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PREFACE

It is widely felt that when the equations of mathematical
physics are written out in full Cartesian form the structural
simplicity of the formulae is often hidden by the mechanical
labour of writing out every term explicitly. Attempts have
been made to reduce this lnbour by one form or another of
vector algebra; but it has always scemed to me that this
method both introduces new difficultics and is insufficiently
general. Thus the product of two vectors, in vector lan-
guage, means one of two things, either the sealar or the
vector product, and it is not physically obvious why just
these functions of the vectors should arise and no others.

The use of tensor notation, with the summation con-
vention, carries out as great a simplification of the writing
as does vector notation. The notation has actually at-
tracted attention owing to its applications in the theory of
relativity, but for ordinary purposes two great abbrevia-
tions may be made. We use rectangular Cartesian axes;
the result is that the distinction between covariant and
contravariant vectors disappears, and with it the terms
arising from curvature of the surfaces of reference. The
formidable character of most of the formulac of the theory
of relativity is absent from the formulae of tensors referred
to Cartesian axcs. The tensor method is a necessity for re-
lativity; for applications in dynamics, electricity, elas-
ticity, and hydrodynamics it is a great convenicnce.

It is found that the scalar and vector products arc not
the only functions of two vectors that arise, though the
theory provides reasons why they arc important in many
applications. There is also a symmetrical product, which
ordinary vector notation is completcly unable to express.
In tensor notation it arises naturally as a symmetrical
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tensor of the second order. The system of moments and
products of inertia of a rigid body constitutes such a
tensor; so do the stress components and the strain com.
ponents in an elastic solid.

The present method, like vector notation, is of use prin-
cipally in proving general theorems. In concrete applica-
tions there is usually some asymmetry about the coor-
dinates that makes it necessary to abandon the tensor
form at some stage in the work. It has been said that
vector equations are like a pocket map, and it has been re-
plied that a pocket map has to be taken out of the pocket
and unfolded before it is of any use. The same applies to the
tensor method, and for the same rcason; but it has the
great advantage that it is not a new notation, but a concise
way of writing the ordinary notation, so that the unfolding
can be carried out more conveniently when occasion arises.

What is usually called Statics is treated in Chapter v,
after Dynamics. I consider this to be the proper order, be-
causc Statics is a special case of Dynamies, and many of its
formulae have physical significance for reasons explained
in Dynamics. The customary reversal of the order is due,
I believe, to the fact that an introduction to mechanics has
to be given at schools before the students have received
any training in calculus; but this need not influence
students working for a university examination.

1t should perhaps be stated that the object of this work
is to illustrate the use of tensor methods; it doos not claim
to give a complete theory of all the subjects touched, re-
ference for which must be made to the standard text-books.

I must express my gratitude to Mr M. H. A. Newman,
Miss L. M. Swain, Dr S. Goldstein, and Dr Bertha Swirles
for assistance at various stages in the work, and to the
staff of the University Press for their care in the printing.

i HAROLD JEFFREYS
September 1931
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CHAPTER 1I
CARTESIAN TENSORS

If we have two sets of rectangular axes (Oz, Oy, Oz),
(0z', Oy’, 0z') at the same origin, the coordinates of a
point P with respect to the second set are given in terms
of the coordinates with respect to the first set by the
equations

' =Lx+ my+ nz

Y = bz + myy + nyz (1).

2 =Lz + myy + nyz

The quantities (I, m,, n,, ..., n;) are the cosines of the
angles between the various axes; thus [, is the cosine of the
angle between the axes Oz’ and Oz; n, is the cosine of the
angle between Oy’ and Oz, and so on. It follows that the
coordinates (z, ¥, 2) can be expressed in terms of (x’, ¥, 2’)
by the relations

x=bLa' + Ly + L2 l
Y = mx’ + myy’ + maz'J (2).

2 =ma + Ny + ny2’

We can shorten the writing of (1) and (2) considerably
by a change of notation. Instead of (z, y, z) let us write
(%, %s, %3), and instead of (z', ¥, 2’) write (x,’, z,’, ;'). We
can now say that the coordinates with respect to the first
set of axes are x;, where 2 may be 1, 2, or 3; and those with
respect to the second set are x;’, where j may be 1, 2, or 3.
Then in (1) each coordinate z,” is expressed as the sum of
three terms depending on the three ;. Each x, is associated
with the cosine of the angle between the direction of that

jcr 1
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x; increasing and that of x," increasing. Let us denote this
cosine by a,;. Then we have, for all values of j,

S e

®j = ;%) + Ay %y + A3y

= Xy (3)-

i=1,2,3
Conversely (2) can be written
r= X ay (4),
j=1,2,3

the a;; having the same value as in (3), for the same values
of ¢ and j, because it is in both cases the cosine of the angle
between the directions of x; and «x,’ increasing.

In mathematical physics we often have to deal with sets
of three quantities in relation to a set of axes, of the general
form w; (that is, u,, %,, %), and such that in relation to a
different set of axes the corresponding quantities are
(uy, uy', uy’), which satisfy the relations

Ui = L Oy (9)
i=1,2,3

and U= X Qyu; (6).
j=1,2,3

Such sets of three quantities are called tensors of the first
order, or vectars. The individual %, u,, u, may be called the
components of the tensors.

Clearly if we multiply all of the u; and w;’ by the same
quantity m we get

mu; = X @ (mu) (N,
i=1,2,3

80 that mu, is another tensor of the first order.

Again, if we have two tensors of the first order, u, and
v;, we shall have

u + o = Ty (u + ) (8),
i=1,2,3
so that u; + v, is a tensor of the first order. .

We notice that each of the equations (3) to (8) is really
a set of three equations; where the suffix 7 or j appears on
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the left it is to be given in turn all the values 1, 2, 3, and the
resulting equation is asserted in each case. In each such
equation the right side is the sum of three terms, obtained
by giving j or 4 the values 1, 2, 3in turn and adding. Wher-
ever such a summation occurs a suffix is repeated in the
expression for the general term; where there is a summa-
tion for all values of j the general term, such as a,;u;’, con-
tains j twice. We make it a regular convention that, unless
the contrary is stated, whenever a suffix is repeated it is
to be given all possible values and that the terms are to be
added for all. Thus we write (5) as simply

u"" = AUy (9)a

the summation sign being automatically understood by
our convention. Then (9) really means three equations,
with three terms on the right of each, but we can by means
of our conventions express all of the twelve terms com-
pactly by the single equation (9).

There are single quantities, such as mass and distance,
that are the same for all sets of axes. These are called
tensors of zero order, or scalars.

Consider now two tensors of the first order, u; and v,.
(When we write ““a tensor ;" we mean of course a tensor
of the first order whose components are u,, u,, uz. This is
another piece of shorthand.) Suppose each component of
the one multiplied by each component, of the other; then
we obtain a set of nine quantities expressed by u,v,, where
each of 7 and £ is independently given all the values 1, 2, 3.
The components of u;, v, with respect to the other set of
axes are u;’, v,” say; and

/v = (@;u;) (@ V)
= QO U; Vg (10).

The suffixes 7 and & are repeated on the right. Thus (10)
represents nine equations, each with nine terms on the

1-2
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right. Each term on the right is the product of two factors,
one of the form a,;a;;, depending only on the orientation of
the axes, and the other of the form u,%,, representing the
products of the components referred to the original axes.
In this way the various %, v, can be obtained in terms of
the original u;v,. But products of two vectors are far from
being the only quantities satisfying this rule. In general a
set of nine quantities w,, referred to a set of axes, and
transformed to another set by the rule

Wy = Gy Wy (11),

is called a tensor of the second order.

We may go on similarly to construct and define tensors
of the third, fourth, and higher orders. Thus a set of quan-
tities that transforms like x;x,%,, %, ... is called a tensor of
order n, where n is the number of factors in this product.

When we say that a certain set of quantities is a tensor
of any order #», we mean that we have ways of specifying
its components with respect to any set of axes, and that the
components with regard to any two different sets of axes
are related according to the rule appropriate to tensors of
that order, and in particular to the products of the coor-
dinates with » factors. For instance, if we say that ; is a
tensor of order 1, we are not simply defining »;" as meaning
a;;u;. We are supposing both that ;" has a meaning, such
as a displacement or a velocity, with reference to the axes
of z;/, and that the value of each component is equal to
a;;u;. Thus the statement that any set of quantities is a
tensor is not a_mere convention, but a statement capable
of test and therefore needing Eroof In (7) and (8), for
example, our data are that u; and u,’ are the components
of a vector with regard to two different sets of axes. We
prove that the sets of quantities obtained by multiplying
both by the same quantity are related according to the
vector rule; and therefore the products are vectors.
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If we interchange j and 7 in (11), we get
Wy’ = AWy, (12).

But on the right 4 and £ are “dummy suffixes”; that is,
they are to be given all possible values and the results
added. Itisunimportant which of them we call ¢ and which
k; we may therefore interchange them and get

4
Wy = Qg Qs Wy = Qi Ay Wz (13).

Thus w,; transforms according to the same rule as w;, and
therefore is another tensor of the second order. The im-
portance of this is that if we know the set of quantities

arranged
Wy Wiy Wiy
<w21 Way w%) (14)
W3 Wy Wy
to be a tensor of the second order, then the arrangement

Wyy Wy Wy (15)

(wu Wy Wy
Wyg Wyy Wgy

is another tensor of the second order. Therefore the sets
(wg + wy;) and (wy — wy,) are tensors of the second order.
The first of these has the property that it is unaltered by
interchanging 7 and k, and is therefore called a symmetrical
tensor. The second has all its components reversed in sign
when ¢ and k£ are interchanged, and is called an antisym-
metrical tensor. Clearly in an antisymmetrical tensor the
““leading diagonal’ components, i.e. those with 7 and %
equal, are all zero. Also, since

Wy = § (Wae + Wei) + § (Wi — W) (16),
we can consider any‘tensor of the second order as the sum

of symmetrical and antisymmetrical parts.
The gradient of a scalar is a vector. For if U is a scalar,
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its gradient is 0U/ox; or oU[ox;’ according to the set of
axes. But

BU ox; oU oU

day " oy dwy (17,

so that the gradients transform according to the vector
rule. Similarly the gra.dlent of a vector is a tensor of
order 2. For if u, and u,’ are the components of a vector
with respect to two sets of axes,

Ou;’ Oz, ou;’ 0 (@4 )
. axlr - axlr ax akla i Ui
ou;
Ay ax

so that the rule of transformation is as in (11).

Since x; is a vector, it follows that ox,/ox, is a tensor of
the second order. But 0z,/dx; is unity if 4 = k& and zero if
t # k. Hence the set of quantities §;,, such that

Oy = 8y = Oy = 1,
812=813:821=823=831= g2 = 0,

= Ay (18),

constitutes a tensor of the second order. We can prove this
directly; for if we apply (11), §;’ in the new system of
coordinates should be given by

8 = ai;4,0, . (19).
The suffix k& has to take all values 1, 2, 3. But if &k + ¢,

8, is 0, and the corresponding term is zero. If k = 1,
3 = 1, and the result of the summation with regard to % is

3y = aja, (20).
But the a,; are the direction cosines of the axis of z;’ with
regard to the x,, and the a,; are those of z,” with regard to
z;. Hence a,;a,, is the cosine of the angle between z; and

z,’, and is equal to 1 if the axes are identical and to 0 if they
are perpendicular. It follows that the result of the trans-
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formation is that 8;’ = 1if j=1, and §;;’ = 0if j £ 1. It
follows that the set of quantities

1 0 0
<010> (1)
0 0 1

is transformed into itself by the rule (11) and therefore is
a tensor of the second order.

If u, is a vector and we form the product 3,,w,,, we have
a_tensor of order 3. But now put m = k and add for all
values of k. Since 8 = 0 except for & = ¢, the only term
different from zero is that for & = 7, and this is »,. Hence

Sty = U, (22).
This operation therefore replaces the sufﬁx k by i The
In the tensor w,; let us put t = b:_:;;ld in accord‘mce
with our convention add for all values of k. Then the
corresponding quantity w,;’ is got by putting I = j and

summing; but
Wi = QO Wiy, = S Wy,
— wy (23).

Thus w,; transforms into itself and therefore is a scalar.

This operation of putting two suffixes in a tensor equal
and adding accordingly is known as contraction. In general
it gives a new tensor, whose order is less by 2 than that of
the original tensor. If for instance we contract the tensor
u,;v,, we obtain

UV = UyV) + UpVy + UV (24),

which is the scalar product of u; and v,.

Similarly the same tensor yields the symmetrical and
antisymmetrical tensors (u;v; + u,v,;) and (u;v; — Upv,).
We may call these the symmetrical and antisymmetrical
products of «; and v.



8 CARTESIAN TENSORS

The tensor du,/0x; gives similarly, on contraction, a scalar
Ou; _ Ouy | Ouy  Juy
ow; ~ owy | ow, o,
which is known as the divergence of u,; while it gives also
symmetrical and antisymmetrical tensors
ou;,  ou; ou;,  Ouy
ox; N ox;, and ox; o,
The former has important applications, especially in the
theory of elasticity and hydrodynamics; the latter is
known as the curl or rotation of w,. The vanishing of the
curl is the condition that u; may be the gradient of a scalar.
All the above considerations can be extended to any
number of dimensions. In n dimensions a tensor of order r
has n" components. A tensor of order 2, in particular, has
n* components. If it is antisymmetrical, the n diagonal
components are zero, and the others are equal and opposite
in pairs. Hence an antisymmetrical tensor of order 2 has
4n (n — 1) independent components. If n =1, 2, 3, 4,... in
turn, this number is 0, 1, 3, 6,.... It happens that in three
dimensions the number of numerically independent com-
ponents of an antisymmetrical tensor of the second order is
equal to the number of components of a vector. Actually it
can be proved that with any vector we can associate.an anti-
symmetrical tensor of the second order, and conversely.
T'his is not true in any number of dimensions other than 3.
Since the a,; are the direction cosines with respect to the z;
of three perpendicular lines, they are connected by six re-

lations Ay + Gy? + g = 11
A® + Ay? 4 @zt =1

As® + A® + anp? =1 ’
Q12013 + GpaQo3 + Az = O

@130y + Ap @y + A0y = 0 (27).

