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PREFACE

The present volume is the fourth in the series entitled
Contributiona to the Calculus of Variations, sponsored by the
Department of Mathematics of the University of Chicago. It
contains the theses on topicslin the calculus of variations
accepted for the Ph. D. degree at the University of Chicago during
the four years 1938 to 1941, and the bibliography described below.
All of the theses here presented were written under the direction
of one or another of the four editors whose names are signed to
this preface. They are listed in the order in which they were
dsproved.

The preceding three volumes of the series contain theses,
and a few other papers, submitted in 1930, in 1931-1932, and in
1933-1937, respectively. In the preface of the third volume it
was Incorrectly stated that the period included in that volume
ended with June 1937. The thesis of Smiley, which appears there,
was added at the last moment and is dated August 1937. It was
the last one in the domain of the calculus of variations presented
in that year, so that the third volume contains all of the theses
for the years 1933 to 1937, inclusive.

For some years past the editors of this volume have
cooperated with each other and with visitors from other univer=-
sities in giving advanced courses entitled "Topics in the
Calculus of Variations." One of the principal toplcs discussed
has been the theory of the calculus of varlations for multiple

oY=



vi PREFACE

integrals. In connection with the studies made in that field a
bibliography has been accurulated which has been exceedingly
useful. With the hope that it may be equally valuable to others
thls bibliography 1s presented here as the last section in this
book. The titles of memoirs up to 1930 were mostly contributed
by Dr. Max Coral, and those for succeeding years by Dr. Herman H.
Goldstine. Others also have assisted, and we are indebted to
Mr. J. Ernest Wilkins, Jr. for some recent titles.

G. A. Bliss

L. M. Graves

M. R. Hestenes

W. T. Reld
THE UNIVERSITY OF CHICAGO
November 1941
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THE MINIMUM OF A FUNCTION OF INTEGRALS
IN THE CALCULUS OF VARIATIONS

Introduction. In the fourth chapter of his "Methodus
inveniendi lineas curvas maximi minimive proprietate gaudentes"
Euler discusses a number of calculus of variations problems in
which a function of several integrals 1s to be minimized or max-
imized [I, chap. 4].l For a general problem of that type [I, p.
161] he shows that the differential equations necessarily satis-
fied by a minimizing arc are the same as the equutions that must
be satisfied by an extremal arc for the isoperimetric problem of
minimizing a single one of the integrals when the remaining inte-
grals have prescribed values. Bolza [II] considered two of the
special problems that Euler had discusred [I, pp. 148 and 153],
and by means of the theories of associated isoperimetric problems
he established the existence of arcs for which the functions of
integrals considered took on strong relative extreme values.

No doubt the method used by Bolza could be generalized so as to
apply to the more general problem to be considered in this paper.
The problems treated by Euler and Bolza may also be transformed
into problems of Bolza in the calculus of variations. It is the
purpose of this paper to apply the theory of the problem of Bolza
to a general problem in which the functional to be minimized is

a function of integrals. By so doing we develop a theory directly

applicable to problems of the type discussed by Bolza and Euler.

Lrhe Roman numerals in square brackets refer to the bibli-
ography at the end of this paper.

(5) -1-



2 BRADY: MINIMUM OF A FUNCTION OF INTEGRALS (6)

In Section 1 we formulate the problem to be considered in
this paper, which we call problem A, and transform it into a prob-
lem B which is a problem of Bolza but not of the most general
type. The method of the following pages is to interpret for prob-
lem A via the problem B the results already in the literature
concerning the general problem of Bolza which is designated here
as problem C. Section 2 below contains a discussion of the mul-
tiplier rule and of the extremals. We then consider, in Section
3, the conditions of Welierstrass and Clebsch. Preparatory to the
formulation of two Mayer conditions in Section 5 we discuss the
second variation and the accessory extremals in Section 4. An
application of the sufficiency theorems for the problem of Bolza
is made in Section 6. This procedure yields only a restricted
strong relative minimum for problem A because the definitions of
a strong relative minimum for problems A and B are not equivalent.
A satisfactory theorem concerning strong relative minima for
problem A can be deduced, however, by supplementing the results
for problem B, as 1is done in Section 7, by methods similar to
those used by Hestenes for isoperimetric problems, Finally, in
Sections 8 and 9 we apply the more general theory here developed

to the two special problems considered by both Euler and Bolza.

1. Formulation of the problem. As a generalization of
the problems mentioned in the introduction and considered by Bolza
we propose the following one. Consider a class M of so-called

admissible arcs in the xy-plane defined by functions of the form
(1:0) : y(x) (x; 2 x5 x5).
Let us suppose that for each of these arcs the integrals

Xg
(1:1) Iﬁ =¢/. hp(x, ¥y, ¥')dx (=1, ..., n)
Xa
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and the function g(Il, e+, In) have well defined values. Then
the problem to be considered is that of finding in the sub-class
of admissible arcs which join two fixed points in the xy-plane
one which minimizes the function g. In the following pages this
problem will be referred to as problem A.

In order to provide an analytic basis for the study of
this problem we consicder an arc E belonging to the above mentioned
sub-cless of M in which & minimizing arc is to be sought. We
suppose that E is continuous and consists of a finite number of
sub-arcs on each of which it has a continuously turning tangent.
We assume that the functions hp(x, ¥y, ') (p=1, ..., n) have
continuous partial derivatives of at least the third order in a
neighborhood R of the points (x, y, y') on E, that g has contin-
uous partial derivatives of at least the second order in a neigh-
borhood of the values (Il' ey In) belonging to E, and finally
that at that point (I, ..., I,) not all of the first derivatives
of g vanish. An arc defined by functions of the form (1:0) will
be saild to be admissible if it is continuous and consists of a
finite number of sub-sros each of which has a continuously turn-
ing tangent, and if furthermore its elements (x, ¥y, ¥y') all 1ie
interior to the region R. Such an arc will certainly give well
defined values to the integrals Iss and also to the function g
provided that the region R is sufficiently small,

In the following pages we treat the foregoing problem A
as a special case of the problem of Bolza in the calculus of veari-
ations. 1In order to do this we consicder a class of arcs deflned

in an (n + 2)-dimensional space by functions of the form
(112) ¥yy(x) (x $x8%;1=0,1, ..., n).

Such an arc will be termed admissible if it is continuous and
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consists of a finite number of sub-arcs having continuously turn-
ing tangents, and if its xyo.-projection, defined by the function
¥o(x), 1s adnissible for the problem A described above. We des-
ignate the class of admissible arcs (1:2) by M'. The problem of
Bolza corresponding to the problem formulated in the first para-
graph is then that of finding in the sub-class of the class !
satisfying the differential equations and end conditions

(113) h‘(xl YOJ yo') - Y,' =0 (p= 1, .., n)’
(1:4) x5 - 84 = yo(Xg) = Yog = ya(xl) =0(s =1 2; =1, ..., n

one which minimizes the function

(1:5) glyy(%a), «oos Tnlxg)].

In the following pages this problem will be designated as problem
B.

We note that the statements of problems A and B here
given are entirely equivalent. This follows because there is a
one-to-one correspondence between the arcs of the sub-class of T
through the two given points 1 end 2 and the arcs of the sub-class
of M for which the conditions (1:3) and (1:4) are satisfied,
and since furthermore on corresponding arcs the values of the
function g are the same. We are justified therefore in spplying
to the more special problem A formulated above some of the well
known results from the theory of the problem of Bolza.

In order to facilitate the statement of the results from
the theory of the problem of Bolza that we desire to use, we here
state that problem as it appears in the literature [VIII, pp.
9-11]. In the following pages it will be designated as problem C.
The problem will be formulated in terms of the notation used in
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the less general problem B just described. 1In stating problem B
we were careful to make definitions and hypotheses that would
ensure its appearance as an instance of the general problem of
Bolza. We do not, therefore, give the similar though more exten-
sive sets of definitions and hypotheses necessary to place the
general theory on an analytic basis. With this understanding we
then state the problem C of Bolza as that of finding in a class
of admissible arcs defined in an (n + 2)-space of points (x, Yo»

¥1s +++s ¥y) by functions of the form

(1:8) y;(x) (xy $x$x;1=0,1, ..., n)
and satisfying the differential equations end end conditions
(1:7) Gelx, 3,3 =0 (=1, ...,m<n+1),
(1:8) Y [x1, y(x;), %p, 7(xx)] =0 (p=1, ..., pS 20+ 4)

one which minimizes a sum

Xg
(1:9) 7 = g[xy, ¥y(x3), xp, ¥(x5)] +fx1 £[x, y(x), y'(x)]ax.
Here and elsewhere in the paper we use the notations y, y(x) to
represent the sets (yg, ¥1, «++, ¥5)» [¥o(X), y(x), oen, Fa(x)]
respectively, with similar notations for sets of derivatives.
The equations (1:7) and (1:8) correspond to the equations (1:3),
(1:4), withm =n, p =n + 4 in the less general case. The func-
tion g is a more general form of the corresponding function for
problem B, and the integral containing f does not appear in prob-

lem B.

2. The multiplier rule. Amang the conditions which must

be satisfied along a minimizing arc for the general problem of
Bolza the first to be studied 1is usually the multiplier rule.
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That rule may be stated as follows [VIII, p. 26]:
An admissible solution E of the equations f, = 0, defined
on an interval x3X5, 1s saild to satisfy the multiplier rule if

there exist constants 10, °P not all zero and a function

(2:1) F=Adyr+ L(x)4,

with multipliers Ia(x) continuous on X1Xp except possibly at
values x defining corners of E where they have well-defined right
and left limits, such that equations of the form

X
2:2 F = jr F, dx + ¢
( ) yil xa yi i

are satisfied along E, and furthermore such that the equation

(2:3) [(F - yi'Fyiv)dx +F N

x
dyg 1,7 + dyde + e,af, =0

vy
holds at the ends of E for every choice of the differentials dxl
dyip dxz, dyiz. For an arc E satisfying the multiplier rule the
multipliers 10, 1p(x) do not vanish simultaneously at any point
of the interval x;x5. Every minimizing arc E for the problem of
Bolza must satisfy the multiplier rule.

In the ahove paragraph and hereafter it is understood that
the ranges of the subscripts are 1 =0, 1, ..., n; g =1, ..., m;
and 4 =1, ..., p, withm =n, p =n + 4 for the problem B,
Terms with repeated indices will represent sums of such terms
over a range of values associmted with the given indices, as is
customary in tensor analysis. The literal subscripts y,, y"
attached to F, or to other functions later on, indicate partial
derivatives, Use is also made of the notation V41 bo dosignate
yi( xy), and other similar notations.

In applying the multiplier rule to problem B we may first

notice that the function F for that problem takes the form
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(2:4) F(x) yo, Y'.l) = Xﬂ(x)[hn(x, yo, yol) - y"].

On imposing the condition that the function F shall satisfy the
last n of the equations (2:2) along a minimizing arc E one finds
that the multipliers have the values ﬂﬁ(x) = c,. We shall ac-
cordingly hereafter designate the constant multipliers by ﬂﬂ.

If we define a function h(x, yg5, ¥o's 4) by the equation

(2:5) h= A n(x, 5, ¥')s

then the first of the equations (2:2) may be written as
x

2:6 = dx + c¢n.

(2:6) hy s x:‘yo 0

The condition that the coefficients of the various differentials

in (2:3) vanish 1s called the transversality condition. For the

problem B, in which F is the function (2:4) and 1}/» the conditions
(1:4), it may be seen that the transversality condition on a min-

imizing arc E is equivalent essentially to the n equations
(237) = jp + joSA = 0;

in which the subscript A attached to g indicetes the partial
derivative.of g with respect to IP'

Due to the peculiar nature of the problem B we may show
that if a minimizing arc & for thnt problem satisfies the mul-
tiplier rule then E is normal, that 1is, there is no non-null set
of multipliers o, 43 having f; = O with which E satisfies the
rule. This follows from the equation (2:7), since 1if .10 =0
then also J% = 0, or all the multipliers 10, jﬁ vanish, We
summarize the last two paragraphs in the following theorem:

THEOREM 2:1. Along & minimizing arc E for the problem A

formulated in Section 1 there must exist a function h(x,yo,yd,j )
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of the form (2:5), with constant multipliers ip , such that the

equation (2:6) is satisfied identically along E. The multipliers
}O,RB must further satisfy with E the transversality conditions

— s s . ettt

conditions are satisfied is, moreover, normal, so that the mul-

tiplier f, can always be taken to be unity.

The multiplier rule has three important corollaries which
will be found useful in the succeeding discussion. Due to the
special properties of our particular problem B the results stated
in these corollaries appear here in a samewhat simpler form than
they do in the theory of the more general problem C of Bolza
[VIII, pP. 27.1]. The first corollary contains the statement that
at each point of an admissible arc E satisfying the equation
(2:6) the function hyol has forward and backward derivatives,
equal except possibly at corners, and such that the following

Euler-Lagrange equation holds:

(2:8) dhy /dx = hy .

The second corollary provides us with the Welerstrass-Erdmann
corner condition, which states that at each corner of an admis-
sible arc E satisfying the equation (2:6) the function hYo' has
well-defined right and left limits which are equal. The third
corollary, whose result is known as the Hilbert differentiability
condition, implies that the functions yi‘(x) defining an admis-
sible arc E have continuous derivatives of at least the first
order with respect to x on each sub-arc of E satisfying the equa-
tions (2:6) and hy - y,' = 0 on which the functions yi(x) defining
£ have continuous first derivatives and the function hyo'yo' is

different from zero., The first two corollaries are immediate
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consequences of the equation (2:6). The proof of the third corol-
lary involves an application of implicit function theory.

We have seen that a minimizing arc for problem B not only
satisfies the equations h' - yp' = 0 but also must have associated
with 1t constant multipliers 1} with which it satisfies the equa-
tion (2:8). Solutions of these equations play an important role
in the development of the theory. Bliss [VIII, pp. 33-39], and
Bliss and Hestenes [V, pp. 309-311], have made studies of the
solutions of the analogous sets of differential equations occur-
ring in the more general theories of the problems of Bolza and
Mayer, both of which apply to the problem B. However, there are
some relations peculiar to problem B that make possible specialized
results which we find it desirable to present. 1In order to study
this phase of the problem we define an extremal to be an admis-
sible arc yb(x), yb(x) and a set of constant multipliers A ,

having continuous second derivatives and satisfying the equations

hy - 73,' =0, dh.yo./dx-hy°=0.

A non-singular extremal is one along which the function hYo‘yM

is different from zero. 1In order to discuss such extremals we
introduce so-called canonical variables (x, y, z) related to the

variables (x, y, y', 1) by the equations

Zo = Fyo| hyo' (xy Yo; YO'.»( ):

Zy =pr| -]p’ a 'y{;'

(2:9)

whose determinant with respect to the variables (y', f) has, ex-
cept for a non-vanishing constant factor, the value th'Yo" In
a neighborhood of the elements (x, y, z) belonging to a non-
singular extremal E the equations (2:9) have then a solution of

the form
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'=P » ) ’ '=f ’ ’P 1
(2:10) Yo (x Yo z) yp p(x Yo )

ﬂp = -z = Lp(z‘),

reducing to yi'(x),_,Q,e at each point [x, y(x), z(x)] belonging
to ®. The function P(x, yg, 2) 1s found by solving the first
equation in (2:9) for yo' and then substituting “Zg for ,gp in
the solution. The differential equations satisfied by the func-

tions yi(x), zi(x) defining an extremal are

yo' = P(X, yo: z): 20

[{
i

hyo(x’ Jo- P, L),

YA‘ = hﬁ(x’ YO’ P)’ zﬁ' = o'

(2:11)

These equations follow directly from the equations (2:10), the
definition of the z's, and the Euler-Lagrange equation (2:8).
The above equations have an interesting and useful homogenelty
property. Since h is homogeneous of degree one in the ,Q‘s and
the solutions (2:10) of equations (2:9) are unique, it follows
that for an arbitrary multioller k

P(xl y, kz) = P(xl y) z)'

Hence if the functions yi(x), zi(x) are the solution of equations
(2:11) uniquely determined by the initial values aj, by &t x = x;,
then the functions yi(x), kzi(x) will be the solutions correspond-
ing to the initial values ay, kby.

In the theory of the general problem C the extremals are
discussed with the help of the canonical varisbles (x, y, 2) de-

fined by the equations

(2112) 2y = Fyi, , ¢p = 0,

These equations have solutions in a neighborhood of a non-singular

extremal of the form
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(2:13) 7y = Py(x, y, 2), L= Talx, 3, 2).

The differential equations satisfied by the functions y,(x),

g4(x) defining an extremal are then found to be the equations

(2314) Y1' = P1(X, y, Z), 21' = Fyi[x’ y) P(XJYnz): L(x:y)z)]'

By means of these equations it is proved in the general theory
[VIII, pp. 36-37] that every non-singular extremal arc E for a
fixed value of the multiplier.2° is imbedded for values

(2216) xl ‘ x‘ xz. ‘10, bio (1 =0, 1, veey n)

in a (2n + 2)-parameter family of extremals defined by functions
of the form

(2:186) yi(x’ a, b), zi(x! a, b)

in which a, b are symbols for (n + 1)-dimensional sets (ag, a4,
eoey 8), (bg, D1, ..., b,). The functions yy, ¥y, %4, Zjy have
continuous partial derivatives of at least the second order in a
neighborhood of the values (x, a, b) defining E, and the deter-
minant

Vg Tivy
(2:17)

’1a,  %iby
is different from zero along E. In terms of the varliables

(x, v, 7', L) the extremals (2:16) are defined by functions

(2118) (%, a, b), Afx, 8, ®)

related to the functions (2:16) by the equations (2:12) and such
that the functions y,, ¥, Ip have continuous partial derivatives

of at least the second order.
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The analogous results for problem B are contained in the
following theorem:

THEOREM 2:2. For the problem B, which 1is equivalent to

the problem A, the equations (2:9), (2:10) and (2:11) correspond

respectively to the equations (2:12), (2:13) and (2:14) belonging
to the general problem C. The functions (2:16) defining a

(2n + 2)-parameter family of extremals in which a given non-

singular extremal E is imbedded may be written for the problem B

in the form
yo(x; 89 bo;l)y zo(x; 89, bo,,(),

(2:19)
yﬁ(x’ a9, bo;R) + aﬂn ZG = ‘Xﬁ:

in which the functions Yo Zg are solutions of the first two

equations in (2:11) with the varisbles ZB regarded as constant

parameters, and in which

X
YA(X, 80, bOrl) =\[x1hﬂ(x’ Jo- P)dx + aﬂ.

The functions Ty have the homogeneity property

Yi(x; 85, kbo: kl) = Yi(x, ao’ bol‘Q ).

The determinant (2:17) has the form

Yoa, % TJow, You,
y $ y y
fAao I 2% Bbo 8
(2:20) Ay
20a0 O Zobo Zosy
0 0 0 -85y

Y,p=1, ..., n; SA~(=0£_'Y 7B S”= 1).

This determinant is different from zero along E. In terms of the

variables (x, ¥, ¥y',L ) the imbedding family (2:19) is defined by
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(2:21) Yo(x’ 29, bo:»(): YB(X. &, borl) + 8g.

On account of their homogeneity property the functions

yi(x, 85, Do, ) depend only upon the parameter a; and the n

ratios of the parameters b, 1‘ . The functions appearing in
(2:19) and (2:21) have continuity properties like those of the

corresponding functions (2:16) and (2:18).

3. The necessary conditions of Weierstrass and Clebsch.

Two further conditions playing important roles in the theory of
the problem of Bolza are the necessary conditions of Welerstrass
and Clebsch., These conditions may be stated for problem C as
follows [VIII, pp. 63 and 65]:

An admissible arc E satisfying the equations ¢‘ = 0 and
the multiplier rule, with multipliers ‘QO =1, ]A(x), is said to

satisfy the necessary condition of Weierstrass with these multi-

pliers if the condition

(.581) E(x, ¥y, y';x, Y') g o,
where

E =F(x, y, Y, 1) - F(x, 7, Y'xk) - (Yj_' - Y1')Fy (%, 3, Y‘J),
i

is valid at every element (x, y, y', £) of E for all admissible
sets (x, 3, ) # (x, y, §') satisfying the equations Pg= 0.

The arc E is further said to satisfy the necessary condition of

Clebsch with the multipliers fo =1, ,Qﬁ(x) if the condition

(3:2) FYi' yk|(x. ¥, vL,)M M 20 (i, k=0, 1, ..., n)

1s valid at every element (x, ¥y, y', L) of E for all sets
(TWos oer Ty) #(0, ..., 0) satisfying the equations

(%3 b __ . (x, ¥, 7"x )Tri = 0.
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Every normal minimizing arc for the problem of Bolza must satisfy
these two conditions,

For the problem B the function E appearing in (3:1) takes
the form
E(x, Yo, ¥o'» Yo'» &) = hix, ¥y, Yo', £) - B(x, 35, v5', )

= (Yo' - Yo')hyo'(xp Yo YO"»( ),

(3:4)

as one readily verifies by use of the equations (2:4) and (2:5).
The function E 1s here free from the arguments Voo ye', Y". If
it vanishes only for sets (x, Yo Yo‘) which are equal to

(x, ¥9s ¥o'), it will also vanish only for full sets (x, y, Y')
which are equal to (x, y, y'). This follows from the fact that
the equntions ¢% = 0 for the problem B are the equations hp - yB'
= 0, and hence the set (x, y, Y') is different from the set

(x, ¥y, ¥') if and only ir the set (x, yy, Yy') 1is different from
the set (x, Yo yo'). We see then that the Welerstrass condition
for the problem B may be expressed in terms of the (xy,)-projec-
tion of the minimizing arc E. A similar remark holds also for

the Clebsch condition since for problem B the equations (3:3) are

hAYc‘(x’ yo) YQ',»Q)TTO'Wp =0 (B:‘lt coey n)o

Therefore the condition (T, ..., m,) #(0, ..., 0) implies
-"b # 0. By the use of equations (2:4) and (2:5) one finds that

for problem B the inequality (3:2) 1is

hya! v, (x, Yo Yo':dl)Troz Z 0.

Since 1T0 # 0, the Clebsch condition implies that along every

minirizing arc for problem B that satisfies the multiplier rule

the inequality hy 1y 2 0 must be satisfied. The word normal
o Jo

appearing in the statement of the Welerstrass and Clebsch
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conditions may be deleted in the case of problem B, since for
that problem arcs satisfying the multiplier rule are all normal.
The results of this section are summarized for the problem A in
the following theorem:

THEOREM 3:1. Every minimizing arc E for the problem A,

where E 1s an admissible arc satisfying the multiplier rule with

multipliers 10 =1, jﬁ , must satisfy with these multipnliers the

inequality
E(x, ¥9, Jo', Yy',2) 20

at every element (x, Yo, Yo' ) of E for all admissible sets

(x, J9» Yo') # (x, ¥g, ¥o'). The function E(x, yg, Vo', Yo', L)
is the function defined by the equation (3:4). Further, along

the minimizing arc E the inequality

(3:5) hy ry, (% Yo Yo's2) 20

must be satisfied.

4. The second varistion and the accessory minimum problem.

Another condition which must necessarily be satisfied by a mini-
mizing arc for the problem of Bolza i1s the condition of Mayer,
two forms of which will be described in the next section. The
condition of Mayer appears in the literature as a criterion for
ensuring the non-negativeness of the so-called second variation.
In order to discuss the second variation, we first define a set

of admissible variations as a set of functions Vli(x) which have

derivatives and continuity properties like those of the functions

¥4(x). For the problem G the second variation Jo(E,M) of J

along E may then be defined to be

x
(4!1) J2=21[€1,7](X1),§2,7|(X2)J +[.‘2w(x,1],n')d.x,
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where ;1, ;2 are constants. The term 27 outside the integral
sign 1s found by substituting

dx! = ES' ing = yi'(xs)gs +1li(x!) (ﬂ = 1, 2)
in the quadratic form

- 2
27 = [(F - yi'Fyi)d" + aFyidyidx]l + 2q + 26,9,

in which the constants e, are those of the multiplier rule and

2q and 2q,,, are the quadratic forms in dx‘, clyj_s whose coefficients
are the second derivatives of g and 1#;‘, respectively. The inte-
grand function 2 W(x, )], 1]') is the quadratic form

20 =Py 3 M+ Py Mk’ + Fypp Mo
(1, k=0, 1, ..., n).

The equations
(4:2) ol - 2 R JRRY R

‘I’,ng’ "(xl)’ €2 7’("2”

(4:3)
=‘4’P.xs§, * ‘l’#yis[yi'(xs) Eg +My(xg)] =0

are called the equations of variation. From the theory of the

problem C we now quote the following theorem [VIII, p. 72]:

For every normal non-singular minimizing arc E without
corners the second variation J2(§,?]) in equation (4:1) must be
positive or zero for all admissible sets of variations ﬂi(x) and
constants E 1s &2 which satisfy the equations of variation

§P= ?F; 0 along E.

For the problem B the equations of variation and the
second variation take on a somewhat simpler appearance. If the
functions hA - yp' are substituted for the functions ¢p in the
equations (4:2), we find the equations
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(4:4) hmo‘r’o+ hny,' )’0' -1]‘ t=0 (p=1, ..., n).

By use of the quations (134) it may be seen that the quations

(4:3) reduce for problem B to the n + 4 equations
(415) Es =Nolxg) = Yglx) =0 (s=1,2;p=1, ..., n).

By making use of the specialized functions (1:5) and (2:5) and
the linearity of the end conditions ?"‘ in (1:4), plus the fact
that £, = €5 = 0, one finds that the quadratic forms 27 snd

2 W are, for the problem B,
(4:8) 2¥ M(xp)] = 8oy "]p(xz) 1,1(::2) ¥, =1, ..., n),

(4:7) 2w[x,"'o, ’10'] = h?oYonoz * zh'.YoYo"’O ’,0' * hyy 70"}0'2'
These remarks we extend in the following theorem:

THEOREM 4:1. For every non-singular minimizing arc E

without corners the second variation for the problem B or A is

200 = By Ny x2) N, (x2)

+_[,:.[hono)’02 + 2hy°y°"y’° 7’0- + hyo'yo",o'zldx

(4:8)

where
x
(439) T]A(x) = xx(hﬂh 7’0 + hﬁyo' )’o')dx (B=1, ..., n).

This variation must be positive or zero for every admissible vari-

ation )Io(x) satisfying the equations ‘)lo(xl) = ‘)Io(xe) = 0.

This result is an easy consequence of the application to
problem B of the corresponding theorem described above for prob-
lem C.

In the theory of the problem C the fact that the second
variation must be positive or zero leads to an auxiliary minimum

problem called the accessory minimum problem. This is the problem
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of finding in the clasa of admissible sets of variations gl' 52’
"]1( x) satisfying the equations of variation §@= 0, iﬂF 0 along
E, one which minimizes the second vuriation Jp(E,)). The dif-

ferentlial equutions associated with this problem are

(4:10) afy fax -y =0, [ PERS

where (1 is the homogeneous quadratic form in the variables ‘)h,
ni' , )\@ defined by the equation

(4:11) _ﬂ_(x,‘Y’,‘Vl',X)-‘-w‘*A@&@-

These equations are analogous to the equations ¢(3 = 0 and

dFyi' /dx = Fyi, the latter set of equations being derived from
the equations (2:2) by differentiation of both members in each
equation. The equations (4310) are called the accessory dif-

ferential equations. The transversality condition for the ac-

cessory minimum problem, analogous to the condition (2:3), is

known as the accessory transversality condition.

By an accessory extremal is meant a solution ﬂi(x),

Ap(x) (xl $x¢8 xo) of equations (4:10) having continuous
derivatives 7'1' , qi", ’\g' on x3X5. A study of these extremals
has been made by Bliss [VIII, pp. 73-768]. He introduces canonical
variables (x, 7}1, §4) related to the variables (x, 7’1, 7]1', >‘ﬂ )

by means of the equations

(4112) §1=n,h,<x,q,v;-,>\), $x M. q =0

Bliss has shown that if E is a non-singular extremal then the
equations (4:12) with /\0 = 1 can be solved for the variables

N, )‘p . These equations are of the form

(423) Yy =Ty(x 0, 5, Ay = Az, 8.
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The equations (4:10) with >'0 = 1 are then found to be equivalent

to canonical accessory equutions of the form

(4214) 7]1' =ﬂ;1(13n’§)a ;i' = -ﬂ,’i(x’n’;),
in which ﬂ(x, )1 ,;) is the homogeneous quadratic function in the

variasbles 1), € defined by the formula

(4:15) ﬁ(x1n1§)= ;1Tri'_ﬂ.(x”];.“—:A)'

A fundamental set of 2n + 2 linearly independent solutions of

equations (43:14) 1is given by the elements of the columns of the

determinant (2:17), with 7]1 = yiak' Gy = Zia, [viiz, p. 7e].
For the problem B the function () has the form

O(x, T’o! "]'oA) = w(x, 7’0: 7’0')
+ ,\b [hpyo"’o + haybn)o' - np']’

where W 1is the function defined in (4:7). The multipliers A

(4:18)

[}
occurring here are constants. This followrs from the fact that

). does not contain “?p, so that the accessory equations (4:10)
yield d((L_,)/dx = d(- ),)/dx = O for the problem B. If in the
equntions (333) we replace the function F by the function (L de-
fined in (4:16), the function g by the quadratic form 2 ¥ defined
in (4:6), and the functions %M by the functions T» defined in
(4:15), we find that the accessory transversality condition for

the problem B is equivalent essentially to the n equations

(4:17) Gy 8oy Nixz) =0 (@7 =1, ..., n),

where the Cp =0, =- >‘(3 are constants along a given accessory
extremal, According to Theorem 2:2 the determinant (2:20) is for
problem B the determinant (2:;17) of problem C. The elements of

the columns of (2:20) therefore form a fundamental set of solutions



20 BRADY: MINIMUM OF A FUNCTION OF INTEGRALS (24)

‘)h, 4 4 of the canonical accessory equations (43;14) calculated
for problem B. These equations will be useful in the next sec-
tion., To develop them, we notice that for problem B the equations
(4:12) are

%o =By yoYo * Byayolo' * )‘ohm' ’ o=~ s

hﬂyo o* h@yo'ﬂo' ) qﬁ' =0

so that in the solutions (4:13) the functions Tri, .Ap have the

(4:18)

values
T‘—O(x’ 7’0' §) = [;0 b Y&o?o"}o * ;3 hﬁyo']/hy°'y°’ ’
Ty(x 00, 8) = By o + Bgra Mo Ap= -G,

(4319)

The function ‘“ defined in (4:15) is then for problem B

(4:20) “(x, qosg) =go‘“-° + ;(3 [hﬂo,lo + hpyo,‘“o] ~w(x, ﬂo’_wo):

in whioch the function W has the definition (4:7). With this
value for the function ﬂ the equations (4:14) become, in detail,

"’o' = o(x, no’g )’ CO' 2 - ;phmo + h.yoyono <+ hyoyol-u—OD
1" = ey Mo + By, Tos C‘,' = 0.

One readily verifies that one solution of the equations (4:21) is

( 4321)

(4:22) Ni=20,  To=hy, 5y -4,

where the constants j@ are the multipliers belonging to E. We
summarize the foregoing statements in the following theorem:
THEOREM 4:2, The canonical accessory equations for the

problem B, which is equivalent to problem A, are the equations

(4:21). One may solve the first two of these equations for )Io,

Co as functions of x and the paremeters ga""“‘ which 1t follows

that the solutions }h are of the form
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. x
4:23 x) = h + 'Jax +
(4:28) Nm = gy, Mo * Bgy,r Yo' lax + ks
where the kp are constants. The columns of the determinant (2:20)

solution in particular is given in (4:22). The accessory trans-

versality conditions for the problem B, or A, are given by the

equations (4:17), in which the functions 'nﬁ and the constants

;p; - Xp are solutions of the equations (4:21).

5. The condition of Mayer. 1In the literature there ap-

pear four closely related forms of the so-called condition of
Mayer for the problem of Bolza in the calculus of variations.
These are all conditions necessary for the non-negativeness, and
in a strengthened form sufiicient for the positiveness, of the
second variation, as stated for problem B in Theorem 4:1. Of
these four forms we shall make use of but one, that one being
due to Bliss. For the less general problem of Bolza in which
one end point of the admissible arcs is fixed Hestenes has de-
fined a focal point condition which i1s also a condition of Mayer.
Since the criterion for a focal point is comparatively simple
theoretically, and since the problem B 1s a problem of Bolza of
the type for which a focal point condition 1s defined, we also
discuss that condition in this section.

First, we shall have need of a few definition. By the

order q of abnormality of E on an interval x'x" is meant the num-

ber q of linearly independent sets of multipliers of the form
4, = 0, 45 (x) with which E satisfies the conditions (1:7) and
(2:2) on x'x". e next define a function Q(z) in terms of the
second variation, After the usual integration by pefts the
second variation JQ(E, 7) along an accessory extremal is expres-

sible as a quadratic form in §,, § 5 and the end values of the
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functions 7 (x), Ci(x) defining the extremal. Let .., 52,‘,,
7’“., Ci,‘.('l' =1, ..., t) be a maximum set of linearly independent
constants and accessory extremals containing only sets 3 1’ 52,
ﬂi, C 1 which are linearly independent of the special ones for
which 51 =0, 52 =0, ni(x) = 0, and which satisfy the equa-
tions ’&’f 0. For the set

(5:1) £y = Byrg B Sopq Myi=Migtp 8y =Cirnq
the second variation may then be expressed as the quadratic form
(5’2) Q(z) = J2(;Tz1'v y,TzT)

in the constants (23, ..., zy). A value xg # x, 1is said to de-
fine a point 3 conjugate to 1 1f there exists an accessory ex-
tremal 1'1, G4 satisfying the equations "h(xl) = 0, having
Mi(x3) = O, and having the set (11) £ 0 on x3x5. It 1s known
[VII, p. 804, Theorem 5:1] that points 3 conjugate to 1 are the
points other than 1 at which the matrix

’]13("3)
Y1yx1)

has rank less than 2n + 2 - q, where forms with £,, (1 =0,
1) 1

(5:3)

1, «oo,n; § =1, .., 2n 4+ 2) a complete set of solutions of the
canonical accessory equations, and q is the number of linearly
independent sets )]1, G 4 having 1,1(x) = 0 on x3xz. This number
q is also the order of abnormality of E on the interval x;xa.

We now quote from the theory for problem ¢ [VII, p. 802, Theorem
4:3] the result that if the extremal E is non-singular and the
second variation Jy is non-negative along E, then the condition

Q(z) 2 O must hold for all sets of constants z not all zero;
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moreover, if the order of abnormality of E is the same on every
sub-interval xzxs of x3x3, then there can be no point 3 conjugate
to 1 on E between its end points 1 and 2. This condition may be
called the condition of Mayer as formulated by Bliss for the
general problem C of Bolza.

If for problem C stated in Section 1 the first (n + 1) of
the equations ?ﬁ = 0 fix the coordinates of the initial points
of admisrible arecs at X; and the remaining (p = n - 1) of the
equations are gonditions only on the coordinates of the end
points of the arcs at x5, then the problem is called a problem
of Bolza with second end point variable. For this problem a
value x5 # Xp 1s said to define a focal point 3 of the manifold

’q)= 0(7V=n+2, ..., p) on the extremal arc E if there exists
an accessory extremal 71, Qi satisfying with a constant 52 the
equations

(5:4) \I‘v =0 (V=n+2, ..., p)

and the accessory transversality condition at x5, having '41(x3)
= 0, and having the set (q) £ (0) on XzXy. From the theory of
problem C [x, p. 545] we know that on a non-singular extremal arc
E for which the second variation Jo 18 non-negative and for which
the abnormality of E is the same on every sub-interval of xjxp,
there can be no focal point 3 of the manifold \Pv =0 (V=n+1,
.+., P) between the end points 1 and 2 of E. This may be called

the focal point condition for a problem of Bolza with second end

point variable.
In order to apply these results to problem R we first
note that this problem is one with only the second end point

variable. The equations (5:4) for vproblem B are simply

(5:5) €2=0, Molxx) =0,
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as we see from equations (4:5). To calculate Q(z) as defined in
(5:2) we note that for an accessory extremal 1]1, G, satisfying
the conditions (4:5), and with the function w defined in (4:7),

one finds

jxaewd:u xi'zndx= 1;|2= (x5)8
x xn Mi6aly = Malxe)5g -

Hence the value of J,(1), defined in (4:8), for the set (5:1) is
2

Qlz) = zrz<r[591’)pr(x2) Nyelxe) + (;M'f’M(xz)]
¢, T=1, ..., tS€n-1).

(5:6)

The inequality t € n - 1 follows from the fact, noted in Theorem
4:2, that at least one of the (2n + 2) independent solutions of
the canonical accessory equations has "h(x) = 0. To determine
the set (5:1) the n + 2 conditions on the end values of the func-
tions ‘Y]i(x), glven in (4:5), must be impressed upon the linear
family, containing 2n + 1 or fewer parameters, including all the
extremals which have the property that their functions ‘Yli(x)
are not all identically zero. We now apply Theorem 4:2 and the
results quoted in the preceding paragraphs to get the following

theorem concerning the problems B and A.

THEOREM 5:1. Let E;, be & non-singular extremal aerc for
the problem A along which the second variation JE“P in (4:8) 1s

non-negative, and let the order of abnormality q of E be the same

on every sub-interval of xjxp. Then the two following conditions

must hold:

(1) There can be no point 3 conjugate to the initial

point 1 between 1 and 2 on the arc Ejp, and the condition Q(z)

2 0 must be satisfied for all yalues of the constants z not all

zero, where



(29) THE CONDITION OF MAYER 25

Q(2) = 2e2q[Bey Yool %2) Nyalx2) ~Age Y ar (%2)]

(5:7)
(e, Y=1, .o, n T =1, ..., tSn - 1).

In this expression

x
= '
(5:8) Noel ) = x;[h”mo, * by Noelax

and the functions Tlo‘(x) (¢ =1, ..., t) form with the constants

,\ara maximal set of solutions of the equations

dw, , /dx - w_, + (dh, ,/dx - n = 0,
(519) B T * Apl gy / py,) = ©

Nolx) = Molxp) = o0,

for which the functions ‘ﬂor(x) are linearly independent. A con-

Jugate point 3 to 1 on E;p is a point, other than 1, at which the

matrix
Now %)
(5:10) "]o.n-(xs)

N grd *3)

(=1, «.., n; T=1, ..., t + 2)

is of rank less than t + 2, the set 170".(11' =1, ..., t +2)

the functions 1’0"_( x) are linearly independent, and the functions

1’9"’ being defined by equatians analogous to (5:8).
(2) There can be no focal point 3 of the manifold x, - a5
= yo{xg) = 0 on E;, between its end points 1 and 2. The focal

points sre defined by values xz for which the determinant

" oplxs)
ﬂor(xg)

8oy (Mye(xs) - ’M"‘e’] *+ Nap
(p,‘Y =1, ..., n; f = 1, ..., n +2)

(6:11)
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vanishes. Here the sets ‘y]of(x), XM’ (P=1, ..., n+2) are a
maximal set of linearly independent solutions of the equation

(5:9), and the functions '1,."(::) are defined by equations analo-
gous to (5:8).

According to Theorem 4:2 the columns of the determinant
(2:20) form a complete set "hy cij (1=0,1, ..., 3§J=1,
«esy 2n + 2) of solutions of the canonical accessory equations
(4:21). By deleting from that set the members linearly dependent
upon sets for which 'Yli(x) = 0, and by making use of the special
nature of the set, one may readily relate the rank of the matrix
(5:3) to that of the matrix (5:10) in such a way as to give the
result stated in the theorem. To finish our discussion of the
theorem we need to establish further only the fact that a focal
point as defined in this section for problem B, or A, is a point
at which the determinant (5:11) vanishes. To this end we desire

to show that a value x = X3 for which the determinant

M1gtxs)
Noylx2)

BarMvj (%) * B4
(=0, eeo, M3 J=1, ..., 2n+2; g,Y¥ =1, ..., n)

(5:12)

vanishes determines a focal point 3 of the manifold x5 - 8y =
Yo(xp) = 0. In this determinant the functions 7]“, cij are
understood to form a complete set of solutions of the canonical
accessory equations (4:21). First, let us suppose that the de-
terminant (5:12) vanishes at a value xz # X5. Then there exist

constants “J not all zero such that
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‘J’]ij(xa) =0,
(5:13) ﬂj"']oj(xg) =0,
38y Tuginz) + € ag] = 0

It follows that 1y = 8 7)“, Ci =8y Cij is a set of functions
satisfying the conditions

(5:14) Nolxp) =0, g, N, (x2) +& =0 (BY =1, ..., n),

which, along with EZ = 0, are the equations (5:4) and the acces-
sory transversality condition. Further, 1}1, : y 80 defined are
such that the functions ‘)h vanish at xz, but do not vanish iden-
tically on xzxp. For if ‘)’1 = 0 on x3xy We have ‘ﬂ = 0 also,
since the set ’1‘, l;p satisfies the second of equations (5:14).
One may verify by examining the canonical accessory equations
(4:21) that then ‘o(x) = 0 on xzX5. Hence we would have

‘11 = ‘j”ij =0, By = ‘icij = 0 on x;Xy, which contradicts the
assumption that the functions ‘4“, 5” form a complete set.

By definition the point 3 is then a focal point to the given
manifold. Conversely, a value xz for which a non-identically
zero set ?Ii vanishes, where 'Vli, l;’i satisfy the equations (5:14),
is a value for which the determinant (5:12) vanishes, This fol-
lows from the fact that such a set is expressible as a linear
combination 4 = ‘3’713' g, = “jtij of the complete set ‘7”,
;U' For the constants a4, not all zero, thus determined the
equations (5:13) hold and therefore the determinant (5:12) van-
ishes. That the determinant (5:11) vanishes when and only when
the determinant (5:12) vanishes may be seen by making use of the
special properties of the complete set ’}7”, lf“ yielded by the
determinant (2:20). For, if we let '71’,, Z 1p. (P=1, ..., n+2)

be a set linearly dependent on the Set composed of the elements
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of the first column and the last n + 1 colurms of the determinant
(23:20), we may write the determinant (5:12) in the form

Mae'*s’
° Nop( =2)
Baa¥ur By My (%) + Ly

(*,8,7 =1, «oo, 3P =1, .., n+ 2
Sap =15 Sy=01f gEY ).

By substituting t" = - AM and by suitably manipalating the
rows of this determinant one derives the determinant (5:11).
As 1is readily seen from the preceding discussion, we have

the following corollary to Theorem 5:l:

COROLLARY 5:1. The n + 2 sets of functions 7’1? and the

associated constants /\" appearing in the condition (2) of

Theorem 5:1 may be taken to be the functions and constants

Tiv=71,s MTnel “Tiaer Minee = Tan,e
An‘f R >‘/|.n+l =0, >‘,3, n+2 = 0

(L=0,1, ..., n; B,Y = l, ..., n),

in which the right members are the derivatives occurring in the

colums of the determinant (2:20). Suitable linear combinations

of these derivatives may be used for the sets ¥, and %), Ape

oceurring in o_ondition (1).

6. Sufficiency theorems from the theory of the problem of

Bolza. Sufficiency theorems for the problem A will be stated in
terms of strengthened forms of the necessary conditions discussed

in the preceding sections. We use the Roman numeral I to designate
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the multiplier rule discussed in Section 2. Similarly, the sym-

bol IIN' is used to designate the strengthened condition of

Welerstrass, which 1s defined as follows: An arc E is said to
satisfy the condition IIy' if the inequality

E(x, ¥p Yo' Yo'n’Q) >0

holds at every element (X, ¥o, ¥o',{) in a neighborhood N of

those belonging to E and for all admissible sets (x, ¥,, Y,') #

(x, Yo yo'). For problem A the strengthened condition of Clebsch,
denoted by III', is the condition that the inequality

h7°|y°' (x, y9, ¥9's4) > 0 shall hold along E. We define the
condition IV' for problem A to be the condition (1) of Theorem
5:1 strengthened by the assumption that the quadratic form Q(z)

is not only positive but is positive definite. Likewise, the
condition IVf' is defined to be the condition (2) of Theorem 5:1
strengthened by excluding the possibility of a focal point 3
being at the point 1. We have here defined the strengthened con-
ditions for problem A, or B. Where similar strengthened condi--
tions are defined for problem C, we have the following results
from the theory of the problem of Bolza [VII, p. 816, Theorem 9:4;
X, p. 546, Theorems 1 and 3]:

Let E be an admissible arc without corners satisfying the
equations ¢>,3 = 14/‘# = 0 for a problem of Bolza, and satisfying
further the conditions I, IIy', III', end either IV' or IVe' with
a set of multipliers ‘QO =1, ,Qﬁ(x), ey Then there exists a
neighborhood V of E in xy-space and a neighborhood T of the space
of points (X, ¥4y, X, Vyp) such that J(C) > J(E) for every
admissible arc ¢ in V with ends in T satisfying the equations

$y = ¥, = 0 and not identical with E.
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When this result is applied to problem B and interpreted
for problem A one obtains the following theorem:

THEOREM 6:1. SUFFICIENT CONDITIONS FOR A RESTRICTED
STRONG RELATIVE MINIMUM. Let E be an admissible arc for the

problem A such that E is without corners, joins two given fixed
points in the xy-plane, and satisfies the conditiomns I, Iny', IIIY,

and either IV' or IVe' with a set of multipliers Lo =1, 4, .
Then there exists a neighborhood V of E such that g(C) > g(E) for

every admissible arc C in V not identical with E, joining the end

points of E, and satisfying on xyx, the condition that
X

(6:1) !f [hp(C) - hA(E)]dxl <€,
X2

where € 1s a sufficiently small positive constant.

In the theorem it 1s understood that the functions hﬁ(c),
h (E) are the functions hp(x, ¥, ¥') occurring in the equations
(1:1), with arguments the functions y, y' defining C snd E re-
spectively. Similar notations are used in writing I’(E), I‘(c),
g(E) and g(C).

It 1s desirable to weaken the restrictive condition (6:1).
In the next section we show that with an additional normality
assumption we may wesken the condition (6:1) to the extent that
it be required to hold only at x = xg. Reflection on the pos-
sible nature of the function g shows that one could not in gen-
eral remove the condition entirely.

The following sufficiency theorem for the accessory mini-
mum problem, which was discussed in Section 4, will be found use-
ful in the next section:

THEOREM 6:2. Let E have the properties specified in

Theorem 6:1 except possibly the property that it satisfies IIN'.

Then along E the inequality Je(rl) > 0 holds for every admissible
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variation no(x) satisfying the equations "o(xl) = ‘qo(xg) =0
and not identically zero on x3xj.

For the proof of the theorem we shall refer to the liter-
ature of the problem C of Bolza. Results for problem A are then
immediate by the use of Theorem 4:1. For the case when E satis-
fies IV' we refer to two theorems by Hestenes [VII, p. 811,
Theorem 8:3, and X, p. 546, Theorem 3]. When E satisfies IVe'
we refer to three lemmas, agalin by Hestenes [X, pp. 549-550,
Lemmas 8, 5, 6].

We note that the accessory minimum problem for problem A
is a problem of the type A, since the functional to be minimized

is a function of integrals.

7. Extension of the sufficiency proof. We have seen that

the theory for the problem of Bolza yields a restricted relative
minimum for problem A, and we noted that a weakening of the re-
strictive condition (6:1) on the admissible arcs is desirable.

We may effect the desired weakéning of that condition if E satis-

fies an additional normality condition, namely, that the arc E

satisfies the Euler-Lagrange equation dhyo‘/dx - hy = 0 with
only one set of multipliers when one keeps a non-zero multiplier
fixed. Subarcs of E need not satisfy the normality condition.
The theorem to be proved in this section may now be formulated as
follows:

THEOREM 7:1. SUFFICIENT CONDITIONS FOR A STRONG RELATIVE

MINIMUM, If the admissible arc E satisfies the hypotheses of

Theorem 6:1 and in addition the normality condition defined abovse,

then the conclusions of Theorem 6:1 hold with the restrictive

condition (6:1) required to hold only at x = x,5.
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The proof of the theorem will be based on a series of
five lemmas, the last three of which are similar to lemmas used
by Hestenes to prove an analogous result for the isoperimetric
problem [XI]. In these lemmas it 1s understood that the arc E
satisfies the hypotheses made in Theorem 7:1. As a preliminary
to the first lemma we note that in Section 1 it was assumed that
not all the first partial derivatives of g vanish on E. Without
loss of generality we may assume that 8 #0. 1In fact we may
suppose that g, > O since we may replace I; by -I; if necessary.
We shall fix the multiplier '21 = gl(E). With these statements
in mind we formulate the following lemma:

LEMMA 7:1. With the fixed relation {, = g,(E) the nor-

mality condition is equivalent to the condition that the equation

(7:1) [ahyy 1 /ax - bpy Ja, =0 (p=2, ..., n)

holds along E only in case the constants ap are all zero.

For, if two distinct sets of multipliers le = gl(E), ,Qp

(p=2, «e., n) and Al = gl(E), A satisfy the Euler-Lagrange

P
equation with E so also does the non-null set le - >\1 = 0,

ﬂp -)\p. Then equation (7:1) holds with ap = j(p '>‘p' Con-
versely, if a&p is a non-null set for which (7:1) holds on E, then
the Euler-Lagrange equation is satisfied on E by the two distinct
sets 11 = g1(E), ’Qp and 'Ql = gl(E), ,Qp + ap, where 11, 'QP
are the multipliers belonging to E.

LEMMA 7:2. 1If ﬂo(x') = ‘qo(x") = 0 then

(7:2) Ay [Matx") - p(x0] =0 (x; $x' 2x" 3 x5)

holds for every admissible variation 7{1():). From this it follows
that 1f £y # 0, Ya(x) = Yplm) = Y (m) =0 (p =2, ..., m),
then 7’1(:{2) = 0 also.
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That the equation (7:2) holds under the conditions stated
in the lemma is readily provable by multiplying the equations of

variation
oy, Mo * Byplo' = Yy' =0 (p=1 ..y m)

by the multipliers jﬁ , adding, and applying the usual integration
by parts with the help of the equation dhy /dx - hYo = 0.

In the next lemmas there appears an integral J,( defined
by the equation

Xg
(723) J‘ =f h(X, Yoy YO';'Q )dx;
X3

in which the integrand is the sum ,0/3 hﬁ. A value x5 # x; 1s said
to define a point 3 conjugate to 1 on E relative to JR if there
exists a solution 77(x) of the equation

dwﬂ,/dx - w‘? =0,

having 7](x1) = 17(:(5) = 0 and 77 £ 0 on xyxg, where the multi-
pliers '?/3 appearing in JX and w are those belonging to E. The
function w that occurs here is defined by equation (4:7).

LEMMA 7:3. HAHN'S LEMMA, 1If E has on it no point 3 con-

Jugate to 1 relative to Jy, there exist neighborhoods V; of E in

xy-space, N of the end values of E in (x;y,Xx5y5)-space snd L of

the multipliers JZA belonging to E such that for every set

(x17,%7¥,) in N and jﬁ in L there is an extremal E, in V, having

(x171%¥o) as its end values and J,s as its multipliers. More-

over, for these values of Q,g the inequality J (C) > J,(E,) holds

for every admissible arc C in V; joining the ends of E, and not
identical with EJI'

This lemma is analogous to one given by Hahn and has been
established by Birkhoff and Hestenes [IX, pp. 253-254] following
a method given by Bliss [IV, pp. 267-270] in the proof of a
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similar theorem for the problem of Bolza. The assumptions made
in Theorem 7:1 do not exclude the possiblity of there being pairs
of conjugate points on E relative to J,(. However, the arc E can
be subdivided into a finite number of subarcs on each of which
there are no pairs of conjugate points relative to J‘ [ef. III,
p. 739]. In thls case we have the following extension of Lemma
T:3:
LEMMA 7:4. EXTENDED LEMMA OF HAHN. Let ty = x; < ty

< ¢++ < tyy) = Xp be a set of values such that there is no pair

of conjugate points on E relative to Jl on any of the intervals

tpy £xSt, (r=1, ..., w+ 1), Then there exist neighbor-

hoods V; of E in xy-space, M of the values (x, y) =(tg, bg)
(s =1, ..., W) belonging to E and L of the multipliers 1{3 be-

longing to E such that for every set (tg, bg) in M and £, in L
there 1s a broken extremal E, in V; Joining the points 1 and 2,

passing through the points (tg, bg), having no corners on the

intervals t,_ ; < X < t,, and having ,Qp as its multipliers.
Moreover, for these values of ,Qﬁ the inequality JI(C) > JI(EA)

holds for every admissible arc C in V; joining the end points of

El’ passing through the points (tg, bg) and not identical with E,.

Lemma 7:4 follows as a result of applying Lemma 7:3 to
the successive subarcs of E determined by the intervals t,_, £ x
St (r=1, .., w+ 1), '

LEMMA 7:5. Let tg5, t1, «.., tys) be the set of values

— —— — —

defined in Lemma 7:4. There exists a (W + n - 1)-parameter

family of broken extremals

¥(x, D1, «ovy By, Co,y ooy °n)'
(7:4) 2y = gy(B),  Ap(by, wevy by, Op, eney o)
(P =2, eoey n;xléxéxe)
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containing E for b‘ = bso' o::p = °po' passing through the points

1, 2 and (x, y) = (t‘, bg), having no corners on the intervals

tn.y < X < t,, and satisfying the conditions

fx'
S5 (x, ’ y' dx = c,.

The functions y(x, b, ¢), yx(x, b, ¢), ]p(b, ¢) have continuous

first and second derivatives for values (x, b, c) near those be-

longing to E except possibly at the corner points.

In order to establish this lemma, let
(7:6) ¥(x, by, «vvy by Loy ooy ), &y =gy (E), ) (%) € xS xp)

be a (w + n - 1l)-parameter family of broken extremals containing
E for values bg = Dgg, ;Qp = ,on, passing through the points 1,
2 and (x, y) = (tg, bs)’ and having no corners on the intervals
tp.1 < X < tp. Except at corner points the functions Y(x, b,,q )
Yx(x, b,{ ) have continuous first and second derivatives for
values (x, b,,?) near those belonging to E. The existence of a
family of this type follows readily from the first part of Lemma
7:4 and our earlier studies, in Section 2, of the properties of
functions defining extremals. When the function ¥(x, b,,() is
substituted in the integrals (7:5) a set of functions Ip(b,j)

is obtained having continuous first and second derivatives for
values (b, £ ) near those on E. The functional determinant
laIp/a,qu (p, 9 =2, ..., n) is different from zero when (v,42)
= (bo,ﬂo), as will be seen in the next paragraph. The equations
Ip(b,l ) = o, are satisfied by the values (v, R) = (bg, ,Qo), and
hence have unique solutions ,Qp(b, c) with ,Qp(bo, cg) = jpo and
having continuous second derivatives near (b, o) =(bgy, cg). When
the functions ,Qp(b, ¢c) are substituted for *Qp in the functions

(7:6) a family (7:4) is obtained having the properties described
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in the lemma.
To complete the proof of Lemma 7:5 we have yet to show
that the determinant IJIp/Qﬂql is different from zero at (b, X)
= (bg, .10) . First, we notice that no variation of the form
7]=Y1p(x, bg» ,Qo)ap with the set (ap) # (0) is identically
zero. For, if we substitute the functions (7:6) in the equation
dhy 4 /ax - by =0, differentiate with respect to ,Qp, multiply

by a

D’ and sum, we find that along E the equation

(7:7) du)’r/dx - w)’ + [d.hpyo, /dx - hpyo]ap =0

holds, where W 1is the function (4:7) and 1ts arguments are
=Y ' =Y,'a,. If = 0, then equations (7:1) would
n xpap’ n ﬂpap n ’ eq ( )
hold with a set (a) # (0), which 1s impossible according to
Lemma 7:1. Next we notice that if laIp/Q,qu = 0, then there

exist constants 8q not all zero such that the equations

Xe
(7:8) 8y 3T/ 34, =/x; (Rpy, M * Dpy, q)ax =0

hold, where 7’ = YRQBQ' Multiplying the left member of (7:7) by
this 'rz , integrating from x; to x, and using (7:8), we find that

Xe
(7:9) / (Maw,,/dx -6 )ax = 0.
e | K
With the usual integration by parts this becomes
w+l tr Xe
(7:10) an)l +f 2wdx = 0.
r= ” tI‘-l Xy

By differentiating with respect to 4 the identities Y(’cv, b,»Q)

q

=b, (v=0,1, ceey W+ 1), 1nwhichb0=y01,b we

wel = Jo2-
£ind that ¥y (ty, v,4) = 0. Therefors N(t,) =Y (ty, bo, Lo)aq

= 0, and (7:10) reduces to
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Xe
(7:11) / 2wdx = 0,
X3

In view of equations (7:8) the functions

x
ﬂﬂ(x) = xl(hﬁYo), + h,&Yo' )")dx (B=1, ..., n)

satisfy the relations ‘ql(xl) = vp(xl) = ﬂp(xz) =0 (p =2,
..., n). Hence 7)1"‘2) = 0 also, by Lemma 7:2. It follows that
the terms gﬂ_y nﬁ(xz) V,v(xz) outside the integral sign in the
expression (4:8) for .1'2(7,) vanish so that J2(11) reduces to the
left member of (7:11). But then the equality (7:11) contradicts
Theorem 6:2. Therefore our assumption that | BIp/ ajlql = 0 is
contrary to fact, and Lemma 7:5 is established.

We may now establish Theorem 7:1. First, let V and € be
chosen so that Theorem 6:1 holds, and let V,, M, and L be chosen
80 that Lemma 7:4 holds. We diminish M and L, if necessary, so
that the broken extremals ER of Lemma 7:4 satisfy the condition
(6:1). That we may do this follows from the continuity properties
of the family of broken extremals given in (7:4). We now let Vo
be a neighborhood of E In xy-space interior to V and vy and such
that points (x, y) = (tg, bg) of Lemma 7:4 lying in V, are also
in M. Diminish € if necessary so that the inequality gl(C) >0
holds for each curve C satisfying at x = xg the condition (6:1).
This we may do since we have assumed that g,(E) > 0. The region
V =V, and the constant € so chosen will be shown to have the
property described in Theorem 7:1. To establish this we consider
a given admissible arc C 1lying in Vg joining the end points of E,
and satisfying at x = x5 the condition (6:1). By choosing the
parameters ba equal to the ordinates of C at tg; and the parameters
cp equal to the values of the integrals I

P
determine, as in Lemma 7:5, a broken extremal El of the family

evaluated along C we
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(7:4) passing through the points (tg, bg) and having Ip(El) =
Ip(C) (p=2, ..., n). By Lemma 7:4 we have

0 < Jp(0) - Ty(E) =Q [1500) - T(E)] =4y [1)(0) - 1;(E)]

11¢ 48 . since &) = g(E) >0 1t follows that 1;(C) > Iy(Ey)

unless C = E&. By Taylor's formula we have the relation
g(c) - S(E’e) = [Il(C) - I],(E_Q)]gl'

where the arguments of g, are Il(Ef) + B[Il(c) - Il(EL)J (0<e
< 1), and Ip(zl)' But g; > 0 with these arguments by virtue of
our choice of € , Hence g(C) > g(Eg) (¢ £ Eg). By our choice
of V, and € the broken extremal E( satisfies the condition (6:1).
We may then apply Theorem 6:1 to derive the result g(E‘) 2 g(E),
the equality holding only if Eg =E. It follows that g(c) > g(E)
(C £ E). Theorem 7:1 has now been established.

8. Application to a special problem. In the introduction

we noted that Bolza had treated in detall two problems discussed

by Euler. Bolza generalized the problems formulated by Euler and
by means. of special methods gave sufficiency proofs for a strong

relative minimum for one and maximum for the other., Both of the

problems are problems of the type A formulated in Section 1. In

this seoction we shall apply the theory developed for problem A to
one of the problems treated by Bolza.

The first of the two problems considered by Bolza may be
formulated as an instance of problem A as follows: In a class of
admissible arcs joining the two fixed points (x;, y;) = (-a, 0),
(xg, Yg) = (a, 0) (a > 0) we seek an arc minimizing the function

(8:1) g(I1, Ig) = Ip/(I; + b%),
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in which b2 i1s a positive constant and I, I are the area and

length integrals

a a
(832) Il =/ y dx, :[2 :f 1 + yvﬂ dx.
-a -a

This problem may be interpreted geometrically in the following
manner: Let b2 represent the area of the rectangle with corners
at the points (-a, 0), (-a, =b%/2a), (&, -b/2a), (a, 0). Then
in a class of admissible arcs joining the two upper corners of
the rectangle and satisfying the relation y(x) > -b2/2a (-a < x
< a) we seek an arc minimizing the ratio of the length of the arec
to the area bounded by the arc and the base and sides of the above
specified rectangle. We then take the region R of Section 1 to
be the set of all points (x, y, y') having y > -b%/2a.

On applying Theorem 2:1, that is, the multiplier rule, to
‘the above special problem we find that a minimizing arc E for the

problem must satisfy the equation

(8:3) Loyt /1 + 3% = ﬂl(x -x) +ec,

in which ‘Ql' 12 are constant multipliers which satisfy with E

the transversality condition
(8!4) 21[11 + b2]2 = 'Iz, 'QQ[Il + b2] = 1.

We have set 'QO =1 in these equations. Solutions of (8:3) are

functions defining arcs of circles and satisfying the equation
(8:5) (x + )2+ (y £ 102 = /0%,

where h, k are constants., The branches of the circles (815)
which pass through (-a, 0), (a, 0) and which are single valued

on -a ® xS a are given by the formula
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(8:6) 7 = t(-k + VR® < x%),

where kK > O and R = "22/11' A minus sign appears in the last
relation because Lo >0, L; < O for those of the arcs (8:6)
which also satisfy equations (8:4). We calculate Il, 12 along
the arcs (8:6) and then make the substitution W = 2 sin~}(a/R).
The result is

-a% cot ®/2 + a2(W/2) cosec? w/io,

a W cosec W/2,

I
(8:7) !

Ig

By dividing the members of one of the equations (8:4) by the re-
spective members of the other and then substituting the values
(8:7) for I, Ip and a cosec W/2 for (- ,Qz/ll) one derives the
equation (8:8) appearing in the following lemma:

LEMMA 8:1. Circular arcs defined by the equation (8:6),

joining the two fixed points (-a, 0), (a, O) and subtended by a
central angle w satisfy the transversality condition if and only

if w 1is a solution of the equation

(8:8) b2(1 - cosw) - a%(w + sinw) = 0.

The equation (8:8) has real roots when and only when b2/a2 z M/,

If this relation holds without the equulity sign one of the roots

lies between O and T, the other betwsen W and 2T . 1In this

case let Ey designate the arc of the family (8:6) whose central

angle W 1is the smaller of the two roots of (8:8). Then Eg

—_———— ——m—eT, Sh i S e

satisfies the condition I for our special problem.

Bolza derived equation (8:8) by another method [II, pp.
249-251]. He established the readily-verified statement occur-
ring in the lemma concerning the roots of the equation (8:8).

We shall show in the succeeding paragraphs that besides satisfy-
ing the condition I, Eg satisfies also the conditions Ing', IIT',
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IV! and the normality condition, so that we may apply Theorem 7:l
to establish a strong relative minimum for the function (8:1)
along Eg. It will appear later that the arc determined by the
larger of the roots of the equation (8:8) does not satisfy the
relation Q(z) > 0. A similar statement applies when the two
roots are equal, i,e., when b2/a2 = T/2, For that reason we
limit our discussion to Ej.

The conditions IIy' and III' are strengthened forms of
the conditions stated in Theorem 3:1. The function h appearing

in Theorem 3:1 is for our special problem
(8:9) n=Ryy + Lo/ T+ e,

Setting this value of h in the function E(x, yy, y5', ¥y',4)
defined in (3:4) we find

B = A, [VITT® - TF57 - (1 - 331 /T 7T

(8210 =L [V F DE A (T -3 - STy F DE/V/I R

Examination of the second equation in (8:4) shows that ,Qz > 0.

We readily see then that the condition IIy' is satisfied by Ey.

Since the function hy| 5 (x, ¥y, ¥',8R) occurring in the condition
III' is here

(8:11) hyigr = 'Qg/(l + Y'“)S/zy

we see that along E; the condition III' is also satisfied. We
summarize the results of this paragraph in the following lemma:
LEMMA 8:2. The conditions IIy' and III' are satisfied

along Ey. The Welerstrass E function for the special problem is

given in (8:10), and the function appearing in the Clebsch condi-

tion is given in (8:11).
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For our special problem the matrix (5:10) defining pairs
of conjugate points contains 4 rows and at most 3 columns since
for this problem n = 2 and the number of columns is t + 2 $n + 1
by (5:7). Corollary 5:1 states that the functions appesring in
the matrix (5:10) may be taken from the determinant (2:20), in
which the elements are derivatives of the functions Yy, 24 taken
with respect to parameters which are then evaluated on Eg. Ac-
cordingly, we differentlate the function y = -k + +/R% - (x + W%,
which 1s a part of the family (8:5) containing Ep, with respect

to the constants k, h, R and set h = 0 to obtain the 3 functions

(8:12) '701 = -1, T]OZ = -x/+/R? - x2, 7]05 = R//R% - x%.

These 3 functions satisfy the relation W g(x)ay £0 (W =1,
2, 3) for all sets (a) # (O). We have seen that there 1s a set
of at most 3 such functions, so this set 1s a maximal set. The
corresponding constants AGK (p=1,2; T =1, 2, 3), needed
for the calculation of Q(z), are found by differentiating z; = -11,
z2g = leR with respect to k, h, R and then setting the results

equal to E"M‘: - pr' In that manner we find

(8:13) Mm =P = =0 Agg = -4y

To simplify further computations we make the substitution 6 =
sin"lx/R. From (8:12) we have then

(8:14) ",01 = .1, 7]02 = - tan @, 1’05 = sec 6.

By use of equutions similar to (5:8), in which hy =y, hg =
+/I + y' 2, the functions npvr appearing in (5:10) are found to be

T
(8:15) o

ha

-R(sin 8 - sin @), 1121 =0,

R(cos @ - cos 8;), 7’22 = sec © - sec 0y,

R(e - 6y), Nos = [tan ey - tan o + 0 - 097,
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where 8 = - sin'la/R. The matrix (5:10) determining conjugate
points is then

1 tan o sec ©
1 tan o sec ©
(8:16) 1 1
R(sin @ - 8in 8;) R(cos 6; - cos 8) R(6 - ;)
0 sec 6y - sec 6 tan ©; -tan 6 +6-6;

where the signs have been changed in the first two columns. In
order to show that this matrix has rank 3 on 8, < 8 < 8y, cor-
responding to x; < x < Xp, one may demonstrate that the deter-
minant composed of the first, second and fourth rows has the
value 2 sin(@ - @) [tan(e - 0;)/2 - (8 - 07)/2]/cos & cos 8.
This expression does not vanish on the interval 9; < 8 < 8 = -0,
provided 8g < T/2. We note that wW/2 = 8y by definition, and
that Eg was determined by w< T . Therefore 85 < T/2, and 1t
follows that the matrix (8:16) has rank 3 on the interval 8, <
8 < 0g. There is then no point 3 conjugate to 1 on -a < x < g,
which 1s the interval corresponding to 8) < 6 < 83. We may note
here that the range of @ is limited to the interval - /2, /2
by the requirement that admissible arcs be defined by single-
valued functions y(x). We have now established part of the fol-
lowing lemma:

LEMMA 8:3. The arc E, satisfies the condition IV'. A

matrix determining points conjugate to 1 1s the matrix (8:16)

which has rank 3 on 8) < @ < 8p Or x; < x < xg. The function

Q(z) defined by (5:7) has the value
(8:17) Q(z) = 2L;(6p - tan 65)z°

on Eg and satisfies the inequality q(z) > 0 if z # 0.
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To complete the proof of this lemma we still must show
that ¢(z) > O holds on Ey. For the calculation of Q(z) we need
a linear combination of the set (8:14) which satisfies no(el) =
ﬂo(ez) = 0. Such a combination is ‘qo = sec @ - sec 85. Cor-
responding linear combinations of the sets in (8:15) and (8:13)

with 8; = - 85 yield
(x0) = 2R(6, - tan 8,), A, =0,
(8:18) Nilxe 2 2 1
Yalxg) = 2(0p - tan 0), Mo = -4y,

For this set Q(z) has the value
(8:19) Q(z) = 22[4(g11R° + 281,R) (65 - tan 6,)° + 24 (6, - tan 6,)]
¢ 11 812 2 2 14%2 2/d-

By use of the relations (8:7), (8:8) and a cosec 8 = R, W= 26,,

one may show that along Eg
2 _ 2 =
(8:20) I, + b” = 205R7, Ip = 204R.

These equations may then be combined with the equation (8:19) and
the definition of g given in (8:1) to yield the value of Q(z)
appearing in (8:17). Since 'Ql < 0, Q(z) > 0 holds provided

0< 8y < /2. This last relation implies v2/a% > /2, and
conversely, as we noted earlier. Lemma 8:3 has now been estab-
lished.

One readily verifies that the equations
dhly,/dx -hyy =0, d.hzy./dx -hgy =0

do not hold along Eg,, and that therefore E, satisfies the nor-
mality condition defined in Section 7. By virtue of this state-
ment and Lemmas8:1, 8:2 and 8:3, the arc Ey satisfies all the
hypotheses of Theorem 7:1, and the following theorem is proved:
THEOREM 8:1. For the special problem considered in this

section there exists an extremal E; defined as in Lemma 8:1 such
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that the function g defined in (8:1) takes on a strong relative
minimum on Ey provided only that v2/a® > /2,

The transversality condition for the special problem may
be interpreted geometrically. Euler [I, p. 154] showed that the
minimum value of g 1s equal to the curvature of the minimizing
arc. We may verify this by dividing the members of the second
of equations (8:20) by the respective members of the first of the
equations. That division yields g(Ep) = 1/R, where R is the
radius of the circle of which E; is an arc. The first of the
equations (8:20) further shows that on E

(8:21) v? = 20,8 - 1, = wr? - 1y,

or the constant b2 is equal to twice the area of the sector sub-
tended by W less the area I, between the arc Ey and the chord
(-a, 0), (a, O). Euler also expressed this fact, though in a
somewhat different manmner. The sbove relations and the relations

between w, 6, and x are shown in the figure which follows.

y
N
Eo
I,(E,)
(-a, 0) = Py /177711 Pe = (2, 0)
b3
N
L %\‘%’"
- A
P
0\’ 6' <

Qs

M

(-a, -b%/2a) = 8, Se = (a, -b%/2a)
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If we represent an area by a succession of letters designating

its perimeter then by (8:21) we have

e

20P NP, - I;(Ey) = 20P,Py + I,(Ey)
P1Q1QPp + I;(Ep).

But b = PyS;S,Py 80 that I;(Fy) = Q5185Qy. Thus we see that
the center O of the minimizing arc Eg must 1lie far enough above
8:8p to make the area of the rectangle Q;S1S9Qy lying immediately
below O equal to the area I1(E;). A consequence of this state-
ment 1s that the y coordinate of O must satisfy the relation

y > -bv%/2a.

9. A second application. By replacing the function g in

(8:1) by the function
(9:1) &1y, Ip) = Ip[1y+ v?]

we have a statement in the first part of Section 8 of the second
problem considered by Bolza. The discussion of this second prob-
lem may be made to follow the discussion given in Section 8 for
the first problem with a few changes of formulas and results,

We shall note briefly most of the necessary changes. The trans-
versality condition (8:4) should be replaced by ‘11 = 12, 12 =
I, + b2. This conditlion leads to the equation

(9:2) b2(1 - cosw) + a2(3W - sinw) =0

rather than (8:8). This equation has distinct real roots only
when b2/a2 > 1/%, where

(9:3) x= 02 = 2785 approx.,

the angle ¥ occurring here being the root of
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(9:4) 37 =2 tan Y

lying between O and T /2, Approximately ¥ = 55° 26'. The equa-
tions (9:2), (9:3) and (9:4) occur in Bolza's treatment of this
problem [II, pp. 254-255]. 1In Lemma 8:1 we determine Ey for the
second problem by the root of (9:2) lying between O and -27 .,
Then 0, = “/2 lies between 0 and -<¥. With this value of 6,
determining the range of o, 81 2o =2 6y = -0;, one may readily
verify as before that the rank of the matrix (8:16) is 3 on 650,
or that Eg satisfies the conjugate point condition. Instead of
(8:19) one has

Q(z) = 22[8R(92 - tan 92)2 + 211(92 - tan 65)].

By use of the equations
2
(9:5) I; + b2 = -20,R° = {,, I, = 20,R = {3,
which correspond to the equations (8:20), one may reduce Q(z) to
(916) Q(z) = 4Rz2(6, - tan 6,)(365 - 2 tan 8,),

corresponding to (8:17). The values R = a cosec W/2 and 8y oc-
curring here are negative. The relation Q(z) > O then holds for
-Y< 8g < 0, where ¥ has the value defined above. We may note
that Q(z) = O when 85 = -%Y . The Weierstrass and Clebsch condi-
tions of Lemma 8:2 are satisfied along Ey since 12 > 0, as is
shown by the equations (9:5). Corresponding to Theorem 8:1 we
have the following theorem:

THEOREM 9:1. For the second problem considered by Bolza

and discussed above there exists an extremal Ey such that the

function g defined in (9:1) takes on a strong relative minimum

on Eg, provided only that bz/nz > 1/X, where x has the value

given in (9:3).
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THE PROBLEM QF BOLZA FOR DOUBLE INTEGRALS
IN THE CALCULUS UF VARIATIONS

l. Introduction. The problem of the calculus of variations
disoussed in this paper 1s an extension to double integrals of the
problem of Bolza for simple integrals [4]1. Closely related ques-
tions have been considered by Hilbert [9] and more recently by
Tucker [14], who has used the methods of tensor analysis. Stated
briefly, the problem is that of finding in a class of admissible
surfaces z = z(x,y), whose boundary curves are required to lie on
& fixed capstan-shaped surface, one which minimizes a sum of the

form
I= IJ f(x,y,z,p,q)dx dy + J g(x,y,z,x"y',z')d'o
A L

The double integral is taken over a region A which is the projection
of a portion of an admissible surface on the xy-plane and the line
integral is evaluated in the positive sense along the boundary curve
L of that surface. This problem is also a generalization of a
problem discussed by Bolza [5] and by Simmons [12] of minimizing

& double integral with variable limits. 1In Section 2, definitions
and hypotheses sufficient for an analysis of the problem are given.
These permit a more precise statement of the problem than that
glven above. A coordinate system which is of service throughout

1
The numbers in square brackets refer to the bibliography
at the end of the paper.

(57 1=
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the paper is defined in Section 3. By means of a slight modifioca=-
tion of the method used by S8immons for differentiating a double
integral with variable limits, a differentiation formula for
integrals is obtained. This formula, stated in Section 4, is use~
ful in deriving the first and second variations., 8Section 8§ is
devoted to the construction of a family of admiasible surfaces
embedding a given surface and having presoribed variations along
the boundary ourve. A oconverse problem 1s also treated. The first
varlation and an assooclated transversality condition are presented
in 8ection 6., The transversality condition is obtained without the
assumption of non-tangency made by Sirmons. Of special interest

is the caloculation of a simple form for the second variation, as
shown in Section 7. In Section 8 a Jacobi condition phrased in
terms of a boundary value problem is stated. Analogues of the
necessary conditions of Weierstrass and Legendre which must hold
along the boundary curve of a minimizing surface are given in
Seotion 9, In the final section an application of the results of
this paper ls made to an 1llustrative example.

2. Analytioc basis. In this section definitions and hye
potheses suffiolent for an analysis of the problem proposed in the
introduction are given, and the problem is then restated.

An arc in xyz-space which is contimuous and which consists
of a finite number of sub-arcs each of which has a ocontinuously
turning tangent, will be termed a regular arc. This implies that
on each sub-arc the parameter may be so chosen that the funotions
x(u), y(u), z(u) defining the arc have continuous derivatives such
that x!'2 4+ y'e 4+ z'® 18 different from zero. An analogous defie

nition holds for a regular arc in the plane,
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A regular surface z = z(x,y), with (x,y) on a region A of
the xy-plane, is one for which the arc bounding the region A is
regular, and for which the funotion z(x,y) is single valued and
is plecewlse of class C', that i3, i1t is continuous and has con-
timuous first partial derivatives in a neighborhood of the region
As or it 1s a continuous surface consisting of a finite number of
partial surfaces each of which has these proportiea.l

It 1s assumed that there 1s a five-dimensional open region
Ry of points (x,y,z,p,q) such that the function f is of class C™
in R,.

It 1is further assumed that there is a sixedimensional open
region Ry of points (x,y,z,x',y',2!') in which the following con-
ditions are satisfied: (a) if the set (x',y',z') 1s in Rg and k
is positive, then the set (kx',ky!,kz') is in Rg; (b) the function
g 1s of class C™ and 1s positively homogeneous of order one in
(x?',y',2') for (x,y,z,x',y',2') in Rg. In our subsequent discus-
sion, a set (x,y,z,x',y',2') will frequently be denoted more simply
by (x,x').

By an admissible surface we shall mean a regular surface

defined by an equation of the form
(2:1) z = z(x,y) (x,5) on A

whose elements (x,y.z.zx,zy) are interior to R,, and whose boundary
curve L 1s a simply closed regular arc with elements (x,x') interior
to Rge It follows that no two points of L can lie on the same

parallel to the z-axis., The orthogonal projection of the curve L

1y function is said to be of class ¢(%) 1n a region R 1if

it i1s continuous in R and all of its derivatives of orders 1, 2,
eee s N are ocontinuous in R.
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on the xy-plane is assumed to be simply closed regular are C
bounding the region A. The curve L is said to be described in
the positive sense when the ocurve C is described in the positive
senase.

A fixed capstan-shaped surface may be represented in para=-

metric form by the equations
(2:2) x = X(u,v), ¥ = Y(u,v), z = Z(u,v),

where 03 ug X -€3vE +€. The functions X(u,v), Y(u,v),
Z{u,v) are assumed to be of class C™ in their arguments, and to
have a positive real period I in the variable u for values v on
the interval =S v S +€. It is also assumed that the valuea
(x,y,2) defined by the equations (2:2) are interior to the region
Re and that the fixed surface has no singular points for values
of u and v under consideration.

The problem of Bolza for double integrals considered in
this paper is now that of finding the class of admissible surfaces
with equations of the type (2:1) whose boundary curves are re-
quired to lie on the fixed surface (2:2), one which gives the

functional

I= Jj £(x,7,2,psq)dx dy + j g(x,x')ds
A L

a minlmum value, Here p= 32/ 2x, g= 22/ 3y and the line
integral 1s taken in the poaitive asense along the boundary ourve
L of an admissible surface 8 whose projection on the xy-plane is
the region A. The arguments of the function g are those belonging
to the curve L, and accents denote derivatives taken with respect
to the parameter s, which represents arc length on the boundery

curve. As a consequence of the homogeneity condition imposed on
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the funotion g, the value of the line integral is independent of
the parametric representation of the boundary curve, provided the
positive sense on the curve L is preserved. If the region Rgy of
pointa (x,x!) deacribed above is such that the set (x,-x') is in
Rg whenever (x,x') is in Ry and if the relation g(x,-x!) = g(x,x!')
holds for every set (x,x!) in Rg, then the value of the line integral
appearing in the sum I is independent of the orientation of the
boundary curve L of the surface S, Thia is the so-called reversible
case,

Throughout this paper we shall be concerned with a surface
So of class C" which we assume minimizes the functional I. Our
problem 1s then that of finding the special properties which a
minimizing surface of this type must possess. It will be con-
venlent to assume that the boundary ourve L, of 8, 1s given by
equations (2:2) with v = O, Such a representation of the capstan
surface may always be obtained provided the normal lines to this
surface along the curve Lo are nowhere parallel to the xy-plane,
A simply olosed curve L may be defined on the capstan surface by
specifying a function v=v(u) which is of class C" and has a
period Z in the variable u. The functional to be minimized then

has the form
X
(2:3) Ia “ £(x,y,2,p,q)dx dy +I g(x,x')du,
A 0

where the argumentas of g are those belonging to the curve L,
aocents denote derivatives taken with respect to the variable u,

and the region A 1s defined as before.

