DAMAGE BOOK
TEXT FLY WITHIN
THE BOOK ONLY



UNIVERSAL
LIBRARY

OU_152630

Advddll
TVSHIAINN






b,

C‘HN"'EU. 1 ; ﬁ 3-, ﬂ Accession No 9'9 'l»ﬂ- Q’

el ’)mu(auzx

' Thli ok sh uld be returned on or before the date last marked below.,z?







ERGEBNISSE DER MATHEMATIK
UND IHRER GRENZGEBIETE

HERAUSGEGEBEN VON DER SCHRIFTLEITUNG
DES

~+ZENTRALBLATT FGR MATHEMATIK”
DRITTER BAND
5

ALGEBRAIC SURFACES

By

O. ZARISKI

BERLIN
VERLAG VON IULIUS SPRINGER
1935



ALLE RECHTE, INSBESONDERE DAS DER UBERSETZUNG
IN FREMDE SPRACHEN, VORBEHALTEN.
PRINTED IN GERMANY.



Preface.

The aim of the present monograph is to give a systematic exposition
of the theory of algebraic surfaces emphasizing the interrelations between
the various aspects of the theory: algebro-geometric, topological and
transcendental. To achieve this aim, and still remain inside the limits
of the allotted space, it was necessary to confine the exposition to
topics which are absolutely fundamental. The present work therefore
makes no claim to completeness, but it does, however, cover most of
the central points of the theory.

A presentation of the theory of surfaces, to be effective at all,
must above all give the typical methods of proof used in the theory and
their underlying ideas. It is especially true of algebraic geometry that
in this domain the methods employed are at least as important as the
results. The author has therefore avoided, as much as possible, purely
formal accounts of results. The proofs given are of necessity condensed,
for reasons of space, but no attempt has been made to condense them
beyond the point of intelligibility. In many instances, due to exigencies
of simplicity and rigor, the proofs given in the text differ, to a greater
or less extent, from the proofs given in the original papers.

The author regrets that he has not been able, for the reasons outlined
above, to include in his work two interesting and important developments
of the theory: (I) the classification of surfaces by means of their in-
variants, due chiefly to ENriQuEs; (II) the theory of real algebraic
surfaces, due to CoMESsATTI. Fortunately, excellent and quite recent
accounts of these two developments are available (I. GEPPERT, a;
II. ComEssaTTI, b; see “Bibliography”).

Thanks are due to Dr. S. F. BARBER, National Research Fellow, and
to Dr. R. J. WALKER of Princeton University, for careful reading of
the manuscript and for many valuable suggestions.

Baltimore, June 12, 1934.
0. ZARISKI.
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Chapter 1.

Theory and reduction of singularities.

1. Algebraic varieties and birational transformations (Kron-
ECKER, 1; MACAULAY, a; VAN DER WAERDEN, a,, 4, 5; BERTINI, a;
SEVERI, ¢, 26).aLet x,, %,, . . ., x,,; be homogeneous point coérdinates
in a complex projective 7-dimensional space S,. An algebraic variety
V in S, is the locus of points (x) satisfying a system of algebraic
equations,

-(1) Fo@ oo X)) =0, oo, fru(®y, oo v) %psy) =0,

where f,, f,, . . ., f, arc homogeneous polynomials. If ¢ is a homogeneous
polynomial in the #’s which vanishes at all the common zerosof f,, . . ., f,,
i. e. at every point of V', we say briefly that ¢ vanishes (p = 0) on V.
The variety V is srreducible, if from @y = 0 on V it follows necessarily
that one at least of the polynomials ¢,  vanishes on V. In the language
of the theory of ideals this definition can be formulated as follows:
V is irreducible if the homogencous polynomial ideal (f,, . . ., f,) (H-ideal)
15 a primary ideall (MACAULAY, a, p. 33; VAN DER WAERDEN, ag, p. 54).
From the theorem of HiLBERT-NETTO (MACAULAY, a, p. 48; VAN DER
WAERDEN, a,, p. 11) it follows then that either ¢¢ or ¢? is a member of
(f1» .. -, 1,), where g is a convenient integer.

The set of all homogeneous polynomials which vanish on V constitutes
an ideal, and, if V is irreducible, this ideal is prime, 1. e. if gy is a member
of the ideal, then at least one of the polynomials ¢ and % is a member
of the ideal. There is only one prime polynomial ideal associated with
a given irreducible algebraic variety (VAN DER WAERDEN, a,, P. 53).

The application of KRONECKER’s method of elimination (KRON-
ECKER, 1) toward the actual determination of the solutions of the
system of equations (1) leads to important conclusions concerning the
parametric representation of an irreducible variety V and allows us to
give a rigorous definition of the dimension of V (MACAULAY, a, p. 27).

1 If we were dealing with non-homogeneous coérdinates x;, x,, ..., #, and
with a system of non-homogeneous equations ¥, =0, ..., ¥s = 0, then from
the hypothesis that (y,, ..., Y,) is a primary ideal it also would follow that
V is irreducible, provided that we include in V only such points at infinity
which are limit points of points at finite distance on V.

Ergebnisse der Mathematik. III/5. Zariski. 1
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It is then found that for a generic choice of the coérdinate system in
S, an irreducible variety V admits a representation of the type:

ey = ti¢/, i=1,2,...,k+2, k=7,
(2) OVerars = Wlby, oo stins), 1=1,2,...,7—k—1,
(P(tl» tg. v ey tk+2) = 0’
where @ and the g,’s are homogeneous polynomials of like degree, p is

a factor of proportionality, ¢ is irreducible and ¢’ =ZZ. This re-
presentation gives all the points of V provided that we include all the
limit points, which arise when ¢’ and the polynomials ; vanish
simultaneously at a zero of ¢. This statement follows fsom the follow-
ing lemma, due to RiTT: If a polynomial g does not vanish on an
irreducible variety V', then any point of V, at which g =0, is a limit
point of such points of V, at which g 1- 0. In the present case the
polynomial g is ¢’. A simple proof of the above lemma was given by
VAN DER WAERDEN (4). The integer £ which occurs in (2) is called
the dimension of V. To indicate that V is of dimension % we denote
the variety by V;. The form of the equations (2) permits us to prove
without difficulties the following theorem: An arbitrary linear subspace
S,_% of S, has always points in common with V, (and for a gemeric S,_;
the number of common points is finite), while there exist subspaces S,_,.
which have no points in common with V. This property of an irredu-
cible ¥ can be used for the definition of k.

The dimension % can also be defined as follows: &k -} 1 is the maxi-
mum number of variables #;, say x,, x,, ..., %;,,, such that no homo-
gencous polynomial in these & + 1 variables is a member of the prime
H-ideal associated with V.

A neighborhood on V of a point Py(xy, ..., 2, ,) of I is the set of
all points P(x,,...,%,.4) on V such that |x; — x}| <&, where ¢ is
a small real positive number. An irreducible V is also characterized
by the property that if P, is any point of V}, any algebraic variety which
contains a neighborhood of P, contains the whole V, (MacauLay, a,
p- 28).

In agreement with the above definitions it can be proved that:
(1) the locus of points common to two or more algebraic varieties in S,,
or, more generally, satisfying a system of algebraic equations involving
the point coordinates x; and possibly certain parameters, consists of a
finite number of irreducible algebraic varieties, possibly of different
dimensions; (2) a V,_; in S,, i.e., an hypersurface in S,, can be re-
presented by one equation between the point coérdinates x;.

The parametric representation of an irreducible 17 is frequently
used as the point of departure for the definition of a ¥, (see, for instance,
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SEVERI, b, Introduction; d, p. 14). An irreducible V, in S, is then defined
as the locus of points admitting a parametric representation

(3) ox; = qi(ty, by, « oo, tess), i=1,2,...,7+1,

where the % + 2 parameters #; satisfy an irreducible homogeneous alge-
braic equation

(4) l(tlttz» "'ntlc+2) =0,

and where the @;’s are forms of like degree such that the Jacobian matrix
of the » + 2 polynomials ¢; and { is of rank % + 2 on (4). This last con-
dition implies that there exists a (& + 2)-rowed determinant, which is
not divisible by the irreducible polynomial f, and is necessary in order
to insure that the variety be exactly of dimension % and not less. The
points (x) represented by (3) and (4), together with their limit points,
which arise when the polynomials @; vanish simultaneously at a zero
of f, constitute an irreducible V; also in the sense of the first defini-
tion. The associated prime polynomial ideal is the set of all homo-
gencous polynomials ¢ (xy, . . ., x,,;) such that (¢, ..., ¢, ) is divi-
sible by f.

Another definition of the dimension of an irreducible variety, in-
dependent of the climination theory, has been given by VAN DER WAER-
DEN (a,, pp. 01 —04).

Let Vi and 1] be twoirreducible algebraic varictiesin S, (%, , x5, ..., %,41)
and S, (y;, Vg, - - -, ¥o 1) respectively. An algebraic correspondence T
between the two varieties is a correspondence between their points such
that the codrdinates of corresponding points (x) and (y) (== 1T'(x))
satisfy a system of algebraic cquations

Wi(®y, oo K1y Yo - e )’g+l) =0,
(5) ,

WolXy, oo X3 Yoo o5 Yoq1) =0, .1,
where y,, ¥,, . . . are polynomials homogeneous in each set of variables:
Xy, ooy %413 Y1, Yoi1. The possibility of the correspondence not

being defined for all points of V, is not excluded, in consequence of the
fact that for generic points (x) on V; the equations (5) may be inconsistent
on V;. In this case the points (x) of V; for which homologous points
(y) = T (x) on Vj exist, lie on a finite number of algebraic varieties on V,,
of dimension < k. Similar considerations apply to ¥; and to the inverse
correspondence 7171,

In various questions concerning algebraic correspondences between
two varieties V; and Vj it is found useful to consider the variety of pairs
of points of Vi and V;. We put

(59 o X = %y, i=1,2,...,r+1;7=1,2,...,0+1,

1*
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where ¢ is a factor of proportionality, and we interpret the X;;/s as
homogeneous point codrdinates in a complex projective space Sy, of
dimension N = (r 4+ 1) (p + 1) — 1. If the #’s and y’s are considered
as arbitrary independent parameters, the equations (5') give the para-
metric representation of an algebraic variety V immersed in S, referred
to as a variety of SEGRE (sec SEVERI, d, p. 69). This variety is irreducible,
is of dimension 7 4 p, and its points are in (1, 1) correspondence with
the pairs of points (x) and (y) of S, and S,. If we now restrict the point
(¥) to vary on V and the point (y) to vary on V}, then the equations (5’)
together with the parametric equations of V' and V] define an irreducible
algebraic variety V., immersed in V, called the variety of pairs of
points of ¥ and V}, since its points are in (1, 1) correspondence with
the pairs of points (x) and (y) of ¥, and V].

The pairs of homologous points (x) and (y) of the above correspon-
dence T are mapped upon an algebraic variety V' immersed in V.
Conversely, any such varicty V on V., defines an algebraic corre-
spondence between V, and V. The correspondence 1 is said to be
irreducible, if V is irreducible.

The notion of an algebraic correspondence is of fundamental impor-
tance in algebraic geometry. Some general aspects of the theory of
correspondences will be dealt with in VI, 13 and in Appendix B. For
detailed reports see LErscHitz, ¢ and BekrzoLari, a. The algebraic
foundations of the theory of correspondences have been investigated
recently by VAN DER WAERDEN (5), who gave complete algebraic proofs
of most of the statements made below.

Let us assume that the following conditions are satisfied: (I) T is
irreducible; (IT) 7 is defined for gencric points of ¥V, and T ! is de-
fined for generic points of V,; (I11) to a generic point (x) of 1", there
corresponds one and only one point of 1. The elimination method of
KRONECKER applied to the system of equations (5) and the equations
of V. and V| always enables us to decide whether these conditions are
or arc not satisfied. In view of the irreducibility of T the condition (II1I)
has a sense, and is satisfied if there exists at least one point on 1V to
which there corresponds a unique point of V;. If the above conditions
are satisfied, then the climination method of KRONECKER permits us,
by using the equations of ¥ and ¥}, to solve the equations (5) with

respect to vy, ..., ¥, and to express the y's rationally in terms of
the x's:
6) ogg::q>,(xl,.v2,...,.1.',“), 1=1,2,...,0+1,

where @y, ..., @, are homogeneous polynomials of like degree. The
correspondence T is then called a rational transformation, and V; is
a rational transform of V. It follows from (6) that necessarily ! = k.
If I =k, then to a generic point (y) of V} there corresponds on Vi a
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finite number g of points (x)!. The correspondence between V. and
% is (1, 4).

We observe that the definition of an irreducible 17, as given above,
by means of its parametric representation (3), simply implies that 17
is a rational transform (with g finite) of the algebraic hypersurface (4)
in Sk+l .

If s« = 1, then the transformation is birational. 1t will then be
possible to invert the equations (6) and to express the x;’s rationally
in terms of v, ..., ¥, | (as long as the point (v) remains on Veh):

(6" X = (Ve Vas oo os Voi1)s i=1,2,...,7r+1.

If at a given point (x) of 7 all the polynomials @; vanish, then the
corresponding point (y) of V4 is @ priori undetermined. Irom continuity
considerations it is then seen that to the point (x) there may correspond
on V7% infinitely many points constituting one or more algebraic varieties
of dimensions :-.% — 1. The point (x) is called a fundamental point
of the transformation, and the corresponding varietics on 17 are also
called fundamental varieties. 1f k> 2, the fundamental points on V;
may fill up algebraic varieties, and the situation may be somewhat
complicated. However, the following general theorem holds: If T has
fundamental points on Vy, then the totality of ull point pairs (x,v) of T,
in which x is any fundamental point on V., consists of a finite number
of algebraic subvaricties of V, all of dimension k — 1 (for the proof sce,
for instance, VAN DER WAERDEN, 5). For k& — 2 it follows that a bi-
rational transformation between two algebraic surfaces possesses on
either surface at most a finite number of fundamental points. Further
properties of the fundamental elements of a birational transforma-
tion between two surfaces will be given in II, 6.

A CrREMONA transformation is a birational transformation between
two linear (projective) spaces. '

In the present work we shall be concerned mainly with properties
of algebraic surfaces which are invariant under birational transformations.
The study of these properties constitutes what is referred to as the
geometry on an algebraic surface. The birational theory of algebraic
curves will be occasionally recalled but in the main will be supposed
known.

2. Singularities of plane algebraic curves. In this section we shall
report briefly on the theory of singularities of algebraic curves as
developed in ENRIQUES-CHISINI, a,. The conclusions of this theory,

1 More generally, if to a generic point of V, (or of Vj) there corresponds
by T (or by T-!) an algebraic variety of dimension « --0 (b :-0) on Vi (or
on V;), then it can be proved with complete rigor (see, for instance, VAN DER
WAERDEN, 5) that &+ a ==/ 4 b =g, where ¢ is the dimension of the irredu-
cible variety V (the principle of counting constants).
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especially the rigorous development of the notion of infinitely near
multiple points, are necessary as an introduction to the resolution of
singularities of surfaces and also provide a rigorous foundation for the
general theory of linear systems on an algebraic surface, given in
Chapter II.

If a singular point of a planc algebraic curve is reduced by quadratic
transformations into a certain number of ordinary multiple points,
the intermediate steps of the reduction yield a basis for the analysis
of the given singularity and for the definition of infinitely near multiple
points. This is essentially NOETHER's method. The method of E~-
RIQUES is more direct and is based on the computation of the multiplicity
of intersection of two algebraic (or algebroid) branches given by their
Puiseux cxpansions. 54, v v )

Let y=ax+ayx * +agx * +--0 (@t 0,2 0, v, ...

