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PREFACE

Sixty years ago, a single theory of light—the electromagnetic
theory—seemed capable of describing all the experimental results.
The position was very diffefent thirty years ago when wave theory
and quantum theory were each:successful in its own field but appar-
ently mutually irreconcilable. “In this book I have endeavoured to
show the student that we have again a single theory of light, a logical
whole. I have tried to describe the wave theory in such a way that the
quantum theory may appear as a natural development rather than as
an alternative theory. For this reason I have, at an early stage, stressed
the concept of a wave-group.

It is expected that the student has studied physics to intermediate
standard before commencing to read this book, and that his knowledge
of electricity and magnetism, and of mathematics, will advance in
parallel with his study of light. The electromagnetic theory is not
introduced until Chapter XIII, and the more difficult mathematics is
placed in appendices (or in separated paragraphs in small type) which
are intended to be omitted on first reading. The whole of Chapter XVI
forms a separate section whose reading need not precede that of Chap-
ters XVII-XTIX. ﬁ

I wish to acknowledge the help of many friends with whom I have
discussed sections of this book. I particularly wish to thank Dr. O. 8.
Heavens who has been associated with me in the final stages of pre-
paring the diagrams, proof reading, etc. I am gratéful to Prof. K. G.
Emeléus with whom the general plan of the book was discussed, Dr. E.
H. Linfoot who made suggestions in connexion with Chapter VIII, and
Mr. T. L. Tippell who read and commented on the first draft of Chapter
IX. The responsibility for the final text is, of course, my own. I wish
to thank the following for providing material for plates and figures:

Dr. W. M. Gray and Mr. P. J. Jutsum (Plate I1 b, c, d, e, f),
Mr. M. E."Haine, A.E.I. Research Laboratories, (Plate V £, g),
Dr. H. G. Kuhn (fig. 8.7 and information in text),

Dr. A. C. Menzies (Plate V a, b, ¢, d),

Prof. R. W. Pearse (Plate I1a),

Prof. E. T. 8. Walton (fig. 3.11).
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I also acknowledge with thanks permission to make reproductions of
copyright material as follows:
Messrs. Hilger & Watts for figs. 1-7 (inclusive), 9, 11 and 13 of
Chapter IX; the Council of the Royal Irish Academy for fig.
8.5; and the Director, N.P.L., the Council of the Royal Society
and the authors for fig. 9.16 from a paper by Sears and Barrell.

R. W. DITCHBURN

UN1VERSITY OF READING,
February, 1952
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CHAPTER I

Introduction

1.1. The Scientific Picture.

New experimental data nearly always cause some alteration in
scientific theories, but in certain periods of history the changes are
very gradual. The new material is assimilated by extending and
modifying the theories while leaving unchanged certain fundamental
ideas on which all the theories are based. Progress of this kind went
on during most of the nineteenth century, but near the end of the
century it became impossible to modity the current theories so as to
accept the new experimental results. Certain fundamental difficulties
affecting the whole basis of physical science were revealed and, in order
to overcome these difficulties, it has been necessary to clarify our views
concerning the nature and purpose of scientific inquiry. It would not
be appropriate to discuss this matter at length in a book on one branch
of science. On the other hand, it would be very difficult to give an
adequate account of the modern theory of light without some reference
to these general considerations. It therefore appears desirable to state,
at the outset, the objective which the author has in mind during the
development of the theory of light. Later, the reader may be able to
judge for himself whether the objective has been attained. He may
also decide whether he feels that the objective is satisfactory both
from the practical and from the intellectual point of view.

1.2.—The practical scientific worker makes observations with the
senses of sight and hearing, and also with scientific instruments which
increase the range, delicacy and number of his observations. The
theoretical worker accepts these observations as given data which he
has to co-ordinate. In order to be able to reason about them, he first
collects them into groups. Iach group is then organized in a system
which exhibits relations between the members of the group. A system
of this kind is called a scientific theory. The whole body of scientific
theories and the connections between them constitute a scientific
picture of the world. In the process of making scientific theories,

words like  electron”, ‘‘energy ”, ‘ organism” are introduced.
1
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These words are symbols invented in order to create a language capable
of describing the results of observation in a logical and elegant way.

1.3.—The construction of a scientific theory may be compared to
the preparation of a weather map at a central meteorological station.
A large number of observations of pressure, temperature, etc., are
received and recorded, at the appropriate places, on a large chart.
When all the data are entered, the meteorologist inserts isobars, etc.,
and proceeds to make predictions. In discussing the map, he uses
terms like “ depression ”’ or ““ cold front ”’. These terms form a con-
veni~nt way of summarizing certain aspects of the observations. They
help him to think quickly and clearly about the meteorological situa-
tion. The weather map is, however, primarily a representation of the
observations. The isobars are useful only in so far as they represent
the observations. In a similar way, in the theory of light, we use terms
like “ waves”” and * particles”’ for the description and discussion of
the results of experiments. We need to remember that the meaning
of these words is derived from the experiments which they describe.
We must not attempt to deduce the special properties of light waves
or light particles from any preconceived ideas about waves or par-
ticles in general. All that we can say about light must be deduced
from experimental observation.

1.4.—New scientific theories usually begin by relating new obser-
vations to familiar concepts, based upon older observations. For a
long time the theory of light was discussed in terms of waves or par-
ticles, because it is easy to form mental pictures of waves and particles.
Recent advances have forced us to accept the fact that a complete
theory of light cannot be expressed in terms of simple analogies of
this type. We are, however, able to construct a summary of our
observations in mathematical terms. This mathematical theory is
precisely defined and enables us to make certain kinds of predictions
concerning the probable results of future observations. It is logically
consistent within itself. We often find it convenient to “ translate ”
part of this theory into words, but the translation is never quite per-
fect, though it may frequently be very useful. A wave picture of light
furnishes an adequate description of a wide range of observations just
as a set of isobars expresses the results of certain meteorological ob-
servations. The wave theory is unsuited to describe certain other
types of observations and these may be discussed in terms of light
particles or “ photons”. In a similar way certain types of meteoro-
logical observations cannot be described simply by drawing isobars,
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but can be included in the weather map in other ways. Any attempt
to make a complete theory of light in terms of waves or particles must
lead to confusion and error. We must admit that the results of our
experiments on light are, in some ways, so different from the results
of observations on things like waves on water, or moving particles,
that analogies break down. They cease to be useful and become a
burden. At this point it is necessary to leave the analogies and revert to
the mathematical equations. When all this has been said, it still remains
true that most people think more readily in terms of words than in
terms of equations. We therefore use the analogies as far as possible
—Ilike a man who travels as far as possible by train even though he
knows that none of the places he wishes to visit lies exactly on the
railway line.

1.5.—In the historical development of a subject ideas are gradually
introduced in order to include fresh observations within the thec-
retical description. In the treatment given in a textbook it is often
convenient to disregard the historical order and to introduce many
of the current ideas as hypotheses to be tested by experiment. The
author knows, in advance, that most of the hypotheses which he intro-
duces are going to be “ approved ”’ by the experimental results which
he subsequently describes. In this way he avoids the necessity of
burdening the reader with details of theories which have been found
to be unsatisfactory and are now only of historical interest. The
formal treatment of the subject, in this book, follows this plan. It
begins in Chapter II. In the remainder of the present chapter our
object is to consider the theory of light more from the historical point
of view and to show how each of the more important types of experi-
mental observation has been incorporated in, and has led to alterations
in, the theory of light. A summary of this process is given in fig. 1.6
which will be considered in detail at the end of the chapter. In the
course of this review of the progress of the theory of light we also seek
to indicate the general relations of the theory of light to other depart-
ments of science.