O @yy + Ay Ay + Ay Az = 0

(25),

(26),
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We notice that the second and third of (27) both contain
(@11, Ga, @5). We may therefore solve them for the ratios
of these quantities. Thus
On _ Ay — )
ozlzy — Qg3Qyy Agzllyy — Ai3lgp  (zlyy — A3y

(28),
say. Substituting in the first of (26) we get
1= F {1 (@ 0y, — Qs3059) + oy (X301 — A13035)
+ g (@3 — Aa30y5)}
=—k|lay ay ay (29).
Az Ay Ay
Qyg @y g
Also
52 {(@03 Bgp — B3y W) + (A3 Wyz — Ay Azp)? + (13 Wy — Ay @y3) = 1
(30).
But we have a general identity
(@® 4 b% + c?) (@'2 + b"2 + ¢'2) — (aa’ + bb" + cc')?
= (b’ — ¢b’)? + (ca’ — ac’)? + (ab’ — ba’)? (31).
Hence
k [(a15® + an® + agy®) (age® + @pe® + a55%)
= (@y2055 + Appys + A3p055)*] = 1 (32).
But on account of the second and third of (26) and the first
of (27) the expression in brackets is unity, and therefore
k=41 (33).
For any given transformation the determinant in (29) is
therefore equal to + 1. Evidently its sign is reversed if we
interchange any two of the suffixes j, for this interchanges
two rows of the determinant; so that the sign is a matter of
the numbering of the axes. If we start with a rigid frame
attached to the axes #,, and rotate it continuously till it
is attached to the axes z,’, all the a;; vary continuously and
therefore the determinant cannot change from + 1 to — 1
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or from — 1 to + 1. If then x, goes to z,’, z, to x,’, and x,
to x,’, the determinant is initially

1 0 0=1 (34),
01 0
1o 0 1
and therefore
k=—1 (35),

and the determinant formed by the a;; is always + 1.

If we have a frame of axes (z,2,%,) we can turn it by a
continuous movement so as to bring z, along the old z,,
x, along the old x;, and x; along the old z;. In this case we
have

X =y, T, =xy, x =2 (36),
and
y =0, a5 =1, a3 =0; a;;,=0, a,=0, a3 = 1§} (37)
Ay =1, @y =0, ay =0 '

The determinant of the a,; is therefore

01 0i=1 (38),

|
0 0 1
1 0 0O

as before. Any rotation of the axes that does not alter the
cyclic interchange of suffixes 12312381 ... therefore
leaves the determinant equal to unity, and therefore so
long as we always use right-handed or always left-handed
axes the determinant of the a,; is + 1.
With this restriction
(g = Oplyy — AzpQpy; Ay = Ayzlgy — g3y,

} oo,

A3 = Q3@ — Qy304

and therefore every direction cosine is equal to its first
minor in the determinant.
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These relations are of course identical with those ex-
pressed in the usual notation of solid geometry by

b= myng — mymy; my = nyly — nyly; ny = lymy — lym,
(40).
Now suppose that u, is a vector, and consider the set of
quantities

Wy, = 0 Uy — Uy (41).
<— U 0 ul)
Uy — Uy 0

Apply (11) to this, taking ¢ to be the number of the row and
k that of the column. We see that u, enters as w,, and as
— Wy,. Its coefficient in w;,’ is therefore a,;ay; — ay;a,;,
and in all
Wi = (g Qgp — Qyj Q) Uy + (Gy; Wy — U3 @yp) Uy
(G0 — g0y, Uz (42).

This is obviously zero if j = {. If j -# I and if the other axis
perpendicular to z," and z;,” is ,’, and jlnjln is a cyclic
order, the quantities in brackets are equal to (a,,, Gy, , @sy).
This is true if / immediately succeeds j in the order. If
precedes j by one place the signs are reversed. Hence if
J=landl=20orj=2andl=38,0orifj=3and =1,

wil' = QinU; = u’n, (43)a

and in the alternative case

wy' = —u, (44).
Thus wy = 0 Uy — (45),
<— U’ 0 u{)
uy  — uy 0

and is of the same form as (41). Thus with any vector we
can associate an antisymmetrical tensor of the second order.
Conversely with any antisymmetrical tensor of the second
order we can associate a vector.
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We can proceed alternatively by considering the set of
quantities e;,,, defined by the condition that if any two
of ¢, k, m are equal the corresponding component is 0; if
i, k, m are all unequal and in cyclic order, the component
is + 1; if the order is not cyclic, the component is — 1.
Let us see whether this is a tensor of the third order. If 80,
we should have

€iin’ = Q5O € ey
= 05 Qg O3y + Opi03,00, + 030409,
T 0y Ay — OOy Oy — QO Ay, (46).
Now if, for instance, j = , the right side is clearly zero and
€’ = 0. If j, 1, n are all unequal, the expression is

Ay Ay Ay (47),
aln azn a.';n
which is equal to 1 if jln are in cyclic order and to — 1 if
not. Hence the set of quantities ¢,,, is transformed into
itself by the rule for transforming tensors of order 3, and
therefore constitutes a tensor of order 3. This is called the
alternating tensor.

Now consider the product ey, ,, where %, is a vector.
This is a tensor of the fourth order. If we contract it by
putting p = m and summing we get a second order tensor
Wi = €gmUy. 1f 1= 1and k = 2, the only value of m that
makes e,,,, different from zerois 3, and then ¢;;,, = + 1. Hence

Wyp = Uy (48).
If s =2 and k = 1, m is 3; but 213 is the reverse of cyclic
order and €, = — 1. Hence
Wy = — Uy (49).
Similarly we find that the elements of w,, are

0 Uy — Uy
—u; 0 Uy (50),
Uy — Uy 0
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so that the antisymmetrical tensor associated with a vector
can actually be obtained from it by multiplying by e,
and contracting.

Again, suppose that we are given a tensor of the second
order wy and that we form a vector u; by multiplying by

€im a0d contracting twice. We have, if m = 3,
1 )
Uy = €Wy = €193Wyp + €g3Wyy = Wy — Wy .

Thus WUpy = €g1m Wipe (51).

If w,; is symmetrical, this evidently gives zero. If it is
antisymmetrical the components of u,, are numerically
twice those of w,,.

On account of the intimate relation between the vector
and the antisymmetrical tensor we shall habitually denote
the tensor w,; of (41) by u,,, so that

Uy = Ugg = Ugy =05 Upy=Ug, Uy = Uy, Uy = Uyp;

} (52).

It will always be seen at once whether the vector or the
tensor is intended, since the former has one and the latter
two suffixes.

If we have any three vectors u;, v;, w;, and consider the
scalar e, u;v,w,,, we see that

Uy == — Uz, Ugp = — Uy, Uy = — Uy

€itm Ui Vi Wy, = Uy Oy Wy + U3y + UV Wy
— UV Wy — Uy Wy Wy — Uy VW,
=| U Uy Uy (53),
v U Uy
Wy W, Wy
so that we have a concise way of writing the determinant
formed by the components of three vectors. If any two of
the vectors are parallel this scalar vanishes.
In associating a vector with an antisymmetrical tensor

of order 2 a sign convention clearly arises. We make the
positive signs in (41) lie one place to the right of the leading



14 CARTESIAN TENSORS

diagonal. If then we have two vectors u; and v, their anti-
symmetrical product is v, — u;v;, and in the associated
vector we give the positive sign to w; when k follows 7 in
the cyclic order. Hence the components of this vector are
taken to be

(Ug¥y — UgVp, UgVy — U V3, UyVp — UgVy).
This vector is perpendicular to both the original vectors; for
Uy (Ugy — Ugp) + Uy (U®y — UyWy) + Ug (U ¥ — Up®y) = O,
Oy (Up 03 — Us¥p) + Wy (Ug¥y — UgVy) + Vg (Ug 0y — UpWy) = 0.

We call it the vector product of u; and v, and can save
writing by denoting it by [u, v],,.
Similarly with the antisymmetrical tensor ?ﬁ‘ — 21; " we
i k
associate a vector so as to leave the sign unaltered when
k follows ¢ in the cyclic order. Thus the components are

(8u3 Ou, Ou, Ouy Ouy Bql)h (54).

ox, Oxy’ Oxy 0x,’ 0%, O,

This is often called “curl u.”

The Tensor €, €mns. Since this tensor is the product of
two third order tensors, once summed, it is a tensor of
the fourth order, ¢, k, m, p being arbitrarily assignable.
Evidently if 7 =k or m = p, the corresponding component
is zero.

If { = m, the contribution from any value of s is zero
unless also £ = p, and then

€iks = €mps = L 1,
and the component is + 1.
If © = p, then no value of s gives a contribution unless
k = m. Then one of ¢, and ¢,,,, is + 1 and the other — 1,

and the component is — 1. Hence the components of the
tensor are as follows.
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If i = m, k = p, the component is + 1, unless 3 also = k,
t = p, k = m, the component is — 1, unless ¢ also = £,
t =k or m = p, the component is 0.
These results apply also to the tensor
Simslw - Sivskm,
and therefore
€iks€mps = Simakp - 3z‘pskm (55)~

EXAMPLES

1. If u;, uy’, w,” are the components of a vector with regard to
three sets of axes, prove that the values of w;,” are the same as
would be obtained by transforming first from u; to u;” and then
from w;’ to u;”.

2. Prove that 8 = 335 dpem = O.
3. Evaluate the components of the sixth-order tensor
€abe €ikm *

4. Prove that

€iks €mks = 20im3 €ikem €km = 6.
5. Prove that

€iks €mps = €sik Ssmp ~— €ksi €psm
6. Prove that if u;, v, w,, are vectors,

[w [u9 v]]m = Uy, (”iwz‘) — Um (uiwi)'
Upy [V, W)y, = €k Ui Vg Wp s

7. 1f A(u) = uy up Uy b

Usy  Uge uzs‘

Uz Usp uaal
prove that

i A (u) = €vmn Wit Wjm Ukn >
€U WimUn = €imp A (%),
64 (%) = €t €1 Uiy Ujon U «

8. Use Ex. 7 to prove the rule for the multiplication of deter-
minants

€imn €imn A (1) A (v) = 64 (u) A (v) = 6A (u),
where (uv)yy = Uy vy,



CHAPTER I1I
GEOMETRICAL APPLICATIONS

The displacement from any point to any other obviously
constitutes a vector. The distance between the points is a
scalar. If z;, y; are the coordinates of the points and r the
distance between them,
2= (y; — x;)? (1),
the square on the right indicating the scalar product of the
vector into itself. Also the quantities (y; — ®,)/r constitute
a vector.
If we take a fixed point ¢; and consider points given by
X = a; + L (2),
where r is a variable scalar and the [; are constants such
that
li2 =1 (3))
@; — ;) = r? (4),
so that r is the distance of x; from «;. If we take another
point y, such that

Y= a; + ;s (),
(Y — @) = s* (6),
(Ys — x;)2= (s — 1)? (7),

and therefore the distances between ¢;, z;, and y, are such
that the sum of two of them is equal to the third. Thus the
points are on a straight line; and (2) gives the equations
of the line in terms of the parameter r. The I, are the
direction cosines of the line.
If we take two lines through «; given by
x; = a; + ;v (8),
Yi= a; + m;$ (9),
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the distance between z, and y, is given by
(y: — %)% = (sm; — rl,)*
= 82+ r2 — 2rsl,m; (10).
But this quantity is also equal to s? + 72 — 2rs cos 6, where
0 is the angle between the lines. Hence the angle between
two intersecting lines is given by
cos 0 = I;m, (11).

If two lines have the same direction cosines they are said
to be parallel. If two lines do not intersect we can take a
line through any point on one of them parallel to the other;
then this line is inclined to the first at an angle given by (11).
We can then use (11) to determine a unique quantity
associated with any two lines, which we may call their
inclination, whether they intersect or not.

If we have a line given by (2) and y; is a point outside it,
the line joining «; and y, subtends a right angle at x; if

(2, — @) + (y; _\xi)z
r22 4 (Y — @ — rl)?
(Ys — @) — 2rl; (y; — «;) + 2202 (12),

I

(y; — @;)*

I

I

and therefore
r=1(y;, — ) (13).

This gives the projection of the displacement y; — a; on
the line. The foot of the perpendicular is

a; + Uy = a; + Ll (y, — ).

Evidently r in (13) will be the same for all points ¥, such
that I,y is constant. Hence
Liyi=3 (14)

represents a plane perpendicular to the line.
If we take two intersecting lines given by (8) and (9), we

jcr 2
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can find the equation of the plane containing them as
follows, If this plane is

NZ2;=p (15),
this equation must be satisfied by z, and y; for all values of
r and s. Hence

n;a; =p (16),
nil; =0 (17),
nym; =0 (18),
and from (15) and (16),
n; (2; —a;) =0 (19).

Then (17), (18), (19) are three homogeneous equations in
the n;, and can be consistent only if
€am (2: — @) m,, = 0 (20).

This is the equation of the required plane. Also the n; are
proportional to

€iembieMuy = (lymg — Lymy, Lymy — Limy, Limy — Lym,) (21).
But n2=1 (22),
(amy — Lymy)? + (Iymy — Umy)? + (Lymy, — Lymy)?

= (02 + L+ 1?) (my® + my® + my?) — (bymy + Lymy + lym;)?

= 1~— cos? 0

= gin2 0 (23).
Thus sin 0 n; = + €;pmlicMyy, (24).

The ambiguity in sign corresponds to a general one in
specifying the parameter 7 of a point on a line. If r in (8)
is taken negative, we get a point on the line on the opposite
side of «; from those given by positive values of r. But if
we reverse both » and the I, we still keep /,2 = 1, and we
still have the same point. We may take either direction
along a line to be that of » increasing; if we reverse the

direction the signs of all the I, are reversed for the same
point.
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For any point on (8),
€im@ubn = €m (@ + L) Uy = €om @zl (25).
This is a constant vector for all values of , and may there-
fore be considered as a property of the line. We denote it
by I,. Then we have six properties of the line given by

l;, 1. These are coordinates of the line. They are connected
by two relations,

=1 (26),

bl = €ipm lil,, = 0 (27).
The I’ have a geometrical interpretation. Thus if we con-
sider the plane

by — wyly = U (28),
this plane passes through the line. Also if x, = a,, z; = a;,
(28) is satisfied for all values of x,, and therefore if we take
a line through «; parallel to the 2, axis, (28) represents the
plane through (8) and this line. Two such planes determine
the line, and therefore the I, and I, together determine the
line.
If we have two non-intersecting lines given by

x; = a; + rl; (29),
Y: = B + sm; (30),
the line Y= Bs + 7l; (31)

passes through B, and is parallel to (29). The plane including
(30) and (31) is, by (20),
€am (2 — Bo) Lym,, = 0 (32).

This therefore represents a plane through (30) parallel to
(29). The plane through (29) parallel to (30) is

€ikm (zi - ai) lkmm =0 (33)

The distance between these planes is the projection of the
line joining any two points on them upon a line perpen-
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dicular to both. If a line perpendicular to both has direc-
tion cosines n;, the shortest distance d between the lines
is therefore given by

dsin 0 = (B; — a;) n; sin 0

=4 (B — @) €irmlymn

=k {eamBilim, — egn;lym,} (34).
But €amBiMy = — my'; egme;l, =1, (35),
and therefore

dsin @ = + (— L;m; — m;l)'),
so that, apart from the ambiguity in sign,
dsin 0 = l;m; + m;l, (36).

