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PREFACE
I. GENERAL OUTLINE

In Appendix II to his last book (6) 1 Einstein proposed a new
unified field theory that would include both gravitation and electro-
magnetism. Although the intent of this theory is physical, its ex-
position is mainly geometrical. It may be characterized as a set of
geometrical postulates for the space-time X4. The geometrical conse-
quences of these postulates are not developed very far by Einstein.

Successful physical application of this theory will be engendered
by a complete knowledge of the geometrical structure of the space-
time implied by the postulates. The main purpose of this book is to
provide a detailed geometrical background for physical applications of
the theory. It so happens that the detailed investigation of Einstein’s
geometrical postulates opens an easy way to a physical interpre-
tation. Even this physical interpretation is based on geometry
rather than on physics.

The gravitational field is described by ten components of a
symmetric quadratic tensor, while the clectromagnetic field is
defined by a quadratic skew symmetric tensor described by six
components. Therefore, we may expect that a unified theory
comprising gravitation and electromagnetism be based on sixteen
field quantities. Several attempts in this direction were made by
Einstein and ultimately discarded. 2 His last attempt, which he
regarded as final, is described in this book.

The geometrical postulates governing our theory may be de-
scribed in terms of three principles.

Principle A. The unified field of gravitation and electromagnetism
is determined by sixteen potentials.

Principle B. These potentials determine the curvature and the
torsion of the four-dimensional space-time.

1 Numbers in parentheses refer to the bibliography at the end of the book.

2 In the literature there are many approaches to the problem of the
unified field theory. Some of them strongly influenced the development of
geometry, although none has received general recognition as a physical
theory.
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Principle C. The set of sixteen potentials is a solution of a system
of differential field equations imposing certain conditions on the
curvature and torsion of space-time. The identification of gravi-
tational and electromagnetic fields with the potentials has to be
derived from the field equations.

A more detailed description of the three principles is exhibited in
the following:

Principle A concerns the algebraic structure imposed on space-
time X4 by a general real tensor gy,. This tensor has sixteen com-
ponents and may be split into its symmetric part k), and its skew
symmetric part &), 1:

(I'l) e = h)tp, + k)q.u

The tensor k), is assumed to possess the signature (+ + + —).
Its determinant will be denoted by ). Its contravariant components
will be denoted by #*. The tensors hy, and k™ are used to lower and
raise indices. In particular, we put

k2 3 ko \hY
and consider the roots of the following equation
(I.2) Det ((k,” —4dy)) =0

We say that space-time (or either one of the tensors gy,, k),) is of

the first class, if all four roots 4, ..., 4 are different from zero,
1 4

the second class, if only two of the roots are different from zero,

the third class, if all roots are equal to zero.

In the first class there are exactly four linearly independent
vectors which satisfy the equation

(L.3) ¥ = ka2
Each of these vectors is also a null vector
(I.4) arathy, = 0.

In the second class we have two linearly independent eigenvectors
satisfying (I.3) for A # O and (I.4). Moreover, there is a one-para-

1 The reader not familiar with the notation of tensor calculus will find a
brief introduction to it in the third part of the Preface.
2 A vector satisfying (I.3) is often called an eigenvector of ky?.
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meter set of vectors satisfying (1.3) for A = 0. Among these there are
only two vectors satisfying (I.4). Thus, in each of these classes we

have four linearly independent vectors a?, . . ., a” satisfying (I.3) and
1 4

(I.4). In the third class there is a one-parameter set of vectors
satisfying (1.3) for 4 = 0. Among these vectors there is only one, say
a” satisfying also (I.4). We may choose arbitrarily three vectors a”

a" @’ in such a way that a*, ..., a” are linearly independent. The
2 3 1 4
minimum number of arbitrary parameters involved in this choice is

two. It should be noted that these parameters are additional para-
meters not connected with the given tensor gy,.

The vectors a?, ..., a” will be termed basic vectors.
1 4

Further discussion is easier in terms of projective geometry.
Denote by T'4 the tangent space of X4 at a generic point O and by Pg
the ideal (projective) space of T4. The introduction of P3 into our
discussion is justified by the fact that the transformation

'h,\# = OchA“, 'k,\,‘ = ﬂk,\”'

does not change the classes. Hence, the above classification depends
only on the ratios of the components %), and on the ratios of the
components £,,. If we consider only these ratios, then we are led in a
natural way to the projective geometry in Ps. The tensor i,
determines a quadric H in Pg by the ratios of its components, while
the ratios of the components %), determine a linear line complex K
in Pg. In other words, the components ), are to be thought of as
Pliicker’s projective homogeneous plane-coordinates of K in Pg. 1
This complex is a general onc for only the first class. Then there are
exactly two skew lines L and L* which are conjugate polars with
respect to H and K. They intersect H in four different points

@, ..., a" which are the ideal points of the basic vectors a?, ..., a* of
1 4 1 4
kl/ in T4. The complex is a special one for the last two classes, and

its axis is the line L of Pliicker coordinates k,,. In the case of the
second class it intersects H in two different points, so that its
conjugate line L* with respect to H intersects this quadric in another
pair of distinct points. Again we obtain in this way four different

1 A brief introduction to line geometry is given in Appendix III
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points @, ..., a” on H, which are the ideal points of four basic

1 4
vectors of k,”. For the third class, both lines L, L* meet in the point
a? which is the common point of contact of L, H and L*, H. It is the

4
ideal point of the eigenvector a* of £,” in T}, this eigenvector being
"

the only eigenvector that is a null vector.

Therefore, we see that unlike the gravitational theory ! the unified
theory exhibits preferred points on H, points which are obtained
from the field quantities g),. For the first two classes there are four
such points, while for the third class there is only one. However,
in this latter case it is possible to find another set of three points,
@, ..., a, to form with a” a set of four linearly independent points.

1 3 4
Hence, in all three cases we have a set of four linearly independent
points, a*, ..., a*, but only for the first two classes is their position

1 4
completely defined by the given data. 2 ,

Note. Although the electromagnetic field f,, is always different
from k/\w it belongs to the same class as does k,\“. Therefore, there
are three different classes of electromagnetic fields. They may be
characterized by their Lorentz invariants. Thus, for instance, the
plane wave in the electromagnetic theory of light is of the third
class, while the electromagnetic field of a moving electron is of the
second class, and still more complicated electromagnetic fields
belong to the first class.

The presence of k), makes it impossible to apply the perturbation
method customary in the gravitational theory. For example, there
one can make the expansion

0 1
h/\u=h)tp+€h)m+
0
where h;m is a set of constants of the signature (+ + + —), and

e is a small constant so that in the results corresponding to this

1 By gravitational theory we mean the theory usually called the general
theory of relativity. This theory is based on a symmetric tensor, say &),

2 The components of the corresponding vectors a?, ..., a” are defined in
1 4
all three cases up to a two-parameter group of linear transformations. They

constitute the nonholonomic frame of reference which is very important for
Principle B.
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approximation we may neglect all terms multiplied by €2 (¢ = 2,
3, ...). This approximation does not change the structure of H. In
the unified theory a similar approximation must at least be of the

form
1

0
g)‘ﬁ=h)\ﬂ+€g)\#+

If one neglects the terms multiplied by €1, one excludes a priovi the first
two classes, for ¢ = 2, 3, .... Therefore, this kind of approximation
is limited to the third class only. 1

Note. The tensor g), is the most natural tool for the four-com-
ponent spinor algebra and analysis (Appendix II).

Principle B. The tensor g, imposes a differential-geometric
structure on space-time X4 through the connection I'y¥, defined by
the following system of sixty-four equations

0

(05 Butry — Do — T =0, (2%
This system of sixty-four equations is similar in structure to the
system of forty equations which define the Christoffel symbols in
the gravitational theory. The only striking difference between these
two systems is the position of the indices wu in I',%,. 2

However, this peculiar order of the indices wyx has a profound
geometrical meaning. If we put I',%, instead of I',%, in (L.5), the
resulting system admits a solution I')*, only if g = const., where
g = Det((g),))/h. We shall see in Chapter V that this scalar is closely
connected with the gravitational function. Therefore, the require-
ment g = const. would be a strong restriction of generality which we
cannot afford at this stage of development. In order to explain
Einstein’s physical interpretation of this peculiar order, we define
the tensor gy, by

B = oy — Ry = Iy + Fux = g

and denote by 1—“,\”,L the same function of g,g as I'y”, is of g,g. If one
assumes that (1.5) admits exactly one solution I'y”,, then one proves

1 In fact one has to start with ¢ > 4 for the first class and with ¢ > 2 for
the second class if one wants to preserve the class in this kind of approxima-
tion.

2 The position of these indices is irrelevant in the gravitational theory
because the Christoffel symbols are symmetric in the lower indices.
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easily that I-’A w = I',%).1 Therefore, the system (I.5) holds even if we
replace g,g, 12", With g,g, 1:,\”,‘. In (7), p. 144, Einstein interprets this
situation as follows: ‘“This fact is the mathematical expression of
the indifference of the theory to the sign of electricity.” This is an
intuition of genius, since Einstein was not in possession of the tensor
fr of electromagnetism.

The system (I.5) does not always admit a solution. Necessary and
sufficient conditions for the existence and uniqueness of a solution
of (1.5) are g # O for the first class and g(g —2) # O for the second
class. In the case of the third class the system (I.5) always admits a
unique solution.

Although the solution of (I.5) could be found, at least in principle,
by means of elementary algebra, the result would not have the
tensorial form we shall need in considering Principle C. It is clear
that only a solution obtained by tensorial operations will lead to such
a form. Therefore, we shall use only tensorial operations to derive
this solution. First we rewrite (I.5) in tensorial form

(16) Dmg)\y. = stpagla'

Here D, is the symbolic vector of the covariant derivative with
respect to I'y?,, and

(I.7) Sp? T2y 2
The equation (1.6) can be split into two
(I.8)a Dy, = 2S5 ,,* 8N«
(I.8)b DRy, = 28 1% Bxia

A procedure similar to Christoffel’s elimination applied to (I.8)a
yields

(19) F/\vy. = {/\”p} + S/\p,y + Uv:\y.
where
(I.10) U”M def 2872 S, 3P k,,,)ﬁ,

and {y?,} are Christoffel’s symbols of /,,. From the point of view of

1 Einstein assumed this relation.
2 For the operations [ ] and (), cf. the third part of the Preface.
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the actual solution I'y*, of (L.5), the equation (I.9) does not tell us
very much, for the unknowns Iy, appear on both sides of it. On the
other hand, we see from (1.9) that if (1.5) admits a solution I'y*,, this
solution must be of the form indicated by (1.9). Therefore, the
problem of solving (I.5) reduces to finding the tensor S,,” in terms of
&y 1f we substitute into (1.8)b from (I.9), we obtain, after some
rearrangement,

(L11)a 25,8, X%1 = K ..,

where

(Lib Xy dot 5By — 200 ke P Ry — 2003 kP Ry,
(I'l l)C Kwp.v d:e! ngV[l- + Vp.ng + vawp.!

and V, is the symbolic vector of the covariant derivative with
respect to {)?,}. In order to solve the system (I.11)a of twenty-four
equations for twenty-four unknowns S,g,, we first restrict ourselves
to the first two classes. If we use the basic vectors a” as a non-

i
holonomic coordinate frame, and rewrite (I.11)a in this frame, we
find that the twenty-four equations (I.11)a reduce to essentially
three equations. Solving these and returning to the general coordi-
nate system, we obtain

(1.12) 2Suuy = (22380 + Sk ER ZHY)K g,

wpuy

Here Z gﬁz is an explicitly defined tensorial function of g),. This
solution exists if and only if g 7 O for the first class and g(g —2) #0
for the second class.

Although a similar procedure could also be applied to the third
class, another, more direct method leads in this case to the solution

of (I.11)a in the form
(I.13) 2S oy = Koy — 2k, 2 K 10k P,

Substituting from (1.12) ((I.13)) into (I.10) and (I.9), one obtains the
solution of (I.5) in the form (I.9) expressed explicitly in terms of

& and Vg,
(114) P)‘vﬂ = I‘,\"“(g.., Vg)

Note I. The third class is characterized by the conditions
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A= ... = A= 0. If we substitute these valuesinto (1.12), 1 we ob-
1 4
tain an equation which is different from (I.13) unless some very

strong geometrical requirements about the vectors a* are fulfilled.

Hence, from the point of view of Principle B, there zme two unified
theories, one for the first two classes and one for the third class.

Note II. The question arises whether the system (1.5) admits at
least one solution, if g(g — 2) = 0. To answer this question we
mention here only the case g = 2: A necessary and sufficient
condition that (I.5) admit at least one solution for g = 2 is that the
vectors a”, 1 = 1, 2 be tangent vectors to geodesic lines. Then (1.5)

admits ;nore than one solution. It is not difficult to find their
explicit form. A different requirement about the vectors a?, ..., a*
holds for the case g = 0. 1 4
Principle C. After having found the solution (I.14) of (I.5) we
substitute it into the equations defining the curvature tensor R,,)"
of I'y?,. In this way the curvature tensor appears as a function of gy,
and its first two derivatives, and the same holds for the contracted

curvature tensor R, 4 Rya®: In order to obtain the tensor O
with which we started in dealing with Principles A and B, we may
prescribe some conditions for it in terms of R,) and S,,”. Einstein
suggested several different sets of such conditions. His final sug-
gestion consists of three sets of differential tensorial equations

(I.15)a S, =0 (S, SN
(1.15)b E*=0

(1.15)c Ryn = 0.

Here

(I1.16)a V| E? 4 sy, R,

and G@rM is the contravariant indicator with the components + 1,
—1, 0. Later on we shall be compelled to replace (I.16)a with

(1.16)b E* % D\GO» —ZU”,\,,H"“ — Uﬁlga(GQ""' + 2Hh)
where GQ’“’ is a tensor to be discussed later, H I def Hw\,,,“ is the

contracted curvature tensor of ky,, and H % sMH, . For the time
being we shall take for E* either one of the vectors defined by (I.16).

1 and redefine suitably the tensor Z
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We see that in the unified theory the conditions (1.15) are of a
purely geometrical nature and physical interpretation is not involved
in them a priori. Therefore, the program of study of Principle C may
be stated as follows:

(1) an investigation of the structure of the curvature and torsion
imposed on the space-time by aforementioned conditions,

(2) an attempt to identify the gravitational field and the electro-
magnetic field by means of these conditions, and

(3) an investigation of the physical consequences of (1) and (2).

The geometrical consequences of the conditions (I.15) will be
discussed later in this Preface in a more detailed description of the
fourth chapter. Therefore, we shall limit ourselves here to an outline
of the basic ideas which govern problems (2) and (3).

Let us start with problem (2) and denote by f), a tensor field
which could be identified with that of the electromagnetic field.
Such a field must satisfy the Maxwell equations. Moreover, these
equations must appear as a consequence of the purely geometrical
conditions (I.15), since the Maxwell equations must constitute a
part of the unified theory. We assume the Maxwell equations in
their “idealized” form 1

(L1721 Sy = 0
(1.17)b »V[§| = 8,/*Vj|.

The equations (I.15) and (I.17) do not suffice for a unique identi-
fication of the electromagnetic field. Therefore, we add further
restrictions. First, we require that f), be a function of gy, but not of
its derivatives. Second, we require that fy, be obtainable from g,,
by a purely tensorial construction. This seems to be reasonable, since
fau is itself a tensor. Of course, neither condition appears to be
necessary. Only experiment can decide which requirements are
appropriate. In any case, there is only one skew symmetric tensor f),,
(up to a multiplicative constant) having the following properties:

a) It satisfies both the above conditions.

b) If (I.15) holds, then (I.17)a; holds.
As a matter of fact it turns out that the equations (I.15)a and
(I.17)a; are equivalent. Hence, the condition (I.15)a reduces the

1 4.e., we choose suitable units and take the dielectric constant and the
magnetic permeability to be unity.
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number of unknowns, for according to (I.17)a; the six unknowns f),
are expressible in terms of four unknowns f,:

(I.l?)az fM = a[,\f,‘_].
The tensor f), is given by

(L.18)a fro 22t —\—% [V Ehy, — beregV HIEE].

Here o and « are well-defined signs, % 9<f Det((k),))/h and e),qg is the
covariant indicator. If 2 4 1 3£ O, then (I.18)a admits a unique
solution

c

(L.18)b by == [3ernaV 101/ — oV IfIr,]
[

where ¢ is a well-defined sign and e is an explicitly-defined scalar
function of f, which may be expressed also as a function of gy,.

In order to prove that (I.17)b is a consequence of (I.15), we first
define the vector v* by

(1.19) vV ple* 2 3 Vg,

It is to be stressed that (I1.19) is a definition of the vector »* while
(I.17)b is a set of differential equations for the unknowns f),. In
order to convert (I.19) into (1.17)b we need, besides (1.19), another
determination of v” in terms of f),. Substituting from (I.18) and (1.19)
into (I.14), we obtain I'y”, expressed in terms of ¢, of &y, and its
first derivatives, and of f), and its first derivatives:

(I.20) Iry,=Iy,0h..,0.h..f..,V.f..,v).
Therefore, (I.15)b is of the form

(I.21) Evh.., fo, v, V.o, V.V.v') =01,

Denote by

(I.22) v = v(h., [.)1

the solution of the set of four differential equations (I.21) for four
unknowns v*. (1.22) s the other determination of v*, for which we were

1 We are neglecting here the derivatives of the arguments haw /A,‘ because
they are irrelevant for this type of global description of our problem.
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looking. Substituting it into (I.19), we obtain four differential
equations (I.17)b for four unknowns f), involved in (I.17)ag. In this
way we obtained Maxwell's equations (1.17) as a comsequence of
(I.15)a,b. This justifies the identification of the electromagnetic tensor
field with the tensor field (1.18)a. It is clear that fy, depends on Ay,

(1'23) fhp. = f)«p(h’")' 1

In order to identify the gravitational field tensor we use the
remaining restriction (I.15)c imposed on the curvature tensor. Upon
substituting from (I.20) into (I.15)c, one obtains a system of ten
equations

G
(1.24) H), —3Hh, = e T,

o
Here the left hand term has the same meaning as in the field
equations of the gravitational theory. Hy, et H wy” is the contracted
curvature tensor of Ay,, and H ‘?f-f’h"I‘HM. The scalar G is an ex-
plicitly given function of f),, and the tensor T), has the following
form

Ty, = v, + Q-

Qx is an explicitly given function of the arguments f,,, V,f, and
v”, pv*. This tensor is involved in the equation (I.16)b. The form of
(1.24) is not affected by our choice of (I.16)a or (I.16)b. Comparing
(I.24) with the field equations of the gravitational theory, we are
encouraged to identify the gravitational tensor field with hy,, the tensor
T),, with the momentum energy tensor for matter and electromagnetism,
and G with the gravitational function. 2 In this way we have given
physical significance to all the purely geometrical conditions (1.15).
From (I.23) and (1.24) we see that the gravitational and electro-
magnetic fields are interrelated. In the unified theory we have
&y 7 gow» and therefore, the electromagnetic field cannot vanish.
Therefore, the electromagnetic field may be looked upon as the
primary field, and we may say that according to (1.24) the gravi-
tational field is generated by the electromagnetic field. However, there
are particular electromagnetic fields which do not generate gravi-

1 See footnote, page XIX.
2 There are cases where G reduces to a constant.
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tation. An example of such a field is the electromagnetic field of a
plane wave in the electromagnetic theory of light.
One of the consequences of (I.24) is the conscrvation law

(I.25) V\GT» =0
equivalent to the equations of motion,
(1.26) 'Z)AVAGD” + 7 )‘GQ'\" = 0.

We obtain (I.26) regardless of whether we choose (I.16)a or (I1.16)b.
Assume first the validity of (I.16)a. Then the equations (I1.26) are
disappointing in many respects. They do not display the role of the
unified connection F,\”“. They introduce, besides the unified field

(1'27) = h/\p. + k/\y.(f‘ )
a kind of generalized Lorentz electromagnetic force vector V\GQ™. 1
Finally, they lead in celestial mechanics to predictions which are at
variance with the predictions of the three crucial phenomena made
by the gravitational theory. 2

Assume now that (I.16)b holds, i.e., assume
(I.28) DyGQ¥ = 207, H¥ + UPg (GQ™ + 2Hh™).
Then (I.26) is equivalent to
d2x¥ 4Ty dx? dar
ap: | MRap ap
with a quadratic first integral

dxr  dxr
“ap “ap
Hence, we obtain the unified law of inertia: If a particle moves
freely in the unified field (1.27), it describes an autoparallel line of the

unified connection (1.9). If we assume the unified field g, to be of the
form

(1.29)

(1.30) = const.

8 = hAp.(O) + xm(aagz\p.)o +...,3

1 We remind the reader that in the gravitational theory the concept of the
gravitational force vector is replaced by the concept of the gravitational
quadratic tensor field.

2 {.e., the advance of the perihelion of Mercury, the deflection of light and
the gravitational shift of spectral lines.

3 We may limit ourselves to the third class. The series under consideration
cannot hold for every point if we assume %), # O.
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then there is a coordinate system with the following properties:

a) At O three of the four equations (I.29) reduce to the classical
Newtonian gravitational law, and the fourth equation reduces to an
identity.

b) In the linear neighborhood of O the system (1.29) reduces to
the gravitational relativistic second Newtonian law with the
gravitational relativistic Lorentz electromagnetic force vector. 1

In this way the concepts of the gravitational force vector and of
the Lorentz electromagnetic force vector are replaced in the unified
theory by the concept of the unified field g),. Moreover, from the
unified theory one obtains in the first approximation the classical
Newtonian theory, and in the second approximation the gravitational
theory with electromagnetic field included.

In applying this theory to celestial mechanics, we assume that the
electromagnetic field of the sun is weak, so that products of the
order of magnitude of (fy,)9, ¢ = 2 may be neglected. Then (1.28) is
identically satisfied, (I.24) reduces to

(I.31) Hy, =0,
and (I.29) reduces to

A2xy dxr  dxm
(1.32) il i

e Wy g T

(I.31) and (I1.32) are the equations of the gravitational theory which
yield the above mentioned predictions. Therefore, these predictions,
obtained by means of the unified theory, are the same as in the gravi-
tational theory.

Having disposed in this way of the objections mentioned earlier,
we have to add one more remark: We obtained the above predic-
tions by neglecting all terms of order (f),)9, ¢ = 2, but to this approxi-
mation (I.28) is satisfied identically. In other words, measurements,
accurate only to the first order in f),, yielding the above-mentioned
prediction, are insufficient to determine whether or not the electro-
magnetic field of the sun satisfies (1.28). This prediction could be
tested only by a refinement of measurements that would permit the
investigation of terms of the magnitude (fy,)?, ¢ = 2.

1 J.e., the Lorentz electromagnetic force vector as it is involved in the
gravitational theory whenever we also consider the electromagnetic field.
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This concludes the general discussion of the Principles A, B, C.
A more detailed discussion will follow in the second part of this
Preface, where we shall also discuss the four-component spinor
algebra and analysis of the unified field.

II. WORKING SCHEME

This book contains six chapters. The first chapter deals ex-
clusively with Principle A. The next two chapters are devoted to
Principle B. In the fourth chapter we discuss the geometrical con-
sequences of Principle C, while its physical interpretations are
exhibited in the fifth chapter. The sixth chapter contains three
appendices which will be described later.

The first chapter consists of fifteen sections. After the two intro-
ductory sections we discuss in the third section the tensor *gh
inverse to gy,. These two tensors lead to basic vectors (eigenvectors

of kp”) a*, ..., a" for the first two classes (sections three and four).
1 4
They are investigated in detail in sections five, six and seven. The
1 4
vectors a”, ..., a*, together with their inverse set a,, ..., a),

1 4
constitute an intrinsic nonholonomic frame (section eight) whose

elementary properties are investigated in section nine. The non-
holonomic components of tensors which one obtains by means of
tensorial operations from g,, and *gh are introduced in section nine,

while in the next section we construct by tensorial operations
1 4
tensors of the type aya”, ..., ay@*. These last tensors are used for
1 4

tensorial construction of basic vectors by means of an arbitrary
vector #*. In section eleven we characterize all three classes by
means of elementary line geometry in P3. This characterization is a

useful tool for easy construction of the nonholonomic frame a?,
1 4

1
«.., @ @&y, ..., a for the third class (sections twelve and thirteen).

4
A very short section fourteen is devoted to the tensor *4A» dof o),
while in the last section of this chapter we introduce the tensor f,\,‘,
which in chapter five will be identified with the electromagnetic
field. '

The second chapter is divided into two parts. The first part,
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comprising eight sections, is devoted to the solution of (I.5) for
general ». In the first three sections we first put (I.5) into tensorial
form (I.6) and derive certain properties of the tensors D), and
D *g". These results lead to (I.9) and (I.11). Before discussing the
possibility of solving (I.11)a, we prove the relation f)\”y =TI, in
section four. Section five is concerned with the construction of the
tensor Y which occurs in the solution

(IL.1) 2S 4 = YUK g,

wpy T T wpy

In certain special cases the solution of (I.5) does not require direct
use of the tensor Y (section six). The tensor U?), is studied in the
seventh section. For some special cases of U?),, the solution of (I.5)
docs not require the tensor Y. Two such cases are worth mentioning:

(1) The autoparallel lines with respect to both connections I'y”,
and {)*,} coincide, while S,,” # 0.

(2) Only minimal autoparallel lines of these two connections
coincide, and S),” # 0.

In the first case the paths of particles moving freely in the unified
field gy, coincide with the paths of particles moving freely in the
gravitational {ield %), of the gravitational theory. In the second case
only the paths of photons are the same in both theorics.

The eighth and concluding section of the first part presents a
device for obtaining a rapidly converging approximation to I'y”,. This
device can be applied when the field %), is weak. In m steps one
obtains a connection I'y*, which differs from I'y”, by terms of the

m

order of magnitude (k),)% ¢ = 2m + 2.

The second part of the second chapter is specifically concerned
with the four-dimensional case. It consists of sections nine to
twenty-one. After some necessary prerequisites for the first class
(section nine), we introduce (section ten) the tensors Z“f}' and Lw,w
by explicit definition in terms of g, and K,,,,. The tensor L,,, is
involved in the solution (II.1) which reduces for » = 4 to (1.12)
equivalent to

(IL.2) 2Susy = Loy + 3Lyt b
while
U = —h*koPLyog

(section eleven). Comparing (II.1) and (II.2), one obtains the
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components Y as explicit functions of g),, (section twelve). Substi-
tuting from the last two equations into (I.9) one obtains the so-
lution I'y?, expressed explicitly in terms of g, and V, g,,. The non-
holonomic components of I'y’, with respect to the intrinsic non-
holonomic frame turn out to be amazingly simple (section thirteen).

The previous results for the first class are specialized in the
fourteenth section for the second class.

In order to find the solution I'y*, for the third class, we first discuss
some properties of the corresponding nonholomic frame (section
fifteen) which enable us to prove (sections sixteen and seventeen)
that II’[A"F] 1js the exact solution of (I.11)a for the third class. There-

fore, the solution (II.1) in this case assumes a relatively simple
form (I.13) (section eighteen). The next section introduces some
necessary prerequisites for the twentieth section where we find
necessary and sufficient conditions that (II.2), derived for the first
two classes, also hold for the third class. These conditions are

expressed in terms of the vectors @, ..., a*, belonging to the third
1 4

class, and are invariant with respect to the admissible transfor-
mations of these vectors. They are not always satisfied. Hence, we
have two essentially different unified theories: one based on (II.2)
for the first two classes, and the other based on (I.13) for the third
class. The last section deals with some special cases of g, which
occur in physical applications. This concludes the investigation of
Principle B for the non-degenerate cases.

Einstein once expressed the hope that the cases in which (1.5)
admits more than one solution might be physically promising. This
encouraged me to deal with Principle B for the degenerate cases,
g(g —2) = 0. This condition excludes the third class.

The results of these investigations are contained in the third
chapter. It turns out that a tensor introduced by Nijenhuis for other
purposes is a handy tool. Therefore, the first part of this chapter
studies the relationship between this tensor (here denoted by N,,*)
and I'y*,, while the second part is concerned with the applications.

The first part contains six sections. After the necessary prerequi-
sites in the first section, we deal in the second section with the
geometrical properties of N),”. In the next two sections we express

1 Iy is the first approximation to Iy, (see the text above).
1
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N,,* in terms of S),” and g), and derive from this expression some
identities for NV),” (section four). By using the condition (I.15)a we
express S),” in terms of N,,” and g), (section five), and, hence,
obtain in section six the geometrical interpretation of S,,” = 0. It
turns out that this condition reduces our space-time to a Riemannian
product space in which every pair of basic vectors is Xa-forming.
In the first three sections (seven, eight and nine) of the second
part we study the solution of (I.11)a in the degenerate case g = 0.
A necessary and sufficient condition, for both classes, that (I.11)a

admit at least one solution is that the basic vectors a* and a* be
3 4

X-forming. The requirement (I.15)a reduces the set of all possible
solutions to a two-parameter set. This requirement does not impose
any restriction on gy,. The concluding (tenth) section is concerned
with the case g = 2 for the second class. A necessary and sufficient
condition for the existence of at least one solution of (I.11)a is that

the basic vectors a” and 4” be tangent vectors of geodesic lines. In
1 2
this case the condition (I.15)a imposes certain restrictions on gy,

one of these being that the basic vectors a* and a* be Xo-forming.
1 2

In all degenerate cases the solutions are given explicitly.

In the next considerations we again assume g(g —2) 5% 0.

The fourth chapter is devoted to the geometrical aspects of
Principle C. It contains eleven sections. In the first three sections
we deal with the curvature tensor R,,,)” and its principal identities
and, finally, express the tensor R, in terms of H, and U”),. The
fourth section exhibits the uniqueness Theorem concerning fy,. In
the next section we find two solutions of (I.15) which we use in
sections six, seven and eight. In these sections the usual procedure
of solving the systems (I.6) and (I.15) 1 is reversed. To this effect
certain particular solutions 07y, 9%, are exhibited. Using 0I')?, one
finds the general solutions I'y?,, of (1.15) by solving a system of algebraic
equations. Substituting I'y*, into (1.6) one has a system of differential
equations for g,. Using %), one finds the general solution of (I.6) by
solving a system of algebraic equations. In this way the solution
Iy, gy of (1.6) and (1.15) is obtained from a particular solution
07y, %y, by algebraic procedure. In the next three sections we study

1 By usual procedure we mean here first finding the solution Iy, of (1.6)
and then finding the solution g, , of (I.15).
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the change 'T)*, — I')?, induced by a conformal transformation
(IL3) D = %y (@ = Q) #0).

An explicit expression for ‘I)?, is exhibited. It leads to a corre-
sponding change ’S),” —S),” and to necessary and sufficient
conditions in terms of gy, for 'Sy = O (sections nine and ten). In the
last section a connection f‘,\”,‘ is defined in terms of g),. This connec-
tion is invariant with respect to the conformal change (II.3) and
is such that S Ly =0.

The fifth chapter concerns the physical interpretation of Principle
C. It consists of two parts. The first part is devoted to the third
class; the second part deals with the first two classes. The first part
contains fifteen sections. After having found the first set of Max-
well’s equations (I.17)a;, we define, in the first section, the vector
v” by

(I1.4) V| & o@remS,,,,

and express the tensors S, and U*, explicitly in terms of v* and
fu (section two). In this way we obtain (I1.20) where the right hand
term is an explicit function of the arguments k), 0,5, Hu Vi,
and v”. In the third and fourth sections we use the equation

equivalent to (I.15)b and (I.16)a. Here X, is an arbitrary vector,
Substituting from (I.20) into (II1.5), we obtain another determination
for v” besides (II.4). These two systems lead to the second set
(I.17)b ot Maxwell’s equations for the unknowns f),. This result
justifies the identification of the tensor field f), with the electro-
magnetic field. The above mentioned substitution from (I.20) into
(IL.5) results in a set of differential equations whose relationship
to the Maxwell equations is studied in detail in the fifth section. The
next two sections exhibit some auxiliary results needed for sections
eight and nine where we obtain (I.24) from (I.15)c. These equations
lead to the identification of the tensor field ), with the gravitational
field. It ought to be stressed that /), has the fundamental property
of a metric tensor: Every system (I.29) admits a first integral
(1.30). Section ten concerns the momentum energy tensor T,,
the conservation law (I.25) and the equations of motion (I.26). In
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the eleventh section the latter equations are subjected to the
criticism mentioned in the General Outline. The last three sections
of this part are devoted to the consequences of (I.15)b and (I.16)b.
The main results of this new approach have already been mentioned
in the General Outline: the unified law of inertia (I.29); its approxi-
mations by the Newtonian law of gravitation and by the gravi-
tational relativistic Newtonian law; its applications to celestial
mechanics.

The second part of the fifth chapter contains sections sixteen to
twenty-five. With the exception of the last section we follow here
the working scheme of the first part, applied to the first two classes.
In the last section of this part we investigate, from the point of
view of Principle C, some special cases of the tensors S,,,” and U?),.
Thus, for instance, if

Sup’ =25

wp Y

[w L]'

the requirement (I.15)a reduces space-time to a Riemannian space,
and k), might be identified with the tensor of the electromagnetic
field. Another interesting case is characterized by U, w=0; here the
gravitational law of inertia is the same as the unified law of inertia
in spite of the fact that Swp’ # 0. If Sy, # O then the tensor gy,

is not of the first class. If
U = 20" py — O3y — 0,0
then the tensor
My = %V@ehpaﬁkaﬂ

also satisfies the first set of Maxwell’s equations. This concludes the
investigation of Principle C.

%* *
*

The sixth chapter consists of three appendices whose topics are
connected with theory considered in the first five chapters.

The first appendiz is concerned with the geometry of light signals
from the point of view of the unified theory. We imagine a light
signal sent from a point O to points 4, B which are situated in our
observable three-dimensional space in such a way that the points O,
A, B are linearly independent and OA = OB. We assume that
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a) the gravitational field is so weak that it may be neglected,

b) the velocity of light is constant.

Denote by #4(¢p) the time interval needed for the light signal to
reach the point A(B). It turns out that there are fields for which
t4 # tp, as well as fields for which ¢4 = ¢g. The explanation lies in
the detailed investigation of (I.29) and of the tensor U?,. In par-
ticular, U*, yields the first curvature of the trajectory of the light
signal in our observable three-dimensional space. Keeping in mind

the purely geometrical result
(II.9) either t4 = tgor i4 % Ip

one cannot help thinking of the discrepancy between the experi-
ments by Michelson-Morley and by Miller. In any case (I1.9) shows,
of course purely geometrically, that neither one of these experiments
is decisive for or against the constancy of the velocity of light: i»
the space-time endowed with a unified field, neither of the results (11.9)
is at variance with the assumption that the velocity of light is constant.

The second appendix deals with four-component spinor algebra
and analysis of the unified field g), of the first class. It is divided
into two parts. The first part is devoted to the spinor algebra of
the local spinor space &3(0); the second part concerns the spinor
analysis of the spinor space &;.

The point of departure of the first part is the ideal projective
space P3(0) of the linear tangent space T'4(0) at a generic point O.
In P3(0) we have the quadric H(0) defined by 4), and the non-

1

holonomic point and plane frame 4*, a,. This frame is known up to
transformations ¢
—1 i i
(I1.6) ‘a = Cqta®, 'ay = Cstay
7 i
i
where the C’s are functions of two-parameters ¢, y. The frame a*, )
gives rise to nonholonomic coordinates of points and planes # °

3
vt = vhay, w; = wyal.
' i

The relationship between Pg(0) and #3(0) is established by
(IL.7) ve? = EpgP v

i
where ((E)aP)) is given in terms of @), and w,P is required to be a
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tensor in &3(0). After these prerequisites in the first two sections,
we investigate, in the next four sections, the geometrical meaning
of v, assuming first that vf is an isotropic point (s.e., a point on
H). The tensor vyP defines a degenerate projectivity in #3(0). The
locus of spinors having no image under this projectivity is a spinor
line v explicitly defined by means of »¢. The locus of all lines vab
as v moves along H is a linear line congruence 5 in &%3(0). These
results lead in the fifth section to the coefficients €, of the spinor
transformation in &3(0)

(IL.8) ‘P = G o

induced by (II.6) in Pg(0). The %’s are functions of the same
arguments as the C’s. There are always two transformations (II.8)
corresponding to each transformation (II.6). If the point ¢ is not
isotropic, then P defines a biaxial involution whose axes €waP
(e = =+ 1) are explicitly given by means of v¢ (section six). The locus
of all lines as »* moves along P3(0) is a linear complex kap containing
the congruences? (section seven). In the eighth section we prove that
kap are components of k,) with respect to a particular nonholonomic
trame. The biaxial involution sy in &3(0) isrepresented in P3(0) by a
ve-reflection (section nine). The tenth section develops some neces-
sary prerequisites for the investigation of lineal elements (i.e., an
isotropic point v¢ and a tangent to H at v%). Such a lineal element in
P3(0) is mapped into #3(0) on two spinors whose coordinates are ex-
plicitly given in terms of the lineal element (section eleven). Con-
versely, a given spinor in #3(0) is a map of a lineal element which is
explicitly given by means of the coordinates of this spinor. This
mapping also involves the aforementioned complex kap (section
twelve). In the thirteenth and fourteenth sections we investigate
Dirac’s equations and Schrédinger’s wave equation by means of a
tensor ,v,? whose matrix is similar to 2((sg?)). The tensor wugP is
defined by (II.7), and the (symbolical) point ¢ is a combination of
the components of the linear differential operator in the quantum
theory. It turns out that ,u,P gives rise to a (symbolical) biaxial
involution, and Dirac’s equations define its eigenspinors, 4.e., the
spinors incident with the axes ,fv2b of ,€vaP. The corresponding
Schrodinger equation can be derived from the corresponding ,v%-
reflection. This equation defines a scalar function of double elements
of the reflection.
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The second part of Appendix II starts with the projection of
F3(U) onto &3(0) (section fifteen). This projection gives rise to a
trace-free local connection I73P\(0) which is uniquely defined by gj,,.
This connection does not discard the relationship (II.7) (sections
sixteen and seventeen). In the eighteenth section we use the fact
that the axes of 5#(0) do not depend on O, and thus, enable us to
superimpose the spinor space %3(U) on &3(0), U # O. The totality
of all superimposed spaces on &g(0) is by definition the spinor space
&3 adjoint to the space-time. It is endowed with a trace-free con-
nection 4,%) uniquely defined by gy,. This connection does not
discard the relationship (II.7). The curvature tensor &,,s" of 4ab)
is expressible in terms of H,,,)”. Its vanishing is a necessary but not
a sufficient condition for A,P) = 0. The electromagnetic field of gy,
does not generate gravitation if and only if %,,a? =0 (section
nineteen). In the last section we establish a set of equations in &3
which reduce for &3(0) to Dirac’s equations.

The third appendix is provided for the convenience of those not
familiar with the algebra of line geometry. It presents some ele-
mentary results in this geometry needed for the understanding of
certain sections of this book.

III. NoTATION

Throughout this book extensive use is made of Tensor Calculus in
an n-dimensional space. We always use Greek covariant and contra-
variant indices to express tensors by means of their components
with respect to an arbitrary coordinate system. Their range is the
set of the first  Roman numerals. Thus, if # = 4, the range of
Greek indices is I, II, III, IV. Greek indices always follow the
summation convention. .

We use Roman subscripts and superscripts to express tensors by
means of their components with respect to a nonholonomic frame of
reference. Unless the contrary is explicitly stated, these indices run
from 1 to #n. They follow the summation convention unless the
contrary is stated, with the exception of indices x, y, z, t. The sum-
mation for these indices is always denoted by the sign X.

Let T)., be a set of terms with $ indices 4...u. Denote by
E)..(0,.,) the sum of all T’s with even (odd) permutation of the
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indices. Then the operation of mixing over p indices or of alternating
over 2 indices is defined as follows:

P Toww B Ey o+ Orp
P T L Ey yp — O
Thus,
6T ooy = (Tnop + Tepr + Tore) + Torp + Topwr + Tped)
6T o) = (T + Topr + Tore) — (Torps + Topo + Tpad)-

To exclude certain indices from mixing or alternating we enclose
them by | |. Examples:

2T ) = T + Tpen

ZT[/\IwIM] = T)twp. - Ty.w)\'

0
By 0, we always mean Py #? being coordinates of the space.
¥

Unless the contrary is explicitly stated the radical sign 4/ or ()}
always represents a positive square root. To facilitate cross refer-
ences we use the following rule: references not preceded by a chapter
number refer to the chapter in which they occur.



. CHAPTER I
ALGEBRA OF THE UNIFIED TENSOR FIELD Ehu

Introduction. Denote by #* a real coordinate system of an #-
dimensional space X,. Starting with ¥ we may consider transfor-
mations of real coordinate systems. We shall confine ourselves to
transformations for which

(1) 4 ‘lnget(( Z;’;A )) £ 0.

A tensor of contravariant valence p and covariant valence q is charac-
terized by the transformation rule of its components T5.5
ox*" ox""  oxPr oxPe

(2) TXi'iiif\Z' = Dx Tt Qx%e oM A ax)‘" T;’ﬂ:,‘ﬁ: *

If p=1,¢g=0(p =0, q=1) the tensor is termed a contravariant
(a covariant) vector. If p = q = 0, the tensor is called a scalar.
Tensors will be denoted by symbols in Roman type.

A density a of weight w is characterized by its rule of transfor-
mation
(3) ‘'a = A~wg,
The product of a density of weight w and a tensor will be termed a
tensor density of weight w. Densities and tensor-densities will be
denoted by symbols in Gothic type.

Let e stand for an arbitrary density of weight w = 4 1 or
w = — 1. Then the number

(4) o & efle]

transforms according to

(5) ‘0 = eo
(e & sgn A).

The product of a tensor and ¢ will be termed a pseudotensor. No
special notation will be used for pseudotensors. If T* is a contra-
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variant pseudovector the transformation rule for its components is
ox’

oxA

The product of a density (of weight w) and o will be termed a
pseudodensity (of weight w). Pseudodensities will be denoted by
symbols in gothic type. If a is a pseudodensity of weight w its rule
of transformation is

(7) ‘a = eda.

Hence, if m is a density of weight — 1, then |m| is a pseudodensity,
because

T

(6) TV =¢

I'm| = |4] |m| = ed|m|.
Of course, o|m| is then again a density.
1. The tensor g,,. Throughout this chapter a four dimensional

space X4 referred to a’coordinate system x” will be considered. We
shall admit only coordinate transformations x*' «» x* for which

oxI’ ox1’
—axl-_ .o —a‘x—],—v‘
(1.1) 4% : # 0.
ox1v’ ox1v’
“oxl oxIv

All coordinate systems are assumed to be real.

The space X, is endowed with a real ! quadratic tensor g),,.
It may be decomposed into its symmetric part k), and its skew
symmetric part &),

(1.2)a O =My + ky,
(1.2)b My, 2 gow = 3an + &)
(1.2)c By 2 g = $Hen —8u)-

AGREEMENT (1.1). In all that follows in this book 2 we assume that
a) the determinant g of g, is negative

(1.3)a g <o,
1 In his earlier papers, Einstein considered a complex tensor e (Ct.

Einstein, A., (1) and Einstein, A.-Strauss, E., (1).
2 With the exception of Chapter III.
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b) the tensor hy, has the signature (+++—), so that its determinant

b is negative

(1.3)b h <O,

c) the tensor oW 1s the metric tensor,
d) the tensor ky, is always present

(1.3)c Fa, 5 O.

REMARK I: According to (1.3)b there is a unique tensor 4 = p*A
defined by

(1.4) WY = 8.1

The tensor #*(hy,) will serve for raising (lowering) indices in the
usual manner 2.

REMARK II: According to (1.2)c the determinant £ of £, is never
negative

(1.3)d > 0.

REMARK III: Each of the determinants g, ¥), f is a density of

weight 2. However, V|g|, V|§|, and V¥ are pseudodensities of
weight 1. Thus, for instance, 3

V|| = |47V || = ed-1V ]|

(e &f sgn A4).
In subsequent considerations we shall need the following scalars
(1.5)a g<g/h>0
(1.5)b E®TEp <0
(1.5)c 4K 2 ko gk sh*VHPS = F,ghoP.

DEFINITION (1.1). The tensor ky, will be said to be

1 6;’,, is the Kronecker delta. Later in this study we shall also use the
abbreviation

K 2 ook

2 We write 6; instead of h,,}’ for historical reasons.

3 The square root is always to be taken as positive.
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1) of the first class whenever

(1.6)a k#0,
2) of the second class whenever

(1.6)b K +#0 k=0,
3) of the third class whenever

(1.6)c K=Fk=0.1

ReMARK. Unless explicitly stated otherwise every result of our
subsequent considerations holds for all three classes.

2. The indicators G«+», ¢

uAve
wpAy
DeriNITION (2.1). The {

contravariant

] wndicator
covariant

wpdv

is a tensor denmsity of weight { i, skew symmetric in all indices,
Y _
whose components {@w have (in all coordinate systems) the following
wpdv
numerical values
a) + 1 whenever wulv is an even permutation of I, I1, 111, IV
b) — 1 whenever wudv is an odd permutation of I, 11, I1I, IV

c) O in all remaining cases.

REMARK. According to this definition the transformation law
for indicators is

ox®  oxt  OxN oxY
W' w' XY — A-1FxByd
€ & ox* oxP O0xr 0xd

4 ox* oxB  Oxr 0ad
Cowdy = AR T i N ox

(2.1)

The indicators are related in a way described in the following

THEOREM (2.1). We have:

(2.2)a GBre, g, = 4!
(2.2)b @:r"‘ﬁ?"'eagyA = 310}
(2.2)c G g, = 4000
(2.2)d Canbve,, = 315/

1 Cf. Hlavaty, V., (6), (15), (19); Hlavaty, V.-Sdenz, A., (12); Sienz, A,
(1.
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and
(23)3' @w;u\v = bew v
(2.3)b pwpl — @‘""’\”/f).

Proor. The equation (2.2)a is obvious. In order to prove (2.3),
start with the obvious equations

(2.4) 41 = CrBEErh b el s
and
(2.5) Copurn = CB70h  h gl 5.

According to (2.5) we must have

(2.6) @wy)v = XCuulv

where x is to be found. Substituting from (2.5) and (2.6) into (2.4),
we obtain x = ). Hence, (2.3)a holds. The equation (2.3)b may be
proved in a similar manner. On the other hand, we obtain from (1.4)

oh
. 4! = 41HhM
(2.7)a Sy, 419k
and from (2.4) and (2.3)
2.7)b ! % AaBy(réniy ol
(2.7) 4-—2%:=4@ €l hoghpahy;
= 4hEbre, g ho%,

so that
3B — @Aaﬁwyemﬂ thv_

This equation leads at once to (2.2)b. The equation (2.2)c follows
from the obvious relation

@aﬁ’\”eaﬂwp = ya[i»;:]'
which leads by virtue of (2.2)b to
CPrreopy, = 318, = 38,

so that y = 4. The equation (2.2)d may be proved in a similar
manner.

1 Cf. (2.9)d, page 6, setting [, = hw\.
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The density 4!f) may be written in the form (2.4). A similar

obvious equation holds for the determinant §

(2.8) 4!t = @M”@“ﬂﬁkmkﬂpk}\y]cvs,

There are also some less obvious relations between the indicators
and Ay, k),:

THEOREM (2.2) We have

(2.9)a Cer@Broh  huphrykys = O
(2.9)b Gor B, b gk s = BHK
(2.9)c CorM @B, ok ghr s = O.

Proor. Denote by /,) either one of the tensors 4y, and &,,. Then
(29)d  @wndEBr gl Dy = CuorrEBrlg I L) =

+ 1 {h A
= forl =14, *
v {— 17 =

where

Hence, if /,y = Ay (b2 = k), then the scalar product of the first

term of (2.9)d and a skew symmetric (symmetric) tensor is equal
to zero. This proves (2.9)a and (2.9)c. The left hand term of (2.9)b
may be rewritten by virtue of (2.2)c and (2.3):

HEre,, gk k) 5 = 490N TN kP = — 20kg* kP = 8PK.
THEOREM (2.3). We have
(2.10) 64t = (G=rdk,, k),)2.
Proor. The equation (2.8) is equivalent to
Y= (krrrkur v + krr rirkr v + ko rkir v)?,
while
Cork,, ko, = 8(kr 1 krrr v + krr rirkr v + krr ki w).

Comparing these two equations we obtain (2.10).
There are some pseudotensors intimately connected with the
indicators which we shall need later on:
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THEOREM (2.4). Put
@2.11)a Eord 3ot Gouds[4/|p|
(2.11)b Cupry 22 €ty V1B

Then E“¥™, ¢, are pseudotensors which satisfy the following
conditions:

(2.12)a Eaﬂvseaﬂ 5 = 4!
(2.12)b E°Pre g, = 3184
(2.12)c EcBorg gy, = 4044
(2.12)d Eaneaﬂys — 3!6["&?,'51
and ‘

(2.13)a Epry = — Cupy
(2.13)b eopl — . Foplv 1

Proor. We know (Cf. Remark III preceding Definition (1.1))

that v/ |f)—| is a pseudodensity of weight 1. Therefore, Ewstv (Caprv)» @S
defined by (2.11)a, ((2.11)b) is a pseudotensor. The proof of (2.12)
and (2.13) follows easily from (2.11) and from Theorem (2.1).

3. The tensor *g™. Denote by a(4) the determinant of the
tensor

31 Au(A) B Ay + Ry
where A is an arbitrary parameter.

THEOREM (3.1). We have

(3.2) a(d) = A4 + 2A2hK + ¥,

and in particular

(3.3)a a(l) =g=19+ 2pK + 1§,

so that

(3.3)b g=14+2K + k.
Proor. The determinant a is given by

(3.4) 41a() = GorEErq, a cay a5

1 The minus signs in (2,13) come from (1.3)b.
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Substituting from (3.1) into (3.4) and remembering (2.4), (2.8) and
(2.9), we obtain (3.2). The remaining part of the proof is obvious.

ReEMARK. Using (2.9)b and (2.10) we may express g given by
(3.3)a in terms of &y, and %),:

(3.3)c g= I) + i@va@aﬂyah’wahpﬁkAykvs + fz(@wﬂhkwpk/\v) 2,

This formula will be very useful later on.
According to (1.3)a there is a unique tensor

35) *gh ot

satisfying the condition
(36) 8,.*8" = gu*g” = 9.

Following the pattern of (1.2) we decompose *g into its symme-
tric part *4* and skew symmetric part *kW:

(3.7)3. *g)d' — *h/\v + *k,\v
(3.7)b v def kg (k)
(38.7)c ) * v def % olM),

In order to express *4* and *%» in terms of g, we need the tensors
(?ky» defined as follows
1) k/\v déf k)«”
(3.8) L p=2,3,....
Dy &t -2k ¥

A simple inspection shows that (®k» is symmetric (skew symmetric)
for any even $ (odd ).

THEOREM (3.2). The tensors *hN, *EM satisfy the following
equations:

(3.9)a o — .;_ (1 + 2K) + @]

1 -
(3.9)b *hh — 5 [f)k’w + -;— \/f@"’#"”kw,,]
(c 2 sgn Grdk,, k).

1 Cf. Schridinger, E., (1); Hlavaty, V., (16); Lichnerowicz, A., (3); Tonne-
lat, M. A,, (13).
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Proof. Starting with the obvious equation
(3.10) 41g = Gued@abydg 8up )y 8vs
we obtain according to (3.5)
og
8w
On the other hand, if we substitute from (1.2)a into (3.10), we obtain

og
3.12 4!
(3.12) .

Comparing (3.11) and (3.12) we have

(3.11) 4] —— = 4@nrEbrg, g8 8,, = 41 g *gV.

= 4@0"0’#!’1@”)0‘5ng oEupEpy:

olng
3.13 = *o W) — *phv
(3.13)a S g
The equation
olng
3.13)b — — *o[W] — %Rl
(3.13) ih = ¢

may be proved in a similar manner. The equations (3.13), (3.3)c,
(2.4), (2.9)c and (2.10) yield (3.9).

ReEMARK I. From the definition of the sign « we see that its
transformation rule is

k' = ex (e = sgn A4).

Consequently, xV/ fisa density of weight 1 (while v/ tis a pseudo-
density of weight 1). Therefore, it is obvious that *k*, as defined
by (3.9)b, is a tensor.

ReMARK II. The tensors *4* and *k will play an important
role in subsequent chapters. This is true, in particular, of the
- tensor *&M,

THEOREM (3.3). The tensor *k* never vanishes
(3.14) *RA oL 0,

PROOF. Assume *%k» = 0. By (3.9)b, this requirement is equiva-
lent to

(3.15) B = — % VG .

Multiplying (3.15) by k), we obtain by (1.5)c and (2.10)
(3.16) K = — L.
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On the other hand, multiplying (3.15) by e, we have
) k""ew,,,\,, = — 2K\/f—kwy,

and this equation is equivalent to

(3.17) VIR = — 360k,
Hence, we have according to (3.15) and (3.17)
(3.18) h=1%

so that by virtue of (3.3)a, (3.16) and (3.18)
g=1+ 26K +E=0.

This equation, obtained as a consequence of *Ed — 0, contradicts
(1.3)a. Therefore, (3.14) holds.

-1

4. The tensors T)* and Ty*. The tensors gy, and *g" are not
symmetric, and therefore, we have to consider, besides g,\ﬂ*g’\”
involved in (3.6), two other products, namely g,\y*g”)‘ and gl‘;\*g"”.

THEOREM (4.1). The tensors
(4.1)a T,» % g, *g”

—1
(4.1)b Ty det gM*g)“’

are both of the same rank 4 and satisfy the following equation:

-1
(4.2) TPTg = de
Proor. We have by virtue of (3.6) and (4.1)

-1
T.B Ty = £,*sPep,*e” = £).00%¢” = gy *g¥ = 8.
-1
This equation shows that the determinants of T,” and T,” are
different from zero, i.e., the rank of these tensors is equal to 4.

-1
THEOREM (4.2). The tensors T,* and T,? are different from 0y
In particular,

(4.3) T, — &, = 2(*", + ky,*B.
Proor. Using (3.6) and (4.1) we obtain
(4.4) Tp," — 5; — g,\,‘*g”" — g,\p*gz\v —_ 2g,\,‘*k”".
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Assume
(4.5) & ¥k = 0.
Then (1.3)a leads at once to

*pvA — 0,

and this equation contradicts (3.14). Hence, (4.5) is at variance with
(1.3)a. Therefore, by virtue of (4.4) we have T,” # ¢/, andaccording
—1

to (4.2), also T,” # 8. Moreover, the equations (4.4) and (1.2)a
lead at once to (4.3).

5. Basic vectors: Generalities. Let P)’beanarbitrary tensor.
A vector v” which satisfies the equation

pv* = PyrpA

is called an eigenvector of P,?, and p is the corresponding eigen-
value of Py*.

DEFINITION (5.1). The eigenvectors of ky* will be termed basic

vectors (of Xa), and the corresponding eigenvalues of k)* will be called
basic scalars (of X4). 1) 2).
The following two Theorems will be proved simultaneously.

THEOREM (5.1)a. Let a¥ be a basic vector and A 5 O its corre-
sponding basic scalar:

(5.1)a : ¥ = kar.
Then a* is a null vector:
(5.1)b h,\ﬂa"ai‘ = 0.

THEOREM (5.1)b. Let a*, b® be two basic vectors and A, u#—A their
corresponding basic scalars. Then a* and b* are perpendicular:

(5.2 I, @b = 0.
Proor. The tensor %, is skew symmetric. Therefore, we have

1 In the case of the third class there are vectors which also are called basic
vectors in spite of the fact that they are not eigenvectors of %) (Cf. Section
12). However, unless explicitly stated otherwise, we shall be dealing only with
basic vectors which are eigenvectors of k).

- 2 For an invariant correlation, ¢f. Tharrats, V., (1).
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according to (5.1)a
Ahggaral = da*a, = kata, = k,ata® = 0.
Hence, if A2 # 0, then (5.1)b holds. The vector b” being an eigen-
vector, we have
(5.3) ub? = ko2,
and therefore,
pbva, = k,pgafb* = — kopga*bP = — ka%h, = — Aa’b,.
This equation is equivalent to
(1 + #)gahb = O

and leads to (5.2), whenever 4 + u # O.

In the third section we defined the tensors (®k*. In a similar
—1

manner we may define the tensors (?T)* and (»T,* starting with
—1
T,* and T)*. Moreover, if we put
e Lo rgr Llxgh,,

we may construct (P)g,’ and (®)*g,” in a similar way.
All these tensors are involved in the following

THEOREM (5.2). Ewvery basic vector a” is also an eigenvector of each

of the tensors
—1
(5.4) @)gy», D*gyv (DI (DIT)?, (p)TAv,

Proor. First, we have according to (5.1)a
A Ok = (aPky\)k,Y = AavkyY = A2a?,
and in a similar manner,
(5.5) A Dk = )Pa¥, =23, ....
Therefore, a* is an eigenvector of (®k)*, Moreover,
(5.6) g = a8, + k) = (1 + A,

so that a is also an eigenvector of gy* and, by the same authority,
also an eigenvector of (?)gy*. Multiplying (3.6) by a* we obtain

(5.7) @ = (arg),)*e™ = ar(ly, + ky)*e” =
= (1 — Nay *g¥ = (1 — Na* *gy".
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Hence, a” is an eigenvector of *g)* and, therefore, also an eigenvector
of ®M*g,¥. On the other hand, if we multiply (4.1)b by a#, we obtain
by virtue of (5.7):

—1
(5.8) At T,? = ab( + kp)*g" =
= (I + Day*g® = (1 + Narrgy
144

_ v 1
1—2°

—1
This equation shows that 4” is an eigenvector of TI;’ and, conse-
—1
quently, also an eigenvector of (T *.
An casy inspection of (4.2) permits us to rewrite this equation in

its equivalent form
—1

(5.9) T, T, = &,

Multiplying this equation by a* and remembering (5.8), we see that
a” is also an eigenvector of T,*. Hence, it is also an eigenvector of
oT v,

®

6. Basic vectors: First class. In this section we shall con-
sider only the case of the first class. To this effect we first introduce
the scalar

(6.1)a D¥'K2
and prove the following

LemMMA (6.1). The scalar D is always positive
(6.1)b D > 0.

ProoF. According to (1.5)b and (1.6)a the scalar % is negative.
Moreover, the square K2 is non-negative. Hence, (6.1)b holds.

THEOREM (6.1). The basic scalars are 4, . .., A, given by
1 4
(6.2)a 2l 1= —2=i/VD+ K #£0
1 2
(6.2)b i —2=)VD—K#0
3 s

Moreover, 1o and § are real.

1 The equation (5.7) shows that 4 # 1.
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Proor. Using (3.1) we may rewrite (5.1)a in the equivalent form
(6.3) ata,, () = 0.

A necessary and sufficient condition for the existence of a non-
trivial solution @ of (6.3) is a(4) = O, where a(4) is the determinant
of a,,(4). According to Theorem (3.1) this condition is equivalent to

(6.4) M4 202K + k=0

and admits the solutions l ., Agiven by (6.2). The equations (6.1)
show that ¢

VD > K,

so that s« and B are always real and different from zero.
In the next Theorem we denote by a” the basic vector, whose

i
corresponding basic scalar is 4, given by (6.2) 1.
i

THEOREM (6.2). There are only four basic vectors a*, and they
have the following properties: i

1) They are defined up to arbitrary factors of proportionality.
2) They are null vectors.

)

3) The basic vectors a” a" are perpendicular to a” a.
4

4) They satisfy the condztwns
(6.5)a muatar # 0O
12

(6.5)b I, ak # 0.
3 4

S) The directions of a® and a* are complex-conjugate. The directions
1 2
of a¥,a" are real.
3 4

Proor. Since the basic scalars 4 are all distinct and different

i
from zero, we know from elementary algebra that (5.1)a admits
only four eigenvectors ¥ which are defined up to arbitrary factors

i
of proportionality. Statement (2) follows from Theorem (5.1)a and
from (6.2). Statement (3) follows from Theorem (5.1)b and from
(6.2). Statement (4) follows from statements (2) and (3). In order to

1 The construction of @ will be given later. (Cf. Theorem (10.3)).
i
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prove statement (5), let us denote by M4(4) the matrix of the tensor
1

28— k.

Its rank is three, because there is only one basic vector ¥ satisfying
1
the condition (5.1)a for A = A. Hence, if we suppress an appropriate
1

row in M4(A), we obtain a 3 X 4 matrix M3(4) whose four minors of
1 1

the third degree define the direction of a?, i.e.,

1

(6.6) al : all ; glII ; gV,
111 1

On the other hand, the basic scalars 4 and A are complex-conjugate,
1 2

A = . Hence, if we substitute into M(4) for A its complex conjugate
2 1 1 1

A, we obtain a matrix Mg(4) complex-conjugate to M3(4). Therefore,
2 2 1

the direction

(6.7) al : all ; gl ; IV
2 2 2 2

defined by the corresponding minors of Mg(4) is complex-con-
2

jugate to the direction (6.6). The remaining part of statement (5) is
obvious.

THEOREM (6.3). The factors of proportionality mentioned in
statement (1) of Theorem (6.2) may be chosen in such a way that

a) the basic vectors a*, a* are complex conjugates, the basic vectors
av, a® are real, 1 2

3 4
b) the basic vectors satisfy the conditions
(68) h,\,‘a"al" = h,\ﬂa"ai* = 1.

12 3 ¢

The basic vectors a* satisfying these conditions are defined up to
transformations i

‘@ = e, ‘@ = eWa¥
(69) 1 1 2 2
‘@ =€, a¥=éeVa’ (¢ =+1)
3 3 s s

where @, y are arbitrary veal scalars.
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Proor. The statements (a), (b) follow immediately from the
previous Theorem. The statement about (6.9) follows from (6.8).

AGREEMENT (6.1). Throughout this book we shall assume that
the basic null vectors satisfy the requirements (a) and (b) of Theorem
(6.3). :

ReMARK I. The vectors a4, 4” being complex conjugates, the

1 2

bivector zal?a is a real one. Moreover, the bivectors zal”aM, al? g,
1 2 1 2 3 4

both real, are totally perpendicular 1.

REMARK II. The first two equations (6.9) may be looked upon

as equations of rotation in the plane of the bivector zal*aM. The
12

angle of rotation is ¢, and the corresponding “isotropic’’ vectors of
this rotation are 4” and 4*. The last two equations represent a

1 2
“Minkowski rotation’’ in the plane of the bivector zal*ql 2 The
3 4

corresponding ‘“‘isotropic’’ vectors are the real vectors a4*, 4%, and
3 4

the angle of this “‘rotation” is y. All four equations (6.9) represent
a two-parametric group of motions, the parameters being ¢ and .

7. Basic vectors: Second and third class. Let us consider
first the case of the second class. Then (1.6)b holds so that we have
according to (6.1)a
(7.1) D =K2>0.

THEOREM (7.1). The basic scalars are 2, ..., A, given by
1 4

(7.2)a a=A=—A=V—-2K
1 2 for K >0
(7.2)b f=A=—A1=0
3 4
or
(7.3)a a=A=—21=0
1 2 for K <0
(7.3)b B=A=—2=+vV—-2K
3 4
1 I.e., every linear combination of a¥ and a is perpendicular to every
1 2
linear combination of a* and 4 (and vice versa).
3 4

2 followed by a reflection, if ¢ = — 1.
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In the first case as is real. In the second case B is real.

ProoF. The equation (6.4) reduces here to
(7.4) 22(22 + 2K) = 0.

The corresponding basic scalars are described in (7.2) and (7.3) in
accordance with (6.2). The remaining part of the Theorem is ob-
vious.

THEOREM (7.2). There is a one-parameter set of basic vectors be-
longing to the basic scalar A = 0. Among these vectors there are only two
distinct basic null vectors. T heir divections are real (complex conjugates)
in the case (7.2) (in the case (7.3)).

Proor. For A=0 the equation (5.1)a is equivalent to
(7.5) k,,a* = 0.

Hence, the matrix of k,, cannot have the rank four, for a¥ 7 0 1.
Since the tensor k#v # 0 is skew symmetric, we know from element-
ary algebra that its rank can be either four or two. Hence, in our
case the rank must be two. Therefore, there are at least two distinct
basic vectors a* and b” corresponding to the basic scalar 4 = 0.
Every linear combination

(7.6) AX = ya* + ub?

with scalars », u also represents a basic vector corresponding to
A=0, i.e.,

(7.7)a Ark,r = 0.

In particular, A” is a null vector if and only if » : 4 is chosen
according to

(7.7)b vzhaﬁa“aﬁ + 2v,u,hapa°‘b/3 + ,uzhaﬂb"‘bﬂ = 0.

Here we have to anticipate a later result 2 according to which
(7.7)b admits two distinct roots » : u. Thus, we have only two basic

null vectors, which are distinct and satisfy (7.7)a. The remaining
part of the proof will be given with the proof of the next Theorem.

THEOREM (7.3). There are only four basic vectors a* which satisfy
the statements (1) to (5) of Theorem (6.2). i

1 This follows also from =0,
2 Cf. Theorem (11.3).
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ProoF. Start with (7.2). Applying the last part of the proof of

Theorem (6.2) to this case we obtain two basic null vectors a, a*

1 2

whose directions are complex-conjugate. Denoting by a”, a” the
34

basic null vectors mentioned in Theorem (7.2), we have four basic
null vectors (statement (2)) which are defined up to arbitrary
factors of proportionality (statement (1)). Statements (3) and (4)
may be proved here in the same way as in the case of Theorem (6.2).

