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PREFACE TO THE FIRST EDITION.

HE following pages contain the cxplanation of -methods,

and the investigation of formulae, which I have for some
time past found useful in the discussion of the curves pro-
duced by the rolling or sliding of one curve on another.

These methods and formulie are with a few exceptions
original, and, I believe, new; and my object has been to
present, from a geometrical point of view, solutions of the
various problems connected with Roulettes and Glissettes.
I have ventured to introduce, and employ, the word Glissette,
as being co-expressive with Roulette, a word which has been
in use amongst mathematicians for a considerable time.

The formula of Art. (34) is of course well known; it
is given in Salmon’s Higher Plane Curves, in Walton and
Campion’s Solutions, in Jullien’s Problems, in Bertrand’s
Differential Calculus, and probably in many other books.

The theorem of Art. (37) was enunciated some years
ago, for the particular case of a conic, by Mr Wolstenholme,
and extended by myself to the case of any curve. I have
however recently found a reference to it in the Nouvelles
Annales for June, 1869, from which it appears that it was
given by Steiner in an early number of the same journal.
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For the incisive method of Art. (78) I am indebted to
Mr Ferrers.

It will be seen that the general formula of Art. (50) in-
cludes most of those which precede it, while it is itself
included in that of Art. (77), and that the theorem of Art.
(60) reduces all cases of motion in one plane to the cases of
Articles (50) or (77).

In a future tract I hope to produce some further deve-
lopments of the ideas which arc herc somewhat briefly
treated.

W. H. BESANT.
December, 1869.

PREFACE TO THE SECOND EDITION.

THESE ¢ Notes’ have been out of print for a long time,
and I have frequently been requested to produce a new
edition, but, until recently, I have not been able to find the
requisite time for the purpose of doing so.

I have made considerable additions to the text and the
examples, but, as these notes by no means constitute an
exhaustive trcatise on the subject, I retain the original
title.

I am much indebted to Mr A. W. Flux, Fellow of
St John’s College, for kind assistance in the revision of
proof sheets.

W. H. BESANT.
April, 1890,
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PRELIMINARY REMARKS ON

INFINITESIMALS.

1. AN infinitesimal is a quantity which, under certain
assigned conditions, vanishes compared with finite quantities.

If two infinitesimals vanish in a finite ratio to each other,
they are said to be of the same order.

Thus, if 8 vanish, sin @ and @ are of the same order, as are
also sin m@ and tan n6.

If two infinitesimals, @ and B, are such that the ultimate
ratio of B to a* is finite, B is said to be of the second order
if a be of the first order.

Thus, 1 —cos 6, when @ vanishes, is of the second order
if @ be of the first order.

And, generally, an infinitesimal which has, ultimately, a
finite ratio to the 7th power of another is said to be of the
rth order if that other be of the first order.

The order of an infinitesimal is, & priores, arbitrary and
conventional ; but, if any standard be fixed upon, the orders
of all others are determinate.

2. Consider figure (1), in which O is the centre of a
circle, and AP a small arc; PN, PL perpendiculars on OA
and on the tangent at 4, and @ the point in which OP pro-
duced meetsed L.

B. R. 1
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Then, if 04 =a, and AOP =6, it can be shewn by Trigo-
nometry that, when @ is indefinitely diminished,

AL_, PL _1 QL 1

AP~ 7 AP 2 AP 24
| PQ-PL_ 1
nd S T

Therefore, if AP is an infinitesimal of the first order, AL
is of the first order, PL of the second, QL of the third, and
PQ — PL of the fourth.

8. If ais an infinitesimal of the first order,
A&+ pa’ : va® 2 A i v, ultimately,
Aa®+ pa’ is of the second order :

and generally, it will be secn that the order of an infinitesimal
is not affected by the addition to it of an infinitesimal of any
higher order.

If AP is a small arc of a curve, and AP an equal arc of
its circle of curvature at A4 ; then PP’ is of the third order,
and thercfore, so far as quantities of the second order are
concerned, /7 may be taken to be coincident with P.

4. If AP, AQ are two infinitesimal ares, of the first order,
of two curves touching each other at 4, and if AP, AQ be
equal, or ultimately equal to each other, the distance PQ
is of the second order, and therefore, so far as quantities of
the first order are concerned, I’ and @ may be taken to be
coincident.

It will be seen that all the preceding theorems arc con-
tained in, or deducible from, the 7th and 11th lemmas of the
first section of the Principia.

Thus, from Lemma x1., if AP, AP are two infinitesimal
arcs of a curve of the same order, and PL, P’L’ the corre-
sponding perpendiculars,

PL : PL :: AP* : AP"



ROULETTES.

5. WHEN a curve rolls on a fixed curve any given point
in the planc of the rolling curve describes a certain curve,
which is called a roulette.

Under the same heading we shall also include the curves
enveloped by any given lines, straight or curved, which are
carried with the rolling curve.

In dealing with roulettes the following is a fundamental
theorem.

If a curve roll on a fized curve, the line joining the
point of contact with any point Q wn the plane of the rolling
curve 1s the normal to the path of Q.

For, as the curve rolls, the point of the curve, P, in con-
tact with the fixed curve, has no motion, and the whole area
is, at the instant, turning round P : hence the direction of
motion of @, i.e. the tangent to its path, is at right angles
to QP, and QP is the normal. (Sec fig. 2.)

6. Centre of curvature of roulette.

If PP’, Pp are equal infinitesimal arcs of the fixed and
rolling curves, so that @p rolls into the position @'’ (as in
fig. 9), QP, Q' P are consccutive normals of the roulette, and
E, the point of intersection of these lines, produced if neces-
sary, is the centre of curvature at the point of the roulette.

7. We commence with two particular cases as illus-
trations.

1—2
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If a circle roll on the inside of the circumference of a
circle of double its radius, any point in the area of the rolling
cercle traces out an ellipse*.

Let C be the centre of the rolling circle, and £ the point
of contact (fig. 3).

Then, if the circle meet in @, a fixed radius of the fixed
circle, the angle £CQ) is twice the angle £OA, and therefore
the arcs EQ, £A are cqual.

Hence when the circles touch at 4, the point @ of the
rolling circle coincides with 4, and the subsequent path of
Q is the diameter through 4.

Let P be a given point in the given radius CQ, and draw
RPN perpendicular to 04 ;

then, OQE being a right angle, /@) is parallel to RP, and
therefore CR = CP, and O is constant.

Also PN : RN :: PPQ : OR;
therefore the locus of R being a circle, the locus of P is an
ellipse, whose semi-axes are

0C+CP and OC—CP.

8. Properties of the ellipse are deducible from this
construction.

Thus, the point £ being the instantaneous centre, PK is
the normal to the cllipse at the point, and PZ’, perpendicular
to it, and therefore parallel to OF), is the tangent.

A circle can be drawn through EPQT, since EPT, EQT
are right angles; but the circle through QPE clearly passes
through R,
therefore, the angle ORT is a right angle and

ON : OR :: OR : OT
or ON.OT=0R;,
a known property of the tangent.

* Appendix to Geometrical Conics, first edition, 1869.
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Again, if PF meet OQ in @, the angles PQG, PFQ are
equal, being on equal bases, £Q, 0 ;
.. PG : PQ :: PQ : PF
or PG.PF=PQ'=0R",

a known property of the normal.

9. To find the intrinsic equation of a cycloid.

" If the circle BPQ rolls along the straight line AP, the
diameter BQ originally coinciding with A0 (fig. 4), the point
Q traces out a cycloid of which O is the vertex.

QP is the normal at the point. @ of the cycloid, and if Pp
is an elementary arc of the circle, Qp turns into the position
QP so that QP is the consecutive normal, and the point
L is the centre of curvature. .

P’p being of the second order of infinitesimals, the points
p and P’ may be taken to be coincident, and if PCp= 246,
PQp =186.

As the circle turns through the angle &6, Qp turns
through the same angle, and therefore @p@' =36; hence it
follows that QE(Q = 186, and therefore, ultimately, QE = 2QP.

If the arc Q@' = 8s, we have

85 = 2PQ. 180 = 2a cos'g 56,

and, QR being the tangent ), the angle ¢ of deflection

=RPQ=106;
. 8s = 4 cos PS¢
and s =4asin ¢,

measuring s and ¢ from the point O, and the tangent at O.
10. A curve rolls on a straight line ; it is required to find
the roulette traced by any point Q.

Let the curve roll from O to P, the point 4 passing
over the point 0. (See fig. 2.)
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Taking O as the origin, and OP as axis of , let , ¥, be
co-ordinates of Q.

Then, if AQP =6, QP =r,
dz do
tan QPN:.(Zy:TE"
. dz
and y=rsin QPN =r ds"

Hence, if the polar cquation referred to the point Q,
r = f(0), is given, we have three equations from which »
and @ can be eliminated, and the resulting equation will be
the differential equation to the path of Q.

Or, if the arc AP (=s) be found in terms of 6, we may
employ the equations
dr

z=8—7rcos NPQ=s—1r—

ds’
. ., d0
y=rsin QPN =1 ds’
and the elimination of » and 6 will give the equation in «
and g, to the path of @.

If the rolling curve is given by the equation p = f(r),
we have

dz
p=QN=T§)
... since p =y,

ds
y=f (y @>
is the roulette.

11. The two theorems following will be found of great
use in the discussion of roulettes.

If ¢ is the deflection of the tangent at any point P of a
curve from the tangent at a fixed point of the curve from
which the arc is measured, and if p is the perpeundicular from
a fixed point (O) on the tangent at P, then
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(1) The perpendicular from O on the normal measured

in the same direction as the arc, is equal to zf the curve 1s

dg
concave to the point O, and is — ((11_41 if the curve is convex to the
point O.
(2) The radius of curvature at P =p + d ¢,, if the curve
ﬂ
s concave to the point O, and = — p — ((11 &’ if the curve is

convez to the point O.

In fig. 5, if PP’ is an elemental arc of the curve,
and if the tangents at P and P’ intersect in T, Y'TY =3¢,
and KY' = T'K8$, ncglecting infinitcsimals of the second
order.

But §p=0Y'—0Y = KY" to the first order;
therefore ultimately dp =PYdé¢,

dp
or OZ = %
when measured in the direction PP’
In fig. 6,

8p=0Y’—0Y=—-KY=—TK8¢>,

so that 0Z=—22 when measured in the direction P'P,

d¢
and is therefore @, in the direction PP’
In fig. 7,
p=0Y —-0Y=—KY=—TKd¢,
dp
so that 07 = - %

measured in the direction PP,
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And in fig. 8,
Sp=KY'=TKs¢p,
therefore 0Z = jllg, measured in the direction P'P, and this
_dp. — ,
dé in the direction PP’
Again, in fig. 5,
8=PT+TP =TY-PY+PY -TY'

- _s. % _ (%P
_S.PY+KY_8.d¢+p8¢_<(_i$2+p>3¢,
. . _ds _ d’p
and radius of curvature = dp = p+ dg*
In fig. 6, 8s=PY—-TY+TY'—PY' =-8.PY+KY’
_op
—%284) +p8¢’
S 3

.. (ZE
In fig. 7, 6s=TY - PY+PY' -1V =8. PY- KY’

d2
=- #ﬁw—psqb;

ds_ d’p
so that Jt—ﬁ_ﬁp—d;ﬁ:"
and in fig. 8,
8s=PY-TY+TY -PY' =-8.PY-KY
__dp )
- _d—¢28¢—p8¢)
ds_ d’p
so that dp=" p- b

The cases of figures 5 and 7 are sufficient for the
argument ; the other cases are given for fullness of illustra-
tion. The same results are obtained by analytical methods,
as in Todhunter’s Integral Calculus, Art. 90.
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12. If ¢ is the inclination of the tangent, or the
normal, to any fixed direction, and if p is the perpendicular
from a fixed point on the tangent to a curve, the relation,
p=f($), is called the tangential polar equation of the
curve*.

We may remark that if ¢ is the inclination of the normal
to a fixed line, p and ¢ are the polar coordinates of the point
Y'; so that, putting » and € for p and ¢, the polar equation
of the pedal curve is

r=f(0).

For instance, the polar equation of the pedal of an ellipse
with regard to its centre is
r* =a’cos’ @+ b*sin® 6 ;
so that the tangential polar equation of an ellipse, referred
to its centre, is

p* = a’ cos’ ¢ + b*sin’ ¢.

13. We may obscrve that the intrinsic equation is at
once obtained by integrating the equation
ds d’p
d¢ =p + C_i_¢z’
the right-hand member becing expressed in terms of ¢.

For instance, if OY is the perpendicular from O on the
tangent RQ of a cycloid, (tig. 4), OY = OR sin ¢ and
therefore p = 2a¢ sin ¢ is the tangential polar equation of
a cycloid referred to its vertex.

Hence d‘,"',

dé
14. To find the tangential polar equation of the roulette
traced by a point.

Let fall OY, OZ, perpendiculars on the tangent Q7' and
the normal QP (fig. 10).

= 4q cos ¢, and s =4a sin ¢.

This title was suggested by Dr Ferrers. (Cambridge and Dublin
Mathematicaly Journal, 1855.)
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Let O0Y =p, and YOT = ¢.
Then p=7r—0P cos ¢,
=7r —§cos ¢,
whence, having  and s in terms of 6, and tan ¢ being r:ll;e’

we can eliminate r and 6 and get the relation between p

and ¢.

Or, without finding the arc, we have
dp _ o7 -
d?;—OZ—Pthmgb
=(r— P) tan ¢,
and, eliminating 6 between this equation and
do

)

dr
we get the differential equation, in p and ¢, of the roulette.

tan ¢ =7

15. Ex. 1. To find the roulette traced by the focus of
a parabola rolling on a straight line.

In this case %‘—L =1+4cos 6,

the point A (fig. 2), being the vertex of the curve, and
@ the focus ;

6 dx

S tanQPN=cot2-=d_3;’

and y =rsin QPN:-—-GG;
cos 5

((%%)2 = y’aja”

whence, by integration,

y=5(+e").

That is, the roulette is a catenary.
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Ex. 2. The curve r = a versin 0 rolls on its axis; re-
quired the locus of its pole.

Taking the second system of equations of Art. 10, and
observing that

QPN=g, and s =4a (l—cosg);

2/
we find that
0 0
z=4a (1 ——cos~) —a(l—cosf)cos;
2 2
0 . .0
—4‘a—2acosé (2+sm 2),
and y = 2q sin® 9.

2 )
whence 4o — = ~/ (2¢;)5 - g?‘ {2 (201,)?t + yg},

16. If the roulette be given in terms of z and y, we can
at once find the rolling curve.

For, Art. 10,
—y and p=r%
p=Yy, and p=r-7.

Hence, if y =f(«) be the roulette, we can eliminate
z and 7, and find the equation, in p and 7, to the rolling
curve, referred to the carried point as origin.

Ex. 1. If the roulette be the catenary

c,: z
y: Q(GC-I-G c),

LIS
i3

sopt=re,

that is, thg rolling curve is a parabola.
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Ex. 2. If the roulette be

y* = dax,
2 2 2 2
@)=(@)=1+(§0=1+%L
P z & Y
. pg =7 — da?,

the involute of a circle.

Ex. 3. If the roulette be

w? y2
atp=b
the curve is
b4
rf= e‘p’ + "a—, s

an epicycloid (Art. 22).
Ex. 4. If the roulette be

ds
d—w "f (3/ ):
the curve is
r=pf (p).
17.  Roulettes of circles.

The equations in # and y, or in polar coordinates, of
the roulettes produced by circles rolling on straight lines or
on circles are at once obtained from figures. Thus, in the
case of the cycloid, if ON =, and PN =y (fig. 4),

z=a—acosf, y=ab+asinb,
and therefore y=avers™ Z + 2z — o,

is the Cartesian equation of a cycloid.

Again a cardioid is the roulette produced by a point in
the circumference of a circle rolling on an equal circle, and
if P, the tracing point, starts from 4 (fig. 11), and if ON =,
and PN =y, the cardioid is given by the cquations

x=2a.cos § —acos 20, y=2asin 6 — asin26.
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If AP =r, we at once get the polar equation of the
cardioid referred to its cusp,

r=2a(1—cos ),

PQ being the diameter through P, the point @ traces out a
cardioid of which B is the cusp, and if BQ =r, its equation is
r=2a (1 + cos §).

Again, since
BF = BE + EF =2a cos 6 + 2a (1 — cos 6) = 2aq,
the locus of F is a circle, centre B and radius AB, and FP
is the tangent at F.

Hence it follows that the cardioid described by the point
P is the pedal with regard to 4, of the circle, centre B and
radius BA.

18  Epicycloids and Hypocycloids.

An epicycloid is the curve traced by a point in the
circumference of a circle rolling outside a fixed circle.

A hypocycloid is the curve traced by a point in the
circumference of a circle rolling inside a fixed circle.

Thus for an epicycloid, if ¢ and b are the radii of the
fixed and rolling circles (fig. 12), and if

s0p=0, qor =%

a+b
b

a+b

y=(a+b)sind — b sin . 0.

For a hypocycloid we obtain in the same manner

s x=(a+b)cos 8 —bcos 0,

w=(a—b)C()se+bcos“—gl’o,

a—2b

bG.

y = (a—b)sin 6 —bsin
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19. The area swept over by the radius vector is most
easily found by help of these equations and the expression

3 [y~ yda),
which is at once obtained from figure (13) as follows.

If OP, 0Q are consccutive radii of a curve, @, y the
coordinates of P, and « + dz, y + dy, of @, the elemental

triangle
O0PQ=0QL—-0PN—-PL—-PQR
=%(w+d$)(y+dy)— ;wy—ydx—%dx.dy
= 5 (ady — ydo),
and therefore the area swept over by the radius vector

= % f (xdy — ydz).

For instance, in the case of a cycloid (fig. 4), the area
swept over by OQ from the vertex to the cusp

=;f(QN.d.ON— ON.d.QN)

= ?; "{(0 +sin @) sin  — (1 — cos 6) (1 + cos )} d8
0

= 1 Ta’.

[

Adding ma? and doubling the result, we obtain the area
between the curve and the straight line joining two
consecutive cusps.

20. The roulettes traced by the centres of circles rolling
on curves belong to the class of parallel curves.

If b is the radius of the circle, and if @, y are the
coordinates of its centre, and #/, ¥ of the point of contact,

e=a +bcos¢d and y=y +bsing,
where ¢ is the inclination of the normal to the axis-of .
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Or, if the given curve be p = f(¢), the parallel is
p=s($)+0.

Thus the parallels of a parabola referred to its focus and
of an ellipse referred to its centre are respectively

p=asecd+d, and p=.a’cos*p + b'sin’ ¢ + d.

21. To find the tangential polar equation, and the
intrinsic equation, of an epicycloid.

In fig. (12), let OA =a, CP =b, and AOP = 6.

Then, if @ is the point tracing out the epicycloid, @D is
the tangent at (), and taking ¢ as the deflection of the
tangent at  from the tangent at 4, ¢ is the inclination of
0OY the perpendicular p on the tangent at @), to the fixed
line OB at right angles to O4.

From the figure,

¢—6=CDQ=;PCQ=%),
and .. p=(a+2b)sin g—g
But 6= ‘i;’_bQ_b 6,
. p=(a+2b) sin a—‘jr%b,

is the tangential polar cquation of the epicycloid.

S ) sin ad
(a + 2b)* a+ 20

_H+b sin o

=Tt SMaTap

ds
Hence ip = (e + 20b) (1

_ 40 ad
and therefore s= B (a+0) (1 — €os a—_:—%) ,
measuring the arc and the deflection from the cusp A and
the tangent at the cusp.
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Hence s: 2vers.arcPQ :: 2.0C : OP,
the form given in the Principia, section X., prop. XLVIIL

We may observe that the radius of curvature of the
epicycloid at @

ds 4b(a+0d) . sin
d(,b a+26

22. To find the equation, in p and 7, of an epicycloid.
If 0Q =7, we have, from the triangle 0CQ,

=(w+b)”+b2—2b(a+b)cos%0

— in* @0
=a*+ 4 (@ + b) sin 95

g P
=a +4b(a+b)( Sy
(a+2b)°

2 __ 2
and therefore p* = W@t @ —d).

23.  The hypocycloid.

If a circle of radius b roll inside, or, more generally, with
its concavity in the same dlrectlon on a fixed circle of
radius @, and if (fig. 14) @ is the tracing point, QF is the
tangent at ¢ to the hypocycloid.

Supposing @ originally at 4, so that OA is the tangent
at the cusp 4, let ¢ be the deflection of the tangent at @
from the mn(rent at 4.

Then, if 400 =9,
p=0Y =(a —2b)sin CLQ = (a — 2b) sin ;g,
ab
but 26_CEQ=0+¢, ..€=a“—Q5¢
- in 28
and p—(a—2b)sma_2b.
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Since the curve is convex to the point O,

ds ____dp_4b(a=b) . _ap
B TPTaFET ot Ma-m
4~b (a—0) ad
and a—% (1 — cos —:Qb)
If b > a, this may be written in the form
ds _ a+(b—a) _ap
de ~ G w+2(b—-u) sin a+20b—a)’

so that, when b > a, the hypocycloid is identical with the
epicycloid generated by a circle of radius b — a rolling
outside a circle of radius a.

This can also be seen by direct geometry; for if PQ
meet the fixed circle in R (fig. 15), let OR produced meet
D@ produced in ¥£; then RE is the diameter of a circle,
touching at I2 and passing through @.

The angle FQR = FRQ = RPO; therefore FQ is parallel
to OP; and

4REQ="2r—ERQ=PDQ;
W RE=0K—-0OR=2(b-a),
and OF =b=C(Q), so that OF is parallel to CQ.
Hence arcRQ=(-—a). POR=(b—a)PCQ
=(b—a,).(2—9=arcR11,
so that the point @, carried by the circle F, will produce the
hypocycloid.

24. It may be useful to give the several equations for
the case of a three-cusped hypocycloid, or tricusp, a curve
possessing many remarkable properties.