3. A coordinate system. Let Co; be a simply closed curve

in the xy-plane defined by equations of the form



6 NORDHAUS: THE PROBLEM OF BOLZA FOR DOUBLE INTEGRALS (62)
x = x(u), ¥ = Yolu) (0sus ),

where the functions xo(u), yo(u) are of class C™, have a period
Z in the variable u, and have xo'® + yo'® ¥ O along Coe If the
parameter u represents arc length on Co, then X is the length of
Co, and xo'2 + yo'2 = 1, We assume for definiteness that the
parameter u measures in the positive direction on Co. In a neighe
borhood of Cp & uv-coordinate transformation maey be defined by

the equations
(3:1) x = X(u,v), ¥ = Y(u,v) (~eSvsS +e).

The functions X(u,v), Y(u,v) have the following properties: (1)
they are of class C™ in their arguments, (2) they have a period
Z in the varisble u, (3) the equations xo(u) = X(u,0), yo(u) =
Y(u,0) are identities in u, (4) the functional determinant

X, Y
, 1

(3:2) D(u,v) =

is different from zero along Co; that is, for v = 0. For example,
we might take the curves v = constant as the parallel curves to Co
and the curves u = constant as the normals to Co. In Simmons!
paper [12, p. 237], the positive direction of the varisble v was
taken along the ocuter normal to Co, and hence the uv-directions
were oriented oppositely to that of the xy-directions. The funce
tional determinant (3:2) had the value D = =(1 + v/P )» where P
1s the radius of curvature of Co, &nd on Co, D = =1, In this
paper, however, the positive direction of the variable v is taken
to be directed interior to the region bounded by Co, resulting in
& similarly directed orientation of the xy-directions and the

uv-directions. The determinant D in equation (3:2) 1s therefore
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positive for values of v sufficlently near zero.

Let v = v(u,a) be a function of class C" for all sets (u,a)
with 0 § u S ¥ and the parsmeter a sufficiently near zero, with
the further properties that v(u,a) has the period Z in the variable
u, and v(u,0) # 0, It follows that the equations

(333) x = X[u,v(u,a)l, y= Ylu,v(u,a)l

define a one parameter family of simply closed ocurves c‘ in the
xy-plane for the parameter a near zero. The family contains the
curve Co for the parameter value & = 0, and each curve of the
family has the period X in the variable u. Denote by A, the area
bounded by the curve Cgo. The determinant D[u,v(u,a)] obtained by
setting v = v(u,a) in equation (3:2) remains positive when the

parameter a is sufficlently near zero,

4, A differentiation formula. Before deriving the first

and second variations for the functional I defined in Section 2,
it is convenient to develop a method for differentiating a sum
of the type (2:3) which involves a parameter in the limits of
integration of the double integral and in both integrand functions.
The procedure employed is a simple modification of a method given
by S8immons [12, p. 238].

Let C* be a simply closed curve defined by the equation
(331) for a constant positive value v = v¥ near zero, and let A"
be the region bounded by C*. Denote by A A the area included

between the curves C* and Cqe Consider the expression

b4
(4:1) J = R
(a) ”‘. F(x,y,a)dx dy + Jo G(u,a)du,

where F(x,y,a) 18 of class C" for all sets (x,y,a) with (x,y) in

a neighborhood of the srea A, bounded by Co and having the parameter
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a sufficiently near zeroj; and where G(u,a) is of clasa C" for all
sets (u,a) with 0 § u S 7 and the parameter a near gero. The
single integral is to pe evaluated along the curve Co. We may

then write

J(a) = H"Fdzdy-t HAAFdxdy-tjodeu,
where in the first double integral the parameter a occurs only in
the integrand. It is only the second double integral whose differ-
entiation presents difficulties. This double integral may be
transformed to uv-coordinates by means of equations (3:1) and has
the value:
(4:2) I J F(x(u,v), ¥Y(u,v), alD(u,v) dv au.
v(u,a)
The derivative of the expression (4:2) is found by the usual
formula for differentiating a definite integral with respect to
a parameter occurring in the integrand and in the limits of in-
tegration to be
(4:3) I f 2Epav au -.f ! FDvy du,
v(u,a) 28 o
where 1in the single integral the variable v, wherever it occurs,
is the function v(u,a). If the double integral appearing in the
expression (4:3) 1s expressed in terms of xy-coordinates, a

formla for J'(a) is obtained,

LEMMA 4:1. The first derivative of the expression J(a)
defined in equation (4:1) has the value

b 4
. - oF 20 _
(4:4) I (a) jf“ S5 & 4y +J0 (54 = F Dy .

An explicit expression for J¥(a) may similarly be calculat-
ed, but will not be used in deriving the second variation for the
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functional I defined by equation (2:3), since it will be shown
that it i1s much simpler to calculate the second variation of I
after the transversality condition associated with the first varie

ation has been established.

5. Embedding theorems. When a function v(u,a) having the

properties described in Section 3 1s substituted for v in the
equation (2:2) of the fixed surface, a one parameter family of

simply closed curves L, 1s obtained with the equations
(5:1) x = X[u,v(u,a)], y = Y[u,v(u,s)], z = Z[u,v(u,a)].

This family contains a curve Lo for a = 0. The variations of the

family along Lo have the f orm
(5:2) 51 = xvval ;2 = vaa: €3 = zvva’

where the arguments of X,, Yy, Zy, Vv, &re (u,0). The functions
E,(u), &alu), Ezlu) have the period I in the variable u. Let

So be a surface of class C" with an equation of the form z = z(x,y),
with (x,y) in A, and having the curve Lo as its boundary. In this
section we first establish the following theorem:

THEOREM 5:1. Let v(u,a) be & function of class C" for all

sets (u,a) with 0 Su S fg_n_g a near zero such that v(0,a) = v(Z,a)

and v(u,0) 2 0, Then there exists a one parameter family of

admissible surfaces z = z(x,y,a), defined and plecewise of class

C" for the parameter a near zero, which contains the given surface

8¢ for a = 0, intersects the fixed surface (2:2) in the curves of

the family (5:1) for corresponding values of the parameter, and

has the prescribed variations (5:2) along the boundary curve Lo

on which a = O,
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In order to prove this theorem, let v* be a fixed positive
value of v, sufficiently near zero, so the uv-coordinate system is
well defined. A fixed simply closed curve L* lying on the given
surface 8o may be determined by the equations

x= x(“'v’): T= Y(u,v¥*), = 2[1(\1,7’); Y(u,v)].

For a fixed value of the parameter a, we consider a surface having

curvilinear coordinates u and w and defined by the equations

x= (1« w)X(u,v) + wX(u,v*),
(8:3) 7= (1 - w)¥(u,v) + w¥(u,v¥),

z= (1 - w)Z(u,v) + wzX(u,v*), Y(u,v¥)],

where v = v(u,a) and 0 S w $ 1. The boundary of this surface is
composed of the curves L, and L‘, a8 1s seen by setting w = 0 and
w = 1, respectively, When & value u = u, on the interval (0,X) is
selected, the equations (5:3) reduce to the equations of a straight
line connecting the points on the curves Lg and L* for which u = Uoe
The surface (5:3) together with the portion of 8, bounded
by the curve L* defines a surface 84 whose boundary is Lge It
remains to show that the surface 85 1s expressible in the form
z = z(x,y,a) and is admissible. To do this, it 1s sufficient to
show that the first two equations in (5:3) may be solved for the
variables u and w as functions of x, y, a. The functional deter-
minant of these two equations formed with respect to the variables

u and w has the value

(1 =-w(x, + Xv) +x,* x*-x

a8 (u,w,vffa) =

(1 - ')(!u + Yv'u) + 'zn.: !. -X
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where the arguments of the unstarred terms in X, Y and their
derivatives are u, v(u,a) and of the starred terms are u, v¥,
We may regard v* as a parameter and obtain by the theorem of mean

value the expressions

X(u,v*) = X(u,v) = (v* - V)X [u, v + o(v* = V)],

Y(u,v*) - Y(u,v) = (v# = v)¥ylu, v + 6(v* - v)],

where v = v(u,a) and 0 S @ £ 1, If these expressions are substie
tuted into the second colurm of the determinant 4, we obtain a

relation of the form
(5:4) A (u,w,v*,8) = (v* = v)D(u,w,v¥*,a)
where

(1 - w)(Xy + Xovy) + wvi*, X
D(u'w,v”a) = ’

(1 = w)(Y, + Yyv,) + vy, %, Yv"'

and where xv* and Yv. have the arguments u, v + 9(v’ « v). When
v(u,0) & 0, we have vu(u,o) & 0 and the determinant D(u,w,0,0)

1s identicel with the determinant (3:2) with v = O and is there=-
fore different from zero. It follows that there is a constant v*
near zero and a constant d > O such that the expressions
D(u,w,v¥,a) and v* « v(u,a) are different from gzero for O § u § x,
0$ws1l, -d8 a S d. From the formula (5:4) it is seen that
A(u,w,v*,8) 418 different from zero for these values of v¥* and a.
By the use of implicit function theorems the first two equations
of (6:3) have solutions

u = U(x,y,8), w = W(x,y,a),
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which are of class C" in (x,y,a) for the parameter a sufficiently
near zero and for values (x,y) in a neighborhood of those belong-
ing to Lo. If we subatitute these functions into the third equa-
tion of (5:3), then for a fixed value of a an admissible surface
2z = V¥ (x,y,8) of class C" 1s determined which intersects the fix-
ed surface in the curve Lg. The surface s‘ is therefore represent-
able in the form z = z(x,y,a) and 1s plecewise of class C" and
admiasible. AéﬁgﬁgmbgézQeter a varies, a one parameter family of
surfaces o£ the above type is obtained which contains the given
surface So for a = O and has the desired variations (5:2) along
Lo+ This completes the proof of Theorem 5:l,.

We next prove the following theorem, which is a converse of
the preceding:

THEOREM 5:2. Let z = z(x,y,a) be a one parameter family

of admissible surfaces plecewise of class C" for the parameter a

near zero, and containing a surface S, for a = O which 1s nowhere

tangent to the fixed surface (2:2) along their intersection. Then

the intersection of this family with the fixed surface determines

8 one parameter family of simply closed ourves L, which is defined

by a function v(u,a) of class C" which has the period X in the
variable u and has v(u,0) % 0.

In particular, the family z = z(x,y,a) may be chosen in
the form z = z(x,y) + aZ(x,y), where z = z(x,y) 1s the equation
for So and & (x,y) 1s a function plecewise of class C'.

To prove the theorem, we note that the equation
(56:5) z(X(u,v), Y(u,v),8] = Z(u,v) = 0

holds for values 02 wS X when v = 0, a = 0, since the boundary

curve Lo of 8o 1s given by equations (2:2) with v = O, The dee
rivatives of the left member of this equation with respect to the
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variables u and v are the expressions

(5:6) p (u,v,a) = pX, + Q¥ = Z%;»
(5:7) 0 (u,v,8) = pXy + Q¥ = Z .

Since the surface 8o is by hypothesis nowhere tangent to the surface
(2:2) along the curve Lo, the quantities p(u,O,o), 0 (u,0,0)

cannot vanish simultaneously at any point on Loe Since p(u,0,0) g 0,
i1t follows that ©(u,0,0) # 0. By the extended implicit function
theorem [2], the equation (5:5) has a solution v = v(u,a) of class
C"ono0Sus ¥ lal < ag. As a result of the initial conditions,
one has v(u,0) ® O, Furthermore, since the functions X(u,v),

Y(u,v), 2(u,v) have a period X in the variable u, the function

v(u,a) also has this periodicity property. It is to be noted that
the expression o (u,v(u,a),a) is different from zero when the

parameter a 1s sufficlently small,

6. The first variation. In order to obtain the first
variation of the functional I to be minimized, we suppose that a

one parameter family of admissible surfaces S, of the type
(6:1) z = z(x,y,8)

hag been constructed containing a surface S, for a = 0, and is de-
fined for the parameter a near zero. This family intersects the
fixed surface (2:2) in a family of simply closed curves Lg with

the equations
(6:2) x=X[u, v(u,a)l, y= Y[, v(uw,a)l, z= 2, v(u,a)l,

where the function v(u,a) has the properties described in Section 3.
The possibility of the construction of the families (6:1) and (6:2)

has been discussed in Theorems 5:1 and 5:2 of the preceding section,
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We further assume that sa(x,y.a) is plecewise of clasa C' for the
parameter a near zero.

Before deriving the expression for the first variation, we
develop a number of useful formulas. If we substitute the function
v = v(u,a) into equation (5:5) and differentiate the resulting
identity with respect to the variables a and u, we obtain the im-

portant relations
(633) Zg = =0V, p==ov,

where the expressions for P and O are given in equations (5:6)
and (5:7). At a = O the relations v, = 0, P = O are satisfied.
It is to be noted from the first equation in (6:3) that the vari-
ations z, end v, are not both arbitrary when O £ 0.

The direction parameters of the normal line to the fixed

surface (2:2) at any point are proportional to the determinants

Yy %

L %y

Zy Xy |
Zy X

Xy ¥
X, 1,

where the arguments of the derivatives of X, Y, Z are (u,v).

D, = N Dy = D=

?

Since by hypothesis D(u,v) is different from zero when v = 0, we
may &pply implicit fun;':tlon theorems and solve the first two equa=-
tions in (2:2) for u and v as functions of x and y. The fixed
surface (2:2) may therefore be represented in the non-parsmetric
form O(x,y,2) = O in a neighborhood of the ocurve on which v = O,
8ince ¢(X,Y,2) = O 1s an identity in u and v we obtain by differ-
entletion the orthogonality relations

0%y + OpYy, + 0,2, = 0,
OXy + 0¥y + 0,2, = 0.
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If these equations are solved for 0, and 0’, we find the relations
Db, = D,_Oz, noy = D.o’. If 0, were zero, then o, and 0y are also
zero, contrary to the assumption that the fixed surface is free of
singular points. If we set p, = =0,/0., qy = ’oy/"z we obtain the

relations
(6:4) =Dp, = D, =Dq; = Dg,

where (p;» Qy, =1) are now direction parameters for the normal
1line to the fixed surface (2:2) at any point. It is important to
note that these equations are valid when v is replaced by v(u,a),
provided the parameter a is sufficiently small, If zu and z, are
eliminated from the determinants D, and Dg in equations (6:4) by
means of the relations (5:6) and (5:7) for p and o, we obtain

the equations

oXy = P Xy = D
oY, - pYy = -DP,

(6:5)

where P=Dp = P1y 4= q - Qs We may now write

(6:6) p = PX, + &y o= FXy + QY.
Since p = =ovy, equations (6:5) may be written in the useful
form
oXta O + Xyv,.) = DQ,
(637) % u

oY!' = o(!“ + vau) = « DP,

where accents denote derivatives taken with respect to the variable
u. When a = 0, equations (6:7) reduce to X, = Dy, 9Y, = - DP.
If the sum I defined in equation (2:3) is evaluated for a

surface of the family (6:1), an expression of the form studied in
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Section 4 1s obtained, since the limits of integration of the
gingle integral in equation (2:3) may be chosen to be independent
of the parameter a. On applying the result stated in equation

(4:4), we find the expression

b4
. - af 2g . ,
(6:8) I'(a) ”A‘ T dax dy +fo (-5% £Dv,)du

where A, i1s the area bounded by the projection on the xy=-plane of
the curve of intersection Ly of the fixed surface with that sur-
face of the family (6:1) whose parameter value is a. The arguments
of the derivatives of f and g are, respectively, those belonging to
the surface 8, and its boundary curve Lg. Throughout the single
integral the variable v, wherever it ocours, is the function v(u,a).

The Euler expression has the definition

(6:9) R(x,ysa) = £, « L £ - 2 ¢

where the arguments of the derivatives of f are those belonging to
the surface S,, It follows from the theory of the problem of
minimizing a double integral with a fixed boundary curve [3, p.5)
that R vanishes at & = O when 8, is a minimizing surface. It ia
of course necessary that this condition hold along a minimizing
surface for the problem stated in Section 2. By means of the re=-

lation

UIQ,
| Jia)

Pl F]
= z.R + = (fpza) + - (fq’a’

and an application of Green's Theorem, the double integral in
equation (6:8) has the value

J'J‘ R R dx dy +foz z4(£,Y" - £.X1)du,
a
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provided the surface 8g 13 pilecewise of class C" for values (x,y)

in Ag. We may write
28
8= T (gxxq + 8x1%,"')>

where the sum indicated represents a sum of three terms obtained
by replacing the letter x by x, y, z in turn. From the relations
x, = XyVgr Xg! = XyVo! + Xy'v, and similar ones for y and z, 1t

follows that g/ 28 may be written in the form

—g‘§= VaZ (Sx b % le)xv + é‘ﬁ’(vaz lexv)‘

The last term of this expression vanlshes when integrated between
the limits O and X, since there are no corners on the boundary
curve and the functions occurring all have the period X in the
variable u. If we collect the terms of the expression (6:8), use
z, = =0V, and the relations (6:7), we obtain the following result:

THEOREM 6:1. The first derivative of the expression I(a),

when taken over that portion of the surface 3, whioh is bounded by

the fixed surface (2:2), has the value
z
(6:10) Ia) = [[ zRaxay+[ v,Tau,
Ag 0

where R 1s defined in equation (6:9) and T(u,a) is the expression

(6:11) T=D(Pfp+ Qg = £) + T (g = £ gx1)Xy,

and P=p =D, Q=q = Q.

If 8o 1s a minimizing surface of class C" for the functione
al I, then a first necessary condition ia I'(0) = 0, and as pre-
viously mentioned, R = O. 8ince by Theorem 5:1 the variation v,

18 an erbitrary function of class C", it follows from the funda-

mental lemma for simple integrals that T = O along the boundary
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curve Lo of 8g. Hence we have
THEOREM 6:2. At each point on the boundary ourve Lo of
& surface S, of class C" which minimigzes the functional I, the

transversality condition T = O must be satisfied, where T is de~

fined by equation (6:1l1) with a = O.

If the fixed capstan surface (2:2) is represented in the
non-parametric form O(x,y,z) = O, then by means of the relations
Py = -°x/°,' Q= -oy/oz, the transversality condition may be

written in the form
DI£ 0, + 205 + (B, + afg = £)0)+ 0, % (g, - & g )X, = 0.

If the function g 1s identlically zero, the non-zero factor D may
be deleted and the transversality condition reduces to that given
by Simmons (12, p. 245]. An alternative form for the transver=
sality conditlon in this case 1s f = (p = Pu)f, + (q - @)t It
follows that the minimizing surface cannot be tangent to the cap-
stan surface if the function f 1s different from zero along Lg.
This remark is justifiable since an examination of the derivation
of the transversality condition T = O shows that no use has been
made of the non-tangency assumption stated in Theorem 5:2.

As a consequence of the homogeneity condition imposed on

the function g, the identity
g(x,x') = Z x'gy(x,x!)

holds. If this identity is differentiated with respect to u and
the set (x,x!') 1s replaced by the set [X(u,0), X,;(u,0)], we obtain
the relation 1 X, = 1X, + Yy + V2 = 0, where

(6512) ,‘{agx-i_gx,, /Al.-gy-ﬁsy', p=s'-£i8‘,
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are abbreviations for the Euler directions. If the function f 1s
identically zero, then the transversality condition reduces to
222X, = 0. From the relations X 23X, =0, ZAXy =0, 1t 1s
seen that the Buler dirsctions [ , /AL s U ocoincide with the direce
tion of the normal line to the fixed surface (2:2), unleas they
vanish simultaneously. At any point on the boundary ocurve Lg,
the direction parameters of the normal line to the fixed surface,
considered in theA non-parsmetric form O(x,y,z) = 0, are proportion-
al to the derivatives 0,, Oy, 0;. There then exists a proportion=
ality factor T (u) such that the relations

(6:13) A= To,, fo=Tos P =T,

hold along Los Define G(x,x') = g(x,x') = T 0. It is readily
verified that the equations (6:13) can be written in the form

d 4
(6:14) G, = g Gyy = O, Gy - £ @

This proves the following result:
THEOREM 6:3. The Euler equations (6:14) for the problem

of minimizing the functional I defined by equation (2:3) when f
is identlocally zero, follow as a consequence of the tranaversality

condition described in Theorem 6:2.

7+ The second variation. In this section we make the non-

tangency assumption stated in Theorem 6:2. The differentiation
formula of Section 4 may be applied to the expression for the first
variation given in equation (6310). We then obtain

b4
I"(a) = HA (2g0R + 5, .%_E)dx ay *'J.O (Vg + vy .2_3. = B RDv,_)du,
a

If 8¢ 1s a minimizing surface for the functional I, then for a = 0
the relations R = 0, T = 0, I"(0) 2 O must be satisfied. The above
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equation therefore reduces to
(7:1) 1"(0)-“‘ z-?—R-dxdy-tvfzv 2T an,
Ao t 08 o *°
Let 2W(x,y,& ,M ,K ) be the quadratic form
2 2 £
(7:2) 20w = £, 0% +r, Mo+ KEe2(r, 00 + foaE + 25K ),

whers & (x,7) = 24(x,7,0), T(x,3) = &x» K(x,y) = $ye By aif-
ferentlation the Euler expression (6:9) with respect to the
parameter a it is readily established that for a = O the Jacobi

expression
2
(7:3) J.wc-Ticuﬂ,-_g_y_wK
is equal to JR/ Ja. As a consequence of the homogenelty property
2W= ng + ”w'r.‘. Kw ,
the functlons J and 2w are related by the equation

(7:4) gi=2w - -1 (Swy) -—};(Cwn)-

If this value for {J 1s substituted into equation (7:1), then by
an application of Green's Theorem and by making use of the first
equation in (6:3) and the equation (6:7), the expression for I"(0)

may be put in the form

b4
[ aT _
(71:5)  1I"(0) = HAO 2wdax dy +Jo vol3% - D(Pw, + @y ))du.
The equation (63:11) may be written T(u,a) = DA + B, where
(7:6) A= Pf, +Qfg -1, B-Z)Axv,

and A ,/-L sV are defined in equations (6:12)., If we differentiate
equation (6:11) with respest to a, we find
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y T B
(7:7) —55 = (DyA + DAL)V, + DAy + 5.

Here A, represents the derivative of A with respect to the parameter

a wherever it occurs explicitly, and has the value
Ag = Pwy + QW = £,5 .

This may be shown by differentiating the first equation in (7:6)
with respect to a and using the relations rpa = Wy , fqa =4 ,

£a= 1,8 + LM + 2K Pg=py =T , Q= gy =K . The derivatives

P
w, and W, are readily computed from equation (7:2). If we use

the relation vy = ~f /o, where O = PX, + QY_, the expression
(7:56) for I"(0) becomes

¥ e 4
. - 3B
(7:8) 1"(0) fonzw dx dy *fo ?[D,,A+D(Lv+ o £,)] du +f0 Va3g e

We proceed to evaluate the last integral in (7:8). From

the second equation in (7:6) we obtain
3B _
S VaZAXyw + T AKX

The expression 2 1 X, may be written as

g
TAk = I 35 Exp SR -4 0x ot

If we use this relation, then the term vo( 3B/ 3a) occurring in the

equation (7:8) for the second variation has the value
9B ™ ' ' 38 '
vaT;av 221.,,,+vava +Z(xvv * Xt
(7:9) 2
- a%.(vaz Xy _..&').

The last expression in the right member of this equation vanlshes

when integrated between the limits O and X, since each term has



22 NORDHAUS: THE PROBLEM OF BOLZA FOR DOUBLE INTEGRALS (78)

the period Z in the variable u. The variations &, = X.V,,
£ g = YyVg & 5 = ZyV, have the derivatives

1 =X v, X, Ea' = Y v, + YV, €3' = Z,'Va+ 2.V,

Let 2() (£,2 1) represent a quadratic form in the variables (& ,t ')
= (gl, Eo Es, §1', E‘z', Es') whose matrix of coefficients is of
the sixth order and consists of the second derivatives of the
funotion g(x,x!') with respect to the variables x,y,z,x!',y',z!'.

By using equation (7:9), the relation v, = ={ /0 and the defini=-
t1on 20)( £,Z 1), then the equation (7:8) for the second variation

can be put into the form

Ire
o) =[] ewexay +f°§-g[n,,a+nu,+crr,) +ZAxlau
L]
(7:10) *f 120(2:& “aa,
(o]

where 2wis defined by equation (7:2) and 20 1s the quadratic
form described above.

We note that the double integral occurring in equation
(7310) i1s the same as that for the double integral problem with
fixed limits of integration. In the first simple integral the
integrand has the fector ¢ * but contains no other powers or deriva-
tives of the variation , If we use O = PX, + QY_, then the

expression Ay + O f, occurring in I%(0) has the value
A, + 0L, = (Ay + PL,)X, + (Ay + Q,fz)Yv,
where explicit expressions for Ay, and Ay are
Ax = Pyl + Qpfy + P(Lp), + Q(fq)x ~{£)ys
= f -
Ay = Byfp + 4fg + Plfply + @)y = (£)g
The notation (f)x, for example, is an abbreviation for the total

derivative of f with respect to x, and has the value
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(t)x- £y + £+ fpr + rq-,

where r = p. = 2. ., 5= py- QG = ’xy' t= qy- zw. If ry, 8,,
t, represent the corresponding second derivatives for the fixed

surface (2:2), considered in non-parametiric¢ form, then
l"x-r-r“ Pyﬂﬂ'lz=ax’ Qy.t-tl‘

It may be verified by using the Euler equation f, = (fy)y + (fq)y
and the relation Qy = Py, that we may write

Ap + Bty = P(£) + QUEQ)x = (£) + (BL)), + (Pfo)g,
(7:11)
5 + QU = pr’y + Q(fq)y - (!')y + (pr)x + (qu)yo
With the aid of equation (3:2) defining D, we find

Dy = Xy¥yy = LXvy + ke = Xyluye

Another expression for Dv may be obtalned if we specialize the co=
ordinate system described in Section 3. We have & normal coordinate
system, in the sense that the variable v measures along the inner
normal to Co, if we impose the restrictions nx., = =Y DY, = X,.

By means of these relations and the equation (332) for D the
equations

FaX® e LUeY =1l XX eY =0

are readily eatablished. From the equations (6:7) with v = vw=0

and the above equations we obtain the additional relations
(7:12) oX, = P, oY, = Q, of = P* + ¢°,

which hold when v = 0., An expression for Dy may be calculated
at once by differentiating D* = X,* + Y, with respect to v.
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The derivatives X,y Y,y may be found from the relations X, = /o,
Y, = Q/0 . VWe then find, on using P = PX, + Q¥y = 0, Xy = DQ/o ,
Y, = - DP/c end the relations for Py, Py, Qg Qy the expression

Dv = (D/o 3)[Q2(r -r,) - 2PQ(s - 8,) + Pz(t - t,)].

Define G(x,x') = g(x,x') = T (w)d(x,y,z), where T (u) 1s
an arbitrary function of u of class C" with the period ¥ in the
variable u and 0(x,y,z) = O 1s the equation of the oapstan surface

(2:2) considered in non-parametric form. If we define

» d a * d
2 'Gx'mex|: ,l.*'-'u‘y'aa'oy" v -Gz -EGZ"
then the relations 1%¥= A - T 0y /x*-.-. ®o- Toy, vtz po To,

are readily established. The expression (& ®/o By Xyy occurring
in equation (7:10) has the value

Ve S A Xy = VS (S Ay + T 3 0xXyyl.

From the identity 3 0,X, = 0, we obtain by differentiation the
relation 3 0xXyy = -3 0, X, where

Oxv = OxXy + Op Y, + 0;,7.,

and similar expressions hold for oyv and 0, . Let 201%*(2,%1) be
& quadratic form in the variables (¥, t ') whose coefficients are
the second derivatives of the function G(x,x') with respect to the
varlables x,y,z,x',y',z'c If we use Vg = .C/o', then equation
(7:10) may be put in the form indicated in the following theorem:

THEOREM 7:1. The second derivative of the integral sum

I(a), evaluated at & = O for a minimizing surface S, whose pro-
jection on the xy-plane is the region Ao, has the value
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Lse
I"(0) = _U Aazc«)clx dy +JO "i'?[nv“'n(‘v + 0ty) +Z A% Jau

(7:13) 4
"‘Io Zﬂ.( E,E ")du,

where 2()*( %, t') is the quadratic form described above.

When the function f is identically zero, it is seen by
equation (6:14) that there exists a function T (u) such that 2',
I“'" ¥* a1l vanish., The exprassion (7:13) for the second variation

then reduces to
LIS
1I"(0) -fo 20)7( ¥, &)du.

If the funotion g is identically zero, then B S 0 and the
transversality condition stated in Theorem 6:2 reduces to A = O,
where A 1s defined in the first of equations (7:6). If we make use
of the normal coordinate system described above, then by equations
(7:12) the expression (7:13) for the second variation becomes

I%(0) = H 2wdx dy +j 1_(-_;2[”‘: + Pf,) + Q(Ay + Q£ )]du,

Ao 0o *

where Ay + Pf, and Ay + Qf; have the values given in equations
(7:11)s If we set D = 1, this result for I"(0) agrees with the
equations (49) and (50) defining I"(0) as given in a paper by
Simmons {12, p. 248], after a minor correction of equation (50)
is made, The sum P’(rp)x + Q_"(f.q)y which ocours twice in the
expression Ag of equation (50) of that paper should occur only
once. It should be noted in correlating the work of this paper
with that of Simmons that he made use of a coordinate transforma-

tion for which D = =1 when v = O,
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8. A boundary value problem. A Jacobi condition phrased

in terms of & boundary value problem assoociated with the second
variation may be formulated in a manner analogous to that used by
Sirmons [12, p. 249]. We first express I"(0) in a form involving
the Jacobi expression J defined in equation (7:3). To do this, we
subatitute the value of 2W given by equation (7:4) into the equa=
tion (7:13) with T (u) ® O and apply Green's Theorem. By using the
equations (6:7) with a = O we obtain the expression

LTy
- 1"(0) = ﬁno & T ax dy -jo S (D(P wy+ QW) = ¢ H(u)l dn
8:1

+J' 12() (£,8 ")au,
0

where

H(u) = %[DvA + DA, + O L) + 3 AX, ],

We prooceed to express the last written integral in another form,

By means of the homogeneity property
2n(€9€') = 2 E 1-()51 + Z Ei'ngin
where the sums are taken for i = 1, 2, 3, we obtain
d d
(8:2) Z.Q(E,E')'ZEi(ﬂEi-aﬁ-ngit) +a§(2§1ﬂ§1u)-

The last expression in the right member of (8:2) vanishes when
integrated between the limits O and X, since each term has the
period X in the variable u. By using the relation vg=-L/o,
the variations fl, $o ES have the values $1 = Zx, /o,

€2 = -th/cr » £5= «L%/c. With the ald of these relations
and the valuea of O),r ’ C‘-’n as computed from equation (732), the

expression (8:1) may be written as
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Xy
" = - = T
( 1(0) ffAOCdedy foa_[ncnt + NK
8:3)
+ X (‘(IE1 '%n;x')x"]d‘h
Where the functions L, M, N are defined by the equations

L = D(Py, + Qfg,) - H(u)
(8:4) M = D(BE,, + Gfqp)
No= D(Pfy, + Qfgq)s

and T =2, K=Cy,r=p-pn¢z=q-¢h-

The boundary value problem may now be stated in the follow-
ing form:

THEOREM 8:1. In order that the surface z = z(x,y) shall

minimize the functional I defined in equation (2:3), it 1a neces-

sary that for negative values of 2 * the boundary value problem

3E) - A%t =0 1n Ao»
(8:5)
LC+MW+NK+S(O;1--§EO€:)XV=O on Co,

have no solution except & ¥ O, where Co is the boundary of Ao.
The functions L, M, N are defined in equations (8:4).

The proof that the boundary value problem has no solution
except 4; S 0 1s made by observing that the line integral in
equation (8:3) is zero for every admissible function & (x,y)
satisfying the second equation in (8:5), and that a function &
which satisfies both equations gives I"(0) the value

1"(0) = 2*”A g "ax ay.

Ir C were not identically zero, then for A *< O the second varia-

tion would be negative and the integral sum I would not be minimized.
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9. The necessary conditions of Weierstrass and Legendre.

For the problem of minimizing a double integral in a class of
surfaces having a common simply closed boundary curve, the neces=-
sary oonditions of Welerstrass and Legendre are well lkmown [3,
pp. 9, 27]. These conditions must also hold along a minimizing
surface for the problem of this paper. In addition, it will be
shown that along the boundary curve of the minimizing surface a
Welerstrass oondition formed for the funotion g must be satisfied.
For a problem closely related to that of this paper, Hilbert [9]
haa pointed out the fact that two Welerstrass conditions play a
role; one for the interlor of a minimizing surface and one for
its boundary.

We shall employ a slight modification of the method used
by Graves [8] for establishing the Welerstrass condition for
multiple integral variation problems. The procedure consists in
setting up two one parameter families of admissible surfaces de-
fined over a small portion of the minimizing surface and a seg-
ment of its boundary. When the parameter, which occurs in each of
the families, is allowed to approach zero, the entire configuration
shrinks to a point on the boundary curve in a manner to be described
below.

u=0 u=éeéb u=mb
We consider a rectangular

3 § v=b
coordinate system in the uv-plane,

A square may be defined in this

plane bounded by the lines u = O, 4 By

u=b, v=0, v= b, where b is

& parameter % O. Lines passing o - v=0

through the points O and 1 re- v =k k€(u = b)
> = €=

spectively, as shown in Figure 1,
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are defined by the equations v = ku, v= ke (u - b)/( ¢ - 1),
where 0 < € < 1 and k is different from zero. These lines inter-
sect on the line u = € b at a point 2, In Figure 1, we have for
convenience regarded k as negative. Let Ay and B, denote re-
spectively the areas of the trapezoidal regions 0352 and 1452,

Then the values
(911) Ab-b!é'(l-ké/m, Bp = be(l =€ )(1 - k€/2)

are easlly computed.

The expression for the functional I defined in equation
(2:3) may be transformed to uv-coordinates by means of the equa=
tions (3:1), which are now assumed to define a normal coordinate
system, in the sense described in the laast part of Section 7. We
consider a portion 8oy of the minimizing surface 8o, whose pro-
Jeotion on the uv-plane i1s the region 0143, as shown in Figure 1.
Let the remalning part of 8, be denoted by so', and let L&' be
that part of 1ts boundary which is on the fixed surface., For the

portion 8oy of the minimizing surface we may write
by b b4

I(b)-j j devdu+j' g du,
00 0

where D 18 defined by equation (3:2) and b is positive and suf-
flolently near zero, so the coordinate transformation (3:1) is
woll defined. The arguments of the function g are those belonging
to a segment Loy of the boundary curve Lo of the minimizing surface
whose projection on the uv-plane is the line Ol. 'he curve Lop
lies on the fixed surface (2:2) and i1s determined by values O ﬁ u
S b, v=0. The equations v = ku, v = k¢ (u = b)/( € = 1) also
define curves on the fixed surface. These will be denoted by L,p

and Le} respectively. It will be shown later in this section that
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for each fixed value of the parameter b near zero, an admissible
comparison surface 8 may be constructed which is composed of so¥
and two surfaces 8,; and Ssape. The surfaces S,p and Sgp form a
cap over the portion Sop of the minimlzing surface and have as
their projections on the uv-plane the regions A, and B respec-
tively. The boundary curve of the comparison surface S is a
continuous curve lying on the fixed surface, and consists of the
ocurves Lo*, Lyp» Lepe Define
€b
I(b) = ” D av au + Jf fdedu+j
Ay B, 0

Here the arguments of the integrand function f in the first double

b
gd\l+j g du.
€d

integral are those belonging to the surface 8;;, and in the second
double integral are those belonging to the surface Sgpe The first
single integral is to be evaluated along the curve L,y and the
second along the curve Lgp.

Since the surface Sop 18 part of a minimizing surface for
the integral sum defined in equation (2:3), we obtain, after elimi-
nating the value of this sum over the surface 80* and the boundary

curve Lo’, the inequality
(9:2) 3(b) - 1(b) 2 0,

which muist be satisfied for values of the parameter b sufficlently

near zero. This inequality may be written as K,(b) + Kga(b) 2 O,

where

bp b
Ky (b) = jjA £D dv du + ” £D dv du -Iof £D dv du,
b 0

By

Ka(b) = J‘otb g du + febbgduofobgdu,
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and the arguments of the integrand functions in the expreasions
for K;(b) and Kg(b) are as desoribed above, Ifw apply the theorem
of mean value for double integrals to K,(b), then by using equa=-
tions (9:1) we find an expression of the form K;(b) = b®H(Db),
where H(b) 1s a function which is bounded for the parameter b
sufficiently small, since the functions f and D are bounded in a
neighborhood of the values u» 0, v = 0. The function g may be
regarded .as a function of the arguments u, v, v'., By an applioca-
tion of the theorem of mean value for single integrals to Kg(b),

the inequality (9:2) becomes

b®H(b) + € bg(u, skuy,k) + b(l =€ )B[un: ke h:l_-lbl; l;é- T ]

- bg(us,0,0) 2 0,
where 0 < u3 < €b, € b<ug < b, 0<u3<b. If we divide this
inequallity by b, let b approach zero, and introduce the original

arguments (X, X + X,v') for g, we obtain a form of the Weierstrass
condition due to Graves [8]:

€ [G(X,I.u + nv) - S(X:xu)]
+ (1 -€)[g(X,Xy + —2=y Xy) = g(XX,)] 2 0,

where the arguments (u,v) are the set (0,0). One of the usual
forms for the Welerstrass condition is obtained if we divide this
inequality by € , set h = € /( €~ 1) and let € approach gero.
The E-function has a varlety of representations. In our present

notation one form is the expression
(9:3)  EB(X,X»X') = g(X,X1) - g(X,X,) - = (X' - X,)gg (X,X,),

where X' = X, + X, Y' = ¥, + k¥, 2' = 2, + kZ,, k¥ O, A3z a
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consequence of the homogeneity condition imposed on the function

g, the E-function may be written in the simpler form
B(X,X,»X') = g(X,X') «Z X'g, (XX,).

At any point Py on the boundary curve of a minimizing sur-
face, we conslder the lines having the direction parameters (xu,
Yy Zu) and (X,,Yy,Zy) and theilr projections on the xy-rlane. The
arguments of the derivatives of X, Y, Z are the set (u,0). A line
with the direction parameters (IV,YV,O) separates the xy-plane
into two parts. Let T be the half-plane in the positive direction
of a line with the direction parameters (xu, Y, 0). Then if a
line having the direotion parameters (X%,Y',Z') passes through
the point Py, lies in the tangent plane to the fixed surface (2:2)
at this point, and has as its projection on the xy-plane a line
directed interior to the half-plane % , we call (X',Y',Z') an

admissible direction. If in place of the positive homogeneity

assumption postulated for the function g in Section 2, it is as-
sumed that the stronger homegenelty property g(x,-x!') = g(x,x')
is satisfied, then every line through the point Py and lying in
the tangent plane to the fixed surface is said to have an admis-
sible direction., Except for the problem of constructing an ad-
missible comparison surface S, we have justified the following
result:

THEOREM 931. Let Lo be the boundary curve of a surface

minimizing the functional I defined in equation (2:3). Then the

Welerstrass condition

E(X, X,,X!) 2 0

muat be satisfiled at every element (X,X;) of Lo for all admissible

directions (X',Y',Z') distinct from (xu'Yu'zu)°
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We now consider the problem of constructing the comparison
surface S discussed earlier in this seotion. Two regions, denoted
by Ay end By, have been defined in the uv-plane. In a neighborhood
of v = O the minimizing surface 8o has in uv-coordinates the equa-

tion
z = z[X(u,v), Y(u,v)] ® z¥*(u,v) (0Susg ).

We are considering s portion 8op of 8o defined by the inequalities
0SusSb, 08 vS be Along the segment Loy of the boundary of
this surface the incldent relation £¥(u,0) = Z(u,0) is satisfied.
We regard the parameters k, € , b as fixed, end may define two
admissible surfeces S,p and Sgp which have as their projections on
the uv-plene the regions A;, and By respectively., We define the

surface S;p by the equation 2 = 2,(u,v), where for k< 0

z;(u,v) = z‘(u,v) when O s v S b,

= Z(u,v) whenku g v< o0,

and where the variable u has the range 0 S u$ € b, When k > 0,

we may define
22 (w,7) = 2*(u,v) + foe [2(u,ku) = 2*(w,kw)],

where 0S5 us €b, uSvSb, €k<l, Let T=ke(u=b)/(€=~1)
Then the surface 8gy may be defined by the equation z = zg(u,v),

where for k< O

za(u,v) = z¥(u,v) when 0S vS b,

uA

= Z(u,v) when T Sv<o,

UN

and the variable u has the range € bS u S b, When k> 0, we may

define
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za(u,v) = 2*(u,v) + g—:—,}.'- (Z(u, T) = g*(u, ™)1,

where ¢bSusb, TSvED, €k< 1. Itmaybe verified that
the comparison surface S thus defined has the properties required
to carry through the proof of the Weleratrass condition,.

We may now establish a Legendre conditlon as a consequence
of the Welerstrass condition stated in Theorem 9:1, The E~-function
defined in equation (9:3), when considered as a function of k,
hes & minimun when k = O, and it follows that the relations E'(0)=0,
E"(0) 2 O must be satisfied. The first relation is found to be
satisfied 1dentically, and the second relation gives a form of the
Legendre condition.

THROREM 9:2. Let Lo be the boundary curve of a surface

minimizing the functional I defined in equation (2:3). Then at

each element (X,X,) of the boundary curve the Legendre condition

X 8xrxt + Yo Byrgr + 2y Bgige
(9:4)
+ 2(XYoByrgr + YyZvByrgt + 2K Byuxi) 20
mist hold for all directions (X.,Yy,Z ) distinct from (X,,¥,,%,)
and lying in the tangent plane to the fixed surface (2:2) at any
point on Lo. The arguments of the second derivatives of the

function g are the set (X, X,) defining the element on the boundary.
If the fixed surface (2:2) is represented in the non=
parametric form O(x,y,z) = O, then Theorem 9:2 may be stated in a
slightly different form. It is readily shown that the inequality
(9:4) must hold for all directions (X,,Y,,Z,) which are distinot
from (X,,Y,+%,) and which satisfy the orthogonality relation
20X, = 0 along Lo.
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Ir 29 Ez”’ ,) represents a bilinear form in the variables

E s 23os8 3 and 71,705 5 whose coefficients are the second
derivatives of g with respect to x', y', z', then (a) 29(X,3sX,) =0,
(b) 2 ¥(X,sX;) = 0, and (c) 2¥(X;3X,) € O. The result (a) is s
consequence of the homogeneity condition imposed on the function
g+ It may be obtained by differentiating the identity g(X,X;) =
Z X,8,1(X,X,) with respect to X, ¥,, 2, in turn, then multiply-
ing the resulting three equations by xu, by zu respectively, and
adding. A computation similar to that used to derive (a) establish~
es the relation (b). The relation (c) is merely another notation
for the inequality (9:4). This inequality may now be written in
the form 27V (X';X') 2 0, as 15 seen from the equation

29 (X1X1) = 2W(X3X,) + 202 ¥ (XyiXy) + K" o2 Y (XysXy)
and the relations (a), (b), (c) above. Hence it follows that if
the Legendre condition (9:4) holds for one direction, it holds for
all directions of the type indicated.

10. An illustrative example. In this section an applica=-

tion of the results of this paper will be made to the problem of
minimizing the expression I defined in equation (2:3) when the

functions f and g have the special values

(10:1) f=Y1+ DR+ e, g =) x'e 4 yie 4 zie,

We may assume that the fixed surface is so parametrized that u
represents arc length along the boundary ourve Lo of a minimizing
surface, end hence g® = x'® + y!2 + z'2 = 1 on Lo. We then find
the derivatives f, = p/t, £" /t, A= - x", fm=T" Pmt,
The direction cosines of the tangent line to Lo at any point are

x' = Xy» y' = X, 2' = Z,, the arguments being (u,0). Let (Z,m,n)
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be the direction cosines of the principal normal to Lo, and let
(ayb,c) represent the direction cosines of the binormal to Lg.

I1f p 18 the radius of first curvature at any point on Lo, then we
may define the positive direotion on the binormal to be such that
the relations

(10:2) a-P(y'z'- z'y"), b= f(z'x‘-x'z'), o= P(x'y" -yix*)
hold at each point of Lo, where p 1s positive [6]. The positive
direction of the mrincipal normal is then fixed if the convention .
i1s made that the positive directions of the tangent line, principal
normal and binormal at a point have the same mutual orientation

as the positive directions of the x-, y-, z-axes, respectively.

We then find the relations
(10:3) Y=px"=bz'-cy', m=py"=cx'-az', nsfz"= ay! = bx',

The transversality condition stated in Theorem 6:2 then becomes

D(1 + ppa + q@1)/f + (= ﬁ(.v)/f = 0, By using equations (10:3)
and (6:4), this may be written (1 + pp, + Qq,)/f = (ap, + bq, = o),f),
Let ® denote the angle between the normal line to the fixed sur-
face and the normal line to the minimizing surface at any point on
Lo, and let ¥ denote the angle between the normal line to the fixed

surface and the binormal to the ocurve Los The transversality con-

dition is then

(10:4) p cos @ = cos ¥ (e £0).

This relation must hold at each point on the boundary curve of a
minimizing surface z = z(x,y). A necessary and sufficient condition
that the minimizing surface intersect the fixed surface orthogonal-
1y is that the boundary curve Lo be a geodesioc on the fixed surface.
In this case the normal line to the fixed surface coincides with

the principal normal to Lo, and in addition, ‘the osculating plane
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of Lo coinoides with the tangent plane to the minimizing surface
at each point of Lo. Therefore Lo 1s an asymptotic curve on the

minimizing surface.

The Euler equation for this problem is found by equation
(6:9) to be (1 + q®)r - 2pqs + (1 + p®)t = O, where p, q and r,
s, t are the customary notations for the first and second partial
derivatives of z(x,y). The mean curvature of the minimigzing sur-
face 1s therefore zero, and the surface 1s a minimal surface.

The expression (7:10) for the second variation may be

written in the form
b 4
1%(0) = H A 2wdx dy +f° (2fl( s, k) + -E—:- c(w)lau,
0

where

2w (&, MyK) = [(1+q®)m® = 2pqg Mk + (1 + p?) k*)/13,
C(u) = ADy + D(ATy + AYy) = & X, X o

In the expression for C(u) the arguments of the derivatives of X,
Y, 2 are the set (u,0). From equation (3:2) and the first equa=-
tion in (7:6), we £ind the relations

Dy = (Ny¥yy * NiXyy) + (YeXyy = Xy¥ye)s

A= =(ppy + qqu + 1)/f.

The quadratic form 2[2( £, ¥') reduces to a quadratic form in the

]
o ? E:.':' whose coefficients are the second
derivatives of g my x'2 + y'® 4+ z'2 with respect to x', y', 24,

three variables El" 13

and has the explicit expression

2l= (5" + E,"% 4 &) - (3a'x + 5"y, + 54'2)"
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By Lagrange's ldentity, the form 2/) may be expressed as & sum of
squares, and 1s positive.

The values of Lx and Ay may be found from equations (7:ll).
We first f£ind the expressions

(£)y = (pr + a8)/1, (£)g = (ps + qt)/t,
(£)) = [(1+ q®)r - pas)/£3,  (f)y = [(1+q®)s - patl /£,
(£q), = [-par+ (L+pm)s¥® , (£ = [-pas+ (14 pe)t1 /12,

We then obtain the values

A= =(pry+as;)/2 + r[P(1+0%) - Qpal/£% + alQ(l + p*) - Ppdl /5,
Ag= ~(psy+ qty)/f + s[P(1+q2) - Qpal/f3 + £IQ(1 + p*) - Papl/f3,

where P= p = P13y Q= q - Qa« By means of the relations

P(1+q®) = Qpq = P2-p(pP + qQ) = =p1f® + p(pPpy + qqx + 1),
Q(1+p®) = Ppq = Qf2-q(pP + qQ) == q1f2 + q(ppy + Q% + 1)»

the expressions for Ax and A.y may be written in the form

Ag = -(pry +asy + Ty + 8a3)/f + (ppy+qqy + 1) (pr + qs)/25,
Ay= =(psy+ qty + 8Py + £1)/f + (PPa+ qaa +1) (ps + qt)/£.

The functions L, N, N occurring in the boundary value
problem stated in Theorem 8:1 have the special values

L= <H(u) = =C(u)/6 ,
D(P + q(pq, = qpy)1/f3,
plQ - p(pa, - apy)1/f3.

N

The Jacobi expression (733) has the form

HE) =2 [m_n_;_(l_ts:)L] - 2 [Pqﬂ' - (1+pe) K]

3x 3 7 | . 48
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For the classical problem of Plateau, f = m
g€ % 0 and therefore B ® O, The transversality condition A = O
1s the orthogonality condition ppy; + qqy + 1 = O. The coefficients
L, N, N in equation (8:4) have the values

L= Dl(pr, + qs; + rpy + 303)X;
+ (psy + qt, + 8p, + tql)Yv}/O’r,

M= - Dp,/f, N=-Dq/f ,

where O = P& + uv‘ If we make use of a normal coordinate
system for which Xy = P, OY, =Q, O®% = P® + Q%, D = 1, a
simpler form of the Jacobi condition for the problem of Plateau
1s obtained tham that given by Simmons [12, p. 260].

At each element (x,y,Z,p,q) of a minimizing surface 8o
the Welerstrass E-function [3, p. 27] has the value

Jm*+q='/1+§+5-(p§+ qq + 1),
Y1+p®+ g

where (D,Q,=l) represents an arbitrary direction at a point on So.

E;(I:}’:Z’qu:s: E) =

The function E; 1s the same as that for the classical problem of
Plateau, and is non-negative, vanishing only when p = P, q = Q.
This may readily be shown by considering the numerator of E, and
applying Lagrange's identity. Along the boundary Lo of & minimize
ing surface 8g the Welerstrass E-funotion defined in equation (9:3)

is found to have the value

Ba (X, X Xt) a E LT EXTE - E X1
N

where X! = X, + KXy Y' = ¥, + kYy, 2' = 2, + kZ,. By use of
Lagrange's identity the numerator of this expression is readily

’

shown to be non-negative, and to vanish only when k = O, The
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direction (X',Y',2') then coincides with the direction of the
tangent 1line to Lp.

At every element (x,y,z,p,q) of & minimizing surface 8,
for the integral sum I the Legendre expression

£ cos®™ + 2fpq c08 X sind + £ sin®«

PP aq

mst be non-negative [3, p. 9] for every value of . For the
speoial problem of this section this expression may be put in the
form [1 + (p sin = q cos )']/fs. The strengthened form of
the Legendre condition is therefore satiafied along 8,.

The Legendre expression given in equation (9:4) is found
to have the value ¥ X,® - (X X,X,)". Let E, F, G denote the
fundamental coefficients of the first order for the capstan sur-
face (2:2), and let H =/ EG - F®, Then E = 1 along Lo and the
Legendre condition states that H® 2 O along Lo. The inequality
H2 > 0 1s always satisfied for a real surface without aingular
points.
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DIFFERENTIAL SYSTEMS WITH BOUNDARY CONDITIONS
INVOLVING THE CHARACTERISTIC PARAMETER

1. Introduction. The present paper is concerned with the
developrent of the theory of definitely self-adjoint systems of
1inear differential equations of the form

n
E A E [Agg(x) + By, (x)]7y

(1:1)
s;lysA]m ‘E[(M”wwu)yj(nh (Nljnmu)y{b)] =0

(a$xSv4,53=1,2,...,n).

In 1926 Bliss m* gave definitions of self-cdjointness
and definite self-adjointness for a system of the form (1:1) in
which the boundary conditions are independent of A . For such
definitely self-adjoint systems he showed that the characteristic
numbers asre real, infinite in number, and have indices equal to
their rmltiplicities. He also obtained some very general expan=
sion theorems. A weakened form of this definition is given in a
rather recent paper [4)] by the same author. For the boundary valu
problems which are definitely self-adjoint according to this new
definition it is true that the same expansion theoroms hold, the
characteristic numbers are real, and they have indices equal to
their multiplicities. However, a boundary value probler may be
definitely seli-adjoint according to this modified definition,

and not have an infinitude of characteristic values.

*Ihe numbers in brackets refer to the bibliography at the
end of this paper.

(103) =l=
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In the following pages we shall extend the definitions
and results of Bliss to a system of the form (1l:l) which involves
the parameter A linearly in the boundary conditions.

In Section 2 some general properties of linear aystems
are given. Sections 3 and 4 are devoted to the discuasion of ad-
Jjoint and self-adjoint systems. A definitlon of definlte self-
adjointress is given in Section 5, and fundamental theorems con-
cerning the characteristic values of such a system, analogous to
those obtained by Bliss [4] for a system whose boundary conditions
are independent of A, are also proved in this section, Sections
6 and 7 deal with auxiliary theorems and lemmas which are basic
to the development of the expansion theorems given in the follow-
ing sectlion. In Section 9 sufficient conditions for the existence
of an infinity of characterlstic values are given. Finally, in
Section 10 it 1s shown that a certain boundary value problem of
the calculus of variations of the type studied by Reid [6]) is
definitely self-adjoint according to the definition here given,

The methods used in the development of this theory are
mch the seme as those used by Bliss in [1] and [4].

2. Preliminary remarks. In the first nine sections of

this paper matrix notation will be used. Square matrices of n
rows and columns are denoted by capital letters., For instance,

M denotes the matrix whose element in the 1-th row and j-th

colum 1is Mij (1,3 =1, «¢ee, n)e In particular, the zero and
identity matriceas are denoted by O and I, respectively. 8imilarly,
the vecter (vi) (1=1, ..., n) 18 denoted by the lower case

letter 7. If M % lllijll, v & (vy), the vectors (”1173) and
('Jujl) are denoted by Mv and vM, respectively, where the repe-

titlon of the subscript J indicates summation with respect to
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this subscript over the range 1,2, ..., ne For the scalar product
vj“j of the vectors v & (vi). u = (u) we shall write vu. The

transpose of a matrix M@ || llull is denoted by M ® IIM Il . If

i
the elements of M are differentiable functions, M! aigniriea the
corresponding matrix of derivatives; similarly, if the components
of v are differentiable functions we write v' ®(v4'). Finally,
for brevity we write M( A) and N( A) for M° + AM* and N° +AN?,
reapectively, when no confusion arises.

Concerning the boundary conditions
alys A1 = M(A)y(a) + N(A)y(b) = 0

of the system (1l:1) we shall make throughout the following hy=-
pothesis:

For all values of A the nx 2n matrix Il M(A);N(A)ll has

rank n. Moreover, there exist matrices P( A) = P° + AP3,

*
Q(A) = @ +AQ", together with matrices M', N', P', Q& inde~

pendent of 7\, such that the 2n x 2n matrices

*

«P <P(A) M(A) N(Q)
(2:1) ’
Q" Q) ¥t N

are reciprocals for all values of A.
This hypothesis 1s readily seen to be satisfied if there
exiats an n x n non-singular minor of I M( A)sN(A)!l whose elements
are independent of A, » It is also to be emphasized that the
boundary conditions of our problem are unchanged if the matrices
M(A), N(X) are replaced by [ (A)IM(A), I ( AIN(A), respectively,
where for each value of X the matrix ["( ) is non-singular; for

our purpose, however, attention will be restricted to such matrices

M(A) for which the resulting product matrices are linear in A\ .



4 BOBONIS: DIFFERENTTAL SYSTEMS (106)

Since the matrices of (2:1) are reciprocals, it follows

in particular that

(2:2) M(A)P(A) = N(AXQ(A).
Consequently ((1), p. 562), the relations

(2:3) tlzs A] = z(a)P(A) + 2(D)Q(A) = O

are boundary conditions edjoint to the boundary conditions
s{ysA] = 0.
S8ince (2:2) i1a an identity in A, it follows by equating
equal powers of N\ that
M°P%= N°Q°,
(2:4) MOP3 + M'P® = NOQ* + N2Q°,
M*P = N3Q.

. #
Similarly, one has also the following relations involving M , N ,

P’ and Q*:
P - POU* = T, <o + qon* = o,
(2:5) -P* - P2 = o, 4+ g = 0,
35
-P° - po%* = o, Q" + @v* = o,
-P** - pP* = 0, Q'O 4+ Q" = 1.

If the matrices (2:1) are multiplied in the reverse order, then

in addition to (2:8) the following further identities are obtained:

(2:6) H*P() + N%Q(A) =1,
(2:7) H(A)P* + N(A)g* = 1,
(2:8) MY 4 N%* = 0,

Now if we set
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s¥(y]
t*(z]

My(a) + N¥y(D),
z(a)P* + z(b)Q¥

i1t follows ([1), pp. 664-565) from equations (2:5) that we have
the following identity in the arguments y(a), y(b), z(a), z(b)

for all values of A

b
t¥(z)sly; A + tlz; A)s®[y) & =(x)y(x) o

Consequently, if we write sfy; A] #® so(y)l + A si(y]l, tlzg;A) =
t°Tz) + At*[z], 1t follows that

(2:9) t¥[2)e%(y) + t°(21a¥*ly) & z(x)y(x) o’

(2:10) t* (210 [y) + t*(2)s"(5) ® O,
for arbtitrary sets y(a), y(b), z(a), z(b). The above identities

will be of fundamental importance in the development of the present

work.

3+ Adjoint systems of differential equations. The system

(1:1) in metrix form may be written

(3:1) y' = [A(x) + AB(x)]y, aly; A) = 0,

It will be assumed throughout that the elements of A(x), B(x)

are real single~valued continuous functions on a finite interval

e f %z S b end the elements of B(x) are not all identically zero on
this interval; moreover, that the boundary conditions s[y; A}l =0
satiafy the hypothesis of the preceding section. The system

adjoint to (3:1) 1s by definition

(3:2) 2t = -z(A(x) + Aa(xf]. tlz; A] = 0,

wrere the adjoint boundary conditions t{z; A] = 0 are determined
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by the above equations (2:3).

The term characteristic solution will be used to denote a

vector y(x) whose components are not all identically zero on

2§ xS b, and which satisfies for a correaponding value A the
differential equations and two point boundary conditions of (3:1).,
If A 1s a value for which there exist r linearly independent
characteristic solutions, this value will be called a character=-
istic value of the aystem (3:1) of index r.

Let Y(x, A) = || Yij(x’ A) 1l be a fundamental matrix solution
of the differential equations of (3:1); that is, the columns of
¥Y(x, A) form for each value of X a set of n linearly independent
solutions of these equations. Such a fundamental matrix solution
could be determined by the initial value Y(a, A) = I., It is
readily seen that such a fundamental matrix solution has its
elements eoxpressible as permanently convergent power series in \.

The determinant D( A) of the matrix
(3:3) N M(A)Y(a,A) + N(X)Y(b,A) I8 |I '1[Yj] I

is a characterlstic determinant for the system (3:1) in the sense
that its zeros are the characteristic values of that system,
Since M( A) and N(A) are linear in XA, clearly D(A) is also a
permanently convergent power series. It is readily seen that \
is a characteristic value of index r if and only if the matrix
(3:3) has rank n-r, Fron general properties of differential
systems (see Bliss [1], pp. 556-568) it also follows that if A
1s a characteristic value of (31l) of index r, then Ais also a
characteristic value of the adjoint system (3:2) of index r.
8uppose now that y(x) is a characteristie solution of

the system (3:1) for a characteristic value Ay and z(x) is a
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characteristic solution of the adjoint system (3:2) for a character-

istic value Ag, Ag # A,. Then,
(3:11) y' = (A + A\,B)y, s°(y] + A8 (5] = O,
(3:21) 2! = =z(A + AgB), t°(z) + Aat*[2] = O,

and by the use of the boundary conditions in (3:1') and (3:2'),
together with the identity (2:9), 1t follows that

b
= A t¥2)a* (7] - Aati(zls [y].

(A1 = Na) fp zBy dx = z(x)y(x)
a

By using (2:10) the above expression can be reduced to the follow=-

ing equivalent conditions:

b
(3:4) t*(z]s*(y] + f zBy dx = 0,
a
3:41) -t (2] a* = 0,
( (z)s" (y) + f 2By dx = 0
b -
(3:4") Q[t’[z]a*[y] - t"[z]a'[y]] + £ 2By dx = 0.

Thus we have the following result.
THEOREM 3:1. If y(x) is a solution of (3:1) for a value

A= X,, and z(x) is a solution of (3:2) for a value A= Ag,

AI %/lg, then
b

(3:4) t*(z) 8 (y] + f zBy dx = O,
a

4, Self-adjoint systems of differential equations. Follow-

the definition of Bliss ([1], (4]) the boundary value problem
(3:1) 1s sald to be gelf-adjoint if the differential equations and
the boundary conditions of its adjoint system are equivalent to

1ts own for all values of A under a transformation z(x) = T(x)y(x),
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where T(x) 1s a non-singular matrix on a § x i b with elements

which are continuous and have continuous first derivatives on
this interval. The proof of the following result is as in Bliss
(1], p. 569).

THEOREM 4:1. The system (3:1) 1is self-adjoint if and

only if there exists a transformation matrix T(x) such that

(4:1) TA+ AT+ T' 20, TB+ BT EO,
(4:2) M(A)T™ (a)H(A) = N(A)T™ (B)F(A).

The above definition of self-adjointness, together with the
results of Theorem 3:1, imply the following theorem.

THEOREM 4:2. If the system (3:1) is self-adjoint with

respect to a transformation matrix T(x), and y(x) and y*(x) are

characteristic solutions corresponding to two distinet character-

istic values Xand A ™, then
(4:3) t* (158 (5] + jby*S(x)y ix = 0,
a
where 3(x) = ¥(x)B(x).
This follows from equation (3:4) and the fact that

z% = Ty" 15 a solution of the adjoint system for A= \,

6. Definitely self-adjoint systems. The definition of definite

self-adjointness as used by Bliss will be extended to the system

here considered as follows.

The boundary value problem (3:1) is definitely self-adjoint

1f the following hypotheses are satisfied.

(H)) 1t 1s self-adjoint with respect to the transformation

matrix T(x).

(Hp) Ihe matrix S(x) = T(x)B(x) is symmetric on a SxSh.
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(H3) The matrix

)P F(a) P W

(5:1) .
F(v)Qhur T(b)Q™?

belonging to the quadratic form t*[Tyla[y] & [y(a),y(b)] ® Q[y)

is symmetric. The corresponding bilinear form t¥[Tvls2 (u] in the

arguments v(a), v(b), u(a), u(b) we shall denote by

Qlv(a),v(b)sula),u(b)), or gusvl for brevity. Clearly Qlviv]= alv).
(H4) The quedratic expression

Kly) ® 4ly(a),y(0)] + f y(x)8(x)y(x) dx

is non-nepgative on a SxSo for arbitrary continuous y(x). The

corresponding bilinear expression
Qlu(a),u(v)sv(a),v(b)] + _[b usv dx

will bo denoted by K(usv]. Clearly K(usu] = K[u].

(Hg) For an arbitrary value A, the only solution of the
system (3:1) aatistzﬂg_xly] =0 ona $xSv is y(x) = 0.

As immediate consequences of the above definition we have
some important results which we state here as lemmas.

LENMMA 6:1. Hypotheses (Hy) and (Hg) imply that the
quadratic form y8(x)y 1is positive semi-definite on a ﬁ x i b,

For suppose that the conclusion of the lemma is not true.
Then there exists some vector u and a value Xy, & < Xo < b, such
that u8(xo)u < O. The continuity of the elements of 8(x) imply
that there exists a d > O such that us(x)u < 0 for |x - xol<d.
If we now define y(x) = u §(x). where §(x) is a continuous function
such that Z(x) # 0 on X9g=d < X< Xor d and §(x) ® O except on
thies interval, we see that y8(x)y = us(x)u £*(x) < 0 on
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Xo~d< x< xo+d, y3(x)y ™ O elsewhere., Then
Xot d 2
Kyl =/ uws(x)ug (x) ax< 0
XO-d
and this is a contradiction to hypothesis (H,).
LEMMA 5:2. Hypotheses (Hs) and (Hy) imply that the

quadratic form Q(y(a),y(b)] is positive semi-definite.

For suppose that there exists a vector u(x) such that
Qul = Qlu(a),u(b)] < 0. Define a function & (x) in the following
manner: & (x) E 0 on a+dS$xSbe-aq, E(a) = §(b) = 1 and ¢ (x)
linear on a S xS a+d and b-a S x$ b, If we set y(x)=u(x) & (x)
we obtaln

at+d 2 b
K{y] = @lu] + f usu § dx + f u8u§e dx.
a b-d
8ince the two integrals tend to zero as 4 approaches zero and
Qlu] < 0, for d sufficiently small y(x) is such that K[yl < 0,
which is a contradiction to (H4). Hence Q 1s a positive semi=
definite form.

LEWNA 5:3. If for a continuous y(x) we have X[y] = 0,
then hypotheses (Hp), (Hg) and (H,) imply B(x)y(x) 2 0 on
asx § b, ally] = 0.

Lemmas 5:1 and 5:2 and the condition that K[y] = O imply
that yjSy 2 O on a Sx S b, This says that 8y 2 0, and therefore,
since the matrix T(x) is non-singular, it follows that By ¥ 0 on
¢S xS b, The condition Q(y(a),y(b)] = O 1s then a consequence
of Lemma 5:2 and the relation K[yl = O. If we now take the
partial derivatives of the above quadratic form with respect to
the arguments y(a), y(b), and remember that its matrix of coefficients
(5:1) is symmetric, we have that P¥si(y) = 0, <*s’[y] = 0. These

i
two relations and the fact that the rank of “ g* “ is n, as
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implied by equation (2:8), justify the last result of the lemma.
It 1s therefore seen that this lemma enables us to state
that whenever hypotheses (Hp), (Hz) and (H,) are satisfied
hypothesis (Hg) 1s equivalent to:
!
(Bg ) The only solution of

¥' = A(x)y, s°[yl = 0
satisfying ySy 2 Oon aS xS b, syl = 01a ymo.

In view of Lemmas 5:1 and 5:2 1t follows that K[f] 2 O
for arbitrary vectors f(x) whose components are bounded and
integrable on a & x S b. In most of the following discussion the
arguments of the quadratic expression K will be vectors whose
components are continuous on this interval, In Sections 7 and 8,
however, we will have oosasion to use arguments whose elements are
discontinuous. In view of the non-negativeness of K we have for
arbitrary vectors f(x), g(x) whose components are bounded and

integrable on & § x S b the following inequality
2
(5:2) {xl:g)} " S xL£1*Klal.

If we consider again equation (4:2) we see that its
transpose, together with equation (2:2), justify relations of the

form

T2 (a)M(X) = P(X)C(R)
(5:3) -

T2 (0)F(A) = (A)o(r)
where C( \) is a non-singular matrix for all values of \, The
above equations (5:3) are written to simplify the statement of the

following important lemma.
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LEMMA 614, Under the hypothesis (Hz) the matrix C(A)

defined by equations (5:3) is independent of A .
The proof of this lemma is aa follows. Multiply equations

(533) on the left by -¥* and N., respeoctively, and add. Use of
equation (2:6) then ylelds

(514) C(A) = -M*¥=2 (a)i(A) + ¥} (0)F(A).

Consequently, C( A) is linear in A and we may write C(A) = °+ 7\0".
By hypothesis (H;) the matrix of coefficients (631) 1s

symmetric, and therefore

(515) F(a) P = B B%0(a),
(5:6) F(o)gh' = F§*(v),
(8:7) F(a)P"N? = B2G%0(D).

If we multiply equations (537) and (5:6) on the left by a2 (a)
and N'@"(b). respectively, and add, it follows by equations (5:4),
(218) that

(8:8) Q'3 = o,

Multiply now equations (5:6) and (5i17) on the right by -7 (a)i*
- ~ %

and T°*(b)§", respectively, and add. An application of equations

(5:4) and (2:8) shows that

(519) P = 0.

Finally, 1f we multiply (5:9) and (5:8) on the left by =M° and N°,
respeotively, and add, it follows in view of relation (2:7) that
c; = 0,
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The following theorems are concerned with certain important
general properties of definitely self-adjoint systems.

THEOREM 5:1. The characteristic values of a definitely

self-adfoint boundary value problem (3:1) are real and the corres-

ponding characteristic solutions may be chosen real.

For suppose y = y* + V=I y® were a characteristic solution
for A = X, + VaT X ,, A, ¢ O. Then the complex conjugate
=y = YT y® would be a solution for A = A  and Theorem 4:2
would imply that K[y;;] = 0, By a property of quadratic forms
the above expreasion reduces to K[y*l + Kly®] = 0; that is,

K[y*) = K[y®] = 0, By the use of Lemma 5:3 it would then follow
that yl and y* were individually solutions of (3:1) for A = 0,
and since K[y'] = Kly®] = 0 we would have in view of (Hg) that
vy =0, y* m 0. This, however, would imply y ® Y+ Tymo,
which contradicts the assumption that y was a characteristic
solution, Therefore the A's are real and the characteristic
solutions may be chosen real,

THEOREM 6:2. For a definltely self-adjoint boundary value

problem (3:1) the index of a root of D(A) is equal to its multi-
pliocity.

It Aa ’\o is a characteristic value of index r, for this
value of A the matrix (3:3) has rank n-r. By a proper choice
of linear combinations of solutions the columns of this matrix
can be so arranged as to make a[Ypslol 20 (p=1,2,0.0,0),
S8ince D( A) 1s the determinant of this matrix, at A = Ao the
derivativea of D(A) of order less than r will clearly venish, The

r-th derivative will have the following form

(6:20)  DITV(Ng) = rfaltns Aol + (%) al¥gs Mol

(h. 1,-.-;!" m=yr+ l'o'-’n)o
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Suppose now that the above determinant vanishes. Then
there exist constants oy, ¢y (h =1,...,r3 m=r+1,...,n) not

all zero and such that the equation

(5:11) g s[Yy3 Aol oy + $1 s[¥3 Aoley, = -ga"[‘Ih]Oh
=

18 satisfied., If we set

¥ (x) = glrh(x, Ao)eys P(x) = ﬁ Yo (xs Roloy,
= m=r+l
(x) = i_‘ixm(x. Ao)ops 7(x) = Px) + (=),

it follows that
(6:12) slys Xl = -s*[¥'].

Now the constants ¢, (h = 1,...,r) can not all be zero
since the last n - r columns of the determinant (5:10) are
linearly independent. It follows in particular, therefore, that
y" ¥ 0. 8ince y(x,\) = gYh(x,A)ch satisfles (3:1) for all
values of A, it follows on differentiating with respect to A
and evaluating at A = A, that

' = (A + AoB)Y + By .

As yz 1s a solution of (3:1) for A= A, we have, therefore,
that

' = (A + AoB)y + By, salys Aol = -sa[y2].

Finally, as s* = Ty satisfies equation (3:2) for A= Ao, 1t
follows ([1]1, pp. 566-568; [6], pp. 776-777) that K[y*] = O.
Hypothesis (35) then requires y* to vanish identically, which is
contrary to the above established conclusion that y’ # 0 on

asSx § b. We have thus been led to a contradiction on the



(117) DEFINIYELY SELF=-ADJOINT SYSUEMS 15

assumption that the derivative Dkr)

( Ao) is equal to zero. Hence
this derivative is different from zero, and the multiplicity of
X, 13 equal to its index.

THEOREM 6:3, If for a given continuous £(x) the condition
(5:13) K{ysfl = 0

is satisfied by every characteristic solution y(x) of the definite-

1y self-adjoint problem (3:1), this condition also holds for every

y(x) which satisfies with a continuous g(x) the system

(5:14) y!' = Ay + Bg, 8°[y] = -s*lgl.

The condition (5:13) implies ([1], pp. 566-5683[61, pp.

776«777) that the non-homogeneous system
(6:15) y' = (A + \B)y + Bf, slyir) = =*[£]

has solutions for every value of A« If D(A) # O there is a

unique solution which is of the form

FixsA) = Yo(x, X ) + ; YJ(Z: X)cjo

where y = Yo(x, \) is a particuler solution of the differential
equations of the system (5:15)s It is readily seen that the

components of y(x, A) are expressible in the form

Yio(x’ x) Iil(x,x) X Yin(x’l\)
ﬂ;[Yoiu'fS:[f] l;[Y;L'XJ cee l;[Ynikl
(6:16) ¥4 (X)A) = oo . . .

A TF Y

L] [ ] (XX ] [

In[Yolx] + l;[f] ln[Y:J X] ese ln[Yn‘A ]

In a neighborhood of a zero A= Ay of D(A) the solution y(x,A)
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i1s well defined and analytic in X . For in the determinant (5:16)
we can add multiples of the last n columns to the first column so
as to make Yo satisfy s[Yo; Al = =3’ [£] at the root = >\°.
Furthermore, if the multiplicity of )\ o 1s equal to r, the r linear-
ly independent solutions z(x) = z(x, )\o) of the adjoint system (332)
for A= x.; afford r linearly independent sets t‘[z] satisfying
t*[z]s[YJ:)\o] =0 (J=1,2,...,n). Then r of the last n rows of
(6:16) ocan be replaced by suitable linear combinations which vanish
at A = )\o, and consequently the determinant in (5:16, has the
same factor (>\- )\o,r as does D()\). Hence the vector y(x,X)

18 analytic and well defined near a zero A = >\° of D(A). Con=-
sequently y(x, l) is representable as a permanently convergent

power series in A of the form
(6:17) y(x,>\)- Uo(x) + )\u;(x) + ug(x) + v + Anu.n(x) + ees

If we substitute (5:17) in (5:15) and equate coefficients of like

powers of A » 1t follows that

(5:18) ua = Au. + Bu ] = 0 (q,8 0’1, .c.),

o b
q qea’ 8 [uq] +8 [u.q,,1

where 1t 1s to be understood that u_; = f. If the functions vp are

defined by Vp = Tup (p==1,0,1,2,...) 1t may be shown that
! 1
(6:19) vy ==vAevp B, tolvil+t Iy, ) =0 (P =0s1s o0l

The differential equations (5:19) follow by direct substitution
and use of conditions (4:1) satisfied by the transformation matrix
T. The boundary conditions are a consequence of relation (4:2);
in particuler, use is made of the result of Lemma 5:3 concerning
the independence of A of the matrix C defined by (5:3). Equations
(5:18), (5:19), (2:9) and (2:10) then lead to an expression of the

form
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b b b
- -t* 1 * 2
‘L\ v Bu, o f.' Vp-aBug dx= “qvpla" tolvpletfug 3+ °0v,_ 8 [ug);

that is,
(8:20) K[“q-,‘“p] = K[uqsup_l] (p,a=0,1,2,...).
Now as a special case of (5:2) we have
] < .

(6:21) (Elagyyuguml} S Klug,°Klug,T.
If we define

LA K(uosug) (g= 0,1,2,...)
equations (5:20) and (6:21) show that
(5:22) w =k ] W, W >y 2

: atp - etlpl? 2q-2"2q+2 = V2q °

Now the series (5:17) converges absolutely and uniformly for

'y § x ﬁ b, and A in a bounded region of the complex A =plane.
Hence we can compute fb Ue8y dx by term by term integration. In
particular, the expreugion Kluosy) is given by the permanently

convergent power series

Wo + AW, + /\'l. + eee + A,nin LICTTE
It then follows that the series involving only even powers of A ’
(6:23) Wo + XWa + AW, 4 il

is also permanently convergent. Now some coefficient in (5:23)
mist vanish. For otherwise, since "2q 2 0 and '2q-2w2q+2 2 '22q ,
it would follow that

Woz

> W
w; =

ez,

NS
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and for A= (I.,/U,.)]'/2 the terms of (5:23) are not less than the

corresponding terms of the divergent series

Wo + Wo +Wo + e

Hence some coefficlent in (5:23) is zero, and by succeasive
applications of the inequality of (5:22) it follows that K[ug] = W=0.

Moreover, equation (5:18) for q = O gives
(5:24) Uo = Auo + Bf, 8°[uo) = ~=s3[fl.

Now suppose that y = y(x) satisfles (5:14) with a continuous

g(x). Then z = Ty satisfies the system
(6:25) z!' = -zA - giB, t9(z] = -t1[gl].

It then follows by the use of (2:9), (2:10) and the result of Lemma
6:3 that

(6326) Klys 4 = Kluosgl.

Now the right member of (5:26)1s zero because of the condition

Kluo) = O and the inequality {K[uoxg]]‘ i Kluo) °’k(g] = O implied

by (532). Consequently, if f satisfies (5:13) with every character-
istlc solution y of the definitely self-adjoint system (3:1) we

also have K[y3f] = O for every y(x) satisfying the system (5:14)
with a continuous g(x).

COROLLARY L If f(x) satisfies condition (5:13) with every

characteristic solution of the definitely self-adjoint system (3:l1),

and in addition f£(x) satisfies with a continuous g(x) the system

(5:27) £' = Af + Bg, 8°(z) = -2 (g],

then K[f] = 0, Bf ® 0 on a § xS b, and s[f] = O,

¢
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The first conclusion of the corollary follows immedlately
from the fact that y = f£(x) satiafies equation (5:27), which is of
the same form as (5:14); the conditions Bf & 0, s*[f] = O are
consequences of Lemma 5:3.

Since for a characteristic solution y we have K[yl # O
by (HS)’ the different characteristic solutions corresponding to
each characteristic value A may be normed and orthogonalized.
Consequently, we may denote by {lq}, {yq(xﬂ the totality of
characteristic values and corresponding characteristic solutions,

the latter orthonormal in the sense that

K[qup] =1, if q=p,

(5:28)
=0, if qv‘ P.
6. The Green's matrix. Suppose that the homogeneous system
(6:1) 7' = Ay, s°[y) = ¥°y(a) + N°y(b) = O

is incompatible, that 1s, that A = 0 i3 not a characteristic

value of (Z:l). Since for a definitely self-adjoint system (3:1)
not all values of \ are characteristic values in view of Theorem
5:2, this condition may always be obtained by a linear change of
the characteristic parameter. Then there exists a unique Green's
matrix G(x,t) = llGij(x,t)ll for this system, For a detalled

discussion of the Green's matrix and its properties the reader is

referred to Bliss [1], Section 5. Its explicit form is
G(x,t) = %Y(x) [—'{—:—{'—'— I+D 2 ]Y'x(t)

where D = M9Y(a) + N°Y(b), 4 = M°Y(a) = N°Y(b) = O, and Y(x) is
a fundamental matrix solution of the differential equations of the

system (6:1). For a < t < b the matrix G(x,t) has the following
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fundamental properties as a function of xi

(6:2) G(t+0,t) = G(t=-0,t) = 1I,

(6:3) -g—i G(x,t) = A(x)G(x,t) ona<x< tand t<x<b,

(6:4) M9 (a,t) + N°G(b,t) = O,

S8imilarly, for a < x < b this matrix has the following propertiea

a8 a function of ti

(6:5) G(x,x=0) = G(x,x+0) = I,

(6:6) &% 0(x,t) = <G(x,t)A(t) ona<t<xamdx<t<Db,
(6:7) @(x,a)P° + G(x,b)Q° = O.

