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Preface to the First Edition

This book is an account of physical chemistry designed for studeats in
the sciences and in engineering. It should also prove useful to chemists in
industry who desire a review of the subject.

The treatment is somewhat more precise than is customary in elementary
books, and most of the important relationships have been given at least a
heuristic derivation from fundamental principles. A prerequisite knowledge
of calculus, college physics, and two years of college chemistry is assumed.

The difficulty in elementary physical chemistry lies not in the mathematics
itself, but in the application of simple mathematics to complex physical
situations. This statement is apt to be small comfort to the beginner, who finds
in physical chemistry his first experience with such applied mathematics.
The familiar x’s and y’s of the calculus course are replaced by a bewildering
array of electrons, energy levels, and probability functions. By the time these
ingredients are mixed well with a few integration signs, it is not difficult to
become convinced that one is dealing with an extremely abstruse subject.
Yet the alternative is to avoid the integration signs and to present a series of
final equations with little indication of their origins, and such a procedure is
likely to make physical chemistry not only abstruse but also permanently
mysterious. The derivations are important because the essence of the subject
is not in the answers we have today, but in the procedure that musi be
followed to obtain these and tomorrow’s answers. The student should try not
only to remember facts but also to learn methods.

There is more material included in this book than can profitably be dis-
cussed in the usual two-semester course. There has been a growing tendency
to extend the course in basic physical chemistry to threz semesters. In our
own course we do not attempt to cover the material on atomic and nuclear
physics in formal lectures. These subjects are included in the text because
many students in chemistry, and most in chemical engineering, do not acquire
sufficient familiarity with them in their physics courses. Since the treatment
in these sections is fairly descriptive, they may conveniently be used for
independent reading.

In writing a book on as broad a subject as this, the author incurs an
indebtedness to so many previous workers in the fieid that proper acknow-
ledgement becomes impossible. Great assistance was obtained from many
excellent standard reference works and monographs.

To my colleagues Hugh M. Hulburt, Keith J. Laidler, and Francis O.
Rice, I am indebted for many helpful suggestions and comments. The
skillful work of Lorraine Lawrence, R.S.C.J., in reading both galley and
page proofs, was an invaluable assistance. I wish to thank the staff of
Prentice-Hall, Inc. for their. understanding cooperation in bringing ‘the .
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book to press. Last, but by no means least, are the thanks due to my
wife, Patricia Moore, who undertook many difficult tasks in the preparation
of the manuscript.

PREFACE TO THE SECOND EDITION

In preparing the second edition of this book, numerous corrections of
details and improvements in presentation have been made in every chapter,
but the general plan of the book has not been altered. My fellow physical
chemists have contributed generously of their time and experience, suggesting
many desirable changes. Special thanks in this regard are due to R. M. Noyes,
R. E. Powell, A. V. Tobolsky, A. A. Frost, and C. O’Briain. A new chapter
on photochemistry has been added, and recent advances in nuclear, atomic,

and molecular structure have been described.
W. J. MOORE

Bloomington, Indiana
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CHAPTER 1

The Description of Physicochemical Systems

3

Ae description of our universe. Since man is a rational being, he has
always tried to increase his understanding of the world in which he lives.
This endeavor has taken many forms. The fundamental questions of the end
and purpose of man’s life have been illumined by philosophy and religion.
The form and structure of life have found expression in art. The nature of
the physical world as perceived through man’s senses has been investigated
by science.

The essential components of the scientific method are experiment and
theory. Experiments are planned observations of the physical world. A theory
seeks to correlate observables with ideals. These ideals have often taken the
form of simplified models, based again on everyday experience. We have, for
example, the little billiard balls of the kinetic theory of gases, the miniature
hooks and springs of chemical bonds, and the microcosmic solar systems of
atomic theory.

As man’s investigation of the universe progressed to the almost infinitely
large distances of interstellar space or to the almost infinitesimal magnitudes
of atomic structures, it began to be realized that these other worlds could not
be adequately described in terms of the bricks and mortar and plumbing of
terrestrial architecture. Thus a straight line might be the shortest distance
between two points on a blackboard, but not between Sirius and Aldebaran.
We can ask whether John Doe is in Chicago, but we cannot ask whether
electron A is at point B.

Intensive research into the ultimate nature of our universe is thus gradu-
ally changing the meaning we attach to such words as “‘explanation” or
“understanding.” Originally they signified a representation of the strange in
terms of the commonplace; nowadays, scientific explanation tends more to
be a description of the relatively familiar in terms of the unfamiliar, light in
terms of photons, matter in terms of waves. Yet, in our search for under-
standing, we still consider it important to “get a physical picture” of the
process behind the mathematical treatment of a theory. It is because physical
science is at a transitional stage in its development that there is an inevitable
questiop-as to what sorts of concepts provide the clearest picture.

hysical chemistry. There are therefore probably two equally logical
approaches to the study of a branch of scientific knowledge such as physical
chemistry. We may adopt a synthetic approach and, beginning with the
structure and behavior of matter in its finest known states of subdivision,
gradually progress from electrons to atoms to molecules to states of

1



2 PHYSICOCHEMICAL SYSTEMS [Chap. 1

aggregation and chemical reactions. Alternatively, we may adopt an analyti-
cal treatment and, starting with matter or chemicals as we find them in the
laboratory, gradually work our way back to finer states of subdivision as we
require them to explain our experimental results. This latter method follows
more closely the historical development, although a strict adherence to his-
tory is impossible in a broad subject whose different branches have progressed
at very different rates.

Two main problems have occupied most of the efforts of physical chem-
ists: the question of the position of chemical equilibrium, which is the
principal problem of chemical thermodynamics; and the question of the
rate of chemical reactions, which is the field of chemical kinetics. Since these
problems are ultimately concerned with the interaction of molecules, their
final solution should be implicit in the mechanics of molecules and molecular
aggregates. Therefore molecular structure is an important part of physical
chemistry. The discipline that allows us to bring our knowledge of molecular
structure to bear on the problems of equilibrium and kinetics is found in the
study of statistical mechanics.

We shall begin our introduction to physical chemistry with thermo-
dynamics, which is based on concepts common to the everyday world of
sticks and stones. Instead of trying to achieve a completely logical presenta-
tion, we shall follow quite closely the historical development of the subject,
since more knowledge can be gained by watching the construction of some-
thing than by inspecting the polished final product.

& Mechanics: force. The first thing that may be said of thermodynamics
is that the word itself is evidently derived from “dynamics,” which is a
branch of mechanics dealing with matter in motion.

Mechanics is still founded on the work of Sir Isaac Newton (1642-1727),
and usually begins with a statement of the weli-known equation

f=ma
. dv d%
th =247 .
wi a=_ =3 (1.1)

The equation states the proportionality between a vector quantity f,
called the force applied to a particle of matter, and the acceleration a of the
particle, a vector in the same direction, with a proportionality factor m,
called the mass. A vector is a quantity that has a definite direction as well
as a definite magnitude. Equation (1.1) may also be written

d(mv)

= (1.2)

where the product of mass and velocity is called the momentum.
With the mass in grams, time in seconds, and displacement r in centi-
meters (CGS system), the unit force is the dyne. With mass in kilograms, time
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in seconds, and displacement in meters (MKS system), the unit force is the
newton.

Mass might also be introduced by Newton’s “Law of Universal Gravi-
tation,”

which states that there is an attractive force between two masses propor-
tional to their product and inversely proportional to the square of their
separation. If this gravitational mass is to be the same as the inertial mass of
eq. (1.1), the proportionality constant x = 6.66 X 10~ cm?® sec™2 g1

The weight of a body, W, is the force with which it is attracted towards
the earth, and naturally may vary slightly at various points on the earth’s
surface, owing to the slight variation of r;, with latitude and elevation, and
of the effective mass of the earth with subterranean density. Thus

W = mg
At New York City, g = 980.267 cm per sec?; at Spitzbergen, g = 982.899;
at Panama, g == 978.243.
In practice, the mass of a body is measured by comparing its weight by
mej'l}of a balance with that of known standards (m,/m, = W,/ W,).
Work and energy. The differential element of work dw done by a force
f that moves a particle a distance dr in the direction of the force is defined
as the product of force and displacement,

dw — fdr (1.3)

For a finite displacement from r, to r,, and a force that depends only on the
position r,

= nf(r) dr (1.9)

The integral over distance can be transformed to an integral over time:
b dr
W o= ry—dt
t,f( ) dt

Introducing Newton’s Law of Force, eq. (1.1), we obtain

) J”‘ d?r dr
W =
dr? dt

Since (d/dt)(dr/dt)* = 2(dr/dt)d®r/dt?, the integral becomes

t ty
e [efim (2] 1o

w = tmv® — tmyg? (1.5)

The kinetic energy is defined by
Ex = tmv?
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It is evident from eq. (1.5), therefore, that the work expended equals the
difference in kinetic energy between the initial and the final states,

W= f "fr)dr = Exy — Exo (1.6)

An example of a force that depends only on position r is the force of
gravity acting on a body falling in a vacuum; as the body falls from a higher
to a lower level it gains kinetic energy according to eq. (1.6). Since the force
is a function only of r, the integral in eq. (1.6) defines another function of r,
which we may write

Jfirydr — —U(r)
Or f(r) = —dU|dr (1.7)

This new function U(r) is called the potential energy. It may be noted that,
whereas the kinetic energy E - is zero for a body at rest, there is no naturally
defined zero of potential energy; only differences in potential energy can be
measured. Sometimes, however, a zero of potential energy is chosen by
convention; an example is the choice U(r) — 0 for the gravitational potential
energy when two bodies are infinitely far apart.

Equation (1.6) can now be written

J.r:'f(r) dr = Ulre) — Ulr)) = Egy — Ego
U(ry) + Ego = U(ry) + Exy (1.8)

The sum of the potential and the kinetic energies, U 4 Ey, is the total
mechanical energy of the body, and this sum evidently remains constant
during the motion. Equation (1.8) has the typical form of an equation of
conservation. It is a statement of the mechanical principle of the conservation
of energy. For example, the gain in kinetic energy of a body falling in a
vacuum is exactly balanced by an equal loss in potential energy. A force that
can be represented by eq. (1.7) is called a conservative force.

If a force depends on velocity as well as position, the situation is more
complex. This would be the case if a body is falling, not in a vacuum, but
in a viscous fluid like air or water. The higher the velocity, the greater is the
frictional or viscous resistance opposed to the gravitational force. We can no
longer write f(r) = —dU/dr, and we can no longer obtain an equation such
as (1.8). The mechanical energy is no longer conserved.

From the dawn of history it has been known that the frictional dissipation
of energy is attended by the evolution of something called heat. We shall see
later how the quantitative study of such processes finally led to the inclusion
of heat as a form of energy, and hence to a new and broader principle of the
conservation of energy.

The unit of work and of energy in the CGS system is the erg, which is
the work done by a force of one dyne acting through a distance of one
centimeter. Since the erg is a very small unit for large-scale processes, it is



Sec. 5] PHYSICOCHEMICAL SYSTEMS 5

often convenient to use a larger unit, the joule, which is the unit of work in
the MKS system. Thus,

1 joule = 1 newton meter = 107 ergs
The joule is related to the absolute practical electrical units since
1 joule = 1 volt coulomb
The unit of power is the watt.
1 watt = 1 joule per sec = 1 volt coulomb per sec = 1 volt ampere

v.4 Equilibrium. The ordinary subjects for chemical experimentation are
not individual particles of any sort but more complex systems, which may
contain solids, liquids, and gases. A system is a part of the world isolated
from the rest of the world by definite boundaries. The experiments that we
perform on a system are said to measure its properties, these being the attri-
butes that enable us to describe it with all requisite completeness. This
complete description is said to define the state of the system.
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Fig. 1.1a. Illustration of equilibrium.
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The idea of predictability enters here; having once measured the prop-
erties of a system, we expect to be able to predict the behavior of a second
system with the same set of properties from our knowledge of the behavior
of the original. This is, in general, possible only when the system has attained
a state called equilibrium. A system is said to have attained a state of equi-
librium when it shows no further tendency to change its properties with time.

A simple mechanical illustration will clarify the concept of equilibrium.
Fig. 1.1a shows three different equilibrium positions of a box resting on a
table. In both positions 4 and C the center of gravity of the box is lower
than in any slightly displaced position, and if the box is tilted slightly it will
tend to return spontaneously to its original equilibrium position. The gravi-
tational potential energy of the box in positions 4 or C is at a minimum, and
both positions represent stable equilibrium states. Yet it is apparent that
position C is more stable than position 4, and a certain large tilt of A will
suffice to push it over into C. The position A is therefore said to be in meta-
stable equilibrium.

Position B is also an equilibrium position, but it is a state of unstable
equilibrium, as anyone who has tried to balance a chair on two legs will
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agree. The center of gravity of the box in B is higher than in any slightly dis-
placed position, and the tiniest tilt will send the box into either position 4
or C. The potential energy at a position of unstable equilibrium is a maximum,
and such a position could be realized only in the absence of any disturbing
forces.

These relations may be presented in more mathematical form by plotting
in Fig. 1.1b the potential energy of the system as a function of height r of
the center of gravity. Positions of
stable equilibrium are seen to be
minima in the curve, and the posi-
tion of unstable equilibrium is
represented by a maximum. Posi-
tions of stable and unstable equi-
librium thus alternate in any system.
For an equilibrium position, the
slope of the Uvs. r curve, dU/dr,
4 L % equals zero and one may write the

POSITION OF GENTER OF GRAVITY equilibrium condition as
Fig. 1.1b. Potential energy diagram.
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at constant r (== ry), dUu =0

Although these considerations have been presented in terms of a simple
mechanical model, the same kind of principles will be found to apply in the
more complex physicochemical systems that we shall study. In addition to
purely mechanical changes, such systems may undergo temperature changes,
changes of state of aggregation, and chemical reactions. The problem of
thermodynamics is to discover or invent new functions that will play the role
in these more general systems that the potential energy plays in mechanics.

6. The thermal properties of matter. What variables are necessary in order
to describe the state of a pure substance? For simplicity, let us assume that
the substance is at rest in the absence of gravitational and electromagnetic
forces. These forces are indeed always present, but their effect is most often
negligible in systems of purely chemical interest. Furthermore let us assume
that we are dealing with a fluid or an isotropic solid, and that shear forces
are absent.

To make the problem more concrete, let us suppose our substance is a
flask of water. Now to specify the state of this water we have to describe it
in unequivocal terms so that, for example, we could write to a fellow scientist
in Pasadena or Cambridge and say, “I have some water with the following
properties. . . . You can repeat my experiments exactly if you bring a sample
of water to these same conditions.” First of all we might specify how much
water we have by naming the mass m of our substance; alternatively we
could measure the volume ¥, and the density p.

Another useful property, the pressure, is defined as the force normal to
unit area of the boundary of a body (e.g., dynes per square centimeter). In
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a state of equilibrium the pressure exerted by a body is equal to the pressure
exerted upon the body by its surroundings. If this external pressure is denoted
by P, and the pressure of the substance by P, at equilibrium P = P,.

We have now enumerated the following properties: mass, volume, den-
sity, and pressure (m, V, p, P). These properties are all mechanical in nature;
they do not take us beyond the realm of ordinary dynamics. How many of
these properties are really necessary for a complete description? We ob-
viously must state how much water we are dealing with, so let us choose the
mass m as our first property. Then if we choose the volume V, we do not
need the density p, since p == m/V. We are left with m, V, and P. Then we
find experimentally that, as far as mechanics is concerned, if any two of
these properties are fixed in value, the value of the third is always fixed. For
a given mass of water at a given pressure, the volume is always the same; or
if the volume and mass are fixed, we can no longer arbitrarily choose the
pressure. Only two of the three variables of state are independent variables.

In what follows we shall assume that a definite mass has been taken—
say one kilogram. Then the pressure and the volume are not independently
variable in mechanics. The value of the volume is determined by the value
of the pressure, or vice versa. This dependence can be expressed by saying
that ¥V is a function of P, which is written

V=f(P) or FPV)=0 (1.9)

According to this equation, if the pressure is held constant, the volume of
our kilogram of water should also remain constant.

Our specification of the properties of the water has so far been restricted
to mechanical variables. When we try to verify eq. (1.9), we shall find that
on some days it appears to hold, but on other days it fails badly. The equation
fails, for example, when somebody opens a window and lets in a blast of
cold air, or when somebody lights a hot flame near our equipment. A new
variable, a thermal variable, has been added to the mechanical ones. If the
pressure is held constant, the volume of our kilogram of water is greater on
the hot days than on the cold days.

The earliest devices for measuring ‘“degrees of hotness” were based on
exactly this sort of observation of the changes in volume of a liquid.! In
1631, the French physician Jean Rey used a glass bulb and stem partly filled
with water to follow the progress of fevers in his patients. In 1641, Ferdi-
nand II, Grand Duke of Tuscany, invented an alcohol-in-glass ““thermo-
scope.” Scales were added by marking equal divisions between the volumes
at ““coldest winter cold” and ‘“‘hottest summer heat.” A calibration based on
two fixed points was introduced in 1688 by Dalencé, who chose the melting
point of snow as —10° and the melting point of butter as +10°. In 1694

1 A detailed historical account is given by D. Roller in No. 3 of the Harvard Case
Histories in Experimental Science, The Early Development of the Concepts of Temperature
and Heat (Cambridge, Mass.: Harvard Univ. Press, 1950).
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Rinaldi took the boiling point of water as the upper fixed point. If one adds
the requirement that both the melting point of ice and the boiling point of
water are to be taken at a constant pressure of one atmosphere, the fixed
points are precisely defined.

. Definition of temperature. We have seen how our sensory perception
of relative *‘degrees of hotness” came to be roughly correlated with volume
readings on constant-pressure thermometers. We have not yet demonstrated,
however, that these readings in fact measure one of the variables that define
the state of a thermodynamic system.

Let us consider, for example, two blocks of lead with known masses.
At equilibrium the state of block I can be specified by the independent
variables P, and V7. Similarly P, and ¥, specify the state of block II. If we
bring the two blocks together and wait until equilibrium is again attained,
i.e., until P,; ¥}, P,, and ¥V, have reached constant values, we shall discover
as an experimental fact that P, V,, P,, and V, are no longer all independent.
They are now connected by a relation, the equilibrium condition, which may
be written

FPy, Vy, Py, V,) =0

Furthermore, it is found experimentally that two bodies separately in
equilibrium with the same third are also in equilibrium with each other.
That is, if

F(Py, Vy, Py, V3) = 0

and F(Py, Vo, Py, V3) = 0

it necessarily follows that
E(Py, V3, Py, V) = 0

It is apparent that these equations can be satisfied if the function F has the

special form
F(Py, V3, Py, Vy) = f(Py, V1) — f(Py, V) = 0 (1.10)

Thus F is the difference of two functions each containing properties pertain-
ing to one body only. The function f(P, ¥) defined in this way is called the
empirical temperature t. This definition of ¢ is sometimes called the Zeroth
Law of Thermodynamics. From eq. (1.10) the condition for thermal equi-
librium between two systems is therefore

JPL, ) =f(P, V)=t =1, (1.11)

It may be noted that, strictly speaking, the temperature is defined only
for a state of equilibrium The state of our one kilogram of water, or lead,
is now specified in terms of three thermodynamic variables, P V, and ¢, of
which only two are independent.

8. The equation of state. The properties of a system may be classified as
extensive or intensive. Extensive properties are additive; their value for the
whole system is equal-to the sum of their values for the individual parts.
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Sometimes they are called capacity factors. Examples are the volume and
the mass. Intensive properties, or intensity factors, are not additive. Examples
are temperature and pressure. The temperature of any small part of a system
in equilibrium is the same as the temperature of the whole.
If P and V are chosen as independent variables, the temperature is some
function of P and V. Thus
t=f(P, V) (1.12)

For any fixed value of ¢, this equation defines an isotherm of the body under
consideration. The state of a body in thermal equilibrium can be fixed by
specifying any two of the three variables, pressure, volume, and temperature.
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Fig. 1.2, Isotherms, isobars, and isochores for one gram of hydrogen.

The third variable can then be found by solving the equation. Thus, by
analogy with eq. (1.12) we may have:

V=[P (1.13)
P=f"t,V) (1.14)

Equations such as (1.12), (1.13), (1.14) are called equations of state.

Geometrically considered, the state of a body in equilibrium can be
represented by a point in the PV plane, and its isotherm by a curve in the
PV plane connecting points at constant temperature. Alternatively, the state
can be represented by a point in the V¢ plane or the Pt plane, the curves
connecting equilibrium points in these planes being called the isobars (con-
stant pressure) and isochores or isometrics (constant volume) respectively.
Examples of these curves for one gram of hydrogen gas are shown in
Fig. 1.2.

We have already seen how eq. (1.12) can be the basis for a quantitative
measure of temperature. For a liquid-in-glass thermometer, P is constant,
and the change in volume measures the change in temperature. The Celsius
(centigrade) calibration calls the melting point of ice at 1 atm pressure 0°C,
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and the boiling point of water at 1 atm pressure 100°C. The reading at other
temperatures depends on the coeﬁ‘iuent of thermal expansion o of the thermo-

metric fluid,
— ,] (_aV) (1.15
*“y\al, 13)

where V, is the volume at 0°C and at the pressure of the measurements. If o
is a constant over the temperature range in question, the volume increases

linearly with temperature:
Vi=Vy 4 atly (1.16)

This is approximately true for mercury, but may be quite far from true for
other substances. Thus, although many substances could theoretically be
used as thermometers, the readings of these various thermometers would in
general agree only at the two fixed points chosen by convention.

9. Gas thermometry: the ideal gas. Gases such as hydrogen, nitrogen,
oxygen, and helium, which are rather difficult to condense to liquids, have
been found to obey approximately certain simple laws which make them
especially useful as thermometric fluids.

In his bock, On the Spring of the Air, Robert Boyle? reported in 1660
experiments confirming Torricelli’s idea that the barometer was supported
by the pressure of the air. An alternative theory proposed that the mercury
column was held up by an invisible rigid thread in its interior. In answering
this, Boyle placed air in the closed arm of a U-tube, compressed it by adding
mercury to the other arm, and observed that the volume of gas varied in-
versely as the pressure. He worked under conditions of practically constant
temperature.

Thus, at any constant temperature, he found

PV = constant (1.17)

If the gas at constant pressure is used as a thermometer, the volume of the
gas will be a function of the temperature alone.
By measuring the volume at 0°C and at 100°C a mean value of « can be
calculated from eq. (1.16),
_ = Vo — Vi
Vieo == Vo(1 + 100%) or & = 1—106V0 0
The measurements on gases published by Joseph Gay-Lussac in 1802,
extending earlier work by Charles (1787), showed that this value of & was a
constant for “permanent” gases. Gay-Lussac found (1808) the value to
be ;i=. By a much better experlmental procedure, Regnault (1847) obtained
o35 For every one degree rise in temperature the fractional mcrease in the
gas volume is ;1 of the volume at 0°C.
2 Robert Boyle’s Experiments in Pneumatics, Harvard Case Histories in Experimental

Sg:lence No. 1 (Cambridge, Mass.: Harvard Univ. Press, 1950) is a delightful account of
this work.
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Later and more refined experiments revealed that the closeness with
which the laws of Boyle and Gay-Lussac are obeyed varies from gas to gas.
Helium obeys most closely, whereas carbon dioxide, for example, is rela-
tively disobedient. It has been found that the laws are more nearly obeyed
the lower the pressure of the gas.

It is very useful to introduce the concept of an ideal gas, one that follows
the laws perfectly. The properties of such a gas usually can be obtained by
extrapolation of values measured with real gases to zero pressure. Examples

36.75

36.70

axio*

36.65

36.60

HELIUM

{ 1 1 | | |
200 400 600 800 1000 1200
PRESSURE — mm of Hg

Fig. 1.3. Extrapolation of thermal expansion coefficients to zero
pressure.

are found in some modern redeterminations of the coefficient & shown
plotted in Fig. 1.3. The extrapolated value at zero pressure is

% == 36.608 x 104, or 1o, — 273.16

We may use such carefully measured values to define an ideal gas tem-
perature scale, by introducing a new temperature,

T:t+—]—-:t+(273.l6j:0.01) (1.18)
%

The new temperature 7 is called the absolute temperature (°K); the zero on
this scale represents the limit of the thermal contraction of an ideal gas.
From eq. (1.16),
VT VoT

V',::V T——_ = - -
RO T N T

(1.19)

where ¥}, is now the volume of gas at 0°C and standard atmospheric pressure
Py, and V5, is the volume at Py and any other temperature 7. The tempera-
ture of the ice point on the absolute scale is written as T, (273.16°).
Boyle’s Law—eq. (1.17)—states that for a gas at temperature T

PV = PyVy p,
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Combining with eq. (1.19), we obtain

pr=PVor_c.r (1.20)
T,
The value of the constant C depends on the amount of gas taken, but for a
given volume of gas, it is the same for all ideal gases. Thus for 1 cc of gas
at 1 atm pressure, PV = T/273.

For chemical purposes, the most significant volume is that of a mole of
gas, a molecular weight in grams. In conformity with the hypothesis of
Avogadro, this volume is the same for all ideal gases, being 22,414 cc at 0°C
and 1 atm. Per mole, therefore,

PV = RT (1.21)
where R = 22,414/273.16 = 82.057 cc atm per °C.

For n moles,

m
PV = nRT = — RT 1.22
n 7 (1.22)

where m is the mass of gas of molecular weight M. In all future discussions
the volume V will be taken as the molar volume unless otherwise specified.

It is often useful to have the gas constant in other units. A pressure of
1 atm corresponds to 76.00 cm of mercury. A pressure of 1 atm in units of
dynes cm=2 is 76.00 pg,gy, Where py, is the density of mercury at 0°C and
1 atm, and g, is the standard gravitational acceleration. Thus 1 atm =
76.00 x 13.595 x 980.665 =1.0130 x 10® dyne cm=2. The gas constant
R == 82.057 x 1.0130 x 10° = 8.3144 x 107 ergs deg™' mole! = 8.3144
joules deg~! mole~t.

10. Relationships of pressure, volume, and temperature. The pressure,
volume, temperature (PVT) relationships for gases, liquids, and solids would
preferably all be succinctly summarized in the form of equations of state of
the general form of eqgs. (1.12), (1.13), and (1.14). Only in the case of gases
has there been much progress in the development of these state equations.
They are obtained not only by correlation of empirical PV'T data, but also
from theoretical considerations based on atomic and molecular structure.
These theories are farthest advanced for gases, but more recent developments
in the theory of liquids and solids give promise that suitable state equations
may eventually be available in these fields also.

The ideal gas equation PV = RT describes the PVT behavior of real
gases only to a first approximation. A convenient way of showing the devia-
tions from ideality is to write for the real gas:

PV = zRT (1.23)

The factor z is called the compressibility factor. 1t is equal to PV/RT. For an
ideal gas z = 1, and departure from ideality will be measured by the deviation
of the compressibility factor from unity. The extent of deviations from
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ideality depends on the temperature and pressure, so z is a function of T
and P. Some compressibility factor curves are shown in Fig. 1.4; these are
determined from experimental measurements of the volumes of the gases at
different pressures.

Useful PVT data for many substances are contained in the tabulated
values at different pressures and temperatures of thermal expansion co-
efficients o [eq. (1.15)] and compressibilities 8.3 The compressibility* is

defined by
1 [V
= =55 (1.24)
C P T
The minus sign is introduced because (O¥/oP) is itself negative, the volume
decreasing with increasing pressure.
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Fig. 1.4, Compressibility factors at 0°C.

Since V = f(P, T), a differential change in volume can be written®:

Vv J V)
N h N i 2
v (QT),,({T ' (aP TdP (1-25)

For a condition of constant volume, V = constant, dV = 0, and

V oV
0= (5%);” t ('a‘ﬁ)TdP

opP —(V/oT
(_~) = __(____/_‘_ )P (1.26)
oT/y OV/[oP),

3 See, for example, International Critical Tables (New York: McGraw-Hill, 1933); also
J. H. Perry, ed., Chemical Engineers’ Handbook (New York: McGraw-Hill, 1950), pp. 200,
205.

¢ Be careful not to confuse compressibility with compressibility factor. They are two
distinctly different quantities.

§ Granville, Smith, Longley, Calculus (Boston: Ginn, 1934), p. 412,

Hence,
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Or, from eqs. (1.15) and (1.24), (OP/OT);- == «/B. The variation of P with T
can therefore readily be calculated if we know « and f.

An interesting example is suggested by a common laboratory accident,
the breaking of a mercury-in-glass thermometer by overheating. If a thermo-
meter is exactly filled with mercury at 50°C, what pressure will be developed
within the thermometer if it is heated to 52°C? For mercury, a == 1.8 X
10~4 degt, f = 3.9 x 10-¢atm~'. Therefore (OP/T),, - «/ff = 46 atm per
deg. For AT = 2°, AP =- 92 atm. It is apparent why even a little overheating
will break the usual thermometer.

11. Law of corresponding states. If a gas is cooled to a low enough tem-
perature and then compressed, it can be liquefied. For each gas there is a
characteristic temperature above which it cannot be liquefied, no matter how
great the applied pressure. This temperature is called the critical temperature
T,, and the pressure that just suffices to liquefy the gas at T, is called the
critical pressure P,.. The volume occupied at T, and P, is the critical volume
V.. A gas below the critical temperature is often called a vapor. The critical
constants for various gases are collected in Table 1.1.

TABLE 1.1
CRITICAL POINT DATA AND VAN DER WAALS CONSTANTS
Formula T. (°K) P, (atm) V. (cc/mole) a (12 atm/mole?) | b (cc/mole)
— R S ,,_“I . B A
He 5.3 2.26 57.6 t 0.0341 23.7
H, 333 12.8 65.0 ‘ 0.244 26.6
N, 126.1 33.5 90.0 ! 1.39 39.1
CO 1340 | 35.0 ‘ 90.0 | 1.49 39.9
O, 153.4 49.7 74.4 | 1.36 31.8
C,H, 282.9 50.9 127.5 | 4.47 57.1
CO, 304.2 73.0 95.7 3.59 42.7
NH; 405.6 111.5 72.4 4.17 37.1
H,O 647.2 217.7 45.0 5.46 30.5
Hg 1823.0 200.0 45.0 8.09 17.0
,,,,,, | [ I

The ratios of P, V, and T to the critical values P,, V,, and T, are called
the reduced pressure, volume, and temperature. These reduced variables may
be written

P 14 T
Pp=—; Vpy=—; Tp—=— .
r=p> tu=yi Ie=g (1.27)

To a fairly good approximation, especially at moderate pressures, all
gases obey the same equation of state when described in terms of the reduced
variables, P, Vy, Ty, instead of P, V, T. If two different gases have identical
values for two reduced variables, they therefore have approximately identical
values for the third: They are then said to be in corresponding states, and



Sec. 12) PHYSICOCHEMICAL SYSTEMS 15

9 /

&
>
a7
4 ) >
1
S % Tr=120 o] /
- .G & o g
g L XOL#E"!
uw I X /
>
.5
3 To=l 10 V
a ©
o a A
[ 4
s
8 3 rR=100
1 LEGEND
. e NITROGEN o N-BUTANE
2 x METHANE  a ISOPENTANE
. & ETHANE © N-HEPTANE
o ETHYLENE & CARBON DIOXIDE
o PROPANE = WATER
J
% I 2 3 4 5 6 7 8

REDUCED PRESSURE, Pg

Fig. 1.5, Compressibility factor as function of reduced state variables.
[From Gougq-Jen Su, Ind. Eng. Chem., 38, 803 (1946).]

this approximation is called the Law of Corresponding States. This is equiva-
lent to saying that the compressibility factor z is the same function of the
reduced variables for all gases. This rule is illustrated in Fig. 1.5 for a number
of different gases, where z = PV/RT is plotted at various reduced tempera-
tures, against the reduced pressure.

12. Equations of state for gases. 1f the equation of state is written in terms
of reduced variables as F(Py, Vy) = T}, it is evident that it contains at least
two independent constants, characteristic of the gas in question, for example
P, and V,. Many equations of state, proposed on semi-empirical grounds,
serve to represent the PVT data more accurately than does the ideal gas
equation. Several of the best known of these also contain two added con-
stants. For example:
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Equation of van der Waals:

a
(P -+ i/’i) (V —b) = RT (1.28)
Equation of Berthelot:
A
(p+.7.17§)(;/_3):RT (1.29)

Equation of Dieterici:
P(V — b')e¥IRTY — RT (1.30)

Van der Waals’ equation provides a reasonably good representation of
the PVT data of gases in the range of moderate deviations from ideality.
For example, consider the following values in liter atm of the PV product
for carbon dioxide at 40°C, as observed experimentally and as calculated
from the van der Waals equation:

P, atm 1 10 50 100 200 500 1100
PV, obs.  25.57 24.49 19.00 6.93 10.50 22.00 40.00
PV, calc. 25.60 24.71 19.75 8.89 14.10 29.70 54.20

The constants a and b are evaluated by fitting the equation to experimental
PVT measurements, or more usually from the critical constants of the gas.
Some values for van der Waals’ a and b are included in Table 1.1. Berthelot’s
equation is somewhat better than van der Waals’ at pressures not much

above one atmosphere, and is preferred for general use in this range.
Equations (1.28), (1.29), and (1.30) are all written for one mole of gas.

For n moles they become:
n*a
2

(P47

V_) (V — nb) == nRT

TV?
P(V — nb') "RV — pyRT

The way in which the constants in these equations are evaluated from
critical data will now be described, using the van der Waals equation as an
example.

13. The critical region. The behavior of a gas in the neighborhood of its
critical region was first studied by Thomas Andrews in 1869, in a classic
series of measurements on carbon dioxide. Results of recent determinations
of these PV isotherms around the critical temperature of 31.01°C are shown
in Fig. 1.6.

Consider the isotherm at 30.4°, which is below 7. As the vapor is com-
pressed the PV curve first follows 4B, which is approximately a Boyle’s law
isotherm. When the point B is reached, liquid is observed to form by the
appearance of a meniscus between vapor and liquid. Further compression

2
(P + 1-{) (V — nB) = nRT
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Fig. 1.6. Isotherms of carbon dioxide near the critical point.

then occurs at constant pressure until the point C is reached, at which all
the vapor has been converted into liquid. The curve CD is the isotherm of
liquid carbon dioxide, its steepness indicating the low compressibility of the
liquid.

As isotherms are taken at successively higher temperatures the points of
discontinuity B and C are observed to approach each other gradually, until
at 31.01°C they coalesce, and no gradual formation of a liquid is observable.
This isotherm corresponds to the critical temperature of carbon dioxide.
Isotherms above this temperature exhibit no formation of a liquid no matter
how great the applied pressure.

Above the critical temperature there is no reason to draw any distinction
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between liquid and vapor, since there is a complete continuity of states. This
may be demonstrated by following the path EFGH. The vapor at point E,
at a temperature below 7, is warmed at constant volume to point F, above
T,. It is then compressed dlong the isotherm FG, and finally cooled at constant
volume along GH. At the point H, below T,, the carbon dioxide exists as a
liquid, but at no point along this path are two phases, liquid and vapor,
simultaneously present. One must conclude that the transformation from
vapor to liquid occurs smoothly and continuously.

14. The van der Waals equation and liquefaction of gases. The van der
Waals equation provides a reasonably accurate representation of the PVT
data of gases under conditions that deviate only moderately from ideality.
When an attempt is made to apply the equation to gases in states departing
greatly from ideality, it is found that, although a quantitative representation
of the data is not obtained, an interesting qualitative picture is still provided.
Typical of such applications is the example shown in Fig. 1.6, where the
van der Waals isotherms, drawn as dashed lines, are compared with the
experimental isotherms for carbon dioxide in the neighborhood of the critical
point. The van der Waals equation provides an adequate representation of
the isotherms for the homogeneous vapor and even for the homogeneous
liquid.

As might be expected, the equation cannot represent the discontinuities
arising during liquefaction. Instead of the experimental straight line, it
exhibits a maximum and a minimum within the two-phase region. We note
that as the temperature gradually approaches the critical temperature, the
maximum and the minimum gradually approach each other. At the critical
point itself they have merged to become a point of inflection in the PV curve.
The analytical condition for a maximum is that (OP/0V) = 0 and (J2P/JV?)
< 0; for a minimum, (OP/dV) = 0 and (32P/dV?) > 0. At the point of in-
flection, both the first and the second derivatives vanish, (OP/OV) = 0 ==
(3*P[aV'?).

According to van der Waals’ equation, therefore, the following three
equations must be satisfied simultaneously at the critical point (T = T,
V=V,P=P)

RT, a
=V e
(BP_) 0= IEZ' I 2a
oV AR Z
(azp) B 2RT, 6a
ovr) T T T (v. —bp VA

When these equations are solved for the critical constants we find
8a a

= 1.
Te=gmr V=3 P=gp (130
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The values for the van der Waals constants are usually calculated from these
equations.
In terms of the reduced variables of state, P, V},, and T}, one obtains
from eq. (1.31):
a 8a

P = 2-7—[)7 Pl(’; V -=3b V"; T -- 2;@7}3
The van der Waals equation then reduces to
3 1 8
(P,‘, + V;';) (V,l. - 5) =3 Ty (1.32)

As was pointed out previously, it is evident that a reduced equation of
state similar to (1.32) can be obtained from any equation of state containing
no more than two arbitrary constants, such as a and b. The Berthelot equa-
tion is usually used in the following form, applicable at pressures of the order
of one atmosphere:

e (1 7))
Vo S . 133
PV - nRT [l T\ (1.33)

15. Other equations of state. In order to represent the behavior of gases
with greater accuracy, especially at high pressures or near their condensation
temperatures, it is necessary to use expressions having more than two adjust-
able parameters. Typical of such expressions is the very general virial equation
of Kammerlingh-Onnes:

. BT arny, D1y
PV = RT 4~ =1 5 ya- b

The factors B(T), C(T), D(T), etc., are functions of the temperature, called
the second, third, fourth, etc., virial coefficients. An equation like this,
though difficult to use, can be extended to as many terms as are needed to
reproduce the experimental PVT data with any desired accuracy.

Orne of the best of the empirical equations is that proposed by Beattie
and Bridgeman in 1928.% This equation contains five constants in addition
to R, and fits the PV'T data over a wide range of pressures and temperatures,
even near the critical point, to within 0.5 per cent.

16. Heat. The experimental observations that led to the concept of tem-
perature led also to the concept of heat. Temperature, we recall, has been
defined only in terms of the equilibrium condition that is reached when two
bodies are placed in contact. A typical experiment might be the introduction
of a piece of metal at temperature T, into a vessel of water at temperature T;.
To simplify the problem, let us assume that: (1) the system is isolated com-
pletely from its surroundings; (2) the change in temperature of the container
itself may be neglected; (3) there is no change in the state of aggregation of
either body, i.e., no melting, vaporization, or the like. The end result is that

¢ J. A. Beattie and O. C. Bridgeman, Proc. Am. Acad. Arts Sci., 63, 229-308 (1928).
J. A. Beattie, Chem. Rev., 44, 141-192 (1949).
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the entire system finally reaches a new temperature 7, somewhere between
T; and T,. This final temperature depends on certain properties of the water
and of the metal. It is found experimentally that the temperatures can always
be related by an equation having the form

C(T, — T)=C(T —T)) (1.34)

Here C, and C, are functions of the mass and constitution of the metal and
of the water respectively. Thus, a gram of lead would cause a smaller tem-
perature change than a gram of copper; 10 grams of lead would produce
10 times the temperature change caused by one gram.

Equation (1.34) has the form of an equation of conservation, such as
eq. (1.8). Very early in the development of the subject it was postulated that
when two bodies at different temperatures are placed in contact, something
flows from the hotter to the colder. This was originally supposed to be a
weightless material substance, called caloric. Lavoisier, for example, in his
Traité elémentaire de Chimie (1789), included both caloric and light among
the chemical elements.

We now speak of a flow of heat q, given by

q=CyT, —T) = C(T — Ty (1.35)

The cocfficients C are called the heat capacities of the bodies. If the heat
capacity is reckoned for one gram of material, it is called the specific heat;
for one mole of material, the molar heat capacity.

The unit of heat was originally defined in terms of just such an experiment
in calorimetry as has been described. The gram calorie was the heat that must
be absorbed by one gram of water to raise its temperature 1°C. It followed
that the specific heat of water was 1 cal per °C.

More careful experiments showed that the specific heat was itself a func-
tion of the temperature. It therefore became necessary to redefine the calorie
by specifying the range over which it was measured. The standard was taken
to be the 15° calorie, probably because of the lack of central heating in
European laboratories. This is the heat required to raise the temperature of
a gram of water from 14.5° to 15.5°C. Finally another change in the definition
of the calorie was found to be desirable. Electrical measurements are capable
of greater precision than calorimetric measurements. The Ninth International
Conference on Weights and Measures (1948) therefore recommended that
the joule (volt coulomb) be used as the unit of heat. The calorie, however, is
still popular among chemists, and the National Bureau of Standards uses a
defined calorie equal to exactly 4.1840 joules.

The specific heat, being a function of temperature, should be defined
precisely only in terms of a differential heat flow dg and temperature change
dT. Thus, in the limit, eq. (1.35) becomes

dq

dq = CdT, or =T (1.36)
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The heat added to a body in raising its temperature from 7; to T, is
therefore

T,
q sz. CdT (1.37)

Since C depends on the exact process by which the heat is transferred, this
integral can be evaluated only when the process is specified.

If our calorimeter had contained ice at 0°C instead of water, the heat
added to it would not have raised its temperature until all the ice had melted.
Such heat absorption or evolution accompanying a change in state of aggre-
gation was first studied quantitatively by Joseph Black (1761), who called it
latent heat. It may be thought of as somewhat analogous to potential energy.
Thus we have latent heat of fusion, latent heat of vaporization, or latent
heat accompanying a change of one crystalline form to another, for example
rhombic to monoclinic sulfur.

17. Work in thermodynamic systems. In our discussion of the transfer of
heat we have so far carefully restricted our attention to the simple case in
which the system is completely isolated and
is not allowed to interact mechanically with
its surroundings. If this restriction does not
apply, the system may either do work on 'Ldr
its surroundings or have work done on itself.

Thus, in certain cases, only a part of the

heat added to a substance causes its tem-

perature to rise, the remainder being used

in the work of expanding the substance. The Fig. 1.7. Work in expansion.
amount of heat that must be added to

produce a certain temperature change depends on the exact process by
which the change is effected.

A differential element of work may be defined by reference to eq. (1.3)
as dw = fdr, the product of a displacement and the component of force in
the same direction. In the case of a simple thermodynamic system, a fluid
confined in a cylinder with a movable piston (assumed frictionless), the work
done by the fluid against the external force on the piston (see Fig. 1.7) in a
differential expansion dV would be

P“-f/A
f

dw = % Adr = P, dV (1.38)

Note that the work is done against the external pressure P.
If the pressure is kept constant during a finite expansion from ¥V to ¥,
Vs
we| VP dV = Po(Vy — V) = Py AV (1.39)

If a finite expansion is carried out in such a way that each successive state
1s an equilibrium state, it can be represented by a curve on the PV diagram,
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since then we always have P,, = P. This is shown in (a), Fig. 1.8. In this
case,

dw = PdV (1.40)
On integration,

B
W f Pdv (1.41)

The value of the integral is given by the area under the PV curve. Only when
equilibrium is always maintained can the work be evaluated from functions
of the state of the substance itself, P and V, for only in this case does P = P,,.

It is evident that the work done in going from point 1 to point 2 in the
PV diagram, or from one state to another, depends upon the particular path
that is traversed. Consider, for example, two alternate paths from 4 to B in
(b), Fig. 1.8. More work will be done in going by the path 4 DB than by the
path ACB, asis evident from the greater area under curve 4 DB. If we proceed

() (b)

|
|
|
|
|
|
|
A4

Fig. 1.8. Indicator diagrams for work.

from state A to state B by path A DB and return to A along BCA, we shall
have completed a cyclic process. The net work done by the system during this
cycle is seen to be equal to the difference between the areas under the two
paths, which is the shaded area in (b), Fig. 1.8.

It is evident, therefore, that in going from one state to another both the
work done by a system and the heat added to a system depend on the par-
ticular path that is followed. The reason why alternate paths are possible in
(b), Fig. 1.8 is that for any given volume, the fluid may exert different pres-
sures depending on the temperature that is chosen.

18. Reversible processes. The paths followed in the PV diagrams of
Fig. 1.8 belong to a special class, of great importance in thermodynamic
arguments. They are called reversible paths. A reversible path is one connect-
ing intermediate states all of which are equilibrium states. A process carried
out along such an equilibrium path will be called a reversible process.

In order, for example, to expand a gas reversibly, the pressure on the
piston must be released so slowly, in the limit infinitely slowly, that at every
instant the pressure everywhere within the gas volume is exactly the same
and is just equal to the opposing pressure on the piston. Only in this case
can the state of the gas be represented by the variables of state, P and V



Sec. 19] PHYSICOCHEMICAL SYSTEMS 23

Geometrically speaking the state is represented by a point in the PV plane.
The line joining such points is a line joining points of equilibrium.

Consider the situation if the piston were drawn back suddenly. Gas would
rush in to fill the space, pressure differences would be set up throughout the
gas volume, and even a condition of turbulence might ensue. The state of the
gas under such conditions could no longer be represented by the two variables,
P and V. Indeed a tremendous number of variables would be required, corre-
sponding to the many different pressures at different points throughout the
gas volume. Such a rapid expansion is a typical irreversible process; the inter-
mediate states are no longer equilibrium states.

It will be recognized immediately that reversible processes are never
realizable in actuality since they must be carried out infinitely slowly. All
naturally occurring processes are therefore irreversible. The reversible path
is the limiting path that is reached as we carry out an irreversible process
under conditions that approach more and more closely to equilibrium con-
ditions. We can define a reversible path exactly and calculate the work done
in moving along it, even though we can never carry out an actual change
reversibly. It will be seen later that the conditions for reversibility can be
closely approximated in certain experiments.

19. Maximum work. In (b), Fig. 1.8, the change from 4 to B can be
carried out along different reversible paths, of which two (4CB and ADB)
are drawn. These different paths are possible because the volume V is a func-
tion of the temperature T, as well as of the pressure P. If one particular tem-
perature is chosen and held constant throughout the process, only one rever-
sible path is possible. Under such an isothermal condition the work obtained
in going from A to B via a path that is reversible is the maximum work possible
for the particular temperature in question. This is true because in the rever-
sible case the expansion takes place against the maximum possible opposing
force, which is one exactly in equilibrium with the driving force. If the
opposing force, e.g., pressure on a piston, were any greater, the process
would occur in the reverse direction; instead of expanding and doing work
the gas in the cylinder would have work done upon it and would be com-
pressed.

20. Thermodynamics and thermostatics. From the way in which the
variables of state have been defined, it would appear that thermodynamics
might justly be called the study of equilibrium conditions. The very nature
of the concepts and operations that have been outlined requires this restric-
tion. Nowhere does time enter as a variable, and therefore the question of
the rate of physicochemical processes is completely outside the scope of this
kind of thermodynamic discussion. It would seem to be an unfortunate
accident of language that this equilibrium study is called thermodynamics;
a better term would be thermostatics. This would leave the term thermo-
dynamics to cover the problems in which time occurs as a variable, e.g.,
thermal conductivity, chemical reaction rates, and the like. The analogy with



24 PHYSICOCHEMICAL SYSTEMS [Chap. 1

dynamics and statics as the two subdivisions of mechanics would then be
preserved.

Although the thermodynamics we shall employ will be really a thermo-
statics, /.e., a thermodynamics of reversible (equilibrium) processes, it should
be possible to develop a much broader study that would include irreversible
processes as well. Some progress along these lines has been made and the
field should be a fruitful one for future investigation.”

PROBLEMS

1. The coefficient of thermal expansion of ethanol is given by « = 1.0414
x 1073 -} 1.5672 x 108 4 5.148 x 10782, where ¢ is the centigrade tem-
perature. If 0° and 50° are taken as fixed points on a centigrade scale, what
will be the reading of the alcohol thermometer when an ideal gas thermo-
meter reads 30°C?

2. In a series of measurements by J. A. Beattie, the following values were
found for « of nitrogen:

Py(cm) . . . 99.828 74.966 59.959 44.942 33.311
o x 103, °K™1 . . 3.6740 3.6707 3.6686 3.6667 3.6652

Calculate from these data the melting point of ice on the absolute ideal gas
scale.

3. An evacuated glass bulb weighs 37.9365 g. Filled with dry air at 1 atm
pressure and 25°C, it weighs 38.0739 g. Filled with a mixture of methane and
ethane it weighs 38.0347 g. Calculate the percentage of methane in the gas
mixture.

4. An oil bath maintained at 50°C loses heat to its surroundings at the
rate of 1000 calories per minute. Its temperature is maintained by an electri-
cally heated coil with a resistance of 50 ohms operated on a 110-volt line.
A thermoregulator switches the current on and off. What percentage of the
time will the current be turned on?

5. Calculate the work done in accelerating a 2000 kg car from rest to a
speed of 50 km per hr, neglecting friction.

6. A lead bullet is fired at a wooden plank. At what speed must it be
traveling to melt on impact, if its initial temperature is 25° and heating of
the plank is neglected ? The melting point of lead is 327° and its specific heat
is 0.030 cal deg-1 g1.

7. What is the average power production in watts of a man who burns
2500 kcal of food in a day?

oP (3P[OT ),
8. Show that ( ) SR viell bl L
ov/yp (dV)aT),
' See, for example, P. W. Bridgman, The Nature of Thermodynamics (New Haven:

Yale Univ. Press, 1941); K. G. Denbigh, The Thermodynamics of the Steady State (London:
Methuen, 1951).
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9. Calculate the pressure exerted by 10 g of nitrogen in a closed 1-liter
vessel at 25°C using (a) the ideal gas equation, (b) van der Waals’ equation.

10. Use Berthelot’s equation to calculate the pressure exerted by 0.1 g of
ammonia, NH,, in a volume of 1 liter at —20°C.

11. Evaluate the constants a’ and 4’ in Dieterici’s equation in terms of
the critical constants P, V,, T, of a gas.

12. Derive an expression for the coefficient of thermal expansion « for
a gas that follows (a) the ideal gas law, (b) the van der Waals equation.

13. The gas densities (g per liter) at 0°C and | atm of (a) CO, and (b)
SO, are (a) 1.9769 and (b) 2.9269. Calculate the molar volumes of the gases
and compare with the values given by Berthelot’s equation.

14. The density of solid aluminum at 20°C is 2.70 g per cc; of the liquid
at 660°C, 2.38 g per cc. Calculate the work done on the surroundings when
10 kg of Al are heated under atmospheric pressure from 20° to 660°C.

15. One mole of an ideal gas at 25°C is held in a cylinder by a piston at
a pressure of 100 atm. The piston pressure is released in three stages: first to
50 atm, then to 20 atm, and finally to 10 atm. Calculate the work done by
the gas during these irreversible isothermal expansions and compare it with
that done in an isothermal reversible expansion from 100 to 10 atm at 25°C.

16. Two identical calorimeters are prepared, containing equal volumes
of water at 20.0°. A 5.00-g piece of Al is dropped into calorimeter A4, and a
5.00-g piece of alloy into calorimeter B. The equilibrium temperature in A4
is 22.0°, that in B is 21.5°. Take the specific heat of water to be independent
of temperature and equal to 4.18 joule deg=!. If the specific heat of Al is
0.887 joule deg~!, estimate the specific heat of the alloy.

17. According to Hooke’s Law the restoring force f on a stretched spring
is proportional to the displacement r (f — --«r). How much work must be
expended to stretch a 10.0-cm-long spring by 10 per cent, if its force constant
x == 10° dynes cm™!?

18. A kilogram of ammonia is compressed from 1000 liters to 100 liters
at 50°. Calculate the minimum work that must be expended assuming (a)
ideal gas, (b) van der Waals’ equation.
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CHAPTER 2

The First Law of Thermodynamics

1. The history of the First Law. The First Law of Thermodynamics is an
extension of the principle of the conservation of mechanical energy. This
extension became natural when it was realized that work could be converted
into heat, the expenditure of a fixed amount of work always giving rise to
the production of the same amount of heat. To give the law an analytical
formulation, it was only necessary to define a new energy function that
included the heat.

The first quantitative experiments on this subject were carried out by
Benjamin Thompson, a native of Woburn, Massachusetts, who became
Count Rumford of The Holy Roman Empire. Commissioned by the King
of Bavaria to supervise the boring of cannon at the Munich Arsenal, he
became impressed by the tremendous generation of heat during this opera-
tion. He suggested (1798) that the heat arose from the mechanical energy
expended, and was able to estimate the amount of heat produced by a horse
working for an hour; in modern units his value would be 0.183 calorie per
joule. The reaction at the time to these experiments was that the heat was
produced owing to a lower specific heat of the metal in the form of fine
turnings. Thus when bulk metal was reduced to turnings it had to release
heat. Rumford then substituted a blunt borer, producing just as much heat
with very few turnings. The adherents of the caloric hypothesis thereupon
shifted their ground and claimed that the heat arose from the action of air
on the metallic surfaces. Then, in 1799, Sir Humphry Davy provided further
support for Rumford’s theory by rubbing together two pieces of ice by clock-
work in a vacuum and noting their rapid melting, showing that, even in the
absence of air, this latent heat could be provided by mechanical work.

Nevertheless, the time did not become scientifically ripe for a mechanical
theory of heat until the work of Dalton and others provided an atomic
theory of matter, and gradually an understanding of heat in terms of
molecular motion. This development will be considered in some detail in
Chapter 7.

James Joule, at the age of twenty, began his studies in 1840 in a labora-
tory provided by his father in a Manchester brewery. In 1843, he published
his results on the heating effect of the electric current. In 1849, he carefully
determined the mechanical equivalent of heat by measuring the work input
and the temperature rise in a vessel of water vigorously stirred with paddle
wheels. His value, converted into our units, was 0.241 calorie per joule; the
accepted modern figure is 0.239. Joule converted electric energy and mechanical

21
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energy into heat in a variety of ways: electric heating, mechanical stirring,
compression of gases. By every method he found very nearly the same value
for the conversion factor, thus clearly demonstrating that a given amount of
work always produced the same amount of heat, to within the experimental
error of his measurements.

2. Formulation of the First Law. The interconversion of heat and work
having been demonstrated, it is possible to define a new function called the
internal energy E. In any process the change in internal energy AE, in passing
from one state A4 to another B, is equal to the sum of the heat added to the
system g and the work done on the system —w. (Note that by convention
work done by the system is called positive, + w.) Thus, AE = g — w. Now
the first law of thermodynamics states that this difference in energy AE
depends only on the final state B and the initial state 4, and not on the path
between A4 and B.

AE = Ep —E;—=q—w @.n

Both ¢ and w depend upon the path, but their difference ¢ — w is independent

of the path. Equation (2.1) therefore defines a new state function E. Robert

Mayer (1842) was probably the first to generalize the energy in this way.
For a differential change eq. (2.1) becomes

dE = dgq -- dw (2.2)

The energy function is undetermined to the extent of an arbitrary addi-
tive constant; it has been defined only in terms of the difference in energy
between one state and another. Sometimes, as a matter of convenience, we
may adopt a conventional standard state for a system, and set its energy in
this state equal to zero. For example, we might choose the state of the system
at 0°K and 1 atm pressure as our standard. Then the energy E in any other
state would be the change in energy in going from the standard state to the
state in question.

