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PREFACE

The first instalment (Vol. I, Part 1) of the four-volume
Hustory of Determinants (Macmillan & Co.; Ltd.) was published in
1890, and in the Preface (pp. v-vii) and Introduction (pp. 3-5)
are explained the circumstances which led to it being undertaken
and the objects which it sought to attain. Two years afterwards
I was induced by Mr. Cecil Rhodes to go out to South Africa to
taxe in hand the organization of Public Education at the Cape;
and for a lengthened period this new undertaking was found to be
so absorbing that the historical part of my research work had
to go to the wall. Strange to say, it was only resumed when
the official worries of war-time (1899-1902) made some such
mental relief-work a necessity. Progress, however, was now
very slow, reference-libraries, for one thing, being 6000 miles
away. It thus came about that five years were covered in the
preparation of Part 2 of Vol. I, which saw the light in 1906
along with a second edition of Part 1.*

Then followed another scries of lean years, the reason being
as before. Indeed, so uphill was the struggle that, with the
publication of Vol. II in 1911, carrying the record on to 1860,
it seemed as if all hope of finishing the work would have to be
abandoned. A complete change, however, came about in 1915
with my retirement from the Cape KEducation Department,
and the consequent attainment of freedom to resume the old
work in earnest. As a result Vol. III, dealing with the period
1860-1880, was published in 1920 and Vol. IV in 1923, the
record of discovery being thus brought down to the end of the
nineteenth century in accordance with the plan resolved on
forty-two years before.

* See Introduction (pp. 1-5) to this edition.
v



vi PREFACE

Of course interest in the subject could not end abruptly with
the completion of a set task or the fulfilment of a contract,
and so the work of investigation went on without break into the
writings of the new century. In a sense the material was ready
to hand, as my bibliographical lists had been continued to date:
indeed, the eighth, giving the titles up to 1923, had just been
published.  Fortunately, too, many of the various natural
divisions of the subject can be effectively studied without much
regard to the rest: and consequently their records can, without
appreciable loss, be got ready for publication separately. As
a consequence, there have already appeared in the serial pub-
lications of Societies, eleven such divisions, the special deter-
minants so dealt with being as a rule those most suitable for
such treatment. A list of them will be found below (p. xxiv).

The remaining sections, nearly equal in number and exteat,
being of more general interest, it was thought better to embody
them from the first in book form, and hence the present volume.
The only departure from strict adherence to the original scheme
consists in using a second time the chapters on Alternants and
Compounds. For this accession of strength the volume is in-
debted to the Council of the R.S.E.

The course thus taken gives me a very welcome opportunity
of rendering a service to fellow-workers, who may not be specialists
in the study of determinants, by providing as an appendix a
Subject-Index of all the historical writings whose story has just
been told. Such an Index, I have reason to know, has been a real
and growing want since 1924. I have to thank my publishers,
Macmillan & Co., Ltd. and Blackie & Son, Ltd., for falling in
with this suggestion. '

T. M.

RONDEBOSCH, S. AFRICA,
15th August, 1929.
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THE HISTORY OF
DETERMINANTS

CHAPTER 1

DETERMINANTS IN GENERAL, FROM 1821 to 1920

The marked activity on which we had to comment when
last writing on the subject * we now find to have been more
than maintained during the next twenty-year period, the number
of writings being at least an eighth more than formerly. One
theorem alone is the subject of over a score of contributions,
and as a consequence we have, for the convenience of students,
segregated the score and made a sort of sub-chapter, I(a), with
the heading ‘ Hadamard’s Approximation-theorem ’. Almost the
same treatment was called for by Schldfli’s derived determinant
of 1851 (Haust., ii. pp. 52-53). In the case of this there are about
a dozen contributions requiring our attention, and these we
have less conveniently but justifiably shared between Chapter I
and the chapter on Latent Roots. A third instance is the
evanescence of an oblong array, a subject which even in the
preceding period received exceptional notice from workers
without profiting as fully as could have been wished. Indeed in
regard to it one feels inclined now to go farther and suggest
that a critical study of all that had been written on the subject
since Cayley’s initial contribution of 1843 (/vst., ii. pp. 14-16)
could not fail to be productive of good.

¥v. Theory of Determinants in the Historical Order of Development, iv. p. 1.
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YOUNG, T. (1821)

[Elementary Illustrations of the ¢ Celestial Mechanics’ of
Laplace. 344 pp. London.]

When speaking of Drinkwater’s paper of 1831 we had to
remark on the long period which had elapsed before anything
appeared in English on the subject of determinants. Regarding
this we have now a slight but interesting correction to make.
The first glimmer in the darkness dates ten yecars before Drink-
water, and was due to the discoverer of the interference of light
and of the alphabetical nature of the hieroglyphs on the Rosetta
stone.

In the above-noted anonymously-published work there is an
Appendix B (pp. 341-4) headed * Of Interpolation and KExter-
mination ’, and opening with the theorem: If there be any number
of linear equations involving as many unknown quantities in
the form

ax -+ by - ... = 4,
ast - boy + ... .= A,,

we shall have
. ad, — Bdy + yd;— .. ..
aty — Bay + yag— . ...

the coeflicients a, B, v, .... being obtained from the original
coefficients by exterminating all the unknown quantities except
a in succession. This is followed by two pages of elucidation, in
which appear the actual expansions of determinants of the second
and third order.

BOTTO, F. S. (1826)

[Memoria sull’ eliminazione, contenente una dimostrazione
generale della regola di Cramer, ... 30 pp. Genova.]

The historical position of this overlooked memoir is imme-
diately after that of Schweins’ Producte mit Versetzungen of
1825, which, it may be remembered, had also the misfortune
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to be long neglected (Hist., iv. p. 24). Botto, like S:hweins,
was capable and well informed, the relevant writings of Luler,
Cramer, Bezout, Laplace, and Hindenburg being apparently
well known to both. Their two contributions, however. are
very unequal in importance, the scope of Botto’s being so
much the narrower. After a short introduction (pp. 3-t) he
carefully lays his foundation by devoting eight pages to the
establishment of Cramer’s rule: and he then proceeds to his
main undertaking, the exposition (pp. 11-22) of a new * general
law’ for forming the resultant of two binary quantics. In
regard to this it must suffice to say that its nearest relative is
Bezout’s so-called ¢ abridged method’, the final form obtained
for the resultant being in terms of what we now call 2-line
determinants. Kight helpful examples of the application of
the law are added (pp. 22-30), the fourth of which, where the
two equations are of the b*™ degree (Hist., ii. pp. 340-311), it
will not be surprising to learn, occupies more than a folding
double-quarto page without being quite completed.

WEYR, ED. (1889/,)

[O theorii forem bilinearnych. 101 4- 1 pp.  Praze. Also in
German in Monatshefte f. Math. w. Phys.. 1. pp. 163-236.]

The interest of this memoir for us is not at all confined to
the subject of the title, the reason being that the author bases
his treatment of bilinear forms on Cayleyan matrices, and in
consequence 1s led not only to refer his reader to the classical
papers * of Cayley and Frobenius on this subject but actually
to devote his first chapter (pp. 163-168) to a re-exposition of the
rules of the calculus (Hust., 1. pp. 85-87: iv. p. 285). And this
is not all, for the whole of the first ten chapters (pp. 163-218)
deal with nothing but matrices: the eleventh (pp. 218-230) is
merely an application, however important, in proof of Weier-
strass’ theorem of 1868 (Hist.. iv. pp. 441-442), and the twelfth
and last is a similar contribution to a theorem of Fuchs’. The
title of the paper might thus well have been The theory of matrices

* Philos. Transac. R.S., exlviii. (1859) pp. 17-37: Crelle’s Journ., Ixxxiv (1877)
pp. 1-63.
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with an application to bilinear forms and an application to linear
differential equations.

Of the ten chapters it is the second, third and fourth that
bear more directly on determinants. The title of the second
{pp. 168-172) is °Zusammensetzen von Wertesummen ’, the
subject being what, in the language of simultaneous linear equa-
tions, we may call ‘linearly derived solutions’, that is to say,
solutions that are aggregates of multiples of those of an already
obtained set. The question of the dependence or independence
of solutions thus arises: and, as a solution is viewable as con-
stituting a row, the subject comes readily to be the vanishing or
non-vanishing of an oblong array. TFirst, an m-by-n array is
considered in which all the m rows are linearly independent,
several elementary propositions being arrived at, and next the
independence is confined to fewer than m rows in the array.

The title of the third chapter (pp. 172-180) ‘ Ueber die
Nullitat der Matrizen ’ calls us back to Sylvester. ° Nullity ’ is
defined and adopted for use, not however without referring to the
related term ‘rank’; and, in the case of a square array, noting
the consequent equality

v p=n

(Hust., iv. p. 17). Simultaneous equations are then considered
in which the nullity of the determinant of the set is v. In this
connection Weyr’s own paper of 1884 is worth recalling as well
as the contributions of his contemporaries Giudice, Gordan,
Capelli, Garbieri (Hust., iv. pp. 99-106). Finally he is thus led
on to a full discussion of Sylvester’s approximative theorem
regarding the nullity of a product, accompanied by illustrative
cases of products in which the nullity is exactly determinable.

HENSEL, K. (1889)

(See chapter on Latent Roots under Rados, 1900.)
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BRILL, A. (1890): JOUBKINE, I. (1890)

[Ueber algebraische Correspondenzen. Math. Annalen. xxxvi.
pp- 321-360.]

[Expression of the partial differential-coefticient of a deter-
minant (In Russian). Soc. . .. Sci. Natur. Phys. (Moscow),
iv. pp. 29-30.]

The second section of this (pp. 326-333) deals with a theorem
of determinants that is needful for the discussion of the author’s
main subject, the title of the section being * Conditions for the
vanishing of an oblong array ". With unspecialized elements the
result is in considerable part a rediscovery of Rahusen’s theorem
of 1888 (Hist., iv. pp. 40-41). A comparison of the two would
be of most use in the case where the number of columns of the
array exceeds the number of rows by more than 1.

HADAMARD, J. (1892)

[Essai sur I'étude des fonctions données par leur développement
de Taylor. Journ. (de Liouwille) de Math. . . ., (4) viil. pp.
101-186.]

In the course of this well-known memoir Hadamard has
occasion to bring to light and to establish (pp. 148-153) an
important identity connecting two sets of minors of an array
with p + 1 rows and p columns. On examination, however. it
will be found to belong to what we have already called (1ust.,
iv. pp. 18-19) *“ the old subject of vanishing aggregates of pro-
ducts of pairs of determinants ”’, and in the second place to he
of the type that is deducible from a simpler by applying the Law
of Extensible Minors. If, for example, we take the case where
p is 4 and the array is

a; by e d

as by ¢ dy
the identity may be written

|bscads | | agbgeads | + | bocady | | aghyeyds |
+ | bgeyds | | apbycyds | = 0,
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which 18 seen to be merely an extensional of

Of early discoverers of such extensionals the most appropriate
to recall 18 Desnanot (Haust., 1. pp. 139-145). -

MERTENS, F. (1893)

[Ueber ganze Functionen von m Systemen von je n Unbe-
stimmten. Monatshefte f. Math. w. Phys.. iv. pp. 193-228,
297-329.]

This long paper is at one and the same time a summing-up
and a continuation of the author’s previous papers on the same
subject (Iist., iv. p. 31). In addition, however, to its general
interest as treating of functions allied to determinants it touches
at several points on determinants themselves. In § 16 (pp. 309-
314), for example, two well-known determinants are used as illus-
trations of a test for divisibility, and are thereby instructively
evaluated, the A" compound of an n-line determinant A4 being
shown cqual to A® -1 and Zehfuss’ (m - n)-line deter-
minant equal to A™B".

ANDRE, D. (1895): FOLDBERG, P. T. (1896):
RADOS, G. (1898%/,,).

[Mémoire sur les permutations quasi-alternées.  Journ. (de
Lioumlle) de Math. . . ., (5) 1. pp. 315-350.]

[Determinants Oplosning 1 Underdeterminanter. Nyt Tidsskrift
f. Mat., A vii. pp. T1-72.]

Notwithstanding its title this paper of André’s, like others of
earlier date on permutations by the same author, contains no
reference to the subject of determinants.

The second paper gives a helpful proof for learners.

Radog’ paper is dealt with in chapter on Orthogonants.
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KANTOR. S. (1900%3;))

{Ein Theorem iiber Determinanten.  Nachrichten . . . Ges. d.
Wiss. (Gottingen), 1899, pp. 272 281.]

In 1897 the author in a long geometrical paper * had arrived
at a theorem (p. 89) which. when translated into algebraical
language, made him take exception to a theorem of Frobenius’
of 1876 (Hist., iii. pp. 275 277). Second thoughts on the matter
supervened, Frobenius was found justified, the investigation so
begun was continued, and the outcome was the paper now
reached. The reasoning employed is of the same character as
before, and six or seven theorems are formulated. The first 1s
that all the m-line wminors of a determinant must vanish if the
m-line and (m -+ 1)-line coaxinl wminors vanish and none of
the (m — 1)-line coaxial minors vcantsh. The next four con-
cern axisymmetric and zero-axial skew determinants.  The
sixth, which resembles the first. 1s of less interest: and the
same may be said of the reference to Kronecker’s compound
determinant of 1869 in view of other facts alrcady made
known (Hist.. iv. p. 217).

KURSCHAK. J. (190022/))

[Ueber den Rang der Determinante bei inducierten linearen
Substitutionen.  Math. w. naturw. Berichte aus Ungarn,
Xviil. pp. 229-230.]

In connexion with this paper, a fact which ought to be
noticed is that ‘the determinant of the induced substitution’ is
identical with Schlifli’s special power-determinant of 1851, The
theorem which Kiirschik here bases on the theory of linear
substitutions must thus have a purely determinantal aspect: and,
when we so view it. the statement takes the form: If A be a
determinant of non-zero rank k. then the Schlifli derived determinant
whose elements are of the m* degree in the elements of A is of non-

*Theoric der linearen Strahlencomplexe im Raume von r Dimensionen.
Crelle’s Journ., cxviii. pp. 7T4-122,
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zero rank (k+ m — 1), for example, if | a,byc; | be of rank 2,
the derived determinant

2 4.2 g2 ¢ ‘
a? ay® a® 2a.a5 2050, 2a4a,

is of rank (3),, 1.e. 3. A proof in keeping with the view here taken
is a desideratum.

MOORE, K. H. (1900/,)

[A fundamental remark concerning determinantal notation,
with the evaluation of an important determinant of special
form. Annals of Math., (2) 1. pp. 177-188.]

The essential subject of this paper is Metzler’s important
theorem of the preceding year regarding a special determinant
with elements that are each the product of £ factors (Hist., iv.
pp- 495-496). Moore’s treatment of it is conspicuously full. His
first enunciation of it is: The product of n determinants each of
order m and m determminants each of order n may be expressed as a
determinant of order mn each of whose elements s the product of
two factors. He then skilfully devises a notation by means of
which the determinants in the enunciation can be definitely
specified, thus making it possible in formulating the theorem to
begin with the mn-line determinant and end with its factors—-
in other words, to make the theorem assume the form of a result
in factorisation. With this notation, too, the quite general theorem
is as easily stated as the case of it where X is 2. Lastly he gives
four distinct proofs-—an instructive quartet.

STEPHANOS, C. (1900/,_,)

[Sur une extension du calcul des substitutions linéaires. Journ.
(de Liouwille) de Math. . . ., (5) vi. pp. 73-128.]

This is the full memoir of which we have already had foretastes
in 1898 and 1899 (Hist., iv. pp. 72, 74). So far as determinants
are concerned there is little additional to be drawn attention to,
save the paragraphs that deal with the linear transformation of
the minors of an oblong array (§§ 16, 13, .. .).
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MUIR, T. (1900/,)

[On certain aggregates of determinant minors. Proceed. R. Soc.
Edinbwrgh, xxini, pp. 142-154.]

The minors in question belong to any even-ordered deter-
minant, say

1 2 3 ... 2w
23 .. 2.

The typical one of the first aggregate is

1 2 e M

m—+1 m—+2 ... 2m

the others being got from it by changing the last of the upper
indices with each of the lower in succession. The first result is
obtained by expanding each minor of the aggregate in terms of
the elements of the last row and their cofactors, and then com-
bining the terms in pairs, the typical combined term being

1 2 e om—1 m 2
mA- 1 m42 o0 2m— 1| \2m m )

The cases where m is 3 and 4 are worked out, and then the general
equality is carefully formulated. When me is 3 the result is

123 [124]  [125]  [126
456 356 346 345
36y |12 ’3_5)‘7)12 <3_4
15|\6 7 3) " 146 (5=3)+ 56] (=3
12] /4 6 12 (4 5
%l%*4y+365~0
12) (5 6
+ '34 (6'“'5);

18 axisymmetric the right-hand

. .. | 3456
and when in addition |, ..
| 3456

side vanishes, and the outcome is Kronecker’s ‘ linear relation’
of 1882 (Hust., iv. p. 113).
In the next aggregate there is a typical pair of minors, the



10 THE HISTORY OF DETERMINANTS

members of a pair being conjugates. When m is 3 the equality is

451 |  |456|  |426]  |456 356 | | 456
| 456 451 456 426 456 356
=] 4 4 4 || 4 4 4 |43 43 43 4
4 5 6 4 b 6 4 35 26 1
5 5 5 2 52 592 5 5 5 b
4 5 6 4 35 206 1 4 5 6
1_ 6 ]*h l__G 6 6 6 6 6 6
4 35 26 1 4 5 6 4 5 6

where this time the right-hand side vanishes when the given
six-line determinant is centro-symmetric.

TRAVERSO, N. (1900/,)

[Sopra una generalizzazione della teoria dei determinanti.
Gornale dv Mat., xxxix. pp. 2256-239: xI. pp. 308-324.]

A rough conception of the nature of the generalization in
question may be obtained from two facts: (1) The variables of
the new function are arranged in rows, but the rows are not re-
stricted to be of the same length: (2) the terms of the function
involve a constant number of variables, but the number to be
taken from a row is not restricted to one.

The exposition would have been much lightened by smple
concrete illustrations; and would have been more attractive had
any indication been given of applicability towards the solution
of existing algebraical problems.

MACLOSKIE, G. (1900/, 1904/,): CADENAT. A. (1900)

[A method of solving determinants. Awnnals of Math., (2) 1.
pp. 74-76.]

[A general method of evaluating determinants. Annals of Math.,
(2) vi. p. 30.]

[Régle pratique pour obtenir le développement d’un déterminant

de degré quelconque. Assoc. frang. pour Uavancem. des sci.
(Paris), pp. 241-247.]
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The property whose rediscovery is here made known in the
Annals is Hermite’s of 1849 or Chio’s of 1853 (Ilist., ii. pp. 46,
79-81): and the other writer’s ‘ practical rule’ for forming the
terms directly from the individual elements is not more useful
than quite a number of others already brought forward with
the same object in view (e.g. [ist., iv. pp. 17-18, . . ., 85-80).

BILENKI, H. (1900/;)

[Note sur les permutants. Nowv. Annales de Math., (3) xix.
pp. 213-216.]

The ‘ permutants’ here referred to are not those of Cayley
and Sylvester (H1st., ii. pp. 63-68, 266-267): nor are they claimed
to bave any connection with the original permutants or with
determinants.

CAZZANIGA, T. (1900%/,)

[Qualche complemento al teorema di Hunyady su certi
determinanti. Periodico dv Mat., (2) iii. pp. 17-22.]

The theorem here called Hunyady’s on the authority of Ii.
Pascal is the simplest case of Schlifli’s of 1851, namely, that in
which the elements of the determinant are of the 2" degree.
The fresh contribution now made concerns the primary minors
of the said determinant, which are all shown to have for a factor
the (n-- 1) power of the basic determinant, the cofactors also
being given. The fundamental part of the procedure consists in
taking the basic determinant as the determinant of a set of
linear equations in 4. @y, . . ., ,, and the Schlafli determinant as
the determinant of the derived set of equations in 2%, zx,, . . .,
Tyl e T, Tol'gy o o oy Ly 1 &y, and solving both sets of equations.
It is well to note, however, that this, while effective enough for
the case under consideration, would have less to commend it
with elements of a higher degree than the 2"'.  As a simple
deduction the evaluation of the determinant of the primary
minors is next effected: and then, finally, the results reached are
applied to two special determinants—the orthogonant and the
zero-axial skew determinant of even order.

A concluding theorem summing up the separate facts arrived
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at would seem a natural addendum. This for the case where »
is 3 would be: the basic determinant being | ayb,cy |, the adjugate
of Schlifly’s derived determinant

2 I3 D N 2 D 2
a, 2a,by 2a,¢4 b, 2b,¢, e

is equal to | A,B,Cy|*¢ X
A2 24,B, 24,0, B,* 2B,C, C,2
A,B, A,By+- 4,B, A,Cy-| A0y BB, B,Cy+ By(y CyC, |

where |A1B2(,‘3[ 18 the adjugate of l%bz"'s l

GAVRILOVITCH, B. (1900%5/,)

[On a property of determinants (In Serbian). Glasa Srpske
Kral. Akad., 1xiii. pp. 115-130.]

The property in question we may condense for ourselves as
follows: If the elements of the principal diagonal of an n-line de-
terminant be changed in sign, and likeunse the elements of every
alternate diagonal parallel to the principal. the determinant is in
effect multiplied by (—1)": if, on the other hand, the change be not
made wn these diagonals but in all the others parallel to the prineipal
the determinant remaans unaltered in value. The latter portion is
identical with Janni’s of 1874 (Hust., i1 pp. 51, 82): and the
former is derived from the latter by multiplying all the columns
by —1. Illustrative examples are taken from persymmetric
recurrents.

SAINTE-MARIE, C. F. (19001/,)

[Mincurs d’'un déterminant. L’Intermédiaire des Math.,
vii. pp. 326, 416-420.]

Another rediscovery, with a laboured proof, of Sylvester’s
theorem of 1851 regarding an aggregate of products of pairs of
determinants. Only about a year had elapsed since a previous
rediscovery (Hust., iv. p. 75).
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JURGENS, E. (190016/,)

[Numerische Berechnung von Determinanten. Jahresh. d.
deutschen Math.-Verein., ix. (1) pp. 131-136.]

Although the title given by the author here is only half of the
title of his paper of 1886 (Hust., iv. pp. 101-102), the contents of
the two papers are essentially the same: and this, the shorter
of the two, shows no improvement on the other.

CARLINI, L. (1900/,,). (1901/,)

[Sul prodotto di due matrici rettangolari conjugate. Periodico
dv Mat., (2) iii. pp. 193-198.]

[Sopra due tipi di relazioni fra i prodotti delle coppie di matrici
conjugati formati coi medesimi elementi. Periodico dv Mal.,
(2) 1v. pp. 175-179.]

The really fresh matter brought forward here is a proposal
to give a meaning to the product of two oblong arrays that differ
from each other in length and breadth but are alike in excess of
breadth over length: for example, a meaning for the symbol

oy Ty Ty

Wi Y2 Y3

a; ay as a, as
Cp C (3 € C5

dy dy dy d, d.|.

Clearly such a meaning must be in keeping with the meaning
already accepted for
Ay Ay Ty

Y1 Y2 Y

G @y a3

by b, by

b

and must have associated with it a multiplication-theorem
analogous to

210y F Taly + Tyty 210y A 1,b, 4 x5bg
N1y 4 Yoty -+ Ysaz by A yoby 4 yshs

== | LYy l l a;b, l + l £yY3 ‘ l ;b I + I ToYs l I ash; I
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Further, if with this in view cach term of the expanded equiva-
lent of the symbol is to be the product of a minor from the first
array by a minor from the second. then the difficulty must be
faced that in the second array there is a superfluity of minors
which makes pairing impossible without the previous imposition
of a principle of choice. All this the author has seen, but it is
very doubtful whether he has taken the best way to make his
proposal acceptable. His plan is to have for each column of the
first array a column of the second array prearranged as being
‘ corresponding ’ to it: for example, he says * Agreeing to indi-
cate a pair of corresponding columns by giving them the same
second suffix, we have

Q1o A1 Q5| , b1y b1z by3 big bys — | T2Ma | | by by b3s byy l
(g Gag o5 || || Dy Dy byg by by @22 A24
byy b3y byy byg bys || - gy Oy | * | by boy byg by |
b41 b42 b43 b44 b45 Qoo Aoy
+{ay a5 lbu by by bys |”;
Qgq Qa5

and he caretully goes on to show that the single determinant
which equals this sum of products is

biy  yabyy + Giabig A ayshyy by @gsbyy + aggbyy + agibys
bar  @abas + @1abag & @isbas by Aapbas A+ Aabyg I Assbas
bar  @1abys + iabyy + Gyshys by by - dggbyy + agshys
by Aysbas + Aygbag + Wisbas bay Aasbyy b Apgbag + dasbys |

Fortunately this can be done much more shortly and instruc-
tively by taking advantage of the fact that the new theorem is
viewable as a case of the old. Thus changing the 2-by-3 array
into a 4-by-5 array like its fellow, namely, into

1

A4 5

1

Ao

) Ays

we obtain at once by using the old multiplication-theorem
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by @by + Aabiy + ayshys byg Ay - @ aqb1a + Agsbys
boy  Ayobay | @ygboy -1 @ysbys by ageby, - Apgbyy |- asbos

byt Qighgy | aygbyy |- dyshys byy agsbsy - Aagbyy -1 Ag5bss
by Quobay 1 Aiabag | @ysbay byy Agbs - ggbyy | assby;
=1 lbnbzzb:)sbu’ T o o] [ bababyby; |
- Oy - Ay < g - Ay
A A
Aga - Oy - Uy . gy
FUT o o o] [ Brabaghabas
C .y Qg
1 .

la,2(124 | ’ Ibnbezb:;:;bu | -+ l Ay2ds l ’ lbnbzzbsab«m l

| D11basbaaba

| dyqttas ’
where the want of agreement in the matter of the last sign sug-
gests that the user of the new symbol has another possible pit-
fall to keep an eye on besides that of * corresponding ’ columns,

The latter half of the paper is concerned with a theorem
exemplifying the usefulness of the symbol in actual work on
compound determmants.

The second paper originates in there being, as we have seen,
a multiplicity of ways of selecting columns of the second array
to ¢ correspond’ to columns of the first array.

METZLER, W. H. (1901/,)

[On certain aggregates of determimmant minors. Transac.
American Math. Soc., ii. pp. 395-403.]

Metzler here takes up Muir’s pair of theorems of 1900, spoken
of above and illustrated but not formulated. and extends them
still further, the generalization made being that which is rendered
possible by passing from: elements and primary minors in using
Laplace’s expansion-theorem to A-line and (n — £)-line minors.
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The nature of the results reached may thus be readily anticipated
in the rough: but the accurate formulation of them is not a brief
or simple matter. As an illustrative example of the more in-
teresting theorem of the two we have

1234 12350 o 1278
H678 4678 | T T T | 3458
|12 f]s6| |57 58| |67 681, |78])
341|788 |68 67 h8 b7 56 | |
+ .
12 (|34 35 36 45 46 56 | )
78 | | |56 —l46|+ 15| T {367 |35 +|34|[.

PASCAL, K. (1901/,)

[Un semplice teorema relativo alle caratteristiche di certe ma-
trici rettangolari composte mediante altre. Rendicontu . . .
R. Ist. Lombardo, (2) xxxiv. pp. 539-541.]

The theorem in question we may conveniently express for
ourselves as follows: If an oblong array O occur k times as a minor
in another array Q, and wn such circumstances that every row of
Q contains a row of O and only zeros besides, and every column of
Q contains a column of O and only zeros besides, then the charac-
teristic (or non-zero rank) of C is k times the characteristic of O.
For example, the characteristic of

a; a, ag

is three times the characteristic of

a a; ai
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NANSON, E. J. (1901/g, 1902/,): BES, K. (1903)
[Questions 14899, 15190. Educ. Times, liv. p. 262: 1v. p. 396.]

{La dépendance ou l'indépendance d'un systéme d’équations
algébriques. Verhand. . . . Akad. . . . (Amsterdamn), viii. (1)
no. 6, 29 pp.| '

The subject which these two questions of Nanson’s concern
is that which originated with Cayley in 1843 (Hust., 1i. pp. 14-16)
and which we have last seen dealt with in 1897 (Hist., iv. pp. 61,
67). The first requires proof that all the p-line determinants of
a p-by-q array can be expressed in terms of p(q — p) -+ 1 of them
properly chosen: and the second that the array

4 B C F G H
A B ¢ F ¢ H
AI/ B” ('/Y” IYII Gll I ”
where
bf b’ f’ b’ f
fel /e

|71
needs for evanescence only two relations.
Bes’ otherwise interesting paper discusses the same subject
in an appendix (pp. 24-26): it however carries us little further
than the point reached by Cayley.

bf
‘/1 el s A, == , A” = ’ ¢ ,
| fec

LAISANT, C. A. (190123/;)

[Aufgabe 17. Adrchiv d. Math. w. Phys., (3) 1. p. 370: xiii.
pp. 191-192.]

The theorem here established is that If in an n-line determs-
nant the diagonals below and parallel to the main diagonal be re-
spectively multiplied by

Ty, Ly o vy Ty
Ty Loy Ty, « « oy TygTyy

Loy« « Tp_y,
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and the diagonals above the main diagonal be divided respectively
by the same, the determinant vs unaltered in value. We note that
the case of it where all the «’s are equal is Fiirstenau’s of 1879
(Hst., iii. p. 82). It will be found generalized by us in Chapter
VIIT under Pascal, E. (1907/,).

SCHUR, L. (1901)

[Ueber eine Klasse von Matrizen die sich ciner gegebenen Matrix
zuordnen lassen. Inaug. Dissert., 75 pp. Berlin.]

The first remark which it is necessary to make about this
so-called class of matrices is that the matrices in question are
all of them square, and that thus the subject of determinants is
even a shade nearer to the reader of the dissertation than might
at first appear. Besides if there be a class of square matrices
worthy of separate study, the great probability is that there is
also a class of determinants calling for some little attention. In
cither case our first aim must be to indicate the characteristics
of the class. It being understood, then, that the elements of

a,s | and IbeI are independent variables, and that the ¢’s of
¢ys | are defined in terms of the @’s and b’s by the identity

b | = e

it is held that if D, be a determinant of any order whose ele-
ments are rational integral functions of the elements of |ay,|,
if Dy, D, be the equigrade determinants formed in the same way
from | by, |, | ¢rs | respectively, and if D be such that D, - Dy~ D,
then D, belongs to the class in question. Evidently, recognition
of a determinant as belonging to the class does not at once result
on superficial inspection. Following the lead of Frobenius the
author investigates the properties of the class and expounds
them through the length of eight chapters, the results being
summed in twenty-eight carefully formulated theorems. It only
seems unfortunate that in seeking for a word to designate the
new class and at the same time partially to indicate the nature
of the relation between the basic and the derived determinant
he should have made choice of one already so fully appropriated
and otherwise so unsuitable as nvariant. To call the above

| ars

)
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determinant D, an invariant form of |a,|is clearly far from
helpful in its suggestiveness. One of the thecorems we must note
as being of special interest to us, having already made an ap-
pearance in different surroundings under Deruyts in 1896 (Hist.,
iv. p. 64). It may be put shortly thus: If |a,| be n-line. D, be
p-line, and the elements of D, be all of the q** dimension in the a’s,
then
D, = Ia,.h |7"1+".

Schlifli’s theorem of 1851, we may also note, is viewable as a
particular case of it (Hust., 1. pp. 52-53.)

FREDHOLM, J. (190227/))

[Sur une classe de transformations rationelles. Sur une classe
d’équations fonctionnelles. Comptes rendus. .. Acad. des
Sei. (Paris), exxxiv. pp. 219-222, 1561-1564.]

The real as well as the ostensible subject of these two notes
is not general determinants, and the inclusion of them in the
present chapter may therefore seem unwarranted. Nevertheless
it is desirable, for the sake of breadth of view, to draw passing
attention to them; for it will be found later under a different
heading that the theory of his equation, as the author himself
says, is but a limiting case of the theory of linear equations, and
that in the development of it one finds anew all the results of
the theory of determinants’.

MEYER, W. F.: LOEWY, A.: grc. (1901-1905)

[Sprechsaal fiir die ‘ Encyk. d. math. Wissen.” Archiv d. Math.
w. Phys., (3) ii. pp. 230, 232: iii. pp. 86-173: v. p. 341: ix.
p. 103.]

Corrections, amendments and additions, all of a minor char-
acter, relating to the subject of determinants as treated in the
‘ Encyklopidie * (Hist., iv. p. 95).
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NEWSON, H. B. (19022/,)

[Note on the product of linear substitutions. Annals of
Math., (2) iii. pp. 147-148.]

For the case of three variables the result here recached is
that if

pry == 0@ + by + ¢ piTy = ay® + By + 12
Py == a2 + by + ¢z and  pyy, == oy + By + 2
pzy = a3% |- bgy + €52 P17y = agl + Bgy + ys2
then
ppity == |z Ay Ay Ay|+ |abyes|, ..
y By B, B
z Cp Cy C4
o B o7

In regard to this we note for ourselves that the ordinary simple
expression for pp,x, may be got from it by using the theorem
concerning the product of a bilinear form and its discriminant,
namely:

z Yy

a, b, ¢ | arbses | = | & 4, 4, A,

as by c|7m y B, B, By

as by ¢y| z € Gy G
& 1 L

and we recall Sylvester’s paper of 1850 (Hust., i1. pp. 117-119.)

METZLER, W. I (1902%7/,)

{On a theorem regarding determinants with polynomial elements.
Transac. R. Soc. Canada, (2) viii. section 3, pp. 157-160.]

This paper follows up Muir’s of 1883 on the same subject
(Hist., iv. pp. 22-23), the object being to find what

D, ,—2D, , 1+ 2D, ,o— ... -} (=1)*1D, ,

reduces to when p is not greater than n. The procedure consists
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in transforming D, ,, £D, , 4, ...into sums of determinants
with monomial elements, and then making the necessary cancel-
lations; the result, consequently, takes the form of a sum of
such determinants: and an expression is obtained for it. For
example:

D3: 3""21)3, 2 'FED-‘X, 1

Ay by e @bt aptbgteg
1.e. AgyF-gy F-Co1 - Agytboyt-Coy gt-bogt-cyy

Az by 105 g tbgat-cay  ayst-byyt gy

ay by @pgt-byy  agpt-byy Ay Ay Qg
— X |ag by agtby aytby |+ X by by by
Ay by age-| by @zl by ‘n G2 O3

ay b oy

I
b4

R

azy by g3

NICOLETTI, 0. (19021%/,)

[Sulle matrici associate ad una matrici data. Atte . . . Accad.
.. . (Torino), xxxvii. pp. 463-467 (or pp. 665-659.]

The arrays (or matrices) in question are simply the compounds
of the given array. When, thercfore, the latter 1s 4-by-5, its
second compound is 6-by-10, its third compound 4-by-10, and
its fourth 1-by-5. The properties brought forward mainly con-
cern the ‘ characteristic’ or ‘rank ’. The first is: If an array
be of non-zero rank r, then the rank of the p** compound s C, J*.
This implies for one thing, that when p = r the elements of any
two rows of the compound are proportional. For the other and
less important properties a modification of the idea of rankis
introduced under the designation ‘ rank with regard to a certain
minor ’, the meaning being that, in determining this rank of
an array, only majors of that particular minor are to be taken
into account.

* Sce under Orlando (1902) in Chap. VIIL.
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TRAVERSO, N. (1902/,)

[Sulle principali operazioni dell’ analisi combinatoria formale
princrp P
e su alcuni loro applicazioni . .. Pertodico di Mat., (2)
v. pp. 1-30, 73-116, 153-184.]

This disquisition of 106 pages requires a passing notice for
two reasons: in the first place because it supplies illustrative
examples awanting from the author’s paper of 1900, and in the
second place because of a section (pp. 27-30) bearing the heading
¢ Methods for the rapid development of determinants’. These
latter, unfortunately, are only sure and speedy ways of obtaining
the permutations of 1, 2, 3, ..., n, and therefore hardly to be
recommended when the elements of the determinant are, as in
the example given, a mixture of positive and negative integers.

MUIR, T. (19028/;): MIREA, St.N. (1902): MUIR, T.
(190425,

[The generating functions of certain special determinants.
Proceed. R. Soc. Edinburgh, xxiv. pp. 387--392.]

[O proprietate a determinantilov.  Gazeta Math.
(Bucuresti), vii. pp. 245-248.]

[The sum of the signed primary minors of a determinant.
Proceed. R. Soc. Edinburgh, xxv. pp. 372-382.]

Incidentally there are here formulated (pp. 390-391) six
simple theorems connected with the sum of the signed primary
minors of a determinant. One of them was found afterwards
by the author to be essentially due to Battaglini and another
to Routh (Hust., iii. pp. 11, 13): and of the others the following
may be worth mentioning: If the elements of a determinant be
all increased by the same quantity w, the determinant is thereby
increased by w times the sum of the signed primary minors:
for example:

o +tw atow atow 1 1 1
b+tow bt+ow bto|=|abe|—w L a, ay ag
Gtw tw gtw 1 b b, b

1 ¢ ¢ cf.
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Mirea’s property, which appeared two months earlier, is what
is suggested by the result of putting in Muir’s theorem the sum
of the signed primary minors equal to 0.

The third paper, Muir's of 1904, contributes nothing fresh
except under continuants.

MUIR, T. (19028/,)

[The generating function of the reciprocal of a determinant.
Transac. R. Soc. Edinburgh, x1. pp. 615-629.]

The initial object here is to supply a proof, long wanted,
of Jacobi’s theorem of 1829 (Haust.. 1. pp. 188-189) that the co-

efficient of x,71x,71x371 . . . in the expansion of
(@12 + gy + gy -+ . . .)7 1 (Boity + bywy - . . .+ byay)?

X (egry + o o oo @y + o)™
18 | abycy . - I"l.

Jacobi’s attempt is first duly discussed (pp. 615-619) with a
view to make clear the difliculties inherent in his procedure.
The proposed substitute is then illustrated by the case where the
number of linear functions is 4. The starting point is the identity

U, - ayr, — by, — Cyy — dyx,

0— — agrg U, — by, — Cgiy — dyry
— AT, — bz, Uy— cgzy — dyry

— iy - by, — ey, Uy — dyxy

due to the vanishing of the sum of every column. lxpanding the
determinant in a series arranged according to products of the
U’s we have

0= U,U,U,U, — ZUU,Uydya, -+ 20U, Uy | cydy |24,
+ ZU,| byeody |'agrgny + | aghyeydy |-wqrgrgey,
and consequently
| aybycydy |-2y2552,
— U,U,U,U, — SUU,Uyd, -+ SU,Uy | eydy |22,
13U Uy | bydy |-ag2y — SU 1| bseady | say
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where the circlet surmounting the sign of summation denotes
cyclical change of suftixes. On dlvuhng by xwyz51, - UUUSU,
this is changed into

Jabods| 1 43 et |
U0,0,U, apyrsr, U 412r3w4 U,U oy
bd| 3 hcdl
Z~|- sl |3 |00
+ U,U gy, U,U U gy

and as the expansion of each of the four fractions under the sign
of summation contains in every term a positive power of z, it
follows that the cofactor of x,~1z, lxy lx, ! in the expansion of
| aybycqd, | JU,U,U3U, is 1, as was to be proved. A first generali-
zation is then made, which involves also MacMahon’s main
theorem of 1893 (Hist., iv. pp. 485-486): and finally this is
widened into the fo]]owing: In the expansion of

{my— 71Uy — )} 1 {my - 1(Uy—wy)} 1.0 ...

the aggregate of the terms which are such that every T occurring in
them vs accompanied by the corresponding x — &, and vice versa, s

my — ayy(T — &) =~ byry(a, — &) — ey —§&) .. |t
— AyTy(Ty — &) My bz"'z — &) — CyTy(Ty— &) - -
— ag7y(x; — §3) — byry(ay — &) my— cg7y(wy— &) .
where £, &, ... are the values of Xy, X, ... which satisfy the

equations Uy == wy, Uy == w,, . ..

In the course of the investigation a curious type of duality
is brought to light,  power 1’ interchanging with ‘ power — 1”7
and at the same time ‘ permanent’ with ‘ determinant’. The
simplest pair of the theorems is:

[ the coefficient of @, L, 1y ~1... in U-1U-1U-1. . is | aybycy. ..

+ +
lthe coefficient of @@ywy ... in UUUs ... is|abycs... |,

-1

and the final pair consists of the widened generalization just
quoted and the one got from it by dropping everywhere in it the
exponent —1 and changing the determinant into the correspond-
ing permancnt.
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EMINE, M. (1902/,,): HARDY, G. H. (1904/,)

[Question 1317. L'Intermédiaire des Math.. v. p. 171: ix.
pp. 297-298.]
[Question 15498.  FEduc. Tumes, lvii. p. 91: 1x. p. 36.]

These concern old results. namely, Desnanot’s of 1819 regard-
ing vanishing aggregates of products of pairs of determinants
and Cauchy’s of 1812 regarding the adjugate of the product of
two determinants (Iust., 1. pp. 121, 139-146).

NICOLETTI, 0. (1902%/,,)

[Alcuni teoremi sui determinanti. Annali de Mat., (3) viii.

pp. 287-297.]

The leading theorem here (pp. 287-291) expresses a deter-
minant as an aggregate of four-factor products, the factors in
cach case being minors of four fixed arrays into which the de-
terminant is partitioned by a horizontal and a vertical line,
factors of order 0 with value 1 being not debarred. The actual
expression obtained by Nicoletti is neither concise nor attractive,
even in the case where two of the arrays are coaxial and comple-
mentary. The theorem is established naturally enough by a
double application of Laplace’s expansion-theorem. It is spoken
of as an extension of Hesse’s theorem of 1868 (Hust., iii. pp. 28-29),
and it clearly includes Arnaldi’s first theorem of 1896 (I[ist., iv.
p- 432). As a help towards obtaining the expansion in any par-
ticular case attention is drawn to the advantage gained by taking
the four-factor products in a sequence dependent on the minors
of one of the sub-arrays, say the first. For example, if the de-
terminant be | a;b,csd,e; | and the first array be 2-by-2, we should
begin with the single product |a,b, | - |esdyes |- 1+ 1 whose minors
are of the orders 2, 3, 0, 0, then take those in which the orders
are 1,2, 1, 1 and finally those in which the orders are 0, 1, 2, 2.
Following on this practical hint come a few special deductions
from the theorem: and then the last three pages are notably
occupied in the reverse of specialization, the theorem being ex-
tended so as to hold for a determinant in which the number of
sub-arrays is A X k, the partitionment being made as before by

horizontal and vertical lines.
(E185) 4
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MEYER, W. F. (1902/,)

[Aufgaben und Lehrsiitze. Nr. 77, Nr. 78. Archiv d. Math.
w. Physik, (3) iv. pp. 351-352.]

The first theorem here intended to be stated would seem to be:
If each element of the first m-line minor of a 2m-line determinant
be multiplied by its cofactor in the latter, and the m? products thus
obtained be summed, the result vs the same as would have been got
tf instead of the first m-line minor we had taken the last. In the
original * Unterdeterminante ’ is used for ‘ signed complementary
minor . No proof is given, either of it or of a doubtful generaliza-
tion.

The enunciation of the other theorem is, unfortunately, still
less clear. :

JOACHIMESCU, A. G. (1902 /12

[Inmultirea determinantilor. (Gazeta mat. (Bucuresti), viii.
pp- 77-80.]

A simply written demonstration of the multiplication-
theorem, reversing the usual verification process—-that is to say,
taking

|011)2 l ) |a1132 I: [alb203 I : |‘1152 ' ) Ialbz’-’:t I ) |a1B2y3 l

in order, and bringing out of them the product forms.

AURIC, A. (1902)

[Sur une propriété trés générale des déterminants. Bull. . .
Soc. Math. de France, xxx. pp. 177-179.]

The property in question concerns the quotient of two de-
terminants, the particular case dealt with being that in which
the said determinants are cofactors of clements belonging to the
last row of |ayy ay, . .. a,, | —that is to say, the quoticnt of
A, . by A,,. The subject is of old standing, the latest redis-
covery regarding it having been made by H. v. Koch in 1890
(Hdst., iv. p. 419). The author we have now reached makes the
degree of complication of the expression for the quotient dcpcnd
on h.



DETERMINANTS IN GENERAL (1903) 27

MUIR, T. (190328/,)

[Historical note in regard to determinants. Nature, Ixvii. p. 512.]

Two matters are here dealt with: (1) the important part
borne by Schweins (Hist., ii. pp. 311-322) in the discovery of the
theorem regarding the multiplication of an alternant by a sym-
metric function of the variables, (2) the unfair treatment of
Sylvester in connection with the discovery of continuants, the
offenders being S. Giinther, E. Pascal, and the usually accurate
E. Netto.

MUIR, T. (190328/,)

[A general theorem giving expressions for certain powers of a
determinant.  Report ... 8. African Association . . . Sci.,
1. pp. 229-232.]

The object here is to generalize a thcorem—given in L.
Pascal’s textbook (189%), and there incorrectly called Hunyady’s
—for expressing the (n -~ 1)™ power of an n-line determinant
in the form of a determinant of order n(n + 1). The gencraliza-
tion is effected by viewing the determinant concerned as an
eliminant, the result reached being that If a set of n homogencous
linear equations in n unknowns be given, the determinant of the
set being A, and there be formed another set consisting of all equations
of the rt* degree derivable from the equations of the giwen set by
multvplication among themselves, the determinant of the latter set
1s equal to A", where C is the combinatory number C, ,,_, ,. Also,
as a corrective to Pascal, the history of the case where n = n,
r = 2 18 carried back through Scholtz (1877) to Brill (1871), and
the mode of treatment of these writers is explained.

In this connection it may be well to recall that Schlifli’s
preeminent claim to be viewed as the author of the general
theorem was not discovered by Muir for a year or two after this
and was only made known by him in 1911 (Hzst., ii. pp. 52-53).
We may add further that the author might suitably have taken
the opportunity to refer to the analogous case where n= 2,
r =1 which E. B. Elliott, being like Pascal unacquainted with
Schlafli’s general theorem of 1851, had similarly in his textbook
of 1895 assigned to Bruno (Théorie des Formes Binaires, pp.
228-229).
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MUIR, T. (19032%/;;, 1904/,)

[A third list of writings on determinants. S. African Assoc. .
Adv. of Sci., 1. (Capetown), pp. 154-228: or Quart. Jomn
of Math., xxxvi. pp. 171-267.]

This list contains in all 895 titles, 194 belonging to the periods
of the two preceding lists (Hist., iv. pp. 12, 35) and 701 to the
fifteen-year period 1886-1900.* There is a four-page introduction
on the subject of such lists, the need for greater care and uni-
formity in the dating of scientific writings, the treatment of titles
in the less common languages, and the need for the issue at inter-
vals of a leaflet informing mathematicians of the libraries con-
taining the serials referred to in such lists.

When at the request of the Editor the list was reprinted in
the Quart. Journ. of Math. opportunity was taken to revise it
and to append a list of corrections to the two preceding lists.

STEINITZ, E. (1903%%/;)

[Ueber die linearen Transformationen welche eine Determinante
in sich iiberfithren. Sitzungsb. d. Berliner Math. Ges., ii.
pp. 47-52.] -

The title implies of course that the author had set himself
the problem of finding, for example, nine linear functions of the
elements of |u, v, wy | which when substituted for the elements
of | #; y, 2 | would produce | u, v, g | or a non-variable multiple
of it, and that having succeeded in solving the problem he was
about to give an account of his work and to state the result
reached. Unfortunately after finishing his account he discovered
that the said result was not new, having been formulated in the
following manner by S. Kantor 1 quite six years before: If each
element of a determinant | A,5 | be replaced by a linear function of
all the elements of the determmant then and only then will | 4, |

* The original intention had been to issue a list every five years; but. this
was thwarted by the appointment of the Compiler to the post of Superintendent-
General of Education in Cape Colony, where for a number of years all avallable
energy was absorbed in administration.

t Sitzungsb. . . . Akad. d. Wiss. (Miinchen), 1897, p. 370.
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remain unaltered in substance when the linear functions have the

form
2h sekayAag

As, however, no proof of this was given by Kantor* Steinitz’
paper with its full and clear exposition loses nothing in value.

HENSEL, K. (19033/,)

[Bemerkungen zur Determinantentheorie. Crelle’s
Journ., cxxvi. pp. 73-82.]

Hensel’s main result, which follows up one attributed to
Weierstrass by Frobenius, is that if a function of the elements of
an m-by-n array be such that it is linear and homogeneous in the
elements of each row and changes sign with the interchange of any
two rows, then it vanishes identically save when m and n are equal,
wn which case (Weierstrass’) 4t s a constant multeple of the
determinant of the array. The line which his argument takes
leads him on to give a proof (§ 2, pp. 76-78) of the extended multi-
plication-theorem, a proof (pp. 78-81) of Laplace’s expansion-
theorem, and a proof (p. 82) that the type of function under
consideration, and therefore the function known as a determinant,
1s irreducible (i.e. irresolvable).

If the array which is the subject of the above thecorem be
square, and the function have the further property of becoming
1 when the diagonal elements are each 1 and the non-diagonal
are 0. then the function must manifestly be a determinant.
There thus arises the possibility of framing an alternative de-

* He may have thought that a proof was not needed, for he records insteacd
his opinion that “the theorem ought to find a place at the beginning of every
text-book of determinants”. Whether this be a correct judgment or not there
can be no harm in further lightening the beginner’s task by giving him the con-
necting non-variable factor for the case where n is 2, the equality then to be
proved being

[ ( hyskyvyy A hukul’lz) ( hyykgryy + hu"zz”nz)
+ hygkyyey A Baskaitas/y 4 Ryokia¥ar + Pyoka¥se

hokeyyvy + hzxkzl”]z) hyikeryryy - hzxkzz”m) ‘
+ hoskyyvar + haskaivsy/ o + hogkigvay - hogkaatys/ |
= | hyphas | | Ryikss]| ] 1P
Uay Vyp
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finition of the latter function, and of calling the three properties
in question the defining characteristics . When this actually
came about is a little uncertain. Probably first in 1903, when
Hensel edited a volume of Kronecker’s lectures and so led to
the intervention of Frobenius below referred to.

LOEWY, A. (1903!/,)

[Zur Gruppentheorie mit Anwendungen auf die Theorie der
linearen homogenen Differentialgleichungen.  Transac.
American Math. Soc., v. pp. 61-80.]

The introductory portion of this (pp. 61-66) is worthy of
passing notice as being a re-exposition, with historical footnotes,
of the determinantal implications of Hurwitz’ paper of 1894
(Hust., iv. p. b7), from which we learned how certain already
familiar determinants—Zehfuss’ of 1855, Schlifli’s of 1851 and
compound determinants—arise as the determinants of substi-
tutions constructed in a variety of ways from the material of
simpler substitutions. That such instances of fresh origin may
be put to good use we have already seen in dealing with the sub-
ject of Latent Roots.

MUIR, T. (1903'2/,)

[The theory of general determinants in the historical order of its
development up to 1846. Proceed. R. Soc. Edinburgh, xxv.
pp. 61-91.]

One of the papers ultimately embodied in Vol. II. of our
History.

MEYER, W. F. (1903%/,,)

[Aufgaben und Lehrsitze, Nr. 93. Archiv d. Math. u. Phys.,
(3) vi. p. 339: viii. pp. 82-83.]

The proposition set here for proof and generalization may
be formulated thus: If | Ay Ay Agg| be the adjugate of
| @1y oy a3 |, and TI(A) be the product of all the elements of the



DETERMINANTS IN GENERAL (1903) 31

Jormer and 11(a) the like product wn the case of the latter, then
1 1 1

Iy @y Ay

- T(a).

 ——mm 0 ——

After verifying it C. Weltzien states that he had already done so
in a school-program of 1886 (Hust., iv. p. 33). The request for a
generalization was not satisfied.

WEIERSTRASS, K. (1903)

[Zur Determinantentheorie. Gesaminelte Werke, iii. pp. 271-287.]

This is not a reprint of a previously published paper of
Weierstrass’ but a report of a lecture delivered by him in the
winter session of 1886-1887.* The object of the lecture, we are
told, was to lay down a fresh definition of a determinant, and to
show that the definition might be used to establish certain of
the more important theorems. At the outset the determinant is
given its usual introduction as the common denominator of the
values of the unknowns in a set of linear equations, a three-line
example being used to illustrate. Observed properties of it are
then noted, and taken on trial as the defining characteristics of
the corresponding function of n? elements—that is to say, the
function which (1) is linear and homogeneous in the elements of
each row, (2) changes only in sign if two rows be interchanged,
(3) has 1 for its value when each diagonal element is 1 and each
non-diagonal element is 0. The result of the trial being found
satisfactory, instances are given, as promised, of its use, the most
important being the establishment of the multiplication-theorem.

KRONECKER, L. (1903)

[Vorlesungen iiber Determinantentheorie. Band I. xii + 390 pp.
Leipzig.]

In the seventeenth of these lectures (pp. 291-306), which

* An editorial footnote tells us that the reporter was Paul Giinther, and
that the manuscript of the report was then in the possession of the Mathomatical
Society of Berlin University: also, that several years before the date mentioned
Weierstrass had shown his students how to deduce the basic theorems of deter-
minants from the said three characteristic properties.
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belong to the period 1883-1891, we find ourselves face to face
with matter closely analogous to that of Paul Giinther’s version
of a lecture of Weierstrass’, published earlier in the same year
but also belonging to a period much carlier than the year of
publication. The question of priority, however, is not trouble-
some: there can be little doubt that the original idea of the
tripartite definition was Weierstrass’: indeed, the editor of the
volume now before us says so in effect in his Preface (p. vi, foot-
note). All the same it would be a serious mistake to neglect
Kronecker’s exposition, which has all the fullness and clearness
that characterize the rest of the volume. Perhaps the student’s
best course would be to place the two accounts side by side,
and study them together.

YOUNG, A. (1903/,,)

[The expansion of the n*" power of a determinant. Messenger

of Math., xxxiii. pp. 113-116.]

The title here is apt to raise undue hopes. What we are given
18 the result of a successful attempt to find an expression for the
typical term of

(aybaCy + aghyey + aghycy -— @105, — azbic; — azhycy)"

The introduced letters of the expression are of course much con-
ditioned, and there is not more symmetry than could fairly be
expected. A solution is also given of the like problem for the
corresponding permanent.

CARLINI, L. (1903, 1904)

[Nuove considerazioni sopra le permutazioni. Periodico di Mat.,
Xix. pp. 32-38.]
[Sopra i sistemi ordinati di permutazione. Il Putagora, x.
pp. 134-137.]

The feature of a permutation that is here kept prominently
in view is the number of its inversions of order: for example,
the number of things permuted being 4, the 24 permutations of
them are classified as being )



DETERMINANTS IN GENERAL (1903) 33

1 with no inversion
3 with 1 inversion
5 with 2 inversions

6 with 3 '
b with 4 '
3 with 5 '
1 with 6

»

It is hardly correct of the author to describe his considerations
as being new, for we have twice already seen the subject dealt
with by others, namely by Bourget in 1871 (IHlust., 1. p. 33),
and by Muir in 1899 (Hast., iv. pp. 72-73). Of the fresh results
now reached one of the more notable is a rule for the calculation
of the number of the said permutations in any given case—-that
is to say, a companion to Muir’s rule of 1899. In the author’s
words the new rule is: When the number of elements permuted
is n and the number of inversions is », the number sought is equal
to the number of positive integral solutions of the set of equations

x, + &y |- ...+ 2,4 =1, Where 1, < h;

and its companion * is that the number sought is the coefficient
of 2" in the expansion of

(1—2)(1—22) (1—a3)... (1—95”)/(1 — ).

HADAMARD, J. (1903)

[Legons sur la propagation des ondes et les équations de
I'hydrodynamique. 375 pp. Paris.]

On pp. 13-14 of this book of lectures the author incidentally
establishes anew Desplanques’ theorem of 1886 ([ist., iv. p.37)
on the non-evanescence of a determinant, namely, If in every
row of a determinant the modulus of the diagonal element is greater
than the sum of the moduli of the other elements, the determinant
canmnot vanish. ‘

For completencss’ sake we ought to have referred above to
a proof given by Minkowski { of Lévy’s less general theorem of
1881 (Hast., iv. p. 457).

* Proceed. R. Soc. Edinburgh, xxii. p. 456.
1 Gottinger Nachrichten, 1900, pp. 90-91.
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NESBITT, A. M. (1904!/,)

[Question 15487. Educ. Times, lvii. pp. 41, 239: or Math. from
Educ. Times. (2) vi. pp. 86-87.]

The equality given here is

'g . d .| = (ad — gl) (be — hm) (¢f — kn):

E . . f
it may be viewed as expressing the product of any three deter-

minants of the second order in a specially interesting form of
six-line determinant.

HORDYNSKI, L. (1904/,)

[On partially transformed determinants (In Polish).
Wiadomosci mat., viii. pp. 177-190.]

This paper covers practically the same ground as the first
half of Hunyady’s paper of 1880 (Huist., iv. pp. 204-205).

BAKER, H. F. (1904/,)

[Note on Sylvester’s theorems on determinants. Collected Math.
Papers of J. J. Sylvester, i. pp. 647-650.]

This is a re-exposition, based on the theory of Cayleyan ma-
trices, of a series of theorems that are mainly Sylvester’s of
March and August, 1851 (Hust., ii. pp. 58-62, 193-197). It opens
with the definition of the product of an m-by-n array and an
n-by-r array: shows that a minor of such a product is itself the
product of two arrays: and passes on to the multiplication of
two and of threc determinants. As an illustration of this last the
linear transformation of a quadric is taken, and a re-examination
is made of Sylvester’s theorem regarding a minor of the dis-
criminant of the quadric resulting from the transformation.
Then the idea of mutual inverseness is introduced (Hzist., ii.
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pp- 85-87: iv. pp. 13-14), and is given an important réle in the
evolution of a series of theorems—Cauchy’s regarding the pro-
duct of the #*" and (n — r)* compounds, Sylvester’s expressing
the *" compound of 4 as a power of 4, and Jacobi’s regarding a
minor of the adjugate. Of course the terms ‘adjugate’ and
‘compound ’ are not mentioned in the presence of ‘inverse’,
the apotheosis of which is reached when Sylvester's theorem
expressing the product of two determinants as a sum of like
products is handed to us in the guise of a statement that two

matrices
(Leol), (Ibely
A4 ) < B
are inverse.
The proof of the remaining theorem is new not only in form,

and is in substance reproduced by us in the chapter on Clom-
pounds.

MUIR, T. (190420/,)

[The three-line determinants of a three-by-six array. Proceed.
R. Soc. Edinburgh, xxv. pp. 364-371.]

The subject here is a minute branch of what we have called
‘ vanishing aggregates of products of pairs of determinants’.

The array being
a by fi 1My
ay by ¢ fo 95 By
az by ¢y fy 93 My

the notation purposely devised for the determinants is

l a305¢4 | ) ( 0
Ialbzfal |b10293| ]cla2k3| ] 1 2
|aybogs | |bycoks | |caofs|| |4 B 6
Ia1b2k3 | Iblczf 3 I l €129 l T 8 9

| f192%s | ) ( 0’
|ewgehs | |arkofs| |0ufags| | _ jv oz ¥
lehofs | |aifogs| |bagohs || |4 5 €
|C1f293 l ’“192’53 l I bihofs I ) 7 8 9
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and the first theorem is to the effect that the product of two
complementary determinants is expressible in six different ways
as an aggregate of three similar products, there being however
in all only nine different products involved; for example, the
two triads of equivalents for 00" are

88+ 22" + b5, 88" + 66" 4 11’

66’ 4+ 99" + 33", 22"+ 99" - 44’

11" + 44’ - 77", b5’ 4 33" 4 T7,
the second triad being got from the first by a row-column inter-
change. These relations are next viewed as equivalences of
binomials,

e.g. 00— 77" = 11" + 44’ = 33’ + 55/,

and a different classification arrived at, the binomials being also
incidentally given a new form,
Iale I Iazba I la3bl l
c.g. Iflg2 | lfz.q:s | lf3gl I = 11" 4 44'.
leahe | o] |t |
In similar fashion the products of non-complementary three-
line minors are discussed, the result being that each of the nine

such products can be expressed in one and only one way as a
sum or difference of two other such products,

e.g. Ol"= 23 — b9.

In a concluding note on products of three factors the curious
equalities

186 8 6
429 = 000, 429 | = 000
753 75 3

are drawn attention to, as also their connection with what pre-
cedes.

CARLINI, L. (1904/,)
[Due teoremi sui determinanti. Gtiornale dv Mat., xliii. pp.63-67.]

In reality there is only one theorem of note dealt with here,
the second so-called being a mere corollary to the other. The
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latter, too, dates back to 1879 (Hist., iii. pp. 80, 82), its first
appearance being in the guise of an extension of Hermite’s theorem
of 1849 (Hist., ii. p. 46), and therefore being known under the
designation of a ‘condensation-theorem’. It now turns up in
its old character; indeed, with Carlini the idea of condensation
is emphasized. His enunciation of it is: Save for a connecting
factor, any n-line determinant may be expressed as an (n — m {- 1)
line determinant whose elements are m-line minors, the said con-
necting factor bevng a product of (m — 1)-line minors. For ex-
ample, when » is 5 and m is 3,

l“1b20:3d4"5 l : { lazba I : l"'ab4| } o Ialbzc:z | |“2b304 l l"aba"s |
|aybyds | | asbsdy| | ashyds

I“lbzf’al |“2b3"'4| |a3b4(’ 5

As thus viewed the theorem receives here its fullest treatment,
three preparatory pages being devoted to auxiliary results re-
garding combinations. Its other aspect must not, however, be
overlooked, namely, as concerning a special minor of the m™
compound that is resolvable into n — m factors (Hust., iv. p. 22).

Another important fact about it is that in the strictly technical
sense it is an ¢ extensional . For, taking only the above instance,
and writing it in the equivalent form

](13()4(:5(l]e2 | . { | ash, ] . | ash, | } = | ashic, | | azh,c, I ' azb,c; |
I asbldzl | asb,d, | l a3b4(151
| ashy€, | l asb,e I ‘ ashee; ‘

we obtain, on deleting everywhere ag,

I bycsde, l * boby == I I bc, I | bydy | I byes l "

which is simply Hermite’s original equality.

BRAND, E. (190415/,)

[Un symbole d’opération dans le calcul des dérivées. L’En-
seignement Math., vi. pp. 457-459.]

As an illustration of the use of his symbol the author returns
to determinants: but the result is essentially what he had reached
in 1896 (Haist., iv. p. 64).
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RUSK, W. J. (1904)

[The n'" derivative of a determinant whose constituents are
functions of a given variable. American Math. Journ.,
xii. p. 85.]

The result here is essentially that of F. G. Teixeira’s paper
of 1880 and of Brand’s paper of 1896 (stt iv. pp. 5, 64). The

proof given is gradational.

MUIR, T. (19052/)

[The theory of general determinants in the historical order of
development up to 1852. Proceed. R. Soc. Edinburgh, xxv.
pp. 908-947.]

One of the papers ultimately embodied in Vol. II of our
History.

HERTWIG, A. (1905%3/,)

[Beziehungen zwischen Symmetrie und Determinanten in einigen
Aufgaben der Fachwerktheorie.  Festschrift . . . Adolph
Wiillner . . . pp. 194-213.]

The author, an architect apparently and certainly a student
of the Statics of Building Construction, gives in an interesting
way his experiences of determinants of sets of linear equations
met with in the designing of framed structures; and what attracts
him is the fact that the introduction of symmetry into a structure
is accompanied by something analogous in the corresponding
determinant. After a two-page introduction, mainly regarding
the sets of equations, he brings forward in order the relevant
determinants. First comes the circulant, then Puchta’s block
circulant of order 23 (Hust., iii. p. 388), and the determinant
got by circulating the arrays of two 3-line circulants (Hust., iv.
p. 385), the immediate object aimed at in every case being resolu-
tion into factors. Following on these comes something fresher,
the factorization of the determinant
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a, b, ay by a5 by a, b,
8y by ag by ay by ag bs
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whose odd-numbered columns are each composed of the elements
@y, g, . . ., ag and whose other columns are each composed of
the elements b,, b,, ..., bg. To this he devotes considerable
space, and succeeds in resolving it into four determinants of
the second order. For ourselves we note that it is readily
transformable into

a, b, a; by a; by a; b
a, by, ag bg a, by ag bg
a; by a; by ay, b; ay; b
ag bg ay, by, ag bg a, b,
ag; by a, by a; b a; b
ay by ag by a, by ag b4
a, b, a5 by a3 by a, b
ag by a, b, ag bg ay by|,

that is to say, into a block circulant of two four-line arrays each
of which is itself a circulant of two two-line arrays: or, what is
more readily helpful, into

a, b, a3 by by a; b, a
a, by ag by b, a, by ay
a; by a, b b; a; by ay
ay by ag by by a; bg ag
ag bg ay by, by ag b, a,
as; by ay b; by a; by a4
ag by a, b, by ag b, a,
a; b, ay b; b; a; b, a |,
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which is centrosymmetric and resolvable into

a,+a, by+b; azta; bstbs a,—a; by—b; az—ay by—b
ayt+ag bytby agtag byt-bg| | ay—ag by—bg ag—a, bg—b,
aytag byt+by a,+a, b+b,| |a;—a; bs—b; a,—a, b,—b
aytag bytbg astag byt-by I%*‘ae by—bg ag—ay bg—b,

that is to say, into a pair of determinants each of which is centro-
symmetric and therefore further resolvable. The special example

a b . .—e—f
—b—a . . f—e .
..a b . .—e—f
=b—a . . f—e .|_ 9 0
= —(a®—b?) (4¢°) (40°) (f?+€%)
.. a b . .—e—f
. .—b—a . . f—e
b . . a—f . .—e
—a . .—b—e . . f

is added: and then the remainder of the paper (pp. 205-213) is
occupied with the consideration and diagrammatic illustration
of the framed structures in which the sets of equations and their
determinants originated.

FROBENIUS, G. (1905/;)

[Zur Theorie der linearen Gleichungen. Crelle’s Journ., cxxix.
pp. 175-180.]

As an appendix to this paper but quite unconnected with it
there is a note (pp. 179-180) on the three defining characteristic
properties of a determinant. Frobenius says that so far back as
1864 Weierstrass had used the definition in his lectures, and that.
in the summer of 1874 he himself (Frobenius) in publicly discuss-
ing the subject had as a consequence already proved the first
two of the three theorems dealt with by Hensel in his paper of
1903 (see above). .
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MUIR, T. (1905%/;)

[The Theory of Determinants in the Historical Order of Develop-
ment. Part I (second edition) General Determinants up to
1841: Part II, Special Determinants up to 1841. xii + 492
pp- London.]

The first complete volume of our History.

SOMMERVILLE, D. M. Y. (190519/,)

[On the number of independent conditions involved in the vanish-
ing of a rectangular array. Proceed. Edinburgh Math. Soc.,
XXxiv. pp. 2-6.]

This is a fresh and interesting investigation written without
acquaintance with previous papers on the subject, in particular,
Sylvester’s of 1850 in regard to any p-by-¢ array and to a square
axisymmetric array (Hist., ii. pp. 50-52: iv. p. 67). A new result
is added, namely, that in a p-by-g array of which the first g-by-¢
determinant is axisymmetric, the number of conditions in ques-
tion—that is to say, for the co-evanescence of £-line minors—-is
Hg—k—+1)(2p—q— k+ 2). At the close all the results are
cunningly summarized in one enunciation, namely: If ¢(p, q)
be the number of different elements in either of the two kinds of
p-by-q arrays considered, then the number of k-line determinants
©n the arrays is ¢(p. qr), and the number of conditions in question s

Bp—k+1,q— k+ 1),

In illustration of the author’s mode of proof it will be helpful
to use again the simple example dealt with by Spottiswoode in
1853 (Hvst., ii. pp. 83-84), namely, the 4-by-7 array:

4G A a3 @ G5 Gg O

b, b, by b, b; bg by

i G G G O Cg G

dy dy dy dy dy dg dy
in which it is given that |abycsd,| = |abscsds| = | a,b,c5ds |
= |alb203d7 [ = 0. By performing the operation

row, - | b102d3l — TOW,* | @ycydy | + Towg- | aybyds | — row,: | @1bycs |
(% 185) 5
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there results on addition the row
|@1byCods|s |@:D16o85|, |@shiCods|, |@gbicods|, |ashicods|, |aghicods|, |abicads),
which is

0, 0, 0, 0, 0, 0, 0,

because each of the first three has two columns identical, and
the remaining four are given so. The array is thus proved to be
evanescent unless all the multipliers are 0,

a b oo 4
ie.unless || a, by ¢ dy || = O.

MUIRHEAD, R. F. (1905/,)

[Proof of the multiplication-theorem for determinants.
Messenger of Math., xxxv. pp. 151-152.]

The procedure here is not without freshness: in type it some-
what resembles Le Paige’s of 1881 (Hust., iv. p. b).

BAKER, R. P. (1906/,)

[On the identical relations between the determinants of an
array. American Math. Monthly, xiii. pp. 1-10, 30-33.]

This is an article of a type that might with advantage be
more common. The author selects a subject which has grown
merely by unplanned accretions—the subject of °vanishing
aggregates of determinant products’—and makes a study of it
with the object of presenting it as an organized whole. After a
glance at the history of the early isolated cases, and a redeter-
mination of the number of independent relations between the
m-line minors of an m-by-n array (Hust., iii. p. 68) the main
business is entered on. The unifying wand, so to speak, is Cayley’s
procedure of 1877 (Hust., iil. pp. 65-66) where the aggregate of
products concerned appears as a Laplace development of a
specially constructed vanishing determinant. The diffcrent types
of aggregates are taken up in succession, the number of terms
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in each being given, the characteristics of the single equivalent
determinant set forth, and the number of the aggregates be-
longing to each type calculated.

With additional pains spent on the exposition the outcome
would have been of still greater interest.

PETR, K. (1906)

[Nékolik pozndmek o determinantech. Casopis pro péstovdni
math. a. fys., xxxv. pp. 311-321: or, in Magyar, Math.
és Phys. Lapok, xv. pp. 363-365: or, in German, Math.-
naturw. Berichte aus Ungarn, xxv. pp. 95-105.]

The first section of this shows how to arrive at relations be-
tween m-line minors of a vanishing 2m-line determinant whose
non-zero rank is m. The method employed will be fully under-
stood from considering the case where m is 2 and the vanishing
determinant is | a,bycyd, |, or D say. Constructing from D the
determinant

@ ay Aoy pa,
by b, Abg pb,
€, Cp wCy TC,

d, dy xd; xd,

, or A say,

we see that the latter must have « — A for a factor: for on putting
in it = A the factor A is removable and its cofactor is a deter-
minant with a 4-by-3 vanishing array. Similarly, of course, we
see that * — p is a factor: and therefore

A=M-(z—2)(@—p

\

where M is independent of z, A, u. This shows that 2, —Az, —ux
Ap have in A all the same cofactor, and consequently that

Ia1b2| |03d4l= I“lbsl |02d4|" I“zbal '01d4|
= |“1b4| lczdal+ |“2b4| |c1d3|=: |a3b4| Icldzl:

as desired.
Attention might have been drawn to the relation existing

between these equalities and the single equality which holds
when the nullity of | a,b,c;d, | is only 1, namely,



44 THE HISTORY OF DETERMINANTS

| @by | | esdy |—|asby | | cada |+| ashs | |exda |+ |aidy | | cads |
— | aghy | |eyds |+ | aghy | |erds |[=0.

In the third section he re-establishes Zehfuss’ composition-
theorem of 1858, properly objecting to attribute it to Kronecker,
but saying nothing of Zehfuss: also Siacci’s theorem of 1872
regarding the resolution of

l (Aaqy - pbyy) - o - (A@yy + pbyy) ] .

NICOLETTI, O. (19063/;)

ISu un teorema di Kronecker della teoria dei determinanti.
Rendic. del Circolo Mat. (Palermo) . . ., xxii. pp. 112-116.]

The theorem in question is that of 1869 (Hust., iii. p. 191),
but now made to assume the guise of a test for an m-by-n array
being of non-zero rank r, the necessary and sufficient condition
being stated to be that the array have a non-zero r-line minor
whose (r + 1)-line majors all vanish. What the writer contributes
is a proof, founded like Kronecker’s second proof, on the theory
of systems of moduli of rational integral functions. He leads
up also to a second proof of his own theorem of 1902.

KURSCHAK, J. (1906%/)

[Sur lirréductibilité de certains déterminants. L’Enseignement
Math., viii. pp. 207-208: or, in Magyar, Math. és Phys.
Lapok, xv. pp. 1-2.]

The determinants in question are the general n-line deter-
minant whose elements are independent indeterminates and the
n-line axisymmetric determinant with elements of the same
type. The base of Kiirschdk’s reductio-ad-absurdum argument
is that the substitution of 0 or 1 for any number of the elements
in either determinant will not do away with its supposed re-
solvability. It thus suffices to consider only the determinant
whose main diagonal is left untouched, whose adjacent minor
diagonals are composed of units, and whose other elements are
zeros: and then a property of simple continuants comes to his
aid (Hust., iii. p. 412).
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With this may profitably be compared a proof like Bicher’s
of the following year.*

PASCAL, E. (1906/,)

[Sui determinanti composti e su di un covariante estensione
dell’ Hessiano di una forma algebrica. Rendic. del Circolo
Mat. (Palermo), xxii. pp. 371-382.]

The generalization here made on the Schlifli or so-called
¢ Scholtz-Hunyady ’ determinant is Muir’s rediscovery of 1903,
The proof given, however, is quite fresh, being dependent on the
theory of quantics; and it carries with it the interesting fact
that the said determinant is  the discriminant of the A" power
of a bilinear quadric . To be more precise, there exists an equality
which, when £ is 2 and the basic determinant is | a;b, |, is best
put in the form

z oy 2 z2 xy y?
ay ay|é - a,* 2a,a, a? | €2
l by by|n J 20,0, 2(ayby + ashy) 2a5b, | &n
b12 2blbz bz2 ")2

where, be it observed, the determinant of the 3-line array on the
right is equal, not to | a;b, |% but to 2| a;b, [>. Our new acquisi-
tion thus is the ability to express the ™ power of a bilinear as
a bilinear: and the determinant of the square array of the latter
can be made exactly a Schlifli determinant by merely removing
a factor or factors to the outside: for example, when % is 3, the
right-hand expression is

73 2%y zy? ¥
a,? 3a,%a, 3a,a,? a,’ | €3
a,%b;  a,°0, + 201050, a7y + 2ay05b,  @,%b, | 3%
ab?  ay%y + 20,00,  a,b,% + 2a,b,b,  ayh,? | 3én?
b3 3b,2%b, 3b,b,? b3 |78

(see Hist., ii. pp. 52-H3).
* Introduction to Higher Algebra, pp. 176-1717.



46 THE HISTORY OF DETERMINANTS

MUIR, T. (1906%/,)

[The sum of the r-line minors of the square of a determinant.
Proceed. R. Soc. Edinburgh, xxvi. pp. 533-539.]

The theorem established on this subject is: The sum of the
r-line minors of the square of any n-line determinant A s equal
to the sum of (n), squares, each of which 1s the square of the sum of
the r-line minors formable from a set of r columns of A. Attention
is drawn to the special cases for which 7 is 1 and r is n — 1, an
instructive corroborating proof of the latter being, for the 3rd
order (Hust., iv. p. 430)

111
1 1 a, a,]|2 1 a a5f? 1 a, a5
l ¢ ¢ 1 ¢ ¢ 1 ¢ ¢
1

Il

(A3 + B3 + 03)2 + (A2 + B2 + C’2)2
+ (4, + B, + Cy)2.

Passage is then made from A2to A; A,, the more general theorem
being: The sum of the r-line minors of A, A, is the sum of all
possible products having for their first factor an r-line minor of A,
and for thewr second the corresponding minor of A,. There are also
given, though rather unnecessarily (Hust., ii. p. 120) the two
corresponding theorems * for the sums of the r-line coaxial
minors.

MUIR, T. (19061%/;)

[A fourth list of writings on determinants. Quarterly Journ.
of Math., xxxvii. pp. 237-264.]

This list contains in all 313 titles, 97 belonging to the periods
of the three preceding lists, and 216 to the five-year period 1901-
1906.

* One of these is attributed mistakenly to Picquet by E. Pascal in § 15 of his
text-book.,
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KURSCHAK, J. (1906/,,)
(See under this heading in Chap. XI.)

MUIR, T. (1906'2/,)

[The minors of a product determinant. Proceed. R. Soc.
Edinburgh, xxvii. pp. 79-87.]

What is really dealt with here is the condensation of the said
minors. Taking in the first place the primary minors, the author
establishes the fact that the minors of highest order in a product
determinant are condensable into the same form as the minors of the
lowest order (i.e. the elements). By calling in the aid of the ordinary
notation for an adjugate this can be put more definitely as follows:
The cofactor of any element in the determinant which equals the
product

T S N PR S ) PR B

s got from the expression for the savd element by changing every
letter in it into the corresponding capital letter. For example, in
the determinant equal to | abyey |« |figshs | the (1, 1)™" element
being (a,, a,, a3§f1, 91, h), the cofactor of this element is
(4, A,, A8F,, G, H,): and in the determinant equal to

|a1b203 l ) Iflgzks l : I iy Roty l

the (2, 3)" element being

by by by , . B, B, B,

m _ its cofactor 1s m M,
f2 92 kg ny F2 G2 H2 Na
Js 95 hylny F;, Gy H;|R,

An evident corollary is that the adjugate of the product of any
number of determinants is not only equal to, but s identical tn form
with the product of their adjugates (Hist., 1. p. 121: iii. p. 8).

In the next place minors other than those of the highest
order are tackled, and, though at first sight the result obtained
may seem different, in form it is not really so. It stands thus:
Every minor of the determinant equal to A, A, ... A,, say the
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r-line minor in rows a, B, v, . . . and tn columns o', B, ', . . . 18
expressible as a bipartite whose elements are in order

(1) the r-line minors formable from rows a, B, vy, . . . of A,

. ’

(2) LR ” ’” f?’()m A 29

3 s ” Sfrom A,

() . . . Jrom columns o', B', v/, ... of A,.

For example, the two-line minor belonging to rows 2, 4 and
columns 1, 2 of the determinant equal to

I“lbzcsd4 l : If 1923k I : | My Mol '35y l : l“‘l?/zzsw:t I
is the bipartite briefly representable by

Two-line minors of

b, b, b, b,
dy dy dy d,

Two-line minors of Two-line minors of
h o b Ky my My My My
fo 9o Py Ky n Ny N3 Ty
Js 95 by Ky Ty Ty T3 Ty
fi 90 Py Ky 1 S2 S3 8

Two-line minors of

Ly o &Hn U
Ty Yo 29 W

PASCAL, E. (1907/,)
(See under this heading in Chap. VIII)

BOULAD, F. (1907, 1909, 1914): MEHMKE, R. (1913):
KONIG, D. (1915)
[Sur la résolution graphique des équations linéaires. Noww.
Annales de Math., (4) vii, pp. 1-7.]

[Un procédé de calcul graphique des déterminants. Assoc. frang.
pour Uavancem. des sci., (Lille), pp. 95-100.]
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[Nouveaux procédés d’élimination des inconnues dans un
systéme d’équations linéaires. Assoc. frang. pour Uavancem.
des scu., (Havre), 17 pp.]

{Graphische Berechnung von Determinanten beliebiger Ordnung.
Zestschrift f. Math. u. Phys., Ixii. pp. 209-218.]

{Vonalrendzerek és determindnsok. Math. és termesz. értesito
(Budapest) xxxiii. pp. 221-229.]

As might be expected from a perusal of their titles these
papers do not help in any way towards the extension of the theory
of determinants. In the first place they are seen to belong to the
applicational side of the subject, and further examination brings
out the fact that they are mainly occupied with cases of evaluation
where the 2lements are purely arithmetical,

QUINTILI, P. (1907/,)

[Sopra uno speciale determinante. Pertodico dv Mat., (3) v.
pp. 117-119.]

Notwithstanding the title the tueorem here carefully estab-
lished is more suitably classified along with those concerning
determinants in general. It may be enunciated thus: If the
deternvinant got from | ayy gy . . . @y, | by increasing each diagonal
element by x be differentiated with respect to x, its m** differential
coefficient will be found equal to m! times the sum of its (n — m)-
line coaxial minors. It is arrived at by comparing the expansion
of the determinant according to powers of « with the like ex-
pansion as furnished by Taylor’s theorem.

MUIR, T. (1908!/,)

[The theory of general determinants in the historical order of
development up to 1860. Proceed. R. Soc. Edinburgh, xxviii.
pp. 676-702.]

One of the papers ultimately embodied in Vol. II of our
History.
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DIXON, A. L. (190814/,,, 19098/,)

[The eliminant of three quantics in two independent variables.
Proceed. London Math. Soc., (2) vii. pp. 49-69, 473-492.]

