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PREFACE

IN completing this book, I have arranged the material on the
same plan as in Part I.

The Miscellaneous Examples at the end are graduated, and
designed to cover the whole subject. Some of them are original,
but the greater number have been selected from examination
papers set within recent years by the various Indian Universities
and Engineering Colleges. There are three hundred of them,
and they bring the total number of examples to something over
two thousand.

Every example has been worked out several times, so that
I venture to hope that few mistakes will be found among the
answers.

The student is advised to omit the Examination Questions
at the ends of chapters when reading through the book for the
first time.

My warm thanks are due to my colleague, Mr. W. H. G.
Padfield, M.A., for his careful revision of the proof-sheets; and
I also desire to acknowledge the help that I have received from
many who have used Part I., and who have given me the benefit

of their advice,
A. E. PIERPOINT.
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MENSURATION

Part 11.

CHAPTER XIX.
INTRODUCTORY—TABLE OF UNITS.

108. A solid figure or solid is bounded by one or more surfaces.
Hence a solid must have length, breadth (width), and thickness
(depth or height).

When plane surfaces bound a solid they are called its faces,
and the solid is called a polykedron. The lines which bound the
faces of a solid are called its edges.! The volume of a solid is the
amount of space enclosed by its bounding surface or surfaces.

109. When the bounding surfaces
of a solid are six equal squares, the
solid is called a cube. It is evident
that the length, breadth, and thickness
of a cube are equal to one another (see
figure).

A cube is called a cwbic inckh, a
cubic foot, or a cubic yard according
as its length, breadth, and thickness /
are each a linear inch, a linear foot, /
or a linear yard.

110. The units of volume most commonly used in mensuration
are given in the following table :—

Cubic or Solid Measure.
1728 cubic inches make 1 cubic foot.
27 cubic feet make 1 cubic yard.

111. One cubic inch of pure water weighs 252°458 grains
(Troy).

! Some writers do not limit the term fuces to the plane surfaces that bound
a solid. All the bounding surfaces of a solid they call its faces, whether plane
ar curved, and the lines of intersection of adjacent faces they call its e7ges,

B




2 Mensuration.

.. one cubic foot of pure water weighs 252°458 X 1728 grs. (Troy)
_ 252 458 X 1728 X 16 ozs. (Av.)
7000
= 997°137 0z5. (AV.)
This weight differs so little from 1000 o0zs. that in practice it
is usual to take rooo ozs., or 621 lbs., as the weight of one cubic
foot of pure water. This assumption is always made in the
examples that follow unless otherwise stated.
112. L A pint of pure water
Weighs a pound and a quarter ;"

.. a pint of pure water weighs 1— X 7000 grs. (Troy)

a pint measure contains - 7 X 7990 cub. in.

A5 e ins =%

P 252458 s

.. a gallon measure contains ~* % X 7990 X cub. in.
252458

= 277'274 cub. in.

This volume differs so little from 277} cub. in. that in practice
it is usual to take 277} cub. in. as the capacity of one gallon.

This assumption is always made in the examples that follow unless
otherwise stated.

ILLUSTRATIVE EXAMPLES.

118. Example 1.—How many cubic inches are there in 2 cub. yds.
16 cub. ft. 1044 cub. in.?
2 cub. yds. 16 cub. ft. 1044 cub. in.
27

;—t; cub. ft.
1728

120960
1044

122004 cub. in.
.. 2 cub. yds. 16 cub. ft. 1044 cub. in. = 122004 cub. in.
Example 2.—Reduce 526072 cub. in. to cubic yards, etc.

144{ 12)526072 cub. in.

12) 43839 — 4
12)3653 ~ 3 }4()] 760 cub. in.
9os — s

3337747 cub. f.
Ir—-o0
.. §26072 cub. in. = 11 cub. yds. 7 cub. ft. 760 cub. in.
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3

Example 3—What fraction of a pint has the capacity of 1

cub. in.?
277} cub. in. is the capacity of 1 gallon R § R
A ¢ ” » 277% ofa pint
S x4 .
= of a pint
1109

=32 ofa pint
1109

Examples - XIX.

1. Reduce 10 cub. ft. 736 cub. in. to cubic inches.
2. Reduce 2 cub. yds. 18 cub. ft. 1232 cub. in. to cubic mnches.

8. How many cubic yards, cubic feet, cubic inches are there in 230,000

cub. in. ?
4. Reduce 136,592 cub. in. to cubic yards, cubic feet, cubic inches.
6. Find in cubic feet the space occupied by a ton of pure water.
6. Find the weight of pure water that occupies a space of 1 cub. yd.
7. Find the cubical content of a quart jug.
8. Find the weight of 50 gallons of pure water.



CHAPTER XX.
ON RECTANGULAR SOLIDS.

114. A rectangular solid is a figure bounded by six rectangular
faces. It follows, from this definition, that the opposite faces of
a rectangular solid are equal rectangles lying in parallel planes.
Thus in the rectangular solid 4FA, the rectangle ABCD is
equal to the rectangle £FG H,
F E and the two rectangles lie in
) parallel planes. A common
: brick may be taken as a
: familiar example of a rect-
'
]
]

angular solid.

The length, breadth, and
ST 1--7C depth of a rectangular solid
-~ are called its dimensions.

A B The four straight lines join-

ing the opposite corners of a

rectangular solid are called its diagonals. For example, DH, GC,
FB are three of the diagonals of the rectangular solid 4FH.

When the dimensions of a rectangular solid are equal to one
another, the figure is called a cxbe (§ 109). When the dimensions
of a rectangular solid are not equal to one another, the figure
is called a cwboid. A rectangular solid is sometimes called a
parallelopipedon.

PROPOSITION XXVIIIL

116. 7v find the volume of a rectangular solid, having given its
D dimensions.
Let ABCD be a rectangular
B Al solid such that 42 represents a
length of 5 in., AC a length of 4
in., and 4D a length of 3 in.
It is required to find the volume
of the rectangular solid A8CD.
Divide 4B into five equal parts,
AC into four equal parts, and 4D
c into three equal parts. Then each
of these equal parts will represent an inch,

< < pd




On Rectangular Solids. 5

Through the points of division in 4C draw planes parallel to
the face 48D. These will divide
the solid into four equal layers, each
layer being 1 in. thick (see figure).

Again, through the points of
division in 4B draw planes parallel
to the face ADC. These will divide each layer into five equal
bars, each bar measuring 1 sq. in. in cross-section
(see figure).

Again, through the points of division in 4D draw
planes parallel to the face 4BC. These will divide
each bar into three equal blocks, each block being a
cubic inch (see figure).

Note that the number of layers is the same as the
number of inches in 4C, the number of bars in each
layer is the same as the number of inches in 4.5, and
the number of cubic inches in each bar is the same as the number
of inches in 4.D.

Therefore the rectangular solid contains—

4 X 5 X 3 cub, in. = 6o cub. in.

From this special case we may arrive at the general con-
clusion—

If the length, breadth, and depth of a rectangular solid
measure a, b, and ¢ of the same lincar unit respectively, then the
volume of the solid will measure @ X & X ¢ of the corresponding
solid unit.

Hence rule—

The continued product of the numbers of any linear unit in the
dimensions of a rectangular solid will give the number of the corre-
sponding solid unit in the volume,

Or briefly—

Volume of rectangular solid = length x breadth X depth
= length X area of end
= breadth x area of side
= depth X area of base

V=axbxe . . . (i)
Hence—
Lengthofrectangular} - volume volume
solid dth X depth — area of end
8= B-—x A (ii.)



6 Mensuration.

and—
Breadth of rectangular} volume volume
solid length X depth — area of side
axc N (119
and
Depth of recta.ngular} _ volume _ volume
solid ~ length x breadth ~ areaof base
AY .
C=axb - C ot o- (iv.)

116. The volume of a rectangular solid can be expressed in
terms of the areas of its base, a side, and an end, thus—

Volume of rectangular solid
= (length X breadth) X (length X depth) X (breadth X depth)
=4 (area of base) X (area of side) X (area of end)

V= N/A1XA2XA3

PARTICULAR CASE.
117. Cube.

Here the dimensions are equal to one another.
That is, length = breadth = depth = edge
and volume of a“y} length X breadth x depth § 115.

rectangular solid
. volume of cube = (edge)"

V=ad . B ()
= edge of cube = ¥/volu volame
a=YV ... ... (i)

Hence rule—
The cube root of the number of any solid unit in the volume oy
a cube gives the number of the corresponding linear unit in the edge.
Or briefly—
Edge of cube = ¥volume
a= Vv
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PROPOSITION XXIX.

118. 70 find a diagonal of a rectangular solid, having given its
dimensions.

Let ABC' D' be a rectangular D' c
solid. Let its dimensions B4, ]

BC, BB measure a, b, ¢ of the 1 : B!
same linear unit respectively. A H !

It is required to find the ! :
length of the diagonal DA in Dic =~ S _Jc
terms of a, 4, c. S /4

Join DAB. 7 4

Because DB is the hypo- A_' _______ = B
tenuse of a right-angled triangle
DBBE,

s DB?*=DB*4BB? . . . . . Eucl 47.
But DB2=A4B*+ 4D*. . . . . . Euc L 47.
=AB*+BC*. . . . . . Eu.l 34
. DB”? = AB*+ BC? + BB"”
~. square on DB = (a® + b* +¢?) square units . . . § 9.
s DB = Ja*+ 5 + 2 linearunits . . . § o
Hence rule—

Add together the squares of the numbers of any linear unit in
the dimensions of a rectangular solid; then the square root of the
sum will give the number of the same lincar unit in the diagonal.

Or briefly—

Diagonal of rect- .
o = J/(length)? + (breadih)? + (depth)?
d = Ja?+ b? 4 ¢?

Note—It is obvious that we shall obtain the same expression for
each of the four diagonals of the rectangular solid 4BC'D'. Hence
we it;tfer that a/l the diagonals of a rectangular solid are equal fo one
another.

PARTICULAR CASE.
119. Cube.

Here length = breadth = depth = edge

diagonal of
o iar soig | =  length)? + (breadih)* + (depih)? § 113,

- diagonal of cube = 4/3 X (edge)’

d= 432
=a (}/ F I (9 |
hencea=—- . . . . . ., . . . (i)

A3
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ILLUSTRATIVE EXAMPLES.

5/ 120. Example 1.—Find the length
9 of a rectangular solid whose volume
Z measures 41 cub. ft. 432 cub. in., breadth
2 ft. g in., and depth 3 ft. 4 in.

N Length of rect-y _ V'
41c.f 432c.i. R angular solid}‘)}“?} fr.. §1s.
™/ where V= a18% = 413,
! and 6 = 2%,
. and ¢ = 3};
.. length of rectangular solid = .4& ft.
2} » 3%
=165 x4 x3 t
4 X II X 10
= 43 ft.
= 4 ft. 6 in.

Example 2.—How many fons of water will a rectangular cistern
hold whose length is 9 ft., breadth 7 ft.,

T and depth ;5 ft. 4 in. ?
; vocli‘;?;f,lff}= (@ x &6 xc)cub. ft. §113.
B , ("~ where c; = ?,
.. volume of cigtern = (9 x 7 x 51) cub. ft.
And 1 cub. ft. of water weighs 1000 0zs. (Av.) . . . . §1I11

.. weight of water in cistern = 9 x 7 x 53 x 1000 0zs.
_ 9 X7 X 16 X 1000
T3x16x28 x4 X% 20
= 93 tons

tons

Example 3—Find the edge of a cube
whose volume measures 1 cub. yd. 18
cub. ft. 1747 cub. in.

. Edge of cube = /7in. . §117.
lcy. l8of M7ci where V' = 79507 ;
.. edge of cube = 3/79507 in.

= 43 in.
=1yd 7in

» Example 4—How many-Maunds of kankar will be re uired to
metal one mile of road 18 ft. wide, and an average of 9 in. thick, the
kankar weighing 14 maunds per cubic foot ?
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Volume of kankar required = (¢ x & x ¢) cub. ft. . § 115.
where a = 1760 X 3,

b= 18,

c= 3;

1760 x 3 X 18X 3 upy .

4
_ 1760 x 3 X 18 X 3 X 3
- 4% 2

= 106,920 maunds

.. volume of kankar required =

maunds

. weight » ”

Example 5.—Three cubes of metal, whose edges are 3, 4, and ;5 in.
respectively, are melted down and formed into a single cube. Find
its diagonal.

Volume of the single cube = (3* + 4% + %) cub. in. . §117.

= 216 cub. in.
.~ edge ” " =3%/216in. . . . . . §117.
=6in.
.. diagonal » ” =64/3in. . . . . . . §i110
= 10°'392 in.

Ezxample 6.—1f a prick occupy a space of 9 in. by 4% by 3, how
manypwould be required for a wall 100 ft. in length, 10 ft. in height,
and a brick and a half in thickness ?

volume of wall

volume of a brick
_ (100 x 10 X 1) cub. ft. § 11
T (thzg X 9 X & x 3) cub. ft. 5
100 X 10 X 27 X 1728 X 2

24X 9X QX3
16,c00

Number of bricks required =

Example 7.—1f gold be beaten out so thin that an ounce (Troy) will
form a leaf of 20 sq. yds., find how many of these leaves will make an
inch thick, the weight of a cubic foot of gold being 10 cwt. 95 lbs.

Because 10 cwt. 95 lbs. is the wei%ht of 1 cub. ft. of gold
172

215 X 12 cub. in. of gold

s I oz is the weight of
Hence, if 2 in. be the thickness of a leaf—

20X9 X 44 xxr=-—2"""0 . . . . . §II5

. o 1728
**7 T 1215 X 12 X 20 X 9 X 144
I

= 218700

.. 218,700 leaves will make an inch thick
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Example 8—A box with a lid measures 12 in. long, 10 broad, and
8 deep, outside mcasure. It is made of wood 2 in. thick. Required
its weight empty, the specific gravity of the wood being o°73.

B

_______ 7 //,____.-C'

Volume of wood = volume of solid .4 BC — volume of solid DEF
= (12 X 10 X 8) cub. in. = (8 X 6 X 4) cub.in. § 115.
= 768 cub. in,
Now, specific gravity} _ _weight of any volume of the wood

of the wood weight of an equal volume of water
and weight of 768 cub.}__looo x 768 o
in, of water T8 ozs. . . . §IIL

weight of the wood x 1728
1000 X 768 ozs.
3 X 1000 X 768
= —— 0zs.
4 % 1728

1000
~— 0zs.

S 075 =

.*. weight of the wood

20 lbs. 13} ozs.

BExamples—XX.

Find the volumes of rectangular solids having the following dimensions :—

1. Length 7 ft., breadth 6 ft., height 5 ft.

2. Length § ft. 6 in., breadth 4 ft. g in., depth 4 ft. 3 in.

8. Length 2 yds. 2 ft. 9 in., breadth 1 yd. 2 ft,, depth x yd. 1 ft. 6 in,

4. Find the length of a rectangular solid whose volume measures 18 cub. ft.
390 cub. in., width 2 ft. § in., and depth 3 in.

6. Find the width of a rectangular solid whose volume measures 56 cub. ft.
1440 cub. in., length 16 ft. 6 in., and depth 8 in. ‘

8. Tind the depth of a rectangular solid whose volume is 14 cub. ft. 1008
cub. in., length 5 ft. 10 in., and breadth 3 ft. 4 in.

7. Find the area of the base of a rectangular solid whose volume is 23 cub,
ft., 396 cub. in., and depth 2 ft. 6 in.

8. Find the depth of a rectangular solid whose volume is 9 cub. yds. 4 cub.
ft. 1584 cub. in., and base 6 sq. yds. 4 sq. ft. 48 sq. in. i

9. Find the area of each end of a rectangular solid whose volume is 4 cub,
yds. 6 cub. ft. 1008 cub. in., and length 5 ft.
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10. Find the volume of a rectangular solid whose base is 3 sq. yds. 8 sq.
ft. 28 sq. in., and height 1 yd. 2 ft. 10 in.

11. Find the length of a rectangular solid whose volume is 4 cub. yds. 23
cub. ft. 432 cub, in., and whose ends each measure 2 sq. yds. 4 sq. ft. 72 sq. in.

12, Find the volume of a rectangular solid whose sides each measure 3 sq.
yds. § sq. ft. 68 sq. in., and whose width is 1 yd. 2 ft. 8 in.

13.51'ind the cost of a rectangular solid whose length, breadth, and depth
are 10 in., 8 in., and 7 in., at the rate of Rs.3 8 annas per cubic inch.

14. How many bricks will be required to build a wall 8o ft. long, 18 in.
thick, and 6 ft. high, a brick being 9 in. long, 4% in. wide, and 3 in. deep?

15. Find to the nearest gallon the capacity of a cistern having the follow-
ing dimensions : length 7 ft. 8 in., breadth 7 ft. 2 in., depth 6 ft. § in.

18. Find the weight of a rectangular block of wood 4 ft. 3 in. long, 2 ft.
9 in. wide, 2 ft. 6 in. deep, at 30 Ibs. per cubic foot.

17. What weight of water will a rectangular cistern hold whose dimen-
sions are 10 ft., 8 ft., and 7 ft. ? Give the result in tons, cwts., etc.

18. The length and width of a rectangular tank are 3 ft. 6 in. and 2 ft,
9 in., and the tank is capable of holding 56 gallons of water : find its depth
to the nearest inch,

19. If the length and width of a tank are 18 ft. 8 in. and 14 ft. 6 in.,
what volume of water must be drawn off to make the surface sink 1 ft.?

20. A box without a lid is made of wood an inch thick : find the cubical
content of the box if its external dimensions are 2 ft. 8 in., 2 ft. 4 in., and
1 foot 9 in.

Find the volumes of cubes having the following edges :—

2l. 2 ft. 10 in.

22. 1yd. 2ft. 9in.

28. 2 poles.

24. 1 pole 2 yds.

Find the edges of cubes having the following volumes :—

286, 3 cub. ft. 1675 cub. in.

26. 1 cub. yd. 19 cub. ft. 19 cub. in.

27. 4 cub. yds. 23 cub. ft. 613 cub. in.

28. 163 cub, yds. 23 cub, ft. 701 cub. in.

20. The base of a rectangular cistern measures 18 sq. ft. : find its depth
to the nearest inch if it is capable of holding 500 gallons of water.

80. Find to the hundredth part of an inch the edge of a cubical vessel
whose capacity is 50 gallons,

81. How many square inches of surface can be covered uniformly by 1 cub.
ft. of gold, if the coating is 0°000005 in, thick ?

82, Find the cubical content of a box without a lid which is made of wood
an inch thick, if its external length, breadth, and depth are 2 ft, 2 in., 1 ft.
10 in., and I ft. 9 in. respectively.

33. How many cubic inches of wood are required to build a box without
a lid if the wood is half an inch thick, and if the external length, breadth, and
depth of the box are 2 ft. 9 in., 2 ft. 3 in., and 1 ft. 10 in, respectively ?

84. How many cubicinches of wood are required to build a box with a lid,
if the wood is 1 in. thick, and if the internal dimensions of the box are 1 ft.
§in., 1 ft. 3in., and 1 ft. 1 in, ?

86. If 300 gallons of water are poured into a rectangular cistern 12 ft. g in,
long and 10 ft. 6 in. wide, through how many inches will the surface rise ?

86. If each of the dimensions of any rectangular solid be doubled, show
that its volume will be increased eightfold.

87. If the internal dimensions of a rectangular cistern are 3 ft. 6 in., 2 ft.
10in., and 1 ft. 8 in., find to the nearest second how long it will take a pipe
to fill it, if the pipe admits 8 gallons a minute.
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388. The aimensions of a rectangular solid are in the proportion of the num-
bers 2, 5, and 7, and its volume is 13 cub. ft. 1546 cub. in. : find its dimen-
sions.

89. Find the volume of a cube whose diagonal measures 2 ft. 6 in.

40, Find the diagonal of a rectangular solid whose length, breadth, and
depth measure 3 ft. 4 in., 2 ft. 9 in., and 2 ft. 3 in. respectively.

41. Find the diagonal of a cube whose volume measures 10 cub. ft.
296 cub. in.

42. Find the depth of a rectangular solid whose diagonal, length, and
breadth measure 7 ft. 3 in., 5 ft. 3 in., and 3 ft. respectively.

48. The volume of a rectangular solid is 2160 cub. ft., and its diagonal is
25 ft. If the length is 20 ft., find the breadth and depth.

44. Find the edge of a cube equal in volume to a rectangular solid whose
dimensions are 3 ft. g in,, I ft. 3 in., and § in.

Examination Questions—XX,

A. Allakabad University ;: Intermediate.

1. Itis desired to put a cubical case whose content is 4019°679 cub. ft.
throngh a square hatchway whose area is 37,791°36 sq. in. : show whether this
can be done.

B. Punjab University : First Exam. in Civil Engineering.

2. Three cubes of metal whose edges are 3, 4, and § in. respectively, are
melted and formed into a single cube : if there be no waste in the process,
show that the edge of the new cube will be 6 in. .

8. Find the length of the longest rod that can,be placed in a room 3oft.
long, 24 ft. broad, and 18 ft. high,

C. Madras University : B.E. Exam.

4. Water is distributed to a town of §0,000 inhabitants from a reservoir
consisting of three compartments, 200 ft. X 100 ft., with vertical sides, and
12 ft. depth of water. The allowance is 15 gallons per head per day. How
many days’ supply will the reservoir hold ?

D. Caleutta University ; F.E. Exam.

B. In measuring the edges of a cubical box to ascertain its content, an
error of 0°202 in. is made in excess for the length, and of 02 in. in defect for
the breadth, the height being properly measured. The calculated volume
agrees with the true volume. Find the volume in cubic inches.

E. Sibpur Apprentice Dept.: Monthly Exam.

6. A box without a lid is made of wood an inch thick ; the external length,
breadth, and height of the box are 2 ft. 10 in., 2 ft. 5 in., and 1 ft. 7 in. respec-
ti;'ely: find what volume the box will hold, and the number of cubic inches
of wood.

7. The external length, breadth, and height of a closed rectangular wooden
box are 18 in., 10 in., and 6 in. respectively, and the thickness of the wood is
half an inch. When the box is empty it weighs 15 lbs., and when filled with
sand 100 lbs. Find the weight of a cubic inch of wood and of a cubic inch of
sand.

8. A reservoir is 24 ft. 8 in. long by 12 ft. 9 in, wide: find how many
cubic feet of water must be drawn off to make the surface sink 1 ft.

. F. Sibpur Apprentice Dept. : Annual Exam.
9. The diagonal of a cube is 30 in. : what is the solid content ?
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.
G. Sibpur Apprentice Depart. : Final kxam.
10. A schoolroom is to be built to accommodate 70 children, so as to
allow 8% sq. ft. of floor and 110} cub. ft. of space for each child : if the room
be 34 ft. long, what must be its breadth and height ?

H. Roorkee Enginecr : Entrance.

11. Taking the dimensions of a brick to be 9” x 43" x 3", find the pum-
ber required to build a storeroom 14 ft. high and 22’ X 15', the walls being
2 ft. thick and the room being provided with a doorway 8’ x 3}’ and two
windows 3’ x 2'. 3

12. Find how many bricks, of which the length, breadth, and thickngss are
9, 4%, and 3 in., will be required to build a wall of which the length, kéight,
and thickness are 72, 8, and 1%} ft. S

13. The three conterminous edges of a rectangular solid are 36, 75, and 80
in. respectively : find the edge of a cube which will be of the same capacity.

14. A river 25 ft. deep and 480 ft. wide is flowing at the rate of 3 miles
an hour : find how many tons of water run into the sea per minute.

15. A cubic foot of gold is extended by hammering so as to cover an area
of six acres : find the thickness of the gold in decimals of an inch, correct to
the first two significant figures.

1. Roorkee Upper Subordinate: Entrance.

16. A rectangular bath is 14 ft. long, 9 ft. wide, and 4 ft. deep: how
much deeper must it be made to hold 180 gallons more ?

17. A reservoir contains 3,217,428 cub. ft. of water ; its depth is one-third
of its length, and its breadth is half the difference between the length and one-
third of the depth : find the dimensions.

18. A box without a lid measures externally 4 ft. long, 3 ft. wide, and 2 ft,
deep ; the material has a uniform thickness of £ in. If the wood cost 7s. 9d.
per cubic foot, and the making f; of the material, find to the nearest penny
the cost of the box.

19. A rectangular solid is 13 ft. long, 34 ft. broad, and 2 ft. high : find
the length of its diagonal, and also the area of a plane passing through two
opposite edges of 3% ft.

Additional Examination Questions—XX.,

20. Find the least length of wall that will be required to enclose a space
of 1200 sq. yds. by the side of an existing wall, so that only three sides require
to be walled up. If the average sectional area of the wall be 18 sq. ft., find
the cost of building it with stones 18 in, X 9 in. X 44 in. at Rs. 80 per 1000
stones. (Madras University : B.E, Exam,)

21. A rectangular reservoir is 100 ft. long by 64 ft. broad : at what rate of
speed per hour must water flow into it through a pipe whose cross-section is a
square of side 2 in., in order to make the water rise 2 ft. in 8 hrs.? (Bombay
University : L.C.E. Exam.)

22, If a be the length of each edge of a cube, show that the diagonal of
each face is aa/2, and the diagonal of the solid aa/3. (Roorkee Upper
Subordinate : Monthly.)

28. How many superficial feet of inch plank can be sawn out of a log of
timbfr 20ft, 7in. long, 1 {t. 10 in. wide, 1 ft. 8in. deep? (Roorkee Engineer :
Final.)

24. How many sovereigns will a box 16 in. long, 7 in. deep, and § in,
broad, contain if each sovereign measure § in. X f5 in.? (Roorkee Upper
Subordinate : Monthly.)



CHAPTER XXI.
ON D UO\I_{E: C: IMA LS—(continued).

121. We have seen (Chapter III.) that the .area of a rectangle
can conveniently be found by using duodecimals. It is now
proposed to extend this
B method to the determina-
tion of the wolumes of rect-
angular solids.
122. Consider the cube
ABCD.
Let each of its edges
be taken to represent a
length of 1 ft. 1 in. On

O
-
0N
0"
|
[
|
!
] \
T
1
1
1
'
] |
1
1
\\!
m
\
\
B

P e pap——
~

I _Jd-__i Jm the same scale, from B,

gl 7 from C, and from D, along

o e BA and CA and DA re-

O A  spectively, divide off a

L o) length corresponding to
1 ft.

Then the remaining parts of these three lines will be lengths
each corresponding to 1 in.

Through the points of division draw planes parallel to the
sides of the cube.

We now see that the whole cube is made up of several pieces
of four different sizes—

The largest size is a cube, #KZ, measuring 1 ft. each way,
that is, a cubic foot.

The second largest size is a rectangular solid, # 4K, measur-
ing 1 ft. by 1 ft. by 1 in. This is evidently the twelfth part of
a cubic foot, and we have already spoken of it as a cubic or solid
prime (§ 13). Of these there are three. -

The third largest size is a rectangular solid, C/H, measuring
1 ft. by 1 in. by 1 in. This is evidently the twelfth part of a
cubic or solid prime, and we have already spoken of it as a
cubic or solid second (§ 13). Of these there are three,

The smallest size is a cube, 4FEH, measuring 1 inch each
way, that is, a cubic inch,
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Thus the cube ABCD represents a volume equal to the
sum of —

1. One cubic foot.

2. Three cubic primes.

3. Three cubic seconds.

4. One cubic inch or cubic third.

It will be found that the above result may be obtained by the
following scheme of work, in which we multiply each term in the
length of the solid by each term in the breadth, and then each
term in this product by each term in the depth.

ft. rin.
1ft. rin.
I X 1sq.ft. 1 X Isup, primes
I X 1 sup. primes I X I sq.in.
1 sq. ft. 2 sup. primes I 5q. in.
1 ft. 1 in.
1 X 1cub.ft. 2 X 1 cub. primes 1 X 1 cub. sec.
1 X 1 cub. prime 2 X 1 cub. sec. 1 X 1cub.in.
1 cub. ft. 3 cub. primes 3 cub. secs. 1 cub. in,
In this scheme of work we assume the law that, in any rect-
angular solid—
Square inches in base X lincar feet in | _
s =
Superficial primes in  base X linear }=

cub. secs. in volume.

oot in depth cub. primes in volume.

Superficial primes in base X linear
inches in depth

Squ;:et l{eet in base X linear inches in } = cub. primes in volume.

cub. secs, in volume.

The proof of this law is simple, and is left as an exercise for
the student.

The scheme of work in the above example may be shortened
thus ;

1ft. 1
1 ft. 1
I 1
I’ I"
2' I"
1 1
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The plan of work here depends upon that property of a rect-
angular solid, whose length measures (a2 + &) units, breadth
(¢ + 4) units, and depth (¢ + /) units, viz. that its volume is
the sum of eight rectangular solids measuring—

a X ¢ X ¢ solid units
L bXcxe ’

; I e i 21 axdxe
‘:) ,4‘::—"-';_—:_-_-_25‘_:“ — bxdxe »
Yoo o7 Z1 Y axeXf »
el B bxexf o,
el 5:6--_ ,’ ﬂ)(d)(f ”
_____ st bdef ’»

If the dim@nsions of a rectangular solid involve twelfths of an
inch, and we wish to find its volume by the method of duo-
decimals, the principle will be seen to be exactly the same,

Remembering, then, that—

1 standard unit = 12 primes -

1 prime = 12 seconds - o

1 second = 12 thirds RN

1 third = 12 fourths AR
'l

and so on, whether the standard unit be linear, superficial, or
cubic, and remembering that #ke order of a product is the sum of
all the orders of its factors (see Chapter III.), we shall find no
difficulty in understanding the following Illustrative Examples.

J V\f,’ ILLUSTRATIVE EXAMPLES.

128. Example 1.—Find by duodecimals the volume of a rectangular
solid which measures 5 ft. 8 in..by*3 ft. 6 in. by 4 ft. 10 in. .

Volume of rect-

’

I3

angular solid } =5 ft. 8in. x 3 ft. 6in. x 4 ft. 10 if}: §115.
ft. iré. ot !
. :S; p
17 o
2 IO, oII
19 10 0o
4 10 B
79 4 o
16 6/ 411 olll
95 Iol 4/1 Olll

. Volume of rectangular } = 95 cub. ft. 10 cub. primes 4 cub. seconds

solid
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Example 2.—Find by duodecimals the volume of a rectangular
solid which measures 3 ft. 4 in. § twelfths of an inch by 2 ft. 7 in.
9 twelfths of an inch by 2 ft. 8 in. 4 twelfths of an inch.

Volume of rectangular}

solid = 3 ft. 4 in. 5 twelfths x 2 ft. 7 in. 9 twelfths

x 2 ft. 8in. 4 twelfths . . . . §115.

3 ft. 41 5/!
2ft. 7' o
6 8 10"
I i 6" i’
2’ 6" 3111 9lv
8 10 ITW 2/ 9lv .
2 8’ 411
17 G 10" 511/ 6"
5 It U " Slu 10" o’
2! 1 III 7III 8/V 1 Ill oll'
24 o e 71/1 o 1’ oi/—l—

. Volume of rectan-\ _ 24 cub. ft. 1 cub. second 7 cub. thirds 11 cub.

gular solid ] fifths

Examples —XXI.

Find, by duodecimals, the volumes of the rectangular solids having the
following dimensions :—

1. 3ft.2in, 5 2ft. 6in.; 2 ft.

2 4ft.gin.; 3ft. 5in.; 2 ft. 7 in,

8. 3 ft. 6 in. 4 twelfths; 3 ft. 2 in. g twelfths; 2 ft. 7 in.

4, 4ft. 7 in. 8 twelfths ; 3 ft. 9 in. 10 twelfths ; 2 ft. 4 in. 6 twelfths,

6. 3 ft. 2 in. 10 twelfths ; 2 ft. g in. 7 twelfths ; 1 ft. 7 in, 6 twelfths.

8. 9in, ; 4 ft, ; 7 twelfths,



CHAPTER XXIIL
ON PRISMS, CYLINDERS, AND RINGS.

124, A prism is a solid whose sides are parallelograms, and

whose ends lie in parallel planes.

/ The end on which a prism

may be supposed to stand is
called the dase of the prism.

The perpendicular distance
between the ends of a prism is
called the Zeight of the prism.

The straight line joining the

o, middle points of the ends of a
C prism is called the axis of the

o prism.
Ay B~ The /length of a prism is that

@ portion of the axis that lies between the parallel
ends.
Thus, in the prism 4 BD'E'—

ABCDE is the base,
B'F is the height,
OO0 is the length,

A prism is called a 7egular prism when its
ends are regular figures.

A prism is called a x4/ prism when its
_~==1-"“~.] edges formed by side faces adjacent to one
“~-L—""another are perpgndicular to its ends (see figure).

Otherwise it is said to be oddgue.

It follows from this that the sides
of a right prism are rectangles, All
rectangular solids are right prisms.

When the ends of a prism are
parallelograms(, the prism is called a

allelopied (see figure). Hence a
‘;Wed may be  defined js

a solid bounded by three pairs of parallel plane faces. -
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125. When the number of the sides of a prism is indefinitely
increased, and the breadth of each side indefinitely diminished
(the perimeter of the cross-section always remaining finite), the
surface of the prism tends to become the surface of a cylinder.

Hence a ¢ylinder may be defined as the limit of a prism, the

a

-
Se—e -~

S ——— ———

number of whose sides is indefinitely increased while the breadth
of each side is indefinitely diminished.

The base of a circular cylinder is a circle.

A 7ight cireular cylinder may be seen to be generated by the
revolution of a rectangle round one of its sides (see figure).

126. The definition of a prism may be extended so as to
include the limiting case of a cylinder, thus—

A prism is a solid whose ends are any two parallel plane
figures, equal, similar, and similarly placed, and whose sides are
determined by straight lines connecting the corresponding points
in the circumferences of the two ends (Elliot). Fluted columns
and the masonry of arched bridges are familiar examples of prisms
in the wider sense of the term.

PROPOSITION XXX,
127. 7o find the volume of a paralledopiped, harving given the
—4

area of its base and its height. ¥

Let ABGH be a parallelo-
piped.

Let its base 4BCD measure
A of any square unit.

Let its height #X measure /
of the corresponding linear unit.

It is required to find the
volume of ABGH in terms of
Aand 4. '




20 Mensuration.

In the plane ABCD, and between the parallels 4.8 and DC,

draw the rectangle 4 BML.
Then the area of the rectangle ABML is equal to the area of

the parallelogram 4ABCD . . . .+ Euc. L 35.
Now, since paralleloplpeds which have equal bases and equal
heights are equal in volume . .+« . Euc XL 31.

Therefore the volume of the paralleloplped A BGH is equal
to the volume of the rectangular solid standing on the base
ABML and of height FX.

But the volume of this| _ . .
rectangular solid } = A X /% solid units

*. the volume of the para.l-} _ iy
lelopiped ABGH = A x % solid units

Hence rule—

Multiply the number of any square unit in the base of a parallelo-
piped by the number of the corresponding linear unit in the height,
then the product will give the number of the corresponding solid unit
in the volume.

Or briefly—

Volume of parallelopiped = base x height
V=Axh ,

§ 115.

¥
PROPOSITION XXXI./

128. 70 find the volume of a triangular prism, having given its
base and height.

- Let ABC' be a triangular
Lbcl prism.

Let its base 4ABC measure
A of any square unit.

Let its height 4’£ measure
% of the corresponding linear
unit.

It is required to find the
B volume of 4BC' in terms of 4

and 4.
c :I‘tllrough BB draw the plane BB'D parallel to the plane
C'A'.

:Il‘;lrough AA' draw the plane 4A4'D' parallel to the plane
cc

Then the solid DBC'A’ will be a parallelopiped. And its
volume is double the volume of the prism ABC' , Euc. XI. 28,

But vol. of DBC'A' = area of base DBCA X A'E . § 127.
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.~ vol. of ABC’ = % area of base DBCA x A'E
= area of triangle ABCX A'E . Euc. L. 34.
= A X /% solid units

Hence rule—

Multiply the number of any square unit in the base of a tri-
angular prism by the number of the corresponding lincar unit in the
height, then the product will give the number of the corresponding
solid unit in the volume.

Or briefly—

Volume of triangular prism = base X height
V=AXxh

PROPOSITION XXXII.

129. 7o find the volume of any prism, having given ifs base
and height,

Let ABD'E' be a prism.

Let its base 4 BCDE measure A of any square unit,

Let itsheight £'# measure
/% of the corresponding linear
unit.

It is required to find the
volume of ABL'E' in terms
of Aand 2.

:, Dividethe solid into #zan-

«ruz prisms by planes through

These prisms will all have
the same height, 4, and their
bases will be the triangles E
ABC,ACD, ADE. Hence,
if 4,, 4, As, be the areas of these three triangles respectlvely,
and if ¥, V,, V, be the volumes of the three tnangular prisms
ACB, ADC', AED respectively, we have—

V;=A2/I . . . . . . §128.
V,= A
Vi Vit Vo= (A, + Ao+ A
or V= Ak

Hence rule—

Multiply the number of any square unit in the base of a prism
by the number of the corresponding linear unit in the height, then the
product will give the number of the corvesponding solid unit in the
volume.,



22 Mensuration.

Or briefly—

Volume of any prism = base X height
V=Axh . . . . . ({)

Hence—
Base of any prism = ‘%i—gu%tg
A=Y L)
And—
Height of any prism = V?;l::e
n=g . (i)

PROPOSITION XXXIII.

130. 7v find the wvolume of a prism, having given ils cross-
section and length.
Let ABC'D be a prism (Fig. 1).
Let its cross-section 4"B"C'D"
unit,
-~ Let its length 44" measure / of the corresponding linear unit,
It is required to find the volume of 4B8C2 in terms of 4,

measure A, of any square

Apply the lower portion ABC"D" of the prism 4BC'D to
the upper portion 4"B"C'D, so that the face 4BCD may
coincide with the face 4'8'C D' (Fig. 2).

The solid thus formed will be a right prism having 4”B"C".D"
for its base and 4"4" (= AA' in Fig. 1) for its length or height.
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And the volume of this right pnsm will contain 4,/ solid
units . . . . § 129,

But the volume of this rlght prlsm is evxdently the same as
the volume of the original prism 4 BC'D'.

.. the vol. of the original prism 4BC'D' = 4,/ solid units

Hence rule—

Multiply the number of any square unit in the cross-section of a
prism by the number of the corresponding linear unit in the length,
then the product will give the number of the corresponding solid unit
in the volume.

Or briefly—
Volume of a prism = cross-section x length
V=Al . . .. . (i)
Hence—
. _ volume
Cross-section of prism = Tongth
v .
Al = 1 e e e e e, (ll.)
And—
length of prism = —YoLume _
cross-gection
_Vv
1 = K; e e e « o+ e e . (lll.)

PARTICULAR CASE,
131. Cylinder.
Here the number of sides of the prism is indefinitely increased.
But whatever be the number of sides of the prism—
Volume of prism = base X height . § 129, _\- >
.. volume of cylinder = base X height
V=AdAx?2

For a cirecular cylinder, this formula may be
written—

V=mnr?xns
where 7 linear units = radius of base.

132. Consider a segment of a prism or of a
cylinder made by a plane parallel to the axis (see | _——~--_
figure). Tt follows, from what has been said about
the prism and the cylinder, that the volume of such )
a segment will be determined by the formula—

V=A4k
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where A square units = area of end of segment,
and # linear units = height of segment.

ﬁe Rings.

133. A cylindrical ring may be roughly described as a right

circular cylinder bent round in a circle until its ends meet.

Since in bending the cylinder to form a ring the inner portion
is as much contracted as the outer por-
tion is expanded, the volume of the ring
may be seen to be the same as the
volume of the original cylinder. Hence
the volume of a cylindrical ring is equal
to the volume of a right circular cylinder
whose base is the same as the cross-
section of the ring, and whose height
is equal to the length of the ring.

That is—
Vol. of a cylmdncal ring = area of cross-section X length of ring
T V=A4Ax!?

Note—By the length of a ring is meant its mean circumference or
circumference midway between its inner and outer circumferences.

The same reasoning applies to
the case of any ring whose cross-
section is a figure symmetrical
about a line in its own plane
perpendicular to the plane of the
ring—that is to say, having the
outer half corresponding to the
inner, as in the figures.

134. In the particular case of
the cplindrical ring, the following
formule may be easily verified :—

V= "f(R + )R = 7y
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= L(c+ac-a

where V' is the volume, £ and » are the outer and inner radii
respectively, C and ¢ the corresponding circumferences.

ILLUSTRATIVE EXAMPLES.

1385. Example 1.—The base of a right prism is an equilateral
triangle with a side of 7 in., and its height is 24 in.:
find its volume.

Volume of prism = 4 X % cub. in.. §128.

[
2 H ' -
where 4 = ————(7)4‘/5 . A 3 & E H
h=24; , E
- ]
.. volume of prism = ‘—E)X—Zix——ﬁ cub. in. ! E
]
= 509°2 cub. in. R E
Example 2.—Find the cobt, at the rate of 4d. @ !
per cubic yard, of digging a pit whose dimensions '
at the top are 34 ft. 4 in. by 30 ft., and whose depth ! !
is 13 ft. 6 in., the sides sloping at an angle of 45°, |
and the ends being vertical. i !
Let ABCD represent a cross-section of the pit. ! !
Then £D = CF = AE = 13% ft. . !
o DC;—- _5,33.— 133 x 2) ft 5 A% 27
.. area of trape-\ _ X R A
" Vo t=3(30+3)x 132 sq.
zoid ABCD} ft.. . . §30.
.%. cubical con-\ _ 33 %27 A . 30! ... B
tent of pit }' 2 x 2 X 34% cub. :
ft. . . §r29. §
. oo - 33X 27X 103X 4
.. cost of digging Ixax3xz N /
pence. i 59 45
= 1133 pence {E »yD C F
= £4 14s. 5d.

Example 3.—Find the number of tons of copper in a wire, length’
3000 miles, diameter 4 in. Copper wire weighs 555 Ibs. per cubic foot.

Volume of wire = A& cub. ft. . . . . . §13L
2
where 4 = w( ~~~~~ - ) ,

% = 3000 x 1760 x 3;
7 X 3000 X 1760 X 3
16 X 16 X 12 X 12 cub. ft.
. weight of wire = —_22 % 3900 X 1760 X 3 X 555
7 X 16 x 16 X 12 X 12 X 112 X 20

= 33444844 tons

., volume of wire =

tons
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Example 4.—A reservoir is supplied from a pipe 6 in. in diameter.
How many pipes of 3 in. diameter would discharge the same quantity,
supposing the velocity the same ?

Let Vcub. in. =volume of water contained in 1 in. of the 6-in. pipe.

Then V=xx32. . . . . . . §131

Let  cub. in. =volume of water contained in 1in. of the 3-in. pipe.

Thenz==x (3?2 . . . .§13L

But number of pipes required = 7

- mx3
» ” “'H‘(T)i

=4
Example 5.—Find the weight of iron in a pipe whose interior and
P exterior diameters measure 1o in. and
11 in. respectively, and length 10 ft., a
cubic inch of iron weighing o026 1Ib.
(r = 3'1416)
Volume of iron=(4,—A4,)% cub. in. § 131.

where 4, == x (3)? . . . . §71.

Ay=mx ()2 . . . . §7L
2 =120;

. volume of iron = #{(%*)* — (32)?} x 120
cub. in.
_ ™ > 21 X I20

4

31416 x 2[: 120 X 0'26 Ibs.

cub. in.

.*. weight of iron =

= 514594 Ibs.
Example 6.—A well is to be dug 30 ft. deep, and lined with a cir-
— cular ring of masonry 1% ft. in thickness ; the interior
diameter of well when completed will be 6 ft. Find
the total cost of the work, the excavation costing at
the rate of Rs. 5 per 100 cub. ft., and the brickwork
Rs. 25 per 100 cub. ft.

Volume of earth excavated = 4 x % cub. ft. § 131.

where d=mx(48)?% . . . . . « . . . .§7L
and 2 = 30;

7 x 8 X 30 bt

ni81x3ox5Rs
4 X 100 :
= * X 243
—3 Rs.

.". volume of earth excavated =

. cost of excavating earth =

—me--=------30'-=-"="-=-----

Volume of masonry = (4, = Az cub. ft. . . §131.
where 4, ==X (442 . . . . . . . . .« . . . . §7L
Az=wx32................ §71.
= 30;

= volume of masonry = x{(43)% — 32} 30 cub. ft.
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X 3XI5X30X2
.". cost of masonry = 32>< zsx 13:)0 3 Rs.

_-;rx675
8 Rs.

. total cost = n(243 + °FE) Rs.
x Rs.
—Rs 360 — 10 as. - 3} p.

Ezxample 7—A bridge arch has a span of 20 ft., a rise of 3 ft.,
depth of vougsgir 2 ft., and its
length from face to face is 30 ft. ¢
find how many cubic feet of
masonry it contains.

Take the figure as a cross A

section of the arch. )
Let OG = x ft.
Then 3(2x + 3 = 100 § 75.
*. radius of ar¢ DE = ’%ﬁ ft.
Again—
DE = \J102 + 3% ft. § 16,
= 10§ ft.
sarc DEF = g{sﬁ'o; - 20} 0 J
. §8r1.
.. area of sector ODEF i % 1?;" x 3{84/109 — 20} sq. ft. § 86.
21'174 sq. ft.

Now, sectors ODEF and OABC‘ are similar figures ;
N . area of OABC : area of ODEF = OB : OE?* § 104.
that is—

area of O4ABC : } x 192 x 21'174 sq. ft. = (Rg1)2: (l-gil)2

area of O4BC =} x 182 x 21174 %

121)2
(109)? 5% ft.
. area of section = } x 18% x 21°174 X {(\13—9% - 1} sq. ft.

= 4468 sq. ft.
and volume of masonry = 44'68 x 30 cub. ft. . . . . §i129
LIh = 1340 cub. ft.
Example 8. —-A cyh_,glncal buoy, 8 1] /z B

ft. long and 6 ft. in diameter, floats with

its axis horizontal and 1 ft. above the

surface of the water: find the weight
of the buoy.

Let 4 BCD represent a cross-section

of the floating buoy, and 4C the level
of the water.

Then 0OA = 3 ft.

OE =1+H.
and AE = J/9—11t
= J8ft. . §16.

Also segment AECD = 4 /h/(kc’ + §112)
sq. ft. §
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where 2 =2,
c=24/8;
cosegment AECD =4 x 2% A/(} x 32+ % x 4) sq. ft.
=32405 0 & .
=15 q. ft.
Now, volume of solid immersed = 4% cub. ft. . . § 132,
where 4 = 3—2—:—?2,
k=8,

.. volume of solid immersed = 35%‘5/—-[5 cub. ft.

.~ water displaced = #—5 cub. ft.

But weight of buoy = weight of water displaced

and 1 cub. foot of water weighs 624 lbs. . . . §r1IL

I _2564/15 x 125

.~ weight of buoy = haxz Ibs.

= 4131 lbs. nearly
Example 9—The thickness of a solid

cylindrical ring is 1'5 in, and its
outer diameter 8 in.: find its volume.
(r = 3'1416.)

Volume of ring = A7 cub. in. § 133.

e\2
whereA:r(f—zé) P A &

I=x8—-15) . . . . . §60.

.. volume of ring = 7{0'75)2. #(6'5) cub. in.
= 36°085 cub. in.
Example 10—The volume of a cylin-
drical ring is 1386 cub. in., and the length
is 4 ft. 1 in. : find the diameter of the cross-
section.
Let 7 in. = radius of cross-section.

Then =72 sq. in. = area of cross-sec-

tion . . §71.
St x49=1386 . . §133.