The First Law has often been stated in terms of the universal human
experience that it is impossible to construct a perpetual motion machine,
that is, a machine that will continuously produce useful work or energy from
nothing. To see how this experience is embodied in the First Law, consider
a cyclic process from state 4 to B and back to 4 again. If perpetual motion
were ever possible, it would sometimes be possible to obtain a net increase
in energy AE > 0 by such a cycle. That this is impossible can be ascertained
from eq. (2.1), which indicates that for any such cycle AE = (Ep — E,)
+ (E4 — Eg) = 0. A more general way of expressing this fact is to say that
for any cyclic process the integral of dE vanishes:

$dE =0 (2.3)
3. The nature of internal energy. On page 6 we restricted the systems

under consideration to those in a state of rest in the absence of gravitational
or electromagnetic fields. With these restrictions, changes in the internal
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energy E include changes in the potential energy of the system, and energy
associated with the addition or subtraction of heat. The potential energy
changes may be considered in a broad sense to include also the energy
changes caused by the rearrangements of molecular configurations that take
place during changes in state of aggregation, or in chemical reactions.

If the system were moving, the kinetic energy would have to be added to
E. If the restriction on electromagnetic fields were removed, the definition of
E would have to be expanded to include the electromagnetic energy. Simi-
larly, if gravitational effects were of interest, as in centrifugal operations, the
energy of the gravitational field would have to be included in or added to E
before applying the First Law.

In view of these facts, it has been remarked that even if somebody did
invent a perpetual motion machine, we should simply invent a new variety
of energy to explain it, and so preserve the validity of the First Law. From
this point of view, the First Law is essentially a definition of a function called
the energy. What gives the Law real meaning and usefulness is the practical
fact that a very small number of different kinds of energy suffice to describe
the physical world.

In anticipation of future discussions, it may be mentioned that experi-
mental proof of the interconversion of mass and energy has been provided
by the nuclear physicists. The First Law should therefore become a law of
the conservation of mass-energy, and the extension of thermodynamics along
these lines is beginning to be studied. The changes in mass theoretically
associated with the energy changes in chemical reactions are so small that
they lie just outside the range of our present methods of measurement. Thus
they need not be considered in ordinary chemical thermodynamics.

4. Properties of exact differentials. We have seen in Section 1-17 that the
work done by a system in going from one state to another is a function of
the path between the states, and that § dw is not in general equal to zero.
The reason was readily apparent when the reversible process was considered.

Then, f: dw = LBPdV. The differential expression P dV cannot be inte-

grated when only the initial and final states are known, since P is a function
not only of the volume ¥ but also of the temperature 7, and this temperature

may also change along the path of integration. On the other hand, ff dE

can always be carried out, giving £, — E , since E is a function of the state
of the system alone, and is not dependent on the path by which that state is
reached or on the previous history of the system.

Mathematically, therefore, we distinguish two classes of differential ex-
pressions. Those such as dE are called exact differentials since they are
obtained by differentiation of some state function such as E. Those such as
dq or dw are inexact differentials, since they cannot be obtained by differen-
tiation of a function of the state of the system alone. Conversely, dg or dw
cannot be integrated to yield a ¢ or w. The First Law states that although
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dgq and dw are not exact differentials, their difference dE = dg — dw is an
exact differential.
The following statements aré mathematically completely equivalent:

(1) The function E is a function of the state of a system.
(2) The differential dE is an exact differential.
(3) The integral of dE about a closed path § dE is equal to zero.

As an important corollary of the fact that it is an exact differential, dE

may be written!
3E) (8E)
dE = (= = ,
(ax va’x + 5 zdy 2.4

where x and y are any other variables of state of the system, for instance
any two of P, T, V. Thus, for example,

aE) (JE)
dE = \55) dV =] d .
(8V T + oT/ T (2-5)

A further useful property of exact differential expressions is the Euler
reciprocity relation. If an exact differential is written dE = M dV 4 N dT,

then 5 ,
(- (2,

This can be seen immediately from the typical case of eq. (2.5), whence
eq. (2.6) becomes (2E/OVOT) == (32E[dTIV ) since the order of differentiation
is immaterial.

5. Adiabatic and isothermal processes. Two kinds of processes occur fre-
quently both in laboratory experiments and in thermodynamic arguments.
An isothermal process is one that occurs at constant temperature, 7 =
constant, dT — 0. To approach isothermal conditions, reactions are often
carried out in thermostats. In an adiabatic process, heat is neither added to
nor taken from the system; i.e., ¢ = 0. For a differential adiabatic process,
dg = 0, and therefore from eq. (2.2) dE = —dw. For an adiabatic reversible
change in volume, dE = —P dV. Adiabatic conditions can be approached
by careful thermal insulation of the system. High vacuum is the best insulator
against heat conduction. Highly polished walls minimize radiation. These
principles are combined in Dewar vessels of various types.

6. The heat content or enthalpy. No mechanical work is done during a
process carried out at constant volume, since V' = constant, dV = 0, w = 0.
It follows that the increase in energy equals the heat absorbed at constant
volume.

AE = q;- 2.7

If pressure is held constant, as for example in experiments carried out
under atmospheric pressure, AE = E, — E, =q — w=¢q — P(V, — V}) or
! See, e.g., Granville, Smith, Longley, Calculus (Boston: Ginn, 1934), p. 412,
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(E, + PV,) — (E, 4 PV)) = qp, where g,, is the heat absorbed at constant
pressure. We now define a new function, called the enthalpy or heat content?
by '

H—=E+4 PV (2.8)
Then AH = H, — H, = gq, ) 2.9)

The increase in enthalpy equals the heat absorbed at constant pressure.

It will be noted that the enthalpy H, like the energy E, is a function of the
state of the system alone, and is independent of the path by which that state
is reached. This fact follows immediately from the definition in eq. (2.8),
since E, P, and V are all state functions.

7. Heat capacities. Heat capacities may be measured either at constant
volume or at constant pressure. From the definitions in eqgs. (1.36), (2.7), and
(2.9):

dq, )
heat capacity at constant volume: Cp = iq% = (}—?) (2.10)
by

h ity at constant . C —d"”—(‘H) 2.11
eat capacity at constant pressure: Cp = ar ~\ar), 2.11)

The capital letters C;, and Cp are used to represent the heat capacities
per mole. Unless otherwise specified, all thermodynamic quantities that are
extensive in character will be referred to the molar basis.

The heat capacity at constant pressure C;, is always larger than that at
constant volume Cj,, because at constant pressure part of the heat added to
a substance is used in the work of expanding it, whereas at constant volume
al of the added heat produces a rise in temperature. An important equation
for the difference C;, — Cy, can be obtained as follows:

o= (), (38), - () o (), (35),
= Nar/, T/, \oT/, T/ p aT,,(‘)

aE) (SE)
i = V+ =) dT
Since, dE (QV Td 57/,

(7).~ 5),G7), - (3),

aT P ( * )

cr—cr=[r+ ()
P v v/,

The term P(3V/3T), may be seen to represent the contribution to the

specific heat C;, caused by the expansion of the system against the external

% Note carefully that heat content H and heat capacity dg/dT are two entirely different
functions. The similarity in nomenclature is unfortunate, and the term enthalpy is therefore

to be preferred to heat content.
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"

pressure P. The other term (JE/OV)(dV/IT),. is the contribution from the
work done in expansion against the internal cohesive or repulsive forces of
the substance, represented by a change of the energy with volume at constant
temperature. The term (JE/V),. is called the internal pressure3 In the case
of liquids and solids, which have strong cohesive forces, this term is large.
In the case of gases, on the other hand, the term (JE/QV), is usually small
compared with P.

In fact, the first attempts to measure (JE/V), for gases failed to detect
it at all. These experiments were carried out by Joule in 1843.

8. The Joule experiment. Joule’s drawing of his apparatus is reproduced
in Fig. 2.1, and he described the experiment as follows.

I provided another copper receiver (E) which had a capacity of 134 cubic
inches. . . . I had a piece D attached, in the center of which there was a bore } of
an inch diameter, which could be closed per-
fectly by means of a proper stopcock. . . .

Having filled the receiver R with about 22
atmospheres of dry air and having exhausted the
receiver £ by means of an air pump, 1 screwed
them together and put them into a tin can con-
taining 16} Ib. of water. The water was first
thoroughly stirred, and its temperature taken by
the same delicate thermometer which was made
O use of in the former experiments on mechanical
equivalent of heat. The stopcock was then
L opened by means of a proper key, and the air
R E allowed to pass from the full into the empty re-
ceiver until equilibrium was established between
the two. Lastly, the water was again stirred and
Fig. 2.1. The Joule experiment.  its temperature carefully noted.

Joule then presented a table of experimental data, showing that there was
no measurable temperature change, and arrived at the conclusion that “no
change of temperature occurs when air is allowed to expand in such a manner
as not to develop mechanical power” (i.e., so as to do no external work).

The expansion in Joule’s experiment, with the air rushing from R into
the evacuated vessel E, is a typical irreversible process. Inequalities of tem-
perature and pressure arise throughout the system, but eventually an equi-
librium state is reached. There has been no change in the internal energy of
the gas since no work was done by or on it, and it has exchanged no heat
with the surrounding water (otherwise the temperature of the water would
have changed). Therefore AE = 0. Experimentally it is found that AT = 0.
It may therefore be concluded that the internal energy must depend only on
the temperature and not on the volume. More mathematically expressed:

3 Note that just as OE/Or, the derivative of the energy with respect to a displacement, is a
force, the derivative with respect to volume, dE/JV, is a force per unit area or a pressure.
4 Phil. Mag., 1843, p-263.
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OE) (DE)
i = (5 (<2) ar=o0
Since dE (av TdV . 37 r'(
and dT —= 0 while dv >0
d :
it follows that (5§)T~ 0

Joule’s experiment, however, was not capable of detecting small effects,
since the heat capacity of his water calorimeter was extremely large compared
with that of the gas used.

9. The Joule-Thomson experiment. William Thomson (Lord Kelvin)
suggested a better procedure, and working with Joule, carried out a series of
experiments between 1852 and 1862. Their apparatus is shown schematically
in Fig. 2.2. The principle involved
throttling the gas flow from the high g ﬂ
pressure A to the low pressure C side .
by interposing a porous plug B. In vz /Y /Y//
their first trials, this plug consisted of
a silk handkerchief; in later work, P

G
porous meerschaum was used. In this W/ /////ﬂ

way, by the time the gas emerges into Fig. 2.2. The Joule-Thomson experi-
C it has already reached equilibrium ment.

and its temperature can be measured
directly. The entire system is thermally insulated, so that the process is an
adiabatic one, and g == 0.

Suppose that the fore pressure in A is Py, the back pressure in C is Py,
and the volumes per mole of gas at these pressures are V, and V,, respec-
tively. The work per mole done on the gas in forcing it through the plug is
then P,V,, and the work done by the gas in expanding on the other side is
P,V,. The net work done by the gas is therefore w = P,V, — P, V.

It follows that a Joule-Thomson expansion occurs at constant enthalpy,
since

AE=E, —E =q—w=0-—-w
E, — E, = PV, — PV,
E, + PV, = E, + PV,
H, = H,

The Joule-Thomson coefficient, u; 5, is defined as the change of temperature
with pressure at constant enthalpy:

T
Y il 2.14
My, (aP)I{ ( )

This quantity is measured directly from the temperature change AT of the
gas as it undergoes a pressure drop AP through the porous plug. Some
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experimental values of the J.-T. coefficients, which are functions of tem-
perature and pressure, are collected in Table 2.1.

TABLE 2.1
JoULE-THOMSON COEFFICIENTS FOR CARBON DIOXIDE*
,u (°C per atm)

Tempera- Pressure (atm)
ture °K) | ——=- —————" -
0 ' 1 ‘ 10 j i 60 80 100
1
|
20 | 22855 | 2.3035 |
250 1.6885 | 1.6954 | 1.7570
275 1.3455 | 1.3455 | 1.3470 i
300 1.1070 | 1.1045 | 1.0840 | 1.0175 | 0.9675
325 0.9425 | 09375 | 09075 | 0.8025 | 0.7230 | 0.6165 | 0.5220
350 0.8195 | 08150 | 0.7850 | 0.6780 | 06020 | 0.5210 | 0.4340
180 0.7080 | 0.7045 | 0.6780 | 0.5835 | 0.5165 | 0.4505 | 0.3855
400 0.6475 | 0.6440 | 0.6210 | 05375 | 04790 | 04225 | 0.3635
1

* From John H Perry, Chemical Engmeers Handbook (New York McGraw- Hnll
1941). Rearranged from Int. Crit. Tables, vol. S, where further data may be found.

A positive ;e corresponds to cooling on expansion, a negative u to warm-
ing. Most gases at room temperatures are cooled by a J.-T. expansion.
Hydrogen, however, is warmed if its initial temperature is above --80°C,
but if it is first cooled below —80°C it can then be cooled further by a J.-T.
effect. The temperature —80°C at which u = 0 is called the Joule-Thomson
inversion temperature for hydrogen. Inversion temperatures for other gases,
except helium, lie considerably higher.

10. Application of the First Law to ideal gases. An analysis of the theory
of the Joule-Thomson experiment must be postponed until the Second Law
of Thermodynamics has been studied in the next chapter. It may be said,
however, that the porous-plug experiments showed that Joule’s original con-
clusion that (OE/OV ) == O for all gases was too broad. Real gases may have
a considerable internal pressure and work must be done against the cohesive
forces when they expand.

An ideal gas may now be defined in thermodynamlc terms as follows:

(1) The internal pressure (JE/OV ), =
(2) The gas obeys Boyle’s Law, PV = constant at constant 7.

It follows from eq. (2.5) that the energy of an ideal gas is a function of
its temperature alone. Thus dE == (OE/OT);- dT = C,, dT and C}, = dE|[dT.
The heat capacity of an ideal gas also depends only on its temperature.
These conclusions greatly simplify the thermodynamics of ideal gases, so
that many thermodynamic discussions are carried on in terms of the ideal
gas model. Some examples follow:
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Difference in heat capacities. When eq. (2.13) is applied to an ideal gas,

it becomes
Then, since PV = RT
(57),= 7
oT/p P
and Cp—Cy=R (2.15)

Heat capacities are usually given in units of calories per degree per mole,

and, in these units,
R = 8.3144/4.1840

= 1.9872 cal deg~! mole™!

Temperature changes. Since dE = Cp, dT

AE=E,— E =["CpdT (2.16)
Likewise for an ideal gas:
dH = CpdT
and AH = H, — H, =" C.dT @.17)

Isothermal volume or pressure change. For an isothermal change in an
ideal gas, the internal energy remains constant. Since dT == 0 and (0E/OV)
-0,

J JOE
dE = dq — PdV = (—E) dT -+ (——) dv =20
and dqg =dw = PdV
Since P :B_T
14
2 2 2 dv
P O et
J; 7 1 v 1 Vv
V, P
=w= RTIn -2 = i .
or q=w=RTIn v, RT In P, (2.18)

Since the volume change is carried out reversibly, P always having its equi-
librium value RT/V, the work in eq. (2.18) is the maximum work done in an
expansion, or the minimum work needed to effect a compression. The equa-
tion tells us that the work required to compress a gas from 10 atm to 100 atm
is just the same as that required to compress it from | atm to 10 atm.
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Reversible adiabatic expansion. In this case, dg == 0, and dE = —dw =
—Pav. .
From eq. (2.16) dw = —C, dT (2.19)
For a finite change w = —ff Cy dT (2.20)

We may write eq. (2.19) as Cy, dT + PdV = 0

Whence c, ffo LR d;/ _ .21

Integrating between T, and T,, and V', and V,, the initial and final tempera-
tures and volumes, we have

T, Ve
Coln- 24 RIn-2-=0 2.22
v In ] + Rln v, ( )

This integration assumes that C), is a constant, not a function of T.
We may substitute for R from eq. (2.15), and using the conventional
symbol y for the heat capacity ratio C,./C,, we find

Vs 2
(y —Dln—=+1In ==0
e v, )
T AU
PL\ . Therefore, 1= (——2-) (2.23)
: ! T2 Vl
A ISOTHERMAL
b Since, for an ideal gas,
1+ \|ADIABATIC
v L AN
Fig. 2.3. Isothermal and T, PV,
adiabatic expansions. PV = PV (2.24)
171" = Le¥e :

It has been shown, therefore, that for a reversible adiabatic expansion of an
ideal gas
PV? = constant (2.25)

We recall that for an isothermal expansion PV = constant.

These equations are plotted in Fig. 2.3. A given pressure fall produces a
lesser volume increase in the adiabatic case, owing to the attendant fall in
temperature during the adiabatic expansion.

11. Examples of ideal-gas calculations. Let us take 10 liters of gas at 0°
and 10 atm. We therefore have 100/22.414 == 4.457 moles. We shall calculate
the final volume and the work done in three different expansions to a final
pressure of 1 atm. The heat capacity is assumed to be C;, = 3R, independent
of temperature.

Isothermal reversible expansion. In this case the final volume

V, = P,V,/Py = (10)(10)/(1) = 100 liters
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The work done by the gas in expanding equals the heat absorbed by the gas
from its environment. From eq. (2.18), for n moles,

RT1 Ve
= W =N n-—
1 %

1
= (4.457)(8.314)(273.2)(2.303) log (10)
=: 23,310 joules
Adiabatic reversible expansion. The final volume is calculated from

eq. (2.24), with
Cr @GRIR S

YT 3R 3
P 1/y
Thus Ve — (Fl) V, — (10p3/5- 10 — 39.8 liters
2
The final temperature is obtained from P,V, - nRT,:
PV, (1)(39.8)
Ty- 2o - 108.8°K
®  nR  (4.457)(0.08205)
For an adiabatic process, ¢ = 0, and AE - ¢ — w =~ —w. Also, since Cy- is

constant, eq. (2.16) gives
AE = nCp-AT — ngR(T, — Ty) == - 9125 joules

The work done by the gas on expansion is therefore 9125 joules.
Irreversible adiabatic expansion. Suppose the pressure is suddenly released
to 1 atm and the gas expands adiabatically against this constant pressure.
Since this is not a reversible expansion, eq. (2.24) cannot be applied. Since
q = 0, AE == —w. The value of AE depends only on initial and final states:

AE = —w = nCp(Ty - T)

Also, for a constant pressure expansion, we have from eq. (1.39),
nRT, nRT
w =z PyVy— V) == Py ( ,,2-‘- — ,,l’)

Equating the two expressions for w, we obtain

RT, RT;
—CHT, — Ty) = P, ("pf - ‘-,,—11)
The only unknown is Ty:
3 RT, R273.2
—= —2732) =1{— — ——
2 KT ) ( [ 10 )
T, = 174.8°K
Then —AE = w = — 3Rn(174.8 — 273.2)

= 5470 joules
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Note that there is considerably less cooling of the gas and less work done
in the irreversible adiabatic expansion than in the reversible expansion.

12. Thermochemistry—heats of reaction. Thermochemistry is the study of
the heat effects accompanying chemical reactions, the formation of solutions,
and changes in state of aggregation such as melting or vaporization. Physico-
chemical changes can be classified as endothermic, accompanied by the
absorption of heat, or exothermic, accompanied by the evolution of heat.

A typical example of an exothermic reaction is the burning of hydrogen:

H, + 10O, = H,O (gas) t 57,780 cal at 18°C

A typical endothermic reaction would be the reverse of this, the decom-
position of water vapor:

H,0 = H, + } O, -- 57,780 cal at 18°C

Heats of reaction may be measured at constant pressure or at constant
volume. An example of the first type of experiment is the determination of
the heat evolved when the reaction takes place at atmospheric pressure in an
open vessel. If the reaction is carried out in a closed autoclave or bomb, the
constant-volume condition holds.

By convention, reaction heats are considered positive when heat is ab-
sorbed by the system. Thus an exothermic reaction has a negative “heat of
reaction.” From eq. (2.7) the heat of reaction at constant volume,

0y = AE, (2.26)
From eq. (2.9) the heat of reaction at constant pressure,
QOp = AH, == AE+ P AV (2.27)

The heat of reaction at constant volume is greater than that at constant
pressure by an amount equal to the external work done by the system in
the latter case. In reactions involving only liquids or solids AV is so small
that usually P AV is negligible and Q;, ~ Qp. For gas reactions, however,
the P AV terms may be appreciable.

The heat change in a chemical reaction can best be represented by
writing the chemical equation for the reaction, specifying the states of all
the reactants and products, and then appending the heat change, noting the
temperature at which it is measured. Since most reactions are carried out
under essentially constant pressure conditions, AH is usually chosen to
represent the heat of reaction. Some examples follow:

(1) SO, (I atm) -+ } O, (1 atm) = SO, (1 atm)
AH298 == '“10,300 Cal

(2) CO, (1 atm) 4+ H, (1 atm) = CO (1 atm) 4+ H,O (1 atm)
AHng = 9860 Cal

(3) AgBr (cryst)-+ 4 Cl, (1 atm) == AgCl (cryst) 4 } Br, (liq)
AHzgs = _6490 Cal
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As an immediate consequence of the First Law, AE or AH for any
chemical reaction is independent of the path; that is, independent of any
intermediate reactions that may occur. This principle was first established
experimentally by G. H. Hess (1840), and is called The Law of Constant Heat
Summation. It is often possible, therefore, to calculate the heat of a reaction

from measurements on quite different reactions. For example: :
(1) COCl, -/ H,S = 2 HCI + COS AH,5q = —42,950 cal
(2) COS + H,S = H,0 (g) + CS, (1) AH,qg = +3980 cal

(3) COCl, -+ 2 H,S = 2 HCI + H,0 (g) 4 CS, (1)
AH,gg == —38,970 cal

13. Heats of formation. A convenient standard state for a substance may
be taken to be the state in which it is stable at 25°C and 1 atm pressure; thus,
oxygen as O, (g), sulfur as S (rhombic crystal), mercury as Hg (1), and so on.
By convention, the enthalpies of the chemical elements in this standard state
are set equal to zero. The standard enthalpy of any compound is then the
heat of the reaction by which it is formed from its elements, reactants and
products all being in the standard state of 25°C and 1 atm.

For example:

(1) S + O, = SO, AH 9 — —70,960 cal

() 2Al1+ 30, - ALO;  AH’y = —380,000 cal
The superscript zero indicates we are writing a standard heat of formation
with reactants and products at 1 atm; the absolute temperature is written as
a subscript. Thermochemical data are conveniently tabulated as heats of
formation. A few examples, selected from a recent compilation of the
National Bureau of Standards,5 are given in Table 2.2. The standard heat of
any reaction at 25°C is then readily found as'the difference between the
standard heats of formation of the products and of the reactants.

TABLE 2.2
STANDARD HEATS OF FORMATION AT 25°C
AHOZOSV 16 AH°29B.IG
Compound State (kcal/mole) Compound State (kcal/mole)
H,0 g —57.7979 H,S g —4.815
H,0 1 —68.3174 H,SO, 1 —193.91
H,0, g —31.83 SO, g —170.96
HF g —64.2 SO, g —94.45
HCl g —22.063 | co g —26.4157
HBr g —8.66 CO, g —94.0518
HI g +6.20 SOCl, 1 —49.2
HIO, c —57.03 ‘ S,Cl, g —5.70
o |

® The Bureau is publishing a comprehensive collection of thermodynamic data, copies
of which are to be deposited in every scientific library (“Selected Values of Chemical
Thermodynamic Properties™).
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Many of our thermochemical data have been obtained from measure-
ments of heats of combustion. If the heats of formation of all its combustion
products are known, the heat of formation of a compound can be calculated
from its heat of combustion. For example

(1) GHg 150,  —2CO, 4 3H,0()  AHC%pg — —373.8 keal
(2) C (graphite) + O, — CO, AH®qg = —94.5 keal
(3) Hy + 0, - H,0() AH%q = — 68.3 keal
4)2C { 3H, - C,H, AH®qq = —20.1 keal

The data in Table 2.3 were obtained from combustion heats by F. D.
Rossini and his co-workers at the National Bureau of Standards. The
standard state of carbon has been taken to be graphite.

When changes in state of aggregation occur, the appropriate latent heat
must be added. For example:

S (rh) {- O, -~ SO, AH®,45 -~ —70.96 kcal
S (rh) — S (mono) AH®,y4 == —0.08 kcal
S (mono) { O, — SO, AH%q9q — —70.88 kcal

14. Experimental measurements of reaction heats.® The measurement of
the heat of a reaction consists essentially of a careful determination of the
amount of the chemical reaction that produces a definite measured change
in the calorimeter, and then the measurement of the amount of electrical
energy required to effect exactly the same change. The change in question is
usually a temperature change. A notable exception is in the ice calorimeter,
in which one measures the volume change produced by the melting of ice,
and thereby calculates the heat evolution from the known latent heat of
fusion of ice.

The AH values in Table 2.3 were obtained by means of a combustion-
bomb calorimeter. It is estimated that the limit of accuracy with the present
apparatus and technique is 2 parts in 10,000. Measurements with a bomb
calorimeter naturally yield AE values, which are converted to AH’s via
€q. (2.27).

A thermochemical problem of great interest in recent years has been the
difference in the energies of various organic compounds, especially the hydro-
carbons. It is evident that extremely precise work will be necessary to evaluate
such differences from combustion data. For example, the heat contents of
the five isomers of hexane differ by 1 to 5 kcal per mole, while the heats of
combustion of the hexanes are around 1000 kcal per mole; even a 0.1 per cent
uncertainty in the combustion heats would lead to about a 50 per cent un-
certainty in the energy differences. Important information about such small

¢ Clear detailed descriptions of the experimental equipment and procedures can be

found in the publications of F. D. Rossini and his group at the National Bureau of Stan-
dards, J. Res. of N.B.S., 6, 1 (1930); 13, 469 (1934); 27, 289 (1941).
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TABLE 2.3
HeATs oF FORMATION OF GASEOUS HYDROCARBONS

Substance Formula AH"44 (cal/mole)

Paraffins:
Methane CH, --17,865 + 74
Ethane C,H, -20,191 1. 108
Propanc CyH, --24,750 - 124
n-Butane C4H o --29,715 - 153
Isobutane C,H,, -31,350 | 132
n-Pentane C.;H,, - 34,739 4- 213
2-Methylbutane C;H,, 36,671 -1 153
Tetramethylmethane C:;H,. - 39,410 { 227
Monolefines:
Ethylene C,H, 12,556 1+ 67
Propylene CyH, 4956 + 110
1-Butene C4Hqg 383 1 180
cis-2-Butene C,Hg —1388 | 180
trans-2-Butene C,Hg - 2338 4 180
2-Methylpropene C,H,q - 3205 1. 165
1-Pentene C;H,, —4644 -{ 300
Diolefines:
Allene C,H, 46,046 - 260
1,3-Butadiene C,H, 26,865 -+ 240
1,3-Pentadiene C;Hy 18,885 -+ 300
1,4-Pentadiene C;H, 25,565 - 300
Acetylenes:
Acetylene C,H, 54,228 1t 235
Methylacetylene C;H, 44,309 - 240

Dimethylacetylene CyHg 35,221 |- 355

energy differences can be obtained for unsaturated hydrocarbons by measure-
ment of their heats of hydrogenation. This method has been developed to a
high precision by G. B. Kistiakowsky and his co-workers at Harvard.”

It is evident that in calorimetric experiments—for example, in a deter-
mination of a heat of combustion—the chemical reaction studied may
actually occur at a very elevated temperature. One measures, however, the
net temperature rise after equilibrium has been reached, and this usually
amounts to only a few degrees, owing to the high heat capacity of the calori-
meter. Since AE or AH depends only on the initial and final states, one
actually measures the AE or AH, therefore, at around 25°C, even though
temperatures of over 2000°C may have been attained during the actual
combustion process.

15. Heats of solution. In many chemical reactions, one or more of the
reactants are in solution, and the investigation of heats of solution is an
important branch of thermochemistry. It is necessary to distinguish the
integral heat of solution and the differential heat of solution. The distinction

? Kistiakowsky, et al., J. Am. Chem. Soc., 57, 876 (1935).
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between these two terms can best be understood by means of a practical
example. i

If one mole of alcohol (C,H;OH) is dissolved in nine moles of water, the
final solution contains 10 moles per cent of alcohol. The heat absorbed is the
integral heat of solution per mole of alcohol to form a solution of this final
composition. If the mole of alcohol is dissolved in four moles of water, the
integral heat of solution has a different value, corresponding to the formation
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Fig. 2.4. Heat of solution of ethyl alcohol in water at 0°C.

of a 20 mole per cent solution. The difference between any two integral heats
of solution yields a value for the integral heat of dilution. The example can
be written in the form of thermochemical equations as follows:

(1) C,H;OH + 9 H,0 = C,H;OH (10 mole ); solution)
AH®q; = —2300

(2) C,H;OH + 4 H,0 = C,H,OH (20% solution)
AH®5 = —1500

(3) C,H;OH (20% solution) + 5 H,0 - C;H;OH (10% solution)
AH®;, — —800

The heat of dilution from 20 to 10 per cent amounts to —800 cal per mole.

It is evident that the heat evolved (—AH) when a mole of alcohol is
dissolved in water depends upon the final concentration of the solution. If
one plots the measured integral heat of solution against the ratio moles
water per mole alcohol (m,/n,), the curve in Fig. 2.4 is obtained. As the
solution becomes more and more dilute, n,/n, approaches infinity. The
asymptotic value of the heat of solution is called the heat of solution at
infinite dilution, AH .. For alcohol in water at 0°C, this amounts to —3350
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calories. The values of AH,g 0 generally become quite constant with in-
creasing dilution, so that measured values in dilute solutions are usually
close to AH . Often one finds literature values for which the dilution is not
specified. These are written, for aqueous solution, simply as in the following

example:
NaCl + x H,O = NaCl (aq) | 1260 cal

In the absence of more detailed information, such values may be taken to
give approximately the AH at infinite dilution.

The integral solution heats provide an average AH over a range of con-
centrations. For example, if alcohol is added to water to make a 50 mole
per cent solution, the first alcohol added gives a heat essentially that for the
solute dissolving in pure water, whereas the last alcohol is added to a solution
of about 50 per cent concentration. For theoretical purposes, it is often
necessary to know what the AH would be for the solution of solute in a
solution of definite fixed concentration. Let us imagine a tremendous volume
of solution of definite composition and add one more mole of solute to it.
We can then suppose that this addition causes no detectable change in the
concentration. The heat absorbed in this kind of solution process is the
differential heat of solution. The same quantity can be defined in terms of a
very small addition of dn moles of solute to a solution, the heat absorbed
per mole being dg/dn and the composition of the solution remaining un-
changed. Methods of evaluating the differential heat will be considered in
Chapter 6.

16. Temperature dependence of reaction heats. Reaction heats depend on
the temperature and pressure at which they are measured. We may write the
energy change in a chemical reaction as

Ab = Eproducts - Ereacumts

Then (?’._[éﬁl) _ (?,Epm@) _ (‘1’5_3)

or ), \or ), \ar ),
AE

From eq. (2.10), (Ja——]) — Cpprod — Crreact = ACy (2.28)

T Jy
. A
Similarly, (—[TTIi]) = Cpproa = Crreact = ACp (2.29)
l’

Integrating, at a constant pressure of 1 atm, so that AH is the standard AH®,
we obtain

Ty
AHOT‘ - AHOT‘ ?'—“f ACP dT (2.30)
T,
These equations were first tet forth by G. R. Kirchhoff in 1858. They

state that the difference between the heats of reaction at T, and at T, is equal
to the difference in the amounts of heat that must be added to reactants and
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products at constant pressure to raise them from 7, to T,. This conclusion
is an immediate consequence of the First Law of Thermodynamics.

In order to apply eq. (2.30), expressions are required for the heat capaci-
ties of reactants and products over the temperature range of interest. Over
a short range, these may often be taken as practically constant, and we
obtain:

AHYy - AH") = ACK(T, — Ty)
More generally, the experimental heat-capacity data will be represented by
a power series:
Cp —a+bT+ cT?* . .. (2.31)
Examples of such heat-capacity equations are given in Table 2.4. These
three-term equations fit the experimental data to within about 0.5 per cent

TABLE 2.4
HeaTt CapaciTy oF GASES (273-15007K)*
Cp =a + bT | ¢T*(Cp 1n calories per deg per mole)

Gas I a b x 10® ¢ x 107

| z |
H, | 6.9469 i —0.1999 | 4.808
0, | 6.148 i 3.102 ! —-9.23
Cl, | 7.5755 : 2.4244 i -0.650
Br, 8.4228 i 0.9739 | —3.555
N, j 6.524 § 1.250 --0.01
CcO ; 6.420 ! 1.665 -1.96
HCl ; 6.7319 | 0.4352 3.697
HBr | 6.5776 : 0.9549 1.581
H,0 | 7.256 | 2.298 2.83
CO, i 6.214 [ 10.396 —35.45
Benzene i - 0.283 . 77.936 —262.96
n-Hexane 7.313 | 104.906 —323.97
CH, | 3.381 , 18.044 —43.00

|

* H. M. Spencer, J. Am. Chem. Soc., 67, 1858 (1945). Spencer and Justice, ibid., 56,
2311 (1934).

over a temperature range from 0°C to 1250"C. When the series expression
for AC, is substituted® in eq. (2.30), the integration can be carried out
analytically. Thus at constant pressure, for the standard enthalpy change,

d(AH®) == AC.. dT = (A + BT + CT2+ . . )dT
AH® = AH°)+ AT + Y BT?* + 1 CT®+ . . . (2.32)
Here AH®, is the constant of integration.® Any one measurement of AH® at

® For a typical reaction, $ N, + # Hy = NHy; ACp = Cpyy — $ Cpy — § Cry,:

® If the heat-capacity equations are valid to 0°K, we may note that at T == 0, AH®
= AH",, so that the integration constant can be interpreted as the enthalpy change in the
reaction at 0°K.
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a known temperature 7" makes it possible to evaluate the constant AH®, in
eq. (2.32). Then the AH® at any other temperature can be calculated from
the equation. If the heat capacities are given in the form of a C), vs. T curve,
a graphical integration is often convenient.

Recently rather extensive enthalpy tables have become available, which
give H as a function of T over a wide range of temperatures. “The use of
these tables makes direct reference to the heat capacities unnecessary.

16. Chemical affinity. Much of the earlier work on reaction heats was
done by Julius Thomsen and Marcellin Berthelot, in the latter part of the
nineteenth century. They were inspired to carry out a vast program of
thermochemical measurements by the conviction that the heat of reaction
was the quantitative measure of the chemical affinity of the reactants. In the
words of Berthelot, in his Essai de Mécanique chimique (1878):

Every chemical change accomplished without the intervention of an external
energy tends toward the production of the body or the system of bodies that sets
free the most heat.

This principle is incorrect. It would imply that no endothermic reaction
could occur spontaneously, and it fails to consider the reversibility of chemi-
cal reactions. In order to understand the true nature of chemical affinity and
of .he driving force in chemical reactions, it is necessary to go beyond the
Firs. Law of Thermodynamics, and to investigate the consequences of the
second fundamental law that governs the interrelations of work and heat.

PROBLEMS

17 Calculate AE and AH when 100 liters of helium at STP are heated to
100°C in a closed container. Assume gas is ideal with C}- - 3R.

2. One mole of ideal gas at 25°C is expanded adiabatically and reversibly
from 20 atm to 1 atm. What is the final temperature of the gas, assuming
Cy = §R?

3. 100 g of nitrogen at 25°C arc held by a piston under 30 atm pressure.
The pressure is suddenly released to 10 atm and the gas adiabatically
expands. If Cp- for nitrogen = 4.95 cal per deg, calculate the final tempera-
ture of the gas. What are AE and AH for the change? Assume gas is
ideal.

4. At its boiling point (100°C) the density of liquid water is 0.9584 g per
cc; of water vapor, 0.5977 g per liter. Calculate the maximum work done
when a mole of water is vaporized at the boiling point. How does this compare
with the latent heat of vaporization of water?

5. If the Joule-Thomson coefficient is s, ;= 1.084 deg per atm and the
heat capacity C,, == 8.75 cal per mole deg, calculate the change in enthalpy
AH when 50 g of CO, at 25°C and | atm pressure are isothermally com-
pressed to 10 atm pressure. What would the value be for an ideal gas?



46 THE FIRST LAW OF THERMODYNAMICS [Chap. 2

6. Using the heat-capacity equation in Table 2.4, calculate the heat
required to raise the temperature of one mole of HBr from 0° to 500°C.

7. In a laboratory experiment in calorimetry 100 cc of 0.500 N acetic acid
are mixed with 100 cc of 0.500 N sodium hydroxide in a calorimeter. The
temperature rises from 25.00° to 27.55°C. The effective heat capacity of the
calorimeter is 36 cal per deg. The specific heat of 0.250 N sodium acetate
solution is 0.963 cal deg~ g~! and its density, 1.034 g per cc. Calculate the
heat of neutralization of acetic acid per mole.

8. Assuming ideal gas behavior, calculate the values of AE°,y, for SO,
(g), H,0 (g), and HCI (g) from the AH°yqq values in Table 2 2.

9. From the heats of formation in Table 2.3, calculate AH 44 for the
following cracking reactions:
C,Hg + H, = 2 CH,
n-CgH,y + 3 Hy, —4 CH,
iso-C,H,, + 3 H, == 4 CH,

10. The heat of sublimation of graphite to carbon atoms has been esti-
mated as 170 kcal per mole. The dissociation of molecular hydrogen into
atoms, H, = 2 H, has AH® - 103.2 kcal per mole. From these data and the
value for the heat of formation of methane, calculate the AH® for C (g) +
4 H (g) -- CH4 (g). One fourth of this value is a measure of the *“‘energy of
the C-—-H bond” in methane.

11. Assuming that the energy of the C—H bond in ethane, C,Hg, is the
same as in methane (Problem 10) estimate the energy of the C—C bond in
ethane from the heat of formation in Table 2.3.

12. When n-hexane is passed over a chromia catalyst at 500°C, benzene
is formed: CgH,, (g) = CeHg (g) + 4 Hy, AH,9, == 59.78 kcal per mole.
Calculate AH" for the reaction at 500°C (Table 2.4).

13. Derive a general expression for AH° of the water gas reaction
(H, + CO, = H,0 t CO) as a function of temperature. Use it to calculate
AH® at 500°K and 1000°K.

14. From the curve in Fig. 2.4, estimate the heat evolved when 1 kg of
a 10 per cent (by weight) solution of ethanol in water is blended with 1 kg of
a 75 per cent solution of ethanol in water.

15. If a compound is burned under adiabatic conditions so that all the
heat evolved is utilized in heating the product gases, the maximum tempera-
ture attained is called the adiabatic flame temperature. Calculate this tem-
perature for the burning of ethane with twice the amount of air (80 per cent
N,, 20 per cent O,) needed for complete combustion to CO, and H,0. Use
heat capacities in Table 2.4, but neglect the terms ¢T2

16. Show that for a van der Waals gas, (OE[dV), = a V2.
17. Show that (aE’ap)V - ﬁC,-/a.
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CHAPTER 3

The Second Law of Thermodynamics

1. The efficiency of heat engines. The experiments of Joule helped to
disprove the theory of ‘“‘caloric” by demonstrating that heat was not a
“substance’ conserved in physical processes, since it could be generated by
mechanical work. The reverse transformation, the conversion of heat into
useful work, had been of greater interest to the practical engineer ever since
the development of the steam engine by James Watt in 1769. Such an engine
operates essentially as follows: A source of heat (e.g., a coal or wood fire)
is used to heat a ‘““working substance” (e.g., steam), causing it to expand
through an appropriate valve into a cylinder fitted with a piston. The ex-
pansion drives the piston forward, and by suitable coupling mechanical
work can be obtained from the engine. The working substance is cooled by
the expansion, and this cooled working substance is withdrawn from the
cylinder through a valve. A flywheel arrangement returns the piston to its
original position, in readiness for another expansion stroke. In simplest
terms, therefore, any such heat engine withdraws heat from a heat source,
or hot reservoir, converts some of this heat into work, and discards the
remainder to a heat sink or cold reservoir. In practice there are necessarily
frictional losses of work in the various moving components of the engine.

The first theoretical discussions of these engines were expressed in terms
of the caloric hypothesis. The principal problem was to understand the
factors governing the efficiency e of the engine, which was measured by the
ratio of useful work output w to the heat input g,.

e="2 G.1)
92 )
A remarkable advance towards the solution of this problem was made in
1824 by a young French engineer, Sadi Carnot, in a monograph, Réflexions
sur la Puissance motrice du Feu.

2. The Carnot cycle. The Carnot cycle represents the operation of an
idealized engine in which heat is transferred from a hot reservoir at tem-
perature 1,, is partly converted into work, and partly discarded to a cold
reservoir at temperature ¢;. (Fig. 3.1a.) The working substance through
which these operations are carried out is returned at the end to the same
state that it initially occupied, so that the entire process constitutes a com-
plete cycle. We have written the temperatures as f, and #, to indicate that
they are empirical temperatures, measured on any convenient scale what-
soever. The various steps in the cycle are carried out reversibly.

4R
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To make the operation more definite, we may consider the working sub-
stance to be a gas, and the cyclic process may be represented by the indicator
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Fig. 3.1. The essential features of the heat engine (a) and the Carnot
cycle for its operation shown on an indicator diagram (b).

diagram of Fig. 3.1b. The steps in the working of the engine for one complete
cycle are then:

(1) Withdrawal of heat := g, from a hot reservoir at temperature f, by
the isothermal reversible expansion of the gas from V; to V,. Work
done by gas = w;,.

(2) Adiabatic reversible expansion from V, to Vj, during which g = 0,
gas does work = w, and cools from ¢, to ¢,.

(3) Isothermal reversible compression at ¢, from V5 to V,. Work done
by the gas = —wj;. Heat == g, absorbed by the cold reservoir at ¢,.

(4) Adiabatic reversible compression from V, to V,, gas warming from
t; to t,. Work done by gas == —w,, g = 0.

The First Law of Thermodynamics requires that for the cyclic process
AE = 0. Now AE is the sum of all the heat added to the gas, ¢ = ¢, — ¢,
less the sum of all the work done by the gas, w == w; + w, — w; — w,.

AE=q—-w=¢q,—q, —w=0

The net work done by the engine is equal, therefore, to the heat taken
from the hot reservoir less the heat that is returned to the cold reservoir:
w = g, — ¢q,. The efficiency of the engine is:

92 92
Since every step in this cycle is carried out reversibly, the maximum

_}Z 92 — ¢ (3.2)
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possible work is obtained for the particular working substance and tem-
peratures considered.!

Consider now another engine opetating, for example, with a different
working substance. Let us assume that this second engine, working between
the same two empirical temperatures ¢, and ¢,, is more efficient than engine 1;
that is, it can deliver a greater amount of work, w’ > w, from the same
amount of heat g, taken from the hot reservoir. (See Fig. 3.1a.) It
could accomplish this only by discarding less heat, q," < q;, to the cold
reservoir.

Let us now imagine that, after the completion of a cycle by this sup-
posedly more efficient engine, the original engine is run in reverse. It therefore
acts as a heat pump. Since the original Carnot cycle is reversible, all the heat
and work terms are changed in sign but not in magnitude. The heat pump
takes in ¢, of heat from the cold reservoir, and by the expenditure of work
= w delivers g, of heat to the hot reservoir.

For the first process (engine 2) Wi gy —qy
For the second process (engine 1) - W= gy 4y
Therefore, the net result is: wo—w= q —q’

Since w' > w, and ¢, > ¢q,’, the net result of the combined operation of these
two engines is that an amount of heat, ¢ = ¢, — ¢,’, has been abstracted
from a heat reservoir at constant temperature ¢, and an amount of work

soever taking place.

In this result there is nothing contrary to the First Law of Thermo-
dynamics, for energy has been neither created nor destroyed. The work done
would be equivalent to the heat extracted from the reservoir. Nevertheless,
in all of human history, nobody has ever observed the isothermal conversion
of heat into work without any concomitant change in the system. Think
what it would imply. It would not be necessary for a ship to carry fuel: this
wonderful device would enable it to use a small fraction of the immense
thermal energy of the ocean to turn its propellers and run its dynamos. Such
a continuous extraction of useful work from the heat of our environment has
been called *‘perpetual motion of the second kind,” whereas the production
of work from nothing at all was called ‘“perpetual motion of the first
kind.” The impossibility of the latter is postulated by the First Law of
Thermodynamics; the impossibility of the former is postulated by the
Second Law.

If the supposedly more efficient Carnot engine delivered the same amount
of work w as the original engine, it would need to withdraw less heat ¢," < ¢,

! In the isothermal steps, the maximum work is obtained on expansion and the mini-
mum work done in compression of the gas (cf. p. 23). In the adiabatic steps AE = —w, and
the work terms are constant once the initial and final states are fixed.
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from the hot reservoir. Then the result of running engine 2 forward and
engine 1 in reverse, as a heat pump, would be

@ w= g g
(1) —w=—g+4q,

92— 9 = ¢ —q¢ =9

This amounts to the transfer of heat ¢ from the cold reservoir at t; to the
hot reservoir at t, without any other change in the system.

There is nothing in this conclusion contrary to the First Law, but it is
even more obviously contrary to human experience than is perpetual motion
of the second kind. We know that heat always flows from the hotter to the
colder region. If we place a hot body and a cold body together, the hot one
never grows hotter while the cold one becomes colder. We know in fact that
considerable work must be expended to refrigerate something, to pump heat
out of it. Heat never flows uphill, i.e., against a temperature gradient, of its
own accord.

3. The Second Law of Thermodynamics. This Second Law may be ex-
pressed precisely in various equivalent forms. For example:

The principle of Thomson. It is impossible by a cyclic process to take heat
from a reservoir and convert it into work without, in the same operation,
transferring heat from a hot to a cold reservoir.

The principle of Clausius. 1t is impossible to transfer heat from a cold to
a warm reservoir without, in the same process, converting a certain amount
of work into heat.

Returning to Carnot’s cycle, we have seen that the supposition that one
reversible cycle may exist that is more efficient than another has led to results
contradicting human experience as embodied in the Second Law of Thermo-
dynamics. We therefore conclude that all reversible Carnot cycles operating
between the same initial and final temperatures must have the same efficiency.
Since the cycles are reversible, this efficiency is the maximum possible. It is
completely independent of the working substance and is a function only of
the working temperatures:

e “‘f’(’p 1)

4. The thermodynamic temperature scale. The principle of Clausius may
be rephrased as ‘‘heat never flows spontaneously, i.e., without the expenditure
of work, from a colder to a hotter body.” This statement contains essentially
a definition of temperature, and we may recall that the temperature concept
was first introduced as a result of the observation that all bodies gradually
reach a state of thermal equilibrium.

Lord Kelvin was the first to use the Second Law to define a thermo-
dynamic temperature scale, which is completely independent of any thermo-
metric substance. The Carnot theorem on the efficiency of a reversible cycle
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may be written: Efficiency (independent of working substance) = (g, — 9,)/9,
= f'(t}, t,), or | -— q,/q, = f'(t;, 15). Therefore

N~ fi, 1) (3:3)
2

We have written f'(t,, t,) and f(1,, t,) = 1 -- f'(#}, t,) to indicate unspecified
functions of ¢, and ¢,.

Consider two Carnot cycles such that: q,/q, = f(t;, t); §2/q3 = f(ts, t3).
They must be equivalent to a third cycle, operating between ¢, and t,, with
q1/93 = f(t, t3). Therefore

f _ f(fv 13)
g2 Stz 1)

But, if this condition is satisfied, we can write: f(t,, t3) = F(t;)/F(t3): f(t5, t3)
== F(1,)/F(t5). That is, the efficiency function, f(t,, t,), is the quotient of a
function of ¢, alone and a function of ¢, alone. It follows that

Q_ F) (.4)

9. F(r)

Lord Kelvin decided to use eq. (3.4) as the basis of a thermodynamic
temperature scale. He took the functions F(t,) and F(#,) to have the simplest
possible form, namely, T, and T,. Thus a temperature ratio on the Kelvin
scale was defined as equal to the ratio of the heat absorbed to the heat
rejected in the working of a reversible Carnot cycle.

”f( 1 2)

T,
33 =2 3.5)
1 1

The efficiency of the cycle, eq. (3.2), then becomes

e = 92N — -1 (3.6)
92 Ty

The zero point of the thermodynamic scale is physically fixed as the
temperature of the cold reservoir at which the efficiency becomes equal to
unity, i.e., the heat engine is perfectly efficient. From eq. (3.6), in the limit
as T, —>0,e— 1.

The efficiency calculated from eq. (3.6) is the maximum thermal efficiency
that can be approached by a heat engine. Since it is calculated for a reversible
Carnot cycle, it represents an ideal that actual irreversible cycles can never
achieve. Thus with a heat source at 120°C and a sink at 20°C, the maximum
thermal efficiency is 100/393 = 25.4 per cent. If the heat source is at 220°
and the sink still at 20°, the efficiency is raised to 200/493 = 40.6 per cent.
It is easy to see why the trend in power plant design has been to higher tem-
peratures for the heat source. In practice, the efficiency of steam engines
seldom exceeds 80 per cent of the theoretical value. Steam turbines generally
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can operate somewhat closer to their maximum thermal efficiencies, since
they have fewer moving parts and consequently lower frictional losses.

5. Application to ideal gases. Temperature on the Kelvin, or thermo-
dynamic, scale has been denoted by the symbol 7, which is the same symbol
used previously for the absolute ideal gas scale. It can be shown that these
scales are indeed numerically the same by running a Carnot cycle with an
ideal gas as the working substance.

Applying eqs. (2.18) and (2.20) to the four steps:

(1) Isothermal expansion: wy = g, = RT,In V,/V;
(2) Adiabatic expansion: Wy == L’I., CydT; g — 0
(3) Isothermal compression: — wy = — ¢, — — RT;In V[V,
(4) Adiabatic compression: - i, 7f:": CydT; q =0

By summation of these terms, the net work obtained is w = w; 4 w,
—wy —wy = RT,In V,/V, + RT In V|V,
Since, from eq. (2.22), V,/V, — ViV,

V2
w— R(T, — Ty) In 71
w T, — Ty

€ == — ==

92 T,

Comparison with eq. (3.6) completes the proof of the identity of the ideal
gas and thermodynamic temperature scales.

6. Entropy. Equation (3.6) for a reversible Carnot cycle operating bc-
tween T, and 7 irrespective of the working substance may be rewritten

LT L 3.7
T, T,

Now it can be shown that any cyclic process can be broken down into a
number of Carnot cycles. Consider the perfectly general 4BA of Fig. 3.2.
The area of the figure has been divided
into a number of Carnot cycles by the
crosshatched system of isothermals
and adiabatics. The outside bound-
aries of these little cycles form the
heavy zigzag curve which follows quite P
closely the path of the general cycle
ABA. The inside portions of the little
Carnot cycles cancel out, since each
section is traversed once in the for-
ward direction and once in the reverse v
direction. For example, consider the Fig. 3.2. General cycle broken down
isothermal xy which belongs to an into Carnot cycles.

ISOTHERMALS

ADIABATICS
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expansion in the small cycle f, and to a compression in the small cycle «,
all the work and heat terms arising from it thereby being canceled.

If eq. (3.7) is now applied to all these little Carnot cycles, we have for
the zigzag segments > g/T = 0. As the Carnot cycles are made smaller and
smaller, the boundary curve approaches more and more closely to that for
the general cyclic process ABA. In the limit, for differential Carnot cycles,
the area enclosed by the crooked boundary becomes identical with the area
of the cycle ABA. We can then replace the summation of finite terms by the
integration of differentials and obtain?

dq '
§'7‘" == 0 3.8)

This equation holds true for any reversible cyclic process whatsoever.

S
Fig. 3-3. Carnot cycle on a TS diagram.

It may be recalled (p. 30) that the vanishing of the cyclic integral means
that the integrand is a perfect differential of some function of the state of
the system. This new function is defined by

ds - ‘—;‘,’ (for a reversible process) 3.9
Thus, $ds=["as i [ as

- Slf - SA + SA - Slf =0

The function S was first introduced by Clausius in 1850, and is called the
entropy. Equation (3.9) indicates that when the inexact differential expression
dq is multiplied by 1/T, it becomes an exact differential; the factor 1/T is

called an integrating multiplier. The integral [f dq.., is dependent on the
path, whereas f: dq..,/T is independent of the path. This, in itself, is an

alternative statement of the Second Law of Thermodynamics.
It is interesting to consider the 7'S diagram in Fig. 3.3, which is analogous
to the PV diagram of Fig. 1.8. In the PV case, the area under the curve is a

3 See P. S. Epstein, Textbook oj" Thermodynamics (New York: Wiley, 1938), p. 57.
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measure of the work done in traversing the indicated path. In the T'S diagram,
the area under the curve is a measure of the heat added to the system. Tem-
perature and pressure are intensity factors; entropy and volume are capacity
factors. The products P dV and T dS both have the dimensions of energy.

7. The inequality of Clausius. Equation (3.8) was obtained for a reversible
cycle. Clausius showed that for a cycle into which irreversibility enters at
any stage, the integral of dg/T is always less than zero.

dg
ﬁ_«T_ <0 (3.10)

The proof is evident from the fact that the efficiency of an irreversible
Carnot cycle is always less than that of a reversible cycle operating between
the same two temperatures. For the irreversible case, we therefore conclude
from eq. (3.6) that

9 —q T, - T,
92 T,

Then, instead of eq. (3.7), we find that

9
T, T,

This relation is extended to the general cycle, by following the argument
based on Fig. (3.2). Instead of eq. (3.8), which applies to the reversible case,
we obtain the inequality of Clausius, given by eq. (3.10).

8. Entropy changes in an ideal gas. The calculation of entropy changes in
an ideal gas is particularly simple because in this case (JE/dV), = 0, and
heat or work terms due to cohesive forces need not be considered at any
point. For a reversible process in an ideal gas, the First Law requires that

RT dV
dq —dE + PdV — Cp dT +- —V—‘

dg CpdT  RdV

Therefore, ds = - - 3.11
erefore T T % ( )
. . 2 2
On integration, AS = S, — S, :fl Cp.dInT -+~f1 RdnV
If C}- is independent of temperature,
T, v,
AS = Cy In =2 - . }
S = Cpln 7 + Rln v, (3.12)

For the special case of a temperature change at constant volume, the
increase in entropy with increase in temperature is therefore

AS = Cp In E_ : (3.13)

If the temperature of one mole of ideal gas with Cp &= 3 is _doubled, the
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entropy is increased by 31n2 - 2.08 calories per degree, or 2.08 entropy
units (eu).
For the case of an isothermal expansion, the entropy increase becomes

AS -~ RIn 22 - RIn "t (3.14)
8 P,
If one mole of ideal gas is expanded to twice its original volume, its entropy
15 increased by R1In2 - 1.38 eu.

9. Entropy changes in isolated systems. The change in entropy in going
from a state A4 to a state Bis always the same, irrespective of the path between
A and B, since the entropy is a function of the state of the system alone. It
makes no difference whether the path is reversible or irreversible. Only in
case the path is reversible, however, is the entropy change given by

y
AS - S, S, f ch (3.15)

In order to evaluate the entropy change for an irreversible process, it is
necessary to devise a reversible method for going from the same initial to
the same final state, and then to apply eq. (3.15).

In any completely isolated system we are restricted to adiabatic processes,
since no heat can either enter or leave such a system.? For a reversible process
in anisolated system, therefore,dg - Oand dS - dg/T - 0, 0r § -~ constant.
If one part of the system increases in entropy, the remaining part must
decrease by an exactly equal amount.