The directions of a”, a4” being complex-conjugate, and these vectors
1 2

being perpendicular to a*, a”, the directions of the latter vectors
1

3
must be real. The case (7.3) can be treated in a similar way.

THEOREM (7.4). The factors of proportionality of the basic null
vectors may be chosen in such a way that

a) the basic null vectors a”, a* are complex-conjugate, while the
12
remaining basic null vectors are real.

b) they satisfy the condition (6.8). 1

The basic null vectors satisfying these conditions are defined up to
the transformations (6.9).

The proof follows the pattern of the proof of Theorem (6.3).

AGREEMENT (7.1). Throughout this book we shall assume that
the basic null vectors satisfy the requirements (a) and (b) of Theorem
(7.4).

ReMARK. The bivectors zal?a? and al*a?l are always real and
12 3 4
totally perpendicular. A remark similar to Remark II (at the end of

Section 6) may also be applied to this case.
Let us now consider the case of the third class. Then we have
according to (1.6)c and (6.1)a
(7.8) D =K2=0.
The following two Theorems will be proved simultaneously.

THEOREM (7.5)a. In the case of the third class there is only one
basic scalay, namely

(7.9) A= ... =2=0.
1 4

1 We disregard the possibility of interchanging the two basic null vectors
which belong to 4 = 0.
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THEOREM (7.5)b. There is a one-parameter set of basic vectors
belonging to the basic scalar A = 0. Among these vectors there is only
one basic null vector, and this null vector is a real one.

Proor. The equation (6.4), which leads to basic scalars, reduces
according to (1.6)c to A4 =0, so that (7.9) holds. The equation
(7.7)b, which leads to basic null vectors corresponding to 4 = 0, will
be reconsidered later, where it will be shown 1 that in the case of the
third class this equation has two coinciding roots » : g, which, of
course, must be real.

REMARK. A detailed study of the third class will be undertaken
later on. 2

8. The nonholonomic frame: First and second class. In
this section we shall consider the first two classes. In both cases
we have a set of four linearly independent basic null vectors a”,

7
so that there is only one set of linearly independent covariant

(4
vectors 4, satisfying the conditions
j
(8.1)a a’ay = 0
i
(8.1)b aray = 6.
i

i
From now on ¥ will be termed basic contravariant vectors, while a,
i

will be called basic covariant vectors.
Let us put

¢
(8.2) A,” q:et ?”, A,\i d—_°_! a.

The functions 4,7, 4' may be looked upon as intermediate compo-
nents of the unit tensor &} of Xj. '

DEFINITION (8.1). The intermediate components AP, Ayt define a
nonholonomic frame of Xy4: If T}.. are holonomic components of a
tensor, then its nonholonomic components are defined by

(8.3)a Tiidt gs4p ... T} 3
1 Cf. Theorem (11.4).

2 Cf. Sections 12 and 13.
3 Cf. Scherrer, W., (1), (2).
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REMARK. An easy inspection shows that

(8.3)b T§ = Ap Al TR
THEOREM (8.1). The nonholonomic components
(8.4) hy= AP Aphy,, b= ANA I

are given by the matrix equation
01 00
(8.5) () = ) =g o O °
0 01O

Proor. The matrix of Ay expresses the properties of contra-
variant basic vectors described by Theorems (6.2), (6.3), (7.3) and
(7.4). The components 4% are obtained from
(8.6) hoh¥i = A AP by Ak A JHve

= A A fh WA = Ay A RS, = 5.

THEOREM (8.2). Denote by W and a the determinants of Ayt and A .

Then

(8.7) _ Aa = 1,
and

(8.8)a A=yVh , ., )
(8.8)b a=y/Vh v = sgn 2).

Proor. We have first

a= ewM,,Al‘"Ag#Aa"Aﬂ

A=A, 14,2434

On the other hand, we obtain from (8.4) and (8.5):

Det ((hy)) = a2h = 1

Det ((¥)) = A2Hh~1 =1,

while (8.1) yields (8.7). The equations (8.7) and (8.10) yield (8.8).
THEOREM (8.3). Thenonholonomic components of theindicators are:

(8.11)a Gkl = 41 833%h

(8.11)b eyt = 4! 5[%?%],

1 If m is a real number and M = im, then we define

8.9)

(8.10)

sgn M = sgnm
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and consequently the nonholonomic components of the pseudotensors

E“r and e, are:
(8.12)a Euk = 41 8iii5h
(8.12)b eykr = 4! 04 Y.

PRrROOF. Let y¢ be a coordinate system for which we have at a
given point P
-Bzi = A‘ ax” = j".
ox? ’ oy!

Then according to (2.1) (where we replace x*" by y%) we have at P
(8.13) @ikl == Y-1Er 4 1A JAKA L

On the other hand €#*! as defined by (8.13) are nonholonomic
components of “#% and (8.13) is equivalent with (8.11)a. The
equation (8.11)b may be proved in a similar way. The equations
(8.12) follow from (2.11), rewritten in the nonholonomic frame, and
from (8.10).

In the next Theorem we express the components 4,# in terms of
4,)t and vice versa:

THEOREM (8.4). We have

(8.14)a A = Ay g™

(8.14)b Ay = AP hiihy,.

Moreover, if i1 k1 is an even permutation of 12 3 4, we have:
(8.15)a A = yEorw 4 14k A,V

(8.15)b A = yegn, A AR AP VY.

Proor. Put
X 8 Ay Ihyhv
and multiply this equation by 4,f remembering (1.4). Then
XA = AJA Lyl = by W = -
Comparing this equation with (8.1) and (8.2) we obtain X¢ = A4¢*.

The equation (8.14)b may be obtained in a similar way. If i j £ /is an
even permutation of 1 2 3 4, then

a= evaAg“’Aj/‘AkaA;" = y/\/f)-
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and
dlna
044+

The equation (8.15)a may be obtained in a similar manner.

Aw‘ = = 7\/5 ewp.)wAf"AkAAly‘

REMARK. The equations (8.14) are equivalent to

2 1 4 3
(8.16)a @ =a, a=a’, a’=a", a =a’
1 2 3 4
1 2 3 4
(816)b a = ay, a=ay, ay=ay ay=a).
2 1 4 3

9. Continuation. All considerations in this section deal only
with the first two classes.

THEOREM (9.1). The nonholonomic components of Pk)* are

(9.1)a Dp,t = (1)106;'5,
so that
(9.1)b kg = ()P hs.

T
Proor. Our starting equation is equivalent to (5.5), ¢.e.,
9.2) APa> = Dk ar.

x x x

i
Multiplying this equation by a, and remembering (8.1)b, we obtain:

i
(A)Péi — (p)k""'al"av =
z z

= ORI AFAS = Dl
Lowering the index 7 we get (9.1)b.

THEOREM (9.2)a. The tensors hy,, Dky,, Pk and @k may be
expressed as follows:

1 2 3 4
(9.3)8. h’z\u = 2a<)‘am =+ 2a()‘a,‘),
z
(9.3)b D)y =Dz ()P apa”
z z
1 2 3 4
(9.3)c1 Pky, = 20P apay) + 267 apay, (p even)
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1 2 3 4
(9.3)ca (p)kAp = 2aPapa,) + 2ﬂ1’a[,\a,d, (p odd)

(9.3)d1 @R = 2apala”) + 28PaRa?,  (p even)

2 1 4 3
(9.3)de  @E? = 20palta?) 4 28PaRa%),  (p odd) .
2 1 4 3
ProoF. The equation (9.3)a is a transcription of
(9-4) Iy, = Axt A4, hy

by means of (8.5) and (8.2). In order to prove (9.3)b we start with
Dk = Zm,y (p)kzyAy"A)‘x

and substitute into this equation from (9.1)a. The remaining
equations follow from this and (8.16), (6.2), (7.2) and (7.3).

ReMARK. The equations (6.9) and their inverses may be
condensed to

(9.5)a 'A)“ == CJ‘A,\f
-1
(9.5)b A = CfAP
where
et 0 0 0
0 ete 0 0
1)) def
(9‘63) ((CI )) == O O 6’8_"& 0
0 0 0 et
ete 0 0 0
~1 0 et O 0
1)) det

The same equations (9.5) and (9.6) hold for the case of the second
class. '
The next theorem is an application of Theorem (9.2)a.

THEOREM (9.2)b. Let v* be an arbitrary vector. Then
¥ @k 4 2KvA @)y = — ko,

Proor. Starting with (9.3)b one obtains

x
Wy + 2K Oky = = (M + 2KA2)a, a*.
z x x
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Hence,

T
P @k + 2K Oy + kv? = Jz [A 4 2K22 + Elgya*v = 0,
x xz 4

for, A being a basic scalar, we have from (6.4)
M+ 2Kiz2 4+ k=0,
x x
THEOREM (9.3). If the momholonomic frame s subject to the
transformations (9.5), the nonholonomic components T3 of a known
tensor TX.. undergo the transformation
-1
(9.7) T = CClITE:.
In particular, the nonholonomic components of
- h)t/,u (p)k/\;u (‘Ew’th: € wpv EwP'M» Coupv
are tnvariant with respect to (9.5).
Proor. The equation (9.7) follows from (8.3)a, from
'TE = "A AT
and from (9.5). In particular, we have

-1 -1
'hay = C&Cylha.

Using (9.6) and (8.5) one obtains from this equation
(9.8) "hig = hy.

The invariance of the nonholonomic components of (P)k), may be
proved in a similar way, by means of (9.1). The equations (8.11) and
(8.12) show that @#/*i, Et7kl, and ey, eyx; are invariant with respect
to (9.5).

10. Construction of A, Ayt (First and second class). 1 In this
section we shall consider only the first two classes, so that according
to (6.2), (7.2) and (7.3)

(10.1) a2 — f2 = — 2vD < 0.
1 Cf. Hlavaty, V., (18), (19).
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Let us first prove the following

Lemma (10.1). We have

1 2 —

(10.2)a Cr¥aza, = 2yalvar vy
3 4

3 4 _

(10.2)b Gorvgya, = 2yalvarlVh
1 2

3 4 -

(10.2)c e,,,wil";l” = 2yag,a,)/ VY

1 2 —

(10.2)d Capry 0" = 2y 01,8, V.

Proor. Put

(10.3) Con 2 €0 a0
12

and denote by ¥ an arbitrary linear combination of 4 and a*. Then
according to (10.3) 1 2

vhe 0,

wp T

so that e, and ar,a,; are (totally) perpendicular bivectors. There-
fore, 1 2
3 4

(10.4) Cop = 2%a[,Ay),
where x has to be found: Using (8.8)b we first obtain

_ 3 4
ewuc;‘”fl‘ = y/Vh = 2xa[wa“];z[wizltl = %.

Substituting this value of x into (10.4) we obtain (10.2)c. The
remaining equations (10.2) may be proved in a similar manner.
In the next Theorem we use the following symbols:

— €13 =egq 21
(10.5) v ——3 —'V(}___i_f (=l= ——l)
1 2 3 4
v = —v¥y(=1=—2).
3 n 1 2
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THeOREM (10.1). Put

(10.6)a P v et (v + @k) 2V D
Yy
zy

(10.6)b wp det e,;,,Vf)y(vewM,,k" — _\7{) }.kw“)/4\/D

(xy = 12 or xy = 34).

Then
12 2 =z 34 4 2z
(10.7)a Py = ;z ama®, b) Py = 23:'2 aa¥
2
r Yy zy
(10.7)c PM = 2apa,, d) P¥ = 2a?am
vy x
and
xy x y
(10.8)a Qup = 2a1,a,1
12 1 2
(10.8)b M= a,at — a,at
1 2
. 34 3 4
(10.8)c W= a,a* — a,at
3 4
xy
(10.8)d Qur = 2qlwqgrl,
v x

ProoF. Substituting into (10.6)a for ®ky” from (9.3)b (for
$ = 2), we obtain by virtue of (8.1)a and (10.1):

P,\ — e,,,,[zz mﬂ w—u ) + zz a)\a” vy — M)]/Z\/D
z xY 3 z2 Yy
From this, remembering (10.5) and (10.1), we easily derive (10.7)a,b.
These latter equations, together with (8.16), yield (10.7)c,d. In
order to prove (10.8), we observe first that, according to (9.3)ce, d2
for p = 1 and because of (10.2)c,d, we have:

2y
(10.9) ’l’ew Avkky _—— A,kw =
z " VY v .
— 2 3 4 1 2
= ——— [2(ay + BA) Ao 3] + 2(ad + pv) a[wa“]].
\/f) -c v v z
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Using (10.5), (10.6)b and (10.9), one obtains (10.8)a. The remaining
equations (10.8) follow from (10.8)a and (8.16).

REMARK. The tensors P and Q are very important in the
zy
geometry of X4. The tensor P,” is the unit tensor of the non-

w
holonomic two-dimensional variety spanned by the tensor field Q”*”.
Both tensors are expressed in terms of basic vectors; however, thesr
construction does not require the use of these vectors. On the contrary,
they enable us to construct basic vectors. In order to perform this
construction we need the following

THEOREM (10.2). Put

1 12 12
1:5,\"=E ot (Py + Qy)/2
2 12 12
Ey =Ey L (Py — Q)2
(10.10) 3 34 34
f:: = Ey’ & (Py + Qy)/
4 34 34
f = Ey & (Py — Qy)/2.
Then
x x
(101]) E,\”=EA"=a,\a", rx=1,...,4

The proof follows from (10.7)a,b and (10.8)b,c.

T
THEOREM (10.3). (Construction of the basic vectors). Let u* (uy)
be four arbitrary vectors such that e

(10.12) WEY £0  u,Ey #0.
£ T

x
Let p, p be arbitrary scalars related by
x

MAE,\“MFE#B}L“B = l/pp
t ot zt

z 2

z2 2z t t zt
(10.13) MAEaAM#Eﬁ“haB= l/PP

(2t = 12 or 2zt = 34).
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Then
pu)‘E,\" =a’
(10.14) Ew N
rxxr x
pqu,\” = a.

Proor. Denoting, as usual, by v# the nonholonomic components
of a vector v”, we obtain by virtue of (10.11):

(10.15) WAE)Y = u%a’.

r x r x

The condition (10.12) shows that ## £ O, so that according to (10.15)

x
wAEy* is proportional to the basic vector a*. Therefore, among all

xr z x
products
MA E)\“ uk EI-'-B haﬁ
(10.16) zz t ¢
(2,t=1,...,4)

only two are different from zero, namely the products (10.16) for
zt = 12 and zt = 34. Therefore, the first of equations (10.13) is
not meaningless, and the vectors pu*E)” satisfy, according to
(10.13), the relation re @
Tz T Yy v

for x, y =1, ..., 4, where hyy is defined by (8.5). Hence, these
vectors are basic vectors. A similar method may be used to prove
the second equation (10.14).

ReMARK I. According to (8.2) we could have written in the last
i
three Theorems A", 4)f instead of a*, a,.
i

x
ReMARk II. The vectors ”(u)) involved in the last Theorem

. x
need not be linearly independent. Thus, in order to obtain #* and a*
1 2
we could have used one vector #* = ¥ and so on. In any case, we
1 2
are able to find the nonholonomic components v% (w,) of a vector

v¥ (»,) without actually computing the basic vectors from (S.1)a:

zT T
(10.17) v = Pu,pEy, w;=w,urpE,".
T T
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ReMARk III. For our later purposes Theorem (10.2) is much
more important than the last Theorem. In the second Chapter we
shall deal with situations where Theorem (10.2) will be very often
needed. We shall exhibit at least one example of such a situation
here.

ExampLE (10.1). Let K be a given vector and f a set of given

x
scalars. A new vector S, is defined by means of its nonholonomic
components

(10.18) Sz = fo.
x

One has to find the components S,. From (10.18) we obtain
(10.19) Sy = D2 Sz4)% = Dz [KzA)* = D= fEyK,,.
Therefore, if we put ’ N
(10.20) 2V, def (o3[ — acz(:{ —|—4]‘) + ﬂz(lf + g)]

— ®kelf + = — (}2VD

+ Vo { cwpsal B — B(f — ) + alf — ]
1 2 3 4

+ 2 - alf — ) + B — 1} 4D,
1 2 3 4

2
we have by virtue of (10.19), (10.10) and (10.6)
(10.21) S, =Yy K,

11. Digression on line geometry.l Consider a point O of
X4 and the following transformations at O:

v =,  wy =cw,

(11.1) ( y,de,(axv') vde,( Bx") )
o= 8x" 0 o= ax’\l 0 ’

The underlying space for the group of centro-affine transformations

1 In this section we assume a knowledge of the elements of line geometry.
The reader not familiar with this topic will find a sufficient introduction to
it in Appendix III.
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(11.1) is the linear tangential four-dimensional space T4 of X4 at O.
Denote by Pjs the ideal three-dimensional space of T4. It is a pro-
jective space, where v” are homogeneous projective coordinates of
a point and w), are homogeneous projective coordinates of a plane.
Then (11.1) may be looked upon as a group of projective transfor-
mations in Pjg.

The space Pj is endowed with a quadric H whose projective
homogeneous plane (point) coordinates are h,\#(h"l‘). The relation-
ship between a point v” and its polar plane v, with respect to H is
given by

(11.2) =My, v, =k,

Therefore, these equations must not be regarded as defining the
raising or lowering of indices in P3! The operation of raising or lowering
indices in Pg will be performed by means of E“# or ¢, and will
apply to skew symmetric quadratic tensors only. Thus, for instance,
if aM, b, are two such tensors, we define ), and b* as follows:

(11.3)a By = 30y @,  BW = JEMerp 1
Let us stress that

(11.3)b g)‘l‘ = }EMovg, = JEMere,  paf = oM,

and in a similar manner

(11.3)c b = by

Every skew symmetric quadratic tensor defines a linear line complex
(for short, a complex) in Pg. This also holds for the tensor %,,: The

1 The following explanatory remarks have to be added:

(1) In Appendix III we raised or lowered the indices by means of
EwuvA and euu)\, Because the coordinate transformations were restricted to
projective ones with the determinant equal to 1, the indicators became
tensors which we denoted by I wpdv and iw[u\v‘ However, here we do not
restrict our transformations (11.1) and have at our disposal the tensor 4,,,.
Therefore, we may use the pseudotensors E and e instead of I and 4. Since the
components of tensors @ and b are homogeneous projective coordinates in Pg,
we may multiply them by an arbitrary factor without changing the geo-
metrical significance of ¢ and b in Psg,

(2) We have to underline the kernel letter here whenever we raise or lower
the indices in P3 by means of E and e. This is necessary in order to avoid
confusion with the operations described by (11.2).
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corresponding complex is a three-parameter set of lines whose
Pliicker point coordinates $* are related by 1
(11.4) Fpup™ = O.
Besides the complex k,, we also have a complex #* whose plane
coordinates are

Eum. = %ewp./\vk)w'

The main scope of this section is the investigation of the relationship
of the complexes £,,, and k.

THEOREM (11.1). The complexes ky, and k* are polar conjugates
with respect to H: To every ruling p* of k), theve corresponds a ruling
Do Of kM, polar conjugate with respect to H and vice versa.

PrOOF. Consider a ruling p of k,,, so that (11.4) is satisfied. The
ruling p*is defined by any two of its arbitrary distinct points v* and w”

P = 207,

Its polar-conjugate line is the intersection of the polar planes

v = v, wy, = hy,w”,
i.e.,
(11.5) Pru = 200, = 2y, gvI*0P]
= h,\ahyﬁpaﬂ,
On the other hand, (11.4) is equivalent (in X4) to
(11.6) Py =0,

so that ¢, given by (11.5) is a ruling of 2% in P3. On the other hand,
if we start with (11.6), we obtain (11.4) for

P = poghe b,
Let us now investigate the geometrical significance of
(11.7)a k=0
(11.7)b K=0.2
1 We know that a necessary and sufficient condition for p» to be a line is
CuntP P = 0,
and this equation is equivalent to

Pupt™ = 0.
2 Cf. (1.5)b,c.
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THEOREM (11.2). A mecessary and sufficient condition for the
complex k,, (") to be a special one is: The tensor k,,, does not belong
to the first class. If this condition is satisfied, then k., (k") is the axis of
the complex k,, (k*).

PRrROOF. A necessary and sufficient condition for the complex %,
to be a special one is

(11.7)c Eawp, by, =0,

and this equation is equivalent to (11.7)a (Cf. (2.10) and (1.5)b.)
On the other hand, (11.7)c is a necessary and sufficient condition
for &, to be a line. Hence, if (11.7)c is satisfied, the complex &,,, is a
special one, and &,,, are also the coordinates of its axis. The proof for
& follows from

Emﬂhy@wp.@/\v == eapysk“BkVS = — Eaﬁyskaﬁk,ys

and from (11.7)c.
The following two Theorems will be proved simultaneously:

THEOREM (11.3). If k,, belongs to the second class, then the axes

B kN of the special complexes are polar conjugates with respect to H
and are skew. Therefore, each of them intersects H in two distinct points.

In particular, if K > O, then the axes k,,, kM are given by the Pliicker
coordinates

A, @, and al®arl, 1
1 2 12

while for K < O these axes are given by the Pliicker coordinates

ai,a,) and al“arl, 1
3 4 3 4

1 g, is the polar plane (with respect to H) of the point a®, This latter
i i

point being a point of H, the plane g, is the tangential plane of H at a®.

i i
Hence, z:[w;zm (‘;twjm) is the intersection line of the tangential planes ;zw,gw
(@ a“), and as such, it is polar-conjugate with respect to H to the line al®ghl
3 4 12
(a'warl). In other words, z:[w;z"] ((;[w;zl‘]) is identical with the line a;‘“’c:#l
(afwar)), This is the geometrical interpretation in Pj3 of lowering and raising
1 2
of indices of skew symmetric quadratic tensors by means of ¢, v and Ewplv,
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TueoreM (11.4). If k,, belongs to the third class, then the
axes Ry, k™ of the special complexes are polar-conjugate tangential
lines of H. Therefore, they intersect H in their common point.

Proor. The polar-conjugacy of &, and k" is obvious. A neces-
sary and sufficient condition that these two lines meet is

O=Ew")mkwy.khv = 2kapkaﬂ = 8K.

Hence, in the case of the second class these polar-conjugate lines are
skew, and therefore, each of them intersects H in two distinct
points. 1 The remaining part of Theorem (11.3) follows from (9.3)cs,
(9.3)dg (for p = 1) and from (7.2) and (7.3). If, however, the tensor
k,, is of the third class, then (11.7)a,b hold, and the polar-con-
jugate lines %, and 4 meet. Therefore, they have to be incident
with a tangential plane of H. The signature of H being (+ + + —),
this quadric is a non-ruled one and non-degenerate. Consequently,
neither one of the lines kwﬂ, k* could be a ruling of H. Therefore,
they are tangential lines of H and meet in a common point of H.

TuEOREM (11.5). In the case of the first class the complexes k,,
and k¥ are gemeral omes and intersect in a hyperbolic congruence,
whose axes are

(11.8) alwarl and al®arl,
1 2 3 4

Proor. The generality of the complex %, (k™) follows from
Theorem (11.2). Moreover, we may usc the equations (9.3)cz and
(10.2)a,b to find the homogeneous coordinates 2* to be

(11.9) aala?l 4 Balra’l,
3 4 12

while (9.3)da shows that the homogeneous coordinates £ may be
written

(11.10) aala?l 4 Balra?).
12 3 4

Hence, both complexes belong to a one-parameter set of complexes

(11.11) Aa*a”1 4 Bala]
12 3 4

which all intersect in the congruence mentioned in the Theorem.

1 Cf. (7.7)b.
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We already know the geometrical significance of the equations
(11.7). In the next Theorem we shall find the geometrical role
played by the scalars %, K.

THEOREM (11.6). Let k,, be of the first class. Then the projective
angle O of the complexes ky, and k™ is given by the following equation:
o

(11.12) ®=1In—,
B

where o, B are defined by (6.2).

Proor. Every complex in the set (11.11) is defined by its
projective coordinate A : B. In particular, this coordinate is

B : a for k¥
«: B for B
(11.13)
1:0 for al*a”
12
0: 1 for ala.
3 4

The projective angle @ of £, and k» (or, which is the same, of £
and &™) is
(11.14) ®=3InTl,

where I' is the cross ratio of the four complexes (11.13) (z.e., the
cross ratio of their coordinates 4 : B). A simple inspection shows

2
Ir= %2—, so that the equation (11.14) reduces to (11.12).1

ReMmARk I. We know that two complexes intersecting in a
hyperbolic congruence are projectively orthogonal 2 if their pro-
jective angle is equal to + ¢m/2. It may be easily shown that this
happens for the angle (11.12) if and only if K = 0. This is the geo-
metrical interpretation of (11.7)b for the case when k., is of the first
class.

ReMARK II. Theorem (11.5) is a starting point for spinor algebra
and spinor analysis of g),. (Cf. Appendix II.)

1 The geometrical interpretation of the projective angle of two complexes
is given in Appendix III.
2 Sometimes they are called complexes in involution. Cf. Debever, R., (1).
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12. Nonholonomic frame: Third class. The considerations
of the previous section enable us to introduce a nonholonomic frame
even in the case of the third class. We shall first operate in the space
Pg and shall use the following abbreviations: The line %,,, will be
denoted by L; its polar-conjugate line (with respect to H) will be
denoted by L*. These two lines are tangential lines of H and meet
in a point of H (cf. Theorem (11.4)) 1. Moreover, we denote by M an
arbitrary line in the plane (L, L*), not incident with the point
(L, L*), and we denote by M* its polar-conjugate line. The line M*
is obviously incident with the point (L, L*) (because its polar
conjugate is incident with the plane (L, L¥*)).

THEOREM (12.1). There is a two parameter set consisting of four

linearly independent real points a*, ..., a¥ which have the following
properties: 1 4
a) a”is the point on H where L, L* and M* meet. a* # a¥ is the
4 3 4

intersection point (L, M), a® is the intersection point (L*, M), and
2
finally, a* # a” is the other intersection point of M* and H.
1 4
b) These points satisfy the relations:

(12.1)a NN
1 2
(12.1)b Ak = a
. 2 4
(12.1)c Ak =0 (f = 3,4).
!
c) If we put
(12.2) hyy & hA,‘?M;#.
then
0 0 0 —1 2
0 1 0 0
—1 0 0 0

Proor. The existence of points @A, a* which satisfy (12.1)c
3 4
1 See also Cahen, M., (1).

2 Note that (12.3) holds for the ¢4ird class, while (8.5) refers to the first two
classes.
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and h4q = O, hg3 % O is assured by Theorems (11.4) and (7.5)b. The
factors of proportionality of these points being arbitrary, we choose
the factor of a” in such a way that kgg = -+ 1 1. The Pliicker plane

3
coordinates of L are k,,, and because L* is polar-conjugate to L,

k. is proportional to ag,,a,, i.e., k,, is the intersection of the polar
4 2

planes a,, a, of the points a®, a®. Let us choose the factor of pro-
4 2

4 2

portionality of a” in such a way that
4

(12.4) — Ry = 201,8,).
4 2

Then we have

12.5 — a®k,, = (a¥a,)a, — (a*a,)a,.
(125 2 ¥ (24)2” (22)4”

The point a® is incident with L*, which is incident with a,,. There-
4

2
fore, if we use the fact that a” is outside of H, we may choose its
2

factor of proportionality in such a way that kg2 = + 1, and con-
sequently, (12.5) reduces to

Y

“Rop = @
4

~

which is equivalent to (12.1)b. Moreover, multiplying (12.4) by a®
1
and remembering that 4” is incident with M* which is the inter-
1
section of a, and a,, we obtain

2 3
(12.6) — a*k,, = (a®a,)a, — (a¥a,)a
o (1 4w)2" (1 2)4“

= (a%a,)a,.

(1 4“')2”

The point a« is on H, i.e., k11 = O, so that we are still free to choose

1
its factor of proportionality. If we choose it according to 414 = — 1,
the equation (12.6) reduces to
12.7 a*k,, = a,,
(12.7) 4 Ry = 4y

1 The point a* is outside H; therefore, 433 cannot be negative.
3
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equivalent to (12.1)a. The factors of all points a” are now fixed,

i
and the remaining numbers Ay result from the location of these
points on polar-conjugate lines L, L* and M, M*. The only arbitrary
line of these four lines is the line M in a,. Therefore, the set a”
described in a) is a two-parameter set. * @

ReEMARK. The factors of proportionality of the points a” being
i
fixed, we may interpret a” in X4 as components of four linearly

v
independent contravariant vectors: a” and 4” are null vectors, and
1 4
a” and a” are unit vectors. Although only 4” and «” are eigenvectors
2 3 4 3
of k)?, we shall call all four vectors basic vectors, keeping in mind that

a’ and a¥ are not eigenvectors of ky*. The vectors a” being linearly
2 1 i

independent, we may define the corresponding set of covariant

1
vectors a) by means of (8.1). Then, of course, we may use (8.2) as a
definition of the nonholonomic frame and apply Definition (8.1).
In particular, Ay defined by (12.2) and satisfying (12.3) are non-
holonomic components of %),. The nonholonomic components 4% of
kv are defined by

(12.8) W = ANtA IR
and satisfy the condition
(12.9) (b)) = ((A4)), 1

which will be used later.

THEOREM (12.2). Denote by N and a the determinants of A)t and
A, Then

(12.10)a Aa =1,
and
(12.10)b A = Vo), a=y/V|[h,y=-sgn.2

The proof based on (12.2), (12.3), (12.8) and (12.9) follows the
pattern of the proof of Theorem (8.2).

1 This condition follows easily from
hyyhtk = &,

2 Y and a are real for the third class.
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THEOREM (12.3). The components A, At satisfy (8.14). Moreover,

if 1jkl is an even permutation of 1 2 3 4, we have

(12.11)a A = yBord 4,1 A\k A,V 5]

(12.11)b At = ye o, AP AR APV

The proof is similar to the proof of Theorem (8.4).

wpAv

REMARK. The relations (8.14) are here equivalent to

1 2 3 1
=—a, =a, a=a,a=—a
1 2 3 1
(12.12) ) 9 3 s
A= —ay, & = q), A, = a4y, a4 = — 4.
4 2 3 1

13. Continuation. The considerations of this section concern
only the third class.

THEOREM (13.1). The nonholonomic components ki, kyy and kY are

(13.1)a k12 = ket =1, the remaining k =0
(13.1)b kig = — ko1 =1, the remaining ky = 0
(13.1)c k4 = — k24 = — 1, the remaining k¥ = 0,
The nonholonomic components Pk, (Pky;, and (PkY are
(13.2)a P4 =8  the remaining PkJ =0
(13.2)b Dk = — 82 the remaining Pky =0
(13.2)c PR = — §8 the remaining PEY = 0.
=23, ...

The proof of the first half, based on (12.1) and (12.3), is similar to
the proof of Theorem (9.1). The proof of (13.2) follows from (12.3),
(13.1) and (3.8).

THEOREM (13.2). The tensors hy,, Pky,, Dk and Dk’ may be
expressed as follows:
14 2 2 33
(13.3)a hy, = — 2apa, + ;a, + aa,
2

p=12 ...

1 1

(13.3)b Dk = 6P(ara® + aya®) + Baya® 1
2 4 4

1 See also Kilmister, C., (1).
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2 1 11
(133)c Pk, = — 280apa,) — Sfara, s
13.3)d @k" = — 28Pala’] — 2 ada. T
'eoe "4

Proor. We have

i
)

Substituting into this equation from (13.1)a and (13.2)a we obtain
(13.3)b. The remaining formulae may be proved in a similar way.

THEOREM (13.3). Let a* and 'a¥ be two sets described in Theorem

7
(12.1). Then the corresponding nonholonomic frames A, A)t, and ‘A,
'A)t are related by the formulae

-1
(13.4) a) 'A,\‘ = CjiAl\j b) 'Aj" = j’Az”
with
. €
€ #ucosv wusinv 3 u2
-1
(13.9al (CH)=|1o € 0 % Cos v
0 0 e €e'u sin v
0 0 0 €
and
, . eu?
€ — U COSV — €€ USIN v 5
(135b (CH)={1{o € 0 — ucosv ,
0 0 € —usinv
0 0 0 €

where ¢, € = 4 | and u, v are two arbitrary parameters.

ProoF. According to the description of the set a” in Theorem

i
(12.1), any other set ‘a” satisfying the conditions of this Theorem
/)

1 In (13.5)a,b the subscripts denote the rows; the superscripts indicate the
columns,
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is related to a” by means of the following equations:
i
‘a¥ = Aa® 4+ Ba® + Ca® + Da®
1 1 2 3 4

‘a¥ = Ea¥ + Fa¥
2 2 4
(13.6) ‘@ = Ga® + Ha¥
3 3 4
'a¥ = Ia?,
4 4
where the coefficients 4, . . ., I may be obtained from the invariance

of hyy, iy with respect to (13.6). 1 In this way we obtain (13.5)a, while
(13.5)b follows from (13.5)a and

-1
CilCjt = 6t
ReMARK I. It is easy to see that the nonholonomic components
T;: of a known tensor transform under (13.4) according to

-1
(13.7) 'Ti = CitC, viTE:.
In particular, Ay, k%, and k4 (as well as nonholonomic components

built up from these components) are invariant with respect to
(13.4) and (13.5).

ReMARk II. It is interesting to compare Theorem (9.3) and the
statement of the previous remark. In both cases we have a two-
parameter group of transformations. But there the analogy stops.
The difference may best be described in terms of the geometry of
the space P3. In the case of the first two classes the group of transfor-

mations leaves the tetrahedron 4”a*a”a” invariant. In the case of
1234
the third class only a point (i.e., @), its polar plane (i.e., @), and two
4 4

lines L and L*, incident with a) and a?, are left invariant.
4 4
The theory of nonholonomic frames as developed here will be the

most useful tool in dealing with the problem B (Cf. the next
chapter).

14. The tensor */*. In this very short section we shall consider
an application of the theory of nonholonomic frames. The result
will be needed later.

1 This invariance is evident from (12.3) and (13.1)b.
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THEOREM (14.1). The tensor *h™ as defined by (3.9)a. is of rank
four.

ProOF. Assume first that £), is not of the third class. Then, ac-
cording to (9.1)a and (10.5), we may write for the nonholonomic
components *i;t of *hy’ = *h*h,,

g *hy! = 8i(1 + 2K) + 822 =
T

= &1 — 12).

x

On the other hand, by virtue of (1.3)a,
(1 —92) (1 —92) (1 —92) (1 — »2) =
1 2 3 4

= [(1 — o®) (1 — 32 = g2 0.

Hence, the factor 1 — #2 is always different from zero, so that the
x

rank of *4,7 is equal to four. By the same token, the rank of *#* is
equal to four.

Assume now that %), belongs to the third class. Then we have
according to (3.9)a and (13.2)a

\

— O O
—_ 0 O —

1 0
0 1
((*h‘ij)) = 0 0
0 0

o

Hence, even in the case of the third class the rank of *%; and,
therefore, the rank of *4#* is equal to four.

15. The tensor fy, 1. In this section we shall investigate the
tensor field which will later be identified with the electromagnetic
field 2. In the definition of this tensor we shall use the quantity o
defined in the introductory section.

THEOREM (15.1). Put

a —
(15.1) hy & — 5 enag*EBV |g.

1 Cf. Hlavaty, V., (13).
2 Cf. Hlavaty, V., (13), (15), (17), (20); Todeschini, B., (1); and Ikeda,
H, (2).
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Then f,, is a tensor, and

(15.2)a he = — [V kI Ery — 3r,up k2]
Ve
(15.2)b P = T (VR B+ JEWeBR ).
Ve

PrROOF. Multiplying the pseudodensity V'|g| by ¢ we obtain a
density (of weight -+ 1). Therefore, f,,, as defined by (15.1), is a
tensor. Substituting from (3.9)b into (15.1) and using (2.2)c and
(1.3)b, we obtain

o — K -
f/\v = - _2_6_ e)vaﬂ\/lgl [bkaﬂ + ? \/f (&wl‘mﬁkwy:l

ag

= ——— [hkBeyup + 26VEE,]
2V/g| g

= = [V [kl B, — $raph]
Vg

The equation (15.2)b follows easily from (15.2)a and (2.13)b.
Let us denote by § the determinant of f),, and by f the scalar

(15.9) =ail}
THEOREM (15.2). We have:
(15.4) a) f=1%, b) f==k.

Proor. Using the method of the proof of Theorem (2.3) we first
obtain

(15.5) 64f = (Gm¥f,, f,)2.

On the other hand, we get from (15.2)a

(15.6) gGwrdf, fr, = |k|GoM¥E,, Ry,
— eV || GrW ey, 0k, BB + FEHM (Bl e, 0er, s KB RYS =
= — 8VIk[l + 2K + k] = — 8xgVL.

Comparing (15.5) and (15.6), we obtain (15.4)a. The equation (15.4)b
follows from (15.4)a and (1.5)b.

THEOREM (15.3). The equation (15.2)a admits a unique inverse
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solution :

Vz
=~ gf [Benep® — oV ]

((P d;i‘t sgn @ww\”prflv)' 1

(15.7) Ey

ProOF. Assume that %), belongs to one of the last two classes.
Then 2 = 0, and according to (15.4) we also have f = 0. Then (15.7)
is obviously the inverse solution of (15.2)a. Assume now that &,

belongs to the first class, so that f& # 0. Then we see from (9.3) and
12 3 4
(15.2) that fy, is a linear combination of ap)a,;and ap)a,). Therefore

we may put

(158) kt\v = ae/\vaﬁfaﬂ + bf/\w

where 4 and b are to be found. Substituting from (15.8) into (15.2)
and using (2.12), (2.13), we see that by (15.4)b the resulting equation
is an identity if and only if

o Vg

2 1—f
Vg
11—
Substituting these values into (15.8) we obtain (15.7).

In the first section (Definition (1.1)) we defined the class of &), by

means of £ and K. We could adopt the same definition of the class of
fru» using f and

b= — eVfl.

4F 1 f 1B,
Then the following Theorem holds.

THEOREM (15.4). The tensors ky, and f), are of the same class.
Moreover, they have the same set of basic null eigenvectors. 2. 3

1 Since f< 0 we always have f#1. Moreover, from (15.6) we see that
Q= —x

2 According to our definition of basic vectors in the case of the third class
(Cf. Remark following the proof of Theorem (12.1)) there is only one basic
null vector, namely a, in this case.

4
3 Cf. also Séenz, W., (1).
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Proor. First we obtain from (15.7)

(15.9)a 4K — — (—1%)7 [4(1 + /)F + 8fl.

Assume first £ £ 0. Then we also have f 7% 0, and consequently,
both tensors belong to the first class. If, however, £ = 0, then we
also have f = 0, and (15.9)a reduces to

(15.9)b K = — gF.

Hence, if %), belongs to the second (third) class, the same holds for
fr. and vice versa. Moreover, the equation (15.2)a reduces in this
case to

(02
(15.10) he = — —= pu8k°B.
2/ P

Assume now that ), is of the third class. Then we have according
to (13.3)d

(15.11) By, = —— ey ogataBar = 0.
4 Vg 42 4

Hence, @” is also the null eigenvector of f,,, and since f,, is of the
4
third class, it is the unique null eigenvector of f,,. Assume now that

ky, 1s of the second class and that K > 0. Then we have according
to (7.2), (9.3)ds and (15.10)

g

Ay, = — ——=eyapaafar =0, ¢ =1, 2.

q ’\/g 21 ¢
(15.12)

arfy, = — o enega®abar, h =3, 4.
Vg 2 11
We know from Theorem (8.4) that
Ervapa®ab @
2 1h

hl
is proportional to a, = a,, (k, #’ = 3, 4; b’ # h). Hence, according
h
to (15.12), the basic null vectors of k), are also null eigenvectors of

fyw- The same method used in the case K < O leads to the same

result (the pairs 4*, 4 and a”, a” interchanging their roles).
1 2 3 4
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Assume now that ), is of the first class. Then we see from (9.3)dz
that

(15.13) 7 eruphPad = o[ue)ga*aPa® + Pey,,ga*abal].
2 % 21 u 4 3 u

Hence, according to Theorem (8.4) the vector (15.13) is proportional

u
to a,, where ' % wand u, ' = 1, 2 or u, ' = 3, 4. In other words,

the left hand term in (15.13) is proportional to ,. Therefore, we see
u
from (15.2) that a*is also a null eigenvector of fy,. This tensor being

u
of class one we have only four corresponding null eigenvectors.
Hence, both tensors k), and f,, also have the same set of null
eigenvectors in the case of the first class.
In the next Theorem we shall use the scalar

(15.14) e=1+42F + {.
THEOREM (15.5). If

(15.15)a 1+f+#0,1

then ¢ > 0, and
Vg 1

15.16 -

1516 —7 " Vs

so that (15.7) can be written

6 S—

(15.17) ky = A [3enapf™® — @V Fpl-

Proor. Substituting from (15.9)a and (15.4)b into (3.3)b, we
obtain:

1
1519  gfi+ S AR+ D + o1} =1+ 1.

If 1 4 f=0, then the factor of g in (15.18) is equal to zero. If
f+ 1 #0, then (15.18) yields

(15.19) g= Q:é—’i)i

1 The case 1 + f = 0 is considered in Hlavaty, V., (13).
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This equation shows that ¢ > 0. Therefore, we obtain from it
(15.16). The remaining part of the Theorem is obvious.

AGREEMENT (15.1). Throughout this book we shall assume

(15.20) E+1+#0.
NoTE. Remembering (15.4) we obtain from (15.20)
(15.21) f+1s0.

This concludes the necessary algebraic prerequisites for the
subsequent investigations.



CHAPTER II

THE CONNECTION Iy,

PART 1

The case of general n

Introduction. ! 2 A set of functions I'y”, with the transfor-
mation rule

oxY (8x5 oY 0232 )

W Iw = o o 67+ oo

is termed a connection, and I’,\”# are its coefficients. Thus, for in-
stance, if I’,\”F are coefficients of a connection, the same holds for

(2 A, BTy (= 3TW. + I2),
while
3) S LIy (= 3W. — I,0)

is a tensor, called the forsion temsor of the connection Iy”,. If
Sy’ = O, the connection is called a symmetric one.
If v¥ (w)) is a vector, then

(4) D, v %3, v* + Iy, v

D,w), ¥ 8, w\ — I'\*,w,

0
det 7
(a"‘ = Bxi‘>

is called the covariant derivative of v* (w)). D, is a symbolic covariant
vector, called the symbol of the covariant derivative with respect to
I'y?,. The application of D, to more general tensors follows the

1 In this part of the second chapter we shall deal with the case of general
n > 1. In other words, the restriction » = 4 is dropped. Of course, all the
results are also valid for » = 4.

2 The results of this nart are taken from Hlavaty, V., (7).
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pattern of (4). Thus, for instance,

(5) Dwghy. = awg/\y. - F/\awgay. - Py.mnga-
If e is a density of weight w, then
(6) D,e=0,e —wl e

is its covariant derivative. D e is a covariant vector density of
weight w. 1

The formulae for the covariant derivatives of pseudotensors or
pseudodensities are the same as for tensors and densities.

A particular case of a symmetric connection is the connection
whose coefficients are the so-called Christoffel symbols

7) () 8 3 (Oa oy, + B hp — Oulpy)-

The covariant derivative with respect to {*,} will be denoted V,.
The connection {)*,} has the property

(8) Vw h‘)p, det aw hA/,L - {Aaw}hay - {;,Law}h’ka = 0.

As a matter of fact, this equation is used in the gravitational field
theory for defining the Christoffel symbols.

1. Analogy to the gravitational field theory. In the unified
field theory the role of the basic tensor is no longer played by #,,,
for we have here the non-symmetric tensor g,,. Therefore, it would
seem natural to follow the analogy of the gravitational theory in
defining the unified connection I'y”, by an equation corresponding to
(8) of the Introduction, 7.e., by

(11) Dwgkp. (l_i_t awghp, - Phawgmy. - P;Lawgha = 0.
However, this equation imposes a heavy restriction on g),:

THEOREM (1.1). A mecessary condition that (1.1) admit a solution
I'y, is: The scalars g and k, defined by 1 (1.5) 2 are constant.

1 The same holds for each of the following expressions:
g —wlh *e
g8 — wd,Me.

However, if S"l‘ﬂ # 0, only (6) is consistent with (4).
2 Here and 1n subsequent references we shall use the Roman numerals I,
II, III, ..., VI to indicate the first, ..., the sixth Chapter.
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Proor. First one obtains from (1.1)

(1.2)a D, hy, =0

(1.2)b D, ky, =0,

so that, in particular,

(1.3)a *wD, g, =0,Ing— 2, =0
(1.3)b WD, hy, = 8, Inf) — 2I'*, =0,
Hence,

0,Ing=20,In}.

Integrating this equation one gets g = const. If 2 = 0, then our
Theorem is proved. If & # 0, then there is a unique tensor A% =
k1 such that

Pk, = B2k, = 6,"‘
and consequently, (1.2)b gives
(1.3)c Dk, =8,Int — 2>, =0.
The equations (1.3)bc lead to & = const.

Note. Later, in V, we shall see that a function of g may be
identified with the gravitational function! (which in the gravi-
tational theory reduces to a constant). Hence, in using (l1.1) to
define I'y,, we restrict a priori the generality by assuming that the
gravitational function reduces to a constant. This is a strong
restriction from the physical point of view. Therefore, we shall not
adopt the equation (1.1) as a starting point. 2

2. The tensors D,g,, and D, *g™. Instead of using (1.1) we
shall adopt Einstein’s condition for defining the connection I'y,,

1 Gravitational functions appear in Jordan, P., (1), (2). Cf. also Heck-
mann, O. — Jordan, P. — Fricke, W., (1); Hoffmann, B., (4), (6); Havli¢ek,
F., (1); Nariai, H., (1); Just, K., (1), (2), (3).

2 Other possibilities for defining the connection I)*, are considered in
Stephenson, A., (3). Cf. also Santalo, L., (2); Kilmister, C. — Stephenson,
A., (2), (3); Winogradski, J., (1)—(4); Tonnelat, M., (4), (9); Bertotti,
B, (1); Bandyopadhyay, G., (2); Cf. also Eisenhart, L. P., (2), (3), (4); Hély,
J., (1); Pastori, M., (1); Singh, K, (1); Arnowitt, R., (1).
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i.e.,
(21)3' awgkp. - I')«awgap. - Fwap.gha =0.12

This system represents #3 nonhomogeneous linear equations for
»3 unknowns I'y*,. Hence, if this system admits a solution (which is
not always the case as we shall see later), it could be obtained by an
elementary algebraic device, at least for a fixed »#. 3 What we are
looking for in this part of the second chapter is a device which
yields I'y?, in a surveyable tensorial form for any . Finding such a
device is by no means an easy task.

In subsequent considerations we shall denote by D, the symbol
of the covariant derivative with respect to the connection defined in
(2.1) and by S,,” the torsion tensor of this connection. The following
Theorems will be proved simultaneously:

THEOREM (2.1). The condition (2.1)a is equivalent to

(2.1)b D, gy = 254u* 8o
and this system can be split into

(2.2)a D,k = 2S,,*8Na
(2.2)b D, k), = 2S 1,8\

THEOREM (2.2). The tensors D,gy,, D,hy, and D, k), satisfy

1 Compare the order of the indices w and x4 in (1.1) and (2.1)a. This order
dates from a previous attempt by Einstein. Cf. Einstein, A., (1), (2); Hlavaty,
V., (10).

2 These equations may be derived from a variational principle. Cf. Schro-
dinger, E., (1), (2), (4); Lichnerowicz, A., (2), (3); Tonnelat, M. A., (1), (13).
In Einstein, A., (6) (Appendix II), they appear as a result of the so-called
“pseudo-Hermitian’’ symmetry (see section 4). Later, Einstein, A., (7), (8)
pointed out that these equations may be derived from a variational principle.
Cf. de Simoni, F., (2); Bose, S. N., (1); Finzi, B., (2); Winogradski, J., (3),
(4), (5); Einstein, A. — Kaufman, B., (3).

3 Such an elementary algebraic device has been used for a very special
form of B in the case of » = 4 by the following authors: Bandyopadhyay,
G., (1); Bonnor, W. B,, (1), (2), (3); Bertotti, B., (2); Clauser, E., (1); Ma-
vrides, S., (1), (2), (4), (5); Papapetrou, A., (2); de Simoni, F., (1); Takeno, H.,
(1), (2); Takeno, H. — Ikeda, M. — Abe, S., (1); Vaidya, P.C., (1), (2); Lenoir,
M., (1); Ghosh, N. N., (1); Ikeda, M., (2) (3); Narlikar, V. — Tiwari, R,,
(3); Rao, B., (1); Udeschini, P., (7).

See also the footnotes pp. 71 and 146. Almost all of these papers deal with
the second class.
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the following conditions:

(2.3)3 Dwghy + Dp,g/\w =0,
(2.3)b D, =0,
(2.3)0 D,\'hw',' -+ 2D(wk”‘))‘ = 0.

PRrROOF. Substitute into .
Dwg/\p. = Ow8p — PAawga;A _ F;Lawgla

for 9,g), from (2.1)a. The result is (2.1)b. The equations (2.2)a,b
follow from (2.1)b and from

Dwg(/\p) = th/\p.; Dwg[/\p] = Dwk)\p.'

The condition (2.3)a follows from (2.1)b. The condition (2.3)b follows
from (2.2)a. The equation (2.3)a is equivalent to

D,hy, + Dyhy, — 2D, k) = O,

and this equation, together with (2.3)b, leads to (2.3)c.
In the next Theorem we shall use the tensor *g* defined by I (3.6).

THEOREM (2.3). The equations (2.1) are equivalent to

(2.4)a Dw*g)w —_ 25‘”0:: *g)«a’ 1

and this system is equivalent to

(2.4)b 0,%g™ + A *gw 4 I',» *gh* = 0.
PrROOF. Multiply (2.1)b by *gh:

(25) *gMDngp. = - gapr*gow = stp.v'

Multiply the last equation by *gM. The result is (2.4)a. The equation
(2.4)b follows easily from (2.4)a. Start with (2.4)a, and multiply this
equation by g),,. Theresult is (2.5). This equationleadseasily to (2.1)b.

THEOREM (2.4). The covariant derivatives of the determinants g
and Y are

(2.6)a D,g=2S,8

(2.6)b D,y = 25,9 — 2S,,*k 1Y
where

(2.7) S &S 2

1 For the solution of (2.4)a cf. Mavrides, S., (7).
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Proor. Put v = uin (2.5). Then
*¢¥ D,y = 871 Dug = 25,
Multiply (2.2)a by A
D, hy, = 91D, b = 25,,,m* + 25, ky. b
= 2S, + 2SR,
This equation is equivalent to (2.6)b.

3. The connection I'y*,.

THEOREM (3.1). If the system (2.1) admits a solution I'y,, this
solution must be of the form

(3'1) I Av[t = {/\v“} + S/\p.v + U”/\p.

where the Christoffel symbols are defined by (7),1 the torsion tensor
Sy by (3), 1 and

(3.2) U*, % 2072 S 0B k.
Moreover, the equation (3.1) is equivalent to (2.2)a.
Proor. Using (2.2)a and (2.3)b one obtains
(3.3)a 0(Dyhyy, + Dyhoy — Dohy,) =

= — W"*Dyhy, =

= — 2SSy B (g + knp) =

= — 25%@n — U”,.

On the other hand, the formula
Dyhyy, = Ozhoy — TyPrhg, — T Brhyg
leads to
(3.3)b w*(Dyhy, + Dyhry — Dyhy,) =
= {\u} — 257 — Tv.

Comparing the equations (3.3)a,b one gets
(3.4) A, BTy = (% + U

1 Cf. the introduction to this Chapter.
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But
Iy, =TIy’ + Sy

and this equation, in conjunction with (3.4), is equivalent to (3.1).
The manner in which this formula has been obtained demonstrates
the equivalence of (3.1) and (2.2)a.

The equations (3.1), (3.2) reduce the investigation of I'*, to the
study of the tensor S,,*. In order to know the connection it is
necessary and sufficient to know the tensor S P Therefore, we shall
look for a method yielding S,,”. Our investigation is based on the
tensor

(3.5) Ky Voky + Vb + Vak,, =
= SV[wk)q,L] + ZV/\ kw[,l. -
= aa[wkﬂy] + 217/\ kwp.

where V, is the symbolic vector of the covariant derivative with
respect to {)?,}.

THEOREM (3.2). The tensors S),? and U*), are velated to the tensor
K ., 11 the following way:

(3.6) 2S iy = Kopw — U Bl
Proor. Combining (2.1)b and (2.3)c one obtains
(8.7)a 2D,k + Dk, = — [Dyh,, + D k,,] =
= — Dyugyw = — 25,8
On the other hand, one finds by virtue of (3.1)
(38.7)b Dykg, = V, kg, — (Sﬁa + U? ) Rsy
— (S, + UB,0)kgs.

The equation (3.6) is a result of the substitution from (3. 7)b into
the left hand term of (3.7)a.

Note. Let DF be the symbol of the covariant derivative with
respect to 4%, = I"o{‘,‘) Then, by (3.4),
(3.8) 2D,,kw“ =2V, ky, + 4Ug 0 R0%

Substituting from (3.8) for kg, into (3.5) one obtains
(3'9) Kwp.v = 3a[wkv;4] + 2kawﬂ. + 4Uav[y.kw]a’
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so that (3.6) yields

(3.10) 25, = 31y + 2D,k .

This equation is just a formal simplification of (3.6). Both equations
(3.6) and (3.10) require the knowledge of U*),.

THEOREM (3.3). Put

(3.11) Xy, dot ofefly — 2002 b Bk, — 2002k, PR,
Then

(3.12) 25,5, X% = K.

and this equation is equivalent to

(3.13) 2S,p, X5 ‘ﬁ“v] Vol

Proor. The equation (3.12) results from the substitution for U
into (3.6) from (3.2). The equation (3.13) follows from (3.12) and

(3.14) Kyt = Vo ke
A simple inspection shows that (3.13) and (3.5) again lead to (3.12).
THEOREM (3.4). The equations (2.2)b and (3.12) are equivalent.

ProoF. The equations (3.12) and (3.6) are equivalent. From the
manner in which (3.6) has been obtained (equation (3.7)a), it is
evident that (3.6) and (2.2)b are equivalent.

THEOREM (3.5). A mnecessary and sufficient condition for the
system (2.1) to admit a unique solution I'y, is: The system (3.12)
admits a unique solution S,*.

Proor. The system (2.1) is equivalent to (2.2)a,b. The system
(2.2)a is equivalent to (3.1) while (2.2)b is equivalent to (3.12). The
proof follows easily from these facts.

Note. This Theorem reduces the investigation of (2.1) to the
study of (3.12), which is the main goal of subsequent sections.

4. Pseudo-Hermitian symmetry. Put

+
(4.1)a Ou X e =My + ky
(4.1)b = My — Fpp = My + LW
1 Cf. Stephenson, G., (3); Kursunoflu, B., (3); Ingraham, R., (1).
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where

(4.1)c oy & ky = — Ry
Then

(4‘2) E/\p. = gux

This formal resemblance to the definition of Hermitian symmetry
justifies the application of the name “pseudo-Hermitian symmetry’’
to (4.2). " +

The connection I'y?, dot Iy, is a function of g,. Denote by f)«”,;
the same function of the argument g),. Then the following Theorem
holds.

THEOREM (4.1). If the system (3.12) admits a unique solution, then

(4.3) T,

so that, in particular, the term on the left hand side of (2.1)a s pseudo-
Hermitian in 2, u.

v/\ — I.'/\”w

Proor. Let us modify by a dash all quantities which one ob-
+

tains by replacing gy, by g),. Thus,
K,,= —K

(4.4) _f:"" ! kY
Xy = X,

and

(4.5) 28,5, X = K.

Assume now that (3.12) admits a unique solution. Comparing
(3.12) and (4.5) one obtains by virtue of (4.4)

(4.6)a Sewuwr = — Swpr = Spww

so that according to (3.2) and (4.1)

(4.6)b 0%y = U,
Hence,

L= {3 + 8 + U =
= {"u + Sy’ + U = IV,
Therefore,
OuBrp — D% By — TuuBra =
= 0u8ur — Lo \8pa — Tu%w8or
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Note. The pseudo-Hermitian symmetry of (2.1)a (the “survi-
vor”’ of the Hermitian symmetry from earlier papers by Einstein,
A, (1), (2), (3) and Einstein, A. — Straus, E., (1)) was the original
reason for the peculiar positions of the indices w and u in (2.1)a.
However, Einstein A., (1) did not prove (4.3); he simply postulated
it.

5. The system (3.12). Assume that a tensor T,. is skew
symmetric in wu, and denote by T, ... those components for which
wp are in natural order (Ty 1., Ty1 1v..., etc.). Thus, X‘,"ﬁ;?,’, are those
components of the tensor X8 defined by (3.11) for which wpu, as

wpy

well as a8, are in natural order. Put
(5.1) Zepy ot 2Xby,

and denote by ((%£)) the square matrix whose elements are & ‘;ﬁ),’,
The rows (the columns) of ((Z')) are indicated by subscripts (by
superscripts). Moreover, denote by ((X)) the square matrix of
elements X¢¥, with the same significance of subscripts and super-

scripts as before.
LeMMA (5.1). The matrices (X)) and (%)) have the same rank.

Proor. Denote by ((X1)) the matrix which one obtains from
((X)) by disregarding in the latter all rows and columns whose
elements are zero.! ((X)) and ((X1)) have the same rank. With
each row X .. (column X2F?) of ((X1)) there is associated another
row X, .. (column XPe). Retain only the rows X wn,v (columns X ap.y)
and disregard the remaining ones. The matrix ((X3)) so obtained
has the same rank as ((X1)), so that ((X3)) and ((X)) are of the same

rank. Moreover, according to (5.1),

(5-2) (%)) = 2((X2)),

and this concludes the proof of our Lemma.

THEOREM (5.1). If and only if the rank of ((X)) is m =
n2(n — 1)/2, there is a (unique) tensor

WY [wplv
(5.3) Yerr = Yign

1 In other words all rows X, (all columns X7) for which o = pu (for
which a = f).
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with the property
Wy [xB)
(5.4) X yen — sy,
The tensor Y 1s defined as follows: Put

vaw @
(5.5)a ZEY et In Det (%)),
) it = st (
wp. v w X
(5:5)b Zet = 3%t
(5.5)c Vight 4ot Zghr 1

Then Y;'n’zv is defined by (5.3). 2

Proor. Assume that the rank of ((X)) is m. Then ((Z)) is of the
same rank, and we have according to (5.5)a

B,y gowpy aB,y,
(5.6) Z i Zent = Otnis
or, by virtue of (5.1), (5.3) and (5.5)b,c,
aB,y v opy__ @B,y v wuv af,y
(5.7 X s Yent =2 X g Yoo r = 0ot
On the other hand,
aB.y det yoBy
Xw;w (-I——f pr.v
(5 Vi v
aB,y de (aBly
Ogn.g X 20ygpyz -

Substituting from (5.8) into (5.7) one obtains (5.4). 3 The reméining
part of the proof is obvious.

THEOREM (5.2). A mecessary and sufficient condition for the
system (2.1) to admit a unique solution is: The matrix ((X)) is of rank
m = n3(n — 1)/2. If this condition is satisfied, then

(5.9) Iy = p#} + (3Kupy Yaﬁy + Kagy w(hplsl k#)a)h

1 This equation defines the components Y[?,‘,‘]E' for which wu as well as
&n are in natural order. The remaining components may be obtained from

vig = — Yl = i = - YRa
2 Cf. Theorems (12.3) and (16.1) for n = 4.
3 Strictly speaking one obtains (5.4) where af as well as &y are in natural
order. Due to (5.3) and to a similar equation for X, (5.4) is then valid for all
pairs of indices «f and &.
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Proor. A necessary and sufficient condition for (3.12) to admit
a unique solution S, is that the matrix ((X)) be of rank m =
n2(n — 1)/2: If and only if this condition is satisfied, we obtain from
(3.12) and (5.4)

(5.10) Supy = Ko, Y

wuv*
The remaining part of the proof follows from Theorems (3.1) and
(3.5).

Note. The solution (5.9) holds for any ». 1 It is not too difficult
in the case of n = 4 to express Y in terms of g),. However, even in
this simple case the solution results in a much too complicated form. 2
Therefore, we shall find in the next part of this chapter another
way of expressing it. The method will be outlined only for n = 4
and will also comprise the degenerate cases excluded by Theorem
(5.2) (see the next chapter).

THEOREM (5.3). The requirement for the existence and uniqueness
of the solution T'y, of (2.1) does mot impose any restriction on gy,
in the form of an equation.

The proof follows at once from the previous Theorem.

Note. Cf. Theorem (1.1).

THEOREM (5.4). A sufficient condition that the system (2.1) admit
either more than one solution I'y*, or none is

(5.11) g=0.
ProOF. Assume that (5.11) is satisfied. Then there are at least
two vectors A%, BA, such that
(5.12)a Arg, =0
(5.12)b guB*=0.
Let C” 5 0 be an arbitrary vector and put
Awdn 3ot Co 42 B,
Then we have not only
(5.13)a AoMg,, =0,

1 Another method of solution for general » is in Tonnelat, M. A., (2), (5),
(11). Cf. also Schouten, J. A., (1). However, this latter method is incomplete.
2 Cf. Tonnelat, M. A,, (10), (12), (13); Straus, E., (1).
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but also

(5.13)b Swu@a A = 0.

The equation (5.13)a yields by virtue of (5.12)

(5.13)c A% D, e, = — gD, A% = 0.
Hence, we have, independently of (2.1)b,

(5.14) A“M(D g\, — 25,,°8x) = O.

Therefore, the equations (2.1)b are not independent. If they are
consistent, then they will admit more than one solution, I‘A"“. If
they are not consistent, there is no solution.

Note. The condition (5.11) is not a necessary one as we shall
see later (Cf. Section (14)).

THEOREM (5.5). A mnecessary condition for the system (2.1) lto
adwmit exactly one solution is

(5.15) g # 0.

ProorF. Assume that (2.1) admits exactly one solution. Then
according to the previous Theorem we cannot have (5.11). Hence,
we must have (5.15).

Note I. The condition (5.15) is not a sufficient one as we shall
see later (Cf. Section (14)).

Note II. Although the equation (5.9) solves our problem of
finding I'y”,, there are many cases where the tensor Y is not needed.
Some of these cases will be presented in the next two sections.

6. The tensor S,\F". In the next Theorem we shall assume that
the tensor
(6.1)a X, on— 1 4 4K) + Ok
is of rank #, so that there is a unique tensor Y,” satisfying the
condition
(6.1)b Yo X =4,
Moreover, we shall use the abbreviation
(6.2) K%t — @kr.
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THEOREM (6.1). A mnecessary and sufficient condition for the
system (3.12) to admit exactly one solution S, of the form

2
(6.3) Sam.v = ";‘:‘i‘ S[whp.]v
1s
(6.4) K, =4Y YKV, k2
If this condition is satisfied, then
(6.5) Sy=(n—1)Y2Vgkp.

ProoF. Substituting from (6.3) into (3.12) one obtains

(6.6a) 4S, K, = (n — 1)K,,2,

and this equation yields

(6.6)b L So X, %=V, k2
n— 1
equivalent to (6.5). The equation (6.4) results from the substitution
of (6.5) into (6.6)a. Assume now that (6.4) is satisfied. Define the
tensor S,,, by (6.3) and (6.5), and substitute it into (3.12). This
substitution reduces the latter equation to (6.4) which is satisfied
by our assumption. Assume now that (3.12) admits another solution
2

(67)3' *Swp.v = 7 — 1 *S[why.]v

(6.7)b *Se 7 Sa-

Applying the previous method to this solution one obtains
*Sp=(m—1)Y 2Vgkpf =S

and this result contradicts (6.7)b.

w?’

COROLLARY (6.1). In the case mentioned in the previous Theorem
one has

(6.8) PA"“ = ""} —+ (Y)“"gﬂy — Y,f‘g,\ﬁ)h«p" V}, R
Proor. This equation results from (6.5), (6.3), (3.2) and (3.1).
COROLLARY (6.2). In the case (6.8), the requirements

(6.9) a) S,=0 b) V,k*=0
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are equivalent and reduce (6.8) to
(6.10) T Avp. = {A”n}°

Proor. The equivalence of (6.9)a and (6.9)b follows from (6.5).
The remaining part of the proof is obvious. 1

NoTte. Later we shall see that one of the field equations is
(6.11) Sy=0.
Therefore, the previous Corollary is very important for the study of
this field equation.

The last two Theorems of this section will be very important for
the study of the electromagnetic field.

THEOREM (6.2). We have

(6.12) 2S[un1 = — O Rl
Proor. First one obtains from (2.2)b
(6'13)3' D[wk/\p.] = zslwpag/\]a =

= 251uA1 + 210 FXle

On the other hand,

(6.13)b D,k = O kau) — Falu 21 — Tu%wfla
= Oy frul + 2Stp*Fler

The equation (6.12) results from (6.13)a and (6.13)b.

THEOREM (6.3). The tensor *k™ 2 satisfies the condition
(6.14) AV gl *k¥) = — S)V/|g| *.