Use will now be made of the Green's matrix to establish
equivalence relations between ocur differential system and a certain
type of integral equation.

THEOREM 611, For an arbitrary continuous g(x) the non=-

homogeneous system

(6:8) ' = Ay + Bg, 8°[y] = -s[g]
is equivalent to the integral equation
i b
(6:9) y(x) = t*etalerlel + [ a(x,t)B(t)a(t)at,
a

where t*[G(x)] represents G(x,o.)P. + G(x,b)Q’.
Equations (6:8) and (6:6) show that

45 G D3 = 6(x,t)B()g(t)

ona< t< xand x< t < b, Therefore,
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X
8(x,x= 0)3(x) = G(xa)y(a) = [ o(x,)B(8)(t) at,
[}

b
G(x,b)y(b) = G(x,x+ 0)y(x) = f G(x,t)B(t)g(t) at.
X

Addition of the two previous equations and use of the equations
(2:9), (2:10), (6:5) and (6:7) leads to the relation (6:9).
Conversely, suppose y(x) is defined by (6:9); that is,

x b
(6:10) y(x)-t’[o(x)ls‘[shf a(x,t)B(t)g(t) dt +f a(x,t)B(t)g(t)
a X

Using (6:3) and (6:56) it readily follows that y' = Ay + Bg. More=
over, by the explicit form of G(x,t) it is seen that

1im G(x,e) = % Y(a) [T + D8 J¥"*(a),

xg 2

1im G(x,8) = %Y(b)[l + D™A 1Y (a),
b

1in G(x,b) = %Y(a)[-l + D™A 1Y** (b),
x-8

1im 6(x,b) = %-Y(b)[-l + DAY ().
XD

Direct substitution, together with the equation (2:7), ylelds

80(y] = -83[g]. Thus our theorem is proved.

COROLLARY 1. If A= O is not a characteristic value of

the boundary value problem (3:1), this system is equivalent to the

integral equation

(6:11) v(x) = At*l6(x))st (3] + r\f 6(x,t)B(t)y(t) at.

This integral equation is not of the usual kind, since it
involves outside the integral sign the end values of y(x) at x = a

and x = b,
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7. Auxiliary lemmas. The definition of definite self-
adjointness as given in Section 5 of this paper does not furnish
sufficient conditions for the existence of infinitely many char-
acteristic values. Therefore, it will be understood in the follow=-
ing theorems that the range of the summation indices will be finite
or infinite according as the problem has a finlte or an infinite
number of characteristic values. In the following it is assumed
that the yq(x) (g = 1,2, ...) are the totality of characteristic
golutions of a definitely self-adjoint boundary value problem (3:1).
We shall also suppose that these characteristic solutions are
orthonormal in the sense of (5:28).

If now for a contimuous f(x) generalized Fourier coef-
ficients oq = cq[f] are defined as 0q = K[f;ng, for an arbitrary

integer m the orthonormal character of the yq implies

m m .
xlt-%yqoql-x[t] -}:10 .
* =l 9
The following lemma is, therefore, an immediate consequence of
hypothesis (H,).

LEMMA 7:1. For a continuous f(x) the series }E:c

converges.
LEMMA 7312, Suppose that the components of h = h(x,t) are

in t on that interval for every fixed xj; moreover,that the components

of g are contimuous on this interval. If d, = K(ygsel,

¥ (x) = Klygsh], where X (x) is gomputed considering h as a function

of t, then the series

(7:s1) Z Iq(x)clq
q

converges absolutely and uniformly on the interval a S x S b.
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For arbitrary positive integral values p and m, let

i‘ [Xg(x)ag) =Zt‘, (x)q, -Zt, (x)q, ,

where ¢ takes on those integral values for whioch te d 18 positive

and o those for which X_d, 1s negative. Then

T L (e =S iy, g,

€ e
=Ky o]
< {K[hlzde.} 1/2

in view of (5:2) and the orthonormal character of the yq. Conse=

quently,
;xe (x)dg < H1/2(2_;‘p de.)l/z
€2p =

where R is the meximum value on a § x S b of K(h] computed consider-

ing h as a function of t. Similarly,

- ; 1, (xa, S RYZ( %: a2,
°ap Tep

Therefore,
p+m p+
> 12 (za | S /2 dq')l/z.
q=p qQ=p

and since qu' converges Dy Lemma 7:1 it follows that Z iq(x)cl(l
q q

converges absolutely and uniformly on a $ xS b.

8. Expansion theorems. The orthonormal character of the

characteristic solutions of the definitely self adjoint boundary
value problem (3:1), together with the theorems proved in the
preceding sections, justify the following important expansion

theorems.
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THEOREM 8:1., If f(x) satisfies the system

(8:1) £V = Af + Bg, so(f] = -a2[g)

th a continuous g(x), then

m—

Elygel = XqK[yqar] (= 1,2, oe0 )o

This result is obtained immediately from (8:1), (3:2),
(2:9), (2:10) and the fact that 2q= qu is a solution of the
adjoint system for A= Xq.

THEOREM 8:2. If f(x) satisfles the system (8:1) with a

continuous g(x), and oy = K[yq;r], the series

(8:2) #(x) = %‘; v (xle,

eonverges absolutely and uniformly, and

(833) Klypir-4] =0 (p=1,2 .u0)y
(8:4) B(f -g)®80onaSxShH, s*(r-4] =0,

1f 4 = K[yq;g], it follows from Theorem 8:1 that

dq = chq' and hence

¥
#(x) = Z./.\.q ag-
1 q
In view of the integral equation (6:11) We then have that @y (x),

the 1-th component of #(x), is given by a series of the form (7:1),
where the corresponding vector h(x,t) is the i-th row of the

matrix G(x,t)¥"*(t). It then follows by Lemma 732 that the series
representing ﬂf’_(x) converges absolutely and uniformly on a ﬁ x § b.

We may then calculate K[yp; £ -#] by term-wise evaluation.
It follows that for each p,
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Klypsf -# = Klypif) - ; Klypivgdeq = Klypsfd - Klyptl = o.
This relation, together with the definition of #(x), is seen to
imply that
(8:5) K(g:r -¢1 = O,

An application of Theorem 5:3 now justifies the relation
(8:6) K(tsr -4 = 0,

and by subtracting equation (8:5) from (8:6) we find that
K[f=-@] = O. By Lemma 5:3 1t now follows that B(f-¢) ® O on
aS$xSDbanas(t-4 = 0.

COROLLARY 1. If the matrix B(x) 1s non-singular on
a$ xS b, then for every continuous f(x) satisfying (8:1) with

& continuous g(x) the series (8:2) converges absolutely and

uniformly on & § x S b and represents f(x).
THEOREM 8:3, If f(x) satisfies with a continuous g(x)

the system (8:1), and g(x) in turn satisfies the system

(8:7) g' = Ag + Bk, 8°(g] = -s2[k]

with a continuous k(x), then the series (8:2) converges absolutely

and uniformly on a S x S b and represents f(x).
Theorem 8:1 justifies the relation

(818) y Klyqs£] = v Ky 8] -
;Kq o Jq }; *t3q

8inoce g(x) satisfies equation (837), which 1s similar to (8sl1),
an application of the previous theorems shows that the left member
of equation (8:8) converges absolutely and uniformly on a ﬁ x ﬁ be.

Now set ©(x) = 2: yq(x)K[yqtg]. If we differentiate (8:2) with
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respect to x and substitute the values of y' from (3:1), it follows

that

(8:9) g' = ad + Be, 8°[f] = -sife].

Prom systems (8:1) and (8:9) we therefore obtain

(8310) f£' - @#' = A(£-9) + B(g=0), a°[r-g] =-s2[g-6).

Since g satisfies the system (8:7) 1t 1s a conaequence of Theorem
8:2, applied to g in place of f, that B(g =) m O, si[g=-98) = O,

Therefore,
(8:101) t1-g' = A(2-9), solt -] = 0.

This latter relation, in view of relations (8:4) and (Hg), or its
alternative form (B;), implies that f=@® O on a® xS b,

9, Sufficient conditions for the existence of infinitely

many characteristic values. As pointed out in the preceding section,

the definition of definite self-adjointness which has been formulat-
ed in thias paper does not imply the existence of infinitely many
oharacteristic values for a system (3:1). Here we shall give a
suffioiency theorem by introducing the further hypothesis:

(Hg) For arbitrary continuous g(x) the only solution of
the systen

y' = Ay + Bg, so[y]l = -sa[g]

for wnich K[yl =0 1s y®¥Oonagx$ b,
It 1s easily seen that hypothesis (HG) implies (Ha).
Hypothesis (Hg) corresponds to a condition imposed by Bliss [1]

in his original definition of definite self-adjointness,



(129) INFINITELY MANY CHARACTERISTIC VALUES 27

THEOREM 9:1. 1f the hypotheses (H;), (Hg), (Hz), (Hg) and

(Hg) are satisfied and if a continuous f(x) satisfies the relation

(5:13) for every characteristic solution of the definitely self-

adjoint boundary value problem (3:1), then f 2 OonaSxSDd
and s*[f] = 0.

The theorem follows immediately from the proof of Theorem
5:3, since there it is shown that Wo = K[uo] = O and thus, with the
help of equation (5:18) for q = O, that Bf E O on a3 xS b and
s1[f] = 0.

COROLLARY 1. If K[yl > 0 for all non-identically vanish=-

ing continuous y(x), then £ 8 O is the only veotor satisfying

equation (5:13) with all characteristic solutions of the boundary

value problem.
COROLLARY 2, The only f(x) which satisfies a system of

the form (8:1) with a continuous g(x) and also the relation (5:13)

with every solution of the boundary value problem (3:1) is f(x) 2 O,

THEOREM 9:2. _If the system (3:1) satisfies the hypotheses

(W), (Hy), (Hz), (Hy4) end (Hg) it has an infinity of characteristic

yalues.

Suppose that there are only a finite number of characteristic
values, and denote by I the number of linearly independent character=-
istic solutions of the system (3:1). We may also suppose that A= 0
18 not a characteristic value of this system. Since the elements
of B(x) are not all identically zero, continuous functions g, (x)

(6 = 1,04., X+ 1) can be determined so that B(x)g, (x) form X+ 1
linearly independent vectors on a S x S b, Let f, (x) denote the
corresponding solution of the system (8:1) with g(x) replaced by
8o (x). Then for arbitrary constants m, the vectors f(x)=fy (x)m,,

g(x) = gy (x)m, satisfy (8:1). On the other hand, values m,
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(=1, ¢osy £+1) not all zero can be found so that f satisfies
the relation (5:13) with each of the I characteristic solutions

of (3:1)e It would then follow by the above Corollary 2 that £ & 0
on a$ xS b, and consequently O ® Bg % (Bge )ms on this interval,
This, however, contradicts the above choice of the sets go » Hence
under the hypotheses of Theorem 9:2 the system (3:1) has infinitely

many characteristic values.

10, A boundary value problem of the calculus of variations.

As pointed out in the introduction to this paper, we shall now
show that an important case of the boundary value problem associated
with the calculus of variations which has been discussed by Reid [6]
1s definitely self-adjoint according to the definition of Section 5.
In the following section the symbols 7 = (74), %' = (74) mil
denote the functions (‘7 1(x)s Pa(x)s «ues 7n(x)) and the set of
their derivatives respectively. The tensor analysis summation
convention will be used throughout.

The second variation of the problem of Bolza is of the

form

(10:1)  Jalq1 = 2X[7(x2), 7 (xa)] + fb 20 (x,7,%7") ax,
a

where 2 )/ [ 7(xa)s 7(xs)] 1s a quadratic form in the 2n arguments
71(11)’ ,li(xﬂ) md

2w(x,, M) = w,I;,I} (x) ’2,"7!'4- 2w,1",7/. (x) 7(:7j + (4)7‘. 7 (x) Vi 7/

is a quadratic form in the 2n variables ‘71, | 1' .
An accessory minimum problem associated with the second

variation is that of minimizing .T.[?I] in a class of aros

Ta= % S xS 5
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satisfying oconditions of the form

(10:2) XCR PR DR MO cﬁ,?j (x)y =0
(d- l,2"'.) m<n)

(10:3) W, L (x)s 7 (xa)] ® Wi 7, (xa) + Wy; 7 (xa) = O
(Y= 1;2..0., pﬁ 2n)

and giving a fixed value to the expression

(10:4) 2/8[7(111).’2(1::)] + fxﬂ’z 17(13 13 ax.
Xy

In (10:4), 28[7(x1), 7 (xa)] 18 & quadratic form in the 2n argu-
ments 711(:&;), 7 4(xa). For brevity, derivatives of the quadratic
forms & and % with respect to the arguments 71(31)’ 71(35)
will be indicated by /.711, b7 1s’ };ln,.b/ 14 Pespectively.

This accessory minimum problem is considered under the
following hypotheses;

(I) The coefficients in (10s1), (10:2), (10:3) and (10:4)
are all real. The functions “’7."’2} s 07._'7‘/, ’ @“ ) continuous

and have continuous first derivatives, while the functions ©ny?

é“’li ’ 7('.. are continuous on x;xa. The matrices “ “"7;'7}" ,

I g9, sna) K(;;| axe symmotric and || §., 0 Ls of rank m at each

point on this interval. Moreover, the matrix of constants "1{,}; vl

has rank p., We also assume, as we may without loss of generality,

that the rows of this latter matrix are normed and mutually

orthogonal.
(II) The symmetric matrix

: 07‘:7} Qn:’
(1035) (1,j=L2,.-.,ns «,ﬁll,...,m)
Q“‘i} Oaﬁ
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is non-singular on Xx;Xg.
An arc 7 = [%4(x)) will be called differentially admissible

1f the functions 71(3) are ocontinuous and have piece-wise con-
tinuous derivatives, and satisfy equations (10:2) on x;xa. An

arc whose end values satisfy equations (10:3) will be called
terminally admissible. Finally, an arc which 1s both differentially

and terminally admissible will, for brevity, be called admissible.
(III). There exist p differentially admissible arcs

M4 = T4(x) (¥ = 1,2, ..., p) such that the determinant
|¥,['7,, (x1)» 7, (xa)]| L8 different from zero.

(Iv). The form 2 §[7 (x1),7 (xa)| 1s positive semi-definite

for all terminally admissible aros %, and for x on X;xg the guad-

ratic form '717{11‘71 is positive definite.

By defining

(10:6) QA(x, 7, 'Hp) = @ (x, 7, ') + Ja $. (%5 7')»

the Euler-Lagrange differential equations and transversality
conditions for the above defined acceasory minimum problem can be

written as

(1037) %x-ﬂ-;"'- ﬂ,h- 17(11‘73] Qq = 0,

a;i{f/fu (y1- A 4, (71- 07;(1!;)}'* 3;1{7/,-‘ (7] =2 A,(71 + ﬂi‘*;"

(1038) (r = 1,2) seey 2ne p))
-Y; ["](x;)f’((xn)] =0 (Y= 1,2, +ocr P )»

1
where 8, 2 (ar , n; J) are 2n=-p linearly independent solutions

3
of the equations

12 P
rj‘j*YYj gjao.



(133) A S8PECIAL BOUNDARY VALUE PROBLEM 31

Without any loss of generality we may assume that the solutions
a, are normed and mutually orthogonal. Consequently, the 2nx 2n
matrix
1 2
ij ij
1 [

[ a

r} Ty

is orthogonal and we have therefore

1 b3 1 1
8n8p * Yy Y, = Iyy0

‘;3*:-1 + Y, Y= Oy

(10:9) 2

s PR
e * Yy Yoo Ogu
s 2 t 2

8p38r1 * Ly Y= Ij9°

The non-singularity of the matrix (10:5) insures that the system
@.((x’.'l' ') =0, 07;(1:7:’2'1/‘)' ;1
has solutlons
74 = TMal=,8 ) Fam U (x07,8)

which are linear in the variables 7%,, (1 and with coefficients which
are continuous functions of x on X;Xq. Consequently, the differ-

ential equations (10:7) take the canonical form

7y =Ay Ry, + By gy
(10:10) g1 =Cyympy ~edyagy - AR (=)
The coefficients of (10:10) are continueus, the matrices I|£“|l ’
ll(oull are symmetric, and Ilcﬁnll has rank n -m on the interval
X3Xae. The boundary value problem consisting of (10:;10) and the
linear boundary conditions (10:8) has been shown to be self-adjoint
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((6),[6]) under the transformation matrix

015 Iy
-1,y Oy

The corresponding matrix 8 is therefore

Hyy Oy

() 0

13 1}

which is symmetric since the matrix |l7(“|| 1s symetric. Con-

ditiona (El) and (Hy) of the definition of definitely self-adjoint

problems are thus satisfied for the system (10310), (10:8).
Consider again the boundary conditions (10:8). By a

property of quadratic forms ([2), pp. 11-12) this system can be

written as

(#1200 = A8, ) 7, (3 = 0k Ty (xa)
(¥ 1alogd = X4 100} 7, (xa) + 83y g, (2a) = 0,

Y—y [’1 (x].)l ’l(xﬂ)] = 0 (Y=1,n-,p&r= 1,21-0-’2!1- p,o

+*
(10211)

It 1s seen that the above boundary conditions are of the same form
@8 those in the system (3:1) for the sets 7,, §,, but the matrices
M(A), N(A) are now 2n-dimensional. We will now transform these
boundary conditions to a more convenient form. Maltiply the matrix
of coefficienta of the equation (10:11) on the left by the non=
singular matrix

s AY (s W)
(10:12)

Oys Iy |

(r ,wv=l,2,...,psr,8=1,...,20n-p).
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In (10:12) 1t 18 to be understood that &/ [a,s W] 1s the bilinear
expression 4, (alV,; +4 4,la)W,:. Then we obtain for the
matrices M(\) and N(\ ) the following expreassions, in whioch it is
to be understood that 1, r, and ¥ are row indices and j, s, and v

are column indices, and the range of these indices are as indicated

previously.
Hie lad =AY lag) +AY lags VIV, -0
M( X) = ’
ij' orj
7-'/;,:[3,.] “A Y la] +2A N [ Yy]l’:j ‘;1
N(/\) = .
Wy O

The transformation (10:12) obviously does not change the homo-
geneous boundary conditions (10:11).

An application of equations (2:2) and (4:2) give us exe
pressions for P( A) and Q(X) aa followss

‘:1 : Oy
P(A) = »
¥, [a,) =A%, [a,] +2 Y [as WV Yy
-s31 Oy
QUA) = .
Molagd =AY la,) + X [ags V,1W,)5 Vi

With the help of equations (10:19) we ocan determine the
matrices M¥, ¥*, P*, Q* independent of Ain such a way that the
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matrices (2:1) are reciprocals, They can be chosen having the follow-

ing form
0, - Wy 0, v, Vf'
P’ = ’ Q. = ’
l:i - M,[Y‘] ‘:1 ")/u[wu]
1 ]
e Or “%r3 %y
M. = ’ N’ = 2
HOE) Lyl ¥alw) ¥j

A rather lengthy computation and use of equationa (10:9) yleld for
the matrix of coefficients (6:1) of the form Q for this special

problem the matrix

a:1/!1 lapia,) ‘:J 0 a.:,i/b[arusl ‘:3 0y
0y %1 %1 O
(10313) 2 N ° 2
oQq ¥ lapsagla, Oy sy Ylagiade,, 05y
0 013 04 044

where 4 lopiag) = % [agsa,] = apy ¥y, lag) + apadly le,].  The
matrix (10:13) 1s seen to be symmetrics that is, hypothesis (Ha)
of the definltion of definite self-adjointness is satisfied,

Corresponding to arbitrary valuea 7 4(x;), 721(3:;) the
equations

Nalx) = °r°;1 + d)fYr‘.‘
Na(xa) = epaly + dy ¥y

have the unique solution
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o, = ";1’11("1’ + apy 74(xa)s
AR B Rt B sy

In particular, for a terminally admissible arc the conatants d
are zero. For general sets %, (x:), F4(x), 74(xa)s 74(xa)
the form @ of (Hz) for this problem turns out to be the gquadratio
form 2.4/ with the corresponding arguments °r‘;1' crﬂ;,_. As
Y,j. ‘;j + '\;_fé ':j = 0 (Y= 1,000,038 P = 1,2,.0.,20=D),
hypothesis (IV) is seen to imply condition (Hy) for this boundary
value problem. Finally, the above hypothesis (III) may be shown
to be equivalent to the condition that there is no characteristic
solution 7 4 91 of this boundary value problem for which 74 ¥ 0
on xX;xg (see, for example Bliss [3], p. 48). Consequently
hypothesls (Ks) is also satisfied and the above defined accessory
boundary value problem has been shown to be definitely self-adjoint
according to the definition of Section 5.

The above hypotheses on the boundary value problem con-
sidered in this section are more special than those of Reid [6],
in that we have assumed the positiveness of the quadratic form
G[’z(a),)z(b)] and the positive definiteness of ‘71!{13 73 Om
the other hand, in another sense our conditions are weaker in that
we have only assumed the non-singularity of the matrix (1035),
whereas the hypotheses of Reid imply that wm} (x) 171 17“1 >0
for all sets (77y) ¥ (04) satisfying §‘7j (x)Tr.1 =0
(A =1, eoep m)s
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APPLICATIONS OF THE COVARIANT DERIVATIVE OF CARTAN
IN THE CALCULUS OF VARIATIONS

Introduction. The purpose of this paper is to express in
tensor form the criteria for a minimizing arc for a parametric
problem of the calculus of variations with fixed end-points. The
problem to be considered is in the n-dimensional space of points
7= (7, «ve» 7°) and in the form developed by Wren [81*. It 1s
thet of finding in a class of admissible arcs one which minimizes
an integral of the form

& t
I= L *teg(st, coor 7 Heees r“')]l/zdt = /t T‘[~‘3s(:7»:r')11/2dt.
by

1
the function g(y,y') being positively homogeneous of order two in
the variables y'.

For a tensor treatment of runction; vhich involve derivative
es 1t 1s desirable to have a definition of an absolute differential
and of related covariant derivatives. 8everal different covariant
derivatives have been suggested in the literature, notably those of
Ricci [1) for Riemannian spaces, and of Taylor (6], Berwald [7],
and Cartan [9] for Finsler spaces [4]. Of these that of Cartan has
been chosen for use in this paper since it includes the others as
special ceses and seems to be the most general.

In Section 1 a formulation of Wren's problem is given. The

condition is imposed that the integrand function (25)1/2 be greater

%
Numbers in square brackets refer to the bibliography at
the end of the paper.

(143) 1



2 STOKES: COVARIANT DERIVATIVE OF CARTAN (144)

than zero in a certain region R of yy'-space, but a proof is pre-
sented to show that this 1s not a real restriction, at least when
R is a restricted neighborhood of a given curve C.

In the next two sections the fundamental tensors to be
employed ere introduced and properties characterizing the absolute
differential of Cartan are given. These properties differ somewhat
from those which Cartan himself gave. He developed his differ=-
ential primarily for the study of Finsler spaces. In the present
paper the definltion is related more directly to problems of the
calculus of variations.

In Section 4 Wren's first variation and his Euler differ-
entlal equations have been transformed to a tensor form involving
Cartan's covariant derivative. There, as in Sections 6 and 7
where the second variation and the Jacobi differential equations
are discussed, the results agree with those of Householder [10]
for the variable end-point problem. Section 5 deals with the ine
variant properties of the Welerstrass E-function and the Legendre
quadratic form., In Section 8 we have found the transformation
formula for the determinant whose zeros determine the conjugate
points of the minimizing arc. Finally in Section 9 the tensor
properties of the derivatives of the Hamiltonian function are
presented, and the canonical differential equations are expressed
in terms of covariant derivatives.

Throughout the paper the summation convention of tensor
analysis has been freely used, namely, that in a product a re-

peated index indicates a summation. For example, ifiyi stands

for % fiyi.
i=1
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1, The integral function and its properties. We first

present a well-known form of the parametric problem of the calculus
of variations with fixed end-points. The integrand considered in
n-dimensional space 1s
(1:1) 1 =ft’r(y1, v T el y"')dtaft'r(y.y')at

ty ta
and the arcs C along which it is to be evaluated are defined by

functions of the form
(132) Yt(t) (t; $ t ﬁ tg} 1= l,...,n).

We suppose that there i1a a region R in the 2n-dimensional
space of points (y,y!) with the following propertiess
(a) y1'y¥1' # 0 at all points (y,y') in R,
(b) 1f (y,y') 13 in R then (y,ky') is also in R for every k > O,

(¢) £(y,y') satisfies the homogeneity relation f£(y,ky') = kf(y,y')
for every k > O end (y,y') in R,
{(d) £(y,y') haa continuous partial derivatives of at least the
fourth order in R,
(e) £(y,¥') > 0 for (y,y') in R,
(£) the matrix 11 3%£/2y1'2 W "1l 1s of rank n=1 for (y,y') in R.
This last requirement mekes the calculus of variations problem to
be considered non-singular in R,
All elements (y,y') interior to R will be termed admissible
elements. An arc defined by (1:2) will be sald to be regular if
the functions yl(t) possess continuous derivatives 7' not vanishing
simultaneously on the t-interval belonging to the arc. An admissible
arc is one whose elements (y,y') are admissible and which 1s con-
timious and made up of a finite number of regular sub-arcs on the

interval t,tg.
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The problem is that of finding in the class of admissible
arcs joining two given fixed points 1 and 2 in the n-dimensional
space of points y = (yl, seey Y®) one which minimizes the integral
(1:1).

We now transform this problem to the one studied by Wren
[8] by expressing the integrand in terms of the function g(y,y")
defined by the equation

2g(y,y") = £*(y,y"),

8o that the integral (1l:1l) becomes
(1:3) I= ft' (2(y,y1)1 2at,
t
The function g(y,y') will possess in R all the properties of
£(y,y') with the exception that (c) and (f) are now, respectively,
equivalent to
(c*) g(y,ky') = X®g(y,y') for every k > O,
(£1) 1 3g/ 371 933'1 # 0 1n R,
The last statement can be verified easily by means of the defini-
tion of g(y,y'), the homogeneity property of f£(y,y'), and welle
known matrix theory.
We list here some of the consequences of property (o!)

which will be of use in the study which follows (8, p. 168]:

8171' = 2g, &Jk’k' = 0,
(1:4) 2373 = e1s siyky“ = 2
81171'7‘1' = 28 gijykyj' = 8 vk

where

8 = g/ ¥, Y ag/ oyt' ayd', gyk-ag/iyk.
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Thege notations will be used throughout the paper.

The condition (e) that £(y,y') > O in R is not a real re-
striction upon the nature of the calculus of variations problem
described ebove, at least when the region R is a restricted neigh-
borhood of a given curve C of class c'[2, p. 13]. For suppose
£(y,y') not always positive on the arc C but that R and f other=
wise satisfy the conditions (a) - (f). As will be shown below,
there exists a function }" (y), having continuous fifth derivatives,
whose derivative d //dt will be positive along the given arc C and
in a restricted neighborhood of the elements (y,y') on C. The
integrand f(y,y') may then be replaced in the integral I of
equation (1:1) by F(y,y') = £(y,y') + k®a /at, which for a suf=-
ficiently large value of k will be positive along C since ar/at
18 positive on C. This function F(y,y') satisfies all the proper=-
ties (a) - (f£) in a neighborhood R of the elements (y,y') on Cy
as one mey readily verify. Moreover, such a change of integrand
function does not affect the extremals for I, since the Euler
differential equations are identically zero for a derivative funce-
tion d ¥/dtl2, p. 1831,

We now proceed to prove the existence of the function ¥ (y).
Suppose that the arc C joining the points 1 and 2 1s defined by
functions

71(?) (L = 1,,00,n)

of olass CV, where '§ is the length of arc measured along C from
the point 1. Suppose further that C does not intersect itself be-
tween the points 1 and 2 which correspond to ¥ = 0 and '; = %a
respectively., The derivatives y’-'(f) are the components of the

vector tangent to C. Let



6 STOKES: COVARIANT DERIVATIVE OF CARTAN (148)

v;‘(‘f). coes v,i,-,(ﬁ) (L =1, «eop n)

be the components of class cY of n=1 vectors which with the tan-
gent vector form a set of n mutually orthogonal vectors at the

point ¥ on the curve, so that the determinant

#5) w3 .. v L(¥)
(1:5) LX) see soe cee

FHE) MHF) eee pealR)
is different from zero on the arc C. The equations
(1:6) SR a0 I LS 3 B R

define a transformation of coordinates from (yl, ooy yn) to
(f s ...,‘Sn_x). It is apparent that to every set (ﬁ,‘S)
there corresponds one set (y).

Let us consider the solution of these equations for ? and
the {1'3 in terms of the y"'l. We know that there is one set of

solutiona

()‘1’ evey 7“0.;3‘511 oo-s‘jn-g) = [Yl(f). seey 71‘(?): 305 «eey O]

belonging to the arc C. Moreover, no two distinoct solutiona of
this set can have the same projection in the y-space, since by
hypothesis the ocurve Adoces not intersect itself. In addition, the
fact that the functional determinant of equations (1:6) with respect
to ? , Tf,. eees T po, 18 different from zero on the solutions
given above follows from the non-vanishing of the determinant (1:5)
Therefore, by impliocit function theory [3, pp. 8-11] the equations
(1:6) have unique solutiona in a restrioted neighborhood of the

curve C and we may write



(149) FUNDAMENTAL TENSORS 7

Fa Pt e T = PU)
(1:7)
51 = W1(710 XXX yn, (1 = 1,---“"1):
These functions will be of class at least cv 1f the arc C is of
class CY,

Now in the F§,¥ space, the curve C becomes the segment
0fa on the § -axls, and we know that along this segment § 1t-
self increases monotonically from O to § ae Therefore fﬂ(y) is
a function whose derivative is positive along C and, by continuity,

at least in a small neighborhood of the elements (y,y') on C.

2. Fundamental tensors. The type of transformation of

coordinates which 1s to be considered in this paper is defined by

equations

(231) .il = ?’(yl, CXXY¥] 'yn, (1 = 1' xXxY) n)

where y = (?1, eees T®) 18 the set of new coordinates. It is
supposed that the equations (2:1) are of olass ¢’ in the projec-
tion 8 in y-space of the region R, and that they define with equa=-

tions
(2:2) F' = ykloFl/oyk

a one to one correspondence between the region R and a region R
of points (¥,7'). Furthermore we assume that the determinant
la?"/ay“l is different from zero in R. According to well-known
implicit function theory the inverse of the transformation (2:1),

namely,

yi = yi(?, e T (=1, .o, n)
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18 then also of class C' in K.
Sets of values Yi, Y1 associated with the point y whioh
are transformed into seta T‘, ?i at the point ¥ by the transfor-

mations
(2:3) - vkaP/ o, 7, = v, 27/0F

are called, respectively, contravariant and covariant tensors of
rank one. It follows readily by differentiating (2:1) that the
derivatives yi' associated with a curve yi(t) satisfy (2:2) and
are the components of a contravarliant tensor.

We assume that the function g(y,y') is an invariant so that
by definition

E(?r?') = g(y,y').

It then follows by differentiating this equation that 8> 315’
and Sijk are the components of covariant tensors of ranks one,
two, and three, respectively. We define gij to be the element
oorresponding to sij in the reciprocal of the determinant Igljl,
so that g'lg, = Skj where Sk“ 1s 11f j =k and 0 if j # k.
Then gij is also a tensor of rank 2 [5, p. 431, The tensors 813
and gij are often used for lowering and raising indices. The
tensors £ 1 and 11 = gijfj are called corresponding contravariant
and covariant tensors,

We call attention to the fact that gyk is not a tensor,

as 13 seen from the formula

B ™ syraw’/a?‘ +g,97"" /o5«
=80 T/oTE + g (%58 /3T oTh)y " o/ 0 v .
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As usual we define the length of a vector of components
¥l to ve (ginth)l/z. and the cosine of the angle @ between the

vectors of components Y and XJ to bve
cos © = guxixil(gmxhx“)l/ 2 (gt 2,

From the definition of vector length just given it follows that

the numbers
(2:4) Yi 1, y11/(gkjyklyjl)1/2 - y1!/(28,1/2

are the components of & contravariant unit vector in the direction

defined by the yi', and that the numbers
(2:5) L, = gy 73" /gy PN = g, /(20) 2
s 3 31JY &y = 8 g
are the components of the corresponding covariant vector. Moreover

g e, = gy yvt'yi'/ee = 1

3. The absolute differential of Cartan. The following

postulates, somewhat different from those of Cartan [9, p. 10],
are sufficient to define his absolute differential for which the
symbol D will be used below,

(A) The absolute differential of an invariant is the
ordinary differential.

(B) DY! 18 a function of the variables y, y', dy, dy', ¥,
dY, linear in Y and 4Y so that

p(oyl) = cpyi, p(x} + z4) = oy' + Dz,
From this property it follows that the elements DYl have the form

et = av®+ cyyk,
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(G) nxi has similar properties relative to X; and dxl, 80

that

k
uxi = L1 dxk + fok.
(D) For all outer and inner products of tensors the usual

distributive law of the calculus holds, for example
1
p(x,¥!) = xyor* + vimx,.

It vl 13 the tensor whose components in y-space are 2 ; for a
fixed j, 1t follows from the fact that D(X;¥!) = a(X,¥!) that the

matrices L? and Mi are the identlity matrices and the equations

Xy = %y = CyXy»
D!1=dY1+Ct¥k

are valid,.
(E) The elements of DYi are polynomlals in dy1 and dyi' ad
are linear and homogeneous of order one in these arguments. It

then follows that we may write

1_ 1 k 1 1 '
ort = art + YT av® + 6,50,
(3:1) . .
1)
X, = axy + xk(T"i hdyh + Gy hdyh ).
(F) Ginin 1s constant when DY} = pz! = 0.

(@) ¢C C

1jh T Vin*
From the property (F) it follows that

d(gijyizd) = Yizjdgij + gijzidyi + gijyidzj =0

when DYl = p2d = 0, so that from (3:1)
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dsij = (rijh + T'jih)dyh + (Cijh + leh)dyh',
and hence
Bayyh= T g *+ Typn
(3:2)

Then from property (G) we have

(3:3) Cn = % 61y

and therefore cijh is symmetric in all three indices.
It follows now from equations (l:4) that Cijhyi' = 0 and

hence from (3:1) that Dy'' takes the form
(3:4) pyt' = agt! + yk'r'kihdyh.

With the ald of this equation the equations (3:1) may be written

in the form

oyt = av! + YX(T *kihdyh + Ckihmh'),

(3:5)
m, = ax, - xk(r'ikhdyh + ¢, o),
where
. L' - k ek T
(3:6) T ih ri h ci rym'rm n'

The final property assumed for the absolute differential is

the further symmetry property

*1 # 1
(H) kh“? h k°
From these postulates we may find, with Cartan [9, pp. 14-

16], the following values of the coefficlents T anal #
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Tem = fign * O 207/033" - 04 207/2 ',
(3:7)*
T kin = Nejn* Cenp 267/ 253" = Oy, 207/2 P =Gy d 6¥/0 ',

where

- 2
Tegn = (Byggn + Bk skhyj)/ ’
'
= - 2.
Gy (smyky" gm)/
As we shall see later, the Euler dirrerential equations of Wren
take the form
- j“ <+ j' - 0.
dg;/at = g1 = 847" + 8 g7 &1 =
By means of the value of G, glven above these equations become
gijyj. + a}i = O,
which, upon contraction with gik, are seen to be equivalent to

¥ + 20% = 0.

We also make note of Cartan's equation X [9, p. 16] which

will be of use to us later
(3:8) ,h'rhij = 3al/ayi,

The firat member of this equation is equal to yh'T";ij, as may
readlly be verified by means of the relations (1:4),

A most important result of the above definition ia the
fact that the absolute differential of a covariant or of a contra.
variant tensor 1s itself a tensor of the same kind, This can be
shown by a transformation of coordinates of the kind described in

Section 2, The proof is too long to be repfoduced here in detail,
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8o that we shall give only the main steps in the argument,
Suppose that a bar over a function indicates that the
arguments are y and y'. We wish to prove that T¥ = py"oR/a ¢y~ .

Let us consider the laws of transformation of the elements of

i 1 '
(3:9) B = o+ P(T a7 + T ).
Differentiating the expression for Y" in equation (2:3) we find
that
(3:10) a = v oF/o v + YV ayP 3"/ a 57 357 .

Since §h' is a contravariant tensor, d?" transforms by the same
formula (3:¢10). The coefficient Ekih is a mixed tensor since it

i1s the inner product of the tensor gij by the tensor ckjh’ and

d?h i3 also a tensor. Furthermore we find after a somewhat extend=-

ed computation that the elements of T;kih transform as follows:
T, = (W2)le, . y<'oyP/a T
+ 8y YT/ ITNIT/I37NITTIT) - g7/ 5T,
Cned T/2F" = ¢, (267257053 F 1By /aF)(3y"/9F)

+C .m,(ay"/a?‘)tay"/aihuay“'/a ),

(3:11) - -
e = v » OV 705/ 7000 v/ 37

+ 8, (2777073 % /aFaT)

+ c“,’[(ay“/a?‘)(a /27337 /0T
+ (A5¥7a7(ay" /oFH(2y/o )

= (dy/o T2y /a7 (3570 7M.
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Then an application of these equations (33:1l) and the statements
preceding them to the first of equations (3:7) shows that

[l =T (05 /a79(0 57/ 22 7/ 331+ (%572 T9FN 07 /o9
3:12) -
( + 0,5 Q¥ /Iy aTI TR/ 957).

Finally, with the aid of the above laws of transformation, we see
that

B = (aF/0 st + v (T & + 0 a4y,

which proves the tensor property. By these same formulas it also
follows that le1 is a covariant tensor.,

The definition of the absolute differential can be extende
ed 30 that 1t will apply to tensors of higher order than the first.-
In order to make this extension let us first consider the special

covariant tensor I 13 = xixj. Then by postulate (D) and equations
(3:1) we have

DT j = xian + anxi,
k k _n
=Xary Y - 4Tt - x5 ey
- k ' k '
(3:13) X340y hdyh 3% Cy hdyh
k '
TN hdyh .
Tnis will be taken as the definition of DTij for an arbitrary
tensor Tij' It can readily be shown to be itself a covariant

tensor of the second rank. In the same way we find that if

73 = x¥) then
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or,d - ar,d - 'rkj r'lkhdrh + Tik T"k'jh ag?
and for a tensor T1J
prid = arld 4 ik I‘k-’h ap? + I L agh

(3:14)
+ oo d aght + aflot e,

Proceeding in this way we may find the form for the absolute dif-

ferential of any tensor T'l"';e and the result will be a tensor
Tyeee ™

of the same kind.

An immediate result of equations (3:2) and (3:13) is that

(3:15) Dgij =0

1] st
and similarly, with the aid of the equation g Bﬁk =0y,
(3:186) pgld = o.

4. The first variation and the Euler differential equations,

In constructing the first and second variations Wren [8, p. 168]

considers the one-parameter family of curves
(4:1)  yl(t,a) = yi(t) +anl(t) (5, StStasi=1, ..., n),

where the r7i(t) are a set of admisaible variations satisfying the

conditions

n1(t) of class D' for t, S t S ta,

7t (ty) =ni(ta) = 0.

The family contains the curve C defined by functions (1:2) when

a = 0. The 7 1 are the components of a contravariant tensor since



16 8TOKES8: COVARIANT DERIVATIVE OF CARTAN (158)

nt = a0yt(t,a))/34, 3F/3a= (3F/0y)(ayV20)
and hence
nte) = N aR/a5".
The first variation as found by Wren 1is
ta ' -1/2
4:2) 11(0) =/ ( 1, 1')(2g)=1/ 24,
( 6 g ?) &N

8ince the derivative of an invariant is an invariant, it is clear
that the integrand function, which is the partial derivative of
(23)1/2 with respect to a, 1s an invariant. However, we may ex-
press this integrand in terms of tensors in such a way that from
its very form 1ts invariance 1s at once apparent. This we proceed
to do,

With the ald of the homogeneity relations (1:4) the ex-

pression for T* in equation (3:7) provides the relationship

hmi
. tomt ¥

(4’5) yh 7m r' i = 83'1.

Now 1f in the integrand function we substitute this expression for

Byi together with the expression for n 1' found in the equation
i it kp# 1 ' k. 1 '
Dy /dt=l) +n rkh +q0thyh/dt
we find that
1 b 1_hips 1 i
BaN" *+ &N =3“yhr'hm'7 + g Dn*/at
kr#* 1 k
“en T - g oty /at.

By means of equations (1:4), (3:3) and property (H) we derive the
relationships
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“« 1
&,_V)kr B L. ymtyhlrimn k’
(4:4)
gtckih = 7' Oy, = O
Subatituting from the last three equations in (4:2) and using
relation (2:5) we deduce easily

THEOREM 4:1. The integral

t
I(a) = / * [2g(y + an, y' + an')lllzdt

17

has for its first derivative at a = O the form

——

ta
(435) 1'(0) =/ £,(pnt/at)at
179

— —— — ——  S—

gent to the curve C.
The Euler equations of Wren are [8, p. 169]

(8:6) By @ algy (20721 /et - ga(20) V2 m 0 (121, . m),
or when the parameter is so speclalized that (23)1/2 =1

dg/dt - gy = 0 (1=1, ..., n).

Taking the absolute derivative of gi(zg)'l/z - li with respect to

t we have, from equations (3:5) and (4:4),
«k [
D2,/db = aly/at - £, T* 5 S,

This together with equation (4:3) gives
THEOREM 4:2. The Euler differential equations

P, = algy (20)"1/2) /at - 82872 1 o t=1, .., n)

for the integral I, equation (113), are identiqal with the equations



18 8TOKES: COVARIANT DERIVATIVE OF CARTAN (160)

(417) p4,/dt =0 (1=1, «o0p n)

and hence the P, are the components of a covariant tensor.

There is a second form for the Py displayed by Wren
18, p. 171l, namely,

(4:8) Py ™ (2884 - 3153143(23)'3/2
where

@t = "+ (ska) g3y,

This form, though different in appearance, is exactly the same as
D‘li/at, as we shall now show. Wren's symbol {jk,;} has the same
value as our )’Jlk’ and when T1*Jikyj'yk' is found from equation
(3:7) 1t 18 seen to be just jikyi'yk'. Hence equation(3:4)
shows that

(4:9) @) = nyd'/at.

By means of equation (2:5) and postulate (A) it 1s readily verified
that

(4:10) D4,/at = (28)"Y/?pg, fat - g, (28)"3/2ag/at.
But from equations (1:4) 2g = gjyﬁ' and hence
2dg/dt = gyDyd'/at + yl'Dg,/at.

Moreover, since by (1:4) g = gijyj', it follows with the ald of
equation (3:16) that

Dgy/at = g, 4Py3'/as.

Substituting these last two results in equatlion (4:10) we see that
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D£,/dt = (2ggyy - sisj)(zs)"’/zvyi'/dt

which by equation (4:9) is the same as (4:8).
We note here for future use the fact that equations (4:7)

are equivalent to
(4:11) pli/at = 0
since £, = gijlj and Dg, ,/at = o.

5. The Welerstrass E-function and Legendre's quadratic

form. The E-function and the quadratic form as given by Wren

{8, p. 174] are

(5:1) E(y,3',¥') = [2g(y,y")]1Y/2 - [si(y,y')Yi'][23(y.y')]'1/2.

US>y F) = 815(3y") Y 1 ?3[25(1,:7')]“1/2

(5:2)
- gy (1, y) % 1" [2a(y,5)1 %2,

The Welerstrass E-function is evidently an invarisnt if the n'
are the components of a contravariant tensor and they may be so
taken since they define a direction. The § 14n Wy, %) are

variations like the » i

and hence may also be considered as the
components of a contravariant tensor. We state the result as
THEOREM 5:1. The functions E(y,y',Y') and Q(Y:Y':f ) de-

fined by equations (5:1) and (5:2) are invariants when the functions

¥i' ang g,i are the components of contravariant tensors of rank one.

6. The second variation. According to Wren [8, p. 169)

the second variation has the form

t
1%(0) = j; "lew(2g)"Y/2. (Syj.’)i + g1 1) (28)"% 21 at
1
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where

B 3

(6:1) 2w-gy,_yj~)1-») +2g1yjr,1'n1+s“r)i'*) .

Along an extremal where equations (4:6) are satisfled I*(0)
becomes
ta ® -
(6:2) 1%0) = [ (2w - (£,53)'")(20)" M 2ax.
t)

We now propose to reduce the expression for 2« to one in-
volviné tensors so that, as is the case with (21171)', ita invariance
will be at once obvious from its form. The first step in the
somewhat long reduction will be that of replacing the ?) 1' where
they occur in 2 W by expressions obtained for them by means of the

equations
Dyl/at = nt' 4 o KT L' & nko o' /as,

Now along an extremal arc E,s where Dﬁh/dt = 0, the last term

drops out since then
D 28/at = D[y2" (26)"1/2) /at = (Dyb'/at) (2g) "1 2+ B a(2g)*}/%/at = 0

in which we have used the fact that the absolute derivative of an
invariant 1s equal to the ordinary derivative. Hence by (3:3) and
the homogeneity property (1:4) it follows from the last equation
that along an extremal ckihDyh'/dt = 0 and we may write

(6:3) Dyni/ac = ni' 4 nETHL
Substituting the value of 7 ' from this equation in (6:11) we obtain
2w= 171 771[5,1’1 - ngyjr’ikhyh' +; gh‘r*irhr‘.kayh'ym']
(6:4) + 2(0n1/at) nd(gy gy - gyl %y ™"
+ 8 y(Dni/at) (D7 d/av),
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where the last term i1s an invariant and will be retained in its
present form in the final result.

Our next step is to replace the term in (D»,i/dt)ﬁ 3 by a
derivative of a term with respect to t plus terms in 7 1’75. An
expression for 8113 in terms of the functions T1* can be deduced
from (3:2) multiplied by yl' and summed, (3:5), (3:3), end (1:4).

The value so obtained is

(6:5) Siyj = Ym'(r.mij + r‘im")o

It followas from this, because by postulate (H) Tﬂ.ﬁij = Tﬂ’jim'

and from (6:3) that the second row in the expression (6:4) divided
by (Zg)l/2 has the value

2(Dn/at)n I T (20)71/2

= 2yt dm' T (2g)"Y2 4 2nkadgn! T4 T8 " (20712

= aly by ' T, (2607221 fat = 0 L ALy ¥, (280221 /a
s 2y ko diT e 8L S o)1/,

If we insert this expression for the second row in (6:4) and modify
the notation for the quadratic form in % 17mJ so that 1ts coef-
ficlents are symmetric, then (6:4) divided by (2g)1/2 takes the
form indicated in the following theorem:

THEGREM 6:1. The quadratic form 2 (2g)">/% 1n the inte-

grand function of the second variation may be written in the form

20 (2g)°1/2 = [siJ(D*)i/dt)(Db I/at) - ninJR“](Eg)"*/z

(6:86)
+aly 10 3y T (20) 722 fa

where
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Rij = g-yiyj - gkyj T"ikhyh' - gk-yﬂ, r.th?h'
(6:7) + y""r'.kar"ikh ‘s y'"'r"m]".jkhwh'
+ lerﬁjmk]n’ikh LI (28)1/2'1[3“' T",_mj(ae)'l/zlldt

8 & tensor.

—

The proof has already been made except for the statement
that R,_j is a tensor. In order to prove this we show first that
the last term in (6:6) is an invariant. Since yi(t,a) = y"(t)

+ ao)i(t) we see that

gx(Dnk/da) = gy [9¥/ 2 a+n1T"1'J( 2yi/2a)+ nlcikj(a W'/ 4))
= ﬁlym'r”imj') 3

the last value being due to the fact that dn¥K/2a = 0 and y‘n'cmj- 0.

Hence the last term in (6:6) is an invariant, and as a result

L} 1nJR” is also. To prove that Rij is a tensor we apply a trans=-
formation (2:1) and find

715k g = 778 Ry
=550y )85/ oFR 4p

This is an identlty for arbitrary elements 7 1 and hence, because

of the symmetry of R“,

Rij= Ryg(357/0F)a3707F))

which shows that Rij is a covariant tensor of rank two, This
concludes the proof of the theorem.
As a corollary to Theorem (6:1) we have

THEOREM 632. The second variation

10 = [Plew - (2414120 V/2as
3
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may be written in the form

ta
1%(0) -/; [s“(nni/dt)(nq-’/dt)
b 8
(o) = nindrgy = (£ %) ") (26)" 1 2as,

This follows at once from (6:2) and (6:6) because

o

ft'[d(r; 1'4Jy"'[‘*mj(zg)'l/z)/dt]dt- n iy r‘" 8 )"1/2
ty
since 1 1(4) = ni(ty) = 0.

It i1s interesting to note that-the tensor Ryy 1s closely
related to the tensor Ehimj of Cartan [9, p. 36, XIX]. In order to
show thls we shall express the elements of le in (637) in terms
of the functions | ¥ and their derivatives so that the relationship

will be apparent. Let us first consider the derivative
aly™' T, (28)"1/2]/dt
(6:0) = T"*imjd[y“"(zg)"l/zl/dt + ' (20) MROT, /0305
+ (2 T"imj/a Yr')’r‘] .

Now along the extremal arc E;q we have Dﬂm/dt = 0, Therefore from

(2:4), (3:5), and (1:4) 1t follows that
alyn' (2g)"+/2) /at = -7k B b (2g)"1/2,
and after expanding the left hand member
Fo"(26)"1/2 = pk! B g (2g)=1/2 L gutg(og)=1/2/gs,

When we substitute from these last two equations the equation (639)

becomes
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ALy T % (28) -2/2) /at
(6:10) = (2g)°12[-migh' e KT 4 L A CIRANYZR o)
- P ET /2 (3 670 ')

Af we make use of (3:8) and the homogeneity of order zero of Tﬂ‘;mj
which follows from (3:7).

Bmploying (6:10), (6:5), and the result of differentiating
(4:3) with respect to yi we are now able to rewrite the expression

for Rij in (6:7) as

P AT /ayd - 9T/ IT & Ty /9 713 %/0 ')

(6:11) . *k * ek
- mkjr intT 1] mhl*

Agein applying (6:5) we see that

1, T »
AL (T gy + T )}/ 9 = g g
and therefore the first term in (6:11) has the value

P @TY L /93) = it /97
(6:12)
= -ym'yh'(ar.mih/a yd) + ginyh'f"-
8imilarly the second term in (6:11) is

(6:13) w'yh'(ar*ihj/a ™) = - P'P'G T*y/27 + g yiyad™ .

To modify the third term in (6:11) we differentiate (6:5) with
respect to y'' and apply (3:8), then (3:6) and (3:2) so that we
have

(6:14) 3R'(AT™",) /35") = 20y, (9 /D3y - PIETY, /0 5.
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Furthermore it can be verified by a differentiation with respect
to y°' of the T™*  as found in equation (3:7) that

AT %0/ 07" = (1/2) @y pm + Bamrgh = Bypt) + Oy (2 6/35H)
- Opy (2 O/0 ') = Cypy (9 6K/0 )
+ Opy( 270K/ 274 o y™) - oy ( 2%/ ooy
- Cyp(3%6/a B ay").

Now when we multiply by ym'yh' and add and use the homogeneity of
order minus one of Cyp4), this last equation gives us

(6315) PR ET* /07" = 20y (30k/ )P

Finally by means of equationa (6:12) to (6:15) we obtain in place
of (6111)

Ryy = g’y BT, /078 = (37%/ 3571 (367/a51")
AT y/2 ® + BTy /37" ) (96 /0 ")
T T T T

A comparison of this expression with Cartan's equation XIX [9, p. 36]
and a use of equations (3:3) and (l:4) give us the following theorem:
THEOREM 633, The tensor Ryy of equation (6317) when

evaluated along an extremal arc Bys 1s exactly

7' Rrymg = = (28R40

where Ryqpg is Cartan's tensor given by the formula
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Rutng = P /273 = (OT% /09" ) (360 3)") <oT™, /o
+ T8, /o5 (9% aym) s T4 T8 % ThE
+ 0y [0%67/2 @3] - 3%07/5 31y <(3 ¥ o mayk) (I6k /oyl
+ (3 %%/ aydloyk) (2 ak/o y')]

and Ryyoq i £R0 MRygpye

7. The Jacobi differential equations. In considering the

Jacobl differential equations we suppose, as does Wren [8, p. 175],
that the parameter t 1s so specialized that (23)1/2 = 1, The

second variation of equation (6:8) then takes the form
ta

(731) 1I"(0) = [t [s“(Dnl/dt)(D')J/dt) - nininu - (sini)'.]dtju
1

since from equation (2:5) ji 1s now the same as g, Introducing

the notation

2{l = gy4(Dnt/at)(DnI/at) - ntmlnyy,
We see from equation (6:6) that
(732) 2w =2f)+a(nt 71,1“'1'"1”1)/“.

8ince the Buler differential equations are identically zero when
the integrand funotion 1s a derivative, it follows that the Euler
differential equations for I"(0) in the form (7:1) are exactly the

same as the equations
Ji(n) = dw,)j,'/dt - U)ni - (81'73)'81 =0

given by Wren (8, p. 176].
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With the aid of equation (7:2) and the statement at the
end of the last paragraph it i1s clear that

(7:3) Iy(n) = dﬂ;'i-/dt - ﬂni - gi(gml)w = 0,

It can be easily verified by means of the definition ofﬂ and the
equation (6:3) that

{2 4\ = &yy(Dni/as),
i 3

(7:4) .
_Q,’,. = ' 7Y (o0 d/an) - Ry, 3

Obvioualyf% 41 1s a covariant tensor of rank one and we may take
i1ts covariant derivative. Using (3:5) and the fact that along an
extremal with the parameter so chosen that (23)1-/2 =1

pLY/at = pylt/at = O,
we may write
Dfl",_./dt = df%,../dt "n'nk'r*:.kh ',

By means of postulate (D) and equations (3:18) and (7:4) it follows
from the last equation that

(7‘5) d'q’i'/dt = gijD. n j/dt. + T"*“hyh'D?)j/dt.

Substituting from (7:5) and (7:4) in (7:3) we find the following
result:

THECREM 7:1, [The first members of the Jacobi equations of

the problem of the caloulus of variations in the form proposed by

Wren are the elements of the tensor
(7:8) Tg(7) = gy d/at” + Rygnd - 81(83’)")'.

These equations satisfy along an extremal arc the relation
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y1'7,(n ) = 0 end are not independent, as Wren has shown [8,p. 179,

Wren has also shown [8, pp. 176-7] that all the solutions of the

equations Jy(7 ) = O satisfying the orthogonality condition g » a0

are solutions of the equations of Wren [8, p. 177]

K(n)=dw 1/t = «)y =0

with initial conditions g nl = (ggn1)' = 0 at t,. The funotions

K;(n ) sre the elements of the tensor

K(n) = g 0" nd/at® + By ynd.

8. The determinant A (t,t,). The determinant A (t,t,)
whose zeros determine the points 3 conjugate to the initial point
1 on the extremal are E;3; has in Wren's notation [8, p. 184] the

form

wtk(t)  wik(g) $'e) o
(t:tl) = 1

wt)  vEe) 0 i(t)
in which the matrices (u“‘), (vlK) consist of n=1 columns of
solutions of the equations Es(/) ) = O. As Wren notes [8, p. 181]
the colurns may be made into orthogonal eolutions [8, p. 174] of
Ji(r; ) = 0 by subtracting from each suitable multiples of the last
two columns. These orthogonal solutions of the Jacobi equations

are functions which will be denoted by
Y):"(t) (131..--,:11 P=1l,e0052n = 2),

8ince, as equation (7:6) shows, the left-hand members of the

Jacobi equations are the components of a covariant tensor, it
follows that 1f n 1, r fixed, 1s a solution of J3(7) =0, its
transform % § =N %3?‘/371 1s a solution of the transformed
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equation J'k(:,) = 0, We rewrite & (t,t,) in the form

) '(e) 0

(8:1)
ni(t) 0 7ty

If a transformation of variables (2:1) is made with 7 :-q;a?‘/ayi
and F&' = y1' 07/ ayl, the transform A (t,t;) of the determinant

(8:1) becomes
ntav/oy  ov/od 0
(niav/avh), o F*'aFov,

where the parentheses with a subscript 1 indicate that the quantity
inside 18 to be evaluated at t = t;. It can easlly be seen that
A (tyty) 18 the product of the determinant

o7/ v 0
0 (27234

(8:2)

by the determinant (8:1). When the determinant (8:2) 1s evaluated
by the Laplace expansion we have the following result:
THEOREM 7:1. The determinant A (t,t,) whose zeros deter-

mine the points 3 gonjugate to the initial point 1 on the extremal

arc Eyg transforms by the law

B(tsty) = IFHVNEEN B (6t)

where J(J,y) is the Jacobian of the transformation J = F(y).

Consequently the transforms of the conjugate points for the problem

in terms of the original variables v are conjugate points for the

problem in the trensformed yariables T.
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9. The canonical differential equations. For the discus-

sion of the Hamilton-Jacobi theory Wren [8, p. 186] replaces the
original variables yi, yi' by canonical varigbles yi, 24 in which
the z4 are defined for the region R by the equations

(821) Z; = g (¥,5').

Since !gijl ¥ O these equations are solvable, at least locally, for
the yl' as funotions of yl ana %, 80 that

(8:2) ' = pl(y,2).
The Hamilton funotion may be defined to be
(8:3) H(y,2) = [2s(ml')]1/2-

This differs unessentially from Wren's definition. His function
is this one minus unity. According to his formula [8, p. 187]

(834) Hyi = - Syi(y'P)/Ho Hzi = Pi(le)/H-

The canonical differential equations are then [8, p. 188]
(8:8) ' - Hy (7,2) =0, 2 + Beg(y,2) = 0, H(y,z) = 1.

It 1s evident from equations (8:1) and (8:2) that z; and
Pl are the components, respectively, of a covariant and a contra-
variant tensor of rank one. Hence from (8:4) the Hz, are the
components of a contravariant unit tensor. As a result the left-
hand members of the first set of equations (8:5) are the components
of a contravariant tensor of rank one. A similar statement ocannot
be made lmmediately for the second set, since neither the zi(t)
nor the Hyi are themselves the components of a tensor, However,

their sum 1s a covariant tensor, as will now be shown.
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In order to see this we form the absolute derivative
Dz,/dt, the fundamental function being g = g(y,P). We have from
equation (3:5)

(826)  Dey/at = azy/at - 5 %K ay/av - 20, K DP/ac.

But since 2, = (y,P) it follows from (4:4) that ’kcj.kh = 0,
Moreover, with P in place of y‘-' in the function g, we see from
(1:4) that 3, = rkj, and hence equation (8:6) becomes

(8s7) Dsy/at = az,/av - BITY, PR

When equations (3:7) are multiplied by PJ and P and summed 1t

follows from the homogeneity properties (1:4) that
(818) Dz /dt = dzy/at - g4 (3,P).

Hence we have the results

THEOREM 8:1. The left-hand members of the 2n+1 canoniocal

differential equations (8:5) of Wren may be expressed in the form

W' -By(me),  Dafat, H(y,2) ® [2g(y,P)] /2,

The first two sets of n functions are the components, respectively,

of a contravariant and & covariant tensor. The last function,

E(y,2z), i3 an invariant.
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INVARIANT MULTIPLE INTEGRALS IN THE CALCULUS OF VARIATIONS

Introductione The calculus of veriations problem with
which we are concerned is that of minimizing a multiple integral
of the form

2
/;f(t;, eeey tml X 5 ecey xn' x:, see %)dtz ece dtm

in a class of admissible n-dimensional spaces x = x(t), for each
of which the integral has a well defined value, and all of which
pass through a fixed (ne l)=dimensional bounding space L in txe
space. In this integral xi denotes the unknown function x"(t)
and xi atends for the partial derivative of x with respect to tg,
while A is the region of integration in tespace.

The theory of fields and their associated invariant intee
grals for multiple integral problems have been studied from dife
ferent points of view by Bliss (I)l, Caratheodory (II) and Weyl
(III). In the paper by Bliss referred to here, he restricts him=-
self to double integral problems but, more recently, he has given
a general definition of a field for the problem here studied. Dr.
M. F. Seiley, while studying under Professor Bliss, obtained a set
of conditions which every integrand of an invariant integral muat
satisfy, In this paper we show, by & method analogous to that
used by Bliss (I), that these same conditions on the integrand are

J'Romn mumerals in parenthesis refer to the bibliography
at the end of the paper.

(179) =le
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sufficient to make an integral invariant. We then make a study

of fields having associated with them invariant integrals of this
general type. 8olutlions of certaln systems of partial differential
equations which arise in this study are found by a method suggest-
ed by Hestenes.

In the first section of this paper we formulate the problem
in detall, express the Euler and Welerstrass necessary conditions,
define a field and show what would be needed to make a sufficiency
proof for minimizing the above integral. In the second section we
give neocessary and suffioclent conditions for the value of an ine-
tegral of the above type to depend only on the bounding space of
the class of admissible spaces under conslideration.

It is well known that when n = m = 1 every family of ex-
tremals which simply covers a region F in tx-space defines a
unique field over F¢ When n > m = 1 a famlly of extremals may
aimply cover a region F without defining a field. However, if
such a family defines a field over F, it is unique. In 8ectioms3
and 4 below, it is shown that when m > 1 every family of extremals,
with suitable analytic properties, which simply covers a region
P defines a field over F. This field is unique only in case n = 1,
The form of every invariant integral determined by a family of ex=
tremals of this type is also given. When m > 1, n > 1 the most
general invariant integral associated with a field is expreassed
in terms of solutions of systems of linear partial differential
equations of the first order. Solutions of these equations are
given in the final section. The above results are first obtained
by spsclalizing the coordinates in the manner described in S8ection
3, In 8ection 4, they are interpreted in terms of the original
coordinates. As a by-product, we obtain the usual necessary and

suffiolent conditions for the formation of a field when n > m = 1,
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l. Formulation of the problem. Let us consgider the metuple
integral

(1:1) I= Jg £(t,x,xg)dt

where

t B (t;, XY tm). x B (x‘, veey xn), xt‘ (x{: X XF) x:)’

At B aty euo dbip, X2 % 3xE/3t, (@= 1, ey mpi=1, ey m)

and T is an m=dimensional region in te-spacee. The integrand funce
tion f is aassumed to have continuous partial derivatives, of as
many orders as 1s needed for the arguments of the following pages,
in a region R of an (m+n+ mn)-dimensional space of elements
(tyxyxg)e

An me-space defined by functions of the form

(1:2) x(t) (t in T)

will be said to be admissible if the functions x(t) have contin-
uous partial derivatives of the second order in a bounded closed
connected region T of t-space and if further all the elements
(t,x,xg) belonging to the space are interior to R,

Let A denote the (me1l)=space in te-space which bounds
T and let L represent a fixed (m e l)=space in tx-space whose
projection on t-space is A« The points of A and L are to be in

one-to=one correspondence, The calculus of variations problem

13 then to find in the class of admissible m-spaces (1l:2) which
pass through a given (m=-1l)-space L, one which minimizes the
integral (1l:1). It is understood that in the integrand of. the
integral I the varisable xt 18 replaced by xi(t) from (1:2) and
xi is replaced by dxi(t)/dt.. Here and in the following pages

the index a with or without & subscript has the range of integers
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from 1 to m, and the index 1 similarly the range from 1 to n.

The Buler necessary condition for the above problem may be
stated as follows (VII, p. 17):

THEOREM 1:1. On a minimizing m-space x = x(t), (t in T),

) st have

(1:3) d.txt/dt‘ =1;.

A8 in tensor analysis a repeated index a or i, with or
without a subscript, indicates summation over the specified range.
An admissible m-space which satisfies the Euler equations (1:3) is
ocalled an extremal.

For the above problem the E=function of Weierstrass is

expressed by the equation
- o
E(t,X,xpXy ) = £(t,x,Xp) = £(t,x,xp) = (X = x7) £4(tXxg)e
’

The Welerstrass neceasary condition may be stated as rollowaz]'

THEOREM 1:2. At every element (t,x,xy) of & minimizing
mespace x = x(t), (t in T), the condition

E(t,x’xtoxt) Z 0

is satisfied for every Xy such that the matrix X% - xf 1s of

rank 1,
Bliss has given the following definition of a field. A
field for the integral I is a region F of tx-space with which there

i1s associated a set of slope functions p%(t,x) having contirmuous

partial derivatives of the second order in F and an m-tuple integral
(1:4) *a [ D(t,x,x¢)At
T
1

McS8hane (VI, p. 584); for n = 2, Corel (IV, p. 589).
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such that
(1:8) D(tyx,p) = £(t,X,Pp), D_3(t,x,p) = fxi(t.x»p)
Xa 2

snd further such that the value of * is the same for all admig=-

sible mespaces x = x(t) in F with a common boundary L.
The differential equations of the field are

(1:8) :t = pl(t,x) (t in 1),

Every solution of these equations is an extremal, for, if we dife
ferentiate the firat of equations (1:5) with respect to x! and use
the other equations of (136) we find

’(llp) 1(:!?)

(d/atg)e , (t,x,p) = £ 3(t,x,p) = (a/at )D,1(t,x,p) =D _g(t,x,p) = O,
al"xj x a’Yxg xi

A solution of equations (1:6) is called an extremal of the field.
We see by means of the first equation of (1:5) that on an extremal
space of the field the values of I and 1* are equal,

If we denote by I(E) and I(8), respectively, the values of
I computed for an extremal space E of the field with boundary L
and an admissible m-space 8 of the form (1:2) with the same boundary,
then

I(8) = I(B) = 1(8) = I*(E) = 1(8) = 1%(8) = /(¢ - D)as
T

where (t,x,x;) in the integrand function are those belonging to 8.
It 13 evident that if there exists an invariant integral of the
form (1:4) such that £ - D 2 O, then E minimizes the integral I.



6 LANDERS: INVARIANT MULTIPLE INTEGRALS (184)

2, Invariant integrals. Let Ro represent a region of ad=
missible elements (t,x,xy) oharacterized by conditions of the form

tinm X<t < 1 (t); xy arbitrary,

where X (t) and X®(t) are admissible mespaces. We shall give a
proof of the following theorem:

THEOREM 2:1. An integral I of the form (1:1) has the same
value for all m-spaces lying in a region Ro of the type desoribed

above and having the same fixed (m=1)=gpace L as boundary if and

only Af the integrand f(t,x,xy) of I 1s expressible in Ro in the

form
: 1 11 1xl alq‘cﬂr
(2-1) f(t,x,xt) = B(t,x) + g. ;T x‘10~o x‘r Bil"'ir(t’X)
where s is the smaller of m and n, and where
889q 000 83 ¢ 8.
(8:2) (a/at‘)Bii:.-.:: = Bii-::i:ﬂ- (rﬂ O,l, XXyl a)

in which

81 00 o8 By ece Q38g 0
Bii...iii = (3/311’51:...:; - (3/3111)3111....::.

(2:3)
- - 1p, 81 o8pay 8p
see = (3/0x )B1,...1,._11

and the interchange of two a's or two i's simply changes the sign

of the B's. It is understood here that B:::::;i reduces to B for
r = 0,

A proof that the conditions of this theorem are necessary
was made by Dr. M. F. Smiley while a student in a class conducted
by Professor Bliss. For the sake of completeness this proof ia
given below. It will be proved, by a method analogous to that

used by Bliass for the double integral probiem (I, ppe. 6=8), that

these same conditions are sufficient.
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In order to prove the necessity of the conditions stated
in the theorem, we first note that for every prescribed set
(t,x,xsxgt) o with (t,x,xt)o in Ro and to interior to T there is
an admissible mespace x = x(t) passing through the prescribed set,
Let L be an (me=1)=space, of the type described in the preceding
section, on this admissible m=space and having the point (t,x)o in
the interior of the region bounded on the space x(t) by the set L.
S8ince the integral I has the same value on all mespaces through
the (m~1l)~space L, 1t follows that all such mespaces are minimize
irng spaces. In particular the m-space x = x(t) constructed above
has this property and the Euler equations (l:3) must be satisfied

on 1t, These equations may be written in the form

. J 3 =
(2:4) rz%ta + X3 fxixj + X fxix% rxi.

Here and in the following pages it will be convenient, at times,
to use some or all of the letters b and c¢c in place of a's with
subscripts and jJ, k and h in place of 1's with subscripts. Since
the set (t,x,xgsX¢t)o can be selected arbitrarily it follows that
equations (2:4) hold at every set (t,x,xy,Xyg) with (t,x,x;) ade
missible and (t,x) in Ro. Hence

2:5 f f = 0
(2:3) =g * “xbed

for (t,x,xy) admissible and (t,x) in Rgs It follows from equations

(2:5) that rxil xir vanishes whenever indices a or i are repeate
a, " *Tap

ed, and consequently that f is of degree at most s in x1

a? where s

is the smaller of m and ne Thus for (t,x.xt) admissible and (t,x)
in Ro, the integrand function f has the form given by equation (2:1)
where the B's in this equation are functions of t and x with cone

tinuous partial derivatives of as many orders as are possessed by



8 LANDERS: INVARIANT MULTIPLE INTEGRALS (186)

£ in Rg. It is evident from the form of equation (2:1) that for
(t,x) in Ro»

(216) £y, 4 (0x0) = BylL o iaT(tE),

x‘x ap
It follows from equations (2:6) and (2:8) that the interchange of
two a's or two 1's simply changes the sign of ""‘T withr>1

3000l
and hence further that these same B's vanish 1dent1ully for two
a's or two i's equal, In partioular, all of these B's in which
r > s vanish identically. Examination of the identities (2:3)
shows that these ssme properties apply to Bi::::‘ri' It follows
that whenever m & n the equations (2:2) with r = s are always
satisfied, since at least two of the 1's in the set (1,1;,...,1,)
are equal,

From equation (2:1) we find that

a 1 ...ooo'@
f4 =B + x WITE ) .
% 1 tz P= ¢ ‘:.Bii-occir

By means of these equations and the relation (2:1), equations (2:4)

become

(3/9¢ )Bi+ Z;Fm B 0o xir (3/3‘&.)3::::::::

1 3 !. 4 ll.oco‘
#x*()/bx I)Bi*x i r- x ". x (a/ax ;) 1..;01:

1 LN
-(3/3x1)s - xgl ;’-‘Ix‘:... x (B/Bxi)a‘l ‘r = 0,

In the first summation, we replece r by r+ 1 and then rename the
indices a,,, and i.,,,, respectively, &, and 1,, In the second
summation, we may bring in the preceding term by including r = 1,
rename a &s &, and change the form as indicated below so that the
factor 1/ri will appear, Using the functions defined by relations
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(2:3) we now have

a 1 1 i 883 o0 ely
(3/3tg)B) = (¥3/3x1)B + é 3 1.:-"‘-;[( 3/3 %a)Byy ..,

l;ooo&r
" Biyeegal = 0

8ince these equations must hold for (t,x) in Ro and x¢ arbitrary,
the equations (2:2) follow at once, thus completing the proof of
the necessity of the conditions stated in the theorem,

When the integrand function f has the form described in
the theorem, we let 8, and S; be two edmissible m-spaces in Ry

with the same bounding (m= 1)=space L and defined by the equations
= = xM(t), x = (e (t 10 7).
The function z(t) will be defined by the equations
(2:7) si(t) = x*1(t) - ().
The family of admiassible m-spaces
x! = xM(t) + ezl(t)

then contains 8, for e = 0 and 83 for e = 1, The derivative of the

metuple integral
I(e) = 4 f(t,x+o2,xp+ 0z,)dt
with respect to e has the value
i i
I'(e) = fT(: f4+ e,

8ince the Euler equations (1:3) for the integrand function f are
by hypothesis identically satiasfied it follows that this derivative

has also the value



10 LANDERS: INVARIANT MULYIPLE INTEGRALS (188)

I'(e) = fT [d(zifxi)/dt‘]dt.

By means of an extended Green's Theorem", this last integral is

equal, except perhaps for sign, to the (m=1l)-tuple integral
» 1 LR ] LEN ]
(2:8) /; [4 fxt .t (dat B dt, Atg_pdtayy dty) .

8ince the two admissible spaces 8, and 83 have the same boundary
L, equation (2:7) shows that sl vanishes identically over A and
hence the value of the integral (2:8) is zero, Thus I(0) and
I(1) are equal, and since 8, and 8z can be selected arbitrarily
from the class of admlssible m=-spaces in Ry having the same fixed
(m=-1)-space L as boundary, the theorem is proved.

In order to show more clearly the nature of the conditions
(2:2), we shall write them in more detail for a few special cases.

When 8 = 2, the conditions (2:2) become

(219) 2Bj/3t, = 3B/2x!
(2:10) EWADEREIE R B/ 3x)
(2:11) d B?g/axi + BB;E/ oxd + BB:?/ ax¥ = 0

If m= 2 and n > 2, these conditions may be written
3B,/3t, + ¥B;/3ty = 3B/dx
3313/ dt, = 333/311. BB;/ dxd, 33;3/ Atg = 38;/313- 33;/3:1

“3:/ oxl + as;;/axi + DBH/D:“ =0

P. Franklin, Multiple integrals in n-space, Annals of
Mathematics, S8econd Serles, voO .11“?1’9‘2‘5-53), Do ';.
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If n= 2 and m 2 2, the remarks below equations (2:6) show that
equationa (2:11) are always satisfied. In this case, equations
(2:9) and (2:10) may be written

a a
3B/, = 2B/3x’, 3B/t = 3B/ ax*
ab b 1 b 2
9 Bu/at‘ = 3B,/ dx" - an/ ox .
In partiocular, in this last case when m = 2, we have
3B}/ 3ty + 3B}/ 3ty= 3B/ dx', 3B /dt+ 3By/3ts = 3B/ 23x"
3B/ dta= 3B/ 2x"-3B/dx%, 3B}/ dty= 2B,/ 22" - 2B}/ 3"
When 8 = 3, the conditions (2:2) become
a B/ dt, = 3B/ axt
b
283/ 3t, = 283/ 2xt - 25,/ 2x]
aa;‘;f/at‘ = aag’:/axi + 9 B;:/axj + 0 a'j‘;/ax"
abe i abo abe k abo h
aam/ax - asm/axi + 3ij/6x - aB”k/ax = 0,

3. Investigation of fields by the use of specialized

coordinates., Let the equations
(3:1) xt = x1(t,0) [(t,c) in @]

be a family of extremals depending upon n parameters o= ( o", Y cn)
such that the functions 11, x’; belonging to the family have oone-
timuous partial derivatives of the third order at points (t,s) in

a region G whose projection in (t;, e.e» ty)=8pace is convex,

The extremals (3:1) are seid to simply cover a region F of points
(t,x) 1f to each point of the region there corresponds one and
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only one solution (t,0) of equations (3:1) in the region G, and
if furthermore the determinant lxt j' is different from gzero at
each such solution. These solutions then define a set of single~
valued funotiona ob(t,x) which have contimous partial derivatives
of the third order in F., The funotions

pL(t,x) = Xi[t,0(t,x)]

are called the slope functions of the family in F.

By plaocing
(352) r" = ol
in equations (3:1) we have a transformation
(313) 2 = xi(e,y)

by which the coordinstes (t,x) are changed to (t,y). Differentiation
with respect to t, of these equations with yi = yi(t) gives

(3:4) x: = xi + x;jyi.

Under the tranaformation (3:3) let

(358)  £(t,x,xg) = g(t,3>¥p)s  D(t,x,xy) = DU(t,7,7,)

vhere x, and ¥y, are connected by the relations (3:4), Equations
(1:1) and (1:4) become respectively

(336) I= /; B(tﬁﬂt)dt
(3s7) 1* = [ p*¢,y,7,)4t.
Jp B3,

The family of extremals (3:1) is now replaced by equations (3:2)
and the slope functions of F become
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(3:8) (t,y) = 0,

The Buler equations are

dS’i/dt‘ = 8,1 ’

which can be written

+ + y‘1 =g,
Syita ’{sﬁy‘ vayiyd * Ept
When the family of extremals (3:2) is substituted in these equa-

tions one obtains the relations

(539) S,a.t

(t,y,0) = g ,(t,¥,0).
iv, g yi

In order that the region F be a field, we must have an invariant
integral of the form (3:7) with the integrand satiafying the

equations
(3:20)  D¥(t,7,0) = g(t,5,0), D'y(t,5,0) = g (£,7,0).
0 " by

From Theorem 2:1 we see that the integrand of this invariant
integral must be of the form

8
. 1 11 1r .1..'%
D (tlI:Yt) = c(tl,) + x‘E .l'-t y‘lu- .rch.”lr(toﬂ

with the C's satisfying the equations

(3'11) (a/at‘)c::::::;: = c:::::::i (!‘- o.l,.....)'

where analogues of the identities (2:3) and all properties of the
B's hold for the O's. Using equations (3:10) we have

(3:12) O(t,y) = D'(t.y.o)-s(t.ypo). c:(toY)'D;i(h)'po)'syi‘tubq-
. a

The integrand function D* becomes
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1 2 a1...8
(3 :13)D*(t,y,¥t)=g(t,y,0)+yagy%(t,y,0)+;___2Flry::. . .y::cii. : d_:(t,y)

and the conditions given by (3:11) are

(3:14) 8yita(tﬂ'.0) = gyi(tlylo) ’
aal...a 81eeed
(5315) ('a/ata)Ciix.”j:‘ = cii...iri (r = l,coo’s)o

Equations (3:14) are identical with equations (3:9) and by hypoth-
esis are satisfled,

We shall now prove two theorems the first of which is the
following:

THEOREM 3:1. If m > 1, every region F of tx-space which
is simply covered by an n-parameter family of extremals, in the

sense described above, has associated with it an invariant integral

I* with which it forms a field for the integral I specified in

(1:1), If the coordinates are transformed as described above the

extremals of the field will be given by equations (3:2) and the
slope functions by the equations (3:8). There will be an invar-

iant integral I* of the field in which the integrand function D,¥
is
ab_1
(3:16) Di(t,y,¥¢) = &(t,y,0) + yisyi + g?ninayJ ’
a
where . .
ab _ a.b 1 zb br.a 1ze

(3:17) gt ~/E [KJ’- =) Ji]dt‘ +~/;' [K“ i 13lety,

: a b

= &yly 3(t,y,0) - g vdy 1(t,y,0),

and Kij 1s obtained from Kij by replacing t, by ¥,. Furthermore,
the integrand p¥* of every invariant integral I associated with F

must be of the form (3:13) with

(3:18) AR tobbe AL Tt (r =2,..0,8).