A fundamental example of an irreversible process is the transfer of heat
from a hot to a colder body. We can make use of an ideal gas to carry out
the transfer reversibly, and thereby calculate the entropy change. The gas is
placed in thermal contact with the hot body at T, and expanded reversibly
and isothermally until it takes up heat equal to ¢. To simplify the argument,
it is assumed that the bodies have heat capacities so large that changes in
their temperatures on adding or withdrawing heat ¢ are negligible. The gas
is then removed from contact with the hot reservoir and allowed to expand
reversibly and adiabatically until its temperature falls to 7;. Next it is placed
in contact with the colder body at T; and compressed isothermally until it
gives up heat equal to gq.

The hot reservoir has now lost entropy = ¢/T,, whereas the cold reservoir
has gained entropy -= ¢/T;. The net entropy change of the reservoirs has
therefore been AS = /T, — q/T,. Since T, > T,, AS > 0, and the entropy
has increased. The entropy of the ideal gas, however, has decreased by an
exactly equal amount, so that for the entire isolated system of ideal gas plus
heat reservoirs, AS = 0 for the reversible process. If the heat transfer had

3 The completely isolated system is, of course, a figment of imagination. Perhaps our
whole universe might be considered as an isolated system, but no small section of it can be

rigorously isolated. As usual,-the precision and sensitivity of our experiments must be
allowed to determine how the system is to be defined.
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been carried out irreversibly, for example by placing the two bodies in direct
thermal contact and allowing heat ¢ to flow along the finite temperature
gradient thus established, there would have been no compensating entropy
decrease. The entropy of the isolated system would have increased during
the irreversible process, by the amount AS - ¢/T, — ¢q/T%.

We shall now prove that the entropy of an isolated system always increases
during an irreversible process. The proof of
this theorem is based on the inequality of
Clausius. Consider in Fig. (3.4) a perfectly
general irreversible process in an isolated
system, leading from state A to state B. Itis
represented by the dashed line. Next consider
that the system is returned to its initial state
A by a reversible path represented by the
sohd line from B to A. During this reversible  Fig. 3.4. A cyche process.
process, the system need not be isolated, and
can exchange heat and work with its environment. Since the entire cycle 1s
in part irreversible, cq. (3.10) applies, and

y
f”’-:o
T

Writing the cycle in terms of its two sections, we obtain

I / . A .
f (‘llm\ 1 f ((qIP\ ~0 (‘;l())
4 T s T

The first integral is equal to zero, since during the process 4~ B the system
is by hypothesis isolated and therefore no transfer of heat is possible. The
second integral, from eq. (3.15), is equal to §; - Sj,. Therefore eq. (3.16)
becomes

Sy --Sp-20, or S 5,0

We have therefore proved that the entropy of the final state B is always
greater than that of the initial state A, if A passes to B by an irreversible
process in an isolated system.

Since all naturally occurring processes arc irreversible, any change that
actually occurs spontancously in nature is accompanied by a net increase in
entropy. This conclusion led Clausius to his famous concise statement of the
laws of thermodynamics. ““The energy of the universe is a constant; the
entropy of the universe tends always towards a maximum.”

This increasing tendency of the entropy has also been expressed as a
principle of the degradation of energy, by which it becomes less available
for useful work. Thus temperature differences tend to become leveled out,
mountains tend to become plains, fuel supplies become exhausted, and work
is frittered away into heat by frictional losses. Interesting philosophical
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discussions have arisen from the entropy concept, notably the suggestion of
Sir Arthur Eddington that, because of its continuously increasing character,
“entropy is time’s arrow”; that is, the constantly increasing entropy of the
universe is the physical basis of our concept of time. The “meaning” of
entropy will be displayed in another aspect when we discuss its statistical
interpretation.

10. Change of entropy in changes of state of aggregation. As an example
of a change in state of aggregation we may take the melting of a solid. At a
fixed pressure, the melting point is a definite temperature T, at which solid
and liquid are in equilibrium. In order to change some of the solid to liquid,
heat must be added to the system. As long as both solid and liquid are
present, this added heat does not change the temperature of the system, but
is absorbed by the system as the latent heat of fusion A, of the solid. Since
the change occurs at constant pressure, the latent heat, by eq. (2.9), equals
the difference in enthalpy between liquid and solid. Per mole of substance,

)., - AH/ - ’Ihquid —H

solid

At the melting point, liquid and solid exist together in equilibrium. The
addition of a little heat would melt some of the solid, the removal of a little
heat would solidify some of the liquid, but the equilibrium between solid
and liquid would be maintained. The latent heat is necessarily a reversible
heat, because the process of melting follows a path consisting of successive
equilibrium states. We can therefore evaluate the entropy of fusion AS, by
a direct application of the relation AS - ¢,,.,/T, which applies to any rever-
sible isothermal process.

AH,

Shiquia = Ssona -~ Ay = T 3.17)

!

For example,* AH, for ice is 1430 cal per mole, so that AS, = 1430/273.2
= 5.25 cal deg~! mole~1.

By an exactly similar argument the entropy of vaporization AS,, the
latent heat of vaporization AH,, and the boiling point T, are related by

Svapor - Sliquld = Asv = T (3.18)

A similar equation holds for a change from one form of a polymorphic
solid to another, if the change occurs at a T and P at which the two forms
are in equilibrium, and if there is a latent heat A associated with the trans-
formation. For example, grey tin and white tin are in equilibrium at 13°C
and 1 atm, and 4 = 500 cal. Then AS, = 500/286 = 1.75 cal deg~! mole-.

11. Entropy and equilibrium. Now that the entropy function has been
defined and a method outlined for the evaluation of entropy changes, we
have gained a powerful tool for our attack on the fundamental problem of

¢ Further typical data are’shown in Table 14.1 in sec. 14.8.
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physicochemical equilibrium. In our introductory chapter, the position of
equilibrium in purely mechanical systems was shown to be the position of
minimum potential energy. What is the criterion for equilibrium in a thermo-
dynamic system?

Any spontaneously occurring change in an isolated system is accom-
panied by an increase in entropy. From the First Law of Thermodynamics
we know that energy can be neither created nor destroyed, so that the
internal energy of an isolated system must be constant. The only way such
a system could gain or lose energy would be by some interaction with its
surroundings, but the absence of any such interaction is just what we mean
when we say that the system is “‘isolated”—no work is done on it; no heat
flows across its boundaries. If we restrict work to PV work (expansion or
compression), and exclude linear or surface effects, it follows also that
the volume of an isolated system must remain constant. An isolated
system may be defined, therefore, as a system of constant energy and constant
volume. The first sentence of this paragraph can thus be rephrased: In a
system at constant £ and ¥V, any spontaneous change is accompanied by an
increase in entropy.

Now a system is said to be at equilibrium when it has no further tendency
to change its properties. The entropy of an isolated system will increase until
no further spontaneous changes can occur. When the entropy reaches its
maximum, the system no longer changes: the equilibrium has been attained.
A criterion for thermodynamic equilibrium is therefore the following: In a
system at constant energy and volume, the entropy is a maximum. At constant
E and V, the S is a maximum.

If instead of a system at constant E and V, a system at constant S and
V is considered, the equilibrium criterion takes the following form: At
constant S and V, the E is a minimum. This is just the condition applicable in
ordinary mechanics, in which thermal effects are excluded.

The drive, or perhaps better the drift, of physicochemical systems toward
equilibrium is therefore compounded of two factors. One is the tendency
toward minimum energy, the bottom of the potential energy curve. The
other is the tendency toward maximum entropy. Only if E is held con-
stant can S achieve its maximum; only if S is held constant can E
achieve its minimum. What happens when E and S are forced to strike a
compromise ?

12. The free energy and work functions. Chemical reactions are rarely
studied under constant entropy or constant energy conditions. Usually the
physical chemist places his systems in thermostats and investigates them
under conditions of approximately constant temperature and pressure.
Sometimes changes at constant volume and temperature are followed, for
example, in bomb calorimeters. It is most desirable, therefore, to obtain
criteria for thermodynamic equilibrium that will be applicable under these
practical conditions.
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To this end, two new functions have been invented, defined by the
following equations:
A=E—-TS (3.19)

F—~H TS (3.20)

A is called the work function; F is called the free energy.® Both 4 and F, by
their definitions in terms of state functions, are themselves functions of the
state of the system alone.

For a change ar constant temperature,

AA — AE ~TAS (3.21)

If this change is carried out reversibly, T AS - ¢, and A4 - AE — g or
—AA — W (3.22)

The work is the maximum obtainable since the process is reversible. When
the system isothermally performs maximum work w,, ., its work function
decreases by AA. In any naturally occurring process, which is more or less
irreversible, the work obtained is always less than the decrease in A.

From cqs. (3.19) and (3.20), since H - E | PV,

F-A41{ PV (3.23)
For a change at constant pressure,
AF = A4 | PAV (3.24)
From eqs. (3.22) and (3.24), at constant temperature and pressure,
—AF - wy. - PAV (3.25)

The decrease in free energy equals the maximum work less the work done
by the expansion of the system at constant pressure. This work of expansion
is always equal to P(V, — V;) — P AV no matter how the change occurs,
reversibly or irreversibly, provided the external pressure is kept constant.
The net work over and above this is given by — AF for a reversible process.
For an irreversible process the net work is always less than —AF. It may be
zero as, for example, in a chemical reaction carried out in such a way that
it yields no net work. Thus the combustion of gasoline in an automobile
engine yields net work, but burning the same gasoline in a calorimeter yields
none. The value of AF for the change is the same in either case, provided the
initial and final states are the same.

A helpful interpretation of the entropy can be obtained in terms of the
new functions 4 and F. From egs. (3.19) and (3.20), we can write for a change
at constant temperature,

AA = AE —-TAS 3.21)

AF == AH — TAS (3.26)

8 Sometimes A is called the Helmholtz free energy, and F the Gibbs free energy or
thermodynamic potential.
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The change in the work function in an isothermal process equals the change
in the energy minus a quantity 7 AS that may be called the unavailable
energy. Similarly, the change in free energy equals the total change in en-
thalpy minus the unavailable energy.

13. Free energy and equilibrium. The free energy function F may be used
to define a condition for equilibrium in a form that is more directly applicable
to experimental situations than the criteria in terms of the entropy. We have
seen that for a reversible process occurring at constant temperature and
pressure the net work done by the system is equal to the decrease in free
energy. For a differential change, therefore, under these reversible (i.e.,
equilibrium) conditions at constant temperature and pressure,

dF = —dwpy, (327

Now most chemical laboratory experiments are carried out under such
conditions that no work is obtained from the system or added to the system
except the ordinary PV work,® so that dw,,, = 0. In these cases the equili-
brium criterion becomes simply:

At constant T and P, dF — 0 (3.28)

This may be stated as follows: Any change in a system at equilibrium at
constant temperature and pressure is such that the free energy remains constant.

Thus we have obtained an answer to the question of how the drive to-
ward maximum entropy and the drive toward minimum energy reach a
compromise as a system tends toward equilibrium. From eq. (3.26) it is
evident that an increase in S and a decrease in H both tend to lower the
free energy. Therefore the third criterion for equilibrium can be written: at
constant T and P, the F is a minimum. A similar discussion of eq. (3.19)
provides the equilibrium condition at constant temperature and volume:
at constant T and V, the A is a minimum. These are the equilibrium conditions
that are of greatest use in most chemical applications.

14. Pressure dependence of the free energy. From eq. (3.20), F = H—TS
= E 4+ PV — TS. Differentiating, we obtain

dF =dE + PdV + VdP — TdS — SdT

Since dE =TdS — PdV
dF = VdP — SdT (3.29)
Therefore, (g—i)Tz V (3.30)

For an isothermal change from state (1) to state (2):

F,—F=AF=["ar =["vap (3.31)

¢ Notable exceptions are experiments with electrochemical cells, in which electric work
may be exchanged with the system. A detailed discussion is given in Chapter 15,

D
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In order to integrate this equation, the variation of ¥ with P must be
known for the substance being studied. Then if the free energy is known at
one pressure, it can be calculated for any other pressure. If a suitable equa-
tion of state is available, it can be solved for V as a function of P, and
€q. (3.31) can be integrated after substituting this f(P) for V. In the simple
case of the ideal gas, V — RT/P, and

F, F, ~AF -RTIn Py (3.32)
Py
This gives the increase in free energy on compression, or decrease on ex-
pansion. For example, if one mole of an ideal gas is compressed isother-
mally at 300°K to twice its original pressure, its free energy is increased by
1.98 x 300 In 2 = 413 calories.
15. Temperature dependence of free energy. From eq. (3.29), at constant

pressure,

P2

(—ag) - S (3.33)
l.

To integrate this equation, we must know .S as a function of temperature.
This question is considered in the next section. An alternative expression
can be obtained by combining eq. (3.33) with eq. (3.20):

(DF) F- H 3.34
or/, T (3.34)
For isothermal changes in a system, the variation of AF with temperature’
is then

3AF) AF - AH

20) - SAs e T _

(5r), . 039
This is called the Gibbs-Helmholtz equation. It permits us to calculate the
change in enthalpy AH from a knowledge of AF and the temperature co-
efficient of AF. Since

d (AF) 1 d(AF) AF
T) T dT T2

ar\r)
the Gibbs-Helmholtz equation can be written in the alternative forms:
[3 (AF)]  —AH
or\7 /], T2

[B(AF/T)]
AYT)

(3.36)

Or, ==
Il

7 For example the free energy change AF of a chemical reaction might be studied at a
series of different constant temperatures, always under the same constant pressure. The
equation predicts how the observed AF depends on the temperature at which the reaction is
studied. ’
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Thus the slope of the plot of AF/T vs. 1/T is AH, the change in enthalpy.
Important applications of these equations to chemical reactions will be con-
sidered in the next chapter. They are especially important because many
chemical processes are carried out in thermostats under practically constant
atmospheric pressure.

16. Variation of entropy with temperature and pressure. Besides its useful-
ness in the formulation of equilibrium conditions, the free-energy function
can be used to derive important relations between the other thermodynamic
variables. Consider, for example, the
mathematical identity

d (DF) R (DF)
op\or/, or\or/, A

By virtue of eqgs. (3.30) and (3.33), this

identity yields an expression for the Cp I;;/
pressure coefficient of the entropy:® T f 2;
r
sy vV 3.37 rC////////////,B
3] 7 T \57 (3.37) [ AS=Sg-Sp 7/
P/ p oT r A
L7 e 74
Thus at constant temperature, dS - 5;/= J 74T
~(QV/IT)dP, so that v, T',l L

=
=N
—
N

Py r,
AS = - fh (QT),,dP = "'J;,l aV, dpP Fig. 3.5. Graphical evaluation of the
(3.38) entropy change with temperature.

To evaluate this integral, the equation of state or other PV'T data must be
available. For an ideal gas, (OV/dT),;, == R/P. In this case eq. (3.37) becomes
dS — —RdInP, or AS = RlIn P,/P, — RIn V,/V;, as already shown in
Section 3.8.

The temperature variation of the entropy can be calculated as follows:

At constant pressure,
dg__dH _ Cpdl

ds = 77 T (3.39)
At constant volume,
dg dE C,dT
ds = TET ST (3.40)
Thus at constant pressure,
S =J-C,, dIn T + const
Cp e,
S = |- dT + const; AS = ---dT (3.41)
T , T

8 Alternatively, apply Euler’s rule to eq. (3.29).
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When C;. is known as a function of 7, the entropy change is evaluated by
the integration in eq. (3.41). This integration is often conveniently carried
out graphically, as in Fig. 3.5: if C,,/T is plotted against 7, the area under
the curve is a measure of the entropy change. The entropy change is also the
area under the curve of Cp vs. In T.

17. The entropy of mixing. Consider two gases at a pressure P. If these
gases are brought together at constant temperature and pressure, they will
become mixed spontaneously by interdiffusion. The spontaneous process will
be associated with an increase in entropy. This entropy of mixing is of interest
in a number of applications, and it can be calculated as follows.

In the final mixture of gases the partial pressure of gas (1) is P, = X,P,
of gas (2), P, — X,P, where X, and X, are the mole fractions.? The AS of
mixing is equal to the AS required to expand each gas from its initial pressure
P to its partial pressure in the gas mixture. On the basis of one mole of ideal
gas mixture,

AS = XiR ln;:— -+ XoR ln;—T

1 2

1 1
= X|R ln-X—1 I XoR lny2

AS — —R(XyIn X, + X,In Xy)

This result can be extended to any number of gases in a mixture, yielding
AS - —R > X,In X, (3.42)
i

The equation is only approximately valid for liquid and solid solutions.
Let us calculate the entropy of mixing of the elements in air, taking the
composition to be 79 per cent N,, 20 per cent O,, and 1 per cent argon.

AS = —R(0.791n 0.79 + 0.20 In 0.20 +- 0.01 In 0.01)

= 1.10 cal per deg per mole of mixture

18. The calculation of thermodynamic relations. One great utility of
thermodynamics is that it enables us by means of a few simple paper-and-
pencil operations to avoid many tedious and difficult laboratory experiments.
The general aim is to reduce the body of thermodynamic data to relations
in terms of readily measurable functions. Thus the coefficients (9V/3T)p,
(9P/3T),-, and (OV/OP), can usually be measured by straightforward experi-
ments. The results are often expressed implicitly in the equation of state for
the substance, of the general form f(P, V, T) = 0.

The heat capacity at constant pressure Cp. is usually measured directly
and Cj can then be calculated from it and the equation of state. Thermo-
dynamics itself does not provide any theoretical interpretation of heat

® See Chapter 6, Section 1..
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capacities, the magnitudes of which depend on the structures and con-
stitutions of the substances considered.

The basic thermodynamic relations may be reduced to a few fundamental
equations:

() H-=E+PV

(2) A--E--TS

(3) F=E+ PV -TS

4 dE-=TdS--PdV

(5) dH =TdS + VdP

(6) dA -=--SdT-- PdVv

(1) dF— —-SdT -+ VdP
Since dA and dF are perfect differentials, they obey the Euler condition
€q. (2.6), and therefore from (6) and (7)

®)  (@SV)y - (PAT),

©) (ISP - —(3V]AT),,
By the definition of the heat capacities,

(10) C;» == (dg/dT)p = T(S/OT),.

(1) Cy == (dg/dT)y. = T(3S/OT);-
These eleven equations are the starting point for the evaluation of all others.!®

The relation dE == T dS -— P dV may be considered as a convenient ex-

pression of the combined First and Second Laws of Thermodynamics. By

differentiating it with respect to volume at constant temperature, (0E[OV)p
= T(3S/dV)y — P. Then, since (3S/OV)p -- (OP[IT),-,

E (ap)
vpo1(¥ 3.43
(av)ﬁ P=T\57). G.43)

This equation has often been called a thermodynamic equation of state, since
it provides a relationship among P, T, V, and the energy E that is valid for
all substances. To be sure, all thermodynamic equations are in a sense
equations of state, since they are relations between state variables, but
equations like eq. (3.43) are particularly useful because they are closely
related to the ordinary PVT data.

It is now possible by means of eq. (3.43) to prove the statement in the
previous chapter that a gas that obeys the equation PV = RT has a zero
internal pressure, (OE/0V),. For such a gas T(OP/dT),, = RT/[V = P, so that
(QE[QV)p =P — P = 0.

An equation similar to eq. (3.43) can be obtained in terms of the enthalpy

instead of the energy:
OH ) (aV)
=) = V=—-T|x%: 3.44
(81’ T d T T/ p (349

10 A. Tobolsky, J. Chem. Phys., 10, 644 (1942), gives a useful general method.
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An important application of this equation is the theoretical discussion of
the Joule-Thomson experiment. Since

ﬁ(ar) o (aH)
for-=\op),~ e \oP ),

it follows from eq. (3.44) that
TQVAT), — V

myr. = C, (3.45)

It is apparent that the Joule-Thomson effect can be either a warming or
a cooling of the substance, depending on the relative magnitudes of the two
terms in the numerator of eq. (3.45). In general, a gas will have one or more
inversion points at which the sign of the coefficient changes as it passes
through zero. The condition for an inversion point is that

h1%
T(ar),, d

A coefficient of thermal expansion is defined by

o (aV)
*y\or/,

so that the Joule-Thomson coefficient vanishes when V — aV,T. For an
ideal gas this is always true (Law of Gay-Lussac) so that y; , is always zero
in this case. For other equations of state, it is possible to derive s, , from
eq. (3.45) without direct measurement, if C,, data are available.

These considerations are very important in the design of equipment for
the liquefaction of gases. Usually, the gas is cooled by doing external work
in an adiabatic expansion until it is below its inversion point, after which
further cooling is accomplished by a Joule-Thomson expansion. A further
discussion of the methods used for attaining very low temperatures will be
postponed till the next chapter. We shall then see that these low-temperature
studies have an important bearing on the problem of chemical equilibrium.

PROBLEMS

1. A steam engine operates between 120° and 30°C. What is the minimum
amount of heat that must be withdrawn from the hot reservoir to obtain
1000 joules of work ?

2. Compare the maximum thermal efficiencies of heat engines operating
with (a) steam between 130°C and 40°C, (b) mercury vapor between 380°C
and 50°C.

3. A cooling system is designed to maintain a refrigerator at —20°C in
a room at ambient temperature of 25°C. The heat transfer into the refrigera-
tor is estimated as 10% joules per min. If the refrigerating unit is assumed to
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operate at 50 per cent of its maximum thermal efficiency, estimate the power
(in watts) required to operate the unit.

4. Prove that it is impossible for two reversible adiabatics on a P-V
diagram to intersect.

5. One mole of an ideal gas is heated at constant pressure from 25° to
300°C. Calculate the entropy change AS if C, = §R.

6. Find the increase in E, H, S, A, and F in expanding 1.0 liter of an ideal
gas at 25°C to 100 liter at the same temperature.

7. Ten grams of carbon monoxide at 0°C are adiabatically and reversibly
compressed from 1 atm to 20 atm. Calculate AE, AH, AS for the change in
the gas. Assume C}- = 4.95 cal per deg mole and ideal gas behavior. Would
it be possible to calculate AF from the data provided?

8. At —5°C the vapor pressure of ice is 3.012 mm and that of supercooled
liquid water is 3.163 mm. Calculate the AF per mole for the transition water
— ice at —5°C.

9. One mole of an ideal gas, initially at 100°C and 10 atm, is adiabatically
expanded against a constant pressure of 5 atm until equilibrium is reattained.
If Cj- = 4.50 + 0.005T calculate AE, AH, AS for the change in the gas.

10. Calculate AS when 10 g of ice at 0°C are added to 50 g of water at
40°C in an isolated system. The latent heat of fusion of ice is 79.7 cal per g;
the specific heat of water, 1.00 cal per g deg.

11. The following data are available for water: latent heat of vaporization
9630 cal per mole; latent heat of fusion 1435cal per mole. Molar heat
capacities: solid, C; = 0.50 + 0.030 T'; liquid, Cp, = 18.0; vapor, Cp =
7.256 + 2.30 x 10737 4 2.83 x 10~7T2. Calculate AS when one mole of
water at 100°K is heated at constant pressure of 1 atm to 500°K.

12. Derive an expression for the Joule-Thomson coefficient of a van der
Waals gas.

13. Calculate the AS per liter of solution when pure N,, H,, and NH,
gases are mixed to form a solution having the final composition 20 per cent
N,, 50 per cent H,, and 30 per cent NH; (at S.T.P.).

14. Prove that a gas that obeys Boyle’s Law and has zero internal pressure
follows the equation of state, PV = RT.

15. For each of the following processes, state which of the quantities AE,
AH, AS, AF, AA are equal to zero.

(a) An ideal gas is taken around a Carnot cycle.

(b) H, and O, react to form H,O in a thermally isolated bomb.

(c) A nonideal gas is expanded through a throttling valve.

(d) Liquid water is vaporized at 100°C and 1 atm pressure.

16. Derive the expression (OH/OP)y = T(S/OP)y + V.

17. Derive: (0Cp/OP)p = —T(I2V[OT?),..
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18. Evaluate the following coefficients for (a) an ideal gas; (b) a van der
Waals gas: (9%P/dT?),.; (JE[OP)p; (OP[OV )g; (3%V[IT?),..

19. Derive expressions for: (a) (dA4/0P)p in terms of P and V; (b)
(OF/3T)p in terms of 4 and T.

20. Bridgman obtained the following volumes for methanol under high
pressure, relative to a volume = 1.0000 at 0°C and 1 kg per cm?2:

P, kg/cm? 1 500 1000 2000 3000 4000 5000
Vol. at 20° 1.0238 0.9823 0.9530 0.9087 0.8792 0.8551 0.8354
Vol. at 50° 1.0610 1.0096 0.9763 0.9271 0.8947 0.8687 0.8476

Use these data to estimate the AS when | mole of methanol at 35°C and 1 kg
per cm? pressure is compressed isothermally to 5000 kg per cm?2.
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CHAPTER 4

Thermodynamics and Chemical Equilibrium

1. Chemical affinity. The problem of chemical affinity may be sum-
marized in the question, *“What are the factors that determine the position
of equilibrium in chemical reactions 7’

The earliest reflections on this subject were those of the ancient al-
chemists, who endowed their chemicals with almost human natures, and
answered simply that reactions occurred when the reactants loved each other.
Robert Boyle, in The Sceptical Chymyst (1661), commented upon these
theories without enthusiasm: “I look upon amity and enmity as affections
of intelligent beings, and 1 have not yet found it explained by any, how those
appetites can be placed in bodies inanimate and devoid of knowledge or of
so much as sense.”

Isaac Newton’s interest in gravitational attractions led him to consider
also the problem of chemical interaction, which he thought might spring
from the same causes. Thus in 1701, he surveyed some of the existing
experimental knowledge, as follows:

When oil of vitriol is mix'd with a little water . . . in the form of spirit of vitriol,
and this spirit being poured upon iron, copper, or salt of tartar, unites with the
body and lets go the water, doth not this show that the acid spirit is attracted by the
water, and more attracted by the fix’d body than by the water, and therefore lets
go the water to close with the fix’d body ? And is it not also from a natural attrac-
tion that the spirits of soot and sea-salt unite and compose the particles of sal-

ammoniac . . . and that the particles of mercury uniting with the acid particles of
spirit of salt compose mercury sublimate, and with particles of sulphur, compose
cinnaber . . . and that in subliming cinnaber from salt of tartar, or from quick

lime, the sulphur by a stronger attraction of the salt or lime lets go the mercury, and
stays with the fix’d body?

Such considerations achieved a more systematic form in the early
“Tables of Affinity,” such as that of Etienne Geoffroy in 1718, which re-
corded the order in which acids would expel weaker acids from combination
with bases.

Claude Louis de Berthollet, in 1801, pointed out in his famous book,
Essai de statique chimique, that these tables were wrong in principle, since the
quantity of reagent present plays a most important role, and a reaction can
be reversed by adding a sufficient excess of one of the products. While serving
as scientific adviser to Napoleon with the expedition to Egypt in 1799, he
noted the deposition of sodium carbonate along the shores of the salt lakes
there. The reaction Na,CO, + CaCl, = CaCO, + 2 NaCl as carried out in
the laboratory was known to proceed to completion as the CaCO, was

69
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precipitated. Berthollet recognized that, under the peculiar conditions of large
excess of sodium chloride that occurred in the evaporating brines, the
reaction could be reversed, converting the limestone into sodium carbonate.

Berthollet, unfortunately, pushed his theorizing too far, and finally main-
tained that the actual composition of chemical compounds could be changed
by varying the proportions of the reaction mixture. In the ensuing contro-
versy with Louis Proust the Law of Definite Proportions was well established,
but Berthollet’s ideas on chemical equilibrium, the good with the bad, were
discredited, and consequently neglected for some fifty years.!

It is curious that the correct form of what we now know as the Law of
Chemical Equilibrium was arrived at as the result of a series of studies of
chemical reaction rates, and not of equilibria at all. In 1850, Ludwig Wilhelmy
investigated the hydrolysis of sugar with acids and found that the rate was
proportional to the concentration of sugar remaining undecomposed. In
1862, Marcellin Berthelot and Péan de St. Gilles reported similar results in
their famous paper? on the hydrolysis of esters, data from which are shown
in Table 4.1. The effect on the products of varying the concentrations of the
reactants is readily apparent.

TABLE 4.1

DATA OF BERTHELOT AND ST. GILLES ON THE REAcTiON C,H;OH -{- CH;COOH =
CH,COOC,H; -- H,0
(One mole of acetic acid is mixed with varying amounts of alcohol, and the amount of ester
present at equilibrium is found)

Equilibrium Constant

Moles of Moles of Ester (EtAc](H,0]
Alcohol Produced K (EtOH][HAC]
0.05 0.049 2.62
0.18 0.171 3.92
0.50 0.414 3.40
1.00 0.667 4.00
2.00 0.858 4.52

8.00 0.966 3.75

In 1863, the Norwegian chemists C. M. Guldberg and P. Waage expressed
these relations in a very general form and applied the results to the problem
of chemical equilibrium. They recognized that chemical equilibrium is a
dynamic and not a static condition. It is characterized not by the cessation
of all reaction but by the fact that the rates of the forward and reverse
reactions have become the same.

Consider the general reaction, 4 + B = C + D. According to the “law
of mass action,” the rate of the forward reaction is proportional to the

! We now recognize many examples of definite departures from stoichiometric com-
position in various inorganic compounds such as metallic oxides and sulfides, which are

appropriately called *‘berthollide compounds.”
 Ann. chim. phys., [3] 65, 385 (1862).
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concentrations of 4 and of B. If these are written as (4) and (B), Virwara =
kt (A)(B). Similarly, Vjucwara = kb (C)(D). At equilibrium, therefore,
Vforward = Vbackward so that

ke (A)(B) = kv (C)(D)

(©XD) _kt
Thus, (AXB) kn
More generally, if the reaction is a4 + bB = cC + dD, at equilibrium
(O)y(Dy*
A A 4.1
(A)%(B) “.D

Equation (4.1) is a statement of Guldberg and Waage’s Law of Chemical
Equilibrium. The constant K is called the equilibrium constant of the reaction.
It provides a quantitative expression for the dependence of chemical affinity
on the concentrations of reactants and products. By convention, the con-
centration terms for the reaction products are always placed in the numerator
of the expression for the equilibrium constant.

Actually, this work of Guldberg and Waage does not constitute a general
proof of the equilibrium law, since it is based on a very special type of rate
equation, which is certainly not always obeyed, as we shall see when we take
up the study of chemical kinetics. Their recognition that chemical affinity is
influenced by two factors, the “‘concentration effect” and what might be
called the “specific affinity,”” depending on the chemical nature of the reacting
species, their temperature, and pressure, was nevertheless very important.
The equilibrium law will subsequently be derived from thermodynamic
principles.

2. Free energy and chemical affinity. The free-energy function described
in Chapter 3 provides the true measure of chemical affinity under conditions
of constant temperature and pressure. The free-energy change in a chemical
reaction can be defined as AF == F| oqycts “— Freactants- When the free-energy
change is zero, there is no net work obtainable by any change or reaction
at constant temperature and pressure. The system is in a state of equilibrium.
When the free-energy change is positive for a proposed reaction, net work
must be put into the system to effect the reaction, otherwise it cannot take
place. When the free-energy change is negative, the reaction can proceed
spontaneously with the accomplishment of useful net work. The larger the
amount of this work that can be accomplished, the farther removed is the
reaction from equilibrium. For this reason, —AF has often been called the
driving force of the reaction. From the statement of the equilibrium law, it
is evident that this driving force depends on the concentrations of the re-
actants and products. It also depends on their specific chemical constitution,
and on the temperature and pressure, which determine the molar free-energy
values of reactants and products.

If we consider a reaction at constant temperature, e.g., one conducted in
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a thermostat, —AF = —AH + T AS. The driving force is seen to be made
up of two parts, a —AH term and a 7 AS term. The —AH term is the
reaction heat at constant pressure, and the T AS term is the heat change
when the process is carried out reversibly. The difference is the amount of
reaction heat that can be converted into useful net work, i.e., total heat minus
unavailable heat.

If a reaction at constant volume and temperature is considered, the
decrease in the work function, —AA4 = —AE + T AS, should be used as
the proper measure of the affinity of the reactants, or the driving force of
the reaction. The constant volume condition is much less usual in laboratory
practice.

It is now apparent why the principle of Berthelot and Thomsen (p. 45)
was wrong. They considered only one of the two factors that make up the
driving force of a chemical reaction, namely, the heat of reaction. They
neglected the 7" AS term. The reason for the apparent validity of their prin-
ciple was that for many reactions the AH term far outweighs the T AS term.
This is especially so at low temperatures; at higher temperatures the TAS
term naturally increases.

The fact that the driving force for a reaction is large (AF is a large nega-
tive quantity) does not mean that the reaction will necessarily occur under
any given conditions. An example is a bulb of hydrogen and oxygen on the
laboratory shelf. For the reaction, H, + % O, = H,0 (g), AF,y3 = —54,638
cal. Despite the large negative AF, the reaction mixture can be kept for years
without any detectable formation of water vapor. If, after ten years on the
shelf, a pinch of platinum-sponge catalyst is added, the reaction takes place
with explosive violence. The necessary affinity was certainly there, but the
rate of attainment of equilibrium depended on entirely different factors.

Another example is the resistance to oxidation of such extremely active
metals as aluminum and magnesium. 2 Mg 4- Oy(1 atm) = 2 MgO (c);
AFyg = -—136,370 cal. In this case, after the metal is exposed to air it
becomes covered with a very thin layer of oxide and further reaction occurs
at an immeasurably slow rate since the reactants must diffuse through the
oxide film. Thus the equilibrium condition is never attained. The incendiary
bomb and the thermit reaction, on the other hand, remind us that the
large —AF for this reaction is a valid measure of the great affinity of the
reactants.

3. Free-energy and cell reactions. Reactions occurring in electrochemical
cells with the production of electric energy are of especial interest in the
discussion of free-energy changes, since they can be carried out under con-
ditions that are almost ideally reversible. This practical reversibility is
achieved by balancing the electromotive force of the cell by an opposing
emf which is imperceptibly less than that of the cell. Such a procedure can
be accomplished with the laboratory potentiometer, in which an external
source of emf, such as a battery, is balanced against the standard cell. The
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arrangement for this “‘compensation method” is shown in Fig. 4.1. When
the opposing emf’s are balanced by adjustment of the slide wire S, there is
no detectable deflection of the galvanometer G.

An electrochemical cell converts chemical free energy into electric free
energy. The electric energy is given by the product of the emf of the cell
times the amount of electricity flowing through it. Michael Faraday showed,
in 1834, that a given amount of electricity was always produced by or would
produce the same amount of chemical reaction. For one chemical equivalent
of reaction the associated amount of
electricity is called the Faraday, &,
and is equal to 96,519 coulombs.
Thus the electric energy available per
mole of reaction equals z8#, where
z is the number of equivalents per
mole and & is the emf of the cell. A

STANDARD

AN

convenient energy unit is therefore
the volt-coulomb or joule.

When the reaction is carried out
reversibly, this energy is the maxi-
mum available, or the net woik w’,
If the reaction is carried out at a
finite rate, some of the energy is

GALVANOMETER@. >

UNKNOWN
emf
Fig. 4.1. Compensation method for
measuring the emf of a cell without drawing
current from it. When there is no deflection
of galvanometer &, = (SX/SS)é,.

expended in overcoming the electric

resistance of the cell, appearing as heat. This Joule heat, /2R, is the electrical
analogue of the frictional heat produced in irreversible mechanical pro-
cesses. We may now write, if & is the reversible emf,

--AF = 2&F 4.2)

This equation provides a direct method for evaluating the free-energy change
in the cell reaction. If we know the temperature coefficient of the emf of the
cell, we can also calculate AH and AS for the reaction by means of eq. (3.35),
which on combination with eq. (4.2) yields the relations

de‘}’)

d&

AH = —zF (é’ T 4.3)
In a later chapter, devoted to electrochemistry, we shall see that it is possible
to carry out many changes by means of reversible cells, and thereby to
evaluate AF and AH for the changes from measurements of the emf and its
temperature coefficient.

A cell that is occasionally used as a laboratory standard of emf is the
Clark cell shown in Fig. 4.2. The reaction in this cell is Zn 4 Hg,SO, =
ZnSO, + 2 Hg, or more simply, Zn + 2 Hg+* = Zn*+ + 2 Hg. The emf of
the cell is 1.4324 volts at 15°C and the temperature coefficient d&’/dT =
—0.00119 volt per degree. It can therefore be calculated that for the cell
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reaction AF = (—1.4324 x 2 x 96,519 = --276,510 joule. From eq. (4.3),
AS = (—0.00119 x 2 x 96,519) == —229.7 joule deg™! mole~l. Whence,
AH = AF + T AS = —276,510 — 66,200 = --342,710 joule. The value of
AH obtained from thermochemical data is —339,500, in good agreement
with the electrochemical value.

Since the temperature coefficient is negative, heat is given up to the
surroundings during the working of this cell, and the net work obtainable,
-~ AF, is less than the heat of the reaction. There are other cells for which
the temperature coeflicient is positive.
These cells absorb heat from the environ-
ment, and their work output, under re-
versible conditions, is greater than the

éw_%ue - heat of the reaction.
SOLUTIONT -~ - These relationships, discovered theo-

retically by Willard Gibbs in 1876, were
first applied to experimental cases by
Helmholtz in 1882. Before that time it was
thought, reasoning from the First Law,
that the maximum work output that could

- . be achieved was the conversion of all of the
Fig. 4.2. A typical electrochenucal ~ heat of reaction into work. The Gibbs-
cell: the Clark cell. Helmholtz treatment shows clearly that

the work output is governed by the value
of AF for the cell reaction, not by that of AH The working cell can either
reversibly absorb heat from or furnish heat to its environment. This reversible
heat change then appears as the 7 AS term in the free-energy expression.

4. Standard free energies. In Chapter 2 (p. 39) the definition of standard
states was introduced in order to simplify calculations with energies and
enthalpies. Similar conventions are very helpful for use with free-energy data.
Various choices of the standard state have been made, one that is frequently
used being the state of the substance under one atmosphere pressure. This is
a useful definition for gas reactions; for reactions in solution, other choices
of standard state may be more convenient and will be introduced as needed.
A superscript zero will be used to indicate a standard state of 1 atm pressure.
The absolute temperature will be written as a subscript.

The most stable form of an element in the standard state (I atm pressure)
and at a temperature of 25°C will by convention be assigned a free energy
of zero.

The standard free energy of formation of a compound is the free energy
of the reaction by which it is formed from its elements, when all the reactants
and products are in the standard state. For example:

H, (1 atm) + } O, (1 atm) = H,0 (g; | atm) AF°q = —54,638
S (thombic crystal) + 3 F, (1 atm) = SFq (g; 1 atm)  AF°s = —235,000
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In this way it is possible to make tabulations of standard free energies
such as that given by Latimer,® examples from which are collected in
Table 4.2. Some of these free-energy values are determined directly from
reversible cell emf’s but most are obtained by other methods to be described

later.

TABLE 4.2
STANDARD FREE ENERGIES OF FORMATION OF CHEMICAL COMPOUNDS AT 25°C
AF° AF°
Compound  State /"‘r’,“; e) Compound State (keal /':'” le)
AgCl [¢ —26.22 H,0 g —54.638
Agl c —15.81 H,0, g —24.73
CaCl, aq —195.36 H,0, I -28.23
CaCO, c —207.22 H,S g —17.87
CH, g - 12.09 NacCl c —91.70
C,H, g 50.0 NH, g —3.94
C,H, g 16.28 N,O g 24.93
C,H, g —-1.79 NO g 20.66
Cco g —32.79 NO, g 12.27
Co, g —94.24 N,O, g 23.44
CuO c -30.4 O, g 39.4
Cu,O c —35.15 SO, g —71.74
H,0 1 —56.693 HCOOH 1 —86.4

Free-energy equations can be added and subtracted just as thermo-
chemical equations are, so that the free energy of any reaction can be cal-
culated from the sum of the free energies of the products minus the sum of
the free energies of the reactants.

C - O = (o]
AF = Z F products 2. F reactants

If we adopt the convention that moles of products are positive and moles of
reactants negative in the summation, this equation can be written concisely as

AF° == 3 n, F} 4.4
For example:
Cu,0 (c) + NO(g) == 2CuO (c) + § Ny (g)
From Table 4.2,
AF° =2(—30.4) + 4 (0) — 20.66 — (—35.15) = —46.31 kcal

5. Free energy and equilibrium constant of ideal gas reactions. Many im-
portant applications of equilibrium theory are in the field of homogeneous
gas reactions, that is, reactions taking place entirely between gaseous pro-
ducts and reactants. To a good approximation in many such cases, the gases
may be considered to obey the ideal gas laws.

The variation at constant temperature of the free energy of an ideal gas

3 W. M. Latimer, The Oxidation States of the Elements, 2nd ed. (New York: Prentice-
Hall, 1952).
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is given from eq. (3.29) as dF = V dP = RT dIn P. Integrating from F° and
P°, the free energy and pressure in the chosen standard state, to F and P,
the values in any other state, F — F° = RT In (P/P°). Since P° = 1 atm, this
becomes

F—F° =RTIhhP 4.5)

Equation (4.5) gives the free energy of one mole of an ideal gas at pressure
P and temperature T, minus its free energy in a standard state at P = | atm
and temperature 7.

If an ideal mixture of ideal gases is considered, Dalton’s Law of Partial
Pressures must be obeyed, and the total pressure is the sum of the pressures
that the gases would exert if each one occupied the entire volume by itself.
These pressures are called the partial pressures of the gases in the mixture,
P, Py . . . P, Thus if n, is the number of moles of gas i in the mixture,

P=3P="03n (46)

For each individual gas i in the mixture eq. (4.5) can be written
Fz _Ff:RTlnpt (4-7)

For n, moles, n,(F, — F;) = RTn, In P,. For a chemical reaction, therefore,
from eq. (4.4),
AF — AF° = RT > n,In P, 4.8)

If we now consider the pressures P, to be the equilibrium pressures in
the gas mixture, AF must equal zero for the reaction at equilibrium. Thu$
we obtain the important relation

— AF° = RT > n,In P 4.9)
AF°
> n,In Ped = —
or > n;In P, R

Since AF° is a function of the temperature alone, the left side of this ex-
pression is equal to a constant at constant temperature. For a typical reaction,
aA + bB == cC 4 dD, the summation can be written out as

. P29y (Pea)d

Z n, In pleq = In g.._(f ~)__(_D )

(P 429" (Pg®)°

This expression is simply the logarithm of the equilibrium constant in terms
of partial pressures, K. Equation (4.9) therefore becomes

—AF° = RTIn K, (4.10)

The analysis in this section has now established two important results.
The constancy of the expression

P.Pp?

K —-¢'p

» PAaPBb (41 l)
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at equilibrium has been proved by thermodynamic arguments. This con-
stitutes a thermodynamic proof of the Law of Chemical Equilibrium. Second,
an explicit expression has been derived, eq. (4.10), which relates the equili-
brium constant to the standard free-energy change in the chemical reaction.
We are now able, from thermodynamic data, to calculate the equilibrium
constant, and thus the concentration of products from any given concentra-
tion of reactants. This was one of the fundamental problems that chemical
thermodynamics aimed to answer.

Sometimes the equilibrium constant is expressed explicitly in terms of
concentrations c,. For an ideal gas P, == n(RT/V) = ¢;RT. Substituting in
eq. (4.11), we find

K — C(,'CCI)_: (RT)C’.d_a_b

» a
€4 Ch

K, = K(RT)* (4.12)

Here K, is the equilibrium constant in terms of concentrations (e.g., moles
per liter) and An is the number of moles of products less that of reactants in
the stoichiometric equation for the reaction.

Another way of expressing the concentrations of the reacting species is
in terms of mole fractions. The mole fraction of component i in a mixture
is defined by

X, = < (4.13)

It is the number of moles of a component / in the mixture divided by the
total number of moles of all the components. It follows that P, = X,P.
Therefore the equilibrium constant in terms of the mole fractions is

- X Xp?

K, = = K, PAn .
= ey KP T (4.14)

\
Since K|, for ideal gases is independent of pressure, it is evident that K is
a function of pressure except when An = 0. It is thus a “constant” only with
respect to variations of the X's at constant T and P.

6. The measurement of homogeneous gas equilibria. The experimental
methods for measuring gaseous equilibria can be classified as either static or
dynamic.

In the static method, known amounts of the reactants are introduced
into suitable reaction vessels, which are closed and kept in a thermostat
until equilibrium has been attained. The contents of the vessels are then
analyzed in order to determine the equilibrium concentrations. If the reaction
proceeds very slowly at temperatures below those chosen for the experiment,
it is sometimes possible to “freeze the equilibrium” by chilling the reaction
vessel rapidly. The vessel may then be opened and the contents analyzed
chemically.



78 THERMODYNAMICS AND CHEMICAL EQUILIBRIUM [Chap. 4

This was the procedure used by Max Bodenstein? in his classic investiga-
tion of the hydrogen-iodine equilibrium: H, + I, = 2 HI. The reaction pro-
ducts were treated with an excess of standard alkali; iodide and iodine were
determined by titration, and the hydrogen gas was collected and its volume
measured. For the formation of hydrogen iodide, An = 0; there is no change
in the number of moles during the reaction. Therefore K, = K, = K,.

If the initial numbers of moles of H, and I, are a and b, respectively,
they will be reduced to a — x and b — x with the formation of 2x moles of
HI. The total number of moles at equilibrium is therefore a + b + ¢, where
c is the initial number of moles of HI.

Accordingly the equilibrium constant can be written

2
K, =K, — 120
(a@a—x)b — x)
The (@ + b + ¢) terms required to convert “number of moles” into “mole
fraction” have been canceled out between numerator and denominator. In
a run at 448°C, Bodenstein mixed 22.13 cc at STP of H, with 16.18 of I,
and found 25.72 cc of HI at equilibrium. Hence

25.722
K= _ s — == 2].5
(22.13 — 12.86)(16.18 - 12.86)

In the dynamic method for studying equilibria, the reactant gases are
passed through a thermostated hot tube at a rate slow enough to allow
complete attainment of equilibrium. This condition can be tested by making
runs at successively lower flow rates, until there is no longer any change in
the observed extent of reaction. The effluent gases are rapidly chilled and
then analyzed. Sometimes a catalyst is included in the hot zone to speed the
attainment of equilibrium. This is a safer method if a suitable catalyst is
available, since it minimizes the possibility of any back reaction occurring
after the gases leave the reaction chamber. The catalyst changes the rate of
a reaction, not the position of final equilibrium.

These flow methods were extensively used by W. Nernst and F. Haber
(around 1900) in their pioneer work on technically important gas reactions.
An example is the “water-gas equilibrium,” which has been studied both
with and without an iron catalyst.5 The reaction is
Py,oPco

H, + CO, = H,0 + CO, and K, =_0%
"L co,

If we consider an original mixture containing a moles of H,, b moles of
CO,, ¢ moles of H,O, and d moles of CO, the analysis of the data is as

follows.

4 Z. physik. Chem., 22, 1 (1897); 29, 295 (1899).
5 Z. anorg. Chem., 38. 5 (1904).
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At Equilibrium
Constituent Oﬁ;&;;::l Moles Mole Fraction P}::git:le
H, a a—x a—xf@a+ b+ c+d) [(@a — x)/n}P
CO, b b—x b—x/@a+b+c+d) (6 — x)/n}P
H,0 c c+x (c+x)@ +b+c+d [(c + x)/n]P
Cco d d+ x d+x)at+b+c+d) d + x)/n)P

Total Moles at Equilibrium

at+b+c+d=n

Substituting the partial pressure expressions, we obtain

_ (e +x)d +x)

* " (a— x)(b — x)

The values for the equilibrium composition, obtained by analysis of the
product gases, have been used to calculate the constants in Table 4.3.

Initial Composition

(moles per cent)

TABLE 4.3

Equilibrium Composition

(moles per cent)

THE WATER Gas EqQuiLiBriuM H,; { CO, = H,0 + CO; temperature 986°C

Co,

10.1
30.1
49.1
60.9
70.3

H,

89.9
69.9
51.9
39.1
29.7

co,

0.69
7.15
21.44
34.43
47.51

H,

80.52
46.93
22.85
12.68

6.86

CO = H,0

9.40
22.96
27.86
26.43
22.82

K,

1.59
1.57
1.58
1.61
1.60

It is often possible to calculate the equilibrium constant for a reaction
from the known values of the constants of other reactions. This is a principle
of great practical utility. For example, from the dissociation of water vapor
and the water-gas equilibrium one can calculate the equilibrium constant for

the dissociation of carbon dioxide.

H,0 =H; +10,
CO, + H, = H,0 + CO
C02 == CO + % 02

It is apparent that K" = KK,

7. The principle of Le Chatelier. The effects of such variables as pressure,
temperature, and concentration on the position of chemical equilibrium have
been succinctly summarized by Henry Le Chatelier (1888). ““Any change in

K, == PlI.PO,Uz/PH,O
K, = PH,()P(‘O/PCO,PH.
K, = PcoPo,”z/Pco,
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one of the variables that determine the state of a system in equilibrium
causes a shift in the position of equilibrium in a direction that tends to
counteract the change in the variable under consideration.” This is a prin-
ciple of broad and general utility, and it can be applied not only to chemical
equilibria but to equilibrium states in any physical system. It is indeed possible
that it can be applied also with good success in the psychological, economic,
and sociological fields.

The principle indicates, for example, that if heat is evolved in a chemical
reaction, increasing the temperature tends to reverse the reaction; if the
volume decreases in a reaction, increasing the pressure shifts the equilibrium
position farther toward the product side. Quantitative expressions for the
effect of variables such as temperature and pressure on the position of
equilibrium will now be obtained by thermodynamic methods.

8. Pressure dependence of equilibrium constant. The equilibrium constants
K, and K, are independent of the pressure for ideal gases; the constant K,
is pressure-dependent. Since K, = K,P ™", InK, = In K, — AnlIn P.

dinK, —An AV

P P RT (4.15)

When a reaction occurs without any change in the total number of moles
of gas in the system, An == 0. An example is the previously considered water
gas reaction. In these instances the constant K, is the same as K, or K,, and
for ideal gases the position of equilibrium does not depend on the total
pressure. When An is not equal to zero, the pressure dependence of K, is
given by eq. (4.15). When there is a decrease in the mole number (An < 0)
and thus a decrease in the volume, K, increases with increasing pressure. If
there is an increase in n and V (An > 0), K, decreases with increasing
pressure.

An important class of reactions for which An % 0 is that of dissociation-
association equilibria. An extensively studied example is the dissociation of
nitrogen tetroxide into the dioxide, N,O4 == 2 NO,. In this case, K, =
P}o,/Px,0, If one mole of N,O, is dissociated at equilibrium to a fractional
extent a, 2a moles of NO, are produced. The total number of moles at
equilibrium is then (1 — @) + 2a = 1 +- a. It follows that

[2a/(1 + a)]? 4a?

ST l-aflta 1—a
Since for this reaction An — -}- 1,
4q*
1 — a?

K,=K/P = P

When a is small compared to unity, this expression predicts that the degree

of dissociation a shall vary inversely as the square root of the pressure.
Experimentally it is found that N,O, is appreciably dissociated even at
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room temperatures. As a result, the observed pressure is greater than that
predicted by the ideal gas law for a mole of N,O,, since each mole yields
I + a moles of gas after dissociation. Thus P (ideal) = RT/V, whereas
P (observed) = (1 + a)RT/V. Hence a == (V/RT) (Pops — Pigen)-

This behavior provides a very simple means for measuring a. For example,
in an experiment at 318°K and 1 atm pressure, a is found to be 0.38. There-
fore K, = 4(0.38)%/(1 — 0.38%) = 0.67. At 10 atm pressure, K, = 0.067 and
ais 0.128.

Among the most interesting dissociation reactions are those of the
elementary gases. The equilibrium constants for a few of these are collected
in Table 4.4.

TABLE 4.4
EQuILIBRIUM CONSTANTS OF DISSOCIATION REACTIONS
K,
Temp.| = ~ o n
(°K)
0,=20 H,=2H N;=2N Cl, =2Cl Bry, =2Br
600 1.4 x 107% 3.6 x 10733 1.3 x 10-%¢ 48 x 10718 | 6.18 x 10-12
800 | 9.2 x 10¥ 1.2 x 1073 5.1 x 104 1.04 x 10-10 1.02 x 107
1000 | 3.3 x 10~% 7.0 x 10718 1.3 x 10 245 x 107 3.58 x 108
1200 | 8.0 x 101 5.05 x 10-14 24 x 10°® 2.48 x 1078 1.81 x 102
1400 1.1 x 1012 2,96 x 1011 7.5 x 102 8.80 x 104 3.03 x 102
1600 | 2.5 x 10-10 3.59 x 10—® 1.8 x 10-17 1.29 x 102 2.55 x 101
1800 1.7 x 108 1.52 x 1077 7.6 X 10-18 0.106
2000 5.2 x 1077 3.10 x 10-° 9.8 x 10-13 0.570

9. Effect of an inert gas on equilibrium. In reactions in which there is no
change in the total number of moles, An = 0, and the addition of an inert
gas cannot affect the composition of the equilibrium mixture. If, however,
An # 0, the inert gas must be included in calculating the mole fractions and
the total pressure P. Let us consider as an example the technically important
gas reaction, SO, + 4 O, = SO;. In this case An = —3, and K, = K, P72,
Let the initial reactant mixture contain @ moles of SO,, & moles of O,, and
¢ moles of inert gas, for example N,. If y moles of SO are formed at equi-
librium, the equilibrium mole fractions are

a— b —
Xso, n}’; Xo.=—-n—;

_ 4
= Xso, -
Here n is the total number of moles at equilibrium: n = a + b 4+ ¢ — (y/2).
The equilibrium constant,
yin yni/2
K,= K PV/2 = =
? [(@ — y)n){lb — (y/2))n}*2  [a — yl[b — (y/D]2
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o, Joon

It follows that

a—y
nso, no,
2 =K, [P
hso, n

where ng , nyo,, No,, 1 are the equilibrium mole numbers.

Let us now consider three cases. (1) If the pressure is increased by com-
pressing the system without addition of gas from outside, » is constant, and
as P increases, nyq /nso, also increases. (2) If an inert gas is added at constant
volume, both n and P increase in the same ratio, so that the equilibrium
conversion of SO, to SO, ng /nyo, remains unchanged. (3) If an inert gas
is added at constant pressure, # is increased while P remains constant, and
this dilution of the mixture with the inert gas decreases the extent of con-
version ngg [Ny,

This reaction is exothermic, and therefore increasing the temperature
decreases the formation of products. The practical problem is to run the
reaction at a temperature high enough to secure a sufficiently rapid velocity,
without reaching so high a temperature that the equilibrium lies too far to
the left. In practice, a temperature around 500°C is chosen, with a platinum
or vanadium-pentoxide catalyst to accelerate the reaction. The equilibrium
constant from 700° to 1200°K is represented quite well by the equation
In K, = (22,600/RT) — (21.36/R). At 800°K, therefore, K, = 33.4.