Proor. A simple inspection based on I(3.7)a, (2.6)a and (2.4)a
shows
(6.15) DA(\/@*k’“') = \/@(— S *h® 4 2S5 %k — S, Y*RM),
On the other hand,
Dy(V1g|*¥%) = (VIg] *#¥)+ V [gl{T M *k + T2y *i—T % k)

= 0\(V/IgI*#¥) +V/[g](25, &+ Sy *1).

1 Cf. (2.7). Another example where Y is not needed is in Hlavaty, V., (7).
2 As in the first chapter, *4V is the skew symmetric part of the tensor *gV
satisfying the condition I (3.6). .



62 CHAPTER 11, SECTION 7

Comparing the last two equations we obtain (6.14).

Note I. If we denote by 10),\ the symbol of the covariant deri-
vative with respect to 4)*, = I'y*,), then obviously

5'\\/[_9_] *p — aA\/E*kM
or, according to (6.14),
DyVg|*B» = — S$\V gl *h™.
If, in particular, S) = 0, we have
DyVigl*k» = 0.1

Note II. This Theorem will enable us later to identify the
electromagnetic field.

7. The tensor U?),. The tensor U?, is defined by (3.2). On the
other hand, it can be computed directly and independently of S, .

THEOREM (7.1). The tensor U*), satisfies the following conditions:

(71)8. Uv[hy.] =0,
(7.1)b U(W\M) =0,
(7.1)c .2U“ def 2U°‘w = 3“ Ing
and

(7.2) U {000 — 2k BRy=82 + 20,0k P8}} = — R PRy,

Proor. The equations (7.1)a,b follow directly from (3.2). The
equation (7.2) results from the substitution for S, from (3.6) into
(3.2). In order to prove (7.1)c, start with (2.6) a and (3.1)

2S,8 =D, g =¢(0,Ing—2

o"w)
= g{d,Ing — 9, In§ + 25, — 2U,}.

This equation leads at once to (7.1)c.

The equations (7.2) may be looked upon as a set of #2(n+1)/2
linear non-homogeneous equations for #2(n + 1)/2 unknowns
U,ow- Denote by b its determinant.

1 Cf. Pastori, M., (2).
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THEOREM (7.2). Under present conditions! the determinant b
does not vanish identically. If the equations of the system (7.2) are
taken in an appropriate order, then

(7.3) b=14+7V
where V is a polynomial in k)> of degree > 2.

Proor. If k), =0, then with the appropriate order of the
equations (7.2) we have b = 1. Hence, for reasons of continuity we
must have (7.3) for sufficiently small &), # 0, where V is a poly-
nomial in k,”. Moreover, we must have V' = 0 for %, = 0. Hence,
V does not contain any constant term, and the lowest degree of its
terms is obviously 4 > 2. On the other hand, the only allowable
restriction is either 2 =0 or 2 = 0, K = 0. Hence, under these
present conditions1 b asdefined by (7.3) does not vanish identically.

COROLLARY (7.1). 2 The equation
(7.4)a k,PKy,g =0
is mecessary and sufficient in order that under present conditions 1
(7.4)b Up=0.

Note. If (7.4)b holds, then we have according to (3.6)

(7.5) = 1K

Swp.v wpy*

COROLLARY (7.2). Whenever (7.4) holds, then g and K are
constant.

Proor. First we have according to I (1.5)c
(7.6)a 40,K = 0, koghP = — 2kP2V  k,p.
On the other hand, by virtue of (7.4)a, (7.6)a and (3.5)
(7.6)b 0= kwPK, g = kPBV, k,p = 20,K.

! In general (i.e., without further restrictions) %) , belongs to the first class.
So far the only allowable restrictions imposed on %), reduce to the require-
ment that ), belong to one of the last two classes. This situation is described
in the text by the words ‘“‘present conditions.”

2 We exclude here cases where ¥V = — 1 in some particular points.
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Therefore, according to (7.6)a,b K is constant. The constancy of g
follows from (7.4)b and (7.1)c.
There is an interesting relationship between %), and U,,,. In

order to establish it we denote as usual by D, the symbol of the
covariant derivative with respect to the connection 4,*, = I'p*y).

THEOREM (7.3). We have
(7.7) D,y = Uy
Proor. Start with the expression for 13‘,,};,\“4

(7.8) Dyl = Vi by — Uiy — Uy ling =
= - (U[.l-/\w + U)\p.w) = - (Uy)\w + U/\wp.)'
The equation (7.7) follows from (7.8) and (7.1)b.

The tensor U,,, is connected with the theory of paths. A path of
Iy, is a curve #*(p) whose tangential vector dx*/dp satisfies the
relation
axtA [ d2x" dx> dxB

GO (B g e 2
ap \ dp? ap ap

A path of {)*,} is defined in a similar way and is called a geodesic.

(7.9)

THEOREM (7.4). A necessary and sufficient condition that every
path of I'y?, be a geodesic (and vice versa) is (7.4)a.

Proor. The equation (7.9) is equivalent to

dxtA [d2x”1 dx> dxP dx> dxP

7.10) — v] —_— e yn _
Hence, a necessary and sufficient condition for our requirement to
be satisfied is
(7.11) U*), vk = pr?,

= 0.

where p is a suitably chosen scalar and v* an arbitrary vector. This
equation yields in turn

0 op
(7.12) W U”aﬁv“vﬁ = ZU",\F'U:“ = _51;— ¥ -+ pé}(

02
Aoue

3%

Uragoof = 20Uy, = OvAdur

o o
s v Ot 5-—076'\'
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The middle member in the last equation does not contain v*. Hence,
we must have

%
oour 0.
so that
op
ki

where p, is independent of »*. Then the last equation of (7.12)
reduces to

(7.13) U = D20, + D05
Applying (7.1)b to (7.13), we obtain p, = 0 and this implies (7.4)b.
The remaining part of the proof follows from the Corollary (7.1).
A path (a geodesic) is termed minimal if its tangential vector
satisfies the condition
axr dwr 0
“apoap
THEOREM (7.5). Consider the following set of conditions:
I) The tensor U*, is defined by

(7.14)

(7.15)a — (v — 1)U*), = 2U’hy, — U85 — U,\3,,
(7.15)b U, #0.
II) If
(7.16)a UD,U)UN = 0,
then 4
(7.16)b Uk UMk, = 0.

The conditions (7.15) and (7.16) are necessary and sufficient in
order that the following requivements be satisfied:

a) Every minimal path of I'y’, is at the same time a minimal
geodesic and vice versa.

b) Every other path is different from a geodesic and vice versa.

Proor. Consider first a temsor Y),” = Y,” such that for
every vector v* we have

(7.17)a Yy vior = po”,
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Using the method which led to (7.13), one gets
(7.17)b Y)?=Y,0 + Y\d,

with an arbitrary vector Y. Consider now the possibility of there
being a tensor X),» = X,” such that for any null vector »”, and
only for null vectors, we have

(7.18)a X, whwr = 0.

This requirement is satisfied if and only if for any vector u, the
tensor u,X),” is proportional to %),; in other words, if

(7.18)b X2 = 2, X

where X* is an arbitrary vector. Hence, in order that require-
ment a) be satisfied, it is necessary and sufficient that

(7.19)a Uy = 21, X* + Y, + 8,7
Applying (7.1)b to this equation we obtain
(7.19)b X,=-Y,

so that (7.19)a reduces to

(7.19)c U = 2, X* — 55X, — 0, X),
and this equation yields

U,=—(n—1)X

I Iz

so that (7.19)c is equivalent to (7.15)a. In order that requirement
b) be satisfied, it is necessary that (7.15)b hold. If (7.15)a,b are
satisfied, then requirement b) holds for all curves with the
possible exception of curves C, whose tangential vector is U”. For
such a curve we have from (7.15)a

(7.20) U, UAUk = 0.

Hence, if C is a path (i.e., if (7.16)a holds), then it is also a geodesic.
Therefore, for requirement b) to be satisfied without exception,
we have to assume (7.16)b also. Then C is a minimal path which is
at the same time a minimal geodesic as required by a).

Note I. The special form of U?), given by (7.15)a has a physi-
cal significance which has been considered in detail in Hlavaty,
V., (17), (18). Cf. also Clauser, E., (2).
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Note II. If (7.15) holds, then (3.6) reduces to
1
(721) Sw;w = %Kw[.w + —’;————1— [4Uah'v[p.kw]a

- Zkawu - 2U[y.kw]v]‘
In the next Theorem we shall again use the abbreviation (6.2).

THEOREM (7.6)a. A mecessary and sufficient condition for (7.15)
to be satisfied by the tensor U*), of (3.2) is
(7222 (n — 1) kPR, = 208Ky, — 0K,,]U, # O.

Proor. Assume that (7.15)a holds, and substitute from it for
U,). into (7.2). The result of this substitution is the equation (7.22)a.
Assume that (7.15)b holds, so that U,,, # 0. Then the left hand
term in (7.22)a must not vanish (Cf. Corollary (7.1)) so that the
inequality (7.22)a must hold. Assume now that (7.22)a holds, and
define a tensor U, by (7.15). Substituting this tensor into (7.2)
one obtains (7.22)a which is satisfied according to our assumption.
If we define S, by (7.21), then a simple inspection shows that the
tensor U, defined by (7.15) satisfies (3.2) 1.

THEOREM (7.6)b. If the conditions (7.22)a are satisfied, then the
corresponding connection I'y¥, is given by
(7.22)b Iy, = {¥u) + 3Ky +
2
+ oy Uo{207, Fx™ — Ofu ke — B gy, + G305}

Proor. If (7.22)a is satisfied, then (7.15) and (7.21) hold. Sub-
stituting for U”), and S,,” from these equations into (3.1), one
obtains (7.22)b.

We conclude this section by a Theorem which describes the rela-
tionship between the vector S) defined by (2.7) and U,,,.

THEOREM (7.7). We have
(7.23) S, = Vy k2 + 2U k2> + U,g, kP~

Proor. The equation (3.6) yields

2S b = 25, = K ,,* — 2Uq,, k2 W¥ + 2U g, kB

1 The equation (10.8)b of the corresponding Theorem (10.3) in Hlavaty,
V., (7) contains an obvious misprint.
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This equation together with (7.1)b,c leads to (7.23).

Note. This Theorem enables us to find some geometrical
consequences of the field equation (6.11), which we shall discuss in
the fourth chapter. Assume that » = 4 and %, is of the third class.
Then by I (3.3)b g = 1, and consequently, by (7.1)c

(7.24) U,=0.
Furthermore, if (6.11) holds, then we have according to (6.14)
Vgl ¥k = 0,

and this equation reduces by virtue of I (3.9)b, I (1.5)b and I (1.6)c
to

0 = QV |G = P\ V9| k¥ = V[§I7) k¥.
Hence, the equation (7.23) reduces in our case to

(7.25) U, g, kB = 0.

8. Approximations. In the previous two sections we presented
some examples where the tensor S, (and therefore, also the con-
nection I'y?,) could be easily computed. In this section we shall
exhibit a method which leads quickly to an approximation of S,,,
with an a priori given degree of accuracy. The assumption needed
for this method is that the field %), is so “weak” that the products
of k), and 0,,%), of degree p (> 2) may be neglected. In connection
with this assumption we shall use the equality sign 2 whenever we
shall need to stress that an equation holds if the above-mentioned
products of degree > $ are neglected. Moreover, we shall make use
of the following tensors:

(8.1)a WYY ot O, BRyyloI6Y — 2k, B Ry
(8.1)b @Yy st @y vt s = 2,3, ...
(8.1)c iyt st _ayfy

(81)d Hv,\“‘-i_-‘-va & wa

so that (7.2) may be written
(8.2) Uty 2o = Hppye
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THEOREM (8.1). Under present conditions ! we have
(8.3) Un 20.

ProoF. Under present conditions ! the determinant p does not
vanish. Therefore, (8.2) is equivalent to

(8.4) U = Hag, P10

vAp

where P is a polynomial in k),, and the lowest degree in %)” of
its terms is d > 2. On other hand, we see from (7.3) that

1+§s(—V’
1

is a formal expression for 1/b. The rest of the proof, based on (8.4),
is almost obvious.

THEOREM (8.2). Put

(8.4 W 8
m—1
(8.4)b Wl det W“B" + Se@p
m 1
(m=23,...)
and
(8.5)a U 2! Hog, W“ﬁ’
(8.5)b mwp.v ot %'Kw;w - 21(’{0111[;1. kw]a'
Then
(8.6)a U, tmt Ui
(8.6)b S wuv Im+3 iw,w.

Proor. Multiply (8.2) by WZ?E
of 2 Au
(8.6)c UugyZon an& = H,\, WZ%‘

1 See footnote 1 on page 63.
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This equation may be simplified. First we have

By M
Zu an

o o By
= wv(% —-@ Vapy) fmC) + 2” @ Vf):f = dginpy — ™ VZfZ

so that
Uaﬁyzvf# WQ'Z Uggy — Uagy ™ V?fz :
Hence, because of (8.5)a, we have for (8.6)c
Unp — U = Ungy ™V,
m

and this equation reduces by virtue of (8.3) and (8.1)a,b to (8.6)a.
Then, of course, (8.6)b is a consequence of (8.5)b and (8.6)a.

THEOREM (8.3). Put

(8.7)a Pv dof £ }-1-5,\# + U
Then
(8.7)b Iy, ikt ry,.

The proof follows at once from (3.1), (8.7)a and (8.6).
CorOLLARY (8.1). We have
(8.8) Iy, L (%) + 3K\ — kK
— [— kpk, P K2 + BP R, Kyag)-
The proof follows from (8.5) and (8.7) for m = 1.

Note I. Theorem (8.3) shows how fast we can approximate
I'y,. Thus, for instance, the first step (m = 1) approximates I'Y’,
except for the biquadratic (and higher) products. However, with
this degree of accuracy we have

kLo,

while for the first class 2 = 0. Therefore, in the case of the first class
any approximation which disregards the biquadratic (and higher)
products distorts its characteristic property (i.e., k # 0). Thus, the
lowest applicable step in this case is the second one, m = 2, which
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leads to
I A"F L 12-' A”F"

The corresponding U and S have to be taken from (8.5) and (8.4)
2

(8.9)a U = w8y Osny + OV
(8.9)b w\y. 1K, vip — 2 (z]up[/\ kv]a'

Note II. This method of approximation is very handy if one
deals with problems connected with I'y*, without actually knowing
its exact form. 1

This concludes the first part of Chapter II. In the next part we
shall deal again with the case # = 4. This restriction will enable us
to exhibit an explicit formula for I'y*, in a very simple form.

1 Bonnor, W. B,, (5); Infeld, L., (1); Schrodinger, E., (5); Udeschini, P.,
(1), (2), (3), (6), (8); Hittmair, O. — Schrédinger, E., (1); Hoang, P. T., (1);
Callaway, J., (1); Kursunoglu, B., (1), (3); Ikeda, M., (1); Lenoir, M., (2),
Narlikar, V. V. — Tiwari, R., (1), (2), (3); Moffat, J., (1), Tonnelat, A., (3),
(6), (7), (13); Zanella, A., (1); Maurer — Tison, F., (2). Another method of ap-
proximation is dealt with in Hlavaty, V., (7).



CHAPTER 11

PART 1I

The case of n = 4

First and second class

9. Auxiliary formulae. In this part of the second chapter we
shall discuss the case # = 4 and apply the results of the first
chapter to the theory developed in the first part of this chapter. 1
In sections 9-13 we shall consider only the case in which the tensor
k), belongs to the first class. Then the basic scalars 4, ..., 4 are
given by I (6.2), .e., 1 4

(9.1)a adt)= —1=i/VD + K £0,
1 2

(9.1)b Béti=—2=)vVD—K 0.
3 4

DEFINITION (9.1). The scalars A are defined by
ik

(9.2) A% LA+ A4 2
ijk i ik ki

with the understanding that at least two of the indices 1, 7, k are different.
The following two Theorems will be proved simultaneously:

THEOREM (9.1)a. The scalars A are symmetric in their indices

and satisfy the conditions ik
(9.3)a A=14+K++vVD, A=14+K—VD
124 340

(9.3)b A=A=A=A=1—K—VD—2VEk?
223 114 113 224

(9.3)c A=A=Ai=i=1—K+ VD —2VE
332 441 331 442
(9.3)d A=A=A=1=1—K—VD+2Vk

113 224 223 114

1 This part is based on Hlavaty, V., (18).
2 The dash over A denotes as usual the complex conjugate.
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(9.3)e A=A=i=4i=1—K+ VD + 2vVk
331 442 332 441

THEOREM (9.1)b. A mnecessary and sufficient condition that all
scalars A be different from zero
ik

(9.4)a A#0
ik

is

(9.4)b g #0.

This condition is satisfied by virtue of Agreement 1 (1.1). In parti-
cular,

(9.5) 1 i=g
121 3475

Proor. The symmetry of the scalars A in the indices ¢, 7, %,
ik
follows from (9.2). The equations (9.3) follow by simple inspection
from I (6.1)a, (9.1) and (9.2). Using (9.3)a,b, I (6.1)a and I (3.3)b
one obtains
A A=(1+4+K++vVD)(1+K— VD)=
124 34/

—=(1+K2—D=g.

The scalars (9.3)b—e are complex, since £ < 0. The first statement
of Theorem (9.1)b follows from these results.
Let us now consider the tensor X as defined by (3.11), i.e.,

(9.6) X Ry 20k Pk — 280k PR

In the next Theorem we shall consider the nonholonomic compo-
nents of this tensor, applying Definition I (8.1):

THEOREM (9.2). The nonholonomic components Xi% of X are
given by

O7)  Xifs— oljh — 200+ L0 — 45
zy vz %

They are invariant with respect to the transformations I (9.5).

1 We remind the reader that the indices #, ¥, 2, ¢ do not follow the usual
Einstein summation convention.
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Proor. The nonholonomic components may be derived from
(9-6)

(9.8) Xk = 3iik — 206k Dk, F — 200 ko RoE.

xy® [xylz
Their invariance follows from (9.8) and from Theorem I (9.3). Sub-
stituting into (9.8) from I (9.1)a, z.e.,

(9.9) kot = A6,
one obtains (9.7).

NoTE. The equation (9.7) shows that X}/ vanishes whenever
17k is not a permutation of xyz. The remaining components may be
described by the following two sets of formulae: If y = 2, x # y we

have from (9.7)
(9.10)a Xowh = — XU = 44 .
Yy

zyy
(Note that X¥I* = 0.)

If, however, xyz are three different indices, then the corresponding
components X:%* may be taken from the first row of the following
self-explanatory table

X7z Xv= Xz
X, %(a — u) — A — A
Yz Ty xy xy
(©.10b X, = — M a.}(z — u) — 324
vz xYyz vz vz
X, — 34 — 324 ;5(/1 — u).
2z zx xyz 2z

The remaining rows may be obtained by suitable permutation of
indices. The formulae (9.10) will be very useful for later purposes.

Denote by 4/8 the determinant of the matrix of the table
(9.10)b. wys

A— 22 — M — AA
xyz zy xy zY
(9.11) A%t | —4 A—A —A
zyz Ve Tz Yz y2
— A — A A— AL
2z zx XYz o
THEOREM (9.3). We have
(9.12) A=(A>2=,ﬁ0.
zyz zy2,
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Proor. One obtains the equation (9.12) by applying in turn the
following elementary operations to the determinant (9.11): 1) adding
the last two rows to the first one, 2) subtracting the second column
from the third one, 3) adding the second row to the third one, and
finally, 4) subtracting the first column from the second one. The
inequality (9.12) follows from Theorem (9.1)b.

10. The tensors Zj“ff}:, land L,,,. In this section we shall use

xy
the tensors @, and E)* defined by I (10.6)b and I (10.10). Although

these tensors have been constructed without the help of basic
vectors we have according to I (10.8) and I (10.11)

xy z vy

(10.1)a Qup = 24,8,
(lo.l)b Qwi" = 2al» grl
v x
x
(10.1)c Ey = aya’ x=1...,4),
x x

so that, in particular,

Ty Yy
(10.2) E:;[w[af;dm = f[w[afy]m = - ipr.QaB

In the next Theorem we denote by RT". the real part of a complex
tensor 7.

THEOREM (10.1)a. Put

10.3)a Zaﬂyq___et zuz—I-E e F ﬂ]Ev‘y
wuv 1 z[w uu] .
xyz
Then
(10.3)b $2%r =
1 12 mﬁ(s? 2R4 L EPE) +
= e (— 2 B, g
1+K+\/D( iprQa ? + ; 1[ zu] 3’
1 34

34
+ (_' iwaQ“ﬂéz + 4R£vy3E;[w[alEp]pl) +

1+K—+/D

1 This tensor is not connected with the tensor of the same name defined
by (8.1)c.
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1
1—K—VD—2VE
1

+R _ QB PE) + 2B EPE))
I“KFvD_2vi s 3" a

where the tensors Q and E are to be taken from 1(10.6)b and I (10.10)
(so that the right hand side of (10.3)b does not explicitly contain the
basic vectors).

= (2B, E,LlﬁlE Y+ 2E, [“E,L]ﬁlE 7) +

+R

PrOOF. Let us consider the set of all tensors on the right hand

1 1 1
side of (10.3)a which have the coefficient - and — = —

A A
233 144 233
1
(10.4)8. —j’" (E[w[aEy.]B] + E[w[aEy.]ﬁ]) Evy +
2 3 3 2 3

233
1

— (B, E,f) + E[,RE f)E)y =
A 1 4 4 1 4

144

2
== (E[m[aE;L]B] Evy + E[m[aEn]ﬁ] Evy)'
A 2" 37 3 1 4 4

233
. . .. 1 1 1

Next, consider all tensors with the coefficients - and - =7’
ie., 331 442 331

1
(10.4)b = (B E Pl + Ef [ E P)E Y +

3:); 1 s 3 PR

1

1
t o (B RE A+ EEP)Ey —
2 (2[ 4;&] 4[ 2;1.] )4

442
2
= = (BB E,PE) + E*E,PIEp).
A Mg 2 0 My
331
The scalars 4 and 4 are complex-conjugate and the same is true for

233 133
the tensors E,* and E,*. Hence, adding the tensors (10.4)a,b we
1 2
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obtain according to (9.3)

1
4R(E;, *E PMEY + E{ *E 81E ¥ — =
(2[w BBy + By 4;') FvVD_R—2vi

which is twice the tensor in the last row of (10.3)b. The remaining
rows may be obtained in a similar manner. The remaining part of
the Theorem is obvious.

The components Z"fﬂ’, given by (10.3)b are rather complicated.
However, the corresponding nonholonomic components are ex-
tremely simple.

THEOREM (10.1)b. The nonholonomic components of the tensor Z
given by (10.3)b are

1
(10.3)c 288 = 84k,
xyz

Proor. The nonholonomic components of E,* are
T

i x i
Ef = a*a,E)* = (a*a)) (a,a”) = 656},
x i z i x

Therefore, according to (10.3)a 1
1
(10.5) Z;’”"; = Davy T E i Ey\Ek
z’ v 2’
z»v:z;

1 i g 1
— Zx’v'z"T SEVIL I — __ gliflk

z Ylx'y's 2 J lavle
z'y'? zyz
THEOREM (10.2). Let
(10'6)3' pr.v = L[wp]v
be a tensor whose nonholonomic components are
K 2
(10.6)b Loy 86t =222
xxyz

1 The indices #’, ¥’, 2/, introduced in (10.5), do not follow the summation
convention.
? K3y, are nonholonomic components of the tensor K,,,, defined by (3.5).
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Then
(10.6)c Loy = 21K p,,

Wy
where Z:ﬁ}; is defined by (10.3)b.

Proor. The equation (10.6)b may be rewritten as follows:

1
(10.7) Loy: = — al*aPlarK g,
Az vy =
TYyz

Thus, by virtue of (10.7), (10.1)c and (10.3)a

x v z

(108) pr.u = 2"’2 inllza[wap.] a, =
1 &z v 2
= Davs —- al*afl c:Va[waF]avKaﬁy =

z v
xyz

afy = ZZJ%KOLB)"

1
= Yoz — E[CE PIEYK
l X v 2
xyz
The tensor L,,, will play an important role in the next section.

11. The tensors S,,” and U%,. In this section we shall

consider the solution S,,, of (3.12). The following two Theorems

will be proved simultaneously.

THEOREM (11.1). A necessary and sufficient condition for the ex-
istence and uniqueness of the solution S, of (3.12) us (9.4)b.

THEOREM (11.2). If (9.4)b is satisfied, then the system (3.12)
admits a unique solution

(l 1.1) ZSw’w = Lw;w + 3L[apv]k “kﬂﬁ

w

where the tensor L, is defined by (10.6)c.

Proor. Rewrite the system (3.12) for nonholonomic compo-
nents

Assume first that pgr are three different indices, and put in turn

Pgr = xyz; Pgr = yax, pgr = zxy.
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Then we obtain from (11.2) and (9.10)
(11.3) SyrXik —

zyz
Sxyz( 1 - M) - Syzzll - Sza;yll = %Kz”z
XYz xY zyY xy
Sika;?Za ==
- S:cyzu + Syzx( A— M) - Szzyu = %Kyzx
vz XYz vz vz
Sux XTE =
-_ Sxyzll - Syzxu + Szxy( }. - M) = %Kzzy.
2z 2z xY2 2

The system (11.3) represents three linear non-homogeneous equa-
tions for three unknowns Szy,, Syzz, and S,zy. It has a unique so-
lution if and only if its determinant 4 7 0 or, according to Theo-

xyz
rems (9.3) and (9.1)b, if and only if (9.4)b holds. If this condition is
satisfied, then we obtain from (11.3), using (9.12),

nyz - Al - M

1 xzY Y
— K A— AL — M =

(11.4) 2Szy: = T\ yzz S o

zx xyz 2z

1
= [BKizya)(l + A4) — 2K gy]- 1
xy

xY2
On the other hand,

3K [vyz] — 2Kz[xy] = Kzz/z
so that

(11.5)a 2Szyz = % (Kzyz + 3K[zyz]}.$].
vz
Assume now p # ¢ = r in (11.2), and put
p==x gqg=r=1yFnx

1 One easily obtains this expression by applying the following elementary
operations to the determinant involved in (11.4): 1) adding the last two rows
to the first one, 2) adding the third row to the second one, 3) subtracting the
second column from the last one.
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Then we have by virtue of (11.2) and (9.10)a
ZS“szyy = Sxyy 2, - Syzy}. = 2Sxyy A == szy

xyy zyy zyy
or
1
(1 l.s)b 2Sxyy = 7 szy.
xyy

If we put z = y in (11.5)a, we obtain (11.5)b. Hence, we may dis-
regard (11.5)b, provided that we include the possibility z = y in
(11.5)a. This latter equation may be rewritten by means of (10.6)b

(11.6)a 2S2yz = Lgyz + 3LizyaAA
zy

or by virtue of (9.9)
(1 1.6)b ZSxyz = Lzyz + L[ijz] kzikyj.
This equation is obviously equivalent to (11.1).

Note. Using the matrix calculus, Bose, S. N., (4) found a formula
which may be easily converted into (11.1). (Cf. also Bose, S. N., (5).)

THEOREM (11.3). The tensor U”), defined by (3.2) is expressible
in terms of gy, as follows:

(11.7) U = — B RGY L)y
PrOOF. Substituting into (3.2) for S from (11.1) we find
(11.8) Uy = B (SeuyBa? + Sy RuY)
= 3% (L B + LopyRu? + 3Liug k2R PRy
+ 3Lipy ke ki RyY) = — 31V (kY Ly kY L)
= — hw”kQYLF)wy.

Lowering the index » in (11.7) we obtain, using (10.6)b, an equa-
tion whose nonholonomic expression is

|
Usay = 7 (Kayska? + Kozpkyl) = — N k! Ky)z.

xYz zyz

Hence, a necessary and sufficient condition for

Upiw =0
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is
k()‘aK”)va - 0
as has been stated in Corollary (7.1).

We conclude this section with a Theorem concerning the con-
nection I'y’,.

THEOREM (11.4). A mnecessary and sufficient condition for the
system (2.1) to admit a unique solution I'y?, is (9.4)b. If this condition
is satisfied, then
(1L9) Iy, = {u} + (3 Lypa + %Lmya]k,\ﬁkﬂv — k¥ Lyy,)
where L is defined by (10.6).

The proof follows easily from Theorems (3.1), (11.1), (11.2) and
(11.3).1 2

Note. Comparing this Theorem with Theorem (5.2) we shall
find in the next section the tensor Y involved in (5.9).

12. The tensor Y. In this section we shall find the explicit
form of the tensor Y defined in Theorem (5.1), and involved in
the equation (5.10), z.e.,

(12.1) 2S gy = YL K g,

TueOREM (12.1). Put
(12.2)a oysfy dof zaBy | 3757 b £k,
where Z is defined by (10.3). Then
(12.3) 25 = Y7 K ..
ProOF. One easily obtains (12.3) from (12.2)a, (11.1) and (10.6)c.

Note. Comparing (12.1) and (12.3) one finds

(12.4)a YRy = oyefy 4 Ty
where the unknown tensor T must satisfy the condition
(12.4)b K5, T = 0.

In order to find T we need the following

1 The method used here for » = 4 has been generalized (for all three
classes) for any #» in Wrede, R., (1).
2 See also Kichenassamy, S., (1).
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THEOREM (12.2). The nonholonomic components of the tensor
0Y avre

1
(12.2)b oyiik — - [0k + 36{%1’;]3?.
Yz

Proor. The nonholonomic form of (12.2)a is by (9.9)

(12.5) Oyitk — Zifk 4 371k 3],
zY

xyz xyz TY2)

Substituting into this equation from (10.3)c one obtains (12.2)b.
NOTE. As in the case of X the non-vanishing components 0Y%7%

may be described by two tables: If y = 2, then wehave from (12.2)b

(12.2)c OYIY — . OYVIY — 3

xyy
(note that 0Y%l™ = 0)

while for three different indices #, y, z we find according to (12.2)b

1
the following self-explanatory table (where p ‘113——)

22
xyz
oyzvz l oyvez oy=y
Y | el + ) piA oA
zy xy xy
(122)d oy, pAA p(l + A2) pAA
Ve vz vz
0Y,0y pAA pAA p(1 + A2)

THEOREM (12.3). The tensor OY*5Y, defined by (12.2)a is identical
with the tensor Y&, defined in Theorem (5.1),

wpy

(12.6) YRy = 228+ 328k fh,.

wpy Wy

Proor. Using (12.2)b and (9.8) (or (12.2)cd and (9.10)) one finds

(12.7)a Xabe 0yisk — gable
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or in holonomic components

Eal o
(12.7)b X“'“y oyt — gy

Comparing Theorems (5.2) and (1 1.4) we see that the condition
(9.4)b is equivalent to the requirement that the matrix ((X)) be of
rank m = 24. If this condition is satisfied, then the system (12.7)b
admits only one tensor 0Y. The same is true for the tensor Y in-
volved in (5.4). Hence, Y = 0Y.

Note. According to this Theorem we have T = 0 for the tensor
T involved in (12.4).

13. The components .

LemMA (13.1)a. The mnonholonomic components {x} of the
Christoffel symbols {)?,} are

i
(13.1)a (K} = — ararV ,a)
ik

where the a’s are basic vectors.

ProoF. The relationship of {)*,} and {;*} is given by the formula
(13.2) ('} = A A A0} + 440, 43)
This equation reduces by virtue of I(8.1) and I (8.2) to

i
{jk}—aal‘V a* = — arary n
H ik

Lemma (13.1)b.  We also have
(13.1)b {oty} = —ppuuBE, "Eﬁl‘ V pu),EAV
xYyx Yy [
where the p's and the w's are taken from Theorem 1 (10.3), and the
E’s are defined by 1 (10.10). '
The proof is obvious.

THEOREM (13.1). The nonholonomic components I'sty of I'y*, are
given by

(13.3) Igty = {4} +

1
+ % 2‘ h#t 7 [nyz + 3K[¢1z]kzi kyj - 2k(x‘Kv)z¢]

xyz
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where the h#t are to be taken from 1 (8.5). The construction of I'zty does
not require the actual knowledge of the nonholonomic frame.

Proor. One obtains (13.3) using the nonholonomic form of
(11.9) and (10.6)b. According to the previous Lemma the construc-
tion of {;*y} does not require the actual knowledge of the non-
holonomic frame. The same is true of the components Ky, because

nyz = pppu"‘uﬂu'yE wE I"'E le_“,

rTyYyzx Yy 2 X v

14. Second class. In this section we shall consider the tensor
Ry, to be of the second class so that the basic scalars are given by I
(7.2) and I (7.3), ¢

(14.1)a defa— A=V_—-2K

1 2 for K > 0,
(14.1)b BL)=— 1=

3 4
14.2)a o« dof 2 —
( ) def o __ 3 —

! 2 B for K < 0.
(14.2)b BYi=—A=+V—-2K

3 4

The following two Theorems will be proved simultaneously.

THEOREM (14.1)a. The symmetric scalars A defined by (9.2)
satisfy the following equations: If K > O, then e

(14.3)a A=g
12i
(14.3)b A=1
344
(14.3)c A=A=A=1A=2—yg
223 114 113 224
(14.3)d A=A=A=i=1;
233 144 313 442
if K <O, then
(14.4)a A=1
12i
(14.4)b =g
341
(14.4)c A=A=A=1=1
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(14.4)d A=A=A=A=2—yg
233 144 331 442

THEOREM (14.1)b. A necessary and sufficient condition that all
the scalars A be different from zevo

ijk
(14.5)a A#0
ijk
is
(14.5)b glg — 2) #0.
In particular, g
A A=g 1l
12i 34/
Proor. For the second class we have, by I (1.6)b, I (3.3)b,
(14.6)a k=0
(14.6)b K #0
(14.6)c g=1+2K.

Substituting from (14.6) and I (7.1) into (9.3) one obtains (14.3)
and (14.4). Then Theorem (14.1)b is obvious.

AGREEMENT (14.1). Throughout this section we shall assume that
(14.5)b is satisfied.

THEOREM (14.2). The /ollowing statements, proved for the first
class, also hold for the second class, i.e., for (14.3) and (14.4): Theorems
(9.2), (9.3), (10.1)a,b, (10.2), (12.1), (12.2), (12.3), (13.1) and Lemmas
(13.1)a,b.

Proor. In none of these statements did we use the fact 2 # 0,
characteristic for the first class. Hence, they also hold for 2 = 0,
which characterizes (together with K 3 0) the second class.

The following three Theorems which replace Theorems (11.1),
(11.2), (11.3) and (11.4) will be proved simultaneously.

THEOREM (14.3). A mnecessary and sufficient condition for the
existence and uniqueness of the solution S,,,, of (3.12) s (14.5)b.

THEOREM (14.4). If (14.4)b s satisfied, then the system (3.12)
admits a unique solution given by (11.1) and U?), is given by (11.7).

1 See also Kichenassamy, S., (1).
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THEOREM (14.5). A necessary and sufficient condition for the
system (2.1) to admit a unique solution I'y?,, is (14.5)b. If this condition
is satisfied, then I'y¥, is given by (11.9).1

The proof of these Theorems follows the pattern of the proofs of
the corresponding Theorems (11.1), (11.2), (11.3) and (11.4).

NoTte. Many formulae involved in the previous statements
reduce considerably for the second class. Thus, for K > 0 we have

from I (10.6)

12 12
Py = a=2@ky, Qw;& = o"—1kwll-’

and according to I (10.10)
20(E)\” = g1 (2)k)\" + k)\”
1

ZOLE)"' = a1 (2)/8)"' - k)‘”.
2

Moreover, the coefficients in the first, ..., fourth row of (10.3)b are
1 1
———7 ) -~ "—! 1
g 2—-¢
and so on.
Third class

15. Auxiliary results. Sections 15-20 of this part of Chapter
II will be devoted to the third class. The method developed
in sections 9-14 for the first two classes could also be used in the
case of the third class. 2 However, efficient as this method has been
for the first two classes, many of its merits are lost in the case of the
third class. 3 Therefore, we shall devise a more appropriate method.
To this effect we first need some auxiliary results.

The third class is characterized by the conditions

(15.1) k=0, K=0 g=1.
It admits a nonholonomic frame exhibited in sections I (12) and

1 Cf. the Notes following Theorems (5.4) and (5.5).

2 Cf. Hlavaty, V., (19).

3 For the first two classes the system (3.12) of twenty-four equations
reduces substantially to the system (11.3) of three equations. This, however,
is not the case for the third class. '
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I (13), where the equations I (13.1) and I (13.2) have also been
established. These equations may be condensed as follows:

(152)3. Ri2=Fkt =Rhio= —hoy = — k42 = 24 = |

(15.2)b the remaining %y, k% and %4 = O,

and

(15.2)c Dhd = — Dhy; = — DEU =60 p> 1
(15.2)d the remaining (Pky, (MEY, and Pk = 0.

We shall use these equations in the proof of the followi’ng
LemMa (15.1). The equations

(15.3)a Ki241 =0

(15.3)b K434 =0

hold in every nonholonomic frame involved in Theorem 1 (13.3).

Proor. We have in these nonholonomic components by virtue
of (15.1) and (15.2)
(15.4) 2Ky24) = Kyxhl® = (Vikig + Vikie + Vikyg) ki =
= (Vikr) k1% = — §Vikis k%I
= — }0ikpyk¥l = — 20, K = 0.1

This equation proves the assertion about (15.3)a. Moreover, by
virtue of (15.2)

K434 = 2V4kag = 2(0skaz — {sla}kys — {s7a}kas) = 0.
If we perform the transformation I (13.4) of the frame, we obtain
according to I (13.7) and I (13.5)a
-1 -1 -1 -1 -1
'Kggq = C42Cq/Cy4Kygq = C33Ky34 + C34Kaaq = €' Kyqa4.

This equation shows that (15.3)b is independent of the transfor-
mations I (13.4) of the frame.

1 ‘We remind the reader that
Vikigy = Ag’A;“A‘} VwkM = krs — {Khtky — {fM4}hn

where 9 = A‘}a,\, the Christoffel symbols are defined by (13.1), and the
nonholomic frame involved in these equations is to be taken from sections
I(12) and I (13).
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THEOREM (15.1). The tensor 2S,,, defined by (8.5)b for m =1
reduces for the third class to 1

(15.5) 2Sups = Ko — 2k, K y1aghy.

wpy
Proor. First we have by virtue of (8.5)a for m = 1, (8.1)d and
(8.4)a

(15.6)a (lf e = K,0*Rpe

so that (8.5)b yields

(156)b 2‘§wp.v = Kw,uv - 2k[y.aKw]aﬁka - 2Kvaﬂk[wﬁkp-]

The nonholonomic components of the last tensor on the right
hand side are
(15.7)a — 2K gp ks kryt.

The only components of the tensor (15.7)a which do not vanish
identically by virtue of (15.2)a are

+ 2KgpknPkhe? = &+ 2Kqp24).
Hence, we have according to (15.3)a
(15.7)b Kigpkis?kin? = 0,
so that (15.6)b reduces to (15.5).
defined by (15.5) is a solution

wpy

THEOREM (15.2). The tensor S
of (3.12). 1

Proor. The nonholonomic forms of (3.12) 1 and (15.5) are
(15.9) 2~?pqr = Kpgr — 2kio' Kpishs.

We shall now show that a solution of (15.8) is Spgr = S pgr- If in

the left-hand member of (15.8) one replaces S by S and takes S from
(15.9), one obtains

(15.10) — 2kpt Okgy Kiggke¥ + 2 kit K g1y @kt
+ 2kt kg Kigi Dk .
1 See (9.8).
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Consider the first of the three tensors in (15.10). The only com-
ponents which do not vanish identically by means of (15.2) are those
forp=2,1,9=1,2,r=1, 2, ie,

—_ Zk[zi (2>k1]f(K,2,5} + Ki4j(5?) = — K4245,1. = — 2K4[24]6:.
Hence, this component vanishes by virtue of (15.3)a. Similar
reasoning based on (15.3)a,b shows that each of the remaining two

tensors in (15.10) is equal to zero. Hence, the tensor (15.10) is
equal to zero.

16. The tensor Y. Using the previous result we shall be able
to find the tensor Y defined in Theorem (5.1). For this purpose we
shall need the following tensors: .

(16.1)a )l{aﬁv def Xfﬁ}; _ 5Eaﬁly =

o = bl
= 200 ke P, + 28( 3k, PR
(16.1)b Yoy ot ofeBly — 20(% R, R,
(16.0)c T2y, % — 208k Bk, 7 + 24,1k, SOk, — Ok Ph,) +
+ 2@k (8f; @k F — b BE,)

rya f 11vy7al
(16.1)d yefy det vysby _ Ty
Moreover, we shall symbolize any equation of the type (5.4) by
(16.2) YX =6.
The tensor 'Y enables us to write (15.5) in a more concise form
(16.3)a 2y = "YEL K g,

First we will prove the following

Lemma (16.1). We have
(16.3)b "YX=6+4+T
(16.3)c (T)l())l( =0,

where T is the tensor defined by (16.1)c.
Proor. Using (15.2)c,d we see that
(16.4) @2 (2>k“]3 = 0.

The equations (16.3)b,c follow by a simple inspection which is
based on (15.2)a—d, and (16.4).
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THEOREM (16.1). Put
(16.5) vy, ot vy + THEXE

"y, o, ﬂl B’y
- vy - T+ T

Wy

Then Y 1ts the tensor defined in Theorem (5.1).

Proor. Using (16.1)d we obtain by virtue of (16.3)b and (16.1)a
the following relationship:

'YX="YX—-TX=606+T-T—-TX
1

=0 —TX.
1

Therefore, by virtue of (16.5) and (16.3)c
YX="YX+(TX)X=0—TX+TX+ (TX)X =
1 1 1 11

=6+ (TX)X =6.
1 1
This equation holds if and only if the matrix ((X)) is of rank m = 24.
Then, of course, there is only one tensor Y satisfying it. Therefore,
the tensor Y defined in Theorem (5.2) must be the same as the
one defined by (16.5)a.

17. The tensor S,,,. According to Theorem (15.2) the tensor
S(l)

v 1S @ solution of (3.12). In this section we shall prove that it is

1
the only solution of (3.12). For this purpose we shall need the follow-
ing

Lemma (17.1). We have

(17.1)a K5, T =0
78 Py
(17.1)b Kapysz)lcm =o.

Proor. According to (16.1)c the nonholonomic components of
the tensor on the left-hand side of (17.1)a are

(17.2) K,,,,,[—Z&‘%k[ﬂ]k;]f —+ 2kk[1’(k[ﬂ] (2)ij' — (2)k[jq]kz]")
+ 2@k (SP DRy @ — kfakyP)].
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Consider the first of the three tensors in (17.2). The only compo-
nents of this tensor which are not identically equal to zero by virtue
of (15.2) are those for which 4/ = 12 or #j = 21. Since the tensor
under consideration is skew symmetric in 47, it is sufficient to in-
vestigate the first possibility

- 25[2’6[1‘1] kz]'Kmr = - k[lqu]rqur + k[lka]'Kplcr =
= — Kypa4) — K241 = — 2Kkp24).

Hence, the tensor under consideration is equal to zero by virtue of
(15.3)a. The vanishing of the remaining two tensors in (17.2) may
be proved in a similar manner by means of (15.3)a,b. The same
method, based on (15.2) and (15.3), leads to (17.1)b.

The following two Theorems will be proved simultaneously.

THEOREM (17.1)a. The system (3.12) always admits a unique

solution S .

THEOREM (17.1)b. The unique solution of (3.12) is

(17.3) 2S 1 = Koy — 2k,2 K ioph,f =
=Ko, "V
= Kpy Yﬂ'

where the tensors 'Y and Y are defined by (16.1)b and (16.5) re-
spectively.

Proor. Remembering (17.1) we obtain from (16.5)

o — 1y o 78 By
(17.4) Kaﬂr Yw%'v - Kaﬂy( Y.,ﬁz, - Taﬁz' + vawffn{)
= K,g," Y%7 .

Since the tensor Y is the unique one satisfying (5.4), we obtain from
(3.12) the only solution (5.10), and this solution satisfies (17.3) by
virtue of (16.3)a and (17.4). The construction of the unique tensor Y
(and, by the same token, of the unique solution (17.3)) did not
require that any particular conditions be imposed on the tensor k),
of the third class.

Note. Compare Theorems (11.1), (14.3) and the last of the
equations (15.1).
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18. The tensor U*), and the connection I'y’,. In order to find
a suitable form for the tensor U, defined by (3.2), the following
Lemma will be necessary.

LemmaA (18.1). Put

(18. l)a QVIJ-/\ L Zkvﬁk("_ak»yKaﬁy.
Then
(18.1)b Qyr = O.

PrROOF. Among the nonholonomic components Qypq of Q,,,) the
only ones which do not identically vanish by virtue of (15.2) are
those for 7, $, ¢ = 1, 2. We have

Qr11 = 2kdkatky* Kiyjr = 467 Kopaa),
and similarly,
Qr2 = Qr21 = 2(8} Karaa) — 07 Kag2a)
Qroz = 40} K 4124).

Hence, these components vanish by virtue of (15.3)a so that (18.1)b
holds.

In the next Theorem we shall use the tensor H,,, defined by
(8.1)d so that

(18.2) ko Ky = — 2H 5, — B K
THEOREM (18.1). The tensor U, is given by
(18.3) U, = K,0*ke + kPR Knogh,* — Koagho®kw?]
— Hop[8738 + 262ho7 kB — 205k, %R ,7].

Proor. The first equation results from substituting from (17.3)
into (3.2). On the other hand, we have by virtue of (18.2)

(18.4)8. — kyBKvaﬂk(Xaky,)y =
= (2Havy + kaKyaB)k()takp,)y
= 2Havyk(/\akp)y'
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Moreover, one obtains according to (18.1)b and (18.2)
(18.4)b kY kP Kyogh,® =

= — kY(2H o0) + BV3K 0k, =

= — 2H0k*RY — 30,0 =

= — 2H ako*k,.

Upon substituting from (18.4)a,b into the second row of (18.3),
and using (8.1)d, one obtains the third row.

Note. The equations (7.2) and (18.3) are useful in the proof of
Corollary (7.1): The necessity follows directly from (7.2), while the
sufficiency is a direct consequence of (18.3).

THEOREM (18.2). The system (2.1) always admits a unique so-
lution, namely,

(18.5) Iy, = () + 3Ky)> — k2 Kegh'?
+ b K, S kg[G5 + 205 ko7 kP — 255\/3,‘?" kY]

The proof, based on Theorems (3.1), (17.1) and (18.1), is quite
obvious.

Note I. Cf. Theorems (11.4) and (14.5).

Note II. In the first of his three famous papers on the affine
field law, Schrédinger, E., (1) p. 166 writes: “In the general case !
it is next to impossible to produce it 2 in a surveyable tensorial
form. 3 (This is hard to believe unless one has tried)’”’. We believe
that (11.9) as well as (13.3) and (18.5) satisfy this requirement.

19. Auxiliary results. In this section we shall derive some re-
sults useful for the next section. In particular, we shall consider the
nonholonomic components {;x} defined by (13.1)a, where, of course,

i

the vectors a?, a, are to be taken from sections I (12) and I (13).
i

1 j.e., for 9 #* + ux:

% i.e., the solution I'y, of (2.1).

3 4., Iy, — (W} (or I';ty — {4%y}) is expressed in a surveyable tensorial
form. For the case where this tensor is not expressed in a ‘‘surveyable”
tensorial form cf. Einstein, A. — Kaufmann, B., (2).
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LemMA (19.1). The following equation holds independently of the
frame transformations 1 (13.4):
(19.1) {4l = 0.

Proor. We have according to (13.1)a and I (12.12)

1 1 1
{41‘} = — a"aFV,La)\ = a)‘al‘VF a, =
4 1 i

11
e {;al‘(V“a"aA) = 0.
i

LEMMA (19.2). Any one of the conditions

(19.2)8. K234 == 0,
(19.2)b K3q =0,
(19.2)0 K423 =0

is equivalent to
(19.2)d {314} = 0.

The equat‘ions (19.2) are independent of the frame transformations
I(13.4).

Proor. We have by virtue of (3.5), (19.1) and (15.2)a
(19.3)a  Koga = Vakas + Vakea + Vikes = Vakes + Vakes =
= — [{a!s}ke1 + {3la}k21] = {314},
and similarly,
(19.3)b — Kyo3 = {314} = — Kaqo.
Hence, each of the equations (19.2)a,b,c is equivalent to (19.2)d.
Moreover, we have according to I (12.12), I (13.4) and I (13.5)

1
/{314} —_ ;Z,\I?#VF 'dA — /a,\ ’f“Vy. If/\ —
g akV, ay + Jee’ usinvarV, ayad =
3 4 4 4 4 4

1
== :A‘:M Viar= ¢ {sl4},
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and this equation yields the desired invariance.

LemMmA (19.3). The conditions

(19.4)a K144 =0,
(19.4)b Kaa1) = 0,
(19.4)c K3z =0
are in turn equivalent to

(19.5)a {424} = O,
(19.5)b {422} =0,
(19.5)c {312} = 0.

The equations (19.4) and (19.5) are independent of the frame transfor-
mations 1 (13.4).
The proof follows the pattern of the proof of Lemma (19.2).

LeEMMA (19.4). The conditions (19.2) and (19.4) are equivalent to
the system

u
(19.6) ar aV,a)y =0
u+2 v

(w=1,2; v=24)

which does not depend on the frame transformations 1 (13.4).
The proof follows from previous Lemmas and from (13.1)a.

NoteE. According to Lemma (19.4) the conditions (19.6) have an
intrinsic meaning. The question arises as to whether they could be
satisfied.

THEOREM (19.1). The set of all tensors ky, of the third class for

which the conditions (19.6) {m

are no t} satisfied is mot an empty set.

PrROOF. Let us consider a tensor g, given by the following
matrix

yt 0 —1

_ _y—l y—z 0 0

(19.7) ((gra) = 0 0 1 0
0O 0 O

where y £ 0 is a real function of coordinates. The corresponding
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tensor gpy,1 = &), is obviously of the third class. A simple inspection
shows that the nonholonomic frame for which I (13.3) holds is
constituted by the vectors

(19.8) @(1 0 0 0) ol 0 0 0
#0 7 0.0 40 y1 0 0
@0 0 1 0) @m0 0 1 0)
@0 0 0 1) 40 0 0 1.

4

Hence, we have

2 2

(19.9)a AarV, ay = — {¥ e ara, =

42 42
= — {tvllm} = Ov In p,

and in a similar manner,

2 1 1
(19.9)b ‘ “A“"Vp“A = atar V,L“,\ = alar V#a,\ = 0.
4 4 3 4 3 2
Hence, if y {IS } a function of 1V, the conditions (19.6) {are not}
is not are

satisfied.
The previous results will be helpful {J»the next section.

20. Equations (11.1) and (17.3). In order to find the solution
of (3.12) (necessary for the construction of the solution I'y*, of (2.1))
we developed for the third class a method different from the one used
for the first two classes. In this way we obtained the solution in the
form given by (17.3), while the previous method yielded for the first
two classes the solution in the form (11.1). The question arises as to
whether this latter equation cannot also be used in the case of the
third class. This question is very important for later purposes. If the
answer is affirmative, we can deal with all three classes simultane-
ously as we did with the first two classes. In the case of a negative
answer we have to deal with the third class separately.

In order to find the answer to this important question we have
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first to clarify the role played by the tensor L,,, in the case of the
third class.

THEOREM (20.1). If we define the tensor L,,, by (10.6),1 then

(20.1)a L, =K
Proor. By Theorem I (7.5)a, the basic scalars 4, ..., 1 are all
equal to zero for the third class. Hence, we have aci:ording4to 9.2)
(20.2) A=1,
ijk

so that (10.6)b reduces to
(20.1)b nyz = szz
equivalent to (20.1)a.

After having introduced the tensor L
following

we are able to prove the

wpy

THEOREM (20.2). In order that (11.1) represent the solution of
(3.12) for the third class also, it is necessary and sufficient that the
equations (19.6) hold.

PRroOF. A necessary and sufficient condition follows at once
from (11.1), (20.1)a and (17.3) in the form

(20.2)a — 2k[“"‘Kw]aBk,,ﬂ = 3K[aﬁ,,]kw°‘k“3.
However, we shall use its nonholonomic form
(20.2)b kxP(ki7K1qp — k17 Kigp) = 3Kpgr Re? ks,

This system splits by virtue of (15.2) into three different sub-sys-
tems: 2
I. Putk=c, ¢=a,qj=Ff Then (20.2)b reduces to

(20.3) Kfaact = 0.

1 The nonholonomic components Ky, are constructed here with respect
to the nonholonomic frame of the third class.

2 In the present discussion we denote by a, b, ¢ (e, f, g) the indices which
run from 1 to 2 (from 3 to 4). Moreover, we shall use the “‘starred” indices
a*, b*, c* which are defined as follows:

If a = l: 2:
then a* = 21 4)

and similarly for b*, c*.
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Using (15.3) we see that this equation is identically satisfied for
several combinations of the indices. It is not an identity for the
following cases. For f=3,a=c =1

(20.4)a K333 =0,
forf=3,a=1,c=2

(20.4)b K324 = 0,
andforf=3,a=2,¢c=1

(20.5) K34 = 0.

According to Lemma (19.2) the equation (20.5) is a consequence of
(20.4)b so we may disregard it. It is clear that 2 =c¢, i =f, j = a
leads to the same result.

II. Putk=c¢,7¢=1,j=2. Then (20.2)b reduces to

(20.6) — Kigee = 3K[24¢).
This condition splits in two: for ¢ = 2

(20.4)c Ki4a=0

and for ¢ — 1

(20.4)d Kopg = 0.

Itisclearthat 2 = ¢, 7 = 2,7 = 1 would yield the same result. Thus,
all possibilities for # = ¢ are exhausted.
III. For k = f the system (20.2)b reduces to

(20.7) Kipgr1ki?ky2 = 0.

The condition is not an identity if s = 1, §j = 2
Ki2as =0,

so that we obtain for f = 3 the condition

(20.8) K243y = 0

which by virtue of Lemma (19.2) and condition (20.4)b is auto-
matically satisfied. It is clear that ¢+ = 2, j = 1 yields the same
result. This exhausts all possibilities for 2 = f. Hence, the system
(20.2)b splits into (20.4)a~d, 7.e., into (19.4) and (19.2)a. According
to Lemma (19.4) this system is equivalent to (19.6).
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THEOREM (20.3). As far as the problem B is concerned ! there
are two unified field theories. One for the first two classes based on (11.9),
another for the thivd class based on (18.5). 2 If and only if the conditions
(19.6) are satisfied, both theories coincide in the semse that (11.9)
holds for all three classes. 3

The proof based on (3.1) and on Theorem (20.2) is obvious.

21. Special form of g),. The system (2.1) has been solved
by several authors for special forms of g),.* In this section we
shall investigate the restrictions which lead to such special forms
in the case of the first two classes. To this effect we first need the
following

x
LeEmMA (21.1). Let ay be basic vectors. If and only if
xr rx x
(21.1) W =pa®, by=pa, pp=1,
x T x

the nonholonomic components gy with respect to the nonholonomic

€
frame b*, by are
T

0 hia+R12 0 0
h k 0 0 0
@12 (e =||"F"™ 0 et
0 0 haz~+Ra3 0
hi2h3s # 0.

Proor. Assume first that (21.2) are satisfied for a nonholonomic

x
frame &%, by where, of course,
x

hxy def hA” bAbI‘, kxy def kA" bAb“.
xz Yy zy

Then we see from (21.2) that 4* are null vectors and that the bi-

x

1 i.e., the solution Iy, of (2. 1) expressed explicitly in terms of g

2 Of course, both formulae may be expressed formally in the same way by
means of (5.9).

3 The question under what conditions (18.5) holds for all three classes is
left open.

4 See footnote 3 on page 50.
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vectors b*4M and bI"bA are totally perpendicular. The vectors b”
z 12 3 4 <
and b, constitute a nonholonomic frame so that

(21.3)a b”z,, = o},
i
and the nonholonomic components &;¢ of £y* are defined by
(21.3)b kit = k,\”l?"liv.
?
Then we have from (21.2)

2
(21.3)c B2 = kP0b, =0, z=3,4
1

2
so that k)*»* and & are perpendicular
1

21.4)a k ”b'\ = a b’ + bY.
A
1 11 2

12
Multiplying this equation by b,, b,, we find according to (21.3) and
(21.2)
Rkl =a, kFi2=8=0
1

so that (21.4)a reduces to

(21.4)b Byt = a b
1 11

Applying the same method to %;# we obtain
(21.5) kA = a b,

xr T

Hence, the null vectors ” satisfy the first set of (21.1), and by

z x
(21.3)a the vectors b, satisfy the second set (21.1). The third set is
also a consequence of (21.3)a.
The sufficiency of (21.1) for (21.2) is obvious.
In the next Lemma we shall use the tensors E,” defined by
I (10.10). z
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Lemma (21.2). The tensor E(,,,“B#EA]B satisfies the condition
xz £
x x
(21.6) Er,20,Exf = a*aPay,0,ay.
x z Tz
Proor. We have by virtue of I (10.11)

x x x
E(,*8,Exf = a%ag,[(9,ax)0 + 2)8,0F]
xz T x T x

x x
= a*aPay,0,ay.
r

THEOREM (21.1). In order that there be a coordinate system in
which gy, acquires the form

0 hin+ ki 0 0
hrt+kimn 0 0 0
21.7 =
@17) ((ewd) 0 0 0 hiriv+ Ry
0 0 by kv m 0
14 1S necessary that
(21.8)a E[m"‘a”EMB =0.
z x

This set of 4 X 10 X 4 conditions is equivalent to the 16 conditions

x x

(21.8)b ay = 0.

Ay Oy

ProoF. According to Lemma (21.1) a necessary and sufficient
condition for the existence of a coordinate system in which gy,

x
acquires the form (21.7) is that the four vectors b be gradients. By
virtue of (21.1) this condition is equivalent to

zx
Oupay = 0.

If this equation is satisfied, then (21.8)b holds, and the remaining
part of the proof follows from Lemma (21.2).

Note I. If we substitute into (21.8)a from I (10.10) and I (10.6),
we obtain a set of conditions for g, where the basic vectors are not
explicitly involved.
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Note II. The special forms of g), used by different authors for
solving (2.1) are of three types

b1 O 0 v hir O krm 0
0 huu kom0 0 hm O Rmiv
O Amm bmm O "\ \kmr O Amm O
(219 kvt O 0 Ilviv 0 Avno O hIVIV‘
kit ki 0 0
kur hun O 0
0 0 hmm kmiv
0 0 kvim hiviv

All the &’s are different from zero. A simple inspection shows that
each of these three types could be reduced to (21.7) by linear
transformations of coordinates. Therefore, Theorem (21.1) also holds
for these special types. In other words, if we are dealing with one
of the forms (21.9), we have to impose on gy, a set of new conditions
(21.8)a. This is a very substantial restriction of generality which
could considerably reduce the possibility of physical application 1.

This concludes the investigation of the solution I'y, of (2.1) in
the general case. The next chapter is devoted to the singular cases,
where the conditions (9.4)b and (14.5)b are not satisfied.

1 See section 3 in the fourth chapter.



CHAPTER III

SPECIAL PROBLEMS AND SINGULAR CASES

PART I
The tensor N> 1
1. Prerequisites. In thischapter we shall consider the solution

Saﬁy Of

(1.1)a 2 2S5, XY, = K ..,

i.e.,

(L.)b3 25, — 4S,ﬂ,k[w[3k”]71 — 4k[wﬁsﬂ]p,,k,,7 = K,

in singular cases. According to Theorems II (11.1), II (14.3) and
IT (17.1) we know that in the case of the first class a necessary and
sufficient condition for the existence and uniqueness of the solution
Seuv 18 g # 0; for the case of the second class this condition is
g(g — 2) # 0; while in the case of the third class the solution S,
of (1.1) always exists.

In this chapter we shall investigate solutions S,,, of (1.1),
assuming (unless explicitly stated otherwise) that we have in the
case of the first class

(1.2) g=0
and in the case of the second class
(1.3)a g=0
or

(1.3)b g=2.

The third class is excluded in this chapter, for in this case the solution
always exists.

It will turn out that a very useful tool for this investigation is
the tensor first defined for the most general case by Nijenhuis, A.,
(1). In our case this tensor may be written as follows:

(14) %N)« » ot (aa k[/\”)kp.]a - kava[p. k)\]a'

1 The results of this chapter are taken from Hlavaty, V., (19).
2 Cf. I1 (3.12).
3 Cf. II (3.11).
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Therefore, after the necessary prerequisites we shall investigate this
tensor thoroughly, particularly its relationship to S),*. The corre-
sponding results will serve later as an efficient basis for the solution
of the main problems of this chapter. 1 Unless otherwise explicitly
stated the results of the sections 1-6 hold for the first two classes —
even in cases characterized by (1.2) and (1.3).

NoTe. We are entitled to use here the nonholonomic frame
described in sections I (8), I (9), I (10), since the results of those
sections were derived independently of the value of g(g — 2).

2. The tensor N,

THEOREM (2.1). The nonholonomic components

z
(2.1 Ngy? = atata,N),?
z Y

of N),” are given by

(2.2)a Nay? = {2} (A — ) (A — ), (vyz #)
2 xr 2 v
(2.2)b nyy == (l b l)azl _ - Nyzy.
v x v

Proor. The symbol ¢ in (1.4) may be replaced by V, and the
equation so obtained rewritten in nonholonomic components.
Substituting into the latter equation from I (9.1), we obtain (2.2).
This result is independent of any special valuc of the scalar g.

THEOREM (2.2). Assume

(2.3)a (A—2)(A—2) #0.2

z z 2z v

! In this chapter we shall use the following Roman indices:

i, 7, k, P, q, r from | to 4,
X, 9,2t from 1 to 4,
a, b, c d from 1 to 2,
e, f, g h from 3 to 4.

The indices in the last three rows (%, ..., k) do not obey the usual summation
convention.
2 We have 1 = A (A = 4) if and only if A= 21=0 (1 = 1= 0). Hence,

. 2 Tz v 2 x z Y
(2.3)a is automatically satisfied for the first class. (See Theorems I (6.1) and
1(7.1).)
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Then a necessary and sufficient condition for the basic vectors &, a?

to be Xo-forming is z Y
(2.3)b Nz =0 (xyz #).
ProOOF. A necessary and sufficient condition for a” and a” to be
Xo-forming is z ]
2
(2.4) A arVp,ay =0,
z vy

and this equation is equivalent to
(2.5) {te?n)} = 0

(Cf. II (13,1)). Equation (2.5) is by virtue of (2.3)a and (2.2)a
equivalent to (2.3)b.

REMARK. This Theorem has been proved in Nijenhuis, A., (1)
by another method.

THEOREM (2.3). A necessary and sufficient condition for the basic

values 1, ... Ato be constant is
1 4

(2.6) Nag? =0 (x #9).

ProOF. Let us first introduce the indices ', y’, 2’ by the follow-
ing agreement:

If x=1, 2, 3, 4, then x’ = 2, 1, 4, 3, and similarly, for y’, 2"
Then we have by I (6.2) and I (7.2)
(2.7) Ogh = — Ozh

o

x
so that the condition
azl = O

v
for all x and all y # x yields constant A’s. Then the Theorem follows
at once for the first class from (2.2)b. If, however, we are dealing
with the second class, then for A = 1 = 0, x #% y, we also obtain
(2.6) by virtue of (2.2)b. z v
The equations (2.3)b and (2.6) may be rewritten in a way which
does not require the basic vectors.
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THEOREM (2.4). Let u(uy) be an arbitrary vector 1. Equations
(2.3)b and (2.6) are equivalent to

(2.8) u“uﬁuyfa"fﬁl‘EvyN o =
and

v
(2.9) webu, EAEEYNy,» = 0.

The proof follows at once from Theorem I (10.3) and Remark II
that follows it.

ReMARK. Ifin (23)b %,y =3, 4, or x, ¥y = 1, 2, this equation
may be rewritten in a way which does not involve the basic vectors
and the arbitrary vectors, namely

xy 2t
(2.10) QWN) 2P =0 (wyzt #).
The proof follows easily from I (10.7) and I (10.8).

3. The tensors N),” and S,’.

THEOREM '(3.1). Let D, be the symbol of the covariant derivative
with respect to an arbitrary connection I'y, whose skew symmetric
part is S),*. Put

3.1) Ty” 4t Dk
Then
(3.2) Ny =
= Tonku® — Trun™ks’ — kg (2SapP RS2 koP) — Spa? kPR,

Proor. We have
(33) Tyt = Bkt — Spehab + Sogb by + (¥)
where (*) denotes terms containing the symmetric part of the
connection. Substituting o;%,¢ from (3.3) into (1.4), we obtain (3.2).
The next auxiliary Theorem, needed later on, is

1 By an “arbitrary vector’” we mean any vector whose transvection with

£
Ey = Ey (» = 1, ..., 4) is not equal to zero.
x
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THEOREM (3.2). If the connection I'\¥, is defined by 11 (2.1), then
we have
(3.4) Tgt=— nga(é;‘; — @k,%) + (Spk,B — S¢.%) (08 — E1).
Proor. Equation II (2.1)b yields in turn

(3.5)a D,y = 25,48«
(3.5)b — D, B = 25,2 gne W
(3.5)c D W = — 25, gp), WP h)
(3.5)d DRy, = 25 41,8
(3.5)e D¢kt = (Dek )% + kpDehM.