72=§§_6_>,<_Z=9
22 X 49
Sr=3

Hence diameter }

of cross-sectionf 6 in.

Example 11.—A ring is fosmed by the revolution of a regular
octagon of side 1 in. about an axis in its plane. If the central point
of the octagon is 7 in. distant from the axis, find the volume of the ring.

Volume of rirg = A/cub.in. . . . . §133
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where 4 = 2 X IZX(I+4/")
1—2 .7

P
8&

.*. volume ofrmg = 2(1 + 4/2) 2. é- 7 cub dn.
= 212'45 cub. in.

Example 12.—The cross-section of a solid ring is an cllipse whose
major and minor axes are 6 in. and
4 in. respectively. The mean dia-
meter of the ring is 30 in. It is
made of material weighing 30 Ibs.
per cub. foot. Find its weight.
(r = 3'1416.)

Volume of rino' = Al cub. in. § 133
where 4 == . 4. ¢
l=x. 30
volume}
of ring

zy

=axx6xmx30cub. in.
TXx6x7wx30x% 30
1728

3084 lbs.
Lxample 13—A circular en-

trenchment of 6o yds. diameter is

to be surrounded by a ditch 10 yds.

wide at top and 6 at bottom, and

8 yds. deep, sloping equally on both

sides. How many cubic yards must

be excavated? (r = 3°1416.)
The ditch may be regarded as

a ring whose cross-section is the \E" »

cross-section of the ditch,and whose

inner diameter measures 6o yds.

Hi’;ﬁ?t‘éﬁlume} = A/cub.yds.§133
10 + 6

. weight Ibs.

where 4 =———x 8 . . §30.

l== x 70. . . . §609.
*. volume of ditch = = X 70 % 64 cub. yds.
= 14,074'368 cub. yds.
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Examples—XXII.
. Take = = 2 unless otherwise stated,

Find the volumes of the following prisms, having —

1. Base 4 sq. ft. 46 sq. in. ; height 1 ft. 9 in.

2. Base 9 sq. ft. 30 sq. in. ; height 3 ft. 6 in.

8. Base 19 sq. ft. 120 sq. in. ; height 2 yds. 1 ft. 3 in.

4. Base 2 sq. yds. 7 sq. ft. 96 sq. in. ; height 1 yd. 2 ft, 8 in,
Find the heights of the following prisms, having —

6. Volume 4 cub. ft. 1512 cub. in. ; base 3 sq. ft. 36 sq. in.

8. Volume 21 cub. ft. §40 cub. in. ; base 7 sq. ft. 108 sq. in.
Find the areas of the bases of the following prisms, having—

7. Volume 23 cub. ft. 1080 cub. in. ; height 2 ft. 3 in.

8. Volume 5 cub. yds. 19 cub. ft. 648 cub. in. ; height 2 yds, 1 ft. 6 in.
0. A prism stands upon a triangular base whose sides are 13 in., 20 in., 21

in, If its height is g in,, find its volume.

10. The baseof a prism is a quadrilateral ABCD. If its height is 15 in.,
and if AB =9 in,, BC = 8 in., CD = 3 in.,, DA = 4 in,, and if the angles at
A and C are right angles, find the volume of the prism.

11. The base of a prism is a trapezoid whose parallel sides measure 13 ft.
and 17 ft. respectively, the distance between them being 9 ft.: find the volume
of the prism if its height is 12 ft,

12. A prism stands upon a triangular base. The volume of the prism is
20 cub. ft. go cub. in., and the sides of the base are § ft. 8 in., 6 ft. 3 in., and
6 ft. 5 in. Find the height of the prism.

18. The cross-section of a prism is a triangle whose sides are 8 ft. 9 in.,
9 ft. 8in., and 11 ft. 11 in. The volume of the prism is 12 cub. yds. 23 cub.
ft. 984 cub. in, Find the length of an edge.

14. What weight of water will fill a vessel in the form of a prism whose
base is a regular hexagon of side 2 ft., and whose height is 6 ft. ?

Find the volumes of the following circular cylinders :—

15. Radius of base 2 ft. ; height 4 ft. 3 in.

16. Radius of base I ft. 6 in. ; height 3 ft. g in.

17. Radius of base 1 yd. 2 ft. 3 in.; height 2 yds. I ft. 9 in.

Find correct to the tenth part of an inch the radii of the bases of the follow-
ing circular cylinders, taking = = 314159 :—

Volume 5000 cub. in. ; height 2 ft. 6 in.

19. Volume 40 cub, ft. ; height 7 ft. 6 in.

20, Volume 1 cub. yd. ; height 4 ft. 6 in.

21. Find to the nearest gallon the quantity of water that will fill a ditch
having the following dimensions: length 45 ft., breadth at the top 12 ft.,
breadth at the bottom 9 ft., and depth 6 ft.

22, What is the cubical content of a well 3 ft. 6 in. in diameter and 42 ft.
(let‘:g?3 (» = 3'1416.)

. How many coins § of an inch in diameter and § of an inch thick must
be melted down to form a rectangular solid whose dimensions are § in., 4 in.,
and 3 in.?

234. Find the cost of digging a well 3 ft. in diameter and 26 ft. in depth,
at the rate of Rs.7 per cubic yard.

26. Find the length of wire 0°05 of an inch thick that can be drawn out of
a cubic foot of gold. (r = 3'1416.)

28. The thickness of a cylindrical shell is 2 in,, the diameter of the outer
surface 2 ft. 6 in., and the length 10 ft. : find the number of cubic feet of
material in the shell, (r = 3°1416.) :

27. Find the cost of a pipe whose bore is 3 in., length 6 yds., thickness }
of an inch, at the rate of 2 annas per cubic inch.
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28, Find the edge of a cube whose volume is the same as that of a prism
4 ft. high standing on a triangular base whose sides are § ft. § in,, 5 ft. § in.,
and 9 ft. 4 in. .

29. Find the solidity of a prism 5 ft. 4 in. high, and whose base is an
equilateral triangle of side 1 ft. 3 in.

80, A solid cylindrical ring is I in. thick, and contains 30 cub. in. : find
its inner and outer diameters, (w = 3°14159.)

31. If the length and breadth of a cistern are respectively twice and one
half the depth, and if the cistern is capable of holding 8000 gallons, find the
depth.

P32. How many gallons of water flow through a pipe in 20 minutes if the
bore of the pipe is 2 in., and if the water flows at the rate of 4 miles an hour?
8. How many cubic yards of earth must be removed to make a railway
cutting 2 miles long, 64 ft. wide at the top, 34 ft. at the bottom, and 28 ft.
deep ?

%4 If the specific gravity of martle is 2'7, find the weight of a cylindrical
shaft of marble 40 ft. high and 2 ft. in diameter, (w = 3'1416.)

86. Find the thickness of a cylindrical ring whose mean circumference is
2 ft. and solidity 10 cub, in. (r = 3'14159.)

38. A cylindrical vessel holds 500 gallons of water, and its diameter is § ft. :
find its depth. .

87. Find the volume of a right circular cylinder whose height is 6 ft. 6 ifi.
and circumference § ft. 4 in. - B

88. A circular shaft is 75 ft. deep, and 3 ft. 4 in. in diameter : find the cost
of sinking it at the rate of 8 annas per cubic foot.

38. The cross-section of an oblique triangular prism is an isosceles triangle
of sides 13 ft., 13 ft., and 10 ft. The length of tll-::e prism is 2 yds. 2 ft. 9 in.
Find its volume.

40. What is the volume of a flat ring whose height is 1} in., inner circum-
ference 2 ft. 6 in., and outer diameter I10 in, ?

41. A right circular cylinder whose length is 1 ft., and the radius of whose
base is 6 in., is cut into two segments by a plane parallel to the axis and
distan6t ) 34/3 in. from it: find the volume of the smaller segment. (w =
3'1416.

42. If the plane in Example 41 is distant 34/2 in, from the axis, find the
volume of the smaller segment. (r = 3°1416.)

43. The length of a cylindrical ring is 45 in., and the diameter of the cross-
section is 24 in. : find the volume.

44. The radius of the inner circumference of a cylindrical ring is 9 in., and
the diameter of the cross-section is 3} in. : find the volume.

45. The diameters of the outer and inner circumferences of a cylindrical
ring are 10§ in. and 9} in. respectively : find the volume.

48. The radius of the outer circumference of a cylindrical ring is 3} in., and
the diameter of the cross-section is § in. : find the volume.

47. The volume of a cylindrical ring is 1782 cub. in., and the length is
5 ft. 3 in. : find the diameter of the cross-section.

. The volume of a cylindrical ring is 1 cub. ft. 274 cub. in., and the
radius of the cross-section is 3% in. : find the length.

Examination Questions—XXII.
Take = = % unless otherwise stated.
Prisms.

A. Bombay University. Diploma in Agriculture: Second Exam.
1. A vessel in the shape of a prism on g regular hexagonal base, whose side
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is 4 in., is filled with liquid : find to three decimal places of an inch how much
the liquid will sink if half a pint is taken away.

-2. A subway is to be constructed beneath a railway station from one plat-
form to another, and the horizontal portion of the tunnel, 20 yards long, is to
have its cross-section a rectangle surmounted by a semicircle, and its sides and
top are to be lined with brick. The total height and breadth, exclusive of the
bricks, are 3 yds. and 1} yds. respectively, and the thickness of the bricks is
4% in. Find the weight in tons of the bricks required for the work, if each
brick contains {4 of a cubic foot and weighs 5 Ibs.

8. What are the cubic contents of a shaft the mean section of which is a
regular hexagon, 2} ft. in side, and the height 6o ft. ?

B. Punjab University : First Exam. in Civil Engineering.
4. Give the rules for finding the contents of a prism,

§ VIC. Madras University, B.E. Exam /
8. Find the contents of an elliptical arch 4o ft. spa(and 8 ft. rise ; thick-
ness of arch 33 ft. at haunch and 23 ft. at crown ; width of arch 21 ft.
8. The ingrados and extrados of an arch 33 ft. long, 30 ft. span, and 7 ft.
6 in. rise ard true semj<ellipses ; the thickness of arch at springing is 3 ft.,
and at; e/et’owg 2 ft,+ find the volume of the arch, -~

£ O Sibpur dpprentice Depr.: Monthdy Exam.

7. The base of a certain prism is a regular hexagon ; every edge of the
prism measures I ft. : find the volume of the prism.

E. Sibpur Apprentice Dept. : Annual Exam.

8. Find the quantity of masonry in the segmental-arch of a masonry bridge,
whose radi intrados or soffit is 20 ft., thickness of arch is 2 ft., length of
arch-is730 ft., angle subtended by the arch at the centre is 84°.

F. Roorkee Engineer: Entrance.

9. Thesection of a canal is 32 ft. wide at the top, 14 ft. wide at the bottom,
and 8 ft. deep. How many cubic yards were excavated in a mile of the canal ?
also, if the surface of the water be 26 ft. wide, what is its depth ?

10. A room 30 ft. wide and 40 ft. long is roofed by an arch having a rise
of 4 ft. at the centre. The arch is 2 ft. thick. Find the quantity of masonry
in it to the nearest cubic foot.

G. Roorkee Upper Subordinate: Entrance.

. 11. Find the number of cubic feet of arched masonry in a bridge whose
dimensions are as follows : span 6o ft., rise 15 ft., depth of masonry 4 ft., and
len%th from face to face 50 ft.

(120 A Poqd whose area is 4 acres is frozen over with ice to the uniform
thickness of 6 in. : if a cubic foot of ice weigh 896 ozs. avoirdupois, find the
weight of ice on the pond in tons.

13. Find the fiumber of cubic feet of masonry in an arch whose span is
20 ft., rise 3 ft., length from face to face 30 ft., and depth of voussoir 24 ft.

H. Roorkee Upper Subordinate: Monthly. N

14. A hollow column is circular inside and elliptical outside ; the axes of
the ellipse are 43 and 5 ft., and the diameter of the circle 4 ft.: find the
volume, the column being 30 ft. high.

18, Find the quantity of masonry in a roof arch, and its cost at the rate of
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Rs.35 per 100 cub, ft. Dimensions : length of arch 4o ft., span 15 ft., rise 3 ft.,
and thickness 6 in.

18. What must be the length to the nearest foot of a hospital to accommo-
date 50 patients? the building to be 24 ft. wide, side walls 20 ft. high, and the
rise of the roof, which is gabled, two-sevenths of the span, allowing 1200 cub.
ft. of air space to each patient.

1. Roorkee Engineer: Final,

17. The span of a bridge is 30 ft., risey to intrados 7 ft. 6 in., thickness of
arch 3 ft., length 30 ft. : how many cubic feet of masonry does the arch con-
tain, and what would be the cost of constructing it at the rate of Rs.30 per
100 cub. ft. ?

18. Find the quantity of masonry in a bridge arch of 30 ft. span, rise one-
fourth of span, thickness of arch 3 ft., and length 21 ft., and the cost of con-
structing the same at Rs.30 per 100 cub. ft.

19. Find the quantity of earthwork in a section of a bund 100 ft. long,
of which the breadth at the top is equal to the height, the inner slope is 3 to 1,
and the outer 1% to 1, and the height of the embankment 15 ft.

20. Find the number of cubic feet of masonry in an arch whose clear span
is 20 ft., rise § ft., length from face to face 3o ft., and depth of voussoir 18 in.

Cylinders.
A. Allahabad University : Intermediate.

21. The trunk of a tree is a right circular cylinder 5 ft. in radius and 3o ft.
high: find the volume of the timber which remains when the trunk is trimmed
just enough to reduce it to a rectangular parallelopiped on a square base,

B. Bombay Univen:izj/, L.C.E.: Second Exam.

22. A cubical foot of brass is drawn into a cylindrical wire g of an inch in
diameter. This wire is just long enough to go round a circular field : find
approximately the area of the field in acres.

C. Punjab University : First Exam. in Civil Engineering,

23. A cubic foot of brass is drawn into a wire one-tenth of an inch in
diameter : find its length.
24. A well, 7} fi. inside diameter, is to be sunk 22 ft. deep, with a brick
lining of 134 in. in thickness. Find—
(a) Excavation of earthwork.
() Quantity of brickwork.
25. A well is to be dug 5 ft. diameter clear inside, and 36 ft. in depth
(excluding the cugh), with a brick lining of g in. in thickness. Find—
(a) Excavation of earthwork.
(4) Quantity of brickwork.

D. Caleutta University : F.E. Exam.

26. From a cylindrical tank 43 ft. in diameter, water is drawn off at the
rate of 110 gallons per hour : find (to the tenth of an inch) by how much the
surlface would be lowered in 27 minutes. (x = 31416, and I galion = 277°2§
cub. in.)

27. Prove that the volume of material in a hollow cylinder is equal to
wh{#® — (» —£)*}, and explain the meaning of the various symbgls.

C
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928, A nailing is to be constructed "of cylindrical posts and two rows of
rectangular rails. If the posts be 6 ft. long, 6 in. in diameter, and separated
by distances of 7 ft., also if the cross-section of the rails be a rectangle 6 in. by
I in., find the number of cubic feet of timber required for a railing I mile long.

E. Sibpur Apprentice Dept.: Monthly Exam.

20. An iron pipe is 3 in. in bore, } in. thick, and 20 ft. long: find its
weight, supposing that a cubic inch ?f iron weighs 4°526 ozs.

F. Sibpur Apprentice Dept. : Annual Exam.

80. The trunk of a tree is a right circular cylinder, 3 ft. in diameter and
20 ft. high: find the volume of the timber which remains when the trunk is
trimmed just enough to reduce it to a rectangular parallelopiped on a square
base,

81. Find how many pieces of money £ in. in diameter and { in. thick, must
be melted down in order to form a cube whose edge is 3 in. long.

G. Sibpur Apprentice Dept.: Final Exam.

82. A well is to be dug 5 ft. inside diameter, and 36 ft. in depth : find the
quantity of earth to be excavated, and the quantity of brickwork required for a
lining of 10 in. in thickness.

H. Roorkee Engincer: Entrance.

88. A hollow circular cylinder of cast iron is 31°43 ft. in circumference,
and 9 ft. 9'5 in. in diameter inside : find its thickness. (7 = 3°14159.)

84. A cubic foot of brass is to be drawn into a cylindrical wire 5 of an in.
in diameter : what will be the length of the wire ?

1. Roorkee Upper Subordinate : Entrance.

86. Find the weight of a cast-iron pipe whose length is g ft., the bore
3in., and the thickness of the metal 1 in. A cubic inch of cast iron weighs
1b

88. If 1 mile length of copper wire weigh 1 cwt., find the area of a section,
copper being 8°96 times as heavy as water, and 1 cub. ft. of water weighing
1000 0zs. avoirdupois.

87. Find how many gallons of water can be held in a leathern hose 2 in. in
bore and 40 ft. long.

88. A roller is wanted which must be 33 ft. in length and weigh 10 maunds.
It is to be of freestone of the specific gravity 2'5. What must be its diameter ?
(1 seer = 2 1bs.)

39. The length of an iron cylindrical vessel with closed ends is 4 ft., its
outside circumference is 40 in., and the thickness of the metal 1 in. Find the
entire weight when the cylinder is filled with water, iron being 7} times heavier
than water, and water weighing 1000 ozs. per cubic foot.

40. The internal depth and the diameter of a hollow cylinder are respec-
tively 4 ft. 24 in. and g in. A solid cylinder of the same depth and 6% in.
diameter, stands inside it. How many gallons of water can be poured into the
remaining space if a gallon contain 27775 cub. in., and the area of a circle is
{4 of the square of its diameter ?

41. Find the cubic inches of material in a cylindrical tube, the radius of
the outer surface being 10 in., the thickness 2 in., and the height g in.
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J.  Roorkee Engincer : Final.

42. The radius of the inner surface of a leaden pipe is 1} in., and the radius
of the outer surface is 155 in. If the pipe be melted and formed into a solid
cylinder of the same length as before, find the radius.

438. Find the quantity of masonry in a well 10 ft. interior diameter, 50 ft.
deep ; thickness of masonry ring is 18 in. : what would be the cost of construct-
ing the masonry at the rate of Rs.25 per 100 cub. ft, ?

44. Find the thickness of lead in a pipe 1} in. bore which weighs 14 lbs,
per yard in length, a cubic foot of lead weighing 11,325 ozs.

46. If a round pillar 7 in. in diameter contain 4 cub. ft. of stone, what is
the diameter of a pillar of equal length which contains ten times as much ?

48. A well, 10 ft. inner diameter and 40 ft. deep, is to be made ; 15 ft. will
be through clay, the remainder in rock. The portion in clay will be protected
by a masonry ring 18 in. thick. Find what the cost of making it will be at the
following rates per 100 cub. ft. : masonry, Rs.20 ; excavating clay, Rs.3 ; rock-
cutting, Rs.14.

K. Superior Accounts.

47. A hollow cylinder of cast iron, 20 ft. in length and 6 ft. in diameter
outside, is placed on end and loaded uniformly on the top with a weight of 300
tons : determine the thickness of the metal so that the pressure on the base may
be 1 ton per square inch, the weight of a cubic foot of the iron being 441 lbs.

Segments of Cylinders.
A.  Sibpur Apprentice Dept.: Final.

48. A prism having a square section, each side of which is 10", penetrates
into a solid cylinder, the diameter of which is 26”; the axes of the two intersect
at right angles: find the volume of that part of the prism which is inside the
cylinder. ,

B. Roorkee Engincer: Entrance,

40. A square hole 2 in. wide is cut through a solid cylinder of which the
radius is 4/2 in., so that the axis of the hole cuts at right angles the axis of the
cylinder : find how much of the material is cut out. (r = 3'1416.)

C. Roorkee Upper Subordinate: Entrance.

50. A cylinder of 3 ft. radius, 12 ft. in length, is immersed one third of its
depth in water, with its axis horizontal : find the weight of the cylinder.

Rings.
A. Bombay University, Diploma in Agriculture: Second Exam.
61. Find the solid contents of a cylindrical ring, whose thickness is 9 and
inner diameter 32.
B. Bombay University, L.C.E.: First Exam.

82. The inner diameter of a cylindrical ring is 2°5in., and the outer diameter
3'8 in. : find the volume of the ring and the weight at the rate of 11,000 ozs. to
the cubic foot.

C. Bombay University, L.C.E. : Second Exam.
88. Investigate the volume of a cylindrical ring.
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D. Calcutta Upniversity : F.E. Exam.

64. A cylindrical ring whose mean diameter is 18 in. weighs 4033} ozs. :
find the radius of the transverse circular section if 240 cub. in. of the substance
of which it4s made weigh 1000 ozs.

E. Sibpur Apprentice Dept. : Monthly Exam.

65. The volume of a c{lindrical ring is 800 cub. in., the radius of cross-
section is 2" : find the length of the ring.

F. Roorkee Engineer : Entrance.

66. A carriage drive is to be made round the outside of a circular park
whose radius is 585 ft. ; the metalling is to be 30 ft. wide and 9 in, deep :
what will it cost at Rs.6 per 100 cub. ft.?

B67. A circular entrenchment 54 yds. in diameter is to be surrounded by a
ditch 6 yds. wide at top and 4 yds. wide at bottom, and 5 yds. deep : find the
number of cubic feet to be excavated.

G. Roorkee Upper Subordinate: Entrance.

68. The volume of a cylindrical ring is 100 cub. in., and the length .is
20 in. : find the inner diameter,

Additional Examination Questions—XXII,

69. If there are 277°2738 cub. in. in a gallon of water, how many tanks,
each containing 1000 galls. would be completely filled by a rainfall of 1°25 in,
upon a field 513°47 ac. in area? (Allahabad University: Intermediate.)

. Water flows from a tank through a circular pipe at the rate of 30 yds.
per minute. If the pipe is 7 in. in diameter, and the tank is rectangular in
shape, 40 yds. long by 25 yds. 2 ft. broad, how long will it be before the level
of the water falls 3 in.? (Allahabad University: Intermediate.)

81. Find the weight of an iron pipe 10 ft. long, 2 ft. 6 in. in inside
diameter, and 1% in. thick, the specific gravity of iron being 7°14, and the
weight of a cubic foot of water 1000 ozs., (Roorkee Engineer: Entrance.)

2. A swimming bath is 20 yds. long and 8 yds. wide, with steps at one
end 1 ft. 6 in. wide and g in. deep, extending over the whole width of the bath
till a depth of 4 ft. 6 in. is reached. Then the bottom slopes down to the
other end with an inclination of 1 in 15, Find in gallons the quantity of water
the bath can contain when full. (Madras University: B.E. Exam.)

63. A cubic foot of brass is drawn into wire {5 in. in diameter : find the
length of the wire. (Madras University : B.E. Exam.)

B84. A sheet of metal } in. thick is made into a pipe whose internal diameter
is 4 in, This pipe is placed round a cylinder 1 ft. in radius. Find how many
cubic inches of water it will contain, and how many cubic inches of metal
are required to make it. (Calcutta University: F.E. Exam.)



CHAPTER "XXIIL
ON PYRAMIDS AND CONES.

136. A pyramid is a solid whose sides are triangles, having a
common vertex, and whose base is a plane rectilineal figure.

The common vertex of its side faces U4
is called the vertex of the pyramid. O

The perpendicular drawn from the
vertex of a pyramid to its base is called
the /Zeight of the pyramid.

The straight line joining the vertex
to the middle point of the base is called
the axis of the pyramid.

Thus, in the pyramid O4ABCDE—

ABCDE is the base,
/ ) O is the vertex,
OP is the height,

00 is the axis.

A pyramid is called a regular pyramid when its base is any
regular figure,

A pyramid is called a 7ight pyramid when the foot of the
perpendicular from the vertex on to
the base is the middle point of the
base.

Otherwise it is said to be obligue. 5‘7/

The slant keight of a right regular
pyramid is the straight line joining
the vertex to the middle point of one
of the sides of the base.

Thus, in the right regular pyra-
mid OABCDE— v

2P is the middle point of the base A

ABCDE, 9

OF s the slant height.

A pyramid is called—

A triangular pyramid or tetrakedron when its base is a triangle,
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A square pyramid when its base is a square,

A pentagonal pyramid »  pentagon,

A hexagonal pyramid  ,, »  hexagon,
and so on.

137. When the number of the sides of the base of a pyramid is
indefinitely increased, and the magnitude of each side indefinitely
diminished (the perimeter of the base always remaining finite),
the surface of the pyramid tends to become the surface of a ce.

Hence a cone may be defined as the limit of a pyramid, the

Tu '}

number of the sides of whose base is indefinitely increased, while
the magnitude of each side is indefinitely diminished.

The base of a ciraular cone is a circle.

A 7ight cireular cone may be seen to be generated by the
revolution of a right-angled triangle about one of the sides con-
taining the right angle (see figure).

138. The definition of a pyramid may be extended so as to
include the limiting case of a cone, thus—

A pyramid is a solid whose base is any plane figure, and whose
sides are determined by straight lines connecting the various
points in the circumference of the base with a common point out
of the base, called the vertex (Elliot).

The great pyramid of Egypt, Cheops, is a familiar example of
a square pyramid.

PROPOSITION XXXIV.

139. 70 find the volume of a tetrakedron, having given its base
and height. —
Let DABC be agetrahedron,
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Let its base 45C measure 4 of any square unit.
F.  Letits height measure 4 of the
 corresponding linear unit.

It is required to find the volume
of DABC in terms of A4 and 2.

Complete the prism ABF, of

_which the tetrahedron DABC is
a part, as in the figure.

Join BF.

Now, the prism 4BF may be
seen to be made up of three pyra-
mids—

<> 1. DABC. -
2. BDEF. '
3. BDFC.

And because A ABC = A DEF,

Therefore the pyramids DABC and BDEF may be con-
sidered as having equal bases and equal heights.

Also because ADCF=AA4DC . . . . . Eucl 34

Therefore the pyramids BDFC and DABC (that is, BADC)
may be considered as having equal bases and equal heights.

But pyramids on equal bases and of the same heights are equal
in volume.!

Hence the three pyramids DABC, BDEF, and BDFC are
equal to one another’in volume.

.. vol. of tetrahedron DABC x vol. of prism ABF

=1

= 33- X At solid units . § 128,
Hence rule—

Multiply the number of any square unit in the base of a tetrakhedron

! The truth of the Proposition ** Pyramids on equal bases and of the same
heights are equal in volume,” follows immediately from Euclid xii. 6, which
proves that * Pyramids of the same heights which have polygons for their bases,
are to one another as their bases,”
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by the number of the corvesponding linear unit in the keight, then one-
third the product will give the number of the corresponding solid unit
in the volume.

Or briefly—

Volume of tetrahedron = % base X height
V =3 Ah

- 3

140. Since the foot of the perpendicular from the vertex on

to the base of a r¢gwlar tetrahedron is the middle point of the

base, and since all the faces of a r¢gular tetrahedron are equal and
equilateral triangles, it can easily be proved that—

(i.) its height = 'w,\/_2
J 2

(ii.) its volume = Z¥= | &

where 2¢ = the measure of each edge.
These results are useful, and their investigation is left as an
exercise for the student.

PROPOSITION XXXV.
141. 70 find the volume of any pyramid, having given its base

and height.
Let FABCDE be a pyramid.
Let its base A BCDE measure
A of any square unit.
Let its height #G measure % of
the corresponding linear unit.
It is required to find the volume
of FABCDE in terms of A and Z.
) Divide the solid into #ianguiar
D pyramids by planes through FZ,
These pyramids will all have
the same height %, and their bases
will be the triangles EAB, EBC,
C £CD.
Hence, if A4,, A4, A, be the
" areas of these three triangles re-
spectively, and if V;, V, V; be
the volumes of the three tnangular
pyramids FEAB FEBC, FECD respectively, we have—

Vi=}. 4
A Aky. .o . . . §139.
V,=L1.4.4

S Vit B=d (4% 4o+ A
or V=35.A4%
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Hence rule—

Multiply the number of any square unit in the base of a pyramid
by the number of the corresponding lincar unit in the height, then one-
third the product will give the number of the corresponding solid unit
in the volume.

Or briefly—
Volume of any pyramid = 3 x base x height
V=3.Ah . . . . . (i)
Hence—
Base of any pyramid = 3 X volume
3 height
_3v .
A-——-h— oo e (i)
And—
: 3 x volume
Height of any pyramid = ~Yase
n=3V . )

¥  PARTICULAR CASE.
142. Cone.
Here the number of sides of the base of the pyramid is
indefinitely increased.
But whatever be the number of sides of the base of a
pyramid—

Volume of pyramid = % % base X height . . . . §141.
.. volume of cone = 3 X base X height
vl az

For a circular cone this formula may be written—
V=3%.m2X%X %

where 7 linear units = radius of base.

143. Consider a segment of a pyramid
or cone made by a plane through the vertex.
It follows, from what has been said about
the pyramid and cone, that the volume of
such a segment will be determined by the
formula—

V=234~

where 4 square units = area of base of
segment,
and 4 linear units = height of segment.
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ILLUSTRATIVE EXAMPLES.

144. Example 1.—A right pyra-
mid 10 ft. high has a square base,
of which the diagonal is 10 ft.: find
its volume.

V(;)l;l::;& =34k cub. ft.  §141.

where A =3 x10x10. . . §3I
h=10;

.. volume of pyramid = } x 192 x 10
cub. ft.
= 166% cub. ft.

Example 2.—Find the volume
- of a right pyramid on a regular
nexagonal base ; each side of the base is ro ft., and
the height go ft. .

Volume of pyramid = }4% cub. ft. . . . . §141
. —
where 4 = éﬂgiﬁ § 45.
h=9go;

< volume of pyramid = } x i.ﬂ‘l;".ifé X 90 cub. ft.

- } = 7794'228 cub. ft.

t)i’d'/‘/ Exa_mple 3—A right cone is 200 ft. high, and its
geperating-tine is inclined at an angle of 30° to the
horizon: find its volume.

.

A \
3

1
C )

_Let ABCD represent a vertical section of the cone through the
axis.

Then BC = radius of base of cone = 50-024"!—3 ft. . §17.

s volume of cone = }4k4cub. ft. . . . . . . . . . §142
whereA:-x(‘-‘g?Q)Z L Y4 &
k= 200;

.*. volume of cone

%xz,,zx______j‘ 4x X 200 cub. ft.
25,142,857} cub. ft.

[}
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Example 4—Find the ®olume of the
largest right cone that can be cut out of a
cube whose edge is 3 ft. (v = 3°1416.)

The base of the cone will be the circle
inscribed in a side of the cube, and the
height of the cone will be equal to an cdge
of the cube.

.. volume of cone = 34 X % cub. ft. § 142.
where A ==#? . . . . . . . §7L
h=3;
.. volume of cone = § x = X § x 3 cub. ft.
= 31416 x 9 cub. ft.
4

= 70686 cub. ft.

Example 5.—The area of the base of a hexagonal pyramid is
544/3, and the area of one of its side faces is 94/6: find the volume

ot the pyramid. )
Let the figure ABCD represent the pyramid.

Then volume of ABCD =% . Ak solid units . . §141.
where 4 = 544/3, : JA

% = number of linear units in
AE.

To find AE.
Let BC measure « linear units.

2a?. )2 —
Then 2“—2413 =544/3. §45.

Sa=6
Again— { D'
}.a x AF = 94/6 square units § 20. s
s AF = 3,/6 linear units _ Lo [
Also, £F = B—C;—“/:’ A B V2
SEF= 34/’?,_l_i_n£:1_1'_qgits
Now, AE = JAF*—FE* | . . . §16.

SAE = A58 =27 linear units
= /27 linear units
= 3,/3 linear units

Hence volume of pyramid = } X 544/3 X 34/3 solid units
= 162 solid units

Example 6.—The base of a pyramid is a rectangle which measures
2 ft. by 3 ft., and the slant height from the vertex to either of the
longer sides is § ft.: find the height of a cylinder the radius of whose
base is 6 in., and of which the solid content is half that of the

pyramid.
Vol. of pyramid = §4%4 cub. ft. . . . . . §145
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where 4 = 3x 2. . §8.
h=JE=1 . § 16,

s.vol. of pyramid = 3 x 6 x 24/6 cub. ft.

= 44/6 cub. ft.

]
§ ..vol.ofrequired
'|Q cylmder } 2&/6 cub. fto
H Hence, if x ft. = helglht of required
' cylinder
: T (QR.xr=2/6 . . . §13L
=80
—————— JI— — - — “w

= 623 .
height of required cylinder = 623 ft. nearly
Example 7.—A right-angled triangle, of which the sides are 5 and
12 in. in length, is made to turn round its hypotenuse :
find the volume of the double cone thus formed.
(v = 3'1416.)
Let ABC be the right-angled triangle.

From the right angle B draw B0 perpendicular
to the hypotenuse 4C.

Let BD measure x inches.

Then, by similar triangles—

r:12=75:13
x =1

A

§ 66.

Now—
Vol. of double cone formed by the) _
revolution of 4BC round AC } =G Cl‘j)}lll:-% ;Z;)
where 4 = m2? . . §71.
= "(‘1‘%)2,
hy 4k, =13

.. volume of double cone =34.7.(§9%. 13 cub. ft.
= 289°99 cub. ft.
Example 8.—A pyramid on a square base has every edge 100 ft.
fong : find the edge of a cube of

~

equal volume.
Let / feet = height of pyramid.
Then—
¢« Vol. of pyramid = ;;Alz cub.
ft. §14Mh
where 4 = 100 x 100 . . §o.
%= 5/ (1002 — (3. !°0J2)2
§§ 16, 17.
= /10,000 — 5000
= »/ 5000

.. volume of pyramid = ‘g,.xooR/ 5000 cub. {t.
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Let a ft. = edge of required cube.

Then a® = }.100%. \/5000 . . . . . §117.

= 235,702'2§
». @ = 61°7 nearly

hence edge of required cube = 61°7 ft. nearly

Example 9.—Find the edge of the
greatest cube that can be cut out of a
right cone, 10 in. high and 6 in. diameter
at the base, the base of the cube to coin-
cide with the base of the cone.

Let » in. = edge of cube.

Then x,/2 in. = diagonal of face of

cube . . §17.

Therefore by similar triangles—
I0-x:x/2=10:6 . . . . §66.
X = — 30 =
3+ 542
= 30(G¥2=3)
(542 +3)(5 /2 =3)
- 30542 = 3)
50 -9
= 2978

Hence cach edge of the greatcst cube
measures 2°978 in.

Ezxample 10—Find the volume of the pyramid formed by cutting

off a corner of a cube whose edge is 16 ft.
by a plane which bisects three cgnter-
minous edges.

If we regard one of the three isosceles
right-angled triangles whose equal sides
each measure 8 ft. as being the base of
the pyramid, then the height of this
pyramid will measure 8 ft. and its volume

=3A%cub. ft. . . . §139.

where 4 = } x 82
and 2 =

hence volume of pyramid
=31 x 1 x 8 x 8 cub. ft.
= 85} cub. ft.

___8/_..
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Examples—XXIII,
(Take = = %, unless otherwise stated.)

Find the volumes of the following pyramids, having—

1. Base 5 sq. ft. 74 sq. in. ; height 2 ft. 6 in.

2. Base 13 sq. ft. 105 sq. in. ; height 3 ft. 3 in.

8. Base 19 sq. ft. 78 sq. in. ; height 6 ft. 2 in.

4. Base 3 sq. yds. 8 sq. ft. 114 sq. in. ; height 2 yds. 2 ft. 10 in.
Find the heights of the following pyramids, having—

5. Volume 8 cub. ft. 1616 cub. in. ; base 2 sq. ft. 98 sq. in.

6. Volume 1 cub. yd. 19 cub. ft. 812 cub. in. ; base 7 sq. ft. 92 sq. in.
Find the areas of the bases of the following pyramids, having—

7. Volume 10 cub. ft. 1080 cub. in. ; hei Kt 2 ft. 10 in.

8. Volume 21 cub. ft. 274 cub. in. ; height 2 yds. 2 ft. § in,
Find the volumes of the following circular cones, having—

9. Radius of base 7 in. ; height 10 in.

10. Radius of base 2 ft. 11 in. ; height 6 ft.

11. Radius of base 3° ft. ; height 4°6 ft.

12, Radius of base § ft. 10 in. ; height 1 yd.

Find the radii of the bases of the following circular cones, having—

13. Volume 198 cub. in. ; height 21 in.

14. Volume 132 cub. in. ; height 14 in.

15, Volume 440 cub. in. ; height 7 in.

18. Volume 2200 cub. in; height 2°8 in. .

Find the volumes of the following tefrahedrons, having—

17. Sides of base 51, 37, 20 ft. ; height 10 ft.

18. Sides of base 7, 24, 25 yds. ; height 13 yds.

19. Sides of base 13, 14, 15 ft. ; height 12 ft.

20. Sides of base 35, 44, 75 in. ; height 20 in,

21. Find the volume of a pyramid whose base is an equilateral triangle of
side 1 ft., and whose heightis 4 ft.

22. The radius of the base of a right circular cone is 6 ft., and the slant
height is 6 ft. 6 in. : find the volume.

28. The faces of a pyramid on a square base are equilateral triangles. If
each side of the base is 20 in., find the volume of the pyramid.

24. Find to the nearest pound the weight of a cone whose base diameter
measures 10 in. and height 15 in., if the material of which it is composed weigh
500 lhs. per cubic foot.

26. The generating line of a right cone is inclined at an angle of 60° to the
horizon. If the height of the cone measure 15 in., find its volume.

28. The base of a pyramid is a square of side 54 ft., and its slant height
measures 45 ft. : find its volume,

27. Find the volume of the largest right cone that can be cut out of a cube
whose edge is § in. (7 = 3'1416.)

28. Find the edge of the greatest cube that can be cut out of a right cone
1 ft. high and 8 in. diameter at the base, the base of the cube to coincide with
the base of the cone.

29. The base of a pyramid is a rectangle which measures 4 yds. 2 ft, 2 in,
by 3 yds. 1 ft., and the sla}l.\[t’llgjght from the vertex to either of the shorter
sides of the base is 4 yds, 1 ff. 1 in. : find the volume,

80. The base of a right pyramid is a regular octagon of side 2 in., and its
slant surfaces are inclined to the horizon at an angle of 30°: find the volume.
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Examination Questions—XXIII.
(Take # = )
. Pyramids.
A. Bombay University, Diploma in Agriculture: Second Exam.

1. Find the volume of a pyramid when its base is a regular hexagon, each
side measuring 6 ft. and height 30 ft.

2. A pyramid is cut out from a cube (edge a) by a plane passing through
the extremities of three edges meeting at a corner of the cube : find the volume
of the pyramid cut out.

B. Bombay University : L.C.E. Second Exam.

8. Two of the side faces of a pyramid are equilateral triangles, and the
other two side faces are right-angled triangles : find the volume of the pyramid
if the length of each side of the equilateral triangles is 6 ft.

4. The base of a pyramid is a square, and its faces equilateral triangles :

prove that its volume is %'JZ, where a is a side of the base.

C. Punjab University : First Exam. in Civil Engineering.

6. A regular hexagonal pyramid has the perimeter of its base 15 ft., and its
altitude 15 ft. : find its volume.
8. State the formula for finding the volume of a pyramid.

D. Calcutta Um’z/er.ril_y‘: F.E. Exam.

7. Show that the capacity of a tent considered asa prism of # sides sur-

mounted by a pyramid whose heights are respectively # and %, and the length
of side g is— , R
2
/\7’, (3% + /) " cot -‘-iﬂ
8. The spire of a church is a right pyramid on a regular hexagonal base ;
each side of the base is 10 ft., and the height is 50 ft. There is a hollow part,
which is also a right pyramid on a regular hexagonal base ; the height of the
hollow part is 45 ft., and each side of the base is g ft. Find the number of
cubic feet of masonry in the spire.

E. Sibpur Apprentice Dept.: Monthly Exam.

9. A pyramid on a square base has four equilateral triangles for its four
other faces, each edge being 20ft. : find the volume,
10. The faces of a pyramid on a square base are equilateral triangles, a side
of the base being 120 ft. : find the volume.
11. Find the number of cubic feet in a regular hexagonal room, each side
of which is 20 ft. in length, and the walls 30 ft. high, and which is finished
above with a roof in the form of a hexagonal pyramid 1§ ft. high.

F. Sibpur Apprentice Dept.: Annual Exam,

12, Find the volume of the pyramid formed by cutting off a corner of the
ggbe, whose edge is 20 ft., by a plane which bisects its three conterminous
ges, .
18. A solid is bounded by four equilateral triangles, a side of each triangle

being 12 in. : find the volume.
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14. The edge of a cube is 14 in. ; one of the corners of the cube is cut off,
so that the ‘part cut off forms a pyramid with each of its edges terminating in
the angle of the cube 6 in. in length : find the volume of the solid that remains.

G. Sibpur Apprentice Dept. : Final Exam.
156. Every edge of a pyramid on a triangular base is 1 ft. : shew that the
volume of the pyramid is T: of a cubic foot, and that the volume of sny pyramid
on a triangular base which has all its edges equal may be obtained by multi-

plying the cube of an edge by %

H. Roorkee Engineer: Entrance.

18. A pyramid whose height is /4 has for its base a segment of a parabola,
the chord of the segment being @, and the perpendicular distance between the
chord and the parallel tangent being &: write down the volume of the
pyramid, and compare it with that which the pyramid would have if the base
were a segment of a circle of the same dimensions. (Area of segment of para-
bola = § X area of circumscribing parallelogram.)

17. Find the volume of the regular triangular pyramid, a side of its base
being 6 ft., and its altitude 6o ft.

18. What is the solidity of a pentagonal pyramid, with a regular base, each
side of which is 4 ft., and the altitude of the pyramid 3o ft. ?

19. A pyramid on a square base has four equilateral triangles for its four
other faces, each edge being 30 feet : find the volume,

1. Roorkee Engineer: Final.

20. A pyramid has for its base an equilateral triangle of which each side is
2 ft., and its slant edge is 6 ft.: find its solid content.

J.  Superior Accounts.

21. The representative gold pyramid in the International Exhibition of
1862, was IO ft. square at the base, and 44 ft. 9% in. in height. Find the volume
in cubic feet ; also the weight if 1 cub. in. of gold weigh 1014502 0zs. Troy,
and the value at 8os. per ounce.

Cones.
A.  Punmjab University : First Exam. in Ctvil Engineering.
23. State the formule for finding the volume of a cone,

B. Sibpur Apprentice Dept.: Monthly Exam.

28. A right-angled triangle, of which the sides are 3 ft. 6 in, and 5 ft. in
length, is made to turn round on the longer side : find the volume of the solid
thus formed.

24. The section of a right circular cone by a plane through its vertex per-
pendicular to the base is an equilateral triangle, each side of which is 12 ft.:
find the volume of the cone.

26. A cone 3 ft. high and 2 ft. in diameter at the bottom is placed on the
ground, and sand is poured over it until a conical heap is formed 5 ft. high
alx:d 30 ft. in circumference at the bottom : find how many cubic feet of sand
there are. :
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28. A pyramid on a regular hexagonal base is trimmed just enough .to
reduce it to a cone: show that rather less than yj of the original volume is
removed.

C. Sibpur Apprentice Dept. : Annual Exam.

27. A right-angled triangle, of which the sides are 3 in. and 4 in. in length,
is made to turn round on the longer side: find the volume of the cone thus
formed. .
D.  Sibpur Apprentice Dept, : Final Exam.

28. A right-angled triangle, whose remaining angles are 60°and 30°,
revolves about its hypotenuse, which is 12 in. long: find the volume of the
solid thus described.

20, The sides of a right-angled triangle are 3 in. and 4 in. respectively :
find the volume of the double cone formed by the revolution of the triangle
round its hypotenuse.

E. Roorkee Engineer : Entrance.

80. Find how many gallons are contained in a vessel which is in the form
Ofi a right circular cone, the radius of the base being 8 ft. and the slant
side 17 ft.

81. Find the solidity of a cone, the diameter of whose base is 3 ft. and its
altitude 30 ft.

32. Find the side of the greatest cube that can be cut out of a right cone
10 in. high and 6 in. diameter at the base, the base of the cube to coincide with
the base of the cone.

88. The diameter of the base of an oblique cone is 13 ft., the greatest slant
height 20 ft., and the least slant height 15 ft. : required the solidity of the
cone.

F. Roorkee Upper Subordinate: Entrance.

84. A conical tent is required to accommodate § lpeop]e ; each person must
have 16 sq. ft. of space on the ground, and 100 cub. ft. of air to breathe : give
the vertical height, slant height, and width of the tent.

86. A cone whose height is 15 in. and radius of base 6 in. is trimmed
sufficiently to reduce it to a pyramid whose base is an equilateral triangle :
find the volume of the portion removed.

G. Roorkee Engineer ; Final.

86. If 6 in. and 1 in. respectively be the radii of two spheres inscribed in a
cone so that the greater may touch the less and also the base of the cone, then
what will be the volume of that cone ?

87. A piece of tin having the form of a quadrant of a circle is rolled up so
as to form a conical vessel : required its content, when the radius of the
quadrant is 10 in,

88. A right-angled triangle of sides equal to 20 in., 16 in., and 12 in.
respectively is made to spin round on its hypotenuse as axis : find the volume of
the double cone thus formed.

Additional Examination Question—XXIII,

80. How many gallons of water will result from the melting of a pyramid
of ice 3 ft. high, and with a hexagonal base of I ft. each side, it being given
that ice loses 7 % of its volume on melting, and that 1 cub. ft. of ice contains
6} galls.? (Allahabad University : Intermediate.)



CI—IAPTER/ XXIV.

/
ON WEDGES AND OBLIQUE FRUSTA OF TRIANGULAR
PRISMS.. T

146. A wedge is a solid bounded by five plane surfaces, of which
the base is a rectangle, the two ends are triangles, and the two
sides are trapezoids.

The line in which the two side faces of a wedge intersect is
called the edge of the wedge.

F The edge of a wedge is evidently
parallel to the base.

The perpendicular distance be-
tween the edge of a wedge and
the base is called the /Aeight of the
wedge.

Thus, in the wedge A BCDEF—

ABCD is the rectangular
base,

ADE and BCF are the triangular ends,
ABFE and CDEF are the trapezoidal sides,
EF is the edge,
G is the height.

When the edge of a wedge
is equal in length to that of the
base, the wedge may be seen
to be a triangular prism (§ 124).

A railway cutting through
a ridge may be taken as an example of a wedge.

. PROPOSITION XXXVI.

146. 70 find the voliine of a wedge, having given its edge, its
height, and the length and breadth of its base.

Let ABCDEF be a wedge.

Let its edge £.F measure ¢ of any linear unit,

Let its height G/ measure £ of the same linear unit.
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Let A8 and BC, the length and breadth of its base, measure

! and & of the same ) .

linear unit respectively. CEoo G -_.‘); ..... EJ
It is required to find \

thevolumeof ABCDEF

in terms of ¢, 7, /, and 4.
Divide the wedge
into a prism ADF and .
a pyramid FLBCM by Eommmme—=t=2=
a plane through # A \
parallel to the plane ADE.

Now, volume of Pl'lSIXl}: cross section X length . . . §130.
=36k Xesolidunits . . . . .§z0

als}fgg}?{ of pyramld} =41 base x height . . . . . §i141.
W=ebxr . . . §8.

. volume of wedge = {362 X ¢+ 3(/ ~ )b % /;} solid units

= (3% | 20H _ 206\ (18 uni
( 6 + 6 6 )sohd units

= %{’(zl + ¢) solid units

Hence rule—

Add the number of any linear unit in the edge of a wedge to twice
the number of the same lincar unit in the length of the base ; multiply
the sum by one-sixth of the product of the numbers of the same lincar
unitin the breadth of the base and in the height of the wedge respectively,
then the result will give the number of the corresponding solid unit in
the volume.