-positive integers) be a given branch y of order » in the (%, y) plane,
possessing a »-fold point at the origin O(x — v =0), and let us cut
it by another arbitrary branch y of origin O:

. g ot gl
y==bx+bx o 4 bx # .
The multiplicity of intersection, 4, of the two branches at O is the ex-

ponent of the lowest term in x in the power series [J ]/I v — ),
i=1j=1

where y,, ..., y, arc the ¥ determinations of y and v,, . . .,]j"‘,, arc the u
determinations of . We find that if & == b, then A = »u = product
of the multiplicities of the common multiple point O. If a = b, the
two branches have the same principal tangent ¥ = ax, and we find
that 2 -»pu 4 v, u,, where v, == » or v, =: 9" according as # v or
v’ < v, and g, is defined in a similar manner for the branch y. Moreover,
there exist branches ¥ for which 4 = vu -+ », u,, for instance the linear
branch (« =- 1)v = ax 4 b2 + -+ -, with the condition: &, 4-0, if
v >, b 4 ay, if ¥ = » (by-arbitrary, if ¥ < »). We express this fact
by saying that the branch y possesses infinitely near O a v,-fold point O’
in the direction of the line v = ax. The branch y, possessing the same
principal tangent as y, passes through O’ with the multiplicity u,, and
v + v, g, is the amount contributed to 4 by the common multiple points O
and O'. We see that this amount is the same as if we dealt with two
multiple points at a finite distance from each other. If 2> vu 4 », 4,
the two branches have another point 0"’ in common, infinitely near to 0’
and in the second order neighborhood of O. This point 0" and, more
generally, a succession of infinitely near points 0,0, 0", ..., 0®, 0®+D
on the branch , and their multiplicities for ¢, may now be defined by
induction as follows:

Let us suppose that we have already introduced the succession of
points 0, 0’, 0", . .., 0®, that their multiplicities », »;, #,, .., %, for y
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have been determined, and that it is known under what conditions and
with what multiplicities any other branch ¥ passes through these points.
We also suppose that these incidence conditions imply that if y passes
through 0,0’,0", ..., 0® with the multiplicities u, gy, ..., g,, then
the two branches y,y have at O an intersection multiplicity
A=vu+ v,y + -+ v, 4,, and that there exist branches y for which
the equality holds. We say that p passes through the point 0®+D, which
follows O® on y, if A >vpu 4+ vipy + -+ +r,u,. If v,y ts the mini-
mum value of the positive difference 2 —(vp + vy, + - -+ + v, 1,), we
say that 0®*'D 4s a v, ,-fold point of y (this minimum corresponds to
branches y passing simply through O¢*D). 1t is then not difficult
to prove the above mentioned implication of the incidence conditions
for any two branches , and ¥, passing through the points 0, 0, ..., 0@,
Ot+D)]

The actual carrying out of the steps required by the above definitions
reveals some interesting features of the composition of the given
singularity, which are closely associated with the existence of certain
terms of the PuISEUX expansion, called characteristic terms. The im-
portance of these terms has been pointed out by SmitH and HALPHEN.
Let g; be the g.c.d. of »,¢', ..., %9 and let m be the smallest value

PR IR R Ry )}
of ¢ for which g; = 1. A characteristic term is a term a;x v
such that g; << g,_.; and 7 = m. It is easy to verify that the exponents
of the characteristic terms are invariant under analytic transformations
on the two variables x and v, regular at 0. We rewrite the PuisEux
expansion of the branch y so as to display the characteristic terms:

m, my A T My
y ~2a.lx + byxm™ I-zam Mo byamm e
(7) My - 1+ mg my + 1
+2’ay'xn.n, Mgt b x”'"‘ .ng +2,Cz v
i=1 i=1

with the followmg significance of the symbols: n; > 1, k; = |m’ AR R

(mo = 0), b; +- 0, m; and n; are relatively prime (j =1,2,.. ,g) and
NNy .. .My =", The pairs of numbers (m;, n;) are called the characteristic
pairs. The g terms with the coefficients b; are the characteristic terms.
Some of the coefficients a; ; or ¢; may also vanish. Let »; =nn;.;...n,
’"; 1”:)”1“ My My (

(v; = 7) and let us develop (m, .
J

Yoy =1)
into a continued fraction (k,-, ils s k,-,,,j):
(my — my_ymy)vyoy = Ryvy + vy,
vy = kv + vy,

...........

where Vi, = Vjt1. Vig-1 == kj,q, V1,40
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With these notations the composition of the given singularity, as
to the multiplicities and the positions of the successive, infinitely near,
multiple points in the order in which they follow each other on the
branch ¥, can now be described. The branch ¥ possesses infinitely near
the »-fold point O:

(a;). %, -- 1 other »,-fold points (v, = ») and a »,;-fold point on the
linear branch (the position of a succession of infinitely near points will
always be indicated by a branch of the lowest order to which they
belong):

28 .
yo=2a;x.
t=1

The first &y + Ay -+ -+ +k; 4 ¢ of these points, beginning with
the last (vy;-fold) point of the set (a)), (0- j<gqy; 2:7¢: k. +1,
ifj<q—1;2<t-<k,,,if j=g¢g 1) lic on the branch

ks m
y = S a x4 dxn,
|

wherce m/n is the continued fraction (&, &y, . . ., ky;, t) and d is arbitrary.
It should be noted that this branch passes simply through the last ¢
points.

(ag). Ak, wy-fold points (v, = v,) and one »,-fold point belonging
to the branch:

ky ) ny h‘ Myt
y o D axt b bxm - Dayx
=1 -1

(by). ka3 — 1 other v,-fold points and k&, ; v,,-fold points (j — 2,3, ..., q,).
The first ky + -+« + ky; + ¢ of these points, beginning with the last
(vy-fold) point of the set (ag) (0-77<<gqa; 23t ky . + 1, if
J<qa—1;2-'t- ky,, if j=g,—1) lie on the branch

my k. my i m

k, _ g !

y ;—“.2';“‘[.,‘» + by am _+-2:1a2ix mooLodymn,
- ==

mo-- nmy

where d 1s arbitrary, and = (R, Ry, .. ., kyj,t). Etc. The set

(a;) will consist of %k, points of multiplicity ¥, = #, and of one ,,-fold
point, while the set (b,) will end up with simple points. All the successive
points will also be simple and their positions are dependent on the
coefficients ¢; of the expansion (7).

The positions of the k; + 1 points of the set (a;) vary as the coeffi-
cients a;; vary. On the contrary the points of a set (§;) do not depend,
as to position, on any variable parameter, but only on the existence
of the corresponding characteristic pair (m;, n;). For this reason the
points of a set (a;) are called free points, while the points of a set (b))
are called satellites. The points of y which follow the last point of the
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set (b,) are all simple and free. From the preceding considerations
it is easy to deduce the following characteristic propertyv of a satellite
0® belonging to a succession 0,0’,...,0%"), 0® of infinitely near
points of a branch of order »: if O*~" is a free point, then any branch
of order _:¥ which passes through 0,0’, ..., 0%~ necessarily passes
through O®; if 0%~V s also a satellite, then the branches of order - - v
passing through 0, 0’, . .., 0®~" divide into two classes, the branches
of one class passing through O®, and the branches of the second class
passing through another fixed point 0%, itself a satellite following O®¢~1.
For instance, if we suppose that 0%~ belongs to the set (b,), we may
assume that is the last point of a set (&) relative to a conveniently chosen

k, "y

branch:y :Zla,,-x" ‘- byx™ - -+ -, where :’11 = (kg Ryye o ki) Rigic2.
<
Then the point 0% is the last point of the set (8,) relative to the branch
K , 1"'
y :.Zj‘i““ x4+ cyxm -f - .-, where ';’,'l' (kyo kyys ooy by - 1), and O
s

is the last point of the sct (4;) relative to the analogous branch, where

m
now " '= (ky, Ry, Rk, —1,02).

iy

The points of the set (a,) lic on a linear branch, but no lincar branch
exists which passes through points following the set (a;). Hence a
necessary and sufficient condition that a given succession of infinitely
near points lie on a linear branch is that all the points of the succession
be free. The existence of infinitely near points not lyving on linear
branches was pointed out by C. SEGRE (3).

The passage from singularities composed of one branch to singu-
larities composed of several branches of origin O is immediate. The
points infinitely near and in the neighborhoods of orders 1, 2,...
of 0 are the points following O on the different branches. 1f a point 0@,
in the ¢ neighborhood of 0, is common to several branches, then the
multiplicity of O® for the given singularity is the sum of its multi-
plicities for the branches passing through it. Instead of a simple suc-
cession of points, one in cach neighborhood of a given order ¢, as was the
case of one branch, we now have a constellation of points, of which
more than one may belong to a neighborhood of a given order 7. A
point O® in the ™M neighborhood may be followed in the (¢ 4 1)t
neighborhood (1) by any number of free points; (2) by not more than
one satellite, if O™ is a free point; (3) by not more than two satellites,
if 0@ is itself a satellite.

An important notion, especially useful in a general theory of lincar
systems of curves having arbitrary base singularities (see II, 2), is that
of the set of proximate points (punti prossimi) of a given point O in a
succession or constellation of infinitely near points. We consider first
the case of a single branch y. Let », be the multiplicity of O® on y and
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let », ., be the multiplicity of the point 0+ which immediately follows
0®. Necessarily then v,,, =v,. If v,,; =, the set of proximate
points of O® will consist, by definition, of the single point 0¢*1. If
Vop1 <9, let v, =hv, ; +9 (0= <w,,). From the preceding
analysis of the composition of the singularity of a given branch, it
follows immediately that O® is followed on y by 4 successive »,_;-fold
points Q@*D Q6+2  0Q6+M and by one #-fold point Q¢-A+D
if ¥ > 0. Thesc & + 1 points are the proximate points of 0@, If v =0,
the point O 4D naturally disappears, and the set of proximate points
of O consists of & points. In the case of a singularity composed of
several branches the set of proximate points of a given point 0@ will
consist, by definition, of all the proximate points of O® on the different
branches passing through it. In either case the followirg fundamental
property of proximate points holds: the multiplicity of O® is equal to
the sum of the multiplicities of its proximate points.

It follows casily from the preceding considerations that the above
definition of proximate points is independent of the particular branch y
used in the definition. In exact terms, if O.. , is in the set of proximate
points of O; on a given branch y, then it belongs also to the set of proximate
points of O, on any other branch passing through O; ., (and hence also
through 0)).

We add that the scheme of a given singularity, as analyzed in this
section, can be graphically represented by a very convenient diagram.
See the quoted treatise of ENRIQUES-CHISINI.

The multiplicity 4 of intersection of two curves at a common multiple
point O, of multiplicities s and o respectively, is given by NOETHER’s
formula: 2 = so -+ X's;0; + X 's;;0;;+ - -+, where the summations
are extended to all the common multiple points of the two curves,
infinitely ncar and in the neighborhoods of the 1st, the 2nd,...
order of 0.

The application of this formula to the polar curves of a given curve f
gives the diminution of the class and of the genus of f due to its sin-
gularity at O. It is found that the diminution of the genus is equal to

s('s; K +25‘('s‘2-—-1) -{—Zf"-(s';_-l) + .-+, as in the case of ordi-

nary multiple points at a finite distance from each other.

3. Singularities of space algebraic curves (C. SEGRE, 3; ENRIQUES-
CHISINI, a,, pp. 545—577). The parametric representation by means of
power series of an algebraic (or algebroid) branch y of order » in S takes its
canonical form, if the origin O of the branch, its principal tangent and its
osculating plane are assumed as the origin of the codrdinates «, y, z, the
y-axis and the plane z = 0 respectively. The parametric representation
of y is then the following: x =", y = af’ " ..., z=bp+r+h 4 ...
(@4 0,63 0,4 =1,4=1). The integers ¢ and A are projective



467] 3. Singularities of space algebraic curves. . 11

tharacters of y, called first and second class (ENRIQUES; also first and
second rank [BERTINI], or class and rank [HALPHEN]).

The space transformations which are commonly used to reduce the
singularity at O and hence also to define its composition are the quadratic
transformations of the Ist kind, given by equations of the following type:
="y =7 7=% where ¢;=¢, (x,V,2)=0 (1=1,2,3,4)

Pa Pa T
are 4 independent quadrics passing through O and through a conic K.
Instead of quadratic transformations it is possible to use, with the same
effect, any CREMONA transformation with O as a simple isolated base
point, or more generally, any analytic transformation (; — an analytic
function, regular at 0), such that @;(0, 0, 0) == 0 and that the Jacobian
matrix of the 4 functions @; be of rank 3 at O (transformations
locally quadratic). In either casec to a direction x:y:z=a:b:c
about the fundamental point O corresponds in the space S3 the point

, aya+ b4y p , §
= -1 =.e., 2'=..., where @;(x,v,2) =a;x + b
oy + by + cge” Filx, v, 2) = a;x + by
+¢;z + «--. This point obviously varies in a plane 7’

The transform of ¢ by a transformation 7" locally quadratic at O
will be an algebroid branch y’, whosc origin A’ is the point of the
fundamental plane @’ corresponding to the direction of the principal
tangent of 9 and whose order #, = # is equal to the smaller of the two
numbers » and u. We say that y possesses a vy-fold point O infinitely
near O (in the direction of the principal tangent).

If », > 1, we transform y' by a transformation locally quadratic
at A’ and we obtain an algebroid branch 9" in the space Sy, whose
origin A" is in the fundamental plane #" and whose order is », = ¥;.
We then say that 0, is followed on y by a v,-fold point O,.

Continuing in this manner, we define the (non-increasing) multi-
plicities »,%,,%,,...,%,,... of the successive points O, O, O,,...,0,
on y. It is a simple matter to show that the numbers »; are independent
of the particular successive transformations used and that after a finite
number of steps only simple points are obtained.

Two branches y and é of origin O have the successive points
0,0,,...,0, in common, if, for ¢==1,2,...,s, their transforms
9@, 8% by one and the same sequence of transformations have the same
origin A®, This incidence condition completes the definition of the
infinitely near points O; as regards their position in space.

The notions of free points, satellites, proximate points etc., can be
generalized to space singularities (ENRIQUES-CHISINI, a,), but give
rise to new and more complicated relations, completely analyzed only
in the simplest cases.

In concluding let us observe that the composition of a generic plane
projection of a singular branch y in space is in general not identical with
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the composition of y itself, as defined by the above method of successive
quadratic transformations. Most authors seem to have missed the point
in the belief that the compositions of the branch y and of its projection are
identical, as a matter of intuition. In ENRIQUES-CHISINI, a,, p. 559, the
following proof is given. It is permissible to use special space quadratic
transformations with a degenerate fundamental conic K. Tet T be such a
transformation, and let (), a generic point of S, be the double point of K.
Let similarly Q' be the double point of the fundamental conic K’ in the
space Sy. It is shown then that the branch y, obtained by projecting y
from @ into a plane in S; and the branch y] obtained by projecting y'=1(y)
from @’ into a planc in S} can be transformed into each other by a quadratic
transformation between the two plancs (completely defined by 7)),
possessing O, the origin of y, as a fundamental point.” The objection
to this proof is that either for 7" or for some of the successive trans-
formations, the point Q" may (and in gencral does) assume some special
position with respect to 9” (for instance may lie in the osculating plane
of 9), so that ] is not a gemeric projection of 3’

[fyis given in its canonical representation: x = 7, y=-f(f) ==at"* *4- ...,
- @) - b '% 4 ... the multiplicities of the successive multiple
points on y depend in general on the exponents of both series f(f) and
@ (). On the other hand if we project y into the (x, y) planc from the
point at infinity on the z-axis (which we may suppose to be a generic
point of the space), we obtain the branch x = ¢,y = f(f), whose
composition depends only on the exponents of the series f(f). The
following example will serve as an illustration: x —: 24, v = 6 - 7,z = {7,
The multiplicities », %, %,, ... of the successive points of y are:
v -4, vy~ 2,0, - v3:= ... =1, The projection p, of p into the plane
(x,v) from a generic point (e, b,¢) of the space is the following:
A - (: L (Y L e b 1— ‘..., and the composition of
R I R B L L R R I L

The composition indices are in general increased by projection.
If y can be imbedded in a surface element having at O a simple
point, then it can be easily shown that the composition is not altered
by projection. Perhaps the question is related to the minimum multi-
plicity and the type of singularity which an algebroid surface element
passing through y must possess at (0. This multiplicity is clearly an
analytical invariant of the branch.

4. Topological classification of singularities. BRAUNER (1) gave a
topological classification of algebroid singularitics in the plane which
completes from an entirely new point of view the classical algebro-
geometric theory. This classification establishes an interesting connection
between the theory of singularities and the theory of knots in the real
three-space.
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The neighborhood of an algebroid singularity in the plane, of origin
O(x =y = 0), is a two-dimensional complex R, immersed in the space
of 4 real dimensions of the complex variables ¥ and y. The intersection
of K, with the boundary of a small 4-cell, |x| < const., |y| < const., is
a system of one-dimensional circuits, equal in number to the number
of branches constituting the singularity. By a stercographic projection
of the boundary of the 4-cell (3-sphere) on to the ordinary 3-space,
we obtain in this space a system of knots. While the linking coefficients
of this system depend on the orders of contact between the different
branches, the individual knots of the system can be described as follows.
If I' is any knot, a knot I" drawn on the surface of a torus of axis I'
shall be called a tubular knot (Schlauchknot) of axis I'. 1f I'" makes u turns
along the meridians and » turns along the parallels of the torus (meridians
being the circuits on the torus which are ~0 in the inner space of the
torus, while the parallels are those whose linking number with I is
zero), the numbers g and v will be referred to as the indices of 1",
If I' is unknotted, then I" is a forusknot. We define the symbol
Trnriss00 u7e-ssin by induction, as follows:

1. It is a torusknot of indices sy, ¥;

2. Irmieim wre sy gy g tubular knot of indices y;, v
axis is e ne

BRAUNER proves that the knot which corresponds to the branch given
by the expansion (7) of section 2 is a L'MvMi---ito e,

The fundamental group of this knot is gencrated by g -+ 1 clements
P,,0Q,,...,0Q,, satisfying the following gencrating relations [BRAUNER,
L. c., also KAHLER (1), ZARISKI (0)]: Q- PMQM 1 M(g==1,2,..., 8 Q¢=1)
where P; P¥Q" ' *=QF(i=1,2,....g —1). Here x; and y; arc
integers such that x;m; + y;#; = 1, and m; == m; — m; | n;.

