositional functions, that is not the
whole of the right analysis. Beyond that I cannot go.

There is one point about whether there are molecular facts. I
think I mentioned, when I was saying that I did not think there
were disjunctive facts, that a certain difficulty does arise in regard
to general facts. Take ‘All men are mortal’. That means:

¢ “x is a man”’ implies
“x is a mortal” whatever
x may be.’

You can see at once that it is a hypothetical proposition. It does
not imply that there are any men, nor who are men, and who are
not; it simply says that if you have anything which is a man, that
thing is mortal. As Mr. Bradley has pointed out in the second
chapter of his Principles of Logic, ‘Trespassers will be prosecuted’
may be true even if no one trespasses, since it means merely that,
if any one trespasses, he will be prosecuted. It comes down to
this that

‘“x is a man” implies ‘“‘x is a mortal” is always true’,

is a fact. It is perhaps a little difficult to see how that can be true
if one is going to say that ‘ “Socrates is a man’’ implies ‘‘Socrates
is a mortal” ’ is not itself a fact, which is what I suggested when
I was discussing disjunctive facts. I do not feel sure that you could
not get round that difficulty. I only suggest it as a point which
should be considered when one is denying that there are molecular
facts, since, if it cannot be got round, we shall have to admit mole-
cular facts.

Now I want to come to the subject of completely general proposi-
tions and propositional functions. By those I mean propositions
and propositional functions that contain only variables and no-
thing else at all. This covers the whole of logic. Every logical
proposition consists wholly and solely of variables, though it is
not true that every proposition consisting wholly and solely of
variables is logical. You can consider stages of generalizations as,

eg.,
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‘Socrates loves Plato’
‘x loves Plato’

‘x loves y’

‘“Ry.

There you have been going through a process of successive
generalization. When you have got to xRy, you have got a schema
consisting only of variables, containing no constants at all, the
pure schema of dual relations, and it is clear that any proposition
which expresses a dual relation can be derived from xRy by assign-
ing values to x and R and y. So that that is, as you might say, the
pure form of all those propositions. I mean by the form of a pro-
position that which you get when for every single one of its consti-
tuents you substitute a variable. If you want a different definition
of the form of a proposition, you might be inclined to define it as
the class of all those propositions that you can obtain from a given
one by substituting other constituents for one or more of the
constituents the proposition contains. E.g., in ‘Socrates loves
Plato’, you can substitute somebody else for Socrates, somebody
else for Plato, and some other verb for ‘loves’. In that way there
are a certain number of propositions which you can derive from
the proposition ‘Socrates loves Plato’, by replacing the constituents
of that proposition by other constituents, so that you have there a
certain class of propositions, and those propositions all have a
certain form, and one can, if one likes, say that the form they all
have is the class consisting of all of them. That is rather a provi-
sional definition, because as a matter of fact, the idea of form is
more fundamental than the idea of class. I should not suggest that
as a really good definition, but it will do provisionally to explain
the sort of thing one means by the form of a proposition. The form
of a proposition is that which is in common between any two pro-
positions of which the one can be obtained from the other by
substituting other constituents for the original ones. When you
have got down to those formulas that contain only variables, like
xRy, you are on the way to the sort of thing that you can assert in
logic.

To give an illustration, you know what I mean by the domain of
arelation: I mean all the terms that have that relation to something.
Suppose I say: ‘“Ry implies that x belongs to the domain of R’,
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that would be a proposition of logic and is one that contains only
variables. You might think it contains such words as ‘belong’ and
‘domain’, but that is an error. It is only the habit of using ordinary
language that makes those words appear. They are not really there.
That is a proposition of pure logic. It does not mention any parti-
cular thingatall. Thisis to be understood as being asserted whatever
x and R and y may be. All the statements of logic are of that sort.

It is not a very easy thing to see what are the constituents of a
logical proposition.When one takes ‘Socrates loves Plato’, ‘Socrates’
is a constituent, ‘loves’ is a constituent, and ‘Plato’ is a constituent.
Then you turn ‘Socrates’ into x, ‘loves’ into R, and ‘Plato’ into y.
x and R and y are nothing, and they are not constituents, so it
seems as though all the propositions of logic were entirely devoid
of constituents. I do not think that can quite be true. But then the
only other thing you can seem to say is that the form is a constitu-
ent, that propositions of a certain form are always true: that may
be the right analysis, though I very much doubt whether it is.

There is, however, just this to observe, viz., that the form of a
proposition is never a constituent of that proposition itself. If you
assert that ‘Socrates loves Plato’, the form of that proposition is
the form of the dual relation, but this is not a constituent of the
proposition. If it were you would have to have that constituent
related to the other constituents. You will make the form much
too substantial if you think of it as really one of the things that
have that form, so that the form of a proposition is certainly not a
constituent of the proposition itself. Nevertheless it may possibly
be a constituent of general statements about propositions that have
that form, so I think it is possible that logical propositions might
be interpreted as being about forms.

I can only say, in conclusion, as regards the constituents of
logical propositions, that it is a problem which is rather new.
There has not been much opportunity to consider it. I do not
think any literature exists at all which deals with it in any way
whatever, and it is an interesting problem.

I just want now to give you a few illustrations of propositions
which can be expressed in the language of pure variables but are
not propositions of logic. Among the propositions that are pro-
positions of logic are included all the propositions of pure mathe-
matics, all of which cannot only be expressed in logical terms but
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can also be deduced from the premises of logic, and therefore they
are logical propositions. Apart from them there are many that can
be expressed in logical terms, but cannot be proved from logic,
and are certainly not propositions that form part of logic. Suppose
you take such a proposition as: “There is at least one thing in the
world’. That is a proposition that you can express in logical terms.
It will mean, if you like, that the propositional function ‘x=x’ is a
possible one. That is a proposition, therefore, that you can express
in logical terms; but you cannot know from logic whether it is
true or false. So far as you do know it, you know it empirically,
because there might happen not to be a universe, and then it
would not be true. It is merely an accident, so to speak, that there
is a universe. The proposition that there are exactly 30,000 things
in the world can also be expressed in purely logical terms, and is
certainly not a proposition of logic but an empirical proposition
(true or false), because a world containing more than 30,000 things
and a world containing fewer than 30,000 things are both possible,
so that if it happens that there are exactly 30,000 things, that is
what one might call an accident and is not a proposition of logic.
There are again two propositions that one is used to in mathe-
matical logic, namely, the multiplicative axiom and the axiom of
infimty. These also can be expressed in logical terms, but cannot
be proved or disproved by logic. In regard to the axiom of infinity,
the impossibility of logical proof or disproof may be taken as cer-
tain, but in the case of the multiplicative axiom, it is perhaps still
open to some degree to doubt. Everything that is a proposition of
logic has got to be in some sense or other like a tautology. It has
got to be something that has some peculiar quality, which I do
not know how to define, that belongs to logical propositions and
not to others. Examples of typical logical propositions are:

‘If p implies ¢ and ¢ implies 7, then p implies 7.’
‘If all @’s are b’s and all &’s are ¢’s, then all a@’s are ¢’s.’
‘If all @’s are b’s, and « is an q, then x is a 4.’

Those are propositions of logic. They have a certain peculiar
quality which marks them out from other propositions and enables
us to know them a priori. But what exactly that characteristic is,
I am not able to tell you. Although it is a necessary characteristic
of logical propositions that they should consist solely of variables,
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i.e., that they should assert the universal truth, or the sometimes-
truth, of a propositional function consisting wholly of variables—
although that is a necessary characteristic, it is not a sufficient one.
I am sorry that I have had to leave so many problems unsolved. I
always have to make this apology, but the world really is rather
puzzling and I cannot help it.

Discussion

Question: Is there any word you would substitute for ‘exist-
ence’ which would give existence to individuals? Are you applying
the word ‘existence’ to two ideas, or do you deny that there are
two ideas?

M. Russell: No, there is not an idea that will apply to individ-
uals. As regards the actual things there are in the world, there is
nothing at all you can say about them that in any way corresponds
to this notion of existence. It is a sheer mistake to say that there
is anything analogous to existence that you can say about them.
You get into confusion through language, because it is a per-
fectly correct thing to say ‘All the things in the world exist’, and
itis so easy to pass from this to ‘This exists because it is a thing in
the world’. There is no sort of point in a predicate which could
not conceivably be false. I mean, it is perfectly clear that, if there
were such a thing as this existence of individuals that we talk of, it
would be absolutely impossible for it not to apply, and that is the
characteristic of a mistake.

VI. DESCRIPTIONS AND INCOMPLETE SYMBOLS

I am proposing to deal this time with the subject of descriptions,
and what I call ‘incomplete symbols’, and the existence of des-
cribed individuals. You will remember that last time I dealt with
the existence of kinds of things, what you mean by saying “I'here
are men’ or “There are Greeks’ or phrases of that sort, where you
have an existence which may be plural. I am going to deal to-day
with an existence which is asserted to be singular, such as ‘The
man with the iron mask existed’ or some phrase of that sort, where
you have some object described by the phrase ‘The so-and-so’ in
the singular, and I want to discuss the analysis of proposxtxons in
which phrases of that kind occur.
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" There are, of course, a great many propositions very familiar in
metaphysics which are of that sort: ‘I exist’ or ‘God exists’ or
‘Homer existed’, and other such statements are always occurring
in metaphysical discussions, and are, I think, treated in ordinary
metaphysics in a way which embodies a simple logical mistake
that we shall be concerned with to-day, the same sort of mistake
that I spoke of last week in connexion with the existence of kinds
of things. One way of examining a proposition of that sort is to
ask yourself what would happen if it were false. If you take such
a proposition as ‘Romulus existed’, probably most of us think that
Romulus did not exist. It is obviously a perfectly significant state-
ment, whether true or false, to say that Romulus existed. If Romu-
lus himself entered into our statement, it would be plain that the
statement that he did not exist would be nonsense, because you
cannot have a constituent of a proposition which is nothing at all.
Every constituent has got to be there as one of the things in the
world, and therefore if Romulus himself entered into the proposi-
tions that he existed or that he did not exist, both these proposi-
tions could not only not be true, but could not be even significant,
unless he existed. That is obviously not the case, and the first con-
clusion one draws is that, although it looks as if Romulus were a
constituent of that proposition, that is really a mistake. Romulus
does not occur in the proposition ‘Romulus did not exist’.

Suppose you try to make out what you do mean by that proposi-
tion. You can take, say, all the things that Livy has to say about
Romulus, all the properties he ascribes to him, including the only
one probably that most of us remember, namely, the fact that he
was called ‘Romulus’. You can put all this together, and make a
propositional function saying ‘x has such-and-such properties’,
the properties being those you find enumerated in Livy. There
you have a propositional function, and when you say that Romulus
did not exist you are simply saying that that propositional function
is never true, that it is impossible in the sense I was explaining last
time, i.e., that there is no value of x that makes it true. That
reduces the non-existence of Romulus to the sort of non-existence
I spoke of last time, where we had the non-existence of unicorns.
But it is not a complete account of this kind of existence or non-
existence, because there is one other way in which a described
individual can fail to exist, and that is where the description applies
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to more than one person. You cannot, e.g., speak of ‘The inhabi-
tant of London’, not because there are none, but because there
are so many.

You see, therefore, that this proposition ‘Romulus existed’ or
‘Romulus did not exist’ does introduce a propositional function,
because the name ‘Romulus’ is not really a name but a sort of
truncated description. It stands for a person who did such-and-such
things, who killed Remus, and founded Rome, and so on. It is
short for that description; if you like, it is short for ‘the person
who was called “Romulus”.’ If it were really a name, the question
of existence could not arise, because a name has got to name
something or it is not a name, and if there is no such person as
Romulus there cannot be a name for that person who is not there,
so that this single word ‘Romulus’ is really a sort of truncated or
telescoped description, and if you think of it as a name you will
get into logical errors. When you realize that it is a description,
you realize therefore that any proposition about Romulus really
introduces the propositional function embodying the description,
as (say) ‘x was called “Romulus”.” That introduces you at once to a
propositional function, and when you say ‘Romulus did not exist’,
you mean that this propositional function is not true for one value
of x.

There are two sorts of descriptions, what one may call ‘ambigu-
ous descriptions’, when we speak of ‘a so-and-so’, and what one
may call ‘definite descriptions’, when we speak of ‘the so-and-so’
(in the singular). Instances are:

Ambiguous: A man, a dog, a pig, a Cabinet Minister.
Definite: The man with the iron mask.
The last person who came into this room.
The only Englishman who ever occupied the Papal See.
The number of the inhabitants of London.
The sum of 43 and 34.

(It is not necessary for a description that it should describe an
individual: it may describe a predicate or a relation or anything
else.)

It is phrases of that cort, definite descriptions, that I want to
talk about to-day. I do not want to talk about ambiguous descrip-
tions, as what there was to say about them was said last time.
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I want you to realize that the question whether a phrase is a
definite description turns only upon its form, not upon the ques-
tion whether there is a definite individual so described. For in-
stance, I should call ‘The inhabitant of London’ a definite descrip-
tion, although it does not in fact describe any definite individual.

The first thing to realize about a definite description is that it is
not a name. We will take ‘The author of Waverley’. That is a
definite description, and it is easy to see that it is not a name. A
name is a simple symbol (i.e., a symbol which does not have any
parts that are symbols), a simple symbol used to designate a certain
particular or by extension an object which is not a particular but
is treated for the moment as if it were, or is falsely believed to be
a particular, such as a person. This sort of phrase, “The author of
Waverley’, is not a name because it is a complex symbol. It con-
tains parts which are symbols. It contains four words, and the
meanings of those four words are already fixed and they have fixed
the meaning of “The author of Waverley’ in the only sense in which
that phrase does have any meaning. In that sense, its meaning is
already determinate, i.e., there is nothing arbitrary or conventional
about the meaning of that whole phrase, when the meanings of
‘the’, ‘author’, ‘of’, and ‘Waverley’ have already been fixed. In that
respect, it differs from ‘Scott’, because when you have fixed the
meaning of all the other words in the language, you have done
nothing toward fixing the meaning of the name ‘Scott’. That is to
say, if you understand the English language, you would under-
stand the meaning of the phrase “The author of Wauverley’ if you
had never heard it before, whereas you would not understand the
meaning of ‘Scott’ if you had never heard the word before because
to know the meaning of a name is to know who it is applied to.

You sometimes find people speaking as if descriptive phrases
were names, and you will find it suggested, e.g., that such a pro-
position as ‘Scott is the author of Waverley’ really asserts that
‘Scott’ and the ‘the author of Waverley’ are two names for the
same person. That is an entire delusion; first of all, because ‘the
author of Waverley’ is not a name, and, secondly, because, as you
can perfectly well see, if that were what is meant, the proposition
would be one like ‘Scott is Sir Walter’, and would not depend
upon any fact except that the person in question was so called,
because a name is what a man is called. As a matter of fact, Scott
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was the author of Waverley at a time when no one called him so,
when no one knew whether he was or not, and the fact that he was
the author was a physical fact, the fact that he sat down and wrote
it with his own hand, which does not have anything to do with
what he was called. It is in no way arbitrary. You cannot settle by
any choice of nomenclature whether he is or is not to be the author
of Waverley, because in actual fact he chose to write it and you
cannot help yourself. That illustrates how ‘the author of Wav-
erley’ is quite a different thing from a name. You can prove this
point very clearly by formal arguments. In ‘Scott is the author of
Waverley' the ‘is’, of course, expresses identity, i.e., the entity
whose name is Scott is identical with the author of Waverley. But,
when I say ‘Scott is mortal’ this ‘is’, is the ‘is’ of predication, which
is quite different from the ‘is’ of identity. It is a mistake to inter-
pret ‘Scott is mortal’ as meaning ‘Scott is identical with one among
mortals’, because (among other reasons) you will not be able to
say what ‘mortals’ are except by means of the propositional func-
tion ‘x is mortal’, which brings back the ‘is’ of predication. You
cannot reduce the ‘is’ of predication to the other ‘is’. But the ‘is’
in ‘Scott is the author of Waverley’ is the ‘is’ of identity and not of
predication.*

If you were to try to substitute for ‘the author of Waverley’ in
that proposition any name whatever, say ‘c’, so that the proposition
becomes ‘Scott is ¢’, then if ‘¢’ is a name for anybody who is not
Scott, that proposition would become false, while if, on the other
hand, ‘¢’ is a name for Scott, then the proposition will become
simply a tautology. It is at once obvious that if ‘c’ were ‘Scott’
itself, ‘Scott is Scott’ is just a tautology. But if you take any other
name which is just a name for Scott, then if the name is being used
as a name and not as a description, the proposition will still be a
tautology. For the name itself is merely a means of pointing to the
thing, and does not occur in what you are asserting, so that if one
thing has two names, you make exactly the same assertion which-
ever of the two names you use, provided they are really names and
not truncated descriptions.

So there are only two alternatives. If ‘¢’ is a name, the pro-
position ‘Scott is ¢’ is either false or tautologous. But the proposition

* The confusion of these two meanings of ‘is’ is essential to the Hegelian
conception of identity-in-difference.

R
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‘Scott is the author of Waverley’ is.neither, and therefore is not
the same as any proposition of the form ‘Scott is ¢’, where ‘¢’ is a
name. That is another way of illustrating the fact that a description
is quite a different thing from a name.

I should like to make clear what I was saying just now, that if
you substitute another name in place of ‘Scott’ which is also a name
of the same individual, say, ‘Scott is Sir Walter’, then ‘Scott’
and ‘Sir Walter’ are being used as names and not as descriptions,
your proposition is strictly a tautology. If one asserts ‘Scott is
Sir Walter’, the way one would mean it would be that one was
using the names as descriptions. One would mean that the person
called ‘Scott’ is the person called ‘Sir Walter’, and ‘the person
called “Scott” ’ is a description, and so is ‘the person called *“Sir
Walter”.” So that would not be a tautology. It would mean that
the person called ‘Scott’ is identical with the person called ‘Sir
Walter’. But if you are using both as names, the matter is quite
different. You must observe that the name does not occur in that
which you assert when you use the name. The name is merely
that which is a means of expressing what it is you are tryng to
assert, and when I say ‘Scott wrote Waverley’, the name ‘Scott’
does not occur in the thing I am asserting. The thing I am assert-
ing is about the person, not about the name. So if I say ‘Scott is
Sir Walter’, using these two names as names, neither ‘Scott’ nor
‘Sir Walter’ occurs in what I am asserting, but only the person
who has these names, and thus what I am asserting is a pure tau-
tology.

It is rather important to realize this about the two different uses
of names or of any other symbols: the one when you are talking
about the symbol and the other when you are using it as a symbol,
as a means of talking about something else. Normally, if you talk
about your dinner, you are not talking about the word ‘dinner’
but about what you are going to eat, and that is a different thing
altogether. The ordinary use of words is as a means of getting
through to things, and when you are using words in that way the
statement ‘Scott is Sir Walter’ is a pure tautology, exactly on the
same level as ‘Scott is Scott’.

That brings me back to the point that when you take ‘Scott is
the author of Waverley’ and you substitute for ‘the author of
Waverley’ a name in the place of a description, you get necessarily
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either a tautology or a falsehood—a tautology if you substitute
‘Scott’ or some other name for the same person, and a falsehood
if you substitute anything else. But the proposition itself is neither
a tautology nor a falsehood, and that shows you that the proposi-
tion ‘Scott is the author of Waverley’ is a different proposition
from any that can be obtained if you substitute a name in the
place of ‘the author of Waverley’. That conclusion is equally true
of any other proposition in which the phrase ‘the author of Wav-
erlev’ occurs. If you take any proposition in which that phrase
occ  and substitute for that phrase a proper name, whether
that name be ‘Scott’ or any other, you will get a different propo-
sition. Generally speaking, if the name that you substitute is
‘Scott’, your proposition, if it was true before will remain true,
and if it was false before will remain false. But it is a different
proposition. It is not elways true that it will remain true or false,
as may be seen by the example: ‘George IV wished to know if
Scott was the author of Waverley’. It is not true that George IV
wished to know if Scott was Scott. So it is even the case that the
truth or the falsehood of a proposition is sometimes changed
when you substitute a name of an object for a description of the
same object. But in any case it is always a different proposition
when you substitute a name for a description.

Identity is a rather puzzling thing at first sight. When you say
‘Scott is the author of Waverley’, you are half-tempted to think
there are two people, one of whom is Scott and the other the author
of Waverley, and they happen to be the same. That is obviously
absurd, but that is the sort of way one is always tempted to deal
with identity.

When I say ‘Scott is the author of Waverley’ and that ‘is’ expres-
ses identity, the reason that identity can be asserted there truly
and without tautology is just the fact that the one is a name and
the other a description. Or they might both be descriptions. If I
say “The author of Waverley is the author of Marmion’, that, of
course, asserts identity between two descriptions.

Now the next point that I want to make clear’1s that when a
description (when I say ‘description’ I mean, for the future, a
definite description) occurs in a proposition, there is no constituent
of that proposition corresponding to that description as a whole.
In the true analysis of the proposition, the description is broken



248 LOGIC AND KNOWLEDGE

up and disappears. That is to say, when I say ‘Scott is the author
of Waverley’ it is a wrong analysis of that to suppose that you have
there three constituents, ‘Scott’, ‘is’, and ‘the author of Waverley’.
That, of course, is the sort of way you might think of analysing.
You might admit that ‘the author of Waverley’ was complex and
could be further cut up, but you might think the proposition could
be split into those three bits to begin with. That is an entire mis-
take. ‘The author of Waverley’ is not a constituent of the proposi-
tion at all. There is no constituent really there corresponding to
the descriptive phrase. I will try to prove that to you now.

The first and most obvious reason is that you can have significant
propositions denying the existence of ‘the so-and-so’. ‘The uni-
corn does not exist.” ‘The greatest finite number does not exist.’
Propositions of that sort are perfectly significant, are perfectly
sober, true, decent propositions, and that could not possibly be
the case if the unicorn were a constituent of the proposition, be-
cause plainly it could not be a constituent as long as there were
not any unicorns. Because the constituents of propositions, of
course, are the same as the constituents of the corresponding facts,
and since it is a fact that the unicorn does not exist, it is perfectly
clear that the unicorn is not a constituent of that fact, because if
there were any fact of which the unicorn was a constituent, there
would be a unicorn, and it would not be true that it did not exist.
That applies in this case of descriptions particularly. Now since
it is possible for ‘the so-and-so’ not to exist and yet for propositions
in which ‘the so-and-so’ occurs to be significant and even true,
we must try to see what is meant by saying that the so-and-so does
exist.

The occurrence of tense in verbs is an exceedingly annoying
vulgarity due to our preoccupation with practical affairs. It would
be much more agreeable if they had no tense, as I believe is the
case in Chinese, but I do not know Chinese. You ought to be able
to say ‘Socrates exists in the past’, ‘Socrates exists in the present’
or ‘Socrates exists in the future’, or simply ‘Socrates exists’, with-
out any implication of tense, but language does not allow that, un-
fortunately. Nevertheless, I am going to use language in this
tenseless way: when I say ‘“The so-and-so exists’, I am not going
to mean that it exists in the present or in the past or in the future,
but simply that it exists, without implying anything involving tense.
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" “The author of Waverley exists’: there are two things required
for that. First of all, what is ‘the author of Waverley’? It is the
person who wrote Waverley, i.e., we are coming now to this, that
you have a propositional function involved, viz., ‘x writes Waver-
ley’, and the author of Waverley is the person who writes Waverley,
and in order that the person who writes Waverley may exist, it is
necessary that this propositional function should have two pro-
perties:

1. It must be true for at least one x.
2. It must be true for at most one x.

If nobody had ever written Waverley the author could not exist,
and if two people had written it, the author could not exist. So
that you want these two properties, the one that it is true for at
least one x, and the other that it is true for at most one x, both of
which are required for existence.

The property of being true for at least one x is the one we dealt
with last time: what I expressed by saying that the propositional
function is possible. Then we come on to the second condition,
that it is true for at most one x, and that you can express in this
way: ‘If x and y wrote Waverley, then x is identical with y, what-
ever x and y may be’. That says that at most one wrote it. It does
not say that anybody wrote Waverley at all, because if nobody had
written it, that statement would still be true. It only says that at
most one person wrote it.

The first of these conditions for existence fails in the case of the
unicorn, and the second in the case of the inhabitant of London.

We can put these two conditions together and get a portmanteau
expression including the meaning of both. You can reduce them
both down to this, that: ‘(“x wrote Waverley” is equivalent to “‘x
is ¢’ whatever x may be) is possible in respect of ¢.” That is as
simple, I think, as you can make the statement.

You see that means to say that there is some entity ¢, we may
not know what it is, which is such that when x is ¢, it is true that
x wrote Waverley, and when x is not ¢, it is not true that x wrote
Waverley, which amounts to saying that ¢ is the only person who
wrote Waverley; and I say there is a value of ¢ which makes that
true. So that this whole expression, which is a propositional function
about ¢, is possible in respect of ¢ (in the sense explained last time).
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That is what I mean when I say that the author of Waverley
exists. When I say ‘the author of Waverley exists’, I mean that
there is an entity ¢ such that ‘x wrote Waverley’ is true when « is c,
and is false when x is not ¢. “The author of Waverley’ as a constitu-
ent has quite disappeared there, so that when I say “The author of
Waverley exists’ I am not saying anything about the author of
Waverley. You have instead this elaborate to-do with propositional
functions, and ‘the author of Waverley’ has disappeared. That is
why it is possible to say significantly “T'he author of Wauverley did
not exist’. It would not be possible if ‘the author of Waverley’
were a constituent of propositions in whose verbal expression this
descriptive phrase occurs.

The fact that you can discuss the proposition ‘God exists’ is a
proof that ‘God’, as used in that proposition, is a description and
not a name. If ‘God’ were a name, no question as to existence
could arise.

I have no{deﬁned what I mean by saying that a thing described
exists. I have still to explain what I mean by saying that a thing
described has a certain property. Supposing you want to say ‘The
author of Waverley was human’, that will be represented thus:
‘(“x wrote Waverley” is equivalent to “x is ¢’ whatever x may be,
and ¢ is human) is possible with respect to ¢’.

- You will observe that what we gave before as the meaning of
“The author of Waverley exists’ is part of this proposition. It is
part of any proposition in which ‘the author of Waverley’ has what
I call a ‘primary occurrence’. When I speak of a ‘primary occur-
rence’ I mean that you are not having a proposition about the
author of Waverley occurring as a part of some larger proposition,
such as ‘I believe that the author of Waverley was human’ or ‘I
believe that the author of Waverley exists’. When it is a primary
occurrence, i.e., when the proposition concerning it is not just
part of a larger proposition, the phrase which we defined as the
meaning of “The author of Waverley exists’ will be part of that
proposition. If I say the author of Waverley was human, or a poet,
or a Scotsman, or whatever I say about the author of Waverley in
the way of a primary occurrence, always this statement of his exist-
ence is part of the proposition. In that sense all these propositions
that I make about the author of Waverley imply that the author of
Waverley exists. So that any statement in which a description has a



THE PHILOSOPHY OF LOGICAL ATOMISM 251

primary occurrence implies that the object described exists. If I
say ‘The present King of France is bald’, that implies that the
present King of France exists. If I say, ‘The present King of
France has a fine head of hair’, that also implies that the present
King of France exists. Therefore unless you understand how a
proposition containing a description is to be denied, you will come
to the conclusion that it is not true either that the present King
of France is bald or that he is not bald, because if you were to
enumerate all the things that are bald you would not find him
there, and if you were to enumerate all the things that are not bald,
you would not find him there either. The only suggestion I have
found for dealing with that on conventional lines is to suppose
that he wears a wig. You can only avoid the hypothesis that he
wears a wig by observing that the denial of the proposition ‘The
present King of France is bald’ will not be “The present King of
France is not bald’, if you mean by that “There is such a person as
the King of France and that person is not bald’. The reason of this
is that when you state that the present King of France is bald you
say ‘There is a ¢ such that ¢ is now King of France and ¢ is bald’
and the denial is not {There is a ¢ such that ¢ is now King of -
France and ¢ is not bald’. It is more complicated. It is: ‘Either
there is not a ¢ such that ¢ is now King of France, or, if there is
such a ¢, then ¢ is not bald.” Therefore you see that, if you want
to deny the proposition “The present King of France is bald’, you
can do it by denying that he exists, instead of by denying that he
is bald. In order to deny this statement that the present King of
France is bald, which is a statement consisting of two parts, you.
can proceed by denying either part. You can deny the one part,
which would lead you to suppose that the present King of France
exists but is not bald, or the other part, which will lead you to the
denial that the present King of France existsﬁand either of those
two denials will lead you to the falsehood of the proposition ‘The
present King of France is bald’. When you say ‘Scott is human’
there is no possibility of a double denial. The only way you can
deny ‘Scott is human’ is by saying ‘Scott is not human’. But where
a descriptive phrase occurs, you do have the double possibility
of denial. & ’

It is of the utmost importance to realize that ‘the so-and-so’
does not occur in the analysis of propositions in whose verbal
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expression it occurs, that when I say “The author of Waverley is
human’, ‘the author of Waverley’ is not the subject of that pro-
position, in the sort of way that Scott would be if I said ‘Scott is
human’, using ‘Scott’ as a name. I cannot emphasize sufficiently
how important this point is, and how much error you get into
metaphysics if you do not realize that when I say “The author of
Waverley is human’ that is not a proposition of the same form as
‘Scott is human’. It does not contain a constituent ‘the author of
Waverley’. The importance of that is very great for many reasons,
and one of them is this question of existence. As I pointed out to
you last time, there is a vast amount of philosophy that rests upon
the notion that existence is, so to speak, a property that you can
attribute to things, and that the things that exist have the property
of existence and the things that do not exist do not. That is rub-
bish, whether you take kinds of things, or individual things de-
scribed. When I say, e.g., ‘Homer existed’, I am meaning by
‘Homer’ some description, say ‘the author of the Homeric poems’,
and I am asserting that those poems were written by one man,
which is a very doubtful proposition; but if you could get hold of
the actual person who did actually write those poems (supposing
there was such a person), to say of him that he existed would be
uttering nonsense, not a falsehood but nonsense, because it is only
of persons described that it can be significantly said that they exist.
Last time I pointed out the fallacy in saying ‘Men exist, Socrates
is a man, therefore Socrates exists’. When I say ‘Homer exists,
this is Homer, therefore this exists’, that is a fallacy of the same
sort. It is an entire mistake to argue: “This is the author of the
Homeric poems and the author of the Homeric poems exists,
therefore this exists’. It is only where a prepositional function
comes in that existence may be significantly asserted. You can
assert ‘The so-and-so exists’, meaning that there is just one ¢
which has those properties, but when you get hold of a ¢ that has
them, you cannot say of this ¢ that it exists, because that is non-
sense: it is not false, but it has no meaning at all.

So the individuals that there are in the world do not exist, or
rather it is nonsense to say that they exist and nonsense to say that
they do not exist. It is not a thing you can say when you have
named them, but only when you have described them. When you
say ‘Homer exists’, you mean ‘Homer’ is a description which
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applies to something. A description when it is fully stated is
always of the form ‘the so-and-so’.

The sort of things that are like these descriptions in that they
occur in words in a proposition, but are not in actual fact constitu-
ents of the proposition rightly analysed, things of that sort I call
‘incomplete symbols’. There are a great many sorts of incomplete
symbols in logic, and they are sources of a great deal of confusion
and false philosophy, because people get misled by grammar.
You think that the proposition ‘Scott is mortal’ and the proposition
‘The author of Waverley is mortal’ are of the same form. You
think that they are both simple propositions attributing a predicate
to a subject. That is an entire delusion: one of them is (or rather
might be) and one of them is not. These things, like ‘the author
of Waverley’, which I call incomplete symbols, are things that
have absolutely no meaning whatsoever in isolation but merely
acquire a meaning in a context. ‘Scott’ taken as a name has a mean-
ing all by itself. It stands for a certain person, and there it is. But
‘the author of Waverley’ is not a name, and does not all by itself
mean anything at all, because when it is rightly used in proposi-
tions, those propositions do not contain any constituent cor-
responding to it.