Or briefly—
Volume of wedge = Preadth of base X height of wedge

6
X (2 X length of base + edge of
wedge)

V= ‘361_‘ 2/ + ¢)
It is important to remember that the length of the base of a

wedge is always taken to be that dimension which is parallel to
the edge of the wedge.

Note—Since —; Square units = area of cross-section, this rule may

also be briefly stated thus—

VO&‘;?;:{} = area of cross-section (2 x length of base + edge of wedge)

3
V= §'<zz+ ¢
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Note-—When the edge of a
wedge is longer than the base, the
same formula may be proved to
hold good by completing the prism,
of which the wedge is a part as
in the figure, and then regarding

e the volume of the wedge as the
/ difference  between the volume
of a prism and the volume of a

pyramid.

PARTICULAR CASE.
147. Triangular prism.
Here edge of wedge = length of base

. vol. of triangular prism = 116}5(21 + ¢) solid units . § 146.

where ¢ = /;

. . . bk . .
that is, vol. of triangular prism = 5 X 3/ solid units

= é; % / solid units
= A,/ solid units

where 4, = number of square units in the cross-section.

This result has been already obtained in § 130.

148. The definition of a wedge may be extended so as to
include the case when the base is any #rapezoid, and not
necessarily a rectangle.

It can be shown that the volume of such a wedge is the same
as the volume of a wedge of equal edge and of equal height on a
rectangular base, whose breadth is the same as the breadth of the
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trapezoidal base, and whose length is equal to half the sum of the
parallel sides of the trapezoidal base.

For "consider the wedge ABCDEPF, whose base ABCD is a
trapezoid.

Through the middle points G and A of 4D and BC draw
A'D' and B'C’ perpendicular to 425, meeting DC or DC pro-
duced in D' and C'.

Join A'E, GE, D'E, BF, HF, C'F.

Then, because pyramids on equal bases and of the same
heights are equal in volume . e e o o o . §130.

. vol. of pyramid £4A4'G = vol. of pyramid EDD'G

and vol. of pyramid FBB' H = vol. of pyramid FCC'H

.. volume of wedge ABCDEF = volume of wedge 4'B'C'DEF
Hence— Log

Volume of wedge on trapezoidal base = %’l(zl + ¢) solid units

where / = number of linear units in half the sum of the parallel
sides of the trapezoidal base.

" 149. A wedge on a trapezoidal
base may be regarded as an ohligue:
frustum of a triangular prism, that is,
a part of a triangular prism included
between two planes inclined to one
another,

Forexample, thewedge ABCDEF
may be regarded as an oblique frustum
of the triangular prism GHKLMN.

If the three parallel edges of the
wedge ABCDEF measure ¢, &, & of
the same linear unit respectively, we
may make the following substitutions
in the formula :— )

(54
i

V= [36/1 (2/+¢)
namely— L
j=0ta
2
e=¢6

The formula can now be written—
V= é}f ateata
2z’ 3
ok .
But S = area of cross-section of wedge

= A, square units
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S V=4, .ﬁ_jlf%jlﬁ

Hence rule—

Multiply the number of any square unit in the cross-section of @
wedge (or obligue frustum of a triangular prism) by the number of the
corresponding linear unit in the mean length of the parallel edges, then

the product will give the number of the corresponding solid unit in the
volume,

Or briefly—
Volume of wedge (or oblique} _ {a.rea. of cross-section x
frustum of triangular prism)| — |mean length of par.edges
V=i, 2t ot

.
R L/ K

ILLUSTRATIVE EXAMPLES.

160, Example 1.—Find the weight of an iron
wedge, the length and breadth of the base being 4%
and 2} in., the length of the edge 4 in., and the
height 1 ft., at the rate of 7788 oz. per cubic foot.

e - e e

’

Vol. of wédge = %h(zl +¢€) cub. in.  § 146.
where 6 = 2},
k=12,
= 4%7
e=4;

.. volume of wedge = 31_’2_12(2 X 4% + 4) cub. in.
PR | S V7

_____ 77 (! = 4% x 13 cub. in.
. . _ 45 x 13 X 7788
.. weight of wedge = E Ty S oz.
= 263%% oz.

Example 2—The breadths of the sides of a
triangular prism are 4, 5, and 6 ft. The 6-ft. side
is a rectangle zo ft. long, but the other edge of the
prism is only 17 ft. Find the volume.

ey +e,+e,

P —— 4

Volume of prism = A, x cub. ft. § 149.
NEOE -G -G -4). §23
_ 1547

4
20,
20,
175

.. volume of prism

where 4,

)
~
I

IsJ;x 20420417 0o

cmcccmmcceeme 20 e e

4 3
188509 cub. ft.
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Example 3.—The transverse/sectlon of a wedge is an isosceles
triangle, the sides of which are double
the base, and the perimeter of which
is 25 in. ; also the three parallel edges --===
of the wedge are 15, 17, and 22 in.
respectively : find its volume.

Let x» in. = base of transverse
section.

Then x + 22 + 2x = 235

x=35
.. volume of wedge = %’t(zl + ¢) cub,
in. . §148. -
where 6 = 5, -
= 102 = (B2 = */—215 B B (2
=17 +18
2
e =122;

.. volume of wedge = %&/;3%5(2 % 16 + 22) cub. in.

= i{%ﬁi‘# cub. in.
= 4357 cub. in.

Example 4,—The edge of a wedge is 24 in,, the length of its base
8 in., and the breadth 7 in. ;
the height of the wedge is oo ——___ J 2 S
16in. The wedge is divided
into two parts by a plane
parallel to the base midway
between the edge and the
base. Find the volume of
each part.

]6‘”-—-—-—

——————aT

Vol. of whole bk
wedge } = 6—(2[ + e) ,’
cub.in. §146. /
where & =7, i
% = 16, N
/=38, sTe-87rm==
e=24;

7x1

2% volume of whole wedge = (2 x 84 24) cub. in.

= 746?; cub. in.

Yo o g anin s
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where 6 = £,

/‘=§§’
24+ 8
==

2

e=124;

.. volume of smaller wedge = z t ix6_5§ cub. in.

. = 261} cub. in.
.. volume of remaining part o!} _ .
whole wedge = 485} cub. in.

Example 5.—A cutting for a road is to be made through a ridge

which has a slope of
" 5to I on the one side,
Y and of 3 to 1 on the

other side. The highest
fi point of the ridge is
2 100 ft. above the forma-
tion level, the width of

! the road 20 ft., and the
s 3 slopes of the sides of

5

|

-
D
N

the cutting 2 to 1. What
will it cost at Rs.§ per
1000 ¢ub. ft. ?
The cutting is seen
Z - \@;\5‘% by the figure to be a
7 Y wedge of the following
dimensions :—

Breadth of base = (1211 + 190} ft,

‘_ m—————TT
'~
~.

5
'l
N
i
"
i

length of base = 20 ft

height = 100 ft.
edge = (20 + 190 4 190) ft,
= lgo ft.

. b\f ok
.". cubical content of cuitting = T (20 + ¢)cub. ft. . §146.
where 4 = 149,

= 100,
{ = 20,
€= 120;

hence cost of cutting = 1—6‘;———&9—0 % (40 + 120) X 1of55 Rs.

= Rs.7I1 I anna g} pies
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Examples XXIV,

1. The edge of a wedge is 18 in., the length of the base is 15 in., and the
breadth of the base is g in., the height of the wedge is 14 in. : find the volume.

2. The edge of a wedge is 2 ft. 9 in., the length of the base is 3 ft., and the
breadth of the base is I ft. 3 in., the height of the wedge is 1 ft. 6 in. : find the
volume.

8. The edge of a wedge is 1 ft. 8 in., the area of a section of the wedge
made by a plane perpendicular to the edge is 1 sq. ft. : find the volume if the
length of the base is 2 ft.

4. The section of a wedge made by a plane perpendicular to the edge is an
equilateral triangle each side of which is 8 in.: find the volume if the edge of
the wedge is 18 in. and the length of the base 21 in.

8. The base of a wedge is a square of side 12 in., the height of the wedge
is 21 in., and the edge 27 in. : find the volume.

8. A wedge-shaped trench is 7 ft. wide at the top and 30 yds. long ; the
length of the edge along the bottom is 26 yds., and the depth of thetrench is
9 ft, : find the weight of the earth excavated if I cub. ft. of earth weigh g5 Ibs.

7. Find the volume of the frustum of a prism whose cross-section is an
equilarteral triangle of side 3 ft., and the sum of whose three parallel edges
is 12 ft,

Examination Questions—XXIV,
Wedges.

A.  Bombay University, Diploma of Agriculture : Second Exam.

1. The length of the edge of a wedge is 5% in., the length of the base is
3 in., and its breadth is 2 in., the height of the wedge is 4 in. : find its volume.

2. Find the volume of a wedge, the length and breadth of the base being
5 ft. 4 in. and 9 in. respectively, the length of the edge being 3 ft. 6 in., and
the height 2 ft. 4 in.

B. Bombay University: L.C.E. Second Exam.

8. A cutting for a canal is to be made through a uniform ridge in the shape
of a double inclined plane, the altitude of the highest point of the ridge above
the level of the bed of the canal being 16 metres, and the gradient being 9
in 41 at each side, The breadth of the canal bed being 5 metres, and the
uniform slope of the banks I in 2, find the total quantity of earth excavated.

C. Punjab University : First Exam. in Civil Engincering.
4. State the formula for finding the volume of a wedge.

D. Caleutta University : F.E. Exam.

5. The edge of a wedge is 15 in., the length of the base is 24 in., and the
breadth 7 in. ; the height is 22 in. The wedge is divided into 2 pyramid and a
prism by a plane through one end of the edge parallel to the triangular face at
the other end. Find the volume of each part,

E. Sibpur Engineer Dept. : Annual Exam.

8. A cylindrical vessel 1 ft. high, and the radius of whose base is 6 in., is
full of water. A wedge whose edge is 7in., whose base is § in. long and 4 in.
broad, and whose height is 6 in., is gently dipped into the water so that the
water runs over ; it is then withdrawn, At what height in the vessel will the
water now stand ?
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F. Sibpur Apprentice Dept.: Monthly Exam.

7. The edge of a wedge is 21 in., the length of the base is 27 in., the area
of a section of the wedge made by a plane perpendicular to the edge is 160 sq.
in, : find the volume.

8. The edge of a wedge is 21 in., the length of the base is 15 in., and the
breadth g in., the height of the wedge is 6 in. The wedge is divided into three
parts of equal heights by planes parallel to the base. Find the volume of each
part,

G.  Roorkee Engineer : Entrance,

9. The edge of a wedge is 9 ft., the length of the base is 6 ft., and the
breadth is 4 ft., the height of the wedge is 24 ft. : find the volume,

H. Roorkee Upper Subordinate: Entrance.

10. The edge of a wedge is 2§ in., the length of the base is 22 in., a
section of the wedge made by a plane perpendicular to the edge is an equilateral
triangle, each side of which is 10 in. : find the volume,

L. Staff College.

11. 4E, BF, CG, DH, are the vertical edges of a cubic foot of wood
whose horizontal faces are ABCD, EFGH. In AB a point M is taken 7 in.
from A4, and in 4D a point & §in. from 4. A portion of the cube is cut
away by a plane through M, %, G, and then a second portion by a plane
through V, A, G. Find the volume of the three portions into which the cube
is thus divided.

Frusta of Triangular Prisms,

Sibpur Apprentice Dept. : Monthly Exam.

12. The base of a prism is an equilateral triangle, each side of which is
4 in. : find the volume of the solid obtained by cutting off a piece of this prism
so that the sum of the parallel edges is 42 in,

Additional Bxamination Question—XXIV.

18. The base of a2 wedge is a square, a side of which is 15 in., the edge is
24 in., and the height of the wedge is 24 in.: find the volume. (Roorkee
Engineer: Final.)



CHAPTER XXV.

ON OBLIQUE FRUSTA OF RIGHT REGULAR PRISMS, AND
OBLIQUE FRUSTA OF RIGHT CIRCULAR CYLINDERS.
151. An obligue frustum of a prism is the ¢
part of a prism included between two planes

inclined to one another.

The Zngth of an oblique frustum of a D
prism is that portion of the axis of the prism
which is intercepted by the two planes in-
clined to one another.

Thus 0,0, s the Zngth of the oblique
frustum 4BCD.

PROPOSITION XXXVIIL

162. 70 find the volume of an oblique frustum of a right regular
prism, having given the area of its
cross-section and its length, CGi7.

Let Z£,4,C, be an oblique frus- !
tum of a right regular prism.

Let its cross-section ABCDE
measure 4, of any square unit.

Let its length O,0; measure /
of the corresponding linear unit.

It is required to find the volumg/ E
of E,A4,C, in terms of 4, and /

Let 4,4, B\B, CC, DD,
E\E, measure 4, /y &, /4, 5 of the g
same linear unit respectively. ¢

Now, the whole frustum can
evidently be divided into five trian-
gular frusta, namely—

01A2BZ) OlBsCm OICZDQ, 01 2E2)

e
0.E.4, .

and each of these frusta has for its cross-section a triangle,

cr
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which is the fifth part of the regular pentagon 4BCDE, and
which therefore measures ?‘ square units.

Hence, if—
Wnvsnvv

be the number of the corresponding solid unit in each of these
five triangular frusta respectively, we have—

Ay b L

= atate
3

v,="hybtht!

5 3
P&=fl—‘><{si'£i—l e o . 8149,

5 3
V. =-Al>< L+4+/7
4 5 3 —
Vo= bthot?
. 5 3 )
an?vho‘;:hflrr::turgf}: (Vi + Vs + Vs + Vi + V) solid units

At ht bt )+ 5l

solid units

5 3
But /is evidently the mean of 4, 4, 4, 4, 4 ; that is—
ht+bh+b+ib+h = 541 ;
.". volume of whole frustum = gl( ﬁssi‘r’—l ) solid units

= A,/ solid units

Hence rule—

Multiply the number of any square unit in the cross-section of an
obligue frustum of a right regular prism by the number of the
corresponding linear unit in the length, then the product will give the
number of the corresponding solid unit in the volume.

Or briefly—

vﬁ?‘ﬁerzéggiqggsiu“m °f} = cross-gsection x length

A’ =A‘I

PARTICULAR CASE.

168. Oblique frustum of right circular eylinder.
“ A )cylinder has been defined as the limiting case of a prism
125).
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In the same way, an oblique frustum of a aylinder
may be defined as the limiting case of an oblique
frustum of a prism.

Hence the formula—

V= Al

will determine the volume of the oblique frustum
of a right circular cylinder, where 4, is the number
of any square unit in the cross-section of the frus-
tum, and 7 is the number of the corresponding
linear unit in the length,

If 7 linear units be the radius of the cross-
section, this formula may be written—

V=arl

ILLUSTRATIVE EXAMPLES.

164. Example 1.—The base of a right prism
is a regular octagon of side 2 ft. A frustum is
obtained by cutting off a portion of this prism, so

\
[}
\

!
==
1
[}

]

)

1
)
1
!
[y gy
/
/
/

that the sum of the eight parallel edges is 64 ft.
Find the volume of the frustum.

Volume of frustum = 4,/ cub. ft.. § 152.
where 4, =2 x 22x(1+4/2) . - . . §45.
I=24 8§ . . . .. . . . §i1352
.. volume of frustum = 64(1 + 4/2) cub. ft.
= 154509 cub. ft.
Example 2. — The
radius of the base of a
right circular cylinder
is 1 ft. 9 in.: find the
volume of a frustum of

\

of the frustum is 4 ft. 6 in.

”

where 4, == (3)? . .

+£'6

-

-
-
-

this cylinder, if thelength = 277"

Volume of frustum=4,/ cub. ft. . §133.

§ 7L

.~ volume of frustum = 3% x $§ x §°cub. ft.
= 431%

Ezxample 3.—A regular hexagonal prism
stands partially buried in a bank sloping at
45° with one face parallel to the foot of the

-::j_ £2==3 slope and two feet in rear of it : if the prism

cub. ft.

be 12 ft. in perimeter, find the volume of the

lg‘gl_ried portion,
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Let BDEG be a vertical mid-section of the buried portion of the
prism by a plane at right angles to the foot of the slope.

E
F
G
%9 :
Af==gr= ¢ 0
\e"\
Then—
CF=AB+BC . . . . . . . Eucl6
But AB =2 ft. .
and BC = side ofhexagonx“—/zé B A
_2 W3
=% X7 ft.
= J3ft.
S CF = (24 4/3) ft.
Hence volume of} _
buried portion }—A,xlcub.ft. e B 11
2
where 4, = %ﬁ . § 43.
I=2+4/3;

hence volume of buried portion = 64/3(2 + 4/3) cub. ft.
= 124/3 + 18 cub. ft.

= 387846 cub. ft.
Examples—XXV.
(Take = = 2})

. 1. The base of a right prism is a regular hexagon of side 2 ft. A frustum
is obtained by cutting off a portion of this prism so that the sum of the six
parallel edges is 54 ft.  Find the volume of the frustum.
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2. The base of a right prism is a regular octagon of side 1 ft. A frustum
is obtained by cutting off a portion of this prism so that the sum of the eight
parallel edges is 56 feet. Find the volume of the frustum,

8. The cross-section of a prism is a regular dodecagon of side 2in. A
frustum is obtained by cutting off a portion of this prism so that the sum of the
twelve parallel edgesis 7 ft. Find the volume of the frustum,

4. The cross-section of a prism is a regular nonagon of side 1 ft. A frus-
tum is obtained by cutting off a portion of this prism so that the sum of the
nine parallel edges is 45 feet. Find the volume of the frustum.

8. The radius of the base of a right circular cylinder is 2 ft. 6 in. : find the
volume of a frustum of this cylinder if the length of the frustum is 5 ft. 9 in.

8. The radius of the base of a right circular cylinder is 1 ft. 3 in. : find the
volume of a frustum of this cylinder if the length of the frustum is 3 ft. 8 in.

Examination Questions—XXV.
(Take # = 3.)
‘A,  Roorkee Engineer : Entrance.

1. An octagonal stone prism stands at the foot of a sloping bank of grass
which is inclined to the horizon at an angle of 45° ; the line of intersection of
the slope with the ground is parallel to one face of the prism and 1 ft. in advance
of it. If the prism be 8 ft. high and 12 ft. in perimeter, what proportion of its
volume is above the bank ?

2. Find the weight in pounds of a marble column, in shape of a frustum
of a cylinder, whose longest and shortest edges are 12 ft. 9 in. and 11 ft. 1 in.,
and whose radius of base is I ft. 3 in., if I cub. ft. of marble weighs 2716 ozs.

B.  Roorkee Upper Subordinate: Entrance.

8. In a square pyramid whose height is equal to the side of the base, a cir-
cular hole is bored parallel to the plane of the base and to two sides, at a third
of the height from the bottom: find the quantity of material cut out. The
length of the base is g ft., the radius of the boring is 1 ft.

C. Roorkee Engineer: Final.

4. A cube of wood with an edge of 2 in. is pierced by a gimlet-of # an inch
diameter, the point of the gimlet entering at the centre of one face and coming
out at the centre of an adjgc}_m_face : find the volume of wood removed.

Additional Examination Question—XXV.

6. The radius of the base of a right circular cylinder is 2 ft. 6 in. : find the
volume of the frustum of this cylinder, if the length of the frustum be § ft. g in,
(Roorkee Engineer : ‘Entrance.)



CHAPTER XXVI

ON PRISMOIDS, FRUSTA OF WEDGES, FRUSTA OF
PYRAMIDS, AND FRUSTA OF CONES.

1566. A prisMOID is a solid whose ends are rectilineal figures of
the same number of sides, lying
in parallel planes, and whose side
surfaces are trapezoids. >
The perpendicular distance
between the ends of a prismoid is
called the Aeight of the prismoid.

Thus £F is the height of the %pris-
moid 4BCD.

When the ends of a prismoid are
rectangles, the prismoid may be seen to
be a frustum of a wedge—that is, the
part of a wedge included between the
base and a plane parallel to the base.

When the ends of a prismoid are
similar rectilineal figures similarly situated,
the prismoid may be seen to be a frustum
of apyramid—that is, the part of a pyra-

»
mid included between the base and \
a plane parallel to the base.

166. The definition of a pris-
moid may be extended so as to
include the case when any of the

-] -
]

I .

]

]

1

1

]

A
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trapezoidal sides become triangles through the vanishing of their
smaller ends, as in the figure.

157. The definition of a prismoid may be still further extendeg
so as to include the case when the ends
are any two figures lying in parallel
planes, its sides being straight, as in the
figure.

By having its sides s#aight is meant
that a straight line can be placed at any
point on their surface, so as to coincide
with the surface from end to end.

For example, through the point C on
the side of the prismoid 2, it is possible
to draw a straight line 4B coinciding with
the surface of the prismoid from end to end.

Reservoirs, railway cuttings, and railway embankments often
assume the form of a prismoid.

158. In proving the formula for the volume of a prismoid, we
shall be content to take the special case of the frustum of a wedge,
since the proof for the general case is considered too long and
intricate for the purposes of this book.

PROPOSITION XXXVIIL . b»

159. 70 find the volume of a prismoid (frustum of a wedge),
having given its height, the areas of its two ends, and the area of its
mid-section by a plane parallel to its ends. J

Let ABGH be a '«
prismoid.

Let its height PQ [/ 97— F

measure Zof anylinear N/ _ /[ __ _l_’__ m /S
unit. [ S

Letitsends ABCD  // & e — LA |
and EFGH measure D€-----of--=-—-- -
A, and A4, of the corre- e~
sponding square unit.

Let its mid-section
KLZMN measure A og&.
the corresponding square unit.

It is required to find the volume of 4BGH in terms of
ky Ay, Ay and 4.

Divide the prismoid into two wedges, 4ABCDEF and
EFGHCD, by the plane passing through £ and DC.

Let AB, EF, KL, AD, EH, KN measure 2, 4, /, by, by, b of
the same linear unit respectively.

m
O

D
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Let the wedges ABCDEF and EFGHCD measure V;and 7
of the corresponding solid unit respectively.

Then—
b/
1=i6(211-+-12). e v o« v v . §S146.
and n=b£6."(212+4). R T3

V=V + V= g(zllbl by + 20y + L)
= Kb+ b+ 15+ B 8+ 20
= M+ O+ ) + b+ )
=442t % 20) + 0, + 1)
=Mad+ 4+ 4)

Hence rule—

Add together the numbers of any square unit in the ends of a
prismoid and four times the number of the same square unit in the
section parallel fo the ends and midway between them ; multiply the
sum by the number of the corresponding linear unit in the height, then

one-sixth the product will give the number of the corresponding solid
unit in the volume.

Or briefly—

Volume of prismoid = height

(sum of areas of ends 4 4
X area of mid-section)
V= DA+ A+ 44)

160. By an application of the prismoidal formula we can
determine approximately the volume of any figure of which the
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two opposite ends lie in parallel planes, but which is not, strictly
speaking, a prismoid—embankments and railway cuttings, for
example, where the surface of the ground is more or less uneven.
For if the length of the embankment be divided into a number of
equal parts by planes parallel to the ends (see figure), the earth
between any two alfernate planes may be regarded as a prismoid,
and the transverse section by the intermediate plane will be the
mid-section of this prismoid.

Hence its volume can be determined separately by means of
the formula—

V=§(AI + 4, + 44)

Similarly the volumes of other parts of the earthwork can be
determined, and the greater the number of parts the more
accurate will be the result, in spite of the inequalities in the surface
of the ground.

The student will now have no difficulty in proving the following
formula for determining approximately the volume of any solid the
opposite ends of which lie in parallel planes :—

d
V= E{Al +A2n+1 + 2(A3+Au+- .. +A2u-1)+4(142+A4
+' .. +A2n)}

where 7 = volume,

d = common distance between the parallel planes,

272 = number of equal parts into which the length of the
solid is divided by the parallel planes,

Ay, Ay Ay .. . Ay A, o, are the areas of the trans-
verse sections of the solid made by the parallel planes
taken in order.

Notice the resemblance between this formula and the formula
of Simpson’s Rule (see Chapter XVL.).
161. We have proved that the formula—

V=244 4+ 44)

determines the volume of a prismoid when the prismoid assumes
the special form of the frustum of a wedge. The same formula,
however, is of much wider application.

Not only does it hold for all prismoids as defined in §§ 155,
156, 157, but it also determines the volumes of certain solids,
which, however, cannot be defined in an elementary manner.
Suffice it to say that these solids are called * prismoidal solids,”
and include, among others, the sphere, the segment of a sphere, and
the zone of a sphere, the oblate spheroid and the prolate spheroid.
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PARTICULAR CASES.

162. (1) Frustum of a py-
ramid.

Here the two ends and the
mean section are similar figures
similarly situated (§ 155).

If then, any corresponding
sides of the top, bottom, and
mean section measure @, @, and
a of the same linear unit re-
spectively, we have—
Ayi4,:d=a’:a?:a § 104

SN A Ay S Ai=a, 0, a
But 2a=a,+ a,
So2a A=A + A A,
and squaring, 44 = A, + A, + 24/ 4,4,
Now, for all prismoids—

V-—(A + Ay 44d). . . . . Si6L

hence, for the frustum of a pyramid—

y: 7
V=rldit Aot (i + 4, + 2/ 4,4))
ﬁ JU——
= 24y + 24, + 2/ 4, 4)

% L
= E(Al + 4.+ JA142>

(2) Frustum of a cone.

A cone has been defined as the
limiting case of a pyramid (§ 137).

In the same way, a frustum of a
cone may be defined as the limiting
case of a frustum of a pyramid.

Hence the formula—

Y] S
= 3(441 + 4, + ¥ 4:143)

: will determine the volume of a frustum
of a cone,

In the case of a frustum of a 7ight circular cone, this formula
can be simplified by putting—
‘ A 1= TR?
A 2=

T
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where £ and » are the numbers of the same linear unit in the
greater and lesser ends of the frustum respectively (see figure).

Hence, for a frustum of a right circular cone—

V= g(,rm + ot 4 7R
/2
= 7;2 (R* 472+ Rr)

Note—Rectangular solids, parallelopipeds, prisms, cylinders,
pyramids, cones, and wedges may all be regarded as particular
cases of the prismoid, and their volume-formule can readily be
deduced from the formula—

V=, + 4,4+ 42

by introducing the special conditions in each case.
For example, in the case of the wedge—-

A1=6l
A,=o0
A=l+e 14
2 2
v Hsax )
=%”(zz+e) B ¥ 773

ILLUSTRATIVE EXAMPLES.

Prismoids.

188. Example 1.—Find the cubical content of an embankment
400 ft. long, the height at the ends being 6 ft. and 4 ft. respectively,

the side slopes 1:2, and the
breadth at the top 3o ft. through- B__.300--- TC
out, the ends being vertical. o |
Let ABCD represent the 6 ft. AS7zrg t=7=D

end of the embankment.
Then BC = 30 ft., and BE = 6 ft.
Therefore, since the side slopes are as 1 : 2—
AD = (30 + 2 x 12) ft.
= 54 ft.
Similarly, we find that—
Width of the embankment at the}= (3042 x 8) ft.

bottom of the 4-ft. end
= 46 ft.

+~ cubical content of embankment = z(A, + A4, + 44) cub. ft. § 161,



70 Mensuration.

where % = 400,

A,:-_:-;g—:g——si‘x6=252. T I o)
A2=33%5—6x4=152. R 1o
6
o+ M s
A= X—— =200 . . . . . . .. § 30.

hence cubical content of emba‘;lkment = 480(252 + 152+ 800) cub. ft.
= 80,2666 cub. ft.

Example 2—Find the content of a drain 100 ft. long, whose depths
of diggings at commencement, middle, and end are 3,4, and 5 ft.
respectively, side slopes I : 2, and bottom breadth 4 ft.

Since the middle depth 4 ft. is the mean between the two end
depths, 3 ft. and 5 ft.,

) the drain may be re-
T, AC’- ——— -———J\(g garded as a prismoid
____________ 0T =——=-——=====’%  having for its parallel
ends and mid-section
trapezoids whose areas 4,, 4, and A4 sq. ft. can be easily as-
certained.
To find 4,.
Let ABCD represent the trapezoidal end whose area = 4, sq. ft.
Draw BE perpendicular to DC produced.
Because the slope of BCis 1 : 2—

A B SLCE=2x BE=6061t.
! hence 4B = (4 + 12) ft. = 16 ft.
K 16 + 4
04 T 6 E and 4, =——x3 . §39.
= 30
Similarly, we can find—
A, =70
A = 48

¢ volume of drain = 2(d, + 4, + 44) cub. ft. . § 161,

1= 30,
A2*701
A = 48;

hence volume of drain = 1§2(30 + 70 + 192) cub. ft.
= 4866°6 cub. ft.

Example 3—The sides of a tank are 30 and 20 ft. at the top, and
12 and 8 ft. at the bottom, and the depth is 8 ft. The tank is emptied
in 3 hours by a pipe, the water in which runs at a uniform rate of 4 ft.
a second. Find the diameter of the pipe.
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Cubical content of tank = %(A 1+ A, + 44) cub. ft.  § 161,
where 2 = 8,

A, =30x20=600 . . §8. N Ne
A; =12x8=096. . . §8. ,/_‘_‘5_\___ 30— —— 4 _ .
A= ﬁ;ﬁxwngﬁ 8.
.. cubical con-} _ 60006 6)
tent of tank }'%( +96+117
cub. ft. ————g7-—=
=12496 cub. ft.
Let 7 in. = radius of pipe.
Thgn 7% 5q. in. = cross-section of pipe. . . . §71
and 7 X4 cub. ft. = st cub. ft.
144 36

= quantity of water held by 4 ft. of the

pipe . « + + « « « . §I3L

But this quantity of water flows out of the2 tank every second ;
(4

™5
therefore the tank will be emptied in (2496 + 36) seconds.

2
Hencc2496+~';’é=3x6ox60

St =
S 2 = 2°6473
Sr=1627..,

Hence the diameter of the pipe measures 325
in. nearly.

Example 4.—A prismoid has one end in
the form of an equilateral triangle of side 6 ft.,
the other end in the form of a regular hexagon
of side 2 ft., three sides of the hexagon being
parallel to the three sides of the other end.
The height is 16 ft. Find its volume.

The figure ABCDEF may be taken to
re};laresent the mid-sectign of the prismoid, i
which—

AB =CD = EF =41t
and BC = DE = F4 = 1 ft.

But by producing 48, CD, EF both ways,
the area of the figure 4BCDEF may be seen
to be the difference between the area of an
equilateral triangle of side 6 ft. and the sum of
the arefas of three equilateral triangles each of
side 1 ft.

..';r?:l:r?;?dd}: é(“f 1+ A, +44) cub. ft. § 161.
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where /2 = 16, _
2 -
A1=3X2 x~/3=6~/3

3 T 1.
62./2 —
Az=—z§=9~/3- e ... §2a
624/3 _ 34/3) _ 334/3
A= PR A B QS K K A 24.
( 4 4 ) 4 §24

Hence volume of prismoid = %%(64/3 + 94/3 + 334/3) cub. ft.
128,4/3 cub. ft.
= 221'702 cub. ft.

Example 5.—Find the cost at §s. per 1000 cub. ft. of excavating
the following trench : Length, 200 ft.; width of bottom, 15 ft. ; longi-
tudinal slope of bottom, 1 in 100; depth at upper end, 10 ft. ; slope
of sides, I in I10.

Since the trench is 200 ft. long, and the longitudinal slope of the
bottom is I in 100, and the depth at the upper end is 10 ft.,
.. the depth at the lower end is (10 + 1§57 X 200) ft. = 12 ft.
Now, the trench is evidently a prismoid, and its two ends are
trapezoids whose bases, heights, and slope of sides we know, and so

we can find their areas as in Example 2.
Hence—

Volume of trench = %(Al + A, + 4A4) cub. ft. . §161.

where 2 = 200,
A, =315 4+ (15 +2 x 12 % Io)gx 12=1620. . . . §39
A, =315+ (15 +2x 10X 10)} X I0=1150. . . . §39.
A=%15+ (U5 +2x I X0} XII=1I375. . . . §30.
Hence volume of trench = 292(1620 + 1150 + 5500) cub. ft.
200 x 8270
= -——-—-6— cub. ft.
.~ cost of excavation = 200 x 8270 X § shillings
6 x 1000
= £68 13s. 4d.

\‘, /r Examples—XXVI. A.

1. The height of a prismoid is 10 ft., and the two ends are rectangles, the
corresponding dimensions of which are 280 ft. by 250 ft. and 260 ft. by 190 ft. :
find the volume.

2. The height of a prismoid is 3 ft. 4 in., and the two ends are rectangles,
the corresponding dimensions of which are § ft. 6 in. by 4 ft. 8 in. and 3 ft.
2 in, by 2 ft. 101n. : find the volume.

8. Find the weight of water required to fill a prismoidal cavity, the depth
of which is 4 ft., and the top and bottom of which are rectangles, the corre-
sponding dimensions of which are 24 ft, by 18 ft. and 22 ft. by 14 ft. Give
the answer in tons.

4. An excavation 120 yds, long is uniformly. 42 ft. wide at the bottom. It
is 16 ft. deep at one end, and gradually increases to 20 ft. deep at the other,
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and the upper widths at these ends are respectively 74 ft. and 86 ft. : find the
cubic yards of excavation.

5. A prismoid is divided into two parts by a plane parallel to the ends and
midway between them. If the ends of the prismoid are rectangles whose
corresponding dimensions are 14 in. by 12 in. and 12 in. by 10 in., and if the
height of the prismoid is 6 in., find the volume of each part.

8. The base of a pnsm01dal solid is an equilateral triangle, and the top a
regular hexagon, three alternate sides of which are parallel to the sides of the
base. The helght of the solid is 10 in., the sides of the base 6 in., and those
of the top 4 in. Find the volume.

7. How many gallons of water are required to fill a tank in the shape of a
prismoid, the depth of which is 3 ft., and the top and bottom of which are
rectangles whose corresponding dimensions are 4o ft. by 8 ft. and 32 ft. by 6 ft. ?

8. Find the cubic content of a piece of road embankment 300 ft. long, the
longitudinal slope being rcgular, the height at the ends being 5 ft. and 3 ft.
respectively, the side slopes 2 to I, and the breadth at the top everywhere
26 ft., the ends being vertical.

9. Find the number of cubic yards of earth in a portion of a railway cutting
10 chains in length, the following numbers representing the areas in square
yards of a series of transverse sections taken at intervals of one chain : 270, 256,
242, 238, 248, 250, 266, 272, 276, 272, 270.

}); ILLUSTRATIVE EXAMPLES. 45 /(
Frusta, of mlds and Frusta of Cones.

+ 164, Example I——Flnd the cubjcal content of a square chimney
shaft, 4o ft. broad at the base, and H”Broad at the
top, and having a batter of 1 in 10; the flue, which is
circular, being 4 ft. in diameter throu ghout. (1r 3'1416.)
; Cubic:}l contentdof shgft;cublcal %onter;t (;)f a
rustum of a pyramid - cubical content of a cylinde
m&% shaft has a batter of 1 in 10——y J(,;{_ W
s hexght of shaft : 15 ft. = 10 : 1
.. height of shaft = 150 ft.

wglcal contentofﬁns.tnm} - -(Al + Ay + VA

- 10L

f Eyramld '
cub. ft. . . §162. A
where % = 150,
1 = 100,
A, = 1600 ;
. cubical content of
frustum of pyra- } = 1§9(100 + 1600 + 4/160000)
mid cub. ft.
b = 108,000 cub. ft.
and cubical content of
cylinder }— Ak cub. ft. . . . §I13IL
where A =x22=4~ . . . . . . . . . §71
k= 150;

.. cubical content of cylinder = 6oor cub. ft.
hence cubical content of shaft = (105,000 — 3'1416 x 600) cub. ft.
= 103,115'04 cub. ft.

°
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Ezxample 2—Find the number of cubic feet in a frustum of a square
pyramid 61 ft. high, 7 ft. 8 in. square at the base, and 4 ft.
6 in. square at the top, and capped at the top by a square

/ pyramid 7 ft. 6 in'. from the base to the apex.

! 2

?‘ | Volume of frustum = ;f(A1+A2+ A, A4,;) cub. ft. § 162,
"

" i|  where % = 61,

:.: A=sbxgy=8... ... ... .. §o
::; A, =74 x 74 =532 | | e o . .« §o
HE ». volume of frustum = SA(8L + &F% + 49) cub. ft.

:: : = 41 x 4387 cub. ft.

3: ' Volume of pyramid = }4/% cub. ft. . . § 141
[N}

:Q': where 4 =4} x43=8 . . . . . . . . . .8§09
o h=17%;

! i \ . volume of pyramid = } x & x 1f cub. ft.

Ly hence volume of complete}_ 61 x 4087 + 405 b. f
Pl solid =(3x36 T joubft

E : ! = 2359545 cub. ft.

1

Fif-4 Example 3.— A bucket in the form of a frustum of a cone
—TE holds 4 galls. If the depth be 8 in., and the diameters at

toprand bottom be to each other as 10 to 9, find them.
Lcla)t R in. = radius of top of bucket.
Then—

Cubical contenty _ A 2 i
of bucket } =73 (R2+7%+Rr) Clébxg;

where 2 = 8,
r=4% X R;

But the bucket holds 4 galls. or 277§ X 4

cub. in. of water . 112,

x 8
SIS R foR) = 277k x 4
. g2 1109 X 3 X 7 % 100
8 X 22 x 271

= 488279 . ..
i S R=698...

hence diameter at top = 13'9 . . . in.

and diameter at bottom = 125 . . . in.

Example 4—The height of a conical frustum is 31 in,, and the
radius of one end 10 in.: determine the radius of the other end so
that the frustum may be equal in volume to a right cylinder whose
height is } of an inch, and radius of base 62 in.

Let » in. = radius of the other end.

Then—

Volume of frustum = ’—?(Rﬁ + 72+ Rr)cub.in. . §162.
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where 2 = 31,
R =10; =
f‘iﬁlﬁﬁlﬁ Of} =I—x3*§£ - (10 + #% + 107) cub. in.

Now, volume of a right cylinder whose height
is } of an inch, and radius of base 62 in.==(62)2.
3 cub. in. B B k1 8

Therefore, if the frustum and cylinder are equal
in volume, we have—

’%3’—[(102 + 72 4 107) = w(62)2.}
or 102+ #%+ 107 = 124 7
or r=2

Hence radius of the other end measures 2 in.

Example 5.—During a fall of rain, a bucket whose upper and lower
interior diameters are 14 and 6 in.,
and depth 12 in., was placed on a
flat surface, and after 20 minutes’ O F=~=--4-- 4=
exposure the depth of water in the
bucket was found to be 2 in.: what
was the rainfall per hour ?

1
)
1
!

Let the figure ABCD represent o

a vertical mid-section of the bucket 3

after the rain has fallen. \
Then— '
AG = 7in. !

DE= 3, K\qge—iF
EG=12, \ 6‘:

EF= 2, D‘“' El =

Through D draw DH perpen-
dicular to 4.8.
By similar triangles—

KL:AH=DL:DH . . . . . . §66
or KL :4in.=2:12
S KL =4%in.
hence volume of water in bucket = %/l(kz + 72 4+ Ry) cub. in.. § 162:
where R = 3§,
r=3
h=2;
hence volume of water in bucket = 2—;(1?;1 + 9 + 11) cub. in,
= Gozm cub. in.
27

Now, consider a right circular cylinder whose cross-section is the
same as the mowut’ of the bucket.
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Such a cylinder will obviously admit the same quantity of rain-
water in any given time as the bucket.

Hence, if 4 in. = depth of water in such a cylinder after 20 minutes’
rainfall, we have—

1r7%=——27—. c e e e e . §13L
602
27 X 49
or, depth after an hour’s rainfall = 2-70—%3 in. = §§ in.

But the depth of water in any cylinder after an hour’s rainfall =
rainfall per hour ; .
.. rainfall per hour = 1°365079 in.

Examples—XXVI. B.
(Take x = 2.)

Find the volumes of the following frusta of pyramids, having—

1. Areas of ends 8 sq. ft. and 5 sq. ft. ; height 3 ft.

9. Areas of ends 12 sq. in. and 8 sq. in. ; height 6 in.

8. Areas of ends 3 sq. ft. 72 sq. in. and 2 sq. ft. 28 sq. in. ; height
2 ft. 6 in.

4. Areas of ends 485 sq. ft. and 3°15 sq, ft. ; height 2°5 ft.

5. Find the volume of the frustum of a pyramid, the ends being rectangles
whose corresponding dimensions are 36 in. by 24 in. and 27 in. by 18 in., and
the height 15 in,

8. The ends of a frustum of a pyramid are equilateral triangles of sides
5 ft. and 7 ft. respectively ; the height of the frustum is 4 ft. : find its volume.

Find the volumes of the following frusta of right circular cones, having—

7. Radii of ends 5 ft. and 6 ft. ; height 4 ft. 6 in.

8. Radii of ends 3 ft. 8 in. and 2 ft. 4 in. ; height 2 ft.

9. Radii of ends 675 ft. and 4°25 ft. ; height 3°5 ft.

10. Radii of ends 3 yds. 2 ft. and 2 yds. 1 ft. ; height 1 yd. 2 ft. 9 in.

11. The circumference of one end of a frustum of a right circular cone is
48 in., and of the other end 34 in. ; and the height of the frustum is 10 in. :
find the volume.

12. The ends of a frustum of a pyramid are squares, the lengths of the
sides being 6 in. and 8 in. respectively; the height of the frustum is 4 in.
The frustum is cut into two parts by a plane parallel to the two ends and mid-
way between them : find the volume of each part,

13. The radii of the ends of a frustum of a right circular coneare 2 ft. gin,
and 2 ft. 3 in. respectively ; the slant height is 10 in. : find the volume.

14. The ends of a frustum of a pyramid are regu ns whose sides
measure 3 ft. and § ft. respectively + the height is 4 ft. : find the volume.
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Examination Questions—XXVT.
(Take = = 33.)
Prismoj

A,  Allakabad University : Intermediate.

1. A réservoir with slanting sides, whose base is 50 ft. by 4o ft., and top
75 ft. by 60 ft., is 15 ft. in perpendicular height : find the number of gallons
it will hold.

B. Bombay University, Diploma of Agriculture: Second Exam.

2. The top and bottom of a reservoir in the shape of a prismoid are
rectangles, the dimensions of the top being 200 ft. by 150 ft., and of the
bottom 160 ft. by 130 ft. ; its uniform depth is 12 ft.: find the cost of
excavation at Is. 6d. per cubic yard.

8. The length and breadth of a reservoir in the shape of a prismoid are
140 ft. and 80 ft. respectively ; the length and the breadth of the bottom are
100 ft. and 60 ft. respectively, and the depth is 12 ft. : how many cubic feet
of earth were dug out ?

4. A piece of timber is 1 ft. 2 in. broad and 10 in. thick at one end, and

1 ft. 6 in, broad and 1 ft. thick at the other end, and 14 ft. long: find its
volume.
# 6. A watercourse, 5 ft. wide at the bottom, 3 ft. deep at the upper end,
and having a fall of 1 ft. in 320 yds., is to be cut in a straight line on level
ground : if the sides are to slope I in 1, find the number of cubic yards of
earth to be excavated in the first mile.

8. Enunciate the prismoidal formula, and apply it to find the volume of
the following embankment : Length = 100 ft., end heights = 10 ft. and 4 ft.,
width of top = §Tt., total slope of sides = 6 in I.

C. Bombay University: L.C.E. Second Exam.

7. Find the quantity of earth excavated from a railway cutting made
through ground which before disturbance was a uniform inclined plane running
in the same direction as the rails, the length of the cuttipg being 100 yds.,
the breadth at the bottom 12 yds., the breadth at the top at one end being
45 yds. and at the other 25 yds., and the depths of these ends being 15 yds.
and 7 yds. respectively.

8. The top widths of a railway cutting are 120 and go ft., their respective
depths 30 ft. and 20 ft., the bottom width 30 ft., and the length of the cutting
66 yds.: find the contents in cubic yards.

9. A haystack 114 ft. high has an ohlong base 20 ft. long and 8 ft. broad,
the sides of the rectangular horizontal section 9 ft. from the ground through
the eaves are 22 ft. and 88 ft., and the part above the eaves forms a triangular

rism 22 ft. long. If 10 cub. ft. of hay weigh I cwt., how many tons does
the whole stack weigh ?
10. Find the volumes of the wedge and prismoid into which a frustum of
a pyramid is cut by a plane passing through one end of its base and cutting oft
a portion of the top 15 in. distant from its corresponding end, the length and
breadth of the base being 45 and 3o in. respectively, those at the top being
36 and 24 in. respectively, and the height 40 in.
11. An excavation 858 ft. lofig is uniformly 50 ft. wide at the bottom ; it
is 18 ft. deep at one end, and gradually increases to 20 ft. deep at the other,



78 Mensuration.

and the upper width of these ends are respectively 104 and 110 ft.: find the
number of cubic yards in the excavation.

D. Madras University: B.E. Exam.

12. How many cubic feet of earth will be required to make a level embank-
ment 1500 ft. long, 17 ft. and 12 ft. deep at the ends, 20 ft. wide on top, with
side slopes of 1} to 1?

E. Sibpur Engineer Dept.: Annual Exam.

13. State and explain the prismoidal formula. A tank is 436 ft. by 325 ft.
at the top, 376 ft. by 285 ft. at the bottom, and 10 ft. deep : how many cubic
feet of water will be required to fill it three-quarters full, if there is in the
middle a circular tower of 27 ft. diameter ?

F. Sibpur Apprentice Dept. : Monthly Exam.

14. Show how to deduce the formula for finding the volume of a right
circular cone from the prismoidal formula.

15. An earthen dam 300 ft. long has the two ends vertical ; one is 20 ft.
and the other 4o ft. in height. The bottom of the dam slopes uniformly from
one end to the other ; the top of the dam is horizontal and 20 ft. wide ; side
slope on one side is 2 horizontal to I vertical, and on the other is 4 horizontal
to 1 vertical. Calculate the earthwork in the dam.

16. The ends of a prismoid are rectangles, the corresponding dimensions
of which are 12 ft. by 10 ft. and 8 ft. by 6 ft. ; the height of the prismoid is
4 ft. The prismoid is divided into two parts by a plane parallel to the ends
and midway between them : find the volume of each part.

G. Sibpur Apprentice Dept. : Annual Exam.

17. A road is constructed along the greatest slope of a plane country.
Top width of the road is 20 ft., side slopesare 2 horizontal to I vertical. Find
the quantity of earthwork of a portion of the road 4 chains in length. Heights
of embankment at the beginning and thg end of that portion of the road are
respectively 10 ft. and 20 ft. 19

18, Find the capacity of a coal-waggon the top of which measures 6 ft. g in.
in length by 4 ft. 6 in. in breadth, th_éggottom 3 ft. 6 in. by 2 ft. 6 in., and the
depth 4 ft.

H. Sibpur Apprentice Dept.: Final Exam.

19. A railway embankment is half a mile long, and has a uniform width
of 30 ft. at the top. At one end it is 25 ft. high, and gradually decreases to
the other end to 12 ft. high ; the widths at the base at the ends are 120 ft. and
8o ft. r%sp;_ectively. Find the cost of making the embankment at Rs.§ per
1000 cub. ft.

1. Roorkee Engineer : Entrance.

20. A prismoid has one end in the form of an equilateral triangle of side
2 ft., the other end in the form of a regular hexagon of side I ft., three sides
of the hexagon being parallel to the three sides of the other end ; the height
is 3 ft.: find its volume.