Burau (1) and Zariskr (6) have proved independently that the
characteristic pairs (m;, n;) arc topological invariants of the above knot.
It follows that two algebroid singularitics which are distinct with
respect to analytical transformations are also topologically distinct.

5. Singularities of algebraic surfaces. The foundations of a geo-
metric theory of singularities of algebraic surfaces have been laid down
by C. SEGRE in his important paper (3). Using the method of successive
quadratic transformations of the 1st kind he arrives at a theoretically
satisfactory definition of infinitely near multiple points on a surface
in the following manner.

Let
(8) f(«":y,z):f-(xy%z)+f.+1(x.y.z)+--'=0
be the equation of a surface f having an s-fold point at the origin
O(x =y =2z=0). Here f; denotes a homogeneous polynomial of
degree ¢ in x, ¥ and z and f, = 0 is the equation of the tangent cone
at 0. We apply the special quadratic transformation: x = x’z',y = 92,

;, whose
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z = 2z, whose fundamental elements in S; are the point O, the line at
infinity in the plane z = 0 (counted twice) and the plane at infinity;
and in Sj the point at infinity of the z’-axis, the line at infinity (counted
twice) of the plane 2z’ = 0 and the plane n’, 2’ = 0. The equation of
the transformed surface /' is the following:

&y, ) =LY ) + 2 fo (8,9, 1) + - =0.

To the points infinitely near O on f corresponds the curve of inter-
section of f’ with the fundamental plane z’ = 0, outside the fundamental
line at infinity, i. e. the curve of order s, f,(x’,y’,1) = 0. The points
of this curve correspond to the directions about O of the elements of
the tangent cone at O. If a point O’ of f, = 0, z’ = 0, which corresponds
to a tangential direction ¢ about O, is s’-fold for /', then we say that the
surface f possesses an s’-fold point O’ infinitely near O in the direction t.
Evidently, the multiplicity of the point O’ for ' cannot be greater than
its multiplicity for the curve f,(x',¥’,1) = 0, hence s’ <s. For the
equality to hold it is necessary (but not sufficient) that this curve
should consist of s distinct or coincident lines through O’.

1f f, = 01is reducible, and if one of its components of order u consists
of s'-fold points of the surface f’, then we say that f possesses infinitely
near the s-fold point O an (infinitesimal) s'-fold curve of order u. A second
special quadratic transformation with O’ as fundamental point (but other-
wise generic with respect to the tangent cone at 0’) will determine the
multiplicity s” of any point O’ (and virtually of any curve) which follows
on f the point 0. The multiplicities s, s', s/, . . ., s® of a succession of
points 0,0,0”,...,0% form a sequence of non-increasing integers.
The position of the points 0% can be assigned by a branch y of a space
algebraic curve, such that after & quadratic transformation the trans-
formed branch y® will pass simply through O% and will not touch the
fundamental plane s, It is a simple matter to show that, if any branch ¢
passes through 0,0, ..., O® with the multiplicitics g, t, . . ., #® and
does not pass through points of f which follow O®, then the multiplicity
of intersection of f with y at O is spp +s'p’ + « -+ + s®u®,

An important question arises: is it possible to assign a finite upper
limit for the number of points in a succession 0, 0’, .. ., 0®, for which
s® > 1? This question is treated in DEL-PEzzo (1), KoBB (1), and
especially B. LEvI (1, 3), whose proof is entirely rigorous and who
arrives at the final correct result. The question is evidently equivalent
to the following one: wunder what conditions, if any, is a succession of
infinitely near points, all of the same multiplicity s, necessarily finite?
LEVI proves that the condition is that no two or more (necessarily con-
secutive) points of the succession should lie together on an s-fold curve
through O or on an s-fold line following O (immediately or not). His method
of proof consists in showing that if the number of points of a succession
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satisfying the above condition is sufficiently large, then the intersection
of f and of its pt® polar surface with respect to a generic pole (where p
is a conveniently chosen integer >0 and :5s — 1) passes through O
with one or more branches, one of which passes through all the points
of the succession with multiplicities >1.

A trivial case of an infinite succession of s-fold points is the one
in which all the points 0%+, 0¢+2, .  following a point O, lic on an
s-fold line infinitely near 02, In (3) LEvI shows that this is not the
only case and that the above stated condition for the finiteness of a
succession is not only sufficient but also necessary. For instance, if O,
0’, 0" are 3 successive points of a cuspidal curve, then infinitely near
0" there always exists a multiple curve which is also cuspidal.

There is a2 obvious connection between the finiteness of the com-
position process, as discussed above, and the following theorem first
stated by KoBB (1): It is possible to vepresent the complete neighborhood
of a singular point O of an algebraic surface by a finite number of integral
power series of two parameters. The complete neighborhood of the s-fold
point O is in (1, 1) correspondence with the neighborhood of the curve
fs(¥', v, 1) = 0. If this curve does not contain s-fold points of the
transformed surface f’, the theorem may be considered as proved by
induction on s, since it is true for s = 1, and since from the hypothesis
that it is true for the neighborhood of every point of the curve f, = 0,
it follows by analytical prolongation that it is true for the neighborhood
of the whole curve, and hence of 0. If the curve f, = 0 posscsses s-fold
points (possibly all its points are s-fold), the above reasoning may be
repeated for each of its s-fold points. In the belief of having established
in every case the finiteness of a sequence of s-fold points, KoBs in this
manner deduces the above theorem. In view of LEvr's results this
deduction is, however, not permissible.

Important contributions toward the proof of the theorem’ of KoBB
are due to HENSEL (1), but the only complete and rigorous proofs of this
theorem were given by BLACK (1) and JUNG (1). The methods of HENSEL
and JuNG are function-theoretic in nature and deal with the cxpansions
of the algebraic function z of x and y in the neighborhood of a point
x=a,y=5H.

Let us assume that the point O of I is at the originx =y = 2 = 0,

and let z,, .. ., 2z, be the branches of z which approach zero as x -0
and y -» 0. For any preassigned algebroid branch of origin x = y = 0,
) Y = ¥o(%),

HENSEL derives expansions for the roots z; which converge in the neighbor-
hood of the preassigned branch. These expansions are fractional or
integral power series of y — y,, according as the branch (9) does or does
not belong to the branch curve of the function z. The coefficients of
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these power series are algebroid functions of x in the neighborhood
of x = 0, which may become infinite at x = 0. This happens necessarily
only in the following cases: (I) there passes through x = y = 0 a branch
of the branch curve of z, distinct from the branch (9); (II) the branch (9)
belongs to the branch curve of z and is of order >1, or is of order 1 and
touches the line x = 0. In either one of these cases HENSEL proves that
the region of convergence of any of the resulting power series is given
by inequalities of the type:

(10) xi<r [y =y <sixt,

where 7, s and & are positive numbers. It is thus seen that the radius
of convergence of the power series, for x -= const., approaches zero
as x — 0. HENSEL does not investigate the question, ¢ssential in the
point of proof of KoBp’s theorem, of the possibility of assigning a finite
number of branches (9) (including all the branches of the branch curve)
in such a manner that the (possibly overlapping) regions of convergence
(10) to which they give rise should cover the entire neighborhood of the
point x w: 4 = 0.

JuNG (1), whose proof we now proceed to outline, applies successive
plane quadratic transformations in order to reduce the singularity of
the branch curve of the function z at the pomnt x == a,v = b under
consideration. This eminently correct method of approach simplifies
considerably the entire procedure and reduces to a minimum the ana-
lytical apparatus employed by HENSEL. We first make two preliminary
remarks.

(I) Let the point O(x -~ v = 0) be a simple point of the branch
curve [) of the function z and let v = v¢(x) = a,;x 4- a,x2 + . - - be the
expansion of the (linear) branch of D of origin O. 7The various roots z;,
near z = 0, can be expanded in fractional power series of v — v, whose
coefficients are functions of x, regular at x = 0, and which converge in a
whole neighborhood |x| <, |v| <o of O. This is an carly result by
HALPHEN (see ENRIQUES-CHISINI, a,, p. 648) and is also a special case
of HENSEL’s result quoted above.

(IT) Let O(x =¥ = 0) be an ordinary double point of the branch
curve Dand let y = v, () = @y, 8 + a3 22+ ++, V=1, (¥) =g, X+ Agp 22+ + - -
(ay; | agy), be the expansions of the two branches of D passing through 0.
The roots z;, near z = 0, can be expanded in fractional power series of
y — v, and v — v, whose coefficients are functions of x, regular at x = 0,
and which converge in a whole neighborhood |x|<<p,|y| <o of O
(Jung, 1). The situation at an ordinary double point of the branch
curve is thus relatively simple. If this situation is analyzed from the
point of view of the fundamental group of the residual space of the
singularity (see section 4), it is seen that the simplifving factor is the
permutability of the two substitutions on the branches of z relative to
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the two branches of D at O. In fact, it is easily shown that for an
ordinary double point the fundamental group is abelian (ENRIQUES, 18;
ZARISKI, 3).

If a root z is a power series of (y — v,)"*¥ and (v — y,)"!, then
putting v — v, = t*, y — v, = 7/, we find x, y and z expressed as integral
power series of the parameters ¢ and . These power series and their
relationship to the monodromy group of the function z in the neighborhood
of O are thoroughly studied by JunG.

After these preliminary remarks we pass to the gencral case in which
the branch curve D has an arbitrary singularity at 0. We assume that
the principal tangents of D at O are distinct from the axes x and v and
we apply the quadratic transformation 7°:

» L ]
= x; v o
- 1
Let )’ be the transform of D in the plane (x’, v'). A neighborhood g
of 0, |x| <o, |v] < 0, is transformed by 7" into an infinite r(gion G
dlong the axis x" — 0, glvcn by tlu following inequalities:

[ .
< %and x| < O, Lif [v] -7 . These inequalities clearly indicate
0 ! : 0

‘v,‘ .
a division of G into two regions, which we shall denote by G, and G,
respectively. The branches of 1) which are in g are transformed into
branches of 1)’ which lic in G and whose origins are points O, 0,, . .. on
the axis 2 - 0. We may assume, by taking o sufficicntly small, that
all these branches lie entirely in the region G,. Since the branch locus
in G of the function z consists of the branches of 1" and possibly of the
line ' — 0, it casily follows that in G, the various roots of z can be given
by HENSEL expansions. In fact, the portion of g which corresponds
to G, appears as a neighborhood of the line x = 0; this linc now plays
the roéle of the branch (9).

The only multiple pomts of the branch locus of z in G, arc th( points
04,0,, ..., and hence, in virtuc of the remark (I), we nced only
study the expansions of z in the neighborhoods of these points. Now,
if D has originally an ordinary multiple point at O, then Oy, O,, . . . are
ordinary double points and the remark (II) can be applied. The theorem
of KoBB now follows from the fact that by successive quadratic trans-
formations it is always possible to reduce the singularity of D at O
into a number of ordinary multiple points.

6. The reduction of singularities of an algebraic surface. We recall
that the problem of the reduction of singularities of an algebraic curve
gives rise to the following two theorems:

1. An algebraic curve can always be bivationally transformed inlo a
curve in S, free from singularities and then, by projection, into a plane curve
with ordinary double points only.

Ergebnisse der Mathematik. I11/5. Zariski, 2
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2. A plane algebraic curve can always be transformed by a CREMONA
lransformation into a plane curve with ordinary multiple points only.

The numerous existing proofs of the theorem 1 can be roughly
classified into two groups: geometric proofs, originated by NOETHER,
HALPHEN and BERTINI, and algebraic proofs based on KRONECKER’s
climination theory and following up HENSEL-LLANDSBERG'’s arithmetic
theory of algebraic functions. An account of these various proofs can
be found in BLriss (a). At the present time both theorems 1. and 2. can
be considered as rigorously acquired results.

The reduction theorem for algebraic surfaces, analogous to the above
theorem 1, is the following: Every algebraic surface f can be birationally
transformed into a surface in Sy, free from singularities, and then, by pro-
jection, into a surface in Sy with ordinary singularities only, i. e. a nodal
curve, on which there is a finite number of ordinary cuspidal points and
of triple points for the curve, which are also triple and triplanar points
for the surface. Proofs of this theorem have been proposed by DEL-
PEezzo (1), B. LEv1 (2), SEVERI (18) and ALBANESE (3). In explanation
we add that at a cuspidal point P of the nodal curve (i. e. a point at
which the two tangent planes coincide, a uniplanar point) the polar
curves of the surface (i. e. the curves cut out on f by its first polar sur-
faces outside the multiple curves of f) have a basc point with a fixed
tangent ¢, and that the cuspidal point is ordinary if ¢ is distinct from the
tangent to the nodal curve at P and if the polar curves have at P a
simple contact with each other. These two conditions imply that P
is followed by an ordinary double point in the direction ¢.

A reduction theorem for surfaces analogous to the above theorem 2
has been obtained by Cuisint (1) and is the following: Every algebraic
surface f in Sy can be transformed by a CREMONA transformation into a
surface having only ordinary multiple curves (i. e. with distinct tangent
planes) free from singularities and possessing a finite number of ordinary
cuspidal points; in addition any two distinct multiple curves have at any
of their common points P distinct tangents and P is not a base point of the
polar curves of f.

The proofs of these theorems are very elaborate and involve a mass
of details which it would be impossible to reproduce in a condensed form.
It is important, however, to bear in mind that in the theory of singularities
the details of the proofs acquire a special importance and make all the
difference between theorems which are rigorously proved and those
which are only rendered highly plausible.

For DEL-PEzz0’s proof we refer the reader to C. SEGRE (3), where
this proof is critically examined.

LEvr first simplifies the singularities of the given surface { by trans-
formations alternately quadratic of the first kind and birational, and
obtains a surface /* whose only singularities are multiple curves, free
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from singularities and carrying no point of multiplicity higher than the
multiplicity of the generic point of the curve. The possibility of this
simplification is a consequence of the theorem proved by LEVI in (1)
and quoted in section 5, showing that a sequence of infinitely near
multiple points of the same multiplicity s, each lying on a multiple
curve of multiplicity <s, is necessarily finite. Each quadratic trans-
formation is followed by a birational transformation eliminating the
“accidental” singularities introduced by the quadratic transformation.

To this new surface f° Levi applies transformations alternately
monoidal and birational. A monoidal transformation for which a given
s-fold curve of /' is fundamental operates on the generic plane section
of f' through the vertex of the monoids as a de JoNQUIERES trans-
formation. It s therefore clear that the s-fold curve will be ultimately
replaced by curves of multiplicity <s. Here also after every monoidal
transformation it is necessary to apply a birational transformation in
order to eliminate the ‘‘accidental” singularities introduced by the
monoidal transformation. The transformed curves of multiplicity <s may
however contain isolated s-fold points. In this case it is again necessary
to apply quadratic transformations with such an isolated point P
as fundamental. As a result of the resolution of the singularity at P,
new s-fold curves may appcar on the transformed surface f”’, in which
case these curves must again be resolved by monoidal transformations.
The last part of the proof tends to show that this process terminates
after a finite number of steps, so that ultimately the transformed surface
will possess only singularities of multiplicities <s.

In regard to the “‘accidental” singularities introduced by the quad-
ratic and the monoidal transformations and in regard to the manner
in which they should be eliminated by birational transformations, LEVI’s
proof is not sufficiently explicit. As we understand it, the situation
is as follows. Let the surface f(x,y,z) = 0 be transformed by a
" CREMONA transformation [x' = ' (x, ¥, 2), ¥ =y (, ¥, 2), 2 = 2" (x,9,2)]
into a surface /'(x’,y’,2') = 0. The equation. f = 0 together with the
equations of the transformation defines a surface I© in the space
Se(x,y,2,%',y",2'), of which both surfaces f and /’ are projections. It should
be proved that the surface I* possesses only singularities which are common
to both f and /' (in a sense which should be clearly defined). A generic
projection of F into S; will give a surface on which the “accidental”
singularities of f' have disappeared and only ordinary singularities have
been created by the projection.

SEVERI's proof starts with an entirely different conception of the
problem. According to this conception, to which C. SEGRE (3) has
already called attention, the problem of transforming birationally a
given surface f into a surface free from singularities in S, (» z: 3) is equi-
valent to the construction of a simple (II, 6) linear system Z' of

2‘
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curves on f, of dimension r = 3, enjoying the following property: if »
is the degree of 2 (i. e. the number of variable intersections of two curves
of X, see II, 1), any linear subsystem of X, of dimension » — 1, is of
degree not less than # — 1. If the curves of 2 are projectively referred
to the hyperplanes of an S, (see 11, 6), f is birationally transformed into
a surface free from singularities.

A preliminary but essential step in SEVERI’s proof is the elimination
of the so-called proper multiple points of /. A point P of a surface I
in S, is a proper multiple point, if the genus of the section of ¥ by a
generic hyperplane through P is less than the genus of a generic hyper-
plane section of the surface. The problem of transforming birationally
the given surface f into a surface F in S, free from proper multiple points
depends on the construction on f of a simple linear syktem X', oo”, of
effective genus p (i. c., p = effective genus of the generic curve of X)
not containing lincar subsystems of dimension 7 — 1 and of effective
genus <{p. SEVERI shows that such a system is given by the system
of curves cut out on f by the surfaces of a sufficiently high order, passing
with convenient multiplicities through all the base points, including the
infinitely near basc points, of the polar curves of f.