There are a great many other sorts of incomplete symbols be-
sides descriptions. These are classes, which I shall speak of next
time, and relations taken in extension, and so on. Such aggrega-
tions of symbols are really the same thing as what I call ‘logical
fictions’, and they embrace practically all the familiar objects of
daily life: tables, chairs, Piccadilly, Socrates, and so on. Most of
them are cither classes, or series, or series of classes. In any case
they are all incomplete symbols, i.e., they are aggregations that
only have a meaning in use and do not have any meaning in them-
selves.~

It iS important, if you want to understand the analysis of the
world, or the analysis of facts, or if you want to have any idea what
there really is in the world, to realize how much of what there is in
phraseology is of the nature of incomplete symbols. You can see
that very easily in the case of ‘the author of Waverley’ because
‘the author of Waverley’ does not stand simply for Scott, nor for
anything else. If it stood for Scott, ‘Scott is the author of Waverley’
would be the same proposition as ‘Scott is Scott’, which it is not,
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since George IV wished to know the truth of the one and did not
wish to know the truth of the other. If ‘the author of Waverley’
stood for anything other than Scott, ‘Scott is the author of Waver-
ley’ would be false, which it is not. Hence you have to conclude
that ‘the author of Waverley’ does not, in isolation, really stand for

anything at all; and that is the characteristic of incomplete sym-
bols.

VII. THE THEORY OF TYPES AND SYMBOLISM:
CLASSES

Before I begin to-day the main subject of my lecture, I should
like to make a few remarks in explanation and amplification of what
I have said about existence in my previous two lectures. This is
chiefly on account of a letter I have received from a member of
the class, raising many points which, I think, were present in
other minds too.

The first point I wish to clear up is this: I did not mean to say
that when one says a thing exists, one means the same as when
one says it is possible. What I meant was, that the fundamental
logical idea, the primitive idea, out of which both those are derived
is the same. That is not quite the same thing as to say that the
statement that a thing exists is the same as the statement that it is
possible, which I do not hold. I used the word ‘possible’ in per-
haps a somewhat strange sense, because I wanted some word for a
fundamental logical idea for which no word exists in ordinary
language, and therefore if one is to try to express in ordinary lan-
guage the idea in question, one has to take some word and make it
convey the sense that I was giving to the word ‘possible’, which is
by no means the only sense that it has but is a sense that was con-
venient for my purpose. We say of a propositional function that
it is possible, where there are cases in which it is true. That is not
exactly the same thing as what one ordinarily means, for instance,
when one says that it is possible it may rain to-morrow. But what
I contend is, that the ordinary uses of the word ‘possible’ are
derived from this notion by a process. E.g., normally when you
say of a proposition that it is possible, you mean something like
this: first of all it is implied that you do not know whether it is
true or false; and I think it is implied, secondly, that it is one of a
class of propositions, some of which are known to be true. When
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I say, e.g., ‘It is possible that it may rain to-morrow’—‘It will rain
to-morrow’ is one of the class of propositions ‘It rains at time #’,
where ¢ is different times. We mean partly that we do not know
whether it will rain or whether it will not, but also that we do know
that that is the sort of proposition that is quite apt to be true, that
it is a value of a propositional function of which we know some
value to be true. Many of the ordinary uses of ‘possible’ come un-
der that head, I think you will find. That is to say, that if you say
of a proposition that it is possible, what you have is this: “There
is in this proposition some constituent, which, if you turn it into a
variable, will give you a propositional function that is sometimes
true.’ You ought not therefore to say of a proposition simply that
it is possible, but rather that it is possible in respect of such-and-
such a constituent. That would be a more full expression.

When 1 say, for instance, that ‘Lions exist’, I do not mean the
same as if I said that lions were possible; because when you say
‘Lions exist’, that means that the propositional function ‘x is a
lion’ is a possible one in the sense that there are lions, while when
you say ‘Lions are possible’ that is a different sort of statement
altogether, not meaning that a casual individual animal may be a
lion, but rather that a sort of animal may be the sort that we call
‘lions’. If you say ‘Unicorns are possible’, e.g., you would mean
that you do not know any reason why there should not be unicorns,
which is quite a different proposition from ‘Unicorns exist’. As to
what you would mean by saying that unicorns are possible, it
would always come down to the same thing as ‘It is possible it
may rain to-morrow’. You would mean, the proposition “I'here
are unicorns’ is one of a certain set of propositions some of which
are known to be true, and that the description of the unicorn does
not contain in it anything that shows there could not be such beasts.

When I say a propositional function is possible, meaning there
are cases in which it is true, I am consciously using the word
‘possible’ in an unusual sense, because I want a single word for
my fundamental idea, and cannot find any word in ordinary lan-
guage that expresses what I mean.

Secondly, it is suggested that when one says a thing exists, it
means that it is in time, or in time and space, at any rate in time.
That is a very common suggestion, but I do not think that really
there is much to be said for that use of the words; in the first place,
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because if that were all you meant, there would be no need for a
separate word. In the second place, because after all in the sense,
whatever that sense may be, in which the things are said to exist
that one ordinarily regards as existing, one may very well wish to
discuss the question whether there are things that exist without
being in time. Orthodox metaphysics holds that whatever is really
real is not in time, that to be in time is to be more or less unreal,
and that what really exists is not in time at all. And orthodox
theology holds that God is not in time. I see no reason why you
should frame your definition of existence in such a way as to pre-
clude that notion of existence. I am inclined to think that there
are things that are not in time, and I should be sorry to use the
word existence in that sense when you have already the phrase
‘being in time’ which quite sufficiently expresses what you mean.

Another objection to that definition is, that it does not in the least
fit the sort of use of ‘existence’ which was underlying my discus-
sion, which is the common one in mathematics. When you take
existence-theorems, for instance, as when you say ‘An even prime
exists’, you do not mean that the number two is in time but that
you can find a number of which you can say “This is even and
prime’. One does ordinarily in mathematics speak of propositions
of that sort as existence-theorems, i.e., you establish that there is an
object of such-and-such a sort, that object being, of course, in
mathematics a logical object, not a particular, not a thing like a lion
or a unicorn, but an object like a function or a number, something
which plainly does not have the property of being in time at all,
and it is that sort of sense of existence-theorems that is relevant
in discussing the meaning of existence as I was doing in the last
two lectures. I do, of course, hold that that sense of existence can
be carried on to cover the more ordinary uses of existence, and
does in fact give the key to what is underlying those ordinary uses,
as when one says that ‘Homer existed’ or ‘Romulus did not exist’,
or whatever we may say of that kind.

I come now to a third suggestion about existence, which is also
a not uncommon one, that of a given particular ‘this’ you can say
“This exists’ in the sense that it is not a phantom or an image or a
universal. Now I think that use of existence involves confusions
which it is exceedingly important to get out of one’s mind, really
rather dangerous mistakes. In the first place, we must separate



THE PHILOSOPHY OF LOGICAL ATOMISM 257

phantoms and images from universals; they are on a different level.
Phantoms and images do undoubtedly exist in that sense, what-
ever it is, in which ordinary objects exist. I mean, if you shut your
eyes and imagine some visual scene, the images that are before
your mind while you are imagining are undoubtedly there. They
are images, something is happening, and what is happening is
that the images are before your mind, and these images are just as
much part of the world as tables and chairs and anything else.
They are perfectly decent objects, and you only call them unreal
(if you call them so), or treat them as non-existent, because they
do not have the usual sort of relations to other objects. If you shut
your eyes and imagine a visual scene and you stretch out your hand
to touch what is imaged, you won’t get a tactile sensation, or
even necessarily a tactile image. You will not get the usual correla-
tion of sight and touch. If you imagine a heavy oak table, you can
remove it without any muscular effort, which is not the case with
oak tables that you actually see. The general correlations of your
images are quite different from the correlations of what one chooses
to call ‘real’ objects. But that is not to say images are unreal. It is
only to say they are not part of physics. Of course, I know that this
belief in the physical world has established a sort of reign of terror.
You have got to treat with disrespect whatever does not fit into
the physical world. But that is really very unfair to the things that
do not fit in. They are just as much there as the things that do.
The physical world is a sort of governing aristocracy, which has
somehow managed to cause everything else to be treated with dis-
respect. That sort of attitude is unworthy of a philosopher. We
should treat with exactly equal respect the things that do not fit
in with the physical world, and images are among them.
‘Phantoms’, I suppose, are intended to differ from ‘images’ by
being of the nature of hallucinations, things that are not merely
imagined but that go with belief. They again are perfectly real;
the only odd thing about them is their correlations. Macbeth sees
a dagger. If he tried to touch it, he would not get any tactile sensa-
tion, but that does not imply that he was not seeing a dagger, it
only implies that he was not fouching it. It does not in any way
imply that the visual sensation was not there. It only means to say
that the sort of correlation between sight and touch that we are
used to is the normal rule but not a universal one. In order to
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pretend that it is universal, we say that a thing is unreal when it
does not fit in. You say ‘Any man who is a man will do such-and-
such a thing.” You then find a man who will not, and you say, he
is not a man. That is just the same sort of thing as with these
daggers that you cannot touch.

I have explained elsewhere the sense in which phantoms are
unreal.* When you see a ‘real’ man, the immediate object that you
see is one of a whole system of particulars, all of which belong
together and make up collectively the various ‘appearances’ of the
man to himself and others. On the other hand, when you see a
phantom of a man, that is an isolated particular, not fitting into a
system as does a particular which one calls an appearance of the
‘real’ man. The phantom is in itself just as much part of the world
as the normal sense-datum, but it lacks the usual correlation and
therefore gives rise to false inferences and becomes deceptive.

As to universals, when I say of a particular that it exists, I cer-
tainly do not mean the same thing as if I were to say that it is not a
universal. The statement concerning any particular that it is not a
universal is quite strictly nonsense—not false, but strictly and
exactly nonsense. You never can place a particular in the sort of
place where a universal ought to be, and vice versa. If I say ‘a is
not &’, or if I say ‘a is &, that implies that a and 4 are of the same
logical type. When I say of a universal that it exists, I should be
meaning it in a different sense from that in which one says that
particulars exist. E.g., you might say ‘Colours exist in the spectrum
between blue and yellow.” That would be a perfectly respectable
statement, the colours being taken as universals. You mean simply
that the propositional function ‘x is a colour between blue and
yellow’ is one which is capable of truth. But the x which occurs
there is not a particular, it is a universal. So that you arrive at the
fact that the ultimate important notion involved in existence is the
notion that I developed in the lecture before last, the notion of a
propositional function being sometimes true, or being, in other
words, possible. The distinction between what some people would
call real existence, and existence in people’s imagination or in my
subjective activity, that distinction, as we have just seen, is entirely
one of correlation. I mean that anything which appears to you,

* See Our Knowledge of the External World, Chap. III. Also Section X1I of
‘Sense-Data and Physics’ in Mysticism and Logic,
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you will be mistakenly inclined to say has some more glorified
form of existence if it is associated with those other things I was
talking of in the way that the appearance of Socrates to you would
be associated with his appearance to other people. You would say
he was only in your imagination if there were not those other cor-
related appearances that you would naturally expect. But that does
not mean that the appearance to you is not exactly as much a part
of the world as if there were other correlated appearances. It will
be exactly as much a part of the real world, only it will fail to have
the correlations that you expect. That applies to the question of
sensation and imagination. Things imagined do not have the same
sort of correlations as things sensated. If you care to see more about
this question, I wrote a discussion in The Monist for January, 1915,
and if any of you are interested, you will find the discussion there.

I come now to the proper subject of my lecture, but shall have
to deal with it rather hastily. It was to explain the theory of types
and the definition of classes. Now first of all, as I suppose most of
you are aware, if you proceed carelessly with formal logic, you
can very easily get into contradictions. Many of them have been
known for a long time, some even since the time of the Greeks, but
it is only fairly recently that it has been discovered that they bear
upon mathematics, and that the ordinary mathematician is liable
to fall into them when he approaches the realms of logic, unless
he is very cautious. Unfortunately the mathematical ones are more
difficult to expound, and the ones easy to expound strike one as
mere puzzles or tricks.

You can start with the question whether or not there is a greatest
cardinal number. Every class of things that you can choose to men-
tion has some cardinal number. That follows very easily from the
definition of cardinal numbers as classes of similar classes, and
you would be inclined to suppose that the class of all things there
are in the world would have about as many members as a class
could be reasonably expected to have. The plain man would
suppose you could not get a larger class than the class of all the
things there are in the world. On the other hand, it is very easy
to prove that if you take selections of some of the members of a
class, making those selections in every conceivable way that you
can, the number of different selections that you can make is greater
than the original number of terms. That is easy to see with small
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numbers. Suppose you have a class with just three numbers, a,b,c.
The first selection that you can make is the selection of no terms.
The next of a alone, b alone, ¢ alone. Then bc, ca, ab, abc, which
makes in all 8 (i.e., 23) selections. Generally speaking, if you have
n terms, you can make 2" selections. It is very easy to prove that
2™ is always greater than n, whether » happens to be finite or not.
So you find that the total number of things in the world is not so
great as the number of classes that can be made up out of those
things. I am asking you to take all these propositions for granted,
because there is not time to go into the proofs, but they are all in
Cantor’s work. Therefore you will find that the total number of
things in the world is by no means the greatest number. On the
contrary, there is a heirarchy of numbers greater than that. That,
on the face of it, seems to land you in a contradiction. You have, in
fact, a perfectly precise arithmetical proof that there are fewer
things in heaven or earth than are dreamt of in our philosophy.
That shows how philosophy advances.

You are met with the necessity, therefore, of distinguishing
between classes and particulars. You are met with the necessity
of saying that a class consisting of two particulars is not itself in
turn a fresh particular, and that has to be expanded in all sorts of
ways; i.e., you will have to say that in the sense in which there are
particulars, in that sense it is not true to say there are classes. The
sense in which there are classes is a different one from the sense
in which there are particulars, because if the senses of the two were
exactly the same, a world in which there are three particulars and
therefore eight classes, would be a world in which there are at
least eleven things. As the Chinese philosopher pointed out long
ago, a dun cow and a bay horse makes three things: separately
they are each one, and taken together they are another, and there-
fore three.

I pass now to the contradiction about classes that are not mem-
bers of themselves. You would say generally that you would not
expect a class to be a member of itself. For instance, if you take
the class of all the teaspoons in the world, that is not in itself a
teaspoon. Or if you take all the human beings in the world, the
whole class of them is not in turn a human being. Normally you
would say you cannot expect a whole class of things to be itself a
member of that class. But there are apparent exceptions. If you



THE PHILOSOPHY OF LOGICAL ATOMISM 261

take, e.g., all the things in the world that are not teaspoons and
make up a class of them, that class obviously (you would say) will
not be a teaspoon. And so generally with negative classes. And
not only with negative classes, either, for if you think for a moment
that classes are things in the same sense in which things are things,
you will then have to say that the class consisting of all the things
in the world is itself a thing in the world, and that therefore this
class is a member of itself. Certainly you would have thought that
it was clear that the class consisting of all the classes in the world
is itself a class. That I think most people would feel inclined to
suppose, and therefore you would get there a case of a class which
is a member of itself. If there is any sense in asking whether a class
is a member of itself or not, then certainly in all the cases of the
ordinary classes of everyday life you find that a class is not a mem-
ber of itself. Accordingly, that being so, you could go on to make
up the class of all those classes that are not members of themselves,
and you can ask yourself, when you have done that, is that class a
member of itself or is it not?

Let us first suppose that it is a member of itself. In that case it
is one of those classes that are not members of themselves, i.e., it
is not a member of itself. Let us then suppose that it is not a mem-
ber of itself. In that case it is not one of those classes that are not
members of themselves, i.e., it is one of those classes that are mem-
bers of themselves, i.e., it is a member of itself. Hence either hypo-
thesis, that it is or that it is not a member of itself, leads to its
contradiction. If it is a member of itself, it is not, and if it is not,
it is.

That contradiction is extremely interesting. You can modify
its form; some forms of modification are valid and some are not.
I once had a form suggested to me which was not valid, namely
the question whether the barber shaves himself or not. You can
define the barber as ‘one who shaves all those, and those only,
who do not shave themselves’. The question is, does the barber
shave himself? In this form the contradiction is not very difficult
to solve. But in our previous form I think it is clear that you can
only get around it by observing that the whole question whether
a class is or is not a member of itself is nonsense, i.e., that no class
either is or is not a member of itself, and that it is not even true
to say that, because the whole form of words is just a noise without



262 LOGIC AND KNOWLEDGE

meaning. That has to do with the fact that classes, as I shall be
coming on to show, are incomplete symbols in the same sense in
which the descriptions are that I was talking of last time; you are
talking nonsense when you ask yourself whether a class is or is not
a member of itself, because in any full statement of what is meant
by a proposition which seems to be about a class, you will find that
the class is not mentioned at all and that there is nothing about a
class in that statement. It is absolutely necessary, if a statement
about a class is to be significant and not pure nonsense, that it
should be capable of being translated into a form in which it does
not mention the class at all. This sort of statement, ‘Such-and-
such a class is or is not a member of itself’, will not be capable of
that kind of translation. It is analogous to what I was saying about
descriptions: the symbol for a class is an incomplete symbol; it
does not really stand for part of the propositions in which symbolic-
ally it occurs, but in the right analysis of those propositions that
symbol has been broken up and disappeared.

There is one other of these contradictions that I may as well
mention, the most ancient, the saying of Epimenides that ‘All
Cretans are liars’. Epimenides was a man who slept for sixty years
without stopping, and I believe that it was at the end of that nap
that he made the remark that all Cretans were liars. It can be put
more simply in the form: if a man makes the statement ‘I am lying’,
is he lying or not? If he is, that is what he said he was doing, so he
is speaking the truth and not lying. If, on the other hand, he is not
lying, then plainly he is speaking the truth in saying that he is lying,
and therefore he is lying, since he says truly that that is what he is
doing. It is an ancient puzzle, and nobody treated that sort of
thing as anything but a joke until it was found that it had to do
with such important and practical problems as whether there is a
greatest cardinal or ordinal number. Then at last these contradic-
tions were treated seriously. The man who says ‘I am lying’ is
really asserting ‘There is a proposition which I am asserting and
which is false’. That is presumably what you mean by lying. In
order to get out the contradiction you have to take that whole
assertion of his as one of the propositions to which his assertion
applies; i.e., when he says “There is a proposition which I am
asserting and which is false’, the word ‘proposition’ has to be
interpreted as to include among propositions his statement to the
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effect that he is asserting a false proposition. Therefore you have
to suppose that you have a certain totality, viz., that of propositions,
but that that totality contains members which can only be defined
in terms of itself. Because when you say ‘There is a proposition
which I am asserting and which is false’, that is a statement whose
meaning can only be got by reference to the totality of propositions.
You are not saying which among all the propositions there are in
the world it is that you are asserting and that is false. Therefore
it presupposes that the totality of proposition is spread out before
you and that some one, though you do not say which, is being
asserted falsely. It is quite clear that you get into a vicious circle
if you first suppose that this totality of propositions is spread out
before you, so that you can without picking any definite one
say ‘Some one out of this totality is being asserted falsely’, and
that yet, when you have gone on to say ‘Some one out of this total-
ity is being asserted falsely’, that assertion is itself one of the totality
you were to pick out from. That is exactly the situation you have
in the paradox of the liar. You are supposed to be given first of all
a set of propositions, and you assert that some one of these is being
asserted falsely, then that assertion itself turns out to be one of the
set, so that it is obviously fallacious to suppose the set already there
in its entirety. If you are going to say anything about ‘all proposi-
tions’, you will have to define propositions, first of all, in some such
way as to exclude those that refer to all the propositions of the
sort already defined. It follows that the word ‘proposition’, in the
sense in which we ordinarily try to use it, is a meaningless one,
and that we have got to divide propositions up into sets and can
make statements about all propositions in a given set, but those
propositions will not themselves be members of the set. For in-
stance, I may say ‘All atomic propositions are either true or false’,
but that itself will not be an atomic proposition. If you try to say
‘All propositions are either true or false’, without qualification,
you are uttering nonsense, because if it were not nonsense it
would have to be itself a proposition and one of those included
in its own scope, and therefore the law of excluded middle as
enunciated just now is a meaningless noise. You have to cut
propositions up into different types, and you can start with atomic
propositions or, if you like, you can start with those propositions
that do not refer to sets of propositions at all. Then you will take
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next those that refer to sets of prapositions of that sort that you
had first. Those that refer to sets of propositions of the first type,
you may call the second type, and so on.

If you apply that to the person who says ‘I am lying’, you will
find that the contradiction has disappeared, because he will have
to say what type of liar he is. If he says ‘I am asserting a false
proposition of the first type’, as a matter of fact that statement,
since it refers to the totality of propositions of the first type, is of
the second type. Hence it is not true that he is asserting a false
proposition of the first type, and he remains a liar. Similarly, if
he said he was asserting a false proposition of the 30,000th type,
that would be a statement of the 30,001st type, so he would still
be a liar. And the counter-argument to prove that he was also not
a liar has collapsed.

You can lay it down that a totality of any sort cannot be a mem-
ber of itself. That applies to what we are saying about classes.
For instance, the totality of classes in the world cannot be a class
in the same sense in which they are. So we shall have to distinguish
a hierarchy of classes. We will start with the classes that are com-
posed entirely of particulars: that will be the first type of classes.
Then we will go on to classes whose members are classes of the
first type: that will be the second type. Then we will go on to
classes whose members are classes of the second type: that will
be the third type, and so on. Never is it possible for a class of one
type either to be or not to be identical with a class of another type.
That applies to the question I was discussing a moment ago, as
to how many things there are in the world. Supposing there are
three particulars in the world. There are then, as I was explaining,
8 classes of particulars. There will be 28 (i.e., 256) classes of classes
of particulars, and 2258 classes of classes of classes of particulars,
and so on. You do not get any contradiction arising out of that,
and when you ask yourself the question: ‘Is there, or is there not a
greatest cardinal number?’ the answer depends entirely upon
whether you are confining yourself within some one type, or
whether you are not. Within any given type there is a greatest
cardinal number, namely, the number of objects of that type, but
you will always be able to get a larger number by going up to the
next type. Therefore, there is no number so great but what you
can get a greater number in a sufficiently high type. There you
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have the two sides of the argument: the one side when the type is
given, the other side when the type is not given.

I have been talking, for brevity’s sake, as if there really were all
these different sorts of things. Of course, that is nonsense. There
are particulars, but when one comes on to classes, and classes of
classes, and classes of classes of classes, one is talking of logical
fictions. When I say there are no such things, that again is not
correct. It is not significant to say ‘There are such things’, in the
same sense of the words ‘there are’ in which you can say ‘“There are
particulars’. If I say ‘There are particulars’ and “There are classes’,
the two phrases ‘there are’ will have to have different meanings in
those two propositions, and if they have suitable different mean-
ings, both propositions may be true. If, on the other hand, the
words ‘there are’ are used in the same sense in both, then one at
least of those statements must be nonsense, not false but nonsense.
The question then arises, what is the sense in which one can say
“There are classes’, or in other words, what do you mean by a state-
ment in which a class appears to come in? First of all, what are
the sort of things you would like to say about classes? They are
just the same as the sort of things you want to say about proposi-
tional functions. You want to say of a propositional function that
it is sometimes true. That is the same thing as saying of a class
that it has members. You want to say that is it true for exactly
100 values of the variables. That is the same as saying of a class
that it has a hundred members. All the things you want to say
about classes are the same as the things you want to say about
propositional functions excepting for accidental and irrelevant
linguistic forms, with, however, a certain proviso which must now
be explained.

Take, e.g., two propositional functions such as ‘x is a man’, ‘x is
a featherless biped’. Those two are formally equivalent, i.e., when
one is true so is the other, and vice versa. Some of the things that
you can say about a propositional function will not necessarily
remain true if you substitute another formally equivalent propo-
sitional function in its place. For instance, the propositional func-
tion ‘x is a man’ is one which has to do with the concept of
humanity. That will not be true of ‘x is a featherless biped’. Or
if you say, ‘so-and-so asserts that such-and-such is a man’ the
propositional function ‘x is a man’ comes in there, but ‘x is a
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featherless biped’ does not. There are a certain number of things
which you can sy about a propositional function which would be
not true if you substitute another formally equivalent proposi-
tional function. On the other hand, any statement about a
propositional function which will remain true or remain false, as
the case may be, when you substitute for it another formally
equivalent propositional function, may be regarded as being about
the class which is associated with the propositional function. I
want you to take the words may be regarded strictly. I am using
them instead of s, because 7s would be untrue. ‘Extensional’ state-
ments about functions are those that remain true when you sub-
stitute any other formally equivalent function, and these are the
ones that may be regarded as being about the class. If you have
any statement about a function which is not extensional, you can
always derive from it a somewhat similar statement which is exten-
sional, viz., there is a function formally equivalent to the one in
question about which the statement in question is true. This
statement, which is manufactured out of the one you started
with, will be extensional. It will always be equally true or equally
false of any two formally equivalent functions, and this derived
extensional statement may be regarded as being the corresponding
statement about the associated class. So, when I say that ‘The
class of men has so-and-so many members’, that is to say “There
are so-and-so many men in the world’, that will be derived from
the statement that ‘x is human’ is satisfied by so-and-so many val-
ues of x, and in order to get it into the extensional form, one will
put it in this way, that “There is a function formally equivalent
to “x is human”, which is true for so-and-so many values of x’.
That I should define as what I mean by saying “The class of men
has so-and-so many members’. In that way you find that all the
formal properties that you desire of classes, all their formal uses
in mathematics, can be obtained without supposing for a moment
that there are such things as classes, without supposing, that is
to say, that a proposition in which symbolically a class occurs, does
in fact contain a constituent corresponding to that symbol, and
when rightly analysed that symbol will disappear, in the same sort
of way as descriptions disappear when the propositions are rightly
analysed in which they occur.

There are certain difficulties in the more usual view of classes,
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in addition to those we have already mentioned, that are solved by
our theory. One of these concerns the null-class, i.e., the class
consisting of no members, which is difficult to deal with on a purely
extensional basis. Another is concerned with unit-classes. With
the ordinary view of classes you would say that a class that has
only one member was the same as that one member. That will
land you in terrible difficulties, because in that case that one mem-
ber is a member of that class, namely, itself. Take, e.g., the class
of ‘Lecture audiences in Gordon Square’.* That is obviously a
class of classes, and probably it is a class that has only one member,
and that one member itself (so far) has more than one member.
Therefore if you were to identify the class of lecture audiences in
Gordon Square with the only lecture audience that there is in
Gordon Square, you would have to say both that it has one member
and that it has twenty members, and you will be landed in contra-
dictions, because this audience has more than one member, but
the class of audiences in Gordon Square has only one member.
Generally speaking, if you have any collection of many objects
forming a class, you can make a class of which that class is the
only member, and the class of which that class is the only member
will have only one member, though this only member will have
many members. This is one reason why you must distinguish
a unit-class from its only member. Another is that, if you do not,
you will find that the class is a member of itself, which is objec-
tionable, as we saw earlier in this lecture. I have omitted a subtlety
connected with the fact that two formally equivalent functions
may be of different types. For the way of treating this point, see
Principia Mathematica, page 20, and Introduction, Chapter III.

I have not said quite all that I ought to have said on this subject.
I meant to have gone a little more into the theory of types. The
theory of types is really a theory of symbols, not of things. In a
proper logical language it would be perfectly obvious. The trouble
that there is arises from our inveterate habit of trying to name
what cannot be named. If we had a proper logical language, we
should not be tempted to do that. Strictly speaking, only parti-
culars can be named. In that sense in which there are particulars,

* [These lectures were given ‘in Dr. Williams’s library in Gordon Square,’
Russell informs me, on eight consecutive Tuesdays. Although University
College London, stands nearby, this was probably the only lecture audience in
Gordon Square proper.—R.C.M.]
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you cannot say either truly or falsely that there is anything else.
The word ‘there i’ is a word having ‘systematic ambiguity’, i.e.,
having a strictly infinite number of different meanings which it is
important to distinguish.

Discussion

Question: Could you lump all those classes, and classes of classes,
and so on, together?

Myr. Russell: All are fictions, but they are different fictions in
each case. When you say ‘There are classes of particulars’, the
statement ‘there are’ wants expanding and explaining away, and
when you have put down what you really do mean, or ought to
mean, you will find that it is something quite different from what
you thought. That process of expanding and writing down fully
what you mean, will be different if you go on to ‘there are classes
of classes of particulars’. There are infinite numbers of meanings
to ‘there are’. The first only is fundamental, so far as the hierarchy
of classes is concerned.

Question: 1 was wondering whether it was rather analogous to
spaces, where the first three dimensions are actual, and the higher
ones are merely symbolic. I see there is a difference, there are
higher dimensions, but you can lump those together.

Mpr. Russell: There is only one fundamental one, which is the
first one, the one about particulars, but when you have gone to
classes, you have travelled already just as much away from what
there is as if you have gone to classes of classes. There are no
classes really in the physical world. The particulars are there, but
not classes. If you say “There is a universe’ that meaning of ‘there
is’ will be quite different from the meaning in which you say
“There is a particular’, which means that ‘the propositional func-
tion “x is a particular” is sometimes true’.

All those statements are about symbols. They are never about
the things themselves, and they have to do with ‘types.’” This is
really important and I ought not to have forgotten to say it, that
the relation of the symbol to what it means is different in different
types. I am not now talking about this hierarchy of classes and so
on, but the relation of a predicate to what it means is different
from the relation of a name to what it means. There is not one
single concept of ‘meaning’ as one ordinarily thinks there is, so
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that you can say in a uniform sense ‘All symbols have meaning’,
but there are infinite numbers of different ways of meaning, i.e.,
different sorts of relation of the symbol to the symbolized, which
are absolutely distinct. The relation, e.g., of a proposition to a fact,
is quite different from the relation of a name to a particular, as
you can see from the fact that there are two propositions always
related to one given fact, and that is not so with names. That
shows you that the relation that the proposition has to the fact is
quite different from the relation of a name to a particular. You
must not suppose that there is, over and above that, another way
in which you could get at facts by naming them. You can always
only get at the thing you are aiming at by the proper sort of symbol,
which approaches it in the appropriate way. That is the real philo-
sophical truth that is at the bottom of all this theory of types.

VIII. EXCURSUS INTO METAPHYSICS: WHAT THERE IS

I come now to the last lecture of this course, and I propose briefly
to point to a few of the morals that are to be gathered from what
has gone before, in the way of suggesting the bearing of the doc-
trines that I have been advocating upon various problems of
metaphysics. I have dealt hitherto upon what one may call philoso-
phical gramrnar, and I am afraid I have had to take you through a
good many very dry and dusty regions in the course of that in-
vestigation, but I think the importance of philosophical grammar
is very much greater than it is generally thought to be. I think that
practically all traditional metaphysics is filled with mistakes due
to bad grammar, and that almost all the traditional problems of
metaphysics and traditional results—supposed results—of meta-
physics are due to a failure to make the kind of distinctions in
what we may call philosophical grammar with which we have
been concerned in these previous lectures.

Take, as a very simple example, the philosophy of arithmetic.
If you think that 1, 2, 3, and 4, and the rest of the numbers, are
in any sense entities, if you think that there are objects, having
those names, in the realm of being, you have at once a very con-
siderable apparatus for your metaphysics to deal with, and you
have offered to you a certain kind of analysis of arithmetical pro-
positions. When you say, e.g., that 2 and 2 are 4, you suppose in
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that case that you are making a proposition of which the number 2
and the number 4 are constituents, and that has all sorts of conse-
quences, all sorts of bearings upon your general metaphysical out-
look. If there has been any truth in the doctrines that we have
been considering, all numbers are what I call logical fictions.
Numbers are classes of classes, and classes are logical fictions, so
that numbers are, as it were, fictions at two removes, fictions of
fictions. Therefore you do not have, as part of the ultimate consti-
tuents of your world, these queer entities that you are inclined
to call numbers. The same applies in many other directions.