J.  Roorkee Upper Subord. : Entrance.

21. Find the volume of a coal-waggon, thé depth of which is 47 in. ; the top
and bottom are rectangles, the corresponding dimensions of which are 81 in.
by 54 in., and 42 in. by 30in.
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22. Find the capacity of a trough in the form of a prismoid, its bottom
being 48 in. long and 40 in, broad, its top 5 ft. long and 4 ft. broad, and the
deptﬁ 3 ft.

K. Swuperior Accounts.

23. An embinkment is made upon a slope of I in 10; the top of the
embankment is horizontal, and its section is everywhere a trapezoid. The
greatest height above the slope is 57 ft., the breadth of the top 26 ft., and the
slopes of the sides I'in 1. Find the number of cubic yards in a length of 160
yds. of the embankment.

Frusta of Pyramids.
A. Allakabad University : Intermcdiate.

24. The ends of a frustum of a pyramid are squares, the lengths of the sides
being 20 ft. and 30 ft. respectively. The length of the straight line which joins
the middle point of any side of one end with the middle point of the corre-
sponding side of the other end is 13 feet. Find the volume.

B. Madras University : B.E. Exam,

25, The ends of a frustum of a pyramid are hexagons with sides of 6
and 4 ft. respectively ; the slant height is 10 ft.: find the volume.

26. An unfinished spire is octagonal, and measures 8o ft. round the
base. At a height of 55 ft. above the base, where the work was stopped, it
measures 30 ft. round. How many cubic feet of masonry does it contain?

C. Caleutia University : F.E. Exam,

27, Find the volume of the frustum of a right pyramid on a regular base

of 7 sides.
28, The areas of the ends of a frustum of a right pyramid being E, and

E,, and the thickness 4, find the volume in the form

§(E, +VEE, +E,)

D. Sz’bpur Apprentice Dept, : Annual Exam.

2. The bottom of a tank is a square whose area is 1 acre ; its depth is
10 ft., and the side slopes are 1} to 1 : find the number of cubic feet of water
it would contain.

E. Sibpur Apprentice Dept. : Monthly Exam.

80. The ends of a frustum of a pyramid are right-angled triangles; the
sides containing the right angle of the one end are 2 ft. and 3 ft. ; the smallest
side of the other end is 8 ft. ; the height of the frustum is 7 ft. : find the
volume.

F. Sibpur Apprentice Dept. : Final Exam.

81. The ends of a frustum of a pyramid are equilateral triangles, the lengths
of the sides being 6 ft. and 7 ft. respectively, and the length of the slant edge
of the frustum is 9 ft, : find the o'lume.

G. R Ppper Subord. : Entrance.

82. A tankin the shape of f frustum of an inverted right square pyramid,
length of side at bottom 4o ft., and at ground level 120 ft. (the height of
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pyramid if complete being equal to the side of the base), is to be lined with
masonry 2 ft. thick : find the cost of the masonry at Rs.2 per cubic foot.

88. The base of a prismoidal solid is a square, and the top a regular
octagon, four alternate sides of which are parallel to the sides of the base.
The altitude of the solid is 16 ft., the sides of the base 34 ft., and those of the
top I ft. : find its volume,

84. What is the solidity of a frustum of a regular hexagonal pyramid, the
dides of the ends being 4 and 6 ft., and its length 24 ft.?

H. Roorkee Engineer: Final.

8B. The height of a frustum of a pyramid is 125 in. ; its ends are octagons
whose sides are 4 and 2 in. respectively : find the volume of the frustum.

-

5)2 L

Frusta of Cones.
A. Bombay University, Diploma of Agriculture: Second Exam.

86. A cask, in the form of two conic frusta, joined at the bases, has the
head diameter 20 in., the bypg.diameter 25 in., and the length 3 ft. 4 in. : find
its cagacity in gallons. (2774 cub. in. = 1 gall.)

87. The circumference of the base of a haystack in the form of a conical
frustum surmounted by a cone is 40, the circumference at the eaves is 60, the
perpendicular height of the frustum is 15, and that of the cone 16 ft. : how
many solid yards does the stack contain ?

B. Bombay University: L.C.E. Second Exam.

88. A vessel is in the form of a frustum of a right circular cone, of which
the bottom diameter is 32 in. The diagonals of a section by a plane passing
through the axis cut each other so that the segments of each are 30 and 20 in.
Determine the volume of the vessel.

C.  Punjab University : First Exam. in Civil Engineering.

89. What is the volume of the frustum of a right cone, the area of the two
circular ends being 1256'64 in. and 78°54 in. respectively, 30 in, being the
height of the cone before it was truncated ?

D. Madras University: B.E. Exam.

40. A silver tumbler is of the shape of a triicated cone. Upper diameter
inside 6 in., lower diameter 3 in., height 6 in., thickness of metal } in.
Find the weight. (Specific gravity, 11°00.)

41. A circular well is 17 ft. é in. in diameter, and 33 ft. deep : find the
quantity of masonry lining, which is 2 ft. thick at the top and 4 ft. 9 in. at the
bottom, the batter being on the rear.

42, State the rule for finding the volume of a frustum of a right circular
cone.

48, The depth of a pail in the form of a frustum of a cone is 10 in., its
diameter at the mouth 127n., and its diameter at the bottom g in. : find how
often it can be filled from a tank containing 2000 galls, of water. (A gallon
= 277°274 cub. in.)

E. Caleutta Universi RE. Exam.

44. In order to drain an acre of land, a t#hk is dug in the form of a frustum
of a cone, the radius of the surface section being 30 yds., and of the bottom
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20 yds., and the depth of the tank 15 ft. Assuming that two-fifths of the
rainfall does not penetrate the soil, that there is no drainage from the subsoil,
and no evaporation, find what the average daily rainfall has been if, after two
months, the tank is two-thirds full. (One month = 30 days.)

F. Sibpur Engineer Dept.: Annual.

465. The frustum of a right circular cone is made of iron. Its height is
15 in. ; the diameter of its smaller face is 9 in., and of its larger 16 in. Two
conical holes are bored, one from each plane face, The diameters of the bases
of these holes are each half the diameter of the corresponding face ; their axes
coincide with the axis of the frustum, and their vegtices meet at the middle
point of the axis. The holes are filled with lead. Find the weight of the
whole, if the specific gravity of iron is 7°8, and of lead 114.

48. An iron right circular cone, 10 in. high, and whose semi-vertical an
is 30, is cut into two at the mid-point of its height by a plane parallel to the
base. The frustum so obtained is drawn into wire, whose diameter is J in. :
find the length of the wire.

G.  Sibpur Apprentice Dept. : Monthly.

47. The shaft of Pompey’s pillar is a single stone of granite. The height
is 9o ft. ; the diameter at one end is g ft., and at the other end 7 ft. 6 in. Find
the volume.

48. The slant side of the frustum of a right circular cone is 5 ft., and the
radii of the ends are 7 ft. and 10 ft. : find the volume.

H. Sibpur Apprentice Dept. : Iinal Lxam.

49. Verify by calculating two or three cases the following statement : A
right circular cone is divided into a cone and a frustum of a cone, and the
frustum is trimmed just enough to reduce it to a right circular cylinder. If the
height of the frustum is one-third of the height of the original cone, the volume
of the cylinder is greater than in any other case, and is four-ninths of the
original cone.

60. The height of the frustum of a cone is 7 ft., and the radii of the two
ends are 4 ft. and § ft. respectively ; the frustum is cut into two pieces by a
plane parallel to the ends, and distant 3°884 ft. from the smaller end. Show
that the two pieces are of equal volume.

.
L. Roorkee Engineer: Entrance.

51. A I;ast is 30 in. in diameter at bottom and 1§ in. at top : if the mast
contains 1374 cub. ft. of wood, find its height in feet.

B2. A bucket is in shape a conical frustum (height = 9 in., diameters of top
and bottom surface = 10 in. and 7} in. respectively) : find how much lower
the water will stand in a well, whose diameter is § ft., after the bucket has
been filled twenty-four times.

68. During a fall of rain a common bucket 12 in. deep was placed out on
a level terrace, and at the end of one hour it was found that the water stood in
the bucket at a perpendicular height of 4 in. The diameter of the bucket at
the mouth and bottom was 9 inches and 3 in. respectively. Find the rate per
hour at which the rain was falling.

64. A piece of marble in the form of a frustum of a cone has its end
diameters 14 and 4 ft., and its slant side is 8 ft. : what will it cost at 12s. the
cubic foot ?

BB. A coppersmith, proposes to make a flat-bottomed kettle, of the form of
a conic frustum, to contain 138827 galls. ; the depth of the kettle to be 1 ft.,
and the diameters of the top and bottom to be in the ratio of § to 3 : what
are the diameters ?
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66. If a cask, which is two equal conic frusta joined together at the bases,
has its bupg_diameter 36in., its head diameter 20 in., and its length 40 in.,
how many imperial gallons will it hold ?

8§7. A balcony is supported by six granite columns of the following
dimensions / the diameters of each at top and bottom aie 2 and 2%} ft.
respectively, and length 20 ft. Taking the rate at Rs.2 per cubic foot, what
would-De their total cost ?

J.  Roorkee Upper Subord. : Entrance.

68. A log of wood is in the form of a frustum of a cone; the diameter of
the larger end is 16 in., and of the smaller end 12 in. ; perpendicular height
9 ft. : what is its value at R. 1 8 ans. per cubic foot ?

69. A frustum of a pyramid on a square base is trimmed just enough to
reduce it to the frustum of a cone: show that rather more than one-fifth
of the original volume is removed.

80. The radii of the ends of a frustum are 15 and 24 ft., and the slant
height is 12 ft. : find the volume.

81. The lower portion of a haystack is an inverted conic frustum, and the
upper part a cone. The greatest height is 25 ft., the greatest circumference is
54 ft., the height of the frustum 15 ft., and the diameter of the base 15 ft.
Find the content in cubic yards.

K. Roorkee Upper Subord.: Monthly.

82. A bucket is in the form of a frustum of a cone. The diameter at the
bottom is 1 ft., and at the top 1 ft. 3 in.; the depth is 1 ft. 6 in. Find to the
nearest pound how much more the bucket weighs when full of water than when
empty.

pﬂ& Find the number of cubic feet of masonry in a chimney shaft of the
following dimensions : diameter of the base 30 ft. and of the top 6 ft.,
diameter of the flugat the base 3 ft. and at the top 2 ft. The outer face of the
chimney is built with a batter of 1 in 20,

64. A well in the form of a cylinder, 4 ft. wide and 12 ft. deep, is
emptied by a bucket 21 in. wide at the top, 18 in. wide at the bottom, and
15 in. deep : how many times must the bucket be lowered to empty the well,
supposing that on the average when withdrawn it is only eight-ninths full ?

L. Roorkee Engineer: Final.

85. A circular chimney shaft stands upon a solid circular foundation 30 ft.
in diameter and 10 ft. deep, The measurements of the shaft are—

(i.) Perpendicular heigbt, 200 ft.
(ii.) External diameter at base, 28 ft.
(iii.) External diameter at top, 8 ft.
(iv.) Diameter of fluey 4 ft.

Find the quantity of masonry in the whole.

66. During a fall of rain, a bucket whose upper and lower interior
diameters are 15 and 8 in., and depth 13 in., was placed out on a flat surface,
and after thirty minutes' exposure the depth of water in the bucket was found
to be 4 in, : what was the rainfall per hour?

Additional Examination Question—XXVTI,

@67. On a hill with a slope of I to 4, a mound with a level top in the form
of a square of 28 ft. side is to be constructed. One i)air of sides of the square
to run across, and the other in the direction of the slope. Sides of mound to
slope at an angle of 45°.  One side of the square to be § ft., and the opposite
side to be 12 ft. above the original ground surface. Find the volume of the
mound in cubic feet. (Roorkee Engineer : Entrance.)



CHAPTEB XXVII
ON SPHERES, SPHE)é]CA[ SHELL.S‘ AND SPHEROIDS.

165. A splere is a solid bounded by one surface, and is such that
all straight lines drawn from a certain point within the solid to the
bounding surface are equal to one another,

This point is called the en#re of the sphere.

A radius of a sphere is a straight line drawn from the centre
to the bounding surface. £~ Yo .

A diameter of a spheré is a straight A
line drawn through the centre and ter- £
minated both ways by the bounding
surface.

The section of a sphere by any plane
isacircle. 4028

If the cutting plane pass through
the centre of the sphere,,the section is g
called a great circle. .../ e

If the cutting plane’ does not pass '
through the centre of the sphere, the
section is called a small circle. L

Thus, in the sphere 4BED—

0 is the centre,

OG is a radius, s

AE is a diameter, /!
BCD is a great circle, {
FGH is a small circle. 1z

A sphere may be seen to be generated |\ 77"
by the revolution of a semicircle about ‘\
its diameter (see figure).

A tennis ball may be taken as a
familiar example of a sphere.

PROPOSITION XXXIX.

186. 70 find the volume of a sphere having given its diameler.
Let ADBE be a sphere,
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Let its diameter 4.8 measure 4 of any linear unit.

It is required to find the volume of A DBE in terms of 4.

Since a sphere is a prismoidal solid (§ 161), therefore the
formula—

LT NP
V=204, + 4, + 44)

will determine its volume. § 161.

Now, if we regard the points
of contact between the sphere and
the two parallel tangential planes
P and Q as two parallel ends of
the sphere, then the circle 48C
may be regarded as the section

midway between these parallel
Q ends, and the diameter D£ will
be the distance between the parallel ends.

Hence, in the formula—

7/
V=é(A1 + 4, + 44)

we may write—

h=d
A, =o0
Ay, =o
a2
A=""" . . . . . ... §7L
4 7

2
.. volume of sphere = g < o+o+4- E;—i— ) solid units

3
= 76— solid units

Hence rule—

Multiply the cube of the number of any lincar unit in the diameter
of a sphere by , then one-sixth the product will give the number of the
corresponding solid unit in the volume.

Or briefly—

Volume of sphere = % X (diameter)?

3
v="% C e )

e © -
3 /6V - N
sod= ,\/~;- N (18

167. It is easy to deduce a formula for the volume of a
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spherical shell in terms of the diameters of the two concentric .
spheres. For the volume of the
shell is equal to the difference
between the volumes of the two
concentric spheres.

That is—
3 Al
V= ’_"_60_ - ”_ga § 166, k= S T | R R Bl
—I - @)

where D and 4 are the diameters
of the two spheres, and V is the
volume of the shell.

-
.V = %(D—d)(l)z-{-Dd-i-dZ)
T a a2
=5 2.0-a(1+5+2)
Now, suppose the thickness of the shell to be small compared

with the diameter 0D ; then 2 is nearly equal to unity, and—

D
V=%. D¥D — d). 3 nearly
m

=-. D?. 2/ nearly (where 4 = thickness of shell)
= ..D?. /& nearly
Also, if the thickness of the shell be nearly equal to half the
diameter D, that is, if the shell be nearly a solid sphere, g is very

small, and—
V=%..D2. (D — d) nearly
= % D2, 2/ nearly (where /4 = thickness of shell)
=§.D’“’.lz nearly

168. If a sphere be flattened at
opposite poles, it is called a spheroid.

The Earth is a spheroid. Yo

Such a solid may be seen’to be
generated by the revolution of an ellipse °
about one of its axes. FiG. I.
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If the ellipse revolve about its mo# axis, the
spheroid that is generated is said to be oblate (see Fig. 1).
‘ If the ellipse revolve about its majo/" axis;tire
fl spheroid that is generated is said to be prolaz (see
Fig. 2). v

A watch may roughly be taken as a familiar
example of an ob W1d and a Rugby football
of a pralate speroid.,, /7 =4

We have said that sphero1ds are prismoidal solids

(§ 161).

FiG. 2.
Hence their volumes can be determined by the formula—

VA
V=-6(A1+A,+4A) « « « . . §i161,

Now, as in the sphere so in the spheroid, we shall regard the
points of . contact between the spheroid and two parallel tangential
planes as two parallel ends of the spheroid.

Hence we may write—

- A, =o0
Ay, =o0

And if 24 be the major axis, and 24 the minor axis, of the
ellipse which, by revolving, generates the spheroid, we may also
write—

k= 26, and 4 = 7a?

when the spheroid is oblate ;
& = 2a, and 4 = =b*

when the spheroid is prolate.
Making these substitutions, we arrive at the following formule:—
(1) For the oblate spheroid—

b
= %—(o+o+4.1ra“’)
=% na%
(2) For the prolate spheroid—
V———(o+o+4 wb?)

_.4 0]
—-qﬂ’ﬂb

ILLUSTRATIVE EXAMPLES.

189. Example 1.—A sphere 3} in. in diameter weighs 9 ozs. : find
the weight of a cubic foot of the material of which it 1s made.
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3
Volume of sphere = 1:;: cub. in. § 166.

where @ = 3%

7. (338

.*. volume of sphere = 3 cub. in.
= 532 cub. in.
s 532 cub. in. of the material weighs 9 ozs.
s, 1 cub. ft. of the material weighs
9.x 1728 x 24 ozs. = 432801 lbs.
539
. Example 2.—~How many leaden balls of a quarter of an inch in
diameter can be cast out of the metal of a ball 3 in. in diameter,
supposing no waste ?

Volume of each 2-in. ball = %@ cub.in. . . §166.
3

T -5'6—@ cub.in.. . . §166.

X3P mx @)

=7 % T e

volume of 3-in. ball =

.. required number of balls
= 1728 '
Example 3.—A spherical cannon ball, 6 in. in diameter, is melted
and cast into a conical mould, the base of which is 12 in. in diameter :
find the height of the cone.

3
Volume of cannon ball = 1‘6"_ cub.in. . . . §166.

where d = 6
63
.*. volume of cannon ball = s cub. in.

and if % in. = height of cone
volume of cone = }. ™. 6%. % cub.in. . § 142,
DR
ork=3

hence height of cone = 3 in.
Example 4.—1If an iron ball of 4 in.
diameter weigh g lbs., what is the weight
of an iron shell 9 in. and 6 in. external

and internal diameters respectively ?

Solidity of | _ .
“shell } = %(D“ - @3 cub.in. § 167

where D =9
- d= 6’;

- solidity of shell = g(g3 - 6% cub. in.

8
Also solidity of ball = "% cub. in. § 166.
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But the ball weighs 9 Ibs.
m
. L 9% (9= 6
.". the shell weighs —_— lbs. = 72, lbs.

6
Example 5.—Find the radius of a sphere whose circumference and
solid content have the same numerical value.
Let 7 linear units = radius of sphere.
3
Then solid content of sphere = 1—':— solid units . . § 166.

where d = 27 ;
.". solid content of sphere = 4. =3 solid units

also circumference of sphere = 2»r linear units. . . §69.
hence $#73 = 2nr
ri=1
r=12247 ...

FEzxample 6.—A right cone and a hemisphere lie on opposite sides
of a common base 2 ft. in diameter ; the
cone is right-angled at the vertex: if a
cylinder circumscribe them in this position,
what additional space will be enclosed ?

Consider a vertical mid-section of the
three combined figures.

Each figure may be seen to stand upon
a base 2 ft. in diameter. The height of

¢ the cylinder may be seen to be equal to
twice the radius of the hemisphere, and
vy the height of the cone to the radius of the
hemisphere.
3
.. volume of hemisphere = . 1—63— cub. ft. . . §166.
volume of cone = }.x.12. 1 cub. ft. . §142.
volume of cylinder = =.12. 2 cub. ft. . . §131.

hence acll)c}lllf:l;)lr]}:}j:face enclosed} = {27 = (4n + §7)} cub. ft.
’ = = cub. ft.

Example 7.—The diameter of a sphere measures 6000 miles : by

how many cubic miles approximately does its volume exceed that of
another sphere whose diameter is less by 50 yds.?

Excess of larger sphere
over smaller
where D = 6000,
and = %5 ;

- excess, = = 6000:7(605: X 25 cub. mi. approximately

_ 22 X 6000 x 6000 X 25

- 7 x 1760 ]

1,607,1424 cub. mi. approximately

} = x. D%, % cub. mi. approximately § 167.

cub. mi. approximately

]
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Example 8.—A wrought-iron cylindrical boiler 10 ft. long, 4 ft. in

diameter, and £ in. thick, is closed

by hemispherical ends: find the
+ (24&)2x7z} cub. in.. §§ 166, 131

weight of metal in it if 1 cub. ft. of

wrought iron weigh 496 Ibs. /- &.\; _______ ===
= 1:-(24'31)2{24g x 8 + 72} cub. in.
= 155)2 x €37 cub. in.

Solidity of hoiler = space bounded
by outer surface — space bounded

immer surace ) = {6 + w2472 ewbrin 85166, 130
{24 x 8

by inner surface.

Space bounded by} {r(48%)
outer surface

= n(24)? +7z} cub. i — L

2 \;., = n(24)% x 8§% cub. in.
dg' o = n(24)2 x 104 cub. in.

ity of boiler = »{(18)2 x 031 — (24,)2 x 104} cub. in.
== x 21816935 cub
= 3'9680 cub. ft.

. soli

Hence—
weight of metal = 3°9680 x 496 lbs.
= 1968 lbs. nearly

Note—The solidity of the boiler can be more easily found,
approximately, by multiplying the surface of the boiler by the
thickness of the metal.

Example 9.—A conical wineglass whose vcrtu;al angle is a right
angle, is filled with water. A hemi-
sphere of radius 1 in. is immersed ; A
in the water with its conyexjty down-
wards, and it is found that when it
rests on the sides of the wineglass
its flat surface is flush with the level
of the water. Find the amount of
water left in the glass after the
immersion of the hemisphere.

Let the figure represent a vertical mld-sectlon of the cone and
hemisphere.

Because the triangles 4DC and DEC are isosceles right-angled
triangles, and DE = 1 1n —_

{’(Q. .DA=DC= ,J2in.. . . . . . §17

Amount of water left

s € cubical content of cone — cubical, content of
after immersion

hemisphere ,7‘_,4/
3"'(4/2)2 Nz - I<—} cub. in.  §§ 142, 166.

= —(Jz — 1) cub. in,
= 0'8678 cub. in.
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Example 10.—~Find the tinckness of a shell whose inner diameter
measures 7 in., if it weigh half as much as
a solid ball of the same diameter.

Let the outer diameter of the shell
measure x inches.

Then—

Solidity of shell = gw— 73) cub. in. §167.

B o O} =7 x 79 cub. in. . § 166.

solid ball 6
s T8 S = Ly T B
..6(x 7%) §x6x7
=3 x7
x% = 514'5
x = 8012
hence thickness of shell = 8orz —7 in.
= 0506 in.

Ezxample 11.—Four balls, each 16 in, in diameter, are placed so
thag each will touch two of the others : what must be the diameter of
a fifth ball, placed on the
table in the middle of
the four, and touching
each of them?

The centres of the
four balls when placed in
position will be the four
corners of a square whose
side measures 16 in.

Hence, if the figure
represent a vertical sec-
tion of the balls through a diagonal of this square, and if the radius of
the fifth ball measure # in.—

AB =164/2in. . . . . . . . §17.
CD =8,/2in.
CE = (x + 8) in.
DE = (8 — 2)in.
But CE*= CD*+ DE* . . . . Euc L 4.
So(r48)?%= 128 4 (8 - x)2
32r = 128

xr=4
hence diameter of fifth ball = 8 in.
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Examples—XXVII,
(Take w = %, unless otherwise stated.)

Find the volumes of spheres having the following diameters :—
1. 9 ft.
2. 3ft. 2 in.
8. 6'125 in.
4. 1yd. 2ft. 7in,
Find the diameters of spheres having the following volumes :—
5. 1794 cub. ft.
8. 113} cub. in.
Find in cubic inches to two places of decimals the volumes of spheres
having the following circumferences :—
7. 10in.
8. 2 ft. 4 in.
9. How many spherical bullets can be made out of a cube of lead whose
edge measures 10 1n., each bullet being 1 in. in diameter ?

10. How many gallons of water will a hemispherical bowl contain whose
radius is 2 ft. ?

11. Find the weight of a solid metal sphere of radius 8 in., if 1 cub, in,
of the metal weigh 8 ozs. (Avoir.).

12. A hemispherical tank is emptied by a pipe at the rate of 8 galls. per
minute : how long will it take to half empty the tank if it is 1 ft. 6 in. in
diameter ?

13. Find the volume of a solid in the form of a right circular cylinder with
hemispherical ends whose extreme length is 24 ft. and diameter 2 ft, 6 in.

1;. What weight of powder will be required to fill a spherical shell
whose internal diameter is 18 in., if 30 cub. in. of powder weigh 1 1b. ?

15. Find the volume of a spherical shell whose internal and external
diameters are 8 in. and 10 in. respectively.

18. The internal diameter of a spherical shell is 10 in., and its thickness
% in. : find the weight of the shell if it is composed of a substance weighing
180 1bs. per cubic foot.

17. The external diameter of a spherical shell is 10 in., and its thickness
11in. : find its weight if it is made of copper weighing 5 ozs. per cubic inch.

18. An ellipse, whose major axis measures 2 ft. 8 in., and whose minor
axis measures I ft. 6 in., revolves about its minor axis: find the volume
of the spheroid generated.

19. An ellipse, whose major axis measures 7°42 in., and whose minor axis
measures 3'82 in., revolves about its major axis: find the volume of the
spheroid generated, (w = 3°1416.)

Examination Questions—~XXVTII.
(Take = = %, unless otherwise stated.)
A. Allahabad University : Intermediate.

1. A solid consisting of a right cone standing on a hemisphere is placed
in a right cylinder full of water, and touches the bottom : find the volume
of water displaced, having given that the radius of the cylinder is 3 ft. and its
height 4 ft., the radius of the hemisphere 2 ft., and the height of the cone 4 ft.

2, Assuming a drop of water to be spherical and Jj in. in diameter, to
what depth will 1000 drops fill a conical wineglass, the cone of which has a
height equal to the diameter of its rim ?
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B. Bombay Unsversity: L.C.E. Second Exam.

. 3. What three integers are proportional to the volume of a sphere, that of
its circumscribing cylinder, and that of its circumscribing equilateral cone ?
4. Deduce the volume of a sphere from that of a cone.

C. Punjab University : First Exam. in Ctvil Engineering.

8. A sphere is 36 in. in diameter : find its volume in cubic feet.

8. A spherical cannon ball, g in. in diameter, is melted and cast into a
conical mould, the base of which is 18 in. in diameter : find the height of the
cone.

7. What is the content of a sphere whose diameter is 21 in. ?

D. Madras University : B.E. Exam.

8. It is calculated that the heat received by the earth from the sunin a
year would be sufficient to melt a layer of ice 100 ft. thick all over the surface
of the earth : assuming the earth to be a sphere of radius 4000 miles, find the
volume of this ice in cubic miles.

E. Calcutta University: F.E. Exam.

9. A hollow shell 12 in. in external diameter is placed in a conical vessel
whose vertical angle is 60° and water poured into it until it just covers the
shell and fills the cavity in it. When the shell emptied of water is removed
and a solid ball of the same diameter substituted for it, the water stands # in.
aboveit. Find approximately the thickness of the shell.

10. A solid iron cube, the edge of which is 2 ft. in length, and a solid
iron sphere the radius of which is 1 ft., are thrown into a cubical tank which
is 6 ft. across, and is half filled with water : find the rise of the surface of the
water in inche)s to five places of decimals if they both be completely immersed.
(m = 3'14159.

11. From a cylinder whose height is equal to its diameter the greatest
possible sphere is turned : find what fraction of the original solid has been cut
away.

F. Sibpur Apprentice Dept. : Monthly Exam.

12. Find the weight of a pyramid of iron such that its height is 8 in., and
its base is an equilateral triangle, each side being 2 in., supposing a ball of
iron 4 in. in diameter to weigh 9 Ibs,

13. A hemispherical basin 15 ft. in diameter will hold one hundred and
twenty times as much as a cylindrical tub, the depth of which is 1 ft. 6 in. :
find the diameter of the tub.

14 A solid ball 4 in. in radius of a certain material weighs 8 Ibs. : find
the weight of a spherical shell of that material, the internal diameter of which
is 8 in. and the external diameter 10 in.

156. Find the radius of the base of a cone which has the same volume as
a sphere of § ft. radius, and the height of the cone one-half of the radius of
the sphere.

18. If the diameter of the earth be 800 miles, and geologists knew the
interior to the depth of 5 miles below the surface, what fraction of the whole
contents would be known ?-

* 17. How many spherical bullets, each one % in. in diameter, can be cast
from a rectangular block of lead 1 ft. 3 in. by 1 ft, 2 in. by § in. ?

8. The radius of the base of a cone is 4 in. : find the height so that the
volume may be equal to that of a sphere with diameter 4 in.
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G. Sibpur Apprentice Dept. : Annual Exam.

19. A solid is composed of a cone and hemisphere on opposite sides of the
circular base, the diameter of which is 2 ft., and the vertical angle of the cone
is a right angle : find the volume of the whole.

20. A hemispherical punch-bowl is 5 ft. 6 in. round the brim : supposing
it to be half full, how many persons may be served from it in hemispherical
glasses 1§ in. in diameter at the top ?

H. Sibpur Apprentice Dept. : Final.

21. A 2-ft. tube is partly filled with water, a sphere that exactly fits the
tube is placed in it, and the water is found to rise just to the highest point of
the sphere : how much water was there in the tube?

22. A cast-iron shell has an external diameter of 1 ft. The metal is 2 in.
thick. Find the weight of the shell. (1 cub. ft. of iron weighs 450 1bs.)

1. Roorkee Engineer : Entrance.

28. A hemisphere of lead of radius 6 in. is cast into a solid cube : find
to three decimal places the length of an edge of the cube. (r = 3'14159.)

24. Find the thickness of a shell whose outer diameter measures 7 in.,
if it weigh half as much as a solid ball of the same diameter,

26. Find the weight of a hollow iron shell, if the exterior diameter is
13 in. and the thickness of the iron 2 in. (Iron weighs 4°2 ozs. per cubic inch.)

28. If a spherical shell when formed into a solid sphere be equal in volume
to its own cavity, what must be the thickness of the shell ?

J.  Roorkee Upper Subordinate : Entrance.

27. A hemisphere and a right cone lie on opposite sides of a common base
of 4 ft. diameter, and the cone is right-angled at the vertex : if a cylinder
should circumscribe them in this position, how much additional space is thereby
enclosed ?

28, If 30 cub. in. of gunpowder weigh 1 1b., find the diameter of a hollow
sphere which will hold 11 lbs. o)

28. Find how many gallons of water a herfiispherical bowl 2 ft. 4 in. in
diameter will hold.

80. A heavy iron cylinder with hemispherical ends is immersed in water :
find the amount of water displaced, the solid’s extreme length being 12 ft,
and diameter 3 ft.

81. The external and internal diameters of a shell are respectively 154 in.
and 10% in, : find the volume.

82, Find the weight of a 13-in. iron shell, the thickness of which is 2 in.,
the weight of a cubic foot of iron being 441 1bs,

2
i

K. Roorkee Engincer: Final,

88. What is the weight of an iron shell, the external and internal diameters
ofnv;vhich are 13 and I0 in. respectively, if an iron ball of 4 in. diameter weigh
9 lbs, ?

84. A hemispherical bowl whose internal radius is 1 ft. is filled with water
.and kept so that the rim is horizontal. A cone whose vertical angle is go°
is placed with its axis vertical, its base at the level of the rim of the bowl,
and its at the centre of the bottom of the bowl. Find the quantity of
water left in the bowl after the intrusion of the cone.

L. Staf College.

86. Determine the weight of a spherical cast-iron shell whose inner and
outer diameters are 63 and 74 in. respectively, the weight of a cubic foot of
iron being 450 lbs.



CHAPTER XXVIIL

ON ZONES OF SPHERES, SEGMENTS OF SPHERES, AND
SECTORS OF SPHERES.

170. A zone of a sphere is the part of a sphere included between
two parallel planes.

The /eight of a zone is the perpendicular distance between the
two parallel planes. When one of the parallel planes does not ¢u?
< the sphere, but only fouches it, the

[T~y \ zone is called a segment of the
F“\ () sphere.

Hence a segment of a sphere
may be defined as the figure
bounded by a plane and the part
of the sphere it cuts off.

The base of the segment is
the section of the sphere by the
Plane.

Thus, in the sphere ABCDE,
ABDE is a zone whose height is G, BCD is a segment

whose height is C# and whose base
is BHD.

171. A sector of a sphere is the
solid composed of a segment of the
sphere and the cone having the base

of the segment for its base and the
centre of the sphere for its vertex.

PROPOSITION XL.

172. 70 find the volume of a zone of a sphere, having given the
radii of the two ends and the height of the zone.

Let ABCD be a zone of the sphere ABECD.

Let the radii of its two ends and the height of the zone
measure 7y, 75, and /% of the same linear unit respectively.
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It is required to find the volume of the zone in terms of 7y, 7,
and % Let the radius of the
sphere measure @, and the radius
of the mid-section of the zone
measure 7, and the perpendicular .
from the centre of the sphere on
to the nearest end of the zone
measure g of the same linear unit.

Since a zone of a sphere is a
prismoidal solid (§ 161), therefore
the formula—

V
V=5 (4 + A+ 44)

will determine its volume . . . . ., . . . . . . §161
But here we have—

Al = 7r7‘12
ﬁ, = 1rr2: § 71
= 7y

*. volume of zone ABCD = g(arrf + 7} + 4m7*) solid units

If, then, we can express # in terms of 74, 73, and %4, what was
required will have been done.
Now—

/2
o2 e
7.22_*_])1:“’2
nw+(p+rp=a
0'07'2+p2+ﬁﬁ+%

7.22 +])‘3
7.12 +Ps+2p}t +/z2

§ 16.

2

&
aﬂ

aZ

Therefore, subtracting—

}l2
12+[5ﬁ+z—7‘,2 }
Wt ph+ R —-rt=o0

Therefore eliminating p—

r'g:’i[i_l_rlz'l'rﬁz
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Hence, substituting for #2, we have—
Volume of zone} h

/lz 2 2 . .
ABCD = -6—{7'12 +7rr+4 (Z +-’—"——2iﬁ>} solid units
= %ﬂ{ 3(n* = 7%) + 42} solid units
Hence rule—

To three times the sum of the squares of the numbers of any
linear unit in the radii of the ends of a zone of a sphere, add the
square of the number of the same linear unit in the height, multiply
this sum by the number of the same linear unit in the height, then the

product multiplied by ;—r will give the number of the corresponding

solid unit in the volume.
Or briefly—

Vol. of zone of sphere = % X height X (3 X sum of squares
of radii of ends 4 height?).

=30 + 1) + 1)

PARTICULAR CASE.

173. Segment of sphere.
Herer,=0 . . . . . . . §170.

. vol. of segment of sphere = 7%;l(g,rl’ + /%) solid units
Again, if the diameter of the sphere measure 4 linear units, we
have— re=Md=h) . . . . . . 8§75
And the above formula may be written—
V= %ﬁ{slz(a’— 7) + 4%
or V= 1:6/22(3(1 — 2/)

If the height of the segment be equal to the radius of the

. . d,
sphere, the segment is a hemisphere. Write, then, 4 = 7 in the
formula—
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2
™ (3d - 21)
and we have—

2
Volume of hemisphere = % . (g) . (34 — 2) solid units

. .
=1 solid units

This agrees with the result previously obtained in § 166.

PROPOSITION XLI.

174. v find the volume of a sector of a sphere, having given the
height of its segment and the radius o
of the sphere. .

Let OABCD be a sector of a
sphere.

Let the height of its segment
ABCD and the radius of the
sphere measure % and 7 of the same
linear unit respectively.

It is required to find the volume
of the sector in terms of % and 7.

Let the radius of the base of the segment measure # of the
same linear unit.

Ijgg:z):g‘;%%%}: vol. of segment 48 CD + vol. of cone O4ACD

= %ﬁ(;;rlﬂ + 42) solid units + 3(»~4%) =n? solid
upnits . . . . . . . §§7173, 142.
Butr?=4A(zr—=% . . . . . . . . . §7s.

.". volume of

ﬁ . .
sector }=‘% {34 (27 — £) + A2} solid units + 3(» — £)

.. (27 — %) solid units
= ’—?(6/”'— 2/2) solid units 4 %’l(zrz - 3hr+/i?)
solid units
%{l(sﬁf — 72 4 272 — 3%r 4 /*) solid units
== Zw7?% solid units

Hence rule— )
The product of the number of any linear unit in the height of the
E
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segment of a sector of a sphere by the square of the number of the same
linear unit in the radius of the sphere, multiplied by 3w, will give the
number of the corvesponding solid unit in the volume of the sector.

Or briefly—
2 .
_ J3m X (radius of sphere)?
Vol. of sector of sphere —{ x (height of segment)

V= gwrzh

ILLUSTRATIVE EXAMPLES,

175. Example 1.—In a spherical zone the radii of the two ends
are 10 ft. and 6 ft., the altitude 8 ft.: find
the solid content.

Volume of zone = 1—?{ 372 + 7.2 + 4%} cub.

ft. . . . . . §172.
where 2 = §,
7 = 10,
=63

.. volume of zone = %% x §{3(100 + 36) + 64} cub. ft. nearly
= §8 x 472 cub. ft. nearly
= 1977°9 cub. ft. nearly
Ezxample 2—Find the volume of a segment of a sphere whose
height is 4} in., and the diameter of
whose base 1s 8 in.

Volume of segment = %ll(g,r,2 + /%2) cub.

in.. . §173.
where /2 = 43,
1= 43
T2 2 x 47+ ()%} cub. in.
_ 22X 9 X 273
T 7 x2x6x4
= 160°8 cub. in. nearly
Example 3—The radius of the base of a segment of a sphere is
5 in. and the height 4 in.; if the segment
is beaten out into a circular plate 40 in. in
diameter, what is the thickness of the plate ?
Volume o xh .
segmentf = —6—(37'12 + /%) cub.in. §173.
where | = 5,
h=4;

. volume of segment = — Z 4(3 X 52 + 42) cub. in.

.. volume of segment =

cub. in. nearly

1827 .
= ---=- cub. in,
3
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hence, if x in. = thickness of plate

w(zo)"’.x=!§32—". e e B &1 8
r=3% .
=g'1516

that is, the thickness of the plate = 0'1516 of an inch.

Example 4,—What proportion of the volume of a sphere 16 in. in
diameter is contained between two parallel
planes distant 4 and 6 in. from the centre
and on opposite sides of it ?

The portion of the sphere contained
between the two parallel planes is a zone
of the sphere.

Let 7, in. and 7, in. be the radii of the
ends of this zone.

Then—

ri=4x12=48. . §7s.
rei=2x14=28. . §75.

.. the volume} - 16&{3("12_!_722)_'_/12} cub.

of this zone

. in. . . . §r172.
where % = 10,
7 =48,
72 = 28;
hence volume of zone = - ><6 10 {3(48 + 28) + 100} cub. in.
= 5T x 328 cub. in.
: = x 16° .
and volume of whole sphere = —¢ cub. in.
5T % 328
.". required proportion = T y
6 d
= %8
Example 5.—A stone was rolled into a hemispherical basih 8 ft.
diameter having 3} ft. depth of water t ;)F 5%
in it, when the water immediately A =&
rose to the lip of the basin. Whatyp T
was the cubic content of the stone ? < H
Let the figure represent a vertical "‘;;
mid-section of the basin and stone. .
Let DE and AB indicate the \
level of the water before and after the k-
immersion of the stone. c

Then— Ge 11
= 33 ft.

FG = gft.

FB = 41t
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And if GE = x ft.—

22=3kx4% . . . . . . . §7s.
=-°£l__
.o VB
2
.‘.GE:—"/zi—jft‘

Now, the cubical content of the stone = the cubical content of the
water displaced
= the cubical content of zone ABED

= 1(64%—){3(913 +16) + (3} cub. ft. . . . . . §172.

=T x 191 cub. ft.
12

= 25°01I cub. ft. nearly

Example 6—A sphere of 4 ft. radius has to have a cylinder of 2 ft.
radius put through it centrically. Find the volume of the sphere that
has to be cut out (x = 3'1416).

Let the figure represent a vertical mid-
section of the sphere and cylinder.

Volume of sphere cut out = volume of
two equal segments of the sphere + volume
of a cylinder.

Let x ft. = height of each segment.

Then—

28 —2)=24 .~/; . §7s.
xr=4-24/3
.. height of each =
o] segment | (4=2V3) f._
and length of cylinder = {8—2(4—2,/3)} ft.

= 44/3 ft.

e AR

Hence—

—24/3) -
Vol.of eachsegment = 1:_(&—6_!_3{ 3 X 224 (4 — 24/3)%} cub. ft. §173.

= 'L(z—‘3~_’.52 (40— 164/3) cub. ft.
and—

volume of cylinder = v . 2. 44/3cub. ft. . . . . . . . §13L
= 164/3 . = cub. ft.

oo} = {224 x ho-164/3) + 1643 - ) cub 1
= 16:{(—2—:——“/3—);—————5-2*/3) + ﬁ} cub. ft.
= 16%(0'13715 + 1'73205) cub. ft.

= 16 x 3'1416 X 1'8692 cub. ft.
= 93'95 cub. ft. nearly
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Example 7—A conical glass, whose depth is 6 in., and the diameter

of whose mouth is § in,
being filled with water, and
a sphere 4 in. diameter, of
greater specific gravity than Av==foccoo L3 ) B

water, being put into it, how
much water will run over?

o

Let the figure represent a 1F
vertical mid-section of the |
glass and sphere. '

By similar triangles— o
DE:EF=CD: AC §66. l
DE:zin=6:2} 5

S DE = 24 in, )

S FD = 4/(34)2 + 2% in. '

§ 16. |
= 28 in, !

s CF = (6—28)in.=4in.

and CG = 2% in. D

2
Volume of segment immersed = 1Lg~(3d — 2%) cub.in. . §173.
where 2 = 24,

d=4 ¥
.. volume of segment immersed = —g x Y¥&(12 -~ 28) cub. in,
_ 22 x 196 x 32

= XEx X cub. in. nearly

= 26°28 cub. in. nearly
= amount of water that will run over

Ezxample 8.—A hemisphere standing upon its circular base of 3 ft.
radius is pierced by a cone 4 ft. high o
standing on the same base: find the
cubical content of the portion of the
hemisphere left.

Let the figure represent a vertical
mid-sl;:ction of the hemisphere and cone.

Then—

OB =4 ft,
BC=BR=3tt _
OR =1 ft. cC--3""-18 A

Let OS = g2 ft. Then—
TS = 3x ft. e & ¢ e v s . §66:
RS = (4r - 1) ft.

SB = (4 — 4x) ft.
Now, (4 = 1)(7 — 4%) = 973:’ e e e e e e o . §75.
Sox = .

8
TS =4t
RS = gft.
SB =3
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Volume of frustam} — = x 33 x 3{(31)* + (3 + 3‘_’2‘_531} cub. ft. § 162.
=7 x §3% X 3 x At cub. ft.
volume of SeB} = #ix 5 x 33 x (B + ()% ewb. fi . §173.
== X 5 X & x 3E32 cub. ft.
- total V°1“me}=——————" X3 X9X215 x 849 + 37) cub. ft.

cut away 25 % 3 X 625
= 7’22—;? cub. ft.
volume of whole) _ - & oup f . . . .. oL §166,
hemisphere 12 T ‘
= 18~ cub. ft.

2) cub. ft.
éiub. ft. nearly
= 19'55 cub. ft. nearly
Example 9.—A right cone, base 8 in. diameter, and slant height
12 in., is set into a sphere of radius 3 in.,
. so that vertex and centre coincide : find
\———= oo the volume of the solid.
Let the figure represent a section of
the solid through the axis of the cone.

Height of cone = ,/144 — 16 in. § 16.
= 84/2 in.
By similar triangles—
ED:84/2in.=3:12 . §66.
L ED=2/2in.
5 CD = (3=24/2) in.

.".volume of part left = =(18 —
1 272 X

N Hence—
4 pherical sec-\ _ o 2 P
§ . =3.7.(3)%.(3-24/2)
’4‘\9)\9) \ tor EACE } cub.in. . . §174.
- =6xmx0'17157 cub. in.
=mx 1'029 cub. in.

-

842 .
so cone = . (4)%. —¥-~ cub. in.

§ 142.
= -:rx603'339 cub. in.

z( 2 cub. in. § 166.

= x % 36 cub. in.
+% required volume = =(36 4 60339 — 1°029) cub. in.
= 299°5 cub. in. nearly

Example 10—A cone 24 in. high, the diameter of whose base is
14 in, is 'set spinning round on an axis, which is a line joining the
vertex and any point in the circumference of the base: find the
volume of the figure described.

The figure described is a spherical sector. Consider a mid-section
of this sector through the centre of the sphere.

and sphere =
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The radius of the sphere measures M@+ (7)2in. . . . §16.

= 25 1n.
and, if the height of the segment of the sector
measure % in., and the radius of the base of

this segment measure ¢ in., we have—
Mso—A)=¢c . . . . §7s.
and ¢2 = (14)2 — /* § 16.

- 450 — lzlz = (14)% = A*

= 98

.. volume of spherical}
sector

= %.7.#% cub. in.
§ 174
where » = 25,
Z=3%;
hence volume of spherical sector = %. 32, (25)2. 2§ cub. in. nearly
= 51333 cub. in. nearly

Examples—XXVIII.
(Take » = %2.)

1. The radii of the ends of a zone of a sphere are § in. and 6 in.
respectively ; the height is 4 in. : find the volume.

2. The radii of the ends of a zone of a sphere are 9 in. and 10 in.
respectively ; the height is 6 in, : find the volume.

8. The radius of the base of a segment is 3 in., and the height is 2 in. :
find the volume.

4. The radius of the base of a segment is 2 ft. 6 in., and the height g in. :
find the volume.

6. The height of a segment of a sphere is 3 ft., and the diameter of the
sphere is 10 ft. : find the volume of the segment.

8. The height of a segment of a sphere is 6 in., and the radius of the
sphere is 2 ft. : find the volume of the segment.

7. A sphere, whose diameter is 18 in., is cut through by a plane, the
perpendicular distance of which from the centre is 3 in. : find the volumes of
the two segments into which the sphere is divided.

8. A sphere whose diameter is 10 in. is divided into three parts of equal
heights by two parallel planes : find the volume of each part.

9. Find the volume of a zone cut from a sphere of diameter 6 in. by two
parallel planes both on the same side of the centre and distant from it 1'§
and 2 in. respectively.

10. Find the volume of a zone cut from a sphere of diameter 3 ft. 2 in. by
two parallel planes, on opposite sides of the centre, and distant from it 10 in.
and 7 in, respectively,

11. Find to the nearest gallon the quantity of water that is contained in
a bowl whose shape is a segment of a_sphere ; the depth of the bowl is 7 in.,
and the radius of the top I in.

12. A sphere, whose diameter is 10 ft., is divided into four parts of equal
heights by three parallel planes : find the volume of each part.

13. Find the volume of a spherical sector of the following dimensions :
radius of sphere 2 ft. 11 in., height of segment g in.

14. Find the volume of a spherical sector of the following dimensions :
radius of sphere 14 in., height of segment 2 in. .



104 Mensuration.

Examination Questions—XXVIIIL.
(Take » = 33, unless otherwise stated.)

Zomeg_of Spheres.
A. Bombay University L.C.E. : Second Exam.

1. A spherical zone is 4 ft. thick, and the diameters of its opposite faces
are 12 ft. and 8 ft. : find the volume.

2. What proportion of the volume of a sphere 12 in. in diameter is con-
tained between two parallel planes distant 2 in. and 4 in. from the centre and
on the same side of 1t ?

B. Sibpur Apprentice Dept. : Monthly Exam.

3. Find the volume of a spherical zone, the radii of the two ends being
3 ft. and 2 ft. respectively, and the height of the zone 1} ft.

