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PREFACE

THE study of differential equations began with Newton and Leibnitz,
and most of the elementary methods of solution were discovered in
the course of the eighteenth century. Where a problem could not be
solved in finite terms, expansions in power-series were tentatively em-
ployed by Newton. But the theory was not placed on a satisfactory
logical basis until about a century ago, when Cauchy distinguished
between analytic and non-analytic systems, and constructed rigorous
existence-theorems appropriate to each type.

Ordinary linear equations, with which this book deals, have always
attracted particular attention by their comparative tractabjlity and
their numerous practical applications. Extensive monographs have
been devoted to many separate branches of the theory, such as
spherical and cylindrical harmonics, expansions in series of ortho-
gonal functions, oscillation and comparison theorcms, the Heaviside
calculus, polyhedral, elliptic modular and automorphic functions.
While some branches arose out of physical problems, others were
created by the progress of the theory of functions and of the theory
of groups. Many important ideas were first worked out in connexion
with the hypergeometric equation by Euler, Gauss, Kummer, Rie-
mann, or Schwarz, and were then . generalized by Fuchs, Klein,
Poincaré, and many other writers of the.highest distinction.

The present Iniroduction is based on lectures tp senior under-
graduates at Oxford, and is designed for students wh\o have already
taken an elementary course of differential equations, but have not
yet specialized in one of the more advanced branches. It is not a
compendium of this vast subject (to which, no single author could
do justice), but a selection of investigations of moderate length and
difficulty, illustrating those aspects of it which are most familiar
to myself. The first five chapters deal with properties common to
wide classes of equations, and the last five are devoted to a more
detailed examination of the hypergeometric equation, Laplace’s
linear equation, and the equations of Lamé and Mathieu. I have not
discussed systematically the equations of Legendre and Bessel, as
there are so many admirable accounts of them in English suitable
for students of every grade. On the other hand, I have thought it
well to devote a chapter to equations with constant coefficients. I find
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that candidates in university examinations have great difficulty in
constructing the solution of such equations which takes assigned
initial values, even when they can write down the complete primitive.
A very slight sketch of Heaviside’s method should enable them to
make short work of this problem, which is of great practical impor-
tance. Again, the theory of simultaneous equations with constant
coefficients gives an excellent opportunity of introducing in an easy
context the notion of invariant factors, which is of fundamental
importance in the Fuchsian theory.

The short bibliography and the footnotes serve both to acknow-
ledge my debt to the authorities and to guide the more ambitious
reader. Besides some of the great classical memoirs and the systematic
treatises of Forsyth, Heffter, and Schlesinger, the books from which I
have learnt most are Klein’s lectures on the icosahedron and on
the hypergeometric function, the masterly summaries of the general
theory in the works of Goursat, Jordan, and Picard, and the studies
of particular equations in Whittaker and Watson’s Modern Analysis.
Those who wish to learn more about existence-theorems should con-
sult the recent work of Kamke.

While I am solely responsible for the shortcomings of this book; I
gladly avail myself of this opportunity of expressing my profound
indebtedness to my former tutor, Mr. C. H. Thompson, whose lectures
at Queen’s College first aroused my interest in differential equations,
and later to Professor A. E. H. Love, who inspired and directed my
first efforts at research. My interest in everything connected with
conformal representation and Schwarz’s equation was greatly stimu-
lated by discussions with Mr. J. Hodgkinson. I have received
valuable references and information on particular points from
Mr. W. L. Ferrar, Dr. ¥. B. Pidduck, Professor G. Pélya, Professor
G. N. Watson, and Professor E. T. Whittaker, not to mention many
others who have courtcously sent me offprints of their papers. My
pupil, Mr. G. D. N. Worswick, Scholar of New College, has been of
great assistance to me in reading the proofs. Last but not least,
I desire to thank the Delegates of the Clarendon Press for accepting
the book, and the Staff for their unfailing skill and courtesy in

printing it. E.G.C.P.
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I

EXISTENCE THEOREMS. LINEARLY INDEPENDENT
SOLUTIONS

1. The Method of Successive Approximations

Standard Forms. AN ordinary differential equation is said to be in
the canonical form when the highest derivative of the unknown
function is given by an explicit formula

Y™ = F(z;y, 4, y®,...,y* D). (1)
This is evidently equivalent to a system of n simultaneous equations
of the first order

Dyi =Yin (¢t=12,..,n—1), }
Dy, = F(x;41, Y- 9,) (D = dfdz).

More generally, it may be shown that every well-determined system

of simultaneous differential equations is equivalent to a normal

canonical system

D?/i = Fi(x;yl’y?.""fyn) (1’ = 1,2,...,”). (3)

Consider, for example, three equations ®; =0 (1 =1,2,3), in

threc unknowns (u, v, w) and their derivatives up to (u®,®,w®). In
a domain where the Jacobian

—_— a((bl’(DZ’ q’a)
= 5. o0, wn) (4)

the equations can be solved for the three highest derivatives and
written in the canonical form

u® = F, B = @, w" = H; (6)

and, on introducing auxiliary variables as in (1), we obtain a normal
canonical system of order (a+B-+y). If, however, J = 0, the three
relations connecting (u®, »®, w) are not algebraically independent,
and can be replaced by two equations involving the highest deriva-
tives, and one where they do not appear, say = 0. We then have
three possible cases.

(i) If Q = 0, the system is indeterminate, the three given equations
being algebraically equivalent to not more than two.

(ii) If Q does not vanish identically, but does not involve any of
4064 B

(2)



2 EXISTENCE THEOREMS Chap.1,§ 1

the unknowns or their derivatives, the system is incompatible, or
else the problem is incorrectly formulated.

(iii) If Q involves the unknowns and their derivatives of order
not: higher than (u(@=*), »#-9, %y-9), suppose u®-* is actually present.
Differcntiating « times the relation Q = 0, we may eliminate all
derivatives of u above 4% from the system, without introducing
any new derivatives above v® or w®. The apparent order of the
system will thus be reduced by «, and the process may be repeated
if necessary until a well-determined system has been obtained.

Real Linear Systems. The most general normal canonical system
which is linear in the unknowns may be written in the standard form

(Sn) 'Dyi zjglafj(x)yj_}_fi(x) (i == l) 29-“3 n),

the coefficients (a;;) and (f;) being any functions of z.

We shall assume in the first instance that the independent variable
z is essentially real; the coefficients and the unknowns may be com-
plex; but, if they are, we can separate real and imaginary parts and
obtain a purely real system of order 2»; accordingly we may assume
them to be real also, without essential loss of generality. The following
fundamental theorem is a particular case of Cauchy’s general exis-
tence theorem for non-linear systems.

THEOREM. If the coefficients of the real linear system (8,) are con-
tinuous in the finite interval (x' < x < "), the system 1is tdentically
satisfied by functions with continuous derivatives

?/i = ¢i(x) (i = ]" 2""’”)’
which are uniquely determined by the arbitrary initial values

¢1(§) = (t=1,2,.,n)
at a point x = ¢ of the interval.

The simplest proof of Cauchy’s existence theorem for the most
general system is by Picard’s method of suceessive approximations,
which is particularly suitable for linear systems. It is closely con-
nected with methods used by Liouville (1837) and Caqué (1864), and
with the ‘calculus of integral matrices’ developed by Peano, Baker,
and Schlesinger.t

We take as a first approximation

@) =7 (=12..,n), (6)
+ L. Schlesinger, Vorlesungen tiber lineare Differentialgleichungen (1908).
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and construct further sets of functions according to the rule
z n
#0@) = met [ | X aupf-00+f00) (7)
;LS

We shall show that the required solution is
X = I. (.k) ) = 1, 2,..., . 8
#i(@) = lim ¢(e) (i ) ®)

To examine these limits, let us write them as infinite series

#2) = nek S [HPE— 4@ = 0t 3 0P@,  (©)
where

U ,ﬁl)(x) = fx [jia,-,'(t)nﬁ—fi(t)] dt
¢

. (10)
UP(z) = i f (124 Guel(

Since (n,) are constants, and since the coefficients of the system

(8,) are continuous, we can choose positive numbers 4 and M such
that

. (@) < 4, !jglaij(x)nj—}—fi(x)l < Mnd, (11)

in the interval (2" <« < 2”). Now {U®(2)} are defined successively
as integrals of continuous functions, and are therefore themselves
continuous; and (10) and (11) give

UP@)] < Mndle—E] (@ <o < ). (12)
Suppose that, for a certain positive integer k, we have
[UP()] < MnkAFjw— [k, (13)

Then the recurrence formulae (10) give the incqualities

[UED@)] < 3
=1

f A. MnkA¥*|t—¢k difk
¢

< Mnk 4" g— £k (4-1)!; (14)

and since (13) is true for £ = 1, it is true in general, by induction.
We now have uniformly in the entire interval

U ()] < Mnkd¥"—a')e/k!; (15)

and so the terms of the series (9) are dominated by those of a series
of positive constants M exp[nA (2" —a')], which is convergent. Hence
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the series {$,(x)} converge uniformly in the interval and their sums
are continuous. Making £ — oo in (7), we have

#i@) = et [ [ 3 ag8,0+£0)] . (16)
§ "

By putting z = ¢, we verify the initial values ¢,(¢) = 7;; and,
because the integrands (16) are continuous, we may differentiate
and so verify that y; = ¢,(z) is a solution of the system (S,,).

Uniqueness. If there were two sets of functions satisfying all
the conditions, their differences @;(x) = ¢,(x)—¢F(x) (1= 1,2,...,n)
would satisfy the relations

i fz j(£)D;(t < (17)
i
Since {®;(x)} are continuous, we can find an upper bound
[Dy(2)| < B (@' <z <2') (18)
By the same argument as in (14) we can then prove by induction
that gy ()| < Bukda—£[F/k! < Brkdka"—u' k! (19)

for all positive integers £. By making k& — oo we have |@;(z)] < ¢,
uniformly in the interval, where e is an arbitrarily small constant.
Hence @,(z) = 0, or the two solutions are identical.

2. Solutions in Power-Series

Analytic Linear Systems. The system (S,) is said to be analytic
if the coefficients (a;;) and (f;) are analytic functions of a real or
complex variable z, in the sense of Cauchy. A point » = ¢ where
every cocfficient is holomorphic is called an ordinary point; all other
points are called singular. At an ordinary point the coefficients can
be expanded as Taylor series:

o) =SaPa—er, S0 =3 Pa—th

which are convergent when |z—§| < d(€), where d(£) is the shortest
distance between x = ¢ and the nearest singular point.

The following existence theorem consists of a particular case of
Cauchy’s existence theorem for analytic non-linear systems, together
with a rider by Fuchs specifying the radius of convergence of the
solution, when the system is lincar.
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THEOREM. At an ordinary point x = ¢ the analytic linear system
(S,,) 18 identically satisfied by n power-series

Y = ¢i(x) zkgoc'f‘,k)(x-"f)k (?’ = 1, 2"-"”): g2)

which are uniquely determined by the initial values ¢,(£) = n,;. These
series are convergent when |x—§| << d(§), where d(£) is the shortest
distance between x = £ and the nearest singular point.

To obtain a formal solution we substitute the power-series (2) in
the initial conditions and in the system (8,), and equate coefficients
of like powers of (x—¢) on both sides. The initial conditions give

ﬁISt C&o) =1 (1’ = 152:'-',”’)’ (3)
and then we have
K
(f+1)cfE+?) = f Zoa,ij-‘—s)c;8>+f§k> ((=1,2,..,m;k=0,1,2,...). (4)
j=1s=

It is evident, by induction with respect to k, that every coefficient
is uniquely determined. .

Let » be any point where [x—§¢|=r <d()=d, and let
R = }(r+d) < d. The series (1) for the coeflicients are absolutely
convergent when |r—¢| << R; so that we can choose a positive
number M such that

P | BE, |f{P| R < M. (5)
The relations (4) then yield the inequalities
n k
(k+D)lefe 0| < MRH] 3 3 Relef?|+1]. (8)
j=18=0
If we put ¢® = }% c{®|, we obtain from (6) by adding
i=1
k
(k4 1)+ < nMR"‘[ S Rec+ 1]. (7)
8=0
We shall clearly obtain a dominant power-series
3 opa—tp <3 Pa—g) < 3 OPa—E) ®)
E=0 =1 £=0
if we put C® = ¢©, and then
k
(k+1)C%+ = nMR-H ¥ RCO+1] 9)
8=0

But this gives
(k+1)C*+D = n M C® R-1kC®), (10)
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(k+1)
Qe _lim[k—l-nMR] 1
k—

and hence Lim g, - = (k:{:l)‘R' — (11)

=5
Hence the dominant series 3 C®(x—§)* and, a forfiori, the n series
(2) are absolutely convergent if |[x+—§| =7r < R < d. The series
> CW(xz—¢£)k is determined by the differential equation

DY = nM[l-—(‘f’f;g)]_l(YJrl), (12)

and the initial value Y = ¢, when x = {£. By separation of the
variables we have the solution

Y :—1+(c<°>+1)[1—(‘3}‘5)]_"1‘"3, (13)

and this explains the binomial recurrence formula (10).

This investigation shows that the solutions of a linear analytic
system are holomorphic at all finite points of the planc where the
coefficients are hélomorphic. Accordingly the singularities of the
solutions are known a priori by inspection of the coefficients. This
fundamental property was pointed out by Fuchs.

3. Linearly Independent Solutions

Combination of Solutions. If y; = ¢,(x) and y; = ¢¥(x) are any
two solutions of the linear system (S,), then y; = ¢;(x)—¢F(x) is a
solution of the corresponding homogeneous system

(S,*") ‘Dy’l =J§1a”(x)yj (7; = 1, 2,..., n).
We therefore require only one particular integral of (S,), together
with the complete primitive of (S¥).

If we have m solutions of the homogeneous system (S¥)

Y =¢yx) (C=12,.,n; j=12,..,m), (1)
another solution is
m
y‘i :jglcj ¢L'j(x) (1‘ = 1, 2,"-,7)’)’ (2)

where (c;) are any constants. The solutions (1) are said to be linearly
connected if constants (not all zero) exist such that

jglchSU(x) =0 (¢t=1,2,..,n). (3)

THEOREM. The necessary and sufficient condition that m solutions
(1) of the homogeneous system (S}) should be linearly connected is that
the rank of the matrix (¢;;(x)) should be less than m.
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The condition is necessary; for, if the relations (3) hold, every
m-rowed determinant of the matrix vanishes. Suppose now that the
condition is satisfied and that the rank isk (k < m,k < »). We can
number the variables and solutions so that the determinant

A = |dgy@)] # 0 (1,) = 1,2,..., k). (4)
Corresponding to any solution y; = ¢,(z) of the set, we can find a
unique set of multipliers (u;,) such that

&) =§1ujs¢ij(m) (t=1,2,.,n;8 = 1,2,..,m), (5)

these rclations being compatible, because every determinant of
(k+1) rows of the matrix vanishes. On introducing this solution in
(8%), the terms multiplied by (u;,) cancel, leaving

I —_
‘le;SL-j(ac)Dujﬁl =0 (¢=1,2,..,n); (6)
i=
and, because A, % 0, we must have
Duy;; = 0, ;s = constant, (7)
so that the condition is sufficient.

At, an ordinary point @ == ¢ we can construct » solutions, taking
arbitrary initial values such that the determinant A(£) = [¢,;(¢)| # 0,
and these solutions are necessarily linearly independent. Since & < »,
every other solution can be written in the form

n
yi :]'Zlcj¢”(x) (1’ = ]325-“:"’)1 (8)
where (¢;) are constants. Any such system of » linearly independent

solutions is called a fundamental system.

Jacobi’s Determinant. The determinant A = [¢,;(x)| of any =
solutions of the homogencous system (S¥) can be evaluated by means
of an auxiliary differential cquation. In an interval or domain where
{a,;(x)} are continuous we have

n n 3A

b;
& 9A
. IZI %Tcaij(x)(ﬁjk(x)

= i i a;;(x) i é;i(x) ;;Atk] (9)

I
™M
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If we introduce the Kronecker deltas
du=1 8;=0 (i#)), (10)
and use the property that a determinant with two identical rows
vanishes, we may write
n n
1=1j=1

= [ 3 au@]a. (11)

This is integrated by separating the variables and gives Jacobi’s
result

Ax) = f)cxp[ g f at) dt] (12)

Hence, either A(x) = 0, and the n solutlons are linearly connected;
or else A(z) # 0 in the entire interval of continuity, the exponential
factor being neither zero nor infinite. Thus the necessary and
sufficient condition for a fundamental system is that A(¢) 0 at
any one point of the interval.

Method of Variation of Parameters. If a fundamental system
of solutions of the homogencous system (S*) is known, the non-
homogeneous system (S,) is soluble by quadratures. Since
A = |¢y(x)| # 0, a set of multipliers (u;) is uniquely determined
by the relations

b= 3wy (=12.,m). (13)

On substituting these expressions in (8,) and cancelling terms multi-
plied by (u;), there remain the relations

n
jgl(ﬁlj(x)Duj = ft(x) (1: == 1, 2,..., n), (14)
which give uniquely
—fi(x). (15)
For the principal solution y; = ®,(x;¢), determined by the condi-

tions y; = 0 at = £, we must have also u; = 0 at z = ¢; and
(15) accordingly gives

&1 aAQ
%—;!ﬂ—¢ﬁwﬂ (16)
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and (13) now becomes, with a change of suffixes,

1=1)= ¢ ‘

We can write this in the form
n T
Pylo;€) = 3 [ u@sofeyae k=1,2,.,n), (18)
¢

oA(t)
a¢1‘j
If ¢ is regarded as a constant, y, = ¢,;(x;f) is a solution of the
homogeneous system (S3), taking at & = ¢ the values ¢,(¢;) = 5.
Since the detcrminant of thesc values is unity, the solutions
Y = $ri(;t) 4,k = 1,2,.,n) are a fundamentgl system, which
can be constructed directly {from the initial conditions at z = ¢ and
then introduced in (18).

The method can also be used to reduce by m the order of the
homogeneous system (S%), when m linearly independent solutions
are Known. Let the variables be numbered so that the determinant
A, = |¢y@)] #0 (5,5 = 1,2,...,m), and let us put

m.
s ='Zlujq$,-j(x) (2= 1,2,..,m),
iz

where  ¢,,(x;t) = Z Att) (@) (k= 1,2,..,n). (19)
i=1

- (20)
Yi :j;luj¢,-j(x)+Yi (¢ == m-1,...,n).

These relations give (u;) and (Y;) uniquely. Substituting, and can-
celling the terms in (u;), we have

S0 = 3w (=12..m),

C-=m
m n (21)
Zl¢ij(x)Duj+.Dy'i ::k z+1aik(x)y;c (i = m+1,..., 'n).
J= v=
The first set gives, since A, .~ 0,
Du; = L 2B (@)Y (22)

k<m+1i=1 A 045
and when these values are substituted in the second set, we get
a homogeneous system of order (n—m) of the type
' n
DY, = 3 Ay, (=m+l,..,n). (23)
k=m+1

4064 o
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If this system can be solved, (u;) can then be obtained from (22) by
quadratures.

4, Wronskian Determinants

Linearly Connected Functions. The functions {¢;(x)} are said to
be linearly connected if constants (c;) not all zero exist such that
> c;¢x) = 0. If therc are n functions, which are differentiable
(n—1) times, we have the relations

n
Se;Divlgi(x) =0 (j=1,2,..,n); (1)
i1
and on eliminating (c;) we obtain the determinantal relation

Wby borsdn) =1 ¢y bs < . e b, =0. (2)
D¢, D, . . . D¢,
Dn—l¢1 ])n—1¢2 . . . Dn—-lqsn

The vanishing of this expression, which is called a Wronskian
determinant, is thus a necessary condition for the functions to be
linearly connected. The converse is true only with qualifications.
We suppose that W(é,, bs,...,$,) = 0, and that there is no stb-set
of (n—1) functions whose Wronskian vanishes identically. For, if
there were, we could reason on the sub-set. We can then prove the
following

THEOREM. If n funciions {¢;(x)} are differentiable (n—1) times,

and if W(dy, base.rs ) = 0, but W(dy, doy..c,bpy) 4 0 in a certain
interval, then the functions are connected by a linear relation with
constant coefficients, which is valid in the entire interval.

We can determine uniquely multipliers (%;) such that
-1
DI, (o) = S0, DIa) (= 1,2m) ®
i1

By combining the jth relation with the derivative of the (j—1)th,
we have

S Du, D) = 0 (j=1,2,.,n—1); 4)
i1
and because W(¢,, bs,..., p,—1) # 0, we must have Du; = 0, and so
n—1
&, (x) :i;ci éi(x) (c; = constant). (5)

The relation can be extended to any interval where the derivatives
exist and where all the Wronskians of sub-sets of (n—1) functions
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nowhere vanish simultaneously. The necessity for the condition
was indicated by Peano, and may be simply illustrated. Consider
two functions with continuous derivatives defined as follows:

$1(x) = 222, Po(x) = 22 (x = 0); } (‘ﬁ)
$1(x) = 22, $o@) == 222 (z < 0).

Then ¢,(x) = 2¢,(x) (r > 0), but ¢,(x) = ids(x) (x <0). The
theorem is inapplicable to any interval containing x = 0, because
#1(0) = 0 = ¢,(0), so that the subsidiary condition is not satisfied,
although W(é,, ¢,) == 0. If, however, the functions are analytic, and
if 3 ¢;¢;(x) = 0 in any finite interval, the relation holds everywhere,
by the principle of analytical continuation.

The General Linear Homogeneous Equation. If the n functions
{¢,(x)} are differentiable n times, and if W(¢,,ds,...,4,) # 0 in a
certain interval or domain, then the expression y = > c;¢,(x), where
(c;) are constants, must satisfy the relation

]V(¢l’ (/"’s (ﬁn’ 7/
4 = 0. (7)
” ¢1’ ¢2) ¢Il
The form of this relation is unchanged if {¢,(x)} are replaced by »
hncarly independent combinations with constant coefficients

b (x) = 2 cu $i(x) (=1,2,...,m), (8)

where the determinant [c, ;| #- 0. For, by the rule for multiplying
determinants, we have

[ij| W (b1s Pasees b)) = W(Dy, Dy,..., D,),

, (9
W i bores b 1) == W@, 0y 0,,9), ’

ci}'

0

and hence

IV(¢1’ ¢2""’ ¢ll) - ”/((Dl’ (D2’ n)
Conversely, consider any homogencous equatlon
(&3) Dry+py (@) D"y +...4-p,()y = 0, (11)
and suppose that {¢;(x)} are n known linearly independent solutions,

so that W(g,, ds,...,$,) # 0 in a certain interval.
Eliminating {p,(x)} from (11) and the equations satisfied by

Bl woROYe () = 0 (12)
and, since we assumed that W(¢,, ds,...,$,) # 0, Wronski’s theorem

1V((?Sl{¢2!"" ‘l’m y) ;V((Dl’ (D’v m J) (10)
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shows that the most general solution of (11) is of the form
n
y = Y ¢;$;(x), where (c;) are constants.
=1

LEvery solution of (E}) is accordingly expressible in terms of any

set of n linearly independent solutions, which are called a funda-
mental system.

5. The General Linear Equation

The Complete Primitive. We shall now specialize some of the
preceding results for the particular system

Dy,,: = yi+1 (‘l, == l, 2,...,’n~—]),
n
I)yn+ .len——iJrl(x)y[ = f(x)’
<
which is equivalent to the general linear equation
() Diy+p, @)D"y + ...+, (x)y = f().
If  is real and all the coefficients are continuous in the interval
(" < x < a"), there is a solution with z continuous derivatives,
which is uniquely determined by the arbitrary initial values
Diy = 5® (1 =0,1,..,m—1) at any point z == £ of the interval. If
z is real or complex and the coefficients are analytic, the solution is
analytic and has no singularities in the finite part of the plane,
except at singularitics of the coeflicients.

The difference of any two solutions of (E,), say y = P(x)—p* (),
satisfies the corresponding homogeneous equation

(E3) Dry+py @)D"y +...+p, )y = 0.

We therefore require only one particular integral of (E,), together
with a complementary function which is the complete primitive of
(E3).

The Abel-Liouville Formula. The analogue of Jacobi’s deter-
minant for the system (1) is the Wronskian W(¢,, $,,...,$,) of any
n solutions of the homogeneous equation (E%). By a double applica-
tion of the rule that determinants with two rows identical vanish,

we have [Z KA e )]

n)

a¢(n—1) "'

(1)

’!

H

2
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n

_I.Z [i =D 95@"“1’(95]

ow
) [Z a¢(n-n¢("'n ]

= —pi()W. @)
Separating the variables and integrating, we have

W) = Weexp| - j pi0) e, ®)

a result due to Abel for » == 2 and to Llouvﬂle in general. In a finite
domain where p,(z) is continuous, W(¢,,d,,...,$,) vanishes either
identically or not at all. The nccessary and sufficient condition that
n solutions {¢;(x)} should form a fundamental system of solutions of
(E¥) is that their Wronskian should not vanish at one point z = £,
chosen at random in the domain.

Method of Variation of Parameters. To solve the non-homogeneous
equation (#,), knowing a fundamental system of solutions of (Ey),
we put

Dy = 3w D) (= 1,2,m). (4)
i=1

These relations give unique values for (%), since W(éy, éy,...,¢,) # 0.
By combining (4) and their derivatives we now find

0 =3 Du, Dig) (= 1,2,...n—1), (5)
i=1
and Dy = 3 [u; D'y @)+Du; D=1, (@)]. (6)
=1

When the expressions (4) and (6) for the unknown and its deriva-
tives are substituted in (#,), terms multiplied by (u;) cancel, leaving

ingui Dn—1¢i(x) = f(x) (7)
From (5) and (7) we now get
1 oW .
=) gy g 6= b2 ®)

If the principal solution at x = ¢, say y = @(z; £), is determined by
the conditions Di-ly = 0 (j = 1,2,...,n) when z = ¢, we find that
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;=0 (¢=1,2,...,n) when x = £&. Hence

x

oW (t
Ty g ©
é
(w6 = > 4x) %%%ﬂwt (10)
i=1 f

If ¢ is a constant, the expression

¢(x) aw®)

$(z;t) = - (11)
& W) oo

18 that solution of the homogeneous equation (£*), which is deter-
mined by the initial values
Di-ly =0, whenz=1¢t (j=12,..,n—1);
. (12)
Dr-ly =1, whenzx =1t

With this definition of ¢(x;?) we obtain a formula of great impor-
tance for the principal solution, which is due to Cauchy, namely,

z;€) = [ $la; /() dt. ‘13)
¢

We can also apply the method of variation of parameters to reduce
a homogeneous equation (E}), when we know m independent solu-
tions (m < n); a simpler method will be given later, so that the
details will be left as an excrcise. If W(dy, ds,..., $,) 7 0, We write

Dty = S Divga) (= 1,2,,m),

(14)
Di-ly — z u; D¢y (x)+Y; (j = m+1,...,n),
in the normal canonical system (1), where now f(z) = 0.
We have (n—1) relations
S Du; Di-1g,(a) — 0 (G = 1,2,.,m—1),
i=1 . (15)
=Y, m+1 (.7 = m),

= y;’+1_Dl’j (j =m+1,.,n—1),
and also the relation

Dry = él[uz Dr¢(x)+ Du, D*-1¢,(x)]+DY,. (16)
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From (14), (16), and (E¥*) we find

ZDutDn—1¢ +DY + z pr n+1-—r =0. (17)

On eliminating (Du;) between (15) and (17), we have a canonical
system of order (n—m) in (¥}), which can be replaced by a single
homogeneous equation of order (n—m) for ¥,,,,; while (14) gives

— Wy boeees ) ), (18)

Yo = e b

so that ¥, (regarded as an expression in y) is the left-hand side of
the equation of order,m admitting the given solutions.

EXAMPLES. I
1. Reduce to canonical systems the pairs of equations
[D*y4-D2%2-}y =1, D?-+D%4-z = 0].
2. The system )
Dy = F(x,y,z), D% == Fy(x,y,z, Dy, Dz)
is in general of the second order. Show by examples that it may be (i) indeter-
minate, (ii) incompatible, or (iii) of order lower than the sccond.

3..8how by the method of successive approximations that the equation
Dy = a(x)y is satisfied by

xr
Y = ncxp[ ((l(t) dt];
é
and that the equation Dy = a(x)y+f(z) is satisfied by

Yy = ff(.s)exp[ fa(t) dt] ds.
3

3
4. Solve from first principles tho systems:
(i) Dy = xy; y == 1, when x -= 0.
(ii)) Dy = ay/(1-+=x); y == 1, when @ = 0.
(iii) Dy =2, Dz =: —y;y = A,z -= B, whenz == 0.
(iv) Du = v, Dv =w, Dw = u;u = A, v = B,w = C, when z = 0.
5. If y; = () is a set of m solutions (m < n) of the homogeneous system
(S%), and if constants (¢,) not all zero exist such that

n
ZICJ‘}SU(& =0 (¢2=1,2,.,n)
m
for a particular value ¢, then ¥ ¢;¢;(x) = 0.
j=1

6. If (¢;i(x)) is a matrix of n® arbitrary differentiable functions, whose
determinant does not vanish identically, then there is a unique homogeneous
system (S3%) admitting the n solutions y; = ¢y(x) (¢, = 1,2,...,n). If the
determinant vanishes identically, the system (S*) does not exist unless the
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functions are connected by relations with constant coefficients

3 edy@) = 0 (i =1,2,.,m).
i=1

If tho rank of the matrix is &, any (k+-1) solutions must be connected by rela-
tions with constant coefficients. When these conditions aro satisfied, the system
(S¥) is indeterminate.

7. The homogeneous system (S}¥) cannot admit m lincarly independent
m
solutions y; <= ¢;(x), and also a solution y; = ¥ u;¢;;(x), where (u;) are not
J)=1
constants.

8. If (y;) is a solution of the homogeneous system (S%) and the determinant

n
fogy()] % 0, then Y, == 3 ay(x)y; satisfy another homogencous system  of
i=1

n
order n. The expression Y .2 Y ap(x)y;, with cocfficionts differentiable n times,
i=1
satisfies a lincar homogeneous equation of order » or less.

9. SysteEMS WITH, CERTAIN KNOWN SoruTioNs. If tho homogencous system
(S¥) has (n—1) known solutions y; = ¢;(x), which are lincarly indopendent,
show that for any other solution

Y1 Yas s Yn

b11s $a o B :(,’exp[iljfan(t)dt]-
e e . =1

.o . .
|
¢1(n—1)’ d’z(n—lb ey ¢n(n—1)!
Completo the solution of tho system by quadratures, using tho method of
variation of parameters.

10. The homogencous equation (E;) has (n—1) known independent solu-
tions. Show that any other solution satisfies the equation of order (n—1)

W(¢1’¢2:"'s ‘ﬁn~1) y) = COXP[— fpl(t) dt],

which is soluble by quadratures.

11. If ¢,(x) is a known solution of the homogencous equation (Eg), show
that tho equation can be simplified by d’Alembert’s substitution ¥ = ¢,(x)u;
and that it is reduced to an equation of order (n—1) by Fuchs’s substitution
y = ¢y(x) | 2 dw.

12. ReMovaL oF A TerM. If the cquation (E}) is transformed by writing
Y= uoxp[-—;l;f () da:], the equation satisfied by » has no term in D" 'u.
If in (E¥) wo take a new independent variable z == i(z), determined by the
relation n(n—1)"(x)4-2p,(x)f’(x) == 0, the new equation satisfied by y has
no term in d*ly/dz"1.

13. Every solution of the non-homogeneous equation (E,) satisfies the
homogeneous equation of order (n+1)

S@)[ D™y +p, Dy - (p1+pe) DV Yy +-...+pryl—
—f (@)D" +p, D"y +...+ppy] = 0.
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14. Solve xD%*—(2x+1)Dy+(x+1)y = 0, given that the quotient of two
particular integrals is 2.

15. Solvo (x*4-2*)D*+xDy—(x+1)% = 0, given that the product of two
particular integrals is constant.

16. CavucHY’s ForMULA ¥OrR A REPEATED INTEGRAL. Show that the princiI;al
solution of D" = f(x), determined by the conditions D~y = 0 (i =1, 2,...,n)
when z = §, is

_ (te— 0

Hence obtain Cauchy’s form of the remainder in Taylor’s thcorem

(x §)<,S (f) (x— )n—]¢(n—l) (x__t)n—l¢(n)(t)
¢ ¢(£)+ + + (n- 1*)' f 1)' dt

@x
17. If Fy(r) = f(x), Fy(x) — [ F,_4(¢) dt, prove by integration by parts that
0

(z—t)"'f(2) .
F,,(:v)_J T a

18. Give another proof of Cauchy’s formula by means of the relation

f dt,fd:z Tf(t,,)dzn = f dt,,fdt,,,_l... f f(t,) dt,.
0 0 0 0 tn t.
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II
EQUATIONS WITH CONSTANT COEFFICIENTS

6. Heaviside’s Solution of Cauchy’s Problemf

Introduction. THE simplest class of linear differential equations are
those with constant coefficients, which can be solved with the aid
of elementary functions. But the systems occurring in mechanical
and electrical problems may be very complicated, and give scope for
labour-saving symbolical methods. 1f we require a particular solution
taking assigned initial values, the operational calculus of Heaviside
affords the most appropriate shorthand for the method of successive
approximations. If woe require the complete primitive with the
arbitrary constants of integration displayed in the simplest form, but
without referenct to any particular set of initial values, the most
effective method is the symbolical calculus of Boole.

Solution in Power-Series. The homogencous system with constant
coefficients "
Dy; = Zi“ta‘?/d (= 12,...,n) o (1)
=

is analytic and free from singularities in the finite part of the planec.
In the neighbourhood of a typical point z = 0 the solutions can be
expanded in power-series, which will converge for all finite values of
2. Let us write these in the form
A i XE .
¥ = (@) =;c§k>k—! (6 =1,2,...,n). (2)
Then the solution taking the values y; = 7; at = 0 is given by the
relations n
¢ =7 oD =3 a;c. (3)
i=1

Let (a{¥) be the kth power of the matrix (a,;), and let (a{’) denote the
unit matrix (3;;), whose elements are Kronecker deltas. By the multi-
plication rule we have

n n
afftt = 3 apalp),  afftP = 5 . (4)

t J. R. Carson, Electrical Circuit Theory and the Operational Calculus (New York,
1926); H. Jeffroys, Operational Methods in Mathematical Physics (Cambridge, 1927);
E. J. Berg, Rechnung mit Operatoren (Munich and Berlin, 1932); P. Humbert, Le
calcul symbolique (Paris, 1934).
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Then the relations (3) give

C&k) -—JZ’ a(k)-,h (7, == 1, 2,..., n, k= O’ l”w); (5)
and .
k
= [
n .
:,'221 i@y (=1,2,...m), (6)

where y; = ¢,;(x) is the solution with the initial values $:;(0) = §;; at
the origin.

If every clement of the matrix (a;;) has the upper bound lau[ A,
then |a{¥| < n¥-14* for positive integers k. Hence the series (6) are
absolutely convergent for all finite values of z, and at least as rapidly
as exp(ndx). To solve the non-homogeneous system

‘Dyb =jgla’ij?/j+ft(x) ("’ == 1:2)"-;”)’ (7)

we observe that y; = ¢;(x—?) is the solution of the homogeneous
system (1) which takes the initial values y; = §;; at any given point
x == §. Applying the method of variation of parameters as in § 3, we
sec that

fiif@#%ﬂmnﬂ (6 =1,2,...,n) (8)

is the principal solution of (7), given by y; = 0 when z = 0.

Heaviside Operators. To confirm these results by the method of
successive approximations, we introduce the notation

%ﬂm;sfﬂndL 9)

By Cauchy’s formula for a repeated integral, we have, for positive
integers m,

x [
1)mf( l‘) J"”l f d’z ff {m) dtm
T—t m-1
—f‘ o . (10)
If f(x) = 1, we may omit the operand and write simply
L= (11)

pm m!
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Proceeding exactly asin § 1, we write the solution as a uniformly con-

vergent series y; = ;- Z Uﬁ")(x), where

UiP(x [ 2 a5 m5+fi( x)]
(12)

n
Uk (@) =S 2 gE(g),
§ ; .

Since the operation of integration is commutative with that of multi-
plication by a constant, we find that (12) are satisfied by

a a(k 1)
v z[p" AR ] 4
=1
and the solution is !
a?.‘) n e
v = Pt S [> s (19)
j=1"k=0 j==1 "k=0

Using the rules (10) and (11) to interpret these operators, we find,
exactly as in (6) and (8),

u=3[S gl 3 [[S g son

=5 duwnt 3, [ $ute—50 . . (15)
- =10
Summation of the Series. Consider the auxiliary series
el
Wy = '_)]Ik— (.7 = 1,2,...,n), (16)
k=0

which are certainly convergent if |A| > nAd. By rcason of (3), thesc
are found to satisfy the relations

A(w]""’h) =i=zlaﬁwi (j == 1, 2,...,%), (17)
which may be written

Eo(han—-a,ﬁ)wl = AT)" (j - 1, 2,..., "4)- (18)

1=

If A(A) = [A8;;—ay;| is the determinant of this system of linear
algebraic equations and A;;(A) the minor of the element [A8;;—a;;],

we have
c AA]'I'(A) ) — 1.9 1
_1-21 (A)—n’ (t=1,2,.,n). (19)
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We can now write (14) symbolically in the form

A" D)ty 1) (20)

j=1

Since A(p) is of degree n and {Aﬁ(p)} are at most of degree (n—1), the
operators can be expanded formally in negative integral powers of
p and interpreted term by term.

Heaviside’s Partial-Fraction Rule. The expansions of the operators
may be found by resolving {A;;(p)/A(p)} into partial fractions, which
are interpreted as follows.

P~ (mtr—1)to
: z( .

(IT_a)nz - =0 m___l)'ﬁ!:pmﬂ'—l
e o pmr-1 gm-1 o
T L. o 21
Zo(m_l)!r! m—1)1° > (21)
1 N < (7n+r———l)'
(p—a! ™) = Zo(m 'r':p”‘”ﬂ
2 far(p—tymir-t
ar x_ mir—
=2 [T 0 &
r=00

— j mj;")__!_l exa-0f(¢) di

= e e fa)]. (22)

If An_l(p) iq the H.C.F. of all the first minors {A;(p)}, and if
A(p)/A,—1(p) is divisible by (p—«)7, then the solution involves terms
of the types 2%¢** (s = 0,1,2,...,7r—1).

Non-Commutative Operators. The operator p, of which only nega-
tive integral powers have been defined, is not identical with D, nor
arc the two operators commutative. For we have

D fw) = D [ 1) dt = fta)
; (23)

11) Dfw) = [ ft) dt = f@)—f(0);

0
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,,f (x) P‘,,_;,f (n > m) (24)
= Dm-"f(x) (m > n);
n am-1 - . 5
2“;7,11) f f “f 0)—— (0)—.. ‘(ﬁ:i)if( D(O); (2)
m x(x_t)n—l m
FD 'f(x) f@-—l)! fom(¢) de. (26)

Summary. The practical rule for solving the system (7) with given
initial values is first to integrate betwcen the limits 0 and z, and
write n

=, Bj 1 o) (=1,2 27
Yi = 7)1+j=zl P Y; +pfl(x) (v 12,0, 1). (27)
This is a system of integral equations equivalent to the given differ-
ential equations plus the given initial conditions. We now solve (27)
formally as linear cquations in (y;), as though p were a number. This
gives the formulae (20), which are to be interpreted by Heaviside’s
partial-fraction rule.

7. Operators in D and 3
~

Linear Operators. If we write
n . n .
F(Dy = [ 3 a; Dy = > a; Dy, (1)
1=0 1-=0

where (a;) are constants, the expression F(D) is called a linear operator
with constant coefficients. Since the differential operator D is commu-
tative with constants, we have

FO)OD = [ 3,a:0 36,07y

m
E a;b; Dmin—i-iy

j=0

"[i ;b ]Dm+n~—ky

= G(D)F(D)y, by symmetry. (2)

ng

i

+

m

Hence such operators are commutative with one another.
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Again, by Leibnitz’s theorem, we have

m
Dm[eaxy] —_ z (7:') Drecx Dm—ry

=0
— eXr Z ( )arDm-r
= e‘“(l)—i—a) Y, (3)
and so, for any polynomial in D,
F(D)[exy] = e F(D+a)y. (4)

Homogeneous Equations. The algebraic equation F(A) = 0 is called
the characteristic equation of the diffcrential equation F(D)y = 0. If
its roots are known, we may write F(D) = a,T[(D—);), with the
factors in any order. 1f A = A, is a root of multiplicity n;, we may
write the equation as

F(D)y = F(D[(D—A)y] = 0, (8)

and this is certainly satisfied if
(D—A;)my == 0, (6)
or if eMzDme~Nzy] = 0. (7)

A p‘hrticular integral with n; arbitrary constants is therefore
y = M Pu=D(g), where P#~V(z) is an arbitrary polynomial of degree
(n;—1). Taking all the roots in turn, we have a solution with n arbi-

trary constants y = % ehiz Pr=1)(g5) (8)
(@ '

We can prove that this is the complete primitive by evaluating the
Wronskian determinant of the n solutions corresponding to the n
constants; if this is not zero, the solutions must be linearly inde-
pendent. In the first place we have

W(ehs, ez, ., eMe) = ¢ Zhz| ] 1 |
A A LA,
PUBEEED it BN U
=eZhe TI (A—A), (9)
1<s<rsn
which is an identity in (A;) as well as in 2. This expression does not
vanish if (1;) are all unequal.

If we differentiate with respect to Ay, and then put A, = A, we have
W (ehe,azehs, ehs,... o) = 11e 2% TT (=A% T (—A)- (10)

r=3 3<

<8<r<n
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If we now differentiate twice with respect to A;, and then put A3 = A,,
we have

IV(e'\‘ z xe"l x :Uze’\l z e/\.:c eh,..c)

ZJMWJWHA A% I A=A); (1)

4Cs<rn
and the Wronskian corresponding to any combination ot equal roots
of the characteristic equation may be evaluated in the same way.

Non-Homogeneous Equations. To solve F(D)y — f(z), we construct
the algebraic partial fraction identity

o
1«‘()«) 22()« Ay (12)

Tlus gtves an identity between operator polynomials

Z F(D) [r.z:lc'&f)(D—A‘-)w—r]

or 1= EF(D (D) say, (13)
where {F;(D)} are defined as in (5). We can accordingly write o
fla) = E F(D)py(D)f(x) = %I’E(D)f;(x): (14)
and the equation F(D)y = f(x) can now be satisfied by putting
y=2ypvhere gy, = D)) (15)
or F(D)(D—X)"sy;—filx)] = 0. (16)
These relations are certainly satisfied if
(D—=A)"y; = fi(=), (17)

and so the problem is reduced to the solution of ‘simple equations’
of the type (17).
To solve (D—A)ky = f(x), we write it as
Di{eday] = e-Mof(z), (18)
The solution is now given by % integrations, which may be reduced
to a single integration by Cauchy’s formula, if we ignore constants

of integration. The latter yield only terms duplicated in the com-
plementary function. We write symbolically

y = (-Ij_—l—)ﬁ flx) = e'\"j%[e"‘”f(x)]. (19)
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The practical rule derived from this discussion is to resolve formally
into partial fractions the inverse operator

Y = zz (] 'Lj);f(x)n (29)

(1) r=1
and to interpret cach symbolical fraction by the rule given in (19).

Equations Soluble without Quadratures. For many important appli-
cations the right-hand side is of the form

J(x) = E ersy(x), (21)

where (p;) may be complex, and where {i;(x)} are polynomials. It is
sufficient to solve the typical equation

F(D)y = ernp(a). (22)

If Y(x) is of degrec (m—1), the right-hand side 1s annihilated by
(D—p)™; and so the solution of (22) is included in that of

(D—p)"F(D)y = 0. (23)

If we write down the complete primitive of (23), and then omit terms
annibilated by F(D), we find that there is a particular integral of the
form y = er*x(x), where () is a polynomial of degree (m—1), if
F(u) 0, or of degree (m+4k—1), if A =y is a k-tuple root of
FQ) = 0.

We could, of course, find x(z) by the method of indeterminate
cocflicients; but this is unneccssarily tedious. The required particular
integral is to satisfy both the equations

F(Dyy = erf(z),  (D—p)mtky = 0. (24)

If F(D) = (D—p)*G(D), let us construct by the H.C.F. process the
identity between polynomials

A(D)YFD)+BD)D—p)m = (25)

where A(D) is of degree (m—1) in D. If we operate with 4 (D) on the
first of the equations (24) and with B(D) on the second and add, we

find (D—p)y = A(D)erf(z); (26)
so that, if y = er*y(z), we get
DEx(x) = A(D+p)(z). (27)

The operator A(D-+-u) can be found without calculating B(D); for

4064 B
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the identity (25) corresponds to a relation between rational functions:

B(u+h)hm
ATt ay

= Ag+ A b+ A, 124 4 A, Jm-1 4 2V

G(#-Hc)
B(p.—{—h)h"‘ (28)
Gu+h)
Hence A(u+-£) is identical with the first m terms of the Taylor expan-
sion of 1/G(u+h) in ascending powers of h. Since 4, = 1/G(n) is
neither zero nor infinite, the expression
[Ag+4, DA, D3 .. 44, _; D" Y(z) = ¢*(x) (29)
is a polynomial of the sume degree (m—1) as yi(x). The required poly-
nomial x(x) = D~¥J*(x) may be written down by inspection, or as
the result of k successive integrations. The constants of integration
correspond to terms already accounted for in the complementary
function. The practical rule for solving (22), where ¢(x) is a poly-
nomial, is to write

LY f— LT
and to expand the opemtoz in ascending powu.s of I, omitting all
terms which annihilate (), .

y= efwﬁ[A0+A1D+...+Am~11)’"~1]¢(x)

1 .
= ei‘zﬁxﬁ*(x) (if D™yY(z) = 0). (31)
Euler’s Homogeneous Equation. The equation
agz"D"y+a Dyt +a,y = f(z), (32)

where (a;) are constants, can be reduced to an equation with constant
coefticients by putting « = ¢’. If 8 == d/dt = xd/dx, we can prove by
induction the well-known identity

am Dy = §(§—1)...(6 —m+1)y; (33)
and so (32) can be transformed into
bo8"y+b,8" y+...+b, y = f(€). (34)

Corresponding to (4), we have the rule F(8)(a*y) = 2*F(8-+w)y.
If (8—oy)™ is a factor of the operator with constant coefficicnts
F(3), then a solution of F(3)y = 0 is given by y == 2% P{~D(log z),
where P{™~-V(logz) is an arbitrary polynomial of degree (n;—1) in
log .t

1 The reader should investigate directly the Wronskian doterminant of the solu-
tions of F(d)y = 0.
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As an exercise in these operators, we observe that the equation
Dry = f(x) may also be written in the form

8(8—1)...0—n+1)y = a™f(x). (35)
By resolving into partial fractions the expression

1 n
S0 6—a )= 39

and interpreting the inverse opcrators, we obtain another proof of
Cauchy’s formula for a repeated integral

y*::

(.’I‘—'S n 1
f s) ds + a polynomial of degree (n—1). (37)

1)" (n—1)!