One purpose that has run through all that I have said, has been
the justification of analysis, i.e., the justification of logical atomism,
of the view that you can get down in theory, if not in practice, to
ultimate simples, out of which the world is built, and that those
simples have a kind of reality not belonging to anything else.
Simples, as I tried to explain, are of an infinite number of sorts.
There are particulars and qualities and relations of various orders,
a whole hierarchy of different sorts of simples, but all of them, if
we were right, have in their various ways some kind of reality that
does not belong to anything else. The only other sort of object
you come across in the world is what we call facts, and facts are
the sort of things that are asserted or denied by propositions, and
are not properly entities at all in the same sense in which their
constituents are. That is shown in the fact that you cannot name
them. You can only deny, or assert, or consider them, but you
cannot name them because they are not there to be named, al-
though in another sense it is true that you cannot know the world
unless you know the facts that make up the truths of the world;
but the knowing of facts is a different sort of thing from the know-
ing of simples.

Another purpose which runs through all that I have been saying
is the purpose embodied in the maxim called Occam’s Razor. That
maxim comes in, in practice, in this way: take some science, say
physics. You have there a given body of doctrine, a set of proposi-
tions expressed in symbols—I am including words among symbols
—and you think that you have reason to believe that on the whole
those propositions, rightly interpreted, are fairly true, but you do
not know what is the actual meaning of the symbols that you are
using. The meaning they have #n use would have to be explained
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in some pragmatic way: they have a certain kind of practical or
emotional significance to you which is a datum, but the logical
significance is not a datum, but a thing to be sought, and you go
through, if you are analysing a science like physics, these proposi-
tions with a view to finding out what is the smallest empirical
apparatus—or the smallest apparatus, not necessarily wholly
empirical—out of which you can build up these propositions.
What is the smallest number of simple undefined things at the
start, and the smallest number of undemonstrated premises, out
of which you can define the things that need to be defined and
prove the things that need to be proved? That problem, in any
case that you like to take, is by no means a simple one, but on the
contrary an extremely difficult one. It is one which requires a very
great amount of logical technique; and the sort of thing that I have
been talking about in these lectures is the preliminaries and first
steps in that logical technique. You cannot possibly get at the
solution of such a problem as I am talking about if you go at it in
a straightforward fashion with just the ordinary acumen that one
accumulates in the course of reading or in the study of traditional
philosophy. You do need this apparatus of symbolical logic that
I have been talking about. (The description of the subject as sym-
bolical logic is an inadequate one. I should like to describe it simply
as logic, on the ground that nothing else really is logic, but that
would sound so arrogant that I hesitate to do so.)

Let us consider further the example of physics for a moment.
You find, if you read the works of physicists, that they reduce
matter down to certain elements—atoms, ions, corpuscles, or what
not. But in any case the sort of thing that you are aiming at in the
physical analysis of matter is to get down to very little bits of matter
that still are just like matter in the fact that they persist through
time, and that they travel about in space. They have in fact all the
ordinary everyday properties of physical matter, not the matter
that one has in ordinary life—they do not taste or smell or appear
to the naked eye—but they have the properties that you very soon
get to when you travel toward physics from ordinary life. Things
of that sort, I say, are not the ultimate consituents of matter in any
metaphysical sense. Those things are all of them, as I think a very
little reflection shows, logical fictions in the sense that I was
speaking of. At least, when I say they are, I speak somewhat too
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dogmatically. It is possible that there may be all these things that
the physicist talks about in actual reality, but it is impossible that
we should ever have any reason whatsoever for supposing that there
are. That is the situation that you arrive at generally in such ana-
lyses. You find that a certain thing which has been set up as a
metaphysical entity can either be assumed dogmatically to be real,
and then you will have no possible argument either for its reality
or against its reality; or, instead of doing that, you can construct a
logical fiction having the same formal properties, or rather having
formally analogous formal properties to those of the supposed
metaphysical entity and itself composed of empirically given things,
and that logical fiction can be substituted for your supposed
metaphysical entity and will fulfil all the scientific purposes that
anybody can desire. With atoms and the rest it is so, with all the
metaphysical entities whether of science or of metaphysics. By
metaphysical entities I mean those things which are supposed to be
part of the ultimate constituents of the world, but not to be the
kind of thing that is ever empirically given—I do not say merely
not being itself empirically given, but not being the kind of thing
that is empirically given. In the case of matter, you can start from
what is empirically given, what one sees and hears and smells and
so forth, all the ordinary data of sense, or you can start with some
definite ordinary object, say this desk, and you can ask yourselves,
‘What do I mean by saying that this desk that I am looking at now
is the same as the one I was looking at a week ago?’ The first simple
ordinary answer would be that it s the same desk, it is actually
identical, there is a perfect identity of substance, or whatever you
like to call it. But when that apparently simple answer is suggested,
it is important to observe that you cannot have an empirical reason
for such a view as that, and if you hold it, you hold it simply be-
cause you like it and for no other reason whatever. All that you
really know is such facts as that what you see now, when you look
at the desk, bears a very close similarity to what you saw a week
ago when you looked at it. Rather more than that one fact of
similarity I admit you know, or you may know. You might have
paid some one to watch the desk continuously throughout the
week, and might then have discovered that it was presenting
appearances of the same sort all through that period, assuming
that the light was kept on all through the night. In that way you
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could have established continuity. You have not in fact done so.
You do not in fact know that that desk has gone on looking the same
all the time, but we will assume that. Now the essential point is
this: What is the empirical reason that makes you call a number of
appearances, appearances of the same desk? What makes you say
on successive occasions, I am seeing the same desk? The first thing
to notice is this, that it does not matter what is the answer, so long
as you have realized that the answer consists in something empiri-
cal and not in a recognized metaphysical identity of substance.
There is something given in experience which makes you call it
the same desk, and having once grasped that fact, you can go on
and say, it is that something (whatever it is) that makes you call
it the same desk which shall be defined as constituting it the same
desk, and there shall be no assumption of a metaphysical substance
which is identical throughout. It is a little easier to the untrained
mind to conceive of an identity than it is to conceive of a system of
correlated particulars, hung one to another by relations of simi-
larity and continuous change and so on. That idea is apparently
more complicated, but that is what is empirically given in the real
world, and substance, in the sense of something which is continu-
ously identical in the same desk, is not given to you. Therefore in
all cases where you seem to have a continuous entity persisting
through changes, what you have to do is to ask yourself what makes
you consider the successive appearances as belonging to one thing.
When you have found out what makes you take the view that they
belong to the same thing, you will then see that that which has
made you say so, is all that is certainly there in the way of unity.
Anything that there may be over and above that, I shall recognize
as something I cannot know. What I can know is that there are a
certain series of appearances linked together, and the series of
those appearances I shall define as being a desk. In that way the
desk is reduced to being a logical fiction, because a series is a logical
fiction. In that way all the ordinary objects of daily life are extruded
from the world of what there is, and in their place as what there
is you find a number of passing particulars of the kind that one is
immediately conscious of in sense. I want to make clear that I am
not denying the existence of anything; I am only refusing to affirm
it. I refuse to affirm the existence of anything for which there is
no evidence, but I equally refuse to deny the existence of anything
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against which there is no evidence. Therefore I neither affirm nor
deny it, but merely say, that is not in the realm of the knowable
and is certainly not a part of physics; and physics, if it is to be
interpreted, must be interpreted in terms of the sort of thing that
can be empirical. If your atom is going to serve purposes in physics,
as it undoubtedly does, your atom has got to turn out to be a
construction, and your atom will in fact turn out to be a series of
classes of particulars. The same process which one applies to
physics, one will also apply elsewhere. The application to physics
I explained briefly in my book on the External World, Chapters I11
and IV.

I have talked so far about the unreality of the things we think
real. I want to speak with equal emphasis about the reality of
things we think unreal, such as phantoms and hallucinations. Phan-
toms and hallucinations, considered in themselves, are, as I ex-
plained in the preceding lectures, on exactly the same level as
ordinary sense-data. They differ from ordinary sense-data only
in the fact that they do not have the usual correlations with other
things. In themselves they have the same reality as ordinary sense-
data. They have the most complete and absolute and perfect
reality that anything can have. They are part of the ultimate consti-
tuents of the world, just as the fleeting sense-data are. Speaking
of the fleeting sense-data, I think it is very important to remove out
of one’s instincts any disposition to believe that the real is the
permanent. There has been a metaphysical prejudice always that
if a thing is really real, it has to last either forever or for a fairly
decent length of time. That is to my mind an entire mistake. The
things that are really real last a very short time. Again I am not
denying that there may be things that last forever, or for thousands
of years; I only say that those are not within our experience, and
that the real things that we know by experience last for a very
short time, one tenth or half a second, or whatever it may be.
Phantoms and hallucinations are among those, among the ultimate
constituents of the world. The things that we call real, like tables
and chairs, are systems, series of classes of particulars, and the
particulars are the real things, the particulars being sense-data
when they happen to be given to you. A table or chair will be a
series of classes of particulars, and therefore a logical fiction. Those
particulars will be on the same level of reality as a hallucination
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or a phantom. I ought to explain in what sense a chair is a series
of classes. A chair presents at each moment a number of different
appearances. All the appearances that it is presenting at a given
moment make up a certain class. All those sets of appearances vary
from time to time. If I take a chair and smash it, it will present a
whole set of different appearances from what it did before, and
without going as far as that, it will always be changing as the light
changes, and so on. So you get a series in time of different sets of
appearances, and that is what I mean by saying that a chair is a
series of classes. That explanation is too crude, but I leave out
the niceties, as that is not the actual topic I am dealing with. Now
each single particular which is part of this whole system is linked
up with the others in the system. Supposing, e.g., I take as my
particular the appearance which that chair is presenting to me at
this moment. That is linked up first of all with the appearance
which the same chair is presenting to any one of you at the same
moment, and with the appearance which it is going to present to
me at later moments. There you get at once two journeys that you
can take away from that particular, and that particular will be
correlated in certain definite ways with the other particulars which
also belong to that chair. That is what you mean by saying—or
what you ought to mean by saying—that what I see before me is a
real thing as opposed to a phantom. It means that it has a whole set
of correlations of different kinds. It means that that particular,
which is the appearance of the chair to me at this moment, is not
isolated but is connected in a certain well-known familiar fashion
with others, in the sort of way that makes it answer one’s expecta-
tions. And so, when you go and buy a chair, you buy not only the
appearance which it presents to you at that moment, but also
those other appearances that it is going to present when it gets
home. If it were a phantom chair, it would not present any appear-
ances when it got home, and would not be the sort of thing you
would want to buy. The sort one calls real is one of a whole cor-
related system, whereas the sort you call hallucinations are not.
The respectable particulars in the world are all of them linked up
with other particulars in respectable, conventional ways. Then
sometimes you get a wild particular, like a merely visual chair that
you cannot sit on, and say it is a phantom, a hallucination, you
exhaust all the vocabulary of abuse upon it. That is what one
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means by calling it unreal, because ‘unreal’ applied in that way is
a term of abuse and never would be applied to a thing that was
unreal because you would not be so angry with it.

I will pass on to some other illustrations. Take a person. What
is it that makes you say, when you meet your friend Jones, ‘Why,
this is Jones’? It is clearly not the persistence of a metaphysical
entity inside Jones somewhere, because even if there be such an
entity, it certainly is not what you see when you see Jones coming
along the street; it certainly is something that you are not acquain-
ted with, not an empirical datum. Therefore plainly there is some-
thing in the empirical appearances which he presents to you, some-
thing in their relations one to another, which enables you to collect
all these together and say, “These are what I call the appearances
of one person’, and that something that makes you collect them
together is not the persistence of a metaphysical subject, because
that, whether there be such a persistent subject or not, is certainly
not a datum, and that which makes you say ‘Why, it is Jones’ is a
datum. Therefore Jones is not constituted as he is known by a sort
of pin-point ego that is underlying his appearances, and you have
got to find some correlations among the appearances which are of
the sort that make you put all those appearances together and say,
they are the appearances of one person. Those are different when
it is other people and when it is yourself. When it is yourself, you
have more to go by. You have not only what you look like, you
have also your thoughts and memories and all your organic sensa-
tions, so that you have a much richer material and are therefore
much less likely to be mistaken as to your own identity than as to
some one else’s. It happens, of course, that there are mistakes even
as to one’s own identity, in cases of multiple personality and so
forth, but as a rule you will know that it is you because you have
more to go by than other people have, and you would know it is
you, not by a consciousness of the ego at all but by all sorts of
things, by memory, by the way you feel and the way you look and
a host of things. But all those are empirical data, and those enable
you to say that the person to whom something happened yesterday
was yourself. So you can collect a whole set of experiences into
one string as all belonging to you, and similarly other people’s
experiences can be collected together as all belonging to them by
relations that actually are observable and without assuming the
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existence of the persistent ego. It does not matter in the least to
what we are concerned with, what exactly is the given empirical
relation between two experiences that makes us say, “These are
two experiences of the same person’. It does not matter precisely
what that relation is, because the logical formula for the construc-
tion of the person is the same whatever that relation may be, and
because the mere fact that you can know that two experiences
belong to the same person proves that there is such an empirical
relation to be ascertained by analysis. Let us call the relation R.
We shall say that when two experiences have to each other the
relation R, then they are said to be experiences of the same person.
That is a definition of what I mean by ‘experiences of the same
person’. We proceed here just in the same way as when we are
defining numbers. We first define what is meant by saying that
two classes ‘have the same number’, and then define what a num-
ber is. The person who has a given experience x will be the class
of all those experiences which are ‘experiences of the same person’
as the one who experiences x. You can say that two events are co-
personal when there is between them a certain relation R, namely
that relation which makes us say that they are experiences of the
same person. You can define the person who has a certain experi-
ence as being those experiences that are co-personal with that
experience, and it will be better perhaps to take them as a series
than as a class, because you want to know which is the beginning
of a man’s life and which is the end. Therefore we shall say that a
person is a certain series of experiences. We shall not deny that
there may be a metaphysical ego. We shall merely say that it is a
question that does not concern us in any way, because it is a matter
about which we know nothing and can know nothing, and there-
fore it obviously cannot be a thing that comes into science in any
way. What we know is this string of experiences that makes up a
person, and that is put together by means of certain empirically
given relations, such, e.g., as memory.

I will take another illustration, a kind of problem that our
method is useful in helping to deal with. You all know the Ameri-
can theory of neutral monism, which derives really from William
James and is also suggested in the work of Mach, but in a rather
less developed form. The theory of neutral monism maintains that
the distinction between the mental and the physical is entirely an

T



278 ILOGIC AND KNOWLEDGE

affair of arrangement, that the actual material arranged is exactly
the same in the case of the mental as it is in the case of the physical,
but they differ merely in the fact that when you take a thing as
belonging in the same context with certain other things, it will
belong to psychology, while when you take it in a certain other
context with other things, it will belong to physics, and the differ-
ence is as to what you consider to be its context, just the same sort
of difference as there is between arranging the people in London
alphabetically or geographically. So, according to William James,
the actual material of the world can be arranged in two different
ways, one of which gives you physics and the other psychology.
It is just like rows or columns: in an arrangement of rows and
columns, you can take an item as either a member of a certain row
or a member of a certain column; the item is the same in the two
cases, but its context is different.

If you will allow me a little undue simplicity I can go on to say
rather more about neutral monism, but you must understand that
I am talking more simply than I ought to do because there is not
time to put in all the shadings and qualifications. I was talking a
moment ago about the appearances that a chair presents. If we
take any one of these chairs, we can all look at it, and it presents a
different appearance to each of us. Taken all together, taking all
the different appearances that that chair is presenting to all of us
at this moment, you get something that belongs to physics. So
that, if one takes sense-data and arranges together all those sense-
data that appear to different people at a given moment and are such
as we should ordinarily say are appearances of the same physical
object, then that class of sense-data will give you something that
belongs to physics, namely, the chair at this moment. On the other
hand, if instead of taking all the appearances that that chair pre-
sents to all of us at this moment, I take all the appearances that the
different chairs in this room present to me at this moment, I get
quite another group of particulars. All the different appearances
that different chairs present to me now will give you something
belonging to psychology, because that will give you my experiences
at the present moment. Broadly speaking, according to what one
may take as an expansion of William James, that should be the
definition of the difference between physics and psychology.

We commonly assume that there is a phenomenon which we call
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seeing the chair, but what I call my seeing the chair according to
neutral monism is merely the existence of a certain particular,
namely the particular which is the sense-datum of that chair at that
moment. And I and the chair are both logical fictions, both being
in fact a series of classes of particulars, of which one will be that
particular which we call my seeing the chair. That actual appear-
ance that the chair is presenting to me now is a member of me and
a member of the chair, I and the chair being logical fictions. That
will be at any rate a view that you can consider if you are engaged
in vindicating neutral monism. There is no simple entity that you
can point to and say: this entity is physical and not mental. Ac-
cording to William James and neutral monists that will not be the
case with any simple entity that you may take. Any such entity will
be a member of physical series and a member of mental series.
Now I want to say that if you wish to test such a theory as that of
neutral monism, if you wish to discover whether it is true or false,
you cannot hope to get any distance with your problem unless
you have at your fingers’ ends the theory of logic that I have been
talking of. You never can tell otherwise what can be done with a
given material, whether you can concoct out of a given material
the sort of logical fictions that will have the properties you want
in psychology and in physics. That sort of thing is by no means
easy to decide. You can only decide it if you really have a very
considerable technical facility in these matters. Having said that,
I ought to proceed to tell you that I have discovered whether
neutral monism is true or not, because otherwise you may not
believe that logic is any use in the matter. But I do not profess to
know whether it is true or not. I feel more and more inclined to
think that it may be true. I feel more and more that the difficulties
that occur in regard to it are all of the sort that may be solved by
ingenuity. But nevertheless there are a number of difficulties;
there are a number of problems, some of which I have spoken
about in the course of these lectures. One is the question of belief
and the other sorts of facts involving two verbs. If there are such
facts as this, that, I think, may make neutral monism rather diffi-
cult, but as I was pointing out, there is the theory that one calls
behaviourism, which belongs logically with neutral monism, and
that theory would altogether dispense with those facts containing
two verbs, and would therefore dispose of that argument against
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neutral monism. There is, on the.other hand, the argument from
emphatic particulars, such as ‘this’ and ‘now’ and ‘here’ and such
words as that, which are not very easy to reconcile, to my mind,
with the view which does not distinguish between a particular and
experiencing that particular. But the argument about emphatic
particulars is so delicate and so subtle that I cannot feel quite sure
whether it is a valid one or not, and I think the longer one pursues
philosophy, the more conscious one becomes how extremely often
one has been taken in by fallacies, and the less willing one is to be
quite sure that an argument is valid if there is anything about it
that is at all subtle or elusive, at all difficult to grasp. That makes
me a little cautious and doubtful about all these arguments, and
therefore although I am quite sure that the question of the truth
or falsehood of neutral monism is not to be solved except by these
means, yet I do not profess to know whether neutral monism is
true or is not. I am not without hopes of finding out in the course
of time, but I do not profess to know yet.

As I said earlier in this lecture, one thing that our techinique
does, is to give us a means of constructing a given body of symbolic
propositions with the minimum of apparatus, and every diminu-
tion in apparatus diminishes the risk of error. Suppose, e.g., that
you have constructed your physics with a certain number of
entities and a certain number of premises; suppose you discover
that by a little ingenuity you can dispense with half of those enti-
ties and half of those premises, you clearly have diminished the
risk of error, because if you had before 10 entities and 10 premisses,
then the 5 you have now would be all right, but it is not true con-
versely that if the 5 you have now are all right, the 10 must have
been. Therefore you diminish the risk of error with every diminu-
tion of entities and premisses. When I spoke about the desk and
said I was not going to assume the existence of a persistent sub-
stance underlying its appearances, it is an example of the case in
point. You have anyhow the successive appearances, and if you
can get on without assuming the metaphysical and constant desk,
you have a smaller risk of error than you had before. You would
not necessarily have a smaller risk of error if you were tied down
to denying the metaphysical desk. That is the advantage of Occam’s
Razor, that it diminishes your risk of error. Considered in that way
you may say that the whole of our problem belongs rather to
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science than to philosophy. I think perhaps that is true, but I
believe the only difference between science and philosophy is, that
science is what you more or less know and philosophy is what you
do not know. Philosophy is that part of science which at present
people choose to have opinions about, but which they have no
knowledge about. Therefore every advance in knowledge robs
philosophy of some problems which formerly it had, and if there
is any truth, if there is any value in the kind of procedure of mathe-
matical logic, it will follow that a number of problems which had
belonged to philosophy will have ceased to belong to philosophy
and will belong to science. And of course the moment they become
soluble, they become to a large class of philosophical minds un-
interesting, because to many of the people who like philosophy,
the charm of it consists in the speculative freedom, in the fact that
you can play with hypotheses. You can think out this or that which
may be true, which is a very valuable exercise until you discover
what 75 true; but when you discover what is true the whole fruitful
play of fancy in that region is curtailed, and you will abandon that
region and pass on. Just as there are families in America who from
the time of the Pilgrim Fathers onward had always migrated west-
ward, toward the backwoods, because they did not like civilized
life, so the philosopher has an adventurous disposition and likes
to dwell in the region where there are still uncertainties. It is true
that the transferring of a region from philosophy into science will
make it distasteful to a very important and useful type of mind.
I think that is true of a good deal of the applications of mathe-
matical logic in the directions that I have been indicating. It makes
it dry, precise, methodical, and in that way robs it of a certain
quality that it had when you could play with it more freely. I do
not feel that it is my place to apologize for that, because if it is
true, it is true. If it is not true, of course, I do owe you an apology;
but if it is, it is not my fault, and therefore I do not feel I owe any
apology for any sort of dryness or dulness in the world. I would
say this too, that for those who have any taste for mathematics,
for those who like symbolic constructions, that sort of world is a
very delightful one, and if you do not find it otherwise attractive,
all that is necessary to do is to acquire a taste for mathematics,
and then you will have a very agreeable world, and with that con-
clusion I will bring this course of lectures to an end.






On Propositions: what they are and how they mean

Russell has never had any hesitation about saying that he has
changed his mind, a characteristic that runs contrary to two common
occupational disorders of philosophers: the illusion of infallibility (or
the necessity to suggest the same), and hesitation about airing one’s
views (based on the fear that in time one may find them to be faulty).
Both of these tendencies Russell deplores and feels to be lingering
influences of the days in which philosophy was closely united with
theology. A theologian cannot change his mind on major issues of
doctrine, for the consequence of this is heresy. A scientist, however,
can change his theories if further investigations reveal his earlier
Sformulations to be wrong. It is Russell’s hope that as philosophy
comes closer to a scientific point of view, the right of the philosopher
to alter his opinions in the light of his later thoughts will be accepted
as a matter of course.

This essay, composed a year after the lectures on logical atomism,
shows the development of Russell’s theory as to the nature of proposi-
tions. Essentially what is involved is the further assimilation of the
views of Wittgenstein, whose influence upon the 1918 series was far
more clearly marked. There is no doubt about the theory given here
being Russell’s characteristic work. For one thing, it introduces con-
siderations of behaviourism which are typical of Russell’s thought of
the twenties and lie apart from his conversations with Wittgenstein
before 1914. It is reprinted here to show the manner in which Russell
modified his views immediately after the publication of the 1918
lectures and to show the steps that led from his earlier thought (to
which the lectures of 1918 can be taken as a sort of cap-stone and
summation) to his later views. It is this later Russell that historians
of contemporary philosophy frequently neglect or misrepresent.
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1919

ON PROPOSITIONS: WHAT THEY ARE
AND HOW THEY MEAN*

A PROPOSITION may be defined as: What we believe when we
believe truly or falsely. This definition is so framed as to avoid the
assumption that, whenever we believe, our belief is true or false.
In order to arrive, from the definition, at an account of what a
proposition is, we must decide what belief is, what is the sort of
thing that can be believed, and what constitutes truth or falsehood
in a belief. I take it as evident that the truth or falsehood of a belief
depends upon a fact to which the belief ‘refers’. Therefore it is
well to begin our inquiry by examining the nature of facts.

I. STRUCTURE OF FACTS

I mean by a ‘fact’ anything complex. If the world contains no
simples, then whatever it contains is a fact; if it contains any
simples, then facts are whatever it contains except simples. When
it is raining, that is a fact; when the sun is shining, that is a fact.
The distance from London to Edinburgh is a fact. That all men
die is probably a fact. That the planets move round the sun
approximately in ellipses is a fact. In speaking of these as facts, I
am not alluding to the phrases in which we assert them, or to our
frame of mind while we make the assertions, but to those features
in the constitution of the world which make our assertions true
(if they are true) or false (if they are false).

* In what follows, the first section, on the structure of facts, contains
nothing essentially novel, and is only included for the convenience of the
reader. I have defended its doctrines elsewhere, and have therefore here
set them down dogmatically. On the other hand, later sections contain
views which I have not hitherto advocated, resulting chiefly from an
attempt to define what constitutes ‘meaning’ and to dispense with the
‘subject’ except as a logical construction.
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To say that facts are complex. is the same thing as to say that
they have constituents. That Socrates was Greek, that he married
Xantippe, that he died of drinking the hemlock, are facts that all
have something in common, namely, that they are ‘about’ Socrates,
who is accordingly said to be a constituent of each of them.

Every constituent of a fact has a position (or several positions)
in the fact. For example, ‘Socrates loves Plato’ and ‘Plato loves
Socrates’ have the same constituents, but are different facts, be-
cause the constituents do not have the same positions in the two
facts. ‘Socrates loves Socrates’ (if it is a fact) contains Socrates in
two positions. “T'wo and two are four’ contains two in two positions.
‘2 + 2 = 2% contains 2 in four positions.

Two facts are said to have the same ‘form’ when they differ only
as regards their constituents. In this case, we may suppose the one
to result from the other by substitution of different constituents.
For example, ‘Napoleon hates Wellington’ results from ‘Socrates
loves Plato’ by substituting Napoleon for Socrates, Wellington for
Plato, and hates for loves. It is obvious that some, but not all, facts
can be thus derived from ‘Socrates loves Plato’. Thus some facts
have the same form as this, and some have not. We can represent
the form of a fact by the use of variables: thus ‘¢ R y’ may be used
to represent the form of the fact that Socrates loves Plato. But the
use of such expressions, as well as of ordinary language, is liable
to lead to mistakes unless care is taken to avoid them.

There are an infinite number of forms of facts. It will conduce to
simplicity to confine ourselves, for the moment, to facts having
only three constituents, namely, two terms and a dual (or dyadic)
relation. In a fact which has three constituents, two can be distin-
guished from the third by the circumstance that, if these two are
interchanged, we still have a fact, or, at worst, we obtain a fact by
taking the contradictory of what results from the interchange,
whereas the third constituent (the relation) cannot ever be inter-
changed with either of the others. Thus if there is such a fact as
‘Socrates loves Plato’, there is either ‘Plato loves Socrates’ or ‘Plato
does not love Socrates’, but neither Socrates nor Plato can replace
loves. (For purposes of illustration, I am for the moment neglecting
the fact that Socrates and Plato are themselves complex.) The
essentially non-interchangeable constituent of a fact containing
three constituents is called a dual (or dyadic) relation; the other two
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constituents are called the ferms of that relation in that fact. The
terms of dual relations are called particulars *

Facts containing three constituents are not all of the same form.
There are two forms that they may have, which are each other’s
opposites. ‘Socrates loves Plato’ and ‘Napoleon does not love
Wellington’ are facts which have opposite forms. We will call the
form of ‘Socrates loves Plato’ positive, and the form of ‘Napoleon
does not love Wellington’ negative. So long as we confine ourselves
to atomic facts, i.e., to such as contain only one verb and neither
generality nor its denial, the distinction between positive and
negative facts is easily made. In more complicated cases there are
still two kinds of facts, though it is less clear which is positive and
which negative.

Thus the forms of facts divide into pairs, such that, given appro-
priate constituents, there is always a fact of one of the two corre-
lated forms but not of the other. Given any two particulars of a
dual relation, say x and y and R, there will be either a fact ‘x R y’,
or a fact ‘not - x R y’. Let us suppose, for the sake of illustration,
that x has the relation R to y, and z does not have the relation .S
to w. Each of these facts contains only three constituents, a relation
and two terms; but the two facts do not have the same form. In the
one, R relates x and y; in the other, S does not relate z and w. It
must not be supposed that the negative fact contains a constituent
corresponding to the word ‘not’. It contains no more constituents
than a positive fact of the correlative positive form. The difference
between the two forms is ultimate and irreducible. We will call
this characteristic of a form its quality. Thus facts, and forms of
facts, have two opposite qualities, positive and negative.

There is implanted in the human breast an almost unquenchable
desire to find some way of avoiding the admission that negative
facts are as ultimate as those that are positive. The ‘infinite nega-
tive’ has been endlessly abused and interpreted. Usually it is said
that, when we deny something, we are really asserting something
else which is incompatible with what we deny. If we say ‘roses are

# The above discussion might be replaced by that of subject-predicate
facts or of facts containing triadic, tetradic . . . relations. But it is possible
to doubt whether there are subject-predicate facts, and the others are more
complicated than those containing three constituents. Hence these are
best for purposes of illustration.



288 LOGIC AND KNOWLEDGE

not blue’, we mean ‘roses are white or red or yellow’. But such a
view will not bear a moment’s scrutiny. It is only plausible when
the positive quality by which our denial is supposed to be replaced
is incapable of existing together with the quality denied. ‘The table
is square’ may be denied by ‘the table is round’, but not by ‘the
table is wooden’. The only reason we can deny ‘the table is square’
by ‘the table is round’ is that what is round is not square. And this
has to be a fact, though just as negative as the fact that this table
is not square. Thus it is plain that incompatibility cannot exist
without negative facts.

There might be an attempt to substitute for a negative fact the
mere absence of a fact. If 4 loves B, it may be said, that is a good
substantial fact; while if 4 does not love B, that merely expresses
the absence of a fact composed of 4 and loving and B, and by no
means involves the actual existence of a negative fact. But the
absence of a fact is itself a negative fact; it is the fact that there is
not such a fact as 4 loving B. Thus, we cannot escape from nega-
tive facts in this way.

Of the many attempts that have been made to dispense with
negative facts, the best known to me is that of Mr. Demos.* His
view is as follows: There is among propositions an ultimate relation
of opposition; this relation is indefinable, but has the characteristic
that when two propositions are opposites they cannot both be
true, though they may both be false. Thus ‘John is in’ and ‘John
is gone to Semipalatinsk’ are opposites. When we deny a proposi-
tion, what we are really doing is to assert: ‘Some opposite of this
proposition is true’. The difficulty of this theory is to state the
very important fact that two opposites cannot both be true. “The
relation of opposition,” says Mr. Demos, ‘is such that, if p opposes
¢, p and q are not both true (at least one of them is false). This must
not be taken as a definition, for it makes use of the notion “not”
which, I said, is equivalent to the notion “‘opposite”. In fact,
opposition seems epistemologically to be a primitive notion’ (page
191). Now if we take Mr. Demos’s statement that ‘p and g are not
both true’ and apply his definition to it, it becomes ‘an opposite of
“p and ¢ are both true” is true’. But this does not yield what we
want. Suppose some obstinate person were to say: ‘I believe p,

* ‘A Discussion of a Certain Type of Negative Proposition’, Mind,
N.S., No. 102 (April, 1917), pp. 188-96.
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and I believe g, and I also believe that an opposite of “p and g are
both true” is true’. What could Mr. Demos reply to such a person?
He would presumably reply; ‘Don’t you see that that is impossible?
It cannot be the case that p and ¢ are both true, and also that an
opposite of “‘p and g are both true” is true’. But an opponent would
retort by asking him to state his negation in his own language, in
which case all that Mr. Demos could say would be: ‘Let us give
the name P to the proposition “p and ¢ are both true”. Then the
proposition that you assert and that I deny is “P is true, and also
some opposite of P is true’’. Calling this proposition Q, and apply-
ing my definition of negation, what I am asserting is that some
opposite of Q is true.” This also the obstinate person would admit.
He would go on for ever admitting opposites, but refusing to make
any denials. To such an attitude, so far as I can see, there would
be no reply except to change the subject. It is, in fact, necessary to
admit that two opposites cannot both be true, and not to regard
this as a statement to which the suggested definition of negation
is to be applied. And the reason is that we must be able to say that
a proposition is not true without having to refer to any other pro-
position.