Let us now consider two different gas mixtures, the first containing
20 per cent SO, and 80 per cent O, at 1 atm pressure, and a second containing
in addition a considerable admixture of nitrogen, e.g., 2 per cent SO,, 8 per
cent O,, 90 per cent N,, at | atm pressure. Letting y = moles SOj at equi-
librium, we obtain:

) { I
K, = K,P'* = 33.4 K, = K,P'? =334
) Y
- 1 - (/2 _ 1 — (/2
02—y [0_.5 :__(y(;_)]‘/2 T 0.02 — y [0.08 — (y2) ]
1= L1-(y2) =2 L 1-(/2)
y® — 2.000y% 4- 0.681y — 0.0641 = 0 y® — 0.1985)% + 6.81 x 10~3y
y = 0.190 —64.06 x 108 =
y = 0.0180
959; conversion of SO, to SO, 90 %; conversion of SO, to SO,

The cubic equations that arise in problems like these are probably best
solved by successive approximations. Beginning with a reasonable value
guessed for the percentage conversion, a sufficiently accurate solution can
usually be obtained after three or four trials.
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10. Temperature dependence of the equilibrium constant. An expression
for the variation of K, with temperature is derived by combining eqgs. (4.10)
and (3.36). Since

_AF° = RTI K, (4.10)
o AF°)] —AH®
(2] = == 3.36
and [ar( T),” T (3:36)
dln K,,) dinK, AH°
= = 4.16
therefore ( a7 )" —ar RTE (4.16)

It is apparent that if the reaction is endothermic (AH® positive) the
equilibrium constant increases with temperature; if the reaction is exothermic
(AH° negative) the equilibrium con- 550
stant decreases as the temperature is \
raised.

Equation (4.16) can also be written:

dink, —AH® 500[—
- 4.17 )\
d(1/T) R @17 \

Thus if In K, is plotted against 1/7, \

the slope of the curve at any point is ¥ 450 \

equal to —AH°/R. As an example of \

this treatment, the data for the varia-

tion with temperature of the 2 HI = \

H, + I, equilibrium are plotted in 400 >

Fig. 4.3. The curve is almost a straight

line, indicating that AH° is approxi- ; ' -

mately constant for the reaction over SRS IS N _{____‘;\

the experimental temperature range. 350,55 T50 75

The value calculated from the slope at Yrx103

400°C '1s AH® = 7(_)80 cal. Fig. 4.3. The variation with temper-
It is also possible to measure the atyre of K, = Pu,Pr/Put. (Data of

equilibrium constant at one tempera- Bodenstein.)

ture and with a value of AH° obtained

from thermochemical data to calculate the constant at other temperatures.

Equation (4.16) can be integrated, giving

n Kn(Tz) _IT' A_ilo

—dT
K (T) Jr. RT?

n Kp

Since, over a short temperature range, AH° may often be taken as approxi-
mately constant, one obtains

1 KalT3) —AH°(1 1)

KTy R (“.18)

I, T,
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If the variations of the heat capacities of the reactants and products are
known as functions of temperature, an explicit expression for the tempera-
ture dependence of AH° can be derived from Kirchhoff’s equation (2.29).
This expression for AH® as a function of temperature can then be substituted
into eq. (4.16), whereupon integration yields an explicit equation for K, as
a function of temperature. This has the form

InK,= —AH°/RT + AInT + BT + CT? . . . 41 (4.19)

In this case, as usual, the value of the integration constant / can be deter-
mined if the value of K, is known at any one temperature, either experiment-
ally or by calculation from AF°. It will be recalled that one value of AH® is
needed to determine AH®, the integration constant of the Kirchhoff
equation.

To summarize, from a knowledge of the heat capacities of the reactants
and products, and of one value each for AH° and K, it is possible to calculate
the equilibrium constant at any temperature.

As an example, consider the calculation of the constant for the water-
gas reaction as a function of the temperature.

Py, P
CO + H,0(g) = H, + CO,; K, = P—-——“- PCO(-)
CO © H,

From Table 4.2, the standard free-energy change at 25°C is:
AF°,gs = —94,240 — (—54,640 — 32,790) = —6810

6810
Thus In K595 = 208R — 11.48, or K,y = 9.55 x 10

From the enthalpies of formation on page 39,
AH®5q = —94,050 — (—57,800 — 26,420) = —9830
The heat capacity table on page 44 yields for this reaction
ACP = CI’CO, + CPH, — Cpco — CPH.O
= —0.515 + 6.23 x 10737 — 29.9 x 10°~'T?
From eq. (2.32),

AH® = AH®, — 0.515T + 3.12 X 10-°T2 — 10.0 x 10-7T%
Substituting AH°® = —9830, T = 298°K, and solving for AH®;, we get

AH®°y = —9921. Then the temperature dependence of the equilibrium
constant, eq. (4.19), becomes
9921 0.515 3.12 x 1078 10.0 x 107
_ T — 2 |
an”—RT R InT + R T R T2 41

By inserting the value of In K, at 298°K, the integration constant can be
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evaluated as / = —3.97. The final expression for K, as a function of tem-
perature is, therefore,
4990
InK, = 397+—~— —0.2591In T + 1.56 x 10737 — 2.53 x 10~"T?

For example, at 800°K, In K, = 1.63, K, = 5.10.

11. Equilibrium constants from thermal data. We have now seen how a
knowledge of the heat of reaction and of the temperature variation of the
heat capacities of reactants and products allows us to calculate the equi-
librium constant at any temperature, provided there is a single experimental
measurement of either K, or AF° at some one temperature. If an independent
method is available for finding the integration constant [ in eq. (4.19), it will
be possible to calculate K, without any recourse to experimental measure-
ments of the equilibrium or of the free-energy change. This calculation would
be equivalent to the evaluation of the entropy change, AS®, from thermal
data alone, i.e., heats of reaction and heat capacities. If we know AS° and
AH®, K, can be found from AF° = AH® — TAS"®.

From eq. (3.41), the entropy per mole of a substance at temperature T’
is given by

T
S=[ CpdnT + 5,

where S, is the entropy at 0°K.® If any changes of state occur between the
temperature limits, the associated entropy changes should be added. For a
gas at temperature 7 the general expression for the entropy therefore becomes

T, AHf Ty
S = f Cpovar dIn T+ »——T-l'-? +f CpyqdIn T
0 : f

L “"’ + f Cras dIn T + S, (4.20)

All these terms can be measured except the constant S,. The evaluation
of this constant becomes possible by virtue of the third fundamental law of
thermodynamics.

12. The approach to absolute zero. The laws of thermodynamics are in-
ductive in character. They are broad generalizations having an experimental
basis in certain human frustrations. Our failure to invent a perpetual-motion
machine has led us to postulate the First Law of Thermodynamics. Our
failure ever to observe a spontaneous flow of heat from a cold to a hotter
body or to obtain perpetual motion of the second kind has led to the state-
ment of the Second Law. The Third Law of Thermodynamics can be based
on our failure to attain the absolute zero of temperature. A detailed study
of refrigeration principles indicates that the absolute zero can never be
reached.

® Be careful not to confuse S°, the entropy in the standard state of 1 atm pressure, and
Sy, the entropy at 0°K.
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Most cryogenic systems have depended on the cooling of a gas by an
adiabatic expansion. This effect was first described by Clément and Désormes
in 1819. If a container of compressed air is vented to the atmosphere, the
outrushing gas must do work to push back the gas ahead of it. If the process
is carried out rapidly enough, it is essentially adiabatic, and the gas is cooled
by the expansion.

To obtain continuous refrigeration, some kind of cyclic process must be
devised; simply opening a valve on a tank of compressed gas is obviously
unsatisfactory.” Two methods of controlled expansion can be utilized:
(1) a Joule-Thomson expansion through a throttling valve; (2) an expansion
against a constraining piston. In the latter case, the gas does work against
the external force and also against its internal cohesive forces. In the Joule-
Thomson case, only the internal forces are operative, and these change in
sign as the gas passes through an inversion point. It was shown on page 66
that in order to obtain cooling u; , = (1/Cp)[T(OV/OT)p — V] must be
positive.

In 1860, Sir William Siemens devised a countercurrent heat exchanger,
which greatly enhanced the utility of the Joule-Thomson method. This was
applied in the Linde process for the production of liquid air. Chilled com-
pressed gas is cooled further by passage through a throttling valve. The
expanded gas passes back over the inlet tube, cooling the unexpanded gas.
When the cooling is sufficient to cause condensation, the liquid air can be
drawn off at the bottom of the apparatus. Liquid nitrogen boils at
77°K, liquid oxygen at 90°K, and they are easily separated by fractional
distillation.

In order to liquefy hydrogen, it is necessary to chill it below its Joule-
Thomson inversion temperature at 193°K; the Linde process can then be
used to bring it below its critical temperature at 33°K. The production
of liquid hydrogen was first achieved in this way by James' Dewar in
1898.

The boiling point of hydrogen is 22°K. In 1908, Kammerlingh-Onnes,
founder of Leiden’s famous cryogenic laboratory, used liquid hydrogen to
cool helium below its inversion point at 100°K, and then liquefied it by an
adaptation of the Joule-Thomson principle. Temperatures as low as 0.84°K
have been obtained with liquid helium boiling under reduced pressures.
This temperature is about the limit of this method, since enormous pumps
become necessary to carry off the gaseous helium.

Let us consider more carefully this cooling produced by evaporating
liquid from a thermally isolated system. The change in state, liquid — vapor,
is a change from the liquid, a state of low entropy and low energy, to the
vapor, a state of higher entropy and higher energy. The increase in entropy
on evaporation can be equated to AH,,,/T. Since the system is thermally

" This method is used, however; in a laboratory device for making small quantities of
*“dry ice,” solid carbon dioxide.
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isolated, the necessary heat of vaporization can come only from the liquid
itself. Thus the temperature of the liquid must fall as the adiabatic evaporation
proceeds.

In 1926, a new refrigeration principle was proposed independently by
W. F. Giauque® and P. Debye. This is the adiabatic demagnetization method.
Certain rare earth salts have a high paramagnetic susceptibility;® i.e., in a
magnetic field they tend to become highly magnetized, but when the field is
removed, they lose their magnetism immediately. In 1933, Giauque per-
formed the following experiment. A sample of gadolinium sulfate was cooled
to 1.5°K in a magnetic field of 8000 oersteds, and then thermally isolated.
The field was suddenly shut off. The salt lost its magnetism spontaneously.
Since this was a spontaneous process, it was accompanied by an increase in
the entropy of the salt. The magnetized state is a state of lower energy and
lower entropy than the demagnetized state. The change, magnetized —> de-
magnetized, is therefore analogous to the change, liquid - > vapor, discussed
in the preceding paragraph. If the demagnetization occurs in a thermally
isolated system, the temperature of the salt must fall.

When the field was turned off in Giauque’s experiment, the temperature
fell to 0.25°K. In 1950, workers at Leiden!® reached a temperature of
0.0014°K by this method. Even the measurement of these low temperatures
is a problem of some magnitude. The helium vapor-pressure thermometer is
satisfactory down to about 1°K. Below this, the Curie-Weiss expression for
the paramagnetic susceptibility, y = const/T, can be used to define a
temperature scale.

The fact that we have approached to within a few thousandths of a
degree of absolute zero does not mean that the remaining step will soon be
taken. On the contrary, it is the detailed analysis of these low-temperature
experiments that indicates most definitely that zero degrees Kelvin is
absolutely unattainable.

The Third Law of Thermodynamics will, therefore, be postulated as
follows: “It is impossible by any procedure, no matter how idealized, to
reduce the temperature of any system to the absolute zero in a finite number
of operations.”!

13. The Third Law of Thermodynamics. How does the Third Law
answer the question of the value of the entropy of a substance at
T = 0°K, the integration constant S, in eq. (4.20)? Since absolute zero is
unattainable, it would be more precise to ask what is the limit of S as T
approaches 0.

Consider a completely general process, written as a — b. This may be a
chemical reaction, a change in temperature, a change in the magnetization,

8 J. Am. Chem. Soc., 49, 1870 (1927).

 Cf. Sec. 11-20.

10 D. de Klerk, M. J. Steenland, and C. J. Gorter, Physica, 16, 571 (1950).

11 R. H. Fowler and E. A. Guggenheim, Statistical Thermodynamics (London: Cam-
bridge, 1940), p. 224.



88 THERMODYNAMICS AND CHEMICAL EQUILIBRIUM  [Chap. 4

or the like. The entropies of the system in the two different states a and b
can be written as:

S.=Sw+[, CodInT
S, =S+, CdinT @.21)

Sq0 and S, are the limiting entropy values as T approaches zero.

Let us start with the system a at a temperature 7’ and allow the process
a — b to take place adiabatically and reversibly, the final temperature being
T”. The entropy must remain constant, so that S, = S, or

S+ CodinT =S+ [ CodinT

In order for the temperature 7" in the final state to equal zero, it would be
necessary to have

S0 — Sw =/ CodinT 4.22)

As T -0, C, —> 0. Now if S,, > S, it is possible to choose an initial 7’
that satisfies this equation, since the integral is a positive quantity. In this
way the process a — b could be used to reach the absolute zero starting from
this T'. This conclusion, however, would be a direct contradiction of the
Third Law, the principle of the unattainability of absolute zero. The only
escape is to declare that S,, cannot be greater than S,,. Then there can be
no 7" that satisfies the condition (4.22). The same reasoning, based upon
the reverse process b — a, can be used to show that S,, cannot be greater
than S,,.

Since S, can be neither greater than nor less than S, it must be equal
to S,. In order to conform with the principle of the unattainability of
absolute zero, therefore, it is necessary to have

S =S, Of AS,=0 (4.23)

"This equation indicates that for any change in a thermodynamic system
the limiting value of AS as one approaches absolute zero is equal to zero.
The change in question may be a chemical reaction, a change in physical
state such as magnetized = demagnetized, or in general any change that can
in principle be carried out reversibly. This requirement of a possible reversible
process is necessary, since otherwise there would be no way of evaluating
the AS for the change being considered.!? The statement in eq. (4.23) is the

12 This restriction may be a little too severe. In one-component systems, changes of one
polymorphic crystal to another may also have AS, = 0. Examples are white tin — grey tin,
diamond — graphite, monochnic sulfur — rhombic sulfur, zinc blende — wurtzite, The heat
capacity of the metastable form can be measured at low temperatures, and by extrapolation
to 0°K and assuming S, == 0, it is possible to obtain a “Third-Law entropy,” as defined in
the next section. -
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famous heat theorem first proposed by Walther Nernst in 1906. It has served
as a useful statement of the Third Law of Thermodynamics.

Certain types of systems therefore do not fall within the scope of eq. (4.23).
For example, any reaction that changed the identity of the chemical elements,
i.e., nuclear transmutation, would not be included, since there is no thermo-
dynamic method of calculating AS for such a change. This restriction, of
course, does not affect chemical thermodynamics in any way, since the nuclei
of the elements retain their identities in any chemical change.

Another class of changes that must be excluded from eq. (4.23) comprises
those in which the system passes from a metastable to a more stable state.
Such changes are essentially irreversible and can proceed in one direction
only, namely, toward the more stable states. Certain systems can become
“frozen” in nonequilibrium states at low temperatures. Examples are glasses,
which can be regarded as supercooled liquids, and solid solutions and alloys,
in which there is a residual entropy of mixing. At sufficiently low tempera-
tures, the glass is metastable with respect to the crystalline silicates of which
it is composed, and the solid solutions are less stable than a mixture of
pure crystalline metals. Yet the rate of attainment of equilibrium becomes
so slow in the very cold solids that transformations to the more stable
states do not occur. Such systems have an extra entropy, which can be
considered as an entropy of mixing, and this may persist at the lowest tem-
peratures attainable experimentally. This fact does not contradict eq. (4.23)
because a change such as ‘“‘metastable glass — crystalline silicates” cannot
be carried out by a reversible isothermal path. Hence these metastable states
are said to be ““nonaccessible,” and the changes do not lie within the scope
of eq. (4.23). These cases will be discussed later from a statistical point of
view in Chapter 12.

14. Third-law entropies. Only changes or differences in entropy have any
physical meaning in thermodynamics. When we speak of the entropy of a
substance at a certain temperature, we really mean the difference between its
entropy at that temperature and its entropy at some other temperature,
usually 0°K. Since the chemical elements are unchanged in any physico-
chemical process, we can assign any arbitrary values to their entropies at
0°K without affecting in any way the values of AS for any chemical change.
It is most convenient, therefore, to take the value of S, for all the chemical
elements as equal to zero. This is a convention first proposed by Max Planck
in 1912.

It then follows, from eq. (4.23), that the entropies of all pure chemical
compounds in their stable states at 0°K are also zero, because for their
formation from the elements, AS; = 0. This formulation is equivalent to
setting the constant S, in eq. (4.20) equal to zero.

It is now possible to use heat-capacity data extrapolated to 0°K to deter-
mine so-called third-law entropies, which can be used in equilibrium calcula-
tions. As an example, the determination of the standard entropy, S, for
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TABLE 4.5
EvALUATION OF ENTROPY OF HYDROGEN CHLORIDE FROM HEAT-CAPACITY
MEASUREMENTS
Contribution calldeg mole
1. Extrapolation from 0-16°K (Debye Theory, Sec. 13-23) 0.30
2. {CpdIn T for Sold I from 16°-98.36" 7.06
3. Transition, Solid I -~ Solid 11, 2843/98.36 2.89
4. [CpdIn T for Solid 11 from 98.36"-158.91° 5.05
5. Fusion, 476.0/158.91 3.00
6. {CpdIn T for Liquid from 158.91°-188.07° 2.36
7. Vaporization, 3860/188.07 20.52
8. [CpdIn T for Gas from 188.07°-298.15°K 322

S°95.15 == 44.40 -+ 0.10

hydrogen chloride gas is shown in Table 4.5. The value S°g4 — 44.4 eu
is that for HCl at 25°C and | atm pressure. A small correction due to non-
ideality of the gas raises the figure to 44.7. A number of third-law-entropies
are collected in Table 4.6.
TABLE 4.6
THIRD-LAW ENTROPIES
(Substances in the Standard State at 25°C)

o |
5°s08

SO
9 298
Substance (cal/deg mole) l Substance (calldeg mole)
Gases
H, 31.2 | Co, 51.1
D, 34.4 | H,0 45.2
He 29.8 ! NH;, 46.4
N, 45.8 ! SO, 59.2
0, 49.0 ;’ CH, 4.5
Cl, 53.2 | C,H, 48.0
HCI 4.7 C,H, 52.5
co 47.3 C,H, 55.0
Liquids
Mercury 17.8 i Benzene 41.9
Bromine 18.4 ' Toluene 524
Water 16.8 | Diethylether 60.5
Methanol 30.3 | n-Hexane 70.6
Ethanol 38.4 | | Cyclohexane 49.2
Solids
C (diamond) 0.6 K 16.5
C (graphite) 1.4 I, 14.0
S (rhombic) 7.6 NaCl 17.2
S (monoclinic) 7.8 KCl 19.9
Ag 10.2 KBr 22.5
Cu 8.0 KI 234
Fe 6.7 AgCl 23.4
Na 12.3 Hg,Cl, 46.4
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The standard entropy change AS° in a chemical reaction can be calculated
immediately, if the standard entropies of products and reactants are known.

AS° = S n, 83

One of the most satisfactory experimental checks of the Third Law is pro-
vided by the comparison of AS° values obtained in this way from low-
temperature heat capacity measurements, with AS° values derived either
from measured equilibrium constants and reaction heats or from the tem-
perature coefficients of cell emf’s—eq. (4.3). Examples of such comparisons
are shown in Table 4.7. The Third Law is now considered to be on a firm
experimental basis. Its full meaning will become clearer when its statistical
interpretation is considered in a later chapter.

The great utility of Third Law measurements in the calculation of
chemical equilibria has led to an intensive development of low-temperature
heat-capacity techniques, using liquid hydrogen as a refrigerant. The ex-
perimental procedure consists essentially in a careful measurement of the
temperature rise that is caused in an insulated sample by a carefully measured
energy input.

We have now seen how thermodynamics has been able to answer the
old question of chemical affinity by providing a quantitative method for
calculating (from thermal data alone) the position of equilibrium in chemical
reactions.

TABLE 4.7
CHECKS OF THE THIRD LAW OF THERMODYNAMICS
. Temp. | Third Law AS° | Experimental
ReactlonA CK) (cal/deg mole) AS® Method
Ag (c) -+ $ Bry (1) == AgBr (c) | 265.9 —3.01 + 0.40 —3.02 £ 0.10 emf
Ag(c) + 3 Cly(g) = AgCl(c) | 298.16 | —13.85 4 0.25 | —13.73 -t 0.10 emf
Zn(c) + $0,(®) = ZnO (¢) 298.16 | —24.07 4+ 0.25 | —24.24 + 0.05 | Kand AH
Ct30,( =CO(® 298.16 | —20.01 + 0.40 | —21.38 4- 0.05 | Kand AH
CaCO; (c) = CaO (c) + CO, (g)| 298.16 38.40 + 0.20 38.03 +- 0.20 | Kand AH

15. General theory of chemical equilibrium: the chemical potential. We
have so far confined our attention to equilibria involving ideal gases. The
relations discovered are of great utility, and are accurate enough for the
discussion of most homogeneous gas equilibria. Some gas reactions, how-
ever, are carried out under such conditions that the ideal gas laws are no
longer a good approximation. Examples include the high-pressure syntheses
of ammonia and methanol. In addition, there are the great number of
chemical reactions that occur in condensed phases such as liquid or even
solid solutions. In order to treat these reactions especially, a more general
equilibrium theory will be needed.
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The composition of a system in which a chemical reaction is taking place
is continually changing, and the state of the system is not defined by specifying
merely the pressure, volume, and temperature. In order to discuss the changes
of composition it is necessary to introduce, in addition to P, ¥, and T, new
variables that are a measure of the amount of each chemical constituent of
the system. As usual, the mole will be chosen as the chemical measure, with
the symbols n,, ny, ng . . . n, representing the number of moles of constituent
1,2,3,ori.

It then follows that each thermodynamic function depends on these n,’s
aswellason P, ¥, and T. Thus, E = E(P, V, T, n,); F = F(P, V, T, n), etc.
Consequently, a perfect differential, for example of the free energy, becomes

OF OF oF
— (°" il o 4.24
dF ( BT),,,,,‘dT -+ (ap) Tlmdl’ + Z (3n,)T,p,,.,dn‘ 4.24)

By eq: (3.29) dF = —S dT + V dP for any system of constant composition,
i.e., when all dn, = 0. Therefore

oF )
N - 4.2
dF = —SdT + VdP + . (8n, . (4.25)
The coefficient (3F/on,)p p ,,, first introduced by Gibbs, has been given a
special name because of its great importance in chemical thermodynamics.
It is called the chemical potential, and is written as

2
"y = (ai) (4.26)
N/ 1.pn,

It is the change of the free energy with change in number of moles n; of
component i/, the temperature, the pressure, and the number of moles of all
other components in the system being kept constant. Using the new symbol,
€q. (4.25) becomes

dF = —SdT + VdP + 3 p,dn, (4.27)
At constant temperature and pressure, '
dF = 3 p;dn, (4.28)
The condition for equilibrium, dF = 0, then becomes
Z u;dn; =0 4.29)
i

For an ideal gas, the chemical potential is simply the free energy per mole
at pressure P,. Therefore from eq. (4.7),

#; — g = RTIn P, (4.30)
The value of u, for the ideal gas is the same whether the ideal gas is pure
gas at a pressure P; or is in an ideal gas mixture'® at partial pressure P,. If,

13 This statement is a definition of an ideal gas mixture. To be precise, one must distin-
guish an ideal gas mixture from a mixture of ideal gases. There might be specific interactions
between two ideal gases that would cause their mixture to deviate from ideality.
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however, the gas mixture is not ideal, this identity no longer holds true.
Various interaction forces come into operation, and the evaluation of
becomes a separate experimental problem in each case.

16. The fugacity. Because relations such as eq. (4.30) lead to equations
of such simple form in the development of the theory of chemical equilibrium,
it is convenient to introduce a new function, called the fugacity of the sub-
stance, that preserves the form of eq. (4.30) even for nonideal systems.
Therefore we write

duy=VdP=RTdInf, and pu, —pui = RTlnff—:>

1

where f; is the fugacity of the substance, and /7 is its fugacity in the standard

state. It now becomes desirable to change the definition of the standard state

so that instead of the state of unit pressure, it becomes the state of unit
fugacity, f7 = 1. Then

u; —pn, = RTIn f; (4.31)

.Now the treatment of equilibrium in Section 4-5 can be carried through

in terms of the fugacity and chemical potential. This leads to an expression

for the equilibrium constant which is true in general, not only for real

(nonideal) gases but also for substances in any state of aggregation what-

soever:
Kf — f Clc;fl):
S5
—Au® = RTIn K, (4.32)

The fugacity of a pure gas or of a gas in a mixture can be evaluated if
sufficiently detailed PVT data are available. This discussion will be limited
to an illustration of the method for determining the fugacity of a pure gas.
In this case,

dF = du = V dP (4.33)
If the gas is ideal, ¥ = RT/P. For a nonideal gas, this is no longer true. We
may write @ = Vigea1 — Vieas = (RT/P) — V, whence V = (RT/P) — a. Sub-
stituting this expression into eq. (4.33), we find
RTdInf=dF = du = RTdInP — adP

The equation is integrated from P = 0 to P.
) P P
RT[!, dinf=RT[, dinp—["aap

As its pressure approaches zero, a gas approaches ideality, and for an ideal
gas the fugacity equals the pressure, f= P [cf. eqs. (4.30 and (4.31)]. The
lower limits of the first two integrals must therefore be equal, so that we
obtain

RTinf=RTInP [ adp (4.34)
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This equation enables us to evaluate the fugacity at any pressure and
temperature, provided PVT data for the gas are available. If the deviation
from ideality of the gas volume is plotted against P, the integral in eq. (4.34)
can be evaluated graphically. Alternatively, an equation of state can be used
to calculate an expression for a as a function of P, making it possible to
evaluate the integral by analytical methods.

The fugacity may be thought of as a sort of idealized pressure, which
measures the true escaping tendency of a gas. In Chapter 1, it was pointed
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Fig. 4.4. Variation of activity coefficient with reduced pressure at
various reduced temperatures.

out that the deviations of gases from ideality are approximately determined
by their closeness to the critical point. This behavior is confirmed by the
fact that at the same reduced pressures all gases have approximately the
same ratio of fugacity to pressure. The ratio of fugacity to pressure is called
the activity coefficient, y = f|P. Figure 4.4 shows a family of curves relating
the activity coefficient of a gas to its reduced pressure Pj, at various values
of the reduced temperature 7,. To the approximation that the law of corre-
sponding states is valid, all gases have the same value of y when they are in
corresponding states, i.e., at equal Py, and T},. This is a very useful principle,

4 Newton, Ind. Eng. Chem., 27, 302 (1935). Graphs for other ranges of P and T} are
included in this paper.
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for it allows us to estimate the fugacity of a gas solely from a knowledge of
its critical constants.

17. Use of fugacity in equilibrium calculations. Among the industrially
important gas reactions that are carried out under high pressures is the
synthesis of ammonia: § N, + § H, = NHj. This reaction has been carefully
investigated up to 1000 atm by Larson and Dodge.!® The per cent of NH,
in equilibrium with a three-to-one H,-N, mixture at 450°C and various total
pressures is shown in Table 4.8. In the third column of the table are the
values of K, = Pyy /Py,//?Py %/ calculated from these data.

Since K, for ideal gases should be independent of the pressure, these
results indicate considerable deviations from ideality at the higher pressures.
Let us therefore calculate the equilibrium constant K, using Newton’s graphs
to obtain the fugacities. We are therefore adopting the approximation that
the fugacity of a gas in a mixture is determined only by the temperature and
by the total pressure of the gas mixture.

Consider the calculation of the activity coefficients at 450°C (723°K) and

600 atm.

P, T, Py Tx 14
N, . . . 335 126 179 5.74 1.35
H, . . . 12.8 333 46.8 21.7 1.19
NH, . . . 1115 405.6 5.38 1.78 0.85

The activity coefficients y are read from the graphs, at the proper values of
reduced pressure Py, and reduced temperature Ty, (Only the NHj, values are
found in Fig. 4.4; the complete graphs must be consulted for the other gases.)

TABLE 4.8
EQUILIBRIUM IN THE AMMONIA SYNTHESIS AT 450°C wiTH 3:1 RATIO OF H; TO N,
Total Per cent
Pressure NH, at K, K, K;
(atm) Equilibrium |
10 2.04 0.00659 0.995 0.00655
30 5.80 0.00676 0.975 0.00659
50 9.17 0.00690 0.945 0.00650
100 16.36 0.00725 0.880 0.00636
300 35.5 0.00884 0.688 0.00608
600 .53.6 0.01294 0.497 0.00642
1000 69.4 0.02328 0.434 0.01010

Since the fugacity f= yP, we can write in general K, = K,K,, where
in this case K, = yyu,/yn,¥2yn,%?% The values of K, and K, are shown in
Table 4.8. There is a marked improvement in the constancy of K, as com-
pared with K. Only at 1000 atm does the approximate treatment of the
fugacities appear to fail. To carry out an exact thermodynamic treatment, it

18 J, Am. Chem. Soc., 45, 2918 (1923); 46, 367 (1924).
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would be necessary to calculate the fugacity of each gas in the particular
mixture under study. This would require very extensive PVT data on the
mixture. '

Often, knowing AF° for the reaction, we wish to calculate the equilibrium
concentrations in a reaction mixture. The procedure is to obtain K, from
—AF° = RTIn K,, to estimate K, from the graphs, and then to calculate
the partial pressures from K, = K,/K,.

PROBLEMS

1. The emf of the cadmium-calomel cell in which the reaction is Cd +
Hg,*+ = Cd** + 2 Hg, can be represented by: & = 0.6708 — 1.02 X
10-%(r — 25) — 2.4 x 107%(r — 25)%, where ¢ is the centigrade temperature.
Calculate AF, AS, and AH for the cell reaction at 45°C.

2. From the standard free energies in Table 4.2 calculate AF° and K, at
25°C for the following reactions:

(a) N,O + 4 H, = 2 NH; 4- H,0 (g)
(b) Hy0, (g) = HO(g) + § O,
(c) CO + H,0 (I) = HCOOH (1)

3. At 900°K the reaction C,Hy = C,H, + H, has AH® === 3442, AF°
= 5.35 kcal. Calculate the per cent H, present at equilibrium if pure C,Hg
is passed over a dehydrogenation catalyst at this temperature and | atm
pressure. Estimate the per cent H, at equilibrium at 1000°K.

4. If an initial mixture of 10 per cent C,H,, 10 per cent C,Hg, and 80 per
cent N, is passed over the catalyst at 900°K and 1 atm, what is the per cent
composition of effluent gas at equilibrium? What if the same mixture is used
at 100 atm ? (Cf. data in Problem 3.) .

5. The equilibrium LaCl; (s) + HyO (g) = LaOCl (s) 4 2 HCI (g). [J.
Am. Chem. Soc., 74, 2349 (1952)] was found to have K, = 0.63 at 804°K,
and 0.125 at 733°K. Estimate AH for the reaction. If the equilibrium HCI
vapor pressure at 900°K is 2.0 mm estimate the equilibrium H,O vapor
pressure.

6. From the data in Table 4.4, calculate the heat of dissociation of O,
into 2 O at 1000°K. Similarly, calculate AH® 4, for H, = 2 H. Assuming
atomic H and O are ideal gases with Cp = §R, and using the C.’s for H,
and O, in Table 2.4, calculate AH 54 for 2 H + O = H,0 (g). The heat of
formation of H,O (g) is —57.80 kcal. One-half the heat calculated in this
problem is a measure of the “‘strength of the O—H bond” in water.

7. For the reaction N,O, = 2 NO,, calculate K, K,, K, at 25°C. and
1 atm from the free energies of formation of the compounds (Table 4.2).

8. PCl; vapor decomposes on heating according to PCl; = PCl; + Cl,.
The density of a sample of partially dissociated PCl; at 1 atm and 230°C was
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found to be 4.80 g per liter. Calculate the degree of dissociation « and AF°
for the dissociation at 230°C.

9. The following results were obtained for the degree of dissociation of
CO, (CO, = CO + } O,) at 1 atm:

°K . . . 1000 1400 2000
o . . 20x 107 1.27 x 10~ 1.55 x 1072

What is AS® for the reaction at 1400°K ?

10. The free energy of formation of H,S is given by AF° = —19,200
+ 0.94T In T — 0.00165T2 — 0.0000003773 -+ 1.65T. H, + } S, (g) = H,S
(g)- If HyS at | atm is passed through a tube heated to 1200°K, what is per
cent H, in the gas at equilibrium?

11. Jones and Giauque obtained the following values for C;. of nitro-
methane.16

°K . 15 20 30 40 50 60 70 80 90 100
Cp . 089 207 459 690 853 976 1070 11.47 12.10 12.62
°K . 120 140 160 180 200 220 240 260 280 300
Cp . 13.56 1445 1531 16.19 17.08 1798 18.88 2501 25.17 25.35

The melting point is 244.7°K, heat of fusion 2319 cal per mole. The
vapor pressure of the liquid at 298.1°K is 3.666 cm. The heat of vaporization
at 298.1°K is 9147 cal per mole. Calculate the Third-Law entropy of CH3NO,
gas at 298.1°K and 1 atm pressure (assuming ideal gas behavior).

12. Using the Third-Law entropies in Table 4.6 and the standard heats
of formation calculate the equilibrium constants at 25°C of the following
reactions:

H, + Cl, = 2 HCl
CH, + 2 0, = CO, + 2 H,0 (g)
2 Ag(s) + Cly = 2 AgCl (s)

13. For the reaction CO + 2 H, = CH,OH (g), AF° = —3220cal at
700°K. Calculate the per cent CH;OH at equilibrium with a 2 : 1 mixture of
H, 4 CO at a pressure of 600 atm using (a) ideal gas law, (b) Newton’s
fugacity charts.

14. At high temperature and pressure, a quite good equation of state for
gases is P(V — b) = RT. Calculate the fugacity of N, at 1000 atm and
1000°C according to this equation, if & = 39.1 cc per mole.

15. Show that

(BF) (aA) (BH) (aE)
L, = {5 = | — = _-- = | =
! on; T,Pn, on, T,V,n, on, S,P,n, on, S,V,n;

16. Amagat measured the molar volume of CO, at 60°C.

Pressure, atm . . 13.01 35.42 53.65 74.68 85.35
Volume, cc . . 2000.0 666.7 400.0 250.0 200.0

16 J. Am. Chem. Soc., 69, 983 (1947).
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Calculate the activity coefficient y = fJP for CO, at 60°C and pressures of
10, 20, 40, and 80 atm. ‘

17. When n-pentane is passed over an isomerization catalyst at 600°K,
the following reactions occur:

(A) CH3CH,CH,CH,CH; = CH;CH(CH;)CH,CH, (B)

= C(CHy), ©

The free energies of formation at 600°K are: (A) 33.79, (B) 32.66, (C) 35.08

kcal per mole. Calculate the composition of the mixture when complete
equilibrium is attained.

18. For the reaction 3 CuCl (g) == Cu,Cl, (g), Brewer and Lofgren [J.
Am. Chem. Soc., 72, 3038 (1950)] found AF° - —126,400 — 12.51Tlog T
+ 104.7 T. What are the AH° and AS° of reaction at 2000°K ? What is the
equilibrium mole fraction of trimer in the gas at 1 atm and 2000°K ?

REFERENCES

Books

1. Kubaschewski, O., and E. L. Evans, Metallurgical Thermochemistry
(London: Butterworth, 1951).

2. Putnam, P. C., Energy in the Future (New York: Van Nostrand, 1953).

. Squire, C. F., Low Temperature Physics (New York: McGraw-Hill, 1953).

4. Wenner, R. R., Thermochemical Calculations (New York: McGraw-Hill,
1941).

Also see Chapter 1, p. 25.

w

ARTICLES

1. Chem. Revs., 39, 357-481 (1946), “Symposium on Low Temperature
Research.”

2. Daniels, F., Scientific American, 191, 58-63 (1954), “‘High Temperature
Chemistry.” )

3. Huffman, H. M., Chem. Revs., 40, 1-14 (1947), “Low Temperature
Calorimetry.”

4. Lemay, P., and R. Oesper, J. Chem. Ed., 23, 158-65, 230-36 (1946),
“Claude Berthollet ”’

5. Oesper, R., J. Chem. Ed., 21, 263-64 (1944), “‘H. Kammerlingh-Onnes.”

6. Urey, H. C., J. Chem. Soc., 562-81 (1947), “Thermodynamic Properties
of Isotopic Substances.”

7. Walden, P., J. Chem. Ed., 31, 27-33 (1954), “Beginnings of the Doctrine
of Chemical Affinity.”

8. Watson, R. G., Research, 7, 34-40 (1954), “Electrochemical Generation
of Electricity.”



CHAPTER 5

Changes of State

1. Phase equilibria. Among the applications of thermodynamics is the
study of the equilibrium conditions for changes such as the meliing of ice,
the solution of sugar, the vaporization of benzene, or the transformation of
monoclinic to rhombic sulfur. Certain fundamental principles are applicable
to all such phenomena, which are examples of “changes in state of aggrega-
tion” or “phase changes.”

The word phase is derived from the Greek gaais, meaning “appearance.”
If a system is “‘uniform throughout, not only in chemical composition, but
also in physical state,” it is said to be homogeneous, or to consist of only
one phase. Examples are a volume of air, a noggin of rum, or a cake of ice.
Mere difference in shape or in degree of subdivision is not enough to deter-
mine a new phase. Thus a mass of cracked ice is still only one phase.?

A system consisting of more than one phase is called heterogeneous.
Each physically or chemically different, homogeneous, and mechanically
separable part of a system constitutes a distinct phase. Thus a glassful of
water with cracked ice in it is a two-phase system. The contents of a flask
of liquid benzene in contact with benzene vapor and air is a two-phase
system; if we add a spoonful of sugar (practically insoluble in benzene) we
obtain a three-phase system: a solid, a liquid, and a vapor phase.

In systems consisting entirely of gases, only one phase can exist at equi-
librium, since all gases are miscible in all proportions (unless, of course, a
chemical reaction intervenes, e.g., NH; + HCI). With liquids, depending on
their mutual miscibility, one, two, or more phases can arise. Many different
solid phases can coexist.

2. Components. The composition of a system may be completely de-
scribed in terms of the “components” that are present in it. The ordinary
meaning of the word “component” is somewhat restricted in this technical
usage. We wish to impose a requirement of economy on our description of
the system. This is done by using the minimum number of chemically distinct
constituents necessary to describe the composition of each phase in the
system. The constituents so chosen are the components. If the concentrations
of the components are stated for each phase, then the concentrations in each
phase of any and all substances present in the system are uniquely fixed.
This definition may be expressed more elegantly by saying that the com-

1 J, Willard Gibbs.
% This is because we are assuming, at this stage in our analysis, that a variable surface
area has no appreciable effect on the properties of a substance.
99



100 CHANGES OF STATE [Chap. 5

ponents are those constituents whose concentrations may be independently
varied in the various phases.

Consider, for example, a system consisting of liquid water in contact
with its vapor. We know that water is composed of hydrogen and oxygen,
but these elements are always present in fixed and definite proportions. The
system therefore contains one component only.

Another example is the system consisting of calcium carbonate, calcium
oxide, and carbon dioxide. A chemical reaction between these compounds is
possible, CaCO; == CaO +- CO,. In this case, three phases are present,
gaseous CQ,, solid CaCO,3 and CaO. Two components are required in order
to describe the composition of all of these phases, the most suitable choice
being CaO and CO,.

A less obvious example is the system formed by water and two salts
without a cemmon ion, e.g., H,O, NaCl, KBr. As a result of interaction
between ions in solution four different salts, or their hydrates, may occur in
solid phases, namely NaCl, KBr, NaBr, KCI. In order to specify the com-
position of all possible phases, four components are necessary, consisting of
water and three of the possible salts. This fixes the concentrations of three
of the four ions in any phase, and the fourth is fixed by the requirement of
over-all electrical neutrality.

Careful examination of each individual system is necessary in order to
decide the best choice of components. It is generally wise to choose as com-
ponents those constituents that cannot be converted into one another by
reactions occurring within the system. Thus CaCO; and CaO would be a
possible choice for the CaCOz = CaO + CO, system, but a poor choice
because the concentrations of CO, would have to be expressed by negative
quantities. While the identity of the components is subject to some degree
of choice, the number of components is always definitely fixed for any
given case.

Even the last statement should perhaps be modified, because the actual
choice of the number of components depends on how precisely one wishes
to describe a system. In the water system, there is always some dissociation
of water vapor into hydrogen and oxygen. At moderate temperatures, this
dissociation is of no consequence in any experimental measurements, and to
consider it in deciding the number of components would be unduly scrupu-
lous.® The precision with which experimental data on the system can be
obtained should be allowed to decide borderline cases.

3. Degrees of freedom. For the complete description of a system, the
numerical values of certain variables must be reported. These variables are

3 It is worth noting that the mere dissociation of water into hydrogen and oxygen does
not create new components, because the proportion of H, to O, is always fixed at 2:1,
since we exclude the possibility that additional H, or O, can be added to the system.
The reason why an extra component, either H, or O,, might conceivably be required is

that H, and O, dissolve to different extents in the water, so that their ratio is no longer
fixed at 2:1 in each phase.
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chosen from among the *‘state functions” of the system, such as pressure,
temperature, volume, energy, entropy, and the concentrations of the various
components in the different phases. Values for all of the possible variables
need not be explicitly stated, for a knowledge of some of them definitely
determines the values of the others. For any complete description, however,
at least one capacity factor is required, sincc otherwise the mass of the system
is undetermined, and one is not able, for example, to distinguish between a
system containing a ton of water and one containing a few drops.

An important feature of equilibria between phases is that they are in-
dependent of the actual amounts of the phases that may be present.* Thus
the vapor pressure of water above liquid water in no way depends on the
volume of the vessel or on whether a few milliliters or many gallons of water
are in equilibrium with the vapor phase. Similarly, the concentration of a
saturated solution of salt in water is a fixed and definite quantity, regardless
of whether a large or a small excess of undissolved salt is present.

In discussing phase equilibria, we therefore need not consider the capacity
factors, which express the absolute bulk of any phase. We consider only the
intensity factors, such as temperature, pressure, and concentrations. Of these
variables a certain number may be independently varied, but the rest are
fixed by the values chosen for the independent variables and by the thermo-
dynamic requirements for equilibrium. The number of the intensive state
variables that can be independently varied without changing the number of
phases is called the number of degrees of freedom of the system, or sometimes
the variance.

For example, the state of a certain amount of a pure gas may be specified
completely by any two of the variables, pressure, temperature, and density.
If any two of these are known, the third can be calculated. This is therefore
a system with two degrees of freedom, or a bivariant system.

In the system ‘‘water—water vapor,” only one variable need be specified
to determine the state. At any given temperature, the pressure of vapor in
equilibrium with liquid water is fixed in value. This system has one degree
of freedom, or is said to be univariant.

4. Conditions for equilibrium between phases. In a system containing
several phases, certain thermodynamic requirements for the existence of
equilibrium may be derived.

For thermal equilibrium it is necessary that the temperatures of all the
phases be the same. Otherwise, heat would flow from one phase to another.
This intuitively recognized condition may be proved by considering two
phases « and f at temperatures 7% T*. The condition for equilibrium at
constant volume and composition is given on p. 59 as dS = 0. Let $* and
SP be the entropies of the two phases, and suppose there were a transfer of
heat dq from « to B at equilibrium.

4 This statement is proved in the next Section. It is true as long as surface area variations
are left out of consideration. (See Chapter 16.)
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o o  dq
Then dS = dS* 4+ dS?P = 0 or —7_;+ﬁ=0

whence T* =T (5.1)

For mechanical equilibrium it is necessary that the pressures of all the
phases be the same. Otherwise, one phase would increase in volume at the
expense of another. This condition may be derived from the equilibrium
condition at constant over-all volume and temperature, d4 = 0. Suppose
one phase expanded into another by 6. Then

P*OV — PPOV <0
or P* = PP (5.2)

In addition to the conditions given by egs. (5.1) and (5.2), a condition is
needed that expresses the requirements of chemical equilibrium. Let us con-
sider the system with phases « and # maintained at constant temperature
and pressure, and denote by n%, n.’, the numbers of moles of some particular
component i in the two phases. From eq. (3.28) the equilibrium condition

becomes dF -- 0, or
dF* | dFf =0 (5.3)

Suppose that a process occurred by which én, moles of component i were
taken from phase « and added to phase f. (This process might be a chemical
reaction or a change in aggregation-state.) Then, by virtue of eq. (4.28),
eq. (5.3) becomes

—u2on, + pnfon, =0
or pe =t (5.49)

This is the general condition for equilibrium with respect to transport of
matter between phases, including chemical equilibrium between phases. For
any component / in the system, the value of the chemical potential x, must
be the same in every phase.

An important symmetry between the various equilibrium conditions is
apparent in the following summary:

Capacity Intensity Equilibrium

Sfactor factor condition
A} T Te =TF
Vv P Po =P8
n My m = pf

S. The phase rule. Between 1875 and 1878, Josiah Willard Gibbs, Pro-
fessor of Mathematical Physics at Yale University, published in the Trans-
actions of the Connecticut Academy of Sciences a series of papers entitled
“On the Equilibrium of Heterogeneous Substances.” In these papers Gibbs
disclosed the entire science. of heterogeneous equilibrium with a beauty and
preciseness never before and seldom since seen in thermodynamic studies.
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Subsequent investigators have had little to do save to provide experimental
illustrations for Gibbs’s equations.

The Gibbs phase rule provides a general relationship among the degrees
of freedom of a system f, the number of phases p, and the number of com-
ponents c. This relationship always is

f=c—p+2 (5.5)

The derivation proceeds as follows:

The number of degrees of freedom is equal to the number of intensive
variables required to describe a system, minus the number that cannot be
independently varied. The state of a system containing p phases and ¢ com-
ponents is specified at equilibrium if we specify the temperature, the pressure,
and the amounts of each component in each phase. The total variables
required in order to do this are therefore pc - 2.

Let n* denote the number of moles of a component 7 in a phase «. Since
the size of the system, or the actual amount of material in any phase, does
not affect the equilibrium, we are really incerested in the relative amounts of
the components in the different phases and not in their absolute amounts.
Therefore, instead of the mole numbers n 2, the mole fractions X,* should be
used. These are given by

a n2
Y s
J
For each phase, the sum of the mole fractions equals unity.
XE+ X5+ X b 4 Xx=
or > X =1 (5.6)

If all but one mole fraction are specified, that one can be calculated from
€q. (5.6). If there are p phases, there are p equations similar to eq. (5.6), and
therefore p mole fractions that need not be specified since they can be cal-
culated. The total number of independent variables to be specified is thus
pc+2—porplc—1)4 2.

At equilibrium, the eqs. (5.4) impose a set of further restraints on the
system by requiring that the chemical potentials of each component be the
same in every phase. These conditions are expressed by a set of equations
such as:

=l = = -
pet = =g = (C))
s =tucp =p =. ..

Each equality sign in this set of equations signifies a condition imposed on
the system, decreasing its variance by one. Inspection shows that there are
therefore c(p — 1) of these conditions.
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The degrees of freedom equal the total required variables minus the
restraining conditions. Therefore

f=plc—=1D+2—cp—1)
f=c—-—-p+2 (5.8)
6. Systems of one component—water. In the remainder of this chapter,
systems of one component will be considered. These systems comprise the

study of the conditions of equilibrium in changes in the state of aggregation
of pure substances.
From the phase rule, when ¢ = I, f= 3 -~ p, and three different cases
are possible:
p=Lf=2 bivariant system
p=2,f=1 univariant system
p—3/—-0 invariant system

These situations may be illustrated by the water system, with its three
familiar phases, ice, water, and steam. Since the maximum number of degrees
of freedom is two, any one-component system can be represented by a two-
dimensional diagram. The most convenient variables are the pressure and
the temperature. The water system is shown in Fig. 5.1.
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Fig. 5.1. The water system—schematic. (Not drawn to scale.)

The diagram is divided into three areas, the fields of existence of ice,
water, and steam. Within these single-phase areas, the system is bivariant,
and pressure and temperatire may be independently varied.
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Separating the areas are lines connecting the points at which two phases
may coexist at equilibrium. Thus the curve AC dividing the liquid from the
vapor region is the familiar vapor-pressure curve of liquid water. At any
given temperature there is one and only one pressure at which water vapor
is in equilibrium with liquid water. The system is univariant, having one
degree of freedom. The curve AC has a natural upper limit at the point C,
which is the critical point, beyond which the liquid phase is no longer
distinguishable from the vapor phase.

Similarly, the curve AB is the sublimation-pressure curve of ice, giving
the pressure of water vapor in equilibrium with solid ice, and dividing the
ice region from the vapor region.

The curve A D divides the solid-ice region from the liquid-water region.
It shows how the melting temperature of ice or the freezing temperature of
water varies with the pressure. It is still an open question whether such
curves, at sufficiently high pressures, ever have a natural upper limit beyond
which solid and liquid are indistinguishable.

These three curves intersect at a point A, at which solid, liquid, and vapor
are simultaneously at equilibrium. This point, which occurs at 0.0075°C and
4.579 mm pressure, is called a triple paint. Since three phases coexist, the
system is invariant. There are no degrees of freedom and neither pressure
nor temperature can be altered even slightly without causing the disappear-
ance of one of the phases.

It should be noted that this triple point is not the same as the ordinary
melting point of ice, which by definition is the temperature at which ice and
water are in equilibrium under an applied pressure of 1 atm or 760 mm.
This temperature is, by definition, 0°C.

Liquid water may be cooled below its freezing point without solidifying.
In AE we have drawn the vapor-pressure curve of this supercooled water,
which is a continuous extension of curve AC. It is shown as a dotted line
on the diagram since it represents a metastable system. Note that the meta-
stable vapor pressure of supercooled water is higher than the vapor pressure
of ice.

The slope of the curve 4 D, the melting-point curve, is worth remarking.
It shows that the melting point of ice is decreased by increasing pressure.
This is a rather unusual behavior; only bismuth and antimony among
common substances behave similarly. These substances expand on freezing.
Therefore the Le Chatelier principle demands that increasing the pressure
should lower the melting point. The popularity of ice skating and the flow
of glaciers are among the consequences of the peculiar slope of the melting
point curve for ice. For most substances, the density of the solid is greater
than that of the liquid, and by Le Chatelier’s principle, increase in pressure
raises the melting point.

7. The Clapeyron-Clausius equation. There are two fundamental theoreti-
cal equations that govern much of the field of phase equilibrium. The first
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is the Gibbs phase rule, which determines the general pattern of the phase
diagram. The second is the Clapeyron-Clausius equation, which determines
the slopes of the lines in the diagram. It is a quantitative expression for the
Le Chatelier principle as it applies to heterogeneous systems. First proposed
by the French engineer Clapeyron in 1834, it was placed on a firm thermo-
dynamic foundation by Clausius, some thirty years later.

From eq. (5.4) the condition for equilibrium of a component i between
two phases, « and f, is u,* = u,”. For a system of one component, the
chemical potentials « are identical with the free energies per mole F, so that
F* == F* at equilibrium. Consider two different equilibrium states, at slightly
separated temperatures and pressures:

(1) T, P, F* = FP.

(2) T+ dT, P + dP, F* + dF* = Ff {- dF’.

It follows that dF* = dF®. The change in F with T and P is given by
€q. (3.29), dF = V dP — S dT. Therefore, V* dP — S* dT =- VBdP — SPdT, or

P Sf — S* AS
dr VP —v* AV

If the heat of the phase transformation is 4, AS is simply A4/T where T
is the temperature at which the phase change is occurring. The Clapeyron-
Clausius equation is now obtained as

dpP A
dT  TAV

This equation is applicable to any change of state: fusion, vaporization,
sublimation, and changes between crystalline forms, provided the appro-
priate latent heat is employed.

In order to integrate the equation exactly, it would be necessary to know
both 4 and AV as functions of temperature and pressure.® The latter corre-
sponds to a knowledge of the densities of the two phases over the desired
temperature range. In most calculations over short temperature ranges,
however, both 2 and AV may be taken as constants.

In the case of the change “liquid = vapor,” several approximations are
possible, leading to a simpler equation than eq. (5.10),

dP Ay

ar TV, — V)
Neglecting the volume of the liquid compared with that of the vapor, and
assuming ideal gas behavior for the latter, one obtains

dinP A,
dT  RT?
8 A good discussion of the temperature variation of 4 is given by Guggenheim, Modern

Thermodynamics, p. 5. The variation with pressure of 2 and A¥ is much less than that with
temperature.

(5.9

(5.10)

(5.11)

(5.12)
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A similar equation would be a good approximation for the sublimation
curve.
Just as was shown for eq. (3.36), this may also be written
dinP A
dajT)y R
If the logarithm of the vapor pressure is plotted against 1/T, the slope of
the curve at any point multiplied by —R yields a value for the heat of vapori-
zation. In many cases, since 2 is effectively constant over short temperature
ranges, a straight-line plot is obtained. This fact is useful to remember in
extrapolating vapor pressure data.
When A is taken as constant, the integrated form of eq. (5.12) is

P A1 1
mf 4 (__ _ ,_) 5.14
"p R\T, T, G.19

An approximate value for 4,,, can often be obtained from Trouton’s
Rule (1884):

(5.13)

Pvap

A 22 cal deg™! mole™!

b
The rule is followed fairly well by many nonpolar liquids (Sec. 14-8). It is
equivalent to the statement that the entropy of vaporization is approximately
the same for all such liquids.

8. Vapor pressure and external pressure. It is of interest to consider the
effect of an increased hydrostatic pressure on the vapor pressure of a liquid.
Let us suppose that an external hydrostatic pressure P, is imposed on a
liquid of molar volume V,. Let the vapor pressure be P, and the molar
volume of the vapor V,. Then at equilibrium at constant temperature:
dFy,y == dFy, or V,dP =V, dP,

PV,
= - 5.15
ar,” v, G-

This is sometimes called the Gibbs equation. If the vapor is an ideal gas, this
equation becomes

or

Since the molar volume of the liquid does not vary greatly with pressure,
this equation may be integrated approximately, assuming constant V:
P, V(P —P,
In =2 = VP — Pey) (5.16)
P, RT
In theory, one can measure the vapor pressure of a liquid under an
applied hydrostatic pressure in only two ways: (1) with an atmosphere of
“inert” gas; (2) with an ideal membrane semipermeable to the vapor. In
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practice, the inert gas will dissolve in the liquid, so that the application of
the Gibbs equation to the problem is dubious. The second case is treated in
the theory of osmotic pressure.

As an example of the use of eq. (5.16), let us calculate the vapor pressure of
mercury under an external pressure of 1000 atm at 100°C. The density is
13.352 gem ~3; hence ¥V, = M/p = 200.61/13.352 = 15.025 cm3, and
Py 15.025(1000 — 1)

I = 8205 x 3732~ 04902
Therefore, P,/P, = 1.633. The vapor pressure at | atm is 0.273 mm, so that
the calculated vapor pressure at 1000 atm is 0.455 mm.

9. Experimental measurement of vapor pressure. Many different experi-
mental arrangements have been employed in vapor-pressure measurements.
One of the most convenient static methods is the Smith-Menzies isoteniscope
shown in Fig. 5.2. The bulb and short attached U-tube are filled with the

TO AIR
=
= r i 3 TO VACUUM
THERMOMETER 1
ﬁ = i
BALLAST
VOLUME
ISOTENIS

THERMOSTAT MANOMETER

Fig. 5.2. Vapor pressure measurement with isoteniscope.

liquid to be studied, which is allowed to boil vigorously until all air is re-
moved from the sample side of the U-tube. At each temperature the external
pressure is adjusted until the arms of the differential U-tube manometer are
level, and the pressure and temperature are then recorded.