8. Simultaneous Equations. Invariant Factors}
Characteristic Equation. Consider the homogeneous system

@ =3 FDyy =0 (i=12.,m), (1)
where (F;(D))isa matrnc of linear operators with constant cocflicients
whose determinant A(D) == |F;(D)] is of degree N. If we add the

resuls of operating on the eq11a1310n<1 with the minors of the elements
of the kth column of the determinant, we climinate all the unknowns
except one, which is found to satisfy the equation

ADYy,=0 (k==12,..,n). (2)
The corresponding algebraic equation A(A) = 0 is called the charac-

teristic equation of the system. Suppose first that the roots (A,) are
unequal. Then we must have

N
g =S e (k= 1,2,..,n), (3)
r—1
and, on substituting these expressions in (1), we get
[Zl kw:ou_lz n). (4)

The coefﬁcients of (e’*) must vanish separately, since these functions
are linearly independent; and so we have for each root » relations

ﬁ%m%=oa=L%my (5)
=1

These are compatible and determine uniquely the ratios (cy,: ¢,,:...2¢,,,);
for we have, on the one hand, A(A,) = |F;;(A,)| = 0; while, on the

+ C. Jordan, Cours d’analyse, 3, 175-9; M. Bécher, Higher Algebra, 262-78; H. W,
Turnbull and A. C. Aitken, Canonical Matrices, 19-31, 176-8.
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other hand, at least one first minor of the determinant is not zero.
For suppose that every first minor of A(A) were divisible by (A—2,);

(A) n—1
5 =2 A~1(}) would be divisible

1.
by (A—A,)*, and so A = A, could n(;t be merely a simple root of
A(A) = 0. Thus each root of the characteristic equation gives a
solution with one arbitrary constant. Solutions of the type y; = ¢, €',
where the unknowns remain in a fixed ratio to one another, are called
in dynamics normal solutions.

The reader should now verify, by the method of § 1, that the
system (1) is equivalent to a normal canonical system whose order is
equal to the degree of A(D). If the determinant vanishes identically,
the system may be replaced by a smaller number of equations and so
is indeterminate.

The method cf indeterminate coefficients is equally applicable
when the characteristic equation has equal roots, but the discussion
of the linear equations corresponding to (5) becomes very laborious.
In certain cases the cquation (2) can be simplified; for if A,_,(D) is

then the reciprocal determinant |-

the H.C.F. of all the first minors of A(D) = |F, ;(D)], we may divide
those minors by A, _;(D) before we operate on ( 1), and so we have
A(D)
il Sl S PY R k=12..,n).
[l =0 @=n2em ©

But the problem can be very much more clearly treated by
simplifying the given system (1). The proeess is a dircet application
of H. J. S. Smith’s canonical reduction of a matrix of polynomials.

Equivalent Systems. We employ two kinds of transformations,
both of which are reversible. We may replace two equations
(@, = 0 = ®g) by an equivalent pair {®,+ F(D)Dg == 0 = (Dﬁ} where
F(D) is any lincar operator with constant coefficicnts, since cither
pair implics the other. This process is called reduction by rows of the
matrix {F;;(D)}. Or we may replace two variables (y,, yg) by

{ya ya‘*‘I' (D)Jﬂv Jﬂ = "/ﬂ}
since either pair can be written in terms of the other. This is called
reduction by columns.

Our object is to reduce the system to be solved to as few equations
as possible, and, failing this, to reduce to a minimum the degree of
the lowest operator in the matrix. If any operator is a constant other
than zero, the accompanying variable can be explicitly written in
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terms of the others and climinated from the system. Every such
opportunity of elimination and reduction of the system is to be
seized. Suppose now that every operator actually involves D. We
pick out the operator of lowest degree, and look for another operator
in the same column not exactly divisible by it. For example, if

F1(D) is the lowest operator and ¥y, = QF,,+ F¥, where F¥(D)is of
lower degrec than F,;(D), but not identically zero, we replace P, =0
by [®,—@Q(D)®,] = 0; the new matrix will have at least one operator
of lower order than before. 1f the lowest operator is a factor of cvery

operator in its column, we make all of them identical and obtain a
system of the type

M(Dyy,+ 3 GyDy; =0 (G =1,2,..,a), (7)

j=2
where no operator is of lower order than M (D).

Suppose now that one of the operators is not exactly divisible by
M(D), say Gho(D) = M(D)Q(D)--G%(D), where G¥%(D) is of lower
degrec than M (D) but not identlcally zero. Then the matrix can be
reduced by columns on taking [, -+ Q(D)y,] as a new variable instead
of y.. If, however, every operator in (7) is divisible by M(D), we
climinate ¥, from all equations except the first and write

ﬂ[(]))zl = JI(I(D)[y1+H2(I))y2"{‘*‘Iin(D)yn] —0,
S M(D)H(D)y; = 0 (i = 2,3,...,n). (8)

The first equation need not again be disturbed. The remaining set
may be reduced in the same manner as before, and we shall finally
obtain a system of the type

By(D)z =20,  Ey(D)y = ey B (D)2, =0, (9)

where each operator K (D) is divisible by the one preceding it. The
old variables (y;) can be expressed in terms of the new variables
(2;) and vice versa. If kof the original unknowns have been eliminated,
the number of equations in the system (9) will be only (n—£%); or we
may supposc that Ky(D)=1 (= 1,2,.,k), so that the first %
equations give the explicit formulae for the eliminated variables.

We have now only to write down the complete primitives of the
equations (9) for (2;) and to introduce these expressions in the
formulae giving (y;) in terms of (2;). The method of indeterminate
coefficients is not required.
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Invariant Factors. At each step of the reduction, we have merely
added to one row or column of the matrix (¥;;(D)) a certain multiple
of another. This leaves invariant the determinant A(D) = [F;(D)|;
but much more than this is true.

Let A;(D) be a polynomial in D (with the highest coefficient unity)
defined as the H.C.F. of all Z-rowed determinants of the matrix
(F;(D)). If Af(D) is the corresponding H.C.F. after an clementary
transformation, it is easily seen that every new k-rowed determinant
is divisible by Ay (D); hence A¥(D) is divisible by A,(D). But the
process is reversible, so that A (D) is divisible by Aj(D), and therefore
AR(D) = Ay(D) (k= 1,2,...,m). But these invariants {A(D)} can
be written down by inspection of the reduced canonical matrix

ED)y o0 .. 0
0 BD) .. 0 | (10
o0 . 1«3,,(1))

Since I;,,(D) is divisible by E,(D), every k-rowed minor which
k

does not vanish identically is divisible by J] £(D). If the highcst
i1

coefficients in {#;(D)} arc reduced to unity, we have therefore
A(D) = Ey(D)Ey(D)... (D) = Ay (D) E (D). (11)

Hence {E;(D)} are likewise invariants of the original matrix; these
expressions {£,(D)} are called its invariant factors. They can be
found by rational operations, without solving the characteristic
equation A(d) = 0.
EXAMPLES. 11
1. HeavisiptE OpPErATORS. Verify tho formulao
P np

B Ll gine, . -~ = COS A,

_ e 5 == sinar
pP—1in piint ’

Pt -n?

--;_,;}-) —f(¥) == fcos n(x—1)f(t) dt,
pitn :

172_-%&—"4(‘”) = jSin n(z—t) f(2) dt.

2. (i) The solution of F(D)y =: 0 determined by the initial conditions
y=0, Dy=0, .. Dviy=0 Dirly=],
when z = 0, is y::—i,p—.

@)
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(ii) The solution of F(D)y — f(x) determined by the initial conditions
y=0, Dy=0, .. Drly-—0,

1
hen 2 = 0, is = —— f().
w Y= T @
3. The solution of F(D)y = 0 determined by the initial conditions
Diy = p), when @ =0 (¢ == yn—1),
is y = P)— 1,, [F (D)P(2)],

(n-—l)!'

where P(z) = 77‘°)+7)“)—- + 'q‘”’ -—, + B K
4. Verify that
1 =T @) = f dt f f(s)D(,1,8) ds

(r*—
T
= f f(s)ds f O(,1, ) dt,
0 8 >
—f\n— n-1
where O(,t,8) = 6‘1*2“"(? 2 ):E:z——q;)' ;
and also that
T 1
8)e* (2 —g)n-1 deJ‘ fue—syn=1(] w1
1" f T IY) e u(1—u) u.
(P*—1) J )!(n—1) J
5. Kxpress as integrals
o gy g @), e fla)
(P—ay™p—p """ (@*—2peosf+1)» " [(p—afHp
1 1 1
(p2"4-1 )f (@), (p¥r+i41 ')'j (@) (p*"—2p™cos 2nf+ l)f(

6. If R(p) is a rational function, whose denominator is of degree not lower

than the numerator, show that
e R(p) = R(p —ax)e** —=

Hence prove by induction that
o (En=Iip
(P*+12)(p*+3%)..{p*+(2n—1)*}

(2n)!

(0*-F22)(P*-F 4)...(p*+ (2n)}
[H. V. Lowry, Phil. Mag. (7) 13 (1932), 1033-48, 1144-63.]

7. Verify Lowry’s formulae by showing that y = sin?*~!z satisfies the
equation

Bp—a)p
(p—a) °

= sin?"lg,

= sin?"r,

(D*+13)(D?+-8%)...(D*+(2n—1)%y = O,
with the conditions
Dy =0 (¢=0,1,.,2n—2), D-ly = (2n—1)!,
when 2 = 0.
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8. A sequence of Lcgendre trigonometric polynomials is dofined by the

relations Fy(coszx) = 1, Pi(cosz) = cosz,

(n+1)F,,,(cosz)—(2n+ 1)cos zPy(cosx)+nP, ;(cosz) = 0.
Verify the formulae ” B +42).. (2
*+ +42)...{p%+(2n)?
Fon0082) = e 304 5 (o 1)
- PP R0 4-3%).. (p? - (20— 1))
(P4 2%)(p*+42)..{p*+(2n)3} ~
(B. van der Pol, Phil. May. (7) 7 (1929), 1153-62; 8 (1929), 861-98.]
9. BoreL’s RErATION. If the Heaviside operators {F(p)}, generating
ordinary power-serics { Ji(x)}, are connected by the relation

Fan(cosz) -

1
F(p) = s Fo(p) (),

x
then £H(@) = [ filz—nfyt) ar.
0
10. Show that
T an2h
f By, {cos(x—t)}sin2r~1¢ dp -~ ‘S-!gn‘% [Lowry.]
0

11. Cavcny’s METHOD. If F'(z), G(z) are polynomials of degree n, m re-
spectively (m < n), and if C is a contour enclosing all the zeros of F(z), show

that AP) L [
F(p) — 2 F(z)

c

' L f o, 42
Fpy @ = Ei;ff(f) dffet ) xS
0 ¢

[A. L. Cauchy, uvres (2) 6, 252-5, 7, 40-54, 255-66; C. Hermito,
Bulletin des sc. math. (2) 3 (1879), 311-25.]
12. Solve the simultaneous equations
(1) D = 2u—p—w (ii)) D - 2u-|-v+w
D = —u4-20—w ; D* — u4-20+4+w
D> i~ —y—v+42w D*w - u4v--2w

dz,
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9. Linear Operators
Operators with Variable Coefficients. IF we write

Pz, Dy = | 3 py = 3 p@)Dr-ry, (1)

the expression F(x, 1) is called an ordinary linear differential operator.
If {¢(x)} are functions of z, differentiable sufficiently often, and (c;)
are constants, we have
D™($14-¢2) == D"y + D74, }
Dm(Y cidy) =3 c; Dmg,.
By combining such relations, we have for any operator F = F(z, D)
ofthetype () gy tg) = Py Ph, }
F(3Xeid)) =23 c; F;.
But it is not in general true that FG¢ is the same as G F¢, for distinct
linear operators F, (.

2
(3)

Division and Factors. Operator polynomials in D have many
analogies with ordinary polynomials in a variable. Consider two

OPerators b @)Dy (@)D p, (2), }
G = (IO(“L‘)‘Dm—*_QL(x)Dm—l'*— . "+qm(x)’
where m << n. Let us form the expression
Fy—[Ay(x)Dr-m4- A (x)DP-m-14-, .+ 4, _,.(2)]Gy, (5)
and let us determine successively
Ao = Polq0s
Ay = {p,—Aoq1—(n—m) A, Dgo}/q,, (6)

(4)

so that the expression (5) shall have no term in (Dy, Dr-1y,..., Dmy).
We see that {4;(x)} are uniquely determined. and we have a relation

Fy = QGy+ Ry, (7
where @ = > A, D"~ and R is an operator of order not exceeding

(m—1). These are analogous to the ordinary quotient and remainder

of two polynomials.
4064 F
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If we know m (< n) linearly independent solutions of Fy = 0, let
the equation satisfied by them be

— W1 bars b ¥) _
W W o) ®
If we construct the identity (7) and substitute for y the solutions
(#1; Pose-.s Py), We have
‘R¢1 BOD"' -1¢'z+ +Bm 1¢L =0 (7’ == 1:"’» ’m)’ (9)
and since W(g,,da,...,d,,) 7 0, these give
B;=0 (:=0,1,..,m—1).
Hence the relation becomes
y = QQy, (10)
so that (7 is an ¢nner or right-hand factor of the operator F. We can
thus break up the equation into the pair
' Qz =0, Gy = z. (11)
The first equation is of order (n—m); and, when it is solved, the
second is soluble by quadratures, by the method of variation of
parameters.

Highest Common Factor. To discover whether two given equations
have any common solutions, we use a process of Brassine analogous
to the extraction of the H.C.F. of two polynomials. Let (£, F,) be
two given operators, of which the former is of the higher order; we
construct a sequence of operators (F;) of steadily decreasing order
ny > ny > Mg > ... > ny, in accordance with the scheme

F, = Q, F,+ F,,

F, = Qo F+1' (12)

k-1 = Qk 185 (1’1.+1 = 0).
After a finitc number of steps we must have )., = 0; and the last
operator which does not vanish identically is an inner factor of all
the preceding ones, since

By = Qratis Fo= (@42 Qry+1E,... (13)
But, on the other hand, each of these operators can be written as
F, = (A;F,+ B, F,); for we have
¥y =F—-Q,\F, Fy, = —Q Fi+(14-Q, Q) F,,.... (14)
From the identity
Ly = A Fyy+ By By, (15)
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we see that every solution common to (F£;y = 0, F,y = 0) must also
satisfy F,y = 0. Hence F is the highest common inner factor of
(B, Fy).
Jonsider now two non-homogeneous equations
Ky =fi@=), Fy = fy(). (16)
This system is in all respects ecquivalent to the pair

Fyy = fy), By = fi(x)— Q1 fo(x) = f(z), say, (17)
where Fy = (F,— @, F,) as in (12); for we can deduce cither pair from
the other. Thus the original system can be replaced successively by
the pairs

Fy=f),  Fay=fia@) G=23..8.  (18)
But, since #,,, is identically zero, the last equation necessitates that

fr 11(2) should be identically zero, for otherwise the equations are in-
compatible. This means that

Jer1(®) = A f1(@)+ By folz) = 0, (19)
is a necessary condition for the compatibility of the system. The
condition is sufficient; for, in the kth equivalent pair (18), one equation
is merely 0 = 0, so that the system is effectively equivalent to the

single condition Py = f,). (20)
Least Common Multiple. Let the operators (#}, F,) have no common

inner factor; and let us expand as linear homogenecous functions of
(Dy) the (ny +ny,+2) expressions

DiFy (=0,1,..n), Dily (j=01,.n). (21)

These (n, +mn,+2) linear forms, homogeneousin (n, +2,+ 1) quantities
(y, Dy,..., D'stmy) must be connected by an identity

My = 3 @)Dy = 3 Bi(x) D'y, (22)
< 7~
or My =Y Fy =Y, Fy, (23)

where (V,, V,) are operators of order (n,, n,) respectively.

The equation My == 0 is satisficd by any solution of either Fiy = 0
or F,y == 0; so that the operator M is analogous to the least common
multiple of two polynomials. The relation (23) is equivalent to the
one expressing that the last remainder in the H.C.F. process is
Fin = 4p F+ By F, = 0.
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Again, if the H.C.F. of (¥, ;) is of order n;, == v > 0, we have
1y = Gi(Fy) = Gy, } (24)
Fy = Gy(Fy) = Gz,
where the operators (G, @) are of order (n,—v,n,—v). By the same
method, we now obtain anequation My == 0, of order only (n,+n,—v),
which is satisfied by every solution of cither equation. Conversely,
if we have an identity (23), where (1}, ¥;) are only of order (n,—v,
n,—v), the given equations have v common solutions. For let
{¢:(x)} be n, linearly independent solutions of F y = 0. We have
then Y [Fdi@)] =0 (i=12,.,n,), (25)
and so {¥, ¢,(x)} are all solutions of an equation of order (n,—v). Since
not more than (n;—v) of the expressions can be lincarly independent,
we must have v relations of the type
Ny
Eydi(z) = 3 cyby(x) (=1,2,..,v), (26)
j=v+1
where (c;;) are constants. Hence the simultancous equations
(Fyy = 0 == F,y) have v common solutions

Y= 951'(9«')_5:2—10:‘1'95}(%) (6= 12..v) (27)

If we erase the last (v+1) derivatives in each set (21), we have
(»y+mny—2v) expressions linear and homogencous in z = K,y and
its first (n,+n,—2v—1) derivatives. If these expressions are not
linearly independent, we can construct an identity showing that
(@42 = 0 = (,2) have a common solution other than zero, contrary
to our hypothesis that F) is the H.C.F. of the given operators.
We can therefore solve for z from the (n,--n,—2v) linear expressions,

and write 2= A, G 2+ B, Gz, (28)
where the operators (4,, B,) are of order not higher than (n,—v—1,
n;—v—1). This is equivalent to the identity (15), and indicates the
order of the operators concerned.
10. Adjoint Equationst

Equations of the First Order. We can readily solve the equation

Dy-+p(a)y == f(x) (1)
by an appropriate use of the identity
D(yz) = o[ Dy+p(x)y]+y[ Dz—p(x)z]. (2)

t G. Darboux, Théorie générale des surfaces, 2, 112-34; M. Bdcher, Legons sur les
méthodes de Sturm, 22-42; F. B. Pidduck, Proc. Royal Soc. A, 117 (1927), 201-8.
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Let y be indeterminate, but let z be chosen so that

Dz = p(x)z, or z= exp[ f p(z) dx] = %@ say,

Then we have, on multiplying (1) by z, .
Dem@y] —= emf(z), (3)
and so €Wy == f e®Df(x) de - C. (4)
But, conversely, we may leave z indeterminate, and choose y, so that
Dy == —p(x)y, or y = e, We can then solve any cquation of the
form De—pla)z = g(), %)
by writing it as D]e—=Wz] = e~og(x), (6)
so that ey == f e~y (x) de 4 C". (7)

There is complete reciprocity between the pair of equations
Dy-Fpr)y = 0, Dz—p(x)z = 0, (8)
the solutions of either being integrating factors of the other. Such
cquations are said to be mutually adjoint.
Adjoint Canonical Systems. The more general identity

])Lilz_lyizi] :S:lZi[j)y.:*jglaﬁ(-”).’/j]‘f‘ig yi[])zi_*"jilaﬁ(x)zj]’ (9

Fiom
suggests a similar reciprocal relationship between the two homo-
geneous systems

n
(Sx Dy; *—I_}_,la,-j(cl‘)yj,
) n
(Eﬁ) [.)Zl- = Azlllj[(-l')zj.
j=

If (y;) are indeterminate, but (z;) satisfy (%), the first group of terms
on the right in (9) becomes an exact derivative; conversely, if (z;) are
indeterminate, but (y;) satisfy (S¥), the second group becomes an
exact derivative.

Lagrange’s Adjoint Equation. Consider the identity
D[poz?/n+zlyn—-1+"'+zn—1yl‘l
= zll’o ])yn +p1 yn_{_1)2 yn—1+ e '*—pn yl]+
n_-1
+ ,zlzl'[Dylhiﬁyu - i+1]+[1)(p02) —P Z+zl]yn+
1=

+[1)z1~p2 z+z27'yn —1+ e "’"
-" [‘Dzn—f"puﬂ z+zlt‘l]y2+[l)zﬂ-l—1)ll z]yl' ( IO)
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Let us write y; = Di-y (v = 1,2,...,n) and also put

2y = p12—D(pg2),
9 == DY el D <)
2y == Pp2—D(p,2)+D¥(pyz) (11)

Sp-1 = Pn—1z“D(Pn—2z)+'--+(_)"_ID"_I(%Z)'
so that only y and z remain indeterminate. If we put

Fy = py D"y-+-p, D"y +...4+p, v, (12)
Fz = (=)D (p2)+ (=) DY py2) bk pyz, (13)
the operators F, F'* are said to be adjoint to one another, and we

find the identity
2Fy—yF*z == DW(y,z), (14)

where ¥ (y, 2) is the biltnear concomitant
W(y,2) = pozD"-'y+
+ [plz — D 1)o~)]f)""“J+

+[m 12— D(p,,_o~)+ —H——)" D= 1(1’0")]!/ (15)

The same method of interpretation shows that cvery solution of

F*z = 0 is an integrating factor of Fy = 0, and vice versa. To show

that F**, the operator constructed from £* by the same rule as ¥'*

was formed from F, is identical with ¥, we need only write down the
identitics 2 Py—y F*z — DY (y,7),

Jioe e D) | (10

which show that
A Fy—F**y) = D[¥(y,2)+1*(zy)] (17)
is an exact derivative, identically in  and z. But this is impossible
unless both sides vanish identically.
Composite Operators. If (£}, F¥) and (£, F¥) are pairs of adjoint
operators, we have
2by—yF3z = D¥y(y,?), }
hence  a(B+R)y—y(Fi+Fiz = D%w.)+%w2]  (19)
Thus the operators (F,+ F,, F¥-+ F¥) are also adjoint to one another,

and similarly for the sum of any number of operators.
Again, write F,y instead of y in the first identity, and F¥z instead

(18)
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of z in the second identity of (18); adding the results, we have the
identity
aby Boy—yFy Iz = D[Yy(Fy,2)+Yaly, FT2)], (20)

showing that the products (F F,, F'§¥ F¥), with the factors reversed,
are adjoint operators; and similarly for any number of factors.

When two equations (Fjy = 0, F,y = 0) admit v linearly inde-
pendent common integrating factors, their adjoints have v common
solutions; hence they can be written

F¥z = GfH*2 =0, F¥z= G¥H*: = 0, (21)
where H* is of order v. The original equations are therefore
(HGyy == 0, HG,y = 0). By a process parallel to Brassine’s, it
would be possible to extract directly the highest outer common factor
of two operators.

11. Simultaneous Equations with Variable Coefficients

Reduction to a Diagonal System. The procedure of §8 can be
applied to the reduction of systems with variable coefficients, pro-
vided that we take account of the presence of non-commutative
operators. Consider the system

n
O, = Fy;,—0 (i=12..,n), (1)
i1

where (£;) are operators of the type

F = ag(w)Dmd-ay(z) D1 4.+, (2), (2)
whose coefficients are differentiable as often as may be necessary in
the course of the reduction. Our object is to reduce the system to be
solved to as few equations as possible. If therc is any operator F,g
which does not involve D and is not identically zero, we can solve
®, = 0 for yg and eliminate yg from the remaining equations. It will
be assumed that every opportunity of thus reducing the system is to
be taken.

If every operator present involves D), we pick out the one of lowest
degree, say Fy;, and look for any operator in the same column which
does not admit F; as an inner or right-hand factor. Suppose
Fy = QF )+ F¥, where F¥ is of lower degree than £}, but not identi-
cally zero. Then on replacing @, = 0 by [®,—Q®,] = 0, the matrix
will be reduced by rows to one having an operator of lower degree in
D. If every operator in the first column is divisible on the right by
F,, we look for any operator in the first row which does not admit
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F,, as an outer or left-hand factor. Suppose F,, = F,; Q-+ F¥, where
Ff, is of lower degree than F; but not identically zero. Then on
taking [y,+ Qy.] as a new variable instead of y,, the matrix will be
recuced by columns to one having an operator of lower degree. 1f an
operator of degree zcro appears at any stage, we at once climinate
a variable.

If the lowest operator is an inner factor of every operator in its
column and an outer factor of every operator in its row, the system
is of the type

®, = Fu[!/l‘i‘ E Aj?/:‘] =0,
e

n
D, = Bilf’uyl—i—.%lf}jyj —=0 (1==23,..,n).
=

The first equation may be written as Fy; z, = 0; and we can eliminate
y, from the others by taking the combinations
O, —B,d, =0 (:=2,3,..,n).

Proceeding with the reduction of the latter set, we ultimately obtain
a diagonal system

Gz, = 0, Gy2y = 0, ey Gz, =0, (4)
where the old variables (y;) are expressible in terms of the new
variables (z;) and vice versa.

(3)

Analogues of the Invariant Factors. The reduction (4) is not so
complete as that of a system with constant coefficients to the
canonical form. But it forms a convenicnt intermediate stage, after
which the equations may be examined two at a time. Any pair
(Gy z; = 0 = (yz,) can be further reduced, unless the lower operator
G, is both an inner and an outer factor of G,, or unless

G, = G0, = G, G¥*,;
this need not imply that G, is of the form @G, HG,, as is obvious by
considering operators with constant coefficients.

If G, is not an oufer factor of G, we can write

G 2+Gyzy = 0, Gyzy = 0; (5)
this system is reducible by columns.
If G, is not an inner factor of G, we can write z, == z,-+2¥, and the
st
system Gz, =0, Gy2,+Gy2¥ = 0, (6)

will be reducible by rows.
After a finite number of steps and eliminations we must arrive at



Chap. 11T, § 11 SOME FORMAL INVESTIGATIONS 41

a system where every pair of operators fulfils the conditions. Arrang-
ing the operators in order of ascending degree, the system will be of
the type

H,w, = 0, H,w, = 0, s H,w, =0, )

where H,,, = H¥ H, = H HI}¥,. In other words, the (k-1)th
equation is satisfied by every solution of the kth, and admits every
integrating factor of the kth equation.

Generally speaking, two equations taken at random would have
no common solution. We could then construct the H.C.F. identity
[K,G,+K,G,] = 1, and the equation satisfied by any solution of
either equation, Lz = 0, where L = PG, == P,G,. The gencral
solution of Lz = 0 is 2z == z,-}=z,, where (2, == 0 and G, 2, == 0. But
we can also express 2, and z, in terms of z, for we have

7 = (K G+ Ky Gh)zy = Ky Gy2y = Ky Gy(2,+2,) = K, Gy, (8)

and similarly z, = K, G, z.

Conclusion. In certain investigations therc is a gain in symmetry
and clarity in considering a normal canonical system; and we have
seenin § 1 how every equation or system can be reduced to that form.
But in studying the permutations of the solutions of an analytic
system, it is obviously simpler to consider a set of » analytic functions
(and as many derivatives as we please) than an array of »? functions,
the former being a fundamental system of solutions of a single
equation, and the latter that of a normal canonical system, both
of the same order n. Knowing how to replace any analytic system
by single equations, cach involving one unknown, we need only
examine dircctly the properties of the solutions of a single typical
equation with analytic coefficients.

EXAMPLES. IIL
1. WRONSKIAN DETERMINANTS. If ¢i(r) . $;{0(t)} - xi(t), prove that

dt tu(n—-1)
'Vx(¢1’¢2w-s¢n) = ((i‘l‘) WilX1s Xase0s Xn)-

2. If A is any function of @, provo that

WoAd1sAdgseisdpy) =- AWy, bavenns ).
Hence show that, if ¢, 7 0,

Weldsr Barmer ) — '1'WJ-[D(%:),D(%;’),...,D(i-’—’:)].
4064 G



42 SOME FORMAL INVESTIGATIONS  Chap. 1II, Exs.

3. If m < n and Qy = D™y+-q, D" 1y-...-l-¢,.y, show that the elements
of a column of W(¢,, $,,...,¢,) may be roplaced by
¢i! D‘}‘i’ eosy Dm- 1¢5, (l¢i, DG¢;, ceey D"“’"—chﬁi.
Gy -: IV(¢1,¢2. s Pms )

IV(Sbv ‘%2! ¢m)
show that

W(ds bareer b ¥) = Widhts Paveees b)) W(G i1 Gy grener Gy Gy).

4. SymBoLic FAcTors or FrOBENIUS. (i) By considering the minors of the

determinant W(g,, da,..., hy, ), show that
D[ W (¢1’¢2’ ¢n 1Y) W“ﬁv‘lszf $a_1) W(?Slv‘/’zv ¢n, 71)_
W(bss Bareres bnrybu)] — (W (s baseres B )
i : Ny o V(B dy)
(i) If 5y -~ @y(x), m, W ¢1’¢;’ - (ﬁ'-l), deduce from the above that
u’(‘ﬁpfﬁb ¢11-7/) _ ,y)nD")n—-lD")n—_z D M .DL'/—

B:z putting

"’(‘ﬁvd"” ¢n) ’ _77-1) Nn—1 “.;7—2 771.
(iii) Show that the cquation
L plp lpy.
Qppr Gy oz
admits the solutions
Tr-1
$rl@) = o j y(iry) dary f () diry oo [ () dr,.
(iv) Verify that W(d1sasereshy) = = oM 1.axy,
w = T ])[ W(‘ﬁv‘f’ea ¢r-—2{¢r J
’ Mr—1 W(¢1’¢2- ¢r—2’¢r—l)
<4 P
5. If Fy= pilp. lp¥,
Cry1 O G 0y

—)r 1 1 z

pre SV p 1 p Lp
Xperil  Op-ryz Xy Opgy
show that F,y - 0 and F¥z = 0 are adjoint cquations, and that their bi-
linear concomitant, is

n-1
T(y,2) = TEO(F,._r_x YNLY 2). (DarBoUX. |

6. A self-adjoint cquation of even order may he written

1 1 1 1
—D—..D—D ———D D D—: 0,
¢1 962 ¢n ¢1H—1 ¢n ¢2 ¢1
and one of odd order
1 1 1 1
—D...—D ., —D-- —-D~—=O
$1 Tdn P ¢n+1 “éy b

[FroBENIUS; DARBOUX.]

7. Verify that the following equations are sclf-adjoint (except as regards
sign): 1 1/
(i) ii) D"fDny = 0,

3 ¢ ( fDry
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(iii) DDty 4 DutifDny — (), (iv) fry4-1F*y = 0,
(v) FEfFf*y -- 0, (vi) FfDfF*y = 0,

where (¢, f) are functions of z, and (F, F*) arc adjoint operators.

8. If Y(y,z) is the bilinear concomitant of a self-adjoint equation of order
n, Fy = 0, then Y(y,y) == 0, if n is oven, and ¥(y,y) -= 2yFy, if nis odd. By
writing (y+Az) for y, show that, if yFy is an cxact derivative, n is odd and
Fy is self-adjoint, [DArBoOUX.]

9. If ¥y = pyD**y-|-p, D>~y 4-...|-py,y = 0 is sclf-adjoint, Py = nDpg,
and [Fy—D"pyDty] = 0 is also sclf-adjoint. Henco show that the most
general sclf-adjoint oquation of even order is of the form

Dn¢o D"y‘}‘Dn_lﬂl’l Dn—ly_l_m f“//n?/ — 0,
and that of odd order is of the form
—i [D”“it/l.-D"‘i+‘y~}- Dn-i-f—ll/,‘])n-iy] - 0.
=0 [JAcoBI; DARBOUX.]
10, If I = i (")a,- Dr-iand B* - i

1 ; -
(7 )b;D"“ are adjoint operators, show
=0
that

) W=0\2
ay = by,

a, = Dby—b,, b, = Day—a,,

ay — D?y—2Db,-+-b,, by = D?ay—2Da,+a,, cte.

1L If y; -= () (4,7 -+ 1,2,...,n) is a fundumental systemn of solutions
of u normal canonical homogeneous system, and A — |$,(2)|, then a funda-

mental system of solutions of the adjoint system is z; — 0;(x) = % ’:?-‘f%j , and
there is complete reciproeity between the two systems.

12. If {$i(2)} is a fundamental system of solutions of a homogeneous equa-
tion of order n,and W — W(d,, ds,..., ¢,), then () = 1 oW arc integrating

W ogn—n
factors. Verify the rclations
n
S 0@ Dig2) =0 (=0, Lpn—2), 3 B@)Iiha) = 1,
i=1 =1

and by means of these and their derivatives prove that

WO Ores ) W (B bareenb) = 1,

and hence that {f;(x)} arc linearly independent.

13. Show how the order of a system or of an equation can be depressed by
m, when m independent solutions of its adjoint are known.

14. In a sclf-adjoint normal system, a;()-}aj;(x) - - 0, und.% Y7 == con-
stant, for all solutions. ot
16, Solve by means of an integrating factor
(1 —22)D% -} (2 —522) Dy —4zy = 0.
16. If p, A are constants, show that the equation
Dy [p*—M()ly — 0,



44 SOME FORMAL INVESTIGATIONS Chap. III, Exs.

with the initial conditions y +- A, Dy = B, when z — 0, is equivalent to the
integral equation

y = A cospz-|- ?sinpxﬁ—:—: f sinp(e —e)(t)y(t) dt.
0

If M) is continuous and small comparcd with p in the interval (0 — = < X),
show that the cquation can be satisfied by a scrics

Y = (L) -FAuy(r) FAug(r)--... [L1ouvILLE.]

17. AprELL’S THEOREM. If {$,(r)} is a fundamental system of solutions of

& homogeneous equation, any polynomial in {Dig(x)} which is merely multi-

plied by a constant, when {¢(x)} is replaced by any other fundamental system,

is of the form [W(g,,d,....$,)1FP, where P is a function of the cocfticients of

the equation and their derivatives.
[K. Picard, Traité d’analyse, 3, 541; L. Schlesinger, Handbuch, 1, 40.]



v
EQUATIONS WITH UNTFORM ANALYTI(: COEFFICIENTS

12. Group of the Equation

Analytical Continuation. Let us now suppose that the coefficients
of the equation

(£) Dry+p (@)D" Yy +...kp,(x)y = 0

are uniform analytic functions, having only isolated singularities in
the complex planc. By §2, every solution y == ¢(x) is analytic, and
its only singularitics in the finite part of the plane are at singularities
of the coefficients; but ¢(x) is not in general single-valued.

To examine this question, we draw any closed circuit I of finite
length, beginning and ending at an ordinary point 2 -= ¢, and not
passing through any singularity. We can apply the process of ana-
lytical continuation simultancously to the coefficients and to the
solution ¢(x), which will continue to satisfy (#*) identically. For if
we expand the solution and the coefticients in Taylor series of powers
of (x—¢§), convergent in a circle €, and if x == ¢’ is any point in C, we
can rewrite ¢(xr) and {p,(x)} as Taylor series in powers of (x—¢’), con-
vergent in a circle ¢”. In the region common to the circles (C, (")
the two sets of expansions take the same values at every point, so
that the second set of power-series satisfy (£¥) identically; and they
will continue to satisfy the equation in the entire circle of convergence
(", which will in general extend beyond C.

After completing the circuit, the coefficients {p;(x)} resume their
original forms as power-scries in (z—¢), being by hypothesis uniform
functions; but ¢(x) nced not resume its original form, though it will
be some solution, ®(x) say, of the equation. To trace these changes,
the process of analytical continuation must be simultancously applied
to all the solutions of a fundamental system {¢,(x)}, which assume
the new forms

n
() :_Zla’ij‘/’j(‘v) (t=1,2,.,n), (1)
is
where (@;;) are constants.

Determinant of the Transformation. The determinant 4 = [a;|
cannot vanish; for this would imply a linear relation ¥ ¢;®(z) == 0
between the new forms; and, on returning along the same path, we
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should have ) ¢;é;(x) = 0, contrary to the hypothesis that {¢,(x)}
are lincarly independent. The determinant 4 was evaluated by
Poincaré. We obtain from (1) by differentiation
L] n .
Dk(pi(x) = .zlaijbk(ﬁj(x) (Z = 132:---)7")’ (2)
i=

so that the derivatives of the set {¢;(x)} undergo cogredient transfor-
mations. By the multiplication of determinants, we now have

”’((Dl’(pzv"'xq)n) = AW(dy, bas- b.)- (3)
But Liouville’s formula gives

W(@) = W gy, by ) = W(f)exp[— [ 2 ,;t], (4)
£

and after a complete circuit W (z) is multiplied by
A = exp|— [ py@) dz], (5)

the contour integral being taken once round I'. If p,(x) is holo-
morphic inside the contour, we have 4 = 1.

Group of the Equation. Let I and I}, be two closed circuits start-
ing from the same base-point x = ¢; and let (a;;) and (b;;) be the
matrices of their respective transformations, for the same initial set
of functions {¢;(x)}. If the functions are continued around the com-
bined circuit in the order I I, the matrix of the new transformation
is the product (c;;), where

n
cif = Z al‘kbkj (1':.7 = 1: 2)'--’”‘)- (ﬁ)
k=1

This product of matrices is not commutative, for we must take the
rows of the matrix belonging to the first circuit with the columns
of that of the second. All the linear transformations belonging to
every possible closed circuit form a group, called the group of the
differential equation.

If there are m winding points in the finite part of the plane, every
closed circuit can be deformed without crossing a singularity into a
sequence of standard loops, cach starting from the basc-point and
encircling one singularity. The m transformations belonging to these
loops are a set of generating operations of the group, in terms of
which every matrix can be expressed.

Riemann’s Converse Theorems. A set of n linearly independent
analytic functions with isolated singularities, which admit a group
of linear transformations with constant coefficients for all closed
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circuits, must be a fundamental system of solutions of a linear
differential equation with uniform coefficients. For by virtue of (1)
and (2), every n-rowed determinant of the array

[$o Ph s D44 '
b Dégy ..., D"d’z‘; (7)

B Dby o D,
is multiplicd by the same constant 4 % 0, after continuation about
a closed circuit. Hence quotients of these determinants are uniform
functions of . But in the equation formally satisfied by the given

functions W (1 baseor b ) _ o )
u/((f’ls ¢’7 (l’n ’

every coefficient is a quoticnt of this kind; so that the coefficients of

the equation (8) are in fact uniform.

Every sct of functions {i;(x)} which undergo cogredient transforma-
tions with the set {¢,(x)} for all closed circuits can be written in the
form

‘/’z(x) = Uy ¢i(x)+ull)¢i(x)+---+un—1 D"‘lgb,‘(x) (& = b 2)-"’ n)a (9)
where (u;) are uniform analytic functions. For since we assume that
{$:(x)} arc linearly independent, we have

W (G1s busees ) # 0, (10)
except at isolated points. Hence (u;) are uniquely determined by the

equations (9), each of them being the quotient of two n-rowed deter-
minants of the array

“?51» Déyy oy DNy, iy

n-1 i
“462, Dy, ooy Dy, m!; an
il

¢n! ])¢1:’ A Dn—1¢n’ ‘/Jn
By hypothesis, the clements of cvery column of this array are co-
gredient; and so each n-rowed determinant is multiplied by the same
factor A s 0, corresponding to a given circuit; therefore the quotients
(u;) are uniform analytic functions.

13. Canonical Transformations

Characteristic Determinant. With a view to simplifying the trans-
formation n .
(Di(x) = zlaij¢j(x) (7' = l: 2:"': n) (l)
) =
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corresponding to any selected circuit T, we may look for solutions

Y = 141 (@)FCah5()+... ¢, hy(2), (2)
which are merely multiplied by a constant. Since we are to have
[ 3 ccu)] = A 3 i), (3)
we find from (1) and (3) the identity
n n 7{;
Lgl ngf’i" i 9”;(4‘)] = }\[)2.1“; ¢‘j(ib‘)]; (4)

and, becduse {¢;(x)} are lincarly independent, this implies that
n )
ig'loia["j = A(‘f (.7 =1, 2,-.-, n). (5)

If this system of equations for (c;) is compatible, A must satisfy the
equation

i“u—"\, A1y ey Oy

I Ay Ayy—A, (%) .

An(’\) = = 0, (b)
Qins ay,, eery "nn—_A

which is called the characteristic equation of the matrix (a;).

Evidently no root can be zero; for we saw in § 12 that the deter-
minant A = |a;;| +# 0 in the present problem. Kach root gives at
least one linear form (2), and k& such forms (yy,¥s,...,¥;) belonging
respectively to unequal roots (A, A,...,A;) are linearly independent.
For suppose they were connected by a linear relation

eyt = 0. (7)
After s complete circuits this relation is transformed into
N Y F A Yot ALy, = 0 (8= 1,2,...,k—1). (8)
But since (};) are unequal, we have
1, 1, .., 1
A Ay e A

2

#0, (9)

N1 Me-1 0 Xkt
so that the relations are incompatible and so the coefficients (c;) are

all zero.
Accordingly, when the characteristic equation has » distinct roots
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we get » linearly independent combinations of {¢,(x)}, forming
a new fundamental system, which undergoes the canonical trans-
ormation
I },c =Ny, (t=12..,n). (!0)
’
Invariants. The numbers (A;) must be independent of the choice
of the original fundamental system {¢;(x)}. For a canonical solution
y; has the same multiplier A;, whether it is expressed in terms of
{$:(x)} or of some other fundamental system {f;(2)}, which under-
goes the transformation

ﬂ(yngug( (i = 1,2,.,n). (11)

Hence A; must be a root of the characteristic equation of the matrix
(b;;) also.

To prove this algebraically, let us suppose that the two systems
are connected by the relations

Pi(x) = 2 cipir) (E— 1,2, m), (12)

j=1

whose determinant C = |c;| #% 0. In terms of the first system,
(11) may be written

Z (.u (Dj z z bu Cin ‘ﬁk(x (13)
and by (1) we have
2. 2(1)"11. ¢I| Z Zbljcjlx ‘f’l. (14)

These n relations between the independent functions {¢,(xr)} must
be identically satisfied, and so

i i“/m Gk = 1,2,...,n) (15)

Thus the matrices (a;;), (b;;), (¢i;) are connected by the relations
(ce)ayy) = (by)(ey). (16)

Let us write the two characteristic determinants in the forms
[u;| = [@;;—A8;l, (17)
[vg;] = lb;r‘)\sul: (18)

4064 H
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with the usual notation for the Kronecker deltas.

Chap.1V,§13

Using (15), we

write n
?L’ik = zlcu- ujk,
j=

5‘1

-z C:: @

i [/
= J )

n
== Z ()U Cjk‘_—Aka’

"’\ciks

i

We thus have (wy;) = (ci)(uy) = (vi;)(cy;). (20)

Now the determinant of the product of two matrices is equal to the
product of their determinants; so we have

Vi) Cpee (19)

e ]

[wi;| = legl. [ug;] = |vy, el where ci;| 7 05 (21)

Again, each s-rowed minor of |w;;| is a linear homogeneous function
of the s-rowed minors of |u ,.j[ or of [v;;], and vice versa. For instance,

(3
2 C1i %1 2 Clj'"’j'.’?
= j=1 !

Wy, Wiy
Way, Wag

n 7';
Cap g1 > iUy
=1 F=1

Uiy Ujas

Uiy, Uiy

Wjy, U

Cyis €y
1|Cp5 Coj

(23)
2

The converse follows from the

Si=1j -
and the method of proof is gcneral.
relations

(ugg) = (c5) M wyy) = (Ci)(wyy)s  (vy) = (Wy)egy)™ == (wy)(eyy), (24)
where (c;;) is the inverse matrix. The elements of a row in (cj;) are
proportional to the first minors of those of a column in (c;;); and we
have the relations

, 1 aC
Cij = 0 ’d‘c_':

n
Elcij ik = O == Z Cu Cjke

From the relations (23), the H.(,.F. of all s-rowed minors of
A,(A) = |uy;| divides every s-rowed minor of [w;;|; hence the H.C.F.

where C' = |c;;] # 0,
(25)
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of all s-rowed minors of |w,;| is also divisible by that of all s-rowed
minors of |u;;|. But, from the converse relations (24), we see that
the H.C.F. of all s-rowed minors of [u;| is divisible by the H.C.F. of
all s-rowed minors of |w;;|. Hence the two expressions are identical.
But a similar connexion holds between |v;| and |w;;|. If therefore
A,(A) is the H.C.F. of all s-rowed minors of the characteristic deter-
minant A,(}), it has the same form, whether it is calculated from
la;;—A8;;| or from |b;;—A3;;].