These two papers, because of their value in relation to the
general subject of elimination, we have already placed in our list
at the end of the chapter on Bigradients. Attention, however,
must in addition be drawn to the wealth of eliminant forms pre-
sented in them, to the discussion of the expansion of Sylvester’s
unisignant (pp. 474-478) and especially to the extension given
to Borchardt’s mode of elimination. One of the said eliminants,
that of three binary cubics, is probably the most widely-spread
determinant hitherto printed, occupying the whole expanse of
two facing pages (pp. 56-57).

BOUMAN, Z.P. (1908)
[Vraagstuk lxv. Waiskundige Opgaven, x. pp. 151-154.]

The subject here is the " adjugate of a determinant. It is
clearly dealt with; but the results obtained do not add to Grusint-
zeff’s work of 1891 (Hust., iv. pp. 213-215).

MACLAGAN-WEDDERBURN, J. H. (1908'/,,)

[On certain theorems in determinants. Proceed. Edinburgh
Math. Soc., xxvii. pp. 67-69.]

The determinants here briefly considered are those whose
elements are hypercomplex numbers of the type

6131 + 5262 + LU + fnem

where the e’s are linearly independent units: and the few
theorems referred to are the analogues of fundamental
theorems that hold when the elements are ordinary numbers.
Deserving of special note is the paragraph dealing with the result
of subjecting the elements to a linear transformation (cf. Hust.,
iii. pp. 487-489).
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KOWALEWSKI, G. (1909)

[Einfithrung in die Determinantentheorie. v + 550 pp. Leipzig.]

The preliminary exposition (pp. 6-18) leading up to the
term-formation of a determinant is somewhat novel, the initial
concept being that of a ‘ pairing * of n things with » other things,
the usual terms °inversion’, ‘interchange’, ‘circular substi-
tution ’, &c., coming up for explanation in due course. The
outcome is (p. 19) that

| a1 gz - - - Gnn | = Zsgn - p(P)

where pp is the product of the elements determined by the
‘ Paarung’ P, and sgnp 18 the sign of the ¢ Paarung ’.

Of more importance are two paragraphs (pp. 29-32) one
concerning the properties which characterize a determinant as a
function, and the other dealing with its continuity. Under the
latter proof is given that A vanishing determinant may be viewed
as the limit of a succession of mon-zero determinants: and under
the former a supposedly fresh characteristic is found prefixed to-
the hitherto recognized three, namely, that 4 determinant s
constructed from the elements by the operations of addition, sub-
traction and multvplication.

The theorem regarding the multiplication of two m-by-n
arrays receives full attention, a second proof, based on the re-
presentation of the product as a determinant of the (m -- n)™
order, being carefully worked out (Hust., ii. p. 200).

TURNBULL, H. W. (19095/5)

[The irreducible concomitants of two quadratics in n variables.
Transac. Cambridge Philos. Soc., xxi. pp. 197-240.]

In view of the nature of the subject one might well expect
to have determinants utilized here, even freely. It is an agreeable
surprise, however, to find wholly occupied with them a chapter
of ten pages (pp. 201-210) under the heading ““ The symbolical
notation and fundamental identities for n-ary forms”. The
theorems signalized as ‘ fundamental identities *—thus indicating
the important part played by determinants in the paper—are
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practically all of the same type, belonging to that extensive
sub-class whose subject is ‘‘ aggregates of products of determi-
nants ”’ and whose origin dates back to Bezout and the year
1779 (Hist., i. p. 51). The general importance of the theorems in
question is further attested in a way which the author apparently
was unaware of, namely, by the frequency with which they had
been discussed by writers from the time of Bezout onward. Of
this, perhaps, the best idea can be got for the early period by
turning to the Index of Numbered Results which occupies p. 489
of the first volume of the History, and noting the references given
under the numbers xxiii, xliv, xlix. On the other hand it cannot
be denied that under this head even the leading textbooks had
for many years been strikingly remiss.* As for the so-called
‘ symbolic notation’ it may be roughly described as a modifi-
cation and extension of that of Aronhold and Clebsch familiar
to students of concomitants,f and it may be illustrated by
saying that Sylvester’s theorem of 1851 regarding a vanishing
aggregate of products of pairs of determinants appears included

n © B(ay) (@naf) = 0.

In addition to the beneficial fillip which the paper as a whole
gives to the ordinary student of determinants, he will find it of
value to note the way in which it proposes to pass on from pro-
ducts like Sylvester’s just mentioned to products of three or
more factors, a subject not touched on by any writer since Monge
in 1809 (Hvest., i. p. 68). The value of R. P. Baker’s paper of
1906 as a companion need hardly be recalled (v. above, pp. 42-43).

WELLSTEIN, J. (190917/,)

[Kriterien fiir die Potenzen einer Determinante. Math. Annalen,
Ixvii. pp. 490-497.]

[Die Dekomposition der Matrizen. Gottenger Nachrichten, 1909,
Pp- 97-99.]

By the title of the first of these papers the author, we find,
meant to indicate that the paper supplied a means for ascertain

* See Proceed. R. Soc. Edinburgh, xxxviii. p. 219 and Hist., iv. p. 81.
1 See, for example, Salmon’s Mod. Higher Alg., Lesson XIV,
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ing whether any given integral function of the elements of a
square array is or is not actually a power of the determinant of
the array. The subject of the second is closely related thereto:
indeed, the title of it is exactly the same as the heading of a sec-
tion of the first. We thus at once learn that the author’s field of
investigation is not new; and, although he makes no reference
to previous workers in the field, we have little difficulty in getting
into touch with a paper of Mertens’ of 1893 (see above), and
thence to three others of the same writer. What, however, is of
most interest to us is the fact that the two modes of investigation
are not alike, Wellstein’s being based on the so-called Kronecker
definition of a determinant to which we had occasion to draw
attention a few pages back under Hensel (1903).

MUIR, T. (1909/)

[The superadjugate determinant, and skew determinants having
a univariant diagonal. Proceed. R. Soc. Edinburgh, xxix.
pp. 668-686.]

Only the first three pages of this longish paper concern general
determinants. They open with a definition, the SUPERADIUGATE

of any determinant |ay Gyy . . . @py |, or A say, being defined as
the determinant
20345, - - A 20904, 20434,,
2a,45 209040 — A 204544
2ay,45 209045, 2049433 — A

Three properties of it are established, namely,

(1) The superadjugate of any determinant A is equal to An-1 - A,
where A ts what A becomes on changing the sign of all the non-

diagonal elements.

(2) The number of 2-line minors of A that are independent
of the diagonal elements is 3C,, ,.

(3) The superadjugate of A will equal A" when and only
when

Z(| a1y @z 03 |0 Aaa 55 - - -)
+ 2 (| 011 093 0330y 55 |0 " Ggs - - -) + ... =0,
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where the subscript zero is used to indicate that the determi-
nant to which it is attached has all its diagonal elements changed
to 0.

CECIONI, F. (1909/;, ¢)

[Sulla caratteristica del prodotto di due matrici. Periodico di
Mat., xxiv. pp. 2563-265.]

This is essentially the same subject as we have seen dealt
with twenty years before under the title ‘ nullity of a product’,
the expositor then being Weyr (v. above, pp. 3-4). Of more im-
portance, however, is the fact that it now receives fuller treat-
ment than hitherto, and indeed fuller than throughout the
period which we have at present under view (v. below, p. 57).

MUIR, T. (1909%/,)

[Borchardt’s form of the eliminant of two equations of the n'
degree. T'ransac. R. Soc. S. Africa, 1. pp. 447-452.]

Incidentally there is here established the theorem that If
an m-by-(m -- 1) array be such that the sum of every one of its rows
vanishes, then the m-line determinants of the array, when taken
alternately positive and negative, are equal to one another: and
there is thence deduced a generalization of Borchardt’s theorem
of 1859 (Hust., ii. p. 150), namely, Any determinant, which has the
sum. of every row equal to zero, has in the case of every row the same
cofactor for every element of the row.

GRIEND, J. v. d. (1909): BUTAVAND, F. (1911)

[Vraagstuk 103. (Problem of moves on a 4-by-4 draughtboard.)
Wiskundige Opgaven, x. pp. 241-250.]

[Sur la représentation des déterminants par des systémes articulés.
L’Enseignement Math., xiii. pp. 354-361.]

Curious, but of little importance.
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HAYASHI, T. (1910): MIKAMI, Y. (1910)

[{The ¢Fukudai’ and determinants in Japanese mathematics.
Tékyo Sigaku-Buturig. Kizi, (2) v. pp. 254-271: or, in
Italian, Giornale di Mat., 1. pp. 193-211.]

[Remark on T. Hayashi’s article on the ‘ Fukudai’, (2) v. pp.
392-394.]

The glimpse of determinants gained by the early Japanese
mathematicians seems to have been similar to that of Leibnitz
(Hvst., 1. pp. 6-10). The more or less imperfect concept arose
with them as with him in connection with elimination: and,
like him, they had no name for it and no notation. But whereas
Leibnitz came on it when dealing with linear equations which
he wrote in the form

10 4- 11x+12y=0]
20+ 21+ 22y =0 ¢
304 3lz+ 32y =0

the Japanese equations werc non-linear, and of the type which
would now be written

a -+ bxr -} cx?2=0

d-+ ex+ fo? =
g+ hx+ kx?=0

Their rule for obtaining the result of elimination was also dif-
ferent from his, being that which Hayashi describes shortly as
¢ cross-multiplication ’, the terms being got from diagonals of the
square array of coefficients in substantially the same manner as
that described by Bonolis and others of modern times (I{zst.,
1v. pp. 17-18, 50, . . ).

Hayashi’s interesting paper opens with an introduction
{pp. 254-256) describing shortly the mathematical course of the
school of Seki (1642-1708). He then gives an account (pp. 256-
261) of the contents of Seki’s booklet on solving ‘ Fukudai’
problems; and this is followed by an explanation (pp. 262-266)
of the mode of solution, two examples being given. The final
section (pp. 266-271) is devoted to the rule above referred to for
accomplishing elimination, and illustrates it fully up to and

/7468
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including the case of five equations. The term  fukudai’ is not
explained, and we find it hard to say what a  fukudai’ problem
exactly is. An example, however, is the following: Find the
greatest side of a triangle ABC vn which a3 + b3, b3+ c2 and the
area are gwen. In the solution of it elimination from three quad-
ratics is utilized.

As the interest of this is in the main historical, it is important
to quote Hayashi’s personal opinion as given in his concluding
paragraph, namely: ‘ Thus we may conclude that the Japanese
mathematicians have made use of determinants since the year
1683, and have been able to expand them by a mechanical method
such as Sarrus’s for the determinant of the third order.”

MORITZ, R. E. (1911/,)

[On the cubes of determinants of the second, third, and higher
orders. Bull. American Math. Soc., (2) xviii. pp. 182-189.]

The gencral result established here is
|ayboCsdy . . 2, [P | ey 20 || oy . 20 | | esdy . . 2 |
l 4.2 4,2 A2
= | A4,B, A4,B, A3B;
l B,? B,? B,? |
where 4,, B,, . . . are the cofactors of ay, by, . . . in | a,bycd, . . . 2, |

Apparently the author did not observe that it is merely the
extensional of the equality

| byes |2 | byey |2 | byc, |2
| aybacs |2+ eroaes = — | | bacs | | s | |bscy| |aser| |Bica| | ey |
| axes |2 | asey |2 | @z |2

which itself is the complementary of
a,? a2 ag?
I a,b, I ) I @gbs I : l ash, I = — | ab; @b, azhs
b2 b2 by
(Hdst., iii. pp. 132, 170).
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FROBENIUS, G. (191112/))

[Ueber den Rang einer Matrix. Sitzungsb. ... Akad. d. Wiss.
(Berlin), 1911, pp. 20-29, 128-129.]

Frobenius here follows on the lines of KEd. Weyr’s paper of
1889, to which, by way of introduction to his own, he properly
draws marked attention. Starting with Sylvester’s theorems
on nullity (Hest., iv. p. 18) he puts them into his own notation,

namely,
p(4B) = p(4) and = p(B),
<

p(4)+ p(B) < n+ p(4B),
pointing out that they are both included in
p(4B) - p(BC) = p(B)+- p(4BC),

and making several interesting deductions. The enunciations of
these last he much abbreviates by farther curtailing Weyr’s
notation for a set of linear equations: for example, by so using
y, 4, x that

= Ax

stands for the set of equations

Yy = ATy + ATy A . . .+ AT, ]

Yo = ATy + ATy T oo A Qg |

Yn == AQmly + e N annan .

As a worthy instance of such a deduction so expressed there may
be suitably selected the theorem: If L and N be complete solutions
of the equations
LBC = 0 and ABN = 0
then
p(4BC) — p(AB) — p(BC) + p(B) = p(LBN).

This is additionally noteworthy because in the next section (§ 2)
there is derived from it a variant of another result of Weyr’s,
namely: If the integral functions £(s) and g(s) be mutually prime,
and n — a be the rank of f(A) and n — B the rank of g(A), then
the rank of f(A) - g(A) tsn—a — B.

(E185)
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The remaining sections (§§ 3-5) are directly concerned with
invariant factors—which, be it remarked, is the main subject of
the paper—and fall to be dealt with later.

MUIR, T. (1911)

[The Theory of Determinants in the Historical Order of Develop-
ment. Vol. II. The Period 1841-1860. xvi- 475 pp.
London.]

The second volume of our History.

MUIR, T. (19115/,)

JA fifth list of writings on determinants. Quarterly Journ. of
Math., xlii. pp. 343-378.]

This list contains in all 300 titles, 113 belonging to the periods
of the four preceding lists and 187 to the new five-year period
1906-1910. In the introduction it is noted as curious that of the
113 belated titles as many as 64 belong to the period of the first
list, 7 to that of the second, 22 to that of the third, and 20 to that
of the fourth; and that a large number of these, although not
containing the word °determinant’ as a guide, are of more
importance than some of those that do.

NEUBERG, J. (1912'/;)
[Sur quelques identités. Mathesus, (4) 1i. pp. 10-14.]
Merely instances of identities that are specially simple-looking
when expressed by means of determinants: for example, the
identity
sina sin(8 — y) + sinB sin(y — a) + siny sin(a — B) =0
and its self-evident equivalent

sina sina cosa
sinf sinf cosB| = 0.
siny siny cosy
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SCHUR, I. (1912¢/,)

[Aufgabe 386. Archiv d. Math. u. Phys., (3) xix. p. 276: xxiv.
pp. 369-375.]

The theorem here brought forward is If all the elements of an
n-line determinant be independent, only n? — 2n + 2 of the terms
are independent. The only proof given of it is not purely alge-
braical, the writer (G. Poly4) calling to his aid a species of
graph which is sometimes made use of in the theory of quantics,
but which in the present instance does not conduce to brevity.

SCHURER, F. (19121/,)

[Ueber die Nullpunkte linearer Aggregate von Funktionen.
Jahresb. d. deutschen Math.-Verein., xxi. pp. 88-99: xxiil.’
pp. 42-48.]

Of the first of these papers the third section (pp. 93-95),
headed ‘ Ein Determinantensatz’, is occupied with the already
oft-discovered condensation-theorem of Chio (Hust., ii. pp. 79-81).

LANCIA, A. (1912/: PALOMBY, A. (1915)

[Sulle inversioni nelle permutazioni. Suppl. al Periodico dv Mat.,
xv. pp. 101-103.]

[Sulle inversioni nelle permutazioni. Periodico dv Mat., Xxxi.
p. 45.]

Both of these papers concern the problem of finding how many
of the permutations on n things have 8 inverted-pairs. The first
contribution is avowedly an exposition of the simpler known
theorems on the subject, and as such is of value; the second
contribution is a rediscovery of a theorem dealt with in §§ 23,
24 of Muir’s paper of 1899, and more recently by Carlini (see
above).



60 THE HISTORY OF DETERMINANTS

METZLER, W. H. (1912/,)

[On a determinant, all the elements in a certain rectangle of
which have a common factor. Messenger of Math., xlii.

p. 112.]

The theorem here established is essentially Whitworth’s of
1872 (Hust., 1. p 143.)

DZIOBEK, O. (19132/,)

[Ueber allgemeine Determinantentransformationen.
Sitzungsb. d. Berliner Math. Ges., xii. pp. 76-82.]

The main theorem of this interesting paper on ‘transfor-
mations ’ concerns the n-by-2n array whose first n-line minor is
that having the ‘ matrix unity ’, and whose last n-line minor is
a general determinant: for example, when » is 3, the array

1 . . a a ag
1 . b b b
1 ¢ ¢ &

The number of the n-line minors of the array is of course (2n),.
In ordinary course they do not all remain of the n order: those
of them in which zero elements occur are naturally reducible,
and take the form of minors of the general determinant on the
right, every minor of the latter making its appearance, even the
minors of order 1 and the conveniently tolerated minor of order
0. After reduction the number of order » is 1, of order n — 1
18 n2, of order n — 2 is (ny)2, and so on, this being in keeping with
the known equality

14+ n24 (ny)2+ ...+ 02+ 1= (2n),.

For example, the twenty entities represented by the 3-line minors
of the above 3-by-6 array are in order

1; ¢, €y 3, —by, —by, —bg, | b1y |, bycs|, | bats |;

a5 Gg, A3, _|a102|, —|a102|, —-|a203|, |a1b2|, Ialbai’ Iazbai3
| aybycs |-
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Founding on this and on the known effect (Hist., ii. pp. 33-34)
of the multiplication of an n-line determinant by an n-by-(n + &)
array the author formulates his theorem: If the n-line minors of
any n-by-2n array be divided tn order by the first of them, the re-
sulting (2n), quotients are viewable as the minors of an n-line
determinant—in other words, stand mutually related as do the
corresponding minors of the n-by-2n array whose first n-line minor
has unit matriz. Thus, to take an example of our own, the 5th,
6th, 11th, 12th, 17th minors of the above specialized 3-by-6 being

—by, —b,, a,, a,, Ialb2 l,
and these being connected by the equality
|“1b2 | = ayb, — azby,
the corresponding minors of the array

Ty Ty T3 Ty Ty g

Y1 Y2 Ys Ya Y5 Ys
2, 2 23 %, %5 Zg

when each is divided by Iml Yz 23 [ are connected in like manner;
so that we have

l_w3y125| - I“’zyazle . |x1y3z5| l"’l?/:;%l . ‘szszsl
ley223| le?/zzal I%?/zzs[ l“f'ﬁ/zzs' Iml?/-z% I’

or
l L3Ya?5 | |:c1y223 l = - I ToY32 I : leyszsl + I T1Y3%4 l : Iwz?lszsl

which is an extensional of
lx4y5|'|“’51?/2*:—]3523/4l']‘”l?/sl‘*"lxl?/axl'l%?lsl

the otherwise well-known relation between the two-line minors
of a 2-by-4 array. Similarly, as the author points out, the equality

I a,0,Cs I =0 l bycs l — Gy | bc I + a3 | byc, I

leads us to

ITl?lzzal I%?/szs‘ = lx2y3z4l |x1y526| - I"”z?/azs I%.%%l

+ l-’”z?/azsl |x1y425 l$
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and, as we may add, the identity

a Gy ag
by b, by|= |a1b203l
G G G
leads us to
I"”z?/aza= I I"’z?/szs | | ToY3%¢ |
|x3y1z4 I Iwa?hzs I l%?hze I = Ixﬂszsl l T1Ya%3 Iz.

I‘”l?/z% I l“’l?/zzs l l"f'ﬂ/zze l

TInstead of this last, which is Bazin’s, the author derives Sylvester’s
outwardly resembling result of the same year (Hust., iv. p. 205).

Of course we may take for the second 3-by-6 array a mere
permutation of the first; but as the new minors in this case can
only be a permutation of those we already have, the derived
equality will naturally be more curious than valuable; for ex-
ample, if the array be

a ay . 1 . a4
bl b2 . L] 1 b3
6 ¢ 1 . . ¢
the derived companion result to the identity

@ @y ag
by by by |=|abyes |
) G G G
18
by ay “‘l b, I
b, 41 ‘—I a;bs I =C3 |“1b2 |2

|bicy | | aace | | @ibacs |
an equality readily verified by the operation

TOWg - ¢;TOW; — C,IOW,.

METZLER, W. H. (1913/,)

[Rectangular arrays. Rendic. del Circolo Mat., (Palermo),
xXxxvil. pp. 332-340.]

The subject here is the multiplication of oblong arrays. At
the outset the author takes us back to the earliest contributions
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to the subject—the two famous memoirs which were presented
to the French Academy of Sciences on the same day of 1812 by
Binet and Cauchy, and which, because of their supreme impor-
tance, were made the subject of a separate chapter of over 50
pages in the first volume of our History (Hust., 1. pp. 80-131). It
may be remembered that the main instance of overlapping in
the two memoirs concerned the extended multiplication-theorem,
and that, in view of a statement of Cauchy’s, a close investigation
was made (pp. 122-130) in order to make clear exactly what each
writer had contributed to the generalization. In doing so we
formulated the widest theorem reached, Binet’s, adopting his
justifiable assumption that what he had proved to hold in the
case of 2-rowed arrays, held generally. Now although Metzler’s
paper throws light on the whole subject, it is this particular
theorem which forms the starting point of his work. First of all,
he generalizes it, so as to have the number of arrays in the one
sum not necessarily the same as the number in the other. As thus
widened the theorem may be roughly described as giving an
expression for the product of two sums of m-by-n arrays in the
form of a sum of products of pairs of sums of m-line minors of the
arrays. For example, if m is 2 and » is 3, and the number of
arrays in the one sum is 4 and in the other 5, we have

f 10,03 €102l €1€963 + 919293 \|

|| 51025 dydydy Sifofs hyhohy || J

. f KyKaK3 M fhofhs P1P2P3 b1bas Yibabs ]
~ : + +

l A2 ViVaV3 010303 X1X2X3 W Wy J

:{|a1b2l+|01d2'+|31f2|+|91h2|}
' { IKI’\'AI -+ |l‘1"2| + |P1°2| + |¢1X2| + l‘/’ﬂ*’zl }
|- { |a163| + Icldsl+ |elf3]+ |91h3| lf
‘{I"1A3|+IM1V3|+|P1‘73|+I¢1X3|+l‘ﬁlwa,}
+ d la2b3|+ |02d3|‘|’ lezf3|+ lgzhsl }
: { I"2A3I+ |l‘2"3|+ |P2°3|+ |¢2X3I+ l'/’zwal }

Using the notation of his paper of 1897 (Hist., iv. pp. 220-222
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Metzler with ease to himself states the general theorem in a single
line. He then deduces from it as a special case Cauchy’s corre-
sponding theorem, thus supporting Muir’s conclusion as to the
nature of the relation between the two. Other deductions of a
quite general character are made, and a still greater number are
got by specializing, the more interesting of the latter being due
to making the second sum of arrays identical with the first. In
this way special subjects previously discussed by others, and
even determinants of special form like the Compound and the
Orthogonant come in for consideration and advancement.

POLYA, G. (19133%/))
[Aufgabe 424. Archiv d. Math. w. Phys., (3) xx. p. 271.]

The proposition here set for proof is that by no mere altera-
tion of signs in the elements of
+ +

| ars |

can it be made equal to | @y, |, when n > 2.

BOTTASSO, M. (1913%/,)

[Sui sistemi di equazioni ottenuti da un determinante simmetrico
di forme in pil serie di variabili. Rendic. . . . Ist. Lombardo
.+« (2) xlvi. pp. 88-108.]

As a foundation for his main subject the author here first
lays down three theorems connected with general evanescent
arrays, following them up with other three dealing with square
arrays that are axisymmetric. It is the former three that now
concern us. The first theorem of all is in effect: If any m-by-n
array be evanescent, and at the same time the array got from it by
deleting both its last row and s last column, then- either (1) the
array got by deleting only the last row is evanescent, or (2) the array
got by deleting only the last column is not merely evanescent but has
all its (m — 1)-line minors equal to 0. The important case where
m == n we may state for ourselves separately: If any determinant,
D say, vanishes, and at the same tume the cofactor of its last element,
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then one of two arrays must also vanish, namely; either the array
got from D by deleting its last row or the array got by deleting 1ts
last column. A proof of this is given, with an indication of how
to extend it. The two other theorems we shall condense in state-
ment. The one is:

1,2,...,m ,2,...,m—1,
=0= ’ — 2
iy e . . n| =0 ' 12 e, p| TR
. 1,2,. m—
then either » 7 ym—1 =0,
1,2, ......... , N
) . 1,2,...,m .
or, all the (m — 1)-line minors of L9 » vanish.
The other is:
1, 2, , M 1, 2, m
If =0=|,. T,
2,0 .. , n 1, 2, , m
. i I , 2, ...,m
then either 11, 9 ... .. - =0
1,2,...,m =0
o 2, ... ,nl

A reinvestigation of the three on different lines would be of
value, especially if throughout it all previous related theorems
were kept in view.

MUIR, T. (19138/,)

[Note on an overlooked theorem regarding the product of two
determinants of different orders. Transac. R. Soc. S. Africa,
1i. pp. 271-273.]

The overlooked theorem in question is that enunciated by
Simonnet in 1879 but not proved. Here it is recast, widened and
proved by Muir on the analogy of the so-called Sylvester’s theorem
of 1851 (Hist., ii. pp. 61-62, iv. p. 81). As now viewed it expresses
the product of two determinants of the p™ and ¢'* orders (p > q)
as a sum of products of two determinants of the (p — )" and

(q -+ a)*" orders.
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MUIRHEAD, R. F. (1913%/;)

[Two theorems on determinants, and their application ... Math.
Notes (of Edinburgh Math. Soc.), i. pp. 1561-153.]

For the third order the second theorem is

a+ A@y — a;) ay+ Aay— @) ay
by +Aby— b)) by + Alby— b)) by | = |a16203 l
e +Aley—¢) &+ Al —cp) o

METROD, G. (1913!/,): ROSS, C. M. (1913/,,)
[Question 4245. L’Intermédiaire des Math., xx. p. 147.]

[Question 17602. Educ. Tvmes, 1xvi. p. 434: or Math. from Educ.
Tvmes, (2) xxviii. pp. 46-47: or Mathesis, xxxix. pp. 473-

474.]

The first question here concerns the expression of the m'
power of any 2-line determinant as a 2-line determinant. The
treatment of it is quite ineffective, the law of formation of the
elements of the product of m determinants being overlooked
(Hist., iv. pp. 27-28).

The other concerns a case of the equality so effectively treated
by Metzler in 1899 (Hast., iv. pp. 495-496).*

STEPHANOS, C. (1913): FATERSON, L. (1913)

[Sur une propriété caractéristique des déterminants. Annali di
Mat., xxi. pp. 233-236.]

[O warunku koniecznym i ostatecznym by wyznacznik réwna
si¢ zeru. Wektor (Warszawa), iii. pp. 116-119.]

The question here raised by Stephanos is whether there may
not be other functions than determinants that have the same law

* 8. Pollard’s question 17783, which appeared a few months later than this in
the same serial, concerns a vanishing 3-line determinant, but through incorrect-
ness of printing or other cause is unintelligible.
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of multiplication: and the result reached is that the only functions
of n2 variables x;;, say the function f(x), which are such that

f @) fly)=f(2) when zy = Zx;ys

and such that they can be differentiated with respect to all their
variables, are those which are a power of | X, |n.

The other subject is of old standing—a test for a null deter-
minant (cf. Hist., ii. pp. 94-95).

METZLER, W. H. (1913/,)
. [The rank of a matrix. Annals of Math., xv. pp. 161-165.]

The main theorem here established is an extension of Kron-
ecker’s of 1864 (Haist., iii. pp. 14, 25), being as follows: If in an
array there be a k-line non-vanishing minor, while all the (k -+ h)-
line manors which include the said minor do vanish, then every
other (k 4 h)-line minor must vanish also. It leads up to two
allied theorems, one regarding axisymmetric and one regarding
zero-axial skew determinants.

CARLINI, L. (1913)

[Sopra un simbolo operativo la cui teoria presenta analogie con
quella dei determinanti. 15 pp. Udine.]

The actual contents of this paper and the contents as indi-
cated in the title are seriously discrepant, the operational symbol
given prominence to in the title being very imperfectly dealt
with in the paper, and the matter most fully discussed in the
paper being not referred to in the title at all. Taking these points
in reverse order we have thus to note first that the author is
mainly occupied with the consideration of those permutations
which have the same given number of inverted-pairs—a subject
all the more undesirable to exclude from the chance of being
indexed because other papers had already been devoted to it,
namely, Bourget’s paper of 1871 (Hist., iii. p. 33), Muir’s of 1899
(Hust., iv. pp. 72-73), and one by Carlini himself in 1903 (see
above).

The number in question when there are »n things permuted
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and when the given fixed number of inverted-pairs is 7, the
author denotes by 4, ,, and he states its elementary properties
to be

Arr = An,gn(n—-l)-n

A'n, n(n-1) == 1,
A",O + An,l + An’g + PP + An,in(ﬂ-—l) = n!

If, however, the recader will make allowance for differences of
notation, and note especially that the symbol 4, , had previously
been written V, , he will have no difficulty in verifying the fact
that the properties in question are rediscoveries. More interesting
for comparison with previous work is the fresh mode of utilizing
the concept of the  generating function ’ in investigating 4, ,.

KOCH, H. v. (1913)

[Ueber das Nichtverschwinden einer Determinante, nebst Bemer-
kungen iiber Systeme unendlich vieler linearer Gleichungen.
Jahresb. d. deutschen Math.-Verein., xxii. pp. 285-291.]

The basic result here on non-evanescence is spoken of as
Hadamard’s of 1903, but is in reality Lévy’s of 1881 and Des-
planques’ of 1886 (see above, pp. 33—-34). The paper opens with an
interesting but rather over-condensed proof of what is viewed to
be an equivalent theorem, namely, If .n the determinant

0 - b12 — bl3
- b31 — Y32 0

n

the sum of the moduli of the elements of each row is not greater than
@ quantity € that is less than 1, the determinant cannot vanish.

The initial step taken is

]. - blz - b13 DY 1 bl2 b13
- b21 1 by ... cbn 1 by
- b31 - b32 1 o e b31 b32 1
e e e e ln |- - < . n
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1— (blzb21+ b13b31) —bmbsz ‘*b12b23 *
= ‘—623631 1—- (b2lbl2+ bzsbaz) ’—bnbls
“bazbzl —bslbm 1— (b31b13+ bazbza) ’

or, as it is abbreviated,
D(b) - D(—b) = D(®);

whence, after repetition of similar multiplications, there is
obtained

D(b) - D(—b) - DFP) - D(—b®) . .. D(=bE""1) == D).

The next step is to show that

lim,_, 6% = 0,

an immediate consequence of which is that the infinite product
of D’sis 1 and that therefore no single one of the D’s can vanish.

The subject is continued in regard to determinants of infinite
order, and thereafter an application made as indicated in the
title.

TOCCHI, L. (1914/,): MARIARES, F. (19141/,)

[Generalizzazione d’un teorema sui determinanti. Periodico d&
Mat. Anno xxix. pp. 53-58.]
[Tres teoremas sobre determinantes. Revista de la Soc. Mat.
Espaii., iii. pp. 303-306.]

The first result established by Tocchi is that If an m-by-n
array be evanescent, the (m — 1)-line minors of any m — 1 rows are
proportional to the corresponding minors of any other m — 1 rows;

* This equality it is well to recognize as being included in one with which we
are familiar in the theory of latent roots, namely,

a, —x a, ag a, +zx a, a; ...
b, b, —x by ... |.] b by+x by ’
¢ g C3—Z ... ¢ s C3tzx ... I

row, - col; — z2 row, - col, row, - col,
row, * col, row, : col, — 3 row, - col,
rowsg * col; rows * col, rowg-coly — 2% ...

where row, stands for the ktY row of | a,byc, |.
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and then with this as a lemma there is proved with equal care and
fullness the generalized theorem in question, namely, If a de-
terminant be of non-zero rank x, then the r-line minors of any r
rows are proportional to the corresponding minors of any other r
rows. No reference 1s made to Frobenius’ related work of 1876
(Hist., iii. pp. 62-64), to Capelli-Garbieri (§ 371) of 1886, or to
Garbieri (§ 15) of 1891 (Hust., iv. pp. 102-103, 105-106).
The theorems of the second paper are quite elementary.

MUIR, T. (1914%),)

[Note on the sum of the equigrade minors of a determinant.
Messenger of Math., xlii. pp. 177-184.]

The problem here set is to affix an r-line border to an n-line
determinant, so as to obtain an equivalent for the sum of the
(n — r)-line minors of the determinant, as is known to be possible
when 7 is 1 (Haist., iii. pp. 11, 13), for example,

1 1 1

. = A,+ dy+ A5+ B+ By+ B3+ C,+Cy4-Cs.
1 b b, b

—1 ¢ ¢ ¢

It is first shown to be soluble for the case n == 3, r == 2, the result
being

-1 .
. .. =11
1 . a ay a3 |=a;t+aytag+ by+byt+by+ eitcptos
1 b b, by
—1 -1 ¢ ¢ ¢

Next it is proved, on the other hand, that values cannot be found
for the 2’s and y’s in

T N & Gy a3 Oy
Ty Yo by by by b,
T3 Y3 € Cp C3 C4
Ty Yy dy dy dy d,
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so as to make it equal to the sum of the two-line minors of
| aybyesdy |; and what follows thereafter renders it probable that
the only other soluble case is where n = n and r = n — 1, the
border then being of the form

—1 . .« e .1

—1 |
-1 ... .1
-1 1
For example
-1 . 1
—1

. 1
11 [ a,+ay,+ a3+ a,
1 . . Qo a, a :<+b1+b2+b3+b4
! 3 ¢ l+c1+cz+ca+04

. . 1 ¢ o C3 €
-1 -1 -1 d, d, d; d,

In every case, it will be observed, the bordering gnomon is skew.

MUIR, T. (191420/,)

[The determinant of the sum of a square matrix and its con-
jugate. Messenger of Math., xliii. pp. 184-192.]

This peculiar form of determinant,* spoken of here as the
‘ duplicant ’, secms to have been first thought of by Hunyady
in 1882 (Hist., iv. p. 209). By expressing it as a sum of determi-
nants with monomial elements there comes at once the result:
The duplicant of any n-line determinant when n s odd is equal to
twice the sum of 2" 1 determinants: for example, when n is 3 the
duplicant equals

2{ | 123 | + |123" |+ |12'3| 4+ |1"23| },
where 1, 2, 3 are the columns of the basic determinant, and
1,2, 3" are those of the conjugate. When » is 4, the corresponding
development is

2{]1234 | 4| 1234’ | ) + Z| 123’4 |.

* Though peculiar and bearing a special name, there is a certain appropriate-
ness in assigning it to Chap. I, unless its basic matrix be specialized.
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Following this comes a deveclopment in which the two sets of
columns are kept separate, for example,

dupl. | a,byeqd, | = 2{| aybyeqd, |+ 2(A4,, By, Cy, Dy §ay, ay, ag, a,) )
-+ Z{| a,b, | - conj. compl. | ab, | },

where conj. compl. | a,b, | = conj. | ¢gd, | = | ¢gd,|. This leads to
a rediscovery of Hunyady’s neglected theorem which is now
proved for the first time. The rest of the paper is occupied
with the consideration of bordered duplicants.

PASCAL, A. (1914/,)

[Sopra i minori del determinante generalizzato di Scholtz-
Hunyady. Giornale di Mat., lii. pp. 301-304.]

This paper follows up Cazzaniga’s of 1900, the term ¢ Scholtz-
Hunyady ’ being a well-meant substitute for the former ‘ Hun-
yady ’, and the so-called generalized determinant being merely
the determinant in its original form of the year 1851,*—that is
to say, where the elements are of the degree r. The only dif-
ference in the process lies in the fact that the number of equations
in the derived set is (» + r — 1), instead of (n 4 2 — 1),: as
before, the basic set and the derived set are solved and the
solutions brought into relation. What we have to take note of
is the correspondingly generalized result, namely, that the factor
common to all the primary minors of the derived determinant is that
power of the basic determinant whose index s (n + r — 1), —r,
and that the cofactors appear as sums of products of primary
minors of the basic determinant.

To help in the visualization of this we give another instance
of our summarizing theorem exemplified under Cazzaniga: The
basic determinant being | a\b, |, and Schlifli’s derived determinant
when r 1s 3 being consequently

a® 3a,%a, 3a,a,2 a,®
%, %, + 2a,a5b,  ay%D, + 20,050,  ay%b,
a2 b2, + 2bba;,  by%a, + 2bib,a,  agby?

b,3 3b,%b, 3b,b,2 b,? .

* See footnote under Whittaker (1916) in Chap. on Orthogonants.
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the adjugate of the lalter determinant is equal to
43 34,%4, 34,4,° 4,2
A,°B, A,®B,+24,4,By A,°B,-+24,4,B, 4,*B,
A,B;®2 B,?4,+2B,B,A, B,*4,+2B,B,4, A,B,*
B3 3B,2B, 3B, B,* B,?

I a,b, l3.4

where | 4,B, | is the adjugate of | a;b, |.

KNESER, A. (1914)
‘[Zur Theorie der Determinanten. Schwarz-Festschrift, pp. 177-191.]

The author here starts with the rather doubtful assertion that
the theorems usually proved with the help of determinants may
be separated into two groups—one in which the subject-matter
of the theorem is independent of the determinant concept. and
one in which it is not. In support of this and to make clear the
difference between the two he first selects four elementary theorems
regarding linear forms and linear equations, and gives demon-
strations of them without making use of determinants (pp. 177-
183); and then for his complementary illustration he brings
forward (pp. 183-187) Kummer’s non-determinant investigation
of Lagrange’s cubic equation (Hist., ii. pp. 295-296) as followed
up on a different line by Jacobi and Borchardt (Iist., ii. pp.
296-302). Through his treatment of this latter illustration he is
led on to the subject of integral equations,* with the result that
we have an unexpected addendum (pp. 187-191) of more interest
than the main body of the paper.

SCHUCHMANN, H. (1914/;)

[Die Determinante in der japanischen Mathematik und die
Erweiterung der Sarrus’schen Verfahrens fiir die Auflésung
der Determinanten dritten Grades auf Determinanten n-ten
Grades. Math.-Naturw. Bldtter, xi. pp. 65-68, 86-89.]

This is a careful exposition of the contents of Hayashi’s paper
of 1910. Anything additional is due to the fact that the author
* The paper is thus seen to have a bearing on three of our later chapters—

those on Linear Equations, Orthogonants, and Wronskians.
(% 185) 7
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attaches more than the usual importance to the so-called Japanese
method of development, and explains it with considerable full-
ness for the case of the fourth order.

KOJIMA, T. (1914, 1917)

[On a theorem of Hadamard’s and its application. 7'éhoku
Math. Journ., v. pp. 54-60.]

[On the limits of the roots of an algebraical equation. T'6hoku
Math. Journ., xi. pp. 119-127.]

The determinantal theorem here utilized is called by the
author Hadamard’s of 1903; but, as we have already seen, it is
of much earlier date (see above, p. 33). In the first paper, before
applying the theorem, a fresh proof of it is given, based on the
theory of linear equations. The second paper merely repeats
and improves the application made in the first.

PASCAL, A. (1915/,)

[Sui determinanti ottenuti da un altro operando una medesima
trasformazione lineare sugli elementi di una o piu colonne.
Gornale dv Mat., liii. pp. 35-42.]

The first part of this paper (§§ 1-3) continues the considera-
tion of a subject previously dealt with by Bagnera and I. Pascal
(Hist., iv. pp. 33-34, 63). The opening theorem may be formu-
lated thus: D being any n-line determinant and A its adjugate;
D, the determinant got from D by substituting for each element of
the h™ column a linear function of the elements of that column, and
A, the determinant sumilarly got from A: then, if the determinant
of the coefficients of the substitution vn the one case be the conjugate
of the determinant in the other,

Ah == D,‘ ¢ Dn~2.

For example, when n is 3 and % is 2, we have
4, (4y, By, CyJay, By y1) 43 ‘
B, (4, B, Cy§{ay B, v2) By
Cy (dy By, Cofag, By vs) O l
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a; (g by, 3§ ay, 0, 0a3) @y
=1 b (a0, ;¥ B, B Bs) b3 |* I a;b,c5 l
G (ag, by, €3 § ¥15 ¥2» ¥3) C3

When more columns than one in Dand A are subjected to substi-
tution, a quite analogous result holds, the work of establishing
it, however, being of course considerably more complicated.

In the second part of the paper (§§ 4-6) determinants obtained
from D by substitution are still under consideration, but the
problems solved are different in kind, the aim no longer being the
.discovery of a relationship but the effecting of a summation.
Thus, to take the first and simplest example, if not all the »
elements of the A*" column are at one time to be affected but only
k of them, there arises not the sole determinant D, but a series
of (n); determinants, and the sum of the series is shown to be

tn — 1)xD 4 (n — 1)y Dy

NANSON, E. J. (1915'/,)
[Question 17932. Educ. Tvmes, Ixviii. p. 78.]

The result here announced for proof is in effect that at most
gm(m — 1) (3n — m — 1) minors of an m-by-n array have to
be examined in order to ascertain the non-zero rank of the array.

DECKER, F. F. (1915/,)

[On the order of a restricted system of equations. American
Journ. of Math., xxxvii. pp. 159-178.]

As auxiliary to the main business of this paper two secticrs
(pp. 164-170) are devoted to establishing Cayley’s theorem of
1843 regarding a null array, no mention, however, being made
of the original author. It is first shown that the m-line minors of
an m-by-(m + 1) array are linearly expressible in terms of the first
r + 1 of them. The proof, which is gradational in form, occupies
four pages, the cases r =1, r = 2, r = 3 being dealt with at full
length. Apparently the evidence involved in it is considered
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equivalent to showing at the same time that the number of linearly
independent m-line minors in the array 1s r + 1. The problem of
obtaining the actual expressions referred to in the first of the
two statements is also formally solved, there being thus given in
a sense a second proof. These expressions, however, are not ob-
served by the author to be merely cases of the so-called Syl-
vester theorem for expressing the product of two determinants
as a sum of like products. They resemble Muir’s of 1891 (Hust.,
iv. pp. 47-48), but differ in that the multipliers of the first r + 1
minors are of the (m — 1)™ order and do not contain any arbi-
trary elements. Thus if the array be

a b ¢ d
1 2 3 4 5 6},

and it is desired to obtain an expression linearly connecting
| aybyced, | with the first three 4-line minors of the array, the
relation of 1891 is

| a3DyCady | |ayboCads | = | aybocady | | abacads | — | aybycsdy | | @ybacydy|
and the relation of 1915 is
— | brcody | | aibocads | = | bicady | | aibaceds | — | brcads | | arbacsd, |

The latter is obtainable from the former by putting the arbitrary
elements a,, b,, ¢;, d; equal to 1, 0, 0, O respectively. Both lead
more or less readily to the condition attached by Rahusen to
the theorem under discussion, namely, that

a b ¢ d
ag by ¢y dy| 0.
as by ¢y dg

(Hast., iv. pp. 40-41).

The main subject of the paper as indicated in the title has
been of interest for a long period, and a considerable number of
writings have been occupied with it, all of them to a greater or
less degree making use of determinants, but none of them save
Decker’s stepping aside to discuss the instrument used. The
titles of the more relevant of these writings are included in the
List given at the end of this chapter.
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BOEHM, K. (1915Y/;)

{Ueber einen Determinantensatz, in welchem das Multiplications-
theorem als besonderer Fall enthalten ist. Crelle’s Journ.,
cxlv. pp. 250-253.]

The interesting theorem here established we may enunciate
for ourselves thus: If A and B be any n-line determinants whose
product 1s P, and every possible determinant be taken that is form-
able by replacing m rows of A by the corresponding rows of P, then
the sum of these (n),, determinants is equal to the product of A by the
sum of the m-line coaxial minors of B: for example, when n = 3
and m = 2, the basic determinants being | a,byc; |, | #,y525 |, we
have

a, a, 0 Zaxr Zay ZXZaz Zar Zay Xaz
Xbr Xby 2Zbz| 4+ | b, by, by | + |Zbxr by Xbz
Zex Xcy ez Zex  Zey 2z i C C3

= lalb203] * saxmy, Izl?/zzal )

where Xaz, ... stand for a,x; + @@, + asxs, ..., and saxm,
for ¢ the sum of the 2-line coaxial minors of . The author says
that the theorem was suggested to him by two simple cases
found in joint writings of Burali-Forti and Marcolongo.* The
demonstration given is less direct than it might be. By using
Laplace’s expansion-theorem and the multiplication-theorem the
series of derived determinants can be expressed as an aggregate
of {(n),, } 2 terms, each one having an m-line minor of B as a factor
and either 4 or 0 for the cofactor according as the said minor
is coaxial or not.

It may be worth adding that, by Deruyts’ theorem of 1882
(Huist., iv. p. 39), the result would be the same if in the formation
of the determinants derived from 4 and P columns were used
instead of rows: and that the compound determinant with
elements constructed after the manner of the said derived deter-
minants is equal to

AM™m Br-Din -1

(Hist., iii. p. 198).

* Omografie Vettoriale, §2, Torino, 1909: Analyse Vectorielle Générale, i. §8:
Pavie, 1912,
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ROSS, C. M. (19151/;)

[Question 17999, Educ. Times, lxviii. p. 203. Math. Qu
Sol., i. pp. 93-94.]

An interesting example of an evanescent array
rows and 2n columns. When # is 4 the equality is

a, ay a3 G

al a2 aa . . . . w4
a G . 4 . . T
a, . a3 a . T,

ay az; a; I,
Ty Ty T3 Xy

It is based on the fact that the Hth and 6th rows can both be

changed into 4a, da, 4o, 4a, z, T, T3 7,

KONIG, D. (1915/,,)

[Ueber Graphen und ihre Anwendung auf Determinantentheorie
und Mengenlehre. Math. Annalen, 1xxvii. pp. 453-465;
or, in Magyar, Math. és termesz. értesito (Budapest), xxxiv.
pp. 104-119.]

‘ Graph ’, as here used, recalls Schur’s paper of 1912. It is a
figure consisting of any number of points of which certain pairs
are joined. The section (pp. 457-459) dealing with the applica-
tion to determinants results in two theorems of a peculiar type:
(1) If each row and each column of a determinant have the same
positive sum, and the elements be non-negative, there is at least one
non-zero term wn the development. (2) If the number of non-zero
elements in each row and each column be k, there are at least k non-
zero terms n the development.

MUIR, T. (1915%/,)

[Note on the so-called Vahlen relations between the minors of
a matrix. Transac. R. Soc. S. Africa, v. pp. 695-701.]

This is a critical examination of Vahlen’s paper of 1893 (Hist.,
iv. pp. 55-56), making clear at the same time how little ground
there is for connecting his name with the subject. As we have
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seen in the course of our chronicle, the papers really deserving
of mention are Sylvester’s and Bazin’s of 1851 (Hust.. ii. pp. 61—
62, 206-208), d’Ovidio’s of 1877, and Rubini’s of 1878 (Hust.,
iii. pp. 68, 200).

Two incidental results may be briefly noted: (1) that any
manor of a Bazin's compound determinant s itself a determinant
of the same kind: and (2) that since (Hist., iv. p. 273)

I |ad, | |ayes| |ady| | =0,
l bycy I l byd, |
|ade | |

we may with much convenience write five such identities in the
form

H |ahy | |aies| |ady| ||| =0
|bies| | Bids| [ by
Icld2l "1"'2,
| diea

the five Pfaffians being got by deleting separately the five frame-
lines of the quasi-Pfaffian array.

HELMIS, J. (1915): MACROBERT, T. M. (19161/,)

[Combinaisons déterminantes. L’Enseignement Math., xx. pp.
271-276.]
[A method of obtaining examples on the multiplication of
determinants. -Math. Notes (Kdinburgh Math. Soc.)
1. pp. 230-231.]
The first note here concerns the number of combinations ecach
consisting of m elements taken from an m-by-n array, subject
to the condition that in the forming of a combination one element

and only one shall be taken from each row.

D being a determinant with one or more known factors, and
A a determinant got from the adjugate of D by removing some
of its factors, the examples referred to in the second note are of
the type D - A:

eg. |b a a a+b —a —a

a b a|*| —a at+b —a
a a b —a —a a-t+bl
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MUIR, T. (19163/;)

[A sixth list of writings on determinants. Quarterly Journ.
of Math., xlvii. pp. 344-384.]

This list contains in all 374 titles, 156 belonging to the periods
of the five preceding lists and 218 to the new five-year period
1911-1915. In the introduction to the list much satisfaction is
expressed at the important step taken by the Mathematical
Association in publishing * W. J. Greenstreet’s Catalogue of
Current Mathematical Journals, . .. with the names of the
Libraries in which they may be found.

VOLTERRA, V. (1917/,)

[The generalization of analytic functions. Rice Institute
Pamphlet, iv. pp. 53-101.]

Near the beginning of his first lecture on this subject the
author devotes a couple of pages (pp. 57-58) to what he calls
¢ General formule about matrices ’. The single result arrived at,
however, is a vanishing aggregate of products of pairs of de-
terminants, the one factor of each product being of the " order
and the other of the p™. It is essentially identical with a theorem
of Schweins’ dating back to 1825 (Hast., 1. p. 171). The case where
the orders are the same Volterra attributes to Antonelli, but
it is really the so-called Sylvester theorem of 1839 (Hust., 1. p.
233).} ’

MUIR, T. (191728/,)

[Note on an expansion of the product of two oblong arrays.
Transac. R. Soc. S. Africa, vii. pp. 15-17.]

The new expansion takes the form of an aggregate of single
determinants, the general theorem being: The product of two
m-by-n arrays A, B is expressible as an aggregate of single deter-

* London, G. Bell and Sons; 40 pp.; 1913.
1 In our account of Antonelli’s paper ({/ist., iv, pp. 18-19) the suffixes of tho
&’s in the more gencral theorem should be ¢, 2, 3, . . ., m.



DETERMINANTS IN GENERAL (1917) 81

manants, the first of which s the product of the first k columns of
the arrays, and the others are formed from this by bordering; namely,
bordering first in every way with one of the remaining columns from
A and the corresponding column from B; secondly, with two of the
remaining columns from A and the corresponding two from B; and
80 on, those having an odd number of lines in the border being nega-
tive and the others positive. For example, when n, m, k = 5,3, 3,
we have

a, Gy ... ag 0, Oy ... ag

2

by by ... b5 - B B Bs
61 G ... G5 i V2 - Vs
P, P, P, P, P,P,a, P, P, Py a, P, P, P,;a,a,
== Ql Qz Qa - Q1 Qz Qs b4 - Ql Qz Qa bs + Q1 Qz Qa b4 b5
R, R, R, R, R,R,c, R, R, R, c; R, R,R;c,cq
ag Bava - as Bs s - Qy Bivs -
a Bs s - - |

where | PyQ,R; | is the product of |abye, | and |a,Byy, | The
connection of the new expression with others of earlier date is
pointed out (Hust., ii. pp. 57, 199-200: iv. p. 64).

FROBENIUS, G. (1917%%/,)

[Ueber zerlegbar Determinanten. Sutzungsb. . .. Akad. der Wiss.
(Berlin), 1917, pp. 274-277.]

The first theorem proved here is a case of Muir’s of 1872, the
latter being: If k elements of one row of a determinant of the nt»
order contain a common factor, which is also contained in the corre-
sponding elements of n — k other rows, this factor is a factor of
every term of the determinant. With Frobenius the common
factor is zero.* The second theorem proved is the converse of
Frobenius’ case: If all the terms of an n-line determinant vanish,
there must be for some value of k an (n — k + 1)-by-k array having
nothing but zero elements. With these two as auxiliaries he then
re-establishes a theorem first enunciated by him in 1912, namely:

* Muir’s theorem and proof were not referred to by us under the year 1872
(Hust., iii. p. 43), preference being there given to a theorem of Whitworth’s which
from one point of view was more general.
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If the elements of an n-line determinant be independent variables,
and certain of them be replaced by zeros without causing the de-
terminant to vanish, then the determinant remains an irreducible
Sfunction save when all the elements of an n-by-(n — k) array are
zeros. Lastly as a deduction from this he arrives at D. Konig’s
first theorem of 1915 (see above, p. 78), expressing in passing
a not very hopeful opinion of the method of ‘ graphs’ as an aid
in the study of determinants.

CIPOLLA, M. (1917)

[Sulla sviluppo di un determinante secondo i minori di due
matrici complementari. At . .. Accad. Gioenia . . . (Cat-

ania) (5) x. No. 19, 8 pp.]

This paper follows up Nicoletti’s of 1902, which however he
speaks of as giving an expansion of a determinant according to
products of minors of the last p rows by minors of the last ¢
columns. The value of the paper lies in the extreme care taken
to produce an irreproachable proof.*

METZLER, W. H. (19171/,)

[Vanishing aggregates.  Proceed. 'R. Soc. Edinburgh, xxxvii.
pp. 324-326.]

This is a following-up of the second part of Muir’s paper of
1888 (Hzst., iv. pp. 38-40). The aggregates in question are aggre-
gates of determinants formed from three or more given de-
terminants in accordance with a definitely prescribed mode of
transference of rows and columns, the result arrived at being an
extension of Deruyts’ theorem of 1882 where the number of
given determinants is only two (Hust., iv. pp. 15-16, 38--40).
For example, if the given determinants be

| Ay Ogp Qgz Agy ls | b1y byg b3y by l’ | Cy1 Cag C33 Cgq I’
and each determinant of the first aggregate is to contain two
* Like Nicoletti he refers to Hesse’s paper of 1868: this reference now, how-

ever, is attached by him to a theorem of Cauchy’s of 1812 (Hist., iii. pp. 28-29:
i. p. 105).
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rows of a’s, one row of b’s, and one row of ¢’s; and each deter-
minant of the second aggregate to be similarly formed but with
columns taking the place of rows; then the two aggregates are
equal, the number of determinants in each aggregate being
41/21111!  The theorem rests, like its narrower predecessor, on
Laplace’s expansion-theorem.

ROSS, C. M. (1917!/,,, 1918'/,): RITT, J. F. (1918%/,)

[Question 18558. Math. Quest. and Sol., iv. Part 6.]

[Proof of the multiplication-formula for determinants by means
of linear differential equations. Bull. American Math. Soc.,

xxiv. p. 370.]

Ross’s first result is Schléfli’s of 1851 (Hist., ii. pp. 52-53).
The proof referred to was brought forward by its author as being
curious rather than important. And Ross’s second result in its
final form is that if | 234 l, the last 3-line minor of the array

©n a4 b oo
Ty ay by
zy ay by ¢y,

vanish, then
|123 | -] 142 | = p| 134 %,

where p = B,(,/4,%.

CULLIS, C. E. (19183%/;)

[On a special matrix of order six. Bull. Calcutta Math. Soc.,
X. pp. 127-140.]

In the first section here (pp. 127-130), which is all that strictly

concerns our subject, the well-known Schléfli determinant
| ay%by%s® bocy + bycy €301 + a5 a1y 4 agh, |
is once more shown to be equal to | a,byc; |* (Hist., ii. pp. 52-53),
and to be of non-zero rank
6, 3, 1,70
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according as | a;byc, | is of non-zero rank

3, 2,1, 0.

The proof given of the latter result, although purely determinantal,
does not supply the want which we referred to when speaking of
Kiirschédk’s more general theorem of 1900 (see above, p. 7).
The nature of it will be understood when we mention one of the
auxiliary facts made use of in it, namely, that the 3-by-6 array

a® e’ e @903 @30, 01y
20,0, 2c,a, 2c3a3 Cya3 + C30;  C30y + €103 GG, | Coty
20,0, 2a,b, 2a3b; asby + agb, ash, + ab; a.b, + a.b,

has | a;byc; | for a factor, the cofactor in three of the twenty cases
being 0.

MUIR, T. (1918%/,)

[The quadratic relations between the determinants of a 4-by-8
array. Proceed. R. Soc. Edinburgh, xxxviii. pp. 219-225.]

The matter here discussed is the theorem which expresses
the product of two determinants as a sum of like products, and the
main contribution made is a peculiarly compact and convenient
notation for the products in question. The first auxiliary is the
theorem that the full number of binary products of the determinants
of an n-by-2n array s

%{(Cﬂ, n)2 + (Cu, 1»—1)2 —I" LI + (Cn, 0)2}7

and that this is expressible as the sum of }(n - 1) squares when
n is odd and }(n -} 2) squares when n ts even. For example, when
n is 4 the number of products is 35, a number which is partition-
able into the four squares 12, 22, 3%, 42, The second help arises
from numbering the columns of the array by

1,2,3,...,n,1,2,3,...,n

and from specifying the determinants by the numbers of the
columns which compose them; for example, the determinants in
the products

1234 - 1'2'3'4", 1234’ - 341’2, .
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Lastly, there is the condensation of this notation got by arrang-
ing the products as elements of determinants—an operation to
which the products lend themselves with striking naturalness— -
and then denoting the said determinants by

IarsI’ IB”l’ < e e

for example, when = is 4, we have

a one-line determinant | 1234 - 1’2’3’4’ | denoted by a;,,

a 3-line determinant

[ 121'2" - 3’4’34 121'3" - 24’34 121’4’ - 2’3’34
131'2" - 3’4’24 131'3' - 2’4’24 1314’ - 2'3'24 | by ] B11BasPsa |,
14172" - 3’4’23 141’3’ - 2’4’23 141’4’ - 2"3'23

a 3-line determinant
|123'4' - 1'2'34 1324’ - 13’24  142'3" - 1’4’23 | by | y11¥aeyss |,

and a 4-line determinant
| 12’3’4’ - 1’234  21'3'4' - 2’134 31'2°4"- 3’124 41'2°'3'-4'123
by | 811322835844 |

The remainder of the paper (§§ 11-18) is occupied with appli-
cation of the notation in the evolution and statement of many
linear relations among the products; for example, the single element
ay, 18 equal to the sum of the elements in any row or column of
| 811823835044 |, the sum of all the elements of the four determinants
18 8a,,, and so on.

MILLER, G. A. (19183/,): METROD, G. (1919'/;)

[Determinant groups. Bull. American Math. Soc., xxv. pp. 69-75.]
[Question 4952. L’Intermédiaire des Math., xxvi. p. 100.]

Naturally it is the theory of Groups rather than the theory of
Determinants that profits here: in this respect a contrast will be
found in Bagnera’s paper of 1887 (Hist., iv. pp. 33-34).

The question concerns inverted-pairs: it elicited nothing.
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MUIR, T. (19181/)

[Note on the representation of the expansion of a bordered
determinant. Messenger of Math., xlviii. pp. 23-32.]

As a deduction from Arnaldi’s main theorem of 1896 (Hust.,
iv. pp. 432-433) and the main theorem of the paper now reached
it is shown that a determinant can be expressed in terms of minors
drawn from four mutually exclusive arrays, two of which are coaxial
and complementary. It is overlooked, however, that the said
deduction is only a case of Nicoletti’s theorem of 1902 (see
above). Three useful facts in regard to the expansion are noted:
(1) that if the orders of the two complementary arrays, P and ¢
say, be p and ¢, the orders of the minors in the four-factor pro-
ducts are

& 9,

O

(&5

(2) that the number of such products is
1+ (Cy, )2Cy1)% 4 (Cp2)*(C ) + - - -

and (3) that to obtain a specimen product it is well to fix first
on the minors to be drawn from P and @, next to delete from the
entire determinant the rows and columns to which the said minors
belong, and then in the minor resulting from this deletion to
change all the P and @ minors into zeros.

MUIR, T. (1919°/,)

[Note on certain determinant identities arrived at by H. v. Koch.
Trans. R. Soc. 8. Africa, viii. pp. 101-105.]

The identities in question are those established in § 2 of Koch’s
first paper of 1890 on the solution of an infinite set of linear
equations. After careful examination the main identity is shown
to be practically the same as a result given by Schweins in 1825
concerning the quotient of two determinants. The character of
the others will readily be guessed on a perusal of the account
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given by us of Koch’s paper at its proper historical place
(Hust., iv. pp. 418-419).

STRAZZERI, V. (1919%/,)

[Sullo sviluppo dei determinanti. Rendic. del Circolo Mat.
(Palermo), xliii. pp. 352-356.]

The subject here is really Chio’s condensation-theorem of
1853 and deductions from it (Hest., ii. pp. 79-81: iii. pp. 80-81).
The most important of the latter we may put concisely as follows:
If D, be any n-line determinant, then the compound determinant
whose elements are the k-line minors of D, that each include the
coaxial ininor D;_; s equal to (D;_;)**-D,. The fact however
must not be overlooked that this is merely an instance of the
class of theorems which we have spoken of as being ‘ extensionals
of manifest identities ’ (Hust., ii. pp. 58-61).

RICE, L. H. (1920/,,)

{On determinant expansions. American Journ. of Math., xli.
pp. 237-242.]

Misled by Muir’s paper of 1918 (see above, p. 86) Rice takes
up the theorem which his predecessor ought to have attributed
to Nicoletti, establishes it in his own way, gives repeated exten-
sions to it, and brings it into useful relation with Albeggiani’s
theorem of 1874 (Hust., iii. pp. 52-53). In the extensions he goes
beyond Nicoletti. The latter, it may be remembered, restricted
himself to arrays marked off by full-length horizontal and vertical
lines, whereas with Rice the determinant is partitioned into
rectangular arrays in any way.

In addition to thus throwing fresh light on the subject as
confined to ordinary determinants, he then goes beyond our
domain and lays down the analogous theorems in regard to
p-dimensional or ‘ p-way ’ determinants.
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CHAPTER I(a)

HADAMARD’S APPROXIMATION-THEOREM, FROM 1900 TOo 1917

There are two rather important theorems in determinants
which both bear Hadamard’s name, one belonging to the year
1893 and the other to 1903. As confusion has arisen by each of
them being called simply ‘Hadamard’s theorem’, I propose,
as in the above title, to call the earlier of them his approzimation-
theorem and the later his evanescence-theorem. In doing so,
however, I am also in duty bound to recall the fact that the
former theorem has a claim to bear also Lord Kelvin’s name, he
having been occupied with it eight years in advance of Hada-
mard,* and in connection with the latter to draw attention to
the earlier results of Lévy (1881) and Desplanques (1886).

PETRINI, H. (190130/,)

[Nota sobre la transformacién ortogonal de una determinante.
Revista trim. de Mat., 1. pp. 11-15.]

A start is here made with three determinants A, D, 6, all of
the n™ order, and all with complex elements, the determinants
got from them by changing every element into its conjugate
complex being denoted by A, D, § respectively. Then the sup-
position being made that

A=8 XD and 8§ X 5=1,
it is affirmed that not only is
AA = DD,

* For a short statement of the related facts in regard to this, see Transac.
R. Soc. 8. Africa, i. p. 323, footnote.
20
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but that every diagonal element of AA is equal to the corre-

sponding element of DD. Next are brought forward two other
results asserted to rest on the same hypothesis, namely,

D=3 XA and § X §=1;

in this case, however, proof is not considered to be negligible.
In the second section the further supposition is made that the
elements of & can be so chosen as to make all the terms of A
vanish except the diagonal term, this leading later to the impor-
tant conclusion

AA = its diagqnal term,

the well-known equivalent of Hadamard’s approximation-
theorem of 1893 (Hust., iv. pp. 483-484).

NANSON, E. J. (1901/,)
[A determinant inequality. Messenger of Math., xxxi. pp. 48-50.]

The inequality referred to is that communicated by Sir William
Thomson (afterwards Lord Kelvin) to Muir in 1885 (Haist., iv.
p- 32), namely, that any determinant < 0,0, . . . o, where o, is
the square root of the sum of the squares of the elements of its r**
row. Here it is first based on geometrical considerations, which
in the case of the 3rd order are (a) that if (2,%,2;), (€2¥22), (Z3Y323)
be the other extremities of three edges of a parallelopiped that
meet in the origin, the volume of the parallelopiped (Hist., 1.
p. 348) is [w1y2z3 |5 (b) that a parallelopiped whose edges are
fixed in length is of greatest volume when the edges are mutually
perpendicular. Next, the theorem is shown to be easily deducible
from a property of a special axisymmetric determinant, namely,
that any positive axisymmetric determinant whose coaxial minors
of every order are positive can never be greater than the product of s
leading diagonal elements. The deduction is possible because the
square of any determinant is known to be such a special axisym-
metric, having in fact any of its r-line coaxial minors expressible
as the sum of (n), squares. The author also does not fail to note
that the square of an oblong array is such another, and he for-
mulates the wider derived result
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FISCHER, E. (1907/, 1908/,)

[Ueber den Hadamardschen Determinantensatz. Archiw d. Math.
u. Phys., (3), xiii. pp. 32-40.]

Much of this is occupied with the consideration of Hermitian
forms—that is to say, with quadrics of the type Za;z,%;, where
the a’s and z’s are complex and Z, is conjugate to z;. Indeed,
it appears to be considered that for the purposes of exposition
a combination of the two subjects, the form and its determinant,
is preferable; and half the paper is taken up in familiarizing the
reader with the inter-relations of the two, approved restate-
ments of Hadamard’s theorem and lemma being given with this
end in view. The course thus taken is so far justified in that it
leads to the establishment of an interesting generalization of the
said lemma, namely, The determinant of every positive definite
Hermatian form is not greater than the product of any coaxial minor
and its complementary. As an example of such a form, to which
this and Hadamard’s theorem are usefully applicable, there is
brought forward the case where the coefficients a,; are of the

form
"b

| o) - uals)ds,

S

and where the w’s are real or complex functions, continuous
between the limits ¢ and b, and the variable s is real and con-
tinuous. Lastly, connected with this determinant of definite
integrals, we not unexpectedly come on the condition that the
u’s as above specified will be linearly independent if

b b b
f Uy %ds f uUds ... [ Uy U ds
a a v a

b b )
[ Uty ds J Uplods ... / U, 2ds
‘a aQ

a

and we are thus brought into touch with a rival of the Wronskian.
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WIRTINGER, W. (1907/,)

[Zum Hadamardschen Determinantensatz. Monatshefte f. Math.
u. Phys., xviii. pp. 158-160;. or, in French, Bull. des Sci.
Math., (2), xxxi. pp. 175-179.]

What Wirtinger gives us is a quite fresh proof. His mode of
procedure is a direct application of the ordinary Lagrangian rule
for finding by differentiation the extreme values of a function
whose variables are connected by equations of condition. His
remarks on the corresponding geometrical theorem coincide with
those of Nanson in his paper of 1901 (see above, p. 91).

SHARPE, F. R. (1907/,)

{The maximum value of a determinant. Bull. American Math. Soc.,
xiv. pp. 121-123.]

The subject here is those maximum determinants whose
elements are either 1 or —1. Taking such a determinant of order
4p and value (4p)?® the author finds the values of its minors

of order 4p — 1 to be (4p)?-1 or —(4p)%*-1,
4p—2 . . . 2(4p)*~> or —2(4p)*-2 or 0,
ip—3 . . . 4(4p)™-* or —4(4p)®2 or 0.

Also by bordering it with the permissible elements he constructs
a determinant

of order 4p -|- 1 whose value is 4(4p — 1) (4p)2»-1.

By this means it is thought that possibly maximum determinants
whose order is not a multiple of 4 may have been lit upon. In
any case it is important to note that Davis’ theorem of 1882
on the same subject (Hist., iv. p. 18) is shown to be quite un-
reliable. According to the latter the maximum determinant of
the 7™ order is the circulant C(—1, 1, 1, 1, 1, 1, 1), whose value
is 320; whereas, as we now learn, a rival is ready to hand whose
value is 512, namely, the cofactor of the (1, 1)* element in
Hadamard’s 8-line maximum determinant of 1893 (Hist., v.
pp. 483-484). :
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MUIR, T. (1908%8/,,)

[An upper limit for the value of a determinant. T'ransac. R. Soc.
8. Africa, i. pp. 323-334.]

Unlike the preceding writings the present deals not only
with Hadamard’s theorem specially so called, but with all the
other contents of his paper of 1893. Naturally at the outset the
writer recalls Lord Kelvin’s theorem, which preceded Hadamard’s,
and his own lemma by which Lord Kelvin’s theorem was proved,
namely, If s, be the square root of the sum of the squares of the
elements of the x** row of any determinant D, and S, be the like
square root in the case of the adjugate, then

D = s,8,.
He then not only extends his proof of 1885 (Hist., iv. p. 32) to
cover Hadamard’s more general theorem, using for the purpose
the multiplication of a pair of special 2-by-n arrays, but gives
an alternative proof that is also purely determinantal, based on
Chio’s condensation-theorem. The conditions under which Hada-
mard’s limit may be actually reached are next discussed, the
circumstances under which a determinant may appropriately
be spoken of as having a maximum value or of being a maximum
determinant, and the cause of the close relation between such a
determinant and the inversely orthogonal determinant (or ant-
orthogonant) which Sylvester had studied in 1867 (Huist., iii.
pp. 478-480). The main facts so brought out may be condensed
thus: If 8, 8" be determinants whose corresponding elements are
conjugate complex, and A, A’ be their respective adjugates, then
(1) when the elements of & are proportional to the corresponding
elements of A’ the value of 8 is @ maximum; (2) when in addition
the elements of & are equimodular & vs inversely orthogonal; and
(3) when & 15 wnversely orthogonal and has equimodular elements
s value 1s @ maxvmum. In support of Sylvester it is then proved
that the alternant of the n** order | x%yz2w3 . . . | will be inversely
orthogonal if X, y, z, w, . . . be the n** roots of a constant, and, as a
preparation for Hadamard, that whatever d may be, the determinant

1 .1 1 1
1 1 -1 —1
1 -1 d —d
1 -1 —d d
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18 tnversely orthogonal. the product of any element by its cofactor
tn the determinant being —4d, and therefore the value of the deter-
mainant itself —16d. Regarding the formation of Hadamard’s
maximum determinants with unit elements it is shown (1) that
if a solution be obtained for order r it is easy to qive a solution for
order 2r; (2) that those of order 2™ are axisymmetric; and (3)
that the one of order 12 is axisymmetric, but not the one of order
20. Finally, maximum determinants with real elements other
than unity are considered; like those just spoken of they are
shown to be orthogonants, and examples are given that are also
skew.

KLUGE, W. (1908)
(See under this heading in Chapter XI.)

SCHUR, I. (1909 early)

[Ueber die charakteristischen Wurzeln einer linearen Substitution
mit einer Anwendung auf die Theorie der Integralgleichungen.
Math. Annalen, Ixvi. pp. 488-510.]

In this paper Hadamard’s theorem makes a merely incidental
appearance (§ 5) as being included in a theorem on latent roots.
The latter is in effect that the sum of the norms of the latent roots
of a determinant is not greater than the sum of the norms of the
elements; and the passage from it to Fredholm’s case of Hada-
mard’s theorem is easily effected by first using the familiar in-
equality connecting the arithmetical and geometrical means in
order to bring in the product of the norms instead of the sum,
and then by substituting the determinant itself for the said
product.

HAYASHI, T. (1909/,, 1910/,)
[Hadamard’s theorem on the maximum value of a determinant.

Tokyé Sugaku-Butur. Kizi, (2). v. pp. 104-109; also. in
French, Giornale di Mat., xlviii. pp. 253-258.]

The writer here establishes the special case of Hadamard’s
theorem where the elements are all real and the sum of the
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squares of the elements of each row is 1. The mode of proof is
similar to Muir’s second mode as applied to the general theorem,
being based on Chio’s condensation result of 1853.

KOWALEWSKI, G. (1909)

[Einfithrung in die Determinantentheorie, . . . v.-- 550 pp.
Leipzig.]

Kowalewski confines himself (pp. 458-460) to the case of
Hadamard’s theorem where the elements are real; and his mode
of proof is not essentially different from the original of 1893,
thus merely turning upon the fact that the determinant which s
the square of an m-by-n array of real elements is less than the product
of its (m, m)** element by the cofactor of that element.

TONELLI, L. (1909)

[Sul teorema di Hadamard relativo al valor maggiorante di un
determinante. Giornale dv Mat., xlvii. pp. 212-218.]

The theorem in question is here put in the specialized form
used by Fredholm and spoken of above as Fredholm’s case,
namely, If the absolute value of every element of an n-line deter-
minant be less than a positive quantity B, the absolute value of the
determinant itself is mot greater than Bra/n"; and the details of
the proof are concerned with a still further specialization made
originally by Hadamard himself, namely, If in each row of a
determinant the sum of the squares of the absolute values of the
elements be 1, the determinant itself is in absolute value not greater
than 1. Tonelli’s discussion of the theorem is full and thorough.
The ultimate basis of it, as in the case of the first of Muir’s proofs,
18 the theorem regarding the product of a pair of special 2-by-n
arrays. A section is devoted (pp. 213-215) to the case where
the elements are real: another section to the case where they
are, as with Nanson, co-ordinates of points in n-dimensional
space: and a third (pp. 216-218) to the case where they arc
complex.
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AMOROSO, L. (1910/,)

{Sul valore massimo di speciali determinanti. Giornale di Mat.,
xlviii. pp. 305-315.)

The main part (§ 1) of this paper is occupied with the finding
of upper limits for

[ £ w@do) ... [ o) waayts

[

[ 1@ wias ... | 1u@) - ualayiz |

where the functions involved, both the f’s and the w’s, are real
and integrable between the limits @ and 6. The remainder (§ 2)
discusses cases where specialization is made in the functions,
and ends by showing that Hadamard’s theorem for real elements
1s one of these.

SZASZ, 0. (1910, 1911, 1914)

[Az Hadamard-féle determininstétel egy elemi bebizonyitésa.
Math. és Phys. Lapok, xix. pp. 221-227.]

[Ein elementarer Beweis des Hadamardschen Determinantensatzes.
Math. u. naturw. Berichte aus Ungarn, xxvii. pp. 172-180.]

[Egy determinénstélelrél. Math. és Phys. Lapok, xxiii. pp. 1-4.]

Szész’s mode of treating the theorem is quite different from
any of the preceding. The Hermitian determinants concerned
being | @, |, and | @’y |, Where a,, and @', are conjugate complex,
and their product | p,, |, he seeks of course to prove that

| Prs [0 = PuPoz - - - Pun-
To this end he sets about transforming
|@rg|nand |a@'rg|, into by |, and |8 ],
in such a way that the product
bl Bl 00 [ 5o,
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may have its non-diagonal elements all zeros—in other words,
so that
|@reln = s - - - Gun
His next task is to show that

Pun= Q1> Poz = G220 P33 =33+ - - +> Pnn == Inn
which easily leads him to

PuPes -+ - Pun = quse - - - nns

ie. 2 | gra|n

Le. 2 | Prs Im

as desired. It must be noted, however, that neither of the two
portions of the proof, though both are eclementary enough, are
such as bring conviction in a line or two; and still greater fullness
might have been advantageous. The transformation of Ia,, |,,
into | by, |, is effected by taking over the elements of the first
row unchanged, by taking for the second row the original second
row diminished by ,, times the new first row, for the third row
the original third row diminished by z,, times the new first row
and z,, times the new second row, and so on, the values of the
2’s being determinable by means of the conditions attaching to
the non-diagonal elements of the product | by, |, |0 rs|n As a
matter of fact the actual determination is not carried out, as
it suffices in the second part of the proof to use the conditional
equations instead.

Attention is next devoted to Fischer’s generalization of 1907,
and Szész gives a proof of it in the form: If M be an oblong array
of complex elements, then MM’ is not greater than the product of
any two complementary coaxial minors of MM'. Also, following
up an idea of Nanson’s, he shows that If every coaxial minor of a
Hermatian determinant be positive, then the determinant is not greater
than the product of any pawr of its complementary coaxial mainors.

BOGGIO, T. (1911/,)

[Nouvelle démonstration du théoréme de M. Hadamard sur les
déterminants. Bull. des Sci. Math., (2) xxxv. pp. 113-116.]

This clearly worded demonstration, though not identical with
Szész’, is essentially on the same lines. It might be called a new
and improved version.
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KNESER, A. (1911)

[Die Integralgleichungen und ihre Anwendungen in der mathe-
matischen Physik. viii + 243 pp. Braunschweig.]

As might be expected in a text-book with the above title,
the author devotes a full section (§ 61, pp. 227-231) to Hada-
mard’s theorem and its cases; and, as he bases his proof on the
theory of orthogonal transfosmation, he naturally opens with a
page or two on this subject, giving a careful proof of the theorem
that An orthogonal substitution is always formable wn which the
coefficients of a row are proportional to given quantities that are not
all zero.

HEYWOOD, H. B., axo FRECHET, M. (1912)

[L’équation de Fredholm, et ses applications & la physique
mathématique (chap. ii. pp. 50-52). vi - 165 pp. Paris.]

The proof of Hadamard’s theorem here given is on the same
lines as Wirtinger’s of 1907, differentiation being used. The ele-
ments of the determinant are taken to be real.

KUBOTA, T. (1912Y/,)

[Hadamard’s theorem on the maximum value of a determinant.
Téhokw Math. Journ., ii. pp. 37-38.]

The proof here given concerns the case where the elements are
real. In style it is gradational, the n'" case being deduced from
the (n — 1)™ by the use of an orthogonal substitution.

CIPOLLA, M. (1912%7/,)

[Sul teorema di Hadamard relativo al modulo massimo di un
determinante. Grornale di Mat., 1. pp. 355-359.]

Here the writer offers what he justly calls a direct and very
simple proof founded on elementary properties of the product of
two oblong arrays and on the development of a determinant
according to products of the elements of a row and column;
and what we actually get is naturally a simplified edition of
Hadamard’s own proof.
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BLASCHKE, W. (1912/,)

[Ein Beweis fiir den Determinantensatz Hadamards. Archwv d.
Math. w. Phys., (3) xx. pp. 277-279.]

The proof in question is different from any of those preceding
it, but the difference is really somewhat less than might at first
sight appear. To commence with, the author says that by ex-
panding |ay; . .. @y, | in terms of the elements of its first row
and their cofactors he obtains

’ !
|ay .o Gan| |0y - 0|
’ !’ ’ ’ 4 /
= Zayay, s LApd'— 2 (ay,4" s — ay,4"y,) (01041 — 0/ 1641)
.l ’ .l ’
> Yapa'y s BApA g,

not noting the fact that he is actually using like Muir (1908) the
theorem regarding the two equivalents for

’ ’ ’
dn @1y - .. Qyqn

All A12 o o o Aln

all alz * o o aln

’ ’ ’
All A12 ¢ Al”

The after-procedure is made clearer, as in the case of other
proofs, by the author pointing out the meaning of each corre-
sponding step of it when a,,, @, ..., a,, are taken to be the
co-ordinates of a vector in n-dimensional space.

DIXON, A. C. (1913¢/,)

[On the greatest value of a determinant whose constituents are
limited. Proceed. Cambridge Philos. Soc., xvii. pp. 242-243.]

What is contained here is a fresh proof of Hadamard’s theorem
in the form enunciated by Szész, save that the start is now made
from an oblong array instead of a square array. In character
it is gradational, and might quite fairly have borne Szasz’ de-
scriptive term ‘ elementary ’. To establish the theorem for an
m-by-n array use is twice made of it for an (m — 1)-by-n array,
namely, once in regard to a primary coaxial minor of the product
and once in regard to a primary coaxial minor of the adjugate
of the product.
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MOLINARI, A. M. (1913%/,)

[Sul teorema di Hadamard. Attr . .. Accad. dei Lincei
(Rendiconti), (5) xxii. pp. 11-12.]

The form here established is the so-called Fredholm’s. The
proof is essentially geometrical, actual orthogonal transformation
being utilized.

PETROVITCH, M. (1913, 1914)

[Theorem on the maximum modulus of a determinant, and
several of its applications (In Serbian). Rad jugoslav. Akad.
.« cc. 1. 18 pp.]

[Quelques conséquences du théoréme sur le maximum du déter-
minant. Izjeséa, 1. pp. 65-67.]

The theorem in question is derived from, and may be viewed
as being really only a variant of, Hadamard’s, the change in form
being got by utilizing the inequality connecting the arithmetic
and geometric means, as had already been done by Schur in 1909.
We may concisely express it thus: The norm of an n-line deter-
minant having N for the sum of the norms of its elements is {N /u}».
One of the applications made of it is to find an upper limit for
the radius of the bounding circumference of the solutions of a
set of linear equations.

SZASZ, 0. (1917 late)

[Ueber eine Verallgemeinerung des Hadamardschen Deter-
minantensatz. Monatshefte f. Math. w. Phys., xxviii. pp.
253-257.]

The main theorem here established, although rightly viewed
as the title indicates, is more manifestly a generalization of Nan-
son’s hitherto unproved theorem of 1902 regarding axisymmetric
determinants. In fact what Szész proves is that the said theorem
of Nanson holds not only for an axisymmetric determinant but
also for a Hermitant whose conjugate elements are conjugate
complex.



CHAPTER 1I

TexTBoOKS FROM 1900 TO 1919

By far the most striking feature connected with this chapter
is the great falling off in the number of writings chronicled as
compared with the number belonging to the immediately preceding
20-year period. Instead of having well over eighty (80) we have
now just under forty (40). Doubtless the fact that the Great War
occupied a goodly part of the new period provides a sufficient
explanation. It is not enough, however, merely to recall the
war; detail must be given to explain why in almost every other
chapter the writings dealt with show increases, and why the total
number of writings, when we take into account all the chap-
ters, is vastly greater for the war-stricken period than for its
predecessor.

The number of languages represented is one or two fewer
than formerly: German still heads the list, English being a poor
second, and Italian a poor fourth. What is noteworthy is the
change in the position of Russian, which now occupies the third
place. Unfortunately for us such Russian manuals it has latterly
been impossible to procure.