(a - 2b)2
4b (e — b)(
(a® — 72), the form given by the Jesuit Fathers in the

* The p and » equation is p2= a?—-12), and, if 2b=a -¢, this
P q P

2 —
becomes p*= pe

notes to Prop LI of the Principia.
B.R. 2
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If AOP =0, and if ¢ is the angle of deflection from 04,
the tangent at 4, of £ the tangent at @ (fig. 14),

QOP =36, and ¢ = PEQ—POA =:§—0=g.
Taking 3¢ as the radius of the fixed circle,

p=0F = 0kisin CHQ=csin’y,

s p=csin 3¢,

is the tangential polar equation of the tricusp, referred to its
centre.

The curve being convex to the point O,
ds ’p .
d—(;——p —(ZE‘,—SG sin 3¢,
. 8=48c (1 —cos 3¢),

is the intrinsic equation of the tricusp, measuring s and ¢
from a cusp and the tangent at the cusp.

Writing'g +4 for ¢, and assuming that s and 4 vanish to-

gether, we obtain
s = §csin 3,

which is the intrinsic equation of the tricusp referred to the
middle point between two consecutive cusps, and the tangent
at that point.

Again, from the triangle 0CQ, if 0Q =1,

7= 4c® + ¢ + 4¢® cos 30 = 9¢* — 8¢? sin"?;,
=P =9¢"—8p?,
is the equation, in p and 7, of the tricusp.

25. Properties of the tricusp.

(1) The portion of the tangent within the curve s of constant
length, and the locus of its muddle point us the circle inscribed
in the curve.



ROULETTES. 19

Let A4 be a cusp of the tricusp described by the point P
(fig. 16).

If EQ is parallel to DP, the point @ is a point on the
tyicusp.

For, since the inclination of DP to 04 is 26, it follows
that DP turns round twice as fast as OD, and in the
contrary dircction, and therefore that @ is the position of P
when OD has turned through two right angles.

PQ is equal to DE and is therefore of constant length,
and if OBT is parallel to DP, B is the middle point of 1@,
and the locus of B is the circle centre O and radius OB.

Now dcscribe the circle, diameter BT, and draw 71'C
perpendicular to PQ.
Then  CFB= 2(5-031)) — 7 — 2 (m—36) =66 — .

- arc TBC = 6¢ =arc TA, since A0B = 26.

. the point €' is a point on the tricusp, and PQ is the
tangent at C.

(2) The distance between the centres of curvature corre-
sponding to the intersections of the tungent with the curve is
constant.

If K is the centre of curvature at P, in PR produced,
PK =8¢sin 3¢ = 8csin 3: =4PR.

and, if K’ is the centre of curvature at @, QK = 4@8.

Hence it follows that KK is parallel to PQ, and that

KK =PQ+4SL=68L,
so that KK’ is double the diameter of the fixed circle.
26, (3) The envelope of the pedal line of a triangle is a

tricusp.

(Quarterly Journal of Pure and Applied Mathematics, No. 38, 1869.)

Taking_ any point P in the circumseribing circle, centre

2—2
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0, let PK, PL be the perpendiculars on the sides AC, AB,
and NY the perpendicular from N, the middle point of
AC, on KL, which is called the ‘ pedal line.’

Then if ONY = ¢, and COP =6 (fig. 17),
5—¢=LKP=LAP=4-40,
and  NY=NKsin ¢
= I sin ¢ sin(B+ 24 +2¢ — ), if OP =R,
R .
=5 [cos {¢p —(C'— A)} —cos {3¢ — (C— A)}].
Now, if O’ be the centre of the nine-point circle,

ONO'=C-4,
and therefore, taking p as the perpendicular from 0’ on LK,

p=—"ycos (3 —(C— 4)}

‘lz ) U
==y C08 3¢/,
changing the initial line.

This is the ‘tangential polar’ equation of a three-cusped

hypocycloid, generated by a circle of radius 7 rolling inside

€
€

3

a circle of radius

Hence the envelope of the peda'l line of any triangle is a
three-cusped hypocycloid, the centre of which is the centre of
the nine-point circle.

We may remark that if K> be produced to meet the
circle in p, the line Bp is parallel to KL ; a simple method
is thus found of constructing the various positions of K L.

The question considered is a particular case of the follow-
ing problem :
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Perpendiculars PK, PL are let fall on two fived straight
lines 04, OB ; given the locus of P, it us required to find the
envelope of KL.

* To do this, let p, the perpendicular from O on KL, make
with OA the angle ¢, and let POA =60, AOB=a.

Then p=0Kcosp=0P cosfcos¢;
and ¢=LKP=LOP=a-0;
therefore if OP =£(0),

p=F(a—$)cos(a—)cos

is the equation to the envelope.

The problem of the ¢ pedal line’ has been discussed in this
Journal, by Messrs. Greer, Walton, Ferrers, and Griffith;
it was, I think, first pointed out by Mr. Ferrers that the
centre of the tricusp is the centre of the nine-point circle.

27. It may be noticed that the trilinear equation of the
tricusp, referred to the triangle formed by the three cusps, is
1 1 1
vave g~
that its tangential equation is
(u+v+w)’ =2Tuvw,
and that its reciprocal polar with regard to its centre is

rsin 30 =c.

Curves rolling on fized curves.

28.  To find the path of any given point in the area of a
plane curve which rolls on « fized curve.

If O'P be the rolling curve, O’ having been coincident
with O, fig. (18), let z, y, be coordinates of P referred to the
normal and tangent at O, and &/, ¥/, referred similarly to O’ ;
¢, ¢/, the angles which the normal at P makes with the
normals at 0, 0’
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Then, if a, B8 are the coordinates of O, referred to O,
a=y'sin (¢ + ¢')— 2" cos (¢ + ¢') — .
B=y —y cos(¢+)—a'sin (¢ +¢), ,
and, as the right-hand members of thesc equations can be

found in terms of the arc OP (s), the relation between a and
B can be found.

If @ be a point, the coordinates of which, referred to (',
are (@, b), and if £, 7, be the coordinates of @ referred to O,

t=a—acos(p+¢)—bsin(p+¢)
q;=,3+asin(¢+¢')+bcos(¢+¢")'

29. If QP =7,and PQO' =0, the relation between r and
0 is the polar equation of the rolling curve referred to @ and

QO.
Taking £ and 7 as the coordinates of @ referred to O, and
V- as the angle QEN,

E=rcosyr—a, and p=rsiny+y.

__4d§ _dy
Now tanx[r——%, and tanPTO~du’—c,
rg—f= tan QPT = tan (PET + PTE)
dy  dE
_datdy
N dy d&’
1+ do " dn
If the fixed and rolling curves are given,g—f can be formed in
terms of 7, and %Z in terms of «, and then the elimination of

z and r will give the differential equation of the locus of Q.

If the locus of @ and the fixed curve are given, the
elimination of # and £ will give the rolling curve.

If the locus of @ and the rolling curve are given, the
elimination of z and £, will give the fixed curve.
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30. A curve rolls on a straight line; it vs required to
Jind the curvature of the path of any point carried with it.

Let QP, QP be consecutive normals to the path of
@ (fig. 9).

Their intersection £ is ultimately the centre of curva-
ture.

Let @ P be the changed position of @p.

Then @'LQ =the angle through which the curve has
turncd

= the angle through which the normal at P
has turned

= %9, if p be the radius of curvature at P;

0_ QY Q@
=",k ~QLy - Lqp
8s
et

~ % os.cosa’

o
if o be the angle between @I (») and the normal at P,
7,2

T r—pcosa’

ultimately, observing that since the displacement of p from
P’ is of the second order, we may in this case assume that
p and P’ are coincident; Arts. (3) and (4).

Thus, in the case in which the roulette is a cycloid,
r=2acosa, and p=a;
s EQ=2r=2PQ.
31. The focus-roulettes of a conic section on a straight
line. :

Let @, fig. (9), be the focus of a conic rolling on a
straight ljne.
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Then p cos a is the chord of curvature through the
focus.
If the conic is an ellipse,
CD* r(2u—7)
p cos a = }1—0 = ——(l/_— 5
and therefore, if p’ be the radius of curvature]of the focus-
roulette,

1 1 1

==

pr a

If the conic is an hyperbola,
pcosq =T 22ET)
a
and therefore 1 + 1 1,
por a

shewing that the roulette is convex to the straight line.
If the conic is a parabola,
p cos a=2r,
and therefore p=-n

the known property of a catenary, the directrix of which
is the straight line.

We can however deduce the equation of the catenary.

For, if ¢ is the inclination of the tangent at @ to the
fixed line, p=a,

2a .
and 7=1—cos2(§—¢>>=2cos ¢.
ds .
Hence (R—r-—asec ¢,

and therefore s=a tan ¢.

32. The preceding formula may also be obtained by
help of the equation
ds _ d'p
tﬁ =p+ d$, .
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For (fig. 19), if OPQ = ¢, and OP = AP =s,
p=7—8C0S ¢,

and %=0Z=ssin¢o;
Co L ds
"P+d¢’_7+sm¢d¢'
But if AQP =6, and AFP =+,
0=v+3—o;

therefore radius of curvature of roulette

s
—-7‘+Cosazl?p—;d0,
. dg . ds
and since 7 75 =sin ¢, and do =P
2
this =1 — 4 .
1 1 r—pcosa
~—cosa

We may observe that the curvature of the roulette is
zero if r=p cosa, that is, if the point is situated on the
circle of which p is the diameter.

33. The following theorem is of great importance.

If a curve roll on a fixed curve over a small arc 8s, the
angle turned through by any line in the plane of the rolling
curve is &8s !+ 1,) , where p and p’ are the radit of curvature

P
of the fized and rolling curves.

Let Pp=PP =38, fig. (20), and let the normals OP,
O'P’, meet in L.

Then, since OP turns into the position KLP’, the angle
OLK between the lines is the angle required, and this angle

=POp +POP
ds ds

pp
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If the concavities are in the same direction, and if the
rolling curve is inside the fixed curve the angle turned

through is _
3s (;, — ;) ,

but, if the rolling curve is outside the fixed curve, the angle
turned through is

Os <1 - 1,\ .
p p/

34. A curve rolls on a fized curve; to find the curvature
of the roulette traced by any point carried with 1t.

@ being the carried point, the angle QL' = the angle of
displacement = 8s (: + Pl,>, (fig. 21).

po= Q¥ _ QL(QLQ)
QEY QLY - PRL’
and, since the displacement of p is of the second order,
PP cosa_dscosa

PQL:__PQ T

taking a as the inclination of QP to the normal at P.
1 1
r (— + _:>
s _R = EQ = _E_E—

1 1 cosa’

prp T
If the curve roll inside the fixed curve the expression
will be

We observe that the curvature of the roulette vanishes if

r=pp' cos af(p + p),
and therefore there is a point of inflection of the roulette if
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the point P is situated on the circle of which pp’/(p + p) is
the diameter.

35. Referring to the same figure, let 4 be the inclination
of QP to the fixed normal OF, A the point which has passed
over 0, AQP =0, QP =r.

Then, if r= f(0) is known, and if s = F(¢) is the equa-
tion of OP, EQ can be found in terms of s and therefore
of ¢.

Also v=¢d—a;

. do
*
intrinsic equation of the path of Q.

or EQ can be found in terms of +, and this gives the

36. Thus, for an epicycloid,
radius of curvature of path of @ (fig. 12),

1,1
a' b
=PQ1+1_9osa’
a b PQ
1 1
a ' b
or R=PQ.< f:sz.—a“:;b.
a 2b

Again, take the case of an ellipse rolling on an equal
ellipse, corresponding points being in contact, and consider
the path of a focus S.

If P be the point of contact,

o PF oD
CSa=%gp PP = pp’
2%:.519
- B=gpp—pp— =240,
CD* " AC.SP

as is d prioyt obvious.
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37. If a curve roll on a straight Uine, the arc of the
roulette is equal to the corresponding arc of the pedal.
The angle turned through (fig. 22),

= angle between normals at P and p,

=YQY’;
coarc QR =QP . YQY’
= QT. YQY"
Yy’ R

QT being the diameter of the circle about YQY".
Or thus, if QY =1y,

dy
ds = 8 QrY,
and if o = arc of pedal, y being the radius vector,

dy = .
d_&__cosQYZ—cosQPY,

. ds = da.

38. If a curve roll on a fized curve, the element of arc
of the roulette is to the corresponding arc of the pedal as
p+p :p, p being the radius of curvature of the rolling curve,
and p’ of the fized curve.

Imagining the line 07 to be the fixed curve (fig. 22),
the angle turned through = ds (% + ’%,) ;

= 1.1
- QQ —QP.ds<p+p,>.
Also, QT being the diameter of the circle YQY,
YY' = QT. sin YQY' = QP.%S;

1 1 1
e YY =4, == "o,
QQ PR ptp p’
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Hence the length of the arc of the roulette

fi+
14
wheére do is an element of the arc of the pedal.

In the case of cycloidal, or trochoidal curves, p and p’
are constant, and the arc of the roulette is proportional to
the arc of the pedal.

In the case of a curve rolling on an equal curve, corre-
sponding points being in contact, the arc of the roulette is
always double that of the pedal.

Also the roulette of any point is similar to, and double
of the pedal.

39. If a curve roll on a strarght line, the area between
the roulette, the fized line, and any two ordinates, is double
the corresponding pedal area.

For, if Y'N be the perpendicular from ¥’ on PY (fig.
22), the element of area = QY. YN, neglecting infinitesi-
mals of the second order,

=QY.YY .cos TYY
=QY.YY . sinQYY
=2AQYY".

Or thus, if z, ¥ be co-ordinates of @),

‘%l§=ysinQPY=ysinQYZ=QZ=p;

. ydax = pds = pdo

= 2 (element of polar area).

40. To find the area swept over by the normal QP.

Taking figure (22), let QP =7, PQp = 36, and 8¢ = the
angle of deflection from P to p, which is equal to the angle
between Qp and QP
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Then the area QPP Q' = QPP' + QP @

=QPp + QpQ,
observing that pI’’ is of the second order,

=5 lse+ 8¢ ;

therefore the area betwcen the roulctte, the fixed line and

two normals
- 1[&10 + lfwdqb
2 2

If the curve be a closed curve and make one revolution,

2
this arca = area of curve + % f r*d
0

Hence, if the rolling commence when QP is perpen-
dicular to the fixed line,

2m
2 (area of pedal) = area of curve + ; f r’d¢ ;

2m
or area of curve = J ( ——r) de.
0

Take for example the case of a cycloid.

The area swept over by QP, fig. (4),

(o 1[.. 8(,
=§frd0+§frd¢=1[rd9
2
= 3a’ fcos” g do = 3; (0 + sin 6),

2

and, if @ =, this == ma’,

[S2JEVY)

so that the whole area of the cycloid is 87a’.

41. A curve rolls on a fized curve; to find the area swept
over by the normal QP.
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If the arc Pp=PP (fig. 23), then, pP’ being of the
second order,
arca QPP'Q =QPp + QpQ
1, 1 ,(8s 8.
=§r80+§r (p + p')’
therefore area swept over by QP

L 1oy (1 1)
—f27 d0+f2rds <P+P' .
Hence, if the curve be a closed oval, and if it make a

complete revolution, the area between the arc of the roulette,
the two normals at its ends, and the curve

= area of curve + 1 frﬁss (1 + },> .
2 PP

42. To find the locus of the centre of curvature at the point
of contact of a curve rolling on a straight line.

Let @, y be co-ordinates of the centre of curvature, then,
if s=f(¢) be the rolling curve,

r=s =f (4))7
and y=p=1(#)
whence, eliminating ¢, the locus is obtained.

Thus, if the curve be an epicycloid, or hypocycloid, the
locus is an ellipse.

If it be a catenary, the locus is a parabola, and if it be an
equiangular spiral, the locus is a straight line.

43. If the curve roll on a fixed curve, s = F(¢'), and
if = f(¢) be the rolling curve,
z=0M + psin ¢’ (fig. 24),
y=pcos¢'— PM;
therefore, if OM and PM can be found in terms of ¢, we

have, with f(¢)=F (¢), three equations from which ¢ and
¢’ may be eliminated.
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Suppose, for example, the curves to be equal catenaries,
their vertices at first coinciding.

Then, p=csec’p, and PM =csecd—c;
L y=ec.
The locus is therefore a straight line, as is d priore

obvious, if we remember that the normal bounded by the
directrix is equal to the radius of curvature.

If the curves be ecqual cycloids, their vertices at first
coinciding,
OP =4asin¢p, PE=4acosd,
OM =a (2¢ + sin 2¢), and PM =a (1 —cos 2¢).
.. ON =2a¢ + 3asin 2¢, and NE =a + 3a cos 2¢,

so that the locus of £ is the same as the locus of a point
carried by a circle of radius a rolling on a straight line, the
point being at the distance 3a from the centre of the circle.

44. To find the length of the curve formed by the
successive positions of the centre of curvature we may
proceed as follows.

Let @ be the centre of curvature at P, ¢ at p, and @’ the
position of ¢ when the curve has rolled from £ to P, so that
Q¢ is an element of the locus (fig. 25).

Then ¢ may be taken to be in the normal PQ, since its
distance from I°Q), the tangent to the evolute at ¢, is an
infinitesimal of the second order.

Hence, if PQ =p, and if p' be the radius of curvature of
the fixed curve at P,

, n s
Qg=2%p, 9@ =(p+p) ;)71
and the inclination to PQ of the tangent at Q

2 (p+p)ds

= tan .
p'dp
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Also, if Q@ =da,
P+P 2
8o* = 8y’ +( > ) 8"

Hence we can find the intrinsic equation, for if ¢ be the
inclination of the tangent Q@' to the tangent at a fixed
point O, p

—¢—T 4 tan~ PEP)E
Vv=a¢ 5 +tan Sdp
¢ being the deflection of the fixed curve from O to P.

As an example, again take the case of the equal cate-
naries; then

p=p' =cscc’p, Os=pd¢,
and Y=c¢— + tan™ (cot ¢) =0,
so that Q@ is parallel to the tangent at O, as already seen.

45. Envelope Roulettes.

We have hitherto considered only the roulettes produced
by points carried with a rolling curve; we now proceed to
consider the roulettes enveloped by lines carried with a
rolling curve.

A curve rolls on a straight line, to find the envelope of any
strazght line carried with it.

If P be the point of contact, and PQ the perpendicular
let fall from P on the carried line,  is the point of contact
of its envelope (fig. 26).

Let pg be the perpendicular from a consecutive point p,
then as the curve rolls over PP, ¢ is carried to @', and if gc}r
be an arc of the roulette enveloped,

=Qg+q¢
= sin ¢pds + 8¢,
if OPQ=¢, and PQ=r.
B.R. 3
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Hence the radius of curvature = g—;

=r+sin¢(%;
=r+psin ¢.

For example, consider the roulette produced by a diameter
of a circle rolling on a straight line.

Then r=asing, p=a,

g¢—2asm¢

and the roulette is a cycloid.

Ex. 2. A parabola rolls on a straight line, it vs required
to find the envelope of the latus rectum.

In this case, p sin ¢ = 28P (fig. 27), and

PQ=a—=z;
do
" a¢=a—x+2(a+w)
= 3a + a cot’¢,

. =2a + a cosec’p;
. o=2a¢p—acotdp+C,

and the length of the roulette between the two points at
which it cuts the fixed line, i.e. from

¢_ ~ to ¢>—7:, is (m+2)a.

46. The tangential polar equation may be obtamed
directly.

Thus, if s= 0P =arc AP, and p = OY the perpendicular
on the carried line,
p=r—8cos ¢,

whence the equation, if  and s be known in terms of ¢.
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Or, if s only be known, and OZ be the perpendicular
on PQ, fig. 26,

dp
0Z= ¢’
and therefore d é =ssin ¢.
Hence the radius of curvature
—py O
=t &

=r—scos¢+scos¢+sin¢(—ld(—;

=7+ psin ¢,
as before,

47. A curve rolls on a given curve, carrying a straight
line; to find the roulette enveloped.

Making the same construction as before, and observing
that the displacement of p is of the second order (fig. 28),

=Qq+q@
= s cos a + 78,
where 8¢ =8s (%+ l,), PQ =7 and a is the inclination of
PQ to the normal at P.
Hence the radius of curvature of the roulette at ¢

do =7r+cosa - PP

T dp p+p’
and if 7, a, p and p’ can be found in terms of the angle which

P(Q) makes with some fixed line, the intrinsic equation can
be found.

If the concavities are in the same direction, the expres-
sion for the radius of curvature of the envelope roulette is

r<4+cosa pp

3—2
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48. EXAMPLE. A circle rolls outside a fized circle; to
find the length of the curve enveloped by a diameter.

If AD be the diameter, A passing over A’, and if
A’OP =6 (fig. 29),
PQ:bsinﬁbf,

do . af ab
and = b sin - + cos CL’Q )

deb b
_ U+ 2ab . ab
T a+b b’
The angle of deflection of AD from OA’
3
b >

do V' +2ab . ap
. ;la = m sin (l+ prre (a),

_ b+ 2ab ad
and g = “"—'(z—— (1 -~ COS 0:+b> )

measuring from A4’.

—¢=6+

Taking a half roll of the circle, that is from 6 =0 to
0= 7;~b, we get the length of the arc from one cusp to the

next, which is therefore
2 Z (b + 2a).

Comparing the equation (a) with that of Art. (21), we
observe that the envelope of AD is the epicycloid which
would be produced by a circle of radius 5 rolling on the
circle O.

This can also be seen geometrically, for, describing a
circle on PC as diameter, the arc PQ) is equal to the arc P4,
and therefore to the arc PA’.
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49. A curve rolls on an equal curve, corresponding points
cotnciding; to find the envelope of any normal of the rolling
curve.

* Let ¢=BTQ (fig. 30), and measure v from the tangent
at 0, the point corresponding to 4.

Then, for the envelope of the normal at 4,
do P
(—@ =r+cosa 5’ Art. (47),
and, if s=f(yr) be the curve,
4
r=f cosyrds, p=f"(¥), and ¢ =2+ ;
0

¢
g«; - :cos V' (P)dy +§ sin gf' @)

For example, let a circle roll on an equal circle ; then

i—a?,
do (% ¢ 3a_. ¢
g 2 a . oa .
ﬂ—/oacos9d0+§sm—2———2—sm§,
_ ¢
and o-—3a<1—cos§>,

a two-cusped epicycloid.