1.6. Light in Relation to Biological Science.

The scientific picture of the world would be seriously incomplete
if it did not include an account of the physical and physiological pro-
cesses by which man makes his observations. The scientific picture
must include an account of the link or links between the human brain
and the things—atoms, molecules, etc.—whose existence is postulated
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in order to describe the observations. Historically, it has been recog-
nized from the earliest times that a very important set of our obser-
vations involves light and vision. Early theories of light were therefore
theories of vision. One school postulated that the eye sends out
invisible antennae or sensitive probes and is thus able to feel objects
which are too distant to be touched by hands or feet. This theory
may be called the “ tactile > theory. Another view was that something
is emitted by bright objects and that when this thing enters the eye
1t is able to aflect some sensitive part of the eye and so give rise to the
sensation of sight. This theory was called the ‘‘ emission ” theory.
Both these theories were current among Greek thinkers about 500
B.C.*

1.7.—The tactile theory is inherently simple because it describes
the unknown in terms of the known. The more mysterious sense of
vision is directly related to the simpler and more obvious sense of
touch. The tactile theory has some difficulty in explaining why things
can be felt, but not seen, in the dark, and why bodies can be made
visible in the dark by heating them. The fact that certain bright
bodies are able to make neighbouring bodies visible also receives no
obvious explanation.

The tactile theory can include this type of observation by postu-
lating that the visual probes are able to feel only certain kinds of sur-
faces and then making a scries of assumptions that surfaces can be
modified under various conditions. When this is done, the simple
relation to the sense of touch has been lost. The theory becomes
ntolerably complicated. These observations are described in a simple
and satisfactory way by the emission theory if it be assumed that some
bodies emit a radiation to which the eyes are sensitive, and that others
are able to reflect or scatter this radiation so that it enters the eye. For
these and similar reasons, the emission theory gradually displaced the
tactile theory. The process was very slow and it was not until about
1000 A.p. that, under the influence of the Arabian astronomer Alhazen,
the tactile theory was finally abandoned.

1.8.—The emission theory being accepted, light may be defined as
“ visible radiation ”, and we may give the following general account
of the visual process. Light, being emitted, reflected, or scattered,
enters the eye and is focused by the lens of the eye on a surface
situated at the back of the eye. This surface is called the retina. It
* Many variations and combinations of these theories were also suggested. We

need not consider them since they are more complicated than the two theories we have
described and have no important compensating advantages.
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contains a large number of nerve endings. When light falls on one of
them, a chemical and physical action takes place. As a result, a series
of electrical impulses is sent along an appropriate nerve fibre to the
brain.

A complete theory of vision thus involves many sciences. The
description of the emission, reflection and scattering of light and of
its transmission to the eye is a part of physical science. The descrip-
tion of the structures of the eye, of the optic nerve and of the asso-
ciated parts of the brain, belongs to the anatomist. The description
of the processes by which the eye lives and transmits its messages to
the brain is within the science of physiology. The description of the
way in which the mind interprets a pattern of visual sensation and
relates it to other visual and non-visual experience falls within the
domain of psychology. Most of the theory of vision is clearly outside
the scope of a book which is primarily concerned with the physical
properties of light, though knowledge of some of the non-physical
aspects of vision is necessary in order to understand the subject of
photometry and the physical specification and measurement of colour.

1.9. Light in Relation to Physical Science.

Although the theory of light started as the study of vision, this is
not, to the physicist, the most important part of the subject. He can
detect light through its heating effect on a thermopile or through its
electrical effect on a photocell. He can also detect it as an agent capable
of causing chemical action or through its effect on a photographic
plate. To him, light is a form of energy which travels from one place
to another. It can interact with matter und can be transformed into
thermal, electrical or chemical energy. The physical equations would
be incomplete and the energy conservation law would fail if the trans-
fers and transformations of energy due to the action of light were not
taken into account. To the physicist the effect of light on the retina
is only one example of photo-chemical action.

1.10. Waves or Corpuscles.

If light is a form of energy which can be transferred from one place
to another, it is reasonable to seek to describe it by analogy with other
methods of transport of energy. Moving bodies possess kinetic energy.
This energy accompanies the body in its movement and thus passes
from one place to another. Another mechanical mode of transfer of
energy is by means of the propagation of waves. This mode is not,
in general, accompanied by any bodily movement of the medium.
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Many physicists of the seventeenth and eighteenth centuries sought to
describe light either in terms of moving particles or of waves. To them,
these forms of moving energy were sharply differentiated, in that
particle energy is highly localized. The kinetic energy of a rifle-bullet
travels from one well-defined, small region of space to another, and
does not spread during transit. If, however, a wave is started by
dropping a stone into a pond, the energy quickly spreads over the
whole surface, and usually no small region receives a very high pro-
portion of it.

1.11. Rays of Light.

In the seventeenth century it was known that the propagation of
light could be represented by means of rays. If the light from a very
small source was interrupted by an opaque obstacle, a very sharp

(b)

Fig. I 1.—Formation of shadows by (@) a point source A, and (b) an
extended source A’, in relation to rectilinear propagation of light

shadow was formed (see fig. 1.1a). If the source was not very small
the edge of the shadow was not so sharp. There was a dark shadow
known as the umbra and a diffuse edge known as the penumbra (see
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fig. 1.16). These observations are simple examples of a large number
which are generally described by the statement that light travels out
from the source along rays which are straight lines. On this view, the
change of illumination which occurs in the penumbra is due to the
fact that a point in this region receives light from only a portion of
the source. There is no evidence here that light energy spreads out-
side the region defined by the rays. A ray may therefore be defined
as a path along which light energy travels from a source to a receptor.
Transit along this path is prevented if the ray is cut by an opaque
obstacle at any point. If all the rays from a given source to a receptor
are interrupted by opaque obstacles, no light energy can reach the
receptor from the source. Note that two ideas are involved—first,
that light is propagated in rays, and, second, that these rays are straight
lines. The motion of a small particle inevitably sweeps out a line, but
not necessarily a straight line. According to Newton’s Laws of Motion,
particles travel in straight lines in the absence of any ‘ impressed ”
force. It therefore appeared to Newton that light should be described
as a system of particles following paths described by his Laws of
Motion. It is true that, owing to the action of the earth’s gravitational
field, the trajectories of material particles are not straight lines. The
rectilinear propagation of light must therefore be explained, either
by assuming that the light-particle has no weight, or that its speed is
always so high that the curvature due to the action of gravity is too
small to be detected.

1.12. Interference and Diffraction.

Although Newton knew of no evidence for the spreading of light
energy, he first studied what were later called unterference phenomena.
These are described in an elegant way by the wave theory of light.
He placed a convex lens of large radius of curvature (about 50 feet) in
contact with a plane piece of glass and viewed the reflected light (see
fig. 1.2). A secries of coloured rings—alternately bright and dark—was
observed (see Plate Ie, p. 72). These are known as Newton’s Rings.

Newton recognized that these rings indicated the presence of some
kind of periodicity and that this suggested a wave theory of light.
He believed that the rectilinear propagation of light was an insuper-
able objection to a simple wave theory. He therefore suggested that
light consists of corpuscles which either possess an internal vibration
of their own or are in some degree controlled by waves or vibrations
of the medium through which they travel. The objection to a simple
wave theory was removed when it was discovered that the propagation
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of light is not strictly linear. Light does spread, though to a very
small extent, from the edges of beams defined by rays (see Plate III,
p. 214). For example, the shadow of a straight edge formed by a small
source is not perfectly sharp when seen under high magnification.
Some light penetrates into the region which ought to be completely
dark if light were propagated entirely in straight lines, and there is a
“
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Fig. 1.2.—Apparatus for viewing Newton’s rings

series of fine, light and dark bands at the edge of the region outside
the shadow. Some observations of this type were made by Grimaldi
in Newton’s lifetime, but it was not until 150 years later that this
phenomenon (which is known as diffraction) was clearly understood.
The discovery of diffraction showed that the propagation of light is
not exactly rectilinear. The concept of the ray of light does not
exactly correspond to the results of observations. It is only an
approximation.