C. Sibpur Apprentice Dept. : Annual Exam.

4. A hemispherical bowl of 6 ft. diameter is partially buried with its mouth
downwards, and in a horizontal position, so that only one-third of the height
appears above the ground : find what quantity of earth must be dug out in
order to leave the bowl entirely uncovered and just surrounded by a cylindrical
wall of earth,

D. Roorkee Engineer : Entrance.

8. Find the volume of a zone of a sphere, supposing the ends to be on the
same side of the centre of the sphere, and distant respectively 10 in. and 15 in.
from the centre, and the radius of the sphere to be 20 in.

E. Roorkee Upper Subordinate: Monthly.

8. A sphere, 16 in. in diameter, is divided into four parts of equal heights
by three parallel planes : find the volume of each part. (r = 3'1416.)

7. A globe 18in. in diameter is divided into three portions of equal heights
by parallel planes: what are the volumes of these portions ?

F. Roorkee Engineer : Final.

8. What is the solidity of a zone whose greater diameter is 9 ft. 3 in.,
lesser diameter 6 ft. 9 in., and height 5 ft. 6 in, ?

Segments of Spheres.
A. Bombay University L.C.E.: Second Exam.

8. Find the weight of a dumb-bell consisting of segments of two spheres
of 5 in. diameter joined by a cylindrical bar 7 in. long and 2 in, in diameter,
an iron ball 4 in. in diameter weighing 9 lbs,

10. A Stilton cheese is cylindrical in shape, while a Dutch cheese is
spherical : find the height of a Stilton cheese which stands on a base 6 in. in
diameter, and is equal in solid content to a segment of a Dutch cheese 44 in,
thick, the original diameter of the Dutch cheese being 13§ in.

B. Madras University : B.E. Exam.

11. Find the volume of a segment of a sphere when the radius of the base
is 16 ft., and height of segment § ft.
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C. Sibpur Apprentice Dept. : Monthly Exam.

12. The diameter of a sphere is 18 ft. ; the sphere is divided into two
segments, one of which is twice as high as the other : find the volume of each.

18. A bowl is in the shape of a segment of a sphere ; the depth of the bowl
is 9 in., and diameter of the top of the bowl is 3 ft. : find to the nearest gallon
the quantity of water the bowl will hold.

D. Sibpur Apprentice Dept. : Annual Exam.

14. If a heavy sphere whose diameter is 4 in. be put into a conical glass
full of water whose diameter at the rim is § in. and depth 6 in., how much of
the water will run over?

E. Sibpur Apprentice Dept. : Final Exam.

16. The height of a segment of a sphere is § ft. and the diameter of sphere
is 15 ft. : find the volume,

F.  Roorkee Upper Subordinate : Entrance.

18. The radius of the base of a segment of a sphere is 1 in., and the radius
of the sphere is 2} in. : find the volume of the segment.

17. The height of a segment of a sphere is 2 ft. 3 in., and the diameter of
the sphere is 6 ft. 3 in. : find the volume.

18. Find the edge of the greatest cube that can be cut out of the segment
of a sphere the radius of whose base is 10 in. and the height 5 in,

Sectors of Spheres.
A. Bombay University L.C.E. : First Exam.

19. A solid sector is cut out of a sphere of 10 ft. radius by a cone, the
angle of which is 120°: find the radius of the sphere whose sqlid contengs are
equal to those of the sector.

B. Roorkee Engineer : Entrance.

20. A cone is inserted in a sphere, the vertex of the cone being in the
centre of the sphere. The diameter of the sphere is 24 in. The radius of base
of cone is 15 in., and height 20 in. What weight does the sphere lose,
I cub. in, of the material weighing 0°25 1b.?

C. Roorkee Engineer: Final.

21, A cone 4 ft. high, the diameter of whose base is 6 ft., is set spinning
round on an axis which is a line joining the vertex and any point in the
circumference of the base : find the volume of the figure described.

Additional Examination Questions—XXVTIII.

2. Two tangents, 0P, 0Q, are drawn to a circle of radius 8 in, at Pand
Q, the angle between them being 60° If the figure is made to revolve about
the line joining O to the centre of the circle, find the volume of the solid so
formed. (Roorkee Upper Subordinate: Entrance.) .

28. A zoneof a sphere, diameter 2 ft., has for its ends two parallel circles
distant respectively 3 in. and 9 in. from a common pole: find the volume of
this zone. (Roorkee Engineer : Entrance.) -



CHAPTER XXIX.
ON SIMILAR SOLIDS.

176. Solids are said to be similafwhen they are of the same

shape, though they need not be of the same size.

AV

]

a

Thus the
pyramid 2 is similar to the
pyramid Q.

All cubes are similar to one
another, and so are all spheres.

A model of an engine is
similar to the engine itself. Any
solid is similar to itself when
magnified.

If a smaller pyramid be cut
off from a larger pyramid by a
plane parallel to-the base, the
smaller pyramid is similar to

the original pyramid.

177. If any two lines,
straight or curved, be drawn
in a solid, and if the two corre-
sponding lines be drawn in a
similar solid, these four lines

- will be proportionals,

Thus in the two similar
cones 4B8CD and abed—

Circumference BCD : cir-
cumference d¢d = height A £ :
height ae.

'"PROPOSITION XLII

178. Héw’nggiz/m the lengths of two corresponding lines drawn
in two similar solids, and the volume of one of these solids, to find the

volume of the other solid.

Let ABCD, FGHK be two similar solids.
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Let the cogaesponding lines £C and LA measure «, and a, of
the same linear unit respectively. J

Let the volume <
of the solid FGHK B
measure ¥, of any
solid unit.

It is required to \ >
find the volume of
the solid 4BCD in D
terms of @, @, and 7. < )

It can be prgved that the volumes of similar solids have to one
another the rat® of the cubes of the lengths of any two corre-
sponding lines that may be drawn in them, )

.. vol. of solid 4BCD : vol. of solid FGHK = EC* : LH3
that is— '

Volume of solid ABCD : V, = a?: af

Hence rule—

The volume of a solid is found by taking its ratio to the known
volume of a similar solid, and equating it to the ratio of the cubes of
known corresponding lengths in the two solids.

Or briefly—
Volume of first ratio of the cubes of corre-
solid : volume } = sponding lengths in first solid
of second solid and second solid

Vi:Vi=al:a® . . (i.)

8 /.~ 8 .
wim= A/ Viia/ Voo o o . . (i)
ILLUSTRATIVE EXAMPLES.

179. Example 1.—Find what height must be cut off a pyramid to
make one equal to four-fifths of the whole, the height of the pyramid
being 20 ft.

The smaller pyramid and the pyramid from which it is cut off are

Hence—

similar solids e e e e e e e e e e e e § 176.
Hence, if @, ft. = height of smaller pyramid, we have—
ata=YV ¥V, . . . . . . §178
where a, = 20,
Vl= 4,
Ve= 53

Saro=4:Y5
a, = 20}/ = 4¥/100
required height = 43/100 ft.
Ezxample 2.—A cubic foot of brass weighs gooo ozs.: find the
weight of a cube of brass whose diagonal is 12 in.
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The diagonal of 1 cub. ft. measures 4/ 3ft. . . . . . . §119.
Hence, if the cube of 12-in. diagonal weigh w ozs., we have, by
similar solids—

wigooo=13:(4/33 . . . . . . §178
.= 300
’ W3)P _
= 1000,4/3
= 1732°0%
required weight = 1732°05 ozs.

Example 3.—Divide a cone into three equal parts by planes parallel
to the base, and find the positions of these planes, the height of the
cone being 30 in.

Let the parallel planes be distant x in. and y in. respectively from
the apex of the cone.

Then, by similar solids—

#»izt=%11. . ... ... §178
Sox = 30%/%
= 103/18
alsop:3®=%:1. . . . . . . . . §178
Sy =303}
= 103/9

The planes are distant 103/18 in. and 103/ in. respectively from
the apex of the cone.

Ezxample 4—Supposing iron to be eight times the weight of oak,
what will be the diameter of an iron ball whose weight is equal to that
of a ball of oak 18 in. in diameter ?

Let w Ibs. be the weight of each ball,

~L&tw cub.in. and- ¥ cub. in. be the volumes of the balls of iron and
_ oak respectively. :
“Then— | .
8w
| 4
orv.V=1:8

But if 2, in. = diameter of iron ball—

v:V=a3:18 . . . . . . . 178.
a13:183=11:8 8

w——
v

g 18
vy
18

a = —=
/8

=9

Diameter of iron ball will be g in.

Ezxample 5.—The area of the base of a cone is 25 sq. in. : find the
area of the base of a similar cone whose volume is to that of the
former as 8 : 1.
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Let g, in. and 4, in. be corresponding lengths in the two cones®

Then— B B :
atay =318, .. . . . . 8178
alsoa, ta, = 25 :4/A4,. . . . . . §104

where 4, sq. in. = area of base of similar cone.
S Ay W25 = Y8
S AfA, =10
A, = 100

The base of the similar cone measures 100 sq. in.

Example 6—The radii of the ends of a frustum of a right circular
cone are 7 in. and 8 in. respectively, and the height is 3 in. : find the
position of a plane parallel to the ends which shall divide the volume
into two equal parts.

Complete the cone of which thdfrustum is a part.
If the figure represent a section of

this cone through its axis, we have— t A
GB =7 in.
ED = 8in.
BD = 3in.
And, if 4B = x in.—
rix+3=7:8. . . §66.
sox =2l

Now, let 7C indicate the position of
the cutting plane, and let AC = y in.
Also let the three cones A5G, ACF,
ADE = Wy, V,, V;cub. in. respectively.
Then, by similar solids—

ViVt Vag=218:5%124% §178. —
but V; - V,=V,= I .
.’.243—_;/§=y3--213 /
»o2p8 =243 4 218 = 23,085 In
S = 11542 :
Sy =225099 ... ” \
S BC=(22599 .. . = 21)in >4 Lo

= 1'53%. .. in.
And this determines the positiofi"bf the cutting plane.

Ezample 7.—A bucket has the form of a frustum of a cone, upper
diameter 13 ft., lower 1 ft., depth 14 ft. If the bucket be half filled
with water, to what height will the water rise if a sphere of 9 in.
diameter be placed in it ?

Volume of bucket = Uﬁ%(g)ﬂ + @2+ g}.cub. ft. . §162.

= 197 cub. ft.
32

= 1026x cub. in.
.". volume of half the bucket = 513~ cub. in.
Now complete the cone of which the bucket is a frustum.
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If tlg;, figure represent a section of this cone through its axis, we

S have—
A8~ AB =18 in,
a ’ o CD = 121in.
M N - GF =18in.
And, if £EF = xin—
rin:(x+18)in.=12:18 . . . . . §66.
Sor =36

B vom??: Bf cone}: 3.m.(6)%.36 cub. in. § 142,
= 432w cub. in.

By putting in a sphere of ¢ in. diameter, the

water in the bucket will rise through a volume of

3 .
1';59~<:ub.in.. e e e e e e . . . §166.

Hence, if the line /. indicate the level of the
water after the insertion of the sphere, the frustum
Z, E CMND will measure (5137 + 121'5m) cub. in.
= 634'5w cub. in.
Let y in. = the heighgto which the water will rise.
Then, by similar figures—

(36 +y): 36° = 106657 2 4327 . . . . . §178.

36 + y = 18Y%2
= 9¥/158

= 48655

Sy = 12°65%

The water rises to a height of 12°655 in.

Example 8.—A conical hole is gade in a spherical shell, the vertex

of the cong.being in the centre of the shell. The outer diameter of the

i AR o hole is 2'25 in., the inner diameter of

A E B~ the shell 13 in., and the thickness

ATET of the material 225 in. How much

\ of its volume does the shell lose?
(r = 3'1416.)

If the figure represent a section

through the centre of the sphere, we

have—
AB = 225 in.
OC = 6'5 in.
CA4 = 2'25in.
Let RE =7 in.

Then—
A(17'5 = /) = (1'125)2  §75.
B-3h+8t=0
= 0'07262
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., volume of sector OAEB = §.w7*% cub.in. . . §174.
where » = 875,
h = 007262 ;

hence volume of\ _ 5 . re)2 . N ;

sector OAEb’}_ % x 371416 x (875)2 X 0°07262 cub. in.

Now, scctor OCQD and sector O4 EB are similarssolids.

. 't‘;‘;hgncg’lf)sec'} =3 x 31416 % (875)2 % 0'07262 X ((86-75-5—)—)3 cub.in. §178.

Hence volume

6'5)% .
cut away }: X 31416 X 0°07262 X {(8'75)2 - ('—5—)} cub. in.

875
= % X 31416 x 007262 X 451767 cub. in,
= # X 31416 x 3-28073 cub. in.
= 687 cub. in. nearly.

The shell loses 6:87 cub. in. of its volume nearly.

Examples—XXIX,

1. Find the ratio of the volumes of two spheres whose diameters are as 7 : 2.

2. The volume of one cube is eight times the volume of another : if the
edge of the first is 2 ft. 6 in., what is the edge of the second ?

8. The heights of two similar pyramids are 6 in. and 7 in. respectively :
if the volume of the first is 50 cub. in., find the volume of the second.

4. If a sphere 5 in. in diameter weigh 8 1bs., find the weight of another
sphere of the same material 8 in. in diameter.

5. The height of a cone is 5 ft. : find the height of a similar cone twenty-
seven times its volume.

8. A pyramid whose height is 20 in. is cut into two equal parts by a plane
parallel to the base : find the height of each part.

7. The volumes of two similar prisms are as 343 : 125 : find the ratio of
their heights.

8. The weights of two cannon balls are as 1000 : 729 : find the ratio of
their radii. “

9. The weights of two similar cones are 5832 ozs. and 4913 ozs. respectively :
if the height of the first is g ft., find the height of the second.

10. A pyramid is cut by a plane parallel to the base and midway between
the vertex and the base: find the ratio of the volume of the frustum to the
volume of the whole pyramid.

11. The diameters of the ends of a frustum of a cone are respectively 12 ft.
and 8 ft., and the height of the frustum is 4 ft. ; the frustum is divided into two
equal parts by a plane parallel to the ends: find the distance of the plane
from the smaller end. :

12, Divide a pyramid into three equal parts by planes parallel to the base,
and find the altitudes of these parts, the height of the pyramid being 12 ft.

Examination Questions—XXIX.
A. Bombay University, Diploma of Agriculture: Second Exam.
1. A bucket is in the shape of a frustum of a cone ; the diameter at the

bottom is'9 in., and at the top I ft.; the height is I4 in.: when it is half
filled with water, find the depth of the water. :
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B. Punjab University : First Exam. in Civil Engineering.

2. Each edge of a cube is diminished by one-tenth of its length : by how
much is the volume diminished ?

C. Caleutta University : F.E. Exam,

3. If a right circular cone be divided into three parts by two planes
patallel to the base trisecting the axis, compare the three volumes into which
1t is divided.

D. Sibpur Apprentice Dept. : Monthly.

4. The base of a pyramid is 7} in. square : required the base of a similar
pyramid whose volume is to that of the former as rr1 : 11.

8. Compare the volumes of two similar cones whose circumferences are
respectively 15 ft. and 12 ft,

8. If a rectangular parallelopiped has its length, its breadth, and its depth
respectively a quarter as large again as another rectangular parallelopiped,
show that the first is nearly twice as large again as the second.

E. Sibpur Apprentice Dept, : Final,

7. A pyramid is cut into two pieces by a plane parallel to the base, mid-
way between the vertex and the base : show that one piece is equal to seven
times the other.

F. Roorkee Upper Subordinate: Entrance.

8. The diameters of the ends of a frustum of a cone are respectively 20 ft.
and 16 ft., and the height of the frustum is 5 ft. ; the frustum 1is divided into
two equal parts by a plane parallel to the ends: find the distance of the
plane from the smaller end.

9. The diameters of the ends of a frustum of a cone are respectively 20 ft.
and 16 ft., and the height of the frustum is § ft. ; the frustum is divided into
three equal parts by planes parallel to the ends: find the distances of the
planes from the smaller end.

10. Divide a cone whose height is 81 in. into three equal segments by
planes parallel to the base, and find the perpendicular height of each portion.

G. Roorkee Upper Subordinate: Monthly.

11. If the model of a steam-engine weigh 8o lbs., find the weight of the
engine made of the same material as the model, but of nine times its linear
dimensions.

12. The weights of two globes are as 9 : 25 ; the weights of a cubic inch
of the substances are as 15 : 9 : compare the diameters of the globes.

H. Roorkee Engincer : Final.

13. Show that the volume of a sphere whose radius is 6 in. is equal to the
sum of the volumes of the spheres whose radii are 3 in., 4 in., and 5 in.

14. Divide a cone into three equal parts by sections parallel to the base,
and find the altitudes of these parts, the height of the cone being 20 in.

Acdditional Examination Questions —XXIX.

16. Two cubical blocks of stone together contain 1,791,153 cub. in., and the
edﬁe of the less is to that of the greater as 3 :4. Find the edge of each.
(Allahabad University : Intermediate.)

16. A conical glass, 3 in. in diameter at the top and 4 in. deep, is half
filled with water: how much water does it contain, and how high does it
come in the glass? (Roorkee Upper Subordinate : Monthly.)



Part III.

CHAPTER XXX.
ON SOLIDS BOUNDED BY PLANE SURFACES.

180. The area of the whole surface of a solid is equal to the sum
of the areas of its bounding surfaces.  “ ~ %) s
If these bounding” Surfaces are plasic figires, the area of each
bounding surface can be found by one or other of the rules arrived
"at in plane menpsuration, and no further investigation is necessary.
The following solids are bounded by plane surfaces :— - -

Rectangular solids.
Prisms.

Pyramids.

Wedges.

Oblique frusta of prisms.
Prismoids.

Frusta of pyramids.

ILLUSTRATIVE EXAMPLES.

181. Ezample 1.—A plate of metal I in. thick, 8 in. broad, and
27 in. long, is melted into a cube. Find the difference in the surfaces
of the two solids.

of 7
""""""""" 277 -~
Surface of metal plate = 2(8 x 27 + 27 x 1+8 X 1) 5q. in. §8.
= §02 sq. in.
Volume of metal plate = (§ x 27 x 1)cub.in. . . . . . §1I5
= 216 cub. in.
edgeofcube—ﬂ216m R B § V2
=6 in.
- surface of cube =6 x (6 x 6)sq.in. . . . . . . . §O
= 216 sq. in.

hence difference in the) _ .. .
surfaces of the two solids} = (502 - '216) 5q. n.
= 286 sq. in.
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Example 2—A cistern open at the top is to be lined with sheet lead
which weighs 5% 1bs. to the square foot ; the cistern is 4 ft. 6 in. long,
2 ft. 8 in. wide, and holds 42 cub. ft.:
— find the weight of lead required.

[}
1
1
!
1
]
1
1
-
//
//

If x ft. = depth of cistern—
¥ x4y x 23 =42 §115.

or x = 3
42. """f v that is, depth of cistern = 31 ft.

.. quantity of lead necessary to line
4 the cistern—
A (41x2A+2><4lx31+2><°§
_______ T x3%) sq. ft. .. §8.
¥ o‘ = 62} sq. ft.
.. weight of lead required = 62} x 5} Ibs.
= 3411} Ibs.

Example 3.—~A box, without a lid, and made of wood 1 in. thick,
requires pajnting inside and out. Its exterior length, breadth, and
depth are 3, 2, and 1} ft. respec-
tively. How many superficial fect of
* paint will be required for each coat?
Outside surface —
={3x24+2(3+2) x 11+2(3 + 18)
{ x 1} sq. ft.
______ e e——" =(6+ 15 + 23) sq. ft
3 = 213} sq. ft.
Inside surface = {2§ x 1§ + z(zg + 13) x 1%} sq. ft. . §8.
(U + 119) sq. f,
= 184 sq. ft.
" each coat will require 40§ sq. ft. of paint.

7/
z — — —1

L __7

pid

Example 4-—F1nd the area of the whpj_g”smface of an oblique
prism having a regular octagonal base whose,
side is 4 ft, the lateral edges being 3 yds.;
and the perxmeter of a section perpendxcu]ar
to them g yds. 1 ft.

Area of the two end surfaces of the prism—

=2 x 2(4)*(1 + 4/2) sq. ft. . . §45.

= 64(1 + A/2) sq. ft.
Now, since the side faces of the prism
are all parallelograms having a common
lerg_gth which is equal to a lateral edge— -

“"Jperimeter of perpendie-
N aregug{;f;em‘l} { lar_section X lateral

edge

T

= (28 x 9) sq. ft.
= 252 sq. ft. _
hence the area of the whole surface = {252 + 64(1 + 4/2)} sq. ft.
= 406509 sq. ft.
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Ezxample 5—A pyramid has for its base an equi-
lateral triangle of which each side is 1 ft., and its slant
edge is 3 ft. : find its whole surface.

Slant surface of pyramid = 3 X -ZMMZ —ctsq ft. §24.
where ¢ = 1,
a=3;
.. slant surface of pyramid = 3 x }4/36 — 1 sq. ft.
= 4437 sq. ft.
base of pyramid = —4—3 sq.-ft. . . . §2r.
= 0433 sq. ft.
.. whole surface = 4'87 sq. ft. ncarly

Example 6—A right pyramid 10 ft. high has a square
base of which the diagonal is 10 ft. : find its slant surface.
Since the diagonal of-the square base = 10 ft.— ==

.". each side of the square base = R R 72
2

And since the height of the pyramid
= 10 ft.—

.. slant heighty _ A‘w:v*; \ %,
of pyramild} —-\/(IO)2+ ( :/—; )

~—o

¥ § 16.
=1 !
vz N
.. slant surface }_ 1, o 15 5
of pyramid §=4 %z X 1/2- % 7z sq.ft. ]
§ 20. |
= 150 sq. ft. -
B Example 7.—Find the
whole surface of a trigngular ‘

- ~—pyramid, each side of the SN
‘Base being 5 ft., and perpendicular height T
A section of the pyramid through a slant edge 4B, and
through C the middle point of a side of the base, will con-
tain B0 the perpendicular from the vertex B on to the base.
And the point lﬁ/tjwrﬁeot of this perpendicular, is so

situated that— y
Ch DC=34C. .. . L L. §03

~
=§.5%.i/;3~ft.. e oo §170

hence--

) _ 2
BC = GO +(—=) . . . . §16.
\/ > (44/3)
A== = 300419 ft.
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.. area of slant surface = 3 x } x I* x 300419 sq. ft. . § 20.
= 247'843 sq. ft.
also area of base = (53)?. #3sq.ft. . . . . . §zr
4

13'098 sq. ft.
26094 sq. ft.

hence area of whole surface

Example 8.—The altitude of a square pyramid is 20 ft.: find
, " the perpendicular distance from the vertex
E: " of a horizontal plane which will cut the
area of the slant surface into two equal
parts.

Let 4BCD in the figure indicate
the position of the cutting .plane, and let
x ft. = the perpendicular distance of the
cutting plane from the vertex of the
pyramid.

Then, by similar figures—

c’“,j' xi20=EB:EF . . §177.
But, by similar figures—
EB:EF=,1:42 . . §104

Lxi20=4/114/2
or ¥ = 10,/2

. = 14'1421

FJf Required distance is 141421 ft.

Example 9.— The perpendicular height of a pyramid is 100ft., and
its base is 120 ft.square; 35 ft. of per-
pendicular height is removed from
the summit : what will then be the
whole exposed_superficial area of
the remainder? T

The remainder will be a frustum
of the pyramid.

The top of this frustum will be a
square.

Let each side of the top = x ft.

Then, by similar figures—

x:120=35:100 §177.
orx =42

Again—

Slant height of pyramid = o/(65F + (100} ft. . . § 16
= 204/34 ft.

.And, if y ft. = perpendicular distance between the parallel sides of
eagh slant face of the frustum, we have, by similar figures—
yt204/34=65:100. . . . . . . . . §177.
ory = 134/34
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hence area of slant surface = 4 x {}(42 + 120) X 134/34} sq. ft. §39.
= 24,5259‘96 sq. ft.
also area of top = (42)?sq.ft.. . . . . . . . §o.
) hol = 1764 sq. ft.
ence whole exposed) _ .
superficial area }_ 26,323'96 sq. ft.

“ Examples—XXX. .o
Rectangular Solids. SR

-
ar

Find the areas of the whole surfaces of rectangular solids having the
following dimensions :—

1. 3 ft. 6in., 2 ft. 9 in, 2 ft. 6 in.

2. 4 ft. 7in,, 3 ft. 101in., 3 ft. in.

3. 2 yds. 2 ft. 9in., 2 yds,, 1 yd. 2 ft. 7 in.

Find the areas of the whole surfaces of cubes having the following edges :—

4. 3 ft. 7in.

6. 1yd. 2ft. 6in,

8. 2 yds. 2 ft. 8 in.

7. Find the cost of painting the outside of a rectangular box whose length
is § ft. 4 in., breadth 4 ft. 6 in., and height 4 ft. 3 in., at 3d. per square yard.

8. Find the edge of a cube whose surface has the same area as that of a
rectangular solid of the following dimensions: length 10 ft., breadth 7 ft.,
depth 6 ft.

9. Find the area of the surface of a cube whose volume is equal to the
volume of a rectangular solid of the following dimensions : length 9 ft.,
breadth 7 ft., depth 3 ft.

10. The base of a rectangular solid is a square, and its height is twice its
length : if its volume is 2000 cub. in., find the area of its surface.

1. The base of a rectangular box is a square, and its internal depth is
half its internal length : if the capacity of the box is 4000 cub. in., and if the
box is without a lid, find its internal surface.

12. A rectangular box is made of wood I in. thick ; the box is fitted
with a lid : if the internal dimensions are 4 ft. 6 in., 3 ft. 8 in., and 3 ft.
§ in., find the area of the whole external surface.

13. Find to the hundredth part of one inch the edge of a cube whose
surface measures 10 sq. ft.

14. Find to the nearest penny the cost of lining the sides and bottom of
a rectangular cistern 10 ft. 4 in. long, 6 ft. 2 in. broad, 6 ft. 8 in. deep, with
sheet lead which costs 25s. per cwt. and weighs 8 lbs. to the square foot.

16. Verify the statement that to make a rectangular box, witk a /id, of a
given capacity from a minimum of material, the cube is the most advantageous
shape.

18. Verify the statement that to make a rectangular box, witkout a lid, of
a given capacity from a minimum of material, the most advantageous shape
is that in which the height is half the length and the base is a square.

Prisms.

17. Find the area of the whole surface of a right triangular prism whose
height is 36 ft., and the sides of whose base are 51, 37, and 20 ft. respectively.
8. Find the area of the whole surface of a right triangular prism whose
height is 7 yds., and the sides of whose base are 25, 39, and §6 ft. respectively.
19. Find the area of the whole surface of a right prism whose height is

6 ft., and whose base is a regular hexagon of side 2 ft.
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20. Find the area of the whole surface of a right prism whose height is
10 in., and whose base is a reg octagon of side I in.

21. Find the area of. the whole surface of a right prism whose height is
2 ft. 3 in., and whose base is an equilateral triangle on a side of 1 ft.

2%. Find the cost of polishing the side surfaces of a right prism whose
height is § ft. 3 in., and whose base is a regular nonagon of side 1 ft. 8 in. at
104, per square foot.

25. The base of a right prism is a triangle whose sides measure 13, 14,
15 in. respectively : find the height of the prism if the whole surface mcasures
4 sq. ft. 12 sq. in,

4. Find thes area of the whole surface of an oblique prism having a
square base whose side is 8 in., the lateral edges being 2 ft. 3 in. and the
perimeter of a section perpendicular to them 3 ft. 2 in.

25. The area of the whole surface of a right prism on an equilateral
triangle as base is 254/3 sq. in., and the area of the lateral surface is equal
to the area of the two ends : find the height of the prism.

Pyramids.

26. Find the area of the whole surface of a right pyramid whose base is

a square of side 2 ft. 6 in., and whose slant height is 2 ft. g in. /o
7. Find the area of the whole surface of a regular tetrahedron whose €dge
measures § ft.

28. Find the area of the whole surface of a right pyramid whose base
is a regular hexagon of side 10 in., and whose slant height is 1 ft.

29. Find the area of the whole surface of a right pyramid whose base is a
square of side 40 in., and whose other edges each measure 20'5 in. .

30. Find the area of the whole surface of a r_ig_htnpyran‘lid whose base is a
square of side 16 in., and whose feight is 29 in. - .

31. Find the height of a right pyramid whose whole surface megéur'cs
2704/ 3 sq. in., and whose base is an equilateral triangle of side 104/3 in.

82. Find the cost of polishing the whole surface of a right pyramid whose
slant height is 14 in., and whose base is a regular octagon of side 1 in. at 6d.
per square inch. =

3%. Find the slant surface of a right pyramid whose height is 65 in., and
whose base is a regular hexagon of side 484/3 in.

34. A pyramid, on a square base, has four equilateral triangles for its four
other faces, each edge being 9 in. : find the whole surface.

86. The slant edge of a right regular hexagonal pyramid is 65 in., and the
height is §6 in. : find the area of the basc. !

Wedges. r \s

88. The length of the base of a wedge is 70 in., its breadth is 56 in. ; the
edge of the wedge is 86 in. : if the other sides of the trapezoidal faces are each
32°5 in., find the area of the whole surface of the wedge.

87. The length of the base of a wedge is 60 in. and the breadth 24 in. ;
the height of the wedge is 9 in. and the edge 52 in. If the ends of the wedge
are equally inclined to the base, find the area of the trapezoidal sides.

- _‘ \a
.\‘gr N Oblique Frusta of Prisms.

88. The base of a right ;;rism is a regular heptagon of side 3 ft.; an
oblique frustum is obtained by cutting off a portion of this prism so that the
sum of the seven parallel edges is 38 ft. 6 in. : find the area of the side faces
of the frustum.
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39. The cross-section of an oblique prism is a regular pentagon of side
I ft. 6 in.; an oblique frustum is obtained by cutting off a portion of this
prism so that the sum of the five parallel edges is 22 ft. 6 in. : find the area
of the side faces of the frustum.

Prismoids.

40. The ends of a prismoid are rectangles whose corresponding dimensions
are 56 ft. by 28 ft. and 20 ft. by 15 ft. respectively ; each of the remaining
edges is 42 ft. 6 in. : find the area of the whole surface.

41. A prismoid has one end in the form of a square of side 16 in., the
other in the form of a regular octagon of side 8 in., four sides of the octagon
being parallel to the sides of the square : if the other edges of the prismoid
each measure 8'5 in,, find the area of its lateral surface. '

Frusta of Pyramids.

42. The ends of a frustum of a pyramid are equilateral triangles of sides
9 ft. and 13 ft. respectively : if the distance between the parallel sides of each
trapezoidal face is 6 ft. 4 in., find the area of the slan? surface of the frustum,

438. The ends of a frustum of a pyramid are squares of sides 2 ft. 6 in.
and 3 ft. 9 in. respectively : if the distance between the parallel sides of each
trapezoidal face is 3 ft. 4 in., find the area of the who/e surface of the frustum,

44. Find to the nearest penny the cost of polishing the whole surface of
a frustum of a pyramid whose ends are regular hexagons of sides 3 ft. and
4 ft. respectively, and whose slant height is 1 ft. 6 in., at 3d. per squaré inch.

45, The ends of a frustum of a pyramid are squares of sides 4 in. and
10 in. respectively ; the height is 4 in. : find the area of the whole surface,

Examination Questions—XXX,
(Take = = 3%)

Rectangular Solids.
A.  Roorkee Engineer : Entrance,

1. Find the cost of lining the sides and bottom of a rectangular cistern
12 ft. 9 in. long, 8 ft. 3 in. broad, 6 ft. 6 in. deep, with sheet lead which costs
41 8s. per cwt., and weighs 8 Ibs. to the square foot. N

2. The diagonal of the base of a cube 1s 2 ft. : find its volume and whole
surface. What will be the least possible loss of material in turning it into a

ball ?
8. How many coins § in. in diameter and } in. thick must be melted down

to form a cube whose surface measures 54 sq. in. ?

B. Roorkee Upper Subordinate: Entrance.

4. A cube contains 650°962 ft. : find the cost of covering it with material
2 ft. 2 in, wide at 9d. per yard.

C. Roorkee Engineer : Final,

5. The adjacent edges of a rectangular box are 3°428571 in., 5142857 in,
and 10°385714 in. : find the cost of gilding its exterior at 134, per square inch.

8. The cost of a cube of metal at £73 10s. 44. per cubic inch is £1206 4s. 44. :
find the cost of gilding it over at 3. per square inch.

7. Cotfipare the area of a section of a cube through two opposite edges
with the whole surface of the cube.
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8. If a punkah frame 15 ft. long, 24 ft. wide, and 1} in. thick is to be
covered with cloth, how many running feet of cloth will be required, supposing
the cloth to be 2 ft. wide ?

Prisms.
A. Bombay University, Diploma in Agriculture: Second Exam.

9. What is the area of the surface of an oblique prism having a regular
hexagonal base whose side is 10 in., the lateral edges being 20 ft., and the
perimeter of a section perpendicular to them 4} ft. ?

B. Superior Accounts.

10. The area of the whole surface of a regular octagonal prism is 2070
sq. ft., and the area of the lateral surface is twice the area of the top : find the
length of each side of the base.

Pyramids.
A. Bombay University, Diploma of Agriculture: Second Exam.

11. A pyramidal roof 12 ft. high, standing on a rectangular base 18 ft. by
32 ft., is covered with slates which cost 18s. 94. per hundred, and each of
which has an exposed surface of 12 in. by 9 in. : find the cost.

B. Bombay University : L.C.E. Second Exam.
12. Show how to find the area of the surface of a regular pyramid.

C. Punjab University : First Exam. in Civil Engineering.

13. Find the area of the inclined surface of a square pyramid, each side
of the base being 3 ft., and the slant height 15 ft.

D. Caleutta University: F.E. Exam.

14. Find the slant surface of a right pyramid of height % on a regular base
of side @ and of # sides.

E. Roorkee Engincer: Entrance.

15. It is desired to cover a piece of ground 21 ft. square by a pyramidal
tent 14 ft. in perpendicular height: find the cost of the requisite canvas at
5 annas a square yard. ,

16. Find the area of the whole surface of a triangular pyramid contained
by four equilateral triangles, a side of each being 10 ft.

17. The Pyramid of Cheops is 750 ft. square and 4350 ft. high. What
would it cost to restore the surface to its original splendour with polished
granite at the rate of £1 per superficial foot ?

F. Roorkee Upper Subordinate: Entrance.

18. A pyramid has for its base an equilateral triangle, of which each side
is 2 ft., and its slant edge 6 ft. : find its exposed surface.

19. Find the area of the whole surface of a pyramid on a triangular base,
having its other faces equal, each side of the base is 1°4§ in., and the slant
edge of the pyramid is 2'68 in.

20. The slant edge of a hexagonal spire 75 ft. high is 77 ft. : find the cost
of painting at Rs.4 per 100 superficial feet.
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G. Roorkee Engineer: Final.

21. Find the cost of canvas required for a single-pole tent 12 ft. square
with walls 6 ft. high. Roof slopes at an angle of 45°, and projects 3 ft. beyond
the walls all round ; canvas cloth 2 ft. 3 in, wide costs 14 annas per yard.

)

Prismoids. g
Roorkee Engineer: Entrance.

922. A prismoid has one end in the form of an equilateral triangle of side
2 ft., the other end in the form of a regular hexagon of side 1 ft., three sides
of the hexagon being parallel to the three sides of the other end ; the height
is 3 ft. : find the area of its surface.

R Frusta of Pyramids.
A. Bombay University, Diploma of Agriculture : Second Exam.

28. Find the surface of the frustum of a square pyramid, each side of the
base or greater end being 3 ft. 4 in., each side of the top or lesser end being
2 ft. 2 in., and each of the edges of the frustum being 10 ft.

B. Madras University : B.E. Exam,

24. The ends of a frustum of a pyramid are hexagons with sides of 6 ft.
and 4 ft. respectively ; the slant height is 10 ft. : find the surface.

C. Roorkee Engincer: Entrance.

25, The area of the surface of a frustum of a square pyramid is 100 sq. ft.,
the perimeter of the base is 13 ft. 4 in., and the slant height is 10 ft. : find the
area of the top.

Additional Examination Questions—XXX,

28. A frustum of a regular pyramid has square ends ; the edge of the lower
end is 10 in., and that of the upper end is § in., and the height of the frustum
is 7% in. : find the length of a slant edge of the frustum and the area of the
slant faces. (Roorkee Upper Subordinate : Entrance.)

27. A box with a lid is made of planking 1} in. thick : if the external
dimensions be 3 ft. 6 in., 2 ft. 6 in., and I ft. g in., find exactly how many
square feet of planking are used in the construction. (Punjab University :
First Exam, in Civil Engineering.)

28. A rectangular block of stone is to be polished on all its faces except
that resting on the ground. By putting three different faces down, the total
surfaces to be treated are found to be 412, 394, and 404 sq. ft. respectively:
what are the dimensions of the block ? (Roorkee Engineer : Final.)

29. A prismoid has one end in the form of an equilateral triangle of side
3 ft., the other end in the form of a regular hexagon of side 2 ft., three sides
of the hexagon being parallel to the three sides of the other end. The height
is 3 ft. : find the area of its surface. (Roorkee Upper Subordinate : Entrance.)



CHAPTER XXXI.
ON CYLINDERS AND RINGS.
PROPOSITION XLIIL

182. 70 find the arca of the curved surface of any cylinder, having
grven the length of the cylinder and the perimeter
of t2s cross-section by a plane perpendicular to its

Y
axis.

We have seen (§ 125) that a cylinder may
be defined as the limit of a prism, the number
of whose sides is indefinitely increased while
the breadth of each side is indefinitcly

Sl

| diminished.
Now the area of the side surfaces of any
prism is evidently equal to—

2 X /square units

where p linear units = perimeter of a cross-
section of the prism
by a plane perpen-
dicular to the axis,
Z linear units = length of the prism ;
. area of curved surface of | = | perimeter of cross-section
any cylinder } Jl X length
= p/ square units

Hence rule—

Multiply the number of any lincar unit in the length of a cylinder
by the number of the same linear unit in the perimeter of a cross-
section by a plane perpendicular to the axis, then the product will give
2he number of the corresponding square unit in the area of the curved
surface.

Or briefly—
Curved surface of} _ { perimeter of cross-sec-
cylinder 5 - } tion x length
=p



On Cylinders and Rings. 123

PARTICULAR CASE.

183. Right circular cylinder.

Here the base of the cylinder is a cross-
section by a plane perpendicular to the axis;
and the length of the cylinder is the same as its
height.

*. curved surface of a}
right circular cylinder

0

S S

_ { circumference of base
- X height
= C x / square units
Hence— -
Whole surface of right) _ {g-ﬁ-r(r + /%) square
circular cylinder } ~ | . units

where 7 linear units = radius of base, P
/ linear units = height. ﬁ
184. A segment of 4 right circular cylinder by a plane parallel
to the axis is a prism in the wider sense of

the term (see § 126). Hence the area of its
side surfaces is determined by the formula—

S = p X { square units

where p linear units = perimeter of one end
of segment,
/ linear units = length of segment.

The perimeter of an end is determined
by the formul® for the arc of a circle (see
§§ 79, 81). -

The areas of the ends are determined -
by the formule for the segment of a circle |,~

(see §§ 88, go). _
Rings. % \

185. A cylindrical ring has been roughly described as a right
circular cylinder bent round in a circle until its ends meet. Since,
in bending the cylinder to form a ring, the inner portion is as much
contracted as the outer portion is expanded, the surface of the
ring may be seen to be the same as the surface of the original.
cylinder. Hence the surface of a cylindrical ring is equal to the
surface of a right circular cylinder whose base is the same as the
cross-section of the ring, and whose height is equal to the length
of the ring.

That is—

Surface of a cylin- { _ § perimeter of cross-section X length of
drical ring } - i
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The same reasoning applies to the case of any ring whose
cross-section is a figure symmetrical about a line in its own
plane perpendicular to the plane
of the ring (see figures to § 133).

186. In the particular case of
the cylindrical ring, the following
formule may be easily verified :—

= 7(R* —7%)
S=3C"=-¢Y
where S = surface area,
R and » = outer and inner radii
respectively,
C and ¢ = corresponding circum-
ferences.

ILLUSTRATIVE EXAMPLES.

187. Example 1.—The radius of a right circular cylinder is
2 ft., and the area of its whole surface

20 x w sq. ft. : what is the volume of a
cone on the same base and of the same

height?
It /4 ft. = height of cylinder, we have—
2wr(l+7)=20m. . . . §183.

where » = 2;
So4n(h + 2/2 = 207

———t - —
P E'-s\

hence vol. o
required cone

=3.7.(2)%. 3.cub.ft. § 142.
= 4= cub. ft.

Ezxample 2—The whole surface of a right circular cylinder is

O 7 sq. ft. 37 sq. in., and the diameter of the base is
half the height : find the height.

If % in. = height, we have—
2er(h+7)=1045. . . . §183.

where » = =
A p
. Y/
E . zw.a(h+z = 1045
! =532
:' k= 2306

height of cylinder = 2306 in.
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Example 3.—A right circular cylinder, whose height is 12 ft., and
the radius of whose base is 10 ft., is cut into two segments by a plane
parallel to the axis and distant 5 ft. from ‘B
it : find the area of the whole surface of
the larger segment. (v = 3'1416.)

Let the figure represent one end of the
larger segment of the cylinder, so that
AC indicates the position of the cutting

plane.
Now, because— '
EC = 10ft. ?
and £D = 5 ft. 4 H :
and Z EDC is a right angle— A D (o]
s LDEC = 60° _
andDC:l"—;/—?’ft. R ¥ 2
or AC = 104/3 ft.
Again—
Arc ABC =%§§ x 2.r.10ft. . . §79.
= 4or
3

.. perimeter of segment ABCD = (loJ—j + 497 g,

= perimeter of one end of the
segment of the cylinder
Also—

Area of segment ABCD = (348 x =. 10 +3.5.104/3)
sq.ft. . . . §§ 84, 20.

= (3%0-—' + 25ﬁ) sq. ft.

But area of whole surface of segment = (perimeterof an end x height
of segment) + area of two
ends . . . . . §182.
hence area of whole 4or 200m —
surface of segment }={(I°~[5+ T)x 12+2<T +254/3)} sq. ft.
={710'502 + 505°482} sq. ft.
= 1215°98 sq. ft.

Example 4.—The thickness of a solid
cylindrical ring is 1°5 in., and its outside
diameter 8 in.: find its surface. (*=3'1416.) 75"

Surface of ring = $ x /sq.in. . § 18s.

wherepg=15x=. . . . . . . §69.

/=x8-15). . . . . . §69

.. surface of ring = = .(1'5).7.(6°5)sq.in.
= 96229 sq. in.




126 Mensuration.

Examples—XXXI.
(Take = = %, unless otherwise stated.)

Find the arcas of the cwrved surfaces of the following right circular
cylinders :—
1. Radius of base 1 ft. 9 in., height 6 ft.
2. Diameter of base 2 ft. 3 in., height 7 ft. 2 in.
8. Circumference of base 5 ft. 2 in., height 1 ft. 7 in.

Find the areas of the whol surfaces of the following right circular
cylinders :—

4. Radius of base 10 in., height 2 ft. 3 in.

5. Diameter of base 1 ft. 4 in., height 2 ft. 10 in.

8. Circumference of base 11 ft., height 3 ft. 2 in.

7. The curved surface of a right circular cylinder is 1 sq. ft. 54 sq. in.,
and the height is 3 in. : find the radius of the basc.

8. The curved surface of a right circular cylinder is 1 sq. ft. 76 sq. in.,
and the diameter of the base is 10 in. : find the height.

9. The whole surface of a right circular cylinder is 53 sq. ft., and the
radius of the base is 6 in. : find the height.

10. The whole surface of a right circular cylinder is 2 sq. ft. 20 sq. in.,
and the height is 104 in. : find the radius of the base.

11. The whole surface of a right circular cylinder is 8 sq. ft. 80 sq. in.,
and the height is three times the radius of the base : find the radius of the base.

12. Find to the nearest penny the cost of polishing the whole surface of
a right circular cylinder whose height is 12 ft., and the radius of whose base
is 1 ft. 3 in., at the rate of 104. per square foot.

18. The volume of a right circular cylinder is 1100 cub. in., and the radius
of its base is § in, : find the area of its curved surface.

14. What is the proportion between the height of a right circular cylinder
and the radius of its base when the area of the two ends is equal to half the
area of the curved surface ?

15. A right circular cylinder whose length is 1 ft. and_the radius of whose
base is 6 in. is cut into two segments by'a plane parallel to the axis and
distant 34/3 in. from it: find the area of the whole surface of the smaller
segment. (m = 3°'1416.) _

186. If the plane in Example 13 is distant 34/2 in. from the axis, find the
area of the whole surface of the smaller segment. (w = 3°1416.)

17. Verify the statement that to make a vessel of a given capacity, without
@ lid, in the form of a right circular cylinder from a minimum of material, the
most advantageous shape is that in which the height is equal to the radius of
the base.

18. Verify the statement that to make a vessel of a given capacity, witk a
lid, in the form of a right circular cylinder from a minimum of material, the
most advantageous shape is that in which the height is equal to twice the
radius of the base.

19. The length of a cylindrical ring is 36 in., and the radius of the cross-
section is 1§ in. : find the area of the surface of the ring.

20. The radius of the inner circumference of a cylindrical ring is 7 in.,
arid the diameter of the cross-section is 3 in. : find the area of the surface of
the ring.

21.g The diameters of the outer and inner circumferences of a cylindrical
ring are 9 in. and 7 in. respectively : find the area of the surface of the ring.

29, The area of the surface of a cylindrical ring is 2144} sq. in., and the
diameter of the cross-section is 1} in. : find the radius of the inner circumference.
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Examination Questions~XXXI.
(r=7%.)
Cylinders.
A.  Punjab University : First Exam. in Civil Engineering.

1. A well is to be dug 5 ft. diameter clear inside, and 36 ft. in depth
(excluding the curb), with a brick lining of 9 in. thickness : find plastering
in square feet of expgged surface.

B. Calentta University : F.E. Exam.
2. The whole surface of a cylindrical tube is 264 sq. in. : if its length is
5 in. and its external radius 4 in., find its thickness. -
C. Roorkee Engineer: Entrageer [

3. The same number expresses the solidity and convex sykface of a
cylinder : what is its diameter ? e

D.  Roorkee Upper Subordinate: Monthly.

4. What is the proportion between the height of a cylinder and the
diameter of its base when the curved surface is equal in area to the two ends ?

Rings.
A, Bombay University : L.C.E. Sccond Fxam,

5. Investigate the area of the surface of a cylindrical ring.

B. Roorkee Engineer : Final.

8. The radius of the inner boundary of a ring is 14 in. ; the area of the
surface of the ring is 100 sq. in. : find the radius of the outer boundary.

C.  Superior Accounts.

7. The area of the surface of a ring is 120 sq. in. ; the radius of the cross-
section is I in. : find the length of the ring.

Additional Examination Questions—XXXI.

8. A sheet of metal } in. thick is made into a pipe whose internal
diameter is half an inch. This pipe is placed round a
cylinder 1 ft. in radius: find the area of the external
surface of the pipe. (Calcutta University : F.E. Exam.)

9. The cross-section of a pillar 30 ft. high is as
shown, a side of the inner square being 2 ft., and the
circular segments touching each otherat 4, #, C,and D:
find to the nearest rupee the cost of polishing the
exposed surface of the pillar at R.1 per square foot.
(The ends of the pillar are not exposed. (Roorkee
Engineer : Final.)