..ar
Here the functions Kh.”1 are solutions of the equations
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. ) 8 81400
(3:19) 'a—t; Ki;is--.::: =0 (r=2,...,s),
81.0e8g

(:5:20) Kiloonigi =0

with the property that the interchange of two a's or two i's
simply changes the sign. Here

Kaloo-ar = - Kaxo'oar P Kalaﬂootar
11."11'1 B—Y-I 110001:. = S;.IT i 1B...1r = o0

81e008p.18p

(3:21) 3
= ;_;I; 110.-1!._11 ¢

b
The function L:j 1s defined by (3:17) and when r 2 2 the funotion

8814008
Ln:mi: 1s defined by the formula
t
aa;...&r _ a _81ecelp ay _8a lﬂo'o‘r
mLiiL-o-ir _‘/'E Lil.oaoiri dtl = ‘/E‘z Liliﬂ.ooiri dta;
(3:22) & /t‘r [Breeetna18 “dt
- 0 o 1 1 i a »
T, 1eeelniy by
Br
where
B1leeeBp a;.-oar k! 8360edp zk
3:23) L = K +) ————K
(3:28) Ly, .41 =Kg;,..00 g‘(m_l),,,(m_k) 11...1.1(2),
the function KI::::gi(z’k) is obtained from K:::::::t by replacing

k of the values tg,, °***, t’"r by the corresponding values :Ea;' e,

Fa,

type in which k Sr.

and the sum is taken over all possible replacements zk of this

Here and elsewhere the a's used in the limits of integra-
tion are not to be summed,
In order to prove the first part of the theorem we must

show that the conditions expressed by equations (3:15) are satis-

aloouar

1100.11‘ =0 1n

ab a a
f1ed by the coefficients Cij = Lyy, Cyy = Kij, C
equations (3:16). These conditions take the special form

b b
(3:24) g% Li; = Ky s
ab & b ab
(5:25) dLyy _ gy 2lak
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The equation (3:25) holds with L:‘; replaced by K:j, as 1s seen by
the use of the definition (3:17) of K:J. In view of this fact it
follows from the definition (3:17) of L:g that equation (3:25) must
also hold., To establish equation (3:24) we need the equations

3

(3:26) sto Kty = 0 Kyy= - Kyg

which are easy consequences of equations (3:14) and (3:17), From

equations (3:17) it is found that (a not summed)

ab a
oLiy b 1-b+/"b_ﬁ.1

=St " Eg1 * 5T K & o aty, (a # 1),
21%® "
n—3l=o (a =b),
dt,
Summing for a one obtains, by equations (3:26), the relation
oLy, b b
il - 1E + B, - - B b
m ey (B VEp *Ey - [Eyy - Kyl =Ky,

as was to be proved.
In order to establish the second part of Theorem 3:1 we

observe that the equations

8 Qg
(3:27) 52Ky aaeeialy = O (r 2 2),
a aKaloooar
. 2 LITTRL N 2 81880 e8p eee L11000ipk
(3:28) P Blaeetpt = 5007 Kilgeedtpd = °°° - e 0

hold, by virtue of equations (3:19) and (3:21), Using equations
(3:28) and (3:23) it is found that equation (3:28) holds when
&&;...&r

‘lo.o‘r
Ki;...iri is replaced by I‘ii;...i,’ From this fact it follows that

31...9.1. aloco‘r >
TPRPP IR B~ PRPRE ut | (r22)

when equation (3:18) holds, the right member being obtained by
equation (3:21) by replacing K by C. By the use of this result
and equations (3:18) and (3:19), the equations (3:15) reduce to

.
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. ) 883144 08p 81e0elp -
(3:29) St el T Fan (r=2,0.0,8).

When the integers a,, <++, a, are not distinct, the right and left
members of this equation are automatically zero, in view of the
symmetry properties of the K's and the L's relative to their upper
indices. When r = s the first member of (3:29) is zero since the
upper or the lower indices cannot all be distinct in this case.
The equation (3:29) then follows from equation (3:20), It remains
to discuss the case when r < s and the integers a,, ¢°+, a, are
distinct, Since L:i:::::: = 0 when a is one of the values ajy, eee,
a,, the sum in (3:29) can be taken over the m - r integers from 1
to m with ay, ¢++, a, deleted. Summing over these integers it is

found, by formula (3:22), that

P} 8831¢0e8p aloaoar tl p-) a ‘l.oo‘r
n ﬁ‘; Liil.tnir = (m = r)Lixoooiri - ‘/; 5-1:.-: Lilil...iridtai
az

(3:30) t 81e..8, 18
cos - LN ] .l
- _/IE o Lirenatyny1n1 Fane

In order to compute the value of the first integral in (3:30) we
observe that in equation (3:27) the sum may be taken over the

m - r + 1 values distinct from ag, **¢, an. Using this fact
together with equations (3:23) and (3:27) and summing for a dis-
tinct from ai, ***, &, we find by integration that

8 Ageeelp
t, oL
A a 1:.1:;"11-1 dtgl -
°
. a a t
(3:31) 1 . Ka;...ar +Z k! K"l"“l‘ (J) ay
i1c.n1r1 z (m-l)°°°(m-k) il.couiri 1 E‘:‘D
where z{ denotes that k of the values t,_, °*°, t‘r have been

replaced by the corresponding values F;.,

is taken for all possible replacements zf of this type. By the

(AL E;r, and the sum

use of formula (3:31) and similar ones for the remaining integrals
in (3:30), it is found thet the equation (3:30) reduces to (3:29),
except for the factor m. The equation (3:29) therefore holds and
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the theorem i1s proved.
Corresponding to Theorem 3:1, when m = 1, we have the
following theorem.

THEOREM 3:2. If m = 1, every region F of the tx-space

which is simply covered by an n-parameter family of extremals, in

the sense described above, has associated with it an invariant

integral I* with which it forms s field for the integral I
specified in (1:1) if and only if, when the coordinates are trans-

formed as described above, the equations

(3:32) 3,171“"7'0) = syjyi(t.yao) (1,J=15.005n)
b S 1

are satisfied. Then, the extremals of the field will be given by

(3:2), the slope functions by the equations (3:8) and there will

be an invarient integral I¥ of the field in whioh the integrand

function D¥ is

(3:33) p*(t,7,3y) = 8(t,5,0) + yisy%(t.yoo)o

If m = 1, equations (3:15) with r = 2, ,.., 8 do not appear
and, by means of equations (3:12), equations (3:15) with r = 1
reduce to equations (3:32), hence the theorem. In this theorem

it is evident that equations (3:32) are always satisfied for n = 1,

4. Results expressed in terms of the Original coordinates.
In the last section we obtained results in terms of specialized
coordinates (t,y), which are related to the coordinates (t,x) by

the transformation (3:3)., We shall use the inverse transformation
(4:1) v = Yl(t,x)

in expressing these results in terms of the original coordinates
(t,x)e ‘
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We shall now derive several sets of identities., Substitu-

ting equations (3:3) into relations (4:1), and vice versa, we find
(4:2) v = YA0,X(t,7)], =L @ xlre,v(t,x)1.
Differentiating these identities with respect to t; we have

1.1

(4:3) omY 4+ gl omxi+ X 1%,

Differentiating the firat group of identities (4:2) with reaspeot

to yj and the second group with respect to xJ we obtain

1 k 1 1k
(4:4) 5= Ty x5 TRE ST
i 1
wheresj=lwhen1= j andsjaorori;‘j.

Differentiation with respect to t‘ of equation (4:1) with
xd = xJ(t) glves

yi = !t + !1111 .

a x
Using the first group of identities (4:3), thease equations become
(4:8) yi a (x) - pJ)!;j.
' a ' x
By means of equations (3:3), (3:4) and (3:5) we find
(&:8) g(t,y,y,) = £(£,X,Xy + xyyt).

Making use of equations (3:1), (3:2) and (4:6), we obtain the

relations

(4:7) (£,7,0) = £(t,x,p), (t03,0) = X, 2 4 (tsx,p).
[ AR TR Z) Gyi Y yi xi( »X,D)

From relations (4:4), (4:5) and (4:7) we find

(4:8) yigyi(t:yno) = ("i - pi)rxgi(t.x.p)-
a
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Under the transformation (4:1) let us set

Qle0e8p

. 8160e8p J J
(4'9) cil 1Z'(t’Y) = xyil oo xyl;-!'A.110~'jr

de0e

(t,x) (!‘=2,...,!)-

By means of equations (3:5), (4:4), (4:7), (4:8) and (4:9), we
now have the following lemma,

LEMMA 4:1., The integrand function D of an invariant
integral I* of the form (1:4) must have the form

D(t,x,xy) = £(t,x,p) + (xi - p&)fxé(t,x,p)

(4:10) s . . .
a LEN ]
3 I w e Gl - R,
where

A&choar(t,x) = YJ

b § Jl‘ Bleee
1’....11‘ xi!. oo CJ ar(t,Y)q

xir loocjr

On transforming back to the original coordinates (t, x),
Theorem 3:1 becomes

THEOREM 4:1, If m > 1, every region F of tx-space which
is simply covered by an n-parameter family of extremals (3:3), in

the sense described at the beginning of Section 3, has associated
with it an invariant integral I* with which it forms a field for

the integral I specified in (1:1). The slope functions of the

fleld will be given by the equations

(4:11) pl(e,x) = xi[e,¥(e,3)].

There will be an invariant integral I¥ of the field in which the
integrand function D is of the form (4:10) with the A's for which
r > 2 identically zero and

ab b
Ay = Y):iY:JLkh

ab
where L,y 1s given by formula (3:17) with

a ) k 3 h
KU = 5’7 [xyirx]“(t,x,p)] - g{ f[xyjfxl‘x(tpxap)]-
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Furthermore the integrand of every invariant integral I* asso-

clated with F must be of the form (4:10) with

15"’[1Y [Kkh Lkh]

and for r = 3, ¢**, 8

81e¢e8p = jl vee JI’ B1leeelp Q1e008y,
Ai;cooir [ij"' Yxir] [Kjl.o-cjr * leooojr !

where the K's and the L's are the functions defined in Theorem 3:1,

Here, as elsewhere, i, j, k and h, with or without sub-
scripts, range over the integers 1 to n, Similarly & and b range
from 1 to m, Any of these letters used in indicating limits of
integration are not to be summed.

By means of relations (4:7), the equations (3:32) become
X5,( 2 oyd)t ilt,x,p) =xh(a/a 1)¢_n(t,x,p)
yi Yy xlf »X,P IJ Y x] 2 X,P)

These relations may be written

Xongla(2/0 2 ntn,p) = j X 11(3 /2x *)rxh(t x,p).

On multiplying by !xgyij and using the relations (4:4) we have

(4:12) (2/2x)2 4 (8,5,0) = RPoxl)e g(t,3,0),
b

Theorem 3:2 can now be stated in the following manner,

THEOREM 4:2, If m = 1 every region F of tx-space vhich is

simply covered by an n-parameter family of extremals (3:3), in the
sense described at the beginning of Section 3, has associated with
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it en invarisnt integral 1* with which it forms a field for the

integral I specified in (131) if end only if the equations (4:12)
are satisfied. Then, the slope functions of the field will be

given by the equations (4:11) and there will be an invariant

integral I% of the field in which the integrand function D is of
the form (4310) where all of the A's are identiocally zero.

6. Coertain systems of partial differential equations. We

shall first consider a determinant of the form

2
/2%,

(5‘1) (.3 1,...,1:13 q= 2,...,m),
ELE VR

where the U's are arbitrarily selected functions having continuous
partial derivatives of the second order with respect to t. The
elements d/ dt, of the firat row are differential operators and
they operate on the elements of their cofactors according to the
usual rules for differentiating a determinant or a product. We
shall prove the following lerma.

LEMMA 5:1. Any determinant of the form (5:1) has the value
goro,

To prove this lemma, let us expand the determinant in terms
of elements of the firat row. The determinant (6:1) is then equal
to
g(-x)"‘( 3/3t)| avY aty... 30Y/ 3t VY3t ... 3UY/ af:,l.
By operating with the element 3 /3 t, on the colums of its minor,
in aoccordance with the usual rules for differentiating a deter=-
minant, then moving the colurm on which we have operated over the
ones which precede it, the value of the determinant (5:1) is a sum

¢

of terms of the form.
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M= (-1)“'1“"1[ *UY/(aty aty)  auY 3|  for b<a,
L

plus 8 sum of terms of the form

9

¥= (- JTY (3t aty) VY at,|  for b>a,

)‘. 1+b.2{

with e ranging over the integers 1, ..., m excluding a and b, For
every posaible palr of values of a and b giving a term M there is
& corresponding term N obtained by interchanging the values of a
and b, and conversely. Moreover, theae corresponding values of K
and N are equal but opposite in sign. Hence the value of the
determinant (5:1) is zero and the lemma is proved.

We shall now prove the following theorem.

THEOREM 6:1. The equations

(5:2) (a/at.)K“"”a" =0 (sa<ese<ay) I=2,.,8<0)

in which the interchange of two a's simply changes the sign of the

K's, are satisfied 1f we set

830008p

(6:3) K (83 < 0L %)

gqual to (-1)®2% ****®" mltiplied by the determinant of the

matrix which remeins when the rows a;,...sa, are deleted from the

(m r)=rowed matrix
”au‘/at.” (aml,.co,mp var+l, ..., m),

where the U'a are arbitrarily selected functions having continuous

partial derivatives of the second order with respect to t.

Let us consider the determinant
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a/ata

d
(5:4) Va (a3 ly0e0omp A=2,000yP3 V= P+l000,m),

Y/ at,

where the V!s are arbitrarily selected functions independent of t.
This determinant has the value zero, since it is of the form (5:1)

d -
with U3 = V3t . We shall denote by Vage..ay the determinant forn
ed by selecting the columns 8gjyeee)fy, from the matrix of V's where
83 < o0s < By When the elements of the first row operate on the
Vi!s the result 1s zero since the V's are independent of t.

We shall now expand the determinant (6:4) in terms of

minors of the first r rows and then expand these r-rowed minors in

terms of their first rows, Using the functiona (5:3) the value of

the above determinant, except perhaps for sign, becomes

[v‘a."%( 3/ at‘x, + eee + (-l)r.lvﬂ:.-u&r-x(Q/Ptar)]Ka"“'.)‘

= vaa..,‘r( a/at‘;)xaz-..ﬂr + ece ¢+ val'“‘r-;( a/ atar)K‘rn"....r.!

8gee el
= V.. .apl 27 28K r,

whero in these summations a without a subscript is not restricted
but the a's with subscripts range only over sets of values satisfye
ing the conditions a; < ese < LI Thus we see that the coefficients
of the determinants Va'...‘r, whose elements are arbitrarily selecte
ed functions independent of t, are the left sides of equations (5:2)
with the K's having the values given by the functions (5:3). Since
the value of the determinant (5:4) is zero, as observed above, and
since the V's are arbitrary, it follows that equations (5:2) are

satisfied by the functions (5:3) and the theorem is proved.
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We shall now determine K's which will aatisfy the conditiams
of Theorem 3:1l. 8ince the interchange of two at's or two 1's simply
changes the sign all of the K's with indices 8350078, and 1350005y
are completely determined by those for which a; < ... < &, and
1 < ¢ee < 1,, 8ll of the equations (3:19) are satisfied when thom
for which 83 < «sv < 8y 8nd 1; < 4.0 < 1, are satisfied and all
of the equations (3:20) are satisfied when those for which
8 < eoe<ggand1<1; o0 <1, are satisfied.

It is convenient to consider first K's which satisfy
equations (3:19) when 8 < m. In this case 8 = n and it can readily
be shown from the properties of the K's that equations (3:20) are
always satisfied. The equations (3:19) when 8 < m will be satis-
fied by K's chosen according to the following theorem.,

THEOREM 6:2, The equations

az.oo%
laeeet, = 0

(5:5) (a/at‘)K:I (8a< oo o< app 13< 00e< 1y

r= 2,.-:,8< m),

in which the interchange of two a's or two i's simply changes the

81ees8p
: < LN ] < LE N ]
(5 6) Kil"'ir (9.1 ‘r' 11 < < 11-)
equal to (=1)%2#¥r mltiplied by the determinant of the matrix

which remains when the rows a;,...,ap are deleted from the (mer)=

rowed matrix

}cas at‘)UL“_ir“ (ver+1, «oop m

where the U's are arbitrarily selected functions having continuous

partial derivatives of the second order with respect to t and as

many other continuous partial derivatives as are needed for the

calculus of variations problem under consideration.
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For a fixed set of values of 1, ..., 1 the equations
(6:6) are of the form (65:2) and the functions (5:6) are of the
form (5:3). Hence, this theorem follows at onse from Theorem 5:l.

In determining K's which will satisfy the conditions of
Theorem 3:1 with 8 = m = n, as before, we observe that equations
(3:20) are always satisfied. Equations (3:19) with r=2,...,8~1
will be satisfied by K's chosen according to Theorem 5:2. We can
select K's that will satisfy equations (3:19) withr= s =m=n
by means of the following theorem.

THEOREM 6:3. When 8 = m = n, the equations

8 8a4¢.elp

(53") (a/at‘)xilijno.i! = 0 (h<l.-< ..m' 11< ese < 1‘)’

in which the interchange of two a's or two i's simply changes the

signs of the K's, are satisfied if we set

1..- m
(5,8) n;;-cig = vi;...i. (11 < eee & 18)’

where the V's are arbitrarily selected functions independent of ¢

having contimious partial derivatives of as many orders as are

needed for the calculus of variations problem under cansidersation.

This theorem follows af once since the left sides of
equations (5:7) all vanish when the K's from equation (5:8) are
substituted.

We shall now consider K's which will satiafy the oonditions
of Theorem 3:1 when s = m < n, Equations (3:19) with r = 2,...,8 =1
will be satisfied by K's chosen according to Theorem 5:2., Equations
(3:19) with r = 8 = m will be satisfied by K's determined by means
of Theorem 5:3 but we must make these same K's satisfy equations

(3:20). This cen be done by the use of the following theorem.
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THEOREM 5:4., When 8 = m< n, the equations

(2/254vy 4, = (3/37 Vs,

(6:9) 1
™ se0 = (a/ay ')vi},oooia-:.i:o (1<11< n't<1‘),

where the interchange of two i1's simply changes the sign of the

V's, are satisfied if we set

(5310) Ve (1; < w00 < 1y)

| c— ot e S s

rows 1;, eee, 14 from the s-rowed matrix
u
"( a/ayj)'i 1 " (j‘ l,...,n} u‘l,.-..ﬂ)g
1." ‘

where the W's are arbitrarily selected functions independent of t

having continuous partial derivatives of the second order with

respect to y and as many other continuous partial derivatives as

are needed for the calculus of variations problem under consider-

ation,.
To prove this theorem let us consider a determinant of the
form
2 /2y
(5511) (f' 1,11'---’1'5
(a/aYr)'“ u= 1; veey 8 )0
110'013

This determinant ia of the form (5:1), with W's and y's in place
of U's and t's respectively, and hence it has the value zero.

Let us expand the determinent (5:1l) in terms of elements
of the first row, Making use of the functions (5:10), the deter=

minant becomes
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(3/35)y,,,.0,= (3/3F 2Ny +eeut (-1P(R/37°)Y,

11- . 01’-;

We see that these expressions and the left sides of equations (5:9)
are equal, since the interchange of two 1's simply changes the sign
of the V!s, As observed above, the determinant (5:11) has the
value zero and hence the functions (5:10) satisfy equations (5:9),
thus proving the theorem.

The conditions which the K's in Theorem 4:1 must satisfy
are the same as those which the K's in Theorem 3:1 must satisfy.
We have shown how these conditlons can always be satisfied by
choosing the K's in accordance with Theorem 5:2, Theorem 5:3

and Theorem 5:4.
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THE HAMILTON-JACOBI TIIEORY FOR THE PROBLEMS OF BOLZA AND MAYER

1. Introduction. The problem of Bolza in non-paresmetric

form is that of finding in a claass of arcs
(111) ¥4 () (=1, «o., np 3 S S ta)

satisfylng the differential equations and end-conditions of the

form
g, (73" =0 (%= 0,1,...,m< n=1),
AL CRPLAICN IR (#= 0,1,..., PS 2n + 1),
one which minimizes a sum of the form

ta
J = gttlxy'(t;):tﬂ:Y(ta)] +\/; £(t,y,yt)at.
1
The symbols y and y' represent the set (yis¥as ece» Yn) and its
derivative (y1',¥a's «ces ¥o')e

In parametric form the problem is that of finding in a

class of arcs
¥y (t) (=1, ..., n3 t3 S t I ta)

satisfying the differential equations and end-conditions of the

form

(1:2) ¢@ (y,370) =0 (=1, .c.c, m<n-1),

(213) =l=
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(1:3) ‘\{fd_[y(t;),y(tn)] =0 (6=1, «c.y Pg 2n),

one which minimiges a function of the form
ts

(1:4) 7 = gly(t1),y(ta)] + ):1 £(y,y')dt.
The functions ¢ g &nd the function f are assumed to be positively
homogeneous of order one in the derivativea y! in order that the
solutions of equations (1:2) and the integral in (1l:4, will be
independent of the parameter t.

The parametric problem in y-space may be considered as a
non-parametric problem in ty=-space if, to equations (1:2) and (1:3),

there are adjoined, respectively, the equations
(1:5) Boly,yt) = #(y,y') -1=0,
(1:6) Vo=t =0,

which define the parameter t uniquely. The function Qf is a cone
veniently chosen funotion of the variables y and y'!, positively
homogeneous of order one in y!.

Thess three formulations of the problem of Bolza will be

referred to as problems A, B, C, respectively. The theory of
problem B will be deduced from that of problem C, which is a
special case of problem A.

The problem of Mayer with variable end-points in non-
parametric form as formulated by Bliss is the problem A with its
integrand function f identically zero. It reduces to the classical
problem of Mayer when the expression to be minimized is the function
g = yi(4) and the end-conditions ’\Kka Oare t; - %, =y, '@ix
= tg = A5 = Via = @1, =0, (=1, ¢oey N} J =2, 4oy, n) thed s
and @ 's being constants. S8imilarly, the problem of Mayer with
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variable end-points in parametrio form is the problem B with its
integrand function f identlically zero. It reduces to the classlc~
al problem of Mayer when the expression to be minimized is

g€ = 72(ta) and the end-conditions \+;-- 0 are v, (t1) = B4,

= yy(ta) = 40 = 0.

It 18 the purpose of this paper to extend the lkmown
Hamilton-Jacobli and field theory for the problem of Lagrange in
parametric and non=parametric form to the problems of Bolza and
Mayer in parametric and non-parametric form. In general, the
theory for the parametric problem i1s deduced from that of the non=
parametrio problem by a method analogous to that used by Teach (X)
Throughout the paper the emphasis is placed upon the Hamilton
function H and, in partioular, the field theory is based upon the
definition of a field in terms of the canonical variables given
in Section 6. The corresponding theory in terms of the function
F defined in Section 3 is readily obtained with the aid of the
definition of the function H given in 8S8eotion 4.

The analytic basis of the problem is given in Section 2,
The multiplier rule and its usual corollaries are given in Section
3 for both problems A and B, It 1s shown that along a minimizing
arc for problem C the multiplier 10 associated with ¢° has the
value zero, This result agrees with that obtained by Teach for
the problem of Lagrange and was deduced by the same method.

In Section 4 the imbedding theorem <for the extremals of
problem B is deduced from the corresponding theorem for problem A.
The Hamilton function H 1s defined, and some of its properties are

determined. The homogsneity of the function H for the problem of

*
Roman numerals in parentheses refer to the bibliography
at the end of the paper.
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Mayer in parametric form and its effect upon the imbedding theorem
are deduced from the theory developed for the non-parametric problem
by Blisa and Hestenes (III)s, The necessary conditions of Weler-
strags and Clebsch are given in regular and canonical variables in
Section 5.

In addition to the definition of a Mayer field for problem
A in terms of regular variables due to Bliss, a second definition
of a Mayer field in terms of the canonlcal variables and the
Hamilton function H is given in Section 6. The field theory de-
veloped in thls paper is based upon the second definition.

The next two sections are devoted to a discussion of trans-
versal surfaces of a Mayer field for problem A, the construction
of fields from a 2n-parameter family of extremals, and the rela=
tions between the extremals and a complote integral of the Hamilton=-
Jacobi equation. In Section 8 a necessary and suffiocient condition
for the non-appearance of some of the parameters in the functions
defining the extremal arcs of a field is given in terms of the
function defining the transversal surfaces of the field. This
result enables us to obtain at once from the Hamilton-Jacobi theory
for the problem of Bolza further results for the problem of Mayer
and other problems whose extremals are abnormal on every sube
interval.

Flelds for the problem of Mayer have some unusual proper=-
ties on account of the homogeneity of the Hamilton function H.
The form which they take for the non-parametric problem 1s dis-
cussed in Section 9. In particular, it is shown that the extremals
of a fleld lie on its transversal surfaces and that each transversal
surface satisfies the definition of a field given by Kneser (IX, 43)

for the problem of Mayer. A method is given for constructing an
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neparameter family of Mayer fields froma Z2n-parameter family of
oxtremals., It is also shown how to determine a 2n-parameter famlly
of extremals from a complete integral of the Hamilton-Jacobl equation
Finally, the theorem deduced in the previous section for problem A
concerning the non-appearance of some of the parameters in the
functions defining the extremal arcs of a fleld is applied to this
problem.

Two definitiona of a Mayer field for problem B are given
in Section 10 which are analogous to those given in S8ection 6 for
problem A, The field theory for problem B ls based upon the def=-
inition of a fleld in terms of the canonical varlables and the
Hamilton function H. This section also includes the definition
of the transversal surfaces of a field and a discusslon of their
properties.

The form which the field theory for problem A assumes for
problem C is given in S8ection 11l. The only fields for problem C
which are important for problem B are those which are independent
of the parameter t. It is shown how to construct such fields
from a 2n-parameter famlly of extremals, using a method suggested
by the proof of a similar theorem by Bliss for a parametric problem
(V, 241). In Sections 12 and 13 the theory for problem B and the
problem of Mayer in parametric form analogous to that developed in
Sections 8 and © for the corresponding non-parametric problems 1is
deduced from the theory developed in Section 11 for problem C.

The relation between the foregoing theory for the problem
of Mayer in parametric and non-parametric form and the theory of
Kneser (IX) is diécussed in Sections 14 and 18. In particular, 1t
1s shown that a Mayer field as defined by Bliss consists of a one=

parameter family of fields as defined by Kneser, and that every
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field of the latter type can be imbedded in a one=-parameter family
of such fields which form a field as defined by Bliss.

2. Analytic basis for the problem. The following defi-
nitions and assumptions will be made in order to carry through
the analysis that followss

For the problem A it is assumed that the functions ¢°‘
and £ have continuous partial derivatives of at least the firat
three orders on & (2n+l)=dimensional region Dy of points (t,y,y')

and that the matrix ||g 1! has rank m+1 on this domain. The

45
functions g, Yw are aasumed to have continuous second derivatives
on a region Dg of (2n+2)~dimensional points [t,,y(ty),ta,y(ta)]

and to be such that on this domain the matrix

“\}/"'tx \K'Yii \'/,‘tg %ng“

has rank p+1l. An arc in D, is an arc of type (1:1) which is
continuous and consists of a finite number of sub-arcs on each of
which the functions ys (%) have continuous derivatives and whose
elements (t,y,y') are all interior to D,. An admissible arc is
an arc in D, with its end-element lt;,y(ti),ta,y(ts)! interior to
Dg. On every such arc the functions ¢°{ ’ \L’“, g and J have well~
defined values.

For the problem B it is assumed that the functions dﬂ
and f have continuous partial derivatives of at least the first
threo orders and are positively homogeneous of order one in y!
on a 2n-dimensional region R, of points (y,y') which is such
that 1f (y,y') 1s in R, then (y,ky') for k positive is also in
K., and y{yi' # 0. The matrix “¢@ Y{” is assumed to have rank
m on this domain. The functions g, "}, are assumed to have

continuous second derivatives on a region Ra of 2n<dimensional
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points [742s 71s] and to be such that on this domein the matrix
I ‘P&yll Vysa!! has rank p. The definitions of an arc in
R, and an admissible arc are analogous to those made for problem A.

For the problem C, which 18 a special form of problem A
obtained from problem B as described above, the region ®; corres-
ponding to D; is taken to be the set of all elements (t,y,y!')
such that (y,y') is 4n R,. The function @#(y,y'), appearing in &,,
13 chosen to be positive and to be positively homogeneous of order
one in y' on ®,. Moreover, this function is selected so as to
have continuous third derivatives and to be such that the extended
matrix ”¢d yi”’ (d =0, 1, oo, m), has rank m+1 on &« For
example, the function ﬁ = (y{y{)l/z has these properties. The
region Py is taken to be the set of all points [t,,y(ty),te,y(ts)]
such that [y(ty),y(ta)] is in Ra.

Every adrmissible arc for problem B, satisfying the equations
¢p(y,y') = 0 and the end-conditions “K}= 0, can be changed
uniquely by altering the parameter into one for problem C with the
same properties, with t, = O, and satisfying the equation
¢o = ¢(y,y') - 1 =0, Hence, problem B is equivalent to problem C
in the sense that there exists a one-to-one correspondence between
their admissible arcs satisfying the differential equations and
end~cenditions such that corresponding arcs give to J the same
value., It should be observed, however, that 1f E and E' represent
corresponding arcs for problems B and C, respectively, then not
every arc K in a neighborhood of E can be transformed into an arc
K!' lying in a prescribed neighborhood of E'. This is readily seen
if the parameter t represents arc length since then the arc K can
be chosen so that the length of K' exceeds that of E! by an

arbltrary amount. The theory deduced for problem B is independent
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of the particular parameterization of the arcs used, but in this
paper whenever the two problems B and C are being compared it will
be understood that corresponding arcs have the parameterization
determined by problem C,

A set §1, §g. TIi(t), where §1, §. represent constants,

is called a set of admisslble variations along an admissible arc E

for problem A provided that "71(t) possesses the continuity proper-

ties of an admissible arc. The equations of variation of the

functions #_ , ‘Y/’o along E are given by the equations

: = ] ! = = Y »
(2:1) L ¢°< n‘rli + ¢°( yi‘*]l 0 (4= 0,1, m)
(2 Y8700 5@l =0 (u= 0,1, oy 2,

where

For problem C, ‘?’o = § 1 = 0,
Similar definitions hold for problem B except that constants

5,,, §g are not present. Equations (2:1) and (2:2) take the forms

(2:3) §p.¢pn‘rh+¢”ﬂ;-o (B=1, ve0s m),

(2:4) Y= Yeraln) * Yoy, alta) =0 (€= 1 s o

The fu.notions"q 1(t) for problems B and C are understood to have
the same parameterization. It should be noted that if E is an
admissible arc for problem B defined by functions yi(t) having
continuous second derivatives for t, § t § ta and if the functions

"h(’t) form a set of admissible variations satisfying the equations
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(2:3) along E, then, on account of the homogeneity of the functions
¢
é

the continuity properties of ‘71(1:), are also asolutiona of equa=-

, the functions gi(t) ="71 + g(t)y;(t), where & (t) possesses

tions (2¢3). This property will be used in the proof of the followe
ing lemma.

LEMMA 2:1. Let E be an admissible arc for problem B de-
fined by functions y, (t) having continuous second derivatives on

the interval ty § t S ta. If 71(t) 1s & set of admissible vari-

ations satisfying the equations (2:3) along E, then ¢,, §a,
Ql(t) =7 4(t) - S(t)y;(t), where

t
JCRD A AR FL RECERI FE {CV AR PR

forms

I

set of admissible variations satisfying the equations (2:1)

along the corresponding arc E!' for problem C., (Conversely, if §.,

§ ay ¢ 3(t) 18 a set of admissible variations satisfying equations

[
(2:1) slong E', then the set 75(t) = S4(t) + §(t)y, 1s a set
of admissible variations satisfying the equations (2:3) along E,

where §(t) is an arbitrary funotion having §(t,) = §,,

§ (ta) = § o and continuity properties like those of § 4(t)e In

either case ‘71(17) satisfy equations (2:4) if and only if the set

—

§,, §5a, Q4(t) satisfy the equations (2:2) for problem C.

This result can be established by substitution with the
help of the remark preceding this lemma.
An admissible arc E for problem A satiafying the equations

¢°( = 0 1s sald to be normal relative to the end-conditions, and

designated simply as normal, 1f there exist for it p+ 1 sets of
admissible variations §,y, §-v: 71v(t) satisfying equations
(211) such that the determinant | "1":*( $.» y)l 1a different

from zero for (/w. ve0,1, ¢eep, P)e Bimilarly, an admissible
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arc E for problem B satisfying the equations ¢ s " 0 1s said to
be normal if there exist for 1t p sets of admissible variations
ﬁ)iq(t) satisfying equations (2:3) such that the determinant
l{fc,("lqil is different from zero for (6, g = 1, «e.y, D)o
LEuMA 2:2. Let E be an admissible arc for problem B de-

fined by functions y;(t) having continuous second derivatives on

the interval t; S t € ta. Then E is normal if and only if its

corresponding arc for problem C is normal.

Corresponding arcs for problems B and C have the same
continuity properties since, as indicated previously, when the
arcs are being compared they are assumed to have the same para-
meterization. If an admissible arc E!' for problem C having the
continuity properties stated in the lemma for the arc E is normal,

a determinant of the form

1 v
‘\Y,mmh(tzh LIRS A CTP) ,-yi.[gh,(ta)’l' §.,,y;(ta)]

(2:5)
(v= o’ ll esey D} = l, onn,p)

must be different from zero. It may be assumed without loss of

generality that 510 =1, 517 = 0 (v #0). Then the determinant
(2:5) 13 equal to the determinant

Ve Sagtr v ¥,

But the sets 471q =S 1q(t) + €q(t)yi, described in the second

1
y1.[Q1q(tﬂ) + ggqyi(tﬂ)] (f.q- l,....p).

part of Lemma 2:1, are p sets of admissible variations satisfying
equations (2:3) along the corresponding arc E for problem B. The
arc E, consequently, is normal. Conversely, if the determinant
|\Ird_(")1q)| is different from zero for p sets of admissible varie
ntiona"?iq(t) satisfying the equations (2:3) along an arc E for
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problem B, then Ezo =1, §.° = 0, gio = 0 and flq, §,q, giq'
where the latter sets are related to ’71q a8 described in the first
part of Lemma 2:1, are p+ 1 sets of admissible variations satis-
fying equations (2:1) along the corresponding arc E' for problem

C for which the determinant (2:5) is different from zero. The arc
E!', therefore, is normal.

It will be assumed throughout this paper that the minimiz-

ing arc for the problem under discussion is normal.

3. The multiplier rule. From the theory of the problem of
Bolza it 18 evident at once that a normal minimiz;ng arc for problem
A must satisfy the following multiplier rule with a unique set of
mltipliers (IV, 26).

THEOREM 3:1. If E is a normal minimizing arc for problem

A, there exist a unique set of constants ¢, ¢y, 6, &and & unique

function
(3:1) F(t:Y9Y':1) =f + I., (t)ﬂ.‘ (d=0,1,...,m)

such that the equations

t t
t
(SSZ)F-yPlﬂdet-fc F'=f!' dt+ ¢ g (t,y,y') =0
1y1 tzt ’ yi t1 yi 4 ] LA

hold along E, and furthermore such that the transversality condition

1 1
(3:3) [_(F-yiFy{)dt + FYi'. dyi]‘ + dg + o/wd“}‘/w =0

holds at the ends of E for every cholce of the differentials dt,,

dte, dys,» dyjae Along every subaro of E between cornera the

miltipliers X, (t) are continuous. If £ ® O, the multipliers Ta(t)

&re either identically zero or else do not vanish simultaneously at

any point.
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The functions F = y'F 1+ and F_, are continuous along a
Yyvs

)
minimizing arc E. On each subarc of ;1between corners they have
continuous derivatives
(3:4) a(F - y,F )/t = Fy, aFy/at = Fy .

v 1 1
The equations
(L =1, oov, n3)

(3:56) aF ,/at = F O=¢_(t,y,y")
Y;- 71’ o a (d= Oy 1, ooey m)

are called the Euler~Lagrange equations. If the arc E consists of
"
a single arc without corners and with continuous derivetives yi(t),
b4 :(t), then the first equation in (3:4) 1s a consequence of
equations (3:5) (I¥,32). If the matrix
F 1 ¢ !
Ty Ty (1,k=1, ve., n)

(3:6) R=
¢dy,:: 0 (s ¥=0,1, +u.,m)

has rank n+m+1 at a point of a subarc of E between corners,
then the functions yi(t), I_((t) belonging to the arc have cone
tinuous derivatives of at least the first order with respect to t

at that point,

THEOREM 3:2, For problem C, the equation

(3:7) Xo = yifyi -F

holds identically where F 1s the function for problem C correspond-

ing to the function F for problem A and X, is the multiplier of

fo=¢ -11nF, Along a minimizing arc E', the miltiplier Zo is

equal to zero.

The function F 1s given by the equation
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F.(Y:Y"t) = to(¢ -1) +F,
F(y:y',1)=f(y,y')+Ip(t)¢p(y,y') (P= 1, eeey m)e

From the homogeneity relations F(y, ky', X) = kF(y, y', %),
@y, ky') = kff(y, y'), where k > 0, it 1s found by differentiating

with respect to k and setting k = 1 that

1 1
(3:8) F= Yipr g= 71¢y' ’
i i
and hence that F= Yo(f - 1) + F = y;F&| = Zos This proves the
i

identity (3:7). Since Ft = 0, the multiplier X, has a constant
value along a minimizing arc E! satisfylng the equations ¢‘i =0
and the first equation in (3:2). The transversality condition for
E' requires that the coefficient of dt in (3:3), namely - Xo(ta),
must be zero. Hence, along E! the multipller 10 is 1dentically zero.

The function F along a minimizing arc E' for problem C is
independent of the cholce of @ and is equal to F. It is now
possible to state the following multiplier rule for the correspond=
ing arc E for problem B,

THEOREM 3:3., If E is a normal minimizing arc for problem

B, there exlst unique constants c4, L and a unique function

F(y,y',X) = £(y,y') + ip(t)¢(3 (y:3') (=1 ever m)
such that the equations
= dt ’ ') =
ij'. 6 FY:I. + 0y ﬂ(y,y ) =20

hold along E, and furthermore such that the transversality condition

1
F,dy1|1+dg+e av.,. =0
Yy Vs
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holds at the ends of E for every choice of the aifferentials dy,,,

dyi.. Along every subarc of E between corners the multipliers

point.

This result follows from Theorem 3311, Theorem 332 and
Lemma 2:2 only if the functions yi(t). Ip(t) belonging to the
minimizing arc have continuous first derivatives. The theorem is,
however, true as stated, but we shall not pause to establish it
at this time.

The funotions Fyl are continuous along a minimigzing arc
1
E. On each subarc of E between corners they have continuocus

derivatives dFy./dt = F The equations

1 y

(3:9) dPyi/dt - Fyi, 0= “p (y,3")
are called the Euler-Lagrange equations for problem B, The matrix
for problem B, corresponding to the matrix R in (3:6) for problem
‘, is

F, [] ¢ '
y R}
iyk k 1,k= 1, XK¥)
100 B = i ":
'J" 1, eesy M)e
¢N’i 0 ¢

Its rank is less than n+m along an arc E satisfying the equations

'] g = 0 because of the homogeneity of the functions F and ¢@ and
the identities
(3:11) y;-Fylyl = 0

1°k
whioh are obtained by differentiating each of the first n identities
in (3:8) with respect to y)". Along an arc B! for problem C for
which Yo = 0, §#, = 0, the matrix R in (3:6) assumes the form
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F_1 [ ¢
ys’ ;Yyl

(3'12) D= 17k k (1lk= 1, eees n)
¢-( yi 0 (XY= 0,1, eeus m).

THEOREM 334. Let E be an arc for problem B satisfying the

equations ¢@ = 0 which gorresponds to an arc B! for problem C

satisfying the equations @ o = O snd having the multiplier Lo
equal to zerc, Then if the matrix { in (3:10) is of rank n+m=1

along E, the matrix D in (3:12) is of rank n+ m+1 along EB', and

conversely.
If D has rank less then n+ m+ 1, there exist constants

11, /u.q( not all gero satisfying the equations

AyF rv,"‘”/"”’
7L¢ = 0.

174 YL
If oach kth one of the first n equations 1s multiplied by y;‘ and the

n equations are added, the equation/d—o = 0 1s obtained becuase of
the conditions (3:¢8) and (3:11). It follows that the matrix

g 1
y
yiyk Yk 115= 1‘ X XE] n;
= 1, esey m
¢qy; 0 (4= 0,1,e00, m)

must have rank less than n+m. Applying this same process to the
columse of any matrix obtained from this one by deleting one of
the first n or one of the last m rows, it ia found that the rank
of the matrixﬂmust be less than n+m=1, On the other hand, 1if
the rank of R is less than n+m=1, by adjoining one row and one
column to obtain D, it is possible to increase the rank by at moat

two., Hence, the rank of D would have to be less than n+m+1,
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THEOREM 3:5. The differentiability condition. On each

subarc of a normal minimizing arc B for problem B on which the

functions y; (t) defining E have continuous derivatives and the

[
matrix in (3:10) has rank n+m=-1, the functions y, (%), iﬁ(t)

belonzing to E have continuous derivatives of at least the first

order with respect to t.

This result follows from the differentiability condition
for problem C by means of Theorem 3:4 and the last statement in
Theorem 3:2. These theorems are applicable here since this result

18 independent of normality.

4. The extremals and the canonical variables. An extremal

for problem A is defined to be an arc without corners in D, and
a set of multipliers

(4:1) 7y (8, Xy (8) (1 =1..0m 4 =0,1,...,m
t; St &ta)
for which the functions y;_(t), Iq (t) have continuocua partial
derivatives and satisfy the Euler-Lagrange equations (3:5). For
an extremal, the first equation in (3:4) is a consequence of the
equations (3:5) (IV, 32). An extremal is said to be non-singular
1f along it the matrix R in (3:6) has rank n+m+1l. An extremal
for protlem B i1s defined to be an arc without corners in ], and a

unique set of multipliers
(4:2) 7, (), Zé(t) (1 =1,000m3 (3= Liceom 5,8 t9t))

for which the functions y;_(t), Ip(t) have oontinuous derivatives
and satisfy the Buler-Lagrange equations (3:9). It is sald to be

non-gingular if along it the matrix R 1n (3:10) has rank n+m=121,
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In Section 8 of his lectures on the problen of Bolza (IV),
Bliss glves & method of imbedding a non-singular extremal arc E
for problem A in a 2n-parameter family of such extremals by intro-
ducing the canonical variables (t,y,z) related to the variables
(t,7,37',X) by the equations
(413) 2 = Pt (6,5,350), 0= 4 (6yy') (::(]S:l.;::?t!n).
Along E these equations define functions z(t) with continuous
derivatives on tyts and the funotional determinant of the right
members with reapect to y!, X is the determinant of the matrix R
in (3:6). By the usual implicit function theorems there exists
a neighborhood N of the solutions (t,y,z) belonging to E in which

the equationa (4:3) have solutions
1
(4:4) yi = Pi(tly’z)’ xd = IJ“ (t’yp.) (iﬂlp...,n;4=0,l,...,m)

reducing to yj'.(t), 1.‘(t) at each point [t, y(t), z(t)] belonging
to E, and which are such that Py, L , have continuous derivatives
of at least the second order., In themsighborhood N every solution

of the equations
(4:5) Fi' = Pi(t:)';l): l; = Fyi.[t, ¥, B(t,y,2), L(t,7,2)]

defines by means of equations (434) functions Lq(t) with which
it satisfies equations (4:3) and hence the equations (31b6).
In the neighborhood N the Hamilton function H(t,y,z)

may be defined by the equation
(4:6) H(t,y,z) = 24P (t,7,2) - F(t,y,P,L)

whioch 13 the function into which the expression y;F g = F 1a trans=
1

7.
formod by the substitution of the values of 31' and 1, from equatians
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(4:4). From equations (4:3) and simple calculations it follows
that the partial derivatives of the function H have the values

(4‘7) Hc = .Ft’ H = P ’ B’

- Y =B

1

Hence, equations (4:5) are equivalent to the system

' 1
(4:8) V= By 5 = -Hy .

These are called the canonical equations of the extremals. Some

of the consequences of the above theory are summarized in the
following theorem, proved by Bliss (IV, 36).

THEGREM 4:1. The imbedding theorem for problem A. Every

non-gingular extremal E for problem A is embedded for values

t1 S ts ta, tos 8305 ey 8nos b,_o, cooy bno 1.&_& 2n-ga.rameter
family of extremals defined by functions of the form

(4:9) ¥1(t,t0,8,Db), zi(t,to,a,b)

the functions yy, ¥y4s Zy» 244 have continuous partial derivatives

of at least the second order in a neighborhood of the values (t,a,b)

defining E, and the matrix

71% Y1y
’1.k zib (1,k = lp [ XXY) n)
has rank 2n along E.

With the ald of equations (4:8), the following property
of the function H is readily established.

THEOREM 432, Along every solution y;(t), 2,(t) of equations

(418),

(4:10) aH/at = H.
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For, if each 1-th one of the first n equations in (4:8)
'
is multiplied by zi and the second n by - y; and if then the entire

'
set is summed, the equation O = Hyiyi + Hziz;_ i1s obtained, from

which the equation (4:10) follows.

THEOREM 4:3, Along every solution yi(t), zi(t) of equations
(4:8) for problem C, the equation

(43:11) H(y,2) = Lo(y,2)

holds identiaallys furthermore, H(y,z) has a constant value not

identically gzero.

The relation (4:1l) follows from condition (3:7). The
last part of the theorem follows from the first equation in (3:4),
as well as from Theorsm 4:2, and the hypothesis that y;.y; ¥ 0.

THEOREM 4:4. In the functions (4:9) for problem C, one of
the paraweters b gcan be taken equal to H.

By Theorems 413 and 4:1, the equation X, = H(a,b) is
satisfied by the values (asb,Zo) belonging to E, 8ince not all of
the functionsa H’i vanish at any point of E, there is a neighborhood
of the values (a,b) defining E in which one of them, say Hzn,
remains different from zero. By implicit function theory the
equation X, = H(a,b) may be solved for b, in the neighborhood juat

described, and
(4312) bn = bn(31, vees 8o b;) XX bn-;: xo)o

THEOREM 4:5. The extremals for problem B satisfy the

equationa

3y = Hy, (1,2), 7y = -y, (v23), B(y,2) = 0.
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This theorem follows at once from Theorem 4:3 since the
extremals for problem B are the projections in the y-space of
those extremals for problem C for which Lo(y,2z) is equal to zero.

THEOREM 4:6. The imbedding theorem for problem B. Every

non-singular extremal E for problem B in y-space is imbedded for

values tzo s ts tgo) AZO’ seey %-l’oy BZOI ceey Bn-l,o .1_n_ 5

(2n- 2)-parameter family of extremals defined by functions of the

form
Yi(t,A,B). zi(t, A, B).

The functions Y3, Yygs 24, 24t have continuous partial derivatives

of at least the second order in a neighborhood of the values (t,A,B)

defining E and the matrix

” el Y8, Yp,

(4'15) z' (1 = 1; eeey NIj k = 1,-.«,!1':

1 T, %p
has rank 2n -1 along E.
By Theorem 4:4, the functions (4:9) for problem C may be

written in the form

¥, [t,8,B,b,(a,B,H)] = ¥, (t,4,B,H)
(4114)

2y [t,a,B,b,(a,B,H)) = 24 (t,8,B,H),
in which the symbols a, B represent the set (‘1"°'!'n’bll"°’bn-1)'
The projections in the y-space of the 2n-parameter family of
solutions of equations (4:8) for problem C, for which Lo(y,z) = O,
form a (2n=- 2)-parameter family of curves in the y-space. For, if
an extremal projection in the y-space intersects a sub-space

&4 = §4(Ay, ooy Ay_,), having continuous second partial derivatives
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in a neighborhood of the intersection and is not tangent to it,
then every other projection near the extremal will also intersect
without being tangent to it. Hence, the point of intersection of
each extremal with the sub-space can be taken as the initial point
§1 of the extremal for t = t,,. 8ince the only projections
important for problem B are those for which Zo, = O and since

Xo = Lo(y,2) = H(y,z) 18 a constant not identically zero along
every extremal for problem C, the number of essential parameters
is further reduced by one. The extremals for problem B are then

defined by functions of the form
(4:15) Yi(t'A:B)o gl(t)AaB)

obtained from (4:14) by replacing & by 51(A,, sees Apy) and
setting H = O.

Because of the identities
a4 = 54(A) = Yy (t30,4,B), By = Z4(t20,4,B),
bn[ §(A):B] = zn(tzoleB)

and the following relations deduced from them by differentiation
with respect to the variables Aj and Bj'

; =Y N O=Y » O= » 8 = »
16y = Y1a, 13, Zra 4 rj = Zp ]
Pnay guJ = ‘mj' bn.BJ = %.BJ’

it 1s seen that at t = t,o the matrix (4113) is equal to the matrix

Y;. gi& 0 (1 = 1, a4y n)
25 0 srk (J,k'r = 1; ecey n-l)
2, Bnay S1a, Pnd, (81, 8§, =01frdK
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which has rank 2n-1 since the determinant | Yi i‘k' is dif-
ferent from zero at t = tyo. It follows that the matrix (4:13)
must have rank 2n -1 along E. For, if the rank were less than
2n=1 at a point ¢t = t! on E there would exist constants c, s
d’k not all zero such that at that point

(4:16)  ofj + oYy, + QYyp =0, oZf +0,2y4 + 4245, = O

Moreover, since the funotlons in (4:15) satisfy the equations in
Theorem 4:5 identiocally in t, A, B, the columns of the matrix

(4:13) are solutions of the linear, homogeneous equations

] 1
My = uzm‘"qk + H’i’kgk’ Qi = 'HYH;“‘ - ank Q "

The functions

! '

Mato) = oly + 0¥y, +aYyp s Ci(6) = oy + o2y 4 Oyp

are also solutions of these equations and since ’71(t1) = Ci(t,_)ao
1 '

and 7, (t2) = Cy(t)) = 0, 1t follows that 7 (t) S O ® Qi(t).
Hence, the relations (4:16) would also have to hold at t = to whioch
18 impossible since it has been proved that the matrix in (4:13)
has rank 2n - 1 at that point,

For the Problem of Mayer it will be assumed that the set

of mltipliers X, (t) associated with an extremal are E do not
vanish simultaneously. Since the matrix Hﬂ_( 71'“ has rank m,

thia assumption is equivalent to the assumption that the functions
zi(t) assooiated with E do not vanish simultaneously. Hence, not
all the constants by, in Theorem 4:1 are zero at the initial olement
on E. A similar remark applies for the problem of Mayer in para-

metrio form,
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Bliss and Hestenes (III, 309) have proved that for the
problem of Mayer in non-parametric form the functions Pi(t,y,z)

and L*(t,y,z) in (4:4) satisfy the homogeneity conditions
(4:17) Pi(t:kaZ)"Pi(tthz)r L*(toY:kz) = kﬁ*(taylz) (k # 0).

These conditions imply the following theorem,

THEOREM 4:7. For the problem of Mayer in non-parametric

form the Hamilton function H in (4:6) satisfies the condition

(4:18) H(t,y,kz) = KH(t,y,2) (k # 0),

and for proper choice of the parameters the functions in (4:9)

satlsfy the conditions

(4:19) 3, (t,a,kb)=y,(t,a,0), zy(t,a,kb) =ks(t,a,0) (k¥ 0),

The condition (4:18) follows from the first set of con=-
ditions in (4:17) end the fact that the function F in (3:1) for
the problem of Mayer is identisally zero along an arc satisfying
the equations ¢°( = O. The laat statement in the theorem (III,

310) is a consequence of the conditiona (4:17) and

F(tpYoY'nki) = kF(t’Y:Y'vi) (k { 0).

THEOREM 4:8. For the problem of Mayer in parametric form
the Hamilton function H in (4:11) satisfies the condition

(4:20) H(y,kz) = KHi(y,z) (x £ 0),

and for proper choice of parameters the functions in (4:15) satisfy

the relations

(4:21) Y, (t,A,kB) = Y, (t,A,B), 2y(t,A,kB) =kZ4(t,A,B) (ko 0),
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From the condition (4:18) for the corresponding non-parae-
metric problem, it follows that the condition (4:20) must hold and
that the function by in (4112) satisfies the homogeneity condition
b,(a,kbys ooey kby_ ,k¥o) = kby(a,by, +evy byoysXo)e By virtue
of the conditions in (4:19), the functions in (4:14) mat satisfy
the homogeneity relations

'Yi[t:ﬂ:kB;hn(l:kBskzo)] = yift.a,B;bn(a,BJo)],
(k # 0)

31Et:a:k51bn(alk31kto)] = k’i[t:a’B;bn(ﬂ:B)to)]o
8ince these relations are not affected by replacing 8y by Ei(A),
the conditions given in (4:21) must hold for this choice of para-

meters.

5. _The necessary conditions of Welerstrass and Clebsch.

In thls section the necessary condition of Weierstrass is given,
both in the ordinary and the canonical variables, for problems A
and B, as well as the special forms this condition assumes for
the corresponding problems of Mayer. Further properties of the
Hamilton function are developed and, finally, the condition of
Clebsch for the problems A and B 1s given both in terms of the
ordinary varliables and the canonical variables,

THEOREM 5:1. The necessary condition of Weierstrass for

problem A. At each element t,y,y', ¥ of & normal minimizing extremal
arc E for problem A, the inequality

(6:1) é(tnYlY':on')' F(tDYJY.IZ) "F(t1Y:Y':t) - (Y;." y;.)l"ﬂ(t,y.yll)a'o

must hold for all sets (t,y,Y') # (t,y,y') interior to the region
D, and satisfying the equations ¢* = 0,




(237) CONDITIONS OF WEIERSTRASS AND CLEBSCH 25

This theorem has been proved by Bliss using a method of
Graves (IV, 58).

THECREM 5:2. The necessary condition of Welerstrass for

problem B. At each element y, y', X of a normal minimizing ex-

tremal for problem B, the inequality

€ (325100 2 F(3, Y1, 1) = F(7,7,0) - (Y] = 3)F 1 (y,5',1) 2 0
1= Ty

and satisfying the equations ¢‘3 = 0.

This theorem is a consequence of Theorem 5:1 for problem
C. 8ince, along a minimizing extremal arc E' for problem C, the
mltiplier Yo mist be equal to zero by Theorem 3:2, the & -function
(631) for this arc 1s independent of ¢. Hence, its projection E
in the y-space, which is a minimizing extremal for problem B, must
satlsfy this theorem.,

THEOREM 6:3. The necessary condition of Welerstrass for

problem A in canonical variables. _At each element t,y,z of &

normal, non-singular, minimizing extremal arc E for problem A, the

inequallty

(6:2) é(tuY9zaY') = F(t,y,2,Y") + H(t,y,2) = Y;.zi : 0

e st — o——

D, and satisfying the equations #, = O.

This theorem i1s an immediate consequence of Theorem 5:1
and conditions (4:6), (4:7) and (4:8).

THEOREM 5:4. The necessary confiition of Welerstrass for

problem B in canonical variables. At each element y, z of & normal,

non-singulgr minimizing extremal arc E for problem B satisfying
the equation H(y,2) = 0, the inequality
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(6:3) & (y,2,Y") = F(y,2,Y') - Y;zi 20

g

st hold for all sets (y,Y') # (¥,Hy) interior to the region R,

————

d satisfying the equations ¢(3 = 0.
This theorem follows at once from Theorem 5:3 for problem
C with the ald of Theorems 3:2, 334 and 4:3.

Along an admissible arc for the problem of Mayer in non=-

parametric form satisfying the equations ¢“ = 0, the function F

in (3:1) 1s identlcally zero. From the homogeneity relation (4:18),
it is found by differentiating with respect to k and setting k = 1
that

(534) ’inzi = H.
For this problem,condition (5:2) becomes
6(t,y,z,Y') = 21(521 - Y;.) 2 0.

S8imilarly, it can be shown that condition (513) for the

problem of Mayer in parametric form becomes

€(y,2,¥1) = -Y;_zi g 0.

THEOREM 5:6. The necessary condition of Clebsch for

probler A. At each element t, y, y!', Z of a normal minimizing

extremal arc E for problem A, the inequality

(615) Fy{y;‘(t'y’yl'l)ﬂiﬂk z 0 (1,k =1, vou, n)

must be satisfied for every set (T3, ..., W) ¥ (0, ..., 0)

satisfying the equations
(536) ¢qy;(tanY')TT1 = 0 (“ = 0, 1, [ RN ¥} m)o

If E 1s non-singular, the equality sign in (5:5) holds only in case
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() = (0).

The first part of the theorem has been proved by Bliss
(IV, 65). If the equality in (5:5) holds for some value (TT) ¥ (O)
satisfying the equations (5:6), then from the theory of minima
for functions of n variables (IV, 40), it follows that there exist
multipliers /\d such that

FoaaTe+ A4, =0
Iy « %Yy

v = 0.
¢a<y{‘ k °

This is possible only in case the determinant of the matrix R
in (3:6) is zero.

THEOREM 5:6. The necessary condition of Clebsch for

problem B. At each element y, y', X of & normal minimizing ex=

tremal arc E for problem B, the inequality
(637) Fyiy;:(Y»Y'sx) 7T1 TTk 2 Y (L,k =1, eesy, n)

must be satisfied for every set (T, ..., 7T;) # (0, ..., 0)

satisfying the equations

(5:8) l(y,y')—“’i =0 ((3 =1, eeop m)e

¢(3 v
If E 1s non-singuler, the equality sign in (5:7) holds only in case
(T) = (py').

This theorem is & consequence of Theorem 5:5 for problem

C which states that for every set Tfi satisfying the equations (5:8)
and also ¢°y{(y,y')ﬂ'1 = 0, the condition (5:7) must be satisfied.
But to every set 174 satisfying the equations (5:8) there corres-
ponds a set Tl"1 - py;.. with p = ¢Yl 77'3, satisfying the equations
(538) and also the equation ¢°yi(111 - py;.) = 0 on account of the
homogeneity of the functions ¢@ and #. For this set Ty = pyi',



28 LANDERS: HAMILTON-JACOBI THEORY (240)

w o= T, - py! (T, - py!
Fy{y‘;‘ni Kk Fyiyll{( 1 PYi)( k Pyk)

because of the homogeneity of F. The last expreasion is g O on
account of the Clebsch condition for problem C. If E is none-
slngular, 1ts corresponding arc E! for problem C has the same
property, as shown in Section 3. Along such an arc E!', by Theorem
635, the above expression i1s zero only in case ( 77 - py!) = (0).

In the following lemma and its proof certain properties
of the Hamllton function H will be deduced which will be useful
in stating and establishing the Clebsch condition in canonical
variables.

IEMMA 5:1. Along a non-singular extremal arc E for problem

A, the matrix

HZZ Lﬂz

%k d (»B8=0, 1, v.., m)

(5:9) L = =0, n
1.(gzk o (1k=1, vou, n)

has rank n+m+1l., Furthermore, the matrix e, zj“ has rank m+ 1

and the matrix Hszzkll has rank n-m=~1 along E,
Since, by hypothesis, the matrix R in (3:6) has rank

n+m+1, the linear equations

ei=Fy£yj|TTJ+¢’yi/4-, (¥, =0,1, ec., m)
(5:10)
0 =¢dy3n:" (1"1:1, ceey n)'

can be solved for 77'3 and /u-, for arbitrary values of €3, e.., L)
In order to state the solutions explicitly, it is observed that

[
if the variables y, = Hzi(t,y,z), iq = L, (t,7,2) are substituted
in equations (4:3) and the resulting identities are differentiated

with respect to z,, then
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0, F_1 1H +d

(5:11) ¢°l Y;szzk = LERZ z42) v YiLyzk =8 ik

where 811 = 1 and Sik = 0 1if 1 # k. Hence,

(5312) 77_3 = Hzizjei’ /‘y= I‘pziei
are the solutions of equationa (5:10).,

If e, = #_ o!s then "TJ = 0 by equations (5:12) and (5:11),

]
A Vi
end 1t follows from the first group of equations in (5:10) that

(5313) Ll’zk¢o(yf‘= sﬂq (O(,Jl = 0,1' veey m).

By means of these equations and equations (5:11), it is found that
the product of the determinant of the matrix R in (3:6) and that
of the matrix I in (5:9) 1is
S F 1_1L
ik
yiyj yzd 1 (1Jk’J = l' IXX¥) n)

Y gq)’ (qu-oll) ey m).

Hence, the matrix I has rank n+ m+1l, It follows at once that
the matrix || L, zJ” mist have rank m+ 1 since otherwise the
matrix i could not have rank n+m+1l. 8imilarly, the rank of

the matrix || HZJZk Il zust be 2 neme1l, But the first set of
equationa in (5311), which represent m+1 linearly independent sets

of relations among the rows of this matrix, show that its rank

must be § n~m=1, Hence, the rank of the matrix || H EEY]

zjzk
exactly neme1,

THEOREM 65:7. The necessary condition of Clebsch for problem

A in canonical variables. _At_each element (t,y,z) of & normal non=-

sinpular minimizing extremal arc E for problem A, the inequality

Hzi’k°1°k> Y (11 k= 1, ecey n)
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mst be satisfied for every set (ey, ...y o) ¥ (0, ..., 0) satis=-

fying the equations

(5:14) L =0 (ﬂ-O, 1y coey m)o

)
yzli

Let ey be a solution of equations (5:14). If T, are de-
fined by the expressions Hzizk°k’ it follows from the first group
of equations in (5:11) that 7Ty satisfy the equations ¢dﬂ"’1 =0,
Conversely, let T4 be a solution of the equations ¢d y,'_ Ty =0,
Then if ey are defined by the expressions Fyil.ys ’ITJ, it i1s seen with
the ald of the equations (5:10) and their solutions (5:12) that oy
must satlsfy the equations (5:14). Furthermore, the numbers Tr,_
are all zero if and only if the corresponding numbers e, are all
zero, since the determinant of the coefficients in the equations
(5:10) 1s different from zero along a non-singular arc, It should
be noted that equations (5:12) and (5:11) show that ey # h*ﬂ*ﬂ
since otherwise (1) = (0). This condition on the sets (e) is
implied by the equations (5:14) on account of the conditions (5:13),
It is now seen with the ald of equations (5:10) and their solutions
(5112), that for every set (77) # (0) satisfying the equations
¢ .111 = 0, there corresponds a set (e) # (0) satisfying the

LI/
equations (5:14), and conversely, for which

H e;e = F , |Tr m D
The present theorem now follows from Theorem 535,

THEOREM 5318, The necessary ocondition of Clebsch for problem

B in canonical variables. _At_each element (y,z) of & normal non=

singular minimizing extremal arc E for problem B, the inequality

(5:15) Hy s %% > O (,k=1, ..., n)
k :
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must be satisfied for every set (ey, +..s €y) ¥ (p¢y{,...,p¢y£)

satisfying the equations

(5:16) L = 0, (@: 1, eeep m)

et

where the function @ 1s the function appearing in the function Fo

defined by equation (1:5).

This theorem is a consequence of Theorem 5:7 for problem
C which states that for every set (ey, .«e» o) # (0, «.., 0)
satisfying equations (5:16) and also Lozi°1 = 0, the condition
(5:15) must be satisfied. But to every set ey satisfying the
equations (5:16) there corresponds a set o4 - pdyi with
p= Lozkek’ satisfying the conditions (5:16) and also the equation

Loz, (61 = p¢°yi) = 0 on account of the condition (5:13). For

this set ey = p¢°yi
H ey, = H (o = pf . 1)(e, - pF, 1)
z, 2, k %, 2, 1 oyy k oYy
because of the first group of equationa in (5:11). The right
member of the last expression must be positive for (e = pﬂoyt)#'(o)
by Theorem 5:7 for problem C.

6. Mayer fields for problem A. A Mayer field, as defined

by Bliss, is a region &' 1n ty-space containing only interior
points and having associated with it a set of slope functions and
miltipliers py(t,y), X, (t), having continuous first partial
derivatives in &', defining elements [t,y,p(t,y)] which lie in
the region D, and satisfy the equations ¢q = 0 for every (t,y)
in &', ana making the integral

¥ = u/:F - pipyi)dt + Fyi dy,



32 LANDERS: HAMILTON-JACOBI THEORY (244)

independent of the path in 5“'. The arguments of F and its
derivatives in the integrand of 1* are [t,7,p(t,¥) (5,71,

Bliss has shown that the solutions of the equations
7; = Py (t,y) are extremsls with miltipliers I, [t,3(t)], called
the extremals of the field (IV, 103). It should be noted that
for the problem of Mayer the function F(t,y,p,X) vanishes identical=-
ly in F' and the integral I* has the value zero along every ex-
tremal of the field.

Let D be a region of points (tsy,7',X) with (t,y,¥') ine
terior to the region D, described in 8ection 2 and so related to
a region N of points (t,y,q) that to each point (t,y,q) interior
to N there corresponds a unique solution (t,y,yl,i) of equations
(4:3) with (t,y,y',X) interior to D and the determinant of the
matrix R in (3:6) different from zero. The equations (4:3) with
Zy = q have as before single-valued solutions with continuous
second derivatives over the interior of N, and every solution yi(t),
z4(t) = qi(t) of equations (4:8) in this region defines an ex=-
tremal. A set (t,y,q) interior to N will be called an admissible

set.

A second definition of a Mayer fleld 1s & region & of ty-
space containing only interior points with which are associated
functions qi(t,y) having continuous first partial derivatives in &,
defining elements [t,y,q(t,y)] interior to the region N for every
(t,y) in &, and making the integral

* = fqi(td')dﬂ_ - Blt,y,a(t,y))at

1MwmhMofmemmin&.

THEOREM 6:1. 1f the integral I* is independent of the path
in ¢, the equations

.
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(6:1) -2H/37 = 2q/3ts  qy/2v, = 2oy,
(1,k=1, ..., n)

hold identically in the variables (t,y).

From the hypothesis of the theorem, it follows that every
arc in F is a minimizing arc for the integral ¥ and hence must
satisfy the corresponding Euler-Lagrange differential equations
for I*. In order that this be true, equations (6:1) must hold.

Along en admissible arc yy = y,(t) in &, the identity

]
(6:2) ) ql_/’bt +aH/ay1 = dqi/dt + Hy1 + qiyk(ﬂzk- V)
13 readlly seen to be true since
!
?2H/2 ¥y = HY1+ szqkyigﬁy1+ szqiyk; dqi/dt = qq¢ + qiykyk~

THEUREM 6:2. Every solution yi(t) in the field F of the

equations
(633) dy, /dt = uzitt,y.q(t.y)]

is an extremal with z4(t) = qi[t,y(t)].

The sets [t,y,q(t,y)] are interior to N for (t,y) in F ,
and equations (6:1) and (6:2) show that along an arc satisfying
equations (6:3), the equation

dgq/dt + Hy, =0

mist hold. If zy(t) is defined to be qi[t,y(t)]1, then y, (t)

and z4 (t) satisfy the equations
dy,/at = Hy, (£:5,2), az, /dt = - Hy, (6272205

which are the canonical equations of the extremals. The arcs
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satisfying the equations (6:3) with 2z4(t) = qi[t,y(t)] are called
the extremals of the field.

THEOREM 6:3. Through each point of the field & there

passes one snd only ome extremal of the fleld.
This theorem follows from the fact that the equations
(6:3) are of first order.
A Mayer field as defined by Bliss 1s a field according to
the second definition, provided that the sets [t,y,q(t,y)] de-
fined by points (t,y) in F', where g (t,7) = Fyi[t,y.p(t,y),l(t,y)],
are interior to the region N. Every field of the second type is
a Mayer field as defined by Bliss with p,(t,y) = Hzi[t'V'Q(t'Y)]
and X, (t,y) = L, [t,30a(t,y)].

7. Transversal surfaces of a Mayer field for problem A.

Let F be a field defined by functions ql(t,y). An n-gpace

W(t,y) = constant is called a transversal surface of the field

if at each point of the n-space the equation

g (t:7)dyy = H(t,y,a(t,y)]dt = 0

1s satisfied by every set of differentials dt, dy1 which satisfy

the equation

Wy, 4 + W, = o,

It 1s evident that a necessary and sufficient condition that an
n-spacc W(t,y) = constant Le a transversal surface of a field O

is that at each point on the n-space in éﬁ

(7:1) Wy, = ko W, = -l

where k is a proportionality factor.
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THEOREM 7:1. In every field & the Hilbert Integral

defines a function W(t,y) having continuous second partial derivae

tives in EP. satisfying the Hamilton-Jacobi partial differential

equation

(7:2) wt + H(t,y.‘ly) =0,

and such that the surfaces of the family W(t,y) = constant are

the transversal surfaces of the field. Conversely, let W(t,y)_gg

& function which has continuous second partiasl derivatives and de-

fines only admissible elements (t,y,q) = (t,y,ﬂy) in a region &F

of ty-space. Then if W satisfles equation (7:2), the region E?'Lg

a field with
(7:3) q (t,5) = ¥y’

and the surfaces W(t,y) = constant are the transversal surfaces of

the field.

In a field I determined by a set of functions qi(t,y),

the function
(t,y)

(7:4) W(t,y) = / a3 (t,¥)dyy - HIE,y,q(t,¥)]ds,

(t0s70)
where (to,yo) 1s a fixed point in éﬁ, has the properties described
in the first part of the theorem since its derivatives are given
by equations (7:1) with k = 1, The equations (7:1) with k = 1 are
clearly equivalent to equation (7:2).

Conversely, every solution W of equation (7:2) with the
properties described in the theorem defines functions q4 by means
of equations (7:3) which with W satisfy the equations Wt = «H(t,y,q),
q = le' The Hilbert integral IY formed with the functions

Yy = in iz the integral of dW and hence 18 independent of the path,
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Thus the region & 18 a fleld with functions Q = 'Yi’ according
to the second definition in Section 6.

The following well-known properties of a field are easily
established for a fleld & . In a fleld,I¥(Ca) = W(t,y)ly for
any two points 1 and 2, Therefore, for every arc C;z on a transe
versal surface, I¥(C,z) is identically zero. From this it
follows that, if the extremals of the field do not lie on the
transversal surfaces, then two transversal surfaces intercept arcs
on the extremals of the fileld along which the integral«/wziﬂzi- H)t

has a congtant value,

8, Construction of filelds and relations between extremals

and a complete integral of the Hamilton-Jacobi equation for

problem A, In this sectlon conditions are given under which it

is possible to construct an n-parameter family of fields from a
2n-parzmeter family of extremals. The complete integral of the
Hamilton-Jacobl equation is determined with the ald of a 2n-parameter
family of extremals, and conditions which this integral must satisfy
i1f some of the parameters do not appear in the functions yi de-
fining the extremals are derived. Finally it 1s shown how to de=-
ternine a 2n-parameter family of extremals from a complete integrd ,
and conditions are given which imply the non-appearance of some of
the parameters in the functions y4 defining the extremals.

THEOREM 8:1. Suppose that a non-singular extremal arc E

for problem A is & member for values tio S t S taos 8105 «ve» 809

Dios eees by Of & 2n-parameter family of extremals defined by

functions of the form

(8:1) Yi(tnaz.’ eves 8nsbyy eees bpl, zi(t:a:n eees BnsDyy eeeybp)

which are such that the functions yy, Yits 245 254 have continuous
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first derivatives in a neighborhood # of the values (t,a,b) be-

longing to E. Suppose further that for each set (t,a,b) in

the determinants

Y. 7.
1‘]: ib

(8:2) | Tia, | ’ 2a, b

are different from zero and the equations

(835) yi%ziaj - yi.'Jzi.k =0 (1,1‘,,’ = 1, XXy n)

hold identlcally, Then for fixed values of (b) in @3 the family

of extremals defined by the functions (8:1) form a Mayer field

over a nelghborhood & of the points (t,y) on E. Furthermore, the

functions qy (t,y,b) for each field have the determinant

(814) l q“’k' (1sk =1, e, n)

difforent from zero. The functiona qy(t,y,b) are defined by the
equations

(8:5) qy(t,7,0) = zittnl(tanb)tb]:
and the functions a, (t,y,b) are found by solving the equations
(8:6) Iy = Yi(t:‘-’b)o

S8ince the determinent | Yia, | 1s different from zero for
(t,a,b) in 8, the system of equations (8:6) has a unique solution
8y = 8y (t,y,b) for (b) 1in 63 ana (t,y) in a neighborhood & of
the pointas (t,y) on E; the functions &y (t,5,b) have continuous
second derivatives for (b) in §3 and (t,y) in & since the right
members of equations (8:6) have such derivatives. It follows

from conditions (8:13) that for each fixed set (b) in U3 the family
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of extremals defined by the functiona (8:1) form a Mayer field
over the region & with functions q4 (t,5,b) defined as in (8:5)
(I, 695). There is a family of such fields depending upon the n
parameters (b).

In each field the determinant (8:4) must be different from
zero, For, the differentials of the equations (8:5) and the
identities y; = y; [t,a(t,y,b),b] with respect to by satisfy the

equations
qibjdbj = ’1‘kdﬂk + ’1bjdbj’ (ipj,k = 1’ eecey n,

where d.ak = ‘kbjdbj' If the determinant (8:4) were equal to zero
at a point (t,y) in & and (b) in 8, there would exist values
dbj not all zero satisfying the equation qibjdbj = 0, For such
values of dbjg the second determinant in (8:2) would have the value
gero which 1s contrary to hypothesis.

The following theorem (II, 2683 VIII, 146) indicates
conditions under whioch an extremal satisfying the hypotheses of the
previous theorem exists.

THEOREM 8:2. Let E be a normal non-singular extremal for

problem A for which there exists a conjugate system '7“‘. Qu
of solutions of the canonical accessory equations

¢! .. -
(8:7) ’71 =8y 4 7 ’7“ +E ’1‘k k? 1" nyﬂk k HY:L’I:q k

whose determinant I"(ik(t) | s different from gero along E. Then
E 18 a member of a Z2n-parameter family of extremals of the type de=-

scribed in Theorem 8:l.

The equations (8:7) are derived by Bliss in his lectures
on the Problem of Bolza (IV, 75). To establish the theorem let
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Y= Y5, %0, eees®pyBas eees @n),
(6:8) £ = 2y (6 %, v s Bus s B)
be a 2n-parameter family of extremals containing E for values
oAy = Oy, @1 = (310. tio S t S tao anad such that the parameters
41, @1 are the values of the functions Y;, Z; at t=t,o, the
functions Yy, Yi¢s 24, 4,y having continuous first and second
partial derivatives in a neighborhood of the values (t,«, @) be-
longing to B, The 2n-parameter family
(839) y3=33(ts83s000s8nsDrsecesbn)y 23= Z3(t,835000s8,,D35000,bp)s
obtained from the family (8:8) by substituting for (0(,(3) the
functions o (a), (B(a,b) defined by the equations

(8310) oAg(a)=oy,+ 71k(txo)9~ka @1(a,b)= @10"' Cik(t:.o)‘k+b1’

containsE for (a,b) = (0,0) and can be shown to have the properties
described in Theorem 8:1l. For, by differentiating the identities

Yi(tma a, b) = “1(&)' Zy(ty0, &, D) = ﬁi(a, b)

with respect to L) bk it is found that at t = t,4,

(8:11) yiaka "? 1k(tzo): li&k= cik(tzo)’ yibk =0, gz, = Sik

where 811 = 1 and 8“{ = 041f 1 # k. Hence, along E

ia, = Tacl®)r 2y = € (®)

since along E the right and left members of these equations are
solutions of equations (8:7) with the same initisl values at ¢ = tio.
The determinant | ynkl is therefore different from zero along E.

It follows that the first n equations in (8:9) have unique solutions
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8; = a3(t,7,b) which are continuous and have continuous first
and second derivatives for all (t,y,b) such that (t,y) 1a in a
neighborhood & of points (t,y) on E and (b) in a neighborhood o5}
of (b) = (0). For each fixed set (b) in I3 and (a) in & neigh-
borhood of (0),

7"‘;:’“3 - y“'J’i.k = 7 4x(ta0) Qu(tw) = M1y t20) gik(tto)

on the hyperplane § = tjos The right members of these equations
have the value zero sinoce ’7“:. cik is a conjugate system of
solutions of the equations (8:7) (IV, 80). B8ince the left members
of these equations are conatant along each extremal of the family
(8:9) for (t,a,b) in a neighborhood of the mset (t,a,b) on B (I,
695), it follows that condition (8:3) of Theorew 8:1 is satisfied.
With the ald of equations (8:11l) it im seen that the second deter=
minant in (8:2) is different from zero at t = t,0 on E and hence
mst be different from zero along E (IV, 37). Therefore, there
is at least a neighborhood of the values (t,a,b) belonging to E
in which the 2n-parameter family of extremals (8:9) satisfies the
hypotheses of ‘heorem 8:1.

A complete integral of the Hamilton-Jacobi partial differ=
ential equation will now be determined with the aid of a 2n«parameter
family of extremals.

THEOREM 8:3. If a non-singular extremal arc E for problem
A is a member of & 2n-parameter family of extremals having the
properties desoribed in Theorem 8:1, then there is & neighborhood

of E in which, with an arbitrary additive constant, the function

(t,y)
W(t,7,b) = q4 (t,y,b)ay; =H(t,y,q)dt
to05¥0)

with q defined by equations (8:5), is & complete integral of the
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Hamilton-Jacobl partial differential equation Wy + H(t,y,Wy) = 0
and has the determinant | "nbk' (1,k = 1, «.., n) different from
gero.

This theorem follows directly from Theorem 8:1 and the
first part of Theorem 7:l.

The theorem of Jacobl on the determination of the extremals
from a complete integral of the Hamilton-Jacoti equation will now
be given.

THEOREM 8:4. If W(£,¥25 eee» YnsDzs eeep bp) has con-
tinuous second partial derivatives with the determinant

(8‘12) ‘ "b1yk ' (1.k = 1) eeey n,

differont from gero for all points (t,y,b) satisfying conditions

of the form (t,y) in & region &, (b) in a region {3, and the sets
(t,y,q) = (t.y,ly) corresponding to these arguments admissible,

and 1f furthermore W satisfies the Hamilton-Jacobi partial differ-
ential equation ‘

(8:13) We + H(t,y,Wy) = 0

identiocally in (t,y,b), then the sguations

(8:14) 'bi(t'Ypb) = 'bi(tO"'b’

define & 2n-parameter family of extremals

Y1 (tytos85b), s, (t,t5,a,D)
1 1

with properties similar to those described in Theorem 4:1, the

funotions 84 (t,t0,a,b) being defined by the equations

(8‘15) ’1 = 'yitt;y(t,to.lab).b].
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B8ince the function W satisfies the equation (8:13)
identically in (t,y,b), it follows that W must satisfy the equations

(8s16) wtbi + Hy W = 0, 't,1 +H o,

K TikP1 n * BnVngy ~
found by differentiating the equations(8:14) with respect to b1
and yy» respectively.

It will now be shown that every admissible arc E interior
to 59, having no corners, and satisfying the equations (8:14) for
particular constant values a4,, by 18 an extremal. For, the
funotions yy(t) (t, S t S ta) defining x with the functions z, (t)
defined by means of (8:15) satiafy the equations

' ' !
(8:17) L 'b1kak = 0, zy = 'yit + 'Yiykyk’
found by differentiating the equations (8:14) and (8:15) with
respect to t. The equations (8:16) and (8:17) show, with the aid
of the condition (8:12), that the functions y;(t), z(y) satiasfy
the canonical equations (4:8) and hence that E is an extremal.