It is obvious that A (A) must be divisible by A,_;(A), the corre-
sponding H.C.F. of the (s—1)-rowed minors. We have already met
with the rational invariant factors

E ) = A,AQ)/A,1(A) (s =1,2,...,7n), (26)
in connexion with systems of simultaneous equations with constant
coefficients. These can be found by elementary algebraic operations
without solving the characteristic equation. If, however, the roots
of A, (A) are known, and we write

E Q) == A=A (A—2)%... , (27)
where (A, Ag,...)- are unequal, the irrational invariants {(A—A,)e} are
called elementary divisors of A, (}).

Following a less complete reduction by Jacobi, Jordan reduced
the most general lincar transformation to a canonical form, which
is the analogue of Weierstrass’s reduction of a pair of quadratic forms.
The canonical variables are divided into sets; cach set is transformed

independently of the others, and corresponds to one elementary
divisor of A, (A).

Jordan’s Canonical Form. Every linear transformation (whose
determinant is not zero) is equivalent to one or more mutually inde-
pendent ones of the type
U, = A uy, U= A(uy-uy), Uy = A(ug+ug), ..., Ug-=A(uy -Fu,),

(28)
where A, is a root of the characteristic cquation and (A-—A,)* an
clementary divisor.

If there is only one variable, we must have Y] == A, y, as the only
possible type of transformation, and the theorem is true. Assuming
its truth for n variables, we will prove it for (n+1). Consider the

transformation
n+1

Yi:jzlaijyj (¢ =12,..,n41), (29)
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and let X’ be any root of A, () = 0. We can construct a linear form

= Y ¢;¥;, such that Z = A’z. Without loss of generality, let us
suppose that ¢, ., # 0. We may then eliminate y,,, and obtain an
equivalent transformation in the independent variables (2, ¥y, #5,..-, ¥»)

Z = )Xz,
B, .
Y, ::jz-llbijyj+piz (¢ =1,2,..,n).

If we ignore z and apply the theorem, assumed true for » variables,
to the (y;), we obtain a number of sets of the type
U, = 2 uytaz,
Uy = A(uytup)+-a,z,

(30)

(31)
U, = AN(ug_1+u)+a,z.
Now let w; = w;+A4;2 (1= 1,2,...,a), (32)
so that
U1 = Awug+[a+4,(X—2A) ]z,
Uy = Mg +ug)+H[aa— Ay A +4,(X =), (33)

Usy = Mty Fu3)+[tg— Ay 1 M+ AN —A)) 2.

(i) If X' £ A;, we can choose (4,, 4,,...,4,) in turn so that z shall
disappear from these formulae (33). The set (U;) is then of the
canonical type.

(ii) If X = A;, 4, does not appear in (33); but since, of course,
A’ # 0, we can choose (4, As,..., 4,_;) 50 that z appears only once, in
the first equation of the set, whose form is now

Uy = Nuy+a,z,
Uy = XN(ug+ug), (34)
Ug == X (ugy+ugs)-

(iii) If, by chance, @, = 0, the set (34) is canonical and no further
reduction is needed.

(iv) 1f there is just one set with the multiplier A" and a; # 0, we
put @,z = Xuy, and adjoin %, to the set, which is now canonical in
(1) variables

Ug = Nug, Ui=X(ug+uy), .., Us=2A(ug_y+uy). (35)
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(v) If there are several sets with the multiplier A, where the
cocfficient corresponding to @, is not zero, we select the one with the
greatest number of variables and reduce it to the canonical form (35).
If B < o and another such set is (after climinating 2) of the form

Vi=X(itbug), Vi=2X(tn), .., Vi=N(p_,+vp), (36)
we have only to write
vy =z vj—byu; (1 1.2,...,B) (37)
to obtain the canonical set of 8 variables
Vi=2Xv, Vi=X(@i+1), .., Vi (v B-1-F2B)- (38)
We have thus completed the reduction for (n4-1) variables, and the
theorem follows by induction.

14. Hamburger Sets of Solutions
Euler's Homogeneous Equation. The interchange of solutions
around a circuit is well illustrated by Kuler’s equation

FYy = [H(S_Pr]J =0 (3- D), (1)

which has an isolated singularity at @ = 0, and which is soluble by
elementary methods. If all the (p,) are unequal, a fundamental system
of solutions is given by y, = af (r = 1,2,..,n). After a simple
positive circuit about the origin, these undergo the canonical trans-
formation Y, = Ay, { = oxp(2inp,)}. (2)
If F(8) has a multiple lincar factor, (8—p,)™ say, the corresponding
solutions are known to be
xf xPrlog a,..., wPi(log )1, (3)
These solutions are lincarly transformed among themselves, but the
transformation is not of Jordan’s canonical type. But we can casily
write down an equivalent system which does undergo a canonical
transformation. Kor this purpose let us introduce the notations

[, — logz
7 (1)
L, L(L—1) L(L=1)...(L-—s+]1) J
Lo - l, .ljl e -I-!-, [J:} —_- —~'-2!———<, eeny ’Js - - é—'——- . —— .

After the circuit, L becomes (L+1) and the polynomials L,, whose
form is suggested by the calculus of finite differences, become

(L+1) == s—l']‘Ls: (5)

as is immediately verified. Since (L, Ly,..., L,) are respectively of
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degree (0, 1,...,8) in L, they arc linearly independent; and the set of
solutions (3) may be replaced by the equivalent set
Yy = arL,, (s=12,.,n). (6)
These undergo the canonical Jordan transformation
Yl = Alyh Yz = 7‘1(?/1‘}'?/2), R Yn, == A1(?/1“—-14"3/",)- (7)
Such a set of solutions is called a Hamburger set.

Solutions at an Isolated Singularity. Lect 2 = 0 be a typical isolated
singular point of a lincar differential cquation, whose coefficients are
uniform analytic functions; and let I be a simple positive circuit
enclosing only this singular point. We shall suppose that the corre-
sponding linear transformation of the solutions has been reduced
to the canonical form, and that one of the canonical sets undergoes
the transformation (7).

Let p; be any finite root of the equation exp(2imp,) = A,, and let
us put y, = arz, (r = 1,2....,n,). Then the corresponding trans-
formation of the (z,) takes the form

Zy ==y, Mg = 2t Ry ey Ly = 2y q7FE, (8)

Now we can write down n, sets of functions which are transformed

in this manner, namely
Ly, Ly, Ly .., L,
0, Ly Iy, .. L l

ny-2

")
0, 0, 0, .. L.
Since the determinant of this system is LJ1== 1, we can find =,
functions (w,) satisfying the equations
21 = Lﬂ ?L’l,
2y, Ly qwi o+ Lyw, .
If we substitute these forms in (8) and use (5), we find the relations
LyWy = Lgwy,
LW+ Lo W, == Lyw,+ Lyw,, (11)
L, W+ LW, = L, jw+..+Lyw,,
which are equivalent to
W, =w, (r=12,..,n), (12)
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[+
(5

and imply that (w,) are single-valued in the neighbourhood of x = 0.
They can be expanded as Laurent series

w, == II(z) =q‘§; C® (r=1,2,.,m) (13)

converging in a ring (0 << e < |z << R), whose inner radius is as
small as we please.t The solutions of a canonical Hamburger set can
therefore always be expressed in the form

Ny
Yp=ah.dy L, Tl (x) (r==12,.mn), (14)
8—1

where {II(x)} are locally uniform near the isolated singular point
xr =0,

Regular Solutions. It may happen that each of the Laurent series
has only a finite number of negative powers of a, which can be re-
moved by an adjustment of the value chosen for p,; the auxiliary
functions {l1,(z)} will then be holomorphic. A solution of this type is
said to be regular, and a singular point where all the solutions are of
this type is called a regular singularity.

15. Fuchs’s Conditions for a Regular Singularity

TrEOREM. The necessary and sufficient conditions that an isolated
singularity, say x == 0, of the homogeneous equation (K¥) should be
reqular are that it should be at most a pole of order r of the coefficient
p.(x) of DTy, in the canonical form where the highest coefficient is
Do) = 1.

Following Thomé, we proceed by induction. If the cquation of the
first order Dy+py(@)y — 0 1)
has the regular solution

¥y = ¢y(x) = daP[14-¢c,x4c a2 4...], (2)
where > ¢, x" converges when [r| <X R,, say, then we have
2(®) = —1(x)/dy(x)
p1 [er+2c,2+43cy 2%+ ...
= —?”[ 1Fc,a+fca*+ ... ]

— _’_;l__bo—blx—bzxz..., (3)

1 The samo method can be applied if tho coeflicients of the differential equation
are single-valued and holomorphic in a ring (r < |z| < R) whose inner boundary is
finite and encloses several singularitics, and if I" iy a circuit enclosing the inner

boundary. 2 v L7 S0
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where Y b, 2" converges in some circle || < R,, where 0 < R, < R,.
Hence p,(r) has at most a pole of the first order.

Conversely, if the coefficient p,(x) of (1) is of the form (3) the solu-
tion exp[— [ p,(x) dx] is regular and has an expansion of the form (2).
Thus Fuchs’s theorem holds for equations of the first order.

Now the general equation with uniform coeflicients (£%) has at
least one solution, which is merely multiplied by a constant after a
circuit about the origin. Let this be chosen as the first solution of a
certain fundamental system, which undergoes the transformation

Dy (@) == A ha(2); }
(4)
x) "‘J,Zl“ij‘f’j("') (2 == 2,3,...,m),

whose determinant is not zero. Then the expressions

i) = l)m (“)] (= 2,3,...,n) (5)
1

undergo a corresponding transformation with a determinant not equal
to zero: n
i) = ” tl',(x) (t==2,3,...,n). (6)
j=
They thercfore satisfy an equation of order (n—1), whose coefficients
are uniform at x = 0,

Whs, has.s th,, %)
sormrl o, (7)
Wy, e )
or DYy () DA, ()2 = O. (8)
We can pass from the given equation (£F) to (8) by putting
y = (@) [ zdu, (9)

and the cocfficients are connected by the relations

()—()jwmux

o) == (Z>D ¢‘+(" )pl(r ¢f‘+ ), (10)

. . . . . . . . .

n-1 n—2
qn—-l(x) = (nﬁl)l)qsl ¢-1+('N. sl))ll( )1’) ¢1 + - Pn- l(x)’
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to which we may add the identity

0= Qrf’s‘-l—px(x)gri“Jr--.ern(x), (11)
¢ $:

expressing that (£¥) is satisfied by ¢, ().

First, suppose that the solutions {¢,(x)} are all regular. Then the
expansion of the leading solution ¢,(x) is of the form (2); its reciprocal
has a regular expansion

V(@) = a-Peg+eiz+cza®+-...], (12)
and so (D"¢,)/$, has at most a pole of order r at the origin. Moreover,
the (n—1) functions {i,(x)} will also be regular; if the conditions are
assumed to be necessary for equations of order (n—1), the cocfficients
{q.(x)} of (8) will have respectively poles of order r at most at z == 0.
The relations (10) and (11) taken in turn then show that {p,(x)} will
have respectively poles of order » at most at == 0. Thus the condi-
tions will also be necessary for equations of order n. But we know
them to be necessary for equations of the first order, and so it follows
by induction that they are necessary in general.

Conversely, suppose that {p,(x)} have respectively poles of order
r at most at x = 0. We shall see in the next chapter how to construct
a fundamental system of » regular solutions; but let us assume pro-
visionally that there is one regular solution ¢,(x) of the form (2).
Then the relations (10) show that {g,(x)} have respectively poles of
order r at most at x == 0. If the conditions are assumed to be
sufficient for equations of order (n—1), all the solutions {{:.(x)} of (8)
will be regular. By (9), we then sce that all the solutions {¢,(x)} of
(£¥) will be regular; hence the conditions will also be sufficient for
equations of order n. But we know them to be sufficient for equations
of the first order, and so it follows by induction that they are sufficient
in general.

Alternative Method.} A direct proof of the sufficiency of the con-
ditions has been given by Birkhoff, on the lines of an investigation by
Liapounoff. If the conditions are satisfied, we may write the equation
in the normal form

arDryA-an-1P () Dy +...+ P, (x)y = 0, (13)
where {F,(x)} are holomorphic at x = 0. If we put
Y, = xi-1D£~]y (1: = la 23-'-’”‘)) (14)

t G. D. Birkhoff, Trans. American Math. Soc. 11 (1910), 199-202.
4064 I
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this equation is equivalent to the system

xD?/z = (z_l)yL+yl+l ('l = ls 2:~'-7n—1)) } (15)
aDy, = —P,y,— P qys—...— (P 1-n)y,.
This is a system of the type
aDy; = ZAU(L ¥, (t=1,2,..m), (16)

where {A;;(x)} are holomorphlc and admit an upper bound
|4;(x)] < M in the circle |x| < R (say).

Now the equation (13) has at least one solution, which is merely
multiplied by a constant after a circuit about the origin; and this

can be written in the form af 11(x), where Il() = 3 ¢,a" is a

Laurent series convergent in a ring (e << |x| < R), whose inner radius
may be as small as we please. The system (15) will have a correspond-
ing solution y; == am 1l (x) (¢ = 1,2,...,%). On the circumference
|| = 7, of a circle lying within the ring, II(2) or {l1,(x)} are single-
valued and bounded. If we can find a rcal number « such that
[II;(x)| = O(|x|-*) as x - 0 along a fixed radius vector, we can show
that ¢,, = 0, if m << —«. For if 1" is the inner boundary of the ring,
we have by Cauchy’s integral

—1 — J- [T(x)x-"m-1de
247
2

and, if (k-+m) is negative, this tends to zero as e is made arbitrarily
small.
Since (y;) are analytic functions of x, or of logx, we have

;L({?_/l : y"'

dx

€] = = O(e™*™); (17)

= |x|. Hence (16) gives

Pl

=1 S Ao < M 3 )l (1)

J=1
If (§,) are complex numbers conjugate to (y;), let

n n _
8=3 |y = 2 Y:Yss
=1 i=1

then we have from (18)




[
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n n
SM2 2 Uyl 1yl
< 2nMS. (19)

Along a fixed radius vector (r, > r > 0), we have by integration

—onM < log S(r)—log S(r) < oM, (20)
logr—log r,
and so, as 7 -> 0, S(r) = O(r-2M), 21)

provided that S(r,) is bounded. Now, if p, is complex, the factor
P can become infinitely large as am(z) increases or decreases in-
definitely. But, if am(x) is bounded, S(r,) remains bounded; we then
have, a fortiori, |y,| == O(r—"M) as r - 0. After removing the factor
21, we can choose « so that we have uniformly

(x), (&) = O(r—*) (|x| = r—>0). (22)
It then follows from (17) that the number of negative powers of z in

these Laurent series is limited. The particular solution ¢,(x) is thus
regular and the proof may be completed by induction as before.

EXAMPLES. TV

1. Jaconi’s Form. Show that every linear transformation is equivalent to
one of the form
Yy M
Y, = buyr Al

Yu = bnlyl.'I bn2-"‘a+""}'bn,n—lyn—l I‘_Aﬂyll'

2, ELeEMENTARY Divisors. (i) If Ay Q) is the H.C.I%. of all s-rowed minors
of A,(A), show by differentiation that cvery root of A,_;(A) 0 is a root of
higher multiplicity of A (A) —= 0.

(i) IfA,A;) = 0, A,_4(A;) 7: 0, then A A, is aroot of multiplicity (n -s |-1)
at least of A,(A) = 0; and the system ¥ (a;, —=A;8;)e; = 0 (j =~ 1,2,...,n) has

i
exactly (n—s | 1) linearly independent solutions (("Jt”).

3. Show that the clementary divisors of the canonical characteristic deter
minant i)‘l A A 0, 0, .. 0 '

i 0, Al_k’ /\1, 0, sery '

Aa(/\)-.:—i.........]

0, 0, 0, 0, . A |

0, 0, 0, 0, .., A=Al
are [((A—A)% 1,1, L., 1.



60 EQUATIONS WITH UNIFORM Chap. 1V, Exs.

4. If the characteristic determinant is of the form

[ \

bx g ox L
A"(A)?!* * (! ‘l’

1 "

where (4, B, C,...) are canonical subdeterminants belonging to the clementary
divisors {(A—A,)% (A—A;)8, (A—A,)%,...} and where the asterisks represent blocks
of zeros, show that:

(i) There is a first mmor  4-A771A,(A)/(A—A,)%,
asecond minor |- AFIAE1A (A)/(A—A;)(A—A)8, ete.

(ii) If (A—A))* is the only elementary divisor belonging to the root A - - Ay,
it is & factor in K ().

(iii) If A=A)~, (A- A)Y, (A=A ..., all belong to the same root and
s o’ > e, then (A=A is a factor in E,(A), (A—A;)" is a factor in
E,_i(A), A=A is a factor in B,_,(}), ete.

(iv) Show that K ,(A) is divisible by K,_;(A), %,_,(A) by K,_,(A), ete.

|Cf. M. Bocher, Higher Algebra, 262-78; H. Hilton, Linear Substitutions,
1-33, 50-9; H. W. Turnbull and A. C. Aitken, Canonical Matrices,
64-73.]

5. Two LiMiTING CASES. (i) An analytic function has singular points at
L = gy Bgyeesy Ay 0, and it is merely multiplied by a constant after any closed
circuit. Show that its logarithmic derivative is a uniform function, and that
it is of the form
f(x) = (x—ay)Ps(x—ay)fs..(x—a,,)nll(z),
whero 1I(z) is uniform.

(i) An analytic function has singular points at z = 0, « only, and has n
linearly independent branches undergoing an arbitrarily assigned linear trans-
formation after a circuit about x = 0. Show that its branches are cogredient
with those of an equation of Euler’s type F(8)y = 0 (8§ = D).

6. By repeated use of Fuchs’s substitution, show that & fundamental system
{¢(x)} at a regular singularity can be written in the form

Ty-s

$i(z) = ay() f ap(ay) dy f f a@y_y) dry_q,

whero {o(x)] are regular and free from logarithms. Discuss how logarithins
malke their appearance in the solutions.

7. LiNEARLY INDEPENDENT SoLuTioNs. If (A,) arc uncqual, if 4,, are con-

stants, and if the expression
m n
(ﬁ(.l‘) = Z z AWA;Q:Q

-1 ¢=0
vanishes when @ = 1,2, 3,..., show that

Ape=0 (p--1L,2,.,m;q=0,1,..,n).
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8. If (p,) do not differ by integers, and if {II,(+)} arc single-valued near the
origin, show that if the expression

Flo) = 3 fowpp(log YU ()

p~14q-
vanishes identically, then {IT, ()} all vanish identically.

[Consider the form of F(x) after s complete circuits about the origin.|

P
9. If {TI,(xr)} are single-valued near & -= 0, and if 2 ¥ (log.x)'1 (r) satisties a
i-o
linear equation with uniform cocfficients, then so does the coefficient of each

power of 4 in the expression z? Zp: (A --log )i (x).
-0

10. If{IT;(x)] are singlo-valued ncara = 0, and (p,) do not differ by integers,
show that if an equation with uniform coefficients is satisfied by

ko1
> > ar(logx)Il(x),
i-1j-0
it is satisfied by each group of terms

2P 3, (loga) 1l ,(r).
J=0



\'
REGULAR SINGULARITIES

16. Formal Solutions in Power-Series

Indicial Equation and Recurrence Formulae. LET 2 = 0 be a typical
singularity where Fuchs’s conditions are satisfied. To expand the
solutions we use the normal form of Fuchs and Frobenius

a" Dy Py(x)x" 1Dy . 4P (x)y == 0, (1)

where {P(x)} arc holomorphic at = 0. Let 8 = aD, so that
anpm = §(8—1)...(8—m-+1), and let (1) be written in the form

F(x,8)y = 8"y+@Q1(x)8" Ty +...+ @, (x)y = 0. (2)

The coeflicients (%) and (Q;) are mutually expressible as linear func-
tions of one another with constant coefficients, so that both sets are
holomorphic together. We now expand the coefficients in Taylor
series

x) :j.z()Qij (1= 12,.,n), (3)
and write
Fy3) = 8"+ Q18" 1+ Q2 8" -+ @0, } (4)
["(8) Q])Sn l_l' Qz 8"_““{— +Qn}
The cquation may now be written
y = E zi F(8)y = 0, (5)
and on substituting as a trial regular solution
Y = 2P[egtcyx eyt (6)
we have 0 o
F(x,8)y — go ,--z W Fy(8)e, xP+i
=3 2 I Ep-t-d)e;
P -0 -
— xP bk . , | =
kz_-od L;)Fk_,(p—}-z)( ,} 0. (7)

This vanishes identically if ecach coefficient is zero, or if (¢;) satisfy the

relations *
igoﬂ.—i(p+i)ni =0 (k = O, 1,2,..-). (8)
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In particular, if ¢, = 0, p must be a root of the equation

Fy(p) = p"+Quop" 1.+ Quo = 0. (9)
This is called the indicial equation and its roots are called the expo-
nents of the given singularity.

Sets of Exponents. The number of linearly independent regular
solutions (6) cannot exceed the number of distinct roots of the
indicial equation and may fall short of it. For if two independent
solutions belong to the same exponent p, we can form by subtraction
a solution belonging to a higher exponent p’, which must itself satisty
the indicial equation. Thus one distinct power-series (6) at the most
is associated with each distinet exponent.

If Ey(p) = 0, Fy(p+k) £ 0 (k== 1,2,.), we may choose ¢, 7 0,
and every subsequent coeflicient (c,) is then uniquely determined.
But if several exponents differ by integers, the relations (8) may or
may not be compatible, and the number of distinct series may be
smaller than the number of distinct exponents.

Whenever there is a shortage of regular solutions of the type (6), on
account of multiple roots of the indicial equation or roots differing by
integers, the deficiency is supplied by solutions involving logarithms,
In practice these may be constructed either by a direct method, which
has been fully worked out by Heffter,} or by an artifice such as the
method of Frobenius.] We shall give modified versions of both
methods in this chapter.

Let all the roots of the indicial equation which differ by integers be
collected in sets, and let each set be arranged in order of ascending
real parts. We shall show how to construct all the solutions corre-
sponding to a typical set of k distinct exponents (p;) of multiplicity
(«;). All these solutions are associated with the same multiplier
A = exp(2imp), which is a root of multiplicity Y «; of the character-
istic equation belonging to a circuit about the origin.

Heffter’s procedure consists in arranging the solution as a poly-
nomial in log # of degree less than n, with coefficients which are
regular series of the type (6); he constructs first all solutions not
involving log x, then those of the first degree, and so on. Instead of
this we assume at once a trial solution of the form

y = xP{ugtu, r+t+u,224...], (10)

1 L. Heffter, Einleitung in die Theorie der lincaren Differentialgleichungen (Leipzig,
1894), 20-34, 104-32.
1 G. Frobenius, Crelle’s J. fur Math, 76 (1873), 214-35.
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where (u,) are polynomials in logz of degree less than n. We then
have

F(z, =§:0: F(3)xrtiu;,
-% iwwﬁ' 5+p+ i,
iwk[fﬁ; (ko] (11)
which vanishes identically if (u;) satisfy the relations
S B Gtotin=0 (:~012.) (12)

This may be regarded as a system of linear differential equations with
constant coefficicnts in the independent variable ¢ == logz. We do
not require the complete primitive, but only the most general solu-
tion in polynomials. We can accordingly simplify the system as
follows.

The Auxiliary Systems. The first equation may be written
Al 1 A l n 4 2
Ey(6+plug = Fylp)uo+- ﬁf’o(l’) duy+ ﬁﬁ o(p) O%uy+-... == 0, (13)

and is the generalized indicial equation. If u, is a polynomial in ¢ not
identically zero, this expression is a polynomial of the same degree
unless Fy(p) = 0. For an effective solution, p must satisfy the
indicial equation; and if we identify it with the lowest root of the
set p == p;, the series belonging to the higher roots will appear in
due course. Since Fy(8-+p,)u, = G,(8)d*u,, where G,(0) # 0, the
polynomial %, must satisfy the reduced equation
8y == 0. (14)
Again, suppose that the polynomials (wg,%,,...,%;_;) have been
found. If Fy(p,-k) -~ 0, u; is uniquely given as a polynomial, whose
degree does not exceed the highest degree of any earlier coefficient,
by the symbolic formula

1
— e > B (tptiu;
_l{})(s_*_pl_i_k)t:o k~¢(8 l‘P1+7')un

k=1
= —(Ao+A4,8+4, 82+"')igoﬁ‘k—i(sq}"f’l"l"i)ub

= Ly(ug, Uy,e.., Up_q). (15)
But if & = p,—p,, we have

Fo8+p1+k) = Fy(3+p;) = Gi(8)3~  {Gy(0) # 0}, (16)

uk:—
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and then we have instead of (15) the relation
8ty = Ly(thg, Uy, Upey) (k= py—py). (17)
The structure of the solution is completely determined by the first
(N+4-1) relations, where N is the difference between the highest and
lowest exponents of the sct. For every subsequent relation can be
reduced to the standard form (15). We may distinguish the & critical
polynomials U; = u, ,, and express all the others explicitly in
the form e = AU, Uy, Uy), (18)
where (U)) satisfy a system of equations of the form
dal; = 0,
Ju(®)U+8T, = 0, (19)
J310)U1+[32(8)Up+8%U; == 0,
Invariant Factors. Hamburger Sets. To each exponent p’ of multi-
plicity «’ correspond solutions beginning with
z'(logz)® (s=0,1,...,k"—1),
which may involve higher powers of logz in the later terms. To
resolve the aggregate of solutions into Hamburger sets, we have only
to eliminate as many (U;) as we can express explicitly in terms of
the rest, and to replace the reduced system of equations by an
equivalent diagonal system exhibiting the invariant factors of the
matrix of operators (19),
3V, ==0 (1==1,2,..,0 <h; Ye, =3 «;). (20)
The (V;) are explicit linear functions of (U;) and their derivatives,
and vice versa; neither set can contain a polynomial of higher degree
than all the other set. Hence cach invariant factor 8¢ yields a solution
whose degree in logz is (¢'—1). If we take this as the highest solution
of a Hamburger sct, the other solutions of the set are constructed by
taking successive differences. Two different invariant factors yield
distinct solutions. For we cannot make (%;) all identically zero unless
(U)) and (V) are also zero, and so no combination of (V) yields a
nul solution except (V; = 0).

17. Convergence
Rearrangement of the Series. When the critical termns at the
beginning of the series have been found and the degree s of the solu-

tion in logz has been determined, we can calculate as many more
4064 K
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coefficients as we require by means of recurrence formulae. We shall
suppose that the lowest exponent of the set has been made zero, by
putting y = aPy*, to simplify the notation. We introduce binomial
coefficients and write

N £ .
Y= 2 uxt = ()Y (log z)*, (1)
2 (s ; 2
where Uy = .Jc;i(log 2)s—7, Y, =3 ¢;;2'. 2
JZ() (.7) iillog2) ’ «i;ocj )
By Leibnitz’s theorem, we have
3muv] = Z o t)'S’" . 8; (3)
and hence, for any linear operator F == F(x,3) of order n,
. N
Fluv] = Z ﬂ{F“)u}S'v, (4)
izo

where F@is an operator of order (n—z), formally defined by differen-
tiation as though 8 werc a variable

FO) = g, ) = %F(x,S). (5)
Now [Z T ), Y(logx) —1]
I __{ ) 5=
= Z Eiu = {F Y} (log z)s~
=0 j=0
n g s! {F()Y}(l Jo-ici
= . vy, 0 x-‘}—z~
24 2 Tt o
8 k k . B
= 2,y (e ®
: =0
We must therefore have
Z(’”)Fﬂc D, =0 (k=0,1,.,9); (7)
Y

and, by re-combining these relations, where s does not appear expli-
citly, we find that the expressions

Yo [Yloga+Y], [Y(logz)*+2N(logz)+¥,], etc.,  (8)
are each a solution of Fy = 0.
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We now arrange (7) in powers of z, and find

Z z ( )xl‘l’"‘ “D(8)c;;
555 B,

j=0 p::() 1=-0

B Za’q[i i (I;)F :‘z"-*z”(i)c,-i] —=0. (9

q—=0 =0 t=0
Since each coefficient vanishes, we have

kK q k
ZZ() P8 =0 (k=0,1,...8, ¢ = 0,1,...,c0), (10)

=&V
and in particular, for ¢ = 0,
[k
z()WWM%zw (k=0,1,.,s); (11)
i-0 J

these relations are compatible because [F,(0)]s+! = 0, since zero is a
root of the indicial equation.

If p = N is the highest exponent of the set, we assume that
coefficients of all powers of  up to 2V have been determined by the
methods of § 16. If ¢ > N, Fy(q) +# 0, and the coefficients of ¢ arc
uniquely given by (10) in terms of the carlicr coefficients.

Convergence. Let d be the shortest distance between x = 0 and any
other singularity. Then the series {Q,(»)} arc all convergent when
[z| < d; the convergence of (¥;) may then be proved by means of the

following lemma. Let 3 b,2* be any scrics convergent when [z| < d,
and such that the equation

F(z,8)Y = 3 b a* (12)
k<0

is formally satisfied by a power-series ¥ = ¥ ¢, 2*; then that power-
series is convergent when [x| < d.

Assuming for a moment the truth of this lemma, we first establish
the convergence of ¥;, by putting zero on the right-hand side of (12).
Then, if we have proved the convergence of (¥,,Y;,...,Y;_,), we can
reduce the equation (7) giving Y, to the above form (12); and another
application of the lemma establishes the convergence of ¥,. The

convergence of the complete set of power-series follows by induction
with respect to k.
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Now (12) gives the recurrence formulae
)
jz'oFk—j(j)cj = bk ( v = O’ 19 2’"-)) (13)

which are (by hypothesis) algebraically compatible. Let x be any
number such that |z| =r < d; and let R = l(r+d) <d. Then
because Y Q2% and 3 b, a* are absolutcly convergent when [z| = R,
their terms have upper bounds

[Qui| BE,  [by| BF < M. (14)
Hence, for positive integers j, we have
Fesil = | 3 Quagi™|
m=1
< MEBFQ14j+5%4... 451
< MRI-k(j4-1)n-1, (15)
Again, since Fy(k) # 0 (k > N), and since lim[F(k)/k"] = 1, we can
find a positive 6 such that .
Fyk) > 0k~ (k> N). (16)
From (13), (14), (16) we get the incquality

k-
B, | < jleRi—k(j+1)n—1[c,.|+MR—k &>DN).  (17)
=0

We now construct a dominant series > Cp.2* > > ¢, 2% by putting
C'k 2 [ckl (k = 01 l:'-':N); (18)

k-1
Okm R C), = M[1+ S (j+1)n—IR»‘0,.]
i=0
= 0(k—1)"R¥-1C,,_,+MkE"'RE-1C,_y (k> N). (19)
Since lim(C,/C;_,) = 1/R < 1/r, the dominant scries Y Cj 2% is
k>0
absolutely convergent for the value of = in question, and a fortior:

the series > ¢, 2*. The lemma has accordingly been proved; and the
convergence of all the series (Y;) follows.

18. Apparent Singularities
Example. Consider the equation
xD*—(1+-x)Dy+y = 0, (1)
which has a regular singularity at = 0. If we substitute
y == > ¢, #P*", we have the indicial equation and recurrence formulae
plp—2)cy = 0, } (2)
(P+n“‘2)[(P+n)cn-cn—l] =0 (n =1, 2:---)'
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As the exponents (0, 2) differ by an integer, we must examine whether
the solution belonging to the lower exponent is free from logarithms.
In fact, on putting p = 0, we find that ¢, and ¢, are both arbitrary,

and that ¢ = ¢,

ne, =c¢,.; (n=3,4,..). }

The solution is y = A(1+x)+ Be®, as may casily be seen by elemen-
tary methods. Now this is always holomorphic at # = 0, so that we
are led to ask why this should be a singular point. The reason is that,
when 2 = 0, we have (y == A4+ B, Dy = A+ B), so that arbitrary
values cannot be assigned to y and Dy at the origin.

(3)

Conditions for an Apparent Singularity. A singular point where
the complete primitive of the differential equation is holomorphic is
called an apparent singularity. If x = 0 is an apparent singularity of
an equation of order n, there are n linearly independent ordinary
power-series (y;) satisfying the equation, and we can arrange by sub-
traction that no two of them shall belong to the same exponent.
Accordingly the exponents of the singularity are » unequal non-
negative integers (p;). Now the Wronskian determinant

W@ Y5 W)
is also regular, and belongs to the exponent

o= P1+P2+---+Pn-"}n(n—l)- (4)
This exponent o is a positive integer for every admissible set of ex-
ponents except (0,1, 2,...,n—1), when we have ¢ = 0. We then have,
by Liouville’s formula,

pi(x) = —Dlog W(yy, Yo, Yn)
- _5+bu+blx+b2x2+.... (5)

If o # 0, p,(x) has a pole at = 0 and the point cannot be an ordinary
point. But if ¢ = 0 and if, as we arc assuming, every solution is
holomorphic, every coefficient of the equation

Wyn Yoy ¥) _ g (6)
WYy Yooees Yn)
is holomorphic at z = 0, and the point is an ordinary point of the
equation.
We can of course have a singular point where the exponents are

(0,1,2,..,n—1), but in that case the solution involves logarithms.
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As an example, the reader may examine the equation

xD¥y—y = 0. (7)
If the roots of the indicial equation at x == 0 are unequal non-negative
integers, we must examine the most general holomorphice solution
y=c,a". If N=(p,—p,) is the diffcrence between the highest
and lowest exponents, we must examine the compatibility of the
(N+41) recurrence formulae satisfied by the coefficients of (wr,
aptl | aPs), The necessary and sufficient condition that the point
should be an apparent singularity is that the » critical coefficients of
the powers (2¢1) should be arbitrary, or that the rank of the system
should be (N—n-1). We can always write the coefficients of the
non-critical powers of « explicitly in terms of these n critical ones,
and obtain a reduced system of relations between the latter only:

Ay, =0,
Ay eyt Asc, =0, (8)
4, Cp,'+_“'+‘Amz Cp, 0.

The necessary and sufficient condition for an apparent singularity
is that all the coefficients (4 ;) should vanish. Further details of the
procedure will be found in Heffter’s treatise.¥

It may happen that all the exponents at a regular singularity are
unequal, but differ only by integers, and that the solution is found
to be free from logarithms. In that case the solutions are rendered
holomorphic by a transformation of the type y == (x—&)Py*, and the
point is said to be reducible to an apparent singularity.

19, The Method of Frobenius

D’Alembert’s Method. Suppose we know that Euler’s equation
F(8)y = 0 is satisfied by y = 3 C,ar-, where (p,) are the roots of the
indicial equation F(p) = 0. If the roots are unequal, this solution is
the complete primitive; but if there are multiple roots, fresh solutions
of a different type must be found. The latter can be obtained by
evaluating the limits of such expressions as

lw”‘ aks ap| 1pl pi pg

XPr— P2 .

;) ~p ’ Pr P2 P3|~ |P1 P2 P3)p (1)
v 1 1 1 11 1y

1 Loc. cit. 20-34,
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when p; - p, - p;. The required solutions are, as we know, of the
type x~logx, x~(logx)?, etc., when p, is a double or triple root.
D’Alembert’s method consists in introducing a parameter into the
equation, and studying the behaviour of the complete primitive as
that parameter approaches some critical value. Frobenius has
claborated a method of this kind for obtaining all the solutions of a
linear equation at a regular singularity, when the exponents become
cqual or differ by integers. We rctain the same notation as before.

The Auxiliary Equation. Frobenius’s plan is to consider an equa-
tion of the form F(z,8)y = fla)a®, @)
where « is a parameter at our disposal. We shall choose f(«) slightly

differently from Frobenius, so that the coeflicients of the solution
shall be integral functions of «. If the indicial polynomial at = 0 is

Fy(p) = (p—p1)(p—p3).--(p—py), (3)
we write ¥(z) = T(z—py)[(2—ps)...'(2—p,), (4)
1 N o -
here e == OVE, 1+ Z)e-=r|, 5
where ) ez !I [( +r)e ] (5)
and y is Euler’s constant. We now consider the equation
F(J'ss)?/ == .C“/\F(O‘)’ (6)

whose right-hand side vanishes when a = p;—m, where m is zero or
any positive integer.
We substitute formally
D
Y = (@, a) = a* Y ¢ la)rk, (7)
K0

and obtain the relations

Fo()eg(w) = 1/¥(w),

x . (8)
Z F,L._i(fx-{-t)ci(a) =0 (Iu' = 1, 2, 3,...).
i%0
Since we know that
IN'(z+1) = 2I'(z), Y(z+1) = F(2)V(2), (9)
we find that cola) = 1/¥(a+1), (10)

and we observe that cy(p,) +4 0, if « = p, is the highest of a set of
roots differing by integers of the indicial equation Fy(«) = 0. We
have further

(= )*ye(x)e(e) _ (=)l ()
at-1)Fy(a+t-2)... Fy(atk) — W(ath+1)’

(o) = 7
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by (9) and (10), where &,(«x) stands for the determinant
Fi(a) Fy(a-1) 0 .. 0
B Ftl) Fat2) .. 0
hk(a) = . . . . . . . . . . . . . . (12)
Fia(a) Fpolat1) By g(xt2) ... Fyatk—1)
F) Fyylatl) Fyylat2) .. Flath—1)
Since this is a polynomial in « and 1/%¥(a+-£+-1) is an integral func-
tion, c;(«) is an integral function, for which we require a uniform
upper bound in a circle |«| << K. To obtain a dominant polynomial
for h,(«), we use the relations § 17, (15),

Fyo) < o+ M(at 1)1 = ant-§(a)  say, }
Fy(o) < B~ M (x4-1)""1 = R-%(«) (¢ > 0),
where R is any fixed number smaller than the distance from 2 = 0

to any other singularity, and M depends only on R. We now observe
that in the expansion of the determinant

(13)

a4, —b,, 0, ey 0
@y, @yo, —by, ..., 0
(14)
AUe-p1>  AU-p2r  Ug-p3 - —bg-p
@gys Oy, Oy, o Qg
every term is positive. Hence
B (x), —(at+1)"—d(a+1), ..., 0
R-24(a), R-1¢(a+1), ey 0
b))l . . . . oo oo e
R-kp(a),  RE*P(at1), .., —(ath—1)"—d(atk—1)
R*$(a),  R“Fp(atl), .., R1$(at+k—1)
= B TT [t 4 24t ) (15)

Now we can choose a positive number 4 such that
$(a), o 424(a) < (a-A); (16)
hence we have, uniformly in the circle |o| < K,
hia) < B-HI(K+A+E)[T(K+A)] (17)
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Again, when Y o, = > B,, we have, from the definition (5) of I'(z)
as a product,

im TTID+RT o T ﬁq+k+r)]
1 il o ML gy Pt 7
baon H [I‘(,38+k)] ! [E (a,,+k+r
LT 1
= lim [ [1-|-0(ﬁ)] = 1. (18)
Hence, as k - o0, we have
[F(K—}—A—f—k)]“ _ (nK—}—nA——nrx——n-}— Z p;{-lc) (19)
 W(at-k+1) (k) '
From (11), (17), and (19) we have now, when |a| < K,
lep(a)] < R-*H(K)I'(2n K+ B-+k)[T(k), (20)

where H(K) does not depend on £.

The integral functions {¢;(«)} may be differentiated as often as we
please; and upper bounds for the derivatives when |« < K' < K
are given by Cauchy’s integral

@) — s [ ep(z) dz o
Cy (f!) Yo (z——a)""’l’ (“l)
taken around the circle [z|] = K; we have accordingly
-k ,
e (a)| < s!R- ]I(K)I‘(ans +B+L) (22)

(K—K'yp0T(k)

The expressions (20) and (22) suggest dominant series of the type
~2nK-B

G(K )(1 — R) for > ¢ (x)a* and its derivatives with respect to «.

Since R is any number we please smaller than d and K is any finite
constant, the series S‘c}j’ )&% converge uniformly with respect to

« in any finite domain, prov1ded that |a| <l d—e < d. The solution
é(z, o) is given by multiplying this series by x*, which is an integral
function of « for any value of z 5~ 0.

Solutions given by a Set of Exponents. In a circle |v—z,| < 7,
which lies entirely within || < d but excludes the point x = 0, the

relation F(.L‘, 8)(]5(.27, oc) — xa/\P‘(a) (23)

is an identity between integral functions of «, which may be differen-
tiated as often as we please. If p, is the exponent with the highest
real part in our typical set of exponents differing by integers, we see

from the definition (4) that a = p, is a zero of multiplicity «, of the
14064 L
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right-hand side; but from (10) we know that cy(p;) 7% 0. We can thus
obtain «, solutions of F(x,8)y = 0 from the relations

Fla, 3)[% d(z, a)] — 0 (5=0,Lk—1).  (24)
A= Py
These solutions are nccessarily independent, since they are respec-
tively of degree (0,1,...,x,—1) in logz, which appears when we
differentiate 2.
The second highest exponent of the set p,_, is a zero of multiplicity
(kp—1+x;) of the right-hand side of (23), and yields («,_;+x3)
solutions

S
Pz, 8)[3% (z, a)] =0 (5= 0,1,k 4+Ky—1). (25)
X==Pp_y
But o = p;_, is also a zero of multiplicity «, of cy(«), so that the first
«;, of the solutions (25) turn out to belong to the exponent p, and to
be combinations of the solutions already given by (24). The last
Ky solutions are new and linearly independent.
In the same way, the third exponent yields (xp,_y+rxp_q+xp)
solutions

Fla, 8)[%95(:@, a)] =0 (5= 0,1,y kygryyFrp—1), (26)
Q=pp_y

of which the first (x,_,-+«,) are combinations of the solutions (24)

and (25) and the last «,_, arc new, and so on. Every solution can

thus be deduced from the expression ¢(x, ) by suitable operations.

20. The Point at Infinity. Equations of the Fuchsian Class

Change of the Independent Variable. If the cquation (£}) has m
isolated singularities (x = a,,d,,...,a,,) in the finite part of the plane,
they can all be enclosed in a circle [x| == R, outside of which the
coefficients are holomorphie, except at = 0o, which is an isolated
singular point or an ordinary point. To examine its character, we
put z = 1/z, and we say that x = oo is an ordinary, regular, or
irregular point (as the case may be) of the given equation, according
as z = 0 is an ordinary, regular, or irregular point of the transformed
equation. Thus 2 = oo is placed on exactly the same footing as any
other point; this is graphically illustrated when we make a stereo-
graphic projection of the plane of the complex variable z (in the
usual Argand diagram) upon the surface of Neumann'’s sphere.
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A convergent series of the form

@) =24 Lp 2t (0 0) 1

is said to belong to the exponent p at infinity.

Conditions for a Regular Singularity. If we use the form

8"y +Qy(x)3" 1y +...+@Q,(x)y = O, (2)
1 , o d . d _
and put T = > & = za—z = m-d; = —3, (3)

we have at once

3’"?/—QI(E)B’"“IM-..+(—)"Qn(£)y = 0. (4)

z

The necessary and sufficient conditions that z = 0 (or = c0) should
be regular are that {Q;(c0)} should be finite. In the canonical form,
this means that {z/p;(x)} must remain finite as x — oo, or that

Pi(x) = O~7).
Conditions for an Ordinary Point. To transform the canonical form
(&), we put
Dy = x-*§(8—1)...(8—k-+1)y,
= Y8 k—1)(84k—2)...8(arFy),
vz (= )R8 =k 1)(8 —h+2)...8" (2K 1y),
= (=)D EHY); (5)

Fy =3 p@D"y {pafe) = 1},

= jzl (_ )n -—rpr(é)zn—r f—l])'u—r(zn-—r—]y)’

r=:0 ~©
n n--r
=22 (—>"~rp,(§)z""‘“‘(n;r)<D'n-f-kz"~r-l><D"~'y),
r -0k=0 ’

r=0k=0
We now put k = (n—s) and change the order of summation,

) < 1 - —r—1)! r—sJ)/n-s.
Fy == Z (—)" —rpr(_)( 7') E:—;‘— l}i 22n-r-s]) Sy,

z2/j\n—

A (i = R L] L

—8/(n—s—1)!
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The leading term here is (—)"22"D’'"y, so that the canonical form
corresponding to the independent variable 2 is

Fry = D""y+-p¥ () D'y +-...--pE =)y, (8)
where

. r\(n—r—1)! . (1 5] 9 _
p¥() = Z( )(n s)n P l)!ﬁ pr(;) (8 =1,2....,n—1),

§EE) = (=) ).

Now z = 0 is an ordinary point of the new equation, if all these
expressions are holomorphic; hence the necessary and sufficient
conditions that z = oo should be an ordinary point of the original
equation (£F) are that the mmlytic functions

and ('—)".172"])“ .L‘) {I)o(L) — l},
should remain finite there.

®

The Indicial Equation. If infinity is a regular singularity, we find,
on introducing an expansion of the form (1), that the cocfficient of
the dominant term gives us the indicial equation in either of the

OIS 1 Qy(00)pn 14 Qu(e0)p" .- (= )"Q, (c0) = 0,
or
plp+1)-.(p+n—1)—F(0)p(p+1)...(p-+1—2)+...+(—)"F,(o0) == 0,

11
where P.(x) = 27p,(x) as before. ()
Equations of the Fuchsian Class. If the only singularities are m
isolated regular singularities in the finite part of the plane and a
regular singularity at infinity, the equation is said to be of the
Fuchsian class. 1f we put

P(x) = (x—a,)(x—a,)...(x—a,,), (12)
where (a;) are the affixes of the singularities at a finite distance from
the origin, the necessary and suflicient conditions that these should
be regular are that {p(x)} should be holomorphic for all finite
values of . These expressions arc accordingly integral functions of
x; but {x"p,(x)} are finite at infinity, so that we have

[:ﬁ(x)]’p,(x) = H(m—l)r(x) (7' =1,2,..,n), (13)
where I1 ,(x) means a polynomial of degree w.
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We can now write the equation in the form
Dy +10, - Dty - A,y = 0, (14)
with polynomial coefficients; the advantage of working with this form

in practice, in preference to the canonical one, is that the recurrence
formulae have only a finite number of terms.