1.13. Development of the Wave Theory.

We shall see later (Chapters VI and VIT) that whilst the wave theory
cannot give a satisfactory account of exactly linear propagation, it
is well suited to describe approximately linear propagation, provided
that it be assumed that the wavelength is small in relation to the
relevant dimensions of the apparatus. The nineteenth century saw
very important advances in the technique of experimental physics,
and the number and accuracy of experiments on light increased
greatly. The observations obtained were well described by the wave
theory which became more exactly defined. We may note three im-
portant types of observation.

(1) The Wavelengih of Lght.

Many detailed experiments on interference and diffraction were
made. These led to a set of determinations of the wavelength of light.
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t was shown that, in a spectrum, the wavelength-is related to the
olour. The wavelength is about 65 X 105 centimetre for red,
6 X 107 for green and 4-5 X 10-% for blue light. Different methods
f measurement gave consistent results.

(1) The Velocity of Light.

In 1676, a Danish astronomer, Rémer, made the fundamental dis-
overy that the velocity of light was finite, and estimated it from
stronomical observations. About 200 years later the velocity was
wasured by terrestrial experiments and was shown to be very near
0 3 X 10%° centimetres per second (or 186,000 miles per second).

(iif) The Polarization of Light.

In 1670, Bartholinus discovered that when a beam of ordinary
ght passes through certain crystals (such as calcite) cach ray splits
ito two.  On passing the two rays into a sccond crystal, the effect
epends on the orientation of the crystal with respect to the beam.
‘or certain orientations the two rays proceed unchanged. For other
rientations the two rays each split into two (see fig. 1.3). This pheno-
1enon is known as double refraction. 1t indicates that a beam of

/|
l'— ]
B @

-

i (b)
|

IFig. 1.3.—Dgouble retraction: (a) two crystals with similar orientations,
(b) two crystals with different orientations of crystal axes,

ght which has passed through a crystal is difierentiated in respect of
lanes including the direction of propagation. The simplest experi-
1ent on this property was made much later (1808) and is due to Malus,
le reflected a beam of light at the surfaces of two unsilvered picces
f glass (see fig. 1.4). He showed that when the two reflections are in
he same plane (as shown in the figure) a high proportion of the light
1cident on the second mirror (M,) is reflected. If the mirror M, is
urned so that the second reflection is directed out of the plane of the
aper, the reflected beam becomes weaker. It is of nearly zero bright-
ess when the two reflections are in planes at right angles. This shows
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that after the first reflection the beam of light has a special property
in relation to the plane of the paper. It can be strongly reflected, at
a glass surface, in this plane but not in a plane at right angles. A
beam of light which possesses this property is said to be plane-polarized.
This type of property finds no place in a theory of longitudinal waves.
For this reason it was regarded by Newton, who considered only such
waves, as an additional important objection to the wave theory. It

M,

M

1

Fig. 1.4,—Malus’ experiment. Note that M, and M, are unsilvered mirrors

is, however, adequately represented in a theory of transverse waves.
This was realized by Huygens (1690) but it was not until the nine-
teenth century that really detailed experiments on the reflection and
refraction of polarized light became available. With a longitudinal
wave, the direction of vibration is always the same as that of propa-
gation, so the wave motion can be represented as the variation of a
scalar quantity. A transverse wave motion must be represented by a
vector whose direction is related to the plane of polarization.

1.14. Electromagnetic Theory.

The wave theory of light was formulated before the development
of the fundamental laws of electromagnetism. It was assumed that
there existed some kind of medium which had properties like that of
an elastic solid. This medium pervaded all space but was modified
by the presence of matter. A theory of transverse waves in such a
medium formed a qualitative description of the fundamental pheno-
mena of interference, diffraction and polarization. In order to fill in
the details of the wave theory, it was necessary to make special as-
sumptions concerning the density and elasticity of this medium, and
also concerning the conditions obtaining at the surface separating two
media such as glass and air. Discussion of these details revealed
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certain difficulties and appeared to indicate that there were some
inconsistencies in the theory. All these: difficulties were resolved by
Maxwell’s electromagnetic theory of light.

Maxwell formulated the equations of electromagnetism in a
general form, and he showed that they suggest the possibility of the
propagation of transverse electromagnetic waves. The velocity of
propagation can be derived from constants measured in laboratory
experiments on electricity and magnetism. The value calculated is
in close agreement with the directly measured velocity of light.
Maxwell’s theory included an account of the propagation of electro-
magnetic waves in media such as glass. He was able to show that
it gave a general account of the phenomena of reflection and refrac-
tion, including the formation of a spectrum by the dispersion of light.
It is important to realize that all this was achieved without intro-
ducing any arbitrary assumptions. The theory of light became, in the
bands of Maxwell, a part of the theory of electricity and magnetism.

1.15. The Electromagnetic Spectrum.

The elastic-solid theory of light could not explain why all the
observed waves had wavelengths between about 7 x 10~ and
4 x 10-° centimetre. The theory of electromagnetic waves suggested
the possibility of producing waves of other wavelengths by electrical
means. Success was first obtained by Hertz, who in 1887 succeeded
in propagating clectromagnetic waves of about 10 metres wave-
length. A great deal of the progress of experimental physics since that
time has consisted in the discovery of methods of producing electro-
magnetic waves of different wavelengths. Some of the properties
of these waves depend upon their wavelength, but they are all
propagated with the same velocity (in free space) and they are all
described by the equations of Maxwell. Fig. 1.5 shows them arranged
in order of wavelength. Modern technical advances have provided
methods of producing or of detecting waves of nearly every wave-
length from above 3000 metres to below 1011 centimetre.

There are certain regions in the spectrum where it is still very
difficult to excite the waves. These regions are not completely ex-
plored but they are not really gaps in the spectrum. The limits of the
spectrum at the two ends are not perfectly definite. At the long-wave-
length end, methods of producing and detecting radiation gradually
become less efficient as the wavelength increases. At the short-wave-

length end, an enormous concentration of energy is needed to produce
2 (G 577)
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the vibrations of extremely high frequency. Also these radiations
are difficult to detect since they are very little absorbed by matter.
The range of wavelengths to which the eye is sensitive and to which
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Fig. 1.5.—The Electromagnetic Spectrum

The main diagram shows the names given to electromagnetic waves of different
wavelengths. The logarithm (to base 10) of the wavelength in centimetres is shown
on the right. ‘T'he relation between different units of length is shown on the left, e.g.
1 Angstrém unit (A.) = 10™* cm. The data given enable wavelengths to be converted
from one unit of length to another, e.g. for red-orange light, A = 6 X 1075 cm. =
6000 A, = 06 p.

The inget figure on the left is an enlargement of the region between 10,000 A.
and 1000 A. The scale for this enlargement shows the wavelength directly. The
scales to the right (which are intended for use in connection with later chapters of
the book) show

(i) logys v, where v is the wave number, i.e. the reciprocal of A in cm.
(11) log,e v, where v is the frequency in sec.™
(1ii) log,, E, where E = hv is the energy in ergs of a quantum of frequency v.
(iv) logyy V, where V is the energy in electron-volts (see Example 1(iii)).

we give the name  light ”’ is thus seen as part of a very much wider
spectrum. The electromagnetic theory brings light into relation with
the other types of electromagnetic radiation and also with the funda-
mental theories of electricity and magnetism.
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1.16. Photons.

Let us now return to the fundamental conflict between wave and
particle theories of light.