PASCAL, E. (1900)

[Die Determinanten. Eine Darstellung ihrer Theorie und Anwen-
dungen mit Riicksicht auf die neuen Forschungen. Berich-
tigte deutsche Ausgabe von H. Leitzmann. xvi - 266 pp.
Leipzig.]

A carefully produced translation. Additions to the text are
noticeably few; on the other hand the historical notes have been
considerably increased, and all the titles in them, new and old,
are given in a full and workmanlike manner. One particularly

noteworthy fact under this head is that Reiss’ Beitrige is for the
102
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first time referred to by any editor of a book on Determinants.
As for corrections, very few have been ventured on, a fact all
the more to be regretted because the popularity of the book has
only served to spread more widely some serious inaccuracies as
to the history of theorems.

PRANG, C. (1900): LELIEUVRE, M. (1901)

{Einfiihrung in die Theorie und den Gebrauch der Determinanten.
iv -+ 53 pp. Berlin.]
{Sur la théorie des déterminants. L’Enseignement Math., iii.
pp- 205-208.]

The first contribution here is a useful school textbook of a
type already common, and having no outstanding feature of
merit. About a dozen pages are devoted to analytic geometry.

The second is an attempt to give an account of the elementary
theory in three pages.

SCHMEHL, CHR. (1901, 1913): GROAT, B. F. (1902):
PRADO, G. F. br (1902)

{Die Algebra und dic algebraische Analysis, mit Kinschluss . . .,
viii - 286 pp. Giessen.]
[Seven lessons in theory of inversions of order and determinants.
32 pp. Minneapolis.]
[Elementos de la teoria de los determinantes. ... 2% edicion.. . .,

xili + 324 pp. Madrid.]

The first of these is a manual of Algebra for use with the
upper classes of higher-grade schools. It concludes with a chapter
on determinants, which in the case of the second edition extends
to forty-one pages.

The second item may with accuracy be described, like so
many booklets that have passed before us, as an ‘introduction
to the elementary theory of determinants ’: and in the qualities
of clearness and general helpfulness it is above the average of
such.

The third has already received attention (Hust., iv. p. 91).
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CAPELLI, A. (1902, 1909)

[Istituzioni di Analisi Algebrica. 3" ed. con aggiunte delle
“ Lezioni di algebra complementare . xix - 714 pp.
4" ed. notevolmente ampliata. xxviii + 953 pp. Napoli.}

Attention 1s duly given here to determinants, but special
interest attaches to the full and fresh treatment of linear equa-
tions, a treatment, however, fairly to be expected from what we
already know of the author (Hist., iv. pp. 102-103, 104-105).

KRONECKER, L. (1903%8/.)

[Vorlesungen iiber die Theorie der Determinanten. Krster Band.
Bearbeitet und fortgefithrt von K. Hensel. xii + 390 pp.
Leipzig.]

The lectures in question, twenty-one in number, are part of
a university course on Allgemeine Arithmetik belonging to the
~ period 1883-1891.

Apart from the name of the lecturer interest is at once
awakened in the work by the fact that there are 390 pages in what
is announced to be only the first volume of it. On looking inside
it is soon seen that as many as five lectures (II-VI) are concerned
with determinants of the second order, five lectures (VII-XI)
with determinants of the third order, and that the n-line deter-
minant is not met with until we reach the sixteenth lecture and
the 263rd page. A little closer examination shows that the term
‘rank ’ in its special sense as connected with non-evanescence is
made use of near the very outset in treating of 2-line determin-
ants, while the definition of a determinant engages attention in
the seventeenth and eighteenth lectures, and the term °adju-
gate ’ as naming an important derived form of determinant does
not make its appearance until the nineteenth lecture. Much
space, we also soon learn, is given to linear equations and to
geometrical applications, even a full lecture being occasionally
assigned to each of them: an entire lecture, too, is allotted to
matrices, another to invariant factors, and a third, in which
determinants are never mentioned, to domains of rationality.

Of course the new features of the volume are not confined to
its plan or to the choice and arrangement of material: the actual
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treatment of the individual subjects is almost equally refreshing.
No student who reads it through with care can fail to have his
view widened and see his subject in truer perspective than before.

KONIG, J. (1903): DOLP, H. (1903)

[Einleitung in die allgemeine Theorie der algebraischen Groszen.
xii 4 564 pp. Leipzig. Also, in Magyar, xii - 599 pp.
Budapest.]

[Die Determinanten... 6 Aufl. iv+ 95 pp. Darmstadt.]

Determinants as a subject for exposition do not find a place
in this book of Kénig’s, but in the treatment of other subjects
they are freely made use of, and notably certain special forms of
them. Thus, under symmetric functions alternants are employed,
and under elimination bigradients and Jacobians. To Jacobians,
indeed, unique consideration is given; the equivalent of a small
chapter (pp. 243-259) is devoted to an exposition of certain of
their properties. Any contribution made in the book to the
theory of such special forms we shall deal with in their proper
places.

The sixth edition of Dolp’s booklet is simply a reprint.

GRACE, J. H. anop YOUNG, A. (1903)
[The Algebra of Invariants. vii -- 384 pp. Cambridge.]

The Algebra of Invariants, as treated of here, is in particular
and in the main that originated by Clebsch and Gordan, and so
effectively used by them and their co-workers. So far as deter-
minants are concerned the treatise is of course chiefly appli-
cational; but the properties utilized have also a certain addi-
tional interest for the student of the theory, because of the fresh
form in which they are presented to the eye.

SCOTT, R. F. (1904/,)

[The Theory of Determinants and their applications. Second
Edition, revised by G. B. Mathews. xii 4 288 pp. Cam-
bridge.]

The amount of revision made is considerable. In the first
(1185) 9
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place, three new chapters have been added, namely, an Intro-
ductory chapter (pp. 1-7), a chapter on Invariant Factors (pp.
75-87), and a chapter on Determinants of Infinite Order (pp. 120-
129). In the next place, three of the old chapters have been more
or less added to and altered, these being Chap. VI (pp. 60-79)
on Compound Determinants, Chap. XI (pp. 130-148) on the
Theory of Equations, and Chap. XIV (pp. 180-202) on Bilinear
and Quadratic Forms. At the close there has also been inserted
for the first time a sketch of the History (pp. 286-288). In this
and other ways the revision constitutes a distinct improvement.
Nor is the enlargement so great as might be expected, for the
bibliographical list which formerly occupied ten pages is now
omitted, professedly because of the accessibility of Muir’s lists
in the Quarterly Journal of Mathematics.

BAUER, G. (1903/,): ORLANDO, L. (1903)

[Vorlesungen iiber Algebra. vi+ 376 pp. Zweite Auflage.
vi+ 366 pp. 1909. Leipzig.]
[Exercizi d’ Algebra svolti nell’ Universita di Messina. I. De-
terminanti e Sostituzioni lineari. (Lithogr.) 40 pp. Messina.]

The fourth section of these Lectures bears the title ‘ Theory
and Application of Determinants ’, and occupies about a quarter
of the book (pp. 257-350). It is subdivided into seven chapters,
two of which extending to a little over 30 pages are devoted to
the pure theory. As might be expected all the applications are
algebraical.

About half of Orlando’s twenty-three so-called exercises are
known properties of determinants, accompanied by proofs or
comments. The principle of selection is not apparent.

GARBIERI, G. (1904)

[Teoria dei determinanti. Riassunto di lezioni date nelle uni-
versitd di Padova ¢ Genova. 32 pp. Torino.]

Although this is said to be merely a ‘ synopsis of lectures’,
it forms for its size quite a good introductory textbook of the
subject.
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NETTO, E. axp VOGT, H. (190412/,)
[Déterminants. Encyl. des Sci. Math., 1(i), pp. 88-132.]

Great changes have been made on the original German
edition (Hist., iv. p. 95), one evidence being that there are now
forty-five (45) pages of matter instead of eleven (11), and that
the number of historical footnotes has grown from 66 to 179.
Corrections have also been made, but more sparingly, and a few
new inaccuracies have crept in. To a number of the latter atten-
tion is drawn in the brown-paper leaflets called ‘ Tribune pub-
lique ’ issued along with the various fascicles of the work; but
more of such corrections are needed. Greatly improved though
the article thus is, a searching revise would make it excep-
tionally useful.

The preceding article on Combinatory Analysis (pp. 63-68)
has been similarly enlarged and improved.

ZAHRADNIK, K. (1905): PARFENTIEFF, N. N. (1906)

[O determinantech. iv - 51 pp. V Brné.]
[Theory of determinants (In Russian). 109 pp. Kasan.]

A useful elementary textbook for schools, but showing less
improvement than might fairly be expected of a work published
35 years after Studni¢ka’s similar booklet with the same title.

The second is of a higher grade, consisting of lectures de-
livered in the University of Kasan and prepared for the use of
students by St. Sowlew.

BES, K. (1905-1910):
VILLAFANE Y VINALS, J. M. (. .. 1906)

[Uit de theorie der algebraische vergelijkingen. Waiskundig
Tvydschraft, 1. pp. 2-16, 49-57, 195-224; ii. pp. 65-81;
iv. pp. 161-181; v. pp. 161-176; vi. pp. 101-117, 237-253,;
vil. pp. 13-24.  Also separately, 160 pp. Haarlem.]

[Elementos de la teoria Coordinatoria y de las Determinantes.
5% edicién. ... pp. Barcelona.]
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The title of Bes’ interesting piece of work agrees with its
contents, the portions of the theory that are dealt with being
those usually requiring determinants for their exposition. The
first of the twelve chapters is thus, not unnaturally, devoted to
determinants pure and simple, and the third to the minor deter-
minants of an oblong array. It must be added that the book is
not commonplace in execution, and that few textbooks on the
Theory of Equations would be found to treat so fully of non-
linear equations of more than one unknown. A few suitable
exercises are appended to each chapter.

The other textbook has not been seen in any of its editions.

WELD, L. G. (1906'/;): CARDOSO-LAYNES, G. (1906)
[Determinants. 4th edition, enlarged. 56 pp. New York.]

[Una lezione su la teoria elementare dei determinanti.
Supplemento al Periodico di Mat., x. pp. 67-76.]

The first of these we have only hitherto seen as a portion
of a textbook on higher mathematics (Hist., iv. pp. 93-94). With
its appearance as a separate publication short articles are given
on the applications of determinants to higher algebra. The only
special forms considered are Jacobians and Hessians.

The second is an introductory exposition of the elementary
properties: it is not so futile as the space occupied might suggest.

BOCHER, M. (1907)
[Introduction to Higher Algebra. xi+ 321 pp. New York.]

The title here cannot fail to call to mind Salmon’s ‘ Lessons
Introductory to the Modern Higher Algebra’, and it is well,
therefore, at once to note that the same closeness of resemblance.
does not extend to the contents of the books. ‘ Higher Algebra ’
to Bocher was necessarily something very different from °the
Modern Higher Algebra’ to Salmon. In the interval between
the two the sphere of Algebra had greatly widened, and the
study of it had deepened. It is thus not surprising to find, so
far as our subject is concerned, that the two books—if it be the
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latest edition of Salmon that we use—are strikingly unlike.
Whereas in Salmon six chapters out of twenty are specifically
devoted to determinants, in Bocher there is only one out of
twenty-two, although, it is true, much additional material is
included in less compact form. On the other hand there are in
Bocher two markedly useful chapters on ° Linear Equations’,
one on ‘ The Rank of a Determinant ’, and a still more important
one on ‘Invariant Factors’, whereas in Salmon there are to
these practically no counterparts at all. A similar contrast, too,
exists in regard to Cayleyan Matrices, which are not mentioned
in Salmon, but which in Bécher receive considerable intermittent
attention quite adequate for a well-filled chapter. In spite of
all this, and of course greatly because of it, the new ‘Introduction’
is a most worthy companion to the old.

BOUKREIEFF, B. (1907, 1914): SHIFF, V. J. (1907)

[Elements of the Theory of Determinants (In Russian). Bul-
letin . . . Unw. of Kieff. Ann. 1907, pp. 1-50, 55-99. Also
separately, iv -4 100 pp. 2nd ed. vii+ 128 pp. Kieft.]

[Elementary statement of some theorems in determinants (In
Russian). 18 pp. St. Petersburg.]

In the first of these a little over fifty (50) pages are devoted to
the properties of general determinants, and about twenty (20) to
special determinants—axisymmetric, skew, Wronskians, Jaco-
bians, Hessians. Two chapters (pp. 60-76) deal with the funda-
mental algebraical applications, and the last chapter (pp. 89-96)
1s historical.

PRANG, C. (1908): DOLP, H. (1908)

[Determinanten. I. Hauptsitze iiber Determinanten. II. Ein-
leitung in die analytische Geometrie . .. Zweite Auflage,
vi+ 65 pp. Berlin.]

[Die Determinanten. ... 7 Aufl. ii+ 95 pp. Darmstadt.]
The first of these is an improved recast of the former edition,

with the contents separated as the title indicates.
The second is merely another reprint.
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FISCHER, P. B. (1908)
[Determinanten. 134 pp. Leipzig.]

This belongs to the Gdschen Collection of pocket booklets on
science, and recalls a similar item in the Van Nostrand Series
(Hust., iv. p. 92). The page, however, is not quite so small, being
more like that of the Hoepli Manuals (Hist., iv. p. 94) and equally
well filled.* The writer’s plan and execution are commendable:
in some essentials he is perhaps a trifle lavish,—for example, five
different designations for one form of determinant seems a heavy
load for so small a carrier.

KOWALEWSKI, G. (1909)
[Einfithrung in die Determinantentheorie. v - 550 pp. Leipzig.]

The quite unusual size of this textbook is in great part due
to the considerable amount of space taken up with applications
and to the exceptional treatment of one or twa specialized deter-
minants. The first six chapters (pp. 1-77) are occupied with the
properties of general determinants, including the basic connection
between determinants and linear equations. The next four
(pp. 78-177) treat of five special forms, namely, compound f,
bordered, axisymmetric, skew, orthogonant. Three chapters,
largely applicational, are then, as it were, interjected (pp. 178-289),
bearing the headings ‘ resultants and discriminants ’, ¢ linear and
quadratic forms’, and ‘ invariant factors’. These are succeeded
by a return to the consideration of special forms—dJacobians,
Wronskians, and multilineants, the last being a surprisingly long
chapter (pp. 369-455). There then remain only a chapter on
¢ geometrical applications’ and two with the new titles linear
integral-equations ’ and ° Hilbert’s special functions of a real
symmetric kernel’. These two last have to be noted as the
innovations among the nineteen; and there is the further striking

* Here again the low price (80 Pf.) calls for note.

+ The assignment of a separate chapter to compound determinants is a new
and h:lpful change in the arrangement of contents, the title ‘zusammen-
gesetzte ’, however, not being taken over from Reiss but the paraphrase ‘ Deter-
minanten deren Elemente Minoren einer andern sind ’ substituted.
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fact in regard to them that they occupy almost a sixth part of
the whole work.

NETTO, E. (1910/;)
[Die Determinanten. vi- 129 pp. Leipzig.]

This is another textbook belonging to a series, the expected
readers of the series being now engineers among others. Through
increase in size of page it contains about a half more matter than
Fischer’s of 1908, with, of course, a corresponding increase in
comprehensiveness, and it is at least as commendably planned
" and executed. Of its twelve chapters two of the less common
may be singled out, namely, a chapter devoted to instruction in
evaluation, and a chapter on arrays and the (non-zero) rank of
an array. The properties are clearly enunciated throughout,
and are well and fully illustrated. The explanations at times
suggest that the writer had in view a book for self-instructors;
and, whether this be so or not, such readers would find it useful.

LOEWY, A. (1910)

[Kombinatoril;', Determinanten und Matrices. Pascal’s Reper-
tortum d. hoheren Math. 2te Auflage, i. pp. 43-167.]

The amount of space devoted to determinants in this second
German edition is almost treble that so assigned in the first
Italian edition of 1898: the change, in fact, is comparable with
the corresponding change in the Encyklopidie d. math. Wass,
from the German original of 1898 to the French edition of 1904.
Of the latter work, however, we cannot say, as we may justly
say of the Repertorvum, that the second edition is in reality a
different book. Pascal’s original dwarf-leaved pocket volume
disclaimed all pretensions to be encyclopaedic: its great useful-
ness and its acceptability lay in being a ‘students’ collection
of results’, somewhat resembling ‘ Carr’s Synopsis’ of 1886.
The editor of the so-called new edition, while making the same
profession, had found it difficult to guide his team of contributors
in the intended path, with the result that the character and plan
of the undertaking have suffered a considerable change along
with the bulk. It is not unnatural, therefore, to find oneself com-
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paring the contribution of Vogt in the Encyclopédie with that of
Loewy in the Repertorium. For reference purposes the latter,
like the former, is an improvement on its predecessor if only
because of the increase in fullness; but equally with the former
it stands in need of critical revision. Out of the two Vogt and
Loewy ought to be able to produce a better third, and certainly
a third showing greater accuracy in regard to historical matters.

Two fresh features that deserve special mention are a section
(§ 6, pp. 79-92) on Cayleyan matrices, and another (§ 7, pp. 93—
101), connected therewith, on Higher Complex Numbers. We
may also note as being exceptionally full the section on In-
variant Factors, and a seetion of miscellaneous content whose
basic subject is Compounds, or, as they are called, ‘ abgeleitete
Matrices’* in keeping with Cauchy’s ‘systémes dérivés’ of 1812.

In this matter of choice of contents it is interesting and not
unprofitable to comparec Kowalewski’s nineteen chapters of 1909
with Loewy’s seventeen sections of 1910, observing how dif-
ferently the two authors map out the domain of their common
subject, and how each one crosses over the boundary to strips
of adjacent territory which the other passes by as having no
attraction for him.

LOEWE, E. (1912): KAGAN, W. (1912)

[Die Verwendung der Determinanten im Unterricht der
Hoheren Schulen. Sch. Progr. 71 pp. Céln.]

[Elements of the theory of determinants (In Russian). ... pp.
Odessa.]

The first of these is an experienced teacher’s introduction to
determinants. He devotes to the second order 10 pages, to the
third 33 pages, to the fourth 24 pages, and save by implication
nothing to the n™ order. In each case a start is made with the
corresponding set of linear equations, the results arrived at being
at once applied to analytical geometry. The copiousness of
these applications is the outstanding feature of the booklet.

* The author, when spcaking of H. J. 8. Smith in this connection, not only
omits to note that he (Smith) also uses the term ¢ derived matrix ’, but attri-
butes to him instead the word ‘ concomitant ’ in an unheard-of sense.
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NETTO, E. (1912); FISCHER, P. B. (1912):
LIT, R. R. (1913): DOLP, H. (1913)

[Die Determinanten. Russian translation, edited with notes
by S. O. Shatunofsky. wviii 4 156 pp. Odessa.]

[Determinanten. 2te verbesserte Auflage. 136 pp. Berlin.]

[ Beginselen van de Leer der Determinanten. 2de Uitgave. 80 pp.
Amsterdam.]

[ Die Determinanten, ... 8 Aufl. iv 4 95 pp. Darmstadt.]

In the first of these the increase in the number of pages is not
owing to new matter, and the footnotes of the Russian editor are
not at all extensive.

Although improvements have been made in the second, the
work is substantially the same as before.

Save for a few additional exercises at the close the third is a
reprint; and the fourth is a reprint entirely.

CALDARERA, F. (19132/,)
[Trattato dei Determinanti. 255 pp. Palermo.]

This is a good-sized textbook in which the pure theory re-
ceives a very considerable share of attention, only about 50 pages
being given up to applications, 20 to algebra, and the rest to
geometry. Some special forms of determinants do not receive as
much attention as in textbooks of similar scope; but this is
counterbalanced by an exceptionally full chapter (pp. 169-202)
on determinants of infinite order. A table is given (p. 74) of the
values of the first fourteen of the peculiar centrosymmetric de-
terminants dealt with in his paper of 1886 (I[ust., iii. p. 478).
It is all the more regrettable to find the author taking over
Dostor’s conception of ¢ déterminants multiples ’.
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CULLIS, C. E. (1913)
[Matrices and Determinoids. Vol. I. xii 4 430 pp. Cambridge.]

This handsome volume, the author tells us at the outset,
* deals with rectangular matrices and determinoids, as distinguished
from square matrices and determinants, the determinoid of a [non-
quadrate] rectangular matrix being related to it in the same way
as a determinant is related to a square matrix ’. The idea of
instituting such an analogue to a determinant must have oc-
curred to many students of mathematics. Probably the least
well-advised of them was Dostor, who made the innovation of
calling
a, b ¢
a, by, ¢,

a ‘ déterminant multiple ’, and of defining it as the equivalent of

1 1 1
a b ¢
a, b, ¢,

Although the ¢ determinoid  of Cullis
a b ¢

a, by, c,

has the same meaning, it is not at all because he proceeds in the
same way. He definesa ““determinoid” quite independently of a
determinant, namely, as an aggregate of products of elements of
an array, and he gives a rule for the formation of the products
and a rule of signs: he then proceeds to elaborate the conse-
quences of his definition. As a determinoid is a special case of a
determinant, it is clear that this definition must include and de-
generate into the usual definition of the former.

The book contains in all eleven chapters. The first (pp. 1-21).
is generally introductory, and deals in particular with definitions
and notations connected with the new entities: the second, third,
and fourth extending in all to as many as eighty-two pages, deal
with questions of signs: the fifth (pp. 105-152) concerns the
various expansions of a determinoid: the sixth (pp. 153-208),
a valuable chapter, treats of matrices in the Cayleyan sense—
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the equality, addition, subtraction, and multiplication of them:
the seventh (pp. 209-247) deals with the determinoid of the
products considered in the sixth: the eighth concerns matrices
whose elements are minor determinants of a fundamental matrix:
the ninth and tenth-—valuable chapters quite independently of
determinoids—concern the rank of a matrix and the solution
of matrix equations of the first degrece: "and the eleventh (pp.
304-417) contains a full and fresh treatment of the solution of a
set of ordinary linear equations, the set being viewed as a matrix
equation of the first degree.

In form the exposition is elaborately logical. It also bristles
with words and phrases used in unfamiliar ways; all of these
are carefully defined, and there is, in addition, a helpful Index,
twenty-two columns in extent, which can be used as a Glossary.

Unlike the old textbooks on determinants this on determinoids
has only one chapter that can be viewed as treating of an ‘ appli-
cation’, namely, the last. The author promises, however. to
follow up his present work with two other volumes, the greater
part of which would be occupied in remedying this seeming
defect, the subjects to be dealt with being ordinary algebra,
the algebra of quantics, algebraic geometry, and vector analysis.
The appearance of these additional volumes will be looked for-
ward to with much interest as they can scarcely fail to be of
considerable service in the advancement of science. It will also
then be apparent to what extent the theory of determinoids is
likely to contribute towards such advancement. So far as one
can at present see, there is safety in hazarding the conjecture
that the extent will be limited as compared with that of its
fellow-subject Matrices, or its prototype Determinants.

DICKSON, L. E. (1914): PETROVITCH, 8. G. (1914) (%)

[Elementary Theory of Equations. v -- 184 pp. New York.]
[On determinants (In Russian). 2nded. 49pp. St. Petersburg.]

Chapter XI (pp. 127-149) of the first textbook here is devoted
to determinants, and Chapter XII (pp. 150-166) to resultants
and discriminants. Sets of appropriate exercises are inserted at
intervals, thus enhancing the book for teaching purposes.



116 THE HISTORY OF DETERMINANTS

BIUSGENS, 8. 8. (1915): VINOGRADOV, S. P. (1915)

[Theory of Determinants (In Russian). 100 - 111 pp.
Moscow.]

[Elements of the Theory of Determinants (In Russian).
iv 4 111 pp. Moscow.]

TOLEDO, L. O. pE (1916)
[Elementos de Aritmética Universal. Tome II. 421 pp. Madrid.]

More than a third of this volume (pp. 231-280) is devoted to
determinants, and the section on the subject is preceded by
another of almost like extent dealing with combinations, per-
mutations, and allied matters. Of the seven chapters allotted to
determinants, one treats of those of three dimensions. The
connection of the general subject with linear equations is not
referred to.

CULLIS, C. E. (1918)

[Matrices and Determinoids. Vol. II. xxiv 4 555 pp
Cambridge.]

This second handsome volume, more bulky than the first,
hardly looks like a continuation although its eight chapters are
numbered XII-XIX. The term ‘ determinoid ’ is almost entirely
absent from it, whereas determinants, as even the Index makes
clear, are under frequent discussion. This is more particularly
manifest in the first four chapters, whose headings therefore it is
well for us to note. They are: Chapter XII (pp. 1-36) on ‘ Com-
pound Matrices’, Chapter XIII (pp. 37-106) on ‘Relations
between the clements and minor determinants of a matrix’,
Chapter XIV (pp. 107-164) ‘ Some properties of square matrices ’,
Chapter XV (pp. 165-227), * Ranks of matrix products and matrix
factors ’. If one word be wanted to describe roughly the contents
of the volume as a whole, that word is Matrices. In comparison
with the first volume the present seems less carefully planned
and arranged: and, much to our regret, it shares with that
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volume the serious fault of making no attempt to mark off new
results from old, bibliographical and historical references being
conspicuous by their absence.

BOSE, A. C. (1919)

[Cullis’ Matrices and Determinoids. Bull. Calcutta Math. Soc.,
X. pp. 243-256, xi. pp. 51-82.]

Ordinarily a review of a book would not find a place in our
list of writings. An exception is made here because of the special
character of the book reviewed, and because in such a case forty-
six (46) pages of review from one who is both an expositor and a
commentator could hardly fail to be useful.



CHAPTER III

DETERMINANTS AND LINEAR EqQuATIONS, FROM 1878 TO 1918

The number of writings to be reported on here is almost
exactly the same as for the immediately preceding period: in
the quality of their contents, too, there is no appreciable differ-
ence. .

FROBENIUS, G. (1878/,)

[Theorie der linearen Formen mit ganzen Coefficienten.
Crelle’s Journ., Ixxxvi. pp. 146-208.]

In dealing with this paper in its proper place (Hust., iv. pp.
444-445) we merely noted in a passing word that linear equations
and congruences were treated at some length, more than this
not being deemed necessary in view of the restriction made in it
to coefficients and solutions that were ¢ntegral. There is one of
the theorems, however, that calls now for attention as being a
noteworthy precursor of Capelli’s of 1888 (Hzst., iv. pp. 104-105).
It is the fourth theorem of § 8 (pp. 168-173) and in effect it stands
as follows: In order that a set of non-homogeneous linear equations
may be satisfied by integral values of the unknowns, it is necessary
and sufficient that the rank t of the unaugmented array of coefficients
and the highest common divisor of the r-line minors of this array
do not change when the augmented array is taken instead. 1t will be
observed how very little change is required to pass from Frobenius’
wording to Capelli’s, and how easy it would have been for Fro-
benius to justify it.

Having thus been fair to Frobenius we must allow him in
his turn to be the same to H. J. Stephen Smith, who, he states,
had in 1861, when as yet the only ‘rank’ thought of was the
highest, formulated the criterion: ‘“ A linear system is, or is not,
resoluble in integral numbers, according as the greatest-common-

divisor of the determinants of the matrix of the system is, or is
118
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not, equal to the corresponding greatest-common-factor of its
augmented matrix.” Oddly enough, before his communication
had been published in full in the Philosophical Transactions,
Smith had an experience similar to that of Frobenius, and as a
consequence had used a footnote to page 310 of his memoir
(Coll. Math. Papers, i. p. 387) to state that the criterion had
already been given in the Wiener Denkschriften of 1856 by I.
Heger (Hust., 1i. p. 92).

PRANGE, 0. (1889)

[Lehrbuch der Gleichungen des ersten Grades mit mehreren
Unbekannten. viii 4- 331 pp. Bremerhaven.]

This is a quite elementary textbook prepared on the so-called
Kleyer system for self-instruction, and thus in form closely
similar to Weichold’s book on determinants already referred to
(Hst., 1v. p. 92).

AURIC, A. (1892): MEYER, A. (1894)
[Les équations linéaires et leurs applications. Thése. 81 pp.

Paris.]
[Ligninger af Iste Grad. Nyt Tidsskrift f. Mat., B v. pp. 4-17.]

“ANON. (18971/)): GASCO, L. G. (1897/,):
FONTENE, G. (1900'/,)
[Note sur les équations linéaires. Revue de Math. Spéc., iv.
pp. 81-84.]
[Resolucion por determinantes de los sistemas de equaciones
lineales. Archivo de Mat., ii. pp. 124-127.]

[Réclamation & propos du théoréme dit * de Rouché”. Nouw.
Anmales de Math., (3) xix. p. 188.]

The first of these notes is in effect a proposed alternative proof
of Rouché’s theorem of 1875. The object of the third is to suggest
that the said theorem should bear the name of Fontené as well,
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it béing assumed apparently that Fontené’s original paper was

nof essentially different from Rouché’s (Hist., iii. pp. 90-92).

./ The second gives a simple alternative mode of arriving at
/the so-called Kramer’s rule.

HEAWOOD, P. (1900/;)

[On the fundamental proposition connected with the vanishing
of a determinant. Math. Gazette, i. p. 344.]

The proposition in question is that the vanishing of the de-
terminant of a set of linear homogeneous equations is the neces-
sary and sufficient condition that there may be for the unknowns
a set of satisfying values which are not all zero: and it is the
second part of this which the writer very properly seeks to
establish rigorously.

MUIR, T. (1900%/,5)
(See under this heading in Chap. V.)

TWEEDIE, C. (1900%7/,,)

[Note on Dr. Muir’s paper on a peculiar set of linear equations.
Proceed. R. Soc. Edinburgh, xxiii. pp. 261-263.]

The expansion of the second of Muir’s two determinants is
here found in the same way as the first, the general form of each
expansion being first arrived at, and then the values of the
coefficients ascertained (Hust., iii. p. 128).

GELIN, E. (1901/,)

[Su di un sistema di equazione del primo grado. Le Mat. pure
ed appl., i. pp. 16-18, 256-29; or Mathesis, (3) i. suppl., 8 pp.]

The system in question is that which is sometimes named
after Binet, whose treatment of it we have already fully ex-
plained (Hvst., ii. pp. 156-158). The present paper has an unusual
wealth of deductions, and a more general set of equations is also
fully dealt with.
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GIUDICE, F. (1903)

[Sui sistemi lineari d’equazioni algebriche. Giornale dv Mat.,
xli. pp. 207-208.]

Here there is a discussion of the determinant

ull Qtlz e o o ?tl’ m + n
um' 1 Um. 2 ¢ o um' m + n
'011 ’012 DY '01, m + n
’Unl vn2 ) ’Un' m + n

whose first m rows form the array (non-evanescent) of a set of
linear homogeneous equations, and whose last » rows form a
fundamental system of solutions of the said set of equations.
Oddly enough, the discussion originates in connection with an
extension of the self-evident proposition that If any solution of the

komogeneous set Of equati(ms
\ r=m

Yy -+ WYy + . . .+ Ar m+nYmyn = Oj

r=1

be Ny, Moy - -+ > Mt ns and one particular solution of the corresponding

non-homogeneous set
r=m

arlwl ‘l“ arzwtz "i‘ .« . + ar, m+ﬂmm+7l == ur J re=1

be X,, X,, . . ., Xpntn, then another solution of the latter set vs
m + Xl’ M2 -+ Xzs ce s NMmyn -+ Xm+n-

A ‘fundamental ’ system of solutions, be it noted, is a mutually
independent system from which by linear combination every
solution is obtainable.

PEREZ, E. H. (1904)

[De algunos sistemas particulares de ecuaciones lineales.
Revista trim. de Mat., iv. pp. 24-28, 75-77.]

This is a sort of study of linear equations, ¢ whose coeflicients
are in arithmetical progression ’. Although there is considerable
variety in the determinants of the sets, there is nothing of special

interest to note.
(R185) 10
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FROBENIUS, G. (1905/)

[Zur Theorie der linearen Gleichungen. Crelle’s Journ.,
cxxix. pp. 175-180.]

It would seem as if part of Frobenius’ object here were to
make clear his connection with two theorems in the Theory of
Linear Equations. The first is that properly associated by him
with Fontené and Rouché (Hist., iii. pp. 90-92), the paper specified
as containing his own contribution being that of 1876 (Hust.,
ii. pp. 62-64, 275-277). The second, which he states at some
length in an unformulated way, may without appreciable loss be
condensed thus: If the r linear homogeneous equations

r=r

On®y + ApZy + o o o Ay == 0}’”__1

be independent, and have the s independent solutions
(bll’ blz, .« .0y bln)7 (b21, 622, o v ey bzn), “ o e o (b31’ 1)327 « ooy ban),

then the r-line minors of the a array are proportional to the comple-
mentary s-line minors of the b array. To this no name other than
his own is attached, but it will be recognized as having been at
least foreshadowed by Brill, Gordan, and d’Ovidio (Hist., iii. pp.
35-37, 48-49, 92-93). Two arrays related as the ¢ and b arrays
are in the theorem just stated Frobenius speaks of as being
¢ adjugate ’, and he establishes the following property regarding
them: If the n columns of each array be separated into ' columns
followed by s’ columns, and the r-by-r’ array so obtained be of rank
p and the s-by-s’ array be of rank o, then

p—o=r—¢8 =1 —s.

From this, it is interesting to note, he deduces the test for the
solvability of non-homogenous linear equations.

BES, K. (1905-1910)

[Uit de theorie der algebraische vergelijkingen. Wiskundig
Tydschrift, ii. pp. 2-16, . . ., vii. pp. 13-24. Also, separately,
166 pp. Haarlem.]

There is here (pp. 18-37) a freshly written chapter on our
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present subject. Almost the whole of it is occupied with m linear
homogeneous equations in #» unknowns, the third case (m < n)
being subdivided into three: (a) where all the minors of the
array are different from 0, (b) where only some are different,
(¢) where all of them vanish.

MUIR, T. (190628/,)

[A set of linear equations connected with homofocal surfaces.
Transac. S. African Philos. Soc., xvi. pp. 263-265.]

The set of equations referred to is that spoken of above under
Gelin. Muir’s object here is to draw attention to the striking
applicability of a general method explained in an overlooked
paper of Murphy’s of 1832 (Hist., ii. pp. 154-155). Other sets of
equations similarly solvable are also given, and though the
method is non-determinantal, the solutions obtained by it, of
course, throw light on the determinants of the sets.

DUMAS, G. (1906%/,,)

[Démonstration d’une proposition relative aux équations linéaires.
L’ Enseignement Math., viii. pp. 448-455.]

The proposition in question is not distantly connected with
Frobenius’ first theorem of the preceding year. A little condensed
in expression it may be stated thus: If the r linear homogeneous
equations

Uy + Apgy + o o o - Ay, = 0}::
have the 8 solutions
(bll’ b12, o ey bln)s (621, b22, o o oy b2n), o o0y (bgl, bsz, o ooy b” ."),
then
o, = byy + bzl‘}’z + oo bayys
Ty = bigy; + bygys + . - .+ bays
Ty = b1n'}’1 + bzn')’z + ...+ ban%

18 @ solution; and it includes every solution if neither the a array
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nor the b array be evanescent. The theorem is newer in form than
in substance, and the case r = n — 1 dates back to 1877 or earlier

(Hust., iii. pp. 92-93).

OCCHIPINTI, R. (1907)

[Sistemi lineari determinati od indeterminati le cui soluzioni
constituiscono progressione aritmetica, geometrica od ar-
monica. Rivista di Fis., Mat. e Sci. Nat., viii. pp. 278-289.]

By ° solutions ’ is here meant values of the unknowns that go
to make a solution: and the author’s object is to formulate a
condition for a set of linear equations having a solution of one
of three specified types. His starting-point is the determinantal
values of the unknowns: and, as will be foreseen, the condition
obtained is expressed in terms of minors of the augmented array
of the set.

BOCHER, M. (1907)

[Fundamental systems of solutions of homogeneous linear equa-
tions. Introduction to Higher Algebra, pp. 49-53.]

‘ Fundamental > is used here in the special technical sense
which we have already observed in Giudice’s note of 1903, and
which we have elsewhere incidentally tried to convey by the
translation °all-sufficient’. A textbook exposition of the term
and of the facts that had gathered round the usage of it had
become a desideratum and this Bocher most suitably supplies.

MERAY, C. (1907/,)

[Sur la discussion et la résolution des équations simultanées du
premier degré. L’Enseignement Math., ix. pp. 337-366.]

Notwithstanding the difference in the title this new paper of
Méray’s has on the whole the same effect on the reader as his
long exposition of 1884 (Hist., iv. pp. 23-24). Properly enough
his attitude towards the extreme determinantalist remains un-
changed: but unfortunately he also continues to cherish some
of his rival’s prominent weaknesses. Of his thirty new pages
twenty-four are preparatory to the business specified in the title,
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‘ coevanescents ’ being the main subject; the remainder deals
with sets of linear equations by what we may call the method of
¢ reduction ’.

Oddly enough, the last paragraph is occupied with the un-
expected theorem  Tout déterminant est un polynome premier ’,
his mode of proof resembling Hensel’s of 1903.

KARST, L. (1909/,)

[Lineare Funktionen und Gleichungen. Sch. Progr. 44 pp.
Lichtenberg bei Berlin.]

This pamphlet belongs to the superior type of school-program,
the author being not only painstaking but capable and well-
informed. It is composed of nine short chapters or sections, be-
ginning with one on dependence and independence of arrays and
of linear functions (§ 1, pp. 3-9) and ending with one on the rank
of the product of two arrays (§ 9, pp. 41-44). All the results ar-
rived at in 1it, 53 in number, are singled out and carefully formu-
lated: it thus may serve the purpose of a compendium as well as
of a monograph. In quality it compares not unfavourably with
Garbieri’s well-known memoir of 1891 (Hust., iv. pp. 105-106).
This it also resembles in the attention which it gives to non-zero
rank, the evanescence of arrays and other collateral matters.
Its value however would have been greatly enhanced if the
original sources used by the writer had been carefully specified.
As it is, not a single such reference is given: and it is rare indeed
that an author’s name is mentioned helpfully at all. An ex-
ceptional instance is the calling of a theorem in passing the
¢ Grassmann-Brill * theorem, but even this, of course, only serves
to whet the appetite.

KOWALEWSKI, G. (1909)

[Systeme linearer Gleichungen. Einfiihrungen in die
Determinantentheorie, pp. 45-65.]

This chapter (V) includes four theorems on the subject pre-
ceded by three theorems on the non-zero rank of an array. Of
one of the four, Capelli’s test for consistency (Hist., iv. pp. 104-
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105) a second proof is given. Frobenius’ mode of arriving at a
so-called ‘fundamental’ or all-sufficient set of solutions is repro-
duced, the initial step being to augment by n — r rows the r-by-n
array of the given set of independent simultaneous equations
in such a way that the determinant | a,, |, of the resulting square
array does not vanish, thus giving for the desired set of solutions

Ar+1,1’ Ar+1,2! | Ar+1, n
Ar+2,1’ Ar+2,2: I Ar+2, n
‘4,”,1, An’2, DRI An,n .

where | Ay, |, is the adjugate of | @, |

It has to be noted also that in the chapter on skew deter-
minants two special sets of linear non-homogeneous equations
are carefully discussed—the set (§ 63) whose determinant is skew
and non zero-axial, and the set (§ 65) whose determinant is skew
and odd-ordered. The discussion recalls one’s mind to the origin
of Pfaffians (Hvst., i. pp. 401-404).

MILLER, G. A. (1910/;): RANUM, A. (1910/s)

[On the solution of a system of linear equations. American
Math. Monthly, xvii. pp. 137-139, 201-202.]

[On the classification of systems of linear equations. American
Math. Monthly, xvii. pp. 155-161.]

After drawing attention deservedly to Capelli’s test for con-
sistence (Hust., iv. pp. 104-105) the first author here proceeds
to illustrate and establish the theorem that a necessary and
sufficeent condition for a given unknown in a consistent set of linear
equations having only one value vs that the rank of the unaugmented
array be lowered by omitting from it the coefficients of the said un-
known. For example, in the set

20— y— 22= 8]
dr — 2y — 2= —4
6r—3y+4 z= 4

where the rank of both unaltered arrays is 2 and the rank of the
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narrower array got by withdrawing the coefficients of z is 1, the
only value of z 1s 4.

. This is gencralized in the interesting paper of the second
author as follows: A necessary and sufficient condition that in all
the solutions of a consistent set of linear equations in h -t k unknowns
the values of Xp1q, Xnyys - - -+ Xny i Shall be connected by a constant
linear relation with coefficients not all zero is that the rank of the
unaugmented array of the set be higher than the rank of the narrower
array got by leaving out the coefficients of the said k unknowns. It
is then put to use for the purpose of obtaining a complete
classification of sets of consistent linear equations: and finally
the significance of the classification is pointed out when the z’s
are Cartesian co-ordinates of points in space of » dimensions,

RAMANUJAN, S. (1912/,)

[Note on a set of simultaneous equations. Jowrn. Indian Math.
Soc., iv. pp. 94-96: v. pp. 61-62.]

An interesting non-determinantal solution of the classic set
of equations met with by Sylvester in 1851 in dealing with the
canonization of odd-degreed binary quantics (Hast., ii. pp. 332-
335). The editor reproduces the determinantal solution for com-
parison.

DOUGALL, J. (1912/,4, 1913/,)

[On the solubility of linear algebraic equations. Math. Notes
(of Kdinburgh Math. Soc.), 1. pp. 125-129, 137-139.]

[Proof of the sufficiency of the determinant condition for the
consistency of a system of n homogeneous linear equations
in n variables. Math. Notes, 1. pp. 139-140.]

The first note is a clear and incisive statement of the essen-
tials of the subject, a contribution to verbal and logical accuracy

The gradational proof given in the second note is simple and
effective, the specific object sought being the establishment of
the existence of a non-null solution.
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MOULTON, F. R.(19131/;)

[Un the solutions of linear equations having small determinants.
American Math. Monthly, xx. pp. 242-249.]

Linear equations of the type here referred to have only once
before been brought under our notice, namely, in Jiirgens’ pam-
phlet of 1886 (Hist., iv. pp. 101-102). They are excmplified by
the set

-34622x 4 35381y + 36518z = -24561 ]
-89318x + 90274y - -91143z == -62433
22431z + 23642y +- -243752 == -17145J

in which the constants are supposed to be got by means of obser-
vations and to be subject to possible errors not exceeding five
units in the sixth fractional place. The first important fact brought
to notice by the author is that solutions so diverse as

z = — 1-027066, y= -+ 2:091962, 2= — 0-380515
z = — 1022773, y= -+ 2084125, 2= — 0-376941
g = — 1:031229, y= -+ 2099457, z= — 0-383879

all satisfy the given equations up to the last place—that is to
say, that the solution is not determinate to five places but only
to two. The reason for this is gone into at some length, and the
decision is finally come to that the uncertainty in the result
depends on the determinant of the set, and may in fact be said
to become greater as the determinant becomes less,

GRIEND, J. v. p. (1913)

[Vraagstuk 225. Wiskundig Tijdschrift, ix. Oplossingen,
pp. 29-31.]

Concerns two sets of linear homogeneous equations whose
arrays, I-by-n in the one case and m-by-n in the other, are such
that [ 4 m > n and the product of any row of the one by any
row of the other is 0. With it may be compared Giudice’s note of
1903 where 1 -+ m = n.
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VOSS, A. (1915/,)

[Ueber die Transformation linearen Formen und die Losung
linearen Gleichungen. Sitzungsb. ... Akad. d.Wvss. (Miinchen),
1915, pp. 231-256.]

For the student of linear equations the interest here lies in
the fact that the solution provided is symmetrical in the sense
used in connection with Frobenius’ solution of 1876,% and for
the student of determinants merely in the skilful use made of
them in expounding the solution in question.

KAPTEYN, W. (1915, 1918)

[Vraagstukken 19, 177. Wiskundige Opgaven, xii.
pp. 46-47, 407-408.]

The two sets of equations here solved belong to the same
type, being special instances of the general set whose deter-
minant is @' @,? . . . a,”| and which we have above spoken of
as Newton’s (Hust., ii. pp. 1564-155). In the one case the a’s are
the first » integers; in the other they are the n'" roots of 1; and
in the latter there is the further specialization that all the right-

hand members except one are 0.

GRADARA, V. (1916)

[Quelques considérations sur les systémes de formes linéaires.
Annaes sci. da Acad. Polyt. (Porto), xi. pp. 58-64.]

The considerations referred to concern the subject of ©inde-
pendence ’ as defined and discussed in connection with the con-
cept ‘characteristic’ or ‘rank’ from the time of Capelli and
Garbieri onward (Hist., iv. pp. 102-103). The writer aims merely
at improvement in textbook exposition, singling out as an ex-
ample the treatment of the theorem: If in a set of m linear forms
there be a set of h forms in terms of which the others can be linearly
expressed, the characteristics of the two sets are identical.

¥ Crelle’s Journ., Ixxxii. pp. 230-315.
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STUDY, E. (1918)
[Zur Theorie der linearen Gleichungen. Acta Math., xlii. pp. 1-61.]

Very little of the interest attaching to this long memoir is
determinantal. The author opens with the statement that ‘ de-
terminants do not always give the most suitable solution ’; and
we soon learn from him not only a case in point but also of his
mode of providing in that case a better solution. It must suffice
therefore to say that in the very special set of equations with
which he deals the coefficients and the unknowns are quaternions,
and that not unnaturally the function which proves his best
auxiliary is the so-called ‘ Nabla’ (V). In an appendix another
special set of equations is considered: here, however, it is one
of the oldest, Jacobi’s of 1827 (Hast., 1. pp. 401-405, 263), and the
new solution rests on the theory of quantics.

BURGESS, H. T. (1918/,)

[Practical solution of linear equations. American Math. Monthly,
XXV. pp. 441-444.]

The writer’s object here is to supplement Bicher’s exposition
of 1907 by giving, he says, a readily applicable rule of procedure
for finding a ‘ fundamental’ system of solutions. Two simple
examples are added in illustration, the system of solutions which
is obtained in the one case consisting of two and in the other of
one.



CHAPTER 1V

AX1SYMMETRIC DETERMINANTS, FROM 1900 TO 1918

For the period under consideration the number of writings
on axisymmetric determinants is about a half more than for the
period 1880-1897. It has to be noted, too, for the sake of readier
reference, that the duplicant which in form is strictly axisym-
metric, is not so classed, being assigned to Chap. I when its basic
determinant is general, and elsewherc when not; for example,
under Muir of 191429/, in Chap. I and under Muir of 191428/,
in Chap. XI. For the same reason the secker would do well to
bear in mind that the axisymmetric, besides being like its fellow
specials a particular case of |a,, |, is included also as a case
of the hermitant: for example, under Nicoletti of 19092%/; in
Chap. XI.

NIELSEN, H. S. (1893)
[Opgave 178. Nyt Tidsskrift f. Math., A iv. pp. 116-117.]

The novelty brought forward here is the fact that the equation

4 B
C |=0
x

&8

z
C
has 2 for a root when

A,B,C=m-+ m, n4 nt, mn!4+ mIn,
since then ABC 4 4 = A2? -} B2 - C2.

KANTOR, 8. (19003/,)

[Ein Theorem iiber Determinanten. Nachrichten . . . Ges. d.
Wiss. (Gottingen) 1899, pp. 272-281.]

The origin of this paper we have already referred to in our
131
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first chapter. Most of the interest attaching to it is in connectior
with two papers of Frobenius (Hist., iii. pp. 275-277; iv. p. 217),
the determinants used in the one being mainly axisymmetric and
in the other zero-axial skew. One of two points to be specially
noted is that Kantor’s proofs are based on geometrical consider-
ations, and another is that in his results the two types of de-
terminants are not separated, what is proved true of the one
being true of the other. His first formulated result of this kind
is that If in an axisymmetric or zero-axial skew determinant all the
m-line and (m + 1)-line coaxial minors vanish that contain a
fized (m — 1)-line coaxial minor, then all the m-line minors vanish
—a statement which so far as axisymmetric determinants are con-
cerned had already been made by Frobenius (Hist., iv. p. 135).
His next is the related result: If in an axisymmetric or zero-axial
skew determinant the m-line minors do not all vanish, then must
every non-zero (m — 1)-line coaxial minor be contained in a non-
zero m-line or (m -+ 1)-line coaxial minor. The two others are
much more general, and are unavoidably more complicated in
expression.

MUIR, T. (1900/,)

{On certain aggregates of determinant minors. Proceed. R. Soc.
Edinburgh, xxiii. pp. 142-154.]

From a general result there is here (§ 5) readily deduced an
amendment of Kronecker’s theorem of 1882 (Hust., iv. p. 113),

/ . 123...2m
namely, If any even-ordered determinant 123 .. . om have
ats last (m -+ 1)-line minor axisymmetric, then

1 2 3 ...m—1 m
m+1 m+2 m+3...2m—1 2m
1 2 3 ... m—1 m+1
T lm m+2 m+3...2m—1 2m
1 2 3 ... m—1 m42 0
Tlm m+1 m+3...2m—1 om |
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For example, when 45678 is axisymmetric there exists the
1 45678
identity

1234 | |1235]  |1236| | 1237 '*_ 1238 l__

5678 4678 4578 4568 4567 |

or, as it may conveniently be written (Hust., iv. p. 24),

1234
5678

= 0.

DEMOULIN, A. (1900/;)
[Question 1280. Mathesis, (2) x. p. 176; (3) i. pp. 230-233.]

In several ways the (n + 1)-line determinant of the form

2
rt+a a7, T3 % l
TyZo R X Ya
2
T3 Loy r3*+a Y
% Y2 ys 1

18 here evaluated. When » is 3 the result is
— a® — a?X(z,24y,?) — a2|x1y2 |2.

It is worth noting in connection therewith that

— =1 & & & |=|—1 . 1 11
& l+4a 1 1 =L G & &

& 1 l1+a, 1 I & a . .
&1 1 1l4aq 1 & . oo .

1 & . . a

= 0,05 + Zajay(€32 4 1)
+ Z0‘1(52 — 63)2-

HOFFBAUER, . (1900/,)
[Question 1885. L’Intermédiaire des Math., vii. p. 236; xxii. p. 81.]

The moving idea here is essentially the same as Sylvester’s
of 1853 (Hist., ii. pp. 127-129), but it is not faultlessly employed.
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METZLER, W. H. (1901/;)

[On certain aggregates of determinant minors. Transac. American
Math. Soc., ii. pp. 395-403.]

This is a carefully worked-out paper following up Muir’s of
1888 and 1900, and makes a distinct advance under both special
heads of the latter, axisymmetric and centrosymmetric. As
regards the even-ordered axisymmetric (pp. 397-400) the new
note to be taken is that Kronecker’s is not the only type of
vanishing aggregate associated with that determinant—that, in
fact, Kronecker’s is merely one of a family. Thus, recurring to
the case where # is 4, we now learn of the family

1234
5678

1234
5678

1234]
5678|

3

:O’ :O’ :::0,

1234
%78

of which Kronecker’s is the first. The theorem 1s enunciated in
all its generality with the help of the author’s own notation;
and the basis of his proof is, as with Muir, a double use of Laplace’s
expansion-theorem.

NANSON, E. J. (1902/;)
[A note on determinants. Messenger of Math., xxxi. pp. 140-143.]

The object of this paper is the same as that of White’s of
1895, namely, to show that the linear relation between m-line
minors of a 2m-line axisymmetric determinant can be deduced
from Sylvester’s theorem of 1851 regarding products of pairs of
detéerminants. The method followed, however, is quite different
from White’s, though not more effective.

DIXON, A. C. (1902%/))

[Note on the reduction of a ternary quantic to a symmetrical
determinant. Proceed. Cambridge Philos. Soc., xi. pp. 350-
351.]

From geometrical considerations it is here shown that, for
every theta function of even characteristic which does not vanish
for zero values of the arguments, there is one reduction of the
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ternary quantic to the form of an axisymmetric determinant with
linear elements.

MUIR, T. (190229/,)

[The applicability of the law of extensible minors to determinants
of special form. Proceed. Edinburgh Math. Soc., xx. pp. 44—
49.]

Following up a suggestion of 1897 (Hzst., iv. p. 137) the author
now fully establishes the following theorem regarding Kronecker’s
vanishing aggregate of minors of an axisymmetric determinant.
If each m-line minor vn such an aggregate be written vn the form

a b, .

a By, ...

where a, b, ¢, . . . are the numbers of the rows and a, B, vy, . . . the
numbers of the columns which the minor occupies wn the original
azisymmetric determinant of the 2m™ order, then a generalization
(the Extensional) 1is obtained by changing
a, b e ...\ - a, b c, ...

mto -
By ... a By, ...

where the numbers now denote omatted lines wn an axisyminelric
determinant of any order higher than the (2m — 1)™. Tt suffices
to point out that the necessary requirements for effecting a proof
are (a) that the extended determinant be of the same special
form as the original and contain the latter as a minor, and
(b) that the adjugate be a determinant of the same special form
as the original.

MUIR, T. (1902/,)

[Aggregates of minors of an axisymmetric determinant.
Philos. Magazine, (6) iii. pp. 410-416.]

This paper follows intimately on Metzler’s of the year before.
Its main feature is the drawing of an important distinction between
the new vanishing aggregates and the original, the nature of the
.distinction being something resembling that between Sylvester’s
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degrees of nullity (Hist., iv. p. 17). For example, while it is true
that

5 1234|

5678

one of the new aggregates, is null, it is further true that it is not
a ‘ simple null °, being the sum of four null sub-aggregates, namely,
1245 1345 | 1456
3678 2678 |, | 2378

1234
5678

pX

b b

The real interest thus lies in vanishing-aggregates that are
Sfundamental. The case of the 8-line axisymmetric and the case
of the 10-line are worked out in detail, it being shown among other
things that the fundamental vanishing aggregates are

5 1234 < 1245
5678 |, 3678 |,
and
l12345 2::12358 . [ 12567
67890 |, ~ |47890|, ' |34890
respectively. o o o

RUSSIAN, C. K. (19021/;)

[On a new property of symmetric determinants (In Russian).
Mem. . . . Soc. of Naturalists of New Russia (Odessa), xxvi.

PpP. X-xVv.]

The theorem here established concerning axisymmetric and
zero-axial skew determinants is a rediscovery as regards the
former (Hust., iii. pp. 103-104).

MUIR, T. (1902/,)

[Vanishing aggregates of secondary minors of a persymmetric
determinant. Transac. R. Soc. Edinburgh, x1. pp. 511-533.]

In spite of the title the greater part (§§ 1-4, 15-32) of this.
lengthy paper is more closely concerned with axisymmetric than
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with persymmetric determinants. The first theorem of any note
18 (§ 17): If to n — 2 given columns having n elements each there
be appended the ™ column of a given determinant of the n™ order,
and from the resulting array the t™ row be deleted, there being thus
produced a square array of the (n — 1) order the determinant of
which is D, then the aggregate
r=n
X (—1)'D,
r=1
will vanish when the given determinant is axisymmetric. For
example, when the two given arrays are

Ty, % o B &
Ty Y2 a; By v O
T3 Y3 a3 Bz s O
Ty Y ay By va O

the aggregate in question, say a ‘ Kronecker aggregate ’, is
Ixz?/a%l - |w1y3,34| + I‘”1?/274| — le?/zsal

and may be conveniently denoted by
[ y5 aBaysdi]

Following on this comes a series of such theorems of increasing
generality but unfortunately not of decreasing complexity, all
of them relating to an aggregate which vanishes when some
connecting determinant becomes axisymmetric. In each case
the vanishing is established by showing that the aggregate is
expressible in terms of Kronecker aggregates of the type

123 124: 125 126

456 356 346 1345,

which in analogy with the above notation is temporarily denoted
by
11,2; 3,4,5,6.

For example, the aggregate
ixl?lz%ﬁs)’ol - lxly2a3ﬁ586| + wa?lzaaﬁfe' - lwl?lzaaﬁ‘sfsl
1

(E185)
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is shown to be equal to
q=2,..,6 .. L.
X (=1t oy | ipo g 3,4, 5, 64,
pq " o
which, by reason of the form of the second factors of its terms, is
known to vanish when |a,8,y;8,;(¢ | is axisymmetric.

MUIR, T. (19022/;)

[Note on Kronecker’s linear relation in determinants.
Messenger of Math., xxxii. pp. 4-6.]

Once again the subject is the possibility of using Sylvester’s
product-theorem of 1851 as a basis from which to deduce the
lincar relation connecting certain minors of an axisymmetric
determinant. This time, however, the paper is critical rather than
constructive, the object being to suggest the need for caution in
seeking to establish new propositions hy means of a method
whose own logical soundness is not too patent.

It seems more important now to point out that none of the
three writers concerned-—White, Nanson, Muir—draw attention
to the fact that the reverse order of logical succession is more
easy to follow. Thus »-s standing for a,a, -|- b,bs -|- c,cs the
determinant

|1-1 2-2 3.3 4-4 5-5 6-6]
is axisymmetric: consequently from Kronecker

{14 1-5 1-6 1-:3 15 1-6 I3 14 1-6 1-:3 14 1-5
2:4 2.5 2:6| — (2-3 2:5 2:6| 4 |2-3 2:4 2-6| — |2-3 2-4 2:5|= 0,
34 3:5 3:6 43 45 4-6 53 54 56 6-3 6-4 6

and from this comes by the multiplication-theorem

|“1b203l I%bscsl - la'lbz%l |“3b506| + |a1b2c5l i“3b4"e'

— | aybycs | | ashycs | = 0,

that is to say, Bezout’s instance of the so-called Sylvester theorem
regarding products of pairs of general determinants.
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ORLANDO, L. (1902)

[Relazioni fra i minori d’ ordine p d’ una matrice quadrata di
caratteristica p. Grornale dv Mat., x1. pp. 2756-277.]

As a deduction from a more general theorem there is here
obtained Frobenius’ first theorem of 1876 in regard to axisym-
metric determinants (Hust., iii. p. 275); also the further deduction
that In an axisymmetric determinant of non-zero rank k the non-
vanishing k-line coaxial minors have all the same sign.

MUIR, T. (19021¢/,): NANSON, E. J. (1902/,,)

[The Jacobian of the primary minors of an axisymmetric de-
terminant with reference to the corresponding elements of
the latter. Philos. Magazine, (6) iv. pp. 507-512.]

[Question 15244. Educ. Tvmes, lv. p. 517.]

The first of these will be found dealt with in the chapter on
Jacobians.

The second seeks proof of the assertion that if all the coaxial
minors of an axisymmetric determinant be positive, and P,
stand for the product of those of the ™" order, then

1 1
P, > (Py)n=1h > (Pg)n—1 > ... > P,.

RUSSIAN, C. K. (1903%/,)

[Kilka twierdzén z teoryi wyznacznikéw. (Einige Determi-
nantensitze). Bull. ... Acad. . .. Cracovie, 1903, pp. 1-T:
or Rozprawy Aked. Umiejetnoscs, xliii. pp. 8-13.]

We are here presented with an interesting cluster of six
theorems concerning any determinant that is either axisymmetric
or zero-axial skew. The author follows up that portion of Fro-
benius’ memoir of 1876 which deals with the same subject (Hist.,
ili. pp. 62-64, 275-277). The first and fundamental theorem is:
If the sum of the diagonal elements of the adjugate of an axisym-
metric or zero-axial skew determinant A be O, then the sum of the
squares of the elements of any row of the said adjugate contains A



140 THE HISTORY OF DETERMINANTS

as a factor. The second is an easy deduction from it, namely:
If an axisymmetric or zero-axial skew determinant vanish and also
the sum of its primary coaxial minors, then every one of its primary
manors must vanish. The third is an extension of the second, and
the fourth is an extension of Frobenius’ first (Hest., iii. p. 275).
Theorems of Frobenius are also generalized in the fifth and sixth,
but here the generalization is wider, as in these cases Frobenius
speaks of zero-axial skew determinants only (p. 276).

MUIR, T. (19033/,)

[The theory of axisymmetric determinants...up to 1841.
Proceed. R. Soc. Edinburgh, xxiv. pp. 555-571.]

This is the first of our papers on the history of axisymmetric
determinants, sketching the early foreshadowings by Lagrange
and Gauss, and then dealing methodically with ten writings of
which the main authors were Cauchy and Jacobi.

KURSCHAK, J. (190320/,)
[Ueber symmetrische Matrices. Math. Annalen, lviii. pp. 380-384.]

The introduction to this paper is the statement that every
linear function, F, of minors of the axisymmetric determinant
| 411 Yoz - - - Ynn | satisfies a certain set of homogeneous linear
differential equations whose every differential-coefficient is of
the form 0%F [0y, 0y,,: and the rest of the paper is occupied in
establishing two converse theorems.

CWOJDZINSKI, K. (1901, 1903): JUHEL-RENOY, J. (1908)

[Distanzrelation zwischen Punkten und Graden. . .. Archiv

d. Math. u. Phys., (3) v. pp. 118-122: ix. pp. 8-10.]

[Sur lapplication des déterminants & la géométrie. Nowv.
Annales de Math., (4) viii. pp. 268-263, 450-456.]

The fresh contributions in these papers are mainly, if not
wholly, geometrical.
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NANSON, E. J. (1903/,)

.[Minors of axisymmetric determinants. American Journ. of
Math., xxvii. pp. 69-76.]

What the author here gives is an elaboration of his note of
the previous year, the object being to make clear the all-power-
fulness of the method of derivation employed, namely, the passage
from an equality regarding an aggregate of products of pairs of
general determinants to an equality regarding an aggregate of
minors of an axisymmetric determinant. One interesting point,
-not specially insisted on but none the less important, is the entire
removal of the restriction usually made as to the order of the
basic determinant (Hist., iv. p. 137).

METZLER, W. H. (1905'3/,)

[Variant forms of vanishing aggregates of minors of axisym
metric determinants. Proceed. R. Soc. Edinburgh, xxv. pp.
717-721.]

The title here is fully descriptive of the contents. Metzler’s
recurrence to the subject was doubtless due to Nanson’s paper
of 1903 with its comments on vanishing aggregates other than
Kronecker’s: indeed he confesses that his main object is to
show that Nanson had there reached nothing that could not be
readily obtained from the vanishing aggregates which he (Metzler)
had previously brought to notice. Whether this be so or not, we
have at least the benefit of a freshly constructed restatement
of views, just as Nanson’s paper under reply had itself been.

METZLER, W. H. (1905%%/;)

[Vanishing aggregates of determinant minors. Proceed. R. Soc.
Edinburgh, xxv. pp. 853-861.]

In the latter part of this attention is recalled to Muir’s in-
vestigation of 1902 into the subject of Kronecker and other
aggregates of determinants, the main matter considered being
an aggregate which vanishes when axisymmetry is introduced
into one of the two arrays from which the determinants of the
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aggregate are formed. The author goes back to his very com-
prehensive theorem of 1901 (see Chap. I, above) and succeeds
in deducing from it by specialization one of the most general of
Muir’s results.

GIAMBELLI, G. Z. (1905®/,): PETR, K. (1906%/,)

[Sulle varieta rappresentate coll’ annullare determinanti minori
contenuti in un determinante simmetrico od emisimmetrico
generico di forme. Atti. .. Accad. delle Sci. (Torino), xli.
pp. 102-125.]

[Die symmetrische Zahlensysteme und der Satz von Sturm.
Bull. internat. de UAcad. des Sci. (Prague), xi. pp. 14-34;

or Rozpr. Ceské Akad. . . .» XV. pp. 1-19.]

In neither of these papers is the author concerned with the
advancement of the theory of axisymmetric determinants: in-
deed, viewed from our present standpoint the papers are purely
applicational, and might have been relegated as in similar cases
to an auxiliary list of titles at the end of the chapter. It deserves
to be noted, however, that both are exceptional in the extent to
which they make use of the determinants in question, and that
consequently the chance of them proving suggestive is so much
the greater. The subject of the first is as the title indicates,*
and that of the second is the determination of the ‘ signature ’ of
an n-ary quadric. This latter, we may mention, attracted Fro-
benius and led him to write a related paper, known as his second
paper on the Law of Inertia, in the Berlin Sitzungsberichte (1906,
pp. 657-663).

MUIR, T. (190626/,)

[A Pfaffian identity, and related vanishing aggregates of deter-
minant minors. Transac. R. Soc. Edinburgh, xlv. pp. 311-
321.]

The subject of aggregates of minors, so often referred to above,
receives incidentally here (§§3, 4, 6) a curious contribution,
namely, the expression of such an aggregate by means of Pfaffians.
For example, Kronecker’s aggregate

I%bsce! — | ashydg | + | ancsds | — | b1csds |
* See Auxiliary List, Chap. I.
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connected with |a,b,cid,e;fg| and representable by
123

z 456

is shown to be equal to

—lay a3 a, a5 ag|+ | b ¢ dy ag ag
by by, by bg ¢y dy by bg

Ca C5 Cg dy ¢5 cg

d;, dg d; dg

and therefore to vanish when |a;bycsd, | is axisymmetric. The
most general result is that which concerns

1 2 R 1)
m—+1 m+2 ... 2m]|,

]

this being expressed by means of a Pfaffian whose elements are
the differences of the conjugate clements of a determinant: for
example,

12
—2 %4}-—:- ay— by a3—c; ay—dy,
by —c, by— d,
¢y — dy
123
““E 456 == az—bl a3_01 . e as—fl

by—cy ... bg—fs

e—Jfs|>

where again the effects of axisymmetry are at once apparent.
As examples of specialized aggregates, other than Kronecker’s,
may be given

123
456

— 2

ay ag a, dy ag
by—c, by—dy bs—e; bg—f,
cg—dy c;— ey cg—f

ds— e, dg— f,
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which is seen to vanish when any one of the 4-line coaxial minors
of | bycydyesfg| is axisymmetric: and

.23
456

)

— ot

) a3 ay a5 Qg
by—co by by—e bg—f,
Cg Cz— e Cg—f3
— € —fa
eg— fs | -

which vanishes when |bycye;fg | is axisymmetric.

FONTENE, G. (19061/,)

[Question 2041. Nouv. Annales de Math., (4) vi. p. 192;
vil. pp. 47-48.]

The determinant here is Tirelli’s second of 1875 (Haust., iii.
p. 459). We may now add that there is profit in looking on it
as the cofactor of the (1, 1)*" element of

1 1 1 1
1 2 ; r =+ 1
1 3 6 ... (r4-2)y | » or D say;
1 r4+1 (r4+2) ... (20),

for, this being known (Hzst., iii. p. 450) to be equal to 1, we know
also that D with its (1, 1) element changed into 0 is equal to —r.

COBLE, A. B. (1906%/;,)

[The linear relations among the minors of symmetric deter-
minants. Johns Hopkins Unw. Circ., No. 191, pp. 86-90.]

The writer here takes a fresh view-point, calling to his aid
the invariant theory of bilinear forms—the subject, be it noted,
which Kronecker was engaged on when he originally lit upon the
relations in question. The clearly established result is that The
linear relations among the minors of an n-line axisymmetric deter-
minant are isomorphic with the quadratic relations among the co-
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ordinates of the various spaces in a space S,_,. The paper and those
of White (1895) and Nanson (1902) gain by juxtaposition.

TRACHTENBERG, H. L. (1906/,,)

[Question 16116. Educ. Times, lix. p. 540: Ix. p. 81: or Math.
from Educ. Times, (2) xil. pp. 43-44.] *

The property here proved is that
a b g

F G H
; be such that — + = + == = A,
g c
A H G
then <,_+m+ ):)\2.
/ f9 &

MUIR, T. (19062¢/,,)

[The theory of axisymmetric determinants . . . up to 1860.
Proceed. R. Soc. Edinburgh, xxvii. pp. 135-166.]

This, the second of our papers on the history of axisymmetric
determinants, contains an account of twenty-six writings, many
of them of considerable interest, by Cayley, Sylvester, Brioschi,
Hesse, &c., and the account opening with Cayley’s first paper of
all, dated May 1841.

MUIR, T. (190622/;,, 190725/,): ‘UN ABoNNE’ (19091/,)

[A property of axisymmetric determinants connected with the
simultaneous vanishing of the surface and volume of a tetra-
hedron. Transac. S. African Philos. Soc., xvi. pp. 445-457.]

[The norm which is divisible by an axisymmetric determinant.
Messenger of Math., xxxvil. pp. 42-48.]

[Nouv. Annales de Math., (4) ix. pp. 175-1717.]

The simultaneous vanishing’ was what occurred to Sylvester,
and his paper of 1853 (Hust., ii. pp. 127-129) tells what came of
the thought. The advance here made is in two directions, the

* The following ¢ questions’ are passed over, having already .received due

attention: Question 578 in Math. Gazelte, iv. pp. 60-61: Questions 153, 303 in
American Math. Monthly, xv. pp. 144, 169, xvi. pp. 11-12.
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problem being freed from geometrical restrictions, and the
algebraical theorem being generalized. The latter stands as
follows: If [rr] be the cofactor of the element (rr) vn the axisymmetric
determinant A of the n* order, then the norm of

((11, [22F, . . ., [nn]* § any row of A)

ts divisible by A. For example, the determinant and its adjugate
being

a b ¢ 4 B C
b d e B D E
c e f|, |C E F

thenormofa~/:4—+b~/5+c~/f'-
a d f
a2 . b? 2
b2 . A4

b ¢! " a b —c
b d e
—c e f|

S e M e
()
[3-]
hS

e f

Sylvester’s is the very special case where the determinant is of
the fifth order, the diagonal elements are zeros, and the elements
of its last row and last column are units. The theorem being
established a number of additional special cases are next con-
sidered, the object being, as with Sylvester, to determine the
cofactor of A in the norm.

The interest of the second paper lies in the alternative proof
given of the same theorem, this being now very simply based on
the well-known property of an axisymmetric determinant that
has a vanishing coaxial minor. Space is also devoted to some
other special instances of the factorization of the norm.

The remaining paper merely gives an account of Muir’s work.

DUBOUIS, E. (19081/,): NANSON, E. J. (19101/,)

[Question 3378. L’Intermédiaire des Math., xv. pp. 97, 256.]

[Question 16830. Educ. Times, Ixiii. p. 135: or Math. from Educ.
Times, (2) xx. p. 108.]
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The only interesting point here is connected with the second
of the questions, namely, the appearance of the axisymmetric
form of Sylvester’s unisignant of 1855 as the discriminant of a
quadric, for example, of the quadric

a(@— y)¥+- blw— 2)%+ c(x— w)2-+d(y — 2)24-e(y—w)2 4 f(z— w)2.
(See Hust., 11. pp. 456-459.)

MUIR. T. (1909%/,)

[Borchardt’s form of the eliminant of two equations of the ™
degree. Trans. R. Soc. S. Africa, 1. pp. 447-452.]

The subject of the second part of this paper is the axisym-
metric case of Sylvester’s unisignant of 1885 (Hist., ii. pp. 456~
459). That a function of six variables a,. a5, a,. b3, b,, ¢,, which
in non-determinant notation appears as the sum of 16 positive
terms, namely,

x50y - Axag(by + €4) + agay(bs 4 ¢4) + aza,(bs -+ by)
+ (ag + a3 + a,) (bsby + byey -+ bycy)
should be represented by

ay + by + b, —b, —b,
—by a;+ b+ ¢ —C
—b, —c, a, + by + ¢,

the expansion of which has 38 terms, 22 of which cancel each
other, seems to the author interesting but on practical grounds
indefensible. As a substitute he uses a Pfaffian-like notation
whose recurrent law of formation is quite simple and whose
development is hampered by no superfluous terms; for example,

{a;,} = ap, {ay a3) = (a+ ay) {b3} | auas,
bsJ

{a2 a3 ag) = (@ + a3+a4){b3 b4] + azag {b4+04}
bs b, 041
c4J +aya,{bs+ ¢, } 4 aga,{by+b, } + azaza,,
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{“2 a3 ay “5] = (ay + a3+ a4 + a;) {bs by bs

bs b, b; ] Cq C5
Gy C5 J ' ds
ds +Za2a3{b4—}— Cq b5+c5]

ds

+ Zayaza,{bs+ c5+ dg) + ay a3 a4 ;.

It is pointed out that with the elements in the umbral notation
the law is still more readily apparent, and the properties of the
functions more readily discussed.

NICOLETTI, O. (1909%/): ESCOTT, E. B. (1910/;)

[Question 16863. Educ. Times, Ixiii. pp. 210, 462: or Math.
Jrom Educ. Times, (2) xix. p. 90.]

The equality here dealt with by Escott is best viewed as a
case of

M)y (N41, N+2), ...
(N+1) N+2y (N+3)y -..|_
(N+2)y (N+3), (N+4),

| o o . . « . . B . . .
namely, the case where N = 0 (Hust., iii. p. 447).

Nicoletti’s paper of the date mentioned is reported on in
Chapter XI.

MUIR, T. (1910%2/,,)
[A new unisignant. Messenger of Math., x1. pp. 177-192.]

This is another unisignant of some rather special interest,
which like Borchardt’s and Boole’s is axisymmetric in form.
It is a function of as many variables as it has coaxial minors, one
variable being associated with each coaxial minor through form-
ing a separate part of every element of the latter. It thus may
also be described as a determinant with polynomial elements
such that all the elements of each coaxial minor have a term in



AXISYMMETRIC DETERMINANTS (1910) 149
common. When the determinant is of the third order there are
seven (i.e. 28 — 1) coaxial minors, namely:

the determinant itself | 1, 2, 3; |,
the three 2-line minors |2, 35|, |1, 35|, |1; 2|,
and the three 1-line minors 1,, 2,, 3;;

so that if the variables corresponding to these be respectiveiy

a
bl’ b2’ b3
G G O3
the determinant is
a-+ by+ by + ¢ a - by a1 by [
a+ b, a4 by 4 b+ e atb, |
a L b, a- b @t by 4 byt l.

In investigating its properties and in leading up to evaluation a
convenient notation is found to be

for example,
Mgy = M(a; by, by, by; ¢4, 15 C) = .
= M(cy; by, by, by; @, €y, c5) = . ..

Of the results obtained we need only note two, the seventh and
thirteenth, namely: A variable cannot occur in a higher power
than the first in any term of the final development of M, and its
cofactor s always obtainable in the form of an axisymmetric de-
terminant whose order-number is one less than that of M. In an M
of the n'* order the number of terms ts 2"*+V . (n +- 1).

MUIR, T. (1911%7/,)

[Boole’s unisignant. Proceed. R. Soc. Edinburgh, xxxi.
pp. 448-455.]

The need, which we have already referred to (Hist., iii. pp.
98-100), for an alternative proof of Boole’s general proposition
is here supplied; and, fortunately, it is not only brief but usefully
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corrective and supplementary. His less general determinant,
~ which for the 4" order and

V = azyz + (b, ¢, d§yz, zx, xy) + (e, f, 9§z, y, 2) + B,

is

R QR
ox y oy 0z
ox ox ya:cay 0202
oV 0V ov oV

Y E zy dady I‘/@ yzayaz

LA
02 dwor 0yoz 02

18 next investigated at length, and a series of results obtained,
including several forms of expression for the final expansion.
This work is facilitated by the use of a notation similar to that
of the author’s immediately preceding paper, e¢.g. the just-men-
tioned 4-line determinant is denoted by

B(a; b,c,d; e, f,g; h) or B,

Of the results perhaps the most noteworthy is the generalization:
Any positive elements whatever may be inserted in the vacant places
of the determinant

and yet all the terms of the final development remain positive;
Sfurther, if the elements so inserted be ag, ay, Bs, By, Yo, V1, the three-
line determinant

a+ ay+ a; ay ag
B B+ Bs+ By Bs
ye! Y2 YT T

has the same development, namely,
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aBy + aB(yr + va) + Bylag + o) + va(Bs + By)
+ a(Bsys + Biys + Brya) + Blagys + agys - azys)
+ y(aB; + agBy + agfs) + 2(asBsyy +- aaﬂl'){z)-
We may also note: When B is of the n** order, the number of

variables is 271, and the number of terms in the final development is
9(n-1)(n-2)

151

MUIR, T. (1911%/,)

[Cayley’s linear relation between minors of a special three-row
array. Messenger of Math., xli. pp. 23-28.]

The linear relation in question had hitherto been viewed as
a subject by itself (Hust., 1. pp. 466-467). Now when subjected
to careful scrutiny it turns out to be classifiable as a vanishing
aggregate of 4-line determinants, being when n is 4 included in

0,6,0,6,] |labdb,| |abuwb, bDed, wdeb,
abcdl labdc becdbd acda'_l_abcb' 0
bc De beed cDecd bDebd beDe|
a By?d apBdc’ By db” ayda”’ a Bybd”|
and when n 18 5 in
a b mb, a b wb, ab w,b, b kn 6
abmvﬁ*bemsjr_ehmq a hmop
b e ny e h n v hkn s bknyq
c f oz fiow vl ot cl or
wym n Oy wymn O, |0:€ 0, 6, |0;05¢& 0
a e hyq a be s abe m aekm_o
b hks|  |beho| |beh n| |[bhkn|
c v bt c fv ow cfr o ctl o
Involved as the cofactor of s in the latter is the equality
a b w a b w, w, m n w, m n
e h n|—|e h m|+|a e h|—|b e h|=0,
f 1 0 v 1o le + 1 c f
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which, though outwardly resembling Kronecker’s, is quite dis-
tinct from it. As regards the new aggregate it is noted that when
the number of columns in the Cayleyan array is 2n — 1, the
number of variables involved is 8n — 10 and the number of
determinants is 3n — 7.

The paper closes with a curious restatement of the basic fact
in Kronecker’s relation, namely, If an array of n rows and 2n — 2
columns have its first principal minor symanetric with respect to
a zero diagonal, the aggregate of the (n — 1)-line minors which are
Sree of zero elements vanishes. Thus, when = is 4 such an array is

a b c a; Qe

a d e B B
b d . f Y1 Y2
c e f . 8 &
and we have
B B a o ‘12' b a; a, C a; ag

b 1 va|— |2 v v2|+ |4 B Bo|—|e B B|=0.
c o & e 8 & f 8 & f v o»

KAPADIA, D. D. (1911/,)
[Question 288. Journ. Indian Math. Soc., iii. p. 90, pp. 200-201.]

A determinant closely related to Walker’s penesymmetric of
1870 (Hast., iii. p. 127).

MUIR, T. (1911%/,)

[Sylvester’s axisymmetric unisignant. Transac. R. Soc. S. Africa,
it. pp. 197-202.]

In effect this is a continuation of the author’s investigation
of 190915/, (see above, p. 147). An alternative law of development
is now found, illustrated for the case of S; by

|{a; a5 a,) | =a,|{bs+as bﬁ‘%} +ag|{bs b,
bs b, G Cytay
G

IEEARALE

C4)
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and is successfully applied to find the final development. The
adjugate of S is next considered. Being an integral power of S
it also must, of course, be a unisignant: one is not prepared,
however, for the interesting theorem that it belongs to the M
type. This is established, and the actual cxpressions of the adju-
gates of S;, S, as M’s of the 3" and 4™ order are given. Proof

is also adduced that the primary minors of S and the determinant
formed by bordering S axisymmetrically by 0, z, y, z, ... are
all of them unisignant.*

MUIR, T. (1911%/,,)

[Lagrange’s determinantal equation in the case of a circulant.
Messenger of Math., xli. pp. 167-174.]

In the course of this paper we unexpectedly learn that there
is a family of axisymmetric determinants which are resolvable
into linear factors closely after the manner of circulants. For
example,

) — Gy G — dz (3— 0y
ag‘—'a:) al_a4 02—a4

a3 — Qy Qy— 0y Q) — Q3

f“1 - (m + 7%ay + (9% + nP)ag 4 (9* -+ "14)‘14}
=1 {ay+ (*+ nP)ay + (n* + n¥)ag + (° + n)ay}
Aay + (P + 9hag + (9 -+ n)ag 4 (9% - nPay}

where 7 is a primitive 7" root of 1. The general theorem stands
thus: The axisymmetric determinant which has the differences
8 — 8y, @) — 8g, ..., & — &, " the 1%, nt 27 (n — 1),
. places of the principal diagonal, the differences a, — ag, a,— a,,
. . stnalarly dusposed in the adjacent minor diagonal, the differences
ay — 8y, a3 — as, . . . stmtlarly disposed in the next diagonal, and
so on, ts resolvable into linear factors, being equal to the n — 1
different expressions of the form

ay + (@ + gy + (@F + 0¥ + . ..+ (@ + o,

* Unisignants that arc not axisymmetric are dealt with in Chap. XI,
(R185) 12
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where w s a primitive (2n — 1)* root of 1. For the purposes of
proof it is sufficient to note the first operation

col; + (14 6y) coly + (1 + 6, + 8,) col; 4. ..

where 0, stands for o™ 4 @™ "1,

ATKIN, A. L. (19121/,)
[Question 17238. Educ. Times, 1xv. p. 81.]

The proposer here draws attention to the rules given in an
appendix to § 280 of Maxwell’s Electricity and Magnetism * for
the evaluation of the cofactor of K,, in the determinant
| KyKys . . . K, | whose row-sums all vanish. Unfortunately he
elicited nothing; an addition would have been welcome to what
had been done on the subject by Sylvester in 1855 and Borchardt
in 1859 (Haist., 11. pp. 150, 406-7, 456-9).