The gas-saturation method was used extensively by Ramsay and Young.
An inert gas is passed through the liquid maintained in a thermostat. The
volume of gas used is measured, and its final vapor content or the loss in
weight of the substance being studied is determined. If care is taken to ensure
saturation of the flowing gas, the vapor pressure of the liquid may readily
be calculated.

Some experimentally measured vapor pressures are collected® in
Table 5.1.

¢ A very complete compilation is given by D. R. Stull, Ind. Eng. Chem., 39, 517-550
(1947). ’
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TABLE 5.1
TYPICAL VAPOR PRESSURE DATA
Vapor Pressure in Millimeters of Mercury
Temp. e e e o
(Y(®)
CCl, CH3COOH | C;H,OH | (C,Hy),0 | C;H,q |C4H;CH, 1H,0
— ' ————— - —— — —— e
|
0 — , — 12.2 185.3 11.45 — 4.579
10 — ! -- 23.6 291.7 20.5 — 9.209
20 91 | 11.7 43.9 442.2 35.5 — 17.535
30 143.0 | 20.6 78.8 647.3 58.35 36.7 31.824
40 215.8 ; 34.8 135.3 921.3 92.05 59.1 55.324
50 317.1 56.6 2222 1277 140.9 92.6 92.51
60 450.8 88.9 352.7 — 208.9 139.5 149.38
70 622.3 136.0 542.5 — 302.3 202.4 233.7
80 843 202.3 812.6 — 426.6 289.7 355.1
90 1122 293.7 1187 ! — 588.8 404.6 525.76
100 1463 417.1 — — 795.2 557.2 760.00
1

10. Solid-solid transformations—the sulfur system. Sulfur provides the
classical example of a one-component system displaying a solid-solid trans-
formation. The phenomenon of polymorphism, discovered by Mitscherlich
in 1821, is the occurrence of the same chemical substance in two or
more different crystalline forms. In the case of elements, it is called
allotropy.

Sulfur occurs in a low-temperature rhombic form and a high-temperature
monoclinic form. The phase diagram for the system is shown in Fig. 5.3.
The pressure scale in this diagram has been made logarithmic in order to
bring the interesting low-pressure regions into prominence.

The curve 4B is the vapor-pressure curve of solid rhombic sulfur. At
point B it intersects the vapor-pressure curve of monoclinic sulfur BE, and
also the transformation curve for rhombic-monoclinic sulfur, BD. This inter-
section determines the triple point B, at which rhombic and monoclinic sulfur
and sulfur vapor coexist. Since there are three phases and one component,
f=c¢—p42=3—3-=0,and point Bis an invariant point. It occurs at
0.01 mm pressure and 95.5°C.

The density of monoclinic sulfur is less than that of rhombic sulfur, and
therefore the transition temperature (S, = 8,,) increases with increasing
pressure.

Monoclinic sulfur melts under its own vapor pressure of 0.025 mm at
120°C, the point E on the diagram. From E to the critical point F there
extends the vapor-pressure curve of liquid sulfur EF. Also from E, there
extends the curve ED, the melting-point curve of monoclinic sulfur. The
density of liquid sulfur is less than that of the monoclinic solid, the usual
situation in a solid-liquid transformation, and hence ED slopes to the right
as shown. The point E is a triple point, S,,-S;;;-Sy,.

The slope of BD is greater than that of ED, so that these curves intersect
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at D, forming a third triple point on the diagram, S,-S,,-S;;,. This occurs at
155° and 1290 atm. At pressures higher than this, rhombic sulfur is again
the stable solid form, and DG is the ‘melting-point curve of rhombic sulfur
in this high-pressure region. The range of stable existence of monoclinic
sulfur is confined to the totally enclosed area BED.

Besides the stable equilibria represented by the solid lines, a number of
metastable equilibria are easily observed. If rhombic sulfur is heated quite
rapidly, it will pass by the transition point B without change and finally melt
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Fig. 5.3. The sulfur system.

to liquid sulfur at 114°C (point H). The curve BH is the metastable vapor-
pressure curve of rhombic sulfur, and the curve EH is the metastable vapor
pressure curve of supercooled liquid sulfur. Extending from H to D is the
metastable rhombic melting-point curve. Point H is a meuastable triple point,
Sr'Squ'svup'

All these metastable equilibria are quite easily studied because of the
extreme sluggishness that characterizes the rate of attainment of equilibrium
between solid phases.

In this discussion of the sulfur system, the well-known equilibrium
between Sy and S, in liquid sulfur has not been taken into consideration. If
this occurrence of two distinct forms of liquid sulfur is considered, the sulfur
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system can no longer be treated as a simple one-component system, but
becomes a “pseudobinary” system.”

11. Enantiotropism and monotropism. The transformation of monoclinic
to rhombic sulfur under equilibrium conditions of temperature and pressure
is perfectly reversible. This fact is, of course, familiar, since the transforma-
tion curve represents a set of stable equilibrium conditions. Such a change
between two solid forms, occurring in a region of the phase diagram where
both are stable, is called an enantiotropic change.

On the other hand, there are cases in which the transformation of one
solid form to another is irreversible. The classical example occurs in the

ENANTIOTROPISM MONOTROPISM

T T
Fig. 5.4. Enantiotropic and monotropic changes.

phosphorus system, in the relations between white (cubic) phosphorus and
violet (hexagonal) phosphorus. When white phosphorus is heated, trans-
formation into violet phosphorus occurs at an appreciable rate at tem-
peratures above 260°; but solid violet phosphorus is never observed to
change into solid white phosphorus under any conditions. In order to obtain
white phosphorus, it is necessary to vaporize the violet variety, whereupon
the vapor condenses to white phosphorus.

Such an irreversible solid-state transformation is called a monotropic
change. 1t may be characterized by saying that one form is metastable with
respect to the other at all temperatures up to its melting point. The situa-
tion is shown schematically in Fig. 5.4. The transition point (metastable)
between the two solid forms in this case lies above the melting point of
either form.

7 If S and S, came to equilibrium quickly when the T or P of the liquid was changed,
the sulfur system would still have only one component (unary system) as explained in foot-
note 3. If S; and S, were present in fixed proportions, which did not change with 7 and P,
because the time of transformation was very long compared with the time of the experiment,
the sulfur system would have two components (binary system). In fact it appears that the
time of transformation is roughly comparable with the time of most experiments, so that
the observed behavior is partly unary and partly binary, being called *pseudobinary.”
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Actually, the phosphorus case is complicated by the occurrence of several
molecular species, P,, P,, Pg, and so on, so that considerations based on a
one-component system must be applied with caution.

12. Second-order transitions. The usual change of state (solid to liquid,
liquid to vapor, etc.) is called a first-order transition. At the transition tem-
perature T, at constant pressure, the free energies of the two forms are equal,
but there is a discontinuous change in the slope of the F vs. T curve for the
substance at T,. Since (0F/OT) == —S, there is therefore a break in the
S vs. T curve, the value of AS at T, being related to the observed latent heat
for the transition by AS = A/T,. There is also a discontinuous change in
volume AV, since the densities of the two forms are not the same.

A number of transitions have been studied in which no latent heat or
density change can be detected. Examples are the transformation of certain
metals from ferromagnetic to paramagnetic solids at their Curie points, the
transition of some metals at low temperatures to a condition of electric
superconductivity, and the transition observed in helium from one liquid
form to another.® In these cases, there is a change in slope, but no dis-
continuity, in the S vs. T curve at T,. As a result, there is a break AC, in
the heat capacity curve, since C, = T(dS/dT)p. Such a change is called a
second-order transition.

13. High-pressure studies. It is only a truism that our attitude toward
the physical world is conditioned by the scale of magnitudes provided in
our terrestrial environment. We tend, for example, to classify pressures or
temperatures as high or low by comparing them with the fifteen pounds per
square inch and 70°F of a spring day in the laboratory, despite the fact that
almost all the matter in the universe exists under conditions very different
from these. Thus, even at the center of the earth, by no means a large astro-
nomical body, the pressure is around 1,200,000 atm, and substances at this
pressure would have properties quite unlike those to which we are accus-
tomed. At the center of a comparatively small star, like our sun, the pressure
would be around ten billion atmospheres.

The pioneer work of Gustav Tammann on high-pressure measurements
has been greatly extended over the past twenty years by P. W. Bridgman
and his associates at Harvard. Pressures up to 400,000 atm have been
achieved and methods have been developed for measuring the properties of
substances at 100,000 atm.?

The attainment of such pressures has been made possible by the con-
struction of pressure vessels of alloys such as Carboloy, and by the use of a
multiple-chamber technique. The container for the substance to be studied
is enclosed in another vessel, and pressure is applied both inside and outside
the inner container, usually by means of hydraulic presses. Thus although

8 W. H. Keesom, Helium (Amsterdam: Elsevier, 1942).
® For details see P. W. Bridgman, The Physics of High Pressures (London: Bell & Co.,
1949), and his review article, Rev. Mod. Phys., 18, 1 (1946).
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the absolute pressure in the inner vessel may be 100,000 atm, the pressure
differential that its walls must sustain is only 50,000 atm.

High-pressure measurements on water yielded some of the most inter-
esting results, which are shown in the phase diagram of Fig. 5.5. The melting
point of ordinary ice (ice I) falls on compression, until a value of —22.0°C
is reached at 2040 atm. Further increase in pressure results in the transforma-
tion of ice I into a new modification, ice III, whose melting point increases
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Fig. 5.5. Water system at high pressures.

with pressure. Altogether six different polymorphic forms of ice have been
found. There are six triple points shown on the water diagram. Ice VII is an
extreme high-pressure form not shown on the diagram; at a pressure of
around 20,000 atm, liquid water freezes to ice VII at about 100°C. Ice 1V is
not shown. Its existence was indicated by the work of Tammann, but it was
not confirmed by Bridgman.

PROBLEMS

1. From the following data, roughly sketch the phase diagram for carbon
dioxide: critical point at 31°C and 73 atm; triple point (solid-liquid-vapor)
at —57° and 5.3 atm; solid is denser than liquid at the triple point. Label
all regions on the diagram.

2. Roughly sketch the phase diagram of acetic acid, from the data:

(a) The low-pressure « form melts at 16.6°C under its own vapor pressure
of 9.1 mm.
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(b) There is a high-pressure B form that is denser than the «, but both
o and B are denser than the liquid.

(c) The normal boiling point of liquid is 118°C.

(d) Phases «, B, liquid are in equilibrium at 55°C and 2000 atm.

3. Sketch the liquid-solid regions of the phase diagram of urethane.
There are three solid forms, «, f, y. The triple points and the volume changes
AV in cc per kg at the triple points are as follows:

(a) lig, «, p P = 2270 atm t = 66°C AV: (1 —a) =253
(i — ) — 35.5
(@ — B) = 10.2
) lig, B,y P = 4090 atm t = T77°C Av: (1 —p) =184
(1 —yp) =640
(B ) = 456
© o, fB,y- P = 3290 atm t = 25.5°C AV: (@ - B) = 9.2
B —y) =482
(x —p) =574

4. The density p of ice at 1 atm and 0°C is 0.917 g per cc. Water under
the same conditions has p — 1.000 g per cc. Estimate the melting point of
ice under a pressure of 400 atm assuming that p for both ice and water is
practically constant over the temperature and pressure range.

5. Bridgman found the following melting points ¢ (°C) and volume
changes on melting AV (cc per g) for Na:

P, kg/cm? . 1 2000 4000 6000
t . . . 976 114.2 129.8 142.5
Av . . 0.0279 0.0236 0.0207 0.0187

Estimate the heat of fusion of sodium at 3000 atm.

6. Estimate the vapor pressure of mercury at 25°C assuming that the
liquid obeys Trouton’s rule. The normal boiling point is 356.9°C.

7. The vapor pressure of solid iodine is 0.25 mm and its density 4.93 at
20°C. Assuming the Gibbs equation to hold, calculate the vapor pressure of
iodine under a 1000-atm argon pressure.

8. In a determination of the vapor pressure of ethyl acetate by the gas
saturation method 100 liters of nitrogen (STP) were passed through a
saturator containing ethyl acetate at 0°C, which lost a weight of 12.8 g.
Calculate vapor pressure at 0°C.

9. The vapor pressures of liquid gallium are as follows:

t,°C . . 1029 1154 1350
P, mm . . 0.01 0.1 1.0

Calculate AH°, AF°, and AS° for the vaporization of gallium at 1154°C.

10. At 25°C, the heat of combustion of diamond is 94.484 kcal per mole
and that of graphite is 94.030. The molar entropies are 0.5829 and 1.3609 cal
per deg mole, respectively. Find the AF for the transition graphite — diamond
at 25°C and 1 atm. The densities are 3.513 g per cc for diamond and 2.260
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for graphite. Estimate the pressure at which the two forms would be in
equilibrium at 25°C. You may assume the densities to be independent of
pressure.

11. Sketch graphs of F, S, V, C, against T at constant P, and P at
constant T, for typical first- and second-order phase transitions.

12. From the data in Table 5.1, plot log P vs. T~ for water and calculate
the latent heats of vaporization of water at 20° and at 80°C.
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CHAPTER 6

Solutions and Phase Equilibria

1. The description of solutions. As soon as systems of two or more com-
ponents are studied, the properties of solutions must be considered, for a
solution is by definition any phase containing more than one component.
This phase may be gaseous, liquid, or solid. Gases are in general miscible
in all proportions, so that all mixtures of gases, at equilibrium, are solutions.
Liquids often dissolve a wide variety of gases, solids, or other liquids, and
the composition of these liquid solutions can be varied over a wide or narrow
range depending on the particular solubility relationships in the individual
system. Solid solutions are formed when a gas, a liquid, or another solid
dissolves in a solid. They are often characterized by very limited concentra-
tion ranges, although pairs of solids are known, for example copper and
nickel, that are mutually soluble in all proportions.

It is often convenient in discussing solutions to call some components
the solvents and others the solutes. It should be recognized, however, that
the only distinction between solute and solvent is a verbal one, although the
solvent is usually taken to be the constituent present in excess.

The concentration relations in solutions are expressed in a variety of
units. The more important of these are summarized in Table 6.1.

TABLE 6.1
CONCENTRATION OF SOLUTIONS
Name Symbol Definition
Molar c Moles of solute in [ liter solution
Molal m Moles of solute in 1000 g solvent
Volume molal m’ Moles of solute in 1 liter solvent
Weight per cent A Grams of solute in 100 g solution
Mole fraction X Moles of solute divided by total

number of moles of all components

2. Partial molar quantities: partial molar volume. The equilibrium prop-
erties of solutions are described in terms of the thermodynamic state func-
tions, such as P, T, V, E, S, F, H. One of the most important problems in
the theory of solutions is how these properties depend on the concentrations
of the various components. In discussing this question, it will be assumed
that the solution is kept at constant over-all pressure and temperature.

Consider a solution containing n, moles of 4 and ng moles of B. Let the
volume of the solution be ¥, and assume that this volume is so large that

11K
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the addition of one extra mole of A or of B does not change the concentration
of the solution to an appreciable extent. The change in volume caused by
adding one mole of A to this large amount of solution is then called the
partial molar volume of A in the solution at the specified pressure, tempera-
ture, and concentration, and is denoted by the symbol V. It is the change
of volume ¥, with moles of A4, n,, at constant temperature, pressure; and
moles of B, and is therefore written as

7 () 6.1)
i ony pen,

One reason for introducing such a function is that the volume of a
solution is not, in general, simply the sum of the volumes of the individual
components. For example, if 100 ml of alcohol are mixed at 25°C with
100 ml of water, the volume of the solution is not 200 ml, but about 190 ml.
The volume change on mixing depends on the relative amount of each
component in the solution.

If dn ; moles of 4 and dnj; moles of B are added to a solution, the increase
in volume at constant temperature and pressure is given by the complete

differential,
v oV
dv - (——) dn, + (‘_—) dng
on,q ng ongla,
or dv =V dn, + V,dny (6.2)

This expression can be integrated, which corresponds physically to increasing
the volume of the solution without changing its composition, ¥, and ¥,
hence being held constant.! The result is

V= Vg + Vyny (6.3)

This equation tells us that the volume of the solution equals the number of
moles of A4 times the partial molar volume of A, plus the number of moles
of B times the partial molar volume of B.

On differentiation, eq. (6.3) yields

dV = VA dnA "}‘ nA dVA +‘ Vb’ dnn ‘+‘ anVB
By comparison with eq. (6.2), it follows that
”AdVA ‘+—n”dVB = 0

or dv, = —"Bap, (6.4)
ny

Equation (6.4) is one example of the Gibbs- Duhem equation. This par-
ticular application is in terms of the partial molar volumes, but any other
! Mathematically, the integration is equivalent to the application of Euler’s theorem to

the homogeneous differential expression. See D. V. Widder, Advanced Calculus (New York:
Prentice-Hall, 1947), p. 15.
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partial molar quantity may be substituted for the volume. These partial
molar quantities can be defined for any extensive state function. For example:

oS OH - OF
B ), e, ()
! on 7,0, & on g TP, 4 on 4 T,Pny

The partial molar quantities are themselves intensity factors, since they
are capacity factors per mole. The partial molar free energy is the chemical
potential .

All the thermodynamic relations derived in earlier chapters can be
applied to the partial molar quantities. For example:

DF_,) (8/14) _ (8/4 ,) (aﬁ4)
L ~TEAY - p Yt o a) o '
( DP T DP T - aT I SA’ aT » C[ A (6 5)

The general thermodynamic theory of solutions is expressed in terms of
these partial molar functions and their derivatives just as the theory for
pure substances is based on the ordinary thermodynamic functions.

3. The determination of partial molar quantities. The evaluation of the
partial quantities will now be described, using the partial molar volume as
an example. The methods for A, S,, F,, and so on, are exactly similar.

The partial molar volume F,, defined by eq. (6.1), is equal to the slope
of the curve obtained when the volume of the solution is plotted against the
molal concentration of 4. This follows since the molal concentration m,, is
the number of moles of 4 in a constant quantity, namely 1000 grams, of
solvent B.

The determination of partial molar volumes by this slope method is
rather inaccurate; the method of intercepts is therefore usually preferred. To
employ this method, a quantity is defined, called the molar volume of the
solution v, which is the volume of the solution divided by the total number
of moles of the various constituents. For a two-component solution:

Vv
V= —
ny -t ng
Then, V=uv(ny+ np)
vV d
and Py= (—) =0+ (ny + ng) (—i) (6.6)
an‘l n anA n
B B

Now the derivative with respect to mole number of A4, ng, is transformed
into a derivative with respect to mole fraction of B, Xp.

(5w, = (52
ong, dXp\ong/,

ng, (aXB) _ ny
g

s -8B

since Xy = ot "B)é

— CE—Y
ny + ng
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n dv
Th . (6.6 D Py=v——2 —
us eq. (6.6) becomes 4=V n ko dx,
dv
VA =0 — Xb’ ;Iil; (6.7)

The application of this equation is illustrated in Fig. 6.1, where v for a
solution is plotted against the mole fraction. The slope S,S, is drawn tangent
to the curve at point P, corresponding to a definite mole fraction Xj'. The
line 4,4, is drawn through P parallel to 0,0,. Therefore the distance

S2
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MOLE FRACTION OF B-Xg
Fig. 6.1. Determination of partial molar volumes—intercept method.

0,4, = ', the molar volume corresponding to Xj'. The distance S;4, is
equal to the slope at X' multiplied by X}, i.e., to the term in eq. (6.7),
Xp (dv/dXy). Tt follows that O,S, == 0,4, — S,4, equals V,, the partial
molar volume of A in the solution. It can readily be shown that the intercept
on the other axis, 0,S,, is the partial molar volume of B, V. This con-
venient intercept method is the one usually used to determine partial molar
quantities. It is not restricted to volumes, but can be applied to any extensive
state function, S, H, E, F, and so on, given the necessary data. It can also
be applied to heats of solution, and the partial molar heats of solution so
obtained are the same as the differential heats described in Chapter 2.

If the variation with concentration of a partial molar quantity is known
for one component in a binary solution, the Gibbs-Duhem equation (6.4)
permits the calculation of the variation for the other component. This cal-
culation can be accomplished by graphical integration of eq. (6.4). For
example:

_ _|"ap _ _[XB
de_ S
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where X is the mole fraction. If X/ X, is plotted against ¥, the area under
the curve gives the change in ¥, betwéen the upper and lower limits of
integration. The ¥, of pure A is simply the molar volume of pure 4, and
this can be used as the starting point for the evaluation of ¥, at any other
concentration.

4. The ideal solution—Raoult’s Law. The concept of the “ideal gas™ has
played a most important role in discussions of the thermodynamics of gases
and vapors. Many cases of practical interest are treated adequately by means
of the ideal gas approximations, and even systems deviating largely from
ideality are conveniently referred to the norm of behavior set by the ideal
case. It would be most helpful to find some similar concept to act as a guide
in the theory of solutions, and fortunately this is indeed possible. Because
they are very much more condensed than gases, liquid or solid solutions
cannot be expected to behave ideally in the sense of obeying an equation of
state such as the ideal gas law. ldeality in a gas implies a complete absence
of cohesive forces; the internal pressure, (OE/dV ), == 0. Ideality in a solution
is defined by complete uniformity of cohesive forces. If there are two com-
ponents A and B, the forces between 4 and A4, B and B, and A4 and B are
all the same.

A property of great importance in the discussion of solutions is the vapor
pressure of a component above the solution. This partial vapor pressure
may be taken as a good measure of the escaping tendency of the given species
from the solution. The exact measure of this escaping tendency is the fugacity,
which becomes equal to the partial pressure when the vapor behaves as an
ideal gas. The tendency of a component to escape from solution into the
vapor phase is a very direct reflection of the physical state of affairs within
the solution,? so that by studying the escaping tendencies, or partial vapor
pressures, as functions of temperature, pressure, and concentration, we
obtain a description of the properties of the solution.

This method is a direct consequence of the relation between chemical
potential and fugacity. If we have a solution, say of 4 and B, the chemical
potential of A in the solution must be equal to the chemical potential of 4
in the vapor phase. This is related to the fugacity by eq. (4.31), since

g =py+ RTInf, (6.8)

If we know the pressure, the temperature, and the chemical potentials of
the various components, we then have a complete thermodynamic descrip-
tion of a system, except for the absolute amounts of the various phases. The
partial vapor pressures are important because they are an approximate
indication of the chemical potentials.

A solution is said to be ideal if the escaping tendency of each component

 One may think of an analegy in which a nation represents a solution and its citizens
the molecules. If life in the nation is a good one, the tendency to emigrate will be low. This
presupposes, of course, the absence of artificial barriers.
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is proportional to the mole fraction of that component in the solution. It is
helpful to look at this concept from a molecular point of view. Consider an
ideal solution of 4 and B. The definition of ideality then implies that a
molecule of A4 in the solution will have the same tendency to escape into the
vapor whether it is surrounded entirely by other 4 molecules, entirely by
B molecules, or partly by 4 and partly by B molecules. This means that the
intermolecular forces between 4 and A, 4 and B, and B and B, are all
essentially the same. It is immaterial to the behavior of a molecule what
sort of neighbors it has. The escaping tendency of component 4 from such
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Fig. 6.2. Pressures of vapors above solutions of ethylene bromide and
propylene bromide at 85°C. The solutions follow Raoult’s Law.

an ideal solution, as measured by its partial vapor pressure, is accordingly
the same as that from pure liquid A, except that it is proportionately reduced
on account of the lowered fraction of 4 molecules in the solution.

This law of behavior for the ideal solution was first given by Frangois
Marie Raoult in 1886, being based on experimental vapor-pressure data. It

can be expressed as
Py =X Py (6.9)

Here P, is the partial vapor pressure of 4 above a solution in which its
mole fraction is X, and P is the vapor pressure of pure liquid 4 at the
same temperature.
If the component B added to pure A lowers, the vapor pressure, eq. (6.9)
can be written in terms of a relative vapor pressure lowering,
Py — Py

7,_:_; = —X)=Xg (6.10)
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This form of the equation is especially useful for solutions of a relatively
involatile solute in a volatile solvent.

The vapor pressures of the system ethylene bromide—propylene bromide
are plotted in Fig. 6.2. The experimental results almost coincide with the
theoretical curves predicted by eq. (6.9). The agreement with Raoult’s Law
in this instance is very close.

Only in exceptional cases are solutions found that follow Raoult’s Law
closely over an extended range of concentrations. This is because ideality
in solutions implies a complete similarity of interaction between the com-
ponents, which can rarely be achieved.

This equality of interaction leads to two thermodynamic conditions:
(1) there can be no heat of solution; (2) there can be no volume change on
mixing. Hence, AV, uion = 0 and AH,,pi0n = 0.

5. Equilibria in ideal solutions. If we wish to avoid the assumption that
the saturated vapor above a solution behaves as an ideal gas, Raoult’s Law
may be written

Sa= X3 (6.11)

where £, and f; are the fugacities of A in the solution, and in pure A. It is
evident from eq. (6.8) that

du = RTdInf, ~ RTdIn X, (6.12)
Then, following the sort of development given in Section 4-5, one obtains
for the equilibrium constant in an ideal solution
-~ AF° - RTIn K,

X oo X

‘ XAaleb

(6.13)

with K, -

for the typical case.

6. Henry’s Law. Consider a solution of component B, which may be
called the solute, in A4, the solvent. If the solution is sufficiently diluted, a
condition ultimately is attained in which each molecule of B is effectively
completely surrounded by component A. The solute B is then in a uniform
environment irrespective of the fact that 4 and B may form solutions that
are far from ideal at higher concentrations.

In such a very dilute solution, the escaping tendency of B from its uniform
environment is proportional to its mole fraction, but the proportionality
constant k no longer is P3. We may write

Py = kX (6.14)

This equation was established and extensively tested by William Henry
in 1803 in a series of measurements of the pressure dependence of the solu-
bility of gases in liquids. Some results of this type are collected in Table 6.2.
The k’s are almost constant, so that Henry’s Law is nearly but not exactly
obeyed.
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TABLE 6.2

THE SOLUBILITY OF GASES IN WATER (ILLUSTRATING HENRY’S LAW Pg = kX, THE GAs
PRESSURE BEING IN ATM AND Xz BEING THE MOLE FRACTION)

Henry’s Law Constant (k X 107%)
Partial Pressure o o S

(atm)

{ N, at 19.4° 0O, at 23° H, at 23°

I

I
1.18 8.24 4.58 ] -
2.63 8.32 4.59 ‘ 7.76
3.95 i 8.41 4.60 7.77
5.26 8.49 4.68 7.81
6.58 8.59 4.73 7.89
7.90 8.74 4.80 8.00
9.20 8.86 4.88 8.16
1

As an example, let us calculate the volume of oxygen (at STP) dissolved
in 1 liter of water in equilibrium with air at 23°. From eq. (6.14) the mole
fraction of O, is X == Py/k. Since Py — 0.20, and from the table k& =
4.58 x 10%, X, =436 x 1078 In 1 liter of H,O there are 1000/18 =
55.6 moles. Thus X = np/(n, + 55.6), or np = 2.43 x 1074, This number
of moles of oxygen equals 5.45 cc at STP.

Henry’s Law is not restricted to gas-liquid systems, but is followed by a
wide variety of fairly dilute solutions and by all solutions in the limit of
extreme dilution.

7. Two-component systems. For systems of two components the phase
rule, f = ¢ — p + 2, becomes f == 4 — p. The following cases are possible:

p =1, f=13 trivariant system

p=2 f= bivariant system
p=3 f= univariant system
p=4, f=0 invariant system

The maximum number of degrees of freedom is three. A complete
graphical representation of a two-component system therefore requires a
three-dimensional diagram, with coordinates corresponding to pressure,
temperature, and composition. Since a three-dimensional representation is
usually inconvenient, one variable is held constant while the behavior of
the other two is plotted. In this way, plane graphs are obtained showing
pressure vs. composition at constant temperature, temperature vs. com-
position at constant pressure, or pressure vs. temperature at constant
composition.

8. Pressure-composition diagrams. The example of a (P-X) diagram in
Fig. 6.3a shows the system ethylene bromide-propylene bromide, which obeys
Raoult’s Law quite closely over the entire range of compositions. The
straight upper line represents the dependence of the total vapor pressure
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above the solution on the mole fraction in the liquid. The curved lower line
represents the dependence of the pressure on the composition of the vapor.

Consider a liquid of composition X, at a pressure P, (point C on the
diagram). This point lies in a one-phase region, so there are three degrees of
freedom. One of these degrees is used by the requirement of constant tem-
perature for the diagram. Thus for any arbitrary composition X,, the liquid
solution at constant T can exist over a range of different pressures.

As the pressure is decreased along the dotted line of constant com-
position, nothing happens until the liguidus curve is reached at B. At this
point liquid begins to vaporize. The vapor that is formed is richer than the
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Fig. 6.3a. Pressure-composition (mole
fraction) diagram for system obeying
Raoult’s Law.

Fig. 6.3b. Temperature-composition
diagram for system obeying Raoult’s
Law.

liquid in the more volatile component, ethylene bromide. The composition
of the first vapor to appear is given by the point 4 on the vapor curve.

As the pressure is further reduced below B, a two-phase region on the
diagram is entered. This represents the region of stable coexistence of liquid
and vapor. The dotted line passing horizontally through a typical point D
in the two-phase region is called a tie line; it connects the liquid and vapor
compositions that are in equilibrium.

The over-all composition of the system is X,. This is made up of liquid
having a composition X; and vapor having a composition Xj,. The relative
amounts of the liquid and vapor phases required to yield the over-all
composition are given by the lever rule: if (/) is the fraction of liquid
and (v) the fraction® of vapor, ()/(v) = (X3 — Xp)/(Xp — X}). This rule

3 Since a mole fraction diagram is being used, (v) is the fraction of the total number of
moles that is vapor. On a weight fraction diagram, (v) would be the weight fraction that is
vapor.
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is readily proved: It is evident that X, = (NX; + [l — ())]X;, or (/) =
(X,— X)/(X;— Xj). Similarly (v) = 1 — (/) - (X;— X,)/(X; — X;3). Hence
(DH/(v) =(X; — Xp)/(Xy — X)), the lever rule.

As the pressure is still further decreased along BF more and more liquid
is vaporized till finally, at F, no liquid remains. Further decrease in pressure
then proceeds in the one-phase, all-vapor region.

In the two-phase region, the system is bivariant. One of the degrees of
freedom is used by the requirement of constant temperature; only one
remains. When the pressure is fixed in this region, therefore, the compositions
of both the liquid and the vapor phases are also definitely fixed. They are
given, as has been seen, by the end points of the tie line.

9. Temperature-composition diagrams. The temperature-composition dia-
gram of the liquid-vapor equilibrium is the boiling-point diagram of the
solutions at the constant pressure chosen. If the pressure is one atmosphere,
the boiling points are the normal ones.

The boiling-point diagram for a solution in which the solvent obeys
Raoult’s Law can be calculated if the vapor pressures of the pure com-
ponents are known as functions of temperature (Fig. 6.3b). The two end
points of the boiling-point diagram shown in Fig. 6.3b are the temperatures
at which the pure components have a vapor pressure of 760 mm, viz.,
131.5°C and 141.6°C. The composition of the solution that boils anywhere
between these two temperatures, say at 135°C, is found as follows:

According to Raoult’s Law, letting X, be the mole fraction of C,H,Br,,
760 = PyX, + Py(l — X,). At 135° the vapor pressure of C,H,Br, is
835 mm, of C;HgBr,, 652 mm. Thus, 760 = 835 X, + 652(1 -- X,), or
X4 = 0.590, Xp —= 0.410. This gives one intermediate point on the liquidus
curve; the others are calculated in the same way.

The composition of the vapor is given by Dalton’s Law:

P X JMaps 835
vap . _A _ 74 " A =
X, 760 6 0.59 x - = 0.648
P X P, 652
X0 oo B T8 B 041 x = - 0.
B 760 760 X 760 0352

The vapor-composition curve is therefore readily constructed from the
liquidus curve.

10. Fractional distillation. The application of the boiling-point diagram
to a simplified representation of distillation is shown in Fig. 6.3b. The
solution of composition X begins to boil at temperature T;. The first vapor
that is formed has a composition Y, richer in the more volatile component.
If this is condensed and reboiled, vapor of composition Z is obtained. This
process is repeated until the distillate is composed of pure component A. In
practical cases, the successive fractions will each cover a range of com-
positions, but the vertical lines in Fig. 6.3b, may be considered to represent
average compositions within these ranges.

F
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A fractionating column is a device that carries out automatically the
successive condensations and vaporizations required for fractional distilla-
tion. An especially clear example of this is the “bubble-cap” type of column
in Fig. 6.4. As the vapor ascends from the boiler, it bubbles through a film
of liquid on the first plate. This liquid is
somewhat cooler than that in the boiler, so
that a partial condensation takes place. The
vapor that leaves the first plate is therefore
richer than the vapor from the boiler in the
more volatile component. A similar enrich-
ment takes place on each succeeding plate.
Each attainment of equilibrium between
liquid and vapor corresponds to one of the
steps in Fig. 6.3b.

The efficiency of a distilling column is
measured by the number of such equilibrium
stages that it achieves. Each such stage is
called a theoretical plate. In a well designed
bubble-cap column, each unit acts very nearly

—T10
CONDENSER

LIQUID
FEED

b- - /BOILER as one theoretical plate. The performance of

HEATER N\ various types of packed columns is also
Fig. 6.4. Schematic draw-  described in terms of theoretical plates. The
ing of bubble-cap column.  separation of liquids whose boiling points lie

close together requires a column with a con-
siderable number of theoretical plates. The number actually required de-
pends on the cur that is taken from the head of the column, the ratio of
distillate taken off to that returned to the column.?

11. Boiling-point elevation. If a small amount of a nonvolatile solute is
dissolved in a volatile solvent, the solution being sufficiently dilute to behave
ideally, the lowering of the vapor pressure can be calculated from eq. (6.10).
As a consequence of the lowered vapor pressure, the boiling point of the
solution is higher than that of the pure solvent. This fact is evident on
inspection of the vapor pressure curves in Fig. 6.5.

The condition for equilibrium of a component A, the volatile solvent,
between the liquid and vapor phases is simply u,® = pu,'. From eq. (6.12),
st = ud + RTIn X, where u3 is the chemical potential of pure liquid
A, i.e., uyt when X, = 1. At the boiling point the pressure is 1 atm, so that
us® = py, the chemical potential of pure 4 vapor at 1atm. Therefore
(us® = py') becomes u’ = uf + RTIn X 4. For the pure component A, the
chemical potentials u are identical with the molar free energies F. Hence,

F® — F& = RT'n X,

¢ For details of methods for détermining the number of theoretical plates in a column,
see C. S. Robinson and E. R. Gilliland, Fractional Distillation (New York: McGraw-Hill,
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From eq. (3.36), o(F/T)/oT = —H|T?, so that differentiating the above
yields
din X,

dr

Since H® — Hg is the molar heat of vaporization, 4,,,,

HY — H} = —RT?

—dln X, == Avap dr
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SOLUTION - PURE LIQUID -
PURE SOLID PURE SOLID o
EQUILIBRIUM~] [ EQUILIBRIUM S
« 9
[} oV o
I (5785
$
] Q (NN
| ATMp——— === -‘» ——————————— A

-0

]

1

|

]

[}

P

S

7/ b

. Lo

| |

| Lo
|

! : | |
[ 1 ]
[} ] | [}
[ | | '
1 " 1 1
Tm Tmo Tbo Tb
=r -7
FP DEP B.P EL.

Fig. 6.5. Diagram showing the elevation of the boiling point caused by
addition of a nonvolatile solute to a pure liquid.

Taking A as constant over the temperature range, this equation is integrated
between the limits set by the pure solvent (X, = 1, T = T,) and the solution

(Xy= Xy, T=T) ) L
—f AdlnXA——-»—vﬂ ar
1

R Toﬁ
zv,p(l 1)_1m, (T—To)
“InXe=="\r, 7 7) = r "7,

When the boiling-point elevation is not large, TT, can be replaced by 7,2.
If X5 is the mole fraction of solute, the term on the left can be written
—In (1 — Xp), and then expanded in a power series. Writing AT, for the
boiling-point elevation, T — T, we obtain

1 1
‘W=XB+§XB2+§XBS+- ..
0
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When the solution is dilute, X is a small fraction whose higher powers may

be neglected. Then, )

RT,?

ATy =2 X, (6.15)

A’V&p

In the dilute solutions for which eq. (6.15) is valid, it is also a good

approximation to replace X by (WM _)/(W Mp); Wy, Mg, and W, M,
being the masses and molecular weights of solute and solvent. Then,

RT? WyM, RT? Wy

AT,, — . — .
B Avap WAMB Ivap ”/AMB

where /,,, is the latent heat of vaporization per gram. Finally Wg/W Mg
is set equal to m/1000, m being the weight molal concentration, moles of
solute per 1000 grams of solvent. Thus,

2
ATB = e 4 == KBm (6.16)

and K}, is called the molal boiling-point elevation constant.
For example, for water T = 373.2, /,,, = 538 cal per g. Hence

_ (1.986)373.2)*
b= sanyio0n) — M

For benzene, K;; — 2.67; for acetone, 1.67, etc.

The expression (6.16) is used frequently for molecular-weight determination
from the boiling-point elevation. From K and the measured T}, we calculate
m, and then the molecular weight from My = 1000 Wy/mW . For many
combinations of solute and solvent, perfectly normal molecular weights are
obtained. In certain instances, however, there is apparently an association or
dissociation of the solute molecules in the solution. For example, the molec-
ular weight of benzoic acid in acetone solution is found to be equal to the
formula weight of 122.1. In 1 per cent solution in benzene, benzoic acid has
an apparent molecular weight of 242. This indicates that the acid is to a
considerable extent dimerized into double molecules. The extent of associa-
tion s greater in more concentrated solutions, as is required by the Le Chatelier
principle. From molecular-weight determinations at different concentra-
tions, it is possible to calculate the equilibrium constant of the reaction
(C¢H;COOH), = 2 CgH;COOH.

12. Solid and liquid phases in equilibrium. The properties of solutions
related to the vapor pressure are called colligative from the Latin, colligatus,
collected together. They are properties which depend on the collection of
particles present, that is, on the number of particles, rather than on the kind.
A colligative property amenable to the same sort of treatment as the boiling-
point elevation is the depression of the freezing point. That this also has its
origin in the lowering of the vapor pressure in solutions can be seen by
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inspection of Fig. 6.5. The freezing point of pure solvent, T, is lowered to
T,, in the solution.

It should be understood that ‘“‘freezing-point depression curve” and
“solubility curve” are merely two different names for the same thing—that
is, a temperature vs. composition curve for a solid-liquid equilibrium at
some constant pressure, usually chosen as one atmosphere. Such a diagram
is shown in Fig. 6.13 (p. 147) for the system benzene—chloroform. The curve
CE may be considered to illustrate either (1) the depression of the freezing
point of benzene by the addition of chloroform, or (2) the solubility of solid
benzene in the solution. Both interpretations are fundamentally equivalent:
in one case, we consider 7" as a function of ¢; in the other, ¢ as a function of
T. The lowest point E on the solid-liquid diagram is called the eutectic point
(evrniros, “easily melted”).

In this diagram, the solid phases that separate out are shown as pure
benzene (A4) on one side and pure chloroform (B) on the other. It becomes
evident in the next section that this is not exactly correct, since there is
usually at least a slight solid solution of the second component B in the solid
component A. Nevertheless the absence of any solid solution is in many
cases a good enough approximation.

The equation for the freezing-point depression, or the solubility equation
for ideal solutions, is derived by essentially the same method used for the
boiling-point elevation. In order for a pure solid 4 to be in equilibrium with
a solution containing A, it is necessary that the chemical potentials of 4 be
the same in the two phases, 1 ,* = u*. From eq. (6.12) the chemical potential
of component A in an ideal solution is u,' = u% + RTIn X, where u%
is the chemical potential of pure liquid A. Thus the equilibrium condition
can be written u,* = u% + RTIn X,. Now u,* and u% are simply the
molar free energies of pure solid and pure liquid, hence

Fo —F, !
= &7 A —nx, 6.17)

Since we have O(F/T)/oT = —H|T? from eq. (3.36), differentiation of
eq. (6.17) with respect to T yields
_I_{Al — H:{: _ }‘fus . dln XA
RT*  RT* 4T

(6.18)

Integrating this expression from T, the freezing point of pure A, mole
fraction unity, to T, the temperature at which pure solid 4 is in equilibrium
with solution of mole fraction X, we obtain®

% (Tlo — %) =InX," (6.19)

5 It is a good approximation to take ;s independent of T over moderate ranges of
temperature.
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This is the equation for the temperature variation of the solubility X, of a
pure solid in an ideal solution.

As an example, let us calculate the solubility of naphthalene in an ideal
solution at 25°C. Naphthalene melts at 80°C, and its heat of fusion at the
melting point is 4610 cal per mole. Thus, from eq. (6.19),

4610
—9—— (353.271 —-298.271) = 2.303 log X 4

1.986
X = 0.298

This is the mole fraction of naphthalene in any ideal solution, whatever the
solvent may be. Actually, the solution will approach ideality only if the
solvent is rather similar in chemical and physical properties to the solute.
Typical experimental values for the solubility X, of naphthalene in various
solvents at 25°C are as follows: chlorobenzene, 0.317; benzene, 0.296;
toluene, 0.286; acetone, 0.224; hexane, 0.125.

The simplification of eq. (6.19) for dilute solutions follows from the same
approximations used in the boiling-point elevation case. The final expression
for the depression of the freezing point AT, —= T, — T is

AT, = Kpm

RT 2
ith Ky ——2— 6.20
W T (6-20)

For example: water, K, = 1.855; benzene, 5.12; camphor, 40.0, and so on.
Because of its exceptionally large K, camphor is used in a micro method for
molecular-weight determination by freezing-point depression.

13. The Distribution Law. The equilibrium condition for a component 4
distributed between two phases « and B is p* == u.f. From eq. (6.8),
[ =f{. If the solutions are ideal, Raoult’s Law is followed, and f, =
X,f4, where f§ is the fugacity of pure A4 (equal, if the vapor is an ideal
gas, to the vapor pressure Pg. Thus X,*f5 = X f3, or X,* = X, and
as long as the solutions are ideal, the solute A must be distributed equally
between them.

If the solutions do not follow Raoult’s Law, but are sufficiently dilute to
follow Henry’s Law, f, = kX4, and it follows that

X o k o

:\,ﬁ = k_“:” = K, 6.21)
The ratio of the Henry’s Law constants, K, is called the distribution constant
(or distribution coefficient). Thus K, is a function of temperature and pressure.
Equation (6.21) is one form of the Nernst Distribution Law.®

In- a dilute solution, X, = n,/(ny + nyp) ~ ny/ny ~ ¢, Mg/1000 pp,
where c 4 is the ordinary molar concentration and My and p; are the mole-
cular weight and density of the solvent. With this approximation, the ratio

¢ W. Nernst, Z. physik. Chem., 8, 110 (1891).
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of mole fractions is proportional to the ratio of molar concentrations, and
eq. (6.21) becomes
c

~L = Ky (6.22)
C4q

A test of the Law in this form, for the distribution of iodine between water
and carbon bisulfide may be seen in Table 6.3.

TABLE 6.3
DisTRIBUTION OF I, BETWEEN CS, AND H,0 AT 18°

c* g I, per liter CS, . 174 129 66 41 7.6

Aglyper liter HLO . 04l 0.32 0.16 0.10 0,017
Ky = c¥/cP .. 420 400 410 410 440

If association, dissociation, or chemical reaction of the distributed com-
ponent takes place in either phase, modification of the Distribution Law is
required. For example, if a solute S is partly dimerized to S, molecules in
both phases, there will be two distribution equations, one for monomer and
one for dimer, but the two distribution constants will not be independent,
being related through the dissociation constants of the dimers.

Solvent extraction is an important method for the isolation of pure
organic compounds. Apparatus has been developed by L. C. Craig’ at the
Rockefeller Institute to carry out continuously hundreds of successive stages
of extraction by the so-called “‘countercurrent distribution method.”

14. Osmotic pressure. The classical trio of colligative properties, of which
boiling-point elevation and freezing-point depression are the first two
members, is completed by the phenomenon of osmotic pressure.

In 1748, the Abbé Nollet described an experiment in which a solution of
“spirits of wine” was placed in a cylinder, the mouth of which was closed
with an animal bladder and immersed in pure water. The bladder was
observed to swell greatly and sometimes even to burst. The animal membrane
is semipermeable; water can pass through it, but alcohol cannot. The in-
creased pressure in the tube, caused by diffusion of water into the solution,
was called the osmotic pressure (from the Greek, wouos—*“impulse’).

The first detailed quantitative study of osmotic pressure is found in a
series of researches by W. Pfeffer, published in 1877. Ten years earlier,
Moritz Traube had observed that colloidal films of cupric ferrocyanide acted
as semipermeable membranes. Pfeffer deposited this colloidal precipitate
within the pores of earthenware pots, by soaking them first in copper sulfate
and then in potassium ferrocyanide solution. Some typical results of measure-
ments using such artificial membranes are summarized in Table 6.4.

7 L. C. Craig and D. Craig, “Extraction and Distribution,” in Techniques of Organic
Chemistry, ed. by A. Weissberger (New York: Interscience, 1950).
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In 1885 J. H. van’t Hoff pointed out that in dilute solutions the osmotic
pressure II obeyed the relationship ITV == #nRT, or

IT = ¢RT (6.23)
where ¢ = n/V is the concentration of solute in moles per liter. The validity

of the equation can be judged by comparison of the calculated and experi-
mental values of IT in Table 6.4.

TABLE 6.4
OsMOTIC PRESSURES OF SOLUTIONS OF SUCROSE IN WATER AT 20°
Molal Molar Observed Calculated Osmotic Pressure
Concen- Concen- Osmotic e o
tration tration Pressure
(m) () (atm) Eq. (6.23) Eq. (6.27) Eq. (6.25)
0.1 0.098 2.59 2.36 2.40 2.44
0.2 0.192 5.06 4.63 4.81 5.46
0.3 0.282 7.61 6.80 7.21 7.82
0.4 0.370 10.14 8.90 9.62 10.22
0.5 0.453 12.75 10.9 12.0 12.62
0.6 0.533 15.39 12.8 14.4 15.00
0.7 0.610 18.13 14.7 16.8 17.40
0.8 0.685 20.91 16.5 19.2 19.77
0.9 0.757 23.72 18.2 21.6 22.15
1.0 0.825 26.64 19.8 240 24.48

The essential requirements for the existence of an osmotic pressure are
two. There must be two solutions of different concentrations (or a pure
solvent and a solution) and there must be a semipermeable membrane
separating these solutions. A simple illustration can be found in the case of
a gaseous solution of hydrogen and nitrogen. Thin palladium foil is appre-
ciably permeable to hydrogen, but practically impermeable to nitrogen. If
pure nitrogen is put on one side of a palladium barrier and a solution of
nitrogen and hydrogen on the other side, the requirements for osmosis are
satisfied. Hydrogen flows through the palladium from the hydrogen-rich to
the hydrogen-poor side of the membrane. This flow continues until the
chemical potential of the H,, uy, is the same on both sides of the barrier.

In this example, the nature of the semipermeable membrane is rather
clear. Hydrogen molecules are catalytically dissociated into hydrogen atoms
at the palladium surface, and these atoms, perhaps in the form of protons
and electrons, diffuse through the barrier. A solution mechanism of some
kind probably is responsible for many cases of semipermeability. For
example, it seems reasonable that protein membranes, like those employed
by Nollet, can dissolve water but not alcohol.

In other cases, the membrane may act as a sieve, or as a bundle of capil-
laries. The cross sections of these capillaries may be very small, so that they
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can be permeated by small molecules like water, but not by large molecules
like carbohydrates or proteins.

Irrespective of the mechanism by which the semipermeable membrane
operates, the final result is the same. Osmotic flow continues until the
chemical potential of the diffusing component is the same on both sides of
the barrier. If the flow takes place into a closed volume, the pressure therein
necessarily increases. The final equilibrium osmotic pressure can be cal-
culated by thermodynamic methods. It is the pressure that must be applied
to the solution in order to prevent flow of solvent across the semipermeable
membrane from the pure solvent into the solution. The same effect can be
produced by applying a negative pressure or tension to the pure solvent.

15. Measurement of osmotic pressure. We are principally indebted to two
groups of workers for precise measurements of osmotic pressure: H. N.
Morse, J. C. W. Frazer, and their colleagues at Johns Hopkins, and the
Earl of Berkeley and E. G. J. Hartley at Oxford.8

APPLIED
PRESSURE

CAPILLARY—__ PRESSURE

MANOMETER CAPILLARY FOR
FOR PRESSURE MEASURING FLOW
MEASUREMENT THROUGH CELL

POROUS CELL
IMPREGNATED
WITH

CugFe(CN)g

(b)

Fig. 6.6. Osmotic pressure measurements: (a) method of Frazer;
(b) method of Berkeley and Hartley.

The method used by the Hopkins group is shown in (a), Fig. 6.6. The
porous cell impregnated with copper ferrocyanide is filled with water and
immersed in a vessel containing the aqueous solution. The pressure is
measured by means of an attached manometer. The system is allowed to
stand until there is no further increase in pressure. Then the osmotic pres-
sure is just balanced by the hydrostatic pressure in the column of solution.
The pressures studied extended up to several hundred atmospheres, and a

8 An excellent detailed discussion of this work is to be found in J. C. W. Frazer’s
article, “The Laws of Dilute Solutions” in A Treatise on Physical Chemistry, 2nd ed.,
edited by H. S. Taylor (New York: Van Nostrand, 1931), pp. 353-414.
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number of ingenious methods of measurement were developed. These
included the calculation of the pressure from the change in the refractive
index of water on compression, and the application of piezoelectric gauges.

The English workers used the apparatus shown schematically in (b),
Fig. 6.6. Instead of waiting for equilibrium to be established and then
reading the pressure, they applied an external pressure to the solution just
sufficient to balance the osmotic pressure. This balance could be made very
precisely by observing the level of liquid in the capillary tube, which would
fall rapidly if there was any flow of solvent into the solution.

16. Osmotic pressure and vapor pressure. Consider a pure solvent A that
is separated from a solution of B in 4 by a membrane permeable to 4 alone.
At equilibrium an osmotic pressure Il has developed. The condition for
equilibrium is that the chemical potential of A4 is the same on both sides of
the membrane, s * = . Thus the u, in the solution must equal that of
the pure 4. There are two factors tending to make the value of u, in the
solution different from that in pure A. These factors must therefore have
exactly equal and opposite effects on y 4. The first is the change in u 4 pro-
duced by dilution of 4 in the solution. This change causes a lowering of u 4
equal to Ap == RTIn P 4/P} [eq. (6.8) with f= P]. Exactly counteracting
this is the increase in w4 in the solution due to the imposed pressure II.

From eq. (6.5) du == V dP, so that Au 4'[;1 V4 dP.
At equilibrium, therefore, in order that x4 in solution should equal uj
in the pure liquid, f;l V,dP = —RTIn(P,/PS). If it is assumed that the

partial molar volume VA is independent of pressure, i.e., the solution is
practically incompressible,

PO
7,01 = RTIn-# (6.24)
PA

The significance of this equation can be stated as follows: the osmotic
pressure is the external pressure that must be applied to the solution to
raise the vapor pressure of solvent A to that of pure 4.

In most cases, also, the partial molar volume of solvent in solution VA
can be well approximated by the molar volume of the pure liquid V4. In the
special case of an ideal solution, eq. (6.24) becomes

MV,= —RTI X, (6.25)

By replacing X, by (I — Xp) and expanding as in Section 6-11, the dilute
solution formula is obtained:

MV, = RTX, (6.26)
Since the solution is dilute,
M~ R . rw (6.27)
- Vi ny4 - '

This is the equation used by Frazer and Morse as a better approximation
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than the van’t Hoff equation (6.23). As the solution becomes very dilute, m’
the volume molal concentration approaches ¢ the molar concentration, and
we find as the end product of the series of approximations

Il = RTc (6.23)

The adequacy with which eqs. (6.23), (6.25), and (6.27) represent the
experimental data can be judged from the comparisons in Table 6.4.°

17. Deviations from Raoult’s Law. Only a very few of the many liquid
solutions that have been investigated follow Raoult’s Law over the complete

600 480

500 \§ 400
\ /
\ Vi

€
E \ e
o 400 \\ /// 320 \
@ N e
5 N L(, Xa /
N
& 300 ~ 240 \\ 7
@ N N w4
e // N\ \\ g
['4 V4 N N\ '/
g 200 ' S 160 NSl
g 7 N\ s, N
7/ \ v N
/ \ 7 N\,
7/ N /, \ \\
100

p; N 80 // Y
e \\ g N
7 \ P \
Qo =2 4 6 8 10 %0 =2 2 3 B 10
CHa(0CH3)2  MOLE FRAGTION €Sz  ©S2 (CH3)260  MOLE FRACTION CHCly CHCL3
(0) (b)

Fig. 6.7. (a) Positive deviation from Raoult’s Law—the PX diagram of carbon
bisulfide-methylal system. (b) Negative deviation from Raould’s Law—the PX
diagram of chloroform-acetone system.

range of concentrations. It is for this reason that the greatest practical
application of the ideal equations is made in the treatment of dilute solutions,
in which the solvent obeys Raoult’s Law and the solute obeys Henry’s Law.
Nevertheless, one of the most instructive ways of qualitatively discussing
the properties of nonideal solutions is in terms of their deviations from
ideality. The first extensive series of vapor-pressure measurements, per-
mitting such comparisons, were those made by Jan von Zawidski, around
1900.

Two general types of deviation were distinguished. An example exhibiting
a positive deviation from Raoult’s Law is the system carbon bisulfide-
methylal, whose vapor-pressure-composition diagram is shown in (a),
Fig. 6.7. An ideal solution would follow the dashed lines. The positive

® The osmotic pressures of solutions of high polymers and proteins provide some of the
best data on their thermodynamic properties. A typical investigation 1s that of Shick, Doty,
and Zimm, J. Am. Chem. Soc., 72, 530 (1950).
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deviation is characterized by vapor pressures higher than those calculated
for ideal solutions.

The escaping tendencies of the components in the solution are accordingly
higher than the escaping tendencies in the individual pure liquids. This effect
has been ascribed to cohesive forces between unlike components smaller
than those within the pure liquids, resulting in a trend away from complete
miscibility. To put it naively, the components are happier by themselves than
when they are mixed together; they are unsociable. These are metaphorical
expressions; a scientific translation is obtained by equating a happy com-
ponent to one in a state of low free energy. One would expect that this
incipient immiscibility would be reflected in an increase in volume on mixing
and also in an absorption of heat on mixing.

The other general type of departure from Raoult’s Law is the negative
deviation. This type is illustrated by the system chloroform-acetone in (b),
Fig. 6.7. In this case, the escaping tendency of a component from solution is
less than it would be from the pure liquid. This fact may be interpreted as
being the result of greater attractive forces between the unlike molecules in
solution than between the like molecules in the pure liquids. In some cases,
actual association or compound formation may occur in the solution. As a
result, in cases of negative deviation, a contraction in volume and an evolution
of heat are to be expected on mixing.

In some cases of deviation from ideality, the simple picture of varying
cohesive forces may not be adequate. For example, positive deviations are
often observed in aqueous solutions. Pure water is itself strongly associated
and addition of a second component may cause partial depolymerization of
the water. This would lead to an increased partial vapor pressure.