Thus the shortest distance is directly expressible in terms
of the coordinates of the two lines.
Now consider two intersecting lines

X =a; vl y, = a; + sm; (37).

The area of the triangle formed by «,, z;, y, is rssin 6.
The projections of these points on the plane x, = 0 are

(0, @y, @), (0, @, %), (0, %, y3) and form a triangle whose
area is

%’ I e g|=%1 @« ey
|1 @, ay 0 Iy Iy
| |
[ T VA 0 mys mys

= §rs (lymy — lym,)
= drsn, sin 0 (38).
Thus the projections of a triangle, and therefore of any
plane area, on the coordinate planes are in the ratios of the
direction cosines of the normal to the planes. A plane area

can therefore be treated as a vector whose components are
proportional to the direction cosines of the normal.
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If we have a line given by
x = a; + 1l; (39),
and B; is a point not on the line, let us suppose the point g;

turned through an angle 8 about the line. The foot of the
normal from B; to the line is given by

r=1;(B; — @) (40),
and therefore the displacement from the foot of the normal
to B; is equal to

Bi — e + Ll (B — )} = b2 (Bi — ) — Lily, (Be — )

= b il (B: — @) — L (Be — @)}
(41).
The magnitude of this displacement, p, is given by
P = (B — @) — {l; (Bi — @))}?

=2 (B; — @) — Ll (B: — @) (B — )

= 3 b (B: — @) — L (B — ap)}? (42),
the } being needed because in the double summation each
pair of values of the suffixes would occur twice.

The plane through B, and the line is

n; (2; — ;) = 0,
subject to nl; = 0,

n; (BI - az‘) =0,
and is therefore
€iem (2s — @) b (B — @) = 0 (43),
while the n; are proportional to €, (Bm — @) and there-
fore equal to + €;mly (Bm — @m)/P-

If now we turn B; through an angle 6, it receives a dis-
placement p (1 — cos ) along the normal to (39), and a
displacement p sin 8 along the perpendicular to the plane
(43). If it goes to y;, we have therefore '
yi— Bi=— (1 —cos0) b {l (B: — @) — L (B — o)}

+ 8in 6 €yem b (Bm — @m) (44).
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If 4 is a small angle and we neglect 6%, the displacement is
simply
Yi ﬁi =% 0 €ikmllc (Igm - am) (45)’

and in particular

1= Br=+ L0 (B — @) — 0 (B — ap)}  (46),

and from the additive form of this equation we see that the
displacement is the sum of those given by separate small
rotations [;6 about axes through e, parallel to the co-
ordinate axes. Conversely, displacements due to- small
rotations about axes through a point can be added vectori-
ally as if all were applied to the system in its original
position, and give the same total displacement as if they
were compounded into a single rotation about an axis by
the vector rule. We still have, however, to establish a sign
convention. We decide that 6 is to be taken positive if a
turn about the axis of x; is from z, towards z,. This would
make

Y1 Bi= — 0(52_ 3); Yo — /922 ‘9(.31_ a) (47)
with l, =1, =0, [; = 1. Hence

Yi— Bi = fikmlka (lgm - am) (48)’
If we write
lke == Wy,
Yi— Bi= €xm @ (B — @) (49).

For instance, if ¢,, = 0, we have
y1— Pi1= ®fs — @Pe; vo — Bo= WP — @y Ps;
vs— By = @B — @, (50).
For finite rotations we return to (44) or (41), keeping the
positive sign in the second term. We may transfer the

origin to e, to save writing. The coefficient of 8, in y; — B,

18
b,-k = (l — CO8 0) l[lk - Sin eeik,,,lm (51),
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for k  4; if k = 4, the coefficient is — (1 — cos 6) (1 — 1:L).
Thus

bp=(1—cosb) (l;l, —8;) —sinbc, (52),
where ¢, is the antisymmetrical tensor corresponding to

l,,, namely
0 Iy —1y
— 3 0 ll> (53).

I, —1l, 0

Thus the displacement is represented in general by b,.8,,
where b, is a tensor of the second order, expressed as the
sum of symmetrical and antisymmetrical tensors. The anti-
symmetrical part is scen to be of the first order of magnitude
in 6 and the symmetrical part of the second order.

EXAMPLES
1. Given that the gencral quadric surface is
S = 3A w2, + Big, + C = 0,

prove that the locus of the mid-points of parallel chords is a plane,
and find the condition for this plane to be perpendicular to the
chords.

2. Find the condition that the line
L, +p=0
may touch the quadric S.



CHAPTER II1
PARTICLE DYNAMICS

The essence of particle dynamics is that the second de-
rivatives of the coordinates of a particle with regard to the
time are equal to functions of the position and velocity of
the particle with reference to neighbouring particles. The
relations therefore provide a set of differential equations
to determine the coordinates. The equations for any
particle can be put in the form

mi;, = XX, (1),
where m is the mass of the particle, X; are the forces due
to the other particles, and the summation is for all the
other particles*. It is a matter of experiment that this
form holds when the axes are a certain type of Cartesian
axes, which we call non-rotating and unaccelerated, or in
brief dynamical.

1f we take a different set of non-rotating axes at the

same origin we have

& = a;, (2),
and since the axes are not rotating the a,; are constants.
Hence by differentiation

T, = a,;%, (3),
&' = a;%, (4),
and therefore velocity and acceleration are vectors.
The force X, on the particle due to some other particle
is measured by the contribution to m#; due to the other

particle; that is, the part of m#; that would disappear if
the other particle was removed to an infinite distance. It

* Cf. Jeffreys, Scientific Inference, Chapter vi, for a fuller analysis.
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is actually measured by the acceleration. If we have the
three acceleration components of the particle 1 due to the
particle 2, we can find the acceleration in the direction of
z;" by the formula (4), and the form (1) will become

mi; = XX’ (5),
provided that we define X, by the rule
X/ =a;X,; (6).

The meaning of the force in any direction requires de-
finition in any case: if we define it by its relation to the
acceleration component in that direction, it follows auto-
matically by (6) that force is a vector. It follows that the
sum of any number of forces, obtained by adding the
components separately, is also a vector. But the practical
importance of the idea of force arises equally from the fact
that in many cases the force components are known once
for all from experience as functions of the coordinates and
velocities. The form (6) then says, as a general principle,
that the forces in any direction are additive.

If we form the contracted or scalar product of m&; and
ZX; by the vector &;, we get

mx;&; = XX, &; (7,

the left side of which is %(;7729&1-2). (The square of course
implies the product of #, by %; and therefore the summation
forz =1, 2,3.) We write

T = Ymip = dm (&2 + &2 + dy?) (8),
and call 7' the kinetic energy of the particle. Then by in-
tegration with regard to the time from ¢, to £, we get

t t
[T} -3 j X @ dt 9).
to to

But in any short interval of time dt, #,dt is the increase
of z;, namely dz;. Hence the right side is equal to
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z j X, dx, taken from the initial to the final position of the

particle. We call the scalar X,dz; the work done on the
particle by the force X, in a small displacement dx,. Then

ZJAYidxi is the total work done by all the forces on the

particle during the motion. We have therefore the scalar
relation that in any motion of a particle

Increase of kinetic energy == Work done on the particle
(10).

In a system of particles we may add upithe equations (10)
for all the particles. We now take 7', the kinetic energy of
the whole system, as the sum of those of all the particles.
Then we get

[7’]“ . [x 577&@2] "y j “Xodw, (1),
to t o

the double summation implying summation for all pairs of
particles; the first summation is for the particles producing
the forces X; and the second for the particles acted on. It
may happen that the .X; are all functions of the coordinates
alone, and not of their velocities, and that provided the
initial and final values of the z; are the same the integral is
the same however the &, may vary in the interval. If so,
the integral is the difference between the values of a certain
function U for the initial and final positions of the system;
we call the system conservative and U the work-function.

Then (11) becomes
& t
LG
to to

or T — U = constant (13).

This is the equation of conservation of energy. The quanti-
ties on both sides are scalars. — U is often denoted by V
and called the potential energy.
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If U exists, then in all possible small displacements of

the system

XX, de; = dU (14),
where the dz;, 3n in number for » particles, are all in-
dependent. The coefficient of dx; for any one particle is
2X;, the total force in the direction of #; on that particle.
Hence the force on a particle in the direction of z; is
oU [0z, which is of course a vector.

We can also take the scalar product of (1) by any set of
small quantities 3x; whatever that constitute a vector.
Then

mE;0x; = XX, 8x; (15)
is a scalar relation; but as the x; are arbitrary we can
equate their coefficients and regenerate the equation (1).
If we now integrate with regard to ¢ from #, to ¢, we get

t 21
J m i, 0x;dt :J X, 8x,dt (16).
to 0

The left side, on integration by parts, gives
. t &t . d
[mxini] — J mxE; dth,-dt (17).

o lo
But we can consider the z; + 8z, as coordinates of a par-
ticle in a motion differing slightly from the actual one; that
is, at a given value of ¢, the coordinates are z; 4 8z, instead
of ;. Then

d d d
== "ti + 8-231 - .’i:z
~ 5, (18),

since Z; 4 82, is simply the varied velocity or rate of change
of the varied coordinate z; + 8x;. Then
f 4
J mé, d%&v,.dt - J mit, S, dt
to

_ j “S (ma2) di + 0 (5)? (19).
to
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Then for every particle, to the first order,

h t
j 6 (dme2) + SX, 00} dt — {mchx] (20).
to to
We can now add up these equations for all the particles of
the system. If U exists we can express the result in the
form
2] &
JMT+wm=zbmmJ 1),
t

to 0
or, since the limits are not varied, we can move the § out-
side the integral. If the variation is such that the initial
and final positions of the system are unaltered, 8x; = 0
when ¢ = ¢, or ¢,, and we have

t
aj (T + Uydi =0
lo

to the first order in the variations of the path. This is
Hamilton’s principle.

EXAMPLES

1. If the Cartesian coordinates of every particle of a system are
known functions of a set of generalized coordinates gq,, prove that

d 0T\ oT
Smddn, = 4o (95) —
i, s, { d ( a(jr) aq,} 8¢y,

32X, 0, = 3X,; g%’ 8q,,
T

where the summation convention is also understood on the right
side. Deduce Lagrange’s equations for the case where the g, are
all independent.

2. The equations of motion of a particle are m&; = X, — k4,
where k is constant. Prove that

dz . d
2T = -2, X; + th(éml',z) + ‘.i_t(%k:éiﬁ),

Hence show that for a system in periodic motion, or in one slowly
changing its state, on an average over a long time, 27 = — 3z, X .



CHAPTER 1V
DYNAMICS OF RIGID BODIES

A rigid body is one such that whenever it is displaced the
distance between any two particles of it is unaltered. Since
three particles 4, B, C are in a straight line if the sum of two
of the distances AB, BC, CA is equal to the third, it follows
that straight lines are unaltered by displacements of a rigid
body. Since when 4, B, C are not in a straight line the angles
of the triangle ABC are determinate functions of the three
sides, it follows that all angles are unaltered by displace-
ments of a rigid body. If three lines meeting at a point and
fixed in the body are mutually perpendicular before dis-
placement, they are still perpendicular after the displace-
ment.

The equations of dynamics in the form m#, -= X, are
true with respect to dynamical (that is, non-rotating and
unaccelerated) axes. Let any particle @ of a body have
coordinates x; with reference to dynamical axes at O. Then
let the body be displaced in any way, and let the particle
have the new coordinates z,/. We require the relation
between ;" and x,. Consider a particle of the body, P say,
whose coordinates before and after the displacement are
a; and a;/. Put

= a; + Y5 & =a; +y (1).

Then y; and y,” are the coordinates of @ with respect to
axes at P parallel to the dynamical axes before and after
the displacement. Also if we imagine the original axes at
P to be specified by the particles on them, these particles
in the new position still specify a set of rectangular axes,
with respect to which the coordinates of @ are still y,. If
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the cosine of the angle between the y, axis in its new posi-
tion and the y; axis in its old one is a,,, we have therefore
Y’ = @Y (2),
whence ' = a; + ay (x, — a) (3).
The displacement of @ is
a;' — a; + alYp — Y: (4).
We can prove that there is a straight line of particles in the
body such that the displacement of @ is the same as that
of P. For such a particle we should have
@l — Yi = (@ — Oue) Yo = 0 (5),
and these three homogeneous equations in y, are consistent
provided

[l @i — 8 || = 0 (6),
that is, a; — 1 Qg Qs =0 (7).
an Ay — 1 Qg3
U3 A3, g — 1

Now the determinant || @ || is unity, and each element in
it is equal to its first minor. If we expand (7) we get

[l @] — {(@na2 — 01200) + (@ gs — Apy05)

 (Agn — Ay Qy5)} + (A + Ay + @yy) — 1 =0 (8),
since the terms all cancel. Hence (5) have an infinite
number of solutions, all proportional, and the points there-
fore lie on a straight line.

If we take any two planes through this hne the angle
between them is the same after displacement as before,
and therefore all planes are rotated through the same angle.
Thus any displacement of a rigid body is equivalent to a
displacement of a particle of it combined with a rotation
about a line through that particle. If the angle of rotation
is 0, we have, by comparing (5) with (52) of Chapter 11,

b = ay — 3y,
= (lilk - Sik) (1 — CO8 0) - Eikml-m Sin. 0 (9),
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where I, are the direction cosines of the axis of rotation.
Thus the a,, are determined in terms of this axis and the
angle of rotation. Conversely, if we take the symmetrical
and antisymmetrical parts,

(b — 3) (1 — cos ) = % (by. + byy) (10),
3 (€pim — €ikm) b 81N 0 = § (by — Oy,) (11).
But for a given m, with ikm in cyclic order,
€kim — €ikm = — 2 (12).
Thus lysin = — % (by — by,) (13),
and
$in2 6 = } {(byy — byy)® + (byg — b33)? + (bgy — by3)% (14).

Now suppose that the displacement is small. Then a
have nearly their values for zero displacement, that is,
d,.. The direction cosines of the ¢, and y; axes in their new
positions are a;, and @,;, and thus, if b # , '

Gipli =0 (15),
and, if k =1, Qpy = 1 (16).

But in (15) for ¢ = k, a,, is nearly 1 and a,; small; for ¢ = [,
a,, is nearly 1 and a,; small; for ¢ not equal to £ or I, both
a,. and a,; are small. Hence to the first order

a”c + akl == 0 (17).

If k = [, then for 7 # k or I both terms of (16) are small of the
second order, and therefore for i =k or I, a;, =1+ a
second order quantity. Thus to the first order

Ay = Oz — by (18),

where b,; is an antisymmetrical tensor.
The displacement of @ is 8a; + a,y; — y;, where da, is
the displacement of P, and is a first order small quantity.
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Now let X; be the total force acting on the particle at Q.
In the displacement the work it does is the scalar

SW = X, (6a; + auyr — ¥:)
= X; (8a; — byyr)

= X,;0a; — $bu (Xiyp + Xiy:) — $ba (Xiye — Xiys)
(19).