/ CHAPTER XXXIIL
OoN OBLIQ?JE FRUSTA OF RIGHT CIRCULAR CYLINDERS.
PROPOSITION XLIV.

188. 70 find the area of the curved surface of an oblique frustum

of @ right circular cylinder, having given the length of the frustum
-« and the radius of ils cross-section.

C- Let ABCD be an oblique frustum of

{C! a right circular cylinder.

Let its length £F and the radius of
its cross-section measure / and » of the
same linear unit respectively.

It is required to find the area of the
curved surface of 4BCD in terms of /
and 7.

Consider the right circular cylinder
A'B'C'D', whose ends lie in parallel planes
through £ and 7.

Since the wedge-shaped portions FCC'
and FDJ' are equal in all respects, and
since the wedge-shaped portions £4 4’ and

- EBB are equal in all respects—

; «+ the curved surface of the cylinder
iB A'B'C'D' is equal in area to the curved |
surface of the frustum 45CD

I’ But the curved surface of the cylinder

A'B'C'D = 2 wrX { square units. § 183.
.. the curved surface of the frustum ABCD = 2mr X /square
units

Hence rule—

Multiply the number of any lincar unit in the length of an oblique
Jrustum of a right crcular cylinder by the number of the same linear
unit in the circumference of its cross-section, then the product will give
the ;mmber of the corvesponding square unit in the area of ils curved
surface.
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Or briefly—

Curved surface of oblique
frustum of right circular | = {
cylinder

circumference of cross-
section X length

S = 2arl

ILLUSTRATIVE EXAMPLES.

189. Example 1.—The radius of the base of a
right circular cylinder is 2 ft. 3 in. : find the area
of the curved surface of an oblique frustum of
this cylinder, if the length of the frustum is
' 6 ft. 9 in.

Area of curved surface = 277/ sq. in. § 188

where » = 27,
/=281,
.. area of curved surface = 2. %2 . 27. 81 sq. in.
= 13,746% sq. in.
= 10 sq. yd. § sq. ft.
6649 sq. in.

S, 3£ XA

Example 2.—The
—ee=H-plg” cross-section of an 0
Z 't====9 oblique cylinder is a
circle whose radius is
5 ft.: find thc area of the curved surface

of an oblique frustum of this cylinder, if the N
length of the frustum is 2 yds. I ft. 9 in. ‘\

Area of curved surface = 2wr/sq. ft. § 188.
where » = 5,
l=7%;
~.area of curved surface = 10 X 3% x 3
sq. ft.

243% sq. ft.

Examples—XXXTT.
(Take = = 32.)

1. The radius of the base of a right circular cylinder is 1 ft. 9 in. : find the
area of the curved surface of an oblique frustum of this cylinder, if the length of
the frustum is 4 ft. 10 in.

2. The radius of the base of a right circular cylinder is 2 ft. 3in. : find the
area of the curved surface of an oblique frustum of this cylinder, if the length of
the frustum is § ft. 6 in.

8. The radius of the base of a right circular cylinder is7 in. : find the area
of the curved surface of an oblique frustum of this cylinder, if the length of
the frustum is 2 ft. 5 in.

4. The area of the curved surface of an oblique frustum of a right circular
cylinder is 7 sq. ft. 48 sq. in. : if the length of the frustur is 2 ft, 4 in., find
the radius of the base of the cylinder.

F



CHAPTER XXXIIIL
ON RIGHT CIRCULAR CONES.
PROPOSITION XLV.

190. 70 find the area of the curved surface of a right circular
cone, having given the slant height of the cone and
the circumference of its base.

Let ABCD be a right circular cone.

Let its slant height and the circumference of
its base measure s and C of the same linear unit re-
spectively.

It is required to find the area of the curved
surface of ABCD in terms of s and C.

If we suppose the cone 4BCD to be hollow
so that it can be cut along the line 45 and opened
* out, it is evident that its curved surface will assume
the form of the sector of a circle £FGH whose
radius EF is equal to the slant height of the cone (s linear
units), and whose arc #GH is equal to the circumference of the
base of the cone (C linear units)

. Area of curved| -- { area of sector
surface of cone | - EFGH

=21 C . s square

units . § 86.

Hence rule—

Multiply the number of any linear
H wnit in the circumference of the base of a
» 7ight circular cone by the number of the
same lincar unit in the slant height, then
half the product will give the number
of the (orre.\porzdmv square unit in the curved :wfaw

#0r briefly—

Curved surface of right}> | #(circumference of base)
circular cone ic X (slant height)
8 =1Cs
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191. This formula can easily be shown to be equivalent to the
formula—

S=aryf/it +

where / linear units is the height of the cone, and # linear units is
the radius of the base of the cone.

And the w/hole surface of a right circular cone is determined by
the expression—

(S TEF 7+ 7)

where /% and 7 have the same significance.

ILLUSTRATIVE EXAMPLES.

192. Example 1.—How many yards of canvas, 27 in. wide, are
required to construct a conical tent
18 ft. in diameter and 13 ft. in height?
(m = 3'1416.)
Curved surface

of tent
where » = g,
k=13;
.~ curved sur-} _ TUCHNPY

face of tent} =9m. */i?’_'l' 9" sq. ft.

=gm. 4/250 sq. ft.

and length of canvas required =

}=1rr~/7t~2?i-_r§ sq.ft. §191.

7

———_
==

N

97 X 4/250 X 144
27 x 36
= 66229 yds.

yds. . §8.

Example 2—The area of the whole surface of a right circular cone
is 15 sq. ft., and the slant height is three times .

the radius of the base : find the radius of the
base. (r = 3'1416.)

Area of the whole sur—} _ {w’( N+ 72+ 7)
face of the cone 1 sq.ft. . . §i91.

where /224 =s=3. . . . . . §16.
Soqrrt =1
=3
4
1°1936.

y= 109 ...
radius of base = 109 ft. nearly
Example 3—A cone is 200 ft. high, and its slant height is inclined

30° to the horizon: find the area of its curved surface in acres.
(r = 3'1416.) -
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If s ft. and 7 ft. be the slant
height and the radius of the base
of the cone respectively, we have—

s=400 . . . . . §17.

r= é°°T~/§ =2004/3 §17.
.. area of curved surface of cone = 4. C.ssq. ft.. . §190.
where C = 27.2004/3 « . « « « « . . . . . . . . §69.

5§ = 400;

hence area of curved surface of cone = }. 2. 2004/3 . 400 sq. ft.
= 435,312'85 sq. ft.
= 9'993 acres

Example 4.—The curved surface of a right circular cone is
32 sq. ft. 56 sq. in.,, and the height is
3 ft. 9 in. : find the radius of the base.

Curved surface
of cone

where £ = 45 ;
S A45% + 7P = 4664
7a/45% + 72 = 1484
7%(2025 + 7%) = (1484)*
7t =784
Sor=28
radius of base = 2 ft. 4 in.

}:m@/lﬂ-T—?‘" sq- in. § 191,

Examples—XXXTII.
(Take = = 3.)

Find the areas of the curved surfaces of the following right circular cones,
having—
lg. Circumference of base 3 ft. 6 in. ; slant height 1 ft. 10 in.
2. Circumference of base 4 ft. 7 in, ; slant height 2 ft. 5 in.
8. Diameter of base 2 ft. 3 in. ; slant height 1 ft. 10 in.
4. Radius of base I ft. 2 in. ; slant height 2 ft.
5. Radius of base 8 in. ; height 15 in.
8. Diameter of base 1 ft. 10 in, ; height s ft.
7. Diameter of base I ft. 6 in. ; height 3 ft. 4 in.
8. Circumference of base 3 ft. 8 in. ; height 2 ft.
N Find the areas of the w/ol surfaces of the following right circular cones,
aving—
9. Radius of base 2 ft. 3 in. ; slant height 4 ft.
10. Radius of base 3 ft. 6 in. ; slant height 5 ft. 3in.
11. Circumference of base 7 ft. 4 in. ; slant height 2 ft. 6 in.
12. Radius of base 5 in. ; height 1 ft.
18. Diameter of base 2 ft. 6 in. ; height 9 ft 4 in.
14. Circumference of base 11 ft. ; height 6 yds. 4 in.
16. The curved surface of a right circular cone is 176 sq. in., and the slant
height is 8 in. : find the radius of the base.
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18. The curved surface of a right circular cone is 66 sq. in., and the radius
of the base is 3°5 in. : find the slant height, ¢

17. The curved surface of a right circular cone is 47} sq. in., and the radius
of the base is 3 in. : find the slant height.

18. The curved surface of a right circular cone is 204} sq. in., and the
height is 12 in. : find the radius of the base.

19. The curved surface of a right circular cone is 550 sq. in., and the
height is 2 ft. : find the radius of the base.

20. The curved surface of a right circular cone is 14,586 sq. in., and the
height is 2zo in. : find the slant height.

Examination Questions—XXXTII.
(r=%.)
A.  Punjab University : First Exam. in Civil Engineering.

1. How much canvas will make a conical tent 11 ft. in height, and 12 ft,
in diameter at the base ?

B. Sibpur Engineer: Annual Exam.

2. A right-angled triangle, of which the sides are 3in. and 4 in. in length
is made to turn round on the longer side : find the area of the whole surface
of the cone thus formed.

C. Roorkee Engineer: Entrance. . J ;’
8. Calculate to three places of decimals the entjre sy >e_[é?;ia_l area in square
inches of a solid cone, the diameter of its base being 8 in., and its altitude
13 in, -

4. The area of the whole surface of a right circular cone is 32 sq. ft., and
the slant height is three times the radius of the base : find the volume of the

cone,
D. Roorkee Upper Subordinate : Entrance.

6. Find the cost of painting a conical spire 64 ft. in circumference at the
base, and 108 ft. in slant height, at 7}d. per square yard.

E. Staff Collgge.

8. Find the cost of the canvas for 150 conical tents, the height of each
being 11} ft., and the diameter of the base 12 ft., at 5. per square yard,

Additional Examination Questions—XXXTII.

7. Determine an expression for the curved surface of a right circular cone.
(Roorkee Engineer : Entrance.)

8. Find what length of canvas § yd. wide is required to make a conical
tent 12 ft. in diameter and 8 ft. high. (Punjab University : First Exam, in
Civil Engineering.)

9. How many square yards of canvas will be required for a tent the walls
of which form a right circular cylinder 10 ft. in diameter and 8 ft. high, the
roof of the tent being a right circular cone with the apex 12 ft. above the
ground? The roof does not extend beyond the top of the wall. (Roorkee
Engineer : Final.)



CHAPTER XXXIV.
ON FRUSTA OF RIGHT CIRCULAR CONES.
PROPOSITION XLVI

198. 7o find the area of the curved surface of a frustum of a
right circular cone, having given the circumferences of its ends zmd
its slapt thickness. W

Let ABCD be a frustum of the
right circular cone ODC.

Let the circumferences of its larger
and smaller ends measure C and ¢ of
the same linear unit respectively.

Let its slant thickness measure s
of the same linear unit. { L

It is required. to find the area of
the curved surface of ABCD in
;”tgrms of C, ¢, and s.

Let OB and O measure s, and
s, of the same linear unit respec-

. Now—

Curved surface of } {curved surface of cone OCD — curved
frustum 4ABCD surface of cone OARB

(% C.—%.c. .f,) sq. units . § 190.

{¥ C.(s; + s) — 1.c.(s; — 5)} sq. units

P

hwannn

{5.(C+ c)s + —(Cs1 - m,)} $q. units
Bute: C=ys:5 . ... SI7.
“Cs,=¢, . « « « . . . . Euc VL 16.

* CJ'I‘— S = O
».curved surface of
frustum 4 BCD} 2(C + ¢)s sq. units

Hence rule—

Multiply the number of any lincar unit in the slant thickness of a
Jrustum of a right circular cone by the number of the same linear
unit in the sum of the circumferences of the two ends, then half the
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product will give the number of the corresponding square unit in the
curved surface.
Or briefly—
Curved surface of
frustum of right | = {
circular cone

1(slant thickness) X (sum
of circumferences of ends)

S=1.8.(C+ec)

194. This formula can easily be shown to be equivalent to
the formula—
S=n(R +7r)s

where R linear unjts and » linear units are the radii of the two
ends of the frustumyand s linear units is the slant thickness of the
frustum. :

And the whole surface of a frustum of a right circular cone is
determined by the expression—

m(R*+7° + Rs + 73)

where R, #, and s have the same significance.

ILLUSTRATIVE EXAMPLES,

195. Example 1.—A frustum of
a right circular cone has a diameter
of base 10 in, of top 6in., and a
height of 5 in.: find the area of its
whole surface. (mr = 3'1416.)

If sin. = slant height of frustum,
we have—

s=a/5T+2%. . §16.

=429
= 53851
*. whole surface of frustum = #(R2 + 2 + Rs + »5) sq. in. . § 194.
where R = 3,
r=3,
s = 53851 ;

hence—

whole surface of frustum = =(25 + 9 + 5°3851 x 8) sq. in.
= 242°1§ sq. in.

Example 2.—A frustum of a right circular cone is 1 ft. high, with a
diameter at the base of 10 in. If the top of the frustum has an area
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of = sq. in,, find the curved surface of frustum.

(x» = 3 1416.)
Radius of top of] _ ™.
frustum = S . . §7L
4 surf ; =1in.
.. curved surface o .
frustum }: w(R+7)ssq.in.  §194.
where R =3,
r=1,_
Hem e ) s=a128+42=J160 . . . . §16.

SS@m=—=" hence curved surface} _ ., 6 x /160 sq. in.
of frustum }= 23842 sq. in.

"‘ Example 3—If from a right circular cone whose slant
Ry height is 21 ft., and circumference of base 8 ft., therc be cut
' off by a plane parallel to its base a cone of slant hcight 5 ft.,
| find the curved surface of the remaining frustum.

If ¢ ft. = circumference of top of frustum

we have, by similar figures—
c:8=5w:21 v e e . 8177,
c =3
.. area of curved surface) _ " c f
of frustum i= 4s(C+¢)sq. ft. . . §103.
where C = 8,
c=4Y,
s =163

hence—
area of curved surface of frustum = 1.16.(8 + 49) sq. ft.

= 794 sq. ft.
Example 4—A tent is made in the form of a frustum of
a right circular cone surmounted by a cone : find the number
of square yards of canvas required for the tent, supposing

the diameters of the ends of the frustum to be 28 ft. and

16 ft. respectively, the height of the frustum 8 ft., and the height of the

conical part 6 ft. (7= = 3'1416.) ] B
Curved surface of cone = 3. % 7. 16 x /6% + 82sq. ft. § 1g0.
= 8o sq. ft. ;

Curved surface of
= w(R + 7)s
frustum } sq. ft. §194.

where R = 14, ]

7 =38,

s= /8 +6E=10. §16.
hence—
Clg;ﬁisst\:;:’]ace} =m(14+8)10 sq. ft.

= 220w sq. ft.
= X (8o + 220)

.. square yards of canvas required =
= 104772
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Examples—XXXIV.
(Take 7 = 3} unless otherwise stated.)

Find the areas of the curved surfaces of the following frusta of right circular
cones, having—
1. Circumferences of ends 13 in. and 16 in. ; slant thickness 6 in.
2. Circumferences of ends 3 ft. 4 in. and 4 ft. 8 in.; slant thickness
1 ft. 6in,
3. Radii of ends 14 in. and 21 in, ; slant thickness 8 in.
4. Radii of ends 5 ft. 3 in. and 6 ft. 5 in. ; slant thickness 2 ft. 4 in.
Find the areas of the whole surfaces of the following frusta of right circular
cones, having—
6. Radii of ends 7 in. and 14 in. ; slant thickness 10 in.
6. Radii of ends 2ft. 11 in. and 3 ft. 6 in. ; slant thickness 2 ft. 4 in.
7. Circumferences of ends 11 ft. and 14 ft. 8 in. ; slant thickness 10 in.
g 8. Circumferences of ends 14 ft. 8 in. and 18 ft. 4 in. ; slant thickness
1 ft.
9. Find the curved surface of a frustum of a right circular cone whose
thickness is 4 in,, and the radii of whose ends are 7 in. and 10 in.
10. Find the area of the curved surface of a frustum of a right circular
cone whose thickness is I ft., and the radii of whose ends are 10 in. and 15 in.
11. Find the cost at 2s. 64. per square foot of enamelling the inside of an
open vessel in the form of a frustum of a cone, if the depth of the vessel is
5 ft., and if the diameters of the ends are § ft. 2 in. and 3 ft. 4 in. respectively.
12. The height of a frustum of a right circular cone is 12 in. : find the area
of the curved surface if the cone from which the frustum has been obtained
had the following dimensions: Height 32 in., diameter of base 16 in.

(r = 3°1416.)

Examination Questions—XXXIV.
(Take 7 = 23, unless otherwise stated.)
A. Bombay University, Diploma of Agricuiture : Second Exam.

1. A tin funnel consists of two parts: one part is conical, the slant side is
6 in., the circumference of one end is 20 in., and of the other end 1} in, ; the
other part is cylindrical, the circumference being 1} in,, and the length 8 in,
Find the number of square inches of tin,

B. Bombay University: L.C.E. Second Exam.

2. The half of a regular hexagon, formed by joining the middle points of
two opposite sides of the whole figure, revolves about this line : determine
the whole surface of the solid thus generated, a side of the hexagon being 10 ft.

C. Punjab University ; First Exam. in Civil Engineering.

3. Give the formule for finding the surface of a frustum of a cone.

4. What is the area of the slant surface of a frustum of a right cone, the
area of the two circular ends being 125664 in. and 7854 in. respectively, and
the vertical height of the frustum 20 in.? (v = 3'1416)
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D. Madras Untversity: B.E. Exam.

5. Prove that the area of the curved surface of a frustum of a right circular
cone is obtained by multiplying the circumference of the mean section by the
slant height.

E. Roorkee Engineer : Entrance.

6. A tent is made in the form of a conic frustum, surmounted by a cone.
Tl}e diameters of the base and the top of the frustum are 14 and 7 ft, its
height 8 ft., and the height of the tent 12 ft.: find the quantity of canvas
required for it.



CHAPTER XXXV.

ON SPHERES, SEGMENTS OF SPHERES, AND ZONES OF

SPHERES,

PROPOSITION XLVIL

196. The curved surface of a sphere, or of a segment of a
sphere, or of a zone of a sphere is equal in area to the curved surface

of the corresponding zonc of the cylinder that
cireumscribes the sphere.

Consider the rectangle ABCD cir{E

cumscribing the semicircle BLQC.

Let EM, FN be two straight lines F
parallel to AB meeting the semicircle in J4]

£ and Q. If the whole figure is made
to revolve about S C, the semicircle BLQC
will sweep out a sphere, the straight line
AD will sweep out its circumscribing
cylinder, the arc PSQ will sweep out a
zone of the sphere, the straight line 2Q
will sweep out the corresponding frustum
of a cone, and the straight line £/ the
corresponding zone of the circumscribing
cylinder.

It is required to show that the spherical
zone swept out by the arc £SQ is equal

!
A

D -

1\4
Z-3 ®

C

in the area of its curved surface to the corresponding zone of
the circumscribing cylinder swept out by the straight line £7.,
Join R 7, the middle points of PQ and MN.

Join R to O, the centre of the sphere.
Draw QV perpendicular to £M.

Because the triangles ORZ, PQV are similar.

“ OR:RT=PQ:QV .
* OR X QV=RTx PQ.

“ 27.0RX QV=2r.RTX PQ

§ 66.

. Euc VI 16.
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But 2. RT'X PQ =7 .(PM+ QN) x PQ
= area of curved surface of frustum of cone
swept out by the straight line PQ § 194.
.~ 2w, OR X QV = area of curved surface of frustum of cone
swept out by the straight line PQ

Now, by taking the point 2 nearer and nearer to the point Q,
the str‘a)ght line £Q is made to differ less and less from the arc

A = h . PSQ, and the straight line OR from the
' P M,nmdius of the sphere.

E T - Therefore, in the limit, when OR is

F N c€qual to the radius of the sphere, the curved

. “*surface of the conical frustum swept out by

the straight line PQ is equal to the curved
surface of the spherical zone swept out by
I the arc PSQ.
O That is, in the limit, 2or . OR X QV =
area of curved surface of spherical zone
swept out by the arc £SQ.

And, in the limit, OR = OB.

But 27 . OB X QV = area of curved
surface of zone of circumscribing cylinder
swept out by the straight line £/ . § 183.
" Therefore, in the limit, area of curved
> C surface of zone of circumscribing cylinder

swept out by the straight line ZZ = area of curved surface of
spherical zone swept out by the arc ASQ.

But the surface of the whole sphere, or of any segment of.
the sphere, or of any zone of the sphere, is the sum of all such
elementary zones.

Therefore, the curved surface of a sphere, or of a segment of a
sphere, or of a zone of a sphere, is equal in area to the curved
surface of the corresponding zone of the cylinder that circum-
scribes the sphere.

From this result it is easy to deduce rules for determining—

A. The surface of a sphere.
B. The curved surface of a segment of a sphere or of a
zone of a sphere,

This we will proceed to do.

197. A. The surface of a sphere.

Let the diameter of the sphere measure 4 of any linear unit.

Now, since the surface of a sphere is eqtf:ﬁ in area to the
curved surface of its circumscribing cylinder. . . . . § 196.

And since the diameter of the base of this circumscribing
cylinder and its height each measure & of the same linear unit,




Spheres, Segments of Spheres, and Zones of Spheres. 141

", surface of sphere = 7d X dsq. units . . . . . § 183.

= mwd? sq. units

Hence rule—

Multiply the square of the number of any linear unit in the
diameler of @ sphere by w, then the product will give the number of
the wrresponding square unit in the surface.

Or briefly—

Surface of sphere = »(diameter)®
S =»d’

198. B. The curved surface of a segment of a sphere
or of a zone of a sphere.

Let the diameter of the sphere measure & of any linear unit.

Let the height of the segment (or of the zone) measure / of the
same linear unit.

Now, since the curved surface of a segment of a sphere (or of a
zone of a sphere) is equal in area to the curved surface of the cor-
responding zone of the circumscribing cylinder . . . . § 196

And since the height of this zone of the circumscribing cylinder
measures /%, and the diameter of its base measures & of the same
linear unit.

.*. curved surface of seg-
ment (or of zone)

Hence rule—

Multiply the number of any lincar unit in the height of a segment
of a sphere (or of @ zone of a sphere) by the number of the same linear
unit in the diameter of the sphere, then w times the product will give
the number-of the corresponding square unit in the curved surface of
the segment (or of the zone).

Or briefly—

Curved surface of seg- } { = X diameter of sphere

} = wd X % sq.units . §183.

ment of sphere (or X height of segment
of zone of sphere) (or of zone)

S =xdh

ILLUSTRATIVE EXAMPLES.
Spheres.

199. Example 1.—What would be the expense of gilding a spherical
ball of 6 ft. diameter at 334. the square inch?

Surface of ball = #d?sq.in. . . . . . §197.
where d = 72
.. surface of ball = . (72)? sq. in.
Hence—
Expense of gilding at 33. the sq. inch = 32 x 72 x 72 X 1d.
= £237 12s. od. nearly
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Example 2.—Find the

: ' 3 cost of painting a pontoon
i / .\ with hemispherical ends at
TS doTEEE T F~] 2s. 6d. per square foot. The
L length of the pontoon is 20

ft., and its diameter is 4 ft.

Surface of pontoon = curved surface of a cylindrical portion 4 curved
surface of two cqual hemispherical portions
=(rx4x16+7x4¥)sqft. . . §§ 183 197.
.. cost of painting at 2s. 6. per sq. foot. = m(64 + 16) x 30d.
= %% x 8o x 30d. nearly
= 7542%d. nearly
= £31 8s. 7d. nearly

Example 3.—A sphere has the same
volume as a right circular cone with its
height equal to twice the radius of its
base: express the curved surface of the
cone as a decimal fraction of the surfacc
of the sphere.

If the diameter of the sphere and the
radius of the base of the cone measure @
and 7 of the same linear unit respectively,
we have—

f_zj =%.m? x 2r §§166,142.

add3= 47’1
&% = 16 x r?
Now, curved surface of cone = m7,/42 4 7% sq. units . § 191,

where 2 = 27;
., curved surface of cone = =72,/5 sq. units
and surface of sphere = 7d% sq. units . . . §197.
= x3/16 x 7* sq. units
. curved surface of cone _ =.72. /5

surface of sphere 7 Y16 7
=5
316

=0887 ...

Lxample 4~—A sphere and a cube have the same volume: show
that the surface of the cube is 12407 times that of the sphere.
(7 = 314159.) .

Let the edge of the cube and the diameter of the sphere measure
a and 4 of the same linear unit respectively.

Then—

B=dxz . e v o . . §8117,166

8 .
.'.a=d><‘\3/-§
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S.6a2 =6 x d% x '\3/(15')2

) 6 3 //m\2
= 2 = I
T X d? x ”3[(6)
= md? x \3/(_6)
T
That is— )
surface of cube = surface of sphere x \"/ (9)
™

But?r = 1'909860

and 3/1°909860 will be found to be 12407
Therefore, what was required has been done.

Examples—XXXV, A.
(Take = = %)
Spheres.

Find the areas of the surfaces of the following spheres, having—
1. Radius 7 in.
. Radius 2 ft. 4 in.
. Diameter 3 ft. 6 in.
. Diameter 1 yd. 2 ft. 9 in.
. Circumference 3 ft. 8 in.
. Circumference 9 ft. 2 in.
. Volume 22 cub. ft. 792 cub. in.
. Volume 1 cub. ft.
Find the radii of the following spheres, having—
8. Surface 616 sq. in.

10. Surface 264 sq. in.

11. Surface 17 sq. ft. 16 sq. in.

12. A solid is composed of a cylinder with hemispherical ends. If the
cylindrical portion is 6 ft. long and 4 ft. in diameter, find the area of the
whole surface.

13. Find the cost of painting a hemispherical dome 46 ft. in diameter, at
the rate of 34. per square yard.

14. A solid is composed of a cylinder with hemispherical ends. 1If the
whole length of the solid is g ft., and if its diameter is 3 ft., find the cost of
polishing its surface at the rate of 1s. 6d. per square foot.

15. Find, to the hundredth part of an inch, the radius of a sphere whose
surface is equal to the whole surface of a right circular cone whose height is
6 in., and the diameter of whose base is 4 in.

16. Find the internal surface of a spherical shell of thickness 1 in., and of
external radius 5°5 in.

17. Find the cost of varnishing the whole surface of a hemispherical bowl,
4 in, thick and 8 in. in internal diameter, at the rate of 34. per square inch.

18. A solid is composed of a right circular cone and hemisphere having
the same circular base : find the whole surface of the solid if the height of the
cone is 2 ft., and the diameter of the common circular base 1 ft.

18. Find the ratio of the surface of a cube to the surface of its inscribed sphere.

20. The vertical angle of a right circular cone is go° and its height is
10 in. : find the surface of the greatest inscribed sphere.

PIONWN
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ILLUSTRATIVE EXAMPLES.

. Segments and Zones of Spheres.

200. Example 1.—Find the area of the
curved surface of a segment of a sphere.
Height of segment 12 in., radius of sphere
20in. (7 = 3'1416.)
Curved surface of
segment
where d = 40,
h=12;
.. curved surface of| _ .
segment } =7X 40X I2 sq. in.
= 1507°968 sq. in.

} =ndk sq. in. § 198.

Example 2.—Divide the surface of a
sphere of 10 in. radius into three equal
P parts by parallel sections, and find the
- = heights otP the two segments and of the
middle zone.

Since the curved surface of each part
is one-third the surface of the sphere,
therefore the height of each part must
be one-third the diameter of the sphere

= 6% in.

Example 3.—Find the distance from a sphere of radius 20 ft. from
which one-fourth of its
surface can be seen.

From the point E,
outside the  sphere
ABCD, the curved sur-
face of the segment
ABC is visible.

If, then, one-fourth
part of the surface of
the sphere is visible
from £, we must have—

BF=}.BD §146.
= 10 ft.
S FG =101t

But, by similar figures—

EG:AG=AGFG . . . . . . §66
EG:20ft. =20: 10
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S EG = 4o ft.
S EB = z20ft.

Example 4.—A sphere is go ft. in diameter : find what fraction of
the whole surface will be visible to
an eye placed at a distance of 8 ft.
from the surface.

of sphere ABCD }= "~  § 196.
visible from £ BD sD

But, by similar figures—
FG:45ft. =45 ft. : £EG § 66.
and £G = (8 + 45) ft.
= 53 ft.

Fraction of surface}_ BF

. FG = ‘15—5"745 ft.

Jd
s BF= (45 - 4_5_££> ft.
53

= 45 X 8-ft.
53 s
hence required fraction = 45 %
53 x 90
=53

Example 5.—A sphere of 20 in. radius is placed inside a frustum
of a cone (the radii of whose ends are 24 in. and 12 in, and depth
30 in.), which is full of water : find the extent of spheric surface wetted.

We must first ascertain in what
position the sphere will rest.

Let the figure represent a sec-
tion of the sphere and frustum<® .,
through the axis of the frustum. ef o2

Complete the cone of which the
frustum is a part.

By similar figures—
AG: AG + 30in. = 12 : 24 § 66.

S AG = 30in.

Again, by similar figures—

AD :DE = AB: BC . §66.
or AD :20in. = /BC:+ AC*

= 53'8516 in.
S DG = (538516 — 30) in.
= 23'8516 in.
and FG = 3'8516 in.
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which shows that the sphere does not rest on the bottom of the
frustum.
Hence— . .

Extent of spheric surface wetted = #nd/ sq.in. . . § 198

where & = 4o,
k=30 — 38516 = 26'1484 ;
that is—
extent of spheric surface wetted = %2 x 40 x 261484 sq. in. nearly
= 3284'2 sq. in. nearly

Example 6.—A zone of a sphere is 3 in. in thickness, the diameter
of the base is 14 in., and that of the top 10 in.: find the curved
surface. (v = 3°1416.)

Let # in. = perpendicular distance of the base of the zone from
the centre of the sphere of which it is a
zone.

Then, it » in. = radius of this sphere,
we have—

P+3)+52=22
andﬁ2+72=r2}- . . . §16.
p=4

and 7 = /3 4+ 72 =

. d surface of . N
C“fzf)fl , unace °}= ndk sq.in. . § 198.

221
2

where & = 4/221,
h=3;
hence
curved surface of zone = = x /221 X 3 sq. in.
= 140°109 sq. in.

Example 7.—A right cone, base 8 in. diameter, and slant height
12 in, is set into a sphere of radius 3 in., so
c that vertex and centre coincide: find the
surface of the solid. (v = 3'1416.)
Let the figure represent a section of the
solid through the axis of the cone.
By similar figures—

A 4 ED:BC=3:12. . . §66.

N Y S ED = 2in.

A Iso AG = 4/9—1in. . §16.
5 a -

D> J =24/2in.

.. curved surface of sphe- | _ .
rical segment EHD }_"’d/’ sq.in. §198.

where 4 = 6,
h=2y/2+3;
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Hence—
curved surface of spherical seg- .
ment £HD P g}:-u»x6><(2~/2+3) sq. in.
also curved surface of conical .
frustum BCDJ }:é(‘lrx8+1rx2).95q.m. § 193.

= X 45 sq. in.
and base of cone ABC =nX4¥sq.in. . . . . . §7I
= 7 X 16 sq. in.
hence surface of whole solid = 7{6(24/2 + 3) + 45 + 16} sq. in.
™ X 95°9705 sq. in.
30I'5 sq. in.

nn

Examples— XXXV, B.
Segments and Zones of Spheres.
(Take m = 2, unless otherwise stated.)

Find the areas of the curved surfaces of the following segments of spheres,
having—
1. Circumference of sphere 18 in. ; height of segment 5 in.
2. Radius of sphere 7 in. ; height of segment 2°3 in.
8. Diameter of sphere 3°§ in. ; height of segment 075 in.
Find the areas of the curved surfaces of the following zones of spheres,

having—

4% Circumference of sphere 2 ft. 6 in. ; height of zone 7 in.

6. Radius of sphere 2°8 in, ; height of zone 1°3 in.

8. Diameter of sphere 84 in. ; height of zone 3°2 in.

7. Find the whole surface of a segment of a sphere if the height of the
segment is 3 in., and if the radius of the sphere is 15 in.

8. Find the whole surface of a segment of a sphere if the height of the
segment is 4 ft., and if the circumference of the sphere is 62§ ft.

9. The diameter of a sphere is 25 ft. : find the whole surface of a zone of
this sphere whose plane ends are distant 3 ft. 6 in. and 7 ft. 6 in. respectively
from the centre of the sphere and on the same side of it.

10. The diameter of a sphere is 25 ft. : find the whole surface of a zone of
this sphere whose plane ends are distant 3 ft. 6 in. and 7 ft. 6 in. respectively
from the centre of the sphere and on opposite sides of it,

11. Find the curved surface of a segment of a sphere in which the radius
of the base is 6 in, and the height 3 in. (v = 3°1416.)

12. Find the curved surfacc of a zone of a sphere in which the radii of the
plane endsare 4 in. and 5 in. respectively, and the thickness I in. (v = 3°1416.}

13. Find at what distance from the surface of a sphcre an eye must be
placed to see one-tenth of the surface, the radius of the sphere being 1 ft.

14, What fraction of the surface of a sphere will be visible to an eye
plac;d at a distance of 3 ft. from the centre, if the diameter of the sphere
is 1 ft.?
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Examination Questions—XXXV,
(Take » = 32, unless otherwise stated.)
Spheres.
A, Bombay University: L.C.E. Second Exam.

1. Find the expense of painting a cylindrical pontoon with hemispherical
ends at 6d. per square yard, the length of the cylindrical part being 19 ft. 4 in.,
and the common diameter of the cylinder and hemispheres being 2 ft. 8 in.

B. Punjab University : First Exam. in Civil Engineering.

2. A sphere is 36 in. in diameter : find the area of its surface in squarc
inches. (m = 3°14159.)

8. A circular room has perpendicular walls 15 ft. high, the diameter of the
room being 28 ft. ; the roof is a hemispherical dome : find the cost of plastering
the whole surface at 9d. per square foot.

4. Assuming the earth to be a sphere with a diameter of 5,000,000 ft., find
the area of its surface in square miles.

5. What is the surface of a sphere whose diameter is 21 in.?

8. Find the volurhe of a sphere when its surface is equal to that of a circle
9 ft. in diameter.

C. Caleutta University: F.E. Exam.

7. A cathedral has two spires and a dome ; each of the former consists, in
the upper part, of a pyramid 6o ft. high, standing on a square base, of which
aside is 20 ft.  The dome is a hemisphere of 4o ft. radius. Find the cost of
covering the three with lead at 73d. per square foot. (w = 3°1416.)

D. Sibpur Engineer : Annual Exam.

8. A wrought-iron cylindrical boiler 10 ft. long, 4 ft. in diameter, and § in.
thick (inside measurements), is closed by hemispherical ends : find the external
surface. .

9. A cylinder 12 ft. high and 6 ft. in diameter is surmounted by a cone
also 6 ft. in diameter and 4 ft. high : find the radius of a hemisphere whose
entire surface is equal to the united curved surfaces of the cone and the cylinder.

E. Roorkee Engincer : Entrance,

10. The price of a ball at 14. the cubic inch is as great as the cost of
gilding it at 34. the square inch. : what is its diameter ?

¥. Roorkee Upper Subordinate: Entrance.

11. A sphere and a cube have the same surface: show that the volume
of the sphere is 1°38 times that of the cube. (7 = 3°1416.)

12. A cylinder 24 ft. long and 4 ft. in diameter is closed by a hemisphere
at each end : find the area of the whole surface.

G.  Roorkee Engineer: Final,

13. A sphere has the same number of cubic feet in its volume as it has
square feet in its surface : find the diameter,
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Segments of Spheres.
A.  Bombay University : L.C.E. Second Exam.

14. Find at what distance from the surface of a sphere an eye must be
placed to see one-sixth of the surface, the diameter of the sphere being 1 ft.

B. Punjab University : First Exam. in Crvil Engineering.

15. How much of the earth’s surface could a person see if he were raised
6 miles above it? (The diameter of the earth = 7912 miles.)

16. A cast-iron shell 12 in. in external diameter floats in water and is
immersed 10 in. Find the area of the immersed surface in square feet ; multiply
it by 62°5, and the result will be the weight of the shell in pounds. Supposing,
then, that cast iron weighs 435 Ibs. to a cubic foot, what will be the thickness
of the shell ?

C. Madras University : B.E. Exam,

17. Find the whole surface of a segment of a spherc when the radius of the
base is 16 ft., and height of segment 5 ft.

18. Find the area of a spherical dome, the diameter of the basc being
25 ft. and the height g ft.

D. Caleutta University: F.E. Exam.

19. A hollow paper cone, whose vertical angle is 60° is held with its
vertex downwards, and in it there is placed a sphere of radius of 2in. The
portion of the cone remote from the apex is now cut away along the line
where the paper touches the sphere. Find the exterior surface of the body thus
formed.

E. Sibpur Apprentice Dept. : Annual Exam.

20. The radius of a sphere is 12 ft. ; from a point which is at a distance of
15 ft. from the centre of the sphere straight lines are drawn to touch the sphere,
thus determining a segment of the sphere : find the area of the curved surface
of this segment,
F.  Roorkee Engineer : Entrance.

21. At what distance from the surface of a sphere must an eye be placed
to see one-sixteenth of the surface ?

22, Find the convex surface of a slice 2 ft. high cut from a globe of 17 ft,
radius.

G. Roorkee Upper Subordinate : Entrance.

28. A sphere is 8o ft. in diameter : find what fraction of the whole surface
will be visible to an eye placed at a distance of 41 ft. from the centre,

H. Staff College.

24. A hill, rising out of a plane in the shape of a portion of the surface of
a sphere, is 300 ft. in height and 1200 ft. in diameter of base: find, to
the nearest square foot, by how much its surface exceeds the area of its base,
(7 = 3'14159.)
Zones of Spheres.

A.  Bombay University: L.C.J, Sccond Exam.

25. A spherical zone is 4 ft. thick, and the diameters of its opposite faces
are 12 and g) ft. : find the convex surface.
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B. Caleutta University : F.E, Exam.

28. The radius of a sphere is § ft. If a section be cut off by two parallel
planes, so that the radii of the ends are 4 ft. and 3 ft. respectively, find the
area of the curved surface thus cut off, (1) when the sections are on the same
side of the centre, (2) when on opposite sides of it.

C. Roorkee Engineer: Final.

27. A cylindrical tower 24 ft. in diameter and 30 f{t. high is capped with
a hemispherical dome. The top of the dome is cut off, and over the orifice
formed is built a cylindrical lantern 8 ft. in diameter and 10 ft. high, closed at
the top by a plane surface. Find, in square yards, the total exterior of the

building.

Additional Examination Questions —XXXYV.

28. Find the percentage of error in the following approximation : The
weight of a 10-in. shell, 1 in. thick, is taken as equal to that of a plate of the
same material and thickness, with an upper surface area equal to that of a
sphere of 8 in. diameter. (Madras University : B.E. Exam.)

28. A sphere is 100 ft. in diameter: find what fraction of the whole
surface will be visible to an eye placed at a distance of 8o ft. from the centre,
(Roorkee Engineer: Final.)

30. Assuming the dome of the Thomason College to be hemispherical,
having a radius of 18 ft., and the superincumbent portion to be cylindrical, the
exterior diameter of which is 6 ft., calculate the cost of gilding the exposed
portion of the dome at 1 an. per squarc inch. (Do not calculate for the super-
incumbent portion.) (Roorkee Engineer: Final.)

81. The height of a zone of a sphere is 24 ft., and the diameter of the
sphere is 63 ft.: find the area of the curved surface. (Roorkee Upper Subor-
dinate : Monthly.)

82. Show that thé arca of the curved surface of a segment of a sphere
exceeds that of the base by the area of a circle whose radius equals the height
of the segment.  (Roorkee Engincer: Final.)



CHAPTER XXXVI.

ON SIMILAR SOLIDS.

PROPOSITION XLVIIL

201. Having given the lengths of two corresponding lines drawn in
two similar solids, and the area of the surface of one of these solids,
0 find the area of the surface of the other solid.

Let ABCD, EFGH be two similar solids.

Let the corresponding lines A5 and ZZF measure @, and a,
of the same linear unit respectively.

Let the area of the surface of the solid £FG A measure S,
of any square unit,

It is required to find the area of the surface of the solid
ABCD in terms of a,, a,, and S,.

It can be proved that the surfaces of similar solids have to
one another the ratio of the squares of the lengths of any two
corresponding lines that may be drawn in them.

. surface of solid 4BCD: surface of solid EFGH = AB*: EF?

That is—
Surface of solid 4BCD : S, = a?: al

Hence rule—
The area cf the surface of a solid is found by taking its ratio to
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the known area of the surface of a similar solid, and equating it
10 the ratio of the squares of known corvesponding lengths in the two

solids.
Or bricfly—

Surface of first’ ratio of the squares of correspond-
solid: surface ={ ing lengths in first solid and

of second solid second solid
S :8=a:182 . . . . ... .. (1)

8 =4/8: /S . . . . . (i)

Hence—

ILLUSTRATIVE EXAMPLES.

202. Example 1.—A pyramid is cut into four parts by three planes
parallel to the base, dividing the height
into four equal parts : compare the side
surfaces of the four parts.

Let the side surfaces of the four parts
measure 4,, 4,, A, A, of the same square
unit respectively.

Then, by similar figures—

Ayt A+ A4, A,y
+ A+ Ay Ay p= 121221321 42 §201.
4+ A, + A+ A,

A A, A5 A,

1:4:9:16
1:4—=1:9=4:16

I

9
=1:3:5:7

Example 2.—The weights of two similar
solids of the same material are as 1331 11 :
find the ratio of the surface of the first to
the surface of the second.

Let 7] cub. in. and ¥, cub. in. be the volumes of the two solids
respectively.

Let A4, sq. in. and 4, sq. in. be the surfaces of the two solids
respectively.

Let a, in. and a, in. be corresponding lengths in the two solids
respectively.
. Then, since the weights of bodies of the same material are propor-
tional to their volumes—

Mivp=1331t1
Sata=33ri o0 . L L. §178.
=111
SAdytdy=12101 . . . . . . . §zoI

Required ratio is 121 : 1

Example 3.—The radii of the ends of a frustum of a right cone are
7 ft. and 10 ft. respectively, and the slant height is 4 ft. : if the frustum
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be divided into two of equal curved surfice, find the slant height of
each part.
Complete the cone of which the frustum is a part.
Let DE in the figure indicate the position of the cutting plane.
Surface of cone ABC : surface of cone) _ . . .
ADE : surface of cone 4FG =AB: AD*: AF . §zo1
But surface of cone ADE = ¥(surface of cone ABC+sur-
face of cone 4 FG)
S ADY = $(ABE + AF?)
Or, if AB = s, ft.
and 4D = s, ft.
5° %(512 + 5+ 4)
(25,2 + 8s; + 16)
Again, by similar figures—

sitst4=710. .. § 66.
51 =3 =9333
Hence—

52 = 32030 + 8(%) + 16}
11992

5, = 11'508
and BD = (11508 — 9°333) ft. = 2'17 ft.
DF = (4 -217) ft. = 182 ft.

Examples—XXXVTI,

1. The radii of two spheres are as § : 2 : find the ratio of their surfaces.

2. The heights of two similar cones are 8 in. and 7 in. respectively : find
the ratio of their curved surfaces.

8. The diagonals of two cubes are as § : 8 : express the surface of the
first as a decimal of the surface of the second.

4. The volumes of two similar solids are as 27 ; 64 : find the ratio of their
surfaces.

5. The areas of two similar solids are as 49 : 81 : find the ratio of their
volumes.

8. The weights of two similar solids of the same material are as 125 : 1 :
express the surface of the second as a vulgar fraction of the surface of the first.

7. A cone is cut into two parts by a plane parallel to the base: if the
cutting plane passes through the middle point of the height of the cone, find
the ratio of the curved surfaces of the two parts.

8. A cone whose height is 2 ft. is cut by a plane parallel to the base,
which divides its curved surface into two equal parts : find the distance of the
plane from the vertex of the cone.

9. The base of a cone is 121 sq. in. : find the area of the base of a similar
cone whose volume is to that of the former as 343 : 1331.

10. A come is cut into three parts by two planes parallel to the base and
trisecting the height : compare the curved surfaces of the three parts,
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Examination Questions—-XXXVT.
A.  Punjab University : First Exam. in Civil Enginecring.

1. The radii of the ends of a frustum of a cone are § ft. and 8 ft., and the
slant height is 4 ft. : if the frustum be divided into two of equal curved surfaces,
find the slant height of each part.

B. Roorkee Engineer: Entrance.

2. The diagonal of a cube is 2z ft. 4 in. : find the exterior surface of a
second cube whose diagonal is equal to the edge of the first cube.

3. The surface of a certain solid is three times as great as the surface of a
similar solid : find the proportion which the volume of the first bears to the
volume of the second.



CHAPTER XXXVIL

MISCELLANEOUS EXAMPLES.

Take v = 22, unless otherwise stated.)
7

1. GIvE general formule for—area of a regular hexagon; area of a
segment of a circle ; area of the 'curved surface of afrustum of a cone ; area of
the curved surface of a segment of a sphere ; volume of a wedge ; volume of
a zone of a sphere.

2. Give general formul for the area of a triangle, and for the surfaces and
the volumes of a cone and frustum of a pyramid.

3. Find the areas of a square and a circle, the perimeter of each being

000 ft.
3 4. In a right-angled triangle the sides forming the right angle are 24 ft.
and 455 feet : find the perpendicular from the right angle on the hypotenuse.
. In a parallelogram the perpendiculars between the two pairs of parallel
sides are 65 ft. and 91 ft. : if one side is 119 ft., find the adjacent side.

8. The chord of an arc is 48 in., and the chord of half the arc is 27 in. 2
find approximately the length of the arc.

. Give general formule for finding the areas of a circle, a trapezoid, a
sector of a circle ; also for the solidity of a sphere and a prismoid.

8. What is the area of a triangle, the sides of which are 6, §, and 3 in. ?

9. Find the length of the side of an equilateral triangle inscribed in a
circle whose radius is 1 yd.

10. Give the rules for finding the areas of a parallelogram, a trapezoid,
a segment of a circle, and an ellipse, and the solid content of a pyramid and a
sphere.
P 11. The top of a circular table is 7 ft. in diameter and 1 in. thick : find
its cubic contents, and the cost of polishing its upper surface at 8 annas per
square foot.

12. The perimeter of a semicircle is 100 ft. : find the radius.

13. How many cubic feet of deal are contained in 200 planks, each 15 ft.
long, 10 in, wide, and 1} in. thick ?

%.4. The two parallel sides of a trapezoid measure §8 yds. and 42 yds., and
the other sides are equal, each being 17 yds. : find the area:

15. State the rules for finding the surface and volume of a cylinder and

the surface of a sphere. Give the prismoidal formula. Y

18. The area of a sector of apgkl?‘fnrﬁ: and the length of the arc is
5 ft. : find the radius of the circle, and the number of degrees in the arc.
(m = 3°'14159.)

17. What is the weight of 2666§ cub. ft. of a stone, a piece of which 20 in.
long, 8 in. broad, and 15 in. deep weighs 280 Ibs. ?

18. Give rules for finding the areas of a triangle, a circle, and a sector of
a circle.
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19. The sides of a triangle being 16, 17, and 18 ft.,, determine whether its
area is greater or less than that of an equilateral triangle whose sides are each

ft.