The wave theory, in explaining the approximately rectilinear pro-
pagation, seemed to have defeated the particle theory, and all the
experimental results of the nineteenth century appeared to be ade-
quately described in terms of wave concepts. Early in the twentieth
century, a series of observations on photo-electricity created a really
serious difficulty for the wave theory. It was found that light could
cause atoms to emit electrons and that, when light released an elec-
tron from an atom, the energy possessed by the electron very greatly
exceeded that which the atom could, according to the electromagnetic-
wave theory, have received. Einstein suggested that, in order to give
an adequate description of these observations, it was necessary to
assume that the energy of a light beam is not evenly spread over the
whole beam, but is concentrated in certain regions. These localized
concentrations of energy he called photons. They are propagated like
particles. It is assumed that there are usually a very large number of
them, the energy in any one photon being very small. Thus to most
ordinary experiments, the energy of a light beam is evenly distributed,
just as a gas exerts a very nearly uniform pressure on the surface of an
ordinary vessel, because each molecule is very small and the number
of molecules is very large. When very small areas are involved (e.g.
when the movement .of an ultra-microscopic particle is observed), the
irregularities of the Brownian movement show the discontinuous
“ structure ”’ of the gas. In a similar way, the atom presents to the
light beam an area so small that it indicates the presence of ““ molecules
of light ”” or photons. In order to describe the observation in detail,
it is necessary to assume that the photons corresponding to light of
one wavelength all have the same energy.

Shortly before Einstein suggested the concept of photons, Planck
had found it necessary to use a somewhat similar hypothesis for
entirely different reasons. He was concerned with the light emitted
by hot bodies. He found that the observations indicated that light
energy is emitted by atoms in multiples of a certain energy unit. It
is not possible to emit a fraction of a unit. The size of the unit, which
is called a quantum, depends on the wavelength (A) of the radiation.

I .
ts value is E=he/\, . . . . . . . (1)

where % is a universal constant, known as Planck’s constant, and ¢ is
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the velocity of light. The value of Planck’s constant (%) is 6:6 X 10-27
erg-second. If v is the frequency of the radiation, we have ¢ = v,

and hence BE=hv. . . . . . . . .19

Planck’s hypothesis did not require that the energy should be
emitted in localized bundles and it might, though with some diffi-
culty, have been reconciled with the electromagnetic-wave theory of
radiation. When Einstein showed that it seemed necessary to assume
the existence of concentrations of energy travelling through free space,
a solution of this kind was excluded. The concept of a particle
appeared to be necessary.

1.17. Relativity Theory.

Mainly as a result of experiments on the propagation of light in
moving media, Iinstein investigated the foundations of dynamics.
In 1905 he published what is known as the Restricted Theory of Rela-
tivity. This theory is a new system of dynamics, modifying and in a
certain sense superseding the Newtonian theory. The difference be-
tween the relativistic dynamics and the Newtonian dynamics is very
important when the particles under consideration are moving with
speeds near to that of light. Any satisfactory theory of light must
therefore agree with the concepts of the relativistic dynamics. When
the theory of light is brought into relation to the theory of relativity,
it is possible to give an elegant account of observations on light which
is emitted by a source moving with respect to the observer, or on light
which passes through a medium moving with respect to either source
or observer. In 1915, the theory of relativity was extended to include
the dynamics of bodies moving in fields of force. The theory made
specific predictions concerning the properties of light emitted in, or
passing through, strong gravitational fields. The verification of these
predictions by astronomical observations gave support to the general
theory of relativity and showed that it, too, is relevant to the theory
of light.

1.18. Modern Theory.

The modern theoretical physicist is required to invent a unified
description of two very different types of experiment. On the one
hand stand all the phenomena of interference, diffraction and polariza-
tion, which are so well described by the wave theory. On the other
hand, modern experiment has greatly increased the number and range
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of the experiments which are readily described in terms of photons.
The electromagnetic picture has no place for the photons, and the
particle theory has no place for the waves, yet both are required to
give a complete description of the phenomena. In a similar situation,
Newton considered the possibility of particles which possessed periodic
properties or were guided by waves. Many suggestions of this type
were considered during the first quarter of this century but none of
these was entirely successful.

1.19.—The solution which is now accepted is more radical. The
modern quantum mechanics constitutes one theory including the pro-
perties of light and of matter. The description is very closely knit
together so that it is not possible to separate one part and call it the
“ theory of light . The theory is not casy to understand but it is not
unnecessarily complicated in view of the wide range of phenomena
covered. As indicated at the beginning of this chapter, it can be stated
completely only in mathematical form. It must not be thought that
the theory is complete and will never require modification. With this
qualification, it may fairly be said that the main difficultics of the
particle-wave conflict have been resolved, and that a really unified
theory has been produced. In this unified theory the particle and
wave ideas appear as complementary rather than as rival conceptions.
The theory shows, in a systematic and logical way, that wave and
particle concepts are each to be used in appropriate contexts, and it
shows the relation between them.

1.20.—This introduction to the theory of light is summarized
diagrammatically in fig. 1.6, which indicates how the thcory has
gradually been extended and modified to include, within one descrip-
tion, the increasing range of experimental material. Starting at the
top left-hand side, we see that the rectilinear propagation of light was
included in both the tactile and the emission theory. The former,
which could not explain many phenomena which indicate that light
is a form of energy, was abandoned about 1000 A.n. The emission
theory is divided into (@) the corpuscular emission theory, and (b) the
wave emission theory. The phenomena of interference and diffraction
appeared to give a clear decision in favour of a wave theory. Slightly
later it became necessary to use a tranverse-wave thegry in order to
include the phenomena of double refraction, etc. The transverse (or
vector) wave theory was initially stated in terms of an elastic solid
theory, but the theory of Maxwell was preferred because it gave an
elegant explanation of the relation between the velocity of light and
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the ratio of the electromagnetic units. Early in this century, experi-
ments on the interaction of radiation and matter led to formulation
of the quantum theory which had some features in common with the

(B.C.?) (1600) (1650) (1670) (16786) (1875) (1728)
REGTILINEAR| LIGHT AS A [INTERFERENCE|, o\ o | VELOCITY l::gmﬁgg" PROPAGATION IN
PROPA G ATION|FORM OF ENERGY] DIFFRACTION OF LIGHT | AND MATTER | MOVING MEDIA
TACTILE EMISSION
THEORY THEORY
(B.C. 500 (B.C?)

~1000 A D I

CORPUSCULAR  WAVE QUANTUM
THEORY THEORY THEORY
(? —1800) (1650) (1900)
[ I I PHOTONS
SCALAR WAVE VECTOR WAVE (1907)
THEORY THEORY
1650 — 1860 1675
( ) ( ) RELATIVITY
(190s)
ELASTIC
SOLID
THEORY (TRANSVERSE WAVES)
(1800 -1880)
ELECTROMAGNETIC
THEORY
(1880)

QUANTUM MECHANICS

(1927 —

)

Fig. 1.6.—Development of the theory of light

(The dates given are intended to give a general indication of the times at which
the different types of experimental result became available, and the times at which
the different theories became current.)

earlier corpuscular theory. The theory of relativity was formulated

about the same time.

The modern quantum mechanics (developed

since 1927) incorporates the appropriate parts of the electromagnetic
wave theory, the quantum theory and the relativity theory.
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EXAMPLES [1(i)-1(v)]

1(i). What is the energy of a quantum of red light of wavelength 6-:6 x 10~5
cm.? What is the associated frequency?
[E=3x101erg; v=45 x 1014 sec.”1]
1(ii). What are (a) the frequency and (b) the wavelength of the radiation for
which the quantum of energy is equal to the kinetic energy of an electron which
has been accelerated by a potential difference of 1:24 volt? The charge of an
electron is 4-8 x 10710 e.s.u. [v=30 x 10"sec."1; A = 10~ cm. = 1p.]

1(iii). One electron-volt is the energy of an electron which has fallen through a
potential difference of one volt. How many electron-volts are equivalent to a
quantum of X-rays whose frequency is 3 X 101? gec.”1? [123,800.]

1(iv). What are the dimensions of Planck’s constant? [ML?T-1.]