A sufficiently great positive deviation from ideality may lead to a maxi-
mum in the PX diagram, and a sufficiently great negative deviation, to a
minimum. An illustration of this behavior is shown in (a), Fig. 6.8. It is now
no longer meaningful to say that the vapor is richer than the liquid in the
“more volatile component.” The following more general statement (Kono-
valov’s Rule) is employed: the vapor is richer than the liquid with which it
is in equilibrium in that component by addition of which to the system the
vapor pressure is raised. At a maximum or minimum in the vapor-pressure
curve, the vapor and the liquid must have the same composition.

18. Boiling-point diagrams. The PX diagram in (a), Fig. 6.8, has its
counterpart in the boiling-point diagram in (b), Fig. 6.8. A minimum in the
PX curve necessarily leads to a maximum in the TX curve. A well known
example is the system HCI-H,O, which has a maximum boiling point (at
760 mm) of 108.58° at a concentration of 20.222 per cent HCI.

A solution with the composition corresponding to a maximum or
minimum point on the boiling-point diagram is called an azeotropic
solution ({ew, “to boil”; arpomos, “‘unchanging”), since there is no change
in composition on boiling. Such solutions cannot be separated by isobaric
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distillation. It was, in fact, thought at one time that they were real chemical
compounds, but changing the pressure changes the composition of the
azeotropic solution.

The distillation of a system with a maximum boiling point can be dis-
cussed by reference to (b), Fig. 6.8. If the temperature of a solution having
the composition / is raised, it begins to boil at the temperature ;. The first
vapor that distills has the composition v, richer in component A4 than is the
original liquid. The residual solution therefore becomes richer in B; and if
the vapor is continuously removed the boiling point of the residue rises, as
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Fig. 6.8. Large negative deviation from Raoult’s Law. The PX
curve has a mmimum; the 7.X curve has a maximum.

its composition moves along the liquidus curve from / toward m. If a frac-
tional distillation is carried out, a final separation into pure 4 and the
azeotropic solution is achieved. Similarly a solution of original composition
I’ can be separated into pure B and azeotrope.

19. Partial miscibility. If the positive deviations from Raoult’s Law
become sufficiently large, the components may no longer form a continuous
series of solutions. As successive portions of one component are added to
the other, a limiting solubility is finally reached, beyond which two distinct
liquid phases are formed. Usually, but not always, increasing temperature
tends to promote solubility, as the thermal kinetic energy conquers the
reluctance of the components to mix freely. In other words, the T AS term
in AF = AH — T AS becomes more important. A solution that displays a
large positive deviation from ideality at elevated temperatures therefore
frequently splits into two phases when it is cooled.

A PC diagram for a partially miscible liquid system, such as anilinc and
water, is shown in (a), Fig. 6.9. The point x lies in the two-phase region and
corresponds to a system of two liquid solutions, one a dilute solution of
aniline in water having the composition y, and the other a dilute solution of
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water in aniline having the composition z. These are called conjugate solutions.
The relative amounts of the two phases are given by the ratios of the distances
along the tie line, xy/xz. Applying the phase rule to this two-phase region:
since p = 2 and ¢ = 2, the system is bivariant. Because of the requirement
of constant temperature imposed on the PC diagram, only one degree of
freedom remains. Once the pressure is fixed, the compositions of both phases
are fixed, which is indeed what the diagram indicates. The over-all com-
position x is of course not fixed, since this depends on the relative amounts
of the two conjugate solutions, with which the phase rule is not concerned.
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Fig. 6.9. Schematic diagrams for aniline-water system, showing limited
solubility of liquids. (a} PC diagram. (b) TC diagram.

Let us follow the sequence of events as the pressure is gradually reduced
along the line of constant composition, or isopleth, xx’.

At the point P, vapor having a composition corresponding to point Q
begins to appear. There are now three phases coexisting in equilibrium, so
that the system is invariant. If the volume available to the vapor is increased,
the amount of the vapor phase will increase, at constant pressure, until all
the aniline-rich solution, of composition R, has vaporized. When this
process is complete, there will remain a vapor of composition Q and a
solution of composition N, so that the system becomes univariant again as
the pressure falls below that at P.

Since the vapor that is formed is richer in aniline, the composition of the
residual solution becomes richer in water. The liquid composition moves
along the line NL, and the vapor composition moves along QL until all the
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liquid has been transformed into vapor, at the point M. After this, further
decrease in pressure proceeds at constant vapor composition along Mx'.

It may be noted that the two conjugate solutions N and R have the same
total vapor pressure and the same vapor composition. It follows that the
partial vapor pressure of component A above a dilute solution of 4 in .3 is
the same as the vapor pressure of A above the dilute solution of B in 4. For
example, if benzene and water are mixed at 25°C, two immiscible layers are
formed, one containing 0.09 per cent CgHg and 99.91 per cent H,O, the other
99.81 per cent CgHg and 0.19 per cent H,O. The partial pressure of benzene
above either of thesc solutions is the
same, namely 85 mm.

In (a), Fig. 6.9, the lines NN’ and
RR’ are almost vertical, since the
solubility limits are only slightly de-
pendent on pressure. Change in tem-
perature, on the other hand, may F

|
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! |

. [

greatly affect the mutual solubility of PURE ! f ! PURE
two liquids. In (b), Fig. 6.9, the TC a | 8 . B
diagram for the water-aniline system is | :
drawn for the constant pressure of - ;
one atmosphere (normal-boiling-point Xg Xg
diagram). Increasing the temperature Xg
tends to close the solubility gap,.thc Fig. 6.10. Partial miscibulity deter-
difference between the concentrations mined by free energy.

of the two conjugate solutions.

The interpretation of the solubility gap can be given in terms of the free
energy of the system. At some constant temperature, let us plot the molar
free energy of the system, defined as F = F/(n4 -+ n,), against the mole
fraction of B, Xy, for both the « and f phases. In Fig. 6.9b, for example,
these phases would be the two immiscible liquid solutions. The diagram
obtained, Fig. 6.10, is an exact analog of Fig. 6.1, which was used for the
determination of partial molar volumes. In this case, the intercept of the
common tangent to the two F vs. X curves gives the value of the partial
molar free energies, or chemical potentials, of the two components. At this
composition, therefore, u * = u P, and p,* - ugf, ie., the condition for
equilibrium of components 4 and B between the two phases is fulfilled. The
corresponding mole fractions represent the phase-boundary compositions;
at any composition between X’ and X", the system will split into two
distinct phases, since in this way it can reach its minimum free energy. For
Xy < X'p, however, pure phase o gives the lowest free energy, and for
Xp > X"y, pure phase f.

20. Condensed-liquid systems. In (b), Fig. 6.9, the variation of solubility
with temperature is shown for only one pressure. At high enough tempera-
tures boiling occurs, and it is therefore not possible to trace the ultimate
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course of the solubility curves. One might expect that the solubility gap
would close completely if a high enough temperature could be reached
before the onset of boiling. This expectation is represented by the dashed line
in (b), Fig. 6.9.

A number of condensed systems have been studied, which illustrate com-
plete liquid-liquid solubility curves. A classical example is the phenol-water
system of Fig. 6.11 (a). At the temperature and composition indicated by
the point x, two phases coexist, the conjugate solutions represented by y and
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Fig. 6.11. Partial miscibility of two hiquids. (a) phenol-water system.
(b) triethylamine-water system. (c) nicotine-water system.

z. The relative amounts of the two phases are proportional, as usual, to the
segments of the tie line.

As the temperature is increased along the isopleth X.X’, the amount
of the phenol-rich phase decreases and the amount of water-rich phase
increases.

Finally at Y the compositions of the two phases become identical,
the phenol-rich phase disappears completely, and at temperatures above Y
there is only one solution.

This gradual disappearance of one solution is characteristic of systems
having all compositions except one. The exception is the composition corre-
sponding to the maximum in the TC curve. This composition is called the
critical composition and the temperature at the maximum is the critical
solution temperature or upper consolute temperature. If a two-phase system
having the critical composition is gradually heated [line CC” in (a), Fig. 6.11]
there is no gradual disappearance of one phase. Even in the immediate
neighborhood of the maximum d, the ratio of the segments of the tie line
remains practically constant. The compositions of the two conjugate solu-
tions gradually approach each other.until, at the point d, the boundary line
between the two phases suddenly disappears and a single-phase system
remains.
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As the critical temperature is slowly approached from above, a most
curious phenomenon is observed. Just before the single homogeneous phase
passes over into two distinct phases, the solution is diffused by a pearly
opalescence. This critical opalescence is believed to be caused by the scatter-
ing of light from small regions of slightly differing density, which are formed
in the liquid in the incipient separation of the two phases.

Strangely enough, some systems exhibit a lower consolute temperature.
At high temperatures, two partially miscible solutions are present, which
become completely intersoluble when sufficiently cooled. An example is the
triethylamine-water system in (b), Fig. 6.11, with a lower consolute tem-
perature of 18.5° at 1 atm pressure. It is almost impossible to locate the
critical composition exactly, since lowering the temperature a fraction of a
degree greatly increases the solubility. This somewhat weird behavior suggests
that large negative deviations from Raoult’s Law (e.g., compound formation)
become sufficient at the lower temperatures to counteract the positive
deviations responsible for the immiscibility.

Finally, systems have been found with both upper and lower consolute
temperatures. These are most common at elevated pressures, and indeed
one would expect all systems with a lower consolute temperature to display
an upper one at sufficiently high temperature and pressure. An atmospheric-
pressure example is the nicotine-water system of Fig. 6.11 (c). Having
come to solutions of this type, we have run the gamut of deviations from
ideality.

21. Thermodynamics of nonideal solutions: the activity. A complete
thermodynamic description of a solution, except for its amount, can be
expressed in terms of the temperature, the pressure, and the chemical poten-
tials of the various components. All the other thermodynamic functions can
be derived from these.

For a single pure ideal gas, the change in chemical potential is given from
eq. (4.33) as du = RT dIn P. By integration we obtain 4 = u° 4+ RT In P,
where u° is the chemical potential of the gas at one atmosphere pressure.
For a pure gas, this equation is identical with F = F° 4 RT In P, where F
is the free energy per mole.

If the gas is not ideal, the fugacity is defined by the equation u = u° +
RT In f. Such an equation holds also for any component in a mixture of gases
(gaseous solution). The constant x° is a function of temperature alone. It is
the chemical potential of the gas in its standard state of unit fugacity, or the
standard free energy of the gas.

The same equation is valid for a component in a liquid or solid solution,
since at equilibrium the chemical potential must be the same in the con-
densed phase as in the vapor. For a component 4,

phg=pS + RTInf, (6.8)

If the vapor above the solution can be considered to behave as an ideal
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gas, f4 =Py, and pu = puy + RTInP, For an ideal solution, P, =
X, f4 = X 4P, and therefore

g =S + RTInf2 + RTIn X,

(6.28)
Uy =puy+ RTInPy + RTIn X,
The two constant terms can be combined, giving
Uy = py + RTIn X, (6.29)

This is the expression for the chemical potential in an ideal solution, u%
being the chemical potential of 4 when X — I; i.e., of pure liquid 4. It
should be clearly understood that & is a function of both temperature
and pressure, in contrast with x5 in eq. (6.8). This is because the vapor
pressure of the pure liquid, P§ in eq. (6.28), is a function of both temperature
and over-all pressure (p. 107).

In the discussion of nonideal solutions we can always use the chemical
potential, obtained from eq. (6.8) in terms of the partial vapor pressure or
fugacity. Sometimes, however, it is convenient to introduce a new function,
the activity a, which was invented by G. N. Lewis. It is defined as follows
so as to preserve the form of eq. (6.29),

“q — ¢4 4 RTIna, (6.30)
or pa=py - RTIny, X,

where y == a/X is called the activity coefficient.

One advantage of the activity coefficient is that it indicates at a glance
the magnitude of the deviation from ideality in the solution. In terms of the
activity, Raoult’s Law becomes simply a = X, or y = 1.

Comparing eq. (6.30) with eqs. (6.28) and (6.8), we find that

Ja
ay == (6.31)

T fa
The activity is accordingly the ratio of the fugacity to the fugacity in the
standard state. We have implicitly taken this standard state to be pure 4,
but other definitions might have been used. For a gas f{ = 1 and therefore

Equation (6.31) provides the most direct method of determining the
activity of a component in a solution. It is usually sufficiently accurate to
ignore gas imperfections and set the fugacity ratio equal to the vapor pressure
ratio, so that a, = P ,/Pj.

Some activities calculated in this way from vapor-pressure data are
collected in Table 6.5. Once the activity of one component has been obtained
as a function of concentration, the activity of the other component in
a binary solution can be calculated from the Gibbs-Duhem equation.
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TABLE 6.5

ACTIVITIES OF WATER AND SUCROSE IN THEIR SOLUTIONS AT 50°C OBTAINED FROM
VAPOR PRESSURE LOWERING AND THE GiBBS-DUHEM EQUATION

M%‘F vl;n;cctrlon Activityaof Water Mg;esl:é‘r'g;:m Activity of Sucrose
X, 4 Xy a -
0.9940 0.9939 0.0060 0.0060°
0.9864 0.9934 0.0136 0.0136
0.9826 0.9799 0.0174 0.0197
0.9762 0.9697 0.0238 0.0302
0.9665 0.9617 0.0335 0.0481
0.9559 0.9477 0.0441 0.0716
0.9439 0.9299 0.0561 0.1037
0.9323 0.9043 0.0677 0.1390
0.9098 0.8758 0.0902 0.2190
0.8911 0.8140 0.1089 ‘ 0.3045

Corresponding with eq. (6.4) for the partial molar volumes, we have for the
partial molar free energies or chemical potentials,

Ny
iy = - —d
a4 " anp
. X
rom eq. (6.30), dlna, = - ¥ dlInay,

A
If a;; is known as a function of X}, a, can be obtained by a graphical
integration.

Activities can also be calculated from any of the colligative properties
related to the vapor pressure. The details of these calculations are to be
found in various treatises on thermodynamics.!?

22. Chemical equilibria in nonideal solutions. The activity function defined
in eq. (6.30) is useful in discussing the equilibrium constants of reactions in
solution. It is readily proved (cf. p. 76) that for the schematic reaction

ad 4 bB = cC + dD

s d
ac’a
K, ==L

(6.32)

a, ag’
and Ap® == —RTIn K,

In terms of activity coefficients and mole fractions,

_ ye' vo' . Xe® X!

oty XXy

In an ideal solution, all the activity coefficients become equal to unity,

ES K),Kz

10°G. N. Lewis and M. Randall, Thermodynamics and Free Energy of Chemical Sub-
stances (New York: McGraw-Hill, 1923), p. 278.
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and the equilibrium constant is simply K,. Extensive data on the activity
coefficients of components in solutions of nonelectrolytes are not available,
and the most important applications of eq. (6.32) have been made in electro-
Iytic solutions, which will be discussed in Chapter 15.

23. Gas-solid equilibria. The varieties of heterogeneous equilibrium that
have been considered so far have almost all been chosen from systems
involving liquid and vapor phases only. Some systems of the solid-vapor and
solid-liquid types will now be described. Most of the examples will be chosen

200 100
180 ga{%%g"fo CuS04°3H20= 90 t =50°C
- CuS04-H20 +
160  CuSO4-5H20 by iy 80
2
+ VAPOR
140 70
120 £60
E CuS04°'H20 €
o-'0 + 050
80 H20 VAPOR 40 CuS04- Hz0
60 30
CuSO4'H0* 0
40 CuSO4+Hz0 2
CuS04 +Hz0
22 CuSO4+Ha0 VAPOR '2 -uCus:o4- o0
20 30 40 50 60 70 80 90 100 10 120 o 1 2 3 4 5
t,°C MOLES H20/MOLE CuSOs

IN SOLID
(a) (b)

Fig. 6.12. The system CuSO,-H,O.

from two-component systems, with only a brief introduction to three-
component phase diagrams.

A two-component gas-solid system in which there is no appreciable
solid-solution formation is exemplified by: CaCO; = CaO -t CO,. Since
¢ == 2, the degrees of freedom are f = 4 — p. If the two solid phases are
present, together with the gaseous phase CO,, the system is univariant,
f=4—3=1. At a given temperature, the pressure of CO, has a fixed
value. For example, if CO, is admitted to a sample of CaO at 700°C, there
is no absorption of gas until a pressure of 25 mm is reached; then the CaO
takes up CO, at constant pressure until it is completely converted into
CaCOjg, whereupon further addition of CO, again results in an increase in
pressure.

The pressure-temperature diagram for such a system is therefore similar
to the vapor-pressure curve of a pure liquid or solid. The CO, pressure has
been loosely called the “dissociation pressure of CaCO,.” Since the pressure
has a definite value only when the vapor phase is in equilibrium with both
solid phases, it is really necessary to speak of the “dissociation pressure in
the system CaCO4;-Ca0-CO,.”
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The necessity of specifying both the solid phases is to be emphasized in
systems formed by various salts, their hydrates, and water vapor. The case
of copper sulfate-water is shown in (a), Fig. 6.12, on a PT diagram, and in
(b), Fig. 6.12, on a PC diagram. As long as only the two phases are present,
a salt hydrate can exist in equilibrium with water vapor at any temperature
if the pressure of water vapor is (1) above the dissociation pressure to lower
hydrate or anhydrous salt and (2) below the dissociation pressure of the
next higher hydrate or the vapor pressure of the saturated solution. State-
ments in the older literature that a given hydrate “loses water at 110°C” are
devoid of precise meaning.

When the pressure of water vapor falls below the dissociation pressure
for the system, efflorescence occurs, as the hydrate loses water and its surface
becomes covered with a layer of lower hydrate or anhydrous salt. When the
vapor pressure exceeds that of the saturated aqueous solution, deliquescence
occurs, and the surface of hydrate becomes covered with a layer of saturated
solution.

24. Equilibrium constant in solid-gas reactions. The equilibrium constant
for a reaction involving solid phases can be discussed conveniently by con-
sidering a typical reaction of this kind, the reduction of zinc oxide by carbon
monoxide, ZnO (s) + CO — Zn (g) + CO,.

The equilibrium constant in terms of activities can be written as follows:

K, — &m0 Ape _ _RTInK, (6.33)

’

a7009¢0

The activity is the ratio of the fugacity under the experimental conditions to
the fugacity in a standard state, f,,/f4. The standard state of a pure solid
component is taken to be its state as a pure solid at one atmosphere pressure.
The fugacity of the solid varies so slightly with pressure that over a con-
siderable range of pressure, f,/f 1 for a solid is effectively a constant equal
to unity. Making this very good approximation, the expression in eq. (6.33)
becomes
K, — Aznc0, _ JnJoo,

dco Jeo

If the gases are considered to be ideal the activity ratio equals the partial
pressure ratio, and K, = Pz, Pco /Pco-

This discussion leads to the following general rule: no terms involving
pure solid or liquid components need be included in equilibrium constants
for solid-gas or liquid-gas reactions, unless very high precision is required,
in which case there may be a small pressure correction to K, or K.

Equilibrium data for the reduction of zinc oxide are given in Table 6.6.

25. Solid-liquid equilibria: simple eutectic diagrams. For two-component
solid-liquid equilibria in which the liquids are completely intersoluble in all
proportions and there is no appreciable solidesolid solubility, the simple
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TABLE 6.6
THE EQuiLIBRIUM ZnO +- CO = Zn -+ CO, (TOTAL PRESSURE = 760 MM)

!

Equilibrium Concentrations in Vapor
Temp. (°C) |~ — e K= lzé?nlz;o,/Pco
Per cent CO Per cent CO,

—= Percent Zn |

I
427 99.98 | 0.01 I 1.00 x 1078
627 99.12 0.44 ’ 1.95 x 1078
827 91.76 4.12 ! 1.84 x 1073
1027 66.92 16.54 | 4.08 x 10-2
1227 30.84 34.58 3.87 x 107!

1427 9.8 45.1 2.07

diagram of Fig. 6.13 is obtained. Examples of systems of this type are

collected in Table 6.7.
TABLE 6.7

SysTEMs WiTH SIMPLE EUuTECTIC DIAGRAMS SUCH AS FIG. 6.13

M y M 5 i Eutectic
. pt. . pt. —
Component 4 (o%) Component B (o%) ) Mol
¢ per cent B
CHBr,y 1.5 CsHq 5.5 ' -26 50
CHCl, --63 C¢H;NH, —6 [ =7 24
Picric acid 122 TNT 80 | 60 64
Sb 630 Pb 326 i 246 81
Cd 321 Bi 271 144 55
KClI 790 AgCi 451 306 69
St 1412 Al 657 578 89
Be 1282 Si 1412 1090 32

Consider the behavior of a solution of composition X on cooling along
the isopleth XX’. When point P is reached, pure solid A begins to separate
from the solution. As a result, the residual solution becomes richer in the
other component B, its composition falling along the line PE. At any point
Q in the two-phase region, the relative amounts of pure 4 and residual
solution are given as usual by the ratio of the tie-line segments. When point
R is reached, the residual solution has the eutectic composition E. Further
cooling now results in the simultaneous precipitation of a mixture of 4 and
B in relative amounts corresponding to E.

The eutectic point is an invariant point on a constant pressure diagram;
since three phases are in equilibrium, f=c —p+2=2-p+2=4 —
3 = 1, and the single degree of freedom is used by the choice of the constant-
pressure condition.
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Microscopic examination of alloys often reveals a structure indicating
that they have been formed from a melt by a cooling process similar to that
considered along the isopleth XX’ of
Fig. 6.13. Crystallites of pure metal X

1
|
|
|

are found dispersed in a matrix of
finely divided eutectic mixture. An ¢
example taken from the antimony-
lead system is shown in the photo-
micrograph of Fig. 6.14.

26. Cooling curves. The method

LIQUID
SOLUTION

,°C
A

SOLID B

|

|

. . !
of cooling curves is one of the most L Lo +

. R L1auio LIQUID

useful for the experimental study of y

solid-liquid systems. A two-compo- :
. . | SOLID A + souo B

nent system is heated until a homo- :

geneous melt is obtained. A thermo- = B

. . —PER CENT B—
couple, or other convenient device PER CEN

for temperature measurement, is )
two components, A and B, completely inter-

immersed in the liquid, which is kept = ;10 2 Tiquids but with negligible solid-
in a fairly well insulated container. ggjid solubility.

As the system slowly cools, the
temperature is recorded at regular time intervals. Examples of such curves
for the system shown in Fig. 6.13 are drawn in Fig. 6.15.

The curve a for pure 4 exhibits a gradual decline until the melting point
of A4 is reached. It then remains perfectly flat as long as solid and liquid 4

Fig. 6.13. Simple eutectic diagram for

wc ~ '~

Fig. 6.14. Photomicrograph at 503 of 80 per cent Pb-20 per cent Sb,
showing crystals of Sb in a eutectic matrix. (Courtesy Professor Arthur
Phillips, Yale University.)

are both present, and resumes its decline only after all the liquid has solidified.
The curve for cooling along the isopleth XX” is shown in b. The decline as
the homogeneous melt is cooled becomes suddenly less steep when the tem-
perature is reached corresponding to point P, where the first solid begins to
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separate from the solution. This change of slope is a consequence of the
liberation of latent heat of fusion during the solidification of A. The more
gradual decline continues until the eutectic temperature is reached. Then
the cooling curve becomes absolutely flat. This is because the eutectic point
in a two-component system, just as the melting point of one component, is
an invariant point at constant over-all pressure. If the composition of the

:—3 —_——Trso

oh - ! SN

w.-l - i ~

g -~ 1 SN

ST - ! SN

w -~ 'E N

A COMPOSITION B

PURE ALONG EUTECTIC
A xXX' COMPOSITION

TEMPERATURE

(a)

TIME

Fig. 6.15. Cooling curves for various compositions on the simple eutectic
diagram of Fig. 6.13.

system chosen initially happened to be the same as that of the eutectic, the
cooling curve would be that drawn in c.

The duration of the constant-temperature period at the eutectic tempera-
ture is called the eutectic halt. This halt is a maximum for a melt having the
eutectic composition.

Each cooling curve determination yields one point on the 7C diagram
(point of initial break in slope) in addition to a value for the eutectic tempera-
ture. By these methods, the entire diagram can be constructed.

27. Compound formation. If aniline and phenol are melted together in
equimolar proportions, a definite compound crystallizes on cooling,
CeH;OH-CgHz;NH,. Pure phenol melts at 40°C, pure aniline at —6.1°C,
and the compound melts at 31°C. The complete TC diagram for this system,
in Fig. 6.16, is typical of many instances in which stable compounds occur
as solid phases. The most convenient way of looking at such a diagram
is to imagine it to be made up of two diagrams of the simple eutectic
type placed side by side. In this case, one such diagram would be the
phenol-compound diagram, and the other the aniline-compound diagram.
The phases corresponding with the various regions of the diagram are
labeled.

A maximum such as the point C is said to indicate the formation of a
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compound with a congruent melting point, since if a solid having the com-
position CgH;OH-C¢H;NH, is heated to 31°C, it melts to a liquid of identical
composition. Compounds with congruent melting points are readily detected-

(&)
e (b)
Gh
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40} ~SOLID PHENOL
+SOLUTION
SOLID COMPOUND
+ SOLUTION
30 IC\ SOLUTION
[}
|
|
20 :
!
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O 1 2 3 4 5 6 7 8 910

CeHsOH MOLE FRACTION ANILINE  CeHsNH2
(a)

Fig. 6.16. The system phenol-aniline.

by the cooling-curve method. A liquid having the composition of the com-
pound exhibits no eutectic halt, behaving in every respect like a single pure
component.

28. Solid compounds with incongruent melting points. In some systems,
solid compounds are formed that do not melt to a liquid having the same
composition, but instead decompose before such a melting point is reached.
An example is the silica-alumina system (Fig. 6.17), which includes a com-
pound, 3Al,04°Si0,, called mullite.

If a melt containing 40 per cent Al,O; is prepared and cooled slowly,
solid mullite begins to separate at about 1780°C. If some of this solid com-
pound is removed and reheated along the line XX’, it decomposes at 1800°C
into solid corundum and a liquid solution (melt) having the composition P.
Thus: 3A1,0,-Si0, — Al,O5 + solution. Such a change is called incongruent
melting, since the composition of the liquid differs from that of the solid.

The point P is called the incongruent melting point or the peritectic point
(TyxT07, “melting”; mept, “around”). The suitability of this name becomes
evident if one follows the course of events as a solution with composition
3Al1,0,4-Si0, is gradually cooled along XX’. When the point M is reached,
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solid corundum (Al,O;) begins to separate from the melt, whose com-
position therefore becomes richer in SiO,, falling along the line MP. When
the temperature falls below that of the peritectic at P, the following change
occurs: liquid + corundum -» mullite. The solid ALO, that has separated

2100
2000}
1900 |- MELT
1800|- CRISTOBALITE
9 + MEL"
.:|700 MU&L\TE X.
1600 MELT
1500 - CRISTOBALITE ¥ MULLITE | CORUNDUM
MULLITE
1400~ TRIDYMITE + MULLITE
1300 1 1 L1 1 Il | 1
(¢) 20 40 60 3A120380 100
510, SI02 Al03

wt PER GENT A1203

Fig. 6.17. System displaying peritectic.

reacts with the surrounding melt to form the compound mullite. If a specimen
taken at a point such as Q is examined, the solid material is found to consist
of two phases, a core of corundum surrounded by a coating of mullite. It
was from this characteristic appearance that the term “peritectic” originated.

29. Solid solutions. Solid solutions are in theory no different from other
kinds of solution: they are simply solid phases containing more than one

1500
1452
1400 /?/
1300
°C
1200
SOLID
/ /| SOLUTION
1100
1083
100051626 36 40 50 60 70 80 90 100
Cu wt PER CENT NICKEL Ni
Fig. 6.18. The copper-nickel system—a continuous series of solid

solutions.

component. The phase rule makes no distinction between the kind of phase
(gas, liquid, or solid) that occurs, being concerned only with how many
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pure tin melts at 232°C and pure bismuth at 268°C, their eutectic being at
133°C and 42 per cent Sn. The Sn-Bi eutectic temperature is lowered by the
addition of lead to a minimum at 96°C and a composition of 32 per cent Pb,
16 per cent Sn, 52 per cent Bi. This is the ternary eutectic point.

A
B
¢ /
Z
SOLID Pb
+ SOLUTION
SOLID Pb

Pb/ +soLipsn Pb ~soLID Pb

Pb Pb
f + SOLUTION
i t SOLUTION SOLUTION
Sn Bi Sn B1 Sn Bi S Bi
315°

325° 182° ten 133°
(a) (b) Pb (c) (d)
ggblg SPb + SOLID Pb + SOLUTION
SOLUTION SOLID Pb +SOLID B
Sn Bi
100°
(e)

Fig. 6.22. The system Pb-Sn-Bi: three-dimensional diagram and iso-
thermal sections.

Without using a solid model, the behavior of this system is best illustrated
by a series of isothermal sections, shown in Fig. 6.22. Above 325°C (a), the
melting point of pure lead, there is a single liquid solution. At around 315°C
(b) the system consists of solid Pb and solution. The section at 182°C (c)
indicates the binary eutectic of Sn and Pb. Below this temperature, solid Pb
and solid Sn both separate from the solution. At 133°C the binary eutectic
between Sn and Bi is reached (d). Finally, in (e) at 100°C there is shown a
section slightly above the ternary eutectic.

The subject of ternary diagrams is an extended and very important one,
and only a few of the introductory aspects have been mentioned. For further
details some of the special treatises that are available should be consulted.!

't J.S. Marsh, Principles of Phase Diagrams (New York: McGraw-Hill, 1935); G. Mas-
sing, Introduction to the Theory of Three Component-Systems (New York: Reinhold, 1944).
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PROBLEMS

1. Solutions are prepared at 25°C containing 1000 g of water and n moles
of NaCl. The volume is found to vary with n as ¥ = 1001.38 + 16.6253n +
1.7738n%/2 + 0.1194n%. Draw a graph showing the partial molar volumes
of H,0O and NaCl in the solution as a function of the molality from O to 2
molal.

2. In the International Critical Tables (vol. 111, p. 58) there is an extensive
table of densities of HNO,—H,O solutions. Use these data to calculate, by
the graphical method of Fig. 6.1, the partial molar volumes of H,O and
HNO, in 10, 20, 30, and 40 per cent solutions at 25°.

3. When 2 g of nonvolatile hydrocarbon containing 94.4 per cent C is
dissolved in 100 g benzenc, the vapor pressure of benzene at 20°C is lowered
from 74.66 mm to 74.01 mm. Calculate the empirical formula of the hydro-
carbon.

4. Pure water is saturated with a 2 : I mixture of hydrogen and oxygen
at a total pressure of 5 atm. The water is then boiled to remove all the gases.
Calculate the per cent composition of the gases driven off (after drying). Use
data from Table 6.2.

5. Water and nitrobenzene can be considered to be immiscible liquids.
Their vapor pressures aré: H,0, 92.5 mm at 50°C; 760 mm at 100°C;
CgHz;NO,, 22.4 mm at 100°C; 148 mm at 150°C. Estimate the boiling point
of a mixture of water and nitrobenzene at | atm pressure. In a steam dis-
tillation at 1 atm how many grams of steam would be condensed to obtain
one gram of nitrobenzene in the distillate ?

6. The following data were obtained for the boiling points at 1 atm of
solutions of CCl, in C,Cl,:

Mole fraction

CClyinliq. . 0.000 0.100 0.200 0.400 0.600 0.800 1.000
Mole fraction
CCly in vap. . 0.000 0.469 0.670 0.861 0.918 0.958 1.000

Boiling point
°C . . 120.8 108.5 100.8 89.3 83.5 79.9 76.9
If half of a solution 30 mole per cent in CCl, is distilled, what is the com-
position of the distillate? If a solution 50 mole per cent in CCl, is distilled

until the residue is 20 mole per cent CCl,, what is approximate composition
of the distillate ?

7. A compound insoluble in water is steam distilled at 97.0°C, the dis-
tillate containing 68 wt. per cent HyO. The vapor pressure of water is 682 mm
at 97°. What is the molecular weight of the compound ?

8. When hexaphenylethane is dissolved in benzene, the f.pt. depression
of a 2 per cent solution is 0.219°C; the b.pt. elevation is 0.135°. Calculate
the heat of dissociation of hexaphenylethane into triphenylmethyl radicals.
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9. Calculate the weight of (a) methanol, (b) ethylene glycol which, when
dissolved in 4.0 liters of water, would just prevent the formation of ice at
—10°C.

10. The solubility of picric acid in benzene is:

1, °C . .5 10 15 20 25 3
g/100 g CgHg . 3.70 5.37 7.29 9.56 12.66 21.38
The melting points of benzene and picric acid are 5.5° and 121.8°C. Calculate
the heat of fusion of picric acid.

11. The osmotic pressure at 25°C of a solution of fS-lactoglobulin con-
taining 1.346 g protein per 100 cc solution was found to be 9.91 cm of water.
Estimate the molecular weight of the protein.

12. For the ideal solutions of ethylene bromide and propylenc bromide
(p. 124), draw a curve showing how the mole fraction of C,H,Br, in the
vapor varies with that in the liquid. Use this curve to estimate the number
of theoretical plates required in a column in order to yield a distillate with
mole fraction of C,H,Br, — 0.9 from a solution of mole fraction 0.1. Assume
total reflux.

13. Calculate the distribution coefficient K for piperidine between water
and benzene at 20°C, given:
g solute/100 cc water layer . . 0.635 1.023 1.635 2.694
g solute/100 cc benzene layer . . 0.550 0.898 1.450 2.325
14. A solution of 3.795 g sulfur in 100 g carbon bisulfide (b.pt. CS, -~
46.30°C; AH,,, = 6400 cal per mole) boils at 46.66°C. What is the formula
of the sulfur molecule in the solution?

15. The melting points and heats of fusion of o, p, m dinitrobenzenes are:
116.9°, 173.5°, 89.8°, and 3905, 3345, 4280 cal per mole [Johnston, J. Phys.
Chem., 29, 882, 1041 (1925)]. Assuming the ideal solubility law, calculate the
ternary eutectic temperature and composition for mixtures of o, m, p com-
pounds.

16. The following boiling points are obtained for solutions of oxygen and
nitrogen at | atm:

b.pt., °K . . 773 780 790 800 820 84.0 860 88.0 90.1
Mole 9, O inliq. . O 8.1 216 334 522 662 778 885 100
Mole % Oinvap. 0 2.2 6.8 120 23.6 369 522 69.6 100

Draw the 7X diagram. If 90 per cent of a mixture containing 20 per cent O,
and 80 per cent N, is distilled, what will be the composition of the residual
liquid and its b.pt.? Plot an activity a vs. mole fraction X diagram from the
data.

17. For a two-component system (A4, B) show that:

Ta_log vy Xp
log v.4 —-L (= X, dXy — 77— X, log 1
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18. Pedder and Barratt [J. Chem. Soc., 537 (1933)] measured the vapor
pressures of potassium amalgams at 387.5°C, at which temperature the vapor
pressure of K is 3.25 mm, of Hg 1280 mm.

Mole % K inliq. . 41.1 46.8 50.0 56.1 63.0 72.0
P of Hg, mm . 3187 17.30 13.00 9.11 6.53 3.70
P of K, mm . 0348 0.68 1.07 1.69 2.26 2.95

Calculate the activity coefficients of K and Hg in the amalgams and plot
them vs. the composition in the range studied.

19. The equilibrium pressures for the system CaSO,2 H,O = CaSO, +-
2 H,0, and the vapor pressures of pure water, at various temperatures are:

t,°C . . . . . 50 55 60 65
CaSO, system, mm . . 80 109 149 204
H O, mm . . . . 92 118 149 188

The solubility of CaSO, in water is so low that the vapor pressure of the
saturated solution can be taken to equal that of pure water.

(a) State what happens on heating the dihydrate in a previously evacu-
ated sealed tube from 50 to 65°C. (b) What solid phase separates when a
solution of CaSO, is evaporated at 65°, at 55°C? (c) What solid phase
separates on evaporating at 55° if, when the solution becomes saturated,
enough CaCl, is added to reduce its v.p. by 10 per cent?

20. Data for the Au-Te system:
wt. % Te 0 10 20 30 40 42 50 564 60 70 825 90 100
f.pt., °C 1063 940 855 710 480 447 458 464 460 448 416 425 453
Sketch the phase diagram. Label all regions carefully. Describe what happens
when a melt containing 50 per cent Te is cooled slowly.

21. The dissociation pressure of galactose monohydrate is given by
logyy P (mm) = 7.04 — 1780/T. Calculate AF°, AH®, AS°, at 25°C for the
dissociation.

22. The solubility of glycine in liquid ammonia was found to be:

Moles per liter . . . 0.20 0.65 2.52
$,°C.. . . . .-7 —63 —45
Estimate the heat of solution per mole.

23. For the free energies of formation of Cu,O and CuO the following

equations are cited:
Cu,0: AF° = —40,720 + 1.17T In T — 1.545 x 10737 4 85.7T12 4+ 6.97T
CuO: AF° = —37,680 + 1.75TIn T — 2.73 X 107°T* + 85.77T1% + 9.49T
What product is formed when O, at 10 mm pressure is passed over copper
at 900°C?
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CHAPTER 7

The Kinetic Theory

1. The beginning of the atom. Thermodynamics is a science that takes
things more or less as it finds them. It deals with pressures, volumes, tem-
peratures, and energies, and the relations between them, without seeking to
elucidate further the nature of these entities. For thermodynamics, matter is
a ¢ontinuous substance, and energy behaves in many ways like an incom-
pressible, weightless fluid. The analysis of nature provided by thermo-
dynamics is very effective in a rather limited field. Almost from the beginning
of human thought, however, man has tried to achieve an insight into the
structure of things, and to find an indestructible reality beneath the ever-
changing appearances of natural phenomena.

The best example of this endeavor has been the development of the
atomic theory. The word atom is derived from the Greek arouos, meaning
“indivisible”’; the atoms were believed to be the ultimate and eternal particles
of which all material things were made. Our knowledge of Greek atomism
comes mainly from the long poem of the Roman, Lucretius, De Rerum
Natura—"Concerning the Nature of Things,” written in the first century
before Christ. Lucretius expounded the theories of Epicurus and of
Democritus:

The same letters, variously selected and combined
Signify heaven, earth, sea, rivers, sun,

Most having some letters in common.

But the different subjects are distinguished

By the arrangement of letters to form the words.
So likewise in the things themselves,

When the intervals, passages, connections, weights,
Impulses, collisions, movements, order,

And position of the atoms interchange,
So also must the things formed from them change.

The properties of substances were determined by the form of their atoms.
Atoms of iron were hard and strong with spines that locked them together
into a solid; atoms of water were smooth and slippery like poppy seeds;
atoms of salt were sharp and pointed and pricked the tongue; whirling atoms
of air pervaded all matter.

Later philosophers were inclined to discredit the atomic theory. They
found it hard to explain the many qualities of materials, color, form, taste,
and odor, in terms of naked, colorless, tasteless, odorless atoms. Many
followed the lead of Heraclitus and Aristotle, considering matter to be
formed from the four *“‘elements,” earth, air, fire, and water, in varying

160
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proportions. Among the alchemists there came into favor the tria prima of
Paracelsus (1493-1541), who wrote:

Know, then, that all the seven metals are born from a threefold matter, namely,
Mercury, Sulphur, and Salt, but with distinct and peculiar colorings.

Atoms were almost forgotten till the seventeenth century, as the al-
chemists sought the philosopher’s stone by which the “principles” could be
blended to make gold.

2. The renascence of the atom. The writings of Descartes (1596-1650)
helped to restore the idea of a corpuscular structure of matter. Gassendi
(1592-1655) introduced many of the concepts of the present atomic theory;
his atoms were rigid, moved at random in a void, and collided with one
another. These ideas were extended by Hooke, who first proposed (1678)
that the “elasticity” of a gas was the result of collisions of its atoms with
the retaining walls.

The necessary philosophic background for the rapid development of
atomism was now provided by John Locke. In his Essay on Human Under-
standing (1690), he took up the old problem of how the atoms could account
for all the qualities perceived by the senses in material things. The qualities
of things were divided into two classes. The primary qualities were those of
shape, size, motion, and situation. These were the properties inherent in the
corpuscles or atoms that make up matter. Secondary qualities, such as color,
odor, and taste, existed only in the mind of the observer. They arose when
certain arrangements of the atoms of matter interacted with other arrange-
ments of atoms in the sense organs of the observer.

Thus a ‘“hot object” might produce a change in the size, motion, or
situation of the corpuscles of the skin, which then produces in the mind the
sensations of warmth or of pain. The consequences of Locke’s empiricism
have been admirably summarized by J. C. Gregory.!

The doctrine of qualities was a curiously dichotomized version of perception.
A snowflake, as perceived, was half in the mind and half out of it, for its shape was
seen but its whiteness was only in the mind. . . . This had quick consequences
for philosophy. . . . The division between science and philosophy began about the
time of Locke, as the one turned, with its experimental appliances, to the study of
the corpuscular mechanism, and the other explored the mind and its ideas. The
severance had begun between science and philosophy and, although it only gradually
progressed into the nineteenth century cleft between them, when the seventeenth
century closed, physical science was taking the physical world for her domain, and
philosophy was taking the mental world for hers.

In the early part of the eighteenth century, the idea of the atom became
widely accepted. Newton wrote in 1718:

It seems probable to me that God in the beginning formed matter in solid,
massy, hard, impenetrable, movable particles, of such sizes and figures, and with

such other properties, and in such proportion, as most conduced to the end for
which He formed them.

1 A Short History of Atomism (London: A. & C. Black, Ltd., 1931).
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Newton suggested, incorrectly, that the pressure of a gas was due to repulsive
forces between its constituent atoms. In 1738, Daniel Bernouilli correctly
derived Boyle’s Law by considering the collisions of atoms with the container
wall.

3. Atoms and molecules. Boyle had discarded the alchemical notion of
elements and defined them as substances that had not been decomposed in
the laboratory. Until the work of Antoine Lavoisier from 1772 to 1783,
however, chemical thought was completely dominated by the phlogiston
theory of Georg Stahl, which was actually a survival of alchemical concep-
tions. With Lavoisier’s work the elements took on their modern meaning,
and chemistry became a quantitative science. The Law of Definite Propor-
tions and The Law of Multiple Proportions had become fairly well established
by 1808, when John Dalton published his New System of Chemical Philosophy.

Dalton proposed that the atoms of each element had a characteristic
atomic weight, and that these atoms were the combining units in chemical
reactions. This hypothesis provided a clear explanation for the Laws of
Definite and Multiple Proportions. Dalton had no unequivocal way of
assigning atomic weights, and he made the unfounded assumption that in
the most common compound between two elements, one atom of each was
combined. According to this system, water would be HO, and ammonia NH.
If the atomic weight of hydrogen was set equal to unity, the analytical data
would then give O = 8, N = 4.5, in Dalton’s system.

At about this time, Gay-Lussac was studying the chemical combinations
of gases, and he found that the ratios of the volumes of the reacting gases
were small whole numbers. This discovery provided a more logical method
for assigning atomic weights. Gay-Lussac, Berzelius, and others felt that the
volume occupied by the atoms of a gas must be very small compared with
the total gas volume, so that equal volumes of gas should contain equal
numbers of atoms. The weights of such equal volumes would therefore be
proportional to the atomic weights. This idea was received coldly by Dalton
and many of his contemporaries, who pointed to reactions such as that
which they wrote as N +- O = NO. Experimentally the nitric oxide was
found to occupy the same volume as the nitrogen and oxygen from which
it was formed, although it evidently contained only half as many “atoms.”

Not till 1860 was the solution to this problem understood by most
chemists, although half a century earlier it had been given by Amadeo
Avogadro. In 1811, he published in the Journal de physique an article that
clearly drew the distinction between the molecule and the atom. The “atoms”
of hydrogen, oxygen, and nitrogen are in reality “molecules” containing two
atoms each. Equal volumes of gases should contain the same number of
molecules (Avogadro’s Principle).

Since a molecular weight in grams.(mole) of any substance contains the
same number of molecules, according to Avogadro’s Principle the molar

? The elementary corpuscles of compounds were then called *“atoms” of the compound.
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volumes of all gases should be the same. The extent to which real gases
conform to this rule may be seen from the molar volumes in Table 7.1 cal-
culated from the measured gas densities. For an ideal gas at 0°C and 1 atm,
the molar volume would be 22,414 cc. The number of molecules in one mole
is now called Avogadro’s Number N.

TABLE 7.1
MoOLAR VOLUMES OF GASES IN cC AT 0°C AND 1 ATM PRESSURE
Hydrogen . . 22,432 Argon . . . 22,390
Helium . . . 22,396 Chlorine . . . 22,063
Methane . . . 22,377 Carbon dioxide . . 22,263
Nitrogen . . . 22,403 Ethane . . . 22,172
Oxygen . . . 22,392 Ethylene . . . 22,246
Ammonia . . 22,094 Acetylene . . . 22,085

The work of Avogadro was almost completely neglected until it was
forcefully presented by Cannizzaro at the Karlsruhe Conference in 1860.
The reason for this neglect was probably the deeply rooted feeling that
chemical combination occurred by virtue of an affinity between unlike ele-
ments. After the electrical discoveries of Galvani and Volta, this affinity
was generally ascribed to the attraction between unlike charges. The idea
that two identical atoms of hydrogen might combine into the compound
molecule H, was abhorrent to the chemical philosophy of the early nineteenth
century.

4. The kinetic theory of heat. Even among the most primitive peoples
the connection between heat and motion was known through frictional
phenomena. As the kinetic theory became accepted during the seventeenth
century, the identification of heat with the mechanical motion of the atoms
or corpuscles became quite common.

Francis Bacon (1561-1626) wrote:

When I say of motion that it is the genus of which heat is a species I would be
understood to mean, not that heat generates motion or that motion generates heat
(though both are true in certain cases) but that heat itself, its essence and quiddity,
is motion and nothing else. . . . Heat is a motion of expansion, not uniformly of
the whole body together, but in the smaller parts of it . . . the body acquires a
motion alternative, perpetually quivering, striving, and struggling, and initiated by
repercussion, whence springs the fury of fire and heat.

Although such ideas were widely discussed during the intervening years,
the caloric theory, considering heat as a weightless fluid, was the working
hypothesis of most natural philosophers until the quantitative work of Rum-
ford and Joule brought about the general adoption of the mechanical theory.
This theory was rapidly developed by Boltzmann, Maxwell, Clausius, and
others, from 1860 to 1890.

According to the tenets of the kinetic theory, both temperature and
pressure are thus manifestations of molecular motion. Temperature is a
measure of the average translational kinetic energy of the molecules, and
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pressure arises from the average force resulting from repeated impacts of
molecules with the containing walls.

5. The pressure of a gas. The simplest kinetic-theory model of a gas
assumes that the volume occupied by the molecules may be neglected com-
pletely compared to the total volume. It is further assumed that the molecules
behave like rigid spheres, with no forces of attraction or repulsion between
them except during actual collisions.

In order to calculate the pressure in terms of molecular quantities, let us
consider a volume of gas contained in a cubical box of side /. The velocity
¢ of any molecule may be resolved into components u, v, and w, parallel to
the three mutually perpendicular axes X, Y, and Z, so that its magnitude is
given by

= 4 0?4 w? (7.0

Collisions between a molecule and the walls are assumed to be perfectly
elastic; the angle of incidence equals the angle of reflexion, and the velocity
changes in direction but not in magnitude. At each collision with a wall
that is perpendicular to X, the velocity component u changes sign from

} uto --u, or vice versa; the momentum component of the molecule accord-
ingly changes from +mu to Fmu, where m is the mass of the molecule. The
magnitude of the change in momentum is therefore 2 mu.

The number of collisions in unit time with the two walls perpendicular
to X is equal to u//, and thus the change in the X component of momentum
in unit time is 2mu - (u/l) -— 2mu?/l.

If there are N molecules in the box, the change in momentum in unit
time becomes 2(Nm(773)/1), where (i2) is the average value of the square of
velocity component® u. This rate of change of momentum is simply the force
exerted by the molecules colliding against the two container walls normal to
X, whose area is 2/2. Since pressure is defined as the force normal to unit area,

b 2Nm(®)  Nm(u®)

2Er Vo

Now there is nothing to distinguish the magnitude of one particular
component from another in eq. (7.1) so that on the average (v%) = (;2_) =
(TvT’). Thus 3(u?) == (c?) and the expression for the pressure becomes

Nm(c?)
P =
3V

(1.2)

The quantity (c® is called the mean square speed of the molecules, and
may be given the special symbol C% Then C = (c?)"/2 is called the root mean

3 Not to be confused with the square of the average value of the velocity component,
which would be written (@)% In this derivation we are averaging %, not u.
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square speed. The total translational kinetic energy E; of the molecules is
3 NmC?2. Therefore from eq. (7.2):

PV = INmC? = }E, (7.3)

Since the total kinetic energy is a constant, unchanged by the elastic
collisions, eq. (7.3) is equivalent to Boyle’s Law.

If several different molecular species are present in a gas mixture, their
kinetic energies are additive. From eq. (7.3), therefore, the total pressure is
the sum of the pressures each gas would exert if it occupied the entire volume
alone. This is Dalton’s Law of Partial Pressures.?

6. Kinetic energy and temperature. The concept of temperature was first
introduced in connection with the study of thermal equilibrium. When two
bodies are-placed in contact, energy flows from one to the other until a state
of equilibrium is reached. The two bodies are then at the same temperature.
We have found that the temperature can be measured conveniently by means
of an ideal-gas thermometer, this empirical scale being identical with the
thermodynamic scale derived from the Second Law.

A distinction was drawn in thermodynamics between mechanical work
and heat. According to the kinetic theory, the transformation of mechanical
work into heat is simply a degradation of large-scale motion into motion on
the molecular scale. An increase in the temperature of a body is equivalent
to an increase in the average translational kinetic energy of its constituent
molecules. We may express this mathematically by saying that the tempera-
ture is a function of Ej alone, T == f(E). We know that this function must
have the special form T = §E /R, or

Ex = RT (7.4)

so that eq. (7.3) may be consistent with the ideal-gas relation, PV = RT.

Temperature is thus not only a function of, but in fact proportional to,
the average translational kinetic energy of the molecules. The kinetic-theory
interpretation of absolute zero is thus the complete cessation of all molecular
motion—the zero point of kinetic energy.?

The average translational kinetic energy may be resolved into components
in the three degrees of freedom corresponding to velocities parallel to the
three rectangular coordinates. Thus, for one mole of gas, where N is
Avogadro’s Number,

Ex = INmC? = INm(a®) + YNm(®) + 3 Nm(w?)
For each translational degree of freedom, therefore, from eq. (7.4),
Ej == iNm(u?) = }RT (7.5

S PV =3(Ex, | Exg+...); PV =3Eg; P,V =%E;,;etc.’
Therefore, P == P, + P, + . . ., Dalton’s Law.

5 Tt will be seen later that this picture has been somewhat changed by quantum theory,
which requires a small residual energy even at the absolute zero.
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This is a special case of a more general theorem known as the Principle of
the Equipartition of Energy.
7. Molecular speeds. Equation (7.3) may be written
ce 3P
P
where p —~ Nm/V is the density of the gas. From eqs. (7.3) and (7.4) we
obtain for the root mean square speed C, if M is the molecular weight,

(7.6)

cr .. RT _3RT
Nm M
3RT\ /2
C = (M_) .7

The average speed ¢, as we shall see later, differs only slightly from the root

mean square speed:
8RT\1/2

I Bk 7.8

¢ (WM) (7.8)
From eq. (7.6), (7.7), or (7.8), we can readily calculate average or root
mean square speeds of the molecules of any gas at any temperature. Some
results are shown in Table 7.2. The average molecular speed of hydrogen at
25°C is 1768 m per sec or 3955 mi per hr, about the speed of a rifle bullet.
The average speed of a mercury vapor atom would be only about 400 mi

per hr.

TABLE 7.2
AVERAGE SPEEDS OF GAS MOLECULES AT 0°C
Gas Meters|sec Gas Meters/sec
Ammonia . . 5827 Hydrogen . . 1692.0
Argon . . . 380.8 Deuterium . . 1196.0
Benzene . . . 2722 Mercury . . . 170.0
Carbon dioxide . 362.5 Methane . . . 600.6
Carbon monoxide . 454.5 Nitrogen . . . 454.2
Chlorine . . . 285.6 Oxygen . . . 425.1
Helium . . . 1204.0 Water . . . 566.5

We note that, in accordance with the principle of equipartition of energy,
at any constant temperature the lighter molecules have the higher average
speeds. This principle extends even to the phenomena of Brownian motion,
where the dancing particles are some thousand times heavier than the
molecules colliding with them, but nevertheless have the same average
kinetic energy.

8. Molecular effusion. A direct experimental illustration of the different
average speeds of molecules of different gases can be obtained from the
phenomenon called molecular effusion. Consider the arrangement shown in
(a), Fig. 7.1. Molecules from a vessel of gas under pressure are permitted to
escape through a tiny orifice, so small that the distribution of the velocities
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of the gas molecules remaining in the vessel is not affected in any way; that
is, no appreciable mass flow in the direction of the orifice is set up. The
number of molecules escaping in unit time is then equal to the number that,
in their random motion, happen to hit the orifice, and this number is pro-
portional to the average molecular speed.

In (b), Fig. 7.1 is shown an enlarged view of the orifice, having an area
ds. If all the molecules were moving directly perpendicular to the opening
with their mean specd ¢, in one second all those molecules would hit the
opening that were contained in an element of volume of base ds and height ¢,
or volume ¢ ds, for a molecule at a distance ¢ will just reach the orifice at

()
N

(b) ¢

«
N
Fig. 7.1. Effusion of gases.

the end of one second. If there are » molecules per cc, the number striking
would be né ds. To a first approximation only one-sixth of all the molecules
are moving toward the opening, since there are six different possible direc-
tions of translation corresponding to the three rectangular axes. The number
of molecules streaming through the orifice would therefore be }né ds, or per
unit area }nc.

Actually, the problem is considerably more complicated, since half the
molecules have a component of motion toward the area, and one must
average over all the different possible directions of motion. This gives the
result: number of molecules striking unit area per second = number of
molecules effusing through unit area per second = }né.

It is instructive to consider how this result is obtained, since the averaging
method is typical of many kinetic-theory calculations. This derivation will be
the only one in the chapter that makes any pretense of exactitude, and may
therefore serve also to inculcate a proper susp1c1on of the cursory methods
used to obtain subsequent equations.

If the direction of the molecules is no longer normal to the wall, instead
of the situation of Fig. 7.1, we have that of Fig. 7.2(a). For any given direction
the number of molecules hitting ds in unit time will be those contained in a
cylinder of base ds and slant height ¢. The volume of this cylinder is ¢ cos 0 ds,
and the number of molecules in it is n¢ cos 0 ds.

The next step is to discover how many molecules out of the total have
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velocities in the specified direction. The velocities of the molecules will be
referred to a system of polar coordinates [Fig. 7.2.(b)] with its origin at the
wall of the vessel. We call such a representation a plot of the molecular
velocities in “‘velocity space.” The
distance from the origin ¢ defines
the magnitude of the velocity, and
the angles 0 and ¢ represent its
direction. Any particular direction
from the origin is specified by the
differential solid angle dw. The
fraction of the total number of
molecules having their velocities
within this particular spread of
directions is dw/4m since 4 is the

[ ‘9‘ total solid angle subtended by the
surface of a sphere. In polar co-
‘ ordinates this solid angle is given®

by sin 0 d d¢.