Fuchs’s Relation between the Exponents. If we put
lIm -1 1‘)
" dia) (vs—a y
the indicial equation at @ = «, takes thc form
plp—1)...(p—n+1)+A,p(p—1)..(p-—n+2)+... = 0, (16)

so that the sum of the exponents at & = a; is [in(n—1)—A4,]. The
indicial equation at infinity is

plp+1)...(p+n—1)—(X 4))p(p+1)...(p+-n—2)+... = 0;  (17)

so that the sum of the exponents at infinity is [Y A;—3n(n—1)).
Hence we have the result that the sum of «ll the (imn4-1)n exponents is

»@) =

(15)

mi1 n
> pij = Ym—T)n(n—1). (18)
¢ 1j-:1

Equations of the Second Order. The most general equation of the
Fuchsian class and of the second order is

])2y+I_If'/‘l;? I)y—}—%:ﬁ:—"’ y =0, (19)

or I)“l/—{—:i( 1)}1)/4—{2( -}-i = a)}J::O (20)
1

where Y C'; == 0, as we see by cxpan(lmg the last coefficient in
descending powers of x. Now, at z = «;, the indicial equation is
plp—1)+4;p--B; = 0. If the roots of this are p = p, and p = p;,
we have

Ai = l—p;—pis B; = PIP;Z (Z = 1,2,..,m), (21)
which gives the canonical form

rre (3 (e e e o e

i=1 ¢
The indicial equation at infinity is

oo )~ { 3 Ao+ 3 (Bit Cia) = 0. (23)
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and Fuchs’s relation (18) may be written in the easily remembered

form m
3 (1—pimp) (1 —pu—pi) = 2. (24)

If infinity is an ordinary point of the equation of the second order,
we find from (10) that

2 1 1
me) = 2+0(3), v = 0(3) (25)
or, with the form (20) of the coefficients,
i1 i1 i1 =1
Reduced Forms. If we put y = ¢(x)u, we have

2'(2) AL TR P
Dt i)+ S out oo 48+ % Bl = 0. )

We can choose ¢(x) in 2 ways, so as to reduce to zero one exponent
at every singularity in the finite part of the plane; one choice is

)= 1’;"[1 (e—a,), (28)

and the others are obtained by interchanging (p;, p;). 1f we introduce
the exponent-differences 8; = (pj—p;), we find that (27) takes the
form m

pur{glma)pe e e

exhibiting the exponent-differences (3;). We may call this the first

reduced form.
We can also choose $(x) so as to make the middle term of (27) dis-

appear; this requires that

$(x) = exp[—} [ py(a) de], (30)
and leads to the second reduced form
D*u+Iu = 0, (31)

where I is the invariant
I = py(x)—3Dpy () —Hpi (@)}, (32)

13 (1-3p) | IIzx
or I= aZ — a))"' 2, (33)
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The necessary and sufficient condition that the equations
D%+ py(x)Dy+p,(x)y = 0, }
D2%2+q,(x)Dz4-g,(x)z == 0,
should be transformable into one another by putting y = 2zx(z) is
that they should have the same invariant, or that
po—3Dp,—1pi = I = g—3Dq,— 14} (35)

EXAMPLES. V
1. Besser’s EQuAaTion. If v is not an integer, the solution of
22Dy +-aDy+ (£ —v2)y == 0
is y = Ad (x)+ BJ_,(x), wherc

(34)

N (= )"(x)smtr
Jfe) = m! I'(m+v-1)

m=0
2. Bessel’s equation of order zero
aD*y+Dy+ay = 0

Le2)
can be satisfied by y = Y wu,, 2™, wherc (u,,) are polynomials of the first
m=0

degrce in log x, dctermined by the relations
8%uy == 0, (8--2m)*ugy+ugy_g = O.
The reduced equations for polynomials are of the form

1
Ugy == (2""_i 8)) Ugm—2s

1= )
4m? m) tam-2

= s (1=) =21~ P
1= (1 gk ) e

The solution Jy(«) corresponds to u, == 1. If we put u, == 2log(}z)4- 2y,

l"(m I-l) 1 1 1
YomtD) = oo 1Tty et gy

where y is Euler’s constant, we have Hankel’s function

m
Yy(2) = Z (= ) (M ~[2log(ba) ~ 2p(m - 1)].
Since (m--1) ~ logm, the series converges for all finite values of x, except
x =0,
3. If n is a positive integer, J,(x) = (—)J_,(x). The sccond solution

0
Y == m""[ > u,,,,.cﬂ"‘], where (ug,) are polynomials of the first degree in logz,
m=—0
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is determined by the relations
(8 —2n)uy = 0, (8+2n)8uyy +tgn_g = 0,
(8+2K)(0+ 2k —2n)ugp+ugy_y = 0 (K 5% O,n).
Show that the equation is satisficd by
S (nm— 1)1y
m!

Yo(x) = —
m =0
b (__ )m(%_r "m+u
-+ A vl (2log(§r)—h(m~+1)—h(n+n+1)].
oy
4. KuMMER’s EQuaTioNs. The doubly confluent hypergcometric equation
xD*+cDy—y == 0
is satisfied, when ¢ is not an integor, by
y = Aogby(e;x)4 Bal—¢ Fi(2—c; x),

X x
+ r.a“"ré“.zﬂn Feeee

Show that the equation is connected with Bessel’s by the relation
Jay 2
J(x) Iv‘%z)? 1y’ ofy (V+ 1; — 1—)
5. The simply confluent hypergeometric equation
xD*y+(c—x)Dy—ay - 0
is satisfied, when ¢ is not an integer, by
y = A Fi(a;¢c;a)+ Bal=% Fy(a—c+1;2—¢; ),
a(a4-1)
I.2.c(ct1)"
If ¢ is an integer, the condition that the solution should be free from
logarithms is

where oli(cs) - 1

where Filase;x) = 14 lic z-- -t

(i) ¢ > 1, (a—c+ 1) (a—c-}-2)...(a~-1) — 0,
or (ii) ¢ < 1, a(a+1)(a+2)...(a—c) ~ 0
6. If ¢ = 1, the logarithmic solution is in gencral

Y- Z 1 (((;j_') n) aM[log x4 h(a+m) — 2y(m-|-1)].
m-—=0
Examine the form when a is a negative integer or zero.
7. If ¢ is an integer greater than unity, the solution involving logarithms is
in general

c—2
) = z (=)"Na—c-+1 —{—_7&)_((2: 2:1)_)_)' gm-cil |

m!

m! (7n+c

+Z ek 1).[logx+¢a+’n) lotm)—g(m+1)).

By putting y = #'~%’ or otherwise, obtain the corresponding form when c is
an integer loss than unity.
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8. HyreErcEOMETRIC FQuaTION. If ¢ is not an integer, the equation
z(1 —z)D*y+[c—(a+b+1)x]Dy—aby = 0

is satisfied by
VEE AF(a,b;c;a;)-}-Bw“cF(a—c»{—1 b—c+1;2—c;x),
b ey _a(a+1)b(h+1)
where F(a,b;c;x) £ — - 1.%(c11) 4.,

9. If ¢ is a positive integer, tho equation is in general satisfied by

- S‘z (__)c_mE(_c_;z—~1:+l-1~m)I‘(b——c_—f—l-}-m)(c~--2——m)!90"“"“+

m!

Ta+m)T'(b-+ m)x"‘

-+ 2 mlmbe—1 5'— log z+(a-+m)+(b+m)—(c+m)—(m-+1)].

m=0
10. If ¢ is an integer less than unity, the cquation is in general satisfied by

P(a+m)F(b +m)(—c— m)'

—C
— C4-m "
y= > (=) -

m==0

i Z l(a l—m)l(b«}—m)

i o= 1) a™[log x+(a--m) (b +m)—i(c+m) —p(m+1)].

11. (i) Tho exponents of the hypergeometric equation at x =~ 0 are (0,1—c).
If ¢ is an integer other than unity, the singularity will be free from logarithms if

c:>>1 and cI:[l [(a=—r)(b—7)] = O,
r=1

or ¢c<1l and fj’[(a—}—r)(b—{-r)] = 0.

(ii) The exponents at « == 1 arc (0, c—a—b). If (¢c—a—>d) is an integer
other than zcro, tho singularity will be free from logarithms if

(@a+b—c) > 0 and aj[i[:c[(a—’”)(b""r)] =
c—a—-b—

or (a4-b—c) < 0 and T1 ' [(@a+7)(b+7)] = 0.
=0

(iii) The exponents at @ = oo are (a.b). If (a—b) is an integer other than
zero, the singularity will be free from logarithms if

a>b and "I [b+nb—ctn] =0,
-0

or a<b and II [atrNa—ctr]= 0.
r=0

12. Examino the singularities of the associated Legendre equation

(1—=?)D%*y—2xDy+- [n(n—{— 1)— (l_n_"_s]y == 0,
4064 M
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13. Show that Laplace’s tidal oquation
d [ (1—22) dy J]
Tl =) del TRV =
has regular singularities at x = 41, apparent singularitios at x = 4+ f, and an
irregular singularity at = co.
[It is simplest to use Prof. A. E. H. Love’s transformation

o (1—2?) dy o
T (= ad) dz’ By = T dx’
which gives (1—2*)D%+B(f2—22)z = 0.

Sec H. Lamb, Hydrodynamics (5th ed.), 313.]
14. Construct a linear differential equation of the second order satisfied
by y = (x—1)? and y = (-+1)% If p 3% g, show that there are regular
singularities at x = 4-1, co, and an apparent singularity at x = (p+q)/(g—p).
15. Show that tho exponents of an equation of the Fuchsian class are un-
changed by a linear transformation 2’ == (Ax-+ B)/(Cx+D). Henco show that
the most general equation with only one regular singularity can be trans-
formed into D"y = 0, and that with two into Euler’s homogencous equation
Fd)y = 0.

16. Verify the expansions in the preceding examples by the method of
Frobenius, where it is applicable.



VI
THE HYPERGEOMETRIC EQUATION

21. Riemann’s P-Functionf

Definition. THE most cclebrated equation of the Fuchsian class is the
hypergeometric equation, and it is instructive to begin by showing
how it is determined by certain quite general properties of the solu-
tion. Following Riemann, we denote by

a b ¢
Pla B y =
al BI ‘yl

any branch of a certain many-valued analytic function of x with the
following propertics.

(i) Every branch is finite and holomorphic, except at the three
singular points z = a, b, c.

(ii) Any three branches are linearly connected.

(ili) At x = a there are two principal branches (P®, P®)) which
are ‘regular’ and belong to the exponents («,«’). Similarly there are
two regular branches (P®, P®)) belonging to the exponents (8,8')
at x = b, and (P, P%)) belonging to the exponents (y,y’) at z = c.

(iv) The exponent-differences (o'—a), (B'—B), (y'—y) are not
integers; and the six exponents are always connected by the relation

ato'+B+p +y+y = 1 (1)
It is evident that the meaning of the I’-symbol is unaltered if we
permute the first three columns, or if we exchange the two exponents
(«,«’) in the same column, and similarly (8,8’) or (y,y’).
Linear Transformation. If we put

, Ax+B
= 0ot D (AD—BC # 0), (2)
we obtain a P-function of the new independent variable z’, with
singularitics at the points 2’ = @/, b’, ¢’, corresponding to z = a, b, ¢,
and with the same exponents, so that

a b ¢ a b
Plo B y 2}p==Pla B y 2} (3)
a’ BI y' al B’ yl

t B. Riemann, Mathematische Werke (1892), 66-83,
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In particular, we can make the singularities coincide with 2" = 0, o, 1

by putting . (.E—a)(b—C) (4)

’

 (@—b)a—c)

and we observe that this is onc of the anharmonic ratios of the set of
numbers (a, b,¢,x). For the P-function with the singularities in the
standard position we may write more simply

0 oo 1 /3
42
Ple B y = :-P(, v x) (5)
R x By
« By

By permuting (a, b, ¢) the transformation (4) may be effected in six
different ways, the new variables being connected by the relations

1 1 x r—1
=z l—x =, - , — 5 —. 6
z l1l—x x—1 x (6)

The same function is represented by six schemes with different
independent variables

Loprd Aoy k)

(7)
P(al ‘y) ﬁf wx'_)’ P(ﬁ * 7Y ‘1‘), P(y ﬁ * 1'-‘.1:).
x y ﬁ x_l Bﬂ “I )’I x y' BI a'
Change of Exponents. It also follows from the definition that
5 a b c a b c

—a\d(x—c

R R S bty
o« By a'48 B'—8—e y' e

and similarly

5 . By N a0 B—0—e yte
wl=) P( Y ’”) - P(a'+6 B—8—e y'te “)' )

We can thus assign arbitrary values to two exponents at two distinct
singularities, without introducing a new singularity or disturbing the
relation (1). These transformations leave invariant the exponent-
differences («’'—a), (B'—B), (y'—y); we may therefore write
P(«’ —a, B’'—PB, ¥’ —y, z) for the family of functions

xﬁ(l-—x)‘P(:, g, :, x)
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The Differential Equation. After describing any closed circuit, two
linearly independent branches (y,,7,) of the P-function are trans-
formed into branches of the form (a,, y;+a1, Yy, @y y,+a457,), Where
(@11 @ps—dayya4;) # 0. Hence the determinants

h Dy, D,
Y2 Dy, D%,
are cach multiplied by (a,,@,,—a;5a,), and so any other branch
satisfies an equation of the second order with uniform coefficients

Wy yy) _ (11)
Wy y2)

This has regular singularities at z == 0, co, 1; any other singularities
must be apparent, since the solutions arc holomorphic. But apparent
singularitics are excluded by the condition (1). For consider the
Wronskian of any two independent solutions W (y,, y,); in the neigh-
bourhood of # = 0 this may be written as a numerical multiple of
the Wronskian of the principal branches IW(P®, P@)) which is
regular and belongs to the exponent (a+a’—1). Hence and by
similar reasoning

(10)

W(yy, ys) = O(xx+>'-1) as r—> 0,
= Q(x~B-F-1) as x - o, (12)
= Of(1—a)r+-1} asax->1.
Accordingly the expression
$(x) = &= (L—a)77 IV (3, 1) (13)
is holomorphic for all finite values of x; and, as 2 — 0o, we find from
(12) that
P(a) = O(aM-2-01a-y-y)-+B+f)) = O(1), (14)
on account of the relation (1). By Liouville’s theorem ¢(z) is a con-
stant; and so W(y,,y,) cannot vanish for any finite value of & other
than zero or unity, and hence there arc no apparent singularities, for
the reasons explained in § 18.
The differential equation is now found to be uniquely determined
by its singularities and exponents, by the method of § 20, (20)-(23),
in the form

Ta—d | 1—y—y’
J)zy—kl —+ x’il"]Der

a’ |y BB —ad =y -
g e AN
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For the general scheme, Papperitz obtained the elegant canonical form

e[ 55 e

aa’(@—b)(a—c) Yy _
H 2 e g = O 49

Reduced Forms. We can reduce one exponent to zero at each of
the singularities x = 0, 1, in accordance with (9), by putting

P(a By x) = x“(l—x)YP( 0 atBty 0 x) (17)
"B Y o —a atfty y—y
By interchanging («,a’) or (y,y’) we can effect the reduction in four
ways; and since the method is applicable to each of the six schemes
(7), we obtain altogether fwenty-four reduced forms in six different
independent variables.

If we introduce the exponent-differences

A=do—a, p=f—F v=y—y, (18)
we find from (1) that
atB+y = Hl—A—p—v); (19)
and so the reduced scheme (17) may be written
P(O I(A—A—p—v) 0 x),
X H1—Ap—v) v
and on inserting these values in (15) we have the reduced equation
ng,+[_1;;_)‘+; I]D L A=A JZE’;(‘ 1)’””“”)3, —0. (21)
The other reduced forms are found by changing the signs of A or v.
The second reduced form, or invariant form, is found by removing
the middle term of the equation. We must therefore make the sum

of the exponents unity at = 0 and # = 1, and this can only be done
in one way for a given scheme. The new scheme is

1= —3(1+p) H1—v)
V& s
Qu+» —3(1—p) H14v) ﬂ

and corresponds to the diffcrential equation

vEo N—p 1]
2?/+[ Ty + ( )2+m4?x(x—_:l) ]?/— 0, (23)

which involves only the squares of the exponent-differences.

(20)

(22)

The Hypergeometric Equation. While Riemann’s equation clearly
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exhibits the exponents, it is not the most convenient form for
numerical calculations. We identify (21) with the standard hyper-
geometric equation

x(1—x)D?%+[c—(a+b+1)x]Dy—aby = 0, (24)
by writing

A= 1—c, pn = +(a—"D), v = c—a—>b, }
a,b = }(1—A4-p—v), c=1-A,
The scheme of the hypergcometric cquation (24) is therefore

P( 0 a 0 x) (26)
l—¢ b c—a—b

and we observe that the condition (1) is automatically satisfied.

(25)

22. Kummer’s Twenty-four Series

Solutions at the Origin. To construct the regular solutions of the
type y = a* > ¢, 2", we use the form

8(8+c—1)y—w(8+a)d+bly =0 (5= xD), (1)
and obtain the indicial equation
plp+c—1) =0, (2)
and the recurrence formulae
(n+p+1)(n+-p+c)eysy = (nt+pa)(n+p+b)e,. (3)

If ¢ is not an integer, the principal branches are
P = F(a,b;c;x), PO = gl~¢F(a—c+1,b—c+1;2—c;x), (4)
with the usual notation for the hypergeometric series
F(a,b;c;x) = l+%x+a(a;!:;(%b$3—1)x2+.... (5)
From (3) we have lim (¢, ,,/c,) = 1, so that the solutions are conver-
gent when [2] < l?ﬁ'i]_‘ohe first series reduces to a polynomial if @ or b,

the second if (a—c-+1) or (b—c-1), is zero or a negative integer.
From the four equivalent Riemann schemes

P( 0 a 0 x), (1_x)c—a—bp( 0 ¢c—a 0 x), ]
1—c b c—a—b l1—c ¢—b a+b—c

0 aQ 0 x
—c ¢c—b b—a Ev_———l)’
0 b 0 x )

(I—xr-"P(l L ()

l—c c—a a—b x—1

(1—x)-bP(
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we can write down four equivalent expansions of the branch P,
which is holomorphic at = 0, namely

F(a,b;c;x), (1—z)-2-bF(c—a,c—b;c;x),

—a o € - Al x (7)
(1—2a) F(a,c——b,c,(x»_—l)), (1—2x) "ﬁ(b c—a;c; T _1))

The expansions in powers of # converge when [z| < 1; those in powers
of x/(x—1) in the half-plane [z| < [t—1|. In the same way, by a
linear transformation of the Riemann scheme, each of the six prin-
cipal branches can be expanded in four ways, in ascending or descend-
ing powers of x, (1—=z), or a/(x—1). The domains of convergence of
the various series are the interior or exterior of the circles [x| = 1 or
|[l—z| == 1, or the half-planes bounded by the line |z| = |x—1]|.
These scries, which were obtained by Kummer, are given in the
following table.

Table of Kummer’s Series
Po | Flabieia)
(1—z)9bF(c—a,c—b; c; x)
(l—x)=%F(a,c—b; c; z[(x—1))
(l—-—:c)"’F(b c—a;c; :L/(:t~]))

PW) ' F(a— c+1 b—c- f—l 2—c;x)

211 —2)~0~bF (1 —q, 1—b: 2—¢; 2)

=1 —x) 1 (a—c+ 1, 1—b; 2—c; 2/(x—1))
2171 —z)~-b"1F(b—c+1, 1 —a; 2—c; z/(x—1))

P® x0F(a, a—c+1;a—b-+1; 1/x)

241 —1/x)e=0-bp(1—=b,c—b; a—b+1; 1/x)
z7%1—1/x)"%F(a, c—b;a—-b+1; 1/(1—=zx))

291 —1/z)t~4-10(1 —b, a—c—+1; @ ~b+13 1/(1Lz))

PB) PP, b—c+1;b—a-1; 1/x)

2=b(1—1/x)*~0-dF(1—a,c—a; b—a+1; l/x)
2-b(1—1/2)"bF(b, c—a; b—a+1; 1/(1—2z))
"’(l——l/z)“b“‘l“(l——a, —ct1;b—a+1;1/(1—2))

P ﬁ'(a,b at+b—c--1;1—2x)
r=CFa—c+1,b—c+1l;a+b—c{1;1—2)
" (a,a—c+1;a-fb—c+1; (x—1)/x)
—bF(b b—c+1; a+b—c +4+1; (;v——l)/.z:)

P (I—z)c”‘"’l”(c —a, c——b c— a—-b+1 l——.z)
x1¢(1— .r)c““"’l’(l —a,1—-b;c—a—b+1;1-2)
2261 —2)~""F(1—a, c—a; c—a—b+1; (x—1)/x)
ab-¢(1- :c)c“’"’F( 1—b,c—b;c—a—b+1; (.z:— 1)/z).

23. Group of Riemann’s Equation

Invariants. The principal branches of a Riemann function (whose
exponent-differences are not integers) are single-valued in the upper
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half-plane, and are connected by the relations

P — og p(ﬁ).*_aﬂ, PB) — o, PO oy P, } )
Pl) — aé P(ﬁ)—l—alé, P(ﬂ') = o P(7)+ot;, P,
The mutual ratios BB Y (2)
(Xﬁ (!B (I.y ozy.

arc independent of the choice of the constant multiplier belonging to
each branch, and were determined by Riemann as follows.

Let us consider the effect upon the two solutions (1) of a simple
positive circuit, beginning and ending at a point of the upper half-
plane, and enclosing == 0 and = 1. We may regard this as a
sequence of two positive loops, first about = 0 and then about
z = 1, or clse as a negative loop about x = 00. The new branches
obtained from (1) can therefore be expressed in the two alternative
forms

ag e-2i7 P@) +a 5 e—2inf pB) — ezim[ay e2imy P(y) +0ty' e2imy’ P(‘y’)], } ( )
ape-2BPB | o 40~ PE) — e[ o, 2imy PO) Lo, e2imy P,
We may take the first cquation of each pair (1) and (3) and solve for
(P®, P®)), and we may do the same with the second equation of each
pair. On eliminating (P®, P#)), we have two linear relations between
(PD, P%) which are identically satisfied for all values of the latter;
this will give four relations between the coefficients. Thus the two
expressions for P® are
agsinm(B'—pB) PB
= a, e HBYsin (B +y) PV
+a, €T )sin (o -y ) PP, (4)
agsinm(8’—pB) P®
= o, e HB+Ysin (o’ 4B+ y) PO+
+ a)", eim@'+B+ygin (o' 4B ") P,
and from these and the corresponding forms for P®) we get the
relations

o _ emsina(atfty) _ ayemisina(atp+y)

(xk ay etma’ sin ﬂ(a -|—-lg +,y) a,l’ e‘.”'“’éi_n;'&’:*?lé':*;;'j’
aﬂ e'masu’l 7r(ot+/3+-y) Otyte“”"san "(0‘+ﬁ+‘y )

ag a,,e“’“ sin 7(a’ +B+y) a7 sin w(o'+B+y")’

These relations are compatible, because Y o= 1. If we write
4084 N

(8)
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(A, p,v) for the exponent-differences («'—a, B —pB,%’ —vy), we have
sinm(a+B+y) = cos 3m(A+pu+v), ete. The relations then become

¢™ 8 cos Lm(A-+-p-v)eos Jr(A4-p—v)
*B

= ™ B cog Im(A—p-+v)cos lr(A—p—v)
ag

= O‘}}cos In(A+p+v)eos Ir(A—pu--v)
,
Y
= " cos §m(A+pu—v)eos fr(A—p—v). (6)
(Iy:
The coefficients will be evaluated below in § 26.

Exceptional Cases. If we have cos i7(A4+u-+v) = 0, we must also
have (g = 0 = a,) or else (¢ = 0 = ay). We can then arrange the
notation and the constant multipliers of the principal branches so
that the relations (1) become

P — pB — po) \

Pe) = og P<ﬂ)+ué, PE) — ay PP+, PO, J @

The first solution is merely multiplied by a constant after any closed

circuit; and, since it is regular at infinity, its form can only be

P, = x*(1—=z)7 [a polynomial]. (8)

Similarly, there is a solution expressible in finite terms whencver
cos }m(A4+-p+v) = 0. In the hypergeometric form, we find that

Abpcty = (1—¢)+ (b—a)+ (a-+b—c) (9)

must be an odd integer. Hence one of the numbers (a, b,a—c,b—c)

must be an integer. We shall see that thesc cases are soluble by

elementary methods. When the hypergeometric equation is satisfied

by a polynomial, its group is generated by the transformations

Y=y, } Y, =y }

YZ = g2im)y 2 Yz — Ay1+62i""y2,
corresponding to circuits about = 0 and x = I respectively, where
¥, is the polynomial and y, the other principal branch at z = 0.

General Case. If cos }7n(A+u+4v) 5 0, we can reduce the relations
between the solutions at « = 0 and z = 1 to the form

P = PW4 po)  P@) = PV PY), (11)
®ya, €08 Jm(A4p—v)cos Jr(A—u—v)

= 7Y — °
where oy, €08 dm(Ad-ptv)cos fr(A—pfv)

(10)

(12)
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The generating transformations expressed in terms of the principal
branches at the origin are

. Y, = 2,
}7[ — e2l1l'f!y1’ ‘ (K'—l) (]3)
Y2 — ezina'?lz’ f - K(e2my__e2my )?/ +(ezany_ xe2imy’ )y
2 == -
(x—1)

The latter is obtained by cxpressing the transformation in terms of
(PM, P¥)) and eliminating (P, P)) by means of (11). It is evident
that « #£ 0, co; and it may be verified that « # 1, because
sinmAsinv 5% 0. Thus the relations (13) are well determined.

Associated P-Functions. In the relations (5) the exponents appear
only through the multiplicrs (e*7%), so that P-functions with the
same multipliers have the same group. Consider three functions

(007 a) (Swen s-nzm e
x Bi i
whose respective exponents are congruent modulo 1. If (A;, u;,v;) are

the exponent-differences (x;—«y;, B;—PB;, vi—v;), we have, on account
of the relations > o; = 1,

Aty == 1=2(a+Bi+y), (15)
and so A;—Aj+p;—p;-Fv;—v; = an even integer. (16)

P

)

We may restrict ourselves to the reduced forms
0 M1—=A—p;—v;) O )
P, h Lo x] (-=1,2,3), (17)
'(Ai FA=Atp—v:) v
where the necessity of the condition (16) is apparent, if the multiplicrs
at infinity are equal. We suppose the branches so chosen that the
coefficients in (1) are the same for i - 1,2,3; and we consider the
expression
Sy = [P0 Py — Pled) Pl
el ((xﬂ aé,—(yé aﬂ [1)(31)1)(3])—— I)(ﬂz)P(.BJ)J
= (o4 a0ty PO Py — Pd P, (18)
This belongs to the lower of the exponents («; 4o, aj+«;) at x = 0,
(Bi+B;, Bi+-B)) at & = oo, (y;+v) vi+y;) at x = 1, and these may be

written o = Moytoytaitaj— A=Al
Bij = E[Bz'*‘ﬁ}‘*‘ﬂ:‘}‘ﬁ;“ ——,u}]] (19)

vij = vty Hvityi—vi—vl]
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Thus x-2(x—1)-74.8;; belongs at infinity to the exponent
(ai5+Bij+v45)
and is holomorphic for all finite values of x, so that it is a poly-
nomial of degree
Ny = N2 ls—p+ lvi—v; ] —2], (20)
which is an integer because of (16).
Three corresponding branches of the threc functions are of the

form P,= AP L A'PE (i = 1,2,3), 1)
with the same cocfficients (4, 4’). These are connected by the relation
P, 8y5+F, 85+ 1 8y = 0. (22)

If (a,7) are the lowest exponents of the triads («;;) and (y;)
differing among themselves by integers, we can remove a factor
%(1—x)? and find a relation

Pixi+PxetFxs = 0, (23)
where y, is a polynomial of degree (ay3— &+ yy3— 7+ Nps), and so on.

24. Recurrence Formulae. Hypergeometric Polynomials

Contiguous Series. We can illustrate Riemann’s theorems on
associated hypergeometric functions by means of Gauss’s relations
between contiguous functions. The six functions

Fa41,b;c;x), F(a,bt1;c;2), F(a,b;eit1;x)

are said to be contiguous to F —= F(a,b;c;x), and are dcnoted by
F,,, ctc. Each of them can be simply expressed in terms of F and
DF, and on eliminating the latter we get fiftcen relations between
F and any two contiguous series, which were given by Gauss. To pass
from F to F,,, we must multiply the cocfficient of 2* by (¢+n) and
remove the factor a; this is rcadily effected by the operator (8+a),

where 8 = #D. We thus have at once three of the required formulae

ak,, = (3+a)F, (1)
bE,, = (3+b)F, (2)
(c—1)F,_ = (8+c—1)F. (3)

We next write the equation for #,_ in the form
[3(8+c—1)—x(84+a—1)(8+Db)]F,. = O,
or [+c—a)—x(8+b)](6+a—1)F,_ = (c—a)(@—1)F,_;
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on using (1), with (a— 1) written for @, we now get
(c—a)F,_ = [(3+c—a)—x(3+b)]F,
i.e. (c—a)F,_ = (1—z)8F+(c—a—bx)F, (4)
and (c—=b)F,_ = (1—2)8F+(c—b—ax)F. (5)
Finally we have the equation
[6(3+c)—a(3+4-a)(3+b)]F,, = o,

ie. [6—2(8+a+b—c)|(3+c)F,, = (c—a)(c—b)xF,,,
which gives by means of (3)
(c—a)(c—b)F,, = c[(1—x)DF+(c—a—b)F). (6)
Our six formulae may now be arranged as follows:
zDF = o(F,,—F), (1)
xDF = b(F,,—F), (2"
xDF = (c—1)(F,_—F), (3"
2(1—2)DF = (c—a)F,_+-(a—c+bx)F, (4)
2(1—2)DF = (¢c—b)F,_4-(b—c+ax)F, (5")
¢(1—x)DF = (c—a)(c—b)F,,+c(a+-b—c)F. (6")

Gauss’s fifteen relations now follow by equating two values of DF.

Associated Series. Gauss showed, by constructing chains of conti-
guous functions, that any three series F(a+1,b+m;c+n;x), where
I, m, n are integers, are connected by a linear homogenecous relation
with polynomial coefficients. By differentiating the hypergeometric
equation a certain number of times and eliminating intermediate
derivatives, we can show that this is true for any three derivatives of
F(a,b;c;x). Any other associated series can be expressed in terms

of F and DF =: (abjc)F(a+1,b+1;¢c+1;x)
by repeated use of the operations (1)-(6), the results being very
similar to a celebrated formula of Jacobi given below.

If £ is a positive integer, we have from (1)

apF(a+k,b;c;x) = (6+a)d+a+1)...0+a4-k—1)F
= al=eDHz*+4-1F (a,b; c; 2)], (7)

where a; = a(a+1)...(a+k—1).

Similarly from (3),

(c—Fk)F'(a,b;c—k;x) = al-c+kD¥[ac-1F (a, b; c; )] (8)
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Again, we may write (4) in the form
(c—a)art-a+l(1—g)t+b—c-1F(a—1,b;c; x)

= x2D[a°-(1—2x)*+~<F(a,b;c; )],
and hence we have

(c—a), ze-oth(1—x)etb—c—*Fla—k, b;c; x)
= (x2D)¥[ae~2(1—x)e+v~<F(a,b;c;2)].
But (x*D)f = (x8)F
= ak(§+k—1)(8+L—2)...8
= 28(8—1)...(6 —k+1)ak-1
— D1, (9)
and so we find that
(c—a) F(a—Fk,b;c;x)
= gt-eH(1—x)- a-b+k Dk{ge-a+k-1(1 —g)ath~cF(a,b; ¢;2)]. (10)
In the same way we have
(c—a)(c—b), F(a,b;c+k;x)
= cy(1—x)*~"-b+EDE[ (1 —z)t+b~F(a, b; c; x)]. (11)
Jacobi’s Formulae.t If M == a¢-1(1—a)*i¥~¢, the hypergeometric
equation may be written in the form
D{x(1—z)MDy] = ab My. (12)
Similarly, we may differentiate the hypergeometric equation (k—1)
times and write
D[x*(1—x)s M D¥y] = (a+k—1)(b+k—1)ak-1(1—z)s-1M Dk-1y, (13)
whence we have the recurrence formula
D¥ k(1 —x)* M D¥Fy | = (a+k—1)(b-+k—1) DE=1 ak=1(1 —x)k-10 Dk=-1y]
== a;. b, My. (14)
This is true for every solution of the hypergeometric cquation. 1f we
put, in particular, y -= F(a,b;c;z), and so
Dky = (a;,bJc ) F(a-+k, b+Ek;c+k; ),
we may remove the factors «;, b,, provided that £ is not a polynomial
of degree less than %, and we then have

DHa*(1—x)e M F(a+k,b+k;c+k; )] = ¢, MF(a,b;c;z). (15)
Ifb = —nis a negative integer, so that ¥ is a polynomial of degree =,

1 C. G. J. Jacobi, Werke, 6, 184-202.
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F(a+n,b+n;c+mn;z) is unity, and then we have a finite expression
for the hypergeometric polynomial

¢, F(a, —n;c;x) = at=¢(1—zg)rte-aDn[actr-1(1—g)a~<].  (16)

Again, if b == —n, we have on differentiating » times the hyper-
geometric equation the relation
a(l—z)D" 2y 4-[(c+n)—(a+n-+1)x]D 1y = 0. (17)

For the polynomial (16) we have D"+ly = 0; and for the genecral

solution 20t (1 —g)e-c+1)n+ly = constant, (18)

Dy -=C f we=n(l—g)e-e-1 du, (19)

In the general formula (14) we may put & = » and introduce this

expression for D"y; the second solution is then expressed in a finite
form involving a single quadrature

My == AD"[x”(I——x)"M f g-e-n(l—z)r-a-1 dx]. (20)

By expanding in descending powers of x, we see that this is the
solution belonging to the exponent @ at x = 0. We give among the
excrcises formulae showing that the hypergeometric equation is
soluble in finite terms, if any of the numbers (e,b,c—a,c—b) is an
integer.

Another Notation.f To exhibit the polynomials of Legendre and
Tschebyscheff as particular cases of Jacobi’s, it is convenient to
place the singularitics of the hypergeometric function at x = 41, oo,
and to modify the exponents. We write

ppd) = D D ey ape, 2

and find from (16) after a little manipulation
PeB(z) = (.‘"jl"l.)" F(a+,3—|—n+l, —njat1; 1:3”), (22)
the scheme of the differential equation being
—1 o0 1
P{ o —n 0 ay. (23)
—B (a+B+n+1) —a
Thus P%P(x) is a solution of
(1—22) D2y +-[(B—a)—(a+B+2)x] Dy+n(a+-B+n-+1)y = 0, (24)

1 G. Polya and G. Szego, Aufyaben und Lehrsitze ..., 1, 127; 2, 93. R. Courant
and D. Hilbort, Methoden der mathematischen Physik, 1, 66-9, 72-5.
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and a second solution is
y = A(x—1)~z+1)-Fx
X D[ (e—1)*+n(z4 1) [ (z— 1)z 41)F-n-1da]. (25)
Generating Function. If¢(2)is holomorphic at z = x and ¢(x) # 0,
and if 2 = ztwd(z), (26)

then an analytic function which is holomorphic at z = 2 can be ex-
panded by Lagrange’s formula

1@ = fayt > o D[]S (2. (27)

If we differentiate with respect to w and afterwards write f(z) instead
of ¢(2)f'(z), we find the expansion

g = 2D sere, (28)
Let us here write
$(x) = }(=*—1),  f(z) = (x—1)%x+1), }
z = x4 Jw(z*—1).
The root which tends to « as w tends to zero is
z = w Y 1—(1—2zw+w?)], (30)
and (21) and (28) together give
2 wr(z—1)*(z+1)BP&B(z) =
_ [1—w—(1—2zw+w? {1 +w—(1—2zw+w?)i]
wetB(1—2zw-tw?)}

_ (x—1) )X (x+1)f[1— —w+( 1—2xw+w2)3] 0‘|’1—}-w—{—(1 2xw-+w?) *]‘ﬁ
o (1—2zw+w?)t

(29)

(z—1)%(z-+1)8

1—wz

(31)
Hence P{™P(x) is the coefficient of w" in the expansion of
[1—w+(1—22w+wP - 14w (1 —2ew+w?)t]- ﬂ

,go wrPPle) = e (1— 22w+ w9t

(32)
If « = B = 0, we have the well-known formulae for the Legendre
polynomials
© wn
(1—2zw+w?)+ = z wP,(x) = z Cion DM@ =1 (33)

=0
n n=0
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Orthogonal Relations. If = P®Pf)(z) and v -= P™P(z), we have
by cross-multiplying the differential equations the relation

D[(1—z)*+(14-2)f+ (v Du—wuDv)]
= (n—m)(n+m+tat-f4-1)(1—2)*(14x)Buv.  (34)

If the real parts of a, 8 are greater than —1 and if m 4 n, we may
integrate between the limits 41, and we have

.

1
Ty == [ (1=2)*(1+-2)BPP@) P Bla) de == 0 (m £ n). (35)
-1
To evaluate the integral when m = n, we write

1

I:r.n = - [[)nf([ x)o‘+"(l+.r B""}JP(W.B) dx

‘)" n'
-1

— p\atn B
.. (l l) ) (] +9) )nP&x,ﬁ)(‘v) dx
on n!

-1

. m%:gj—‘)?—*—l J (1—2)x (1 4-2)B +n dy

22y
-1
24BN A DB+t 1) (36)
! (at-B4-2n 1) (atB+n+1)°

25. Quadratic and Cubic Transformations

Quadratic Transformation. There are many known cases of the
transformation of one hypergeometric equation into another by rela-
tions of the type &= (), ¥ =y, (1)
and their systematic enumeration was begun by Kummert and com-
pleted by Goursat.f The only possible transformations of the equa-
tion with three arbitrary exponent-differences are linear; and those
of the equation with #wo unrestricted exponent-differences are at
most quadratic. The higher transformations are connected with the
theory of the polyhedral functions and apply to equations having
only one free parameter or none.

1 1. K. Kummer, J. fur Math. 15 (1836), 39-83, 127-72.

t See particularly :—I. Goursat, Annales de I Ecole Normale, (2) 10 (1881), Suppl.
3-142; Acta Soc. Sc. Fennicae, 15 (1884-8), 45-127.

4064 o
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The quadratic transformation is most clearly expressed by Rie-
mann’s scheme

0 o 1 —1 o 1
Plo gy ap=P{y 28 y W2
P B Y8 Y
—1 oo 1
_p 5 z ) @)
- /3 244 ﬂ z—1 ’
BI 2},' BI

where (84-8'+y-+7v’) = }. It is applicable whenever one exponent-
difference is }, or when two arc equal. The canonical form of the
equation with two equal exponent-differences is that of the associated

Legendre equation

2
(l—x2)D2y—2ny+[n(n+ 1)_1Tx2]y _ o, (3)
whose scheme is
—1 0 1
P{ Im w4+l Im z). (4)
—Im  —n —lm
If we put & = cos 6 in (4), we have the relations
3 1 3 .
P( e i sm“’é@)
—im —n —im
1 1
— P 0 2(n+l) 2m 00820
—in  —lm

(&) T

=P( 1 : —.§(1+icot0)). (5)
—in  —m —ln

We thus obtain Olbricht’s 72 hypergeometric seriest in ascending or
descending powers of

cos?}f, sin%2ld, —cot216,
cos?f, sin%0, —cot?d, (6)
(147 cot ), €20,

Whipple’s Formula.} We can also write (5) in the equivalent form

t E. W. Hobson, Spherical and Ellipsoidal Harmonics (1931), 284-8.
1 F. J. W. Whipplo, Proc. London Math. Soc. (2), 16 (1917), 301-14; Hobson,
loc. cit. 245,
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—1 0 1
P{ Im =n+1 3im cosha
—im —n —Im
—1 0 1
=sinh~*aP{ ln+] 34m In+} cotha}. (7)
—in—} j—m —in—}

Since the formula is symmetrical in 4 (n+%), we may assume that
the real part of (n-1) is positive. We then obtain two alternative
expressions for the branch belonging to the exponent (n--1) at
cosh ¢ = o0 or coth « = 1. We have by definition, at x =— o

eff””l"(m—l—n—{— l)F( )

b

n ((L‘) == z::fl[‘(n+ i)
( — 1)imx—m n IF(m +:')?'+ 1 7)1,—{—;1-{-2 n—i—:};i—z), (8)
and so
- __emD(m~+n+1)(})
Qp(eosh o) =

9

. m+n+1 m+n+42
><smh"'cxcosh-m-"-lalf’( +‘)+ , Tnt ;n+%;sech2a)

N e‘""‘l‘(m—l—n—{— I)F( 3)
Pintd)

Again, we have by definition, at 2 = 1,

e~(tba gy o — -|- 00, 9)

1 (x1)in _ 11—
P (x) = = m)( ) F(—-n,n+1, 1—m; -~-2~-), (10)
and so
Pznk(cotha) = F(nlz*»_g)e‘("m"‘lf’(f}—{—m, T—min43; l—cf)thﬁ)
e—(n+ha
as a > - oo. {11)

~ ety
On introducing the expressions (9) and (11) on the left and right of
the relation (7), we obtain Whipple’s formula, which was originally
established by transforming contour integrals, namely

m emMmtln+n+1) 5, 4
Q(cosha) = 9 sinfita Pz -4(coth o). (12)

Cubic Transformation. When two exponent-differences are !,
or when all three are equal to one another, we can apply the
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transformation
0 oo 1 l o o?
PO 0 y 2}=Ply vy y ¥z, (13)
L Yy oy v

where (y+9y') = } and w == exp(2im/3). We can also apply the
quadratic transformation to either of the two expressions (13), and
Riemann thus obtains six equivalent P-functions

P,v,v,xy), Pv,iv,3,2,), P(lv, 2, lv,a)),

14
P(%:V; ':1{"1'4)9 P(%, :‘ZV’ 3!, zs), P(dv, 3": ';le: ), (14
where 1
ry = day(l—a3) = e (1—;_;”-),
1 1
1
x5 = duy(1—2a,) == 41,‘—(-1—:1‘ ): | (15)
Ly g
Ty = - (@t o) (1—ux,) = (5 +w)? .
1T 3(w—w)ry(l—ay) VT 3wt —w)ry(l—ry)

To each of these we can apply the general linear transformation.

Repeated Quadratic Transformation. 1f one exponent-difference
is 4 and the other two are equal, we have the equivalent schemes given
by Riemann

Y P(v,v, §.y),

P, 2v,v,2,), } (16)

P(li“’v’ :lz’xs): P(i: 2, i’, :L'4),
where x, = da)(l—wy), a3:: 4x,(l—ay) = } (2-.2:2———1—2). (17)
€

If two exponent-differences are }, we have an elementary function,

since
o0 W w0 v |
S B A Y
_ 142 “P 0 0 0 l+a
1—x —v 1 » 2

14\t 1—x\¥v
LY v ST

26. Continuation of the Hypergeometric Series

Convergence on the Unit Circle. The simple ratio test suftices to
prove the convergence of F(a,b;c;x) = E c, " in the interior of the
unit circle, but fails on the circumference. Now we have

¢, (n1)c+n) _ l,tc,—,““b+0(1

= i =TT o)
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14 R(c—a—b) +0( *1: ); (1)
Chi1 n n

hence, by Raabe’s test or by direct comparison with > nk, the
series is absolutely convergent on the unit circle if R(c—a—b) > 0.
We observe the significant role of the exponent-difference at z =- 1;
for if R(c—a—Db) > 0, both the principal branches remain bounded
as ¥ - 1, with any fixed amplitude of (x—1).

If R(c—a—b) <. — 1, the general term does not tend to zero, so that
the serics is definitely divergent. A still more delicate test is required
in the doubtful range of values 0 > R(c—a—b) > —1. We obscrve
that in this case |c,| -> 0; provided that £ 1, we may make the
transformation

c
and -

= 1+

k2 k2
(l-—-.l:) 2()()/!/:1"" = ('0+ EI(C”-——C,L__I)QE"‘, (2)
n n -
and this is expressible in terms of two contiguous series
c(l--x)F - x(b—c)E,, {-cF,_, (3)

both of which are absolutely convergent. Hence the series converges
(though not absolutely) at all points of the unit circle except x == 1
when 0 = R(c—a—b) > —1.
To consider F(a,b;c;1), we use the gamma product
n-1

(a+7)(b+7) l‘(c)]‘(w-{—b )[
1 () 4
1 [[ (c+r)(a+b—cH-r) 1 (a)(0) + n )
which cn.»bk '8 us to compare the series with one involving bm()miztl

coefficients
. — Wfc—w~b Loft 5
o= 3 (o)) (%)

The series of error terms is absolutely convergent, by Raabe’s test,
if R(c——a—b) > —1. The sum of the first (n4-1) coefficients of the
series (1—x)e-¢? iy the coefficient of #” in the series (1--2)°-a-0-1 and
this can be verified by elementary methods. This tends to infinity,
and so F(a,b;c; 1) diverges, when R(c—a—b) << 0. If (c—a—b) -~ 0,
both sides of (4) become infinite. But we can remove the unwanted
factor (a4-b—c) in the denominator, and so obtain the logarithmic
comparison series > a” /n, from which the same result follows.

b

Gauss’s Evaluation of F(«, b; ¢; 1). Consider the relation between
contiguous series

(c—a)(c—=b)xF,, —c(c—a—b)eF = c(c—1)(1-x)(F..—F). (6)
If B(c—a--b) > 0, both # and F, converge absolutely in the closed
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interval (0 < « < 1). The series #,_ nced not converge at z = 1; but
at any rate its coefficients tend to zero. If we apply to it the trans-
formation (2) and put z == 1, the sum of the scries on the right is
lime, = 0; by Abel’s thecorem on the continuity of a power-series

we have therefore ]im[(l——x)lfl._] == 0, and hence
c(c—a—b)F(a,b;c;1) = (c—a)(c—b)F(a,b;c+1;1), (7)
and accordingly
F(a,b;c;1) 2L T (c—a+r)( c—b-7)
F(a,b;c+n;1) 1T [(c-}—r) (c—a— b—}-r)} )

If a, b, c are fixed, the series F((L, b, ¢+mn; 1) converges uniformly with
respect to n, when n > n, say; since each term except the first tends
to zero, we have

lim F(a,b;c+n;1) = 1. (9)

N—>0

The terms grouped in square brackets in the product (8) give an
expression of the type [1—[—0(—1;)]; so that the product converges,
o>

and may be evaluated like (4) by means of gamma functions. We
thus have finally

I'c)['(c—a—D)
[(c—a)[(c—b)

It is convenient, even when the hypergcometric series is divergent,

to write b () (c—a— -b)

$@.0,0) = [ iie—b)”
This remains finite unless the argument of one of the gamma functions
is zero or a negative integer.