When ¢ and k are interchanged, b, and Xy, — X,y, are
reversed in sign, while Xy, + Xy, is unaltered. Hence

Now write Y: Xy — 1 X = Ly, (21),

so that L, is an antisymmetrical tensor. The second term
in (20) is the sum of nine terms, of which three are always
zero and the others equal in pairs. 1f we replace b, and
L by the associated vectors, we have

SW = X,8a; + L,,b,, (22),

where the 8a; and b, are all independent of one another
and the same for all particles of the body. Hence if we add
for all particles of the body

SW = (£X,) éa; + (XLy,) b, (23),

and the total work done in any given small displacement is
determinate if we sum up the forces acting by the six
expressions XX;, XL,. Further, the contributions to
sX,, ZL,, from the internal reactions are zero. This follows
at once if these reactions consist of equal and opposite
forces between pairs of particles along the line joining
them, and also has the justification that it leads to correct
results. Then we may restrict £X;, XL,, to the contribu-
tions from the external forces. This is d’Alembert’s Prin-
ciple.

In the limiting case of continuous motion, we may con-
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sider the displacements that take place in a short time
interval 8¢, and put in the limit

da; = u;8t; by = wydt (24),

and call u; the velocity of P and w, the angular velocity
of the body. Then the velocity of @ is

By = Uy — Wi (25).
Now consider the centroid @, with coordinates #; de-

fined by

(Em) z; = Zma; (26).
It is usually assumed without proof that G is fixed in the
body, though this is not obvious. But suppose that the
particle at G/ with coordinates Z, in the original position of
the body goes to @’ when the body is displaced, its new
coordinates are z,’, given by

= a; + ay (7, — a) (27),
and the coordinates of the new centroid G" are Z;”, given by
(Zm) #," = Ema,’ (28).

We have to show that G’ and G” coincide. We have
(Zm) 7," = Zm {a; + ag (2, — a)} (29),
and therefore
(Zm) (7" — 7)) = Zm {a;" + ay (¥ — a)}
— (Zm) {a;’ + ay (@ — ay)}
= ZMa g%, — Zma T,
=0 (30).
Thus the particle originally at G is displaced to the new

position of the centroid, and therefore the centroid is fixed
in the body. '

Now return to the equations of motion of a particle of
the body
mii = X,' (31).

jer 2
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By addition we form from these the equations
Smé; = X, (32),
and by cross-multiplication followed by addition for all
the particles of the body,
Tm (@&, — X, E;) = 2 (1, Xy — 2, X,) (33).
On the right sides of (32) and (33) the contributions from

the internal reactions are zero, by d’Alembert’s principle.
Also

ZmE; = v—d—z‘ Zmx; = da (Em) 5, = MZ; (34),
dt? dt?
where M = Zm (35),
the total mass of the body. Also if
hy = 2Zm (%%, — 2,2;) (36),
we can reduce (32) and (33) to
Mi;, = ZX; (37),
% Dy = 2Ly, (38).

These are the fundamental equations of rigid dynamics.
The three independent A are expressible in terms of the
three independent w; by (36), and we have therefore six
differential equations for the #; and w,;, which determinc
them in terms of the initial conditions if the external forces
are given. The motion of the body is therefore determinate.

The principle of virtual work follows immediately. For
if a body is initially at rest, i; and h; are zero, and the
condition that they may remain zero is that 2X; and XL,
shall vanish. But this implies, by (23), that in any small
displacement of the body the work done by the external
forces is a small quantity of the second order in the dis-
placements. Conversely, if there are six independent
possible small displacements such that the external forces
do no work, to the first order, in any of them, the co-
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efficients of the independent 8@, and b,, of (23) must all
vanish. But these coefficients are the XX, and XL,,, and
therefore the #; and A, do not vary with the time. The
vanishing of the work done by the external forces in six
independent small displacements is therefore a necessary
and sufficient condition for equilibrium.

The equations (38) may be put in another form. If we
consider any moving origin O’, not necessarily fixed in the
body, with coordinates a,, we can write for the coordinates
of a particle with respect to O',

Yi=%; — q; (39).

If any vector associated with the particle, such as its
velocity, momentum, or acceleration, or the force acting
on it, has components u,, we may form the antisymmetrical
tensor y,u; — ypu; and call it the moment of the vector
about O’. From (32) and (33) we can form the equations

Zm (x; %), — &) — (@, 2mEy, — a,Zmi;)
=2 (2; X — 2, X;) — (2, 2Xy — 0, 2X;) (40),

where only the external forces make any contribution to
the right side. But by (39) this is equivalent to

Zm (Y& — %eZs) = 2 (1: X — ¥ Xs) (41).

Therefore the sum of the moments of the mass-accelera-
tion products about any origin is equal to the sum of the
moments of the external forces about that origin.
If we denote the moment of momentum, or angular
momentum, about O’ by 4,.’, we have
hy' = Zm (y:% — y ;) (42),
and
d, , . " .. _
i ha' = Zm (y:8 — yids) + Zm (% — Ju®s)
(43).

2.2
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The second term may-be written
Zm (& — ;) T — (B — dge) T} = — Zm (08 — dyty)
= — M (G — 5,) (44).
Thus (41) is equivalent to
d
dt
In many important cases the second tensor on the left
vanishes identically. This is clearly true if O’ is fixed, when
the time derivatives of the a; are zero; when the centroid
is fixed; and, if both are moving, if the vectors &; and #;
are parallel, that is, if the velocity of the moving origin O’
is parallel to that of the centroid. The most important case
is where the moving origin is identical with the centroid,
when the last condition holds automatically. These terms
also disappear if the moving origin is an instantaneous
centre of rotation alway8 at the same distance from the
centroid. They vanish for a sphere or circular cylinder
rolling down an inclined plane, but not for a rolling elliptic
cylinder.
If the moving origin is the centroid,

ha' + M (a8, — dyit;) = Z (Y Xy — Y X)) (45).

!’

ha' = Zm {y; @ + Jx) — Ye (@ + 92)}

= Zm (Y:Yx — Yr¥:) (46),
since Zmy; = Zmy, = 0,
by the definition of the centroid. Thus the angular mo-
menta about the centroid are expressed completely in
terms of positions and motions relative to the centroid, and
the formulae for them have the same form as those for the
total angular momenta with reference to a fixed origin.

By (25) yi = — WimYm (47)3
m being here a dummy suffix. Substituting in (46) we have
hit' = — Zm (0xmYiYm — QimYlm)

= -Bkmwz'm - Bz‘mwkm (48))
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where B;,, is the symmetrical tensor defined by
B, = Zmy;Yn (49), |
and depends only on the masses and positions of the par-
ticles of the body. In the three-dimensional case, with

and k unequal, m must be equal in turn to s, k, and the
other value. Then, for instance,

by = (Bywy + Bypwyy + Byw;s)
— (Bpwsy + Bpwy + Biywy,)
= (Bzz + Bn) Wyp — B13w23 - B23w31 (50)-

If we replace the antisymmetrical tensors by the associated
vectors this takes the form

hy' = (By + By) wy — Byyw, — By,
= (By; + By + By) wy — (Bygw; + Byyw, + Byw;) (51),

and in general
by = Aimw; (52),
where A,,, is the symmetrical tensor given by
Aim = Blclcaz‘m - Bim

= (zmylc2) 8im - zmyiym (53).
It evidently corresponds to the system of moments and
products of inertia given in ordinary treatises on dynamics;
Ay, Ay, Agg are the ordinary moments of inertia 4, B, C,
but A,, A, 4,, are equal and opposite to the ordinary
products of inertia F, G, H.

It should be noticed that this reduction is characteristic
of three dimensions; in a higher number of dimensions
there is no analogous simplification of the form (48).

The equations of motion of a rigid body then take the
form '

Mz, = 22X, (54),
d d

di hy' =ZLy'; or ;ﬁhm' = XLy’ (55),
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where L,,’ is the moment of the external forces about the
centroid.

It may happen that one point of the body is fixed. In
that case we may take the origin at that point. Then in
addition to the known external forces there is a reaction
at the origin which can if required be found from (37); but
the reaction has no moment about the origin and the
motion is given by (38). But in this case

d:i = = Wiy (56)’

and we find, by a process analogous to the last one,

hix = Dymwim — Dimorm (57),

where D,,, = Zmx;x,, (58).
In terms of the associated vector,

by = Cipw; (59),

where Cim = Ema,?) 3, — Emx,x,, (60).

The C,,, correspond to the moments and products of inertia
about the origin. They can be expressed in terms of those
about the centroid; for

Cim = {Zm (Tp, + yr)3} 8im — Zm (5 + ¥2) (@ + Ym)
= (Em%2) 8;,, — ZMT; Ty,
+ A (61),
the terms linear in the y’s vanishing by the definition of the

centroid.
The relevant equations of motion then take the form

a
di
where the L,, are the moments of the external forces about

the origin, the reaction at the origin making no contri-
bution.

by = XL, (62),
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The kinetic energy of the body is given by
2T == Zmiz

= Xm (iz - wt’mym)2

= ZME2 + ZMYrlYm®ix®im

= Mi? + Bipowipwim (63).
In three dimensions w;;, w;,, is zero unless ¢ is different from
bothkandm. If i=1, k=2, m=38, orif i=1, k=3,
Mm=2, Wewyy=— wewy. I i1=1k=m=2, wp2= wg?
and has coefficient B,,. Thus w,? enters with a coefficient

By, + By, or Az;. But w,w; has a coefficient — 2B,; or
Ay + As,. Thus in all

2T = Mj;'z + Alcmwkwm (64).
When a point of the body is kept fixed,

We notice that the linear and angular momenta take the
forms ’

. oT , o7 .
Me; = 8:375; b= b, (%, constant),
oT
b= b, (66)

for origin at a point of the body held fixed.

In one respect the forms (55) and (62) are inconvenient.
They involve the tensors 4,,, and C,,, which depend on
the z; and y; and therefore in general change as the body
rotates. It is more convenient to use such axes that the
relevant tensor in the particular problem is constant. To
achieve this the axes must rotate, and then are no longer
dynamical axes. Suppose then that we have a set of axes
z;’ rotating in any way, and that their direction cosines
with respect to the dynamical axes x; are a,;. All the usual
tensor relations hold for transformations from the x;
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system to the x; system and wice versa; but the a,;, while
specified for each instant, are now functions of the time.
If u; is any vector, we have

u;' = a0 u; = a;guy (67).
du, .
Then - a8 another vector; and
milf. = +u 2 (68).

The component of this vector in the x,' direction is

du;’
azlan dt + azlu dt (69)
The first term of this is
duj’ dul,
5= (70).

da
Also =Y T

the ;" axis, that is, a point with coordinates a;(t=1,23)
with reference to the dynamical axes. This velocity is
— 0;.ay;, where 6, is the antisymmetrical tensor expressing
the rotation of the rigid frame consisting of the moving
axes. Then

! is the x, velocity of a point at unit distance along

aau; dt = @ty Oy
= — 0,/u; (71),
and the required component is
du,’
dtl 9” u (72).

If we use instead of 6, the associated vector, the three
components become

(' — uy' 05" + uy' 60, 1ty — wg' 0y + w6y,

g — w60, + u,6,') (73).
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If for instance the components of a displacement along the
x;’ axes are u;’, the formula (73) gives the components of
the velocity along these axes; if u,” are the components of
velocity, (73) gives the components of acceleration; if u,’
are the components of angular momentum, (73) gives the
components of their rates of change with reference to
dynamical axes, and these are equal to the components of
the moments of the forces acting.

EXAMPLE

Prove that
’,
hy' = — Smy,y, €imp €mks Dg

= 4,0,



CHAPTER V

EQUIVALENCE OF SYSTEMS
OF FORCES

An external force X, acting at a point z; of a rigid body
produces dynamical effects summed up in the vector X:
and the antisymmetrical tensor z; X; — z, X ;. A force has
a line of action; that is, if we take its resultant R given by

R*= X (1)
we can define a direction 7; by
X, = RI; (2).
By convention R is always taken positive. If a force X,
acts at the point z; 4 7l;, where r is arbitrary, we have
(; +71) X — (v +70) X, = 2, X, — 2. X, (3).

Thus the dynamical effects are the same if the force X;
acts at any point of a line through z; with direction cosines
proportional to X ;. This line is called the line of action of
the force, and the force can be said to act along it.

If a force has magnitude R and acts at 2; in the direction
l;, we have

X, = Rl (4),
Ly, = R (x;l;, — x,1,) (),
or L, = RlL,’ (6),

in the notation of the coordinates of a line. Thus the X,
and L,, are the products of the resultant into the six
coordinates of the line of action.

The moment of the force X; about a point a; is

(; — @) Xp — (@ — ) Xy = B (Ip — a;l; + aily) (7).
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If we take the associated vector, its component in the
direction m,, is

B (m,l, — €amMmua;ly) = B (m;l + L;m;) (8),

where m;’ are the other coordinates of the line through a,
in the direction m;. We notice that

m;l; -+ l;m;” = dsin 0 (9),

where 0 is the angle between the two lines and d the length
of their common perpendicular. We may call Rd sin 6 the
moment, of the force about the line (m;, m,’).

By d’Alembert’s principle, the motion of a body is un-
altered if to the forces acting on it we add two equal and
opposite forces acting at the same point, or, by (3), along
the same line of action.

Now consider a pair of equal and opposite forces X ; and
— X, acting at points a; and b;. They clearly make no
contribution to XX ;. Their contribution to L is

(@ X — @, X;) — (b; X5 — b X))
= (a; — b)) Xi — (@, — b)) X, (10).

Since a; and b; are equally affected by any motion of the
origin, the contribution of such a pair of forces applied to
definite particles to both XX, and XL, is independent of
the position of the origin. Such a pair is called a couple,
and its contribution to XL, is called the moment of the
couple.

If the vectors @, — b; and X, are both perpendicular to
a line with direction cosines n;, the components of XL,, are
the components of a vector along this line; while the forces
act in the same plane perpendicular to the line. This plane
is called the plane of the couple, and the line an axis of the’
couple. Evidently equal couples in parallel planes are
equivalent. The magnitude of this vector is Rd, where
R2 = X2 and d is the perpendicular distance of @, from a
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line through b, parallel to X;; and its components can
accordingly be written Rdn,,.

Any system of forces is equivalent to a force at an
arbitrary point a, together with a couple. For with each
X, acting at x, we can associate a pair of forces 4- X; at a;.
Then the system is equivalent to £X,; at a, together with
a set of couples whose total moment is

My =2Z{(; — a;) Xy — (7 — @) X} (11).