(b) (c) The number of molecules hit-
ting the surface ds in unit time
from the given direction (0, ¢) be-
comes (1/4m)né cos 0 sin 0 dO de ds.
Or, for unit surface, it is (1/47)né cos 0 sin 0 d dp. In order to find the
total number striking from all directions, dn’/dt, this expression must be
integrated:

Fig. 7.2. Calculation of gaseous effusion.
Element of solid angle is shown in (c).

dnl w2 J‘Zﬂ 1
— = — n¢ cos 0 sin 0 dp dO
&t J; |, 25 € cosfsin b

The limits of integration of ¢ are from 0 to 27, corresponding to all the
directions around the circle at any given 0. Then 0 is integrated from 0 to
m/2. The final result for the number of molecules striking unit area in unit
time is then

W yne (19)

- =} nc .
dt

The steps of the derivation may be reviewed by referring to Fig. 7.2.
If p is the gas density, the weight of gas that effuses in unit time is

dw .
1/2
From eq. (7.8) gg = (-2—%) (7.11)
.

¢ G. P. Harniwell, Principles of Electricity and Electromagnetism (New York: McGraw-
Hill, 1949), p. 649.
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For the volume rate of flow, e.g., cc per sec per cm?,
av RT \12
dar (2_11"1%)
1t follows that at constant temperature the rate of effusion varies in-
versely as the square root of the molecular weight. Thomas Graham (1848)

was the first to obtain experimental evidence for this law, which is now
named in his honor. Some of his data are shown in Table 7.3.

(7.12)

TABLE 7.3
THE EFFusioN oF GASES*
Relative Velocity of Effusion
Gas 2 T
Observed Calculated from (7.12)

Air . . . . . m (1)
Nitrogen . . . . 1.0160 1.0146
Oxygen . . . . 0.9503 0.9510
Hydrogen . . . . 3.6070 3.7994
Carbon dioxide . . . 0.8354 0.8087

* Source: Graham, “On the Motion of Gases,” Phil. Trans. Roy. Soc. (London), 136,
573 (1846).

It appears from Graham’s work, and also from that of later experi-
menters, that eq. (7.12) is not perfectly obeyed. It fails rapidly when one
goes to higher pressures and larger orifices. Under these conditions the
molecules can collide many times with one another in passing through the
orifice, and a hydrodynamic flow towards the orifice is set up throughout
the container, leading to the formation of a jet of escaping gas.”

It is evident from eq. (7.12) that the effusive-flow process provides a
good method for separating gases of different molecular weights. By using
permeable barriers with very fine pores, important applications have been
made in the separation of isotopes. Because the lengths of the pores are
considerably greater than their diameters, the flow of gases through such
barriers does not follow the simple orifice-effusion equation. The dependence
on molecular weight is the same, since each molecule passes through the
barrier independently of any others.

9. Imperfect gases—van der Waals’ equation, The calculated properties
of the perfect gas of the kinetic theory are the same as the experimental
properties of the ideal gas of thermodynamics. It might be expected then
that extension and modification of the simplified model of the perfect gas
should provide an explanation for observed deviations from ideal-gas
behavior.

? For a discussion of jet flow, see H. W. Liepmann and A. E. Puckett, Introduction to
Aerodynamics of a Compressible Fluid (New York: Wiley, 1947), pp. 32 et seq.
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The first improvement of the model is to abandon the assumption that
the volume of the molecules themselves can be completely neglected in com-
parison with the total gas volume. The effect of the finite volume of the
molecules is to decrease the available void space in which the molecules are
free to move. Instead of the V in the perfect gas equation, we must write
V — b where b is called the excluded volume. This is not just equal to the
volume occupied by the molecules, but actually to four times that volume.
This may be seen in a qualitative way by considering the two molecules of
Fig. 7.3 (a), regarded as impenetrable spheres each with a diameter d. The

B o ©
7N Lo @ ©O
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(b)

Fig. 7.3. Corrections to perfcct gas law. (a) Excluded volume.
(b) Intermolecular forces.

centers of these two molecules cannot approach each other more closely
than the distance d; the excluded volume for the pair is therefore a sphere
of radius d = 2r (where r is the radius of a molecule). This volume is §7d® -
8 . 4mrd per pair, or 4 . 47r® which equals 4V, per molecule (where V,, is the
volume of the molecule).

The consideration of the finite molecular volumes leads therefore to a
gas equation of the form: P(V -- b) == RT. A second correction to the perfect
gas formula comes from consideration of the forces of cohesion between the
molecules. We recall that the thermodynamic definition of the ideal gas
includes the requirement that (JE/0V), — 0. If this condition is not fulfilled,
when the gas is expanded work must be done against the cohcsive forces
between the molecules. The way in which these attractive forces enter into
the gas equation may be seen by considering Fig. 7.3. (b). The molecules
completely surrounded by other gas molecules are in a uniform field of
force, whereas the molecules near to or colliding with the container walls
experience a net inward pull towards the body of the gas. This tends to
decrease the pressure compared to that which would be exerted by molecules
in the absence of such attractive forces.

The total inward pull is proportional to the number of surface-layer
molecules being pulled, and to the number of molecules in the inner layer
of the gas that are doing the pulling. Both factors are proportional to the
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density of the gas, giving a pull proportional to p?, or equal to ¢p?, where
¢ is a constant. Since the density is inversely proportional to the volume
at any given pressure and temperature, the pull may also be written a/V?2,
This amount must therefore be added to the pressure to make up for the
effect of the attractive forces. Then,

(P+—S~2)(V~— b) = RT (1.13)

This is the famous equation of state first given by van der Waals in 1873.
It provides a good representation of the behavior of gases at moderate
densities, but deviations become very appreciable at higher densities. The
values of the constants a and b are obtained from the experimental PVT
data at moderate densities, or more usually from the critical constants of
the gas. Some of these values were collected in Table 1.1 on p. 14.

Equation (7.13) may also be written in the form

b
PV -- RT + bP — % + 2 (1.14)

V2

The way in which this equation serves to interpret PV vs. P data may be
seen from an examination of the compressibility factor curves at different
temperatures, shown in Fig. 1.5 (p. 15). At sufficiently high temperatures
the intermolecular potential energy, which is not temperature dependent,
becomes negligible compared to the kinetic energy of the molecules, which
increases with temperature. Then the equation reduces to PV = RT + bP.
At lower temperatures, the effect of intermolecular forces becomes more
appreciable. Then, at moderate pressures the —a/V term becomes important,
and there are corresponding declines in the PV vs. P curves. At still higher
pressures, however, the term --ab/V'? predominates, and the curves eventually
rise again.

10. Collisions between molecules. Now that the oversimplification that
the molecules of a gas occupy no volume themselves has been abandoned,
it is possible to consider further the phenomena that depend on collisions
between the molecules. Let us suppose that all the molecules have a diameter
d, and consider as in Fig. 7.4 the approach of a molecule A toward another
molecule B.

A “collision” occurs whenever the distance between their centers becomes
as small as d. Let us imagine the center of 4 to be surrounded by a sphere of
radius d. A collision occurs whenever the center’of another molecule comes
within this sphere. If A4 is traveling with the average speed ¢, its “sphere
of influence” sweeps out in unit time a volume mdé. Since this volume
contains n molecules per cc, there are mnd*¢ collisions experienced by A per
second.

A more exact calculation takes into consideration that only the speed of
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a molecule relative to other moving molecules determines the number of
collisions Z, that it experiences. This fact leads to the expression

Z, = V2mnd?* (7.15)

The origin of the V2 factor may be seen by considering, in Fig. 7.5, the
relative velocities of two molecules just before or just after a collision. The

O &V
O

) i O
<

Fig. 7.4. Molecular collisions.

limiting cases are the head-on collision and the grazing collision. The average
case appears to be the 90° collision, after which the magnitude of the relative

velocity is V/2¢.
If we now examine the similar motions of all the molecules, the total

(a) (b)

Fig. 7.5. Relative speeds. (a) Head-on collision.
(b) Grazing collision. (c) Right-angle collision.

RELATIVE
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number of collisions per second of all the » molecules contained in one cc
of gas is found, from eq. (7.15), to be

Zyy = YV2mn2d2e (7.16)

The factor } is introduced so that each collision is not counted twice (once
as A hits B, and once as B hits A4).

11. Mean free paths. An important quantity in kinetic theory is the
average distance a molecule travels between collisions. This is called the
mean free path. The average number of collisions experienced by one mole-

cule in one second is, from 'eq. (7.15), Z, = V2mnd?. In this time the
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molecule has traveled a distance ¢. The mean free path 4 is therefore ¢/Z;, or
1

v 2mnd?

In order to calculate the mean free path, we must know the molecular

diameter d. This might be obtained, for example, from the van der Waals

b (== 4V,,) if the value of Avogadro’s Number N were known. So far, our

development of kinetic theory has provided no method for obtaining this

number. The theory of gas viscosity as developed by James Clerk Maxwell

presents a key to this problem, besides affording one of the most striking
demonstrations of the powers of the kinetic theory of gases.

12. The viscosity of a gas. The concept of viscosity is first met in problems

of fluid flow, treated by hydrodynamics and aerodynamics, as a measure of

//// /////%\
/////' p

///,/ / e v+(m’)dr
////// /////

(7.17)

Fig. 7.6. Viscosity of fluids.

the frictional resistance that a fluid in motion offers to an applied shearing
force. The nature of this resistance may be seen from Fig. 7.6 (a). If a fluid
is flowing past a stationary plane surface, the layer of fluid adjacent to the
plane boundary is stagnant; successive layers have increasingly higher
velocities. The frictional force f, resisting the relative motion of any two
adjacent layers, is proportional to S, the area of the interface between them,
and to dv/dr, the velocity gradient between them. This is Newton’s Law of
Viscous Flow,
dv

- (7.18)

f=nS
The proportionality constant % is called the coefficient of viscosity. 1t is
evident that the dimensions of # are m/~t1. In the CGS system, the unit is
g per cm sec, called the poise.
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The kind of flow governed by this relationship is called laminar or
streamline flow. It is evidently quite different in character from the effusive
(or diffusive) flow previously discussed, since it is a massive flow of fluid, in
which there is superimposed on all the random molecular velocities a com-
ponent of velocity in the direction of flow.

An especially important case of viscous flow is the flow through pipes or
tubes when the diameter of the tube is large compared with the mean free
path in the fluid. The study of flow through tubes has been the basis for
many of the experimental determinations cf the viscosity coefficient. The
theory of the process was first worked out by J. L. Poiseuille, in 1844,

Consider an incompressible fluid flowing through a tube of circular cross
section with radius R and length L. The fluid at the walls of the tube is
assumed to be stagnant, and the rate of flow increases to a maximum at the
center of the tube [see Fig. 7.6 (b)]. Let v be the linear velocity at any distance
r from the axis of the tube. A cylinder of fluid of radiv< r experiences a
viscous drag given by eq. (7.18) as

“ dv
jr = —‘77 d—r « 2mrL
For steady flow, this force must be exactly balanced by the force driving
the fluid in this cylinder through the tube. Since pressure is the force per unit -
area, the driving force is -
fy =Py Py

where P, is the fore pressure and P, the back pressure.

Thus, for steady flow, fr =t
dv .
-7 J;- 2mrL = 7r¥(Py — Py)

’
dv = — — (P, — P,) dr
v 27]L( ! 2) di

P, —P
On integration, U= - (14?L2) r? -+ const
According to our hypothesis, v = 0 when r —= R; this boundary condition
enables us to determine the integration constant, so that we obtain finally
P,--P,
== “(R2 __,2
v=amy, K
The total volume of fluid flowing through the tube per second is calculated
by integrating over each element of cross-sectional area, given by 27ir dr [see
Fig. 7.6 (¢)]. Thus

dt

R — 4
av f 2nro dr = ?Tv(?l o P2)R (7 19)
0 8Ly )
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This is Poiseuille’s equation. It was derived for an incompressible fluid
and therefore may be satisfactorily applied to liquids but not to gases. For
gases, the volume is a strong function of the pressure. The average pressure
along the tube is (P; + P,)/2. If P, is the pressure at which the volume is
measured, the equation becomes

v (P - Py)RA PPy (P2 -~ P*)R? 790
dr 8Ly 2P, 16LyP, (7.20)

By measuring the volume rate of flow through a tube of known dimen-

sions, the viscosity 7 of the gas can be determined. Some results of such

measurements are collected in Table 7.4,

TABLE 7.4
TRANSPORT PHENOMENA IN GASES
(At 0°C and | atm)

Thermal |

' |
\ MF::: Viscosity i?:glu: Specific
Gas Path A, UR Ponf:. cal/g Heat, ¢, 7Cy/x
x 10 sec °C cal/g
{ | x10°°
L B — .
Ammonia . . . 441 97.6 51.3 0.399 0.76
Argon . . . . 635 213 38.8 0.0750 0.41
Carbon dioxide . 397 138 34.3 0.153 0.62
Carbon monoxide . 584 168 56.3 0.177 0.53
Chlorine . . . 287 123 18.3 0.0818 0.55
Ethylene . . . 345 93.3 40.7 0.286 0.66
Helium . . . 1798 190 336 0.743 0.42
Hydrogen . . . 1123 84.2 406 2.40 0.50
Nitrogen 600 167 58.0 0.176 0.51
Oxygen 647 192 58.9 0.155 0.51

13. Kinetic theory of gas viscosity. The kinetic picture of gas viscosity
has been represented by the following analogy: Two railroad trains are
moving in the same direction, but at different speeds, on parallel tracks. The
passengers on these trains amuse themselves by jumping back and forth
from one to the other. When a passenger jumps from the more rapidly
moving train to the slower one he transports momentum of amount mv,
where m is his mass and v the velocity of his train. He tends to speed up the
more slowly moving train when he lands upon it. A passenger who jumps
from the slower to the faster train, on the other hand, tends to slow it down.
The net result of the jumping game is thus a tendency to equalize the velocities
of the two trains. An observer from afar who could not see the jumpers
might simply note this result as a frictional drag between the trains.

The mechanism by which one layer of flowing gas exerts a viscous drag
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on an adjacent layer is exactly similar, the gas molecules taking the role of

the playful passengers. Consider in Fig. 7.7 a gas in a state of laminar flow

parallel to the Y axis. Its velocity increases from zero at the plane x = 0 to

larger and larger values of v with increasing x. If a molecule at P crosses to

Q, in one of its free paths between collisions, it will bring to Q, on the

average, an amount of momentum which is less than that common to the

position Q by virtue of its distance along the X axis. Conversely, if a molecule

travels from Q to P it will transport to the lower, more slowly moving layer,

an amount of momentum in excess of that belonging to that layer. The net

result of the random thermal motions of the molecules is to decrease the

X average velocities of the molecules in

the layer at Q and to increase those

in the layer at P. This transport of

momentum tends to counteract the

-—>v+}(g—“) velocity gradient set up by the shear

X! forces acting on the gas.

The length of the mean free path

A may be taken as the average dis-

tance over which momentum is trans-

Y ferred.® If the velocity gradient is

du/dx, the difference in velocity be-

/ tween the two ends of the free path

Z is A du/dx. A molecule of mass m,

Fig. 7.7. Kinetic theory of gas passing from the upper to the lower

viscosity. layer, thus transports momentum

equal to mA du/dx. On the average,

one-third of the molecules are moving up and down; if n is the number

of molecules per cc and ¢ their average speed, the number traveling up and

down per second per square cm is 4 né. The momentum transport per

second is then inc - mA(du/dx).?

This momentum change with time is equivalent to the frictional force of

eq. (7.18) which was f = n(du/dx) per unit area. Hence

1

e
trj- “
<
i
£

d d
n cﬁ = 4nméi ~d§

n == 4nmél = §pch (7.21)

The measurement of the viscosity thus allows us to calculate the value of
the mean free path A. Some values obtained in this way are included in
Table 7.4, in Angstrom units (1 A = 1078 cm).

8 This is not strictly true, and proper averaging indicates % - 1 should be used.

® The factor } obtained here results from the cancellation of two errors in the derivation.
From eq. (7.9) one should take 4n¢ as the molecules moving across unit area but proper
averaging gives the distance between planes as §/ instead of 2.
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By eliminating A between eqs. (7.17) and (7.21), one obtains

mé
3V 2md?
This equation indicates that the viscosity of a gas is independent of its
density. This seemingly improbable result was predicted by Maxwell on
purely theoretical grounds, and its subsequent experimental verification was
one of the great triumphs of the kinetic theory. The physical reason for the
result is clear from the preceding derivation: At lower densities, fewer
molecules jump from layer to layer in the flowing gas, but, because of the
longer free paths, each jump carries proportionately greater momentum.
For imperfect gases, the equation fails and the viscosity increases with
density.

The second important conclusion from eq. (7.22) is that the viscosity of
a gas increases with increasing temperature, linearly with the /7. This con-
clusion has been well confirmed by the experimental results, although the
viscosity increases somewhat more rapidly than predicted by the /T law.

14. Thermal conductivity and diffusion. Gas viscosity depends on the
transport of momentum across a momentum (velocity) gradient. It is a
typical transport phenomenon. An exactly similar theoretical treatment is
applicable to thermal conductivity and to diffusion. The thermal conductivity
of gases is a consequence of the transport of kinetic energy across a tem-
perature (i.e., kinetic energy) gradient. Diffusion of gases is the transport of
mass across a concentration gradient.

The thermal conductivity coefficient « is defined as the hcat flow per unit
time ¢, per unit temperature gradient across unit cross-sectional area, i.e., by

(1.22)

. dr
§=r S
By comparison with eq. (7.21),
ar 1 . de
“ax T3k

where de/dx is the gradient of ¢, the average kinetic energy per molecule.

Now
de  dT de and de m
e T e ® — C.,,
dx dx dT dT !
where m is the molecular mass and ¢, is the specific heat (heat capacity per
gram). It follows that
k = dnmc,éA = Lpc, A = e, (7.23)

Some thermal conductivity coefficients are included in Table 7.4. It
should be emphasized that, even for an ideal gas, the simple theory is approxi-
mate, since it assumes that all the molecules are moving with the same speed,
¢, and that energy is exchanged completely at each collision.
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The treatment of diffusion is again similar. Generally one deals with the
diffusion in a mixture of two different gases. The diffusion coefficient D is
the number of molecules per second crossing unit area under unit con-
centration gradient. It is found to be!®

D = 346X, + 30X,

where X; and X, are the mole fractions of the two gases in the mixture. If
the two kinds of molecules are essentially the same, for example radioactive
chlorine in normal chlorine, the self-diffusion coefficient is obtained as

D 1ic (1.24)

The results of the simple mean-free-path treatments of the transport
processes may be summarized as follows:

S‘mP'° CGS Units of

I
Process | Transport of Theoretical Coefficient
| i Expression
U B _ S i e -
Viscosity . . .| Momentum mv n — 3pcl g/cm sec
Thermal conductivity .| Kinctic energy jmo® k = ypchc, ergs/cm sec dvgree
Diffusion . . i Mass m | D - e cm?/sec
|

15. Avogadro’s number and molecular dimensions. Equation (7.22) may be
written, from eq. (7.8),
Mé  2VRTM

! 3ViNgar 3PN

Now van der Waals’ b is given by
3

b = 4Nvy = 4N - ﬂ% = %de“ (7.25)

Multiplying these two equations, and solving for d,

9
A/ TR (7.26)

Let us substitute the appropriate values for the hydrogen molecule, H,,
all in CGS units.
= 2.016 b =26.6

7 =093 x 10 T = 298°K
R = 8.314 x 107

Solving for d, we find d = 2.2 x 10~% cm.

10 For example, see E. H. Kennard, Kinetic Theory of Gases (New York: McGraw-Hill,
1938), p. 188.



Sec. 15] THeE KINETIC THEORY 179

This value may be substituted back into eq. (7.25) to obtain a value for
Avogadro’s Number N equal to about 10,

Because of the known approximations involved in the van der Waals
formula, this value of N is only approximate. It is nevertheless of the correct
order of magnitude, and it is interesting that the value can be obtained
purely from kinetic-theory calculations. Later methods, which will be dis-
cussed in a subsequent chapter, give the value N —= 6.02 x 10%,

We may use this figure to obtain more accurate values for molecular
diameters from viscosity or thermal conductivity measurements. Some of
these values are shown in Table 7.5, together with values obtained from
van der Waals’ b, and by the following somewhat different method.

TABLE 7.5
MOLECULAR DIAMETERS
(Angstrom Units)

From From From From
Molecule Gas van der Molecular Closest
Viscosity Waals’ b Refraction* Packing
A 2.86 2.86 2.96 3.83
Cco 3.80 3.16 —_ 4.30
CO, 4.60 3.24 2.86 —
Cl, 3.70 3.30 3.30 4.65
He 2.00 2.48 1.48 i —
H, 2.18 2.76 1.86 | —
Kr 3.18 3.14 3.34 [ 4.02
Hg 3.60 2.38 — —
Ne 2.34 2.66 — 3.20
N, 3.16 3.14 2.40 4.00
0, 2.96 2.90 2.34 3.75
H,0 2.72 2.88 2.26 —

* The theory of this method is discussed in Section 11-18.

In the solid state the molecules are closely packed together. If we assume
that these molecules are spherical in shape, the closest possible packing of
spheres leaves a void space of 26 per cent of the total volume. The volume
occupied by a mole of molecules is M/p, where M is the molecular weight
and p the density of the solid. For spherical molecules we may therefore
write (7/6)Nd3 = 0.74(M/p). Values of d obtained from this equation may
be expected to be good approximations for the monatomic gases (He, Ne,
A, Kr) and for spherical molecules like CH,, CCl,. The equation is only
roughly applicable to diatomic molecules like Ny or O,.

The rather diverse values often obtained for molecular diameters calcu-
lated by different methods are indications of the inadequacy of a rigid-sphere
model, even for very simple molecules.

The extreme minuteness of the molecules and the tremendous size of the
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Avogadro Number N are strikingly shown by two popular illustrations given
by Sir James Jeans. If the molecules in a glass of water were turned into
grains of sand, there would be enough sand produced to cover the whole
United States to a depth of about 100 feet. A man breathes out about 400 cc
at each breath, or about 102 molecules. The earth’s atmosphere contains
about 10%* molecules. Thus, one molecule is the same fraction of a breath
of air as the breath is of the entire atmosphere. If the last breath of Julius
Caesar has become scattered throughout the entire atmosphere, the chances
are that we inhale one molecule from it in each breath we take.

16. The softening of the atom. We noted before that the viscosity of a gas
increases more rapidly with temperature than is predicted by the /T law.
This is because the molecules are not actually hard spheres, but must be
regarded as being somewhat soft, or surrounded by fields of force. This
is true even for the atom-molecules of the inert gases. The higher the tem-
perature, the faster the molecules are moving, and hence the further one
molecule can penetrate into the field of force of another, before it is repelled
or bounced away. The molecular diameter thus appears to be smaller at
higher temperatures. This correction has been embodied in a formula due to
Sutherland (1893)

C
e g2y, &
d dz (I } T) (7.27)

Here d,, and C are constants, d,, being interpreted as the value of d as T
approaches infinity.

More recent work has sought to express the temperature coefficient of
the viscosity in terms of the laws of force between the molecules. Thus here,
just as in the discussion of the equation of state, the qualitative picture of
rigid molecules must be modified to consider the fields of force between
molecules.

We recall from Chapter 1 that forces may be represented as derivatives
of a potential-energy function, f'—= —(oU/dr), and a representation of this
function serves to illustrate the nature of the forces. In Fig. 7.8 we have
drawn the mutual potential energy of pairs of molecules of several different
gases. We may imagine the motion of one molecule as it approaches rapidly
toward another to be represented by that of a billiard ball rolled with con-
siderable force along a track having the shape of the potential curve. As the
molecule approaches another it is accelerated at first, but then slowed down
as it reaches the steep ascending portion of the curve. Finally it is brought
to a halt when its kinetic energy is completely used up, and it rolls back down
and out the curve again. Since the kinetic energy is almost always greater
than the depth of the potential-energy trough, there is little chance of a
molecule’s becoming trapped therein. (If it did, another collision would soon
knock it out again.) .

This softening of the original kinetic-theory picture of the atom as a
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hard rigid sphere was of the greatest significance. It immediately suggested
that the atoms could not be the ultimate building units in the construction
of matter, and that man must seek still further for an indestructible reality
to explain the behavior of material things.

So far in this chapter we have dealt with average properties of large
collections of molecules: average velocities, mean free paths, viscosity, and
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Fig. 7.8. Mutual potential energy of pairs of molecules.

so on. In what follows, the contributions of the individual molecules to these
averages will be considered in some detail.

17. The distribution of molecular velocities. The molecules of a gas in
their constant motion collide many times with one another, and these
collisions provide the mechanism through which the velocities of individual
molecules are continually changing. As a result, there exists a distribution
of velocities among the molecules; most have velocities with magnitudes

close to the average, and relatively few have velocities much above or much
below the average.
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A molecule may acquire an exceptionally high speed as the result of a
series of especially favorable collisions. The theory of probability shows
that the chance of a molecule’s experiencing a series of n lucky hits is pro-
portional to a factor of the form e~*", where a is a constant.! Thus the
probability of the molecule’s having the energy E above the average energy
is likewise proportional to e . The exact derivation of this factor may be
carried out in several ways, and the problems involved in the distribution of
velocities, and hence of kinetic energies, among the molecules, form one of
the most important parts of the kinetic theory.

18. The barometric formula. It is common knowledge that the density of

the earth’s atmosphere decreases with increas-

1sq cm . . S

N ing altitude. If one makes the simplifying
9 assumption that a column of gas extending
l]]mﬂj-——f upward into the atmosphere is at constant

temperature, a formula may be derived for
this variation of gas pressure in the gravita-
tional field. The situation is pictured in

Fig. 7.9.
| - —~ The weight of a thin layer of gas of thick-
- ness dx and one cm? cross section is its mass

Fig. 7.9. Barometric formula. times the acceleration due to gravity, or pg
dx, where p is the gas density. The difference

in pressure between the upper and lower boundaries of the layer is
( - dP/dx) dx, equal to the weight of the layer of unit cross section. Thus

--dP = pg dx
PM
For an ideal gas, —
ideal gas P = RT
dP Mg
Theref ——= =24
erefore T
Integrating between the limits P = Py at x — 0, and P = P at x = x,
P
ns o Msx
P, RT
P = P, MoxIRT (7.28)

Now, Mgx is simply the gravitational potential energy at the point x,
which may be written as Ey per mole. Then

P = Pye Fv/RT (7.29)
If, instead of the molar energy, we consider that of the individual mole-

cule, &p, eq. (7.29) becomes
P = Pye olkT (7.30)

11 If the chance of one lucky hit is 1/c, the chance P for n in a row is P = (1/c)". Then
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The constant k is called the Boltzmann constant. It is the gas constant per
molecule.

R 8.315 x 107 erg/°C mole .
k=—=-""C 0 T8 = T 1381 x 10716 erg/°C
N~ 602 x 108 mole! X 107 erg/

Equation (7.30) is but one special case of a very general expression
derived by L. Boltzmann in 1886. This states that if n, is the number of
molecules in any given state, the number # in a state whose potential energy
is £ above that of the given state is

n = nye ¢HT (7.31)

19. The distribution of kinetic energies.”> To analyze more closely the
kinetic picture underlying the barometric formula, let us consider the in-
dividual gas molecules moving with their diverse velocities in the earth’s
gravitational field. The velocity components parallel to the earth’s surface
(in the y and z directions along which no field exists) are not now of interest
and only the vertical or x component u need be considered.

The motion of a molecule with an upward velocity u is just like that of
a ball thrown vertically into the air. If its initial velocity is u,, it will rise
with continuously decreasing speed, as its kinetic energy is transformed into
"potential energy according to the equation

mgx = Ymug? — ymu?

At the height, x = u,?/2g, it will stop, and then fall back to earth.

The gravitational field acts as a device that breaks up the mixture of
various molecular velocities into a “spectrum” of velocities. The slowest
molecules can rise only a short distance; the faster ones can rise propor-
tionately higher. By determining the number of molecules that can reach
any given height, we can likewise determine how many had a given initial
velocity component.

As is to be expected from the physical picture of the process, the dis-
tribution of kinetic energies ex among the molecules must follow an ex-
ponential law just as the potential energy distribution does. Representing
the fraction of molecules having a velocity between u and u -+ du by dn/n,,
this law may be written from eq. (7.31) as

M gt gy (7.32)
hy
Here A is a constant whose value is yet to be determined.

20. Consequences of the distribution law. This distribution law is com-
pletely unaffected by collisions between molecules, since a collision results
only in an interchange of velocity components between two molecules.
Expressions exactly similar to eq. (7.32) must also hold for the velocity

12 The method suggested here is given in detail by K. F. Herzfeld in H. S. Taylor’s
Treatise on Physical Chemistry, 2nd ed. (New York: Van Nostrand, 1931), p. 93.
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distributions in the y and z directions, since it is necessary only to imagine
some sort of potential field in these directions in order to analyze the
velocities into their spectrum.
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Fig. 7.10. One-dimensional velocity distribution (nitrogen at 0°C).

The constant A4, in eq. (7.32), may be evaluated from the fact that the
sum of all the fractions of molecules in all the velocity ranges must be unity.
Thus, integrating over all possible velocities from — oo to 4 oo, we have

A f+w e-«mu'/ZlT du — 1

2

mu
tti 42
Letting T X
2kT\V2 [+= |
e
. oo, . m \1/2
Since f_ooe Tdx = 72, A= (Z_wk?)
Therefore, eq. (7.32) becomes
dn m \V2 o
n (ZwkT) e du (7.33)

This function is shown plotted in Fig. 7.10. It will be noted that the
fraction of the molecules with a velocity component in a given range declines
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at first slowly and then rapidly as the velocity is increased. From the curve
and from a consideration of eq. (7.33), it is evident that as long as mu?® < kT
the fraction of molecules having a velocity u falls off slowly with increasing u.
When $mu? = 10kT, the fraction has decreased to e71%, or 5 X 107° times its
value at $mu® = kT. Thus only a very small proportion of any lot of mole-
cules can have kinetic energies much greater than k7 per degree of freedom.

If, instead of a one-dimensional gas (one degree of freedom of trans-
lation), a two-dimensional gas is considered, it can be proved!® that the
probability of a molecule having a given x velocity component u in no way
depends on the value of its y component ». The fraction of the molecules
having simultaneously velocity components between u and u + du, and v
and v -+ dv, is then simply the product of the two individual probabilities.
dn ( 27::T) e~ iUt RT gy gy, (7.34)

ny
This sort of distribution may be graphically represented as in Fig. 7.11,

where a coordinate system with # and v axes has been drawn. Any point in

the (u, v) plane represents a simul- v

taneous value of u and v; the plane

is a two-dimensional velocity space

similar to that used on p. 168. The :gggl_-m
dots have been drawn so as to '/21rcdc

represent schematically the density
of points in this space, i.e., the
relative frequency of occurrence of
sets of simultaneous values of u
and v. ‘
The graph bears a striking re-
semblance to a target that has been
peppered with shots by a marks-
man aiming at the bull’s-eye. In
the molecular case, each individual = gig, 7,11, Distribution of points in two-
molecular-velocity component, ¥ or  dimensional velocity space: v, = u; v, = .
v, aims at the value zero. The
resulting distribution represents the statistical summary of the results. The
more skilful the marksman, the more closely will his results cluster around
the center of the target. For the molecules, the skill of the marksman has its
analogue in the temperature of the gas. The lower the temperature, the better
the chance a molecular-velocity component has of coming close to zero.
If, instead of the individual components « and v, the resultant speed ¢
is considered, where ¢ = % + v2, it is evident that its most probable value
is not zero. This is because the number of ways in which ¢ can be made up

13 For a discussion of this theorem see, for example, J. Jeans, Introduction to the
Kinetic Theory of Gases (London: Cambridge, 1940), p. 105.
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from u and v increases in direct proportion with ¢, whereas at first the prob-
abiiity of any value of u or v declines rather slowly with increasing velocity.

From Fig. 7.11, it appears that the distribution of ¢, regardless of direc-
tion, is obtainable by integrating over the annular area between ¢ and
¢ - dc, which is 2mc¢ de. The required fraction is then

dn m
. = p—mct2kT d 7.35
ny kTe ¢ac (7.33)
21. Distribution law in three dimensions. The three-dimensional distribu-
tion law may now be obtained by a simple extension of this treatment. The
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Fig. 7.12. Distribution of molecular speeds (nitrogen).

fraction of molecules having simultaneously a velocity component between
uand ¥ + du, v and v + dv, and w and w + dw, is

dn ( m )3/2 —m(ut -+ o+ wt) 2K T
o 2‘11’—/(’}-" e du dv dw (7.36)
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We wish an expression for the number with a speed between ¢ and ¢ + dc,
regardless of direction, where ¢ = u? 4 v? + w

These are the molecules whose velocity points lie within a spherical shell
of thickness dc at a distance ¢ from the origin. The volume of this shell is
4mrc2de, and therefore the desired distribution function is

3/2
gg; 4n (5:;&) o MR e (1.37)
This is the usual expression of the distribution equation derived by James
Clerk Maxwell in 1860.

The equation is plotted in Fig. 7.12 at several different temperatures,
showing how the curve becomes broader and less peaked at the higher tem-
peratures, as relatively more molecules acquire kinetic energies greater than
the average of 3kT.

22. The average speed. The average value 7 of any property r of the
molecules is obtained by multiplying each value of r, r,, by the number of
molecules n, having this value, adding these products, and then dividing by
the total number of molecules. Thus

Smrn 1.
F= S o > n,r, (7.38)
where > n, = ny is the total number of molecules.
In case n is known as a continuously varying function of r, n(r), instead
of the summations of eq. (7.38) we have the integrations
“r dn(r) 1 re
F = f"—m [ ¢ dn(r) (7.39)
fo dn(ry M°°

This formula may be illustrated by the calculation of the average mole-
cular speed ¢. Using eq. (7.37), we have

1 re 3/2 o o
E:——f cdn:-477( " ) f e RT3 de
ny J0

2mkT)  Jo
The evaluation of this integral can be obtained from

fw e "3 dx = !

0 2a?
Making the appropriate substitutions, we find
8kT\1/?
¢ = (——-) (7.40)
mm

14 Letting x2 = z,

J‘co 1 J‘oo 1 (e—az) © 1
-az® - = azdz =~ = -
0 € X dx 3Jo¢ dz 2\ ), a

d [® 1

o
Then, fo e dx = - 3
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Similarly, the average kinetic energy can readily be evaluated as
< m ® 5
Ime? = 21, fu c2dn

This yields L
Ymc®) = §kT (7.41)

23. The equipartition of energy. Equation (7.41) gives the average trans-
lational kinetic energy of a molecule in a gas. It will be noted that the average
energy is independent of the mass of the molecule. Per mole of gas,

Ex wansy ~ 2NKT - §RT (7.42)

For a monatomic gas, like helium, argon, or mercury vapor, this translational
kinetic energy is the total kinetic energy of the gas. For diatomic gases, like
N, or Cl,, and polyatomic gases, like CH, or N,O, there may also be energy
associated with rotational and vibrational motions.

A useful model for a molecule is obtained by supposing that the masses
of the constituent atoms are concentrated at points. As will be seen in
Chapter 9, almost all the atomic mass is in fact concentrated in a tiny
nucleus, the radius of which is about 10" 3 cm. Since the over-all dimensions
of molecules are of the order of 108 cm, a model based on point masses is
physically most reasonable. Consider a molecule composed of n atoms. In
order to represent the instantaneous locations in space of n mass points, we
should require 3n coordinates. The number of coordinates required to locate
all the mass points (atoms) in a molecule is called the number of its degrees
of freedom. Thus a molecule of n atoms has 3n degrees of freedom.

The atoms within each molecule move through space as a connected
entity, and we can represent the translational motion of the molecule as a
whole by the motion of the center of mass of its constituent atoms. Three
coordinates (degrees of freedom) are required to represent the instantaneous
position of the center of mass. The remaining (3n — 3) coordinates represent
the so-called internal degrees of freedom.

The internal degrees of freedom may be further subdivided into rotations
and vibrations. Since the molecule has moments of inertia / about suitably
chosen axes, it can be set into rotation about these axes. If its angular velocity
about an axis is o, the rotational kinetic energy is }/w?. The vibratory
motion, in which one atom in a molecule oscillates about an equilibrium
separation from another, is associated with both kinetic and potential
energies, being in this respect exactly like the vibration of an ordinary spring.
The vibrational kinetic energy is also represented by a quadratic expression,
imv?. The vibrational potential energy can in some cases be represented also
by a quadratic expression, but in the coordinates g rather than in the
velocities, for example, §«g® Each vibrational degree of freedom would then
contribute two quadratic terms to the total energy of the molecule.

By an extension of the derivation leading to eq. (7.41), it can be shown
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that each of these quadratic terms that comprise the total energy of the
molecule has an average value of }kT. This conclusion, a direct consequence
of the Maxwell-Boltzmann distribution law, is the most general expression
of the Principle of Equipartition of Energy.

24. Rotation and vibration of diatomic molecules. The rotation of a di-
atomic molecule may be visualized by reference to the so-called dumbbell -
model in Fig. 7.13, which might represent a molecule such as H,, Ny, HCI,

X
-_._-ﬁ .....
L
; e -0
Ple -7
4
my ’,’anz ,,
- -rl--on-’\l—— fa@ ,/ r
—f e Zd o <A £
”-w r 0
i
”
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Fig. 7.13. Dumbbell rotator.

or CO. The masses of the atoms, m; and m,, are concentrated at points,
distant r, and r,, respectively, from the center of mass. The molecule there-
fore has moments of inertia about the X and Z axes, but not about the Y
axis on which the mass points lie.

The energy of rotation of a rigid body is given by

Ey = $o? (7.43)

where w is the angular velocity of rotation, and / is the moment of inertia.
For the dumbbell model, I = m,r? -} myr,2.
The distances r, and r, from the center of mass are

o m27 ~ . m; r
! my+my my + my
Thus I = -—TL"Z’E—-— r? = ‘u.r2 (7'44)
m; -+ My
mm
The quantity p= r;“i_—f; (7.45)
1 2

is called the reduced mass of the molecule. The rotational motion is equivalent
to that of a mass u at a distance r from the intersection of the axes.

Only two coordinates are required to describe such a rotation com-
pletely; for example, two angles 6 and ¢ suffice to fix the orientation of the
rotator in space. There are thus two degrees of freedom for the rotation of
a dumbbell-like structure. According to the principle of the equipartition of



190 THE KINETIC THEORY [Chap. 7

energy, the average rotational energy should therefore be E.,, — 2N(3kT)
= RT.

The simplest model for a vibrating diatomic molecule (Fig. 7.14) is the
harmonic oscillator. From mechanics we know that simple harmonic motion
occurs when a particle is acted on by a restor-

fo— P ——y
ing force directly proportional to its distance
.559555555‘) from the equilibrium position. Thus
. d?r
fotr / T KE T ma—ﬁ (746)
Fig. 7.14. Harmonic oscil- .
lator. The constant « is called the force constant.

The motion of a particle under the influ-
ence of such a restoring force may be represented by a potential energy

function U(r).
i U
_f = — (ar-) = —KF

U(r) -= Lkr? (7.47)

This is the equation of a parabola and the potential-energy curve is

drawn in Fig. 7.15. The motion of the particle, as has been pointed out in

previous cases, is analogous to that of a ball moving on such a surface.
Starting from rest at any position r, it has
only potential energy, U = }«r2. As it rolls
down the surface, it gains kinetic energy up
to a maximum at position r - - 0, the equi-

librium interatomic distance. The kinetic
energy is then reconverted to potential
energy as the ball rolls up the other side of
the incline. The total energy at any time is

always a constant, .

|
—

— r 0 +r —

2
E\'ih ’ é"l (_) + :lZKrz
dt Fig. 7.15. Potential curve of
harmonic oscillator.

It is apparent, therefore, that vibrating
molecules when heated can take up energy as both potential and kinetic
energy of vibration. The equipartition principle states that the average
energy for each vibrational degree of freedom is therefore kT, kT for the
kinetic energy plus kT for the potential energy.

For a diatomic molecule the total average energy per mole therefore
becomes

E — Eyy + Eor + Eviy = 3RT + RT + RT == iRT

25. Motions of polyatomic molecules. The motions of polyatomic mole-
cules can also be represented by the simple mechanical models of the rigid
rotator and the harmonic oscillator. If the molecule contains » atoms, there
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are (3n - 3) internal degrees of freedom. In the case of the diatomic molecule,
3n — 3 = 3. Two of the three internal coordinates are required to represent
the rotation, leaving one vibrational coordinate.

In the case of a triatomic molecule, 3» — 3 = 6. In order to divide these
six internal degrees of freedom into rotations and vibrations, we must first
consider whether the molecule is linear or bent. If it is linear, all the atomic
mass points lie on one axis, and there is therefore no moment of inertia about
this axis. A linear molecule behaves like a diatomic molecule in regard to
rotation, and there are only two rotational degrees of freedom. For a linear
triatomic molecule, there are thus 3n — 3 — 2 = 4 vibrational degrees of
freedom. The average energy of the molecules according to the Equipartition
Principle would therefore be

E— Etrum i El'(lt i Ewh
= 3(3RT) + 2(4RT) 4 4(RT) - 6LRT per mole

A nonlinear (bent) triatomic molecule has three principal moments of
inertia, and therefore three rotational degrees of freedom. Any nonlinear
polatomic molecule has 3n — 6 vibrational degrees of freedom. For the
triatomic case, there are therefore three vibrational degrees of freedom. The
average energy according to the Equipartition Principle would be

E - 3(1RT) 4 3(1RT) + 3(RT)
= 6RT per mole

Examples of linear triatomic molecules are HCN, CO,, and CS,. Bent
triatomic molecules include H,O and SO,.

The vibratory motion of a collection of mass points bound together by
linear restoring forces [i.e., a polyatomic molecule in which the individual
atomic displacements obey eq. (7.46)] may be quite complicated. It is always
possible, however, to represent the complex vibratory motion by means of
a number of simple motions, the so-called normal modes of vibration. In a
normal mode of vibration, each atom in the molecule is oscillating with the
same frequency. Examples of the normal modes for linear and bent triatomic
molecules are shown in Fig. 7.16. The bent molecule has three distinct
normal modes, each with a characteristic frequency. The frequencies of
course have different numerical values in different compounds. In the case
of the linear molecule, there are four normal modes; two correspond to
stretching of the molecule (v, ;) and two correspond to bending (v,,, ¥y,).
The two bending vibrations differ only in that one is in the plane of the
paper and one normal to the plane (denoted by + and —-). These vibrations
have the same frequency, and are called degenerate vibrations.

When we described the translational motions of molecules and their
consequences for the kinetic theory of gases, it was desirable at first to employ
a very simplified model. The same procedure has been followed in this dis-
cussion of the internal molecular motions. Thus diatomic molecules do not
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really behave as rigid rotators, since, at rapid rotation speeds, centrifugal
force tends to separate the atoms by stretching the bond between them.

s G—O—5~ CanSamOlh

ARATA

Fig. 7.16. Normal modes of vibration of triatomic molecules.

Likewise, a more detailed theory shows that the vibrations of the atoms are
not strictly harmonic.

26. The equipartition principle and the heat capacity of gases. According
1o the equipartition principle, a gas on warming should take up energy in
all its degrees of freedom, $RT per mole for each translational or rotational
coordinate, and RT per mole for each vibration. The heat capacity at con-
stant volume, Cj- —= (JE/OT);,, could then be readily calculated from the
average energy.

From eq. (7.42) the translational contribution to C) is (3)R. Since
R = 1.986 cal per degree C, the molar heat capacity is 2.98 cal per degree C.
When this figure is compared with the experimental values in Table 7.6, it
is found to be confirmed for the monatomic gases, He, Ne, A, Hg, which

TABLE 7.6
MoLAR HEAT CAPACITY C, OF GASES
Temperature (°C)
Gas S A S
—100 0 100 400 600
He, Ne, A, Hg . 2.98 2.98 2.98 2.98 2,98
H, . . . 4.18 4.92 4.97 4.99 5.00
N, . . . 4.95 4.95 4.96 5.30 542
o, . . . 4.98 5.00 5.15 5.85 6.19
Cly . . . — 5.85 5.88 6.24 6.40
H,O . . — — 6.37 6.82 7.60
CO, . . . — . 6.75 7.68 9.86 10.90
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have no internal degrees of freedom. The observed heat capacities of the
diatomic and polyatomic gases are always higher, and increase with tem-
perature, so that it may be surmised that rotational and vibrational contri-
butions are occurring.

For a diatomic gas, the equipartition principle predicts an average energy
of ()RT, or Cp = (3)R == 6.93. This value seems to be approached at high
temperatures for H,, N,, O,, and Cl,, but at lower temperatures the experi-
mental C}, values fall much below the theoretical ones. For polyatomic gases,
the discrepancy with the simple theory is even more marked. The equi-
partition principle cannot explain why the observed C;- is less than predicted,
why Cj- increases with temperature, nor why the C;- values differ for the
different diatomic gases. The theory is thus satisfactory for translational
motion, but most unsatisfactory when applied to rotation and vibration.

Since the equipartition principle is a direct consequence of the kinetic
theory, and in particular of the Maxwell-Boltzmann distribution law, it is
evident that an entirely new basic theory will be required to cope with the
heat capacity problem. Such a development is found in the quantum theory
introduced in Chapter 10.

27. Brownian motion. In 1827, shortly after the invention of the achro-
matic lens, the botanist Robert Brown!® studied pollen grains under his
microscope and watched a curious behavior.

While examining the form of these particles immersed in watcr, 1 observed many
of them very evidently in motion; their motion consisting not only of a change of
place in the fluid, manifested by alterations of their relative positions, but also not
infrequently of a change in form of the particle itself; a contraction or curvature
taking place repeatedly about the middle of one side, accompanied by a correspond-
ing swelling or convexity on the opposite side of the particle. In a few instances the
particle was seen to turn on its longer axis. These motions were such as to satisfy
me, after frequently repeated observations, that they arose neither from currents in
the fluid, nor from its gradual evaporation, but belonged to the particle itself.

In 1888, G. Gouy proposed that the particles were propelled by collisions
with the rapidly moving molecules of the suspension liquid. Jean Perrin
recognized that the microscopic particles provide a visible illustration of
many aspects of the kinetic theory. The dancing granules should be governed
by the same laws as the molecules in a gas.

One striking confirmation of this hypothesis was discovered in Perrin’s
work on the distribution of colloidal particles in a gravitational field, the
sedimentation equilibrium. By careful fractional centrifuging, he was able
to prepare suspensions of gamboge'® particles that were spherical in shape
and very uniform in size. It was possible to measure the radius of the particles
either microscopically or by weighing a counted number. If these granules

15 Brown, Phil. Mag., 4, 161 (1828); 6, 161 (1829); 8, 41 (1830).
18 Gamboge is a gummy material from the desiccation of the latex secreted by garcinia
morella (Indo-China). It is used as a bright yellow water color.
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behave in a gravitational field like gas molecules, their equilibrium distribu-
tion throughout a suspension should obey the Boltzmann equation

n = ng e~ moukT (7.48)

Instead of m we may write 4nr3(p — p,) where r is the radius of the particle,
and p and p, are the densities of the gamboge and of the suspending liquid.
Then eq. (7.48) becomes

inTo _ A7ghe —p)

7.49
n RT N ( )

By determining the difference in the numbers of particles at heights separated
by A, it is possible to calculate a value for
Avogadro’s Number N.

A drawing of the results of Perrin’s micro-
scopic examination of the equilibrium distri-
bution with granules of gamboge 0.6 in
diameter!? is shown in Fig. 7.17. The relative
change in density observed in 10 of this
suspension is equivalent to that occurring in
6 km of air, a magnification of six hundred

Fig. 7.17. Sedimentation million.
equilibrium. The calculation from eq. (7.49) resulted
in a value of N = 6.5 x 10%. This value is
in good agreement with other determinations, and is evidence that the visible
microscopic particles are behaving as giant molecules in accordance with
the kinetic theory. These studies were welcomed at the time as a proof of
molecular reality.

28. Thermodynamics and Brownian motion. A striking feature of the
Brownian motion of microscopic particles is that it never stops, but goes on
continuously without any diminution of its activity. This perpetual motion
is not in contradiction with the First Law, for the source of the energy that
moves the particles is the kinetic energy of the molecules of the suspending
liquid. We may assume that in any region where the colloid particles gain
kinetic energy, there is a corresponding loss in kinetic energy by the molecules
of the fluid, which undergoes a localized cooling. This amounts to perpetual
motion of the second kind, for the transformation of heat into mechanical
energy is prohibited by the Second Law, unless there is an accompanying
transfer of heat from a hot to a cold reservoir.

The study of Brownian motion thus reveals an important limitation of
the scope of the Second Law, which also allows us to appreciate its true
nature. The increase in potential energy in small regions of a colloidal sus- -
pension is equivalent to a spontaneous decrease in the entropy of the region.
On the average, of course, over long periods of time the entropy of the entire

17 | micron (4¢) = 10~* mm == 10~¢ m.
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system does not change. In any microscopic region, however, the entropy
fluctuates, sometimes increasing and sometimes decreasing.

On the macroscopic scale such fluctuations are never observed, and the
Second Law is completely valid. No one observing a book lying on a desk
would expect to see it spontaneously fly up to the ceiling as it experienced a
sudden chill. Yet it is not impossible to imagine a situation in which all the
molecules in the book moved spontaneously in a given direction. Such a
situation is only extremely improbable, since there are so many molecules in
any macroscopic portion of matter.

29. Entropy and probability. The law of the increase of entropy is thus
a probability law. When the number of molecules in a system becomes
sufficiently small, the probability of observing a spontaneous decrease in
entropy becomes appreciable.

The relation between entropy and probability may be clarified by con-
sidering (Fig. 7.18) two different gases, 4 and B, in separate containers.

Fig. 7.18. Increase in randomness and entropy on mixing.

Vhen the partition is removed the gases diffuse into each other, the process
«ontinuing until they are perfectly mixed. If they were originally mixed, we
should never expect them to become spontaneously unmixed by diffusion,
since this condition would require the simultaneous adjustment of some 102
different velocity components per mole of gas.

The mixed condition is the condition of greater randomness, of greater
disorder; it is the condition of greater entropy since it arises spontaneously
from unmixed conditions. [The entropy of mixing was given in eq. (3.42).]
Hence entropy is sometimes considered a measure of the degree of disorder
or of randomness in a system. The system of greatest randomness is also
the system of highest statistical probability, for there are many arrange-
ments of molecules that can comprise a disordered system, and much fewer
for an ordered system. When one considers how seldom thirteen spades
are dealt in a bridge hand,!® one can realize how much more probable is the
mixed condition in a system containing 102* molecules.

Mathematically, the probabilities of independent individual events are
multiplied together to obtain the probability of the combined event. The

18 Once in 653,013,559,600 deals, if the decks are well-shuffled and the dealers virtuous.
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probability of drawing a spade from a pack of cards is 1/4; the probability
of drawing two spades in a row is (1/4)(12/51); the probability of drawing
the ace of spades is (1/4)(1/13) = 1/52. Thus W,, = W, W,. Entropy, on the
other hand, is an additive function, S;, = S; + S,. This difference enables us
to state that the relation between entropy S and probability W must be a
logarithmic one. Thus,

S=alnW +b (7.50)

The value of the constant a may be derived by analyzing from the view-
point of probability a simple change for which the AS is known from
thermodynamics. Consider the expansion of one mole of an ideal gas,
originally at pressure P, in a container of volume ¥, into an evacuated
container of volume V,. The final pressure is P, and the final volume, V,
I~ V,. For this change,
Vit V, vy \7Y
AS —§, — 8§, = Rln( v, ) —~ k In (V1 n Vz) (7.51)
When the containers are connected, the probability w; of finding one
given molecule in the first container is simply the ratio of the volume V; to
the total volume V| -+ ¥V, or w; = V}/(V; -+ V,). Since probabilities are
multiplicative, the chance of finding all N molecules in the first container,
i.e., the probability W, of the original state of the system, is

W——( £ )N
Y\t

Since in the final state all the molecules must be in one or the other of
the containers, the probability W, = 1V = 1.
Therefore from eq. (7.50),

w. L N 14 —A
AS =S, -S, =aln *=aln [ - - —J =aln ( i~)
= Wi Vit V) Vit Vs

Comparison with eq. (7.51) shows that a is equal to k, the Boltzmann
constant. Thus
S=kinW+4b
We

AS =58, — S, ~ kln  *

i, (1.52)

This relation was first given by Boltzmann in 1896.

For physicochemical applications, we are concerned always with entropy
changes, and may conveniently set the constant b equal to zero.1?

The application of eq. (7.52) cannot successfully be made until we have
more detailed information about the energy states of atoms and molecules.

1 A further discussion of this point is to be found in Chapter 12.
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This information will allow us to calculate W and hence the entropy and
other thermodynamic functions.

The relative probability of observing a decrease in entropy of AS below
the equilibrium value may be obtained by inverting eq. (7.52):

W oo (7.53)
Weq

For one mole of helium, S/k at 273° = 4 x 10%. The chance of observing
an entropy decrease one-millionth of this amount is about 10" It is evi-
dent, therefore, that anyone observing a book flying spontaneously into the
air is dealing with a poltergeist and not an entropy fluctuation (probably!).
Only when the system is very small is there an appreciable chance of ob-
serving a large relative decrease in entropy.

A further analysis may be made of the driving force of a chemical re-
action or other change, —AF = --AH -4 TAS. It is made up of two terms,
the heat of the reaction and the increase in randomness times the tempera-
ture. The higher the temperature, the greater is the driving force due to the
increase in disorder. This may be physically clearer in the converse state-
ment: The lower the temperature, the more likely it is that ordered states
can persist. The drive toward equilibrium is a drive toward minimum
potential energy and toward maximum randomness. In general, both can-
not be achieved in the same system under any given set of conditions. The
free-energy minimum represents (at constant 7 and P) the most satisfactory
compromise that can be attained.

PROBLEMS

1. At what speeds would molecules of hydrogen and oxygen have to
leave the surface of (a) the earth, (b) the moon, in order to escape into
space? At what temperatures would the average speeds of these molecules
equal these ‘““speeds of escape”? The mass of the moon can be taken as
#g that of the earth.

2. Calculate the number of (a) ergs per molecule, (b) kcal per mole
corresponding to one electron volt per molecule. The electron volt is the
energy acquired by an electron in falling through a potential difference of
one volt. What is the mean kinetic energy of a molecule at 25°C in ev?
What is k in ev per °C?

3. The density of nitrogen at 0°C and 3000 atm is 0.835 g per cc. Cal-
culate the average distance apart of the centers of the molecules. How does
this compare with the molecular diameter calculated from van der Waals’
b = 39.1 cc per mole?

4. In the method of Knudsen [Ann. Physik, 29, 179 (1909)], the vapor
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pressure is determined by the rate at which the substance, under its equi-
librium pressure, diffuses through an orifice. In one experiment, beryllium
powder was placed inside a molybdenum bucket having an effusion hole
0.318 cm in diameter. At 1537°K, it was found that 0.00888 g of Be effused
in 15.2 min. Calculate the vapor pressure of Be at 1537°K

5. Two concentric cylinders are 10 cm long, and 2.00 and 2.20cm in
diameter. The space between them is filled with nitrogen at 10~2 mm pressure.
Estimate the heat flow by conduction between the two cylinders when they
differ in temperature by 10°C.

6. At 25"C what fraction of the molecules in hydrogen gas have a kinetic
energy within k7 + 10 per cent? What fraction at 500°C? What fraction of
molecules in mercury vapor?

7. Derive an expression for the fraction of molecules in a gas that have
an energy greater than a given value E in two degrees of freedom.