The above discussion has prematurely introduced propositions,
in order to follow Mr. Demos’s argument. We shall see later, when
we have defined propositions, that all propositions are positive
facts, even when they assert negative facts. This is, I believe, the
source of our unwillingness to admit negative facts as ultimate.
The subject of negative facts might be argued at great length, but
as I wish to reach the proper topic of my paper, I will say no more
about it, and will merely observe that a not dissimilar set of consi-
derations shows the necessity of admitting general facts, i.e., facts
about all or some of a collection.

II. MEANING OF IMAGES AND WORDS

The questions which arise concerning propositions are so many
and various that it is not easy to know where to begin. One very
important question is as to whether propositions are what I call
‘incomplete symbols’ or not. Another question is as to whether the
word ‘proposition’ can stand for anything except a form of words.
A third question is as to the manner in which a proposition refers



290 LOGIC AND KNOWLEDGE

to the fact that makes it true or false. I am not suggesting that these
are the only important questions, but they are, at any rate, ques-
tions which any theory of propositions should be able to answer.

Let us begin with the most tangible thing: the proposition as a
form of words. Take again ‘Socrates loves Plato’. This is a com-
plex symbol, composed of three symbols, namely ‘Socrates’ and
‘loves’ and ‘Plato’. Whatever may be the meaning of the complex
symbol, it is clear that it depends upon the meanings of the
separate words. Thus before we can hope to understand the mean-
ing of a proposition as a form of words, we must understand what
constitutes the meaning of single words.

Logicians, so far as I know, have done very little towards explain-
ing the nature of the relation called ‘meaning’, nor are they to
blame in this, since the problem is essentially one for psychology.
But before we tackle the question of the meaning of a word, there
is one important observation to be made as to what a word is.

If we confine ourselves to spoken words in one language, a word
is a class of closely similar noises produced by breath combined
with movements of the throat and tongue and lips. This is not a
definition of ‘words’, since some noises are meaningless, and mean-
ing is part of the definition of ‘words’. It is important, however,
to realize at the outset that what we call one word is not a single
entity, but a class of entities: there are instances of the word ‘dog’
just as there are instances of dogs. And when we hear a noise, we
may be doubtful whether it is the word ‘dog’ badly pronounced
or not: the noises that are instances of a word shade off into other
noises by continuous gradations, just as dogs themselves may
shade off into wolves according to the evolutionary hypothesis.
And, of course, exactly the same remarks apply to written words.

It is obvious to begin with that, if we take some such word as
‘Socrates’ or ‘dog’, the meaning of the word consists in some rela-
tion to an object or set of objects. The first question to be asked is:
Can the relation called ‘meaning’ be a direct relation between the
word as a physical occurrence and the object itself, or must the
relation pass through a ‘mental’ intermediary, which could be
called the ‘idea’ of the object?

If we take the view that no ‘mental’ intermediary is required, we
shall have to regard the ‘meaning’ of a word as consisting in what
James would call ‘processes of leading’. That is to say, the causes
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and effects of the occurrence of a word will be connected, in some
way to be further defined, with the object which is its meaning.
To take an unusually crude instance: You see John, and you say,
‘Hullo, John'—this gives the cause of the word; you call ‘John’,
and John appears at the door—this gives the effect of the word.
Thus, in this case, John is both cause and effect of the word ‘John’.
When we say of a dog that he ‘knows’ his name, it is only such
causal correlations that are indubitable: we cannot be sure that
there is any ‘mental’ occurrence in the dog when we call him and
he comes. Is it possible that all use and understanding of language
consists merely in the fact that certain events cause it, and it, in
turn, causes certain events?

This view of language has been advocated, more or less tenta-
tively, by Professor Watson in his book on Behaviour* The
behaviourist view, as [ understand it, maintains that ‘mental’ pheno-
mena, though they may exist, are not amenable to scientific treat-
ment, because each of them can only be observed by one observer—
in fact, it is highly doubtful whether even one observer can be
aware of anything not reducible to some bodily occurrence. Be-
haviourism is not a metaphysic, but a principle of method. Since
language is an observable phenomenon, and since language has a
property which we call ‘meaning’, it is essential to behaviourism
to give an account of ‘meaning’ which introduces nothing known
only through introspection. Professor Watson recognizes this obli-
gation and sets to work to fulfil it. Nor is it to be lightly assumed
that he cannot do so, though I incline to the belief that a theory of
language which takes no account of images is incomplete in a vital
point. But let us first see what is to be said in favour of the be-
haviourist theory of language.

Professor Watson denies altogether the occurrence of images,
which he replaces by faint kinaesthetic sensations, especially those
belonging to the pronunciation of words sotfo voce. He defines
‘implicit behaviour’ as ‘involving only the speech mechanisms (or
the larger musculature in a minimal way; e.g., bodily attitudes or
sets)’ (page 19). He adds: ‘It is implied in these words that there
exists, or ought to exist, a method of observing implicit behaviour.

* Behavior: An Introduction to Comparative Psychology (New York,
1914), by John B. Watson, Professor of Psychology in the Johns Hopkins
University. See especially pp. 321-34.
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There is none at present. The larynx and tongue, we believe, are the
loci of most of the phenomena’ (page 20). He repeats these views
in greater detail in a later chapter. The way in which the intelligent
use of words is learnt is thus set forth:

“The stimulus (object) to which the child often responds, a box,
e.g., by movements such as opening and closing and putting ob-
jects into it, may serve to illustrate our argument. The nurse,
observing that the child reacts with his hands, feet, etc., to the box,
begins to say ‘“‘box” when the child is handed the box, “open box”
when the child opens it, “close box” when he closes it, and “‘put
doll in box” when that act is executed. This is repeated over and
over again. In the process of time it comes about that without any
other stimulus than that of the box which originally called out only
the bodily habits, he begins to say “box” when he sees it, “open
box” when he opens it, etc. The visible box now becomes a stimulus
capable of releasing either the bodily habits or the word-habit, i.e.,
development has brought about two things: (1) a series of func-
tional connexions among arcs which run from visual receptor to
muscles of throat, and (2) a series of already earlier connected arcs
which run from the same receptor to the bodily muscles. . . . The
object meets the child’s vision. He runs to it and tries to reach it
and says “box’". . . . Finally the word is uttered without the move-
ment of going towards the box being executed. . . . Habits are
formed of going to the box when the arms are full of toys. The child
has been taught to deposit them there. When his arms are laden
with toys and no box is there, the word-habit arises and he calls
“box”; it is handed to him and he opens it and deposits the toys
therein. This roughly marks what we would call the genesis of a
true language habit’ (pages 329-30).

A few pages earlier, he says: ‘We say nothing of reasoning since
we do not admit this as a genuine type of human behavior except
as a special form of language habit’ (page 319).

The questions raised by the above theory of language are of
great importance, since the possibility of what may be called a
materialistic psychology turns on them. If a person talks and writes
intelligently, he gives us as much evidence as we can ever hope to
have of his possessing a mind. If his intelligent speech and writing
can be explained on Professor Watson’s lines, there seems to remain
nothing he can do to persuade us that he is not merely physical.



ON PROPOSITIONS 293

There is, I think, a valid objection to the behaviouristic view of
language on the basis of fact and an invalid one of theory. The
objection of fact is that the denial of images appears empirically
indefensible. The objection of theory (which, in spite of its appar-
ent force, I do not believe to be unanswerable) is that it is difficult,
on the basis of the above quotations, to account for the occurrence
of the word when the object is merely desired, not actually
present. Let us take these in succession.

(1) Existence of Images.—Professor Watson, one must conclude,
does not possess the faculty of visualizing, and is unwilling to
believe that others do. Kinaesthetic images can be explained away,
as being really small sensations of the same kind as those that would
belong to actual movements. Inner speech, in particular, in so far
as it is not accompanied by auditory images, may, I think, really
consist of such small sensations, and be accompanied by small
movements of the tongue or throat such as behaviourism requires.
Tactile images might possibly be similarly explained. But visual
and auditory images cannot be so explained, because, if taken as
sensations, they actually contradict the laws of physics. The chair
opposite to you is empty; you shut your eyes and visualize your
friend as sitting in it. This is an event in you, not in the outer
world. It may be a physiological event, but even so it must be radi-
cally distinguished from a visual sensation, since it affords no part
of the data upon which our knowledge of the physical world out-
side our own body is built. If you try to persuade an ordinary un-
educated person that she cannot call up a visual picture of a friend
sitting in a chair, but can only use words describing what such an
occurrence would be like, she will conclude that you are mad.
(This statement is based upon experiment.) I see no reason what-
ever to reject the conclusion originally suggested by Galton’s in-
vestigations, namely, that the habit of abstract pursuits makes
learned men much inferior to the average in the power of visualiz-
ing, and much more exclusively occupied with words in their
‘thinking’. When Professor Watson says: ‘I should throw out
imagery altogether and attempt to show that practically all natural
thought goes on in terms of sensori-motor processes in the larynx
(but not in terms of imageless thought)’ (Psychological Review,
1913, page 174n), he is, it seems to me, mistaking a personal peculi-
arity for a universal human characteristic.

U
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The rejection of images by behaviourists is, of course, part of
their rejection of introspection as a source of knowledge. It will
be well, therefore, to consider for a moment the grounds in favour
of this rejection.

The arguments of those who oppose introspection as a scientific
method seem to me to rest upon two quite distinct grounds, of
which one is much more explicit in their writings than the other.
The ground which is the more explicit is that data obtained by
introspection are private and only verifiable by one observer, and
cannot therefore have that degree of public certainty which science
demands. The other, less explicit, ground is that physical science
has constructed a spatio-temporal cosmos obeying certain laws,
and it is irritating to have to admit that there are things in the
world which do not obey these laws. It is worth while to observe
that the definition of introspection is different according as we take
the one or the other of these grounds of objection.

If privacy is the main objection to introspective data, we shall
have to include among such data all bodily sensations. A toothache,
for example, is essentially private. The dentist may see that your
tooth is in a condition in which it is likely to ache, but he does not
feel your ache, and only knows what you mean by an ache through
his own experience of similar occurrences. The correlation of
cavities with toothaches has been established by a number of
observations, each of which was private, in exactly the sense which
is considered objectionable. And yet one would not call a person
introspective because he was conscious of toothache, and it is not
very difficult to find a place for toothache in the physical world. I
shall not insist upon the fact that, in the last analysis, all our sensa-
tions are private, and the public world of physics is built on simi-
larities, not on identities. But it is worth while to insist upon the
privacy of the sensations which gives us knowledge of our own body
over and above the knowledge we have of other bodies. This is
important, because no one regards as scientifically negligible the
knowledge of our own body which is obtained through these pri-
vate data.

This brings us to the second ground of objection to introspec-
tion, namely, that its data do not obey the laws of physics. This,
though less emphasized, is, I think, the objection which is really
felt the more strongly of the two. And this objection leads to a
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definition of introspection which is much more in harmony with
usage than that which vesults from making privacy the essential
characteristic of its data. For example, Knight Dunlap, a vigorous
opponent of introspection, contends that images are really muscu-
lar contractions,* and evidently regards our awareness of muscular
contractions as not coming under the head of introspection. I
think it will be found that the essential characteristic of intro-
spective data is concerned with localization: either they are not
localized at all, or they are localized in a place already physically
occupied by something which would be inconsistent with them if
they were regarded as part of the physical world. In either case,
introspective data have to be regarded as not obeying the laws of
physics, and this is, I think, the fundamental reason why an at-
tempt is made to reject them.

The question of the publicity of data and the question of their
physical status are not wholly unconnected. We may distinguish a
gradually diminishing degree of publicity in various data. Those
of sight and hearing are the most public; smell somewhat less so;
touch still less; visceral sensations hardly at all. The question turns
on the degree and frequency of similarity of sensations in neigh-
bours at the same time. If we hear a clap of thunder when no one
else does, we think we are mad; if we feel a stomach-ache when
no one else does, we are in no way surprised. We say, therefore,
that the stomach-ache is mine, while the thunder is not. But what
is mine includes what belongs to the body, and it is here that the
stomach-ache belongs. The stomach-ache is localized: it has a posi-
tion near the surface of the stomach, which is visible and palpable.
(How the localization is effected need not concern us in this con-
nexion.) Now, when we consider the localization of images, we
find a difference according to the nature of the images. Images of
private sensations can be localized where the private sensations
would be, without causing any gross or obvious violation of physi-
cal laws. Images of words in the mouth can be located in the

® Psychological Review (1916), ‘Thought-Content and Feeling’, p. 59.
See also his articles in an earlier volume of the same review, ‘The Case
against Introspection’, (1912), pp. 404-13, and “The Nature of Perceived
Relations’, ibid., pp. 415—46. In this last article he states ‘that ‘‘intro-
spection”, divested of its mythological suggestion of the observing of
consciousness, is really the observation of bodily sensations (sensibles)
and feelings (feelables)’ (p. 4277).
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mouth. For this reason, there is no prima facie objection to regar-
ding them, as Watson does, as small sensations: this view may or
may not be true, but it is not capable of being rejected without
more ado. In regard to all private sensations, the distinction be-
tween image and sensation is not sharp and definite. But visual
and auditory images are in quite a different position, since the
physical event to which they would point if they were sensations
is not taking place.

Thus the crucial phenomena as regards introspection are images
of public sensations, i.e., especially visual and auditory images.
On grounds of observation, in spite of Watson, it seems impossible
to deny that such images occur. But they are not public, and, if
taken as sensations, contradict the laws of physics. Reverting to
the case of visualizing a friend in a chair which, in fact, is empty,
you cannot locate the image in the body because it is visual, nor
(as a physical phenomenon) in the chair, because the chair, as a
physical object, is empty. Thus it seems that the physical world
does not include all that we are aware of, and that introspection
must be admitted as a source of knowledge distinct from sensation.

I do not, of course, mean to suggest that visual and auditory
images are our only non-physical data. I have taken them as afford-
ing the strongest case for the argument; but when they are admit-
ted, there is no longer any reason to reject other images.

Our criticism of fact, as against Watson, has led us to the con-
clusion that it is impossible to escape the admission of images as
something radically distinct from sensations, particularly as being
not amenable to the laws of physics. It remains to consider a pos-
sible criticism of theory, namely, that it is difficult, on his view, to
account for the occurrence of a word when an absent object is
desired. I do not think this criticism valid, but I think the consider-
ations which it suggests are important.

(2) Words in the Absence of their Objects.— In the account given
by Watson of the child learning to use the word ‘box’, attention is
almost wholly concentrated on the way the word comes to occur
in the presence of the box. There is only a brief reference to the
use of the word when the object is absent but desired: ‘Habits are
formed of going to the box when the arms are full of toys. The
child has been taught to deposit them there. When his arms are
laden with toys and no box is there, the word-habit arises and he
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calls “box”. The difficulty—I think not insuperable—which
arises in regard to this account is that there seems no adequate
stimulus for the word-habit in the circumstances supposed. We
are assuming that the habit has been formed of saying ‘box’ when
the box is present; but how can such a habit lead to the use of the
same word when the box is absent? The believer in images will say
that, in the absence of the box, an image of it will occur in the
child, and this image will have the same associations as the box
has, including the association with the word ‘box’. In this way the
use of the word is accounted for; but in Watson’s account it re-
mains mysterious. Let us see what this objection amounts to.

The phenomenon called ‘thinking’, however it may be analysed,
has certain characteristics which cannot be denied. One of the
most obvious of these is that it enables us to act with reference to
absent objects, and not only with reference to those that are sen-
sibly present. The tendency of the behaviourist school is to sub-
ordinate cognition to action, and to regard action as physically
explicable. Now I do not wish to deny that much action, perhaps
most, is physically explicable, but nevertheless it seems impossible
to account for all action without taking account of ‘ideas’, i.e.,
images of absent objects. If this view is rejected, it will be necessary
to explain away all desire. Desire is not dealt with by Watson*: it
and kindred words are absent from the index to his book. In the
absence of such a phenomenon as desire, it is difficult to see what is
happening when the child with his arms full of toys says ‘box’.
One would naturally say that an image of the box occurs, combined
with the feeling we call ‘desire’, and that the image is associated
with the word just as the object would be, because the image
resembles the object. But Watson requires that the arms full
of toys should cause the word ‘box’ without any intermediary.
And it is not at first sight obvious how this is to be brought
about.

To this objection there seem two possible replies: one, that the
occurrence of the image on the usual theory is just as mysterious
as the occurrence of the word on Watson’s theory; the other, that
the passage from full arms to the word ‘box’ is a telescoped process,

® The only discussion of desire by Watson, as far as I know, is in con-
nexion with psycho-analysis in his article, “The Psychology of Wish Fulfil-
ment’, Scientific Monthly (November, 1916).
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derived from the habit of the trapsition from full arms to the box
and thence to the word ‘box’. The objection to the second of these
replies seems to be that the transition to the word ‘box’ in the
absence of the box feels quite unlike the transition to the word
through the actual box: in the latter there is satisfaction, in the
former dissatisfaction. Telescoped processes give similar feelings
to complete processes; in so far as they differ, they give more
satisfaction as involving less effort. The word ‘box’ is not the
terminus of the child’s efforts, but a stage towards their success.
It seems difficult, therefore, to assimilate the occurrence of a word
in desire to a telescoped process. The retort to the first reply,
namely, that the occurrence of the image is as mysterious as the
occurrence of the word, is that, if images are admitted, we can
admit psychological causal laws which are different from those of
the physical world, whereas on Watson’s view we shall have to
admit physiological laws which are different from those of physics.
In the physical world, if A often causes B, and B often causes C,
it does not happen that, in those cases where A fails to cause B, it
nevertheless causes C by a telescoped process. I go often to a cer-
tain restaurant (A4), eat there (B), and find my hunger satisfied (C).
But, however often this has happened, if, on a certain occasion,
the restaurant is closed, so that B fails, I cannot arrive at C. If I
could, economy in wartime would be easier than it is. Now, the
process Watson assumes is strictly analogous to this. In his theory
we have a frequent transition from arms-full (4) to the box (B)
and thence to the word ‘box’ (C). Then one day the transition from
A to B fails, but nevertheless the transition from 4 to C takes
place. This demands other causal laws than those of physics— at
least prima facie. If images are admitted, it is easy to see that the
laws of their occurrence and effects are different from those of
physics, and therefore the above difficulty does not exist in regard
to them; but if they are denied, a difference of causal laws is re-
quired within the realm of matter.

This argument, however, is by no means conclusive. The be-
haviour of living matter is obviously in some respects different
from that of dead matter, but this does not prove that the difference
is ultimate. Gases and solids behave differently, yet both obey
ultimate physical laws. The chief peculiarities in the behaviour of
animals are those due to habit and association, all of which, I
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believe, may be summarized in the one law: ‘When 4 and B have
often existed in close temporal contiguity, either tends to cause the
other’. This law will only apply to occurrences within the body of a
single animal. But I think it suffices to account for telescoped pro-
cesses, and for the use of words in the absence of their objects.
Thus in Watson’s instance, the child has frequently experienced
the sequence: arms-full, box, the word ‘box’. Thus arms-full and
the word ‘box’ have frequently existed in close temporal contiguity,
and hence arms-full can come to cause the word ‘box’. They can-
not cause the box itself, because this is governed by physical laws
independent of the child’s body; but they can cause the word.
(The above law, however, may be explained on orthodox physical
lines by the properties of nervous tissue, and does not demand a
fundamental distinction between physiology and physics.) If,
therefore, images were not empirically undeniable, I should not
consider them theoretically necessary in order to account for the
occurrence of words in the absence of their objects.

William James, in his Essays in Radical Empiricism, developed
the view that the mental and the physical are not distinguished by
the stuff of which they are made, but only by their causal laws.
This view is very attractive, and I have made great endeavours to
believe it. I think James is right in making the distinction between
the causal laws the essential thing. There do seem to be psycho-
logical and physical causal laws which are distinct from each other.*
We may define psychology as the study of the one sort of laws, and
physics as the study of the other. But when we come to consider
the stuff of the two sciences, it would seem that there are some
particulars which obey only physical laws (namely, unperceived
material things), some which obey only psychological laws (namely,
images, at least), and some which obey both (namely, sensations).
Thus sensations will be both physical and mental, while images
will be purely mental. The use of words actually pronounced or
written is part of the physical world, but in so far as words obtain
their meaning through images, it is impossible to deal adequately
with words without introducing psychology and taking account
of data obtained by introspection. If this conclusion is valid, the

* I do not pretend to know whether the distinction is ultimate and
irreducible. I say only that it is to be accepted practically in the present
condition of science.
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behaviourist theory of language is inadequate, in spite of the fact
that it suggests much that is true and important.

I shall henceforth assume the existence of images, and shall pro-
ceed, on this assumption, to define the ‘meaning’ of words and
images.

In considering the meaning of either a word or an image, we
have to distinguish:

(1) The causes of the word or image,
(2) Its effects,
(3) What is the relation that constitutes meaning.

It is fairly clear that ‘meaning’ is a relation involving causal laws,
but it involves also something else which is less easy to define.

The meaning of words differs, as a rule, from that of images by
depending upon association, not upon similarity.

To ‘think’ of the meaning of a word is to call up images of what
it means. Normally, grown-up people speaking their own language
use words without thinking of their meaning. A person ‘under-
stands’ a word when (a) suitable circumstances make him use it,
() the hearing of it causes suitable behaviour in him. We may call
these two active and passive understanding respectively. Dogs
often have passive understanding of some words, but not active
understanding.

It is not necessary to ‘understanding’ a word that a person should
‘know what it means’, in the sense of being able to say ‘this word
means so-and-so’. A word has a meaning, more or less vague; but
the meaning is only to be discovered by observing its use: the use
comes first, and the meaning is distilled out of it. The relation of a
word to its meaning is, in fact, of the nature of a causal law, and
there is no more reason why a person using a word correctly should
be conscious of its meaning than there is for a planet which is
moving correctly to be conscious of Kepler’s laws.

To illustrate what is meant by ‘understanding’ words and sen-
tences, let us suppose that you are walking in London with an
absent-minded friend. You say ‘look out, there’s a motor coming’.
He will glance round and jump aside without the need of any
‘mental’ intermediary. There need be no ‘ideas’, but only a stiffen-
ing of the muscles, followed quickly by action. He ‘understands’
the words, because he does the right thing. Such ‘understanding’
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may be regarded as belonging to the nerves and brain, being habits
which they have acqujred while the language was being learnt.
Thus understanding in this sense may be reduced to mere physio-
logical causal laws.

If you say the same thing to a Frenchman with a slight know-
ledge of English, he will go through some inner speech which may
be represented by ‘Que dit-il? Ah oui, une automobile’. After this,
the rest follows as with the Englishman., Watson would contend
that the inner speech must be actually incipiently pronounced;
we should argue that it might be merely imagined. But this point
need not detain us at present.

If you say the same thing to a child who does not yet know the
word ‘motor’, but does know the other words you are using, you
produce a feeling of anxiety and doubt: you will have to point and
say ‘there, that’s a motor’. After that, the child will roughly under-
stand the word ‘motor’, though he may include trains and steam-
rollers. If this is the first time the child has heard the word ‘motor’,
he may, for a long time, continue to recall this scene when he
hears the word.

So far we have found four ways of understanding words:

(1) On suitable occasions you use the word properly.

(2) When you hear it, you act appropriately.

(3) You associate the word with another word (say in a different
language) which has the appropriate effect on behaviour.

(4) When the word is being first learnt, you associate it with an
object, which is what it ‘means’; thus the word acquires some of
the same causal efficacy as the object. The word ‘motor!’ can make
you leap aside, just as the motor can, but it cannot break your
bones.

So far, everything can be accounted for by behaviour. But so
far we have only considered what may be called the ‘demonstrative’
use of language to point out a feature in the present environment;
we have not considered what we may call its ‘narrative’ use, of
which we may take as an instance the telling of some remembered
event.

Let us take again the case of the child hearing the word ‘motor’
for the first time. On some later occasion, we will suppose, the
child remembers the incident and relates it to someone else. In
this case, both the active and passive understanding of words is
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ifferent from what it is when words are used demonstratively.
“he child is not seeing a motor, but only, remembering one; the
earer does not look round in expectation of seeing a motor coming,
ut ‘understands’ that a motor came at some earlier time. The
thole of this occurrence is much more difficult to account for on
ehaviourist lines—indeed, it does not call for any particular be-
aviour. It is clear that, in so far as the child is genuinely remem-
ering, he has a picture of the past occurrence, and his words are
hosen so as to describe the picture; and in so far as the hearer is
enuinely apprehending what is said, the hearer is acquiring a
icture more or less like that of the child. It is true that this process
1ay be telescoped through the operation of the word-habit. The
hild may not genuinely remember the incident, but only have the
abit of the appropriate words, as in the case of a poem which we
now by heart though we cannot remember learning it. And the
earer also may only pay attention to the words, and not call up
ny corresponding picture. But it is nevertheless the possibility
f a memory-image in the child and an imagination-image in the
earer that makes the essence of the ‘meaning’ of the words. In so
ir as this is absent, the words are mere counters, capable of mean-
1g, but not at the moment possessing it. We may say that, while
'ords used demonstratively describe and are intended to cause
:nsations, the same words used in narrative describe and are
itended to cause images.

We have thus two other ways in which words can mean (perhaps
ot fundamentally distinct), namely, the way of memory and the
ay of imagination. That is to say:

(5) Words may be used to describe or recall a memory-image:
» describe it when it already exists, or to recall it where the words
tist as a habit and are known to be descriptive of some past experi-
Ice.

(6) Words may be used to describe or create an imagination-
nage: to describe it, for example, in the case of a poet or novelist,
* to create it in the ordinary case of giving information—though
 the latter case, it is intended that the imagination-image, when
eated, shall be accompanied by belief that something of the sort
as occurred.

These two ways of using words may be spoken of together as
ie use of words in ‘thinking’. This way of using words, since it
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depends upon images, cannot be fully dealt with on behaviourist
lines. And this is really.the most essential function of words: that,
primarily through their connexion with images, they bring us
into touch with what is remote in time or space. When they oper-
ate without the medium of images, this seems to be a telescoped
process. Thus the problem of the meaning of words is reduced to
the problem of the meaning of images.

The ‘meaning’ of images is the simplest kind of meaning, be-
cause images resemble what they mean, whereas words, as a rule,
do not. Images are said to be ‘copies’ of sensations. It is true that
this assumption is liable to sceptical criticism, but I shall assume
it to be true. It appears to common sense to be verified by such
experiences as, €.g., recalling a familiar room, and then going into
the room and finding it as it was remembered. If our memory was
wrong, we must suppose that the room and our image of it have
undergone similar changes, which does not seem a plausible hypo-
thesis. Thus for practical purposes we are justified in assuming
that, in this case, our image resembled what the room was when
we previously saw it. We may then say that our image ‘means’ the
room.

The question what a given image ‘means’ is partly within the
control of our will. The image of a printed word may mean, not the
word, but what the word means. The image of a triangle may mean
one particular triangle, or triangles in general. In thinking of dogs
in general, we may use a vague image of a dog, which means the
species, not any individual. Similarly in recalling a friend’s face
we usually do not recall any one special occasion when we have
seen it, but a compromise image of many occasions.

While some images mean particulars and others mean universals
(in early stages of thought meaning is too vague to be either de-
finitely particular or definitely universal), all images are particulars,
but what they mean depends upon the nature of their causal
efficacy. An image means a universal if its effects depend only upon
its prototype being an instance of that universal. Thus, if I call up
an image of a dog with a view to a general statement about dogs,
I only use those characteristics of my image which it shares with
all images of dogs. We can, to some extent, use or ignore the
particular features of an image as we choose. In using words, we
always ignore all that is peculiar to the instance of the word, except
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in elocution and calligraphy. Two instances of the word ‘dog’ are
more alike than two dogs; this is one reason why words help in
dealing with universals.

If we accept Hume’s principle that simple ideas are derived
from impressions, we shall hold that at any rate the simple sensible
qualities that enter into an image are ‘copies’ of sensible qualities
that have been given in sensation. Complex images are often, but
not always, copies of complex sensations; their constituents, if
Hume is right, are always copies of something given in sensation.
That of which an image is a copy is called its ‘prototype’; and this,
or its parts, by Hume’s principle, is always an indispensable part
of the cause either of the image, or of its constituents (in the case
of a complex imagination-image).

The effects of an image tend to resemble those of its prototype,
or to produce desire or aversion for it. This is one link between an
image and its meaning. The thought of a drink has effects on a
thirsty man which are similar to those of a sight of the foaming
glass. This similarity belongs also to words, primarily, no doubt,
through their power of calling up images, but afterwards directly.

The way in which an image resembles its prototype is peculiar.
Images as a class have (with rare exceptions) characteristic differ-
ences from sensations as a class, but individual images, subject to
these differences, resemble individual sensations. Images, however,
are of various degrees of vagueness, and the vaguer they are the
more different objects can be accepted as their prototypes. The
nearcst approach that I can make to a definition of the relation of
image and prototype is this: If an object O is the prototype (or a
prototype, in the case of vagueness) of an image, then, in the pre-
sence of O, we can recognize it as what we had an image ‘of’. We
may then say that O is the ‘meaning’ (or a meaning, in the case of
vagueness) of the image. But, as we saw, meaning is to some extent
subject to the will: a ‘generic’ image, for example, is simply one
intended to be generic,

III. PROPOSITIONS AND BELIEF

In regard to belief, there are three elements to be considered,
namely: (1) the content which is believed, (2) the relation of the
content to its ‘objective’, i.e., to the fact which makes it true or
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false, (3) the element which is belief, as opposed to consideration
of the same content, or doubt concerning it, or desire for it, etc.
The second of these questions I propose to postpone until the
next section; for the present, therefore, we are not concerned with
the question what makes a belief true or false, though it is import-
ant to remember that the property of being true or false is what
specially characterizes beliefs. The other two questions we will
consider in this section.

(1) The Content of a Belief—The view to be taken on this ques-
tion depends, to some extent, upon the view we take of ‘ideas’ or
‘presentations’. We have here a great variety of theories urged by
different authors. Many analytic psychologists—Meinong, for
example—distinguish three elements in a presentation, namely,
the act (or subject), the content, and the object. Realists such as
Dr. Moore and myself have been in the habit of rejecting the con-
tent, while retaining the act and the object. American realists, on
the other hand, have rejected both the act and the content, and
have kept only the object; while idealists, in effect if not in words,
have rejected the object and kept the content.

Is there any way of deciding amid this bewildering variety of
hypotheses?

I have to confess that the theory which analyses a presentation
into act and object no longer satisfies me. The act, or subject, is
schematically convenient, but not empirically discoverable. It
seems to serve the same sort of purpose as is served by points and in-
stants, by numbers and particles and the rest of the apparatus of
mathematics. All these things have to be constructed, not postulated :
they are not of the stuff of the world, but assemblages which it is
convenient to be able to designate as if they were single things. The
same seems to be true of the subject, and I am at a loss to discover
any actual phenomenon which could be called an ‘act’ and could
be regarded as a constituent of a presentation. The logical analogies
which have led me to this conclusion have been reinforced by the
arguments of James and the American realists. It seems to me
imperative, therefore, to construct a theory of presentation and
belief which makes no use of the ‘subject’, or of an ‘act’ as a consti-
tuent of a presentation. Not that it is certain that there is no such
thing as a ‘subject’, any more than it is certain that there are no
points and instants. Such things may exist, but we have no reason
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to suppose that they do, and therefore our theories ought to avoid
assuming either that they exist or that they, do not exist. The prac-
tical effect of this is the same as if we assumed that they did not
exist, but the theoretical attitude is different.