Taking a half roll of the circle the arc is 6a, which
agrees with the result in Art. (48), putting b= a.

50. A curve rolls on a fized curve; it is required to find
the envelope of any curve carried with .

If P be the point of contact, draw from P normals to
the carried curve (fig. 31).

Then, if PQ be one of these normals, it is the normal
at @ to the envelope, and the other normals similarly belong
to other porgions of the envelope.
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Let pg, the normal from a consecutive point p, roll into
the position P’@'; then E, the intersection of PQ and P'Q),
is the centre of curvature.

The arc Q@' = 80 = Qq + r8¢, where r=P@) and
1 1
8 = 8 (; + ;,) .

Let p” be the radius of curvature at @ of the carried
curve; then
Qg : 8s.cosa :: p” : r+p”,
o being the inclination of QP to the normal at P;

and the angle PEP’ = &¢ — gg
=ds (}'-1-1,) — 8 @igﬁ;
PP r+p
therefore EQ), the radius of curvature of the envelope,
prema (2 1)
rt+p p_p
1 1 cosa )

p P/ r+ PII

Making p” infinite, this of course gives the formula of Art.
(47), and if p” vanish, the formula of Art. (34) results.

If the various quantities involved in this expression can
be found in terms of v, the angle of deflection of PQ), the
intrinsic equation is determined.

If any of the curves instead of being convex, as in the
figure, be concave, the signs of p, &c. must be changed.

51, Ex. 1. A curve rolls on another, carrying a parallel
curve.

In this case, a=0,r=d, and p”"=p—d.

Hence EQ becomes d+p’, a result which is obviously
true.
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Ex. 2. A circle, of radius c, rolls inside an oval curve.

If 8¢ be an elementary arc of the envelope, and &8s the
arc of the curve rolled over,

8o = 2c8¢ — 8s,
wher = 273
so that S0 =8s — 2 %_9,

and therefore total length of envelope =p — 4mrc, where p is
the perimeter of the oval curve.

Ex. 3. A straight line rolls on a fized circle, carrying an
equal circle with which it is @n contact.

Let A’OP = 0 (fig. 32), then
r=CP—-a=a.1+6—a,
1

a _ 1
oP~ JiT e

p=w, p'=p'=a,

cosa=

1 —
do_ 1iptTTO]
|
1462
A+
—a(LEO=7),

and therefore

. ¢
Also, if 4 be the inclination of PQ to 04’,
Yy=0—a=0—tan™6;

. - _do_
v dp=do— T,
do _ 1+ ¢ — &
and d—o'—a(~—~0,-'--~—l)l—;pyj—a(,\/l'l'g —]+ ).

This equation, when integrated, determines the length of
the envelope.
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If we put —a for p”, and CP+a for r, we shall obtain
the other portion of the envelope due to the normal P@'".

52. A curve rolls on a straight line; to find the arca
between the straight line. the envelope of any carried straight
line, and two normals of the envelope.

The element of area PQQ'P’ (fig. 26),
= PQqp + PqQ

=1rds sin ¢ + ;1'”895

=<rpsin¢+%r2)8¢,

the integration of which expression gives the area if the
intrinsic equation of the rolling curve be known.

If the line PQ fall below the line OP, the element of
area swept over will be

(’I‘p sin ¢ — ; r’) 8¢.

This however is included in the former, if we suppose
r to be an algebraic expression for Q.

53. A curve rolls on another; to find the area between

the envelope of any carried curve, any two normals of the
envelope, and the fized curve.

The element of area = PQQ'FP’ (fig. 31),
=PQqp + % '8¢,
1 1
where 8p =28 <—+—, .
SO

Hence the area swept over exceeds the area between the

curve and the carried curve by f % r’d¢.
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Thus in the case of Ex. 3 of Art. 51,
rP=a*2+6-2J1+6
dé
and d\[f =df — ﬁ"g.‘ 3
therefore the area of the cnvelope exceeds the area 4PQ by

2 ——
‘; (246 =21+ 6°) dy.

54. Adopting the notation of preceding articles, we can
give an expression for the clement PQgp (fig. 31).

For this element

— ]. IN\2 1 172 88”
Ly L
, T\ 8s”
= (Tp + 2) )
and 8" : 8s.cosa :: p” 1 r+p”;

therefore element
, . T\ 7cosads
PQqgp = (p + Q) :

55. The following examples will serve as additional
illustrations of the preccding methods.

A cycloid rolls on a straight line; it vs proposed to consider
the roulette enveloped by the tangent at its vertex.

The cycloid is s=4asin ¢, and for the envelope of AQ
(ﬁg' 33):

do

(E:pcoscﬁ—PQ
= 4a cos’ ¢ — 2a sin’ ¢
=a+3acos2¢;
. ¢r=a¢+3§asin2¢,

measuring from O.
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To trace the curve, observe that there is a cusp when

1
cos 2¢p = — 3’
ie, when ¢ is a little greater than T and that the curve

cuts the initial line at distances 2a from O: also that for one
roll of the cycloid the curve lies wholly below the initial line.

If the cycloid be continued, and the rolling go on con-
tinuously, the next branch of the cycloid will give the next
half of the roulette above the initial line, after which the
successive branches of the cycloid will produce continually
the same roulette.

Further, the evolute of the roulette is
s =3a cos 2¢,
a four-cusped hypocycloid.

The curve may be further examined by finding 2 and y,
the co-ordinates of @ referred to O, viz.

x =4a sin ¢ — 2a sin® ¢, y = asin ¢ sin 2¢.
Fig. 34 represents the roulette, and its evolute.
The element of area swept over by PQ
= PQ8s cos ¢ — ; PQ5¢
=4a’sin’ ¢ (2 — 3sin’ @) 8¢,
which becomes negative when sin® ¢ > g, or when
cos 2¢ = — -}; ,
i.e. at the cusp.

The integration from ¢ =0 to sin’¢o=§ gives the area

OET, and from sin*¢=§ to ¢=g the difference between
the areas AET and CET.
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If we wish to find the area enclosed by the roulette, it
will be at once given by integrating the expression,

%(wdy—ydw), from ¢=0 to ¢,=g_

This expression
=a’ (6 sin* ¢ — 4 sin’ ¢) d ¢,
the integral of which between the assigned limits
31 1)71' T,

1.2‘—4‘.2 E—-Sa,

=a’ (6

and the complete area inclosed by the roulette = % ma’, e,
it is half the area of the generating circle of the cycloid.

To find the length of the arc of the roulette, we must

take ¢ from O to sin™ «/ g , and then from ¢ = sin"\/ g to

¢= ;—r, and add together the numerical values of the results.

This will give one-fourth of the whole arc.

If ¢ be taken from 0 to g we obtain o = 752“, so that the

difference between the arcs OF and EC of the roulette is one
quarter of the perimeter of the generating circle of the cycloid.

56. A circle rolls on an equal circle, carrying a tangent;
it is required to determine the nature of the roulette produced
by the tangent.

Let 0¥ =p (fig. 35), A'OP=ACP=6, and Y0A4'=¢,
0Y being the perpendicular on the carried line.

Then p=2acosf—a, and ¢=26;
¢

.'.p=2acos§—a,

the tangential polar equation of the envelope.
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2
dd’__ dp—gqcos?—-a;

Next J&,—-p+a¢2— B g

a‘=3asin§—a¢,

the intrinsic equation, measuring o from 4’

Obscrving that the radius of curvature

3a
=g cos 0 —a,

2
we see that a cusp occurs when cos 6 = 3 There are therefore

two cusps, corresponding to the positive and negative values
of 6.

When 0=Zr, p=0.

et

|
When cosf = 3 it will be seen by a figure that the
tangent passes through the other end of the diameter through
P, and that the envelope then crosses the circle at a point V'

distant ?3({ from P. It will also be found that the tangent at
the cusp meets the diameter A’O in the same point 7' at
which it is intersected by the envelope itsclf.

Putting together all these considerations we obtain the
figure (fig. 36), the curve being an involute of a two-cusped
epicycloid.

The element of area swept over by PQ, i.e.
PQQ' P’ =rcosads — -é 8¢

=180 (a cosa—1)
=786 (2a cos 0 — a)
= prdd.
When 6 > g , this expression is still the same if we write

- p its numerical value @ — 2a cos 6, and any portion of the
the, is thus found by a simple integration.
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EXAMPLES.

1. If a cycloid roll on the tangent at the vertex, the
locus of the centre of curvature at the point of contact is a
semicircle whose radius is four times that of the generating
circle.

2. Prove that a cardioid is an epicycloid due to the
rolling of a circle, with internal contact on a fixed circle of
half its diameter.

3. The roulette, on a straight line, of the pole of an
epicycloid is an ellipse.

4. The roulette, on a circle, of the pole of an equiangular
spiral, is an involute of another circle.

5. When a curve rolls on a straight line, shew how to
find the locus of the centre of curvature at the point of
contact, and prove that, in the case of a cardioid, the locus is
an ellipse.

When a curve rolls on a fixed curve, prove that the locus
of the centre of curvature of the rolling curve at the point of
contact is inclined to the common tangent at the angle
tan™ {p'dp/(p + p’) ds}, where p, p' are the radii of curvature
of the fixed and rolling curves at the point of contact.

6. A curve 4 rolls on a curve B so that its pole describes
a straight base, and the curvatures of A and B at the point
of contact are always as n to 1, estimated in the same
direction. Prove that the radius of curvature of Bisn—1
times the normal terminated by the base, and that the chord
of curvature of A through the pole is to the radius vector
in the ratio of 2(n—1) to n.

Prove also that if 4 and B roll on a straight line, the
roulette of the pole of A is the envelope of the base carried
by B, and that the radius of curvature of the roulette is
times the normal terminated by the same straight line.

State what curves 4 and B are when nis, — 1,0, 1,"
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7. A cycloid rolls on an equal cycloid, corresponding
points being in contact ; prove that the locus of the centre
of curvature of the rolling curve at the point of contact is a
trochoid whose generating circle is equal to that of either
cycloid.

8. A circle rolls on a straight line; prove that the
envelope of any carried straight line is an involute of a
cycloid ; and trace the figures corresponding to the cases
in which the distance of the carried line from the centre
is greater than, equal to, or less than the diameter of the
circle.

9. A straight line rolls on the curve, s =f" (¢), carrying
a straight line inclined to it at the angle a; the envelope
roulette is
s=sinaf (¢) +cosaf ().

If the curve be an epicycloid, or hypocycloid, the envelope
roulette is of the same class.

10. The roulctte, on a straight line, of the pole of the
hyperbolic spiral, 76 = ¢, is

dy_ Yy .

dw .\/C“ — y2 ’
and of the pole of the curve, ¢"p=1"", is

ds>ﬂ+l _ ?)n
(dw B (3/ '
11. The roulette, on a straight line, of the pole of a
cardioid is
da—2z=1{2 2a)t + yﬁ} {(2a)5 - yg}é.

and its area is 1—2'§7ra,’.

12. A parabola rolls symmetrically on an equal para-
sla ; find the path of the focus, and prove that the path of
0. vertex is the cissoid

the ¥ (2a—2)=2".
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13. An involute of a circle rolls on a straight line; the
roulette of the centre of the circle is a parabola.

14. The ellipse ;= 1+ecos@ rolls on a o .ght line;

the path of the focus is given by the equation
2
e=1- 20 do +2 ;
yds 1
and the path of the centre by
4 (_(_{_s>2 = (a-:+ b S —a?b?
Y \de 4 ’
2a and 2b being the axes.

R
15. The roulette, on a straight line, of the centre of a
rectangular hyperbola is

do_ ¥
dy  Ja' =y
16. A cycloid rolls on a straight line ; the locus of its
vertex is given by the equations

x=2a (sin ¢ — P cos ¢), y=2a¢sine,

the origin being the point of the line over which the vertex
passes.

17. A curve rolls symmetrically on an equal curve,
carrying an involute ; the envelope of this involute is an
involute of the fixed curve.

18. If a curve roll on a straight line, the curvature of
a point roulette varies as d—i—)(f), p and r being referred
to the point.

If the curve be
g =1 +sec asin (0 sin a),

the roulette is a circle.
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19. The curve P’Q rolls on the curve PQ, P’ passing
over P ; the roulette of P’ is, in the neighbourhood of P
a semi-cubical parabola, of which the parameter is

b 90’ (p +9)
2(p+2p) ’
p and p’ being® o radii of curvature at the point of contact.

20. A catenary, . =c tan ¢, rolls symmetrically on an
equal catenary ; the inwfnsic cquation to the envelope of its

-¥ ¥

axis is
-+ 5

do
dyr

21. If an oval curve ro! on a straight line, prove that
the area traced out by any 7 ~t O in the curve will exceed

c
5 tan )‘k sec

-
= ¢ log tan g tan

4
0.

2m .
the area of the curve by % / r® ~ where » is the distance
o

{2
from O of any point P of the cury, and ¢ the angle which
the tangent at P makes with some’ “xcd line in the curve:
apply this to find the area of a cycloi®t

22. If an oval curve A roll upon an equal and similar
curve B, so that the point of contact is a centre of similitude
for each, then the whole area traced out by any point O when
A has made a complete revolution, is twice the area which
would have been traced out if the curve A had rolled upon
a straight line.

23. Test the formula of Art. (40) by applying it to
an ellipse, measuring 7 from the focus.

24. A parabola rolls on a straight line from one end
of the latus rectum to the other; the length of the arc
enveloped by the axis is

2a log (Ze).

25. A parabola rolls symmetrically on an equal parabola,
srom one end of the latus rectum (4a) to the other ; the length
\ arc enveloped by the axis is

be 2a log (4e).



EXAMPLES. 49

26. A diameter of a circle rolls on a curve ; the envelope
of the carried circle consists of two involutes of the curve.

27. A circle, radius b, rolls on a fixed circle of radius a ;
the arca between the fixed circle, and the envelopee”f{ a
diameter for a half roll from one end of the diamrg 2 Jhe
other is equal to S

wb* .
T (3a+b).

28. The lemniscate 7* = a* cos 26 rolls on a _ aight line;
the tangential polar equation of the roulette proauced by its
pole is
%’4{+p tan ¢ = a tan ¢ /sin ¢;

and the intrinsic equation to the envelope of its axis is
ds _ a (
dé~— ] 2%
P oy

29. A circle rolls on a fixed circle; the envelope of any
carried straight line is an involute of an epicycloid.

55in¢—331n%).

30. A catenary rolls on a straight line; the envelope of
any carried straight line is an involute of a parabola.

31. An ellipse rolls, symmetrically, on an equal ellipse ;
prove that the whole length of the arc enveloped by its
axis is

1-¢", 1+¢
2a<1+ p logl_e>.

32. A curve, carrying a point, rolls on a straight line,
and then, symmetrically, on an equal curve ; prove that after
rolling over t:% same arc in each case, the radii of curvature
of the roulettss, and the distance of the point from the point
of contact, are in Harmonic Progression.

33. In the same case, if a straight line be carried, the
radii of curvature of the roulcttes, and the distance of.the line
from the point of contact, are in Arithmetic Progression.

B. R. 4
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34. If a given arc of a curve roll, first externally, and
then internally, over the same arc of a fixed curve, the sum
or difference of the arcs of the roulettes of the same point
is independent of the nature of the fixed curve; the sum,
wh -~ the radius of curvature of the fixed curve, at each poins
of . act, is greater than that of the moving curve, and the
differ  ~, when the reverse is the case.

Thbeime independence also exists for the sum, or
difference gqdhe areas swept over by the straight line joining
the carriew., . .ut with the point of contact.

35. A parabola. latus rectum 4q, rolls on a circle of radins
b, the rolling commencing at the vertex. Prove that when
the parabola rolls to the end of the latus rectum the corre-
sponding are of the roulctte enveloped by the axis is

@ (14 log 2) + ‘;’Z (2J2-1).

36.  An ellipse rolls on a straight line ; the length of the

envelope of its axis between two consccutive cusps 1s
1—-2, 1+4e¢
2a (l+ % llog l—e)'

37. Find the envelope roulettc of the directrix of an
ellipse which rolls on a straight line; and prove that it has
two cusps if the eccentricity is greater than § (/5 —1), and
that, if e< 4 (/5 —1), the length of the arc of the roulette,
corresponding to a complete roll of the ellipse, is equal to the
perimeter of a circle, the radius of which is equal to the
distance between the directrices of the cllipse.

38. The envelope roulette, on a straight line, of the
axis of a rectangular hyperbola, is given by the intrinsic
equation '

J2+1 acns

a
+ =—:1 = - T + - —_—,
sra J2 Ongcos¢+Jcos2¢ Jcos 2¢
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57. GLISSETTES arc the curves traced out 'g
enveloped by curves, carried by a curve, whicx:’ 's?Q@ &,
slide between given points or given curves. - & & b

Thus if an ellipse slide between two fxed st
at right angles to each other, the glisyotte tracis Wy 1

centre 1s the arc of a circle. é

Again, if a straight line, of given iength, slide between
two fixed straight lines at right anyles to each other, the
glissette of any point in the line is g, cllipse.

In this case, if p be the perpendicular from the inter-
seqtlon of the fixed lines on thqrsliding line (lengt,h 2(5), and
¢ its inclination to one of the fixed lines,

P=asin 2¢ ;
the envelope-glissette is therefore a four-cusped hypocycloid.

38, A curve slides hetween two straight lines at right
angles ; to find the glissette of any carried point.
Y p

Let the tangential -polar equation of the curve, referred to
the carried point, be
p=r($);

then, if @, y be the perpendiculars from the carried point on
the two fixed tangents,

a=f@)ady=f(¢+7),

and the elimination of ¢ will give the rectangular equation of
the glissette.

422
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If the two fixed lines be not at right angles, but inclined
to each other at an angle m —a, and if #, y be the oblique
co-ordinates of the carried point, we shall have to eliminate
¢ between the equations

zsina=f($), ysina=f(¢+a).

Ex. An ellipse slides between two straight lines inclined
to each other at an angle w—a; to find the path of the

diitre. .
the ¢ this case, we can write the equations in the form
35, .

b, the rollif sin® a= a’ cos’ (¢> - ;) + b? sin? (¢ - g) ,
the parabola .

sponding a St'a=az cos? (¢+ 9‘) + Bsin? (¢+ g) ,
‘sin 2 2
" ¢ elimination is
and tue sesult of th . ‘ .
o (" — g7 sin® acos® a=(a” — b cos’a
{(@+y)sin*a—a® =t

. *theorem 1s of great tmportance.
59. The following ¢ f 9 /s
Any state of motion
can be represented by a state,

“of a plane area in its own plane
2 of rotation about @ pownt.

. -.f two of its points are fixed; and
Any plane area is fixed i, p ¢ y ;

) -, "tnoints are given, the motion of
if the motions of two of its s gven,

the area is given. t; .
«that we cannot assign an
W ' wever, & . e
e must observe, ho i e restriction existing that

arbitrary motion to two points ; tha he divecti e
the velocitics of the two points in i rection of the line
joining them must be the same. .

. -are in motion in the
Suppose that two points P and Q¥ °
directigr}:s PT and QV, and that PE, QL %:ien drﬁ:v% perpen
dicular to those lines respectively, and mec™'"8 .
It is clear that the motion of P may be 112}”’65‘315331 a.bt) 03;
state of rotation about any point in the line J*™ ¢
Q by a rotation about any point in QL.

Hence, both motions are represented by a state of rotation
about E.
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This point & is called the tnstantaneous centre of rotation,
and the motion of any point R in the area is, at the instant
considered, at right angles to ZE.

Thus, if a curve slide between two given lines, the
intersection of the normals at the points of contact is the
instantaneous centre.

60. Any motion of an area in its own plane can be
represented by the rolling of « certain determinate curve on
another determinate curve.

Let PQRS (fig. 37) be the curve traced out in space
by the successive positions of the instantaneous centre, and
let the angular velocities of the moving arca correspondin-
cach position of the instantaneous centre be known.

Then, if P, @, R, ... be successive positions ot
at given infinitesimal intervals of time, the lin
moving area QP, BQI”, SRyp’, ... will turn succes
the positions QF’, Rq'p’, Srqp, &e.

Hence the motion can be represented by ro’
pqrs ...on the curve PQRS ....

But the curve pgrs...is the locus or
of the instantancous centre, and the two
determinate.

These curves are sometimes calle
cenérodes.

61. Ex. 1. A straight line
between two fized straight lines

In this case the locus of *
regard to the fixed lines O
radius OF, which is equ-

E with regard to 4B is

The motion is the
rolling of a circle, °
radius.

The effect
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therefore it follows that the path of any point ), connected
with 4B, is an ellipse of which O is the centre.

It has been shewn in Art. (57), that the envelope of the
sliding line us « four-cusped hypocyclovd.

We can prove this result also by direct geometry.

For if QCQ’, fig. 39, is the sliding line, and if EP is the
perpendicular from- &£ upon QC®)', it follows that P is the
point of contact of the envelope of Q@', and therefore that the
locus of P is the envelope.

It is clear that P is a point on the circle whose diameter
is CE, and CF is half of OF, and is therefore one-fourth of
diameter of the fixed centrode £A4.

' the arc &P of the small circle is equal to the arc
rolling centrode, and therefore equal to the arc
fixed centrode.

it follows that the path of P is the path of a
werimeter of a circle rolling inside a circle of four
s, and is therefore a four-cusped hypocycloid.

“w sec that the envelope of any straight line

r a given angle with @@’ and carried with
ned hypoceyeloid.

is new diameter of the rolling centrode

dii of the fixed centrode, and the new
he same conditions as Q@'

2 not passing through C be carried
will be an wnvolute of a four-

ce ¢ from C, and inclined at
nerpendicular from O upon
perpendicular to 0 4.

“ling line
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so that the envelope is an involute of a four-cusped hypo-
cycloid.