Substituting into (3.5)e from (3.5)d and (3.5)c one obtains (3.4).

THEOREM (3.3). If the conmection I'y?,, is defined by 11 (2.1), then
the tensors S),” and N),* are related by

(3.6)a Ny, = 24387S 5,

where

(3.6)b 1 A Cr msk 1+ @p,lE a8
. v — (1T} [A*Yu) " Oy

ok
v[;lk g — kv;k[/\[n kp.]fl
—k [fa[nlé + (2)km§5[£] k&
— kO — @R Lo Ry,
Proor. One obtains (3.6) upon substituting into (3.2) from (3.4).

ReEMARK. There is a basic difference between (3.2), which holds
in every case, and (3.6), which holds only in some cases.

THEOREM (3.4). A sufficient condition for the relationship (3.6)
to hold is that equation 11 (2.1) admit at least one solution 2.

Proor. The equations (3.6) result from II (2.1), (3.4), (1.4) and
(3.2). The equations (1.4) and (3.2) hold in every case. The equation
(3.4) exists only if II (2.1) is meaningful, i.e., if it admits at least
one solution.

1 There is an obvious misprint in the corresponding equation (3.6)b in
Hlavaty, V., (19).

2 A necessary and sufficient condition for II (2.1) to admit exvactly one
solution is g # O for the first class and g(g — 2) # O for the second class.
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ReEMARK. This Theorem will play a paramount role in the de-
generate case characterized by (1.2) and (1.3).

THEOREM (3.5). The relation (3.6) is equivalent to
(3.7) Nay, = Sxyz[l +A+A2+ A1+ ll)] +

v zxyz 2

+ Syza(d + 4) (1 — 2%) + Sezy(A + ) (1 — 22)

v 2 x x 2
for arbitrary x, vy, .

Proor. Equation (3.6)b shows that according to I (9.1) the non-

holonomic components A% for which jk is not a permutation of

pgr are equal to zero. Moreover, they are skew symmetric in ¢j as
well as in pq. Therefore, the nonholonomic form of (3.6)a is
(3.8) Ny, = 2Azyzsﬂk =

= 4A‘E”szyz + 4Ag;25yzz + 4‘A;§Z5‘zx1’.

xyz

Substituting into the nonholonomic components of A from I (9.1),
one obtains from (3.8) the equation (3.7).

4. The identities. Let us prove first an auxiliary

THEOREM (4.1). The equations (3.6) cannot be inverted.

Proor. It is sufficient to prove that (3.7), equivalent to (3.6),
cannot be inverted: For z # %, x', 1 equation (3.7) yields

(4.1)a  Ngp,= [zsxzz}- + Sz z:c(l — A) + Szza (A + }»)J l

(4.1)b  Nggzg = [Szzx(l + l) + Szzz(d + )] l
(4.1)c Nygw = [(Sz zx()b - A) 4+ Sezw(A — A)] A

2 T xx'z

On the other hand, we obtain from (3.7)
(4.2) Nayz = 24 A Sgyz, (% £ Y).

z xxY

The equations (4.2) represent all equations for the nonholonomic
components of N with two equal indices, while (4.1) represent all
equations for the nonholonomic components of N with three

1 %’ is defined in the proof of Theorem (2.3).
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different indices. The determinant of the system (4.1) — looked
upon as a system for the unknowns S — is equal to zero. Hence,
(4.1) cannot be inverted.

THEOREM (4.2). The components Ny,” are not independent. They
satisfy the condition

ay

(4.3) PoBRyy N oog + Nyyukg?] =0,
xy = 12, 34

and consequently, also

(4.4) kY N,* + Ny >k = 0.

Proor. Assuming first that (g — 2) g # 0, we have by Theorems
IT (9.1)b, IT (14.1)b A 5 0. Then the last two equations (4.1) yield
xx'z

2 x 2 xz

= - A(N b2 27 + N zxz') — AN, P77 AN 2xx-
z x’ x

This relation derived for z = %, " also holds forz = xorz = %’ asa
simple inspection shows. Hence, using I (9.1) we may rewrite (4.5)
in the form

where the indices ¢, x are quite arbitrary. Hence, we have by
virtue of I (10.7)

xx’
Pre(ki Nypg + Nygpke!) =0,

and this equation is equivalent to (4.3). Equation (4.4) is then an
immediate consequence of (4.3) and I (10.7). The remaining part of
the proof (for (g — 2) g = 0) will be given with the proof of

THEOREM (4.3). The conditions (4.3) and (4.4) do not impose any
new restriction on ky?, for these conditions are identically satisfied.

Proor. It is obviously sufficient to prove that (4.5) is an
identity. Put

A(x, Z) d_’-%‘ (l - A)Nzlzz - ()‘ + A)szz'.
2 x

2z x
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Then we have by virtue of I (8.5)
A(x, 2) = (A — A)Ng® — (A + AN .7,
2 x z x

or according to (2.2)b,
Ax,2) = — (A=A (A — N A— A+ 4 (A —AoA=

x ¥ =z ¥ xr z T =z

— A= 2) A+ A2A+ A+ D) (A — Do =

z z z x T

0.
Hence, (4.5) is an identity for any value of g(g — 2).

5. The vector S). In this section as in the next one, we shall
deal only with the case of the first class. Moreover, we shall also

assume g 7= 0.
One of the field equations of the unified theory is

(5.1) Sy et Sy o =

Throughout sections five and six we assume that (5.1) is satisfied.
THEOREM (5.1). The condition (5.1) is equivalent to

(5-2) 21 A (Szze + Sexz) = — Nz

z 222’
for all combinations of indices z # x, x'.
Proor. Condition (5.1) is equivalent to
Sz® + Szx'xl + Szz'zl =0,

and this equation may be written by virtue of I (8.5)

(5-3) Szw + Szz'x + Szz'z = 0.
On the other hand, we have from (4.2)
(5.4) Nezz = 24 A Szzz.

2 222’

According to our assumptions we have 4 4 # 0. Therefore, we may
2 222’

substitute for Sg,, from (5.4) into (5.3) and, in this way, obtain
(5.2).

THEOREM (5.2). The equations (3.6)a and (5.1) admit a unique
solution Sy’
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Proor. Equations (3.6) are equivalent to (4.1) and (4.2), and
condition (5.1) is equivalent to (5.2). If we replace (4.1)c by the
latter equation, we obtain a system of three equations with the
determinant
(5.5) ALT8A A)2(A+24)A#0.1

zxx'z 2 x 22’2
Hence, this system yields Sy (17 #), while (4.2) gives the com-
ponents Sgyz.

This Theorem will be needed in the next section.

6. Product space.

THEOREM (6.1). A mecessary and sufficient condition that
a) every pair of basic vectors of k)* be Xa-forming and
b) every basic value of k) be constant is

(6.1) Sy = 0.
ProoF. Assume that (6.1) holds. Then (3.6)a yields
(6.2) Ny» =

Hence, requirements a) and b) are satisfied by virtue of Theorems
(2.2) and (2.3). Assume now that requirements a) and b) are satis-
fied so that (6.2) holds. Then the equations (4.1)a,b, (5.2) and (4.2),
together with condition (5.5), yield (6.1).

In the next Theorem we denote by V', an #n-dimensional Riemann
space.

THEOREM (6.2). Let requirements a) and b) of the previous Theo-
rem be satisfied. Then our space-time is a V4, which is a product
space, V4 = Vo X Va. There is a coordinate system e* such that

(6.3) 3ds? = hya(el, e2)delde? + hgq(e3, ed)dedded,
and the connection I is given by

(6.4)a I'y%y = {4%2} = 0z In hyy

(6.4)b the remaining I'y?y = 0.

ProoF. Assume that requirement a) of the previous Theorem is
satisfied. Then there is a coordinate system e in which the basic

1 We have 4 # 0O for all possible x, z # x, ¥’ because kyy is of the first
class and g # 0.
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vectors satisfy the conditions

o Y
,5 L = —,
(6-5) YT T

These basic vectors satisfy I (8.4), where

0O hig O 0
h 0 0 0
(6.6)  ((hg)) = ((hgs)) = 81 0 0 hall hi2h3g # O.

0 O Mmgs O
Assume now that both requirements a) and b) of the previous Theo-

rem hold. Then the basic values involved in I (9.1)b for p = 1, i.e.,
in

(6.7) kx” = lhx’/
x
are constant. Moreover, from (6.1), II (3.2) and II (3.1) we have
(6.8) r/\y;l, = {)\”p.}'
If
(6.9)a ‘ Ky =01

and g # 0, then we see from II (5.10) and II (3.1), IT (3.2) that
(6.1) holds and vice versa. Therefore, by virtue of II (3.14) and (6.1)

(6.9)b Ve Frp = O
Consequently, by virtue of (6.6) and (6.7)
(6.10) O0=Vzky:+ Wz hy, =
2
= Mahyz — { Yz — (& 2}y +
v 2 v
+ A0zhyz — {oF sthze — {¥ SYhyy) =
= (A + 2) (0zhyz — {¥ sthyy).
v z

On the other hand, we have
A+ 2A5#0 for z £,

v 2

1 ¢t 11 (3.5).
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so that according to (6.10)

(6.11) (V) ={¥s}=0forz+£y.1
Equation (6.11) yields for ¥y’ = x, z # x

(6.12) (%) = (%) = O.

On the other hand, according to (6.11), forz = y', 2 £ %
(6.13) (o} ={Va} ={a¥} = 0.

Therefore, the usual definition of Christoffel symbols leads by virtue
of (6.12) and (6.6) to

(6.14) 0 = {2%2} = $W®(0zhiz + Ozhiz — Othaz)
= Y% Qg = 30,1 higgr
2#xx,
so that
(6.15) how = hya(€?, e%).

Moreover, the same definition of Christoffel symbols yields
(6.16) {xxzr} == {xlzz} = 0 2, {zxz} - ax ln hzz’.

The equations (6.8), (6.11), (6.12), (6.13) and (6.16) lead to (6.4), while
equation (6.3) results from (6.6) and (6.15).

In the next Theorem we denote by Eg (M3) a surface of zero
Gaussian curvature and Euclidean (Minkowskian) metric.

THEOREM (6.3). There is a factor of proportionality p such that
for

"Iy = Pl
the constituents of the corresponding V4 are Eg and M. ‘
Proor. The factor p ¢°f 412434 reduces ds? involved in (6.3) to
4 pds? = h34(e8, ed)delde? + h12(el, e?)dedded.

1 One must bear in mind that in our case, by (2.5),

{iz¥'y)} = 0.
Furthermore, we have 4 + 4 # 0, hzy = O for ¥’ # .

z vy
2 This equation also results from (6.12).



114 CHAPTER III, SECTION 7

Hence, if €1, €2, (€3, e4) are constant, the corresponding Va-metric is
of zero curvature. Two of the basic vectors being complex-conjugate
and the remaining two real, the surfaces mentioned above reduce
to Ez and M.

PART 1I

Degenerate cases

7. First class. In this second part we shall deal with solutions
of (1.1) in exceptional cases characterized by (1.2) and (1.3). In
this section we consider the exceptional case of the first class char-
acterized by

(7.1)a E#0
(7.1)b g=14+2K+k=0.
LeMMA (7.1). We have 1
(7.2)a adf )= — 1= Vk,
1 2
(7.2)b BEi=—2=1,
3 4
and
(7.3)a 2 A=0,
341
(7.3)b A=1—k,
12¢
(7.3)c A=2(1 +eVk),
aft
(7.3)d A= (1 + eVE)p2,
aaf

(e = (— 1)ow).

Proor. The equations (7.2) follow at once from II (9.1) and
(7.1). The equations (7.3) follow by simple inspection from II (9.2)
and (7.2).

In order to prove the next Theorems we need the following two
Lemmas, which will be proved simultaneously.

1 For the first class we have ¥ < 0.
2 See the footnote 1 on p. 104.
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LeMMA (7.2). We have

(7.4) Vikse =0

and

(7.5)a {t¥n} + a7} — o'} = 0

(7.5)b {n} + a7} + Ha?'e} = 0.
LemMA (7.3). The following equation holds:

(7.5)c Kier = Kiep).

Proor. First of all, from I (9.1) we have for e 5 f
ket = Mesf(= — Ahep)
e 7/

so that
Viker = diker — {o s — {1 ihee =
= A(alhef - {ef 't}hf'f - {fell}hee')
€
= MVihes) = O.
e
Moreover,

0= 27[! he]a = —2[— {[f“'e]} + 1}{a"’f} - %{af 'c}]
and

0= 2V (thgq = — 2[{(]'“"0)} + i‘{a,e,f} + #o’ 'a}]-
The equation (7.5)c follows at once from (7.4) and II (3.5).
The following two Theorems will be proved simultaneously.

THEOREM (7.1)a. The following equation holds:
34
(7.6) ke Ky P = 0; 1
it 1s equivalent to
34
(7.7) Kpu Q@ = 0.

THEOREM (7.1)b. A necessary and sufficient condition for (1.1)
to admit at least one solution Syg,, is
34

(7.8) ko’ K )., Q%" = 0.

1 Cf. 1 (10.6).

Yuy
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ProoF. Since the scalar % is negative, it follows from (7.3) that

the only scalars 4 which are equal to zero are 1. Let us now consider
344

ik
the system II (11.3) for x = ¢, y = f # ¢, 2 = a. This system can-

not be solved uniquely for the S’s, its determinant 4 being equal
34a

to zero according to the equation II (9.12). This system reduces by
virtue of (7.3)a to

(7.9) %Kefa = — Sefal}- - Sfa,e)-}. - Saef}-l
et ef el

'%Kfae = — Sefalz - Sfa,e}.l - Saef}bl
fa fa ta

'.}Kaef - — Sefal}. _ Sfaell _ Sa,efll
ae ae

ae

so that a necessary and sufficient condition for (7.9) to admit at
least one solution is obviously

(7.10)8. lKeja == }.Kfae = AKaef.
a e 1

On the other hand, the left-hand side of the first equation of II
(11.3) vanishes for x = ¢, y = f, z = f. Hence, we must also have
(7.10)b Ker = 0.
Equations (7.10)a,b can be condensed into
(7.10)c Kepid = Kgieh = KiorA, (no sum for ).

i e 7

Some of these conditions are satisfied as we shall see later.

First let us consider the last of equations (7.10)c which, by virtue
of I (9.1), may be written as follows:

(7.11)a 0 = Kyiske — Kqgsky!
= 2k K.

Moreover, we may rewrite the same equation in another form re-
sulting from (7.2)b:

(7.11)b 0 = Kyie + Kior = 2Kifef1.

Remembering I (8.1), I (8.3), I (10.6), I (10.7) and I (10.8) we see
that (7.11)a,b are equivalent to (7.6) and (7.7). On the other hand,
(7.11)b is satisfied by virtue of (7.5)c.
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From (7.10)c we have also
0 = Kepih — 3(Kried + Kierd)
i e b

= Kepskd — ki Ky, 1

or, by virtue of I (10.8)d,

34
0= QwF(Kwp,vkz\v - kvay)\v)

34
= ZQ‘"F- k()\” Kw)p.v'

A simple inspection shows that equations (7.6), (7.7) and (7.8) are
equivalent to (7.10)c.

REMARK. According to IT (3.2) we have
U”,\# dot 2ha”5a(/\ﬁky.)ﬁ'

In Chapter II (Corollary (7.1)) we found that a necessary and suf-
ficient condition for U*), = O is

ko’ Koy = 0.
If this condition is satisfied, then the conditions (7.6) and (7.8) are
identically satisfied. However, we cannot use this result here, for the

necessary and sufficient condition mentioned above was derived
under the assumption g 7% 0 which contradicts (7.1)b.

THEOREM (7.2). Whenever (7.8) holds, the basic vectors a*, a*
are Xo-forming. 3 4

Proor. Whenever (7.8) holds, the system (1.1) admits at least
one solution. Therefore, by virtue of II (3.1), the system II (2.1)
admits at least one solution, and consequently, according to Theo-
rem (3.4), the relationship (3.6) exists. Therefore, the system (4.1)
exists. For x = ¢, 4" = f 5 ¢, z = a this system reduces according
to (7.3) to

(7.12)a Ny =

(7.12)b Natf =0

(7.12)c Nge? = 0.

The equations (7.12)b,c confirm the fact that A, 4 are constant (C/.

3 4

1 No sum for 4.
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equations (2.2)b). Equation (7.12)a asserts, by virtue of Theorem
(2.2), that the basic vectors a*, 4* are Xo-forming, ¢.e.,
3 4

(7.13) {te®n} = 0. 1

THEOREM (7.3). A mecessary and sufficient condition for the
system (1.1) to admit at least one solution is that the basic vectors a?,
@ be Xa-forming. 3
4

ProoF. The necessity follows at once from Theorems (7.1)b and
(7.2). Assume now that a*, a” are Xp-forming, so that (7.13) holds.

3 4
Therefore, the equations (7.5)a,b reduce to

(7.14)a {a7r} = {a%}

(7.14)b 2{e%s} + {or} + {a%} =0
so that according to (7.4), (6.7), (7.13) and (7.2)
(7.15) AKefa — AK fqe =

= - f{3[2{e"’f} + {a%} + {o1}] + /}[{aee} — {a’s}} = 0.

Hence, the first equation (7.10)c for 7 = a is satisfied. The remaining
equations (7.10)c are satisfied by virtue of Theorem (7.1)a (equation
(7.7)).

8. First class. Continuation.

THEOREM (8.1). Let k) be of the first class, and assume that (7.1)
holds and that the basic vectors a*, a* are Xo-forming. Then the system
4

3
IT (2.1) admits at least one solution 11 (3.1). Its skew symmetric part
S’ has the following nonholonomic components:

a) The components Sepr are arbitrary (e # f).

b) The components Sefa, Stae, Saer are arbitrary except for the

1 As a matter of fact we have # # 1, and therefore, (7.12)a is equivalent to

{[la'f]} =0,

and this equation is equivalent to (7.13), since the range of a and a’ is the
same, namely 1, 2.



CHAPTER III, SECTION 8 119

single condition
(8.1) 3K eta = 3Stefay 1

c) The remaining components are

1
(8.2)a 2S fab = T [Kfab + 31 mUab]]
fab e
1
(8.2)b 2Saps = -~ [Kavs + 34 Z-K tabf1]
fab *
1
(8.2)c 2Sapc = T Kape
abe
1
(8.2)d 2Seqe = T Keae
aee

where the X's are to be taken from (71.2) and (7.3).

ProoF. According to previous theorems, the system (I.1)
admits at least one solution. The left-hand side of the first equation
IT (11.3) vanishes for x = ¢, y = f = z so that this equation does
not yield Sesr. There is no other equation among II (11.3) yielding
Sers. Hence, Sepr are not defined by II (11.3). Equation (8.1) follows
at once from the first equation of (7.9). The remaining components
given by (8.2) result from II (11.5)a.

REMARK. Putx =f,y=c¢ 5 fin (4.2):
Nyer = Ny = — 24 A Seyy.
1 Ife

The left term vanishes for A = — 1 = const. (Cf. equations (2.2)b).
3 4
The right term vanishes, since 4 = 0. Hence, not even (4.2) can be

used for finding Seyy. Ire
In the non-degenerate case, equation (5.1) imposes some con-

1 Using (7.2)b, (7.3)a and (7.10)c we easily.obtain for e # f

A A A—1
3Kesi) = Km(l + .;T + —;_—) = m“_ Kepg = Koy

(no sum for 7). P Te
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ditions on gy,,. In the degenerate case the requirement (5.1) does not
impose any condition on g),,:

THEOREM (8.2). There is a two-parameter set of solutions I'y?,,
mentioned in the previous Theorem, which satisfy (5.1). Its skew
symmetric part S,,.” has the following nonholonomic components:

a) The components S.zr are given by

(83)a  Serr=

— [Ks@v) + 34 AK(far)), @ # b, € # f.
— "

b) Two components, namely Sopq, are arbitrary while
1
(8.3)b 2Saef = %Kefa —_ E(—l“————k;)_- Ka,ba - Sefa,-
) The remaining components are given by (8.2).

Proor. Equation (5.1) is equivalent to

8.4 S S Sipa =0
(8.4)a tef + Stab + Stva @tb et
(8-4)b Saba -+ Safe -+ Saef =0
From (8. 4)a and (8 2)a we obtain for a # b, e # f,
Seff = [2Kf(ab> + 31 1K[fab1 + 31 lem]]
/ab

1
= [2K 62 AK 1a01)-
20— 2K @b + A [fab)]

On the other hand, (8.4)b and (8.1) yield
2Saej‘ = 1}I{efa - Saba. - Sefa,
(a # b; 4 #: /)'
Substituting from (8.2)c into this equation one obtains (8.3)b.

9. Second class: The first case. The second class is charac-
terized by the condition

K+#0, k=01
There are two degenerate cases, namely
(9.1)a g=0,
(9.1)b g=2.
1 Ct. II (14.6).
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In this section we consider the case (9.1)a and prove first the follow-
ing

LemMA (9.1). We have
(9.2)a o=

Il
o

—

(9:2)b 8

I

WD = D
I
|

- M

and

(9.3)a A=0
341

(9.3)b A=2=1

12¢ aaf

(9.3)c A= 2.
aff
Proor. Equations (7.2), (7.3) hold for any value of k2 which
satisfies (7.1)b, (z.e., (9.1)a). Hence, they also hold for 2 = 0 and
reduce, in this case, to (9.2) and (9.3).
The following two Theorems will be proved simultaneously.

THEOREM (9.1)a. We have

34 34
(9.4)a Ky Q<r P = 0.

THEOREM (9.1)b. A mnecessary and sufficient condition for (1.1)
to admit at least one solution S),” is

34 12

(9.4)b K, 2P P = 0.
ProoF. A simple inspection shows that the required necessary

and sufficient conditions may be written in the form (7.10)a for
A = 0 and (7.10)b so that by virtue of (7.4) the equations (7.10)c are

equivalent to
(9.5) 0= Ky = — 2Vekpyi = Kiier), €# /.

For © = f we obtain from (9.5) equation (7.10)b which is satisfied
because of (7.4). On the other hand, (7.10)b may be written in the
form (9.4)a. Hence, the remaining necessary and sufficient conditions
reduce to (9.5) for ¢ = 4, and this system is obviously equivalent to
(9.4)b.
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THEOREM (9.2). A necessary and sufficient condition that (1.1)
admit at least one solution S),” is that the basic vectors a?, a” be Xo-
forming. 3

The proof of necessity follows the same pattern as the proof of

Theorem (7.2). Assume now that «4”, a* are Xjp-forming so that
3 4

(7.13) holds. Therefore, from (6.7), (7.4), (7.5)a, (7.14)a and (9.2)a
we derive for e # f

Kfaa = 2V(fke)a =
= —[{a’r}ker + {a®e}ise]
= — kes[{a”s} — {a%}] = 0.
These equations together with (7.10)b are condensed in the first
equation (9.5).
THEOREM (9.3). Let k) be of the second class, and assume that
(9.1)a holds and that the basic vectors a*, a*, are Xo-forming. Then the

3 4
system 11 (2.1) admits at least one solution 11 (3.1). Its skew symmetric
part S),” has the following nonholonomic components:

a) The components Sezr are arbitrary (e # f).
b) The components Sera, Sgaes Saer are arbitrary except for the
single condition

(9.6) 1Kefa = 3Siefa). 1
¢) The remaining components are

(9.7)a 25700 = Ko

(9.7)b 2Savs = Koy

(9.7)c Save =0

(9.7)d 2Scae = 3K eae.

The proof follows the pattern of the proof of Theorem (8.1). As far
as (9.7)c is concerned one must keep in mind that, according to
I(9.1), I(8.5) and (9.2), the only component k4 not equal to zero is
k34 = — k43. Hence, we have

Vakbc = o:

1 From (9.5) we have
K:fa = 3K[cfa]-
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and therefore, also Kgp. = 0. This equation, together with (8.2)c
and (9.3)b, leads to (9.7)c.

THEOREM (9.4). There is a two-parameter set of solutions I'y*,,
mentioned in the previous Theorem, which satisfy (5.1). Its skew
symmetric part S),* has the following components:

a) The components Sezr are given by

(9.8)a Serr = Krany; a#b, e #1f.
b) The two components Serq are arbitrary while
(9.8)b 2Sa,gf = ‘%Kgfa - Sefa.

c) The remaining components are given by (9.7).
The proof follows the pattern of the proof of Theorem (8.2).

10. Second class: The second case. The second degenerate
case of the second class is characterized by the conditions

K+#0, k=01
and (9.1)b, <.e.,
(10.1) g =2
In this section we shall consider this case.

Lemma (10.1). We have

(10.2)a )= — =4
1 2
(102)b Blti— —1=0
3 4
and
(10.3)a A=2
12¢
(10.3)b A=2=1
341 aff
(10.3)c 1=0.
aaf

Proor. Equations (10.2) follow at once from II (14.1) and
(10.1), because the last of these equations is equivalent to 2K = 1.
The remaining equations follow from II (14.3) and (10.1).

1 Cf. II (14.6).
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THEOREM (10.1). A mnecessary and sufficient condition for the
system (1.1) to admit at least one solution Sy,” is

(]0.4) Kfaa = 0.
ProOF. According to (10.3) and II (9.12), the determinant ( A )2

Ty,

of IT (11.3) (for xyz # ) is different from zero. Hence, when xyz+,
this system does not impose any condition on %),. Moreover, accord-
ing to (10.2), (10.3) and II (9.12) it is obvious that the only possible
restriction imposed upon £, by II (11.3) might result from the first
of equations IT (11.3) forx = f,y = 2= a. 1 Thisrestrictionis (10.4),
which obviously is not only necessary but also sufficient for the
system II (11.3) (equivalent to (1.1)) to admit at least one solution.

In the next Theorem we denote by the name “‘the trajectories of
a””’ the set of curves with the tangential vector field a”.
a a

THEOREM (10.2). A mecessary and sufficient condition for the
system (1.1) to admit at least one solution is that the trajectories of a"
be geodesic lines.

Proor. First of all we have (for ¢ # f)

(105) Kraa = Kraa -+ 207 hta =
= 2AVa kra + Wahga) = — 2Hata).
Hence, we see from II (13.1)a that (10.4) is equivalent to
(10.6) al‘a"V“ 2,\ = 0.
aa

Assume now that the trajectories of a” are geodesic lines
a

(10.7) a\Vya’ = Pa*.

a a aa
Then (10.6) is satisfied, and therefore, by virtue of (10.5), (10.4)
is also satisfied. Conversely, assume now that (10.4) is satisfied.
Then we see from (10.5) that (10.6) holds, and this condition is
equivalent to
(10.8) AVya' = ¥a + Y’a" (@ # b),

a a aa a

1 The second equation II (11.3) reduces to the identity O = O, while the
last equation reduces to the first one.
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b
so that if we multiply (10.8) by @,, we obtain by virtue of I (8.1)a
and I (8.16)b

) )
Yara,= ¥ = ad\V)\a"a, =

ab b ab a a
= aA( V/\ av) a, =
a a a

= a\Vya*)a*h,,.
a a a

The last term is obviously equal to zero, for a” is a null vector.
a
Hence, we have ¥ = 0, and (10.8) reduces to (10.7) (for ¥ = ¥).
ab aa a
THEOREM (10.3). A sufficient condition for the system (1.1) to
admit at least one solution is that the basic vectors a’ and a* be Xo-

forming (@ = 1o0r2,f = 3or4). a !
ProoF. Assume that ¢” and 4” are Xs-forming:
a 1
(10.9)8. {[a,uf]} =0 u#a,lf
It is easily seen that for & % a
(10.9)b Kfaa = Kfaa + AVI haa
= 4Ms%a1}-
a

Hence, if (10.9)a is satisfied, so is (10.4).

ReMARK. If we substitute into (4.2) x =4, y = f, and then
x = f, ¥ = a, we obtain, according to (10.3)c and (10.2)b,

(10.9)c; Ng® =0,

b e F
(10.9)ca Ny —0, “Fbe#!

However, these equations are not sufficient for 4 and a” to be Xs-
1 a
forming, since condition (2.3)a is not satisfied for z =¢, x =/,

y=a.

THEOREM (10.4). Let k), be of the second class, and assume that
(10.1) holds and that the trajectories of a® are geodesic lines. Then the
a
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system 11 (2.1) admits at least one solution I'y,. Its skew symmetric
part S),* has the following nonholonomic components:

a) The four components Sgqq are arbitrary.

b) The remaining components are

(10.10)a Sefg = Sape =0

(IO.IO)b Zsefa = Kefa

(10.10)c 2Savs = $(Kavs + 3K(avn), (@ #b, e+
(10.10)d 2Sasp = $Kamp

(10.10)e 2Satg = Kagy.

Proor. Here we have

(10.10)f Viker =0, Vikap=AVjhep =0,

and therefore,
(10.1 1) Kef” == O, Ka,bc —_ 0.

The remaining steps of the proof follow a pattern similar to the one
used in the proof of Theorem (8.1).

REMARK. The equations (10.10)a may be condensed into one
set:

xy Y
Q@rPy'S ., = 0, (xy =120r xy = 34).

Contrary to the situation in the previous degenerate cases,
condition (5.1) now imposes a restriction on g),. The next two
Theorems, which describe this situation, will be proved simul-
taneously.

THEOREM (10.5). A mnecessary and sufficient condition that the
solution described in Theorem (10.4) satisfy (5.1) is

zy

(10.12)a PK, I@;"#= 0
xy = 12, 34; xyzt #.
If this condition is satisfied, then
(10.12)b Sasp =0, Safe = 0, 2Sapr = Kaby,
(@%b, e#f),
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while the remaining components of S remain the same as in Theorem
(10.4).

THEOREM (10.6). Condition (10.12)a for xy = 34, 2zt = 12 is
equivalent to the requirement that the basic vectors a* and a* be Xo-
forming. 1 2

Proor. We have for @ # b according to (10.10)f
(10.13)a  Kyap = Vykva + Va ko + Vo kra = —2V @kuyy
= Kyb),
and moreover,
(10.13)b Koo = Kpop — (i.V., heo + ﬁVb hya) =

= 2Mwat}, € # /.

Hence, the condition (10.12)a for 2t = 12 is equivalent to

(10.13)c {ta%03} = O,

so that a¥ and @” are Xp-forming. The condition (5.1) is equivalent
1 2

to (8.4), t.e.,

Stab + Stoa + Ster = 0
Safe + Sa,ef + Saba =0

(@ #b, e #f),
or according to (10.10) and (10.13)a
(10.14) 0 = — Ster = 251@t) = $Kr@r) = $Krap
0 = — Saba = 2Sa(fe) = Kare = Kase !
(@#b, e#f).

The conditions (10.14) are equivalent to (10.12)a. Substituting from
(10.14) into (10.10)c,d,e, we obtain (10.12)b.

Note. The singular case characterized by § 2 Det ((gaw))=0
is dealt with in Hlavaty, V., (21).
1 We have
Kape = Vakef + kaac + Vckaf
= — Wishea = Kaise):



CHAPTER IV

GEOMETRY OF FIELD EQUATIONS

1. Curvature tensor. By field equations we mean a set of
partial differential equations for g),. This chapter concerns the
geometry of field equations. Their physical application will be
studied in the next chapter. Some of the results of this chapter are
so formulated that they hold for any number # of dimensions. In
all cases we assume

glg —2) #0.

This section is devoted to the study of the curvature tensor. Let
Iy, be an arbitrary connection; let

ds
Sy EETpr,  S) & SHe

be its tensor and vector of torsion and D, the symbol of the covariant
derivative with respect to I'y”,:

(I.)a - D,v* = 3.” + Iy? 0

(l.l)b DP"w,\ = a#w,\ — I’,\"“w,,.
TueoreMm (1.1). Put

(1 2) Rw Y g Z(a[yl-'l)tlvw] + Fay[ynhlaw])'

Then R,,y* is a tensor involved in the following identities

(1.3)a 2D[wDF]1)” = — RwM”v" -+ ZSwa‘Dav"

(1.3)b 2D, D ywy = R, \'w, + 2S,,*D ).

Proor. We obtain from (1.1)
2D[wD,L] P = 2[8[wD#] P — I’[F"‘w]Dav” -+ Fa"[pr] Y] =
= 2[01,0,3" + VO, I\ + I¥W, 8,0 +
+ I 1,00 + Ity Iy v + S, * Dy v*]
= — R, + 25,,2D,v".

The relation (1.3)b could be obtained in a similar way. The differ-
ence

D[wD“] v’ — SwM“Da‘D” = — %pr)(” 7
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is a tensor for any arbitrary vector »*. Hence, R,,,” must be a
tensor.

DEFINITION (1.1). The tensor R, )" is termed the curvature tensor
of I'y*,. The tensors

(1.4) R % Rys® Vi 2 R, 00

wp =

are called the first and second comtracted curvature temsors of Iy,
respectively.

Note I. The equations (1.3) can be generalized for arbitrary
tensors:
(1.3)c 2Dy, D ThE =
= — Ry’ T5E — .. — RETHE
+ Ry Th + . 4 Ry~ Th
+ 2S,,2D, 5%,
Moreover, if a is a density of weight w, then
(1.3)d 2Dy, D0 = wV,,a + 25,,2D,a.
Note II. For the algebraic decomposition of R,,,\* see Lamson,
K., (1).

THEOREM (1.2). The curvature tensor R,,,)\" satisfies the following
tdentities:

(1.5)a Rw;My = R[wy.]Av
(1.5)b Riyuxt” = 4S1up®Sno” + 2D1, Spnt”
(L.5)c DR, = — 251z, Ru1a®

(Bianchi’s identity).

Proor. (l1.5)a follows immediately from (1.2). In order to prove
(1.5)b,c we use an obvious relation

(1.5)d 2Dy(D,,D,1v*) = 2Dy D(D 1 v")
valid for any vector v*. From (1.3)c we obtain
2D D, (D,1v*) = Ryggu*Dyv”
— (Dt Reo)” + 2(DyDr, v*)Sg®,
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so that the right-hand term in (1.5)d is
2D D (Dy1v*) = (RigyuP — 4S1®Su1ef) Dg v
“+ 2S[§waRp.]oz)\”7)A
+ 2S£ * Dy Dy v’ — (D, v Ry

The left-hand term of (1.5)d may be computed in a similar manner.
Substituting these results into (1.5)d and equating the coefficients
of »* and Dgv*, we obtain (1.5)b,c.

THEOREM (1.3).1 IfII (2.1) holds, then

(1.6)a Ve Eapg =0
where
(1.6)b 30 2 308 Ry 0 +

+ O§[3ReuP + 25¢,7S,P — 2D S8 + 45,17 Ser, Pl
Proor. From II (2.1)b we have
2Dy D180, = 4De(Se1p* i)
Substituting into the left hand term from
2D D 8oy = Reun*8op + Reup®8ra + 25¢,* Do
and using II (2.1)b again, one gets (1.6).

THEOREM (1.4). The contracted curvature tensors are related by

(1.7) ZR[O)F] + pr. = Z(DaSwM" + 28[‘05’4]).
If 11 (2.1)b holds, then

(18)3' R[wy] = Daswp.a + a[wsp.]

(1.8)b pr. = 2a[wSM].

PROOF. Summing for w = in (1.5)b we obtain (1.7). If II
(2.1)b holds, so does II (2.6)a, and we get by virtue of (1.3)d

2Dy D, 8 = 2V;,8 + 45¢,2S,g =
= 4(Dy¢Sy1)8 + 4S, D9 =
= 4(D1¢S,)g

1 Cf. also Bose, S. N., (3).
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or
Vew = 2(DigSul — Sgu™Ss) = 20¢S,1-
Substituting from (1.8)b into (1.7) one obtains (1.8)a.

2. Field equations. From now on we shall assume that II (2.1)
holds

(2.1) Dngy. = zswp.ugha'
THEOREM (2.1). Put
(22)3. P,\“ det 8(,1"',\"‘“ — P)("ﬁpap“ -+ PA“"_F(“BB)
- %(au‘r(/\aa) + ah-r(p.aa))'
Then
2.2)b Ry + Py = D,S,

so that Py, is a tensor.

ProoF. An easy inspection shows that II (2.6)a is equivalent to

(2.3)a rge, =14,lng—S,.

Adding 2S,, to both sides of this equation, one obtains
(2.3)b re, =3%,lng+ S,

so that

(2.3)c 2r %y = 90,1lng.1

On the other hand, we see from (1.4) and (1.2) that
(2.4) RM = 8“1",“'“ — aaI’,\“F + PapFPA“p —_ PNBBI’,\"‘F.
The equation (2.2)b follows easily from (2.2)a, (2.3), and (2.4).

Einstein, A., (6) first proposed the following set of twenty field
equations

(2.5)a Sy =

(2.5)b Py, =0

for sixteen unknowns g),. From Theorem (2.1) we see that the
second set reduces by virtue of the first set to

(2.5)c Ry, =0.%3

1 This formula follows also from II (7.1)c.

2 Einstein had a formula equivalent to (2.3)c. He does not have the formu-
lae (2.3)a,b.

3 Cf. also Einstein, A. — Kaufman, B., (1).
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Later 1 Einstein proposed a weaker set consisting of eighteen
field equations (2.5)a and

(2.6) a) Ry =0, b) o, R =0.

The set (2.6)b is obviously equivalent to

(2.6)c Ry = 0, Xy

where X, isan arbitrary covariant vector. The set consisting of (2.6)a,c
also includes (2.5)c. One obtains it by choosing a gradient for X.

Einstein’s unified theory is governed by the following set of
equations: sixty-four equations determining the connection I'y,,

(2.7) Doy = 25 0u*8ra
and twenty field equations

(2.8)a Sy=0
(2.8)b Ry = 9, Xy
(2.8)c Ry =0

for twenty unknowns g, and X). Substituting the solution Iy,
from (2.7) into (2.8) one obtains four differential equations (2.8)a
of the first order and sixteen differential equations of the second
order for g),. Hence, there are twenty differential equations (2.8)
for twenty unknowns, g, and X, and sixty-four algebraic equations
(2.7) for sixty-four unknowns, I'y’,. 2

Note. The systems (2.7) and (2.8) may be considered from
another point of view.

One could start with sixteen differential equations (2.8)b,c of the
first order with respect to the unknowns I'y*, which unknowns are
subject to the algebraic system (2.8)a. Then the system (2.7) has to
be considered as an overdetermined system of sixty-four differential
equations of the first order with respect to the unknowns g,,. In
this way the system consisting of (2.7) and (2.8) is split into two
systems each of the first order and an algebraic system. We shall
see later that this way of considering the fundamental equations
(2.7) and (2.8) permits us to solve them by elementary algebraic means.

1 Cf. Einstein, A. — Kaufman, B, (1).
2 Stephenson, G., (2) replaces (2.8)a by another condition which amounts
to Rw'w‘“ = kw".
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3. Continuation. The curvature tensor H, w“,\ of {*,} is defined
in the same way as is the curvature tensor R,,)" of I'y,:

(31) Hwy.A v ot 2a[;l'{lz\l w]} + 2{04 [;L} {l/\l w]}
All results of the first section are valid for
(3.2) Iy, = ”“}

The most important of these results are the following: The
identities (1.3)a,b,c,d reduce to

(3.3)a 2V, Vg’ = — H,, v

(3.3)b Wi, Vigwy = H,\'w,

B3  2Wi, VTt = — Ho?Td — ... — H, ST +
F Ha ot T+ .+ me,a T

(3.3)d 2[7[w Vﬂ]a =0.1

The identities (1.5) reduce to

(3.4)a H W’ = Hiyu)?

(3.4)b Hp,) =0

(3.4)c Vig Hy,un?” = 0 (Bianchi’s identity).

The equation (2.1) has to be replaced here by

(3.5) Vi o = 0,

and consequently, (1.6)a reduces to

(3.4)d H,.on =0.

By the same token we have from (1.8)b

(3.6) H,*=0

while, according to (1.7), the tensor

(3.7)a H,)\© H,)»

is symmetric

(8.7)b Hp,n = 0.

Therefore, an easy inspection leads us from (3.4)c to

(3.4)e Vy\(H» — }HWY) = 0

1 We are anticipating here the result described by (3.6).
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where
(3.8) H¥H )wh)‘“.

Note. Equation (3.4)e is a consequence of Bianchi’s identity
(3.4)c. If one uses the generalized Bianchi identity (1.5)c, one could
express

Dy\(R,} — }R&)) 1

in terms of the curvature tensor and the torsion tensor. In this way
one obtains a generalization of (3.4)e. 23

The field equations (2.8)b,c exhibit some properties of R,,. We
can express them by means of H,). 4 To this effect we shall first
prove the following

THEOREM (3.1). Put

(3.9) T,\P_" dof Sl\"" -+ U",\F.

Then

(310) Rwy.hy = pr.Av + 2V[[l. T|/\|w]” + 2Ta[p‘yT|A|w]a'
Proor. We have

(3.11) ’ Iy, =} + Th

Substituting (3.11) into (1.2) and remembering (3.1), we obtain
(3.10).
In the next Theorem we shall use the following abbreviations
(3.12)a *4 lwp) dof Jpe Uﬁa[wku]ﬂ
+ 2Uﬂa[w(%Kp.]Ba - ky.]y Uyaﬂ + Uyap.] kﬂy) +
+ UB(%Kw;Lﬁ - 2Uo¢ﬁ[p. kw]a)»
(312)b — *A(I"» def _ v, Ua‘)m + Uﬁa,,, Uaﬁ)‘ —+ VM U,
—_ Uﬂ Uﬁ)m — (I(,\B“ U'yB[;n -+ KILBO‘ U},B[,\)ka]'y
+ 4U B, koy? Ustphn. ®
1 Here we put
det ’ dotf
RAER, W, REER, W

2 The computation requires the use of III (3.5)c.

3 Cf. also Bose, S. N., (1), Einstein, A., (3) and Lichnerowicz, A., (3), (4);
Schrédinger, E., (4); Winogradski, J., (5).

4 This result will be necessary for physical applications.

§ Tensor K,,,, is defined by II (3.5). Vector U) is defined by II (7.1)c.
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THEOREM (3.2). The field equations (2.8)b,c are equivalent to
(3.13)a Ot X1 = V2K gy + *A 1
+ 0w Su1 + SP(3Kuup — 2Uprur®)
(3.13)b H,) — 3K, BKp* — *A ) + Vi Sy — Sg Uﬂ;m = 0.
Proor. The equation (3.10) leads to
(8.14)a Rpa=Hy+V, Ty —V,T)*
+ T fTHg* — T, T)»

where

(3.14)b T) % T2

From (3.9) we obtain by virtue of (3.14)b and II (3.6)
(3.15)a T)=S,+ U,

(3.15)b T, = 1K,." — 2U ko + Uy

Substituting from (3.15)a,b into (3.14)a and remembering (3.7)b
and IT (7.1)c, one obtains (3.13) by virtue of (2.8)b,c.

Note I. Using II (7.23) one could express T) in terms of U),,.
This, however, is not necessary because of (2.8)a.

Norte II. It is illuminating to compare the fundamental
equations of the gravitational theory with those of the unified
theory. The fundamental equations of the former theory consist
of (3.5) and

(3.16) Hy, — $Hhy, = *k*T),,

where *£ is a constant and *T), is the momentum energy tensor of
matter. The fundamental equations of the unified theory consist
of the sets (2.7), (2.8)a and (3.13). Hence, physics is not involved
in the formulation of these latter equations. There is still another
difference between the two systems of the fundamental equations. In
trying to solve the fundamental equations of the gravitational theory
one starts with the assumption that the matrix ((),)) is a diagonal
one. This assumption is at least partly justified by the observable
spatial isotropy of our three dimensional space. The Schwarzschild
diagonal form of ((A,,,)) is enforced by Lamé’s conditions which have
to be incorporated into the fundamental equations (3.5) and (3.16).



136 CHAPTER 1V, SECTION 4

Their presence in this connection is at least partly justified by the
spatial isotropy of our three-dimensional space. Moreover, the re-
striction imposed by them on the solution %), is at least partly
counterbalanced by *T,, whose form has not been exactly described.

This situation changes considerably for the unified theory where
we are faced with the problem considered in section II (21). We see
from II (21.9) that ((k,,)) is again a diagonal matrix, and this re-
striction could be justified as before. However, there are more
restrictions dealing with %), which are not justified by observable
data. They require new conditions for g),, namely II (21.8)a, s.e.,

E[w"‘a#E}‘]ﬁ =0,
z z

which have to be incorporated in the system of fundamental
equations. We know that this set is equivalent to a set of sixteen
conditions. These new conditions are not justified by observable
data and, what is more unfortunate, they are not counterbalanced
by a more or less free choice of a tensor involved in the theory. 1
Therefore, it is doubtful whether solutions g,, obtained from this
enlarged system of thirty-six field equations are suitable for physical
applications. Thus, for instance, the third class, very important for
celestial mechanics, is not included among these solutions. Of
course, a similar criticism could be directed against the conditions
IT (6.4), II (7.4)a and II (7.22)a. However, the latter two conditions
may be easily converted into physical requirements as we shall
see later.

4. Uniqueness Theorem. In this section we shall investigate
the relationship between the field equations (2.8) and the tensor
field defined by I (15.2), i.e.,

(4.1) M‘-ﬁ-’—\‘/’? [V [Rlky, — Beragh®f].

THEOREM (4.1). The conditions (2.8)a and
(4.2)3. a[wlp./\] =0
are equivalent.

1 We have twenty equations (2.8) for twenty unknowns w X).
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Proor. The equation I (15.1) yields

0 —
Otwfu1 = — 5 €aplunluwl (*kEV |g))
equivalent to
(4.3) 3a[wfp./\] = - er;zkuaa(*ka”\/lgl)'
Therefore, we obtain by virtue of II (6.14)
(4.4) 3001, 1 = S V18l *A 0,

Our statement is then an immediate consequence of (4.4) and Theo-
rem I (14.1).

Note I. If and only if (4.2)a holds, then there is a vector f,
such that

(4.2)b Hw = o0fu-

Therefore, we see from I (15.17) that the field equation (2.8)a
enables us fo express sixteen components gy, in terms of fourteen
components h,\ﬂ and [,

(4.5) & = I, + 7/"—8 [3enas 7218 — 9V/IA1007 1)-

Note II. The question arises whether there is another skew-
symmetric tensor m,, besides f,, for which we have

3[w m#,\] =0

by virtue of the field equations. To answer this question we first need
a definition and two Lemmas.

DEFINITION (4.1). A tensor field my, is termed a Maxwell tensor
freld belonging to g, if it satisfies the following conditions:

a) 1t is skew-symmetric,

b) it is obtainable from g, by a purely tensorial construction,l

c) itis a function of &) alone and does not contain derivatives of &

d) it satisfies the condition

(4.6) a[me] =0
tf and only if the field equations (2.8) are satisfied.

1 4.e., by a construction every step of which is the same in every coordi-
nate system and the resulting tensor is defined up to a constant factor of
proportionality.
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xy
The following Lemma is concerned with the tensor @, defined
by I (10.6)b (see also I (10.8). Hence, this Lemma involves only the
first two classes.

zy
LEMMA (4.1). The tensors Q,, may be expressed as linear combi-
nations of ky, and f),

xy xy zy
(4.7)a Qup = @Ry + oy
where the scalars a, b satisfy the condition
12 12
a b
(4.7)b s s *O
a b

ProoF. If we substitute from (4.1) for e),,gk* into I (10.6)b

xy xy
we obtain (4.7)a where a4 and b are obviously scalar functions of
12 34
gy From I (10.8) we see that Q,, and Q,, are not proportional.

Therefore, (4.7)b holds.
In the next Lemma we shall again confine ourselves to the first
two classes.

LEMMA (4.2). Ewvery tensor field my, satisfying the conditions
a) b) ¢) of Definition (4.1) is of the form

(4.8) My, = Xfr + YR,
where %, y are scalar functions of gy, which contain no derivatives of
&

Proor. We know from I (8.1)a and I (9.3) that

x
(4.9) e g =z (1 + Daya.
£ x

On the other hand, any skew symmetric tensor m,, may be ex-
pressed as follows:
z v
(4.10) Mry = DU Mgy AN\a,).
The construction of such a tensor requires the construction of the

E
tensors apa,). From (4.9) we see that a purely tensorial con-
struction based on g), and not on its derivatives could only provide
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z
us with tensors a)a*. We achieved this result in finding the tensors
x

E)’ (see 1(10.10) and I (10.11)). Hence, a purely tensorial con-
x

struction of a quadratic tensor, based on g, and not on its de-
rivatives, yields only tensors of the form

m;"’ = 23 me,\”.
x

If m,, is skew symmetric, we have by virtue of (4.10), I (10.11) and
I(8.16)

mp = — my, m3=—m4

so that m,, must have the form
12 3¢
my, = aQ), + aQ),.
12 3¢

Substituting into this equation from (4.7)a we obtain (4.8). Accord-
ing to the manner in which we obtained this equation it is clear
that x, y must be scalar functions of g, which contain no derivatives
of gy,

THEOREM (4.2). In the case of the first class there is only one
Maxwell tensor field (but for a multiplicative constant) belonging to
8w mamely the tensor field f,,.

ProoF. According to Theorem (4.1) the tensor f), defined by
(4.1) is obviously a Maxwell tensor field. According to Lemma (4.2)
any other Maxwell tensor field #,, must be of the form (4.8). Such a
tensor is a Maxwell tensor field if and only if the condition d) of
Definition (4.1) is satisfied. This condition is according to (4.2)a
and (4.8) equivalent to

(4.11) a[wykw\] + f[Maw]x = 0.
Using I (15.7) in the simplified form

(4.12)a k= ofa + BY [Bleaguf?
with

4.12)b wlet _ T i g2
(@12 Ve 27z

t See I (15.16) and I (2.11)b.
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we may write, instead of (4.11),

(4.13) frnda1(® 4+ o) + eogrnda1 BV 18)).

This equation is equivalent to

(414 findul® + y9) + Feun S0Vl = 0.

Assume first that (4.14) is not an identity. If m,) is to be a Maxwell
tensor field, (4.14) has to be satisfied by virtue of (2.8). Among this
latter set of differential equations there is only one set of the first
order, namely (2.8)a. Moreover, an easy inspection shows that the
left-hand term of (4.14) cannot be a first integral of (2.8)b,c. Hence,
(4.14) must be a consequence of (2.8)a alone. On the other hand,
(2.8)a is equivalent to (4.2)a, and this latter equation is different
from (4.14). Hence, (4.14) is not a consequence of (2.8)a, either.
Therefore, it represents a set of new conditions besides (2.8)a. In the
case of the first class there is only one set of conditions, namely (2.8).
- Hence, our result is at variance with the assumption that g,
belongs to the first class. Therefore, (4.14) must be an identity

(4.15) x + ya = ¢ (= const), 1 y§ = 0.
Comparing the second equation (4.15) with the second equation
(4.12)b, we obtain y = 0 so that the first equation (4.15) yields
% = ¢. Substituting these values into (4.8) we have
m,\“ = Cf Aw
Note I. Theorem (4.2) will help us in identifying f,, with the
electromagnetic field tensor.

Note II. If we replace (2.8)a by another condition, we obtain
another Maxwell tensor field. Thus, for instance,

S[w;u\] =0
leads by virtue of II (6.12) to
Orwkun = 0.

Note III. If we admit other restrictions besides (2.8), we obtain
more than the one Maxwell tensor field, fru- Thus, the condition

Upe = 20" by, — 83y — G2 2

1 For the first class, f,, is not a simple bivector.
2 See Theorems II (7.5) and II (7.6). Physical consequences and applications
of this condition are described in Hlavaty, V., (18). Cf. also Clauser, E., (2).
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yields a Maxwell tensor field
(4.16) My, = — Vgl eruph®. 1

Note IV. If we drop condition c) of Definition (4.1) we are
able to find at least two fields satisfying (4.6). One is f,) and the
other is R,y (Cf. (2.8)b). 2

5. Digression: Solutions of (2.7) and (2.8). In this section
we shall display a solution of (2.7) and (2.8). Assume 4, to be of the
form

+ 1 0 0 0
st 0O +1 0 0
0 0 0 —1

introduce the abbreviation z%¢f 4III _ xIV, denote by « = «(2)
an arbitrary function of z, possessing at least the first two de-
rivatives with respect to z 3, and introduce the vectors

(5.2)a (0,0, 1, — 1)
(5.2)b uy(— cos a, sin a, 0, 0)
which satisfy the conditions

(5.2)c aray = wlay = uruy — 1 = 0.
The tensor gy, = hy, + k), with

(5.3) ky, = 2apu,

is obviously of the third class:

(5.4) f=0, K=0, g=H.

1 See preceding footnote.
2 Finzi, B., (2) uses a tensor *RM similar to PA” (see (2.2.)b) and neglects
(2.8)a. From his field equations

Rot*R,, =0 Div*rrr =0

it is clear that *R ) could be identified with the electromagnetic tensor field.
Cf. also Zanella, A., (1); Martuscelli, L., (1) ; Schrédinger, E., (2) ; Graiff, F., (2).
3 Derivatives with respect to z will be denoted by primes.



142 CHAPTER 1V, SECTION §

Moreover, since z = xIII — xIV,

(5.5)a Vi byt = Bpu kg = 281,00 = 28[,8, %' = O

so that by virtue of II (3.5) and (5.2)c
(56)& lel) = ZVA kwy. = 4a,\a[wu",],

(5.6)b ko BKy,p = 2(aquP — uyaP) (apu', — w'na,)ag = 0.

Therefore, we have according to Corollary II (7.1) (or by virtue of
IT (18.3)

(5.7) U, =0.1
On the other hand, the equation I (3.9)b reduces by virtue of (5.4) to
*pAv — Bl

so that, by virtue of (5.4) and Theorems II (6.3) and I (14.1), or
according to (5.7), II (7.23) and (5.5)b we have

S,=0.
Hence, (2.8)a is satisfied, and the equations (3.13) reduce according
to (5.7) and (2.8)a to
(5.8)a O X1 = Vo K, %
(5.8)b 0=H, — K, PKp*
Remembering (5.2)c, (5.6)a and (5.1) we obtain
Vo K™ = 40,a%ag,u'y) = 4a*ag,u"’ 18, = 0
K PKp* = 16aPa*ag, ' jagu’y; = 0.
Therefore, the field equations are satisfied by X, = ¢,X and
8 = My, + ky,, Where ), and k), are defined by (5.1) and (5.3).

The solution I'y”, of (2.7) is given by II (3.1), and this equation
reduces in our case to

(5.9)a Iy, = Sy
where S,,” is given by II (17.3). Even this latter equation reduces

1 Another solution with (5.7) is in Ingraham, R., (1). The author derives
it assuming the existence of vectors which are covariant constant with
respect to {,\"P}. The existence of a covariant constant vector with respect to a
non-symmetric connection is required in Stephenson, G., (1).



CHAPTER IV, SECTION 5 143

considerably in our case because of

K ,opkf = 4agag,w' (a,uf — u,af) = 0.
Hence, we have by virtue of (5.9)a and II (17.3)
(5.9)b Iy, = 1K)’ = 2a”ap v’ ).

Note. It will be shown later that this particular case of g,
describes the plane wave in the electromagnetic theory of light.

Another solution of (2.7) and (2.8) is exhibited by Hlavaty, V.,
(13) in terms of polar coordinates

A8 L, 26E T g o T, ot 1,

0<0<a).
It consists of the vector X, = ¢,X and of the tensor
— 1 0 0 kitv
0 —1r2 0 0
(5-10)a " ((ew)) = 0 0 —72sin20 0
kivi O 0 hrviv
where
(5.10)b kriv = eV|BA|r-2, hiviv = B(l — Ar4)
e=21)

and B is a positive constant, while 4 is a negative constant. The
solution of (2.7) is given by 1

(6.11)  I'iflip = — 7, I'iflii = — 7 sin26,
Iivhy = kv rv(ln gVarvv)’
T 1IIIHIII = — sin 0 cos 0,
Iy = I'm'y = My = Dy = -1
I'iy™Mypy = Iy = cotg 6
I'lyy = — vy = — 2y = 21Ny = — 20y =
= 20"ty = 2rlkr 1v
the remaining I'y’, = 0.

In subsequent considerations we shall use these particular solutions
of (2.7) and (2.8) for constructing a general solution of this system.

1 Primes indicate derivatives with respect to 7.
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6. General solution of (2.8). In this section we start with a
particular solution OI'y?, of the system (2.8) in order to get its
general solution. We could use either one of the two previous
particular solutions. However, we shall generalize the problem
slightly, assuming that °I'y, is a solution of (2.8)b,c not requiring,
in particular, that 0I7,%,; = 0. All objects defined by means of
ory*, will be labeled by 0. Thus, in particular, we define

(6.1) 0T, 2205, » | 0T,

THEOREM (6.1). Let Oy, be a particular solution of (2.8)b,c.
A mecessary and sufficient condition that

(6.2) Iy, =y, + Q'
be a solution of (2.8)a,b,c is: The tensor Q,,” is a solution of
(6.3) 05 + Qua* =0,
(6.4) OuZn = °D,Ox + 2 °Sp,*0)P
+ QPO

- (oDaQAp.a + QaQ/\p.a)'

Here Z) is a suitably chosen vector, and

(6.5) O L O
Proor. Using (6.2) and (1.2) we obtain
(6.6) pr)&y = on;u\v +
+ 2[°D [ Q|/\|w]y + oswp.aQ/\av + Qa[p”wa]“]:
so that
(6.7) Ry =R, + °D,0x + 29S55,20xF + Q0P O

- (OD aQ/\p.a + QaQ/\pa)'

The condition (6.4) follows from (2.8)b,c and (6.7). The condition
(6.3) follows from (6.2) and (2.8)a.

Note. This Theorem is very handy for finding new solutions by
means of °I'y”,. An application of this kind is exhibited by Hlavaty,
V., (13): One starts with the connection Oy, given by (5.11) and
finds a connection

P,\"” = OI'A”# + k/\pp”
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where the conditions (6.3) and (6.4) define the vector $”. However,
the actual computation is uninteresting. The final result for p* is

i (0, .c 'k P, 1), 0)

sin

(¢ = const).

THEOREM (6.2). Let Iy, be a solution of (2.8). Let Iy, be
another solution of (2.8) with the following properties:

a) i has the same skew symmetric part as Iy,

b) it has the same autoparallel lines as OI'y,.

Then

(6.8) Iy =Yy + 8pu + Gupa
where the vector p) has to satisfy the conditions
(6.9)a Dty = puta
(6.9)b Orw(®S i 2) = 0.

The set of all vectors py satisfying these conditions is not an empty set.

Proor. It is very well known that the conditions a) and b) are
satisfied by the connection (6.2) if and only if

(6.10) th,y = Q(/\p.)y = 531’,; + 6;;.1’/\’

where $, is an arbitrary vector. The equations (6.3) are satisfied
because of 0S), = 0 and by virtue of (6.10). The equations (6.4)
reduce to

40Dy.p4\ - ODA?}L - 3P;LPA + zoskp.apa = a[[LZ)\]
and may be split in (6.9)a and
50Dy, pa + 295),* P = 81, Zn.
The last equation is equivalent to
58[,;?).] -3 oshyapa = a[pZA]»

and (6.9)b are its integrability conditions. In order to prove the
last statement we start again with the connection Iy, given by
(5.11). Then a simple inspection shows that the vector

1
2} (O, 0, 0, c——t—>. (¢ = const)
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satisfies the conditions (6.9). Hence, the set of all vectors satisfying
these conditions is not an empty set.

THEOREM (6.3). Let Iy, be a solution of (2.8)b,c which does not
satisfy (2.8)a. Then

(6.11) Iy, =0y, 4+ §05,8;1
s a solution of (2.8)a,b,c.

Proor. Put
O’ = BZq A=aq
Then (6.3) reduces to

(6.12) 0S, — 3y = 0.
The equations (6.4) reduce to
(6.13) OrwZn = 2(°Dy, qn + °S).%90) = 201,901
Hence,
g = §95) = 12,

solves our problem. 2

7. Algebraic solution I'?, of (2.8). In this section we shall
exhibit a device for solving the field equations (2.8) by a purely
algebraic method. To this effect we shall first prove the following

THEOREM (7.1). Let Z,,)* be an arbitrary tensor. A sufficient
condition that the curvature tensor R,,,)* of the connection (6.2) satisfy
the equation

(7.1) Ry = OR ) + 221,
1s: The tensor Q),* is a solution of
(7.2) oDy. O’ + QanQMm + oTwy.aQ p o= pr.hy'
1 A similar equation is also considered in Einstein, A. — Kaufman, B,,

(1); Horvath, J., (1). Cf. also Winogradski, J., (2); Husain, S. G., and Mishra,
R.S., (1). The connection I'y¥, defined by (6.11) is invariant with respect to
the transformation -~
0 I",\v“ =0 ]"'\vp_zg)‘(pp .

2 For the existence of a general solution of (2.8) see Lichnerowicz, A., (1),
(2), (3), (4). For particular solutions see footnotes on pp. 50 and 71, and Frei-
stadt, H., (1); Narlikar, V.—Vaidya, P., (1); Papapetrou, A.—Schrédinger, E.,
(1); Rickayzen,G. — Kursunoglu, P., (1); Wyman, M., (1); Udeschini, P., (8).
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Proor. Substituting from (6.2) into (1.2) one obtains
(7.3) Rw,‘)"’ == onw\"

+ Z[OD [ Qlllw]v + oswp,aQ/\a” + Qa[p.y thlw]a]‘
On the other hand, (7.2) yields

(74) oD [p,thlw]” + Qa[p.”QIAIw]a + osw;l.aQ/\ot” =Z [wp.])ty'
Substituting from (7.4) into (7.3) we obtain (7.1).
In the next Theorem we shall use a set of algelraic equations in

Q)‘p.”
(7.5) Ey, E,, E,, ...
constructed in the following way:
a) We denote by Eg the system (6.3).
b) Differentiating Eo and eliminating from the result °D,Q,,"
by means of (7.2), we obtain

(7.6)a  °D,9S, — Qu.PQug* — *T1g,* Ot = — Ziyupi™

Differentiating (7.2) and alternating indices, we obtain a set of
equations for 9D%D,;0,,” Using (1.2) and (7.2) we eliminate
%D, Q)" from these equations. Let the resulting set be denoted by

(7.6)b Etpur” = 0.
We denote by E; the set consisting of (7.6)a,b.
c) Differentiating E; and eliminating from the result °D,Q,,”

by means of (7.2), we obtain Ej.
d) Continuing this procedure we finally get (7.5).

THEOREM (7.2). In order that the system of equations (6.3) and
(7.2) admit a solution Q),*, it is necessary and sufficient that there
exist a positive integer N < n31 such that the equations of the set

(7.7) Eo, Ey, Es, ..., Ex
are compatible for all values of the x’s in some domain, and that the
equations of the set En.1 be satisfied because of (7.7). If p is the number

of independent equations in the set (1.7), the solution involves n3 — p
arbitrary constants.

Proor. This is almost an exact wording of a more general
Theorem in Eisenhart, L., (2) where its proof may be found.

1 43 is the number of components of vin an » dimensional space.
PO Ap P
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NoteE. The importance of this Theorem lies in the fact that ¢
yields the solution by an elementary algebraic method. 1 Whenever this
solution exists, it is a solution of the algebraic system (7.7).

THEOREM (7.3). Let 'Z,,,)\" be an arbitrary tensor satisfying the
condition

(78) 4 [ay]Aa =0
and put

1 ”
(79) pr.l” d—i-t 71::"1— 62»8[# Z)\] + 'lw;u\”‘

If the conditions of the previous Theorem are satisfied for the special
form (1.9) of Z,,,3*, then the solution Q),” of (6.3) and (7.2), obtained
by purely algebraic methods, is also a solution of (6.3) and (6.4).

Proor. Equations (7.4) follow from (7.2). If we put w = » in
(7.4) and sum, we obtain

(7'10)8' OD/J.Q/\ - oDaQ)p.a =+ Qup.ﬁQ)\ﬁa
- Qa Q/\,.l.a + 2053#.“ Qhazﬂ =27 [ap.]Aa'
On the other hand, we have according to (7.8) and (7.9)

(7.10)b ZZ[aM])“' = 3[“ZA]
so that (7.10)a reduces to (6.4).

Note I. Having obtained the solution @,,” of (6.3) and (6.4)
in a purely algebraic way, we substitute it into (6.2) and obtain in
this way the solution I'y, of (2.8) by a purely algebraic method.

Note II. We replaced the underdetermined system (6.4) of #2
equations by an overdetermined system (7.2) of »n4 equations.
However, this overdeterminacy is offset by the arbitrary tensor
Z )’ involved in (7.2). According to (7.8) 'Z,,,)" represents n4—n2,
arbitrarily chosen functions involved in the set (7.2) of #4 equations.
Therefore, this set could be looked upon as representing only
n4 — (n* — n?) = n2 conditions for Q),” as does the set (6.4) with
which we started.

1 The method which yields a solution of a completely integrable system
by means of power series is considered here (and in subsequent results) as an
elementary algebraic method.
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8. Algebraic solution Iy, g, of (2.7) and (2.8). Upon
substituting the solution I'y?, of (2.8) into (2.7), we obtain an over-
determined set of #3 differential equations of the first order for n2
unknowns g),. It is not difficult to derive from (1.6)a a set of
algebraic homogeneous equations of the first degree for g,g which
yields the solution gy, of (2.7). However, we shall use a slightly
different approach which seems to us more advantageous.