The first effect of the rejection of the subject is to render neces-
sary a less relational theory of mental occurrences. Brentano’s
view, for example, that mental phenomena are characterized by
‘objective reference’, cannot be accepted in its obvious sense. A
sensation in particular can no longer be regarded as a relation of
a subject to a sense-datum; accordingly the distinction between
sensation and sense-datum lapses, and it becomes impossible to
regard a sensation as in any sense cognitive. Per contra, a sensation
becomes equally part of the subject-matter of physics and of
psychology: it is simultaneously part of the mind of the person
who ‘has’ the sensation, and part of the body which is ‘perceived’
by means of the sensation.* This topic demands amplification, but
not here, since it is not very relevant to our present theme.

Apart from sensations, ‘presentations’ appear, as a matter of
observation, to be composed of images. Images, in accordance
with what has just been said, are not to be regarded as relational in
their own nature; nevertheless, at least in the case of memory-
images, they are felt to point beyond themselves to something
which they ‘mean’. We have already dealt with the meaning of
images as far as was possible without introducing belief; but it is
clear that, when we remember by means of images, the images
are accompanied by a belief, a belief which may be expressed
(though with undue explicitness) by saying that they are felt to be
copies of something that existed previously. And, without memory,
images could hardly acquire meaning. Thus the analysis of belief is
essential even to a full account of the meaning of words and images
—for the meaning of words, we found, depends on that of images,
which in turn depends on memory, which is itself a form of belief.

We have thus, so far, two sorts of mental ‘stuff’, namely,
(@) sensations, which are also physical, and () images, which are
purely mental. Sensations do not ‘mean’, but images often do,
through the medium of belief.

The theory of belief which I formerly advocated, namely, that

® Assuming the theory of bodies developed in my Our Knowledge of the
External World.
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it consisted in a multiple relation of the subject to the objects
constituting the ‘objective’, i.e., the fact that makes the belief true
or false, is rendered impossible by the rejection of the subject.
The constituents of the belief cannot, when the subject is rejected,
be the same as the constituents of its ‘objective’. This has both
advantages and disadvantages. The disadvantages are those result-
ing from the gulf between the content and the objective, which
seem to make it doubtful in what sense we can be said to ‘know’
the objective.* The advantages are those derived from the re-
habilitation of the content, making it possible to admit proposi-
tions as actual complex occurrences, and doing away with the
difficulty of answering the question: what do we believe when we
believe falsely? The theory I wish to advocate, however, is not to
be recommended by these advantages, or rejected on account of
these disadvantages: it is presented for acceptance on the ground
that it accords with what can be empirically observed, and that it
rejects everything mythological or merely schematic. Whether it
is epistemologically convenient or inconvenient is a question which
has no bearing upon its truth or falsehood, and which I do not
propose to consider further.

Are sensations and images, suitably related, a sufficient stuff out
of which to compose beliefs? I think they are. But this question
has to be asked twice over, once as regards the content, i.e., what
is believed, and then again as regards the believing. For the present,
we are concerned with the content.

That what is believed must always be the sort of thing which we
express by a proposition, is a view which I am not concerned either
to assert or to deny. It may be that a single simple image may be
believed. For our purposes, however, the important beliefs, even
if they be not the only ones, are those which, if rendered into
explicit words, take the form of a proposition, i.e., that 4 is B, or
that x has the relation R to y, or that all men are mortal, or that
something like this existed before, or any other such sentence.
But the psychological classification of the contents of beliefs is very

* An important part of ‘knowing’ will consist in the fact that, by means
of ‘ideas’, we are able to act in a way which is appropriate to an absent
object, and are not dependent upon the stimulus of present sensation. I
have not developed this order of ideas in the present paper, but I do not
wish to minimize its importance.
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different from the logical classificatipn, and at present it is psycho-
logical questions -that concern us. Psychologically, some of the
simplest beliefs that occur seem to be among memories and expec-
tations. When you recall some recent event, you are believing
something. When you go to a familiar place, you may be expecting
to find things much as usual: you may have an image of your host
saying how-do-you-do, and you may believe that this will happen.
In such cases, the belief is probably not put into words, but if it
were, it would take the form of a proposition.

For the present I shall define a ‘proposition’ as the content of a
belief, except when, if ever, the content is simple. But since we
have not yet defined ‘belief’, this definition cannot be regarded
as yet as a very valuable one.

The content of a belief may consist only of words, but if it does,
this is a telescoped process. The primary phenomenon of belief
consists of belief in images, of which, perhaps, memory is the most
elementary example. But, it may be urged, a memory-belief does
not consist only of the memory-image, together with bare believing::
it is clear that the images may be the same for a memory and an
expectation, which are nevertheless different beliefs. I incline to
the view that the difference, in this case, is not in the content of
what is believed, but in the believing; ‘believing’ seems to be a
generic term, covering different kinds of occurrences, of which
memory and expectation are two. If this is so, difference of tense,
in its psychologically earliest form, is no part of what is believed,
but only of the way of believing it; the putting of the tense into
the content is a result of later reflection. We may accordingly con-
tinue to regard images as giving the whole content of what is
believed, when this is not expressed in words.

I shall distinguish a proposition expressed in words as a
‘word-proposition’, and one consisting of images as an ‘image-
proposition’. As a general rule, a word-proposition ‘means’ an
image-proposition; this is the case with false propositions as well as
with true ones, since image-propositions are as capable of falsehood
as word-propositions.* I shall not speak of the fact which makes a

# There are, however, limitations of parallelism due to the fact that
words often express also what belongs to the nature of the believing, as
well as what belongs to the content. We have just had an instance of this
in the case of tense; another will be considered later as regards negation.
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proposition true or false as its ‘meaning’, because this usage would
be confusing in the case of falsehood. I shall speak of the relation
of the proposition to tle fact which makes it true or false as its
‘objective reference’, or simply its ‘reference’. But this will not
occupy us till the next section.

The correspondence of word-propositions and image-proposi-
tions is, as a rule, by no means exact or simple. A form of words,
unless artificially constructed, usually expresses not only the con-
tent of a proposition, but also what may be called a ‘propositional
attitude’—memory, expectation, desire, etc. These attitudes do
not form part of the proposition, i.e., of the content of what is
believed when we believe, or desired when we desire.

Let us illustrate the content of a belief by an example. Suppose
I am believing, but not in words, that ‘it will rain’. What is happen-
ing? (1) Images, say, of the visual appearance of rain, the feeling
of wetness, the patter of drops, interrelated, roughly, as the sensa-
tions would be if it were raining, i.e., there is a complex fact
composed of images, having a structure analogous to that of the
objective fact which would make the belief true. (2) There is
expectation, i.e., that form of belief which refers to the future; we
shall examine this shortly. (3) There is a relation between (1) and
(2), making us say that (1) is ‘what is expected’. This relation also
demands investigation.

The most important thing about a proposition is that, whether
it consists of images or of words, it is, whenever it occurs, an
actual fact, having a certain analogy of structure—to be further
investigated—with the fact which makes it true or false. A word-
proposition, apart from niceties, ‘means’ the corresponding image-
proposition, and an image-proposition has an objective reference
dependent upon the meanings of its constituent images.

(2) Believing.—We come now to the question what actually
constitutes believing, as opposed to the question of the content
believed.

‘Everyone’, says William James, ‘knows the difference between
imagining a thing and believing in its existence, between supposing
a proposition and acquiescing in its truth. . . . In its inner nature,
belief, or the sense of reality, is a sort of feeling more allied to the
emotions than to anything else.’*

* Psychology, Vol. 1I, Chap. XXI, p. 283. James’s italics.

X
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In the main, this view seems inevitable. When we believe a pro-
position, we have a certain feeling which i is related to the content
of the proposition in the way described as ‘believing that pro-
position’. But I think various different feelings are collected to-
gether under the one word ‘belief’, and that there is not any one
feeling which pre-eminently #s belief.

Before we can begin the analysis of belief, however, it is neces-
sary to consider a theory which, whether explicitly advocated or
not, seems implicit in pragmatism, and capable, if true, of affording
a strong argument in favour of that philosophy. According to this
theory—for which I cannot make any author responsible—there
is no single occurrence which can be described as ‘believing a pro-
position’, but belief simply consists in causal efficacy. Some ideas
move us to action, others do not; those that do so move us are said
to be ‘believed’. A behaviourist who denies images will have to go
even further, and deny image-propositions altogether. For him,
I suppose, a belief will be, like a force in physics, an imagined
fictitious cause of a series of actions. An animal, desiring 4 (in
whatever may be the behaviouristic sense of ‘desire’), proceeds to
try to realize B; we then say that the animal ‘believes’ that Bis a
means to A. This is merely a way of collecting together a certain
set of acts; it does not represent any single occurrence in the animal.
But this view, whatever may be said in its favour where animals
are concerned, is condemned as regards human beings by the ad-
mission of images. These being admitted, it becomes impossible
to deny that image-propositions occur in people, and it is clear that
belief has specially to do with propositions, given that propositions
occur. And, this being admitted, we cannot make the differentia
between a proposition believed and a proposition merely con-
sidered consist only in the presence or absence of causal efficacy.
If we adhere to the maxim ‘same cause, same effect’, we must hold
that, if a proposition believed has different effects from those of the
same proposition merely considered, there must be some intrinsic
difference between believing and considering. The fact that be-
lieving moves us as considering does not, is evidence of some
intrinsic difference between the two phenomena, even when the
proposition concerned is the same in both cases.* This objection

® Cf. Brentano, Psychologie vom empirischen Standpunkte (Leipzig,
1874), p. 268 (criticizing Bain, The Emotions and the Will).
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seems fatal to the causal-efficacy view as above stated, though I
think some things that are true are suggested by the view.

It seems to me that there are various feelings that may attach
to a proposition, any one of which constitutes belief. Of these I
would instance memory, expectation, and bare non-temporal
assent. Whether there are others, I do not know. Memory requires
for its truth that the objective of the proposition should be in the
past, expectation that it should be in the future, while bare assent
does not necessitate any special time-relation of the belief to the
objective. Possibly disjunctions and implications may involve other
kinds of belief-feelings. The chief importance of these different
feelings, from our point of view, lies in the difficulty they create
in translating the phenomena of belief into words. Tense puts the
time-relation, apparently, into the content of what is believed,
whereas, if the above theory is correct, tense is primarily em-
bodied in the nature of the belief-feeling. However this may be,
we can simplify our discussion by confining ourselves to bare
assent, since it is undoubtedly possible to assent to a proposition
concerning the past or the future, as opposed to remembering or
expecting it.

When a belief, not expressed in words, is occurring in a person,
and is constituted by the feeling of assent, what is actually happen-
ing, if we are right, is as follows: (2) we have a proposition, con-
sisting of interrelated images, and possibly partly of sensations;
(b) we have the feeling of assent; (c) we have a relation, actually
subsisting, between the feeling of assent and the proposition, such
as is expressed by saying that that is the proposition assented to.
For other forms of belief, we have only to substitute other feelings
in place of assent.

It might be urged, as against the above theory, that belief is not
a positive phenomenon, though doubt and disbelief are so. It might
be contended that what we call belief involves only the existence
of the appropriate images, which will have the effects that are
characteristic of belief unless some other simultaneous force oper-
ates against them. It is possible to develop a behaviouristic logic,
starting with the definition that two propositions are logically in-
compatible when they prompt bodily movements which are physic-
ally incompatible. E.g., if one were a fish, one could not at the
same time believe the two propositions ‘this worm is good to eat’
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and ‘this worm is on a hook’. For.beliefs (in this view) would be
embodied in behaviour: the one belief, :in eating the worm; the
other, in avoiding it—always assuming (as behaviourists invariably
do) that the fish in question is not tired of life. Without going so
far as this, we might nevertheless agree with the passage which
James (loc. cit., page 288) quotes (inaccurately) from Spinoza:
‘Let us conceive a boy imagining to himself a horse, and taking
note of nothing else. As this imagination involves the existence of
the horse, and the boy has no perception which annuls its existence
[James’s italics], he will necessarily contemplate the horse as pre-
sent, nor will he be able to doubt of its existence, however little
certain of it he may be. I deny that a man in so far as he imagines
[percipit] affirms nothing. For what is it to imagine a winged horse
but to affirm that the horse [that horse, namely] has wings? For
if the mind had nothing before it but the winged horse it would
contemplate the same as present, would have no cause to doubt
of its existence, nor any power of dissenting from its existence,
unless the imagination of the winged horse were joined to an idea
which contradicted [tollit] its existence.’ (Ethics, 11, 49, Scholium.)

To this doctrine James entirely assents, adding in italics:

‘Any object which remains uncontradicted is ipso facto believed and
posited as absolute reality.’

Now if this view is correct, it would seem to follow (though
James does not draw this inference) that there is no need of any
specific feeling of belief, and that the mere existence of images
yields all that is required. The state of mind in which we merely
consider a proposition, without believing or disbelieving it, will
then appear as a sophisticated product, the result of some rival
force adding to the image-proposition a positive feeling which
may be called suspense or non-belief—a feeling which may be
compared to that of a man about to run a race, waiting for the signal.
Such a man, though not moving, is in a very different condition
from that of a man quietly at rest. And so the man who is consider-
ing a proposition without believing it will be in a state of tension,
restraining the natural tendency to act upon the proposition which
he would display if nothing interfered. In this view, belief prim-
arily consists merely in the existence of the appropriate images
without any counteracting forces,
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What most recommends the above view, to my mind, is the
way in which it accords wjth mental development. Doubt, suspense
of judgment, and disbelief all seem later and more complex than a
wholly unreflecting assent. Belief as a positive phenomenon, if it
exists, seems to be a product of doubt, a decision after debate, an
acceptance, not merely of this, but of this-rather-than-that. 1t is
not difficult to suppose that a dog has images (possibly olfactory)
of his absent master, or of the rabbit that he dreams of hunting.
But it is very difficult to suppose that he can entertain mere
imagination-images to which no assent is given. (When we speak
of ‘assent’ we mean for the moment merely that influence upon
action which might naturally be expected to accompany belief.)
The influence of hallucinatory images also fits well with this theory.
Such images, it would seem, often become gradually more and
more vivid, until at last they exclude the contrary images which
would prevent them from influencing action.

I think it may be conceded that a mere image, without the addi-
tion of any positive feeling that could be called ‘belief’, is apt to
have a certain dynamic power, and in this sense an uncombated
image has the force of a belief. But although this may be true, it
does not account for any but the simplest phenomena in the region
of belief. It will not, for example, explain either memory or expec-
tation, in both of which, though they differ widely in their effects
on action, the image is a sign, something pointing beyond itself to
a different event. Nor can it explain the beliefs which do not issue
in any proximate action, such as those of mathematics. I conclude,
therefore, that there are belief-feelings of the same order as those of
doubt or desire or disbelief, although phenomena closely analogous
to those of belief can be produced by mere uncontradicted images.

Instances like that of the boy imagining a winged horse are liable
to produce a certain confusion. The image of the winged horse of
course exists, and if the boy took this to be real, he would not be
in error. But images accompanied by belief are normally taken as
signs: the belief is not in the image, but in something else that is
indicated (or, in logical language ‘described’) by the image. This
is especially obvious in such a case as memory. When we remember
an event by means of present images, we are not believing in the
present existence of the images, but in the past existence of some-
thing resembling them. It is almost impossible to translate what
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is occurring into words without great distortion. The view which
I am advocating is that, in such a case, we have a specific feeling,
called remembering, which has a certain relation to the memory-
image. The memory-image constitutes the image-proposition, but
the translation of our belief into words is ‘something like this was’,
not ‘something like this zs’, as it would be in assent not of the nature
of memory or expectation. And even this translation is hardly
accurate, for words point not only to images, but beyond images
to what these mean. Therefore, when we use a word as if it meant
the image, we need an unnatural duplication of words in order to
reach what the image stands for. This produces the appearance of
unexpected complication, leading to an undue lack of plausibility.
But the whole question of adapting language to psychology, after
all the ages during which it has been adapted to bad logic, is so
difficult that I can hardly do more than indicate some of its prob-
lems.

IV. TRUTH AND FALSEHOOD

We come now to the question which we left on one side at the
beginning of our third section, namely: What is the relation of the
content of a belief to its ‘objective’, i.e., to the fact which makes
it true or false?

In an earlier paper before the Aristotelian Society,* in criticism
of Mr. Joachim, I have given my reasons for holding that truth
consists in correspondence rather than in internal consistency. I
do not propose to repeat those arguments at present, but shall
assume, without more ado, that the truth or falsehood of a belief
depends upon its relation to a fact other than itself. This fact I call
its ‘objective’. In so doing, I am not following exactly the same
usage as Meinong, who holds that there are false objectives as well
as true ones, and who, therefore, does not identify his objectives
with the facts that make propositions true or false. I cannot call
the fact the ‘meaning’ of the proposition, since that is confusing
when the proposition is false: if on a fine day I say ‘it is raining’,
we cannot say that the meaning of my statement is the fact that the
sun is shining. Nor can I use the word ‘denotation’, since that

* ‘On the Nature of Truth’, Proc. Arist. Soc., (1907). Reprinted, with
some alterations, in Philosophical Essays, under the title, “The Monistic
Theory of Truth’.
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assimilates propositions too much to names and descriptions. But
I shall say that a proposition ‘refers to’ its objective. Thus, when
we are concerned with image-propositions, ‘referring to’ takes the
place of ‘meaning’. Word-propositions, on the other hand, while
also ‘referring to’ objectives, may, in simple cases, be legitimately
spoken of as ‘meaning’ image-propositions.

According to the theory of propositions suggested in the previ-
ous section, it would be a mistake to regard truth and falsehood as
relations of the ‘ideal’ to the ‘real’. Propositions are facts in exactly
the same sense in which their objectives are facts. The relation of a
proposition to its objective is not a relation of something imagined
to something actual: it is a relation between two equally solid and
equally actual facts. One of these, the proposition, is composed of
images, with a possible admixture of sensations; the other may be
composed of anything.

Whether an image which is too simple to be called a proposition
can be in any sense true or false, is a question which I shall not
discuss. It is propositions, and their truth and falsehood, that I am
concerned with; whether there is any other truth or falsehood may
be left an open question.

There are two different questions in regard to truth and false-
hood, of which one may be called formal, the other material. The
formal question concerns the relations between the form of a pro-
position and the form of its objective in the respective cases of
truth and falsehood; the material question, which has been speci-
ally emphasized by pragmatists, concerns the nature of the effects
of true and false beliefs respectively. In so far as people wish to
believe truly (which I am told is sometimes the case), it is because
true beliefs are supposed to be, as a rule, a better means to the
realization of desires than false ones. Unless the material question
is remembered, the schematic treatment of the formal question may
appear very barren and scholastic. Nevertheless, it is to the formal
question that I propose to address myself.

The simplest possible schema of correspondence between pro-
position and objective is afforded by such cases as visual memory-
images. I call up a picture of a room that I know, and in my picture
the window is to the left of the fire. I give to this picture that sort
of belief which we call ‘memory’. When the room was present to
sense, the window was, in fact, to the left of the fire. In this case,
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I have a complex image, which we may analyse, for our purposes,
into (a) the image of the window, (b) the tmage of the fire, (c) the
relation that (a) is to the left of (b). The objective consists of the
window and the fire with the very same relation between them.
In such a case, the objective of a proposition consists of the mean-
ings of its constituent images related (or not related, as the case
may be) by the same relation as that which holds between the
constituent images in the proposition. When the objective is that
the same relation holds, the proposition is true; when the objective
is that the same relation does not hold, the proposition is false.
According to what was said about negative facts in Section I, there
is always one or other of these two possible objectives, and the
proposition is therefore always either true or false.

But such idyllic simplicity of correspondence is rare. It is already
absent in the word-propositions which mean such simple visual
image-propositions. In the phrase ‘4 is to the left of B’, even if we
treat ‘is-to-the-left-of” as one word, we have a fact consisting of
three terms with a triadic relation, not two terms with a dyadic
relation. The linguistic symbol for a relation is not itself a relation,
but a term as solid as the other words of the sentence. Language
might have been so constructed that this should not have been
always the case: a few specially important relations might have
been symbolized by relations between words. For instance, ‘4B’
might have meant ‘4 is to the left of B’. It might have been the
practice that pronouncing 4 on a high note and B on a low note
meant that 4 was B’s social superior. But the practical possibilities
of this method of symbolizing relations are obviously very limited,
and in actual language relations are symbolized by words (verbs
and prepositions chiefly) or parts of words (inflections).* Hence
the linguistic statement of a fact is a more complex fact than that
which it asserts, and the correspondence of a word-proposition
with its objective is never so simple as the simplest correspondence
in the case of image-propositions.

Again, the case of negative facts and negative propositions is
full of complexities. Propositions, whether of images or words, are

* This is not wholly true of very primitive languages. But they are so
vague and ambiguous that often they cannot be said to have any way of
expressing one relation rather than a number of others that might equally
be meant by the phrase which is used.
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always themselves positive facts. In the case of word-propositions,
there are different positive facts (phrases), of which one is true
when the objective is positive, the other when it is negative: the
phrases ‘A loves B’ and ‘A does not love B’ are both themselves
positive facts. We cannot symbolize the assertion that A4 does not
love B by merely having the words ‘4’ and ‘B’ without the word
‘loves’ between them, since we cannot practically distinguish the
fact that the word ‘loves’ does not occur between them from the
fact that, e.g., the word ‘hates’ does not occur between them.
Words and phrases, being intended for communication, have to
be sensible; and sensible facts are always positive. Thus there is no
identity between the distinction of positive and negative facts and
the distinction of positive and negative word-propositions: the
latter are themselves both positive facts, though differing by the
absence or presence of the word ‘not’.

In the case of image-propositions, there is again a lack of paral-
lelism with negative facts, but of a different kind. Not only are
image-propositions always positive, but there are not even two
kinds of positive image-propositions as there are of word-proposi-
tions. There is no ‘not’ in an image-proposition; the ‘not’ belongs
to the feeling, not to the content of the proposition. An image-
proposition may be believed or disbelieved; these are different
feelings towards the same content, not the same feeling towards
different contents. There is no way of visualizing ‘4-not-to-the-
left-of-B’. When we attempt it, we find ourselves visualizing
‘A-to-the-right-of-B’ or something of the sort. This is one strong
reason for the reluctance to admit negative facts.

We have thus, as regards the opposition of positive and negative,
the following different sorts of duality:

(1) Positive and negative facts.

(2) Image propositions, which may be believed or disbelieved
but do not allow any duality of content corresponding to positive
and negative facts.

(3) Word-propositions, which are always positive facts, but are
of two kinds, one verified by a positive objective, the other by a
negative objective.

Thus the simpler kinds of parallelism between proposition and
fact are only to be looked for in the case of positive facts and
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propositions. Where the fact is negative, the correspondence neces-
sarily becomes more complicated. It is partly the failure to realize
the lack of parallelism between negative facts and negative word-
propositions that has made a correct theory of negative facts so
difficult either to discover or to believe.

Let us now return to positive facts and beliefs in image-pro-
positions. In the case of spatial relations, we found that it is pos-
sible for the relation of the constituent images to be the same as
the relation of the constituents of the objective. In my visualizing
of A to the left of B, my image of A4 is to the left of my image
of B. Does this identity of relation, as between the image-pro-
position and its objective, ever occur except in the case of spatial
relations?

The case which it is natural to consider next is that of temporal
relations. Suppose I believe that 4 precedes B. Can this belief
have for its content an image of A4 preceding an image of B? At
first sight, most people would unhesitatingly reject such an hypo-
thesis. We have been told so often that an idea of succession is not
a succession of ideas, that we almost automatically regard the
apprehension of a sequence as something in which the earlier and
later parts of the sequence must be simultaneously presented. It
seems rash to challenge a view so generally regarded as unquestion-
able, and yet I cannot resist grave doubts as to its truth. Of course
it is a fact that we often have successive images without the belief
that their prototypes have the same time-order. But that proves
nothing, since in any case belief is something which has to be
added to an image-proposition. Is it certain that we cannot have
an image of A followed by an image of B, and proceed to believe
this sequence? And cannot this be the belief that 4 precedes B?
I see no reason why this should not be the case. When, for example,
I imagine a person speaking a sentence, or when, for that matter,
I actually hear him speak it, there does not seem, as a question of
empirical fact, to be any moment at which the whole sentence is
present to imagination or sense, and yet, in whatever may be the
usual meaning of the phrase, I can ‘apprehend the sentence as a
whole’. I hear the words in order, but never the whole sentence
at once; yet I apprehend the sentence as a whole, in the sense that
it produces upon me the intended effect, whatever that may be.
You come to me and say: ‘Your roof has fallen in, and the rain is
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pouring down into the rooms, ruining all your furniture’. I under-
stand what you say, singe I express consternation, ring up the land-
lord, write to the insurance company, and order a van to remove
my belongings. Yet it by no means follows that the whole sentence
was imaginatively present to me at any one moment. My belief in
your statement is a causal unit, and it is therefore supposed to be
a unitary occurrence. But in mental affairs the causal unit may well
be several events at different times. This is part of Bergson’s point
about repetition; it is also suggested by the law of habit. It may
well turn out to be one of the fundamental differences between
physics and psychology. Thus, there seems no good reason why,
when we believe in a succession, there should be any one moment
within which the whole content of the belief is existing. The belief
in a succession may quite well be itself a succession. If so, temporal
relations, like spatial ones, allow the simplest type of correspon-
dence, in which the relation in the image-proposition is identical
with that in the objective. But I only wish to suggest this view as a
possible one: I do not feel prepared to say with any conviction
that it is in fact true.

The correspondence of proposition and fact grows increasingly
complicated as we pass to more complicated types of propositions:
existence-propositions, general propositions, disjunctive and hypo-
thetical propositions, and so on. The subject is important, and
capable, I believe, of throwing much new light on logic; but I shall
not pursue it here.

The general nature of the formal correspondence which makes
truth or falsehood can be seen from the simplest case: the case of a
dyadic relation which is the same in the fact and in the image-pro-
position. You have an image of 4 which is to the left of your image
of B: this occurrence is an image-proposition. If 4 is to the left
of B, the proposition is true; if 4 is not to the left of B, it is false.
The phrase ‘A is to the left of B’ means the image-proposition, and
is true when this is true, false when this is false; on the other hand,
the phrase ‘4 is not to the left of B’ is true when the image-
proposition is false, and false when it is true. Thus for this simplest
case we have obtained a formal definition of truth and falsehood,
both for image-propositions and for word-propositions. It is easy
to see that the same kind of definition can be extended to more
complicated cases.
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It will be observed that truth and falsehood, in their formal
sense, are primarily properties of propositipns rather than of be-
liefs. Derivatively, we call a belief true when it is belief in a true
proposition, and a disbelief true when it is disbelief in a false pro-
position; but it is to propositions that the primary formal meanings
of ‘truth’ and ‘falsehood’ apply.

But when we come to what gives importance to truth and false-
hood, as opposed to what constitutes their formal definition, it is
beliefs, not propositions, that are important. Beliefs influence
action, and the effects of true beliefs, I am told, are more agreeable
than those of false beliefs. The attempt to define truth in this way
seems to me a mistake. But so long as we confine ourselves to the
formal definition of truth, it is difficult to see why any one should
take an interest in it. It is therefore important to remember the
connexion of beliefs with action. But I do not think either that the
pleasant effects of a belief are alone a sufficient verification of it,
or that verification can be used ta define truth. There are true pro-
positions, for example, about past matters of fact, which cannot
be verified. The formal definition of truth by correspondence of a
proposition with its objective seems the only one which is theoretic-
ally adequate. The further inquiry whether, if our definition of
truth is correct, there is anything that can be known, is one that I
cannot now undertake; but if the result of such an inquiry should
prove adverse, I should not regard that as affording any theoretical
objection to the proposed definition.



Logical Atomism

One of the things that philosophy finally is learning is how to state
problems in such a manner that they are not, on the face of them,
nonsensical, insoluble, or muddled. This is an achievem entthat does
not appear to be impressive, but, in fact, represents the culmination
of constructive philosophic tendencies that began with Socrates. A
result of this general desire for clarification has been that a consider-
able amount of philosophical writing that, in time, is not very old, has
come to be regarded as belonging to a remote period before the force
of scientific criticism became generally felt.

In 1924—25 when Professor §. H. Muirhead issued the two series
of essays entitled CONTEMPORARY BRITISH PHILOSOPHY the dominant
Sfigure among the thinkers of the day was F. H. Bradley, whose ideal-
ism was a statement of the ‘position’ which most of the contributors
defended in one way or another. This viewpoint reflected the convic-
tion that the humanist had access to Truth in a higher and nobler
Sform than any group of ‘uncultured button-pushers and knob-twiddlers’
(the phrase, as one might expect, comes from the Oxford Holy of
Holies, All Souls’, but is of 1956 rather than 1920 vintage), from
which it followed that the speculative philosopher could make state-
ments about what was ultimately the case, could ‘interpret’ the find-
ings of empirical investigations to meet his personal ends, and could
reserve the right to speak of real reality to those who had pondered
over Hegel and mastered Greek.

Russell’s essay in this volume shows him, philosophically, mid-way
between 'THE ANALYSIS OF MIND (1921) and THE ANALYSIS OF
MATTER (1927). He still feels some influence from Witigenstein, but
Wittgenstein’s views are now wholly assimilated into his own and
have taken a form which we know Wittgenstein would not have
approved. He is, however, still somewhat on the defensive, and his
philosophy, which now s (I feel) generally seen to represent the most
important tendencies of the period, was then by no means so well
regarded and most certainly lacked the high prestige of the work of the
leading idealists. Mr. Bradley probably thought he was writing
for the ages, and it is interesting to speculate on how he would have
reacted if some unusually competent soothsayer had given him a
glimpse of his eventual reputation. ‘Bad philosophy has always been
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an Oxford specialty,’ says BR, ‘and bad philosophy is still philosopy!’
In the idealist period the primary objective. of Oxford philosophy,
Russell has told me, ‘was to give the place a moral tone’. The objectives
of some recent capers of Oxford philosophers are hardly so clear andmay
even suggest the idea that, philosophically anyway, after establishing
itself as the traditional home of lost causes, Oxford has finally become
a lost cause itself.*

Extracted, then, from a setting not greatly different or more relevant
to current thought than that in which ON DENOTING first appeared
nineteen years earlier, here is an essay in which Russell provides a
succinct and eloquent summation of his point of view of some thirty
years ago.

*As a once fully matriculated member of that university, I think I can
make this remark without being charged with expressing mere Cambridge
prejudices.



1924

LOGICAL ATOMISM

THE PHILOSOPHY which I advocate is generally regarded as a species
of realism, and accused of inconsistency because of the elements
in it which seem contrary to that doctrine. For my part, I do not
regard the issue between realists and their opponents as a funda-
mental one; I could alter my view on this issue without changing
my mind as to any of the doctrines upon which I wish to lay stress.
I hold that logic is what is fundamental in philosophy, and that
schools should be characterized rather by their logic than by their
metaphysic. My own logic is atomic, and it is this aspect upon
which I should wish to lay stess. Therefore I prefer to describe
my philosophy as ‘logical atomism’, rather than as ‘realism’,
whether with or without some prefixed adjective.