1(v). If N atoms each emit a quantum of frequency v, how much energy (in
joules) is available? 1 joule = 107 ergs. [6-6 X 1073 Nv joules.]



CHAPTER II

Wave Theory——Introduction

2.1. Fundamental Ideas.

The theory of wave motion forms a descriptive system appropriate,
with minor modifications, to a wide range of observations in sound and
light, as well as to waves propagated along the surface of a liquid.
The same system of equations may be used because the different
groups of phenomena have many properties in common and it is these
common properties which are described by the equations of wave
motion. In the general account of wave theory, and in all the appli-
cations discussed in Chapters III-IX, it is not necessary to specify
the detailed physical properties of the disturbance which represents
light. It is even a matter of indifference whether the disturbance
considered is a scalar quantity, like the pressure of a gas, or a vector
quantity, like the electric or magnetic field vectors. :

2.2.—The theory of wave motion involves three distinct concepts:

(a) There is some physical property which, at any given instant,
has a defined and measurable value at every point.

() The value of this property at any given point can undergo a
periodic fluctuation or disturbance.

(¢) A disturbance at one point at a given time produces a similar
disturbance at a neighbouring point at a slightly later time so that
the pattern of the disturbance is continuously transferred from one
place to another.

In studying wave motion it is convenient to start with the simple
harmonic oscillator. This is the simplest and most fundamental of the
many types of vibrating source which may give rise to waves. More-
over, its motion is essentially the same as the motion of any point
in a medium through which waves are passing. The picture of a
progressive wave is obtained by combining the equations of simple
harmonic motion with certain general equations of propagation.

2.3. The Simple Harmonic Oscillator.

The undamped simple harmonic oscillator is a mathematical ab-

straction, just as a frictionless pulley is a mathematical abstraction.
18
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Although no completely undamped oscillator is found in nature, the
motion of an undamped oscillator forms a good first approximation
to the motion of many physical systems. By its use certain important
results are obtained in a simple way, and it is not difficult to insert the
effects of damping as a second approximation.

In studying the simple harmonic oscillator,

it is convenient to picture a particular
physical system, and we therefore start by
considering a torsional pendulum (fig. 2.1).

The pendulum consists of two equal masses

A and A’ connected by a weightless rod.

The rod is suspended from its mid-point M

by a thin wire whose upper end E is fixed. %///////////////////////////////j///////////
Suppose that the system is initially at rest, A
that the rod is rotated through a small angle Fig.2.1.—Torsional pendulum
about the vertical line EM and is then

released. The subsequent motion may be studied by considering the
variation of the quantity ¢ which is defined to be the linear displace-
ment of A (or A’) from its mean position. It is to be understood that
q is measured along the circular arc through which the masses move.

Then

///M/////////////%
A

g=f), . . . . . . .21

where ¢ is the time measured from any convenient original moment.

2.4. Experimental Observations.

The following experimental observations might be made on such
a system:

(i) The pendulum oscillates to and fro in a horizontal plane and
there is a constant interval between the times when A passes through
its equilibrium position, i.e. between the times when ¢ =0. The
time between successive transits in the same direction is called the
period (T).

(i) The value of ¢ varies between two limits +a. The quantity
a is called the amplitude. In practice the amplitude slowly decreases,
but with a suitable choice of material for the wire (EM) the decrease
in one period is small. As stated above, it is neglected in the present
discussion.

(i) The variation of ¢ with ¢ is represented by a graph similar to

that shown in fig. 2.2a.
2% (G 577)
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This graph can be represented by the equation
g =asn(wt+8) =asing, . . . . 2(2)
where w = 27/T and is called the angular frequency * or circular fre-

quency, 8 is a constant called the epock or epoch angle, ¢ is called the
phase and is defined to be equal to (wt 4 3). The angular frequency

SN @
N

a)

- (b)
/\q /\f ,

(c)

N4

/
/\\;//\\

Fig. 2.2.—Variation of displacement, velocity, and acceleration with time, for
a simple harmonic oscillator

is closely related to the frequency or number of vibrations per second.
If v is the frequency,

vl @ 9

The value of § is determined by observing the value of ¢ when ¢ = 0, i.e. ¢,
=asind. If the origin of time is chosen so that ¢ = 0 when ¢ = 0, then 8 = 0

and 2(2) becomes
¢ = a sin ot. e s 24

It is usually convenient to choose the origin of ¢ in this way when dealing with a
single system but, when two systems are being considered, they do not in general

* This quantity is sometimes called the pulsance.
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have the same epoch. While one can be reduced to the form 2(4), the more general
relation 2(2) must be used for the other. Although only one system is now under
consideration the more general form 2(2) is retained in view of later applications.

(iv) The force required to turn the rod AA’ so as to maintain a de-
flection q is found to be proportional to ¢. Write it equal to kg. The
work done in deflecting the pendulum (slowly) through a distance
q 18

V=13 .. . . . . . 20)

(v) The period of oscillation of the system is found to be

T:ﬁmJZ,... L 26)

where 1m is the mass of either A or A’.

2.5. Equations of Motion.
By differentiating equation 2(2) with respect to time, we obtain
¢ = wa cos (wt + 8) = wa cosdp = Fw(@® — ¢?)i.  2(7)
and q = —w?asin (ot -+ 8) = —w?asing = —w?q. . 2(8)

These equations are represented in figs. 2.2b and 2.2c. Both the posi-
tive and the negative sign have to be used in 2(7) because each value
of ¢ is associated with two equal and opposite values of §. The system
passes through each point twice in one period. On these two occasions
the nfagnitude of ¢ is the same but the sign is different. Equation 2(8)
may also be obtained directly from the dynamical laws of motion.
The torsion of the wire provides a couple which is equivalent to two
forces each equal to kg and each acting on a mass im.

.. k
Thus g=—_0 - - 2(9)

The minus sign is required because the force always acts in a direction
opposite to the displacement (¢) and so acts as a restoring force tending
to return the system to its equilibrium position. Equation 2(9) is
equivalent to equation 2(8) provided that

wzJﬁ e ... 2(10a)
m

or T=%J? T 1))

This equation is verified by direct observation (see § 2.4). The period
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(or angular frequency) is thus determined by the ratio of the restoring
force per unit displacement to the mass.

From 2(7) the kinetic energy (3mg®) is seen to be imw?(a® — ¢?),
and using 2(5) it may be seen that the total energy (W) is given by

W =1imw?? . . . . . . 2(11)

This energy is the same at all stages of the motion.

EXAMPLES [2(i)-2(vi)]

2(i). Write down the more important steps of the above discussion. using the
angle through which the rod AA’ is deflected as the variable. If this angle is 0,
show that 0 = —?20 and obtain a solution of this equation.

2(ii). What are the dimensions of the constant £? Show that equations 2(5),
2(6) and 2(9) are dimensionally correct.

[The dimensions on cach side of 2(5) are [ML?T-2] and, on cach side of
2(9), [LT-2].]

2(iii). What are the dimensions of «, v, ¢ and 8? Show that equation 2(10)
is dimensionally correct.

[The dimensions of « and v arc [T-1]; ¢ and § are angles and hence
are pure ratios.]

2(iv). Show that the small oscillations of a simple pendulum are simple har-
monic and find the angular frequency. [ = V(g/).]

2(v). Find the period of oscillation of a compound pendulum supported at a
distance A from the centre of gravity.

[T = 2=V {(k? + k?)/gh}, where k is the radius of gyration about the
centre of gravity.]

2(vi). Make a list of some other physical systems whose motion is approxi-
matcly simple harmonic.

[Any system in which there is a restoring force proportional to the
displacement, e.g. a common balance, a magnet suspended in a
magnetic field, the coil of a moving-coil galvanometer, etc.]