The values (t,y,t0,a,b) belonging to E form a set satisfy-
ing equations (8:14) on which the determinant (8:18) is different
from zero. Hence, equations (8:14) have solutions VL= yi(t.to,a.b)
which, substituted in (8:15), define functions Zy = zi(t,to,a,b).
For a fixed value of to, these functions define a 2n-parameter

famlly of extremals
(8:18) 71(t:‘:b)c zi(tnﬂab)

including E for the parameter values & = 844, by = by, and having
continuous partial derivatives of at least the first order in a
neighborhood of these values since the left members of equations

(8:14) and the right members of equations (8:15) have such
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derivatives. 8ince, from the discussion above, the functions in
(8:18) satisfy the canonical equations (4:8), it follows that
Vig2 %1t also have continuous first derivatives. By substituting
the functions (8:18) in equations (8:14) and (8:15) and differ=-
entiating the resulting identities with respect to a4, bj' it is
readlly seen that the product of the determinants

"’b1 Y, 0 Yka 1 4 3

- (1'J,k = l; veey n)
"yiyk 811: Zxka Zkb

1s the determinant

W, (tosa,sb (tosa,b) = (t,y,b)
by (bor®D) Wy (tosaD) = Wy (b3,
0 - 'yibj (tOYDb)

and hence that the value of the functional determinant of (y,z)
with respect to (a,b) has rank 2n. This establishes the final
property of the family (4:9) as belonging also to the family (8:18).,
For certain problems of Bolza gome of the parameters (b)
do not appear in the first n funotions (8:1) defining a 2n-parameter
family of extremals for the problem. For the problem of Mayer, for
example, at least one of the parameters (b) is non-essential in
the first n functions in (8:1) as shown by the homogeneity relatims
(4:19). A similar condition holds in the case of the problem of
Lagrange with finite side conditions transformed by differentiation
of the side conditions into a problem of Lagrange with differential
equations as side conditions (VI, 11), It should be noted that in
the first of these problems the order of abmormality (IV, 52) is

at least 1 and in the second it is equal to m+1. In the following
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theorem a condition is given which 18 necessary and sufficilent
for the non-appearance of some of the parameters (b) in the first
n functions in (8:1).

THEOREM 8:5. If the last s of the parsmeters (b) do not
eppear in the functions y,(t,a,b) in (8:1) of Theorem 8:1, where s

is one of the numbers 1, ..., m+1l, then the function W deacribed

in Theorem 8:3 satlsfies the additional squations

(8:19) =0 (P = n-s+l, «oepnj 1,k=1,e,.5 n).

H’-kzi'nb e

Conversely, if the function W(t,y,Db) having the properties described

in Theorem 8:4 has continuous third derivatives and also satisfies

the equations (8:19), then the last s of the parameters (b) do not
appear in the functions y,(t,a,b) in (8:18) defining the extremals.

To establish the first statement in the theorem it should
be noted that if the last s of the parameters Dis ooy b, do not
appear in the functions y1(t,a,b) in (8:1), then the functions
oi(t,y,b) desoribed in Theorem 8:1 are independent of these
parameters also. Differentiating the identity

Wy, (€,5,0) = 24 [t,a(t,y,b),1)

for bP » 1t 18 found that 'Yibe = ”1bf e« Moreover, from the re-
letion

]
Yi(ttﬁ-:b) = Hzir-tnY(fnﬂ,b) »z(t,a,b)]

one finds by difrorenti;ating for b, that Hlizk‘kbp = 0 since the
functions yi(t,a,b), yi(t.a,b) are independent of bP « Equations
(8:19) follow easily from these relations.

To prove the last part of the theorem let W(t,y,b) be a
solution of the Hamilton-Jacobi equation (8:13) as desoribed in
Theorem 8:4. By the latter part of Theorem 7:1, tim region G in
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ty-space for each fixed set (b) in ¥ 4is a fleld with functions
qy (t,y,b) = Wyi(t,y,b) and with extremals of each field defined
by the functions (8:18) in which the parameters 8y are assumed to
be the values of the functions vy 8t t = to. The invariant integral
(7:4) from a fixed point (to,8) to a variable point (t,y) in &
i1s given by
(t,y)

(to,a)

It follows that

(qk dy, - H dt) = W(t,y,b) = W(to,a,b).

(t,y)
: = = t
(8:20) wbi(taY:b) Wbi(to:ﬁ’b) + (b0s8) qkbi(dyk szd )s
W ( b) = W, (to,8,b) (tm( (a H,, dt)
t, = a + -
bibj Y, bibj 0s8, (to,a) qkbibj Y z)
(8:21) - szthkbiqhbj dat}) (L,3,ksh = 1, evu, n).

If the functions yi(t,a,b) are substituted for vy in the equations
(8:14) and the resulting identities are differentiated for bf,, it
1s found with the ald of the identities obtained by making the
same substitution in equations (8:21), (8:19) and wyibP = qd_bF
that
(t,y)

Yo7, 7800 T 7 Jigy,a) Jebybe (T T Hg d0)
In view of the fact that the functions yi(t,a,b) define an extremal
of the field passing through the point (tg,a), the invariant line
integral above may be evaluated along this extremal. When this is
done, it i1s found to have the value zero. Accordingly, one obtains
the relations wbiy yjbe = O, 8ince the determinant in (8:12) 1is
different from zero for (t,y) in & and (b) 1n 8, 1t follows that
the functions y,(t,a,b) in (8:18) must, therefors, have the form
stated in the theorem,
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9. Fields for the problem of Mayer in non-parametric form.

For this problem, as stated in Theorem 4:7, the Hamilton function
H(t,y,2) 1s homogenecus of order one in z. Because of this fact,
the fields for this problem have certain peculiar properties which
will be discussed in this seotion., It will be recalled also that
it waa shown in Section 4 that the multipliers ld (t) associated
with an extremal arc E for this problem vanish simultaneously if
and only if the functions zi(t) agssociated with E have this
property.

THEOREM 9:1, The integral I% has the value zero along

every extremal of a field & . Furthermore, every extremal of a

field l1es on one of its transversal surfaces W(t,y) = constant

and the values Wy, are mot all zero,

Along each extremal of a field, the integrand of the in-
variant integral ¥ 1s equal to the expression ’1321 = H which
is identically zero on account of the condition (5:4)., It follows
that each extremal of the field lies on the transversal surface
W(t,y) = W(to,yo) defined by the function (7:4) where (to,yo) 18 &
fixed point on the extremal. The values '71 are not all zero sinece
they are the values of the functions Zy belonging to the extremals
of the field.

THEOREM 9:2. Let E be & non-singular extremal arc for the
problem of Mayer having the properties described in Theorem 8:1.

Suppose further that the functions y,(t,a,b), 2z, (t,a,b) in (8:1)
satisfy the homogeneity conditions (4:18). Then the funotions
qi(t,y,b) defined in (8:5) satisfy the conditions

(9:1) Q1(tlYlkb) = kqi(t:ypb) (k o 0).
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This theorem follows from the fact that the functions
H(t,y,b) described in Theorem 8:1 would, under thelypotheses of
this theorem, satisfy the conditions & (t,y,kb) = & (t,7,b) (k # 0).

THEOREM 9:3. Let E be a non-singular extremal for the
problem of Mayer having the properties desoribed in Theorem 8:2.

type described in Theorem 9:2.

8ince the parameters o, (31 in the functions ¥ (t,o! ,(3),
2, (t, 4, @) in (8:8) are the initial values of Yy, % at t = to
these functions satisfy the relations (4:19) and not all the
parameters @10 belonging to E are zero (III, 310)., In order to
preserve this property for the functions y;(t,a,b), z4(t,a,b) in
(8:9), the expressions for (31 in (8:10) are replaced by the

following expressions which are homogeneous of order one in (b)s

@rg grk(tg)lkbn*br' @n = an(tO)‘kbn+ pnobn, (r‘ 1’00 .,n-l)

where 1t i3 assumed that the functions Ty %y in (8:8) have been
renumbered, if necessary, so that @no ¥ 0 and the funotions
°fi(n) in (8:10) are uwnchanged. The family (8:9) now contains
the extremal arc E for ay = 0, b= (31‘0’ b, = 1, and the functions
yi(t,a,b), zi(t,a,b) in (8:9) satisfy the relations (4319). The
proof given for Theorem 8:2 with & slight modification in the last
set of equations in (8:11) is valid for the parameters (@) re-
placed by the expressions given above.

THECREM 9:4., If E is & non-singular extremal arec for

the problem of Mayer satisfying the hypotheses of Theorem $:2,

then the functlon W described in Theorem 8:3 without the additive

constant gcan be put into the form an(t.y;....,yn,o,,...,cn_l),

and the mumber s described in the first part of Theorem 8:5 1s at
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least equal to one. (Conversely, if a function U(t,¥iseees¥ys

e;,...,cn_l) has continuous second partial derivatives with the

determinant

UYi

U (i=l,...,nl j=l,o..,n-1)
Yicy

different from zero for all points (t,y,c¢) satisfying conditions
of the form (t,y) in & region &, (c) in a region C, and the sets
(t,y,q) = (t,y,Uy) corresponding to these arguments admissible,

and if U satisfies the Hamilton-Jacobi equation (8:13) identically
in t, a, ¢, then W = b U(t,¥1,444s¥ns01see0s0nay) £Or by # O 1s
& function possessing the properties of the function W described in

Theorem 8:4. If U also has continuous third derivatives, then the

number s described in the last part of Theorem 8:5 is at least

equal to one.
The firast part of the theorem follows from the conditions

(4:18) and (9:1). The final statement in the theorem is a con=

sequence of the homogeneity of the function H given in (4:18). To
>

prove s g 1, we use the identities zinin =0, Hzizj(t,y,kz)

= (1/1:)1121zj

first with respect to zZ; and the resulting equation with respect

(t,y,2), obtalned by differentiating the equation (4:18)

to k and with respect to zj. With the help of these identities
and zy = in, it is found that

= 1
Hzizk(y'wmekbn = F!; Hzizk(y’uy)uyk = 0,
The number s is acocordingly at least one by Theorem 8:5.

THEOREM 935, Each transversal surface W(t,y) = ¢ of a

field &, determined by functions q (t,y), gontains an (n=1)-

parameter family of extremals of the field defined by functions
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(9:2) yi(t.az, soey ﬂn-lrc): zi(toazs ceey ‘n-11°)o

At each point on the transversal surface, the equations

(933) qi(t'y)y‘l‘k =0 (1 = 1,...,!1; k = 1....,n-1)

are identically satisfied by the functions ys(t,a,c) in (9:2).

Let the extremals of the field be given by the equations
(934) yi = Yi(t,al,...,an), zi = Zi(t,al,...,an)

where (&) lie in a region @ and are the values of Y1 at some
point t = to on the interval ty @ t S tas. Then, by the first part
of Theorem 7:1, the transversal surfaces are determined by the
equation W(t,y) = constant, where
(t,y)
(9:5) W(t,y) = q (t,y)dyy - Hlt,7,q(t,y)]1dt.
(to,30)

In view of Theorem 9:1 one has the identity
'[t;y(t'a,] = '(to;l) .

8ince the values 'yi are not all zero, we can infer from the
equation W(to,a) = o, that the parameters a,, ..., &, can be
replaced by new parameters one of which 1s the constant c. We
may denote these new parameters by &3, s¢s» &, ., © and hence
express the extremals of the field by functions of the form 9:2.

The equation (933) is obtained by differentiating the identity
'[t:Y(t131:--~vﬂn-1:°)] = C

with respect to &, and replacing '71 by its value qi(y). This

proves Theorem 9:5.
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10, Mayer fields and transversal surfaces for problem B.

A Mayer field as defined by Bliss, 1s a region &' of y-space cone
taining only interior points and with which there is associated
a set of slope-functions and multipliers py(y), Zp(y) having con=
tinuous first partial derivatives in 5", defining elements (y,p)
which 1ie in the region R, and satisfy the equations ¢ﬁ = 0 for
every (y) in ', and making the integrsl I* = nyi dy, inde-
pendent of the path in Ji' when the arguments of the function Fyi
are y, p(y), l(g(y)-

It should be noted that if a set pi(y), Ig(y) has the
properties described above, then every set k{y) pi(y), ZP (y)
for k(y) a positive function with continuous derivatives for (y)
in 3:' also has these properties on account of the homogeneity of
the funotions F and ¢P and the fact that the region R, contains
the point (y,ky') for k positive if it contalns the point (y,y').
In particulaxn I‘ is unchanged, and it will be shown later that the
extroemals of the field remain the same. Since the function #
appearing in the function ¢° for problem C has the properties
prescribed for k(y), the slope functions of the field & can be
replaced by p(y)/#ly,p(y)] and in this form they will satisfy the
equation @, = O. Furthermors, the corresponding cylindrical region
3' of (t,y)-space with slope functions and multipliers py (y)/#ly,p(yl,
Io = 0, 13 (y) 13 a Mayer field for problem C. Whenever the
problems B and C are being compared it will be assumed that the
functions p, (y) for problem B have been replaced by p, (y)/dly,p(y)]
although, as noted above, the results for problem B will bse in-
dependent of this transformation. Since the solutions of the
equations y;_ = py(y)/#L3,p(y)] are extremals of the field F' with
maltipliers Lo = 0, ¥ G[y(t)], their projections in y-space are
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extremals for problem B with multipliers IPEy(t)]. By the
method of Section 4, the initial values for the functions y; can
be expressed in terms of n -1l independent parameters. By replac-
ing the parameter t by T#(y,p) it is evident that every field 31'
for problem B i1s simply covered by an (n e« l)-parameter family of
extremals satisfying the equations ,y; = pi(y). On an extremal arc
E of a field I.(E) = I(E) since along such an arc the integrand
of I* reduces to F and I(E) =\/;t' F dt.

Let b be a region of po:.nts (y,y',i‘g) with (y,y') interior
to the region lR,_ described in Section 2 and so related to a
region N ot points (y,q) that to each point (y,q) interior to Y1
there corresponds & unique solution (y,y',Zo= 0,1‘3) of the equa=-
tions (3:5) for problem C with (y,y',tp) interior to 5 and such
that the determinant of the matrix R in (3:6) 1s different from
gero. Let the region N for problem C,corresponding to the region
N for problem A described in Section.s, be the region of points
(t,y,q9) such that (y,q) is in; similarly, let the region D
for problem C,corresponding to the region B for problem A,be the
region of points (t,y,y',to.lﬂ) such that (y,y',IB) is interior
to & . The equations (4:3) with gy = q have as before single=~
valued solutions with continuous second derivatives and X, = Hly,q)
= constant over the interior of Nj furthermore every solution
yi(t), 23 = q4(t) of equations (4:8) in the region N defines an
extremal for problem C whose projection in the y-space is an ex-
tremal for problem B with [y(t), q(t)]) interior to the region M,
A set (y,q) interior to N will be called an admissible set.

A second definition of a Mayer field is a region JF of

y-space containing only interior points with which are assoociated
functions qi(y) having continuous first partial derivatives in 9",
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defining elements (y,q) which lie in the region N and satisfy
the equation H(y,q) = O for every (y) in H, and making the
integral I* = ,f qy (y) dy,; independent of the path in &,

If & 13 a field for problem B, then the corresponding
eylindrical region of (ty)-space 1s a field & for problem C
with the same functions qi(y) and the same invariant integral
since H[y,a(y)] = 0. The region N for problem C is the region of
points (t,y,q) such that (y,q) is in 77 and t 1s arbitrary.

THEOREM 10s1. If the integral I* is independent of the

path in &, the equations
g/ 3y, = d29/2y (1,k =1, «eep n)

hold identically in the variables (y).
This theorem follows at once from Theorem 6:1 for problem C.
THEOREM 10:2., Every solution y, (t) in the field & of the
equations

(10s1) ay,/at = Hy, [ysa(y)]

1s an extremal with 2,(t) = q4[y(t)]. Through each point of the

fleld there passes one and only one extremal.

This theorem follows from Theorem 6:2 for problem C.
Every solution y;(t) in the field F of the equations (10:1) with
2, (t) = qy [y(t)] satiafies the equations

(10:2) dyi/dt = Hzi(Y)z)' dzi/dt = 'Byi(Y:z)n H(y,z) = 0,

which are the canonical equations of the extremals. The projections
in the y-space of the arcs satisfying the equations (10:2) are
called the extremals of the field . By the method of Section 4

the n parameters in the solutions of equations (10;1) can be
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expressed in terms of (n~ 1) independent parameters in such a
way that through each point of & there will pass one and only one
extremal of the field.

A field & determined by functions qi(y) is a Mayer field
as defined by Bliss with py(y) = Hy [y,a(3)], Xg= Ly [y,a(v)]e
A Mayer field defined by functions p4(y), 1(3 (y) is a field accord-
ing to the second definition provided that the sets [y, q(y)] de-
fined by points (y) in ', where q(y) = Fyi[y.p(y),I(y)]. are
interior to the region M and satisfy the equation H(y,q) = O.

Let & be a field defined by functions qi(y). An n-space

W(y) = constant is called a transversal surface of the field if at

each point (y) on it the equation

q(y)dy; = 0

13 satlsfied by every set of differentials dyy; which satiafy the

squation
Wyidyi = 0.,

It 1s evident that a necessary and sufficient condition that an
n-space W(y) = constant be a transversal surface of a field & is

that at each point on it in &

wy1 = kqy (y)

where k i1s a proportionality factor.
THEOREM 10:3. In every field & the Hilbert Integral de-

fines & function W(y) having continuous second partial derivatives

in & , satisfying the Hamilton-Jacobi partial differential equatim

(10:3) H(yMWy) = 0,
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and such that the surfaces of the family W(y) = constant are the

fransversal surfaces of the fisld. (Conversely, let W(y) be a

funotion which has continuous second partial derivatives and defines

only admissible elements (y,q) = (y,'y) in & region & of y-space.
Then if W satisfies the Hamilton-Jacobi partial differential

equation (10:3), the region & is a field with

q(y) = Wy, »

and the surfaces W(y) = constant are the transversal surfaces of

the field.

This theorem follows at once from Theorem 7:1 for problem
C with the ald of the remarks preceding Theorem 10:1l.

The following properties are easily established for a
field &F. Ina £101d,I1%(Cy4) = W(y)l: for any two points 1 and 2.
Consequently, for every arc 0,3 on a transversal surface, I’(G;.)
1s identiocally zero, From this it follows that, if the extremals
of the fleld do not 1lie on the transversal surfaces, then two
transversal surfaces intercept arcs on the extremals of the field

along whioch the integral f Z;H, dt has a conatant value.

23

11, Construction of special fields and the relations be-

tween extremals and a complete integral of the Hamilton-Jacobi

equation for problem C. In this section 1t 1s shown how to construct

fields for problem C for which the functions Gy are independent of
t, and the speclal form which the theory developed in Section 8
assumes for this problem is given.

LEMMA 1131, If yy(t), 24(t) is a solution of equations

(4:8) for problem C and the equation H(y,z) = constant, then every

set of the form )y = oy;_, Qi = o:{, where ¢ is a constant, is a

solution of the canocnical accessory equations (8:7) and the equation
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(1131) Ey{’(i + 3,19 4 = 0.

This statement is readily verified by direct substitution.
THEOREM 11:1. If,1in Theorem 8:2 for problem C, the oon-
jugate system of solutions of equations (8:7) is of the form

y;_, zi, "‘(n.(t), Qir(t) (r=1, «.., n=1) and satisfy the equation
(11:1), then by proper choice of the parameters the functions qy

for each field are independent of t and the Hamilton function H(y,q)

associated with each field is a constant Io. The invariant integral

described in Theorem 8:3 has the form

(y)
(1122) W(t,7,B,%0) = (y» :to)dyi “lot = '(79(3 2Xo) = Lot
(Yo)qi

The theorem will be established by a method suggested by
the proof of a theorem due to Bliss (V, 241). Let E'! be a member
for values t,o E t i taos 810s» byg Of a 2n=parameter family of

extremals
(11:3) ¥y = yi(t-to,a:b). z = Zi(t-to,a,b)

where the parameters 0.1. b1 are the values of the functions Yy

Z4, at t = to. DBy Theorem 4:3 the Hamilton funation H(y,z) has a
oconstant value H(a,b) along each extremal of the family (11:3).
The functions Yy» Vig2» 240 Z3y are assumed to have continuous
firat and second partial derivatives in a neighborhood of the values
(t,a,b) on E', The parameter to appears only in the difference

t = to alnce the right members of equations (4:8) for problem O do
not oontain t explicitly. It is proposed to construct a Mayer
family of fields containing E' for which the functions Gy &ssociat-
ed with each field are independent of t. To do this, a function
U(o,3) 1s defined by the equation
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(11:4) U(el, B)= § S, (80) Ty (t0) Apky+ A By (r=1,000001)

and the parameters a,, b, are determined as functions of 4,8,
Zo by means of the equations
(1 = l,...,n)

o )= + (t o
(11:5) 8.1( ) 80 711‘ o) r (Jor = 1,000,n=1)

(11:8) bi"zij(to) = U“j = Qir(to)q(”(to)"(r+ (qjs H[a(«),b) = Zo.

These equations are satisfied at the apecial values
(’(Jo ﬁjaxo:ﬂiibi) = [oab1o/711(to)ilo(E').l-lo,biolo For these
special values the functional determinant of the left members
of equations (11:6) with respect to the variables bi is the deter-
minant |734(ts) ¥ | which 1s different from zero along E' by
hypothesls. Hence, equations (11:6) have solutions bi(d ,@,Io)
in a neighborhood of values [® o, BrosZo(E")] = [O,bio”hr(to),Io(E')]
which are such that by [ o, Bo, Zo(E")] = by e

If the funotions a(< ), b(eo ,(9.10) are substituted in
equations (11:6) and the resulting identities are differentiated
for o, (31,, it 1s seen that

(1247) by, ), 4 (t0)= Cyplto) My 40, bya Hyy = Hy )5, (%)
(11:8) bipr’?’zij(to) =8rj; b1€r321 = 0, bilonij(“): o,
bizoﬂzi =1,

where Srr = 1 and Srj =014if r ¥ j. B8ince along E' the solutions
y;_, zi', "']“(t), Qij(t) of equations (8:7) and (11:1) are assumed
to form a conjugate system, it follows with the aid of equations
(11:7) that along E!

'
fbie(r - Qir(to)]'q”(to) =0, [bia(r - Qir(to)]yj. = 0,
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1
S8ince the determinant |"]13(to) ¥4 | 1s different from zero on
'
E, the equations byy = ¢ 4o(to) must hold identically on E'.
Furthermore, from equations (11:8) with Hzi = y;, it 1s seen that

at t = to on E!

b r ! Srd °

(11:9) . t = =1l
bito ' ',Y[ij( o) YI‘ 0 1 ’

and hence that the first determinant is different from zero.

The 2n-parameter family of extremals

(21:10) yi = Yl(t-to: qr: @r:ro): z, = Zi(t-to, Aps (3,.-10)
(r = 1’ vy n-l,

obtained from equations (11:3) by substituting ey (X ).b1(°( ,ﬁ,fo)
for a, and b, contalns the extremal E' for (to, %y, Brs Xo)

= [toos O, b1°‘71r(to), Zo(E')] and can be shown to have the
properties stated in the theorem.

By the method used in the proof of Theorem 8:2, it is
readily established that at t = t, the varlations of the family
(11:10) with respect to the parameters are

Y4, -y Y1 o = Nypltods Zyg,= -2y, Zyu, = S 1r(to)s
(11:11)

Yixo = 0, Yipr = 0, Bito = bilo' Zy @I‘ = bi@ I"
and hence, that on E!
' -
(11:12) Yitg = =¥y Yi Lp —’Y‘ 1r(t)t

From the relations (11:11) and (11:9) 1t follows that the second
determinant in (8:2) is different from zero at t, and consequently
different from zero along E'. From the equations (11l:12) it 1is
seen that along E', | Yyg, Yi“r | =1 -y;_ MNyp(t)l, and the
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latter determinent is different from zero. It follows that the
first n equations in (11:10) canbe solved for to, o p 88 functions
of t,(3, Xos If these solutions tolt, 3 sXo)» Ar(t,@,lo) are
substituted in the first n equations in (11:10), and the resulting

i1dentities are differentiated for t, one obtains the relation
1
0= Yi(1 = £3) + !1,(;%,.

8ince the determinant | Y; Y, 4 | 18 @fferent from zero for
(trtos & ,@.Zo) in a neighborhoodr 5 of the values on E!, it

follows that to = 1, d;
a{r(t, ﬁ,to) are of the form

= 0, Hence, the functions to(t,(3,Xo),

(11:13) to=t = t(y,3:%0)s  oAp = Ap(ys@.7%0)

for (@,io) in § and (t,y) in a neighborhood &F of the values on
E'. WVith the ald of equations (11:13), functions qg(t,y, (3 ,%o)

are defined by the equations

(11:14) Qy = 21[t(y: @:io): d(y, @’lo):p;xo]

obtained by substituting the relations (11:13) in the last n
equations in (11:10). It is clear that the functions q, &re in-
dependent of t. With the aid of the last equation in (11:8) it
followa that

(11:15) n(y.q(y,p.Io)] = Yo

is identically satisfied for each fixed set ((3,%o) in ¥3 and

(y) in F. on the hyperplane Yy =840+ ‘7 1p(to) dr' on account of
the relations (1135), (11:6), (11:11l) and (11:15) the integral *
1s independent of the path since

I. = fc biq]ir(to)ddr - H[ﬂ(q )sb(L ,@,Io)ldp- ‘.IC\ au - tot.
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The integral I* 1s therefore independent of the path in the whole
neighborhood &'(IV, 106) and for each fixed set (B, Z,) in 03
the region Z! is a field with the functions g, (y, @ ,Xo) defined
in (11:14). The value of the integral 1% taken from a fixed point
(to»Y¥o) in &' to a variable point (t,y) has the form given in
(11:2) on account of the definitions (1ll:14) and the identity
(11:15).

THEOREM 11:2. In each field ’&"' described in Theorem 11:1,

the function (] in (11:2) with an additive constant is a complete

integral of the Hamilton-Jacobi differential equation

it + H(y, Wy) a0

and has the determinant | in@r \Vyixo l (r=1, ¢o0p n = 1)

different from zero.

This theorem follows from Theorem 11:1 and the first part
of Theorem 7:1l.

THEOREM 11:3. If W(t»FaseeesTpns B1seees B, sXo) has the
properties desoribed in Theorem 8:4 for problem C and is of the

form W(t,y,8 »Xo) = W(y, 8 ,Xo) = Xot, then the equations

w 5r(Yn e ’to) = Wg r[a(*). (<] :Io]n
Wy (35 B sZo) = Wy [a(=),8,%0] + ¢ - to (r=1,...,n-1)

define a 2n-parameter family of extremals of the form (11:10)

with properties similar to those described in Theorem 4:1 and

which satisfy the equation

(11:16) H(y,Wy) = Lo

identically in t, y,, Xo, the functions zg-t.d,(,%) associated
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with these extremals belng defined by the equations

2y = Wy, (v, 8,%0).

The functions a4(X3s.ce» X ;) are required to have continuous

second partial derivatives for (=) in a region ( and the de=-

terminant
(11:17) H « (1=1,...5n; r=1,...,n=1)
21 &1 r

different from zero, where the arguments in Hzi are a.i(d),

'71[“‘“ ), 6 2ol .
This theorem follows from Theorem 8:4 with ay = 8y (x)

and to variable. With the aid of equation (11:16) and the fact
that the determinant (11:17) is different from zero, it can be
proved, using a method analogous to that used in the proof of
Theorem 8:4, that the functional determinant of the variables (ys2)
with respect to the parameters (to,« ,@3,Xo) is different from
Zero,

THEOREM 11:4. If the last s of the parameters (@) do not
appear in the functions Y, (t=to,x,@,%0) in (11:10) of Theorem

11:1, where s is one of the numbers 1, eeey N=l, then the function

W(t,y, 8 ,Z0) = W(y, B ,%o) = Xot desoribed in Theorem 11:2 satisfles
the additional equations

(11:18) Hzizkv'zyk 0" By 2y, 8p" 0 (P=n-s, ..., n-1.

Similarly, if the parameter Z, does not appear in the functions

Yy (t = te,x, @ »X0), then the function W satisfies the equations

(11:19) Hzizkwmio = H‘izkwkao = 0.

Lf the function W(t,3, 8 ,%0) = W(y, B,%o) = Lot described in
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Theorem 11:3 has continuous third derivatives and satisfies the

equations (11:18), then s of the parameters (@) do not appear in
the functions Y, (t=t¢, =, @ ,%) in (11:10) defining the extremals,

Similarly, if the function W satisfies equation (11:19) then the

parameter Zo does not appear in the functions Yy in (11:10).

This theorem follows from Theorem 8:5 for problem C with
a = a;(o) and t replaced by t=to.
THEOREM 11l:6. Let W(Y:.:-H:Yn’@ 19000y @n'l) b_O_ a solution

of the lemilton-Jacobi equation Wy + H(y,ly) = 0 for problem C,

having continuous first and second derivatives for values (y) in &t

.a_.n_d ((3) 1_!1 B and such that t_h_e_matrix ” Vlyi@ 'l (r- 1,-.0,11"1)
r

has rank n - 1, There exists a solution of the Hamilton-Jacobi

equation for problem C of the form

W(":Yﬁ@ 110) = W(Y;B :to) - Iot

having continuous first and second derivatives for all values of

(t,7,8 »Xo) with (y) in F, (@) in 33 and X, near ¥ = 0, at
least 1f the domaing I+ and @3 are taken sufficiently small.

e ——

Moreover, the matrix || wyiﬁr Wyiio Il has rank n in this
domain and W(t,y,(,0) = W(y,@).

To prove this let &3(<3,4.e,%Xpno;) be functions having
continuous firat and second derivatives and such that the deter-

minant
Hy, (a(x ) ,Wela(x),p]) 8o,
is different from zero and the values a, are in &, Such funotions

always exist if the domains & and @ are sufficiently small, Let
b, = by ( 6,10) be solutions of the equations
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Hla(et),b) = 10: byay o5 = 'yi.[‘(d)’ ﬁ]‘ﬂ,dr-
The function W(t,y, 8 »Xo) may be determined as follows. Let
yi(t" to’l,b)’ ’1(t't°’l'b)

be a 2n-paremeter family of extremals for problem C containing
the extremals of the field defined by the functions qt(y, 8)

- 'yi(y, @) for values by = 'yi[a(o( )» 8], the values a4, b,
being the values of the functions yi(t-to.a.,b), zi(t-tc,a,b)
at t = tge As in the proof of Theorem 1ll:l, it is seen that the

equations
vy = 3y [t - tosa(),0(,3,%0)]

have solutions of the form to = t=t(3, 8 s%o)s %y = y(¥, (3s%o)

and that the function
- (t,y)
w(t,y, ﬁ:to) = qidy; - H(y,q)dt,
tosYo)

where q (¥, 8 »Xo) are te values of the funotions gy [t~ to,a( )s(?: Lo)

when to = t =t(y, (3:1:)): o, = odn(y, @,Zo), has the properties
described in the theorem,

12, Construction of fields and the relations between ox-

tremals and a complete integral of the Hamilton-Jacobi equation

for problem Bs An analogue of Theorem 8:2 for problem A is given
in the following theorem,

THEOREM 12:1, Let E be & non-singular extremal for problem

B for which there exiats a conjugate system !‘;_. z;. 7 ip? Cu.

(r=1, ¢ss, n=1) of solutions of the canonical accessory equations
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1 1
= H +H N C, = «H -H ¢
My = By e * Bam S 0™ Hyg My By g S
and the equation
e, "y * HqC 1 =0 1k =1, ..cs n)

'
with the determinant | ¥;  )y,(t) | different from gero along E.

Then E 1s a member of & (2n -2)=-parsmeter family of extremals

Yi = Yi(tu""nu-- dn_;f (3unu ﬁn-z)'

(12:1)
zi = zl(t:"(:.:--u dn-;: @1:-“:@11-1)

which are such that the matrices

1
! Y Y Y
Y Y i 1« i
H : 1“:-“ ’ z! T Pr (r=1,...,n=1)

4 zidr z!.ﬁr

have ranks n and 2n - 1 respectively for (t,%, ) in s neighbor=

hood of the values on E, _Furthermore, for fixed values ((3) in

& region 8, the family (12:1) forms a Mayer field over a neigh~

borhood & of points (Y) on B, and the functions q, (Y,p) associat-
ed with each field have the matrix

I e |

of rank n=1., The functions q,(Y, () are defined by the equations

(12:2) q (¥, 8) =z, [£(Y, B), «(¥,8),8),

and the functions (Y, (), d(Y,8) are found by solving the first
n equations in (12:1),

This theorem follows from Theorem 1l:l with Io = 0, The
field & for fixed values ((3) in 83 1s the projection in the y-space
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of the field &'' described in Theorem 11:1l, and the extremals
(12:1) are the projections in the y-space of those extremals in
(11310) for which X, = O and the parameter t=t, has been replaced
by & new parameter t.

THEOREM 12:2. Let E be & non-singular extremal for problem
B for which thelhypotheses of Theorem 12:1 are satisfied. Then

there is & neighborhood of E in y-space in whioch, with an arbitrary

additive constant, the function

(¥)
W(Y,6) -40) g (¥, B)dy,

for q defined by equations (12:2) 1s a complete integral of the

Hamilton-Jacobl partial differentisl equation H(Y,Wy) = O and has
the matrix || wyi(grll (r=1,.00yn=1) of rank n=1,

This theorem follows from Theorem 12:1 for the case Yo = 0
and t - to replaced by a new parameter t.

THEOREM 1253, If W(Yy,eees¥nsBaseessBpa,) has continuous
second partial derivatives with the matrix

(12:3) ” 'Yi(sr

' (i = lyloopnl Irs= l,...,n-l‘

of rank n=-1 for all points (Y, ) satisfying oonditions of the
form (Y) in & region ¢ in y-space () in a region 03, and the
sets (Y,q) = (Y,Wy) corresponding Yo these arguments admissible,

and if furthermore W satisfies the Hamilton-Jacobi equation

(13:4) B(YyWy) = 0

identically in (¥, 3), then the equations

(12:5) Wen(¥,@) =wg [a(x),p]

define & (2n=- 2)-parameter family of extremals
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(12:6) ¥, = ¥, [t,a(x),P1, Zy = Zy[t,a(%),@]

with properties similar to those described in Theorem 4:6, the

funotions zi associated with these extremals being defined

by the equations

The functions ai(d 120009 °‘n-:.) are required to have continuous

second partial derivatives for (o ) in a region (L and the de=

terminant

H21 ai«r (r=l,...,n-l)

different from zero, Where the arguments in H’i are ay(d),
'!i[&( <), @ 1.
This theorem follows at once from Theorem 11:3 with the
ald of Theorem 11:5. The extremals (12:6) are the projections
in the y-space of these extremals for problem C for which io =0
and t= t, 1s replaced by a new parameter t.
THEOREM 12:4, If the last s of the parameters (@) do not
appear in the functions Y;(t,o , ) in (12:1) of Theorem 12:1, where

8 1s one of the numbers l,..., n=1, then the function W(Y, 8)

described in Theorem 12:2 satisfles the additional equations

(1237) n.izkak ﬁFa 0 (F 2 N* 8) seey n"l)n

If the function W(Y, ) described in Theorem 12:3 has continuous

third derivatives and also satisfied equations (12:7), then the

last s of the parameters ((3) do not appear in the functions

¥y lt,a (L), (1 in (12:6) defining the extremals.
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The first statement follows at once from the first part
of Theorem 11:4 by settimgZo = O and replacing the parameter t = to
by a new parameter t in the right members of the equations(11:10),
With the ald of Theorem 11l:5, the final statement in the theorem

follows in a similar way from the last part of Theorem 1l:4.

13, Fields for the problem of Mayer in parametric form.

The theorems in this section are analogous to those for the non-
parametric problem in Section 9O,

THEOREM 1331, The integral * has the value zero along

every extremal of a field . Furthermore, every extremal of a

field lies on one of its transversal surfaces W(y) = constant

and the values W_ are not all zero,

¥

The firstiatatement follows from the homogeneity of the
function H glven in (4:20) and the fact that H(y,q(y)) is identical-
ly zero by the definition of a field for problem B. The final
statement in the theorem is a consequence of the first part of
Theorem 10:3 and the fact that Wyi are the values of the functions
Zy belonging to the extremals of the field,

THEQREM 13:2. Let E' be an extremal arc for the problem

of Mayer in non-parametric form corresponding fo an extremal arc

E for tho problem of Mayer in parametric form eand having the
properties described in Theorem 1l:1. Then by proper choice of
of the parameters the family of extremals in (11:10) will satisfy

the homogeneity relations (4:19) and the functions q (y,f ,%o)
described in (11:14) will satisfy the conditions

(13:1) %(Y:kﬁ ko) = kqi(Y:@ +Xo) (k # 0).
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The proof is like that of Theorem 1l:l if the function
u( ,ﬁ) in equation (11l:4) is replaced by a suitable function
of similar type that is homogeneous of order one in the parameters
'91"“’(3n-1° It should be noted that not all of the expressions
b167]1r(to) can be zero. This is a consequence of the condition
(317) which reduces to the form ziy;_ 2 J, = 0, the relation
zi‘rlir(t) = constant which follows from the equations I« = 0 in
(2:1) with the ald of the Euler-Lagrange equations (3:9)(III,307),
and the hypothesis that the determinant | y, M 1p(8)] 18 difter-
ent from zero along E!', It may be supposed, therefore, that

b:l.o"]io(t") is not zero. Then the function

U(qlp) = %’ gir(t°),qij(t°)°(r°(jp" + bio”?n(to)"( J.pl" dspa

(rsd=lyeeesn=-1348=2,,.4,nx1),
has the required propeérties. The condition (13:1) can be estab-
lished by the method used to establish the condition (9:1) in
the proof of Theorem 9:2,.

THEOREM 13:3. Let E be & non-singular extremal arc for

the problem of Mayer in parametric form having the properties

described in Theorem 1251, Then by proper choice of the parameters

the family of extremals in (12:1) will satisfy the homogeneity

relations (4:21) and the functions qi(Y,p) defined in (12:2) will

satisfy the comditions

qi(Ynkﬁ) = kqi(Y:@). (k#O).
This theorem follows at once from Theorem 13:2 and

Theorem 12:1.

THEOREM 1334, If E is a non-singuler extremal arc for

the problem of Mayer satisfying the hypotheses of Theorem 13:3,
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then the function W described in Theorem 12;2, without the additive

Oonstant, can '9_6_ Egt into the form 61 U(Yl;...,Yn;01,..-,cn.a)

by proper choice of the parameters and the pumber s desoribed in

the first part of Theorem 12:4 1s at least equal to one. Conversely,

1f a function U(Ya,e.e»¥ns8yse.es0n.,) has continuous second

partial derivatives with the matrix

U
Yy

T
Yo,

(1=l,ac oy} J=l, ...,n-2 )

of rank n-1 for all points (Y,c) satisfying conditions of the

form (Y) in a region &, (o) in a region &, and the sets (Y,q) =
(Y,UY) corresponding to these arguments admissible, and if U

satisfies the Hamilton-Jacobl equation (12:4) identically in (Y¥,c),

then W = pIU(YI""'Yn'cl""’on-s, f_CE pl # 0 LE_ & function

possessing the properties of the function W described in Theorem

12:3., If U also has continuous third derivatives, then the number

s described in the last part of Theorem 12:4 is at least equal to 1.
The first part of the theorem 1s an immediate consequence
of Theorem 13:3. The final statement of the theorem follows from
the homogeneity of the function H given in (4:20) and its easily
deduced consequence zyH

2z 7 O
THEOREM 13:5. Each transversal surface W(y) = ¢ of a

fleld & determined by functions qi(y) contains an (n=-2)-parameter

family of extremals of the field defined by functions of the form

(13:3) yi(t)q].”"’ “n-ﬂ’c)’ zi(tidl;n-o’qn_ayc)c

At each point on the transversal surface, the equations

(13:4) qi(Y)Yi.(k =0 (1=1,¢.0503 k=1l,...,n=2)
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are identically satisfied by the functions y,(t, 4 ,c) in (13:3).

By Theorem 10:3 the transversal surfaces of the field &
are defined by the equations W(y) = constant, where

v
w(y) -f qq (y)dyy»

Jo
in which yo 18 a fixed point of &F and q1(y) are the functions
defining the field. The extremals of the field are given by

functions
Yi(t:“:.n--uqn-x): zi(t.""1:---:dn-1):

having continuous first and second derivatives such that the de-
terminant | y;_ Yiq ! (r=1,.005 n-l) 1s different from zero
T

in &, 1In view of Theorem 13:1,we have the identity
Why(t,% )] = Wly(to,o )]

where to 18 a fixed value of t. Moreover the values

(13:5) Wy, [y (e, )] 3y o r

are not all zero at t = to. To prove this, recall that the rela-

tions
]
zy = Wy, (), 213y = 23y, (7,2) = H =0,

hold with y; = yy(t,o), 23 = z3(t,% ). Since the 2's are not all
zero 1t follows that 1f the values (13:5) were all zero at t = tos
the detorminant | yi' ¥1 <. | would vanish at t = to, which is not
the case.

By means of the equations W[y(to,«% )] = ¢ 1t 1s seen that
the parameters di,..., 4., can be replaced by a new set of n-1

parameteras one of which is the constant c. We may accordingly
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suppose that o _, = o. This proves the first part of the theorem.
The second part is obtained by differentliating the equation

Wly(t, ¥3seeesr ¥pags ¢)] = ¢ for oy (k=1,..., n=2) and re-
placing 'ﬂn by q4(¥)e

14, Relation of Kneser field theory for the problem of

Mayer in non-parametric form to the fileld theory developed in

this paper. Let E be a non-singular extremal which is a member
for values t3 2 t S ta, 810 eoes 8p-y,0 Of an (n=-1)-parameter

family of extremals

(14:1) Yy = y,_(t,a,,....,an_l), zZg = 23(t,8y,40058na7)
which are such that along each extremal the matrix

(14:2) Nyga,l! (L =1,..0,n3 k= 1,.00n=1)
hes rank n-1 and the equations

(14:3) 0

#1910, = Fy)T1e, *

are ldentically satisfied. Then the family of extremals (14:l)

— — —— —

8ince along each extremal the function F for the problem
of Mayer is identically zero, it follows readily with the aid of
the Euler-Lagrange equations (3:5) that Fy.‘:yiak = conatant along
each extremal (III, 307). Hence, if the constant is zero at the
intersection of the extremal arcs in (14:;1) with a sub-space
defined by the equation t = t(ayseees8,_,), then the condition
(14:3) is satisfied along each extremal of the family.

THEOREM 14:1. Along each extremal of a kneser field, the
equation
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'
- 0
(F yiFyi)dt + Fy;dyi =

holds identically where dyy = yidt + yinkd‘k' Furthermore, the

extremals of a Kneser field lie on a surface which satisfies the

Hamilton-Jacobi partial differential equation wti-ﬂ(t,y.wy) = 0.

The first statement 1s an immediate consequence of the
definition of a Kneser field and the fact that the function F 1is
identically zero along each extremal., The snalogue of this con-
dition for a Mayer field in the sense of Bliss is the vanishing of
the integral * along each extremal of a field. The second state~
ment in the theorem 1s readily established by the method Kneser
used for the parametric problem (IX, 44). The surface is obtained
by eliminating the parameters from the firat n equations in (14:l).
This last result also follows readily from Theorems 9:1l, 9:5 and
the following theorem.

THEOREM 14:2, A Mayer field in the sense of Bliss consists

of a one-parameter famlly of Kneser fields.

This theorem is an immediate consequence of Theorem 9:5,
The condition (9:3) which must hold on each transversal surface of
a Mayer field in the sense of Bliss is the condition (14:3) for
a Kneser field.

THEOREM 14:3. Every Kneser field can be imbedded in a one=

parameter family of Kneser fields forming & Mayer field in the

sense of Bliss, at least if the Kneser field is sufficiently small,

Let E be a non-singular extremal arc imbedded for values

t10 St S taos oo in an (n=1)-parameter family of extremals

yi.: yi(t, d;,o-n, °‘n-1)’ zi= zi(t, “1;.-0, “n-’)

'
which forms a Kneser field & for () in a region Qa , set
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(14:4) ¥e(to,ol) = Ay (), 24 (t0,%) = By (%)

and denote their values at « . = dro by 8349 byqos respectively.

From the definition of Kneser fields it follows that
(14:5) BjAjo =0 (r=1,¢.0yn=1),
r

and the matrix |lIA; 4 Il has rank n-1. As was seen in Section 4
r
the extremal E can be imbedded for values t,e : t S tao, 8302 byg

in a 2n-parameter family of extremals
(14:6) Y= yi(t,a,b), z, = 24 (t,8,Db)

of the type deacribed in Theorem 4:1, where a4, bi are the values

of y4» 2y 8t t = t, and the parameters b; do not vanish simultaneous-

1yc
Let 2n functions &y (% ,c), by (%,c) be defined by the
equations
(143:7) .'1(« sC) = ﬁ(“) + cBi(“):
(14:8) bi(‘i‘r + cBi‘r) = 0, biBi = Bi(“ )Bi("( )»

where A.i(ck )s Bl(«) are the functions in (14:4). With the aid
of conditions (14:5), it 1s seen that the equations (14:7) and
(14:8) are satisfied at the special values (« sCy8,b) =
[ .r0s83s055 = By(« 1,0)]. The functional determinant of the
left members of equations (14:8) with respect to the parameters bi
is the determinant lAy, + By « Bil. For the special values
r r
glven above, this determinant is different from zero, For, if it
were equal to zero, there would exist constants dps, d not all gero
such that dr‘i'k!. + dBi = 0., Multiplying each of these equations
by By end adding the equations, one finds that d = O on account
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of the conditions (14:6) and the fact that 5131 ¥ 0. It follows
that dpAg o = 0 for constants d, not all zero., This contradicts
the hypothesis that the matrix || Ai“r” has rank n- 1., Hence,
for (& ,c) in a neighborhood of (qro,O), the equations (14:8)
have solutions b1 = bi(’( ,0) which are such that bi("(ro’o) = b“
and b1(°< , 0) = Bi(°( )+ The n-parameter family of extremals

¥4 = Ylttaﬂ(“) + oB(« ),b(e ,c)] = Yi(to* 28),
(14:9)

zy = z, [t,A() + cB(x),b(« »0)] = 24 (8,0 ,0),
obtained from the family (14:6) by substituting e.i(a( »C)y bi(‘" »0)
for ay, by, respectively, contalns E for o , = o ,,, ¢ = 0, and
will be shown to have the properties required for the theorem.

It will first be shown that the determinant lYi,(r ¥yl

i3 different from zero along E. If this determinant were equal to
zero at a point on E, there would exist constants dr’ d not all

zero such that drY:La( + ino = 0, Multiplying each of these
r

equations by zi and adding, one obtains the equation
d!‘ziyiqr + dziYic = 0.

The expressions Z;Yy oL 2,Yy, are constant along each extremal
(III, 307) and since the first set vanishes at t = to, on secount
of condition (14:5), while the second set does not on account of
the last group of equations in (14:8), it follows that 4 = O,
Hence, for conatants dr not all zero, drY:l“r = 0, which contradicts
the hypothesis that the matrix (14:2) has rank n=-1,

Furthermore, for values of o, and each fixed value of ¢
in a neighborhood of the values (,,,0), the family (14:9) defines
a Kneser field. For, the matrix || Yyu, Il has rank n=1 and the

expressions ZyYjx ,, are identically zero on account of the first
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group of equations in (14:8).

Finally, the family (14:9) definea a Mayer field in a
neighvorhood & of the values (t,y) on E, with functions q (£,7)
defined by the equations

qi(t,y) = zitt: “(tyY)rc(tsY)]s

where *.(t,y), o(t,y) are found by solving the first n equations
in (14:9). To establish this statement 1t remains to be shown that
the integral ¥ 1s independent of the path in a. On the hyper=-
plane t = to, 1t i1s seen with the aid of the equations (14:7)

and (14:8) that

‘/c‘ qi(t,y)dyi = ‘/c\ bi(o‘ ,c)[Ai.(r + cBin( r]d«r + bi(.‘ ,c)BidO
= By(« )By(= )c + constant,

The integral I* 1s, therefore, independent of the path in the whole
neighborhood F (IV, 106).

15. Relation of Kneser field theory for the problem of Mayer

in parametric form to the field theory developed in this paper.

Let E Le a non-singular extremal which is the member for values

t, St S te, 8105++0s8nag,0 Of an (n- 2)-parameter family of ex=

tremals

(15:1) ¥y = Yi(to‘xao--’ln-g): Zy = zi(t,a,,...,un_,)

which 13 such that along each extremal the matrix

(1532) I'yit yiajl' (181,-..,nij=l,...,n-2)
has rank n=1 and the equations

(15:3) Fn- y’-‘j =0
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are identically satisfied. Then the family of extremals (165:1)

— — — o—

As in the case of the non-parametric problem, the function
F is identically zero, and it follows readily with the aid of the
Euler-Lagrange equations (3:9) that FY{ yinj = constant along each
extremal (III, 307). Accordingly, the expressions on the left of
equations (15:3) vanish identically if they vanish at one point.,

THEOREM 15:1. Along each extremal of a Kneser field, the

equation

F dy, = 0
v 1

holds identically where dyy = yi at + Yiakd“k' Furthermore, the

extremals of a Kneser field lie on a surface which satisfies the

Hamllton-Jacobl partial differential equation H(y,wy) = 0,

The first statement is an immediate consequence of the
definition of a Kneser field and the fact that the function F is
identically zero along each extremal. The analogue of this con-
dition for a Mayer field in the sense of Bliss is the vanishing of
the integral ™ along each extremal of a field. Kneser showed that
the surface obtained by eliminating (t,a) from the first n equations
in (15:1) satisfies the Hamilton-Jacobi equation. This last re-
sult also follows readily from Theorems 13:1, 13:5,and the following:

THEOREM 15:2. A Mayer field in the sense of Bliss consists

of & l-parameter family of Kneser fields.

This theorem is an immediate consequence of Theorem 13:5.
The condition (13:4) which must hold on each transversal surface
of a Mayer field in the sense of Bliss is the condition (15:3)
for a Kneser field.

THEOREM 15:3. Every Kneser field can be imbedded in a

gne-parameter family of Kneser fields forming a Mayer field in the
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sense of Bliss, at least if the Kneser field is sufficiently small.

Let E be a non-singular extremal arc imbedded for values

tio $ t S taos X po 1n m(n=2)=-parameter family of extremals
Ty= (6 X 3peeesXnog)s 2= 2y (t,%y,.00,% ) 0)

which form a Kneser field 5’ for (o¢) in a region &, Set

(15:4) A () = yy(t0sx), Byfe)= 2y (t0,%)

and denote their values at t = to, o, = “:o by 8y, bio, re=-

spectively. From the definition of Kneser fields 1t follows that
(15:5) BiAiqrao (r= lyeeesn=2),

and the matrix|} y;_ | /! has rank n=-1., As was seen in
r
S8ection 4 the extremal E 1s imbedded for values t,g § t ﬁ teos

» bjo in a 2n-parameter family of extremals
%50
(15:6) ¥4 = y3(t,a,0), B4 = 24(t,8,D)

of the type described in Theorem 4:;1 for problem C, where 8, by
are the values of Vyo %y at t = ty, the parameters by do not
vanish simultaneously, and H(ajgsbyo) = O.

Let 2n functions ay(«&,c), by(e ,c) be defined by the

equations
(15:7) ay(,c) = A (X) + 0By ()

(16:8) by (A, + ¢Byy )=0s byBy = By(« )By(% ), H[a(e,c),B)=0
(r=1,.0.yn=2)

where A.i(«), Bi(x) are the functions in (15:4). With the aid

of conditions (15:6), it 1s seen that the equations (15:7) and

(16:8) are satisfied at the special values
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(e ,rci8504] = [o15,0,8505050 = By(x 10T

The functional determinant of the left members of equations (15:8)

with respect to the variables by is the determinant

Mo * Bia By Y
with Hzi = yi. For the special values given above, it can be
shown that this determinant is different from zero by a method
analogous to that used in the proof of Theorem 14:3 with the aid
of the homogenelty condition ziﬂzi = H. Therefore, the equations
(15:8) have solutions by(e¢,c) for (X ,c) in a neighborhood of the
values (% ., ,0) which are such.that by (X 1,520) = by, and bi(« ,0) =
By ().

The (n~- l)-parameter family of extremals

v1[t,A(x) + eB(=),b(=,¢c)]

]
1]

vi Yy (t,% ,c),

(15:9)

1]
]

2y zift;ﬂ(d) +cB(),b( e ,c)] Z3(t,« ,0),

obtained from the family (15:6) by substituting ay (= ,c), bi(Q',c)
for ay, by» respectively, contains E for Xp =« 55 ¢=0, and
will be shown to have the properties required for the theorem. By
a method analogous to that used in the proof of Theorem 14:3 with
the aid of the homogeneity condition ziﬂz1 = H, the conditions
(18:5), (15:7) and (15:8), it 1s possidle to show that the deter-
minant | ¥y Yi“,- Yyo | 1s different from zero along E. Hencs,

the first n equations in (15:9) have solutions
(15:10) t = t(y), %p = %xn(y)y o= cly) (r=l,...,n-2)

which have continuous partial derivatives of the first order for

(y) 1n a neighborhood of the values (y) on E,
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The family (15:9) defines a Mayer field in a neighborhood &
of the values (y) on E, with functions q4(y) defined by the
equations

4 (7) = 23 [6(3), L (7)5 o(y)],

the right members of which are obtained by substituting the functions
(156:10) in the right members of the second group of equations in
(15:9). To establish this statement, it is seen with the aid of
the equations (16:7) and (156:8) that on the surface V= A.,_(ot)-reBi(“)

the integral 1* assumes the form

‘lc\qi(y)dyi = ./<; bi(d ’c)[‘i"r‘chi“ r]d“l".bi(“ ’O)Bidc
= By( = )By(« )o + constant.

It follows that the integral I* 18 independent of the path in the
whole nelghborhood & (V, 216).

Moreover, for fixed values of c¢c and (« ) in a neighbor-
hood of the values (= ,,,0) belonging to E, the family (15:9)
defines a Kneser field. This statement can be proved with the
ald of the equations (16:7) and (15:8) by a method analogous to
that used in the proof of Theorem 14:3,
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INDEX THEOREMS FOR THE PROBLEM OF BOLZA
IN THE CALCULUS OF VARIATIONS

1. Introduction. In the present paper we shall study
index theorems of the problem in the calculus of variations de-

termined by a functional of the form
p.47Y ,
(1:1) J(7)-2q(z)+f 2w(g, q)ax
X3

in (x, E T Z p)-space subject to a set of end conditions

(1:2) \zu( 1) =a,374(x) + b, 374(xe) =0
(« =1, s+, p < 2n)

and to a set of differential equations

(1:3) @y(tz’z')-Sui(x)7i+Ty1(I)21=0

(¢ =1, **+, m < n).
In the functional (1:1) the integrand 2¢o has the form

(1:4) 2wm= Pik(x) 71 ?k + 20.11‘(!) ?1z/k + Rik(x) Zﬂl. Z/k
(1,k =1, *°*, n)

and 2q is a symmetric quadratic form in the end values (1("1)’

( 1(x.). A problem of this type is suggested by the study of the
second variation for the general problems of Bolze and Lagrange
and is usually called the accessory problem. In the present paper
we shall generally denote this problem by the symbol P,

(297) =le
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A large portion of the theory developed in the following
pages is an extension to the problem of Bolza of the theory
developed by Birkhoff and Hestenes (I, 200-243)’ for the case in
which the differential equations (1:3) are absent. Some of the
results here given, particularly those in Section 3, were obtain-
od also by Hestenes (VI) in an unpublished paper. Frequent use
has been made of the types of proofs used in these papers. How-
ever, many modifications and simplifications have been introduced
and in many cases the approach is entirely different from that
of Birkhoff and Hestenes, Most of the simplifications here made
are a consequence of an effective use of the relationships exist-
ing between problems and sub-problems. A connection between the
index theory here presented and the index forms used by Morse is
found in Section 7 below., An excellent discussion of boundary
value problems and their relationships to index theorems in the
calculus of variations has been given recently by Reid (XI1).

In Section 2 certain fundamental definitions and assumptions
essential to the analysis of later sections are given. In Section
3 the index of the problem P is defined as the dimensionality of
& maximal linear subspace of the space of arcs under consideration
on which J(7 ) 1s negative definite. Various properties of the
index are obtained, including its relationships to the natural
isoperimetric conditions and the minimal sets used by Birkhoff
and Hestenes,

In Section 4 the general notion of a sub-problem is
introduced. By the use of such problems much of the theory of
later sections is developed. 1In particular the well-known

*
Roman numerals in parenthesis refer to the bibliography
at the end of the paper. The Arabic numerals refer to pages,
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oscillation and comparison theorems given in Section 8 are proved
by means of sub-problems. The concept of index of a problem with
respect to a sub-problem is defined in Section 5.

In Section 6 the one variable end point problem is dis-
cussed and in view of certain abnormality conditions which may
arise it has been convenient to introduce the notion of focal
intervals, These intervals play much the same role that focal
points play in the simple problem. In particular it is shown
that the index is equal to the number of focal intervals interior
to the interval x;xs.

A special type of sub-problem is discussed in Section 7.
This problem is obtained, in brief, by requiring the arcs associat-
ed with it to vanish at a certain prescribed set of points on x;xg.
By properly choosing this set of points and making use of the
properties of the index of a problem with respect to a sub-problem
it i1s shown that the definition of index given in Section 3 is
equivalent to the definition given by Morse in terms of broken
extremal arcs,

In Section 9 there is a very brief discussion of the
boundary value problem including the well-known result that the
index 1s equal to the number of negative characteristic values
of the associated boundary value problem, In Section 10 a
pseudo-periodic problem is considered and several interesting
notions including the frequency number are discussed. Also the
equivalence of the index of repletion as defined by Morse and
Pitcher (X) and the index of a problem with respect to a sub-

problem is shown.
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2. Preliminary definitions and assumptions. We shall

assume in the quadratic form (l:4) that the functions Py = Pyyq
are continuous and the functions Q4 and Ry) = Ry4 are of class
C!' on the interval x;xg. By a function being of class cn we
mean that it is continuous and possesses continuous derivatives
of the first n orders, Also we assume that the matrix

a4, b/«ill of the coefficients in (13:2) has rank p, that is,
that the conditions (1:2) are linearly independent,

An are 7 4(x) will be said to be of class D' if it 1is
continuous and consists of a finite number of sub-arcs each of
which is of class C', Arcs of class D' will be called admissible
arcs. Let Ck denote the set of admissible arcs and let O denote
the set of all arcs ¥ in Cr satisfying the differential equations
(1:3). The functions S, 1 in these equations are assumed to be
continuous and the functions T ,4 of class C'. Let £ aenote the
sub class of O consisting of all arce 7 in v satisfying the
end conditions (1:2)., It is to be noted that the set E 18 a
linear set in the ssnse that if 7 and { are any two arcs in E
and a, b are arbitrary real numbers, then the arc a Z + bf is
also in £ . The sets ¢¢ and (7 also form linear sets in this
sense,

The Euler equations and transversality conditions for

the accessory problem determined by (1:1) and the set of arcs

are
(2:1) Lpsgh s =2y -0, =0,
(212) Tl g, A D =a,y L ey - Ddyyim) =0,

Tl oA Dy may, 4+ 0, +lyy(xe) =0,

whoroQ ( ! Z’) = o ( 7 7’) + Ay (x) (f‘,( 7, z’) and the symbol
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7 1y, for example, stands for 7 4(xi). A solution 4(x), J,/(x)
of equations (1:3) and (2:1) where tne funcvions 71(3) are of
class C* and the multipliers Ay (x) are of class C! is called an

accessory exiremal or, simply, am extremal, If the determinant

R= (1,k=1,s+0,n; T, ¥=1,°"",m)

is different from zero then an extremal may be expressed by the
cenonical variables 74, T4 Where {4 = 112/1' The canonical

equations equivalent to (2:1) are

/’ / —
T4 = Bap Ty + Biye Tyes Tq = Cayelue = Arg Ty

where the coefficlents Agy, Bgy, C4y are continuous functions of
x, (VII, 13-14). We shall assume throughout the following pages
that R is different from zero and hence may use the canonical
variables for an extremal whenever it seems more convenient to
do 80. An extremal which satisfies the transversality conditions
(2:2) with a set of constants X, will be called a transversal
extremal. It will often be convenient to consider only the
functions 74(x) associated with an extremsl 74, Y4 Sucha
set of functions 71 will be said to form an extremal arc. It
is important to observe that the terms “extremal arc® and
"extremal® here defined are used to denote different concepts,
the extremal arc being the arc Zi(x) (xy  x € xg) associated
with the extremal (1(x), K’i(x) (x38 x $ xa). It is also to be
noted that an extremal arc may be associated with more than one
extremal 21, ¢ 1 The functions (1(1) associated with a
transversal extremal will be called a transversal arc.

The Clebsch condition will be said to hold on x;xg if the
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(2:3) Ryy(x) Ty 7Ty 2 0

is true for every set of constants (7T) ¥ (0) satisfying the

equations
T u’_(x) 7Ci = O,

where Rik and Tui are defined as in equations (l:4) and (1:3)
respectively. We shall say that the strengthened Clebsch condition

holds if the condition (2:3) holds without the equality sign,
It may be noted that the accessory problem P can be
formulated in different ways. For example the funotional J( 4)

may be of the form

Xs
(4 ,m) = byyuuy + /,, 2e(7, 798 (B,X = 1,%e,7)
and subject to the conditions (1:3) and end conditions
(]
Uy(%s) = 0guy =0 (4=1,0c 5 h=1,000,0;5 8 = 1,2),

where the matrix “bh,i” is symmetric and u,, °1'h are constants,
That this problem is equivalent to a problem of the type defined
in Section 1 in a space of n + r + 1 dimensions is seen by adding
the differential equations u.l'1 = Z/n+h = 0,

S. Index of J(7) on ¢ and minimal sets. Let { 4(x) be
an arc in & and define J( ¥, 7) to be the bilinear functional
IEa 1) = Taa9qy, * Faalyy,
(3:1) . fxn ( . ¥ yax
e (S 9gy t T g e

The condition

I(s,7)=0
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will be called & natural isoperimetric condition for the function-
a1 3(7)on &,
We now prove the following

THEOREM 3:1. An sarc 7 in <}, that is, an admissible arc

satisfying the differential equations (133), is & transversal arc

if and only if 7 satisfies the condition J( {, 7) =0 for svery
are ¥ inZ.

For suppose / 1s a transversal arc and let A, , 7.
be a set of multipliers associated with 7 such that the equations
(2:1) and (2:2) are satisfied. Since J( f , 2) is expressible in
the form

IEsn) = a9y, + Saalyy,
Xs / /
+/x; [fzﬂu MY PR b (F, ¥ e

we have, after adding X, @ (¢ ) to both sides snd integrating
by parts,that

SRR 7AG SER PN PIES HIWER NN
* Taafty g # A but * Tama)

+/:'[f,n,( P+ A&, (F, )]s,

where §1 = ﬂl’i end Ly( 7 ) are the functions defined in (2:l),
It ¥ s any arc in & then W, (¥) = O and the constants 1
may be chosen so that the quantities in the first two brackets are
equal respectively to the functions T4, Ty, in (232)., With the
help of equations (2:1) it follows that J( ¥, " ) =0,

Conversely, suppose J(f, #) = 0 for all arcs f in Z.
Let f.t (<« =1,%°¢ r) be a set of arcs in {)} such that the matrix
N, (§ )l bas maximm rank r. It follows that the matrix
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3 .70 IFE,Y)
Y.oxo, V.(F)

also has rank r for all arcs ¥ in.f . To show this we note
that there exist constants a_ such that W ( f+a, ¥ )=o0.
Hence the arc §+a_(gi 1s in & and J( F + a_ ¥, ;7)) =0,
The above matrix accordingly has rank r for every arc f i .
It now follows that there exist constants b, such that the

equation

Wr,p+v, U(Fr=o

holds for all arcs { in O, The remaining part of the argument
1s similar to that given by Bliss in the proof of the Multiplier
Rule for the problem of Lagrange and will not be given here
(III, 23-26),

We now establish the result

THEOREM 3:2, The number of linearly independent arcs in

& maximal set of arcs in £ , every proper linear combination »Z

of which gives J( 7 ) & negative value, is the same for every such

set.

In order to prove this let { ( « = 1,ce0,k), 7,
( V= 1,sse,k') be two such maximal sets of arcs in & . If k < k!
there exist constants ¢, , not all zero, such that J( L 2, 7, ) =0,
It then follows that every linear combination 7 of the arcs }; » G U
gives J( 7 ) & negative value which contradicts the assumption on
the ‘f‘ o« By symmetry k cannot be greater than k!, Hence k = k',

If the number of linearly independent arcs in a maximal

set of arcs in & every proper linear combination 7 of which

gives J( 7 ) a negative value is finite, then this -number is
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defined to be the index of J( 7) on & . If the number of.such
arcs is not finite the index is said to be infinite. 1In Section 7
i1t will be shown that if the strengthened Clebsch condition holds
then the index is always finite. We shall assume that the index
4s finite in this and following sections except, of course, in
the proof of the above fact.

A*set of k natural isoperimetric conditions
(3:2) J( 1:,(’7) =0 (& =1,000,k)

will be called a proper set if the determinmant [J( [, , 5 )| 1s
different from zero. The set (3:2) will be called a minimal set
if the inequality J( 2) 2 0 is true for every arc ! in E satisfy-
ing these conditions and if there exists no set of the form (3:2)
with fewer conditions having this property. This differs from

the definition of & minimal set as stated by Birkhoff and Hestenes,
however, an examination of the proofs of their theorems shows that
the definition used is that stated here. If the set (3:2) is a
minimal set then the set J( f: ’ z) = 0 1s also a minimal set
where }': = /}; Aa(,d R

As & consequence of this fact we may suppose that the arcs L are

the A's being constants with IA_(/’, | #o0.

chosen so that

(3:3) J( §-L’§/3)-0 (‘(#/534,,‘1'1,"',]:).

Concerning minimal sets we have the following useful
theorems.

THEOREM 3:3. Let J( f ,7) =0 (e« = 1,°**,k) be a proper
minimal set defined by arcs § in & . If there exists an arc T
in £ such that J(§) =J( § ,f) =0, then ¥ is a transversal

arec.
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The theorem follows from Theorem 3:1 when it is shown
that J(%,%) = O for every arc ¥ in& ., Let 7 Vbe any arc in&,
Ir J( E* ) 7) = 0 then the equations

JCE »p+0F) =Y L) +0ICF ,¥)=0
hold for all b, Consequently the inequality
0S3( 7 +bf)=3(7) + 03y, F)

is true for all b and hence J(7,§) =0, If J( F , ) # 0 then,
since |J( }; , ;r" )| # 0, we can select constants a,_, (x=1,°* k)
such that the arc f = 7 = [ &  satisfies J( £ »f) =0, By
the preceding argument

O‘J(rrf)aJ(Z:f)'&*J( ‘f‘ ,f)ﬂJ(z,f).

Hence the theorem follows.

THEOREM 3:4. If the set (3:2) 1s 8 minimal set defined

byaros r (< =1,°:"k) in £, then no arc of the form
§ = f./. a_ , Yhere the a's are constants not all zero, is a

transversal arc. Moreover, the inequality J( Fyso is true for

every arc of this form, and if the set (3:2) is a proper minimal
set the strict inequality J(F) < 0 holds,

To prove the first statement of the theorem suppose there
exists an arc in & of the form § = { a, which is a transversal
arc, At least one of the a_ , say &, is different from zero,

Now let h be any arc in € satisfying the conditions J( ; ’ 2) =0
(B =1,¢0¢, k=1). Since

0= J(F,p) =30 £ 8, ,2)=3(fragn) (= =1,k

it follows that J(t ) 8 0, The set (3:2), therefore cannot be
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minimal for the set J( ; , Z) = 0 contains fewer then k conditions.
Now suppose that the arcs L have been chosen so that

the conditions (3:3) hold and that one of the numbers J( [, fd_ )»

say J( Fy, Fy)s 18 positive., Let 7 be an arc in { satisfying

only the first (k -~1) conditions(3:2) and having J(7 ) < 0. There

exists a constant b such that
) = BI(Fys Fy) = bJ( ).

The arc z -b fk then satisfies all the conditions (3:2). But

we have

I -b&) = I(y) =263 i, n) + DI(Fy)
=3(pn) =b*(Fy) <O

whioh 1s contrary to our assumption that the set (3:2) 18 a

minimel set, If |J( §* R §ﬂ )| # 0 and the conditions (3:3)

hold, then clearly every arc of the form Fma F, mas J(T) <0,
A8 & converse to the first part of this the rem we have

THEOREM 3:5. Let f" (e =1,°"°,k) be a maximal set of

_g_r_o_s_s_;_a_g‘h_nm the following properties: (1) every arc of the form
§ = f =» , where the a's are constants not all zero, satisfies
the inequality J({) § 0, (2) no aro of the form ¥=Fa,

(a) # (0) is a transversal arc. Then the set J( f‘ »7) =0 forms
s minimal set,

For suppose there exists an arsc ) in £ satisfying the
conditions J( f‘ ,7) = 0 and having J(7) < 0. Then every linear
combination f of the (k+1) linearly independent arcs [, , 2
gives J(F) & negative value and no proper linear combination of
these arcs is a transversal arc since J( % ) < 0. This contradicts
the assumption on the f* . Hence every arc 7 in & satisfying
J( f‘ »7) = O has Iy) 2 0., Now suppose there exist linearly
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independent aros 7‘, (Vv = 1,°¢°,k?) such that the conditions
a1, ., 7) =0 (Y =)1,°*, k! <k) form a proper minimal set.
Since k' < k there exist solutions (b) # (0) of the equations
9, }")b‘ = 0. Hence the arc [ = F b, has J(¥) 2o,
but by assumption J(§ ) S 0. Hence J( f) =0. As a consequence
of Theorem 3:3 the arc ¥ is a transversal arc contrary to our
assumption., The statement of the theorem now follows.
As a converse to the last statement of Theorem 3:4 we have
THEOREM 3:6, If the variations f* (ot = 1,000,k) form a

maximal set of linearly independent arcs in £ , every proper linesar

combination 7 of which gives J( 2) & negative value, then 3132 set

J( & »7) =0 1is a proper minimal set.

By the type of argument used in the proof of Theorem 3:5
it follows that every arc ? in £ satisfying the conditions
J( j:; R 7) =0 has J( %) 2 0. Moreover there can exist no minimal
set with fewer than k conditions for then there would exist an
arc of the form [ = ¥ a, having J(F) 2 0. The set J( f.:.’ 72)=0
is proper for if it were not the determinant |J( f* ) j/’a )| would
be equal to zero end there would exist solutions (b) # (0) of the
equations J( f‘ R 3; )b, = 0 which is impossible.

The following theorem gives a useful relationship between
minimal sets and the index of J( %) on & .

THEOREM 3:7. If the set J( f, ,7) =0 (< =1,°**,k) 1s

a minimel set, thenk&&gmdexgr_J('Z)o_nC.

For, assume that the index of J( 7) on & is k' and let
(* (¥ =1,°°+,k') be a maximal set of linearly independent arcs
in € such that every arc of the form 1= {y &y » Where the a's
are constants not all zero, satisfies the inequality J( 7 ) <o0.
Then every solution f of J( 7‘, , f) = 0 has J( “f) : O. As a

consequence of the definition of minimal sets k cannot be greater
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than k', If k' > k then there exist solutions (a) # (0) of the
equations J( }:L s Iy )a, =0 (« =1,°**,k). The set J( f_(, 7)=0
being a minimal set implies that J( 4, a, ) £ 0 contrary to the
choice of the 7, . Hence k = k' and the conclusion of the theorem
is immediate.

COROLLARY 1. The number of conditions in a minimal set

is always the same.

COROLLARY 2, If the conditions J( f ,7) =0 (<= 1,-°¢,k)

form a minimal set, then there oxists a proper minimal set contain-

ing the same number of conditions.

COROLLARY 3. The index of J(7 ) on £ 1s squal to the

number of arcs J_'( in a maximal set of arcs in & every linear

combination ¥ of which has J(f ) 3 O but no proper linear sombina-

tion of which 18 a transversal arc.

This follows from Theorems 3:5 and 3:7,

4. Sub-problems. In this section we shall let P be a
problem determined by a functional J( 7 ) and a set & of admissible
arcs defined as in Section 2. If P* 1s a problem determined by
the functional J(y ) and a set of admissible arcs &* where &*
is a linear subset of & , then P* 1s said to be a sub-problem of
the problem P. Sub-problems P* may be obtained, for example, by
adding a set of end conditions to the conditions for the problem P.
As an illustration consider the fixed end point problem determined
by J( 7 ) and a set of arcs vanishing at x, and xs. It may be
obtained from the problem P by adding conditions of the form
74(x1) = 74(xs) = O, We shall denote the fixed end point
problem by P® and the set of arcs vanishing at x3 and xg by E .
Subeproblems P* of P may also be obtained by adding a set of

natural isoperimetric oconditions to the conditions for P, or by
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defining £ * to be the set of all arcs in E which satisfy the
oonditions Agy 7 4(x®) = 0 (8 = 1,+¢¢, » < n) where the points
x8 are on the interval x;xs. In particular we have the sub-
problem determined by the set of arcs in € which satisfy the
conditions 71(x') = 0, Unless otherwise stated we shall consider
the sub-problem P* to be such that the end conditions \I’, =0
(4 = 1,°¢°,p) for P are linearly dependent on the end conditions
Y.* =0 (& =1,,p" for P*, that s, a sub-problem obtained
by adding a set of end conditions to those for P.

Before considering sub-problems further we establish the
following result:

THEOREM 4:1. A necessary and sufficient condition that

the end points of an arc H in £ can be joined by an extremal

arc 7‘: 1s that J(Z R f) = 0 for all extremal arcs | in te,

that is, for all extremal arcs vanishing at x, and xs.

The condition 1s necessary, for let { be an extremal arc

joining the end points of 7 « Then we have

O'J(Z "Z:r)'J(Z:f)'J(z_yf)aJ(z:f)

for any extremal arc F in £°.
In order to show that the condition is sufficient let f‘
(< = 1,°¢° k) and a set of functions 5. = -of,, form a
“

meaximal set of linearly independent extremals in £ °, Then we have

(4:1) 30 % , ) = 74(xe) T4, (x8) = 94(x1) ¥y, (x1) =0,

It is well known that for any two extremals t, 5 and Z—' f the
expression zf = 7 § 1s a constant and hence has the same value
at x, a8 at xg (II, 738), As a consequence of this fact and the
relations [ (xy) = [ (xa) = 0 1t follows that the condition
(4:1) holds when the values 11(x1), zi(x.) are the end values of
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an extremal arc % . Let fr ’ Sr (¥ =k+1,°++,2n) be a set

of (2n ~k) extremals such that the set _/F‘ s o (g =1, ,2n)

form a maximal set of linearly independent extremals. Since the

extremals }; , T («<=1,°°*,k) form a maximal set of linearly

o
independent extremals vanishing at x; and xs, the matrix

Ty (xe)
(¥=k+1l,°°¢,2n)

§1Y (xl)
must have rank 2n - k. The columns of this matrix accordingly
form a set of 2n -k linearly independent solutions 7 4(xs), 74(xi)
of the equations (4:1). Moreover the equations (4:1) are linearly
independent since otherwise the extremals f‘( » J, could not be
linearly independent. It follows that the end values 7 4(x,),
?i(x.) of an arc 7 satisfying equations (4:1) are expressible
in the form Zi(x,,) = § 4y (xa)e,, Zi(x') = T4 v(xa)e, where
the c's are constants and hence the theorem is established.

COROLLARY 1. A necessary and sufficient condition that

the g_!_lg_ points of an arc Z in E can be joined Ez an extremal
arc 7 1s that J(y, & ) = O where the Y form a maximal set

of linearly independent extremal arcs in E* no proper linear

combination of which is a transversal arc for P.

This follows readily from Theorem 4:1 since the condition
Iy, f) = 0 1s surely satisfied for all ares | in 5. which
are transversal arcs for P ,

COROLLARY 2, A necessary and sufficient condition that

an arc » in ¥ Dbe expressible in the form jy = 7, + Zs, Where
{1 18 sn extremal arc in £ and 7s is an are fn Z°, s that
J(y,§) =0 for all extremal arcs [ in E°. Moreover

J(9) = 3( 72) + J( 7s) in this case,
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As a consequence of Theorem 4:1 we have

THEOREM 4312, Let 7 be any arc in & whose end points

cannot be joined by an extremal arc. There exists an arc F in

£ Joining the end points of ;, sush that J(¥) < O.
Por, if the end points of 7 cannot be joined by an

extremal arc there exists an extremal arc ¢ in & ® such that
Iy,7) $0. The arc [ = 7 + b7 has the same end values asy

and

JCF) =3y +b7) =3(g) +203(7, 7) +b3(F)
=J(7) +203(7, 7).

By & proper choice of b the last quantity can be made negative
and the theorem is proved,
THEOREM 4:3. Let [, (& =1,°°°,p,) be & maximal set of

extremal arcs in 2 ¢ no proper linear combination g_!_' which is a

transversal arc for P. Let (/, (/8 =1,000,r,) be & maximal set

of arcs in E the end points of no linear combination of which

can be joined by an extremal arc. Then r, = rs.

For if re > r, there exist constants a"

J( f‘ R Z/‘ ‘/J ) = 0, By Corollary 1 of Theorem 4:1 the arc

such that

! = e ls can be joined by an extremal arc which is a contra-

diotion. If rs < ry there exist constants b, such that

v, o, Z,x) = 0, It follows that J(b_ f, , %) = O for every

aro 7 in £ . Hence by Theorem 3:1 the are F=v 5 tsa

transversal arc contrary to our assumption. Therefore ry = rg.
Concerning sub-problems we have several useful theorems

one of which is the following:

THEOREM 4:4. A necessary and sufficient condition that

an arc § in & Dbe expressible in the form
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(4:2) £=F,+Fs

where §; is en arc in * and Fa is a transversal arc for P is
»
that J( g, ») = O for all extremal arcs » in & . Moreover

JCF) = 3(£1) + I Fa)e

The condition is necessary since the equations
J(f,?)gJ(f],"‘ f.,z"‘T(fﬂr ?)

hold for every extremal arc 7 in E*, By Theorem 3:1 it follows
that J( Fas, 7) = O. We first show that the condition is sufficient
when [ 1is an extremal arc in £ satisfying J(F, ») = 0 for all
extremal arcs 7 in E*. In order to do this let f (== 1,°001)
be a maximal set of extremal arcs in &° no proper linear combina-
tion of which satisfies the transversality conditions for .

Let 7, (7 =1,%**,r) be a set of arcs in £” such that the
determinant |J( £ , 7y)| 1is different from zero. Such a set
exists by virtue of Theorem 4:3. Hence there exist constants a

such that

(4:3) J( F-8a,fF , ?r)gJ(f! ZY)'a-LJ( f ?3’).0'

We now show that f - a_F, 1s a transversal arc for P*. Let 4

be any arc in C’ and let b, be constants such that

(4:4) J( f‘, P=%%2 )=30 £ ,49)=-2,3F , tr)=0.

It follows from Corollary 1 of Theorem 4:1 that the arc 7 = b,7,
can be joined by an extremal arc 7 . Since the ares 7 - by?r ’7
have the same end values and [ 1s an extremal arc we have

J(E, y=-by? ) =3(F, 7). Moreover J(f,7) = 0 as a con=
sequence of our assumption on }' since 73 is an extremal arc in 5’.

Consequently J( f, 7-b, 7, ) = 0. By the use of this equation
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and equations (4:4) it is found that

W F-0, b .00 2)%3(f, 70, 7,) =0 I}, 7 =D, 7r) = 0.