SWAMINARAYAN, J. C. (1912/g)

[The volume of a tetrahedron in terms of its six edges. Journ.
Indvan Math. Soc., iv. pp. 56-58.]

[Question 377. Jowrn. Indian Math. Soc., iv. p. 118, pp. 195-197.]

In the first of these contributions allied matters (Hust., i1
pp. 109-110, . . .) are usefully brought in and dealt with: the
second concerns the axisymmetric determinant got by annexing
a 2-line border to a 3-line axisymmetric determinant (I/4st., iii.
pp. 435-436, . . .).

MUIR, T. (191224/,)

[The theory of axisymmetric determinants from 1857 to 1880.
Proceed. R. Soc. Edinburgh, xxxiii. pp. 49-63.]

This, the third of our reports on the history of axisymmetric
determinants, contains an account of about two dozen writings

* The first edition of this was published in 1873: § 280 there occupies pp. 333-
335 of Vol. I.
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of varied interest, the average value of them being certainly
lower than that of the previous report.

BOTTASSO, M. (19131€/,)

[Sui sistemi di equazioni ottenuti da un determinante simmetrico
di forme in piu serie di variabili. Rendic. del R. Istituto
Lombardo. . . ., (2) xlvi. pp. 88-103.]

The title of this paper is appropriate only to the second half *
of it: the other half, as we have already partly indicated in our
first chapter, is occupied in the establishment of preparatory
theorems that bear directly on determinants. Unfortunately
those of them whose basic determinant is axisymmetric do not
permit of very simple enunciation, a fact indeed which weighs so
much on the author that he is driven to adopt a novel expedient
to secure condensation. This consists in saying that ‘the con-
dition S(m, ¢, u) is satisfied > when he means that

the determinant 0, L...,m

’ 1s axisymmetric,

all its (¢ + 1)-line minors vanish,

0,1,...,p

and l = 0 where p <ec.

For example, the first and simplest theorem is: If S(m, ¢, p)
be satisfied and ’ ?’ ;’ il ; 1 l = 0, then either S(m, ¢, u — 1)

0,1, ..., pn

1s satisfied or L.

g

DICKSON, L. E. (191322;): WEDDERBURN, J. H. M.

(1913/,)
[On the rank of a symmetrical matrix. Annals of Math., xv.
pp- 27-28.]
[Note on the rank of a symmetrical matrix. Annals of Math.,
xv. p. 29.]

* Which half is classifiabie along with Giambelli’s papers in the Auxiliary
List of Cnap. I.
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The object of the opening paper here is to give a proof of
the theorem—called, without assigned reason, Kronecker’s—that
if i an axisymmetric determinant the minors of order r + 1 all
vanish but mot all those of order r, then one of the latter must be
coaxial. With us this has twice appeared under Frobenius, first
in 1876 (Haist., ili. pp. 275-277) and again in 1894 (Hsst., iv. p.
135). Whoever the original author may be, it is clear that these
two papers of Frobenius’ must now have been overlooked, because
in them is also found formulated the lemma on which the proof
here offered rests.

The second communication is on fresher lines, the determi-
nant in it being viewed as the discriminant of a quadric, and the
reasoning thereby becoming partly geometrical. The desired
result is reached by first showing anew that the sum of the 7-line
coaxial minors is not 0.

MUIR, T. (1913/,,)

[Question 17601. Educ. Times, 1xvi. p. 434; Ixvii. pp. 204-205:
or Math. from Educ. Times, (2) xxvi. pp. 69-71.]

The curious result here drawn attention to is that the axisym-
metric determinant

ax — by — cz ay + bz az -+ cx
ay+br by—cz—ar bz+cy
az + cx bz + cy cz — ar—by
is equal to the skew determinant
ar + by + cz ay — bz az — cx
br — ay ar + by + cz bz — cy
l cx — az cy — bz ax + by + cz

and that the like equality holds for the n'® order, the common
value then being (Zaz)*—2 Xa?Xz2.
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WILKINSON, A. C. L. (1913/,)
[Question 495. Journ. Indian Math. Soc., v. p. 100; viii. p. 142.]*

The interesting result here brought to notice is

1 cosc cosb cos (b — c)
cosc 1 cosa cos(c — a)
cosb CoS@ 1 cos(a — b)

cos(b— ¢) cos(c—a) cos(a— b) 1

= — 16 sin?}(b 4 ¢ — a) sin%}(c 4 @ — b) sin?}(a 4 b — c¢).
It is included in the fact that

1 Im—pg al—rp mn- gr
Im — pq 1 mn—qr nl-+rp
nl—rp mn—qr 1 Im + pq
mn+qr nl4+rp Im4 pg 1

= — 16p%2r2

when 1=124 p2=m2+ ¢®=n2+ r2. A proof is supplied
by N. S. Aiyar, but something less laborious is a thing to be
desired.

METZLER, W. H. (1913/;,)
[On the rank of a matrix. Annals of Math., xv. pp. 161-165.]

Only a page of this paper is at present of interest to us, the
essential part being the conclusion, namely, that if in an axi-
symmetric determinant all the coaxial minors of order m + h and
m -+ h - 1 that ‘ contain’ the coaxial minor M of order m be zero,
then all the other minors of order m - h that ‘ contain’ M are zero
likewsse.

* The following ¢ questions > have already received due attention: Question
17546 in Educ. Times, 1xvi. p. 302: Question 17930 in Math. Quest. and Sol.,
i. p. 27, ii. p. 59: Question 18016 in Math. from Educ. Times, (2), xxix. pp. 102
103: Question 433 in American Math. Monthly, xxii. p. 161: Question 18250
in Math. Quest. and Sol., iii. pp. 8-9.
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MUIR, T. (191420/,)
(See under this heading in Chapter I and Chapter X.)

BLISS, G. A. (1914/,): WEDDERBURN, J. H. M. (1914/,,)

[A note on symmetric matrices. Annals of Math., xvi. pp. 43-44.]

[Note on the rank of a symmetrical matrix. Annals of Math.,
xvi. pp. 86-88.]

The subject here is again the establishment of Frobenius’
first corollary of 1876.* One cannot complain of over-demon-
stration, as both the new contributions are instructive and
interesting. The one writer finds a foundation in the lemma that
wn the circumstances under consideration there exists a mon-zero
multiplier M and (n), quantities X, X,, . . . , not all zero, such
that the (ij)™ element of the determinant of the r-line minors equals
MX,X;, this in its turn being dependent on Frobenius’ first
theorem of all regarding vanishing minors (Hist., iii. p. 63).
The other writer extends his former note so as not to leave un-
considered the so-called case where the original elements are
complex.

MUIR, T. (19141/,,)

[Question 17833. Educ. Times, Ixvii. p. 479: Math. from Educ.
Tvmes, (2) xxviii. pp. 42-43.]
The equality here noted is
O BTy BTy TTy
Ty b W%y @ | = (g — 8,) (b — 85)(c — &) (d — 3))
&

Ty 4Ty C  X3Zy [ ) F) S, \
1 s 4 % 2 4 O

where 8, = ®,%y%3/x,, 83 = 7,757y [7s, . .

Ty ToTy T3y d

The determinant is of some little interest as being a companion
to another already well known (Hist., iii. pp. 125-126, 131), the
one being changeable into Sardi’s form by multiplication and the
other by division,

* Wedderburn properly supplies the reference to Frobenius.
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VYTHYNATHYSWAMY. R. (1914/,,):
THRIVEDI, T. P. (1915/,)

[Questions 580, 657. Journ. Indian Math. Soc., vi. pp. 198-199;
viii. pp. 63-66.]

The subject of the first of these is Sylvester’s result of 1853
dealt with in Muir’s papers of 1906, 1907 reported on above, and
that of the sccond is Ferrers’ of 1861 (Hist., iii. pp. 97-98).

MUIR, T. (1915!/,)

[Question 17904. Educ. Times, Ixviii. p. 38, pp. 384-385; or
Maih. from Educ. Times, (2) xxix. pp. 67-68.]*

What is here established is the curious equality

. a b ¢ . a b c

a 2d d+ed+f a —d+e+f f e )
bdte 2 e+tf Tl f d—e+tf d ’
cd+f etf 2f c e d d4-e—f

also the fact that neither determinant is altered in substance
by a, b, ¢ being interchanged with d, e, f as each is equal to

1 1 1|2
a b ¢
| d e f

The two 3-line determinants which are subjected to bordering
are both axisymmetric, and both = 0.
More interesting is it to find a relation of equality between
an axisymmetric and a Pfaffian, namely,
(@, — an)* (ay— a3)* (2, — a,)*
(@, — ap)* . (@ — az)t (@ — a,)*
(@ — a3)* (ap — a5)* . (a3 — ay)*
(@, — @)t (a3 — a)* (a5 — ay)*
= — 10 Lk I (@ — a))* (ay — @)’ (a2, — a,)°
(@3 — a3)°> (a3 — ay)®
(a3 — as) |.

* The results given in Questions 17930, 18016 arc already familiar to us.
The same is true of Question 433 in the American Math. Monthly, xxii. p. 161,

=]
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MUIR, T. (1916%%/,)

[The recurrence-formula of Jacobi’s persymmetric determinant.
Tohoku Math. Journ., ix. pp. 239-244.]

Incidentally it is here shown that In any bordered axisym-
metric determinant the difference of the complementary minors of
any two conjugate elements is expressible as a single determinant:
for example, the difference of the two complementary minors of
d, in’

To Ty Ty T3 I

Yy b by by by

. by b, by b,
Yo by ¢ ¢35 ¢y | 18
by ¢ ¢ ¢
Y3 by ¢ dy d,
Y1 Y2 Ys Ya

Ya by ¢ 4y ¢, |

SUTO, 0. (1916/,)

[Application of the notion of the class of a matrix in the theory
of quadratic forms. T'6hoku Math. Journ., ix. pp. 61-77.]

The interest here lies in the use of the notion referred to in
the title. In a previous paper (vii. pp. 38-53) the author had laid
down the definition: The index of a vanishing array s said to be
v tf there be in it a set of v rows that vanishes identically and a set
of v.— 1 rows that does not. In the present paper he departs from
this and speaks instead of such an array being of the v class,*
the proposal being in loose analogy with Frobenius’ use of the
term ‘rank’. As to the possible usefulness of the new concept
some idea may be formed from the enunciation of the main
theorem calling for our attention in the paper: it is that «n an
axisymmetric determinant there exist at least v r-line co-axial
minors that do not vanish, v and r being the so-called ‘ class * and
‘rank ’ respectively.

* The matter concerned with being that with which the words ¢ evanescent ’
* evanescence > have come to be associated, the term ¢ index of evanescence ’
would be less vague.
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ONO, T. (1916Y/,)

[Question 2286. Nouv. Annales de Math., (4) xvi. p. 96:
xviii. p. 265.]

_ Ono’s result is an interesting companion to Muir’s of the pre-
ceding year, namely,

2abc —c® —b® a 202 —c* —b% a?

—c3 2abc —a® b —c? 202 —a? b2

—b —a® 2bc ¢ | | —b® —a? 2 2
a b c . a? b2 ¢

= (a®+ b2+ )2 (a+b+c)(@a+b—c)(@—b+c)(a—b—o),

the operation (bc — a2)col, + col; + col, 4 col; performed on
the first determinant giving the factor a + b -+ ¢, and the opera-
tion —3col, + col; 4- col, + col; performed on the second giving
the factor a® - b2 4 c2.

We may add that the operations

row; — bc row,, row, — ca row,, rowg — ab row,;

col; — bc col,,  col, — ca col,, coly — ab coly;

enable us to remove the factor (£a?)? and leave a determinant
whose factors are well known (Hvst., ii. p. 134); and that the oper-
ations
rOW, — IOW,, T'OW, — FOW,, IOW; — IOW,
col, — col,, col, — col,, col; — col,

performed on the second have the like effect.
The three originals are connected by the factor abc, and
hence the difference in their borders.

ALLER, C. vax (1916): DATTA, H. (1916°/,)

[Vraagstukken 35, 36. Waiskundige Opgaven, xii. pp. 77-87.]
{On symmetric determinants and Pfaffians. Proceed. Edinburgh
Math. Soc., xxxiv. pp. 197-204.]

The two results, very fully dealt with in the first of these
contributions, are
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e % (n—lpe
|sin % «sina ...sin" % |

— (_1)i(n—1) (n—2) (%n)i(n—l),

I'lm 227 (n=—1)2r I

|cos w-cosw ...cos w |= (—1)Imn=1 . (1p)in=1),

The former is Muir’s of 1882 (Hist., iv. pp. 111-112), and the
latter is of the same type as Hunyady’s of 1872 (Hust., iii. p. 104);
but it has also to be noted that along with his proofs of these a
contributor, J. G. v. d. Corput, furnishes an extensive list of

analogous results.
The determinants referred to in the second contribution are
persymmetric, and are therefore more conveniently dealt with

elsewhere.

ROSS, C. M. (1916%/,,): ANNING, N. (19171/,,):
ROSS, C. M. (19171/;,)
[Question 18320. Math. Quest. and Sol., iii. pp. 26-27.]
[Question 488. American Math. Monthly, xxiv. p. 388.]
[Question 18537. Math. Quest. and Sol., v. pp. 65-66.]

The first determinant here is the result of bordering the per-
symmetric determinant of cosz, cos2z, cos3z, ... axisymmetri-
cally with the line

— Co8Z, sinz, sin2z, sindz, . . .

It is curious to note that it and the persymmetric determinant
are equal to

0 —1 sinx  CcoSZ%

1 0 cosx —sinx
cosz sinz || * || cos2x —sin2z
cos2x sin2z cos3r —sin3z

] . . . . . . . ’
1 0 coST —sSInz

cosz sinz || - || cos2x —sin2z
‘cos2x sin2z% cos3z —sin3z
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respectively, and that therefore both vanish for any order higher
than the second.
-The second determinant, which also vanishes, is

ar 1 a

1 1 1 | where a; = slfl({ce— +a) .
a, sin k6

a, 1 ag

The third determinant, shown by Nanson and the proposer
to be equal to 2(a,%2 4 a,2 4 ...+ a,%)", or 28 say, is formed
from |a,a, |, by augmenting each diagonal by S. It may con-
veniently be classed with a group exploited by Scott in 1879
(Hust., 1i1. pp. 130-131).

MUIR, T. (1917/q)
[Question 18484. Math. Quest. and Sol., iv. pp. 82-83.]

It is here shown that 4, B, C being coaxial primary minors of
any 4-line axisymmetric determinant A, it vs possible to express
each of the other primary minors in the form

uAd + vB + wC

where u, v, w are functions of the elements of A. The material used
is a selection from the twelve vanishing expressions got by mul-
tiplying a row of the determinant by a row of the adjugate.

WEILL, M. (1918'/,)

[Théorémes généraux sur des systémes de courbes et de points.
Nouv. Annales de Math., (4) xviii. pp. 121-138.]

Determinants are here used in connection with the mutual
distances of points, but the interest of the paper is almost entirely
geometrical.
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MUIR, T. (1918/;)
[Question 18646. Math. Quest. and Sol., vi. pp. 34-35.]

The result here is that if 4, B, C, D, E, F be the determinants
of any 2-by-4 array, then

a B y O
a 4% B2 (*?
—4%( B 42 . D* E?
y B* D* . F?
& C* E* F?

— {oaDEF — BBCF + yACE — S4BD)".

It is based on the fact that the cofactor of the (1,1)" element

is equal to 0. .
In the case of the 2-by-6 array the determinants 4, B, . ..

of the array appear in the fourth power as elements of the
bordered determinant.

ROBINSON, L. H. (1918¢/,)

[A curious system of polynomials. Bull. American Math. Soc.,
xxv. pp. 51-52.]

The brevity of the abstract given of this paper probably
accounts for its unattractiveness. It really concerns the interest-
ing subject of sets of quadrics with a common discriminant. This
will at once be seen if we change the author’s 3-line example

into Cayley’s form

(Afzy, 415 2)? a b ¢
(A §w1’ Y1 zlﬁxz’ Y2 Zz) - where A = | b f 9
(A §.’62, Yo» 22)2 ] c g k .

The particular result touched on is a consequence of the vanish-
ing of A.
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SADANAND, . (1919/4,)
[Question 1077. Journ. Indian Math. Soc., xi. p. 200.]

An incorrect result that nevertheless awakens interest in
regard to the determinant

a, ag ay a 1
a . a, ag B 1
as ay a; vy 1
ay ag ag 6 1
a B vy 1
1 1.1 1 1 1

and the cofactors of its five zero elements.



CHAPTER V

SYMMETRIC DETERMINANTS THAT ARE NOT AXISYMMETRIC
FROM 1893 1o 1919

Even the notable rate of increase reported in the introduction
to the preceding chapter is exceeded here, the number of writings
being more than double the number for the period 1884-1897.
As before the two special types of determinant that make their
appearance are the penesymmelric which originated with M.
Roberts in 1864 and assumed its standard form with Sardi in
1868 (Haist., ii. pp. 100-101, 125-126), and the centrosymmetric
which with its pair of determinant factors was produced by
Zehfuss in 1862 (Hust., iil. p. 124). .

In reporting a special type of penesymmetric evaluated by
Wolstenholme in 1870 (Hvst., iii. pp. 126-127) we drew attention
in a footnote to an alternative result: but unfortunately we
omitted to refer to an important consequence to which we had
thus been led, namely, that the said type of penesymmetric s
expressible as the product of two penesymmetrics; for example,

at+b ¢ c a-+ b+ ic — ¢ — 3¢ |
a b+4+c¢c a |- — %a b+c+4a —ia
b b c+a — b —3b c+a+3b
(@ + b)?2 c? c?
= a? b+ c)? a?
b? b2 (c+ a)?l.

This is a direct deduction from the multiplication-theorem if
the operation be performed in a row-by-column fashion. Associated
with the result and verifying it is the evaluation of each of the
three penesymmetrics involved. (See Muir’s textbook of 1882,
Ex. 4, 23, 25, 26 on pp. 106, 109.) *

* Other penesymmetrics will be found evaluated on pp. 53, 67, 110.
166
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SCHOUTE, P. H. (1893)
[Vraagstuk 138. Wiskundige Opgaven, v. pp. 313-315.]

The determinant here is not essentially different from M.
Roberts’ of 1864 (Hist., iii. pp. 100-101).

MUIR, T. (1900/,)

[On certain aggregates of determinant minors. Proceed. R. Soc.
Edinburgh, xxiii. pp. 142-154.]

From a gencral result obtained here (§ 10) there is deduced
an amendment of the author’s theorem of 1888 (Hust., iv. p. 140),
in which the real condition is seen to be not that the 2m-line
determinant should be wholly centrosymmetric, but merely that

1 2 I 7)) 2m ... m+2 m-L+1
m-+1 m4+2 ... 2m m ... 2 1

should be identical element-by-element.

MUIR, T. (1900%/,,)

[A peculiar set of lincar equations. Proceed. R. Soc. Edinburgh
xxiii. pp. 248-260.]

The set of equations in question is

+
1 t(ag+3) + agzg + 4 _-0
_+_

ar, + e, +  agry 4. +( %) =10 )
one peculiarity of it being that any x and the corresponding a
may be interchanged without effect. The denominator, D, of
the set is of the penesymmetric type first dealt with in 1868 by
Sardi (Hist., iii. pp. 125-126) and is identical with Johnson’s of

1877 (Hist., ii1. p. 128): the typical numerator is got from D by
deleting the first column of the latter and inserting for it @,



168 THE HISTORY OF DETERMINANTS

ay, ..., a, Among the simple properties of D and N that are
discussed we may note the fact that D has 2" — n terms in its
final development and N has (n 4 1)2" 2 — (n — 1).*

METZLER, W. H. (1901/,)

[On certain aggregates of determinant minors. Transac.
American Math. Soc., ii. pp. 395-403.]

The work of this paper in connection with Kronecker’s vanish-
ing aggregates has already been referred to, and it only remains
for us to note that it is equally effective in regard to Muir’s analogue
bearing on centrosymmetric determinants. The number and
nature of the vanishing aggregates in this case receive critical
attention.

NEUBERG, J. (1901/q)
[Question d’examen 1002. Mathests, (3) i. p. 151.]

The subject here is the very simple but interesting pene-
symmetric

1 1
a a+t+c a+b
1 1 1
b+ ec b b+ a
3]
c+b c+a ¢

That it vanishes identically is easily verified by multip,
columns by a(b + ¢), b(c + a), cla + b) respectively.

MUIR, T. (190220/,)

[The applicability of the Law of Extensible Minors to deter-
minants of special form. Proceed. Edinburgh Math. Soc.,
XX. pp. 44-49.]

The second of the special determinants referred to here is.

* See in Chap. I1I under Tweedie.
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the centrosymmetric, and the theorem established regarding it
is: If each term of a vanishing aggregate of n-line minors belonging
to a centrosymmetric determinant of the (2n)* order be written in
the form

a b ¢ ... ‘
B v
where a, b, ¢, . .. are the numbers of the rows and a, B, vy, . . .

the numbers of the columns which the minor occupies vn the parent
determinant, then a generalization (the Extensional) is obtained by
changing
‘ ‘a, b,
a, B’ Vs

a’ b’ c’
a, B v,

wnto

and ncreasing by n each number in the latter that s already greater
than n. For example, from knowing the identity (//ist., iv. p.
140)

1234 1234 | n 12341 | 1234
8934 1734 914] 1235
8234 | | |1734 | [1264] | 1235
1934 1234 | T 1294 1234

in regard to any 8-line centrosymmetric determinant we can
assert the truth of

1 234 1 2 34 12 3 4: 123 4
84n 234 1 T4n 34T 12 64m 4T 193 5tn:
(84n 234

IR T Y L

it being, however, now carefully noted that the determinant is

here extended, not by putting the additional lines after the

original lines, but by making them occupy a middle position,
with half the original lines before them and the other half after.

NESBITT, A. M. (1904): MUIR, T. (1906%/,):
FITE, W. B. (1906)

(See under these headings in Chapter XI.)

(R185) 13
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“ ANoN. (19071/,): KAPADIA, D. D. (1911/, 1912/,)

[Question 566. Math. Gazette, iv. p. 56.]
[Questions 297, 373. Journ. Indian Math. Soc., vi. pp. 150-151:

iv. p. 193.]
The angles being those of a triangle, the first result here is
cos(4 + 2B) cos 4 cos A4
cos B cos (B + 20) cos B == 0.
cosC cos( cos(C - 24)

Kapadia’s two determinants are also penesymmetric, one of
them indeed being essentially identical with Sardi’s of 1868.
The other is not only new and curious, but has associated with
it the odd fact that the evaluational process printed under it at
considerable length by the editor was known by him to be in-
correct. Its specification is that cach of its 1%, 2™ (n — 1),
and n™ rows has a for the clement in the diagonal and b for every
other element, and that each of the remaining rows has b for the
diagonal element and a for every other element. As matters turn
out the real problem is to find the cofactor of (@ — b)"~! in it:
and, since it is centrosymmetric as well as penesymmetric, the
intending solver has a choice of two familiar modes of procedure.

MUIR, T. (19098/,)

[Waring’s expression for a symmetric function in terms of sums
of like powers. Proceed. Ldinburgh Math. Soc., xxvii. pp. 5-9.]

This historical paper, already referred to, concerns the possible
substitution of a penesymmetric determinant for Waring’s expres-
sion. Hirsch’s contribution of 1809 is recalled; the inaccuracies of
Bellavitis and of Bruno are explained: and finally a rediscovery
is made of Brioschi’s result of 1854, the case of the 5™ order
being used as an illustration (Hust., iii. pp. 373-374: iv.
p. 197).

METZLER, W. H. (19141/,)

[On centrosymmetric and skew centrosymmetric determinants.
Messenger of Math., xliii. pp. 171-176.]

This rediscusses, improves on, and follows up work of Muir’s
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(Textbook, § 138: Hust., iv. pp. 263-264). In particular it is shown
that In a skew centrosymmetric determinant the sum of the coarial
manors of any odd order is zero, whence an’ immediate deduction
is that the Lagrangian equation of a skew centrosymmetric deter-
nminant contains only even or only odd powers of the unknowi.
The subject of the vanishing aggregates of minors of such a deter-
minant is also considered, and a general theorem given.

MUIR, T. (1914, 1915)

[Question 17726. Educ. Times, 1xvii. pp- 262, 518: or Math. from
Educ. Tvmes, (2) xxvii. p. 81.]

[Questmn 17973. Educ. Times, Ixviii. pp. 166, 384: or Math. from
Educ. Tvmes, (2) xxix. pp. 71-72.]

The results here are

a a, a3
by b, b Y
6 C G . z
x a, a, a4
Yy by b, b
a,+2x  a a; | |la,—= as dg !
= b bty b by b—y b

Uty i+ agi+xg| | —ayitx, —agi+-z5 —agi-+ag
=S b1i+y4 « o e ‘—bli"l—y,l
Cli+ 24 ' o o o —Cl?;+z4

The first 6-line determinant can by transformations of rows
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and of columns be expressed as a centrosymmetric: and the
second, though only partially centrosymmetric when similarly
treated, is seen to be then resolvable by a slightly altered process.
The second is expressible as the sum of two squares.*

SIMANDL, V. (1914)

[Vy¢isleni zvlastniho determinantu. dasopis pro pestovdni math.
a fys., xliv. pp. 43-46.]

The determinant here is of the (2n)!" order, and is a function
of three variables, a, b, ¢, say. The elements of the main diagonal
are all equal to a: the parallel diagonal through the (2, 1) place
I8

b, 2b, 3b, . .., (20 — 1)b,

and through the (1, 2)" place the same read backwards: the
parallel diagonal through the (3, 1)™ place is

¢, ¢ 2 2, ...,(n— 1), (n— 1,

and through the (1, 3)" place the same read backwards: all
the other elements are zeros. The property established is linear
resolvability. Taking, for example, the 6-line instance

a 5b 2¢ .
b a 4b 2¢ .
c 20 a 3b c¢ .
¢c 3b a 2b c
2c 4b a b
2c 5b a

and performing the operations
row; — 2 rows -+ row; colg -+ coly 4 col,
row, — 2 row, - rowg followed by coly + colg 4 col,
TOWg — IOWg col, -+ 2 coly
Iow, — IOWg col; + 2 col,

* An omitted result of 1904 may be inserted although only partly relevant:
The sum of the signed primary minors of a centrosymmetric determinant 18 equal
to a similar determinant of the next lower order and therefore is resolvable into two
factors (Proceed. R. Soc. Edinburgh, xxv. p. 373).



OTHER SYMMETRIC DETERMINANTS (1914) 173

we obtain
a—2 b
b a—2 .
2b a 3b
c 3b a . .
2c 4b a- 2¢ b5b
2c 50 a4 2c
which

=(a—2¢-+b)(a—2c— b)(a+3b)(a— 3b)(a+2c+ 5b)(a+ 2¢— 5b)
or =(a+5b+42c)(a+3b)(a+b—2c)(a—b—2c)(a— 3b)(a— bb-}-2c).

In the cage of the 8-line determinant the operations are
(row,, row,, Tow;, row, § 1, —3, 3, —1)
(row,, Tow,, rowg, Towg § 1, —3, 3, —1)]

b

(rows, rows, row, §1, —2, 1) J

((colg, colg, coly, col, §1,1, 1, 1),
(col,, col;, coly, col; §1,1,1,1)
(colg, coly, col, §1,2, 1)

and

and the determinant equals

(@ + b+ 3c) (@ + b+ ¢) (@ + 3b — ¢) (@ + b — 3¢)
“(@— Tb+ 3c) (@ — 5b+ c) (@ — 3b— c) (@ — b— 3¢).

We note for ourselves that although Simandl’s determinant is
centrosymmetric and therefore can be expressed as a product of
two n-line determinants, we are not thus led more expeditiously
to the final factorization. For example, the 8-line determinant
1s equal to

a Tb 3¢ . a T 3¢ .
o 6b 3¢ b a .6b 3¢
2b a b+ 2| |c 2b a 5b — 2¢
¢ 3b+2 a- 4b . ¢ 3b—2c a—4b |,
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but beyond the next stage

(@+T+3c)|a T 3¢ 1|.(@a—Tb+3c)la T 3¢ 1
b a 6b 1 a 6b 1

c 26 a 1 ¢c 2b a 1

¢ 3b+2c 1 . ¢ 3b-2c1

the procedure has little to commend it.

MUIR, T. (19141/,): ROSS, C. M. (1915/,)

[Question 17774. Educ. Times, 1xvii. pp. 354, 386: or Math.
Jrom Educ. Times, (2) xxvii. pp. 38-39.]

[Question 18069. Educ. Times, 1xviii. p. 355: or Math. Quest.
and Sol., ii. p. 14.]

The six-line centrosymmetric determinant whose first three
TOWS are

1 a a2 ... @&
1 6 b2 ... b°
1 ¢ ¢2 ... &

is here resolved in two different ways into 18 rational factors.
The result may be written so as to hold for a 2n-line determinant,

namely: TI(1 — a?) (1 — ab)? (a — b)2.

Ross’ result is essentially the same as W. W. Johnson’s of
1877 (Hust., iil. p. 128) referred to above.

MUIR, T. (1916'/,,)
[Question 18339. Math. Quest. and Sol., iii. pp. 54-55.]

The result here established is that if

a —b ¢ —d a —c¢ b—d
a —b ¢ —d a —c b—d

a —d b —c
al_—dl bl_cl

be denoted by a, B, y, then the bisymmetric determinant

b b

a By

laadl|l a adl|l|l a a||l b
B a Yizotl1 b W1 b ®|]|1 ¢ ||l cc
y - o B lecolltdallidallldada
.y B a
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MUIR, T. (1919Y/;)

[Note on unimodular and other persymmetric determinants.
Transac. R. Soc. S. Africa, viii. pp. 95-100.]

Incidentally there is here established a companion to Zehfuss’
original theorem of 1862 (Haist.. iii. p. 124), namely: Any n-line
determinant having the array of its last n — 1 rows centrosymmetric
18 expressible as the product of two determinants: for example,
when the order is even

= ¢ Cy C3 |l —2z v —y w—zx |;
bg-+- b, by+ by byt by be— by by— b, by— by
ag+ay a;-+a, a,+ ay Gg— @y Q5 — Ay ay— 03

and when the order is odd
u v ow oy
Wy v +2x u -y
a aq--ay az-+a,

by by+ by by by |

bs — by by— by




CHAPTER VI

ALTERNANTS, FROM 1896 TO 1919

In the period in question the interest taken in the study of
Alternants shows comparatively little sign of slackening, especially
if the years given over to the War be taken into account. Close
on seventy (70) writings, in eight different languages and of
various degrees of importance, fall to be considered.

One noteworthy feature of the collection is the exceptional
number of the papers occupied with the investigation of Symmetric
Functions: approximately a third of the whole may be so classi-
fied. It is also somewhat striking in connection therewith to note
that this body of work has two quite independent sources, the
one centring in a small East-Prussian town, the other confined
mainly to a busy city in the State of New York. The first efforts
of the latter, which were published in 1899, were followed by a
more ambitious study in 1901, and the work was continued at
intervals until well into 1904. Quite cvidently the results set
forth in this series of papers were freshly obtained, and were
written without any knowledge of the existence of at least one
important contribution of about twenty years carlier. At all
events no reference is made in them anywhere to the author of
the said contribution. In 1906, however, the author himself
returned to his old subject, beginning with a paper recalling his
memoir of 1881, and following it up during the years 1907, 1908,
with four additional contributions. Strange to say, in this new
set of five the existence of the American set of five is never even
hinted at. Such aloofness and self-sufficiency is of course much
to be regretted; it is an inconvenience and a loss to the neutral
reader, and a distinct hindrance to the progress of the subject.

It only remains to add that in America since 1904 the re-
search has not been resumed. In Prussia, on the other hand, the
aged author in 1917 returned a second time to the work, more

convinced than ever of the extreme importance of determinants
176
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as an instrument in the investigation of the properties of Sym-
metric Functions. In 1918 he added a further short paper, and
then finally in 1919 he published a valuable eighty-page memoir
summing up his life-work on the subject. He died on 28th De-
cember, 1921.

STREKALOF, V. pe (1896/,); CARDOSO-LAYNES, G.
(1899%0/,)

[Question 1724. Nouv. Annales de Math., (3) xv. p. 200.]
[Quistione 472. Periodico dv Mat., xv. pp. 80, 123.]

Here two alternants are stated to be equal to
203 ...»w or 1».2%1 , ,  (n—1)2.nt
namely,
l@—n+r—1)1] 0 or |[(@—n)e—n+1)t. .. a"]|
and

|7*]. or |1 22 33 .. .m%|,

the latter being already familiar.

STUDNICKA, F. J. (1900%6/,)

[O fakultnich soucinitelich. Rozpravy Ceské Akad., 1900, No. 17,
10 pp ]

In this paper on * Facultdtscoefficienten ’—simply and
clearly written as usual—Studnicka expresses any coefficient of
the expansion of

@+ a) @+ a)...(x+ ay,)
as the quotient of two alternants (Hust., ii. pp. 175-176), and

makes evaluations like

26 1
|20 51 88 115 | = £3(2, b, 8, 11)-' '

806 231
as taught by Naegelsbach (Hust., iii. pp. 145-146).
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MUIR, T. (1900%/,)

[On Jacobi’s expansion for the difference-product when the
number of elements is even. Proceed. R. Soc. Edinburgh,
xxiii. pp. 133-141.]

The nature of the expansion in question is seen from the
cases of the 4" and 6" orders

| a%c?d® | = Z (b — a) (d — o) (%2 + ¢2d?),
| a%'c?dPelf® | = Z(b — a) (d — o) (f — e) (a®%d® + . . .),

the remaining terms being got from the typical term by the use
of cyclical substitutions (Hust., i. pp. 329-330). Besides supplying
a needed proof Muir discovers in a Pfaffian a simple source of
one part of each term and in a permanent an equally simple
source of the other part, and thence formulates and proves the
theorem, The difference-product of 2n elements may be expressed
as an agqregate of (2n-— 1) (2n— 3) . .. 3 . 1 terms, which are
obtainable by taking the ordinary expansion of the Pfaffian of the
n(2n — 1) differences arranged in the ordinary triangular fashion,
and then annexing to each term of this expansion an alternant-like
permanent whose diagonal elements are the 0th, 2n4 4t powers
respectively of the products of the two original elements occurring in
each of the linear factors of the term. For example

+ +
1 ab a%?
=Xb—a)d—c)(f—e) |1l cd c2d?
1 ef e¥?

where (b — a) (d — ¢) (f — e) is taken with its appropriate sign
from ,

b—a c—a d—a e—a f—a

c—b d—b e—b f—b

d—c e—c f—e¢

e—d f—d

f—el

The remainder of the paper concerns the “ rule-of-signs” in
Pfaffians and general determinants.

I a0b102d3e%f.‘3
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MUIR, T. (1900%%/,)

[The theory of alternants in the historical order of development
up to 1841. Proceed. R. Soc. Edinburgh, xxiii. pp. 93-132.]

This, the first of our papers on the history of alternants,
although it deals with only six writings, extends to 40 pages;
but it must be remembered that among the writers are Cauchy,
Schweins, Jacobi, all of whom were large contributors to the
theory.

JUNG, V. (1900/,)

[Pozndmka o jistém determinatu mocninném. (v}asopis pro pestov.
math. a fys., Xxix. pp. 41-42.]

Here the curious theorem, that the determinant

12 .. 1~ 1n+l
21 22 .. 211 2n+1
nl nz v n” n'n+1
nt n2 n" nr+l
2 3 7T n41 n42

vanishes when % is even, is verified in an unsuggestive way for
the first three cases.

ZEMPLEN, G. (19001 /4,)

[Adalék az interpoliczié6 és a parezialis tortek elméletéhez.
Math. és Phys. Lapok, ix. pp. 386-404: or, in French, Archiv
d. Math. w. Phys., (3) viil. pp. 214-226.]

As an auxiliary to his main subject the author here restates
Beke’s theorem of 1898 regarding alternants with differentiated
rows (Hist., iv. p. 197), apparently being unaware of the work of
any of Beke’s predecessors, Schendel, Weihrauch, Méray, ... (Hist.,
iv. p. 201).

Magyar interest in such determinants seems to date from the
year of the starting of the Math. és Phys. Lapok. In the first
volume (1891-1892) Rados set for evaluation a determinant like
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Besso’s of 1882 (Hist., iv. p. 165): and in the second volume
(pp. 161-172) appeared five solutions,* one of the contributors
being Beke, who, as we have seen, continued afterwards the

study of the subject.

MUIR, T. (1900%/,,)

[Some identities connected with alternants and with elliptic

functions. Transac. R. Soc. Edinburgh, x1. pp. 187-201.]

These interesting identities are Cayley’s of the year 1849,1
and were given by him without proof. They are

'1 a A
1 5 B|(B+C)(C+ 4)(4+ B)
Il ¢c C
1 a A2 1 a At
=|1 b B?2| (2424 XBC)— |1 b B*
1 ¢ C? 1 ¢ C"’I,
a ad
1 b bB|(B-+C)(C+ 4)(4 + B)
1 ¢ cC
|1 a ad? 1 a adt
= b bB?|(£424+XBC)— |1 b bB*
1 ¢ cC?| 1 ¢ cC4|,
1l a a2 ad 1 a a% ad?
1 b b2 bB 1 b b2 bB2
L= M
1 ¢ ¢ ¢C 1 ¢ ¢ cC?
1 d d? dD 1 d d?2 dD?
1 a a? ad? 1 a a? a4t
1 b6 b2 bB* 1 b b2 bB®
— N
1 ¢ ¢ cC* +lcc2cC“P’
1 d d2 dDA 1 d d2 dDs

* Zemplén states that the value of the determinant is also given on p. 168
of Markoff’s Differenzenrechnung of 1896, the Russian original of which appeared
in 1889.

t Cayley, A., *“ Note sur ’addition des fonctions elliptiques ”, Crelle’s Journ.,
xli. pp. 57-656; or Collected Math. Papers, i. pp. 540-549.
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1 a A ad 1 a A% ad? 1 a A% ad?

1 b B bB I— 1 b B2 bB? Q— 1 b B* bB}

1 C | |1 ¢ C2 cC2 1 ¢ C* cCt

1 d D dD 1 d D? dD2 1 d Dt dD4,
where

L= (4-+ B)(4+C)(4+ D)(B+ C)(B+ D)(C+ D),

M = XA3B% 4 XA3BC + 2XA42B2C + 3XA4%BCD,

N =243+ X42%B 4 XABC, P=%4,

Q = 2A4%B 4 XA4%BC + 24BCD.
Muir gives four different modes of proof, three of which are depen-
dent on an important transformation got by substituting for
each specified symmetric function a quotient of two alternants.

If for shortness’ sake we represent each determinant by its first
row only, the identities then take the form

|1 &« 4] |1 42 44| — |1 o 42|11 4 44|
L1 a 4% |1 4 4% =0,
|1 a ad| |1 4% A4 — |1 a ad?| |1 4 4%
—,l-|1 a aA“[ l] A A‘ZI-—:O,
|1aa2ad | |1A2A4A6|—~ |1aa? ad?| |14 4% 4°]
+|1aa2aA4| [1AA2A6| - Ilaa2 ads | ]1AA2A4[=O,

[ladad| |1 424°4%| — |1a A%ad?| |1 4 A% 45|
+ |lad%ad®| |14 42 43| = 0.

The first two are shown to be included in the manifest identity

hom ad| |1 4, 4, — |h m ad,| |1 4, 4,]
k n bB k n bB,
I r cC 1Lor cC,

b omoad,| |1 4, 4,| — |4, 4, 4, |
k n bB,

Il r C,

N
igg
o o 8
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h m ad, ad, ad, a
k n bB, bB, bB, b
I r ¢C; cCy Cp ¢ '
= 4, 4, 4, 1|79
B, B, B, 1
c, C, C 1
and the third in the similar identity got from
my m, my ad, ad, ad, ady ad,
ny my, my bB; bB, bB, bB; bB,
r, 1, 13 ¢Cp cCy cCp cCg cC,
S S 83 dDy dD, dD, dDg dD,| 0
4, 4, 4, 4y 4y | 7
B, B, B, By B,
Cl 02 04 06 CO
D, D, D, D; D,
. It is otherwise, however, with the last of the four, and to this

other methods are applied, one of them consisting in performing
the indicated multiplications with the result

4

x4z

X441

x4s

>a
2aAd?
SaA*

YaAs

24 Zad
x43

YaA3

+

+

4
x4
XA42
243

4
24
44
z4°

Za
2aA
ZaA?
2ad3

2a
2aA
ZaA?
ZaAd

zA4
245
X468
x47
x4z
z43
z48
x47

ZaAd?
2aA’
ZaAs
Zad?

ZaA?
ZaA3
ZaA®
2ad?

and then showing that this is a special case of the identity

+

a
ay
b
by

Cy
Gy
dy
dy

= 0.

The paper excites increased interest as to the corresponding
identities of higher order.
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GIUDICE, F. (19011/)

[Sul resto della divisione algebrica. Periodico dv Mat., Anno xvii.
pp. 88-90.]

Here the divisor of ®(x) being in the exceptional form
(x — a)(x — b)(x — c)(x — d), the guiding equality is

O(z) = (& — a)(z — b)(x — c)(z — d)-Qx) + R(z),

and there is thence found

Rz)=—| . 2 a® z 1|+ |a%%4d°|,
DP@) a® a* a 1
db) B 2 b 1
D) 2 2 ¢ 1
Od) & d* d 1

which, since ®(a), ®(b), ... are the same as R(a), R(b), ...
respectively, is seen to be also the solution of the interpolation-
problem of finding a function R(x) which shall equal ®(a), ®(b), ...
when z equals @, b, . . ..

The other result given dates at least as far back as Bellavitis
(1857)* (Hust., ii. p. 181).

VOGT, H. (1901/,)

[Sur lapolarité des formes binaires. Nowv. Annales de Math.,
(4) i. pp. 337-365.]

Incidentally Vogt here obtains a result which, unlike Zem-
plén’s just reported on, deserves careful comparison and contrast
with those of the type dealt with by Schendel and others. It is

<N

mx®  (m— 1)yt mgy® (m— 2)2® (m— 1)zt my2d

myxt  (m— 1 myyt (m — 2)2%2 (m — 1)523 myz?

)3y
mgxd  (m— 1),y% mgy® (m— 2,2 (m— 1),2%2 my2®
hy

myx?  (m— 1 Myy? 1 (m— 1)z my2®
mx 1 myy . 1 my2
1 . 1 . . 1

=g+ (m— 1)g-my- (& — y)? (& — 2)% (y — 2)%,

* The reference made to Retali (Le Mat. pure ed appl., i. pp. 14-16) is un-
important.
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where it is seen that the right-hand member contains a factor in
m which is absent from the corresponding determinant of the
type referred to (Hist., iv. p. 179). A point to be at once noted is
that, though thus outwardly seeming to be more general than
Schendel’s, it is not so in the sense that specialization of the
extra variable will give the companion result. On the other hand
there is a latent point which amounts to much in establishing
resemblance between the two, namely, that differentiation plays
the same part in the construction and factorization of both. For
example, in the simpler one differentiation of the 6" row gives
the 5" row, and in the other differentiation of the 6% row gives
m times the 5™ —a distinction of no moment when our only aim
is to be able to assert that, if the 5™ column and the column
resulting from differentiation of the 6" exist in the same de-
terminant that determinant must vanish.

ROE, E. D. (190125/,,)

[Note on symmetric functions. American Journ. of Math., xxv.
pp. 97-106.]

The subject of this note is the already much-discussed theorem
regarding the multiplication of |a%'c?. . .|, by a symmetric
function of the variables, and Kostka’s corollary therefrom of
1875 (Haist., iii. pp. 154-156). What the writer seeks to expedite
is the finding of the coefficient of any separate term of the product.
To this end he gives an interesting theorem, generalized by him
in his next paper, but, unfortunately. not recognized as one of
the properties of Kostka’s tables of 1881. For example, it being
known from any source that in the product of |a%'y?8%* | by
Za3B2 there occurs the alternant | a%8%/°3%® |, the theorem affirms
that the coefficient of it is the coefficient of Zafy - Xaf, or say
C3C5C(CoCos 1N
Co Cy C3 € Cg

€, Cy C3 C

Co &1 C G4

G Cl>

the finding of which is readily accomplished by judiciously re-
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ducing the order of the determinant.* The calculator also obtains
from him a hint that, if all the terms of the product be wanted,
it may be easier to find the determinants of the corollary first
and thence those of the product.

METZLER, W. H. (19022/,)

[Some identities connected with alternants and with elliptic
functions. Proceed. R. Soc. Edinburgh, xxiv. pp. 240-243.]

These are again Cayley’s identities of 1849 (sec above under
1900); and the new step taken in regard to them is to lay at rest
one of Muir’s questions as to possible generalization, proof being
adduced that there can be no identity of the form

|1aa2dad| - | AB2C'DOES |
— |1 aa? 4%aA?| | A%B*C°D'E®| + |1 a a® A* ad?|| A°BCEDEY)
4| 1 a a®48 aAS|| A2B'\C2D3EY).

TAYLOR, W. E. (19021%,,)

[On the product of an alternant by a symmetric function.
American Math. Monthly, x. pp. 119-130.]

The practical outcome of this paper is an instalment of multi-
plication tables for use in applying the method suggested and
illustrated by Muir in 1899 for finding the product in question
(Hust., iv. p. 198). In the first table the constant multiplicand is
| a,%,! . . . @, | and the multipliers (44 in number of the form
cte’cy? . .. ) extend from 2a; to Zaja, . . . aga,. In the second
the multipliers are the first eleven of the form

D.27 B0 AU JON .37 1) L

Some interest also attaches to the account given of the pro-
cedure followed in the formation of the tables. The calculations
made form a check on part of Kostka’s.

* Also, we may add, by at once putting ¢,, ¢, ¢c; ¢¢ equal to 0.
(E185) 14
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MUIR, T. (190328/,)

[Historical note on determinants. Nature, Ixvii. p. 512.]

This was called forth by a curiously misleading statement in
Roe’s paper of 1901 in regard to the authorship of two theorems.
In it the injustice dene to Schweins, in particular, is very pointedly
dwelt on.

ROE, E. D. (1903/,,)

[On the coefficients in the product of an alternant and a sym-
metric function. Transac. American Math. Soc., v. pp. 193-213.]

The contents of this highly symbolized paper are not fully
indicated in the title, there being in it considerable matter, other
than determinantal, concerning symmetric functions. What first
calls for attention is the generali7ed theorem above referred to,
namely, If | aMa, . . . |- BayPanr . .. a,tn be empressed as
an aggregate of altel nants, the coefficient of any one of these alternants
| ay"a," . . . @, | is the same as the coefficient of c,c,,, . . - Cp W
the final expansion of

Ic’ﬁ—)‘lclfz—)\z s Cry—ap l’

the c’s here being the svmple symmetric functions Za,, Zajay, . . .
The use of this in practice is illustrated, tables of the coecfficients
are constructed, and the applicability of the tables in finding
the quotient of an alternant by the diffcrence-product is pointed
out. Of less special interest are the sections on aleph functions
and on the utility of the tables for the additional purpose of the
common so-called ** symmetric-function ”” table—that is to say,
the table giving 2a?B%" . .. in terms of 2a, Zaf, ... It must be
noted, however, that the tables thus dwelt upon are included
in the first seven of Kostka’s of 1881 (Hust., iv. Chap. VI), each
table being obtainable from Kostka’s corresponding table by
simply leaving out the half of the latter on the lower side of the
diagonal.
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KONIG, J. (1903)

[Die elementaren symmetrischen Formen. Einleitung . . . Alge-
braischen Groszen, pp. 46-53.]

In dealing with symmetric functions Ko6nig in his own way
introduces and establishes (pp. 47-53) the known determinantal
expression for the difference-product, and follows it up with a
wider theorem closely resembling Mertens’ second theorem of
1889 (Hast., iv. p. 177). In the latter the determinant dealt with
18 of the order (m), - 7!, where m 1s the total number of variables

%y, 9, . . . , and r i the number of them occurring in any row.
It is shown to be equal to a special power of the difference-product
| 2%, . . . z,m1|. For example, if m is 4 and 7 is 3 the deter-

minant is of the 24' order; the variables that occur in each of
the first six rows are z;, z,, z, in each of the next six x,, #,, 2y,
and so on; the elements of the row that has the variables u, v, w
are the terms of the expansion of

(8 + u? + u+ 12 4 v+ 1)w + 1);

and the value of the determinant is |z,%,'z;%,® |'2. For the
power (12 in this case) of the difference-product no quite satis-
factory expression is given: if it be denoted by N,, , we are
told that N, ,=1, N, =2m—3, N,, 3 = 3(m — 2)?, and
that when r > 2 -

N,,=4Q@2m—r—1)-(m—2)(m—3)...(m—r+41).

GIAMBELLI, G. Z. (1903)

[Alcune proprieta delle funzioni simmetriche caratteristiche.
Atte . . . Accad. delle Sci. (Torino), xxxviii. pp. 551-572.]

The main and certainly the fundamental subject of this
important paper is those symmetric functions that are quotients
of alternants by the difference-product of the variables, and
which, as the difference-product itself is an alternant, we found
in 1879 convenient and appropriate to call bialternant sym-
metric functions’ (Hist., ili. pp. 169-170). Although quite as
much as a fourth of the whole paper is preparatory and historical,
the value of this as an introduction would have been much
enhanced if the author’s acquaintance with previous related work
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had been full and accurate. As it is, well-known theorems like
Jacobi’s of 1841 (Hist., i. pp. 341-342) are misattributed, and the
work of writers like Kostka, who made a specialty of such sym-
metric functions (Hust., iv. pp. 145-146, . . .), is not alluded to
at all.

The first fresh matter (§ 3) concerns what are called dual
groups of integers, an acquaintance with these being necessary
for the statement and establishment of the ° principle of duality ’,
the goal which the writer keeps steadily in view. The section
opens with a formal definition and explanation of an extension
of a concept which we have already met with in Naegelsbach’s
theorem of 1871 (Ilvst., 1ii. pp. 145-146). In the example there
used for illustration the pair of related sets of integers belonging
to the sequence 0, 1, 2, 3, 4, 5, 6 are

(0,2,5,6) and (5,3, 2)

the one, (5, 3, 2) say, being got from the other by taking the
complementary set of the latter—that is to say, the set (1, 3, 4)
—-and then substituting for each of the integers 1, 3, 4 the excess
of 6 over the said integer. As the excesses 5, 3, 2 are in a sense
the complements of 1, 3, 4, the procedure consists in twice taking
complements, so that it would be suggestive and appropriate to
call (0, 2, 5, 6) and (5, 3, 2) bicomplementary sets. A brief sub-
stitute for Giambelli’s definition would thus be: Two sets of
wntegers are said to be bicomplementary when the integers of one
set and the excesses of m - 1 over those of the other form a per-
mutation of the integers from 1 to m inclusive. A set of integers
may, of course, be its own bicomplementary, for example, the
set (2, 5, 6, 8) belonging to the sequence, 1, 2, .. ., 8.

As for the ‘ principle of duality ’ the only thing we have had
before now which at all closely resembles it is the Law of Comple-
mentaries. According to the latter, it will be remembered, if
we have obtained in any way an identical relation between minors
of a general determinant, another such relation can at once be
got by simply substituting for each minor of the former the
complementary minor (Hust., iv. pp. 7-8). Now the points in
which Giambelli’s law differs from this are: (1) that the entities
connected by the presupposed identical relation have now to be
bi-alternant symmetric functions of one and the same set of
variables, and (2) that for each such function’s set of indices there
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has to be substituted the bicomplementary set. The close
resemblance in form between the two laws does not, however,
extend to the methods of proof. In the case of the new law
there is a basic thcorem whose limitations give it a peculiar
interest and induce us to present an illustrative case, namely,
the case in which the two sets of variables involved are both 4
in number. In effect it then is: If the four relations

a+btctd=z+y-+ 24w,
Zab = (z, y, z, w)?,
Yabe = (2, y, 2, w)3, J
abed = (z, y, z, w)*

hold, then every bi-alternant symmetric function of a, b, c. d that
is mot of a higher degree than the 4™ is equal to the bicomplementary
Sfunction of x, y, z, w. In regard to this our first remark is that
the given relations are themselves instances of the equalities to
be established, being in determinant notation

|a°b102d4| - Clﬁ — Iwoylzzw4l - gzi’
I a%blc3ds | - Cl?_f = I 201225 I - Cz',":
Ia°b203d4| - le} = |w°y122w6| - Cz"’:
|a1b263d4l - Clé — |w0y122w7l - Zzi’

where £}, £} stand for | a®%'c2d®|, | z%'%2%w? | respectively, and
where we see that cach set of indices on the left is the bicomple-
mentary of the corresponding set on the right. It would thus
seem that here by enforcing compliance with a law in four in-
stances we ensure compliance in six other instances.* Individually

* If we write our given equations still more curtly in the form
A(0124) - X(0124),
A0134)=X(0125),
A(0234) = X(0126),
A(1234)=X(0127), J
then the six additional instances are
A(0125) = X(0134),
A(0126) = X(0234), A(0135)=X(0135),
A0127)=X(1234), A(0136) = X(0235),
A(0235)=X(01386), J
or at greater length
(a, b, c, d)? = Zxy, ]

Za?bc + 3abed = Zady + Za?y? + 2322z + 3ryzw J' .
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these results are readily verifiable: for example, the operation
which we may symbolize by (3) — 2(2)(1) + (1)® gives us

Za® + Za?% + Zabc = Zwyz,

the counterpart of (3). It must, however, be pointedly noted
that with equal convincingness (1)% — 2(2) gives us

a2+ b2 4 e 4 d2= —g% — y2 — 22 — w?

and thus suggests the desirability of having an alternative proof
for Giambelli’s law. :

The next section (§ 5), which is devoted to applications of the
law, furnishes only two results, one derivable more naturally from
Trudi’s of 1862 (Haust., iii. p. 214) by interchanging X’s and ¢’s,
and the other being Naegelsbach’s of 1871 already referred to.
Neither of them, we may add, is got unaidedly by the direct and
simple substitution specified in the statement of the law.

The rest of the paper (§§ 6-8) deals with matters which less
directly concern us, ending with a contribution to Enumerative
Geometry. It is desirable merely to point out in connection with
it that the main theorem dealt with (§ 7) and attributed to H.
Schubert is what Bazin’s theorem of 1851 becomes when general
determinants are replaced by alternants.

ROE, E. D. (1904/;)

[On the coefficients in the quotient of two alternants. Transac.
American Math. Soc., vi. pp. 63-74.]

The sccond of the alternants in question is the difference-
product, so that the subject is one already familiarized to us.
Aids towards the speedier calculation of the coefficients—recur-
rence-formulee and other minor relations--are brought forward:
the results of the calculations are tabulated: and additional pur-
poses to which they lend themselves are pointed out. The new
tables, like thos> of the former paper, are in shape right-angled
triangles; and as cach triangle of the former set is reprinted and
united with the corresponding triangle of the new set to form a
square. the result now is in effect an exact reproduction of
Kostka’s first seven tables.
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NANSON, E. J. (1905'/,,)
* [Question 15860. Educ. Times, lviii. p. 449; lix. p. 349.]
This is a simple * case of finding the quotient of an alternant

by the difference-product of the variables. Note may be taken
that the dividend

1 (b+ ¢)* b%2
1 (c-+a)? c%?|=20be, ca, ab) — L}a2, b2, c?).

1 (a+ b)® a2?

NANSON, E. J. (19051/,): MUIR, T. (1906/,)

[Questions 15880, 15913.  Educ. Tumes, lviii. p. 494; lix. pp.
41, 148; or Math. from Educ. Tvines, (2) x. pp. 53-54.]

The alternants

y4-2z2— 2@ x> —yz 2 x

24 ax— 2y y:—zxr 2wy — y*z-{ x)
e+ y— 22 22—y 2

y--z— 2> — 2% — yz 2ryz-f x?
2+ w— 2y —2y*—2x 2ryz 4 y?
x|y — 22 — 2% —axy 2uwyz-f 23

arc shown as equal to
0, (z—y)(z—2)(y— x).(Za® — 3Zxy - 15zyz)

by multiplying | 2%z® | by

e —3 . X —3
— Xy X . — 2y Xr —3
3eyz — Xy .|, 3ryz — Xy Xz |,
respectively.

* Still simpler is a question put in the Math. Qaz., ii. (1903) p. 363, in regard
to an alternant equal to |a%%2| . |a®%c3|. The equality given in the Kduc.
T'imes, 1xvi. (1913) p. 218, dates back to 1876 at least: and the sct of equations
dealt with in the American Math. Monthly, viii. (1901-1902), p. 266; ix. pp.
136-137, 162, is that known as Lagrange’s (Hist., ii. p. 155).
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KOSTKA, C. (1906)

[Zur Bildung der symmetrischen Funktionen. Archiv d. Math.
u. Phys., (3) x. pp. 50-55.]

This being written by Kostka merely to compare his methods
with those of Saalschiitz as expounded shortly before in a 30-page
paper,* naturally contains hothing fresh on our subject. The
superiority which he claims is attributed to the use of deter-
minants.

MUIR, T. (190639/,)

[The expression of certain symmetric functions as an aggregate
of fractions. Transac. S. African Philos. Soc., xvi. pp. 313-
315.]

The writer’s object is to show that the type of equality estab-
lished by E. Prouhet (Nouv. Ann. de Math., xv. pp. 86-91) holds
for symmetric functions other than Za, Zab, Zabc, . . . We have
only to take an alternart of the form

0, 1 m—1 & s+ 1 l01456|
|, .. al " @ an - | sAY | a%'cidPe |,

expand it 1 terms of the 3-line minors of the last three columns,
and then divide by | a%!c?d®* |, the result of this being

a'bict
(a—d) (a—e) . (b—d) (b—e) . (c—d) (c—e)
When s < m, equalities like

1=2

Ya2bede — X ab%?2= X

a?b2c?

(a——d)(a—e).(b——d)(b—e).(c—‘—d)(c——e)

abe

Z(a~—d)(w—e).(b——d)(b—e).(c—d)(c~—c)

are obtained. The extension of the procedure to even-ordered
alternants like | a0 b1 7 drit go ot |

leads to results including Jacobi’s (see above, p. 178).t

* Archiv (3), ix. pp. 113-143.
1 An omitted result of 1904 may here be inserted, although out of its proper

place: The sum of the signed primary minors of the alternant | «’6%# | ... is equal
to the alternant itself (P’roceed. R. Soc. Edinburgh, xxv. p. 372).
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MUIR, T. (19062/,)

[The theory of alternants in the historical order of development
up to 1860. Proceed. R. Soc. Edinburgh, xxvi. pp. 357-389.]

This, the second of our papers on the history of alternants,
gives an account of twenty-seven writings more or less fully
occupied with the theory. Many of them, of course, contribute
only a little to the total advance made in the period.

NANSON, K. TJ. (1906/y, /1)
{On a theorem of Segar’s. Messenger of Math., xxxvi. pp. T7-78.]

[Question 16098. KEduc. Tuimes, lix. p. 496.]

Attention is here deservedly drawn to an important theorem
of 1892 (Hist., iv. Chap. VI), the statement of which is now
essentially as follows:

xa-}-a' Nu-i—ﬁ' xa—-}—'y'
No+w Npisg Npiy
Ryta Ryrg Ryyy
I B
labPer . . .| |a“bFe .. |

{(a, byc,...) ’

where the variables (n in number) of the aleph functions on the
left are a, b, ¢, . . . The improved demonstration brought forward
consists in evolving the left-hand member from the right-hand
member by appropriately performing the multiplications implied
in the latter and using repeatedly the fact that any aleph function
is expressible as the quotient of an alternant by the difference-
product of the variables.

The other contribution is considerably more important, being
the extension of Segar’s theorem to cases where the order-number
m of the given determinant is no longer necessarily the same as
the number of variables. The equivalent then obtained is an
aggregate of (n), terms resembling the solitary term in Segar’s
case. For example, when » is 4 and m is 3 the outcome is

(0?33 |abPe?| |abF ¢¥ | u?b?d? |a°bPdY | |a*bFdY'| n }
1 |a°b102| | a%'d? | o

= (___ 1)'5”(”“”,”1.-1 bn—l L.

= |a%ledd .
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NESBITT, A. M. (1906%/,,)

[Question 16076. Educ. Times, lix. p. 455; Ix. p. 81; or Math.
from Educ. Times, (2) xii. p. 42.]

The proof given here in reply to the proposer’s question is
quite unsuggestive. If it had been made dependent on the fact
that the 2-line minors of the first two columns have 2X2?% Xyz
for a common factor, the 1-to-m generalization

—2e+y+2z Yy +yz+22 amid 1 o gm+2
—2y+z+x 224242 Yy | =1 y ymt?| (2X2?4 Zyz)
—22+z+y 2 +tayty? omi? 1 z zm+2

would have been reached. Further, it would have been seen
from the case where m = — 2, that the elements of the third
column could be increased by any quantity ¢ without the de-
terminant being affected.

KOSTKA, C. (190720/,)

[Bemerkungen iiber symmetrischen Funktionen. Crelle’s Journ.,
cxxxil. pp. 159-166.]

These so-called * remarks *’ are practically a working-out of
the consequences arising from the peculiar intimacy of the re-
lation between the c-functions (Xa, XafB, ZaBy,...) and the
alephs (Za, Za? 4 XZaf, Za® 4 Za2B -}- Zafy, . . . ), and especially
the joint recurrence-formula

Cr—Cra R+ CrgNg— ... + (— 1)R, = 0%

So far as determinants are concerned the noteworthy result is the
definite formulation of the connection between Jacobi’s equiva-
lent for | a?Boy" ... | = |a%B? . . . | and Naegelsbach’s, namely,
that the diagonal suffizes of the one determinant and those of the
other are viewable as conjugate partitions. Thus, to take our old
example of the 7™ degree (Hust., iii. pp. 136, 146)

I a%B2%,556 l -~ l a9B1y283 ,,

* This is equivalent to saying that
xn — c @l ocpaen-? — ..

and
= + N -1+ Nz 2 + ...

are identically reciprocal.
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its two equivalents are

o X N | .
N N X o o e
R, N; X, o o o

Nz x:j’

where 3, 3, 1 and 3, 2, 2 are conjugate partitions of 7. The actual
transformation of the one determinant into the other is also
effected. Of other matter brought forward it must suffice to
note that the three kinds of functions printed round the tables
of 1881, are not the only ones whose expansions are thence
obtainable—that indeed there is a second triad, and that each
function of the six is expressible with more or less facility in
terms of each of the other five.

It is a little strange that when, after twenty-six years’ silence,
Kostka here returns to write on the subject of the connections
between symmetric functions and determinants, he should say
nothing regarding the work done by others during that long
period. Work of this kind had been, as we have seen, very con-
siderable in amount and not negligible in quality; and, although
it 1s true that the workers, or almost all of them, had seemed
steadily to ignore Kostka, such a defence would be a poor excuse
for retaliation.

KOSTKA, C. (190728/,)

[Tafeln und Formeln fiir symmetrische Funktionen. Jahresb. d.
deutschen Math.-Verein., xvi. pp. 429-450.]

This is quite a valuable paper, although it contains nothing
of importance that is really new. The results given in it are those
of the author’s papers of 1875, 1876, 1881, 1907; but they are
now presented, each in its proper niche, as parts of an organic
whole and as viewed by the author from his latest vantage-
ground; and the exposition besides being unified is improved in
points of detail. Instead of reprinting one of his eight tables for
illustration purposes he gencrously gives a newly calculated
ninth. There is no improvement, however, in the matter of
references to the writings of other workers: indeed, not one of
those using determinants like himself in the investigation of sym-
metric functions is ever mentioned.
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ROSS, C. M. (1907Y/,)

Question 16276. Educ. Times, Ix. p. 415; Ixi. p. 37; or Math.
p p
from Educ. Tvmes, (2) xiii. pp. 107-108; xiv. pp. 26-27.]

The purely determinantal result reached here is, after a slight
correction,

1 sina cosa sin2a
1 sinfB cosf sin2B
1 siny cosy sin2y
1 sind cosd sin2d

= 25 cos(a+B+y+8) - I sin}(3—y).

KOSTKA, C. (1908 EASTER)

[Tafeln fiir symmetrische Funktionen bis zur elften Dimension,
mit kurzen Erlduterungen. Sch.-Progr., 10 pp. 4 11 Taf.
Insterburg.] '

Of course the important thing to be noted here is the addition
(10" and 11*") made to the tables.

THIELE, T. N. (1905'2/,): NORLUND, N. E. (19082/,,
1910%/,)

(See under this headi'ng in Chap. XI.)

SCHUH, F. (1908)
[Vraagstuk 76. Wiskundige Opgaven, x. pp. 188-192.]

The subject here is the case of the double alternant
I (@, + by)? (ay -+ by)? . . . (@, + )7 I

where p = n, Zehfuss (1859) having already dealt with the case
where p = n — 1 (Hist., ii. p. 190). The actual object of quest
is the quotient got by dividing the determinant by the difference-
product of the a’s and the difference-product of the b’s; and this
is found to be

17=n

(— DFO=D () (). .. W)y Z (Sasay. .. @y Sbiby.. . b;);

=0
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for example, when 7 is 3: the determinant equals
—(1.3.3.1). {¥aya5a5) - {(5,555)
X {0503 + % Zaya, by + 4 Zay 3byby -+ bbb, .

KOSTKA, C. (1908)

[Zur Grundaufgabe der symmetrische Funktionen. Schriften
d. phys.-okon. Ges. (Konigsberg i. Pr.), lix. pp. 374-384.]

Strange to say, Kostka is here again writing, not to break
fresh ground, but simply to give as in the preceding year a fairly
detailed account of his past work on symmetric functions. Lvi-
dently also the two accounts are written for the same class of
readers—those unacquainted with the author’s previous papers;
and though they are clearly written and on a number of minor
points are supplementary to one another, one cannot but feel
that the author is lucky in the double opportunity given him.

SIBIRANI, F. (1909/; )

[Sopra 1 polinomi trigonometrici ed un determinante relativo.
Grornale di Mat., xlvii. pp. 125-131.]

th

The determinant referred to is that which has for its r*" row

1 sina, cosa, sin2a, cos2a, ... sinna, cosna,,

and which we have already seen discussed more than once, per-
haps most fully by Weihrauch in 1889 (Hsist., iv. pp. 171, 176-
177). The result is different in form from Scott’s of 1879 (Hist.,
1ii. p. 168), but is not more concise.

MUIR, T. (1909%/,)

[Borchardt’s form of the eliminant of two equations of the
n'® degree. Transac. R. Soc. S. Africa, i. pp. 447-452.]

As a substitute for a laboriously proved result of Borchardt’s
the following widely general theorem is given: If {t be used as
the functional symbol for the difference-product, and
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z -1

1
F(x,y) for
an

a21 a22 e o s azn y

g - .. Ga|l

Opy Qpg -+« « Qup|y"?
then

C;(ﬁm :317 e Bn)'F(IBO: /30) - C}(BO’ B‘b tet Bn)F(BO’ 131)
+ 4Bo» Brs Bas - - 5 Bu) F(Bos Ba) — - - .
+ (= 1)"LHBo, By - - - 5 Bua) F(Bys Bn) = 0.
For proof we have only to look for the cofactor of a,; on the

left-hand side of the asserted equality. Now in F(z, y) this
cofactor is seen to be y™1z2-1, therefore the full cofactor sought is

LBy Bos - - - ) Bo™ 1Byt — LH(Bos Bos - - - ) By By
+ CHBo» By Bas - - ) By Bt — .
+ (=1 By By -+ -+ - » Bra) BBt

which is evidently the development of

B (=1)* |1 By B ... Byt B

I B B? ... Bt Byt

1 IBn an s Bnot—l /gna—l
arranged according to the elements of the last column of the
determinant. As, however, s 3 n, the said last column must be

identical with a preceding column: and thus the theorem is
proved. :

SIBIRANI, F. (1909%%/,,)

[Un determinante affine a quello di Vandermonde. Atti . ..
Istituto Veneto . . ., 1xix. pp. 447-451.]

The problem which the author here sets himself is essentially
the same as Franke’s of 1876 (Hust., iii. p. 159) and Schendel’s
of 1891 (Hust., iv. pp. 178-180): namely, the evaluation of a
determinant the main part of whose equivalent is a difference-
product with repeated factors. Both as regards method of solution
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and clearness of exposition Sibirani’s paper is an improvement.
His expression for the equivalent is of necessity not shortened,
and does not differ from Franke’s save in the form of the sign-
factor, being

(__1)""1’"‘3""(”'1+nl’),"3+ eoe Tyt st oee Hnip )y
{1020 rg— 1) (1120 (mg— 1)) L {1121 (m— 1))
. (bl_bz)m,m,(bl_bs)mlm, . (bl__ b,.)m‘m’ .

(by=by)"" ... (b=, l

(br—-l"" br)m,-_ 1m, J

where by, b,, . . ., b, are the variables and my, m,, . . ., m, are
the numbers of rows in which &, b,, . . ., b, respectively occur.

LECAT, M.: AURIC, A., Erc. (1910-1911)

[Question 3788. (Quotient of a simple alternant by the difference-
product of the variables.) L’Intermédiavre des Math., xvii.
p- 266; xviii. pp. 91-96; xxiii. 110-111.]

The four replies given deal of course more or less imperfectly
with an already very widely studied subject.

SIBIRANI, F. (191211/,)

[Sopra due tipi di determinanti e sopra i polinomi trigonometrici
ed iperbolici pari e dispari. Rendic. . . . Istituto Lombardo
<« (2) xlv. pp. 403-411.]

Of the clearly arranged series of results here brought forward
the two which are fundamental are:

1. The determinant whose matrixz is the sum of the matrices of
|a%?%c? . .. |, and |a%tc2 . . .|, is equal to

2| (@a+a)°b+ b+ ). ...

2. The determinant whose matriz is the difference of the matrices
of |atb% . .. |and |a~b=2%c3 . . .| is equal to

(@a—a) (b—b"Y) (c—c™)... |(a+a )b+ b1 e+ 2. . ]

By way of proof the author falls back on Cauchy’s original method
of treating alternants, namely, ascertaining the substitutions
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which result in the vanishing of the function under consideration.
By utilizing the exponential expressions for the simple circular
and hyperbolic functions he then makes the two deductions

| cos 0z, - cos 1z, . . . cos(n — 1)z, |
— n—1)(n—2) , 1 n—1
= PO=DO=2 . | 6080z, cos' z, . . . cos" 'z, |
| sinay sin 2z, . . . sinna, |
= 2" =D.ging, ... sinz, |cos®z cos'z, ... cos" 'z, |

and other two transcribable therefrom by simply writing every-
where cosh for cos and sinh for sin. It is not noted, however, that
the first two of the four were reached otherwise by Prouhet in
1857 (Hust., ii. pp. 187-188).

It will be observed that the author says nothing of the de-
terminant whose matrix is the sum of the matrices of | ab%? . . .|
and Ia‘lb*%”?’ .+ |- This omission is the more to be regretted
because the trigonometrical case of it,

| cos 2 cos 2z, . . . cos na,

had not been previously dealt with. although proposed for evalu-
ation by Nanson in 1903.* Taking a different mode of procedure

from Sibirani, and bearing in mind that

<“+1>n
a
1 ' 1 . 1
= (a"--r&i) + S BN (s 2) + e

we have for the 4" order

= |1 . . . . [
1 a-,l-l aﬁ—{—l a"—{——l- a4+1
a a? ad at
1 1 1 1
b4 - 2 3 4
1 5 b+b2 b+b3 b+b4

* Educ. Times, lvi. p. 157.
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= |1 . 2 ) . 6
1 a+1 <a+1)2 <a—|—1>3 <a+1>4
a a a , a
1 1\2 1\3 1\4
1o (b-|-) <b+b) <b+b>

= [a%1y| - {ofiyd + 2Xaf + 6}
if a, B,...be temporarily written for @« + a1, b4 b1, ...

The similar developments for the 5" and 6" orders are
l a8y 2534 | - {aByde 4- 2Zafy + 6Xa},
|a0ﬁ1y233e455 . {aﬁySeC + 2%aByd + 6ZaB +- 20},
the coefficients 2, 6, 20, . . . being (2);, (4)s, (6)3, . . . ; so that,
as in the other trigonometrical cases, \

|cosay + cos 2, ... cosnz,|

is seen to be divisible by the difference-product of cosx,, cosx,,
. , cosx,, the quotient now, however. heing more complicated,
namely, :

In(n=3)(on . n— .
24n( [2" cosz, cosa, ... cosT, +- 2 ), Z COSZ; ... COST,_q

(2
4 274 (4),2 COST ... COST,,_,4

—t—

. ‘-
T

ROSS, C. M. (1912/,)

[Question 17366. Educ. Times, Ixv. pp. 393, 525; or Math. from
Educ. Times, (2) xxii1. p. 103.]

0N 1., 0,1 1
o -t u,
n.

=nr-112¢ ... (n— 1),

Here the result is
| Go) )
aul aU2, T

for, the differentiations being performed in the quasi product-
determinant, there is found only one non-vanishing term, namely,

nn-1)n-20) ... n-n— 11).
(R185) 15



202 THE HISTORY OF DETERMINANTS

MUIR, T. (1912,

[Note on double alternants. T'ransac. R. Soc. S. Africa, iii.
pp- 177-185.]

The subject here is the quotient of
I (a, + b)?(az 4 by)P . . . (@, + bn)pl
by the difference-product of the a’s and the difference-product
of the b’s or, say,
Dn:p - CI&C‘ZQ‘

When n == p =3 it is shown to be

' a,a,a5 + bbby Xbb, Xb,

Za, —3 e s

when n = p = 4 to be

a 05050, + bybybsb, bbb, Xbb, b,

20,a,04 o . —4
2aqay . —6
Zal N - 4

and so on generally, the main auxiliary in the two modes of
proof being the multiplication-theorem. The result taken in
conjunction with one of Scott’s (Hust., iii. pp. 168-169) gives rise
to a striking relation between a determinant and a permanent;
for example
a,0,05 -+ bbb, Zbb, b, |
Za, —3
+ +
a +b a+by a+ b
s3-1) (3)1(3)
= (“1)*‘3(d nE ;"'J a, + 61 as + b2 a, + b3
The consideration of D, ,, ., is next taken up, the result obtained
being exemplified by
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Dg.: i. — _Za]_ - 3 [ 1
CI}C2} - a1a2 . -‘3 —‘Zal
bb, —Xb 3 |
- bl bzba Zblbz - Ebl 1 .
Dy, 2a, 4 . . 1‘
Cli§2}"— '—Zalaz . 6 . ———ZGI
010505 . . 4 2Za,a,

Brief notice is then taken of D, ,+,, and finally of D,, _; for the
case where the two sets of variables are identical.

SHIBAYAMA, M. (1912/,,)

[A determinant, and its application to the theory of homo-
geneous linear differential equations. 7'6hoku Math. Journ.,
1. pp. 143-146.]

Another rediscovery of the theorem foreshadowed by Franke
in 1876 (Hust., iii. p. 159) and last dealt with by Méray in 1899
(Hust., iv. p. 201).

WESTENDORP, J. J. C. (1913/,)

[Over cenige eigenschappen der regelmatige veelhoeken.

Wiskundig Tvjdschrift, x. pp. 15-22.]

As a preliminary there is here prefixed a simple proof that
the square of the difference-product of the n'" roots of 1 is
(— DI=DO=2 pn (Hist., iii. p. 137). In the determinant form
of the square in question (Hist., ii. pp. 159-160) s, and s, are
put equal to » and each of the other s’s equal to 0.
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SANDERSON, M. (1913/,)

[Formal modular invariants with application to binary modular
covariants. Transac. American Math. Soc., xiv. pp. 489-500.]

A section of this paper (pp. 491-493) concerns the alternant
whose (7, s)™" element is
ap(r—l)m’
the particular matter discussed being its divisibility in the Galois
field [p™] by another determinant differing from it only in the
last row.

ANDREOLI, G. (1913)

[Nuova generalizzazione di un teorema sui determinanti di Cauchy.
Gornale dv Mat., 1i. pp. 264-270.]

Apparently this was written without any knowledge of similar
work later than Marcolongo’s of 1887. The advance made by
Weihrauch in 1889 is made a second time, but not the further
step taken by Schendel in 1891. And all of them, as we have
seen (Hist., iv. p. 201), were alike in being unaware of Méray’s
work of 1865.

MATTIA, A. DE (1914/4,)

[Observazione su di una generalizzazione di un teorema di Stern
relativo al determinanti di Vandermonde. Giornale dv Mat.,
lii. pp. 60-62.]

For the sake of making clear the exact nature of the relation-
ship between the new result and the so-called theorem of Stern
(Hast., iii. pp. 138-139) it is desirable to alter the author’s mode
of presentation. What is most worth noting concerns the aleph
functions, and may be formulated for ourselves thus: If the
elements of | a%B'y?8® | be viewed as aleph functions, and any number
of additional variables be taken and inserted everywhere under the
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Sunctional symbol, the determinant is not thereby substaniially
altered *: for example,

1 (o, =, y)l (a, 2, y)2 (a, 2, y)a
I Bz 9" (B = y? B = y? — g S
R R R IR O

1 Gz yt O =y Oz y?

Of course the elements on the left here may without harm be
further complicated by multiplying by 1 in the form

1 .

P 1

rg ¢ 1
pgr qr r 11;

and this in effect is what gives us the “more general’’ determinant
dealt with in the paper.

THEISINGER, L. (1915)

[Bemerkung iiber die harmonische Reihe. Monatshefte f. Math.
u. Phys., xxvi. pp. 132-134.]

The result obtained here with some trouble by solving a set
of linear equations is the equality

1

- 102233 . | pn
1120, . n!

R R R

* This may be readily proved by multiplying the left-hand member by

1 .
—(r + y) 1 .
Xy —(r + y) 1 .
: xy ~(@+y) 1]
or the right-hand member by '
1 .
-ty 1 .
2%+ xy + y? z+y 1 .
24 o0ty 2ty tyt xt+y 1.
A similar result is that
1 @a+az+ ... (a+xz+ ...) (a+2z+ ...)
1 B+z+ ... B+rae+ ... Braz+ ... )0 _ 4
1 (v+ax+ o000 (y+x+ ... )2 (y+z+...)8 §a, B, 9).
1 G+z+" .. 0 B+z+ ...)2 @+az+...)s
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Knowing however, as we do (Hist., ii. pp. 175-176), that
| 102233 . . . am | = | 192132, . . pn-2| - X

=m—1)®m—-2)"...211-X

where X is the sum of the products of 1, 2, ..., n takenn — 1
at a time, we have the right-hand side of the equality
p

~1-2:3-...n

=14+4+3+ ... + 5,
as desired.

MUIR, T. (1915/,)

[Question 18015. Educ. Twmes, Ixviii. p. 238; Math. from Educ.
Times, (2) xxix. pp. 58-60; Math. Quest. and Sol., i. p. 16.]

The new point of interest here in regard to Borchardt’s de-
terminant of 1855 (Hust., ii. pp. 173-175) is that by following a
different mode of evaluation there emerges a curious equality
between a permanent and a determinant, namely,

+

Tt b @+ (b9 @ +b) (o + b (@ + by
(a3 + b,) (az + b5) (ap + b3) (a3 + by)  (ap + by) (ag + by)
(a3 + b,) (a5 + b3) (a3 + by) (a3 4 b))  (ag 4+ by) (a3 + by)

3 22“1 + Ebl Eb1b2 - Zalz - Ea1a2

ROHN, K. (1915%9/,)
[Auswerthung einer Determinante. Berichte ... Ges. d. Wass.,
(Leipzig), lxvii. pp. 298-302.]
The determinant in question is a double alternant not hitherto

evaluated or even brought to notice, namely,

Yr -+ T
Yr — g

, or R, say.
n
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The tedious process of removing its factors may perhaps be best
arranged as follows, the case being taken where » is 4. Performing

col;, — coly, col, — col;, coly — col,
we remove 2(x, — ), 2(xy — x3), 2(ry — x,): performing on the
resulting determinant col; — col,, col, — col, we remove x; — 7,
x, — Ty: and then performing col, — col, we remove x, — x;:

in all there has thus been removed the difference-product of the
z’s and the factor —23, that is

— 2Ly, ay, T3, 2y).
Next by removing the reciprocal of the product of all the de-
nominators of the original elements, say the product Il,.,. we
find remaining a determinant readily simplifiable without re-
moving factors, the full result now being
non® R ot — o
w2 w3 yd — poaa
— 93Ny, @y, T ) - L 1% .‘/20 Yoo Yo T Tyl
Hoa |ys 95® 95 st — wmrgr,
Yo Yo Ya® Yat — mTergry |-
Lastly, by partitionment of the determinant thus arrived at into
two, it is easily seen to be equal to
C (Y1 Yor Y3 Ya) * (Y1YaYsYa + T17a257,);
so that for our final result we have

) - CH g, @, T, 24) * LMYy, Yoo Yo Ya)
Hy., )

— __94-1 o L
Ry = — 2812, 2,25%4 -+ Y1YoYsYa

We note for ourselves further that since Cauchy’s original
double-alternant, €', say, which differs from R, merely in having
1 for the numerator of every clement, is (/ist., 1. p. 345) equal to

(_1)}14(11—1) . ;1§C2&,
lln'n
we consequently obtain the interesting connecting result
Ry = (=100 gy @+t - - Ya) *

Rohn’s procedure consists in giving a direct proof of this, and
then introducing Cauchy’s expression for C,. He also makes an
interesting deduction by changing all the 4’s into their reciprocals.
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MUIR, T. (1915%8/,)

(See under this heading in Chapter on Skew Determinants.)