2.6. Arbitrary Constants.

Equation 2(8) is the fundamental differential equation of the
motion. Its solution contains two arbitrary constants and may be
written

g=oasn(w +38) =asing, . . . . . 22
or g = —acos (wt -+ &) = —acosd, .. 2(12)
or = A4 sin wt + B cos wt. - )

In 2(2) the arbitrary constants are @ and 3; in 2(12) they are a and
&', and in 2(13) they are 4 and B.
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These arbitrary constants are determined by the initial conditions.
They may be derived if the values of ¢ and ¢ at some time ¢, are given.
For example, if we are given ¢ = 0 and § = u when ¢ = 0, then § = 0
and a = u/w, so that ¢ = (u/w) sin wt in this case. If 2(2), 2(12) and
2(13) all refer to the same initial conditions, the following relations
must hold:

— 3=
<i> ¢

A=acosd and B =asiny,
so that a? = 42 4 B2

I

x\-‘-—* ma—-

2(14)

The initial conditions may be given in various ways, e.g. the values
of ¢ and ¢ (or ¢ and ¢) might be stated for a certain value of ¢, or one
of these variables might be given for two values of ¢. In general, two
independent pieces of information must be supplied. Note that w
and the two associated quantities v and 7' are not arbitrary constants.
They depend on the physical properties of the oscillator and not upon
the initial conditions.

EXAMPLES [2(vii) and 2(viii)]
2(vii). Determine the arbitrary constants and write down equations corres-
ponding to 2(2), 2(12) and 2(13) when
(a) ¢ = 0 and ¢ = u, when ¢ = »T (n being any integer),
(b) ¢ = gy when ¢t = 0, and ¢ = w, when ¢t = ¢,,

(¢) g =g, when t = ¢, and ¢ = ¢, when ¢t = ¢,.

[(a) q == “ sin o,
®

(b) q = {’ﬂM} sin wt - qo COS l.
® CO8 wi;

(©) g = {1 SOR00 — 0r CORGhI i g (0 80 01— 4y SR ) o ]
sin w(t;, — ¢,) sin m(tl — ty)

2(viii). Why do you fail to obtain the arbitrary constants if you are given
q = ¢;» when ¢t = 0 and ¢ = ¢; when ¢ = aT?
[Because the dynamical equations imply that the value of ¢ when t = nT
is the same as when ¢ = 0. Thus only one piece of information about
initial conditions is supplied.}
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2.7. General Equations of Motion.
The general equation which applies to all simple harmonic oscillators is 2(5).
This leads to the equation

H=4~%2+%kq2, 0 1)

where p is the generalized momentum and H is the total energy expressed as a
function of p and ¢q. Equation 2(9) may then be obtained from one of Hamilton’s

equations
oH _ _dp
aq dt’

2.8. Vector Representation of Simple Harmonic Motion.

A straight line joining two points has direction and magnitude.
Such a line is called a vector. When we are confined to lines in a given
plane, two quantities are needed to define a vector. These may be
(i) the length of the line, and (ii) the angle which it makes with some
fixed axis. A vector may also be specified by giving its components
along two fixed axes, and in various other ways. Always two quanti-

ties are involved and, for this reason, a

Y vector (in one plane) is suitable for

the simultaneous representation of two

quantities. If the vector is given, the

two associated quantities can be derived

\ and, conversely, if the two quantities

P are given, we can draw the vector. The

vector representation of simple harmonic

@ motion may be carried out in either of
two ways:

¢ (i) A rotating vector may be used.

) X' The line OP (fig. 2.3) is the representative

sinﬁ‘[i‘lgé ﬁﬁ@ﬁi”ﬁf&éﬁ“’g‘y of  vector. Itslength is equal to the ampli-

rotating vector. tude (@) and the angle which it makes

with the line OX is equal to ¢ [see

equation 2(2)]. The component of the vector in the direction OY is

equal to @ sin ¢ and is thus equal to ¢. As ¢ increases with ¢ the vector

rotates at a constant rate of w radians per second. Its rotation repre-

sents the progress of the simple harmonic motion. The reader may

verify that the components of the velocity and acceleration of the

point P, resolved in the direction OY, are equal to ¢ and ¢ as given

by equations 2(7) and 2(8).
(ii) A stationary vector may be used to represent the two arbitrary
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4

constants. This vector may be regarded as an instantaneous ““ snap-
shot ” of the vector OP at the instant for which the initial conditions
are given.

Suppose that the length of OQ (fig. 2.4) is equal to @ and the angle
QOX is equal to 8. Then the vector OQ, together with the axis OX,
states the initial conditions. It does not rotate with the motion,
but if we are given OQ, and equa-
tion 2(2), we can determine the
subsequent motion of the system. //

It is vmportant to recognize that
the vector representation of stmple

harmonic motion 1s not related to B2 \Q
any possible vector property of the ‘
disturbance which s represented. iy E
What has been said about vector ) |
representation  applies  equally 0 F X
whether the magnitude which fluc- Fig. 2.4.—Representation of simple

. . hs i ti i t.
tuates is a scalar quantlty or a armonic motion by a stationary vector

vector quantity.

The relation between equations 2(2), 2(12) and 2(13) may be seen
from fig. 2.4. In 2(2) the vector OQ is specified by its magnitude (a)
and its angle (3) to the axis OX. In 2(12) the angle &’ is given instead
of 8. In 2(13) the components of OQ along the two axes are given, for
OE =asind = B and OF = a cos § = 4.

{2':9. Equation of Propagation—One Dimension.

We shall now consider the propagation of a disturbance ¢ which,
at any given time ¢, has a defined value at any point on a given straight
line which is taken as the axis of . We then have

E=f@t). . . . . . . 2(6)

If the disturbance considered is a ripple running along a stretched
string, then ¢ will be the displacement of the string (at the point 2 and
the time ¢) from its equilibrium position. ¢ might equally well repre-
sent the kind of disturbance which forms a set of ripples on the surface
of a liquid, provided that the ripples form a series of lines parallel to
each other, and perpendicular to the axis of z. ¢ is then a function of
z and not of y. In a similar way, £ might represent a very wide parallel
beam of light travelling in the direction of the axis of 2. For each of
these disturbances 2(16) is satisfied.

The values of ¢ at a particular time ¢, form a function of z only.
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The curve connecting ¢ and x at a glven time is called the proﬁle of
the disturbance. If the disturbance is propagated unchanged in the
direction OX, then in a given interval of time (¢) all the values of ¢
move a certain distance (z’) along the axis of z. Algebraically, an
increase in ¢t has the same effect as an alteration in the origin of z.
If the disturbance is propagated with speed b, in the positive direction
of z, then =’ = bt’, i.e. an increase of ¢ in ¢ and a movement in the
origin of = in the negative direction by an amount bt produce equal
and opposite alterations in the values of £. Therefore

fl@, ty=f@+b,t+1¢), . . . . 2017

remembering that a movement of the origin in the negative direction
is equivalent to an ¢ncrease in all the values of «.
Equation 2(17) will be true for all values of x and ¢ if, and only if,

E=fbt—a), . . . . . . 208
since bt +- 1) — (z + bt') = (bt — ).

Similarly a disturbance propagated in the negative direction of z is

represented by
E=gbt+2z), . . . . . . 219

where f and ¢ represent any two continuous functions. If the speed of
propagation (b) 1is the same for all values of = and t, we obtain by
differentiation of 2(18),

PE_
s = 2(20)
0? 17

where dashes represent differentiation with respect to (bt — z).
Equations 2(20) léad to
02¢ 1 0%
TS = 9
o 2(21)
This is the fundamental differential equation for the propagation of |
a disturbance with constant velocity and without change of profile.
It may easily be verified by differentiation that 2(19) is a solution
of this equation and that any linear combination of 2(18) and 2(19),
such as .
E=H, fbt —x)+ Hygbt +a) . . . 2(22)
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(where H; and H, are constants), is also a solution. Equation 2(22)
represents one disturbance propagated in the positive direction, and
a second disturbance (not necessarily of the same profile) propagated
in the negative direction.