62. The same results are true whatever be the angle
between the two fixed lines.

For if this angle is a, OF being the diameter of the
circumscribing circle of QEQ' is equal to 2a coseca, and is
therefore comtant

The fixed centrode is therefore the circle, centre O and
radius 2acoseca, also since QKQ is constant, the rolling
centrode is the circle QU@ E, the radius of whicl is « coseca.

63. Ex. 2. Two straight lines, AB, AC, containing »
gwen angle, move so that AB, AC puss 7espectwely thro»
Jized points P and Q.

The point J being the instantaneous centre, /1~
diameter of the circle about PAQ, and is constant.

Hence, the moving centrode is the circle, centre
radius A/, while the fixed centrode is the circle P/

The sliding motion is therefore equivalent to
4

produced by rolling a circle, with internal contact
of half its radius.

The point-glissettes are thereforc hypotr
line-glissettes are circles.

This last can be shewn by the formula
EN be the carried line, at the distance ('
p'=a, and p =—2a, fig. 41;

d .
" (ﬁ: PQ+ 2a cos (
i.e. the curvature is constant.

Or, by direct geometry we
and G be the other end of t’

and therefore the env
radius CN.



56 GLISSETTES.

If the straight lines AB, AC slide on fixed circles, the
results are exactly the same.

For the straight lines drawn through the centres of the
circles parallel to AB and AC meet at the same angle, and
the sliding of these lines through the centres carries with it
the motion of BAC.

64 Ex. 3. An involute of a circle slides between two
straight lines at right angles to each other.

Let Oz, Oy be the fixed lines, fig. 42, and let « and y be
co-ordinates of £, the instantancous centre.

Then w=(g+¢)a—a,andg/=aqb+a;

y—w=(2—-g)a.

onis case the fixed centrode is a straight line, and the
- centrode is a circle, centre C.

sint-glissettes are therefore cycloids and trochoids,
2-glissettes are evolutes of a cycloid.

e, o ying « point Q, slides on « fized curve,
© of the moving curve being always wn contact

2,

‘he instantaneous centre is the centre of
and therefore QF is the normal to the

ver the arc PP’ of the fixed curve,
rmental arc Q@, and if £ is the
'K’ is the consecutive normal, and

- Q. Fig. 43.

», and if a is the inclination

¢sina

—% L
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Let p’ =radius of curvature at @,
and  p"” =radius of curvature of the evolute at £; then

1_QFQ _ QFg’
P QY  QE3P
_ 1 _dpesina
TQE dp QE*°
ie i r  _  _plesina
) P (p*+ ¢+ 2cp cos a){’ (p* + ¢+ 2cp cos a)‘
In this case the fixed centrode is the evolute of the fixed
curve and the moving centrode is the normal at P, so that

the motion is equivalent to the rolling of a straight line on
the evolute.

If the sliding curve be a straight line, and the point @ a
point in the sliding line, the angle « is a right angle, and the
curvature of @ is given by the equation

1L el
o (o*+ cz){i (0* + cz)i‘
66. To find the point-glissettes and the line-glissettes, when
a curve slides so as to touch « fixed straight line at a fixed point.

P being the carried point, the relation OP=f(PY)is
known, and therefore if 0Y =« and P Y =y, fig. 44,

ST T =£)
is the point-glissette.

Again, if AP isthe carried line, and OZ the perpendicular
upon it from O, let
OZ=pand ZOY =+

Then, if TAP=a, and s = f(¢) is the intrinsic equation
of the curve referred to 4 and the tangent at 4

a=~¢+g—\lr

and p= f dssin ¢ = f £ ($) sin ¢d.



58 GLISSETTES.
From thesc cquations we can obtain p in terms of , z.e. the
tangential polar equation of the line-glissette.

In this case the instantaneous centre X is the centre of
curvature at O, so that the fixed centrode is the straight line
OF, and the moving centrode is the evolute of the curve.

67. A given povnt A of a straight line moves along a fixed
line Ox, and the straight line passes through « fized point C,
at the distance CO, (c), from Ox.

The instantancous centre, /4, is the point of intersection
of the straight line through C, perpendicular to AC, and of
the straight line through A perpendicular to Oa.

Taking z, 7 as the co-ordinates of % referred to Oz and OC,
we observe that if 8 is the inclination of C4 to 0A,

a=ccotf, and y =c + z cot 0,
so that the equation of the fixed centrode is
2*=c(c—y).
Againif 2,3/ are the co-ordinates of ¥ referred to AC and
the perpendicular through 4 to A0,
c=a"sin 0, and o’ =y  tan 6,
so that the moving centrode is the curve
cﬁyﬂ —_ w? (a;ﬂ — c’),
and the motion is equivalent to the rolling of this curve on
the parabola, @* = ¢* —cy.
68. A stratght line passes through a fized point O, and a
given point A of the line moves along « given fixed curve.

Taking O for the origin, let »=/f(6) (fig. 45), be the
equation of the given curve.

Then, % being the instantancous centre if OF = v,
and EOy=48,1,6 are co-ordinates of a point of the fixed
centrode.

Now 0=6,and ¥ =rtang= lezg = f (6),
.~ the fixed centrode is »* = f'(¢).
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Again, if AE=p,
p=rsec ¢ =sec ¢f (0),
Ldr_f(6)
rdd f(0)’
a.?% the moving centrode will be obtained by the elimination
of 6.

69. A given pount A of a straight line moves ulong « fized
line Ox, and the moving stratght line always touches a given
JSized curve.

tan ¢ =

The point / being the instantaneous centre, let AKX =p
and EAP = ¢, fig. 46, then z, y being the co-ordinates of P,
the point of contact,

dz\*
p=APsec p=yscc'p=y {“ (dzj)}
dy

and cotp=— s

Hence eliminating « and y, we obtain the polar cquation
of the moving centrode.

For the fixed centrode,
: dz
£E=04 =w+ytan<;b=w—g/dy,

" =AE=3/{1+(Z—§)2},

and the elimination of # and y will give the Cartesian
Equation of the fixed centrode.

70. Holditch's Theorem.

If a straight line APB, of given length a + b, moves with 1ts
ends A and B on the arc of u closed oval curve, and if AP =a,
and BP =b, the difference between the area of the oval, and the
area of the locus of the povnt P, is equal to mab.

Let @ be the point of intersection of AB with a consecu-
tive position inclined to AB at the angle 86.

Then if U be the area of the oval, V the area of the locus
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of P, and W the area of the locus of @, that is, of the envelope
2

of AB, the difference U — W is equal to ;— f AQ'df, and is
0

also equal to % f ”(a +b—AQ)* déb.
0
Hence,if AQ =7,
2m 1 2
f rd€=5f (@+b)dd=m («+b),

0 4

also W=, [PQrae= 5 f (@—r)df,

L U- V=;~f{r’— (@—1)?) db = %f@ar-—a’) a6

=am (¢ +b) — wa’ = wab.

This proof was given in the Quarterly Jowrnal of
Mathematics, vol. 2, 1858.

71.  dmsler’s Planimeter.

Amsler’s Planimeter is an instrument employed to deter-
mine practically the area within any closed curve on a plane
surface, as, for instance, the area of an cstate marked out on
an ordnance map.

It consists of two straight rods, A B, BC, jointed at B, and
capable of free motion about the end A, which is fixed, with
a small wheel, the planc of which is perpendicular to BC,
capable of turning round B( as an axis.

The centre of the wheel is sometimes at the end B of
BC, and sometimes at some point I’ between B and C, but
it might be placed at any point of BC produced either way.

The important point to be observed is that the plane of
the wheel is perpendicular to BC, so that the revolution of
the wheel determines the motion of the point B in the
direction perpendicular to BC.

We will first take the case in which the fixed point 4
is outside of the contour line enclosing the area to be
measured.
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Let AB=a, BC =), and let ¢ and 4 be the inclinations
of AB and BC to some fixed direction in the plane of motion.
Fig. (47).

When the wheel, radius ¢, is at B, let the end C pass

over an elemental arc CC’ of the contour line, so that 4 BC
takes up the position 4B'C".

If df is the angle turned through by the wheel, the area
ABOC'BA =) adg + ) by +b.db;

for, neglecting infinitesimals of the second order, it is made
up of the triangle 4 BB, the parallelogram BCDB’, B'D being
parallel and equal to BC, and the triangle B'DC’. Fig. (48).

When ¢ has moved completely round the contour line,
and has returned to its initial position, the complete area
swept over by ABC will be the area enclosed by the contour
line, and this

- f (; @l + 5 Vi + bedo)
= bcl = bs,

where s is the total length passed over by the point B in the
direction always perpendicular to BC.

When the centre of the wheel is at P, let df, be the
angle turned through by the wheel while AB turns through
d¢, BO moving parallel to itself into the position B'D, and
df, the angle turned through while B'D turns through dyr

into the position B'C".

Then cdf, is the distance between the parallel lines BC,
B'D, and cd#, is the distance QI perpendicular to B'Q."

Therefore the arca ABCC’B'A

= 5 adg -+ 3 bdp + bedd,
L+ (L v —beds,) + be (a8
=50 ¢+<2 ¥ ~bod8,) + be (46, +d6,)
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But odf, = QP =ld, if BP =1,
.. the area ABCC'B'A

= ydg+ (L0 - L) d+ b,
if ds is the element of the distance passed over by P in the
direction perpendicular to BC.
Hence, as before, the area enclosed by the contour line
= bs,

where s is the total length traversed by I in the direction
always perpendicular to BC.

We will now consider the case in which the point 4 is
inside the contour line.

Adopting the same notation as in the previous case,

The area enclosed by the contour line, fig. (49),
= [{5wdg +bo(ab,+a6) + (35°-0) dy }
=1 (& + * — 2b1) + bs.

If the point B moves outside the closed curve, as in
fig. (50), the arca enclosed is the difference between the
areas swept over by A B and BC'; ie. the area

1, 1
=f{§ @dp— L B (~d) —b (- cdo,)}.
Observing that 6, and 6, are now registered negative,

and that BC is also tusning in the negative direction, we
have the relation,

c(=db)=1(-dy),
.. the area = / G a’de + ‘1, b'dyr + bcdt‘),)

f {; @+ o Vi — bod8, + bo (d6, + d@)}

1L wdg+ (Lo = 00) dy + bas)
Jig s+ (3
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ds being the element of the distance traversed by P in the
direction perpendicular to BC.

Hence as before the expression for the area is
‘(¢ + b* — 201) + bs.

72. A given curve slides between two straight lines at
right angles to each other; to find the locus, with regard to the
lines, of the instantaneous centre.

Let #, y be co-ordinates of K, C' the centre of curvature
at P, and CK an element of the evolute at P (fig. 51).

Then, by turning the curve round £ through a small
angle 8¢, and taking K such that the angle of deflection of
the arc CK is 8¢, the tangent at K will glide into the position
K'P’, and we have

S0 = =PI =—(p—y) 8;
SRR
g Y= P
Similarly, we shall obtain
dy
dé

if p’ be the radius of curvature at (.

+a=p,

Hence, if the intrinsic equation be known,

p=r (@) and p'=f(g+7),

and the two equations we have obtained will give # and y
in terms of ¢, and reduce the solution of the problem to
the elimination of ¢.

Take, for instance the case of Art. (64), in which

p=ap,
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dz

and therefore Fri y=-ad,
dy (T
(‘i-d" +x=a ('é‘ + ¢) .

Integrating these equations, and remembering that when

mwe

=0, z= 9

we shall obtain the equations of Art. (64).

—a, and ¥ =aq,

73. The preceding equations determine the tangent and
normal at £, and, by differentiation, the curvaturc of the
locus of 7.

A geometrical construction may however be given, for

since EN = PP = EC8¢, and I'N = E("8¢ (fig. 52),
SEN: E'N : EC : EC,
and the angle NEE =ECC.
Hence, if KF be perpendicular to X,

the angle FEC = 72’ —E'EN=ECF,

and F is the middle point of CC..

If then D, D’ be the centres of curvature consecutive
to C, ¢’ in their new positions, and #" the middle point
of DD, the lines E'F, E'F’ intersect in the centre of curva-
ture at L.

For the carried locus, i.e. the locus of E with regard
to the sliding curve, we observe that the tangent and normal
arc the same as for the locus above considered.

For the curvature, however, let CK, C'K’, fig. 53, be
elements of the evolute having the same deflection 8¢, £’ the
intersection of the tangents at K and K', and F’ the middle
point of KK’; then &, the intersection of LF and E'F', is
the centre of curvature.
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In either case, CK being an infinitesimal of the first order,
arc EE' = EF. 28¢ = CC'8¢,

. do .
or ultimately dp= ce.
Also, if the FEC' in (figure 52) =+,

R C
tan 1’/’ = ]{'(}—, ,

and, if £C and EC', i.c. p—y and p'—=, can be found
in terms of ¢, we shall have sufficient data for the deter-
mination of %, the radius of curvature.

For the carried locus (fig. 53), we must add to ¢ the
inclination of £C’ to some fixed line in the moving area.

T4 If « mght angle slide on the arc of a curve, p =f (),
the motion is equivalent to that of rolling the curve

e=f($+3)=f @ y=f@+f ($+7).
upon the curve

o =cosgf’($+75) +sin o7 (9),

y =cos ¢f" (#) —sin ¢ ($+ 7).
For (fig. 54) if P and @ be the points of contact, the in-
tersection £, of the normal is the instantaneous centre, and if

TP=x,TQ=y, x and y are the coordinates of the carried
locus of £, and since
0Y=p=£(9),

and PY=F=1 @)

’ ™ ’ ™
TY=f(¢+ 7) and Q¥ =F (¢+ g) .
Hence the first two equations follow at once.
B R. 5
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For the fixed locus of E let fall the perpendicular N on
the initial line from which ¢ is measured; then if ON=2
and EN =y, the second pair of equations is obtained.

As an example, let the given curve be a three-cusped
hypocycloid, so that
P = cos 3¢.

Then it will be found that
'+ 3y =16¢* and 2" +y* =94,

so that the motion is produced by rolling a circle of radius
4a, with internal contact, on a circle of radius 3a.

This result can be obtained from direct Geometry.

For (fig. 55) if F, (7, be two positions of the centre of the
rolling circle on a diameter QOQ), the tangents 7'P, TP’ at
the points P> and P of the curve will be at right angles;
and the normals QP, Q'P" will meet at a point & on the
circumference of the fixed circle. It will be easily seen that
the line 7'K passes through O, and is four times the radius
(c) of the rolling circle, so that while the fixed locus of £ is
the circle of radius 3¢, the carried locus is a circle of radius
4¢, and having 1" for its centre.

It will be seen that the equations of Art. (72), i.c.
il_"li —_—Y = — (_l_.z/. + r=n0""
d¢ y=-p d¢ r=p;
follow at once from the preceding equations.

75. Taking the general case of any motion of a plane
area (which however 1s reducible to a case of roulettes), and
supposing that the centrodes can be found, or, which is the
same thing, the fixed centrode, and the rates of rotation as
compared with the increase of arc along the centrode, we
can find simple expressions for the curvatures of the roulettes.

To find the curvature of the roulette of a point Q.

Let EE’ (85) be an element of the fixed centrode fig. 56,
and « the inclination of £Q (r) to the normal at %.
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Then VQ : EQ :: Q@ : QQ' —E'N,
if E'N is perpendicular to £Q ;
or radius of curvature = V@
2d¢ -
1d¢ do.cosa’

If we take the casc of Art. (34),
1 1
dp =do (P-I-P,),
and we obtain the formula of that article.
It we take the case of Art. (73),
do = CC'8¢,
7,2

and ... radius of curvature =
r—cosa.CC"

76.  To find the curvature of an envelope-roulette.

Let r=FKEQ be the perpendicular from X on the line
fig. 57.

Then 8s=Qq +¢Q =8c cosa+ EQ3¢,
and d§=7'+cosara.

d¢ do
For instance in the case of Art. 73, the radius of curvature
=r+cosa.CC.

7. To find the curvature of the envelope of uny carried

curve.

Let £Q, E'q be normals to the carried curve, and p” the
radius of curvature at @, fig. 58.

Then 8s=0Qq+ Qq
= 8o cos a —; ,, EQ+EQ8¢
and if RVQ = S\p,
do cos a
Sp—Oyr = E’OE-———T;—,

5—2



68 GLISSETTES.

therefore, radius of curvature of envelope
_ds
=av
pleosa o
o do +rde
N cosada
d¢ - p//+T’
For instance, taking the case of Art. (50), we have

d¢=do’(-’1)-+:,>,

and we fall upon the formula of that article.

78. A triangle moves in a plane so that two of its sides
slide on fiwed curves; it is required to find the envelope of
the third side.*

Let a, B, v be the perpendiculars from any fixed point on
the sides a, b, ¢; then

aa+ 0B + cy =2 (area of triangle) = 2A.

Hence, if ¢ be the angle which one of the perpendiculars
makes with any fixed line, and remembering that

d’a
a+ dg*
is an expression for the radius of curvature of the envelope
of the side BC, we obtain

ap, +bp,+ cp, = 24,

where p,, p,, p, are the radii of curvature of the envelopes of
the several sides.

If then two of these be given, the third is determined.

79. Ex. 1. A given triangle moves so that two of its
sides touch fized circles.

In this case p, and p, are constant; p, is therefore con-
stant, and the third side always touches a fixed circle.

* The method of this article is due to Dr Ferrers.
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This includes the example of Art. (63) as a particular
case.

A direct geometrical proof may be also given
Firstly, let the sides AB, AC pass through fixed points
P, Q.

Through A4 draw AF parallel to BC, and meeting in F
the fixed circle which is the locus of 4, fig. 59.

The angle FAP=ABC, and therefore the arc FP is
constant, and F is a fixed point.

Also, the perpendicular FG' from F on BC is equal to
the altitude of the triangle ABC; thercfore BC always
touches a circle, the centre of which is at F.

Secondly, let AB, AC touch fixed circles having their
centres at P’ and @', :

Through P’ and @' draw lines P'A’, A’ parallel to AB,
AC, and mecting BC in B' and (': then, as before, B'CY
touches a fixed circle.

80. Ex. 2. A triangle moves so that two of its sides
slide on the arc of a fized cyclovd.

In this case

p,=dsing, and p,=dsin (¢ + a);
o cpy=2A — ad sin ¢ — bd sin (¢ + a),
which can be written in the form
pa=e+fsin (¢ + B).

Hence it appears that the envelope of the third side is an

involute of a cycloid.

81.  Two straight lines AB, AC, inclined to each other at
a giwen angle N, and carrying a line AD, slide on fized curves;
it 1s required to find the envelope of AD.

This is a particular case of Art. (78), and if w, » be the

* Several proofs were given, by myself and others, in the Educational
Times for 1864.
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inclinations of AD to 4B and AC, the first equation of that
article becomes
asinp+Bsiny+qysinA =0.

Hence p,sinu+p,sinv+p sin A =0,
and if p, and p, are given, p, is determined.

82. Ex. 1. Thus, from Ex. (2), Art. (79), we obtain
the following result.

If two straight lines at right angles to each other slide
on the arc of a cycloid, the straight line bisecting the angle
between them always touches a cycloid.

Ex. 2. AB, AC slide completely round an oval curve.

In this case, if
do
—Ps= de’
3 hga- =sin ds + sin ds
SinA g =S A Gy HsiY g0
ds, ds' being elements at the points of contact of 4B, AC.

Hence, if I be the perimeter of the oval, and o the whole

arc cnveloped by 4.0,

sinA.o =1 (sin u +sin ),

sin ¥ + v
2
or =1 —
sin ¥ 5 v
We have put
do
(i¢ =Py

because if @ and B are positive, v is necessarily negative.
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EXAMPLES.

1. P is a fixed point on the circumferencc of a given
circle, and PQ any chord drawn through P is produced to R,
so that QR is of constant length. If PE be drawn per-
pendicular to QF to cut the circle again in E, and RE be
joined, shew that RE is normal to the locus of R.

2. Prove that a limagon, »=a+bcosf, is a point
roulette produced by the rolling of a circle, with internal
contact, on a fixed circle of half its radius.

3. The angle BAC slides over two fixed-circles; prove
that the point-glissettes are limagons.

4. A parabola slides on two straight lines at right angles
to each other; prove that its vertex and focus respectively
describe the curves,

ay (2*+ 3 +3a)=¢’, and 2% =d’ (2" +Y’)

5. O is a fixed point external to a given circle whose
centre is 0. TEB is a tangent of given length, touching
the circle in E; its extremity 7' being in CO produced. If
CB and OF when produced intersect in M, shew that the
length of BC is least when 7'M is at right angles to 7'C.

6. A plane moves in any (given) manuner on a fixed
plane: O is a fixed point on the fixed plane, P a fixed point
on the moving plane; if the area described by P about O
is given, shew that the locus of all points (P) in the moving
plane for which this area is the same is a circle, and that for
different values of the area the corresponding circles arc
concentric.

7. A given triangle moves in a plane so that one of its
sides touches a fixed circle, and another a fixed cycloid;
prove that the third side touches an involute of a cycloid.
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8. Two tangents OP, OQ inclined at a constant angle a
are drawn to a closed curve, without points of inflexion, and
OX is the external bisector of the angle POQ. Shew that
the perimeter of the closed curve enveloped by OX : the
perimeter of the original curve :: 1 : sin 4a.

9. One cnd A of a straight line slides along a fixed
straight line 04, and the straight line always passes through
a fixed point O at the distance CO, (c), from the line 04 ;
prove that this motion is cquivalent to the rolling of the
curve, ¢* («* + y*) = &', upon the parabola, cy ="+ c".

10. If a parabola, latus rectum 4a, slide between two
straight lines at right angles to one another, the glissettes
produced are the same as the roulettes produced by a
parabola latus rectum ¢, rolling on the curve

a’ﬂ (w2+ :1/2)3 = w4y4.

11. A straight line slides on a curve having élways the
same point in contact; the motion is identical with that
of rolling a perpendicular straight line on the evolute.

Hence shew that the envelope of the straight lines drawn
through each point of an cpicycloid at a constant angle to the
tangent is also an epicycloid.