MUIR, T. (1916Y7/,)

[A class of alternants with trigonometrical elements. S. African
Journ. of Scu., xiii. pp. 197-200.]

Here there is first established the identity
A sina } B sin3a 4 F cosa -+ G cos3a == sinba,

where 4, B, F, G are symmetric functions of a, B, y, 8, namely

A= — % cos(2a + 2B) — 3 cos(2a -+ 28 + 2y),
F = — Y sin(2a 4 2B) + 2 sin(2a 4 28 4- 2y),
B = X cos2a + cos X2a,
G = Xsin2a — sinX2a.

The partial symmetry of the identity is then taken advantage of,
a being interchanged with each of the other angles, with the
result that there is thus provided a set of four equalities viewable
as linear equations for determining A4, B, F, (. The ultimate
outcome is the evaluation of eleven alternants,

sin3a sinba cosa cos3a | = 1641l sin(d — y),
sin3f sinbB cosf cos3B

sina  sinba cosa cos3a |= — 16BIl sin(d — y).

and so on. From the corresponding identity for the case of six
angles there is deducible in like manner the evaluation of fifteen
alternants of the sixth order. The case where the number of
angles is odd 1s also briefly dealt with.

MUIR, T. (1916%/,)
[Question 18249. Math. Quest. and Sol., ii. p. i; ii. pp. 57-59.]

The result established here is that each of the elementary
trigonometrical functions of the sum of four angles (a, B, y, 8)
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can be expressed as the quotient of two alternants: for example,

sin(a + B+ y + 9)

= |1 cos2a cos4da sin2a |- 2|sina, sinda, cosa, cosda

The mode of verification used does not suggest a generalization.

CORPUT, J. G. v. o. (1916)
[Vraagstuk 76. Wiskundige Opgaven, xii. pp. 176-177.]

The main result here is not essentially different from the
representation of an aleph function as the quotient of an alter-
nant by the difference-product (Hust., i. pp. 340-342.)

MUIR, T. (19165/,)

[Note on a determinant whose elements are aleph functions.
Messenger of Math., xlvi. pp. 108-110.]

The purpose here is exactly that of Nanson’s paper of 1906,
and the proof given may be described as the resolution of the left-
hand member into the factors specified on the right. This is
effected by substituting for every aleph function its equivalent
as the quotient of an alternant by the difference-product of the
variables, and then observing that the determinant of the said
aleph functions is a product-determinant. For example, in the
case of the 3™ order, the determinant for resolution is first
changed into

I a%le2 tete l l a%lc2tets I | a%lc2tety I
Iaoblcz+ﬂ+a'| Iaoblcz+ﬁ+ﬂ'| |a°blcz+'3+7'[ =4,
I a%blc2tvte I | a%lc2tvie I l a%lc2 vty |

and then into
alc—b) ba—c) *b— a) a2te  p2te 2t
aflc—b) tBl@a—c) F(b—a)|- |a2tF B2HE o2HE | - ()
a¥c —b) b (a—c) c'(b— a) a2ty 2ty g2ty
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which clearly
e p— Iaabﬁc‘)’l . ;} . a2b2c2 . l aa'bﬁ'cy’ | - C;-‘
l aabﬁcYI . l aa’bp’c'y’ I

£

— — a?b22

as required.
A simple-looking alternative form of the theorem is next noted,
namely,
xa+ul NGJ:_B‘ xa-}-y' )
NB-H'.' .xﬂ+ﬂ' NB-*-V' ce
Ryrao Ryrp Nyny
X, e X, ... | Ny Ng X, .
xa'f'l xﬁ+1 Ny-}-l (AR | Na'—-]_ xp'_l x'y'—l e
Rore Npiz Nyso - Ro—z Rg—2 Ny—p ...
and the interesting special case where o, 8/,9",...=0,1,2,...
We may now add that had we begun with Nanson’s more
general determinant the two factors obtained would have been
m-by-n arrays, thus giving rise to the (n),, terms of the required
aggregate.

ROSS, C. M. (1917Y/,)
[Questions 18359, 18364. Math. Quest. and Sol., iii. pp. i-ii;
iv. pp. 61-62, 93-94.]
The first result here,
(a+2)(a—y)(a—2) (a+y)(a—2)(a—2) (a+2)(a—2)(a—y)
(0+2) (b—y)(b—2) (b+y)(b—2)(b—2) (b+2)(b—2)(b—y)
(ct+2)(e—y)(c—2) (cty)(c—2)(c—a) (c+2)(c—2)(c—y)
= — 4(abe+zy2) (1—Yy) (y—2) (2—1) (a—b) (b—c) (¢—a),
is of much greater interest than the solution given would imply. -
It is all-important to note that the determinant resolves itself
into
a® a% a 1 l 2—y—2 yz—zx—xy wyz
B 2 b 1|\l y—z—2z zx—ay—yz Y2
@ 2 ¢ 1 1l z—2z—y azy—yz— 28 zy2
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which, when expressed as a sum of products, leads at once to
— 4 |a%c? | - | 2%'2% | (abe + zyz).

The null effect of the interchange of a, b, ¢ and =, ¥, z is also worth
noting in all but the final form.

The subject of the second question is the set of equations dealt
with by Binet in 1837 (Huvst., ii. pp. 156-158).

KOSTKA. C. (1917/,)

[Schlussformel zur Hauptaufgabe der symmetrischen Funktionen.
Crelle’s Journ., cxlviii. pp. 88-99.]

The first section of this paper (pp. 88-92) is practically a
rehearsal of previously obtained results—a rehearsal probably
deemed necessary by the writer after a silence of nine years on
the subject. The other section is somewhat of the nature of a
rejoinder to a dissertation written earlier in the same year by
G. Junge,* and records an attempt to give a final solution to
the problem of expressing Xa¥B%% ... in terms of the ¢'s
(Za, 2ZaB, ZaBy, ...). To this end a formula is laboriously
worked out for the final expansion of Naegelsbach’s determinant
of ¢’s, namely, the determinant

Cp  Cp+1 Cpte
or N r,...) say.
Cq__l (7q Cq+1 « o . (p’ q’ ’ ) y

Crg Crq Cr

It must suffice to say merely that the character of the result is
similar to that obtained for N(1, 1, 1, . . . ) by Brioschi in 1858
(Hist., iii. pp. 208-209).

CALDARERA, F.. (1918%/))

[Su taluni determinanti di forme singolari. Attv della Accad.
Gioenia . . . (Catania) (5) xi. 17 pp.]

Almost quite three-quarters of this longish paper are occupied
directly or indirectly with alternants. The author begins at the

* Zur Hauptaufgabe der symmetrischen Funktionen. Dissert. Berlin, 1917.
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beginning and spares neither pains nor space to ensure a clear
exposition. A number of the paragraphs at the commencement
would have been a useful addition to his textbook of 1913, in
which the subject hardly appears. We thus find ourselves in
§ 3 before we meet a determinant calling for notice. The first
\ 2r
is the n-line determinant whose (r, )" element is <2 ¢ i) — 1.
8 —
From each row of this an evident binomial factor is removed
with the almost immediate result

‘ (és'cil)zr“l .
= (—1)". "D . (1 — ‘;:) (1 — ;_:) ... <1 — (éaa*_zij'z>

which is carried a stage farther by showing that the difference-
product equals

2n-14n-26n-3  (2p—4)%(2n—2)
3npntlynt? | (2p—3)2n-3(2p--1)2n-2

(_1)}71(71—1) . 211(1:—1) .

Similarly there is found
1) IB 2
Z) -1
(S) n
— (=1 gro-v . (1 B (1B g

(L1 1
™)

the difference-product in which being again partially evaluated.
Next (§6) a set of linear equations is taken up, which leads to

the evaluation of the n-line minors of the n-by-(n + 1) array
1 1 1 ... 1 1

1 1 1 1 1
12 22 32 "°° g2 g2

1
18 28 3¢ 77T gt go



ALTERNANTS (1918) 213

and finally (§§ 7-9) alternants of infinite order are considered,
the examples discussed being taken from the foregoing.

KOSTKA, C. (1918, 1919)

[Determinanten und symmetrische Funktionen. Jahresb. d.
deutschen Math.-Veresn, xxvii. pp. 161-165; xxviii. pp.
66-68.]

[Symmetrische Funktionen in Verbindung mit Determinanten.
Nova Acta . .. Akad. d. Naturf., (Halle), civ. pp. 217-304.]

These are the papers referred to at the close of our intro-
duction to this chapter. In the last, the memoir of 1919, are
embodied, of set purpose, practically all the results of the author’s
previous work on the subject. Further this has not been done
after the fashion of a mere chronicle or compilation. The memoir
is an entirely fresh exposition, consisting of a short historical
introduction and five carefully planned chapters. The writer,
being” one who could profit by a critical study of his own past
work, has used his wider and clearer vision to present the old
truths in improved form. And, of course, gain is also got by the
mere employment of a uniform system of notation throughout.
As a consequence it 18 to-day the best single work on the inter-
relations of symmetric functions and determinants.

Its one defect—not a trivial one—Ilies in the fact that the
contributions of all other workers in the same field are ignored.
In his historical sketch, it is true, he gives a lengthy string of
writers belonging to the days before symmetric functions found
salvation in the union with determinants, but he practically
insists that since then he has been the only saviour. In explana-
tion of this attitude it would be wrong to suggest retaliation,
as we have seemed to do above: he himself says, simply enough,
“ Mitarbeiter auf dem Wege sind dem Verfasser nicht bekannt
geworden: daher wird nur bei emzelnen Beispielen auf friihere
Behandlung hinzuweisen sein ”.
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ARWIN, A. (1919)

[En determinantberikning. Mat. Tidsskrift, B, 1. (1919),
pp. 70-74.]

The matter dealt with here is the solution of a set of equations
whose determinant is the conjugate of the difference-product
alternant—that is to say, the set associated with the name of
Lagrange and solved determinantally for the first time by Cauchy
(Hust., ii. pp. 154-155). The solution may be compared with
Grunert’s of 1847.

PAULLI, H. (19192/,)
[Bemserkninger til Opgave 375. Mat. Tidsskrift, A, i. pp. 74-76.]
The determinant giving rise to this is that which we have

dated back to Salmon and the year 1866 (Hast., iii. p. 140), and
which is here viewed as included in

sina cosa sinX
sinB cosfB sinY
siny cosy sinZ |,
a number of third columns dependent on a, B, y being taken in

succession and evaluations made in product form similar to the
original: for example, when

X, Y, Z=13}2a—B—vy), }2B—y--a), 3(Zy —a—B)

the result of the evaluation is

16 sin & B sinﬂ_‘y sin¥ — %
4 4
— B — o — Dy — g
Zo—B—y gn2oyv—o gy B
4 4 4

- Sin




CHAPTER VII

CoMPOUND DETERMINANTS FROM 1900 TOo 1920

The number of writings on compound determinants in the
period 1900-1920 is almost identical with the number for the
immediately preceding twenty-year period. The languages used
by the writers are at least as numerous: but the contributions
made by the various nationalities are relatively much altered in
amount. The former strikingly high proportion of Magyar work
18 not at all maintained, and German has somewhat fallen off:
on the other hand, English and Italian have increased. Although
statements at variance with historical accuracy, and the publica-
tion of old results as new, are still more common than they ought
to be, pleasing evidence is not awanting of improvement in these
respects. There is nothing so glaring, for example, as the fact
chronicled against the writers of the two preceding periods that
they had unwittingly rediscovered ten times a theorem that had
appeared in so well known a journal as Liouville’s in 1851.

RAHUSEN, A. E. (1889)
(See under this heading in the chapter on Orth()g(;nants.')

HATZIDAKIS, N. J. (1899/,): ARANY, D. (1899/,)

[Displacements depending on one, two, . . . , k parameters in
space of n dimensions. American Journ. of Math., xxii.
pp. 154-184; in partic. p. 176.]

[Question 36. Math. és Phys. Lapok, viii. p. 270.]

The thcorem formulated by Hatzidakis is Zehfuss’ case of
Bazin’s theorem of 1851 (Huvst., iii. p. 176); and that proposed
for proof by Arany is Hunyady’s of 1879 (H1st., iii. pp. 206-206).

2156
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NANSON, E. J. (1900)
(See under this heading on p. 76 of Hist., iv.)

CARLINI, L. (1900/;,)

[Sul prodotto di due matrici rettangolari conjugate. Periodico di
Mat., (2) iii. pp. 193-198; iv. pp. 175-179.]

The type of compound determinant here considered is that
in which the rows are in part taken from a compound of |ay, |
and in part from the complementary compound, the points of
inquiry being as to the power of |a,, | which is contained in it
as a factor, and as to the form of the cofactor of this power.
The author writes apparently without any knowledge of Hun-
yady’s paper of 1880 on the subject (Hust., iv. pp. 204-205).

VOGT, H. (19011/;)

[Théoréme relatif aux mineurs d’'un déterminant. Nouv. Annales
de Math., (4) i. pp. 211-214.]

The theorem in question, though here spoken of in connection
with Netto, is in reality Sylvester’s of March, 1851 (Hust., ii.
pp. 193-194). It is most easily remembered as the extensional
of the futile-looking identity

ap ay ... = |aby.. .|

by b

The fresh proof which Vogt submits is meant as an alternative to
Netto’s of 1893 (Hust., iv. p. 216).

ZERR, G. B. M. (1902/;)

[Miscellaneous Question 116. American Math. Monthly, viii.
p. 180; ix. pp. 268-269.]

The question is avowedly carried over by the proposer from
Muir’s textbook (p. 194). Zerr’s proof is ample and suitable,
but note should be taken that the equality sought to be established



COMPOUND DETERMINANTS (1902) 217

is shown elsewhere by Muir to be a case of Sylvester’s of 1851
(Hust., iv. pp. 206-207).

ORLANDO, L. (1902)

[Relazioni fra i minori d’ordine s d’'un determinante di carat-
teristica p. 4 pp. Messina.]

[Relazioni fra i minori d’ordine p d’una matrice quadrata di
caratteristica p. Giornale di Mat., x1. pp. 275-2717.]

The first of these publications is of a very unusual kind.
The text, which extends to only twenty-four (24) lines. occupies
the third of the four unnumbered pages: the first page is like the
title-page of an ordinary book: the second page contains only
two words intimating copyright, and a foot-line giving the name
of the printing firm and the date ““ 10th August, 1902 ”: and the
fourth page is entirely blank. The communication to the Giornale
appeared in September, but, from a comparison of the titles, it
scems not unlikely that it was the first written of the two. In
any case, it is the theorem of the leaflet, as being the more general,
that we have to record. In effect it is: If the non-zero vank of
| a1, | be k, then the non-zero rank of the m* compound of |a,, |
8 (k)m. The main part of the proof rests on the simple fact that
any minor of a compound of | a,, | is a compound of a minor of
| @1 |, and therefore a power of this minor. In the case of the
less general theorem a different proof is given.

NICOLETTI, O. (1902!23/,)
(Sce under this heading in Chapter 1.)

STUYVAERT, M. (19031/,)
[Question 1429. Mathesis, (3) iii. p. 184; xxxvi. pp. 64-65.]
The equality here proposed for proof concerns the 4-by-6

array e b cd ,
being

1 2 3 4 5 6
||b4°5d6l I“lcsdel l“1b2d6| I‘hbzcall

= |abycsdy | + | @rbocsds |+ | a3Dye5ds |-
16

(E186)
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It closely resembles Metzler’s of 1897 (Hast., iv. p. 221), but both
are cases of Reiss’ of 1867 (Hust., iii. p. 189).

BAKER, H. F. (1904/,)

[Note on Sylvester’s theorems on determinants. Collected Math.
Papers of J. J. Sylvester, i. pp. 647-650.]

The theorems thus vaguely referred to are those brought for-
ward in Sylvester’s papers of March and August 1851 (Hust.,
ii. pp. 58-61, 61-62, 193-197). The one which at present concerns
us is the last of the three, being that now known as the exten-
sional of the main property of the ™ compound of | a,, |,—that
is to say, the extensional of the equality

I | @y | lk: | ag, | =1,

The exact character of the proof given by Baker will be better
understood if we recall the fact that to establish the extensional
of any equality £ we may either simply use the Law of Exten-
sible Minors and so attain our end at one stroke, or we may, for
the special case of E, follow at full length the procedure by which
the said Law itself in all its generality was established—that is to
say, employ on E in the appropriate manner the fundamental
properties of the adjugate. Now Baker’s procedure is neither of
these, although necessarily akin to the second. It differs from the
latter in the first place by beginning with the adjugate and not
calling in Z till a late stage; and, in the sccond place, in using
the adjugate in the variant form of the reciprocal or *“ inverse .
In illustration of it let us present in our own way the case where
n is 4 (the initial determinant being |a;byced, | ), & is 2, and the
extension is e;fyg,: and where, therefore,

| | aybycsd, | I2= | aybycydy |2,
and the compound determinant to be considered is

la1 235f897| |a1 aesfs.%l |a3 4esf697|
|“10295f697| l“103e5f697 I . la304e5f697| , or X say.

Icldzesfsgvl Icl 3%, f697| . Ica 4e'f697|
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Denoting | a,b,c3dse5fsg; | by A and its adjugate by |4,B, . . . Gy
we have

X=[|CD,| A1 |CD,| A ... |CDy| A
| B,D,|A* |BD,|A* ... |BD,|A

| 4,B,| A1 | 4,B,| A ... |A4,B,| A
= A~% - second compound of | 4,B,C;D, |
= A-® |A132031)4 |3 = A~6{A3 : |35f697l }3
= |albzcsd4e5f6g7 P : |35f697 |3’

as required, and as already given as an illustration on p. 196
of IHist., 1i.

DICKSON, L. E. (1905'/,)

[Expressions for the elements of a determinant in terms of the
minors of a given order. Generalization of a theorem of
Studnicka. American Math. Monthly, xii. pp. 217-221.1

This is the first direct attempt to find expressions of the kind
in question: anything cognate of earlier date being of little con-
sequence (Hist., iv. p. 371). To begin with, a solution involving
any unnecessary variety of radicals is deprecated: it being indeed
affirmed before proof begins that the a’s of | a,, | are expressible
in terms of the k-line minors of |a,, | without using any irra-
tionality save the A" root of a rational function of the said
minors. One particular case is first solved, not merely on its
own account but in order to be used as a base for the solution of
the others, namely, the case where £ = n — 1; in other words,
where it is the primary minors that are given. The case where
k = 2 and the case where k = 3 are then dealt with in detail in
order to indicate the general procedure, the first stage of which
when &k = 2 is to find 3-by-3 of the elements from knowing the
adjugate elements, and when £ = 3 to find 4-by-4 of the unknown
elements from similar data. With the help of these the remaining
n? —(k + 1)2 elements are obtained in instalments, the opera-
tions, roughly speaking, being substitutions for the newly-found
elements and solutions of sets of linear equations so obtained.

An alternative mode of solution is also given for the case
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where k = 2, the basis of which is Hermite’s so-called conden
sation theorem of 1849 (Hust., ii. p. 46), although not recognized
as such. In connection therewith it is unfortunately also neces-
sary to note that the theorem spoken of in the title as Studnicka’s
is wrongly so called, and that even the wide generalization of it
effected by Dickson was already known in the early part of 1879
before Studnicka’s paper had appeared.

MASCHKE, H. (190522/,)

[Differential parameters of the first order. Transac. American
Math. Soc., vii. pp. 69-80, 571.]

In the introduction to this paper attention is drawn to four
theorems in determinants, and the first section (pp. 69-72) is
devoted to the formal enunciation and proof of them. As a result
of this segregation, it is all the more disappointing to find that
every one of the four is a rediscovery. Only one, it is true, belongs
strictly to our present chapter—Bazin’s important and oft-dis-
covered * theorem of 1851 (Hust., ii. pp. 206-208); but it is as
well to point out once and for all that the first of the four is Syl-
vester’s equally old expansion-theorem (Hust., ii. pp. 61-62), and
that the third is Casorati’s theorem of 1874 on Jacobians (Hust.,
iil. p. 269).

MUIR, T. (1905%/5,)

[Elimination in the case of equality of fractions whose numerators
and denominators are linear functions of the variables.

Transac. R. Soc. Edinburgh, xIv. pp. 1-7.]

The procedure followed here will be readily guessed from
observing the lemma established at the outset, namely: If we

have given

alxl—l—bi:vz—l-...—}—llwn: =anwl+bnw2+...+l,,xn
0% + By + ..+ AT, o an®y + BoZs 4+ ... + A2,
1
=

* E.g. six times in the period 1860-1880.
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then
lay—ra; by—By ... l,— 1A, |=0.

An additional equal fraction being given us we have at once the
theorem; the elvminant of the set of equations

al.’l}l + b1x2 + .. “{"‘ ll.’IJn S an+1w1 + bn+1$2 + DR -I‘" ln+1(l‘,,
4Ty + le2+ ook Almn Cn417y + :Bn+1x2 + ...+ An+1mn
28

D, D, Z3ID,

D, ¥D, 3D

D n+1 ZD ,n+1 2D ”'n+1
where

D1=|a1b2 l"l’ Dzzlazbs e l"+1l yeeey Dn+1:|an+1b1 oo ln—lIJ

and where D', indicates that any one of the letters of D, has been
replaced by the corresponding letter of the other alphabet, D", that
any two letters have been svmalarly treated, and so on. By use of a
similar process an alternative theorem is next got, namely: The

eliminant of the set of equations
% +BiZet .. ATy, A1 @1+ Brtr@at - oo FAnriTn

18
D, XD, 2D ...
D, XD, XD", ... —0
D, 2D, XD, ...
where
DI:: |a16203 e lnan+1|, D2= Ia1b263 . lnﬂn+1|9 ..

and where D', indicates that any one of the italic letters of D, except
the 1™ has been replaced by the corresponding Greek letter, D",
that any two letters except the 1™ have been similarly treated, and so
on.*

* The problem here solved was set by Nanson at the beginning of 1905 in

Educ. Times, lviii. p. 41, and a condensed solution was published early in 1906
in Math. from Educ. Times, (2) ix. pp. 109-110. Seo also (2) x. p. 106.
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There is thus brought to light an equality between two com-
pound determinants of different orders: for example,

lalﬁz‘)’s | z l a1B:vs I ) I ;0,05 I |a1b203 I
|a213374 ’ z | oBsys ' pX I 0’-26304| |a2b304 I
|a3134’}’1 l % l asB | )2 l agbyc; l |“3b4c1 |
l“4:3172 I z | a4B1y2 | z I aghiC, l |a4b102l

| @100Bsva| | @r0absya | + | 1By | | @1a2bsc, |

= I b1a5B5y4 | | b1a5B5¢4 I + I b105B5y4 I l b1“23304|

I c10‘2,33‘)’4| | 01a2/3374] + l C105D5y4 l Iclazba‘nl

Finally, by finding the set of linear equations that are in so-
called correspondence with the given set of homogeneous quad-
ratics, the result obtained differs only from the first of the two
preceding forms in being its conjugate.

SZABO, P. (1905/y,)

[Desargues tételének analitikus bebizonyitdsdhoz. Math. és Phys.
Lapok, xiv. pp. 316-319.]

At the outset the author takes us back to several early papers
of Hunyady’s on Desargues’ theorem:  probably all that is now
necessary is the reference given by us above under Arany (1899).

MUIR, T. (1905%/,,)

[Equality of two compound determinants of orders » and » —1.
Messenger of Math., xxxv. pp. 118-122.]

As this title is descriptive of the subject of the penultimate
paragraph of the paper of 1905%/,,, the theorem of the said para-
graph is here first drawn attention to. Then follows the more
important cognate theorem: If there be n arrays, each of n — 1
rows and n columns, and two determinants be formed therefrom,
namely. one whose T column has for its elements the n determinants
of the (n — 1) order derivable from the t array, and the other
whose t™ column has for elements the n — 1 determinants of the
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n™ order formable by adding to the ™ array one row of the n'™
array, the two determinants are equal: for example, when » is 4,

|anbocs | | Pakols | | myngrs | | @iyazs |
l azbyey I | hoksly I [ MaNgly | I ZaY3%4 I
|aghaey | | Askaly | | manary| | 2syaty |
|abscy| | Rakily| | manyrs| | mazs |

| aibgcsty | | Bakolgy | | mymgrazy |

= | |abatsya| | Mkalsya| | munarsys |

| anbaeszy | | hakolszy | | mymarsz, |

To connect the theorem with results already known, there are
noted (1) the case where

hyk,l,m,n,r,z,y,2 =b,e,d,c,d, e, d,e,f,

and (2) the case where farther e, f= a, b.

HUNYADY, E. (1905'/,,)
[Question 1416. Nouw. Annales de Math., (4) v. pp. 568-570.]

A proof is at last here given of Hunyady’s theorem of 1882
(ITvst., 1v. p. 209). It consists in showing that

4y Gy a4 4,44, 4,4 B, 43+ C
b by, by|-|B,+ 4, B+ B, B;+ C,
€, Cy G4 C,+4; Cy+ By Cy+ C

A, 4, A4, a4+ ay ag+ b, ay-+ ¢
== | By By, By|:|bj+a, by+b by-tec,
€, Cp Gy itas G+by o+
and this is accomplished by performing the two multiplications

indicated, the one rowwise and the other columnwise. The name
of the ingenious author is not given.
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NANSON, E. J. (190628/,)

[A theorem in compound determinants. Messenger of Math.,
XXxvi. pp. 45-48.]

This follows immediately on Muir’s second paper of the
previous year, its main object being to show how the results
of that paper may be deduced from a single general equality,
namely, the equality now known as the unextended case of
Bazin’s theorem of 1851. Whether the new formule so founded
arc equally general with those sought to be reproduced it is a
little difficult to say, because of uncertainty as to the meaning
of the new notations employed; for example, whether

(ahi01dy)  (bgbyerdy)  (e4h164d,y)

(228405d5)  (AxDyColly)  (anCyCady) | = (41B,C3D,)
(a3h304d3)  (a3hsbyds)  (ashscyds)
18 coextensive with
| aybocsy | | Bukolszy | | mynaryz, |
!a1b203y4| |k1k2l3314| |m1n21'3y4|
la1b203z4 I |h1k2l3z4 ] |m1”27'354 I
|“1b203| |h1k213| Imlnﬂsl |971?/223|
_ |a2b304| |k2k3l4l |m2n3r4| lwz?lsz‘;l
|“3b401| |h3k4l1| |m3n4¢1| lxa.%zll
I"'«;blczl |k4k1l2| |m4n17*2] I%?llzzl

The interesting derivation of Sylvester’s theorem regarding
an aggregate of products of pairs of determinants we have already
seen handled by Rubini in 1878 (Hust., iii. p. 200).

PETR, K. (1906)

[Nekolik poznidmek o determinantech. Casopis pro péstovdne
math. a fys., xxxv. pp. 311-321: or, in Magyar, Math. és
Phys. Lapok, xv. pp. 3563-365: or, in German, Math.-naturw.
Berichte aus Ungarn, xxv. pp. 95-105.]
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The second section (pp. 97-103) of this paper concerns the
latent roots of the compounds of a determinant. First, there is
established Rados’ theorem of 1891 (Hist., iv. pp. 215, 217),
the procedure being based on the theory of linear substitution.
In the same manner and at almost equal length a wider theorem
is then successfully dealt with, namely: If |anx+ buey |, be
resolvable into n linear factors of the form ax 4- By, and ag;’l" be any

element of the m™ compound of | any |, then Ia;’(']')x + b;"’]‘)y .
18 similarly resolvable into (n),, factors. A purely determinantal

proof of the latter is a desideratum.

JAHNKE, E. (19068/4;)
[Aufgaben und Lehrsitze. Nr. 125. L’Intermédiaire des Math.,
xii. p. 172: Archiv d. Math. u. Phys. (3) ix. p. 91; (3) xi.
p. 140.]

The subject here is a quadric relation between six 5-line minors
of the second compound of |a,bycsd, | Grassmann’s semi-geo-
metrical method is used, but the relation is easily established
otherwise. Calling the compound in question S, we have from
Franke’s theorem

cof | @b, | in 8 = | aybyeydy |2+ | cady |,
and thus
cof |a;by|-cof |aghy| — cof |aybs|-cof |azb,| + cof |ayby|-cof |azbs]
= ]albzc3d4[4- {“l‘hdzl |c3d4| + lc1d3| lczd/;I - |01d4| Iczd:)'}
It will be noted that the six 5-line minors of S cannot be taken

arbitrarily, but are those which are cofactors of elements of a
single column of .

MUIR, T. (19062/,,)

[The minors of a product determinant. Proceed. R. Soc. Edin-
burgh, xxvii. pp. 79-87.]

Incidentally light is here (§ 6) thrown on Hesse’s generaliza-
tion of the equality
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2
Uy Up 0y Un U Y1 U U 0

_ . 2
Ugy Ugp Qg Ugy Uzy Yo | — | Ugy Ugp Q| = l Uyy “22] I a '}’2| >
ay ay . Y1 Y2 - Y1 Ve

a theorem which at one time attracted considerable attention
but which was left without the cofactor of |uy Us,y . .. Uy |
on the right being determined (Hvst., 1. pp. 129-132). Taking the
single determinant equal to

I ayby04d, | ) | F\G,H;K, I : | m1”'27'334]

where | F,G,H,K, | is the adjugate of |f,g,hsk, |, the author in
the first place shows that a 2-line minor of the product can be
expressed with elements that are bordered determinants, and
then by using the main theorem of his paper he arrives at the
result

.oay ay, a; a, .oa ay as a,
my fi ;1 b Kk mg fi 9 bk
N fo 92 hy Ky ng fo 92 by ko
2 s 93 ks ks rs fs 93 hs ks
S fo 91 ha Ky S5 Ja 92 ha Ky
:|f192k3k4 ’ B,
.G G C G ¢, Cy C3 C4
my fi ¢ b Ky my fi 1 b Ky
Ny fo 92 hy Ky ng fa g2 hy Ky
e fs 93 hy Ky s f3 g3 hy ks
S Ju 90 My Ky $3 fo 91 hy Ky
where
3 lae, | Jaes| . .. Jasea|
¢ |h3k4’ —|93k4| S |f:#]4| |m2n3l
“Ih2k4| |92k4| oo "'lfz!hl I'mz"'sl

|h1k2| “‘I!hkzl « .. |f192| I 7233|~

The compound determinant on the left degenerates into Hesse’s
when it and |f,g,h5k, | are made axisymmetric; and the bilinear
or bipartite form, Bg, becomes what Hesse would have obtained
had he pursued his work.
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MUIR, T. (190720/,)

[The theory of compound determinants in the historical order of
its development up to 1860. Proceed. R. Soc. Edinburgh,
xxviii. pp. 197-209.]

This, our first historical paper on the present subject, is intro-
duced by a few paragraphs pointing out the early foreshadowings
of the ““adjugate ” by Lagrange (1773), the first direct investi-
gations of the same by Cauchy and by Jacobi, Cauchy’s advance
to other * systémes dérivés ” of | a,, | besides the adjugate, and
Jacobi’s carrying of the idea into the special field of ““ functional
determinants”. Then follow separate notices of three of Sylves-
ter’s papers and the text-books of Spottiswoode, Brioschi, and
Bellavitis.

MUIR, T. (1907%/,,)

[The product of the primary minors of an m-by-(m - 1) array.
Proceed. R. Soc. Edinburgh, xxviii. pp. 210-216.]

The second part of this paper concerns compound determi-
nants of a special type, namely, those whose elements are pro-
ducts of pairs of determinants. The first to be considered is of
order {m(m — 1) and whose component determinants are 2-line
minors of an m-by-(m -+ 1) array; for example, when m is 4 and
the array is

the equality is

|ayby |- | @by | | anes || ases| - |eady] - | erds]
|a162|°|a1b4| AR |cld2[-[cld4l

|ayby |+ | aabs | | anea| - |aues| - - - | eada] | erds]
= a,%b,%,%d,?" ]alb203d4[ ’ [a1b203d5 ' ) Ialbz%dsl : |alb3c4d5 |

The prominence of a,, b,, ¢,, d, on the right is due to the fact that
the component 2-line minors on the left all have their first columns
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coincident with the first column of the array. No direct proof is

given.
Next comes a series of results in which the component deter-

minants are the primary minors of | a,bycd, |, or A say. Among
the more interesting are

4,4, 4,4, 434, A4, a4, ady a4, a,A,
B,B, B,B, B;B, BB, — A2 b,B, bB, bB, b,B,

DD, D, Dy D;D, D,D, d.D, dDy; d,D, d,D,
and
I 4,4,4, B,B,B, C,C,C, D,D,D, I

MUIRHEAD, R. F. (19083/,)

[To express a determinant of the n'* order in terms of compound
determinants of the 2"! order. Proceed. Edinburgh Math.
Soc., xxvi. pp. 156-17.]

The series of 2-line determinants here,
Tl’ Tz, Ta, LY

is such that the elements of 7', are quantities like 7';, the elements
of T, are quantities like T, and so on: for example,

a, a, |aby| [ asbs]
a4 ’ ’
b, b
v |ace| |y ]
where T, is necessarily an alien, and T3, Ty, T;. . . . notwith-

standing their increasing complexity, are quite simply shown to
be equal to

@y | aybycy l, |a? EANREANNAR
@ | @by |2+ | aibycs | - | arbocadyes |, ...
The result thus obtained is '
| arbacadyes l = T T, T T, 2Ty 3,

and so generally.
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FISCHER, E. (190915/,)

[Verallgemeinerung des Sylvesterschen Determinantensatzes.
Crelle’s Journ., cxxxv. pp. 306-318.]

The title of this interesting paper is not helpful as to its con-
tents, the actual subject being the problem of the factorization
of minors of the m™ compound of |a,, |. Further, the problem
18 restricted in two directions: the minors of the compound have
to be coaxial and their factors have to be leading coaxial minors
of | ay, | For illustrative examples it is perhaps most convenient
1o go to the exposition of 1853 by Spottiswoode (Hust., ii. p. 203),
whom, by the way, Fischer might more appropriately have re-
ferred to than to Sylvester. When » is 5 and m is 3, and to con-
struct our minor we take all the triads formable from the first
five integers cxcept 245. 345, we obtain from Spottiswoode’s
first equality

123 | | 124 |125| | 134 |135| [ 145 | | 234 | 235
123 | | 124 | |125] | 134 | 135 1145 234 | 1235 |
|y |23 12345|4
1| |123] |12345,

and leaving out the two additional triads 145, 235, we obtain
from his fourth equality

123 124| 125 | | 134 | 1351 1234 | | 235

123 | 124 | [ 125 | 134 ,135! !234 235
1232 | 12345 )3
123 12345 |.

Sets of combinations, such as we have here, namely,

123, 124, 125, 134, 13b, 145, 234, 235,
and
123, 124, 125, 134, 135, 234, 235,

are said to be ‘“closed” or ‘“‘compact’ sets, because the replacing

of any integer in any combination of the set by a lower integer

does not produce a combination which is not already there.
With this explanation the reader will readily understand our
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formulation of the theorem to which the paper under consider-
ation is devoted. The necessary and sufficient condition that a given
coaxial minor of the m* compound of an n-line determinant be
expressible as a product of powers of leading coaxial minors of
the said determinant is that the set of m-ads of 1, 2, 3, . . . , n tnvolved
wn the specification of the given minor be a “ closed” set. The proof
(pp. 309-313) is based on work of Mertens’, dating from 1880, on
the conditions for the divisibility of any rational integral function
of the elements of | a,, | by a power of | ay, | (Hist., iv. p. 31).

Nothing is said about the finding of the exponents of the
powers in the result of the factorization, nor indeed is a single
example vouchsafed of the application of the theorem. This is
the more to be regretted because a dangerously plausible rule
for obtaining them lies suggestively on the surface. For example,
the given closed set of combinations being

123, 124, 125, 134, 135, 145, 234,
and it being noted that the integers of the set may be combined

thus, 1624344453, and redistributed thus, (12345)% (1234) (1)2, we
feel inclined to conclude that

|123| [124| [125| |134| |135| |145]| |234
[123| |124| |125| |134| [135| |145| |234
|12 (1234 [12345 3
B! 1234 | | 12345 | ;

and such indeed is the case. But the same procedure being
followed in the case of the unclosed set

123, 124, 134, 135, 145, 234, 235, 245,
we should be wrong to conclude, as Spottiswoode actually does,

that the result is
'1234l ‘12345'4
1

1234 2345 |
Franke’s theorem of 1862 affording a check by giving the true
12345 |4
cofactor of
12345 | -

The remaining pages of the paper are occupied in showing that
a quite similar theorem holds in the case of the Reiss-Picquet
“ mixed ”’ compound (Hvst., iii. pp. 198-199).
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KOWALEWSKI, G. (1909/,)

[Einfilhrung in die Determinantentheorie . . . vi+ 550 pp.
Leipzig.]

Half of the sixteen pages (pp. 83-88, 99-111) devoted to the
consideration of the adjugate and other compound determinants
is taken up, strangely enough, with three independent proofs of
Sylvester’s ungeneralized theorem of 1851 (Hist., ii. pp. 59-61,
193-194). First, it is viewed as a condensation-theorem, the pro-
cedure being that with which we are already familiar (Hust.,
iii. p. 81). In the second proof the fundamental step is the forma-
tion of a bordered determinant of which the compound concerned
is both a minor and a factor: for example, to prove the simple
extensional

I Ialbzcsd4| |“1bzc3esl I“lbzc&f 6| la1b20397| I

= l“1b203 |3 ) |“1bzcsd4esf 697 I:
a determinant equal to

| @1bycs | | | abacsdy | | abacses | | arbaeafs | | @xbocsg; | |

would be formed, namely,

@, dy ag ay as Gg aq

by by by by bs be b;

GG C C3 Cy Cs Ce ¢
| ayb,e5d, | ] a;byCads | l ;0,5 [ | ayb,c4d, I
|“1b2"3€4 | |‘11b20335 l |“1b2(’3"‘6 l l“1b2"3@7 |
l a1byC5 f4 | | 1b905 5 I | 30,05 fs I l a1by05 17 |
I 105039, I I 10,395 I | a1b2396 l | 10,0397 I

Then row, of this determinant would be increased by
row, * | bicydy | — TOW, | ayeydy | + rowy: | aybydy |,
and would thus take the form
dy |aybocs |, dy|aybocs |, dy|abocs|, ... dy|anbycs].
Similarly row; would be treated, becoming

e |aboCs|, € |abycs|, 3 |aybugs|, ..., e |aybycs],
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and so with the others. The determinant would then be seen to

be equal to
| a;b,05 |4 ) |a1b203d435f 697 |§

and nothing further would be necessary save division of both
of its equivalents by | a;byc; |. The third proof is still less direct,
arising from the equatement of two expressions obtainable for
the adjugate of a minor of the adjugate of any determinant:
for example, the basic determinant being, as in the preceding,
| aybacsdiesfogs |, or A say, two expressions can be obtained for
the adjugate of | D,E;F¢G, |, namely,

| DEFoG, |* i {|aybycy |- A%)3 de. [aybyes |?- A,
and, by removing A? from each element,

|a1b203f Gl |“1b20397| |,

(A2)4! !“1b203d4l |a1b2caes

the equating of which two expressions shows that the compound
determinant is equal to

| @ybocs |2+ A

as required. This third mode of proof is again used to establish
the generalized theorem (Hust., ii. pp. 194-197): in essentials it
does not differ from Baker’s mode of 1904 (sce above, pp. 218-9).
As for the two other theorems dealt with, we only note that the
names given to them deserve reconsideration.

MUIR, T. (191220/,)

[The resultant of a set of homogeneous lineo-linear equations.
Transac. R. Soc. S. Africa, ii. pp. 373-380.]

This seeks, for one thiné, to clear up the haze surrounding
Sylvester’s doings with ‘ double determinants ”, entities first
spoken of by him with heated enthusiasm and then quietly
dropped (Hust., iii. pp. 178-179). At the outset are obtained the
two forms of resultant which he had spoken of as being unsatis-
factory, and then a justifiable guess is made as to the unpublished
form which more than met with his approval. A simple mode
of obtaining this form is given, and the process is shown to be of
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perfectly general application, the set of equations considered
with a view to the elimination of the m + n unknowns being

0=1(a, a, ... Qoun 8%y, oy« « 5 Tp) (Y15 Yoo+« + 5 Ya)

b, by ... b,

(m -+ n — 1 rows)
where

@By ) @7 . )

is used to stand for

ap, Bp, vp, - .., aq, Bg, yq, . . ., ar, Broyr, . ..

Special attention is given to the case where m, n = 3, 3.

VIVANTI, G. (191223/;): SIBIRANI, F. (19133/;)

[Un teorema sui determinanti. Rendic. . . . Ist. Lombardo, . . .
(2) x1v. pp. 556-559.]
[Un teorema sui determinanti. Rendic. . . . Ist. Lombardo, . . .

(2) xlvi. pp. 822-830.]

The determinant here dealt with is of the order {m(m -+ 1),
every row of it consisting of the squares and other binary pro-
ducts of m magnitudes. Simpler instances of it we have seen
appearing in the work of Hunyady and others: for example,

2 2 L2
L ™ 2" Yy 5% Yy

2 2 2 o
Ta™ Yo %7 YoRe Zgly  TolYs

2 2 2
Te™ Y~ 2%~ Ye%s “els TeYe

(Hist., iii. pp. 202-204). The important difference now is that
instead of the simple variables z,, ¥, . . . Vivanti has determi-
nants, namely, the (m — 1)-line minors of an m-by-(m 4 1)
array, his theorem being a generalization of the equality

(K185) 17
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a? b? ab

a22 b22 azbz == | a1b2 | * l azba | * , a3b1 I

as® b agh,
(Htst., iii. p. 132), and expressible as follows: The determinant of
order 3m(m - 1) whose every row s of the form

a® b% ¢ ... y? 2% ab ac ... yz,
and whose first m columns have for elements the squares of the
(m — 1)-line manors of an m-by-(m + 1) array s equal to the
~ (m — 1)™ power of the product of the m-line minors of the array;
for example, when m is 3 and the array is

ay Gy a3 a4
b, b, b, b,
we have A G G G
|@be|® |asea|® [byca]® |aiby |- ascy| |ashy|- [bica| [arca|- |brce]

|‘11b3|2 |a103|2 Iblc3|2 |“1b3|'|a163| |a1b3|'|b103| I%%l'lbl"s'

|a3b4|2 |a304|2 |b304|2 |a3b4|-|a3c4| l“3b4|'lb304| !“304"[6304]

= |aybacs|? * |@1bacy |2 |aybyes|? -+ |@sbycy |

The proof consists in showing, from an examination of the 1%,
2™, 4™ rows, that | a,byc; |2 is a factor, then similarly that | a,b.c, [
Ial 5Cs |2, |a2 3C4l are factors, and finally that the only other
possible factor is a power of —1.

As bringing additional interest to an already interesting
theorem we draw attention to the fact that the product of the
m-line minors of an m-by-(m -+ 1) array was shown in 1907 to be
itself expressible as a determinant of order 4m(m +- 1), and that
consequently we have the curious result that one special deter-
minant of that order equals the (m — 1)" power of another: for
example, when m is 3 the 6-line compound determinant above

a0y biby cicy ayby 4 aghy @y, - axe;  bicy 4 byey |?
aa; biby cio3 ayby 4 agh;  ayc; 4 aze blca + 63‘31

asry byb, czey aghy 4 agby  ase, + aycs  byey + b403

An independent proof of this would be of value.
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Sibirani’s paper is avowedly a close following up of Vivanti’s,
the key to the generalization made lying in the fact that the
originating array is no longer of m -+ 1 columns but of m + p.
The order of the compound determinant is now (m + p),4,: the
minors that go to the construction of it are as before of the order
m — 1, but the number of them involved in an element is no
longer 2 but p 4- 1. The right-hand side of the equality is in
keeping with this; the minors involved are as before of the order
m and the index of the power to which they are raised is m —1,
but the number of them is now (m + p),,.

METZLER, W. H. (191317/,)

[Some factorable minors of a compound determinant. Proceed.
R. Soc. Edinburgh, xxxiv. pp. 27-31.]

The avowed object of this paper is to include in one generaliza-
tion Sylvester’s theorem of 1851 (Hist., ii. pp. 193-197) and a
theorem of Muir’s. Unfortunately, the width of the generaliza-
tion makes the statement of it distinctly troublesome: it and the
explanations of its attendant symbolisms occupy a full page and
a half (pp. 29-31) of the paper. We give instead an example
where m = b and k= 3, the minor proposed for factorization
being

l |aubyts | | asbydy| |@cbyes| |@atsds| |aacses |
|audues | | Bacads| |Bocacs| |Badats| | codaes | |
or M say.

Multiplying M by | a;byced,es |* in the form of the 2" compound
of | aybycsdyes |, namely,

| |d465| Icae5| |03d4| Ibzesl Ibzd4l lbzcal lale5' |a1d4| |“103| lalbzl I

with its 2", 5% 7% 9% rows altered in sign, we obtain a product
determinant having nothing but zeros on one side of the diagonal,
and its diagonal term equal to

| acbycadyes |+ | asbycadses | - | acbycsdae, | - | asbscadses |
* lazb3c5dze4| : l azbyCsdoes | * [a1b203d4e5 |4~




236 THE HISTORY OF DETERMINANTS

The result thus reached is *

M = |ab,c.dses | - | ashycadyes |2+ | asbocydaes |°.

METZLER, W. H. (1914%/,)

[On the expansion of certain minors of the L™ compound of a
determinant as a function of the elements of a single line
of the m™ compound. Annals of Math., xv. pp. 166-169.]

This paper follows up Muir’s paper of 1905 on the equality
of two compound determinants. The nature of the generalization
effected will be understood from the fact that it depends on the
multiplication of the %" compound by a minor of the (m — k)™
compound without the resulting determinant being a minor
of the m"™ compound. Specializations leading to factorization
of the product-determinant afford results of varying interest.
The example given is

I |aby| [asea| [asds| |brcs| |bud,| |c;d, | I | agb.c,d; |
= | labocd;| |abied, | |asbocads| |abacods| |-

It may be readily verified by multiplying the 6-line determinant
on the left by the second compound of |ayb,c,d, | and striking
out | agh,c,d, |? from both sides.

The other theorem of 1905 is also generalized.t

THAER, F. (1914): THAER, C. (1914)

[Ein Determinantensatz. Muttheil. d. math. Ges. zu Hamburg, v.
pp. 141-142.]

[Ein Determinantensatz. Archw d. Math. w. Phys., (3) xxiii.
Pp. 92-93.]

The theorem in question asserts the divisibility of

* To be strictly accurate it should be added that Metzler’s equality is the
complementary of this, and therefore has an additional factor on the right-

hand side. His notation for minors is unusual, I:‘::’ standing for the comple-

mentary of what is ordinarily denoted by that symbol—standing, in fact, for
our : 23! (Transac. R. Soc. Edinburgh, x1. pp. 511-533).

‘map:
+ These wide generalizations of Metzler’s might well have been referred to
at the end of a recent paper in the Proceedings R.S.E. (xlv. pp. 51-55): the
effect of the footnote there given would thus have been much enhanced.
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| 4242 ... 4P | by |apay . . . @ua|*L.  Probably a better

22 nn
proof than those here given is readily got by using Chio’s

condensation-theorem (Hust., ii. pp. 79-81).

MUIR, T. (191416/,)

[Note on Hesse’s generalization of Pascal’s theorem.
Transac. R. Soc. 8. Africa, (2) v. pp. 39-43.]

This concerns Hesse’s equalities of 1872 (Hust., iii. pp. 437-438)
regarding the determinants [a, B], [ay, B3] got by the bordering
~of | uy, | It is first shown that Hesse’s result

| t1n | * [ay, B8] = [af, ¥8] — [ad, ¥]
can be foilowed up by
| w1n | - [aye, B8L] = [0 B] - [ye, 8L]+-[a, 8] - [ye, BEIH[a, L] - [ve, B3],
and others like it: then that the same result gritten in the form
| tan |- [ay, B8] = | (e, B] [e 8]
[y, Bl 18]

is also the opening member of another series, of which the next
member is

| 10 |2+ [aye, B3L] = |[a, B] [a,8] [a,{]
ly, B] [y, 8] [y, ¢l
[e, B [e 8] [e {1]:

and finally that this second series can by despecialization be led
up to an already well-known * extensional ” (Hvst., iv. p. 8).

PASCAL, M. (1914/,)

[Un teorema relativo ai determinanti composti. Grornale di Mat.,
lii. pp. 372-376.]

The first three pages of this paper are occupied with the two
series of so-called “ condensation-theorems’ already more than
once rediscovered (see above, p. 220). In the remaining two pages,
however, an interesting deduction, not hitherto brought to light,
is drawn attention to and discussed. It is arrived at quite simply
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by suitably permuting the columns of the basic determinant.
For example, by Hermite’s initial theorem of one of the said
series, we have

I 1,04, I * Qolg = l b, l l azbs l I agh, l
l a,Co | I A9Cg | | a3Cy I
I“1d2 | | aydy I l asd, I

and from this and the companion equality got by mere inter-
change of the suffixes 1 and 4 we deduce

l |asba | | ases| |asdy] I = I |asba| |ases| |asd | I

The question of proving such an equality otherwise is not
entered on.

MUIR, T. (19152/;)
(See under this heading in Chapter 1.)

MUIR, T. (1916Y/;, 19171/, 19171/,)

[Question 18215. Math. Quest. and Sol., ii. pp. 35-36.]
[Question 18448. Math. Quest. and Sol., iii. part 6.]
[Question 18467. Math. Quest. and Sol., iv. pp. 75-76.]

Of the three results here the first and second are the more

interesting, the third being merely an alternative proof of a known
equality. The first effects the resolution of

| o | |29a | 298 | 298 | 20 | | 2ty |
|29a| |oye| | 2ve| |2s| |2ty | |2aty |
st |7aye| | osts| [oata| |25ty | |20t ]
into
EXAR Ixﬂy,/| ) |f"yyal | 7T e TYa t+ T
T3Ty  YsYs TaYa T TYs
TTg  YsYs TsYe T Tels | ;

and the second is the theorem that in the second compound of
any 4-line determinant we may have one 3-line minor equal to
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another although differing from it in form and situation, na.rhely:
p1—p ri_|9 T—qr
p T—p r q T—q r

where p, T — p, g, T — ¢, r are the ordinal numbers of rows and
columns which the minors occupy in the compound.

WHITTAKER, E.T. (1916'/,)
(See under this heading in Chapter on Latent Roots.)

MUIR, T. (1917'/,)

[Note on the resolvability of the minors of a compound deter-
minant. Transac. R. Soc. S. Africa, vii. pp. 97-102.]

The subject of detailed investigation here is the 3-line minors
of the 2" compound of | a,bycsd, |. and the essence of the paper
is to be found in the following classification and census of the
sald minors, 400 in number:—

Trresolvable liko | | ayb,| [axcs| |Bad] 144
Resolvable like | oy | [axds | [Bacs| | = |arbacs | - |asbads] 96
v | b o] i) | = |asbs | |abacsd| 96
v | labe] [mes] [Bacs| | = asbas | 16
v | b o] [ada] | = 0 |abesda| 16
Vanishing like | |a;b,| |aye5| | iy | 32.

USAIL, G. (1917/,)

[Una questione di analisi combinatoria. Grornale di Mat., lv.
pp. 127-138]

This follows up the work of M. Pascal’s paper of 1914, but the
interest attaching to it is almost wholly non-determinantal.
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MUIR, T. (1918%/,)

[Theorems connected with minors of an m-by-m? array.
Messenger of Math., xlvii. pp. 184-190.]

The fundamental theorem here is: If the m? columns of an
m-by-m? array be separated into m -+ 1 sets, namely, m sets of
m — 1 columns each and a single set of m columns, then the deter-
minant whose (r, 8)** clement is the determinant formed from the rt
set and the s column of the last set has the determinant of the last
set for a factor, the cofactor being the compound determinant formed
Jrom the first m sets as the former compound determinant was formed
from all the sets. For example, when n is 4, and | p, ¢, ¢, u | is used
to stand for the determinant whose columns are the p*, ¢, ¢,
uth columns of the array

a b dy e fi oo koo kL ooy o ow

ay by ¢y dy e fy g4 by vy Jo Ky 1y m oy, 2wy
we have

| 1, 2, 3,13] | 1, 2, 3,14| | 1, 2, 3,15 | 1, 2, 3,16|
| 4 5, 6,13 | 4, 5, 6,14| | 4, 5, 6,15 | 4, 5, 6, 16|
| 7, 8, 9,13| | 7, 8, 9,14| | 7, 8, 9,15| | 7, 8, 9,16]
|10, 11, 12, 13| |10, 11, 12, 14] |10, 11, 12, 15] |10, 11, 12, 16|

= |13, 14,15,16] | |1,2,3,10] |1, 2,3, 11| |1, 2, 3,12]
|4,5,6,10] |4, 5, 6,11| |4, 5, 6, 12
|7,8,9,10| |7,8,9,11] |7,8,9,12]

The proof rests on the condensation-theorem of 1905, which in
turn itself receives development: for example, its simplest case

||“1bzl l(’ldal lezfa| |= |a16263| la1b2f3|
Iclee:ll |C1d2f3|

is shown to lead to

Il“1b2l |eds| | eafal |+| | asbe | | erda | lezfall

l ayb,c, I I a b, f, l + | a;bye, l l aybyfs I
l%dzea l Icldzf 4 l [ AN | | o fs I s
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and thence to another with three compound determinants on either
side, and finally to another with four, the complete set forming
a series of relations connecting three-line minors of the second com-
pound of | a;bycedesty | with two-line minors of the third compound.
In the concluding paragraph the minors of another compound are
also brought into the circle of relationships.

WHITTAKER, E. T. (191819/,)

[On determinants whose elements are determinants. Proceed.
Edvnburgh Math. Soc., xxxvi. pp. 107-115.]

The fresh idea here brought forward is interesting and sug-
gestive, namely, the possibility of expressing certain compound
determinants as determinants that are not compound, but have
elements of the ordinary monomial kind; for example,

| asboes | | arbafs | |ady | [aibs| | anbs]
ledges | |endafs| | ledsy | |exds | | cads |

|e1f2 | |f’1f3 | lezfs |

ho e s i i fs

The types found to be so expressible are those of Muir’s second
paper of 1905, and the non-compound now shown to give rise
to them is of the form

(P} {0} {0} ... fo} {0}

o By {0} ... {0} {0)

foy (o} {0} ... {0} {Pu
{Puri} APmtr) (Pmni) -+ {Pmtr) {Pmua} |,

where the {P}’s are m-by-(m+ 1) arrays of any elements and the
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{0}’s are m-by-(m-+ 1) arrays of zero elements, so that the order
of the determinant is the (m2 4 m)™, the number of variables
involved is m2(m + 1), and the orders of the two compound
determinants are the m*™ and (m - 1) respectively. The trans-
formation from the non-compound determinant to either of the
others is effected by direct application of Laplace’s expansion-
theorem.

As a deduction there is given a theorem which may be looked
on as a generalization (from 1 to p) of the *“ unextended ” case of
Bazin’s of 1851, namely: The determinant (hybrid adjugate, say)
whose rows are the first p rows of the adjugate of A and the last
n — p rows of the adjugate of B s equal to

Br2-1| (41, B)) (43, By) ... (4, By)
(Az, Bl) (Az, Bz) x (Az,B)
(Aw Bl) (A,,,B) (AwB)

where n 18 the order of A and B, and (A,, B,) denotes the determinant
got from A by replacing its r** row by the s*™ row of B.

MUIR, T. (1918'/y,)

[Note on the determinant of the primary minors of a special set
of (n — 1)-by-n arrays. Proceed. R. Soc. Edinburgh, xxxix.
pp. 35-40.]

When 7 is 4 the arrays in question are
1 a-}+b+c ab-tactbe abe 1 b4-c+d betbd+cd bed
1 etf+g of+egtfy oy 1 f+g+h fytfhtgh foh

1 i+g+k y+ik+gk gk |, 1 g-+E+1 gk+gl-+EL gkl
1 ctdte . 1 dtetf
1 g+h+i ce e 1 h4i+y
1 k4-l4a Ce . , 1 l4+a+bd

and the associated determinant referred to, ® say, has for its
(r, s)™ element the minor got from the #*" array by deleting the
s" column. On using the condensation-theorem of 1905 (see
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above, pp. 222-3) @ is changed into a 3-line compound whose
(1, 1) element is

1 atb-+ec
1 b+c+d
L f+g+h
Loitj+k

The fundamental property of determinants of this type is next
given, so as to aid in the evaluation of ®, and especially to ascer-
tain under what circumstances ® vanishes. Of the properties
of O thus reached one of the most interesting is that when
9, L,i=4d, ¢, e, its value is expressible as a product of eighteen
differences, namely,

k—h)(d—35) (f—J)@—e)(b—e)(c—e)
‘(k—b)(d—a)(e—a)(d—c)(h—c)(e—c)
“(h—e)(c—[f)(b—f)(j—d)(k—d)(c—d).

MUIR, T. (1919%/,)

[Note on compound determinants expressible as simple deter-
minants. Quart. Journ. of . . . Math., xlviii. pp. 379-384.]

This note follows up Whittaker’s of 1918. The two results
arrived at in it may for comparison’s sake be stated thus: If
{m, m + 1} denote an m-by-(m + 1) array of any elements, and
10} an m-by-(m + 1) array of zeros, the non-compound determi-
nant of the (pm - p)** order

mm+1, {0} (0] 10} [0}
0} mmtlly {0} o1 10}
10} ‘O' 0} 0] ym, m—+1j,

Dm+1pr1 pom+1pr1 (Dom+-1pr1...(p,m+1ps1 (p,m+1541

1s equal to a p-line compound determinant with (m - 1)-line
elements and the similar determinant of the (pm)®* order

{m,m+1), (0} 10} 10} 10}
{0} {m,m—l—l} {0} 10} 10}
{0) (o1 0} ... imym4llp_1 (0}

m,m+1p imym+1j, mm+1jp ... (mm+1p im, —p+m+1jp
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1s equal to a p-line compound determinant with m-line elements.
In the paper, however, a slightly different notation for the arrays
makes greater definiteness possible: for example, when p is 3
we have

| Am,m+1) {0} {0}
Ay, A4y A
{O} B(m, m+1) {0} B i +1 +2 +3
\ —(—1)* | By Biy B,
{0} {0}  C(m,m+1) 0. C.. O
Z(3, m+1) Z3, m+1) Z(3, m+1) 1A T
where 4 , , stands for the determinant got by affixing to the array
4 the " row of the last array Z; and
l A(m, m + 1) {o} {0}
I {0} B(m, m + 1) {0}
Cim,m+1) Cim,m+ 1) Cim,—3 + m+ 1)
= (——1)’"“1| A_,B_,C_, I )

where A4_, stands for the determinant got from the array 4 by
deleting the 7! column, and C(m, — r + m + 1) stands for the
array got from C by deleting the first 7 columns.

The original suggesting theorem is the case of the first above
when p is taken equal to m, and the case of the second when
p is taken equal to m -+ 1, the compound determinant got from
the first being of the m™ order with (m - 1)-line elements, and
that got from the second being of the (m - 1) order with m-line
elements.

MUIR, T. (1919%/,)

[The eliminant of two binary quantics with determinantal co-
efficients. Messenger of Math., xlix. pp. 37-41.]

The curious result here lit upon is that the eliminant of
| aybocs | @° — | @ybacy | €2 + | aybyey | & — | agbse, | = 0)
| @gbgey | 2° — | aghges | 22 + | @gbacs | € — | aghycs | = Of
mimics Bezout’s eliminant of
a,2* + ay2° + ag2® + a8 + a5 = 0)
bt + bya® + bya® + by + by =0/,
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being
|123 | |124 | | 134 | | 234 |
[124| |134|+ [125] |234|+ [135] |235]
|134| |234|+ |135| |235|+ |145| |245]
| 234 ] | 235 | | 245 | | 345 |

-

In seeking for an explanation of this, the additional result is
obtained that the eliminant of

ay—hr ay—lr ay—lx ay—lx

by — mx by — mex by — mgxr by — mex||=10

OGY — MT  CY — Nl C3Y — NgT  ClYf — Ny i

is

|“1b2"3l4 l |a162n3l4 |+ |a1m203l4 I lalm'2n3l4|
| asbyesmy | | aybongm,| + | Lbyesmy | | Lbyngm, |
| asbocsng | | aymocgng | + [ Lboesny | | lymgcan, |

MUIR, T. (1919%/,)

[Additional note on the resolvability of the minors of a com-
pound determinant. Transac. R. Soc. S. Africa, viii. 229-
233.]

Elimination by the “method of instalments’’ here furnishes a
suggestion for factorization. If, for example, the set of six homo-
geneous linear equations

at + v + agw + a,x + agy + age = 0]
Jrw + fov + faw + fog + fry + fez = OJ
be taken, and u, v, w be eliminated from every subset of four,

there are obtained 15 equations in z, y, 2z, and then from the
(s, 5 triads of these are got 455 eliminants like

I a10,3d,y I | 30,55 I l a1b,C5dg I

lalb2cae4 I la1b20335 , Ialbzcaee ,

|“1b203f 4] |a1b203f5| la1b203f6|
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of which the true eliminant |abycidyesfs |, or Ag say, must be
a factor. Full factorization of a large number of 3-line minors
of the 4" compound of Ag4 is thus seen to be rendered easy; and,
the requisite work having been performed, the following census
of results is given: Of 455 three-line minors of the fourth compound

of Ag

156 manors are of the type | 01Dy | | @,by03 I

| diesfs | | 6 fs I
180 manors are of the type l a,b,c4 | . ] a,dyeq l AP

6

180 minors are of the type | aybycs | * | aybods| -+ Ag,
20 manors are of the type | aybycs |2+ Ag,

and 60 minors are equal to 0.

MUIR, T. (1919%/,,)

[Note on the m* compound of a determinant of the (2m)™ order.
Messenger of Math., xlix. pp. 62-64.]

The result here reached is really a generalization connected
with the compound just mentioned. When m is 2 it concerns a
4-by-9 array of elements, and is

I a,b, | l a;b, | l a,b, I l ab3 | | axb, | l“3b4 I
|a102 l la103 l |alc4 | l%cs I |a264 l l A3Cy l
Iblc2 | Iblca I |b1c4 I |b203 | | baCs | I bsCy |
| dse, l I dye; l | die, l | doey I l doey l | dae, l
|f1.92| ,flgsl If194| Ifzgsl ,fz!]«;l |f394,
| Iaky | | Maks| | Raka| | hoks| | oky| | hoky]

l a,b,dse, | I 1021394 I l a,bohsky I
= | a,Codge, | | 12394 l ' a;Cohsky l
| bicadaey l I b1¢2f394 | I bycohsky l
An interesting stage in the course of degeneration to the compound

is arrived at by putting the e’s equal to the ¢’s, and the ¢’s equal
to the b’s.



CHAPTER VIII

RECURRENTS, FROM 1900 TO 1919

In the period now to be considered the interest taken in
Recurrents did not slacken among workers: on the contrary,
the number of contributions is found to have been about a fourth
more than in the period 1880-1898. At the same time the nature
and quality of them are very little altered: for example, almost
a half of them belong to the ‘ solved-problem ’ type. And many
of those that are not of this class show equally little fitness for
uniting with one another towards the formation of bigger areas
or longer chains of algebraical truth.

For the sake of readier reference it may be well to note that
a small sub-class, persymmetric recurrents, are not to be sought
for under persymmetrics.

¢ ANoN.” (1896)
[Opgave 72. Nyt Tidsskrift f. Mat., B, vii. p. 79.]

The determinant evaluated here is, like d’Ovidio’s of 1863
(Haist., iii. p. 217), a bordered persymmetric recurrent, the result
for the 4" order being

|

1!

LR

[T Ll _a
31 21 11

d 1 1 1

4 31 2! 1!

247
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GAVRILOVITCH, B. (1900)

[On the analytic expression of certain functions (In Serbian).
Glasa Srpske Kralj. Akad. (Belgrade), Ixi. pp. 55-68.]

The main contribution here is essentially the rediscovery of
Faure’s theorem of 1855 ‘regarding the quotient of two power-
series (Hust., ii. pp. 212-214): the fresh exposition with its illus-
trations is nevertheless of value.

STUDNICKA, F. J. (1900%/,)

[Ueber ein Analogon der Euler’schen Zahlen. Sitzungsb. . .. Akad.
d. Wiss. (Prag), No. 9, 8 pp.]

The new numbers referred to. named A’s as companions of
the E’s, are defined by the equality

n=x
tan® == X Adyp4q
n=0

x2n+1
(2n -+ 1P
2211(2271 —_ 1)
2n

separate designation seems hardly necessary. This relation pro-
bably also accounts for the fact that the recurrents obtained for
E, and 4,, ; are Hammond’s of 1875 (Haust., iii. p. 233). A
second recurrent obtained for &, involves the 4’s, and a com-
panion for A4,,_; involves the E’s.

Since, however, it is known that 4,,_, = B,, a

GAVRILOVITCH, B. (19002°/,)

[On Bernoulli’s and Euler’s numbers (In Serbian). Glasa Srpske
Kraly. Akad., 1xiii. pp. 131-142.]

The contents of this are in considerable part the results of
Studnicka’s paper just reported on; but the methods are more
interesting and the exposition is improved.*

* On the authority of Pascal he attributes the recurrent ohtained for B, by
Siacci in 1865 (Hist., iii. p. 222) to a later author.
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ANDEREGG, F. (1901%/,)

[Question 129. American Math. Monthly, viii. p. 54:
i1x. pp. 11-13.]

The determinant appearing here, in connection with the
summation of the series

2m 3m
I+ 5+ 5

51 + ...

-1 .
1 —1
9 1 —1 . ... | or Dnsay,
3 3 1-1...

e e

whose values for the first six orders are

1, 2, b, 15, 52, 203, . . .
and whose recurrent law of formation is

Dyyy = Dy + (m)1 Dy + (m)yDppg 4+« « o 4 (M)

STUDNICKA, F. J. (1901%),)

[Ueber die independente Zerlegung von gebrochenen algebraischen
Funktionen in Partialbriiche durch sphenoidale Derivations-
determinante. Sutzungsb. . . . Ges. d. Wiss. (Prag) No. 18,
5 pp.; also, more fully in Casopts pro pestovdni math. a. fys.,
xxx1. pp. 1-10.]

The determinant utilized for the purpose indicated in the
title is Spottiswoode’s representative of the n'" differential-
coefficient of a quotient (Hust., ii. pp. 210-211).

Note should be taken in passing of the use which the writer
makes of the terms ‘ recurrent’ and °sphenoidal ’.

(E185) 18
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ESTANAVE, E. (1901/;)

[Question 2078. L’Intermédiaire des Math., viii. p. 109:
xxiil. p. 29.]

The interesting equality given here remains still unproved,
although proof has more than once been called for. Doubtless
the problem has been made unnecessarily forbidding by the
presence of an irrelevant factor common to both members. Re-
mdving this and modifying the disposition of signs we have for
the essential equality

(___ 1 )m2(1__22m—1) X
1 1

2—-“! 1 . P . == g! 1
1 1 11
3‘! :'2'!' 1 . . . . a g"! 1 .
1 1 1 1 1 1
4! 3! o T 71 5 3
1 1 1 1

m 4+ 1) 2m)! 2m—1) " 2

both determinants being persymmetric recurrents. Further, as
the recurrent on the left is known (Hist., iii. p. 222) to be equal
to the m*™ Bernoulli number multiplied by (— 1)"+1/(2m)! we may
view ourselves as being required to show that the recurrent on
the right is equal to

2m — 2

@m) “m

a task of no great difficulty. If, however, the problem be held
to be the evolving of the one recurrent out of the other, the task
is harder. Interesting in connection with this latter view is the
fact that the right-hand recurrent is the minor got from the left-
hand one by deleting the odd-numbered rows and the even-
numbered columns.
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MIGNOSI, G. (1902)

[Un problema sulla partizione dei numeri. Periodico di Mat.,
xviil. pp. 117-123.]

The k-line recurrent which makes its appearance here is per-
symmetric save for the commencing diagonal which is —1, —2,
—3, ..., the other elements being each connected with the sum
of all the divisors of an integer that are not above a given limit.
The evaluation of a recurrent of the same form but having the

elements in its first column unspecialized has already been given
(Hust., iii. p. 228).

ESTANAVE, E. (19023/,,), (1903/,)

[Sur les coefficients des développements en séries de tangz,
sécx et d’autres fonctions. Leur expression & l'aide d’'un
déterminant unique. Bull. ... Soc. Math. de France, xxxi.
Pp- 203-208.]

[Question 2515. L’Intermédiaire des Math., x. p. 35: xxi. p. 108.]

The determinant referred to in the title is the equivalent of
4, in the expansion

w2
21

T,z z x3
ta'n(‘4‘+é>=Ao_Ali+A2 -—Aas{—r..

Since, as is pointed out,

229(222 — 1)

% B, and Ad,,= E,,

Aza—l =

its law of formation closely resembles Hammond’s of 1875 for
B, and E, (Hist., iii. pp. 233-234). It is, however, more compli-
cated than either, because A, has of course to include both
Ay, 4 and A4,

The matter set for proof by the same writer is the equality
of a p-line recurrent to a multiple of a (p -+ 1)-line recurrent.
It is, however, too defectively stated to be of use.
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ROE, E. D. (1904/,)

[On complete symmetnc functions. American Math. Monthly,
xi. pp. 156-163, 179-184.]

Part of this (pp. 156-163) is a valuable compendium of over
thirty relations concerned with the simpler types of symmetric
functions, and among them are found the determinantal relations,
connecting the so-called ¢’s, s’s and alephs, known since Brioschi’s
time.

BOURLET, C. (19041/;)
[Question 1998. Nowuv. Annales de Math., (4) iv. p. 240:

v. pp. 91-93.]
The result here established,
11
1 3), 1 .
1 (4), (4); 1 =m,
1 (8): (B)s (B)y 1

is closely connected with a determinant of Tirelli’s which we

showed to be transformable into a persymmetric continuant
(Hust., iii. p. 459).

EPSTEIN, P. (1904/,,)

[Aufgaben und Lehrsatze, Nr. 117. Archiv d. Math. uw. Phys.,
(3) viii. pp. 329-330: ix. pp. 189-191.]

The question here is: In how many ways can a number which
is the product of m prime numbers be expressed as a product of
mutually prime numbers? And the answer is

2 —1
1 2 =2
1!
_1 % 2 —3
21 1
111
31 2 1
m—1
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the values of the first six orders being

2, b, 15, 52, 203, 877, . ..

A very interesting question is raised in view of the identity
of the values of this recurrent with those of Anderegg’s of 1901
(see above).

PASCAL, E. (1907/,)

[I determinanti ricorrenti e le loro proprieta. Rendic. . . . Istituto
Lombardo . . ., (2) x1. pp. 293-305.]

This paper owes its origin to the discovery by P. Burgatti
of the series of vanishing recurrents

(m), 2
(m)y (m— 1)

s (m), 2 . ,
(m)s (m— 1), 2
(m)y (m—1); (m—3),

(m), 2 . . -
(m)s (m— 1), 2

(m)s (m— 1)y (m—3); 2

(m)g (m — 1)5 (m — 3)3 (m — b);

whose law of formation is most readily seen by viewing them as
got by bordering another of 31mpler form: for example, the next
unbordered is

2 . . .
(m — 1), 2
(m — 1)y (m— 3), 2
(m—1)g (m—3), (m—5) 2

and the bordering column and row are

my mg mg Mg Mg and mg (m—1); (m—3); (m—>5); (m—7),.
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Pascal renders a double service by first establishing the additional
equality

1 9

11

1 1 2

3! o

1 1 1

5! 4! a) =0

1 1 1
@n—1) 2n—2)! (@n— 4)
1 1 1 1

2n)! 2n—1)! @2n—3) "7 1

and then deriving Burgatti’s from it. The mode of derivation is
based on showing that an n-line recurrent is multiplied by
Ty . . . &, if the individual elements in it be each multiplied
by an appropriate product of 2’s. To bring this lemma into
touch with allied work of earlier date it is best for us to formulate
the following generalized double theorem: If the elements of the
last row of an n-line determinant be multiplied by

ByTg oo o Xpy ToTg oo oBpy gy Lpy ovvy Lp_yZpy Ly
respectively, the elements of the row before it by

Xy oo o Ty, ToTg o oo Tygy TgTy o o e Lygy o 0oy Tpg, 1

respectively, and so on with the other rows, the multipliers for the
rt* row being x, times those of the (r — 1), the determinant is
thereby multiplied by x,x, . . . X,: f, on the other hand, we begin
with the above second set of multipliers and proceed upwards as
before, the determinant is in substance unaltered. Now when in
the former half of this the determinant is made a recurrent we
obtain Pascal’s lemma; and when the 2’s in the latter half, which
is Laisant’s thcorem of 1901, are all made equal we obtain
Fiirstenau’s result of 1879 (Hust., iii. p. 82). The value of the
mode of procedure is evidenced by another curious and interesting
equality, namely,
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1 2
2l
1 ! 2
4! 2!
1 1 1 N
(2n — 2)! (2n—4)! (2n — 6)!
1 1 1 ]
@2n— 1) (2n— 3) (2n— b)! 1!
1 1
3!
1
5! 31 1
= 9n e e e e e e e e e
1 1 1 ]
@n— 1) (2n— 3)! (2n — 5)!
1 1 1 1
@2n)! (2n—2)! (Cn—4) 9l

where it almost looks as if the last rows ought to be inter-

changed.
Prefaced to these results is a short introduction on the more

general determinant

a,,o a»"l anz an3 o o 0 |

This he defines as a ‘ recurrent’, wisely avoiding Studnicka’s
proposed use of both this term and the term ‘sphenoidal’. It
may not be out of place to add that in 1910 we followed in
Pascal’s footsteps, merely giving the word a slightly extended
meaning. '
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PASCAL, E. (1907/,)

[I determinanti ricorrenti e i nuovi numeri pseudoeuleriani
Rendic. . . . Ist. Lombardo . . ., (2) x1. pp. 461-175.]

[Una formola sui coefficienti polynomiali e su di un determinante
ricorrente. Periodico dv Mat., xxii. pp. 241-215.]

So far as determinants are concerned there is little to note
in the first of these papers. The new numbers occupy the same
places in the expansion of 1/(2 — cosh x) as the Eulerian numbers
occupy in the expansion of 1/cos z: and the recurrents correspond-
ing to the latter numbers (Hist., iii. pp. 233, 236) give those
corresponding to the former on their diagonals of units being
changed in sign.

The second note contains an alternative proof of the author’s
companion to Burgatti’s vanishing recurrent.

PASCAL, K. (19072%/,)

[T nuovi numeri pseudo-tangenziali. Rendic. del Circolo Mat.
(Palermo), xxiii. pp. 358-366.]

The so-called ‘ tangential > numbers implicitly referred to in
the title are those connected with the Bernoullian B,, by the
multiplier 2%#(2*» — 1)/2n, and first expressed in determinant
form by Hammond in 1875 (Hust., iii. p. 233). From this form
the writer derives the equivalent

1 1
1!
1 1 i
3! p)
(2n—1)! 1 1 1
: -. : 1
5! 4! 2!
1 1 1 1 1
2n—1) 2n—2)! (2n—4) (2n—>5) T 2!

and then proceeds to show that, if instead of tanz we take
sinh /(2 — cosh ) as the gencrating function, the corresponding
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change in his determinant is that the diagonal of units is made
negative.

MIGNOSI, G. (1907/;)

[Sulla equazione lineare indeterminata. Periodico dv Mat., xxiii.
pp. 173-176.]

The recurrent which appears here is of the same type as that
already mentioned in the.same author’s paper of 1902, and like
it is connected with the Theory of Integers. A curious special
case of it is

m —1 . . '

mom =2 = m(m~+-1) (m-+2) ... (m4n—1).

m m m —3

MUIR, T. (1907/,,)

[A special determinant having the (r,s)'" element equal to zero

when s > 7+ 1. Transac. S. African Philos. Soc., xviii.
pp. 369-377.]

The special recurrent referred to is for the 204, 3™, 4% |
orders

by ayl, |0y ay .|, |6 g ,
a, b b, a, a by, a, a,

ay b, b by ay, a; a

ag by b, b

and the writer, following Pascal, seeks to ascertain the conditions
which will entail evanescence. These for the n-line recurrent he
finds to be the n equations

(@p§a;) — (0116 = 0,
(a9, a3 §ap, ay) — (by, b8 by, b)) = O,

]
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and as they are satisfied if the a’s be made the even-numbered
members and the b’s the odd-numbered members of the series

1 1 1 1
o2 3’ Tt @2m)’

Pascal’s vanishing recurrent is at once obtained. Further—and
this more noteworthy—a proof is given that if one such recurrent
be found, a companion to it is always ready to hand. Here, for

example, the companion is

1 y
21

1 1 1

3! 4! 2

1 1 1

5! 6! Al

. ... =0

1 1 1 1
(2n —3) (2n—2)! (2n—4) "7 2

1 1 1
@rn—1)!  (©n)! (2n—2) "7 4 2

1 1 11y
@2n—2)! (2n—1) (2n— 3)! 3!

TANTURRI, A. (1907)

[Dalle formola di Pascal a quella di Bernoulli sulle somme delle
potenze simili dei primi n numeri. Periodico di Mat.,

xxiil. pp. 80-83.]

The point of interest for us in this 1s that the deduction
mentioned is made from the recurrent, and that this is
obtained at the outset exactly as by Siacci in 1865 (Hist., iii.
pp. 221-222).
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SINIGALLIA, L. (1907/s ,)

[Sui nuovi numeri pseudo-euleriani del Prof. Pascal. Rendiec.
del Ctircolo Mat. (Palermo), xxiv. pp. 223-228.]

[Una estensione dei numeri bernoulliani. Rendic. del Crreolo
Mat. (Palermo), xxv. pp. 20-35.]

A glance at the results of Pascal’s paper referred to (see
above) prepares one to expect that for every known theorem in-
volving Eulerian numbers (¥) there must almost of necessity
be a corresponding theorem in which these are replaced by the
analogous new numbers (£’). Such an expectation the first of
Sinigallia’s papers amply justifies. Perhaps the most interesting
conclusion reached in it is that

v=n

since Ky, = X (—1)"*(2n),, By, —,)-
v=1
v="n

a:nd E on — z (2"/)2VE 2(n—v)

v=1

it can readily be shown that
i=n—1
Eyp + (—1)"E'y, = 2‘21(—-1)i+l(2n)2iE’2iE2(n—i)’

a conjoint recurrence-formula of a type whose importance we
have already drawn attention to (Huvst., iii. p. 247).

The interest of the second paper for us lies in the fact that the
extension arrived at is suggested by extending the determinant
form of the numbers in question.

DICKSON, L. E. (1907/5): ‘ Anon.’ (1909):
FONTENE, G. (1910'/;)

[Question 288. Awmerican Math. Monthly, xiv. p. 160: xv. p. 35.]

[Question 16771. Educ. Tvmes, 1xii. p. 513: lxii. p. 133: or
Math. from Educ. Tvmes, (2) xviii. pp. 51-53.]

[Question 2151. Nouv. Annales de Math., (4) x. p. 239.]
The recurrents brought forward here are Weihrauch’s of

1874, D’Ovidio’s of 1863, and Glaisher’s of 1876 (Hust., iil. pp.
231-232, 217-219, 234).
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HERNANDEZ, E. (1908!/,,1908!/,): AURIC, A..(1908)

[Question 3363. L’Intermédiaire des Math., xv. pp. 75, 166-168,
283.]

[Question 16475. Educ. Times, 1xi. p. 351: Math. from Educ.
T'vmes, (2) xv. pp. 90-92.]

The net outcome of the intercommunications in regard to
the first of these questions is an alternative proof by Auric that
the odd-ordered persymmetric recurrent with elements 1, 1/2!,
1/3!, ... vanishes (Hust., iii. p. 234), and a similar proof that the
like is true of a new odd-ordered recurrent. In the latter case,
however, there is established the interesting general result:

1 1
L2 1

21 A

1 22 2 )

33 2! — (= 1)L 2;(,.(0_),
19 92 2 n!

4 4 3! 2!

1 9n-1 2n—2 2n-3 92

Bl m—1)! (n—2)! (n—3)0" "2

where, but for the first column, the determinant is persymmetric,
and where y,(2), defined by the equality

eﬁl — Z Xn(z) zn
e*+ 1 n

1s such that
X2n(0) : 0.

The other question merely concerns two simple cases of
Brioschi’s recurrent of 1854 for the sum of the m'" powers of the
roots of an equation (Hust., ii. p. 211).
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SALKOWSKI, E. (1908%4/,)

[Die n-te Ableitung eines Quotienten. Archiv d. Math. u. Phys.,
(3) xiii. pp. 371-373.]