Oon the other hand

O=a(f=8,F,7-520)=d¥-0F,7) ~3(Y-8F, 0y .o
It follows from this relation and equations (4:3) that

J(§- 2, F ,7)=0. Since 4 is any arc in E* we see by the
use of Theorem 3:1 that the arc | - a_f, 1is a transversal arc for
P*. Thearcs fy=a_f, , fa= I=- {3 are therefore related

to [ as described in the theorem. The criterion accordingly
holds for an extremal arc | in C,

Now suppose { is any arc in & satisfying J( t, 7) =0
for all extremal arcs 7 in C'. Since we have, in particular,
that J( ¢, z) = 0 for all extremal arcs 7 in £°® 1t follows from
Corollary 2 of Theorem 4:1 that § 1is expressible in the form
§ =74+ 7, where 201s in €£° and 71 1s an extremal arc in &,
Moreover since J( F, ») = 0 we have J( 73, #) = O for all extremal
arcs 7 in €*. Hence by the preceding argument {1 1s expressible
in the form (4:2). It follows that { is also expressible in this
form. The last statement of the theorem is clearly true since
J(Ea,Fa) =0,

THEOREM 4:5. Let [ (< =1,°**,s,) be & maximal set

2_:_ arcs 2 £ no proper linear combination i which 1s expressible

in the form (4:2). Let e (ﬁ-l,-",lg)gg_n_maximla_eg&t_

extremal arcs in ol no proper linear combination of which is a

transversal arc {_9_:; P, Then s; = sgq,

For, if s, > ss there exist constants & such that
J( * % ,za) = 0. 8ince J( f, a_ »7) =0 for all transversal
aros y for P it follows by Theorem 4:4 that the arc [ = |, a,
is expressible in the form (4:2) which is & contradiction, If
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8, < 8g there exist constants b(s such that J( }" R ‘(ﬂ LP ) =0,
The arec p = bﬂzﬂ then satisfies the condition J( 7, f) = 0
for all arcs § in & . Hence 7 1s a transversal arc for P which
is impossible., It follows that sy = sg.

THEOREM 4:6. Let }" (< =1,°**, 8,) be & maximal set

3!‘_ extremal arcs in E no proper linear combination of which g_

expressible in the form (4:2). Let ?ﬁ (g =1,°°*,8s) Do &

maximal set of extremal arcs in e* no proper linear combination

of which is expressible in the form = 1 + s where 2
2 ELd in the form 7 = 7 where

Bﬂ‘.f}'ﬁfﬁ 5° and z.ggtransversal arc for P. Then 8, = sg.
The number s, here is not necessarily the same as the
number &, in Theorem 4:5.
As a generalization of Corollary 2 of Theorem 4:1 we have

THEOREM 4:7. A necessary and sufficient condition that an

arc [ in £ be expressible in the form
(4:5) F=f.+ fa

where f 1 1s an arc in C“ and f. i_a. ! transversal arc for P. _1_-

that J( £, ») = O for all transversal arcs p for P in er.

Moreover J( F) = J( £a) + J( [ ).

The condition 1is necessary, for, as a consequence of
Theorem 3:1 we have J( F,, 2) =0, J(Ts, 2) = 0 and hence
g, 7) = 0 for all transversal arcs ¥y for P* 1n &%, s 1n
the proof of Theorem 4:4 we first show that the condition is
sufficient for an extremal arc [ in £ . To do this let {u
(s =1,°°°,8) be a maximal set of extremel arcs in E’ such that
the determinant |J( 2., 2 )| is different from zero. It follows
that 1f F is any extremal arc in £* and J( %,,F) = O then
J(F) = 0. Let 7 be any extremal arc in &* and let a, bea

set of constants such that
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(4:6) J(z-a,GY/J’?“):J(Z’ 2‘()"‘;[( Z¢n ?,‘)=0°

The extremal arc u = J - s, 7/‘ then satisfies J( 7 ,u) = O and
hence J(u) = O, as was seen above. We can now show that J(u, 7)=0
for every extremal arc 7 in E*, For, if J( %, » %) =0 then

J( ?‘(,u+i)=05ndhence J(u + 7 ) =0, Since
J(u+ 7)=J(u) +25(u,7) +37)=23(v,7),

it follows that J(u,7 ) = O as was to be proved. If J( Te s 7)#0
then there exist constants by, such that J( o » 7 - be (2 )=0
(f =1,°",8). Hence J( 7 - b, 7, ) = 0, Also we have the
conditions J( oou+ 7 = bg e ) = 0, It follows then that

0=J(u+ 7 'b,d7,a )=2J(u,§-bﬂ7ﬂ)=2J(u,z’).

As a consequence of Theorem 4:4 there exists an extremal arc o

in £ ° such that the arc u - 7 o 18 a transversal arc for P*.

Hence by our assumption on the extremal arc ¥ we have J(F,u-po)=0.
Clearly J( ¥, ?o) = 0 and consequently J( f,u) = O, Since there

exist constants Cq such that

J(f-cﬁyp s 2. )= I0F, 7)) = es 3 ?F s L) =0,
1t follows that

=gy 27)=3(F-cop , 2-87 ) =3(F ~en 7y ,u),

the last equality holding because 7 - e, 7,4 = u. On the other
hand we have that

ICF -0 M) =3(Fu) -cyil g, ,u)=0

by virtue of equation (4:6) and J( Fs,u) = 0. From these relations
it is seen that J( | - 5 Z"’ ’ Z) = 0, Since f 18 any extremal
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arec in & % 1t follows from Theorem 4:4 that there exists an
extremal arc [ o in Z° such that the src F - ¢ls = folsa
transversal arc for P'. The arcs F, = 849 + Foand
Fa= ¥ = Fiare related to f as described in the theorem.
It follows that the condition of the theorem is sufficient for an
extremal arc in E.

Now suppose f is any arc in £ and J( £ 2) = 0 for every
transversal arc 7 for P¥ in E*, 1If the end points of [ can be

Joined by an extremal arc ¢ i then £ = o+ 7 31 where 7 o 1s an

arc in £°%, Also JI(F, 7) = J( 93, #) = O for all transversal arcs
7 for P* in £*. Hence by the preceding argument 7 , is expres=
sible in the form (4:5). It follows that f is also expressible
in this form. If the end points of { cannot be joined by an
extremal arc let [, ( «=1,°**,t) be & maximal set of extremal
arcs in £ % no proper linear combination of which is a transversal
arc for P*. As a consequence of Theorem 4:3 there exists a set of
arcs Z” (B =1,""",t) in E® such that the determinant

13C £, » 7/4 )| is different from zero. Hence there exist constants
d‘9 such that J(f , Fa.) -dg J( 2 , F, ) =0. It follows that
the arc u; = | - d s 76 can be jolned by an extremal arc us and

U, = uo + ug where u, is an arc in £°, Also

J(uﬁ:Z)gJ(ul’Z)=J(f'dﬁ?/g ’Z)=J(f:?)=0

for all transversal arcs y for P* in 5'. Again by the preceding
argument ug is expressible in the form ug = v, + Ve, where v, 1is
tn €% and ve 1s a transversal arc for P. It follows that
fsf,_+fgwhere§,,=uo+v1+dﬂz‘ is in &* and

fg = vg is the transversal arc for P’, as was to be proved, The

last statement of the theorem follows readily since J( f,, Fa) = O.
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THEOREM 4:8. Let ]:L (o = 1,°°°,8,) be a maximal set of

arcs in E no proper linear combination of which 1s expressible in

the form (4:4). Let 7, (@ =1,°°",8s) be & maximal set of

transversal arcs for P' in &* no proper linear combination g£

which i_s_ a transversal arc for P, Then s, = ss.

S. The index of & problem With respect to a sub-problem,

Let P be a problem and P a sub-problem of P of the type studied
in Section 4. Denote the indices of P and P* by k and k', re-
spectively, where by the index of P is meant the index of J( ?)
on €. Similarly the index of P* 1s the index of J(y) on £*.

The difference q* = k = k’ will be called the index of P with
respect to P*. 1In special instances Birkhoff and Hestenes (1)

and Morse (VIII) have called a number equivalent to the difference
q' the order of concavity. In the case of periodic extremals the
index of repletion as defined by Morse and Pitcher (X) may be
interpreted as the index of a problem with respect to a sub-problem,

LEMMA 5:1. Let y, (/4 =1,°°*,g) be & maximal set of

extremal arcs in E every proper linear combination 7 of which has
J( z) < 0. Let 75 (¥=g+1, *++, g+h) be & maximal set of

extremal arcs in £ ° no proper linear combination of which is a

transversal arc for P. Then the index q° of P with respect to P°
is given by the formula q* = g + h,

In order to prove this we show that k = k° + g + h, where
k and k° are the indices of P and P°, respectively, Let
}(’o (P =1,°°*,k*) be a maximal set of arcs belonging to & °
every proper linear combination ? of which has J( z) <0, It is

now sufficient to show that the conditions
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IE .2 =0 (p =1,°°,%x%),
(5:1)
Iy ,7)=0 (#« =1,°°+, g +h)

form a minimal set for P, Since every proper linear combination 7
of these arcs has J(7) S 0 but no proper linear combination is a
transversal arc for P, it follows as a consequence of Theorem 3:5
that none of the conditions (5:1) can be discarded. In order to
show that there are enough conditions let % be any arc in €
satisfying the conditions (5:1)., Since { satisfies the conditions
J( O ?) =0 (V¥ =g+ 1,°°+,g + h), 1t follows from Corollary 1l
of Theorem 4:1 that the end pointe of 7 can be joined by an
extremal arc, that is, that p is expressible in the form
1= 171+ 7 s where 7, is an arc in £° and 9s is an extremal
arc in £ . By virtue of the fact that 7 e is an extremal arc
J( xa »7 8) = 0, Moreover, since Z. has the same end values as )y,
we have J( 7. , Z.) = O, Hence 7 s satisfies the conditions (5:1).
It follows then that 7, also satisfies these conditions. As a
consequence of our choice of the 1’;, and the /7, we have
J( 1) 20and J( 7a) = 0. Hence J( 7) = 0, and the theorem
follows immediately.

By meeans of this lemme we can prove the following signifi-
cant result:

THEOREM 5:1. The index q* of P with respect to P* 1s equal

to the number of extremal arcs s ( §=1,°00,8) 1n 8 maximal

set of arcs in E every linear combination 7 of which 1s a

transversal arc for P* and has J( 7 ) S 0 but no proper linear

combination of which is a transversal arc for P,

To prove this it is sufficient to show that k = k* + s

where k and k* are the indices of P and P’, respectively, Consider
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now the conditions

I E,p)=0 (& =1,00,0"),
(5:2) 3 grap) =0 (7 =1,°,3),
the first k™ of which form a minimal set for P*. By Lemma 5:1 we
may replace these k® conditions by a set of the form (5:1) defined
now for the problem P*. Assume that this replacement has been
made. We now wish to show that the k + s conditions thus defined
form a minimal set for P, As a consequence of Theorem 3:1
applied to the problem P’ the extremal arcs {5y satisfy the condi-
tions J( fl.‘ R ?[) = 0, With the help of this fact we have that
every linear combination f of the arcs f,, » Zs has J( 7) g o.
Since no proper linear combination of these arcs is a transversal
arc for P, it now follows that none of the conditions (5:2) can be
dropped. In order to show that there are enough conditions let 7
be any arc in £ satisfying the conditions (5:2), Clearly
J(u, z) = 0 for all transversal arcs u for P* in £% every linear
combination of which is a transversal arc for P, Since
J( sl ) = 0, we have that 2 satisfies the condition J(f, 7 )=0
for all transversal arcs { for P* in £, Hence by Theorem 4:7
the arc 4 is expressible in the form 7 = 71 + 7 swhere p, is an
arc in £* and 7 s 18 a transversal arc for P*. As a consequence
of Theorem 3:1 we have J( o s 2;) =0, J( 5« »28) = 0., It follows
then that J( 77, 7s) = 0, J( f,c » 71) = 0, By virtue of our choice
of the arcs [y , 7y we have J( 71) 20, J( 7s) € 0, Since
J(p) = 3(72) +3(7s) 1t follows that J( 7) = O.

COROLLARY 1. The index q° of P with respect to the fixed

end point problem P° 1s equal to the number of extremal arcs e

(4+=1,°,q9°) in a maximal set of arcs in £ every linear
combination 7 of which has J( 7 ) ® 0 but no proper linear
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combination of which is a transversal arc for P.

COROLLARY 2. A neoessary and sufficient condition that

the index of P be equal to zero is that the index of P’ be equal

to zero and that the inequality J(% ) 2 O hold for all extremal

arcs 2 in £, the equality holding only in case 7 is a trans-
yersal arc for P,

COROLLARY 3. If there exist no extremal arcs in £° then

the index q° of P with respect to P® 1s equal to the number of

— e —— —

— . S— — — — —

extremal arcs 7 (<=1,°"",q°) in a maximal set of arcs in €

every proper linear combination 7 of which has J(z ) <0,

»
Consider again a problem P and a sub=-problem P of the type
already studied. We then have
LEMMA 5:2. Let p, p* be the number of linearly independent

end conditions for the problems P, P*, respectively. Then the
index q“ g_f_ P with respect to P’ satisfies the inequality

* Sp* -p.

For, let [, (% =1,:++,k*) be a set of aros in z*
such that the conditions J( f, , #) =0 (= = 1,°**,k} form a
proper minimal set for P*. Since P‘ is a sub-problem of P, any
arc satisfying the end conditions for P* also satisfies the end
conditions for P. Let 2y (& = 1,"',q’) be a maximal set of
arcs in & satisfying the conditions J( f‘ R 2) = 0 every proper
linear combination 2 of which has J(% ) < O, Since no proper
linear combination of the arcs ¢, 1is in &£* and therefore not
in £°, 1t follows that no two of the arcs #, have the same end

values, Hence q* = (2n = p) - (2n - p’) =p* . p.

COROLLARY. The index q° of P with respect to P® setisfies
E’l’. inoquulitl

q° S2n - p.
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For, in this case the number corresponding to p* of
Lemma 5:2 is equal to 2n,

It can be shown that the definition of the index of a
problem with respect to & sub-problem as given by Birkhoff and
Hestenes (I, 225) 1s not properly stated., If the extremal arcs
T« (o= 1,ece h) used by Birkhoff and Hestenes in the definition
are required to be transversal arcs for the problem P', then their
definition 1s equivalent to the one here given, The index of a
problem with respect to a sub-problem was called, by Birkhoff
and Hestenes, the order of concavity of a problem with respect to
& sub-problem,

We now consider another type of sub-problem which will be
of use in the following section., Let P be a problem of the type
defined in Section 4 and let P” be a sub-problem obtained from P
by adding the conditions

(5:3) /x' ?1‘ 71dz=o (X = 1,°°°,8),
X3

where the arcs % (<=1,°°°,s) form a maximal set of linearly
independent transversal arcs for P, The class of arcs in £ which
satisfy the conditions (5:3) shall be denoted by £*, We then
have the following result:

THEOREM 5:2, The index of P*, where P* is the sub-problem

defined above, 1is equal to the index of P, Moreover there exist

no transversal arcs for ¥ in C,"’ except the ars ( g) a (0).

In order to prove the first statement of the theorem
suppose the index of P is k and let the conditions J( fr »72)=0
(Y = 1,°++,k) form a proper minimal set for P, If the arcs f}
are in C® the theorem 1s obviously true for then the conditions
I( fr‘ 2) = 0 also form a proper minimal.uet for P, If the arcs

{"r are not in £ * then there exist constants 8,y such that the
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relations

X
f‘ Zﬁ(“rz,‘ + .Fr Jax = 0 («,A= 1,0 ,8;¥=1,"°,k)
X3

hold, that is, the arcs &, , s, + f, are in E*. Let u, = a7,
then it can be shown that the conditions J( [, +u,, 7) =0

form a minimal set for P¥. For, if # 1is any arc in £ , then

J(uy , ) =0 since the arcs 7  and hence u, sre transversal

arcs for P, We then have
J( ry+“y:?)'3( rrn?)*'J(uynZ)'J( YYJZ)'

Since the conditions J( f, » 72) = 0 form a proper minimal set

for P, it follows that any arc 7 in E satisfying these conditions
has J(7) 2 O. Hence any arc » in £* satisfying

I Fo+u, »7) =0 has iy) 2 0. Furthermore any are of the
form 7 = [ + u where § = frbr,u=urb,. gives J( ) a
negative value, for, J( T ,u) = J(u) = O, as 1s readily seen, and

hence
JOF+u)=J(F) +23(F,u) +J(w) =3(F).

The functional J( ) 1s less than zero by cholce of the [, .
In order to prove the second statement of the theorem we first

note that the Euler equations for P* are of the form
B, & MYy = (< =2,00

where the multipliers .  are constants (II,699). An extremal
arc then is a set 7 4 Tir 2~ satlsfying these equations, If
the arc 7 1s a transversal arc for P* in & then by an integra-
tion by parts it is seen that

X8
0=3( 72.,72) =~/ (1. Uyp 8% (2,8%1,000,0).
X3
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Since the determinant

2
/-‘ Zl-‘ Zia dx| is different from zero
X3
it follows that .«,=0 (4 =1,°"",s), Hence the transversal
arcs for P* in ¥ are transversal arcs for P. Clearly the only
transversal arcs in C satisfying the conditions (5:3), that 1is,
the only transversal arc for P* in &% 1a ( ») & (0).

6. The one variable end point problem and focal intervals,

In this section we shall consider the one variable end point
problem P determined by the functional J( ¢ ) and a set of arcs &

consisting of those arcs in O satisfying the end conditions
(65) V. =a.y/4(x) =0, py(xa)=0 (sem1,ee,pSn).

The matrix ||a_ 4|| is essumed to be of rank p. The functional
J( Z) then takes the form

x
(6:2) (7)) =2q9(7,) +/ : 2o(y,7)ax,
X3
and the transversality conditions are given by
(6:3) TI(Z' I, A) 'q?n'*x,‘_l,u_i - Si(xx) = 0.

A transversal arc for P which satisfies the conditions ‘I/ﬂ,= 0

will be called a focal arc.

The problem P determined by J( 7 ) in the form (6:2) is
equivalent to a problem determined by J( 1 ) in the form

X
6:4 J(y,w) =D 2w » 7')dx h,Z =1,°°°,
(6:4) g n"nvz * A; (757" (h,X r)

where the matrix || bh.}” is symmetric and the numbers w, are

constants. The end conditions are of the form

(4(x2) = oqywp, 74(xs) =0 (h = 1,¢¢c 1)

where the matrix |pg) || has maximum rank r, and the transversality
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conditions are

S4(xa)eqy = bhl'l'

By adding the conditions w,' = 0 it 1s seen that the

= Z/n+h
problem formulated in this way is equivalent to a problem of the
type P in (n+r+l)-dimensional space., In general we shall consider
J(z ) as given in the form (6:2). We shall use the form (6:4)
whenever it seems more convenient to do so.

An interval x'x", not containing x,, will be called a
22251 interval of x,, if there exlists a focal arc 7 which 1s
identically zero on x'x", is not identically zero on an extension
of x'x" and is such that there exists no focal arc [ having
f = z on an exténsion of x'x" to the left of x' and § & 0 on
an extension of x'x" to the right of x" (cf. Reid (XII, 277)).
A focal arc Z with the above properties will be said to corres-
pond to the focal interval x'x", Any point on a focal interval

x'x" will be called a focal point; the point x' being called, in

particular, a primary focal point,and the point x" a secondary

focal point. Frequently a focal interval may consist of a single
point, This is always the case when the problem is normal on

every sub-interval (II, 725). The order of a focal interval x'x"

is defined to be the number of linearly independent focal arcs

in a maximal set, every proper linear combination of which corres-
ponds to the focal interval x'x" in the sense described above., If
the conditions qzu = 0 are of the form Zi(x;) = 0 then the
problem P reduces to the fixed end point problem P° and focal

intervals (points) are called conjugate intervals (points),

It may be noted that in the definition of a focal interval
x!'x" given above the words "left" and "right" may be interchanged.

To prove this we need only observe that if there exists a focal



30 HAZARD: INDEX THEOREMS FOR THE PROBLEM OF BOLZA (326)

arc having ‘g g 7 on an extension of x'x" to the right of x"

and # 0 on an extension of x'x" to the left of x!', then the

H
3
are §F = 7 - f is a focal arc having ¥ = 7 on an extension
of x'x" to the left of x' and ¥ & O on an extension of x'x" to
the right of x" and conversely,

We shall assume throughout this section that the
strengthened Clebsch condition holds on the interval x;xs. We
then have the following well-known result (IV).

THEOREM 6:1. The inequality J( Z) > 0 holds for every

only 1{ there exist no focal points of x3 on x;xs.

A more general theorem is the following one:

THEOREM 6:2. The inequality J(7 ) 2 0 holds for every

¥ s e, S — ——— — — —

1£ there exist no focal intervals 2£ x = x3 interior to xixs.

Moreover, the number of linearly independent arcs in £ having

J(Z ) =0 is equal to the number of focal intervals containing xa.

For, if there were a focal interval x'x"™ of x, interior
to x3xs there would exist an arc in & , namely, an arc which is a
transversal arc on x,x" and identigally zero on x"xg having
J( z) = 0 but which 1is not a transversal arc on x;xs. Hence the
index of P on & could not be equal to zero, In order to prove
the converse suppose there exist no focal intervals interior to
Xx;Xxe. If in addition there are no focal intervals containing xg,
then J(z ) > O by Theorem 6:1., Now suppose there are focal inter-
vals containing xg and let x! be the first primary focal point.
Consider first the case where x' is the only primary focal point,
Let 5 (< =1,°¢+,t) be a maximal set of linearly independent
focal arcs vanishing on x'xs and define P* to be the sub-problem

obtained by adding the conditions
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(6:5) /x. ( )
6:5 ax = 0 « = 1,000 ,t).
! x (1a (1

The problem P¥ is then a sub-problem of the type discussed in
the last part of Section 5. By Theorem 5:2 the only transversal
arc in & satisfying the conditions (6:5) is (z ) & (0). Hence
there exist no focal intervals of x, for P* which contain xg.

2ince # O on x'xe, the point xa can be replaced in the

{14
above argument by any point on x' £ x § xa without altering the
conditions (6:5). It follows that no point of x'xe can belong
to a focal interval of x, for ) Moreover, there can be no focal
point of x, for P' on X3 < x < x'. For, if there were such a
point, say Xy, then there would exist a focal arc 7 tor P*
having ¥ 4(xz) = 0 and J( ?) =0 on xjxy. But since there are
no focal points of x; for P on x3xz,we have by Theorem 6:1 that
J( Z) > 0 on this interval. It follows again from Theorem 6:1
that the index of P* is equal to zero., Hence by Theorem 5:2
the index of P is also equal to zero, that 1s, J( 7) 2 0 for
every arc z in € .

Now consider the case where there are other primary
focal points on x'xs besides x' and let x™ be the first of these,
As a consequence of the case already considered the index of
J( 2) 18 equal to zero on x;x". Let P! ::note the sub-problem
of P obtained by adding the conditionsji1 ?%ﬂ V4 1 dx = O where
the arcs ?F (A=1,",t") form a maximal set of linearly in-
dependent focal arcs vanishing at x'. We next obtain a sub-problem
P* of P' by adding conditions /x:' Zir Z 1dx = 0 where the arcs
Z, (¥ = ttel,°°°,t14t") form a maximal set of linearly inde-
pendent arcs vanishing at x". We then show by the methods used

before that the index of P" is zero on x,x™ where x™ is the
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third primary focal point of x,. It follows that the index of P
is also zero on this interval. We can continue to form sub-
problems in this way. Since, in this case, the number of
primary focal points of x; on x;xs is at most n it follo;a that
we finally obtain & sub-problem the index of which is equal to
zero on the entire interval x;xg. The index of P then is also
zero on X3Xg. In fact the index remains equal to zero to the
first secondary focal point, The last statement of the theorem
is clearly true.

Consider now the expression

(6:6) J( z ,8:Xx) = ?iﬂ' (x) S’if (x)ar “C’ +f' 2 w( z,z')d.x
X

which is a functional of the form (6:4). The arecs Zw are taken
to be a maximal set of focal arcs no linear combination of which
vanishes at the point x. The range of ¢ and ¢ depends then
upon x, This functional determines a problem Px having the end

conditions

(6:7) 24(x) = Uy (x)ap,  P4(xa) =0
and the transversality conditions

(6:8) Tx) 740 (x) = 240 (x) Ty (x)ay

As a consequence of these conditions we have the result:

LEMMA 6:1. An interval interior to xxs 18 a focal interval
for Px if and only if it is a focal interval for P.

For, suppose a focal interval interior to x;xg is deter-
mined for the problem P by a focal arc Z « This arc z then
satisfies the first set of conditions (6:7). Hence the focal

interval thus determined is also a focal interval for Pye Con-

versely, an arc 7 determining a focal interval for Py must satisfy
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the first of conditions (6:7) and the conditions (6:8). It
follows that 7 also determines a focal interval for P,

Let x! be any point on x,xs. We then have the following
useful lemmas,

LEMMA 6:2. If 7 1s any arc in £ and if J(p, f) =0

for all arcs f in £ which are identically zero on x'xs then

J(Z ) = J( ¢ ,a:x) where J(ypsx') 1s defined in (6:6).
For, by Theorem 3:1 the arc Z is a transversal arc on

x,x'. Hence by an integration by parts

JCp) = 7a(x") J4alx') +£° 20 (p, 7hax.

Ir 70‘ (¢ = 1,%¢,pr') i1s a maximal set of linearly independent

focal arcs not vanishing at x' then

X
JC7)= 740 (X)) T 4o (x")a, 8, +/;:" 2w (p,7")ax=3( 7 ,a:x")

(67, T=1,°°,8"),

LEMMA 6:3. If 7 is any arc in € and if J(y,f) =0

for all srcs which are focal arcs on x;x' and identically zero on

x'xe then

JC7) =30 7,a:x') +3(7224),

where /. 1s an arc in L identically zero on x'xa.

For, by Theorem 4:7 the arc { on the interval x,x!' is
expressible in the form ? = 71+ ?. where ?,_ is an arc in €
vanishing at x; and ?. is a focal arc. Hence on the interval

X31Xg

X
IC7) = 307a) + 7 44(x') J1e(x") +/x'lB 2w( 7, y’)ax.

As in the proof of Lemma 6:2 it can be shown that the sum of the

last two terms 1is expressible in the form J( ? ,8:X') with a
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suitable set of focal arcs (- and constants a_,

COROLIARY, If y 1is any arc in € satisfying the conditions

of Lemma 6:3 and 1{ there exist no focal intervals of x, interior

to xix!, then J( Z) 2 J(7,8:x').

This follows from the fact that J( z;) 20 by Theorem 6:2,

It may be noted that Lemmas 6:2 and 6:3 still hold if the
arc 7 1is restricted only to the class O instead of to ¢ pro-
vided we choose the arcs ! 1 occwrring in the form (6:6) to be
a maximal set of linearly independent transversal arcs not vanish-
ing at the point x'.

When the Clebsch conditlon holds in the strengthened form
the index of P (and hence also of Py) is finite, as will be seen
in Theorem 7:4 below, Assuming for the present the truth of this
fact we can prove the following theorem:

THEOREM 6:3. The index of J(Z ) on £ is equal to the

number 9_{ focal intervals g£ X = X3 interior gg X31Xg where a

focal interval 1is counted a number of times equal to its order.

In order to prove this let x' be the first primary focal
point of x;. Denote by L (< =1,°*",t') a maximal set of
arce in € which are identically zero on x'xg, are focal arcs on
x,x' and are such that no proper linear combination of these arcs
are transversal arcs. It is clear that t' is equal to the number
of focal intervals having x' as their initial point, each focal
interval being counted a number of times equal to its order, Con-
sider an arc 2 in € satisfying the conditions J( f‘ »7) =0,
By Lemma 6:3 the value of J( ?) is equal to the sum
J’(z ) = J( ? ,a1x') + J( 71) where 21 is a suitably chosen arc
in € » ldentically zero on x'xe and where J( 2 ,83x') 1is an ex-
pression of the type (6:6), the range of o » T being at most

n=-t' in this case., The focal intervals for the problem Pyt
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determined by the functional 3(7 ,8:x') as described above are
the focal intervals for P on x'xg which do not have x' as their
initiasl point. Moreover the difference between the indices of
P and Pyy 18 equal to t'. For, let the conditions J(u,-,z ) =0

(¥ =1,°°*,8") form & minimal set for P , and let & ,, denote

x!

the class of arcs associated with Pyte

in which P,y was constructed that the arcs in Cx' are equivalent

It is clear from the way

to arcs in E which are focal arcs on the interval x3x'. Hence
we may consider the arcs u, as being arcs in & , which are focal
arcs on the interval x;x'. We now show that the conditions
I(u,, Z) =0, J( f( »%7) =0 form a minimal set for P. Clearly
none of these conditions can be discarded. Now let T be any
arc in € satisfying these conditions, We wish to show that
) 2 0, By Lerma 6:3 we have J(§) = J( §,a:x') + J( ),
where { 3 i1s an arc in € identically zero on x'xs., Since x' is
the first primary focal point of x; it follows from the corollary
to Lemma 6:3 that J( §4) 2 0. Also J( ¥,a:x') 2 0 for, otherwise
the conditions J(ur , z) = 0 could not form a minimal set for Px"
Hence J( §£) 2 0.

Now suppose x" is the first primary focal point of x!
for Pyt and construct a problem Pyw determined by a functional
J(y ,a:x"), By an argument of the type already given it follows
that the difference between the indices of P,, and P,w 18 equal
to the number of focal intervals for x' which have x" as their
initial point. The difference between the indices of P and Pyen
is then the number of focal intervals of x; interior to x;xs and
having x' and x" as their initial points, We continue to form
problems of this type at each primary focal point. At the r-th
step the index of the problmngﬁ-whioh corresponds to the primary
focal point x* is less than that of the problem defined at the
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preceding step by an amount equal to the number of focal intervals
interior to x;xeg and having x as their initial point. Since the
index of P is finite one obtains after a finite number of steps
a problem me whose index is zero. The index of P 1is accordingly
equal to the number of focal intervals interior to x;xg and
having x', x", ¢<¢, x® as their initial points. Since the index
of Pem is zero, there are no focal intervals of x;, or of x%
interior to x™xa by virtue of Lemma 6:1 and Theorem 6:2, Thus
we have accounted for all focal intervals of x; on the interior of
X3Xg. This proves the theorem,

Let P and P° be problems as defined in Section 4. Since
P° 15 a special case of the one variable end point problem, we
have

COROTLARY 1. The index of P° 13 equal to the number of

———— — — ———— —

conjugate intervals of x, interior to xixa.

COROLLARY 2. The index of P 1is equal to the number of

— —— — ———— e

conjugate intervals of x; interior to x1x2 plus the index of P
with respect to P°.
LEMMA 6:4. Given a conjugate system 7 1ks» ¥ 1 there

exists a functional J( 7) of the form (6:1) and a set of end

— i — —— —

conditions of the form (6:2) for which the extremals 71, 31

satisfying the end conditions ﬂzu = 0 and the transversality
conditions (6:3) are of the form 714 = 71k yi = yikak
where the a's are constants not all zero.

In order to prove this suppose n-p 1is the rank of the
matrix || 21k(x;)|l and let the functions ¢4, be chosen so that
7 1/‘(x1) =0 (4 = 1,°**,p). The end conditions are then chosen
to be YZ‘ =a,474(x1) =0 where a, 4 =7 1. (x1), and the
quadratic form 2q in (6:1) 1is taken to be

2q = é [Yki(xl) + 7 1k(x;)] 211 ka. The problem formed in this
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way satisfles the properties of the theorem as one can readily
verify.

An interval x'x" 1s said to be a focal interval of a

conjugate system ik Y4k if there exists an arc of the form

7 1= 7ix% 1dentically zero on x!'x" but not identically zero
on an extension of x'x" and if there exists no arc of the form

¥ 1 = Zikbk having ¥ = { on an extension of x'x" to the left
of x' and f = 0 on an extension of x'x™ to the right of x". As
in the definition of a focal interval given earlier in this
section, the words "left"™ and "right" may also be interchanged
here. - A focal interval of a conjugate system on an interval x;xs
may also be sald to be a focal interval of a one variable end
point of the problem determined by the system. Let »gy, Ugy

be the extremal arcs associated with two conjugate systems and
let P;, Ps be the problems determined by these systems on the
interval x;xgs. For convenience suppose the variable end point
for P, is x, and the variable end point for Pg 1s xg. If we let
P. denote the fixed end point problem then we have the following
result,

LEMMA 6:5. Let t; denote the number of focal intervals of

x; and tg the number of focel intervals of xs interior to the

interval x;xs for the problems P, and Ps respootively,whero Py

252 Pg are defined as above., Let q;, qa denote respectively 323

indices of P, Ps with respect to P°. Then
1 - ts =q1 - qs.

This follows from Corollary 2 of Theorem 6:3 since the
number of conjugate intervals of x, is the same as the number of

conjugate intervals of xg interior to x;xs.
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We now consider an example of a one variable end point
problem P in a 4-dimensional space having focal intervals x'x",
t't* 1ying interior to xixe with x' < t' S x". Let u(x) be an
arc of class C" such that u(x;) = 0 and u(x) = 0 on x'x" but not
on an extension of x'x". Similarly let v(x) be an arc of class
C" such that v(x) & O on x3x', and t't" but not on an extension
of t't", Let hy = u™ + u, hg = V" + v and
x! x! s s t (1] s 8
b,,-/ u.h;dx=-/ (u' -u )ax, bg =/ vhedx = = (v' - v )ax.
X3 X3 X3 X3

The problem P under consideration 1s determined by the functional
P 2 Xs ,a s
J(Zn')’bx'x + bawg + (Zx - (1 )dx,
X3
the differential equations

z/l = ?ihy, 7; = 7ahs

and the end conditions

01(x1) =0, 7g(xy) = <bywy,  pglx) = -bowy, 7y(xp) =0
(1=1, 2, 3),
where W,, wWg are constants, The Euler equations and transversality

conditions associated with the problem P are, respectively,
" l /
71+ 71+ kihy + dehs =0, Ay =0, Ag =0,
and
Salxy) = -wy, Ta(xy) = ~wa.

It 1s readily verified that the arc 5 defined by
x x
(6:9) 7y =W fp® [ wmdx =P, 73 ./x; ubpdx = boWp

with multipliers L, = =1, Ags = O and constants wy = 1, we = O 1s

.
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a focal arc for P and 1s identically zero on x'x". Similarly

the arc % defined by

21=v, 22=/xvh1dx-blwl, Zs=/xvh2dx-b2w2
X3 X2
with multipliers A, = 0, Ag = -1 and constants wy = 0, we = 1
is also a focal arc for P and is identically zero on t't", If
t! > x" we choose the function v(x) so that "' vhydx = 0, It
may be noted that if x; = 0 and x! > X then :he function u(x)
can be chosen so that by, = O, The arc (6:9) then defines a

conjugate interval on x'x",

7. A sub-problem of P°, Let x = x% (8 = 0,°*+,r+1;

x’ = Xa, xT+l = xa) be a set of points arranged in the order of
their superscripts. 1In this section we shall consider the problem
P* determined by a functional of the form (1:1) and a set of arcs
L% 1n O which vanish at the points x’. Clearly 5' is a subset
of £° and P* 18 a sub-problem of P° where E£° and P° are defined
as in Section 4, It 1s to be noted that the extremal arcs for

P’ are broken extremal arcs for P° with corners at the interior
points x® (s = 1,°**,r). We shall assume that the strengthened
Clebsch condition holds on Xx3Xg.

For convenience we shall define the index of a sub-interval
x®x®*1 (8 = 0,+++,r) to be the number of arcs in a maximal set of
arcs in C® 1dentically zero except on the interval x®x%*}

(8 = 0,¢e+,r) overy proper linear combination of which has J(Z ) <O0.
The index of x®x°*! (s = 0,°-*,r) 1s then equal to the number of
conjugate intervals of x® interior to this interval.

THEOREM 7:1. The index of P* is equal to the sum of the
indices gg‘ the sub-intervals x®x®*1 (s = 0,::.,r).

For, let 7 be any arc in C* having J( 7)<0. It is
readily seen that z is equal to a sum of arcs in C* each being
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identically zero except on an interval x®x5*1

and each having
J < 0.
Let P be the problem defined in Section 4. We then have

THEOREM 7:2. The index q* of P with respect to P* 1s

equal to the number of broken extremal arcs Mw (&= 1,°+,q"%

with corners at the interior points x® (8 = 1,°°°,r) in a maximal

set of arcs in { every linear combination n of which has

) S 0 but no proper linear combination of which is a transversl
are for P.

This is the same as Theorem 5:1 stated for a different
type of sub-problem and it is easily verified that the theorem
holds in this case.

COROLLARY. If there exist no extremal arcs in €™, then

the index q" of P with respect to P* 1s equal to the number of

broken extremal arcs ?oL (%= 1,"',q’) with corners at x*

combination 7 of which has J( 2) < 0.
THEOREM 7:3. If the points x® (8 = 0,***,r+ 1) are such

that there exist no conjugate points of x° on x5! (s =0,+e2,r),

then the index of P 1is equal to the number k g£ broken extremal

arcs with corners at the interior points x* (s = l,°°°,r) in a

meximal set of arcs in £ every proper linear combination Z g£

whioh has J(7) < 0.

For, the index of each sub-interval x®x3+1 (s = 0,+++,r)
is equal to gzero. Hence by Theorem 7:1 the index of P‘ is equal to
zero and, therefore, the index of P is the same a8 the index of P
with respect to P*. This number k is equivalent to the negative
index of the index form of Morse (VIII).

LEMMA 7:1. A finite number r of points x® (s = 1,¢+e,r)

can always be chosen on X xg such that there exist no pairs of
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conjugate points on x*x%*1 (s = 0,%¢",p).

For, suppose that the lemma is false. Choose arbitrarily
a finite number of points on X1Xg. The lemma is then false on at
least one of the sub-intervals thus formed, On this interval
make a further subdivision, It follows that the lemma is false
on at least one of these sub-intervals, In this manner continue
to make subdivisions of the interval x;xg. The points of sub-
division will have a 1limit point x! and it follows that in every
neighborhood of x!' there exist pairs of conjugate points, But
this contradicts the known fact that for any point x" on xj;xa
there exists an interval x" -« § S x < x"™ +§ on which there are
no pairs of conjugate points (II, 739). Hence the lemma is true.

THEOREM 7:4. If the strengthened Clebsch condition holds

on x3Xs then the index k of P is finite.

For, by Lemma 7:1 we can choose the points x® on X3Xg SO
that there exist no conjugate points of x® on x3x83+1 (8 =1,°°°,r),
Let r be the numﬁer of sub~-intervals x’x’+1. Then the number k
of Theorem 7:3 satisfies the inequality k S nr and hence the index
of P is finite.

Let x* (8 = 0,°**,r+1) be a set of points as described in
the first paragraph of this section. Let t be the number of broken
extremal arcs f, (< = 1,°°",t) in € with corners at the
interior points x5 (s = 1,***,r) every proper linear combination ¥
of which hes J(f ) < 0 and let v be the number of linearly inde-
pendent arcs Z, (A =1,°",v) vanishing at x® (s = 0,***,r+1)
which are transversal arcs for P, where P is defined as in Section 4.

We then have the following

THEOREM 7:5. The index k of P 1s expressible in the form

k =po + *°° + Pptte=-v,
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where Py is the number of primary conjugate points of x8 on .

x%x8*1 (s = 0,¢*+,r) and t and v are defined as above,

In order to prove this let zr’ (¥ =1,,p ;8=0,°,r)
be a maximal set of broken extremal srcs determining the primary
conjugate points of x* (8 = 0,°*,r) on x'x“l. These may be
chosen so as to be identically zero except on x‘x“l. By the types
of proofs used before it is readily verified that every arc 7 in &

satisfying the conditions
8
(7:1) ", =o, T =0

hasJ(?)iO. Let Z} ( i =Po + *°° + pn = V) be a maximal
set of the arcs Zfs no proper linear combination of which is a
transversal arc for P, The conditions J( Z_‘( , Z) =0, J( L »7)=0
then form a minimal set, for, every arc 7 in £ satisfying these
conditions also satisfies the conditions (7:1) and hence has
J( 7 ) 2 0. Moreover every linear combination ¥ of the arcs 7_‘( ,
L has J( ¥) ﬁ 0 but no proper linear combination is a transversal
arc for P, Hence the statement of the theorem is true.

Results analagous to those of this section may be verified
for sub=-problems P* of P obtained by imposing the conditions
Ai:c Zi(x') = 0 where the Aii are constants and the points x° are
finite in number and lie interior to the interval X3Xgo

THEOREM 7:6. 1If the index k of J(y ) on & 1is finite then

the Clebsch condition holds on x;xg.

For, since k 1is finite and the index q° of P with respect
to P® 1is finite, it follows that the index k° of J( 7) on £° 1s
also finite. Define the index of a sub-interval x'x" of X3xg to
be the number of arcs in a maximal set of arcs in £° fdentically
gero except on x'x" every proper linear combination 7 of which

has J( 1 ) < 0. The index of x'x" is clearly less than or equal to
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the index of J(7) on £ °. 1t follows that the interval xyxs

can be subdivided into a finite number of intervals of length

less than & such that on all but a finite number of these the
index is equal to zero. On those intervals for which the index

is zero the arc (2 ) & (0) is a minimizing arc and hence the
Clebsch condition holds, Since J may be taken arbitrarily small
it follows by continuity considerations that the Clebsch condition

holds on the entire interval x;xg.

8, Oscillation and comparison theorems. We shall assume

that the strengthened Clebsch condition holds on the interval xj;xas.
Let P and P° be problems as defined in Section 4, As a consequence
of Corollary 2 of Theorem 6:3 we have the following general
oscillation theorem.

THEOREM 8:1. Let k be the index of P and q° the index of
P with respect to P°, There exist exactly k - q° conjugate

intervals of x, or of xs interior to x,xs.
As a consequence of the corollary to Lemma 5:2 we have
COROLLARY. The number k° of conjugate intervals of x,

interior gg Xixg satisfies the inequality

k-2n+pSk®Sk.

Let P* be a problem determined by a functional J* and a
set of end conditions ¥.* =0 (T = 1,°**,p*), We then have the
following comparison theorems,

THEOREM 8:2. Let k, k* denote the indices and s, s* the

number g£ conjugate intervals for x, interior to xixe for P and P’,

respectively. Let q, q" denote respectively the indices of P and

P* with respect to P°. We then have the relations




44 HAZARD: INDEX THEOREMS FOR THE PROBLEM OF BOLZA (340)

k-k'=q-q*+s-s"

|k - k*| $ |s - s*| + max[2n - p, 2n - p*].

The first result follows from Corollary 2 of Theorem 6:3.
The second statement then follows as a consequence of the corollary
of Lemma 5:2.

COROLLARY. If e (7,7) = «w¥( 7,7), then

k-k*=Q"q*,

|k = k*| S mex[2n - p, 2n - p*] < 2n.

These statements follow from Theorem 8:2 since s - s* = 0,

Now suppose that P,, PL* are sub-problems of P, P* re-
spectively and of the type studied in Section 4. Let k,, kl* denote
the indices and p,, p,* the number of end conditions for P,, Pl*,

respectively. We then have

THEOREM 8:3. Let qi, qi* denote the indices of P, P*

with respect to Py, P,*, then

k - k* = q;- Qx* + ky - kl*,

* *
Ik - k*| S |ky - k,"| + max[py -~ p, p2¥- p*].

E{ the sub-problems P,, P;* are identical, then

k - k* = q; -~ q,%

Ik - k*| S max[py - p, p2* - p*] S 2n.

If the problems P, P¥ are identical, then

ky - k¥ = q* - qa,

lk; - kl* : max[p; - p, p;*- p] : 2n,

Now consider two problems P, P* having the same set of

arcs C and let
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M(g)=307) - 3*7p).

The problem determined by J'(Z ) and the set £ shall be denoted
by P* = P - P*,
THEOREM 8:4. If k' 1is the index of P! then

kSK* + Kk,

In order to prove this we shall suppose that k! is
finite, for, the theorem is surely true if k' is infinite. Let

the conditions
(8:1) I ( f; ’Z) =0 (<= 1,°°°,k')

form a proper minimal set for the problem P', It follows that for
every arc / in & satisfying these conditions J( 2 ) 3 I*( 1 e
Let 7, (¥ =1,°*",h) be a maximal set of arcs in € satisfying
these conditions every linear combination [ of which has J( ) < 0.
Every arc Z in € 1s expressible as a linear combination of the
arcs f« and an arc satisfying conditions (8:1). Clearly then
k € k' + h, 8ince the arcs 7, satisfy (8:1),every linear
combination 7 =a,7, has J%( v ) < 0. Hence h S k* and
kSu* o+ u,

THEOREM 8:5, Let k, k™ be the indices of P, P* respectively

and let d, d* denote the maximum number of linearly independent

transversal arcs in £ for P, p¥ respectively., If J( Z) : J“('z )

ggx_‘.everzﬁ(z)#w)lgf,, then

%

>
2k, k" +a* 2k +d.

Moreover, if J( ) > J*(7 ) for all such ercs, then

k* 2k + d.
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In order to prove this let
J’( }"’z):o (‘('1,“.']{)

be a minimal set for P and let [, (¥ = k+1,°"*,k+d) be a
maximal set of linearly independent transversal arcs for P in c.

We then have
I r, gd)ﬁo (% = 1,07,k +d),

the inequality holding only in case the first k a's are zero.
It follows that

™ fa,)SO (< =1,°"",k +d),

the strict inequality holding in case the first k a's are not all

zero. Hence k* 2 k. We now consider a maximal set _F of the

red

‘f_‘ (=< =1,°**, k+4d) no proper linear combination of which is
a transversal arc for J‘. The number of arcs in the set ; is
at least k + d - d®, Since these arcs form a subset of a set of
funetions defining a minimal set for P* 1t follows that k2 k+ d-d*.
Hence the second inequality is proved. If 7)) > J*(z ) for
every arc ( ) # (0) in & then T F e, ) <0 (<=1, k+d)
for every set of constants (a) # (0). Hence k¥ 2 k+d,

Now let P be the problem determined by the functional

X8

J(7) =2q2(71) - 2qe(7 ») "'é‘ 2w(y, 7 )ax

and a set of arcs £, the maximal set of arcs in {J satisfying the

end conditions

EI(ZI).‘Aizi(xl)ao (’“" lp”‘n plgn):

(8:2)
Vel 7a) =8 g74(xe) =0 (T =1,"", pa§n),
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where 2q, and 2qs are symmetric quadratic forms in 7422 Us
respectively. The transversality conditions are then expressible

in the form

Til( 1, l.l’;) = q‘?:h t L 38 oy - 51(11) =0,

(8:3)
Tyqal z-,k,z'-) = As71e * Lo 2rq * 54(xa) =0,

A sub-problem P; may be obtained by replacing the end conditions

Y,

¢
w_z“ = 0 by 1 1(x,,) = 0 a sub-problem Pg may be obtained.

s = 0 by Z 1(:.) = 0., Also by replacing the end conditions

Let P* bve a sub-problem of the problem P defined in the
preceding paragraph. Suppose P* 1s determined by a set of arcs C,"
consisting of those arcs in c vanishing at x', Then P’ is a
sub-problem of the type studied in Section 7 having variable end
points instead of fixed end points, Let q(x') denote the number
of broken extremal arcs Z“- (*=1,*"",q(x')) in a maximal
set of arcs in c having a single corner at x' every linear
combination z of which has J( Z) ﬁ 0 and satisfies the trans-
versality conditions for P but no proper linear combination of
which is a transversal arc for P, If t, is equal to the number
of focal intervals of x, interior to x;x' and tg 1s equal to the
number of focal intervals of xg interior to x'xg then the index k

of P is expressible in the form
(8:4) k=¢t; + teg + q(x').

Let 7 4y be the extremal arcs of a conjugate system determined
by the first p, of conditione (8:2) and (8:3) and let Wy be the
extremal arcs of a conjugate system determined by the last ps of
conditions (8:2) and (8:3). Let g; (~# =1,°°°,ry) be a
maximal set of linearly independent extremal arcs of the system

% 1 Which vanish at x' and Ty (7 =r 4,ccs,ry+re=r) a
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maximal set or linearly independent extremal arcs of the system
ug) which vanish at x' no linear combination of which belongs

t0 74 It follows that the matrix || 5“, (x*)]] (6=1,°"",r)
has maximum rank r, where the functions 44 8are those associated
with the extremal arcs Ei{ . Define gd & ;s on x3x!,

tﬁ, # O elsewhere; f‘, & fr on x'xs, f,, % O elsewhere. The

r arcs f; thus formed are then broken extremal arcs in (¥,

Since J( Ff » 7) = 0 for all broken extremal arcs 7 in £* with

corners at x = x' it follows that
Ki{ (x') 71(1') =0

for all such arcs *Z . This system of equations has n-r linearly
independent non-zero solutions. Since on the interval x;xf the
ares 7, described above are linear combinations of the arcs

C 4y 8nd on x'xs they are linear combinations of the arcs uy.,

it now follows that q(x') Sner+r-d = n-d, where d is the
maximum number of linearly independent transversal arcs for P

no proper linear combination of which vanishes at x', A stronger
but more complicated inequality can be obtained., However, the one
obtained here 1is sufficient for the arguments to be given in
Section 10, It is clear that i1f x' i1s not a focal point of either
system then d is equal to the maximum number of linearly inde-
pendent transversal arcs for P,

THEOREM 8:6. 1If t, and tg denote the number of focal

intervals of x, amd xs, respectively, interior to the interval

Xx1xs, then the following relation holds:

ty, - ta = q(xy + 0) = q(xs =0).

Moreover |t, - ta| S n,
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For, in the expression (8:4) we let x' approach x; and
then let x' approach xs obtaining the relations k = tg + q(x,+0)
and k = t; + q(xgs ~ 0), respectively. The first relation of the
theorem then follows immedlately. The last relation is true
since both q(x, + O) and q(xs -~ O) are less than or equal to n.

Let Yik’ sik and ugy, V4 be a pair of conjugate
systems. We then have the following

THEOREM 8:7., If t, and ts denote respectively the number

of focal intervals of the conjugate systems 21> § 1k 8nd uyy,

V4 on a given interval Y then the following relations hold

£ty = ta = q(xy + 0) - q(xs - 0) on (xy < x < xs),
ty - ta = a(xy + 0) - q(xa + 0) on (x2 < x S xa),
ty - ta = q(xy - 0) - q(xs - 0) on (%3 ¥ x < xa),
ty - ta = q(x3 ~ 0) = q(xe + 0) on (x2 & x 2 x4),

where q(x') 1s defined as before for the problem P determined by

and u,,.. In each of these cases |ty - ts| S n.
ik - “ik = —_

The first relation follows immediately from Theorem 8:8.
In order to obtain the second relation we consider the problem P
defined on the interval x)Xz where x; is to the right of xs but
sufficiently near so that the number of focal intervals of 7 1k

and uy, on X is the same as on X;xs. By the same type of

]
argument used to obtain the first relation we can now obtain the

second. The remaining relations can be verified similarly.

9. The accessory boundary value problem. Let J( z) be

defined as in Section 1 and let £ be the class of arcs as defined

in Section 2, We shall consider the functional

e
Wy, o) =3(7) - /x1 {1 (19
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called the characteristic functional of J( z). A value of o

for which there exists a non-zero transversal arc 71 for the
problem determined by J( Z’ o) on £ 1s called a characteristic
value. The functions yi(x) defining this transversal arc are
said to form a characteristic arc. Associated with a given
characteristic arc 7 are a set of multipliers A,(x), X,

such that the Buler equations
Li(g)- o3 =0
and the transversality conditions
Ti;('(n I: '{)=0, Ti.(z; I’ ,\)go

for the problem are satisfied. The functions Li, Tqy, Tyq are
defined as in equations (2:1) and (2:2).

In this section let k( 6) denote the index of J( 7 ) on
L and let 4( &) denote the number of linearly independent
characteristic arcs associated with &, The number d( &) will be
called the order of ¢ as a characteristic value. It is under-
stood that if ¢ is not a characteristic value then 4( o) = O,

In order to establish a relationship between the index
of J( 1 ) on £ and the characteristic values of J( ?» %) we prove
the following lemmas. We shall assume that the strengthened
Clebsch condition holds on x;Xs.

LEMAA 911, The index k() of J(7,¢) on £ is equal to
gero for - o sufficiently large.

In order to prove this we first note that by the theory
of quadratic forms there exists a constant ¢ such that 2q( H )
in (1:1) satisfies the relation 2a( %) 2 of {12 713 * T1s l1a)e
Let h(x) be any function of x of class C' on x3xs such that
h(x;) = =1, h(xg) = +1. Then
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]
Hg,r) 2 /x’: [o &l 20 74h) + 2(x, 7, 7)) = ey 7y)ox
(9:1) X8, . .
" Jey P a2 * B 0y 75 * R 73 2k = 7727410
where P:k, Q:k are functions having the properties of Pii, Qi)

(VII, 50-51). Now consider

L 3
Q= Py 7y 71:‘. +2Q 79 Fp? *Ry T+ Uy 2y,

where 74, { 4 satisfy

(932) SVJ.?it +T‘,1¢’1=°.

When 7 is gero then fi satisfies T vt Fi = 0 and Q > O since
the strengthened Clebsch condition holds. By continuity oon=
siderations it follows that for functions 712 g setisfying
(9:2) we have @ > O for T near zero. Now let [ = 72’7

where T 1s near zero, then

L)  } * , 8 ’ ’ 2
Q= Py 1176? *+2Qqu732% ¢ *Ruplg gt *+ 74 >0

Hence Q =" > 0, Setting ¢ = ¢~® in (9:1) 1t follows that the
integrand becomes Q ¢~®, and hence J( 7 ) >0 for - & sufficient-
ly large.

LEMMA 9:2. If o 1s sufficiently near a fixed value ¢

then
k(o) =k(Ce) (< ™), k(%) =k(6o)+d( ) (7>),

Moreover, on an interval &, g ¢ < ¢ there are exactly

k( %s) -~ k( ©y) characteristic values where a characteristic value

y_ counted & number of times equal to its order,

For, if 0°< 0@ then J( 1 ) > J( 7, o). Hence by
Theorem 8:5 we have k( To) 2 k(0 ) + d( o). By virtue of this
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inequality there can be at most a finite number of characteristic
values on an interval o, : L ﬁ ¢“g, Otherwise k( &) would be-
come infinite as o varies from ¢, to G g and this is impossible.
Hence the characteristic values are isolated. Now let L(x)
(# =1,°"*, k( ©o)) be a set of arcs in & and having
J[ 5.0 f,a R r]c‘_ 8, <0 (et g =1,°°°,k( 0%)) for o= @,
where J( ¢, 7,0) is a functional of the type (3:1) formed for
J( z,r). Since this relation holds for ¢ near & , it follows
that k(o) 2 k( o). Hence k(o) = k( o)., Also for o
sufficiently near o o we have d( o) = O since o 1is not a
characteristic value,

If ¢ > 6, then by the preceding argument
k(o) 2k(&,) +d(re). In order to show that k(o ) S k(o) +d( 6o
choose points x% (s = 0,+++,h+ 1) with x* = x,, x"*! = x,
arranged in order of their superscripts on x;xe such that there

exist no conjugate intervals of x° on x’x”l

(s = 0,°*°,h). Let
lr (x,¥) (¥ =1, r) be a maximal set of r linearly inde-
pendent broken extremal arcs in { continuous in o and with
corners at the points x® (s = 1,¢*+,h). The index k(o) and the
order d( o ) of ¢ as a characteristic value are equal respectively

to the negative index and nullity of the quadratic form
I U () I (o), 0o, b, (r, §=1,",r),

As seen above d(¢& ) = 0 for o sufficiently near ¢ ,, Hence as o
increases or decreases from 0, the index k( o) increases by at

most d( o), that is,
K(6) S k(0o) +d( ).

It follows that k(o) = k(o) + 4( o) If 6 > 0 g. Let the

characteristic values on 3 g be o! = o, ,,A,,,,’ Adaoy,
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] - -
and suppose o < & < **° < o3, Since k( o) = k( o*~1)+a( 1)
(s = 2,°¢+,q), it follows that

K( ) - k(oy) = a( o3) + *=* + a( «371)

and hence the last statement of the lemma is proved, It is clear
that if k( o1) = O then k( c'g) 1s equal to the number of
characteristic values less than 6 g, This follows from the above
formula since for o< o,, k(o) =k(o,) =0 and d(c) = O,

THEREM 9:1, E f_}_xg strengthened Clebsch condition holds

on x xs then the index k of J( z) on £ 1s equal to the number

of negative characteristic values of its characteristic functional

J( & §)e

For, by Lemma 9:1 there exlists a value of o such that
k(o) = 0., Hence, as was noted in the proof of Lemma 9:2 there
exist k(0) characteristic values which are less than ¢ = 0,
that 1s, the index of J( z) is equal to the number of negative

characteristic values of J( 7 ).

10. A pseudo-periodic problem., We shall suppose that

there exists a constant T and a set of n‘ constants Aij with

det A = IAij' # 0 such that the equations
(10:1) 2w(x, 7,7) = 2w(x + v ,u,u),
(10:2) b (x, 7,7 = D(x+ 7z ,u,u)
are ildentities in x, 14 Zli’ where

uy = Agy 2y w' = Ay

As a result of these identities the functions Ly 1n the

differential equations,
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L¢(x, 7, 25 tHA) = 071 - eﬁﬂzi =0,
have the property that
(10:3) Li(x, 7572 2',/\) = A“Ll(x +T,u,ut,um, A)

identically in x, 7,, 7'y, 21, where u," = Agy 7”3.

An extremal arc satisfying the conditions

will be called a pseudo-periodic arc of period T . As a

consequence of the preceding identities any extremal arc satisfy-
ing (10:4) for one value of x satisfies these relations for all
values of x.

The ldentities (10:1), (10:2), and (10:3) are still valid
if we replace T by 4« and Aij by A;j’ where A;_‘J are the elements
in the matrix A~, We shall call the problem P, determined by

[ 4
Jyg) = [ 2W(x, v, 7')dax

and a maximal class ézt of admissible arcs satisfying the

the functional

conditions

éﬂ(x: (& ZI) =0,
T4l #T) = A7y 74(0)

a pseudo-periodic problem, If the matrix with elements A‘;J is

the identity matrix then Pat is the usual periodic problem.

The transversality conditions for P‘t, are given by

It 1s seen that these conditions follow directly from (10:1),
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THEOREM 10:1, The number of conjugate intervals of
(h=1)? on (h=-1)Z < x < h < is the same for all integral
values of h.

This follows as a consequence of the identities (10:3) and
the fact that the conjugate intervals are unchanged by the
transformation uy = AIJ Zj'

THEOREM 10:2. The number of conjugate intervals on

O0<x<pt is equal to p times the number of conjugate intervals

on 0 < x <z plus the number of broken extremal arcs in a max-
imal set of arcs vanishing at O and pc, having corners at the

points h¢ ( h = 1,°°*,p-1) every linear combination of which has

J § 0 and such that no proper linear combination is an extremal

arc.

To prove this we consider the problem P’ determined by a
functional of the form (10:1) defined on the interval O Sx ﬁ Pz
and a set £¥* of admissible arcs vanishing at h ¢ (h = 0,°*°,p)
and satisfying <5,= 0. As a consequence of Theorem 7:1 the
index of P* 1is equal to p times the number of conjugate intervals
on 0 < x < T. Since P¥ 18 a sub-problem of a problem determined
by a set of admissible arcs satisfying §,= 0 and vanishing at
0 and p 7, the conclusion of the theorem follows as a consequence
of Theorem 7:2,

THEOREM 10:3. The index k of P . 28 given by the formula
k =reg +r; + °°° +r ., *+q,

where *n (h=0,°*,=1) is equal to the number of conjugate

intervals of x = hz on hz < x< (h+1l)z and q 1s equal to the

number of broken extremal arcs with corners atx=(h+1)¢

(n=0,¢°2,2=2), 1n & maximal set of arcs in € . severy linear

combination v of which has J( 7 ) ﬁ 0, no proper linear combination
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of which is a pseudo-periodic arc for Put: .

LEMMA 10:1, If Taxr S4x» 18 & conjugate system of

extremals &“.E
u(x+ <) = ‘;.Lj 7 (%) Ty(x) = A‘;ivjk(x + «r),

then the functions ui.k’ v:l.k define a conjugate system, Moreover,

the number 2£ focal intervals g uy; on the interval

Xy + 4% <X S Xe + 4T is equal to the number of focal intervals

of 74 08 X1 < X ¥ Xao

The proof of the first part of the lemma as given by
Birkhoff and Hestenes (I, 241) is applicable in this case and is
as follows. By virtue of (10:3), with T replaced by «¢ , the

arcs uy, are extremal arcs, Also

0130 T pe(x) = ugg(x + < Jvg(x + <),

and hence

0= TayTak = Tk S13 = uayvyy = ugpvyy-

It follows that the extremals Uy Yy form a conjugate system,
The last statement of the lemma is clearly true.

Let zik(x) be the extremal arcs of a conjugate system
‘(.1.k’ 3 gk with th(x;) secondary focal points on the interval
Xy < X3 xy, +hT, We then have

THEOREM 10:4. The limit
4 = 1im tn(x
hse

exists, is independent of the conjugate system 11k’ T 3¢ and the

initial point x;. Moreover, the inequalities

(10:5) [hae = £, (x3)] S0 dh=1,2, *°)
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are true for all values of x,. If zik(x;) = 0, then
(10:6) th(xa) S hae S tp(xa) + 2 (b =1,2,°-).
To prove this let < = hk and
<=1
“m(x +((=1)2) = Aij gjk(x).

By Lemma 10:1 the number of focal intervals of the system vy on
X, *(x=-~h)T <xSxy, + « 18 equal to ty(x1). By Theorem 837
the number of focal intervals of /4, on this interval differs
from th(xl) by at most n., Since this statement holds for all
values of the integer k in « = hk we have the following relations:

It (x1) = E(yq)n(xa) = ty(xa)] S n,

<
(10:7) It(k-l)h(xl) - t(k_z)h(x;) - th(xx)l = 0,

o o o e o o e o o

[ton(%x2) = t(x2) = ty(x1) | S n.
On adding these inequalities we have

lt, -kt (x))] 5 (k - 1)n < kn.

ol

Similarly
It « = bt (xi)] < hn,

On dividing by < = hk we have

0S| ta(xy) o tp(xi)y <
= | Sx\X1) _hﬁ_.ls ’
o< R

n

3

(10:8) 0S| Sa(x) | E!éfll| SEo
Hence
| th(xa) o tk(xa)) S n4n,
% X A k
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These relations hold for all values of x3. By taking h and k

sufficiently large the sum nE + ’E* can be made arbitrarily small,

Hence 4 = 1im *n(X1) oxists and 1s the same for all values of
X3 Moreovlel:‘-if M3, g denote the limits of . and t,y(x,;),
t.h(x;) denote the numbers th(x;) for two different conjugate
systems then we have

) - t.h(xi)l § 1im P 0.
n hee

I/"; - ﬂ.l = 1im It"h(x‘
hoaee

It follows that the constant « 1s the same for all conjugate

systems, This constant will be called the frequency number., If

we let k become infinite in the first of the relations (10:8) and
note that lim Eési‘_l). = _u we get the inequality (10:5). If
zik(x,) -kaﬁthen the number equivalent to qg in Lemma 6:5 is
equal to zero, It follows that the expressions (10:7) and hence
(10:8) hold when the absolute value signs are removed, By letting
k become infinite we obtain the relations (10:6),

COROLLARY. If there exists & conjugate system 71ik» ik

with 71k Yix periodic, then the frequency number is rational.

For, 1f h is suitably chosen then

o=l
Taelx + (£ = 1)T) = Aqy 7 1k(%X)»

where o = hk and k = 1, 2, ***, It follows that the left members

of the inequalities (10:7) are equal to zero and hence
hat - th(x;) = 0.

The conclusion of the corollary is immediate.

Finally let us consider the periodic problem with period ¢
where the matrix A 1s the identity matrix and let P be the problem
defined on the interval 0 § x S r ¥ with end conditions
7 4(0) = 7 4(r2) = 0. Let P' be the sub-problem of P with arcs
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vanishing at x = ¢ . This is a problem of the type discussed

in Section 7 and the index of P with respect to P¥ is the number
of broken extremal arcs in a maximal set with corners at ¢ ,
vanishing at x = 0 and x = r¢ , every linear combination of which
having J{( z) § 0, but no proper linear combination being a periodic
extremal arc. This number is the same as the rth index of reple-
tion as defined by Morse and Pitcher (X). They consider only the
case when the points x =2 and x = r¢ are not conjugate to each

other nor to x = 0,
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MINIMA OF DOUBLE INTEGRALS WITH RESPECT TO UNILATERAL VARIATIONS,
AND APPLICATIONS TO SUBHARMONIC FUNCTIONS

1. Introduction. A function z(x,y) having continuous
second order partial derivatives in an open region R of the
xy-plane is harmonic in that region if it satisfies the partial
differential equation of Laplace,

g % _
Az! ax""-B—y’ o,

in R, This will be recognized as the Buler equation for the
caloculus of variations problem of minimizing the Dirichlet
integral

I[z;R] = J;I (zxS + zy’)dxdy

in a class of Madmissible™ functions assuming specified values on
the frontier R' of R. An analogous situation arises in the con-
sideration of subharmonic functions. A function u(x,y) having
continuous second order partial derivatives in R is subharmonic
there if and only if Au 2 0 in this reglon [11, pp. 12, 13]".
If, in addition to satisfying these conditions, u is continuous
in the closure R of R, then it is readily shown that u renders
the Dirichlet integral a minimum in a class of "admissible"
functions coinciding with u on R' and lying below u in R. The
question arises as to whether this property is retained by sub-

harmonic functions not having the differentiability properties

“Numbera in brackets refer to the bibliography at the end
of this paper.

(361) -l-
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indicated above for u, Another question 1is whether this property
is characteristic for subharmonic functions. These questions
suggest, and will be approached by way of, the consideration of

a more general problem of the calculus of variations. This more
general problem is that of investigating necessary and sufficient
conditions for a given surface to furnish a minimum to a double
integral in a class of surfaces lying below it interior to its
reglon of definition, but having the same values on the frontier.
It is the aim of the present paper to develop such conditions for
this more general problem, and to indicate how some of the defin-
ing properties of subharmonic functions may be regarded as special
cases. It will be found that many of the conditions derived *
closely parallel the usual conditions of the calculus of variations
for minime with respect to variations which are unrestricted in
sign,

Section 2 of this paper is prefatory., 1In Section 3 are
reviewed some properties of integral mean functions which are
extensively employed as approximating functions in succeeding de-
velopments. Most of these are known and may be found elsewhere
in the literature, Section 4 presents the development of the
above mentioned necessary and sufficient conditions for minima
with respect to unilateral variations. The results obtained by
specializing the integrand function in various ways are suf-
ficlently engaging as to merit particular attention in Section 5.
Applications to subharmonic functions and the Dirichlet integral
are made in Section 6, Some characterizing properties for sub-
harmonic functions are there obtained as special cases of the
preceding theory., Some of these results are obtained in strength-

ened form on account of the special nature of subharmonic functions.
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Section 7 involves the application of the theory of Sections 4

and 5 to the least area problem and the problem of Plateau,

2, Notation and preliminary remarks. Throughout this

paper R will be used to denote a finite open region of the xy-
plane. If E is any subset of R, E will denote the closure of E,
while E' will represent the set of frontier points of E,

If (x0,¥o0) i8s & given point, T(xo,yojh) will signify
the open square region with side 2h: xo - h< x < xo + h,
Yo - h<y < yo + h; similarly, D(xo,¥yosh) Will denote the open
circular region with center at (xo,yo) and radius h, We shall
also write Q(xo,yo;h) for T'(xo,yosh), and C(xo,yo;h) in place
of D'(xo,Yosh).

Integration is to be in the sense of Lebesgue. The class
of all measurable functions g(x,y) for which lgln is summeble
in the region of definition of g will be represented, as is
customary, by L. We shall also designate by L™ the class of

measurable functions g(x,y) essentially bounded in their regions

of definition; i.e., for each g(x,y) in L” there exists a constant
k such that [g| < k almost everywhere in the region of definition

of g. If g(x,y) is measurable in R, then we write for brevity,

M, [gR] = [ J;f Islndxdyll/h.

M[g;R] = M1[g;R],
M . [g8;R] = the essential upper bound of g in R.

Then, if m** + n”3 =1 (m = % when n = 1), and if f, g are in

Lm, Ln, respectively, we have the Holder inequality,

M[gR] S wy[£;R]M, [€5R).
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In the following pages the symbols m and n will always be used,

as above, to denote positive numbers having the property that

m™* + 0" =1 (m = o when n = 1), Then clearly, m2 1, n 2 1.

Two measurable functions will be called equivalent in
case they coincide except perhaps on a set of measure zero.

If V 18 an arbitrary condition or property, E[V] signifies
the set of all points (x,y) satisfying this condition or having
this property. Thus, for example, E[(x,y) in R; y = yo] denotes
the set of points (x,y) in R for which y = yo; i,e., the inter=
section of the line y = y, with R,

A function f(x,y) is said to be of class ¢(?) in g 1f
it 1is continuous in R together with its partial derivatives of
the first n orders.

Consider the closed rectangle K: a Sx<b, c Sy $sd.
For & fixed yo in the interval (c,d) we shall denote by V:f(x,yo)
the total variation of f(x,yo.) regarded as a function of x alone
on the interval (a,b). A corresponding meaning is attached to

the aymbol Vgr(xo,y).

DEFINITION 2:1, A continuous function f(x,y) is absolutely
continuous in EES sense 2£ Tonelll (abbreviated A.C.T.) on EH&

rectangle K ir

(1) 1t is an absolutely continuous function of x for almost

every value of y on the interval (c,d) and an absolutely continu-

ous function of y for almost every value of x on the interval (a,b);

(11) vgf(xo,y) and ng(x,yo) are summable functions of xo

and yoonaSxoSbandcSy,Sa, respectively.
It may be readily verified that Vgr(xo,y) and V:r(x,yo)
are lower semi-continuous functions of x, and Yo, respectively,

on the respective intervals (a,b) and (e¢,d) [14, p. 169].
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DEFINTITION 2:2, A continuous function f(x,y) is A.C.T.

in a region R (or R) in case it is A.C.T. on every closed interior

rectangle.
DEFINITION 2:3, A function f(x,y) is Lipschitzian with

constant A on a given point set in case for every pair of points

(x1,¥2) and (xs,¥s) in the set,

I£(x1,51) = £(xa,78)| S Af(xe = x3)* + (s = Y:).]l/é-

Throughout the following presentation, we shall understand
by the statement that a function f(x,y) is absolutely continuous
on an open linear set, or on the closure of an open linear set,
that £ is absolutely continuous on every closed interval contained
in the linear set.

DEFINITION 2:4, A function f(x,y) defined in R will be

called absolutely continuous by sections (abbreviated a.c.s.)

;R

(1) £(x,y) is continuous in R;

(11) f£(x,y) is an absolutely continuous function of x on

the linear set E[(x,¥) in R; y = yo] for almost all yo;

(111) f(x,y) 1s an absolutely continuous function of y on

the linear set E[(x,y) in R; x = Xo] for slmost all xo.

A function f(x,y) satisfying in R the conditions of any
one of the Definitions 2:2, 2:3, or 2:4 has first order partial
derivatives which exlst almost everywhere in R and are measurable
in R, In particular, if f(x,y) is Lipschitzian with constant A
in R these partial derivatives are bounded by the Lipschitz

constant A; moreover, f(x,y) is A.C.T. in R.
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3. Integral means, Let f(x,y) be a function surmable
(whose Lebesgue integral exists and is finite) in an open region
R of the xy-plane, and let S be an open region contained with its
frontier 8' in R. Finally, let h be a positive number so small
that for |a| Sh, o] Sh, and (x,y) in 8, the point (x + a,
Yy +b) 1s in R, Under these conditions the quantity

B (x,y) = H" f f £(x+a, y+b)dadb,

called the integral mean of f on the square T(x,y;h), is well
defined in S. A summary of properties of integral means to be
employed in the developments of subsequent sections will now be
presented. Most of these properties are well known and will be
given without proof.

PROPERTY 3:1. The function f(h)(x,y) is continuous in 8,

absolutely continuous in x for every y, and absolutely continuous

_1_11 ¥y _t:gg every x.
PROPERTY 3:2. If f(x,y) 1is continuous in R, then f(h)(x,y)

approaches f(x,y) uniformly on S as h approaches zero. Iffis

only summable, then f(h) approaches f almost everywhere on S.

PROPERTY 3:3. Regarded as a function of four variables

(x,y,8,b), the function f(x+a, y+b) is summable in the region
E((x,y) in 8; |a| Sh, |b] $h]. Hence, by Fubini's theorem,

JSI r( (x,y)dxdy = 31—. s { J: f(x+a, y+b)dadb}dxdy
4hn h j Hsf f(x+a, Y"‘b)dxdy}dadb.

PROPERTY 3:4. Let k(x,y) be a function belonging to the
Lebesgue class * (1< Smsom) in R, If f(x,y) belongs to ®,
then k(x,y)f(h)(x,y) converges in the mean to k(x,y)f(x,y) in

8 as h approaches zero.
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This statement is a consequence of Properties 3:1 and
3:2, To show this, let X be an arbitrary measurable set contained

in R. Then, by Holder's inequality,

Mk(x,7)(£(x,y) - f(x+a, y+b)); X]
S M[k(x,3)0(x,7)5X] + w [e(x,¥) ;X)) [£(x +a, §+Db);X]
S M[kEX] + My XM [£5X0])

A

where the set X, appearing in the final expression is merely a
translation of X, and 1s contained in R. 1In view of the absolute
continuity of the indefinite integral, the three integrals on the
right in the above inequality tend to zero as meas. (X), the
measure of X, approaches zero.

Now by Property 3:3,

(n) <1 { h ch } -
£-f 5X] § — k(x, £(x,y)-f ,¥ + b)jadb paxd:
 [ie( )5X] fxf f_hf_hl (x,3) | 1£(x,5)-£(x+ 8,7+ b)pa

4h*®
h ,h
(3:1) S 7 Mk(xy)(e(x,3)- t(x+ 8,3+ b)) jX]dadb.
4h® “=h =h

From the foregoing paragraph, it is seen that to every € >0,
there corresponds a Se such that whenever X €S, and

meas. (X) < 8‘ , 1t follows that
Mk(x,¥)(£(x,y) = f(x+a, y+b)); X] <€ .

Consequently, for such sets X the right-hand member of (3:1) is
also less than € , and by this inequality the class of integrals
{ ff |k(£ - f(h))ld.xdy} is seen to be uniformly absolutely
continuous [§, vol. 2, p. 296] on 8. Moreover, 1111‘!:) |r-r(h} =0
almost everywhere in S by Property 3:2. Therefor: [5, vol, 2,
p. 207],

Unm uk(e - £(0));8]) = w[1m k(£ - £(Bl;s] = 0.
h=0 ha0
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PROPERTY 3:5. 1If f(x,y) is summable in R, then f(h)

converges in the mean to f(x,y) in 8,

This follows at once from Property 3:4 by taking k(x,y) = 1,
m=o,n=1,

PROPERTY 3:6. If f(x,y) is summable in R, then almost

everywhere on any linear set E[(x,y) Ins; y= const, ] the partial
derivative bf(h)/ Ox exists and is given by

h
(h) o L - f(x- =1 |tay ,
1—?‘—1‘ oy j;h (f(x+h,y +Db) f(x« h,y+Db))dp oy {(x,y;h)

where the latter symbol signifies & line integral., Similarly,

almost everywhere on E[(x,y) in 8; x = const. ] the partial

derivative Bf(h)/ Oy exists and 1is given by

1
-,%r(hh o ‘[ (f(x +a,y +h) - f(x+a,y-h))da = - m{(: ;J:h)

In particular, these equalities hold almost everwhere in 8.

PROPERTY 3:7. Suppose that the function f(x,y) is abso-

lutely continuous in x for almost every y snd that Jf/Ox is

sumable on arbitrary closed subsets of R. Then

(3:2) wor(b)a @-g)(h)

in S, In like manner, if f(x,y) is absolutely continuous iny

£9_1_-_ almost every x, and g’_ 3!‘/ By is summable on arbitrary

closed subsets of R, then

(n)
e 3
in 8.

It follows immediately from this proposition that under
(n)

the circumstances described f has continuous first partial
derivatives which possess all the properties of integral means

presented in this section. To verify (3:2), it i1s first noted
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that Property 3:6 implies the validity of the equality almost
everywhere on any linear set E[(x,y) in 8; y = yo], and hence,
also, almost everywhere in S, Combining this fact with the abso-
lute continuity of f(h) as a function of x for every y, and ex-
pressing f(h) a8 an indefinite integral, we have for any fixed
Y = Yo and xo such that the interval (xqx) is in E[(x,y) in S;
¥ = ¥ol,
18 (x,70) - £(8)(x0,7,) = fx:..,ﬁ_r‘h)(x,max- f,: Q%igﬂ)(h)u.
The integrand of the last integral is continuous so that (3:2)
holds everywhere on E[(x,y) in 8; y = Yo]. But yo is arbitrary,
so that (3:2) is actually valid everywhere in 8. Relation (3:3)
may be established by a similar argument.

PROPERTY 3:8. If f(x,y) is summable in R, then f(h)(x,y)

is A.C.T. in its region of definition.

Without loss of generality, we may restrict our attention
to a rectangle Kt s SxSt,usSySv., Suppose that ho is a
positive number chosen so that (x+a,y+b) is in R whenever (x,y)
18 in K and |a] § ho, |b| § ho. For a fixed positive h such that
h ﬁ ho it follows by Property 3:6 that almost everywhere on a set
E[(x,¥) In K; 7 = yo] we have

h
|_.}i f(h)(x,yo)l = |4—,11. J;h(f(x«t h,yo+b) = f(x=h, yo+Db))db|

(3:4) he
: 2 f |£(x+h, yo+ b) = £(x=h, yo+Db) |av.
4h® Y=hy

For such a value h, and for any yo in (u,v), the point (x+h,yo+b)

is in R whenever x is in (s,t) and |b| S ho. Consequently,

t ph
(3:5) J(h,yozho) = _1_f [ ° |£(x+h,yo+ b) = £(x - h,yo + b) |dbdx
4h®Jg &p,
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exists and 1s finite. Furthermore [5, vol. 1, p. 605],
(3:6) vie(P)(x,y0) = f‘tl-?; £ (x,30)lax, (h S ho, Yo 1n (u,v)).
By (3:4) and (3:5) we thus obtain

vie(P)(x,70) € 3(n,705m0), (h S ho, 7o 1n (u,7)).

Now J(h, yo; ho) 1s an absolutely continuous function of Yo On
(u,v) for every h S ho. This is established by the same argument
as that used in the proof of the absolute continuity of r(h)(x,y).
Thus J(h,yosho), considered as a function of yo, is summable on
(u,v). Therefore V:r(h)(x,yo) is a lower semi-continuous function
of yo on (u,v), dominated by a summable function, and hence is
itself summable. In a precisely similar fashion we may show the
suwmmability of V:f(h)(xo,y) with respect to xo on the interval
(s,t). In accordance with Definitions 2:1 and 2:2 it now follows
that t(h)(x,y) is A.C.T. in 1its region of definition. By (3:6),
the summability of V:f(h)(xo,y) and of v:t(h)(x,yo) with respect
to xo and yo, respectively, implies the summability of 3)?(}"‘)/-azu:
and of Br(h)/ By. Hence we have the following result.

PROPERTY 3:9. If f(x,y) is summable in R, then Br(h)/ax

and dr(n)/ 3y are summable on arbitrary closed sets interior to

their regions of definition,

4, Conditions for the minimum of a double integral with

respect to unilateral variations. The early portions of this

section will be devoted to establishing some preliminary pro-
positions which will be used in the proofs of later theorems.