12. An ellipse slides on a straight line, always touching
it at the same point; the path of its centre is the curve

ay*= ("= y") (y" = b°).

13. A straight rod, of length 2a, slides with its ends on
a wire in the form of the cardioid, » =@ (1 — cos 6); prove
that the fixed and moving centrodes are circles.

14, A straight line ACB slides on a fixed curve, the
middle point C' being always in contact with the curve; if
1/p is the curvature at C, and 1/r and 1/s are the curvatures
of the paths of 4 and B, and if AB = 2c, prove that

1/r+1/s=2/Jp*+¢"
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15. A given point in a straight line moves along a given
diameter, produced, of a given circle, and the straight line
always touches the circle ; prove that this motion is equivalent
to_the rolling of a parabola upon the curve,

ay* = (z + a)’ (20z + 27,

the parabola starting with its vertex at the origin.

16. The end P of a finite line PQ travels on a closed
curve which has no points of inflexion, and the line PQ is'
inclined at a constant angle to thc normal at P. Find
the area included between the locus of @ and the curve,
and shew that if O be the centre of curvature at P the
motion of @ is perpendicular to QO.

17. Two tangents, inclined to cach other at a given
angle, move round a closed curve without cusps, or points
of inflexion, and the external angle is divided into two
constant parts a and B; prove that the length of the
envelope of the dividing line is to the length of the given

curve, as
a—pQo. a+
COoS 2@ 1s to cos -~~2B .

18. One end of a straight rod moves round the cir-
cumference of a circle, and the rod always passes through
a fixed point of the circumference ; prove that this motion
can be produced by rolling a circle with internal contact
upon a circle of half its radius.

19. If a straight rod pass through the vertex of a
parabola, and one end move along the arc of the curve,
shew that this motion can be produced by rolling the
curve a’y'=(2’+ 4a’) {2* + 40’ (@’ +y°)} upon the curve
Say’=a’ (z— 4a).

20. An involute of a circle slides on a straight line,
always touching it at the same point; the glissettes of a
point and a straight line are respectively a trochoid and
an involute of a cycloid.
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21. A parabola slides on a straight line touching it
at a fixed point P.

If the normal at P meet the axis in G and GR be
drawn parallel to SP and equal to one fourth of the latus
rectum, the normal to the path of the focus is parallel to

PR.
Shew also that the path of the focus is an hyperbola.

22. If at any point of a curve whose intrinsic equation
is s =f"(¢) a straight line is drawn making a constant angle
a with the tangent and of length s cos a, the intrinsic equa-
tion of the locus of its extremity will be

s=f (¢)sina + f(¢) cosa.

23. A fixed point of a straight line moves along the
axis, produced, of a parabola, and the straight line always
touches the parabola; prove that the motion is equivalent
to the rolling of the curve,

4o’y =4 (2* — 4a’y),
upon the curve, ay’ = 4z (z + a)’.

24. A lamina moves in its own plane so that a point
fixed in it lies on a straight line fixed in the plane, and
that a straight line fixed in it always passes through a
point fixed in the plane; the distances from each point to
each line being equal. Prove that the fixed and moving
centrodes are parabolas.

25. A given right-angled triangle PQR is made to slide
round the cutside of a fixed oval curve with the point P on
the curve, the side PR touching it, and the side PQ normal
to it. If s is the perimeter of the oval, prove that the length
of the curve enveloped by QR is equal to

(s +2m . PQ) sin PQR.



GENERAL MOTION OF A RIGID BODY.

83. A rigid body is said to have a motion of translation,
when all planes in the body move parallel to themselves; or,
which comes to the same thing, when all points of the body
pass over equal distances in the same direction.

A rigid body is said to have a motion of rotation, or to
have rotatory motion, when some plane in the body changes
its angle of inclination to some plane fixed in space.

In general, the motion of a rigid body can always be
represented by a rotation combined with a translation, and
the translation may be rectilinear or curvilinear.

84. The wheel of a carriage, for instance, has a recti-
linear motion of translation, combined with a rotatory motion
about its centre; but this, as we have seen, can be repre-
sented by a state of rotation about the point of contact of
the wheel with the ground.

If a man looking straight at a particular wall of a room,
walks round a table in the room, he has a motion of circular
translation, but no motion of rotation; all the points of his
body moving in equal circles with different centres.

As another illustration, the moon moves round the earth
so as always to present very nearly the same face to the
earth.

It follows therefore that, while the centre of the moon
moves round the earth in its oval orbit, an ellipse of small
eccentricity, the moon turns completely round an axis
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through its centre, that is to say, it has an angular velocity
of fonr right angles per month*.

The motion of the moon is therefore represented by a
motion of elliptic translation, combined with a motion of
rotation.

Again, when a mass of liquid rotates uniformly, as if
rigid, about a vertical axis, every molecule describes a circle,
and has besides a rotatory motion, the free surface being a
paraboloid ; whereas, in Rankine’s free circular vortex, every
molecule describes a circle, but has no rotatory motion, and
the free surface is convex, and has a horizontal asymptotic
plane.

Motion of « rigid body about a fized point.

85. If two straight lines OP, OQ), through the fixed
point O, are fixed, it is clear that the body is incapable of
motion, and the motion of the body is therefore completely
determined by the motions of these two straight lines.

At any instant the point P is in motion in some definite
direction, and the line OP has a motion in the plane
containing this direction.

Drawing the plane POC through OF perpendicular to
its plane of motion, the motion of OP can be represented by
a state of rotation about any line through O in this perpen-
dicular plane.

Similarly the motion of OQ can be represented by a state
of rotation about an axis in a plane QUC, intersecting the
other plane in the line OC. Both motions are represented
by a single rotation about the line OC.

The motion of a rigid body about a fixed point is there-
fore, at any instant, a motion of rotation about some axis
through the point.

* About thirty years ago a curious controversy took place in the columns
of the ‘Times’, concerning the motion of the Moon. It was asserted that,
because the Moon always presents the same face to the Earth, it has no
rotatory motion, and there was a good deal of correspondence before the
matter was settled. The misconception of course was in the use and meaning
of the word rotation.
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86. The successive positions of the instantaneous axis
in space will form a cone, fixed in space ; and the successive
positions of the instantaneous axis in the body will form a
cone, fixed in the body, and the whole motion will be
represented by the rolling of this cone upon the fixed cone.

These are sometimes called the fixed and moving axodes.

An important application of this idea is the discussion of
the motion of a body under the action of no force, in
Poinsot’s Nouvelle Théorie de la rotation des corps solides.

87. It may be useful to indicate a ditferent method of
dealing with the ideas of the two preceding articles.

Consider the body to be rigidly attached to a sphere, the
centre of which is at the fixed point; then the motion of the
sphere will determine the motion of the body.

If P and @ are two points on the surface of the sphere,
the motions of P and @ determine the motion of the sphere.

Through P and @ draw great circles perpendicular
respectively, to the directions of motion of P and @; these
great circles intersect in a point C, which has no motion, and
OC is therefore the instantaneous axis.

And, exactly as in Art. (60), the locus of C on the surface
of the moving sphere will be a spherical curve rolling on the
arc of a fixed spherical curve, the locus of € in space, thus
constituting the fixed and moving spherical centrodes.

88. A circle rolls on the arc of a fized circle, the plane of
the rotitng circle being inclined at a given angle to the plane
of the fized circle; it 1is requived to find the position of the
instantaneous axs.

Take « and ¢ as the radii of the fixed and rolling circles,
and a as the inclination of their planes to each other.

O and C being the centres of the circles, the normals
to their planes through O and C meet in a fixed point £,
fig. 60, and the motion is completely represented by the
rolling of the right circular cone vertex E, and vertical
angle PEQ), upon the fixed right circular cone, vertex E
and vertical angle double the angle OEP.
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The line EP is therefore the instantaneous axis.
The angle OPQ being a, let the angle OPE = ¢; then
angle
™ ™
Projecting £C and OCP upon the plane of the fixed

circle,
ECsina=a+ ccos(m—a)=a—ccosa.

EP sin (a— ¢p)sina=a—ccosa,

and asin (@ — ¢) sin a= (¢ — ¢ cos a) cos ¢,
: c—acosa
leading to tan ¢ = ~———.
wsina

If a is greater than ;, ¢ is positive, but if a is less than

5 and acosa>c, ¢ is negative, and the instantaneous axis
el

PE is beneath the plane of the fixed circle, results which are
at once obvious from the figure.

The semi-vertical angles of the fixed and rolling cones
are respectively ;— ¢, and ; —(a—¢), and the tangents of

thesc angles are respectively
« sin a ¢sin a

——, an .
C—ucosa a—ccosa
Again, if V is the velocity with which the point of
contact moves round,

the velocity of 0=V ¢~ % ¢%%,

(4

 Therefore the angular velocity of the disc about the
instantaneous axis &P

=Va——(;c-p—sv—a+csin oa—¢)
_yfl,1_2cosa)l
_V{a”+c" ac )’
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In the general case of any plane curve rolling on another
plane curve, this is the relation between the angular velocity,
and the velocity of the point of contact, if @ and ¢ are the
radii of curvature at the point of contact.

"89. The rate of rotation is the angular velocity about
the axis, or the spin, as it was called by the late Professor
Clifford. It is measured by the rate of increase of the
inclination of a fixed plane in the body, containing the
axis, to a fixed plane in space, containing the axis.

If OA is the axis of a spin, it is considered to be positive
when the motion is clockwise, looking in the direction 40,
or counter-clockwise, looking in the direction OA.

Composition of Rotations.

90. Parallelogram of angular velocities, or parallelogram
of spuns.

If 04, OB arc the axes of two spins, and if the lengths
of OA and OB arc proportional to the magnitudes of the
spins, the resultant spin is represented in magnitude and

direction by the diagonal OC of the parallelogram formed
by 04 and OB.

Taking o and o' as the magnitude of the spins, the
velocity of any point I’ in the plane AOB, perpendicular
to that plane,

=wPD+ o'PE, fig. 61,
PD and PE being the perpendiculars on 04 and OB.
Now, if PD meets BC, or BC produced, in K,
04.PD=0A(PK +KD)=BC.PK+ OA.KD
=2 (PBC + 0BC0),
and OB.PE=2P0OB.
OA.PD+ OB.PE=2.P0C=0C. PF,
if PF is the perpendicular on OC.
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Hence, if the ratio of Q to w is the same as that of OC to
0A, the velocity of P

=0.PF,

and therefore OC represents the resultant spin in direction
and magnitude.

91. Resultant of two spins about parallel azes.

Suppose a rigid body to have, at any instant, two spins,
o and ’, about parallel axes through the points 4 and B.

Take any point P in the planc containing these axes,
and let PAB. be perpendicular to the axes. The velocity of
P will be in the direction perpendicular to the plane, and its
magnitude will be

wAP + o'BP.

This will vanish if P coincide with a point C between A
and B, such that
wAC =o' BC,

and the velocity of P will be (w + o”) CP.

It follows that the resultant spin is of magnitude o + '
about the axis through C parallel to the original axes.

If the spins about A and B are in contrary dircctions,
and of numerical magnitude w and o', the velocity of D
will be

w.AP - o' .BP,
and this will vanish if P coincide with a point €' in Bd
produced, such that

w.AC=0".BC,

and the velocity of P will then be (w — ') CP.

If in this case w=w’, the velocity of any point in the
plane will be
w.AB,
and therefore, equal and opposite spins about parallel axes
are equivalent to, and may be represented by, a motion of
translation.
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92. A sphere rolls on a plane so that its centre moves in
a circle.

Let P be the point of contact, O the centre of the circle,
tadius a, on which it moves, and C the centre of the sphere,
of radius c.

Then, if the sphere have no spin about the vertical
diameter, OP is the instantaneous axis, and therefore the
motion is represented by the rolling of the cone, axis OC and
semi-vertical angle COP, upon the plane.

The cone is the moving axode, and the plane is the fixed
axode.

If O is the angular velocity of the point C' about the
normal to the plane through the point O, and if Q' is the
spin about the instantaneous axis, looking in the direction
PO, it follows that Q' is negative, and that its numerical
value is aQ/c.

93. If the sphere have a constant spin @ about the
vertical diameter, a state of things which exists under certain
dynamical conditions, the instantaneous axis is the line ZP,
such that

OF:0P:: w:Q, fig. (62),

and that the fixed axode is the right circular cone, axis £O,
and vertical angle OEP, and that the moving axode is the
circular cone, axis EC and vertical angle PEC, so that the
small circle PQ is the circle of contact.

94. d sphere rolls on a surface of revolution, so that its
centre moves in a ctrole.

If P is the point of contact, and if PO, the tangent to
the meridian at the point P, meets the axis Oz of the
surface in the point O, PO will be the instantaneous axis,
provided that the sphere has no angular velocity about the
normal at P, a state of things which is possible.

In this case the fixed axode will be the cone, axis Oz,
and vertical angle twice POz, and the moving axode will be
the cone, having its vertex at the point O, and enveloping
the sphere.

B. R *? 6
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If the sphere should have a constant velocity about the
normal at P, which is dynamically possible, the instantaneous
axis will be a straight line through P meeting Oz in a fixed
point E. The fixed axode will then be the cone, axis Ez,
and vertical angle twice PEz, and the moving axode will be
the cone, having EC for its axis, and CEP for its semi-vertical
angle.

Motions of Translation and Rotation combined.

95. 1If one point of a rigid body is fixed, it is clcar that
the body cannot have a motion of translation, but that it
may have a spin about some axis through the point.

It follows therefore that any state of motion of a rigid
body can be represented by a motion of translation, combined
with a spin about some axis.

It will be shewn in the next article that this state of
motion can always be transformed into a translation in some
direction, combined with a spin about an axis in that direc-
tion, that is by a spin on a screw.

This screw is called the instantaneous screw,

The successive positions of its axis, in space and in the
body, create two ruled surfaces, which arc called respectively
the fixed and moving axodes.

These axodes may be developable surfaces, or skew
surfaces, or, according to Professor Cayley’s nomenclature,
torses or scrolls, and the motion of the body is completely
represented by the rolling and sliding of the one axode on
the other.

96. If we have given the state of the motion of one
point of a body at any instant, and the rotation of the body
about some axis through the point, it is clear that the motion
of the body is completely determined.

With these data we can find the instantaneous screw.

Let u be the velocity of a point O of a body, and OA4 its
direction of motion, and let the body have the spin w about
the axis OB.



SCREWS, 83

Draw the straight line OF perpendicular to the plane
AOB, fig. (63), and through the point £ of the line draw EF
parallel to OB.

Apply to the body two equal and opposite spins, of
magnitude o, about the axis EF.

The spins  and —  about OB and EF are equivalent to
the translation wr, if OE =7, in the direction perpendicular
to the planc BOE.

The resultant translation will be in the direction KF, if
7@ = sin a,

t
a being the angle AOB, and if v is the magnitude of the
motion of translation,

V=ucosa.

EF is therefore the axis of the instantaneous screw, and the
motion is represented by the velocity » in the direction EF,
and the spin w about ZF.

97. It will now be seen that when the motion is repre-
sented by a spin on a screw, the magnitude of the translation
is the least possible.

In fact, if we apply two equal and opposite spins, each
equal to the screw spin, about any axis parallel to the axis of
the screw, we shall obtain a spin about this parallel axis and
a translation perpendicular to it, which, combined with the
original translation, will produce a translation of greater
magnitude.

98. Other modes of representing the motion of a body
may be adopted.

For instance, any state of motion can be represented by
two spins about axes at right angles to each other, in an
infinite number of ways. To prove this, take any point £
in the axis of the instantaneous screw EF, fig. (64), and, in
any plane through EF, draw two straight lines £4, EB at
right angles to each other, and draw PEQ perpendicular to
the plane AEB.

6—2
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If v and  represent the screw motion, and if the angle
FEA = 0, these are equivalent to the two screws,

vecos 0, wcos §, and v sin 0, o sin 6.

Through P and @ draw straight lines PC, @D parallel to
EA and EB.

Apply two equal and opposite spins, w cos 6, to PC, and
two equal and opposite spins, @ sin 6, to @D.

If we take P and @ such that
QFE.wsin 8 =vcos 0,
and PE. wcos 6 =vsin 6,

all translations will disappear, and we shall be left with two
spins,  cos 8 about PC, and e sin 8 about QD.

Conversely if we are given two spins, a and 3, about axes
at right angles, and at a given distance ¢ from each other, we
can determine the instantaneous screw.

For wcos@=a, and wsinf=g;
w=\/&§"+,8é, and tanﬁ:f.
’ _ v )
Aleo, e=PE+QE= o Geost’
v=_cwsin 0 cosf = - 0af3 -,
N
and PE:QFE :: B : o,

so that the screw is completely determined.

Pitch of a Screw.

99. In the case of a screw motion, when o is the
velocity of translation, and o the spin, if we take a quantity
p such that

v =po,
p is called the pitch of the screw.

If the motion continues uniform, p is the actual translation
due to a twist through the unit of angular measure.
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Composition of Screws.
100. The axes of two screws intersect at right angles ; it
18 required to find their resultant.

Let v, @ and ',  represent the two screws; then if p
and p' are the pitches,

v=pw and v =p'e’.

Oz and Oy being the axes of the screws, fig. (65), let OP
be the axis of the resultant  of the two spins » and o'’

Also let OQ be the direction of the resultant Vof' t he
two velocities v and v'. (1

The motion is then reduced to the translation Vn (9Q
and the spin © about OP.

Let the angle POz =6, and QOxz = ¢.

In the line Oz, perpendicular to the plane zOy, take‘}: a
point £ at the distance z from O, and draw EF parallel; to
OP.

Apply to the body two equal and opposite spins about
EF, each equal to ().

The motion then consists of the spin Q about EF, the
translation Qz perpendicular to the plane EOP, and the
translation ¥ in 0Q.

The resulting translation is in the direction EF, if
2Q = Vsin(¢ — 0) =v'cos @ — vsin 6,
leading to 2= (p' —p) we ...cuu.u... (1),
or z=(p’ — p)sin @ cos 6.

This determines the position of the axis of the resultant
screw, the spin of which is 2, and the translation U, where

Q=Jo' + 0"
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and U= Vcos(p—0)=vcosf+1 sinf
= pwcos 0 + p'w’sin 0
=0 (pcos’f + psin’ ),
so that if = is the pitch of the resultant screw,
@ = pcos’ § +p’sin* 4.
If we measure 6 from the line bisecting the angle between
the axes of the screws, that is, if we write 71,71- + 6 for 0 we

obtain
) 2z=(p" — p) cos 26,

n{:a:s) 2U0=Q {p'+p+(p’ —p)sin 26}.

;gl’;; The Cylindroid.

def1, Ifp and p’ are ~ ” 1if w and o' are allowed to
ch.poe, the angle % ‘e, and the position of the

ns 1taneov %ﬁ.-ocuange.

t will trace out a skew surface, conoidal, of which Oz is
the axis, and, since the equations defining its position are

z=(p'—p)sinfcosf, y==xtané,
it follows by the elimination of 8 that
2(@"+y)=(p —p)ay
is the equation of the conoidal surface.

This surface is called a cylindroid, in the nomenclature
of Sir R. S. Ball (Ball's Theory of Screws).

Turning the axes of # and y through half a right angle,
the equation takes the form

222" +y") =(p' —p) (& - ).

102. The axes of two screws intersect at the angle 2a;
1t 18 required to find their resultant.

Take Oz and Oy bisecting the angles 2« and 7 — 24, the
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screws p and p’ having for their axes 04 and OB respec-
tively.
The translations are (v’ +v)cosa, and (v —v)sina, and
the spins about Oz and Oy are
(@' + w)cosa, and (0 —w)sin a.
Taking Q and V as the resultants and 6, ¢, as the inclina-
tions to Oz, we have
Vi=o? 4024+ 200 cos 20, Q=o'+ 0"+ 200’ cos 2a.
Veosp=(+v)cosa, cosf= (o + w)cosa,
Vsing=(v'—v)sina, Qsinf=(0'—w)sina.
As in Art. 100, if we take 2Q) = V'sin (¢ — ),
we obtain 2Q=(p' —p) ww’sin 2a.............. (1),
which becomes equation (1) of Art. 100, when A0B is a
right angle.

The spin of the resultant screw is Q, and, if U is the
translation
U="Vcos(¢p—0),
so that
Q.U=(p'o +po) (o +w)cos’a+(p'ew —pw) (o —w)sin’a,
= pe’ + p'w” + (p' + p) 0w’ cos 2a.
Taking = as the pitch of the resultant screw, and
observing that
o’ sin 2¢=Qsin (a+6), and o sin 2a = Q sin (a — 6),
we obtain the equation,
@ sin’ 2a = p’sin® (a + 6) + p sin® (a — 6)
+(p'+p) (sin® a —sin® @) cos 2a............... (2).
Again, we obtain, from (1),
zsin 2a = (p’ — p) (sin® & — sin® §),
and if we put y =z tan 6, and eliminate 6, we find that
2 (2* +y") sin 2a = (p' — p) (+* sin* a — y* cos® a),
is the Cartesian equation of the surface traced out by the

axis of the resultant screw when p and p’ are fixed, and
®, o are variable.



88 SCREWS.

103. The shortest distance between the axes of two screws is
2¢, and 2a is the inclination to each other of the axes; it 8
required to find the resultant screw. :

Take the middle point of the shortest distance as origin,
and as axes of z and g, take the straight lines bisecting the
angles 2a and 7 — 2a.

Let AC be the axis of the screw p, and take for its
equations
y=—ztana, 2z=-—C¢C

Then, if BD is the axis of the screw p’, its equations are
y=xtana, z=c.

Let OK and OL be the projections on the planc zy of
the axes AC and BD.

Applying equal and opposite spins about OK and OL,
the screw p is equivalent to the translation v in OK, the
spin  about OK and the translation cw perpendicular to
OK, in the direction figured. Fig. (66).

_ Similarly the screw p’ is equivalent to the translations v’
in OL, the spin " about OL, and the translation ce’in the
direction perpendicular to OL.