This is not at all a casual republication of Spottiswoode’s
result of 1853 (Hust., ii. p. 210): the said result is capably discussed
and established anew. The author also draws attention to two
relevant passages unnoted by us, namely, one in Hoiiel’s Cours
de Calcul Inf. i., and the other in Crelle’s Journ., civ. (1888),
pp. 102-115. To these we may now add Monatshefte f. Math. u.
Phys., i. (1890), pp. 33-38.*

GODEAUX, L. (19092/y)

[Sur les déterminants récurrents du Prof. E. Pascal. Rendic. del
Circolo Mat. (Palermo), xxix. pp. 261-264.]

Here the determinant

ay Tty . : |
G  Gp Tt Y , OT SaY (T -+ y),
@3 Qo3 Az Tty

n

is expressed in two ways as a series arranged according to ascend-
ing powers of y. Unfortunately the coefficients in neither case
are readily calculable, the one series being simply Taylor’s

pnle + 9) = palo) + y B gyplalD)

and the other being got by viewing all the elements as binomials
a;; + 0, ap, + 0, . . . and expanding in terms of determinants
with monomial elements. The deductions thence arrived at are
thus not particularly noteworthy.

* In the American Math. Monthly, xvi. pp. 15-16, the determinant is retained
in the second order.
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MUIR, T. (1910%/,)

[The theory of recurrent determinants ... up to 1860.
Proceed. R. Soc. of Edinburgh, xxxi. pp. 304-310.]

The title of this, the first of our historical papers on recurrents,
is not quite accurate, the earliest of the eight writings considered
in it being Spottiswoode’s of 1853, whereas, as we have pointed
out elsewhere (Hist., ii. p. 210), the form had made its appearance
forty years earlier.

FERRARI, F. (1910): BOTTARI, A. (1912)

[Sulla somma delle potenze simili dei primi » numeri naturali.
Periodico dv Mat., xxv. pp. 258-261.]

[Somma delle potenze simili di due quantita in funzione della loro
somma e del loro prodotto. Pertodico dv Mat., xxvii. pp. 104-
120.]

Putting
Im e 2m Lo = A A L A

the first writer here finds that 4, = —1—, 4, = — % and gener-
ally that m+ 1 <
R RV TS 1
A, = (=1 ]

m—+1m...(m—k+4 2)

(m+ 1), (m) -
(m—+1); (m), (m — 1)

m—+1)r My (Mm—1)y ... (m—Ek-+3)y|. ~
The second writer correctly evaluates several recurrents con-

nected with his main subject, not observing, however, that they
are special cases of Gubler’s of 1890 (Hvst., iv. p. 234).
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KAPTEYN, W. (1912)

[Vraagstukken 46, 49. Wiskundige Opgaven, xi.
pp- 119-122, 175-178.]

The recurrent here dealt with is the familiar

a, 1
a a 2
L - or A, say,
Ay, OGp— an_z e a]_
where the diagonal bordering on the zeros is 1, 2, . . ., n — 1,

and the other diagonals are persymmetric. The interesting pro-
perty established is that

2A n!
= (= 1) A
da, (=1 (n— k) "

and following on this comes a like property for the determinant
got by bordering A, by the row b;, 1, 0, 0, . . . and the column
by, by, . . ., byyy. Among the proofs given there is no purely deter-
minantal one that is convincing and at the same time concise.

ROSS, C. M. (1912, 1914): ONO, T. (1913/,)

[Question 17311. Educ. Tumes, Ixv. p. 262.]

[Question 17770. Educ. Times, 1xvii. p. 354: Math. from Educ.
Times, (2) xxvii. p. 44, p. 63.]

[Question 4253. L’Intermédiaire des Math., xxiv. pp. 7-9,
106-110.]

The first of these gives the generating function of the re-
current mentioned above under Anderegg (1901). The second
is already known (Haist., ui. p. 237, p. 460). The third, which is
much the most interesting of the three, in that it requires a proof
of the equality of two recurrents of different types, did not
receive effectual attention until 1917. And even then recourse
had to be had to the usually inattractive method of evaluating
both members of the asserted equality,—a method, too, which
had been open from the first, as one of the two determinants was
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recognizable as Brioschi’s evaluated persymmetric recurrent of
1858 (Hust., iii. pp. 208-209).

POLVANI, G. (1913)

[Sopra le frazioni di Lambert. Pertodico dv Mat., xxvii.
Pp- 241-266.]

The fractions referred to are those spoken of above as ‘ ascend-
ing continued fractions’ (Hust., iii. pp. 230-231). In studying
their properties one of the instruments used is the appropriate
recurrent, but the writer is only concerned with it in so far as
it furthers his purposes.

HASSELT, G. v. (1914, 1914): WIJTHOFF, W. A. (1914)

[Vraagstukken 158, 180. Wiskundige Opgaven, xi. pp. 402-407,
pp. 454-455.]

[Vraagstuk 159. . Wiskundige Opgaven, xi. pp. 410-411.]

The first result established here is a relation between two
kinds of simple symmetric functions, namely, the relation

—k 1 :
8 a 1
Sz 02 al 1 « o e . == O’
Sk ay ak_l ak-z “ e al

where s, is the sum of the ™ powers of the roots of the equation
2" + ayz" 14 ...+ a,= 0. None of the proofs given make
use of the operation

col; + kcoly + (K—1)¥, coly + (k—2)N, coly + . ..

suggested by Cherriman’s relation of 1882 (Hist., iv. p. 227).
The third question concerns Anderegg’s problem of .1901,
and the same determinant again makes its appearance.
The recurrent dealt with in the second is got by bordering
the well-known p-line persymmetric recurrent equal to 1/p!
(Hast., iii. p. 217), the bordering column being 1, a,, a,, . .
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where a, = (n -+ p),/p! and the bordering row is 1, 1, 0, 0, . . .
Its value is found to be (—1)%(n),/p!

AIYAR, S. N. (1914/y,)
[Question 592. Journ. Indian Math. Soc., vii. p. 148.]

The (n + 1)-line recurrent here is that whose 7" row is
I+a) 1, (r—1), (r—1), ...

It is such that D,;, == — aD,, and consequently equals (—a)".

CIPOLLA, M. (1915%/,)

[Determinanti della teoria dei numeri. Attr dell’ Accad.
Groenta . . . (Catania), (5) viii. No. 12, 10 pp.]

We have already had, in H. J. S. Smith’s axisymmetric
determinant of 1876 (Haust., iii. pp. 116-121), a conspicuous
instance of an isolated determinantal result in the Theory of
Integers being followed up by interesting generalizations (Hvst.,
iv. p. 118). Smith’s determinant, it will be remembered, was an
expression for (1) (2) . . . i(n) where (n) stands for the number
of integers that are less than n and prime to n. The similarly
originating result now is a determinant expression for ¢(n) itself,
namely, the recurrent

1 1
3
6
10
15

bk ed

, or L say,

(L JUR \C)

[ SR N .
—

p—

n

whose first column has for elements the so-called triangular
numbers (2),, (3);, (4) - - ., and whose s column, excluding
the first, has for elements s — 2 zeros followed by s — 1 units,
s — 1 twos, s — 1 threes and so on. In regard to the character
of the generalization aimed at by Cipolla it must suffice to say

that the new determinant has zeros where L has zeros, has G(r)
 (m185) 19
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where L has 47(r + 1) and elsewhere has F(p) where L has p,
it being understood that ¥ and ¢ are suitably chosen arithmetical
functions.

AIYAR, S. N. (1915Y/,)

[Questions 630, 718. Journ. Indian Math. Soc., viii. pp. H7-58:
ix. pp. 85-87.]

The determinant involved here is the persymmetric recurrent
first noted by Brioschi in 1858 (Hist., iii. pp. 208-209, 214), the
new result being that if

__(a—0b)(a—bx) ... (@ — bxr1)
T l—2)(l—2?) ... (1—a")

and
B — b—a)(b—ax) ... (b — az™?)
T l—x)(1—2?) ... (1—2a
then the persymimetric recurrent of A;, A,, ..., A, is equal to

(—1)"B,., and the persymmetric recurrent of By, B,, ..., B, s
equal to (—1)"A,,. Proofs are given, but when we come to know
that the 4’s and B’s are such that
Al —‘l_ B]. == 0,
4, + A\B, 4 B, =0,

we are more fully satisfied (Hest., ili. pp. 246-247).

SCHWATT, 1. J. (1915/;, 10/,)

[On the expansion of a continued product. Giornale dv Mat.,
liii. pp. 186--189.]
[On the expansion of a continued trigonometric product.

Archw d. Math. u. Phys., (3) xxiv. pp. 189-192.]

The two recurrents of these notes are found as equivalents
for the coefficient of x*/k! in the expansion of (1 — z) (1 — z?)
.« . (1 — a?). The second is the more interesting, its form dating
back to 1859 (Hist., iii. p. 209).
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WHITE, C. E. (1915/,)

[A general theorem regarding roots and solutions by determi-
nants. T'6hoku Math. Journ., viii. pp. 73-77.]

A curious determinant form for ey + a2z '+ ...+ a,
is employed here, for example,

axt + b2+ cx: +de4-e=|ax4+b -1 . . |;
z —1

cx .oz —1

de+e . .z

and the mode of obtaining it is equally odd. It is desirable there-
fore to point out that we can deduce it from the already known
recurrent
—1
z —1
z —1
z —1
x

0o &8 O ™9

. . 1 .
by performing the operation row, + . row;, transferring the

factor z from the 5™ column to the 1° and then performing
col; — b col,.

KENYON, A. M. (1915/,,): BELL, E. T. (1918/;):
SZASZ, 0. (1918v7/,,)

[Question 443. American Math. Monthly, xxii. p. 308.]

[Some remarkable determinants of integers. Bull. American
Math. Soc., xxiv. pp. 376-380.]

[Determinantendarstellungen einiger Zahlen theoretischer Func-
tionen. Archiv d. Math. u. Phys., (2) xxvii. pp. 121-126.]

All the recurrents here considered originate in the study of
the Theory of Integers. The first contribution is merely an iso-
lated result, the recurrent being, strangely enough, identical in
form with that derived by Brioschi in 1854 from Newton’s re-
lations between the coefficients of an equation and the sums of
like powers of the roots (Hist., ii. pp. 211-212). The second
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contribution concerns determinants which, when of the 6'" order,
are of the form

&1) FQ1) .

&2) F@2) FQ1) .

G(3) F@3) FQ) FQ) .

G(4) F@4) F@2) FQ) FQ) .
G(5) F(5) FQ) FQ1) FQ) F(1)
G(6) F(6) F(3) F(2) FQ1) F(Q)]|,

where the &* column consists of k£ —2 zeros and k — 1 of each of
the F’s in order until » elements in all have been obtained. By
the interchange of the #’s and the G’s the determinants occur in
pairs: and a large number of special pairs are considered. The
third contribution establishesa new reversion-theorem,and applies
it to several of the more important functions peculiar to the
Theory of Integers, the first column of the resulting recurrent
being
G(2) — G(1), G3) — G(1), ..., Gn)— G(1),

and the elements below the bordering diagonal of units being
either units or zeros.

SMITH, E. R. (1916/;): WILLIAMS, K. P. (19161/,)
[Decomposition into partial fractions. Math. Teacher, viii.
Pp. 132-144.]

[Relating to some determinants connected with the Bernoulli
numbers. American Math. Monthly, xxiii. pp. 263-264.]

The portion which concerns determinants in the first of these
articles (pp. 139-144) is quite elementary.
The recurrents in the second article are got by eliminating

B,, B,, . . ., B, from n of one set of recurrent relations and one
of another set: for example,

1 3,

3 b, 5, .

5 T, Ty T4 =0

T 9 95 9 9

8 10, 10, 10, 104
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WATSON, G. N. (1916)

[Some simple expansion-formulee. Messenger of Math., xIvi.

Pp. 97-101.]

We have already several times had occasion to refer to expan-
sions of the type here dealt with, namely, the expansion of

(ap+ a1z + agz® 4. . . )

in ascending powers of x, the more frequently occurring cases
being that where u = — 1 and that where p = 4 (Hust., ii. pp.
-212-214, iv. p. 229). In regard to the former of these it had to
be noted that two different expansions were available,—or, rather,
let us say, two expansions whose undoubted identity was any-
thing but obvious, being in fact bound up with the inferred identity
of two recurrents (Hist., iv. pp. 239-240). What we have now
reached is in effect a generalization of this latter identity, the
author proving that if

(ag+ ax 4+ agx®+ ... ) *=go+ g1+ g2> + . ..

then, in the first place, as Segar had shown in 1892 (Hust., iv
pp. 236-237)

—1)r
gr:(ﬂa); M@y 1-a, .
* | 2uay (u+1)ay 2a,
3#113 (: u+1)a2 (n—’r )
Tpdy (m #+ Da,_ (T#* 2#+ )ty ... (pt71—1)0y

where the coefficients of the a’s in the first column form an
arithmetical progression with common difference p1, and the coeffi-
cients of the @’s in every row form an arithmetical progression
with common difference — (m — 1); and in the second place

(=1)"
rlay”

(x + 1)ay L-a, .
Cp + 2)ay (1 + 2)ay 2ay
(3p + 3)a, (Z# + 3)% (M + 3)a

gr =

T, (7’— 1)Wr—1 (7' - 2)Wr—2 cee MOy
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where in the first column the coefficients of the a’s save the
coefficient of a, form an arithmetical progression with common
difference p + 1, and the coefficients of the a’s in every row
form an arithmetical progression with common difference — pu.
Unfortunately the question of the possible transformation of the
one determinant into the other does not engage the author’s
attention.

SANJANA, K. J. (1917/))

[Question 883. Journ. Indian Math. Soc., ix. p. 170;
xii. pp. 1056-106.]

The n-line recurrent here has for its "

1 1 1
@r—1" 2r—2)" 2r—3)" """’

row

and for its value ‘
{12n.32n—1.52n—2 .. (4n — 1)1}-1.

MUIR, T. (1918!/,)

[Egalité de deux déterminants. L’Intermédiaire des Math., xxv
pp. 33-34.]

The equality in question is that which we have noted above
as being due to Ono, who set it for proof in 1913. The case for
the 5" order is

20 1 a 1 .

46 3a 2 . . b a 1 .

6c 56 4a 3 .| = Bllec b a 1

8 Tc 6b ba 4 d ¢ b al
be 4d 3¢ 2b a e d ¢c b al,

where, according to the law of the preceding rows, we should
expect the 5™ row on the left to be 10e, 9d, 8¢, 7b, 6a. The
operations

rowy 4 a row, -+ b rowz + ¢ row, 4 d row,,

row, 4+ a row, + b row, -+ ¢ row,,
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performed on the first determinant enable us to remove from it
the factor 5! leaving the cofactor

2a 1
2b -}- a* 2a 1
2¢ + 2ba 2b + a2 2a 1

2d -+ 2ca -+ b2 2¢ -+ 2ba 2b + a 2a 1
e+ 2da 4 2¢b d - 2ca 4 b2 ¢+ 2ba b+ a* a|;

then by performing on this the operations
coly — a col;

coly — a(new col,) — b col;,

we obtain the result desired.

MUIR, T. (1918, /o)
[Questions 18592, 18698. Math. Quest. and Sol., v. Pt.2;
vi. pp. 76-717.]

Two other curious instances of the equivalence of two re-
currents, namely,

a 1 . . al .
b 1 1 . bal.
:n (m-+1)a (1) a
(m2—1)e (m2fm—1)b  ma 1 c bal
m(m-+1)d  (m+1)%¢  (m4-1)b a decbal,
1 -2 . . . 1 2 .
3 1 —4 . . 3 01 4 .
10 3 1 -6 .|=1]10 3 1 6 .
3% 10 3 1 —8 3 10 3 1 8
4 5 2 1 1 42 14 5 2 1|,

where the integers 1, 1, 2, 5, 14, 42, . . . of the last two recurrents
belong to the type

@k + 1), = 2k + 1).
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WHITTAKER, E. T. (1918%/5)

[A formula for the solution of algebraic or transcendental equations.
Proceed. Edinburgh Math. Soc., xxxvi. pp. 103-106.]

The theorem established here is that the numerically smallest
root of the equation

0=@ay+ ax+ a2 ...

is given by the series

5| 2 @
ay2a “Wla, a
_ % __ 0 % a3
4 a S L) @ Gy |41 G
a, a, a, a,| (ay, a; a,
az ay @

The first point of interest is connected with the summing of the
series, the sum of 7 terms being shown to be

— @yl G . . ...| = | a, ;
Ay @ Gy . ... Ty a a,
as a, a; QG ... a; a, a; a,
B P e

and a second point is that this quotient is equal to the result of
dividing the coefficient of z™-! by the coefficient of 2 in the
expansion of

(g + ayx 4 a.g:‘-’ 4.0k

These bring us into touch with previous related work (Hist., ii.
p. 40; iii. pp. 423-426).

MUIR, T. (19184/,)

[Note on recurrents resolvable into a sequence of odd integers.
Transac. R. Soc. S. Africa, viii. pp. 27-32.]

The recurrents here discussed are, save for their last rows,
of the forms
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12 1 -2 .
3, 1 4 3, 1 —4 .
6) () 1 s (B By 1 —6
(Ms B)y B) 1 (Ms (B BGh 1

Calling the former S,(m) and the latter R, (m) when the last row
in both is

2n+m—4),4, 2n4m—6),_,, ...
we have |
Bp(m)=— (2n+ 2m— 5)S,_,(m+ 2)
= (— )" 12n+} 2m—5)(2n+2m—3)...(4n + 2m—9),

y (m-f2)y, my, 1

and R,(m) = (2n 4 2m — 3) (2n 4+ 2m — 1) . . . (4n +- 2m —- 7).
If m be taken equal to 3 these give Reich’s results of 1892 (Hist.,
iv. p. 237). A number of other related equalities are obtained,
the last being

1 2 .
3 1 4 .
10 3 1 6
35 10 3 1 8
(m+T)y (m+5)y (m+3), (m+1), 1
1 —2 |
3 1 — 4 .
= 10 3 1 -6 .
35 10 3 1 -8
(m—4-6)y (m+4); (m42), m 1.

BOUCHARY, J. (1918/,,):

[Question 2379.
[Essais arithmétiques.

Mém. ... Soc. ..

iv 4 71 pp.]

The first of these deals with an aggregate of recurrents, of
which the separate individuals are known (Hust., iv. p. 231).

SCHMIDT, ED. (1919/,)

Nouv. Annales de Math., (4) xviii. p. 439.]
. Scv. (Liége), (3) xi.
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The ° essais’, so far as our subject is concerned, are mainly
applicational. The author uses the word ‘ recurrent ’ in a peculiar
way.

NEVILLE, E. H. (1919/,,)

[Two trigonometrical determinants. Messenger of Math., xlix.
pp. 107-111.]

The determinants in question are recurrents given as equi-
valents for 2cos nx and sinnz/sinz. - The originating series of
the first is

(2co8z)® = 2cosnx + 2n,cos(n — 2)x + 2nycos(n — 4)x + . ..

and the derived result

2 cosnr=|(2cosx)* m ny ng
(2cosz)2 1 (n—2) (n— 2),
(2 cosx)n—t . 1 (n — 4),
(2 cos z)-8 . . 1

From this there is deduced the ordinary non-determinant form
of which the following variant may not be inappropriate:

cosnr= cos™z (l+mn,+ ng+ mg4...)
+ cos"%x( — my— 2ny — 3ng— . ..)
+ cos™ 4z ( ng -+ 3ng+ .. .)
-+ cos™ 8z ( = Mg— .. .)



CHAPTER IX

WRONSKIANS, FROM 1891 TO 1919

The interest awakened in the Wronskian during the period
1880-1899 is more than maintained in the next twenty-year
period, the number of writings occupied with it being greater by
a half. Many of them, however, circle round the test for linear
independence, and thus only indirectly and sparingly contribute
to our knowledge of the properties of the determinant.

HEYMANN, W. (1891)

[Zur Theorie der Differenzengleichungen. Crelle’s Journ., cix.
pp. 112-117.]

This paper deserves attention in passing because it furnishes
the following analogue to a theorem concerning the Wronskian
and differential-equations: In a linear difference-equation

yz+n + pn—ly:ﬁ-n_—l '+‘ “ o + poyzz O

the determinant of a fundamental system of solutions

| y(l) y(2) . y(ﬂ)
X x x
1) ?/(2) . (n)
z+1° Ja+1 . r+1 , or Da: say,
(1) (2) (n)
yw+n—1 yz+n—l c e yx+n-—1

satisfies the homogeneous linear difference-equation of the first order

Dw+1 = (— 1)np0Dz

276
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IGEL, B. (1893)

[Ceber eine Determinantenbeziehung in der Theorie der Differ-
entialgleichungen. Monatshefte f. Math. w. Phys., iv. pp.
380-394].

The title here is the same as that of Konigsberger’s paper of
1889 (Hist., iv. p. 246), and the contents are a detailed critical
examination of the contents of that paper. The subject, however,
of the successive differentiation of a Wronskian, which Konigs-
berger had used as an auxiliary in his work, is not thereby directly
affected.

The connection of Wronskians with differential-equations, to
which Frobenius drew attention in 1873 (Hist., iil. pp. 250-254),
may be further studied in the papers of Cels, Griinfeld, and others
noted by us in the list of auxiliary writings at the end of this
chapter. Of course standard textbooks on differential equations,
like those of Forsyth, Hefiter, Schlesinger, Craig, . . ., will also be
found uscful.

BOTTCHER, L. E. (1900'8/)

[Owlasnosciach pewnych wyznacznikéw funkeyjnych. Rozprawy
Akad. . . . (Krakow), xxxviii. pp. 382-389: or Bull.
Internat. . . . Acad. des Sci., 1900, pp. 227-228.]

The determinant here investigated is Grévy’s of 1894 (Hust.,
iv. p. 248), namely, the determinant which has F,(z, ;) for its
(r, s)™™ clement and in which z, = f(z), z, = f(#,), 3 = f(x,), . . .
The paper is merely noted in passing because of the analogy
between the determinant and the Wronskian, the first column
consisting of n functions of 2 and every other column being got
from the column immediately preceding by the performance of
a fixed operation, thus leaving the determinant itself a function
of only one variable (x).
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BOECHER, M. (1900%/,, /,,)

[The linear independence of functions of one variable. Bull.
American Math. Soc., (2) vii. pp. 120-121.]

[The theory of linear dependence. Annals of Math., (2) ii.
pp. 81-96.]

From a thoughtful examination of the Wronskian test for
linear dependence the author apparently was led to the con-
sideration of Linear Dependence in general: and fortunately he
decided to put the result of his study into the form of an expository
‘article. The first section of this is occupied with definitions and
general theorems, the second with the linear dependence of sets
of quantities, the third with that of polynomials, and the fourth,
for our special benefit, with that of functions of a single variable.
The outcome of this last discussion, extending to five pages
(pp- 89-94), is the formulation of the Wronskian test in two por-
tions, namely: (1) The identical vanishing of the Wronskian of n
analytic functions is a necessary and sufficient condition for their
linear dependence; (2) The identical vanishing of the Wronskian of
n functions of a real variable, each of which has at every point of
a certain wnterval finite derivatives of the first n — 1 orders, s a
sufficient condition for linear dependence, provided that n — 1 of
the functions can be so selected that their Wronskian and its first
derwative do not vanish together at any point of the interval. The
second of these, of course, enters into competition with the
corresponding formal statements of Peano and Vivanti (Hust.,
iv. pp. 249-250). A useful section is added under the heading
‘ applications ’, in which the results quoted are left to be proved
by the reader.

BOECHER, M. (1900/,,, 190120/,)

[Certain cases in which the vanishing of the Wronskian is a
sufficient condition for linear dependence. Transac. American
Math. Soc., ii. pp. 139-149.]

[The Wronskians of functions of a real variable. Bull. American
Math. Soc., (2) viii. pp. 53-63.]

There is more in the first of these papers than the title would
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imply, the last two pages being devoted to the establishment of
a pure theorem on Wronskians, namely: If y,, v, - . . Yatr
be functions of x which at every point of an interval I have continuous
derivates of the first n orders, and if the Wronskian of yy, Yo, - - - Y
vanishes identically, then the Wronskian of i, Yo - « o Yns Ynt1
lvkewnse vanishes identically. As a preliminary to it proof is given
of the following lemma, the original form of which is due to Pasch
(Hast., iii. p. 26B): If yy, ¥g, . . . » Yn be functions of x which at
every point of 1 have finite derivates of the first k orders (k > n),
and if their Wronskian vanishes identically, then, except at points
where W(yy, Yo, . . ., Yn-y) = 0, all the n-line minors of the array

Yoy ... yl(k)

’ (k)
2 Y2 - are zero.

Yn Yo oo Yy

GULDBERG, A. (19032/,,)

[Sur les équations linéaires aux différences finies. Comptes
rendus . . . Acad. des Sci. (Paris), cxxxvii. pp. 560-562,
614-615.]

A paragraph of this (§ 3, p. 561) has the same interest for us
as Heymann’s paper of 1891, namely, in that it provides an
analogue to a theorem in differential-equations in which the
Wronskian figures. In regard to this contribution it is enough to
say that it is a simple deduction from the fact that the difference-
equation

Yotn + Pno1 Yotn— + ...+ PoYz= 0

can be expressed by means of a fundamental system of solutions
3/;1), yﬁf’ Yo ey yfv") in the form ]

ya: yx+l vt yx+n
(1) (1) (1)
yx ya:+] vt z+n | 0.

() 4/(n) ()
yx yx+[ ¢ yx+n|
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MINA, L. (190427/4)

[Formole generali delle derivate successive d’una funzione espresse
mediante quella della sua inversa. Giornale dv Mat., xliii.
pPp. 196-212.]

The formulee in question, three in number, are expressions
for drx/dy™ in terms of the differential coefficients of y with
respect to 2: and the paper calls for our attention because in one
of the formule a Wronskian figures as an essential, the equality
in fact being

W dzy d-zyz d'ly"-l
dﬂ;v_ <d.1‘2’ dx2 y e dx? > . <dy>§n(u—-1)

dy 1 2. .. (n— 1) dx

As is not unnatural the mode of establishing it is indirect. The
first step consists in showing that if Fo, F,, F,, . . ., F, be func-
tions of y and y be a function of z, then the relation between the
two Wronskians of the F’s is

p(n+1)
W, (2) T~ w
dx

Next the special case of this is taken where

F. F.. F F, |, F,==1 y: L—l_x
0 F Fa e Buty Ea== b 8 G e O

and it is seen with ease that then

while after some transformation and reduction it is shown that
(dzy d2y? d2yn—1)>

de?’ dz?2’ "7 da?

2., (n—1)

Substitution then at once gives the desired result.
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OCCHIPINTI, R. (1904/y;-5)

[Su alcuni determinanti di funzioni composte. Periodico di Mat.,
(3) ii. pp. 132-134.]

The functions referred to are yy,, ¥y . . . , Yyn, and the
determinants are the Wronskian and Jacobian. In contents the
paper resembles Casorati’s of 1874 (Hsist., iii. pp. 254-255), but
i8 not so thorough; in the case of the Wronskian a still earlier
predecessor has to be referred to, namely, Christoffel (Hist., ii.
p- 227).

MLODZEJEVSKIJ, B. K. (1905)

[On a generalization of Wronksi’s determinant (In Russian).
Mat. Sbornik (Moscow), xxv. pp. 474-477.]

The determinant in question is identical with the n-line
Wronskian in its first 2 rows, but has constants in the remaining
places.*

MEDER, A. (1906/,)

[Ueber die Determinante von Wronski. Monatshefte f. Math.
u. Phys., xvii. pp. 19-43.]

The writer supplements his title by saying that his subject
is those minors of the Wronskian W(y,, y,. . . .) whose elements
are taken from any a columns and from the first a rows. As a
matter of fact his subject is a theorem in which the data are
the vanishing, for a particular value of the variable, of W(y,),
WY, Ym)s WY1 Yms Yn), - . ., and their successive differential-
coefficients up to but not including the v,'", »,"™, v, . . | respec-
tively. The proof of this theorem occupies eighteen pages
(pp. 20-37), and the enunciation of it the whole of the 38" page,

the first and main part of the latter being that
Ve 2 2v, v3Z 20— vy, vy 203 — vy ...
In the remaining five pages are considered what, if any, modifi-

cations in the theorem are necessary when certain inequalities
do not hold for all values of I, m, . . ..

* Unfortunately we have not seen the paper.



WRONSKIANS (1906) 281

PASCAL, E. (1906/;)

[Sopra una proprietd dei determinanti Wronskiani. At . ..
Accad. delle Sci. (Torino), x1i. pp. 1081-1083.]

Here once more the subject is the Wronskian test for linear
dependence. The contribution made, however, is quite fresh,
being to the effect that the condition W = 0 is equivalent to the
condition

yl./.W(l) dx — yz'/‘W(z) dx -f ... (—1)-1 y'n‘/’W(") dr = 0.

where W, stands for the Wronskian of all the y’s except y,.
The proof that the latter entails the former is simpler than that
of the converse.

CURTISS, D. R. (1906/;, 190813/,)

[On certain properties of Wronskians and related matrices.
Bull. American Math. Soc., xii. pp. 482-485.]

[The vanishing of the Wronskian and the problem of linear
dependence. Math. Annalen, Ixv. pp. 282-298.]

The first of these papers contains only the formal statement
of five theorems with a promise of proofs to be published later—-
a brief anticipation, in fact, of something resembling the second
paper, the plan of which doubtless grew as the writer continued
his study. The latter is not, as one might possibly expect, a
continuation of Boecher’s work, though manifestly influenced
thereby, but a thorough-going reinvestigation of the whole subject
with non-analytic functions in view from the outset. The main
part of the first section is occupied with the n-line determinants
of the n-by-(k 4 1) Wronskian array: in the second section the
test itself 1s dealt with, its newest form being: If y,. y,, . . ., ¥n
be functions of x which at every point of the interval 1 have finite
deriwates of the first k orders (k = n — 1) while the (n — 1)-line
determinants of the (n — 1)-by-(k — 1) Wronskian array do not
all vanish at any point of I, and of W(y,. ¥a. . . .. Y,) be tdentically
zero, then yy, Yo, . . ., Y, are linearly dependent. The third section
shows the usefulness of taking into consideration the rank (non-

zero) of the n-by-(k + 1) Wronskian array: and the fourth returns
(E185)
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to the test for the purpose of proving its newest form to be
essentially identical with one of Boecher’s.

ORLANDO, L. (1908%/,): PASTA, G. (1908)

[Sul determinante di Wronski. At . . . Accad. dev Linces (Rendic.),
(5) xvii. pp. 717-720.]

[Sul dipendenza lineare di n funzioni ad » variabili. Rivista di Fis.,
Mat. e Sci. Nat., ix. pp. T1-73.]

The only matter brought forward by Orlando is the Wronskian
test and especially the form of it proposed -by Peano (Hist., iv
pp- 249-250). The work done on the same subject by American
writers is not referred to.

In the other paper the main subject is in connection with the
corresponding part of Pasch’s paper of 1874 (Hust., iii. p. 155).

SIBIRANI, F. (1909)

[Sui sistemi di integrali independenti di  equazioni differenziali
lineari. Giornale dv Mat., xlvii. pp. 156-163.]

In reality the problem tackled here is the finding of the
Wronskian of m sets of » functions, each set of functions being the
n linearly independent integrals of a differential equation

d dn—~1 dn2
= bt B gt bbby (BT, m)

In its first form of expression the said Wronskian is a deter-
minant of the (mn)™" order. It is readily found, however, to be
changeable into the product of two determinants of that order,
one of which is seen to be the product of the m Wronskians of
the m sets of functions. Since none of these subordinate Wron-
skians can possibly be zero, they may be dispensed with, leaving
the non-vanishing of their cofactor as the condition for the linear
independence of the mn functions. By way of illustration the case
where the b’s of the differential equations are constants is dis-
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cussed: also the case of this where the differential equations are
of the form
dry

—Z = byy:

dxn
and finally the further specialized case where the functions are

sinz, cosz, sin 2z, cos2x, . . ., SInMT, COSML.

In the last case the Wronskian is found to be
(2m)!!

— m-—1 09224 2m—2 3 —1\ym-1
(— 1m1]102234 . . m2m-2| ie. (—1) S}

KOWALEWSKI, G. (1909)

[Einfiirhrung in die Determinantentheorie. ... Chapter XV,
pp. 320-337.]

This chapter, which is headed ‘ Wronskian and Gramian
determinants ’, contains six sections, of which only one is given
to the Wronskian and all of that to the discussion of the test.
Indeed the subject of the chapter is really Linear Dependence
of Functions, and its value lies in the introduction and treat-
ment of the other determinant

' |
/ Yrysd i

n

to which for no very cogent reason the name of Gram is attached.*

WALLENBERG, G. (1909%/;,)

[Beitrage zur Theorie der linearen Differenzengleichungen.
Sitzungsb. d. Berliner Math. Ges., ix. pp. 2-8.]

Here again we have a paper with a paragraph bearing on
analogues in difference-equations to theorems involving the
Wronskian in differential-equations. This time the theorem that
is provided with a companion is that given by Fuchs in 1865 which
expresses the determinant of a fundamental system of solutions
as a product of integrals.

* See under Kowalewski in Chap. XI.
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MUIR, T. (1910%3/,)

[The theory of Wronskians in the historical order of development
up to 1860. Proceed. R. Soc. Edinburgh, xxxi. pp. 296-303.]

This, our first separate paper on the history of Wronskians,
gives short accounts of ten writings belonging to the period 1838-
1858, the contributions of Wronski himself (1812-1817) and
Schweins (1825) having been already dealt with elsewhere.
Perhaps the most important of the ten is Christoffel’s of 1857,
in which compound Wronskians first made their appearance.

WESTENDORP, J. J. C. (1910)

[Over het differentieéren van determinanten, waarvan de ele-
menten functies van één veranderlijke zijn. Wiskundig
Twjdschrift, vii. pp. 131-133.]

The determinant referred to is the Wronskian, and what is
given is the usual textbook proof * regarding its differential-
coefficient.

MEDER, A. (1910)

[Ueber den Zusammenhang zwischen den Determinanten von
Gram und Wronski. Monatshefte f. Math. w. Phys., xxi.
pp. 336-343.] |

The connection in question is all the more interesting because
of its unexpected character. The so-called Gram’s determinant
as usually written

/ 'fofode

n

is a function of @ and b, and the Wronskian of the same f’s is a
function of x; they may therefote be appropriately denoted by

. G(a,db) and W(z)

respectively. Now Meder’s connecting theorem is that if we
differentiate G n?* times with respect to b, and in the result put

* E.g. Muir’s of 1882, § 195, p. 224.
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b = a, we shall obtain an arithmetical multiple of W(a): or, in

symbols,
d""G(a, b) .
S = N - W(a)

where

N

n2!
122, (n— 1) er(n 1)L (20 — 1)U

The case where f, = ™1, which is used for the determination of
N would serve better as an illustrative example were it not that
W is then a constant.

CURTISS, D. R. (1911)

[Relations between the Gramian, the Wronskian, and a third
determinant connected with the problem of linear depen-
dence. Bull. American Math. Soc., (2) xvii. pp. 462--467.]

The third determinant referred to, whose conncction with
the Wronskian we have to take note of, is the general alternanc

Ifl(ml)f2(w2) .. 'fn(xn) [’ or Il say.

If we differentiate it once with respect to x,, then the result
twice with respect to x;, and so on, we obtain

Jile,) fl'(f‘":) fl,’(w:i)
fo@) fol@) fo'(@s)
fol@) fol@s) fi'(zs)
which, on putting z,, z,, . . . each equal to x, manifestly becomes
W(x). This is the connection in question. A similar tie joining
the Wronskian and Gram’s determinant, but different from what
Meder disclosed, is also sought for and found, the actual expres-
sion of it, however, not being ventured on. The remaining formula
of the paper, although it does not involve W, we may give in
passing, namely,

1b b
= f.../ﬂ%lwl...dxn.
n!a a

It will be seen to be the case of Andréieff’s equality of 1883 in
which his two alternants are the same (Hust., iv. p. 464).



286 THE HISTORY OF DETERMINANTS

VALIRON, G. (1911)

[Note sur les déterminants de Wronski. Nowuw. Annales de Math.,
(4) xi. pp. 151-153.]

Using the familiar theorem regarding a minor of the adjugate
the author, on the supposition that W(y,, . . ., y,) 5= 0, proves
that ‘

Wy -y} & Wy - yn)

W(ys, ..., yn) dz W(yy, Yss - - s Yn)

Wy, ¥as - o Yu) =

and then on the further supposition that
Wy, Yso - - -5 Yn) F 0
arrives at the linear dependence of the y’s when

W(yl’ yz, .« o e yn) == 0-

TOLEDO, L. O. pE (1911/,)

[Propriedades del Wronskiano. Revista . . . Soc. Mat.
Espaiiola, i. pp. 80-87.]

The author disclaims the bringing forward of any new pro-
perties, his object apparently being to provide a useful introduction
to the theory such as should be found in every good textbook of
determinants. In this he is fully successful, the matter being well
chosen and the exposition clear. As an instance of a field for
applications choice is made of the theory of linear differential
equations.

HOWLAND, L. A. (1911)

[On the derivative of the quotient of two Wronskians.
American Math. Monthly, xviii. pp. 219-221.]

This concerns the theorem which Frobenius had used in 1873
(Hvst., iii. pp. 250-254) in connection with differential equations,
and the main point which the author makes is that “ we can
reverse the application and use the theory of linear differential
equations to establish the formula.”
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KELLOGG, 0. D. (191218/,,)

[Sur I'indépendance linéaire des fonctions de plusieurs variables.
Bull. Soc. Math. de France, xli. pp. 19-21 of the ‘ Comptes
rendus des séances ’.]

The Wronskian test for linear dependence naturally suggests
inquiry as to an analogue in the case of several variables: hence
Pasch’s proposal of 1874 (Hust., iii. pp. 255-256), Pasta’s of 1908
(above), and that to which we have now come. Here the utilized
array of differential-coefficients is, when the variables are two in
‘number,

b o Ph P4,
dxr 0y Ox* Oxdy oy

so that, if the number of functions be n the number of columns
18 jn(n 4 1).

MARTINOTTI, P. (19133/,, 9/,)

[Sul Wronskiano. Rendic. del R. Istituto Lombardo . . ., (2) xlvi.
pp. 133-136.]

[I1 Wronskiano e la dipendenza lineare di » funzioni di una vari-
abile reale. Rendic. del Circolo Mat. (Palermo), xxxv. pp.
384-393.]

The first paper here is evidently the result of a critical study of
Vivanti’s of 1898 (Hust., iv. pp. 249-250), made, however, without
taking into consideration the series of other papers dealing with the
same well-worn subject-—Peano’s views on the dependence-test.

The second paper, however, has a broader basis, the contri-
butions of Boecher (1900/,,), Mlodzéjevskij (1904), Orlando (1908)
being now referred to in the introductory section. In other
respects also it is better and fuller. It must suffice, however, to
give only a case of the general theorem reached, namely, When
the functions concerned are developable in Taylor series, the vanish-
wng of the Wronskian is a necessary and sufficient condition for
them being connected by a homogeneous linear relation with non-zero
coefficients.
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HAYASHI, T. (1914/,)
[A determinantal theorem. T'ékoku Math. Journ., v. pp. 202-203.]

The theorem in question is the simplest case of the factori-
zation of a compound Wronskian, the case to which special atten-
tion was given by Frobenius in 1873 (Hust., iii. p. 2562), but which
had already been put on record by Christoffel in 1857 (Hust., ii.
p. 227). It might have been well had the author noted that the
example which he gives to illustrate his theorem is true not merely
for Wronskians but for all determinants whatever (Muir’s textbook
§ 197, p. 225).

'SELLERIO, A. (19152/,)

[Su una particolare equazione differenziale. Rendic. del Circolo
Mat. (Palermo), xl. pp. 27-28.]

The equation in question is that whose statement involves a
persymmetric Wronskian: and the main result given is that the
equation

W(y, y,: ?/”a - y(n—l)) — peqx

18 equivalent to
aoy + alyl + L. + an-zy("—g) J— qy(ﬂ—]) + y(") — O

where p, q and the a’s are constants. Reference might have been
made to Sylvester’s paper of 1862 (Hzist., ii1. pp. 316-317).

SUTO, 0. (1915/,)

[On the vanishing of certain determinants. T'éhoku Math. Journ.,
vii. pp. 38-53.]

This contribution, ostensibly on determinants, evidently owes
its origin to a study of the subject of Linear Dependence of Func-
tions, for about two-thirds of it is directly concerned therewith,
The five pages of introduction, on the other hand, really deal
with determinants, the particular matter sought to be cleared
up being the evanescence of arrays. As a preliminary the author
makes an addition to the indexing of non-nullity. The auxiliary
concept appears in the following definition: If in a rectangular
array there be p rows whose p-line determinants all vanish, and
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also somewhere in the array a (p — 1)-line determinant that does
not vanmish, p is called the row-index (of non-nullity) of the array.
Of course in a square array there is a similarly definable column-
index: so that we have now in all three indexes available for
use in the study of a vanishing determinant. For example, in the
determinant
x 20 x® 28 x4 aB
1 2 2y 3y 2y-+ 3y?
2 6z 24 62
6 6

the row-index is 1, the column-index 2, and the rank 3. Grades,
and thereiore indexes, of linear dependence also are recognized;
for we are told that if in an m-by-n array there exist ¢ rows
each of which is linearly dependent on the remaining m — ¢q rows,
then the m rows are said to be ‘linearly dependent of order ¢ ’.*
This being premised a fundamental theorem on evanescence is
formulated and proved, namely, In order that all the n-line minors
of the array

du(T)  bia() ... Pia(®a)
Pn(1)  Poa(®y) .. don(@n) (

m = m)

Pm1(T1)  Pma(®2) - - bmn(T)

may vanish, it is necessary and sufficient that the rows, with respect
to some nummber s of the variables, have a linear dependence of order
m — s -+ 1. The proof is gradational.

The remaining portion of the paper, if read along with Curtiss’
paper of 1911 and other related papers mentioned, will be found
helpful.

BOECHER, M. (1916/;)
{On the Wronskian test for linear dependence. Annals of Math.,
xvil. pp. 167-168.]
After an experience of fifteen years Boecher makes known his
* The expression seems hardly commendable: perhaps it would be better

to say ‘ have a linear dependence of order ¢’ or ‘ have a g-fold linear depen-
dence ’.
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creed and practice as a teacher in regard to the Wronskian’s
bearing on linear dependence. His creed is embraced in a pair
of theorems (1) If yy(x), . . . , ya(X) are throughout the interval
(a, b) analytic functions whose Wronskian vanishes identically,

then y,, . . ., yn are linearly dependent throughout (a, b): (2) If
Y1 « - - 5 Yn Satisfy the homogeneous linear differential equation
d¥y dr-1y

dop T Pig o TP =0
at every point of an interval (a, b) throughout which p,, . . . , pi
are continuous, and if W(yy, ..., y,)= Qn (a, b), thenyy, ..., y,
are linearly dependent in (a, b). His practice is to begin by estab-
lishing the basic lemma, Ify,, . . ., y, have at each point of (a, b)
[finite dervvatives of the first n — 1 orders, and if among the Wron-
skians of these functions taken n — 1 at a tvme there vs at least
one which does mot vamish anywhere in (a, b), then, whenever
Wy, -« ¥0) =0, Yy, - . ., Y, are linearly dependent throughout
(a, b),—and then to deduce the theorems with the help of another
which he has found in other ways useful, namely, If y,, . . ., y,
have finite derivatives of the first n — 1 orders at every point of
(a, b), then W(yy, . . ., Yn) = 0 ts a necessary and sufficient con-
dition that y,, . . . , y, be linearly dependent throughout some sub-
interval.

We venture to add that teachers still would find it hard to
better the practice.

MORSE, H. M.; PFEIFFER, G. A.; GREEN, G. M. (19165/,)

[Proof of a general theorem on the linear dependence of p analytic
functions of a single variable. Bull. American Math. Soc.,

xxiil. pp. 114-117.]
[Note on the linear dependence of analytic functions. Bull.
American Math. Soc., xxiii. pp. 117-118.]

[On the linear dependence of functions of one variable. Bull.
Amervcan Math. Soc., xxiii. pp. 118-122.]

The first of these writers on linear dependence brings forward
a new Wronskian-like determinant formed from n analytic
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functions ¢y, ¢,, . . . of a single variable. In it the »*" function as

usual appropriates the 7" row. The columns on the other hand
consist of u sets, the first set containing 14 A, columns with the
variable z,, the second set containing 1 4+ A, columns with the
variable x,, and so on, thus necessitating n = p - ) + ... - A,
giving us the typical row

$(3)), B(@y)s + - - s B0, Bi(@). BrE). . ., B (a,),

and permitting description of the determinant as an aggregate
of u oblong Wronskian arrays. The associated test for linear
dependence of the functions is that the determinant vanish
identically in all of its variables.

The second writer shows that the test can be viewed as de-
pendent on the Wronskian test; and the third writer extends the
test so as to make it applicable when the functions are non-
analytic.

COMPOSTO, S. (1916)

[Sui determinanti ‘‘Wronskiani fattoriali”. Griornale dv Mat.,
liv. pp. 290-293.]

The so-called  factorial Wronskian ’ differs from the Wron-
skian proper (1) in that the basic functions are restricted to being
factorials like

zx+v)(@x+2v)...(x+n—1-v) or (x,v), say:

and (2) in that the derivational operation employed is not dif-
ferentiation (though temporarily symbolized in the same way)
but is such that when applied to (z, v), gives Cn(z, v),-, where
C is a constant. The first result obtained is that

’ (n-1)
1

(.’17, V)l (.’l}, v)l (.’I), V)

(@ v (@) .. (@) , or F(z,v) say,

! (n—1)
(173 V)'n (my V)n R (23, V)un

=1 2...n—1) (z,—»),

to which are attached several simple corollaries. More interest-
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ing than these is the close analogue obtained to the differentiation-
theorem in Wronskians.

COMPOSTO, S. (1919)

[Sui determinanti “ Wronskiani fattoriali ”. Nota 2*. Giornale
dv Mat., lvii. pp. 22-30.]

This second note may be said to concern the function 1/(z, v),
or (z, v)_,, as the first concerned (z, v),: and just as the main
result in the first was the evaluation of the determinant F(z, v),
so0 here the chief problem is the evaluation of F(z, v)_,. This is
made to depend on another determinant, A,, of the form which
Hankel by means of a multiplier connected with a persymmetric.
As a consequence much of the paper (pp. 24--29) falls to be con-
sidered elsewhere. When the main subject is resumed we learn
that

gl 1 | _ +A,
@) @)@ ). @),
and re two or three corollaries deduced therefrom as before.

LIST OF AUXILIARY WRITINGS

MAINLY APPLICATIONAL

1890%5/,. CeLs, J. Sur les équations différentielles linéaires
ordinaires. Comptes rendus . . . Acad. des Sci. (Paris),
cxi. pp. 98-100.

18908/,,. CELs, J. Sur une classe d’équations différentielles
linéaires ordinaires. Comptes rendus . . ., cxi. pp. 879-
881; cxii. pp. 985-988.

1891. CeLs, J. Sur les équations différentielles linéaires or-
dinaires. Annales de UEcole Norm. ..., (3) viii.
pp. 341-415. ‘

1895%/,. GRUNFELD, E. Ueber den Zusammenhang zwischen den
Fundamentaldeterminanten einer. linearen Differen-
tialgleichung #*" Ordnung und ihrer » Adjungirten.
Crelle’s Journ., cxv. pp. 328-342.
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with the linear differential equation. Annals of

‘ Math., ix. pp. 171-178.

1908. WALLENBERG, . Zur Theorie der homogenen linearen
Differentialgleichungen. Sitzungsb. d. Berliner Math.
Ges., viii. pp. 22-26.

1914. GreEN, G. M. On completely integrable systems of homo-
geneous linear partial differential equations. Bull.
American Math. Soc., xxi. pp. 162-163.

191530/, .. GREEN, G. M. The linear dependence of functions of
several variables. Bull. American Math. Soc., xxii.
pp. 162, 165.



CHAPTER X

BORDERED DETERMINANTS, FROM 1900 TOo 1920

The subject of bordered determinants has received only a
very little more attention than in the preceding twenty-year
period: and it has further to be noted that still fewer of the
increased number of writings contribute to the advancement of
the general theory. In no chapter, indeed, are we more con-
cerned with the mere evaluation and discussion of special in-
stances. As a help, therefore, towards the saving of space, we
have refrained from separation in a considerable number of
cases where an unbordered determinant and the corresponding
bordered determinant are dealt with together in the original.
No loss will come of this if the reader will now refer to Chapter I
under the dates 191420/, 19172'/;; to Chapter IV under 1900,
1912/, 1915%/;, 19161/,, 1916'/,;, 1918'/,; to Continuants under
19028/5; and to Chapter XI under 191115/,.

KNESER, A. (1901%/,)

[Aufgaben 12, 13. Archiwv d. Math. w. Phys., (3) i. pp. 368-369;
iii. pp. 78-80.]

This calls one’s mind back to the early days of the ‘ bordered
discriminant’ (Hist., iii. pp. 432-433): and not quite fruitlessly as
attention is thereby drawn to an early contribution of Richelot’s
which we had not formerly noticed,* and to a proof of it by
Gundelfinger in his edition of Hesse’s Vorlesungen published in
1876 (p. 454).

KOWALEWSKI, G. (1909)

[Einfiithrung in die Determinantentheorie. iv 4 550 pp.
Leipzig.]

The space devoted to bordered determinants (pp. 89-99) is

* Astron. Nachrichten, xlviii. (1858) No. 1146.
204
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rather encroached on by a second proof of Arnaldi’s general
expansion-theorem (Htst., iv. pp. 432-433). This extends to four
pages, and is based on multiplying the given determinant by the
adjugate of its first r-line minor, and then this product by the
adjugate of the last n-line minor, both multipliers being of course
raised to the (r + n)™ order.

MUIR, T. (191420/,)

[The determinant of the sum of a square matrix and its con-
jugate. Messenger of Math., xliii. pp. 184-192.]

The three concluding pages here concern the bordering of a
duplicant. The case first considered is where the bordering line
18 one of the rows of the basic determinant, the result for the
4™ order being

ay @y a3 a4
@ oy ay+b agtc¢ e+ d
ay by+ay by+by by by dy
a3 ¢ +ag -+ by ezt gt d
@ dy+ay dy+0, dy+¢y dy+d,

) !“1(’2 I | a,bg I ! a1b4|
== dupl. of |a102 la163| l%% |
1
|a1d2| |ayds | [andy] |,

where instead of —1/a; we should have —1/a,"-3 if the basic
. determinant had been of the n™ order. It is next shown that the
result would have been the same if the bordering line had been

a b ¢ dj

and there are other results.

CORPUT, J. G. v. p. (1916)
[Vraagstuk 45. Wiskundige Opgaven, xii. pp. 111-113.]
A determinant got by a very special bordering of
| sing, sin2a, . . . sinna, |

is here shown to be 0.
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MUIR, T. (1918%/,)

[Note on the representation of the expansion of a bordered
determinant. Messenger of Math., xlviii. pp. 23-32.]

The representation brought into notice is in the form of a
bilinear (or bipartite) function, and is illustrated by the case in
which the order of the basic determinant is 5 and the breadth
of the border 3, as follows:

@y G ... a5 Oy Oy O
Ay Qg ... G5 Oy 05 0Oy B
bu Pa ... Pa
b2 Pox .- - Psa
b1 Paz - .- P53
(—1)s 123)g__(124), ... (345),
45 35 12
— 9
45 450 - ap| |(123)
45 35 12 .
IR 351 - s5] |(124)
45 35 12 -
1217 L2l o f1n] |(349)

where (123), stands for |6, 6, O3 |, (245), for |¢21 b Pss | »

and

45
45 | for | @4q a5 |-

It is pointed out that the elements forming the square on the
right are exactly the elements of the second compound of the
basic determinant |a5|, and that as a short notation for this
compound is

I s | |2

the writing of the right-hand member may be simplified.

Pains is next taken to simplify the exposition of Arnaldi’s
theorem above referred to with a view to popularizing it. The
expansion is first described as being an aggregate of binary products,
the first factor of each of which is a minor of a fixed coaxial minor
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of the giwven determinant, and the second factor a determinant got
by bordering the complementary of the said minor. For example,
the given determinant being |a,bycsdye; | the fixed coaxial
minor |aybyc; |, and copsequently the minor to be bordered
| dyes |, we have

| axbacadyes | = | aybacs | | dyes |
"!_ _‘.l a1b2 | . 04 65 T e e e ‘}‘ | bzc3l . a_; a5 [_
ds dy dy d, d, dj J
€3 €4 €5 e e, e
+_fa,1 e oo b b — e .a4a5'],,
'- .. Gy Gy . . by by J
d, dy d, dy d, d, d, dg

where (1) we begin with the highest minor of | a;byg |, namely,
| a;byc5 | itself, then give an assemblage of terms in which the
first factors are the 2-line minors of | a;byc, | and lastly an assem-
blage in which the first factors arc the 1-line minors, i.e. the
elements: (2) we begin with a border of no breadth for
| dses |, then affix a 1-line border, and lastly a 2-line border.
An alternative mode of getting the second factors in practice is
also given, and this leads to a full formulation of the theorem in
words, namely: If wn any determinant P and Q be complementary
coaxial minors, and if every possible minor of P be taken and mult:-
plied by its complementary in the given determinant, the said com-
plementary being so altered that the complementary of Q wn it has
only zero elements, the aggregate of the products so obtained is equal
to the given determinant.

LIST OF AUXILIARY WRITINGS

MAINLY APPLICATIONAL

1901. Grave, D. A. On some applications of determinants
(In Russian).  Mat. Sbornik . . . (Moscow), xxii.
pp. 243-253.

19111/,;. BateEMAN, H. On a set of kernels whose determinants
form a Sturmian sequence. Bull. American Math.
Soc., (2) xviil. pp. 179-182.



CHAPTER XI

Tue Lrss CommoN SpeEciaL Forwms, ¥roM 1884 To 1919

The number of writings classifiable under this heading con-
tinues to increase at a surprising rate. The number here falling
to be dealt with, 112, is almost quite a half more than the corre-
sponding number for the immediately preceding twenty-year
period: and this notwithstanding the fact that it has been made
about a score less through the withdrawal, for separate treat-
ment, of those concerned with Fredholm’s determinant. About
three-fourths of those thus remaining deal with forms that have
already presented themselves somewhere in one or more of the
preceding volumes. No other form, however, comes near Fred-
holm’s in the strength of its claim for a similar preference. The
three nearest are but poor seconds— determinants with Definite
Integrals for elements, determinants whose elements are Com-
binatory Numbers, and determinants that are wholly or partially
Zero-axial. Still seldomer recalled to notice are Hermitants,
Block determinants, Unisignants, Permanents, Voigt’s skew
determinant, Duplicants, Group determinants, and so forth. Of
course towards the end of the list the interest suddenly increases,
as the forms to be considered are quite new or the subject-matters
come up in new connections. Equally of course they vary
greatly in importance, from a 3-line determinant set for resolu-
tion into factors up to a fresh n-line type that calls for and is
sure to receive further study.

SEELHOFF, P. (1884)

[Ueber allgemeine und absolute Permutationen.  Archiv d.
Math. u. Phys., (2) i. pp. 97-101.]

This is non-determinantal, but throws a sidelight on the
problem of finding ¢ the number of terms in a zero-axial determi-
nant, this being the same as the number of the author’s ‘ ab-
solute permutations ’ (Hust., iii. pp. 463-464).

298
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PEIN, A. (1889/,)

[Aufstellung von n Koniginnen auf dem Schachbrett von n?
Feldern derart, dass keine von einer andern geschlagen
werden kann. Sch. Progr. 62 pp. Leipzig.]

This lengthy account of the problem of the n queens is valuable
in the first place from a purely historical point of view. It is
also of importance in that, with the help of determinants as used
by Giinther (Hust., iii. pp. 486-487), the author succeeds in
finding the number of solutions for the case where n is 9 to be
352, and for the case where n is 10 to be 724, the number agreeing
in the former case with what T. B. Sprague otherwise arrived at
in the following year.*

CAPELLI, A. (1893/,): CAZZANIGA, T. (1900%/,)

[Alcune formole relative alle operazione di polare. Giornale di
Mat., xxxii. pp. 376-380: also in French in the Proceed.
Math. Congress of Chicago.]

[Aggiunte ad una mia nota intorno ai determinanti. Rendic. . . .
Ist. Lombardo . . . (Milano), (2) xxxiv. pp. 176-179.]

These are both continuations of work already reported on
(Hast.. iv. pp. 462-463, 476-477, 488-489). The type of determin-
ant mainly involved and discussed in the original papers is that
in which the axial elements are in equidifferent progression. The
present papers naturally incline more to the applicational side:
and to a greater extent the same is true of two other related
papers by J. Deruyts and S. Minnetola. The latter have conse-
quently been transferred to the Auxiliary List at the end of the
chapter. ‘

KURSCHAK, J. (1895)

[Hunyady Jeno egyik determinans-tételérol. Math. és Phys. Lapok:,
iv. pp. 1-6.]

" The theorem of Hunyady’s which Kiirschék refers to in his
title is
* Proceed. Edinburgh Muth. Soc., viii. p. 40.
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|90%e | |22 |* |2e |* |22 | |2atie| |2 | |97 | |97 | |22
|92 |? |2%a|® [08a |* |26%a| |2 |2e9a| [9e2a | |97 | |27 ]
|?/azb|2 Izaxblz |f'7ayb|2 |zawb| Iwaybl |$a?/b| |?/azbl lyazbl |Za$b|
|Yaza|® |2a%a|® |2aya|® |26%a| |2ya| |@ya |9a2a| |Yaza] |2ad]
bezd|2 |zb93d|2 lwayalz lzbwd' |3'b?/al |xb?/a| |ybzd| bezal Izb%l
|9e%a |* |2t |® |2gal® |2ca] |2l |octal |9ta| |e2a | |2cal

or H say,

-

= - |f‘1”b?/czdl2 I-’”c?/dza |2 Imdyazb |2 ,%.%Zc |2-

It was arrived at originally on p. 12 of Hunyady’s first paper of
1880 (Hust., iv. pp. 202-204), a paper which, however, it is best
to view not by itself but as one of a considerable number of
papers which originated with Hunyady’s of 1875 and to which
Scholtz, Mertens, and Pasch also contributed (Haust., iii. pp. 191-
192,195-196,202-207; iv. pp.204-209). Of this theorem Kiirschik
at the outset furnishes a fresh proof. Taking another special
determinant

o - . . 24 Ya
Y - = . Ty
o Yo T , OF p say,
Zg . . . 23 Ya
Ya - 2a . 24
¢ Ya Za

which is readily shown to be transformable into
| 24%q I l YaZe l
| ZYa l . | ToYa |
lyaze| foae]

he multiplies H by p in its 6-line form and succeeds in showmg
that the product is resolvable into

— | LaYv% ToYc%a TYa%a |2 lwdyazb ,2 i o)
oo [ |t [

and thus that division by u is all that is further required.
Following on this comes a result of Kiirschik’s own,
namely,
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LZg 3/ alYa’ Za%q Yy aza’+zaya' zawa'+maza’ xay a'+y ala’
Ty Yolfy - %% Yoot Yy 2Ty tToZy oYt YTy
Teler  YelYer Ze2cr Y czc’+ 2cYe zczc"*‘ Teze TeYcr + YoXe
Ta¥a YaYa ¢ YdaT2Ye Zd¥atTl¢ TdYatYaTa
Toe  YalYo Za% Ya¥etZalYe  Za®etTale  TalYetYale
TyTa  YolYa “%a  Yolat%Ya  “Tat T2 ToYat-YsTa |,
or K say,

= I LelY i%a’ I I LaY %y’ I | LolYv2c | I xbyczd'l
— | Tatiro | | ToYe2a| | TeYata | | Tayars |-

It is obtained in a quite similar manner, K being multiplied by
H in determinant form and then H in its factorial form removed
from the product. Special cases of the theorem are then duly
noted as being already known, and the requisite references given
to papers by Scholtz and Hunyady.

We may note further for ourselves that the independent
variables of H form a 3-by-4 array

Ty Ty T Tg

Ya Yo Yo Ya
2 Zp % 24,

the 2-line minors of which appear on the left hand of H and the
3-line minors on the right. In K there is involved an additional
3-by-4 array of variables, this second array, however, not playing
so full a part as the other—a fact that will be clear on observing
that the row-sums of K are expressible as products, and that
the products in the case of the 5™ and 6" rows are independent
of the second array, being

(g + Yo+ 24) (X 4+ Yo + 2:) and (2 4 Yy + 25) (g 4 Ya -+ 2a)

respectively.

FROBENIUS, G. (1896)

{Ueber die Primfactoren der Gruppendeterminante. Sitzungsb. . . .
Ges. d. Wiss. (Berlin), 1896, pp. 1343-1382.]

This communication is a sequel to that of the same year on
* group-characters ’ to which we had occasion to refer (Hist., iv.
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pp. 390-391) because of the statement made in it regarding Dede-
kind’s early recognition of the importance of what he (Frobenius)
here calls the ‘ Gruppendeterminante’, and more particularly
because of the concrete instance of such a determinant which
Dedekind had resolved into factors. Now the author no longer
deals with mere instances of this peculiar associate of a group,
but with the general entity and its properties. Having defined
it by means of the  characters ’ of the group he studies it mainly
in regard to its resolvability and to the bearing, on group-theory,
of the number and nature of the factots that may be obtainable.

SPRAGUE, T. B. (189919/,)

[On the eight-queens problem. Proceed. Edinburgh Math. Soc., xvii.
pp- 43-68.]

This paper, which is of considerable general value, has a
special interest for us because of its clearly-drawn comparison
(pp- 49-61) between the methods of Gauss and Giinther, the latter
of whom, as we have seen (Hust., 1ii. pp. 486-487), differed from
his predecessors in using determinants. At the close he gives not
only the number of solutions (2680) for the case where » i1s 11,
but a table of the actual solutions themselves.

FRATTINI, G. (18993/5,)
[Quistione 158. Pertodico dv Mat., xv. p. 83.]

A simple property of unit determinants of the second order.

SCHMIDT, H. (1900/,)
[Beweis eines Determinantensatzes. Math.-naturw. Maitteilungen
(Wiirtemberg), (2) ii. pp. 20-21.]
The subject here is the determinant
pr — qr ,rpr-—l 7-qr—1
ps — qs sps—-l sqs——l
pt —_— qt tpt—l tqt"l
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which, on the face of it, is scen to be divisible by (p — q)2.
The author’s interesting result is that, so long as r, s, ¢ are different
positive integers, it is exactly divisible by (p — ¢)*. A convenient
expression for the cofactor would be welcome.

JOLY, C. J. (1900)

[On quaternion determinants. Hamilton's Elements of Quater-
nions. Second Edition; ii. pp. 361-363. 382, 393.]

The convention here acted on in regard to the order in which
the elements are to be taken to form the terms of a quaternion
determinant is naturally the same as in the editor’'s paper of
1896 (Hust.. iv. p. 490) and different from that in Cayley’s original
paper of 1845 (I1ist., i1. pp. 459-461); so that

Pe l + pg — p'q but = pg’ — qp’,
P9 .
and =t | P g but = | P P 19
l wp + p' xqg+ ¢ pap’ 4 q' .

Supplementary to Cayley’s contribution note is taken that when
the multiplier is a scalar determinant we have

pq|. ey |_|petqy pa'tqy __:lpwwl—qw’ py%—qy',
])lql x,:l/, p’:l‘“f'q,y pfxl_+_qul p’$+q’$, ])’y-l— qI?/I ;

and the effect of the vanishing of a sum of scalar multiples of the
elements of a row is discussed in connection with the determi-
nants

Pr i " P v N P i M
Pe 42 T2 P b nh Pr 1 1
Ps 9 T3 |» P2 92 T2 | P (1 "

SIBIRANI, F. (1900/,)
[Su alcuni determinanti. Periodico dv Mat., (2) ii. pp. 247-252.]

The plan of this paper is somewhat unusual, as if the author
had set himself the task of framing a collection of determinants
specifiable by means of a single typical element and then evalu-
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ating them. It is at any rate the case that he simply takes the
following five unconnected functions of » and s,

f)-8(s), fl)+8(s), {f(n)}, (r+ sy,

m . gm

- ]
r—sS

and proceeds to obtain the values of the corresponding determi-
nants |f(r) - é(s)]a, - ..

Most of the results are already known or are easily calculable.
It is of course the last two functions of 7 and s that give him most
trouble, and the expressions there reached are not always very
concise.

FERBER, F. (1900/,)

[Application du symbole des déterminants positifs. Bull. Soc.
Math. de France, xxviii. pp. 128-130.]

This is virtually a continuation of the author’s paper of the
preceding year (Hust., iv. pp. 459--460), and gives two additional
examples of the use of permanents. The example which concerns
the sum of the p™ powers of the first n integers is more curious
than helpful.

SIBIRANI, F. (1900'/,,), (1902/,)

[Un notevole specchio di numeri. Periodico di Mat.,
Xvi. pp. 278-284.]

[Sopra una classe di determinanti. Periodico di Mat..
- Xvil. pp. 316-319.]

The array referred to in the first of these titles is

1

1 1

2 3 1
6 11 6 1

24 50 35 10 1
120 274 226 8 15 1
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the law of formation of its elements being
A= (r — 1)(1,._.1, s+ Ay_y, 8-1+

A determinant whose elements are related to the elements of
this array is evaluated. but the author wisely gives also the
following independent statement of the result: If S, , denotes
the sum of the products of the numbers 1, 2, 3, ..., n— 1 taken
h at a time, then

SnY n+1 Sn—], nt+1 v Sn—-k+l, n+1
Sn+1, n+2 Sn, n+2 e Sn-k+2, nt2 | (‘Yl')k
Sn-Hr-—l ntk Sn+k—2, [0 o S Sn, ntk

The second paper re-establishes this and arrives at a companion
result, which, however, is essentially the same as Janni’s of
1876 (Hust., 1. p. 460).

LAISANT, C. A. (1901'/;)
[Question 445. Nouv. Annales de Math., (4) 1. p. 232.]

This problem which had been standing unsolved since 1858
i8 now interpreted to be an equivalent of ‘the problem of the n
queens ’, namely, to find the number of terms of a determinant
that remain after every term has been excluded which containg
two elements whose joining line is coincident with or parallel to
a diagonal. It is also pointed out that another variant of the
problem had received attention in Nouv. Annales, (2) iii. p. 187
and (2) xx. pp. 473-480.

AUTONNE, L. (190122/,)

[Sur I'hermitien. Comptes rendus . . . Acad. des Sci. (Paris),
cxxxiil. pp. 209-210: Rendic. del Circ. Mat. (Palermo),
xvi. pp. 104-128.]

The subject here is Hermite’s bilinear forms but not these
forms in gencral: the writer confines himself to those that are
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¢ positive definite’, and it is those only that he calls “ Hermitians’.
The determinant of the form—the Hermitant—is of course
always in evidence throughout the exposition, and this is one
reason for the paper being drawn attention to: but there is
another, for almost equal space is given in it to what is similarly
named the ‘ Hermitienne ’ (that is, the Hermitian substitution)
the determinant of which is the same Hermitant. The calculus
employed is that of Cayleyan matrices as expounded and de-
veloped in Frobenius’ classical memoir of 1877 (Crelle’s Journ.,
Ixxxiv. pp. 1-63).*

GAVRILOVITCH, B. (1901%/y)

[On some properties of a special determinant (In Serbian).
Proceed. Servian Acad. Scu., Ixiii. pp. 241-254.]

The determinant here considered somewhat lengthily is that
in which the diagonal elements and all the elements on one side
of the diagonal are equal to z.

VAHLEN, K. T. (1901): NEUBERG, J. (1901/,,)
[Sul teorema di Brioschi degli 8 quadrati. Grornale di Mat.,
XXxXix. pp. 181-184.]

[Question 14985. Educ. Tvmes, liv. p. 424; lv. p. 38; or
Math. from Educ. Tvmes, (2) ii. p. 32; Mathesis, xxxix. p. 195.]

Vahlen’s paper has little determinantal interest: and its
reference to Brioschi should be received with caution (Hust., iii.
p- 281: also present chapter under Muir, 19071/,).

Neuberg’s result, established by Muir, is

I T+ Ty— 23— 2 Y+ Ys—Ya— Yo H1Ts— Lo+ Y1Ys— YolY3 l
=211 = ¥ z*+y? '
O A
1 x5 ys %+ ys?
1 2z, yg 2®+ 9|

* For continuations of this research of Autonne’s see the Auxiliary List under
1903 and 1913. '
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CREPAS, A. (1902/,)

[Determinanti figurati e determinanti speciali. Periodico di Mat.,
xvil. pp. 161-175.]

From any determinant D a ‘figurate ’ determinant, as here
defined, is formable by increasing the elements of any row by
1, or (¢), say, of the next row by (¢+1),.of the next row by (¢--2),,
and so on to the last row. This implies that if D be of the '
order there are n such associated determinants, whose values will
ordinarily depend not only on D and ¢ but also on the number
of D’s row with which the addition of the figurate integers begins.
The writer’s lengthy investigation of properties (pp. 161-167)
starts with Sardi’s device of ‘raising the order to simplify the
elements ’ (Hust., iii. p. 125), the immediate result being a deter-
minant derivable from D in another way, namely, by bordering.
In like detail are next dealt with penesymmetric determinants
and others of a very special type (Hust., iii. pp. 100-101, 125-126):
and lastly (pp. 174-175) the effect of augmenting every element
of an orthogonant by 1 is considered, and the effect of augment-
ing each element of a null determinant by the reciprocal of the
cofactor of the said element.

NANSON, E. J. (1902/,)

[Question 15146. Educ. Times, lv. pp. 305, 515-516: or Math.
from Educ. Tvmes, (2) iii. pp. 108-109.]

The result here 1s
| B,C,y « Cody - AyBy| = — | aybycs |2+ | bycy - caa5 - aghy |

on the understanding that | 4,B,C; | is the adjugate of |a,b,c; |
(cf. Hust., iv. p. 67). A companion result is given in Muir’s second
paper of 1907 reported on below, namely,

| 1412322032 | - l A1A2 : BzBa : 0301

= | aybyes|? {l a,2b,2c,2 | — [ a1, * byby * cye; I}
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TUCKER, R. (19021/,)

[Question 15195. Educ. Times, Iv. p. 396: or Math. from
Educ. Tvmes, (2) v. pp. 119-120.]

The result, when altered a little in the statement, is

l By  viy—B) B(B—7)! a y—B B—vy
yy—a) ya  ala—y)|=afy|y—a B a—y
B(B—a) ala—pB) af | B—a a—B vy

=afyla+B—y)B+y—a)ly+a—p).

MUIR, T. (19028/,)

. [The generating function of the reciprocal of a determinant.
Transac. R. Soc. Edinburgh, x1. pp. 615-629.]

In working out the generalizations of Jacobi’s theorem of
1829 a peculiar form of determinant comes into prominence
which has the rare property of being expressible as an aggregate
of bilinears: for example,

i —cty  Us— ¢y, —CqTy
I —dyTy —dgzy Uy — dyz,

where

Upy=bz; + ...+ bzy, Ug=cx,+ ...+ 2,
U4 = dlxl + .« e "{— d4x4
is equal to

Ty Ty T3 Ty

bieydy bycady bioyds bicydy |
bieydy bicydy bicad; bicgd, | 7,
byerdy bgeydy  byords byeyds | g
bicrdy bycady  bycydy  bycydy | @y,
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the first step in the proof being the addition of the elements of
each row. The character of the general theorem reached will be
understood from the statement of the case of the 4'" order: If
Uy, ..., Usstand for byx; + ... 4 bsXy, ..., X + ... 4 ;X
there are twenty-four determinants of the type

U, — by, — 0373 0474 —bsz; |
—Cg%y Uz —cg24 — €y, — 4y
—OgTy —dyry Uy — dyz, — AT

| — €%, €373 —ery  Us— e5zs |

which are all presentable in the form x,¥,, where ¥, is a complete
cubic 1n Xy, Xy, ..., ;3 consisting of 5% positive terms, namely, in
the case of the determinant specified, five terms of the form bede - x,3,
twenty compound terms of the form

2%y * (beydye; + bieydye, + bieydsey),
and ten compound terms of the form
@29y * (by0rdaes- byeydyey+bicydyest-bycydges+ byerdyeyt byeydyey ).

A closely associated fact is also insisted on, namely, that the
square array of each bilinear can be made inverso-symmetric:
for example, the 3-line determinant above can be writtei

Ty Ty Ly X,

1 2% bl hed
o & o 17 0164

a9 by < Ty * bycod,y

Co dy ¢, '

dy d, b,

221 2 x.- beeyd,

d3 d3 b3 3 3V173

(.)_1 (—Eg -b-—? 1 .774 ¢ b4C4d1-

¢, ¢ by

No reference is made to the resemblance between the new deter-
minants and Sylvester’s unisignant of 1859 (Hust., ii. pp. 456-459):
but in connection with the question of the number of terms note
is formally taken that in the final expansions of the determinants
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o+...+a, —ay —ay
—B: Bt ...+ B —B; .
N 72 nt..oo vy ..
Ay —a —0g
Bw 181“+‘--~+Bz —/32

‘)/.w ‘—')/2 yl“l“'-.."‘l—'yz...

all the terms are positive, the number in the former being
(z— 1+ 1) (z+ 1t
and vn the latter (z 4- 1)1,

HUBER, H. T. (190220/,,)
[Z teoryi wyznacznikéw. Wiadomosct mat., vi. pp. 317-324.]

The subject here dealt with is the number of terms in a
determinant having a number of zeros in the diagonal. The
familiar formula for the case where all the diagonal elements are
zeros is first carefully gone into (pp. 317-321), the difference
between i(n) and nle~! being drawn attention to and emphasized
by comparing the first five values of the former with those of
the latter, namely,

1, 2, 9, 44, 265,
with -7, 22..., 88..., 441..., 2648....

The remainder of the paper follows on Weyrauch’s of 1871 (Hust.,
ili. p. 464).

SAALSCHUTZ. L. (19034/,)

[Einfache Determinantensitze. Berichte d. phys.-6kon. Ges.
(Konigsberg), 1903, pp. 8-9.]

The evaluations here made we are already in part familiar
with, previous contributors being Zeipel, Janni, &c. (Hust., iii.
Pp. 449, 460, &c.). We now take note of the generalization
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a, (@4 1), (a+ 2),
by b1y G+2) .|,
¢ (c+1) (c+2),

where of course a, b, ¢, . .. are positive integers, and the fresh
result

Pk+1)  (m)-P2k—1)  (m)y- P2k — 3)

P2k +3) (m+1),-PRk+1) (m—+4 1),- P2k—1)..

P2k -+ 5) (m + ¢ )1 P(ZL +3) (m+42), P2k 1)...

= (Zk — 2m - 1) Y2k — 2m — 1)*~2 ... (2k — 2m — 2n 4 b)
Pk 4 1) - Pk — 1)- P2k — 3) ... P(%k — 2n -+ 3),

where P(2k + 1) stands for (2k 4+ 1) (26— 1) ..

LAZARUS, A. (1903/,)

[Questions 2596, 2623. L’Intermédiasre des Math., x. pp. 150,
179-181.]

The question raised here is that of the possible existence of
zero elements in corresponding places of a determinant and its
square, or of a determinant and its adjugate.  Apparently
nothing came of the inquiry.

PERNA, A. (1903/y)

[Intorno ad alcuni aggregati di coefficienti binomiali.
Giornale dv Mat., xli. pp. 321-335.]

As a matter of fact the aggregates here dealt with are aggre-
gates of products of pairs of binomial-coefficients; for example,
the aggregate denoted by 4,, , ; is

(m— 2m); — (n)y- (m— 20)yy + (n)y" (m— 2m)yy — ..

and the determinants evaluated have such aggregates for ele-
ments, for example:
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‘4’”2, 0, 0 Am, 1,0 . e . Am’ 0
Am o2 Amie -+ Amue = (—1)tm+1g . QU
Amx 0, 2u Amx L2 - Amv ®y 2p

where M is the highest integer in m?/4.

NANSON, E. J. (1903, 1904): MUIR, T. (1903)

[Questions 15375, 15426. Educ. Tvmes, 1vi. pp. 305, 439, 441;
lvii. p. 345: or Math. from Educ. Times, (2) v. pp. 74-75.]

Nanson’s initial equality here is
I%Xzyaz«xl |f1X2Y324| + |b1X2Y3Z4| l!thYaZ4|
+ |aX,YZ, | | X, YsZ, | =0
where X,,, Y. Z,=hyy—g,2+a,w, fiz—hz-+byw, g,2—fy+cyw.

This, with an eye to generalization, Muir proves by expressing
each of the determinants as a product of two 4-by-6 arrays, his
extended result being formulated as Question 15426. The follow-
ing year the proposer himself indicates a mode of proof and in
turn gives a further generalization.

GRACE, J. H. axp YOUNG, A. (1903)
[The Algebra of Invariants. vii 4 384 pp. Cambridge.]

Besides being helpful generally in regard to the handling of
determinants by the school of Clebsch and Gordan, this textbook
may also be profitably consulted in regard to certain special forms
known as ‘ operators’, which we have repeatedly had to refer
to under the names of Capelli and Cayley (Hust., iv. pp. 57,
462-463, 470, ...). As a succinct instance we may quote the
theorem (§ 211):

If the Cayleyan operator

AN
0€;, Ony 0Ly
and m and r be positive integers, then

Qr | émals |™ is @ multiple of | émals |

be denoted by €2,
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MANDART, H. (19031/,)
[Question 1402. Mathesis, (3) iii. pp. 140, 213-214.]

The determinant here said to have been evaluated  par des
calculs assez pénibles’

@+1DE+y 2Aay—1)  (@—1)(y—a)
l—ay+bxz+y 2bzy+a+y bly — )

c(r +4- y) 2exy +x—y 14 ay+cly—x) |,
is well worth attention. Perhaps the best initial step is to change
it into

1 x4y 2xy Yy—x
z-t-y+ax+y) —2-4-a2xy) z—y+ aly—2)
l—zy+blz-ty) *+ y-- b(2ry) b(y — )

e(x + o) x—y+c2xy) 1+ary-tely—a)l
which is readily seen to be equal to
1 z+4y 2o,y y—=x
—a z+y —2 x—y
—b 1—2y -ty

—c . z—y 1-+tay
whence the final result
2a? + 1) (42 + 1) {azy + b(z + y) — (e — y) + 1}

may be got in a variety of ways.

OCCHIPINTI, R. (1903/;,)
[Su alcuni determinanti. Pertodico dv Mat., (3) i. pp. 142-143.]

The purpose here is to examine the properties of a deter-
minant whose rows are such that

(row,)2 == 0, row,row,== 1.
In definition the new determinant is a sort of antithesis to the

orthogonant: and its square is the circulant C(0, 1, 1, 1, ...),
whose value is (—1)*-}(n — 1), being a case of Sylvester’s cir-
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culant of 1855 (Hist., ii. pp. 406-407). The analogous properties
obtained are not of marked interest: for example, corresponding
to the equality a,; = 4,; in orthogonants there is found

s * Ialnl =A7’1+A7‘2+ "'+Ar,r—1+Ar,r+1+ "'+Arn-

DICKSON, L. E. (1903/,)

[A generalization of symmetric and skew symmetric determinants.
American Math. Monthly, x. pp. 263-256.]

The general determinant here referred to is Hermite’s of
1854 (Hust., ii. p. 449), the last reference to which in the History
is that concerning Studnicka’s paper of 1899 (Hust., iv. p. 497).
The special matter brought forward, however, is that more fully
discussed by Muir in 1897 (Hist., iv. pp. 492-493). The expressions
obtained for the 3-line and 4-line determinants agree with Muir’s:
beyond this the means of comparison is not available.

STETSON, 0. S. (1904, 1905)

[Note on the expansion of devertebrate determinants. Awmerican
Math. Monthly, xi. pp. 166-168.]

[A short proof for the number of terms in a determinant which
are independent of the elements of the principal diagonal.
American Math. Monthly, xii. p. 84.]

The main contribution in the first paper here is a general
proof of Muir’s theorem of 1898 regarding the cxpansion of a
partially invertebrate determinant.* It includes of course the
case where the determinant to be expanded is wholly inverte-
brate, a theorem due really to Cunningham (Hust., iv. p. 67).
Attention also is given to Cayley’s related theorem of 1847 (Hist.,
il p. 42).

DIXON, A. L. (19042%/;)

[Generalizations of Legendre’s formula KE' —(K — E)K' = évr
Proceed. London Math. Soc., (2) iii. pp. 206-224.]