20. Find the area of the triangle whose sides are 4%, 6, and 8 ft. to the
nearest square inch.

21. The wheel of a carriage, in passing over 25,600 in., makes as many
revolutions as there are inches in its circumference: find its diameter.

22. Find to the nearest foot the dimensions of a triangle whose sides are
in the ratio of 5 : 6 : 8, and whose area is one acre.

23, Fwoadjacent-sides of a quadrilateral are 3 ft. and 4 ft. respectively,
and the angle contained by them is 9o° ; the other two sides of the quadrilateral
#re equal, and the angle contained by them is 60°: find the area.

21. Find the weight of cast iron in a pillar, the interior and exterior
diameters being 9 in. and 11 in. respectively, and length 10 ft., a cubic inch of
cast iron weighing 0°26 lb.

25. Two- tangents drawn from an external point to a circle are at right
angles, and measure 13 in. each : find the area of the circle.

28. The extremity of the minute-hand of a clock moves § in. in 3 minutes :
what is its length ?

27. The circumference of a circular field is 314 yds. 10°385714 in. : what
is its diameter and area ?

28. How many 3-in. cubes can be cut out of a cubic foot ?

20. The sides of a triangle are 55, 48, and 71 ft. respectively : calculate
its area in square feet to seven places of decimals.

30. The perimeter of an equilateral triangle is 200 ft. : find its area.

81. If you had to make a pathway round a quadrangle, so that its area may
be just half that of the quadrangle, the dimensions of the latter being 3350 ft.
X 150 ft. : what would be the width of the pathway ?

2. A pontoon with hemispherical ends is 50 ft. in extreme length, and
diameter 5 ft. : find its capacity. T

88. Find the length of the arc and area of the segment of a circle, having
given the chord of the arc = 40, and chord of half the arc = 25.

34. An oblong room is 21 ft. 7in. long, I5 feet wide, and 10 ft. high. In
it are two doors 7 ft. X 3 ft., two windows § ft x 3 ft., with semicircular
heads, and a fireplace 4 ft. X 3 ft. 6 in. What is the surface of the walls ?

86. Find in acres the area of a triangle whose sides are 32 chains 11 links,
25 chains 32 links, and 22 chains 75 links respectively.

386. The area of a trapezoid is 3} acres, the sum of the two parallel sides is
242 yards : find the perpendicular distance between them.

7. A ladder is 25 ft. long, and stands upright against a walls find how
far the bottom of the ladder must be pulled out from the wall so as to lower the
top 1 ft.

P38. The diagonals of a rhombus are 44 and 117 ft. respectively: find the
area, length of side, and height of the rhombus,

89. Compare the areas of two regular pentagons, one inscribed in a given
circle, and the other described about it.

40. Compare the areas of the circles inscribed within and circumscribed
about an equilateral triangle.

41, The base of an aquarium is a square, the height is half a side of the
base, and there is no lid ; the glass cost Rs.31 4 annas at Rs.I5 per square
yard : find the number of gallons the aquarium will hold.

42, If a cubic inch of gunpowder weigh § oz., what weight of powder
would be required to fill a conical vessel 8 in. in diameter and slant height

in. ?
5 438. The area of a regular hexagon is 400 : find the length of its side, and
the radii of its inscribed and circumsctibed circles.
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44. How many yards of canvas 27 in. wide are required to construct a
conical tent 18 ft. in diameter and 13 ft. in height ?

45. The sides of a triangle, of which the perimeter is 594 ft., are in the
ratio 13 ¢ 20 : 21 : find its area.

48. Find the area of a quadrilateral field 48CD, the side 45 being 457
ft., BC 568 ft., CD 570 ft., DA 807 ft., and 4C 793 ft.

47. A tower on the bank of a river is 120 ft. high, and the angle of eleva-
tion of the top from the opposite bank is 30°: find the breadth of the river.

48. A parallelogram whose adjacent sides are severally M and N units of
length can be divided into MN parallelograms, each having adjacent sides of
unit length: can the area of the parallelogram be taken as MN units of area ?

49. The radius of a circle being 6 in., find the area of the inscribed
regular hexagon.

50. Find the length in yards of a cord fastened to a stake at one end and
to a cow’s neck at the other, so as to allow her to feed on a bigha of grass and
no more. (w = 3'14159.)

61. A complete pile of shot stands upon a rectangular base whose unequal
sides contain 6 and 14 shot respectively : find the number of shot in the pile.

62. What must be the side of an equilateral triangle so that its area may
be equal to that of a square of which the diagonal is 180 ft. ?

3. What ratio does the area of a circle bear to that of its inscribed square ?

64. Find the side of an equilateral triangle of which it cost as much to
pave the area at Is. per square foot as to fence the sides at 6s. 64. per foot.

65. Find the area of a triangle whose sides are 243, 324, and 405 yds.
respectively, and express the result in acres, roods, and perches.

88. The diagonals of a field, the sides of which are all equal, are 88 yds.
and 110 yds. respectively : find its acreage.

67. Given the perimeter equal to p linear units, find the greatest area that
it will enclose.

68. In a circular riding school of 100 ft. in diameter a circular ride
within the outer edge is to be made of a uniform width of 10 ft. : find the cost
of doing this at 44. per square foot. (r = 3°14159.)

69. Find the area of the maximum triangle that can be inscribed in a
circle of 10 ft. radius.

60. Define, ““wedge,” * parallelopiped,” ¢ prism,” ¢‘ cone,” ¢ pyramid,”
¢¢ prismoid,” and illustrate them with sllatetches.

81. Lay down a field from the annexed notes, and find its area—

Links.
To D
1160
To C 596 1016
To B 304 392
From ® 4 | go east

82. What is the area of the slant surface of a frustum of a right cone, the
areas of the two circular ends being 125664 sq. in. and 78°54 sq. in. respec-
tively, and the vertical height of the frustum 201n.? (v = 3°1416.) .

@3. If in the last question 20 in. had been the height of the cone before it
was truncated, instead of that of the frustum, what would be the volume of
the frustum? (w = 3°'1416.) . .

684. What will be the expense of painting a conical church-spire at 8 annas
per square yard, the circumference of the base being €4 ft., and its height
118 ft. ?
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85. In a right-angled triangle prove that area = s(s — ¢), ¢ being the
hypotenuse, and s the semi-perimeter.

66. A man walking along a straight road observes at one milestone a house
making an angle of 30° with the road, and that at the next milestone the
angle 1s 60° : how far is the house from the road ?

67. Each side of a rhombusis 24 ft., and one of the diagonals is also
24 ft. : find the area.

688. The perimeter of a semicircle is 100 ft. : find the area. (r = 3°14159.)

69. The sides of a triangle are 32, 27, and 48 in. : find the area of the
triangle and the diameter of the circumscribing circle.

70. Define ‘‘cube,” ‘‘cylinder,” ¢ sphere,” *‘spheroid,” and illustrate
them with sketches.

71. The diameter of a circle, AF, is 15 ft. ; DF, the height of a segment
whose chord, BE, is perpendicular to the diameter, is 3 ft.: join AB, and find
its perpendicular distance from the centre of the circle.

72. The side of a regular octagon is 20 ft. : find the area ; also the area of
the inscribed circle.

73. An equilateral triangle and a square have the same area : compare
their perimeters.

74. The adjacent sides of a parallelogram are 8 ft. and 16 ft., and its area
is half that of a square having the same perimeter: find the perpendicular
distance between each pair of opposite sides.

75. Find the area of a square whose side is equal to two-thirds of the radius
of a circle whose area is 9900 sq. ft.

78. The area of a sector is 99 sq. ft., and the length of the arc g ft. : find
the radius and the angle at the centre. (v = 3°1416.)

77. Find the area of a segment of a circle whose chord is 24 in. and height

in.
5 78. Draw a plan of the field ABCDZ, and calculate its area from the
accompanying notes—

79. Give general formule for finding

/ the volume of— .
R (a) Pyramid ; 7 {
.+ . ()) Oblatespheraid;  **» L2

E . "71% (¢) Prolate spheroid. .
A 80. The chord of an arc is 1578 ft.
and the height of the arc is 2'8 ft. : find
the diameter of the circle.

81. A B (see sketch) represents an iron
ladder resting against the eaves of a
thatched building. The eaves project 2 ft.
from the walls, and the slope of the roof
is 45°. If CR =2 ft., ED =18 ft.,
A D AD = 14 ft., how far must the foot of
the ladder be pulled out in order that the

top may just reach the eaves? What is the length of the ladder?

-
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82. The greatest and least diameters of two spﬁ:&ggjds gt 4 ft. and 3 ft.
respectively, one spheroid being oblate and the other prolate: what is the
volume of each spheroid?

83. Two sides of a triangle are 143 ft. and 165 ft.; the perpendicular on
the third side is 132 ft. : find the area of the triangle.

84. A circle of circumference 70'65 lies entirely within another of circum-
ference 11775 : find the area of the anpulus, taking = = 3°14.

86. Find the area of the space bounded by two concentric circles and their
radii in terms of the intercepted arcs and the distance between them.

Two concentric circles have radii 10 ft. and 15 ft. respectively : calculate
the area of the figure bounded by these circles and radii inclined to each other
at an angle of 40°. (7 = 3°14159.)

86. In a right-angled isosceles triangle the radius of the inscribed circle is
1 ft. : find the sides.

87. The area of a sector is 230 sq. ft. ; the angle of the sector is 40°: find
the whole perimeter of the sector. (7 = 3'14159.)

88. A polygonal field is measured by carrying a base-line from one corner,
A, to another, B, and taking offsets right and left, as in the following field-
book :—

Yards.

To B
250 VA

40 220
180 60

90 160
150 70
90 20

30 70
50 15

From @ 4| go north-west

Find the area.
89. Give general formule for finding the volumes of—
(¢) Frustum of cone ;
(6) Segment of sphere,

90. Find the cost of turfing a grass plot in the form of a regular octagon
at the rate of 2 annas per square yard, each side of the octagon being 20 ft.

O1. The surface of a sphere is 113°0976 sq. in. : find its diameter and solid
content. (m = 3'1416.)

02. The angle contained by two sides of a triangle is 30° and the length
of these sides are 215 ft. and 248 ft. respectively : find the area.

93. The diagonals of a quadrilateral are 30 and 40 chains, and they
intersect at an angle of 45°: find the area.

94. Each side of a rhombus is 32 ft., and each of the larger angles is equal
to twice each of the smaller angles : find the area.

95. Find the diameter of the circle described round the triangle having
the following sides : 136, 125, 99. > % . .

98. What is the arca of a sectol greater than a semieircle, the chord of the
whole arc of the remaining sectSt being 72 ft., the chord of half the_arc 45 ft.,
and the %dius 37 ft. 6 in. ? T -

raw a rough sketch of the field and calculate its area from the
following notes :— >
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Links.

To® F
1280
960 280 to C

To £ g70 400

Turn to | the right

To® B
I120
To D 60 600
320 600 to C
From ® 4| go west

98. A pendulum swings through an angle of 30°, and the end describes an
arc of 13 in. : find the length of the pendulum,

99. The equidistant ordinates of a curvilipear area are 1, 41, §8, 61, 61,
57, 54 46, 41, 33, 24, 16, I, and they are measured from a base-line 240 ft.
in length : find approximately the area.

100. Required the volume of a rectangular parallelopiped which is 8 ft. gin.
long, 5 ft. 6 in. broad, and 4 ft. 3in. high. Find also the length of its diagonal.

%01. The area of a circular table is 805 sq. in. : find how many nails,
cach } in, apart, will be required to nail on a border. (w = 3°1416.)

102. The bottom of an axle round which a well rope is wound is
24t, 6 in. from the surface of the ground, and gin. in diameter. When all the
rope is wound up, it takes fourteen turns of the handle before the rope can be
lowered so as to just touch the bottom of the well.  What is the depth of the
well from the surface of the ground ?

108. A cylindrical pillar has a hemispherical top. Diameter of base 4 ft.,
total height of pillar 10 ft. Find its cubic content.

104. A log of English oak is 15 ft. long, 18 in. broad, and 12 in. thick :
at what distance from one end must the log be cut that the smaller portion
may weigh 5 cwt., supposing 1 ton of English oak to contain 36°203 cub. ft. ?

1056. The sides of a quadrilateral taken in order are 27, 36, 30, and 2§ ft.
respectively, and the angle contained by the first two sides is a right angle :
find the area.

108. A man standing due south of a tower observes its altitude to be 60° ;
after walking 150 ft. in an easterly direction, he finds its altitude to be 45°:
find the height of the tower.

107. Find by duodecimals the volume of a rectangular parallelopiped
having the following dimensions : 7 ft. 5 in., 6 ft. 7 in., 3 ft. 10 In.

108. Draw a plan and calculate the area of a field from the following
measurements in links :—

To 4

1700
From c range to 4

To C

800

400 65
From B go north

To £~

1500

1100 180

625 240
From A go east
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109. A gardener wishes to make a grass plot in the form of a regular
hexagon that shall contain 260 sq. yds. : what must be the length of its side ?

110. Find the area of a field, one side of it being 198 links and %
ordinates to it, measured at equal distances to the opposite curvilinear boundary,
being in order 6o, 75, 80, 82, 76, 63, and 50 links.

111. What is the weight of an iron shell, the external and internal
diamecters of which are g in. and 6 in. respectively, if an iron ball of 4 in.
diameter weigh g Ibs. ?

112. A pillar 60 ft. high has an elliptical base and top. The major axes
of base and top are 20 ft. and 10 ft. respectively, the minor axes 8 ft. and 4 ft.
respectively.  Find its cubic content.

113. Find the area of a pentagonal ficld ABCDZE, given that
AB = 20 yds., BC = 41 yds., CD = 51 yds.,, DI = 100 yds., AE = BD
= 58 yds., and that 458 and DZ are parallel.

114, Find, correct to two places of decimals, the area of a regular octagon
inscribed in a circle of unit radius.

115. The difference between the diameter and the circumference of a circle
is 10 ft. : find the diameter (7 = 3°1416.)

116. The minute-hand of a clock makes an arc of 11 in. in ten minutes :
find the radius of the face of the clock. (w = 3°1416.)

117. The height of an arc is 1 ft. 3 in., and the diameter of the circle is
11 ft. 3 in. : find the chord of half the arc.

118. Find the area of a ficld, one side of it being 990 links, and seven equi-
distant ordinates from it to the opposite curvilinear boundary being 300, 375,
400, 410, 380, 315, 250 links.

119. The diameter of the base of a cone is 3 ft. 4 in., and its slant side is
16 ft. : what is its solidity ? (» = 3°1416.)

120. An iron pipe is 3 in. in bore, # in. thick, and 2o ft. long : find its
weight, supposing that a cubic inch of iron weighs 4°526 ozs.

121. Supposing iron to be eight times the weight of oak, what will be the
diameter of an iron ball whose weight is equal to that of a ball of oak 18 in. in
diameter ?

122, Two sides of a triangle are 40 and 60 yds., and they contain an angle
of 30°: find the area.

128. Three sides of a quadrilateral field taken in order are 15, 10, and 20
chains ; the angle between the first two sides is 150°, and the angle between
the second and third is 60° : find the area in square chains.

124. A square field is bounded by a path 3 yds. wide, the ficld and path
together occupying 24 acres : find the cost of covering the path with gravel at
1s. 6. per square yard.

125. Two circles whose radii are 30 ft. and 40 ft. intersect ; the distance
between their centres is 50 ft. : find the length of their common chord.

128. The sides of a triangle arc 111, 175, and 176 ; two straight lines are
drawn across the triangle parallel to the largest side, and dividing each of the
other sides into three equal parts: find the areas of the three parts into which
the triangle is divided.

127. Apply Simpson’s rule to find approximately the area ot a curvilinear
If;gure fréom the following data : ordinateso, 9, 13, 17, 19, 22, 17, 13, 8, 4, 2 ;

ase = OI.

128B. The height of a cylinder is to be equal to the radius of the base, and
the volume is to be 500 cub. in. : find the height.

129. Supposing a cubic foot of brass to weigh 8500 ozs., find the weight
of a yard of brass wire, the thickness of which is g5 in.

130. The base of a pyramid is a rectangle which is 18 ft. by 26 ft. ; the
length of the straight line drawn from the vertex to the middle point of either
of the shorter sides of the base is 24 ft. : find the volume,

G
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181. What number of 8-in. cannon balls can be made out of 100 tons of
iron, supposing a cubic foot to weigh 441 1bs. ? (7w = 3°1416.)

132. The sides of a quadrilateral field 4BCD are 4B =20 yds.,
BC = 26 yds. 2 ft., CD = 80 yds., DA = 85 yds. 2 ft. ; the shorter diagonal
AC = 33 yds. I ft.: prove that the angles ABC, 4ACD are each of them a
right angle, and calculate the area of the field.

133. The perimeter of one square exceeds that of another by 100 ft., and
the area of the larger square exceeds three times the area of the smaller by
325 sq. ft. : find the length of their sides.

134. A gravel walk of uniform breadth is made round a rectangular grass
plot, the sides of which are 20 and 30 yds. : find the breadth of the walk if its
area be three-tenths of that of the grass plot.

135. The chord of an arcis 6 in., and the radius of the circle is 9 in. :
find the arc.

138. An estate which has been surveyed is one hundred million times as
large as the plan which has been made of it : express the scale of the plan in
terms of inches to a mile.

137. A right-angled triangle, of which the sides are § and 12 in. in length,
is made to turn round its hypotenuse : find the surface of the double cone thus
produced.

138. Find the volume of a cylindrical shell, the radius of the inner surface
being 12 in., and the thickness 3 in., and the length 10 ft. (7 = 3'1416.)

139. What is the volume of a spherical zone, the diameters of its ends
being 10 and 12 in., and its height 2 in. ? (7 = 3°'1416.)

140. The height of a right circular cylinder is 4 ft. : find the height of a
similar cylinder of nine times the volume.

141. The parallel sides of a trapezoid are 100 and 180 ft., and the angles
which the other two sides make with the shorter side are 135° and 150° : hnd
the area in square yards.

142, 4BCDEF is a figure having six equal sides; 473 =578 ft.,
BF = 644 ft., and the portion BCEF forms a rectangle : find the area.

143. The side of a square is 85 yds., and a path 10 yds. wide goes round
the square outside it: find how many stones, each 1 ft. 4 in. long by 10 in.
wide, will be required to pave the path.

144. If the length of the tangents drawn from an external point to a circle
be 21 in., and the angle between them be 60°, show that the area of the circle
is 462 sq. in. nearly. °

145. The base of a field in the form of a trapezoid is 30 and the two
perpendicular sides are 28 and 16 chains respectively : how would you divide
it equally between two persons by a fence parallel to the perpendiculars ?

48. A solid is composed of a hemisphere and a cone on opposite sides of
the same circular base ; the diameter of tﬁis base is § ft., and the height of the
cone is § ft. : find the volume of the solid. (w = 3°1416.)

147. Find by duodecimals the volume of a rectangular solid which is -
8 ft. 9 in. long, 5 ft. 6 in. broad, and 4 ft. 3 in. deep.

148. A square tower, 21 ft. on each side, is to have either a flat roof
covered with sheet lead which costs 6. per square foot, or a pyramidal roof
whose vertical height is 10 ft., covered with slates which cost 18s. 9d. per
hundred, and each of which has an exposed surface of 12 in, X g in. : find the
cost in each case.

149. Find the contents of a wedge whose base is 16 in. long and 2} in.
broad, its height being 7 in. and its edge 10% in.

150. The base of a complete triangular pile of shot is an equilateral
triangle whose side contains ten shot : find the number of shot in the pile.

161. The volume of a cone is equal to the area of the base by one-third the
perpendicular height, Deduce the volume of a frustum of a cone, the
diameters of the ends being ¢ and &', and the altitude 4.
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1562. Find the number of cubic feet of masonry in an arch of the following
dimensions : span = 60 ft. = radius of inner curve, depth of arch = 4 ft., and
length = 20 ft.

53. A rope-dancer, walking on a slack rope 153 ft. long, fastened to the
top of two perpendicular poles, each 8o ft. high, placed at a distance of 147 ft.
from each other, breaks the rope and falls at a distance of 48 ft. from one of
the poles : from what height did he fall ?

54. The side of an equilateral triangle is 1 ft. ; each of the sides is
divided into four equal parts, and the nearest points of division are joined : find
the area of the hexagon so formed.

165. Determine the scale used in the construction of a plan upon which a
square foot of surface represents an area of 10 acres.

1568. What is the solidity of a cube whose diagonal is 81 ft.?

157. The altitude of a cone is 10 ft., and the diameter of its base 1 ft.
Divide it into three equal parts by sections parallel to the base, and determine
the altitude of its three parts.

158. Find the number of cubic feet that must be removed to form a
prismoidal cavity, depth 12 ft.; top and bottom are rectangles, the corre-
sponding dimensions of which are 400 ft. x 180 ft. and 150 ft. X 350 ft.

1569. Find the weight of a solid ring of wrought iron whose external
diameter is 1 ft., thickness of iron 2 in. (Wrought iron weighs 0°28 lb. per
cubic inch.)

160. Explain the meaning of the prismoidal formula by taking an example.

181. A cast-iron tank is required to hold 8ooo galls. of water : what is
the area of each side and the area of the base of an octagonal one, the height
of which must be 8 ft. ?

162. Find the area of a rectangle inscribed in a triangle of sides 13, 37, 40,
having one side coincident with the longest side of the triangle, and the ratio
of adjacent sides 10 ¢ I.

1683. A hall can be paved with two hundred square tiles of a certain size ;
if each tile were 1 in. longer each way it would take 128 tiles : find the length
of each tile.

184. A portion of a circle is cut off by two parallel chords situated on the
same side of the centre, and of lengths o/3 4 I and &/3 — I respectively, the
perpendicular distance between them being 1 ft. : find the radius of the circle.

85. The fence of an enclosure in the form of a regular octagon cost
£840 at 4s. 6d. per foot : what will be the cost of gravelling the surface at
1044, per square yard.

186. A sphere of copper 12 in. in diameter is beaten out into a circular
plate 40 in. in diameter : what is the thickness of the plate, supposing 5 per
cent. of the metal is lost in working ?

187. Find to the nearest square inch the quantity of leather required to
cover a spherical football which measures 23 in. in circumference.

68. Find the area in square inches of the exposed surface of three bricks
each gin. X 4} in. X 3in., piled as follows : The first islaid flat on a table, the
second is placed on end on the first and at right angles to it, the third is laid
flat on the second at right angles to it.

189. The interior diameter of a cylindrical ring is 26 in,, and its thickness
8 in. : what is its solidity ?

170. The ends of a prismoid are rectangles the corresponding dimensions
of which are 8 ft. X 7 ft. and 10 ft. X 6 ft., and the height is 4 ft.: find the
volume,

171. The diameter of a 12-lb. shot is 44 in. : what is the thickness of an
8-in. shell which weighs 43§ 1bs. ?

172, The frame of a looking-glass is 3 ft. 9 in. long and 2 ft. 4 in. broad :
find the dimensions of the glass when the area is equal to that of the frame,
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173. Three equal circles touch each other : find a formula for the area of
the space between them, » being the radius of the circles.

174. At what time between 10 and 11 o'clock are the hands of a watch
(i.) coincident, (ii.) opposite one another, (iii.) at right angles, (iv.) twenty-
five divisions apart ?

175. The side of a square is 12 ft. : the square is divided into three equal
parts by two straight lines parallel to the diagonal: find the perpendicular
distance between the parallel straight lines.

178. Two spheres, whose radii are 7} in. and 5§} in. respectively, are
melted down and cast into a hollow shell: if the external diameter of this
shell be 3 ft., find the diameter of the internal hollow space.

177. A solid cylindrical projectile having one end hemispherical, the
other flat, is 4 ft. long and 6 in. in diameter: find its volume and whole
surface,

178. The edge of a wedge is 4 ft. 6 in., the length of the base 2 ft. 8 in.,
breadth of the base 1 ft. 4 in.; the height of the wedge is 21 in.: find
the volume.

179. How many marbles, each I in. in diameter, can be packed in a box
whose internal dimensions aie an exact cubic foot ?

180. How much canvas will make a conical tent 11 ft. in height and 12 ft.
in diameter at the base, width of canvas being 45 in. ?

181. Two maps are of the same size. On the first a line 8°56in. in length

represents 128°4 miles ; on the second an area of 100 acres is represented by
255 5. in.  Compare the areas represented by the two maps.
. 182. If a cubic foot of iron weigh 4 cwt., what will be the weight of a
water-pipe of that material, the length of which is 10 ft. 4 in., the interior
diameter 8 in., and the thickness of metal 4 in, ? Also what will be the cost of
2 miles of such pipe at £5 per ton ?

188. If a cubic foot of metal weigh 4 cwt. 1 gqr., and is worth Rs.280 per
ton, what will be the cost of 1 mile of piping made out of it, with a g-in. bore
and § in. thick? (7 = 3'1416.)

184. A maypole was broken by the wind, and its top struck the ground
20 ft. from the base. FHad it been broken 5 ft. lower down, its top would have
extended 10 ft. further from the base : required the height.

185. Three men bought a grindstone of 50 in. diameter, each paying one-
third part of the expense: what part of the diameter must each person grind
down for his share ?

186. How many cubic fect are there in a grinding stone which is 3 ft. in
diameter, 6 in. thick at the circumference, and g in. at the centre ?

187. A cone 40 in. high and 17 in. diameter is to be cut into three equal
vortions by planes parallel to the base : what must be the altitude of each part ?

188. An embankment 100 yds. long is uniformly 40 yds. wide at the
bottom ; it is 12 ft. deep at one end, and gradually increases to 15 ft. deep at
the other, and the upper widths at these ends are respectively 76 ft. and 85 ft.:
find the cubic yards of embankment.

189. A vessel is in the shape of a cube; it is without a lid : if the
external length is 3 ft., and the thickness of the material 1 in., find the number
of cubic inches of material.

180. The height of a solid 6-in. cube is diminished by pressure to 5§ in. :
suppose the lateral expansion uniform throughout the mass, what will be the
dimension of the new base of this solid ?

191. A pyramidal roof 16 ft. high, standing on a square base which is
24 ft. on each side, is covered with sheet lead , in. thick : how many bullets
will the lead make, each in the form of a cylinder % in. long and § in.
in diameter, terminated at one end by a cone of the same diameter and § in.

hign ?
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192. A conical glass 6 in. in diameter and 4 in. high is filled with water,
and a spherical ball 4 in. in diameter is sunk into it as far as it will go: find
the weight of water displaced, taking the weight of a cubic foot of water at
623 lbs.

;193. A cutting and an embankment have to be made, the former 30 ft.
deep, the latter half as high. The top of the embankment and bottom of the
cutting are equal and 4o ft. broad, and the sides of both slope at the same
angle, 45°. Not allowing for the expansion of the excavated earth, what
length of embankment will 110 yards’ run of cutting make ?

g194. A bridge arch has a span of 60 ft., a rise of 10 ft., and a depth of
4 ft., and its length from face to face is 30 ft.: find how many cubic feet of
masonry are in the arch.

186. Deduce the volume-formula of a prism, a cylinder, a pyramid, and a
cone from the volume-formula of a prismoid.

198. A flagstaff stands on a tower. I measure from the bottom of the
tower a distance of 100 ft. I then find that the top of the flagstaft subtends an
angle of 45° and the top of the tower an angle of 30° at my place of
observation. What is the height of the flagstaff ?

197. The areas of the floors of two rooms are the same, but the volume of
one room is 1800 cub. ft. greater than that of the other. The length and the
height of the larger room are 214 ft. and 15 ft. respectively, the width and the
height of the smaller 15 ft. and 10 ft. Find the remaining dimensions.

198. What will be the cost, to the nearest rupee, of arching over a room
32 ft. long and 20 ft. span, the arch being segmental, with a nisc of % of span,
and thickness 9 in. ? (Cost of masonry, Rs, 35 per 100 cub. ft.)

199. A cylinder 5 ft. long and 3 ft. in diameter is closed by a hemisphere
at each end : find the area of the whole surface. (7w = 3°1416.)

200. Find the number of gallons of water required to fill a tank, the depth
of which is 4% ft., and the top and bottom of which are rectangles, the corre-
sponding dimensions of which are 250 ft. X 16 ft. and 240 ft. X 14 ft.

201. The cross-section of a brick subway 20 ft. long is a rectangle sur-
mounted by a semicircle. The total height is 8 ft. and breadth 4 ft., both
exclusive of the bricks ; the thickness of the bricks is 44 in. Find the weight
of the bricks, if a brick containing fjth of a cubic foot weigh 5 Ibs.

202. The height of a frustum of a cone is 7 ft., and the diameters of the
two ends are 8 ft. and 10 ft. respectively ; the frustum is cut into two pieces of
equal volume by a plane parallel to the ends : find the distance of this plane
from the smaller end.

203. A bridge arch has a span of 20 ft., a rise of 3 ft., depth of voussoir
2 ft., and its length from face to face is 30 ft.: find how many cubic feet of
masonry it contains,

204. An observer holding a foot rule vertically before him at a distance of
3 ft. from his eye, finds that a distant flagstaff is exactly covered by 2% in, of
the rule. He then advances 100 ft. directly towards the staff, and observes
that, still holding the rule outstretched at the same distance, the staff is
covered by 3 in. of the rule. Find the height of the flagstaff, its foot being
constantly on a level with the observer’s eye.

206. The carpeting of a room twice as long as it was broad, at 5s. per
square yard, cost £6 2s. 6., and the painting of the walls at 9d. per square yard
cost £2 12s. 64. : find the dimensions of the room.

208. The content of a cistern is the sum of two cubes whose diagonals are
10 and 2 in., and the area of its base is the difference of two squares whose
sides are 1§ and 13 ft. : find the depth of the cistern.

207. A frustum of a circular cone is trimmed just enough to reduce it to a
ﬁ'ustumdof a pyramid with square ends : find what fraction of the volume is
removed.
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208. Tgxe area of the surface of a sphere is 25 sq. in. : find the volume.
(r = 3-1416.)

209. Find the number of cubic feet which must be removed to form a
prismoidal cavity ; the depth is 12 ft., and the top and the bottom are rect-
angles, tghe corresponding dimensions of which are 400 ft. by 180 ft., and 350 ft.
by 150 ft.

y 210. Every edge of a certain triangular prism measures 10 in.: find the
volume.

211. A railway tunnel is 21 ft. wide in the clear, 12 ft. high to the spring-
ing, and has a semicircular arch ; the foundations are 1 ft. 6 in. deep and
2 ft. thick ; the thickness of the side wallsis 1 ft. 6 in., and that of the arch
1 ft. 1How many cubic feet of brickwork are there in 100 ft. in length of this
tunnel ?

212. A circular chimney tapers from base to top. It is 14 ft. in diameter
at base, 8 ft. 9 in. in diameter at top, and 57 ft. high. The inside of the shaft
is circular, and uniformly 7 ft. in diameter, What is the solid content of the
chimney ?

218. A person observes the elevation of a tower to be 60° and on
receding from it 100 yds. further, he finds the elevation to be 30°: required
the height of the tower.

214. Show that the chord of a quadrant of a circle divides the circle into
two parts, the areas of which are in the ratio of 10 to I nearly.

216. The radius of a circle is 15 ft. : find the areas of the two parts into
which it is divided by a chord equal to the radius. (r = 3'1416.)

218. A sphere 15 in. in diameter is divided into three parts of equal
height by two parallel planes : find the volume of each.

217. What is the volume of a prismoid, the length and breadth of its
greater end being 24 and 16 in., and those of its top 16 and 12 in., and its
height 120 inches? Answer to be given in cubic feet.

18. An incomplete pile of shot stands upon a square base whose side
contains 20 shot, and there are ten courses : find the number of shot in the pile.

219. The radii of the ends of a frustum of a right circular cone are 7 ft.and
8 ft. respectively, and the height is 3 ft.: find the volumes of the two pieces
obtained by cutting the frustum by a plane parallel to the ends and midway
between them,

220. The base of a right prismis a rectangle which measures 7 in. by 8 in. ;
find the volume of the solid obtained by cutting off a piece of this prism, so
that the sum of the four parallel edges is 42 in.

221. Find the quantity of masonry in a roof arch, and its cost at Rs.35 per
100 cub. ft. Dimensions: length of arch, 40 ft. ; span, 15 ft.; rise, 3 ft.;
and thickness, 18 in.

222. The diameters of the ends of a frustum of a cone are 12 ft. and
16 ft. respectively, and the height of the frustum is 6 ft. ; the frustum is divided
into three equal parts by planes parallel to the ends: find the distances of the
planes from the larger end.

23. Assuming that a dome is hemispherical, and the cost of whitewashing
its exterior surface at 4 annas per 100 square feet is Rs.4, and that of the
interior at the same rate to be Rs.2 8 annas, find the cost of the masonry at
Rs.23 per 100 cub. ft.

224, What will be the cost of arching over a room 26 ft. long and 18 ft.
wide, the arch being segmental, with a rise of } of width, its thickness 1} ft.,
and the price of masonry being Rs. 25 per 100 cub. ft. ?

2265. A pipe of 4 in. diameter is sufficient to supply a town with water :
what must be the diameter of a pipe which, with the same velocity, will supply
it when its population is increased by one-half ?

228. Find the cubic content of a piece of road embankment 400 ft. long,
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the longitudinal slope being regular, the height at the ends being 6 and 4 ft.
respectively, the side slopes 2 to I, and the breadth at top everywhere 3o ft.,
the ends being vertical.

227. 1In a frustum of a right circular cone the larger diameter is 4 ft. g in.,
the smaller diameter 3 ft. 6 in., and the perpendicular height 5 ft. : find the
area of the whole surface.

228. A sphere of 1 ft. radius rests on a table : find the volume of the right
hollow cone which can just cover it, the section of the cone through the axis
being an equilateral triangle. (7 = 3°1416.)

229. The frustum of a right cone is 6 ft. high, the radius of the smaller end
is 2 ft., and the radius of the larger end is 3 ft. : find the position of the plane
parallel to the ends which will divide the frustum into two equal parts. "Find
also the volume of each part.

230. What fraction of the earth’s surface can be seen from a height of
10,000 ft. ? (Diameter of the earth = 8000 miles.)

231. How many yards of rope will be required to suspend 20 punkahs,
cach 48 ft. long, with three hooks at 24 ft. spaces, and hung 16 ft. below the
ceiling, from two hooks 24 ft. apart? A rope runs from each of the ceiling
hooks to each of the punkah hooks.

232. A round bar of silver 2 ft. long and 2 in. in diameter is to be
drawn out into wire of & in. in diameter : what will be the length of the wire
obtained ?

288. A ball of lead 4 in. in diameter is covered with gold: find the
thickness 06f the gold in order that the volumes of gold and lead may be equal.
(r = 31416.)

234. In laying the foundation of a house, an excavation is made 4o ft. long,
30 ft. broad, and 6 deep. The earth removed is spread uniformly over a field
containing half an acre : find how much the surface of the field will be raised

236. A pyramid has for its base an equilateral triangle of which each side
is 1 ft., and 1ts slant edge 3 ft. : required its surface and solid content.

2368. Find the velocity at which a person is travelling in latitude 45° owing
to the earth’s rotation, assuming the earth’s radius to be 4000 miles,

287. A bowl is in the shape of a segment of a sphere ; the depth of the
bowl is 9 in., and the diameter of the top of the bowl is 3 ft.: find to the
nearest pint the quantity of water that the bowl will hold.

288. Find in inches the diagonal of a cube whose surface is £qual to a
square yard.

289. The height of a frustum of a pyramid is 4 in. ; the lower end is a rect-
angle which is 9 by 12 in. ; the upper end is a rectangle of which the longer
side is 8 in. : find the volume of the frustum.

240, The radii of the ends of a frustum of a right circular cone are 7 ft.
and 8 ft. respectively, and the height is 3 ft. ; the frustum is cut into three, each
1 ft. in height, by planes parallel to the ends : find the volume of each of the

ieces.
P 241. A pyramid is cut out from a cube (edge = @) by a plane passing
through the extremities of three edges, meeting at a corner of the cube : find
the area of the surface of the figure left.

242, How much would it cost to have a pit dug at 4 annas per cubic yard,
its size at the top being 34 ft. 4 inches long, 30 ft. broad, the sides sloping at
an angle of 45°, and its depth 13 ft. 6 in. ?

243. Investigate an expression for determining the area of a regular polygon
in terms of the number of sides and the radius of the inscribed circle.

244. The lower portion of a haystack is an inverted conic frustum, and the
upper part a conc; the greatest height is 30 ft,, and the greatest circum-
ference 60 ft., the height of the frustum 20 ft., and the diameter of the base
16 ft. : find the volume in cubic feet.
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245. Find the number of cubic feet of masonry in a bridge arch of the
following dimensions : span, 50 ft.; rise, one-fourth the span; thickness of
masonry, 3 ft.; length of arch, 36 ft.

24& Find the weight of an iron dumb-bell consisting of two spheres of
4% in. diameter, joined by a cylindrical bar 6 in, long and 2 in. in diameter,
an iron ball 4 in. in diameter weighing 9 lbs.

247, A zone of a sphere is 4 in. in thickness, the diameter of the base is
12 in., and that of the top g in.: find the convex surface and the volume.

248. The ends of a prismoid are rectangles, the corresponding dimensions
of which arc 18 ft. by 10 ft. and 12 ft. by 16 ft. ; the height of the prismoid is
9 ft. ; a section is made by a plane parallel to the ends at the distance of 3 ft.
from larger end : show that the section is a square.

249. There is a cup in the shape of a conic frustum, 5 in. deep, the top
diameter being 4 in., and the bottom diameter 3 in. : if it is filled with liquor,
and three persons drink it successively in equal portions, what will be the
depth of each draught?

250. A square-threaded screw with double thread is formed upon a
cylinder 3 in. In diameter ; the thread projects from the cylinder f; of an inch,
and the screw rises 3 in. in four turns : find the volume if the screw be g in. in
length,

g251. A sphere 16 in. in diameter is divided into four parts of equal
height by three parallel planes : find the volume of each part.

252. A well is to be constructed of the following dimensions: exterior
diameter, 10 ft. ; interior diameter, 7 ft. ; height of cylinder, 30ft. The cylinder
rises 2 ft. above the surface of the ground, and is surrounded by a masonry top
or platform 2 ft. in width (beyond the cylinder all round), and § ft. in depth,
being 3 ft. below the surface of the ground, and 2 ft. above it. (7 = 3'14159.)
Calculate (1) the quantity of masonry in the cylinder, and (2) the quantity in
the platform.

53. A conical glass, whose depth is 4 in., and width at top 6 in., is filled
with water: if a sphere of 6-in. diameter be placed in the glass, how many
square inches of its surface will be immersed ?

254. Find the edge of the greatest cube that can be cut out of a cone
whose vertical angle is 60° and height 10 in.

266. What will be the cost of arching over a room 32 ft. long and 20 ft.
span, the arch being segmental, with a rise of § of span, and thickness of 9 in.,
the cost of masonry being Rs. 35 per 100 cub. ft.?

58. A pint tankard is in the form of a frustum of a circular cone; its
height is 4% in., and the diameter of its base 3% in., both measurements taken
inside : find the diameter of the top. (w = 3°1416.)

267. Find the number of cubic yards of earth in a portion of a railway
cutting 12 chains in length: the following numbers rcpresenting the areas in
square yards of a series of transverse sections taken at intervals of 1 chain:
290, 264, 276, 268, 280, 274, 254, 250, 268, 240, 232, 226, 220.

568. Each edge of a regular tetrahedron measures 4 in.: find the
volume.

269. Find the number of square miles betwcen the 3oth and 45th parallels
of latitude, assuming the earth’s radius to be 4000 miles. (v = 3'1416.)

260. Prove that the area of a regular polygon of an even number of sides
inscribed in a circle is a mean proportional between the areas of the inscribed
and circumscribed polygons of half the number of sides.

261. A tin funnel consists of two parts; one part is conical, the slant
height being 6 in. and the end circumferences 20 in. and 1} in. respectively,
the other part is a cylinder 8 in. long and 1} in. in circumference : find the
number of square inches of tin.

262. A frustum of a square pyramid has the area of the base four times
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that of the top: show that its volume is seven-twelfths of that of a prism of
equal base and altitude,

263. A cylindrical glass, height 8 in., diameter 3 in., is filled to a depth
of 5 in. with water ; the glass is then tilted till the water is about to run out:
find the area of the surface of the water.

284. The height of a frustum of a pyramid is 4 in., the lower end is a
rectangle which is g in. X 12 in., the upper end is a rectangle of which the
longer side is 8 in. : find the volume of the pyramid.

85. What will be the expense of excavating the foundation for a house
50 ft. X 30 ft., to be erected on a piece of ground sloping to the south
uniformly at the rate of one in 62 ? The front, of 50 ft., looking due south, and
thus agreeing with the horizontal direction of the ground, is to be dug every-
where to the depth of 1o ft., and at that depth the ground-floor is to be carried
on a level surface to the back, the excavation being thus deeper at the back
than at the front. It is to be excavated, and the earth removed, at the rate of
10d. per cubic yard.

256. Three labourers are required to erect a conical mound of earth, and
each is to perform the same share in the work, and to commence when his pre-
decessor has completed his task : if the altitude of the cone is to be 20 ft., find
the altitude of the portion contributed by each labourer.

267. A bucket is filled twenty-seven times with water from a circular
well. It is found that the water fills 1 ft. 2§ in. The bucket consists of a
trustum of a cone whose height is 10 in., and the diameters of whose ends are
9 in. and 12 in. Find diameter of the well.

268. What is the length of the edge of the largest cube that can be cut out
of a right cone of the following dimensions : diameter of base, 12 in. ; height,
18 in. ?  MNofe.—The base of the cube is to be in the base of the cone.

269. A flower-bed is to be made on the space common to four equal circles
whose centres are the angular points of a square of area 69 sq. ft. 64 sq. in.,
and radii equal in length to a side of the square : find the area of the flower-
bed.

270. Each edge of a pyramid on a triangular base is equal to 124/3 ft. :
find the diameter of the greatest cylinder that can be cut out of it, the height
of the cylinder being equal to its diameter.

271. Find to the nearest cubic foot the quantity of masonry in a bridge
arch of 30 ft. span., 73 ft. rise, 3 ft. thick, and 27 ft. wide, and cost of con-
structing same at Rs.35 per 100 cub. ft.

272. Divide a conc into five equal parts hy sections parallel to the base,
and find the altitude of each part, the height of the cone being 20 in.

278. A cubical box with a lid is made of planking, and weighs 10 1bs. ;
its interior diagonal is 3 ft. : find its thickness, if 1 cub. ft. of the planking
weigh 40 lbs.

74. Find the number of balls, each 6 in. in diameter, in a triangular pile
consisting of twenty courses, top course being a single ball ; and also the height
of the pile.

275. The base of a cone is a circle of 12 in. diameter, and its height is also
12in. A slice is cut from the one side of the cone by a plane passing through
the vertex and cutting the base at the distance of 3 in, from the centre, but not
including the centre : find the solid content of the slice.

276. A quadrilateral in a circle is bisected by one of its diagonals and
trisected by the other. The two adjacent sides, which contain an obtuse angle
and are subtended by the trisecting diagonal, are @ and ¢ respectively. Show
that the area = }o/{34a%% —(a* + c1)}.

277. How many square yards of canvas are required to make a conical tent
9 ft. high, such that a man of 6 ft. could stand anywhere inside, within a radius
of 2 ft. from the centre without stooping ? (m = 3'1416.)
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278. The sides of a circular reservoir are inclined at an angle of 30° to the
horizon, and the diameter of the horizontal bottom is 60 ft. : find the number
of gallons contained in it when the water is 10 ft. deep.

279. The arch masonry of a semicircular arched bridge of 40 ft. span and
25 ft. wide increases in thickness from the crown to the springing as follows :
along the first 10 ft. of the curve on each side of the crown the thickness is
1 ft. 3 in. ; along the second 10ft. on each side, 1 ft. 6 in. ; and so on, increasing
3in. on passing through every siiccessive 10 ft. down to the springing line.
Calculate the cost at Rs.28 per 100 cub. ft. (7 = 3°1416.)

280. The base of a prismoidal solid is a square, and the top a regular
octagon, four alternate sides of which are parallel to the sides of the base. The
altitude of the solid is 6 ft., the sides of the base 3°5 ft., and those of the top
1 ft. Find its volume.

281. A drinking water-trough for cattle is 13 ft. long and 3 ft. wide at top,
10 ft. long and I ft. wide at bottom, and 1 ft. deep, and the sides and ends
slope symmetrically : how many gallons of water does it hold when the water
is 7 in, deep? ’

282. A wire cable is formed of six wires twisted round a central one, the
diameter of each being j in. ; the central wire is straight, and the others
make one turn in 8 in. : find the volume of a yard of cable.

283. Four spheres are piled in a heap, three on the base and one on the
top ; the diameter of each is 10 ft. : find the vertical height of the pile.

284. A perfectly flexible rope of 4 in. in diameter is coiled closely on the
ground, and there are twelve complete coils: find the length of the rope in
feet.

286. Brass wire § in. thick and of circular section weighs 4 ozs. per foot :
find weight of a length of wire sufficient to make twenty-five complete turns
round a cylindrical shaft 3 ft. in diameter.

286. A road having a gradient of I in 20 is cut through the ridge of a hill,
the sides of which have a slope of 1 in ten; the length, measured from
its entrance at one side to its exit at the other, is §00 ft., width 30 ft., and sides
perpendicular : find the quantity of cutting in the same.

287. A spherical sector is removed from a solid sphere such that the
spheric surface removed is one-sixteenth of the surface of the sphere : find what
fraction of the sphere has been removed.

288. A rod whose section is an equilateral triangle of side @ is bent so as
to form a circular hoop of internal radius » ; one face of the rod is perpendicular
to the plane of the hoop : find the ratio of the volumes of the two hoops that
could be thus formed.

288. A conical wineglass, of height Z and radius of base g, is held with
axis vertical. Water is poured to such a depth that on inserting a heavy
sphere of radius 7 the water completely fills the space between the sphere and
the cone. If the sphere is wholly submerged, find the depth of water
necessary.

280. The shaft of an obelisk is formed from a prism on a square base by
truncating the edges so that the top is reduced to a regular octagon inscribed in
the originally square top, and the bottom is unaltered : find its volume,
(Height = £, side of square = a.)

291, Prove the formula 7 = g{A‘ + Apnp+ 24+ A+ oo+ Ayny)

+4(4;+ A+ . .. + A;0)} for determining approximately the volume o1
earth in an embankment, and explain the symbols used.

292, The barrel of a shot-gun consists of a frustum of a cone, total
diameter at breech 0'836 in., at muzzle 0'764 in. It is hollowed out to a
diameter of 062 in. throughout. Find the weight of copper in the barrel,
supposing that a solid rod of the same external dimensions as the barrel would
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have weighed 2 1b. 6 ozs., and !}at there is 0'12 per cent. of copper in the
composition of the metal. HETAUNTRY

2083. A canal lock, with two flodd gates at one end, is filled to 8 ft. above
its'origindl level in one and a half minutes : supposing the lock to be 176 ft,
long and 12 ft. broad, and the water to flow in uniformly at the rate of 4 miles
an hour, find the su.p_uﬂ,@lrirve_g, of the two flood gates.

204. 1 want a roller 4 {l. 1n length, and to weigh 8 cwt. Itis to be made
of freestonc of the specific gravity of 2}.  What must be its diameter ?
/595. A conical.glass, of depth 4 in. and breadth at top 3 in., is filled with
water : if a glass rod # in. in diameter be pushed into it as far as it will go and
held upright, how much water will overflow ?