F(a,b;c; 1) = (10)

(11)

Kummer's Continuation Formulae. We can now evaluate directly
the coefficients of the continuation formulae in § 23; but we must first
remove all ambiguity regarding the branches of the hypergeometric
function. We shall make a cut along the entire real axis from

2 = —o0 to z == 00, and consider the branches defined in the upper
half-plane by the following conditions.
P@ 1, P~ gl-e (as z - 0),
PO~ (1—2)-2, PB~ (1—z) (asx—>00), (12)
P» 1, PO~ (1—z)-o? (as x> 1),

0<Lam(z) <m, —7<am(l—2x) <0.
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The coefficients of the formulac
P@ = o, P4, PY), P = a PV +-o, PY), (13)
will be found by making - 1 and x — 0.
(i) If R(c—a—>b) > 0, the first expansionsin the table of Kummer’s
series give, when x — 1,
P > ¢(a,b,c), P> d(a—c1,b—c+1,2—c),
P11, P% -0,

I as
and hence
x, = ¢(a,b,c), «, = p(@—c+1,b—c+1,2—c). (15a)
(ii) If R(c—a—b) < 0, the second Kummer series of each function
gives, as x -> 1,
P@ ~ (1—z)°-22p(c—a,c—b,c),
P@) ~ (1—z)-2bp(1—a,1—b.2--c), (16)
P »1, PY) ~ (1—z)-2b,
and hence
a, = $(c—a,c—b,c), ®y = ¢(1—a,1—b,2—c). (15Db)
(iii) If R(1—c) > 0, we have also, as z > 0,
P@_»1, P®) 0, } an)
P> d(a,b,a-+b—c+1), P¥)— d(c—a,c—b,c—a—b-+|-1).

The relations now give
aqu(a,b,a+b—c+l)+ay.¢(c—a,c—b,c—a—b+1) =1,
a;¢(a,b,a+b—c+ 1)—|—a)',,¢(c——a,c~b,c—a—b+ 1) = 0.

(iv) If R(1—c¢) < 0, we have, as x - 0,
P51, P~y gl
PO ~ xt-¢p(a—c+1,b—c+1,a}b—cH-1), (19)
PY) ~ al-¢4(1—a,1—b,c—a—b+1),
and these now give
a7¢(a—c+1,b——c+l,a-|—b—c+ 1)+ l
—I—ay,qS(l—a, 1—-b,c—a—b-+1) =0, J (18b)

: (18a)

a.;,¢(a—c+l,b——c—}—l,a—l—b—-c—}—l)—}-
—|—a)',,¢(1——a, 1—-b,c—a—b+1) = 1.
In any particular case, two coefficients are given directly by (15a) or
(15b), and the others are found from (18a) or (18b). But it is easy
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to verify, by means of the definition (11) and of the relation
I'(z)["(1—=z) = = cosecnz,

that all the eight relations are consistent. The connexion between
the solutions at 2 = 0 and ¥ = co are similarly obtained from the
expansions in powers of x/(x—1) and of 1/(1—x). We thus have
always

(ayay') _ ( é(a,b,c) d(c—a,c—b,c) )
ay dla—c+1,0—c+1,2—c) é(1—a,1—b,2—c)
(aﬁa’g,) _ ( é(a,c—b,c) é(h,c-—a,c) )
agag em-(q—c+1,1—b,2—c) e m1-9¢(b—c+1,1—a,2—c)
(20)

27. Hypergeometric Integralsyf

Euler’s Transformation. An effective method of continuing the
hypergeometric series beyond its circle of convergence is to represent
it by a definite integral, where the variable x appears as a parameter.
The oldest method of representation is due to luler and has been
developed by many writers. Euler’s integral was transformed by
Wirtinger} into one involving theta functions, but we shall confine
ourselves to the classical form. Equivalent results were obtained by
Pincherle, Mellin and Barnes||, using integrals with gamma functions;
but we shall omit these, as they arc well known and readily accessible
to English students.

A lincar differential equation of order », whose coefficients are
polynomials of degrec m, can in general be satisfied by integrals of

the type y = J‘ (w—2)¢-1p(u) du, (n
¢

along a suitable path €', where £ is a constant to be determined and

where the auxiliary function ¢(u) satisfies a differential equation of

order (m+mn). If, however, the coefficient p,(x) of D" "y is of degree

(n—7), the equation for ¢(u) is of order n; and in a very special case

it is only of the first order, so that the equation becomes soluble by

t B. Riemann, Werke, 81-3; (Nachirige) 69-75; C. Jordan, C'owrs d’analyse, 3,
251-63; K. Klein, Hypergeomelrische Funl:tion (1933), 88-111; L. Schlesinger, Hand-
buch, 2 (1), 405-524.

1 W. Wirtinger, Wiener Berichte, 3 (1902), 894-900; A. L. Dixon, Quart. J. of
Math. (Oxford), 1 (1930), 175-8.

| E. W. Barnes, Proc. London Math. Soe. (2), 6 (1907), 141-77; E. T. Whittakor
and G. N. Watson, Modern Analysis, 280-5.
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quadratures. Let @Q(r) and R(z) be polynomials of degree n and
(n—1) respectively, and consider the equation

’2 (n:f) Q)(x)Dn-ry— 7:2:: (n-—f— I)R(r)(x)pn—r—ly —0. (2

On introducing the expression (1) for y and removing the constant
factors (n—£—1)(n—£—2)...(1—£), we find

(n—¢) f u—z)f-n ~1[2‘“ =) 00w )]¢(u) du—

- f (u—r)f-"[ "" —ar R<r><x>]¢(u) du=0, (3)

or, by Taylor's theorem,
f[(n~§)(u—x)f"‘“lQ(u)—(u-—a-)f‘"R(‘u)}/J(u) du == 0, (4)
¢

The integrand is an exact derivative, if ¢(u) is so chosen that

1
,,f—u[Q<u)¢(u)] = R(u)p(u), (5)
R(u) ] .
or W= 0w 6
pu) = p[ ) (6)
We then complete the intcgratlon and determine the path € from the
condition [(u— x)f—nQ(?l.)tﬁ('”')]c = 0. (M)

Hypergeometric Integrals. To identify the hypergeometric equation
with the standard form (2), we must have

Q(x) = x(1—2x),
(€—2)Q'(x)+ B(x) = (a+b+1)e—c, (8)
HE—)E—2Q" @)+ (E— ) R (x) = —ab.
On eliminating the polynomials, we have a quadratic for the para-
meter ¢, namely

(¢+a—1)(¢+b—1) -- 0, (9)
and the root ¢ == (1—a) gives
R(@) = (a—c+1)—(a—b+ 1)z (10)
From (6) we now get
d(u) == Aus—(1—u)e-b-1, (11)
and the path must be chosen so that
[u"""""l(l——’u,)"“b(u—ﬂf)"“‘ljc == (), (12)

4064 P
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with corresponding results for the second root ¢ = (1—0). The inte-
grand of the expression

y=A fu““c(l-—u)"-"—l(u—x)"“ du (13)
c
has in general four singularities = 0, oo, 1, 2.

It may be shown that the six pairs of singularities each yield a
solution corresponding to one of the six principal branches of the
hypergecometric function (any three being of course lincarly con-
nected). If the expression (12) vanishes at both the critical points,
an ordinary integral between these limits may be taken; such integrals
were considered by Jacobi and by Goursat. In the most unfavourable
circumstances it is necessary to consider double-loop integrals inter-
lacing cach pair of singularities; these were introduced by Jordan
and afterwards rediscovered by Pochhammer. Let P be any con-
venient point in the «-plane, and let a definite initial value be assigned
to the integrand. The three simple loop integrals about the three
finite singularities may be denoted by

0+) (1+) (r+)
%=j,@:f,%:f. (14)
P l) 1)

A positive loop about % = oo is topographically equivalent to a
sequence of negative loops about » = 0, 1, x (taken in the proper
order).

If the integrand is holomorphic at one of the points » = 0, 1, 2,
the simple loop integral vanishes, but the point can be taken as an
end point of an ordinary line integral or of a simple loop integral
about one of the other singularities. 1f it is a pole of the integrand,
the simple loop satisfies the condition (12) and furnishes a solution.
In general, the expressions (14) are not themselves solutions; but any
double loop circuit satisfies the condition (12) and the corresponding
integral can be written in terms of the simple loop integrals (14), for

example
0+,14,0—,1=)  (0+) a+) =) (1-)
_ J‘ - g2ima—) J' — g2ima-b) J’ - ginte=h) J‘
P P P P
(0+4) (1+) (0+)  (14)
. f | g2ima—c) f — g2inle-b) f — J’
I) P l,) >

— [1 — eZin(c—b)] Lo_ [1 —_— e2i1'r(a—¢')] Ll' ( 15 )
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The Forty-eight Eulerian Forms. If we put u = 1/¢, we obtain
Euler’s own forms

1
\ cpe p) — _ﬁlj_(c) bh—1(1 —\e=-b-1(] __ —a
F(a,b;c;x) = @) P(e—b) ft (1—1) (1—at)- dt,
“1 L (16)
A v ) e ‘7'_‘11(6) a—1(1 ¢\ —a-1(} _—_ »#\-0
Fla,b;c;a) = l‘(a)l‘((:;a)ft (1—t¢) (1—at)-bdt.
(1]

These are respectively valid if (b,c—b) or (¢, c—a) have positive real
parts and if 2 has any value not lying in the real interval 1 <{ x <{ 0;
when the conditions are not satisfied, an appropriate double or simple
loop contour must be substituted.

Each of the integrals (16) belongs to a set of twenty-four, obtain-
able by linear transformations of the integrand interchanging the
points (£ == 0,00, 1, 1/x) in all possible ways. For example, the

involutions Wl —t—t' 41 =+ 0,
Wl —at—at’ 1 == 0, (17)
xit'—1 =0,

interchange the points in pairs and give four forms equivalent to the
first of the pair (16), namely

1
f =11 —)e-b=1(1—at)-¢ di,
0

1
(] ___.T)c.'—u—b f l"‘b”l( 1 _t)b—l(] ——:l‘t)”"' ([/’
0

al=e(1-—g)eab J t-o(f—1)e=c(at—1)»-1 dt,
1jr

l-e J te-c(t—1)~“(at—1)c=b=1 dt.

1/

The other transformations lead to Kulerian integrals where «x is
replaced by one of the expressions

—1 .
— LA N (19)
@ l1—x Y z—1
But it was pointed out by Riemann that there is no elementary
method of transforming the two integrals (16) into one another; he

suggested that both could be derived from the same multiple integral,
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evaluated in different ways, and the required integral was afterwards
found by Wirtinger.

Deformation of Contours. An expression for the hypergeometric
function which is valid in the entire plane, cut along the real axis
froma - - 1 to & = -}-00, is given by

f P-1(1—t)e-0=1(1—at)~@ dt
o) =Y o I 2
F(a,b;¢;%) J Aty v dy (20)
[

The contour €' is in general a double loop interlacing t = 0 and ¢ = 1;
but in special circumstances it may be replaced by a simple loop,
or a figure of eight, or an ordinary line of integration between the
critical points.

Suppose now that the point 2 crosses the cut in the plane of -, and
describes a complete circuit about 2 == 1. In the plane of /, the
singular point ¢ = 1/x describes a circuit in the same sense about

= 1. The new form of the solution (20) is found by deforming the
contour of integration so that it ncver passes through a singular
point of the integrand. To fix ideas, let the starting-point P lie on
the real axis in the interval (0 << ¢ < 1), and let the initial amplitudes
of t, (1—t), and (1—at) all tend to zero, as ¢ > 0 in that interval. We
consider the contour integral

(1+,04,1-,0-) (1+) ©+)
= [1—e2im] f —[1—g2imte-0)] f ) (21)
P P P

After the point ¢ = 1/x has described a circuit counter-clockwise
i)

about £= 1, the simple loop integral | is unchanged. But the
P

deformation of the contour of the other integral is indicated by the

ﬁgure . Vx 4 yx
O———0O O—
0 1 0 1
Fia. 1

and the new value of the integral is

1+,1Yz+,14,1/e—,1-)  (1}) aled,14+,1/0~,1-)
— f |- g2imle=b) J . (22)
P P P
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Hence the integral (21) becomes

(1+,0+,1-,0-) lr+,14,1z—,1~)
+[etin-b)— g2imc] f , (23)
P P

and the second double loop integral may be shown to be a multiple
of 2t “(1—x) ¢ F(l-—a, L -b;c—a--b+1;1—2x).

EXAMPLES. VI
1. Verify that
(Lfa)h(1—a)r = 28(—In, — In-+1; 4%,
(1)t —(1—2)* == 2nel'(—3In-|-§, —in |-1; §;.0%),
(1) = F(—n,1;1; —2x),
(11a)—1:: neF(l-—n,1;2; —u),
log(l+-2) -~ 2F(1,1;2; —x). [GaUss.]
2. Verify that -4 (1) == Hm2F(—n,b; 2b; —u),
b—>0
¢® == litn F'(1,b; 1;2/b),
b—>0
cosha -+ lim I'(u, b; §;.0%/4ab),
a,b->%
sinhx == lim wl'(a, b; §; x%/4ad). [Gauss.]

2
a,b-->w

3. \H‘)'ify that 11’1((1; ¢ 11') - bl_i_’)n F(a, b: c; .l'/b),
«w

oFy(ciz) = lim f'(a,b;c;x/abd). [KuMMER.]
a.b—>0
4. By means of the equation D?y4-n®y == 0, show that,
PE - P(ind-b —dneHdisinda),

= cosz F'(}n+1, —3n-1; 3;sinse),
=: cos*le F(—in+-4, —In+1;3; —tane),
= cos™ "l F(in+ 4, In+1; 3 —tande),

and obtain corresponding forms for cosna. [GAuss.]

5. By making n — 0 in the above, show that
x == sina F(}, §; §;sin%y),
sinzcosz I'(1, 1; §;sinr),
=: tana K(3, 1; 3; —tan2z). [Gauss.]
6. Obtain another solution of the hypergeometric equation satistied by
F(a,b; 1;x) by evaluating
lim -1- [F(a,b;1—¢;x)--x¢F(a+¢,bte;14€;2)]
«—0€

7. Show that
ap(c—b)(x =131 F(a-n,bsc-t nyx) = ¢ D[(x—1)*""1F(a,b; c; )],
(c—n)p2o="=1(1 —)b-c=111 P(q—n, b; c—n;.x)
=2 Difae1(1—2)b~¢+1 F(a, b;c;2)].  [T. W. CHAUNDY.]
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8. HyrrroEOMETRIC PoLyNoMIALs. (i) If a is a positive integer,
(2—0)yy F(1—a, 1—b;2—c;.r) = = a°~Y(1 —)eHb-cDa~1[qa—¢(] —x)e=4-1].
(ii) If (@—c) is & positive integer,
Cae Fle—a,c—bjc;x) — 21-¢(1 —x)atb—cDa=c[pa=1(] — r)~?].
(iii) If (e—a) is a positive integer,
(2—¢)pgr Fla—c{- 1, b—c+1;2—c;5 )
= re=1(] -«.r)"‘“"’])""a“[.v“’(l -—.'z')b -1.
9. LE¢ENDRE PoLyNomIaLs. (i) If » is a positive integer, the equation
(1—u?)D?y—2xDy fn(n |- 1)y -0
is satistied by Py(x) = D*(a®--1)*/2"n !,
(ii) By operating with (xD—n-|-2) or (¢D+n | 3) on
DEP(a)—(xD4-n+1)(xD—n)B(r) 0,
DP,_y(x) (eD—n)B(x),
DP,(x) = (eD4 n 1)),
(2n | D)P(x) = DL, (r)~ DP, 4(x).
(iii) Obtain by integration the relations
B, _1(x) = (1—=a®)DD(x)}-neP,(v),
(n- D)E () = (= 1)DP(x) }-(n4 )arB(r),
(R0 (0) — (20} DeDy(x)+nP,_y(x) - 0.
Verify that these agree with the recurrence formulac of P 9(.r).

show that

10. (i) If » is an integer, Legendre’s equation is satisfied by

x [. .
Qu(x) = I fx) f ( 1_A..:(‘=)LP-'.(-I‘)'

(ii) By examining the partial fractions corresponding to the zeros of Fy(x),
show that

x+1 .
e = 4B og (M) M),
where 1T, _ () is a polynomial (*xproﬂ»:ible in the form
. 2n— —5 2n—9
”n—l(‘z) - l. u~l( ) ( ) ’,,__3(.1‘) § 5(n _'_"2)
11, Tf » is a positive integer, show that

| 1—a
Pr) - 7'()1-{ |,—n;1;7-),

By~ 20 (=21 ),

Poo(¥)-ee

T Qiptin! 2’ 2
2"nIn! 71+1 n-|- 2 1
Qul®) = gy 1yt (g i),

(n+ 1)@y 1 () — (20 4-1)xQ, () |- nQu_y(x) - 0.
12. AssoctaTED LEGENDRE EQuaTioN. By means of the schemo of § 25, (4),
show that the associated Legendro cquation is soluble in finite termns if n or
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(m-i-n) is an integer; by the quadratic transformation show that it is also
soluble if (m+4) is an integer.

13. (i) Ropri¢ues’s LEMMA. If (n-£m) are positive integers, show that the
associated Legendre oquation is satisfied by the equivalent expressions

(& ~“1)m nim n (JJ - 1)
(n-{—m)' Drima—1) (n--m)!

(i1) ScnenpiL’s LEmma. If n is a positive integer, show that the associated
Legendre equation is satistied by the equivalent m{pr(-ssions

()t et -

— Dn— m(J 2 1)m,

£—1
z4-1
14, TscHEBYSCHEFF's PoryNoMmiaLs. If T (cos8) -+ cosnf, show that
(1—=22) DT () — 2 DTy () +n*T (x) = 0,
(=)D (g2~ 1)n-¥
1.3...(2n—1) ’
w1 1'(3)
I(n+-3)

15. JacoBr's RenaTions. If U (cos@) -

) D"[(J‘ -}—l)"““(.l‘«-])""“J.

1) =

Ta) - Pl ().

sin(n FDE o that

sm 0
1) DT, (0) (-1 1yon(ee - 1)+
AR VNS 1.3....2n-+1) ’
iy (DTG
ln('l) - l'(n I ';) 1( )( )’
d'sineitg 1.3...2n +1) .
dcoshyr = (=) iy sin(n - 1),

H (n+)(e 505' .:)H.Bg,]{)
[ J(eos B)costu+1)8 46 [ S )
0

0
16. If 1 is a positive integer and (o | B-+nd 1) 0, show that
Plrefntl
DU(e—= 1) Fr(e | T)Bing 2"—(-[‘-((1_{“»—)
17. RecvrrENCE FormuLAE. Show that
2n+1)e § BHa-DPR)
(BB 20 2)(a2 — 1) D PRBI(r) |
et Bbnt D] B-+2n 1 2t (a—=B)PL (),
2n(B-+ 1) PLB) (k)
= (af-1-2n)(1 —22) D PP (x) -
-+ (B4 2n)e —(a = B) PP (a);

by eliminating D I’(»f)(2), obtain a recurrence formula connecting three sucees-
sive Jacobi polynomials,

(r—1)(x {-1)B.
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18. KUMMER'S QUADRATIC TRANSFORMATIONS. Show that
Floa,at1;9;2)

_ (ﬁ(%jf)—zwp(2a, 2a0—y+-1;y; ;;—:;—::i:)

")
= (1—}-:1;*)‘2"1'“(2&,)/— Fi2y—1 2 )

i
—x . c (1——:1')*—1
= (I=2)=F (2""’ Zy—2a—Liy; “2(1‘:1.)}‘);
F(a, B; 28; )
. 14-(1—x)b\—2¢ ) ‘ . I (1 i
_(—_2“—) 11{a’a—ﬁJr}’ﬂ_}_g"(].,f(’j_’;,)})}
—a/2 J ¢ ‘1-—-—(1_-:8)* 2
= (=)0, 38 -a5B 315L_i(l—w)i} )
FlopiatBYi2)
(A= . e
= (— T —-) I’(Qa,a*ﬁﬁ-{r,cx—]vﬁﬂ }’(]tx)*If)
- (—l)ar(x—])!-,wh-zq,v(h ot B 204265 oyt )
= [§ J Xy ’ ,(-v*l)é-f-‘ui

s F(2a, 2B;a+B +4; 1:(712—-_9;_)*).

19. Show that
B, B; 0 —BH4-1; )
= (1+2)"*F{io, b Fd50—B-1- 15 4a/(1--2)2)
= (l—}—x*)‘“F{a,a-—ﬂ—}—{;;2a——2ﬂ-l—l;4x*/(l+.v‘)~’)
= (1=2)F{{a, ja~B+};0—B+1; —da/(1 —a)2);
F(a,B; 28; z)
= (1—2) " F{}o, f—Joa; B+ }; 2/4(x— 1))
= (1=10)*F(}a, Yad-§; 81 b %/(2—)2);
o B; bt 3BH- 35 %)
= (1=22)F{}a, Jot }; Jud- 8+ §s (400 — d) /(1 — 2)2)
= A(l=2) 4 (=)} Fla, Jat 35 0| B; 4(a2 (L =) - (—2)p2
= F{}a, §B; Yo+ 1B+ }; 42(1 —x)}
20. DinepraL EQuATIONs. If u +# 0, show that
0 Iu 0 0 0 I
Py Zh g 7)o, Y
) 1,( in 0 p ~/-_v+~/(a=—l))
=i 1 =g 2V(@—1)
= A{Ve4-J(x— 1)+ BVz—J(x—1)»
= Aeil|- Be=# (3 = cos?f).
If two exponent-differences are halves of odd integers, the

P-function can be
written in terms of P(},p, },«) and its derivatives,
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21. If p is an integer, Elliot’s limiting form of Lamé’s equation
(j;: +[k2—p(p-1)cosec®flu —= 0

has the finite solutions
eMEF(p+1, - p;1-4-k; ) —dicotB), e MOF(p41, —p;1—k; 3 —Licotf).
The associated Legendre equation can be reduced to the above by either of
the transformations
(i)  ==icotf, y=—u, m®- k%, n=p;
(ii) z = cosf, o = ucosecltd, m = p |} (n+3)2--4i°
|Z. V. Elliot, Acta Mathematica, 2 (1883), 233-60. See also Journal
London Math. Soc. 5 (1930), 189-91.]
22. (i) Show that
w = sin™@cos"@F (L(m+ n |-k), Y(m-{-n—k); (m |-});sin?0}
satisfies the equation
d?
0"' -+ [k% —m(m— 1)cosec2@—n(n—1)scc2fju = 0,

and obtain other solutions by interchanging (m, 1—m) or (n, 1—n).

(ii) If u,,, is a general solution, verify the recurrenco formulae
Uy 11 dﬁu‘” 2 F(ntan@ —mecot O)uy, .,

Upy = Upm,or Uyn == Uo,ns
Ugo = Aeik0-|- Beik9,
(1ii) If & -7 0, show that
Uy = AeFF(cor )+ Be~ik F(—cot 6),
where F(2) is a rational function of the type
F(z) = Ay 7™V Ay o224 Agt iy 22704, 20
[G. Darboux, T'héoric yénérale des surfuces, ii. 207-13.]

23. If the cxponent-differences at x = 0 and « — 1 are halves of odd
integers, the hypergeometrie function has two solutions whose product is a
rational function of x. 1f in addition the exponent-difference at » = o is
rational and has the denominator N, there are N solutions whose product is
merely multiplied by a constant after any closed circuit.

[Transform to Darboux’s cquation and consider the expressions

F(cot @) F(—cot8), eV FN(cot §)-] e~ NV FN(— cot f).]

24. If tho hypergeometric function has two distinet branches whose product
is merely multiplied by a constant after any closed circuit, the branches becomo
multiples of themselves or of one another after any circuit. Deduco that
either (i) there aro two branches expressible in a finite form, or (ii) two of the
exponent-differences are halves of odd integers.

[A. A. Markoff, Math. Ann. 28 (1887), 586-93; 29 (1887), 247-58;
40 (1892), 313-16. Comptes rendus, 114 (1892), 54-5. E. B. van Vleck,
American J. of Math. 21 (1899), 126-67. E. G. C. Poole, Quart. J. of

Math. (Oxford), 1 (1930), 108-15; 2 (1931), 90-6.]
4064 Q
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25. (i) Show, by mecans of the relation ¥ « = 1, that Riemann’s equation
cannot have two solutions expressible in finite terms if the exponent-differences
are not integors.

(ii) If a, b are integers of opposite sign and ¢ is not an integer, verify that
the finite expressions F(a,b;¢;w) and 21 —z)~¢bF(1—a,1 —b; 2 - c;.x) are
branches belonging to the same exponent at infinity.

(iii) If @, b, ¢ are integers and 0 ~ @ > ¢ > b, the complete primitive is a
polynomial. Show that any solution vanishing at « -- 0 and @ - 1 must
vanish identically. Examine the equation

2(1—a)D*y—(3—"Tx)Dy—12y = 0.
26. LOGARITHMIC SINGULARITIES. Show by the methods of § 26 that
litn Fla,biatb;2)  I'(a+-d) .
w1 log(l—a)~t L(a)I'(b)

27. Group oF LEGENDRE’S EQuaTION. (i) When » is not an integer, two

independent solutions of Legendro’s equation arc

Y = Fy(z) = F(n+1, —n;1; sz)

Ya = F(—7) = F(n+1, —n; l;}—;z)-

ey 1s P (x sinzn
(i) ml—lffxlgg(%(—-l-)ﬁz T
(iii) The transformations corresponding to positive circuits aboutx = |-lare
Y, = Y1, Y) =y F(2isingn)y,,
Y, = (2isinan)y, +y,, } Y, 9. }
(iv) The transformation corresponding to a negative circuit about + = oo,

or to positive circuits about = 1 and 2 = -1 in turn, is
Y) = y,+(2isinmn)y,, }
Y, = (2isinan)y, + (1 —4sin’an)y,.

(v) The characteristic equation is
1-A, 2isin7n 0
2isingn, 1—4sin2rn—A '
and tho multipliers A = exp(4-2i7wn) are unequal unless n is half an odd
integer; in that case the invariant factors are [(A+4 1)% 1] and the singularity
x == oo is logarithmic.
(vi) From the formulae of Ex. 10 above, write down the corresponding
transformations of two lincarly independent solutions, when w is an integer.
28. ScHLAFLI’S INTEGRALS. Solve Legendre’s equation by means of Euler’s
transformation, and hence show that, when |1—x| <t 2, [3(x) can be expressed
in either of the forms
B@) - F(nt1,-m15" %),
(1+,z4)
(B—1)"(t—ax) "1 dt,

T geiy
1)
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1+,2+)
n

= - (2 —1)=n=Y(¢--2)" dt,
T

where P is a point ¢ == £, > 1 on the real axis and initially Jam(t—z)| < 7.
Show that the integrals can be evaluated as residues when » is an intoger,
and deduce Rodrigues’s formula.

29. If R(n-+1) > O and |z| -~ 1, show that

. T(n+-1) I‘(&) _ipfrtl n4-2 1
0l = Tt )™ )

1
] 9 — ) —
.Wf(l——b)"(x—t) n=1 gy,
=1

30. If Py(x)is defined by the first integral in Ex. 28, show that, after x

(+.2 H)
has described a positive circuit about x - —1, tho integral |  becomes
P

Azt — 142+, —1~,2—)

; and show that the latter gis es the value
P

(—=14+,0+)
VTN __ g-imn

—gr f (1—=)"(t—a) "L dt = P,(x)4-(2isinwn)B,(—=z),
0
in agreement with Ex, 27.

By(x) |

31. AssociATED LEGENDRE EQuUATION. Show that branches of the associated
Legendre function are represented by the Eulerian integrals along suitable

contours (x2—1)mz J' (2—1)(t —a)=m—n=1 g,
C
(r ] I)’”/z(.l:——l)“’”/“f(t——])"*"’(l - 1)n=m(g—q)=n=1 q,
¢
Show that alternative forms are obtained by interchanging (n4-1, —n) or
(m, =m). When can these be evaluated as residues in finite terms ?
| Cf. 15, W. Hobson, Spherical and Kllipsoidal Harmonics (1931), ch. v.]
32. ComrLETE KLuiprre INTEGRATS. If &2 -2 (1—E2), show that the com-
pleto elliptic integrals of the first kind

w2

K - J (1--k2%in20)- df  YaF(L. 3 15k,
0

w2
K - [ (1 -kinf)ydf b B(Y, 15 15472),
0
0 X \ “ .o .
are both branches of P 01 0 k%). Show that this is equivalent to a
2
Legendre function of order —}. By putting (2 = sin?f+k-2cos%, show that
1k

- [ @e=1Ha—reyta,
1
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33. The complete olliptic integrals of the second kind are given by
a2
E = f (1—k%sin*0) @O =: ywF(}, —3;1;k2),
0

/2

B = f (1—k"sin%0) df = InF(}, —1; 1;k2).
0

By means of the relations between contiguous functions, show that

R dK )<
L N N

By means of Abel’s relation, show that the expression
N _ . dK _dK'
ER'+ F'K—KK’ = 2o(1-2)(K = )

+ K

where @ = k?, is a numerical constant. By oxamining the asymptotic form
of K,K’ as « —> 1, show that
. dK _.dK ’) . dK
- e — - = 1 —L)—— = 1 .
ll:)l’i 2x(1 x)(K P K du nzl.r:x(l x) el Lt
Hence obtain Legendre’s relation
EK'+E'K—KK’ == }.

34. (i) Two independent solutions of the equation of the periods in clliptic

functions a(1—z)D%+ (1 —22)Dy—3}y = 0

are Y1 =f() =K and y,=if(l—=z)-=K’,
1 .

where K = -éft"(l—t)—*(l-—xt)—* ds,
0

1z
K =} f e (—1)-H(1—at)-? d.
1

(ii) Show, both by the method of power-serics and by the method of de-
formation of contours, that tho transformations corresponding to positive
circuits about = 0 and z = 1 arc

Yi=y, } Y, = 91— 2y,, }
Yy = =2y, Y, =y,
(iii) If z == y,/y,, show that after any closed circuit z undergoes a trans-
formation of the modular group
, az+b
7%= cz+d’
where a, d are odd and b, ¢ even integers, and (ad —be) -- 1.
[J. Tannery and J. Molk, Fonctions elliptiques, iii. 188-214; E. Picard,
Traité d’analyse, iii. 358-64.]
35. LOGARITHMIC SINGULARITIES. (i) Any hypergeometric function with
a logarithmic singularity at « == 0 is expressible in terms of the derivatives of
0 a 0
B( )
0 b l-a—b °



Chap. VI, Exs. THE HYPERGEOMETRIC EQUATION 117

(ii) The branch F(a,b;1;z) is a multiple of the Eulerian integrals
0F,z4)
w1 —u)~b(u—x)-% du,

—_

Oi,z1)

or w11 —u)~%(n—2x)-b du.

yt—,

(0+,14,0-,1-)

(iii) Tho integrals or their degenerato forms (when they vanish

Rt—

identically) give the branches
zF(a,a;a—b;1/x) and & bF(b,b;b—a;1/2).
[Cf. W. L. Ferrar, Proc. Kdinburgh Math. Soc. 43 (1925), 39-47. The
notation has been altered to conform with the text.]



VII
CONFORMAL REPRESENTATION

28. Schwarz’s Problemt

P-Functions whose Group is Finite. THE cases where the hyper-
geometric function is algebraic, or has only a finite number of
branches, were enumerated by Schwarz in 1873. His methods and
some of his results had been anticipated by Riemann in his lectures
in 1858-9, but these remained unpublished until 1902.

If only a particular branch is algebraic, the complete primitive
being transcendental, that branch must be merely multiplied by a
constant after any closed circuit; for otherwise we should have two
independent algebraic branches and the complete primitive would
be algebraic. The particular branch is accordingly the product of
2%(1—z)* and a hypergeometric polynomial, and the equation can
be solved completely in finite terms by means of one quadrature, in
accordance with Jacobi’s formula.

If every branch is algebraic, the exponents must be rational. For
after m circuits about a == 0, say, any branch {4 P-4 A'P®} is
transformed into {Ae2immeP@ A’g2imme’ P and, if (o, ') were
irrational, the number of distinet determinations would be infinite.

We can casily dispose of cases where one of the exponent-differences
is an integer. For we know how to determine whether the correspond-
ing singularity does or does not involve logarithms. If it does, the
solution is certainly transcendental; if it does not, we can make a
transformation of the Ricmann equation which reduces the singu-
larity at # = 1 (say) to an apparent singularity, where every branch
is holomorphic. The two principal branches at @ == 0 either resume
their initial values, or arec multiplied by constants, after any closed
circuit (supposing that («'-—«) is not also an integer). Accordingly
each of them is the product of a power of x and a hypergeometric
polynomial. If two exponent-differences are integers and the solution
is free from logarithms, we can arrange that z = 0 and @ == 1 shall
both be apparent singularities, and the complete primitive will then
be a rational integral function.

t H. A. Schwarz, (esammelte mathematische Abhandlungen, ii. 211-59 (= J. fur

Math. 75 (1873), 292-335) ; B. Riemann, (fesammelte mathematische Werke (Nachtrdge),
Leipzig (1902), 67-93.
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Reduced Sets of Exponents. Let A, u,v be any real rational numbers,
but not integers; and let I, m, = be any integers whose sum is even.
Then we saw in § 23 that all the Riemann functions

Pl+Am-4p,n4v,2)
have the same group. To pick out the simplest function of the group,
we first choose exponents satisfying the conditions
A=A M = Wy v, == v (mod 2),
=1 <A,ppr <L
and, because P’(4-Ay, --pq, +vy, ) all have the same group, we may
arrange without loss of generality that
0 < Apppvy < 1, (2)
integer values being excluded. We now consider the four associated
functions

(1)

l)()‘b [T T m):
P, 1—-py, 1—v,, ),
P(1—Ap, py, 1=y, ),
P(l—A, 1—py, vy, ),
and we can readily verify that at least one satisfies the conditions
0 < g, g v < 1, }
0 < pro+vo, vot-Ag, Agtpag < 1.
A set of exponent-differences satisfying these more stringent condi-
tions is called a reduced set.

We can reduce all the associated P-functions to hypergeometric
functions in such a manner that the branches whose exponents are
zero at x =0 and at x = 1 shall correspond to one another. If
F(a,b; c; ) is the hypergeometric function with the reduced exponent-
differences, all the others can be expressed lincarly in terms of
branches of F(a,b;c;z) and DF == (abje) F(a+1,b-+1;c+4-1; ), multi-
plied by rational functions of «.

3)

)

Quotients of Solutions. Let us now consider the function defined
by the quotient of two branches of a given P-function, together with
its inverse function

Y1 (2) 5
z =70 = f(x), x = ¢(2). (5)
Ya()
After the description of any closed circuit, z is transformed into
7 — Witby,  aztb

- o —be /£ 0), 6
cy+dy,  cz+d (ad—be /- 0) (6)
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where (a,b, ¢, d) are certain constants, while the inverse function has
the automorphic property
az-+b
¢(bz—|—d) = ¢(2),
for the same sets of constants. The relations expressing the periodicity
of the circular and clliptic functions are particular cases of such
automorphisms.
If (Z,z) are connected by a linear relation with constant coefficients
of the form (6), we have
(ad—bc)Dz
(cz+d)*
D2Z D% 2cDz
DZ ~ Dz (catd)
137 (/)22)2 __D* (Dzz)2 2cD%  2c¢%(Dz)?

DZ =

D7 \DZ) = Dz \Dz) " (rd) T (cardy
and hence D2 3(D22\* = D3z 3(D%)* (7)
DZ  2\DZ| — Dz 2\Dz)°
3. 2.\ 2
The expression {z,x} == 1;):—2 (I])):) (8)

was called by Cayley the Schicarzian derivative. As Schwarz pointed
out, it had been used by Lagrange and Kummer, and it appears also
in Riemann’s lectures.

The property (7) may be written

az+b \ )
{cé - d,x} = {z,a} (ad—bc £ 0), 9)
and we have in particular
ar+b )\ o
{ém d,.L} = {x,2} = 0. (10)

Any function z = ¢(x), which undergoes a linear transformation
with constant coefficients when x describes any closed circuit,
satisfies an equation of the form {z,2} == F(x), whose right-hand side
is a uniform function of x. Moreover, if we put (ad—bc) == 1, we
z:—j_:j and z in Riemann’s form

(PZ)} = (Dz) ez 4-d), ) (1)
Z(DZ) } = (Dz)-Maz-b); )

can write the relations between Z ==
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these show that (Dz)-} and z(Dz)~} undergo a homogencous linear
transformation after any circuit, and therefore satisfy an equation of
the second order with uniform coefficients.

The Schwarzian Equation. Before considering the quotient of two
solutions of D2%y+p, Dy+p,y = 0, it is convenient to reduce the
cquation to the invariant form D%j41j == 0 (I = p,—1Dp,—1p?)
by putting y = exp[—1% [ py(z) dx]. We shall suppose this to have
been done. This implies that Riemann’s scheme must be taken in

the form P(é(l—)\) — 114 H1—v) x) a2
WD) —1(1—p) 314w L
with the equation
—A? 1—y? —u2+4r2—1
D%, il Popt—1) )
+{ 42 +4(x 1)2+ dr(x—1) }g/ 0 (13)
Now if we have
2 = ;Ll DIy, =0 (i —1,2), (14)
we find Dz = (y, Dy,—y, Dy,)[y3, (15)
which reduces, by Abel’s relation, to
Dz == Cyz2. (16)
Hence (Dz)-1 is a solution of (14), and so we have
D¥(Dz)~++1(Dz)-t = 0, (17)
or {z,2} = 21, (18)

as is easily verified.

We can solve completely the equation D2y--Iy = 0, if we know
any solution of (18). The case I = 0 being trivial, the solution z can-
not be a constant; hence, using (9), we see that —z-1 is a distinct
solution, and so we have two solutions of (14) given by

Yo== (=Dz) = 2(D2)h, gy = (D2), (19)
which are evidently linearly independent.

Change of Variables. If we put in D?*y+ Iy = 0 the forms

=), y=ul¥'O], (20)
we get the equation
d*u 9
dt? 1)
| e L O _3[HO) 2
where I* = Iy’ ()] + +, ¢ o~ [l/l'(t)] . (22)

4004
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Since z = y, [y, = u,/u,, We have

{z,2} = 21, {z,t} = 2I*, (23)
and so, from (22) and (23), we have the relation
2
{z.,0} = {z, T}(%%) +{x, 8. (24)

This identity was given explicitly by Cayley, but was used implicitly
in Kummer’s investigation of the transformation of the hyper-
geometric equation. By putting ¢ = z in (24), we have

dz\?
{z,2} = —{a, z}({-ﬁ) . (25)
By means of (24), we can prove that, if z is a particular solution of
{z,2} :== 21, then the most general solution is
Z = (az-+b)/(cz4-d) (ad—bc #- 0),
the solution suggested by (9). For we have the relations

. AN
{Z,2} = {Z,= (EE) FHz, 2}, } (26)
{Z,2} = 21 = {2,2};
hence {Z,2} = 0,
d? ([dZ\-}
—_— — “ == N 2
or dzz(dz) o e
hence ((11_? = (ca+d)%, (28)
az-+b
and _ az+b —be = 1). 2
and so Z i (ad—bc = 1) (29)

From these relations and (19) we see that the solution of the equations
D2y Iy = 0 and {z,2} == 21 are equivalent problems.

Every equation of the second order is formally equivalent to
d*w[dz® = 0; for if {$,(x), by(2)} are known independent solutions, we
have only to put y == ¢,(x)w and z = $o(x)/d,().

29. The Reduced Curvilinear Triangle
Conformal Representation. We shall now examine the mapping

of the upper half-planc of by the quotient of two distinct branches
of P(“, /l;' 7, x), say z = y,/y» = f(2).
Y

(¢4

(i) If the exponents are subject only to the general condition
> o =1, we can prove that the relation between z and z is locally
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one-to-one (schlicht), except at the points (z = 0,00,1). For the
branches [y;(2),y,()] are holomorphic and have at most a simple
zero at any ordinary point, and they cannot vanish together. Thus
either z or 1/z is holomorphic; without loss of generality, let us
suppose that y, # 0, so that z is holomorphic. Then, by the Abel-
Liouville formula, we have

Do = Ve D=y Dys _ Car1—apirt 0

Ya Y3

Hence, at an ordinary point (x = £,z = {) we have, by the implicit
function theorem,

g—& = ¢)(z—)+co(e—L)2 ... (2 # 0), (2a)
or clse, when z has a pole,
T—§ = Cyfz+Cyf22 ... (yo = 0). (2b)

(ii) We next restrict the exponents to real values, and consider
more particularly the points corresponding to real values of x other
than the singular points. In the typical interval (0 < x << 1) the
principal branches are expressions of the type Axz*(1—a)7F, where
F is a real hypergcometric scries, and we can sclect two branches
(44, ¥») which remain real in the entire interval. Thus 2 is also real,
and the formula (1) shows that it is monotonic (say increasing). If
the denominator vanishes at any point, z passes discontinuously
from oo to — 00 and begins to increase again as a increases, and it
must pass through the value z == 0 before it can again become infinite,
so that the zcros of (y,,y,) must scparate one another.

This particular quotient z therefore travels steadily along the real
axis of the z-plane, but it may pass over the same point more than
once; the general form Z = (az+-b)/(cz-+d) gives a point which travels
steadily around a circle, but the arc corresponding to the interval
(0 << 2 < 1) may overlap itsclf.

(iii) At the typical singularity = 0, we have in particular
P AWEAA e ) WA ) (L))
TP T AR ) (A pv); (1--3); 2}

= MaN14-¢,x-+}c,2%+...]. (3)
If (A, p,v) are real, and « is real and sufticiently small, the series in
brackets converges and takes real values. Hence as x describes the
segments —oo <<z < 0 and 0 <& < 1 of the boundary of the
upper half-planc of z, the quotient z, describes segments of two
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straight lines enclosing an interior angle #A. The most gencral form
of quotient z = y,/y, thus maps the upper half-plane of x upon a
domain bounded by three arcs of circles (which may overlap them-
selves) enclosing interior angles (@A, mu, mv) at the points correspond-
ing to x == 0,0, 1.
Reduced Exponent-Differences. When we have
0<Ap,v<l,
0 < ptv,v+A24-u < 1, (4)
0 < Adptv < 3,
the parameters of the hypergecometric series
a = {1—=A--p—v), b= J(1—=A4+p—v), c¢= (1=A) (5)
are found to satisfy the corresponding conditions
—}1<a<<y, 0<b c—b< 1. (6)

Following Wirtinger,T we choose as denominator the branch

F(a,b;c;x) = P(b)[F((;' =5 f oY (1—t)e-b-Y(1—at)y-" di,  (7)
and we show that this doces not vanish in the interval (0 < & < 1),
nor in the plane of x, cut from x = 1 to & — +o00. For the integral
converges when the value of 2 is not real and greater than unity. If
we determine the amplitude of (1 —.t)-¢in the cut plane by assigning
the value zero at 2 == 0, we have, in the upper half-plane either

0 < am(l—at)* < inr (0<La), }
)

<

or 0>=am(l—xt)y * = —lr (0 =a>= —}).

(8)

In either case the real and imaginary parts of the integrand (7) do
not change sign, and so y, == F(a,b;c;2) 0. Hence the arcs corre-
sponding to the segments (—oo < < 0) and (0 < x < 1) do not
overlap themselves; and, by considering another special case, we can
show that the arc corresponding to (1 <7 o << o) does not overlap
itself either. Thus as » describes the real axis from — oo to oo, with
indentations above the singularities  : = 0, 1, z describes once counter-
clockwise the boundary of a curvilinear triangle with interior angles
(mA, mp, mv), whose sides do not overlap. We can now prove, by a
classical argument, that there is one-to-onc correspondence of the

+ Summarized by . Haupt in his new edition of ¥. Klein, Hypergcometrische
Funktion (1933), 326-30.
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a1

two domains, For consider the increment of

(27)~tam(z—{) = (2m)tam{f(x)—{}, (9)
as the points z and x cach describe once counter-clockwise the boun-
daries of their respective domains.

The expression on the left increases by unity or zero, according as
{ does or does not lie within the triangle. The function f(«) == y,/y,
has no poles in the upper half-plane, on account of the way in which
the denominator has been chosen; hence the increment of the expres-
sion on the right is equal to the number of zeros of {f(x)—{} in the
upper half-plane. Accordingly it has exactly one zero when { lies
within the triangle, and none when it lies outside.