So far back as 1839 Catalan was led by consideration of the
theorem for the change of variables in a multiple integral to

* Transac. R. Soc. Edinburgh, xxxix. pp. 324-326.
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arrive at the value of a determinant having definite integrals
for elements, his first result being seen to produce Legendre’s
theorem on taking the said determinant to be of the third order
(Hist., i1. pp. 469-473). The title of the paper which we have
now reached suggests that history may be repeating itself, and
after a fashion such is found to be the case. In content, however,
the two papers bear little resemblance, the latter being by far
the more comprehensive, standing alone indeed as a storehouse
of evaluations of the Catalan type of determinant, besides being
of value otherwise.
The first result obtained is that If we put

aa‘l
t=n

H(a,, agy. m) for f I (x — a,)Plzmdx
t=1
Ag1
then

H(ay, a5, n — 2) H(ay, ay5,n — 3) ...H(ay,a,, 1) H(ay,a,, 0)
H(ay, a5, n — 2) H(ay, ag,n — 3) ...H(ay, ay, 1) H(a,, as, 0)

H(a,_4,a,,n—2) H@a,_y,a,,n—3)...H(a,_,a,,1) H(a,_;,a,,0)

= H{(—“l)"‘lfl(a,)}ps_l - (as — ay) ITT(B,)

[(ZB,)°
where f@)=(@—a) (x—a,)...(@®—a,),
and s and t take all the values 1, 2, . . . , n subject to the condition

8 > t: and two specializations are

[“PRAde [‘wRide [ oRVde | R-ide
Y ag Y oa, Yoay a,

| “@R-ide [‘wR-ds [‘zR-Vde [ R

Y a, Y dy Y a

[ ‘PR [“wRAe [oRde [ R

[ “v@te [ "Qia
o S = 2mmi,

[e@ta [ Qi

Y as
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where R= (x — a;) (x — a,) . . . (x — @5) and
Q= (z— a) (. — ap) (z — ay).

Among other matters following on this is the specially in-
teresting theorem that the ratio of an H determinant of the
(n — r 4 1)™ order to a similar one of the 7*" order can be
expressed as a product of gamma functions. Finally it is shown
that to these quite a series of analogues may be obtained by
taking the different basic integral

. 8=n
/ e I1 (z — a,)% 'dx
s=1

instead of H.
NESBITT, A. M. (1904'/,,)
[Problem 15649. Educ. Tvmes, lvii. p. 449.]

The result here announced but unproved is that the n-line
determinant whose (r, s)t* element 1s (n - 1)y,_, 15 equal to 24n(n+1),

We note for ourselves that the determinant is centrosymmetric,
and that its centrosymmetry leads to evaluation. For example,
when # is 4 the determinant is ] (5)gs—r |

5 b, By . 5 10 1
o B0 By By .|, |1 10 5.
5y 53 55 . 5 10 1
. 5y 5, 1 10 5
which =[5 104+1] |5 10 -1 |=64-16= 21,
ll 10 4 5 l ll 10-«5‘

BAKER, R. P. (1904/y,)
[The expression of the areas of polygons in determinant form.
American Math. Monthly, xi. pp. 227-228.]

The subject really is the inexpressibility of the area of an
n-sided polygon by means of an n-line determinant whose first
three columns are

oz 1

Ty Yo

Tn Yo L.
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THIELE, T. N. (1905'2/,): NORLUND, N. E. (1908%/y),
(191010/,)

[Différences réciproques. Oversigt... Forhandlinger (Kebenhavn),
1906, pp. 153-171.]

[Sur les différences réciproques. Comptes rendus . . . Acad.
des Sci. (Paris), cxlvii. pp. 521-524.]
[Fonctions continues et différences réciproques. Acta Math.,
xxxiv. pp. 1-105.]

It would appear that the functions, named ° reciprocal dif-
ferences > by Thiele, came up first before him as separate realities
of potential value when he was engaged on a searching investi-
gation of the subject of interpolation. The name indeed carries
with it ar indication of the possible truth of such a supposition,
the new *differences ’ being closely related to the ‘ dyfferentias
divisas’ of Newton as used by him in the solution of his inter-
polation-problem (Principia, lib. iii., lemma 5). As often happens,
the general name conveys very little of the definite something in
the user’s mind: besides, it is the unabridged expression °the
reciprocal differences of a set of arguments with respect to 4
function’ that requires explanation. This is given by the equations

b—a
R(a) = ¢(a), R(a,b)= 57—,
$(b) — $(a)
Ra,b,c,....[.9)= g9—¢2 —+Rb,c,...,[)
o (b,e, ..., f,9)—R(a,b,....f)
where R stands for reciprocal difference, a, b, ¢. . . . are the argu-

ments in question, and ¢ is the function. Our first use of them
obtains readily for us

1 $la) adla)] |1 4a) a
R(a,b,o)= |1 ¢(b) bpd)|=-|1 $0b) b};
1 éc) célo) 1 é(c) ¢
then with a certain increase of trouble
1 $a) a at| |1 @) a apla)
Ria,b, ¢, d) = () b b - 1 ¢(d) b b(d)
1 de) e e| |1 ) ¢ cle)
1 ¢d) d da*| |1 4(@d) d dg(d)],
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and so on. Of the two types of alternants which thus present
themselves one is a little more familiar than the other, but, of
course, both are included in Garbieri’s general theorem of 1878
(Hust., iii. pp. 163-165: iv. pp. 155-157). It is the quotient that
is really new, the nearest approach to it hitherto being the case
of it where the divisor is the difference-product of the variables.
It is just worth adding that since both dividend and divisor are
divisible by the said product we may look upon R as being the
quotient of two bi-alternant functions (see above, pp. 187-190).

As regards the use to which the new differences are put
(§8 2, 3) it must suffice to indicate briefly how the main result is
obtained in instalments by repeating the use of the recurrence-
formula, thus:—

—dd) L 2 gy 2 _
$(x) = $(d) + Rd2) $(d) + Rod + g d?:c) j -
z— d
=¢(d)+-————R(c’ ) xT—c c—b

+
R(ba ¢, d)— ¢(d) + R(b, c, d, w) — R(C, d)

Finally, the author gives attention (§§ 4, 5) to the case in which
all the arguments converge on one, and where, of course, dif-
ferentiation has to be resorted to.

It would seem that Norlund must have been early attracted
to Thiele’s publication, for his own comprehensive monograph
on like subjects, although printed only in 1910, is dated at the
end by its author 1907/,. It consists of five chapters, the fourth
(pp. 55-89) being the one that bears the title * différences réci-
proques ’; and it is the early part of this that deals with the
representation by determinants.

FITE, W. B. (1906/,)

[Certain factors of the group determinant. American Math.
Monthly, xiii. pp. 51-53.]

Determinants of the type here exemplified are something of
a rediscovery, and we have already pointed out in the chapter
on Circulants under the year 1902/, that they can be changed
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into centrosymmetric form, and resolved into factors accord-
ingly. As a variant on this. however, we may now add that they
can also be brought under the following general result: If (A),
(B) be the matrices of any two determinants of the n** order, the
2n-line determinant

(4) (B)
= |(4)-}- (B)| - [(4)— (B)].
o = @@ - @)

It is in fact a block centrosymmetric, and thus to be associated
with block circulants and other like specialties.

TAYLOR. W. W. (1906'/,)
[Question 15967. Educ. Times, lix. pp. 193, 441.]

Virtually the first column of the very interesting determinant
considered here is

(m -t n) (n+ 1) (14 m)
la® -+ mb? 4 nc?
Id? -{- me® + nf?

(m—mn) (n—1) (I—m) - (la®+ mb2-+ nc?) (Id*-|- me2+ nf?),
the second column being got {from the first by changing the sign
of [, the third by changing the sign of m, and the fourth by chang-
ing the sign of n: and the result of evaluation is

— 1612m?n2 - | A(a, b, ¢) A(la, mb, ne)
A(d, e, f) A(ld, me, nf)
where
A(a, b, ¢) == a* -{- b* + ¢* — 2b%* — 2¢%a® — 242>

An alternative mode of proof would be helpful.

What is essential in the matter, however, must not be ob-
scured by bringing in a 4-line determinant, either the author’s
or ours. The real problem at the basis of all is to establish the
equality of the 2-line determinant specified and the following
3-line determinant:

a® d? (m24-n2)D+2(m2—n?) (—12a%d>*+ m?*b2e?+4-n2c*f2)
b2 €2 (n2+12)D-+2(n%—12) (1%a2d>—m2b%*+-n2c?f ?)
et f2 (I*4m?)D+2(12—m?) (12a®d?-+ m?b2%e®—n2c3f2)
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1 12 bY%|c%?
where D=|1 m?® c%d*}a?f?
1 n* aZ%?4-b%d?
They are both symmetrical with respect to the triad of cyclical
substitutions,

Lmn=m,nl, abec=0bca dyef=celfd.
What creates difficulty is the fact that in the 3-line determinant
the cyclo-symmetry is due to the rows constituting a cycle,

whereas 1n the 2-line determinant it is due to the elements them-
selves being individually cyclo-symmetric.

MUIR, T. (19063/,)

[The sum of the 7-line minors of the square of a determinant.
Proceed. R. Soc. Edinburgh, xxvi. pp. 533-539.]

The special determinants incidentally drawn attention to
here (§ 7) are those in which the eclements are oblong arrays:
for example,

By B Bs 172 Vs b, b, b,

¢4 Cy C3

Bi B B

Y172 Vs

0 G G 0 G2 C3

:31 ,32 33 Y1 Y2 Vs

More noteworthy is a series of determinants in which only the
non-diagonal elements are arrays: for example,

at+a+ ...+ a, (a0 ...,a0,) ~~}]+ " +
(byy by o bm) byt b by | T T 2|
aHay+ .o Fay (A, 0.0 .0a,) (a0, .. ,0,)

+ +
(b1, bay - s bm) by+byt- ... 4-by (by, by, by) | ==X | aybocy |
(CrsCgp vvvsCm) (€ CorevvsCp) C-FCot.ocdcCp

To these last equalities a peculiar interest attaches, the right-
hand members being expressions that date back to Waring
(1762) and Binet (1811, Hist., i. p. 81), and that had been sought
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to be condensed by Brioschi (1854, Haust., 1ni. pp. 473-474). by
Bellavitis (1857, Hust., ii. p. 96), and by Bruno in a thesis of 1856
referred to on p. 10 of his ¢ Théorie des Formes Binaires ’.

It need hardly be pointed out that the determinants of this
paper have no real resemblance to block determinants, the
constituent arrays in the two cases being quite unlike in character
and function. Here they are non-quantitative elements, such that
the so-called product of two of them is quantitative. In the block
determinant on the other hand they are not themselves elements,
but are collections of the real elements which it is a convenience
to have segregated by partitions.

KURSCHAK, J. (1906/,4, 1)

[Bizonyos determinidnsok jellemzd tulajdonsagairél.  Math. és
Phys. Lapok, xv. pp. 270-276.]

The distinguishing traits of the new form here introduced
may seem trifling : this however is not the character of the com-
munication itself, which makes an interesting contribution to the
subject of what we may call the defining characteristics of a de-
terminant viewed as a function of its elements—a subject which
we have last seen touched on by Hensel and Frobenius (Chap. 1
above). Kiirschak’s determinant is simply one in which there are
two kinds of rows, rows of variables and rows of constants, for
example:

211 T2 Tyn
mml mmz 'Tm n ,
, of F(ry, @y, . .., z,)say,
an (P An
An-m1 An-m2 +++ Qpomn

the defining properties being (1) that it is linear and homogencous
in cach of the variable rows, (2) that it is altered in sign when
two such rows are interchanged, (3) that it is such that

F(@y, . ..,%m) W1 s Yps o> Ym)

m

::VIF(yp’ym---,ym)'F(yl""’xl""’y"")

p=
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—in other words, such that the product of two F’s is expressible
as a sum of like products after the manner exemplified in Syl-
vester’s theorem of 1839 (Hist., i. p. 233, ii. pp. 61-62).

The five-page proof is not so convincing as interesting.

NESBITT, A. M. (1907%/,)
[Question 16132. Educ. Times, 1x. p. 37: or Math. from Educ.
Tvmes, (2) xii. pp. 59-60.]
The result established here, supplemented by another, is

zcosC+y xzcosB+ 2
ycosC + z . ycosA4 + 2
zcosB+x zcosd + y
zyz + 1 y% — cosC  yz?— cosB
= | zx® —cosC wyz+ 1 2%r — cos 4
| yx2 — cosB y%*r —cosA wyz+ 1
= 2 (xsind4) + X (yzsin 4),
where A4, B, C are the angles of a triangle. We note for ourselves
that the determinants are got by multiplying

1 —zcosC —zsinC
1 ]
' 1 —zcosd  zsind I zy cosA —sind

yz cosC  sinC

and | zz —1

z cosC sinC

by |y —1
z cosd —sind

DICK, G. R. (1906'/,4, 1907%/,)
[Questions 16115, 16220. Educ. Tvmes, lix. p. 540; Ix. p. 270;
or Math. from Educ. Times, (2) xii. pp. 53-54; xiii. pp. 46-46.]"
The second result
Ot Uy—ay—a5  010,— 05 4 18y(ayta5)—aya5(ay 1+ a5)
Ayt83—a5—0ag  Apl3—ag0g  Ay05(a5+0a)—as06(ayt+0a3) | = 0

O3+ ay—ag—ay  ag0,— 0G0y g0,(ag+-a;)—az0,(ag+ay) |
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is here established by performing the operation
Tow, * (ag—ag) + TOW,:(a, — @,) -+ TOWs:(a; — a,).

The first is of less interest.

¢ ANon.” (1907)

[Question 17041. Educ. Times, Ixiv. (1911), p. 137: or Math.
from Educ. Tvmes, (2) xxi. pp. 28-30.]

Two proofs are here given of a result dating from the Cam-
bridge mathematical tripos of 1907, namely: If
V2= V&%= V2 = 0,
and we denote

% 04| |0 | | O
ox Oy ox Oy ox dy

9 0 8 @ o 2| WDOER
oy |, |oy %, |y &
then PPP
Q Q Q|ie PQR—PRQ+ ...— RQP
RRR
0% 0% 0%

0x0y 0x0y 0x0y
_| % & ox (82_‘_ 82>
“lay w ooy |t

2 o oy

oxr Oxr ox

MUIR, T. (19071/,)

[Brioschi’s 2m-line determinant with elements subject to
m(2m — 1) conditions. Messenger of Math., xxxvii. pp.
107-111.]

The determinant here dealt with is that used by Brioschi
(Hust., ii. pp. 276-277) in his attempted proof that the product
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of two sums of eight squares is itself éxpressible as a sum of eight
squares, namely,

a b ¢ d e f g h
—b a —d ¢ —f e —h g
—c d a —b —g h e —f
—d —¢ b a —h —g f e

e f g h a b ¢ d
—f e —h g —b a —d ¢
—~g9 h e —f —c d a —b
—h —g9g f e —d —c b a
In opposition to Brioschi’s assertion that B is equal to (Za?)?
it is here proved in two different ways to have the wvalue
(Za? — M)2 (Za? -+ M)%, where M = 2(ae -+ bf + cg + dh),
the simpler method turning on the multiplication of B row-wise
bv itself, and so obtaining
a2 . . . M

a2 . . . M .
Za2 . . . M .
Za® . . . M

, or B say.

M . . . XZa?
The bearings of the result are also commented on, Sylvester’s
determinant which really equals (Xa2)* being brought in (Hist.,
iii. pp. 288-290).
MUIR, T. (19077/,,)
{The product of the primary minors of an m-by-(m 4- 1) array.
Proceed. R. Soc. Edinburgh, xxviii. pp. 210-216.]

The product in question is here expressed as a determinant of
the order 3m(m + 1). For example, if m be 3 and the array be
a, a, a3 a,
by by b3 b,

6 C G Gy
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the equality is
a;a, bb, c¢16, by + agh, acy - axe;  bic, 4 byey |

ayay by ¢y ayby 4 agh,  ajc3 - aze;  biey + by

asay bgby 30y ashy 4 @by ascy + agc;  byey 4 bycy
= — | aybyty | * | a1byey | | @rbses | | @sbses |

where, be it noted as a help towards specifying the law of con-
struction, every two columns of the array go to form a row of
the determinant: for example,

(@, -+ by + ¢;) (@ + by + c5) = sum of elements of 1st row.

The proof consists in so transforming the determinant as to
bring out the fact that | a;b,cs | is a factor, and at the same time
to make it evident that a similar procedure would suffice in the
case of any of the other 3-line minors. The connecting sign-
factor is shown to be (—1)imim-1),

In the paper itself the example actually used to illustrate
the mode of proof is that where m is 4: and the author reports
that equalities which are in effect the cases where m is 2 and m
is 3 had been used without proof about 1878 by A. Scholtz and
Hunyady.

TERRACINI, A. (1908%0/,)

[Nota su una classe di determinanti. Giornale dv Mat., xIvii.
pp. 25-32.]

The determinants here considered are those in which the sum
of each element and its conjugate is constant. The class may
be viewed as being more comprehensive than that of the zero-
axial skew determinant, for there the said constant though it
exists is equal to 0. Any determinant of the wider class may be
formed from one of the narrower by adding the basic constant to
each element of the latter. If therefore the former determinant
be denoted by T, the latter by S, and the basic constant by w
we have from Muir’s lemma of 1902

T=8+4wS

where S’-is the sum of the signed primary minors of S and in
form is a zero-axial skew determinant of the next higher order.
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It thus follows that if the order of S be odd S = 0 and T = wS":
whereas if S be of even order 8’ = 0 and T = S: and in this the
main theorem of the paper is included, namely, 4 Terracini
determinant is the product of either 1 or w by the square of a Pfaffian
according as the order of the determinant is odd or even. The author’s
mode of arriving at it is lengthier but equally effective. His
other result is that of T,,, T, be conjugate primary minors of T,
then (T, + T,)? = 4T, T,

KLUGE, W. (1908)

| Besondere Systeme. Ein Beitrag zur Bestimmung von
Determinanten. Sch.-Progr. 48 pp. Lissai. P.]

This is an interesting and creditable school-program; the
subject is those determinants that have no elements other than
1, 0, —-1; and the treatment is not at all commonplace. The
author’s reading in his subject is not extensive: indeed his
pamphlet looks like the outcome of a critical study of certain
sections of Pascal’s textbook, from one of which his title is
borrowed. In more favourable circumstances his work would
have been still more valuable.

The first half (pp. 7-27) is occupied with the re-evaluation
of a longish series of familiar determinants of various types, not
all of them restricted in their elements to 1, 0, —1, the most
noteworthy result perhaps being the rediscovery and rectifi-
cation of Catalan’s mistake of 1846 in regard to the circulant
C—1.—-1,...,—1,1,1,...).

The second half (pp. 28-48) is devoted to that portion of
Hadamard’s paper of 1893 (Hist., iv. pp. 483-484) which deals
with the formation of determinants of maximum value, here called
maximal determinants. Considerable success is attained, due
largely to the skilful use made of Zehfuss’ theorem of 1858 (Hist.,
1i. pp. 102-104) regarding the formation of a determinant equal to
. PeQ? where P is a determinant of the p* order and @ one of the

q" order.

DIXON, A. L. (19081/,)

[On a form of the eliminant of two quantics. Proceed. London
Math. Soc., (2) vi. pp. 468-478.]

The form in question is Borchardt’s of 1859 (Hist., ii. pp.
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147-150, 458-459), and naturally Sylvester’s unisignant of 1855
comes up for consideration. A page or so is occupied (§ 5) with a
fresh proof of the latter’s result regarding the number of terms
in it (Hust., ii. pp. 406-407). Neither Sylvester nor Borchardt is
referred to: but this the author rectifies in one of a series of
subsequent papers in which he makes noteworthy advances on
Borchardt’s work.

MUIR, T. (1908/,)
[Question 16494. Educ. Times, Ixi. p. 412.]

The result announced here is that if c,, = a,, +- b,V —1,
the sum of two expressions of the form

I p 1
14-m>*+n2—2mn—2nl—2lm-+(p—q 1+ r)24+2 | m —q 1
[n r 1

CORBIN. J. C. (1908/4,)
[Question 306. American Math. Monthly, xv. p. 214: xvi. p. 31.]

Attention is here drawn to Muir’s identity

2
izg 22 1 at+b ab]
L ==L ek e
C CcC
1 ¢+d cd
1 d & dd cra e

a proof of it being given. Its connection, however, with a corre-
sponding result of Cayley’s of the year 1858 (Huist., ii. p. 453) is
not noted, and there are thus missed the interesting deductions

1 a b ab 1 a a a?

1 b6 a ba 1 6 b b2

1 ¢ d cd| |1 ¢ e ce

1 e f ef 1 f d fd],
1 a+b ab 1 1 a+b d e e
l1 c+d cd|=|c e cetab iZi;f :}l =|d . ¢
11 et+f ef f d fdtab|, ' f f e
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BURKHARDT, H. anp VOGT, H. (1909'7/,)

[Caractéres d’un groupe quelconque. Déterminant d’un groupe.
Encycl. des Sci. Math., i. (1), pp. 613-616.]

Nothing of note as regards the determinant.

GAMBERINI, G. (1908/,,, 1909)

[Una speciale classe di matrici quadrate permutabili. Giornale
dv Mat., xlvii. pp. 137-155.]

[Alcuni resultati intorno al prodotto di due matrici quadrate.
8 pp. Roma.]

[Sulle relazioni fra alcune forme del prodotto di due matrici
quadrate di ordine n. Pp. 9-12 of preceding.]

The term ‘ permutable * applied to square arrays is used here
as in the theory of linear substitutions—that is to say, two
square arrays are said to be permutable when their row-by-
column product is independent of the order in which the two are
taken: thus the n2 conditions for | ay,, | and | b,, | being permutable
are

k=n

2 ar]\b]‘s = Z b.,.ka]s (7', 8 = 1, 2, oo ey n).

In the first paper the general subject of such arrays is entered
on, but is soon diverged from and gives place to that of magic
squares, which, strange to say, seems to be the main matter of
interest to the author. The second paper is a continuation of the
first and like the third was probably meant to be published in
the same serial as the first. This did not take place, however,
and the two appear to have been privately printed.*

KOWALEWSKI, G. (1909)
[Einfithrung in die Determinantentheorie. Kap. xv. pp. 320-337.]

The determinant here brought into notice by association with

* In the second paper the title of the first is misquoted ¢ Su d¢ una classe-
notevole . . .°, and some little misunderstanding has thence arisen.



THE LESS COMMON SPECIAL FORMS (1909) 329

the Wronskian has definite integrals for its elements and is axi-
symmetric in form, its (r, s)!" element being

[ I;6'r¢s dz.

S a

The author calls it Gram’s determinant, and reference is made
by him to a paper of J. F. Gram’s of the year 1881 (Hist., iv.
p. 457). This paper, however, makes no mention of the determi-
nant in question, and thus far we have not come across any other
paper by the same writer that is more explicit. It is evident that
if a homogeneous linear relation connect the ¢’s the determinant
vanishes: for

i My -+ shy + by = 0,

then ATOW; -+ p TOW, -+ v Towg == 0.

But in addition to this it is proved that if the ¢’s be linearly
independent, the determinant is positive. A test is thus estab-
lished for the linear dependence of a set of functions (1) when the
functions are real and continuous, (2) when they are complex
continuous functions of one variable.

As regards the naming of the determinant it is not unimpor-
tant to add that the author also calls the square of an m-by-n
array ““the Gramian determinant of the array ”.

NICOLETTI, 0. (1909%/;)

[Sulla caratteristica del determinante di una forma di Hermite.
Rendic. . . . Accad. des Linces, (5) xviii. pp. 428-431.]

The reply given to the question implied in the title here is:
The necessary and sufficient condition that the Hermitant |ay, |,
shall have the characteristic (or rank) r is that

Saxm,. ., == saxm,4, = 0, saxm, == 0,

where saxm, stands for ¢ sum of r-line coazxial minors’. 1t is reached
by establishing first a more general proposition involving a second
Hermitant | b, | ., and then specializing the latter. This auxiliary
Hermitant is only less general than the other in being such that
its related quadric 2 b,,x, %, is not indefinite: and the condition in
question is found in the form

Or-l-‘z = 01+1 - 09 Cr =”= 09
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where C, is the coefficient of w,"w,"" in the expansion of
I Anewy + bpirwy l

The requisite specialization referred to is by, = 1, by, = 0. Of
the other specializations discussed the most interesting are those
which lead to results regarding two forms of determinants with
real elements, namely, axisymmetric and zero-axial skew,—
determinants first thus viewed in connection with their rank by
Frobenius in 1876 (Hust., iii. pp. 275-276).

SANJANA, K. J. (1909/y)

[A determinant theorem and its geometrical application.
Indian Math. Club, i. pp. 134-136.]

We may express the theorem as follows: If every row

rl ™2 ...

of a determinant be such that r1 is 1, r2 is a, or a,, r3 18 by or by,
r4 is ¢, or c,, and so on, save that rn s the sum of the k** powers of
rl, 12, 13, . . ., then the determinant vanishes. 1t is readily proved
by subtracting the first row from each of the others, and reducing
the last column of the (r— 1)-line determinant thus got to a column
of zeros.

LANDSBERG, G. (1909/,)

[Theorie der Klementartheiler linearer Integralgleichungen.
Math. Annalen, 1xix. pp. 227-265.]

Of this important paper only a short section (pp. 231-232)
bearing the title ‘Das Multiplicationstheorem fiir Integral-
determinanten ’ falls to be noted herc. What it contains is a
formal enunciation and proof of the equality
b
a

b 1 -0 '
[ Sl L = [ ] | bo@) | | ) | ddy . . . da,

as given originally by Andréieff in 1883 (Hust., iv. p. 464).
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RICHARDSON, R. G. D. aAxp HURWITZ, W. A.(1909%/,)

[Note on determinants whose terms are certain integrals.
Bull. American Math. Soc., (2) xvi. pp. 14-19.]

By ‘terms’ in the title are meant what are usually called
‘ elements ’, and the integrals referred to are of the form

| #abR

where the ¢’s and the ¢)’s denote functions which are limited and
integrable in a certain region R of m-dimensional space. If there
be put

D to stand for l /;‘qSH/'st |n,

D; ,, ,, D with its " row replaced by i, . .., ¥,
D; ,, , D withitsj* column replaced by ¢,, ... , ¢,
A; ,, 5 the cofactor of the ()™ element of D,

the first of the author’s two theorems is
j-Dib—de = .DA;,'.

Interest is considerably increased by drawing attention to certain
special cases already more or less known, and spoken of here as
the inequalities of Schwarz and Bessel. It is to be regretted,
however, that in connection with the second theorem the authors,
like Landsberg, make no reference to Andréiefi’s early acquain-
tance with 1t.

BRUN, F. pE (1910%/,, 7/5)

[Un théoréme sur les déterminants. Arkiv for Mat. . . ., vi.
No. 25, 3 pp.]
[Sur une extension & l’espace a » dimensions du théoréme du
cosinus. Arkw for Mat. . . ., vi. No. 37, 5 pp.]

The theorem of the first paper here is really a theorem regard-
ing the special determinant
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1 1 1 R |

Tyy Ty T3 - - - Tyan

le xzz (l)23 e . (I??’,H.l 2 orDsa'Y) '
Tny Tng Tpz - - - wn,n+1

where
i=1 .
I 2 2 2 ,7:1,2,-.-,1%-}-1 .
igl(wij Zu)? = a2+ a; (k 1. . j* Ic)
and 1s simply that

D2=q,%,2...a,2 2 —.

The interest of it is chiefly geometrical, it being viewable as the
generalization of the relation connecting the sides of a right-
angled triangle.

The second paper is a natural extension of the first, the sum
of the squares of the differences of the #’s being now

not a,2 + a,2 but a;2 + a;% — 2a,a, co80y,.

The two take us back to the ¢ mutual-distance’ theorems of 1841
(Hast., ii. pp. 7-8, 109-110, 122-123, &c.).

MUIR, T. (1910%/,)

[The less common special forms of determinants up to 1860.
. Proceed. R. Soc. Edinburgh, xxxi. pp. 311-332.]

About two dozen writings are here reported on. Four of the
fresh forms which they deal with seem, from the attention given
to them in the short period, to be already almost worthy of
chapter-headings to themselves. Indeed since the close of the
period three of the four have had as a consequence special names
attached to them—permanents, Hermitants, unisignants,—the
single one whose fate has not corresponded with prophecy being
that used by anley in connection with work on anharmonic
ratios (Huvst., ii. pp. 189, 451-6).
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MUIR, T. (1911%/,)

[Sylvester’s and other unisignants. Transac. R. Soc. South
Africa, ii. pp. 187-195.]

After an introduction telling of Sylvester’s unisignant S,
and its properties (Hust., ii. pp. 4566-457) the author points out
that the determinant, T, say, obtained from it by changing the signs
of all the non-diagonal elements is also free of negative terms in 1ts
final development. In discussing this it is shown that in T, i.e.

a-+ay,+ag+-a, —ay —ag —a,
—b, b,+b-+b;+4-b, —by —b,
G —Cy CiCpC1-64 —C
—d, —d, —dy dy+dy-+dy4-d

the cofactors of abed, abe, abd, acd, bed, ab, ac, ad, be, bd, cd are
identical with the corresponding cofactors in S,: that the cofactors
of a, b, ¢, d are greater by

2(bgeydy 1 byCods), 2(ageydy + a4edy),
2(abydy + ah,dy), 2(azbye; |- azhicy);

but that peculiar interest attaches to the aggregate of terms that
are free of a, b, ¢, d, namely,

Gg3p @ Q3 Oy
by by by b,

6 G Claa C4
dy dy dy  dyyy

, or 2Qq say,

where for shortness’ sake a,,, is written for a, 4 a5 -+ a4, and
where (T, is less general than the unisignant,

Ugzg  d3q  Opq Qg3
—b b —b,, —b
134 0 14 B or T say.
—Cpq —C1n Co —Co
U123 "‘d13 "dlz do

The study of the triad of new determinant forms thus led up to
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closes with the theorem that the numbers of terms in T,y T,
Q.. are respectively

m—1@m—-2""1 @Cn—-1)E—-1Y (-1

Returning then to Sylvester’s unisignant the author notes the
curious proposition that «f , S,, be bordered horizontally by 0,
1, 1, 1, ... and vertically by 0, —1, —1, —1, ... the resulting
determinant is also unisignant. The like property, he ascertains,
does not hold for T, but holds for the axisymmetric unisignants
B, and M, dealt with in Chapter IV. The case of M,, is the most
interesting, as the bordered unisignant is then transformable into a
leke unisignant of the next lower order, the exact result for the
third order being that the sum of the signed primary minors of
M(ay; by, by, bg; ¢y, 4, ¢5) 75 M(by + ¢;, by + €5, by +¢5). It is
noted also that the number of terms in the final development of
the bordered M, is n + 2(n—2) (n-1),

SPUNAR, V. M. (1911/,, ,)
[Question 355. American Math. Monthly, xviii. pp. 135-136.]

Here there is given a solution of a set of non-homogeneous
linear equations whose determinant is the circulant

0(1,1,1,0,0,...,0),

What requires attention of course is the special form of determi-
nant appearing as the numerator of each of the unknowns.

MACMAHON, P. A. (191133/,)

[Memoir on the theory of the partition of numbers. Part VI.
Philos. Transac. R. Soc. London, ccxi. pp. 346-373.]

Two hitherto unnoted determinants turn up together here
(pp. 350-360) as numerator and denominator of an important
function. The denominator is the simpler, namely, the per-
symmetric:

(___ 1 )in(n—l) . P(win(n—l), xi(n-—l)(n—-2), e 1,1, z,..., z(n-1) (n-2))
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which without difficulty can be shown equal to

(1 —_— (L‘)"—l(l —_ m2)n—2 . (]_ — agn—-2)2(1 — mn—])l;

for example, -

1 1 =«
z 1 1|=(1—2)*(1—a3.
2 x 1

The general character of the numerator will be gathered from
the first two cases

. I l—getl 1—a3

x 1 ,
(1—zo41) (1—at?)  (1—a?) (1—a®t!)  z(l—a1) (1—a?)
o(1—20+2) 1 — bl 1—2¢
a3 x 1 ,

where, it may be worth noting, the removal of the binomial
factors from the clements of the numerator gives us the corre-
sponding denominator.

SATYANARAYANA, M. (19121/,)
[Question 17239. Educ. Times, 1xv. p. 81.]

The determinant here set for evaluation is in effect one in

which the clements of the first row are

sin(u —x —y—2), cos(u—a—1y—2),

sin (v — ) sin ( — ) sin (4 — 2) - cosu sin (2u — = — y — 2)
while the second and third rows are got by changing u, «, v, 2
into x, y, z, .

MUIR, T. (19121/,)
[Question 6001. Educ. Tvmes, Ixv. p. 139: or Math. from
Educ. Times, (2) xxii. pp. 49-50.]

The subject here is the expression of the coefficients in the final
expansion of a product of n linear functions of x,, z,, . . ., z, by
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a,a505b,

a,a,03b,

a,a,bsc,

;0,054
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The general form of the expansion will
be gathered from the case where % is 4, namely,

(ax+byy+cyz-+dw) (age- . . . +dyw) (agz+ ... ) (a2 .. .)

-+

+

+

+

+

xt

By ...

2y 4 ...

r2yz + .

TY2W.

NEUBERG, J. (19121/,):

[Questions 17295, 17385.

-

e

4-

-+

dydydd,

¢, dodsd,

— | eyCdsdy

+

+

-+

222

yzw*>

NANSON, E. J. (1912/,)
Educ. Times, 1xv. pp. 218, 438: or

Math. from Educ. Tvmes, (2) xxiv. pp. 74-75; xxiii. pp.

105-106.]

The essential fact in Neuberg’s communication is that

a-aby  bi+ye, ct2dy ditwa,

agtaby bytye, cytzdy dyt-way
and Nanson’s result is that the equality of pz2 -+ gz 4 7,
p'x? 4 q'x 4 ', p"a® -+ q"x 4 r” entails the equality

p ¢ 1
P g 1
pll qll 1

q r
q
qll

p 1
P 1
n p” 1

= | aybycsd, | (1— ayzw):

2

H

which latter suitably suggests itself as the eliminant of

pr® 4 qx® +rx —y=0
pad+ gt re—y=0

pnms__i_ q”xg_l_ e — y = 0

)

J.
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SWAMINARAYAN, J. C. (1911/,,, 19121/,, 1/,)

[Question 323. Journ. Indian Math. Soc., iii. p. 209: iv.
pp. 226-227.]

[Questions 17328, 17349. Educ. Times, Ixv. pp. 302, 308.]

What we are given here is (1) the evaluation of a determinant
related to the well-known penesymmetric (Hust., 1i. p. 125)
whose value is 2af - bg - ch - (af 4 bg 4 ch)?; (2) an easy evalua-
tion dependent on the simple equalities

2 2 2 2
a* aby b a; b aazb, a; by bbsay
2 2| 2| — 2 |.
@ agby 0% | = lay by azmby®|=a, b, byha,?|;
2 2 2 2
az® aghy b3 az by a,a5b; as by bybya,

and (3) the curious result

z-- ¢ |eds| |aghs]
Yy—n I cady | I ash; I = | 1b,C3d,y l
2— 1 |edy| |ayby]

conditioned by the four equations

ax + agy + agz -+ a, =0, & + e+ ¢ + ¢, = 0,
byx + byy + byz + by =0, d.é; + dyn + dyl + dy = 0.
For ourselves we add that, if the last result be what the pro-

poser intended, it will be found interesting and helpful to prove
as a preliminary that

x |02d3| la2b3|

Y |03d1| |a3b1|
z |01d2| |a1b2|
ay Ay Q3 Gy
b, b, b, b
= |aiba | | ey [+ [ada| |onds |+ | ashy | |exdp | = | & = 27405
¢ Cy Cy -

d.d.d.
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and this is readily done if we begin by multiplying the left-hand
member columnwise by

e b
ay by
ag b 1

Further, if we are right as to the determinant which suggested
" the first result, it is appropriate to note the three forms of the
said determinant, namely,

(gt b2 o
ag?  (chtaf)? o
B b (ot

| (bg+ch)? af*  af? (bg-+-ch)* abfg  cakf
b%® (ch+af)® b2 abfg  (ch-+taf)® begh
c2h? ch®  (af-+bg)? |, cahf  begh  (af+bg)?| .

and to call attention to what happens when in them we put
a=b=c=lorf=g=~h=1.

TENCA, L. (19121/,): SOMMERVILLE, D. M. Y. (1913!/,)

[Armonizante di due forme determinanti.
Periodico dv Mat., (3) x. p. 41.]

[Question 17438. Educ. Times, 1xvi. p. 38.]

- The first assertion here is that if the forms in question be
| €(r-1yn+s| and | %;_yyns |, then the so-called* harmonizant is
equal to (n!)%: and the second is that if each row of a determinant
be obtained from the row a,, b, a,, b,, . . . by a transposition of
one or more pairs of elements which bear the same suffix, then’
the determinant vanishes.

* By Battaglini in Giorn. di Mat., ix. (1871) p. 195.
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POLYA, G. (1913%/,): METROD, G. (1913/,):
BIEZENO, C. B. (1913)

[Aufgabe 425. Archiv d. Math. u. Phys., (3) xx. p. 271.]

[Question 4247. L’Intermédiaire des Math., xx. p. 148.]
[Vraagstuk 115. Wiskundige Opgaven, xi. p. 302.]

The proposition here set for proof by Pélya is that |, "

~

b ~ b
can never be negative if a,,= — ’ fofdz, a,., = / (S — f.2)dx,
Ja Ja

and S=f2+f,2+ ...+ fu2: the second recommends that
| @rs |ns |brs|n be studied for cases where a,, = b,, (mod. m):
and what is brought forward in the third is merely Dostor’s so-
called theorem of 1874 (Hist., iii. p. 484.)

SCORZA, G. (1913%3/,)

[Sopra una certa classe di determinanti e sulla forme Hermitiane.
Gornale div Mat., 1i. pp. 335-342.]

As an introductory lemma there is here given Voigt’s theorem
of 1882 (Hust., iv. p. 460), the determinant however being now
written in Igel’s block-skew form of 1894, which when abridged
18

where (4) and (B) are m-line square arrays and (—B) is got from
(B) by changing the signs of all the elements. A fresh corollary
is also given, namely, that «f (A) be axisymmetric and (B) be zero-
axial skew, the determinant s the square of a rational integral
Sfunction of its elements. A new type of determinant is then taken
up, whose elements are got in a peculiar way from the elements
of an axisymmetric m-line determinant 4 and a zero-axial skew
determinant B of like order. The law of its construction is perhaps
best specified by saying that its (20 — 1)" row gets its elements
from the 7*" row of 4 and the 7" row of B, those from 4 occupying
the odd-numbered places and those from B the even-numbered:
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and the 7™ column of B, those from 4 occupying now the even-
numbered places and those from B the odd-numbered. For
example, if 4, B be

a b g .oz oy

h b f —x .2

g fel. |-y —2z .|,
then the new determinant derived from them is

a . h gy

.. a —x h —y g

h —x b . f z

x h . b —z f

g —y f —z ¢ .

y g 2 f . c

The usually ‘attendant evaluation-theorem is included in a more
comprehensive statement, namely, If A, denote the first coaxial
manor of the r** order, then, when t is even A, is an exact square, and
when 1 18 odd A,2 = A,_A,;;. For example, in the 6-line instance
just written

Ay =a% A;=a(ab— h?—2?%), A,= (ab— h*— 2?)3,
In regard to proof it is enough to suggest, as a first step, such a

transposition of rows and of columns as will make applicable
the corollary above noted.

MAILLET, E. (1913/,,)

[Question 4269. L’Intermédiaire des Math., xx. p. 218: reply by
E. Malo, xxi. pp. 173-176.]

The peculiar determinant, here for the first time spoken of,
is one of the most interesting of our chapter. It may be defined
as being

| @rs |01
where p is a prime and a,, is the smallest possible integer such that

ra,, = § (mod. p).
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Taking r =1 we see that a,, = s, and that consequently the
first row is

1,2,3,...,3p— 1)

Similarly taking s =r we have ra,. = r, showing that each
diagonal element is 1. Less easily we find the last row to be

p_.2,p—4’p““6,.-.,5,3’1;

and if we try to proceed further on the same line the difficulties
increase, forcing us soon to determine the elements one at a time
only. The determinants for p =5 and p =7 are thus found
to be

[
w

112[ 1
3 171, 4
5

[
P

It is best to begin by determining the first column, for then the
st column is got therefrom by multiplying by s and ‘ casting out.
the p’s’. For example, when p is 11 the elements of the first
column are the lowest integers of the form (w:11 -4 1) =- 17,
namely,
01141 11+4-1 11+1 1141 41141
1 2 773 4 »
le. 1., 6 , 4 , 3 , 93

then doubling these and diminishing by a multiple of 11 where
possible, we have for the second column

2, L 8, 6, 7
and so on, the final outcome being
1 2 3 4 5|
6 1 7 2 8
4 815 9
3 6 91 4
9 756 31

Similarly the first column in the next case (p = 13) is

1 134+1 213+1 313+1 31341 5131
1T 2 3’ 4 5 6
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and the final outcome

1 23 45 6
718 2 9 3
9 5 110 6 2
10 7 4 111 8
8 311 6 1 9
11 9 75 3 1

After performing the evaluations in these four cases and finding
—b, 72, 114, —135

Malo was led to suspect the general result
(_ p)‘}(p-—!i),

and the rest of his paper talks helpfully of ways and means for
effecting a proof.

YOUNG, A. (191422/,)

[On binary forms. Proceed. London Math. Soc., (2) xiii.
pp. 441-495.]

Two separate passages (pp. 451-452, 460-462) of this long
paper are occupied with the evaluation of determinants. One of
the determinants, however, is without much difficulty seen to
be included in a case of Zeipel’s, | (m)y (Mm~4-)pie . . . (M47d)p4 e |,
of 1865, namely the case where d = 1 and ¢ = 1; and the other,
not so easily, to be traceable to a like source, namely, the case
where d = 1 and e = 2 (Hust., iii. pp. 448-451.)

MUIR, T. (19141/,)
[Question 17708. Educ. Tvmes, Ixvii. p. 206.]

A peculiar expression is here given for the number of terms.
in an n-line zero-axial determinant, namely,
2n 5 4n 19
(n—2)" (n—4)!+

6n 41

(n—2)" (n—06)!

(n—1)/ { (n—2)!+

(=2 (—8) 4 « o v et }
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where the numerators 2n — 5, 4n — 19, 6n — 41, ... are for
shortness’ sake written instead of 2(n — 2) — 1, 4(n — 4) — 3,
6(n — 6) — b, . .. (Hust., iii. pp. 463-467).

NEUBERG, J. (191433/,): NEVILLE, E. H. (1914/,)

[Ueber verkniifte Determinanten vierter Ordnung. Archiv
d. Math. u. Phys., (3) xxiii. pp. 124-135.]
[Question 564. Journ. Indian Math. Soc., vi. p. 159.]

The determinants in the first communication are

. a b c
a . f e
b f . d
c ¢ d

and others differing from it in the sign of one or more elements:
and what the author offers is a geometrical interpretation. In
the second proof is wanted that of D stands for the determinant

1 my ny aym am,
My Ny QM AN,y
mg Mg AgMg  GgNg
My Ny Ay ayN,
ms

b

U,, M,, N, P,, Q, for the cofactors of the elements of the r** row
of D, and Q, for (M,Q, — N,P,)/U,, then

z (a,m,L2,) X (m,Q,) |
(@) =m0, |

1
1
1
1

ng  AgMg  Ashg

= DX (Q,).

COOLIDGE, J. L. (1914): LORIA, G. (1914):
PASCAL, E. (1914, 1915)
{A simple algebraic paradox. American Math. Monthly, xxi.,
pp. 184-185.]
Sur un paradoxe algébrique apparent. American Math. Monthly,
xxi. p. 327.]
[Su di una classe di determinanti. Rendic. ... Accad. delle

Sci. . . . (Napoli), (3) xx. pp. 219-222: or American Math.
Monthly, xxii. pp. 154-156.]
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The initial subject here is the reconcilement of two results.
derived in different ways from the same set of data, namely the
two-fold result

ac’ — a’c = bd’ — b'd)
ad’ + be' = a'd - b'c|

and the single result

a —b ¢ —d
b a d ¢

b a d c

The want is supplied in a line or two by Loria who, without
referring to Voigt’s paper of 1882 (Hust., iv. pp. 460, 472-473),
points out that the vanishing determinant is the sum of two
squares: also at greater length by Pascal, who, however, makes
the same omission.

ROSEVEARE, W. N. (191417/,); MUIR, T. (19141%/,)

[A proof . . . that every algebraic function with real coefficients
has real factors of the form z* — px+¢q,... Transac.
R. Soc. 8. Africa, iv. pp. 215-221.]

[On Malet’s proof that every equation has roots real or imaginary
equal in number to the degree. Transac. R. Soc. S. Africa,
iv. pp. 222-229.]

[Note on the product of a special n-line determinant by its central

minor of the (n — 4)" order. Transac. R. Soc. S. Africa,
iv. pp. 273-277.]

The first two papers are mainly attractive because of their
treatment of the so-called *fundamental theorem of algebra’’:
incidentally, however, they bring to notice a fresh identity in
determinants which of course calls for our careful attention.:
The identity may be described as giving an equivalent for the
product of a special n-line determinant by its central minor of
the (n — 4)' order: for example, when n is 7 and the matrix of
1234567

the determinant, 1234567

madtrices

say, is the sum of the two.
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ao a1 a2...a6 . « e . . ‘_GSA
ag @y ...a e —agh? —a,A
Ay . . .0 e s —agAd —a A2 —ag
LAy |, | —agd’ oo —a A —agA?t —apd |,
. 1234567 |345].
the equivalent for 1934567 I “lgapl|
123456 2 234562,\_*_ 23456 23456
23456 123457 23456 23467

In the third paper proof is given that this identity of Roseveare’s
is not included in Muir’s theorem of 1879 (Hust., iii. pp. 79-80),
and an efiort is made to generalize it otherwise, the outcome
being

|‘11:32'}’384 lz - |0~1327’385 2A + Ialﬁ27384| 1“1/32')’485 P\
= | a; Gy a3 ag4 Q5 Oy

Bi Ba B B Bs B

i Y2 Vs Ya Vs Vs -

8 &8 8, 8 & o8, . .
0, 8A 8, 8; &8, &
Ya YA Ya ¥s Y2 M

Ba BA By B B B

0 azA ag ag ay o |,

where the number of variables is more than doubled and where,
but for the A’s, the determinant on the right would be centro-
symmetric and therefore expressible as the product of two.

KNESER, A. (1914): KOSCHMIEDER, . (1915%),)

[Zur Theorie der Determinanten. H. A. Schwarz Festschrift,
pp. 177-191, in partic. pp. 189-191.]

[Bemerkung zur Bessel’schen Ungleichung. Archiv d. Math. w.
Phys., (3) xxiii. pp. 370-371.]

These may be taken as supplementary to Richardson and
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Hurwitz’s remarks on the specialization of their two theorems of
1909.

MUIR, T. (191428/,)

[Properties of the determinant of an orthogonal substitution.
Proceed. R. Soc. Edinburgh, xxxv. pp. 54-62.]

Part of this is devoted to the very special form of determinant
which is accurately defined as ‘the duplicant of an ortho-
gonant ’, it being merely noted in addition that the said ortho-
gonant is not necessarily specialized but has the base-index o.
Six results on the subject are formulated, the matters dealt with
being evaluation and the summation of coaxial minors: for
example, The value of the duplicant of a four-line orthogonant is

(saxm, — 20)%

and the sum of its coaxial minors of every order is

(saxm,— 20 saxm,-|-1)2 — 1.

BAILEY, W. N. (1914!/,,): MARTYN, W. J. (1915/,)

[Questions 17860, 17906. Educ. Tvmes, Ixvii. pp. 38, 273-274,
519: or Math. from Lduc. Times, (2) xxvii. p. B7: xxix.
p. 24.]

The first of the two results given here under 1914 is that
| aydyds - byB3B, - 0,0y | = — |aybocs | + | ayay - bsb; - 0, |2

on the understanding that | 4,B,C;| denotes the adjugate of
| @b, I The second had already been given by Nanson in 1902.
The third result is that the equality of a,b; + asb,, asb, -+ a,b,,
a,b, + a.b, entails the nullity of

a, b a2+ b2

a; by a®+ by’

a3 by ag®+ by |,

—an understatement, as the determinant is the sum of two each
of which vanishes.
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PASCAL, E. (1915%/,, [5)

[Sui determinanti gobbi a matrici. Rendic. ... Accad. delle
Sct. . .. (Napoli), (3) xxi. pp. 40-47.]
[Determinantes pseudosimétricas cujos elementos son matrices.
Revista . . . Soc. Mat. Espafiola, Ann. iv. pp. 161-169.]

The type of determinant here dealt with is Voigt’s of 1882
in the form used above under Scorza. The proof is considered to
be specially direct in comparison with Baltzer’s of 1887 (Hist.,
iv. pp. 472-473). First of all there is established (pp. 42-45) a
deduction from the so-called Sylvester’s theorem which expresses
the product of two determinants as an aggregate of like products:
then (pp. 45-47) by means of Laplace’s expansion-theorem Voigt’s
determinant is expressed as an aggregate of products of n-line
minors: and finally this latter aggregate is transformed into the
sum of two squares by the application of the aforesaid deduction.

MUIR, T. (1915%4/,)

[Determinants whose elements are alternating numbers.
Messenger of Math., xlv. pp. 21-27.]

This note follows up Spottiswoode’s similarly entitled paper
of 1876 (Haust., iii. pp. 487-489), and mainly concerns the multi-
plication-theorem, which as we have seen Spottiswoode had
treated with scant care. In the first place it is now shown that
Spottiswoode’s form of the product gives an incorrect sign in the
case of the 4" order: and then a new form is established. namely,

+ +
|A1M2V3P4! ’ |a1l327’384| = (1)1 1 Xda ZNB Zdy 2 |
Zpa ZpB Zpy Zpd
Zva ZyB Zvy X1
Zpa ZpB Zpy Zpd
In the next place, after formulating a series of elementary pro-
perties of permanents whose elements are alternating numbers

the author takes the permanent form of the product just obtained,
and treating it as the determinant form is usually treated in the
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like situation he evolves the left-hand member, and thus effects
a second proof. Lastly he considers the case where the two
initial factors are identical, his expression found for | Aju,vyp, |2
being at variance with Spottiswoode’s.

PASCH, M. (1915/,)

[Ueber Teilbarkeit im Gebiet der Determinanten. Archiv d.
Math. u. Phys., (3) xxiv. pp. 220-230.]

This fully detailed paper concerns itself with the notes of
F. Thaer and C. Thaer of the previous year,* the one on the
divisibility of | 4,2B,2C4%| by | a,bycs|? and the other on the
divisibility of | 4,?B,*C? . . . Z,*| by |4,ByCy . . . Z,|. The
author, who keeps to determinants of the third order, is ap-
parently unaware of any previous attention given to the matter,
—A. C’s equality of 1897 (Hust., iv. p. 67), Nanson’s of 1902, and
the second part of Muir’s paper of 1907. An interesting fresh
result is

(bz + cy)P czR by@
czR (cx + az)@ azP = 4abc zyz PQR
byQ axP (ay + bx)R

where P, @, R = bz — cy, cx — az, ay — bz.

MUIR, T. (1915%/,,)

[See under this heading in Chapter on Skew Determinants
for matter concerning Permanents)

MACMAHON, P. A. (1915)
[Combinatory Analysis. i. xix 4 300 pp. Cambridge.]

The author’s important theorem, to which we drew pointed
attention under the year 1893 (Huvst., iv. pp. 485-486), receives
here more adequate treatment at his hands. The second chapter
(pp. 93-98) of the third section is devoted to it: and, what is of
additional value to us, quite a number of special cases, each

* See under Compound Determinants.
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with its own guiding determinant, are discussed in the sections
following.

MUIR, T. (1915/,)

Question 18033. Educ. Times, lxviii. pp. 274, 461: or Math.
PP
Jrom Educ. Times, (2) xxix. p. 100.]

The object of this was to recall attention to Cayley’s inci-
dentally given expressions of 1859 for the zero-axial determi-
nants of the 4" and 5" orders (Hast., ii. p. 469), it being feared
that, notwithstanding his note of 1860 specifically devoted to
such expressions (Hust., iii. pp. 3-5), the law of their formation
had not received sufficient consideration. The outcome seems to
justify this fear, for the expression for the 6" order published in
reply would certainly not have satisfied Cayley. In default of a
better we now give

— 2{(12 - 21)(34 - 45) (56 - 61)} + X{(12 - 21) - 3(34 - 45 - 56 - 63)}
+ 2{(12-23 - 31)(45 - 56 - 64)} — X{12 - 23 - 34 - 45 - 56 - 61},

where the numbers of final terms in the four parts of the ex-
pression are 15, 90, 40, 120,

COMPOSTO, S. (1916/,_,)

[Sui determinanti di numeri figurati. Giornale dv Mat., liv.
pp. 78-92.]

It would seem that by figurate numbers the author means
simply combinatory numbers or binomial-coefficients.  His
definition, which agrees with usage already observed (Hust., iv.
p. 497), is that the m™ figurate number of the n™ order is
(m -+ n — 1), so that (p), might not unreasonably be called the
{(p — ¢+ 1)™ figurate number of order ¢. His contribution to the
subject avowedly originates in a study of the determinant

1 (m) (m+1) ... (m+n—1),

Lty 2 o ek | g

1 m+n)y, m+n+1) ... (m+20—1),
which was first given in an imperfect form with the value 1 in
Baltzer’s textbook of 1864 (Hist., iii. pp. 447-448) but soon
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thereafter occurred independently to others. It is necessary to
have it distinguished from

1 (m), (m), e (M) y ’
1 (m+1), (m+1) (’m+ 1)
1 (m4n—1), (m+n—1) ..(m+n-1),,_1,

which also has the value 1 (Hist., iii. p. 460), as confusion has
arisen between the two. The former cannot properly be specified
by means of its diagonal term, but the latter can. The (r, s)®
element of the former is

(m+r+s—3)e—l

(m + r— 1)3—1'

An opening for making the desired generalization is found in the
observed fact that any element of B outside the first row and
first column is got by adding the element preceding it in its row
to the element preceding it in its column, this observation naturally
suggesting for investigation the whole family of determinants
whose elements have

and of the latter

Ar 3= QAp 33 4- A, s

for their recurrent law of formation (e.g. Hust., iii. pp. 102-103).
Of the results obtained perhaps the most interesting is

(m), (m+1)y ... (m+4n—1),
L L L

(m+n 1)1 (m+n)2 (m+2n~ )n

where on examination it will be seen that the determinant
evaluated is a primary minor of B, and that in consequence the
author might have stated his new result thus: In the determinant
B the complemeniary minor of the (n, 1)t element is equal to the
(1, n)® element.

The second section of the paper (pp. 85-92) deals similarly
with determinants whose elements are reciprocals of combinatory
numbers. The most noteworthy result is a natural companion
to that just given, each element of the one being the reciprocal of
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the corresponding element of the other. It may be stated thus:
The n-line determinant whose (r, s)t* element 1is

1/(m—{—'r—{—s— 2),

is equal to the product of the elements of its secondary diagonal
maltiplied by

(mFn)y (m+n-1)...(nm-} 2n—2),,.

TRICOMI. F. (1916/,_,)

[Sui determinanti il cui annullarsi esprime la condizione affinche
n -+ 2 punti dello spazio ad n dimensioni siano su di una
stessa ipersfera. Ghornale dv Mat., liv. pp. 93-100.]

A generalization of the equality
ol o oy 1
T+ Yt xp Yy 1 (1.2,3) (1,2,3)
Ta® - ys? w3 Yy 1
1

2 2
Ty - Ys* Xy Ya
where

(1, 2, 3) = (2, — x3) (T — @3) -+ (¥ — ¥Ys) (Y2 — ¥a);
(1,2,3) = (y; -~ ¥) (12 — 23) + (2 — @3) (Yo — Ys)-

MUIR, T. (19167/5)
[Question 18179. Math. Quest. and Sol., iii. pp. 39-42.]

The subject here is a primary minor of the axisymmetric
determinant | ( -~ s — 2),_; |, Which has the value 1, being a
particular case of the determinant B mentioned a page or so
back. The theorem established is that if the elements of the last
row of the minor in question

1 2 3 4 5
13 6 10 15
1 4 10 20 35
1 5 15 36 70
1 6 21 56 126
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be multiplied by a, B, y, 8, € respectively, the resulling determinant
equals
(--1)% (last row as altered§ —b, 10, —10, 5, —1).

Two proofs besides the author’s are given, the most concise
resulting from the multiplication of the determinant by 1 in the
form

—4 6 —4 1 .
5 —10 10 —H 1

As a corollary it is noted that when the given n-line minor has
the elements of its last row multiplied by 1, 2, 3, . . ., » respec-
tively, the resulting determinant equals n2.

MACMAHON, P. A. (1916%/,)

[The number of terms in a determinant which has some zero
elements. Proceed. London Math. Soc., (2) xv. pp. 318-321.]

This fresh solution is an application of the author’s general
determinantal theorem of 1893 (Hsist., iv. pp. 485-486), which he
now enunciates as follows: If X,, X,, . . ., X,, be linear functions
of Xy, Xg, . . . , X, the determinant of whose coefficients 1s
| aybgcg ... 1, |, then the coefficient of x*+x,5...x,5 in the
development of X X, ... X, b 4s the same as its coefficient
in the development of

1

| (1 = ay2y) (1 — by . . . (1 — 1,@,) |

2

it being understood that the denominator here is a doubly abridged’
symbolism to be taken to indicate that, after the multiplication
of the binomials in it, products such as a,b,, a;byc;, . . . are to be
replaced by |a;b, |, | aybycs |, . . . From this with the help of a
suggestion from Laisant (Hvst., iv. p. 481) he concludes that the
number of terms in |a, by . .. 1, | is the coefficient of Xy, Xy, . . ., X,
wn the expansion of

1+ | (1= aymy) (1 — byzy) . .. (1 — L)
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when each of the non-zero elements has been replaced by 1. One
of his examples is the 4-line determinant which has all its elements
general save for zeros in the (1,1)™, (1,2)%, (2, 3)!" places.
The first requirement is to form the determinant

I A A 7
T, Xy . X,
the second to ascertain the sums oy, 0y, . . . of its 1-line, 2-line,
. . . coaxial minors, the third to expand the reciprocal of

l—o4-0y—03+0y, 1. 1—Ty—Ty3—T4— T X3— T, X4} ToXg,

and this being done the coeflicient of x,z,u5x, is found to be 10.*

MUIR, T. (1916!/,): AIYANGAR, S. K. (1916-1917)

[Question 18268. Math. Quest. and Sol., ii. p. 81.]
[Question 731. Journ. Indian Math. Soc., viii. p. 39:
ix. pp. 117-118.]

The first result given here is that the discriminant of
a,x 4 azy + azz T + cy + c52
is 2{ | @,bodsy | | ayeady | — | aybyey | | breads | },
and the second is that in a spherical triangle
i sina coseca cosec?a cosA
sinb cosecb cosec?h cosB
sinc cosecc cosec®c cosC
= cosec?s cosec? cosec’c
* (cosa — cosb) (cosb — cosc) (cosc — cosa)
*(—1 — cosa — cosb — cosc).

* The author by following Netto in a historical paragraph is unintentionally
unfair to Cunningham (Hist., iii. pp. 466-467).
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HATTON, J. L. S. (1916/,)
[Question 18285. Math. Quest. and Sol., iii. pp. 1, 90-91.]

The equality set here for proof does not really differ from
one given in Dostor’s first edition (1877, p. 71), namely,

4|1 a o a?+a?2=—|. u v w
1 5 b b2-402 u . Ty
1 ¢ ¢ c2+4 c'? vox . 2
1 d d d?>+ d? w oy

where u= (@ — b)2+ (@' — b')%, . ..

MUNCH, . (1916%/,,)

[Determinantensitze abgeleitet unter Verwendung einer com-
plexen Grosse. Unterrichtsblitter f. Math. u. Naturw., xxii.
pp. 115-116.]

An example of the theorems obtained in the way mentioned
we may state thus: Any n-by-3 array s evanescent whose rows
belong to one or more of the types '

cos fa, cos(f— 1)a, cos(f— 2)a
singa, sin(g — Na, sin(g — 2)a
cos(h — 2)a, cos(h—1)a, cos ha
sin(k — 2)a, sin(k — 1)a, sin ka.
It is also, however, a simple consequence of the operation

col; + coly = col, * 2cosa.

HAYASHI, T. anp SHIBATA, K. (1917/,,)

[A determinantal theorem and Clifford’s theorem on 7 lines.
Tohoku Math. Journ., xiv. pp. 1-10.]

The determinantal theorem referred to concerns determinants
of the type first used by Cayley in 1854 when dealing with in-
volution and anharmonic ratios (Hust., ii. pp. 451-456). Un-
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fortunately, perhaps, they are not viewed as 4-line minors of the
array
|2y aby ahy ashy a,By agfy agfy &n
y b b b B B B 7
T e @ a o a ag ¢
1 1 1 1 1 1 1 1

Otherwise they might have been conveniently specified by means
of the numbers of their columns in the array, the theorem then
being: If |1534| = |1642| = |1723| = 0. the cquations
| 8267 | = 0, |8375| = 0, | 8456 | = 0 are not independent. In
discussing the subject advantage might also then have been
taken of Cayley’s and other theorems regarding the evanescence
of such an array.

MUIR, T. (1918/,)
[Question 18574. Math. Quest. and Sol., v. Part 1.]

The theorem here suggested for generalization is that if
bfg = cdh in the determinant

a b c

d e f

g h k
then bB = dD, fF = hH, ¢G = cC
whence BF|g, FG/b, GB/f-= DH|Jc, HC|d, CD/h
and BFG — CDH.

OGURA, K. (1918/,)

[On the Fourier constants. T6hoku Math. Journ., xiv.
pp. 284-296.]

Andréieff’s multiplication-theorem of integrants is here used
—but still without acknowledgment—to establish an important
result regarding Fourier’s trigonometrical series, the determi-
nant of the ¢’s and the determinant of the y’s being identical,
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each being equal to the (2n 4 1)-line alternant whose (s - 1)™
column is
1, cosz,, sinz,, ..., COSNL, SINNL,

and whose value had been noted in 1879 (Hist., iii. pp. 167-168).

CALDARERA, F. (191820/,)

{Su taluni determinanti di forme singolaré. At della Accad.
Gioenta . . . (Catania), (5) xi. 17 pp.]

As we have already seen the greater part of this longish paper
is occupied with alternants and allied matters. The only other
determinant considered (§§ 10-12) is one of odd order whose
matrix is a magic square, the case worked out in detail being that
whose elements are the first 81 integers and whose every row and
column therefore has the sum 39(14 81). It is readily shown
that we can remove in succession the factors 39(1 + 92), 10, 97,
and have remaining as cofactor the 7-line determinant

-1 1 . . |
. —1 1
.9 -1 .1
1 . 9—-1 . 1 .
1. —1 9 .1
.. 1 -1 . 91
S S | 9

— =
©

This last, which is of the type dealt with in Caldarera’s first
paper of 1866 (Hist., iii. p. 478), we find for ourselves to be equal to

O—=1(@-1)(9+1)

so that the final desired result is known.

METZLER, W. H. (1918/5)

[Note on a certain class of determinants. American Math.
Monthly, xxv. pp. 113-115.]

The class referred to is that which under Scorza (1913) we
have above described as block-skew. The author’s first contri-
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bution is another proof of Voigt’s theorem, and then he passes
on to the similar form

4) (B) (0
(—B) (4) (D)
(=C) (=D) (4)

which, he says, can by a rearrangement of rows and of columns
be made to take the same form as Voigt’s, namely,

l (4') (B') ,
(—B) (4)1.
MUIR, T. (1918!/,)
[Question 18663. Math. Quest. and Sol., vi. pp. 51-52.]

The first and third of the results here given are that

I 410,05+ Bybsh, - Cyeycy l = l as03 * bsb, - cicy |2,
|ady < byB, - ¢5C5 | = | aybycs | - {| aybacs |>— | @pag - by, - 40|}

on the understanding that | 4,B,C;| denotes the adjugate of
| a1bc;|. The second had already been made known.

MUIR, T. (191819/,)

[Note on the representation of the expansion of a bordered de-
terminant. Messenger of Math., xlviii. pp. 23-32.]

In connection with the main subject here two special forms
come into notice. The first arises from the bordering of a non-
zero determinant whose non-zero elements are units all occurring
in the diagonal. For this the expression obtained is the so-called
product of the two bordering arrays: for example,

1 . . a a
1 . b b |
1 cl 02 = (—1)2 a by ¢ lla By 7
. 1 Co b. ¢ B
Ay 0y Cof| lIQ2 P2 V2ils
ay ﬁl "1
Qg :32 Y2
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—a fact apparently recognized by Sylvester in 1852 (Hdist., ii.
p- 199). Another special form and its development are illustrated
by the example,

v . Oy 01 O3

U . Oy 05 Oy

v . O3 O3 Og3

U . Oy 0y Oy

.oe . U 6y 0, 0
b1 bi2 b1z b s ¥V

bt b by boa b . V.
¢31 ¢32 ¢33 ¢34 ¢35 . . V

= USV3 + UVW*0y 015 0138 0u 12 b13)

011 12 13| | b1 b12 b1s
On1 Oo2 O3 | | b1 Do Do
01 012 613 | | 11 bia bis
0y 0 bo1 Doz P
0 0 ba1 P2 P | -

A third result is stated thus: The number of terms in an
n-line determinant which has an r-line minor with none but zero

elements is n! n!/(n —1)!

4+ UV X

+ U2
22 Y23

6
52 O3

31

LOWENHEIM, L. (1919)

[Gebietsdeterminanten. Math. Annalen, 1xxix. pp. 223-236.]

As the student of algebras will readily guess, a ‘ Gebiets-
determinante ’ is not a determinant, but a something with a
constitution of its own carefully defined to fill a place in the
Algebra of Logic as nearly analogous as may be to that of a de-
terminant in ordinary algebra. It is therefore to the Boolean or
other such logician that the author’s corpus of six-and-twenty
theorems will primarily be of serious interest.
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SCHMIDT, H. (19193/,)

[Notiz iiber eine besondere Klasse von Determinanten, und
ihre Anwendung bei Stabilitdtsstudien an Atommodellen.
Physik. Zeitschrift, xx. pp. 446--448.]

Here we have a determinant whose curious scheme of elements
is not due to an algebraist’s fancy, but is the direct outcome of a
serious study in atomic physics. In the first place it is allied to
the type which for want of something better we have charac-
serized by the word ‘ block ’, for example, the Puchta-Noether
block circulant, the Simandl block continuant, and so forth;—
that is to say, its array is such that it has necessarily to be viewed
1s composed of specialized sub-arrays. Thus in the particular
instance we have now reached the array is made up of m? sub-
arrays each of » rows and » columns, so that the determinant is
of the (mn)™ order. In the next place each of the said m?2 com-
oonent arrays is a circulant, not necessarily connected in variables
with any one of its fellows, so that the determinant is thus a
function of at most m2n variables. Only one property of the
determinant is explicitly referred to, namely, its expressibility as
the product of n determinants of the m™ order. This is shown to
be provable in two different ways, (1) by using the multiplication-
theorem, and (2) by viewing the determinant in connection with
the binary quadric of which it is the discriminant.

For ourselves. however, it is important to point out that
neither proof was in a sense necessary since by mere transposition
of rows and of columns the determinant is easily changeable into
another which Andreoli in his paper of 1915 had shown to have
exactly the factors in question. And since the result of this trans-
position is sure to have other uses, it may be well for us to make
an independent statement of it. In succinct form it is: The
determinant of m? circulant arrays of the n** order is equal to a block
circulant of n arrays each of the m** order. For example, when m
is 2 and » is 3 and we are allowed to use on the left C(a,, a,, a;)
not for the circulant but for its array, we have

Clay, a5, a3) C(by, by b) | _ <“1 by a,b, ay ba)
Cley, ¢ c3) Cldy, dy, dy) e dy, Cady, c3d;
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or at full length

ay ay as by by by ay by ay by a3 by
a; a3 a by by b ¢ dy ¢ dy c3 dy
a; a; @y by b by| _|ay by a3 by a; b
¢, € €3 dy dy dy B ¢, dy €3 d3 ¢ d;
¢, ¢ ¢ dy dy dy a; by a; b a, by
c3 ¢ ¢ dy dy dy c3 dy ¢ dy ¢ dyf,

the operation performed on the rows and the columns being in
symbols:

(] 4253 6)

123456/

MUIR, T. (191922/,)

[Note on a sum of products which involves symmetrically the
n'" roots of 1. Transac. R. Soc. S. Africa, viii. pp. 173-178.]

The main subject here, out of which the consideration of a
special determinant arises, is

8=N =N

2 I (a,l =+ a,w® + a,.3w23 e arnw(n—-l)s)

s=11r=1

where w is a primitive #*" root of 1: and as an example of the

condensation effected we may give

2 (- aywtaz0i+a,0®) (... (-2 ) (diF-dyot-dyw? - dyw?)

@ Gy a3 a4y

= 4-
by by by byjc ¢ ¢ ¢
by by by by e, ¢ ¢y
by by by by |y ¢ ¢ o
by by by by |ca ¢ ¢ ¢
d, dy dy d,

The determinant in question, when of the third order, is
a; + ayw + azw? by + byw + byw? ¢ + cow + czw?
dy + dzw 4 dyw? e -} e ew? f +f2w +f3w2
91+ 9w + g30* b+ hyw+ hyw? k4 kyw 4 kjw? | .
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Evidently its development must take the form
P+ Quw + Rw?,

one way of obtaining the latter being to transform the determi-
nant into an aggregate of determinants with monomial elements,
in which case

P=  |147|+ |258] + | 369
+ | 159 | + | 267 | + | 348 |
+ | 168 | + | 249 | + | 357],

if |mnr| stand for the determinant whose columns are the m',
n, ' of the 3-by-9 array

ay Ay ay by by by ¢ ¢y ¢
dydy dy e ey e hH e fs
919295 M hy by kg Ky Ky

Another way is to express it as an aggregate of six terms of the
form

(a1 + a0 + a3w?) (¢ + ey - e3w?) (ki + kow + kyw?),

and then use on these the opening result above—a course which
gives us

a; Ay Qg b, b, by G C C
o +
e ey e |k Jils fo | dy dy dy | Iy

ey € €3 \ky fo fo S5 |95 dy dy dy | by
ey €y € lky fs fo f1 |92 ds dy dy |hy

P =

a, a, a, b, b,

b, :
Hh s fo|ly dy dy dy | Ky € €3 € |0
fo i fs | g dy dy dy | kg C € €3 |G
s fo 1 | ke dy dy dy | ky €3 € € |Y>.

There is thus deduced a curious identity connecting six determi-
nants and six bilinears or bipartites.

(E185) 25
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METROD, G. (1919'/,)
[Question 4953. L’'Intermédiaire des Math., xxvi. p. 100.]

The question of the possible values of lam l when a,, == 1% is
here merely raised.

OGURA. K. (1919/;)

[Generalization of Bessel’s and Gram’s inequalities in the elliptic
space of infinitely many dimensions. Tdhoku Math. Jowrn.,
xviii. pp. 1-22.]

The inequality here spoken of as Gram’s (without any justi-
fication. it may be added) is that brought to our notice by Kow-
alewksi in 1909 (see above), namely:

<D -0
/ wde .o ’ Yy udr
Joa <

I’ \\,I
e

[/ N

."«:i/,,yldm ce / l;!/,,zdm

R

In the non-geometrical part of the paper (pp. 2-9) the funda-
mental advance made by the author is involved in the theorem
that the same determinant is not less than a sum of »n squared
determinants whose elements are Fourier constants of the y’s
with respect to a system of orthogonal functions. The results
following on this are of corresponding or even greater width, the
last being a test for the linear dependence of a p-by-¢q array of
functions.
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SUBJECT INDEX

TO WRITINGS ON HISTORY OF DETERMINANTS

N.B.—The volumes previously published are denoted by A, B, C, D:
the present volume by Z: other writings by Proc. R.8.K. and Tr. B.S.8.4.

Addition of determinants, A 154, 199; C 10.

Adjugate, the term, A 65, 104; B 191; C 57; D 13, 41-2.

— , a power of original determinant, A 41, 110, 211, 285; D 37, 88.

-, difference between two terms of, D 59.

— , duplicant of, D 209; Z 223.

— , effect of replacing rows of original by rows from the, D 204-5; Z 34.

— , element of second, A 106, 110.

— , iteration of forming, D 213-5.

— , latent roots of, ¢ 298-9.

— , minor of, A 41, 188, 197, 208, 214, 268; C 12, 29,42, 176; D 14, 32, 37,
41, 89.

— of null determinant, property of, B 324; C 63; D 431.

— of Bezout’s eliminant, A 485-7; B 324-5.

— of product, A 121; B 192; D 64; Z 25, 47.

— quadrie, C 95-6.

— , square of, C 8.

— , the (r, $)" clement of the m!', D 214-5; Z 50.

— , various forms of, ¢ 200.

— viewed as compound determinant of #'" order and 1st class, B 201.

— , determinants connected with elements of, Z 307, 346, 348, 357.

Aggregate of determinants equal to 0, D 2, 38, 121-2.

— of determinants equal to a determinant, D 4, 13, 16, 327-8.

— of determinants equal to a multiple of another aggregate, D 15-4,
25-6, 38-9.

Aggregates of determinants, two equivalent, D 140.

— (vanishing) of determinants, Z 82. (See also under ¢ Vanishing ’.)

Aggregate of products of pairs of determinants, A, sce no. xxiii in Table
288; B 61-2, 72-3, 206-7, note *416; C 50, 65, 200; D 18-9, 24,
57, 75, 212, 448; Z 5-6, 12, 25, 35-6, 42-3, 51-2, 62-4, 65, 75-6,
£0, 84-5, 138, 220, 224.
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Aggregate of products of pairs of determinants of unequal order, C 78,
79-80; D 19; Z 65, 80, 84.

— of products of pairs of determinants, equality of two, A 165-171; € 23.

— of products of pairs of bordered determinants, C 437-8.

— of products of sums of minors of an array, D 69.

— of equigrade minors. (See ¢ Kronecker’.)

— of selected terms of an expansion expressed as the reciprocal of a de-
terminant, D 485-6.

Aleph and other symmetric functions, relations between, B 216-7, 218;
C 219-20, 246-7; D 50, 227, 229, 235; Z 194. .

— function as quotient of two alternants, A 340-2; C 135-6, 137; Z 209.

— function as a persymmetric recurrent, D 325.

— function with negative index, € 146--7.

— functions, difference-product of, Z 204-5.

— functions as elements, A 340-342; C 135-6, 147-8, 158, 219-20, 246-7;
D 165, 180-1, 184, 336; Z 193, 194-5, 204, 209.

— functions, gencrating function of, D 229.

— functions, Jacobian of, ¢ 166.

Alternant, the term, € 170.

Alternants, Chapter on, A 306-45; B 154-90; C 132-75; D 142-201;
Z 176-214.

Alternant, Cauchy’s double, D 489; Z 196, 202-3.

— , other double, Z 206-7, 210-1.

—- multiplied by a symmetric function, A 311-8, 323-5; C 155, 157, 159;
D 150, 151, 198; Z 184, 185, 186.

— the analogue of Wronskian, B 221.

— , trigonometrical, Z 196, 197, 199-201, 208, 209.

~— (trigonometric) of infinite order, D 414-5.

Alternants connected with interpolation, B 330; Z 183.

-— , quotient of two, Z 177, 190-1, 194, 196, 199, 204.

-, historical, A 478, 481-2; Z 27.

— with differentiated rows, ¢ 159; D 155, 177-180, 201; Z 179, 183-4,
198 -9, 203, 204.

— whose elements are roots of 1, € 137, 480.

— , vanishing aggregates of products of, Z 180-1, 185.

Alternant-like array of n—1 rows and 2 columns, D 190-1.

— determinant of order in(n + 1), D 188-9.

-—- permanents, D 151.

Alternate numbers as elements, C 487-9; Z 347-8.

-— numbers, exposition of determinants based on, D 78-9.

Alternating functions, A 94-5, 277-80; D 167-8.

— and symmetric functions, Cauchy’s, D 66.

— units and numbers, € 6-7, 20, 268, 273-4.

Alternée (somme), determinant called, A 280-1.

— (somme), connection with ‘ resultants’, A 281-4.
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Angle-functions as clements.  (See ‘ Trigonometric’.)

Anharmonie ratios, determinants connected with, B 189, 451-6; D 463--1.

Antorthogonant, construction of, € 478-80.

Approximation to value of determinant, D 32, 483-4; Z 90-101.

Arithmetically expressed elements, cvaluation of determinants with,
D 101-2, 103-4.

Arrangement of mn things into » sets of m each, D 74- 5.

Array, the term, B 50, 61.  (See also © Matrices '.)

— (2-by-n), product of minors of, C132; D 6. 147, 165- 6.

— (2-by-n), relations between minors of, C 56; D 72; Z 164.

— (3-by-n), minors involved, A 86-91; C 38-9.

(3-by-4, &c.), minors involved, € 65, 186, 191, 195, 196; D 25, 85, 133,
209, 223, 467-9; Z 83, 210.

— (4-by-n), minors involved, A 92; B 468-9; Z 84-5.

— (5-by-6), special evanescent. € 76.

— (m-by-2m), m-line minors of, Z 35 6. 60 2, 84-5.

— (m-by-n), relations connecting minors of, € 68; D 25, 50, 55, 212, 218-9;
Z 17, 41-2, 69-70, 75-6.

— (m-by-n), functions of elements of, Z 29-30, 52-3.

— (m-by-n), test for evanescence of, A 387; B 15; € 86; D 9, 40-1, 61, 67,
102--3, 106; Z 289.

— (m-by-n), evancscence of Z 4, 5, 64 -5, 75-6, 125, 288.

— (m-by-n), evanescence of p-line minors of, B 51-2, 83; C 24-6, 62-3,
71-2; D 106.

— (m-by-m -+ 1), m-linc minors of, Z 54, 212, 242.

— (m-by-2m - 2), m-line minors of, Z 78, 152.

— as pre- or post-multiplier of a determinant, B 16, 34; C 5, 331, 334-5;
D 48.

— , augmented and unaugmented, C 83, 84; D 104-5, 105.

— , special persymmetrie-like, B 331; D 11, 317-8, 319.

— , leading minor of an, € 330.

— , notation for primary minors of, B 10.

— (oblong). problem of forming special terms from, D 67.

—- , persymmetric, D 317, 329--30.

— . property of a special #-by-(r+-4), D 11.

— , special function of elements of an m-by-n, D 31, 67.

—_ special 3-by-(2n 1), B 465-1.

Arrays, coevanescence of two, € 37.

— , dependent and independent, Z 125.

— , (equality of two), how interpreted, € 332.

— , notation connected with oblong, B 15, 33, 83, 107; D 220, 221--2,

— , product of oblong, B 57, 106-7, 200; C 44-5, 48, 445; Z 80-1.

— , proportionality of minors of two, € 36-7, 48-9, 93, 150-2; D 17.

— triangular, instances of use of, D 243--5, 344--5.

Augmented array, C 83-4; D 104-5.
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Automorphic transformation, B 312-3, 318; Z 28-9.

Axisymmetric determinants, Chapter on, A 289-305; B 109-53; € 94-
122; D 108-37; Z 131-65.

— determinant, Cayley’s vanishing, C 45.

— determinant, m-line minors of 2m-line. (See under ¢ Kronecker ’.)

— determinant, | a, + a,| and Cauchy’s double-alternant, C 139.

— determinant, early examples of expansion of, A 294, 415, 421.

— determinant (power of), multiplied by square, D 206-7.

— determinant with a zero primary minor, B 153; C 28-9, 108-9; Z 146.

— determinant with elements linear in x, B 314; D 287-8, 309-10.

— determinant (special) equal to a skew, Z 156.

— determinant, special, connected with alternants, C 139-40.

— determinant, how related to duplicant and Hermitant, Z 131.

— determinant, early appearance as Bezout’s eliminant, A 214, 242-3,
485-17.

— determinant, rank of, Z 139, 155-6, 158.

— matrix increased by a zero-axial skew, D 492-3.

— unisignant, Z 146-8. (Seec under ¢ Unisignant ’.)

Axisymmetry of Bezout’s eliminant, A 214, 242--3, 485-7.

Baltzer’s text-book, correction of foot-note in, D 37.

Bazin and the n-line minors of an n-by-(n -I-h) array, B 206-8.

Bazin’s theorem in compound determinants, B 206-8; € 157-8, 176, 186,
189, 195; D 56, 89, 205, 209, 212, 219; Z 79, 190, 215, 220, 242.

— theorem, extreme case of, € 176, 200.

—— theorem and Sylvester’s aggregate of products, C 200.

— and Sylvester’s theorems in compounds, D 205; Z 62, 79.

Bernoulli’s numbers, A 479; € 222, 232, 232--3, 234-5, 238-9; D 233-4,
234, 238(2); Z 248, 250, 259.

Bezout’s rule-of-thumb for solving linear equations, A 42-6.

— eliminant of two cquigrade equations, A 214, 243, 485-7; B 111, 138-9,
142, 143, 324-5, 340-1; C 112, 162, 328-9, 342, 354-5, 374; D 333,
340-1.

— eliminant, adjugate of, A 486-7.

— climinant as a product of two oblong arrays, D 333, 340-1.

— eliminant transformed into Euler’s, C 355.

— eliminant transformed into Sylvester’s, € 331-2, 360-1.

— eliminant, mimicry of, D 327; Z 244.