But this is equivalent to a single couple; for we have only
to make n,, proportional to the M, and Rd equal to their
resultant.

If L; are the moments about the origin,

Ly =Z (2; Xy — 2, X)) (12),
and if for brevity we replace £X, by simply X,
' My = Ly — (@;X; — 2, X,) (13),
or M, =L, — ezna; X, (14).

Evidently X, is a scalar and independent of a;. Also
X.M, = XLy — €am®; X X, (15).

The first term is a scalar and independent of a,. The second
is identically zero. Hence X,? and X, M, are scalar in-
variants.

The system is equivalent to a force X; and a couple M,
at a;. These vectors are parallel if

L’m - eikmaiXk = .pXm (16):

where p is a scalar length called the pitch. These give three
linear relations between the three @, and the pitch, and we
therefore expect a single infinity of solutions. But if we
take the scalar product of (16) by X,, we have

X L, = pX,? (17),
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so that p is the same for all admissible values of a;. With
this value of p, (16) represents three planes with a line in
common. If we change a, to a; + ¢X;, where ¢ is a scalar,
the left side of (16) is increased by
— €m0 X; Xz =0 (18),

and therefore if a, is one point on the line, all points on the
line through a; parallel to X; satisfy the conditions. This
line is the central axis of the system ; the system is equiva-
lent to a force R along the central axis and a couple @
about it. This expresses the system as a wrench. If we take
the central axis as one of the coordinate axes, we have,
since X,;? and X, M, are scalars,

.R2 = .Xiz (19),
GR = X; M, = pX? (20),
and therefore @, R, and p are determined.
The system can also be reduced to a couple parallel to
a preassigned plane together with a force. For if S is the
couple, and n, are the direction cosines of the normal to the

plane, and if the force acts through a,, we have, for the
moments about a,,

Mm = Lm - €ikmai)(k: (21)5
and also M, = Sn, (22).

We have three equations to determine the a; and S. Again
there are a single infinity of solutions. But if we take the
scalar product by X,,, we get

Snme = Lme - Eikma’z'XIcXm
— GR 23),

so that S is determined provided n,, X,, is not zero, that is,
provided the resultant force is not parallel to the plane.
Then the equations

L, — €ixm@; Xy = Sn,, (24)
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determine a line parallel to X, which is the line of action
of the force.

If 1, are the direction cosines of a line through a,, the
moment of the system about this line is

lm Mm = lmLm - €z'lcmaz‘)(klm (25)
= lmLm + llc,ch (26),

where [’ are the other coordinates of the line. If this
moment vanishes the line is called a null line of the system.
If b, is another point on it,

Lm (bm - am) = e_1‘Ir:ma'i)(k (bm - m) (27)’

which shows that b; lies in a definite plane through a,. All
null lines through a point therefore lie in one plane. This
plane is called the null plane of the point.

All null lines in a plane pass through a point. For the
gystem can in general be reduced to a couple in the plane
and a force whose line of action intersects the plane in one
point. Then the system has no moment about any line in
the plane through this point, which is the null point of the
plane.

Any system is equivalent to two forces, one of which can
be made to act along a given line. For let the lines of
action pass through a, and b,, and have direction cosines /;
and m,, and let the magnitudes of the forces be S and 7.
Then we have six equations,

Xi = Sl, + Tm,- (28),
Lm = €ikm (aiSlk =+ biT7nI;)
— 8L, + Tm,’ (29).

The coordinates of the first line being given, these are six
linear equations to determine the six coordinates of the
second line and § and 7. But we have also

miz = 1; m,-m," =0 (30),
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so that we have in general just enough equations. Two such
lines are conjugate lines. Clearly any line intersecting two
conjugate lines is a null line.

It can be shown easily that

8 (Xl + Lily) = L; X (31),
7= X2 — 281, X, + 82 (32),

whence (28) and (29) determine the coordinates of the
second line explicitly.

EXAMPLES

1. A system of forces is reduced to a force at P together with
a couple; P is chosen so that the couple is parallel to a given
plane. Show that the locus of P is a straight line parallel to the
central axis.

2. Show that
A = €ikm X; i L
is a point on the central axis.

8. Two systems of forces are given by (X;, L;), (Y, K;). Show
that X, K, + Y, L, is invariant.



CHAPTER V1

CONTINUOUS SYSTEMS

In problems involving volume and surface integrals we find
it convenient to denote elements of volume and surface by
dr and dS respectively; both are always taken positive.
They are of course scalars. The direction cosines of the
normal to an element of surface are usually denoted by /,;
in most cases the normal is drawn outwards from the region
under consideration.
Green’s Lemma takes the form

m Z: dr = U lu,dS (1),

and we have the corollary, if

u, = oV[ox; (2),
where V is a scalar,
JJJVZVdT=JJa—YdS 3)
on ’
02 02 0? 0?
e . e —_—
where V2= 52 = Bt + T +3 P (4),

and 9/0n denotes differentiation along the outward normal.
Stokes’s Theorem takes the form

ot [ G322
e
=J‘J 1; € um O /0%, dS (5).

The integral on the left is round a closed contour C. On
the right I, is the direction cosine of the normal to any
element dS of a surface S that fills up the contour; the
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integral is over S; and the sense of the normal is such that
if the contour is described in the positive sense about any
axis x;, I, is taken positive when the normal is in the direc-
tion of x; increasing.

The gravitational potential of a distribution of matter is
given by

m
Vs (©)

where m is an element of mass, r is its distance from the
point where V is to be found, and f is a constant equal to
6-66 x 10-8 when m and r are measured in grams and centi-
metres and the time in seconds. When the massis distributed
continuously over a surface or through a volume, m must be
replaced by odS or pdr respectively, where o and p are called
the surface and volume densities. The work in displacing
a mass m’ through a small distance is m'dV.

The electrostatic potential of a system of point charges
is given by '

V=rz? ™,

where e is a typical element of charge. If e is in electro-
static units of charge and r in centimetres, fis + 1. The work
in a small displacement of a charge e’ in the field is — e'd V.

The usual relations follow, that in free space in both
cases

ViV =0 (8),
and in space occupied by matter of finite density
V2V = — 4afp (9).

Also we have Gauss’s Theorem

” %’ dS = — 4nf%'m or — 4nfZ'e (10),

where the summation is over all the masses or charges
within the closed surface S. In crossing a surface where
jcrT 4
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there is a finite surface density o, 0V /on has a finite dis-
continuity — 4nfo.

All these relations are scalar in form. For a gravitational
field the force on a small particle of mass m’ is

m' X, = m' oV [ox, (11),

while for an electrostatic field the force on a small charge
e’ is
eX;,=—e'oV/ox, (12).

The vectors X; are called the infensities of gravitational
and electric force respectively. The analogy in form be-
tween (6) and (7) is constructed for mathematical con-
venience; the difference in sign in (11) and (12) embodies
the physical difference that whereas two positive masses
attract, two positive charges repel.

In a gravitating system we may construct a work-
function

W=3,%f

mym,
pa

: (13),

where the summation is over all pairs of particles m,, m,
and r,, is the distance between m, and m,. The case where
p = q is excluded. Then the force on the pth particle is
oW /(ex;),. The potential at m, due to the other particles is
V, = Z'fm4[ry, the accent indicating that the case where
g = p is excluded from the summation; and the function
Im,V,= 2W, since each pair of particles is counted twice
in this double summation. The function 3Xm, V , therefore
plays the part of a work-function. Similarly in electro-
statics the function 1Xe,V, plays the part of the work-
function with its sign reversed, thatis, of a potential energy.
These results may be generalized to the case of continuous
distributions; thus we can replace these functions by

W= ;jUdef + gHanS (14),
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where the first integral is through all regions where p is
finite and the second over all surfaces where ¢ is finite ; the
first integral may therefore be taken through all space,
excluding the surfaces where there is a surface density. It
can be shown that with proper precautions about the de-
finition of V the restriction p # ¢ gives no trouble provxded
V is everywhere finite.

Now if we consider the integral through all space except
thin laminae surrounding the surfaces where o is finite,

ffore == ]
S -

- sélrf”V %ln]dSJr &if”](av) dr (15),

where the dn in the first integral is out from the region of
integration and therefore towards the surface where o is
finite. On the two sides of such a surface the values of V
differ by an indefinitely small amount, and for the two

sides together %%dS = 4nfodS, by Gauss’s Theorem.

Hence the first integral in (15) is equal to — %”anS

taken over the surface and cancels the second term in (14).

Hence i . ”j (BV) N -
8af

through all space. In consequence of this form we may say
that the gravitational work-function, or the electrostatic
potential energy, is R?/8af per unit volume, where R is the
resultant of the appropriate intensity vector.

When the properties of the medium vary from place to
place, V is no longer of the form Zfe/r, and V2V is no longer
zero. But a potential still exists; if a small charge e’ is

4-2
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moved from a point P to a point @, the work done is still
the same whatever the route, and may be denoted by
¢’ (Vp— Vq). The treatment is suggested by the fact that
two similar condensers with the plates at the same po-
tentials, but with air between the plates of one and another
material between those of the other, have charges in a ratio
K depending only on the media. 9V /on on the outside of
the condenser being small compared with its value be-
tween the plates, we infer that the charge per unit area for
the same distribution of V is related to the discontinuity in
KoV [on, where K depends on the material. This suggests
in turn that Gauss’s Theorem must be replaced by

on

where the summation is for all charges inside S. Then
applying this to the two sides of any surface we have

(K27 -~ sop s,

and applying it to a region with a finite volume density we

have
[ [ (kB

and as this must hold for all such regions,

2 (x gag) — — dnfp (20).

ox;

”Kﬂ’(w: — 4nfSe (1,

These equations are all homogeneous in V, p, ¢; hence
the potential due to any set of charges is proportional to
the charges if all are altered in the same ratio. Using this
principle we can show by the usual method that the energy
of a distribution is

4EVe= %” oVdr + %”ans (21).
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The first integral, applied to all space except thin regions to
cut off surfaces where there are surface densities, gives

-l (2
=~ sz [ Ilfes (K7 &) - K (&) T o
—— o |[KV L as+ o [ & (G ) ar 2.

The surface integral cancels the integral } ”chdS; and

vefk@e

so that the energy can be considered equal to K R?/8xf per
unit volume.

Magnetism may be treated similarly, starting from the
assumption of volume and surface distributions of mag-
netic pole strength, subject to the condition that the total
pole strength in any solid is zero; or we may regard the
ultimate magnetic unit as the doublet, which explains the
need for the restriction involved in the former method of
treatment. The potential at z; due to a doublet of strength
M at the origin with its axis in the direction A, is

V =9yM>Azx;/r (24),
and if the doublet strength per unit volume in a solid is 1
in the direction A; we can introduce the intensity of mag-
netization at ¢£;, the vector 4, = IA;, and say that the
potential at x; is

vosfflats e e

where A4; corresponds to the point ¢; and dr = d§,d,dé;;
v is a constant. The magnetic force in free space is

hence

o= (26).
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We may write

7ol e
o[ -3}

=y”£’%4—id8——yjﬂ%;-dr 7).

The potential is therefore equivalent to that due to a dis-
tribution of magnetic poles I;4; per unit area over the
boundary and — 64,/0¢; per unit volume through the in-
terior.

Within a solid special treatment is needed. To define V
or the force at x,, when z;, is within a solid, we must imagine
a small cavity made about z,, the intensity of magnetiza-
tion everywhere remaining as before, and consider ¥V and
«,; within it ; then the values of V and «; at x, are defined to
be the limits of those in the cavity when the dimensions of
the cavity become indefinitely small. This process leads to
little difficulty in gravitational and electrostatic problems,
but in magnetism the limit of the force is found to depend
on the shape and orientation of the cavity. The force in
the cavity can be written

oV
X;=— o, (28),
where V is given by (27); in the first integral the normal is
inwards towards the cavity. The contributions to X, from
the volume integral and the outer boundary are of the same
form as for gravitation, and give no trouble. If the cavity
is a cylinder in the direction of the intensity of magnetiza-
tion, 1,4, is zero over the sides and equal to 7, the resultant
intensity of magnetization, on the ends. Such a surface
density over the ends in the limit contributes nothing to V;
if the radius of the cylinder is small compared to its length
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it also contributes nothing to X,; but if the cylinder is
of disc-like form it contributes 4wyA,l to X,. Hence if we
take V for the complete body and define «; by

(29),

«; is the value taken by X, in a thin cylindrical cavity
parallel to the intensity of magnetization. The force in a
flat cylindrical cavity with its generators in this direction is

a; = Q; + 47TYA1[ = Q; - 47TyAz (30).

Evidently ¢; and a; are both vectors; the former is called
the magnetic force and the latter the magnetic induction.
The theory of susceptibility and permeability may then be
developed as usual. Also (27) shows that V is continuous
across a boundary; but l;a; = 0V /on has a discontinuity
— 4wyl A,;; whence l;a; is continuous across a boundary.

The mutual potential energy of two doublets M and M’
at z; and z,;/, oriented in directions A; and A/, is

oV

W—)\Maxi

(31),

where V is the potential at x;” due to the magnet at x;; this
gives

W=y MM (Aku)

7‘3
YMM (cos € — 3 cos 6 cos ) (33),

where ¢ is the angle between the axes of the magnets and
0 and @' are the angles made by the axes with the line

joining the centres. /l/ ro) ? 3
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If the second magnet is turned through a small angle 3¢
about a line with direction cosines »,,

0N = €umMAn O (34),
by (49) of Chapter 11. Hence, by (32),
ow
W = y A/

= ‘yMM’ glaﬁ {A — 3 cos 0 7_ x}ezkmnkhm )

so that the couple about a line parallel to the axis of z; is

M, = YMTfl— €ikm A {/\ —3cos 0% . } (35).

Hydrostatics and Classical Hydrodynamics. The internal
reaction in a fluid across an element of surface dS is a
pressure pdS normal to that surface. If the density is p,
the bodily force per unit mass X;, and the velocity of the
fluid at z; is u,, the acceleration of the fluid is found, by
considering a small parallelepiped, to be given by

du_ op
P —3i+PXi (1).

If u, is given in the Eulerian way as a function of the
coordinates ; and the time ¢, the operator d/d¢, giving the
rate of change of any element associated with a given
particle of the fluid, is equivalent to

d 0 0
othéi+“ké?,, (2).

If we consider the circulation Q around any closed
circuit C in the fluid and moving with it, defined by

Q=J wu;d; (3),
0
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we have
dQ [ du d
FEI LR RAC

__[1lo
“Lpax,d +J X,.dx,.+Lu,.du,. (4).

The last integral is [}u,2], which always vanishes because
when we move round the contour we come back to the
same point, where the velocity has its original value. Also
if X, is the gradient of a single-valued potential, as when
the bodily forces are due to gravity (the commonest case),

J X ,dz;is the change of this potential round the contourand

is zero. Again, if p is a function of p only, as in an incom-
pressible liquid or a gas at uniform temperature, the first
integral vanishes and
dQ
dt

If then Q is ever zero around a circuit it remains so per-
manently. This is true if the fluid is initially at rest and is
set in motion by solids moving in it, and in various other
cases of importance. But the vanishing of Q for all circuits
is the condition for the existence of a velocity potential ¢
such that

=0 (5).