The Rectilinear Triangle. If (A4-p+v) = 1, we have ¢ - = 0, and
then Riemann’s equation is soluble by quadratures,

P(O 00 x) = A J‘a:)‘*l(]-—x)“—l dr + B. (10)
A pov

The branch y, = 1 fulfils the condition of not vanishing in the upper
half-planc of z; and the quotient

o= [ (1—aptdo (11)

is the ordinary Schwarz-Christoffel formula giving the conformal
representation of the upper half-planc of v upon a triangle (7, mu, mv).

30. Symmetrical Continuationf

Schwarz’s Principle of Symmetry. If an analytic function z =— f(x)
is holomorphic in a domain intersected by the real axis of x and real
along the segment of the axis, it takes conjugate complex values
z,Z at conjugate points x,Z in the domain. If we make lincar trans-
formations of both planes

R S B L i

cz+d c'xd

we find that if f(x) is holomorphic in a domain intersected by a cirele,
and if points on the circumference lying in the domain correspond to
points lying on a circle in the z-plane, then inverse points with respect
to the circle in the z-plane correspond to inverse points with respect
to the circle in the z-plane. This is obvious if we remember that
inverse points arc common points of a family of circles orthogonal

m

t H. A. Schwarz, Ges. math. Abhandlungen, ii. 65-83; or J. fur Math. 70 (1869),
105-20. See, for example, E. C. Titchmarsh, Theory of Functions (1932), 155.
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to a given circle, and that the transformations (1) convert circles or
straight lines into circles or straight lines.

Now the function z = f(z), which maps the upper half-plane of =
on a triangle of circular arcs 4 BC, is holomorphic except at the
points @ == 0,0, 1 corresponding to the corners. Hence continuation
into the lower half-plane across the segment (—oo < z < 0) gives a
new triangle of circular arcs A BC”, by inversion in 4 B; and a return
to the upper half-plane across (0 << & < 1), which completes a posi-
tive circuit about 2 = 0, gives a fresh triangle AB"'C' by inversion
in AC". The two successive inversions give a linear transformation

Z = (az+b)/(cz+d).

z-plano

Fic. 2. Dihodral configuration (n — 3).

Similarly, if we had left the original domain across (0 < 2 < 1) or
(1 < & < ), we should have found different representations 4 B’C
or A’ BC of the lower half-plane, by inversion with respect to CA4 or
BC respectively. Continuing this process, we obtain a pattern of
(say) black and white triangles, corresponding respectively to the
upper and lower half-planes of x. The pattern may or may not over-
lap; it may cover the whole or only part of the z-plane; and in certain
cases the number of triangles may be finite.

Types of Reduced Triangles. The circles BC, CA, AB have a
unique radical centre O (which may lie at infinity if the centres aro
collincar). If O is exterior to the three circles, they have a real
common orthogonal circle with O as centre. The reduced triangle
A BC is found to liec wholly on one side of this orthogonal circle. We
may invert A B, AC into straight lines, and then the arc BC will be
convex to A4, and the sum of the angles is less than two right angles,
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that is to say (A4+p+v) < 1. We now find that all the successive
images are in the interior of the fixed orthogonal circle, which can
never be filled by any finite number of repetitions. Since the number
of values of z corresponding to any given «x is infinite, the relation
z == f(x) cannot be algebraic.

Similarly, if (A++p+v) = 1, the triangle can be inverted into a
rectilincar one, having an infinite number of distinet repetitions.

A necessary condition for a finite number of repetitions is accord-
ingly that (A4-u+v) > 1. In this case the radical centre O is interior
to the circles. The pattern can be more easily visualized by an
inversion in three dimensions converting BC, C4, AB into great
circles on a sphere. The centre of inversion V must lie on the normal
at O to the plane of the figure, and —OV?2 must be the power of the
radical centre with respect to each circle, so that OV is the gcometric
mean of the segments of any chord through O. It can then be shown
by clementary geometry that the circies BC, CA, AB are inverted
into great circles on a sphere passing through V. Inverse points with
respect to the circle BC, in the plane figure, are common points of
a family of circles orthogonal to BC. They therefore become the
common points of a family of small circles cutting orthogonally the
great circle BC, in the corresponding spherical figure. The operation
of inversion in the plane thus corresponds to reflection in the plane of
the great circle of the sphere.

Steiner’s Problem. We must now find all spherical triangles having
only a finite number of distinct repetitions on the sphere. Every side
lies in a plane of symmetry, and the number of such planes must
be finite, because two different planes of symmetry give different
reflections of a figure. These plancs cut out a finite number of spherical
triangles. Let PQR be a triangle of minimum area. If the angle
at P is =, and 0 is irrational, the number of plancs of symmetry
passing through the diameter at P is infinite. If 0 is a fraction in its
lowest terms § = p’/p, there are p such planes passing through the
diameter at P; and if »’ > 1 we can choose onc of them cutting off
a spherical triangle of smaller arca than PQR. For a triangle of
minimum area with a finite sct of repetitions the angles must be
aliquot parts of =, say (=/p,w[q,n[r), where (p,q,r) are integers
greater than unity, and

e s e B (2)
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The number of solutions is limited, and each solution gives the planes
of symmetry of a regular solid. Arranging the numbers in ascending
order, we find the following sets.
Bipyramid: (2, 2, r arbitrary)
Tetrahedron: (2, 3, 3)
Cube and Octahedron: (2, 3, 4)
Dodecahedron and Icosahedron: (2, 3, 5)

3)

By picking out all the reduced triangles cut out by the planes of
each configuration, Schwarz enumerated fifteen cases.

Table of Schwarz’s Reduced Triangles

Spherical Excess ’
No. ANuwv | - - Configuration
S ; - , e -
1 3 b= - Regular Bipyramid
n n
B - l-il——l“w 1 __ —_—1 - o T T - T
lI]l[ jl' 5’ 1: T ;A i Tetrahedron
? 3 3 K] ’r
T | | N o T T
1\‘; i P 1’311‘ | Cube and Octahedron
T 6 = i
V1 3:: ?1;‘! 37 T\lﬁ - C
vik | RLE | gp-ac
VI F 5 - 20
x| LEE | e
X | ahi] S-ac
XT 22 2 N Dodecahedron and lcosahedron
X11 2 11 L8
XTI Ll - 6C
X1V % s zg - 1C
Xv 3,81 R {11

Uniform Schwarzian Functions. In general, when z is the quotient
of two branches of P(A,u,v,x), the pattern of triangles covers the
z-domain with an overlapping Riemann surface of many sheets.
A given complex number z corresponds to points differently situated
in different overlapping triangles; and so the inverse function
x = ¢(z) is many-valued. If, however, Ais the reciprocal of an integer,
cqual numbers of black and white triangles fit exactly around the
points corresponding to corners =, and a unique value of z corre-
sponds to 1/A values of z near such a point, so that x = ¢(z) is locally
uniform. If (A, u,v) are all reciprocals of integers, x = ¢(z) will be
uniform everywhere. There are a limited number of cases where
(A-+p--v) = 1, giving the polyhedral triangles and space-filling recti-



Chap. VII, § 30 CONFORMAL REPRESENTATION 129

linear triangles, covering the entire z-plane. There are an infinite
number of uniform Schwarzian functions where (A+p+v) < 1, the
example (},},3) being illustrated in Schwarz’s memoir. In these
cases the sides of every triangle arc orthogonal to a fixed circle or

line, forming a natural boundary beyond which continuation is
impossible.

31. Some Special Cases

The Dihedral Equation. If the reduced exponent-differences are
reciprocals of integers, and their sum is also greater than unity, the
function z = ¢(z) is both uniform and algebraic, and thercfore is a
rational function. These are the cases I, II, IV, VI of Schwarz’s
table.

The first case P(‘2 ;, l,m) is soluble by elementary mcthods; for

the quadratic transformation

0 o 1 —1 o 1
1 1 1
0 0 — — 0 — W
r 2n v = P: 2n 2n *
11 __1 1 1
== 2n 2n 2n
0 0 1
1 1 0 l—}—«_/x
=P{ 2rn 2n 11—+ (1)
11y
2n 2n

gives an equation with only fwo regular singularitics, which is equi-
valent to Liuler’s homogencous cquation. The general solution being

a1\ Vo o0, 9
= A “
we can choose the quotient
14-+z\;
LI 3
(1—«/75) ®)
giving the inverse function
____] (4)
241

The z-sphere is divided by the equator and n complete meridians

into 2n pairs of triangles, whose corners form a bipyramid. In
4064 s
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general, 2n distinct values of z correspond to each value of z; but
these become united in pairs at the corners }=, along the equator, as
-0 or x> co; and as x — 1 they are united in two sets of u at
the poles.

The Octahedral Equation. A cube and a regular octahedron are
inscribed in a unit sphere, so that the edges of the cube are parallel
to the diagonals of the octahedron. If the pole of coordinates is at
a vertex of the octahedron, the point z = ei cot }# is the sterco-
graphic projection on the plane of the complex variable z of the
point (6,4) on the unit sphere. The corners of the octahedron are

then given by 2= 0,00, 1, 4. (5)

At the corners of the cube cosf — --1/v3, and their stereographic
projections are found to satisfy the equation

24142441 = 0. (6)
The middle points of the edges correspond to the affixes
(*4-1)(2*—tan'z/8) (2t —cotin/8) == 0,
or (22 4-1)(2—174-12V2) (24— 17—1242) = 0,
or (212—3328—332%4-1) = 0. )
The three fundamental polynomials satisfy the identity
10823(28— 1)8— (284 1244 1)34 (22— 3325 — 3341 1)2 == 0. (8)
Consider the function z = ¢(2) deﬁned by the hypergeometric
equation with exponent-differences (}, , ). The fundamental spheri-
cal triangle with angles (3, 1, }r) is one-sixth of an octant, or one
forty-eighth of a sphere, and is bounded by planes of symmetry of
the octahedral configuration. Since each half-planc of z is represented
on twenty-four different triangles, the cquation 2 == ¢(2) is of degree
24 inz. When & = 0, the points on the sphere are united in threes at
the corners of the cube; when z = oo, they are united in pairs at the
middle points of the edges; when x = 1, they are united in fours at
the corners of the octahedron. Hence we must have
o . A(z“-}— 14244-1)
R Pt N ®)
In order that this may have the root z = 0 when # = 1, we have to
put 4 = 1, and then the identity (8) shows that we can writo

(28414244-1)3 _ (212—3328—33244 l)2 108z4(24—1)* (10)
z - 1 Tz—1
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The Tetrahedral Equation. Two adjacent octahedral triangles
(37, 3m, 1m) joined along the sides opposite to the angles =, make
up one tetrahedral triangle (3w, 1, 37). There are twenty-four such
triangles on the sphere, each of which gives a complete representation
of the z-planc in the octahedral relation (10), but only half of the
plane of 2, corresponding to the tetrahedral relation with exponent-
differences (4,1,%). Two adjacent tetrahedral triangles contain four
complete octahedml triangles, and give a single representation of the
plane of z;, and a double representation of the plane of z. Thus to
every value of z there correspond two values of z;, and it is found that
we can pass to the tetrahedral equation by putting

xf(x—1) = dxy(1—a,). (11)

The transformation of Riemann’s equation is as follows

0 o 1 —1 oo 1
PLoO & 0 2} =" 0 5 0 2x—1
P & 3 yo—& 3
0 o 1
=P0 & 0 (2r,—1)
Yo—4 %
0 00 1
= P{0 g 0 dxy(1—xyp). (12)
bo—k %

From (10), we have algebraically
61v322(21—1)2

(1—a)t = (22— 1) = k5 TR (13)
and on taking the upper sign, we get the tetrahedral relation
(2*+20V3224-1)° _ (2*— ’z\_/_3'z2—l-l)3 _ 120432324 — 1)2. (14)
T, x;—1 1
We have the identity
(8414284 1) = (284 2iV32241)(24— 203224 1), (15)

which corresponds to the division of the vertices of the cube into
those of two desmic regular tetrahedra, whose edges are the diagonals
of the faces of the cube. The corners of one tetrahedron correspond
to the centres of the faces of the other, and the middle points of the
edges of either lic at the corners of the octahedron. When 2, = 0,
the twelve roots of the tetrahedral cquation x; = ¢,(z) are united in
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threes at the corners of one tetrahedron; when z; = 1, they are
united in threes at the corners of the other; when z; = oo, they are
united in pairs at the middle points of the edges. The algebraic
identity corresponding to (10) is

(23 2iV322 -+ 1)3— (28— 264322+ 13— 12iW322(24—1)2 = 0. (16)

The Icosahedral Equation. The triangle (3=, =, lz) corresponds to
the sixth of a face of the regular icosahedron, and to the tenth of a
face of the regular dodecahedron. As there are 120 such triangles on
the sphere, the equation z = ¢(z) is of degree 60 in 2, with quintuple
roots at the corners of the icosahedron (say x == 00), triple roots at
those of the dodecahedron (say x = 0), and double roots at the mid-
points of the edges. With a suitable orientation of the figure, the
equation may be written

172825(210-4-1125—1)5  (220—228215-}-494210 1. 228251-1)3

1 = —z
(2304 522225 — 10005220 — 10005210 — 52225+ 1)2

- - . (7

For full details, reference should be made to Schwarz’s memoir or
the writings of Klein.t

Composite and Associated Triangles. The rcmaining cases of re-
duced triangles giving algebraic functions can be solved by the
method of adjunction of domains, used above to obtain the tetra-
hedral function from the octahedral. The method was used in Rie-
mann’s lectures (posthumously published in 1902), but the funda-
mental theorem was more cxplicitly established by Burnside;] it has
been applicd in numerous problems by Hodgkinson.]] When the
reduced equation is solved, it is possible to solve the associated non-
reduced equations having the same group.

The Modular Function. The limiting case P(0,0,0,z) gives a
uniform transcendental Schwarzian function z = ¢(z), which is
obtained by inverting the quotient of the elliptic integrals z = ¢K'/K,
where x = k2. The initial triangle is bounded by two parallel lines

t F. Klein, Vorlesungen uber das Ikosaeder (1884); Vorlesungen diber die hyper-
geometrische Funktion (reprint 1933, edited by O. Haupt). Seo also A. R. Forsyth,
Theory of Functions, ch. xx; Theory of Differential Fquations, iv. 174-90.

1 W. Burnside, Proc. London Math. Soc. (1) 24 (1893), 187-206.

|| J. Hodgkinson, ibid. (2) 15 (1916), 166-81; 17 (1918), 17-24; 18 (1920), 268-73;
24 (1926), 71-82.

-
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perpendicular to the rcal axis of z and a semicircle touching them on
the axis. The generating transformations of the modular group

z
—2241’

correspond to circuits about x = 0 and x = 1. The function ¢(z) has
an automorphic property analogous to those of the simply and doubly

periodic functions,
H(ZE7) = oo (19)

az+b

cz4d
for all linear transformations with integer coefficients such that
(ad—bc) =1 and a =d =1, b = ¢ = 0 (mod 2). The function is
the subject of a large literature.t

Z=2-2  Z= (18)

EXAMPLES. VII

1. CrrcLES ON A SpHERE. (i) If two circles on a sphere cut orthogonally,
their planes are conjugate with respect to the sphero.

(ii) Familics of planes through two fixed lines in space, which are conjugate
with respeet to a spherc, cut the sphere in two families of orthogonal circles,
and conversely.

(iii) If two points of a sphere are collincar with the pole of a circle on the
sphere, their stereographic projections are mutually inverse with respect to
the storeographic projection of the circle.

2. RorarroN. If the stercographic projection of points on a sphere is given
by the relation z == e*¥cot 36, show that the linear transformation
[Z~cf¢cot {;0] _‘c_w[z—e“’cot 10
Z+-eittan 3] z+ebtan 36
corresponds to a rotation of the sphere.

3. Krein’s ParameTERS. (i) Tho above rotation may be written
, _ (d-Fic)z—(b—ia)

# 7 (btia)t(d—ic)’

where
(a:b:c:d) = (sin }fsinBcosep: sin JyfsinOsing: sin}ifcosf: cos §ih).
(ii) The rotation (a, b, ¢, d) followed by the rotation (a’, b’, ¢/, d’) is equivalent

to the rotation (4, B, C, D), where
A = ad’+a’d—bc’+-b’c,
B = bd’ +b'd—ca’+ca,
C = cd’+c'd—ab’+a’d,
D = —aa’—bb"—cc’+dd’.

+ See, for instance, W. Burnside, Theory of Groups (1911), 372-427; H. Weber,
Algebra (1908),iii; F.Klein and R. Fricke, Elliptische Modulfunktionen (1890-2), i-ii.
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(iii) Verify that the rosultant rotation is given by the quaternion product
Ai+Bj+Ck+D := (a’t+ b +c’k+d’)ai+bj +ck+d),
whore i =k=—ji, jk—=1= —kj, ki=j—= —ik.

4. RECTILINEAR SPACE-FILLING TrRIANCLES. The only rectilinear triangles
whoso symmetric repetitions fill the plane without overlapping are those with
angles (44w, 0), (mimin), (Gmimim), (mdm i),

The triangle with angles (3, 3, }m) gives a double covering of the plane.
[ScawaRrz.]

5. (i) The relation z = arcsinx = wF(4, }; 3;2%) maps cach quadrant of the
z-plane conformally on a semi-infinito rectangular strip of breadth 3z.

(ii) By the method of symmetric continuation, show that x = sinz is a
uniform analytic function, and obtain geomctrically the relations

sin(z4+#) = —sinz, sin(—z) = —sinz.
6. The conformal representation of an isosceles right-angled triangle on a
half-planc is effected by the relation

z = T [42(1—2x)]" ¥ d.
0

This is equivalent to the relation
4x(l—x) = 1/p*z),
where §)(z) is the Weierstrassian clliptic function satisfying the equation
§7%(2) = 49%(z)—40(2).

. enig(z—w,)
The relations [fo(z)—e ]t = - PO
show that x is a uniform function of z.

[A. E. H. Lovo, American J. of Mathematics, 11 (1889), 158-71.]

7. The triangle (3,4, §m) is conformally represented on a half-plane by
the relation

(a=1,2,3)

X
1
z2=— |z ¥ xz—1)1dx.
Gifx (x—1)"§ dx
0

This is satisfied by putting
x = 1/[1—%=2)], where £'3(z) = 4£3(z)—4. [Love.]
8. Obtain the representation of the equilateral triangle from the above by
putting x = 2%, or x, == 2¢/(’(z). Obtain the representation of the isosceles
triangle with a vertical angle 27/3 by putting « = 1—x2, and verify that
x,y = 20¥(z)/0’(2) is not a uniform function. Obtain also the Schwarz-Chris-
toffel formulae expressing z in terms of 2, and z,. [Love.]
9. REcuLAR PorycoN. (i) The triangle whose angles arc {=/2, =/n,
7r(n—2)/2n} is conformally represented on a half-plane by the relation
z=0C f Yz —1)-min dg,
(ii) The representation of the same triangle on a semicirclo is given by
putting z = (14¢)%/(1—12)% or
z2=C j ta=-min(g—1)-2n dg,
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(iii) The representation of the interior of the regular polygon with » sides on
a circle is given by putting ¢ == w", or
2= 0" [ (wr—1)"2 duw.
[H. A. Schwarz, Gesammelte mathematische Abhandlungen, ii. 65-83
(= J. fiir Math. 70 (1869), 105-20).]

10. THE IcosAHEDRAL TRIANGLE. In the equilateral spherical triangle with
angles 27/5, show that

tana = 2, tanR = 3—45, sin2r -- 3, tanp = }V5--1),
p = R+r = §m—a), tan(R4-a) = --3—+5.

The angles ¢ and 2r arc those subtended at tho centro by edges of the regular
icosahodron and dodecahedron.

11. Verify that tanja <= 2cos2n%/5 == (V5—1)/2. Hence show that the
corners of the regular icosahedron can be stereographically projected into the
poults z = 0) @, €y(f "}'54)’ ev(€2+€3) (V =0, 1, 2’ 3, 4))
whero € = exp(2iw/5). Verify that these values (except z = o) satisfy tho
cquation A2+ 1125—1) = 0.

12. Verify by spherical trigonometry tho expressions given for the sterco-

graphic projections of the corners of the regular dodecahedron and for the
middle points of the cdges.



VIII
LAPLACE’S TRANSFORMATION

32. Laplace’s Linear Equation}

Form and Singularities. THE equation
n

[P(D)+2Q(D)y = 3 (a,+b,2)D~7y = 0 (1)

r=0
is a generalization of the equation with constant coefficients, and is
completely soluble by an artifice of Laplace. If b, = 0, we may take
unity as the coefficient of D™y, and the only singular point is seen to
be = oo, which is irregular. If b, +# 0, we shift the origin and write

2Dy (ay+b, ) DMy .4 (@, 45, 2)y = . (2)

The equation now has one regular singularity at 2 = 0 and one
irregular one at # = co0. The exponents at z = 0 are
0,1,2,..,n—2,n—1—a,).

If a, is not an integer, we find (r— 1) holomorphic solutions forming
one Hamburger set, and onc regular solution belonging to the
exponent (n—1—a,) forming another. 1f @, is an integer, all the
exponents belong to the same set. It is casily verified that there are
always at least (n—1) solutions which are free from logarithms and
holomorphic. Since there is only one winding point in the finite
part of the plane, and since (n— 1) independent solutions are uniform,
the group properties of the cquation are trivial. The feature of
interest is the behaviour of the solutions at the irregular singu-
larity « = oo.

Laplace’s equation furnishes a simple illustration of an interesting,
but difficult, theorem duc to Perron.} If py(z) is a polynomial of
degree s < n, and {p,(z)} are integral functions of z, the equation

Do(@)D"y+py () D"y +...+-py()y = 0 (3)
has at least (»n—s) linearly independent solutions, which are integral
functions of 2.

Solution by Definite Integrals. Laplace uses the transformation
y = [ e=ft) dt, (4)
¢

t C. Jordan, Cours d’analyse, iii. 251-65; E. Picard, Traité d’analyse, iii. 394-402.
1 O. Perron, Math. Ann. 70 (1911), 1-32.
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which may be regarded as a limiting form of the Eulerian trans-
formation of § 27 as ¢ - co. The equation

[ e[ PO+2Qf®) dt = 0 ()
¢
can be integrated cxactly if f(¢) is chosen so that
Z1Q0f0] = [POO) Q
- oxp| [£0)
or QD = exp| [ - ™

We must now find n contours giving linearly independent solutions
and satis{ying the condition

[e"Q)f(®)] = 0. (8)

Suppose first that b, 4 0, so that we can use the form (2), where

@Q(t) is of degreec n and P(t) of degree (n—1). We have in general, if
the roots (8,) are uncqual,

n P n &
=TT o= > %
r—-1 r

JO = AT =By,

Let I denote a point at infinity, taken in such a direction that af is
real and negative. Then the condition (8) is satisfied by the simple
loop integrals B
L, = J etfty dt  (r = 1,2,...,n). (10)
1
If «, is a positive integer, L, == 0; but the condition is then satisfied
by the definite integral B
L¥ = [ ef(t) dt. (11)
7
If «, is zero or a negative integer, am| f(¢)] returns to its initial value
and the contour may be shrunk to a small circle about ¢ = B,. The
integral can be evaluated as a Cauchy residue. If we expand f(¢) and
et == eBrex¢-B) in ascending powers of (¢—B,) and evaluate, we
obtain an integral function which is the product of ef- and a poly-
nomial.
If x is very large and if the contour consists of a small circle about
t = B,, together with a straight line to infinity described twice, it

may be shown that the dominant term in the integral is given by the
4064 T

(9
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portion of the contour near ¢ = B,. Thus we find L, ~ O, ePrzz—o;
and since (8,) are supposed unequal, the n solutions are linearly
independent.

If a,, o, are not integers, consider the double-loop integral

(ﬂr’l’,ﬁ.’!",ﬁr—:ﬁo—)
L, = e>f(t) dt

b

= (1—e?m%) [, —(1—e?mx) L, (12)

Since the double circuit restores the initial amplitude of f(t), we may
contract this path to a finite contour interlacing ¢ = B,, B, and clear
of all singularities of the integrand. Since f(t) is bounded and the
contour is of finite length, we can expand e* and evaluate term
by term; the resulting expression is a power-series converging for
all finite values of z, i.e. an integral function. Putting r =1,
s = 2,3,...,m, we have (n—1) independent integral functions.

If &, or «, is a positive integer, L,, = 0; but we can then satisfy the
conditions by a simple loop from one singularity about the other, or
by an ordinary definite integral between ¢ = B, and ¢ = B,.

For the last solution, we take an infinite simple loop Q enclosing
all the singularities { = B,. If we enlarge the loop sufficiently, we can
write along the contour

f) = tmn 3 4,47, (13)

r=0
since 3 o, = a,. We now integrate term by term, using Hankel’s

integral 0+

1 1 2
5~ 57 f ¢t-2 di, (14)
and find the solution
[ ef(e) dt = 2mi S 4, zn+-a-1T(n+r—ay). (15)
r=0

Q

If a, is not an integer, this is regular and belongs to the exponent
(n—a,—1) at the origin.

The expression (15) cannot give a solution belonging to a negative
integral exponent, nor a solution of logarithmic type. In fact the
method fails when @, is an integer, because the set of solutions (12)
and (15) are not linearly independent. But we may retain one
simple loop integral (10), or one definite integral (11), and the logarith-
mic property can be exhibited by deformation of the path as am(z)
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increases by 27. It appears that the integral in question is augmented
by a multiple of the solution (15).

Exceptional Cases. The appropriate paths when Q(¢) is of lower
degree than (), or when it has multiple zeros, have been indicated
by Jordan. If Q(l) i3 of degree (n A), we have

PO A,
a0 = 2t Z B
A (16)
1) = AexpLJ i 1)] [‘[(t-—ﬁs Jort,

The space at ¢ = oo is divided into (2A+2) sectors where f(t) is
alternately very large and very small. We can make a festoon of
(A-+1) paths, beginning and ending in sectors where f(?) is small and
crossing the intervening scctors in the finite part of the plane. These
and the (n—A—1) double loop circuits interlacing (8,) make up the
n required paths.
Similarly, if ¢ = B is a zero of multiplicity A, we have
logf(t) ~ B(t—p)*-%, ast-—pB.

The space about ¢ = 8 is now divided into (21— 2) sectors where
f() is alternately large and small. We can construct small loops
entering and leaving ¢ = B in sectors where f(f) is small, and crossing
at a finite distance the intervening ones where it is large. This set of
(A—1) loops just compensates for the loss of (A—1) simple zeros of

Q).

33. The Confluent Hypergeometric Equationt

Canonical Forms. Just as Riemann’s equation can be transformed
in twenty-four ways into a hypergeometric one, so the equation

22D+ (Ay+ A, 2)xDy—+(By+ Bya+ Byat)y = 0 (1)
can be transformed in four ways into Kummer’s first confluent hyper-
geometric equation @D+ (c—z)Dy—ay = 0. @)

We write y = arefry’, 2 = (B'—P)a, (3)
where p is cither root of the indicial equation
PP+ (4o—1)p+ By = 0, (4)

1 E. T. Whittaker and G. N. Watson, Modern Analysis, ch. xvi; G. N. Watson,
Bessel Functions (1922), 100-5, 188-93; H. Bateman, Differential Equations (1918),
76-9, 110-15.
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and (B, 8’) are the roots of

B?+4,8+ By = 0. (5)
If B = B’, we obtain similarly Kummer’s second equation
xD?y+cDy—y = 0, (6)

or an elementary one of Euler’s homogeneous type. The typical
solutions of (2) and (6) arc respectively

Hi(a;c;a) = Ilj_x};F((L,b;c;'b) = 1+l'c x4 ft(c(zj_:i)'c +...
. X x a® (@)
oFi(c; ) = a?})l_l}mlf(a,b;r;(—%) =1+ ‘Lou(r+1)

Again, the equation

D*y4-(dy+A4,2)Dy+(By+ By + Bya®)y = 0 (8)
can be reduced by putting

y = ePrtrry’ ' == kx--1. (9

to one of the forms
Dy+(2n+1—2%)y = 0, (10)
D2y—92y = 0, (11)

or to an elementary equation with constant coefficients. The equa-
tion (10) was found by Weber on transforming the equation of the
potential V2} = 0 to parabolic cylindrical coordinates

(a+iy) = Y(E+in).
It is reduced to Hermite’s equation

D2>y—22Dy+2ny = 0 (12)
by putting y = e~3*y’; and then to an equation of Kummer’s first
i Y1 ()2
dz? dz

by the change of variable z == 2:2.
The equation (11) is satisfied by a definite integral considered by
Airy, and on changing the variable toz = a3itisreduced to Kummer's

second type 2 d J
i 443

Finally, Kummer’s second equatton is transformed by the change of
variable z = 4-4vx and the substitution y = e~¥y’ into one of his

fi
rst type %y

dy N .

+liny = o, (13)

= 0. (14)
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The equations (2), (6), (11), (12) are soluble as they stand by
Laplace’s method, and their solutions can also be expressed in terms
of the standard power-series (7). But it is convenient to regard (2)
as the ultimate canonical form. The analogue of Schwarz’s form of
the hypergeometric equation is obtained by removing the middle
term. We thus find Whittaker’s equation

e (10)

exhibiting the exponents (3 4-m) at the origin. The solutions of (16) are
written 111,‘.,“,,();) where

M, () —— adtme=de K (3 4-m—k; 2m—+-1;x). (17)
If L == 0, the cquatlon is invariant when 2 is replaced by —z and is
reducible to Kummer’s second form.

Solutions in Power-Series.f Kummer's first equation (2) is trans-
formed into another of the same type by putting

Y = ey, r - —a', a=c—a, ¢ ==2c;
or y— al~y’, r—x, a=—a —c'+1, c¢=2—c; (18)
or y:=ewl-y, = —a, a=—=1—-a, ¢ == 2—c.

From the standard solution (7) we can write down two alternative
expressions of each principal branch, when c is not an integer. We
thus have Kummer’s linear transformation
Y = 1Bi(aic;x) = e Fi(c—a;c; —2), } (19)
Yy = X F(a—c+1;2—c;x) == et Fi(1—a; 2—c; —x).
These four expressions correspond to Kummer’s twenty-four hyper-
geometric series; and the relation is the limiting form of Euler’s
identity
F(a,b;c;x) = (1—a)~4-bF(c—a,c—b;2—c;x), (20)
when z is replaced by /b, and b — oc.
The principal solutions of (6) are
Y1 == ofiy(c; ), Yo = 21 Fy(2—c;2), (21)
when ¢ is not an integer. Kummer’s transformation of (6) into (15) is

the analogue of Riemann’s quadratic transformation and gives the
identities

oFx(PJr%; f‘e) = e ¥ F(p; 2p;2) = et Fy(p; 2p; —2),  (22)

where p = (c—}).
t Cf. Ex. V, 4-7.
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Bessel’s Equation. If 4, = 0 = B, the equation (1) is invariant
when 2 is replaced by —z. It may then be reduced to Bessel’s
equation 22Dy aDy+ (e — 1)y = 0, (23)
or to an elementary equation of Euler’s homogeneous type. This
property is analogous to the symmetry of the associated Legendre
equation

=%+ [t - o = o, (24)
with the scheme
—1 0 1
P{ im n+1 Im pu). (25)
—Im  —m —Im

If we write p = m/iz and let m —> co, we get an equation
xzd—zii)-}-[x?—n(n-i- 1)]w = 0, (26)
dx?

having a regular singularity at « = 0 with exponents (z+1, —n)
and an irregular singularity at infinity. If we now put w = aty, the
equation is reduced to Bessel’s equation of order £ = (n+1), with
the exponents -+ at the regular singularity « = 0.

When £ is not an integer, the solutions of Bessel’s equation are
Ji(x) and J_i(x), where

) = 2 gy 27
() = 57;17(%_?‘1')'0 1( + ,—Z)- (27)
Let n be positive and let m tend to infinity by real positive values.
We have with Hobson’s notation
m(y) — € Dt-m4-DEE)
Qn (F') - 2n+1 I‘(n—l—%)

X ;r"-l(l—— _l_)mle("+m+ : , n+m+2;n+¥: l-) (28)
e

T 2 2
As m - o0, we have by Stirling’s formula I'(n+m+1) ~ m*+1I(m),
and so ,
mml“ 1" 71; .
@n(i2) ~ Gt Dy, (29)
. n+m-+41 n+m+42. . a2
whero 8 =lim F( L A2 g —”_25). (30)

The series being convergent uniformly with respect to m for a fixed
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value of z, we may evaluate the limit term by term and so get
8 = oh(nt1s %)
Hence, with k& = (n+1), we have finally
tmfeeffrn] - o

Finite Solutions. From Kummer’s relations (19), we see that one
of the four series is finite, if @ or (@—c) is an integer. As a typical

case, let @ = —n. As in the proof of Jacobi’s formula in § 24, we
find for any solution of (2) the relation
D¥astk-1e=zDky| = @, 2°-1e-7y, (32)

where a;, = a(a+1)...(a4+-k—1).
In particular, if y = ,F|(a; c; x), we get
DH[aeik-1e- F\(a+k;c+k;x)] = ¢z~ le% F(a;c; x). (33)
If now n is a positive integer, and @ = —n, k = n, we get the
expression
Co 1By (—n;052) = al-em D[ ac+n-1e-7], (34)
The standard polynomials of this class are known as Sonine poly-
nomaials.

34. Integral Representations of Kummer’s Series
Standard Forms. To solve Kummer’s first equation, we write in

§32, (4)-(8),

P(t) = ct—a, Q(t) = 32—,
— () a-1(]1 —¢)c—-a-1 (1)
10 Q(t)“p” Q) dt] Al
and obtain the expression
Y = f erlta—l(l__t)c-a—l (It, (2)
¢

where the contour C' must satisfy the condition
[e19(1—t)e~a] , = 0. (3)
Independent solutions are in general given by the simple loop

©+) 1+)
integrals Ly = | and L, = [ , where I is the point 2t = —o0. From
i 4
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these we construct the combinations
(04,1+,0—,1-)

J‘ = f = [1—e2imec-a [ _[1—e2ime]L,,
® I
(0+,1+) (4)
f — f — Lo'l‘ezi"aLp
@ I

which are linearly independent, provided that e27¢ £ 1 and that
Ly, Ly do not vanish identically.

The contour ® may be deformed into a fixed double loop inter-
lacing ¢ = 0,1, and lying entirely in the finite part of the plane. On
expanding e* under the integral sign and evaluating term by term,
we get

j €Y1 —fy~a-1 dt = | F\(a;c;x) J -l (1—t)ye-a-1dy,  (5)
¢ by
the integral on the right being a generalized beta function.

The contour Q may be enlarged so that [t| > 1 everywhere; on
expanding f(¢) in descending powers of ¢, and evaluating term by
term by means of Hankel’s integral for thc gamma function, we

have
0-+)

c—-u-1
fe‘dt"‘l(t—— 1)c-a~1 dt = x1-¢ f euuc—z(l _z) du
U
Q A

w0

c—a—1 wn
= pl-c ) Uy, =2-n
x E ( N )( ) f ety du

n=0 -
2emal-¢
= f—(7;——_-—6)111’1(a~—c-}—l;:.’,—-c;;);). (6)

If a or (c—a) is an integer, the contours must be modified. If @ is a
positive integer, Ly = 0; but ¢ == 0 may now be taken as a limit of
integration. The holomorphic solution is obtained as in (5), except
that the double loop is replaced by a simple one from ¢ =: 0 about
t = 1. The other solution is

f eta-1(t—1)e-a-1q¢ -= Du--l[et J' et=D(f— ] )r~a-1 le’
n - ()
(0+)

e Da—l exya—c f euuc—a—l duJ’
-0

2 — Du-1 [exwa—t'],

"~ [a—cF1)
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2
gl F(a—c-+1;2—c;x),
P2—e) ( )
_ 2 . PP 7
= ——F(z—c)x e F(1—a;2—c; —x), (7)

as may be verified by elementary methods.

If @ is zero or a negative integer, L, can be evaluated as a finite
scries of (auchy residues, and the contour @ gives a numerical
multiple of L.

©+) )
J‘e.z‘lta-—l(]____t)c—a—l dbt = ‘_v__' f ga+n=1(1 —¢)e-a-1 gt
L !
. a—1
— 92 Z (—)—a-
B mzn!( ) n(—-a n)
n=0
. D(c—a) .
247 4 8
T Pel(1—a)* 1(a; 65 ). (8)

Similar considerations apply to L, when (c—a) is an integer, and so
we obtain integral representations of the Sonine polynomials. When
a, (c—a) are integers of the same sign, @ — 0 is an apparent singu-
larity or reducible thereto, and there are fwo solutions expressible
in finite terms.

If ¢ is any integer and @ not one of the integers lying between zero
and ¢, x == 0is a logarithmic singularity, and the solutions (4) are not
independent, because e27¢ = 1. A simple circuit enclosing ¢ = 0 and
¢ =1, and lying in the finite part of the plane, gives the holomor-
phic solutiony, = (L,+e27¢L,). Thesolutiony, = L,islogarithmic.

NN
. N/ ___)
Fia. 3.

For as am(x) increascs from zcro to 2, am(t) at I decreases from
7w to —m. As the path of integration swings round and bends to
avoid the singularities, we get the new branch
a+,04,1-)
Y, = J' = L,te-2inal, —g2ime[,
I
= Ly+(e~¥m—1)(Ly+€*™ L) = yp+(e~2m~1)y;, (9)

whose form shows the presence of a logarithmic term.
4004 v
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Alternative Forms. According as we operate on Kummer’s equa-
tion as it stands or on one of the equivalent forms, we have the four
Laplace integrals

f ela-1(1—t)-a-1dt,  (A)

e* f e-ole-a-Y(1—t)a-1df  (B)

(10)
ai-e f exlta—c(1—¢)-a di, (C)
et [ e=el-a(1—t)oe d, (D)
which correspond to the four Eulerian hypergeometric integrals
1 w
f (1—at)-ba-1(1—t)-a-1dt,  (A)
0
1
(1—g)c-a-b j (1—atp-cge-a-Y(1—t)e-1dt,  (B)
’ e (11)
a1 f (1—at)e-v-Ya—c(1—¢)-adt,  (C)
1/x
al-¢(1—zg)c-a-b f (1—at)p-1¢-2(1—1)3~¢ d. (D)
1/x

The latter all converge and give multiples of F(a,b;c;x), if
1>c¢>a > 0. Incach set, the pairs (AB) and (CD) belong to the
same sets. Kummer’s linear relations § 33 (19) arc given by putting
¢’ = (1—t) in (10); and Euler’s relation § 33 (20) is similarly given by
putting ¢ = (1—1)/(1—=at) in (11).

There is in general a curious reciprocity of paths between the two
pairs. The branch y, is given by the double loop ® in (AB) and by
the infinite loop Q in (CD), and the paths are interchanged for the
branch y,. There is an exception, however, in the logarithmic case,
where we saw that ® and Q both reduce to the same branch. In that
case only, the two types can be transformed into one another by
elementary methods, so that the same path gives the same branch
for each. Without loss of generality, we suppose that ¢ is a positive
integer. We take the representation (A) and integrate by parts (c—1)
times, the integrated parts vanishing around any admissible contour,

!eﬂta—l(l—t)c-a—l dt = (—a)'-* ! eﬂ[(gz)c_l{ta—l(l__t)c-a-l}] dt. (12)
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Now in Jacobi’s identity

d\» w5 T(nt1+4a) :
edl n+a(] — ) HBy — S\ T T Y ey N\BIY — . .
(dt) ety = E R Ltk B )
(13)
let us write « == (@—c),8 = —a,n = (c—1); then we have
(n+1+4a+4pB) = 0,
d o1 a—-1(1 __f\c~a-1} —— ___ “F((l) __fa—c(] —_¢t)-a
and so (Zt) {tr-1(1—¢)c-e-1} = I‘(a—-c«:}——'l)t (I—t)-e. (14)
Hence
, I'(a)
xifa—-1(1 __ t\c—a— S e — - rita—c(1 _1)-a
!e ta-1(1 —¢)e-a-1 q P(““a—c+1)( )t C[e te-c(1—t)-a dt. (15)
Both sides vanish around any closed contour if
(a—1)(@—2)...(a—c+1) = 0, (16)

these values of @ giving an apparent singularity when ¢ is a positive
integer.

Kummer’s Second Equation. The equation of § 33 (6), which is
satisfied by (F)(c; x), also admits two alternative solutions of Laplace’s

type f eetilgo-2 gy,

(17)
xl-c J. ext+1ty—c dt.

But these can be transformed into one another by putting ¢ = 1/xt.
The most interesting feature of this solution is the choice of contours.
One solution is given by a loop from at = —o0 about ¢ = 0, and
another by a small heart-shaped Jordan loop entering and leaving
the origin on the side where R(f) is negative, so that the condition
[ewt+e] , = 0 (18)

is satisfied. The infinite contour and the small loop are interchanged
when we pass from one representation to the other.

35. Bessel’s Equationt
Integrals of Poisson’s Type. Bessel’s equation

8%+ (x*—k%y = 0 (1)
is reduced to an auxiliary equation of Laplace’s type
xzD?w+-(2k+-1)Dw—+xw = 0 (2)

1 G. N. Watson, Bessel Functions (1922).
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by the substitution y = a*w. On solving by the usual rule, we find

y = a* [ el(1—2)-i dt, (3)
¢
where the contour C must satisfy the condition
[ei.rl(l___tﬁ)k+}]c = 0. (4)

There is an alternative solution where & is everywhere replaced by
—k. If k is half an odd integer, the solutions can be evaluated in
an clementary form; in the one case they are given as residues by
small circuits about ¢ == 41, and in the other as elementary definite
integrals between limits ¢ = -1, 2t = —oo0.

In general, an infinite loop from 4.t == —oo enclosing ¢ == +1 and
a figure of eight interlacing these points give independent solutions
Ji(x) and J_i(x) [cf. § 33 (27)]. But when £ is an integer,

T_il@) = (— R (@).
Except when 2k is an odd positive integer, independent solutions
are always given by Hankel’s simple loop integrals

1)
HP(x) = - (S; @)t f el(t2— 1)k—4 dt,

il
- (5)
— 1
HE() — (z I’;(’f;’) f eitl(i2— 1)kt g,
UERY
I

the phases of these integrands being so adjusted that

(1, —1-)

LAY [ eizl(t‘z__ [)k«} dt.
’ (6)

If we choose £ with the real part positive, these expressions may be

replaced by convergent definite integrals. For example, if z is real

@) = HHP@)+HP @)} =~

and positive, we can show by putting ¢ == (% + l) that

2\ 1 gile—tkm—1im) k-4
) — (2P [ (12
0

2 éed(‘t—}lm—in) -" A
0
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Asymptotic Expansions. From Hankel’s integrals we obtain
approximate values of the Bessel functions, when z is large with a
given amplitude. We shall take 2 and %k both rcal and positive.
Then, using Cauchy’s form of the remainder in Taylor’s series, we
write in (7)

w\kt R D(k+1) fiu
(l+ ) Z (—-r+z)f’<2x\) A ®
where
y . DP(k+3) tuf\k-r-i
= Doy ) f oo )

k—p—

If p >k, Il—} b < 1, since uf/2x is real and positive. Hence

the remainder is numerically smaller than the first term neglected.
On integrating term by term, we have the asymptotic representations

P(k+r+3)

(1) i(—ykm—}m) 2

Hy(@) ~ ( ) ¢ Z I"k—r+ L)r'(2oa)
»p—1

Nk
HP (%) ~ ( ) o—ile—tkm— hr)z l‘(;jr:—’"‘ r'(Zx)

The series continued to infinity would be divergent, the ratio of two
(k7 D) k—r—1)i
2z(r+1)

But when 2 is large the terms at the beginning of the series decrease
very rapidly, and the error committed by keeping p terms is numeri-
cally smaller than the (p+1)th. A very general theory of asymptotic

solutions was developed by Poincaré.t

(10)

successive terms being + , which tends to infinity.

Bessel’s Integral. Another way of using Laplace’s transformation
is to write z == 2% in (2) and so obtain the auxiliary equation

222 +1) 2 e = 0. 11
Ry 1 (1)
This is satisfied by 1
w = f exp(zt-—_)t"‘l dt, (12)
4t
c
along a contour chosen as for Kummer’s second equation so that
1
xplzt— = |tk = 0. 13
[eafe=ge], u

t+ H. Poincaré, American J. of Math. 7 (1885), 203-58; Acta Math. 8 (1886),
295-344.
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If we restore y = x™w, z = z* and put x¢ = }u, we have the forms

i~ [l
i~ [

which can be obtained from onc another by putting %' = —1/u.
Loops from infinity give distinct solutions, except when k is an
integer; we can then use a path from = 0 to u = oo, if we approach
the limits in such directions that the integrand tends to zero.
For integer values of k, we have
0+)

o) = (—PId—) = g [ exp[ffu— ) urran, (9

and so we find the generating function

(14)

exp[x( ——;L)J =k:§;wu"Jk(x). (16)
On putting w = € in (15), we have
Jx) = 51; j"exp(ix sin 0—ik0) o, (17)
and on putting 6’ = (27r—0)0and adding, we have Bessel’s integral
o
J (@) = %r f cos(a sin —£0) do. (18)

0

EXAMPLES. VIII
1. RECURRENCE ForMULAE. If F — ,F\(a;c;x), show that
Di[y0+k-1 ] = ap 2%, Fy(ad-k;c; ),
D[] = (c—k),a° %1 Fy(a;c—k; x),
e D¥[e™*F] : = (=) (c—a)p e~ Fy(a; e+ k; ),
Dk[e-#gt~0+tk=-1F] - = (c—a), e %201 Fi(a—k;c; x).
2. Show that Bessel’s equation may be written in either of the forms

[D Ry 1][0—5“-]y+1
[o-1[o+ Hy — o
Hence prove that

Jenta) = —[D=E|nim,

Jiat@) = [D+ El e,
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Fenla) - oa(2) = L),
Feeal®)~Ty(®) = —20i(z).