Assume that we have a particular solution %, °I')*, of (2.7) and
(2.8) (see, for instance, the solutions exhibited in section five). The
question arises whether we could express g), by means of g,
in a way similar to that by which we expressed I'y”, by means of
OI'y,. In order to answer this question we put g, in the form

(8.1) O =% + X,
and find X),,.

THEOREM (8.1). Denote by Og),, Ty, a particular solution of
(2.7) and (2.8). In order that theve exist a tensor (8.1) which together
with the I'y*, 1s a solution of (2.7) and (2.8), it is necessary and suf-
ficient that the system

(82) oDwXA;L = XaﬁQZ;B)w, + th\p.
admit a solution. Here

(8.3)a 08 % 02, 88 + 83(0u® + 29S,,5)
(8'3)b Gaw\p. = ogaﬁ(Q:)B/\p —2 osw’l.ﬂ 6;)'

Proor. We have according to (6.2) and (8.1)
Dwg/\y. = oDw(og/\y. + X)kp,) - Qhwa(ogay. + qu;)
- Ql,uua(og/\a + Xz\u)

2Swy.ag)u =2 oswy.a(og/\a + XM) + ZQ[wy.]a(ogAa + X/\a)
so that

(8.4) Dwg/\p. - 2Swpag)\a = oDwog)\;; - 205«);1,& ogz\a
+ ODwX/\;L —2 oswp,aXAa - (Ogaﬁ + Xaﬂ) (65,01\0)“ + 6&@(0;43)'
According to our assumption, %), is a solution of

oDwog/\y. - zoswua %) = 0.
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Hence, a necessary and sufficient condition for g, to satisfy (2.7) is
that (8.4) reduce to (8.2).
In the next Theorem we shall use the following abbreviations:

(8.5)a Af), % J0R,, 208 + 3OR,,, B8

— 95,7 O3, — 83015, 0% — °Dy 0%,
B ALt 22 WD, AGh i + Oy Al
(85)c  Beurs 2 Goya(®S, G + 83073) + DGy

(8.5)d By, it 2 D¢, Bttt — Gtpuirs Al tra
=12 ...).

Moreover, we denote by ((4B)) a rectangular matrix of »2 4- 1
columns. The elements of its first #2 columns are A;f afones the
elements of its last column are By ,..¢,,,- The first #2 columns are
labeled by the superscripts «f of the A’s. The rows of ((AB)) are
labeled by the subscripts &p+1. . .&1wAu of the A’s and B’s, p = 1,
2, .... The matrix which one obtains by leaving out the last
column of ((4B)) will be denoted by ((4)).

THEOREM (8.2). In order that the system (8.2) shall admit a
solution, it is necessary and sufficient that the matrices ((4)) and
((AB)) of the nonhomogeneous linear system in X,g

(8‘6) Xaﬁ A?f‘"fxw)‘ﬂ = pr"'flw/\#
=12 ...)
be of the same rank n? — q (0 < q < n2) in a certain domain of the

coordinates xA. If this condition is satisfied, then the solution X A
involves q arbitrary constants.

Proor. Using (8.2) one obtains

(8.7)a D(%D 1 X, = *De(Q, Xog + Guppy)-
The left-hand term may be transformed by means of (1.3)
(8.7)b 0D %D ;1 Xy, =

= %owa/\aXau + %oway.aXAa + osfwa °D aXAp.'
Eliminating 9D, X,, from (8.7)a,b and (8.2) we obtain (8.6) for
p = 1. Differentiating this equation and eliminating °D,X,, by
means of (8.2), we get (8.6) for » = 2. Continuing in the same way
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we obtain (8.6) for p =1, 2, 3, .... Now, our Theorem is only an
application of Eisenhart’s Theorem which we mentioned earlier.

Note I. The importance of this Theorem lies in the fact that, if
X), defined by (8.2) exists, it may be obtained by an elementary
algebraic method. Recapitulating our results we see that the knowledge
of a particular solution 0gy,, OI'y, of (2.7) and (2.8) enables us to find
other solutions gy,, I)\*, of these equations by elementary algebraic
methods.

Note II. For a solution of (2.8) by means of Cauchy’s problem,
see Lichnerowicz, A., (2), (3), (4).

9. Conformal change. In the concluding sections, nine
through eleven, of this chapter we shall investigate the conformal
change of the tensor g, in relation to the connection I'y?, given by
(2.7) and with the vector S, involved in (2.8)a.

Let 2 = Q(x) be an arbitrary function of position with at least
two derivatives. Put

(9.1) ‘O = e
This conformal transformation enforces a change of the connection.
This change can always be expressed as follows:

(9.2)3. 'I'A"“ = PA"“ —+ qu_"
where the tensor ¢’ has to be found. Here, of course, 'I‘,\"M is the
same function of ‘gy, as I'y”, is of g,. In subsequent considerations

we use the tensors s),” and «”), defined by

(9.3) S’ Lo W 2 0w’

and the tensors a,,), b,,) defined by

(9.4)a Bor L w by, + @ b\ — wahy,,
(9.4)b bour B w, by, + Wk — Wik,
where

(9.4)c w, 3 05,0.

Using (9.3) we may write (9.2)a as
(9.2)b 'FA"“ = P'\”F + S)m" + M",\M.
We have now, besides %), and ¥, also the tensors
‘M = 62y, B = e hY,
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Throughout sections nine, ten and eleven we shall hold to the
following agreement: If T is a function of g, then we denote by ‘T
the same function of ‘gy,. If, in particular, T is a tensor, so is ‘T,
and our rule implies that the indices of T (of 'T) be raised and/or
lowered by means of #* and/or k,, (by means of 'K and/or 'hy,).

THEOREM (9.1). The tensors sy’ and w”), involved in (9.2)b
satisfy the following relations:

(9.5)a Appr = Zut\wp — 45" ky.)a
(9.5)b bupr = 28,01 + Ao Rur™

Proor. A simple calculation based on (9.2)a and (9.1) yields
(9.6) e_g(,Dw ,g/\'t - Z,Swp.a 'gAa)

= Dng;L - sty.ag:\a + wwhlp. - 2sw(y.ak)t)a - zu(ky)w
+ wwk/\p. - zsw[p.A] - 2uuw[p.k/\]a'

The tensor gy, satisfies (2.7) and the tensor ‘g, satisfies the relation
(9.7) ’Dw,gA/.L = Z,Swy,a "B
Therefore, (9.6) reduces to
(98)8' wwh/\p. = 2(sw(p.ak)\)a + u(/\p)w)
(98)b w wk/\p. = Z(Sw[p)ﬂ + uaw[p. k)t]a)'
The equations (9.5) follow from (9.4) and (9.8).

THEOREM (9.2). The equations (9.5) are equivalent to

(9.9)a 25,8, XFY, =k,

(9.9)b aﬁy{év(/\y.) —_ 2k("pk)‘)°‘6" + 2% "‘k(,‘ﬁa 3}
= 2aA'w - k(A b;l.)vot'

Here

(9.10) kwp.v Qef bw/,w - 2k[waau]va

= Zwak[wahp]v - ka
and X°PY is defined by 11 (3.11).

wpy

W

1 The coefficient of U, afy in I (7.2) is the same as the coefficient of u,g,
in (9.9)b.
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Proor. The last part of (9.10) follows from the middle part and
from (9.4). The equation (9.9)a ((9.9)b) is the result of the elimi-
nation of u,g, (of s,g,) from (9.5).

In the next Theorem we use the tensor Z°8? defined by II (10.3).

wpy

THEOREM (9.3). Consider the first two classes, and put

(9.1 l)a lw,w d:"f Zﬂkapy = l[wl“],,.

Then

(9.12)a 28wy = bupy + Slapy] kw“kpﬂ

(9.12)b 2Mw\p. = aAm, —_ ZkQY l”),,y

so that

(9.13) Ty, =TIV, + ¥ay” + by + gk PR7
— 2k(,\°‘l#)yah7”].

Proor. The structures of II (3.12) and (9.9)a are the same.
Therefore, we may apply the method of section II (11) for solving
(9.9)a. Remembering in particular II (11.1) and II (10.6) we obtain
(9.12)a and (9.11)a, where, of course, the nonholonomic components
lgyz of 1, are given by

1
(91 l)b la;yz = —l— kxyz.

Yz

Substituting from (9.12)a for s,,, into (9.5)a one obtains (9.12)b.
The equation (9.13) follows from (9.12) and (9.2)b.

In subsequent considerations we shall need two Lemmas. The
first one is

LeEmMmA (9.1). We have for all three classes
(9.14)a 28 [wpn] = Rl = — @ Rep
(9.14)b 2Ua0) = G0 = Walpuy-
Proor. Consider the first two classes. The equation (9.12)a

may be rewritten in nonholonomic components by means of (9.11)b
and I (9.1)a (for p = 1). Then

6 2 Stzyz) = 3k(zyz) + 3AAR(2yz) +
zy

zyz

+ 34 Ak1yzz) + 3AAR[zzy) = 3 A Rizyz),
vz 2z xyz
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and this equation is equivalent to the first equation (9.14)a. The
second equation (9.14)a follows from the first one and from (9.10).
The equations (9.14)b follow directly from (9.4)a and (9.12)b. The
proof for the third class will be given later.

In the second Lemma we also use nonholonomic components with
respect to the nonholonomic frame exhibited in sections I (12) and
I(13).

LemMMA (9.2). For the third class we have

(9.15)a kifaa) = 0
(9.15)b kaza =0
and

(9.16) kPR SRy Rog, =

Proor. The equations (9.15) follow directly from the non-
holonomic form of (9.10) and from I (12.3) and I (13.1). Then the
proof of (9.16) follows the pattern of the proof of Lemma II (18.1).

THEOREM (9.4). We have for the third class

(9.17)a 2 = k —_ 2k[’,’°‘ w]aﬁk B

(917)b 2%,,\“ = aAlw + 2hyaﬁ[6v(/\y,)
202k h, B — 288k, 0%k,

Here

(9.18) ) dot ky(a kg)s.

Therefore, the connection ‘T, is given by
(9.19) Ty, = IV, + 34" + 3ky2 — Ry kanagh*P
+ Pryogh[B%8E) + 265 ko7 BB — 208k, k7).

Proor. The structure of II (3.12) and II (15.3) being the same
as the structure of (9.9)a and (9.15), we obtain (9.17)a by replacing
the tensor K, with %,,, in the solution II (17.3). The equation
(9.17)b follows from (9.17)a, (9.5)a and (9.16). (Cf. also the proof of
Theorem II (18.1)). The equation (9.19) follows from (9.17) and
(9.2)b.

Note. Using (9.17) we may easily prove Lemma (9.1) for the
third class by means of I (13.1)a,b. According to these latter



CHAPTER, IV SEectION 10 155

equations the only nonholonomic component of k,fk,*k,1,g Which
does not identically vanish is %y24). This component is equal to
zero because of (9.15). Therefore, we obtain from (9.17)a

Zs[wpw] = k[wpv] - 2k[vpkp.“kw]aﬁ = k[wy.v]'
The equation (9.14)b follows in a similar way from (9.17)b.

In the next section we shall derive some consequences of Theo-
rems (9.3) and (9.4).

10. The vector 'S,. In the next Theorem we shall use the vectors
Sy Sp Sy S

THEOREM (10.1). The vector S is transformed by the conformal
change (9.1) as follows:

(10.1) 'Sy = Sa + w k)™
Proor. We have from (9.2)b
(10.2)a Sy’ = S’ + s
so that
(10.2)b 'Sy = S) + s>
Consider the first two classes. The nonholonomic components of
s 8t 5,
are
(10.3)a Sz = Sazz + Szaz + Swzs. 1

Therefore, we have according to (9.11)b, (9.12)a and II (9.1),
IT (14.1),

1 1
25y = — kggw + — [kxzz' + kzzz + 64 lk[zzz']]-
l 2. rz
zx'x xz2’

This expression reduces by virtue of (9.10) to

83 = )»w;;
x
equivalent to

(10.3)b Sy = W k)™

1 The primed indices are defined in the proof of Theorem III (2.3). If the
range of x is 1, 2 (or 3, 4), then the range of z is 3, 4 (or 1, 2).
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Substituting this value into (10.2)b we obtain (10.1).
Consider now the third class. Then we have from I (13.3)

(2)]3)(\ =0 ®ky =0

so that according to (9.17)a and (9.10)

(10.3)b 25, =k, X+ 2k[w°‘k“]aﬂkvﬂhf“'
= R % = 4w, k> — Wk, — Wy R*
= 2w,k *

Hence, even in this case we obtain (10.1).

According to Theorem I (14.1) the tensor *A* is of rank 4.
-1 -1
Therefore, there is only one inverse tensor *k), = *h,, satisfying
the condition

-1
(10.4) *hp ¥hH = 0},
We shall use this tensor in the next theorem.

THEOREM (10.2). In order that 'S) vanish
(10.5) : 'Sy =0,
it is necessary and sufficient that there exist a scalar Q2 such that

1 -1 —
(10.6) Vo *h,, OV g *BY = k2 0,Q.

-1
Proor. Multiplying II (6.14) by *h,, we obtain

_ -1 _
- '\/IQISF = *hpval\/,gl*khy
so that (10.2)b reduces by virtue of (10.3)b to
_— - -1 _
'SuV18l = wok, Vgl — *h, V6] ¥RV
The proof follows easily from this equation and (9.4)c.
In the case of the first class we have & = 0, and therefore, there

-1
is only one tensor ky* satisfying the condition

-1 -1
(10.7) bk = 8 = kh,”.

We shall use it in the next Theorem.
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THEOREM (10.3). In order that (10.5) hold for the first class it is
necessary and sufficient that

-1 -1 _ 1
(10.8)a Ol [kw]“ *hap(ay\/ |g| *E7B) ———_—_—:I = 0.
Vigl4
If this condition is satisfied, then

1 -1 -1 —
(10.8)b W, = 0,2 = —=k,* *hog0,V|g| k7B,
Vgl

-1
Proor. One obtains (10.8)b by multiplying (10.6) by &,*. The
conditions of integrability of (10.8)b are (10.8)a.

Note. Theorems (10.2) and (10.3) show under what circum-
stances the field equation (10.5) could be emforced by conformal
change (9.1).

11. Conformally invariant connection I:A””.
LemMmaA (11.1). Put

(1 l'l)a Zau\p. ot s/\wagay. + swp.ag/\a + ua/\wgap + uawy.g)ta'
Then

(11.1)b Zody = W
Proor. The tensor Z,,, may be written

Zw)\p. = st[;u\] + 2“(;4))(» + zsw(yak)t)a + Zuaw[p. k/\]a'
Substituting for the last two terms from (9.5) and using Lemma
(9.1), we easily obtain (11.1)b.

We shall need this Lemma in the proof of the next Theorem. In
order to state this Theorem clearly we have to explain some new

notation. If F is a function of w,, then we denote by F the same
-1
function of the argument %,*S,. Thus, for example,

-1
W) = RS,

We obviously have
-1 -1
’kl\v — k/\w, 'k,\v = k)‘v
so that

-1 -1
'ZEIA = 'k)f‘ 'Sa = k) 'Sa'
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THEOREM (11.1). Let gy, be of the first class. Then there s only

one connection I'y, with the following properties:
a) 4t satisfies the conformally invariant conditions

~ ~ -1
(11.2)a awg)\p. - P/\awgap. - wa[l.g)\(! = kwasag/\y
(11.2)b S 3 Iy = 0,
b) it is invariant with respect to (9.1)
(11.3) Ty, = Iy,

This connection is given by
(l 14) Fl\”“ = I‘,\”F — §)‘F_” — 'ﬁ")w
= I'A"’,‘ —_ %[ﬁ,\#” -+ Z,\“" + 3Z[apy] k)“"kpﬁh"’" — 2k()‘°‘lﬂ)yah7”].
Proor. The equations (10.1) and (10.7) yield

-1
(l 15) wF = (,SA —_ S)‘)k’,.’\ == "lf)”' - Z@F.

The tensor %,,, defined by (9.10) is a homogeneous linear function
of w,. Hence,
(1 1.6) kpr = e—g’kw’m — Kyud
where, of course,

’ wpd = 2By R ’hy.]A — ") ,kwp.'
Therefore,
(11.7) kw,u\h"‘ﬂ = ¢~ poB 'kw/.u\ — kth“ﬁ

= 'hoP ,kww\ — hoB kwp)(

The tensor Z:ﬁ}:, involved in (9.11)a is a conformal invariant 1.

Therefore, there is an equation similar to (11.7) for Z,,, ’le and
lw,,,\. By the same token we obtain from (9.12) similar equations to

1 The scalars K and %k involved in II (10.3)b are obviously conformal
invariants, So are the tensors E \"» since
x

EE,\" = (S:'\.
z

Ty xy
The conformal invariance of pr, QB is then evident.
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(11.7) for sur "Swprs Swua and #,),, "By, %,), so that finally,
(11.8) SA”_”—-—'— '$ ”-—§,\“"
= g e — ‘ﬂ",\“ 1

Substituting from (1 1.8) into (9.2)b we get, after a slight rearrange-
ment,

(1 1.9) f)"'F ‘_1—_'-?]-')"'” —_ §)w_" — ﬂ”AF = 'F){’M —_ '§)‘P'” — '12”1\”‘.

The tensors §),” and #*), are to be constructed according to the
pattern of (9.12).

(11.10) 28 s = Loy + liopi kP
212""!" = d);w —_ 2k()‘°‘lﬂ)m.

In this way we obtain (11.4) from (11.8) and (11.9). If we remember
II (2.1)a, we see from (11.4) that
awghp. - I'Aawgap - Pwapg)ta = zw)«p.
where Zw,\n is to be constructed in the usual way from Z,,,, given by
(11.1)a. Therefore, (11.2)a holds by virtue of Lemma (11.1), which
obviously is also valid for Zw and @,
Using (11.4) we derive

§).p," = S)” — &°
so that
(11.11)a Sy = S) — §.
On the other hand, we have from (10.3)b
(11.11)b G = o = BBSh = ).

The equation (11.2)b follows from (11. ll)a b.

Assume that there are two connections I’,\ and *P . satisfying
(11.2)a. Denote by C,,” the tensor

d t ~ ~
C)\p,” dof I*/\u“ % PA"#‘
1 Here, of course,
A
'§A’L" = 'SAM'hW
24V, —
7} = ﬂw\“

'h,
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From (11.2)a we easily derive for C,,” the condition
(l 1.12) C)twagap + pr.agz\a = 0.
Comparing this system to II (2.1)a we see that the uniqueness of
the solution I'y?, of II (2.1)a implies C),” = 0. Hence, there is only
one solution I'y”, of (11.2).
An easy inspection of (11.2)a shows that

- - -1
(11. 13) aw ,g)q,,, - Phaw ,gotl-l- - I’wal‘ "B = (kwasa + w,) 'gAPc
Using (11.5) we see that

-1 -1

kS, +w, =w, + w, =", ="k*'S,.

Thus, (11.13) reduces to

~ ~ -1
(l L. 14) aw ’gAp. - F/\aw 'gap.— wap. ’gAa= ,kwa ’Sa 'g/\/r
Comparing (11.14) and (11.2)a we see that this latter equation is
conformally invariant.

Note 1. The equation (11.2)b may be looked upon as the field

equation belonging to I)?,, which replaces the field equation
(2.8)a belonging to I'y”,. While this latter equation has to be postu-
lated, (11.2)b is satisfied automatically, even if (2.8)a does not hold.

Note II. The equations (11.2)a are substantially of the type
suggested by Bose, S. N., (2) in his attempt to generalize Ein-
stein’s unified theory. 1

This concludes the study of the geometrical aspect of field equa-
tions (2.8). The results obtained will lead us in a quite natural way
to their physical interpretations, dealt with in the next chapter.

1 Another type of transformation of the connection is considered in
Mishra, R. S., (1).



CHAPTER V

PHYSICAL INTERPRETATION OF FIELD EQUATIONS

PART 1

Third class

1. Prerequisites 1. In this chapter we shall consider the
physical interpretations of the field equations

(1.1)a Sy =0,
(1.1)b O Xn=Rpa
(l.l)c R(l‘)‘) =0

in four-dimensional space-time. The first part is concerned ex-
clusively with the third class. The second part is devoted to the
first two classes.

According to Definition I (1.1), the third class is characterized by

(1.2)a K=0, k=0°2

so that I (3.3)b reduces to

(1.2)b g=g/h=1

Therefore, by virtue of II (7.1)c we have

(1.2)c v,=Ux,=0.

Equations I (15.2) reduce by virtue of (1.2) and I (2.11) to

¢ ¢ ,—

(1.3)a fo=—= Oroph = — - V19l enagh®?

(1.3)b o= Erapp = T sy
27 v

1 This chapter is based on results in Hlavaty, V., (12), (13), (15), (16),
(17), (20).
2 Cf. I(1.5).
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and yield
[ ()

(1.4)a B = — — EMoBf o= __ @0eBE o1
27 T Ty
g ag —

(1.4)b ky, = £l OvaplP = ) V1] exapl*®.

According to Theorem IV (4.1) the equation (1.1)a is equivalent
to

(1.5)a Ofwfun1 = 0
which represents the integrability conditions of
(1.5)b fur = Oufn- 2

Substituting from (1.1)a, (1.2)b and I (3.9)b into II (6.14), one
obtains

(1.5)c o VI§ & = Vp| V) k¥ = 0.

This equation also follows from (1.3)a and (1.5)a.
In subsequent considerations we shall use the vector v defined
as follows

DEFINITION (1.1). We put

(1.6) vV [f] 2 0@y S, p,.
AGREEMENT (1.1). In this part we assume
(1.7) S[aﬁy] Stefrl > 0.

The vector v¥ defined by (1.6) may be expressed in a slightly
different way.

THEOREM (1.1). We have

— [} [
(1.8) »V|ph| = > CBr 0, kg, = > CErV, kg,

o — o —
= Ebr V|h| 0y kg, = - BB VY|V, kg,

The proof follows from II (6.12), I (2.11)a and (1.6).

1 ¢f. 1(15.17).
2 Cf. IV (4.2)b.
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2, Tensors K,,,,, S,,,,, and U,,,.

wpy P opy

THEOREM (2.1). The tensor K, defined by 11 (3.5) may be ex-
pressed in terms of v* and f), as follows:

(21) Kw;u\ == G(?)"Gw,\“v + eamap V)‘ f“ﬂ)
Proor. By virtue of I (2.12)d the equation (1.8) yields:
v”ew;w,, = 30 V[mk)\p]’
so that according to II (3.5)
Kwp)« = ov”ew;w,, + 2 V,\ kwp.'

Substituting into the last term of this equation from (1.4)b one

obtains (2.1).
In the next Theorem we shall denote by S‘:ﬁ}; the tensor 'Y,

defined by II(16.1)b and expressed in terms of fy,,.
THEOREM (2.2). Put

(2.2)a 29S,,, % 6SE eopen V., FE1.
Then
(2.2)b 25y = 010030, S%7 4 205,

and the tensor 9S,,, does not contain v*.
Proor. The equation II (17.3) is equivalent to
20S gy = aKapyS“ﬁ‘/

wpv*

Substituting into this equation from (2.1) we obtain (2.2)b. The
statement about the tensor 9S,,,, follows by simple inspection from
(2.2)a, (1.8) and II (16.1)b.

In the next Theorem we shall denote by U,,'3 ? the tensor
25v(§|s|k )’ expressed in terms of fy,.

THEOREM (2.3). Put

(2.3)21 oy ,\" Lo °S,,Q°‘e,,)a§,,ffﬂ
Then
(2:3)b Uy = 00 esop, Unt + U,

and the tensor OU ), does not contain v*.
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Proor. The equation (2.3)b follows from (2.2)b and II (3.2).
The statement about the tensor 0U,,, is obvious.

Theorems (2.2) and (2.3) will play an important role in the
physical interpretations of the field equations.

NoTE. Substituting the vector U, computed from (2.3)b into
(1.2)c one finds

(2.4) P esog, Uty A 4 OUY,, = 0

This equation does not restrict v*: it reduces to an identity by
means of (1.6) and (1.2)a.

THEOREM (2.4). The connection Iy, defined by 11 (2.1) may be
expressed in terms of hy,, fr, and v* as follows:

(2.5) = () + oveang, (4S5 + Ugp)ht®
+ OSI\FN + OUw e
The proof follows from II (3.1), (2.2)b and (2.3)b.
3. Digression. If we neglect the dielectric constant and the

permeability and use suitable units, then Maxwell’s equations for
an electromagnetic field £y, ! acquire the following simple form:

(31)3' a[wfp)] =0
(3.1)b v Vgl = uP Vgl = Vg7, .1

The equation of continuity of the charge and current, i.e.,
@B.1)c (V9] V) =) ,»"V|p| = 0,

follows from (3.1)b.
In the next Theorem we shall use the curvature tensors H
and H,, defined by IV (3.1) and IV (3.7)a.

THEOREM (3.1). Every solution of (3.1) is also a solution of

(3.2)a Afl‘-'\ = 2[7[”1),\] — Gy)aﬁf"ﬁ
where
(3.2)b Gureg & Hypag — 2Hg, by,

1 Here we use on purpose the symbols f)‘ll' v introduced in previous
sections,
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and
(3.2)c 4% pBY, Vg
Proor. The equation (3.1)a is equivalent to
Vw fM + VI‘- f)w + V/\fmp. =0.
Applying Ve ¢ plop, to this equation we find
(3.3) Afw\ + 2P« V[,,‘f)‘]w = 0.
On the other hand, one obtains according to IV (3.3) and (3.1)b
B4)a 2Py, fiie = 2V Ve + HouPlee + HopaP gl
= — 2V, v + 2(HaupfP — Heruha /).
This equation can be simplified. We find according to IV (3.4)b
2Ha[;u\]ﬁfﬂ« = (Haw\ﬁ - Hw\p.ﬂ)/ﬁa =
= (Hyug + Hpoup)®* =
= - p.Aozﬁf Ba,
so that (3.4)a reduces to
(3.4)b 202V, fae = — 2V, o0 — Gl
Substituting from (3.4)b into (3.3) we obtain (3.2)a.

Note I. The equations (3.2)a will be referred to as condensed
Maxwell’s equations for the field fy,.

Note II. Itis not difficult to express v* by means of the vector
fr involved in (1.5)b

W = Af — VWA + Hpfe

Substituting from this equation into (3.2)a, and using again (1.5)b,
one obtains a set of differential equations for f,.

4. Field equations (1.1)b. In this section we shall use the
tensor *4,,) defined by IV (3.12)a and put

(4°l) Awp. et *4 [wpl + Sw;L

1 Cf. also Todeschini, B., (1).
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where

(4.2) Sen 201, S,1 + SPRK ,up — 2U g1, Rul®).
THEOREM (4.1). Neither one of the conditions

(4.3) (1.1)b,c and (1.2)a

yields

(4.4)a Sup = 0.

PROOF. Substituting into (4.2) from II (17.3) 1 and II (18.3),
one sees that (1.2)a cannot yield (4.4)a. Remembering that Theorem
IV (3.2) asserts the equivalence of IV (3.13)a (of IV (3.13)b) and
(1.1)b ((1.1)c), we see that neither one of the conditions (1.1)b,c
could yield (4.4)a.

Note. The importance of this Theorem will be seen later. It is
obvious that if and only if (4.4)a holds, we also have

(4.4)b A, = *A

wp
THEOREM (4.2). The tensor *Ay,,) may be expressed in terms

of fru and v* as follows:

(45)a  *Ap,,) =4, + Agn? + 4,0, + $a,,,V 0,

where

(4'5) b %aw,.u\v q—?:t €vaBy U;ﬁ: eulént R / 11(’

and the tensors %A, A,un Awur, have the following properties:
a) they are skew symmetric in wu,

b) they are well-defined functions of fy,, hy,, and their first two
covariant derivatives,

c) they do not contain the arguments Afy,, v, V Ay,

Proor. Substitute into IV (3.12)a for k,g, Ug, Usg,, Kup, from
(1.4), (1.2)c, (2.3)b and (2.1) respectively. The Theorem then follows
by simple inspection of the result of the above substitution.

THEOREM (4.3)a. The system (1.1)b of field equations is equi-

1 or from II (7.23).
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valent to
(4.6)3. a[wa.] = %(vay) (oeva + awp.hv)

Ayt + Ay, P + 4, + % wncf AP + S,
ProOF. We have by virtue of (2.1)
(4.7) WK = 2 (P9 ey + Cuuap 6]
Substituting from (4.7) and (4.5)a into IV (3.13)a, and remembering

(4.2), we obtain (4.6)a.

THEOREM (4.3)b. The system (1.1)ab of field equations is equi-
valent to (3.1)a and

(4'6)b a[me.] = %(V)«vu) (aekuA + a, v)
[
—+ Awp./\vA -+ Ava'UA‘U” + ko“ + —Z_ewll-aﬂAfaB'

The proof based on Theorem (4.3)a and equation (4.2) is obvious.

Note. The system (4.6)b may be looked upon as a system of six
partial differential equations for six unknowns f), expressed in
terms of auxiliary variables

*) Xn My, v
and their derivatives:
(4.8) =X b0, Vo)1

THEOREM (4.4). Upon computing ky, from (1.4) and (4.8) and
substituting it into the defining equation (1.6), we obtain four partial
differential equations (3.1)b of the second order for the four unknowns
/i

Proor. Equations (1.8) and (1.6) are obviously equivalent so
that we may deal with (1.8). Substituting into its right-hand term
for kg,, computed from (4.8) and (1.4), we obtain on the right hand
side PAv” as an argument, while the left hand term of (1.8) does not

1 It is not necessary for our purposes to single out other derivatives of the
arguments (*).
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contain it. Therefore, (1.8) is no longer an identity. It becomes a set
of four partial differential equations for four unknowns v*. From
(4.6)b we see that f), in (4.8) contains P Ay* but no other derivatives
of v*. Therefore, the above set (1.8) is of the second order with
respect to v*. Using (1.4) one finds that (1.8) isequivalent to (3.1)b.

Note I. Substituting into (4.8) the solution

(4.9)a v=vX. h.)1
of (3.1)b, we obtain f,, expressed in terms of &), and X,
(4.9)b b =hHaX., h..). 1

Note II. There is still another path leading to (3.1)b. Substi-
tuting into (1.6) from IT (6.12) and (1.4)b, we obtain
(4.10) v V|| 2 5,/ V.

This equation does not have the operational meaning of Maxwell’s
equations. It is a definition of v¥ and not a set of differential equa-
tions for f),. We could give it an operational meaning if we had still
another definition of v* and substituted from it into (4.10). The set
(4.6)b could be looked wpon as another definition of v*. Substituting v*
defined by (4.6)b into (4.10), we convert this latter defining equation
into a set (3.1)b of four partial differential equations for f,).

In order to derive some consequences from the previous results
we need the following

LemMMmA (4.1). We have
(4.11) 02 & 1y, (AV/]h]) (vrV/]h)) <O. 2
Proor. From (1.8) and I (2.13)a we find

v, '\/ﬁ)—' = — -—g- efn;,, \/l_f).]ka’ﬂ,
so that according to I (2.12)d, II (6.12) and (1.7)
v \/m vv\/l_f)_l = - %lf)l V[akﬁy]V[akﬁy]

= — 6[f| S(yp,1 S < 0.
NoTte. We know that (1.1)a is equivalent to the first set (3.1)a.

1 Cf. the footnote on the preceding page.
2 We remind the reader that the signature of k), is (+++—).
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Moreover, we obtained the second set (3.1)b via (4.6)b, equivalent
to (1.1)a,b. Thus, (3.1)a,b result as consequences of (1.1)a,b. More-
over, (3.1)a,b have the form of Maxwell’s equations. This fact
justifies the following

AGREEMENT (4.1). We identify

a) fy, with the electromagnetic field tensor,

b) vV |G| with the current density vector,

c) (3.1)c with the continuity equation of the charge and current,
d) b= 4+ |v2| with the charge density whenever v2 + 0.1 2

5. Generalized Maxwell’s set.

THEOREM (5.1). A mnecessary and sufficient condition for pure
radiation

(5.1)a =0
is
(5.1)b Stwpn1 = 0.

The proof follows at once from (1.6). 3
Note. Each of the conditions (5.1)ab is equivalent to
(5.1)c A VIgl = VgV = 0.

THEOREM (5.2). The system (4.6)b is equivalent to Maxwell’s
equations (3.1) in the sense that every solution of (4.6)b is also a so-
lution of (3.1).

The proof will be accomplished in four steps.

1) We know from Lichnerowicz’ result (3) that (1.1) admits a
unique solution with prescribed boundary conditions for g), along
#1V = const.

2) The system (4.6)a, equivalent to (1.1)b, might admit a so-

1 According to the previous Lemma we have v2 < O whenever v2 # 0.

2 For another definition of current and charge in some special cases of
gxu see Mavrides, S, (5). Another identification in the general case is in
Mavrides., S., (1), (2), (3), (4).

3 Using the method of successive approximations, Schrédinger, E., (6)
proved that (5.1)b is not a consequence of (1.1). On the other hand, there are
tensors gy, which satisfy (1.1) and (5.1)b (Cf. the first example in section
IV (5)). The condition (5.1)b appears also in Stephenson, G., (3).
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lution satisfying
(5-2) 01wl un1 #0.

This holds even when (4.4)a is satisfied, in which case (4.6)a reduces
to (4.6)b. On the other hand, we know (Cf. Theorem (4.1)) that, in
the frame of owur conditions (1.1)a and (4.3), it is only (1.1)a which
implies (4.4)a. The condition (1.1)a is equivalent to (3.1)a so that
(5.2) cannot hold.

3) Assume that we are dealing with a charged particle so that
(5.1) is not satisfied. By the manner in which we obtained (3.1)b
from the defining equation (1.6) by means of (4.6)b, it is clear that
every solution of (4.6)b must satisfy (3.1)b.

4) If we are dealing with pure radiation, then (5.1)b must be
satisfied. Then the conditions imposed on g, are (5.1)b and

(5.3) (1.1), (1.2)a,
and (4.6)b reduces to
ag
(5'4) a[wa.] = kop. + '5’ ewp.aﬂA/aB'
In other words, we have
(5‘5) wa. et (V"vy) (aeva)\ + aa)p./\v)

-}-Aw’m‘l}x + Avav)‘v” =0.
The system (4.6)b might admit a solution with
(5.6) RVipI £ 0

even if (5.5) holds. We see from (1.6) that (5.5) cannot be a conse-
quence of (1.2)a.1 According to the Note following Theorem II (7.7),
we know that (1.1)a for the third class is equivalent to II (7.25).
This latter equation may be rewritten according to (2.3)b and (1.4)a
as

Pespy U E¥60f, + 0¥, EEfy, = O.
It is not difficult to see that this condition, equivalent to (1.1)a,
does not yield (5.5). The same is true for (1.1)b. Finally, the form

IV (3.13)b of (1.1)c shows that even this condition cannot yield
(5.5). By the same token the conditions (5.3) combined together

1 An easy inspection based on II (18.3) shows that neither one of the scalars
K, k nor their derivatives are involved in Ry
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do not yield (5.5). Hence, the only remaining condition in the
frame of our restrictions (5.1)b and (5.3) which yields (5.5) is (5.1)b.
Thislatter conditionis equivalent to (5.1)c so that (5.6) does not hold.

THEOREM (5.3). The system (4.6)b is equivalent to the set (3.2)a
of condensed Maxwell's equation in the sense that every solution of
(4.6)b is also a solution of (3.2)a.

The proof follows easily from Theorems (3.1) and (5.2).

Previous results justify the following

DEerINITION (5.1). The system (4.6)b will be referred to as the
generalized Maxwell set.

Note 1. The generalized Maxwell set may be reduced to a set
of four equations not containing X),

(57) V[f{%(awp.]/\v - aewy.])«v) VAv + Awp.]xu)‘
()
+ Aam.]/\vvl\vy + kop.] + ‘é‘ewy.]aﬂdfaﬂ} =0.

These equations follow from (4.6)b and
01¢9,X 1 = 0.
In any case, the generalized Maxwell set is not linear in fy, and its

derivatives. This fact distinguishes it from Maxwell’s set (3.1) as
well as from the condensed Maxwell set (3.2)a.

Note II. Theorem (4.4), based on (4.6)b, holds also in a slightly
different form for (5.7). The proof is similar to the corresponding
proof of Theorem (4.4). It is not based on the solution (4.8) of
(4.6)b but on the solution

(5.8) h=ht.., v, VvVry)
of (5.7) and on (1.5)b, following from (3.1)a.

6. Auxiliary results. In order to find physical interpretations
of (1.1)c we need some auxiliary Theorems which will be proved in
this section.

In the first Theorem we shall express the tensor *4 ), defined
by IV (3.12)b, in terms of f), and v".

THEOREM (6.1). The tensor *A (5 may be expressed in terms of
fau and v* as follows:
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(6.1)  *A =B+ B, 0"+ B v +o(750F) ege Usns
where the tensors OB, By, B, have the following properties:
a) they are symmetric in ul,
b) they are well-defined functions of f), and their first two covariant
derivatives,
c) they do not contain the argument v* or its derivatives.
The proof is similar to the proof of Theorem (4.2). Of course,
here we have to use IV (3.12)b instead of IV (3.12)a.
Another tensor used later is the tensor
(6.2) 30,0 & 1K, PR\ + * Ay
— Koy KB + 4 *A)ly, — Berapyuiny S SET = 10),
(*4 = *A4), 1),
THEOREM (6.2). The tensor Q), may be expressed in terms of fy,
and v* as follows:

(6.3) 30 = Yeuupyorent(VE1PY) (V2f28) 4 OB,
+ (B, + Vatan) + 0B, + by, + o(72B)ege, Utk
where

(6.4)a AL — 302 — 3*4 4 L(1R) (P, fa,),
and
(6.4)b p2 def v,

Proor. From (2.1) we find, after some elementary computation,
(6.5)a K, g KPr = Juyv, — 3,02 + v*Vfu,
+ ReuapyOreng(VEFPY) (P2 ).

Consequently,

(65D  — bKog, KB = — Jut + {71 (Vo fpy).
On the other hand, we derive from (1.6)

(6.5)c — 3erupy Cupny SBY S = — Juzu,.

Substituting from (6.5)abc into (6.2), we obtain, by virtue of (6.1),
the equation (6.3).

Note 1. The defining equation (6.2) is purely geometrical. It
expresses @, in terms of

Saﬂy! Uaﬂy’ Kaﬂy and gaﬂ'
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The same tensor may be expressed in terms of physical quantities
fau» v*, and auxiliary variables in the form (6.3). We shall need both
equations (6.2) and (6.3) later.

Note II. The equation (6.4)a can be expressed in a slightly
different way. The first equation (1.2)a may be rewritten by virtue
of (1.4)

4K = koyghB = — f /8 =0
so that

(6.6) (72B7) (Vo fp,) = — 1% Afp,.

The second term in (6.6) can easily be computed from (4.6)b. In
this way we obtain for the last term, on the right-hand side of (6.4)a,
an explicit function of 9y, X). Therefore, the choice of X, affects
the value of the scalar A.

7. Digression. In order to understand the results of the next
section we have to remind the reader of some facts about the field
equations IV (3.16) of the gravitational theory. 1 We know that the
constant *% involved in IV (3.16) is a constant multiple of the
gravitational constant. The momentum energy tensor *T,, of
matter, for the simple case of incoherent matter, may be written

(7.1) *TF)‘ = w“wA

where the vector field w, is tangential to the trajectories of the
particles. Assuming that these trajectories are not minimal curves,
we may express w, as follows:

(7.2) w, = VMu,.

Here MV || is the mass density of the matter, and %, is a unit
vector. Therefore, IV (3.16) acquire the form

(73) HAI‘ - %Hhkp, = *kMu,\uF.

The equations IV (3.4)e and IV (3.16) lead to the law of conservation
of momentum and energy

(7.4)a P\*T™ = 0

1 By gravitational theory we mean the theory usually called the general
theory of relativity.
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which in our case takes the form
(7.4)b 0= VyMurw = wV\Mur + MV, w.

The vector #* being a unit vector, the vector AV u? is either equal
to zero or perpendicular to *. Therefore, (7.4)b splits into two
equations

(7.5)a ul Vyuw =0,
(7.5)b v, Mt = 0.

If we denote by s the arc length of the trajectory under consider-
ation, we find easily that (7.5)a is equivalent to

a2 dx*  dxe
. 22 L)
(7.6) ds2? + W ds ds

This set of four equations defines an autoparallel line with respect to

*.} which line is usually referred to either as & geodesic with respect
to the gravitational field &), or as a path of {)*,}. Therefore, the
physical meaning of (7.6) may be expressed by the gravitational
law of inertia: If a particle moves freely in the gravitational field
h)\w it describes a geodesic of this field. Moreover, we know that
under certain conditions the first three equations (7.6) reduce to
the Newtonian gravitational law at an arbitrary point, while the
fourth one reduces to an identity at this point.

The equation (7.5)b is obviously equivalent to

(7.7) MV hlud =0

which is the equation of continuity of matter. Therefore, we see that
this equation is a comsequence of the gravitational field equations.l

Note. In cosmological theory the gravitational field equations
are slightly different from IV (3.16), namely
(7.8) H), — $Hhy, = *k*T), + *Ahy,.
If we wish to preserve the conservation law (7.4)a, then we must
have by virtue of (7.8) and IV (3.4)c

Va*AW» = BV *A = 0,
1 Note that the equation (3.1)c of continuity of the charge and current

follows from (3.1)b which is a consequence of the generalized Maxwell set
(4.6)b.
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and this equation is equivalent to
(7.9) 0,*4 =0.

Hence, *A is a constant. It is referred to as the cosmological constant.
It is assumed to be negligibly small and has negligible effect so far
as distances within our solar system are concerned.

8. Gravitational field equations. Metric. In this section we
shall use the results of the two previous sections. The expressions
H), and H involved in the next Theorem are defined by IV (3.7)a
and IV (3.8).

THEOREM (8.1). The system (1.1)a, (1.1)c of field equations is
equivalent to (3.1)a and

(8.1) Hy, — }Hhy, = 3T),,
where
(82) Tl\}l- ‘1,_9:‘ ‘I)XI)'L -+ Q)‘I" = T’M,

and the middle member of (8.2) is defined by (6.3) and (3.1)b.
Proor. First we obtain from (1.1)a and IV (3.13)b

(8.3) HM = }K,mﬂK,\ﬂ“ + *4
so that
(8.4) H = }KapyK“Yﬁ + *4.

Consequently, we have according to (6.2) and (6.5)c

HAF' —_ %th\”' = %(QM -+ ‘UF,'UA),
and this equation is equivalent to (8.1) where T), is defined by
(8.2).

Note. (8.1) has a form similar to IV (3.16). The tensor T, has
a form similar to (7.1), but for the term Q,, which is due to electro-
magnetism. These facts justify the following

AGREEMENT (8.1). We identify hy, with the tensor of the gravi-
tational field and T), with the momentum energy tensor of matter and
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electromagnetism. 1 The equations (8.1) will be referred to as gravi-
tational field equations.

Note I. We mentioned in the previous section that the equa-
matter
o s {charge and current
the {grawt.a.tlonal} theory. On the other hand, the equation of
unified

continuity for matter cannot be derived from the field equations
(1.1)abc. If we assume its validity for our new theory as well, then
we may derive a relationship between the mass density M V[h| and
electric charge density v = + V/|v2j. 2

If the trajectory of a charged particle is not a minimal one, and if
M is the mass of the particle, then we have

(8.5) v ﬁ;l VW= pu¥ = pM v R)Tu”

where #* is the unit vector and ¢ a factor of proportionality. This
equation, together with (3.1)c and (7.7), leads to

tion of continuity for } lies within the frame of

uo,p =0,
so that the function of position ¢, which is involved in the formula
(8.6) b = gMVp|, 3

is constant along the trajectory of the particle. 1f we substitute from
(8.6) into the middle member of (8.2), we find that T,, has the
following arguments

(87) u, h,\”_, f'\F’ M, ®.

The first four quantities are arguments of the momentum energy
tensor *T), for matter and electromagnetism in the gravitational
theory in the presence of electromagnetism. This is one of the
reasons justifying the identification of T), with the momentum
energy tensor for matter and electromagnetism. Note that T), and

1 The full justification of this name will be given in the Note following this
Agreement and in section (10).

2 See (6.4)b. .

8 This formula relating mass density M V[§| and electric charge density
has been derived from the assumption that ¢¥ is not a null vector. If we agree
to apply it also to the case of a null vector, then we have oM = O for a
particle moving along a minimal line (photons).
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*T), have different structures although they have the same first
four arguments (8.7).

Note II. In the gravitational theory the gravitational tensor
field &), plays the role of metric tensor. In order to determine the
role of Ay, in the unified field theory, we must first define the
characteristic features of a metric tensor.

DerFINITION (8.1). Let Iy, be an arbitrary conmection and D,
the symbol of the corresponding covariant derivative. Let by, be a tensor
with the following properties:

a) it 1s symmeltric,

b) its determinant does not vanish,

c) any system of differential equations

(8.8) VAD\V? =0

admits a first quadratic integral

(8.9) VAVEt), = const.

Then ty, is termed a metric tensor belonging to the connection Iy,

THEOREM (8.2). hy, is the metric tensor belonging to the following
connections:

a) the conmection {*,},

b) the connection I'y¥, defined by 11 (2.1),

c) the connection I'(¥,) built up from the connection sub b).

Proor. Denote by D, the symbol of covariant derivative with
respect to any one of the connections mentioned sub a) b) c). From
(8.8) we obtain

Vvo, VA Vehy, = V*D, VAVihy, = V*VA VD, hy,.
The last term may be written for the three cases a) b) c) as follows:
V' VAVED, by,
|44 VeD,hy, = {2V yA VES, (w280 2
l VAR Uy 3
1 Schrédinger, E., (3) calls Iy, and ¢y, “physically compatible.” Cf. also
Winogradski, J., (1).

2 Cf. 1I (2.2)a.
8 Cf. 11 (7.7).



178 CHAPTER V, SECTION 9

II (8)
The term on the right hand side vanishes because of {II (3).

II (7.1)b
Therefore, in each of these three cases (8.8) admits a first quadratic
integral (8.9). Moreover, %), is symmetric and §<0. Thus, all
requirements of Definition (8.1) are fulfilled.

9. Recapitulation and Continuation. Let us recapitulate
first the results obtained in previous sections. The ficld equation
(1.1)a is equivalent to the first set of Maxwell’s equations

(9-1)a Ofwfun1 = 0
which represent integrability conditions of
(9.2) fur = Orufa

Therefore, the six unknowns f,) may be expressed in terms of four
unknowns f,. Keeping in mind the equations (9.2) we may dismiss
(1.1)a. The field equations (1.1)b for f,, given by (9.2) are equivalent
to the generalized Maxwell set of six equations

(93) a[pr.] = %(thy) (Geva.). + awu)v)
]
+ Ay + 4,000 + 04, + —Z—ew’mﬁAf“ﬁ.

Substituting its solution

(9'4) fy./\ = fp)\(X'r h. o Uy V.'U')
into the equation (1.6) defining v*, we obtain a set
(9.1)b »Vp| = MV

of four partial differential equations for the unknowns »*. Every
solution of the generalized Maxwell set (9.3) also satisfies Maxwell’s
equations (9.1)ab (or (9.2) and (9.1)b). The equations (1.1)c reduce
by virtue of (9.2) to ten gravitational field equations

(9.5) Hy, — $Hmy, = 1T,

for ten unknowns #),. The gravitational tensor field 4, is also the
metric tensor of our space-time. Altogether we have 6 + 4 + 10=
20 equations (9.3), (9.1)b, and (9.5) for 4 4+ 4 + 4 4 10 = 22
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unknowns
X fv v, h,\”.

We know from Lichnerowicz’ result (3) that the system of field
equations admits exactly one solution with a priori given suitable
boundary conditions at IV = const.

After this brief recapitulation we may proceed further with our
investigations.

THEOREM (9.1). The gravitational field h), and the electro-

magnetic field fy, are interrelated. The {ZZ;:ZZ:::;“ field generates
{electr.omftgnetzc field. These fields as well as the electric charge!
gravitational

spring from one basic conception, namely from the unified tensor field
e

Proor. The equation (4.9)b shows that £, is expressible in terms
of ky,. The equations (9.1)b and (9.5) show that 4, is expressible in
terms of f),. The remaining part of the Theorem is obvious.

Note. In the unified theory we have to assume the presence of
the electromagnetic field, fM = 0, for if we assume f)“, = 0, we ob-
tain not only gy, = k), % but also

(9.6) H), =0.3

This set is known to all students of gravitational theory as the set of
gravitational field equations if matter is represented by singu-
larities. 4 (Sometimes one refers to (9.6) as gravitational field
equations in empty space.)

The fact that electromagnetic field has to be present in the unified

1 If we adopt the continuity equation for matter, then the mass density
MV |p| also has this property (see equation (8.6)).

2 See I (15.17).

3 These equations follow from hp =0, (9.1)b and (9.5).

4 This is the starting assumption in Einstein, A. — Infeld, L. — Hoff-
mann, B,, (1) where the authors display an ingenious method for computing
by successive approximations the trajectories of singularities of matter.
The equations (7.3), or more generally,

Hy, — tHhy, = *k*Ty,

hold for continuously distributed matter.
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theory where g, # g,)makes of it a kind of primary field existing a
priors in the frame of the unified field theory. Then we may say
according to Theorem (9.1) that gravitation 1 1s generated by electro-
magnetism. The question arises whether every electromagnetic field
generates gravitation. The answer to this question is given by the
next Theorem.

THEOREM (9.2). There are electromagnetic fields which do not
generate gravitation. In particular, the electromagnetic field of a plane
wave in the electromagnetic theory of light does not generate gravi-
tation. 2

ProoF. From the first example in section IV (5) we see that
Ou="hy+k, X=0X
is a solution of (1.1)a,b,c provided 4, is defined by IV (5.1) and %,

is defined by IV (5.3). This latter set is by virtue of (1.3) equivalent
to

(9.7) fix=furv =0, firx = fivii = — o cos a,
fizv=fm1=osina.

From IV (5.5)a we find that according to Theorem (5.1) we are
dealing here with pure radiation 3

af Vpl= 0.
The field (9.7) is known to be a field of a plane wave in the electro-

magnetic theory of light. The vector f) which defines f,) by means of
(9.2) is given here by

Hh(2e f sin « dz, 20 f cos a dz, 0, 0)
(z %0f 4TI _ 4IV),

1 and mass density, if we adopt the continuity equation for matter.
2 Hlavaty, V., (12), (13), (20). See also Takeno, H., (1).
3 The same result could be obtained from the set

Al = fIIIV = AIIl=flIIV= _gcosa, fI=fIVI=gsina

which follows from (9.7) and

+

() = *

1 0 0 0
041 0] 0
0 0 +1 0
0 o0 (0] 1
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Of course, any other vector f, + 0)f with arbitrary f leads to the
same field (9.7). From IV (5.1) we see that the curvature tensor
H,,)* of b, vanishes. Thus, there is no gravitational field and ),
represents only the metric tensor.

10. Momentum energy tensor T),.

THEOREM (10.1). The momentum energy tensor T),, involved in
the gravitational field equations (8.1) satisfies the conditions

(10.1) V\T» = 0.
(Law of conservation of momentum and energy.)

Proor. The equation (10.1) follows easily from (8.1) and IV
(3.4)e.

Note. Although the structure of T), is quite different from that
of the momentum energy tensor in the gravitational theory, the
equation (10.1) can be rewritten in a form familiar to all students
of relativity.

TueoreM (10.2). Put

(10.2) = wVIHIH%) (g — () (A
= — VIHIH + BV [5l(0,H%} — 2] !
(10.3)a Ty & TV
oo
(10.3)b b 8 (A — g 0.2

Then (10.1) is equivalent to
(10.4) 0,(TY + 1)) =

1 5% is not a scalar. There are coordinate systems for which s# vanishes
at an arbitrary point P. Such a system is, for example, one for which

{,\"M} =0at P
so that according to (10.2)
# =0 at P.

2 fy¥ is not a tensor density. We use the gothic type only for historical
reasons.
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Proor. We find from (9.5), (10.1) and II (7)
0= Vv i)«” = avi)(v - {)\av}ia” =
8,3 — (dahg,) (HP — JHA)V/[p].

The proof that the last term on the right side of this equation is
equal to 9,ty” may be derived either by straightforward computation
based on (10.2) and (10.3) or found in any detailed book on gravi-
tational theory. 1 Therefore, the last equation reduces to (10.4).

Note. The proof of Theorem (10.2) does not require the know-
ledge of the structure of T),. 2

Note. There is another interesting feature displayed by the
tensor T),. We see from (8.2) and (6.3) that T, contains a term
Ahy, so that (9.5) could be written

(10.5) Hy, — 3Hhy, = 3Ty, + Ay,

where
1Ty, = 3Ty, — Ahy,.

Comparing (10.5) with (7.8), we see that 4 may be looked upon as a
cosmological function 3, a generalization of the cosmological constant
*/A involved in (7.8). Note that in contradistinction to the gravi-
tational theory Ahy, s an argument of the momentum energy tensor
T),, which yields law (10.1) of conservation of momentum and
energy.

THEOREM (10.3). The equations of motion are
(10.6) Vv + V) Q» = 0.
The proof follows easily from (3.1)c, (8.2), (9.1)b and (10.1).

Note. Equations (4.9)a express »” in terms of k), which are

1 See for instance Bergmann, P., (1) p. 196.

2 Cf. Treder, H. J., (1).

3 The name cosmological function A refers here rather to the geometrical
structureof the term 44, , than tothe physical meaning suggested by the cosmo-
logical constant *A which appears in the term *Ah,, involved in the field
equations of the gravitational theory. Thus, for instance, the scalar 4 could
contain information about the pressure, about *4 and about other scalar
physical quantities.
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defined by ten gravitational field equations (8.1). The interde-
pendence of v* and %), symbolized by (4.9)a is explicitly described
by (10.6).

11. Discussion of (10.6). The result of Theorem (10.3) is
rather disappointing. We list below the three main objections which
could be raised against (10.6).

1) The equation (10.6) does not show the role of the unified
connection Iy, (Cf. II (2.1)) with which we began. The equations
of motion are expressed in terms of Christoffel symbols {)?,} only.

2) The gravitational theory replaced the gravitational force
vector by the gravitational field: the equations of a trajectory of a
particle moving freely in the gravitational field may be brought
into the form (7.6), which not only expresses the ‘“‘gravitational law
of inertia’’, but also yields, in the first approximation, the gravi-
tational law of Newton. In the unified theory, where instead of the
simple gravitational field &), we have the unified field

g
(11'1) e = h’)(p. + —Eez\vaﬁfaﬂ’

the equation (10.6) replaces the gravitational force vector by the
gravitational field &), but introduces, in addition to the electro-
magnetic field, a kind of “electromagnetic force vector” V) Q*, so
that from this point of view (10.6) does not represent the unified
law of inertia but rather a gencralization of the second law of
Newton.

3) The third objection concerns the application to celestial
mechanics. Assuming that the electromagnetic field (of the sun) is
so weak that quadratic (and higher) products of its components may
be neglected, we obtain from (9.5) and (9.1)b the equations (9.6)
which represent the gravitational field equations of the gravi-
tational theory for empty space, whose Schwarzschild solution &), is
known. Substituting it into (10.6) 1 we obtain a system different
from (7.6). In other words, the predictions (based on (10.6)) con-
cerning the three famous phenomena of celestial mechanics 2 will
be at variance with the predictions obtained in the gravitational

1 And neglecting only the cubic (and higher) products of f,\“.
2 Namely the advance of the perihelion of Mercury, the deflection of light
in a Schwarzschild gravitational field, and the shift of spectral lines.
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theory (although both theories use the same Schwarzschild field
h),)- This discrepancy between these two predictions constitutes a
serious objection to the present theory.

In order to avoid these objections we must change some of the
basic conditions in (1.1).

12. Another approach. As a guiding principle for this change
we assume that the predictions of the above-mentioned three
phenomena by means of gravitational theory have been confirmed
within reasonable limits by experimental tests. Therefore, rather
than impose some conditions directly on g),, we shall try to for-
mulate some general conditions in such a way that, in the special
case of celestial mechanics, they will yield predictions confirming
experimental tests which have been regarded as proof of the gravi-
tational theory.

From this point of view, it seems reasonable to maintain the
conditions (1.1)a and (1.1)c. The latter leads to the gravitational
field equations as in the gravitational theory; the former is equi-
valent to the first set of Maxwell’s equations. Therefore, our de-
sired change may affect only (1.1)b. It is irrelevent whether we
consider (1.1)b or its integrability conditions,

(12.1) O R = 0.

(Cf. Note I following Definition (5.1).) In subsequent consider-
ations we shall replace (12.1) by another set of four equations.

AGREEMENT (12.1). Henceforth in this part, we replace (1.1)b
equivalent to (12.1) by
(12.2)a D,GQ» = 2U?  H + S,GQ*

+ U, (GQ* + 2Hh*) 1

where
(12.3) G 1je = 1/(1 + Hopl® + /) 2
and D) is the symbol of covariant derivative with respect to the con-
nection I'y*, defined by 11 (2.1).

1 If dealing with pure radiation (Cf. Theorem (5.1)), we do not have any
equations of motion, although (10.1) holds. But (12.2)a could serve as a field
equation even in the case of pure radiation.

2 See I (15.14) and I (15.3).
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Note I. We formulated this new field equation for the most
general case. It is obvious that it reduces for the third class to

(12.2)b DyQ» = 2U* \H* + S, 0%
so that by virtue of (1.1)a we have for the third class
(12.2)c DyQ» = 2U” \ H*™.

Note II. The field equations (1.1)a, (1.1)c may be looked upon
as purely geometrical restrictions. According to (6.2) the same is
true for (12.2)c. On the other hand, the equations (6.3), (2.3)b and
(2.5) show that (12.2)c may be expressed in terms of k), fj, and v*
and we shall take these to have the same physical meaning as before.

It is now necessary to revise some previous results from the point
of view of the new field equations. The results of the first three
sections remain unchanged. Theorems (4.1)—(4.3) are in no relation
to (12.2)c and have no significance here. According to the last part
of the preceding Note II, the equation (4.8) 1 has to be replaced by a
similar equation describing a solution of (12.2)c:

(12.4) b= bulb.., v, Vo).

Using (12.4) we obtain (3.1)b in a way similar to that used in
Theorem (4.4). Lemma (4.1), Agreement (4.1) and Theorem (5.1)
remain unchanged. In Theorem (5.2) we have to replace (4.6)b by
(12.2)c. The proof of this changed Theorem is based on the relation

(12.5) S, 0% =

which reduces (12.2)b to (12.2)c. It is not difficult to prove that
in the frame of our requirements (1.1)a, (1.1)c, (1.2)a and (12.2)c
only the first one reduces (12.5) to an identity. 2 In Theorem (5.3)
we have to perform the same change as in Theorem (5.2). Then, of
course, (12.2)c will be referred to as the generalized Maxwell’s set (Cf.
Definition (5.1)).

Further changes will be discussed in the next section.

1 This equation describes a solution of (4.6)b.
2 According to (6.2) the first term of (12.5) contains the vector

1S, KBV KV g,
Using II (6.14) one finds that the only restriction (in our frame of require-

ments) which annihilates this vector is (1.1)a. Moreover, we see from (6.2)
that this vector appears only once in the first term of (12.5).
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13. Unified law of inertia. The results of section 6 remain
unchanged but for Note II which has to be omitted. Section 7
deals with gravitational theory, which is not affected by our change
of field equations. Section 8 is based on (1.1)a and (1.1)c so that its
results are not changed. Theorem (9.1) remains unchanged although
its proof has to be slightly altered due to our change of one set of
field equations. Theorem (9.2) holds even here: The fields IV (5.1)
and (9.7), whose existence constituted the proof of Theorem (9.2),
also satisfy (12.2)c. 1 Theorems (10.1) and (10.2) are obviously
fulfilled, for they are independent of (1.1)b which we replaced by
(12.2)c. The first substantial change to be enacted concerns Theo-
rem (10.3) although (10.6) holds even here.

TueoreM (13.1). The equations of motion are
(13.1)a v*Dyv¥ = 0.
They are equivalent to

azx? dxr  dxe

13.1)b » WX
( ) dq2 + A dq dq
where

dx¥

13.2 Y = .

(132) ="

Proor. The equivalence of (13.1)a and (13.1)b is obvious. In
order to prove (13.1)a we have to use II (7.1). According to these
equations we have by virtue of (1.2)c

(13.3) 6U (¥ = 2U,,), i = 0.
Moreover, according to (1.1)a, (1.2)c and II (3.1)
(13.4)a D@ = V), Q¥ + U, Q.
In a similar way we find

(13.4)b DD\ = PV v + Ury o

1 From the equations following IV (5.8) we easily obtain by virtue of
IV (5.5)a, IV (5.7), IV (3.12)b and (6.2)
QNL = 0.
This equation together with IV (5.7) shows that (12.2)c is satisfied.
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so that by virtue of (8.1), (8.2) and (13.3)
UAD;U)" + D,\QA” = UAVA w4+ V) Q)w + ZU”)‘“(HA“‘ — %Hh)‘”)
= Vv + P\Q» + 2U”,\#H)‘f".

This equation reduces by virtue of (10.6) and (12.2)c to (13.1)a.

THEOREM (13.2). (The unified law of inertia). A charged particle
moving freely in the unified field (11.1) describes a path (an auto-
parallel line) of the unified connection I'y*, given by 11 (2.1).

Proor. This Theorem describes in words the equations (13.1).

Note. Theorems (13.1) and (13.2) dispose of the first two
objections discussed in Section 11. Therefore, we have to deal only
with the third objection of that section. Neglecting the quadratic
and higher products of f,, we find that (12.2)c is automatically
satisfied. Again neglecting the quadratic and higher products of fy,,
we obtain, as before, the equation (9.6) with the Schwarzschild
solution 4, of the gravitational theory. Now we have to substitute
this solution into (13.1)b, which may be written

d2x¥ dxr  dxe
Gt 0 g g+ Ut

(13.5)

In this equation we have to neglect only cubic and higher products
of fy,. Now U?,, is, according to II (18.3), at least of the same order
of magnitude as a quadratic product of f),, and therefore 1, (13.5)
reduces in our approximation to (7.6) which is the equation of motion
in the gravitational theory. Hence, our theory must yield the same
predictions of the three aforementioned phenomena as does the
gravitational theory. This result disposes of the thivd objection.

By means of the unified law of inertia we replaced gravitational
force vectors as well as electromagnetic force vectors by the unified
field g),. Now we have to show that this unified law of inertia may
be brought into a form which expresses — at least at a point — the
corresponding Newtonian laws. Only then could this theory be
looked upon as a valid generalization of classical results. We shall
deal with this problem in the next two sections.

1 By virtue of (3.1)b.
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14. Auxiliary results. 1 In this section we deal with the tensor
g, and the vector v* which are involved in (13.1). Let us denote by
O an arbitrary point of our space-time whose coordinates we assume
to be x* = 0. Moreover, let us assume that g,, may be expanded in
a Taylor series in the neighborhood of O:

(14.1)a gy, = (g\)o + ¥*(Be8))o + $x*%P(9,9p8r)0 + - -
for sufficiently small x’s. In subsequent considerations we shall use
the equality sign -2 (1) whenever we wish to stress that an equation

holds only if we neglect linear (quadratic) and higher products of
x’s. 2 In particular, we assume

(14.1)b k,\',_ = g[,\P] }'_ 0
so that
(14.1)0 oh,\“ ‘i——e_t (hAy.)O é g,\,‘. 3

These relations hold for any coordinate system. As far as the vector
v¥ is concerned, we know from Theorem (8.2) that (13.1) admits a
first integral

(14.2) Iy, v v# = — y2(= const.).

We shall confine ourselves to the case y2 5 0. Thus, according to
the results of section 4, we have y2 > 0.

LeEMMA (14.1). There is always a coordinate system for which

(14.3)a v L yd, (v VyR)
+1 0 0 0
o 0 +1 0 O
0 0 0 —1

Proor. The tangential space of our space-time at O has as its
ideal space Pg a projective three dimensional space. The components
Oy, may be regarded as projective homogeneous coordinates of a
quadric Q in P3. This quadric is a non-ruled one, because 4, is of
signature (4 + + —). Moreover, the components (v*)o may be

1 In Sections 14 and 15 the Greek (Roman) indices run from 1 to 4 (from 1
to 3).

2 The symbol Lis clearly equivalent to evaluation at the point O.

3 Cf. the last Note in section 15. The conditions (14.1) imply that O is a
privileged point as far as g),, is concerned.
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looked upon as projective homogeneous coordinates of a point in Ps.
This point is inside Q, since 2 > 0. If we refer Q to a coordinate
system based on a self-polar tetrahedron, then we can easily obtain
(14.3)b. If we take a self-polar tetrahedron whose vertex inside Q
is the point v”, then we obtain (14.3)b and

» 0 ]
v 2 chy.

Comparing this equation with (14.2) we obtain 92 = ¢2. Hence, a
suitable orientation of the x4 coordinate yields (14.3)a.

DEFINITION (14.1). Every coordinate system x¥ for which
a) the point O has the coordinates x* = O,
b) the equations (14.3) hold

will be referred to as an admissible coordinate system.