0
= 7z, (6).

In this case we can rewrite the equations of motion in
the form

ou,; ou; __lop
ot o, p o, X (™,
and multiplying by dz; and adding we have
0 ¢ Ouy, 1 0p -
o o, dz; +u "8 dx; E%-dx + X, dx; (8),
2
since ou; = 0 ¢ Qy—" 9).
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This shows that for all contemporaneous variations

%‘_f + w2 = — J'dp + U + constant (10),

where X, = 5, (11);

u,? is the square of the resultant velocity ¢. The constant of
integration is not necessarily the same at all instants and
therefore may be a function of the time. Hence we have
the Bernoulli integral

a¢ + 39 = — f‘—po+U+F(t) (12).

The rate of ehange of mass within a given small paral-
lelepiped dz,dx,dz, is equal and opposite to the rate of

outflow; hence j d
s =g 0 a7 (13),
and we have the equation of continuity
0 0
5 =~ 5 (Pus) (14),
(IP _ 3ui
or d7 =—p a—xl (15).

Vectors with given Divergence and Curl. We sometimes
have to find a vector u; such that
ou;

P A (1),
ou, Ou;
0w,  om, Wig (2),

where A is a given scalar and w,; a given antisymmetrical
tensor. We want particular integrals of these equations.

Evidently if g;b (3),
where ¢ is any scalar, ’

Vig = A 4),

Oup  Ouy _ 0 (),

ox; ox
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and a solution of (4) is

1 A
) (®)
where ¢ is to be evaluated at z; and A at ¢;;
dr = dé,d&,dé, (1),
and 7 is the distance from ¢; to x;.
_OF, OF, oF,,
It i m,  ow, €ixm oz, (8),
where F; is a vector such that
or,
% = (9),
ou; 0*F,,
we have éz = €;xm W.’E_k =0 (10).
Then also :
_ 0w, Ou; Oy
n = T, Om, ™o,
.3 O,
= €ikm 5‘%: €xps axp
ikm Cpks axl ax”
0%F,
= (Sissmm - 81'1)81ns) ax axp
_s o*F, o%F,,
- T Y0x,0x, = ®ox,0%,
0 oF; o*F,
~ Ox,, 0x; 0x?
=— V2F, (11)
by (9). .
Thus if Fo=g J J J D g (12"
we shall have 5 . 5
Uy, ui u;
%; - axk W a =0 (13):
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provided (9) is satisfied. But

= [ nae )

| O L

since w,, is a function of ¢; alone and r a function of
x;, — &;. Applying Green’s Theorem to all space except a
small sphere about z,, we get
e o Lim [[fnemag 4 L wim [[[ 1 307 ar
(15),

since F,, has the form of a gravitation potential and
oF,,/ox; that of a gravitational force. But the first integral
vanishes in the limit when the sphere becomes very small,
and the integrand in the second is zero provided the com-
ponents u; exist, for

0w, 0 <3uk ou;\ 0%uy

0z,  On 876,-—5@)_6"’”'”%;_
If then we are given a scalar A and a vector w,, such that
its divergence is zero, a solution of (1) and (2) is

8:,-6 oF,

where ¢ and F,, are given by (6) and (12) and ikm are
in cyclic order.

This analysis has two practical applications. In hydro-
dynamics u, is the velocity and w,, is twice the vorticity,
denoted by 2¢,, in Chapter 1x. Here the divergence of the
velocity and the vorticity may be given through all space,
and the velocity (17) satisfies the conditions. If the actual
velocity is v;, we may put

(16).

7),; = u,- + ’u,-' ’ (18),
ou;” . Ow’ ouw/ _
and then w5, 0; o (19).
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Thus %, is the gradient of a scalar ¢’ satisfying Laplace’s
equation. There is no such scalar that makes the velocity
finite everywhere, including at an infinite distance, except
a linear function of the coordinates. Hence u,’ is the same
everywhere.

If there are solid boundaries or free surfaces at a finite
distance u,” may not be constant. If the region where
vorticity is present does not extend to a boundary, there is
no contribution to (14) from points outside this region ; we
therefore take (14) through a region large enough to contain
the whole of the vorticity. Then the surface integral in (15)
must also be taken over the boundary of this region, but
still vanishes, and (17) is still a solution. But (17) may not
satisfy the boundary conditions, and then we must add to
u; an irrotational solution chosen to make the whole velocity
satisfy them.

In electromagnetism %; may be the magnetic intensity
and w,, the electric current across unit surface in a plane
of z,, constant.

In many cases %; has no curl outside a limited region of
very small cross-section. This is often true in the motion of
a real fluid, when the region may be called a vortex fila-
ment, and in magnetism, when the region is a wire carrying
an electric current. The former statement may be expressed
also by saying that the motion is irrotational outside the
vortex filament ; the latter says that magnetic forces due to
electric currents have a potential. In either case the integral

4

taken around a closed circuit, is zero if the circuit can be
filled up by a surface not cutting the filament or the wire,
and has a constant value for all circuits that cannot be so
filled up. The two conditions are mutually exclusive, and
therefore the critical region itself must be a closed circuit.
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In each case A vanishes. Then ¢ = 0, and the component

F, is given by
1 W
Fo=g ]2 ar (21)

taken through the critical region. But if we consider the
contribution from an element between two planes sepa-
rated by d¢,,, and call the element of surface in a plane
parallel to these dS, we have

dr = d¢,dS 22),
”wmdS — Juidfi 0 (23),

where the line integral is taken arour'ld the boundary of
the filament. Hence

7 ] r

the integral being taken around the length of the filament.

Also
w _E{ijifm_-?_ [‘if_k}
P 4n Ox,) *  Oxy ) v

=f"kmfaz ( )df’”

= % €;xm (‘flcﬁ:rfkﬁm ds (25),

Fo=3 -j‘fé" (24),

where ds is an element of length of the filament and 7, a
direction cosine.

In hydrodynamics Q is the circulation around the fila-
ment. In electromagnetism the unit current is such that
if it flows in a circle of radius 1 cm. it produces magnetic
force 2= at the centre. If we take the circle to be in the plane
of x, constant, with its centre at the origin, we have

ds=df; r=1; 2, =, =x3=0;

£i=cosf, &,=58in0, £&,=0; 1, =—sinb, l,=cos 0, [,=0
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and
Jeikm%ﬁl”ds=0fori= lor2
and = 27 for 7 = 3.

Also for unit current u;, the magnetic force, = 2.
Hence, in this case, by (25),

Q = 47,
and in general, if the current is I, Q = 4«1, and

wy= I J' ciem (‘fk?;fklim ds (26)

€ — 2
= J.Gilc'm '*7"*"2 dém (27).

This may be transformed by Stokes’s Theorem into an
integral over a surface with the wire as its boundary ; thus

;=1 JJ lmemm a‘?‘p €ixs é’%}‘_k s

e ()8

=L [t Gunis = 81 75 () 08
" I v () ) o

” e 32 3 ) s (28).

But — 1, 5 53 7, (-:;) is the magnetic force at z; due to
a doublet of unit strength at £; with its axis in the direction
ln. Hence the force at any point is equivalent to that due
to a distribution of doublets over the closing surface, with
intensity I per unit area and directed normally to the sur-
face. Such a distribution constitutes a magnetic shell of
strength 1.
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It is customary to assert as a fundamental postulate that
the magnetic force due to an electric current is equivalent
to that of a magnetic shell, but I think this course un-
desirable. The magnetic shell does not exist in nature and
direct experimental test is therefore impossible. Further,
though it gives the same force, it does not give the same
potential; the magnetic potential due to a magnetic shell
is a single-valued function with a finite discontinuity at the
shell, while that due to an electric current is a cyclic
function with no discontinuity except at the wire itself.

Mutual Energy of Eleciric Circuit and Magnetic Field.
A magnetic pole m at z; is under a force mu;; but

m; = — mI 2 jj@nég_(l>ds (29)

ox; r
and — I, 52— (%) is the magnetic force normal to the

surface at ¢,, due to the pole. Hence — J J ln 8% (i) s

is the total flux across the closing surface, or through the
circuit, of the magnetic force due to the pole. Also if V is
the magnetic potential due to the current,

_o
ox;

and therefore the correct forces are given by taking

u":

(30),

V=—1UNw (31),

where N is the normal magnetic force due to a unit mag-
netic pole. This can now be generalized; we say that in
general the mutual potential W of a current and a set of
magnetic poles is

W=—IHNdS (32),



CONTINUOTUS SYSTEMS 65

where NN is now the normal magnetic force due to the whole

of the rest of the field. This form may be further extended

to express the mutual energy of two electric currents.
From this equation we can infer, as is done in the standard

works of Jeans and Livens, that if J J NdS varies with the

time, the variation generates an induced g.M.F. — % j J NdS

in the circuit.

If we have two circuits carrying currents I and J, their
mutual influence is expressed by the statement that their
mutual energy is of the form (32), where N is taken to be
the force near ¢; due to the current J ; points on the latter
circuit can be taken to be given by ;. Then

W=1I1/M (33),
where M= ” l,u,dS (34),

and w; is the magnetic force at ¢; due to unit current in the
second circuit. But if F; is the vector potential due to such
a current,

or,, .
U; = €iem agk" (35):
M = [[ csnls Gym as (36)
~ [Pt (37),
taken around the circuit. But
7, = [Zn (38),

taken around the second circuit; and therefore
M=U@#Q (39),

taken around both circuits. This gives the required form
for the coefficient of mutual induction of two circuits.

jer 5



CHAPTER VII
ISOTROPIC TENSORS

A tensor is called isotropic if its components retain the
same values however the axes are rotated. We have
already obtained three examples, namely 8;,, €m, and
€iks€mps

There are no isotropic tensors of the first order. For if
u; was such a tensor, let us give the axes a small rotation
expressed by the antisymmetrical tensor ¢,;,. Then in the
new system

;" = (845 — Cyg) Uy = Uy — Cy3; (1),
and this can be equal to u; only if
ciu; =0 (2)

for all admissible values of the ¢;;. Thus

Cp Uy + Crpy + Cizty = 0

Ca Uy + CppUy + Cpaty = 0 (3).

Co1 Uy + Cypy + Cygtly = 0
But ¢;; = €y = €33 = 0, while ¢;5, Cy3, €5 are independent and
equal and opposite to the components obtained by inter-
changing suffixes. Hence (3) can be satisfied only if

Uy = Uy = Uz =0 (4),
and therefore there is no isotropic tensor of the first order
other than zero.
If u,, is an isotropic tensor of the second order,

Wi = (85— €i3) (82 — Cua) Uy
= Ui — 453Uy — ChySs5Usy
= Uk — CijUjk — CriWir (1)
to the first order, for all values of 7 and k. Hence
CijUse + CrjUis = 0 (2).
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If 7 and & are unequal, take 2 = 1, k = 2. Since ¢;;=¢,=0
we have
Ciaap + Ci3gy + Co Uy + Coaty3 = 0 (3),
and therefore
Ugp = Upz = 0 Uy = Upy (4).
By symmetry u, is therefore 0if ¢ = k, while w;; = sy = ;.
If < and % are both 1, we have
CpUgy + CigUyy + Crptyp + Crglyy = 0 (5),
which is satisfied since every term vanishes. Hence the
only isotropic tensor of order 2 is a scalar multiple of §,;.
If u,,, is an isotropic tensor of the third order,
Wam = (815 — €i5) (Bx1— €x1) (Omn — Cman) Yitn (1),
and therefore, for all values of ¢, k, m,
CisUjkm + CuiWijm + CmiUa; = 0 (2).
Take ¢ = k£ = 1. Then
CraUorm + Ci3Usim + Cra%iam + Ci3Uizm
+ Cmy%ny + CmeUnie + CmaUpz = 0 (3).
Now put m = 2 so that c,,; = 0. Then

Ugry + Ugee = Upn)
Usip + Urze = Upra (4).
Uz = 0

From the last equation, and by symmetry, %, = 0 if two
of 4, k, m are equal and the third unequal. Then by the
first, %, is also zero if all of ¢, k, m are equal; and the
second shows that
WUikm = — Ugim +

If in (3) we put m = 1, every term vanishes, so that (3)
holds.

Now in (2) if ¢, k, m are all different, u,,,, is zero unless
j = ¢, and then ¢;; = 0. Hence (2) holds. It follows that the

5-2
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only isotropic tensors of order 3 are scalar multiples
of €ikm +

If Wy is an isotropic tensor of order 4, we have,
similarly,

CisUirmp T+ CriWismp + CmsUikip + Cps%uems = 0 (1).
There are only three possible values for ¢, k, m, p, and
therefore at least two of them must be equal. We may con-
sider separately the cases where (a) two are equal and the
other two unequal, (b) three equal, (¢) two equal and the
other two equal, (d) all four equal.

In case (a), take 4 = k = 1, m = 2, p = 3. Then
CraUonpg 1 Cia¥s123 + CraUages + Cr3Uizs
+ s + Costyzs + Car%im T Ca¥mp = 0 (2).
Hence, by the antisymmetrical property of c;,
Ugyog + Unpy — Uiz = 0}
Usyog + Usges — Upizy = O
Uniaz — Unoe =0 (4).
Other instances of case (¢) can be obtained by inter-
changing suffixes that are not already equal, and by turning

the axes so0 as to bring 3 into the position of 1, 1 into that
of 2, and 2 into that of 3. Thus (4) gives

(3),

Upizz = Unap = Ugggg = Uggyy = Uggoy = Ugsny ().
And also
Uz = Upzie = Ugges = Ugpey = Usgpzg = Ugiz (6),
Uspiz = Uppip = Uspez = Uyggy = Uggze = Uyzyy (7).
In case (b), take t =k =m = 1,p = 2.
CraUsppe + CraUsnia + Cratyore + Cralyzie
+ CiaUpizs + Cratyise + CoUyp + Coa%ns = 0 (8).
The last term shows that
U = 0 (9),
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and therefore, by interchange of suffixes, all components of
class (b) are zero. Also, from the coefficient of ¢,

Ugnne + Upgre + Ugige = 0 (10).

But in (3) the last term vanishes and we infer

Ugz + Upzes = 0 (11),
and therefore
Uggrg + Uspe = 0 (12),
whence, by (10),
Uppzs = 0 (13).

Thus all components of class (a) are also zero.
The coefficient of ¢;, in (8) gives

Uy = Ugpre + Upone + Unas (14),

so that the components of class (d) are expressible in terms
of the three types of class (c).