8. Show that the most probable speed of a molecule in a gas equals
V2kT/m.

9. Derive the expression (-{;r»n?) = kT from the Maxwell distribution
law.

10. In a cc of oxygen at | atm and 300°K, how many molecules have
translational kinetic energies greater than 2 electron volts? At 1000°K ?

11. What is the mean free path of argon at 25°C and a pressure of | atm?
Of 105 atm?

12. A pinhole 0.2 micron in diameter is punctured in a liter vessel con-
taining chlorine gas at 300°K and I mm pressure. If the gas effuses into a
vacuum, how long will it take for the pressure to fall to 0.5 mm?

13. Perrin studied the distribution of uniform spherical (0.212 p radius)
grains of gamboge (p = 1.206) suspended in water at 15°C by taking counts
on four equidistant horizontal planes across a cell 100 s« deep. The relative
concentrations of grains at the four levels were

level: Sn 35 65 95 u
concentration: 100 47 226 12
Estimate Avogadro’s Number from these data.

14. Show that the number of collisions per second between unlike mole-
cules, A4 and B, in one cc of gas is

d, +d,\% [8kT
Ziy = gy ('A 2 I‘;) */ e

where the reduced mass, u = (m_mpy)/(m + my). In an equimolar mixture
of H, and I, at 500°K and 1 atm calculate the number of collisions per sec
per cc between H, and H,, H, and 1,, I, and 1,. For H, take d — 2.18A, for
lyd -3.76 A.



Chap. 7] . Tue KINETIC THEORY 199

15. The fprce constant of O, is 11.8 x 10% dynes per cm and r, - 1.21 A.
Estimate the potential energy per mole at r = 0.8r,,.

16. Calculate the moments of inertia of the following molecules: (a)
NaCl, ry = 2.51 A; (b) Hy0, roy = 0.957 A, / HOH = 105° 3'.

17. In Fig. 7.18, assume that there are 10 white balls and 10 black balls
distributed at random between the two containers of equal volume. What is
the AS between the random configuration and one in which there are 8 white
balls and 2 black balls in the left-hand container, and 2 whites and 8 blacks
in the right. Calculate the answer by eq. (7.52) and also by eq. (3.42). What
is the explanation of the different answers?

18. In a carefully designed high vacuum system it is possible to reach a
pressure as low as 1071 mm. Calculate the mean free path of helium at this
pressure and 25°C.

19. The permeability constant at 20°C of pyrex glass to helium is given
as 6.4 x 10712 cc sec™! per cm? area per mm thickness per cm of Hg pressure
difference. The helium content of the atmosphere at sea level is about
5 x 10~* mole per cent. Suppose a 100 cc round pyrex flask with walls
2 mm thick was evacuated to 1071 mm and sealed. What would be the
pressure at the end of one year due to inward diffusion of helium?
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CHAPTER 8

The Structure of the Atom

1. Electricity. The word “‘electric” was coined in 1600 by Queen Eliza-
beth’s physician, William Gilbert, from the Greek, niexpov, “amber.”
It was applied to bodies that when rubbed with fur acquired the property
of attracting to themselves small bits of paper or pith. Gilbert was un-
willing to admit the possibiliy of *“action at a distance,” and in his treatise
De Magnete he advanced an ingenious theory for the electrical attraction.

An effluvium is exhaled by the amber and is sent forth by friction. Pearls
carnelian, agate, jasper, chalcedony, coral, metals, and the like, when rubbed are
inactive; but is there nought emitted from them also by heat and friction? There
is indeed, but what is emitted from the dense bodies is thick and vaporous [and thus
not mobile enough to cause attractions].

A breath, then . . . reaches the body that is to be attracted and as soon as it is
reached it is united to the attracting electric. For as no action can be performed by
matter save by contact, these electric bodies do not appear to touch, but of necessity
something is given out from the one to the other to come into close contact therewith,
and to be a cause of incitation to it.

Further investigation revealed that materials such as glass, after rubbing
with silk, exerted forces opposed to those observed with amber. Two varieties
of electricity were thus distinguished, the vitreous and the resinous. Two
varieties of effluvia, emanating from the pores of the electrics, were invoked
in explanation. Electricity was supposed to be an imponderable fluid similar
in many ways to ‘‘caloric.” Frictional machines for generating high electro-
static potentials were devised, and used to charge condensers in the form of
Leiden jars.

Benjamin Franklin (1747) considerably simplified matters by proposing
a one-fluid theory. According to this theory, when bodies are rubbed together
they acquire a surplus or deficit of the electric fluid, depending on their
relative attraction for it. The resultant difference in charge is responsible for
the observed forces. Franklin established the convention that the vitreous
type of electricity is positive (fluid in excess), and the resinous type is negative
(fluid in defect).

In 1791, Luigi Galvani accidentally brought the bare nerve of a partially
dissected frog’s leg into contact with a discharging electrical machine. The
sharp convulsion of the leg muscles-led to the discovery of galvanic elec-
tricity, for it was soon found that the electric machine was unnecessary and
that the twitching could be produced simply by bringing the nerve ending
and the end of the leg into contact through a metal strip. The action was

ann
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enhanced when two dissimilar metals completed the circuit. Galvani, a
physician, named the new phenomenon ‘“animal electricity” and believed
that it was characteristic only of living tissues.

Alessandro Volta, a physicist, Professor of Natural Philosophy at Pavia,
soon discovered that the electricity was of inanimate origin; and using
dissimilar metals in contact with moist paper, he was able to charge an
electroscope. In 1800 he constructed his famous “pile,” consisting of many
consecutive plates of silver, zinc, and cloth soaked in salt solution. From the
terminals of the pile the thitherto static-electrical manifestations of shock
and sparks were obtained.

The news of Volta’s pile was received with an enthusiasm and amazement
akin to that occasioned by the uranium pile in 1945. In May of 1800,
Nicholson and Carlyle decomposed water into hydrogen and oxygen by
means of the electric current, the oxygen appearing at one pole of the pile
and the hydrogen at the other. Solutions of various salts were soon decom-
posed, and in 1806-1807, Humphry Davy used a pile to isolate sodium and
potassium from their hydroxides. The theory that the atoms in a compound
were held together by the attraction between unlike charges immediately
gained a wide acceptance.

2. Faraday’s Laws and electrochemical equivalents. In 1813 Michael
Faraday, then 22 years old and a bookbinder’s apprentice, went to the
Royal Institution as Davy’s laboratory assistant. In the following years,
he carried out the series of researches that were the foundations of electro-
chemistry and electromagnetism.

Faraday studied intensively the decomposition of solutions of salts, acids,
and bases by the electric current. With the assistance of the Rev. William
Whewell, he devised the nomenclature universally used in these studies:
electrode, electrolysis, electrolyte, ion, anion, cation. The positive electrode
is called the anode (0dos, ‘“‘path”); the negative ion (w», *‘going”), which
moves toward the anode, is called the anion. The positive ion, or cation, moves
toward the negative electrode, or cathode. )

Faraday proceeded to study quantitatively the relation between the
amount of electrolysis, or chemical action produced by the current, and the
quantity of electricity. The unit of electric quantity is now the coulomb or
ampere second. The results were summarized as follows:!

The chemical power of a current of electricity is in direct proportion to the
absolute quantity of electricity which passes. . . . The substances into which these
[electrolytes] divide, under the influence of the electric current, form an exceedingly
important general class. They are combining bodies, are directly associated with the
fundamental parts of the doctrine of chemical affinity; and have each a definite
proportion, in which they are always evolved during electrolytic action. I have
proposed to call . . . the numbers representing the proportions in which they are
evolved electrochemical equivalents. Thus hydrogen, oxygen, chlorine, iodine, lead,

Y Phil. Trans. Roy. Soc., 124, 77 (1834).
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tin, are ions; the three former are anions, the two metals are cations, and 1, 8, 36,
125, 104, 58 are their electrochemical equivalents nearly.

Electrochemical equivalents coincide, and are the same, with ordinary chemical
equivalents. I think I cannot deceive myself in considering the doctrine of definite
electrochemical action as of the utmost importance. It touches by its facts more
directly and closely than any former fact, or set of facts, have done, upon the
beautiful idea that ordinary chemical affinity is a mere consequence of the electrical
attractions of different kinds of matter. . . .

A very valuable use of electrochemical equivalents will be to decide, in cases of
doubt, what is the true chemical equivalent, or definite proportional, or atomic
number [weight] of a body. . . . I can have no doubt that, assuming hydrogen as
1, and dismissing small fractions for the simplicity of expression, the equivalent
number or atomic weight of oxygen is 8, of chlorine 36, of bromine 78.4, of lead
103.5, of tin 59, etc , notwithstanding that a very high authority doubles several of
these numbers.

The “‘high authority™ cited was undoubtedly Jons Jakob Berzelius, who
was then using atomic weights based on combining volumes and gas-density
measurements. Faraday believed that when a substance was decomposed, it
always yielded one positive and one negative ion. Since the current liberates
from water eight grams of oxygen for each gram of hydrogen, he concluded
that the formula was HO and that the atomic weight of oxygen was equal
to 8. It will be recalled that the work of Avogadro, which held the key to
this problem, was lying forgotten during these years.

3. The development of valence theory. Much new knowledge about the
combinations of atoms was being gained by the organic chemists. Especially
noteworthy was the work of Alexander Williamson. In 1850 he treated
potassium alcoholate with ethyl iodide and obtained ordinary ethyl ether.

At that time, most chemists, using O -- 8, C — 6, were writing alcohol
as C,H;0-OH, and ether C;H;O. IfO 16, C - 12 were used, the formulas

would be C.H C.H
2H5 , PIRN
H }O and C2H5} O

Williamson realized that his reaction could be readily explained on this
basis as
C,H;

K }0—; C,Hgl = KI | C2H5>o

C,H;
The older system could still be maintained, however, if a two-step reaction

was postulated:

C,H,0-OK - KO { C,H,0

C,H;l - KO = KI + C4H;0

Williamson settled the question by treating potassium ethylate with methyl

iodide. If the reaction proceeded in two steps, he should obtain equal
amounts of diethyl and dimethyl ethers:

CyH;0 - OK == KO + CH;0

C,H,l 4- KO = KI + C,H,0
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On the other hand, if the oxygen atom held fwo radicals, a new compound,
methyl ethyl ether, should be the product:
C.H; CH;| C,H;
4o - o

The new compound was indeed obtained. This was the first unequivocal
chemical demonstration that the formulas based on C - 12, O =- 16, must
be correct. The concept of valence was gradually developed as a result of
such organic-chemical researches.

It should be mentioned that as early as 1819 two other important criteria
for establishing atomic weights were proposed. Pierre Dulong and Alexis
Petit pointed out that, for most solid elements, especially the metals, the
product of the specific heat and the atomic weight appeared to be a constant,
with a value of around 6 calories per °C. If this relation is accepted as a
general principle, it provides a guide by which the proper atomic weight can
be selected from a number of multiples.

In the same year, Eilhard Mitscherlich published his work on isomor-
phism of crystals, based on an examination of such series as the alums and
the vitriols. He found that one element could often be substituted for an
analogous one in such a series without changing the crystalline form, and
concluded that the substitute elements must enter into the compound in the
same atomic proportions. Thus if alum is written KAI(SO,), 12 H,0,
ferric alum must be KFe(SO,),' 12 H,O, and chrome alum must be
KCr(SO,),:12 H,O. The analyst is thus enabled to deduce a consistent set
of atomic weights for the analogous elements in the crystals.

Avogadro’s Hypothesis, when resurrected at the 1860 conference, re-
solved all remaining doubts, and the old problem of how to determine the
atomic weights was finally solved.

We now recognize that ions in solution may bear more than one elemen-
tary charge, and that the electrochemical equivalent weight is the atomic
weight M divided by the number of charges on the ion z. The amount of
electricity required to set free one equivalent is called the faraday, and is
equal to 96,519 coulombs.

The fact that a definite quantity of electric charge, or a small integral
multiple thereof, was always associated with each charged atom in solu-
tion strongly suggested that electricity was itself atomic in nature. Hence,
in 1874, G. Johnstone Stoney addressed the British Association as
follows:

Nature presents us with a single definite quantity of electricity which is inde-
pendent of the particular bodies acted on. To make this clear, I shall express
Faraday’s Law in the following terms. . . . For each chemical bond which is
ruptured within an electrolyte a certain quantity of electricity traverses the electrolyte
which is the same in all cases.

In 1891, Stoney proposed that this natural unit of electricity should be
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given a special name, the electron. Its magnitude could be calculated by
dividing the faraday by Avogadro’s Number.
F
e= 8.1

4. The Periodic Law. The idea that matter was constituted of some ninety
different kinds of fundamental building blocks was not one that could appeal
for long to the mind of man. We have seen how during the nineteenth
century evidence was being accumulated from various sources, especially
the kinetic theory of gases, that the atom was not merely a minute billiard
ball, a more detailed structure being required to explain the interactions
between atoms.

In 1815, William Prout proposed that all atoms were composed of atoms
of hydrogen. In evidence for this hypothesis, he noted that all the atomic
weights then known were nearly whole numbers. Prout’s hypothesis won
many converts, but their enthusiasm was lessened by the careful atomic
weight determinations of Jean Stas, who found, for example, that chlorine
had a weight of 35.46.

Attempts to correlate the chemical properties of the elements with their
atomic weights continued, but without striking success till after 1860, when
unequivocal weights became available. In 1865, John Newlands tabulated
the elements in the order of their atomic weights, and noted that every
eighth element formed part of a set with very similar chemical properties.
This regularity he unfortunately called *“The Law of Octaves.” The suggested
similarity to a musical scale aroused a good deal of scientific sarcasm, and
the importance of Newland’s observations was drowned in the general
merriment.

From 1868 to 1870, a series of important papers by Julius Lothar Meyer
and Dmitri Mendeleev clearly established the fundamental principles of the
Periodic Law. Meyer emphasized the periodic nature of the physical pro-
perties of the elements. This periodicity is illustrated by the well-known
graph of atomic volume vs. atomic weight. Mendeleev arranged the elements
in his famous Periodic Table. This Table immediately systematized inorganic
chemistry, made it possible to predict the properties of undiscovered elements,
and pointed strongly to the existence of an underlying regularity in atomic
architecture.

Closer examination revealed certain defects in the arrangement of ele-
ments according to their atomic weights. Thus the most careful determina-
tions showed that tellurium had a higher atomic weight than iodine, despite
the positions in the Table obviously required by their properties. After
Sir William Ramsay’s discovery of the rare gases (1894-1897), it was found
that argon had an atomic weight of*39.88, which was greater than that of
potassium, 39.10. Such exceptions to the arrangement by weights suggested
that the whole truth behind the Periodic Law was not yet realized.
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5. The discharge of electricity through gases. The answer to this and
many other questions about atomic structure was to be found in a quite
unexpected quarter—the study of the discharge of electricity through gases.

William Watson,? who proposed a one-fluid theory of electricity at the
same time as Franklin, was the first to describe the continuous discharge of
an electric machine through a rarefied gas (1748).

It was a most delightful spectacle, when the room was darkened, to see the
electricity in its passage: to be able to observe not, as in the open air, its brushes or
pencils of rays an inch or two in length, but here the corruscations were of the whole
length of the tube between the plates, that is to say, thirty-two inches.

Progress in the study of the discharge was retarded by the lack of suitable
air pumps. In 1855, Geissler invented a mercury pump that permitted the
attainment of higher degrees of vacuum. In 1858, Julius Pliicker observed
the deflection of the negative glow in a magnetic field and in 1869 his student,
Hittorf, found that a shadow was cast by an opaque body placed between
the cathode and the fluorescent walls of the tube, suggesting that rays from
the cathode were causing the fluorescence. In 1876, Eugen Goldstein called
these rays cathode rays and confirmed the observation that they traveled
in straight lines and cast shadows. Sir William Crookes (1879) regarded the
rays as a torrent of negatively ionized gas molecules repelled from the
cathode. The charged particle theory was contested by many who believed
the rays were electromagnetic in origin, and thus similar to light waves. This
group was led by Heinrich Hertz, who showed that the cathode radiation
could pass through thin metal foils, which would be impossible if it were
composed of massive particles.

Hermann von Helmbholtz, however, strongly championed the particle
theory; in a lecture before the Chemical Society of London in 1881 he
declared:

If we accept the hypothesis that the elementary substances are composed of
atoms, we cannot avoid concluding that electricity also, positive as well as negative,
is divided into definite elementary portions which behave like atoms of electricity.

6. The electron. In 1895, Wilhelm Roentgen discovered that a very pene-
trating radiation was emitted from solid bodies placed in the path of cathode
rays. An experimental arrangement for the production of these *“X rays™ is
shown in Fig. 8.1.

J. J. Thomson in his Recollections and Reflections® has described his first
work in this field:

It was a most fortunate coincidence that the advent of research students at the
Cavendish Laboratory came at the same time as the announcement by Roentgen of
his discovery of the X rays. I had a copy of his apparatus made and set up at the
Laboratory, and the first thing 1 did with it was to see what effect the passage of

% Phil. Trans. Roy. Soc., 40, 93 (1748); 44, 362 (1752).
3 @G. Bell and Sons, London, 1933.
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these rays through a gas would produce on its electrical properties. To my great
delight I found that this made it a conductor of electricity, even though the electric
force applied to the gas was exceedingly small, whereas the gas when it was not
exposed to the rays did not conduct electricity unless the electric force were in-
creased many thousandfold. . . The X rays seemed to turn the gas into a gaseous
electrolyte.

I started at once, in the late autumn of 1895, on working at the electric properties
of gases exposed to Roentgen rays, and soon found some interesting and suggestive

HIGH VOLTAGE
SOURGE

/CATHODE RAYS

N\
caTHODE” // \aNoDE
{TARGET)
X-RAYS

Fig. 8.1.  Production of X-rays.

results. . . . There is an interval when the gas conducts though the rays have
ceased to go through it. We studied the properties of the gas in this state, and found
that the conductivity was destroyed when the gas passed through a filter of glass
wool.

A still more interesting discovery was that the conductivity could be filtered out
without using any mechanical filter by exposing the conducting gas to electric forces.
The first experiments show that the conductivity is due to particles present in the
gas, and the second shows that these particles are charged with electricity. The
conductivity due to the Roentgen rays is caused by these rays producing in the gas
a number of charged particles.

7. The ratio of charge to mass of the cathode particles. J. J. Thomson
next turned his attention to the behavior of cathode rays in electric and
magnetic fields,* using the apparatus shown in Fig. 8.2

M

Fig. 8.2. Thomson’s apparatus for determining e/m of cathode
particles.

The rays from the cathode C pass through a slit in the anode 4, which is a metal
plug fitting tightly into the tube and connected with the earth; after passing through
a second slit in another earth-connected metal plug B, they travel between two
parallel aluminium plates about 5 cm apart; they then fall on the end of the tube

* Phil. Mag., 44, 293 (1897).
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and produce a narrow well-defined phosphorescent patch. A scale pasted on the
outside of the tube serves to measure the deflection of this patch.

At high exhaustions the rays were deflected when the two aluminium plates
were connected with the terminal of a battery of small storage cells; the rays were
depressed when the upper plate was connected with the negative pole of the battery,
the lower with the positive, and raised when the upper plate was connected with
the positive, the lower with the negative pole.

In an electric field of strength E, a particle with charge ¢ will be subject
to a force of magnitude £e¢. The trajectory of an electron in an electric field
of strength E perpendicular to its direction of motion may be illustrated by

-~ T~ \

// Y \\ \

/ \\
\ 4 \
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Fig. 8.3. Deflection of electron in an electric field.

the diagram n Fig. 8.3. If »1 is the mass of the electron, the equations of

motion may be written:
d?x d?y
m--_ = 0, m = - FEe 8.2
dr? dr? (8.2)
With ¢ == 0 as the instant the particle enters the electric field, its velocity
in the y direction is zero at ¢ —= 0. This velocity increases while the electron
is in the field, while its initial velocity in the x direction, v, remains constant.

Integrating eqgs. (8.2) we obtain
eE

== vyt = - 12 8.3
X =0t y=o (8.3)

Equations (8.3) define a parabolic path, as is evident when ¢ is eliminated
from the equations, giving
eE
2= X2 8.4
2muy? (84)
After the electron leaves the field, it travels along a straight line tangent
to this parabolic path. In many experimental arrangements, its total path is
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considerably longer than the length of the electric field, so that the deflection
in the y direction experienced while in the field is comparatively small com-
pared to the total observed deflection. To a good approximation, therefore,
the parabolic path can be considered as a circular arc of radius Ry, with the
force exerted by the field equal to the centrifugal force on the electron in this
circular path,
mu?
E - 8.5
¢ R, (8.5)
The time required to traverse the field of length / is simply //vy so that
the deflection in eq. (8.3) becomes

7 I?

! 2m v?

e 2ypy?
Thus —_ 8.6
us m I2E ®.6)

The ratio of charge to mass may be calculated from the deflection in the
electric field, provided the velocity of the particles is known. This may be
obtained by balancing the deflection in the electric field by an opposite
deflection in a magnetic field. This magnetic field is applied by the pole
pieces of a magnet M mounted outside the apparatus in Fig. 8.2, so that the
field is at right angles to both the electric field and to the direction of motion
of the cathode rays.

A moving charged particle is equivalent to a current of electricity, the
strength of the current being the product of the charge on the particle and
its velocity. From Ampére’s Law, therefore, the magnitude of the force on
the moving charge is given by

f=evBsinl 8.7)

where 0 is the angle between the velocity vector v and the magnetic induction
vector B. When the magnetic field is perpendicular to the direction of
motion, this equation becomes

S evB (8.8)

Figure 8.4 illustrates the directional factors involved.

The force on the electron due to the magnetic field is always perpendicular
to its direction of motion, and thus a magnetic field can never change the
speed of a moving charge, but simply changes its direction. As in eq. (8.5),
the force may be equated to the centrifugal force on ‘the electron, which in
this case moves in a truly circular path. Thus

mu?
Bev — -—- (8.9)
Ry

If now the force due to the magnetic field exactly balances that due to

the electric field, the phosphorescent patch in Thomson’s apparatus will be
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brought back to its initial position. When this occurs, evB — Eeand v - E/B.
When this value is substituted in eq. (8.6) one obtains

e 2yE

— 8.10

m  [*B? (8.10)

The units in this equation may be taken to be those of the absolute

practical (MKS) system. The charge ¢ is in coulombs; the electric field E in
volts per meter; the magnetic induction B in webers per square meter
(1 weber per meter? = 10% gausses); and lengths and masses are in meters
and kilograms, respectively.

MAGNETIC
FIELD

i II|
il tl

Iv!l ml

,.\
\
4 0

Fig. 8.4. Deflection of moving electron in magnetic ficld.

Thomson found the experimental ratio of charge to mass to be of the
order of 10! coulombs per kilogram. The most recent value of e/m for the
electron is e/m = 1.7589 x 10! coulomb per kilogram = 5.273 x 10'7 esu
per gram.

The value found for the hydrogen ion, H*, in electrolysis was 1836 times
less than this. The most reasonable explanation seemed to be that the mass
of the cathode particle was only 35, that of the hydrogen ion; this presumption
was soon confirmed by measurements of e, the charge borne by the particle.

8. The charge of the electron. In 1898, Thomson succeeded in measuring
the charge of the cathode particles. Two years before, C. T. R. Wilson had
shown that gases rendered ionizing by X rays caused the condensation of
clouds of water droplets from an atmosphere supersaturated with water
vapor. The ions formed acted as nuclei for the condensation of the water
droplets. This principle was later used in the Wilson Cloud Chamber to
render visible the trajectories of individual charged corpuscles, and thus
made possible much of the experimental development of modern nuclear
physics.

Thomson and Townsend observed the rate of fall of a cloud in air and
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from this calculated an average size for the water droplets. The number of
droplets in the cloud could then be estimated from the weight of water
precipitated. The total charge of the cloud was measured by collecting the
charged droplets on an electrometer. The conditions of cloud formation
were such that condensations occurred only on negatively charged particles.
Making the assumption that each droplet bore only one charge, it was now
possible to estimate that the value of the elementary negative charge was
e = 6.5 x 10719 esu. This was of the same order of magnitude as the charge
on the hydrogen ion, and thus further evidence was provided that the cathode
particles themselves were “atoms” of ncgative electricity, with a mass
that of the hydrogen atom.

The exact proof of this hypothesis of the atomic nature of electricity and
a careful measurcment of the elementary electronic charge were obtained in
1909 by Robert A. Millikan in his beautiful oil-drop experiments. Millikan
was able to isolate individual droplets of oil bearing an electric charge, and
to observe their rate of fall under the combined influences of gravity and
an electric field.

A body falls in a viscous medium with an increasing velocity until the
gravitational force is just balanced by the frictional resistance, after which
it falls at a constant *“‘terminal velocity,” v. The frictional resistance to a
spherical body is given by Stoke’s equation of hydrodynamics as

S -= bmro (8.11)

where 7 is the coefficient of viscosity of the medium and r the radius of the
sphere. The gravitational force (weight) is equal to this at terminal velocity,
so that, if p is the density of the body, and p, that of the fluid medium,

dmrdg(p — po) = 6mnrv (8.12)

If a charged oil droplet falls in an electric field, it can be brought to rest
when the upward electric force is adjusted to equal the downward gravita-
tional force,

eE = $mr’g(p — po) (8.13)

Since r may be calculated from the terminal velocity in eq. (8.12), only the
charge e remains unknown in eq. (8.13). Actually, somewhat better results
were obtained in experiments in which the droplet was observed falling
freely and then moving in an electric field. In all cases, the charge on the
oil droplets was found to be an exact multiple of a fundamental unit charge.
This is the charge on the electron, whose presently accepted value is®

e = (4.8022 4- 0.0001) x 10~ esu
== (1.6018 4- 0.00004) x 1071 coulomb
5 Millikan’s result of 4,774 X 10-1° esu was low, owing to his use of an erroneous value

for the viscosity of air. J. D. Stranathan, The Particles of Modern Physics (Philadelphia:
Blakiston, 1954), Chap. 2, gives a most interesting account of the measurements of e.



Sec. 9] THE STRUCTURE OF THE ATOM 211

9. Radioactivity. The penetrating nature of the X rays emitted when
cathode rays impinged upon solid substances was a matter of great wonder
and interest for the early workers in the field, and many ingenious theories
were advanced to explain the genesis of the radiation. It was thought at one
time that it might be connected with the fluorescence observed from the
irradiated walls of the tubes. Henri Becquerel therefore began to investigate
a variety of fluorescent substances to find out whether they emitted pene-
trating rays. All trials with various minerals, metal sulfides, and other com-
pounds known to fluoresce or phosphoresce on exposure to visible light
gave negative results, until he recalled the striking fluorescence of a sample
of potassium uranyl sulfate that he had prepared 15 years previously. After
exposure to an intense light, the uranium salt was placed in the dark-room
under a photographic plate wrapped in “two sheets of thick black paper.”
The plate was darkened after several hours’ exposure.

Becquerel soon found that this amazing behavior had nothing to do with
the fluorescence of the uranyl salt, since an equally intense darkening could
be obtained from a sample of salt that had been kept for days in absolute
darkness, or from other salts of uranium that were not fluorescent. The
penetrating radiation had its source in the uranium itself, and Becquerel
proposed to call this new phenomenon radioactivity.®

It was discovered that radioactive materials, like X rays, could render
gases conducting so that charged bodies would be discharged, and the dis-
charge rate of electroscopes could therefore be used as a measure of the
intensity of the radiation. Marie Curie examined a number of uranium com-
pounds and ores in this way, and found that the activity of crude pitchblende
was considerably greater than would be expected from its uranium content.
In 1898, Pierre and Marie Curie announced the separation from pitchblende
of two extremely active new elements, polonium and radium.

Three different types of rays have been recognized and described in the
radiation from radioactive materials. The § rays are high-velocity electrons,
as evidenced by their deviation in electric and magnetic fields, and ratio of
charge to mass. Their velocities range from 0.3 to 0.99 that of light. The
o« rays are made up of particles of mass 4 (O = 16 scale) bearing a positive
charge of 2 (¢ = — I scale). They are much less penetrating than f rays, by a
factor of about 100. Their velocity is around 0.05 that of light. The y rays
are an extremely penetrating (about 100 times f rays) electromagnetic radia-
tion, undeflected by either magnetic or electric fields. They are similar to
X rays, but have a much shorter wave length.

Owing to their large mass, the « particles travel through gases in essen-
tially straight lines, producing a large amount of ionization along their paths.
The paths of B particles are longer than those of a’s, but are much more
irregular on account of the easy deflection of the lighter g particle.

The phenomena of radioactivity as well as the observations on the

¢ Compt. rend., 127, 501, March 2, 1896.
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electrical discharge in gases provided evidence that electrons and positive
ions were component parts of the structure of atoms.

10. The nuclear atom. The problem of the number of electrons contained
in an atom attracted the attention of Thomson and of C. G. Barkla. From
measurements of the scattering of light, X rays, and beams of electrons, it
was possible to estimate that this number was of the same order as the
atomic weight. To preserve the electrical neutrality of the atom, an equal
number of positive charges would then be necessary. Thomson proposed an
atom model that consisted of discrete electrons embedded in a uniform
sphere of positive charge.

Lord Rutherford” has told the story of the next great development in the
problem, at the University of Manchester in 1910.

In the early days I had observed the scattering of « particles, and Dr. Geiger in
my laboratory had examined it in detail. He found in thin pieces of heavy metal
that the scattering was usually small, of the order of one degree. One day Geiger
came to me and said, “Don’t you think that young Marsden, whom I am training
in radioactive methods, ought to begin a small research?” Now 1 had thought that
too, so I said, “Why not let him see if any « particles can be scattered through a
large angle?” I may tell you in confidence that I did not believe they would be,
since we knew that the « particle was a very fast massive particle, with a great deal
of energy, and you could show that if the scattering was due to the accumulated
effect of a number of small scatterings, the chance of an « particle’s being scattered
backwards was very small. Then I remember two or three days later Geiger coming
to me in great excitement and saying, “We have been able to get some of the a
particles coming backwards. . . .”” It was quite the most incredible event that has
ever happened to me in my life. It was almost as incredible as if you fired a 15-inch
shell at a piece of tissue paper and it came back and hit you.

On consideration I realized that this scattering backwards must be the result of
a single collision and when I made calculations I saw it was impossible to get any-
thing of that order of magnitude unless you took a system in which the greater part
of the mass of the atom was concentrated in a minute nucleus. . . .

“"In the experimental arrangement used by Marsden and Geiger, a pencil
of « particles was passed through a thin metal foil and its deflection observed
on a zinc sulfide screen, which scintillated whenever struck by a particle.

Rutherford enunciated the nuclear model of the atom in a paper pub-
lished® in 1911. The positive charge is concentrated in the massive center of
the atom, with the electrons revolving in orbits around it, like planets around
the sun. Further scattering experiments indicated that the number of elemen-
tary positive charges in the nucleus of an atom is equal within the experi-
mental uncertainty to one-half its atomic weight. Thus carbon, nitrogen, and
oxygen would have 6, 7, and 8 electrons, respectively, revolving around a
like positive charge. It follows that the charge on the nucleus or the number
of orbital electrons may be set equal to the atomic number of the element,
the ordinal number of the position that it occupies in the periodic table.

7 Ernest Rutherford, Lecture at Cambridge, 1936, in Background to Modern Science,
ed. by J. Needham and W. Pagel (London: Cambridge, 1938).
8 Phil. Mag., 21, 669 (1911).
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According to the nuclear hypothesis, the a particle is therefore the nucleus
of the helium atom. 1t was, in fact, known that « particles became helium
gas when they lost their energy.

11. X rays and atomic number. The significance of atomic number was
strikingly confirmed by the work of H. G. J. Moseley.? Barkla had discovered
that in addition to the general or white X radiation emitted by all the ele-
ments, there were several series of characteristic X-ray lines peculiar to each
element. Moseley found that the frequency » of a given line in the character-
istic X radiation of an element depended on its atomic number Z in such a

way that _
Vv = a(Z — b) (8.14)

where, for each series, @ and b are constant for all the elements. The method
by which the wave length of X rays is measured by using the regular inter-
atomic spacings in a crystal as a diffraction grating will be discussed in
Chapter 13.

When the Moseley relationship was plotted for the K, X-ray lines of the
elements, discontinuities in the plot appeared corresponding te missing
elements in the periodic table. These vacant spaces have since been filled.
This work provided further convincing evidence that the atomic number
and not the atomic weight governs the periodicity of the properties of the
chemical elements.

12. The radioactive disintegration series. Rutherford in 1898, soon after
the discovery of radioactivity, observed that the activity from thorium would
diffuse through paper but not through a thin sheet of mica. The radioactivity
could also be drawn into an ionization chamber by means of a current of
air. It was therefore evident that radioactive thorium was continuously pro-
ducing an “emanation” that was itself radioactive. Furthermore, this emana-
tion left a deposit on the walls of containers, which was likewise active.
Each of these activities could be quantitatively distinguished from the others
by its time of decay. As a result of a large amount of careful research by
Rutherford, Soddy, and others, it was gradually established that a whole
series of different elements was formed by consecutive processes of radio-
active change.

The number of radioactive atoms that decomposes per second is directly
proportional to the number of atoms present. Thus

dN
— 1< AN
dt
N u
— I - 8-

if Ny is the number of radipactive atoms present at ¢ = 0. The constant 4 is

* Phil. Mag., 26, 1024 (1913); 27, 703 (1914).
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called the radioactive-decay constant; the larger the value of A, the more
rapid the decay of the radioactivity.

The exponential decay law of eq. (8.15) is plotted in curve 4, Fig. 8.5,
the experimental points being those obtained from uranium X,, the first
product in the uranium series. A sample of uranium or of any of its salts is
found to emit both « and f particles. If an iron salt is added to a solution
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Fig. 8.5. Radioactive decay and regeneration of UX,.
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of a uranium salt, and the iron then precipitated as the hydroxide, it is found
that the § activity is removed from the uranium and coprecipitated with the
ferric hydroxide. This 8 activity then gradually decays according to the
exponential curve A4 of Fig. 8.5. The original uranium sample gradually
regains f# activity, according to curve B. It is apparent that the sum of the
activities given by curves A and B is always a constant. The amount of UX,
(the B emitter) decomposing per second is just equal to the amount being
formed from the parent uranium.
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element is the half-life period =, the time required for the activity to be
reduced to one-half its initial value. From eq. (8.15), therefore,

% = T
In2 0.693
A

The half life of uranium is 4.4 x 10° years, whereas that of UX, is 24.5
days. Because of the long life of uranium compared to UX,, the number of
uranium atoms present in a sample is effectively constant over measurable
experimental periods, and the recovery curve of Fig. 8.5 reaches effectively
the same initial activity after repeated separations of daughter UX, from the
parent uranium.

Many careful researches of this sort by Rutherford, Soddy, A. S. Russell,

K. Fajans, R. Hahn, and others, are summarized in the complete radioactive
series, such as that for the uranium family shown in Table 8.1. Examination

(8.16)

TABLE 8.1
RADIOACTIVE SERIES—URANIUM FAMILY
Symbol .
Name yof At.ZNo. Mas; No. [};::tltcclz Half Life
Element
| | | |
Uranium I . . . U 92 | 238 o 4.56 < 10°y
Uranium X, ‘ Th 9% | 234 f 24.1d
Uranium X, .. Pa 91 | 234 B,y .14 m
Uranium 11 . . .4 U 92 234 o 2.7 x 10%y
Ionium . . . Th ' 90 230 o 8.3 X 10%y
Radium . . .. Ra | 88 226 o 1590 y
Radon | Rn | 86 222 o 3.825d
Radium A ] Po 84 218 o 3.05m
Radium B Pb 82 214 By 26.8 m
Radium C [ Bi 83 214 a«, B,y 19.7m
Radium C’ (99.96%) | Po 84 214 o« 1.5 x 10-¢s
Radium C” (0. 04"/) | Tl 81 210 f 1.32m
Radium D .| Pb 82 210 B,y 2y
Radium E . . ; B 83 210 B,y 5.0d
Radium F | Po 84 210 a 140d
Radium G ' Pb 82 206
!

of the properties of the elements in this table established two important
general principles. When an atom emits an « particle, its position is shifted
two places to the left in the periodic table; i.e., its atomic number is decreased
by two. The emission of a f§ particle shifts the position one place to the
right, increasing the atomic number by one. It is evident, therefore, that the
source of the g particles is in the nucleus of the atom, and not in the orbital
electrons. No marked change in atomic weight is associated with the f
emission, whereas a emission decreases the atomic weight by four units.
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13. Isotopes. An important consequence of the study of the radioactive
series was the demonstration of the existence of elements having the same
atomic number but different atomic weights. These elements were called
isotopes by Soddy, from the Greek wos romos, “the same place” (i.e., in
the periodic table).

It was soon found that the existence of isotopes was not confined to the
radioactive elements. The end product of the uranium series is lead, which,
from the number of intermediate « particle emissions, should have an
atomic weight of 206, compared to 207.21 for ordinary lead. Lead from the
mineral curite (containing 21.3 per cent lead oxide and 74.2 per cent uranium
trioxide), which occurs at Katanga, Belgian Congo, was shown to have an
atomic weight of 206.03. This fact provided confirmation of the existence of
nonradioactive isotopes and indicated that substantially all the lead in curite
had arisen from the radioactive decay of uranium. The time at which the
uranium was originally deposited can therefore be calculated from the
amount of lead that has been formed. The geologic age of the earth obtained
in this way is of the order of 5 x 10? years. This is the time elapsed since the
minerals crystallized from the magma.

The existence of isotopes provided the solution to the discrepancies in
the periodic table and to the problem of nonintegral atomic weights. The
measured atomic weights are weighted averages of those of a number of
isotopes, each having a weight that is nearly a whole number. The generality
of this solution was soon shown by the work of Thomson on positive rays.

14. Positive-ray analysis. In 1886, Eugen Goldstein, using a discharge
tube with a perforated cathode, discovered a new type of radiation streaming

Fig. 8.6. Thomson’s apparatus for positive-
ray analysis.

into the space behind the cathode, to which he gave the name Kanalstrahlen.
Eleven years later the nature of these rays was elucidated by W. Wien, who
showed that they were composed of positively charged particles with ratios
e/m of the same magnitude as those occurring in electrolysis. It was reason-
able to conclude that they were free positive ions.

In 1912, Thomson took up the problem of the behavior of positive rays
in electric and magnetic fields, using the apparatus shown in Fig. 8.6. The
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positive rays, generated by ionization of the gas in a discharge tube 4, were
drawn out as a thin pencil through the elongated hole in the cathode B.
They were then subjected in the region EE’ simultaneously to a magnetic
and to an electric field.

This was accomplished by inserting strips of mica insulation (D, D’) in
the soft iron pole pieces of the magnet. Then by connecting £ and E’ to a
bank of batteries, it was possible to supply an electric field that would act
parallel to the magnetic field of the magnet.
The trace of the deflected positive rays was Yp-——-—
recorded on the photographic plate P. Qpi--+ %

The effect of the superimposed fields may

|
be seen from Fig. 8.7. Consider a positive ion y E
with charge ¢’ to be moving perpendicular to |
the plane of the paper so that, if undeflected, 0 - l:"

it would strike the origin O. If it is subjected
somewhere along its path to the action of an
electric field directed along the positive X
direction, it will be deflected from O to P,
the deflection being inversely proportional to  gjg 87. Thomson's parabola
the radius of curvature of the approximately method.

circular path traveled in the electric field

between the plates at EE’ in Thomson’s apparatus. The actual magnitude
of the deflection depends on the dimensions of the apparatus. From
eq. (8.5) and Fig. 8.3, the deflection may therefore be written, taking k, as a
proportionality constant,

x ot kel .17
Ry m? 17

If instead of the electric field a magnetic field in the same direction acts
on the moving ion, it will be deflected upwards from O to Q, the deflection
being given from eq. (8.9) by

k, keB

(8.18)

The constants k, are the same in eqs. (8.17) and (8.18) if the electric and
magnetic fields act over the same length of the ion’s path, as is the case in
Thomson’s apparatus.

If the electric and magnetic fields act simultaneously, the ion will be
deflected to a point R dependent on its velocity v, and its ratio of charge to
mass. In general, the individual positive ions in a beam are-traveling with
different velocities, and the pattern they form on a viewing screen may.be
calculated by eliminating v between eqs. (8.17) and (8.18). Thus

B2 ¢
2 — k. . 8.
y klE —% (8.19)
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This is the equation of a parabola. The important conclusion is thereby
established that all ions of given ratio of charge to mass will strike the screen
along a certain parabolic curve. Since the charge ¢’ must be an integral
multiple of the fundamental electronic charge e, the position of the parabola
will effectively be determined only by the mass of the positive ion.

The first evidence that isotopes existed among the stable elements was
found in Thomson’s investigation of neon in 1912. He observed a weak
parabola accompanying that of Neon 20, which could be ascribed only to a
Neon 22.

As a result of the work of A. J. Dempster, F. W. Aston, and others,
positive-ray analysis has been developed into one of the most precise
methods for measuring atomic masses. The existence of isotopes has been
shown to be the rule rather than the exception among the chemical elements.
Apparatus for measuring the masses of positive ions are known as mass
spectrographs when a photographic record is obtained, and otherwise as
mass spectrometers.

15. Mass spectra—The Dempster method. The disadvantage of the para-
bola method is that the ions of any given e/m are spread out along a curve
so that the density of the pictures ob-
tained is low at reasonable times of
exposure. It was most desirable to make
use of some method that would bring all
ions of the same e/m to a sharp focus.

One way of doing this, devised by
G A. J. Dempster in 1918, is shown in
Fig. 8.8. The positive ions are obtained
by vaporizing atoms from a heated fila-
ment A4, and then ionizing them by means
of a beam of electrons from an “‘electron

ELECTROMETER

—

A3

—=VACUUM PUMP

D gun”!® at B. Alternatively, ions can be
Fig.8.8. Dempster’s mass spectrom- formed by passing the electron beam
eter (direction focusing). through samples of gas. A. potential

difference V' between A4 and the slit C
accelerates the ions uniformly, so that they issue from the slit with approxi-
mately the same kinetic energies,

Imv? = V- e (8.20)

The region D is a channel between two semicircular pieces of iron, through
which is passed the field from a powerful electromagnet. The field direction
is perpendicular to the plane of the paper. The ions emerge from the slit C
in various directions, but since they all have about the same velocity, they

1 An electron gun is an arrangement by which electrons emitted from a filament are
accelerated by an electric field and focused into a beam with an appropriate slit system.
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are bent into circular paths of about the same radius, given by eq. (8.9) as
R = mv/Be . Therefore, from eq. (8.20),

m _ BR?
e 2V

It is apparent that for any fixed value of the magnetic field B, the accelera-
ting potential can be adjusted to bring the ions of the same m/e’ to a focus

(8.21)
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Fig. 8.9. Isotopes of xenon.

at the second slit F, through which they pass to the electrometer G. The
electrometer measures the charge collected or the current carried through
the tube by the ions. This was the method used by Dempster in operating
the apparatus; it is called “direction focusing.” A typical curve of ion current
vs. the mass number calculated from eq. (8.21) is shown in Fig. 8.9, the
heights of the peaks corresponding to the relative abundances of the isotopes.

16. Mass spectra—Aston’s mass spectrograph. A different method of
focusing was devised by F. W. Aston in 1919, and used by him in the first
extensive investigations of the occurrence of stable isotopes. The principle
of this method may be seen from Fig. 8.10.

Positive ions are generated in a gas discharge tube (not shown) and drawn
off through the very narrow parallel slits S, and S,. Thus, in contrast with
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Dempster’s system, a thin ribbon of rays of closely defined direction is taken
for analysis; the velocities of the individual ions may vary considerably, since
they have been accelerated through different potentials in the discharge tube.

The thin beam of positive rays first passes through the electric field
between parallel plates P, and P,. The slower ions experience a greater
deflection, since they take longer to traverse the field; the beam is accordingly
spread out, as well as being deflected as shown.

A group of these rays, selected by the diaphragm D, next passes between
the parallel pole pieces of the magnet M. The slower ions again experience
the greater deflection. If the magnetic deflection ¢ is more than twice the

P

() e | e

Fig. 8.10. Aston’s mass spectrograph (velocity focusing).

electric deflection 0, all the ions, regardless of velocity, will be brought to a
sharp focus at some point on the photographic plate P. Aston’s method is
therefore called *“velocity focusing.”

More recent developments in mass spectrometry have combined velocity
and direction focusing in a single instrument. The design has been refined to
such an extent that it is possible to determine atomic masses to an accuracy
of one part in 100,000. The precise determination of atomic weights with
the mass spectrometer is accomplished by carefully comparing sets of closely
spaced peaks. Thus one may resolve doublets such as Hy* and Het*, 160+
and CH,*, Ct+ and D;*."! By working with such doublets, instrumental
errors are minimized.

Mass spectrometers are finding increasing application in the routine
analysis of complex mixtures of compounds, especially of hydrocarbons.
For example, a few tenths of a milliliter of a liquid mixture of isomeric
hexanes and pentanes can be quantitatively analyzed with a modern mass
spectrometer, a task of insuperable difficulty by any other method. Hydro-
carbon isomers do not differ in mass, but each isomer ionizes and decom-
poses in a different way as a result of electron impact. Therefore each isomer
yields a characteristic pattern of mass peaks in the spectrometer. Most com-
mercial mass spectrometers follow the Dempster-type design.

_ ! The symbol D stands for deuterium or heavy hydrogen, H?, which will be discussed
in following sections.
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It may be noted that mass-spectrometer chemistry often seems to have
little respect for our preconceived notions of allowable ionic species. Thus
Hy* and D;* are observed, and benzene vapor yields some Cgt, a benzene
ring completely stripped of its hydrogens. Such ions have, of course, a less
than ephemeral lifetime, since they take only about a microsecond (10-8 sec)
to traverse the spectrometer tube.

17. Atomic weights and isotopes. A partial list of naturally occurring
stable isotopes and their relative abundance is given in Table 8.2. Not all of
these isotopes were first discovered by positive-ray analysis, one notable
exception being heavy hydrogen or deuterium, whose existence was originally
demonstrated from the optical spectrum of hydrogen.

The isotopic weights in Table 8.2 are not exactly integral. Thus the old

TABLE 8.2
Atomic Mass | Isotopic Physical Relative
Number Element Symbol | Number | Atomic Weight Abundance
z A (O'® = 16)M (per cent)
1 Hydrogen H 1 1.008131 99.985
D 2 2.01473 0.015
2 Helium He 3 3.01711 10-®
4 4.00389 100
3 Lithium Li 6 6.01686 7.8
7 7.01818 92.1
4 Beryllium Be 9 9.01504 100
5 Boron B 10 10.01631 20
11 11.01292 80
6 Carbon C 12 12.00398 98.9
13 13.00761 1.1
7 Nitrogen N 14 14.00750 99.62
15 15.00489 0.38
8 Oxygen O 16 16.000000 99.76
17 17.00450 0.04
18 18.00369 0.20
9 Fluorine F 19 19.00452 100
10 Neon Ne 20 19.99881 90.00
21 21.00018 0.27
22 21.99864 9.73
15 Phosphorus P 31 30.98457 100
16 Sulfur S 32 31.98306 95.1
33 32.98260 0.74
34 33.97974 4.2
36 0.016
17 Chlorine Cl 35 34.98107 75.4
37 36.97829 24.6
82 Lead Pb 204 1.5
206 23.6
207 22.6
208 208.060 52.3
92 Uranium U 234 0.006
235 0.720
238 99.274
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hypothesis of Prout is nearly but not exactly confirmed. The nearest whole
number to the atomic weight is called the mass number of an atomic species.
A particular isotope is conventionally designated by writing the mass number
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Fig. 8.11. Packing fraction curves. (a) Curve for light elements.
(b) Curve for heavy elements.

as a left- or right-hand superscript to the symbol of the element; e.g., 2H,
U5, and so on.
The packing fraction of an isotope is defined by

atomic weight — mass number

acking fraction =
P & mass number
The curves in Fig. 8.11 show how the packing fraction varies with mass
number, according to the latest atomic-weight data. The further discussion
of these curves, whose explanation réquires an enquiry into the structure of
the atomic nucleus, will be postponed till the following chapter.
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It will be noted that oxygen, the basic reference element for the calcula-
tion of atomic weights, is itself composed of three isotopes, 16, 17, and 18.
Chemists have been unable to abandon the convention by which the mixture
of isotopes constituting ordinary oxygen is assigned the atomic weight
O = 16. Weights calculated on this basis are called chemical atomic weights.
The physicists prefer to call O = 16, whence ordinary oxygen becomes
O —= 16.0043. This leads to a set of physical atomic weights.

18. Separation of isotopes. For a detailed discussion of separation
methods, reference may be made to standard sources.!? Several of the more
important procedures will be briefly discussed.

1. Gaseous diffusion. This was the method used to separate #3UFq from
28UF, in the plant at Oak Ridge, Tennessee. The fundamental principle
involved has been discussed in connection with Section 7-8 on the effusion
of gases.

The separation factor f of a process of isotope separation is defined as
the ratio of the relative concentration of a given species after processing to
its relative concentration before processing. Thus f = (n,’/ny")/(n,/n,), where
(ny, ny') and (ny, n,’) are the concentrations of species 1 and 2 before and
after processing. Uranium 235 occurs in natural uranium to the extent of
one part in 140 (ny/n, = 1/140). If it is desired to separate 90 per cent
pure U%5 from U8, therefore, the over-all separation factor must be
f == (9/1)/(1/140) = 1260. 7

For a single stage of diffusion the separation factor cannot exceed the
ideal value «, given from Graham’s Law, as a = \/M.z/Ml, where M, and
M, are the molecular weights of the heavy and light components, respec-
tively. For the uranium hexafluorides, « = \/352/349 — 1.0043.

Actually, the value of f for a single stage will be less than this, owing to
diffusion in the reverse direction, nonideal mixing at the barrier surface, and
partially nondiffusive flow through the barrier. It is therefore necessary to
use several thousand stages in a cascade arrangement to effect a considerable
concentration of Z%UF,. The theory of a cascade is very similar to that of
a fractionating column with a large number of theoretical plates. The
light fraction that passes through the barrier becomes the feed for the next
stage, while the heavier fraction is sent back to an earlier stage.

It may be noted that UFg has at least one advantage for use in a process for
separating uranium isotopes, in that there are no isotopes of fluorine except *°F.

2. Thermal diffusion. This method was first successfully employed by
H. Clusius and G. Dickel,’® and the experimental arrangement is often

13 Y, S. Taylor and S. Glasstone, Treatise on Physical Chemistry, 3rd ed. (New York:
Van Nostrand, 1941); H. D. Smyth, Aromic Energy for Military Purposes (Princeton Univ.
Press, 1945); F. W. Aston, Mass Spectra and Isotopes, 4th ed. (New York: Longmans, 1942).

13- Naturwissenschaften, 26546 (1938). For ‘the theory of the thermal diffusion separa-
tion see K. Schifer, Angew. Chem., 59, 83 (1947). The separation depends not only on mass

but also on difference in intermolecular forces. With isotopic molecules the mass effect
predominates and the lighter molecules accumulate in the warmer regions.
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called a Clusius column. It consists of a long vertical cylindrical pipe with
an electrically heated wire running down its axis. When a temperature
gradient is maintained between the hot inner wire and the cold outer walls,
the lighter isotope diffuses preferentially from the cold to the warmer regions.
The separation is tremendously enhanced by the convection currents in the
tube, which carry the molecules arriving near the warm inner wire upwards
to the top of the column. The molecules at the cold outer wall are carried
downwards by convection.

With columns about 30 meters high and a temperature difference of
about 600°C, Clusius was able to effect a virtually complete separation of
the isotopes of chlorine, CI3 and CI*?.

The cascade principle can also be applied to batteries of thermal diffusion
columns, but for mass production of isotopes this operation is in general
less economical than pressure-diffusion methods.

3. Electromagnetic separators. This method employs large mass spectro-
meters with split collectors, so that heavy and light ions are collected separ-
ately. Its usefulness is greatest in applications in which the throughput of
material is comparatively small.

4. Separation by exchange reactions. Different isotopic species of the
same element differ significantly in chemical reactivity. These differences are
evident in the equilibrium constants of the so-called isotopic exchange
reactions. If isotopes did not differ in reactivity, the equilibrium constants
of these reactions would all be equal to unity. Some actual examples follow:

1 10, + H,$0 — } S1%0, + H,%0 K = 1.028 at 25°C
1BCO + 12C0, = 2CO + B8CO, K == 1.086 at 25°C
15NH,(g) + “NH,*(aq.) = “NHy(g) + NH,*(aq) K = 1.023 at 25°C

Such differences in affinity are most marked for the lighter elements, for
which the relative differences in isotopic masses are greater.

Exchange reactions can be applied to the separation of isotopes. The
possible separation factors in a single-stage process are necessarily very
small, but the cascade principle is again applicable. H. C. Urey and H. G.
Thode concentrated 1°N through the exchange between ammonium nitrate
and ammonia. Gaseous ammonia was caused to flow countercurrently to a
solution of NH,* ions, which trickled down columns packed with glass
helices or saddles. After equilibrium was attained in the exchange columns,
8.8 grams of 70.67 per cent 1N could be removed from the system, as nitrate,
every twelve hours.

As a result of exchange reactions, the isotopic compositions of naturally
occurring elements show small but significant variations depending on their
sources. If we know the equilibrium constant of an exchange reaction over
a range of temperatures, it should be possible to calculate the temperature
at which a product was formed, from a measurement of the isotopic ratio
in the product. Urey has applied this method, based on O'8 : Q18 ratios, to
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the determination of the temperature of formation of calcium carbonate
deposits. The exchange equilibrium is that between the oxygen in water and
in bicarbonate ions. The temperature of the seas in remote geologic eras can
be estimated to within 1°C from the O!8 : O6 ratio in deposits of the shells
of prehistoric molluscs.

19. Heavy hydrogen. The discovery of the hydrogen isotope of mass 2;
which is called deuterium, and the investigation of its properties comprise
one of the most interesting chapters in physical chemistry.

In 1931, Urey, Brickwedde, and Murphy proved the existence of the
hydrogen isotope of mass 2 by a careful examination of the spectrum of a
sample of hydrogen obtained as the residue from the evaporation of several
hundred liters of liquid hydrogen. Deuterium is contained in hydrogen to the
extent of one part in 4500.

In 1932, Washburn and Urey discovered that an extraordinary concen-
tration of heavy water, D,O, occurred in the residue from electrolysis of
water.’ The production of 99 per cent pure D,O in quantities of tons per
day is now a feasible operation. Some of the properties of pure D,O as
compared with ordinary H,O are collected in Table 8.3.

TABLE 8.3
PROPERTIES oF HEAvVY WATER AND ORDINARY WATER
: Ordmary Heavy

Property Units Water Water
Density at 25°C . . glcc 0.997044 1.104625
Temperature of maximum densnty °C 4.0 11.6
Melting point °C 0.000 3.802
Bouling point °C 100.00 101.42
Heat of fusion . cal/mole 1436 1510
Heat of vaporization at 25° . cal/mole 10,484 10,743
Dielectric constant . — 81.5 80.7
Refractive index at 20" (Na D lme) — 1.33300 1.32828
Surface tension (20°C) . . dynes/cm 72.75 72.8
Viscosity (10°C) . millipoise 13.10 16.85

PROBLEMS

1. An Nat ion is moving through an evacuated vessel in the positive
x direction at a speed of 107 cm per sec. At
electric field of 500 volts per cm in the positive y direction. Calculate its

position (x, y) after 10~