The motion is therefore equivalent to the translations,
parallel to Oz and Oy,

(v'+v)cos a —(w'+ w)csin a, (v'— v)sina +(w'—w)ccosa...(1),
and the spins about Oz and Oy,

(o' +w)cosa, (0 —@)SinAcenireniennnn..e. 2).

As before take Q and V as the resultants, 6 and ¢ as the
inclinations to Oz, so that the above quantities are equal to

Vcosp, Vsing, Qcosfh, Qsiné.
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If we take z such that

z2Q=Vsin(¢p—6) .....vvnrnnennnn 3),
we obtain

20 = (p' - p) we' sin 20 + (0" - &%) ¢,
which determines the position of the resultant screw axis,
If ¢ =0, we obtain the result of Art. 102.
The spin of the resultant screw is {2, and if U is the

translation,
U=Vcos(p—0)...cccvrruninnnnnnn. 4),
leading to

QU =p'w*+po’ + (p’ + p) 0o’ cos 20 — 2cwe’ sin 2a.
If we put y == tan 6, we obtain, from (3),

2 (2* + y*) sin 2a = (p' — p) («* sin’ @ — y” cos’ a) + 2cxy sin 2a.

104. Conversely, any screw can be decomposed into two
screws having their axes in any two planes parallel to the
axis of the given screw, and having these axes inclined to
each other at any given angle.

These conditions fix the values of a, ¢, and z, and, if
we take U and Q as the elements of the given screw, we can
assume 6 at pleasure, so that V" and ¢ will be determined by
the equations (3) and (4), and then the equivalences of V cos ¢,
Vsin ¢, Qcosf, Qsin @ to the expressions (1) and (2) will
determine the elements of the two screws.

105. To prove that a cylindroid is completely determined
if two screws are given.

Adopting the notation of Art. 103, let axes of & and 7,
parallel to the plane zy, meet in a point on the axis of z at a
depth ¢ below the plane of zy, and let 4 be the inclination
of the axis of « to the axis of £, so that ¥ + a and Y — a are
the inclinations to the axis of § of the axes of the screws p’

and p.



90 CYLINDROID.

Also let = and =’ be the pitches of the £ and % screws.

Then if the p and p’ screws are on the cylindroid defined
by = and =’, we have from Art. 100,

P =wcos’ (Y +a) += sin® (Y +a)............ Q).
p=wcos’ (Y —a)+='sin’ (Y= a)............ (2),
¢+c=(a'—w)sin (Y+a)cos (Y +a) ......... (3),
{—c=(o"—w)sin (Y —a)cos (Y —q) ......... (4).

From (1) and (2) we obtain
P —p=(a"—=)sin 2y sin 2a,
and from (3) and (4),
2c=(w"— ) cos 2Yrsin 2a....c0vrvenenn.n.s 4);
and .. 2¢c tan 2¢» =p —p’, which determines .
Again  p'+p=v"+w — (=’ —=)cos 2¢ cos 2
= + @ —20C0t 20uruuirniinarninnnns (6)
and, adding together (3) and (4),
2¢ = (@’ — =) sin 24 cos 2a
or 2§ = (p’—p) cot 2a, which determines ¢&.

Lastly = and =’ are given by the equations (5) and (6),
and the cylindroid is therefore completely determined.

It is obvious that the resultant of the screws p and p' is
on the cylindroid given by = and .

For each screw is decomposable into two having £ and 7
for axes, and the two pairs of £ and 5 components are each
equivalent to one £ component and one 7 component, and
therefore to a screw on the cylindroid.

It will be seen also that the spins of the three screws
follow the parallelogrammic law and are therefore in the ratio
of the sines of the angles between the axes of the screws.
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106. The equations of the axis of the instantameous
screw.

The motion of a rigid body being completely represented
by the motion of a point of the body, and a rotation about
some axis through that point, let w, v, w be the component
velocities of the point (, and o, ®,, w, the component
angular velocities about axes through O’

If «, y, 2 are coordinates of a point P of the body
referred to O, its velocities relative to O’ are

’ ’ ’ ' ' ’
o, ~Yw;, TW,—-Z20, YO, —Tw,,

and the actual velocities of P are obtained by adding u, v, w
to these expressions.

The point P will be a point in the screw axis if the
direction of motion of P is coincident with the direction of
the axis of resultant angular velocity, that is, if

v+, —Yo, v+ro,—7Zo _w+ye -,

@, @, Wg

These then are the equations of the screw axis referred
to O, and, knowing the position of the axes through O’
relative to axes fixed in space, we can determine the position,
relative to those fixed axes, of the screw axis.

107. A sphere rolls between two parallel surfaces of
revolution which are rotating about thewr common axzis with
different angular velocities; 1t is required to determine
the motion, and the axodes.

If P and @ are the points of the sphere in contact
with the surfaces at the distances » and 7’ from the axis,
the velocities of P and @ are the same as those of the
points in the surface with which they are in contact, and
are therefore, fig. (67),

wr and o7’

in the direction perpendicular to the plane CGE.



92 ROLLING SPHERE.

Hence if V is the velocity of C,
V=14 (or+ 7,

in the same direction, and it follows that C moves in the
circle centre N, with the velocity V.

If the system be started from a state of repose, the only
ax:gula.r velocity of the sphere about C will be about the axis
and if  be this angular velocity,

o' — or
o

If we take the point F such that
V=0.CF,

the instantaneous axis is the line FZ parallel to C4, and
meeting the axis of the surfaces in a fixed point.

=

Hence the fixed axode is the right circular cone, vertex
E, axis EG, and vertical angle 2FEG, and the moving
axode is the cone, vertex E, axis KC and vertical angle
2FEC.

108. A sphere rolls between two parallel planes, which
are rotating, with equal angular velocities in the same
direction, about fized awes perpendicular to the planes; to
determine the motion and the azodes.

Let the plane through C, the centre of the sphere,
parallel to the given planes, intersect the two axes of rota-
tion in 4 and B, and if P, @ are the points of contact, take
P above this plane, and @ beneath it.

Take ¢ for the radius of the sphere and let
AE=EB=a.

Starting the system by suddenly setting the planes in
motion, the velocities of P parallel to # and y, i.e. perpen-
dicular and parallel to AB, are w. AN and »CN; and the
velocities of @ are wBN and wCN, N being the prOJectlou of
C upon 4 B.
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Therefore the velocities of C' parallel to 2 and y are
wEN and . CN,

that is, the point C moves uniformly in the circle, centre
¥ and radius EC (b say).

Again there is no angular velocity about Cz, because
the velocities of P and @ in the direction Cy are equal;
but the angular velocity about Cy

_(D.AN' —?.l_;l_v—_ (}——Qsa
T 2 =T9:T Y

The motion is now represented by the translation wb
in 'CK perpendicular to £C, and the rotation Q about Cy.

The screw axis is parallel to Cy and is at the height
above C given by the equation
2Q + wb cosyr =0, or w?z:wbcosxb,

the angle KCx being v, so that
z=2.EN.
@

. . . a .
The spin about the screw axisis — o o and the translation

is wb sin .
The axodes are clearly cylindrical surfaces, and if CN =,

we have z =bsin+,
w‘z + aﬂz2 —1
b‘Z b2c2 )

is the equation of the fixed axode.

To find the moving axode, observe that while £C turns
through the angle 4, a vertical diameter of the sphere turns

through the angle Z\[r, so that, taking p and e as polar

coordinates of the screw axis, referred to C and this moving
diameter, we have

be a
p—z—;cos% and 5—5‘!”
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is the polar equation of the moving axode. This moving
axode rolls on the elliptic cylinder which is the fixed axode,
and slips backwards and forwards with the variable velocity
wb sin .

109. We have assumed in the preceding discussion that
the system was originally at rest, and the planes set in
motion, so that no rotation would be produced about the
diameter perpendicular to the planes. If originally the
sphere was rotating about this diameter, the angular velocity
will remain unchanged, as we know from dynamical con-
siderations.

The effect would be that the axodes would retain the
same general forms, but that the axes of these cylinders
would not be parallel to the planes.

110. It may be useful to obtain some of the results
of Art. 108 in a different manner.

Taking Cz and Cy as axes, let the motion be represented
by the velocities u, v, of C, and the rotations w,, w, of the
sphere about Cz and Cy.

We have to express the fact that the velocities of the
points P and @ of the sphere are the same as those of the
points of the planes with which they are in contact.

If AC'=r, BC=7r,CAN=6, CBN=¢,
the conditions for the point P give the equations,
u+ cw,=rw cos §, v — cw, = 7o sin 6,
and, for @,
u-cw,=r'wcos ¢, v+ co, = r'wsin ¢;
we have also,
rsin @=r'sin ¢, and ' cos ¢ — 7 cos 6 = 2a.
Hénce we obtain,
2u=w(r'cos¢p+rcosb), 2v=w(sin¢+rsind),

cw,=-aw, o, =0;
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v_ 20N _CN
w" BN+ AN~ BN~

shewing that the motion of C is in the circle of radius b, and
that the only rotation is about Cy.

and

111.  If in Art. 108 the rotation about the axis through
Bis in the opposite direction to that of the rotation about
the axis through A4, the effect is that the centre moves
uniformly in the straight line CN, and that the sphere
rotates with an angular velocity proportional to the length
of EC about the axis which is inclined to Cz at the same
angle as CK.

The fixed axode is a skew surface of the form,
bz (&* + ") + acay =0,

a conoidal surface, and it will be seen that the moving axode is
also a skew surface.
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1. A smooth rigid wire bent into a curve turns round a
fixed point in its own plane, and pushes a particle before it
in a straight line. Find the form of the curve and shew
that if it move with uniform angular velocity the particle
moves with uniform velocity.

2. @, C, Pare fixed points in a rod. @ describes a circle
whose centre is 0 and radius @, C describes a straight line
passing through O; shew that gencrally P describes an egg-

2
shaped oval, whose area is '”ZC, and that the radii of

curvature of its ends are
ac’
a(d+c) £
where QC=0b,CP=c.

3. If a catenary rolls on a straight line, the envelope
roulettes are involutes of parabolas.

4. An ellipse rolls on a fixed horizontal straight line (the
axis of ). Shew that the locus of the highest point of the
ellipse is given by the equation,

dz y* — 8’

Ay~ 9V (e =) (7= 69)

5. An ellipse rolls on a straight line; prove that the

difference between the lengths of the radii of curvature at

corresponding points of the paths traced out by the foci is
constant.

6. A cycloid rolls on an equal cycloid, corresponding
points being in contact; shew that the locus of the centre
of curvature of the rolling curve at the point of contact is a
trochoid whose generating circle is equal to that of either
cycloid.
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7. Prove that the intrinsic equation of the envelope of
the directrix of a catenary of parameter ¢ rolling on a circle
of radius ¢ will be found by eliminating a between the
equations

1 5, 1+sina
-tanaseca+—x og =
1—sina’

and ¢ =0+ tan a.

QICI.:
l\‘.)

8. The cardioid » = a (1 — cos 8), rolls on a straight line;
prove that the intrinsic equation of the roulette of the
cusp is

=3u (2¢ — sin 2¢),

measuring from the point of contact of the cusp.

Prove also that its Cartesian equation is

4“_ B Yy “‘\/ Z/- i
2 {”(2«;)} 1*<2a) ’

. . . . . .
that its area is T) wa’, and that the radius of curvature of

the roulette of the cusp is three times its distance from the
point of contact.

9. Shew that the problem for the determination of the
caustic of a curve for rays proceeding from a point is the
same as that of finding the evolute of the roulette traced out
by the point corresponding to the given point, when an
exactly equal curve is rolled upon the given curve, corre-
sponding points being in contact.

Examine in particular what this becomes in the case of
(i) rays proceeding from the focus of a parabola, (ii) rays
proceeding from a point on a circle.

10. Prove that the curve on which an cllipse must roll
in order that its centre may move in a straight line is given
by the equation y/a =dn «/b, the modulus being the cccen-
tricity of the ellipse.

B. Re—? 9 7
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11. The right angle BAC slides so that 4B, AC touch
respectively two fixed circles; if ¢ is the distance between
the centres of these circles, prove that the fixed and moving
centrodes are circles of diameters ¢ and 2.

If » and 7' are the radii of the two circles, and if ¢ and
t' are the distances from A to the points of contact, prove that
the radius of curvature of the path of the point 4 is equal to

@+ o)
2(t + ) —rt — 1t
Prove also that, if d is the distance between the points

of contact, and ¢ the distance between the centres of the
circles, this expression is cqual to

2d4°
3d* ot —rt—
12. If a helix rolls on a straight line which it always

touches, while its axis moves in a plane, any point of the
helix traces a cycloid.

13. Two cylinders of different radii are placed on a table
with their axes parallel. A board is placed upon them and
drawn along in a direction perpendicular to the axes of the
cylinders. If there be no slipping prove that the spaces
passed over by the centres of the two cylinders are the same,

. 1 s
and that each is equal to cosa’ where s = space traversed by

the board, and 2z = angle between board and table.

14. Two equal circular discs of radius ¢ with their planes
parallel are fastened at their centres to a bar, the discs being
inclined to the bar at the angle a. The two wheels thus
formed being rolled along a plane, prove that the intrinsic
equation of the track of either wheel upon the plane is
sin ¢

cosa

. 8
sSin-=
c

15. The translations of two points of a rigid body are
given in direction and magnitude, and there is no spin about
the line joining them ; find the screw axis.
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16. A sphere rolls between two co-axial cylinders,
which are rotating about their common axis; while one of
them is sliding along its axis; prove that the path of the
centre is a helix, and that the fixed axode is the surface
generated by the tangent to a helix.

17. Find the fixed and moving axodes in the casc of the
steady motion of a top.

18. A sphere rolls betwcen two concentric spheres, which
are rotating about fixed diameters; determine the motion of
its centre.

19. The vertex of the tangent cone to a fixed sphere, centre
¢, moves round the circumference of a fixed circle, centre 0,
in the plane perpendicular to OC, the cone having no rotation
about its axis; find the axodes. ‘

20. A sphere rolls between two parallel planes, which
have different spins about fixed axes perpendicular to their
planes ; determine the motion of its centre.
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Verse. By H. A. Houpxn, LL.D. s 6d.

How to Pronounce Latin. By J. .
Posteate, LiTr.D. 15,

!
% Climax Prote. A First Greek Reader.

ﬁlemc Verse, Easy Exercises in. |Notes on Greek Accents.

i Notabilia Quaedam.

tory, Geography, Literature and Antiquities
of Ancient Rome. By E. P. CoLERIDGE,
M.A. With 3maps. 2s. 64,

With Hints and Vocabulary. By E. C.
MarcuaNT, M.A. With 3o illustrations.

15, 6d.
[g;eekVorbs. By |. S.Bairp, T.C.D. 25.6d.

alecta
Dictionary.
5.
Unseen Papers in Greek Prose and Verse.
By T. CoLuins, M.A. 35,
By the Rt. Rev.

Greaca ora. With Notes and
By the Rev, P. Frost, M.A.

A. Barry, D.D. 15,

Res Graecae. Being Aids to the study of
the History, Geography, Archzology, and
Literature of Ancient Athens. By E. P.
CoLErIDGE, M.A. With § Maps, 7 Plans,
and 14 other illustrations. §s.
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Bell’s Classical Translations

Crown 8vo.

Lschylus: Translated by WaLter HEan-
taM, L11T.D. Agamemnon—The Suppliants
— Choephoroe — Eumenides — Prometheus
Bound—Persians—Seven against Thebes.

Aristophanes: The Acharnians, Trans-

lated by W, H. CovixaToN. B.A.
=~ The Plutus. Translated by M. T.
Quinn, MLA.

«Ceesar’s Gallic War. Translated by W. A
M¢Devitre, B.A. 3 Vols. (Books L-1V.,
and Books V.-VIL.).

‘Cicero: Friendship and Old Age. Trans-
lated by G. H, WELLs, M.A.

e Orations, Translated by Prof. C. D.
YonGg, M.A, 6 vols, Catiline, Murena,
Sulla and Archias (in one vol.), Manilian
Law, Sextius, Milo.

Demosthenes on the Crown. Translated
by C. RANx KenNEDY,

Buripides. Translated by E. P, CoLerinGE,
M.A. 14 vols. Medea — Alcestis—Hera-
cleide— Hippolytus—Supplices—Troades—
Ion—Andromache — Bacche® — Hecuba —
Hercules Furens — Orestes—Iphigenia in
Tauris.

Homer’s Iliad. Bks.I.andll., Bks. II1.-1V,,
Bks. V.-Vl., Bks. VIL-VIII,, Bks. IX-X.
Translated by E. H. BLakeney, M. A, 3 vols.

«— Book XXIV. Translated by E. H.
BLAKENEY, M.A.

Horace. Translated by A. Hamiuton
Bryck, LL.D. 4 vols. Odes, Booksl. and
1I.~Odes, Books Il1. and 1V., Carmen
Seculare  and Epodes—Satires—Epistles
and Ars Poetica.

Livy. Booksl., II., III., IV. Translated by
J. H. Fressg, M.A. With Maps. 4 vols.

Paper Covers.

1s. each

Liw Books V. and VI. Translated by E. S.

EVMOUTH, M.A.Lond. With Maps. 2vols.

—— Book [X. Translated by Francis
Storr, M.A. With Map.

—— Books XXI., XXII., XXIII. Transe
lated by J. BexNarp Baker, M.A. 3 vols.

Lucan: The Pharsalia. Book I. Trans-
lated by Freverick Coxway, M.A.

Ovid’s Fasti. ‘Iranslated by Hexrv T.
Ritey, M.A. 3 vols. Books I. and IL.—
Books III. and IV.—Books V. and VI.

—— Tristia. Translated by Henry T.
RiLev, M.A.

Plato: Apology of Socrates and Crito (1 vol.),
Phado, and Protagoras. Translated by H.
CARY, M.A. 3 vols.

Plautus: Trinummus, Aulularia,Menachmi,
and Captivi. Translated by Hexry T.
RiLey, M.A. 4 vols.

Sophocles. Translated by E. P. Core-
RIDGE, M.A. 7 vols. Antigone—Philoc-
tetes—(Edipus Rex—(Edipus Coloneus—
Electra—Trachinie—Ajax.

Thucydides. Book VI.
E. C. MarcHANT, M.A,

—— Buok VII. Translated by E. C. Mar-
CHANT, M.A.

Virgil. Translated by A. HamiLTON BRYCE,
LL.D. 6 vols. Bucolics — Georgics —
Zneid, 1-3—/neid, 4-6—AEneid, 7-9—
Aneid, 10-13.

Xenophon’s Anabasis. Translated by the
Rev. J. S. Warsoy, M.A. With Map, 3
vols. ~Books I. and 11.—Books IIL, 1V.,
and V.—Books VI.and VIL

—— Hellenics. Books I. and IIL
lated by the Rev. H. DaLg, M.A,

Translated by

Trans-

~#,*% For other Translations from the Classics, see the Catalogue of Bohn's
Libraries, which will be forwarded on application.
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Cambridge Mathematical Series

New School Arithmetic., By C. PanpLe-
BURY, M.A., and F, E. Rosinson, M.A.
With or without Answers, 4s. 64 In
Two Parts. 3s. 6d. each.

Key to Part I1., 85, 64. net,

New 8chool Bxa.mples in a separate
volume, 3s. Orin Two Parts, 1s. 64, and 3s.

Arithmetie, with 8c00 Examples. By C.
PENDLERURY, M.A. 45 6d. In Two Parts,
3s. 6d. each.

Key to Part I1., ys, 6d. net.

Examples in Arithmetic. Extracted from

thc above 3s. Or in Two Parts, 15 6d.

Commercm Arithmetic. By C. PeNDLE-
BURY, M.A,, and W. S. Bearp, F.R.G.S.
35. 6d. Part I, separateh 5. Partll., 1s.6d.

Arithmetic for Indian Schools. By C.
PexDLEBURY, M.A,, and T. S. Tait. 34

Bxampleslnmthmetlc. By C.0.Tuckey,

M.A. With or without Answers, 3s.

Junior Practical Mathematics. By W.

. StaiNer, B.A. 2s, with Answers,
nr. 6d. Part ., 15, 4d., with Answers, 15, 6d.

Elomentary Algeb W, M,
emen ebra. B M. BAKER,
M.A, and A. A. BUUR\E,YM A. With or
without Answers. 4s. 64. In Two Parts.
Part 1., 25, 6d., or with Answers, 3s. Part
1., wnth or without Answers, 35, 6d.

105. net; or in 2 Parts, 35, net each.

Bxa.mpfel in Algehra. Extracted from
above, With or without Answers, 35. Or
in Two Parts. Part L, 1s. 6d., or with
Answers, 2s. Part I, with or without
Answers, 3s.

Bxamples in Algebra. By C.O. Tuckey,

M.A. With or without answers. 35

—— Supplementary Examples. 0d. net.

Elemen! tu'%.usebm for use in Indian
SChool y J. T. HATHORNTHWAITE, M. A.

cnoice and Chance. By W. A. Wuit-
woRrRTH. M.A, 75,

— DCC Bxercises including Hints for
the Solution of all the Questionsin “ Choice
and Chance.” 6.

Euclid. Books1.—VI., and part of Book XI,
By Horace Dmomon, M.A. 4s.6d., or

Book I., 15. Books I. and II., 1s. 6d. Books
1.—IIl., 2s. 6d. Books 1.—1V., 35. Books
11, and IV., 15. 6d. Books V.—XI., as. 6d.

Introduction to Euclid. By Horacs
‘Deiguton, M.A., and O. Emtacg, B.A.

15, 6d.

EBueclid. Exercises on Euclid and in Modern
Geometry. Bv ]. McDoweLL, M.A. 61,
Elementary Graphs. By W. M. Baxeg,
M.A,, and A, A, Boutw:, M.A. 64. net.

Elementary Geometry. By W. M. Bakzr,
M.A.,and A. A. BourNg, M.A. 4s.64. Or
in Parts. Book 1., 15. Books 1. and IL,
15.6d. Books L.-111., 35.64. Books 11, and 111,
15. 6d. Book IV., 15.  Books 1.-IV,, ‘,:.
Books I1.-1V., 35. 64. Books IIL. and IV,,
15, 6. BonkV 15. 6d. Books IV.and V.,
25, Books IV, -VlI., 35. Books V.VIL,
25, 6d. Books VI. and VIL, 15 611.'
Answers to Examples, 6d. net. Kcv,(u net.