No further information is got by transforming com-
ponents of classes (c) and (d). Thusife =k =1, m=p =2,
replacing ¢ or k by j will give a zero component unless j is
equal to 1; and then the factor c,; or c¢,; is zero, and the
relation holds automatically. Similar considerations apply
if all of 4, k, m, p are equal.

We may denote the components of type (5) by A, those
of type (6) by u + v, and those of type (7) by u — v. Then
(14) gives

Upny = Upgy = Uggzs = A + 2p (15).
There appear therefore to be three independent isotropic
tensors of order 4, obtained by taking each of A, u, v in
turn equal to 1 and the others to zero.

In the A tensor, %;m,=1if =k and m = p, and in all
other cases is zero. It is therefore equivalent to 3.5,,,
which is obviously a tensor of order 4, being the product of
two tensors of order 2.

In the u tensor, uym, = 1if ¢ =m, k= p, or if 7 = p,
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k = m,and 1 # k. If also ¢ = k, the component is 2. Other
components are zero. This can be written

Uikmp = SimOp + Oip Opm (16),
and is obviously a tensor of order 4.
In the v tensor, ymp, = 1if 2 =m, k= p, and = — 1if

¢ = p, k = m, and in all other cases is zero. If also ¢ = £k,
Ump 18 Zero. In this case, therefore,

Uitmp = Sim Okp — OipOim (17).
This can also be written

Wirmp = €ijk€mip (18),
forif s = 1,k = 3, ;5 = 0 unless j = 2 and then = 1, But
then e, =1 if m=1, p=3, —1 if m=3, p=1, and
otherwise = 0. Thus

Uy = 1, Uy = — 1 (19),
with corresponding values for the other components.
Evidently (17) and (18) represent a tensor of order 4. It
has already appeared in Chapters 1 and VI.

The general isotropic tensor of order 4 is therefore
Asiksmﬂi + (Szm Slw + 81‘12 8lc'm) +v (Sim Skp—" Sipskm) (20)!

where A, u, v are scalars.

EXAMPLE

Prove that
8ixOmpWir = OmpWiss

(OimBrp + Sip Stm) Wik = Wynp + Wy

(Simskp - Sipskm) Wi, = Wipp — Wpme



CHAPTER VIII
ELASTICITY

In an elastic solid, as in a fluid, the distance between any
two particles of the body usually varies with the time.
The body, however, has an equilibrium configuration that
could persist if the external forces were zero or constant.
We may take this as a standard of reference. If a
particle actually at z; would be at z; — u; in the standard
configuration, we call u, the displacement at x,; in practice
the squares of the u; can usually be ncglected. Evidently
u; is a vector.

At a point z; + y;, where y;, is small, the displacement is
%; + v;, where

8x ?/k (1)

= (ea— &) Yse (2),
where e,;, and ¢, are the symmetrical and antisymmetrical

tensors
_ 3 (Ow:  Ouy Ouy  Ouy
O = % (axk+ax,)’ S = (Z}x, axk) ).

If ¢, is zero at x;, the displacement has the same form
as that due to a general displacement u,; together with a
rotation expressed by the tensor &;. Also, if e; is every:
where zero,

Uu L 0 <au,c au,.)

0%y 2 0%y \OX; 0%y
4, 0 (Ouy  OUp 0 (Ou; Oy
=3 EE(B—E,, axk> - %%(axm Bw)
_%m _ Otim _ 0 (4).
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Hence the &, are constants and the rotation is the same
everywhere. The vanishing of the e, is therefore the neces-
sary and sufficient condition for a pure rotation.

Now consider the part of v; due to the e,;,. 1f we consider
the quadric surface

enliYp =1° (5),
where r is a constant chosen so as to make the surface pass
through y;, the normal at y, has direction cosines pro-
portional to e;y, and therefore to v;. The displacement
due to e;, is therefore parallel to the normal at y; to this
quadric. This coincides with the direction of the radius
vector to y; if ¥, is on a principal axis. There are therefore
three directions such that the relative displacement due
to the e, is in the direction of y,, and these directions are
mutually perpendicular. If we take new axes &, &, &
along them, the quadric reduces to
en'€r? + en'6y® + egg'6? = 1? (6),

and all terms e;;” with j 5= [ 'arc zero. The displacement in
the £, direction is now e;;’¢,, so that all distances in this
direction are increased in the ratio 1 to 1 + e;,". The dis-
placement due to the e; is then the resultant of three
homogeneous strains parallel to three orthogonal axes.

We see therefore that the displacement in any small
neighbourhood can be represented as the combination of
a rotation with three extensions at right angles. The latter
express the changes of size and shape of an element of the
solid. For this reason e, is called the strain tensor and &,
the rotation tensor. Evidently e,, has six independent
components. For we can have

v=eY;, V,=v=0 (7,

making all the e;; zero except e,, = e; similarly ey and ey,
may exist independently of the others. Also, if

v, =0, v,=e2, V;=ey (8),
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all the e, vanish except ey = 5, = e. Similarly ey and e,
can be assigned independently.

In an elastic solid the internal force across an element of
surface is in general inclined to the surface. If the area of
the element is dS, the force across it must be specified by
three components of the form p,,dS parallel to the axes;
where n may be regarded as indicating the normal to the
surface. If we consider a small parallelepiped with edges
de, , dz,, dx,, centred at (;, &, ¥3), the force across the face
of area dz,dw; centred at x; + idx, is (py, Prz> Prs) A% A5,
where the p,; are evaluated at x; + dx,. The force on the
opposite face is — (Pu, P, D) dwdr; evaluated at

2z, — §dz;, and the total is —!)4' da,dx,dx,. In general the

force in the x; direction due to the stress across the faces
s
ox,,
all faces by using the summation convention. If the
acceleration of the element has components f; and the
density is p, the mass is pdz,dx,dxz,; while if the bodily
force acting has components X; per unit mass, the equa-
tions of motion are

of z; constant is dx, dx,dz,, and we take account of

ofi = 2 4 pX, (9).

The system of quantities P, constitutes a symmetrical
tensor of the second order. To prove this, consider first a
plane whose normal has direction cosines a,;, intersecting
lines through z; parallel to the coordinate axes at short
distances from «;; thus a small tetrahedron is formed,
whose sides are of order /, say. Let the area of the sloping
face be dS; then those of the others are a,;dS. Consider
now the rate of change of momentum of the matter within
this tetrahedron. Evidently the contributions from the ac-
celeration and X, are of the order of the volume, that is,
of 3. The force across dS has magnitude p;;dS. That across
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the face of z, constant is — p,; times the area of the
face, that is, — p,;a,;dS. But d8 is of order /2. Hence we

have

(Pii — ariprs) O (1?) = O (1) (10),
and hence if [ is indefinitely small we have for the stress
across a plane normal to a;; at z;,

Pji = Qs Prs (11).
Now consider three perpendicular directions with direction
cosines a,; (j = 1, 2, 3). The force per unit area across a
plane perpendicular to one of these axes, in the direction
of z;, is given by p;;. Resolving this along the direction of
one of the new axes z; we have, therefore,

Pit = Qi@ Pri = AP (12)
by interchanging ¢ and k; which is precisely the law of
transformation of a second order tensor.

Consider again a small parallelepiped centred at x,, with
edges parallel to the coordinate axes, and form the equa-
tion of moments about its centre. The contributions from
fr and X, are of order I* at most, where the edges have
lengths of order /. The moment about an axis parallel to x;
of the stress p,, in the face x, = constant and parallel to x,
is the product of p, into the area of the face and the dis-
tance of the face from the centre; that is, to order I3,
3 po d, dx,dz,. The opposite face makes an equal contribu-
tion. The stress p,, in the face x, = constant and parallel
to z;, tends to turn in the opposite direction. We have,
therefore,

(Par — P1o) Ay dydacs = O (1) (13),
and therefore when we make ! indefinitely small we must
have

. Por = P12 (14),
and in general

Pix = Drs (15),
so that the tensor p,; is symmetrical.
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Now consider the energy interchange between the small
parallelepiped and its surroundings. The stresses across the
face of area dx,dz, centred at x, + 1dx, are doing work on
the element at a rate (py, ) dz,dz;, and the contribution
from the two opposite faces is

0 ,
oz, (P i) doy doy day.

Thus in all the stre.sses are doing work at a rate
0 .
o, (Pritts) dr

The external forces are doing work at a rate pX,1;dr. The
kinetic energy of the element is }pi,2dr, and is increasing
at a rate pu,f;dr. (We consider the actual specimen of
matter occupying the element of volume dr at time ¢; thus
its mass is pdr, and if we keep to the same piece of matter
at time ¢ + df the mass is unaltered. If we considered the
variation of energy within a given element of volume we
should have to allow for the variation of p and the fact that
the matter moving out of the element is taking its energy
with it.) The rate of performance of work on the element
therefore exceeds the rate of increase of kinetic energy by

0 . . ,
{8—.—7:_ (Preth:) + pX 0, — Pu’ifi} dr

{ (pkzuz) + PXiu - u (gpkl + PX )} dT:

by the equations of motion,

= (g ‘) dr (16).

This work is stored up as internal energy of the element of
volume. Evidently from its form it is a scalar.

In any elastic solid the internal energy is a definite
function of the state of the solid. In any change of state
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the increase of internal energy therefore depends only on
the initial and final states and not on the method of passage
from one to the other. Now we have seen that six of the
e are independent, and if the element acquires displace-
ments Su, in time 8¢ the corresponding increase of internal
energy is p;; 8 (g:;) dr. There is an apparent asymmetry
according as ¢ and k are equal or unequal. Thus p,;dr has
coefficient 3 (ou,/ox,) = 3e,;, but ¢ = 1, k = 2 contributes
P 8 (Quy/0x,), and 7 = 2, k = 1 contributes p,,6 (du,/0x,),
the two together giving 2p,,8e;,. But this is the same as
Prade, + Py ey, and the whole contribution from the
changes of strain is p;de,dr. Also during the process an
amount of heat §@Qdr may be absorbed. If then Hdr is the
internal energy of the element,

Since E is a definite function of the state of the system,
and six of the de; are independent and determine the
other three, 8E depends on the changes of the temperature
and of the six independent e; and has a definite value in
whatever order these changes come about. But

oF > ( 6E>

o —pp () =2 18).

<8en - Pu Bern)so0 P12 (18)

If the absolute temperature is 6, and a certain amount of

heat 6@ is absorbed without change of any linear dimen-
sion, the rise of temperature is related to 3¢ by the rule

3Q = pc 89 (19),

where c¢ is the specific heat at constant strain. If thereis
also a change of strain, since 8¢ and 36 are scalars, we must

have

where the g, constitute a tensor of the second order. But §E
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and 3Q/0 are perfect differentials. Hence if we replace the
six independent e;, by e, we can write

= (pr + ¢r) de, + p630 (21),
3Q _ 4 pe
0 =1r 5, + P2 50 (22),

and

0 0 0 0
B_e, (ps + qs) = é_é; (2r + )5 EY:) (2r + q2) = a?r (pc) (23),

9 (9:\ 9 (q)\. O (q,\ O (pc

e (6) =20, (5) a0(5) =26, (5) 9
It follows at once that if 6 is kept constant Zp, e, and
2q,de, are perfect differentials. Also

% (@r+¢,)=10 'a'z; (‘) 0 aae (qr) %%T qgr (25),

and therefore

op,
q=~0£ (26).
If 660 = 0 we can write
Zp,0e, = W (27,
where

2W = ¢y + 2c,e, + C5e.6, + O(ed) (28).

The ¢, ¢,, ¢,; may be functions of 6. Then if we retain
only terms in W up to order e2,

Pr = Cr + Cpets (29).

The ¢, represent the stresses that would remain if the
strains e, were removed without change of temperature.
In most practical cases the original state is one of uniform
temperature and no stress, so that ¢, = 0. If there is a rise
of temperature 8’ under no stress, an element will acquire
displacements

v; = a0y, (30),
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where ¢, is a second order tensor expressing the thermal
expansion. Thus

zk = % (a:k + alcz) 0 = sze’ (31)’
where B is a symmetrical tensor; and
Pite = Cit + Cit;mp Pmpb’ (32),

where ¢, ., is a fourth order tensor.

But by hypothesis this deformation takes place under no
stress and therefore p; = 0. This determines c;, and our
formula for the stress is

Pir = Cixmp (emﬂ - ﬁmnel) (33)
The coefficient ¢y, is the coefficient of een, in W.
Since there are six independent e, there are twenty-one
possible terms in a quadratic form c,e,e;, and therefore
there are twenty-one coefficients ¢ ;. They clearly form
a tensor of order 4; such a tensor in general would have
eighty-one components, but this satisfies the symmetry
relations that it is unaltered if we interchange ¢ and &, or
m and p, or ¢ and % together with m and p together.
From (26) and (33),

0 0 '
Gix=— 0tmy 30 (Cirymp) + 0 30 (Cik, mpBmn 0")

0
= Hempa_e (cz‘k,mp) + ecik,mﬂﬁmp (34)

if 6’ is small. The second term does not involve the e,
the first is small of the first order in the e;;,.

Many solids are isotropic; that is, they have the same
properties in all directions. This applies to vitreous (glassy)
solids and to mixtures of crystals oriented at random. In
that case a uniform rise of temperature in an element
gives an equal expansion in all directions and

v; = af'y; (35)
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simply ; then « is the coefficient of linear expansion and
B = ady, (36).
The second order terms in W, constitute a scalar; and

we have

a.pzlc —
aem’; cz‘k,mp (37)’

a tensor of order 4. If it is isotropic it must be of the
form (20) of Chapter vir. Then the linear terms in p,;. give

Pir = CitmpCmp (38)
= AS”C 8”"@ emfﬂ + l‘L (Sim Slcp + Si” 87\77") emi’
V (3im Oxp— 8ip Otm) €mp
= A8lmm + 14 (Simeme + 8ipCip) + ¥ (Bimeor — ;pexy)
= Adglmm + 1 (€ + €xs) + v (€. — €xs)
= A0;1Cmm + 2pey (39),

the last term vanishing since e;, is symmetrical.
Then

2Wy = paea (40)
= Aesilmm + 2puepey
= AAZ+ 2 (% + €g9% + €557 + 25+ 2652+ 2e1,7) (41),
where A = ey = ou/ox, (42).