Having obtained a birational transform F of /. free from proper mul-
tiple points, SEVERI considers the lincar system X cut out on I by the
hypersurfaces of a sufficiently high order which are adjoints of the generic
hyperplane section of . It follows by relatively simple considerations
of the geometry on a curve, that by means of the system 2 the surface F
is transformed into a surface free from singularities.

There are a few details in SEVERI’s proof which should be further
claborated, preferably by analytical methods. For instance, in the first
part of the proof (the elimination of proper multiple points) SEVERI
uses the following lemma: The genus of a continuously varving space
algebraic curve cannot diminish without the curve acquiring a new double
point. In the proof of this lemma the genus of a space curve is evaluated
by the formula, used universally:

b= (_”;%("—_2) —r—h,
where # is the order of the curve, 4 the order of the congruence of its
bisecants and 7 is the number of the double points of the curve. If the
curve has more complicated singularities than double points, each s-fold
point of the curve (including the infinitely near multiple points) is
considered as the equivalent of s(s — 1)/2 double points. What matters,
however, and is essential for the application which SEVERI makes of this
lemma, is that the composition of the singularities of the curve should be
defined by the method of space quadratic transformations and that
should be evaluated accordingly. We have seen, however, in section 3
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that if intended in this sense the composition of a singularity of a space
curve may differ from the composition of its plane projection. Hence
the above formula is mot correct. Since the composition indices are not
n—1)(n—2)
SR
ABLANESE’s proof is an extension of the method used by the same
author in (2) to prove the analogous theorem for curves. His proof of

this last theorem is of striking simplicity and is as follows: Let f be a
_Gtn@+2)
- 2

diminished by projection, we can only write p : - ( T —h.

plane algebraic curve of order # and let g7, m = An,r

_Azm +-1-)2-(—'1—: nta_ 1, be the linear scries, free from fixed points,

cut out on f by the curves of a sufficiently high order 4. Let g,
gl . .e & Be a sequence of linear series, free from fixed points, such
that: (1) g, is partially contained in g,.'*!; (2) m; < m,_; — 2. We
have 0=Zm,-:2m — 25 and consequently r — 5=y — ': = i('l——:; T3 _ 1.
It follows, for 4 sufficiently large, that there exists a series gy,.", of dimension
=2, which does not contain partially serics of dimension v — s — 1 and
of order <<m, — 1. If the scts of this serics are referred to the hyper-
planes of an S,_,, the curve is birationally transformed into a curve
in that space frec from singularities.

In extending this method of proof to algebraic surfaces, ALBANESE pro-
ceeds as follows. Lct X7, be the linear system of curves, of degree m and of
dimension 7, cut out on the given algebraic surface f in S3 by the surfaces
of a sufficiently high order 4, and let X7, 25+, ..., 27 be a sequence
of linear systems of curves on f, such that: (1) 7,_; > rjc7;.., — 4;
(2) each 27 is partially or totally contained in the preceding system
Znot o (see II, 4); (3) if 2T, is totally contained in X! ', then
my==my;_y — 2(r;_qy — ;) — 1. ALBANESE proves that r, > An + 4,
and that conscquently there exists a lincar system 2y, of dimension 7,
arbitrarily large, such that every linear subsystem Xy ' of X |0 <i= 4,
is drreducible, is totally contained in X): and is of degree m, — |, where
j < 27+ 1. Adding (see II, 4), if necessary, to 27: the system cut out
on f by surfaces of a given order, a linear system 2% is obtained, which
satisfies the same conditions as Z,; and which in addition is simple
(IT, 6). By means of this system the surface f is birationally trans-
formed into a surface F or order % in an S,. From the properties
of the system X} it is then deduced that F posscsses only double
points (and not points of higher multiplicity), to wit: a nodal curve
with a finite number of ordinary cuspidal points, and a finite number
of isolated double points, followed in their neighborhoods of different
orders by at most a finite number of double points. These isolated
double points can therefore be reduced by a finite number of qua-
dratic transformations.
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In ALBANESE's proof extensive use is made of properties of linear
systems and especially of intersection properties of curves on a surface.
These notions are well defined on surfaces without singularities. It
may be readily granted that some of these notions can be immediately
extended to surfaces with any singularities, but some others, as, for
instance, the definition of the multiplicity of intersection of two curves,
present new difficulties,. With this distinction in mind ALBANESE's
proof should be closely scrutinized.

We now turn to CHiSINI’s method of reducing the singularities of an
algebraic surface by CREMONA transformations only. In CHISINI's proof
the first step consists in the reduction of the ¢solated singularities of f,
i. e. of the multiple points of f which are base points of the polar curves.
Such are all the multiple points which do not lie on multiple curves
of f, and also certain special points on the multiple curves. We may
also consider as isolated singularities the multiple points of a multiple
curve (in particular, the common points of distinct multiple curves),
although these points are not necessarily base points of the polar
curves.

For the reduction of a given isolated singularity P CHISINI uses
space quadratic transformation of the 2nd kind (quadrato-cubic trans-
formations). The homaloidal net in S, of such a transformation T is
given by a web of quadrics through a generic line g through P and through
3 generic points 4,, A,, A3 of the space. The homaloidal net in S; is
given by a web of cubic surfaces on 4 lines d}, d}, d;, g’, where g’ is a
trisecant of the triple of lines &;. It should be noted that the trans-
formation 7T~ does not possess (in S}) isolated fundamental points. This
is the reason why these transformations must be used in preference
to quadratic transformations of the 1st kind.

The fundamental lines &; and g’ correspond to the planes (g4;) and
(A, Ay, A;) respectively. The transformed surface ' in Sj will have
the same singularities as f, except for the multiple lines 4} and g’, created
by the transformation. Moreover, to the multiple point P there will
correspond a certain number of points P;, P;, . . ., on the line g’. CHISINI
shows that: (1) the lines d; and g' are ordinary multiple lines (i. e., with
distinct tangent planes); (2) the only isolated singularities on these lines,
outside the points Py, Py, ..., are ordinary cuspidal points and normal
crossings. By a normal crossing we mean a common point of two distinct
multiple curves through which both curves pass simply with distinct
tangents and which is not a base point of the polar curves.

For the analysis of the points Pj, to which the singularity P has
been reduced by the transformation, CrisINI defines an important
controlling character of a singularity P: #fs rank o = o(P). This
character is defined as follows:

e=4v—5¢c—r(r—1),
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where 7 is the multiplicity of P on f, ¢ is the number of distinct branches
at P of the multiple curves of f (if P is not on a multiple curve, then
¢ = 0), and v = v(P), the valence of P, is another character of P, which
we proceed to define. We consider the cone which projects from a
generic point O of the space the curve composed of the polar curve of O
and of all the multiple curves of f. The valence v of P is the diminulion
of the class of this cone due to the line OP. This signifies in particular
that if OP is not an element of the considered cone or is a simple element
of the cone, then v(P) = 0.

Comparing the rank of P with the rank of any of the points Pj,
CHisINI shows that always o (P) > o (P’), except when P is (1) a normal
crossing, or (2) a simple point of a multiple curve, which is a base point
of the Polar clirves, and through which the generic polar curves pass
simply with a tangent distinct from the tangent of the multiple curve.
The values of g (P) in these two cases are —4 and 1 respectively. It is
easily seen that in all other cases ¢(P) > 3.

It follows immediately that by a finite number of quadratic trans-
formations of the 2nd kind | can be transformed into a surface whose
multiple curves ave free from singularities and whose only isolated singu-
larities are of the two types just described.

For the resolution of the multiple curves CHIsSINI employs, as
DEL Przzo and B. Levi do also, monoidal transformations. This part
of the proof is rather complicated, the source of complication being the
new isolated singularities created by the monoidal transformations. Each
of these singularities must be carefully investigated and resolved again
by quadratic transformations.

We could not comprehend CHISINI's geometric reasoning by which
he proves the invariance of the valence v(P) under analytic trans-
formation regular at P (CHISINI, 1, p. 13). Otherwise his proof is out-
standing for the standard of rigor achieved and for the carefulness with
which the most minute details are treated, leaving little, if anything,
to intuition.!

Chapter II.
Linear systems of curves.

1. Definitions and general properties. In the sequel we shall
consider only algebraic surfaces without singularities in S,, or with
ordinary singularities in S;, obtained from the former surfaces by a

1 Note added during the veading of the proofs. It has come to my knowledge
that R. J. WALKER in his Princeton dissertation in course of publication in the
Annals of Mathematics gives a complete function-theoretic proof of the reduction
theorem for algebraic surfaces. Having read the thesis by the courtesy of the
author we believe that WALKER's proof stands the most critical examination and
settles the validity of the theorem beyond any doubt.
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generic projection. The points of the nodal curve, with the exception
of the cuspidal points, should be considered as pairs of distinct points
of the surface. It clearly appears from the projection that the cuspidal
points arc the branch points of the doubly covered nodal curve.

An algebraic system* X of curves C on a surface f in Sy (xq, %, - - ., %)
is a system of curves cut out on f by a system of hypersurfaces

(1) @Xg, Xy ooy X3 dgy Ay oo A) =0,

depending rationally on 7 + 1 homogeneous parameters A; connected
by an algebraic relation p(dy,4,,...,4) =0. Let ¢ be of degree m
in the variables x;. If we interpret the literal coefficients of the general
polynomial of degree m in the x’s as homogeneous point codrdinates
in an Sy, N = (m ;: k) — 1, then the system (1) is represented in Sy
by an algebraic variety V, (/=2 ), which is a rational transform (I, 1)
of the hypersurface (1) = 0. The system X is a rational transform
of V,, the fundamental elements on I/, being those hypersurfaces (1)
which pass through the surface f. If g is irreducible, then also V,
and X are irreducible. If s is the dimension of 2 and if a generic curve
of X' is cut out on f by oo® hypersurfaces (1), then, by the principle
of counting constants (I, 1), we have / = s + a.

If @ depends linearly on independent parameters, i.e. if (1) is of
the form

Aoqo (%o, Xy, oo os %k) + Aypy (%, %, oy ) Ao
+ Ar(Xg, Xy, ..., Xg) =0,

2 is called a linear system. We suppose that the number of arbitrary
parameters 4; in (2) cannot be reduced, i. e. that the polynomials ¢; are
linearly independent. The system X' is of dimension 7, i. c. the curves
C of X2 arc in (1 — 1) correspondence with the points of the linear space
S,(Ag,44,...,4,), if and only if the system (2) does not contain hypersur-
faces passing through the surface f. In the contrary case, the hypersur-
faces of the system (2) which contain f form a linear subsystem of (2), of
dimension A — 1 (k== 1), represented in S, by an S, _,, and the dimension
of X'is » — h. In this case it is sufficient to consider in S, a subspace
S,_, skew to S,_; in order to have a linear system of hypersurfaces
which cuts out on f the system 2’ and is of the same dimension as 2. We
shall suppose that the original system (2) already satisfies this condition.

The hypersurfaces of the system (2) may all pass through fixed
isolated points of f—the base points of X—and through fixed curves
of f. These may be either included as fixed components of the total
curves C, or may be left out entirely.

If » =1,2,3,2 is called a lincar pencil, a net, a web respectively.

1 In Chapter V, 1 a more general definition of an algebraic system will be given.

()
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If f is birationally transformed into a surface f’, any linear system
on f of dimension 7 is transformed into a linear system on f’ of the same
dimension.

The system X enjoys the property that through » generic points
of f there passes one and only one curve of 2. This property is char-
acteristic to the following extent: If an drreducible algebraic system X
of dimension v > 1 is such that through r generic points of [ there passes
only one curve of X, then X is a linear system or is made up of curves of
a linear system, each counted a certain number of times (ENRIQUES, 1,
C. SEGRE, 1). The second alternative simply means that the equation (1)
of the defining system of hypersurfaces is of the form: (Ayfo+---
+ }'r/r)n = 0.

The tase 7 &= 1 of a pencil is a real exception. It is possible to have
on a surface f an irrational pencil 2, i. e. a pencil which, considered as
a one-dimensional variety whose elements are its curves, is of genus
p> 0. The pencil X' is then certainly not linear. An clementary
consideration shows that a rational pencil (p = 0) is always linear. The
generators of a cone projecting a plane curve of genus p (cone of genus p)
or the generators of a ruled surface of genus p (birationally equivalent
to a cone of genus p) constitute the simplest examples of an irrational
pencil (in this case, of rational curves). Another important example
is given by the surfaces representing the pairs of points of two algebraic
curves, of which one at least is not rational (sec 1, 1 and also VI, 13). The
class of surfaces possessing irrational pencils is birationally special(V, 1, 3).

A pencil 2 possessing a base point at a simple point O of [ is neces-
sarily rational, and consequently linear. This is obvious in the simplest
case, in which the curves of 2" have at O a simple point with a variable
tangent line. The curves of X arc then in (1 — 1) correspondence with
the tangent lines to f at O, these lines forming a flat pencil. The most
general case of a multiple base point or of infinitely near base points can
be reduced to the simple case by operating on the neighborhood of O on
f by transformations locally quadratic. As a consequence, an irrational
pencil on a surface without singularities or with ordinary singularities in
S; does not possess base points.

A linear system X' is drreducible or reducible according as its generic
curve is irreducible or reducible. Reducible linear systems without
fixed components can be constructed in the following manner. Lect
X, be a lincar pencil, without fixed components, cut out on f by 1,¢,
+ L@, =0, and let o4y, 4), ..., ¥, (49, 4) be 7 + 1 linearly inde-
pendent and relatively prime binary forms of degree ». If in
3) Lo (Ro, &) + i1 (Ao, A4) + -+ + by (dg, &4y) =0,
we replace 1, and 4, by ¢, and —¢,, we obtain a linear system of
curves, 2, of dimension 7, in which each curve is composed of # curves
of 2. We say that X is composed of the curves of the pencil .
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In a similar manner it is possible to construct reducible system
composed of the curves of an irrational pencil X2, existing on f b
considering in X, a linear series g}, of oo” sets of # curves of Z,. Tha
the system X obtained in this manner is linear follows, for » > 1, fron
the preceding theorem on the characteristic property of linear system:
and from the well known fact that a g, on a curve does not possest
variable multiple points; for » = 1 from the fact that 2 is rational

The extended theorems of BERTINI:

1. The generic curve of an irreducible linear system cannot have multiple
points outside the base points of the system.

2. A reducible linear system, without fixed components, is necessarily
composed of the curves of a pencil (ENRIQUES, 5). The proofs are the
same as for plane algebraic curves.

Remark. The first theorem of BERTINI can be extended to infinitely
near multiple points. If O is a multiple base point of a linear system X,
at which the generic curve C of X has an arbitrarily complicated sin-
gularity, then all the multiple points of C infinitely near and in the
successive neighborhoods of O must be in fixed positions (in the sense
of I, 2). If, in fact, O; were a variable multiple point of C in the neigh-
borhood of order ¢ of O, then operating locally by successive quad-
ratic transformations which resolve the singularity at O up to its ¢
neighborhood, we would arrive at a linear system X’ whose curves have
a variable multiple point on a straight line, which is impossible. But
we can say even more: if O; is a simple free point followed by satellites,
it also must be fixed (if O; is itself a satellite, the statement is obvious).
In fact, it is easily seen that the existence of a variable, free, simple
point O® followed by satellites implies a variable contact of the curves
of 2 with a straight line, and this is impossible. For instance, if the curves
of a linear system have a cuspidal base point, then the cusp tangent must
be fixed. The preceding considerations can be summarized in the case of a
single branch at O, as follows: ¢f x and y are local coérdinates on f in the
neighborhood of O and if @ (x, y) +ty(x,y) =0 is the equation of a pencil
having O as a base point, then in the expansion of vy in terms of x the coefficients
of all the terms preceding the last characteristic term are independent of t.

If 2 is irreducible and of dimension 7 = 1, its effective degree n is
the number of variable intersections of two curves of X and its effective
genus p is the genus of a generic curve of . The linear series g, ! cut
out by the curves of 2 on a generic curve C of X is called the charac-
teristic series of £ on C. We have obviously # =r — 1. If the g, ! is
contained in a complete series gj~?*’, where ¢ is the index of speciality
of the series, then we have the following relation:r =n — p + 17 — 6 4-1,
where 6 = 0 is called the deficiency of the gi™*.

2. On the conditions imposed by infinitely near base points. It is
well known that if we impose on the curves of a linear system on a surface
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the condition of passing with given multiplicities through given points
of the surface we obtain a linear subsystem of the given system. This
statement still holds true if some of the imposed base points become
infinitely near, following each other on an algebroid branch of origin O,
in the sense defined in I, 2. For the proof (which is the same for surfaces,
having at O a simple point, as for the plane) it is sufficient to observe
that if 0, 0, 0,, . . ., O is a succession of infinitely near points on the
above branch, the condition that a curve pass through these points
with assigned multiplicities s, s,, S3, . . ., §; is equivalent to the condition
that the curve have contacts of certain orders with branches passing
through 0;0,0,;0,0,,0,;...;0,0,,...,0;. Toexpress this condition
we may use, for each 7, a branch y; of the lowest order passing through
0,0,,..%, 0, Letv®, v . 9 (= 1) be the multiplicities o 0,0, ..., 0;
for y,. Then, if 4; is the order of contact of our curve with y;, we
must have

) A= vDs 4 ods) + oo 4-2lis, i=0,1,... k

The conditions (4) are obviously expressed analytically by relations
which are linear in the parameters of the linear system.