2.10.—Consider a disturbance defined by

f=asin‘£(bt+m), Coe e 2(23)

where a, b and w are constants for all values of  and ¢. This distur-
bance has the following three properties:

(i) It is of the same form as 2(19) and is therefore propagated
unchanged with velocity & in the negative direction of z.

¢

Fig. 2.5.—Profile of a simple sine wave

(ii) At any given point the disturbance is simple harmonic; for,
if we put z = &, in 2(23), and make & = wz,/b, the resultant expres-
sion is the same as 2(2). w is again the angular frequency of the simple
harmonic motion.

(iii) At any given instant the profile forms a simple sine function
since, if ¢ is put equal to ¢,

£=asin(g(x+bt0). e 2(29)

This profile is shown in fig. 2.5. It is of the same shape as that shown
in fig. 2.2a, but the variables are now ¢ and x instead of ¢ and ¢.
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2.11. Wavelength and Wavelength Constant.

The profile shown in fig. 2.5 is space-periodic. It is repeated at
distances of 27b/w. This distance is called the wavelength and is de-
noted by A. An associated constant « is called the wavelength constant
and is defined to be equal to 27/A.

Using these definitions together with equation 2(3), the following
relations may be derived:

Av
A=0bT 2(25)
@
=

2.12. Phase of the Wave.
The disturbance represented by 2(23) may be written

¢ =asin(wt+ kx) =asing, . . . 2(26)

and the phase ¢ = (wt 4~ xx) is seen to be a function of 2 and ¢. The
phase increases by 27 whenever ¢ increases by 7', and whenever z in-
creases by A. When ¢ increases by 27 all the trigonometric functions
which define & and its derivatives return to their original values.

Kquation 2(26) represents a wave whose phase is zero when ¢t = 0
and z = 0. A slightly more general form is

¢ =asin(wt + «kx + 8;) =asing,. . . 2(27)

When a single wave is under consideration it may usually be
reduced to the form of 2(26), but when two or more waves are
considered together it is usually necessary to use 2(27).

EXAMPLES [2(ix)-2(xi)]

2(ix). Show that the discussion of §§ 2.10-2.12 applies to the following dis-
turbances:

€ = a cos (ot — «kx + 3,). Lo ... 2(28)
£ = asin (ot — xx + 33). Lo 2(29)
£ = a cos (wt + xkx + 3,). . 10))

What kinds of waves do these expressions represent? What is the phase relation
betwgen a wave represented by 2(29) and one represented by 2(28)?
[85 — 8, = m/2.]
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2(x). Differentiate 2(27) twice with respect to ¢ and twice with respect to .
Hence verify directly that equation 2(21) is satisfied.

2(xi). Show that the sum of a number of expressions similar to 2(27), 2(28),
2(29) and 2(30) is always a solution of the wave equation.

2.13. Propagation of Waves in Three Dimensions.

When a disturbance is propagated in a three-dimensional space,
the value of ¢ at any given point in the space undergoes a periodic
variation. In the simplest type of wave, the variation of & with ¢ at
any point is-simple harmonic. The phase ¢ varies from point to point
and is a continuous function of z, y, 2, and t. The variation of ¢ is
such that, at any given time, the phase has the same value over the
whole of certain surfaces. These surfaces are called wave surfaces.
They are defined by the relation

b, =9y, 2)=xp - . - . . 2(31)

where x, is the value of the phase for one particular wave surface at
time ¢,. In general, the wave surfaces form a family of surfaces, x
being the variable parameter which selects a particular member of the
family. Wave surfaces may constitute a family of concentric spheres,
or a family of parallel planes, or they may occasionally take other
forms. The waves are called spherical waves, plane waves, ete., accord-
ing to the shape of the wave surfaces.

2.14. Plane Waves.
When ¢ has the form

d=wt —«lex+ By +vy2) +6, . . . 2(32)
where «, B, y are real constants connected by the relation
0 R r=1, . . . . . 2(33)

then the wave surfaces constitute a family of planes whose direction-
cosines are o, B, y.
Differentiating 2(32) with respect to ¢ we have

d=w—rlE+Bj+y). . . . . 2(34)

A point which moves with a velocity such that ¢ = 0 will always have
the same phase and be in the same wave surface. From 2(34) sugh a
point will have a velocity &6 whose magnitude is w/« and whose com-
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ponents along the co-ordinate axes are ab, Bb, and yb. Such a point
moves in a direction perpendicular to the wave surfaces. This applies
to any point on any of the original wave surfaces and therefore every
wave surface advances perpendicular to itself with speed b = w/k.
The plane wave in three dimensions is similar to the wave discussed
in §§ 2.10-2.12 and may indeed be reduced to the form of 2(26) by a
suitable change of axes. The more general form is required when more
than one set of waves (not all travelling in the same direction) have
to be considered, as, for example, in the theory of reflection and
refraction.

2.15. The Wave Equation.

A wave whose phase is of the form given in 2(32) may be repre-
sented by

E=uasing = asin[wt — k(ax + By + y2) + 8].  2(35)
Differentiation of 2(35) gives

82
é‘é:_wzf’ L. 2(38)
2
gi_:_—__x%@f, 10

and two similar equations.
Combining 2(36) and 2(37), using 2(33), we obtain

02¢ sz RE k2RE 1%

2T optor e a0 20V

+
This is a general equation of propagation in three dimensions and
2(35) is the particular solution which represents plane waves of angular
frequency w.

A more general solution * is

E=fbt —ax — By —y2), . . . . 2(39)

where «, B, y are related by 2(33).
This solution represents a plane wave whose profile is, in general,
not of the simple sine-wave form.

* Further solutions are discussed in Reference 2.1.
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EXAMPLES [2(xii)-2(xv)]
2(xii). Verify by differentiation that both 2(39) and
E=gbt+ax+By+y2) . . . . . 240)

are solutions of 2(38).
Show that any linear combination of these solutions such as

E=Hf(bt — ax — By — y2) + Kg(bt + axr + By + y2) . 2(41)

is a solution. What does this solution represent ?
[Show that the wave surfaces, as defined in § 2.14, are planes, and deduce
their speed and direction of motion.]
2(xiii). What does the solution

£ = Hlfl(bt — o — By — v12) + Hypfo(bt — apr — Boy — v2) 2(42)

represent ? Make this solution more general.
[2(42) represents two plane waves traveliing in directions represented by
o5, Bis v1 and o, By, o]
The more general form—representing waves in various directions—is

E=2ZH,f,(bt —a,x — By —vz2). . . . . 243)

2(xiv). Write down equations similar to 2(32)-2(39) for the propagation of
waves in two dimensions. Note that the wave surfaces reduce to lines. Strictly
speaking, there are no plane waves in two dimensions, but * straight-line waves
are often called plane waves since they are regarded as sections of three-dimen-
sional plane waves whose wave surfaces are at right angles to the plane in which
the line waves are propagated.

2(xv). Show that the expression
£ = f(bt — xzcos 0 — ysin 0) (- 7 3

represents a line wave travelling at an angle 6 to the x axis. Write down an
expression for waves whose lines of constant phase are given by y = mzx + C
(the variable parameter being C).

[ = f(bt — amzx + ay), where o = (1 4 m?)71.]