The scalars A and p represent properties of the material.
Both are positive.
We can also write

Wo= (A + 2p) A% + 4pu (ex® + 3% + €32
— €ply— €36 — €y;€y) (43).
This appears to differ from the form in Love’s Elasticity,
1906, p. 100, but the present e, differ from Love’s strain
components. My e, is the same as his, namely du,/dx, ; but

my ey is only half his, so that his assemblage of strain
components is not a tensor.
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If all the e,; were equal to one another and therefore to
1A, we should have

2W, = (A + §u) A2 (44),
Pau=QA+3)A (E=k); pa=0 (i#k) (45)

In general we write »
At B =k (46),

and call £ the bulk-modulus.
2W, = (A -+ 2u) A®
+ 2p (en® + €® 4 €55® + 20557 + 2e5® + 2e,7)

-

— 5 (en® + e 4 €5 - 2epeny -+ 2egey + 20 €5)
= (A + §pu) A®
+ 4 (en® 4 ex® + ey’ — ey — €58 — €y 6p)
- 4 (e3% - ey + e?)
= (A-+ §u) A*
+ Ep (€ — €35)® + (e — €n)® + (e — €2)*
-+ Geyy? -+ Geg, 2 + 6Geyy?} (47).

The coefficient of u vanishes if and only if the strain is
a symmetrical expansion, and may therefore be called the
distortional strain energy.

If we allow for variations in temperature,

Pixr= A (A — 3a0’) 3, + 2u (e — @b'8,)

={AA — BA+ 2p) @b} 8y + 2uey (48)
and Qo= — 0 -?g)é" (49).

Every term in py, is of the first order in the displacements;
but 26'/¢6 = 1 and therefore gives rise to a constant term.

This term is
qix = 0.3kad; (50).



ELASTICITY 81
1f 8Q = 0, so that no heat is lost or gained by conduction,
pc 80 = — (Iik 86,-k T 3]\7&6 Sike,-k

= — 3kab A (51),
and therefore, if the strain takes place adiabatically,
pe
()L‘) )0 ]
and P = (/\ P: ) S 4 2peyy (63).

Thus in an adiabatic disturbance the constant A is in-
creased above its value for a standard disturbance to X',

where X = At 9k2a20 (54),
pe
while u is unaltered. The bulk-modulus £ is therefore also
increased to k', where
ey (55).
pc
In a simple thermal expansion at zero stress the absorp-
tion of heat 8@ is equal to pc, 80, where ¢, is called the
specific heat at zero stress, and is the specific heat meca-
sured in ordinary experiments. Then
pC, 80 = 8Q) = pcd0 + q,;, 8¢
= pcd0 + 3kald,, de,,
= pcdl + 3kab . 3ad0.
Thus c,=¢C (l + ?ILP(—??) = t,c (56).
The equations of motion at constant temperature, if the
properties A and u are uniform, can be written

ofi = o (A + 2ueq) + pX, (57)
o0x;,

a a Cuk au

= ;; {(A+ p) A} + uVu, + pX; (58).

Jcr 6
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If the changes are adiabatic A must be replaced by
AL

If there is any heat conduction, the absorption of heat
per unit time by the element of volume dr is

e, (K22, 0

where K is the thermal conductivity. Then the equation
of heat conduction is ’

pc gf + g a;;’f ~ KV20 (59).
If we write
eq = adu b’ + ey (60),
so that e;;’ is the strain due to the stresses,
aeik . Q 2 aﬁ . ’ v
Qe 5 = 9k 20 E 3ka 6A (61),
and the equation becomes
pos 20+ skad 58— KV20 (62).

The element dr originally had volume

0 (%, — Uy, Xy — Usy Xy — Ug) dr
0 (%1, @y, X3)

_ Ou, Ou,  Ouy .
_ {1 _ (a&; o a%) + 0 (ew) } dr (63),
so that its density was p (1 + A). Hence

dA  ldp

AT T pdt (64)

This is the equation of continuity.



CHAPTER IX

HYDRODYNAMICS

In comparison with a typical elastic solid, a real fluid shows
a great resemblancg and a fundamental difference. The
force per unit area across an element of surface parallel to
a coordinate plane again constitutes a symmetrical tensor
of order 2, and for the same reasons. The equations of
motion are still (9) of Chapter virr, and also the rate of
performance of work on an element of volume dr still has
the form (16). The difference is that the internal energy in
a fluid does not depend directly on how much it has been
deformed. However the fluid is moved about and stirred
up, provided it returns to its initial position, density, and
temperature, the initial and final internal energies are
equal. The deformation, however great it may be, makes
no contribution ; the stresses do work on each element, and
thereby supply energy, but this is removed in restoring the
original temperature. If energy of deformation existed in
a fluid, all particles of it would have a tendency to return
spontaneously to their original positions when stresses are
removed, and they have none. Accordingly, while the rate
of performance of work on the element of volume drin time
dt is still p,,;0u,/0x,dr, where the symbols have the same
neanings asinelasticity, we cannolonger assert from thisthe
equation (18) of Chapter viir, because the change of internal
energy is not determinate when the changes of the e, are
given. The e,;; may be as great as we like, but the energy
does not increase indefinitely apart from changes in density
and temperature ; and the fluid moves in the same way under
the same external forces whatever its previous history. We
may say that an elastic solid has a memory ; a fluid has none.

6-2
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The stresses in a fluid are related, not to the total de-
formation, but to the rate of increase of deformation. In
the former notation these have components

oe;;, O, Oy
o O <8xk + ox; )
The velocities now appear, instead of the displacements
from an initial configuration, and we now denote the
velocities, instead of the displacements, by u,.
We also write
au,, Ou;  Ou;
cw=d (G + ) ta=3(32-3) ),
so that e;;, now denotes the rate of increase of strain and
£, the local angular velocity, usually called the wvorticity.
Now we say that p;, is linearly related to the new e, ; and
therefore
Dix = sz + cilc, mpCmp (2)’
where P, is a symmetrical tensor of order 2 that possibly
does not vanish with the e,;, and ¢;;, ., is a tensor of order 4.
Further, in a fluid at rest the stress is an isotropic tensor.
Hence P,, is isotropic and must be of the form — pd,,,
where p is a scalar, and c¢;;, ., must be of the form (20)
of Chapter vii. On carrying out the summation with regard
to m and p the term in v disappears and we have
Pir = — POsk + Adyylmm + 2ues (3),
where A and p are scalars, at present undetermined.
Evidently p and A are not both necessary to preserve the
form, and we may introduce the further convention
Pii=—3p (4),
so that — p is the mean of the three p,;, with equal suffixes.
This gives
— 3p = — 3p + 3Aeu, + 2pey (5),
and therefore A= —3p (6).

If we consider the internal energy as a function of the

density p and temperature 0 alone, we may consider the
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energy change in a symmetrical expansion. If the density
increases by 8p, there is a contraction in all dimensions in
the ratio }8p/p and the stresses do work
dp
- %pu —= P (7)
At the same time there may an a,bsorption or generation
of heat; then the energy change is

SE = psf +5Q (8),
and the heat absorbed may be written
80 = MSp + p630 (9),

where M is unknown and c is the specific heat at constant
volume. Then

SE — (? + M) Sp + pcdd (10),
8(? MS +'°°80 (11),
and the condition that these quantities are perfect differen-
tials gives
o(p
= 89( ) (12),
0 _ 02 (p
a0 =0 (°) (13).

It appears also that p must be a function of p and 6
alone, for a given material; it does not involve dp/0t.* We
may call p the pressure.

* This amounts to saying that there is no dissipation of energy in &
symmetrical compression or expansion. This is true in a gas on the older
kinetic theory; but Enskog has shown (Kungl. Svenska Akad. Handlingar,
63, no. 4, 1922, p. 18) that p can with greater accuracy be given by

p=r g+ n de
M pdt’
where 7 is a “second *’ coefficient of viscosity. But n/u is only of the order
of the square of the ratio of the volume of the molecules themselves to the
whole volume of the gas.
In a liquid the coefficient of dp/dt, if it exists, is within the experimental
error; an analogous statement is true for imperfectly elastic solids.
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The stress components may now be written

Pir = — (P + §penm) i + 2pnes (14),
where p is a function of the density and temperature and
u expresses a property of the fluid. We call p the coefficient

of viscosity. For a uniform fluid we have the equations of

motion
0

. ou; ouy
pfi= o, {“ (P + Enemm) du + 1 (59—6;: + 8x,~>}

0 0
= = 5z, (P + 3penn) + pViu + po ey

0
== 5 (0 — tpd) + pViu, (15),
where we now write the scalar
Cmm = A (16).
In time dt the outflow from a volume element dzx, dx, dz,
is {0 (pu;)/0x;} drdt. The mass within the element therefore

decreases at a rate {0 (pu,)/0x;} dr, and we have the equation
of continuity

0 0
%~ ~ w0 {1,
dp . aui _
or az—*[)é;i = “PA (18).

Here :ili denotes differentiation with regard to the time

following a given particle of the fluid, so that %i are

given by
‘% —u, (19),
d 0 dr; 0 0 0
and Elt= 8_t+_dt_8x—,_ a”t+ ui&;}:’ (20)

In most works on hydrodynamics this operator is denoted
by D/Dt, but I see no reason for departing from the usual



HYDRODYNAMICS 87

notation for total differentials, since this particular one
is the only total differential that occurs in hydrodynamics.
The acceleration components are given similarly by

(lu,- ou, ou;
Ji= .t ot T U o, (21).

Consider now the circulation Q about a closed contour.
We have

dQ :lltj. Az, —J du dx; —I—J u;du,

j (X 41 %”“) da, +f wdu,  (22).
C

The integral J u;du; always vanishes; J X ,dz; vanishes
c [of

for bodily forces derived from a potential. Then
dQ 10 .
= J(; ;’ éx— {— (p + §pA) d; + 2ue;}da;

1 10
= f p 0z (p + §ud) da; +J "a;(2#eik)dxi

i

- Jci; d(p + Fpd) + Jo; ag}—c{ ( 2+ 2guk)} da;

l

1 2 0
= - A - A 3 2
JCP d (p + %.“’ ) J’C P 6xk (#glk) dx,
2 ou
+ L,: o dut | prdt 23

It p = 0 this reduces to the circulation theorem of classical
hydrodynamics. In many problems of real fluids p is
small and constant, and A small. Then the integrals

J d (3pA), J 2 o duk, and j % udA are zero or products
[

of two small quantmes, and can be ignored. J % dp is zero
c¢

if p is a function of p, which is true in many cases, though
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exceptions arise when the temperature or the composition
varies from place to place. In the commonest case, to
considerable accuracy,

dQ 0
U= | s Cuta) v, (24),

and circulation arises only from variations of vorticity in
the neighbourhood of the contour. It follows that in a
fluid originally at rest or in irrotational motion circulation
can arise only through the diffusion of vorticity inwards
from a boundary.

The work done on the element dr per unit time exceeds
the rate of increase of kinetic encrgy by

ou,
Prs ai;,; dr = pgeqdr (25),
and Pirir = — (P + Fud) dixeu + 2pme,.8:,
= —(p+ §ud) A+ 2peen (26).
A= P
But PA = o di (27),

and if p is a function of p (including a constant as a par-
ticular case) this is a differential with regard to the time
and yields on the whole zero if the original density is ever
recovered. This term may therefore be considered to give
the increase of internal energy due to compression. The
remainder may be written

O = — FuA? + 2ue e,
= 5 {(en — €xm)? + (€3 — €)? + (e — €)%
+ 4 (en® + €5% + 5,7 (28).
Thus @ is analogous in form to the distortional strain
energy of elasticity ((56) of Chapter vimr). It is essentially

positive, and therefore represents work done on the fluid and
continually stored as internal energy. In (8),therefore,if the
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change is an actual one, the term (27) contributes the p&p/p,
while (28) contributes to 8@Q. So long as the initial and final
states are given, it is immaterial whether 8@} represents
heat conducted into the element, absorbed from radiation,
or generated chemically within it, or mechanical energy
dissipated into heat by viscosity.

We notice that ® can vanish if, and only if,

»
€ = €y = €3,
€y = €3 = €3, =0 (29),

so that the deformation represents a symmetrical expres-
sion or contraction.
If we consider any finite volume, the rate of dissipation
within it is
m Odr — m(— 2uA + 2uegen) dr (30).

ouy, 0
But €ixlix = fz'kfik a?zk a‘:k (31)’

and
1] G ar = [ s = [[ e, (52)
(32),

where I, is a direction cosine of the outward normal to the
boundary. But

”lku, g"”‘dS ”lku (2§,k + g“ )ds

= “ 2w € dS + %”%;:- I8

Hze,kmu lkfmdS+%” ‘a8 (33),

where 0/on denotes differentiation along the outward
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normal, g is the resultant velocity, and ¢, is the vorticity
vector associated with £;;. Also

I, ) e =[] o= [1] (= 0)

(34),
and in all

JJ[ @i =[] as + s [[camuitetats

N

This form is useful in such a problem as that of waves
on deep water, where the viscosity is small; if it were
absent we should have a permanent oscillation in a normal
mode. The vorticity is negligible except within a distance
from the bottom of order (v/y)¥, where u = vp and 2m/y is
the period of the motion. Then in the second integral £,
is zero at the free surface and w, is zero at the bottom, so
that this integral vanishes. A is negligible everywhere.
Near the bottom £, contains a factor proportional to the
velocity that would exist there on the classical theory, and
thus can be made indefinitely small for deep water. Hence
the important term in (35) is

NEN

and even this vanishes at the bottom, so that it need ony
be estimated at the free surface.

If a portion of the fluid is compressed without change of
temperature, we define the bulk-modulus & by

10p _1
pop k

and if it expands under change of temperature without

(36),
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change of pressure we define a coefficient of volume
expansion « by

19
S ég S— (37).
Then for small changes of temperature and pressure
dp=p (Slf — a80) (38).

Also in a free expa'nsion under constant pressure
8Q = M3p + pcdf

0 - o (p) ap + pcp &0 (39),
20
where the partial differentiation is to be carried out at
constant density. But this makes

gg = ak (40),
and therefore 8Q =p {c + a? = p 0} 36 (41),
so that ¢, , the specific heat at constant pressure, is given by
2
Cp=c+ “—b]ﬁe- (42).

This form is analogous to that of (56) of Chapter v, the
present « being the coefficient of volume expansion, and
the previous one that of linear expansion.

In an adiabatic change §Q = 0; then

— akb 8;’? +pcdf =0 (43),
and therefore  ¢08p = (pc + a2k6) 80
a?kb\ akl
B (1 + 75‘) o %
- a2kf\ 8p
so that Sp =k (1 e ) ; (44).
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Thus the bulk-modulus for adiabatic changes is

, a2kl

=k (1 + 7,6")

The equation of heat conduction needs to be modified
to allow for heat generated internally. In time 8¢, per

volume dr, we have
0 00
5Q — w3t + o (K _>.5t

_ ke,

= (45).

ox;
= pcS0 + akfASE (46),
20 2 /.. 20
whence  po 3 + akfA =+ - (K a§> (47),
EXAMPLES

1. Obtain the equations of motion in terms of the stress
components by considering the momentum of a finite volume of
any form and applying Green’s thecorem.

2. Similarly obtain equation (25).
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