In order that there should exist curves (at least of sufficiently high
order) which pass through the infinitely near points O, 0, ..., 04
with effective multiplicities equal to the assigned multiplicitiess, sy, ..., S,
it is necessary (and sufficient) that any multiplicity s; be not greater than
the sum of the multiplicities of the assigned basc points which are proximate
to 0; (see I, 2; ENRIQUES-CHISINI, a,, p. 390 and p. 427). If these con-
ditions, referred to in the sequel as the proximity inequalities, are not
satisfied, the effective multiplicities at O, 0, . .., O, will be different
from (and not necessarily greater than) the assigned multiplicities.
A rule for determining in this case the effective multiplicities has been
given by ENRIQUES (ap, pp. 427—433) and has been referred to by this
author as the “principle of discharge” (principio di scaricamento). We
quote, as an illustration of this principle, the following two cases:

1. Let 0,0,, .. ., O be free points on a linear branch of origin O,
and let sz:s;2=8p==-- 28y, S <. Let & be the smallest
Siprt o+

o The effective multiplicities s;

value of 7 for which s; <
are the following:

S;:Si(i<h), s;”'iz[Sh+5h+1+k-;—}{t-_:_k;}—k—h——i ’ (0;1_s:k—h).

2. Let 0;,,,0;,2,-..,0;,, be proximate points of O; and let
§;<Sip1+r++Sipp- Thensi=s;+%,8;=s;—x,(f=10+1,...,2+h),
where x is the smallest positive number satisfying the inequality
S+ xh+1) =S+ + Sigae

In all cases the effective multiplicities s; must satisfy the inequalities

(5) VO (s'—s) + P (st—sy) + -0 + D (s;—5;) 220, £=0,1,...,4,
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derived from (4), and are completely determined by these inequalities
and by the condition that they be exhibited by a branch of the lowest
possible order.

In the general theory of linear systems it is impossible to confine
the range of assigned multiplicities to numbers satisfying the proximity
inequalitics. Thus, given two lincar systems, whosc base points are
assigned with multiplicities satisfying the proximity inequalities, the
assigned multiplicities of the base points of the system difference (sec-
tion 4) do not necessarily satisfy these inequalities. It may be, for in-
stance, necessary to regard a double base point O of a linear system as
a simple base point infinitely ncar which there are s (r—arbitrary) assigned
simple base points 0;,0,, ..., 0, in distinct directions. Here s = s;
=s§,=---=s5,=1, but by case 2. of the principle of discharge we
have necessarily s’ = 2, 8] = sj = - -+ =s; = 0. By regarding in this
manner the double base point of the system, we must assume that the
number of fixed intersections of two curves of the system absorbed
at Qis 7 + 1 and correspondingly define the virtual degree (see section 5)
of the system. It should be noted that the above number of fixed
interscctions may be greater than the cffective intersection multiplicity
at 0.

For the determination of the effective multiplicities s; we have used
branches of the lowest order and we have applied the inequalities (4),
or (5). However, if the effective multiplicities s; are different from the
assigned multiplicities s;, then it is not at all obvious that the order
of contact at O of our curve with an arbitrary branch, passing through
0,0y, ..., O, with effective multiplicities 7, 75, . . ., 7, is not less that
s+ 748y 4 - b 7,5, We thercfore prove the following theorem:

Let a given branch pass through 0, Oy, . .., Oy with effective muli-
plicities s', s;, ..., s, and let s, sy, . . ., s, be arbitrary (positive or nega-
tive) integers. If the inequalities (5) hold and if y 1a any branch passing
through the points 0, Oy, . . ., O, with effective multiplicities v, 1y, . . ., 7y,
then r(s'—s) + ry(st — s)) + -+ - 4 74k — sp) =0.

Proof. Let Oy, O;rs, - -+, Oiypy (6 + py= k) belong to the set of
proximate points of O; and let us consider the following linear form in
the variables x, xq, ..., %!

K
@, Xy, e X)) =2 (=Yg — o — i) 0 2y e »Wx,).
i=0
We have 7,27,y 4+ ++*+ ?,;,;, and hence we deduce from (5)
that @(s'— s, s] — §;, ..., S — ) = 0. We now prove the identity:

QX Xy, ooy X)) =X 11X + s i,

and from this our theorem follows. Let O, be the first point in the
sequence O, O, . . ., O, such that O; is in the set of proximate points
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of O,. From the analysis of plane singularities given in (I, 2) it follows
that O, is a proximate point of O;_, but is not a proximate point of
O,,1»....0;,_,. Hence the coefficient of 7, in @(x, x,, ..., %) is

a

2 (’,y) w) ,’,(1 1)) x; + Z (‘V“’ ,',fil~])) x, + %,

=0
if 6 <7 —1, and is

2(,,(1) - ’,;r lh) x, + x,

i=0

if ¢ =1¢ —- 1. By using the fundamental property of proximate points

we may calculate successively the multiplicities »(%), #4®),, ..., »@®
(x =0,,4—1,1), and we find in the first case: »f " 4 9" = »¥
(j=0,1, o), v "= (j=0+1,...,4— 1), and in the second
case: »} 1’,— ;”, 17=0,1,....,i—1, q.c.d.

3. Complete linear systems (ENrIQUES, 2, 5, 9). Let X, and X,
be two lincar systems of curves of the same order on /, cut out by the

systems of hypersurfaces, Slgp; == () and Zlujipj =0, respectively. If
520 i=o

the two systems have a curve in common, say the curve cut out on
f by @, =0 and g, = 0 respectively, then the consideration of the
system of hypersurfaces

ho@otro + wollypy + -+ - 2n @) 1 @ (uypy + -+ + pryr) =0

shows that the curves of both X, and X, all belong as total curves to
a more inclusive lincar system X. We say that X and X, are totally
contained in X'. A linear system is complete if it is not totally contained
in a linear system of higher dimension. It follows that any given linear
system is either complete or is totally contained in a complete syslem which
is uniquely determined.

Two curves C and D are said to be linearly equivalent, in symbols,
C = D, if they arc total curves of some lincar system of curves. If C = D
and if the two curves have no common components, there exists on f a
rational function ¢/, which vanishes on C and becomes infinite on D,
in such a manner that if either C or D is reducible and possesses multiple
components, then ¢/yp has zeros or poles of order & along any k-fold
component of C or D respectively. The complete system containing
a given curve C and uniquely determined is denoted by |C| and is
made up of all curves equivalent to C. If C = D, then |C| and |D]|
coincide. The equivalence relation is transitive: if C = D and D = E,
then C =E.

The above definition of complete systems can be generalized by the
imposition of a set of base points. Let 0y, 0,, . . ., O} be a set of (distinct
or infinitely near) points on f, and let s,, s,, . . ., 5 be a set of arbitrary
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non-negative integers?. 'If there exist curves equivalent to C and passing
through each point O; with a multiplicity =s,, their totality is a linear
system, called the complete system relative to H, where H =09 03, ... O
is the set of the assigned base points with their assigned multiplicities.
This system shall be denoted by |C|g.

It may well happen that in virtue of the imposed conditions the
curves of |C|g necessarily pass through other base points not in H, or
that they all have at O; a multiplicity s; ¥ s;.2 To keep track of this
possibility, in itself significant, it is convenient to distinguish: (1) be-
tween the assigned base points (in H) and the possible base points of
|C |g not in H, which are referred to as accidental base points; (2) between
the assigned or virtual multiplicity s; of O; and its effective multiplicity s;
(for plane curves, see CASTLENUOVO, 1). An accidental base point can
be considered as a base point of virtual multiplicity 0. These conventions
have naturally only a relative character. We may, if we wish, convert
all the effective multiplicities of the effective base point of |C |y into
virtual multiplicities, without altering the system. On the other hand
it is not excluded that |C | can be equally defined by a set H' different
from H, and that consequently, according to the new definition of |C |5
= |C |y, some of the points O; become accidental base points. If the
assigned multiplicities s; satisfy the proximity conditions, then neces-
sarily s; = s;, provided the curves C are of a sufficiently high order.
In the contrary case this may not be true (see section 2).

We have defined in the preceding section the effective degree and
the effective genus of an irreducible linear system of dimension =1,
having regard to all the effective base points of the system taken with
their effective multiplicities. Taking into account that an r-fold base
rir — 1)

> we are led
to define the virtual degree and the virtual genus of |C |y, supposed ir-
reducible and of dimension --1, as follows:

virtual degree of C = n + > (si* — s}),
1)

point diminishes the degree by »2 and the genus by

virtual genus of C = p + &Z[sg(sg — 1) — s;(s; — 1)1,

where 7 and p are the effective degree and the effective genus of |C |y
and where the summation is extended to all the effective base points
of |C|g of effective multiplicities s; and virtual multiplicities s;.

! In the next section the condition that the integers s; be non-negative will
be removed.

2 It is not necessary that s{ > s;, even if the integers s, satisfy the proximity
inequalities (section 2). For instance, let |C|y be a system of plane curves and
let 2 = 3. We assume that O, is infinitely near to O, and that O, is on the line
0,0, and at finite distance from O,. It is then seen that if the C’s are quartics
and if s; = s; =2 and s, = 1, then s} = 3, s; = s§ = 1.
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We observe that in addition to accidental base points, |C |y may
possess accidental fixed components. On the other hand, if we add to
the curves of any complete system a fixed component A4, the resulting
linear system may always be considered as a complete system with 4
as an assigned fixed component.

In the sequel we shall at times omit the subscript H and we shall
use the symbol |C| for any complete system, with or without assigned
base points.

4, Addition and subtraction of linear systems (ENRIQUES, 2, 5, 9).
If C, = D, and C, = D,, then from the consideration of the product
of the two rational functions on f, having C; and D; (¢ = 1, 2) as zero
and polar curves respectively, it follows that C, + C, = D, + D,.
If then |C| and |D| are two complete systems, there exists a complete
system |C + D|, containing, among other curves, also every reducible
curve C + D, where C is any curve in |C| and D is any curve in |D]|.
This system is called the sum of the two systems |C| and |D|:

|C +D|=[C| + |D].

As for the base points of |C + D |, each base point of virtual multiplicity
s for [C| and o for |D| shall be considered as a base point of |C + D],
of virtual multiplicity s + o.

Any accidental base point or base point of accidental hypermulti-
plicity (effective multiplicity > virtual multiplicity) of |C + D| must
be neccssarily such for either |C| or |D|, but not conversely: if |C]
or |D| possess accidental base points, these will, in general, not be base
points of |[C + D|. |C + D| is reducible if |C| and | D| are coincident
pencils, or are composed of the curves of one and the same pencil, or
if either of them has an assigned fixed component. It may be reducible,
if either |C| or |D| has an accidental fixed component. |[C 4 D] is
certainly irreducible in any other case.

If |C|and | D| coincide, we obtain, by repeated addition of |C|, the
multiples of |C|:|2C|, |3C]|, etc.

If |C| = |4|+ |B|, then the system |B| = |C| — |4]|=|C — 4]
is called the difference of the two systems |C|and |4|. The operation
of subtraction is not always possible. Given |C|and |4 [, in order that
|C — A]| exist it is necessary (but not sufficient) that: (1) a generic?!
curve A, of |4 | should be partially contained in |C]|, i.e. that there
should exist curves C containing 4, as a component; (2) the virtual
multiplicity of any base point of |4 | should not be greater than its
virtual multiplicity for |C]|.

1 It is sufficient to say: a curve A,, whose effective multiplicities at the
base points of !Ci are equal to the effective multiplicities of the generic curve
of |4].



32 II. Linear systems of curves. [488

The condition (1) will then hold true for any other curve 4 of |4],
and the residual curves of |C| with respect to A, i. e. the curves B such
that there exist curves C = A, + B, form a complete linear system
|B|, independent of the particular curve A, of |A|, as long as A, is
generic in |A|. This is the residue theorem in its invariant form.

The system ‘B’ is not yet necessarily the difference of |C| and |4 |.
In order that |C| — |A| exist it is necessary that there should exist
curves B in lB] having at each base point of virtual multiplicity s for
|C| and o for [A| a base point of virtual multiplicity s — . If such
curves B cxist, they form the complete system |B| = [C| — |4]. If
the virtual multiplicities of the base points of |C| and |A | are equal
to their effective multiplicities, then the conditions ( ) and (2) are
sufficient, and |B| = ]B[ ¢

The condition (2) is somewhat artificial, and the only purpose of
introducing it is to insure that the virtual multiplicities of the base
points of |C — A| be non-negative. Moreover, it leads to untcnable
conclusions. In fact, if the condition (2) is not satisfied, it may well
happen thdt by raising the virtual multiplicities of || we can obtain
a system .( !, for which the condition (2) holds and such that € — Al
exists. Hencc whlle the system [( — {[ is not defined, there exists
the system |C — A|, although |C| contains |( . We climinate the condi-
tion (2) by allowmg negative virtual multzplzczlws in the definition of
complete linear systems relative to a set H of base points. This simply
means that in the inequalities (4), which give a meaning to virtual
multiplicities, we allow some or all of the integers s; to be ncgative
(sce in this conncction the theorem proved at the end of section 2).
We keep the definitions of the virtual multiplicities of the base points
of the sum and of the difference of two linear systems, given above
and in the preceding section. It is then seen that virtual multiplicities,
in particular negative virtual multiplicitics, have an operational signi-,
ficance. For instance, let |B| be a complete linear system, having at
a point O a base point of virtual multiplicity = effective multlp‘mlty
=5, and let |A| be another complete linear system, for which O is not
an effectne base point. The point O can be considered as a base pomt
of |A], of an arbitrary non-positive virtual multiplicity . If r = —s,
then the virtual multiplicity of O for the system |4 + B is zero, i. e. the
generic curve of this system is not required to pass through 0. If » = 0,
we obtain for |4 + B| a system, possibly less inclusive, whose generic
curve passes through O with virtual multiplicity s

Let |B| have at O a base point of virtual multlpllatv s, and let |B|
be the subsystem of |B| obtained by raising the virtual multiplicity
of O tos + r,r > 0. According to our preceding definitions the system
IB B! is not defined, because the total curves of le are also total
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curves of |B|. However, for any system |4 |, the system |4 |+ (|B]|
—|B|) =|4+ B| — |B| is defined and can be obtained directly
from |A | by assigning O as a base point of virtual multiplicity ¢ — 7,
where ¢ is the virtual multiplicity of O for |A4|. Similarly the system
|4| — (]B| — |B]) has at O a base point of virtual multiplicity o+ 7.
It is convenient to regard the system 'B — El as the point O counted r
times: lB — BI = 0", and accordingly to define the addition and subtraction
of points to a linear system. To add or to subtract O" to |4 | means to
diminish or to increase, respectively, by » the virtual multiplicity. of O
for |4|.

Later on in this chapter (section 7) we shall have occasion to illus-
trate the above definitions and conventions from the point of view of
birational transformations.

Given two irreducible complete systems |C, |g, and |C,|g,, of dimen-
sions =1, of virtual degrees ,, #, and of virtual genera 7,, 7, respectively,
the virtual characters # and 7 of the system |C;+ C, |g,+ g, are given by
the formulas (NOETHER, 1, ENRIQUES, §):

(6) n=m +ny+2(C Cm,m
(6) a=n +m+ (Cy+ Cou,,m, — 1,

where (Cy - C,)y,. g, denotes the number of intersections of a generic C,
with a generic C, outside the assigned base points taken with their

virtual multiplicities. 1f, namely, 0,,0,,... are the base points
of |C,| and |C,|, of virtual and effective multiplicities s{, s, ... and

o), o, ... respectively for |C;| (j =1, 2), and if we denote by 7 the
number of variable intersections of a C, with a C,, then

(C,-Cou,u, =1 +§(0‘k”0‘k2) — sPsd).

In the sequel we shall often write (C, - C,) instead of (C, - Cy)g,, g,, it
being understood that when the indices H,, H, are omitted they are
fixed throughout the discussion or appear clearly from it.