LEMMA 4:1. If g(x,y) is summable in R, and

faf t(x,y)8(x,y)dxdy 2 0
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for every function t(x,y) that is Lipschitzian and non-positive

on R, and which vanishes on R', then g(x,y) f O almost everywhere
in R,

This lemma is stated for Lipschitzian functions only for
direct application to the proofs of Lemma 4:2 and Theorem 4:2.
The following proof would apply almost verbatim if the functions
t(x,y) for which the inequality of the lemma is supposed to hold
were restricted to have derivatives of arbitrarily high order.

Let C(Xo,¥oj3r) be & circle lying with its interior in R,
and let d be a constant such that for |a] S d, |b| S d, the
point (x+a, y+b) 1s in R whenever (x,y) is in D(Xxo0,¥o3T)e.
Now select any Lipschitzian function t(x,y) which vanishes
identically on the complement of D(xXo,yos r) and is non-positive
in D(xo,yo;r). For a fixed pair (a,b) satisfying |a| S 4,
o] £ 4, define ti(x,y) by ty(x+a, y+b) = t(x,y). Then
(4:1) II t(x,y)g(x+a, y +b)dxdy = f I ti(x,y)g(x,y)dxdy = o,

D(Xo,yo3r) Dy
where Dy = D(Xo+ &, YJo+b;r), in view of the hypothesis of the
lemma. Integrating with respect to a and b, we thus obtain,

h ~h
Tllx'-[hj:-h{j‘g(xo yz(‘:sy)g(x-b a,y+ b)dxdy}dadb 20,(0<nsa.
’
By Fubini's theorem, we may interchange the order of integration
and conclude that
(4:2) I t(x,7)e®) (x,y)axdy 2 o.
D(xo0,yo;r)

But g(h)(x,y) is continuous in D(Xo,yo;r) and (4:2) is valid
for all t(x,y) of the type described. Hence, it is easily seen
that g(h)(x,y) $0 1in D(x0,¥o;r) for every h satisfying the
condition h $ 4. Therefore, g(x,y) S 0 almost everywhere in

D(xo0,¥o;r), by Property 3:2., And now, since R may be expressed
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as the sum, in the point set sense, of a denumerable number of
circles, the desired conclusion is established.

Corresponding to any open set S8 comprised in R, 7&: shall
represent the class of functions 7 (x,y) which are continuous in
R, a.c.8. in R and have the further properties:

(1) )zx, Wzy belong to the class Lm;

(11) M vanishes on the set R - 8.

For simplicity of notation we shall write nn in place of %m.
It follows at once from this definition that if ‘7 (x,y) 1s in the
class% g’ then )z(x,y) is A.C.T. in R. It is a further con-
sequence of this definition that if 7Z(x,y) 1is a non-positive
function belonging to the w%m, then almost everywhere in

R - 8 the derivatives 72 x and ‘02}, exist and are equal to zero.
Since these derivatives are clearly zero on R - S, it is only
necessary to show that 7z x = )ZY = 0 almost everywhere on S'.
Now, since % 1is A.C.T. in R, the partial derivatives 7 ., 1y
exist almost everywhere in }T, and hence they exist almost
everywhere on 3!, But N attalns a maximum at each point of §!
since it 1s a non-positive function vanishing on S', so that
almost everywhere on S' we have )Zx = ’Zy = 0.

We next introduce a notion of "almost all squares" in a

given region.

DEFINITION 4:1. Let £ be a class of squares contained

with their interiors i_n an open region R. Corresponding to 8

given positive h, let Nh denote the set of all points (x,y) in

R such that T(x,y;h) is contained in R, If for each h the set

of points (x,y) of R for which T(x,y;h) is in N, but not in £

has measure zero, then g 1s said to constitute almost all squares

of R.
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LEMMA 4:2. Suppose that gi(x,y) 1is summable in R, that
ga(x,y), 83(x,¥) are functions belonging to the class L" in R,

and that for every non-positive Q(x,y) in the class Te® the
inequalitz

(4:3) fRf (781 + 7xB2 + 7 y83)dxdy 2 0

holds. Then, for almost all squares Q of R,

(4:4) j;gzdy - gzdx 2 fo g,dxdy.

Converselx, _:!._1_’. gs g summable :L_r}_ R, E 82, &3 belons to the class
o in R, and if (4:4) holds for almost all squares of R, then

(4:3) is true for every non-positive n 1_n%n.

To verify the first part of this lemma, it 1is sufficient
to confine our attention to Lipschitzian ’rl 's., Choose any open
set S contained with 1ts frontier S' in R, Let 4 be a positive )
number such that if |a|] €4, |b] £d, then (x+a, y+b) 1s in R
whenever (x,y) is in S, For such pairs (a,b), and for Lipschitzian
’fl's vanishing on S!' it follows, by the same reasoning which led
to (4:1) in the proof of Lemma 4:1, that

j;j\ [?z(x.y)sl(xﬂ,ﬁb) + Mx(x7)8g(x +a,y +D)
+ vzy(x,y)ga(x +a,y +b)]dxdy 2 0.

Integrating this expression with respect to a and b between the
1imits (-h,h), where 0 < h § d, and interchanging the order of

integration, we conclude that

(4:5) fsf (8, ™) + gy + mogMaxay 20, (0<ns a).

Now, in view of Property 3:1, the functions 732(h) and 753(1‘)

are a,.c.8. and almost everywhere in S their derivatives are given
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by the usual formula for the derivative of a product. The functions
q gz(h) and v(yg are clearly summable in 8, Furthermore,

since % 1is bounded in S, the summability of % 52( )/ ox and

‘73 gs(h)/by is implied by that of 352(h)/3x and of Bgs(h)/ oy
[Property 3:9]. It therefore follows that the partial derivatives
3(7252(11))/3:1( and O ( Ygs(h))/'ay are summable in S. Inequality

(4:5) may accordingly be rewritten as follows:

(n) ) .3 .. (h)
fsf’g(sl T—Sg 37 5 )axdy

(4:6)
fsf%(nsg(h)) + (7 g5 ™))axay 2o, (0<nfa).

Now 7252“‘) and 7253(h) are a,.,c,8, in S, and vanish on S!' since 7
vanishes there. Consequently, the second integral in (4:6) 1is

zero, as can be easily seen 1f we first express it as an iterated
integral, and then apply the fundamental theorem of the integral

calculus for the Lebesgue integral. Hence
U 705 ™ - L g™ - 2 g Mhaxay 20, (0<nsa),

for every non-positive, Lipschitzian 7 vanishing on S'. And
now, applying Lemma 4:1, it results that

(447 g1(®) - 2 (M) - 250 S, (0<h¥a),

almost everywhere in 8,

The set of points Nh appearing in Definition 4:1 is open.
Therefore, for each h the inequality (4:7) holds by the foregoing
proof almost everywhere in Nh. But by the definition of integral
mean, and by Property 3:6, this is equivalent to the statement
that for a fixed h, 0 < h $ d the inequality

(4:8) f €24y - gzdx 2 f [ 8,dxdy
Q(x,y;sh) ?(x,y3h)’
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holds almost everywhere in Ny« Then, by Definition 4:1, the class
of squares for which (4:8) holds constitutes almost all squares
of R.

The validity of the converse statement will be established
in two steps. Under the assumption that (4:4) holds for almost
all squares in R, we shall first prove that the inequality (4:3)
is true when N is in the class’ng and S 1s contained with its

frontier in R. By Property 3:4,

(h) (h) (n)
4:9

¢ ([ g+ e+ Ty

Again, the left-hand member may be written

(h) _ 3 o (h) _ 2 4 (n)
hlj-lg {g’z(sl -5 82 a5 & )dxdy

(4:20) + fsf L ree'™) + 2 vzss‘h))]dxdy}.
The second term vanishes as in (4:6). Owing to the équivalence of
inequalities (4:7) and (4:8), and in view of the non-positiveness
of ‘rl , the integrand in the first term of (4:10) is non-negative,
and therefore the right-hand member of (4:9) is non-negative,
But 12 % 0 In R - 8, and by the remarks following the definition
of the class‘ng it is seen that Mx = 7(, = 0 almost everywhere
in R - 8. Consequently, inequality (4:3) holds.

Suppose, secondly, that S' coincides wholly or in part
with R'. As before, we propose to establish inequality (4:3),
where 7 is a non-positive function in the clau(n;. Ir, for
1=1,2,°+¢, we let 8; = E[(x,y) 1in 8;%(x,y) < =1/1], and
8o = E[(x,y) in s;sl(x,y) < 0], then it is seen that
8 -8 = E[(x,y) in 837 (x,y) = 0], and 80 = & 84. Purthermore,
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84S 8442 for each 1, and 1lim meas(So - S3) = 0. Now define
1+m
functions ’71 as follows:

Ny(x7) = P+ 3 sy,

(4:11)
My(x,5) 80 1nR - 8,.

Evidently, 71(x,y) =0 on 84', and Yi(x,y) <0 in 84. It 1s also
apparent that Ny is a.c.s. in R. The function 71 belongs to
the class‘ngi and hence, again by the discussion following the

m
definition of the clasams, we conclude that % 1z = 71y =0
almost everywhere in R = S4. Moreover, Yix = 71 and 71y = "Zy
wherever N x 7y exist in 8;. These remarks, together with (4:11),

enable us to write

IRJ (718) + Y1x8p + %1485)axdy

(4:12) = % J;f 8,dxdy + f8£ (781 + V82 * 7y83)d.xdy
i

'JI (M8 *+ 7x8 *+ 7y83)dxdy.
o~ 34

Now the first integral of the right-hand member of (4:12)
tends to zero as 1 = ® since g; 1s summable in So; the limit of
the third integral is also zero because lim meas. (S¢ - 81) = 0.
Furthermore, ‘7 belongs tomgo by definij;:;:n of the set So, and
hence )Z g 0 and 7:: = 7y = 0 almost everywhere in R - So.
Therefore, the second integral of the right-hand member of (4:12)
is equal to the corresponding integral over R. It is possi ble
of course for 8o to be identical with R. We thus conclude, finally,
that the limit of the integral of the left-hand side of (4:12)
exists as 1< w» and 1s equal to the integral occurring in in-
equality (4:3). But each function 11 i(x,y) vanishes identically
in & neighborhood of So', and so by the first part of the proof the
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left-hand member of (4:12) is non-negative for each i. This
completes the proof.

By strengthening the hypotheses on €5 83, Bs in Lemma
4:2, the following important result may be deduced.

COROLLARY, If in Lemma 4:2 the function 8, 1s continuous

while g,, 8. are of class C' in R, then inequality (4:3) implies
whlle &5, 8 &re olf c_ass n Zmp_.2le8

that

w8t 588 20

in R. Conversely, the validity of this inequality implies (4:3)

for every non-positive 7 Egﬂntn.

The proof involves integration by parts and is basically
like that of Lemma 4:2., The procedure, however, is now more
direct, for it is no longer necessary to use integral means as
approximating functions,

The foregoing results will now be applied in obtaining
some of the key theoremsaof this paper. Let R be a bounded open
set and let f(x,y,2,p,q) be a function defined and continuous
for (x,y) in R, and for (z,p,q) in en open region D of 3-dimension-
al space, not necessarily finite. The function f will be assumed
to be of class C(®) in 1ts last three arguments throughout D.

Presently a class of "admissible™ functions, or surfaces,
will be introduced. We shall be interested in establishing
certain conditions that a specific admissible surface E: z = Z(x,y)

furnish a relative minimum to the integral
I= .er £(x,7,2(x,7),2,(x,7),24(x,y) )dxdy

in a prescribed class of surfaces z(x,y) which are dominated by
Z(x,y) and coincide with Z(x,y) on the frontier of R. Obviously,

we could just as well develop conditions that an admissible surface
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Z furnish a relative minimum to the integral I in a corresponding
class of surfaces dominating Z and coinciding with 2 on R'. Con-
ditions for this latter problem would be identical with those for
the former except for changes in direction of certain inequalities.
Hence, for simplicity, whenever there is occasion to refer to a
condition of the latter sort, we shall give the reference to the
corresponding condition for the problem actually under consideration.
Throughout this section, as well as subsequent sections,
it will be understood, unless otherwise stated, that whenever we
write, f, £, fp, etc,, the arguments to be assumed are (x,y,
2(x,7), 2,(x,7), Zy(x,3)).
DEFINITION 4:2. A function z(x,y) defined in R will be

termed admissible of class (m), or simply admissible (m) in case:

(1) 1t 1s single valued and measurable in R;

(11) zx(x,y), zy(x,y) exist almost everywhere in R and are

measurable in R;
(111) for each (x,y) in R the point (2(x,7),24(x,7),25(x,7))
is iy

(iv) the function rz(x,y,z,zx,zy) is summable in R, while

fp, f_ with the same arguments belong to the class IF;

q

(v) the function f(x,y,z,zx,zy) is summable in R.

It is to be noted that the first three conditions imply
measurability of f, fz, fp' tq with arguments (x,y,z,zx,zy), and
that the admissibility of z depends on the function f.

On account of (1v) in the above definition, we deduce as
a speclal case of Lemma 4:2 the following theorem, which corres-

ponds to the so-called Fundamental Lemma of the calculus of

variations,
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THEOREM 4:1. Suppose that E: 2z = Z(x,y) 1s admissible (m)
and that for every non-positive 'f( (x,y) in the class rnn the in-

equality

(4:13) 11[7] E jnf (7zrz + mafp * 7 yEq)axdy 20

holds, Then, for almost all squares Q in R,

. - >
(4:14) J; fpdy fqu Z J;f f,dxdy,

Conversely, if for some Z admissible (m) the relation (4:14)

holds for almost all squares in R, then (4:13) is true for every

non-positive function rz }_n_%n.
The expression appearing in (4:13) is of the form of the

first variation of a double integral variation problem. The in-

equality (4:14) will be recognized as analogous to the integral
form of the Haar differential equation for a double integral
variation problem, and will frequently be referred to as the

Haar integral inequality, or merely the Haar inequality.

If Z(x,y) is of class c(') in R, then f, and the partial

derivatives of fp,

this region. Hence, by the corollary to Lemma 4:2, we deduce the

fq with respect to x and y are continuous in

following proposition.
COROLLARY., If, in addition to satisfying the conditions

of Theorem 4:1, the function Z(x,y) is of class C(') in R,

then the non-negativeness of the first variation implies that

9 ? - >
Tyt g1 20

in R, and conversely.
The foregoing differential expression is the familiar
Euler expression for a double integral variation problem. It

should be recognized, in the following work, that whenever the
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function Z(x,y) 1s of class C(a), then the above Euler inequality

may be used in place of the Haer integral inequality.

We are now prepared to present some necessary conditions
and some sufficient conditions that an admissible (m) function
Z(x,y) provide a relative minimum to the integral I with respect
to unilateral variations. We shall concern ourselves with strong
relative minima,

DEFINITION 4:3. A function i (x,y) 1s an admissible

variation of class m or more simply, an admissible variation (m)

in case:

— —— — —

called, n"* = 1 - m=3;

(11) 1f z(x,y) is an admissible surface (m), then for a

sufficiently small &E absolute value the point (z +a? ) Zx +8 7x'
zy+aqy) is in D for (x,y) in R, and the function
f(x,y,2 +an,ze+a TxoZy* an(y) is sumnabl: in R.

In particular, if i belongs to<)ls, where 3 1s an open

subset of R, 1 will be called an admissible variation relative to

8. Given a Z(x,y) admissible (m), we shall for convenience
sometimes employ the phrase "corresponding admissible variation"
to denote an admissible variation (m) associated with Z, Of
particular interest i1s the case m = n = 2,

It will be noted that z 1s not required to be continuous
in Definition 4:2., On the other hand, admissible variations must
be continuous on account of (1) of Definition 4:3.

It is important to recognize that if Z is admissible (m)
and Q is a corresponding admissible variation, then it 1s not a
consequence of our definitions that Z + aq is an admissible sur-
face (m) since in general condition (iv) of Definition 4:2 may
not be satisfied along Z + &7 . Although this lgtter property is
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in general missing, it seems more sonvenient for our present
considerations to define admissible surface and admissible vari-
ation as above, Correspondingly, we shall speak of an admissible
surface rendering a double integral a minimum with respect to
corresponding admissible variations, rather than rendering the
integral a minimum in a class of admissible surfaces.

It will be necessary for our purposes in the following
paragraphs to distinguish between proper and improper minima.
The admissible surface E: 2z = Z(x,y) renders I an improper

minimum in a class £ of surfaces z(x,y) in case
/ < JJ
R f(er;z’zxnzy)dXdY = . f(anpz:zx9zy)dxdy

for every z(x,y) in £ not equivalent to Z(x,y). For a proper
minimum the equality sign is excluded.

Suppose that a function Z(x,y) is admissible (m). Then
we shall say for brevity that Z(x,y) satisfies the condition

(A™) with respect to the function f and constant d > 0 [or, where

there is no risk of confusion, merely, Z satisfies the condition
(A™)], in case whenever |r| < d, |s| < d, [t|] <d, then 2 + r,

Zy + 8, Zy + t is in D, and moreover f,, fp, fq with arguments

(x,5,Z+ r,Zx+ s,zy+-t) are all less in absolute value than a
function M(x,y) summable in R, and independent of r, s, t.

If Z(x,y) is admissible (m) and Z,, Z, belong to Lm, we

M
might note that condition (A™) 1s valid if there exist constants

Ky, Ke, and a function Mo(x,y) summable in R, such that for

Ir] <4, |s] <4, |t] <4, the functions f,, £ £q with

pl

arguments (x,y,Z+ r,Zy+8,Z_+t) are all less in absolute value

Yy
.than

Kal£(x,7,2,25,2) | + Ka(@f" + [2,f') + Mo(x,7).
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For the two particular examples f = p® + q® and £ = (1+p®+ q')l/b
it may be shown that any function Z admissible (2) satisfies (A%)
with respect to f and any constant 4 > O, In fact, for £ = p®+ q®
one might take Ky + Ke = 1 and Mo = d® + 2; for £ = (1+ p*+ q®)1/2
the values K; = Ke = 0, Mo = 1 are suitable,

THEOREM 4:2. Suppose E: z = Z(x,y) 1is an admissible
surface (m) satisfying condition (AT, and that E furnishes a

relative minimum to the integral I with respect to non-positive

admissible variationu‘Q . Then: (1) 11[7] 2 0; (11) for almost
all squares in R the Haar inequality (4:14) holds,

We shall commence by proving (i) for Lipschitzian functions
1 (x,¥). This limitation is to be removed later, By hypothesis,
if a 1is non-negative and less than some positive constant 1/k!

where k' > 1, then

(4:15) Inf f(x,Y.Z,Zx,Z,)dxdy s fn'[ f(x.Y.z+N(.Zx*e'zx,zyﬂyy)dxdy-

We note that for a = 0, the equality holds. The partial derivative
of the integrand on the right with respect to the parameter a

exists and is expressed by

- 1z, 5,2 487, 2+ a5, 2y 87 g) = NIy + Pl + Y oL

the arguments of fz’ £ rq being the same as those of f on the

’
left. Suppose that k'pis an upper bound for |7 |, and that k™

1s the Lipschitzian constant corresponding to n. Then let

k = max {dk', k", k'} , 4 being the number appearing in condition
(A™), and keep la] < 4/k. Then &N, 8Ny, a7 y are all less in
absolute value than d. As a consequence of condition (Am) we

therefore conclude that

I £(x,7,2 487,22+ a5, 25 +an )| S 3aM(x,3), (la] < a/k)



(383) UNILATERAL VARIATIONS 23

in 8. One may accordingly differentiate in (4:15) under the
integral sign whenever |a| < d/k, In perticular, inasmuch as
the equality holds in (4:15) when a = 0, we have I [7] 2o,
which is the desired conclusion (i) for Lipschitzian n's. The
reader will remember at this juncture that the first part of
Theorem 4:1 was proved merely under the assumption that 7
satisfy a Lipschitz condition. Statement (11) of the present
theorem is a direct consequence of that result. But again, by
Theorem 4:1, it follows that statement (1ii) implies (1) with the
restriction on the character of q removed.

In the foregoing two theorems it was not necessary to
assume the function Z(x,y) continuous, However, continuity of Z
is essential in the proof of the following result.

THEOREM 4:3. Suppose that E: z = Z(x,y) is continuous

and admissible (m), and that E renders the integral I a proper

relative minimum in the class of functions z(x,y) such that

z=2ZonR', and2-dSzs2+7 SZ in R, 7 being an
admissible variation (m). Let S be any subregion of R for which

there exists & continuous function W(x,y) that is admissible (m),

coincides with Z on S8', and has the following properties:

(1) W renders the integral | Jfdxdy a relative minimum
the S 8

with respect to all variations which are admissible (m) and not

greater in absolute value than d;

(11) |z - W| S a 1n s;
(111) the function defined to be equal to Z - W in § and

identically zero in R - 8 1s an admissible variation (m).

Then Z £ W in S.
This theorem could be strengthened inasmuch as all the
implications of admissibility are not utilized in the proof.

However, the usefulness of this theorem in following sections
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will be in connection with absolute minima of double integrals.
It will be noted in Section 5 for example, that under circumstances
there prescribed a surface which is admissible (m) and furnishes
a relative minimum to the integral I, furnishes, in actuality,
an absolute minimum to I. Hence, the present theorem will be
more effective there if stated for admissible functions and
variations. It states in essence that a function Z(x,y) minimiz-
ing the integral I with respect to non-positive variations is
dominated by any function W(x,y) which coincides with 2 on the
boundary of R and which furnishes I with a relative minimum
with respect to general variations, provided that Z(x,y) 1lie
close enough to W(x,y).

If the theorem be false, then there must exist a point
(x0,¥0) in R at which Z(xo,yo) > W(xo,yo), and hence an open
subset N of R containing (Xo,yo) in which Z > W and on the frontier
of which Z = W. Then, since |Z - W| S d in R, we have, by virtue

of (111) and the hypothesized minimizing property of Z(x,y),
(4:18) I j f(x,y,z,zx,z )dxdy < Y f r(x,y,w,wx,w )dxdy.
N J N y

On the other hand, the minimizing property of W(x,y) implies

the contradictory statement,
(4:17) SNY f(x,y,Z,Zx,Zy)d.xdy 2 J;Jj f(x:Y)w;wx:wy)dXdyo

Accordingly, the assumption that Z > W at some point of R must be
rejected. It should be noted that the conclusion of the theorem
would also hold if it had been required that W furnish a proper
relative minimum while Z be permitted to furnish but an improper
relative minimum. The contradiction in the proof would then arise
from the fact that the equality sign would be admitted in (4:16)
but not in (4:17),
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The Welerstrass excess function is defined to be

@(X,Y.Z,p,q}P,Q) = f(x,y,z,P,Q) - f(x,y,2,p,q)
- (P - p)fp(xlylz)p)q) - (Q - Q)rq(x)y:z’pr)'

Suppose that admissible surfaces and variations are required to

be plecewise of class C', For this case L, M. Graves [2] has
produced a proof of the Welerstrass condition for multiple integral
problems which may be applied with almost no alteration to the
unilateral case., It is to be remarked at this point that under

the conditions of this paragraph, if Z is an admissible surface,
and 1if n is an admissible variation, then Z + am is an admissible
surface for a sufficiently small. The Welerstrass condition is

as follows:

THEOREM 4:4. If E: z = Z(x,y) is plecewise of class C!'

and minimizes I with respect to unilateral variations, then at

each element (x,y,z(x,y),zx(x,y),Zy(x,y)) of E the inequality
@(x,y,z,zx,zy;P,Q) 2 0 holds for every pair P, Q such that
(z, P, Q) is in D,

From this, by the usual application of Taylor's theorem

we derive the Legendre condition:

THEOREM 4:5. Under the hypotheses of Theorem 4:4, at each

element (x,y,Z,Zx,Zy) of E the quadratic form

. 3 s
(4:18) A+ ZAprq + B fq

pp q

in (A,B) is positive semi-definite.

A sufficlency proof by an expansion method applicable to
the present problem has been developed by W. T. Reid [12] in a
paper to be published soon. For simplicity, Reid's notation will
be closely followed in submitting the corresponding theorem for

the unilateral case,
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In the remainder of this section, we shall understand
that all admissible functions, as well as admissible variations,
are to be Lipschitzian in K. Here again, it is noted that if 2
is an admissible surface and if ki is an admissible variation,

then the surface Z + a7 is admissible for a sufficiently small.
A surface z = z(x,y) is called non-singular if £ f

PP qq = quﬂ # 0
at all elements (x,y,z(x,y),zx(x,y),zy(x,y)) belonging to the
surface, A function u(x,y) which is continuous in E, of class
C' in R, and whose partial derivatives u,, Uy coincide with
functions continuous in K, will be said to satisfy the integral
form of the Haar accessory equation if

Lwr (X.Y.u.ux,uy)dy - UL(3:70uouxi“7)dx- ‘[J-“! (3n70u:ux:“7)d-x‘17
holds for all squares Q of R, where

20(x,7,5,T,0) = foT 420, Te + qug“.‘. 2£,,5 + 2f 2

D pq K3 + fzz‘

qz
We shall say that a function Z(x,y) satisfies the condition IV“
if their exlats a solution of the kind described above of the Haar
accessory equation which is nowhere zero in R. Moreover, E 1is
said to satisfy condition IIN’ in case there exists in (x,y,z,p,q)-
space & one-sided neighborhood N of the elements (x,y,z,zx,zy) of
the form N: (x,y) in R, |p - Ze(x,y) | Say, lqa- zy(x,y)l S aa,
Z(x,y) - a5 Sz < z(x,y), such that for (x,y,z,p,q) in N, and
(P,Q) # (p,a), we have & (x,y,2,0,q35P,Q) > O. It is clear that
the validity of condition IIN’ for E, together with the non=-
singularity of E, implies the strengthened form of the Legendre
conditions that is, the quadratic form (4:18) is positive definite.
The proof of Reid's theorem depends on two preliminary
lemmas which will not be stated here. The theorem for the

unilateral case is as follows:
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THEOREM 4:6. If E: z = Z(x,y) 1is a non-singular ad-

missible surface that is continuous in R, of class C' in R,

which satisfies the Haar inequality, and also conditions IIN* and

IV’, then E renders I a strong relative minimum with respect to

non-positive admissible variations.

5. A class of positive regular problems., As a special

case of the problems treated in the foregoing section, we now
turn to integrand functions f(x,y,p,q) which are continuous
in all four arguments, and of class c(" for (x,y) in K and p, q

arbitrary. The problem will be assumed to be positive regular;

i,e., the quadratic form

. 8 2
(5:1) rppA + aquAB + rqu

is positive definite for all (x,y,p,q) in the region of definition
of f. All the theorems of the last section may, of course, be
applied to the present situation. But, owing to the special
nature of the integrand function, it is natural to expect that the
results to be obtained here would be somewhat more individualized,
The most conspicuous phenomena to be observed in the sequel are the
identically vanishing of the partial derivative f,, and the fact
that the results provide for absolute minima, The latter feature
is a consequence of thehypothesis of positive regularity. Since

fy & 0,(4:13) reduces to

nipl = [ e, + 1yt0aey 2 0,
R
while the Haar inequality (4:14) becomes
fQ £y = fodx 2 O.

outside of these changes, the statement of Theorem 4:1 remains
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the same for the case considered here. Theorems 4:2 and 4:3 will
be interpreted in the light of the hypothesis of positive regu-
larity. Theorem 5:1, which corresponds to Theorem 4:6, is here
proved without the qualification previously demanded that the
surface be continuous in R and of class C' in R. Theorems 5:2
and 5:3 have no counterpart in the preceding treatment. They

are proved only for functions f(p,q), not involving x, y, =
explicitly. In Section 6 corresponding results will be proved
under weaker hypotheses for the particular case where

f(p,q) = p® + q®, the integrand of the Dirichlet integral.

By applying Taylor's theorem with remainder to the
Welerstrass éf -function for this problem, we find in view of
the positive definiteness of the quadratic form (5:1) that the
£ -function is positive for (P,Q) # (p,q) and the strengthened
condition of Legendre is satisfied throughout the region under
consideration. We can now derive a stronger result than Theorem
4:6, For, suppose that the Haar inequality holds for Z(x,y)
admissible (m), and let z(x,y) = Z(x,y) + ki (x,y) be any other
surface such that i i1s a non-positive variation admissible (m)

relative to R. Then, by Taylor's theorem with remainder,
Is ff £(x,7,2x,2y)dxdy - fff(x,y.zx.zy)dxdr

R R
(5:2) = J\j("?xfp(x;Ysz:zy) + 72 yfq(x:y)zxnzy»dxdy
+1ff( 2T e N F, + : F )axdy
g3 (M= Top * 2NxNy%pq * Ny fqq ’

where ?pp, otc., signify f,.(x,7,Zx+ O, ,2y+ 87 5), etc., and
0 < 8(x,y) < 1. It is to be noted that the integral of the qua-
dratic expression on the right is finite in consequence of the
expansion of r(x,y,zx,zy) by Taylor's theorem with remainder, and

the summability of r(x,y,zx,zy), f(x,y,zx,zy), and¢1?xfp + vzyrq.
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By virtue of Thearem 4:1 and the positive regularity of the problem
it then follows that AI > 0 for n # 0 in R. We have thus proved
the following result,

THEOREM 5:1. Under the conditions imposed above, if the

Haar inequality 1s satisfied for Z(x,y) an admissible function (m),

then Z(x,y) renders the integral I a proper absolute minimum with

respect to corresponding non-positive admissible variations,

It results from this theorem and Theorem 4:2 that if an
admissible (m) function Z furnishes a relative minimum to I then
it actually furnishes an absolute minimum. Hence, for the type of
multiple integrals considered in this section, Theorems 4:2 and
4:3 are not rendered weaker by supposing that Z furnishes an
absolute minimum to the integral I.

A type of function employed in the discussion of surfaces
minimizing an integral Jir f(p,q)dxdy is the so-called saddle-
function [9, pp. 62,63]. The definition of such a function
depends on the following definition of monotonicity for a function
of two variables.

DEFINITION 5:1. A function g(x,y) continuous in ﬁ.lﬂ

monotonic in R in case for every connected open set 8 contained

in R, the function g(x,y) attains the maximum and the minimum of

its values in § on the frontier 8!,
DEFINITION 5:2. If the function g(x,y) - (ax + by + ¢)
1s monotonic in R for every choice of the constants a, b, ¢, then

g(x,y) 1is called a saddle-function in R.

It may be shown that under prescribed conditions a con-
tinuous function minimizing the integral I with respect to un-
restricted variations is a saddle-function [9, pp. 65, 66].

In our problem, we can prove that an admissible (m) function

Z(x,y) continuous in R, a.c.s. in R, whose first order
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partial derivatives belong to Ln, and which minimizes I with

respect to non-positive admissible(m) variations is what might

be called an upper semi-saddle function; i.e., it is a function

such that for every cholice of constants a, b, ¢, and for every
open subregion 8 in R, the function Z(x,y) - (ax + by + ¢)
attains the maximum of its values in S on the frontier S', For,
suppose that Z(x,y) 1s not such a function. Then there exist
constants a, b, ¢ and a region 8 in R such that for some point
(x0,¥0) in S we have Z(x0,yo) - (axo + bye + ¢) > M', where M!

is the maximum of Z(x,y) - (ax + by + c) on 8'., Hence, letting
z(x,y) = ax + by + ¢ + M', there exists a connected open subset

N of 8 in which z(x,y) - Z(x,y) < O and on the frontier of which
Z - 2 =0, Moreover, in view of our hypotheses on Z, the
function z - Z is an admissible variation (m) relative to N.

Now, it 1s easily shown that the plane z(x,y) renders the integral
I an absolute minimum with respect to unrestricted variations,
and hence, by Theorem 4:3 and the remarks msde in this section

on that theorem,we conclude that Z(x,y) € ax + by + ¢ + M! in N,
This, however, contradicts our assumption on the character of 2.
Geometrically, the property we have proved amounts to saying that
there are no hillocks or humps on the surface; there can be

only cavities or pockets.

In the remainder of this section we shall assume that

f = f(p,q); i.e., the integrand function does not involve x, y, 2z
explicitly. In addition to the conditions imposed at the begin-
ning of this section, we shall also suppose that the second
derivatives of f satisfy a uniform Holder condition in each
bounded portion of (p,q)-space, Consider the circle C(x,y;r)
with arclength s, 0 £ s S 27r, and let z(s) be of class cla)

in the closed interval (O,27r). Then z(s) defings a space curve C
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whose projection on the xy-plane is C(x,y;r); moreover, as will
be proved at the end of this section, z(s) satisfies the three-
point condition [9, p. 49]. That is, if P, P,, Pz are any three

distinot points on C, and if §(P,P,,Pe) denote the positive acute
angle between the z-axis and the normal to the plane determined
by P, Ps, Pe then cos § is bounded away from zero for all possible
distinct positions of P, Py, Pg on C. Hence, by an existence
theorem of Haar [4, p. 19], there exists a Lipschitzian function
W(x,y) defined in D(x,y;r) which takes on the values z(s) on
¢(x,y;r) and which minimizes the integral I in the class of all
Lipschitzian functions z(x,y) having the values z(s) on C(x,y;r).
Haar's theorem really applies to a broader situation than the one
proposed here, but we shall not need his theorem in all its
generality, It then turns out, by a theorem due to Morrey

[7, pp. 158-160], that the minimizing function W(x,y) is of class
c(a)' and the second order partial derivatives of W(x,y) satisfy
a Holder condition in each closed subregion of D(x,y;r).

THEOREM 5:2. Suppose f(p,q) is positive regular and

satisfies the differentiability conditions described above.

Suppose, moreover, that Z(x,y) is admissible (m), continuous in R,

of class cl#®) in R, and that in every disc D(x,y;r) contained in R,

Z(x,y) is dominated by the minimizing function W(x,y) which

coincides with Z on C(x,y;r). Then I.[7] 2 0 for every non=-
positive Y, in ﬂl_e_c_];aLS%n.

Suppose first that there exists an open set S, comprised
with its frontier in R, and an 7] m%g such that Iy[7] < 0.

Then, by a procedure now familiar, we find that

p) )
&(Y (Ti' fp + -5 rq)dxdy > 0,
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In view of our hypothesis on the differentiability of z(x,y)

the partial derivatives written exist and are continuous, Hence,
there is an open subset A of R on which o fp/ax + 0f/0y <0,
Select a circle C(xo,¥o;r) contained with its interior D(xo,yojr)
in A. By the corollary to Theorem 4:1, it is seen that

f (% £+ 5 _f )ixdy > O
j;(xﬂsyOﬂ') *p ¥a

n

for every 5 non-negative and not equivalent to zero 1n€}t
D(xo0,¥yo3r).

Then, by (5:2) the function Z renders the integral

f(z_,2_)dxdy
J;(xonyo;r) =7

a proper absolute minimum with respect to corresponding non-
negative admissible variations., Consequently, by Theorem 4:3, by
the comments made in this section on that theorem, and by the above
remarks on the existence of minimizing functions, there exists a
function W coinciding with Z on C(Xo,¥o;r), minimizing the integral
with respect to admissible variations (m) of arbitrary sign, and
dominated by Z in D(xo,yo;r); furthermore Z ¥ W there. For if it
were true that 2 & W in D(Xo,yosr), then the Euler equation,
brp/ax + afq/ay = 0, would hold along Z in D(Xo,yo;r), and
this is contrary to the inequality deduced for the Euler expression
in A, But then the hypothesis that 2 S W in D(xo,yojr) is
contradicted. And now, to prove the required result for the case
where 8! coincides wholly or in part with R', one may proceed as
in the proof of Lemma 4:2,

From the foregoing results we deduce immediately the
following theorem,

THEOREM 5:3. If the function Z(x,y) satisfies the con-

ditions of Theorem 5:2, then it renders the integral I a proper

absolute minimum with respsct to corresponding non-positive
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admissible variations,

It is to be remarked that for integrand funoction f(p,q)
and Lipschitzian functions Z(x,y) one may, by the "method of
variation of the independent variable" employed by Haar [3, pp. 144-
146] and Rado [8], deduce inequalities analogous to certain
equations which are auxiliary to the Haar equation, For the case
of the Haar equation these auxiliary equations are of paramount
importance. For the Haar inequality, however, the author has been
unable to find significant consequences of the associated in-
equalities, and for brevity they will be omitted here.

We shall now digress briefly into the realm of differential
geometry in order to establish the validity of the three-point
condition under the assumptions made on page 30 and to prove that
the curve there described has an osculating plane at each point,

LEMMA 5:1, On the circle C(x,y;r) with arclength s,
let z(s) be a periodic function of class c(’), with period 2wr.

Then z(8) defines a space curve f" satisfying the three-point

condition and having an osculating plane at each point.

It obviously suffices to consider the case where C(x,y;r)
is the unit circle C = C(0,0;1) in which event the parametric

equations of the space curve may be written
f" ¢ x = cos 0, y =s8in @, z = g(0),

where z(®) 1s of class c(’) and is periodic of period 2w, Let
P, P,, and Ps be three distinct points on f". As the angle
Q(P,Py,Ps) defined on page 31 remains invariant under rotation
of the x,y axes, we may always assume that these axes are so
rotated that the x-axis passes through the projection of P on C,
and P corresponds to @ = O, Let 8, and Og be parameter values

determining P, and Pg, respectively. The equation of the plane
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through P, Py, Pg is then

X -1 Y z - z2(0)
cos 9, -1 s8in @; z(0,) -2(0) =0
cos Og -1 8in 05 2(0s) - 2(0)

Letting a(9,,09s), b(0,,05), c(8,,8s) denote, respectively, the
cofactors of the elements in the first row of the determinant, we

have

533 cos P,P,,Pa) = e .
( ) !( 252, ﬂ) (" . b® + cd317§
It is easily shown that
Oz - © ) Og
c-4ain_._§_..lsin.glliné—.
We now proceed to prove that (5:3) may be written
(614) cos §(P,P3,Pa) = c'(0,,0s)/k(0;,0s),
where k(9,,0s) is bounded and
' = 0g - 6 8~ @ e, /0 9s /0
0'(0,,0s) [ain _!?_}/L.!E—il sin .é/.!& sin .!l/.!l. .
Using the Maclaurin expansion for cos ©, and defining
v(e) = ﬂ!)_;_’.ﬂ, v(0) ® 1im '—L?.)..;-.ﬂﬂ = 51(0),
040
we may obtaln, sfter suitable manipulations on the rows of b,
b= 1/2 (8a - 9,)9,0sb'(9,,04),

where

-0, + g(9;) E.(.!.LLG"._'!.QL
01(8;,00) = = *
=1 + h(6,,0s) v(® - v(®
.l - 0;
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In this determinant, g(®) and h(6,,8s) are convergent power
series containing no terms of degree lower than the second. We

proceed in the same manner to show that
a = 1/2 (63 - 6,)0,03a'(0,,03),
where

2 + go(®,) z(63) - 2(0)

8,
ho(1,9s) ¥(0s) - v(8,)|’
s - b §

and go, ho are convergent power serles containing no terms of

a'(0,,0s) =

degree lower than the first.

We shall be certain that a'(e,,0s) and b'(6,,05) are
uniformly bounded as soon as the boundedness of
|v(8s) = v(0:)]/(82 ~@,) has been verified. Now v(8) is contin-
uous and may be shown to possess a derivative everywhere; in

fact, for © ¥ 0, we have,

vi(9) = 0z'(9) '0:(0) +2(0)

Expressing £(0) by Taylor's expansion with remainder about the
point ©, we find this equality to be equivalent to

vi(9) = z"(¥)/2, 0< |§] < |9,
Also, by the definition of v(@), we obtain

v(0) - v(0) _ 2(8) - £(0) - @5'(0)
° "

Again expanding 2(6), this time about the point @ = 0, it 1is

seen that

!.12)_;_.!.(2).- z"(0%)/2, 0< 6% < |o].
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Therefore, by the continiity of z", v'(0) exists and is equal to
z"(0)/2. Hence v'(8) exists everywhere on the given circle and is
uniformly bounded by the finite upper bound of z"(6). Then by the
mean value theorem, [v(€s) - v(©1)]/(8s = 04) = v'(8), where &
is an intermediate value of ®, so that a' and b' are clearly
bounded. This result, together with (5:3), implies (5:4) where
k(0,,88) = (a'® + b2 + c,"‘)l/2 is bounded. It should be remarked
that a', b!, ¢' are proportional to the direction cosines of the
normal to the plane through P, P,, Ps.

Let e be a small positive number, and restrict 0:, O
to be in the closed interval (=-w, We-e), Then none of the three
factors of c'(®,,08s) can become zero; indeed, each factor assumes
a positive minimum. Consequently, since k(®,,0g) is bounded, the
produet in (5:4) is bounded away from zero. Let the greatest
lower bound of cos §(P,P,,Ps) be denoted by m,, for 8,, O
restricted as above. Let my and mz have similar meanings corres-
ponding to the respective closed intervals (-T + e, T) and
(T =~-e, T+e), Every possible triple of distinct points P, P;, Pg
on r‘ corresponds to a pair of values 8,, 85 lying in at least
one of the three intervals indicated above, Hence, for all
possible triples of distinct points P, Py, Pe, the function
cos I(P,P;,Ps) is bounded away from zero by the smallest of fthe
numbers m,, mg, m3, and the three-point condition is therefore
satisfied,

The quantities 6,, 6g will now be confined to an interval
(-e,e), where e is small, and it will be proved that the direction
numbers a'(8,,0s), b'(0,,03), c'(0,,05) approach limits as Py, Pe
approach P independently along r’. Now in view of the properties
of v(@) inferred in the foregoing proof, we see that
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¥(8a) = ¥(83) = yi(5) = 27(e%)/2,

8g = 0,
where 8 = 8, + a(@s =~ 8,) for some 0 < a < 1, and 0< 18*1 < |8].
Then |6*| € max {[e,|,|e.|} . Hence, it 1s easily seen from the
continuity of z" that

1im ¥(82) - v(6;3) = 5%(0)/2,

°
%;a 8g - 8,

It now follows readily that

]51_1303'(91:95) = z"(O), %j_-_’n}) b'(91,93)=z'(0), }H‘% c'(elleﬂ) = lO

o0 8,0 6.0
Thus, the plane determined by the points P, Py, Pg approaches a
limiting position as P, Pg approach P along the curve, and the
limiting plane 1s by definition the osculating plane to fﬂ at P,
But P is an arbitrary point on r1, 8o that we have proved thm:r1

has an osculating plane at each point,

6, Subharmonic functions. In this section we shall consider,

as a particular case of the class of integrand functions treated
in Section 5, the function f(p,q) = p® + q®, the integrand of the
Dirichlet integral. The problem treated here 1s clearly positive
regular, If Z(x,y) is single valued and measirable in ﬁ, and 1if

the partial derivatives Z,, Z_ exist almost everywhere and belong

to L® in R, then Z 1is admisaizle (2). The class of corresponding
admissible variations in this case 1s composed of functions 11(x,y),
continuous in ﬁ, a.,c.8, in R, venishing on R', and whose first

order partial derivatives belong to L® in R. This section will

be concerned partly, but not entirely, with functions and variations
which are admissible (2); for simplicity, in this section we shall
say "Z 1is admissible" instead of the more exact phrase "Z is

admissible (2)",
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Before undertaking the subject of subharmonic functions
it will be necessary to make a few preliminary assertions re-
garding harmonic functions. Let U(x,y) be harmonic on an o.pen
set 8 and continuous in 8, Then U(x,y) satisfies the Haar

integral equation; i.e.,
y Uydy - U dx = 0
¢ ¥

for every simply closed rectifiable curve C contained with its
interior in S. McShane [6] has proved that U renders the
Dirichlet integral

I[z;8] = ”(z,' + 2 %)dxdy
S

an absolute minimum in the class of functions z(x,y) coinciding
with U on 8', continuous in §, and a.c.s. in 8, The following
possibility should be observed. We may have I[U;S] =™ ; in

such a case, on account of the minimizing property of U, the class
of admissible functions continuous in 5, a.,0.8, in 8, and coincid-
ing with U(x,y) on S' will be vacuous., We shall come back to this
point later in our discussion.

We shall employ the following definition of subharmonic
function which, except for the final statement, is the same as
that given by Radd [11, p. 1].

DEFINITION 6:1. A function u(x,y) defined in a connected

region R is subharmonic in R if 1t satisfies the follawirg_

conditions:
(1) ~c0 S u< + in R

@11) u is not identically equal to - in R;

(1) u is upper semi-continuous in R;

av) if s is any open region such that S 1s contained in

R, and 1if U(x,y) is harmonic in 8, continuous in s, and U 2 u on
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8!, then UZ u in 8.

If the region R is not connected, then u(x,y) is sub-

harmonic in R in case it 1s subharmonic in every connected sub-

region of R.

A function u which is subharmonic in R is summable on

every measurable set comprised with its frontier in R[11, p.4].
Furthermore, u is summable as a function of the polar angle on
every circle C(xo,yo;r) contained with its interior in R[11, p. 4].

A fundamental property of subharmonic functions is that
2w
u(xo,yo) ﬁ z%r.[; u(xo + r cos 8, yo + r sin 6)de

for every (xo,yo) in R and r such that B(xo,yosr) is in R [11,
pp. 3,4]. Conversely, a funotion satisfying this inequality in
R and also (1), (11 and (1i1) of Definition 6:1 is certainly sub-
harmonie in R [11, p. 7]. Another important inequality satisfied

by subharmonic functions, and derived from the above, is

er rp
u(xo,Yo) s —r-]-;—.j; fo u(xe + p cos 8, yo + psin 8)p dp as,

for every (Xo,¥o) in R and r such that D(xo,yojr) is in R

[21, pp. 3,4]. Again, the validity of this inequality in R,
together with (1), (11) and (1) of Definition 6:1, is sufficient
to ;haracterize a function as subharmonic in R [11, p. 7].

F. Riesz has shown [13, part II] that if u(x,y) is an
arbitrary subharmonic function in the region R, then in any open
set G contained with its frontier in R, u may be represented as
the sum of the potentisl of a negative mass distribution and a
harmonic function, A simplified development of this representation
due to G. C. Evans [1, part I, p. 237] is reviewed by Radd
[11, pp. 40-42], 1In consequence of this result, it may be shown
[11, p. 45] that in G the subharmonic function u is an absolutely
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continuous function of y for almost every x, and an absolutely
continuous function of x for almost every y; moreover, its
partial derivatives are summable in G. It 1s to be observed that
u need not be admissible, so that the possibility exists that
I[u;R] = o,

It 18 well known that the function defined at each point
to be equal to the integral mean of a subharmonic function over
a circular disc of fixed radius is also subharmonic within its
range of definition [11, pp. 10, 11]. But this property 1s also
valid if the integral means be taken over square regions [10, p.
347]; thus the function u(h)(x,y) is subharmonic in its region
of definition Ny. And now, by the remarks of the preceding

paragraph and Property 3:7 we have that

(h)
(8:1) = ™= (33),
(h) o du (n)

(e:2) 5 ()

in N,. Therefore, if u is subharmonic in R, then ulh) 1s of class
C' in Ny .

Having made the foregoing obserwations, we are now pre-
pared to present a number of propositions which correspond to
theorems and properties already obtained in Sections 4 and 5, °
We shall restrict ourselves, for the time being, to admissible
functions and variations. We notice that for admissible functions
and variations w(x,y) and 17(x,y), respectively, the first

variation is
I = jif w, + w_)dxa:
l[’z] R (71: 7,,) Y
while the Haar inequality is

L wedy - wydx Z 0.
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Corresponding to Theorem 4:1 we have that i I;[rz] 2 0 for all

non-positive admissible variations, then the Haar inequality holds

222 almost 3ll squares g£ R, 555 conversely. Inasmuch as the
proposition corresponding to Theorem 5:1 is to be referred to
later on in the proof of a somewhat stronger theorem, we shall
write it as a lemma,

LEMMA 6:1. The non-negativeness of the first variation,

or the validity of the Haar inequality for almost all squares of

R, implies that an admissible w affords the Dirichlet integral a

proper minimum in the class of functions w + 1, where '7 is a

non-positive admissible variation.

We may also apply Theorem 4:3 to our present consider-
ations, However, in view of remarks made in Section 5 on that
theorem, its statement may be simplified. We again begin with

an admissible surface w(x,y) which minimizes the Dirichlet

integral with respect to non-positive admissible variations,

Suppose, furthermore, that w(x,y) is continuous in R and a.c.s.

in R. Then, if S is any open subset g£ R for which there exists

a function U(x,y) harmonic in S, continuous in S,and UZw on

— — o— — ——— ——

functions indicated earlier, that U 2w in 8. Hence, by Definition

6:1, w(x,y) 1s subharmonic in R.

It was stated in the introductory paragraph of Section 5
that for the Dirichlet integral the theorem corresponding to
Theorems 5:2 and 5:3 could be proved under weaker hypotheses
than those there required. The theorem to be proved is the
following:

THEOREM 6:1. Let u(x,y) be & function subharmonic in R,

Then, for almost all squares Q in R,
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‘YQ u,dy - uwdxzo.

Let C(xo0,¥yo3r) be any circle contained with its interior
D(Xo,Yo3r) in N, and let (x,y) be the variable point
X = X0+ Qcos 8, y=yo+ 0sin®, where 0 $ 06 <27, and
0< e € r. Since u(h)(x,y) has continuous partial derivatives
in Ny, we have,

F% u(")(xo + @ cos 6,50 +Psin 9)

6:3
(6:3) = -53; u(h)(x,y)coa e + "b'a'i u(h)(x,y)sin ()

in the disc D(Xo,yo;r). It now follows that for 0 < P S r,

amr
a 1
a’e—'z'v?"g ulP) (xo + p cos 8,30 + © sin @)de

(6:4)
= A u, (h)dy - (h)dx > o,
2T C(xo0,y05¢) ™ 'y =

since the integral mean

2w
1 h
5 fo ul )(xo + Q cos 8,y0 + @ sin 6)ae

is a non-decreasing function of (N [11, p. 8]. Now ux(h)and %(h)
are absolutely continuous in the sense of Tonelli in N, by
Property 3:8, and therefore the partial derivatives aux(h)/ax,
auv(h)/ dy are summable in arbitrary closed subsets of N, by
Property 3:9, Under these conditions, it is permissible to apply
Green's lemma to the line integral appearing in (6:4). We then
obtain

P

1 Tiuw(h))dxdyzo, (0<gSr).

) (h)
6:5) ——yg ( +
(6:) T € D(xo0,¥05¢) % "x

But the left-hand member of (6:5) is the integral mean of
Bux(h)/ Ox + éu.,(h)/ 3y on D(xo,¥o; p). Such integral means
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taken over discs have essentially the same properties as those
taken over square regions. 1In particular, Property 3:2 holds
for means of this type. We may obtain an inequality similar to
(6:5) for each point (xo,yo) in N,. Passing to the 1limit in
(6:5) as © approaches zero, we find that for every h > 0, the
inequality

(6{6) _3; ux(h) + %’_ uy(h) 2 0

holds almost everywhere in N,+ 1Inequality (6:6) may be written

almost everywhere as

(6:7) —1;}-1’5; uxdy - \%dx Zo0, [h>0; Q= Q(x,y;h) <Np].
We thus see that in accordance with Definition 4:1 the inequality
(6:7) holds for almost all squares in R. This completes the
proof,

It has not been assumed in the above proof that the sub-
hermonic function u(x,y) be admissible; i.e., it has not been
required that u, and uy belong to L®, As for the converse, if
u is actually continuous in R, a.c.s. in R, admissible, and
satisfies the Haar inequality for almost all squares of R, then
by the propositions on page 41 it results that u is subharmonic
in R, But we may deduce a converse of Theorem 6:1 under still
weaker hypotheses, This will be done in the next theorem. We
first introduce the definition of almost subharmonic function
in a region., Except for the last statement, it is the same as
that presented by Radd [11, p. 20].

DEFINITION 6:2, A function u is almost subharmonic in a

connected region R if 1t satisfies the following conditions:

(1) u 1s summable on every measurable set contained

together with its frontier in R;
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(11) almost everywhere in R the inequality

r p2T
u(%o,¥o) $ T'r’fo J(; u(xo + p cos 8,y0 + p sin 9)de

holds for every r such that B(xo,¥o;r) is in R.

If the region R 1is not connected, then u(x,y) is almost

subharmonic in R in case it is almost subharmonic in every

connected subregion of R.

It results from this definition that a function u is
almost subharmonic in R if and only if there exists in R a
subharmonic function u* such that u = u* almost everywhere in R
[ll, pp. 20, 21]. Hence, we see that many of the properties
herein developed for subharmonic functions may also be ascribed
to almost subharmoniec functions.

THEOREM 6:2. Suppose that u(x,y) is summable i& every

open set comprised with its frontier in R together with its first

order partial derivatives, and that in R the function u is

absolutely continuous in x for almost every y and absolutely

continuous in y for slmost every x. If, furthermore,
- 2>
l; uxdy uydx =0

for almost all squares of R, then u Ei almost subharmonic in R,

If, in addition, u is continuous in R, i.e., if u is a.c.s, in

The proof, for the most part, amounts to reversing the
procedure in the proof of Theorem 6:1. By Property 3:7, it
follows from our hypothesis that Dux(h)/ Ox + auy(h)/By )
almost everywhere in Nh‘ By Property 35:9, the partial derivatives
in the left-hand member are sumrable on closed subsets of Ny

If B(xo,yo;r) is in R, we thus have
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3, (), . (h S <
D(XO,YO;Q)(”F:: w M v 2ou Phaxey 20, (0<ps ).

By Green's lemma and Property 3:7 it follows that

Q . (h). (h). > <
‘£(Xo;}’ov‘e)ﬁu v ’%"u ax =0, (0<g=7),

and the argument which led to equation (6:4) now implies

2
1
a_dé— E‘FL wlB)(xo + @ cos 8,y0 + ¢ sin 8)de 2 0, (0o<e S r).

Hence the integral mean
2m
1 J (h)
zT Jy u't(xo + @ cos 8,30 +e sin ©)de

1s a monotone non-decreasing function of @ for each (xo,yo) in
N,. By the mean value theorem for integrals, and by the continuity

of u(h), we now deduce that the inequality

2T
(6:8) u(h)(Xo,Yo) s 2_]1"_. u(h)(xo + @ cos 8,70+ sin 0)de,
° (0o<psr),

holds for all (Xo,¥o) in Ny and r such that D(xo,yo;r) 1s in Ny.
To show that u is almost subharmonic, integrate both sides of

the above expression between the limits O and r. Thus,

r
ulM) (x0,50) = s Jo ulh) (xo,50) p ap

< lfr
=1TI"0

2w
J‘ u(h)(xo+ @ cos 8,y0+ ¢ 8in e)e dede,
0

And now, by Properties 3:2 snd 3:5, we finally conclude that

y <2 frfzr(x»a o8 8,70 + © 8in 8)p dpde
u(xo,yo=m"°ouo Qc »Jo + @ sin @) dpe

almost everywhere in R. Hence, u(x,y) is almost subharmonic in R.
If u had been taken to be continuous, then passing to the limit
in (6:8) 1t would follow that
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2w
u(xo,¥yo) § El?'-[) u(xo + @ cos 8,yo + @ sin @)de

everywhere in R; that 1s, u would be subharmonic in R [11, p. 7].
If u(x,y) is an admissible subharmonic function, then

by Theorem 6:1 and Lemma 631 the function u affords the Dirichlet

integral an absolute minimum with respect to non-positive ad-

missible variations. We shall now prove a stronger theorem which

is analogous to the theorem of McShane referred to in an early

paragraph of this section.

THEOREM 6:3. If u(x,y) is a subharmonic function in R,

then u renders the Dirichlet integral an absolute minimum in the

class of functions z = u + n where i is continuous in ﬁ, 8.,C.8,

in R, equal to zero on R', and non-positive in R.

We shall first prove the theorem for the case where nso
in a neighborhood of the frontier R!'. Indeed, let S be any open
sot comprised together with its frontier in R, and suppose '7 %0
in K - 8. 8elect any open set Sy such that R O S, and Sy > §.
Let d be the minimum of the distances of points of S,;' from
points of R' + 8!, Then z(h) and u(h) are defined in 5; for
h < &/V8, Also, z({P) = u(h) on g,1 ana z(B) € y(h) 4, S).
Moreover, (1) ana u(b) are of class ¢! in 8,, and ulb) 44

subharmonic in 8. Then, by Theorem 6:1 and Lemma 6:1,
(6:19) 1fu(®);s,] S 1E(h);s,].

If I[2;R] =00, then the result of the theorem is trivial. Let
us assume, therefore, that I[z:R] < ®, so that z, and Zy belong

to L®, Then, we easily show by Schwarz's inequality that

(6110) (2, BN S (20)(B),
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Now, by Fatou's lemma [14, p, 29], Properties 3:2 and 3:7, and
by (6:9) and (6:10), we obtain the sequence of inequalities

I[u;8;] € 1m 4nf T[u(®);8,] € 1tm 1nr 1[z(N);s,]
(6:11) h-0 h-0
: < 2 ) (h) = A
=§._1;th) js;ij (2.2 + zy) dxdy = I[z;84].

At each point of R - 8 the function z - u is zero, the maximum
of its values in R. Hence, at every point of R - S where Zys

zy, w, u.y exist, we must have Zy = U, zy = uy. This occurs
almost everywhere in R - 8. Therefore, I[u;R=-S;] = I[z;R~-8,]

and by (6:11),
(6:12) 1[u;R] S 1[z;R].

If we had I[u;R] = 00, then clearly we must have I[z;R] = O0;
otherwise the sequence of inequalities in (6:11) would lead to a
contradiction in (6:12).

The remainder of the argument consists in extending the
result just obtained to any function z = u + n satisfying the
conditions of the theorem, For harmonic functions McShane
[6, p. 595] performs this extension in a very efficient and concise
manner, so the particulars will not be repeated here,

Recapitulating some of the results of this section, we
see that there is an association between subharmonic functions
and the calculus of variations. For continuous subharmonic
functions a number of characterizing properties may be stated
which have interest from the point of view of the calculus of

variations. A function u(x,y) which is continuous in R has been

found to 33 subharmonic in R if and onlz if it satisfies any one

of the following equivalent conditions:

(1) 1t fulfills condition (1v) of Definition 631;
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(11) 1t 1is a.c.s. in R, its first order partial deriva-

tives are summable in every closed subset of R, and

> .
j; uxdy - uydx = 0 for almost all squares of R;
(111) it 1s a.c.s, in R and renders the Dirichlet integral

& proper minimum in the class of functions z = u + 7 where 7
is continuous in R, a.c.s. In R, equal to zero on R', and non-
positive in R.

Actually, the necessity of the last property was proved in
Theorem 6:3 under somewhat weaker assumptions on u and z than

those stated here,

7. Association with the problem of Plateau in non-parametric

5225. The theory of Section 5 may be applied without difficulty
to the 1integrand f(p,q)= (1l + p® + q')l/z. It is clear that this
problem is positive regular, for fop= (14 q®)/£3, qu= (1+vp°)/f3,
and £ fo0q " £y = 1/£2,

Let R be a Jordan region; in particular, for simplicity
we shall take R a8 a rectangle R: a<x<bjec<y<d, If

z = Z(x,y) is continuous in R and has a finite area in the sense

of Lebesgue [9, p. 6], then this area is given by the integral

I= Sgy (1 + zx“ + zy‘)l/gdxdy
if and only if z 1s A.C.T. [9, p. 10]¥. If Z(x,y) renders the
area integral a minimum in the class of all Lipschitzian functions
defined in R and assuming the same boundary values, then Z(x,y)
is analytic and, for these boundary values, is a solution of the
Problem of Plateau; i.e., Z(x,y) satisfies the partial differential

equation

*

For the case of the general Jordan region, see E. J.
MoShane, Integrals over surfaces in parametric form. Annals of
Mathematics !g] vol, 34 TI933), pb. 8;52838; In particular, p. 836,
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(7:1) (1 + zx‘)zyy - 2zxzyzxy + (1 + zy’)zxx =0

in R [9, p. 61]. Except for a multipli¢ative factor 1/f5, equation
(7:1) is the Euler equation for this calculus of variations problem
and is equivalent to the statement that the mean curvature of 2

is everywhere zero, The surface Z(x,y) is then a minimal surface.

In general, if S 1s the interior of a convex Jordan curve
St, then there exists in S a minimal surface of the form z = 2.(x,y)
taking on prescribed continuous boundary values on S'!', and
2 = Zo(x,y) is a minimal surface whose area is actually a min-
imum with respect to all continuous surfaces of the type of the
circular disc, having the same boundary values on S (9, p. 101].
This fact is used to obtain the concluding inequality (7:2) of
this section.

In view of the nature of the integrand function f(p,q)
it is seen that Z is admissible (@) if it is single valued
and measurable in R, and if its first order partial derivatives
are summable in R. The corresponding admissible variations are
functions T](x,y), continuous in R, &.c.s. in R, vanishing on R!,
and whose first order partial derivatives are summable in R. In
particular, it is to be noted that admissible variations are
A.C.T. in R.

We might observe that the first variation reduces for the

case here treated to

1

I =§S\______. + dxd
201 = 0wy V8t ety
and the Haar inequality becomes

-1 (z.ay - Z.,4x) 2 O.
J; £(25,2y) v

Plainly, the results of earller sections may be stated so as to

be applicable in the present discussion. Corresponding to
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Theorem 4:1 we conclude that I;[Q] 20 for non-positive admissible

variations if and only if the Haar inequality holds. Moreover, it

follows at once from Theorem 5:2 that if I [n] 2 O for non-

positive admissible variations, or if the Haar inequality holds

in R, then 2 minimizes the integral I with respect to non-positive

admissible variations.

As a consequence of Theorem 5:2 and the opening part of
this section we note that if an admissible Z is continuous in R,
of class ¢(*) in R, and if in every disc D(x,y;r) in R, e have
z S W, where W(x,y) is the minimal surface coinciding with Z on

c(x,y;r), then I;[Tl] 20 for all non-positive admissible variations.

It 18 now evident that if the surfaces under consideration
be continuous in K and of class c(ﬁ) in R, then the hypotheses
and conclusions appearing in the underlined propositions of this
section are equivalent. By the method employed in the proof of
Theorem 5:2 we may then derive an inequality analogous to the

Euler equation (7:1), namely,
(1:2) (3 2Ny - B2 gy 4 (14 BNy 3 O,

which must hold at all points of R. This implies that the mean

curvature of Z is non-negative throughout R.



1.

2.

3.

6.

7.

9.

10,

11.

12,

13,

14,

(411)

BIBLIOGRAPHY

Evans, G. C., On potentials of positive mass, Transactions
of the AmerTcan Wathematical Soclety, Part I, vol, 37
(1935), pp. 226-253; Part II, vol. 38 (1935), pp. 201-236,

Graves, L. M., The Weierstrass condition for multiple
integral varTation groBIema,'ﬁﬁii'ﬂifhiﬁ?t!cnI gournnl,
vol. 5 (15397, pPp. - o

Haar, A., Ober das Plateausche Problem, Mathematische Annalen,
vol, 97°(1927), Pp. 124-158.

Haar, A., Zur Variationsrechn , Abhandlungen aus dem
MathematIschen Seminar der Eamburgischen Universitllt,
vol, 8 (1931), pp. 1-27.

Hobson, E. W., The Theory of Functions of a Real Variable,
Cambridge UnIversity ;bess, vol. I (I928); vol. 2 (1927).

McShane, E. J., On the minimizi roperty of the harmonic
function, BulTetIn of the Kmericen ﬂaEngItIEil Soclety,
¥oI. 20(1934), pp. 593-598.

Morrey, C. B., On the solutions of quasi-linear elliptic
partial differential equations, ;Fanaacflona of Ege
AmerTcan Wathematical Soclety, vol. 43 (1938), pp. 126-166.

Radb, T. Bemerk_u.%s fber die Differentialgleichungen zwei-
dimensignaler VarlatIons robleme, Acta Litterarum ac
ScTentIarum Szeged, vol. ), Pp. 147-156,

Radé, T., On the problem of Plateau, Ergebnisse der Mathe-
matik und Iﬁfeé Grenzgebiete, vol. 2 (1933),

Radb, T., Remarque sur les fonctions subharmoniques, Comptes
! PO

Rendus, vol, 186 (19287, pp. $546-348.

Radb, T., Subharmonic functions, Ergebnisse der Mathematik
und ihrer Grenzgebiete, vol. 5 (1937).

Reid, W. T., Sufficient conditions by expansion methods for

multiple integral problems of the calculus of varlations,
(unpublished), see Bulletin of the American Mathematlical
Society, Abstract No. 45-9-366.

Riesz, F., Sur les fonctions subharmoniques et leur rapport
4 la théorie du potentlel, Acta Mathematica, Part I, vol. 48
T19267, pp. 329-343; Part II, vol. 54 (1930), pp. 321-360.

Saks, S,, Theory of the Intesral second revised edition
W‘rsa;, !I!S‘)T” - ' ’

=51






DIFFERENTIAL SYSTEMS INVOLVING
k-POINT BOUNDARY CONDITIONS

BY
RALPH MANSFIELD






TABLE OF CONTENTS
Section Page

l.Introduotion.........~...........1

2. Differential systems involving k-point boundary
conditions.................o...2

3, Differential systems involving a parameter . « « « o 19

4, A special boundary value problem of the ocaloculus
Of vari@tions. « o« o o o ¢ o ¢ o o o o o o o o o o o &6

5. Boundary value problems in the complex plane . « . . 32

Bibliography...o.......o...-....35

(415)






DIFFERENTIAL SYSTEMS INVOLVING k-POINT BOUNDARY CONDITIONS

1, Introduction. This paper is concerned with a k-point
boundary value problem consisting of a system of ordinary linear
differential equations and a set of boundary conditions involving
linearly the values of the solutions at interior points as well as
at the end points of the interval over which the system is defined,

By means of & transformation previously employed by
Reid [6]‘ and Denbow [3] this boundary value problem is reduced,
in Section 2, to a two-point boundary problem. Known results for
this reduced problem imply analogous results for the original
k-point system. By this device, the fundamental properties of the
k-point boundary value problem and its adjoint system are readily
deduced, The definition of self-adjoint, definitely self-adjoint,
self-conjugate adjoint, and definitely self-conjugate adjoint
systems as presented by Bliss ([1] and (2} ) and Reia (10} are
extended in Section 3 to the k-point boundary value problem under
consideration.

Section 4 deals with necessary and sufficient conditions
for such k-point boundary value problems to arise fram the calcu-
lus of variations. Hu [4] has considered this question for the
two-point case and arrived at certain necessary and sufficient
conditions. These conditions of Hu are now extended to the

k~-point case.

*
Numbers in square brackets refer to the bibliography at
the end of this paper.

(417) =le
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Some relationships between the work of this paper and a
recent paper by Langer (5), dealing with boundary value problems
in the complex domain, are pointed out in Section 5. The manner
in which the adjoint system is obtained by the method of this
paper leads to the same relationships for the adjoint system and
the form of the Green's matrix as established by Langer. The
methods employed here are thus shown to be capable of achieving
results in the complex domain,

In pessing, it is to be mentioned that the present work
is related to an earlier investigation of k-point boundary value
problems by Wilder [14]. Toyoda ( [12) and [13]) also considerea
the Green's funotion in space of one dimension., Toyoda was
apparently unaware of Wilder's previous work since, although his
treatment is strikingly similar to that of Wilder, no reference
was made to the latter's paper. In the discussions of both Wilder
and Toyoda the amount of computation seemed to be unnecessarily
camplicated, The work of this paper leads to desirable simplifi-

cation in the work of these writers.

2, Differential systems involving k-point boundary

conditions. Suppose we have given a system of n first order
linear difrferential equations, together with a system of
7V = (k - 1)n boundary conditions applying at k points

a=a; <8a,< ...<ak=b.

of the real interval ab: a < x < b, The differential equations

and boundary conditions are written in the form
f Ay (x)yy,

(2:1) s [Y] ﬁ; g[ug-j qYJ‘a- )+ Nq-J qyj(aq+l)] o,
(L=1,2,...,n;0=1,2,..., Y= (k = 1)n)s
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The functions Aij(z) are supposed to be continuous on the interval
ab, except possibly at the intermediate points 82, 8z, ceey 8y 33
throughout this paper, however, it is assumed thet these functions
approach finite right- and left-hend limits at these intermediate
points, In the boundary conditions the notations yi(a&), yi(ai)
are abbreviations for the right- and left-hand limits, respectively,

of yi(x) at the point x = a Since we shall be interested in the

q°
solutions of (2:1) only on the interval ab, we shall often write
yi(a), y4(b) in place of yi(a+), yi(b‘), respectively.,

By a solution of (2:1) we shall understand a set of
functions yi(x) which are continuous and have continuous derivatives

on each open sub-interval a < x < a (@ = 1,2,...,k=1), which

q +1’
satisfy the differential equations o: (2:1) on each of these sub=-
intervals, and whose values yi(aa), yi(aa+1) satisfy the boundary
conditions of (2:1), These right- and left-hand limits clearly
exist in view of the above hypothesis on the behavior of Aij(x) at
the intermediate points ag, as, ..., ap_je It is to be emphasized
that in general a solution of (2:1) is not continuous across the
intermediate points ap, agz, ..., ay_1i that is, in general
yi(a;) # yi(a;), (¢ =2,3,...,k-1). In particular, a solution of
this system is non-trivial if there is at least one sub-interval
aqf< x <1aq+1 on which not all the camponents yi(x) are identically
zero. Similarly, two solutions of this system are linearly de-
pendent if and only if there is a non-trivial linear combination
of them whioh is 1dentically zero on the interval ab, It is to
be understood throughout that the boundary conditions s [y]
constitute a set of V¥ independent linear forms in the 2V values
vi(a), yy(az), «oey yylagy), v4(d)e

For simpliocity, the subsequent discussion will be largely

presented in matrix notation. Roman capitals will be used to
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denote n x n matrices; ¥ x Vv matrices will be represented by
soript oapitals, The subsoripts i, j will have the range 1, 2,
eeey N, While the subsoripts ¢, T will have the range 1, 2,..., V.
Also, 1 and o will be used for row subsoripts; j and * for

column subscripts. The lower case letters y, z will be used for
vectors of n oomponents while u, v will be used for vectors of v
ocomponents, The vectors (uj_jyj) and (yjll“), where the repetition
of the subscript denotes summation with respect to this index

over its range of definition, are denoted by My and yM, respectivelj
similarly,JVLu and u)M, denote the vectors (Mgru, ) and

(uy .M,w), respectively. The letter 8 will be used to denote a
vector of ¥ components, In case some other letter is used as a
vector, the number of components will be specified., Whenever
occasion arises, use will be made of the special symbols

“:q =l I, N:q = |IN rJ:q"' to denote rectangular matrices

3§
of Vv rovsje.:d n columns. The symbols Py, = ] Pqu‘n » Qq: Ean:rr“
will denote reotangular matrices of n rows and v columns., The
conjugate, the transpose, and the conjugate transpose of a matrix
M will be denoted by H, M and ll*, respectively. The index q will
be understood to have the range 1, 2, ..., k=1 unless the range
is otherwise indicated, Hereinafter subsoripts will be omitted
while meking use of the foregoing notations, except where it may
be more advisable for the subject under disocussion to make use of
the subscripts with indication of their ranges. We may now write

system (2:1) as

y' = Alx)y,

(2:2) _ k=1 + -
oyl = %{u:qy(aq) + N o¥lag, )] o

A change of independent variable is now introduced into

equations (2:2) in order to transform each of the k-1 sub-intervals
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8984g+1 individually into the interval 0 ¢+ % 1. This may be

uA

acoomplished by the transformation x = xq[t], 05t = 1, where

1.

1}
<t

(2:3) xq[t] =ag+ t(aq+1 - aq). 0 <

with (2:3), let the set of functions u . (%) be defined by the

equations
(2:4) w(q)nalt)= vylxg [¢1)y (a=1,2,.00,k-1; 1=1,2,...,10)0

In particular, we may write

vileg) = ¥(gu1)nes0):
(2:5) .
Yi(aq.,,l) = u(q-l)nd(l)’

We shall now consider the differential system with two-
point boundary conditions satisfied by a vector u(t) = (u, ()
defined by (2:4), (2:5) in terms of a solution y(x) of (2:2).
writing u}{ and x& for the derivatives of u, and X4 with
respect to the variable t defined by (2:3), we have

(2:6) wi 10,7 v (8= vilaglelimg[e]= yi(m [t e (o g - o)

Now define the matrix A (t) as

(ag- ay)a(xy[t]) 0 “es 0

0 (az = ap)Alxg[t]) o.o 0

(2:7)/{(1:)5 seo 3 2-00 2 X XX
0 0 ceolag-a, ) JA(x,_Jt])

Ir we set Agel0) = Agr(0*) and Ay (1) = Ngel17), then
clearly the elements of this matrix are continuous on O St %2,

Correspondingly, if M and )Y are defined as
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M = “uzlg M:z, evey u:k_l“,
(2:8)
N zUN,, Nogs eens Nyl
the independence of the linear forms s [y] 1s seen to imply that
the ¥ x 2V matrix M ,N |} is of rank v . With the matrices A (t),
Mana X' thus defined, the vector u(t) defined by (2:4) satisfies
the vector differential system

u' = A (t),
(2:9) _
slul zMu(o) +X u(1) =o.
This latter system, involving two-point boundary conditions, is
of the form considered by Bliss (al .

Conversely, if u = (u, (t)) is a solution of (2:9), then
the related y(x) = (yy(x)) determined by (2:4) is readily seen to
be a solution of (2¢1).

A system adjoint to (2:9) is (Bliss [1], p. 565), by
definition,

v = -vA (t),
(2:10)

rlv] zv(0)P +v(1)& =0,

where the matrices J),SL occurring in the boundary conditions
r[v] = 0 are selected so that

(2:11) MP -Ng, =o

is satisfied, and the 2v x v matrix
07)
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is of rank v, It may be readily verified that the adjoint
system (2:10) is unique except for & non-singular linear transfor-

mation on the boundary conditions. It is advantageous to also

write
Pl: le
2 Pa: %,
(2:12) J7= oo 2=
Py-1: Q-1

where Pq. and Qq- are n x v matrices as indicated above., The

condition (2:11) is readily seen to be equivalent to

(2:13) ?Ei'[n:qrqe - N,.] =0

Ir "Y13~q(x)" is a fundamental matrix solution of the

differential equations of (2:2) on the interval aqaq+l and
y(a)(s) EHY”:q(xq[t])", then
Y(l)(t) 0 e 0
(2:14) Uz | ° e o
0 0 =)

is seen to be a fundamental matrix solution of the differential
equations of (2:9) on 0 S¢S 1. That is, u = U, = (U, ),
(t=1,2,...,¥ ), are ¥ linearly independent solutions of this
vector differential equation. The most general solution of the
vector differential equation of (2:9) is then of the form

u(t) = U(t)e, where ¢ = (o, ) is an arbitrary constant vector.
Moreover, a vector u . = ,llrt(t)ct is a solution of (2:10) ir

and only ir
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WA

<

¥y (x) = ;S:‘, Ty5:q (%)% (qu)n+ g2 (ag = x=10a,,)

is a solution of (2:2), Now define the matrix O as

(2:15) O =ls[UT N =INUO) + X UQY|.

In view of the above definition of U(t), one may also write
(2:16) O = 19,35 D,z eeey Doyl

where

D;q = M;qY.qla)) + N ¥, (ar,y),

it being understood in this last formula that there is no
summation with respect to q. It is at once apparent that com-
patibility conditions for the k-point system, as well as for the
two-point system, may be stated in the terms of the rank of O .

The system (2:10) may be transformed to obtain the system
adjoint to (2:2) on the interval ab. Define tq[x] as the inverse
of xq[t] and let

(2:17) z4(x) = v(q_l)n+1(tq[g )s (aq< x <aqd;q = 1,25000,k=1)

Clearly the funotions z4(x) are continuous and have continuous
derivatives on ab except possibly at the intermediate values a,,
83y ecsy 8, j0 At these points, however, these functions
assuredly have finite right- and left-hand limits, It is then
readily computed that the vesctor z(x) satisfies the differential

systen

2' = «zA(x),

(2:18) (2] -2[“” (87,10 . ]= 0
riz] = 2z + z(a,, =0,
& 89 g a+119;
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where Pq: and Qq: are related to the matrioces M:q and qu of
(2:2) by equation (2:13),

Consider now the non-homogeneous system

y' = Alx)y + £(x),

2:19
( ) s[y]:h,

where the components of the vector f(x) = (ri(x)) are continuous
on ab except possibly at the intermediate points x= 8258300058y 7,
and h= (h, ) is a given set of constants. When this problem is
transformed by (2:3), (2:4), we have the corresponding non-homo-

geneous vector system

u'= A (t)u + g(t), (0t =1),

2:20
( ) su] =h,

where the vector g(t) = (g, (t)) is defined by
(2:21) 8(q-1)n+1(t) = (aq+1"aq)f1(xq[t])o(q= 1,2,000,k-131=1,2,.

The situation is analogous to that of the homogeneous case in
that a vector solution of (2:20) implies a corresponding vector
solution of (2:19),

With the preceding remarks and definitions, we now
consider the results that have been proved and discussed by
Bliss [1] and others for the two-point case. In particular, Bliss
has shown that if A is non-singuler, the only solution of system
(2:9) is u(t) = 0, and for the non-homogeneous problem (2:20)
there exists one and only one solution., If A has rank v - ¢ ,
then (2:9) has exactly { linearly independent solutions, and the
number of such solutions for (2:9) is always the same as the
number for the adjoint system (2:10). Also, if ® has rank v -¢
the non-homogeneous system (2:20) has solutions if and only if
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the equation
1
(2:22) _J(;v(t)g(t)dt = r‘[v]h

is satisfied for every solution v(t) of the adjoint system (2:10),
In (2:22), ©'[V] = (r:_ [v]) 18 a certain vector whose components
are linear forms in the end values of v(t) = (v, (t)) at t = 0
and t =1. Bliss ([1], p. 567) has established this result for the
case h =0, However, the result in general is proved by quite
similar argument. In (2:22) the vector r'[Vv] corresponds to the
vector t(z) = ('t'i(z)) defined in Section 1 of Bliss [I].

From these known results we may now deduce for the k-point
system analogous conclusions, which will be stated in the form
of theorems.

THEOREM 2:1. If the matrix o8 is non-singular, the only

solution of the boundary value problem (2:2) is y(x) = O,

a2xEb. If L has rank ¥ -¢ then the problem has exactly ¢
linearly independent solutions on this interval; in this case the

adjoint problem (2:18) also has exactly ¢ linearly independent
solutions.

The proof of the following theorem is deduced from
Bliss ([1], p. 567).
THEOREM 2:2. If the matrix o0 is non-singular, a corres-

ponding non-homogeneous system (2:19) has one and only one

solution om a £ x £ b,
If y(x) is a solution of (2:19), it follows fraom (2:17)
that condition (2:22) for the corresponding system (2:20) is

equivalent to the condition that
a

b - +1
f z(x)f (x)dx ;2 J b z(x)f(x)ax = r‘[z]h
=

a ﬁq
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hold for every solution z(x) of the adjoint system (2:18),
Consequently, we have the following result for the k-point problem,

THEOREM 2:3. If the matrix 0 has ramk v - ¢ , then the
system (2:19) bas solutions if and only if the equation

b
(2:23) f z(x)f(x)ax = r*[z]n
a

is satisfied for every solution z(x) of the adjoint system (2:18),

The most general solution of (2:19) is then

(2:24) vix) = yOx) + yMixyoy + vuu 4yl E dog

where the y(p)(x), (p =1,2,...,0), are ¢ linearly independent
solutions of (2:2).