NotEe. If x” and 2 are two admissible coordinate systems, we
assume that the transformation x* < x” may be expanded in a
Taylor series

(14.4)a 2 = CY'xr + O P+ .,
(14.4)b 2 = Cy* 2N + 3C) 7V x L

In this case the C’s are constants and symmetric in their lower
indices, and in particular,

(14.4)c Oy, = C\* C P 6% Oh,,1
ohaﬂ 62}6 = Cw'a Cvﬂ ohaﬁ
& =Co, & =Cy
C,\r"#» = — C)* C“,ﬂ Cy"' Caylp.
LEmMMA (14.2). If x* and x¥ are two admissible coordinate sys-

tems, then we have
(14.5)3. awr kp.'X & Cw/a C#'ﬂ CXY aa kBy
(14.5)b (0g kB (0 k") L Cg,yca”'(aykﬂ“) (aﬂkj).

ProOF. One obtains first
x> oxB  oxv 0xB  oxv
bt = | (e e 53) v + g g 2ok

1 Here we put

of =0y =0 02 = 0%0}.



190 CHAPTER V, SECTION 15

for any coordinate systems x” and #”, so that by virtue of (14.1)b
and (14.4)b, we obtain (14.5)a. The equation (14.5)b may be
proved in the same way.

In the next Lemma we usc the following abbreviations:
(14.6)a H oy 2 Bk + 0k, + 0 k0)0,
(14.6)b 4 det (afk(lf‘)o .)fw),,a.

vopé —

LemmA (14.3). The tensor U, defined by I1 (18.3) satisfies the
following conditions
(14.7)a Uy 20,

(14.7)b U, L 2%

vopu = vaoué:

vop

Moreover, if x* and x* are two admissible coordinate systems, then
(]4.8) %v’w'p.'f' = Cv,a CwlB C",‘V CE:S %aﬁys.

Proor. The equations (14.7) follow immediately from II (18.3)
and (14.1)a,b. The equation (14.8) is an immediate consequence of

(14.5)a.
The last of the lemmas we shall need in the next section is

LEMMA (14.4). We have

(14.9)a ¥Dyv* L APy v,

(14.9)b ADyv* L (V) ") + 25[(8,02 V) v*)0 + U pue(v2vH)o].
Proor. We have

(14.10) Do L (v Dyv*)o + #£[04(v* Dyv*)]o,

and according to Lemma (14.3)

(14.11)a (*Dyv?*)o = (A, v")o

(14.11)b  [8(*Dyv*)]o = [9¢(v* V') v*)]o + U*)ue(v*vH)o.
The equations (14.9) follow from (14.10) and (14.11).

15. Newtonian laws.

THEOREM (15.1). There is always an admissible coordinate
system for which

(15.1)a 0amya 20,
(15.1)b (A V) v*) + U, 000 + (0RP%) (9gk,”) 0.
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Proor. Let 2, #* be two admissible coordinate systems. Then
a simple inspection based on (14.1), (14.3) and (14.4) leads to

(15.2)  Owhya L — Caty + Cy*CabPyOhyg + Cy*(0shya)0,
and in particular,

(15.3)a Oahyar X — 2Cata + (0ahad)o

(18.3)b  84hys L Ce®[CyPs Ohap + (dshas)o] — Caty
Hence, if we put

(15.4)a 2C4%y % (0ahag)o

(15.4)b Cua% ¥ Co[Caby Ohgp + (24has)o),

we see from (15.3) that the left-hand term of (15.2) is equal to zero
at 0. Omitting the primes we obtain (15.1)a. In order to get (15.1)b
let us introduce the abbreviations

Pyt Ap, v
Xt cvovr + (055 (0gky).
The left-hand term in (15.1)b is the value of
0P + &
Therefore, we obtain by virtue of Lemmas (14.2) and (14.3)
(15.5) 0pP” + & L CoqPPCYp + Cg¥ (0, PP + % P)}o.
Let us consider the conditions
(PP)oCy¥'g = — Cg”' (0, PP + % Po,
equivalent to
(15.6) (PP)oCgf C¥p = C(0,P* + £)o, 1
for which the left-hand term in (15.5) vanishes at O. The equation
(15.6) yields for v = 4, u' = 4’
(15.7)a (P4 oCats + (PY)oCt¥ Caty = (04 P4 + Z Yo,
or according to (15.4)
(15.7)b 3(P404h44)0 + (P?)o[CaPa %hap + (02has)0]
= (04 P* + ZYo.

1 Cf. the last of equations (14.4)c.
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Thisis a condition for the coefficient C4.%4,, which was not defined
by (15.4). Hence, if we choose C4%4 according to (15.7)b, then
(15.7)ais satisfied for Cp4y- defined by (15.4). The remaining C,*y
may then be obtained from (15.6) (which does not define them in a
unique way). Hence, with this choice the left-hand term in (15.5)
vanishes at 0. Omitting the primes, we obtain (15.1)b.

DEFINITION (15.1). Ewvery admissible coordinate system for which
(15.1) holds will be referred to as an allowable system for the third
class.

In order to formulate the main Theorem of this section we remind
the reader that the electromagnetic field may be introduced even
in the gravitational theory based on #),. Then the electromagnetic
force vector F” is defined by

(15.8) Frdtp, M,

where the symmetric tensor M* is the corresponding momentum
energy tensor of electromagnetism

(15.9) My & fefoy 4 103/Bfop.

We shall call F? the classical relativistic electromagnetic force vector.
By the words classical relativistic, we stress the fact that we are
dealing with the gravitational theory based on k),. Moreover, the
equality sign -2 (L) will be described as “‘equal at 0"’ (“‘equal in the

linear neighborhood of 0).

THEOREM (15.2). Every allowable coordinate system for the thivd

class x” has the following properties:

a) The unified law of inertia (13.1) expressed in x¥ reduces at O
to the classical Newtonian law of gravitation.

b) The unified law of inertia (13.1) expressed in x* reduces in the
linear neighborhood of O to the classical relativistic second law
of Newton for the classical relativistic electromagnetic force
vector F* defined by (15.8).

Proor. Let us first prove the assertion (a). We obtain from
(13.1) and (14.9)a

azxy ) dx? dx“)
.=

(15.10) (PP v*)o = (%2_ + { "}Tz? X3
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Let us now identify ¢ with x4 so that we have according to (14.3)a

ax¥
— L.
(15.11) 7 =
Moreover, we have from (14.2)
dat )2 dxr  dxr
) = —2p, —
(dq Vi
and therefore, according to (15.11) and (15.1)a
az
.1 —20.
(15.12) =

Therefore, the equations (15.10) may be rewritten as follows

d2xe
a0 0
7 + {42} 20,

(15.13)b {a4} 2 0.

Now we have according to (14.3)b and (15.1)a

(15.14)a {4} 2 30h2%(204hps — Ophas)o = — $Oh%(0phad)o,
(15.14)b {a%a} 2 3144(04h44)0 = O.

The equation (15.13)b reduces to an identity by virtue of (15.14)b.
On the other hand, if we put

we obtain from (15.13)a and (15.14)a

d2xe
(15.15) T habd, @ 2 0.

(15.13)a

If we replace the symbol -2 by the symbol “=" we obtain the
classical Newtonian law of gravitation (the force vector — 0,®
acting on a particle of unit mass). This proves the assertion (a).

In order to prove assertion (b), we first observe that by virtue of
(1.3)a,b we obtain from (15.9)

My = kR,
so that
(15.16)a F* = V) kR,
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This equation can be rewritten. In fact, the equation (3.1)a is
equivalent by virtue of (1.3)a to

(15.17) Vyk?=0.

Hence, (15.16)a can be written

(15.16)b Fv = kPaVgky,

and yields, because of (14.1)b,

(15.18) F* L x£(0:kP%)0 (0pks*)0-

On the other hand, we obtain from (13.1) and (14.9)b
(15.19)  (AVyv*)o + #[(00* VA v*) + U0 v¥]0 2 0.

If we denote by s the arc length of our trajectory, then we have

from (14.2)
()~
dq

so that

dv’  dx® a2 A

dg  ds & dg2 ~ ds? v
Therefore,
(15.20) V) v¥ = y2—‘§? 2 ‘Z“: .
On the other hand, we have from (15.18) and (15.1)b
(15.21) 2[00 V) v*) + U yev@vPlo £ — F¥
so that (15.19) can be rewritten
(15.22) yz% V) ‘Z L P
If we replace the symbol “L” in (15.22) by the symbol ‘=", we

obtain the classical relativistic second Newton law for the electro-
magnetic force vector F*. This proves the assertion (b) 1.

1 A similar result has been obtained by Bonnor, W. B, (5), who also
started by changing the original set of Einstein’s conditions. For another
approach see Gallaway, J., (1); Moffat, J., (2); Narlikar, V.V. — Rao, B.R,,
(1); Infeld, L., (1), (3).
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Note. Theorem (15.2) requires the existence of a point O for
which (14.1)b holds. 1 A similar theorem can be proved without
involving such a preferred point. Then one has to impose some
differential conditions on g, at an arbitrary point. This point of
view has been adopted in Hlavaty, V., (17).

1 Of course we must have &), # 0in the neighburhood of 0.



CHAPTER V

PART I1

Fiyst two classes

16. Prerequisites.! In this second part we shall consider the
physical interpretation of the field equations

(16.1)a Sy =0
(16.1)b O X1 = Rigp
(161)0 R(W\) =0

for the first two classes. According to Definition I (1.1) the first
class is characterized by

(16.2)a k #0,
while the’'second class is characterized by
(16.2) b) K #0, c) k=0

All subsequent results will be formulated for the most general case,
so that the results for particular cases characterized by (16.2)b,c may
be obtained by simple substitution of these conditions.

The relationship between f), and %), is given by I (15.2), .e.,

(16.3) ho = ;,% (VTR iy — Beraph®®)
(16.3)b = \jg_ («V|B| B + JEMSBE o),

According to Agreement I (15.1) and Theorem I (15.5), the equations
(16.3) admit a unique solution k), given by I (15.17). Introducing

1 In this part we follow the general trend of the first part where all pro-
blems were dealt with in detail. Therefore, we shall keep this part somewhat
sketchy, referring very frequently to corresponding problems in the first

part.
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the abbreviations

(16.4) Gt 1o = 1/(1 + Hopff + f)
(16.4)b Fh &t \/Gfe

(16.4)c Ly, % — oVIf|Fy, !

we may write the solution of (16.3)a,b in the form
(16.3)c oky, = 3er,p F*F + Ly,

(16.3)d okM = — JEMBF g + LV,

The following abbreviation will be very useful. If 4, B, are two
objects, we put

(16.5)a A(Buy & A,B), + A,B, + A\B,,.

Thus, if B,,) is skew symmetric,

(16.5)b A{wByA} = — 3A[wa\] + ZAABwp.'
DerinITION (16.1). We put

(16.6)a WV g & 9 FoV gl (= Vgl V) F¥)

(16.6)b wV|h| L u Vg (=VIHI VM)

(16.7) G 23 InG (=U, — d1In (1 — f)). 2
THEOREM (16.1). We have

(16.8) W? = VG®® + G\f*) = VGu® + G F,

(16.9)a 8,V|h|Ww» =0,

(16.9)b 8,V hlw* = 0.

Proor. (16.8) follows easily from (16.4)b and Definition (16.1).
(16.9) follows from (16.6). : -
We know (Cf. Theorem IV (4.1)) that (16.1)a is equivalent to

(16.10)a Btwla1 = O.

In the case of the first class f, is the only Maxwell field 3 belonging

1 See also I (15.3), I (15.4), I (15.7), I (15.19) and (12.3). Note that for
the second class G = g.

2 Cf. I (15.19) and II (7.1)c.

3 up to a multiplicative constant.
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to g, (Cf. Theorem IV (4.2)). The equations (16.10)a are equivalent
to

(16.10)b fur = Buf-

Thus, six unknowns &), are expressible in terms of four unknowns £). 1

17. Tensors K, S

THEOREM (17.1). The tensor K\ defined by 11 (3.5) may be
expressed in teyms of fy, and w” as follows:

(17.1)a 0K yr = VG, + OK 0.

wur @and U,y

The tensor
(17.)b 0K 0 2 0e,,08(Vr FB + &FPYG,) + oV, Lo
does not contain w”.

Proor. We have, according to II (3.5), (16.5)a,b and (16.3)c,
(17.2) 0K yur = oV by = 3V 08 FP + VieLun-
On the other hand, by (16.5)b
(17302 Wi,eumupF® =} euginn Vil F® + €405 V) Fo8.
If we put

Ko 2 3 eopirg Vad Fo8,
then, according to I (2.12) ¢,d and (16.6)a,
E"I“""X,\,M = 6W*
ey EET X tnl = 6 X = 6Wepy,
= 6W”e
Thus, (17.3)a reduces by virtue of (16.8) to
(17.3)b 3V, eumus FB = VGwe, 0 + G F¥e,,,
+ Copap Vo FoB.

The equation (17.1)a results from (17.2) and (17.3)b. The equation
(17.1)b shows that ¢ 0K, does not contain w”.

1 If one admits restrictions other than (16.1), one obtains another identifi-
cation. Cf. Hély, J., (3).
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In the next Theorem we use the tensor Zﬂ, defined by II (10.3),
and denote by Sz,ﬁ,}; the tensor

(17.4) Sby dot Zeby 4 3Z2Y k. kT,
where we assume that the right-hand term is expressed in terms of
f, by means of (16.3)c,d. It is obvious that S** does not contain

wuy
w”.
THEOREM (17.2). Putl
(17.5)a 20S,,,, = °K,g, Sy,
Then
(17.5)b 20S gy = VG esyg, S, 4 205,

The tensor o0S does not contain w’.

Wy
Proor. One finds from II (10.6)c and II (11.1)
(7 af
2Supy = Kop (228 + 32 k ER,)

ap
aﬂys ‘”IZ"

The remaining steps of the proof based on (17.1) are almost obvious.
In the next Theorem we denote by U:fz the tensor defined by

(17.6) Uy st _ o zihY

Kivaw?

where the right hand term is assumed to be expressed by means of
f/\p.'

THEOREM (17.3). Put

(17.7)a U, 2 U7 0K og,.
Then
(17.7b Uy = VGthegg, U + 0U,,.

The tensor ao0U,), does not contain w”. .
The proof follows easily from II (10.6)c, II (11.7), (17.6) and
(17.1).

Note. Compute U, from (17.7)b and substitute it into (16.7).

1 We deliberately use in (17.5) the same symbols as in (2.2), although they
have a different meaning here. A similar remark also holds for (17.7) and (2.3).
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The result is
(17.8)a  o(VGubegyg, Uy 1 + OUN,)—G, =0, In (1—f).

This equation does not restrict »* as defined by (16.6)b. Rather, this
latter equation converts (17.8)a into an identity. In any case
(17.8)a is equivalent to

(17.8)b o(V G erop, Ut ) 4 OUN,) = U,

as follows from (16.7) 1. It is irrelevant for our purposes whether
we express U, by means of (17.8)b or by II (7.1)c. We shall always
use the latter equation.

THEOREM (17.4). The connection Iy, given by 11 (3.1) may be
expressed as follows:

(179 Ivu = {2} + 5 VGCubesg, (St + 2Ug)e”

+ O-(OSAF'V + OUVA“).
The proof follows easily from II (3.1), (17.5)b and (17.7)b.

18. Maxwell’s equations. In the next Theorem we shall use
the tensor S, defined by (4.2).

THEOREM (18.1). Neither oneof the conditions (16.1)b,c, (16.2)c yields
(18.1) Sup = 0.

The proof follows the pattern of the corresponding part of the proof
of Theorem (4.1).

THEOREM (18.2). The tensor *Ay,,) defined by IV (3.12)a may
be expressed in terms of f\, and w” as follows:

(]8.2) *A4 [wpl = ko“—FAqu\'\/EwA —+ Aa,,‘)‘,,Gw"w"
+ 3a,,, VMV Gw?

where

(18.3) o 2 2,08, Ut (beugnt F16 + Ly 0

and the tensors OA,,, A, un Auuy have properties similar to those
mentioned in Theorem (4.2).

1 (17.8)b can also be obtained by contracting (17.7)b.
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The proof is similar to the proof of Theorem (4.2).

THEOREM (18.3). The system (16.1)b of field equations is equi-
valent to

(184)a o, X

g = o
pl = = Coap) PV Guw? + D) V*oK

Y

+*4 [wp] + Swp.'
The systems (16.1)a,b of field equations are equivalentto (16.10)a and

g - g
(18.4)b 8, X, = = G VAV Guw? + - VEOK ot * Ayl

In both cases *Ay,,) ts to be taken from (18.2), and S, is defined by
(4.2).

The proof based on IV (3.13)a, (17.1) and Theorem (18.1) follows
the pattern of the proofs of Theorems (4.3)a,b.

The Note following Theorem (4.3)b holds here also. In particular,
we may use (4.8) in a slightly different form

(18.5) ha=halX ., .., w, Vw).

THEOREM (18.4). Upon substituting from (18.5) into the equations
(16.6)b which define w®, one obtains four partial differential equations

(18.6) 0 Vp| = [ V|

of the second order for four unknowns w>.
The proof is similar to the proof of Theorem (4.4).

Note I. Substituting into (18.5) the solution of (18.6),
(18.7) w = w'(X.,h..),

we obtain f), expressed in terms of X and 4,

(18.8) = hu(X., B..).

Note II. A procedure similar to the one exhibited in Note II
following Theorem (4.4) leads here to (18.6) also. In order to give
to (16.6)b an operational meaning we use (18.4)b as another defi-
nition for w®. Substituting w”, defined by (18.4)b, into (16.6)b we
convert (16.6)b into the set (18.6) of four partial differential equa-
tions for fy,: the left hand term is a function of fy, defined by (18.4)b.
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Note III. From the manner in which we obtained the equations
(18.9)a Orwfu1 =0
(18.9)b wVh| = MV,

it is clear that they result as an immediate consequence of the field
equations (16.1)a,b. The form of (18.9) justifies the following
AGREEMENT (18.1). We shall confine ourselves to the case

(18.10) w22ty h < 0

and identify
a) [y, with the electromagnetic field,

b) vV m with the current density vector,
c) (18.9) with Maxwell’s equations,
d) (16.9)b 1 with the continuity equation of the charge and current,

e) W=+ VvV |102| with the electric charge density whever 192 # 0. 2

Note. The tensors *#*V —g and k), may be identified with the
(B, E)-tensor and (H, D)-tensor respectively in the Born non-linear
electrodynamics. 3 Then the current vector density has to be
defined by means of E«#¥S, ;.

19. Generalized Maxwell’s set.

THEOREM (19.1). A mnecessary and sufficient condition for pure
radiation

(19.1)a w’ =0

may be expressed in terms of hy, and ky, as follows:
(19.1)b U (kV/ [kl ur — beunagh®®) (hori + % V/[k| Ewrd)

= k(VAV[RIB¥) + JERS[(1—R)V R+ V [kl k(7 V ) -
Proor. We see from (16.3)a,b,c that (18.9)a is equivalent to
1BtV 1kl Bt — 0VEULufyal — $ewpas Vo B =0
so that by I (2.12)d
(19.2) 2V, k¥ = Eom[icV, V [k by — oV U, ).

1 This equation is a consequence of (18.9)b.
2 According to (18.10) we have w2 < 0, whenever w2 # 0.
3 Schrodinger, E., (2); Cf. also Maurer-Tison, F., (2).
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According to (18.9)b and (16.3)b a necessary and sufficient condition

for (19.1)a may be expressed, according to II (7.1)c, as follows:

(19.3) oVEUAP = k VAV || B¥ + JEWW T, k.

The equations (19.2) and (19.3) lead directly to (19.1)b.
THEOREM (19.2). The system (18.4)b is equivalent to Maxwell’s

equations (18.9) (to the set (3.2)a of condensed Maxwell’s equations)
in the sense that every solution of (18.4)b is also a solution of (18.9)

(of (3.2)).

The proof follows the pattern of the proofs of Theorems (5.2) and
(5.3).1

Preceding results justify the following

DEFINITION (19.1). The system (18.4)b will be referred to as the
generalized Maxwell set.

20. Auxiliary results.

THEOREM (20.1). The tensor *A () defined by IV (3.12)b may be
expressed in terms of fy, and w” as follows:

(20.1) *A4 W) = OBM + BM,,\/Z;w" + BM,,wGw”w“'
+ o(V“\/Ewﬂ)epfn;US'ﬁ

where the tensors OBy, By, B, have properties similar to those

mentioned in Theorem (6.1), and Uf,\"ﬁ is to be taken from (17.6).

The proof follows the pattern of the proof of Theorem (6.1).

In subsequent considerations we shall use the following abbrevi-
ations:

(20.2)8. Kowp./\ dé‘ Owa\ — Cuuaf V,\ FoB
(20.2)b 3Gl X G(w, *Gy — hpwe*G* + $10,G . fu®)
+ HewuenVBFE 4 KOP) (eprysV*F7® + K
+ %KO"‘(Fﬁe,\)nﬁawﬂ\/E == %GIAI"
(*Gr & G*fp)
1 Instead of using II (7.25) we have to use the equation
Vo b + 2Uyk,% + Uy, kB% =0
derived from II (7.23) and (16.1)a.
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(20.2)c 160\, & 3K PKp* + *A g0
- %(KayBpra + 4*A)hM

-l [— (Y THl gy ||

) {VB [VZ vV mkpA—%eﬁMnkfn)]}

(*4 2 >4, 1)
THEOREM (20.2). The tensor GQ), may be expressed in terms of
w® and f)m as follows:

(20.3)a *—QA,L =*4u +— (2w Vi o+ 1) + GARy,

where

I A
.3)b def __ 1,2~ ik’
(20.3) A= — tw 7 3 C

(w2 3 wr), TEIT, HA0)
and *A 5 and I, are to be taken from (20.1) and (20.2)b.
ProoF. We find easily from (17.1)a,b and (20.2)a
(20.4) 0K gy = VG0 €0 + Copung Va FB + KO,

Therefore, one obtains, after some calculation,

G
(20.5)a iKaF_pKﬂ'yahy/\ = ——2— (w,,w,\ — wzhw\ + 2w, V(I" f»a—*—IM)

G
(20.5)b — §KppKPre = — (w2 — I).

Substituting from these equations into (20.2)c, and remembering
that according to (18.9)b and (16.3)b

(206  ow, =P {T}g: 0V Bl oy — Fenapy 291},

we obtain (20.3).

Note I. While (20.2)c defines @, in a purely geometrical way,
the same tensor is expressed by (20.3)a in terms of w”, f,), and A),.
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We shall see later that even the latter tensor has a physical meaning.

Note II. An easy inspection shows that there is only one term
in 3GI which contains w2, namely
Yoaptneprys WA VB Fén) (V2 F7?)
G
)

(Vef®) (Ve fay) + Guo? + ...

Here we denote by ... other terms which do not contain 2. Thus,
A contains the term — 3w? + }(V*f#) (V, fy), as was to be ex-
pected according to (6.4)a.

21. Gravitational field equations.

THEOREM (21.1). The equations (16.1)a and (16.1)c are equi-
valent to (18.9)a and

(21.1)a H,\F — %Hhhp = %GT,\“
where
(2]1)b T)‘I‘- = w,‘wu + Q,\’L,

and the second term in (21.1)b has to be taken from (20.3)a and (16.6)b.
The proof, based on results of the previous section, is similar to the
proof of Theorem (8.1).
The form of (21.1) justifies the following

AGREEMENT (21.1). We identify

a) hy, with the tensor of the gravitational field,

b) GT), with the momentum energy tensor for matter and eleciro-
magnetism,

c) G with a constant multiple of the gravitational function,

d) A with a constant multiple of the cosmological function. 1

The equations (21.1) will bereferred to as gravitational field equations.

Note I. Lichnerowicz, A., (3), suggested identifying the gravi-
-1

tational field with *4* given by I (3.9)a. Its inverse tensor oW
given by IV (10.4) satisfies the requirements a), b) of Definition
(8.1) but does not satisfy the requirement c) of this Definition:

1 See footnote 3 on page 182.



206 CHAPTER V, SECTION 21

The system (8.8) does not admit a first quadratic integral

-1
VAVE*h,, = const.

Starting with the metric defined by *p24/— g we obtain another
expression for the momentum energy tensor (Cf. Hély, J., (2)). For
another definition of a metric tensor, see Maurer-Tison, F., (1), (2)
and Mavrides, S., (6).

Note II. We remind the reader that we have G = g for the
second class, while in the case of the third class G = g = 1.

A gravitational function instead of a gravitational constant appears
also in Jordan, P., (1), (2); Hoffmann, B., (6), (4); Havli¢ek, F.,
(1); Nariai, H., (1); Heckmann, G. — Jordan, P. — Fricke, W., (1);
Just, K., (1), (2), (3).

Note III. We shall see later the reasons which compel us to
consider GT), instead of T, as momentum energy tensor.

Note IV. The remark about the continuity equation for
matter (see Note I following Agreement (8.1)) is also appropriate
here. It also justifies the name of momentum energy tensor of
matter and electromagnetism.

If we use Definition (8.1) of a metric tensor, it is clear that
Theorem (8.2) holds even here.

THEOREM (21.2). The gravitational field and the electromagnetic

field are interrelated.l The {gmmtatwnal } field generates the

electromagnetic electromagnetic
gravitational } field. These fields as well as the electric charge, 2

gravitational function, cosmological function, and momentum energy
tensor spring from one basic conception, namely from the unified tensor
The proof based on previous results follows the pattern of the
proof of Theorem (9.1).
The question arises whether our theory admits a tensor gy,

1 The idea of the interdependence to these two fields is not a new one. Cf.
for instance, Nipher, F., (1), (2).

2 If we adopt the continuity equation for matter, then the mass density
also has this property.
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leading to pure radiation. The next Theorem answers this question
in the affirmative.

THEOREM (21.3). The set of all tensors gy, satisfying the equations
of our theory and leading to pure radiation is not an empty set.

Proor. We shall exhibit at least one such tensor. We know that
the vector X, = 0, X and the tensor IV (5.10) satisfy the equations
of our theory. Since here 2 = 0, the equation (19.1)b reduces to

Eond P ko + epkP Uk = 0,
and this equation is equivalent to
Eor(V by — Uyky) =0

or

k
(21.2) o, . — 0.

An easy inspection of IV (5.10) shows that

g=1/(1 — Ar"
so that

k
O~ — 61 3,)6V|BA[r4(1 — 474 = 0.
Ve

Thus, (21.2) is satisfied and, consequently, the tensor IV (5.10) leads
to pure radiation.

ILLUSTRATION (21.1). Itisnot difficult to find the corresponding
gravitational and electromagnetic fields from IV (5.10). We have

—1 0 0] 0
@3 G ={{ o "5 _pume o
0 0 0 B(1 — ArY)
The electromagnetic fielci results from IV (5.10) and (16.3)b
(21.4)a o = 264 21 eoVlA]

ITIIL ™ o 74 n 0

(21.4)b hv = 288 2 gV | 4] sin 6.
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In particular,
V9] = 2ear-2V|AB|(1 — Ar-9d iy

This last equation leads easily to

MVl =0,
while (21.4)b yields
Orpfun1 = 0.
The gravitational function results from (12.3) and (21.4)
= 1/(1 — 4Ar™%).

Hence, G is constant at infinity: r — oo.

Note. After having interpreted in the most general case the
field equations (16.1) in terms of physical quantities, we may
elaborate on Note IV following Theorem IV (4.2). We shall explain
why the identification of the electromagnetic field with Ry,,jisnot a
suitable one. This identification is obviously suggested by (16.1)b,
which is equivalent to the first set of Maxwell’s equations for the
electromagnetic field Rp,,). In order to find the second set of
Maxwell’s equations we have to start with the Definition of the
current density vector

(21.5) 'V |h| = 3, RMIVp|.

This set could be converted into the second set of Maxwell’s equa-
tions provided that our remaining field equations (16.1)a and (16.1)c
yield another condition for w” or Rpy,). This is an impossible re-
quirement, for neither S) nor R, can be expressed in terms of
w” or Rypy,). Thus, if we identify Ry,,; with the electromagnetic
field, we are unable to derive the second set of Maxwell’'s equations from
our field equations. The situation, may be described by saying that
the field equations (16.1)a and (16.1)c do not express any property
of the electromagnetic field Rp,,). These reasons prevented us
from using the above identification.

22, Momentum energy tensor. Motion.

THEOREM (22.1). The momentum energy tensor GT™ satisfies the
following conditions:

(22.1) V)GT» = 0.
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(Law of conservation of momentum and energy.)

Proor. The equation (22.1) is a consequence of IV (3.4)e and
(21.1)a.

Note 1. The equation (22.1) shows the reason why we have to
consider GT), instead of T), as a momentum energy tensor. If G
were a constant, it would be irrelevant whether we used T}, or
GT),..

Note. The equations (22.1) are substantially the same as the
equations obtained by Bose, S. N., (1).
In the next Theorem we use the expression S defined by (10.2).

THEOREM (22.2). Put

(22.2)a GZy % GTyV|h|
o
2 ¢ vd_ef(v.;r__m_a aﬂ).
(22.2)b £ def (8% 5.7 N

Then (22.1) is equivalent to

(22.3) 0,G(TyY + ty*) = 0.

The proof follows the pattern of the proof of Theorem (10.2).
THEOREM (22.3). The equations of motion are

(22.4) WAV, Gw” + V) GQ» = 0.

Proor. The equations (22.4) result from (22.1), (21.1)b and
(16.9)b.

Note. Here we could repeat the first two objections discussed
in section 11. Of course, these objections are now to be directed
against (22.4).

23. Unified law of inertia. In order to dispose of the above
objections we shall introduce the Agreement (12.1) which we
restate here.

AGREEMENT (23.1). Henceforth in this part we replace the field
equations (16.1)b with

(23.1)a DyGQW = 2U%), HM + 5,60 + U,(GQ® + 2HA™).
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Note I. The equations (23.1)a reduce by virtue of (16.1)a to
(23.)b  DyGQW = 2U%y, HW + U,(GQ™ + 2HN).

Note II. The equations II (3.1) and (20.2)c show that (23.1)
may be looked upon as purely geometrical conditions. On the other
hand, the equations (17.9) and (20.3) enable us to convert these
purely geometrical conditions into physical ones.

Note III. We shall not discuss here the slight changes (in
formulating the previous results) due to Agreement (23.1). The
reader can easily follow the pattern of reappraisal exhibited in
section 12. Let us stress only that (23.1)b in its physical form leads
again from (16.6)b to (18.9)b. Moreover, we again obtain Theorems
(21.1), (21.2), (22.1) and (22.2). However, Theorem (22.3) has to be
changed although (22.4) holds.

THEOREM (23.1)a. The equations of motion are
(23.2)a wAD)\Gw” = 0.
Proor. According to II (7.1) we have
(23.3) 0 = 6U W = 2U,), WM + 4U,,.
Moreover, by virtue of (16.1)a
(23.4)a D\GQY» = V) GQ¥» + U,GQ* + U*,,GQM,
(23.4)b wAD)\Gw® = wV) Gu’ + U’ ,)Gurw?,
so that according to (21.1), (22.4) and (23.3)
(23.5) D\GQ¥» + wrD\Gw* = 2U" (H* — 3HW) + U,GQ*
= 2U% \HM + U,(GQ* + 2Hh).
This equation reduces to (23.2)a by virtue of (23.1)b.
Note. Denote by

(23.6) o st %

the vector involved in (23.2)a and by x* = #*(p) the solution of
(23.6). Then G = G(p) may be considered as a function of 5.
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THEOREM (23.1)b. Put

(23.7) g=c1 j jg— + cg, (c1, ¢z = const, ¢1 # 0).

Then (23.2)a is equivalent to
azx? st dxr

- v
I g
This equation admits the first integral

(23.2)b

dxr  dxe
. hy,, —— —— = 2 (= t).
(23.8) A i g ¢2 (= const)
PrOOF. An easy inspection shows that (23.2)a may be written
d v dxr  dxt
w)‘DAGw” —_— (G jf_) + I"Av“ G __ﬁ_ __x__
dp dp dp dp
A
_ G(ﬂf P2 pp 4 A
ap ) L dg? #dg dg
dg dx¥ 1
+ 4 dlnG 4 6 497 _
ap dp dq dg dp

This equation leads immediately, because of (23.7), to (23.2)b. The
remaining statement of our Theorem follows from Theorem (8.2).

THEOREM (23.2). (The unified law of inertia). A charged particle
moving freely in the unified field

g
(23.9) p = hAF- + k)\y = h)‘l" + -é—eA”aBF"‘B + GL)‘F 1

describes a path (an autoparallel line) of the unified connection I'y?,
given by II (2.1).

Proor. This Theorem is a verbal description of Theoréms
(23.1)a,b.

NoteE. The above results dispose of the objections mentioned
earlier. In order to show that our theory may be looked upon as a
generalization of classical results, we have to prove that the unified
law of inertia may be brought into a form which expresses New-
tonian laws in an appropriate approximation.

1 See (16.3)c.
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24. Newtonian laws. This section is based on the results of
section 14 and on (23.2)b. In order to be able to use the results of

section 14 without changing notation, we denote in this section by
v
v¥ the vector

(24.1) o et 47
dq
so that (23.2)b may be rewritten in the form (13.1), d.e.,
d2x” A dxk
(24.2) YDy = d e

a T g

Then we may use here all definitions and results of section 14 except
possibly Lemmas (14.3) and (14.4). In regard to the tensor U,,, in-
volved in these Lemmas, we see from II (7.2), Theorem II (7.2)
and Corollary II (7.1) that the use of (14.6) leads to (14.7) even
here.1 Hence Lemma (14.3) holds, and, therefore, the same is
true for Lemma (14.4). Consequently, all results and definitions of
section 14 may be used here also.

THEOREM (24.1). There is always an admissible coordinate
system x¥ for which

(24.3)a orvhyv 20
(24.3)b Be(P V") + U vovk + (0pkPY) (3gky?)
+ 3(0"kyp) (0g5*F) 2 0.
The proof follows the pattern of the proof of Theorem (15.1).

DEFINITION (24.1). Every admissible coordinate system for which
(24.3) holds will be termed an allowable system for the first two classes.

THEOREM (24.2). Every allowable coordinate system x for the first
two classes has the following properties:
a) The unified law of inertia (23.2)b expressed in x* reduces at
O to the classical Newtonian law of gravitation.
1 Although we have, by virtue of I (6.2), IT(9.2) and (14.1) 42__ 0,4 9 1we

i ik
cannot, at O, use II (11.7) in conjunction with II (10.6); for whenever (14.1)b
holds the nonholonomic frame involved in II (10.6)b is not defined at O.
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b) The unified law of inertia (23.2)b expressed in x* reduces in
the linear meighborhood of O to the classical relativistic second
law of Newton for the classical relativistic electromagnetic force
vector F? (defined by (15.8)).

Proor. First of all, we have according to (14.1)

(24.4)a vy kW L o\kN

(24.4)b Vg kPkyy L xE[(0pRP*)0s koY + (Bpky?)0p kP
(24.4)c 1V kB kg, L 3xf(0¥ kg,) (05 RP%).
Moreover, by virtue of (16.3) and (14.1)

(24.5) w20, foL— % Oy %€ 0 B
where

%) = eAvaB(Vm—l)o'

Hence, the first sct of Maxwell’s equations yields

(24.6) kM 2 0.

On the other hand, we obtain from (16.3), (15.8) and (15.9)
g v Lo

(247)&. t—’; M)\" = k”akw\ —+ iéAk ﬁkaﬁ

1—k 1—k
(24.7)b  F* = (Vg KBk + 107 kobhyg) ——+ M3 In —

so that according to (24.4) and (24.6)

(24.8) Fr L xf[(0pkP0)0gky” + 3(0” kog)O k*Flo.

From this point on the proof follows the pattern of the proof of
Theorem (15.2). 1

25. Special cases. In this concluding section we shall consider
some special cases discussed in the second chapter.

1 For another approach to the same problem, based on Einstein, A. —
Infeld, L. — Hoffmann, B., (1), see Infeld, L., (1), (2), (3), (4); Callaway, J.,
(1.
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1) We know that if IT (6.4) is satisfied, then according to Theorem
I1(6.1) (for n = 4)

(25.1) Swp.v = %S[whp.]w

Therefore, if II (6.4) holds, the field equation (16.1)a annihilates
S’ and according to II (3.2), also U%,:

wp
(25.2) Sup’ =0, U%,=0.
Therefore, II (3.1) reduces to
(25.3) ry, = Y-
Hence,
(25.4) R\ = Hy,

so that (16.1)b is automatically satisfied by X, = 6, X, and (16.1)c
reduces to

(25.5) Hy=0.

The condition II (2.1)b reduces to

(25.6) Dwg,\“ = Vw g;\ﬂ = Vw k)‘l" =0
so that, in particular,

(25.7) Ok =0, Vi k*=0.

Hence, £,y may be identified with the tensor of the electromagnetic
field. Then, of course, we have a case of pure radiation. If k,\“
belongs to the first class, then according to (25.2) and Theorem III
(6.1), every pair of basic vectors is Xs-forming and every basic
value (eigenvalue) 4 is constant.

i
2) If II (7.4)a holds, then we have according to Corollary II
(7.1)

(25.8) U, =0,
and the equations (23.2)b reduce to

d2x¥ ax*  dxm
25.9 v} — —— =

Hence, every path of I')?, is at the same time a geodesic, and vice
versa. 1 The unified law of inertia is identical with the law of

1 See Theorem II (7.4).
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inertia in the gravitational theory. From (25.8), (16.1)a and II (7.23)
we have

(25.10) v, kv = 0.

Moreover, we know according to Corollary II (7.2) that g and K
are constant. Hence, we see from

g=1+2K+k

that % is also constant. Thus, we obtain from (16.3)a, (25.10),
(16.1)a and Theorem IV (4.1)
ok, —
—— V| k|3, Br-
Vg *
Hence, if Sy, # 01, we see from II (6.12) and (25.11) that £ = 0.
Therefore, k,, does not belong to the first class. This particular case
was considered in detail in Hlavaty, V., (14).

3) If II (7.22)a holds, then we have according to Theorem II
(7.6)a forn = 4

(25.11) 0= a[p.fAv] =

(25.12) — 33U, = 2U%hy, — U, 8, — U\d,.
Therefore, the unified law of inertia (23.2)b reduces to
dzx¥ ax*  dxm dxt  dx¥

2 SR — V2 -
dq2+{“} dg dq $ure %U,qu aq ’

where ¢2 is the constant involved in (23.8). This equation is equi-
valent to

(25.13)

o (B )40 d) o, d

dg \ dg? Wodg dg dq
Hence, paths of photons (i.e., ¢ = 0) are the same as in gravitational
theory, while every charged particle moving with a velocity differ-
ent from the velocity of light (¢.e., c2 3 0) describes a path different
from a geodesic. 2 From (25.12), II (7.1)c, IT (7.23) and (16.1)a we
have

(25.14) VeV b + Uk, = V,Vgko = 0.

1 A connection with U? = 0, S[w\v] =0, S} =0 was introduced by
Eisenhart, L. P., (3).

dx @)
2 Provided that UM

5= 0. See also Theorem II (7.5).
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Theretore, the field m,, defined by IV (4.16) satisfies the condition
a[me] =0

equivalent to (16.1)a. This field was identified with electromagnetic
field in Hlavaty, V., (18). In that paper the above situation was
discussed in more detail and applied to celestial mechanics under
the assumption that V) %,, (but not necessarily %,,) is a weak field. 1
It turned out that the predictions for the deflection of light and for
the shift of spectral lines are the same as in the gravitational theory,
while the prediction for the perihelion of Mercury yields a different
result than in gravitational theory. Hence, in this theory the pre-
diction of the latter phenomenon is no longer linked to the two
former predictions. 2

This fact could be of some importance in the future, should a
more accurate measurement reveal some deviation of the world-
line of Mercury from a geodesic line.

1 This conception is explained in Definition IV (1.1) of the above paper.

2 In gravitational theory the predictions of all three phenomena are
controlled by the same rule, namely that the corresponding trajectories are
geodesics.
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1. Geometry of a light beam. 1 This section is devoted to the
elementary geometry of a light beam from the point of view of
unified field theory. It is closely connected with the elementary
geometric background of the Michelson-Morley experiment.

In the book of P. G. Bergmann (1) (p. 133) we find the following
lines:

“The experiment of Michelson and Morley has been repeated
many times under varying conditions. All these new experiments
have confirmed the original results, with the exception of those
which were carried out by D. C. Miller. It is very difficult to decide
why Miller’s experiments show an effect which appears to indicate
an “ether drift” of about 10 km/sec. However, since all the evidence
of other experiments points to the accuracy of the Lorentz transfor-
mation equations, it is reasonable to assume that Miller’s results
were caused by a systematic experimental error which has not yet
been discovered.”

Far from being able to discover this error, 2 we wish to investigate
here the most elementary geometric idea which from the point of
view of the unified field theory could imply a positive effect in
experiments of this type.

Denote by ¢ (@ = 1, 2) the time needed by the light signal sent

1 In this section the Greek (Roman) indices run from 1 to 4 (from 1 to 3).
Moreover, very often we shall write the letters #, v, 2, ¢ for x1, 22, x3, ¥4 and
consider #, y, z as orthogonal coordinates in our three-dimensional Euclidean
space Ej.

2 Shankland, R. S. — McCuskey, S. W. — Leone, F. C. — Kuerti, G., (1)
subjected Miller’s observations to a new analysis. They summarized their
results as follows: ‘“The small periodic fringe displacements found by Miller
are due in part to statistical fluctuations in the readings of the fringe positions
in a very difficult experiment. The remaining systematic effects are ascribed
to local temperature conditions .... Miller’s extensive Mount Wilson data
contain no effect of the kind predicted by the aether theory, and, within the
limitations imposed by local disturbances, are entirely consistent with a null
result at all epochs during a year.”
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from a source O to reach a point P (4. We shall investigate the differ-
ence ¢y — ¢ under the following assumptions:
1) The points O, P, P g, are linearly independent and

(1.1) 0Py, = OPg).
)

2) The velocity of light is constant. We shall denote it by 1.1

3) The gravitational part of the unified field is so weak that it
may be neglected. 2

Using assumption 3) we may put

+1 0 0 0
B 0 +1 0 0
0 0 0 —1

In subsequent considerations we shall denote this tensor by a,,, as
is usual in differential geometry:

(1.3) @y, ¥ by,
so that
(1.4) (d%)2 4 (dy)2 + (d2)2 — (df2) = a,\,,dx"dxl‘.

According to assumption 2), we have for the tangential vector
ax¥
dg

of a beam of light

dx* dxr
1.5 —_— —— =0
(19 g T

o (S () (L) () v

(1.5) is a first integral of the law of inertia V (23.2)b for a beam of
light. The latter equation can be rewritten, because of (1.2),

azxy dxr  dxm
1.6 AN §
( ) dq2 + Ap dq dq

1 Velocity of light in connection with the Born theory is discussed in
Hittmair, O. — Schrédinger, E., (1).

2 Unified fields exist without gravitation. (Cf. for instance, Theorem V
(9.2)). It is usual to ignore possible gravitational effects when discussing the
Michelson-Morley experiment, and, in here neglecting the gravitational field,
we follow this practice.
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According to (1.5)b, a solution of (1.6) may be looked upon as
defining a nonminimal curve C in our three-dimensional Euclidean
space Eg with the element of arc length d¢. In order to derive the
differential equations of C in Eg, we have to eliminate the para-
meter ¢ from (1.6) by means of the last of these equations

azt axr  dxm
1.7 —_— 4 U4y, — ——=0.
12) ig T U™y ag O
To this effect we first introduce the vector
dx®
1.8 wdet
(1.8) V="

Then the result of elimination is"
(1.9) 9 — Qo) Aok =0

d
where 9% = — 9% and
dt

(1.10) @), © 2wl U,

The corresponding first integral of (1.9) may be written according
to (1.5)b

LAY _‘11)2 (ii)z_ — an byt
(L1) (dt)+<dt t\@) == %

Hence, v% is the tangent unit vector of C. From (1.10) we have
24, = 0, so that, in particular, by virtue of (1.9)

(1.12) ApcvPu® = apcf20), v vk ve
= a,,0"v? U4, vk — a,,U%) kv =01,

Hence, v° either vanishes or is perpendicular to vb, as was to be
expected. Its length in Ej is obviously the first curvature % of C:
(1.13) k2 = apevbve = abc.Qb,\Fvﬁv#z)c

=0,, ), V@

= 1’9%a,,, U4A“‘U)‘1)P‘ - Uw)‘“‘IJ}"I)“"l)“’

= — U,,A“v"vf‘z)”. 2

1 We have a,,v'r® =0

U, PR e® = Uy Ak = 0.
(Cf. 1 (7.1)b.) A (wha)

2 We have B, VWV = apevPi® = 0.
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Hence, a necessary and sufficient condition for C to be a straight
line is

(1.14) U, oko* = 0.
This equation is satisfied if, for instance,
(1.15) U”)‘F = 2{)”th — 6;p,, — 6;1),\. 1

In any case, if we denote by d(g) the length of 0P, we have for
a sufficiently small §(g) 2

t(a)4
(1.16)8. 6(0)2 = t(a)2 —_— “4|

2(k(m)z)o

where (%(q)?2)o is the value at O of the square of the first curvature
(1.17) (k@20 = (— Up,v @) v @)% @)o
and 1”(g) is the unit tangential vector of the beam joining O and

Py. If we disregard terms containing p-th powers of £, p > 3,
then we may write instead of (1.16)a
t(a)z(k(a)2)2>

(1.1e)b da) = t(a)<1 — -

so that according to (1.1)
(1.18) 4ty — t@) = twd(kmPo — t@3(ke@?o.

When (1.14) holds, for instance when (1.15) holds, we obtain, instead
of (1.18),

(1.19) ta) == b
The formula (1.18) may be of particular interest as shown by the
following remarks:

(1) (1.18) may be considered as a theoretical basis for an ex-
perimental test of the unified field theory. The only theoretical
complication is the computation of U,,, from the given data. 3

(2) Even in the presence of some electromagnetic fields the for-
mula (1.18) might reduce to (1.19). Then, of course, we would
expect Michelson and Morley’s result.

1 Cf. Theorem II (7.5).

2 Cf. Hlavaty, V., (1), p. 47.

3 Cf. Theorems II (11.3), II (18.1). However, one could also use the ap-
proximation given by II (8.6)a.
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(3) For other fields the formula (1.18) does not reduce to (1.19),
in spite of the fact that it has been derived under the assumption
that the velocity of light propagation is constant. One cannot help
thinking of Miller’s result.

Hence, from the point of view of the unified field theory and under
the assumption of the constant velocity of light, one has to expect either
Michelson-Morley’s result or Miller’s result. In other words, from the
point of view of the unified field theory, Miller's result, properly inter-
preted, is not necessarily at variance with the assumption of the con-
stant velocity of light propagation.



AprpENDIX II

FOUR-COMPONENT SPINOR ALGEBRA AND ANALYSIS
OF THE UNIFIED FIELD g,.!

I. Local spinor space F3(0)

1. Prerequisites. 1) In this appendix we shall be compelled to
make use of the following different types of indices:

a) small Greek indices «, 8, ... running from I to IV,
b) small Roman indices 4, b, ... running from 1 to 4,
c) small Roman indices a, b, ... running from 1 to 4,
d) small Gothic indices a, b, ... running from 1* to 2,
e) capital Greek indices 4, £, ... running from I to VI,
f) capital Roman indices 4, B, ... running from 1 to 6.

With the exception of %, ¥, 2, ¢, X, y, z, t all indices follow the usual
summation convention.

Some knowledge of the elements of algebraic line geometry will
be required. The reader not familiar with it will find all necessary
conceptions of line geometry in the last appendix.

Throughout this appendix we confine ourselves to the first class.

2) Denote by O an arbitrary point of our four-dimensional
space-time, by 74(0) the four-dimensional tangent space at O,
and by P3(0) the ideal three-dimensional space of T4(0).2 The
space P3(0) is obviously a projective space. It contains the quadric
H whose coordinates are given by phy,, (p # 0).

Let v* be an arbitrary vector in T4(0). In addition to 41, ..., vIV
we introduce the redundant components
(1.1) oV = oV = (oriy,)b, 3
The set of all components oI, ..., »VI will be symbolized by »%. 4

Thus, for instance, we have for the basic null vectors a” according
i

1 This appendix is based on the following papers: Cartan, E., (1), Veblen,
0., (1), Hlavaty, V., (2), (3), (9).

2 4.e., the three-dimensional space ‘‘at infinity’.

3 The advantages in using these redundant components will be seen later.

4 99 are homogeneous coordinates. See footnote 2 on page 229.
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to (1.1)

(1.2) a® = 6P a,
i i

Besides the vectors a¥, we introduce the following set of symbols

i —
(1.3) aV=—al= — V2, e= 41,

5 ]
the remaining a? = a®? = 0.
5 ]
The set a9, ..., a®? will be symbolized by a?. The inverse set

A 1 6 A
ag is defined by

4 4
(1.4) aga® = 6f, aga’ = &}

B 4
We have, in particular,
i i
(1.5) ag = ha,
5 6 _
ay = — avy = — e/\/Z
5 6

the remaining ag = a5 = 0.

4
The sets a® and ag will be referred to as a redundant nonholonomic

4
frame of reference. This frame of reference gives rise to nonholonomic
redundant components v4 of a vector

(1.6)a v = 291)9, v? = v449,

We have, in particular, B

(1.6)b ¥=—18=—eVo
o 3t v"vl‘h,\P/Z.

In addition to the components 4, we introduce the redundant
components
(1.7) hvv = hyivi= — }

the remaining hgy = hygo = hgyy = hy1g = 0.
The set of all these components will be symbolized by kg, (= h4gq)-
The redundant nonholonomic components hap of h,, are defined by

(1.8)3. hAB = hAgaAan.
4 B
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In particular,

(1.8)b hss = hgg = — 1.
Therefore, every vector v 1 satisfies the condition
(1.9) v1v%h,, = v4vBhyp = 0.

If and only if v? is a null vector, we have
(1.10)a P okhy, = v00bhap = 0

and this relation is equivalent to

(1.10)b vV =9Vl = 95 =18 = 0.
3) All vectors pv? in T4(0) have the same direction. Its ideal
point in P3(0) will also be denoted by v?. Then ¢!, ..., vVI have to

be looked upon as homogeneous redundant projective coordinates
of the point »? in P3(0). A similar remark also holds for the re-
dundant nonholonomic coordinates v4. The quadric H in P3(0) is
defined by the ratios of the numbers 4 ,, as well as by the ratios of
the numbers 44p.2 A point »? on H will be termed an isotropic
point; every other point in P3(0) will be referred to as an aniso-
tropic point. Thus, an isotropic point satisfies the conditions (1.10).
i

The vectors a?, a) in T4(0) are known up to transformations I
i

(6.9) (Cf. also I (9.5) and I (9.6)). Here we shall consider the transfor-
mations

(I.11)a a® = C4P a®
A B
B A
(1.11)b ‘ag = C4P ag
with
et? 0 0 0O 00
O ei¢ o 0 0 O
0 O e’e—'l’ O O O
B)) def
(L1)c  ((CaB)) & 0 0 0 € 00
0O 0 O 0 10
0 o 0 0 01

1 We do not consider a? and a? to be vectors.

5 6
2 In other words k4 (haB) and ph 4q (ehaB), 0#0, define the same quadric.
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Al 0 0 0 0 o0
0 et O 0 00
-1 b

(L11)d ((C4B)) %t g g ¢ E,f_¢ g 8 (¢ =+ 1).
0 0 0 -0 1 O
0 0 0 0 0 1

Then we have from

(1.12) v? = v4a? = 'v4 'g?

the relations

-1
(1.11)e 'yB = C4Bv4, yB = C4B'vA.
The equations (1.11)e represent transformations of nonholonomic
redundant coordinates: they establish the relationship between the
coordinates v4 and ‘v4 involved in (1.12).

4) In subsequent considerations we shall also refer P3(0) to another
set of projective homogeneous coordinates denoted by Z&. The
transformation (1.11) induces a projective transformation of co-
ordinates
(1.13) ‘AP = @b X
quite different from (1.11). The coefficients &3P of (1.13) will be
found later. The space P3(0) with the coordinates 22 which are
subject to the transformations (1.13) will be referred to as the local
spinor space F3(0).1 All objects of L3(0) will be termed spinor
objects whenever necessary and denoted by script letters. Very
often we shall use the abbreviation spinor Z# instead of spinor
point Za,

The relationship between P3(0) and £3(0) is based on two sets
of matrices. The first set is defined by

1 3
0 0 an ax
4 2
IR L1 N I
ay a O 0
4 1

ay — ay 0 0
Here the superscript b (the subscript a) refers to the rows (to the

1 This somewhat vague definition of &3(0) will be amplified by a detailed
discussion of the relationship P3(0) <+ #3(0) in section 8.
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columns). The second set is defined by
562 134

(1.15) ((<Ug2%)) = ((U,lar))) &t ((agagagagagay)).
Here the subscript £ refers to the rows. The superscripts refer to
the columns and have to be taken in the following order:

(1.16) 12 34 23 14 31 24

The symbol € in €U,8b is the same as the one involved in (1.3) and
(1.5). However, we shall use the abbreviations *Ug,2P and —U b
instead of *1U 3P and —1U,8b,

The transformation (1.13) will be derived from the requirement
that the objects

(1.17) vab 3 Fy 092

(1.18) epab def €77 aby? 1

are tensors with respect to (1.13) for any point »? whatsoever.
5) In order to define the main intent of the first part of this

appendix, we shall denote by M(N) an arbitrary object of P3(0)

(on H) and by 4 (A4") the corresponding object of #3(0). The main

goal of the first part of this Appendix is the investigation of the

relationships

(1.19) M4 H—>M
(1.20) N -, & —N.

The relationship (1.19), ((1.20)) will be referred to as representation
(mapping). Representation and mapping lead to Dirac’s equations
and also to Schrodinger’s wave equations.

Sections 2-14 are devoted to the algebra of the local spinor
space &3(0). The second part, comprising the last sections 15-19,
deals with analysis of the spinor space &3, which will be defined later.

2. Elementary results. For the convenience of the reader we
rewrite equation (1.17) in a more surveyable form

01: 192: 293: 194: 0 0 o1 o8
2.1) o 1923 '033 1943 =10 0 2% —22
v, v, v v, v2 93 0 0
ot vt vt ot vi —9l O 0

1 We shall very often use the abbreviations +y8b, —18b instead of +1lypab
and —1gps8b,
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This is substantially the matrix used by Cartan, E., (1).
The first Theorem to be proved concerns the products of the
matrices ((E)aP)).

THEOREM (2.1). We have
(2.2)a EpPE p® + E s? Exp® = hy, 0;.

The proof follows by direct calculation from

1 2 3 4
hAF' = 2aQaP) + 2a(,\ap) 1

and from (1.14).

Note. The equation (2.2)a is often used in a simplified self-
explanatory form

2E0E,) = Iy,
equivalent to
V2Eyds = ds 1.2

COROLLARY (2.1). We have
(2.2)b 200 01 = 83y, VA 0P = 2085,
The proof follows from (2.1) and (1.17) or from (2.2)a and
(2.3) 20 = v"vl*h,\” = 180 hup = 2(v1v2 4 v304). 3

THEOREM (2.2). We have
(2.4) Det((va® — 48Y)) = [0 — 42]2.
The proof follows by direct computation from (2.1) and from (2.3).

In the next two Theorems we introduce a kind of generalized
Kronecker delta. ‘

THEOREM (2.3)a. Put

1
(2.5)3. 6?}’ = 6[‘:b] (_1__8} —_— EUQ&b aa.
4
1 Cf. I (9.3)a.
2 This matrix relation could be used as a basic formula for metric geo-

metry. Cf., for instance, Urbah, V., (1).
3 Cf. I (8.5).
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Then
(2.5)b B =0 =03 = ol =03 =6} =
_6§1= ‘—6(453"-: _6g2= —-5:1‘—‘ —613'—‘ —‘6:2:-“"1’—:

P V2
the vemaining 6°) = 0.
The proof follows at once from (1.4), (1.15) and (2.5)a.
TaeoreM (2.3)b. Put

(2.6)8. 6;11) == 6[‘3),] d:of 6?‘[).
Then
(2.6)b 83y = 8354 = 035 = 0}, = ‘521 = 0y =
. ) 1
—63,:—6‘;3=——6§2=—6}(1:—6;‘3:-—6?}2-—— \7~2'
the remaining 84 = 0
and
(27)a Sup 0% = 0%,
(2.7)b 8 0% = 5

The proof of (2.6)b is obvious. The proof of (2.7) follows by direct
computation from (2.5)b and (2.6)b.

THEOREM (2.4). The quantities <®® defined by (1.18) may be
expressed as follows

(2.8)a P = /28 p4,
Moreover,
(2.8)b V204 = 84 P,

Proor. We obtain from (1.6)a, (1.18) and (2.5)a

Wi = Upahy? = U 0yda? = /2% 04,
4

The equation (2.8)b follows from (2.8)a and (2.7)b.

ReEMARK. In subsequent considerations we shall use tensors
iapca, S0 called indicators of &3(0). They are skew symmetric
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in all four indices. The value of the component iapcq as well as of
the component #°*° js 4+ 1 (— 1) when the permutation abcd is
an even (an odd) permutation of 1234 In all remaining cases it
is equal to zero. This definition is invariant under the transfor-
mation (1.13): We shall see later that the components of indicators
are invariant under (1.13). These indicators serve for raising and
lowering the indices of quadratic skew symmetric tensors according
to the rule

[ab = %iabchCd

(2.9)
[2b = } Fabedfo

Using this rule we easily obtain from (2.8)a

Evab(vs, v6, 1)2, v]., v3, «U4)
(2.10) \

‘”ﬂb(vs; v5, vl, vz, v , 1)3)_ 12
We shall use this result in

THEOREM (2.5). €v3b defined by (2.8)a is a spinor line. If v°
is an anisotropic point, then the spinor lines *12° and —v3b are skew.
If v? is an isotropic point, then the lines +v3 and —v3® coincide:

”ﬂb d_i_t +/0ab —_— "‘vab
(2.11) v80(0, 0, v2, 1, 08, v4) } (17 isotropic)
van(0, O, v, v2, v4, v3)
Proor. We obtain from (2.10), (1.6)b, (1.8)b, (1.9) and (2.3)
Levapcedd = 20596 | hopvaud

(2.12)
== hABvAvB = 0.

Hence, €vab is a line. If v? is isotropic, then we see from (2.10) and
(1.10)b that (2.11) holds. In order to prove the remaining statement,

1 Whenever we explicitly display the components of a quadratic skew
symmetric tensor {30 of &3(0) by a symbol such as

tlb(m, n, pr q,7, S),
these components have to be taken in the order indicated by (1.16), {1? = m,
..., [?% = s. A similar remark holds for
lan(m, n, b, 4,7, s).
2 If we multiply v* or v by a factor g#0 then we put by definition

v g_zfli_fg. Hence, if g<O this definition is not in accordance with our
general agreement that square roots are to be taken as positive.
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we transcribe (2.10) by means of (1.6)b

+80(— Vo, Vo, v2, 91, 13, )

(2.13) .
~van(— Vo, Vo, v1, 02, v4, v3),
Therefore,
+tab —pap = 20 + v0Ph
(2.14) b ab + 040 hab

= 20Aym h)‘l»'-'

Thus, if v is anisotropic, the last term in (2.14) is different from
zero, and consequently, the spinor lines *v8P and ~#2P are skew.

3. Mapping of isotropic points. In the next theorem we shall
consider the projectivity

(3.1 ‘yb = wab ya
where vgP is given by (1.17) (or (2.1)).

THEOREM (3.1). A mecessary and sufficient condition that the
projectivity (3.1) be a degenerate one is that the point v? be isotropic.
If this condition is satisfied, then the spinor line (2.11) has the following
properties:

a) Every spinor yd not incident with 2 is carried by (3.1) into a
spinor 'yd incident with v3b,

b) ©8P 4s the locus of spinors yd which do not have corresponding
spinors yd, i.e., if

(32)8. Vab yb =0,
then
(3.2)b vgb y =

c) The locus of all spinor lines v&0 corresponding to all isotropic
points v? is a linear congruence H# whose axes are given by

(3.3)a 19ab — gg8b
(3.3)b 298b — poav

where a # 0, b 5 0 are two arbitrary factors of proportionality.
Proor. We have from (3.3), (2.11)

(3.4) Bap 1280 = 1,y 2980 = O,
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Hence, »%? belongs to the congruence mentioned in statement c).
A generic ruling pap of this congruence is obviously given by
(3.5)a pan(0, 0, 4, b, ¢, d) 1

where a, b, ¢, d are four arbitrary numbers not all equal to zero
which satisfy the condition

(3.5)b ab + cd = 0.
Comparing this result with

(3.6)a van(0, O, v1, v2, v4, ¥3)

(3.6)b vly2 4 9394 =0

we see that every ruling pap of our congruence J# is a spinor line
vgp and vice versa. Therefore, the locus of the spinor lines vy is the
congruence .

If we put 4 = 0 in (2.4), we obtain

Det((vs?)) = w?,
and this equation shows that (3.1) is a degenerate projectivity if and
only if v? is isotropic. From (2.1) we see that, for an isotropic point,
the rank of the matrix ((va?)) is two. Therefore, the locus of spinors

y& satisfying (3.2)b must be a spinor line. Direct computation based
n (2.1), (1.10)b and (2.11) shows that

(3.7) vaP e8¢ = 0,

Thus, the locus of spinors y? satisfying (3.2)b is the spinor line 8b,
Multiplying (3.1) by »p¢ we obtain by virtue of (2.2)b for an isotropic
point

'ybi?bc = vaPopc )’“ = 0.

Hence, 'y* must be incident with vab,
Previous results justify the following

DEFINITION (3.1). If v? is an isotropic point, then the equations
(3.8)a 8b = 1/28%Pyd 2
(3.8)b V204 = 84 vab

1 The a and b occurring in (3.5) have no relation with the a,b of (3.3).
2 See (2.8) and (2.11).



232 CHAPTER VI, AprPENDIX II, SECTION 3

are referred to as mappings of points of H onto rulings of # and vice
versa.

REMARK. The four equations (3.2)b reduce to two independent
equations

'y’ 403y =0
(3.9) vy

viy' + ¥y =0
of the spinor line ¥8P. Remembering that the coordinates v and v2
of a real isotropic point are complex conjugates, v2 = 91, v1 = ¢2, 1
we obtain from (3.9) for a real isotropic point v

(3.10)a y‘/y" = 52/51
and sometimes even
4__ =2 3 _ =1
(3.10)b y2~{'4 yI )_'3
y =)y y=y.

A spinor y# satisfying (3.10)b will be termed a physical spinor.
Any other spinor y2 will be referred to as an analytical spinor. 2

THEOREM (3.2). Thespinorline abein F3(0) mapping the isotropic
point a? is ¢
i

(3.11) abe = v/28P°,

[

Proor. One obtains (3.11) from (3.8)a and from

4
(3.12) a4 = a’ay = 63,
i i
NoTE. According to (3.3) and (3.11) the spinor lines 12ab,

293b and asb are the edges of the coordinate tetrahedron in #3(0).
i
1 2

1 The vectors ay and a, involved in (1.6)a are complex conjugates.

2 A physical spinor Z® is represented in the two-component spinor algebra
by the spinor (Z7, #'?) and its complex-conjugate spinor (%7, Z%). An analytical
spinor is represented by two spinors (2, %), (%%, Z'%) and their complex
conjugates (£, Z2), (&%, Z*).
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4. Continuation. The following two Theorems will be proved
simultaneously.

THEOREM (4.1)a. At least one of the two spinors
(4.1)a Lya dof (84 ) 1ya def 83

exists on the spinor line v®0 given by (2.11). If both exist, they are
tdentical. The spinor 1u® is the focal point of 2P on 1.98b,

THEOREM (4.1)b. At least one of the two spinors
(4.1)b 2pn det (BT oy 24n def (a2
exists on v®b, If both exist, they are identical. The spinor 208 is the
focal point of vaP on 29ab,

Proor. The axis 128 of S is the intersection line of the
spinor planes
(4.2) 2t =0 f=3, 4
The ruling 2P of J# intersects 1.23P in one spinor point and, there-
fore, can not be incident with both spinor planes (4.2). If 2P is not
incident with the spinor plane (4.2) for f = 3 or f = 4, then its
intersection with this plane is the spinor v (f = s or f = 4), and

this spinor is incident with 128, Theorem (4.1)a follows easily
from these facts. Theorem (4.1)b can be proved in a similar way.

NoteE. We see from (2.11) that the spinors (4.1) are
(4.3)a either 1v2(v1, v4, 0, 0) or lva(— 93, v2, 0, 0)
(4.3)b either 262(0, 0, v3, — v1) or 2v2(0, 0, v2, v4).

The point v being an isotropic one, we see from (4.3) and (2.3) that
if both spinors 1¢® (2¢8) exist, they are identical.

COROLLARY (4.1). The focal spinors 1ab, 2ab of the spinor lines

adb giyen by (3.11) are t
i
(4.4) 1a5(1, 0, 0, 0) =
1 3
1200, 1,0, 0) =
2 4

2a0(0, 0, 1, 0) =
3

232(0, 0, 0, 1) =
4 1
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ProOF. Substituting into (4.3) v/ = &/ and using (3.12), one
obtains (4.4). 4
The following two Theorems will be proved simultaneously.