The formulas (6) and (6') will follow immediately, if they are first
proved for the effective characters of |C,|, |Cy| and |C, + C,|. For
these, (6) is immediate: the number of variable intersections of two
reducible curves C; 4+ C,and C; + Cyis (Cy+ C}) + (C3- C3) + (Cy - Cp)
+ (Cy+ C}) = n, + m, + 2¢. Supposing, for simplicity, that f is in Sy,
it is possible to give a very simple algebro-geometric proof of (6’), by
projecting C,, C, and a given curve C of |C; + C,| on to a plane (PICARD
and SIMART, a,, p. 106). It is possible to prove (6'), even more rapidly,
by means of topological considerations (ENRIQUES). As a variable curve
C of |C, + C,| degenerates into a curve C, + C,,  new double points
0,,0,, ..., 0; are acquired, namely the intersections of C; and C,.
Conversely, C is topologically given by identifying the two points 0}, Oy
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on the two branches through each of the new double points O; and by
replacing the singular point O; = Of by a 1-sphere o; so as to have a
manifold. Consequently, the 27 1-cycles of C, i. e. of its Riemannian
manifold, are given by the 2z, cycles of C;, the 2z, cycles of C,, the
i — 1 cycles of the type 0,0; + 0,0, (j = 2, ...,1), where 0,0; is a
path in C, and 0_,,-0—1 is a path in C,, and finally by the ¢ cycles g;, of
which, however, only 7 — 1 are independent of the previous cycles.
Hence 2% = 2@, + 27, + 2(¢ — 1). )

5. The virtual characters of an arbitrary linear system. In order
to extend the definitions of the virtual degree and virtual genus of a
complete system |C| to reducible systems without assigned fixed com-
ponents or to systems of dimension zero (i. e. consisting of only one curve),
we use an auxiliary system |K |, which we shall suppose, for sithplicity,
to satisfy the following conditions: 1) |K|is irreducible, of dimension
=1, and without base points; 2) the system |K + C| is irreducible, free
from accidental base points or base points of accidental hypermultiplicity.
We may assume as |K 4 C|, for instance, the system, completed if
necessary, cut out on f by the hypersurfaces of a sufficiently high order
and on which all the base points of |C | are imposed. Let # and 7 be the
virtual (= effective) degree and genus of |K|, N and IT the analogous
characters of |K + C|, and ¢ = (K- C). We define the virtual degree
x and the virtual genus y of C by using formally the relations (6) and
(6"), i. e. as follows:

(7) a+y+i—1=I  (7) n+x+20i=N.

The values of x and y derived from (7) and (7’) are independent of |K |.
To see this it is sufficient, given another system K, satisfying the
conditions 1) and 2), to apply (6) and (6°) to the system |K + K, + C|
=[(K+C) + K| = |(K, + O) + K|.2

We are now in position to speak of the virtual characters of any
linear system whatsoever. The definitions given are such that the
formulas (6) and (6') have now general validity. In the sequel we shall
speak of the virtual degree and of the virtual genus of a curve C, meaning
by it the corresponding characters of |C |z, and we shall denote these
characters by (C2)g and by [C]g respectively, or simply by (C?) and[C]
(SEVERI, 13).

We observe that the numerical function of C, ¢ (C) = 2[C] — (C?) —2,
is an additive function of curves. One could use this property of ¢ (C)
for the definition of [C] (LEFSCHETZ, d.).

1 In the proof we make the tacit assumption that the virtual multiplicities
of the base points of |C| satisfy the proximity inequalities, because otherwise
the auxiliary system |K| would not exist. To define in this case the virtual
characters of | C| we may use the same method as in section 3, after having defined
the virtual character of |C|, supposed virtually free of base points.
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If C is an isolated curve, i. e. if |C| consists of C only, then (C?) may
be negative. Conversely, if (C2) < 0, and if the virtual multiplicities of
the base points of |C | satisfy the proximity inequalities, then C is either an
isolated curve, or one of its components must be an isolated curve and
an accidental fixed component of |C|. If the proximity inequalities are
not satisfied, then |C| may be of negative virtual degree even if it is of
dimension >0 and irreducible (see section 2).

The symbol (C . D), denoting the number of intersections of two
curves C and D, has a definite meaning even if C and D have common
components. Let

C=mIy+ml,+ - + ml,,
* ' D=L+ p Lot - + eI,

where the m,;’s and the u,;’s are non-negative integers, and each I5 is
irreducible. If C and D are virtually free from base points, then

(C-D) Z m,‘uj(r -Iy.
i, 7=-1
The value of (C- D) being known, the evaluation of (C: D)y, g, is
immediate. In particular, if for each I'; two sets of base points, H{® and
H“) can befound,such that Hy=3'm; H{®, Hy=2>u,H{, then (C-D)y, g,

_Z uu) (P j)H‘I", II‘.” .

’l 7—‘
In this case, if (C - D) < 0, and if the proximity inequalities are satis-

fied, we must have for some value of ¢, (I'} )uo, mp < 0, m; 340, 4; F 0,
since (I, I')) aY, gy = 0, fori F 4. In partlcular if C and D are virtually
free from basc pomts and if (C.D) <0, the two curves must have in
common at least one irreducible component of virtual negative degree.

From the topological point of view, the virtual degree of a curve C
is simply the intersection number of two 2-cycles homologous to C
(VI 3).

If Cis irreducible, of effective genus p’, and if the proximity inequalities
are satisfied, then [C]y = p’, and [C]y = ' if and only if all the multiple
points of C are assigned with virtual multiplicities equal to their effective
multiplicities for C.

Let |Clg = m|Cy|n, + - -+ + m|Ci|g,, where the m;’s are non-
negative integers and |C;|y, is irreducible, of virtual degree #; and
virtual genus p;. By repeated application of (6) and (6’) we find:

= [Clam =2 m;p; +2 ﬁ‘(ﬂ;:-ﬂ ;
+ D mimy(Cy- Colmm— > mi+ 1.

i<j
3*
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C is said to be disconnected or connected according as it is or it is not the

sum of two complementary components having no points in common

outside the assigned base points (NOETHER, 1; CASTELNuUovo, 1). If C

has no multiple components, then [Clg = >'p; + > (C;-C;)g, u,— k+1,
. i<

and if it is connected, then ' (C;-C,)g, g, = k — 1. Hence, assuming
i<j

always that the proximity inequalities are satisfied, we have that the
virtual genus of a connected curve free from multiple components is = 0.
If the proximity inequalities are not satisfied, the genus may become
negative even in the simplest case of an irreducible curve. For instance,
if C isa plane curve of order §and if H = 020}, where O, is infinitely
near O, then [C]z = — 1. Effectively O and O, are triple points and
C is rational.

A very fruitful remark, due to ENRIQUES (10), is that ¢f a reducible
curve C is the limit of an srreducible curve, in particular, if C is the total
curve of an trreducible linear system, then Cy is connected (Principle of
degeneration). If, in fact, Cy is a total curve of an irreducible system
|C |y and if Cy = Cj + Cf, where Cj and Cf have no common compo-
nents, then it must be possible to join any two points of C,, in particular
a point of Cj to a point of Cg, by means of a continuous path on C,
without crossing the base points in H, since this is possible to do on
the generic s7reducible curve of |C|5. For this, however, it is necessary
that Cj; and Cj should have intersections outside of H, i.e. that
(Cy- CG) > 0.

6. Exceptional curves (NOETHER, 2; ENRIQUES, 5; CASTELNUOVO-
ENRIQUES, 2; JUNG, 4). Given on the surface f an irreducible linear
system Z' of dimension 7 = 3, cut out by a system of hypersurfaces (2),
the formulas

oY = @i(%g, %y, ..., %), 1=0,1,...,7,

define a rational transformation 7 of f into a surface f' in S, (¥, ¥1, - - -» ¥»)»
on which to the curves C of X there correspond the hyperplane sections
of f'. In order that T be birational, it is necessary and sufficient that X
be not composed of an involution of sets of points of order v > 1, i e. that
the oo"~1 curves of X constrained to pass through a generic point P
of f do not pass automatically through other» — 1 points P;, P,,..., P,_,
which vary as P varies. If this condition is satisfied, 2 is said to be
stmple, and the order of the surface f’ is equal to the effective degree
n of 2. If, however, 2 is composed of an involution of order v, then
the points P, P,,..., P,_, of a set of the involution correspond to
one and the same point of f’, and f is represented upon the »-fold covered
surface f’, which is in this case of order =/y.

The invariant properties of the linear system X are reflected in the
projective properties of f’. For instance, if 2 is complete (all its base
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points being assigned with their effective multiplicities), then it is not
difficult to see that in that case (and only in that case) /' is a normal '
surface, i. e. it is not the projection of a surface of the same order as f’
and belonging to a space S, , 7' > r (for other examples, see I, 6).

The base points of X are fundamental points of T, i. e. they are trans-
formed into curves of /. On the other hand T may possess on f fundamen-
tal curves, which are transformed into (simple or singular) points of f'.
If L is such a curve, then it cannot have variable intersections with
the curves of X, so that the curves of 2" which contain a generic point
of L form a linear subsystem oo™, having L as a fixed component. L is
also said to be a fundamental curve of X. These exceptions to the
(1 — 1) character of a birational transformation between two surfaces
presentenew features, which are not encountered in the theory of curves.
It is well known, in fact, that in a birational transformation between two
curves the fundamental points on either curve can be only among the
multiple points, In view of this, the exceptions to the (1 — 1) corre-
spondence can be formally removed, if instead of the points we consider
“the branches of a curve. At any rate, a birational transformation betweeri
two curves free from singularities is a (1 — 1) correspondence between
their points, absolutely without exceptions. However, in the theory of
surfaces, even if we make allowances for the singularities (for instance,
by refusing to consider a singularity of a surface as a po¢nt of the surface),
or if we consider only surfaces without singularities, there still remains
the essentially new fact, that to certain curves of one of the surfaces may
correspond s¢mple points of the other surface. Such curves on f are called
exceptional curves. We can give a definition of an exceptional curve,
which is independent of the supposedly existing transformation. Let
us say, for brevity, that L is a fofal fundamental curve of the linear
system 2, if the oo"~! curves of X containing L do not have other fixed
components outside L. A curve L (irreducible or not) is an exceptional
curve, if there exists on. [ a linear system X, such that:

1. X is irveducible, simple, of dimension r = 3;
2. L is a total fundamental curve of Z;

3. if n s the effective degree of X, then the residual curves of L with
respect to X, 1. e. the curves Cy such that C; + L is a lotal curve of X,
form a linear system X,(o00""1) of effective degree n — 11,

If it is possible to find the above system X in such a manner that,
in addition, it should have no base points on L, then L is called an ex-
ceptional curve of the Ist kind. If that is not possible, L is called an
exceptional curve of the 2nd kind. Hence, an exceptional curve L is

1 2] is necessarily irreducible, since by 2. it is free from fixed components
and since by 1. (r = 3) it is of positive effective degree and therefore cannot
be composed of the curves of a pencil.
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of the 1st or of the 2nd kind, according as it is or it is not possible to
transform L into a simple point in such a manner that no point of L
is at the same time transformed into a curve.

An exceptional curve may be reducible (CASTELNUOVO-ENRIQUES, 2).
A systematic treatment of reducible exceptional curves is not available.
The following treatment is a contribution to the theory of exceptional
curves of the 1st kind.

If Lis an exceptional curve of the 1st kind, then (L?) =1 and [L] =0 L.
Proof. Let H denote the set of effective base points of 2. We have
(C-L)y=((Cy+ L)- L) = 0, since no base point of X is on L. Conse-
quently (C;+ L) = —(L?), and since C, + L is connected, it follows
(L? < 0. We also have == (C%y = (C)g + 2(C,- L) + (L?
= (Chg — (L?). From the hypothesis that the effective degree of Z,
ism — 1, it follows that (C})z = # — 1, and that consequently (L2 = —1.
Hence (L% = —1, and incidentally

@®) (CPu=n—1,
8" (C, L) =1.

Furthermore, [Cly =[Cyly +[L]+ (L-C,) —1 =[C,lg + [L]. The
curves C, correspond to the hyperplane sections of f* through a simple
point O and have therefore the same effective genus as the curves C.
By (8), the effective genus of C, is equal to [C,]5. Hence [Cly = [C,]x,
and [L] =0, q.e. d.

Let L =k L, + kL, + -+ + kL, where each L; is irreducible
and k;zz1. Choosing properly our notations we deduce from (8'):
ky=1,(Ly-C)) =1,(L;-C)) =0 ({=2,3,...,5). Since (C- L;) =0,
it follows that (L- L;) = —1 and (L. L;) = 0, if i > 1. We have then
the following set of relations:

(LY +__z;kj(L1'L;) =—1,
) -
(L,- L) +i;2:k,(L.--L,) =0, i=2,%,...5.

Furthermore [L] = 0 furnishes, by making use of the relation (L2) = —1,
the following relation:

)=

(10) ky(n; — 24+ 2) =1,

1

i
where p; = [L;] =0 and #, = (LJ).
An obvious consequence of (9) is that (L}) < 0 for any 4, since for
a given value of ¢ one at least of the intersection numbers (L; - L;) must
be positive (L is connected).

1 L is considered as virtually free from base points.
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We shall now assume that all the components of L are simplel. In

this case %, = ky = - .. =1 and the relations (9) and (10) become
8
>(Ly-L) = —t,
(9/) 7—'-1
’Z(Li‘Lj)=0, 1> 1,
=1
and
8 8
(10 2_2;15, _,Z: (L) =25 —1.
= <

In view of (9'), the relation (10’) can be written as follows:

. . 221::1’/ ‘Fi%(Ls-Lj)=28—2.

Since L is connected, we must have

DL L) =s—1.
i<y

Consequently

(11) pj =0,

(12) 2(Li-L) =s—1.
i</

From (12) it follows that if L and L are : any two connected components

of L, then (L. L) =0 or 1 [in particular all the intersection numbers
(L;- Lj), 2=, are 0 or 1]. Let us suppose that L, + Ly ++-- + L,
consists of connected components L', L”, ..., L' having two by two
no points in common. Then (L, - L®) =1 and, by (9’), (L3 = — (o +1).
Each curve LW satisfies relations analogous to (9') and (10°), in particular
(LD)2= —1, [L9] = 0. In fact, let, for instance, L'=L,+ Ly 4+ + L,,,
and let (Ly- L)) =1,(L;- L)) =0 (j=2,...,5'). If we write the

/

relations (9') for ¢ =2,3,...,s’, we obtain:

L L) =—1,

NIV

L‘ Lj 1:::3,4,..,$,

We have moreover [L] = pl + LT+ [L"T+ -+ [L®]) = 0. Since
$; = 0 and since the virtual genus [L®] of the connected curve L® is
= 0, it follows that [L®] = 0.

The character of the correspondence between the curve L and the
neighborhood on f’ of the simple point O = T (L) can now be described.
The curves C, meet L, in one variable point, but do not meet any of

1 The general case will he studied in a joint paper by Dr. S. F. BARBER
and the present author to appear shortly in the American Journal of Mathe-
matics.
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the remaining components of L. Hence the neighborhood proper of O
(of the 1st order) is represented by the curve L,, whose points are in
(1 — 1) correspondence with the directions about O. But there are o
singular directions. The corresponding points 03, 03, . . ., 0, infinitely
near O, are fundamental for 7-1, and to O} corresponds the curve L®,
which by itself is an exceptional curve of the 1st kind. That component
of L’, which we have denoted by L, and which is such that (L, - L,) =1,
has the same privileged réle in L' as L, has in L. The 1st neighborhood
proper of 0] is represented by the curve L,, whose points are in (1 — 1)
correspondence with the second order differential elements through
0,07. If L’ is reducible, there will exist fundamental points of T-1
infinitely near Oj (in the second order neighborhood of 0), to which
will correspond the connected components of L' — L,, .themselves ex-
ceptional curves of the 1st kind, etc. The virtual degree of any drreducible
component of L, corresponding to a fundamental point O in the sth
neighborhood of 0, is equal to —(a;; 4 1), where g;; is the number of
the fundamental points on f which immediately follow Of. It can
be shown that the fundamental points all lie on linear branches and
that, conversely, this property of the fundamental points characterizes
the case of exceptional curves free from multiple components?.

The importance of the distinction between exceptional curves of
the 1st and of the 2nd kind is due to the following fact. If f possesses
only exceptional curves of the 1st kind, then it can be proved that it is
possible to transform f into a surface /' free altogether from exceptional
curves (IV, 4). The difficulties inherent to the existence of exceptional
curves are in this manner eliminated. On the other hand, #f f possesses
exceptional curves of the 2nd kind, this will still be true of any birational
transform of f. The proof is immediate. Let L be an exceptional curve
of the 2nd kind on f, and let us suppose, for simplicity, that L is ir-
reducible. Then if L is transformed into a simple point O of a surface
f’, some point of L is transformed into a curve L', which is easily seen
to be an exceptional curve of the 2nd kind. If L is transformed into a
curve L’ and a simple point of L is transformed into an exceptional
curve L" of the 1st kind, then both L’ and L are exceptional curves
of the 1st kind, but L'+ L" is of the 2nd kind. For further properties
of exceptional curves of the second kind see section 7.

1 The proof is given in the joint paper by Dr. BaArRBER and myself referred
to in the preceding footnote. We quote the following results established in this
paper: 1) The virtual degree of an irreducible component L; of L =Zk,~L,~, corrvespond-
ing to a fundamental point O;—1 infinitely near O, equals — (o; + 1), where g; is the

ber of fund wtal points which follow O;—1 and are proximate points of O;j—1.
2) If the points O, O,, ..., O_1 lie on a single branch, then L; meets in one point
Liya, where O;y o1 is the last proximate point of O;_1, does mot meet any othey
component L;, j > i, and the branch of the lowest order passing through 0,0y, . . ., O;—1
ts of order R;.
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The class of surfaces possessing exceptional curves of the 2nd kind
is, however, well known: they are the surfaces birationally equivalent
to ruled surfaces (IV, 4).