Now consider the two-point system (2:9) with the determinant
of O supposed different from zero, The existence and uniqueness
of the Green's matrix for such an incompatible system has been
proved by several writers. The Green's matrix is a matrix
M (¢, %)= 14, (t, % )|l whose elements are single-valued for
04 %£1,0% T £1, The elements are, furthermore, sonbinuous
and have continuous derivatives in t except along the line t =% .,
This matrix has the following well-known properties:

(2:25) A (35,9 -H(g,9 =9,
(2:26) %—E/‘J(t,g)aﬁ[(t)ﬂ(tq), 0 5t §§ y (5t 21,
(2:27) MA (0,5) +XN&(1,5) =0

In (2:25), <J denotes the v x v identity matrix.

The properties (2:26), (2:27) show that the columns of the
matrix 4/ (t, g) would be solutions of (2:9) of the kind demanded
by the boundary conditions of this system if it were not for
their discontinuities at ¢t = ? . If we put
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(2:28) o = U0) - N U,

the explicit form of the Green's matrix for an incompatible
system (2:9) is

(2:29)  H(t,3) = ¢ U(t)[L{-:—%—Lm 0 'la] whg).

The corresponding matrix A/(t,3) = =&(3,t) may be shown to be
the Green's matrix of the adjoint system (2:10)., As a function
of its second argument, the Green's matrix has the following

properties:

(2850) /&(t.t-) - ﬂ(tot’) = \g ’

(2:31) %b(t.g):-ﬂ(t.g)fl(i). 03 <t t<y =1,
(2:32) H6,0) 2 + Y(t,1)d = 0,

Moreover, if the components of the vector g(t) are continuous on
the interval 0% t £ 1, then the unique solution u(t) of the non-
homogeneous system (2:20) with h= (0, ) is given by (see Bliss [y,
section 5)

1
(2:3) aer = [0 e0g ey

Now for a solution u(t) of (2:20) it follows from (2:33)
that

- 1 ]
8 0= 50 T L ety 5 1) D5 04185

(2:34) k-l 8p+l
> [p);,a- (P-l)mj“ g [5] )fJ(!)d.o

Hence, oOn aq< x< ‘q*l’
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¥(g-1)ne1 LT

(2:35) - ep1
= g g L ﬁ (g=1)n+i, (p-l)n.;j‘tq[ﬂ ’ Ep[él )rj (s)as,

But, as pointed out above, a vector u(t) is a solution of (2:20) if
and only if the associated vector y(x) = (yi(x)), where

yy(x) = u(q_l)mi(tq[ﬂ ), ag £x £ 84410 18 @ solution of (2:19).
That is, the matrix G(x,s) defined on a =x £b, a 8 £Db, except
along the lines x =8 t =an, (¢,p =2,3,...,k=1), by the

equation

alx,s) =l Gyg(x,8) | 2B (q1)nu, (p-1)n+3(tq[E]s 510N
(2:36)
(aq< x < aq+1; ep< s < °p+l; q,p = 1,2,..., k-1),
satisfies the following resolvent condition.
THEOREM 2:4. If the homogeneous system (2:2) is in-
compatible, then the unique solution of an associated non-homo-

geneous system (2:19) is given by
b

(2:87) y(x) = | olx,s)e(s)es, a £x £b.
a

The matrix G(x,s) defined by (2:36) is seen to have
properties analogous to (2:30), (2:31), (2:32) on a £x b,
a 535 b, The corresponding matrix H(x,s) = -G(s,x) may be
verified to be the Green's matrix of the adjoint system (2:18),
As a funotion of its second argument, the Green's matrix has the
following properties:

(2:38) G(x,x*) - G(x,x") = I,
(2:39) .éﬁ ¢(x,8) = -G(x,8)A(s),

k-1 . 3
(2:40) ;; (6(x,ag)Pq, + 6(x,e  )Q ] =0
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We shall now consider the particular problem of finding
solutions of the differential equations of (2:2) which are
continuous on the entire interval ab: a= aj Sx < ak =b and

which satisfy a set of n linearly independent end conditions
o

n
(2:41) % mss..¥s(a ) =0, (1= 1,2,...,n),
21 1 MaaiaTsl%

By identifying yj(aq') = yJ(a; ) = yj(aq), we mey write these
boundary conditions and the condition of continuity at the inter-

mediate points as
5[]=£:m (aj) Zn:Zk:m y,(a,") =0
1T = =5 Magadyten MG - TR R S
(2:42) 8(p-1)ne1(¥] =¥3(a7) = yy(ep ) =0,
(1 =1,2,000,0; P =2,3,0.., k=1).

When these boundary conditions are transformed to the two-point

form (2:9), we have the following expressions for < and JV',

mijzl 0 ... (o]
o -I ... O

M o= ' ,
0 0 ... I
(2:43)
Mygee T13:3 oo Mygok-1 Byg.x
A = 1 0 ... 0 0
(o o ... I 0

In general, the solutions of the corresponding adjoint
system (2:18) are not continuous across the intermediate values
82, 83, «esy 8 1, a3 will be seen from the determination of the

adjoint boundary conditions. Now for a given set of boundary
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conditions (2:1) the corresponding adjoint boundary conditions
(2:18) have their coefficients determined by (2:13). For this
particular system relation (2:13) becomes

323-';. Byy:Frsge - 211: i

_l q-z 1J:qq'(q-1):j*r =0,

(2:“) P(q+1):11. + Qq:i‘t =0,

(@ 5 1,2,000, k=23 1 = 1,2,0..,03T= 1,2,0.0,V ).

In general, a set zi(a ), zi(a 1), (@ =1,2,00., k=1),
satisfies the adjoint boundary conditions r[z] = 0 if and only if

there exist constants (d ), (o= 1,2,..., v), such that

+ = = =
zi(aq ) = do_lda.“q, zi(aq+1) = dq-"a-j:q‘
For the particular system given above, a vector z(x) satisfies
the adjoint boundary conditions if amd only if there exist

constants (d,) = (dg,d,44,.-- 'd(k-l)mi) such that

zglef )= dymyy.g,
(2:45) zylaT )= gm0
zy(8g" )= ~8(g-1)nege
J(aq )= 'd(q-l)n+,1 - dim“:q, (¢ =2,3,...,k=1).

BEquations (2:45) are seen to be equivalent to the existence of

constants (di) such that

zg(ay ) = agmyq.q,
(2:46) ZJ(&k-) -dimij:k'
zj(aq") - zj(a; ) = 'dimij:q’ (q =2,3,...,k=1).,

Corresponding to a vector z(x), a £ x = b, which satisfies

{3 = 0, define k solutions z(l)(x), z(z)(x), eoey z(k)(x) of

(2:47) z'(x) = -z(x)A(x), as x% b,
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whose elements are ocontinuous on ab, and satisfy corresponding

initial conditions,

2((e))= z(e;",
(2:48) 2K (e )= -z(a7),
2( (e )= 2(a,") - zl8g"), (@ =2,3,0.0,k-1).

We then have that these k continuous solutions satisfy the

conditions
(2:49) zJ(O.)(aq) = ymy g, qs (@ = 1,2,...,k).
On each sub-interval ap<< x < ap+1,
(2:50) 2(x) =21 (x) + 28 (x) +o..+ 2PV), (b= 1,2,..0,k00).
In particular,

2x) =20(x) + 2B x) 4oy 4 2B V(x), 4 1< x< 0y,
and since z(k)(ak) = -z(ak'), we have that

(2:51) i Z(q)(ak)z 0.
q=1

Since each of the solutions z(l)(x), z(z)(x)...., z(k)(x) is

continuous on ab, we have

m
o
-

K
(2:52) (a)(
&g; z x)

on ab,

Conversely, suppose there exist k continuous solutions of
(2:47) on ab which satisfy equation (2:52}, and for which there
exist associated oonstants (di) satisfying relations (2:49).
Then z(x) defined on each sub-interval a,< x <a g by (2:50) 1is
seen to satisfy with these continuous solutions the point con-

ditions (2:48), and hence also conditions (2:46), But this
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latter condition, as pointed out above, is equivalent to the con-
dition that z(x) satisfy the adjoint boundary conditions. We have
proved, therefore, the following result.

THEOREM 2:5. For the boundary problem consisting of the

differential equations (2:2) and the boundary conditions (2:41),

with the further restriction that each solution function be con-

tinuous across the intermediate values 85, 83, eos, ak-l’ the

adjoint boundary problem is equivalent to the existence of k

solutions z(l)(x), z(z)(x), veey z(k)(x) of the adjoint equation

(2:47) which are continuous throughout a £ x £ b, and which satisfy

the point conditions (2:49) and the identity (2:52) on ab.

If the boundary conditions of the adjoint problem, as
algebraic equations, imply that every vector z(x), a = x b,
satisfying them must be continuous across the intermediate points
83, 83, +..) 8 _1, that is, z(aq-) :z(aq+), (@ =2,3,..., k-1),
then it follows from (2:46) that myjy:q =0, (1, =1,2,...,n¢
qQ =2,3,..., k=1). That is, the original system must reduce to
one with two-point boundary conditions.

It is of interest to note the form of the Green's matrices
for the case of Theorem 2:5. From the earlier discussion it is
known that the Green's matrices may be defined on each sub-
interval 8q8q+1 (¢ =1,2,..., k=1), of ab by means of (2:36).
For this particular problem, however, it 1s easier to derive the
Green's matrix directly from its resolvent property., Let Y(x)
be a matrix whose columns form n linearly independent continuous
solutions of the homogeneous differential equations of (2:2) on
ab, Moreover, let a, be an arbitrary point of this interval,
Then

X
(2:53) yOhx) = [T vt e ax,

8
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is a partiocular continuous solution of the differential equation
(2:54) y' = Alx)y + £(x)

on ab, and the general oontinuous solution of this equation is
(2:55) v(x) = y{°)(x) + T(x)o,

where ¢ is an arbitrary constant veotor (°1)' The homogeneous
system oonsisting of the differential equations of (2:2), the
boundary conditions (2:41), together with the condition that the
solutions be oontinuous on the entire interval ab, is incompatible

if and only if the matrix

D= n_ Y(a )

is non-singular. In this case the unique solution of the non-
homogeneous system (2:54), (2:41) whioch is continuous on the entire
interval ab is given by (2:55) with ¢ determined as

a
(2:56) o= -n-lqgi fa U m, Tlag )71 (x) )t (x) )axy.
That is,

ylx) = fY(x)Y’l(xl)r(xl)dxl

(2:57) V
%f  ¥(x)p"1Im, Y8 )Y (xy e (x Jax; .

The integrand functions in (2:57) are the Green's matrices

(2:58) 4% (x,x) = T ImgXleg M m)y (@ = 1,2,000K),

defined by Langer ([5]; (9.6)). As he has shown, these matrices

are inter-related by the equations
(2:59) qé HV(x,x)= Tixiri(n),

(2:60) 5 (z,80)= vixinh,
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(2:61) S m (P(a ,x)) = m, ¥(a )T~} =
: q}:l :q 9 (8g,1) = m V(e )Tz ), (p= 1,2,...,k).

S. Differential systems involving a parameter. Consider

a system of the form
y' = (A + X By,
BEY] =0,

containing a characteristic parameter A 1linearly, and having

(3:1)

elements of the matrices A(x), B(x) continuous on ab, except
possibly at x = ag, 83, e, 8y _j¢ In general, however, it is
assumed that the elements of A(x) and B(x) have finite right-
and left-hand limits at these intermediate points. It is further
supposed that the elements of the matrix B(x) are not all identi-
cally zero on ab, The boundary conditions of (3:1) are of the
form indicated in (2:1).

The transformatiomsof Section 2 will carry (3:1) into a

corresponding two-point system

u' = (A + A3 )y,

3:2
(8:2) s[u] =Mu(0) +Nu(l) =o0.

The adjoint system of (3:1) is then found as before, and is

written

z' = =z(A + A B),

(3:3) r(z] = 0.

It follows from the existence theorems for differential
equations that there exists a matrix || Yy4.,(x, 1) whose columns
are n linearly independent solutions of the differential equations
of (3:1) on each sub-interval aq:< x <‘°q+l' and whose elements,
together with their derivatives with respect to x, are expressible

as permanently convergent power series in A . It then follows
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that the determinant of the matrix «)( A) formed for this system
is also a permanently convergent power series in A ., The zeros

of | ( A)l are called characteristic values of the parameter X,

and the non-trivial solutions y(x) of (3:1) corresponding to such

values are ocalled gharacteristic solutions. Since |00 ) 1s &

permanently convergent power series in A , elther this determinant
is identically zero in A or its zeros are at most denumerably
infinite in number; moreover, if |LO(x )| # O the totality of its
zeros has no finite acoumulation points. We also have from Theorem
2:1 that the characteristic values for a problem (3:1) are identical
with those for the adjoint problem (3:3), and that the number of
linearly independent characteristic solutions is the same for both
problenms,.

It is of particular interest in this section to investi-
gate self-adjoint and definitely self-adjoint systems. In view
of this, we shall define a k-point boundary value problem (3:1)
to be self-adjoint if the transformed system (3:2), obtained from
(3:1) by means of (2:3) and (2:4), is self-adjoint.

Using the terminology of Bliss [1], a system (3:2) is
said to be self-adjoint if the differential equations and the

boundary conditions of its adjoint

v! =-V(A + AB).

3:4
(2:4) V] =v(0)P + v(1)R =0,

are individually equivalent to its own for all values of )\ Dby
means of a non-singular transformation v(t) = j?]t)u(t), where
the elements of JrYt) are supposed to be continuous and have con-
tinuous derivatives on 0 =t =1, Bliss [1] has shown that
necessary and sufficient conditions for (3:2) to be self-adjoint

are
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(3:5) TA+ AT +T =0, TB+JT=o,
(3:6) M T HOM = ¥7- LN,

Now 1t follows from a theorem of Reid [10] that the most
general solution of the differential system of (3:5) is of the

form
(3:7) T = 7)€Y+,

where ?V(t) 1s a fundamental matrix solution of the adjoint
differential system P'(t) = -7(t)A(t) and € 1is a constant

matrix. Moreover,

z((t) o 0
(2)
0 Z (t) oee 0
(3:8) M)z
0 0 ..o zlEl)(y)

where z{) (1) sllzxj:q(xq[t])” » and Z,q(X)= | Zg4,q(x)| 18 @
fundamental solution of 2'(x) = =Z(x)A(x) satisfying Z:q(x)Y:q(x)= I

on a_a In particular, the condition that J°(t) 1s non-

qq+l*
singular holds if and only if the matrix ¢ 1is non-singulear,

Furthermors, € must satisfy the conditions
(3:9) T ) EU()B(t) + B () T(+)EY (%) = o,
(3:10) M2 0)¢ LTt M= ¥ T € LA,

obtained by substituting (3:7) into the latter part of (3:5) and
(3:6).

One might breek the transformation matrix fﬁt) up into
(k- 1)2 sub-natrices, each of n rows and columns, and transform

conditions (3:5), (3:6) into conditions in terms of these
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component sub-matrices of J and the matrices A(x), B(x), l:q,

and N:q of system (3:1). However, since this procedure usually
leads to a complication, rather than a simplification in the form
of these statements, it seems preferable to speak of (3:5), (3:6)
as the conditions for self-adjointness of both the two-point and
the original k-point problem.

There is one case, however, in which the conditions (3:5),
(3:6) may be expressed for the original k-point problem in a com-
parably simple form. Suppose y(x) is a solution of a self-adjoint
system (3:1), u(t) the corresponding solution of (3:2), and z(x)
the solution of the adjoint system (3:3) corresponding to the
solution v(t)= J(t)u(t). Then at a point x of the sub-interval
a,<x < 8541 the value of z(x) is in general a linear form in
the values of y(x) at the k-1 points xq(tp[x] ), (@ =1,2,..., k-1).
If, in partioular, the value of z(x) depends only upon the value of
y(x) at the one point xp(tp[x]) = x, the problem (3:1) is said to
be striotly self-adjoint. In other words, if y(x) is a solution

of (3:1) such that y(x)=- O except on a,< x< a1 then the
oorresponding solution z(x) of (3:3) is also identically zero
except on the same sub-interval ap< x < ap+l‘

It is easy to show that under these restrictions 7 must

be a matrix of the form

i) () 0 0
(2)
0 T (t ewe O
(3:11) J(t) = )
0 0 o nplk-1l)(y

where T(q)(t), (@d=1,2,.¢., k=1), are n x n matrices and 0
denotes the n x n zero matrix, The general solution of (3:5) is

given by (3:7), so if 7' (t) is of the form (3:8) an obvious
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necessary and sufficient condition that (3:1) be strictly self-
adjoint is that ¢ shall be of the form

2 o ... 0

RN LR ece eee

0 o ... clk1)

where c(q’, (¢ = 1,2,..., k-1), are non-singular constant matrices
and O is again the n x n zero matrix,

THEOREM 3:1, If 7'(t) is a particular fundamental matrix

solution of 7'= =~ 7A of the form (3:8), then a necessary and
suffiocient oondition that (3:1) be self-adjoint is that there exist

a non-singular constant matrix € satisfying (3:9) and (3:10),
In partioular, if (3:1) is strictly self-adjoint, J (t) must be of
the form (3:11) and £ is also of the form (3:12).

If a system (3:1) is strictly self-adjoint, then the above
matrix J (t) defines a matrix

T(x) = T(Q)(tq[x]), a <x<a » (@ =1,8,000, k-1).

q q+l
In general, T(x) has disocontinuities at ap, a3, ..., & _;, but the
elements of T(x) have finite right- and left-hend limits at these
points, In terms of T(x) oconditions (3:5), (3:6) may be stated
for the original system (3:1) on the interval ab as follows:
(3:5") TA + kT + T* 20, TB + BT = 0,

(3:6') E:u 1(e,* i S e -
: & s ‘Q'E sqT (a5 W

In the consideration of definitely self-adjoint boundary
value problems the elements of the matrices A(x), B(x), M, N are
taken to be real on the interval ab. A boundary problem (3:2)
1s said to be definitely self-adjoint (Bliss [g ) if it is
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self-adjoint with respect to a matrix J(+) and has the further
properties:

(1) the matrix of functions of(t) = J(8)B(t) is

symmetrio on 0 £t £1;
(2) the quadratic form §J(t)§ 1s positive semi-definite
1;

HA

ﬂo-ﬁ-t

(3) u(t) =20 is the only vector which satisfies on

0% t £1 the conditions

(3:13) u'= A, slu] =o, udu = 0.

The system (3:1) will be called definitely self-adjoint

in case the transformed system (3:2) is definitely self-adjoint
in the sense of Bliss [2].

Theorem 3:1 gives necessary and sufficient conditions for
self-adjointness of (3:1), Hence, we have only to add the proper-
ties (1), (2) and (3) above to obtain necessary and sufficient
conditions that (3:1) shall be definitely self-adjoint. Again,
there is in general no gain in simplicity by writing these con-
ditions in terms of the coefficients of (3:1).

A boundary value problem (3:1) is said to be strictly
definitely self-adjoint with a matrix T(x) if in addition to being

strictly self-adjoint with respect to this matrix, the above con-
ditions (1), (2), and (3) hold for the corresponding matrix T(t)
given by (3:11). In view of the special form of J(t), 4 (t),
and /3 (t), these latter conditions become

(1') the matrix S(x) = T(x)B(x) is symmetric at each value

X on ab;

(2') the gquadratic form wS(x)w is positive semi-definite

on eb;

(3') y(x) = 0 is the only vector which satisfies on ab
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the conditions
(3:14) ¥' = Ay, slyl = o, ySy = O,

Many interesting results have been obtained, (Bliss [2]),
for definitely self-adjoint systems with two-point boundary con-
ditions. PFor such a system, the characteristic values are all
real and the corresponding characteristic solutions of the boundary
value problem can be chosen real. The index of each characteristic
value is equal to its multiplicity. Some very general expansion
theorems in terms of the characteristic solutions also hold for
such a system, (Bliss [2] pp. 414-419). The results for the
two-point case clearly imply correspond ing results for a k-point
problem that is definitely self-adjoint as defined above,

Some further questions may arise when the elements of
the coefficient matrices are complex valued functions. For this

case, the system

prie) = —p (A (8 + 2B (w)],

(3:15) — —
TR = MOV P+ p(1)X =0,

will be called the conjugate of (3:4) and the conjugate adjoint
of (3:2), Further, the system (3:2) will be called self-

oonjugate adjoint if it is equivalent to (3:15) under a non-
singular linear transformation p(t) = Jy(t)u(t), where the ele-
ments of ér'are allowed to be complex valued functions which are
continuous and have continuous derivatives on 0 £ t %1, (Reid
[10)). of courss, in the case where 4 ,B,M ,N are reel,

the olements of JD,S{ may be chosen real, so that (3:14) is then
identical with (3:4). If m =pm(t) 1s a solution of (3:15) for a
value of A, then u = X (t) is a solution of (3:2) for the

oorresponding conjugate value .
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Corresponding to the definition of definitely self-adjoint
systems with real coefficients given by Bliss [2], Reid [1Q] has
defined the system (3:2) to be definitely self-conjugate adjoint
if it is self-conjugate adjoint with respect to J(t), and has the
further properties:

(17) the matrix () = J° (t) B(t) is hermitian on
0% ¢£1;

(2") the hermitian form §.J(t)§ is positive semi-definite

ono0s ¢

(8") u(t) = 0 1s the only vector which satisfies on
0 St £1 the conditions

(3:18) u' =Au, s[y =0, Td(t)uz=o.

8ince all the characteristic values of a definitely self-
conjugate adjoint system (3:2) are real (Reid [10] , Theorem 3:1),
the consideration of the existence of characteristic values and
related expansion theorems for this type of system is reducible to
the analogous consideration for an associated definitely self-
adjoint system with real coefficients.

A boundary problem (3:1) may be said to be strictly
definitely self-conjugate adjoint with a matrix T(x) if in addition
to being striotly definitely self-adjoint, the above conditions
(1"), (2") ana (3") hold for the corresponding matrix < (t).

4. A special boundary value problem of the calculus of
variations. The theory of differential systems with k-point
boundary oonditions, as discussed in Sections £ and 3, can be
applied to special differentiel systems assoclated with the calculus
of variations, 8Such special systems have been considered in
previous investigations. The accessory boundary value problem

agsooiated with a minimizing extremaloid for a problem of the
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caloulus of variations is of this type (Reid [7]). Denbow [3]
oonsidered a calculus of variations problem of Bolza type in which
the integrand function involved not only the coordinates of the end
points of an admissible curve, but also the coordinates of varieble
intermediate points along this curve. The accessory boundary value
Problem for such a calculus of variations problem may also be
written in the form discussed in the preceding section. The type
of differential system involved in these problems may be trans-
formed, by the use of transformations discussed in Section 2, to
obtain a differential system with only two-point boundary ocon-
ditions. Furthermore, the transformed problem may be written in
the form presented by Hu [4]. This form is of particular interest,
because Hu has given necessary and sufficient conditions for such

differential systems to arise from certain problems of the calculus
of variations. We may then ask for the corresponding conditions
under which the k-point differentiel systems will arise from
problems of the calculus of variations.

The system that Hu considered is of the form

N (x) = Lyylx) Yylx)+ dyg(x) 34 (x),

(4:1) _,
Q4(x) =Njy(x)Yy(x) - Ly, (x) 4(x) - AEy4(x) my(x),

= 1 1 2 2 -
’e[’l R aeyMyim) = b gy oylmleadyixnded ey 3yix)=0,
(4:2)

(1, =1,2,...,n5 ¢ = 1,2,...,20),
with K the identity matrix. For the purpose of present consider-
ation, we will aessume K(x) positive definite on x)x .. Hu also
made use of the two following fundamental properties.
PROPERTY 1. The matrices |M4(x)| and nn“(xm are

symmetric, and the former has constant rank n-m on the interval

xlxk .
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PROPERTY 2. The 2n x n matrices fla g4, Il b &l
la sz i, Ilbeajll are such that the 2n x 2n matrix

(4:3) Ilalbd + o252

is symmetric.
Indeed, Hu has shown that Properties 1 and 2 are necessary

and sufficient conditions for (4:1) (4:2) to be the canonical form
of the Buler-Lagrange differential equations and transversality

conditions for a quadratic funotional of the form
(4:4) 28 [(x1), (x )] + ka 2 o(x,7, 7')ax
ot

subject to a set of linear homogeneous differential equations

of the form

B, x 7 1) = Gyl + B uyylxdy = 0,

4:5
(4:5) (¢= 1,2,..., m <n),

a set of linear homogeneous boundary conditions

WY gy Tyt ¢ Yoy gy Mylme) =0,
(¥ = 1,2,..., p £ 2n),

(4:8)

and the isoperimetric norming condition

Xy
(4:7) K, 7 dx =1.
j;l M4Ey 5749

In the above, ’7 denotes a set of funotions [’71(1)]. (1=1,2,...,n),
while '7' represents the corresponding set of derivatives
[77;(1)]. In (4:4), 2H is a quadratic form in the 2n values

]
711(11)’ '71(xk), and 20 1s a quadratio form in 74, %4 which
may be written specifically as

2o (x,% ,7) = °”l'173"“’171 *2 071-.”(!)’]'1 74

(4:8)
@y, 717y
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Now consider a k-point problem consisting of differential

equations of the form (4:1) and boundary conditions
k-} n
- 1 v 1 N
8, [7,3] ‘g Ei[‘ o3:q 3% ) = Poyiq T3(%")

. - 2 -
(4:9) " azv'J:q q'lj"qd’ . 1:q YJ(xqﬂ)] =0,

(0': 1.2.‘o|| 1= (k‘l)zn),

where x;< Xp < ... < X o We shall assume that the functions Lij'
“13’ Nij and x1J are continuous on X except possibly at the
intermediate points Xpy Xgs eees By g where it is merely assumed
that these functions have finite right- and left-hand limits, We
shall assume throughout the following discussion of this k-point
problem that it is normel; that is, for it there exists no non-
trivial solutions My U with 74, =0 on x;x, . We shall now
consider the question of necessary and sufficient conditions for
a system (4:1), (4:9) to be the canonical form of the Buler-
Lagrange differential equations and transversality conditions for

a quadratic functional

2H[‘q(xl*),...,'7(xk_f). N(x3™) e eey (xe7)]

(4:10) x
k '
+f 2o (x,‘7,‘7 )ax,
ol
subject on each sub-interval x < x < x to a corresponding set

q q+l
of linear differential equations

@u:q(x,’z s ?]') = § 1,,1:1:,1(2)"); + @npj:q(ﬂ’ld‘: 0,

(4:11)
(= 1,2,0..,mg< 05 q =1,2,00.0 k=1),

a set of linear homogeneous boundary conditions

YY [1](11+)t---, "\(xk:l)’ n(xz-)o---p n(xk-)] =0,

(4:12)
( Y =1,2,..0, D év)o
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and the isoperimetric norming condition

X
(4:13) '£1“ (R AL TSR

Denbow has shown ( (3], Section 2) that this k-point
calculus of variations problem may be transformed into a two-
point problem of the type considered by Hu ['4] s as a matter of
fact, the transformations that we have employed in Section 2 are
identical with those of Dembow, Moreover, such a trnnsformﬁtion
of this calculus of variations problem induces on the canonical
form of the Buler-Lagrange differentiel equations the transver-
sality conditions exactly the type of change as discussed in Section
2 for the k-point problem (2:1). In particuler, if Ill“ I, i Null
and |l K, ,1" are symmetric, then in the related two-point problem
the corresponding matrices are also symmetrioc; if ||llul is of
constant rank n-nq on each sub-interval, then the corresponding
matrix for the two-point problem has constant rank
n(k-1) =m -mp - ooo =m ;0002 ¢t 21, It is thus possible
to arrive at a two-point boundary problem of the form (4:1), (4:2)
in ¥= 2n(k-1) variables for which Hu's Properties 1 and 2 are
necessary and sufficient conditions for this system to arise from
a problem in the calculus of variations, Since we have shown the
equivalence of the k-point and two-point boundary problems im
S8ection 2, it i1s now possible to state for the k-point system
(4:1), (4:9) the following analogues of the above Properties 1
and 2,

Property 1', The matrices Illl“(x)ll o |l Nﬁ(x)l] and
Ixgg(x) | are symmetrio, ama || Myy(x)| bas constant ramk n-m,
on each sub-interval xq 2 x 2 X0y, (q = 1,2,..., k1),
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Property 2'. The vx n matrices || algql | bl.q“ ’

\l az.q\l and || bz:4| of the boundary oonditions (4:9) are such

.

that the 2v x 2v matrix
k-1 < .
(4:14) ouzlu algqbl,q +a‘°‘, b’",q I
q-

is symmetrie.
Properties 1' and 2' are, consequently, necessary and

sufficient conditions for the k-point system (4:1), (4:9) to be
the canonical form of the Buler-Lagrange differential equations
and transversality conditions for a calculus of variations
problem of the form defined by (4:10), (4:11), (4:12) and (4:13).
In particular, when K is the identity matrix we obtain a problem
corresponding to that which Hu [4] discussed, and for which he
proved the existence of infinitely many characteristic values.
Reid [9] has shown that a two-point system (4:1), (4:2)
has a denumerable infinity of characteristioc values under a weaker
condition thean that assumed by Hu. If we apply Reid's result to
the two-point problem into which (4:1), (4:9) is transformed, it
follows that a system (4:1), (4:9) will certainly have infinitely
many characteristic values if, in addition to the symmetry of
Iluu(x) s, N“(x) hsll Kntx) || and Property. 2', we have merely
that not all the elements of || luli are identically zero on X)X, .
By direct computation it may be readily verified that a
system (4:1), (4:9) is strictly definite self-adjoint with respect

to the constant matrix

0 I
-1 0

(4:15) T

where I and O are, respectively, the n x n identity and zero

matrices, For this problem we have that the matrix S(x) is
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equal to

-I
I 0

o o
K 0

K O
0 0

(4:16) s(x)=

5. poundary value problems in the complex plane. Langer
[5] has extended to two-dimensional regions of the complex plane
various general results on linear boundary problems which were
previously obtained only for an interval of the real axis, We
shall now obtain some of the results of Langer by applying the
methods of Section 2, More specifically, we shall establish the
form of the Green's matrix for a boundary problem whose linear
side conditions apply at k distinct points of the complex plane.

Consider the boundary value problem in the complex plane

consisting of the differential equations and side conditions

w (%) =§1 A 080wl ),
(5:1) ,1[‘3 = él ng, m“:qwj(gq) =0, (1=1,2,...,n).
The A.“( § ) are supposed to be single-valued analytic functions
in a simply connected region S of the complex §= 72+‘T:i§
plane, and §1, 32, ceey ‘E(k are k given distinct values in this
region,

By a solution of (5:1) we shall understand a vector '(§ )
whose elements are single-valued and analytic in S, and whose
values at these prescribed points satisfy the linear homogeneous
conditions si[ﬂ =0, Now, by the fundamental existence theorem
for differential equations in the complex plane, there exists a
fundamental matrix of solutions W(§ ) = | Wys(§ )| for the
differential equations of (5:1) in the simply connected region 8;

moreover, the elements of W(% ) are single-valued analytic functions

in this region (see, for example,[ 11, pp. 139 £, and 143 £r.).
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Clearly the differentiel system (5:1) is compatible if and only
if the matrix

(5:2) D =D,y || = "3:1 ;L?l L WIR 3 I, (1 =1,2,...,n).

is singular.
Let
(5:3) €t §= Xx) = x(x) + V-1 Xp(x),
(=1 £ x 2 q; q = 1,2,..., k-1),
be the equation of a simple arc which lies in S and joins §q to
§q*1, and whose defining funotions X, (x) and Xp(x) are con-
tinuous and have continuous derivatives satisfying |X'(x)l # 0.

In order to have our notation correspond to that of Section 2,

set 8y = q-1, (@ = 1,2,...,k); then

s

(5:4) c: ¥ = X(x), (a) = x = ay),

is the equation of a path curve lying in S; moreover, sinoce
(5:5) x(aq) = sq' (@ = 1,2,...,k),

this curve passes successively through the points 51, fz, ceey Ek
at which the boundary conditions of (5:1) apply. Clearly, one
may require that any or all of the component arcs cq of C pass
through a given point § of S. If corresponding to a solution
L ('1) of the differential equations of (5:1) we set

(5:6) yy(x) = w[X(x], (8, = x5 a),
we have
(5:7) vylag) = wy(&q)e

Moreover, except posslibly at the intermediate points az, 83, ...,

ay_) the derivative dyi/dx exists and 1s given by
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(5:8) & 7@ = w Xz x (x).

Henoce y(x) satisfies the differential equations and boundary

conditions

Ylbﬂ ';2-.; o (I)Aij[x(x)] YJ (x),

k
(5:9) 8;[y)= éi qZ=‘1 myg4.qY5l8q) = 0,

(£ =1,2,¢s.,n),

and is further restricted by the conditions that the components
of y(x) are continuous across the intermediate points 8oy Bzyeen,
ak-l‘ Corresponding to the fundamental matrix solution W( f ) of
the differential equations of (5:1) in S, it is readily seen that
Y(x)= W{X(x) 1is a fundamental matrix solution of the differential
equations of (5:9) along C; furthermore, the elements of Y(x) are
continuous on the entire interval a; £ x < 8.

Comparing with Seotion 2, (5:9) 1s seen to be of the form
(2:2) with boundary conditions (2:41). Consequently, Theorem 2:5
affords an alternative representation of the adjoint boundary
conditions of the type discussed by Langer. Furthermore, the
Green's matrices for (5:9) may be taken in the form (2:58), In-
verting the transformations (5:5) - (5:8) and utilizing the above
mentioned fact that the curve C may be required to pass through
any presoribed point of S, it is then found that the form of the
ad joint system and the Green's matrices are identical with those

obtained by Langer [5) in the complex domain,
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AN ANALOGUE OF GREEN'S THEOREM FOR MULTIPLE INTEGRAL
PROBLEMS IN TIE CALCULUS OF VARIATIONS

1. Introduction. The problem to be considered is that
of finding necessary and sufficient conditions for the following
equation to hold

(1.1) \/A‘E'-\("Wx‘(x) + w(x)TZ(x)]dA =V/;T((X)V.((X)I.( dz,

(h=1, .., m)

where the integral on the left i1s takon over a bounded region A
of points (x) = (xl, ey xm) and that on the right 1ls taken over
the boundary B of A. The symbol l‘ represents the direction
cosines of the outer normal to B. By the value of an integral of
the form ~ff(x)dB over a plece of the boundary B deflined by func-
tions xi(t), (t on T), will be meant the integral

J; £(x(t)) Ve o, dty, «.., db 5, where c4 1s the cofactor of a,
in the determinant |a, %%ﬁl. (Y¥=1, ¢ee, m = 1). The method used
in this paper 1s essentia!ly a generalization and extension of
that used by llestenes [}I;]* in the two-dimensional case. The
proofs here given have the advantage that no assumptions need to
be made on the behavior of the functions v, outside of the reglon
A + B. Moreover, no assumptions need to be made regarding the
intersections of the boundary with hyperplanes parallel to the
coordinate hyperplanes.

Among other things it 1s shown that equation (1.1) holds
if and only if the relation

#poman numerals in brackets refer to the bibliography at
the end of this paper.

(457) 1
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(1.2) f;' w(x)dA =/;' v*(x)I‘ dB

13 satisfied for every m-dimensional cube A!' whose closure is in
A and whose sides are parallel to the coordinate hyperplanes.

This is done under very general hypotheses concerning the boundary
B and the functions v,(x) and w(x). If the function w(x) is con-
timious and the functions v,(x) have contimious derivatives then
equation (1.2) is equivalent to the equation w = v.,xd. Setting

Yl-—- land w= v‘\x“l in equation (1l.1), one obtalns Green's formula

fAv‘x“dA=J; v, X, dB.

Thus equation (1l.1l) can be considered to be an analogue of Green's
formula. Since our proofs are made independently of Green's
theorem, they constitute a proof of this theorem for m-dimensional
space.

Equation (1l.1) arises in the study of the first variation
of a multiple integral of the form

Ay oY
\jA‘fEcl, cees Xpy T1(X), e, yp(x), 5;%, ceey a-fxﬁ]dA.

By means of this equation and, in particular, equation (1.2), one

obtains the Haar-Coral equations

J:fyi da afB fyix‘z" dB, (1 =1, «o., n)

edge conditions, and an analogue of Jacobl's condition for a
minimizing manifold of class c'.

After formulating the problem in Section 2, we proceed
in Section 3 to show that equation (1l.1) holds for all admissible
functions if and only if it holds for certain special classes of
admissible functions. Section 4 1s devoted to the proof of

Green's Theorem and other assoclated results. The previous
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results are generallzed further in Sections 5 and 6 by considering
a more general type of boundary B and discussing the case in which
vy (x) have certain types of discontinuities. In Section 8, some
of the previous results are applied in proving theorems which are
useful in mechgnics. The remainder of the paper is concerned
with applications to the problem of the calculus of variations

for multiple integrals and includes the derivation of Haar-Coral
equations, edge conditions, and an analogue of Jacobi's condition.

2. Analytic formulation of the problem. In Sections 3

and 4 a reglon A of points (x) = (xl, ooy xm) will be called an
admissible region in case it is bounded and its boundary B is
non-singular and of class c'. Then the boundary B can be repre-
sented locally by equations of the form x, = X4 (tl, ceey tm-l)’
(4=1, ..., m), where the functions x,(t) are of class c¢' and
the matrix “%l; ,(¥=1, veo, m=1), 1s of rank m - 1. A func-
tion will be sald to be of class c' on A + B in case it 1s con-
tinuous and has a continuous differential on A + B.

By an admissible function M(x) will be meant one belonging
Y

to a class N of continuous functions on A + B having the follow-
ing properties: (1) Every non-negative function of class c¢® on
A + B is in N; (2) The product of a function in N by a non-
negative function of class c® on A + B 1s in H; (3) on each
interval a, 3 xy S by in A, & function Yl(x) in N 1s absolutely
continuous in each variable Xy eoes Xy when the remaining vari-
ables are fixed and the derivatives '{T, = '73.\ are integrable on A.

The smallest class of admissible functions is the class
Hy of all non-negative functions of class ¢®on A + B, The larg-
est class 1s the class Hy of all functlons having property (3).
Any subclass of Hy containing H; and having property (2) is

admissible. The class commonly used in the calculus of variations
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is the class of all functions of class c' on A + B. These func-
tions form a class of admissible functions.

Let v1(x), «.., Vy(x) be m real valued functions which
are continuous on A + B, and let w(x) denote a real single valued
function that 1s integrable on A in the sense of Lebesgue.

We shall find necessary and sufficient conditions for the
following equation to hold

(2.1) J: (vy Ty + wlz)dA =J;)Z v X4 4B,

where 11, ooy Im are the direction cosines of the outer normal
to B. Here and elsewhere the repetition of a subscript will
denote summation unless otherwlse specified.

In Section 5, the class of admissible regions will be
enlarged and in Section 6, we shall discuss the case where the
functions v, have certaln types of discontinuitles. We restrict
ourselves to the case here described in order to simplify the
argument.

In Section 3, the following result will be used.

Lemma 2.1. The form of equation (2.1) 1s unaltered by a

rotation or translation of axes.

Since the form of equation (2.1) 1s obviously unchanged
by a translatlion, conslder a rotation Xo = AggZar (d, B =
1, ..., m). Let y(z) represent the function into which Il(x) is
transformed by this rotation. The derivatives p, & yz‘ and
M l"(x.L are connected by the formula i = A 4Pg. If we set
V'a 2 v Ay then Vypy = v, fry + Moreover, the direction cosines
of the normal to B are related by the formula X, = A qLq; Wwhere
the symbol Lg represents the new direction cosines of the normal
to the boundary B. Thus, we see that v.‘I.l = v‘(A“L,,) = V,,La and
integral (1l.1) takes the form
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J. Gyrg + e = [ vy .

This completes the proof of Lemma 2.1.

3. Preliminary Theorems. In this section it will be
shown that equation (2.1) holds for all admissible functions ‘(x)
if and only if 1t holds for certain special classes of admissible
functions., As a first result, we have

Theorem 3.1. The equation (2.1) holds for every admis-

sible function rl(x) if and only if to each point P on A + B there
1s & neighborhood N of P such that equation (2.1) 1s true for

every admissible function 7l(x) which is identically zero on
A - AN.
In order to prove this, cover A + B with a finite number

of spheres X,, Ky, ..., K, with centers P;, ..., P, on A + B and

q q

radil r;, ..., r; such that equation (2.1) holds for every admis-

sible function ‘)l?x) which vanishes on A - AKy', where K;' 1s a
sphere of radius 2r; about the point Py. Let d4(x) be the dis-
tance from the point (x) to the point P; and set hy(x) = h(.d.i‘h(_xl),
where h(t) 1s defined to be a function of class c® and such ttxat
for t 21, h(t) =0; for t 2 2, h(t) = 1; and h'(t) 2 0. A func-
tion of this type used by Hestenes [XII] in a similar situation
is the function h(t) having h(t) = 0 for t S 1; h(t) =1 for
t 2 2; and h(t) = o8(E)/1-t £orn 1 <t < 2, where g(t) = ol/t-2,
Let Il(x) be any admissible function and consider the
functions

7(1 = (1~ hl)’(n
72 = h(1 - b2y,

7‘; = hiyhg, .., hq_l(l - hq)7.

(3.1)



6 CARSON: AN ANALOGUE OF GREEN'S THEOREM (462)

Adding, we obtain )z= 7.1 + )(2 + ece + 72(; + hlhz...hqvl. Since the

function hy vanishes on sphere Ky and the spheres Kl, ooy Kq
cover A + B, the product hlha“'hq 1s identically zero on A + B

and we have YL="Zl +‘72 + oo +7(q on A + B. Let

L()-f(vfn +W)dA-f Ly dB.

1 A 1 5 [/

Since the functions )Zi vanish on A - AKl', it follows that
L(zi) = 0., Due to the linearity of L(’l), we have

(3.2) L(‘r() L(’ll + 7(2 + e 4 'zq)

L(?ll) + L(?{z) + v 4 L()zq) =0

n

as was to be proved.

Theorem 3.2. Equation (2.1) holds for every admissible

ﬁmctionvl(x) E and only if it holds for every admissible func-

tion T}x) which vanishes on a neighborhood of the boundary.

Using the criterion that equation (2.1) holds for every
admissible function'l(x) vanishing on a neighborhood of the
boundary, we know that to each point P of A there is a neighbor-
hood N of P such that L(7} = 0 for every admissible function ¥ (x)
which vanishes on A - AN. 1In order to complete the proof by use
of Theorem 3.1 we will show that points of B have the same pro-
perty.

By Lemma 2.1, we can assume that the boundary point P
under consideratlion i1s the origin and that the positive xm-axis
is the inner normal of B at P. We define a neighborhood N of P
by the inequalities

(3.3) -6 <xy<e, -e'<x <e' (v=1, ¢ec, m - 1),

where e, e' are so small that the boundary of B in N can be

defined in this neighborhood by an cquation of the form
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Xp = £(x3, Xg, 4eo, Xp-1)s the function f being single-valued and
of class ¢' in the region defined by inequalities (3.3). Let

H(x, r) = n(fm =1

where r 1s an arbitrary positive parameter and h(t) is the func-
tlon used 1n proof of Theorem 3.1 above. We have H = O when

X Sf +rand H=1 when X, 2 £ +2r. Consider an admissible
function )l(x) vanishing on A - AN and let j be equal to H?l on N
and ldentically zero elsewhere. The function f is admissible and
vanishes at all points of N for which x; S f + r. Therefore, [
vanishes in a neighborhood of the boundary B, so that L(j) =0 by
virtue of our hypothesis. Thus we have

0 =1L(Y) =£N (v‘)‘x‘ + wI)dA -‘f];N‘Iv‘I‘ dB
-~[A‘N H(v, T, + wY)dA +./;N‘7v.,ﬂx.l da

from which we find that

fAN H(v,m, + vnl)dA = -j;N?v"qu da.

The first member of thls equation has the first member of equation
(2.1) as its limit since H approaches 1 when r tends to zero. It
will be shown that the remaining part of this equation has the
second member of equation (2.1) as its limit., In this connection,
we note that Hx-l = 0 when X Z f + 2r., Taking r sufficlently
small and setting X = £ + rt, we have

VI + ix II
'fm’l"""*"‘)ﬂx, da =j:m PRV R (01 —f s

where X = (X9, eee, X 9, £ + rt), (=1, ..., m), and the symbol
Z.( represents the direction cosines of the outer normal to the

boundary B. The integral may then be written in the form
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2
dB\jﬁ X X)X, ht(t)dt.
fBN ovz()mm (t)

Taking the 1limit as r approaches zero, the result is

2
(x)v (x)X dBf ht(t)dt =f (x)v, (x)1, aB
‘j;NY 4o B)Z 4
since Tl vanishes outside BN. This completes the proof of

Theorem 3.2.

Theorem 3.3. The equation (2.1) holds for every admissible

function yl(x) if and only if to each point P of A there 1s a neigh-

borhood N of P whose closure is in A and such that equation (2.1)

holds for every admissible function )l(x) which vanishes on A - AN.
In proof of this result, let VL(x) be an admissible func-
tion vanishing on a neighborhood N of boundary B. Proceeding as
in the proof of Theorem 3.1 with A + B replaced by A - AN, cover
the bounded closed set A - AN by a finite number of spheres
Kl, ooy Kq with centers Pl, ooy P':1 on A and radii Py ccey rq.
These spheres can be chosen such that for each i the sphere Ki'
of radius 2r1 about point Pi lies interior to A and 1s such that
equation (2.1) holds for every admissible function which vanishes
on A - AKi. Construct functions hi(x) related to the spheres Ky
and Ki" as in the proof of Theorem 3.1l. Let 17 ceee 'zq be
given by the formulas (3.1). Then "ZB 7(1 + cos +>Zq on A - AN.
Since, however, ’rtand hence 7(1, e, -,Zq are zero on AN 1t follows
that 'bz= 71 + oo +.'(q‘ on A + B. By use of the formulas
L(')zi) =0, (1=1, ..., q), it is found that equation (3.2) holds.
The criterion described in Theorem 3.2 is accordingly implied by
the one given in Theorem 3.3. The converse is immediate.

Theorem 3.3 now follows from Theorem 3.2.

Theorem 3.4. The equation (2.1) holds for every admissible

function 'rl(x) Af and only if 1t holds with A, B replaced by Aj,
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By for every admissible subregion AO of A whose boundary Bo is

also in A.

An admissible subregion Ay of A is, of course, one whose
boundary By has the properties required for the boundary B of A.
In this theorem the class of admissible functions associated with
Ay + Bp 1s understood to be the class of admissible functlons
that 1s assoclated with the original set A + B. The result in
Theorem 3.4 can be proved by use of Theorem 3.3. Let P be any
point of A. There 1s a spherical neighborhood A0 of P whose
closure is in A. This region 1s obviously an admissible subregion
of A. By virtue of the criterion of Theorem 3.4, equation (2.1)
holds on subregion Aj; + B, for every admissible function Y(x)
and, in particular, 1t holds if {(x) vanishes on A - Aj. Thus the
hypotheses of Theorem 3.3 are satistied and application of this
theorem completes the proof of Theorem 3.4.

Theorem 3.5. The results described in Theorems 3.1 to

3.4 hold when A is an interval represented by inequalities of the

form a, < xy < by, (=1, ..., m).

This result follows from the more general result given in
Theorem 5.2. A more elementary proof, however, 1s given below.
The arguments for an interval A are llke those given previously
except in the proof of Theorem 3.2, where an additlional argument
1s needed in order to show that equation (2.1) holds when the
criterion described in Theorem 3.2 1s satisfied. In order to
prove Theorem 3.2 for an interval A let us suppose that the for-
mula (2.1) holds for every admissible function 1(x) that i1s iden-
tically zero on a neighborhood of k (k £ 2m) of the faces of the
interval A. We shall show that if k is greater than zero, then
the formula (2.1) holds, also, for every admissible function
having q(x) & O on a neighborhood of K - 1 of the faces of A.
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To this end, consider an admissible functionfl(x) that is iden-
tically zero on a neighborhood of k - 1 faces of A. We can sup-
pose that there is no neighborhood of the face Xy =8y on which
)lis identically zero. For convenience, suppose a) = 0. Let

h(t) be the function used in the proof of Theorem 3.1 and set

H(x, r) = h(fx-}), where r is an arbitrary positive constant. Since
H = 0 when xj < r, the variation y = H)l vanishes on a neighborhood
of k of the faces of A and hence L(y) = O, that 1s

(3.4) ‘/;(v‘ Ta + wr’)dA = —\/;'tzv‘ﬂz*dA +£1 H'lv‘i‘ dB,

where By 1s the boundary of A with the face X = 0 excluded.
This face can be excluded, since H = O when Xy = 0. As r tends

to zero, the first and last integrals have respectively the limits

(3.5) J;("uf"-t +w)l)dA, ‘[B‘r(v*li dB,
1

since 115;8 H=1on A + B except on the face X; = 0. The remaining

integral can be written in the form

b b 2r
2 dx:
J ...f mdxz, eeey d.xmf 'zvlhl(fx.‘l._r}. (2r<b1)
ay L (o]

x:
since By, = 0 (ol > 1), Hxl = h'(.FJ:)/r and Hxl = 0 when x; > 2r.
Setting x; = rt this integral becomes

.fazz ,,,‘L:m axp, .ee, d:nmj;2~rzvh'(t)dt.

Letting r tend to zero and using the relations h(0) = 0, h(2) =1,
we obtain as a 1limit the expression

(3.6) -L:z f.:m v1dxp, ..o, dxm=‘/;27v‘i‘d3

where By 1s the face xy = 0 amd 1y, Zp, ..., Im are the direction
cosines (-1, O, ..., O0) of the outer normal of By relative to A.

In view of equation (3.4) and the limits (3.5) and (3.6), it
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follows that equation (2.1) holds for an admissible function Yl(x)
having ll(x) = 0 on a neighborhood of k - 1 of the faces of A.
Letting k take successively the values 2m, 2m - 1, ..., 1 it 1is
seen from the result just established that the criterion described
in Theorem 3.2 implies that equation (2.1) holds for an interval
A. This completes the proof of Theorem 3.5.

4. Analogue of Green's Theorem. If ')l i1s set identically

equal to one in equation (2.1) this relation takes the form

(4.1) J;v aa =J; v Ly aB.

This result suggests the following criterion for equation (2.1)
to hold.
Theorem 4.1. The equation (2.1) holds if and only if the

formula

(4.2) L'M=£' v, X, dB

holds for every m-dimensional cube A' whose closure is in A and

whose faces are parallel to the coordinate hyperplanes,

Let A' represent an m-dimensional cube on 4 at a distance
d > O from the boundary B and whose faces are parallel to the
coordinate hyperplanes. Each point of A is interior to a cube of
this type. By Theorem 3.3, it will be sufficient to show that
equation (2.1) holds for every admissible function ’ll(x) which
vanishes on A - AA' when the criterion described in Theorem 4.1
1s satisfied. We shall mske use of the following integral means”

1 . 1
(4.2) V‘(x, r) .W\/:r Vd(ﬂ)dﬁ, W(x, r) = (2r)mf;r w(s)da,
(0 <r < d),

¥por a discussion of integral means see, for example,
Levin [XIV].
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where (s) = (al, esey sm) and A, 1s the region x4 - r 5 8,

Sx,+r, (d=1, ..., m). By hypothesls, we have

L'wﬂ-j;' vdiddB-O.

When we divide each member of this equation by (2r)™ and use rela-
tions (4.2), we find that W - v&xd = 0 on A' + B',
Ir Wl(x) is any admlissible function, we have, by means of

iterated integration, the relation

Jo o e g - wamm o) g e

Thus, it is seen that

f,:. (V,fry + Wyaa =/;'7zv‘z‘ dB.

Taking the limlt as r tends to zero, the result is

J;' (v 1 +w)()dA =\f;'7(v‘1¢ dB.

Thus, equation (2.1) holds for any admissible function‘z(x) which
vanishes on A - AA'. This result and the application of Theorem
3.3 complete the proof of the direct theorem. The proof of the
converse follows immediately from Theorem 3.5.

Corollary 1. The equation (4.1) holds for A when it

holds for every m-dimensional cube whose closure 1s in A and whose

faces are parallel to the coordinate hyperplanes.

It is interesting to observe in passing, that the cubes
A' + B' used above are not admissible subregions in the sense
described in Section 2, but Theorem 3.3 does not require that the
nelghborhoods N be admissible subregions of A.

As a consequence of Theorem 4.1, we have the following
result.

Theorem 4.2. Suppose that on each cube a

s s
‘_x‘_b‘(i_na
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the functions v, are absolutely continuous in each variable =g

when the remalning varlables are fixed, except on a set of

(m - 1)-dimensional measure zero. Suppose, also, that Vaxy are

integrable on A. Then equation (2.1) holds if and only if

wEVv

ux , 8imost everywhere on A.

By Theorem 4.1, equation (2.1) holds if and only if
equation (4.1) holds for all m-dimensional cubes A! whose faces
are parallel to the coordinate hyperplanes. It remains to be
shown that equation (4.1) holds for such cubes if and only if
w= v‘xd almost everywhere on A.

By iterated integration i1t can be shown that

v[A: de‘dAzj;' V.(x.(dB

where Z* are direction cosines of the outer normal to B!'. Equa-

tion (4.1) holds if w = v,y . Therefore, we have the relation

o
wdA = v dB = v dA.
J:- \f;' wa A "Fa

From this follows the relation

\f:u (w = Yux )44 =0

which holds for all cubes A' with sides parallel to the coordinate
hyperplanes only if w = v.‘x’l almost everywhere on A. This com-
pletes the proof of Theorem 4.2.

We have as an immediate consequence of this result the
following corollary which is dlscussed by Huke D(III, pp. 55 I‘f.].

Corollary 1. The equation

Juwme=o

holds for every admissible mnctionll(x) with 78 0 on B, if and

only if w = O almost everywhere on A.
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This result follows from Theorems 3.2 and 4.2 with Vg = 0.
When w = O we have by these theorems the following further result.
Corollary 2. If the functions v,(x) are of class c¢' on A,

the equation

(4.4) f v, Myda =0
A

holds for every admissible ﬁmctionrl having )li 0 on B, if and

only 1f v“x‘ = 0. Moreover, if v“xu = 0 on A one has

(4.5) J1;| VoI, @ =0

where B' 1s the boundary of an admissible subregion of A.

Green's theorem may be obtained as an immediate consequence
of Theorem 4.2. Thls constitutes a proof of the theorem for an
m-dimensional reglon A, having a boundary B of the type described
at the beginning of Section 2. The proof will be extended to hold
for a reglon having a more general type of boundary in Section 5.

Theorem 4.3. (Green's theorem). Under the hypotheses of

Theorem 4.2, the equation (4.1) holds when w = Vexy almost every-

where on A.

By Theorem 4.2, equation (2.1) holds ith w = v,‘x.(. Set-
ting "l= 1 it 1s seen that equation (4.1) holds with w = Vax,s 88
was to be proved. This theorem 1s sometimes called Green's Lerma
or Gauss's Theorem.

5. Extension of the class of admissible regions. In

order to simplify the argument in the previous sections, we re-
stricted ourselves to intervals and to regions having a boundary
of class ¢' and non-singular. In this section, we shall consider

& more general type of boundary as described in the following

theorem.

Theorem 5.1. The results described in Sections 3 and 4
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are valid 1f the clasa of admissible regions A 1s extended to in-

clude regions whose boundary B can be subdivided into a finite

number of non-singular (m - 1)-dimensional subspaces of class c!

whose intersections form a set E having the following property:

there exist positive numbers q and s with s < m - 1 such that,
given a number r > O, the quantity q/r* is an upper bound of the

number of points in a set D, on E, chosen 8o that the distance

between any two points of D 1s at least r.

Let r be a positive number and select a maximal set of
points Pl, ess, By on E, each pair of which are separated by a
distance not less than r. Conatruct spheres of radius r with
centers on Pl, oeey Py. The spheres define a neighborhood N' of
edge E. Consider, also, the nelghborhood N of E which can be
formed by constructing spheres of radius 2r and centers on
Py, ees, P, Observe that there is a number e independent of r
and such that any sphere of radius 4r contains at most e of the
points Py, «.., Py Let Hj(x, r) = h(ilé‘fl), where h(t) 1is the
function defined in Section 3, and dJ(x) is the distance of point
(x) from the point PJ. Setting H(x, r) & HyHy...Hy 1t 1s seen
that outside the neighborhood N of E, H = 1 and Hx‘ = 0, while
inside the neighborhood N' of E, H = 0 and Hy o 0. Moreover,
since at most e of the functions Hj are different from 1, it fol-
lows that the absolute value of H’tl i1s not greater than Ge/r,
where G is an upper bound of h'(t). Consider now an admissible
function Yl(x) and let T- Hll. Since ]'= 0 in the neighborhood N!
of E, 1t can be shown that equation (2.1) holds for ]"by an argu-
ment similar to that used in proof of Theorem 3.2, where the 11
used there is replaced by$. Thus we have

fA (V“I‘ﬁ +wfaa =L v X, aB.
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Replacing | by ml, we find that

In the limit as r tends to zero, this equation will become the
equivalent of equation (2.1) if it can be shown that the second
integral has zero as its limit. Let M be an upper bound of the
values of nv‘ on A. Observe that the m-dimensional measure of AN
cannot exceed (q/r%)cr™, where c is a constant. Since Hx* is
identically zero on A - AN, the absolute value of the second

integral 1s not greater than
(¥m) (Ge/r) (q/r®)cr™ = MmGeqe-r™~5-1

which tends to zero with r, since s <m - 1 and the remaining
terms are constants. This completes the proof of Theorem 5.1.

Theorem 5.2. The results described in Sections 3 and 4

hold if the class of admissible regions A 1s extended to include

reglons whose boundary B can be subdivided into a finite number

of non-singular (m - 1)-dimensional subspaces of class c' having

the following property: The boundary of each (m - 1)-dimensional

subspace of B can be subdivided into a finlte number of parts,

(5.1) x“(tl, eosy tm-2)’ (tonT; ad=1, ..., m)

which are Lipschitzian on T, the set T being bounded and closed.

It will be sufficient to prove that the intersections of
the (m - 1)-dimensional subspaces of B form a set E for which the
hypotheses of Theorem 5.1 are satisfied. To do so we restrict
ourselves to one plece of the set E given by equations of the form
(5.1). This procedure 1s valld because if each plece of this type
has the property described in Theorem 5.1, the whole set E has
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this property, since E 1s composed of a finite number of such
rleces. Conslder, therefore, one of the subdivisions E! of E

given by equations (5.1) and let K be a positive number such that
(5.2) I (8) = (e || <& Jo - o]

where “x‘ i1s the positive square root of 112 + s ¢ xmz and “t“

2 + oo 4 tm_zz. Let r be a pos-

is the positive square root of t,
itlve number and let Py, ..., Py, be a maximal set of points on the
subset E' given by equations (5.1) and such that any two points are
separated by a distance d Z r. Let Ty, ..., Ty be the points in

T which correspond respectively to the points Py, seey By. By
relation (5.2) the points Ty, ..., Ty, are at a distance d 2 r/K
apart. The number of points of this type will be shown not to
exceed a quantity q/rm'2, where q 1s a constant independent of r.
To prove this we can suppose that T is an (m - 2)-dimensional cube
of side c. We now choose the greatest integer h < cK/r. Hence

r <ck/h Er'. It is to be observed that r 2 r'/2 since 2h 2

¢K/r. If we divide T into nm-2 equal subcubes of side c/h, the
number of points in a maximal set in one of these subcubes, at a
distance d 2 r'/2K = c¢/2h apart is exceeded by a number q' which
is independent of h., The number of points In T in a maximal set

at a distance d Z r/K 2 r'/2K, therefore does not exceed
Q™2 = g1 (ck/r")™2 < q'(cK/r)™E = q/r™?

where q = q'(cK)m'2 1s a constant independent of r. This completes

the proof of Theorem 5.2.

As a special case of thls theorem for three-dimensional
space we have the following result.

Theorem 5.3. When region A 1s three-dimensional, the

results of Sections 3 and 4 are valid for the case in which the
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bound. B 18 composed of non-singular surfaces of class c' which
boundary B 1s composed ol Al of

intersect in a finite number of rectifiable curves.

This follows because the functions x(*(a) defining a rec-
tifiable curve are Lipschitzian, when the parameter s is the arc
length.

6. Extension of the class of functions v,. In this sec-

tion, we shall consider that the functions v, are such that A + B
can be sub-divided into a finite number of parts on each of which
v, are continuous and such that each part 1s a region of the type
described in Sectlion 5. The following result will be proved.
Theorem 6.1. Equation (2.1) holds for every admissible

function y\(x) if and only if the following two conditions hold:

(1) at each point on an (m - 1)-dimensional manifold R of discon-

tinuity of v, the function v;Z, is continuous along the normal to
Linulty of vy Lne funcblom Vyly 1S the to

R, whose direction cosines are represented by 1‘; (2) equation

(4.1) holds for every m-dimensional cube A' which has its closure

in A, 1ts faces parallel to the coordinate hyperplanes, and con-

talns no point of discontinuity of one of the functions v,.

First we shall prove that criteria (1) and (2) described
in the theorem are sufficient to insure that equation (2.1) holds
for every admissible function ‘vl(x). Let Ay, ¢, A, be the admis-
sible subregions of A on which v, are continuous and let Bl' ceey,
B<= be their boundaries. By criterion (2) and Theorem 4.1, the
formula (2.1) holds for each A; and hence for their sum. We thus

f(vdrr* + wyp)da f’rtv*I.\dB
6.1
;‘_4\ 'Q(I vl +I, Iy ")dR.

where the symbol R“ represents the common boundary of the sub-

obtain

reglons Ay and A4 and the summation is taken over the A4 and Ay
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which have a common boundary. The symbols % i and 1 1_represent
respectively the direction cosines of the outer normals to Ai and
AJ' Since by criterion (1), the last integral has the value zero,
we have that equation (2.1) holds for every admissible function

yl(x) .

admissible function 1(1) then it holds for each subregion Ai as

On the other hand, if equation (2.1) holds for every

described above, and hence equation (6.1) is satisfled. Since
equation (2.1) holds for A + B, the last integral is zero for
every admissible function'qﬁx), which is possible only if I‘va
is continuous along the normal to R. Thus we have shown that
criterion (1) 1s necessary.

To prove the necessity of criterion (2) consider a cube
A!' + B! as described in the theorem. Since equation (2.1) holds
for every admissible function q(x) on cube A' + B!, take 7 = 1.
Thus it is seen that equation (4.1) holds and that criterion (2)
is necessary. Furthermore, by using Corollary 1 of Theorem 4.1,
i1t can be shown that equation (4.1) must hold for each admissible
subregion Ay on which the functions v, are continuous.

7. Applications. In this section we shall prove a few
theorems which are useful in mechanics and elsewhere. It 1s to
be noted that the proofs hold for an m-dimensional region A with
boundary B of the type described in Section 5.

Theorem 7.1l. Suppose the equations

(7.1) £f(x)aa = [ w, (x)Z, dB,
§, o=

(7.2) on g(x)da =fBO v, ($)a 4B,

hold for every m-dimensional cube A, whose closure is in A and

whose faces are parallel to the coordinate hyperplanes; where £(x)
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and g(x) are integrable in A and the functions u(x), v(x) are of
class c¢' on A + B. Then the following equation holds

(7.3) J; (ug - vf)da -J; (uvxd - vuxd)I,\ dB.

By Theorem 4.1, the hypothesis concerning equation (7.1)
implies that the equation

(7.4) IA (uxx.lﬂ,t + maa =f3715‘d1“ aB

holds for any admissible function Yl(x). Choosing )l= v in this

equatlion we obtaln

(7.5) f (u, v, + v£)da =f aB.
A Ux 'z, B "uxixd

By a simllar method, we f£ind the equation

(7.6 f v + ug)da =f v dB.

Now subtracting equation (7.5) from equation (7.6) the
deslred result is found,

As a consequence of Theorem 7.1, we have

Theorem 7.2. Suppose that u(x) and v(x) are of class c!

on A + B and that their second derivatives exist and are integrable

on A. Then the following equation is satisfied

(7.7) J; @(av) - v(au)]da =J; (uE - vid)am

where Av 1s the Laplacian Av = VX, %y and g‘% 1s the outer normal

derivative.

By Theorem 4.2, it follows that equations (7.1) and (7.2)
hold with £ =Au and g = Av, so that the desired result follows
immediately from Theorem 7.l.

Theorem 7.3. Suppose that v(x) 1s of class c¢' on A + B
and that 1ts second derivatives exist and are integrable on A.
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Then if u(x) is an admissible function the following equation

holds
dv
(7.7) ﬁ (ux‘vx.‘ + udv)da =J; uyg-

By Theorem 4.2, equation (2.1) holds if we let w = Av and
replace vy by v R If 'Q i1s then set equal to u the result 1is
equation (7.7), which completes the proof of this theorem.

In order to find a further interesting result, consider
a set of functions Ryy(x), (&=1, .ccp, m; 1=1, «vo, m - 1) and
the symbol {a%nﬁf which will represent the suméa—;%:, where vy 1s
the cofactor of Id in the determinant IIAR,“[. We are now in po-
sition to state the following theorem.

Theorem 7.4. If the functions Ryy(x), (=1, ..., m;

¥=1, ..., m - 1), are of class c' on A, we have

(7.8) L !gqﬁ*, aa =J;

This result may be proved immediately by use of Theorem

I‘R‘.f'dl} .

4.3. Let v, be the cofactor of X4 in the determinant |Z R«y| and
let w = ';;?':Rdd |, then w = ééx—‘vo\' Application of Theorem 4.3 com-
pletes the proof.

8. PFurther results. e now restrict the admissible func-

tions 1[(;:) to be non-negative on A + B and we shall consider the

relations

(8.1) \f; (va Tl + wipda :fl;vlv,(x,( dB,

(8.2) j; w da :\/; v 1, dB.

The theorems of Sectlons 3, 4 and 5 and their proofs hold if
equations (2.1) and (4.l1) are replaced respectively be relations
(8.1) and (8.2). Results similar to these and thelr applications

are discussed by Levin [XIV] for the two-dimensional case under



22 CARSON: AN ANALOGUE OF GREEN'S THEOREM (478)

less restrictive hypotheses on the functions v,. The following
theorem 1s formed by making the above mentioned changes in
Theorems 3.2, 4.1 and 4.2. The boundary is considered to be of
the type described in Section 5. The proofs are similar to those
of the theorems just mentioned.

Theorem 8.1. The inequality (8.1) holds for every non-

negative admissible function Y)(x) if and only if it holds for
Y(x) if and only if it holds for

every non-negative admissible function 7(x) vanishing on a neigh-
24 7[ ng on & nelgh

borhood of the boundary B. Moreover, the inequality (8.1) holds

for these functions 1f and only if the inequality (8.2) is satis-

fied for every m-dimensional cube A' whose closure is in A and

whose faces are parallel to the coordinate hyperplanes. If the

functions vy have the property described in Theorem 4.2, then the

inequality (8.1) holds for every non-negative admissible function

if and only if the relation w Z holds almost everywhere on A.

Vax,
Finally, the above results hold if all inequalitlies are reversed

or if all inequalities are replaced by equalitles.

9. Formulation of the problem of the calculus of varia-

tions for multiple integrals. In the remalnder of this paper the

symbol x will represent a point in m-dimensional space X, as
before, and y will represent a point in n-dimensional space Y.
The symbols A and B will have the same significance as before,
the boundary B being of the type described in Section 5. The
partial derivatives g—i-i will be represented by p‘i . Here and in
the remaining sections the index i will range from 1 to n and o
from 1 to m« Let R be a region of XYP space. A function y(x)
willl be said to be of class D' on A + B in case it is such that
A + B can be subdivided into a finite number of admissible sub-
regions on each of which the function y(x) is of class c¢!'. An
admissible manifold will be one having all of its elements
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interior to R and with defining functions yi(x) of class Dt.
Our problem is then to find among all admissible manifolds

¥y =y(x), (x1in4)
having a common boundary L, one which minimizes the m-tuple inte-
gral

(9.1) I =L f(x, y, plda

where f 1s of class ¢" in the region R.

10, Necessary conditions associated with the first vari-

ation. Let E be an admissible manifold defined by yi(x) and con-
sider a one-parameter family of admissible manifolds

vy = y(x) +€‘l(X)

where 71(:() is an admissible manifold vanishing on B. If we re-
place y(x) by y(x) +e)l(x) in the integral (8.1), the result is

I(€) =ﬁ £x, y(x) + é?(x), PJaa

where p represents the partial derivatives fx—d[y‘-(x) +e1l(x)]. If
E 1s a minimizing manifold, then for € sufficiently small y(x) +
e)l(x) is an admissible manifold and I(€) must have a minimum for

€ = 0. Differentiation of I(€) with respect to € yields

' = n" da
(10.1) I'(€) = A (fy11(1 + fp-i 1 )

o PN
where the symbol [T, represents a"%. Evaluating I'(€) for
€ = 0, we have

LS
(10.2) 11(0) =j: (£, + £p8 1Ty daa

which is called the first variation of the integral I along mani-

fold E. A necessary condition for E to be a minimizing manifold
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1s that I'(0) = O for every admissible variation bl(x) vanishing
on B. Theorem 6.1 can be used to establish the following result.

Theorem 10.1. When y(x) defines a minimizing manifold E
of class D', the equation

(10.3) f(fy'lli‘l'f"ﬂi YA f?if

holds for every admissible variatlon-fl(x). Moreover, equation

(10.3) holds on E for every admissible variation )z(x) if and only
if the following two conditions are satisfied: (1) at each point

on an (m - 1)-dimensional manifold R of discontinuity of I‘pc;(. the

function fpl X“ is continuous along the normal to R, whose direc-
1

tion cosines are represented by Iq; (2) the equations

(10.4) f‘-o fy, o =‘/;o Ip¢ Xy aB

hold for every m-dimensional cube AO which has its closure in A,

its faces parallel to the coordinate hyperplanes, and contains no

point of discontinuity of one of the functions fp: .

It 1s to be noted that by Corollary 1 of Theorem 4.1,

criterion (2) implies that equations (10.4) are satisfied for
every subreglion Ag + By of A on which the functlions y(x) are of
class c¢'. These are known as the Haar-Coral ﬁII] equations,

By use of Theorem 4.2, we can establish the following
result.

Theorem 10.2. (Euler equatlons). On every portion of a
minimizing manifold E where the functions yi(x) are of class c",

we have

F)
Q. & - = .
(10.5) ryi 5 fp-i 0

As a further result we have [cf. XIV]
Theorem 10.3, If an admissible manifold E defined by
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functions y,(x) of class c' affords a minimum to I in the class

of admissible manifolds defined by functions Y,(x) for which

Y1(x) 2 y4(x) on A, then the inequality

10.6 < «
(10.6) ‘f; (ryiqzi + I Ty )da .2./;714‘.'1)1 Ly 4B

holds on E for all non-negative admissible variations'qi. The

inequality (10.6) holds on E for these variations if and only if

one has

10.7 £ 2

on every cube A' whose closure 1s in A and whose faces are parallel

to the coordinate hyperplanes. If E minimizes I in the class of

admissible manifolds defined by functions Yi(x) for which Yi(x)

s y4(x) on A, the inequalities in (10.6) and (10.7) are reversed.

This result follows from Theorem 8.1 since if E minimizes
I in class of functions ¥;(x) for which Y;(x) Z y;(x) on A, then
the first variation of I for Yi(x) satisfies the relation I' Z O
for non-negative admissible variations 71(x) vanishing on B, If,
on the other hand, E minimizes I in the class of admissible mani-
folds defined by functions Yi(x) for which Yl(x) s yi(x) one has
I'(0) 2 0 for non-negative admissible variations vanishing on B,
so that the inequalities (10.6) and (10.7) are reversed.

11. Further necessary conditions. In this section we

find further necessary conditions by transforming the problem into
parametric form. We shall prove the following result.

Theorem 11.1. Let E be & minimizing manifold defined by

functions y(x). 0On every admissible subregion Ag + Bg of A on

which the functions y(x) are of class c', the following equations

hold
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a
(1101) fAO fx‘ dA = Bo (fJ‘O- Pi fpoi )1°dB’ (a= 1’ ccey m)o

Moreover, at each point P on a manifold R of discontinuity of the
functions fp‘i the function

o
(11.2) (£dug - 2y 1,0 Vg

1s continuous along thé normal to R, where h 4 grepresent the direc-

In order to prove this result, we apply the transformation
(11.3) x, = x,\(tl, ceey tm)

to the integral I. Then we have y(x) = y(x(t)) = Y(t) and after
differentiating, the result is

(11.4) rf = p: x‘,%

where the notation rg represents Yita' After solving for p?_ »

the result 1is

A
(11.5) pp = Ki—"“

where A = Ix_‘tdl and A, , 1s the determinant obtained from A
by replacing the e-th row by rf . These notations were used by
Powell [_kI, PDe. 53-4]. The integral I then takes the form

(11.6) fr F(x, y, q, r)dT

where F(x, y, ¢, r) = £[x(t), ¥(t), ﬁ'—]A, q: ] (x‘ta), and T 1s
the region in t-space corresponding to reglon Ay by transformation
(11.3). This is a problem of the same type as the original except
that now the independent variable 1s t and we have m + n dependent
variablés x(t) and Y(t). By application of Theorem 10,1 to this

problem, we have
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(11.7) fF dr = F. 8 L, d3
7 *d s U s

where S 1s the boundary of T, and Lg are direction cosines of the
outer normal to S.

The partial derivatives F_e# were calculated by Powell

94
(X, pp. 54-5] and were found to be

Fg =1 - pi fp3 ( #not summed)

(11.8)
- pf pf (d# 0).

F,A
9
These results may be stated in the form

= o 52
(11.9) Foé =1d, Pi fpf

i
g
Thus, i1t 1s seen that when the transformation t* = x, 1s applied
to integral (11.6) the result is

- = o
(11.10) Lo £y, G4 = ué; (£d, 4= P1 £58 )1 g 8.
This completes the proof of Theorem ll.l.

We have, also, the further result

Theorem 11.2. On every portion of a manifold E where the

functions y,(x) are of class c", the following identity holds.

o @ P)
. - - 8 ) + - .
SERSERIE f;;(fd;e B 58 ) + 5 gy, - ftpe ) = 0
From this result it follows that equations (11l.1) are a
consequence of equations (10.4) or (10.5) for a minimizing mani-

fold E of class c™.
12. Necessary conditions associated with the second vari-

ation. Throughout this section we shall consider a minimizing
manifold E whose defining functions yl(x) are of class c'. If we
differentiate equation (10.1) with respect to &€ and evaluate at

€ = 0 we have the second variation
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(12.1) 1"(0) =f Zﬂ(x.VZ, m)aa

of the integral I along manifold E; where Y¥r= (ﬂl) and 2 L

denot
enotes the quadratic form Toime 1o e * 2fy1pg 71
+ rpipkﬂ ’Tk. (k =1, **s, n; =1,

For any minimizing manifold y(x) the relations I'(0) =0

0-0‘ m).

and I"(0) Z O must hold. By Euler's theorem on homogeneous func-

tions, we have
v rr‘
(12.2) 20 = ﬂni 1+ _07171.

By Legendre's condition® in the stronger form is meant

that along a minimizing manifold the quadratic form

(12.3) £ By v X
is positive for all matrices wd1 of rank one.
Vie are now in a position to prove the following result.
Theorem 12.1. (Analogue of Jacobi's condition). Let
= y(x) be & minimizing manifold E of class ¢' on which

Legendre's condition in the stronger form 1s satisfied. Further-

more, let Ag be an admlssible subregion of A with boundary BO'

Then there can be no solution M= ui(x) of the n equations

(12.4) J;'n"?i da =£{Ln§ 1.( dB, (1 =1, oo, n)

for all subregions A! of Ao and such that the functions ui(x)

are of class c¢' on Ay + Bg, vanish on By, and have first partial

derivatives not all identically zero at the points of Bo in A,
In order to prove this theorem, let us suppose that the

ui(x) satisfy the n equations (12.4), being of class c' on Ag + Bo»

*For proofs of this necessary conditlon see the papers
V, VII, IX and X at the end of this paper-
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vanishing on By and such that their first partial derivatives are
not all zero at a point P of Bo in A. A portion E of By in a

neighborhood of P can be represented by the equations

(12.5) X4 = S*(tlo coey tm..]_)’ fo #0,

where Id represents the direction cosines of the normal to BO,
and the functions g are of class c!,

Define the variation

(12.6) ‘71(3:) ui(x) on Ay + By

0] outside Ag + Bg.

Making use of relation (12.2) we find that the second
variation for ’Vl(x) is

) - . " :
(12.7) 1"(0) Lzﬂ(x.q.ﬁ)u J;(Q-n‘i‘ 1 *ﬂ’]i?i)d“

Let us now consider the accessory problem of minimiz ng
the integral (12.7) in the class of admissible manifolds Tl(x).
We have, by Theorems 6.1 and 3.2 that

(12.8) 1"(0) =j;0 (@ pe m +ﬂ717li)d.m =0

since \lve.nishes on B. Thus I"(0) takes its minimum value for the
variation "l(x). Therefore, ‘71(1) must satisfy the edge conditions
near P, since these functions constitute a solution of class D!

for the problem of minimizing I"(0). Thus, we have
4 |1 « |2
Idnni | = xdn"j_

where the numbers 1 and 2 indicate that the limiting values are
approached along the normal, first from one side of the edge E
and then from the other side. The right members of these equa-

tions vanish, leawing
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(12.9) z,n,; (x, u, |t =0

duy
on E, where w afx_;'

In addition to equations (12.9) we have at P the equations

(12.10) du, =§—;‘i¢x.‘=gf -?—fidq =0, (¥=1, ees, m-1).

Since the differentials dty are arbitrary, equation (12.10) ylelds
the equations

2uy 9 o N _
(12.11) 57y 5-53 =0, or wjg, =0,

Leaving i1 fixed and solving for wj‘_" gives
a -—
'1 —)11*0
Multiply through equations (12.9) by )i and the result is

R o
Aix.(n"zg =yt A1) =0 7% i =Tk 5% pf ™

(]

This contradicts the Legendre condition, since the matrix w; is
of rank one. Then the admissible variation (12.6) cannot give
I"(0) a minimum, which contradicts the hypothesis that y(x) is a
minimizing manifold. This completes the proof of Theorem 12.1.
As a flnal result we have the following generalization of
Theorem 7.2.
Theorem 12.2. E;i and 71 are admissible variations of

class c¢" then the equations

(12.12) I (n) - 9, 3(¥) |aa = n - < aB
on Buip - 7350 \j;o Prfys - 3124124
hold for every admissible subregion Ag of A, where Ji()l) are the
accessory equations

(12.13) Ji(‘)l) =n71 -?aﬂ”l«.
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o
The symbol k; represents Six*’ the arguments in nki\ and _(),ﬂ.il
are (x, ¥, k) and (x,rl » M), respectively, and 1, are the direction
cosines of the outer normal to Bj,.

In order to prove this result, let us form the identity

(12.13) féiJiﬂl)dA =£o(§1ﬂ71 +§ifpf A “’[Aﬂ_ﬁxﬂﬂf)“
0

which, by Green's theorem, takes the form

(12.14) J;O;g (714 =on(31.a7i +§ir).,,; )aa -f;oginﬂ; 1y dB.

Similarly, we can form the equation

12.15 J dA = dA - d dBc
( ) J:OYi 1(3) ‘/;0(71.a . +?1ﬂk: ) ﬁ071-ak1 1‘
Subtracting equation (12,15) from (12.14) and making use of rela-

tion (12.2), the result is equation (12,12). This completes the
proof of Theorem 12.2.
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