3. If k is a positive integer, show that

d \k
) = (=it ) e
k
Tngil@) = (= Yemtt( D) femma (o),

d
Tnesl@) = 20 ) famg, o)
4. Show that

Jy(@) = (;;)*sin z, ) = ( 7_72; )}cosx’
Tery(@) = (—)k(?) k+i(x3x)"(§i%ﬂf)’

J_gy() = (7%) k+i(x“lix)]‘((£:_x)'

5. Show that, if k is a positive integer
1 : A
Jkﬂ(‘”) (‘hﬁ) f cizt(l _tz)k dt = (___”k(%r) f ei:ctpbk(t) dt,

-1 -1
1+,-1-)

f eiet(2—1)~k-1 gy,
0

k! (3x)~*-t

or-y(*) = 2t

6. Deduce Mchler’s expression Jy(z) = lim P,,(cos S) from Laplace’s
—>0
integral " "
P, (cosb) = %f (cos @-+isinfcosP)™ dp.
0

7. If R(k+1) > 0, show that
@
—B?) [ aJi(ox)i(Br) dx = Bryla)Ti(Br) — caTj(ox)Jy(Bx),
0 . "
2 ! 2J (o) dx = (x-- Z[) J§(ox) + 22T (o).
If « 7 B and Jy(o)/ad () = Jy(B)/BT(B), show that
1
f aJi(ox)Ji(Bx) d = 0.
V]
8. If k is a positive integor, prove that Poisson’s integral

Ji(x) = cos(z cos 0)sin®*@ d@

xk ,‘
1.3.5..(2k— ),

0
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can be transformed into Bessel’s integral
Ji(x) = ~2—11; J exp(ix sin 0—1k8) df
0

by integrating by parts and using Jacobi’s formula, Ex. VI, 15. [JAcoBL]
9. If x, a, (a—c-1) are all positive, show that
O+,2+) ©
dufexp{u-v-}o %’}u"“v“‘l dv
- 0

Show that the alternative representations of Fi(a; ¢; ) as integrals of Laplace’s
type are obtained by evaluating the double integral in two ways.

2inT(a)
I(e)

Fila;e;x).

10. ScHErk’s EQuaTION. Show that the equation
Dry—xy =0

. . n ® gt

is satisfied by Y = 2 C, f exp[wrxt_d.. ] dt,
=0 n--1

0

where w = exp[2in/(n+1)] and f: C.=0.
7=0
[H.F.Scherk, J. fiir Math.10 (1832),92-7; C.G.J.Jacobi, Werke, iv. 33-4.]

11. HerMiTE’S EQUuATION. Show that the equation

D*y—2xrDy+2ny = 0
is satisfied by

%1 = 1Fi(—dn;§52%) = e Fy(FHins §; —2%),
Yo = 13— In; 3;9%) == 2e® Fy(1+4n; §; —a2).
Obtain integral represcentations, along appropriate contours, of the types
J’eut—tit—n—l dt, J‘ crtsg=1-in(] _g)y~t+in dg 2 J’ extsg—t-in(] _g)bn g,

[C. Hermite, uvres, ii. 293-308; E. T. Whittaker and G. N. Watson,
Modern Analysis, 341-5; R. Courant and D. Hilbert, Methoden der
mathematischen Physik, 76-17, 261, 294.]

12. HermiTe’s PoLyNoMIALS. (i) Prove by Jacobi’s method that the equa-
tion is satisfied, when = is a positivo integer, by the polynomial
Hy(x) -+ (—)ne=* Dne=>*,
and by e’H_,_,(zr), when 7 is a negative integer.

(ii) Show that d \*
b)) o __\non,rl JER 2n—1,~x2
Hy(@) = (—yres( % ) (@nte=)

n
H2n+1(-l’) = (_)"2n+lemﬂ(;%£.) (z2rtle=="),
Hy(x) = 2nH,_(x) = 2zH,(x)— H,(%).

(iii) Prove the orthogonal relations

=0 (m 7 n),

J'G"T'H,,,(J’)Hn(x) dx ‘ = 2"l (m = n).

-
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[ e}
. . tn
(iv) Show that, bz, 1) = e2t-t* = E mHn(‘”)’

and verify the abovo formulae from tho relations

o]
¢ = 24, ade = Az—1)d, —L =T HEEE—11)+(228-8%) fp — 280a/py,
13. LAGUERRE’s Por.yNoMIALS. (i) Find the integral representations of the
polynomials L,(2) = e*D[e~%a"] == n!,F\(—n; 1;2).
(ii) Show that
== 0 -

ferpor@ar (=0 0 Fn

o (n!)?  (m = n).
(iii) By means of Lagrange’s series, show that

exP(l ”ﬁ)u lv) ' E%L"(m)’

n=0
and hence or otherwise prove that

L, (x)—(2n41—2)Ly(x)+nL,_4(x) = 0.
(iv) Show that
DnL,, . .(x) = Dm[erDmtn(e=2gmin)]
__ (m+n)!

n!

( )m

[Courant-Hilbert, loc. cit., 7 7—9; see also I2. Schrédinger, Abhandlungen
zur Wellenmechanik (1928), 131-6.]

14. SoNINE PoLyNomIALs. A set of polynomials {¢,(z)} are defined by the

gencrating function P o
(l —v)"""’cxp[l—_—v] == zov"¢,,(.z:).
e

c’D"H"‘(e"‘J;")

(m- }-n)

rx—mD n (c—x_vm+ n )_

Show that
() (k+n)ppi(@) = nd,(x)—2du(x);
(ii) (n+1)¢n+1(x) = (@+n+k+1)P,(x)—2dn();

(iii) Pn(x) = D"[e“"xk’f"]

l‘(n+k+l) 7

B VCES T

(m 5 n),

(iv) f ka‘#m('v ‘ﬁn (z)dx ‘ T'(n+k+1)/n! (m = n).

[N. J. Sonine, Math. Ann. 16 (1880), 1-80; 1I. Batcman, Partial
Differential Equations of Mathematical Physics (1932), 451-9; G. Pélya
and G. Szegd, Aufgaben und Lehrsatze, ii. 94, 293-4.]

(—n;k+1;2);

4064 X



IX

LAME’S EQUATION

36. Lamé Functions}
Ellipsoidal Harmonics. A SYSTEM of confoca] quadrics being given by

o="L ..~1=o,

9 (1)
where el—}-eg—}—e3 =0 (e1 > e, > e3),
the analogy of spherical harmonics makes us look for polynomials
in the Cartesian coordinates satisfying Laplace’s equation V2V = 0,
whose nodal surfaces belong to the confocal system. Since even and
odd terms must satisfy V2V = 0 separately, we expect to find eight
types of polynomials

Z, Xay
V={1 a xz, 22,23} X0,0,..0,, (2)
Xy X%y

where 0, is an expression of the form (1) with 6, written for 6.
For any assigned point (x;, z,, 25), the equation (1) in 6 has three
real roots (A, u,v) lying in the intervals
ey >A> e, >p > ey > (3)
These correspond respectively to the hyperboloid of two sheets, the
hyperboloid of one sheet, and the ellipsoid of the system passing
through the point, and are called its confocal coordinates. From the

identity o - B 1 = (O=N(0—p)(0—v) (4)
T Zie—0 " (e,—0)(eg—0)(es—0)’

we have by partial fractions

(e,—A)(ey—p)(e,—v)
(el_‘ez)(el—ea)
On substituting the expressions (4) and (5) for the several factors of

V in (2), the expression V breaks up into a product of three similar

factors V = CEQNE(n)E®), (6)

1 G. H. Halphen, Fonctions elliptiques, ii. 457-531; E. T. Whittaker and G. N.
Watson, Modern Analysis, 536-78; E. W. Hobson, Spherical and Ellipsoidal
Harmonics, 454-96; P. Humbort, Mémorial des sciences mathématiques, x (1926);
M. J. O. Strutt, KErgebnisse der Mathematik, I, 3 (1932).

23 =

, ete. (5)
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513

where

1=1

P(6) == (0—0,)(6—0,)...(60—8,,).
We now make the well-known transformation of Laplace’s equa-
tion to confocal coordinates,

de, dx _d d
2? = - _in._l_ o , (8)
‘v

A—e;  p—e;  v—e;

E() = II(0~ JPO) (=0 or ), } -

2

w38 2] 2 B
LIRS P

]

1=1
_ Z A—p)(r—A)dr* da: ®
4()\——-61 A eo (’\_e") h‘iT
hy oV
2V = R il
VIV = hyhyhy Z 8A[hg}"3 8)\]

Jf@)

e AW ] a0
where f(0) = 4(6—e))(0—e,)(0—e3) = 403—g,0—gs. (11)
On dividing by ¥V, we get from V) = 0 the equation

A [JRVE Q)+ 1 N (A) :
> (u[[OEOLLOER] o (12)
This implies that we can find (A B) to satisfy the relations
SRE Q)+ (A ]
RN = AN B,
f(l’l') F”’(’L)—‘l_ 3 fl(’L)E’(#) A +B L (13)
£(p)
SO E" )+ 1f ()5 (v)
) — Av-+ B.

The last two equations show that (A, B) cannot depend on A; and
similarly they cannot depend on p,v, so that they are numerical
constants. Thus E(6) satisfies a linear differential equation of the
second order

JO)E"(6)+1f (0)E'(6)—(A0+ B)E(9) = 0, (14)
which is called Lamé’s equation.
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This is an equation of the Fuchsian class having four regular
singularities. At 6 = e; the exponents are (0, }), while at § = co the
indicial equation is

4p(p+1)—6p—A = 0. (15)
But, if n is the degrec in the Cartesian coordinates of the expression
V in (2), the corresponding solution (7) belongs to the exponent
—3n at infinity; and since this must satisfy (15), we must have
A = n(n+1), (16)
where 7 is a positive integer.

If n is even, E(f) must be a function of the first or third types,
having (x;) all zero or two of them equal to 1; if » is odd, F(0) must
be of the second or fourth types, having one or three of («;) equal to .
In cach case it is convenient (following Crawford)} to expand the
polynomial P(f) in descending powers of (6—e,).

Solutions of the First Type. The solution belonging to the exponent

—in at 6 = co can always be written E(0) = 3 c.(0—e,)"~"; but

70
this will not be a polynomial unless n is an even integer and B is
properly chosen. We write the equation in the form

4(0—e,)PE"+6(0—e,)2 ' —n(n+1)(0—e,) 4
+12e,(0—e,)2E" 4 12¢5(0—e,) B’ —[ B+4-n(n+1)e, | E+
f(e(0—e) B'+3E] = 0, (17)
and obtain the recurrence formulae
2(2n—1)c;+[ B+n(1—2n)e,]c, = 0,
(2r4-2)(2n—2r—1)c, [ B+n(1—2n)e,+ (18)
+12r(n—r)e,Jc,— 1f (ex)(n—2r+1)(n—2r+2)c,_, — 0.
The neccssary and sufficient condition for E() to be a polynomial
of degree m = }nisc,,,; = 0. For this automatically givesc,, ., = 0,
Cmiz = 0, etc. Now if ¢, = 1, ¢, is a polynomial of degree 7 in B;
and so B must satisfy an algebraic cquation of degree (m--1). It was
proved by Lamé, and then more simply by Liouville, that the values
of B are real and unequal. For the rclations (18), where f’(e,) < 0,
show that (c,) is a Sturm scquence of polynomials in B, and that

¢,y and c,,, take opposite signs when ¢, = 0. No changes of sign
are lost in the sequence as B varies, except when B passes through

t L. Crawford, Quart. J. of Math. 27 (1895), 93-8, 29 (1898), 196-201.
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a zero of the last polynomial ¢,,,, of the set considered. But since
the highest term of ¢, is a positive numerical multiple of (—) Br,

we see by putting B = + oo that ¢, ., must change sign for (m-+1)
real values of B.

Other Types of Solutions. If an cxpression of the form (7) is sub-
stituted for E(6) in Lamé’s equation, the cquation satisfied by P(8)
takes the form

4(0—e,)* P"+(4n—8m—+6)(0—e,)> P’ — 2m(2n—2m+-1)(0—e,) P+
+126y(0—e,)2P"+[(8n—16m+12)ey+- S 8k, ei](0~e2)P’——B*P+
i=1
+f (ex)[(0—e2) P"+(3+21,) P'] = 0, (19)

where m = (3n—x;—x,—x;) and
B* = B+n(n-+1)es+(2xy+4 265+ 8ky k3)(€3—e;) +
+ (26, + 265+ 8Ky 1) (€, —e5).  (20)
If we expand in a descending scries P(f) = z c.(0—e,)™ 7, we get

r=0

the recurrence formulac
2(2n—1)e,+ [B*+m(4m—— 8n)e,—8m ilki ei]co == 0,
(2r+4-2)(2n—2r—1)c, ., + [B*+ (7n—~r)(4m——4r:-8n)eg—- (21)
—8(m— r)iilki ei]c,—f’(ez)(m—r—{— 1)(m—r+41+42k,)c,_y == 0.

As before, ¢, ,; = 0 is the nccessary and sufficient condition for
P(0) to reduce to a polynomial, and this is satisfied for (m-1)
distinct real valucs of B.

The Lamé functions of any given order and type, corresponding
to distinct parameters (B,), arc linearly independent. For if we had
> A, E,.(6) = 0, we should obtain also

|70) f 110 —ntnt 1] S 4, B0 = 5 4, BEE0) =0, (22)

for all positive integers k; and this would imply 4, = 0.

If » is even, we have %(n+2) independent solutions of the first
type and $n of the third; if = is odd, we have 3(n+ 1) solutions of
the second type and }(n—1) of the fourth. This gives in cither
case (2n+1) ellipsoidal harmonics, which is the same as the number
of independent spherical harmonics of order n. These ellipsoidal
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harmonics are themselves linearly independent. For if we had an
identity 3 C,V, = 0, we could write it in the form

> C.ENE,(p)E.(v) = 0;
and, if u,v are fixed, this is an identity between Lamé functions
> A, E,(2), which has been proved to be impossible.

We note that the same value of B cannot give two Lamé functions
of distinct types and of the same order n. For they would have to
be independent principal branches, belonging to distinct exponents
(x;) and (3—«;) at each of the points 6 == e;; and in the one case the
positive integer n would be even, and in the other odd.

Zeros of Lamé Functions.t The polynomial P(f) cannot have a
double zero; for otherwise the differential equation would show that
it must vanish identically. Accordingly, it P(6,) = 0, we have
P'(0,) # 0; and so (19) can be written

P'(6,) | > 32k _
7o)t 21 e #3)
If P() = (0—0,)Q.(0), we have
P"(6,) "Q (9 9
PO Q. Z 6,- 0, (24)

and so (23) becomes

i+K1) o 925
z (0 5;)+ Z (0—___-&7) =0 (r==12,.,m). (25)

If any of the roots (6,) arc complex, let 6, be the one with the
numcrically greatest imaginary part (say positive). Then every term
of the relation (25) corresponding to » -—= 1 would have an imaginary
part with the same sign (say negative); and, since this is impossible,
none of the roots can be imaginary.

Again, suppose any of the roots are greater than e;; if 0, now
denotes the greatest root, every term of the relation corresponding
to r = 1 would be positive; and, since this is impossible, no root can
be greater than e, and similarly none can be less than e;.

We shall show that, for cach value & = 0,1, 2,...,m, there is one
polynomial P(8) whose roots are distributed in the following manner

e >0,>0,>..>0,>e >0, >.. >0,>e. (26)

1 E. Heino, Kugelfunktionen (1878), 382; F. Klein, Math. Ann. 18 (1881), 237-46;
T. J. Sticltjes, Acta Math. 6 (1885), 321-6; G. Pélya and G. Szegd, Aufgaben und
Lehrsdtze (1925), ii. 57-9, 243-5.
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For as (6,) vary in the intervals (26), the expression

I =TT T 16—edts. TT 16,6 (2)

is bounded and continuous. It thercfore has a maximum, at which
the conditions (25) are satisfied. The polynomial

P ( +2K ’
[ (6)+ Z el ] (28)
then vanishes at every zcro of P(f), and so must be of the form
(464 B)P(6), and we get a Lamé function.

Stieltjes interprets (25) as the conditions of equilibrium of a system
of collinear particles. Three of these have masses (}4-«;) and fixed
coordinates (e;), and m have unit mass and variable coordinates
(6,). If they repel one another directly as their masses and inversely
as their distances apart, there will clearly be a position of equili-
brium where £ of the movable particles lie in one interval and (m—*£)
in the other.

37. Introduction of Elliptic Functions

Uniformization. We may now drop the physical interpretation,
and consider as a purely analytical problem the solution of Lamé’s
equation

«/{f(w)}%[«/{f(x)}%]—[”(n+1)x+BJy -
s ' (1)
f(.T) =4 H(x_ei) = 41:3"021:_93 (z €; = 0)

Further progress depends on the introduction of elliptic functions,
and we use the Weierstrassian form defined by

2 itz —ey)(x—e,) (v —ey)}
Suppose first that (¢;) are real (e; > e, > e;). Then (2)is the Schwarz-
Christoflel formula giving the conformal representation of the upper
half-plane of z upon a rectangle in the plane of . We construct a
Riemann surface covering the x-domain, with winding points at
x = €, €,,¢3,00. When x describes a circuit about one of these points,
the analytical continuation of » = w(z) is given by the principle of
symmetry. We thus obtain a pattern of rectangles covering the
u-plance without overlapping. The path in the u-plane corresponding

x = £(u),

(2)
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to any given closed circuit in the z-plane can be determined without
ambiguity; and, conversely, each value of » gives a unique value of
z, 80 that x = g(u) is a uniform analytic function. We make the

A ,’///'/

7 St -,
:; ;//// Z 7, . e
-w, 0 W, e 3 éz 'e'

Fia. 4.

domains correspond as in the figure, w, and w, being the positive real
and positive imaginary semi-periods of the elliptic functions, and
(w1 ws+wg) = 0. We have p(w;) = ¢;, and from (2) we have
u~zt (2> 00), u—aw; = O[(x—e))t] (z—>e¢;). (3)
Thus # = 0 is a double pole of @(u), and v = w; is a double zero of
{(w)—e;}. We can express the radicals (x—e;)t as uniform functions
of u by the well-known formulae
e Nlo(u+tw;)
e B S “
These relations still hold when (e;) are complex.t Each period
parallelogram of sides (2w;, 2w;) contains two complete pictures of

2&‘3
L]
w3 Wy + Wy e, *
€,
e
0 w, 2w,

Fic. 5.

the z-plane. The triangle (0, 2w;, 2w;) contains one complete repre-
sentation of the plane bounded by three curvilinear cuts from
x = e; to x = co0. If we take any value of  and an initial value of
u within this triangle, then when x describes a circuit about e,, e,,
or e;, u is transformed into (2w,—u), (—2w,—u), or (2w;—u), the
reflections of the initial point in the mid-points of the sides of the
triangle.
1 For a detailed study see C. Jordan, Cours d’analyse, ii. 413-29.
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Lamé’s equation now takes the form
—[n(n+1)p(u)+ Bly = 0. (5)

The singularities © == e;, with exponent-difference }, have become
ordinary points, by virtue of the relations (4). The point x = o
corresponds to singularitics at the lattice-points u = 0 (modulis
2wy, 2w3). At % == 0, we have @(u) ~ u~2; the mdlclal equation is
now (p+mn)(p—n—1) —= 0, the exponents being doubled. If » is an
integer, the exponent-difference (2rn+4-1) is also an integer. But since
(5) is invariant when we change the sign of u, one solution contains
only odd and the other only even powers of . Thus the complete
primitive of (5) is frec from logarithms everywhere and is a uniform
analytic function of «.

Special Cases. Suppose first that B has a special value giving the
Lamé function

$u) = B{p(w)
= H (pt—ed IT (96,

.. r[ e "(;(u_;_w.)]"x, ﬁ [a(lu,—{-’u)o(u,——u)],

(u)o(w;) a*(u)o*(u,)
where «; == 0 or }.

(6)

This is a uniform function of « having n-tuple poles at the lattice-
points % = 0 and n zeros in cach period-parallelogram. The eight
types are distinguished by whether they do or do not vanish at
w —: w;, ov by whether (2w;) are full periods or semi-periods. In all
cases ¢2(u) is an even doubly-periodic function with periods (2w,, 2w;).
The sccond solution is now given by the usual formula

= ¢(u) [ [$()]2 du. (7

To effect the integration. we must resolve the integrand into its
principal parts at the poles. Let v = a be a.ny zero of ¢(u), so that
w == —a is also a zero. We must have ¢'(a) 7% 0, or ¢(u) would
vanish identically; and the differential equation (5) gives ¢"(a) = 0.
From this it readily follows that the residue of [¢(u)]~? is zero; and
since [¢(0)]~2 = 0 we get the expression

[(w)]"2 = 3 [¢'(a)] [ p(u—a)—p(a)]
= 13 [¢' (@) p(u—a)-+p(uta)—2¢(a)], (8)
Y

4064
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summed over the n poles in a period-parallelogram. We now obtain
by integration
y = —ig(u) X [¢'(0)][L(u—a)+{(uta)+2up(a)]
- 30’ (w) ]
a) |72 {(u)+ugp(a)+ 9
0 S| up@+ O L o)
There are m pairs of identical terms arising from poles other than
n = w;.
As in the case of Legendre’s equation, we know in general the
coefficients of the Lamé function, but not its factors. But the second
solution can be found by the method of undetermined coefficients,

without knowing the roots of the first. For the expression (9) is of
the form

y = IT () —ePlp ) L1(w+Mul+
+ I {p—ep~Qp@} (10)

where P is a known polynomial of degree m, and @ an unknown one
of degree (n—m—1), and where L, M are constants. If we substitute
the expression (10) in Lamé’s equation and remove the factors
IT {$(w)—e;}-*;, we have a polynomial of degree (n—m) which must
vanish identically. This gives (r—m--1) conditions determining the
ratios of L, M and the coefficients of Q.

Halphen’s Transformation. Every Lamé function is an elliptic
function of «, admitting (2w,, 2w,) either as full periods or as semi-
periods. If we put u = 2v, it is an elliptic function of v with periods
(2w;, 2w3) and is rationally expressible in terms of p(v) and p'(v).
In fact the irrationals (x—e,)} are removed by means of the identities
of the type

(9(20)—e, |t = [9(v)—2e, fo(v) —ef—e, e5]/90" (V). (11)
The Lamé function y = ¢(u) = ¢(2v) is either an even or an odd
function of v, according as » is even or odd. It has four poles of
order n in each period-parallelogram, at the lattice-points » = 0,
Wy, wy, wg. If we multiply it by [¢’(v)]*, three of the poles are can-
celled, and we have in all cases an even function of » with poles of
order 4n at the lattice-points v == 0. The resulting function must
therefore be a polynomial of degree 2z in p(v).
Accordingly Halphen puts in (4)

u = 2v, y=[p'(v)] 7"z, (12)
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and obtains for z the equation

d? P"(v) dz 0"(v)
ax— g ot [P 0(E) 1m0

= 4n(n+1)p(2v)-Blr. (13)

9(20)+20(s) — (2"(‘3)’) (14)

But we know that

and so (13) becomes
b, 07(0) &

dv? g) "(v) dv

If now we put f = @(v), we have (with our previous notation)

f(f) ,+ (3—n)f («f) Jr‘i[n(Zn—1 {—Blz = 0. (16)

+4[n( 2n—1)@(v)— Blz == 0. (15)

This is an equatlon of the Fuch.smn class with four singularities; the
exponents are (0,n-+}) at each of the points £ = e} e, e;, and
(—2n, }—n) at £ == co. Following Crawford’s procedure, we may
expand the solution l)clonging to the exponent —2n at ¢ = o0 in
the form

% == r(£~ )Zn—r’ (17)
and obtain the recurrence fomlulae
(n—1%)ey+ B¥e, = 0,
(r4-1)(n-=Y—7)e, [ B*+3r(2n—r)e, ], — (18)
—if(e)nt1—r)(nti—r)e, ;=0 (r=12..),
where B* = B+n(1—2n)e,

The necessary and sufficient condition that z should be a poly-
nomial is ¢, == 0, which entails ¢, = 0 (r > 2n). If ¢, =1, ¢, isa
polynomial in B of degree 7, so that there arc (2rn-+1) special values
of B corresponding to the Lamé functions of different types. If
0 <r<2n+1, and ¢, = 0 for some value of B, then ¢,_; and

¢,,; have opposite signs, except when r = n, when ¢,_; and ¢, ,, have
the same sign. A Sturm sequence of polynomials is, however, formed
by the set
+Co, +613 "{-62,..., +C”, "—cn+1a —I'c71+27 IL+3’ >( ) -flc'.!n+l'l (19)
and we can prove that the values of B are real and distinct.
Brioschi’s Solutions. If n is half an odd integer, the exponent-

difference (n-3) is an integer and the solution is in general logarith-
mic. But for certain special values of B we have algebraic solutions;
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these were discovered by Brioschi, but are most simply exhibited
by the analysis of Halphen and Crawford. Putting % == (m+1) in
(18), we have the recurrence formulac
mey+ B¥cy — 0,
(r+1)(m—r)e, [ B*+3r(2m+1—r)e, e, — (20)
—if (e)(2mA4-2—r)m4-1—r)c,.; =0 (r—1,2,..),
where B* = B—m(2m1)e,.
The critical equation of the set is

[B*4-3m(m~+1)e,]c,,— Lf (es)(m—+2)c,,_, - O, (21)
where c,,,, does not appear. If the solution is free from logarithms,
the first (m--1) equations must be compatible, so that B satisfies
an equation of order (m+-1). When this is the casc, ¢, and ¢,,,, may
be arbitrarily assigned, and it turns out (owing to the vanishing of
a certain determinant) that ¢, = 0 (r > 2m+-1), so that the solu-
tion is a polynomial. The explanation of this is the fact that, if

#(u) is a solution of (4), then ¢(u-}-2w,) is another solution. In terms
of v, these solutions arc respectively

v = [@'(v)] ™. "ilcr[@(v)—eg]z"—’, (22)

r=0

n—} .
Yo = [ (vF @) 3 o [@(0+ws)—ey]2n,

r=0
= ([l St [‘ez:?l),<_ezf_€a>r"“’,
() —e]2 21 pn)—e
n—i r
= C[p'(v)]". > ¢ [ pl)—e ] . 23
[p( )] Z T (62_61)(62“‘63) ( )
IEweput ¢ = (e—€,)(e— eV cips, (r < 2m+1),
¢, =0 (r > 2m--1),
in (20), it is found that the formulae for (c.) are of the same form
as those for (c,). Thus the one condition satisfied by B gives two finite
and compatible sets of equations for (cy,c,,...,¢,,, ), and then
c, =0 (r>2m+41).
38. Oscillation and Comparison Theorems

A General Orthogonal Property. If 1}, ¥, are distinct solid ellip-
soidal harmonics, we have by Green’s theorem

Iftes=o o

dn
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the integral being over an ellipsoid of the confocal system and the
derivatives along the outward normal. In confocal coordinates
we have thercfore

hy [0V, oo, ‘
”k‘3( —_d)l)vly—() @)

and on expressing the ellipsoidal harmonics as products of Lamé
functions, we get (on the ellipsoid v - constant)

OB Bx)— Byl Bs()]
x [ [0 BB B0 By :/{f(f;(?fm}

If we now put (A, u,v) = {@(u), @(v), P(w)}, we have w = constant
on the cllipsoid. The factor depending on w does not vanish identi-
cally unless F,(v) = E,y(v), which is excluded. Hence we have the
relation

=0. (3)

w, i'_4m_, w,-l-_zlw

| ] (9 —p@)bi(w)gi(0)paa)ga(v) dudo =0, (4)

between any two distinet Lamé functions. On a fixed ellipsoid we
have e, > @(u) > e, > p(v) > e;, and p(u), P(v) will be real if we
assign to u a fixed real part w, and to v a fixed imaginary part wg.
The range of integration covers the entire surface twice.

Functions of the Same Order. If the functions are of the same
order n, but belong to uncqual parameters B,, B,. we have

d1(w) == [n(n41)@(u)+ B, (»), :
$3(u) == [n(n-1)p(u)+ Bylba(u),

and hence by cross-multiplication

(5)

b
(By—By) | dy()py(ar) du = [$o(u)pi(u)—y(w)gi(@)]L.  (6)

Since Lamé functions of all types admit the periods (4w;, 4wg), We
get’ ol 4wg

f $r(w)dy(u) du = 0 (B, # By). (7)

«@

The eight types of Lamé functions are characterized by threc
boundary conditions of the form

¢(wl) =0 or ¢’(wi) == 0 (i = 1,2) 3)’ (8)
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according as they do or do not vanish at the lattice-points 4 = w;.
For two functions of the same order and the same type, we have
from (6) the relation

wy

J‘ br(u)py(ut) du —= 0 (i, = 1,2,3). (9)

wi
From this we infer that the critical valucs of B are real (as has
been otherwise proved alrcady). For if the two functions corre-
sponded to conjugate imaginary values of B, their product would
not change sign on the segment parallel to the real axis joining wg
and (w3+w,); and the relation (9) would be impossible.

Oscillation Theorems.f Upper and lower bounds for the critical
values of B, and further information about the zeros of the Lamé
functions can be obtained very simply and directly by the methods
of Sturm and Liouville. The parameters (e;) being real and Y e; == 0,
let ¢(u) be any Lamé function and B the corresponding critical value
of the parameter. We can choose a coeflicient ¢ so that ¥ = c(u)
shall be rcal in the interval {e; << @(u) << e,}, where the imaginary
part of u remains fixed and equal to a half-period, say I(u—w4) == 0;
we put X == (u—w;) and consider the graph of a point whose
Cartesian coordinates are (X, Y). If d?Y/dX? and Y have the same
sign, the curve is convex towards the axis of X; in any interval
where [n(n+1)gp(u)-+B] remains positive, the curve cannot cross
the axis more than once, after which Y, dY /dX, d2Y /dX? all retain
the same sign and the curve moves steadily away from the axis.
Such a curve cannot represent a real periodic function with the period
4w;, and so the minimum values of the expression in the interval
must be negative, ie. [n(n+1)e;+B] < 0. But similar reasoning
applied to the real curve traced by the point [i(x—w,), ¢'$(«)] in the
interval {e, << f(u) < e;} shows that [n(n-4-1)e;+ B] > 0. Hence all
the critical values lie in the interval

n(n+1)(e;+e3) < B < n(nt1)(e;+e,). (10)

Now let B; > B; be two of the (2n-1) critical values, and

{#i(u),$;(u)} the corresponding Lamé functions. By means of (6)

we can prove that the zeros of ¢;(u) separate those of ¢,(u) in the
interval {e, > g@(u) > e}, the situation being reversed in the interval

1 M. Bdcher, Les Méthodes de Sturm (1917) ; Die Reithenentwickelungen der Potential-
theorie (1894); F. Klein, Gesammelte mathematische Abhandlungen, ii. 512—600.
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{e, > p(u) > e,}. For let u = a, b be adjacent zeros of ¢;(u) in the
range

0 < a—w; < b—aw; < w, e; < pa) < p) <e. (11)
We can make ¢,(u) real and positive on this segment, and let us

suppose (if possible) that ¢;(u) does not change sign in the interval,
say ¢;(u) > 0. Then the relation

b
(Bi—B)) [ $iu)py(w) du = $,(0)$i0)—$,(@pila)  (12)

gives a contradiction. For the left-hand side is positive; but at
the end-points ¢j(a) > 0, $(b) < 0, ¢;(@) > 0, ¢;(h) > 0, so that
the right-hand side is negative. Thus ¢;(x) must have a zero in the
interval, and a similar argument applies to the segment where
fe, < pw) < ey}

By considering the two segments, we can arrange in order the
(2r+-1) Lamé functions corresponding to the sequence

(By > By > ... > By ).
For example, if n = 2, we find two functions of the first type
[g(u)-+0], where 6 is the positive root of (1262—g,) = 0, and threc
of the third type [{f(u)—e}{¢(u)—e;}]}, and the sequence is
(0(0) — B}, {9 () — e () — e}, V(o () — e (w)— e},
Vo) —es}{p(u)—egl, {@(u)+0}.  (13)
The zeros of solutions of Lamé’s equation for other than critical
values of B have been considered by other methods by Hodgkinson.t

39. The General Equation of Integral Order]

Multiplicative Solutions. We saw in § 37 that, if » is a positive
integer but B is unrestricted, every solution of

d / —[n(n+1)p(u)+ Bly = 8}

is a uniform analytlc function of . When u increases by the period

2wy, the equation resumes its initial form; hence if f(u) is a solution,

then f(u+2w,), f(u+4w,),... are also solutions. If they are not all

multiples of the same solution, any three of them must be linearly
1 J. Hodgkinson, J. of London Math. Soc. 5 (1930), 296-306.

1 C. Hermite, Wuwres, iii. 118-22, 266-83, 374-9, 475-8; iv. 8-18; I. Brioschi,
Comptes rendus, 86 (1878), 313-15.
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connected; and so we have an identity
Flau-tdaog)-+ 20 (- 200,)+Bf () = . (2)
Now we have g == 1 for when « is changed to (¢4 2w,), the Wron-
skian W[f(u+2w,).f(u)] becomes
Wflut4wy), flut20,)] = BW[f(ut20,)), f(u)]. (3)
But we know that its value is constant, and so the multiplier 8 = 1.
(i) If o2 # 1, the cquation (A%420A-+1) = 0 has unequal roots
(u, p~1); and (2) can be written
[flut-4ey) —pf(u+20,)] = plf(u+-20,) )—n ()], } (4)
or [futdw,)—pf(w+2w,)] == = Y f(w - 200,)—pf(w)].
Thus [f(u-+2w,)—pf(x)] and [f(u+2w,)—pf(u)] are linearly inde-
pendent solutions admitting the multipliers (u, 1) respectively for
the period 2w,. 1f one is called ¢(u), the other must be a mnltiplc of
$(—u); for if ¢(u+2w,) = ud(w), then (—u—2w,) = p=1¢(—
Now consider the solution ¢(u-+2w,); we must be able to e\pr(‘bs
this in the form

P(ut2w,) = ad(u)+bp(—u), ()
and we now have two alternative expressions for
$(u+20,+ ~ws) == apd(u)--bu¢(—wu), } (6)
= ufag(u)+bd(—w)].

Since this is a single-valued function and p? 7 1, we must have
b = 0; hence ¢(u+-2w,) = vd(u) say, and so ¢(u) admits the multi-
pliers (u,v), and ¢(—u) the multipliers (x-1,v-?) for the periods
(2wy, 2a).

(ii) If a®=1, we can find at least onme solution such that
d(u+2w,) = +¢(w). If we repeat the argument with ¢(w), $(u -+ 2w,),
é(u+4w,), we obtain either two distinet solutions with unequal multi-
pliers (v,v~!) for the period 2ws; and the same multiplier for the
period 2w,, or at least one solution with multipliers (4-1, ::-1) for
the two periods. This is a doubly-periodic function with periods
(4wy, 4wy), in the least favourable case, and so is a Lamé function,
which we know how to construct.

There cannot be two independent doubly-periodic solutions. For
then every solution would admit (2w,, 2ws) as full periods or semi-
periods. In particular, the solution belonging to the exponent (n+1)
at u = 0 would be everywhere bounded, and therefore constant, by
Liouville’s theorem; and this is absurd.



Chap. TX, § 39 LAME’S EQUATION 169

In general ¢(u) is a doubly-periodic function of the second kind,
and a method for constructing it was published by Hermite. An
easier method, which we here follow, was given in Hermite’s lectures
and independently published by Brioschi.

Product of Solutions. If (y,,y,) arec any solutions of (1), their
product Y =: y,y, is found to be a solution of an equation of the
third order

a3y ,
P L n+1)p(u)+B]———— (1)’ (W)Y =0,  (7)
or, if z = p(u), f(x) = 42>—g,x—g,,
d Y d Y

+3 N2 4
-—4[n(n~}—1).7;—{-B](-‘l[—;—7——2n(n—}—l)Y == 0. (8)

This has four regular singularities, three with cxponents (0, 1,1) at
x = ¢; and one with exponents (n4-1,1, —n) at # = c0. Now suppose
in particular that Y is the solution ¢(u)d(—wu); this is an even doubly-
porlo(hc function having poles of order 2n at the lattice- -points

== 0, and so it is a polynomial of degree n in z = (%), and must

bo of the form
¥ =3 e o—ep). ®)

r—0
We now rewrite (8) in the form

4(x—e,P Y- 18(x—e,)3Y"-[12—dn(n+ D](x—e,) ¥’ —2n(n+1)Y -}
T-12e5(v—e,)? Y+ 36e,(v—e5) V"' — 4 Bf-n(n+1)e,| '+
() (v—e) Y"4+3Y"] = 0, (10)
and find the recurrence formulae
(1--2n)e, +-[(2n*—n—3)ey— Bey =

2(r-+1)(r—2n)(2r—2n-+41)c, ,, +4(r—-n) [(En-—n— )ea-}- (rn)
+3r(r—2n)e,— Ble,4-1f () (r—n)(r—n—})(r—n—1)c, 1=0.
These evidently give ¢, ,; = ¢, 4 = ... = 0, and we have the required

polynomial; on resolving it into fdctors we have

(u) = p(u)p(—u) = M H{() (u)—(u,)}
. o(u—u,)o(u+-u,) 9
-) MI_[I a(u 02(11) J (12)

The solution ¢(u) of (1) cannot have a double zero without vanishing
4064 VA
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identically; and ¢(u) and ¢(—wu) cannot have a common zero unless
they are multiples of onc another; each would then have the multi-
pliers (4-1, +1) and would be a Lamé function, a case which is here
cxcluded as it has been more simply discussed already.

The Invariant. To complete the solution we require the Wronskian,
which is a numerical constant

W{g(—u), (u)} = $(—u)d’(u)+p(u)¢'(—u) = C. (13)

We observe that
Q' (u) = $(—u)p'(u)—p(u)d’(—u), (14)
and if we choose the notation in (12) so that ¢(+-u,) == 0, $(—wu,) -~ 0,
wefind () = —0(—u) = $(—u)p(w,) = C. (15)

The 2n zcros of ®(u) lying in a period-parallclogram can thus be
divided into two sets, according as they give ®'(u) = -+ C; and the
zeros of the one set belong to ¢(u) and those of the other to ¢(—u).
We now have ¢’(u)+¢'(——u) _ C (16)
$(u) * $(—u)  D(u)’

The expression on the right is an even elliptic function with 2» poles
in each parallelogram and zeros of order 2n at the lattice-points
u=0.

From (15) we see that the residues are (-+1,—1) at (u,, —u,)
respectively, and so we must have

.‘ggg 3'—(‘: o = St~ 2. (1)

We now integrate and fix the constant of integration by putting
% = 0, which gives

¢(u r[ [G(u ur) e.’.uC(u,)J (18)

s(—w = L1 outu)
and on combining this with (12) we have the required solution
nf2 [ % a(u ’Il,,.) eul(un |
$) == (— 1M ﬂ o (19)

40. Equations of Picard’s Typeft

Commutative Linear Transformations. We now consider more
generally an equation

d n+p1( )d 11_1+ +pn(u)./“‘ 0, (1)

T E.Picard,J. fir Math.90(1880), 281-302 ; Traité d’unalyse, iii. 437-53 ; G.Floquet,



Chap. IX, § 40 LAME’S EQUATION 171

whose coefficients are uniform doubly-periodic functions. Suppose
that each singularity in a fundamental parallelogram has been
cxamined, and that every solution has been found to be uniform.
If {$;(w)} is any fundamental system of solutions, then

{$i(ut2pw, +2qw,)}
is another, (p,q) being any integers and (2w,, 2w,) a pair of funda-
mental periods. In terms of the original system we shall have

(9): $fut20) = Sayd) (= 1,2,.m)

n
(T'): di(n+2w,) = zlbij¢j(") (e =12,.,n);
i=
and because {¢;(u)} are single-valued, the alternative forms of

{¢:(u+2w,+2w,)} given by ST and T'S are identical.
Hence the product of the matrices may be written in either of the

forms 7 n
= Za.kbkj s Zb‘ka,u- (0,9 = 1,2,...,n). (3)

If we choose a different fundamental system ; = zd,, é;, the

matrices corresponding to (a;;) and (b;;) will be (d; )(a (d )1 and
(d:;)(b;;)(d;) 72, which are also commutative. If (u;) are the roots of
the characteristic equation A(A) == |a;—A8;;| == 0, we may suppose
S reduced to the Jacobian semi-diagonal form
$r(ut2w,) = py éy(u),
ba(u+-2wy) == dyy by (u)+pa P(w), (4)
by(w+2wy) == gy by (u)+azz ba(w) +py a(u),

the notation (a,;) being retained schematically for the new coefficients.
If A == p, is a root of multiplicity m, we can arrange the reduction
so that

He=p (E=12..m), B FEpy (@ =m+41,m+2,..,0). (5)

We shall now show that the m solutions belonging to the charac-
teristic root u, of 8 are permuted only among themselves by the
other transformation 7'.

7w
Consider first the expression ¢,(u+2wg) == ¥ by;¢;(u), and let by,
=1

Annales de UFKcole Normale (3) 1 (1884), 181-238; C. Jordan, Cours d'unalyse, iii.
287-301.
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be the last coefficicnt which does not vanish, so that b,, 0,
by; = 0 (j > s). Then we shall find from (3) that

€y = iy by == by, (6)
and this would give a contradiction if 8 > m, u, # pu,. Hence
&1 (u+2w;) is expressible in terms of the first a solutions. Suppose
that this is also truc of ¢,(u+-2w;),..., b (u+2w,); and that in the
expression for ¢, (¢~ 2w;) the last coefficient which does not vanish
18 by 195 7 0, bgeyp; = 0 (§ > 8). Then we shall have

Cess == a1 Oesns = Dans s (B < m), (7
and again we find a contradiction if s > m, p, -4 py..

We can therefore resolve the fundamental system, first into sets
belonging to each distinct characteristic root of S, and then further
into sub-sets belonging to each distinct characteristic root of 7.
The solutions of a sub-set belonging to a particular pair of multipliers
(u,v) will then be permuted only among themselves in all trans-
formations of the group.

Construction of a Multiplicative Solution. It is not in general
necessary to construct ab initio a complete system of n distinct
solutions; for if f(u) is any solution, other solutions arc given by
fu+2w,), f(u+4w,),..., and we naturally choose as many of these
as are linearly independent as part of our fundamental system. Let
¥; = flu+2(0—1)w,} (¢ = 1,2,..., k) be linearly independent, then if
we have

flut2ke,) = @y fu) +agflut2,) bt flu-F 20—y, (8)
we begin by reducing to the canonical form the transformation,
Y, =y;,y (G=012,...,k-1), }
Y, = ayy,+ay st Ay,

We can form at least one combination g(u) of these solutions, such
that g(u+2w;) = p,g(w); by applying the same argument to
g(u+2w,), g(u+4ws),..., we can then always find one combination
$(u), such that ¢(u+2w,) = p, $(u) and also (u+2w,;) = v, $(u).

It will not be necessary to construct any entircly new solution

until all solutions of the type f(u+ 2pw,+-2qw;) have been accounted
for and shown to involve less than n independent solutions.

(9)

Canonical Sub-sets. It was shown by Jordan that a sub-set
belonging to the multipliers (u,v) can be so chosen that the matrices
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are both of Jacobi’s type

v 0 0 .. v 0 0
. 0 .. by 0 ..
o= G , T == Y , (10)
Ty Ay @ ... by by v

where or = 70,

The theorem is obvious for a sub-set consisting of only one solution.
We assume it true for a set of (k—1), and prove it for one of k solu-
tions. By operating within the sub-set as we did for the system as a
whole, we can find at least one multiplicative solution é,(u), such
that ¢,(u-+2w;) = pé,(u) and ¢, (u-+2w;) = vé(u). We choose ¢, (u)
as the first solution of the canonical sub-set, and retain (k—1) of
the others to make up % independent ones altogether. We can now
rewrite the transformations in terms of these solutions. Tf we ignore
the first row and column of the matrix, we can reduce the trans-
formation of the last (k—1) to the canonical form, because the
theorem was assumed true for (k—1). When we add these relations
(with the terms in ¢,(«) on the right) to those expressing ¢,(x+2w,)
and ¢, (4 2wy), the k-rowed matrices will be in the required canonical
form.