7. Invariance of the virtual characters. In a birational trans-
formation T between two surfaces f and f’, every linear system X on f
is transformed into a linear system X’ on j'. The requirement that the
virtual characters of 2 and 2” be the same leads to certain conventions
concerning the definition of the total curves C’ of 2’ (ENRIQUES, 9).
We may confine ourselves, for simplicity, to birational transformations
which do not possess infinitely near fundamental points, since any bi-
rational transformation is the product of birational transformations of
this type. If the fundamental points of 1" are outside the base points
of 2, nosspeciabconventions are necessary; C' is simply 7 (C), the trans-
form of the total curve C of 2. If T has a fundamental point O, which
is a base point of X, of virtual multiplicity 7 and effective multiplicity 7,
then necessarily § = ¢, since by hypothesis O is a proper point of f,
and we agree that the exceptional curve L’ on [’ which corresponds
to O is to be counted j — ¢ times as an accidental fixed component
of C'. As regards the virtual multiplicities of the base points of 2",
they are defined by the above conventions, if applied to 7! and
2 = T-1(2"), and by the condition that homologous base points of %
and 2", not fundamental for 7" and 7!, should be assigned with the
same virtual multiplicities. It is then easy to prove that the virtual
characters of 2" and X" are the same, by using the auxiliary system K
of section 5. To elucidate the necessary character of the preceding con-
vention, we consider an example. Let O be an assigned simple base point of
a complete system |C|. If we consider O as an accidental base point,
then we may possibly obtain a larger system IC , containing |C|, for
which O is not a base point. It is then clear that as C varies and ap-
proaches a curve C, T (C) approaches T (C) 4 L'. '

It is seen immediately that according to the above definitions the
sum or the difference of two systems on f goes into the sum or the
difference of the two corresponding systems on f.

As an illustration of the case in which the difference between the
effective and the virtual multiplicities is brought about by the principle
of discharge (section 2), let us suppose that 2’ possesses, infinitely near
the simple base point O,  simple base points O; in distinct directions
(r >1). O is an effective double base point and L' is an accidental fixed
component of X'. Moreover, the 7 points O; on L’, which correspond to
the directions 00;, should be considered as assigned base points of 2.

It is easily seen that the above rule holds also for birational trans-
formations possessing infinitely near fundamental points. In this case,
however, the possibility of having § < 7 calls for an explanation. Let
0,0,,...,0, be a sequence of infinitely near base points of 2, which
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are fundamental for T, and let their virtual and effective multiplicities
for 2 be 4,4y, ...,%; 1, J1,-- .,z Tespectively. To each point O,
there will correspond on f an exceptional curve L®, and every ir-
reducible component of L® is also a component of L@, if ¢ < h. Our
rule says that the curve I'=(j — ) L + (j, — ) LW 4 - - - + (j, — 5) L®
must be considered as an accidental fixed component of C’. Some of
the coefficients §, — 7, may be negative, but for each negative coeffi-
cient j, — 4, there must be at least one positive coefficient j, — 1.,
such that ¢ < 4. In the final result each irreducible component of the
curves L™ will have to occur in I' to a non-negative multiplicity.

The preceding considerations lead quite naturally to the definition
of addition of points to a complete linear system, given in section 4. That
definition was to the effect that if O is a base point of |C|, ef virtual
multiplicity ¢, the system |C + O*| is simply obtained by assigning O
as a base point of virtual multiplicity ¢ — %, instead of 4. If O is a
fundamental point of 7', the corresponding effect on the transformed
system |C’| consists in the addition to |C’| of the exceptional curve L’
counted % times.

An application to exceptional curves of the second kind. We go back
to the definition of an exceptional curve L given in the preceding
section, and we suppose that L passes through some of the base points
of 2, so that L is an exceptional curve of the second kind. We take
as sets of base points for 2 and X, the sets of their effective base points
taken with their effective multiplicities. This defines a set G of base
points for L, in virtue of the relation L 4 C, =C. We consider the
lincar system of curves cut out on f by hypersurfaces of a sufficiently
high order, passing through all the base points of 2. Referring the
curves of this system to the hyperplanes of a linear space (section 6)
we obtain a surface f'= T (f), birationally equivalent to f, on which
the irreducible transforms C’ = T (C) of the curves C form a system 2’
effectively free from base points. Since 2" and 2 are irreducible and"
since the virtual and effective multiplicities of their base points coincide,
it follows that the same holds for the transformed systems 2’ and X7,
and that C'= T(C) and C{ = T(C,). Moreover 2] is of dimension
and degree one less than 2’. Hence 2" possesses a total fundamental
curve L’, which is an exceptional curve of the first kind (since 2 is
effectively free from base points). Since C' = C{ + L', it follows that L’
is the transform of L, and we conclude that (L?)g = —1, [L]g = 0. These
relations are analogous to those proved for exceptional curves of the
first kind, the only difference being that now the virtual characters
of L are evaluated with respect to a non-vacuous set of base points G.

8. Virtual characteristic series. Virtual curves (SEVERI, 4, 6). We
have defined in section 1 the characteristic series gi,~! of an irreducible
system of effective degree » and of dimension 7 > 0. It is obvious how
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this definition should to be modified for an irreducible complete system
|C|g of virtual degree n, defined with respect to a set H of base points.
The definition fails, however, if we deal with an irreducible isolated
curve C. In this case we may proceed as follows. It is always possible
to find (in many ways) an irreducible system |E | such that the system
[D| = |E — C| exists and does not contain C as a fixed component.
The virtual characteristic series of C is defined as the difference of the
two series cut out on C by |E | and | D| (in the sense of the theory of linear
series of sets of points on an algebraic curve). It is easily proved that
the series thus defined is independent of the auxiliary system |E| and
that its order is equal to the virtual degree of C. If (C%) =0, the
characteristic series of C is certainly not an effective series on C. But
also if (C» > 0, the virtual characteristic series of C may not be effective.
If the difference of the above two series effectively exists on C and if C
is contained in a system |C| of dimension > 0, the virtual (complete)
characteristic serics of C coincides with or totally contains the char-
acteristic series of |C| on C. If C is isolated (from the point of view
of linear equivalence) but belongs to a continuous system of dimension
>0, the virtual characteristic series of C coincides with or totally contains
the characteristic series of the continuous system (V, 1).

If |4 | and |B| are two lincar systems and if |4 — B/ does not exist,
there may nevertheless exist the system |[E + A — B| = |E + 4 | —|B|,
where |E| is a system of a sufficiently high dimension. The symbol
A — B does not correspond to any effectively existent curve on f,
but has a definite significance as an operation on linear systems. As a
further step in the direction of, and in conformity with, the preceding
definitions of virtual entities on a surface, we shall refer to the symbol
A — B as a virtual curve. The relation of linear equivalence and the
notions of virtual degree and genus can be immediately extended to
virtual curves. Thus, A — B = A’ — B’ simply means A + B’ = 4’
“+ B. The virtual characters of a virtual curve are formally defined, in
the same manner as for reducible curves, by means of the equations (6)
and (6'). From the topological point of view, a virtual curve is simply
an algebraic cycle which does not correspond to an effective algebraic
curve on f (VI, 3). The notion of a virtual curve has been introduced
and systematically developed by SEVERI. It is interesting, however, to
observe that earlier investigations by CASTELNUOVO and ENRIQUES on
the a priori virtual canonical and pluricanonical systems (111, 9) on
surfaces of genus p, = 0 already clearly contain this notion without
mentioning it explicitly.

Remark. The introduction of virtual curves allows us to assign on
a given effective curve C a completely arbitrary set H of base points
with arbitrary virtual multiplicities s;, whereas until now these virtual
multiplicities s; had to satisfy the inequalities (5) of section 2, which
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involve the effective multiplicities s; of C at the points of H. We see
this immediately, if we transform the points of the set H into exceptional
curves. It is easily seen that the inequalities (5) give a necessary and
sufficient condition that the transform C’ of C contain any irreducible
component of these exceptional curves to a non-negative multiplicity,
i.e. that C’ be an effective curve. We shall say in the sequel that Cy,
i.e. the curve C with the assigned base set H on it, is an effective curve,
if C is an effective curve and if the inequalities (5) hold.

Chapter III.

Adjoint systems and the theory
of invariants.

1. Complete linear systems of plane curves (CASTELNUOVO, 1).
|C |g is a complete linear system of plane curves of order #, dcfined by
a set H = 0% of base points, the dimension 7, of |C |y is given, for n
sufficiently large, say for n =1, by the postulation formula (CAYLEY,
NOETHER) or by the characteristic formula (HILBERT):

r,,::(njz)—-k—L

where & -3 Si (s‘ +1)
2

is an integer independcnt of n. If the proximity
mequahtles are satisfied, then % Z 54 s‘ ) For n < I the effective

dimension 7, of |C |y is greater than its zm'tual dimension 7, evaluated
according to the postulation formula. The difference s =7, — 7, is
called the superabundance of |C |y. A system is superabundant if s > 0,
regular if s = 0.

If |C|g is irreducible, of dimension 7 and of effective degree », and
if H includes all the effective hase points of the system taken with their
effective multiplicities, then the following theorems hold (CASTEL-
Nuovo, 1):

1. The characteristic series g,~* of the system is complete. Consequently
r = v — p -+ ¢ + 1, where 7 is the index of speciality of the series. 2. The
index of spectality i of the characteristic series ts equal to the superabundance
of the system. As a corollary we have that the characteristic series of an
trreducible regular system is non-special.

The following lemma is very useful in the applications: If |C"|g and
|Cn+1 | g are regulay complete systems of curves of orders w and n + 1 respec-
tively, then the system of minimum dimension, which contains every
reducible curve composed of a curve of |C**1|y and of a line, cotncides with
the complete system |C**2|g (CASTELNUOVO, 7, also ENRIQUES, 5, where
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this lemma is proved in the special case of the systems of adjoint curves
of a given plane curve).

2. Complete linear systems of surfaces in §3 (CASTELNUOVO, 7).
Let X be a linear system of surfaces F, of order # in Sy, without fixed
components. We fix a pencil of planes || such that no base curve
of X lies in a plane @ of the pencil. The linear system of curves I,
of order #, cut out by Z on a generic plane w of the pencil, defines com-
pletely its own set H,, of (effective) base points and the corresponding
complete system |I'"| = |I'%|n,. As o varies in the pencil ||, the
set H,, describes a set L of distinct or infinitely near algebraic curves,
base curves of . We say that a surface of order » passes through L
if it cuts out on a generic plane of the pencil || a curve belonging to
the system |I'Z,|. This incidence condition constitutes an indirect
definition of the base curve L. It follows from this definition that if
F, and F,, are two surfaces of order n passing through L, then all the
surfaces of the pencil determined by F, and F, pass through L. Hence
the totality of surfaces F, of a given order » passing through L con-
stitutes a linear system. This system is denoted by |F,|;, or simply
by |F,|, and is called the complete linear system relative to the base
curve L.

It can be proved that the surfaces of |F,|; cut out also on a generic
plane @ of the space curves of the corresponding complete system |I'G, .
Hence the above definition of |F,|; is independent of the particular
pencil |@| employed (CASTELNUOVO, 7).

The system |F, |, although complete, does not necessarily cut out
on w the complete system |/™|. The difference d, == 0 between the
dimension of |I' | and the dimension of the system X7, cut out on w by
|F,| is called the deficiency of X7%,. Using the lemma of the preceding
section it can be proved, however, that 8, =0, if n is sufficiently high.
We know that for sufficiently high values of #, say for n =/, the system
|| is regular. We can therefore assign an integer /o =:/ such that
for any n=1, the system |F,| cuts out on a gemeric plane w a complete
and regular system of curves.

Let 7, denote the cffective dimension of |F,|. Using the fact that
¥, —¥,_; — 1 is equal to the dimension of the system 27, we find
immediately the following relations: 1. 7, — 7,y — 1 = 0, if n.=1,;
2'7;'—7;—1'—1 =Qn—6n'ifl0>n—’-::'l; 3'7;&—'/n—1_1=en""6n+sn’

if 1> n, where s,, is the superabundance of | I';,| and g, = (” 1— 2) —k—1

is its virtual dimension. From these recurrence relations we derive
immediately the postulation formula, giving the virtual dimension 7,
of [F,|:

1) r,,=("J3r3)_kn+k'—1,
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where k is the postulation of the set H, and %' is another integral
constant. As for the effective dimension 7, we have:

) w="1n, m=l—1;
-1

@) =t t S8l i>nzlo1;
i=n+1
l—1 11

2”) r§,=r,—|72(5;—.2,s,, l—1>n.

t=n+1 j=n+l

The system |F, | is said to be regular or irregular according as n = I, — 1
or n <ly— 1. In other words, |F,| is regular if all the systems |F,],
¥ > n, cut out on a generic plane w complete and regular systems of
curves; irregular, if the contrary is true. The difference7, — 7, is called
the srregularity of |F,|. If lg — 1> n =1 — 1, this difference is not
negative and is equal to the sum of the deficiencies of the systems
2t Znt2 . For m <l —1, there are two causes of irregularity,
acting in opposite senses, and consequently the effcctive dimension is
not necessarily greater than or equal to the virtual dimension.

The evaluation of the constant &’ which occurs in (1) is a problem
not solved in all generality. Its value is known, however, in several
theoretically important cases. For instance, if L is a simple irreducible
space curve of order m and genus p, possessing 6 double points with
distinct tangents and ¢ triple points with non-coplanar principal tangents,
then 2 =m and & = 2¢ 4 p + 6 — 1 (CASTELNUOVO, 2).

The preceding theory can be extended to complete systems of
surfaces possessing isolated base points. In the most general case the
behavior of the surfaces of the system at an isolated singular point O
is fully described by assigning a set of points and of infinitesimal curves
infinitely near O, through which the surfaces of the system are required to
pass with assigned multiplicities. This manner of stating the conditions
imposed by an isolated base singularity is in agreement with C. SEGRE’s
analysis of the composition of a singular point of an algebraic surface
(I, 5). These conditions are analytically expressed by homogeneous
relations between the coefficients of the equation of the surface (sup-
posing that O is the origin of coérdinates), and a particular solution
can be obtained by putting equal to zero the coefficients of all the terms
of degree lower than a certain constant. In other words, the conditions
imposed by any isolated base singularity O are satisfied by cones of
vertex O of a sufficiently high order. Using this fact, it is possible to
prove also in the case of complete systems |F,, | of surfaces with assigned
base curves and isolated base singularities, that these systems, for
n sufficiently large, cut out complete and regular systems of curves on
a generic plane. The postulation formula (1) can then be readily extended
to this more general type of complete systems of surfaces.
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3. Subadjoint surfaces (ENRIQUES, 5). Let F be a surface of order »
in S, with arbitrary singularities and let C denote a generic plane section
of F. The surfaces @, of a given order ¥, which cut out on a generic
plane w adjoint curves I"%, of order v of the corresponding plane section C
of F, are called subadjoint surfaces of F (of order »). The polar surfaces
of F are particular subadjoint surfaces @,_,; hence surfaces @, certainly
exist if » = n — 1. Since the adjoint curves of a plane curve C are defined
by base conditions at the multiple points of C, it follows that the surfaces
@, form a complete system |@,| whose base curve L is made up of the
multiple curves of F. It should be noted that |g, | is free from assigned
isolated base points; in particular, the isolated singularities of F (I, 6)
do not impose any extra conditions on the subadjoint surfaces.

We shall dentote by K, the curve of intersection, outside L, of a ¢,
with F. For particular surfaces ¢, it may be necessary, however, to
include in K some of the multiple curves of F to a certain multiplicity.
Let L, be an irreducible s-fold curve of F, and let O be a generic point
of L,. The section C of F by a generic plane @ through O and a generic
adjoint curve I of C have at O an intersection multiplicity 4 = s(s — 1)
+'s;(s; — 1) + - - -, where the summation is extended to all the in-
finitely near multiple points constituting the singularity of C at O.
If I'” is the section of w with a given subadjoint surface @, and if for this
particular I'” the intersection multiplicity with C at 0 is 4’ = 4, then L,
must be counted 2 — 1 times as a component of K. This convention
presupposes that the neighborhood of O on F consists of one irre-
ducible branch. In the contrary case L, must be regarded, in the
neighborhood of O, as a set of overlapping distinct curve elements,
Ly, Ly, ..., one for each irreducible branch of F. To each curve
element L,; there will correspond one branch of C of origin 0, and it
is clear how the multiplicity o; of L,; as a component of K should be
defined. It is also clear that if F, although reducible in the neighbor-
hood of a generic point of L,, is irreducible along the whole curve L,,
then o, =0, =- -

From known properties of the adjoint curves of a plane curve C it
follows that any curve K, meets a generic plane section C of F in 27w — 2
+ rn points, where m is the genus of C and r = v — (n — 3), and that
these points constitute a set of the linear series gy .o, ,n on C which is the
sum of the canonical series g5 1, on C and of the r-tuple of the series cut
out on C by the lines of its plane. ENRIQUES (5) has proved that this
property of K, is characteristic for » =2 0: if a curve K on F meets a
generic C in a set of the above series gon_g,rn,? =0, then K is a K,,
v=mn—73+7r, except when F is a ruled surface and r < 2. This
theorem is fundamental.