298. The diameters of the ends of a frustum of a cone are respectively
20 ft. and 16 ft., and the height of the frustum is 5 ft. ; the frustum is divided
into three equal parts by planes parallel to the ends; find ythe distances of the
planes from the smaller end. Y " : ) )

297. A square-based pyramidal mbrolith of g’raﬁf{g contains as many solid
feet as s square, having its side equal to the perpendicular height would
embrace superficial ones, the sides of the base of the pyramid itself being equal
to one-half the slant cdge : find dimensions and cost of polishing at 10 annas per
square foot. T R

208. A spiral spring consists of nine complete’coils; its vertical height is
17 in., the diameter of its transverse.section is 1 in., and the mean radius of
the spiral 8 in., and the sqlli)d is bounded by two horizontal planes : ﬁng its
volume. ) o ’

299. A field is in the fSm of an isosceles triangle, and measures 20d‘;yds.
along each of its equal sides, and 240 yds. along the base: what must be the
length of a tether fixed at its apcx and to a horse’s nose to enable him
to graze exactly one-sixth of it ?

800. There is a vessel in the form of a frustum of a cone standing on its
smaller end, whose volume is 8:67 cub. ft. and depth 21 in., and the diameter
of its top is to that of its baseas 7 1 5. A globe, the number representing whose
volume 1s two and a half times that representing its surface, is putinto it. Show
that the diameters of the vessel are 35 and 25 in. approximately, and that of the
globe 15 in. ; and find also the volume of water which would be required just
to cover the globe.

0l. On ground having a uniform slope of 6 horizontal to I vertical an
earthen mound is to be constructed. The top to be horizontal, and in the
form of a square 45CD of 18 ft. side ; the corners 4 and B each to be 7 ft.,
and the corners C and D cach 10 ft., vertically above the original ground
surface. The sides of the mound to have a slope of 1 horizontal to 1 vertical
(45°). Find in cubic feet the volume of earth required for the construction,

. 802, If the inscribed circle of a square of 1 ft. side be removed, and the
remajning figure be made to rotate about one of the diagonals, find the volume
of the solid thus generated. Express the answer in cubic feet to three places
of decimals.

303. Two spheres of 3 in. and 1 in. diameter stand on a horizontal plane
in such a position that a vertical line passes through the centres of both. A
hollow conical vessel touching both spheres also stands on the horizontal
plar:l(;.‘ Find the volume of air contained in the hollow cone under the above
conditions.



CHAPTER XXXVIIL

COLLECTION OF FORMULA—VOLUMES AND SURFACES OF

SOLIDS.
203. Rectangudar solids.
, () V= abe
H (1) V=4ce= Ab=Ana
1 er
> (i) V= 44,44,
|74 (iv) S = 2(ab + b + ca)
Sy W dsJaedEge
il | A5 where V = volume ; .S = whole surface;
/ W, a=length; b= breadth ; ¢ = depth;
------ i) - A, = area of base ; 4, = area of side;
A, = area of end ; 4 = diagonal.
| Ve
: XY
N P Cubes.
Yy i) V=2a®
| (i) S=6a>_
v i (iii.) d=ay'3
s where ¥ = volume ; .S = whole surface;
Id .
e a = edge; 4 = diagonal.

mmam—a/————- oot

v

| Y Prisms and eylinders.
! (i) V=4Ah
(i) V= A
I (i) S=p/+ 24
> -—A’ ! where 7 = volume; S = whole sur-
! face; A4 = area of base; A4, = area
| of cross-section ; /% = height; /
| = length; p = perimeter of cross-

o W section.
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Circular cylinders.
V=ur1l

where 7 = volume ; » = radius of base;
/e = height.

Right circular cylinders.
() V=mnrk
@1.) S=znr(h+7) |
where 7 = volume; S = whole surface;
» = radius of base; / = hcight.

Rings.
() V= 4!
(i) S=p/
where V= volume ; § = whole surface ;
A = area of cross-scction ; /= length or
mean circumference ; p = perimeter of
cross-section.

Cylindrical rings.

i) V= 7;(1? + 7)(R ~ r)?

(i) V= 5;40 +O(C =

(iii.) S=7}(R? - 1?)
(iv.) S=LC% =)

where V = volume ; .S = whole surface ;
R = outer radius; » = inner radius;
C = outer circumference; ¢ = inner cir-
cumference.
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Pyramids and cones.
V=2342

where V' = volume; 4 = area of base ;
/¢ = height.

Right regular pyramids.
() V=2L14%
Giy S=L.ps4+ 4

where ¥ = volume ; S = whole surface; A4 = area of base;
2 = perimeter of base ; s = slant height.

. Circular cones.
| hinbo 4
4 ——':1,'.777’2./1

where V = volume; 7 =radius of
base ; /% = height.

Right circular cones.
() V =inrh
(i) S=wr(J A4 72 +7)
where ¥ = volume; S = whole surface ; % = height; » = radius
of base.
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4
Regular tetrahedrons. ;¢

"o
A2,
Tt

. 2

1) V=- 3 @
(i) S=4ay/3
(i) 2= 2a4/%

where V' = volume; S = whole surface ;
2a = edge ; # = height. -~ -
g€ ; g‘) N s/“'h}'}

IR

Wedges on rectangular ____Y -
bases.

i) V= '[;/{(2/-!— €)
(i) V= f§'<21+e)

where V = volume; /= length of
base; & = breadth of base; ¢ =
edge; A, = area of cross-section. «

-3,

" L
Yoo P ]

Wedges on trapezoidal bases, or

oblique frusta of triangular prisms.

V=4A,. atate

3 :

. ",

wher8> 7 = volume ; A4, = area of cross- -’

section; &, &, ¢ are the lengths of the
three parallel edges.

s‘: » L ]
) e
Oblique frusta of any right re.

gular prisms.

(i) V= Ay

(i) S=p/ v .
where ¥V = volume; S = lateral surfade; A4,
= area of cross-section; /= mean length;
= perimeter of cross-section.

Note.—By mean length is meant the average
length of the parallel edges, that is—

, -sum of parallel edges

number of parallel edges
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U

Oblique frusta of right circular cylin-

ders. —
(i) V=m=rr.l
(i) S =2nr./

where 7 = volume; S = curved surface;

= radius of cross-section ; / ='mean length.

. . \‘v)‘,

o
S

Prismoids.
Y
V=g(d+ A: + 44)

where 7 = volume ; / = height; 4, and
A, are the areas of the ends; 4 = area
D of mid-section parallel to the ends.

Frusta of pyramids and cones.
Y S
V= g’(Al + 4, + V4,4

where 7 = volume; % = height; 4, and
A, are the areas of the ends.

Frusta of right regular
pyramids.

Q) V= g(Al + Ay + VA
(i) §=3s.(P+2)

where V = volume; .S = lateral sur-
face ; /& = height ; 4, and 4, are the
areas of the ends; £ and p are the
I perimeters of the ends; s=slant
height.

Frusta of right circular cones.
i) V= %ﬁ(kﬁ’ + 72 + R7)
(ii.) S= 1s(C+o)
(iii.) S=7ms(R + 7)

where 7 = volume; .S = curved
surface ; & and 7 are the radii of the
ends ; Cand care the circumferences
of the ends; s = slant height.
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Spheres.
d3

i) r="¢

(ii.) V= gm"

(iii.) S = ma?

{iv.) S = gmr?
where V= volume; S = surface; &
= diameter; 7 = radius. , -/

. ‘(’yy

Spherical shells, . ./
W oI - i

(i) V= 737 TR - )

7
and when the thickness of the shell i 9)
very small compared with the outer
diameter—
(iil.) V' =« ..D%. . nearly

also, when the thickness of the shell is {™
nearly cqual to the outer radius

—z::aa% [

N

where V = volume; 2 = outer diameter; & = inner diameter
R = outer radius ; » = inner radius ; 4 = thickness... . .
i i S — .

‘
?
ce

Oblate spherc:ids.
V=>%ra

where V = volume; @ = semi-major
ax1s; = semi-minor axis.

(iv.) V= g .L?. /i nearly

s -

‘ &"'t‘? ﬁ":‘ ;fw
Prolate spheroids
= Lral?

where 7V = volume; @ = semi-major
b = semi-minor axis.
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Zones of spheres.

. ) A
—— (i) V="cl30: +7) + %)
(i) S=mdh
where 7 = volume ; .S = curved sur-
face ; 7y, 7, are the radii of the two
ends; /% = height; &= diameter of
the sphere.

Segments of spheres.

. ko

@) V="TEGne+ )
i) V="" (34~ 2l)
(iii.) S = ndh

where V = volume; .S = curved surface ;
7, = radius of the base of the segment;
= height ; 4 = diameter of the sphere.

Sectors of spheres.

1) V=211

Gi) V=17

(iii.) S =wr{2k + 4 (27 — 1*)}
- where ¥ = volume; .S = whole surface;
7 = radius of the sphere; % and s are the
height and curved surface of the segment
of the sphere that forms the base of the
%' sector.

Note. —-Formula (u) follows from formula (x s smce s=2mr.k

(8 198): E

Similar solids.

(1) V'V, = al : a.

(ii.) Sl Sy =a: at

(i) a0y = 53 T

(iv.) & : a2 NSNS,
where 7, and V, are the volumes ;
S, and S, are the surfaces ; a; and
a, are corresponding linear dimen-
sions of the first and second
similar solids respectively.

PR

__._..al__.._.’
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Irregular solids whose opposite ends are plane figures
lying in parallel planes.

Z
= ’3‘{4414- Appn +2(4s + 454, .. + Ayoy) + 4(4: + 4,
+. o 4 4,)}

where V' = volume; 27 = number of equal parts into which the
length of the solid is divided by planes parallel to its ends;
d = common distance between the parallel planes; A4, A,
Ay .. . Ay Asne are the areas of the transverse sections of the
figure made by the parallel planes taken in order.
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Tables.
No. |Square.| Cube. |Square root. ggg’t‘?
I I 1 1°00000 1°0000
2 4 8 1°4142135 1°2509
3 9 27 1°7320508 1°4422
4 16 64 2°'00000 1'5874
5 25 125 223607 1'7099
6 36 216 2°44949 1'8171
7 49 343 2'64575 1'9129
8 64 512 282843 2°0000
9 81 729 3"00000 2'0800
10 100 1000 3'16228 2'1544
11 121 1331 331662 22239
12 144 1728 346410 22894
13 169 2197 | 3'60555 273513
14 196 2744 3'74166 2°4101
15 | 225 3375 387298 2°4662
16 256 4096 400000 2'5198
17 289 4913 412311 2°5712
18 324 5832 4°24264 2°6207
19 361 6859 435890 26684
20 400 8000 4'47214 2°7144
= 3'1415926536
A7 = 17724538509
m? = 9'8690044011
1{ = 0°3183098862
1
ks 0°'1013211836

One cubic foot of pure water weighs 997°137 oz. (Av.) = 1000 ozs. ncarly
One gallon measure contains 277°274 cub. in. = 0°16046 cub. ft.
= 277} cub. in. nearly

I
277274~ 003065



1. 18,016 cub.in. 2. 125,648 cub. in. 8. 4 cub. yds. 25 cub. ft. 176 cub. in.
4. 2 cub. yds. 25 cub. ft. 8o cub. in. 5. 35°84 cub. ft. 6. 27,000 oz.
7. 69°3125 cub. in, 8. 500 lbs.
Examples—XX,
1. 210 cub. ft. 2. 111 cub. ft. 54 cub. in.
8. 7 cub. yds. 7 cub. ft. 1512 cub. in. 4. 30ft. 2in. 5. 5 ft. 2in.
6. 9 in. 7. 9 5q. ft. 42 sq. in. 8. 1yd. 1 ft. 3in.
9. 2sq. yds. 4 sq. ft. 132 sq. in. 10. 7 cub. yds. 16 cub. ft. 520 cub. in.
11, 1yd. 2 ft. 10in. 12. 6 cub. yds. 22 cub. ft. 16 cub. in.
13. Rs.1960. 14. 10,240 bricks. 15. 2283 galls.
16. 8765625 Ibs. 17. 15 tons 12 cwt. 2 qrs. 18, 11in,
19. 10cub. yds. 1152 cub. in. 20. g cub. ft. 48 cub. in.
21. 22 cub. ft. 1288 cub. in. 22. 7 cub. yds. 1 cub. ft. 189 cub. in.
23. 1331 cub. yds. 24. 421} cub. yds. 26. 1 ft. 7 in.
26. 1yd. 7in. 27. 1 yd. 2 ft. 1in, 28, 5yds. 1 ft. 5 in.
29. 4 ft. 5in. 80. 24°06 in. 81. 345,600,000 sq. in.
82. 5 cub. ft. 960 cub. in. 88, 1714 cub. in. 34, 1530 cub. in.
86. 43...in. 37 12min. 53secs. 88. 1 ft. 2in.; 2ft. I1in. ; 4 ft. T'in.
39. 3 cub. ft. 12 cub. in. nearly. 40. 584 in. nearly.
41, 45 in, nearly. 42, 4 1t. 43, 12 ft.; 9 ft. 4, 1ft. 3in.
Examination Questions—XX.
1. Yes; because edge of cube = 15°9 . . . ft. ; side of s%uare =162 ft.
8. 42°4263 ft. 4. 6 days nearly. . 8242°408 cub, in.
6. 9 cub. ft. ; 3182 cub. in. 7. J§ oz. ; 1} oz. 8. 314} cub. ft.
9. 519615 cub. in, 10. 174 ft. broad ; 13 ft. high.
11, 31,516} bricks. 12, 12,288 bricks. 13. 6o in.
14, 88,392§ tons. 15. 0°000046 in. 16. 275 in. nearly,
17. 279 ft.; 93 ft.; 124 ft. 18. £10s 87 19, 13°61 ft. ; 4603 sq. ft.

ANSWERS

Examples—XIX.

Examples—XXI,

. 15 cub, ft. 10, 2. 41 cub. ft. 11’ 17 3. 8. 29 cub. ft. §' 1" 8™ y1*,
. 42 cub. ft. 11”7 6" 7", 5. 14 cub. ft. 8 7" 2" 11" 9",
1 cub. prime 9 cub. secs.
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Examples—XXII,
1. 7 cub. ft. 966 cub. in. 2. 1 cub. yd. 5 cub. ft. 396 cub. in.
3. 5 cub. yds. 8 cub. ft. 1368 cub. in. 4. 5 cub. yds. 10 cub. ft. 768 cub. in.
5. 1ft. 6in, 6. 2 ft. 9 in. 7. 1sq. yd. 1 sq. ft. 72 sq. in.
8, 2s5q. yds. 2 sq. ft. 84 sq. in. 9. 1134 cub. in. 10. 450 cub. in.
11, 1620 cub. ft. 12, 1 ft. 3in. 13, 2 yds. 2 ft. 4 in.
14. 1 ton 14 cwt. 3 grs. 5 lbs. I oz. nearly. 15. 53% cub. ft.

16. 263§ cub. ft. 17. 24 cub. yds. 23 cub. ft. 594 cub. in.

18. 7°2...in. 19, 15°6. . . in. 20, 16'5. .. in,
21. 17,670 galls. 22. 404°'0883 cub. ft. 28. 1087 coins.
24. Rs.47 10annas 8 pies. 28, 24,446 yds. nearly.  26. 12:217 cub. ft.
27. Rs.63 15annas 1 pies. 28, 44°6 in. nearly. 29. 3°6 cub. ft. nearly.
80. 11°15in.; 13°151n. 3l 10 ft. 101in. nearly. 32, 957°6 galls.
83. 536,6044 cub yds. 84. g tons 9 cwt. I qr. 9 Ibs. 12°8 ozs.

85. 0’72 ... 36. 408 ft. nearly. 37. 14°76 cub. ft.
88. Rs. 327 6annas 1} pies. 89. 525 cub. ft. 40. 872 cub. in.
41. 39°13 cub. in. 42. 123°29 cub. in. 43. 22098 cub. in.
44. 554°26 cub. in. 45, 976 cub. in. 46, 868 cub. in.
47. 6 in. 48. 4 ft. 4 in.

Examination Questions—XXII,

1. 0°416 in. 2. 1°8638 tons. 3. 974°278 . .. cub. ft.
6. 28624 cub. ft. 6. 3033 cub. ft. 7. 2°598 cub. ft.
8, 1848 cub. ft. 9. 35,9823 cub. yds. ; 53 ft. 10. 2595 cub. ft.
11, 14,627 cub. ft. nearly. 12, 2178 tons. 13. 1697 cub. ft. nearly.
14. 1533 cub. ft. 15, 338 cub. ft. nearly ; Rs.118 nearly,
16. 107 ft. 17. 3374°9 cub. ft. ; Rs.1012, 7 annas 6 pies.

. 2362°4 cub. ft. nearly ; Rs.708 11 annas 8 pxes nearly. 19. 33,750 cub. ft.

20. 1104 cub. ft. nearly. 21. 1500 cub. ft. 22, 157,023 acres.
28. 18, 27& ft. 24, 16437 cub. ft. ; 670} cub. ft.

25. 11957 cub. ft. ; 487{} cub. ft. 26. 5°9 in.

28, 127083 cub. ft. 29. 373" 395 1bs. 80. go cub. ft.

81, 489 nearly. 32. 12574 cub. ft. ; 550 cub. ft.

88. 1'276...1in 84. 97,745% yds. 86. 339 g 1bs.

36. 0'0034 sq. in. 87. 5°4 galls. nearly. 38, 1°36 ft. nearly.
89. 651°9 lbs. 40. 3°5625 galls. 41. 10183 cub. in,
42, [ in, 43. 2710} cub, ft. ; Rs.677 10 annas 10§ pies.

44. 0°207 in. nearly. 45. 22°135 in. 48. Rs.497 6 annas 44 pics.
47. 1°4 in. nearly. 48, 2534°3 cub. in. 49. 10°283 ... cub. in.

50. 6196773 lbs. b1. 820083 ... 62. 37286 . . cub. in. ; 20°92 0zs.
54. 2} in. 56, 63y in. 56. Rs.5091 6 annas 104 pies.

. 127,285% cub. fL.

58. 3-841 in.

Examples—XXIII.

1. 4 cub. ft. 1028 cub. in. 2. 14 cub. ft. 1509 cub. in.

8. 40 cub. ft. 292 cub. in. 4. 3 cub. yds. 24 cub. ft. 668 cub. in.

5. 10 ft. 6. 6 yds. 3 in. 7. 11 sq. ft. 36 sq. in.

8. 7 sq. ft. 78 sq. in. 9. 5134 cub. in. 10. 53 cub ft. 816 cub. m...
11. 59 cub. ft. 57°6 cub. in. 12 3 cub. yds. 25 cub ft. 1632 cub. in.

13, 3in. 3in. . 7°74 in. nearly,
16. 2 ft. 6 in. 17 1020 cub. ft. 18 364 cub, yds.
19. 336 cub. ft. 20, 1 cub. ft. 1352 cub. in. 21, 0'5773 cub. ft.
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22. 943 cub. ft. 23. 1885 cub. in. nearly. 24, 114 lbs.
25. 11784 cub. in. 26. 34,992 cub. ft. 27. 32°725 cub. in.
28, 3'844 in. 29. 19 cub. yds. 6 cub. ft. 768 cub. in. 30. 8973 cub. in.

Examination Questions—XXIII,

1. 935°307 cub. ft. 2 ‘g. 3. 50011 cub. ft.
5. 81°1898 . . . cub. ft. 8. 1173°4. .. cub. ft.

9. 1885618 .. . cub. ft. 10. 288,0004/2 cub. ft.
11. 36,373 cub. ft. nearly.  12. 1663 cub. ft.  18. 2036467 . . . cub. in.

14, 2708 cub. in. 16. 3ab% ; a :24/%a® + 3%
17, 311769 cub. ft. 18. 2752 . . . cub. ft.
19. 6363'96 cub. ft. 20. 3°399 cub. ft.
21. 14937; cub. ft.; 801°249 . . . tons; £104,696,606 8s.
23. 64} cub. ft. 24. 39103 ... cub. ft. 25. 116&; cub. ft.
27. 373 cub. in. 28. 3303 cub. in. 20. 304 cub. in.
80. 6268 galls. nearly. 81. 703 cub. ft. 82. 2:978 in.
33. 664 cub. ft. nearly. 34. 18§ ft.; 19'40229 ft.; 10°0904 ft.
85. 331 cub. in. nearly. 38. 3258°514 cub. in.
81..6339 cub. in. 38. 1930°971 cub. in.
Examples—XXIV.
1. 1008 cub. in. 2. 2 cub. ft. 1269 cub. in.
3. 1 cub. ft. 1536 cub. in. 4. 554°25 cub, in.
6. 1 cub. ft. 414 cub. in. 6. 114'890625 tons. 7. 15°588 cub. ft.
Examination Questions—XXIV.
1. 15} cub. in. 2. 4 cub. ft. 228 cub. in. 8. 30710} cub. metres.
6. 1155 cub. in.; 462 cub. in. 6. 117y in. 7. 4000 cub. in.
8. 59 cub. in. ; 16X cub. in.; 239 cub. in.
9 35 cub. ft. 10. 995°92 cub. in,
11. 360 cub. in. ; 364 cub. in. ; 1004 cub. in. 12. 96°9948 cub. in.
Examples—XXV.
1. 935307 cub. ft. 2. 33798 cub. ft. 3. 313°4 ... cub. in.
4. 30°909 cub. ft. 5. 112°094 cub. ft. 6. 18'005 cub. ft.
Examination Questions—XXV,
1, 0°6486 . . . of its volume. 2. 9933658 . . . lbs.
8. 6m cub. ft. 4. 0°277 cub. in.
Examples—XXVI, A.
1. 595,000 cub. ft. 2. 5535 cub. ft. 8, 41°14 tons, |
4. 14,666'6 cub. yds. 5. 466 cub. in.; 394 cub. in. 6. 294448 cub. in.
7. 4736 galls. nearly. 8. 33,650 cub. ft. 9. 56,877} cub. yds
Examples—XXVI. B.
1. 19°324 cub. ft. 2. 5959 cub. in. 3. 7 cub. ft. nearly.
4. 9°9g cub. ft. nearly. 8. 9990 cub. in. 6. 62°g cub. ft.
7. 429 cub. ft. 8. 57°5 cub. ft. 9. 338°47 cub. ft.

10. 55°106 cub. yds. 1l 1350°i§ cub. in. 12. 112°6 cub. in. ; 84'6 cub. in.
18. 22,704 cub. in.  14. 315°45 cub. ft.



3. 101,600 cub. ft.
6. 43663 cub. ft.
9. 9°154 tons.
11. 47,4124 cub. yds.
15. 1,020,000 cub. ft.

20. 6°9282 cub. ft.

23. 38,0263 cub. yds.

26. 13,416 cub. ft. nearly.
29, 464,020cub, ft. nearly.

32. Rs.125,077 5 annas 4 pies.
35. 563°31 cub. in.
388. 38,217} cub. in.

rly.

41. 2°05 in.

gds, 1 ft. 3} in.
1. 48 ft.

54. £30 25. 2d. nearly.

184 Mensuration.
Examination Questions—XXVI.
1. 296,050°4 galls. 2. £842 4s. 5id.
4. 29,680 cub. in. 5. 12,5803} cub. yds.
7. 26,5163 cub. yds. 8. 12,4664 cub. yds.
10. Prismoid, 36,120 cub. in. ; wedge, 7800 cub. in.
12. 647,3333 cub. ft. 13. 925,929 cub. ft.
16. 1983%%& ft. ; 126§ cub. ft. k2 202,400 cub. ft.
18, 73i} cub. ft. 19. Rs.16,159.
21, 72 cub. ft. 651 cub. in. 22. 493 cub. ft.
24, 7600 cub. g&. 36. 648 cub. ft. nearly.
21. flf cot ‘%il (@ + 5 + ab).
80. 147 cub. ft. 31. 164°638 cub. ft.
83. 136°15 cub. ft. nearly. 84. 9124/3 cub. ft.
86, 5762 galls. 37. 168§4 cub. yds.
39. 12,370 cub. in. nearly. 40. 5 Ibs. 3'9 ozs. (Av.) nea
41. 73724 cub, ft. 43. 636 times nearly.
45. 4 cwt. 3 qrs. 22 lbs. 10°4 ozs. 46. 1 mi. 1005
47, 4826°25 cub. ft. 48. 917§ cub. ft.
62, 43 in. 63. 0°806. . . in. per hour.
55. 14°9 in. nearly ; 24°9 in. nearly.

62, 94 lbs. 63. 68,9543 cub, ft.
65. 60,709% cub. ft. nearly.
Examples—XXVII,
1, 381§ cub. ft. 2. 16633 cub. ft.
4. 3°376 cub. yds. 5. 7 ft.
7. 16°87 cub. in. 8. 370°40 cub. in.
10. 104°4 galls. nearly.  11. 9 cwt. 2 qrs. 8}§ Ibs.
18. 11376 cub. ft. 14. 10182 lbs.
18. 180605 lbs. 17. 798809 1bs.
19. 56°6931 cub. in.
Examination Questions—XXVII,
1. 313 cub. ft. 2. 1'2509 ., .. in.
5. 14} cub. ft. 6. 43 in.
8. 3,809,523 cub. mi. nearly 9. 2°53 in.
11. L. 12. 1°2399 1bs.
14 16. 14°1421 ft.

. Rs.958 9 annas 1§ pies.
. 9654 cub. ft. nearly.

. 7§ 1bs.
. 16,036 bullets.
. 864 persons,

. 7°676 in,
. Radius X 0°206.
. 20°73 galls.

196 1bs. nearly.
20708 1bs.

56. 91 galls. nearly.
58. Rs.14 8 annas 6§ pies.

61. 141°8 cub. yds. nearly.

18. 2 in.
21. 33’1 cub. ft.

24. 0'72204 in.
27, 8 cub. ft.
80. 77°78 cub. ft.

33. 168 lbs, 5} ozs.

64. 66 times.
68. 2:94 in.

8, 120°362 cub. in.
6. 6 in.
9. 1909 bullets.
2. 0°344 mins,
. 255°619 cub. in.

b
18. 96354§ cub. in.

’ 49 6’ 9‘ .

. 4851 cub. in.

. 4'06293 in.

. 2 ft. 6 in.

. 508t or gi; nearly.
. cub. ft.

. 165°873015 1bs.

. 201 lbs. 133 oz.
. 857 in.
. 1299°87 cub. in.

. T cub. ft.
3
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Examples—XXVIII.

1. 416§¢ cub, in. 2. 18193 cub. in. 3. 3249 cub. in.

4. 13,110§ cub. in, 6. 113} cub. ft.

6. 137 cub. ft. 7. 792 cub. in. ; 2262§ cub. in.

8. 1358 cub. in. ; 2521l§ cub. in.; 135§} cub. in. 9. 9°29 cub. in. nearly,
10. 17,880°76 cub, in, 11, 5 galls.

12. 81} cub. ft. ; 180 cub. ft.; 180g cub. ft. ; 813} cub. ft.

13. 13 cub. ft. 636 cub. in. 14. 821} cub. in.
Examination Questions—XXVIII.

1. 360 5 cub. ft. 2. 4. 3. 323 cub. ft.

4. 8 cub. ft. 5. 3797°619 cub. in.

6. 3351 cub. in. ; 335°'1 cub. in. ; 737°2 cub. in. ; 737°2 cub. in.

7. 1470§ cub. in. ; 792 cub. in. ; 792 cub. in. 8. 37047 cub. ft.

9. 40°88 1bs. nearly. 10. 12 ins. 11. 2076°904 cub. ft.
12, 2262§ cub. ft.; 792 cub. ft. 13. 18 galls. 14, 26°2 cub. in. ncarly,
15. 458} cub. ft. 16. 0°375 cub. in. 17. 37°77 cub. ft.

18. 4°574 . . . in, 19. 6299 ft. 20. 181°028 . . . Ibs.
21. 1884 cub. ft.

Examples—XXIX,

1. 343:8. 2. 1 ft. 3in. 8. 79} cub. in.

4, 32776 lbs. 5. 15 ft. 6. 15874 in. ; 4°126 in.

7. 7:5. 8. 10:9. 9. 8% ft.

10. 7:8. 11. 2:38. . . ft. 12. 832 ft. ; 216 ft. ; 1°51 ft,

Examination Questions—XXIX,

1. 7'08 in. nearly. 2. o271 of itself. .1:7:19.

4. 16'2 .. .in. 5. 125 : 64. 8. 277 ft. nearly.

9. 19...ft;35...fL
10. 56°162. .. in.; 14'597 . . . in.; 10°239 . . . in. 11. 58,320 lbs.
12. 3:5. 14, 138 . . . in.; 36 ...in.; 2'5...in,

Examples XXX,

1, 50} sq. ft. 2. 96 sq. ft. 124 sq. in. 3. 29 sq. yds. 8 sq. ft. 102 5q. in.
4. 77 sq. ft. 6 sq. in. 5. 20 sq. yds. I sq. ft. 72 sq. in.
6. 50 sq. yds. 96 sq. in, 7. 35 73d. 8. 7°57 ft. nearly.
9. 277 sq. ft. nearly. 10. 1000 sq. in. 11. 1200 sq. in.
12, 96 sq. ft. 100 sq. in. 18. 15749 in. 14. £25 6s. 8d.
17, 4500 sq. ft. 18. 3360 sq. ft. 19. 92°784 sq. ft.
20. 89°656 sq. in. 21, 7°616 sq. ft. 22. £3 55. 734
28. 10in. 24. 1154 sq. in. 25. 1°4433 in.
26. 20 sq. ft. 21, 43°30127sq. ft. 28, 619'80762 sq. in.
29. 1960 sq. in. 80. 1218 sq. in. nearly. 81. 12 in.
82, £1 10s. 4°9d. 83, 13,0684/35q. in. 34, 221296 sq. in.
85. 2829 sq. in. nearly. 36. 9758 sq. in. 87. 1680 sq. in.
88. 1154 sq. ft. 39. 33%sq. ft. 40. 6600 sq. ft.
41. 480 sq. in. 42. 209 sq. ft. 43. 61 sq. ft. 141 sq. In,
4. £173 125 3°2d. 45. 256 sq. in.
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Examination Questions—XXX.

1. £37 16s. 43d. 2. 2:8284 cub. ft. ; 12 sq. ft. ; 1°346 cub. ft.
3 489 nearly. 4. £2 115, 11°044. 6. £1 105, 103d.
125. 3d. 7. 11342 8. 39687 ft.
9. 93608 sq. ft. 10. 10°3 ft. nearly. 11. £10 105,
na a 180°

18, gosq. ft. 18 n/{(4 oo 5 4 7}

15. Rs.25 8 annas 4 pics. 16. 173 20508 sq. ft. 17, £878,653 ncarly.
18, 17°748 sq. ft. 19. 6°5 . . . sq. in. 20. Rs.160 nearly.
21, Rs.85 11 annas 2 pies. 22. 22°41 . . . sq. ft.
23, 1256 sq. ft. 24. 435'099 sq. ft. 25, 1°113 sq. ft.

Examples—XXXI.

1. 66 sq. ft. 2. 5048 sq. ft. 3. 8}3 sq. ft. 4 2325§sq in.

5. 143 sq. ft. 6 54]’, sq. ft. 7. 104 in, 8.

9. 1 ft. 3in. 10, 3, m 11. 7 in. 12. £4 6s. 9d.

18. 440 sq. in. 14, 2 15. 153 92 5q. in. 16, 235°465q. in,

19. 396 sq. in. 20. 503% sq. in. 21, 794, sq. in. 22. 64 in,

Examination Questions—XXXI,

1 579 isq ft. 2. Iin.or 2 in. 3 4.

4 1: 2 6. 14357 in. 7. 19{ in.
Examples —XXXII,

1. 5316 sq. ft. 2. 7718 sq. ft. 3. 83l 5q. ft. 4, 6in.
Examples —XXXIII.

1. 3sq. ft. 30 sq. in. 2. 5sq. ft. 774 sq. in. 3. 6 sq. ft. 694 sq. in.

4. 7 sq. ft. 48 sq. in. 8. 2 sq. ft. 1397 sq. in. 6. 14 sq. ft. 92§ sq. in.

7. 8 5q. ft. 73 sq. in. 8. 3sq. ft. 118 sq. in. 9. 44 sq. ft. 284 sq. in,

10. 96 sq. ft. 36 sq. in. 11, 13 sq. ft. 64 sq. in. 12. 1sq. ft. 138§ sq. in.
18. 415q. ft. 130§sq. in. 14. 110sq. ft. 132 5q. in. 16, 7 in.

16. 6 in. 17, 5in. 18, 5 in.

19. 7in. 20. 221 in.

Examination Questions—XXXIII.
1. 23628 sq. ft. ncarly. 2. 754 sq. in. 8. 221°269 sq. in.
4. 12'03 cub. ft. 6. £12, 6. £839s. 7°7144.
Examples —XXXIV.,
1. 87sq.1i 2. 6sq. ft. 3. 6 sq. ft. 16 sq. in.
4. 85 sq. {t Sosq in. 6. 9sq. ft. 134 sq. in. 6. 112 sq. ft. 42 sq. in.

7. 37 sq. ft. 62 sq. in. 8. 60 sq. ft. 50sq. in. 9. 267} sq. in,
10. 7 sq. ft. 13§ sq. in. 11, £9 11s. 6. 12, 505° Is7q .+ sq. in.



N

Ondr

7 in. 10. 4'58 in.
12. 125 sq. ft. 102§ sq. in. 13. £4 125, 412 14. £6 7s. 33d.
15, 2°04 in. 16. 254;‘, sq. in. 17, £3 05, 3nd
18, 4°81 sq. ft, 19, 21:11. 20. 215°6 sq. in.
Examples—XXXV. B.

1. gos 2. 1o1'2sq.in. 3. 825 sq. in. 4. 15q. ft. 66 sq. in.
5. 228 sq ‘in, 6. 84'48sq. in. 7. 3sq. ft. 105§ sq. in.

8. 452 sq. ft. 823 sq. in. 9. 1081 sq. ft. 20§ sq. in.

10. 1631 sq. ft. 204 sq. in. 11, 141372 sq. in.

12. 40°231 sq. in. 18. 3in. 14. 4.

Examination Questions—XXXV. }

1. 10s. 283d. 2. 4071°5006 sq. in. 3. ,{95 14s.

4, 2,818,362 sq. miles. 8. 1386 sq. in. 6. 474} cub. ft.

7. £466 4s. nearly. 8. 12847 .. . sq. ft. 9. 5 J2§516 ft.

10. 18 in, 12. 352 sq. ft. 13.

14. 3in. 15. 485 of earth’s surface. 16. 2 07 in. nearly.
17, 16875 sq. ft. 18. 7457; sq. ft. 19. 187 sq. in.

20. 18145 sq. ft. 21. ith of radius. 23. 2133 sq. ft.

28. & 24, 282,743 sq. ft. 25. 151°3sq. ft. nearly.
26. 10w sq. ft. ; 70w sq. ft. 21. 379°77sq. yds. nearly.
Examples—XXXVI,

1. 25 :4. 2 64 49. 8. 0'390625. 4. 9:16.
5. 343 :729. 6. 7.1:3. 8, 141421 ft,
9. 49 sq. in. 10, I 1355,
Examination Questions—XXXVI,
1. 2:228 ft. ; 1°772 ft. 2. 37629 sq. ft. 3.3/3:1
Miscellaneous Examples.
3. 562, 5oosq ft. ; 715 909y sq. ft. 4. 21 ft. 6. 166 ft. 7} in., or 85 ft.
8. 56 in . 7°483 sq. in. 9, 173205 yds.
11, 3° 2083 cub. ft. ; Rs 19 4 annas. 12, 10} ft.
18. 312} cub. ft. 14, 750 sq. yds. 16. 6 ft. ; 47° 74
17. 240 tons. 19. Less by 0'8 . 20. 1924 sq. i
21. s5o}¢ in. 22. 269 ft. ; 323 ft. 5 431 ft 23. 168253 sq e,
24, 9804 Ibs. 26. 9f sq. in. 26. 15{¢ in.
27, 100 yds. ; 7857} sq. yds. 28. 64.

. 73% sq. in.
. 346762 sq. ft.

. 616 sq. in.
. I1sq. yd. 4 sq. ft. 131} sq. in.
. 26 sq. ft. 106 sq. in.

Answers.

187

Examination Questions—XXXIV.

2. 1100 sq. ft.

Examples—XXXV. A.

2. 68 sq. ft. 64 sq. in.
7. 38 sq. ft. 72 sq. in.

4. 1963°5 sq. in. nearly.

3. 38sq. ft. 72 sq. in.
5, 4 sq. ft. 40 sq. in.
8. 4°83 sq. ft. nearly.
11, 1 ft. 2in.
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29. 13180349009 sq. ft. 80. 1924'50 . . . sq. ft. 81. 29°8 ft.

32. 949 cub. ft. nearly. 83. 53}; 442°7 nearly. 34. 63818 sq. ft.

35, 2862426 acres. 86. 125 yds. 87, 7 ft.

38. 2574 sq. ft. ; 62§ ft. ; 413} ft. 39, 2°3776 ; 3°6327.
40. 1 : 4. 41, 486 . . . galls. 42. 313 ozs.

43. 12°40; 10°74 ; 12°40. 4. 66°25 yds. 45. 15,246 sq. ft.
48. 340,460 sq. ft. nearly. 47. 207°846 ft.

48. No; because each of the MN parallelograms is not necessarily the cor-
responding unit of area. 49. 93'5. . . sq. in.

50. 310304 . . . yds. 61, 259 shot. 62. 193°4 ft.

53, x:2. 54, 45033 . . . ft. 55. 8ac. oro. 21°355 po.
56. 1 ac. 57. %r sq. units, 58. £47 25 5°724d.
69. 129903 . . . sq. ft. 61, 3'83296 ac. 62. 1963°5 sq. in.

68, 8246°7 cub. in. 64. Rs.210 8 annas nearly.

66, 1524°204 .. . yds. or 762°102 . . . yds. 7. 49883 . . . sq. ft.
68. 50418 . . . sq. ft. 69. 409°449 . .. sq. in.; 50°64 . . . in,

71. 3'3540. . . ft. 72. 1931°37 sq. ft. ; 1831°79 sq. ft.

73. 3:24/3. 74. 43 ft. and 9 fi. 75, 1400 sq. ft.

78, 22 ft. ; 23° 26’ 20", 77, 82°7 sq. in. 78, 235 ac.

80. 25°033 ft. nearly. 81. 3099 ft.; 22 ft,

82. 8w cub. ft. ; 6r cub. ft. 83. 10,164 sq. ft. 84. 706°5.

85. £i—(ﬁ;—t—l“—);43'63. ..sq. ft. 86. 3°41421 ft. 87. 69°2 ft. nearly.

88. 18,775 sq. yds. 90. Rs.26 13 annas 23 pies.

9L. 6 in.; 113°0976 cub. in. 92. 13,330 sq. ft. 93. 424'26 . . . sq. ch.
94, 886°81 sq. ft. 95. 1413, 96. 26198 sq. ft.

97. 8:496 ac. 98. 25 in. 99. 9960 sq. ft.

100. 204}] cub. ft. ; 11°17 ft. 101. 201 nails. 102. 30 ft. 6 in.

. 1174 cub. ft.
. 183771 ... ft.
836,750 sq. lks.

104. 6-03416 ft.  105. 839'553 . . . sq. ft.
107. 187 cub. ft. 2 primes 2 thirds,
109, 10003 .. . yds.

410, 14,322 sq. lks. 111, 72°14 lbs,

112. 4400 cub. ft. 118, 3540 sq. yds. 114, 2:82. ..

115. 4°669 . . . ft. 116. 10°504 in. 117. 3 ft. 9 in.

118. 35805 ac. 119. 46°28 cub. ft. 120. 373 1bs. nearly.

121. g in. 122. 600 sq. yds. 123. 199102 . . . 5q. ch.
124. £96 6s. 125, 48 ft. 128. 1026%; 3080; 5133
127, 764°53. 128. 5°42 in. nearly. 129, 0°1545 ozs.

1380. 3147°18 cub. ft. 181, 3274. 132. 14,400 sq. ft.

138, 30 ft. ; 55 ft. 134. 5°058. .. ft. 185, 6°11 in. nearly.

136. 6:336in. to 1 mile. 187. 246°5 sq. in, nearly, 138, 176715 cub. ft.

139, 195°8264 cub. in. 140, 832 ft. 141, 455°498 . . . sq. yds.
142, 681352 sq. ft. 143. 30,780.

. Fence 17°008 ch. distant from smaller boundary. 146. 65°45 cub. ft.
204 cub. ft. 64" 6™. 148. L1105 6d. ; £7 125. 3d. 149. 111} cub. in.

150. 220 shot. 151, "{«Z(d? + dd' +d'®). 152, 5194°'112 cub. ft.
153, 6o ft. 1564, 0°35182 sq. ft. 155. 1 : 660.

156. 102,275 cub. ft. nearly. 187. 6°933 ft. ; 1802 ft. ; 1°264 ft.
158. 832,000 cub. ft. 159, 2765 lbs.

161. 46°08 sq. ft. ; 160°44 sq. ft. 162, go. 168. 4 in.

164. 1-41421 ft. 165. L5111 115, od, nearly, 166. 0684 in.
167. 168 sq. in. 168. 391% sq. in. 169. 5373 cub. in. nearly.

170. 233} cub, ft. 171. 118215 in.
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172. 2 ft. 11 in. by 1 ft. 6 in. 173. ;-2(~/3 - 1’)
174. 544 min. past 10; 20 min. past 10; 38 and §f min. pasl 10;
16 min. past I0. 176, 3114 .
176. 348 in. nearly. 177. 13297 cub. in. ; 933} sq in.
178. 3'82 cub. ft. 179. 1728 marbles. 180. 21 yds. ncarly.
181. 3:1. 182. 3'833 cwt. ; £979 10s. 6(1 nearly.
183. Rs.24,095 ncarly. 4. 50 ft.
185. 9175 . ..in.; 11°957 . . . in. ; 28'867 . . . in. 186 43 cub. ft.
187. 27°734 . . . in. ;7208 . . . in.; 5'056 ...in. 188, 15,050 cub. yds.
189. 6196 cub. in. 190. 6°196 . . . in. 191. 59,136.
192. 14°3 ozs. nearly.  198. 280 yds 194. 8028 cub. ft. nearly.
196. 4226 . . . ft. 197. Length, 24 ft. ; breadth, 163 ft.
198. Rs.200. 199. 75°3984 sq. ft. 200. 103,119 galls. nearly.
201. 11 cwt. o grs. 26} lbs. 202. 38 . . . ft.
203. 1340 cub. ft. nearly. 204. oI ft. 8 in.
205. Height, 10 ft. ; length, 21 ft. ; breadth, 103ft. 208. 5°19615 in.
207. T ; 2, 208. 1175 cub. in. 209. 744,000 cub. ft.
210. 433012 cub. in. 211, 7657} cub. ft. 212. 37032 cub. ft.
218. 86602 yds. 215. 20°3 sq. ft. nearly ; 6864 sq. ft. nearly.
216. 458} cub. in. ; 458} cub. in. ; 851 cub. in.  217. 19} cub. ft.
218. 2485 shot. 219. 283} cub. ft. ; 2473 cub. ft.
220. 588 cub. in. 221 1060 8 cub. ft nearly ; Rs.371 4 annas nearly.
222, 165 ... ft.; 3'59 . 223, Rs. 988 nearly.
224, Rs. 239 1 3 annas 10 ples nearly 225, 4°898 in.
228. 65,0003 cub. ft. 227. 92 sq. ft. 96 sq. in nearly.
228. 9 *4248 cub. ft. 229. 3'577 . .. ft. from smaller end ; 197 cub. ft.
230. 55 of the earth’s surface. 231, 10586 yds.
282. 20,000 ft. 233. 0°519 in. nearly. 234. 3°96 in.
236, 4'87 sq. ft. ; 0°4249 cub. ft. 286. 740 miles an hour.
237. 143 pints. 238, 25455 in. 289. 304 cub. in.
240. 161, cub. ft. ; 1763 cub. ft. ; 192}§ cub. ft. 241 ."5(9 +4/3).
(o]
242. Rs.50 9 annas. 243, »* X » tan I—ii. 244. 5804 cub. ft. nearly.

251.
252,

256,
259,
263,

268,
270,

272,
278,
276.
279.

282,
285,
287

. 6550 cub. ft. nearly. 246. 30°5 lbs. nearly.

. 150°857 sq. in. ; 387°09 cub. in.
2°00...in,; 161 ...1n.; 1°37. 250, 88 106 cub. in.
3354 cub. in. ; 3354 cub. in. ; 737;} cub, in. 3 737} cub. in,
1201'6 cub. ft. ; 376°9 cub. ft. 253, 12 sq. in,
4'49 in. 255, Rs.177 15 annas 8 pies nearly.
2% in. nearly. 257, 67,5983 cub. yds. 258, 7°542 cub in.
20,820,690 sq. miles nearly. 261. 734 sq
15°8 sq. in. 264. 432 cub. in. 266, £23 l4.r. I'96d.

. 13867 .. . ft.5 3604 . . . ft.; 2° 528 ... ft. 267. 45in.
5°76 in, 269 21 sq. ft. 128 sq in. nearly.
7029 ft. 271. 3037 cub. ft. Rs.1063 nearly.
11°696 in. ; 304 in. ; 2132 in. ; I 698 in. ; 1'434 in.
016 in. 274. 1540 balls; 99 in. nearly.
88°5cub.in.nearly. 277. 22654 sq. yds 2178, 297,666 galls. nearly
Rs.695°69. 280. 51°056 cub. ft. 281. 63 galls. nearly.
3'09...cub.in. 283. 18'1649. .. ft. 284. 157} ft.
2 grs. 2 Ibs. 14 oz. nearly. 286, 140,274°314 cub. ft.
1o 288. (67 + an/3) : (67 + 2a4/3).
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: 7~ 24/2
289. /i X \"/ 1 =45 200 “/ . ah. 202. 0018 . . . ozs
293, 32 sq. ft. 294. 1 35 ft. nearly. 296. 0°654 cub. in.
296. 1'9...ft. . ft.
297. He;ght, IO 5 ft ; 91(le of base, 5'6124 ft. ; cost, Rs 76 3 annas II pies.
208. 355 5 cub, in. nearly. %ds nearly.
800. 7 éﬁ% cub, in. 301 6588 cub. ft.
302, 021 cub. ft. 308. 17} cub. in.
Additional Examination Questions.
XX.
20. 103'923 yds. ; Rs.1004 nearly. 21. 10}¢ miles per hour.
28. 75414 sq. ft. 24. 11,680 sovs.
XXII.
89. 14,520 tanks. 60. 96 mins. 81. 4602 1bs. nearly.
62. 51,606 galls. nearly. 63. 15,639} yds.
84. 15%% cub. in. ; 194 cub, in.
XXIII.
89. 15°705 galls.
XXIV.
18. 3240 cub. in.
XXV.
8. 1123 cub. fl.
XXVI.
67. 13,621} cub. ft.
XXVIII.
22. 24133 cub. in. 23. 1980 cub, in.
XXIX,
16. 81 in.; 108 in, 16. 4j cub. in. ; 3'1748 in,
XXX,
28. 82915 in.; 237°f . . . sq. in. 27. 343 sq.
28. 10 ft.; 7 ft.; 8 ft. 29. 46°7 sq. ft nearly,
XXXI.
8. 1838 sq. in. 9. Rs. 8oo.
XXXIII.
7. §Cs. 8. 831 ft. 9. 39) sq. yds. nearly.
XXXV,
28, 21} per cent. 29. . 80. Rs. 18,072 12 ans.

81, 514 sq. ft. nearly.
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