Analytical Form of the Solution. The two multipliers (, v) being
never zero, we can reduce both to unity by writing ¢,(u) = y(u);(u),
where x(u) is an auxiliary function of the form

(u+a) bu

u) = 11
xw =7 (1)

For the relation o(u+2w;) = —eXut+wmig(u) gives
x(u—42w;) = x(u)eHam+bwd (j == 1,2 3); (12)

and because 2(n; wg—nzw;) = +im % 0, we can choose (a,b) to
make the multipliers corresponding to (2w,, 2ws) have any assigned
values (u,v). If we write

= {(ut20,)—f(u)} and ARH() == {{ut-2e,)—(u),

the two transformations become
Agy(u) = 0, A%y (u) = 0,
Apy(u) = Ay ¢y (u), A*ify(u) = By iy (u),
Adpg(u) = Agy¢hy(u ‘*‘Aaz'/‘ ), A*y(u) = By, ‘//1 “H‘Bso Pa(u),

where the matrices (A ,-j) and ( ;) are commutative. (1‘3)
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Tt is evident that ¢, (w) is a uniform doubly-periodic function of u;
we shall prove by induction that i, («) is a polynomial of degree
(k—1)in {u, ()}, whose coeflicients are uniform and doubly-periodic.
For this purpose, we take the periods in the order given by
2(n, wy—nzw,) == +im, and introduce the expressions

o) == V= mr gy —eld)Emy (14)
r i
which have the properties
Aa(u) =1, AB(u) = 0,
A*q(u) = 0, A*B(u) ==

Any polynomial of the type in question can then be written in the

(15)

form fw) =3 3 Uxp; (45 < k), (16)
where o
_ola= .okt ) g BB (B RAL)
P Iy ) k ;!
Aoy, = oy, AB, = 0, (17)
A*ak = 0, A*Bk = Bk—l'

Suppose expressions of the required form have been found for
Y (w),..., ¥, (u); at the next stage we are given the expressions

Ay (u) = 2 Z 1[(1) o B
+j<k—1) (18)

A¥fy(u) = EE T ey
@+i<k—-1)
The condition (4;;)(B;;) = (B;;)(4) is equivalent to
A*Adfy(u) == AA*Jy(u);

and the relations (18) will be compatible if, and only if,

“5(1}+ 1) 77 Hfﬂ-l)i- (19)

Accordingly we now write
Pi(w) == ; gjgc)nk,ij oy Bp (20)
Where Hk,’i] —= Hg})—l)j or Hk‘,’i]' = Hf‘%j)—l)- (21)

All these are given doubly-periodic functions, with the exception of
IT;. g0, Which is indeterminate. But the relations (18) now reduce
to (AT g0 = 0 = A*II} o), so that this is also a doubly-periodic
function. The theorem thus holds for the kth function if it holds
for the (k—1)th, and the induction is complete.
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For the actual construction of the solutions, reference should be
made to works on elliptic functions.

EXAMPLES. IX

1. Brioscar’s InenTITY. If Y = 3,9, is the product of two solutions of
Lamé’s equation, show that the cquation of § 39 (7) has a first integral

dY)2 Y e o
(du —2Y d F4[n(n- 1)g(u)4- B]Y? = K.
Show also that K (/1 ’;:If — Yy ((ll;/:) NS

2. Show that, in Jacobian elliptic functions, Lamé’s equation may he
written in either of the forms
1d% n(nd-1) , 1 dy

= B, == - En(n-} ))snue-i- B,
J dot p— FI y @t kn(n-t })sn*ue-i- B

By changing the periods, reduce to Lamé’s form the equation
1d?y antl) ., s
y m = —;n:;;;'— —f-k n(n«l~ I)SH 1I+B.

3. WHITTAKER'S INTEGRAL EQUaTION. Show that the Lamé functions of
order » which are rational in snu qnti%f y the integral equation

y(u) =— A ’ P, (ksnusnv)y(v) de.

|E. T. Whittaker, ]’) oc. London Math. Soc. (2) 14 (1915), 260-8.]

4. LAME-WANCERIN FunctIons. (i) Show that Laplace’s equation V2V —: 0
admits solutions of the type V - . w—icosmW(u,r), where (w,2,4) are cylin-
drical and (u,v,¢) curvilinear coordinates, connected by the relation

(w-t12) — F(u+-w);

I.r W_ ] ”W] (A= DIF (u i)
Wlowe cv* 2RI (u-in)]*
(ii) Show that this has normal solutions W - . G(u)H(») if F(w) -: snw,
enw, or dnw; and that G(u) and H(») then satisfy Lamé’s equation of order
(m ~3%).

(iii) ITn the most general transformation giving normal solutions, show that
(gfv-') = AF\{ B34 CF? { DF |- E.

[A. Wangerin, Berliner Monatsber. (1878), 152-66; I5. Haentzschel,
Reduktion der Potentialgleichung (1893).]

and that

5. PENTASPHERLICAT, CoOORDINATES. If (S}) arc the powers of any point with
respect to five mutually orthogonal spheres of radii (Ry,), show that

5 )
® ‘S"Ii 9 Sl‘ 1
ko 0 — . =2 -5 =0
R Z 73] ’ Z WY
k k=1 k k=1 k

k-<1



176 LAME’'S EQUATION Chap. IX, Exs.

A Y 98,\ (0S8}, .
(G) = aserem, > (R)G) = 255+250

Tyl Tt

S

If V is homogeneous of degree p in (i), show that

ooV
21 2
V2 _.4; B st (4ut2) E A%,
b= 1

[G. Darboux, Legons sur les systémes ortbogonau;t (1910), 287-93;
Principes de géoméirie analytique (1917), 379-404, 462-7.}

6. CoNFOCAL CycrLIDES. If xy = Si/ Ry, and if (¢;) are unequal, throe surfaces
(8 = A, p,v) of the system

2. g 5
z k=0, where 3a% .0,
= Ck"o k=1

pass through any point.
5 5
IfP =3 epal, f(O) -- H (0—ey), prove that
k-1 =

o Plo—=Xe—pleg—»)

T few
(P ANk
ds® = 1 .AZ 0 ,
eV
ey .. 16 NN VAR 2y e ran@Y
Vv P312 ()\ —p)v—A) ’|A[ P \/lf(/\)}—éx )

vep-is - ol""/‘ 2 e2a}—2P-M Y ¢,
sz P_5I4[3 2 ek.—5)(—5p.—5l’); o
_ s
VA P-UG) - - [3 3 ep—BA—Bp—Bv]Polg 16 Pl Ev A—p—A)

7. Show that V2V = 0 is satisfied by V = P~VRE () Ey(n) Ey(v), if {£;(x)} are
all solutions of the cquation
F@)Dy +3f @Dy 1=t 3 o~ Ar —Bly == 0
[A. Wangerin, J. fiir Math. 82 (1876), 145-57; (. Darboux, loc. cit.

or Comptes rendus, 83 (1876), 1037-40, 1099-1102; M. Bécher, Die
Reihenentwickelungen der Potentialtheorie (1894).]
8. Tur Frat Rina. Cyclides of revolution of the family
4a%®  (a*—w?--2%) (a’fw?42?)?

o R My e 1y ey
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aro given by 6 = sn?u, 6 = sn%*v, where
(o +1z) == (a/k’)[dn(u-+1) —ken(u-+iv)].
If V2 0, show that

[:;_-i ddv" +-&3(sn? u—-%nwu)(‘ ¢J)](w3 V) =0,
and that there are solutions V = w—lcosmg F(u)((iv), where F(w), G(w)
satisfy 1 d?y
y dw?
[E. G. C. Poole, Proc. London Math. Soc. (2) 29 (1929), 342-54;
30 (1930), 174-86.]

= (m*—})k*sn?w+ B.

4004 Aa
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MATHIEU’S EQUATION

41. Nature and Group of Mathieu’s Equationf

Introduction. Jusrt as Besscl’s equation is a limiting form of
Legendre’s, so Mathieu’s equation (which is now to be discussed) is
casily derived from Lamé’s. Let the latter be written in the Jacobian
form a2y .
T [#(n+1)k2%sn%*+ Bly = 0, (1)
and let n(n+4-1)k% = A be kept fixed as £ — 0 and n - co. In the
elliptic functions 2K — 7 and 2¢K’ — o0; the singularities, which are
situated at the points u = {2pK+(2¢q+1)iK'} recede to infinity, and
we are left with the equation

¢y _ (A sin?u+B)y = 0 (2)
du? ’
which is Mathieu’s equation.

In celestial mechanics there occurs the celebrated equation of Hill
2y
d6®

of which Mathieu’s is a very special case. This equation was the
occasion for the introduction into analysis of infinite determinants
by Hill, and their subsequent justification by Poincaré. In this
problem, the cocfficients of the equation are given and we have to
determine the character of the solution. We here confine our atten-
tion to the special case of Mathicu’s equation, where the difficulties
regarding convergence are trivial and where the determinants are
of the special type associated with continued fractions.

The equation arose in a different manner in Mathieu’s problem of
the vibrations of an elliptical membrane, and in analogous problems
regarding the potentials of elliptic cylinders. We transform the two-
dimensional wave equation

a2V oV 1o
2 2 = 0 (4)
ox? oy «c* ol

+ E.Mathieu, Liouville, J. de Math. (2) 13 (1868), 137-203; G. W. Hill, Acta Math.
8 (1886), 1-36; H. Poincard, Les méthodes nouvelles de la mécanique céleste (1893),
ii. 228-80; E. T. Whittaker and C. N. Watson, Modern Analysis, ch. xix; P.

Humbert, Mémorial des sciences mathématigues, x (1926); M. J. O. Strutt, Krgebnisse
der Mathematik, i, 3 (1932).

+[0y+20, cos 20+ 20,c08 404-... ]y = 0, (3)
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to confocal coordinates (z-+1y) = a cosh(é-+47), and look for normal
solutions of the form V == e*F(£)G(y). We then have

F"(&)—i—k%zcosh?flf’(g) ~(V"(17)+L2azcos2n0(n)
L e (5)
F(¢) G(n)
and both sides of the equation must be equal to a numerical constant
P, whose value is unknown. F(:6) and G(6) will then both satisfy
Mathieu’s equation
%y
do?
In most physical questions, V must be a single-valued function of
position, and so p must be chosen so that G(z) shall admit the period
27. These periodic solutions arc called Mathiew functions, and the
attention of writers on mathematical physies has largely heen con-
centrated upon them for evident practical reasons.

—= - (p—Kk%acos20)y - 0. (6)

Group of the Equation. The cquation (6) has no singularities
except 6 = oo, so that every solution is an integral function of 8. At
the ordinary point 8 == 0, two independent solutions are determined
by the conditions (y 0,y = 0) and (y == 0,%’  0). The equation
being invariant when we change the sign of 6, one solution will
involve only even and the other only odd powers of 0, say

Jol0) = fo(— Ju(0) = —fi(-—0). (7)
Now the coefficients of (6) admlb the period 7 and the solutions are

uniform functions of 6; in accordance with Floquet’s theory, we
express the solutions fo(8+), f,(8-+=) in the form

fo(0+ﬂ) = “fo(0)+lgf1(0),
f1(0+"7') == yfo(0)-+-0f,(0)
Since the Wronskian 1W{fy(6),f,(8)} must be a constant, we find on
changing 0 into (60--=) that
Wd—Py = 1. 9)
We now combine (7) and (8), and obtain the transformation
Folm—6) = of(6)—Bf(0), }
Ji(m—0) = y[o(6)—8f,(0).

On repeating this transformation, we must have the identical one

ey RO

(8)

(10)
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(i) If possible, let these relations be satisfied with (x—38) % 0.
Then B = y = 0and a = —8 = 41; the relations (10) now reduce to

either Jo(m—0) = fo(0),  film—06) = f1(6), }
or Jo(m—0) = —[y(0), [fi(m—0) = —fy(6).
In the onc case, every solution is even, in the other odd in 6’ = (§—}=).
But this is impossible; for 8 = } is an ordinary point of (6), and on
taking this as origin we find (by symmetry) that there is always both
an odd and an even solution in #’. In all cases, therefore, we have
oa =2, (13)
The relations (a®—By) = 1 = (8*—By) now follow automatically
from (9) and (13).
(ii) The multipliers of the transformation (8) are given by
—2A+1 =0, (14)

and are unequal provided that o2 54 1. We write them (ei™, ¢=imh),
where « = coswmh. The corresponding multiplicative solutions
{Afy(0)+ Bf,(0)} are given by the condition

3= le="7 = ()" (1)

since « = 3. We may therefore write them as

J(0) = v¥o(0)+BY1(6), }
1—0) :y*fo O—BY,(0).
Their product F(8) = f(6)f(—0) is an even function admitting the
period m, whose constructlon is the crucial step in Lindemann’s
method of solution, based on the Hermite-Brioschi solution of
Lamé’s equation. We can casily verify that

0) = yf3(0)—Bf1(6) (17)

is the only independent cxpression of the type

F(0) == {Af3(6)+-2Bf(0)f,(0)+ Cf1(6)}

such that ¥(0) = F(—0) = F(n4-0).

In Hill’'s method of solution we use the property that, if the
multiplier e*™ belongs to f(0), then ¢(8) = e-%(f) is an integral
function of § with the period =. It is therefore a single-valued
analytic function of z = e2#, whose only singularities are z = 0, 00;

(12)

(16)
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2
and so it is expressible as a Laurent series 3 ¢,2". We therefore
n=—w

f(g) . i Cn ei(h+2n)0’ (18)

n==—w

have

where £ is at first unknown. But Hill obtained and solved a trans-
cendental equation for A, from the condition that the series (18)
should converge.

Periodic Solutions. If the cocfficients of Mathieu’s equation are real,
those of the linear transformation (8) are also real, and the character
of the solution depends on the magnitude of a2.

(i) If o® > 1, the multipliers (A,A~!) are real and unequal; the
expression f(6-2mm) == A2mf(0) then tends to infinity or zero for
large integers m. Such solutions arc called unstable.

(ii) Ifo® < 1, the multipliers are conjugate imaginaries of modulus
unity, and then |f(6-+2m=)| — |f(8)] for all integers m ; such solutions
are called stable. The values of A satisfying coswh —= « are real, but
not integers (since «? < 1).

If b has a rational value A =- r/s, where the fraction is in its lowest
terms, the solutions both admit sm as a semi-period or full period,
according as r is odd or even. For example, if « = 0, » = !, we have

Jo0+m) = Bfi(0),  fil6+7) = yfo(0) By = —1); (19)
and then we have, on repeating the operation,
Jo(04-2m) == —[o(6),  fi(0+2m) = —f,(6), (20)
so that 27 is a semi-period of every solution.
(iii) If o® = 1, the multiplicrs are given by (A41)% == 0. From
(9) and (13) we get By -= 0; henee one at least of the solutions admits

7 as a semi-period or as a full period. We find four types of periodic
solutions

S a,, cos 2nd, > by, sin 2nb, } (@1)
- . &
z Ay, 41 COS(20-11)0, 2, b;),n pSIn(2n 4-1)6.

The four types arc distinguished by their parity as cven or odd
functions of 6 and of (8— ).

Ince’s Theorem.t It was proved by Ince that there cannot be two
independent solutions of period 7 or 27. Suppose there are two

1 E. L. Ince, Proc. Cambridge Phil. Soc. 21 (1922), 117-20.
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solutions, in sines and cosines of even multiples of 8 say. Then the
recurrence formulae will be (2k%a%— dp)a,+ (Ka?)a, = O,

k2a?)a,, _,+(2k%a?—4p+16n?)a,, + (k2a?)a,, ., = 0,
2n -2 2n+2

22
bo—o, [ &V
(k2a2)by, _o+ (2k%a®— 4p+16n2)by, 1 (k%a®)byy, 1 = 0.
If we eliminate the middle coefficient we get
Doy == Dy = Bgpia = ooy (23)

where Ay, = A3 bgp 10— b5, Bpp yp-

But since both series arc to represent integral functions of 6, we
must have, as n -> 00,
a,, >0, b,, > 0. (24)

Hence A,, = 0 for all values of n; and in particular Ay == a4b, = 0.
This relation and the relations (23) can only be satisficd if one of the
assumed solutions vanishes identically. A similar proof applies to
series of odd multiples of 6.

Since B, y cannot vanish together, the invariant factors of the
characteristic matrix are [(A-+-1)%, 1]. The fundamental solutions can
then be reduced to the canonical forms

y1=f(0), y. = 6f(6)-+9(0), (25)

where f(0), g(f) are integral functions of opposite parity, with the
same minimum period 7 or 2.

42. The Methods of Lindstedt and Hill

Continued Fractions. In considering Lamé’s equation, it was
mathematically convenient to solve first the cases of greatest
physical interest, where there is a periodic Lamé function expressible
in finite terms. But when we pass to Mathieu’s equation (a confluent
Lamé equation of infinite order) there is no simple expression for the
interesting solutions of period #= or 2m; in the special cases, the
periodic solution is about as intractable as the solution in the general
case, and the associated non-periodic second solution much more
so. We shall therefore begin with the problem as it arises in celestial
mechanics, the coeflicients of the equation

dy ‘
(—lﬁ+(®o+2®lcos 20)y - 0 (1)

being known, but the solution not necessarily periodic.
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We write a multiplicative solution in the form
y = ethfd i Cop ezinﬁ, (2)
n-—=--w
and obtain the recurrence formulae
0, ¢ o [Og—(B+2n)% ey, +0O1Chpio = 0 (n = 0,41, 42,...). (3)
Following Lindstedt, we use a method applied by Laplace in the
theory of the tides on a rotating globe, and greatly developed by
Kelvin, Darwin, and Hough.t Let us put for brevity
h+2n)2—0
oy gg = —2¥2 L, —= (—9. 4
Ugp+2 Cop, 2n @1 ’ ( )
then the recurrence formulae may be written

. 1
o ~
Upyyyp = Ligy ——. (5)
u2n,

Let us choose any large value of n; then if u,, is not small, u,,,,
will be large and the subsequent ratios will tend to infinity.

But we require a solution (2) which shall converge for all finite
values of #; and this is only possible if, for all large values of n, we
have approximately

>0 (n—> ). (6)

A ~
ﬂﬂn

2n
But we can now rewrite (5) in the form

1
Ly, —ugp s

, (M

Uy ==
and obtain an expression as an infinite continued fraction

1 1 1 X
Ugp == o == 5 (8)

LG. - L2n+2_ L2n+4'—

We now apply the same argument to the terms of (2) with negative

indices; we now find 1
Ugniz = L—-2n""' > (9)

—-n

-

and since u_,, must now become lurge for convergence, we get the

expansion 1 1

U—gy+2 == L—zn““L L
—2n-2 -2n-4

(10)

1 Cf. H. Lamb, Hydrodynamics (5th ed.), 309-35.
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Finally, we substitute the expressions (8), (10) for u,, u_, respec-
tively in the relation

1
Loz'us-l-;s (11)

9
-

and so obtain the transcendental equation for A

1 1 1 1 1 1

Ly=|— — — .. S S 12
° [Lz—L4—La“‘ ]+ [L—a“L—A;—L—s— ] (12

Hill’s Determinant. The relations (3) can in general be written
y 62:L—2+c‘.’.n+ﬂu Caprg = 0, }

a, = B, == —Lg!, Ly, £ 0,
and we obtain an expression for the mth convergent of the continued
fraction w,, = ¢,,/Cy,..0, by using m successive equations (13) and

‘putting in the last of them c,,,,, = 0; on solving the modified
system of linear homogeneous equations in (c,,) we get

:E,,‘K(n—f—l,n—i—m—l)

(13)

wl{m) = ! , 14
" Kn,n+m—1) (14)
where
1 B, O 0 0
Xy 1 1 ﬁn +1 0 0
Kn,n)={ . . . . . . . . . . (15)
0 0 0 1 B
0 0 0 A |

If » remains fixed and %’ - 00, we have an infinite determinant of
von Koch'’s type.f We have

K(n,n') = K(n,n'—1)—a,.2,._, KX(n,n'—2), (16)

and this shows that every term in K{n,n’) occurs also in the product
n -1
TT(1—a44B,), so that the determinant converges absolutely if

r-n
> |o.43 B.| converges. This condition is satisfied, provided that there
is no finite value of n for which L,, = 0; for, as » —> 0o, we have
a, == B, == O(n~2). We may thereforc write (8) and the analogous
formula (10) in the form

Con  __ —a, K(n+ 1, 0) (3:2_11:_ "'B--n___'[_{(—‘w’ —n— l)

- 3 = ¥ (17)
Con—2 K(”? 00) C o, 12 K(—o0, —n) ’

1 H. von Koch, Comptes rendus, 120 (1895), 144-17.
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and we have in gencral
Con = (—)"Co 01 ...ty K (m+1,00)/K(1, 00),
C_on = (=)"¢oB_1 BBy K(—00, —n—1)/K(—00, —1).
The condition (11) may be written
—agB..q K(—00, —2)K(1,00)+K(—o0, —1)K(1,00)—
—Boa_, K(—o0, —1)K(2,00) = 0, (19)

which is the expansion in terms of the elements of the middle row
of the doubly infinite determinant

A(h) = K(—o0,0) = 0. (20)
This is a special case of Hill’s determinant
O®) = layl (6 =0,%1,42,..)

Upy == 1, Cpn+i) == Ap(n—p) = ®k/[®0_ (h+2n)2]-
Should one or both of the numbers (A40}) be an even integer, the
corresponding L,, == 0, and the relation (3) becomes

(cgn-2FCan+2) = 0.
In one row of the infinite determinant (or in two at the most) the
triad of non-zero elements (w,, 1,8,) must be replaced by (1,0, 1).

But we can still expand the modified determinant as a finite com-
bination of convergent infinite determinants of von Koch’s type.

} (18)

} (21)

Evaluation of A(k). Let (m,), (»;) be any two sequences of positive
integers tending monotonically to infinity, and consider the sequence
of rational analytic functions of the complex variable % defined as
the determinants

(k) = K(—my,n;) (k= 1,2,.). (22)
The poles of these functions are the points
h= 40}+2n (n==0,1,2,..); (23)

if these are all excluded by small circles of given radius p, we can
show that the sequence {f,(%)} converges uniformly in the rest of the
plane, and so its limit A(k) is an analytic function of A, whose only
singularities are poles at the points (23). Corresponding to {fi(R)}
we construct as non-analytic functions of 4 the products of positive
terms ne

@y = T (il + B (24)
4004 Bb



186 MATHIEU’'S EQUATION Chap. X, § 42

Now we have always

()] < By(h),
W) —feh)] < PoB)—Pih) (k< k);
for in each case the modulus of every term on the left occurs among
the terms on the right, which are all positive. Accordingly the uni-

(25)

form convergence of f {log|+ B[} in any domain, which implies

that of the sequence {F,(h)}, also ensures that of the sequence of
analytic functions {f,(h)}, whose limit A(k) will (by Weierstrass’s
theorem) be a uniform analytic function of . Now in this instance
we have 9

10,

T |(ht2r)2—0,)’
N A
T hF2r 4082 T (h-2r—03 2
Now among the terms |h+2r4+0}| (r = 0, 41,...), there is at most

one numerically smaller than unity, which is itself not smaller than
p outside the system of circles. Accordingly we have

3 1B < 20+ Z i

I‘xr]'*"lﬂr .

(26)

92 g2
< l@ll{; il (27)
uniformly in the said region; and so
A(h) = lim fi (k) (28)
k—o©

is a single-valued analytic function, whose only singularities are
at the points (23). By renumbering or rearranging the rows and
columns of the determinant, we now find

A(—h) == A(h), A(h+2) = A(h). (29)
Thus A(k) is an even periodic function, with the period 2; its values
everywhere are deducible from those in the strip 0 < R(h) < 1.
But in this strip the expression Z = cos7h assumes once every value
in the plane of Z, cut from —o0 to —1 and from 1 to co. Hence
A(h) is a uniform analytic function of coszh, which is also an even
analytic function of A with the period 2. The points (23) arc thosc
where cos7h = cos7O}; and as h approaches one of these points,
one or at most two factors of the product (24) tend to infinity, but
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in such a manner that [cos wh — cos 7®}]P, (k) remains bounded. A4
Jortiori, the expression [cos mh — cos 7®§]A (k) remains bounded also;
and so A(h), regarded as a function of coswh, has a pole of the first
order only. If K is the residue there, the function

K
h) == —_— -
o(h) = Alk) [cos wh — cos 7O}]’
remains bounded for all finite values of h. But if & — 100, A(h) - 1
and the second term in (30) tends to zero; and since $(h+2) == $(h),

we see that ¢(h) is everywhere bounded, and therefore is a constant,
by Liouville’s thecorem.

Hence we have finally
Ah) = 14

(30)

K
[cos mh — cos 70}

The coefficient K is determined by substituting any convenient value
of h, such as b = 0, which gives

(31)

K == [A(0)—1][1—cos7O}]. (32)
The equation A(h) = 0 is thus equivalent to
sin?}wh = A(0)sin2i#0}. (33)

This equation may be read in two ways. In the astronomical problem,
where the coefficients of the differential equation are given, it serves
to determine the multipliers e+ of the solutions. On the other hand,
if ©, is not given, it may be read as a transcendental cquation to
determine ©,, when the solution has assigned multipliers, for example,
when it admits the period 4.

43. Mathieu Functionst}

Mathieu’s Method. We must now examine more particularly the
solutions of period = or 27, and we begin by remarking that, when
0, = 0, the critical numbers hecome 0, = 2 and give the solutions
cosnd, sinnf. By the methods of Sturm and Liouville we know also
that, for any given real 0, the critical numbers giving the even and
odd Mathieu functions with n zeros in an interval of length 7 must
satisfy the inequality

Op—n?| < 2|0,]. (1)

1 See (in addition to provious references) E. Heine, Kugelfunktionen (1878), i.
401-15; E. L. Inco, Proc. Roy. Soc. Edinburgh, 46 (1925-6), 20-9, 316-22; 47 (1927),
294-301 ; 8. Goldstein, Trans. Cambridge Phil. Soc. 23 (1927), 303-36; P’roc. Cambridge
Phil. Soc. 24 (1928), 223-30.
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Accordingly Mathieu assumes that the solution and its corresponding
critical number can be expanded as power-series in ©,, and gives
rules for evaluating those series term by term. We write in Mathieu’s
equation (§ 42 (1)) a solution of the type

c0,(6) = cosnd+0, Uy(0)-+03 Uy(6) + ., } -
Oy = n2+A4,0,+4,03+...,

or, se, (0) = sinnf+0, V1(0)+ 03 V,(0)-..., : 3)
0y = n®+ B,0,+ B,03+...,

where n is zero or a positive integer. We now cquate to zero the
coefficients of each power of ©;, which gives for the even Mathieu
functions the set of conditions

Ui+n2U; (A, 2 cos 20)cos nb = 0,

Us+n2Uy+ (4,42 cos 20) U+ A, cos nb — 0, (4)
Ui+n2Uz+(A,4-2c0s 20) U+ A4, Up-|- A cosnf - 0,

At each stage we first determine 4, by the condition that U,(0) shall

be periodic; and then we determine Uy (8) uniquely by the condition

that cosnf, sinnf must appear only in the leading term. Now a
particular integral of the first cquation (4) is

__cos(n+2)0 cos(n—2)0 A,0sinnfd

GO = i) a1
or, =:%cos30--3(1+4+4,)0sind (n == 1), (5)
or, = }cos20—14,6% (n =: 0),
which is not periodic unless
A, =0 (n#£1), ord,—=—1 (n-—1). (6)

The complementary function C'cosn(0—6,) need not be added, in
accordance with our rule, because all such multiples of § are to appcar
only in the first term. We have therefore definitely

_ cos(nt2)f _cos(n--2)f
U6 = et im—n AN } (7)
= } cos 30 (n==1).

At the next stage we have in general (if n > 2)

T cos(n-}-4)0 cos(n—4)8 1 .
U =y |4 a0 =0, ®
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and the condition for a periodic solution gives

1 5
4, = 2mE—1) (n > 2), 4, = 1s (n = 2); )
and we then have a unique expression
U,(0) = cos(n-4)0 cos(n—4)0 = 2).  (10)

C4.8n+1)(n+2) " 4.8n—1)(n—2)
The second term is dropped if » — 2; the modified forms correspond-
ing to » = 0,1 are left to the reader. It is cvident that the formal
process can be continued indefinitely, with proper precautions from
the nth stage when terms in cos(—n8) first appear. The same method
is applicable to the odd Mathieu functions. It was pointed out by
Mathieu that the series giving ©, for ce,(6) and se, () begin alike,
but differ after n terms. The coefficients of the trigonometrical
polynomials {U,(0)} and {V,(6)} begin to differ as soon as negative
multiples of § make their appearance. Various improvements in the
method have been made by Whittaker, and it has been shown by
Watson that the series converge if @, is sufficiently small.

As O, increases, however, the method breaks down from one of two
causes. The true connexion between ©, and 0, is found by putting
h = 0 or h = 1 in Hill’s determinantal cquation § 42 (33). This is
a transcendental equation for ©, whose roots can be expanded as
convergent power-series in 0, if and only if @, is sufficiently small.
Again, in constructing the nth even Mathicu function, we dividerd
by the cocfticient of cos 6. But, for certain values of @,, the coefticient
in question vanishes; and, if we try to equate it to unity, the other
coeflicients become infinite. These limitations of Mathieu’s method
have been more or less clearly rcalized by mathematicians since
Heine, who applied the method of continued fractions; this method
was employed by Lindstedt in the associated astronomical problem,
as we have already seen, and was also employed in connexion with
the solutions of period 2s7 (s > 1) by the writer. The most recent
and complete results relating to the Mathicu functions ot period
m or 27 have been based on the usc of infinite determinants or
infinite continued fractions. The former were used by Ince to calcu-
late the critical values of ®,, and the latter by Goldstein for expand-
ing the Mathieu functions and also the associated second solutions.

Continued Fractions. To construct the functions of period =, we
put & = 0 in the analysis of § 42. It is easily verified that, by
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symmetry, we have
L,, = L—zn’

Oy = Bn = &y = B—n’ (11)

Con+2 __ C-2n—2
Con C_gn

k]

and this gives either

|

'
|

c0 :# O’ C2n = G—zns } (12)
or co =0, Cop = —C_g,.
For the even solution we get
—Lyco+2¢, = 0, } (13)
c:Zn—2_L2n ContConize =10 (n=1);
and so § 42 (12) is replaced by the condition
1 1 1
10y = — — — ., 14
20 L2—"L4—L6"— ( )
or § 42 (20) by the simply-infinite determinant
(1, 2«4, 0, 0O, :
, 1, , 0, ..
4 Ay == 0. (15)
01 (12, ls BZ’ E
I
I
For the odd solution, we have in the same way
—Lycy+c¢y == 0,
‘ 2('2-}—(,4 . } (]6)
('2)L-2'—L2)zc2n+c2n+2 =0 (n>2)
. 1 1
which Ly=— — .. 17
ich give iy (17)
; 1, a, O, s !
o 1, Bs 0, ..
or 2 B l - 0. (18)
O, (X:l, l, ﬁa, . :
l

For the solutions of period 27 we put A = 1 and adopt the more
convenient notation

0
Y= E 62n+16(2n+1)L0,
@

n=—

Lypsy = L_gpy = [(2n+1)*—0,]/0,.

(19)
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We then have, by symmetry

c Cgn-
,.2_'111 = -l (20)
. . Cop1 C-2pn1
and so in particular
b 0

c = -}FC_gy—1- 21
c—-l 01, 2n+1 -J: 2n—-1 ( )

For the even solution we get now

(1= Ly)ey+¢3 = 0, } (22)
Con-1— Ly 1 Cani1tConis =0 (v =1),
giving the condition 11
1= L—— — ... 23
=T L (23)
For the odd solution we get
—(L+Ly)ey+e3 = 0, } (24)
Con1—Lons1Cous1tConsz =0 (n = 1),
giving the condition
1 1
0=1+L,—— — ... 25
- g (25)

The critical values are calculated by the method of successive
approximations, following Hough’s procedure in the theory of the
tides. By the methods of Sturm and Liouville, we know that one of
the roots of (14), for example, is given to a first approximation by
L,, = 0. To evaluate this root more exactly, we write (14) in the
equivalent form

1 1 1 2 1 1 1
S PR O o |
- L2'1-—2_—L2n—4_ L2—L0 L21¢+2'—L2n+4—L2n+6_
(26)
The value of ®, given by L,, = 0 is now introduced in the two expres-

sions on the right, and a second approximation is then obtained, and
80 on.

The Second Solution. When one solution is a known Mathieu
function, the other can be expressed by a quadrature; but a more
convenient construction based on the method of infinite continued
fractions has been given by Goldstein. As a typical case, suppose
we know the Mathieu function

Ceqq41(6) :nzo%" s cos(2n+1)8, (27)
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and the appropriate value of ®,. According to § 41 (25), the second
solution will be of the form

iny,,,(0) = Bceqye 1(0)+ 720aén+1ﬁi“(2”+ 1)8, (28)
and the recurrence formulae are
(1—Ly)a,+az = 0,
Gon-1— Lipp 41 8gn 4102y 13 =0,
—(1+Ly)ay+a; = 2a,/0,,
Qg1 Ly 41 @an 11 00n 43 = 2(2n4-1)a,,41/0;.
We now introduce an auxiliary sequence (4,,,,), defined by the
relations —(1+L)A4, A4, = 0, }
Aon-1— Loy 1 AgniatAgpss = 0.
This must diverge to infinity; for otherwise we should have both

an odd and an even Mathieu function for the same value of ©,. As
in § 41 (23), we find that

(29)

(30)

Agpi1 Aopi3— A3 gy = Qo1 Aoyi1— 2y 11 2n
= . . ... (31)
= 20,4, 7 0.

Following Goldstein, we write in (29)
@iy = Z a1 (= 0,1,2..) (32)

where the (r+1)th set of terms iy defined by the relations
(1_|_L )a(2r+1)+a(2r-p-1) — 0
AP~ L DR ) = 0 w#n) | @3)
= 22r+1)8y44/0y (n == 7).
To satisfy these conditions by a sequence of values tending rapidly to
Zero, we put
i P = A1 App i Ggpy (0 < 7)
= Ngp1 Aor i1 Gann (0 27),
where A,,,, is determined by the condition
[Agr_y @gpi1— Ly iy Ape 1y @or 1+ Ay 1043101 Ar g == (37+2)a5 49

(35)

(34)

By using (30) and then (31), this is reduced to
A10,0, 254y = —(2r+ 1)ag44;5 (36)
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hence we have
a(22nrv+k11) = —(2r+])’\A2n+l agr—ﬂ (n ‘<\ r)’ }
== —(27‘+ l)A‘42r+1a2r+1a2n+1 (n = 1‘),
where A = (A4,a,0),)"'. The expression (32) now becomes

n—1 2]
Aop+1 == ""\aznﬂ[rgo (2r+1)4,,4, a,, 4-1] —’\A2n+1[ E (27"*‘1)“3”1]-

r=n

(37)

(38)
Now for large values of n we have
pny _ Agyig L >0
2ol T 2ndd , 39
a?n-!l A2n +1 i ( )
]lm (27L+3)A 2n+3 a2n+3 — lim (2n+ 3)L2n +1 — 1. (40)

'l-’°°(2n+l)A2n+la‘2n+l ""”1‘(2"‘—*_1)14211{3
For any fixed positive a, we can choose M so that
[(2n+1)Ag, 1q @y | < M(1+a)?+1; (41)

and so the first scries in (38) has the upper bound
n—1 n-1
20 [(2r+1)Ag, 1 top 1| < M 20(1+“)2r+1

< M1+a)13 (14a)-2

_ M(1+a)2n+l

T (1
On the other hand, the second series in (38) converges with extreme
rapidity and (except for those values of %, limited in number, for
which a,, ., = 0) its sum is nearly equal to the first term, for n > n,
say. Hence

l A2n+1 Zn(2r+ 1 )agn,-!-l

= M'(14a)2+t, (42)

= 0[(271,-—{—— 1) IA 2n+1 agn&l I]

= O[(14«)2+ay, 4] (43)
From (38), (42), and (43) we now have
Ugpi1 = Of|@g,q|(14)2H1] (0 2> ny); (44)

and since (a,,.,) are the coefficients of an integral function, the series
> a3, 8in(2n+1)0 is also convergent for all finite values of 6.

44. The Methods of Lindemann and Stieltjes

Product of Solutions. We conclude our account of Mathieu’s

equation with the solution of Lindemann and Stieltjes, modelled on
4064 ce



194 MATHIEU’S EQUATION Chap. X, § 44

the Hermite-Brioschi treatment of Lamé’s equation. It is con-
venient to revert to the notation of § 41 (6), namely

do‘—}-(p—k-’azcoszf))y =0, (1)
The product of any two solutions, Y = y,y,, satisfies the equation
‘fl 0{ +4(p— L~a2c0s29) + 4k2a%cos 0sinfY = 0; (2)

and on multiplying this by —21 and integrating, we have the
Brioschi identity

dy\: . d*Y  IRnZend? VE _ (12
(rlH) ZYdB’ 4(p—L2a?cos?0) Y2 — C>. (3)

If we put Y = y,y, and use (1), the left-hand side reduces to the
squarc of the Wronskian; when Y is known, we can calculate C?
from (3) and we then obtain the numerical value of the Wronskian
ne—y M. 10, )

which will enable us to complete the solution by a quadrature.
Now whether the equation (1) has or has not a solution of period
m or 2m, it is easily verified that (2) has always one and only one solu-
tion which is an even function of § with the period 7. This solution
is either the square of a Mathien function, or else the product
F(6) = f(6)f(—8) of the two principal multiplicative solutions of (1).
We could expand F(6) either in the form Y A,, cos 2rnf, or as an even
power-series in cos0 or sinfd. The latter forms are more convenient
in connexion with the relation (3). For to calculate C' we insert
some particular value 6 — 0 or }m; and in the one case Y and its
derivatives are expressed as infinite series, and in the other in a

finite form. We therefore put z == cos?§ and obtain

2(1—2)Y"+3(1—22)Y"+(p—1—k*a*)Y'— k%Y = 0, (2%)
2(1—2)(Y'"2—2YY")—(1—22) Y Y'—(p—k*a%) Y2 = ] C?, (3%)
2(1=2) yy—Y241) == 4:3C, (4%)
where primes denote differentiation with respect to z. Now the
equation (2*) has an irregular singularity at z = oo, and two regular
singularitics free from logarithms, with exponents (0,},1), at
z = 0,1, We can cxpress each of the principal branches at z = 0
in terms of the three principal branches at z = 1; and we must
construct a combination of the two branches holomorphic at z = 0,
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which shall not involve the branch belonging to the exponent
4 at z = 1. This solution will be holomorphic for all finite values of
2, and so it will be the required integral function. Now every solution
Y =3 C, 2, which is holomorphic at z = 0, satisfies the recurrence
formulae

n(n+3)(n+1)C, 4y =n(n*—p)C,+ka*(n—})0,, (n=1,2,.), (5)
which may be written
T L L = I %)
" D+ et Dt u, T O
In general, if %, is not small for some fairly large value of #, the
sequence (u,) tends to the limit unity. If the ratio w, is arbitrarily
chosen, the solution converges when |z| < 1, but has a singularity

at z = 1. But, for a certain properly chosen value of u,, the sequence

tends to zero and we have approximately
—12a2(n— 1
un ~ .._é a (n 2)
n(n*—p)
We write (5) in the form

Oy 0n—-1+0n+ﬁn Cn+1 =0,

n

0. (7)

_Bem=l) o (e Q
"ommr—p)’ T T (mi—p)
which gives in general
an

U, = — — ",

1+Bnun+l
% a_71+IBn O‘n+‘.zB_n_-t} (9)

1 T T e

This infinite continued fraction is equivalent to the quotient of two
infinite determinants
_ o, K(n4-1,00)

= .n AT 10
R (9 1)

where Kmo)=|1 B, 0 0
Xp+1 1 Bn-f-l 0 ..]. (11)

This converges by von Koch’s rule, because > «,,,8, is absolutely
convergent. The coefficients of the solution may now be written

C, = (—)Cyoy ..., K(n+1,00)/K(1,0), (12)

and the serics Y C, 2" converges for all finite values of z.
4064 ce2
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If p is the square of an integer (p = m?2), we have exceptionally,
for that one value of the suffix,

v, = | Mem—3)

" m(m+_‘3§)(/m’+l)um+l

The expressions (12) as they stand are indeterminate of the type

oo/oo; but the correct values are found by omitting «,,, whenever it

occurs as a factor of the numerator, and at the same time replacing

—m(m+3)(m+41) . g
the elements («,,1,B,) by (1,0, a¥m—1) in the deter

(13)

minants K(n,c0), where n < m.

The Invariant. The series Y = 3> C, 2" being now known, we
substitute it in the identity (3*) and put z = 0. This gives the value
of the constant 02 = __4[00 Cl-HDCﬁ] (14)
If there is a Mathieu function of period = or 2, the constant C
vanishes and f(f) = 4-f(—#6); the solution is then more conveniently
constructed by other methods. We accordingly suppose C? # 0; it
is immaterial which sign is given to C, as this merely changes the
notation by interchanging f(8) and f(—#8). We now have

F(8) = fO)f(—8) = 3 C, cos®g,

(15)
fO f=0_ C ,
16 Ti=e = 5@ €70
]
§iC)) _ Cdb
Hence Fet) = exp[f F(éj]’ (16)

1]
both sides reducing to unity as 6 - 0, since f(0) % 0 when there is
no solution of period 7 or 27. If we put § = 7 in (16) and use the

multipliers, we have Stieltjes’s formula,
. fcad
Qmh = | 2,

th F0) (17)
0

Finally, we obtain the solutions

[}
ﬂm=wwmwgfﬁ$}

9
f(—0) = {F(G)}iexp[—% f _Oﬁw]

' (18)
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EXAMPLES. X

1. The four types of Mathieu functions are the solutions of the equation

@y 2a2c0s20)y =
20 +(p—k?acos®O)y == 0
determined by the boundary conditions y == 0 or g‘z =: 0, at the two points

0 = 0and @ -= }n.

2. Mathieu functions belonging to different critical values D1 P satisfy the
orthogonal relation

[ 1:6)/46) a8 = o.

0

If p, > p, and k%a? is real, the zcros of f,(f) separate those of f2(6) along the
axis of real valucs of 6.

3. If w is a solution of the auxiliary equation

%ﬁ -nfw -= 0,
show that

]
[ =+ Keacos01u(B)y(6) O -+ (B (6)—y( O @)Y

If ni == p, nj = p—k%® (k*a® > 0), tho real zeros of y(f) separate those of
cosn,y(f—6y) and are themselves scparated by those of cosny(8—0,).

[Tho zeros in the complex planc are examined by E. Hille, Proc.
London Math. Soc. (2) 23 (1924), 185-237.]

4. INTEGRAL EQUATIONS. (i) If 2 = cosd, show that Mathieu’s cquation
may be written in tho form

(1—2%) D% —2x Dy+(p—k2ae?)y = 0.
(ii) Show that this can bo solved by Laplaco’s transformation

Y = fezkuxt¢(t) dt,

¢
provided that (1—82)g"(t)—t’(t) + (p—K2a2e2)d(t) = O,
and [eiaet{ikax(1—2)$(2) +-t(t) — (1) ()], == O.

(iii) By making ¢(cosf) a Mathicu function, obtain Whittaker's equations
of the form

cey,(0) == A f cos(kacosf cosf’)ce,,(0) d’,
0

cCyppa(f) = A f sin(ka cos 6 cos6’)ce,, 4(0°) d'.
0

(iv) By taking sin@ as variable, obtain similarly Whittaker’s cquations

cegn(0) = A f cosh(ka sin @ sin 0" )ce,,(0") d6’,
0
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Segn41(0) = A f sinh(ka sin 0 sin 6")sc,,,,(6") d6”.
0

[E. T. Whittaker and G. N. Watson, Modern Analysis, 400-2.]

5. By expanding as a series of Mathieu functions 3, 4, F, (£)@,(n) the solu-
tions of the equation of wave-motion
cik:c’ eiku’ yeikx’ :tcik”,

obtain Whittaker’s equations and the following:

Segny(0) = A J' sin 0sin 0 cos(ka cos § cos 8’ )se,,,,(6°) 46,
0
sepu(0) = A f sin @sin 6’ sin(ka cos 0 cos 0")se, ,(0") b,
0
Ceypya(f) = A f cos f cos 8’ cosh(ka sin §sin 6 )ee,,,,(0) dF’,
0

segn(f) = A f cos @ cos @’ sinh(kasin sin 8)se,, (8') d6’.
0

6. If cep 4(0), sey, +i(0) aro the even and odd solutions of period 47, whose
limiting forms are cos(m-|-})0, sin(m--})8, show that

2
ceny(0) = A f K(6,0")ce, (0" d6,
0

2r
seny3(0) = A [ K(O+m, 0 +mlsen,y(8) 6.
¢ 2cos30c0s 16’
where K(0,0) = eikacosbeos?t’ f g—tkatt qg,
0
[Transform to parabolic cylindrical coordinates

(z+a+iy) = ya(é-in)?
o A
ox? + oy*
Mathieu functions of period 47 the particular solution

the equation —k*V = 0, and expand in a scries of products of

m
V = eika@—n) f e—ikatz gy
0

E. G. C. Poole, Proc. London Math. Soc. (2) 20 (1922), 374-88.]
7. By means of Whittaker’s integral cquation, show that

ccyn(f) = § @y, c08 2r0 = Arr § (— Yay, Jp(kacosb).

re=—o

[Heine; Whittaker; Goldstein, loc. cit.]

8. The solutions ¢;(6), s;(8) of Mathieu’s equation with the parameter p; are
determined by the conditions

a(0) =1, ¢(0)=0, 80)=0, 5(0)=1L1
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Show that

[}
53(60) = 81(8)+(p1—ps) [ [54(8)cn(8") —c1(8)3,(6)1s,(8") B,
0

0
ey(6) = ex(6)+(p1—ps) [ [81(8)ex(8") —1(8)31(8)1ey(8") 6.
0

[Z. Markovié, Proc. London Math. Soc. (2) 31 (1930), 417-38.]

9. RECURRENCE FORMULAE. (i) If (z+iy) == acosh(§+-in), show that
wv_ 1
ox  a(coshzf—cox?n)

. ov . eV
[smhfcos ) 73 —cosh £siny anl’

(ii) If V == cey(if)ce,(n), show by expanding oV /ox as a series of Mathieu
functions that

’7 a
. . L. cosmee,(n)ee, . sinncep(n)ee,_
isinh §coy(if) f - chh:éz)cosz;;—(n)dn —cosh ¢ ce,(i€) f _—(EZéhzg(:Tl)co:2::](‘7l) d
g 2

k4
= Ay_yc0, (i) [ cod_y(n)dn.
-7

[E. T. Whittaker, J. of London Math. Soc. 4 (1929), 88-96.]
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