THEOREM (4.2). Let y? be a generic point of a ruling R of H

which belongs to the same regulus as a["a"l (as a®aM). The set of
14

isotropic points y? on R is mapped onto a penczl R of spinor lines yad
of H#. The vertex of R is the common focal spinor 1yd (2y8) on 193b
(228Y) of all spinor lines yab. The plane of R is defined by 1y* and
298b (by 2% and 19sb),

THEOREM (4.3). The ruling R of the previous Theorem is mapped
into 1ya (2y8) on 193b (on 293%) and into its focal plane.

Proor. Let $? and ¢” be two arbitrary points on a ruling of R.
These two points are mapped on the spinor lines

(4.5) P20, 0, p2, 1, 3, p9)
Pab(O, 0, $1, 1,2, P4, ?3)

(4.6) q#°(0, 0, ¢, ¢%, ¢3, ¢%)
7a0(0, 0, g1, g2, ¢4, ¢8).

Put

(4.7) ¥ = 7 + pg°.

The corresponding line is
(4.8)a  yo0(0, 0, Ap? + ug2, Ap! + ugl, Ap® + ugd, Apt + ug?)
yab(0, 0, 4 + ugl, 4p? + ug?, Apt + ugt, Mp® + pg)

or

(4.8)b y8b — Apab | ygab,

From

(4.9) PoPPhap = q%qPhap = p*qPhap = 0

we see that (4.8) represents a pencil # of lines ! which are rulings

1 ysb given by (4.8)b is clearly a line and so is
’ysb = ‘Apsb L ‘ugab,
From (4.9), (4.5) and (4.6) we obtain
170 y®° = $('pA + ‘Au) pabg®® = ¥ uA + ‘Au)poqhap = O.
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of 7. Hence, the vertex of Z is either on 1.23b or on 22ab, In order
to decide which one of these axes of s# isinvolved, consider the ruling

a?aM of H. The spinor lines aP¢ and a#¢ mapping the points a? and
:z" 3respectively have the corilmon fc?cal spinor lab = 1gb orll 19ab
?C f. (4.4)). Therefore, if R belongs to the same reg1111us asaa[”af‘l, the
common focal spinor of the lines (4.8)b must, by reason1 of3 conti-

nuity, be incident with 1280, The plane of # is defined by this
common focal spinor and by the second axis 22ab of 5, because all
lines of # are rulings of 5# and meet 222b, The remaining state-
ments of Theorem (4.2) can be proved in a similar way. According
to this Theorem the common support R of points (4.7) is mapped
into the common support of the pencil # of the lines (4.8), 7.e.,
into its vertex and its plane.

Note I. Given a spinor ly2 (2y8) on 12ab (on 22ab) its focal
plane is uniquely determined by this spinor and the axis 2.2ab (12ab),
Therefore, very often we shall abbreviate by saying that an iso-
tropic line (z.e., a ruling of H) is mapped into a focal spinor, ne-
glecting the corresponding focal plane of this focal spinor.

Note II. From previous results we see that

a) the quadric H considered as a two-parameter locus of isotropic
points is mapped onto the congruence %,

b) the regulus 1Q (2Q) of isotropic lines, considered as a one-

parameter set of lines containing al”a?l (al* aN) is mapped onto
13 1 4
the one-parameter set of spinors of the axis 1.2ab (22ab),

5. Spinor coordinate transformations. In this section we
shall investigate the spinor coordinate transformation (1.13), z.e.,

—1
(5.1 ‘gD = @b FB, I = G0 e

induced in &3(0) by the transformations (1.11) of nonholonomic
coordinates in P3(0).

A tensor with respect to the transformation (1.11) ((5.1)) will be
called for short a C-tensor (a ¥-tensor). By a (C, ¥)-tensor we shall
mean a set of components which are transformed as components of
a product of a C-tensor and a ¥-tensor. We shall use this conception
in the next
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THEOREM (5.1). If we regard 6°0 as a (C, €)-tensor whose com-
ponents are the same in all coordinate systems

(5.2) o = 8,

then

(5.3)a C 4B = 08 0%€ 2% a®
(5.3)b C1cFa® = C4BoP 84,

PrOOF. According to our assumption 6% is a (C, ¥)-tensor.
Therefore, we obtain by virtue of (5.2)

-1
(5.4) 185D = 0% — CBE b

This equation is equivalent to (5.3)a. This latter equation together
with (2.7) leads to (5.3)b.

Nore I. An easy inspection based on (5.3) shows that
a) 03 is a (C, %)-tensor with the property
(5.5)a 04 = 64

b) if we require that the equations (2.8) hold in all coordinate
systems, we obtain according to (5.3)a and (2.7)

(5.5)b repib — /2680 'yA = /26%P CpAyB
- 1
= V262 6§ 604G oG ot (-—: 6B e«»il)
4 YB Yet?C \/2 ij

= 5[?;]15[?31]%«3@(,: €l
= €13E P ol
Hence, €s3b is a #-tensor.

Note II. Although the transformation (1.11) ((5.1)) represents
a coordinate transformation we may regard it as a transformation
carrying a C-tensor (#-tensor) into another tensor. This point of
view does not restrict the generality and enables us to speak of
objects preserved by this transformation. Thus, for instance, we

say that the ruling clz[”;d‘l is preserved by (1.11). 1 Then, of course,

1 instead of saying that the ratios of the coordinates of a¥a?) are preserved
by (1.11). 13



CHAPTER VI, ArPENDIX II, SECTION 5 237

we expect that its map 1aP = 1ab (see (4.4)) is preserved by (5.1)
1 3

whenever (5.3) holds. However, this is not obvious and has to be
proved.

THEOREM (5.2). The focal spinors (4.4) are preserved by the
transformations (5.1) for which (5.3) holds.

Proor. The transformations (1.11) preserve the quadric H.
Thus, an isotropic point is carried by (1.11) into an isotropic point.
Therefore, if v4 is an isotropic point, we have by virtue of the state-
ment b) of the preceding Note I

(5.6)a w8b = 1/28% 94,
and also
(5.6)b "5ab — /2% 'y4 (= V/26°P CpAvB).

If the spinor lv# 9¢f 144 exists, it is, by virtue of Theorem (4.1)a,
one of the focal spinors of P, According to (5.6)b the spinor
"1ga 9ot /24 j5 one of the focal spinors of the spinor line ‘s2b. From
(5.6)b we obtain by virtue of (2.5) and (1.11)c

Mot : Le® 1 L : Lyt = Cqlovl @ Cq8v4: 0: 0.

Hence, the focal spinor ‘lv® is again incident with the axis 128b,

and therefore, 123> must be preserved by (5.1). On the other hand,

we see from (3.11) and (5.2) that the spinor line a2P is preserved.
1

Therefore, its focal spinor 1aP on 128 must also be preserved by
1

(5.1). In a similar way we may prove that all four focal spinors (4.4)
are preserved by (5.1).

We shall use this result for the proof of

THEOREM (5.3). If the coefficients C4B are given by (1.11)c, then
@ ® 0 0 O '
(5.7)a @,b det 0 e1e® O 0

0 0 ege” P O_
0 0 0 € e?

€169 0 0 0

-1 0 ee-®? 0 0
b def 1
(5'7)b EP = 0 0 €2e?P 0
0 0 0 e P
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where
(5.7)c 2¢E.=°fw+i|:%(1—e')+<p], 25=1p—i|:—72z—(1—-5')+<p:|
(5.7)d e =+ 1, e = 4 1.

Proor. We see from Corollary (4.1) and Theorem (5.2) that
€' 0 O O

0o %°* 0 O

0O 0 %* O
o 0 0 &f
Substituting these values into (5.3)a, we obtain by virtue of (1.11)c,
(2.5)b and (2.6)afor A =B =6,5,4,2,3, 1

(5.8) @b =

1 =¥%,°¢,*

1 =%,"¢,*
(5.9) et =€,6, =" Fe-n

er = €,°%6,°

cob =160 = W T
e =%,"%,".
The first two equations (5.9) yield

(5.10) Cl=eae® €,=ee®
€, = ese~ ¥ €, = ese?

where €1, €2 are defined by (5.7)d and @, ¥ have to be found. Sub-
stituting these values into the remaining equations (5.9), we see
that the third and fourth reduce to
im,,
(5.1 l)a en/o+ g -1 _ elezed)'”l
el? = €1€26¢_IP,

while the remaining two equations (5.9) are inverse to (5.11)a. The
equations (5.11)a are equivalent to

(5' 1 l)b esl"H [g (G'—1)+¢] — e2d>

FiGe-nrel _ 2wy

1 We are using here the identity etm=¢—im,
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and yield (5.7)c. Thus, we easily obtain (5.7)a,b from (5.7)c, (5.8)
and (5.10)

DEFINITION (5.1). The relationship (5.3) will be referred to as the
representation of a coordinate transformation in P3(0) by a spinor
coordinate transformation in Fs(0) and vice versa.

Note I. The equations (5.7) show that the transformation
(1.11) is represented by two transformations (5.1), one for ejez = 1
and one for e;ez = — 1. Thus, for instance, the identity in P3(0)

(5.12) p=yp=¢—1=0
is represented in 3(0) by the identity
‘e — ga
and by the biaxial involution:
(5.13) ol E? ottt =t 2t —at
with the axes 1.2ab and 2.2ab,

Note II. The equations (3.10)b are not affected by (5.1) ¢f and
only if
(5.14) €1e2 = 1.
Therefore, whenever we deal explicitly with physical spinors we
tacitly assume the validity of (5.14).

Note III. The transformation (5.7) is unimodular. Therefore,
the components of the indicators are invariant under spinor co-
ordinate transformations.

6. Representation of an anisotropic point.

THEOREM (6.1). The components v defined by (1.17) define a
€-tensor:

-1
(6.1 "vg? = Fat€aPvcl.
Proor. We have from (1.14) and (1.11)a
'E)s' = E)y'C1L.

Using (5.3)a and (5.7) we may rewrite this equation as

-1 -1
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In a similar way we obtain

-1
(6.2) "Eja® = €atCaP E).
The proof follows easily from (6.2) and (1.17).

THEOREM (6.2). Let v? be an anisotropic point. Then the €-tensor
va? defined by (1.17) gives rise to a projectivity

(6.3) 'gb — gab g

which is a biaxial involution whose skew axes are the spinor lines
«8b giyen by (2.8)a.

Proor. From (2.2)b we have
(6.4) 6P vp¢ = Wl
(w 2 by, v 0#(2).

Thus, if we apply the projectivity (6.3) twice to 43 we return to
Za; therefore, the projectivity (6.3) is an involution. Denote by
€p® the spinor €24 of the line €v2b defined by (2.8)a,

(6.5) €p2(vl, v4, 8, 0).

Then we obtain from (6.3) and (2.1)

(6.6) 'epd = ybepa,

Hence, <p® is preserved by (6.3). The same holds for the spinors
€85, €84 €d! Therefore, the line €wab is preserved pointwise by

(6.3). According to Theorem (2.5) the lines +vaP and —+2b are skew.
These facts show that €8P are axes of the biaxial involution (6.3).

DEFINITION (6.1). The relations (2.8)a,b will be referved to as the
representation of an anisotropic point v? in Pg(0) by the spinor lines
€v3b 4n F3(0) and vice versa.

7. Continuation. In subsequent considerations we shall use
two linear complexes: the complex £ whose components are
(7.1) I(ab(l, l: O: o) O: O)
k(1,1,0,0,0,0)
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and the complex #° whose components are
(7.2) Han(l, —1,0,0,0,0)
xev(—1,1,0,0,0,0).

Both complexes are general

(7.3) kab kab # 0, A apXab £0,
Moreover, they are projectively orthogonal
(7.4) kap ot 80 = kabf gy, = 0.

The following two Theorems will be proved simultaneously.

THEOREM (7.1). The locus of all spinor lines €u8b representing all
points v? of P3(0) is the linear complex kqp.

THEOREM (7.2). The lines 3P are conjugate polars with respect
to the complex A gp.

Proor. We obtain from (1.6)b, (2.10) and (7.1)
(7.5) kab 0¥ = 0.

Thus, every spinor line €v8b is a ruling of the complex kap. Every
ruling pa of the complex kap has the coordinates

(7.6)3. Pa‘b(a; bx ¢, d; ¢, f)
where
(7.6)b ab+cd+ef =0, a+b=0.

Comparing (7.6) with (2.10) and (1.6)b and remembering (1.9), we
see that every ruling of kap may be thought of as one of the lines
€wab, According to Theorem (2.5) these lines coincide if »? is an
isotropic point.

In order to prove Theorem (7.2) we remind the reader that polars
p® and ¢, with respect to a complex cap, are related by

(7.7) Pab — C&bccdch _ %qabccdccd‘

Put cap = S "ap and g8 = v#P into (7.7). Then we obtain according
to (1.6)b, (7.2) and (2.10)

pob = — 4eV 30 | 2<pad
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or
(7.8) %pab(e\/ w, — eVw, v2, v1, 13, v4),
Therefore, if gab = +vab (gab = —v8b), then by (2.13)
pa.b = —ab ( Pab — +vab).
Note I. The congruence # is an intersection of the complexes
(7.1) and (7.2). An isotropic point v is mapped on a ruling (2.11) of
. This is in accordance with the known fact that conjugate polars

with respect to a complex coincide if and only if one of them is a
ruling of this complex.

Note II. The spinor polar plane %, of a spinor 3 with respect
to the complex £ is given by

(7.9) Xy = kap P
or, according to (7.1),
(7.10) X, =2 Xy = -2, X, =9, ¥,= — 2°
If, in particular, 22 is a physical spinor, ¢.e., if (3.10)b holds, then
Xy=%, Z,=49%,
In the quantum theory the numbers ', %, x - 35"2 are termed co-
variant components of the (physical) spinor 2.
8. P3(0) and #3(0). In the first chapter of this book we re-
ferred the space-time to the nonholonomic frame a?, jq of basic

i
vectors. In the case of the first class this frame is defined up to
transformations (1.11). It is useful for our purposes to refer the
space-time to another nonholonomic frame

X x
(8.1) ar ¢ par, a, def p-1q
X T x X

"

where the scalars p are defined by
@

ppx=ppf =1
12 34
and «, # are defined by I (6.2). This frame satisfies the conditions

i 3
(8.2) aay =08, a’a, =29,
1 .
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and it is known up to transformations

-1 x x
(8.3) ‘a¥ = Cg% a’, 'ay = C,® a,
X

X

where the C’s are to be taken from the matrices (1.11)c,d. The non-

i
holonomic components with respect to the frame a” a), of an arbi-
trary tensor T%.. will be denoted by
1

(8.4) T =a,e. .. TX..
3

In subsequent considerations we shall use the tensor &), = gp,1

xy
as well as the tensors @, defined by I (10.6)b. Moreover, we shall
put @ = b = v/2in (3.3) and use the scalars «, # defined by I (6.2).

THEOREM (8.1). We have

(8.5)a k= kap
12

(8.5)b Qab = a1 22,y
34

(8.5)c Qap = 71 124,

PrOOF. One obtains from I (9.3)cs for p=1 and from I (10.8)a
and I (10.5)
(8.6)8. kXY - kwy.a ak = 2[“PP 6[\{y] + ﬁPP 6[xy]]
b 4
= 2(6[xyl + a[xy])

12 12

(86)b QXY = pr.a ak = 2PP 6[xy]
Yy

34 34
(8.6)c  Quxy1 = Quua®a* = 2pp Siayy
b S 4 34

Comparing these equations with (7.1) and (3.3) (fora = b = vV 5),
we obtain (8.5).

THEOREM (8.2). The equations (8.5) are tnvariant with respect to
the transformations (8.3) in P3(0) as well as with respect to the transfor-
mations (5.1), (5.7) in F3(0).

Proor. The components Zqp are transformed by (8.3) according
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to
-1 -1
(8.7)3. ’kxy = 2 szCytkzt. 1
These equations reduce by virtue of (1.11)d and (8.6)a to
(8.7)b ,kxy = kxy.

The corresponding transformation in #3(0) is given by (5.1), (5.7).
Therefore,

-1 -1
(8.7)c "kap = € Colkea = kab.

We see from (8.7) that (8.5)a is invariant with respect to (8.3), and
(5.1), (5.7). The invariance of the remaining equations (8.5) can be

proved in the same way.
In order to derive some consequences from the previous results,
we need a new conception, introduced by the following

DEFINITION (8.1). Let T4 be a €-tensor. Whenever
a a
Ty et 9’2:::”@. oo="'Th ";” ‘a. . .,

then TN\ will be referred to as an absolute tensor.

THEOREM (8.3). The tensors

(882 ko 2 kapta,
(8.8)b 19,, % 1004 a,
(8.8)c 29, % 20,0 a,
are absolute tensors. In fact,

(8.9)a Rop = Fup
(8.9)b 2= ézwp.
(8.9)c 19200 =B 304(.,,.-

1 The symbol X indicates here the summation for z, z and ¢, t.
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Proor. Combining (8.7)c and (7.1) we obtain by virtue of (8.3)
and (1.11)d

a b a b
’ ’
'kab'a,'a, = kana,a,.

Therefore, kw# defined by (8.8)a is an absolute tensor. In a similar

manner one finds that 12, and 22, defined by (8.8)b,c are abso-
a b

lute tensors. Multiplying (8.5) by &,a, one obtains (8.9).

We know from the eleventh section of the first chapter that %,
is a linear complex in P3(0). Moreover, it is obvious (Cf. I (10.8)a)

xy
that Q,, is a line in P3(0). We shall use these facts in the

THEOREM (8.4). The space P3(0) considered as a point set is
represented by the complex k. The quadric H considered as a point

zy
set is mapped onto a congruence in k,,, whose axes are the lines Q.

wp?

ProoF. The coordinates under consideration in Pg(0) are homo-
geneous. By virtue of (8.9)a the coordinates kwﬂ define the same
complex as k,,,. In a similar manner we may prove that the coordi-

12 34
nates 22, and Q,, (or 12,, and Q,,) define the same line. Then
the proof follows easily from Theorems (7.1) and (3.1) (statement c)).

NoteE I. Theorem (8.4) describes the manner in which P3(0)
might be used to obtain &3(0). The complex %, is at the same
time a complex of P3(0) and #3(0), and the congruence # with

the axes zQuwﬂ is at the same time a congruence of Pg(0) and “3(0).
The relationship between P3(0) and #5(0) is a kind of point-line
relationship; every point of P3(0) has an image in &3(0) consisting
of a pair of lines! belonging to %,,. Every line of k,, in &3(0)
has its image in P3(0) consisting of a point. A line in #3(0) which
does not belong to k,, has no image in P3(0). It is not difficult to
find the image in &3(0) of a line in P3(0) : The rulings of H in P3(0)

are mapped on points on 3,”“ (Theorem (4.3)). Later we shall find
the image in #3(0) of a tangential line to H in P3(0). The image in
&3(0) of an arbitrary line of P3(0) is discussed in Hlavaty, V., (2),
(3). The image in P3(0) of a point in &3(0) will be discussed later.

1 These lines coincide if the point is isotropic.
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NotE II. The space P3(0) with H may be looked upon as a
non-Euclidean space with the absolute H. From the above Note I
we see that the complex k,, with the congruence J# may be
looked upon as a three-dimensional non-Euclidean line space with
the absolute 5. This point of view was adopted in Hlavaty, V.,
(3) for introducing a non-Euclidean line metric in &3(0).

Note III. The representation of P3(0) in &3(0) requires the
knowledge of the complex %,, and of a congruence defined by its

xy
axes Q,,. These elements may be constructed from the given data
& Therefore, the tensor gy, leads in the most natural way to the
spinor algebra of the unified field theory.

9. Representation of (6.3). In this section we shall find the
representation of (6.3) in P3(0). To this effect we first prove the
following

THEOREM (9.1). Let vA be an anisotropic point. Put
(9.1)a o ¥y, M or2  vg X hgpud
(9.1)b Tab % vav0 — wdl.

Then the transformation

-1
9.1)c '2b = Tgb20, 20 = Tyb 20

(the vA-reflection) has the following properties:
a) 1t preserves the point v4,
b) it preserves pointwise the polar plane v, with respect to H of v,
c) it preserves H and exchanges its veguli.

Proor. Put 22 = v2 into (9.1)c. Then
(9.2)a 90 = 200° — wv? = wod.

This equation proves the assertion a). Assume now that z% is
incident with the polar plane v, 7.e.,

2%y = 0.
Then (9.1)c reduces to
(9.2)b 20 = — w2,
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and this equation proves the assertion b). Moreover, we have from
(9.1)b

(9.3) To?Tp® = w24
so that
-1
(9.4) Ty = w—2TeC.
Therefore, by virtue of (9.l)b,c,
-1 -1
(9.2)C 'h«a,b = Ta,‘ Tbjhij = w"4hab.

This equation shows that H is preserved by (9.1). Let 22 be an iso-
tropic point not incident with v,4, and let ‘2@ be the corresponding
isotropic point given by (9.1). Denote by T an arbitrary tangent
to H at z% and by T the corresponding tangent at ‘24, The lines T
and 'T meet in the plane v, (see assertion b). Thus, if T is a ruling of
one of the reguli of H, 'T is a ruling of the other regulus of H.

THEOREM (9.2). Let v4 be an anisotropic point. There is only one
transformation

(9.5)a 2B = yyBad

assoctated with (6.3) for which (5.2) holds, namely, the transformation
(9.5)a with the coefficient v4B given by

(9.5)b v4B = 0B, 6% vedvgP,
i.e.,
(9.5)c vt = vthgyv — wéf,_‘

'015 1)25 1)35 1)45 1)55 1)65 .

118 g6 wgb wy8 ws8 wgb))

0 00O 0 — vgvB\\ ,

0 0 0 0 —uw5vs 0 )
This transformation is a ve-reflection.

Proor. The proof of (9.5)b follows the same pattern as the

1 We put here

U5 d=“h54v‘4 = — 15, vg 3 hoqvd = — u8,
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proof of (5.3)a. Using (1.6)b, (2.1), (9.1)b and (9.5)b we obtain

(9.6)a va? = Ta?
(9.6)b V58 = vg® = — w = — V58 = — vg1’
(9.6)c the remaining v4f =

The equations (9.6)a show that v,? is a ve-reflection. Moreover, the
equations (9.6) are equivalent to (9.5). The only thing which remains
to be proved is that (9.6)b, (9.6)c are compatible with (9.6)a. If we
put, in accordance with (1.6)b,

(9.7)a 2= — 26 =— eV
¢ = hapz22b/2,

then we must have
(9.7)b "B = — 8= — eV

"= hap'2%'2%/2. 1
On the other hand, we easily obtain from (9.6)a and (9.1)b
(9.7)c 2'C = hap Te® T b 228

= w2heg2¢2% = 202,
or
(9.8) ('25)2 = ('26)2 = w2(25)2 = w?(26)2.

Squaring both members of each of the equations

28 = — ygud26 26 = — y50825

which one obtains from (9.6)b, c, one gets (9.8). Hence, (9.6)b and
(9.6)c are compatible with (9.6)a.

DEFINITION (9.1). The equations (9.5)b will be referred to as the
representation of the biaxial involution (6.3) in F3(0) by the vo-
reflection in Pg(0).

1 In T4(0) the scalar v Z‘ is the length of the vector 22, while v ﬂ is the
length of the transformed vector ‘z¢. In other words, we measure here the

vectors 2¢ and ‘2% by means of the same metric tensor %4p. Therefore, v _2’—5

must not be confused with V' ’A4p’2% 20 which is the length of the transformed
vector ‘24 in the metric given by (9.2)c.



CHAPTER VI, AppENDIX II, SECTION 10 249

Note. We shall see the importance of this representation later
in dealing with the Dirac equations and the Schrédinger wave
equations.

10. Digression. We know that the representation of Pg(0)
considered as a point set is a line complex in &3(0). We now ask
about the representation in P3(0) of &3(0) considered as a spinor
point set. In order to answer this question we first have to intro-
duce some auxiliary conceptions concerning the quadric H

(10.1) havy®y® = 2(yy? 4 y3y*) = 0.

We shall confine ourselves to the restriction

(10.2) y3y4 # 0.

The quadric H may be expressed by means of two parameters &*
(10.3) y® = yo(§L, §%).

We know that H has no essential singularities. We shall assume
that the parametric expression (10.3) does not have any removable
singularity in the part of H where (10.2) holds. By an H-tensor
we mean a tensor of the two-dimensional space H, defined in the
usual way by means of transformations of parameters &% Thus,
for instance.

(10.4)a Vo® “:‘Z—’;—
may be looked upon as components of four covariant H-vectors
vl ..., y,4 We have from (10.1)
(10.4)b y%y hap = 0.
Another example of an H-tensor is the metric H-tensor
(10.5) Biaey = Boe % hapy,2y,0.
The quadric H is not changed by the transformation
(10.6) *y® = p(é)y?, (p real).

THEOREM (10.1). The metric H-tensor is transformed by (10.6)
according to

(10.7) *h,, = p2hy,
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ProoF. We obtain from (10.3) and (10.6)
(10.8) *yaa = P(ya“ + raya)

0
(ra def YT In p).

Therefore, by virtue of (10.1), (10.4) and (10.5)
*h, = *y 0%y bhay = p2h,,.

THEOREM (10.2). The expressions

r 1
d 1a) 2 3 1
(109) u, v_y34(yya + ¥3y,9)
2° . 1
u, 3 — \/75‘4 (29,1 + ¥3y,9)

1 2
are components of two covariant H-vectors u and u,. These H-vectors
have the following properties:

a) They are linearly independent and satisfy the relation

(10.10) h

b) they are complex conjugates;
c) they are not affected by the transformations (1.11)c,d,e;
d) they are transformed by (10.6) according to

e

e
(10.11) *u, = |plu,.

Proor. The H-vectorial character of ;a follows directly from
(10.9). The equation (10.10) follows by direct computation from
(10.9), (10.1) and (10.4). According to our assumption about the
nonexistence of removable singularities of the parametric equations
(10.3) we have

(10.12) Det((h,,)) # O.

e
This condition shows that by virtue of (10.10) the H-vectors u,
can not be linearly dependent. Their complex conjugacy follows at

1 We assume the point y2 to be real with real coordinates y3, y4.
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once from (10.9) and from the fact that y! and y2 are.complex
conjugates and 3, y% are real. The transformation (1.11)c,d.e,
where, of course, ¢ and y are not functions of the parameters &%, do
not change the expressions

Y394 Y1ya% ¥alyR ¥yt
e
Hence, the H-vectors #, are invariant under (1.11)c,d,e. The equa-
tion (10.11) follows from (10.9), (10.8) and (10.1).
e

The H-vectors #, being linearly independent, we may use them
as a nonholonomic frame.

e
DerinNiTION (10.1). The nonholonomic components p of a contra-
variant H-vector p°* are defined as follows:
e e
(10.13) Pt u,.
Note. The H-vector $% also gives rise to a point
(10.14) p“dz"‘ya“p“

which is a point on a tangent to H at y@. In fact, we have by virtue
of (10.4)

(10.15) $9yhgp = O.

11. Mapping of lineal elements. In the next theorem we
shall use the points y2 and ¢ introduced at the end of the previous
section. The isotropic point y® is mapped on a ruling y2P of 5, the
anisotropic point $¢ is represented by two lines

(11.1) pab = /2620 pA.
THEOREM (11.1). The set of points

(11.2) v = pyd 4 5p4

is represented by two pencils of spinor lines

(11.3) €pBb = pysb { epab,

The vertex <v® of the pencil <w®b is the common spinor of ya» and <p3d.
Its plane is

(1 1.4) ©p = kab‘va.
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Proor. The point (11.2) is represented by the spinor lines
(11.5) cwab — 1/2§%Pp4
= V25L(yy4 + 5pA).

This equation is equivalent to (11.3). In order to prove that (11.3)
is a pencil for variable y and 4, it is sufficient to prove that yab and
p2P meet. We have according to (10.15)

Eymptd = y1p2 4 y2pl 4 yApd 4 yoph
= habyapb == O.

Hence, y? and p2b meet in a common spinor €®*. The spinor lines
«s8b belong to the complex X (see (7.5)). Therefore, the plane of the
pencil €8V is the polar plane (11.4) of € with respect to 4.

NotE. If € is known, then €v, is uniquely determined. There-
fore, we may refer to € as the representation of the tangent line
ylapdl, keeping in mind that €v, is defined by (11.4).

DerINITION (11.1). By a lineal element (y®, v*) we mean an
isotropic point y® (the support of the element) and a set of H-vectors
pv® (p # O) defined at y® (the direction of the element). If v°* is (is not)
a null H-vector of h,,, then the corresponding lineal element will be
termed an isotropic (an anisotropic) element.

NoTE. According to this definition a lineal element is an object
of H. Therefore, its corresponding object in &3(0) is the map of the
lineal element and vice versa. The main topic of this section is the
investigation of mapping of lineal elements onto &3(0) and also
the inverse of this mapping.

Denote by 1y3, 2ya the focal spinors of theline yab involved in (11.3).
We may assume without loss of generality that their coordinates
arel

(11.6)a 1ya(\/— y3yl v/ — y3y4, 0, 0)
2ya(0» O’ '\/5/_4:};3’ - '\/;;Zyl)'
In subsequent considerations we admit only those factors of

1 Cf. (4.3).
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proportionality for these coordinates such that
(11.6)b 1,11,2 2,3 2,4

yy=7y77-
This condition is invariant with respect to the transformations

(5.1), (5.7).

The following three Theorems will be proved simultaneously.

THEOREM (11.2)a. Let (y*, v*) be an isotropic lineal element

whose direction belongs to the same regulus of H as al”aM.(al?aM). Let
13 1 4
Y80 be the map of its support y*, and 1ys, 2y8, given by (11.6), the

focal spinors of yab. Then this lineal element is mapped on 1yd (2y8),

THEOREM (11.2)b.  Let (y®, v*) be a real anisotropic lineal element. 1
This lineal element is mapped on a pair of spinors

T 2
(11.7)a €0 = e‘/v lya | l/v Zya,
Here
(11.7)b v ‘l".’vau

are the nonholonomic components of the H-vector v* with respect to

e
the frame u .

THEOREM (11.2)c. Let (y®, v*) be a set of lineal elements with a
fixed support y» and a variable direction pv®. This set is mapped on an
involution of spinors €v® given by (11.7)a. The involution consists of
pairs of spinors tod, et Its double spinors are 1y, 2yd given by
(11.6).

PrOOF. A lineal element (y%, v*) defines a tangent line
(11.8) ylay bly®
of H at ya. If v* is a null H-vector, then we have according to
(10.10)

12
(11.9) v*v°h,, =20 v =0,
hence, (11.8) is aruling of H, and Theorem (11.2)a is an immediate

consequence of Theorem (4.3) (Cf. also Note I following that Theo-

1je., an element whose support and direction are real. We assume
without loss of generality that y3, y4 satisfying (10.2) are real and y4 > 0. The
spinors 1* and 2y® involved in (11.7)a have the same meaning as in the
previous Theorem.
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rem). If v*is not a null H-vector, then we have the situation de-
scribed in Theorem (11.1) (Cf. also the Note following Theorem (11.1)).

The spinor €2 is the intersection of pa® and y*P, and therefore,
it is in the set

(11.10)a z8 = plys 4 12y8,

Disregarding (11.6) for the moment, we admit more general factors
of proportionality

(11.11) lya(ayl, ay4, 0, 0)
2y8(0, 0, by3, — byl)
ab # 0
so that
(11.10)b z8(uayl, uay?, Aby3, — Abyl).

The intersection spinor of y*® and p#P is given by the ratio 1 : p
resulting from

(11.12) . “vap 2P = 0

where, according to (11.3), (2.10) and (11.2),

(11.13)  <oun(3p5, 65, yy + 0P, yy? -+ 8p%, yy* + 6p4, 93 + 8p9).
All four equations (11.12) lead to

(11.14)a 3 : pa = (yip? -+ yipd) : — poyo.

On the other hand, we have according to (10.13), (10.14), (10.4)
and (10.9)

(11.15)a y1p2 4 y2pl= p*(y1y,2 + y4y,3)

= — P2yt + ¥3y,%)

= VI pru = —V iy p
(11.15)b — 5 = eV 3 (popPhgy/2)t = e(; ;)*.

Moreover, we see from (11.2) that the H-vectors v* and $® must be
proportional

(11.16) P = ot
Therefore, (11.14)a reduces to

— 2 e
(11.14)b b :pa = —+v—y3ytyy erzvvy3.
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According to our assumption, »* is not a null H-vector, so that

(11.17) v h,, = 21) ?u # 0.
We may assume without loss of generality
v > 0.
Thus, (11.14)b reduces to
(11.14)c b : ,ua—\/y"‘/ teV— y3|/
If we put
(11.18) b=Vys a=+—y3

into (11.11), we obtain (11.6)a and

(11.14)d }.:,u=l/~2'l::e'/g.

Substituting from (11.14)d into (11.10)a and writing €s® for the
resulting spinor, we obtain (11.7)a. 1 It is obvious that Theorem

(11.2)a is a special case of Theorem (11 2)b In fact, we obtain the
2
spinors lys and 2y2 from (11.7)a forv = 0, v # 0 and v =0, v # 0.

1
l/v and Vv may be looked upon as projective homogeneous
coordinates of €s® in the frame 1y#, 2y8. The projective homogeneous
coordinates of these latter spinors in the same frame are (1, 0) and
(0, 1). Therefore, we obtain for the cross ratio (*v®, —8, 1ya, 2y8) the

value L
V V O
(+,_,a, 8, lya’ 2_}'“’) = = — 1.

l/ l/ V5 Vs

Thus, +v8, —v? is a pair of spinors belonging to the involution whose
double spinors are 1ys, 2ya,

Note. The spinor coordinate transformation (5.13) which
results from the identical transformation of nonholonomic coordi-

1 If we allow the radical sign involved in (11.7)aand (11.14)d to represent
also negative square roots then these equations hold even if the lineal
element under consideration is not real.
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nates in P3(0) transforms the coordinates of ly® and 2y# in such a
way that

1ye — lya

"Zya —_ — 2)'3.

Therefore, if we neglect the common factor of proportionality — 1
we obtain from (11.7)a
’+/l,a = ¥

'—p8 = T8,

Hence, every individual pair of the involution mentioned in Theo-
rems (11.2)b,c is preserved by (5.12), as was to be expected.

THEOREM (11.3)a. Let v4 be an anisotropic point. The set of
all lineal elements common to H and the cone circumscribed to H which
has v4 for its vertex is mapped on the axes <v3® of the biaxial involution
(6.3).

Proor. The point v4 is represented by the spinor lines (2.8)a
which are the axes of the biaxial involution. All directions of lineal
elements mentioned in Theorem (11.3)a have the point ¥4 in common.
Therefore, each of these individual lineal elements is mapped on
spinors (11.7)a incident with €»ab,

THEOREM (11.3)b. The set of all lineal elements preserved by the
vA-reflection (9.5) is mapped on spinors which are preserved by the
biaxial involution (6.3), i.e., on the spinors of the axes €3° of the
biaxial involution (6.3) which is the map of the vA-reflection (9.5).

Proor. It is clear from the geometrical properties of a v4-
reflection that the lineal elements mentioned in Theorem (11.3)a
are the only ones preserved by the v4-reflection, where v4 is the
vertex of the corresponding cone under consideration. Moreover,
the spinors incident with €2P are the only ones which are preserved
by the biaxial involution (6.3). Theorem (11.3)b follows from these
facts and from Theorem (11.3)a.

12. Continuation. In the previous section we mapped a lineal
element on a pair of spinors (11.7). In this section we shall find the
maps of physical spinors z# on lineal elements, assuming that

(12.1)a z'z? #£0.
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For a physical spinor

(12.2) z! =23, z% =z
so that the condition (12.1)a is equivalent to
(12.1)b z8z4 £ 0.

THEOREM (12.1). A physical spinor z* is a map of a lineal
element (y®, v*) whose real support y® is given by

(12.3) y! = pz'zf, y? = pz?2’
y3 = — pz'2% ot = pz?zt
where p # 0 is an arbitrary factor of proportionality.

Proor. We see from (12.1) that z2 is not incident with the axes
(3.3) of the congruence 5. Therefore, there is only one ruling yan
of # incident with z#, namely the intersection of the spinor
planes defined by z# and 2280 and by z# and 12ab:

(12.4) — 2122 4+ 2?21 =0
x3z¢ — #42% = 0.
The coordinates of this line are
(12.5) yan(0, 0, z7z*, 2823, 2824, — z72%).

Comparing (12.5) with the second equation of (2.10), we obtain
(12.3) where p is an arbitrary factor of proportionality. Because z#
is a physical spinor, z’ z* and z?z*® = z*z are complex conjugates
and z?z%® = z’z" and z®z* = z?2Z? are real. Therefore, the point
given by (12.3) is real because the ratio of its components y* is real.

Note. Insubsequent considerations we shall always assume that
the factor of proportionality p, involved in (12.3), is real. This
assumption does not restrict the generality. .

In order to formulate the next Theorem we need the following
abbreviations:

)
(12.6)a z v z8
(12.6)b Z ob dof 7 [azD]

z8z4

1.2\
(12.6)c clgf(z z )
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It follows from (12.6)c and (12.2) that the complex-conjugate
number {; satisfies the relation :

(12.6)d L3t 6y = 1/00

In the next Theorem we also use 1280 and 2230 defined by (3.3) for
a = b = V2. Thus,

(12.7) 1940 = V268, 224 = V265,

THEOREM (12.2). The H-vectors (10.9) may be expressed as

follows:
1
(12.8)a u, = |plclgaa‘b 19:p

g
(12.8)b u, = lp|¢23‘aa’b 29200,

where p is the factor involved in (12.3).

Proor. Upon substituting from (12.3) into (10.9) we obtain

r 3.4 4 ;.3 zlzz
(12.9) uy = lpl(z," 2" — 2,°2%) (1222329t
and
P2 z%z4
1.2 2
(12.10) o = Ipl(z'2° = 2,"2Y) i

The equations (12.8)a,b follow easily from (12.6), (12.9) and (12.10).
In the next Theorem we shall complete the information concern-
ing the lineal element mentioned in Theorem (12.1).

THEOREM (12.3). The direction of the lineal element (ys, v%)
mentioned in Theorem (12.1) is given by the H-vector v* whose co-
variant components are

(12.11) v, = Z 5 kap.
Here kay is the complex defined by (7.1).

Proor. The spinor z2 under consideration is incident with the
spinor line (12.5). It satisfies an equation similar to (11.7)a

R
(12.12) zd — ¢ vlya_*_ 7)2),&

where the focal spinors 1y and 2y8 are given by (11.6)a. Substituting
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into these latter conditions from (12.3), and omitting the common
factor of proportionality, ! we obtain
(12.13)a Ya(v/z 282124, Vz72%2% 24,0, 0,)

(12.13)b 2)8(0, 0, — Vz?z4272%, — V2?2427 2¥).
The conditions (12.12) and (12.13) yield

(12.14) z“(e(;).zlzs)*zlz‘, e(;'z’ 28 z% 24,
—(z.zzz")*z"z", — (:).zzz‘)*'zlz‘).
Therefore,
I 1 2 1
(12.15) v=—(—zl—z‘)—;,-;—4-, v=Tz’z‘)z’zz'
On the other hand, by virtue of (10.10)

e 1o 1 1w
(12.16) v, = v*h,, = v*(u,u, + uu,) =vu, + vu,

Using (12.8) and (12.15) we obtain

12 z8z*\} 1
(12.17)a  vu, = |p| Z 3012, <21z2) o oy gy g

1

= IPIZa" 20 (z72° 2% 2%t 27 z*’

and in a similar way
' 2- 1 1

(12.17)b vu, = |p|Z 2022,y

(2?2?2824t z12*"

Substituting from (12.17) into (12.16), and disregarding the common
factor 2
_ lpl
(2122022t 2%’
we obtain by virtue of (7.1) and (12.7)
v, = Z,20(1 20 + 22a0) = Z,2° kap.

1 This is allowed by virtue of (11.6)b.

2 According to-Definition (11.1) of a lineal element (y2, v9), it is irre-
levant whether we take an H-vector v® or gv® where ¢ # O is an arbitrary
factor. ’
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13. Auxiliary Theorems. In the next section we shall apply
the preceding theory to Dirac’s equations and Schrédinger’s equa-
tions. It is convenient for this purpose to derive first some geome-
trical consequences of previous results.

We associate with every point v4 in P3(0) another point ,v4
according to the rule

(13.1) WVl = V20, V3 = — V208, b = V205
#V2 = \/Evz, «V3 = —\/Eva, «V8 = V218,

Then we have by virtue of (1.9) and (1.6)b

(13.2)a x4 WBhag =0
(13.2)1) >0 E hab *v“ *vb/Z = va’vbhub = 2w
(13.2)c V3= — 18 = —e\/,.._w.

= — V20 = V205 = — V218,
If agh, byl, cyt are three tensors in #3(0), we denote their product by
(13.3) (abc)ab 2f agthyicyb.
-1
In subsequent considerations we shall need the tensors sgP, sa®
which satisfy the condition
-1

(13.4) 5a® sp¢ = 0}
and are defined as follows:
0001 00 0 —z
135 N ={{3920)) wen=({3% 7% ¢
1000 10 0 O
THEOREM (13.1). Put
(13.6)a LoD 8 /2 50.5)ab.
Then
0 0 —ol ot
0 0 y3 92

(13.6)b  4oaP = — V2i 2o 0 O

— 93 — 9l 0 0

1 The superscripts (subscripts) denote the rows (columns.).
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0 0 -_ *7)1 —_ *‘I)s
— 0 0 — vt *02
*V2 «U3 0 0
£V — vl 0 0
and
(13.7) *”ab *'vbc = *ﬂ)&:.

Proor. (13.6)b follows by straightforward calculation from
(13.6)a, (13.5) and (13.1).-We have by virtue of (2.2)b, (13.6)a and
(13.2)b

-1 -1
#0aP 4on® = 2551 01) 55° 5p° ve! 51°

= 206 = ywd}.
THEOREM (13.2). The projectivity
(13.8) "D — Loh XD
is a biaxial involution. Its axes are
(13.9) € U00(1 U8, — 7,06, 02, Lol L0, Lvd).

They are rulings of the complex H oy defined by (7.2) and are conju-
gate polars with respect to the complex kap defined by (7.1).

Proor. Multiply (13.8) by 4vp¢. Then, according to (13.7),
"D, 0n¢ = Lo ZC.
Hence, (13.8) is an involution. Its eigenspinors, 4.e., double spinors
are given by
(13.10)a AZP = LvaP X8
where the eigenvalue 4 has to be found. Multiplying this equation
by «®n® we obtain by virtue of (13.7)
(13.11) 2= 0,
so that the eigenspinors are given by
(13.10)b Vo ZP — Lub s =0,

This system of four equations is of rank 2, and therefore, its so-
lution is a spinor line, namely ¢80 given by (13.9). This line is a
ruling of X sy because

xab ‘*”ab = 0.
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The remaining statements of Theorem (13.2) can be proved in the
manner used earlier for the proof of corresponding statements
concerning »g? and b,

Note. From (13.9) we can derive fhe representation ,v4e€, 180
in the form

(13.12) V2,04 = 84 € 08, € o8b = V2650 p4,
where

(13.13)a #05p 2 8%y, w00y 0L — 383y, 405y = 905,
(13.13)b £ 00D def gab 580 — ;o3P 08P = — 488,
(13.13)c 0 405 = 0%, $05 407 = 053

The transformation
(13.14)a ‘20 = Lvua02%

will be referred to as the representation in P3(0) of (13.8) if, by
virtue of (13.8) and (13.14)a,

(13.15) '*5311) = *6341,-

THEOREM (13.3). The representation (13.14)a of (13.8) is a
«va-reflection
(13.14)b *vab = *va*vb - *0)62
(*")a dot hav xv?).

Proor. Following the pattern by which we derived (9.5)b, we
obtain

(13.14)c #Val = 4O 05" yvel o,

Substituting into these equations from (13.6)b, we obtain (13.14)b.
Comparing (13.14)b with (9.1)b, we see that (13.14) is a ,v%re-
flection.

Note I. The eigenpoints, ¢.e., the double points, of (13.14) are
given by

(13.16)3. sz = *‘l)a,bz“

where o is to be found. From (9.3) applied to our case we see that,
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if we multiply (13.16)a by ,vs¢, we obtain
(13.16)b p? = 42,
Hence, the eigenpoints are given by
(13.17) 4+ w020 = Lvab20,

From (9.2)a,b applied to our case we see that the upper sign refers
to the point ,v#, while the lower sign refers to the points of the plane
«Vq- In particular, the lower sign also refers to the supports of line-
al elements common to H and to the cone circumscribed to H from
+«v%. Comparing (13.11) and (13.16) we obtain for these supports

(13.18) p=—22=— 4o

Note II. A Theorem similar to Theorem (11.3)b can also be
proved here.

14. Dirac’s equations and Schrodinger’s equations. In
this section we shall apply previous results to the Dirac equations
and the Schrédinger equations. We introduce them in the form in
which they appear in van der Waerden, B. L., (1) (in a slightly
different notation). The coordinates will be designated by x, ¥y, 2,
t, and the metric form is assumed to be in the form

(14.1) 22 + y2 4 22 — 22

where c¢ is the velocity of light propagation. We shall also need the
Pauli matrices 1

1 These matrices play, in the geometry of ‘‘two-component spinors”’, the
role displayed by E),? (see eq. (1.14)) in the geometry of ‘‘four-component

spinors”. In fact, they may easily be expressed in terms of E),P. Defining the

indices i and 2 by 1 def 3, 2 def ¢, we have

mi@ + ) = (7 o)
B+ ) = (] o))
Enbia + b =

B = = (o 1)

In two-component spinor geometry, besides (14.2), one has to use the

QO ==
|

- O
—"
N
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)
(s ) =(6 )

and the matrices

()
o e(E)

The components of the linear operator involved in Dirac’s equations
will be denoted by
det ho @

(14.5)a dg 2t —

— 4+ A
1 6x+‘x

RN
a3t — — + A,

e
Here % is Planck’s constant divided by 2z and 4 (A4, Ay, A2, As) isa

matrices

In v.d. Waerden, (1), one finds the notation oy, a,'cxl‘ for the components of

these matrices.
1 According to (3.10)b we have for a physical spinor

o= (&)
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vector built up from the electric potential, the magnetic potential
and the charge of the electron.
The Dirac equations may be written

(14.5)b (dzo'm + dya'y + dzo'z + c—ldt) Z. + ue =0
(— dzﬂ'x.— dyo'y -_ dzaz + C_ldt) x + uc Z. =0.

Here p is the mass of the electron. The corresponding Schrodinger
relativistic wave equation is

(14.6) (@22 + dy? + a2 — c2d?){ + p2c2f = 0.

In the next Theorem we shall use the contravariant components
(with respect to the metric (14.1) )of the linear operator (dz, dy, dz,
d;) used in (14.5)b

(14.7)a dzdety, qviety, gzdetq, qedt _ 24,
THEOREM (14.1). Introduce the symbolic point

V2ol &tge 4 idy V2028 go — igy

V2083t ge 4 cdt V204 2 gz — cdt,

and define ,vaP by means of (13.6)a. Then the Dirac equations (14.5)b
acquire the form

(14.7)b

(14.8) 02 &P | iuca® = 0.

Proor. The Dirac equations (14.5)b may be condensed into
the single equation ‘

0 0 —u3 —2 z, z,
=[O0 0 —v1 o4 x x
(149)a V2 #2200 zj +uc 53 )=O.
vl —13 0 0 zt xt
On the other hand, we have
z, x? 0100 !
o\ _[[{—2"\\_[[—1000 a?
(14.9)b x| x| 0010 &3
at x¢ 0001 xt

Denote by 2P the elements of the 4 X 4 matrix in (14.9)b and by
V29 b the elements of the 4 X 4 matrix in (14.9)a. Then we may
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write for (14.9)a, according to (14.9)b,

\/Z—Vabgc"ﬁl"c + /lc.@cbgc = 0,
and this equation is equivalent to

-1 -

PpA V2V P PAEC + ucxd =0
or

—_ -1
(14.9)c V2APY P) A X + uc¥d =0

-1
where Z,? is inverse to PP

0—1 0 0

—1 1 0O 00
b)) =

0O 0 01

A straightforward computation shows that by virtue of (13.6)b
and (13.1)

1

(14.10) V2(( (PYV P)Y))
0 0 21 —p4 0 0 Lot o3
/5 0 0 —v3 —22)| 0 0 vt —,02
= V2 —v2 94 0 0 ) \\ —yv2 —p3 O 0
ol 0 0 —4vt vl 0 0

= — ((xva")).

Substituting from (14.10) into (14.9)c, and multiplying the resulting
equation by z, we obtain (14.8).

THEOREM (14.2). Dirac’s equations (14.8) define eigenspinors of
the symbolical projectivity (13.8). These eigenspinors also satisfy the
differential equations

(14.11) (w0 + u2c?)Zes =0,
where 4w is defined by (13.2)b and (14.7)b.

PrOOF. One obtains this theorem by comparing (14.8) and
(13.10)a, (13.11).

Note. Equations (14.8) define spinors incident with one of the
symbolical axes €,v3P of the symbolical projectivity (13.8). It is
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clear that the equations
(14.12) *x0aP T — tuc &P =0,

which define the spinors on the remaining axis, must also have
physical meaning.

We know 1 that the eigenspinors of the biaxial involution (13.8)
are mapped onto the lineal elements common to H and to the cone
circumscribed to H from the point ,v® which is represented by the
axes €,80 of the biaxial involution. These lineal elements of H are
preserved by the ,ve-reflection (13.14) which is the representation
of (13.8). We shall refer to them as double lineal elements of (13.14).

THEOREM (14.3). Let 2% be the supports of double lineal elements
of (13.14) which map in P3(0) the eigenspinors of Dirac’s equations
(14.8). Put { = { (2%) and assume that ( is transformed by (13.14)
in the same manner as

(14.13) 2122 - 2324,
Then ( satisfies the Schrodinger wave equation (14.6).

Proor. Disregard for a moment (14.7) and consider the relation-
ship between the double elements of (13.8) and (13.14). We see from
(14.8) (and (14.12)) that the eigenvalues 4 of the biaxial involution
(13.8) are given by

(14.14) 22 = (juc)? = — p2c2.

If we apply (9.7)c to our case (13.14), we obtain according to our
assumption

(14.15)a 'f = yw?.
In particular, if ‘22 is a double point of (13.14)
‘280 = pz®,

the equation (14.15)a splits into two

(14.15)b (p + x0). =0

(14.15)c (p — xw) = 0.

If..we multiply the equation for double points

(14.16)a pzb = Lvgb2® T e e

1 Cf. Note II at the end of section 13.
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by .v»°, we obtain by virtue of (13.16)b two equations
(14.16)b (p + sw)22 =0
(14.16)c (p — »)2% = 0.

From the discussion of the meaning of equation (13.17) we see that
(14.15)c and (14.16)c refer to the isolated double point ,v of (13.14),
while (14.15)b and (14.16)b refer to the double points of (13.14)
in the plane 4vg = 4v%Aqp. Therefore, they also refer to the supports
mentioned in our Theorem. Using (13.18) and (14.14) we may write
for (14.15)b

(14.17) (w0 + p2c2)¢ = 0.

We shall transform this equation by means of (14.7)a,b. These
equations, together with (13.1) and (13.2)b, lead to

*@ = 20 = hgpv2vb = 2(v1v2 4 y3yd)
= (d?)2 4 (dV)2 + (d?)2 — c2(d")?
= (d2)% + (@y)? + (d2)% — c7%(dy)2.

Substituting from this equation into (14.17), one obtains the
Schrédinger wave equations (14.6).

I1. Spinor space F3 and its connection

15. Projection of #3(U) onto ¥3(0). Denote by O an arbitrary
but fixed point of space-time and by U its generic point. The alge-
braic theory of #3(0) as developed in the first part of this chapter
may also be applied to the local spinor space &3(U) associate with
U. Then, of course, all objects of &3(U) are expressed in terms of
coordinates x* of the point U. Thus, for instance, @ defined by
(5.7)c is a function of position, @ = ®(U), and so are the coefficients

-1
%P and %, defined by means of (5.7)a,b. Among the objects of
&3(U) there are some whose homogeneous projective coordinates
are the same as the homogeneous projective coordinates of the
corresponding objects in &g(0). Thus, for instance, the axes
19ab(0) and 228(0) of the congruence s#°(0) are given by (3.3),
while the axes 1.28b(U) and 228b(U) of s (U) in S3(U) are given by

(15.1) 19a0(U) = a(U)82, 228b(U) = b(U)de>
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and, therefore, have the same homogeneous coordinates in #3(U)
as 1.28b(0), 29ab(0) have in &3(0). Therefore, we may superimpose
&3(U) onto F3(0) by identifying 128b(U) with 128b(0) and
298b(U) with 228b(0). This superimposition will be referred to as
a projection of F3(U) onto F3(0). It is defined as follows:

DEFINITION (15.1). The projection of F3(U) onto F3(0) is a
projectivity defined by coefficients of the type

(15.2) Peb 3t P0(U, 0)

of class Ca. This projectivity has the following properties:
a) It reduces to an identity for U = O

(15.3) P,0(0, 0) = 8.

b) It carries the axes 1.28b(U), 292b(U) into 1.9ab(0), 2280(0).
c) It carries any physical spinor of F3(U) into a physical spinor of
F3(0).
In the next Theorem we assume that U is sufficiently near to
0, 1.e., x* — 0, where x* are the coordinates of U and the coordinates
of O are assumed to be equal to zero.

THEOREM (15.1). The coefficients PgP satisfy the conditions
21 2 0 0
22 22 0 0
o o0 2! Z}
0 0 P2 P2
(15.4b  Pe2(U, 0) = & + 2 PaP(U, 0))o + ....

(15.4)a ((ZaP) =

ProoF. The coefficients are of class Cg, and therefore, by virtue
of (15.3) they must satisfy (15.4)b. Denote by z3(U) an arbitrary
spinor in &3(U), and by z#(U|0) its image in S3(0):

(15.5) z8(U|0) = Ppa(U, 0)zb(U).

Let ya(U) ({&(U)) be a spinor incident with 12a8b(U) (228b(U)) in
S3(U):

(15.6)a ¥}(U)
t'(U) =

I
I

y(U) =0
££(U) = 0.
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According to requirement b) of Definition (15.1) we must have
(15.6)b Y(U10) =y4(UI0) = 0

t'(U10) = *(U10) = 0.
The equations (15.6) yield

wome (52 S)-(G0 5=

If za(U) is a physical spinor

(15.8)a 2}(U) = z(U), z*(U) = zZ*(U),

we must have according to requirement c) of Definition (15.1)
(15.8)b 23(U|0) = z}(U|0), z*(U|0) = z*(U|0).

The equations (15.5), (15.7)a and (15.8)a,b lead to

3 3 1 p1
s (%2 =(Z Z)
. 258 2, 2, &,
Equations (15.4)a follow from (15.7)a,b.

16. Local connections in #3(0). 1

DEFINITION (16.1). Amny set of constants EgP) which are trans-
formed by (5.7) 2 according to

-1 -1

(16.1) "EgP) = (1 €al)o Et) + B1P(0)(9) 65 (U))o

will be referred to as a local connection in F3(0).
THEOREM (16.1). The set of constants

(16.2)a OIT,b, et (3,2,5(U, 0))o

1 The method displayed in this section is a special case of a more general
theory developed in Bortolotti, E., Hlavaty, V., (1). See also Hlavaty, V.,
9).

2 We have here two transformations (5.7), one in &3(0) with ®=®(0) and
one in £3(U) with @ = P(U). Due to the next to the last Note in section 5 we
have to assume here e;ez = 1 because of requirement c) of Definition (15.1).
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constitutes a local conmection in F3(0). It is given by

a) bA 0 0
Cx d,\ 0 0
(16.2)b ((IL*) =\lo o 4 B,

0 0 & d//o

where (a))o, (by))o, (c\o, (d))o are the values at O of four arbitrary
gradients.

Proor. We see from (15.5) that the coefficients #3P(U, O) are
transformed by (5.7) according to

-1

(16.3) 'PoP(U, 0) = €1P(0)€.4(U)21(U, 0).
Remembering that #;P(0) are constant, we obtain from (16.3)

(16.4) 8/ P:d(U, 0)

-1 -1
= E2(0)[Z(U, 0)3,%a)(U) + €al(U)224(U, 0)].
Therefore, we obtain from (15.3)

(16.5) (o' ZaP(U, 0))o

-1 -1
= €1*(0)(0\%a!(U))o + (€1*€ad)o(2Z4!(U, 0))o.
If we put
"OIT,0) 2 (0)'PsP(U, 0))o,

we obtain the transformation rule (16.1)
-1

-1
(16.6)  'OITyb) = (€1P €al)o LI} + 1P(0)(0)€a(U))o-

Moreover, we see from (16.2)a that 0ITy, may be looked upon as
the values at O of sixteen gradients (which depend on transfor-
mations (5.7)). This fact together with (15.4)a leads to (16.2)b.

THEOREM (16.2). The coefficients OIIgP) of the local commection
have the following properties:
a) The expressions OII%) are invariant with respect to (5.7)

( 1 6.7) ’OHaa',\ = oﬂ'a“,\.
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b) If we transform PeP according to the rule

(16.8)a P2(U, 0) = p(U, 0)Z52(U, 0)
(16.8)b p(0,0) = 1,1

then

(16.9)a 01,0, = OIT,0) + 7(0)8%
(16.9)b 7\(0) %! (3, In p(U, 0))o.

Proor. We have from (5.7)

-1

(16.10) €13(0) (9&a}(U))o = O.

This equation together with (16.6) leads to (16.7). Using (16.8) we
obtain by virtue of (15.3) and (16.2)a

sty = (ap(U, O)Za(U, 0))o
= p(0, 0)[r\(U, 0)2:2(U, 0) + 0,Z?(U, O)Jo
= OJIb) + 7),(0)dL.
In the next Theorem we assume that O and U are connected by a
curve x* = x*(t) of class Ca.

THEOREM (16.3). Let z3(U) be an arbitrary spinor in F3(U)
of class Ca. Put

A . _
(16.11)a <_dgz_ OQAz“(U)> def Jim z83(U|0) — z3(0) .
0

>0 ¢

Then
(16.11)b (02, zP(U))o = [0)zP(U) + Iy z2(U)]o.

dx .
Moreover, (—gt-— °@Azb(U)) is again a spinor. If, in particular,
(0] ’d A
zP(U) s a physical spinor, so also is (—gt—— °.@Azb(U)> .
o

1 5’3” and Z,b represent the same projectivity because the components are
homogeneous. Therefore, we have to assume (16.8)b to obtain

Pa0(0, 0) = 8k

in accordance with requirement a) of Definition (15.1).
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Proor. The spinor zP(U) being of class C2 we have by virtue
of (15.5), (15.4)b and (16.2)a

(16.12)a zP(U|0)=(824-xA0IT b5+ . . ) (z%(0)+x#(0, z%(U))o+ . . .)
= z%(0) + #H(02°(U))o + *II%2*(0)]+. ...
If we substitute into this equation
A=t— ...,
(16.12)b % 7 +
we easily obtain (16.11)a,b. The proof of the remaining part of our

Theorem follows at once from (16.6) and (16.2)b.

Note I. According to (16.11)b 9%, may be looked upon as the
symbol of the covariant derivative in &3(0) with respect to the
local connection 0IIgh,.

Note II. We see from previous results that the spinor zb(U) is

projected into zP(0) if and only if

(16.13) -‘%’-‘; 09, 22(U) — zb(U)a(U)] =0
[0

where a(U) is a suitable function of position. This fact shows
dxr
clearly the geometrical significance of the operator —6—2—- 09,. The

form of (16.13) remains unchanged if we perform the transformation
(16.8) and

(16.14) *20(U) = {(U)zP(U), f # O.

THEOREM (16.4). With every local connection OII,b) there is
associated a local connection II,P) tnvariant with respect to (16.8)

(16.15)a IT,b) %t 0[T,by — 10]T}1, 4P,
This connection satisfies the condition
(16.16) I, =0

invariant with respect to (5.7). The constants ITy®\ may be expressed
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as follows:
@, by 0 O 1
(16.15)b () = (| & ‘é* ‘;A (5)A
0 0 & d
where ay, by, ¢, dy are the values at O of four gradients, and
(16.15)c R(a)) + R(d)) = 0.2
Proor. The equations (16.9)a yield
(16.17) 7(0) = OIIit, — °ITY).
Substituting this value in (16.9)a one obtains
(16.18) IT,P, 3t O[T,b, — }0IT 1,60

= OII,P) — }OI1) 8% = IT,Y).

This equation shows the invariance of ITgP) with respect to (16.8).
The equation (16.7) shows that the constants IIzP, defined by
(16.15)a constitute a connection because 0T3P, constitute a con-
nection. The equation (16.16) is an immediate consequence of
(16.15)a. Its invariance with respect to (5.7) follows from (16.10).
The equations (16.15)b,c follow from (16.2)b and (16.16), because

ay + dy + ay + dy = 2(R(a)) + R(dy)).

17. Continuation. Among all invariant local connections
II,by there is one which is uniquely determined by the unified tensor
field gy,. In order to find it we need some auxiliary Lemmas about
the nonholonomic components {;#¢} of the Christoffel symbols given
by II (13.1). In the following Lemma we shall consider the functions

k ¢
(17.1)a QpA) € 645 L{f)ay = 0 6} a, Vyav.
1
LemMA (17.1). The functions Q2p4) satisfy the following relations:
(17.1)b Q5% =065 =10258=0¢5\=0221) =012 =234 =0243=0

1 The vectors a), dy in (16.15)b are not the same as the vectors a,, d) in
(16.2)b. Both of these sets of vectors are connected by two relations which
may easily be derived from (16.15)a.

2 R(m) is the real part of a complex number #.
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(17.1)0 941)‘= —.Qgs,\, .932)‘= -—914 , 942 =—913 ,
Qghy=—102:4), 1)\=—1022%, Qg3=—0Q44,

(17.1)d Q2=07,, QH=0:1,, Q11,=0:2),
(=349,
(17.1)e Q44 = 0.

The equations (17.1)b,c,d,e are invariant with respect to the transfor-
mations (1.11).

Proor. The first four terms in (17.1)b are equal to zero because
of (17.1)a. The vector ¥ is a null vector, and therefore, by virtue of
I(8.16) 2

1
o1y = a, V;\a"‘ Ay V,\a"‘ 3 V\h, Ba"‘aﬁ =
9"

The remaining equations (17.1)b may be proved in a similar way.
Again using I (8.16) we obtain, according to I (8.1)b,
3 3

1
24 =a,V, ?“ = c;a Vya*= — a V) :"‘ = — 293).

The remaining equations (17.1)c may be proved in the same manner.
The vectors a” and a” are complex conjugates (C / Theorem I (7.4)).
2

Therefore, accordmg to I (8.16), the vectors aA and a, are also
complex conjugates. Thus,

2 1 _
Qs =2 V)‘?a = amm?" = Q7 (f = 3, 4).

In a similar way we obtain the remaining equations (17.1)d. The
equations (17.1)e follow from the last two equations (17.1)c and the
first and fourth equations (17.1)b. The invariance of (17.1)b-e with
respect to (1.11) follows easily from I (8.1)b, (1.11) and (17.1)a.

REMARK. Note that
-1 -1
(17.2) '‘Qsfy = CptCy2 R, + Cpt0,Cib.

In subsequent considerations 2, will be the symbol of the co-
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variant derivative with respect to the connections IT%) and Qg4,.
Thus, for instance, if Tp2(U) is a (C, €)-tensor,

(2)T*(U))o = [0y TB* + Ty Tg? — 24T 4*]o.

An easy inspection shows that (42, Tg*(U))o is again a (C, %)-
tensor and of the same tensorial character as Tg%(0).

THEOREM (17.1). Among all possible invariant local connections
I1v3) there is one uniquely determined by g,. It is the invariant local
connection for which

(17.3)a (2)6%P)0 = 0.1
If this equation is satisfied, then

(17.3)b (2)84)0 = 0.
This connection is given by the equations

a) b,\ 0 0
C\ — @y 0 0
0 0 a, 6,\
0 0 )y — ay

(17.4)a ((I1a%y) =

at 0. The constants ay, by, c) are given by the equations

1 3
(17.4)b 2ay = a, V) a* + a, V) a*,
1 3
1
(17.4)c by =a,V),a*,
4
4
(17.4)d ¢y = a,V)a*,
1
at O.

Proor. The condition (17.3)a is equivalent to
(17.5)a 048)(0)6% = I\ 8'? + ITjPy6%.
A straightforward calculation shows that (17.5)a is equivalent to

1 For 6% and 84, see Theorems (2.3)a,b.
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(17.5)b ((R43)(0)) =
IA5+HIH 0 —IT) 7, 1% I,
0 IA+17, —IIf) g -7 I/
-} -I), Ih+a7, 0 —I1,% 1/

I3, 1% 0 A4S I I,
ng  -nof -0 I DA+ 0
oi  -1L4 I 11} 0 IA\+IY
Substituting into the left-hand side from (17.1) and into the right-
hand side from (16.15)b, one obtains (17.4)a,b,c,d and the complex-
conjugate equations to (17.4)b,c,d. The remaining equations (17.5)b
reduce to an identity 0=0. The equation (17.3)b follows from (17.3)a
1

and from (2.7). The vectors a*, a) involved in (17.4) are determined
by g), up to the transformations (1.11). Thus,
‘ay = ay + 10\(y + 19)
(17.6) by = € e~ WHn by at 0.
ey = € e¥Hio,

Using (17.4)a and (5.7) we see that (17.6) is only another form of
the transformation rule

-1 -1
(17.7) 'Thy) = [EpEy! T}y + €20\ %v!lo

which characterizes the set ITp®, as a local connection. Hence, the
connection (17.4) is uniquely determined by g,,.