2.16. The Velocity of Propagation.

In § 2.5 it was shown that w is determined not by the initial con-
ditions but by the physical properties of the oscillator; e.g. for the
torsional pendulum w is equal to 4/(k/m) and for the simple pendulum
it is equal to 4/(¢/1). In a similar way the velocity of wave propagation
is determined by the physical properties of the medium. The calcu-
lation of the velocity of light in terms of certain fundamental electro-
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magnetic units will be given in Chapter XIII. For the present we
may illustrate the problem and show the way in which a velocity of
propagation may be determined by considering longitudinal waves
transmitted along a rod of elastic material (see fig. 2.6).

w
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Fig. 2.6.—Transmission of waves along a rod

2.17. Waves on a Rod.

Suppose that the arca of cross-section of the rod is o, the density
of the material is p, and the value of Young’s modulus is g. Let « be
the distance of the plane A from the plane O when the rod is undis-
turbed, and let z -+ 8z be the corresponding distance for the plane B.
Suppose that the rod is subject to a disturbance ¢ which is a con-
tinuous function of z and ¢ so that at a given instant A is displaced by
Eto A’, and B by & + 3¢ to B’. Then the extension per unit length of
the piece of the rod which initially was between A and B is

A'B"— AB _ 3¢
AB &
and the tension @ is given by

Q=aq§§, R Y5,

provided that 3¢/8x is everywhere so small that Hooke’s law is obeyed.
The tension ¢ is also a continuous function of z and . The net force
on the element is the difference between the tension at A’ and the
tension at B’. This is equal to
0
)

Qs 0%
Tor=ogiidn, .. . . . 246)
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and equating force to mass X acceleration we have

*E ¢
o7 53 O = op 5 3z,
which reduces to
¢ _ p ¢ 2(47)
awz q atzu . - . . . . -d

This is equivalent to 2(21) if

b=\/§. S 248)

Thus the velocity of propagation is determined by the values of density
and Young’s modulus for the material of which the rod is made.

2.18. Transport of Energy and Momentum,

In § 2.5 it was shown that a vibrating system possesses both kinetic
and potential energy. In simple harmonic motion, the energy passes
to and fro between the kinetic and potential forms but the total re-
mains constant and is proportional to w?e?. The clastic waves discussed
in the last paragraph possess both kinetic energy, because the medium
is moving, and potential energy, because it is in a state of strain. It
may be shown that the total energy per unit volume is constant, and
is proportional to w?a? [see Example 2(xvi), p. 41]. Thus the wave
motion of the medium implies the existence of an enerqy density D
which is proportional to the square of the amplitude.

It is often more convenient to deal with the square of the ampli-
tude rather than with the actual energy density. We shall refer to the
square of the amplitude as the relative energy, because it is the ratio
of the energy density of the given wave to that of a wave of the same
frequency with unit amplitude. The importance of the relative energy
is that most physical instruments for measuring light of one frequency
are devices for comparing the relative energies at different places.

The energy density is constant during the whole time for which a
wave of constant amplitude is present in the medium. This constant
energy density is maintained by energy being transported into any
particular portion of the rod from the direction of the source and an
equal amount being transported out in the direction in which the
wave is travelling.

2.19.—If a disturbance is exactly represented by 2(26), everywhere
and at all times, the wave train must extend from —o to +o. The



34 WAVE THEORY—INTRODUCTION

wave trains which represent light are never infinitely long, and in
Chapter IV it will be necessary to consider in detail how equation
2(26) must be modified to take account of the finite length of the wave
train. In a general consideration of the transmission of energy it is
not necessary to assume any definite limit to the length of the wave
train, but it is necessary to assume that there is a source somewhere
(even though at an indefinitely great distance in the negative direction
of z), and that either the wave is being absorbed (at some far point in
the positive direction of z) or that the front of the wave is advancing
into hitherto undisturbed portions of the medium.

In either case it is implied that there is a transport of energy.
Under the simple conditions which we have so far considered, the
energy crossing unit area of a plane parallel to the wave surface per
second i3 equal to bD, because in one second the energy in a tube of
length b crosses a surface placed at right angles to the direction of
propagation.

A detailed account of the transference of energy and momentum
in a beam of light cannot be given until the properties of the waves
which represent light have been specified more exactly. For the present
it is reasonable to assume as a working hypothesis, from analogy with
elastic waves, that the energy density in the medium, and the rate
of transfer of energy, are proportional to the square of the ampli-
tude.

It may be shown * that the propagation of elastic waves involves
a transfer of momentum, so that a system of waves exerts a pressure
on any body which absorbs or reflects it. We shall show later that
light also exerts a pressure in similar circumstances and that, for a
parallel beam of light, the pressure is numerically equal to the energy
density.

2.20. Spherical Waves—Inverse Square Law.

It is found by experiment that light is propagated from a small
source in such a way that the flow of energy per unit area is propor-
tional to the inverse square of the distance from the source. It is
natural to attempt to represent this propagation of radiation from a
small source by a system of spherical waves and to see whether this
important law is correctly included in the representation. In order to
study spherical waves, we return to equation 2(38) and transform it

* Reference 2.2.
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into spherical polar co-ordinates. If it be assumed that the solution
is spherically symmetrical this may be done as follows:
Let r be the radius vector drawn from the origin Q. Then

12 = a? + y? | 22, . oL 249
and hence 06 _0¢ Or _x 0¢ .
aTI: — éz): . é% — ,': . é.,:. . . . . . . 2(50)

2¢ 0 <Jg a§> or

I

ox*  or\r or) ox
=@ﬁﬁ§+ﬁéa<?}
rlr or2  or Or \r
o 026 (1 a?\ o€ orx
_7‘2'3_7‘_2-T<; 7‘_3> or 201

Two similar expressions may be obtained for derivatives with
respect to y and z. Adding these and using 2(49), we find that 2(38)
becomes

2¢ 208 1 ¢

e Tea e o D)
An alternative form of this equation is
Zeo=L"00. .
A general solution of this equation corresponding to 2(22) is
f:‘%f(bt~¢)+§f(bt—l—r). L2
The expression
f:%sin(wt~:<r)=‘%sin¢ . 2(5B)

is a special form of 2(54), and is therefore a solution. It represents a
spherical wave since at any given time the phase is the same over the
whole of any sphere centred on the origin. The phase existing on any
sphere of radius 7, is transferred to a larger sphere of radius (r, 4 bt,)
after a time ¢, and therefore the expression represents a spherical
wave diverging from the origin. The amplitude of this wave is not
constant but is inversely proportional to r. The rate of transfer of
energy across unit area of a wave surface is thus proportional to 1/r2



36 WAVE THEORY—INTRODUCTION

and the inverse square law of propagation is included in the description.
The total energy crossing any sphere concentric with the origin is inde-
pendent of 7, since the area of a sphere of radius r is 4m%.  Once the
wave is established, the total amount of energy entering the space
between any two spheres centred on the origin is equal to the amount
leaving this space in the same time.

The expression

§=§sin(wt+m') 1 61

represents a wave converging towards the origin and has properties
analogous to those of the wave * represented by 2(55). To avoid an
obvious mathematical difficulty, it must be assumed that the wave is
either reflected or absorbed before it reaches the origin.

2.21. Photometry—Definitions.

The subject of photometry deals with the measurement of amounts
of light chiefly in relation to the uses of light (and especially of arti-
ficial light) for visual tasks such as reading. The inverse square law
for the rate of transfer of radiant energy across unit area of a spherical
surface surrounding a point source is a basic assumption in most
photometric calculations. Actual sources are treated by dividing them
into small elementary parts, each of which is small enough to be re-
garded as a point source. The technique of photometric measurements
is not considered in this book, but it is convenient to introduce some
of the definitions at this stage. Confining ourselves to light of one
wavelength, we state these definitions:

(i) Flux (across a given surface)—a quantity proportional to the rate at
which light energy crosses the surface. In the absence of absorption and similar
effects, the flux across any surface surrounding a source is proportional to the
rate of emission of energy. Symbol, F.

(ii) Illumination (at a given point on a surface) is proportional to the flux
per unit area across a small element of area including the point in question.
Symbol, E.

(iii) Intensity (of a source in a given direction) is equal to the flux per unit
solid angle in the given direction from the source. Symbol, I.

(iv) Brightness or luminance (of a source in a given direction) is equal to the
intensity per unit area of the source in the given direction. Symbol, B.
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