Examples in Practical Geometry and
Mensuration. By ].W. Marsuati, M.A,,

and C, O. Tuckey, M.A., 15. 61
A New ‘Trigonome for Schools. By
. G. BurcearpT, M.A., and the Rev.

A D. PerroTT, M.A. . ’6d. Orin Two
Parts, 25. 6. each.
Key, 105, net; or in 2 Parts, §s. net each.

Elementary Trlionome By CHARLES
PenDLEBURY, M.A,, F.R :rg

Short Course of Elementary glane Tri-
ﬁmometry By CHARLES PENDLEBURY,

Blementa.rx Trigonome B

Dver, M and the R:'\{YR. i-{ Jer-
coMmBg, M.A.  4s. 6d.

Algebra.ic Geometry By \V. M. Bakeg,

JA. 6s. Partl. (The Qtralght Line and
Clrcle), a5, 6d, Key, s, 6d. net,

Practical Solid Geometry. By the Rev.
Percy UxwiN, MLA. 45, 64,

Analytical Geome for Beginners.
By Rev. T.G. Vvvvffl?M A. Pagll. The
Straight Line and Circle. 2s.64.

Conic Sections, treated Geometrically. By
W. H. BEsanT, Sc.D., FuR.S. ¢5.64. Key,

. ne
Klementary Conices, being the first 8 chap-
ters of tne above. 34, 6d.
Conics, the Blement-a.ry Geomecry of.,
By Rev. C. TayLor, D.D.
mﬂerentm Calculus fot Beginners,
A. Lopce, M.A. With Introduction by

Su' OLIVER LODGE. 45, 6d.

Integral Calculus for Beginners. By
A. Lobce, M.A, 45 64,

Roulettes and (mlsettes. By W. H.

BesanT, Sc.D., F.R.S. §s.
Geometrical tics. An Elementary
Treatise lﬁaw S. ALpis, MA. 45,

Practical thema.tics. By H. A STERN,
M.A.. and W. H. TorHAM. 4s. 6d.; or
Part 1. ., 35, 6d. 3 Part 11, 35, 6d.

Elemen! Kyd.rosuties. By W. H,
BEsANT, Sc.D. 4+ 6d. Solutlons, §5 net.

Blemen Mechanics. ByC. M. Jissor,
M.A., and J. H. HaveLock, M. A., D.Sc,
45. 6d.
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Experimental Mechanics for Schools. | Beat, An Elementary Treatise on. By W.

:fly FrED (I,\HARLh, M.A.,, and W. H. Garnert, M.A,, D.C.L. 4s. 6d.
EwITT, B.A., B.Sc. 35 6d. Elemen Physi E les and Ex-

The Student’s Dynamics. Comprising vary Physics, Examples a
Statics and Kinetics. By G. M. Mll;'(tHlNE: ZMleatl?n Papers in. By W. GarLatiy,
M.A., F.R.S. 3s. 6d. fe 4

mementary Dynamies. By W. M.|Mechanics, A Collection of Problems in
Baker, MLA.  New Revised deon 4564, | Elementary, By W. WaLton, M.A. 65,
Key, 105. 64. net.

mementa.ry Dynamics. By W. GarnerT, Uniform Volume
D%na.niicu A' Treatlse on, By W. H.|Geometrical Drawing. For Army and
£saNT, Sc.D., F.R.S. 1os. 6d. other Examinations. By R. HARRIs. 3s.6d.

The Junior Cambridge Mathematical Series.

A Junior Arithmetic. By C. Penvrenury, A First Algebra. By W. M. Baker, M.A.,
M.A., and F. E. Rosinson, M.A, 1. 6d and A. A, Bourxg, MLA, 1. 6d.; orwith

5 Answers, 25.
With Answers, 2, A First Geometry. By W. M. Bakex,
Examples from a Junior Arithmetic. Np i A ;}e."‘iﬁ“ﬁ*’; M-A. With or
Extracted from the above, 15.; with Elementary Mensuration. By W. M.
Answers, 15. 6d. i Baker,M.A.,,and A.A, BOUR\E,NKA. 15.0d.

Other Mathematical Works

The Mathematical Gazette. Edited by | Bell's New Practical Arithmetic. By
F.S. Macavray, M.A, D.Sc.; F. W, Hiut, W. J. Stainer, M.A. 1st, znd, 3rd, 4th,
M. A.; and W. ]. (JREE‘\'STREET, M.A.| sth and 6th Yeah. paper, 3d. each cloth,
Published in Jan, March, May, July, Oct.| 4d. each; 7th Year, paper, 4d., cloth, ol
and Dec. 8vo. 15, 06d. nct Teachers’ Books, 8d. net each Year.

The Teaching of Elementary Mathe-| Bell's New Practical Arithmetic Test
matics, being the Reports ot the Committee |  Cards, for the 2nd, 3rd, 4th, sth, 6th, and
of the Mathematical Association. 6d. net. qth years. 1s. 3d. net each.

The Teaching of Mathematics in Pre-| Graduated BxercisesinAddition (Simple
&uatory 8chools. Report of the| and Compound). By W.S. BEarp. 1s.

athematical Association Committee, A]gebra for Elementa.ry Schoola. By
Nov., 1907. 3d. V. M. Baker, M.A., and A. A. BOURNE,

M.A. Three stagcs, 6. each, Cloth, 84,

A New Shilling Arithmet.ic By C.| each. Answers, 4. net each.
Pmm.uum M.A., and F. E. RoniNson, | A First Year's Course in Geometry

A, 1s.; or with Answers, 15, 4. and Physics. By Ernest Youne, M.A.,

A Shimng thmetie. By CHarues| B.Sc. 25.6d. Parts.and 1l. 15 6d.; or
PenpLEBURY, M.A., and W. 'S. Brarp, Part III. 1s.

.G.S. 15. With Answers, 1s. 4. Trigonometry, Examination Papers in.
mementary Arithmetic. By the same| By G. H. Warp, M.A. 35,64. Key, $s. net.
Authors. 15, 64. With or without Answers. | Buclid, The Elements of. The Enuncia-

Graduated Arithmetic, for Junior and | tions "and Figures. By the late |, BRassE,
Private Schools. By the same Authors.| D.D. 1. Without the Figures, 6d.

In seven parts, in stitf canvas covers. | Hydromechanics. By W. H. BrsaxT,
Parts 1., I1., and 111., 34. each; Parts 1V., bL.D and A. S. Ramsey, M.A. Partl.,

V.,and Vl.. 4d. each; Part Vll., 6d. drostatics,  6s.
Answers to Parts I, and 1., 4d. net; Ey&;'od.yna.mics ATveatwe on. ByA.B.
Parts I11.-VIL., 4d. net each. Basset, M.A,, F.R.S. Vol. I. 10s 6d.

Arithmetic for the S8tandards (Scheme| Vol.Il. 135 6d.
B), Standard I., sewed, 3d., cloth, 3d.;| Hydrodynamics and Sound, An Elemen-
IL, I, 1V,,and V., sewed, 3:l.each,cloth, tary Treatise on. By A. B. B,usn', M.A.,
4d. each; VI, and VII., sewed, 4d. each,| F.R.S. 8s
cloth, 6d. each. Answers to each Stand- Physical Optlc:, A Treatlse on. ByA. B«
ard, «i. net each. BasseT, M

Test Cards in Arithmetic (Scheme B). | Element: Treatlse on Cubic and
By C.PenpLEnury,M.A. For StandardsII., Qua.rt.i urves. By A. B. Bassxt,M.A,,
1., 1V, V., VL. and VIL. 1s. net each. F.R.S. 10s. 6d.

Examination Papers in Arithmetic. By | Analytical Geometry. By Rev. T. G.
C. PenvLEBURY, M.A. 25.0d. Key, §s. net.' Vyvvan, M.A. 45 6u.
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Book-keeping

Book—keegins by Double Entry, Theo-:

setical, Practical, and for Examination
Purposes. By J. T. Mgvuurst, AK.C,,
F.S.S. 15 64d.

Book-keeping, Examination Papers in.
Compiled by JoHN T. Mepuurst, A.K.C.,
F.S.S. 3¢ KRey, s, 6d, net,

Book-keeping, Graduated Exercises and
Examination Papers in. Compiled by P.
Murray, F.S.S.S., F.Sc.S. {Lond.). 2s. 6.1,

Text-Book of the Principles and Prac-
tice of Book-keeping and Estate-
gﬂéce Work. By Prof. A. W. TroMsus,

.Sc. 5.

ENGLISH

Mason’s New English Grammars. Re-;
vised by A, J. AsuroN, M.A,
A Junior English Grammar. 15
Intermediate English Grammar.
Senitor English Grammar. 3s. 6d.

GRAMMARS
By C. P, Masox, B.A., F.C.P,

First Notions of Grammar for Young
Learners. 1s. \
First Steps in English Grammar, for |
Junior Classes. 1. |
Outlines of English Grammar, for the !
Use of Junior Classes. 3s. i
ligh Grammar; including the principles |

of Grammatical Analysis. 3s. 6d
A Shorter English Grammar. 3s. 6d.

Practice and Help in the Analysis of
Sentences. 1s.

English Grammar Practice. 1.

Elementary English Grammar through
Composition. By |. D. Rosg, M.A. 15,

Preparatory English Grammar, By

. Bensey, MLA, 8d.

Rudiments of English Grammar and
Anal; . By ERNEST Apams, PH.D. 15,

Examples for Analysis in Verse and
Prose. Selected by F. Enwarps. 15, |

The Paraphrase of Poetry. By Epmunp
CANDLER. _14. 6.

Essays and Essay-Writing, for Public
Examinations, By A. W. Rzapy, B.A.!

35, 6d. :
Précis and Précis-Writing. By A. W.i
REeApY, B,A.tﬁs. 6d. Orwithout Key, 35.64. |
Elements of the English Language. liy ‘
ErnesT ApaMs, Pa.D. Revised by J. F.|
Davis, M.A., D.LiT. 4s. 6d. 1
mmf% of the English Language. By!
Prof. T. R.
Ten Brink

LOUNSBURY. §5,
’s Early Eng Literature. |
|

vols. 3s. 6d. each.

Introduction to English Literature.
By Henry S. Pancoast. §s.

In"groduction to American I.lt.era.tnu-e.:l

y H. S. PaNcoast. 4s. 04d.

25,

A New Primer of English Literature
By T. G. Tucker, LirT.D., and WaLTER
Mugrpocu, M.A. 2s. 6d.

Handbooks of English Literature.
Edited by Prof. HaLgs. 3s. 6d. net each.

The Age of Chaucer. (1336-1400.) By F. [.
SNELL.

THE Ace oF TRANSITION (1400-1580). By
F. J. Sxevn, M.AL 3 vols.

The Age of Shakespeare (1579-1631). By
Tuomas SsccomBe and J. W. ALLEN.
2 vols. Vol. 1. Poetry and Prose.
Vol. [I. Drama.

The Age of Milton. (1633—1660.) By
the Rev. J. H. B, MasterMaN, M.A,,
with Introduction, etc., by J. Bass
MuLLinseEr, M.A.

The Age of Dryden. (51660—1700.) By
R. GarnsrT, LL.D,, C.B.

The Age of Pope. (1700—1744.) By

Jonn DeNNIs.

The Age of Johnson. (1744—1798.) By
THOMAS SECCOMBE.

The Ace of Wordsworth. (1798—1832.)
By Prof. C. H. Herrorp, LiTT.D.

The Age of Tennyson. (1830—1870.) By
Prof. HugH WALKER.

Notes on Shakespeare’s Plays. With
Introduction, Summary, Notes (Etymologi-
cal and Explanatory), Prosody, Grammati-
cal Peculiarities, ¢tc. By T. Durr Bar-
NeTT, B.A. 14, each.

Midsummer _ Night's Dream. — Julius
Caesar. — The Tempest. — Macbeth.—
HenryV.—Hamlet.—Merchantof Venice.
—King Richard 1l.—King John.—King
Richard [11.—King Lear.—Coriolanus.—
Twelfth Night.—As You Like It.—Much
Ado About Nothing.

rinciples of English Verse. By C. M.

LEwis. gs. net.

Introduction to Poetry. By Rayyoxp M.
ALDEN. 55,

General Intelligence Papers. With
Exercises in English Composition. By
G. BLuxT. 325 6d.

P
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Bell’s English Texts for Secondary Schools
Edited by A. GuTHKELCH, M.A.

FIRsT YEAR.
Browning, The Pied Piper, and other
Poems. FEdited by A. GUTHKELCH, 8d.
Fairy Poetry. Selected and edited by

R.S. Batg, M.A. 15,

Hawthorne’s Wonder Book and Tangle-
wood Tales. Selected and edited by H.
Hampsuire, M.A. 15,

Kingsley's Heroes. Edited by L. H. Poxbp,
B.A. With 2 maps. 1.

Lamb, Tales from Shakespeare.
and edited by R. S, Barg, M.A.

Selected
10d.

SECOND YEAR.
Stories of King Arthm. from Malory and
lennyaon. Edited by R. S. Batg, M.A.

Ch'lrles Reade, The Cloister and the
Hearth, abridged and edited by the
Rev. A, E. Hau, B.AA, 1.

Scott: A Legend of Montrose (Abridged),
edited by F, C. LUCKHURST. 15,

SecoNn YEAR—contd.

Hakluyt’s Voyages. A Selection edited by

the Rev. A.'G. HaLr, B.A. 15,
Taire YEAR.

Coleridge, The Ancient Mariner;
Selected Old English Ballads.
by A. GurhkeLcu, M.A,

Selections from liuswell s Life of Johnson.
Edited by E. A. J. MARsH, 15,

Selections from Ruskin. Edited by H.
Havpesnirg, MLA. 15,

Lockhart’s Life of Scott. Selections edited
by A. Barter, LL.A. 14

Fourrn YEAR.

Charles Lamb,  Selected Essays and
Letters. Edited by A.GurhkELcH, M.A,
With Map of London. 15, 4d.

Chaucer, The Prologue to the Legend of
Good Women., Edited by A. Guru-
KELCH, M.A. 15,

English Odes.  Edited by E. A. J. MARsH,
M.A. 1s

and
Edited

Bell’s English Classics

Bacon’s Essays, (belccted) Edited by
A. E. Ronerts, M.A.

Browning, Selections from. Edited by
F. Rvuann, M.A. as. 6d.

~—— Btrafford. Edited by E. H. Hickgy.

2s. 6d.
Burke’s Letters on a Regicide Peace.
l and 1. Edited bv H. G. Keeng, M.A,,

LE. 3s; sewed,

:Byron’s Siege of COrtnth Edited by P.
HORDERN. Is. 6d.: sewed, 1s.

Byron’s Childe Harold.. Edited by H.
G. Kzeng, M.A, C.LE. 3s. 6d. ‘Also
Cantos I. and II., sewed, 15, gd. Cantos
1il. and IV., sewed, 1s. ¢d.

Carlyle’s Hero as Man of Letters.

Edited by Marxk HunTEr, M.A. a5
sewed, 15, 6d.

—— Hero as mvinity By  Mark
HunTer, M.A. 2s.; sewed, 1s. 6d.

Chaucer's Minor Poemu. Selections
from. Edited by J. B. BiLversick, M.A,,
a5, 6d.; sewed, 15. ad.

De lunoog]s Revolt of the Tartars

lish Mail-Coach. Edited
l;-{ Ceciu M. Barrow, M.A., and MaARk
UNTER, M.A,, 3s.; sewed, 25,

*.* Revolt of the artars, aeparately. 15. 6d.

Opium Eater. Edited by Mark
HunTER, M.A. 4. 6d.; sewed, 3s. 64,

Goldsmith’s Good-Natured 'Man and
8he 8toops to Conquer. Edited by K.
DEeiGHTON. Each, 325, cloth; 15. 64, sewed.

*o* The tw:lflays together, sewed, 2s. 6d.

and Dese md Vi

Edited by the Rev. A. E. Wocpwarn, M., A.

‘Cloth, 3s., or separately, sewed, 10d, each.

Irving’s Sketch Book. deted by R. G.
OxenNHAM, M.A. Sewed, 15,
Johnson’s Life of Addison. " Edited by
F. RyLanp, M.A. 35, 6d. :
v i-ife of Bwift. Edited by F. RyLanp,
— Life of Pope. Edited by F. Ryranp,
WA, 35, 6d.
*<* The lees of Swift and Pope, together,
sewed 35, 6d.
Johnson’s Life of Milton. Edited by F.
Rvianp, M.A. 35 6d.
-_— kife of Dryden. Edited by F. Rvranp,
AL as, 6d.
*4* The Lives of Milton and Dryden,
togelher, sewed, 35. 6d.
—- Lives of Prior and Congreve.
quted by F. Ryianp, M.A. 35,
Kingsley's Heroes. Edited by A. E.
Roserts, M.A. lllustrated. 1s,
Lamb’s Essays. Selected and Edited by
K. DEIGHTON, 8s.; sewed, 3s.
Lonsfellow, Selections from, includ-
ing Evangeline. Edited by M.T. Quinn,
M.A. 135 bd.; sewed, 15. 9d.
ek Eva"geline, separately, sewed, 1s. 3d.
Macaula; 's I.s. s of Ancient Rome.
hdlted ORDERN. 34, 6d.; sewed,
15. 9d,
—_ Bua.y on Clive. Edited by CxciL
BarRrROW, M.A. 13s.; sewed, 1+, 6d.
Massinger’s A NewWay to Pay Old Debts,
Edited by K. De1guTON, 3s.; sewed, 325,
ton’s Paradise Lost. Booksill.andIV.
Edited by R. G, Oxsxsam, M.A. 3s.; sewed,
15, 6d., or separately, sewed. 10d, each.
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Bell’s English Classics—continucd.
Milton's Paradise B.ega.ined. Edited by | Shakespeare’s Julius Cssar. Edited by

K. DEi1gHTON.

Pope's

35, 6d.; sewed, 15, gd.
on Edited
YLAND, M.A, 1. 6d.; sewed, Is.
Pope, Selections from. 'Edited by K.
EIGATON, 34, 6d.; sewed, 15, 9d.
Scott’s Lady of the Lake. Edited by
the Rev. A. E. Woopwarp, M.A. 3. 6d,
The Six Cantos separately, sewcd 8d. each.

by F.!

| T. Durr BarneTT, B.A. (Lond.).

—— Merchant of Venice. Edited by
i T, Durr BarneTT, B.A. /LOnd.). 3s.
} Tempest. Edited by T. Durr BarNETT,
. B.A. (Lond.). 14,

. Wordsworth’s Excursion.  Book I
i Editedby M, T. Quinx, M, A, Sewed. 1s. 3d,

as.

English Readings.

With Introductions
Burke Selections, Edited by BrLiss Pexrry.

d.
Byron Selections. Edited by F. I. Car--
PENTER. 25. 6d.
Coleridge: Prose Selections. Edited by
HENRY A. Berrs. 25,

and Notes. 16mo.
| Milton: Minor English Poems, Edited

1 by MArTIN W. SaMpson. 24, 64d.

Swift: Prose Selections. Edited by
Freogrick C. PRESCOTT.  25. 6d.

'rennyson The Princess. Edited by L. A.
‘ SHERMAN. 2f,

Dryden: Essays on the Drama. Edited ! Thackeray English Humourists. Edited
by WiLLlaM STRUNK. 25, |~ by WiLLiaM LvoN Preees. 25, 6d,
Readers

York Readers. A new series of Literary
Readers, with Coloured and other Illus-
trations.

Primer I. 3d. Primerll. 4d.
Infant Reader. 6d.
Introductory Reader. 8d.
Reader, Book I. gd. Book II. 1od.
Book 1L, 15. Book IV. 1s. 34. Book:
V. 1564,
York Poetry Books, 3 Books. Paper

covers, 6d. each; cloth, 84. each.
Poetry for Upper classes. Selected by

Heres. 1s.

Books for Young Readers. Illustrated.
6d. eacn
Asop’s Fables
The Old Boat-House, etc.
Tot and the Cat, etc.
The Cat and the Hen, etc,
The Two Parrots | The Lost Pigs
The Story of Three Munkeys
The Story of a Cat
Queen Bee and Busy Bee |

Bell's Reading Books,
Narrative Readers. Post 8vo.
Illustrated. 15 each

Great Deeds in English History
Adventures of a Donkey
Grimm’s Tales

Great Englishmen

Great Irishmen

Andersen’s Tales

Life of Columbus

Uncle Tom’s Cabin

Swiss Familv Robirson

Great Englishwomen

Gu'l's Crag

Continuous
Cloth.

Bell’s Reading Books—continued.
Great Scotsmen
Edgeworth’s Tales
Gattys Parables from Nature
: Scott’s Talisman
i Marryat’s Children of the New Forest
! Dickens’ Oliver Twist
Dickens’ Little Nell
! Masterman Ready
! Marrvat's Poor Jack
Arabian Nights
Gulliver’s Travels
Lyrical Poetry for Boyu and Girls
Vicar of Wakefield
Scott’s Ivanhoe
Lamb’s Tales from Shakespeare
Robinson Crusoe
Tales of the Coast | Settlers in Canada
Southey’s Life of Nelson
Sir Roger de Coverley
Scott’s Woodstock
Bell's Literature Rea.ders. Bound in
Cloth. Price ts, each.
[‘lighﬁ for the Flag. By W.H.Fitcaerr,
Dceds that Won the Empire. By W. H,
Frrcuert, D.D.
Six to Sixteen. By
We and the World.
The Water-Babies.
The Last of the Mohicans.
MORE COOVER,
Feats on the Fiord.
MaRTINEAU.
Parables from Nature. By Mrs. Gatry.
The Little Duke. By CrarrotTe Yonge,

The Three Midshipmen. By W. H. G,
KingsTON,

Mrs. EwiING.