Note. The equations (17.5) show that the requirements (17.1)b
are necessary for our construction of ITy%). In fact, the set (17.1)b
is a subset of (17.5)a. This limits considerably the choice of the
connection I1. Thus, for instance, if I'#x are nonholonomic com-
ponents of the unified connection II (3.1), and if we put

k
QBAA ‘;_e—f 5@4 611;11‘1‘];4)\,

then

1
Q) = (S + U"A,L):“ a,

= St + Ulye #0.
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This is the reason we did not use this connection for the construction
of I3,

18. Spinor space &3 and its connection 4,?). The rulings

(18.1) al?aM, al*aN, al*a, al*agN

13 2 4 23 14
of the quadric H(O) in T4(0) are mapped into the focal spinors (4.4)
in &5(0). The rulings (18.1) of the quadric H(U) in T4(U) are map-
ped into the focal spinors 1a2(U), 2a2(U) whose homogeneous

12
components are given again by (4.4).
Denote by z#(U||0) a spinor in &3(0) whose components with
respect to a!(0) are the same as the components of the spinor

i
z3(U) in &3(U) with respect to al(U). As z8(U) moves along &3(U)
i

the spinor z#(U||0) describes a space superimposed onto #3(0).
We shall denote this space by #3(U||0). It is clear that &3(U) and
&3(U||0) are projectively related.

DEFINITION (18.1). The set of all spaces F3(U|O) super-
imposed onto F3(0) as U moves throughout space-time will be referred
to as the spinor space F3 adjoint to the space-time.

Note I. The axes 128p(U||0) and 228P(U||0) coincide with
12ab(0) and 22ab(0) for any U.

Note II. The spinor algebra of &3(U|0) is the same as the
spinor algebra of the local spinor space &#3(0) developed in the first
part of this chapter. The only difference is purely formal. The objects
of &3(U||0) have the argument U||O instead of O. The spinor algebra
of &3 is by definition the spinor algebra of each individual space
&3(U)|0). In algebraic considerations of &3 an object X(U|0) of

1

&3(U|0) is in gemeral diffcrent from the corresponding object
1
X(U|0) of &3(U|0) for U # U.1
2 2 1 2

Spinor analysis of &3 requires a. spinor connection, say AgP),
which is characterized by the usual law of transformation

-1 -1
(18.2) "Agby = EPECal Al + €30 O,E )

1 An exception to this rule is exhibited in the previous Note I.
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where, of course, the coefficients are given by (5.7) with ¢ = ¢(U)
and v = y(U). Hence, we cannot use any one of the local connec-
tions exhibited in previous sections here.

In the next Theorem, where we shall find a connection /4,?) with
the transformationlaw (18.2), £, will be the symbol of the covariant
derivative with respect to the following three connections:

a) the spinor connection 44?) we are looking for,

b) the connection 254, defined by (17.1)a,

c) the connection given by the Christoffel symbols {*,}.

Thus, if we have, for instance, a tensor TB”,, with three differ-
ent types of indices, we put

(]83) .QA TB&F- det 8,\ TB”',, + Aba'A TBb”, — .QBA,\ TAa“ — {#"l\} TBB,,.

An easy inspection shows that for any dx* the components
dx",?,\TB“P define another tensor of the same tensorial character
as Tpg?,.

THEOREM (18.1). There is one connection APy uniquely determined
by gy It is defined by

(18.4)a L8P = 0.

If this equation is satisfied, then

(18.4)b L\o4 =
and
(18.4)c LrEp? = 0.1
This connection is given by
a) bA 0 0
b)) — g6 —a, O 0
(18‘5) ((Aa A)) 0 0 d‘;\ A\
0 0 )y — ay

where the vector fields a), by, ¢\ are given by (17.4)b,c,d for all U’s.
The proof of this Theorem, except for (18.4)c, follows the pattern

of the proof of Theorem (17.1). The equation (18.4)c follows by

straightforward computation based on (1.14), (18.5) and (17.4)b,c,d.

1 For E,,P see (1.14).
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Thus, for instance, according to (1.14) and (18.5)

1 11 3 4
(18.6) .?,\EM.,I = a,\aF — {“”,\}av + a“(a,\ —a) — o, + b)‘a,,.
On the other hand, we get by virtue of (17.4)b,c,d

1 1 1 2
ay.(a/\ — @) = %ap.(aa Va ?a — ay V) Zm)

1 1 1 11
= %ap,(aaVz\ a®* + a, V) la"‘) = 4,4y Va la"‘
1

1 1

= —a,a*V)a,
1
3 3 4 3 4 1
—Oa, = — a,a,V) czz“ = — aya,V)a*
3 1
= — a,a*V)a,
3
4 41 4 1
bra, = a,a,V) T = — a,‘f“ Vya,.

Substituting these values into (18.6), we obtain according to I (8.1)a

1 1 1 3 1 4 1
LE, ;' =Vya, —a,a*V)ya, — a,a*Vya, — a,aV)a,
1 3 4

2 1
= allgf" Vya, = 0.

The relationship between the connections IIy3), and Ap?, is de-
scribed in the following

THEOREM (18.2). The connections ITv®, and Ap®, coincide for
U=0

(18.7) I15®) = (4aP))o.

The proof follows easily from (18.5), (17.4)a and (17.4)b,c,d. The
latter equations are valid for both connections at O.
The equations (1.17) and (2.8)a,b, i.e.,

(18.8)3. ”ab = E“abv“
(18.8)b €uab — /280 pd
(18.8)c V204 = §4 «xob
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hold also in &3 where the quantities involved depend on U.

THEOREM (18.3). We have

(18.9)a ZLr0s® = E, b Lok
(18.9)b Py ewab = /26 .L,v4
(18.9)c V2.L\v4 = 84 P, cwob,

The proof follows from (18.4)a,b,c and (18.8)a,b,c.

Note. These equations clearly constitute the link between the
spinor algebra and spinor analysis of <.

Note. It is worth while to compare previous results with those
which one can obtain in the gravitational theory.
1) The construction of A, by means of (18.5) requires &,

and a?, i.e., the unified tensor field 't
i

(18.10)a APy = Agb)(g..).

The basic vectors are determined by g, up to the transformations
(1.11)a,b,c,d; the coefficients ‘4,P) defined by (18.2) are functions
of gy, and of two additional parameters @, v

(18.10)b APy = "AaP)(g.., @, ¥)-

However, these additional parameters ¢, y are eliminated in
tensorial equations involving the covariant derivative .%,. In fact,
if, for instance, «® is a generic spinor, and if we put

T det A @ 1 06%,
j
we have

-1
(18.11) ‘T #(g.., ¢, v) = Ci¥(p, v)Erd(p, v)T i°(g-.),

and this equation shows that tensorial equations involving ;2 will
not contain the additional parameters ¢, y.
2) In the gravitational theory we know only the tensor k.
However, we may choose four vectors a4” satisfying the conditions
i

appearing in Theorem I (6.3). This choice requires four additiona’
parvameters besides h),, for instance, the Pliicker coordinates



282 CHAPTER VI, ArpENDIX II, SECTION 19

P = p™ of the line in Pj joining a* and a”.! Thus, we have
according to (18.5) and (17.4) 1 2

(18.12)a APy = Aaby(h.., )

instead of (18.10)a. If we start with another line

(18.13) P = A Ag B,

then we again obtain (1.11)a,b. This time the coefficients C are
functions of the A’s and are not given by (1.11)c,d. Finally, we
obtain (18.2) where the coefficients € are functions of the 4’s and
are not given by (5.7)a,b. Therefore, we obtain instead of (18.10)b
and (18.11)

(18.12)b 'Agby = 'Agby(h.., p, A2)

(18.14)  'Tp(ho., p, A:)=Cet(A)EMANT (.., ).

Hence, the influence of the auxiliary parameters A)” will be
eliminated in tensorial equations. However, in contradistinction to
the unified field theory, the connection AgP) in the gravitational theory
depends on four additional parameters not conmected with the given
quantities, (i.e., not connected with hy,,).

19. Curvature tensor of &3. In subsequent considerations we
shall need the curvature tensor H,,)" of {)’,}, defined by IV (3.1),
and its intermediate components

i
(19.1)a H,,4B =678 H,,\da,
i
= 267 84 (0, Qe + el Q0 00)-
These components are involved in identities similar to IV (3.3)
(19.2) 22, ZL v = — H,,p4 vB
22(wZnws= H,p* wa.
LemMmA (19.1). The components H 4B satisfy the following set of

1 The six homogeneous coordinates pM satisfy a quadratic equation and,
therefore, represent only four parameters.
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conditions:
(19.1)b H,,5% = H,,e% = H,,5% = H,,e% =
Hpo' = H,n? = H,,3* = H,,43=0,
(19.1)c H,uat=—H,,23, H,3*=—H,14% H,?=—H,,3,
H,,s! =—Hw2 y Hynl=—H,,2% H,,¥=—H,,,
(19.)d H,.p2=H,,/, H,=H,,sf H,1'=H,,?,
(f=34),
(19.1)e H,,44 = 0.

The equations (19.1)b,c,d,e are invariant with respect to the trans-
formations (1.11).

Proor. The first four equations (19.1)b follow at once from
(19.1)a. The tensor H,,), is skew symmetric in 4», and therefore,

1
Hwﬂl = HwM”z;"a, = HwM,z;A:" = 0.

The remaining equations (19.1)b may be proved in a similar way.
Moreover, by virtue of I (8.16)

3

3
H,a'=H,,) a"a =H aA;z” = — Hw",";l”a;\= — H,,2%.

wp wp v

The remaining equations (19.1)c may be proved in the same manner.
1 2

The vectors 4, and a, being complex conjugates, we have
H,.? = H,.) a"a —HMa"a =H,./

(f=23,4).

In a similar way we obtain the remaining equations (19.1)d. The
equations (19.1)e follow from the last two equations (19.1)c and the
first and fourth equations (19.1)b. The invariance of (19.1)b,c,d,e
with respect to (1.11) follows easily from (1.11)c,d.

THEOREM (19.1). The components

(19.3)a G pua® = dot 2(0, Aja)P01 + AP Ajaie))
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define a tensor with respect to wu and a €-tensor with respect to a, b.
This tensor is tnvolved in the following identities:

(19.3)b 281,202 = — G, uaP28
(19.3)c 221, ZL 1z = Goypa® 20

The proof follows the pattern of the proof of Theorem IV (1.1).

DEFINITION (19.1). The tensor
curvature tensor of Fs.

THEOREM (19.2). The curvature tensor %,,sP of F3 satisfies the
following conditions:

wua® will be referred to as the

(]9.4)3. gwp,&b = g[w“]ab
(19.4)b gw"aa =0
(19.5) Zre gw"]ab = 0.

Proor. The equation (19.4)a follows immediately from (19.3)a.
From (18.5) we see that

A, Ay =0
Ay, =

These two equations together with (19.3)a yield (19.4)b. From
(19.3)b,c we obtain

(19.6)a 291 L0 L1720 = 2L (L, L 0 2P)
= — (L2 Yuu1a® — (LG op1a®) 22

On the other hand, we have by virtue of IV (3.4)b

(19.6)b 284 L Lz = AL L) L0 20

= H[pr]” gvzb - (g[p. z'a) gfw]ab = (g[p za) g{w]&b'
The equations (19.6)a,b lead at once to (19.5).

THEOREM (19.3). The tensors H 4B and % P are related by the

wpd
following mutually equivalent relations:
(19.7)a H,, 488y = 29,6y
(19.7)c wa\”Eva,b = gm”,jbE,\a. — gamal Ey4b.
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Proor. The equations (18.4) yield

(19.8)a .?[w,?M]GA =0
(19.8)b L1 04 =0
(19.8)c ZoZ 1 Ex® = 0.

Using (19.2), (19.3)b,c and IV (3.3)b, one obtains (19.7)a,b,c from
(19.8)a,b,c. The equations (18.4)a,b,c are mutually equivalent.
Therefore, (19.8)a,b,c are also mutually equivalent.

THEOREM (19.4)a. The equations (19.7) are equivalent to

(19'9)3' gwl,u]:'—gwp22=§wp.33=—?wl.u‘:%(prll_*-praa)
(19.9b G 2 _gw S=H wpd?
(19.9)c gw’u = fﬁw s = Hyut
(19.9)d the remaining ¥, = 0.

Proor. The equations (18.4)a are equivalent to
(19.10) Qg4 8% = 24,0, 53,

Replacing 2458, with H,, 48 and ApP with &,,* in (19.10) one
obtains (19.7)a. Again if we replace 248, with HWAB in (17.1)b,c,d,e,
we obtain (19.1) b,c,d,e. Therefore, if we replace £24B) with H,, 4B and

I1,P) with &,,s? in (17.5)b, we obtain the solution H ,, 4B of (19.7)a.

wpd

Thus, we have by virtue of (18.5)

Aoy by O 0

Copw — @ 0 0

b)) — wp wp
(191 l) ((gwy.ﬂ )) 0 0 dwp. 6‘"“
‘ 0 0 Cop  — Gup

where we must put, in accordance with (17.4)b,c,d,

2a def Hwy. 1+ pr,33

Lop =

(19.12) by © H,,

wp =

det
Cop = Hwy.l

In this way we finally obtain (19.9).
The question arises whether some components &,,,s" or a combi-
nation of them may be expressed without the help of basic vectors.
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The answer to this question is given in the next Theorem where we

xy
use the tensors @, and Ey?, E)* defined by I (10.6)b and I (10.10).
1 4 ‘

THEOREM (19.4)b. We have

12 34
(19.13)a gw’ul J— %wa\v(g)w + Q)\v) 1
(19. lS)b gw"zlg)‘vle = Hw"'aﬂH,\vysf‘safo.

Proor. We derive from the last two equations (19.1)c
Hat + H,,u3% = $(Hn! — Hypo? + H,,3® — Hypua)
= $(Hyu12 — Hyp2) + ¥(H,u38 — H,pa8)
= H,.n21 + H,us4,
and therefore, by virtue of I (10.8)d

12 34
(19.14)a H,at + H,3% = — ZHWA,,(Q)“’ + Q™).
On the other hand, we see from I (10.11) that

4 1
(19.14)b H,, 14 )4l = Hw“aﬁHA,ysclz“anYas

wpo

=H ﬁH)h,ysEsaEﬂy.
1 4
The equations (19.13) follow from (19.14) and (19.9).
The following two Theorems will be proved simultaneously.

THEOREM (19.5)a. In order that there exist a spinor coordinate
system for which

(19.15) Ag?) =
1t s necessary, but not sufficient, that
(19.16) Z,ua® = O.
THEOREM (19.5)b. A spinor coordinate system for which (19.15)

1 The left-hand term in (19.13)a can be replaced by any one of the com-
ponents gw'wb involved in (19.9)a. The left-hand term in (19.13)b can be
replaced by a product of any one of the components %, b involved in
(19.9)b and any one of the components involved in (19.9)c.
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holds exists if and only if either one of the following mutually equi-
valent conditions a), b) is satisfied:
a) The vectors by, c) involved in (18.5) vanish and ay, is a gradient:

(19.17)a Ofuan =
(19.17)b bp=0
(19.17)c C\ =

b) The basic vectors fulfill the conditions

1

3
(19.18)a (Vy ‘ll") (Vuras) + (Via g"‘) (Vu142) = 3(Hun' + Hyps®)

1
(19.18)b a,Vya*=0
4

4
(19.18)c aVya* = 0.
1

Proor. According to (18.5) the transformations (18.2) are de-
scribed by (17.6). Requirement a) of Theorem (19.5)b follows from
(18.5) and (17.6). The necessity of (19.16) is obvious. In order to
prove its insufficiency we express (19.16) in terms of the vectors
ay, by, ¢). Using (18.5) and (19.3)a we obtain

(19.19)a 3G s’ = Ouag) + bpuc =0
(19.19)b %gm’”z = a[,‘cw] + 2C[Faw] =0
(19.19)c 3G s’ = 01,1 + 2bp,a,) = 0.

The remaining equations (19.16) either reduce to an identity or
follow from (19.19). This system can be satisfied by

(19.20) Co = 0,C, b, == 0,¢, a, = cc,

However, for a suitable choice of ¢ the conditions (19.20) are at
variance with (19.17). Hence, (19.16) is not a sufficient condition.

Using (17.4)b,c,d weseethat (19.17)b,c are equivalent to (19.18)b,c
and that

1 3
20r,an = (V' 01!"‘) (Vuas) + (Fir g"‘) (Vi a)

1 3
+ auV[p. a ?a + aaV[p V)\] :a‘
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Therefore this equation is equivalent by virtue of IV (3.3)a to
1 3
(19.21) 20, an = (V[Aalt“) (Via.) + (Vmg“) (Vias)

— HHut + Hpsd).
The remaining part of the proof is obvious.
Note. If (19.18)b,c hold then according to (19.9)a and (19.19)a
(19.22) Gyur' = 20,83 = $(Hyat + Hy,d)

so that (19.21) reduces to

1 3
0 a%) (P ao) + (P a%) (V1 a)) =0

and (19.18)a yields %,,," = 0 by virtue of (19.22). The remaining
equations (19.16) are satisfied by virtue of (19.18)b,c.
The equation (19.16) has an interesting physical interpretation.

THEOREM (19.6). A mnecessary and sufficient condition that the
electromagnetic field of the unified tensor field gy, generate no gravi-
tation 1 is that (19.16) be satisfied.

PROOF. Assume that the electromagnetic field of gy, does not
generate gravitation. Then we must have

(19.23) H, = 0.

The equation (19.16) follows from (19.23) and (19.9). In order to
prove the sufficiency, first introduce the symbols yq® for H,,qb.
Then we have according to (19.1)b,c,d,e

JALTY 78 xt 0 xst —x®
. . — 1 Vel _— 3
(19.24) )= 0, —m 1 —mn
) ) 3! 71 %3 0
x14. . .x44 —_ xal — XSI 0 —_ 133

Assume now that (19.16) holds. Then ¢,,,” and .‘?;w“,’ vanish so

"

1 Such tensors exist. Cf., for instance, Theorem V (9.2).
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that we have according to (19.9)a and (19.1)c,d

!+ 13 =0
2ty =2e® 4+ x8® = — ! + ys¥ =0.
Hence,
(19.25)a 21l = y33 = 0.
Moreover, we have by virtue of (19.16), (19.9)c and (19.1)c,d
(19.25)by 0= y14 =224 = — 73!
and, therefore, also
(19.25)bs xsl = 0.
Using again (19.1)c,d and (19.16) we obtain by virtue of (19.9)b
(19.25)c1 0= gal = 72 = — 718,

and therefore,
(19.25)cz 713 = 0.

Hence, all terms of the matrix (19.24) are equal to zero, so that the
equation (19.23) holds. Therefore, the electromagnetic field of g,
does not generate gravitation.

Note. Even in the absence of gravitation our space-time is not
a Minkowskian one, because its curvature tensor R, ,* does not
vanish 1. Thus, if U # O are two distinct points of our space-time,
we have T4(U) # T4(0), and therefore, F3(U) %= F3(0). Thus,
&3 does not, in general, reduce to F3(0) as in the classical special
theory of relativity. This accounts for the fact that we may have
AgP), # 0 even if (19.16) holds.

20. Dirac’s and Schriodinger’s equations in %3. In section
14 we derived the equations (14.8) and (14.17) for the case of the
special theory of relativity. In fact, we based our considerations
on the metric (14.1) and introduced the electromagnetism separately
through (14.5)a. In this section we shall find equations in 3
which reduce for the case of special relativity to (14.8) and (14.17).
To this effect we shall first prove the following

1 Cf. IV (3.10) where in the absence of gravitation we have H,

“)\" = 0.
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Lemma (20.1). Put

Vow = a* + @, V2iw = a¥ — @,
1 1 2

(20.1)a B o
\/2u”=a”+a”, Vow = a® — a*.
3 3 4 4 3 4
Then w*, ..., w are mutually perpendicular unit vectors and, in
1 4
particulay,
(20.1)b uyd = uyur = upud = — uyut = 1.
11 2 2 3 3 4 4
Put
i .
(20.2) :4"1;,\ = 6.
Then
1 2 3 4
(203) Uy =U), U)y=U), U\=U), U= — U,
1 2 3 4
and
_1 1 2
\/2(1,\ = U) + iu,\
_2 1 2
(20.4) V2ay = uy — iu,

-3 3 4
'\/24,\ = U) -+ U\

_4 3 4
V2ay = uy — wuy.
Proor. The properties of the vectors #* follow easily from

7
(20.1)a and from Theorem I (6.3). The vectors »* being linearly

i j
independent, there is only one system u, satisfying (20.2). This fact
leads to (20.3) by virtue of (20.1)b. Solving (20.1)a for the a” we obtain
i

V2 =w + i, V2a® = — iw
2 1 2 1 1 2

V20 = w — w¥, V2a = w + .
4 3 4 3 3 1

These equations together with (20.3) and I (8.16) lead to (20.4).



CHAPTER VI, ArpENDIX II, SECTION 20 291

THEOREM (20.1). Put

a [}
(20.5) ve 9 e gy <7 £, + Au)
and define ,va? by means of (13.6)a. The equations
(20.6) *x0aP 28 + tuca® =0
(20.7) (g0 + u2c?), =0

(x> & hapvood)
have the following properties:
1) They are independent of the transformations (5.1), (5.7), (1.11)
and of the transformations of the coordinates x*.
2) They reduce to Divac’s equations (14.8) and Schridinger's
equations (14.17) 1 under the following restrictions:
a) The tensor hy, is given by

1 00 O
010 O
0 0 0 —¢c?
and the coordinates xX, ..., xIV are identified with x, vy, z, t.

b) The vector Ay expressed in these coordinates is identified with
the vector (Ag, Ay, A, Ai) involved in (14.5)a.
c) The equations (19.15) hold.

Proor. The statement 1) follows at once from (20.5), (20.6)
and (20.7). In order to prove the statement 2) we shall rewrite the
equations (14.8) in a form suitable for generalization. First we
identify x, v, z, ¢ with xI, ..., 1V so that we have (20.8) instead of
(14.1). We shall also write 4, for the components Az ..., A
involved in (14.5)a. Then we introduce the vectors

1
(20.9) ux(1,0,0,0), uyl,0,0,0)
i

2
u*0,1,0,0), uy 0, 1,0,0)

2

3
u*0,0,1,0), u,0,0,1,0)
3

4
u*0, 0, 0, ¢c71), u,(0, 0, O, ¢c).
4

1 with the generalized operator (14.7)b. This generalization is enforced
by the tensor g;, of the unified field theory.
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i
The vectors #” (u,) are mutually perpendicular unit vectors. Both
i

sets (20.9) satisfy (20.2), (20.3) and (20.1)b. Next we write dy, ...,
dgand dl, ..., d4instead of dg, ..., dsand d%, ..., dt. Thus, we have
according to (14.5)a and (14.7)a

/ h
(2010) dy = ut (7 aA + A,\), cldy = 'ith (T BA + A,\)

v (h L (h
av = Mu, " O+ A)), cdt= hwu, ' o\ + A4,
v=1,2,3),

and therefore, by virtue of (14.7)b

(20.11) V2ol = h"l‘( + i ) (?— o+ A ,\)
. 1 2

V202 = W(u, — iu,) (—; o + A,\)
_ 3 t /3

V208 = W(u, + u,) (T oy + AA)
_ 3 s/

Vvt = M (u, — u,) (—;— o + A,\).

The vector 2 is transformed accordmg to (1.11)e if we perform a
1 1
rotation of #, and u (in the plane u["u)ﬂ) through the angle — ¢
3 4 3 4

and a Minkowskian rotation of %, and w, (in the plalne u[,,u)g)

through the angle — y. 1 Therefore, we may take for Uy + ooy Uy
in (20.11) any quadruple of vectors which one obtains from the
second set (20.9) by the above rotations. Then the equations (20.11)
are starting points of the generalization we are looking for if
dealing with the unified tensor field g),. In this case we know the

i
basic vectors a?, a, of the space-time. Thus, we may apply (20.4) to
i

1 Followed by a reflection if ¢ = — 1in (1.11)c,d.
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(20.11) and obtain

a (B
(20.12) 0 = h"#a,, (T o) + AA).

The tensor %), which appears in (20.12) is now to be defined by
oW def gow- In order to make the right-hand term in (20.12) a
scalar operator with respect to arbitrary transformations of co-
ordinates in our space-time, we have to replace 9, by %,. In doing
so we obtain (20.5) from (20.12). Then the proof of our Theorem
follows easily.

NoTE. Another set of equations similar to Dirac’s equations
may be derived from the conservation law V (16.9)b 1 which in non-
holonomic components has the form

(20.13) Vi Awt = 0. 2

Let 22, y2 be two arbitrary spinors incident with one of the spinor
lines €w8P representing in 3 the vector wt. Then we have according
to (2.8)b

(20.14) V2Uwt = &, 25y
Applying to this equation the operator
.? i ":"‘ aA.? A
i

we obtain according to (18.9)c

(20.15)a V2L Nwt = 8, L a8 yby.

The first term of (20.15)a vanishes because of (20.13):
LiWAwt = ViYwt =0

so that (20.15)a reduces to

(20.15)b Oy Ly &8 + 6L, e Lyyd = 0.

Put
+gra dot a8, —Z8 ti;efya.

1 See Infeld, L., and v. d. Waerden, B,, (1), where Dirac’s equations are
found in two-component spinor analysis associate with the gravitational
theory.

2 % is defined by I (8.8)a. Hence, ;% = O.
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We have according to (7.9)
o, —s | 8 —2y = 0,
Thus, the equation (20.15)b is satisfied if
(20.15)c &}, Lixd = — €(p Xp + Ai6,°%7), e = + 1.
Here p is an arbitrary scalar, A an arbitrary vector and <% is either
% or ~%.1 Put
V2 €Lt % ji(Ly + €eAy)

0 0 L1 L3
. 0 0 <[4 —<L2
(20.16)  ((<Zab) ®fa|| i _ <3 o 0
— €[4 €1 0
A straightforward computation shows that (20.15)c is equivalent to
P q
(20.17) €L XD | epr €D = 0.

This equation is of the type (20.6).

1 ¢ in €25 is not connected with e in €wab = +gls —grvl,
2 Cf. (13.6)b.



AprPENDIX III1

LINE GEOMETRY IN A THREE-DIMENSIONAL
PROJECTIVE SPACE

1. Introduction. In this appendix we shall display some
elementary results of line geometry which are needed for a better
understanding of the first and sixth chapters. More information
about line geometry can be found in Hlavaty, V., (11).

Let cy” be a set of real constants with the property

(1.1) A4 % Det((cy”)) = 1.
Consider the group of projective transformations
(1.2) ¥ =¥, 2= Ax

of projective homogeneous coordinates x* which describe a three-
dimensional projective space P3. The group (1.2) is the basis for the
usual definition of tensors by means of the transformation rule

Tyi=c ...af ... Tg.

Throughout this appendix we shall consider T} and p7%.. as com-
ponents of the same tensor 7. 2 Here p is an arbitrary real factor of
proportionality. In other words, we regard T} as homogeneous
components of a tensor 7. In particular, x* are homogeneous
coordinates of a contravariant vector, which we call a point.
Homogeneous coordinates y, of a covariant vector define a plane.

Because of (1.1) the space P3 does not possess any densities. 3
Therefore, the indicators defined by Definition I (2.1) behave like
tensors. We shall denote them by I“#* and i,,,,,. Besides &, indica-
tors are the only tensors whose components are not considered homo-
geneous. In other words, I#» and pI«r* are to be looked upon as
components of two different tensors. This exception to our rule about
homogeneous coordinates does not restrict the generality and is
very convenient for our future considerations.

1 Greek indices run here from I to IV.

2 The only exception to this agreement will be mentioned shortly.

3 We mean by this that a scalar density cannot be distinguished from a
scalar. A similar remark holds for tensor densities.
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In this appendix we shall deal almost exclusively with scalars,
vectors, skew symmetric quadratic tensors and indicators. The
indicators are a valuable tool in our considerations as is shown in
the following three examples.

1) Let 9%, 2%, ¢ be three linearly independent points. Then

(1.3)a Xy X d 0, YR

is a plane incident with 97, z* and #*. Similarly, if y,, z), ¢, are three
linearly independent planes, then

(1.3)b xo & Jordvy 0,

is a point incident with y,, z), &\

2) Indicators will be used for raising and/or lowering botk indices
of skew symmetric quadratic tensors in the following manner:

(1.4) twp = %iwp.hth = ’}ikva.t'\”
ok = 3T wy)vth = %I )Wwp.thv
(twp = l[wy])'

Then, of course,

(1.5) boul® = Figup, 108 = JIowdt 1),
3) Denote by ¢ the determinant of a tensor #,, = #,,]. Then
(1.6)a t= (trortir v + tirarrtr v + trrrrtorv)2,

and according to (1.5) and Theorem I (2.3) (for ¢,, = &),
(1.6)b 64t = (I«+M1,,.1),)2

= (imy.}‘vtw“tl\v)z

= 4(2,, ")

2. Pliicker coordinates of a line.

DEFINITION (2.1). Let y%, 2 (), 2)) be two distinct points on a
line L (two distinct planes through a line L). The determinants

(2.1) Yy, (yaz,)

are called projective homogeneous point (plane) Pliicker coordinates
of L.
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THEOREM (2.1). Put
(2.2) p & yR2), g, X ynz,.

P(qy,) is a tensor with the following properties:

a) It does not depend on the choice of the points y*, z* + y* (planes
Yy 2\ 7= ¥y sncident with L.

b) pM and gV are related by

@3)a g = Hwv g, = ppor

(2.3)b Pone = VP = 0 (pe #0)
c) PN and qy, satisfy the requirements

(2.4)a Poud®t =0

(2.4)b Jupd®* = 0.
Proor. Introduce the points

(2.5)a Y=y + B2, 2= yy’ + 62

(2.5)b ; ‘; #0

and the tensor
(2.6) "pAv det rydrgw],
The points 'y* and ’z* are two distinct points on L. The equations
(2.2), (2.5) and (2.6) yield
e | B
=1

This equation proves statement a) concerning the tensor **. The
same statement concerning ¢,, can be proved in a similar manner.

Let a*, b* be two arbitrary points such that a*, b*, y*, z* are linearly
independent. Then

phv‘

(2.7 p %t Loopdy 4% bryrz? £ 0.

Therefore, the planes

(2.8) By 2 G2y OP Y = G0, aR A2
by 3 40, H PN = by OF YA 2

exist and are incident with L. We may write, according to state-
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ment a),

(2.9) Dw = anb,.
Put

(2.10)a qor = }erdg,,,

Substituting into this equation from (2.8) and (2.9), and remember-
ing that the equations I (2.2) also hold for I##» and tourv» WE Obtain

(2.10)b  guk = (a9pk* -+ @Vpok + G PO, g, bPEY.
On the other hand,
by DY P = G0, ¥R Y2
= Y iyopyyBar2? — 2iop,yPy? 2] = 0.

Therefore, (2.10)b reduces, by virtue of (2.7), to (2.3)a. The equation
(2.3)b can be proved in a similar manner.
The equation (2.4)a follows from

pwp. puk = %iwp/\vp B PAV

= Yo Y@ 2t yrs” = 0.
The equation (2.4)b can be proved in a similar manner.

THEOREM (2.2). A mecessary and sufficient condition that
P = pI™) be Pliicker coordinates of a line L is that (2.4)a be satisfied.
If this requirement is fulfilled, the tensor p» determines a unique line
L whose coordinates are p, p,,.

ProoF. The necessity of (2.4)a has already been proved. As-
sume that (2.4)a holds, and denote by p the determinant of p,,.
Then we have, according to (2.4)a and (1.6)b, p = 0. Therefore,
the rank 7 of the matrix ((p,,)) is # < 4. Because p,, is skew sym-
metric, we cannot have » = 1, 3. Hence, » = 2. It is known from
elementary algebra that in this case $,, is of the form p,, = yp2,).
Thus, p,, determines a unique line L as the intersection of ¥, and
zy. Its coordinates are p), as well as p*.

In the next Theorem we denote by » one arbitrary but fixed
symbol of the four symbols I, ..., IV.

THEOREM (2.3). A necessary and sufficient condition that a line
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P be incident with the coordinate plane

(2.11) =0

is

(2.12) P =o.

If this reqmrement is not fulfilled, then the line p» intersects the plane
wn the point 1)

Proor. Put » =1V and assume that the line p» =y is
incident with the plane (2.11). Then we have yIV = 2IV = 0, and
consequently, (2.12) holds for » = IV. Assume that (2.12) holds for
v=IV. Then

a p)w —
where a)(0, 0, 0, 1) are the coordinates of the plane (2.11) for v=1V,
Hence, p* is incident with this plane. The proof for v=1I, II, III
follows a similar pattern. Assume now that

(2.13) P)“; #0;

put » = IV and denote by y” the intersection point of #* and the
plane (2.11). Then IV = 0 and

pA IV y[" 2IV] — %y" 2V,

According to (2.13) the line p* is not incident with (2.11) for
v =1V, and therefore, 2IV 3 0. Thus,

pIIV pIIIV pIIIIV pIVIV — yI yII yIII 0.

The proof for v =1, II, III follows a similar pattern.

3. Two and more lines.

THEOREM (3.1). A mnecessary and sufficient condition that two

lines p» (a = 1, 2) intersect is
a

(3-1) Pup® =0 (a,b=1,2).
a b
Proor. Put
(3-2) PV = ayr), ph — ),
1 2

A necessary and sufficient condition for the lines to intersect is that
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the determinant |#A, yA, 2A, #A| vanish. This condition is equivalent to
0= invxwysztv = iw;u\vapﬁxv = zﬁt\vp/\”'
1 2 1 2
The remaining equations (3.1) follow from the fact that $* (a =1, 2)
a

are lines.

THEOREM (3.2). The pencil P of lines v 1 determined by two

intersecting lines p» (a = 1, 2) is expressed analytically by
a

2
(3.3) W = Daraph
1 a
where r1, ¥2 are variables.
ProoF. The equations (3.1) and (3.3) yield
er)w =0
™Mp,, =0, (a=1,2).

Hence, 7 given by (3.3) are lines intersecting p* (a = 1, 2). Let
a

s™ be an arbitrary line incident with the

but not incident with its {plane
vertex

(3.4)a py, =0, (a=1,2),

so that
(3.4)b sMyy, = 0.

{vertex} of the pencil P
plane

}. In both cases

vertex
plane
belong to P. Conversely, every line of P may be expressed by (3.3).
In fact, if 7 is a line not intersecting p*,

Thus, the lines 7» are incident with the { } of P and, therefore,

a
tade Pop, £ 0
a

(a=1,2),
then among the lines # there is exactly one which intersects ¥,
namely, the line for which 71 : 72 is given by

2
Sa rat, = 0.
1

1 By a pencil of lines we mean the set of all lines incident with a plane and
a point.
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A non-degenerate quadric contains two one-parameter sets ot
straight lines. Each of these sets is called a regulus.

THEOREM (3.3). Let p’“’ (b =1, 2, 3) be three skew lines. Put

(3.5) Aeh = Ape == def ?,\,,p)"', b,c=1,2,3.
¢

Then

(3.6) Det((ape)) = 2a12a13a23 #~ O.

The regulus R of lines v (rulings of R) determined by the lines p*"
(@ =1, 2, 3) is expressed analytically by

(3.7) = Za r“i))"’
1 a
where the variables r1, v2, v3 satisfy the condition
3
(3.8) Zb,c rbr¢ap, = O.
1

Proor. The lines 15’“’ are skew, and therefore,
a

a1za13a23 # 0
a1 = agy = agg = 0.
These conditions lead easily to (3.6). From (3.7) and (3.8) we have
’Av'l\v = 0.
Hence, 7™ are lines. Let ™ be an arbitrary line and
(3.9)a ta L vp,, (@ =1,2,3).
a
The lines 7* which meet ¥ are given by 71, 72, #3 satisfying (3.8) and
3
(3.9)b ™, = Darst, = 0.
1
From (3.6) we see that therc are only two solutions 7¢ (a = 1, 2, 3)

of (3.8) and (3.9)b, and these solutions may coincide. Hence, the
lines 7 generate a quadratic surface Q. Let (3.7) and

3
(3.7)’ T — 2“ ',ap)w
1 a
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be two distinct lines of this surface. Then we also have, besides
(3.8),
3

(3.8)" S0 ''1°ape = 0
1
and
3
(3.10)a 7y, = Dbeaper?'rC.
1

Because of (3.6) it is not possible to satisfy
3
Dibie aper®’re =0
1

together with (3.8) and (3.8)". Hence, we have
(3.10)b ™'y, # 0.
The lines (3.7) and (3.7)' do not meet and, consequently, belong to

the same regulus R of Q, which, according to (3.7) also contains
P (a = 1, 2, 3). Hence, every line (3.7) belongs to R. Conversely,

a
every line of R is in the set (3.7). This statement follows easily from
the part of the proof involving .

NoTe. Define , by (3.9)a and assume that # intersects p»
(@a=1,2,3), a

ta=O.

Then #» belongs to the second regulus R* of @, and we have for all
rulings 7™ of R

™, = 0.

Hence, an arbitrary ruling ¢* of R* intersects all rulings of R and
vice versa.

4. Linear line complex. All lines $* intersecting a given line
q), satisfy the relations

(41) %v?"” =0 pt\vpl\” == 0.

This conception may be generalized.

DEFINITION (4.1). Let ¢y, = cpy,) be an arbitrary tensor. The set



CHAPTER VI, AppPENDIX III, SECTION 4 303

of all lines p» satisfying the conditions
(42) clvﬁ/\v =0 PAVPI\” =0

is called a linear line complex cy,, more briefly the complex cy,, and
PN are referved to as its rulings. If

(4.3) e cM #0,

we call the complex general. If

(4.4) e =0,

we call the complex special and the line cy, its axis.

NotE. A special complex c), consists of all lines p intersecting
the axis cy,,.

DEFINITION (4.2). If a point y* and a plane y) are related by

(4-5) a) pyr= oy y¥, or b) oyt = My,
(po #0),
yH pole polar plane y,\} .
we call {y)‘} the { polar plane} of the { pole o with respect to

the complex cy,,.

THEOREM (4.1). If ¢y, ts a general complex, the polar pair (y*, y,)
exists for every arbitrary given y*(y)), and (4.5)b is the tnverse equation
to (4.5)a. If c), is a special complex, then the pole y* (the polar plane
y)) incident with the axis c), has no polar plane (has no pole).

ProOOF. A necessary and sufficient condition for the non-ex-
istence of a polar plane y, (of a pole y#) to a given pole y* (to a
given polar plane y,) is y) == O (y* = 0). Substituting this value
into (4.5)a ((4.5)b) we easily obtain Det((c),)) = 0, i.e., (4.4). If
this condition is satisfied, and if y, = 0 (y* = 0), then the pole y*
(the polar plane y,) is incident with the axis c),. A straightforward
computation shows that

(4.6) Moy, = Ved, (c 2 Det((cy,), e&fsgnIemdc,,c,,).
Multiplying (4.5)a by c* we obtain by virtue of (4.6)
eyAcY = eViey.
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The proof of the remaining part of the theorem follows easily from
this equation.

THEOREM (4.2). The pole y* and its polar plane y) are incident.
The rulings of cy, tncident with y* (y)) constitute a pencil C whose
plane (vertex) is y) (y*). 1

ProoF. The equation (4.5)a yields
PR = cr 9 yk = 0.
Hence, y* and y, are incident. Let x* 7 y be an arbitrary point in y,:
yaxr = 0.
Then we have from (4.5)a
= pyat = o),y At

Hence, the line p* = xy*1 which is a generic line of C is also a
ruling of the complex c),,.

THEOREM (4.3). Let s™ be an arbitrary line.2 It determines
uniquely a line ™ with the following properties: every ruling of
the complex cy, that intersects sM intersects r; and vice versa if the
complex is general. The line v is given by

(4.7) ™ = W(2Bs,g) — M(c*Bc,p).

If the complex cy, is general, then the lines ™ and s coincide if and
only if one of them is a ruling of cy,. If this condition is not satisfied,
then v and s* do not intersect. If the complex is special, then r
coincides with the axis.

PrOOF. A necessary and sufficient condition for a ruling p» of
¢y, to intersect s» is that p» belong to every one of the complexes

(4.8) 7,\“ 'g OLCA”_ -+ IBSA;:.

where o, f are variable parameters. There are two lines in the set

1 If Cua is special, we tacitly assume that y# (y,) is not incident with the
axis 6,‘ .

2 If the complex under consideration is special, we impose the further
condition that s* does not belong to the complex (and, therefore, that sV is
not its axis.).
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(4.8) defined by parameters «, § which satisfy the condition
™y, = afactcy, + 28cMs,,] = 0.
The value « = 0 leads to s, while
w:f=2Psg: — c*Beyg
leads to (4.7), and this equation yields
(4.9) sy, = 2(c¥Bs,p)2.

The remaining part of the Theorem follows easily from (4.7) and
(4.9).

DEFINITION (4.3). The lines v and s of Theorem (4.3) are
said to be conjugate polars with respect to the complex cy,, or briefly,
polar.

5. Pencil of complexes. In subsequent considerations we shall
start with two distinct real general complexes c,\“ (@ = 1, 2) which
give rise to the following scalars

(5.1)a Ape = dep L c)mc"l‘ (b,c=1,2)
(5.1)b a2 & (a12)2 — a1 a9e,
(5.1)c a %t Vg2,

DEeFINITION (5.1). If a # 0, then the one-parameter set of com-
plexes

2
(5.2) e & Dacacy,
1 a

with the variable c : c2 will be referred to as a pencil of complexes. 2
THEOREM (5.1). The sign

(5.3) « 3t sgn a2

does not depend on the particular choice of the real complexes c,\# and

u 90 the pencil (5.2).

1 By a real complex c), we mean a complex whose components are all real.
2 For the excluded case @ = O see Hlavaty, V., (11).
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Proor. Let
: 2
(5.4)a 'C,\F = Zb uubc,\w (a =1, 2)
a 1 b

be two distinct real complexes of the pencil so that
(5.4)b u 3 Det((#4?)) # O.
A simple inspection shows that

2
(5.5)a "ape 3t I:/\# ’i/\rt = ;i,a‘ uptud ay,
and consequently,

(5.5)b ‘a2 (1_0} ('alz)z -_ 'au’agz = u2a2,
The complexes ‘cy,, c), being real, the numbers #,b involved in
a b

(5.4)a must also be real, and therefore, by virtue of (5.4)b, #2>0.
Theorem (5.1) follows easily from (5.5)b.

THEOREM (5.2). There exists a unique pair of lines f*, f* with
the following properties: 12
1) They do not meet.
real >0
2) They are {complex conjugates} for a<0
3) They are conjugate polars with respect to all general complexes
of the pencil (5.2).
4) They are axes of the only two special complexes of the pencil
(5.2).
5) They do not depend on the particular choice of the complexes
Cru ©0 the pencil (5.2). 1

a
6) They are given by

(5.6)3. f)"' = c'\"(a — 412) “+ c’“’an
1 1 2
(5.6)b M = M(— a — a13) + May.
2 1 2

Proor. Special complexes in the pencil (5.2) are defined by the
parameters ¢ (¢ = 1, 2) satisfying the condition

2
(5.7)8. CA“CA”' = Zb,c cbcca«bc = 0’
1

1 At this point we permit the complexes ¢y, to be other than real.
a
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i.e.,
(5.7)b cl: 2= (4 a— ai) : an.

Substituting these values into (5.2) we obtain (5.6) which prove
statements 4) and 6). It is seen at once from (5.6) that the lines
f** (a = 1, 2) are real for « > 0 and complex conjugates for «a < 0.

a
Moreover, by (5.1)a
(5.8) hHh, = — 2an1a® # 0.
12
This equation proves statement 1). If p» is a common ruling of
¢\, and ¢y, then it is a ruling of every complex of (5.2) and, therefore,
2

also of every special complex f*, f of this pencil. Therefore,
1 2

{/\vﬁ)w = 2’/\va” =0,

and this equation proves statement 3). If we refer the pencil (5.2)
to the complexes (5.4)a 1 and write

2
’ ’
CAI‘ = ;a ca c)'u
a

then

2
Da’ctugd =cb, (b=1,2),
1

so that according to (5.5)a
(5.9) %b,c apecbct = ilb.c ‘ape’cb’ce.
The proof of statement 5) follows easily from (5.9), (5.7)a and
= i“ 1c8’cAY — i“ cach,
1 a 1 a

Note. The parameters c2 in (5.2) may be looked upon as pro-
jective homogeneous coordinates of c), with respect to c),. We
a

stress this fact by writing c),(c!, ¢2) instead of (5.2). Then we may

1 For present considerations, the complexes ‘cypu need not necessarily be
real. a
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represent ¢y,, Gy faus Fa BY
12 1 e

(5.10) cru(1, 0)
1

¢,,(0, 1

2)‘“( )

Hu(a — aiz, an)
1

fu(— a — a1z, an).
2

Denoting by (c, ¢, f, f) the cross-ratio of the complexes (5.10) we
easily obtain 1 %2 1 2

szt a

a2 —a )

(5.11) (c,e, f, ) =
1212

6. Continuation: Projective angle of complexes. In this
section we again use the complexes ¢), (2 = 1, 2) of the previous
a

section and the scalars (5.1) and (5.3).

DEFINITION (6.1). If a 5 O, then the scalar

\/; a2 + a
6.1 c, ¢) 3ot In .
(6.1) <P(1 2) 5 p—

is called the projective angle of the complexes cy,, cy,. If, in particular,
12

(6.2) olc, ) = + — vV a,
12 2
then c), and cy, are said to be projectively orthogonal.
1 2

THEOREM (6.1). A mnecessary and sufficient condition for the
complexes cy, and cy, to be projectively orthogonal is
1 2

(6.3) ayz = 0.
ProoOF. Substituting from (6.2) into (6.1) one obtains

a2 + a _ e:t.m;
a2 — a

= —1,

and this equation is equivalent to (6.3).
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In order to find a geometrical interpretation of the projective

angle ¢(c, ¢) let us first observe that if y# is an arbitrary real point
12

not incident with f** (a = 1, 2), its polar plane Cyuy* with respect

a
to the generic complex c), of the pencil (5.2) always exists and is
contained in the pencil

2
(6.4) Ouyt = Dla ctep, y*,
1 a
defined by the polar planes c), y* of y* with respect to the complexes
a

). In particular, the polar planes

a

(6.5) f,\ det f,\;A’" = (@ — ar2)e), y* + ancy,y*
1 2
fa df fut = (— a — a2)op, y* + ancy,y*
1 2
belong to the pencil (6.4), and according to statement 5) of Theorem

(5.2), they do not depend on the choice of the complexes i,\“ in the

pencil (5.2). They are intrinsically connected with the pencil (6.4),

and thercfore, this pencil may be looked upon as a non-Euclidean

pencil with absolute planes (6.5). In such a pencil the non-Euclidean

angle y[c, c] of the planes ¢y = ¢),y* (@ = 1, 2) is defined by the
1 2 a a

known Laguerre formula

(6.6) yle, ] = —-\—{Z— In[c,c, f, f]
12 2 1212

where [c c / f] is the cross-ratio of the four planes c;\ and fA (¢ =
1, 2), and y =+1(=1)if /,\ are real (complex con]ugates) We
shall use this non-Euclidean angle in

THEOREM (6.2). An arbitrary real point y* not incident with
the lines (5.6) gives rise to a non-Euclidean pencil (6.4) of polar planes
with the absolute planes (6.5). The non-Euclidean angle y(c, c] of the
polar planes 12

(6.7) ey = Oy, (@e=1,2)
a a
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of the pencil (6.4) is equal to the projective angle <p(c, ) of the complexes
c;\,, (@a=1,2)
(6.8) <p(c, c) = w[c, c].
The non-Euclidean angle w(c c) does not depend on the choice of the
point yr.

Proor. The content of the first part of the theorem is merely a
restatement of results just obtained.

The parameters ¢ (@ = 1, 2) involved in (6.4) may be looked
upon as homogeneous projective coordinates of the plane ¢), y*

with respect to the planes (6.7). If we write c), y#(c!, c?) instead
of (6.4), we have

(6.9) a1, 0)
1
CA(O, I)
2
lf)\(a — a2, a11)

A(— a — a1z, an),
2

and therefore, according to (5.10) and (5.11)

(6.10)a e fl=(eocff) =214
1212 1 212 a2 — a
If « =+ 1 (« = — 1), then according to Theorem (5.2) the lines

(5.6) are real (complex conjugates). Hence the planes (6.5) are real
(complex conjugates), and therefore, y involved in (6.6) is equal
to 1 (equal to — 1). Thus,

(6.10)b %= 7.

The equation (6.8) follows from (6.10), (6.6) and (6.1). The
left-hand term in (6.8) does not depend on the choice of the point
y#, and, therefore, the right-hand term in (6.8) is also independent
of this choice.

REMARK. Notice that for different points y#* we might get
different non-Euclidean pencils (6.4), but w[c, c] remains the same
for all such pencils.
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7. Linear line congruence.

DEFINITION (7.1). The set of rulings common to all complexes of
the pencil (5.2) is called a linear line congruence, briefly, a congruence.
The lines (5.6) are called the axes of the congruence.

TrEOREM (7.1)a. The congruence defined in the previous defi-
nition may be expressed analytically as follows:

(7.1)a Oup® =0, Pt =0 (a=1,2).
This set of three equations is equivalent to

(7.1)b hut™ =0, P =0, (a=1,2).

The proof follows the pattern of the proof of statement 3) of Theorem
(5.2).

THEOREM (7.1)b. The congruence (7.1)a comsists of all lines
intersecting the axes V.

The proof follows at once from the equivalence of (7.1)a and
(7.1)b and from Theorem (3.1).

THEOREM (7.2). Let y* (y)) be an arbitrary point (plane) mot

incident with the axes [V (a = 1, 2). Then there is only one ruling p),
a

of the congruence incident with y* and only one ruling g™ of the con-
gruence incident with vy, namely,

(7.2)a ﬁ)m. = yayﬁlfa[l‘zfy]ﬁ

(7.2b q"# =9 aypfa[sz#]ﬁ

Proor. If y#is not incident with f* (a = 1, 2), there is only one

a
line p), through y# and intersecting these axes, namely, the inter-
section line of the planes (6.5). ! Therefore, p),, is defined by (7.2)a.
The remaining part of the Theorem may be proved in a similar way by
means of intersection points f*y, (@ = 1, 2) of yyand f+* (a = 1, 2).
a a

1 This line is also the intersection line of any arbitrary pair of distinct planes
of the pencil (6.4).
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a
THEOREM (7.3). Let y* (y,) be a point (plane) incident with
a a

a
(@ = 1,2). Then the rulings of the congruence incz’dent with yl‘ (vy)
constitute a ﬁenczl whose vertex (plane) is y” (y,‘) and whose plane

(vertex) is yA f,\,‘ (y,\/’“‘) a,b=1,2;a #b.

Proof. Every ruling of the congruence intersects both axes f*,
f"” Hence, if y" is incident with f’“’ then the rulings incident wlith
y" constitute a penc11 whose plane is defined by y" and f,\M (a,b =
1 2; a # b). This plane is obviously y"/,\ 1 The remammg state-
ment may be proved in a similar manner

DEFINITION (7.2). Let p* be a ruling of the congruence (7.1).
The point (plane) defined by p» and f* (a = 1 or a = 2) is called
the a-th focal point (focal plane) of p**. °

Note. Letp™, the intersection point of #* and the plane (2.11)

be not incident with f* or /. The polar plane of p* with respect

1 2

tothespecial complex fy, (@ = 1or a = 2) has the coordinates VA D
a

a
These two planes (for @ = 1, 2) are the focal planes of p*. Let 1’/‘#

be the plane through ), and the coordinate tetrahedron vertex

%, = 0 not incident with * or /"" The pole of P with respect to
1
the special complex f*" (@a=1 or a = 2) has the coordinates p)\“ .

These two points (for a = 1, 2) are focal points of p,\“ Focal pomts
and focal planes are very important conceptions in the theory of
biaxial projectivities connected with the congruence (7.1).

8. Biaxial projectivity.

THEOREM (8.1). For every comgruence (7.1) there exists a one-
parameter set of tensors Py with the following properties:

1 This plane is the polar plane of y" with respect to all complexes of the

pencil (5.2) with the exception of the special complex /& which does not have
the polar plane of y" (Cf. Theorem (4.1)). o
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a) The tensor Py’ is not a degenerate one, i.e.,
(8.1) Det((Py*)) 5 0.

b) It satisfies the condition
(8.2)a 2P, =0, (@a=1,2),

for any arbitrary point z*.

c) Py is not proportional to 6}
(8.2b Py # p3, (p #0).

ProoF. Assume first that f,, are real, and choose the coordinate
system in such a way that ¢

(8.3)a fr m fox v #0
1 2
8.3)b the remaining f)", = 0.

An easy inspection shows that under these circumstances the con-
ditions (8.1) and (8.2) yield

(8.4)a Prl = Py, Pyt = Pry!V, Pfl # P!

(8.4)b the remaining Py’ =

The components P’ being homogeneous, the equations (8.4)

define a one-parameter set of tensors Py”. If f), are complex con-
a

jugates, then the proof follows the same pattern though it is a little

bit more complicated.

THEOREM (8.2). Every tensor P)’ satisfying (8.1) and (8.2) gives
rise to a biaxial projectivity
(8.5) 2 = Py,
i.e., to a non-degenerate projectivity in which the lines '21¥2N intersect

both axes f* and f¥. These two axes constitute the locus of double points
of (8.5). 1 2

Proor. Put

(8.6)a P = "2lAz0),
Then we have according to (8.5)
(8.6)b P = 22P A

and by virtue of (8.2)a
(8.7) ¥ hy = 22 PA21f, = 0.
a a



314 CuAPTER VI, AppENnDIX III, SECTION 8

Hence if p'z” 3 2¥, the line (8.6) intersects fy,, (2 = 1,2).
a
Assume that the axes f,, are real. Using (8.3) and (8.4) we see at

a
once that all points of these axes and only these points are double
points of the projectivity (8.5). If the axes f),, (@ = 1, 2) are not real
a

then the proof follows a similar pattern though somewhat more in-
volved.

Note. Denote by f* the focal points on (8.6). They satisfy the re-
lation @
(8.8) Pha=0, (a=1,2).

aa

They are the only double points of the projectivity (8.5) incident with
the line (8.6). The points 'z*, 2%, f" /“ being incident with theline (8.6),
we may write

(8.9)a ‘2 = Da'lof

1 a
2
2V = za te /v.
1 a
Moreover, the double points f” satisfy the conditions

(8.9b pf = Px’f" (@=1,2),

a

where p, p # p are well-defined functions of P), 1 both different
12 1
from zero and independent of f*.
a
THEOREM (8.3). Every line (8.6)a is a double line of the biaxial
projectivity (8.5). This projectivity induces on each such double line the
projectivity

(8.10) 'te = pte, (a=1,2).

1 p, p are the only roots (each counted twice) of the equation
12

Det((pd} — P} )) = O.
If (8.4) hold, then this equation is equivalent to
e — PN (p — P2 = 0.
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The cross-ratio

(8.11)a P=(22/,p)
1 2

(the characteristic of the biaxial projectivity) is given by
(8.11)b P = p/p,
21

and does not depend on the choice of the point 2 in space (provided
2" is not incident with the axes f* (a = 1, 2)).
a

Proor. The double points f* are on the line (8.6)a, ! and, there-

a
fore, p* itself must be a double line of the biaxial projectivity.
Substituting into (8.5) from (8.9)a and (8.9)b we obtain

2
S (18— pta)f =0,
1 a a
and this equation yields (8.10) because the points f* (@ = 1, 2) are

a
linearly independent. The equation (8.11)b follows easily from (8.9)
and (8.10). The scalars p, p are independent of 2%, and so is P.
1 2

NoTeE. Let 2 be an arbitrary point not incident with the axes.
In applying the projectivity (8.5) twice we obtain a point ‘("z*)
which is not necessarily identical with z*. If for at least one point
2¥ (not incident with the axes) the point ‘(z*) is identical with 27,
then this property holds for every point, and the biaxial projectivity
is called a biaxial involution.

THEOREM (8.4). A mnecessary and sufficient condition that the
biaxial projectivity (8.5) reduce to a biaxial involution is

(8.12) PyYP) = b, (o #0).

Proor. Applying the projectivity (8.5) twice to z¥ we obtain
(8.13) "('2*) = Py Pz
Our Theorem is a consequence of (8.13).

1 This line and its double points depend on the choice of the point 2V in the

space. This point is assumed not to be incident with the axes o (a=1,2).
a
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THEOREM (8.5). The characteristic P of a biaxial involution is
(8.14) P=—1.
Proor. Applying the induced projectivity (8.10) twice we obtain

'(29) = (p2Le.

a
Hence, for a biaxial involution we must have
(8.15)a p2 = p2.
1 2
From (8.2)b we know that a biaxial involution is not an identity.
Its only double points are the points of the axes. Hence, the induced

projectivity cannot be an identity. Thus, the only possible solution
of (8.15) is

(8.15)b

©

= — p.
2

8.11)b one obtains (8.14).

—_~ =

Substituting this value into
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Absolute tensor. See Tensor, absolute.

Admissible coordinate system, 189,
192, 212.

Amnisotropic point, Representation of,
239, 246, 256.

Autoparallel lines, xxi, xxiv, 145, 187.

Basic vectors, xi, xxiii, 11, 12; Basic
scalars, 11, 72-75, 84, 105, 111;
Construction of, 27; Degenerate
cases, 114, 121, 123; First class,
13-16; Second class, 16~19; Third
class, 16-19; Transformation of,
15, 23; X; forming, 117, 118, 122,
125, 127.

Bianchi identity, 129, 133.

Biaxial involution, xxx, 256, 267,
315, 316.

Biaxial projectivity, 312-316.

Cauchy’s problem, 151.

Celestial mechanics, xxii, 183.

Christoffel symbols, xv, 48; Non-ho-
lonomic components, 83, 94.

Complexes, General, xii; Linear line,
xii, 30-34, 241, 245; See Pencil of
and Projective angle.

Connection PA;“, unified, xiv, xv, 47,
52-54, 57, 58, 60, 67, 86, 92-93,
96, 106-107, 111, 131, 132, 144;
Approximations, 68-71; Conform-
ally invariant, 157; Definition,
50; Non-holonomic components,
83; Of spinor space, 268, 278-282;
Local in &3, 270-278; Relation to
gravitational theory, 48-49.

Conformal change, 151.

Conformally invariant connection. See
Connection, unified.

Conservation of momentum and ener-
gy, Law of, 208-209.

Continuity equation, 164, 176.

Cosmological function, 182, 205.

Covariant derivative D), With respect
to I‘l"”, 47, 7), With respect to the
Christoffel symbols {;*,}, 47; Of
determinants, 5, 6, 51.

Current density vector, 169.

Curvature. See Tensor of curvature.

Determinant. Of coordinate trans-
formation, 2.

Dirac’s equations, xxx—xxxi, 226,
260, 263-268; In &3, 289-294.

Eg and Mg, 113.

Eigenvector, 11, 12; See Basic vec-
tors, Eigenvalues, 11; See Basic
scalars.

Electric charge density, 176, 179.

Electromagnetic field, xiii, xviii, 61;
Electromagnetic field tensor, 140;
Electromagnetic force vector, 192,
193; Generating no gravitational
field, 288; Interrelated with grav-
itational field, 179, 180.

Egquations of motion, 182, 186, 210.

Field equations, Unified theory, 110,
131, 132, 135, 165-167; Algebraic
solution, 146-151; Geometry of,
128; Gravitational, xx, 135, 173,
175, 178, 179, 205; Physical inter-
pretation, 161, 196; Uniqueness
Theorem, 136.

Geodesic, 64,
Minimal, 65.
Gravitational field equations. See Field
equations, Gravitational.
Gravitational function, 206.
Gravitational law of inertia, 174.
Gravitational theory, x, xiii, xuviii,
173, 177, 183, 192, 216, 281.
Hyperbolic congruence, 33.

174; Lines, 124, 125;
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Indicators, 4-7, 295; Non-holonomic
components of, 20, 21; Of local
spinor space, 228.

Inertia. Unified law of, See Unified
law of inertia.

Integrability conditions, 145, 178.

Intermediate components, 19, 21;

Construction of, 24—-29; Determinants
of, 37.

Isotropic points, Lineal element, 253;
Mappings of, 224, 230-235; Vec-
tors, 16.

Lame’s conditions, 135

Light beam, Geometry of, 217.

Lineal element, 252, 256; Mapping
of, 251; Double, 267.

Linear line complex, 302-305.

Linear line congruence, 245, 311, 312.

Line geometry, xii, 29-34, 295-316.

Mass density, 176.

Maxwell equations, xviii, xxvii, 164,
178, 184, 200, 208; Generalized,
169, 171, 185, 202.

Maxwell tensor field, 137, 139, 140.

Michelson and Morley’s experiment,
xxix, 217, 220, 221.

Momentum energy tensor. See Tensor,
Momentum energy.

Newtonian laws, 183, 187, 190, 193,
212,

Non-Euclidean space, 246.

Non-holonomic frame, xiii; First and
second class, 19-22; Third class,
35-40; Redundant, 223; Trans-
formation, 24.

Null vector, 11, 18.

Path, 64, 174, 187; Minimal, 65.

Physical spinor. See Spinor, Phy-
sical.

Planck’s constant, 264.

Pencil of complexes, 305-308; Of
lines 300; Of planes, Non-Eu-
clidean, 309.

INDEX

Pliicker coovdinates of a line, xii, 32,
296-299.

Polar plane, 303.

Pole, 303.

Postulates, Geometrical of unified
theory, x, xiii, xvii.

Product space, 111.

Projective angle, 34; Of complexes,
308-310.

Projective transformation, 295.

Projectivity, Biaxial, 261.

Pseudo-Hermitian symmetry, 54-56.

Pseudo, Scalar, 2; Tensor, 1; Vec-

tor, 2.

Radiation, Pure, 169, 170, 180, 202,
207.
Regulus of lines, 301.

Scalar, 1.

Schrédinger's equations, xxx, 226, 260,
263-268; In &3, 289-294.

Schwarzschild, Diagonal form of,
135; Solution, 183, 187.

Special velativity, 289.

Spinor, Algebra, xxix, 34, 222; Ana-
lysis, 22, 34; Coordinate system,
286; Coordinate transformations,
235; Eigen or double, 261, 266;
Mapping, 226; Of ¥3 278 ; Physical,
242, 257, 269; Point, 225.

Tensor, Absolute, 244;
Density, 1;
Ej3, 27, 75, 86, 100

;:w xviii, xxii, 161, 169; Identified
with the electromagnetic field,
41-46, 136-140;

& i, 1, 2, 3, 58, 95, 132, 137,
183; Physical interpretation, 175
177; Skew symmetric part &),
2-4, 24, 72; Representative of a
line complex, 30-34, 38, 41-46;
Special form of, 99-102; Sym-
metric part h'\l'-' As metric, 2, 3;
Non-holonomic components of,
20, 22, 38, 141.
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*ghu, xxiii, 7;

Skew symmetric part *AAw, i, 9,
61;

Symmetric part *Ag, 8, 9, 40-41;

(np4, 8, Non-holonomic compo-
nents, 22, 23, 38;

Kyups xvi, 53, 163, 198, Non-holo-

nomic components, 87, 94, 153,
154;

wa,, xxiv, 77, 97;

Momentum energy, xx, xxvii, 173,
175 181, 205, 208, 209;

N,.Y, xxv, 103-110, Non-holonomic
components, 104;

Of Curvature Rmﬂ‘i, xvii, xvi, 128—-

130; HM associated with
{,“, , 133, 164 In &3 282-289.
Of Torsion S"M, 52;
xy
P,\w 26, 86;
xy

Oy, 26, 75, 86, 138;
S,\ » Xv, 47, 85, 88, 90-93, 163,
198 Approximations, 68-71, 78—
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81; Solutions in degenerate ca-
ses, 114-127; Solutions in sin-
gular cases, 103-110;

Transformation rule, 1, 295; Of
non-holonomic components, 24;

Ul xv, 52, 62-68, 78-81, 85, 92—

93, 163, 198;

Vector of torsion S, 110, 128;
Transformed by conformal
change 155;

, 10;

X %y 54; Non-holonomic compo-
nents, 73;

Ygry, xxiv, 56, 57, 81-83, 89, 90;

Zu2Y, 75; Non-holonomic compo-
nents, 77.

Theory of paths, See Path, xiv, 50,

52, 57, 58, 59, 86, 107.

Unifield law of inertia, xxi, 186, 187,
209, 211.

Unified field theory, x, xvii. Also
see Field equations.
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