A few words as to historical development may be useful by way
of preface. I came to philosophy through mathematics, or rather
through the wish to find some reason to believe in the truth of
mathematics. From early youth, I had an ardent desire to believe
that there can be such a thing as knowledge, combined with a
great difficulty in accepting much that passes as knowledge. It
seemed clear that the best chance of finding indubitable truth
would be in pure mathematics, yet some of Euclid’s axioms were
obviously doubtful, and the infinitesimal calculus, as I was taught
it, was a mass of sophisms, which I could not bring myself to re-
gard as anything else. I saw no reason to doubt the truth of arith-
metic, but I did not then know that arithmetic can be made to
embrace all traditional pure mathematics. At the age of eighteen
I read Mill’s Logic, but was profoundly dissatisfied with his rea-
sons for accepting arithmetic and geometry. I had not read Hume,
but it seemed to me that pure empiricism (which I was disposed to
accept) must lead to scepticism rather than to Mill’s support of
received scientific doctrines. At Cambridge I read Kant and Hegel,
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as well as Mr. Bradley’s Logic, which influenced me profoundly.
For some years I was a disciple of Mr. Bradley, but about 1898 I
changed my views, largely as a result of arguments with G. E.
Moore. I could no longer believe that knowing makes any differ-
ence to what is known. Also I found myself driven to pluralism.
Analysis of mathematical propositions persuaded me that they
could not be explained as even partial truths unless one admitted
pluralism and the reality of relations. An accident led me at this
time to study Leibniz, and I came to the conclusion (subsequently
confirmed by Couturat’s masterly researches) that many of his
most characteristic opinions were due to the purely logical doctrine
that every proposition has a subject and a predicate. This doctrine
is one which Leibniz shares with Spinoza, Hegel, and Mr. Bradley;
it seemed to me that, if it is rejected, the whole foundation for the
metaphysics of all these philosophers is shattered. I therefore re-
turned to the problem which had originally led me to philosophy,
namely, the foundations of mathematics, applying to it a new logic
derived largely from Peano and Frege, which proved (at least, so
I believe) far more fruitful than that of traditional philosophy.
In the first place, I found that many of the stock philosophical
arguments about mathematics (derived in the main from Kant)
had been rendered invalid by the progress of mathematics in the
meanwhile. Non-Euclidean geometry had undermined the argu-
ment of the transcendental aesthetic. Weierstrass had shown that
the differential and integral calculus do not require the conception
of the infinitesimal, and that, therefore, all that had been said by
philosophers on such subjects as the continuity of space and time
and motion must be regarded as sheer error. Cantor freed the
conception of infinite number from contradiction, and thus dis-
posed of Kant’s antinomies as well as many of Hegel’s. Finally
Frege showed in detail how arithmetic can be deduced from pure
logic, without the need of any fresh ideas or axioms, thus dis-
proving Kant’s assertion that 7 4 5 = 12’ is synthetic—at least
in the obvious interpretation of that dictum. As all these results
were obtained, not by any heroic method, but by patient detailed
reasoning, I began to think it probable that philosophy had erred
in adopting heroic remedies for intellectual difficulties, and that
solutions were to be found merely by greater care and accuracy.
This view I have come to hold more and more strongly as time
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went on, and it has led me to doubt whether philosophy, as a study
distinct from science and possessed of a method of its own, is any-
thing more than an unfortunate legacy from theology.

Frege’s work was not final, in the first place because it applied
only to arithmetic, not to other branches of mathematics; in the
second place because his premises did not exclude certain contra-
dictions to which all past systems of formal logic turned out to be
liable. Dr. Whitehead and I in collaboration tried to remedy these
two defects, in Principia Mathematica, which, however, still falls
short of finality in some fundamental points (notably the axiom
of reducibility). But in spite of its shortcomings I think that no
one who reads this book will dispute its main contention, namely,
that from certain ideas and axioms of formal logic, by the help of
the logic of relations, all pure mathematics can be deduced, with~
out any new undefined idea or unproved propositions. The tech-
nical methods of mathematical logic, as developed in this book,
seem to me very powerful, and capable of providing a new instru-
ment for the discussion of many problems that have hitherto re-
mained subject to philosophic vagueness. Dr. Whitehead’s Concept
of Nature and Principles of Natural Knowledge may serve as an
illustration of what I mean.

When pure mathematics is organized as a deductive system—
i.e. as the set of all those propositions that can be deduced from
an assigned set of premises—it becomes obvious that, if we are
to believe in the truth of pure mathematics, it cannot be solely
because we believe in the truth of the set of premises. Some of the
premises are much less obvious than some of their consequences,
and are believed chiefly because of their consequences. This will
be found to be always the case when a science is arranged as a
deductive system. It is not the logically simplest propositions of
the system that are the most obvious, or that provide the chief
part of our reasons for believing in the system. With the empirical
sciences this is evident. Electro-dynamics, for example, can be
concentrated into Maxwell’s equations, but these equations are
believed because of the observed truth of certain of their logical
consequences. Exactly the same thing happens in the pure realm
of logic; the logically first principles of logic—at least some of
them—are to be believed, not on their own account, but on account
of their consequences. The epistemological question: ‘Why should
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I believe this set of propositions?’ is quite different from the logical
question: ‘What is the smallest and logically simplest group of
propositions from which this set of propositions can be deduced?’
Our reasons for believing logic and pure mthematics are, in part,
only inductive and probable, in spite of the fact that, in their
logical order, the propositions of logic and pure mathematics
follow from the premises of logic by pure deduction. I think this
point important, since errors are liable to arise from assimilating
the logical to the epistemological order, and also, conversely, from
assimilating the epistemological to the logical order. The only way
in which work on mathematical logic throws light on the truth or
falsehood of mathematics is by disproving the supposed antinomies.
This shows that mathematics may be true. But to show that mathe-
matics 75 true would require other methods and other considera-
tions.

One very important heuristic maxim which Dr. Whitehead and
I found, by experience, to be applicable in mathematical logic,
and have since applied in various other fields, is a form of Ockham’s
razor. When some set of supposed entities has neat logical pro-
perties, it turns out, in a great many instances, that the supposed
entities can be replaced by purely logical structures composed of
entities which have not such neat properties. In that case, in inter-
preting a body of propositions hitherto believed to be about the
supposed entities, we can substitute the logical structures without
altering any of the detail of the body of propositions in question.
This is an economy, because entities with neat logical properties
are always inferred, and if the propositions in which they occur
can be interpreted without making this inference, the ground for
the inference fails, and our body of propositions is secured against
the need of a doubtful step. The principle may be stated in the
form: ‘Wherever possible, substitute constructions out of known
entities for inferences to unknown entities.”

The uses of this principle are very various, but are not intelli-
gible in detail to those who do not know mathematical logic. The
first instance I came across was what I have called ‘the principle
of abstraction’, or ‘the principle which dispenses with abstrac-
tion.”* This principle is applicable in the case of any symmetrical
and transitive relation, such as equality. We are apt to infer that

* External World, p. 42.
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such relations arise from possession of some common quality. This
may or may not be true; probably it is true in some cases and not
in others. But all the formal purposes of a common quality can be
served by membership of the group of terms having the said rela-
tion to a given term. Take magnitude, for example. Let us suppose
that we have a group of rods, all equally long. It is easy to suppose
that there is a certain quality, called their length, which they all
share. But all propositions in which this supposed quality occurs
will retain their truth-value unchanged if, instead of ‘length of the
rod x” we take ‘membership of the group of all those rods which
are as long as &’. In various special cases—e.g. the definition of
real numbers—a simpler construction is possible.

A very important example of the principle is Frege’s definition
of the cardinal number of a given set of terms as the class of all
sets that are ‘similar’ to the given set—where two sets are ‘similar’
when there is a one-one relation whose domain is the one set and
whose converse domain is the other. Thus a cardinal number is
the class of all those classes which are similar to a given class. This
definition leaves unchanged the truth-values of all propositions
in which cardinal numbers occur, and avoids the inference to a set
of entities called ‘cardinal numbers’, which were never needed
except for the purpose of making arithmetic intelligible, and are
now no longer needed for that purpose.

Perhaps even more important is the fact that classes themselves
can be dispensed with by similar methods. Mathematics is full of
propositions which seem to require that a class or an aggregate
should be in some sense a single entity—e.g. the proposition ‘the
number of combinations of # things any number at a time is 2.
Since 2" is always greater than 7, this proposition leads to diffi-
culties if classes are admitted because the number of classes of
entities in the universe is greater than the number of entities in
the universe, which would be odd if classes were some among
entities. Fortunately, all the propositions in which classes appear
to be mentioned can be interpreted without supposing that there
are classes. This is perhaps the most important of all the applica-
tions of our principle. (See Principia Mathematica, *20.)

Another important example concerns what I call ‘definite des-
criptions’, i.e. such phrases as ‘the even prime’, ‘the present King
of England’, ‘the present King of France’. There has always been
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a difficulty in interpreting such propositions as ‘the present King
of France does not exist’. The difficulty arose through supposing
that ‘the present King of France’ is the subject of this proposition,
which made it necessary to suppose that he subsists although he
does not exist. But it is difficult to attribute even subsistence to
‘the round square’ or ‘the even prime greater than 2’. In fact, ‘the
round square does not subsist’ is just as true as ‘the present King
of France does not exist’. Thus the distinction between existence
and subsistence does not help us. The fact is that, when the words
‘the so-and-so’ occur in a proposition, there is no corresponding
single constituent of the proposition, and when the proposition
is fully analysed the words ‘the so-and-so’ have disappeared. An
important consequence of the theory of descriptions is that it is
meaningless to say ‘A exists’ unless ‘A’ is (or stands for) a phrase
of the form ‘the so-and-so’. If the so-and-so exists, and x is the
so-and-so, to say ‘x exists’ is nonsense. Existence, in the sense in
which it is ascribed to single entities, is thus removed altogether
from the list of fundamentals. The ontological argument and most
of its refutations are found to depend upon bad grammar. (See
Principia Mathematica, *14.)

There are many other examples of the substitution of construc-
tions for inferences in pure mathematics, for example, series,
ordinal numbers, and real numbers. But I will pass on to the
examples in physics.

Points and instants are obvious examples: Dr. Whitehead has
shown how to construct them out of sets of events all of which have
a finite extent and a finite duration. In relativity theory, it is not
points or instants that we primarily need, but event-particles,
which correspond to what, in older language, might be described
as a point at an instant, or an instantaneous point. (In former days,
a point of space endured throughout all time, and an instant of
time pervaded all space. Now the unit that mathematical physics
wants has neither spatial nor temporal extension.) Event-particles
are constructed by just the same logical process by which points
and instants were constructed. In such constructions, however, we
are on a different plane from that of constructions in pure mathe-
matics. The possibility of constructing an event-particle depends
upon the existence of sets of events with certain properties; whe-
ther the required events exist can only be known empirically, if at
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all. There is therefore no a priori reason to expect continuity (in
the mathematical sense); or to feel confident that event-particles
can be constructed. If the quantum theory should seem to demand
a discrete space-time, our logic is just as ready to meet its require-
ments as to meet those of traditional physics, which demands
continuity. The question is purely empirical, and our logic is (as
it ought to be) equally adapted to either alternative.

Similar considerations apply to a particle of matter, or to a piece
of matter of finite size. Matter, traditionally, has two of those
‘neat’ properties which are the mark of a logical construction; first,
that two pieces of matter cannot be at the same place at the same
time; secondly, that one piece of matter cannot be in two places at
the same time. Experience in the substitution of constructions for
inferences makes one suspicious of anything so tidy and exact.
One cannot help feeling that impenetrability is not an empirical
fact, derived from observation of billiard-balls, but is something
logically necessary. This feeling is wholly justified, but it could not
be so if matter were not a logical construction. An immense num-
ber of occurrences coexist in any little region of space-time; when
we are speaking of what is not logical construction, we find no
such property as impenetrability, but, on the contrary, endless
overlapping of the events in a part of space-time, however small.
The reason that matter is impenetrable is because our definitions
make it so. Speaking roughly, and merely so as to give a notion of
how this happens, we may say that a piece of matter is all that
happens in a certain track in space-time, and that we construct the
tracks called bits of matter in such a way that they do not intersect.
Matter is impenetrable because it is easier to state the laws of
physics if we make our constructions so as to secure impenetra-
bility. Impenetrability is a logically necessary result of definition,
though the fact that such a definition is convenient is empirical.
Bits of matter are not among the bricks out of which the world is
built. The bricks are events, and bits of matter are portions of the
structure to which we find it convenient to give separate attention,

In the philosophy of mental occurrences there are also oppor-
tunities for the application of our principle of constructions versus
inferences. The subject, and the relation of a cognition to what is
known, both have that schematic quality that arouses our suspi-
cions. Itis clear that the subject, if it is to be preserved at all, must
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be preserved as a construction, not as an inferred entity; the only
question is whether the subject is sufficiently useful to be worth
constructing. The relation of a cognition to what is known, again,
cannot be a straightforward single ultimate, as I at one time
believed it to be. Although I do not agree with pragmatism, I
think William James was right in drawing attention to the com-
plexity of ‘knowing’. It is impossible in a general summary, such
as the present, to set out the reasons for this view. But whoever
has acquiesced in our principle will agree that here is prima facie a
case for applying it. Most of my Analysis of Mind consists of appli-
cations of this principle. But as psychology is scientifically much
less perfected than physics, the opportunities for applying the
principle are not so good. The principle depends, for its use, upon
the existence of some fairly reliable body of propositions, which are
to be interpreted by the logician in such a way as to preserve their
truth while minimizing the element of inference to unobserved
entities. The principle therefore presupposes a moderately ad-
vanced science, in the absence of which the logician does not know
what he ought to construct. Until recently, it would have seemed
necessary to construct geometrical points; now it is event-particles
that are wanted. In view of such a change in an advanced subject
like physics, it is clear that constructions in psychology must be
purely provisional.

I have been speaking hitherto of what it is not necessary to
assume as part of the ultimate constituents of the world. But
logical constructions, like all other constructions, require materials,
and it is time to turn to the positive question, as to what these
materials are to be. This question, however, requires as a prelimin-
ary a discussion of logic and language and their relation to what
they try to represent.

The influence of language on philosophy has, I believe, been
profound and almost unrecognized. If we are not to be misled by
this influence, it is necessary to become conscious of it, and to ask
ourselves deliberately how far it is legitimate. The subject-predi-
cate logic, with the substance-attribute metaphysic, are a case in
point. It is doubtful whether either would have been invented by
people speaking a non-Aryan language; certainly they do not seem
to have arisen in China, except in connexion with Buddhism, which
brought Indian philosophy with it. Again, it is natural, to take a
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different kind of instance, to suppose that a proper name which
can be used significantly stands for a single entity; we suppose
that there is a certain more or less persistent being called ‘Socrates’,
because the same name is applied to a series of occurrences which
we are led to regard as appearances of this one being. As language
grows more abstract, a new set of entities come into philosophy,
namely, those represented by abstract words—the universals. I do
not wish to maintain that there are no universals, but certainly
there are many abstract words which do not stand for single uni-
versals—e.g. triangularity and rationality. In these respects lan-
guage misleads us both by its vocabulary and by its syntax. We
must be on our guard in both respects if our logic is not to lead
to a false metaphysic.

Syntax and vocabulary have had different kinds of effects on
philosophy. Vocabulary has most influence on common sense. It
might be urged, conversely, that common sense produces our
vocabulary. This is only partially true. A word is applied at first
to things which are more or less similar, without any reflection as
to whether they have any point of identity. But when once usage
has fixed the objects to which the word is to be applied, common
sense is influenced by the existence of the word, and tends to sup-
pose that one word must stand for one object, which will be a
universal in the case of an adjective or an abstract word. Thus the
influence of vocabulary is towards a kind of platonic pluralism of
things and ideas.

The influence of syntax, in the case of the Indo-European lan-
guages, is quite different. Almost any proposition can be put into
a form in which it has a subject and a predicate, united by a copula.
It is natural to infer that every fact has a corresponding form, and
consists in the possession of a quality by a substance. This leads,
of course, to monism, since the fact that there were several sub-
stances (if it were a fact) would not have the requisite form.
Philosophers, as a rule, believe themselves free from this sort of
influence of linguistic forms, but most of them seem to me to be
mistaken in this belief. In thinking about abstract matters, the
fact that the words for abstractions are no more abstract than ordin-
ary words always makes it easier to think about the words than
about what they stand for, and it is almost impossible to resist
consistently the temptation to think about the words.
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Those who do not succumb to the subject-predicate logic are
apt to get only one step further, and admit relations of two terms,
such as before-and-after, greater-and-less, right-and-left. Lan-
guage lends itself to this extension of the subject-predicate logic,
since we say ‘A precedes B’, ‘4 exceeds B’, and so on. It is easy to
prove that the fact expressed by a proposition of this sort cannot
consist of the possession of a quality by a substance, or of the
possession of two or more qualities by two or more substances.
(See Principles of Mathematics, § 214.) The extension of the sub-
ject-predicate logic is therefore right so far as it goes, but obviously
a further extension can be proved necessary by exactly similar
arguments. How far it is necessary to go up the series of three-
term, four-term, five-term . . . relations I do not know. But it is
certainly necessary to go beyond two-term relations. In projective
geometry, for example, the order of points on a line or of planes
through a line requires a four-term relation.

A very unfortunate effect of the peculiarities of language is in
connexion with adjectives and relations. All words are of the same
logical type; a word is a class of series, of noises or shapes according
as it is heard or read. But the meanings of words are of various
different types; an attribute (expressed by an adjective) is of a
different type from the objects to which it can be (whether truly
or falsely) attributed; a relation (expressed perhaps by a preposi-
tion, perhaps by a transitive verb, perhaps in some other way) is
of a different type from the terms between which it holds or does
not hold. The definition of a logical type is as follows: 4 and B are
of the same logical type if, and only if, given any fact of which 4
is a constituent, there is a corresponding fact which has B as a
constituent, which either results by substituting B for 4, or is
the negation of what so results. To take an illustration, Socrates
and Aristotle are of the same type, because ‘Socrates was a philo-
sopher’ and ‘Aristotle was a philosopher’ are both facts; Socrates
and Caligula are of the same type, because ‘Socrates was a philo-
sopher’ and ‘Caligula was not a philosopher’ are both facts. To love
and to kill are of the same type, because ‘Plato loved Socrates’ and
‘Plato did not kill Socrates’ are both facts. It follows formally
from the definition that, when two words have meanings of differ-
ent types, the relations of the words to what they mean are of
different types; that is to say, there is not one relation of meaning
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between words and what they stand for, but as many relations of
meaning, each of a different logical type, as there are logical types
among the objects for which there are words. This fact is a very
potent source of error and confusion in philosophy. In particular,
it has made it extraordinarily difficult to express in words any
theory of relations which is logically capable of being true, because
language cannot preserve the difference of type between a relation
and its terms. Most of the arguments for and against the reality of
relations have been vitiated through this source of confusion.

At this point, I propose to digress for a moment, and to say, as
shortly as I can, what I believe about relations. My own views on
the subject of relations in the past were less clear than I thought
them, but were by no means the views which my critics supposed
them to be. Owing to lack of clearness in my own thoughts, I was
unable to convey my meaning. The subject of relations is difficult,
and I am far from claiming to be now clear about it. But I think
certain points are clear to me. At the time when I wrote The
Principles of Mathematics, I had not yet seen the necessity of logical
types. The doctrine of types profoundly affects logic, and I think
shows what, exactly, is the valid element in the arguments of those
who oppose ‘external’ relations. But so far from strengthening
their main position, the doctrine of types leads, on the contrary,
to a morc complete and radical atomism than any that I conceived
to be possible twenty years ago. The question of relations is one
of the most important that arise in philosophy, as most other issues
turn on it: monism and pluralism; the question whether anything
is wholly true except the whole of truth, or wholly real except the
whole of reality; idealism and realism, in some of their forms;
perhaps the very existence of philosophy as a subject distinct from
science and possessing a method of its own. It will serve to make
my meaning clear if I take a passage in Mr. Bradley’s Essays on
Truth and Reality, not for controversial purposes, but because it
raises exactly the issues that ought to be raised. But first of all I
will try to state my own view, without argument.*

Certain contradictions—of which the simplest and oldest is the

* 1 am much indebted ty my friend Wittgenstein in this matter. See
his Tractatus Logico-Philosophicus, Kegan Paul, 1922. I do not accept all
his doctrines, but my debt to him will be obvious to those who read his
book.
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one about Epimenides the Cretan, who said that all Cretans were
liars, which may be reduced to the man who says ‘I am lying’—
convinced me, after five years devoted mainly to this one question,
that no solution is technically possible without the doctrine of types.
In its technical form, this doctrine states merely that a word or
symbol may form part of a significant proposition, and in this
sense have meaning, without being always able to be substituted
for another word or symbol in the same or some other proposition
without producing nonsense. Stated in this way, the doctrine may
seem like a truism. ‘Brutus killed Caesar’ is significant, but ‘Killed
killed Caesar’ is nonsense, so that we cannot replace ‘Brutus’ by
‘killed’, although both words have meaning. This is plain common
sense, but unfortunately almost all philosophy consists in an
attempt to forget it. The following words, for example, by their
very nature, sin against it: attribute, relation, complex, fact, truth,
falsehood, not, liar, omniscience. To give a meaning to these words,
we have to make a detour by way of words or symbols and the
different ways in which they may mean; and even then, we usually
arrive, not at one meaning, but at an infinite series of different
meanings. Words, as we saw, are all of the same logical type; there-
fore when the meanings of two words are of different types, the
relations of the two words to what they stand for are also of different
types. Attribute-words and relation-words are of the same type,
therefore we can say significantly ‘attribute-words and relation-
words have different uses’. But we cannot say significantly
‘attributes are not relations’. By our definition of types, since
relations are relations, the form of words ‘attributes are relations’
must be not false, but meaningless, and the form of words
‘attributes are not relations’, similarly, must be not true, but
meaningless. Nevertheless, the statement ‘attribute-words are not
relation-words’ is significant and true.

We can now tackle the question of internal and external rela-
tions, remembering that the usual formulations, on both sides,
are inconsistent with the doctrine of types. I will begin with
attempts to state the doctrine of external relations. It is useless to
say ‘terms are independent of their relations’, because ‘indepen-
dent’ is a word which means nothing. Two events may be said to
be causally independent when no causal chain leads from one to
the other; this happens, in the special theory of relativity, when



LOGICAL ATOMISM 335

the separation between the events is space-like. Obviously this
sense of ‘independent’ is irrelevant. If, when we say ‘terms are
independent of their relations’, we mean ‘two terms which have a
given relation would be the same if they did not have it’, that is
obviously false; for, being what they are, they have the relation,
and therefore whatever does not have the relation is different. If
we mean—as opponents of external relations suppose us to mean
—that the relation is a third term which comes between the other
two terms and is somehow hooked on to them, that is obviously
absurd, for in that case the relation has ceased to be a relation, and
all that is truly relational is the hooking of the relation to the terms.
The conception of the relation as a third term between the other
two sins against the doctrine of types, and must be avoided with
the utmost care.

What, then, can we mean by the doctrine of external relations?
Primarily this, that a relational proposition is not, in general,
logically equivalent formally to one or more subject-predicate
propositions. Stated more precisely: Given a relational proposi-
tional function ‘¢Ry’, it is not in general the case that we can find
predicates a, f, ¥, such that, for all values of x and y, xRy is equiva-
lent to xa, yB, (*, y)y (where (x, y) stands for the whole consisting
of x and y), or to any one or two of these. This, and this only, is
what I mean to affirm when I assert the doctrine of external rela-
tions; and this, clearly, is at least part of what Mr. Bradley denies
when he asserts the doctrine of internal relations.

In place of ‘unities’ or ‘complexes’, I prefer to speak of ‘facts’.
It must be understood that the word ‘fact’ cannot occur signifi-
cantly in any position in a sentence where the word ‘simple’ can
occur significantly, nor can a fact occur where a simple can occur.
We must not say ‘facts are not simples’. We can say, “The symbol
for a fact must not replace the symbol for a simple, or vice versa,
if significance is to be preserved.” But it should be observed that,
in this sentence, the word ‘for’ has different meanings on the two
occasions of its use. If we are to have a language which is to safe-
guard us from errors as to types, the symbol for a fact must be a
proposition, not a single word or letter. Facts can be asserted or
denied, but cannot be named. (When I say ‘facts cannot be named’,
this is, strictly speaking, nonsense. What can be said without falling
into nonsense is: “The symbol for a fact is not a name’.) This
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illustrates how meaning is a different relation for different types.
The way to mean afact is to assert it; the way to mean a simple is
to name it. Obviously naming is different from asserting, and
similar differences exist where more advanced types are concerned,
though language has no means of expressing the differences.

There are many other matters in Mr. Bradley’s examination of
my views which call for reply. But as my present purpose is explan-
atory rather than controversial, I will pass them by, having, I hope,
already said enough on the question of relations and complexes
to make it clear what is the theory that I advocate. I will only add,
as regards the doctrine of types, that most philosophers assume
it now and then, and few would deny it, but that all (so far as I
know) avoid formulating it precisely or drawing from it those
deductions that are inconvenient for their systems.

I come now to some of Mr. Bradley’s criticisms (loc. cit.,
p. 280 ff.). He says:

‘Mr. Russell’s main position has remained to myself incompre-
hensible. On the one side I am led to think that he defends a strict
pluralism, for which nothing is admissible beyond simple terms
and external relations. On the other side Mr. Russell seems to
assert emphatically, and to use throughout, ideas which such a
pluralism surely must repudiate. He throughout stands upon
unities which are complex and which cannot be analysed into
terms and relations. These two positions to my mind are irrecon-
cilable, since the second, as I understand it, contradicts the first
flatly.’

With regard to external relations, my view is the one I have just
stated, not the one commonly imputed by those who disagree. But
with regard to unities, the question is more difficult. The topic is
one with which language, by its very nature, is peculiarly unfitted
to deal. I must beg the reader, therefore, to be indulgent if what I
say is not exactly what I mean, and to try to see what I mean in
spite of unavoidable linguistic obstacles to clear expression.

To begin with, I do not believe that there are complexes or
unities in the same sense in which there are simples. I did believe
this when I wrote The Principles of Mathematics, but, on account
of the doctrine of types, I have since abandoned this view. To
speak loosely, I regard simples and complexes as always of differ-
ent types. That is to say, the statements ‘“There are simples’ and
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‘There are complexes’ use the words ‘there are’ in different senses.
But if I use the words ‘there are’ in the sense which they have in
the statement ‘there are simples’, then the form of words ‘there
are not complexes’ is neither true nor false, but meaningless. This
shows how difficult it is to say clearly, in ordinary language, what
I want to say about complexes. In the language of mathematical
logic it is much easier to say what I want to say, but much harder
to induce people to understand what I mean when I say it.

When I speak of ‘simples’ I ought to explain that I am speaking
of something not experienced as such, but known only inferentially
as the limit of analysis. It is quite possible that, by greater logical
skill, the need for assuming them could be avoided. A logical lan-
guage will not lead to error if its simple symbols (i.e. those not
having any parts that are symbols, or any significant structure) all
stand for objects of some one type, even if these objects are not
simple. The only drawback to such a language is that it is incapable
of dealing with anything simpler than the objects which it repre-
sents by simple symbols. But I confess it seems obvious to me (as
it did to Leibniz) that what is complex must be composed of
simples, though the number of constituents may be infinite. It is
also obvious that the logical uses of the old notion of substance
(i.e. those uses which do not imply temporal duration) can only
be applied, if at all, to simples; objects of other types do not have
that kind of being which one associates with substances. The
essence of a substance, from the symbolic point of view, is that it
can only be named—in old-fashioned language, it never occurs in a
proposition except as the subject or as one of the terms of a rela-
tion. If what we take to be simple is really complex, we may get
into trouble by naming it, when what we ought to do is to assert
it. For example, if Plato loves Socrates, there is not an entity
‘Plato’s love for Socrates’, but only the fact that Plato loves
Socrates. And in speaking of this as ‘a fact’, we are already making
it more substantial and more of a unity than we have any right to
do.

Attributes and relations, though they may be not susceptible
of analysis, differ from substances by the fact that they suggest a
structure, and that there can be no significant symbol which
symbolizes them in isolation. All propositions in which an attribute
or a relation seems to be the subject are only significant if they can
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be brought into a form in which the attribute is attributed or the
relation relates. If this were not the case, there would be significant
propositions in which an attribute or a relation would occupy a
position appropriate to a substance, which would be contrary to
the doctrine of types, and would produce contradictions. Thus
the proper symbol for ‘yellow’ (assuming for the sake of illustration
that this is an attribute) is not the single word ‘yellow’, but the
propositional function ‘x is yellow’, where the structure of the
symbol shows the position which the word ‘yellow’ must have if
it is to be significant. Similarly the relation ‘precedes’ must not be
represented by this one word, but by the symbol ‘x precedes y’,
showing the way in which the symbol can occur significantly. (It
is here assumed that values are not assigned to x and y when we
are speaking of the attribute or relation itself.)

The symbol for the simplest possible kind of fact will still be of
the form ‘x is yellow’ or ‘x precedes y’, only that ‘’ and ‘y’ will be
no longer undetermined variables, but names.

In addition to the fact that we do not experience simples as such,
there is another obstacle to the actual creation of a correct logical
language such as I have been trying to describe. This obstacle is
vagueness. All our words are more or less infected with vagueness,
by which I mean that it is not always clear whether they apply to
a given object or not. It is of the nature of words to be more or less
general, and not to apply only to a single particular, but that
would not make them vague if the particulars to which they
applied were a definite set. But this is never the case in practice.
The defect, however, is one which it is easy to imagine removed,
however difficult it may be to remove it in fact.

The purpose of the foregoing discussion of an ideal logical lan-
guage (which would of course be wholly useless for daily life) is
twofold: first, to prevent inferences from the nature of language
to the nature of the world, which are fallacious because they
depend upon the logical defects of language; secondly, to suggest,
by inquiring what logic requires of a language which is to avoid
contradiction, what sort of a structure we may reasonably suppose
the world to have. If I am right, there is nothing in logic that can
help us to decide between monism and pluralism, or between the
view that there are ultimate relational facts and the view that there
are none. My own decision in favour of pluralism and relations is
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taken on empirical grounds, after convincing myself that the a
priori arguments to the contrary are invalid. But I do not think
these arguments can be adequately refuted without a thorough
treatment of logical types, of which the above is a mere sketch.

This brings me, however, to a question of method which I
believe to be very important. What are we to take as data in philo-
sophy? What shall we regard as having the greatest likelihood of
being true, and what as proper to be rejected if it conflicts with
other evidence? It seems to me that science has a much greater
likelihood of being true in the main than any philosophy hitherto
advanced (I do not, of course, except my own). In science there
are many matters about which people are agreed; in philosophy
there are none. Therefore, although each proposition in a science
may be false, and it is practically certain that there are some that
are false, yet we shall be wise to build our philosophy upon science,
because the risk of error in philosophy is pretty sure to be greater
than in science. If we could hope for certainty in philosophy the
matter would be otherwise, but so far as I can see such a hope
would be chimerical.

Of course those philosophers whose theories, prima facie, run
counter to science always profess to be able to interpret science so
that it shall remain true on its own level, with that minor degree
of truth which ought to content the humble scientist. Those who
maintain a position of this sort are bound—so it seems to me—to
show in detail how the interpretation is to be effected. In many
cases, I believe that this would be quite impossible. I do not be-
lieve, for instance, that those who disbelieve in the reality of rela-
tions (in some such sense as that explained above) can possibly
interpret those numerous parts of science which employ asym-
metrical relations. Even if I could see no way of answering the
objections to relations raised (for example) by Mr. Bradley, I
should still think it more likely than not that some answer was
possible, because I should think an error in a very subtle and
abstract argument more probable than so fundamental a falsehood
in science. Admitting that everything we believe ourselves to know
is doubtful, it seems, nevertheless, that what we believe ourselves
to know in philosophy is more doubtful than the detail of science,
though perhaps not more doubtful than its most sweeping general-
izations.
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The question of interpretation is of importance for almost every
philosophy, and I am not at all inclined to deny that many scientific
results require interpretation before they can be fitted into a co-
herent philosophy. The maxim of ‘constructions versus inferences’
is itself a maxim of interpretation. But I think that any valid kind
of interpretation ought to leave the detail unchanged, though it
may give a new meaning to fundamental ideas. In practice, this
means that structure must be preserved. And a test of this is that
all the propositions of a science should remain, though new mean-
ings may be found for their terms. A case in point, on a non-
philosophical level, is the relation of the physical theory of light
to our perceptions of colour. This provides different physical
occurrences corresponding to different seen colours, and thus
makes the structure of the physical spectrum the same as that of
what we see when we look at a rainbow. Unless structure is pre-
served, we cannot validly speak of an interpretation. And structure
is just what is destroyed by a monistic logic.