By Mrs. Ewina.
By CHas, Klm.sw\.
By J. Fexte

By HARrrieT
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Readers—continued.
Bell’'s Supplementary Readers, lllus- 'rhe Care of Babies. A Reading Book

4

trated. In Strong Paper Covers. 6d. each. for Girls’ Schools. lllustrated. Cloth, 1s.

Great Deeds in English History Abbey Hiatory Readers. Revised by the,
Andersen’s Danish Tales Rt. Rev. F. Al GasqueT, D.D.  Fully [llus-"
Great Irishmen | Great Scotsmen trated :
Gatty’s Parables from Nature Early English History (to 1066). 1s.
Scott’s Talisman Stunes from English History, 1066-1485.
Gulliver’s Travels | Arabian Nights 15, 3d.
Lamb’s Tales from Shakespeare The ’1 udor Period. (1485-1603). 15. 3d.
Sir Roger de Coverley The Stuart Period, (1603-1714). 15. 6d.

Bell's Geographical Readers. By M. J. The Hanoverian Period. (17141837 -

BARRINGTON-WARD, 15, 6d.
The Child’s (Jeugraph\ Illustrated. 6d. | Bell's History Readers. With numerous
The Round World, (Standard 11.) 1s. lilustrations.

About England. (Standard I11.) With Early English History (to 1066). 1s.
Ilustrations and Coloured Map. 1s.4d. Stones from English History, 1066-1485.
Bell’s Animal Life Readers. Designed to 3d.
inculcate humane treatment of animals. The lndor Period (1485-1603). 1s. 3d.
Ilustrated by HarrRisoN Weir and others. The Stuart Period (1603-1714). 15. 6d.
*o* Full Prospectus on application, The Hanoverian Period (1714-1837). 15.64-

MODERN LANGUAGES

French and German Class Books

Bell's French Course. By R.P.Aturrton, ! Materials for Fremch Prose Com-

M.A. Iilustrated. 2 Parts. 1s, 6d. cach. | _position. 3s. Key, 6s. net.

Key to the Exercises, Part ., 6.. nez,'Prosa.teurSCOntempora.lns. 35, 6d.

Part I1., 1s. net !Le Petit Compagnon; a French Talk-
Bell’s First French Reader. By R. P.: Book for Little Children. 15. 6d.

ATHERTON, M.A. lllustrated. 1s. 1 the Rev. A. C. Clapin
TheDirectMet.hod of Teaching French. French rammar for Public Schools.

. Mackav, M.A., and F. J. Curtis, 5. 6d. Key, 35, 6d. net.
i French Primer. 1s.

First French Book. r1s. net. ; Primer of Prench Philology. 1.
Second French Book. 1s. 6d. net. E%‘nsh Passages for 'rra.nslation into
Teachers’ Handbook. 1s. net. ench, 2s.6d. Key, 4.

Subject Wall Picture (Coloured). 7s. 6d.. A Germa.n Grammar for Public Schools.
net, )

French Picture-Cards. Edited by H. N. Spu.nish Primer. 1.
Apair, M.A. Drawn by Mary WiLLIAMS.
Sixteen Cards, Printed in Colours, with | Bell's First Germa,n Course. ByIL.B.T.
questionnaire on the back of each. 1. 3d. !  Cuarrev, M.A, 25, ]
net. Bell’s First German Reader. By L.B.T.

Bell's Illustrated French Readers., Cuarrev, M.A. llustrated. 2s.

Edited by O. H. Prior, B.A. German Historical Reader. By J. E.
Tales " by Erckmann-Chatrian,  First |  MarLix, B.A. 25 o
Series. Second Series. Third Series. 15, Buddenbrook Ein Schultag. Edited by

French Historical Reader. By H. N.; ] E. MaLun, B.A. llustrated.

Apair, M.A. Third Edition, with a new | Materials for German Prose Com-
Composition Supplement, 2s.; or without Rositlon. By Dr. C. A. BUCHHERIM. 45.0d.
Supplement, 1s, 6d. Supplement separ- Key to Pts. I. and I1., 3. net. Pts. 11

ately, 6d. net. and IV., 4s. net.
Stories and Anecdotes for Translation | First Book of German Prose. Being
into French. By CarL Heatu. 14 Parts 1. and 1l. of the above, with
Esgentials of French Grammar. By | Vocabulary. 1s. 6d.
H. WiLsuire, M.A. 15, 6d, Kurzer Leitfaden der Deutsehen Dich-
Gasc¢’s French Course tung. By A. E. Cor. 25,
First French Book. 1. mutary and Naval Epiaodeu. Edited
Second French Book. v Profcssor Avrovs Wiiss, Pu.D.  3s.
oytol’irst and Secondh'ench Books, | mstory of German Literature. By
34, 6d. i Professor Kuxo FRaNCKE. 104 net

French Pa.bles for Be ers. 1s.64. | Handbook of German Literature, By
Histoires Amusantes et Instructives. 2s.| Mary E. PuirLies, LL.A. 25 04,
cal Guide to Modern l-‘renchl Practical German Grammar. By CaLvin
Conversation, 1s. 6d. THOMAS, §s.
French Poetry for the Young. th|Germnn Reader and Theme-Book. By
Notes. 1. 6d. { Cavin THomas and W. §. Hervey. . 45 6d.
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Gasc’s French Dictionaries

FRENCH-ENGLISR AND ENGLISH-FRENCH DICTIONARY.
CONCISE FRENCH DICTIONARY. Medium 16mo.

125, 6d.
2s.each.

Large 8vo.
35. 6d. Orin Two Parts.

POCKET DICTIONARY OF THE FRENCH AND ENGLISH LANGUAGES. 16mo. 3s.64.

French and German Annotated Editions

Fénelon. Aventures de Télémaque. By
C. ]. DELILLE. 35, 6d,

La Fontaine. Select Fables. By F.E. A.
Gasc. 15, 6d.

Lamartine. LeTailleur de Pierres de Saint-

Point. By J. BoikLLEg, B.-¢s-L. 1564,

Saintine. Picciola. By Dr, Dusuc. 14 6d.

Voltaire. Charles XII. By L. Dirgy, 1s.6d.

Gombert’s French Dra.ma. Re-edited,
with Notes, by F. E. A, Gasc. Sewcd,
6d. each.

Moliere. Ie Misanthrope.—L'Avare.—
Le BourgeoisGentilhomme.—LeTartuffe.
—Le Malade Imaginaire.—l.es Femmes
Savantes.—Les Fourberies de Scapin.—
Les Précieuses Ridicules.—[.’Ecole des
Femmes. — L’Ecole des Maris. — Le
Médecin Malgré Lui.

@, La Thébaide.—les Plaidenrs.—
Iphigénie. — Britannicus, — Phédre. —

Corneille. Le Cid.—Horace.~Cinna,—
Polyeucte.
Voltaire. Zaire.

German Ballads from Um:mdg Goethe,
and Schiller. By C. IELEFELD,
15, 6d.

Goethe. Egmont. By Professor R, W.
DEeERrING. 25, 6d.

—— Faust.  Erster Theil.

- By Juuius
GOEREL.  §s.

Goethe. Hermann und Dorothea. By E.
BeiL, M.A,, and E. WoLFEL. 15. 6d.
Lessing. Minna von Barnhelm. By

Professor A. B. NicHoLs, 2s. 6d.
Schiller. Wallenstein. By Dr. Bucuuzim,
§s. Or the Lager and Piccolomini, 3s. 64,
Wallenstein’s Tod, 25, 64,
—_ é\laid of Orleans. By Dr. W, Waaner.
15, 6d.

Esther.—Athalie. —— Maria Stuart. By V. KastTnEr, 15, 6d.

Bell’s Modern Translations

A Series of Translations from Modern Languages, with Memoirs,
Introductions, etc. Crown 8vo. 1s, each

Dante. Inferno. Translated by the Rew.'Lessing Minna von Barnhelm. Translated

H. F. Cary, M.A. ERNEST BELL, M.A.
—— Purgatorio. Translated by the Rev.: Mo tre. 'Iranslated by C. HEroN WaLL,
H. F. Carv, M.A. 8 vols. The Misanthrope.—The Doctor in

Spite of Himself.—Tartutfe.—The Miser.—
The Shoneeper turned Gentleman.—The
Attected Ladies,—The Learned Women,—

|
—— Paradiso.  Translated by the Rev.:
H. F. Cary, M.A. i
Goethe. Egmont. Translated by ANNa |

SWANWICK.
—— Iphigeniain Tauris. Translated by ANNA
SWANWICK.

——— Goetz von Berlichingen. Translated by |

Sir WALTER ScoTT.

—— Hermann and Dorothea. Translated by
E. A. Bowring, C.B.

Hauff, The Caravan. Translated by S.
MENDEL.

——— The Inn in the Spessart. Translated by
S. MENDEL.

sing. Laokoon. Translated by E. C.

BEAsLEY.

«—— Nathan the Wise.
R. DiLLoN Boytan.

Translated by

i ~- The Death of Wallenstein.

The Impostures of Scapin.
Racine. Trauslated by R. Bruce BosweLt,
M.A. 35 vols. Athalie.~Esther,—Iphi-
genia.—~Andromache,—Britannicus,

Schiller. William Tell. Translated by
Sir Tueopore Martix, K.C.B., LL.D.
New edition, entirel, revised,

—— The Maid of
ANNA SWaANWICK,

~— Mary Stuart. Translated by J. MeLLIsH,

—— Wallenstein’s Camp and the Piccolo-
mini. Translated by J. CHURCHILL and
S. T. CoLERIDGE.

rleans. Translated by

Translated
by S. T, CoLERIDGE.

*_* For other Translations from Modern Languages, see the Catalogue of
Bohn's Libraries, which will be forwarded on application,
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Detailed Catalogue

Blemo tary Botany. By Psrcy Grood,
M.A.,D. Sg, F.L.S. With 375 Illustrations.

35 64[.
Elementa.ry Botany. By G. F. Atxinson,

A La.bora. Course in Plant Physio-
logy. By W.F.Ganoxg, Pu.D. 75 6d. net.

The Botanist’s Pocket-Book. By W.R.
HAyWARD, 4¢. 6d.

An Introduction to the Stud Xﬂof the
Comparative Anatomy of
By G. C. Bourng, M.A,, D.Sc. Wnth
nnmerous Illustranons 2 Vols.

Vol. I. Animal Organization. The Pro-
tozoa and Ceelenterata. Revised Edition, 6s.
Vol. Il. The Celomata. 4s. 6.,

A Manual of Zoology. ny RicuarRD HERT-
wis, Translated by Prof. J. 8. KinesLEY,
lllustrated, 13s. 64, net.
urious and Useful Insects.- An Intro-

uction to the Study of Economic Ento-
mology. By Professor L. C. Miavt, F.R.S.
With 100 illustrations. 3s. 6d.

An Introduction to Chemistry. By D.S
MACNAIR, Pu.D., BSc. 25,

TECHNOLOGY

sent on application

Chemical Laboratories for Schools.
Hints to teachers as tothe method of plan-
ning and titting up a school laboratory and
of conducting a school coursein Chemistry.

By D. S. MacNAIR.  6d,

Elementary Inorganic Chemistry. By
Professor James WaLkeR, D.Sc. 3s.64d.
Introduction to Inorganic Chemistry.
By Dr, ALEXANDER SMITH. 75, 6d. net,
Laboratory Outline of General Chem-
istry. By Dr. ALEXANDER SMITH, 35, 64,
General Chemistry for Colleges. By

Dr. ALEXANDER SMITH. 6s. 6d. net.

A Text-book of Organic Chemistry, By
WM. A. NovEs. 6s. net.

First Year's Course in Practical
Physics. By JAMEs SixCLAIR. 15, 6d.
Second Year's Course in Practical
Physics. By JAMEs SiNCLAIR. 15 6d.
Third Year's Course in Practical

Physics. 1s. 6d.
Turbines. By W. H.

Rvo, 5. net.
. | Electrons.

F.R.S. 8vo.

STUART GARNETT.

By Sir Ouver Lovoe, D.Sc.,
6s. net.

Technological Handbooks

Edited by Sir H.

Specially adapted for candidates in
Guilds Institute.

Woollen and Worsted Cloth Manufac-
ture. By Prof. ROBERTS BEAUMONT. 7s. 6d.

Soap Manumcture By W. LAWRENCE
Ganp, F.I.C., F.C. f

Plumbing: it Principles and Practice.
By S. STEVENS HELLYER. 55,

Gas Manufacture. By J. HORNnv, F.I.C.

-Dyelns and Pmishmg By G. H.
Hurst, F.C.S. ¥s. 64,
Printing. A Practical Treatise. By C. T
Jacori, s 6d.

Mu

Husio. A Complete Text-Book of. By
rof. H. C, BANI1STER. 55,

POLITICAL

Detailed List sen

TRUEMAN WoOD

the examinations of the City and
Illustrated

Cotton Sp : Its Development,
Prlnclépl%sl.a.n Practice. By R. Mars-
DEN. 5. Od.

Cotton Wea : Its Development,
Principleg,l Practice. By R. Mars-
DEN 107, 1

Coach Buudlns By Joun PHILIPSON,
M.InsT.M.E
Bookbinding By] W. ZAEHNSDORF.  §5.

. | The Principles of Wool Combing. By

Howarp PriesTMAN, 650

sic

Musie, A

Concise History of. By Rev.
H. G. Boxnavia Hunt, Mus, Doc. 8.

64,

ECONOMY

t on application
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MENTAL AND MORAL SCIENCE

Psychology: An Introductory Manual for .
University Students.
®With lists of books for Students, and
Examination Papers
University, 45 6d.,

c8: An Introductory Manual for the use ; :

of University Students,

By F. Ryuanp
A. 35 6d. Y i

Ethics. By Joun Dswev and James H.|

Turrs. 8s. 6d. net.
Everyday Ethics. By E. L. Canor. §s. net.
C.

M.A. 45, 6

The Prlnciples of Loglc. By Prof. H. A
Aikins, Pr.D. 64, 6

Handbook of the Elstory of Phil-!
osophy. By E. Beurort Bax. §s.

By F. RvAnp, M.A., |

An Introductory Manual for the use !
of Unuersnty Students. By F. Rvuanp, | Kant’

By R.

History of Modern Phﬂosolgg By R

Farckensera, Trans
ARMSTRONG, 164,

set at London Bagon's I{_ovum Organum and Advance-

ment

M.A.
Hegel's Lectures on the Philosophy of
tory. Transiated by ]. Sisrex, M.A,
Small post 8vo. §s.
 Kant's Crmque of Pure Reason. Trans~
lated by J. M. D. MEIKLEIOHN. §s.

s Prolegomena and Metaphysical
Foundations of 8cience. Traxgiay;ed by

Learning.
5.

Edited by J. Devsy,

E. BEuForT Bax. s,
Locke 8 Philosophica.l Works, Edited by
J. A. St. Joun, 2vols. 3s, 0d. each.

Modern Phllosophers

Edited by Professor E. HERSHEY SNEATH

Descartes. The Philosophy of Des-|
cartes. Selected and Translated by Prof.
H. A. P. TorreY, 6s. net.

Hume. The Philosophy of Hume.
Selected, with an Introduction, by Prof.
HERRERT A. AIKINS, 45 net,

Locke. The Philosophy of Locke., By
Prof. _Inl-ln E. RussieLt. 45, net.

Reid. e Philosophy of Reid. By E.
Hersuey SNeaTH, PH.D. 65, net,

Spinoza. The Phuosophy of Spinoza.

‘I'ransiated from the Latin, and edited with

HISTORY

Lingard’s History of England. Newly
abridged and brought down to 1902, By
Dom H. N. Birt. With a Preface hy
Asror Gasquet, D.D.  With Maps, 35.;
or in 3 vols. Vol I. (to 1483), 2s. 6l
Vol. 11, (1485-1903), 3s.

A Junior ﬁistory of England. By E.
Nixon. [Illustrated. 1s. 6,

A Pract.ica.l Synopsis of English Hist-

ry. By ARTHUR BOWEs. 15

Btrickla.nd’s Lives of the Queens of

land. 6 vols. 3s.eac

*y* Abridged edition for the use of Schools
and Families. 6s. 6d.

An Atlas of European History. By
EarLe W. Dow. 6s. net.

Medisval Europe, 395-1270. By CuARLEs
BimoxTand G. Monop, Translated under
the Editorship of Prof. (G. B. Abpawms.
65, 6d. net.

Dyer’'s History of Modern Europe. 4
new edition. Revised throughout and
brought up to date by ArTHUR Hassavl,
M.A. 6vols. WithMaps. 3s. 6d. each.

The Foundations of odern Europe.
By Dr. Emit Reicu. §s. net.

Notes by Prof. G. S. FuLLERTON. 65, net.
Life of Napoleon I, By Jou~x HoLraxs
Rosg, Litr.D. 3vols, 10s.net.

Ca.tlyle s French Revolution. Edited
v& HowrLanp Rose, Litt.D. 3 vols.

ith numerous lllustrations. 155,

Michelet’s History of the French Revo--
lution from its earliest indications to the
Hight of the Kingin 17% I%;' 6d.

Mignet’s History of the French Revo-
lution, from 1&89 to 1814. 35 6d.

Gregoroviug’ History ot the Cit;
Rome in the Middle Ages. Trans ated
by ANNIE HAMILTON. 8 vols. #3. 35 net.
Also sold separately,

Select Historical Documents of the-
Middle @8, Translated and edited by
Ernest F. HExpERSON, PH.D. 35,

Menzel's History of Germany.
3s. 64, each.

Ranke’s History of the Popes. Trans-
lated by E, Foster. New Edition.
Revised, 3 vols. 25 net each.

Ranke's History of the Latin and.
Teutonic Nations. Revised Translation
by (. R. DeNnts, B.A. With an Introduc-
tion by EnwARD ARMSTRONG, M.A.  6s. net,

3 vols.

For other Works of value to Students of History, see Catalogue of Histovical Books
sent post free (n application

ART

* % Messys. Bell's Catalogwe of Books for Art Students will be sent to any
address on application



WEBSTER'’S |
INTERNATIONAL DICTIONARY

THE BEST PRACTICAL DICTIONARY OF THE ENGLISH LANGUAGE

New Edition, revised and enlarged, with a Supplement of 2 §,000
words and phrases

Medium 4t0. 2,348 pages, 5,000 Woodcuts

THE BEST FOR TEACHERS AND SCHOOLS

Rev. JOSEPH -WOOD, D.D., Head Master of Harrow School:—*I have always
thought very highly of its merits. Indeed, I consider it to be far the most accurate
English dictionary in existence, For daily and hourly reference, ¢ Webster’ seems to me
unrivalled.”

Rev. G. C. BELL, M. A, Head Master of Marlborough College :—*[ have taken time to
test its usefulness, and I can say without reserve that I have found it most interesting and
valuable. Constantly I turn to it for an answer to questions suggested in reading or con-
versation, and I always find help. I wish I had made acquaintance with it earlier.”

-Rev. G. H. RENDALL, M.A,, Litt.D., Head Master of Charterhouse School:—
“During the last six months I have tested your dictionary by frequent use as occasion
arose. ft is a_masterpiece of directness and compression, and the devices of type and
niched pages do much to assist speedy reference. hen once their contents are realized,
the Literary, Biographical, and Geographical Gazetteers appended at the end are an
invaluable addition to one’s reference shelf.”

Rev. J. GOW, M.A,, Litt.D., Head Master of Westminster School :—* As I turn over
the leaves and consider the amount of thought and of various labour that must have been
expended on this extraordinary book, I cannot but think it at least as remarkable as the
Pyramids or the Coliseum.”

Dr. J. H. MURRAY, Editor of the Oxford English Dictionary :—*It is a_wonderful
volume, which well maintains its ground against all rivalson its own lines. The *defini-
tions ’ or more properly ‘explanations of meaning’ in ¢ Webster’ have always struck me
as particularly terse and well put; and itis hard to see how anything better could be done
within the limits.”

Professor JOSEPH WRIGHT, M.A., Ph.D,, D.C.L.., LL.D., Editor of the English
Dialect Dictionary :—* The new edition of Webster's International Dictionary is undoubtedly
the most useful and reliable work of its kind in any country. No one, who has not
examined the work carefully, would believe that such a vast amount of lexicographical
information could possibly {e found within so small a compass.*

Dr. T. ]. MACNAMARA, M.P,, says:—*“1I have had it at my elbow dusing six weeks’
hard labour—professional and literary. How I got on without it before I can’t imagine.
1 have found it absolutel{ impregnable to the critical investigator anxious to detect short-
comings. It is simply abreast of every development, whether in the field of literature,
science, or art. No school and no teacher can afford to be without it.”

*,* Send for ILLUSTRATED PAMPHLET, containing hundreds of other
Testimonials, and also Specimen Pages, Prices in all Styles of Binding, &«.

Webster’s Collegiate Dictionary

The largest and latest abridgment of the International. Large
8vo. 1,116 pages. More than 1,100 illustrations. 12s. net.
Also an Edition de Luxe on Bible paper. 14s. net. And in
leather bindings.

LONDON: GEORGE BELL & SCNS

\ IO.’O.-H0.0CO















	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif
	00000083.tif
	00000084.tif
	00000085.tif
	00000086.tif
	00000087.tif
	00000088.tif
	00000089.tif
	00000090.tif
	00000091.tif
	00000092.tif
	00000093.tif
	00000094.tif
	00000095.tif
	00000096.tif
	00000097.tif
	00000098.tif
	00000099.tif
	00000100.tif
	00000101.tif
	00000102.tif
	00000103.tif
	00000104.tif
	00000105.tif
	00000106.tif
	00000107.tif
	00000108.tif
	00000109.tif
	00000110.tif
	00000111.tif
	00000112.tif
	00000113.tif
	00000114.tif
	00000115.tif
	00000116.tif
	00000117.tif
	00000118.tif
	00000119.tif
	00000120.tif
	00000121.tif
	00000122.tif
	00000123.tif
	00000124.tif
	00000125.tif
	00000126.tif
	00000127.tif
	00000128.tif
	00000129.tif
	00000130.tif
	00000131.tif
	00000132.tif
	00000133.tif