Bezout-Cauchy eliminant got from Sylvester’s bigradient, D 332, 332-3,
337, 340-1.

Bezout’s method of elimination for linears, D 75-6.

Bezoutiant, B 137-8.

Bialternant functions, A 309-10, 332-42; B 175-6, 181; C 135-6, 144-6,
147-8, 152, 154-6, 169-70; D 146, 150, 154, 160-2, 163, 164, 168-9,
186, 190, 195, 197; Z 187-90, 209, 317-8. .
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Bialternant function, special, Z 318,
Bi-axisymmetric determinants, B 145-6; C 388-90; D 45-6; Z 174.

317

Bibliographical lists, A 407-10; C 306-8, 325-6, 361-2, 430-1; D 12, 35,

310-11. 349-51, 426-7, 451-3; Z 28, 46, 58, 80.
Bigradient, Sylvester’s, A 487.

Bigradients, Chapter on, B 358-75; C 327-62; D 332-51; Proc. R.S.E.

xlix, 1-15.
Bigradient cqual to a persymmetric, D 326.
— , a centrosymmetric, Z 316.
— (Sylvester’s), and Euler's eliminant. € 152.
Bilinear elements, determinant with, B 25, 26; C 94. 446; D 121.
— form, transformation of, A 445, 451; B 313; D 428.
— form multiplied by its discriminant, Z 20.
— form (special) increased by discriminant, D 278.
— form, k™ power of a bilincar form as a, Z 45.
Bilinears, celiminant of a set of, ¢ 178-9.
— , determinant expressible as an aggregate of, Z 308-10.
— , equality of two, C 95.
— , instances of, B 132, 449-50; C 301, 321, 322; Z 360-1.
Bimatricant, D 437, 492-3. (See under ‘ Binomial ’.)
Binary cubic, discriminant of, B 115-6, 358-9, 382.
¢ Binary ’ determinants, B 276.
Binary quantic as a determinant, B 211, 233, 235-6, 240; C 227-8.
— uantic, invariants of, B 393-4.
— quantic multiplied by its discriminant, B 116-7, 118; D 429.
— quantics, highest common factor of two, € 327-8; D 319, 339.
— quartie, invariants of, B 380-1.
— (uartic, notation for, B 341.
— quintic, canonization of, B 332, . . ., 338, 339.
~— trilinear form, B 359-60.
Binet’s and Cauchy’s claims to multiplication-theorem, A 122-30.
— identitics of 1812, A 86; B 96; D 69.
Binomial-coefficient as quotient of two difference-products, D 191.
— -cocfticients as elements, € 447-62.
— -cocfficients, properties of, C 453-4; D 190-1.
— clements, determinant with, € 40-2, 43; D 15. (Sce
¢ Matrices ’.)
— (power of a), as a determinant, C 237, 460; D 231, 239.
— -sums, product of, D 197.
Bipartite functions, D 27-8, 29 -30.
— functions, equality of two, C 95.
— functions, notation for, B 18, 19, 86-17.
— , even-ordered binary (uantic as a, D 429.
— notation used, B 25, 116-8, 139; C 320-2, 446.

— quadric, transformation of, A 436, . . .; B 313.
(1 185) 26

under
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Bipartites and determinants connected in one equality, D 29, 65,
492-3.

Biquadric, binary, B 380-1.

Bi-symmetry in determinants, D 45-6; Z 174.

‘ Blocks’, € 24.

Block centrosymmetric, Z 171, 3189, 323-4.

Block circulants, B 145-6; C 372, 388-92; D 385-95.

— skew, D 460, 472-3, 473; Z 171, 339-40, 347, 356-7.

¢ Boolian ’ determinants, family of, B 389-90.

Borchardt’s double-alternant product, B 174-5; € 148-50, 157, 158, 165;
D 151, 157, 187, 200,

— eliminant, B 458-9; Z 50, 54, 197-8.

Bordered determinants, carly instances of, A 70- 1, 201-2, 292-3.

— determinants, representation of expansion of, Z 86, 357-8.

Border changeable to border of 1’s, € 484.

Bordered determinants, B 18, 19, 129-32, 152, 163; Chapter on, C 432-446;
D 428-438; Z 294 7.

-— determinants, product expressed as an aggregate of, Z 80-1.

— determinants, notation for, € 104-5, 434-5.

~— determinants, Arnaldi’s theorem on, Z 25.

~- adjugate and discriminant of quadric, € 95-6; D 429-30.

— axisymmetric determinants, Z 133, 162.

— continuant, € 421.

— determinant as product of two arrays, B 57, 199-200.

— determinant cqual to product of two determinants, B 75-7; D 61-2.

- determinant (special) expressed as a bilinear, € 301, 436.

—- determinants as elements, B 130-2, 198-200; € 191, 438; D 208-10.

— determinants, equivalence of two 4-line axisymmetric, Z 159, 161.

-— discriminant, B 113, 116, 117, 118, 119, 153.

— duplicant, instance of, B 116; Z 71-2,

— clements, compound determinant with, B 130-2, 198-200; € 191, 438;
D 208, 210.

— Hessian, B 394-6, 396-7; C 364-5, 434--5.

— permanent, C 169.

— product of two oblong arrays, A 70-1, 201-2, 292-3; D 430, 434.

— skew determinant, B 268, 269, 274, 278, 281, 287.

— special penesymmetrics, C 131.

- special persymmetric, € 325; Z 162-3, 260, 263, 264--5, 267.

—— zero-axial skew, D 260-1.

— zero-axial axisymmetric expressible as a square, Z 164.

Bordering a determinant of nullity p, D 2-3.

— a Lagrangian determinant, C 288, 301, 302.

— of a special axisymmetric determinant by units, ¢ 97-8.

— a special determinant has effect of squaring, D 61-2.

Brianchon’s theorem in conics, ¢ 195-6.
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Calculus of forms, B 68-72, 338.

Canonical form of odd-degreed functions, B 80, 331, 332 ....

Canonizant, B 338, 341, 351-2, 357

Catalecticant, B 335, 338, 341, 351.

— and its quantic, product of, D 429.

Cauchy and Binet's claims to multiplication- theorcm A 122-130.

(Cauchy, the passing of, B 319.

(Cayley and matrices, B 85; D 31, 285

— and Sylvester, period of, D 1.

Cayley’s determinantal operator Q (see under * Differential Operators’),
D 57, 462-3; Z 299.

— last paper and death, D 52.

Census of terms.  (Sce under * Number'.)

Central secondary minor, vanishing of, D 73.

Centre-skew determinants, D 263- 4.

Centro-symmetric determinant, € 123, 124, 129-30, 275, 478; D 45, 140,
141; Z 167, 316, 318-9, 323-4.

— -symmetric determinant (special) resolvable into two, Z 38-40.

Characteristic = rank, D 106. (See under ¢ Rank ’.)

— cquation, (fauchy’s so-called, D 21.

Chess problem, C 486-7; Z 299, 302, 305.

Circulants, Chapter on, B 401-12; C 372-92; D 356-95, 15; Proc. R.S.L.
xliv, 218-41.

Circulants, special, C 128; Z 334.

('ircular substitution, A 97, 273-5; D 72-3.

— summation, symbol for, C 383.

Clefs algébriques, B 43 5, 77-8, 84, 319.

('oaxal or (foaxial, B 88, 414-8.

C'vaxial minors, sums of cquigrade, A 299; B 32, 311-2, 316; D 29- 31.

-— minors, determinants with equal sums of, € 46 -7, 967, 294,

- - minors, expressibility of determinant in terms of, D 54, 58, 66, 67-8,
394-5.

— minors, notation for sums of, D 52.

—- minors, number of relations between, D 54, 58, 66, 67-8, 394-5,

— minors, one of each order positive, € 107.

-— minors of orthogonants, B 316; D 303, 304.

— minors of product, B 32; D 14, 52, 65.

—- minors of squared determinant, B 120, 145.

—- minors of axisymmetric determinant, D 128, 135, 135.

— minors, relation with row-sums, ¢ 30.

Coevanescence of arrays, C 37, 47.

— of m-line minors, Z 7, 41-2.

Cofactor of an element, notation for, A 61; C 55.

Combinations, notation for, D 221-2.

— , closed sets of, Z 229-230.
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Combinatory numbers, determinants of, ¢ 138-9, 200, 218, 231-3, 245,
319, 465, and Chap. on 447-462; D 192, 196, 234, 237, 471, 491,
493, 497; Z 307, 310, 311-2, 316, 342, 349-51, 351-2.

— number equal to quotient of two difference-products, D 191.

Common roots of two binary quantics, B 100-1, 371, 373-4; C 162, 328-9,
340-2, 352, 354, 354-5, 356-17.

Commutants, B 22, 33-4, 68, 69, 71, 267, 332, 357.

¢ Complementary °, the term, A 112, 114.

Complementaries, Law of, € 23, 33, 66, 277, 279-80; D 7-8, 76, 81.

— (Law of) applicable to axisymmetrics and centrosymmetrics, Z 135,
168-9.

Complex numbers as clements. (See ‘ Hermitants’.)

— yguantities (product of) expressed by means of determinants, D 478-9.

Composite order, determinants of, B 102-4; D 49, 74.

Compound (m*') of a vanishing determinant, D 490.

— , resolvable minors of, Z 36-7, 235-6.

—, result viewable as minor of second, C 16.

— (special) of D,, divisible by D,,, Z 87.

Compounds, complementary, A 112, 118; € 177.

— , notation for, A 112, B 193-4; C 177, 182, 186; D 205.

— of two reciprocal determinants, D 13.

— , product of complementary, A 118; B 191; C 177.

— of an orthogonant, D 298.

— , special resolvable, Z 36, 174.

Compound determinants, A 111-5, 117-8; Chapter on, B 191-209; € 176-
207; D 202-223; Z 215-46.

— , determinant’s relation to its m'®, € 196, 202, 204; D 49.

— determinant, Bazin’s, € 157-8. (See under ‘ Bazin’.)

— determinant with bordered clements, € 191; D 217; Z 7.

— determinants got by partitioning an mn-line determinant, D 74.

— determinant, ¢ Sylvester’s ’ first extensional. (See under ‘ Sylvester ’.)

— determinant whose eclements are squares of determinants, B 170;
D 2034.

— determinant whose elements are bordered determinants, B 130-2,
197-200; C 191, 438; D 208, 210.

— determinant with squared elements, C 170; D 67.

— Wronskian, factors of, Z 288.

Condensation of a determinant, B 46, 80, 95, 201-5; € 9, 15-6, 17-8, 32-3,
51, 80-1, 82, 102, 103, 108, 449; D 494; Z 10-1, 36-7, 59, 87, 237-8.

— of bigradient array, C 331, 345-6.

C'onjugate applied to elements, A 100.

— determinants, B 250, 295, 316; D 29, 88.

— minors, B 146; D 14.

— partitions, C 229; D 146.

— permutations, A 59, 256; € 33, 35.
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Continuants, Chapter on, B 413—44; C 393-422; D 396-413; Proc. R.S.E.
xlvi, 46-70.

Continuant connectzd with Sturm’s functions, B 344.

— , determinants like a, B 418; € 240-1, 393 -4, 395-7; D 402-3, 411.

— , generating function of a special, C 214.

— (multilineant), convergence of, D 425.

— , property of an implied persymmetric, B 350-1, 421.

— (simple) persymmetric, C 394-5, 459.

Continuants, special, € 55, 325; D 262.

Continued fraction for a power-series, C 315-9.

— fraction for quotient of two series, B 361, 363-5; C 355, 356.

— fractions and Sturm’s division-process, B 3434, 365.

— fractions, ascending, C 230-1, 422.

— fractions, Bauer’s relation between two special, € 399101, 402, 417.

Cos nb expressed as a persymmetric in cos 0, D 315.

Cosine of sum of angles as a determinant, D 479.

Cosines of four angles whose sum vanishes, relations between, D 395.

Covariants, B 378, 386.

(‘ube of 3-line determinant as a 6-line determinant, D 461.

¢ Cubing " (so-called) of a determinant, Z 56.

('ubic determinants, bibliography of, ¢ 429-31; D 426-7.

— determinants, early instances of, C 429-30.

-— determinants included in text-book, C 54-5, 75; D 78.

— (binary), B 115- 6, 358-9, 382.

-— (ternary), B 379, 381, 383—4, 390, 391, 394, 397; C 366, 368.

Cumulant, B 422; D 404.

Cyclical groups of suffixes, A 248-53, 273; D 72-3.

-— permutation, terms got by, A 250, 260; C 31; D 18, 57.

--- summation, symbol for, B 295-6; C 383.

Defining characteristics of a determinant, Z 29, 40, 51, 52-3.

Definite integrals as elements, B 461-2; C 469-73; D 464.

— integral, Gauss’ approximation-formula for, C 309-10, 310.

Definition of determinant, generalization of, B 41-2, (6, 256-7, 266-7.

Definitions of a determinant, A 24, 99, 220, 254--5; € 20, 71; D 79; Z 51.

Dependence (linear) in general, Z 277, 283, 288-9.

Dependence or independence of equations, &c., A 360-1; B 221-2, 225-6,

Derangement, A 12 (See ‘ Inversion’.)

Derivation of coexistence, A 227, 322; B 16, 92.

Derivational functions of a bilinear, B 17-21.

Desargues’ theorem in geometry, € 192, 205.

Determinant (general 3-line) connected with quaternions, C 18.

— (3-line, with 12.23.31 = 13.32.21), D 301, 304-5; Z 355.

— constructed from another by row-operations, B 37-9; C 19, 77; D 4,
36, 71.
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Determinant (special) equal to a product of difference-products, D 188-9.

— expressed by 1 -+ (n—1)2 of its terms, C 27.

— , history of term, C 348.

— (special). (See under ‘ Elements ’.)

— (special 3-line) in terms of diagonal elements and their complementaries,
D 53.

— unaltered by certain changes, € 39, 51, 82.

— with one row equal to sum of multiple of others, A 158, 199, 223.

Determinant with zero primary minor, resolvability of, B 153; € 28-9,
108-9.

Determinants among related functions, position of, A 277-8.

— formable from another by permuting elements of a row, D 33-4, 63.

—- with vanishing row-products, ¢ 36, D 17.

Determinant-product with diagonal elements diminished by 1, D 46.

Determinantal form, to put ordinary expression in, € 26-7, 62, 82.

Determinantalists criticised, D 23—4.

Development.  (See also under ¢ Expansion’.)

— of determinant according to single diagonal elements, D 46.

— of determinant as an aggregate of 4-factor products, Z 25, 82, 86, 87.

Diagonal elements, expansion according to products of, A 178, 294, 421;
B 42.

— terms, final expansion as aggregate of, D 17-8, 50, 53-4, 63, 85-6.

Diagonals, multiplication and division of, Z 17-8, 254.

Dialytic elimination, A 236-7, 238, 239, 242, 243-6; B 9, 17, 30; Sce also
Chap. on Bigradients, B 358-75; € 327-62; D 332-51.

— elimination, unfavourable case of, € 374.

-— eliminant, and Euler’s form, B 369 -70, 374--5; C 152.

Difference of two determinants, D 69-70.

— of two products of differences, determinant equal to, B 451-6.

Difference-equation of second order, D 400 1.

-, solution of general, ¢ 211-2.

Difference-product and definition of determinant, A 99, 254-5.

— an alternating function, B 9.

— alternant, properties of, € 172-3.

-— alternant, multiplied by symmetric functions, D 150-1, 197, 198,

—— alternant. (Sec¢ under * Alternants’.)

— as a Jacobian, C 141-2, 165-6; D 454-5.

— ay a Pfafian, D 147.

— unaltered although elements made aleph functions, Z 204-5.

— differentiated, C 138; D 184.

—- 0of 2n elements, Z 178, 192.

— of mn variables, expression for, D 144, 199.

— , determinant equal to special power of, Z 187.

—of ,2,...,nused, C 139, 159, 314, 452; D 144.

—of 1/12, 1/3% 1/5%, ..., Z 211-3.
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Difference-product of n'" roots of 1; C 137; Z 203.

—of 1/1%3,1/22,1/3% . ..,2Z 211-3.

Difference-products, possible equality of two, D 147.

Differences, determinant of higher, A 482-3.

Differentiation of a determinant, A 261-2; C 9; D 1, 5, 64; Z 37, 33.

— of a continuant, C 395.

— of an axisymmetric determinant, A 300, 300 1, 302-3; B 146.

-~ of a circulant, B 408.

— of a Wronskian. A 484; D 245, 246.

-— of a special axisvmmetric determinant, € 117.

-— of a special recurrent, € 215-6.

— of Bezout’s condensed eliminant, B 143; ¢ 328-9.

-— of Lagrangian of | «, |, Z 49.

— , a of a quotient, B 210; € 231, 240; Z 249, 261.

— , nhof ur, € 239 -40.

— , the at" of o{(r)}, B 214; € 226 7.

-~ of u(.c) with respect to o(r), D 224,

Differential-coefficients (partial) of a determinant, A 212, 261-2,

—, notation for, A 359.

— equations, B 220, 220 1, 222; € 160, 317; D 124, 455; Z 14).

-— operators as clements, A 33—4; B 70-1, 95-6, 247-8; € 278-80; D 57
185, 381, 462-3, 479.

Dilatation-theorem, Trudi's, C 334-7.

Discriminant, the term, A 41, 64; B 63, 92, 184, 360-1, 366, 383-9; C 66,
348-9. 352,

— and Hessian of quadric, B 377, 388-90.

— ., bordered, B 113, 116-9, 153.

— (quasi) of a bilinear, B 18-9.

— of a binary cubic. B 115-6, 358 -9, 382,

— of a binary gunartic, B 361, 372; C 349.

of a binary quintic. B 366, 372.

— of a special quadric as a continuant, B 435.

-— of the Lagrangian determinant, B 295-302, 321 -3.

-~ of a quadric, product of ¢quadric and, B 116, 118.

— of a quadric as a sum of squares, B 321; C 286, 288, 290, 303-5

—- of quadric, vanishing of, C 96.

—- of quaternary quadric, B 119, 137, 152, 315; D 115-6.

— of n-ary quadric before and after transformation, B 118-9.

— of ternary quadric, evectant of, B 153.

— of ternary cubic, B 384.

— of U -+ AV where U, V are ternary quadrics, D 436 -7.

— of (a"2—1)/(x—1), € 359-60).

— , persymmetric form of, B 15960, 172 3, 184-6, 346-7.

— of the emanants, B 389-90.

— which is unit-axial skew, D 278.
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Discriminant, zero-axial, B 315, 467,

¢ Disjunctive ’ equality, B 60, 62.

Distances of points, relations between, B 7-8, 109-10, 122-3, 140-1, 144-5,
146-7, 151(2), 469-70; € 100, 108, 118, 493-5; D 116-7, 118(2),
125-6, 136; Z 140, 163.

¢ Double ’ determinants, ¢ 178-9; Z 232-3.

Doubly compound determinants, ¢ 191-2, 195-6, 205-6.

Duality (law of), connecting determinants and permanents, Z 24.

Duality- (proposed law of) in alternants, Z 188-90.

Duplicant, definition and property of, D 209; Z 71-2, 223.

- -, determinant related to, Z 325-6.

— , instance of hordered, B 116.

Eisenstein, B 358 -60, 379.

Element, the term, A 260.

—- , positional notation for, A 8-9, 22.

Elementary divisors. See Chap. on Invariant Factors, D 435-53.
Element-by-element equality, B 95; C 8, 297-8.

Elements all alike except in diagonal, B 141-2; € 100-1, 109-10.
— , effect of changing signs of diagonal-, Z 12.

Element as an analogue of points in geometry, D 71-2

— , effect of adding o to every, Z 36.

Elements connected with Bessel’s functions, D 482.

~- connected with elliptic functions, € 161.

— connected with Theory of Integers, ¢ 116-7, 118-9, 120, 120-1, 121,
—- , determinants formable with the same 72, D 33, 34, 63.

— formed from elements of a 2-by-4 array, D 480.

— formed in various ways from a, b, ¢, d, e, D 475.

— got from magic squares, C 68, 475, 478, 490.

— got from | ay, | by adding a constant, C 495.

— in part taken from adjugate, D 204 -5.

— like 1/m!, € 217, 222, 234, 236-7.

—- of 4-line determinant with 2-line minors conditioned, B 464-5.
— of product-determinant expressed as bipartites, D 28.

— of second adjugate, A 106, 110.

— of the form (&, + B,)7* (&, — Bs) ! . .« (o, — Bo)7Y, € 140.

— proportloml to elements ()f adjug ate, C 288 90, 478-80.

— such that a,,s = (-1)’" ren—st+1 C 487,

— such that a,, = 0 and a,.a,, = —a,,.qa,, C487-9.
— such that a,, .- <p(r —1.n + 8) where o(x) = fx(x — 1)m — x(z —2),
C 492.

— such that a,; == a; or 0 or b, according as r< = >s, € 493.
— such that a typical row is 1, «, §, «f, B 451-6.

— such that all the row-sums vanish, B 150, 458-9.

— such that col 4 = col 2. col 3, B 451-6; C 492.
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Elements such that col, == («, 8, v, . . . § col,), D 463-4.

— such that each row-sum is of form {z+ (22— y®) - (2 —®) I-...}/ (x — ).
D 188-9.

— such that each row is a pormutation of any other, ¢ 480; D 475, 486 -7.

— such that row,.row, = ¢ and raw,. row, = b, C 306.

— such that square of difference of two rows is 2, D 467.

— such that square of cach row equals 2, C 305-6.

— that are (n —1)™ derivates of n functions of 2 variables, ¢ 481-4;
D 470.

— that are cither a or b, Z 170.

— that are —a, Ak, with augment 1 in diagonal, D 485-6.

1

— that are o — Ty D 471.

—— that are 0 in (7, 3)"" place when r + sis odd, D 474.

-— that are 0, 1+, 2%, . . . differences of a row of quantities, D 474.

— that are +1 or --1, D 495.

— that are a,, with «,, in arithmotical progression, D 476-7, 488-9,

— that are (ra - s)7L, D 489.

— that are C2H"'F (x |- r — 1), D 456.

— that are a, | 0, except in diagonal, D 461-2.

~— that are f(x + r — 1,y + s — 1), D 470-1.

—that are o« + {(x 1 y i r-— 1)§}*1, D 471.

- that are m* powers, D 330.

—- that are 3-line minors of 3-by-3?% array, D 223.

— that are aleph functions, C 147-8, 158, 220; D 165, 180-1, 184, 336-7;
Z 193, 204 -5.

— that are alternants, B 329-30.

— that are alternating numbers, C 487-9; Z 347-8.

— that are bilinears or bipartites, B 25-26; C 94, 446; D 121.

— that are binomial, B 79, 93, 94, 113-4, 314, 465, 468 -9; C 40-2; D 15,
437, 492-3.

— that are bordered determinants, B 130--2, 197--200; C 191, 438; D 208,
210.

— that are coefficients in the quotient of two power-series, D 319, 326-8.

— that are combinatory numbers, C 158-9, 200, 218, 231, 232, 2334,
245, 465; D 192, 196, 234, 237, 471, 491, 493, 497, and Chap. on
447-462.

— that are complex quantities, B 449-51; C 285-6, 474; D 497; Z 50,
305-6, 314, 327, 329-30.

— that are conditioned linear functions of x, x,, ..., x,, D 477-8.

— that are connected by a common operator, D 454--5.

— that are covariants of two sets of binary quantics, D 456.

— that are definite integrals, B 461-2; € 469-73; D 464.

— that are derivates of those of an orthogonant, C 296-8.

— that are differences, D 381-2; Z 153-4.
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Elements that are differential operators, A 33-4; B 70-1, 95-6, 247-8;
C 278-80; D 57, 185, 192-3, 361, 462-3, 479.

— that are each ¢, of s*" permutation of variables, D 177.

-— that are ‘ factorials ’, € 245-6; D 167, 195-6, 322-3, 471.

— that are figurate numbers, € 33, 102-3, 493; D 497.

— that are finite differences, A 482-3; D 483.

— that are got in rows from the rows of another determinant, B 401- 2;
C 19, 77, 495.

— that are grouped in similar 2-by-2 skew arrays, D 460, 472-3, 473.

— that are in each row in arithmetical progression, D 187.

— that are integral numbers, B 462.

— that are inversely axisymmetric, C 476; D 485-6.

— that are Jacobians, A 380-3; B 192.

— that are lincars in x, D 288, 437-8.

~- that are negative in diagonal and positive elsewhere, D 463.

- that are oblong arrays, Z 320-1.

— that are operational. (See under © Operators ’.)

-~ that are p'* powers of the elements of the adjugate, Z 236-7.

~— that are polynomial, € 52-3; D 22-3; Z 20-1.

— that are primary minors of an (n--2)-by-n array, D, 216, 218, 219.

— that are products of k factors, D 495-6; Z 8, 66.

---- that are products of » -- 1 of 2n variables, C 474-5.

— that are products of pairs of determinants, € 203-4, 206.

~— that arc products of two arrays, B 197-200, 204.

— that are quaternions, B 459-61; D 490, 496.

— that are reciprocals of factorials, C 217-9, 234-7; D 323.

— that are reciprocals of consecutive integers, D 328 -9.

— that are reciprocals of those of a null determinant, D 458-9.

—- that are repeated differential-coefficients, D 184-5. (See under  Differen-
tial ’.)

— that are roots of 1, C 137, 480.

— that are simple symmetric-functions (¢'s), ¢ 144-7, 151, 154-6, 164,
172, 219-20; D 145-6, 172--3, 175, 324-5, 454-5.

'— that are squared elements of adjugate, D 67.

— that are squares of determinants, € 170; D 203, 204.

—- that are squares of distances, B 109-10, 121-3; € 100, 108, 118, 493-5.

— that are sums (s's) of like powers, B 159-60, 1624, 169-71, 172-3, 184,
330-1, 353-4; € 209, 220; D 180-1, 316, 331, 336-7.

-— that are sums of #* powers of differences, C 493-5.

— that are trigonometric. (See under ‘ Trigonometric ’.)

— that are trinomials involving 3™ roots of 1, D 465.

— that are zeros save in diagonal, D 456.

— that are binary products of (m— 1)-line minors, Z 233-5.

— whose row-sums are 27 (x, t y, + z, + w,)% C 203-4; D 207.

— whose row-sums are }(x, + y, + z,)%, C 195; D 208, 467-9.
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Elements whose row-sums are (x, t+ y, + 2,) (& + ¥ s + ), € 193, 204.

— whose row-sums are (a, + b + ¢, or (@, + b, + ¢,) (a; + b, 4 ¢),
D 202-3; Z 2334.

Elementartheiler and Invariant Factors, Chap. on, D 435-51.

Eliminant, the term, B 107 (footnote).

— from three equal quotients of linears, B 208-9; Z 220-2,

-, quasi-dialytic, D 334-5, 336.

— of an evanescent array, C 180-1, 317--8.

— of two Lagrangian determinantal equations, D 300, 466.

— of a set of determinantal equations, C 193.

-— of a set of lineo-lincar equations, C 178-9.

—- of one quadric and # — 1 lincars, € 435--6, £39—40, 441-3.

--- of one quadric, one ™, and 2 lincars, € 434, 435.

— of three binary quadrics, B 376-7.

— of three binary quantics, Z 50.

— of three special ternary quadries, D 51, 61-2, 223.

— of two binary quantics with determinant cocfficients, Z 244.

— , result from equating two forms of, € 349, 351, 358-9, 360-1.

— , unisignant, D 130.

Elimination leading to result in determinants, B 8-9, 74, 95, 102-3.

Elliptic Functions, alternants connected with, € 161; Z 180-182.

Emanants, B 389-90.

English period of predominance in subjeet, B 4.

-~ period of neglect of determinants, A 198; Z 2.

Equations constructed with partially specified roots, € 357-8; D 335-6,
359

Equation (cubic) with 3-line axisvmmetric coeflicients, A 297-8.

— in x, approximate solution of, € 408-10, 423--6.

— in a solved by help of circulant, D 360, 370-1, 374, 377, 390.

— in @ whose coeflicients are the determinants of a persymmetric array,
B 334-5, 340, 342-3.

— of secular inequalities, A 295-6; B 120. (See under * Latent ’.)

Equations (lincar), (‘hap. on, € 83-93; D 97 107; Z 118-30.

— (linear), solution of, A 13, 24, 33, 42- 6, 47, 105, 146--8, 151, 158, 172-3,
212, 213, 216, 224 5, 227-31, 235-6, 262, 284; B 1 2, 9, "‘) ‘H B,
36; D 2, 23, 75, 84.

— (linear), resultant of, B 10, 13-4, 35, 40 -1, 58, 84-5, 92, 324--5, 427,

— (linear), as basis for teaching determinants, € 69- 70; D 23—4.

— (linear), Brill’s theorem applied to, C 49; Z 122, 123.

— (linear), (‘apelli’s test for consistency of, D 104; Z 118-9, 125-6. 126-9.

— (linear), determinant of the reverse set of, A 284-5.

— (linear), Rouché’s solution of, € 91-2; Z 119-20, 122.

-— (linear), Grassmann on, B 29; C 7.

~ (linear), two sets with conjugate determinants, A 63, 290-1 D 75.

— (linear), with determinantal coefficients, C 193.
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Equations (linear), with quaternion coefficients, Z 130

— (linear), with axisymmetric determinant, A 63, 290-1.

— (linear), with zero-axial skew determinant, A 263, 395-, 401-3; B 262-3;

' D 6; Z 125-6. .

— , set of linear, connected with interpolation, B 155, 164; Z 129.

— . set of linear, connected with canonization, B 332-7; Z 127.

—, set of linear, determinant an alternant, A 306-8; B 154-5, 161-2,
164-5, 169; C 143; Z 214.

— , set of linear, determinant a persymmetric, € 315.

-—, set of linear, determinant a penesymmetric, Z 167.

— , set of linear, determinant a double alternant, B 156-8, 159, 164; Z 120,
123.

— , set of lincar, determinant a Jacobian, A 366-8, 369; B 250.

— , set of linear, determinant of rank m, D 10-11; Z 4.

-—, set of linear, abridged notation for, B 87.

— , set of linear, redundant, B 40-1, 58.

— , set of linear, lincar only in half of its unknowns, B 332-5, 338, 339, 352;
¢ 309-10, 310.

— , set of linear, non-uniform solution of, D 420.

—, set of lincar, solution by undetermined multipliers, B 161-2.

— , set of lincar, whose determinant is either of two circulants, D 384.

— , set of linear, whose roots are the p* powers of the roots of another,
D 359.

— , set of linear, whose sums of like powers of roots are known, D 233.

— , sct of linear, whose coefficients are quaternions, Z 130.

Equivalences, number of solutions of a set of, D 105.

Euler’s eliminant of two binary quantics, B 161, 350, 369-70, 374-5.

-— eliminant considered with Bezout’s and Sylvester’s, C 355; D 342.

Eulerian and similar numbers as determinants, ¢ 233, 236, 238-9; Z 248,
248, 251, 256, 259.

Evaluation, helps in, € 12, 67; D 101-2; Z 13, 48-9, 128.

Evanescence. (See under ‘ Vanishing ’.)

Evanescent array, test for, € 25-6, 62-3, 71-2, 76, 87; Z 41-2.

Evectant, B 152-3.

Even-ordered determinant, properties of, B 276-7; D 113-4; Z 26.

Expansion according to diagonal elements, B 42, 469-70; € 3-5, 467.

— (final) of a determinant according to elements of a row and a column,
A 104-5, 162.

— (final) of a determinant according to products of diagonal elements,
A 177-8, 294, 415, 421. .

— (final) of a determinant as an aggregate of diagonal terms, D 17-8,50, 53—4.

— (final) of a determinant got by cyclical permutations, A 260; € 31;
D 17-8, 57.

— (final) of a determinant in terms of complementary minors, A 24, 33,
52, 116, 164, 261. (See also under ¢ Laplace’.)
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Expansion in terms of augments of diagonal elements, A 299.

— in terms of partially zero-axial determinants, D 64-5, 275.

— in terms of products of diagonal elements, A 178, 204, 421; B 42.

— in terms of zero-axial minors, B 42; C 54.

— of reciprocal of a product of linears, A 349-52.

— in power-series, alternants connected with, D 182-3, 482-3.

Extensible minors, Law of, € 23; D 7-8, 60, 63, 76, 137, 211; Z 5, 37. 56,
87, 135, 168-9.

Extensional of a manifest identity, A 382; B 60-1; € 23; D 193-4; Z 87.

— of Laplace’s expansion theorem, € 21-2, 78-81; D 63, 76.

— of Schwein’s theorem of equal aggregates, C 23.

— , Reiss’s general, € 23.

Extcnsionals, instances of, A 139, 141-2, 185-7, 382, 384-5, 477; B 60-1,
1934, 197, 207; € 182, 194, 202; D 6, 219.

¢ Facients ’, B 359.

Factor removed from row, A 154, 199, 223.

— (common) of f(x) and g(z), test for, D 319.

— in determinant due to common factor in elements of a sub-array, C 26,
43; Z 60, 81.

Factorization of norm connected with axisymmetric determinant, Z 133,
145-6, 159.

¢ Factorials > as clements, D 167, 195-6, 322-3, 471.

Factors (linear), determinants resolvable into, B 133-6, 145--6, 147; C 388-
92, 480, 484, 496; D 134-5. 475, 486-7; Z 172-4, 224 -5,

‘ Faculties ’ as clements, € 245-6.

Figurate numbers as elements, € 32-3, 102-3, 493; D 497; Z 349-51.

— determinant (so-called), Z 307.

Final derivative, B 14.

Frame-lines of Pfaffians, D 265.

Fredholm’s determinant (so-called), Z 19.

French mathematicians’ predominance in subject, period of, A 133; B 4.

¢ Fukudai’ problems and determinants, Z 55-6.

Function, number of values of a, A 93-4; C 6.

Functions more general than determinants, Z 10, 19.

Functions, (‘auchy’s alternating and symmetric, A 94-5; D 66.

— other than determinants formed from an array, Z 52-3.

— , dependence or independence of, A 360-1; Z 125, 129.

~— having same law of multiplication as determinants, Z 66-7.

‘ Fundamental theorem ’ (Sylvester’s anticipated), B 193, 197.

¢ Fundamental Theorems ', three, D 41.

Fundamental set of solutions of linear equations, Z 121, 123-4, 125-6, 130,

General determinants, Chapters on, A 6-288; B 4-108; C 1-82; D 1-76;
Z 1-101.
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Generating function of alephs, B 216.
— function of certain determinants, Z 22.
— function of reciprocal of a determinant, A 188-93, 349-51; D 485-6;
, Z 23-4.
— function of reciprocal of a Jacobian, A 351-2.
— function of symmetric functions, B 173-5, 182-3; € 148-50, 157, 158,
174.
Geometrical analogue of elements, &c., D 71-2.
Geometry, widely fruitful determinantal relations in, C 45, 50, 495.
German predominance in subject, period of, B 4.
Gradational mode of proof, B 232.
Gramian determinant, D 457; Z 283, 284-5.
Graphs (special) connected with determinants, Z 78, 82.
Grassmann, determinants on the lines of, B 29; € 6-7; D 43, 48, 73, 117,
206, 217.
¢ Group’ determinant, Z 85, 301-2, 318-9, 328.

Hadamard’s approximation-theorem, Chap. on, Z 90-101.

Harmonical progression (sum of), as a determinant, C 490; Z 205-6.

Hermitants, B 449-51; € 285-6, 474; D 497; Z 305-6, 314, 329-30.

Hesse’s compound with bordered clements, Z 225-6, 237.

Hessian, origin of, B 111.

— of discriminant of binary cubic, B 115-6, 382.

Hessians, Chapter on, B 376-400; C 363-71; D 352-5; 7'r. R.S.8.4. xiv,
367-371.

— . bordered, C 433, 434-5, 437-9.

Hessian ag axisymmetric and Jacobian, B 111.

Highest (‘ommon Factor of two binary quantics, C 327-8, 340; D 319, 339.

Historical, € 1, 54-5, 58, 66, 73, 406, 426; D 24, 33, 35, 37, 45, 48-9, 50,
57; Z 27, 38, 40, 41, 49, 55-6, 58, 154, 170, 179, 186, 193, 227, 262,
284.

— inaccuracies regarding continuants, C 406, 411, 416, 420; Z 27,

— inaccuracies regarding alternants, Z 27, 186.

Homogenetic, determinants that are, B 288, 411-2, 464-5.

— polynomial, C 280-1.

Homoloidal law, B 51, 335; C 14.

Hyper-determinants, B 33-4, 65-6, 68, 115, 267, 388, 393-4.

Hypercomplex numbers as elements, Z 50.

Identity of two rows, A 132, line xii of Table.

Increment of product of two arrays, B 121-3; C 44-5.

Independence or dependence of equations, &c., A 360-1; B 220-1, 225-6.
Induced substitution, determinant of, Z 7.

Inductive == gradational, B 232.

Inertia, law of, for quadrics, B 311; D 135.
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Infinite order, determinants of, A 321, 322; ¢ 458. (See under *Multi-
lineants’.)

Integers, determinants connected with Theory of, € 116-7, 118 9, 120,
120-1, 121, 216-7, 225-6; D 118-9.

Integral (multiple), determinant as a, B 100.

— (multiple), change of variables in a, A 356, 392, 415, 435, 467; B 165-6,
243; C 469.

Integrals as elements, B 461-2; € 469-73; Z 314-6, 328-9, 330, 331, 339,
345-6, 355-6, 362.

— , solution of linear equations by, A 212-3.

Interchange of two rows, A 132, line xi of Table.

Interchanges, sign of term determined by, A 248; D 73.

Intermutants, B 68, 69, 267.

Interpolation, B 155, 164 5.

— -formula, Lagrange’s, B 326-30; C 104; D 111-2, 187, 199, 483; Z 183,

— -like resultant of two binary quantics, B 147-50, 458; € 133-5, 161-2.

Invariance of diseriminant, A 41, 66; B 361.

Invariant of binary quartic, B 70, 71, 380-1.

— of octavic, B 352,

— of ternary cubic, B 390-1.

Invariants, B 33, 337, 361.

Invariant factors, Chapter on, D 435-53.

¢ Inverse’, use of, B 57, 85-6, 107; Z 34.

Inversely-axisymmetric, C 476; D 485-6.

— -orthogonal, C 478-80.

‘Inversion’ used for * derangement’, A 134.

Inversions or Inverted-pairs, counting of, € 10, 33, 44; D 6, 73, 75.

Involution, determinant associated with, B 453.

Involutory substitution, D 298-9.

Irrational equations, determinants used in solving, D 47.

Irreducibility of determinants, Z 29. 44-5, 81, 124-5.

Isobaric terms, special determinant with, D 62-3.

Isobarism, € 211, 216, 228, 353.

Jacobi’s ** De Formatione . . .” in German, D 53.

Jacobians, Chapter on, A 346-94; B 230-53; C 257-71; D 251-8, 53;
Proc. R.8.K. xlvii, 38-54.

Jacobian, connection of Hessian and, B 377.

— of primary minors of an axisymmetric determinant, D 258; Z 139.

Jacobians, determinants like, € 481-4; D 470.

—-, determinants whose elements are, A 381-5; B 192.

— of f1, fou fso -+ o and of yfy, yfo Yfss - - -5 C 269; Z 220.

—: Jacobi’s ¢ fundamental lemma ’, A 369-70; B 230-3, 237, 247-8, 249~
50, 253.

— : notation for partial differential-quotients, A 359.
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Jacobians of sets of similar symmetric functions, ¢ 141-2, 165-6; D 148,
149, 175.
Japanese early work on determinants, Z 55-6, 73—4.

Keys, algebraic, B 43-5, 77, 78, 84, 92, 95, 101; C 6-7, 20, 268, 273.
Knots, determinant connected with formation of, ¢ 491.

Kostka's review of his work on symmetric functions, Z 195, 211, 213.
Kronecker’s vanishing aggregate of minors, D 13-4, 113, 114, 117, 121, 123,
136, 137; Z 9, 132-3, 134, 135-6, 138, 141-2, 1424, 152, 167.

- vanishing aggregate peculiarly deduced, Z 134, 138, 141, 144-5.
— test for vanishing of (k+-1)-line minors, Z 67.

Lagrange’s determinantal equation, A 299, 415, 421, 428-32, 471; B 112,
120-1, 123, 159-60, 423; € 45-7, 66; D 20-1, 116. (See under
¢ Latent Roots’.)

— determinantal equation, n'* degree, B 298-302, 302-3, 321.

Lagrangian of a product-determinant, D 469.

— determinants, quotient of, D 30, 45.

— determinantal quadrics, eliminant of two, D 466.

Lamdaic, B 352; D 20-1.

Lamé’s functions, persymmetric determinant connected with, D 313-5

Languages used in writings, D 1.

Laplace's coefficients, recurrents representing, € 237; D 314.

— expansion. (See also under ¢ Expansion ’.)

— expansion, early generalization of, A 171.

— expansion-theorem, C 201, 21-2, 60, 62; D 19, 26, 52, 76; Z 29.

— expansion-theorem, complementary of, D 76, 219.

— expansion-theorem, extensional of, € 22, 79, 411; D 54, 60, 63, 76,211,
215-6, 221-2.

— expansion-theorem, gencralization of the extensional of, D 63, 219.

Laplace v. Vandermonde regarding elimination, B 35.

Latent roots, D 74. (Sec generally under * Orthogonants’.)

— roots and Orthogonants, Chapter on, A 407-71; B 294-323; C 284-
308; D 284-311; Proc. R.8.K. xlvii, 252-82.

— roots connected with composition of bilinear forms, D 74.

— roots defined and called lamdaic roots, B 352; D 20.

— roots, determinants with same, G 45-7, 294.

— roots of a circulant, ¢ 381-3.

— roots of any function of a matrix, D 21. .

— roots of m'™ compound of a determinant, D 215, 217, 218; Z 224-5.

— roots of product of two determinants, ¢ 96-7, 294; D 20, 33, 52.

— roots of product of two n-by-2 null arrays, D 469.

— roots of p'* power of axisymmetric determinant, B 120-1, 123-4, 310-11..

— roots that are real, B 123-4, 449, 451; € 110. :

~— root of Zehfuss’ mn-line product-determinant, D 72.
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“Laterals ’ of oblong array, C 25.

Law of Complementaries, D 7-8. (See also under ‘ Complementaries °.)

Law of Extensible minors, D 7-8. (Sce under ‘ Extensible *.)

Least Squares and determinants, A 72, 272; B 58, 104; C 97, 115; D 97.

Legendre’s functions X, as determinants, B 354-6.

Leibnitz and determinants, A 6-10; D 48-9.

Like-producing polynomial, Lagrange’s, C 280-1.

Limit (upper) of value of a determinant, D 32, 4167, 4834, 495; Z 90-101.

Linear equations, B (see under ‘ Resultant’): Chapter on, € 83-93; D 97~
107; Z 118-130. (See also under * Equations’.)

— forms and theory of determinants, C 69-70; D 23—4.

— resolution of a determinant, ultra-symbolic, C 20.

— transformation, B 334, 68, 74-5, 360-1, 378-9, 379, 381. (See also
under ‘ Transformation ’.)

Linearly-related functions, Wronskian test for, ¢ 251; D 242-3, 245-6,
246, 248, 249, 249-50, 250.

Lineo-linears, eliminant of a set of, ¢ 178-9; Z 232-3.

¢ Loi Supréme ’, (Wronski’s) proof of, C 249-50, 254; D 243-5, 247.

¢ Longitudinals * of an oblong array, € 25.

Magic Squares, C 68, 475, 478, 490; Z 356.

Magyar interest in alternants, Z 179-80.

¢ Major ’ as correlative-term to ¢ minor ’, D 442-7.

Matrical equality, C 8, 297-8.

— cquations, D 466.

Matrices, instances of possible use of, B 250, 295; C 6, 8, 30, 45-7, 297-8;
D 47, 291.

— , Cayleyan, B 85; D 285-6; Z 3-4, 34-5.

— , Cayley’s theorem regarding, D 31.

— , determinant of sum of two, B 465, 468-9; D 133-4, 288, 294, 343-5,
437, 492-3; Z 314.

— , determinant of sum of two alternant, Z 199-201.

— , inverse, B 86, 272.

Matrix, as first defined = array, B 50-1, 52.

Maxima and Minima of a quadrie, A 295, 425, 463, 471; B 112-3; C 106-7.

— and Minima of functions, € 365.

Maximal determinant, D 483-4; Z 326.

Maximum value, determinant of, € 305-6; D 18, 32, 4834, 495.

¢ Meiocatelectic ’. B 337, 338.

Mimicry of Bezout's eliminant, D 327; Z 244-5.

— of simplest vanishing aggregate of determinant-products, D 328.

Minor as first defined. B 50-1.

— (central secondary), result of vanishing of, D 73.

— , determinant with zero primary, B 153; € 28-9, 108-9, 433; D 2-3,
51, 131, 431.
E 185 27
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Minor of adjugate, A 41, 188, 197, 208, 214, 264, 265-8, 370; D 32.

— of an array, critical, C 70, 91-2.

— with elements all divisible by «, € 43.

— of A|A,A, . . ., expression for, Z 47-8, 225-6.

Minors as differential-coefficients, A 212-261 . ..

— called ¢ déterminants partiels’, A 220.

— (critical) of certain special determinants, D 294-5.

— (79“%:1-line) of a determinant, test for vanishing of, C 14, 24-5; D 36,
51, 72; Z 67.

— , Law of Complementary, C 23, 33, 66, 277, 279-80; D 7-8, 76, 81; Z 56.

— (m-line) of m-by-n array, coevanescence of, B 15, 51-2, 83; C 62-3;
D 42, 47-8. 61.

— notation for, B 202; € 21-2; D 330.

— of a compound, theorems regarding, B 203; D 217; Z 229-30.

— of a'2-by-n array, product of, C 132; D 147, 165-6.

— of an oblong array, relations between primary, € 65; D 55, 209, 213.

— of an axisymmetric determinant, lincar relation connecting, D 13-4, 113,
114, 117, 121, 123, 136, 137.

— of an n-line axisymmetric determinant, vanishing of, D 128, 135(2).

— of Bezout’s eliminant and of Sylvester’s, € 352; D 340-1.

— of an (n—2)-by-n array, relations between, D 6.

— (primary) of oblong array, relations between, D 55-6, 212, 218-9.

— (secondary) of a persymmetric determinant, relations between
D 329-30.

— , set of equations connecting primary and secondary, A 263.

— , aggregates of, including Kronecker's, Z 9-10, 15-6, 141, 167.

-~ , sum of m-line, ¢ 10-11, 13; Z 70-1.

— , sum of primary, Z 22-3, 172 note.

— of A,A,, sum of m-line, Z 46.

— (two-line) with a constant factor, C 51.

— (m-line) of 2m-line determinant whose rank is m, Z 43-4.

— , vanishing of a determinant and one of its primary, C 113-4.

Mixed compound, resolvable minors of, Z 230.

Moves and their connection with inverted pairs, D 72-3.

Multilineants, A 173, 321, 322; C 408, (‘hapter on, C 423-8; D 414-25.

¢ Multiple determinants ’, so-called, € 68, 75; D 82.

— determinant got by operations row, X z,, col; -+ x, D 58.

— determinant got by addition or subtraction of rows, B 38, 401-2; C 19,
77; D 4.

— (i.e. repeated) roots of an equation, C 347-8.

Multiplication (determinantal), study of laws of, D 28-9.

— of an evanescent oblong array by a determinant, B 16; D 48.

— of |a,, | by n-by-(n+h) array, B 34; C 5, 331, 334-5.

— of | a,, | by 2Pt4—", C 43.

—of |ay, | by %y, @, . . ., @, Z 254.
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Multiplication of | ay, | by n-termed expression, C 81.

— of oblong arrays, B 57, 199-200; C 44-5, 43; D 52, 64, 71, 257;
Z 62-4.

" — of unequal-sized oblong arrays, Z 13-5.

— of row by m, A 154, 199, 223.

— of 3-line determinant by corresponding permanent, B 448.

— (outer), B 28, 46, 84; C7; D 43, 48, 61.

— , repeated, B 124, 132-3, 311; D 28, 88-9.

-— (row-by-row) criticism of, D 36.

— -theorem, converse of, D 43-4.

— -theorem (square arrays), A 41(2), 66, 81, 109, 204, 271(2).

— -theorem (oblong arrays), A 41, 70, 72, 81, 119, 270, 271; D 52, 64;
Z 51.

— -theorem, B 7, 75-7, 122, 204-5; C 14, 19, 48, 54, 64, 70, 74, 77, 79
D 5, 23, 28, 34, 36, 44, 46, 47, 64, 71, 88; Z 26, 29, 42, 51, 79, 83.

— -theorem, Binet’s and Cauchy’s claims to, A 122-30; Z 62-4.

— -theorem, further extension of, A 84-6, 121; Z 77.

— -theorem, property of definite integrals involving, D 464.

— -theorem, property of skew determinants connected with, B 291.

Multipliers (undetermined), method of, D Y8.

N-dimensional determinants, B 22, 256; C 429-31; D 426-27.

Newton’s relation between §’s and ¢’s, B 211, 217, 218.

Nomenclature, A 78, 100, 260, 301; B 14, 87-8, 93, 277, 287; € 2, 9, 57,
170, 329; D 234, 41, 82, 90.

Nonevanescence of a determinant, D 37, 457; Z 33, 74, 68-9.

Non-nullity, indexing of, Z 288-9.

Norm, B (see ‘rationalization’): € 375.

— (special) expressed as determinant, D 131.

Notation for alternating cyclic sums, C 384-85.

— for aggregate of minors, D 24; Z 133.

— for arrays, D 220.

— for bigradients, € 329-30.

-~ for bipartite functions, B 18, 27.

— for combinations, D 221-2.

— for complementary minors, D 330; Z 236 note.

— for compound determinants, A 112; € 177, 181, 186; D 220.

— for conjugate determinants, B 250, 295, 316; D 29, 88.

— for continuants, C 411.

— for determinants, A 132 line vii of Table; B 6, 37, 94; € 11,16, 21; D 88,
439; Z 51-2.

— for discriminant, B 388.

— for Hessian, B 389, 393, 394.

— for Lagrangian determinant, A 303.

— for set of linear equations, Z 57.
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Notation for an element, A 9; C 24.

— for m* compound, C 177.

— for ‘ multiple determinants’, B 10, 33.

— for partial differential-coefficients, A 359.

— for Pfaffians, D 264-5. ’

— for primary minors of an array, B 10, 107.

— for quartic, &c., B 341.

— for Sturmian remainders, € 336.

— for sums of equigrade coaxial minors, D 52.

— for symmetric functions, A 95, 311.

— for zero-elements, B 11.

Null determinant, instances of, € 122, 322; D 109, 132.

— determinant and two rows of its adjugate, B 324; C 63; D 431.

— determinant and linear relation connecting rows, B 94-5; C 51, 76-7.

— determinant, bordering of, C 28-9; D 2-3.

— determinant, condition against cxistence of a, D 37, 457.

— determinant, property of, D 431.

— determinant, reasoning on compound of, D 490.

Null. (See also under ¢ Vanishing > and ° Zero’.)

Nullity and rank, D 17, 25, 102, 106; Z 4.

Nullity of an array, operations not affecting, D 106.

— of a product, D 17; Z 4.

Number of independent relations connecting minors of an array, C 68;
D 55-6, 212, 218-9.

— of linear substitutions, € 6.

— of positive terms in a determinant with a negative diagonal, D 465.

— of terms in special determinants. (Sec under ¢ Terms’.)

— of values of functions of several variables, A 93—4; C 6.

Octavic (binary), B 337, 352, 397.

Operators (differential) as elements, A 33-4; B 95-6, 247-8; C 278-80;
D 57, 185, 462-3, 479; Z 201.

¢ Order ’ of a determinant, A 99, 260.

Order, raising of, ¢ 125, 130; D 461-2.

— , reducibility of, C 9, 15-6. (See under ‘ Condensation ’.)

Orthogonal, the term, B 310; C 478-80.

Orthogonant, the term, B 255.

Orthogonants and Latent Roots, Chapter on, A 407-71; B 294-323;

+ C 284-308; D 284-311; Proc. R.S.E. xlvii, 252-82.

Orthogonant (Cayleyan odd-ordered), latent roots of, D 284-5.

— with trigonometric elements, D 112.

— , duplicant of, Z 346.

¢ Orthosymmetric °’, € 312, 379.

Outer-multiplication, B 27-30, 45-6, 84; C 7; D 43, 48, 61. (See
‘Keys’.) *
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Paedagogical, € 59, 69-70; D 47; also Chapter on Text-books in D 77-96.

¢ Pairing ’ definition, and use of, Z 51.

¢ Pariordinal > minors, B 58.

Partition of a determinant into two, A 154, 199; C 40-2, 43, 52-3.

Partitioned permutation, sign of, € 10, 61-2. -

Partitions, conjugate, D 146.

Pascal’s theorem in conics, B 10-13; C 192, 195-6, 2024, 438; D 213, 222,

Penesymmetric and centrosymmetric determinants, Chapter on, € 123-
31; D 13841; Z 166-74.

Penesymmetric determinant, bordered, C 131, 493.

— determinants (Sardi’s), C 123, 124-9, 130; D 138(2), 139; Z 158, 166,
337.

Pene-orthogonants, € 289-300.

Permanent, the term, B 14, 445-6; D 150-1, 457-9.

— , effect of changing signs of elements in a, Z 64.

—, bordered, C 169.

— functions according to Cauchy, A 94, 277-8; B 445-6.

— multiplied by corresponding double alternant, B 173-5, 446; C 157,
165; D 151, 157, 187, 200.

-, at* power of a, Z 32.

— (n-line), with trigonometrical elements, equal to —1, D 459.

— resembling double alternant, B 446; C 168-9; D 456.

— , Waring’s expression for a, Z 170.

Permanents, Sub-Chap. on, B 445-8.

— , alternant-like, D 150-1, 456, 459-60; Z 304.

— , product-determinant as an aggregate of, C 476-7.

— and determinants, vanishing aggregates of products of, D 459.

— as coefficients in a product of linears, C 477-8.

— helpful in the representation of (¢ + b + ...)™, &c., D 460.

-— whose corresponding determinants arc compounds, D 74-5.

— (special) closely connected with special determinants, Z 202, 206.

— special, Z 335-6, 347-8, 348.

Permutants, B 63-8, 266-7; Z 11.

Permutation applicable to either set of suffixes, A 24, 103, 162, 182(2), 221.

— cqual to cyclical substitution and interchange, € 31; D 72-3.

— , sign of partitioned, C 10, 61-2.

Permutations in general, A 255-60; C 33; D 57, 72-3.

— , conjugate, A 59, 256; D 72-3.

— , cyclically alike, A 249.

— , number of self-conjugate, A 60; D 43, 72-3.

— (number of) having & inverted-pairs, D 72-3; Z 32-3, 59, 67-8.

— , paired, D 50.

— , reciprocal, A 256, 258.

— , Tait’s problem in, € 491.

Persymmetric, the term, B 340-1; D 41-2.
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Persymmetric determinants, early instance of, A 485-7; B 324, 325-6.

— determinants, Chapter on, B 324-57; C 309-26; D 312-31; Proc. R.S.H.
xlvii, 11-33.

— continuants, C 394, 459; D 406.

— determinant as a commutant, B 71, 332, 357.

— determinant with definite integrals for elements, C 473.

— determinants of combinatory numbers, C 449-51, 493—4.

— determinants, Hankel’s operation on, C 39.

— determinants of sums of like-powers, B 169-71, 182; C 344-6.

— determinants, special, D 471-2; Z 162.

— factors of circulants, B 404; D 379-82.

— recurrents, € 208-9, 214, 217-9, 222, 224, 236, 240-1, 245; D 328;
Z 260, 263, 264, 267-8, 272.

~— (special) related to circulants, D 366, 367.

— Wronskian, C 248, 317; D 250.

Pfaffians, Chapter on, A 395-406; B 254-93; C 272-83; D 259-83; Proc.
R.8.E. xlix, 264-88.

— used in expansion of 2m-line difference-product, Z 178, 192.

— , expression of Kronecker’s and other aggregates as, Z 142-4,

Pfaffian connected with 2m-line axisymmetric, D 123; Z 159.

— connected with a special difference-product, D 147.

— represented as a determinant, D 263, 382.

— (special) of differences, D 381-2.

—- with determinant elements, D 6.

Polar operator, D 462-3, 479. (See under ‘ Differential-operators ’.)

Polynomial elements, determinants with, ¢ 52-3; D 22-3; Z 20-1.

-— in x as a determinant, € 227-8. (See under ¢ Binary Quantic ’.)

Positive determinants, construction of special, D 324, 406-7.

Post-hessian, and pro-hessian, B 389; C 363.

Post-multiplication, C 5.

Power of a binomial, determinant cqual to »'t, ¢ 128.

— of a power-series, D 226-7, 236--7.

— (p**) of axisymmetric determinant, € 113.

— (p") of a 2-line determinant, C 113; Z 66.

— (p™) of a 3-line determinant, Z 32.

Powers (special) of a determinant (Schlifli’s), B 52-3; Z 7, 19.

— of a determinant, the (k)h" element of successive, D 65-6.

Power-series, coefficients in quotients of two, B 212-4, 216--7, 242, 243;
D 231, 235, 239.

— , condition for a common factor in two, C 340-1; D 319, 328, 339.

Prasse’s proof attributed to Mollweide, D 37.

Pre-jacobians, A 355--6, 389-90; C 269; D 257.

Pre-multiplication, C 5. ‘

Primes of form 4m - 1 as continuants, B 425.

Product-determinant, adjugate of, A 121-2,



SUBJECT INDEX 399

Product-determinant, bordering of, D 430, 434.

— -determinant, compound of, A 120-1.

— -determinant, minor of, A 119; D 71.

-— -determinant multiplied by adjugate of a factor, D 88.

— -determinant of same form as factors, B 288, 411, 464-5.

— -determinant, sum of elements of, A 111.

— -determinant with matrix unity, A 284-5.

— -determinant, Zehfuss’, B 102-4; D 35, 42, 49, 57, 62, 72, 337-8, 495-6.
— of A, by sum of m-line coaxial minors of A,, Z 77.

— of binomial sums, D 197.

— of determinants got from | afa}...a’™" | by putting x for a,, C 141
—of £ — ¢, ¥ — u, ... as a determinant, C 480, 496.

— of three 2-line determinants as a 6-line determinant, Z 34.

— of minors of 2-by-n array, C 132; D 147, 165-6.

— of n—1 determinants as an aggregate of similar pro.lucts, D 60.

— of permanent and determinant, D 458.

— of special powers of two determinants, B 102--4; D 35, 42, ..

— of two determinants as an aggrezate of permanents, € 476-7; D 458.
— of two determinants as a sum of like products. (See = Aggregate’.)
— of two determinants, different forms of, B 75-7; D 35.

— of first n—1 rows of A by first # - - 1 columns, D 128.

-— of two n-line determinants as a centrosymmetric, D 12, 111.

— of two like oblong arrays, C 444; Z 80-1.  (Nee under * Multiplication '.)
-— of m-by-n array by n-by-r array, Z 34.

— of two rows as a determinant, C 201.

-— of two sums of arrays, Z 62-4.

— of two sums of 2" squares, C 281 note *.

—, ‘outer’. B 28, 46, 84; C7; D 43, 48, 61.

Pro-hessian and developable surfaces, € 363.

Prony’s set of linear equations, A 306-7.

Proportionality of minors of two arrays, € 36-7, 48-9, 93, 150-2; D 17.

Quadric, ¢ determinant of °, B 137, 341, 391.

-— , determinantal expression for, € 95-6.

— . maxima and minima of a, A 295, 425-32, 463, 471; B 112-3.

-— , diseriminant of, B 118-9.

— . persistently positive, € 106-7, 286.

- -, m-ary, conditions for a square, B 392.

~— (quaternary). determinant connected with vanishing, B 463—4.

— (guaternary), two 3-line determinants connected with, D 479, 488.

— (ternary) multiplied by its discriminant, B 116-7, 117 -8; € 96.

—— , transformation of, A 293-4, 295-6, 297-8, 298-300, 301-3; C 103-4,
106, 108, also Chapter on orthogonants.

— whose discriminant is a continuant, B 435.

-— with zero-axial skew discriminant, B 467,
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'Quadric when discriminant is zero, C 96.

Quadrics (ternary), resultant of, B 237; D 51, 61-2,

— (ternary) with a common discriminant, Z 164.

Quadriquadric, quasi-Hessian of, B 380-1.

Quantic (binary) as a determinant, B 211; C 227-8.

— (binary) and its derivative as determinants, D 233, 235-6, 240.

— (binary), canonization of, B 332-7.

— (binary), Cayley’s notation for, B 86-7.

-— (binary), Hessian of, B 379.

— (even-ordered binary) expressed as a bipartite, D 429,

— . Hessian of the Hessian of binary, B 386, 393—4.

— with vanishing differential-coefficients, B 386.

Quantics and the determinants of their coefficients, B 137.

Quartic (binary), discriminant of, B 361, 372, 381.

— (binary), Hessian of, B 383, 394, 397.

— (binary), invariants of, B 380.

— (binary), transformation of, B 336-7.

Quaternion path to 3-linc determinant, ¢ 18-9.

Quaternions, origin of, B 27.

-— as elements, B 459-61; D 490, 496.

Quintic (binary), discriminant of, B 366-8, 372.

— (binary), Hessian of, B 397.

Quotient of 4,; by | @y, | as a continued fraction, C 410.

— of two determinants, A 173—4; B 40; C 51, 115; D 30, 45, 89, 419; Z 26,
86-17.

— of two Lagrangian determinants, D 30, 45.

— of two Wronskians, A 484-5.

— of two power-series, B 2124, 215; C 212-4, 214,

Rank, the term, € 70.

Rank and nullity, D 17, 25, 102, 106; Z 3-4.

Rank 7, test for array being of, Z 44, 75.

— , properties of determinants of, Z 69-70.

— of certain special determinants, Z 7-8, 16, 21, 83-4, 155-6, 157.

— , two determinants of equal, C 47.

— of a product, Z 57-8, 125.

Rank supplemented by two other indexes of non-nullity, Z 288-9.

Rationalization by elimination, B 124-6.

— , determinants arising from, B 124-6, 127-9, 133-6; D 131, 321—23 392,
394-5.

Reality of latent roots, A 428-32, 466, 471; B 295-302, 310-11; € 110, 114,
284-5, 285, 288, 290, 294-5, 302, 303(2), 305; D 129.

¢ Reciprocal > used for ‘ adjugate’, B 107.

Reciprocal determinants, the term, A 284-5; D 13-4.

— determinants, properties of, D 13—4.
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Reciprocal of a determinant, 1/A, generating function of, A 188-93, 351.

Recurrence-formula of Jacobi’s persymmetric determinant, ¢ 310.

Recurrence-law of formation of a determinant, A 17, 61, 103(2), 145, 159,
162, 212, 261; B 17, 54; C 16.

Recurrents, Chapter on, B 210-8; C 208-47; D 224-41; Z 247-70.

Recurrent, continuant a casc of, B 427-8.

— of combinatorial numbers, C 231-2, 460, 465; D 192; Z 252, 262, 265,
268.

— , special continuant-like, C 485; D 412.

— with multiples of reciprocals of factorials as elements, D 323.

Recurrents, early instances of, A 472-4, 478, 478-9, 480-1.

— that are almost persymmetric, Z 251, 252, 257, 263, 266, 272-3.

— , number of terms in, A 479.

— , Burgatti’s and other vanishing, Z 253-5, 256, 257-8, 260, 264, 268.

— (quotient of two) as an approximation to a root, C 408-10.

— , equality of two, Z 252-3, 263—4, 264, 269-70, 270, 271.

Recurrirg-series, persymmetric determinant connected with, ¢ 318-9.

“ Reduced ” set of equations, definition of, D 106.

Reduction of determinant of integers to one having only the diagonal term,
D 440, 480.

— of order. (Sece under ¢ Condensation ’.)

Redundant set of linear equations, B 40-1, 58.

“ Regular ” Minors, theorems concerned with, D 447-8, 448-9,

Reiss’ work, neglect of, € 23.

Resolution of bordered null determinant, € 28-9; D 2-3.

— of a determinant, ultra-symbolic linear, C 20.

Resolvable 4-line determinant partitioned into two that are resolvable,
D 494.

Resultant, € (see also under ¢ Eliminant’.)

— of lincars, B 10, 134, 40-1, 58, 84-5, 92, 324-5, 427. (See also under
¢ Linear Equations’.)

‘ Resultant ’, the term, A 33, 48, 282; B 14, 17, 36.

— of two binary quadrics, A 485-6. (See under ‘ Bezout ’.)

— of three ternary quadrics, A 243-5; B 235-7.

— of n—2 linears, a quadric and an r-thic, C 434.

— of n—1 linears and a quadric, C 435-6, 43940, 441-3.

— Ry, 5, calculation of, C 349.

— of two binary quantics, B 17, 30, 160-1, 186, 350; € 161-2, 349, 352-3;
D 130, 338-9.

— of two equigrade binary quantics, B 138--9, 143, 147-50.

— of quintic and quartic, final expansion of, D 347.

— of two binary quantics with order of coefficients reversed, D 343-5.

Rosultants calculated, B 142, 366, 366-8, 372-3.

-— , theorems regarding equivalences of, D 338-9, 341, 342.

Rolle’s theorem, extension of, D 182-3.
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Roots. (See also under ‘ Common ’.)

— of an equation, persymmetric determinant helpful in discussing, D 331.

— of |a,, + b, | = 0, B 112; D 310.

— of persymmetric in x, B 334-5; D 312-3.

Rosanes’ determinants with differential-coefficients as elements, € 481-4;
D 470.

Row increased by multiple of another, A 272, 341-2; B 3; €9, 15.

~ -multiplication, theorem in, D 22-3.

— -product as a determinant, C 201.

~— -products, determinant with vanishing, A 226, 467, &c.

— -sums and coaxial minors, C 30.

Rows, two identical, A 132 line xii of Table.

-~ with a vanishing sum, B 150, 458-9.

— with elements in arithmetical progression, D 70-1.

Rules (various) of signs for a term, D 72-3. (Sce under ‘ Signs’.)

Scale of relation, € 318-9.

Schin functions, determinants called, A 136; B 229.

Schliifli's powers of a determinant, B 52-3; € 31-2, 74, 203-4; D 49, 57,
69, 84-5, 193, 455; Z 7-8, 11-2, 18-9, 27, 45, 72-3, 83.

School, determinants as a subject for, D 77-8.

Schweins, discovery of, D 24.

Schweins’ equal aggregates of products, A 165-72; G 23.

—- multiplication-theorem, A 311-8; € 155, 157, 169; D 151. -

Secular incqualities, equation of, A 295, 425; B 112, 120, 123. (Sce ¢ Latent
Roots’.)

Self-conjugate permutations, number of, A 60; D 43, 72-3.

Septimic (binary), conditions for catalecticism, B 335.

Serbian, first text-book in, D 95.

Serials, subject index of, D 86.

Sextic (binary) as sum of three sixth powers, B 337.

— (binary), calculation of Hessian of, B 397.

Siacei’s determinant with binomial elements, C 40-2, 43. (Sec also under
¢ Binomial ’.)

Sign, change of, of a determinant, A 24, 33, 103, 161, 222.

— of a minor, C 60; D 8.

— of a term, diagrammatic rule for, C 64-5; D 62.

— of term determinable from cither set of suffixes, A 61; C 34-5, 57, 67.

— of term determinable from permutation-cycles, A 249-50, 259-60;
B 96-7; C 62; D 72-3.

— of p'* permutation, A 179-80; B 91; C 8.

— of a partitioned permutation, € 10, 61-2,

— of determinant, operations not altering, C 51, 82; D 71.

Signs of terms of determinant, A (sec under line iii of Tables at pp. 132,
288).
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Signs of terms half plus, and half minus, A 24, 96.

Signature of n-ary quadric, Z 142.

Similar arrays, € 9.

Simultaneous linear transformation, A 445, 451, 452.

Sine of sum of n angles, determinant ejuivalents for, D 142-3, 479;
Z 208-9.

Skew, the term, B 254; D 41--2.

Skew determinants, Chapter on, A 395-406; B 254-93; C 272-83;
D 259-83; Proc. R.8.K. xlix, 204-288.

— determinant, sct of equations with, A 263, 395-6, 401-3; B 262-3; D 6.

— determinant (unit-axial), property of, B 315.

— determinant with univarial diagonal, B 287-8; € 274, 289; D 295.

— determinant (special) equal to an axisymmetric, Z 156.

— determinants that are powers of sums of squares, € 280-1, 288-90.

-~ -symmetric determinants. (See also under ‘ Pfaftians ’.)

— matrix increased by an axisymmetric, D 492--3.

— , substitutes proposed for term, B 277, 287; C 272-3, 276.

Solution of equations by help of circulants, D 360, 3701, 374, 377, 390.

Solutions, dependent and independent, Z 4.

Spanish, first text-book in, D 82,

Special determinants. (See under * Elements ’.)

— (miscellaneous) determinants, Chapter on, A 472-88; B 445-71;
C 469-96; D 454-97; Z 298-364.

— 6-line determinant reduced to 3-line compound, D 202-3.

Npherie function (r'*) and its differential-coefficient as persymmetrics,
D 314-5.

Square, determinant expressible as a, B 153; € 28-9, 108-9.

Squares, determinant equal to sum of two, B 425; D 460, 472-3, 473.

— , equality of two sums of, B 315; D 23.

-—, product of sums of 2r, B 287 -8, 450; C 281 note *; D 465; Z 3231,

Sturm’s functions, B 162-3, 169-71, 330-1, 343(2), 346, 349, 352-3, 362-3,
363 5, 368, 370-2; C 162, 327 -8, 335-40; D 316, 339, 347, 348-9.

— functions, writings on, € 325-6.

— division-process, B 370-2; € 335 -40.

--- theorem, B 414-5; C 347-8; D 110.

Sturmians, special class of, D 316.

Subdeterminant, the term, € 57.

Substitution, circular, A 97, 273-5. ((f. ¢ Cyclic Permutations ’.)

— -cycles and interchanges, relation of, A 248, 276--7.

— , determinant of a, B 72, 75.

— (orthogonal), carly papers affecting, A 407 -10.

— , special linear and its conjugate, B 309,

Substitutions, involutory and orthogonal involutory, D 298-9.

— , number of, C 6.

— (compound) leading to special determinants, Z 30.
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Suffix-cycles, A 304.

Sum. (See also under Aggregate.)

Sum of 1™, 2™, 3™, ..., n™, C 221, 238-9; D 225-6, 232, 234.

-— of products of conjugate minors in different determinants, D 14.

Summation (circular), symbol for, B 295-6; C 383.

Sums of like powers, the &'s. (Sec under ‘ Symmetric functions’ and
¢ Waring’s’.)

— of products of sums of determinants as a sum of determinants, A 84-6,
121; D 69.

Superadjugate of a determinant, Z 53—4.

Sylvester’s ‘ all embracing ’ theorem, B 193, 197.

— first extensional, A 382, 384-5; B 60-1, 193-4; C 81, 197, 446; D 60,
205, 206-17, 208, 216, 217, 220, 222; Z 216, 218-9, 231-2, 235.

— second extensional, B 194-7, 202-4; C 182, 194, 199; D 76, 211, 215-6,
221.

— third theorem in compounds, B 199-200.

— and Bazin’s theorems in compounds, D 205; Z 62.

— and Cayley, period of, D 1.

— dialytic eliminant. (See under  Bigradients’.)

— eliminant of three special ternary quadrics, D 51, 61-2.

— idiosyncrasies, A 235, 488; B 414.

— last contribution and death, D 131.

Symbol. (See under ‘ Notation ’.)

¢ Symmetric ’ applied to a determinant, A 219.

Symmetric determinants that are not axisymmetric, Chapter on, C 123-31;
D 138-41; Z 166-75.

— function as multiplier of alternant, A 311-8; € 155, 157, 159;
D 151.

— function as quotient of two alternants. (See under ¢ Bi-alternants ’.)

— functions according to Cauchy, A 94.

— functions as (uasi-determinants, B 96, 445-6, 447-8; C 473-4; D 197;
Z 170.

— functions as permanents, D 150-1.

— functions as recurrents, € 209-11, 220.

— functions expressed as an aggregate of determinants, D 146; Z 184-5.

— functions, generating function of, B 173-5, 182-3; C 148-50, 157, 158,
165; D 151, 157, 187, 200.

— functions in terms of simplest (Tables), C 210, 222, 229, 238.

— functions, Kostka’s tables connected with, Z 185, 186, 192, 195.

— functions, Jacobians of sets of simple, C 141-2; D 148-9.

— functions, relations between simple, € 246-7; D 227, 231, 235.

— functions, the ¢’s as elements, C 158-9; D 145-6.

— functions, so-called Binet’s identities connecting, A 86; D 69.

— functions (the s’s), determinants of, B 159~60, 1624, 169-71, 181-2,
184, 330-1, 346-7, 353—4: C 209, 220: D 180-1: Z 211.
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Synopsis of results in determinants, D 86.
Syzygetic, the term, B 340, 422; C 339.

Tables, historical, A 132, 288.

— connected with symmetric functions, ¢ 209-11, 229; D 145-6, 169;
Z 185, 186, 192, 195. '

— of resultants, € 349.

Ten-line determinants, D 204, 207.

“Term > defined, A 260.

Term of a determinant, sign of, A 132 line iii of Table; € 57; D 72-3.

Terms in special determinants, number of, A 479; B 428, 457, 470-1;
€ 3, 111, 112, 120, 122, 274, 281-2, 421--2, 463-8, 486, 491; D 277-8,
465, 481, 487.

~— of a determinant all made diagonal terms, D 17-8, 50.

— of a determinant, formation of, A 132 line ii of Table; Z 10-11, 55-6.

— of a determinant got by using either set of suffixes, A 24, 103, 162, 182,
188, 221.

— of a determinant, positive and negative equal in number, A 24, 96.

—— (isobaric), special determinant with, D 62-3.

Terminology, A 78, 100; B 87-8, 93, 277, 287; C 2, 9, 57, 170, 329; D 41,
75, 90.

Ternary cubic, B 379, 381, 383-4, 390-1, 394, 397; C 366, 368.

— quadric, B 387, 392.

— quadrie, linear transformation of, A 294, 410-5.

— quantic multiplied by its Hessian, B 382-3, 396-7.

Tetrahedron, simultanecus vanishing of volume and surface of, B 127-9,.

- 144-5; Z 133, 145-6, 159.

Text-books, B 54-8, 81, 87, 91, 93-97, 97, 99, 106; C 2, 8-10, 15, 24-27,
29, 30, 35, 37, 43-4, 47, 49, 52, 53-4, 54, 55, 57, 58, 59, 60, 66, 67,
69, 72, 73, 75, 76, 78; D Chapter on, 77-96; Z 102-17.

Transformation, automorphic, B 312-3, 318.

— diminishing number of variables, B 387-8.

—, linear. (See Chapters on Orthogonants.)

—, linear, simultancous, A 444-5, 451, 452.

~—, lincar, of a determinant into itself; Z 28-9.

— of a determinant by unit-multiplication, C 39, 138, 142.

— of a determinant into an equivalent determinant, C 495; D 14-5.

— of a determinant of integers into one having only the diagonal term,
D 440, 480.

~— of multiple integrals, A 354-6, 415-24, 435-51. (Sec under ‘ Variables’.)

— of a quadric, A 293, 294, 295-6, 297-8, 298-300, 301-3; C 1034,
106-8.

— of odd-degreed binary quantic, B 184, 332-5.

Trigonometric elements, determinants with, B 187-8, 468-9; € 104, 122,
140, 166, 167-8, 174-5, 322, 375, 381, 413-4; D 92, 108-Y, 111,
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112, 119, 123, 132, 139, 141, 142, 143, 144, 159, 164, 166, 171, 176,
178, 192, 487; Z 161-2, 162-3, 170, 196, 197, 200, 208, 209, 335,
353, 354.

Trilinear, binary, B 359-60.

Ultra-symbolic determinants, B 95, 96.

Umbrae, differential operators, &c., as, B 70-1.,

Umbral notation, B 50, 60, 332; C 84.

Unaugmented array, C 83-4; D 104-5, 105.

Undetermined multipliers, method of, B 161-2; D 98.

¢ Unimodular ’, first use of term, B 310.

Unimodular determinants, construction of, B 306; C 447-8, 459, 460.

— substitution, B 310.

Unisignant (Sylvester’s), B 406, 456-9; Z 50, 147-8, 152-3, 154, 309,
326-7, 333-4.

— (axisymmetric), B 150, 458-9; C 98-100, 493; D 130; Z 148-9.

— (Boole’s), Z 149-51.

— recurrents, B 211, 214, 215, 216; C 223, 227, 228, 230, 237, 240, 243,
246; D 227, 229, 231, 232, 236, 237, 240.

snit-axial skew determinant, property of, B 315.

— determinant, special, D 272.

— determinant, construction of, ¢ 296.

— determinant, property of, B 95.

— multiplier, transformation by, C 39.

U.S.A,, first text-book of determinants in, D 87.

Vacuity of a matrix, D 286.

Vandermonde v. Laplace regarding elimination, B 35.

Vandermonde’s connection with alternants, B 154.

Vanishing aggregate of determinants, D 2, 37-8, 121-3; Z 82-3, 151-2.

— aggregate. (See also under ‘ Aggregate’ and ‘ Product ’.)

— aggregate of products of pairs of determinants, A 11, 52, 68, 117, 140,
142, 145, 171-2, 183-4, 185, 233, 265, 387, 395-6, 477; B 61-2,
72-3, 206-7 note *; € 50, 65, 102; D 18-9, 24, 25, 26, 51, 75, 81,
212.

— aggregate of products of pairs of determinants stated as Pfaffians,
D 273.

— aggregate of products of triads of determinants, A 68; Z 52.

— determinant, test for, € 50, 71, 77.

— array, test for, Z 41-2.

— compound, effect of, D 73.

— of axisymmetric determinant and n — 2 primary coaxial ..., C 113.

— of minors of axisymmetric and of skew symmetric determinants, € 275-6.

— of certain m-line minors of m-by-n array, A 387; D 40, 61.
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Vanishing of determinant with two identical rows, A 24, 33, 52, 61-2,
97, 103, 117, 135, 143, 165, 197.

— of determinant with one row equal to sum of multiples of others, A 158,
199, 223.

— of determinant and a primary minor, € 113; Z 64-5.

— of k-line minors of a determinant, C 14, 25; D 36, 42, 48, 57, 72; Z 67.

— of k-linc minoryg of an m-by-n array, D 61, 67.

— of the (m - 1)-line majors of a non-zero m-line minor, € 275; D 72.

— of primary minors of a 4-linc axisymmetric determinant, € 101-2;
D 51, 131.

—- of m-line determinant when n = 2, B 465; € 122, 322; D 109, 132,
489, 490-1.

~— of n-line determinant when » - 4, B 468-9.

— of primary minors, € 101-2, 1034, 114.

—- of single primary coaxial minor, D 431.

—. (See also under ‘Null’ and ‘ Zero’, ¢ Evanescent’, ‘('oevanescent ’).

Variables, change of, in a multiple integral, A 356, 392, 393, 415, 435, 467;
B 243; C 469-73.

— , permutation of, in a function, A 93.

— , transformation diminishing number of, B 387-8, 392-3.

Vectors, B 27-8.

Wallis’ theorem regarding =, € 398-403.

Waring’s expression for a symmetric function, A 81; B 446, 447-8; C 204,
214, 242, 473-4; D 197; Z 170.

¢ Wechseldeterminante ’, B 287.

Weight, the term, € 211.

Wronskians, Chapter on, B 219-29; € 242-56; D 242-50; Z 275-93.

Wronskian and Rosanian of n binary m-thics, C 256, 481-4.

—-, differentiation of, A 484; B 219-20; C 245, 246,

— , persymmetric, C 248, 317; D 250.

— , special recurrent differentiated like a, C 215-6.

Wronskians, carliest instances of, A 472-4, 474-6, 476-8, 482-5.

——, exposition of propertics of, C 16; D 245.

Wronski's mathematical work, B 229; D 33, 50, 247.

Zehfuss’ mn-line product determinant, B 102-4; D 35, 42, 49, 57, 62, 72,
337-8, 495-6; Z 6, 44.

Zero-axial determinants, Chapter on, € 463-68; Z 298, 310, 314, 342-3,
343, 349, 352-3.

— determinant, number, J(n), of terms in, C 462, 463, 464, 465, 468.

-— determinant, number of self-conjugate terms in, D 43.

— determinant, expansion of partially, ¢ 466-7.

— determinant (special), C 493.

— determinant, development of, B 315, 469-70.
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Zero-axial determinant, doubly, C 467-8.

— determinant, when only 7 zeros in diagonal, € 466-7, 468. .

— determinant: when r zeros in primary and 7 — 1 in adjacent diagonal,
C 467. |

— minors, expansion in terms of, B 42; C 54.

-— skew discriminant, B 315, 467.

Zero. (See also under ¢ Null’ and ¢ Vanishing ’.)

— determinant, relations between primary minors of any, B 95, 98.

— determinant, set of linear homogeneous equations implied by, B 55.

¢ Zetaic * difference-product, A 322-5; B 5.

— multiplication, A 228, 323.
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