I do not mean, of course, to suggest that, in any region of science,
the structure revealed at present by observation is exactly that
which actually exists. On the contrary, it is in the highest degree
probable that the actual structure is more fine-grained than the
observed structure. This applies just as much to psychological as
to physical material. It rests upon the fact that, where we perceive
a difference (e.g. between two shades of colour), there is a differ-
ence, but where we do not perceive a difference it does not follow
that there is not a difference. We have therefore a right, in all
interpretation, to demand the preservation of observed differences,
and the provision of room for hitherto unobserved differences,
although we cannot say in advance what they will be, except when
they can be inferentially connected with observed differences.

In science, structure is the main study. A large part of the im-
portance of relativity comes from the fact that it has substituted a
single four-dimensional manifold (space-time) for the two mani-
folds, three-dimensional space and one-dimensional time. This
is a change of structure, and therefore has far-reaching conse-
quences, but any change which does not involve a change of struc-
ture does not make much difference. The mathematical definition
and study of structure (under the name of ‘relation-numbers’)
form Part IV of Principia Mathematica.
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The business of philosophy, as I conceive it, is essentially that
of logical analysis, followed by logical synthesis. Philosophy is
more concerned than any special science with relations of different
sciences and possible conflicts between them; in particular, it can-
not acquiesce in a conflict between physics and psychology, or
between psychology and logic. Philosophy should be comprehen-
sive, and should be bold in suggesting hypotheses as to the uni-
verse which science is not yet in a position to confirm or confute.
But these should always be presented as hypotheses, not (as is too
often done) as immutable certainties like the dogmas of religion.
Although, moreover, comprehensive construction is part of the
business of philosophy, I do not believe it is the most important
part. The most important part, to my mind, consists in criticizing
and clarifying notions which are apt to be regarded as funda-
mental and accepted uncritically. As instances I might mention:
mind, matter, consciousness, knowledge, experience, causality,
will, time. I believe all these notions to be inexact and approximate,
essentially infected with vagueness, incapable of forming part of
any exact science. Out of the original manifold of events, logical
structures can be built which will have properties sufficiently like
those of the above common notions to account for their prevalence,
but sufficiently unlike to allow a great deal of error to creep in
through their acceptance as fundamental.

I suggest the following as an outline of a possible structure of the
world ; it is no more than an outline, and is not offered as more than
possible.

The world consists of a number, perhaps finite, perhaps infinite,
of entities which have various relations to each other, and perhaps
also various qualities. Each of these entities may be called an
‘event’; from the point of view of old-fashioned physics, an event
occupies a short finite time and a small finite amount of space,
but as we are not going to have an old-fashioned space and an old-
fashioned time, this statement cannot be taken at its face value.
Every event has to a certain number of others a relation which
may be called ‘compresence’; from the point of view of physics, a
collection of compresent events all occupy one small region in
space-time. One example of a set of compresent events is what
would be called the contents of one man’s mind at one time—i.e.
all his sensations, images, memories, thoughts, etc., which can

z
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coexist temporally. His visual field has, in one sense, spatial exten-
sion, but this must not be confused with the extension of physical
space-time; every part of his visual field is compresent with every
other part, and with the rest of ‘the contents of his mind’ at that
time, and a collection of compresent events occupies a minimal
region in space-time. There are such collections not only where
there are brains, but everywhere. At any point in ‘empty space’,
a number of stars could be photographed if a camera were intro-
duced; we believe that light travels over the regions intermediate
between its source and our eyes, and therefore something is hap-
pening in these regions. If light from a number of different sources
reaches a certain minimal region in space-time, then at least one
event corresponding to each of these sources exists in this minimal
region, and all these events are compresent.

We will define a set of compresent events as a ‘minimal region’,
We find that minimal regions form a four-dimensional manifold,
and that, by a little logical manipulation, we can construct from
them the manifold of space-time that physics requires. We find
also that, from a number of different minimal regions, we can
often pick out a set of events, one from each, which are closely
similar when they come from neighbouring regions, and vary from
one region to another according to discoverable laws. These are
the laws of the propagation of light, sound, etc. We find also that
certain regions in space-time have quite peculiar properties; these
are the regions which are said to be occupied by ‘matter’. Such
regions can be collected, by means of the laws of physics, into
tracks or tubes, very much more extended in one dimension of
space-time than in the other three. Such a tube constitutes the
‘history’ of a piece of matter; from the point of view of the piece
of matter itself, the dimension in which it is most extended can
be called ‘time’, but it is only the private time of that piece of
matter, because it does not correspond exactly with the dimension
in which another piece of matter is most extended. Not only is
space-time very peculiar within a piece of matter, but it is also
rather peculiar in its neighbourhood, growing less so as the spatio-
temporal distance grows greater; the law of this peculiarity is the
law of gravitation.

All kinds of matter to some extent, but some kinds of matter
(viz. nervous tissue) more particularly, are liable to form ‘habits’,
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i.e. to alter their structure in a given environment in such a way
that, when they are subsequently in a similar environment, they
react in a new way, but if similar environments recur often, the
reaction in the end becomes nearly uniform, while remaining
different from the reaction on the first occasion. (When I speak of
the reaction of a piece of matter to its environment, I am thinking
both of the constitution of the set of compresent events of which
it consists, and of the nature of the track in space-time which con-
stitutes what we should ordinarily call its motion; these are called
a ‘reaction to the environment’ in so far as there are laws correlat-
ing them with characteristics of the environment.) Out of habit,
the peculiarities of what we call ‘mind’ can be constructed; a mind
is a track of sets of compresent events in a region of space-time
where there is matter which is peculiarly liable to form habits.
The greater the liability, the more complex and organized the
mind becomes. Thus a mind and a brain are not really distinct,
but when we speak of a mind we are thinking chiefly of the set of
compresent events in the region concerned, and of their several
relations to other events forming parts of other periods in the
history of the spatio-temporal tube which we are considering,
whereas when we speak of a brain we are taking the set of com-
present events as a whole, and considering its external relations to
other sets of compresent events, also taken as wholes; in a word,
we are considering the shape of the tube, not the events of which
each cross-section of it is composed.

The above summary hypothesis would, of course, need to be
amplified and refined in many ways in order to fit in completely
with scientific facts. It is not put forward as a finished theory, but
merely as a suggestion of the kind of thing that may be true. It is
of course easy to imagine other hypotheses which may be true,
for example, the hypothesis that there is nothing outside the series
of sets of events constituting my history. I do not believe that there
is any method of arriving at one sole possible hypothesis, and
therefore certainty in metaphysics seems to me unattainable. In
this respect I must admit that many other philosophies have the
advantage, since in spite of their differences inter se, each arrives
at certainty of its own exclusive truth.






On Order in Time

This paper was written in 1935 and read to the Cambridge
Philosophical Society in March of 1936. It first appeared in their
PROCEEDINGS. What is known elsewhere as philosophy is Moral
Science at Cambridge, and to avoid confusion it is worth noting that
it was a scientific organization to which this paper was addressed,
not a philosophical one in the usual sense.

Weriting of this paper, Russell has told me that he felt it might
prove to be important in physics to show that, although instants are
generally regarded as mathematical constructions, ‘the kind of assump-
tions one would naturally make do not prove that instants can be
constructed’.

Although closely related to another essay of 1936, ‘Determinism
and Physics’ this paper stands apart from Russell’s other works of
the period. In 1934 he had published FREEDOM AND ORGANIZATION
1814-1914, which, although one of his finest books, failed at first to
make the impression it deserved. In RELIGION AND SCIENCE (1935)
Russell’s argument seems weakened by excessive scepticism and positiv-
ism of the overtly narrow sort, while WricH WAy 1o PEACE? (1936)
showed him returning to social philosophy to ask the question that
dominated the thought of millions of Europeans. It, and the short
‘Auto-Obituary’ that appeared in the same year (reprinted in UN-
POPULAR ESsaYs, 1950), reflect the mood of the times. In 1936
Franklin D. Roosevelt told his countrymen they had a ‘rendezvous
with destiny’ and as European politics moved toward the September
days at Munich, two years ahead, the nature of that rendezvous
became increasingly clear.

The last thing one might have expected from Russell in 1936 was a
technical paper on a mathematical subject, but this is, in fact, a
serious and but little-known work with strong ties to his most produc-
tive years of mathematical studies. Those who feel inclined to remark
that Russell abandoned mathematical philosophy in the twenties are
advised to read it with particular diligence.
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ON ORDER IN TIME

IT is generally agreed that instants are mathematical constructions,
not physical entities. If, therefore, there are instants, they must be
classes of events having certain properties. For reasons explained
in Our Knowledge of the External World, pages 11620, an instant
is most naturally defined as a group of events having the following
two properties:

(1) Any two members of the group overlap in time, i.e. neither
is wholly before the other.
(2) No event outside the group overlaps with all of them.

We then define one instant as earlier than another if there is
some event at the one instant which is earlier than (i.e. wholly
precedes) some event at the other. (Note that an event is ‘at’ an
instant when it is a member of the class which is the instant.)

N. Wiener* has shown what conditions are necessary in order
that instants should form a series. I have shown (loc. cit.) that every
event x has a first instant if every event that begins after x has
begun is wholly after some event which exists whea x begins.

The present paper investigates further the conditions for the
existence of instants, and what happens when they do not exist.
It is shown that the existence of instants requires hypotheses
which there is no reason to suppose true—a fact which may be not
without importance in physics.

For the mathematico-logical treatment of the subject, we need
only one fundamental relation, that of wholly preceding, which we
will call P. Two events overlap, or are contemporaries, or are (at
least partially) simultaneous, if neither wholly precedes the other;
this relation we call S. Thus we put

* Proc. Camb. Phil. Soc., Vol. 17 (1914), pp. 441-9.
347



348 LOGIC AND KNOWLEDGE
P=wholly precedes,
S=~-P=-P.

It follows that, of any two events that are not contemporaries, one
wholly precedes the other. We have

S| P=begins before,
S| P=ends after,

P| S=ends before,
p | S=Dbegins after.

We shall assume that P and S|P are transitive, and that no
event precedes itself; i.e.
PCY¥.P2GP.(S|P)*CS|P.

From PC ¥ it follows that, for all values of x, xSx. S| PC ¥ follows
because

xS|Px.D.(qy).xSy.yPx.D .(q4y).yPx. ~(yPx).
Similarly P|SCY.
From xSx it follows that PC.S|P and PCP|S.

From (S|P)*C S|P and S| PC ¥ we have (S| P)2C Y.
Hence o
xS|P|Sy.D.~(yPx), ie. S|P|SC=~P.

Now
« S|PCS|P|S.P|SCS|P|S.
Thus o o
S|PCG=-P.P|SC=-P.
Hence

S|PGSv P.P|SGSu P.

Observe that S| Igl S is the converse of S| P|S (because S =§).
Thus o o
S|P|SC~P.S|P|SC=P.
Therefore o
S|P|SAS|P|SCS.
Again,
2Sx.xP|S|Py.D.2(S|P)’y.D.3%y.
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Therefore
xP|S|Py.2. ~(xSy), ie P|S|PC=S.
Further, o
S|PC=~PCSv P.
Therefore .
P|S|PGP|Sv P*C =~ P.
Therefore P|S|PCP. Hence P|S|P|SCGP|S, ie P|S is
transitive. Hence also - - - -
xS|Py.D.Px CP%.q! Py —P'.
Conversely, _, _, o
! Py—P%.D.(q2) . 2Py .2(Pv S)x:

J:xS|Py.v.xPYy.

D.xS|Py.
Hence > =
xS|Py.= .q!P'y— P,
and - -
Pyc Px.= . ~(xS| Py),
and

- —

Pix=P'y.= .~ (xS|Py). ~(yS|Px).

And, for all values of x and y,
- - - -
P‘xCP‘y.v.P‘y CP.

Put a4B for ac B.g!B—a, i.e. a is a proper part of f. Then

- -
xS|Py.= .P‘xAP*y,
v “«— *
xS|Py.= .P‘xAP‘y,
«— - v

xP|Sy.= .P‘yAP‘x.= .yS| Px,

v -2 >

xP|Sy.= .P‘yAP‘x.= .yS|Px.

— -
Classes of the form P‘x, i.e. the members of D*P, form a series. For

- — - — - =
(%,y) : P'xAP‘y .v.P‘x =P‘y.v.P‘yAP.
Thus —
A [ D‘PeSer.
Similarly -
A [ D‘PeSer.
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These series are not each other’s converses. The first arranges
events by their beginnings, the second by their ends; but one
event may begin before and end after another.

- -
Two events x and y for which S=S‘y cover exactly the same

—_
period of time; the class Sx may be defined as the ‘duration’ of x.
Durations can be arranged in a series on the following plan: If two
durations do not begin together, put first the one with the earlier
beginning; if they begin together, put first the one with the earlier
end; i.e.
. - - - -

N=oB{(qgx,y):a=8%.B=S8Y: PxAPY. _y, _5 <

v.P‘x=P‘ .P‘yAP‘s}.
Then -
NeSer.C‘N=D"S,

i.e. N is a series whose terms are all durations.
We now come to the definition of instants and the series of

instants. Put -
In=j(u=p*S*n) Df,

T=(;P)[In Df.

The first definition states that an instant is a class of events which
is identical with the common contemporaries of all the members
of the class. The second definition states that one instant is earlier
than another if some member of the one wholly precedes some
member of another.

We will deal first with the properties of instants, and the series
of instants, which do not raise the question of the existence of
instants. — -
a,Beln.fCa.D.p‘S“wCp‘S“B.D.aChB.
Hence

a,Beln.a+B.D.qla-B.q!B—a.

aeln.d. —a=P“au P,

Assume a, BeIn. Thus -

q!B—a.d.(qy).yeB.yePau Pa.
J.(gx,y) -xea.yef . x(Py f’)y
>.o(Tw T)B.

Further,
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Hence
a,feln:d :aTB.v.a=B.v.BTa.
Again,
a,Beln.xea.yeB .xPy.D.x~ef.D.a%p.
Hence TG ¥. Similarly, from P2C P, we have T2C T. Hence
TeSer.C‘T=In.

Thus T is a series whose field is all instants.

I come now to the conditions required if the series of instants
is to be compact, i.e. if between any two instants there is another,
i.e. if TG T2 This requires

a,yeln.xea.zey.2Pz.
>.(gBac,y,y’) -aca.cey.Beln.y,y’ ef.aPy .y’ Pc.
For this it is necessary (not sufficient) to have
PCS|P|S|P|S,

since, in the above, xSa.aPy.ySy’.y'Pc.cSz and xPz. Now in
general we shall have xS | P| Sx; this only fails if
—_> -> -> v -
SunP“Sc=A.S%n P“S'c=A,

i.e. if no contemporary of x ends before x ends or begins after x

—
begins. In that case, S‘¢€ln, i.e. x lasts only for an instant. If we
assume that no event lasts only for an instant, we have always
xS |P|Sx. Therefore
P|SCS|P|S|P|S. .
Therefore the above condition reduces to
PGP|S,
which is always true. The only further condition required for
T G T? is, by the above,
ySy’.D.(aB)-Beln.y,y ep.

Thus the series of instants is compact if (@) no event lasts only for
an instant, (b) any two overlapping events have at least one instant
in common. These conditions are sufficient; the necessary condi-
tions are slightly less stringent.
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The existence of instants can be proved on various assumptions.
One of these is that events can be well ordered. Others will be
given below. There is, however, no reason, either logical or em-
pirical, for supposing these assumptions to be true. If they are not,
instants are only a logical ideal, to which, as we shall see, it is
possible to approximate indefinitely, but which cannot be reached.

Given any event x, the first instant of its duration, if it exists,
must be the class of events existing when x begins, i.e. u, where

-> v —>
u=S%—P“Sx.
We have -
” c P‘S‘ “[l.
We require also, if u is to be an instant,

—uC— :gu : — uC P ﬁ'u
12 ? , L& —u noru.

Now - v
—u=—S%u P“Sx.
Since - -
xeu and —Sc=P'xu P,
-> v
—S% CP“uv P“p.
Also — —> —>
P“u CP“S‘c— Sx CP'x.
Therefore

« —> -
P“S%C —P'xC — P*u.
Therefore we require, if uelIn,

v —-> v

P“Stx CP“/"

—_
iesinceuCS% | 5 o 5 L —»
P“S‘x=P*‘(S‘x— P*“S‘x).

This is the necessary and sufficient condition for u to have a first
instant. It states that, if an event begins after x begins, it is wholly
after some event which existed when x began; i.e. if y begins after
x begins, some event existing when x began stops in the interval
between the beginning of x and the beginning of y.

We may put this condition into simpler words by means of the
two following definitions:
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The initial contemporaries of an event x are the events which

. . . - v ->
exist when x begins, i.e. S‘x— P*“S‘.
The subsequent contemporaries of an event x are the events which

- v >
overlap with x but begin later, i.e. S‘¢n P*“S*.
Then our condition for the existence of a first instant of x is:
Every subsequent contemporary of x begins after the end of
some initial contemporary of x.
To simplify the formal statement of this condition, put

M=S=P|S.
Thus yMx . = .y exists when x begins, and
A?‘x=?9>‘x- Ig“gzx.
Thus the condition for x to have a first instant is
xS|Py.D.xM| Py,
and the condition that all events have first instants is
S|PCM|P.
Similarly the condition that all events have last instants is, putting
N=S =~ P|S,
S|PCN|P.

We shall find other forms of the condition for the existence of
instants. But first let us consider what happens if x has no first
instant. For this purpose, it is convenient to confine our attention

2
as far as possible to the contemporaries of x, i.e. to S‘¢. We there-

fore put -
X=P[ Sx;

that is, X is the relation P confined to contemporaries of x. Then
- -
D‘X=S‘%n P“S,
- v
a‘X=8nP“S‘x,
- > - v -
B‘X=8%n P“S‘x— P*“S‘,

v -—> - v - v -
X“B‘X=_8%nP*“(S‘c— P*“S‘x).
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v —> v
Thus the condition P*‘S%=P*x becomes
o v —> N
a‘X=X“B‘X.
If this condition is not fulfilled, we have
v >
g X-X“BX.
Put v —>
B=q‘X-X“B‘X.
Then - - -
yeB.0. 93! Xy . XyCcqg‘'X. Xy CB.
That is to say, every member of B has predecessors which are f’s.
Thus in B there are infinite descending series. These series are all
contained between the beginning of x and the first stopping-point
of events existing when x begins. There must therefore be no
lower limit to their duration. They are all contemporary with the
whole of y, i.e.

—
B Cp‘S“,u.
In fact, - - L = o =
pS“u=puvB=S%—P“(S‘x— P*“Sx).
Further,

by
PSS (uv B)=p.
Thus p is too small a class to form an instant, and x v 8 is too large.
—
For if we have a Cp‘S‘‘a, but the two are not equal, we need to
-
enlarge a and therefore diminish (or at least not increase) p‘S*‘a

— —
in order to arrive at a=p*“S*‘a; but if p*S*‘a Ca and the two are not
equal, we need to diminish a and therefore increase (or at least not

—_
diminish) p‘S‘‘a in order to secure equality. These considerations
may be illustrated by considering the class A, where

A=pu (B—PB).
We have - -
p‘S“B=p; hence uCp‘S“(B—P“B).
Also - - —
p‘S“A’:P‘S“/‘nP‘S“(B—P“B))
—
=(nvB)np'S“(B-PB),
—
—uv{Brp S8~ PB).
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Thus we shall have AeIn if

B—P“f=Fnp'S“(B—P*f).
B-PRCHS“(B—P*P).

Therefore if A € In we require

Now

[y
. P‘S“(,B—P“B)C—P“B,
1.€.

P‘(ﬁ c P(‘ (B._ P“ﬂ) v ﬁ(‘(ﬁ_ P“ﬁ)’
ie. P“BCP“(B—P“B).
This is a condition exactly analogous (except for the substitution

v
of P for P) to the previous one, viz.

v —-> v > v —>
P“S‘x CP“(S‘x— P*“S‘x),
and exactly similar considerations apply to it. If we put
Y=P“B_P“ (B_P‘(ﬁ)’
and if y is not null, it contains infinite ascending series of events
all contained in a stretch between the end of P*‘(8— P*‘B) and the
end of P“8.

A few general considerations may help to make these possibilities
clear. Let the duration of x be represented by XX'’. Then the

X B A X’

L 1 (] N ]

existence of B implies the existence of a stretch X4 such that no
event existing at X stops before A, but, given any event which
stops in X4, it not only begins in X4, but has predecessors which
begin and end in X 4, and these have others, and so on ad infinitum.
The class B consists of events which begin in X4, wherever they
may stop.

Now suppose that there is a stretch BA such that every event
that begins in B4 also stops in BA. All such events are included
in P*‘B. B— P*‘B will be events which begin after X and stop at or
after 4. By hypothesis, none of these begins in BA. Thus all the
events that begin in B4 are members of y.
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The hypothesis concerning X was: No event existing at X stops
before A. The hypothesis concerning A4 is: No event existing at 4
begins after B. If both hypotheses are verified, the duration X4
has no instant at the beginning or at the end.

We can, of course, define continually smaller regions, by pro-
longing the above procedure; but there is no reason to suppose
that they approach a point as their limit.

From the above it appears that there must be instants if there
is a minimum to duration, i.e. if an infinite series of non-overlap-
ping events must ultimately reach any given region; or, conversely,
if a P-series consisting entirely of contemporaries of a given event
must be finite. This may be expressed as follows:

- -
(Rx):RCP.C‘RCS‘x.D.q!B‘R.
This hypothesis ensures that every event has a first instant. If, for

—-> - v

B‘R, we substitute B‘R, we ensure that every event has a last
instant. Thus if, among the contemporaries of x, there are no
infinite series of non-overlapping events, x has a first and a last
instant.

- v ->
This matter may be put as follows: If S‘%— P*‘S‘ is to be an
instant, we require, as we have seen,

bSx .xS|Pb.D .(qa).aSx . ~(xS| Pa).aPb.
Put - - v
a=SnPb.aea—Pa.
Then
- = — - - > - - —
aeS*nPb.PaC—-S%u—Pb.PaCPb.P‘aCP*“Sx.
Therefore - -
P‘aC — S,
and therefore ~ (xS | Iga). Thus 51 !a — P*‘a gives the desired result.
This follows if ~ (xS |P2?b); and so it does if ~ (xS |P"b), where
n is any finite integer. This leads to the same hypothesis as the
above for the existence of instants.

The event x will have a first instant if there is an event @ which
stops just when x begins. This happens if

- —
aSx .P*“S‘a C P‘x,
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i.e. if a overlaps x, but nothing that ends sooner does so. In this
case, T — v —>
S‘c—P“S‘xeln.

For - - - -
P“S‘%aCP'x.D.PaCP‘x.D.~(xS|Pa).

Therefore - L =

aeS‘c—P“S'x.
Again,

xS|Pz.D.(qy).xSy.yPz.
But by hypothesis
yPz.3Sa.D .yPx.
Therefore
xSy .yPz.D . ~(2Sa).
Again,
~(xS|Pa).D:~(qy).xSy.yPa:
D:xSy.yPz.D .~ (zPa).
Hence
xSy .yPz.D .aPz.
Hence ° —> -
2eP“S‘%.D .zePla.

But - v —>

aeS‘c—P*“S.
Therefore o —> v > o -

2eP“S‘x . D . z2e P“(S‘c— P*“Sx).

Therefore - L —

S‘x— P“S‘xceln.
The hypothesis

- -
aSx .P*“S‘aCPx
is equivalent to .
aSx .~ (aS|P|Sx).
For - — — — v
P“SaCPx.D.P“S‘aC—S%.D.~(aS|P|Sx).

And since

—> -« - —> —_ -
P‘(S‘ac_P‘x’ P‘(SCaC_S(x.D.P“S‘aCP(x.

Thus _, _, o
P“S‘aCP'x.= .~(aS|P|Sx).= .~(xS|P|Sa).
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Thus a sufficient condition for the existence of instants is
- 41S=S|P|S
If this hypothesis is satisfied, there are two events a, x such that
aSx .P* ‘:S?‘a C-IS)‘x B ‘E)‘x C‘I;‘a,
and the last instant of a is the first of .
If SGS|P|S, then, putting Q=P|S and R=S|P,
ses|pes|gres|on,
where 7 is any finite integer, and
SCR|SCR*|SCR"|S.

S G S| Q" states that, if two events a and & overlap, there are n
events of which the first is a contemporary of a, the second ends
later than the first, the third than the second, etc., and b ends later
than the nth. SGR"| S, similarly, states that, if two events a and
b overlap, there are n events of which the first begins later than a,
the second than the first, etc., and the nth is contemporary with 5.
If either of these does not happen, one of the events a and b has a
first instant and the other a last.
The above sufficient condition may be stated in the form

- - v =
(3a,x):aSx: P“S‘aCP%.v.P“S‘ CP.
Note that
aS|P|Sx. = .a begins before the end of ,

aS II‘”I Sx. = .a ends after the beginning of x.

Thus

a(S = S|P|S)x.=.a begins at the end of x,
and o

a(S = S|P|S)x.=.a ends at the beginning of x.
Observe that, putting

O=P|S.R=S|P,

we have - -
a(S=S|P|S)x.=.aeS%—R“S',

v -> " d
a(S=S|P|S)x.=.aeSx—Q“Sx.
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We have seen that, if

3} - [ nd

a(S=S|P|S)x, S‘x—P“S‘xeln.
In this case, - L= > =
S‘c—P“S‘%=Sn S‘a,
for v - v —>
a=S|P|Sx.=.5C —P*“S.
Therefore - > = L -
S‘an S‘%CS%— P“S‘.

Again,
aSx . ~(xS|P2).D . ~(aPz),
and
zPa.D .zPx, so that xSz.J.~(2Pa).

Hence

xSz . ~(xS|Pz).D .25a,
1.€. - v >

S‘%—P“S‘%CSsn Sa.
Hence

- > > —
Sx—P“S‘x=S‘%n S‘a.

Let u be an instant for which s!u—R“u.qlu— é“,u, where
R=S|P.Q=P|S. That is to say, there is an event a which is a
member of u, and begins not later than any other member of u; and
there is an event b which is a member of # and ends not earlier than
other member.

b
a
Thus our hypothesis is
acu.bepiyen.d,.~(aRy).~(yQb).

Now

~(aRy). = :aSz.D,.~(zPy),

~(yQb).= :28b.D,. ~(yPz).
Thus

yepn.d,:a8z.25b.3, .28y,
ie.

- - —>
z€SanS%b.D:yep.d,.28y:D:zep'S“u: D aeyp,
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Le. - - - —
S‘anSbCpu, ie SanSbh=p.
In this case,
aRc.Dic~ep:di~(cSa).v. ~(cSb),
aRc. ~(cSa).D .aPe.

But ~ (aQb). Therefore ~ (¢Sb). Thus

aRc.D . ~(cSb), i.e. ~(aS|P|Sb).
Thus, putting S|P|S=H, we have
,ueIn.g!y—R“,u.g{!y—é“,u.

J.(gab).u=S‘anSb.a(S =~ H = H)b.

- — - -
Conversely, assume S‘an S‘belIn. Put u=San S%.

—
puelndidep.= .nCS.
Therefore

- - - — - - -

S‘anS‘beln.D:deSAnSb.=.S%nSbCS.
- <«

Suppose that dQb. Then 5715~ P‘d. Now

- <«
ceSbnP'd.dSa.d.aRc.D . ~(cPa),
¢Sb.bQa.d .cHa.D . ~(aPc).

Thus - «
ceSbnP'd.dSa.bQa.d.cSa.d.cep.
Therefore . -
bQa.dQb.dSa.D .qlunPd.D.d~epu,
whence - o
b0a.0.0bC —u.D.be— Q.
Similarly
bRa.D.ae —R“u.
Now P «
~(bQa).= .P‘b CP‘a,
- -
~(Ra).= .PbCPa.
Thus

]

- - -
~((bQa).~(bRa).= .S‘aCSb, whence S‘aeln.
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Similarly - -
~(aQb). ~(aRb).= .SbCS‘a, whence S‘beln.
Hence _, - -

- - -

S‘aeln.v.Sbeln.v.g!Sa—-Sb.g!S%-Sa.
Suppose that — - -
yeS‘a—S%b.bPy.z2eS%b— S‘a.zPa.
Then

bQa .bRa.
Thus

- - - -
S‘a, Sb~eIn.SanSbeln.
D:ae—R“,u.bs-—-é“‘u.v.be--R“[u.ae—é“,u.
Hence - > — —
S‘a, Sbe —In.u=SnS%b.D:
- —> ~ 4
S‘anSbeln.=tae —R“u.be—0“u.v.be—R“u.ae—Q,
and in this case we have ~(aS|P|Sb).~(bS|P|Sa),

i.e. one stops as the other begins.

It might be thought that, if there is not a first instant when an
event exists, there will be a last instant when it does not. But the
conditions for the two are independent.

—>
The terms which overlap with x and begin before it are S

—
n S“Px. The terms which end just before x are d(aPx:aP|Sh.
Db . Nbe), i.e. — o
Px— PSPty .
Put - — — —_—
A=S%n S“P'x .yu=P'x—P“S“P‘x.R=S|P.
Therefore - - - - -
Avu=(S%n S“Px)u(P'xnS“P'x—P*“S*“P'x)
— - - —
—_ S“P‘x_P“S“P‘x: R‘x_ P“R‘x’
and - — - —
A=S%n R% .u=P‘x— P*“R‘x.
—>
Obviously Au p Cp‘S*‘(Au x). We need further
—A=uCPuv Ig“/t v PAu P,
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Now - ——> = _u
—R%=pP“P'x Cp*P*uCP% if qlp.

Thus it remains to prove
-—
P“Rx CP“(Aupy).

We have - - - -
Rx=Au(R‘zn P'x)=Av P'x.

Thus we have to prove _,
P“P'xCP“(Auy).

Now - -« - —_

P“P'xCP“A.=:aP%.D,.q!P‘anR'xn S'x.

« — -« -
Since PGR, we have g!R‘an R'x¢. Put a=R‘an R‘x. Assume
bea—R*a. Then
aRb .bRx:bRc.D,. ~(aRc.cRx).
But R2CG R. Therefore
aRb .bRx:bRc.D,. ~(cRx), i.e. aRb.bR -~ R%.

Now bR = R2¢.D.bSx, unless §>‘xe In. For
b= R¥%.D:bS|P|Sw.D,.~(wPx).
Therefore 5S|P|Sb.D.~(bPx). Also bRx.D .~ (xPb). Hence
bS|P|Sb.D:bR = R*%.D .bSx.

But . - - - -
~(bS|P|Sb).3:S‘an“S‘b=A.S‘an“S‘b=A:
— — — — — —>
D:8bCpS“Sh:D:Sb=p‘S“Sb:
—
D:S5%eln.
Hence

-3

S‘b~eIn.D:bR =~ R%x.D .bSx.

Further, bR = R3x.aP?x.D .aPb. For

(g¢) .aPc.cPx, .. bSa.D.bRc.D.bR%, .. ~(bSa), .. aPb.

Hence - —>
aPix bR =~ Rix.D .beS‘cn R'x.aPb.
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Thus - S -—p -
q!R%x—R“R‘x.D:P“P‘xC P*A.v.Sceln.
Hence

—’c ¢¢-"¢ '_): “—’(
q!P'x—P“R'x.g!Rx—R“R'x. _, - -
D:R%—P“R'xeIn.v.S%eln.
Now

— —> — — — -

P'xCP“R‘x.D: S“P'x CS*“P“Rx.D .R‘x CR“R‘x.
Thus — - -— e
q!1R%—R“Rx.D . ! P'’x—P“R'x.

Hence _, - - —> —>
A!R%~R“R%.D :R%s—P“R'xeIn.v.S%eln.

—> —
The condition 5 ! R*x— R*“R‘x is sufficient, but we have not shown
it to be necessary; it means that there is a term which begins just
before x. Imagining a Dedekind section, x has perhaps no first
moment, but the term in question begins at the end of the time
before x.

To sum up: When the whole class of events can be well ordered,
and also when methods exist of constructing certain kinds of well-
ordered series of events, the existence of instants can be proved.
But in the absence of such possibilities, I do not know of any way
of proving the existence of instants anywhere if it is possible that
all the events existing at the beginning of some event (or at the
end) continue during a period when others begin and cease (or
have previously existed during such a period). e

A sufficient condition for the existence of instants is

1S~ S|P|S.
Another is, putting M=S ~ Iu’l S,
S|PCM|P,

which ensures that every event has a first instant; while, putting
N=.S§ = P| S, the condition

S|BeN|P

ensures that every event has a last instant.






Logical Positivism

Few philosophers have altered the thought of their own times as
powerfully and directly as Russell, and this has sometimes placed him
in the anomalous position of being simultaneously a classic from the
antiquity prior to the 1914—18 war and an active and controversial
contemporary. His great achievement, the PRINCIPIA MATHEMATICA
was written (with Whitehead) while Russell was, by conventional
standards, a young man; he was only forty-one at the time of the
appearance of its final volume in 1913. Borrowing from an old joke,
we have been obliged in the past three decades to distinguish between
the great philosopher Bertrand Russell, whom we all respect, and Mr.
B*rtr*nd R*ss*ll, with whom we frequently disagree.

The whole character of modern British philosophy (and that por-
tion of recent American philosophy which shows its influence) goes
back to the revolutionary consequences of the thought of Russell and
Moore at Cambridge in the nineties. The concept of philosophy, its
problems and methods, developed by Russell and Moore was provided
with a rigorous procedure by the formulation, by Russell and White-
head, of a new logic of greater power and scope than any known
previously.

The life-cycles of philosophers are interesting. There are those, such
as Hume, who do their greatest work as young men and turn, in later
years, to other things; while others, such as Kant, are undistinguished
in their youth and only in middle life reveal the unquestionable marks
of genius. As Russell grew older his thoughts and wrjtings introduce
themes quite removed from those on which he centred his attention in
the early years of the century, and many of the ideas he advanced in
the years before 1920 were, in the long run, developed by others than
himself. The essay on logical positivism reprinted here from the REVUE
DES MATHEMATIQUES s therefore of considerable interest, since it
surveys the chief philosophic tendencies of this century from the van-
tage point of one who, perhaps more than anyone else, was responsible
for them all.

Portions of this paper were included in the text of HuMAN KNOW-
LEDGE: ITs ScoPE AND LimiITs (1948). This is the first republication
of the full text.
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LOGICAL POSITIVISM

‘LOGICAL POSITIVISM’ is a name for a method, not for a certain
kind of result. A philosopher is a logical positivist if he holds that
there is no special way of knowing that is peculiar to philosophy,
but that questions of fact can only be decided by the empirical
methods of science, while questions that can be decided without
appeal to experience are either mathematical or linguistic. Many
members of the school would describe their position briefly as a
determination to reject ‘metaphysics’, but ‘metaphysics’ is such a
vague term that this description has no precise meaning. I should
prefer to say that questions of fact cannot be decided without
appeal to observation. For example: seventeenth century Contin-
ental philosophers would contend that the soul must be immortal
because the soul is a substance and substances are indestructible.
A logical positivist would reject this argument, but would not
necessarily hold that the soul is mortal, since he might think that
psychical research gives empirical evidence of survival.

This, however, does not distinguish the logical positivist from
earlier empiricists. What is distinctive is attention fo mathematics
and logic, and emphasis upon linguistic aspects of traditional
philosophical problems. British empiricists, from Locke to John
Stuart Mill, were very little influenced by mathematics, and had
even a certain hostility to the outlook engendered by mathematics.
On the other hand, Continental philosophers, down to Kant, re-
garded mathematics as the pattern to which other knowledge ought
to approximate, and thought that pure mathematics, or a not dis-
similar type of reasoning, could give knowledge as to the actual
world. The logical positivists, though they are as much interested
in and influenced by mathematics as Leibniz or Kant, are complete
empiricists, and are enabled to combine mathematics with empiri-
cism by a new interpretation of mathematical propositions. It was
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work on the foundations of mathematics and on mathematical
logic that gave the technical basis for the sehool, and without some
understanding of this basis it is impossible to do justice to the
grounds for their opinions.

Mathematics, from Pythagoras onward, was mixed up with
mysticism. Plato’s eternal world was inspired by mathematics.
Aristotle, though more empirical and more biological than Plato,
still thought the capacity for doing sums so remarkable that the
arithmetical part of the soul must be immortal. In modern times,
Spinoza took geometry for his model, and hoped to deduce the
nature of the universe from self-evident axioms, and Leibniz
thought that all questions could be decided by reasoning, as appears
in his account of what could be achieved by the Characteristica
Universalis: ‘If we had it, we should be able to reason in meta-
physics and morals in much the same way as in geometry and
analysis’,* and again: ‘If controversies were to arise, there would
be no more need of disputation between two philosophers than
between two accountants. For it would suffice to take their pencils
in their hands, to sit down to their slates, and to say to each other
(with a friend as witness, if they liked): Let us calculate’.}

Kant’s theory of knowledge cannot be disentangled from his be-
lief that mathematical propositions are both synthetic and a priori.
My own work on the principles of mathematics was to me, at first,
mainly interesting as a refutation of the view that mathematical
propositions assert more than can be justified by deductive logic.

Hegel (especially in his Greater Logic) made a quite different
use of mathepmatics. The great men of the seventeenth and
eighteenth centuries were so much impressed by the results of their
new methods that they did not trouble to examine their founda-
tions. Although their arguments were fallacious, a special Provid-
ence saw to it that their conclusions were more or less true. Hegel
fastened upon the obscurities in the foundations of mathematics,
turned them into dialectical contradictions, and resolved them by
nonsensical syntheses. It is interesting that some of his worst
absurdities in this field were repeated by Engels in the Anti-
Diihring, and that, in consequence, if you live in the Soviet Union

* Leibnizens gesammelte Werke (Pertz and Gerhardt’s edition, Vol.
VII, p. 21.

1+ Ibid., p. 200.
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and take account of what has been done on the principles of mathe-
matics during the last ane hundred years, you run a grave risk of
being liquidated.

Let us enumerate a few of the errors that infected mathematics
in the time of Hegel. There was no defensible definition of irra-
tional numbers, and consequently no ground for the Cartesian
assumption that the position of any point in space could be de-
fined by three numerical co-ordinates. There was no definition of
continuity, and no known method of dealing with the paradoxes
of infinite number. The accepted proofs of fundamental proposi-
tions in the differential and integral calculus were all fallacious, and
were supposed, not only by Leibniz, but by many later mathe-
maticians, to demand the admission of actual infinitesimals. As
regards geometry, it was supposed that the truth of the Euclidean
system could be known without any appeal to observation.

The resulting puzzles were all cleared up during the nineteenth
century, not by heroic philosophical doctrines such as that of Kant
or that of Hegel, but by patient attention to detail. The first step
was Lobatchevsky’s non-Euclidean geometry, which showed that
only empirical observation can decide whether Euclidean geometry
is true of actual space, and that geometry as a part of pure mathe-
matics throws no more light upon actual space than the multiplica-
tion table throws on the population of an actual town.

The next step was Weierstrass’s work on the differential and
integral calculus, which eliminated infinitesimals and substituted
limits. Then came Georg Cantor’s definition of continuity and
arithmetic of infinite numbers. And last came Frege’s definition
of cardinal numbers, and his proof that arithmetic requires no
concepts and no premises that are not required in deductive logic.
It seems strange that, although numbers had been used for many
thousands of years, no one could define either ‘number’ or any
particular number until Frege did so in 1884. And what is perhaps
even more strange is that no one noticed what Frege had achieved
until I read him eighteen years later.

The definition of the number 1 had great importance in clearing
up metaphysical confusions. ‘One’ is a predicate of certain classes,
e.g., ‘satellite of the earth’; but when a class has only one member,
it is nonsense (in the strict sense) to say that that member is one,
unless the unit class was a class of classes, in which case it is
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generally false. E.g. you may say: ‘In such-and-such a Parliament
there is only one political party’, but the party is not one, unless it
has only one member. More generally, if I say ‘there are three men
in the room’, the correct statement is ‘the class of men in the room
is a triad’. This may seem a trivial matter, but it is amazing how
much bad metaphysics it refutes.

For example: the scholastics used to say ‘One and Being are
convertible terms’. It now appears that ‘one’ is a predicate of
concepts, not of the things to which the concepts are applicable;
the predicate ‘one’ applies to ‘satellite of the earth’ but not to the
moon. And for other reasons ‘being’ applies only to certain de-
scriptions, never to what they describe. These distinctions, it will
be found, put an end to many arguments of metaphysicians from
Parmenides and Plato to the present day.

This development in the principles of mathematics suggested that
philosophical puzzles are to be solved by patience and clear think-
ing, the result being, in very many cases, that the original question
is shown to be nonsensical. Logical positivism arose largely out of
this suggestion. Carnap maintained at one time that all philoso-
phical problems arise from errors in syntax, and that, when these
errors are corrected, the problems either disappear or are obviously
not soluble by argument. I do not think he would still maintain
quite so extreme a position, but there can be no doubt that correct
logical syntax has an importance which was not formerly recog-
nized, and which logical positivists have rightly emphasized.

Wittgenstein’s Tractatus Logico-Philosophicus, published shortly
after the First World War, laid great emphasis upon syntax, and
provided a stimulus which helped in the formation of the ‘Wiener
Kreis’, where logical positivism first took the form of a definite
school. The Wiener Kreis and the admirable periodical Erkenntnis
did excellent work, until they were ended by Hitler and the
Anschluss. It was by the Vienna school that the hierarchy of lan-
guages was developed, a doctrine which I had briefly suggested
as a way of escaping from Wittgenstein’s rather peculiar syntactical
mysticism. He had maintained that the form of a sentence can only
be shown, not stated. The apprehension of form, in his doctrine,
was something that was ineffable in the strict sense, and only pos-
sible in virtue of some kind of mystical insight. This point of view
was very alien to the spirit of logical positivism. It was therefore
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natural that the Wiener Kreis, admitting Wittgenstein’s problem,
should seek other ways of solving it.

It appeared that, given any language, it must have a certain in-
completeness, in the sense that there are things to be said about
the language which cannot be said in the language. This is con-
nected with the paradoxes—the liar, the class of classes that are
not members of themselves, etc. These paradoxes had appeared
to me to demand a hierarchy of ‘logical types’ for their solution, and
the doctrine of a hierarchy of languages belongs to the same order
of ideas. For example, if I say ‘all sentences in the language L are
either true or false’, this is not itself a sentence in the language L.
It is possible, as Carnap has shown, to construct a language in
which many things about the language can be said, but never all
the things that might be said: some of them will always belong to
the metalanguage’. For example, there is mathematics, but how-
ever ‘mathematics’ may be defined, there will be statements about
mathematics which will belong to ‘metamathematics’, and must
be excluded from mathematics on pain of contradiction.

There has been a vast technical development of logic, logical
syntax, and semantics. In this subject, Carnap has done the most
work. Tarski’'s Der Begriff der Wahrheit in den formalisierten
Sprachen is a very important book, and if compared with the
attempts of philosophers in the past to define ‘truth’ it shows the
increase of power derived from a wholly modern technique. Not
that difficulties are at an end. A new set of puzzles has resulted
from the work of Gddel, especially his article Uber formal un-
entscheidbare Sitze der Principia Mathematica und verwandter
Systeme (1931), in which he proved that in any formal system it is
possible to construct sentences of which the truth or falsehood
cannot be decided within the system. Here again we are faced with
the essential necessity of a heirarchy, extending upwards ad infi-
nitum, and logically incapable of completion.

This whole subject has become so technical, and so capable of
quasi-mathematical definiteness, that it can hardly be regarded as
belonging to philosophy as formerly understood. True, it solves
what were philosophical problems, but so did Newton in writing
on what he still called ‘natural philosophy’. But we do not now
regard planetary theory as part of philosophy, and I think that on
the same ground much of the recent work on logic, syntax, and
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semantics should be regarded as definite knowledge, not philoso-
phical speculation. :

So far, I have been dealing with topics that arise out of the con-
sideration of mathematics and logic. I come now to what logical
positivism has to say about empirical knowledge, and here I find
myself, on some important points, no longer in agreement with
most members of the school.

There are here two not wholly disconnected questions. The one
is as to scientific as opposed to deductive inference; the other is as
to what is meant by the ‘significance’ of a sentence.

The question of scientific inference is one which has been acute
ever since the time of Hume. It has been common to include under
‘induction’ all such inferences as would be considered valid in
science but are not justified by the rules of deduction. I think
myself that induction has less importance in this problem than is
generally thought. What is clear, and generally admitted, is: (1)
That scientific as opposed to deductive inference can only make
the conclusion probable; (2) That it cannot even do this except
by assuming postulates, or a postulate, for which there is, and can
be, no empirical evidence. This is an awkward conclusion for an
empiricist, but it seems to be unescapable. I shall not in this
article deal further with this problem, but shall instead examine the
doctrine that ‘significance’ and ‘knowledge’ are both confined to
experience.

Some modern empiricists—in particular, the majority of logical

positivists—have, in my opinion, misconceived the relation of
knowledge to experience. This has arisen, if I am not mistaken,
from two errors: first, an inadequate analys1s of the concept
‘experience’, and second, a mistake as to what is involved in the
belief that some assigned property belongs to some (undetermined)
subject. Two specific problems arise, one as regards significance,
the other as regards knowledge of what are called ‘existence pro-
positions’ i.e. propositions of the form ‘something has this pro-
perty’. It is maintained, on the one hand, that a statement is not
‘significant’ unless there is some known method of verifying it;
on the other hand, that we cannot know ‘something has this
property’ unless we can mention a specific subject that has
the property. I wish to give reasons for rejecting both these
opinions.
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Before examining the abstract logic of these two problems, let
us consider them, for 3 moment, from a common-sense point of
view.

To begin with verification: There are some who maintain that,
if atomic warfare is not checked, it may lead to the extermination
of life on this planet. I am not concerned to maintain that this
opinion is true, but only that it is significant. It is, however, one
which cannot be verified, for who would be left to verify it if life
were extinct? Only Berkeley’s God, whom, I am sure, logical
positivists would not wish to invoke. Going backwards instead of
forwards, we all believe that there was a time before there was life
on the earth. Those who regard verifiability as necessary to signific-
ance do not mean to deny such possibilities, but in order to admit
them they are compelled to define ‘verifiability’ somewhat loosely.
Sometimes a proposition is regarded as ‘verifiable’ if there is any
empirical evidence in its favour. That is to say, ‘all 4 is B’ is
‘verifiable’ if we know of one A4 that is B and do not know of one
that is not B. This view, however, leads to logical absurdities.
Suppose there is no single member of 4 concerning which we
know whether it is a B, but there is an object x, not a member of
A, which we know to be a B. Let 4’ be the class consisting of the
class A together with the object x. Then ‘all A’ is B’ is verifiable
in terms of the definition. Since this implies ‘all 4 is B, it follows
that ‘all 4 is B’ is verifiable if there is, anywhere, a single object
known to be a B.

Consider now a generalization of a different sort, such as we
may wish to make in connexion with the doctrine of natural kinds.
The generalizations I have in mind are those of the form: ‘all
predicates of the class A are true of the object B’.

Applying the same definition of ‘verifiability’, this is ‘verifiable’
if some, or at least one, of the predicates of the class A4 is empiric-
ally known to be true of B. If this is not the case, let P be some
predicate known to be true of B, and let 4’ be the class consisting
of the class 4 together with P. Then ‘all predicates of the class 4’
are true of B’ is verifiable, and so, therefore, is ‘all predicates of
the class 4 are true of B’.

From these two processes it follows that, if anything is known
to have any predicate, all generalizations are ‘verifiable’. This
consequence was not intended, and shows that the above wide

BB
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definition of ‘verifiability’ is useless. But unless we allow some such
wide definition, we cannot escap¢ from paradoxes.

Let us next consider propositions containing the word ‘some’,
or an equivalent, e.g. ‘some men are black’, or ‘some quadrupeds
have no tails’. As a rule, such propositions are known by means of
instances. If I am asked ‘how do you know that some quadrupeds
have no tails?’ I may reply ‘because I once had a Manx cat, and it
had no tail’. The view which I wish to combat maintains that this
is the only way of knowing such propositions. This view has been
maintained by Brouwer in mathematics, and is maintained by some
other philosophers in regard to empirical objects.

The paradoxes resulting from this opinion are very similar to
those resulting from the above doctrine as to verifiability. Take
such a proposition as ‘rain sometimes falls in places where there is no
one to see it’. No sane person would deny this, but it is impossible
to mention a raindrop that has never been noticed. To deny that
we know that there are occurrences not observed by any one is
incompatible with common sense, but is necessary if we never
know such propositions as ‘there are 4’s’ except when we can men-
tion A’s that we have observed. Can any one seriously maintain
that the planet Neptune or the Antarctic Continent did not exist
until it was discovered? Again only a Berkelian God will enable us
to escape from paradoxes. Or again: we all believe that there is
iron in the interior of the earth, but we cannot give instances
beyond the depth of the deepest mine.

Adherents of the doctrine that I am combating interpret such
facts hypothetically. They say that the statement ‘there is undis-
covered iron’ is an abbreviation, and that the full statement should
be: ‘if I did certain things, I should discover iron’. Suppose, for
the sake of precision, we take the statement ‘there is iron more than
1,000 kilometres below the surface of the earth’. It is unlikely that
anybody will ever find this iron, and, in any case, how can it be
known what a person would find? Only by knowing what is there
to be found. A hypothetical of which the hypothesis will probably
always be false tells us nothing. Or consider: ‘there was once a
world without life’. This cannot mean: ‘if I had been alive then,
I should have seen that nothing was alive’.

Let us now consider the above two doctrines more formally,
from a strictly logical point of view.



LOGICAL POSITIVISM 375

A. MEANING AND VERIFICATION
e

There is a theory that the meaning of a proposition consists in
its method of verification. It follows (a) that what cannot be verified
or falsified is meaningless, (b) that two propositions verified by the
same occurrences have the same meaning.

I reject both, and I do not think that those who advocate them
have fully realized their implications.

First: practically all the advocates of the above view regard
verification as a social matter. This means that they take up the
problem at a late stage, and are unaware of its earlier stages. Other
people’s observations are not data for me. The hypothesis that
nothing exists except what I perceive and remember is for me
identical, in all its verifiable consequences, with the hypothesis
that there are other people who also perceive and remember. If we
are to believe in the existence of these other people—as we must
do if we are to admit testimony—we must reject the identification
of meaning with verification.

‘Verification’ is often defined very loosely. The only strict mean-
ing of verification is the following: A proposition asserting a finite
number of future occurrences is ‘verified’ when all these occur-
rences have taken place, and are, at some moment, perceived or
remembered by some one person. But this is not the sense in which
the word is usually employed. It is customary to say that a general
proposition is ‘verified’ when all those of its consequences which
it has been possible to test have been found to be true. It is always
assumed that, in that case, probably the consequenges which have
not been tested are also true. But this is not the point with which
I am concerned at present. The point with which I am concerned
at the moment is the theory that two propositions whose verified
consequences are identical have the same significance. I say ‘veri-
fied’, not ‘verifiable’; for we cannot know, until the last man
perishes, whether the ‘verifiable’ consequences are identical. Take,
e.g. ‘all men are mortal’. It may be that on 9 February, 1991, an
immortal man will be born. The presently verifiable consequences
of ‘all men are mortal’ are the same as those of ‘all men born before
the time ¢ are mortal, but not all those born later’, where ¢ is any
time not more than a century before the present.

If we insist upon using the word ‘verifiable’ rather than
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‘verified’, we cannot know that a proposition is verifiable, since this
would involve knowledge of an indefinitely long future. In fact,
that a proposition is verifiable is itself not verifiable. This is be-
cause to state that all the future consequences of a general pro-
position are true is itself a general proposition of which the in-
stances cannot be enumerated, and no general proposition can be
established on purely empirical evidence except one applying to a
list of particulars all of which have been observed. E.g. I may say
‘the inhabitants of such-and-such a village are Mr. and Mrs. 4,
Mr. and Mrs. B, etc., and their families, all of whom are known to
me personally; and all of them are Welsh’.* But when I cannot
enumerate the members of a class, I cannot, on purely empirical
grounds, justify any generalization about its members except what
follows analytically from its definition.

There is however still a point to be made in favour of the verifiers.
They contend that there is a distinction between two kinds of
cases. In one, we have two propositions whose consequences
hitherto have been indistinguishable, but whose future conse-
sequences may diverge; e.g. ‘all men are mortal’ and ‘all men born
before A.D. 2000 are mortal’. In the other, we have two proposi-
tions whose observable consequences can never diverge; this is
especially the case with metaphysical hypotheses. The hypothesis
that the starry heavens exist at all times, and the hypothesis that
they only exist when I see them, are exactly identical in all those
of their consequences that I can test. It is specially in such cases
tbat meaning is identified with verification, and that, therefore,
the two hypotheses are said to have the same significance. And it
is this that I am specially concerned to deny.

Perhaps the most obvious case is other people’s minds. The
hypothesis that there are other people, having thoughts and feel-
ings more or less like my own, does not have the same significance
as the hypothesis that other people are only parts of my dreams,
and yet the verifiable consequences of the two hypotheses are
identical. We all feel love and hate, sympathy and antipathy, ad-
miration and contempt, for what we believe to be real people.
The emotional consequences of this belief are very different from
those of solipsism, though the verifiable consequences are not. I

* Such general enumerative statements involve many difficulties, but
I will ignore them.
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should say that two beliefs whose emotional consequences differ
have substantially distinct significations.

But this is a practical argument. I should go further, and say,
as a matter of pure theory, that you cannot, without incurring an
endless regress, seek the significance of a proposition in its conse-
quences, which must be other propositions. We cannot explain
what is the significance of a belief, or what makes it true or false,
without bringing in the concept ‘fact’, and when this is brought in
the part played by verification is seen to be subsidiary and deriva-
tive.

B. INFERENTIAL EXISTENCE-PROPOSITIONS

A form of words containing an undetermined variable—for
instance, ‘x is a man’—is called a ‘propositional function’ if, when
a value is assigned to the variable, the form of words becomes a
proposition. Thus ‘x is a man’ is neither true nor false, but if for
‘¢’ I put ‘Mr. Jones’ I get a true proposition, and if I put ‘Mrs.
Jones’ 1 get a false one.

Besides giving a value to ‘a’, there are two other ways of obtain-
ing a proposition from a propositional function. One is to say that
the propositions obtained by giving values to ‘4’ are all true; the
other is to say that at least one of them is true. If /f (x)’ is the func-
tion in question, we will call the first of these ’f (x) always’ and the
second ‘f (x) sometimes’ (where it is understood that ‘sometimes’
means ‘at least once’). If ‘f (x)’ is “x is not a man or x is mortal’,
we can assert ‘f (x) always’ ; if ‘f(x)’ is ‘x is a man’, we can assert
‘f (x) sometimes’, which is what we should commonly express by
saying ‘there are men’. If /f (x)’ is ‘I met x and x is a man’, ’f (x)
sometimes’ is ‘I met at least one man’.

We call ‘f (x) sometimes’ an ‘existence-proposition’ because it
says that something having the property f (x) ‘exists’. For instance,
if you wanted to say ‘unicorns exist’, you would first have to define
‘x is a unicorn’ and then assert that there are values of x for which
this is true. In ordinary language, the words ‘some’, ‘@’, and ‘the’
(in the singular) indicate existence-propositions.

There is one obvious way in which we get to know existence-
propositions, and that is by means of instances. If I know f (a)’,
where a is some known object, I can infer ‘f (x) sometimes’, The
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question I wish to discuss is whether this is the only way in which
such propositions can come to be known. F wish to maintain that
it is not.

In deductive logic, there are only two ways in which existence-
propositions can be proved. One is the above, when ‘f (x) some-
times’ is deduced from ‘f (a)’ ; the other is when one existence-
proposition is deduced from another, for instance ‘there are bipeds’
from ‘there are featherless bipeds’. What other methods are pos-
sible in non-deductive inference?

Induction, when valid, gives another method. Suppose there
are two classes 4 and B and a relation R, such that, in a number
of observed instances, we have (writing ‘a R b’ for ‘a has the rela-
tion R to &)

a;isan A. byisa B. a; Rb,
azisan 4. byisa B. a, Rb,

a,isan 4. b,isa B. a,Rb,

and suppose we have no contrary instances. Then in all observed
instances, if a is an A, there is a B to which a has the relation R.
If the case is one to which induction applies, we infer that probably
every member of A4 has the relation R to some member of B. Con-
sequently, if @, is the next observed member of 4, we infer as
probable: ‘there is a member of B to which a,,,, has the relation R’.
We infer this, in fact, in many cases in which we cannot adduce
any particular member of B such as we have inferred. We all
believe that probably Napoleon IIT had a father, although no one
has ever known who he was. Not even a solipsist, if he allows him-
self any views as to his own future, can escape from this sort of
induction. Suppose, for instance, that our solipsist suffers from
intermittent sciatica, which comes on every evening; he may say,
on inductive grounds, ‘probably I shall be suffering pain at g p.m.
tonight’. This is an inference to the existence of something tran-
scending his present experience. ‘But,’ you may say, ‘it does not
transcend his future experience.’ If the inference is valid it does
not; but the question is: ‘how is he to know now that the inference
is probably valid?’. The whole practical utility of scientific infer-
ence consists in giving grounds for anticipating the future; when
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the future has come and has verified the inference, memory has re-
placed inference, whieh is no longer needed. We must, therefore,
find grounds for trusting the inference before it is verified. And I
defy the world to find any such grounds for trusting inferences
which will be verified, which are not equally grounds for trusting
certain inferences which will be neither verified nor falsified, such
as the inference to Napoleon III’s father.

We are faced with the question: in what circumstances is induc-
tion valid? It is futile to say: ‘Induction is valid when it infers
something which subsequent experience will verify’. This is futile,
because it would confine induction to cases in which it is useless.
We must have reasons, in advance of experience, for expecting
something, and exactly similar reasons may lead us to believe in
something that we cannot experience, for example, the thoughts
and feelings of other people. The plain fact is that much too much
fuss is made about ‘experience’.

Experience is needed for ostensive definition, and therefore for
all understanding of the meanings of words. But the proposition
‘Mr. A had a father’ is completely intelligible even if I have no
idea who Mr. A4’s father was. If Mr. B was in fact Mr. A4’s father,
‘Mr. B’ is not a constituent of the statement ‘Mr. A had a father’,
or, indeed, of any statement containing the words ‘Mr. 4’s father’
but not containing the name ‘Mr. B’. Similarly I may understand
‘there was a winged horse’ although there never was one, because
the statement means that, putting ‘fx’ for ‘¢ has wings and is a
horse’, I assert ‘fx sometimes’. It must be understood that ‘x’ is
not a constituent of ‘fx sometimes’ or of ‘fx always’. In fact, ‘4’
means nothing. That is why beginners find it so hard to make out
what it means.

When I infer something not experienced—whether I shall or
shall not experience it hereafter—I am never inferring something
that I can name, but only the truth of an existence-proposition.
If induction is ever valid, it is possible to know existence-proposi-
tions without knowing any particular instance of their truth. Sup-
pose, for instance, that 4 is a class of which we have experienced
some members, and we infer that a member of A4 will occur. We
have only to substitute ‘future members of 4’ for ‘members of 4’
to make our inference apply to a class of which we cannot mention
any instance.
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Iincline to think that valid inductions, and, generally, inferences
going beyond_my personal past and present experience, always
depend upon causation, sometimes supplemented by analogy. But,
in the present article, I wished only to remove certain a priori
objections to a certain kind of inference—objections which, though
a priori, are urged by those who imagine themselves able to dis-
pense with the a priori altogether.

There is, I think, a danger that logical positivism may develop
a new kind of scholasticism, and may, by being unduly linguistic,
forget the relation to fact that makes a statement true. I will give
one illustration of what I should regard as scholasticism in the bad
sense. Carnap, and others of the same school, have very rightly
pointed out the confusions that arise when we do not distinguish
adequately between using a word and naming it. In ordinary cases
this danger does not arise. We say: Socrates was a man, ‘Socrates’
is a word of eight letters. We can go on to say: ‘Socrates’ is the
name of a man, but ¢ “Socrates” ’ is the name of a word. The usual
method of designating a word by putting it in inverted commas is
useful, presupposing that we know what a word is. But difficulties
arise when we carry on the same process as regards sentences or
propositions. If the words “To-day is Tuesday’ occur without
quotes, the sentence is used, not named. But when the sentence
occurs in quotes, what am I naming? Do I include sentences, in
other languages, which have the same meaning, e.g. ‘aujourd’hui
est mardi’? Conversely, suppose that in the Hottentot language
the noise ‘to-day is Tuesday’ means ‘I like cheese’. Clearly this
should not be included in what I designate by the phrase in quotes.
We must say: a sentence in quotes designates the class of those
utterances, in no matter what language, that have the significance
that I attach to the sentence when I use it: we must include the
Frenchman’s phonetically dissimilar remark, and exclude the
Hottentot’s phonetically similar remark. It follows that we cannot
tell what is designated by a sentence in quotes without first in-
vestigating what is meant by saying that two utterances have the
same significance. At any rate, we cannot do so if the sentences,
when used, are to be possible values of the propositional variables
used in logic, e.g. when we say ‘if p implies ¢, then not-¢ implies
not-p’. This shows that what is meant when a set of words is put
in quotes is not such a simple matter as one would sometimes



LOGICAL POSITIVISM 381

suppose from the works of some logical positivists. In this way,
there is danger of a technique which conceals problems instead of
helping to solve them.

Absorption in language sometimes leads to a neglect of the con-
nexion of language with non-linguistic facts, although it is this
connexion which gives meaning to words and significance to
sentences. No one can understand the word ‘cheese’ unless he has
a non-linguistic acquaintance with cheese. The problem of mean-
ing and significance requires much that is psychological, and
demands some understanding of pre-linguistic mental processes.
Most logical positivists fight shy of psychology, and therefore have
little to say about meaning or significance. This makes them, in
my opinion, somewhat narrow, and not capable of producing an
all-round philosophy. They have, however, the great merit that
their method allows them to tackle problems one by one, and that
they are not obliged, as philosophers used to be, to produce a com-
plete theory of the universe on all occasions. Their procedure, in
fact, is more analogous to that of science than to that of traditional
philosophy. In this respect I am wholly at one with them. I value
their rigour, exactness, and attention to detail, and speaking
broadly, I am more hopeful of results by methods such as theirs
than by any that philosophers have employed in the past. What
can be ascertained, can be ascertained by methods such as theirs;
what cannot be ascertained by such methods we must be content
not to know.

There is one matter of great philosophic importance in which a
careful analysis of scientific inference and logical syntax leads—if
I am not mistaken—to a conclusion which is unwelcome to me and
(I believe) to almost all logical positivists. This conclusion is, that
uncompromising empiricism is untenable. From a finite number
of observations no general proposition can be inferred to be even
probable unless we postulate some general principle of inference
which cannot be established empirically. So far, there is agreement
among logical positivists. But as to what is to be done in conse-
quence there is no agreement. Some hold that truth does not con-
sist in conformity with fact, but only in coherence with other
propositions already accepted for some undefined reason. Others,
like Reichenbach, favour a posit which is a mere act of will and is
admitted to be not intellectually justified. Yet others make attempts
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—to my mind futile—to dispense with general propositions. For
my part, I assume that science is broadly speaking true, and arrive
at the necessary postulates by analysis. But against the thorough-
going sceptic I can advance no argument except that I do not be-
lieve him to be sincere.
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