In stating the theorem of ENRIQUES we have supposed that the above
property of K holds with regard to the section of F by a generic plane
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of the space. Actually the proof of the theorem utilizes only the hypo-
thesis that this property holds in regard to the section of F by the
generic plane of a fixed pencil of planes, whose axis does not meet K.
In the course of the proof, however, it is necessary to suppose that the
section of F with every plane of the fixed pencil is irreducible. As a
consequence the proof of the theorem as stated above fails when every
pencil of plane sections of F contains reducible curves. By a known
theorem of KRONECKER-CASTELNUOVO the surface F is then either a
ruled surface or a surface of STEINER.

If F is a ruled surface of genus @ with ordinary singularities, there do
not exist subadjoint surfaces of order » =% — 3(r = 0), and any
K,_(r =1) is made up of 27t — 2 + n generators of F (ENRIQUES, 5;
a, p.122; PICARD and SIMART, a,, p. 154). On the other hard any set
of 2 — 2 generators passing through the points of a canonical set of C
gives a curve K satisfying the hypothesis of the theorem in the case
7 = 0. The above set of 2 — 2 generators together with a plane
section C gives a curve K of the theorem for the case r = 1, which is
not a K,_,. For r = 2 the theorem holds also for ruled surfaces. That
the theorem holds without exceptions also for STEINER surfaces follows
immediately from known properties of these surfaces.

.The curves K,,» =n — 3 + 7, form a linear system Z,. From the
theorem of ENRIQUES it follows immediately that this system is complete.
Moreover, for v sufficiently high Z, is irreducible. For the proof it is
sufficient to observe that: 1) if there exists a K,, then K, 4+ Cisa K, 4,
and hence X, ,; is not composed of the curves of a pencil; 2) the surfaces
@, cut out on a generic plane the complete system of adjoint curves I,
if » is sufficiently high; 3) the complete serics gz, _y.i.,4, 7 - - 0, is free from
fixed points, and consequently X, is free from fixed components.

4. Subadjoint systems of a given linear system (ENRIQUES, 5). We
now proceed to give an invariantive formulation of the projective
considerations of the preceding section. Let F be a surface free from sin-
gularities in an S, or with ordinary singularities in Sy, and let |C|g
= |C| (H =2,0%) be a complete irreducible simple system on F, of
degree n, of effective genus 7z, and of dimension 7 == 3. We suppose
that all the base points of |C| are assigned with their effective multi-
plicities. We proceed to define the subadjoint systems of any system
|C| satisfying the above conditions.

By means of a generic web W contained in |C| we transform F intoa sur-
face F* of order # in S; whose plane sections C* correspond to the curves
of the web (II, 6). On F* we may have arbitrary singularities, in particular
isolated singularities corresponding to the fundamental curves of |C|.
First let » be a sufficiently high integer, say » = 7,, so that the system
Z* cut out on F* by the subadjoint surfaces @}_s_, enjoys the properties
stated at the end of the preceding section. We call subadjoint system
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of rank r of |C|, denoting it by |C}|, the irreducible system on F which
corresponds to the system X*. The set of base points of [C}| shall
be denoted by H' and shall consist of all the base points of |C| which
are effective base points of | Cj |, assigned with their effective multiplicities
for |C;|. In view of the results of the preceding section the system |Cil
enjoys the following properties:

a. The curves C, have 2 — 2 + rn variable intersections with the
curves C of the web W and hence also with a generic curve of |C]|.
Consequently (C5- C)gr, g =27 — 2+ rn.

b. The curves C7 cut out on a generic curve C of the web W the
complete series go,_sy,n, the sum of the canonical series of C and the
r-tuple of the characteristic series of [C|on C. It follows that the curves
C’ enjoy this property also in regard to the generic curve of any other
generic web of |C| having with W a generic (irreducible) pencil in com-
mon, and hence ultimately in regard to a gemeric curve of |C]|.

c. The system |Cj| with H" as the assigned set of base points is
complete.

d. Let us assign on a curve K a set G of base points consisting of
base points of |C| taken with arbitrary virtual multiplicities, provided,
however, that K, be an effective curve (II, 8, Remark). Let us suppose
that the intersections of K and of a generic C, outside the assigned base
setst G and H respectively, constitute a set of the series go,_sysp
mentioned in b. This implies in particular the numerical relation
(K-C)g,g =27 — 2+ rn. Under these conditions K is either a C,
or may differ from a C% at most by fundamental curves and by base points
of |C|.2 In exact terms, there exist two scts @ and 0O, of fundamental
curves of |C |, without common components, such that @ is a component
of K and that the following relation holds:

)] |K + 6,|=[C;+ 0+ >0y,

1 If O is a base point of |C|, origin of a branch y of a generic C, then the
difference ¢ between the effective and the virtual intersection multiplicities of K
and y at O is non-negative, since Kg is effective, and the point O, as origin of
the branch y, must be counted ¢ times among the intersections of K and C.

2 Let us apply to f a birational transformation, which does not possess funda-
mental curves on f and such that on the transformed surfacef the transform |C|
of |C| is effectively frec from base points (II, 7, An application etc.). In addition
to the transforms of the fundamental curves of |C|, | C | may possess fundamental
curves, which arise from base points of |C|. Let O, be a base point of |C | and
let L™ be the corresponding exceptional curve on f. If all the points of a generic C,
which follow immediately O;, are also base points of |C |, then the irrecucible com-
ponent of LW, which represents the immediate neighborhood of Oy, is a funda-
mental curve of |[C|. This curve may be expressed in the form L% ¢ LUtD
+ 8, L6+ 4 ... where LU+Y, LU+?, . . are exceptional curves corresponding
to base points O, Oj4q, ... following O, and where 4, £, ... are convenient
integers. A corresponding combination O; + Of, + Ofs + - may occur in (3)
and can be considered as an infinitesimal fundamental curve of |C|.

Ergebnisse der Mathematik. I1I/5. Zariski. 4
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where 0y, O, . . . are base points of |C|. In this relation, as also through
this and the following sections, any irreducible fundamental curve 4
of a system |C| = |C|g shall carry with it an assigned set g of base
points consisting of all the base points of |C | which are on @, taken with
virtual multiplicities equal to their effective multiplicities for 4#. If g is
defined in this manner, then (C - ?)y , = 0.

The properties ¢.and d. follow from the fundamental theorem of the
preceding section.

Any curve such as K, with the assigned base set G on it, shall be
called a subadjoint curve of |C| of rank r.

Corollary. 1f O is any set of fundamental curves of |C|, then @ is
an accidental fixed component of the system [C, + @].

e. The following relation holds:

() G =G +cC
For the proof we observe that the generic curve of |C; 4 C| is irreducible
and is a subadjoint curve of rank 7 + 1 of |C|. Hence, by (3), |C;*!
+20¢| = |C,+ C + 6,], where 6, is a set of fundamental curves
of |C|. To prove (4) it is therefore sufficient to show that |C;*'| and
|C; + C | have the same dimension and to observe that for each of these two
systems the virtual multiplicities at the base points of |C| coincide with
the effective multiplicitics. The series cut out on C by the curves of the
system |C; + C| contains all sets made up of a set of the gy, ,.,, and
of a characteristic set. Hence, by a lemma on linear series, due to
CASTELNUOVO, and analogous to the lemma of section 1, this series is
the complete series gy, _21(41yn- It follows that a generic C imposes
on |C; + C| the same number of conditions as on |C;*!|, namely
7t — 1 4 (r + 1)n conditions. By the preceding corollary the residual
system |C: + O, | of |C;*!| with respect to |C| possesses &, as a fixed
component and is therefore of the same dimension as |C}|. Consequently
the two systems |C;*'| and |C}, + C| have the same dimension, q.e.d.

It should be noted that (4) implies the following relation between
the base sets: H™*1=H" + H.

We now use formally the relation (4) in order to define |Cj| for
ro>7=0: |C;| =|C + (r — 7,)C|. For low values of 7 the system
|C;| may be reducible. The properties (a.—e.) continue to hold for
r < r,, except that while the relation (Cy: C)g, gy = 2% — 2 + 7n still
holds (property a.), the 2 — 2 + r# intersections of Cy and C are not
all necessarily variable intersections. In other words, |Cj|g, may
possess accidental base points or base points of accidental hypermulti-
plicity at some of the base points of |C|. Moreover, the series cut
out by this system on a generic C may not be complete.

If |C| possesses a pencil of unisecant curves (curves meeting the C's
in ome variable point), then F* is a ruled surface, and therefore the

, 727,
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properties (a.—e.) do not hold for »=0 or 1 (see preceding section). This
exceptional case shall be excluded in the sequel.

The operation of subadjunction defined in this section is clearly
invariant under birational transformations. If |C| is any linear system
on F satisfying the conditions stated at the beginning of this section
and if F is birationally transformed into a surface F, then the transformed
system iél will also satisfy the above conditions and in general If:l
will coincide with the transform of |C;|. An exception arises when |C}|
possesses base points outside the base points of |C| and fundamental
for the transformation. According to our definition of |Cj|, such base
points must be considered as accidental base points of |C;|, and conse-
quently the corresponding exceptional curves on F must be included in the
transformed syétem as accidental fixed components counted to proper
multiplicities (II, 7). This leads to the following transformation law
of subadjoint systems: Let O, 0,, ... be the exceptional curves' of F
which are transformed into points of F and which are fundamental for
|C | without being fundamental for |Ch|. Similarly, let ©,, 0,, ... be the
exceptional curves of F which correspond to points of I and which are
fundamental for |E | without betng fundamental for l(f’,' . Moreover, let
(C7-0,) = u; and (C;-©O;) = ;. Then the transform of the system
|Cr+ X 10, is the system |Cy -+ 1, 0; .

5. The distributive property of subadjunction (ENRIQUES, 5). The
operation of subadjunction enjoys a distributive property with respect
to addition of linear systems which is fundamental for the theory.

Theorem I. If |C| = |A|+ |B|?2 and if |C| does not possess base
points which are not base points of |A |, then the following relation holds:

(5) Ci+ 6| =|4;+ (r + 1)B + 6 + 30F

where O and O, ave sets of fundamental curves of |A |, indepéndent of r,
and where 0y, O,, . .. are base points of |A]|.

Proof. Using the relation |C;| = |C¢+ (r — ¢)C| and the hypo-
theses of the theorem, it is easily shown that the system |C; — (r + 1) B|
= |K"| exists for sufficiently high values of ». If the surface F is trans-
formed into a surface F* of order # in Sy by means of a generic web

)

1 If the transformation possesses on F infinitely near fundamental points,
it is necessary to introduce an exceptional curve for each of these points. For
instance, if O and O, are fundamental points and if O, is infinitely near O,
then to O there corresponds a reducible exceptional curve @ =L 4 L, and to
0, there corresponds the exceptional curve @, = L, (II, 6).

2 We have defined the subadjoint systems only for such systems which
satisfy certain conditions stated in the preceding section. It is therefore under-
stood that in any statement involving the subadjoint systems of a system | C |,
it is supposed that | C [satisfies these conditions. In the present theorem this
applies to the systems | C | and |4 |, while | B| is arbitrary.

4
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extracted from IC ] and containing a reducible curve 4 + B, it is
seen that the subadjoint surfaces ¢*_g,, cut out in the plane of 4 4 B
curves of order n =& + f(n = (C?), 6 = (C - 4), f = (C - B)), which
would be adjoint curves of 4 + B except for the fact that they do not
pass through the intersections of 4 and B. Consequently the curves Cy
cut out on A sets of the series, the sum of the series cut out by |B|,
the r-tuple of the series cut out by |C| and the canonical series. This
shows that the curves K" are subadjoint curves of rank r of |4 |, and from
this (5) follows as a consequence of (3), section 4. Using (4) it is seen
immediately that (5) holds also for low values of r, 7=~ 0, q. e.d.

Corollary 1. If |B| = |k4]|, then |C| = | (k + 1) 4 | and (5) becomes
|C; + O,| = |4, + (r + 1)kA + O 4 D0%| . Since any fundamental
curve of |A | is also fundamental for any multiple of | A", it follows that
@, is a fixed component of |C; + @,| and therefore cannot occur,
since for 7 sufficiently high |A’| is irreducible. We have then |Cj|
=4S4+ (r + VA + O + 04| = |4y + @ + D 0F|. The
same reasoning shows that @ cannot occur. Moreover, all the s;'s must
vanish, since for each of the two systems |Cj|, [AY*"**"| the virtual
multiplicities of the points O; coincide with the effective multiplicities.
Hence we have the following relation:

(6 | (B +1) A} = |Ar+vE+r| = A7+ (r + 1)k4 .
Corollary 2. With the additional hypotheses that the system |A | does
not possess fundamental curves which are not fundamental for |C| and

that | B | does mot possess fixed components which are fundamental for |4 |,
the formula (5) can be replaced by the following:

(5) |C| = 4] + ( + 1) B + O+ 30,

In fact, under the above conditions @), is a fixed component of |C; + 6, |
and therefore cannot occur, since |4;| is irreducible for 7 sufficiently
high and since @ and 6, can be supposed to be without common
components.

Corollary 3. If in addition to the hypotheses of theorem 1 and of
corollary 2 we suppose that the system |9 A — B| does not possess, for @
sufficiently high, fixed components which are fundamental for |4 |, then (5')
can be further simplified:

(5”) ICil =47+ (r+ 1)B + 20y
In fact, the system |C;+ ed — (r + 1)B| = |4; + ¢4 + @
+ X0¥| = |A;*¢ + @ 4 3'0%|, ¢ arbitrary, possesses € as fixed
component and consequently @ cannet occur, since for ¢ = (» + 1) @
and for ¢ sufficiently high @ cannot be a fixed component of
led — (r +1)B| = [(r + 1) ¢4 —B)|. :

We observe that if all the base points of | B| are assigned with

their effective multiplicities for |B|, and if |4 | does not possess
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infinitesimal fundamental curves (section 4, Footnote %), which are not
fundamental for | B | (and hence neither for | C |, so that this last con-
dition is simply an extension of the first condition of corollary 2), then

(5") |Ci| = |45 + (r+ 1) B.
Theorem 2. Let |C|=|4|—207 — > P, where 0y,0, . .. are
base points of |A| and Py, Py, ... are new base poinis; i. e. let |C| be

obtained from |A| by raising the assigned multiplicities of some of the
base points of | A | and by imposing new base points P; (see II, 4). Then

(7) |Cf + @I — }A",' _20;4(r+1) . Zpéu(r-}-l)—l + @1',
where @ and O, are sets of fundamental curves of |C |t If we suppose tn

addition that |C| does not possess fundamental curves which are not fun-
damental for ]‘4 |, then

(71) iC; + @; — |A: ___Zo:j(r“"l) _ZP,;ti(r+l)—l|.

The proof of (7) follows from elementary projective considerations which
show that the curves of |4] — 2 07 +D — 3 Prut+D=1/ are subadjoint
curves of rank 7 of |C |. If the additional hypothesis of the theorem holds,
then @, is a fixed component of | A; + @, since it is made up of fun-
damental curves of |4 |. Therefore @, is a fortiriori a fixed component
of the system in the right-hand member of (7), and consequently cannot
occur, since |C![ is irreducible for » sufficiently high.

Remark. It should be noted that @ is a fixed component of
|C; + @ | and hence does not occur in (7) or (7') if the system in the
right-hand member of (7’) is irreducible. This condition is satisfied if
we replace the system |4 | by |e4 |, @ > 1, keeping fixed the integers »;
and My

Theorem 3. Let |C| = |A|+ |B| and let Py, Py, . .., Py be the
base points of |C| which are mot base points of |A|. If for sufficiently
high values of @ the system |@A — D P;| does not possess fundamental
curves which are not fundamental for |A| or for |C|, and satisfies the
conditions of section 4 (so that its subadjoint systems are defined), and if
| B | does mot possess fixed components which are fundamental for | A |, then

(8) |Ci|=|45+ (r +1)B + 2 Pi+ 6],
where O is a set of fundamental curves of A, including infinitesimal curves.
Proof. We put o] = |4 . |eB|= |B]. [eC|=[C|, |4~ X P = |,
and |C — 3 P;| = |C|. We have then |C|=|4]|+ |B]| and hence,
by Corollary 2 of Theorem 1, |C;| = |4} + (r + 1)B + @], where 6
is a set of fundamental curves of |4|. By (7') and by the preceding
remark we have |4}|=|4}|, |C;|=|C; — X P;|. Consequently |Cr|
=|4; + (r+ 1) B + 2 P; + ©|, and from this (8) follows in view of (6).

" 1 @ may include infinitesimal fundamental curves of |C|.
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8. Adjoint systems (ENRIQUES, 2, 5; NOETHER, 2). The formulation
of the distributive law of subadjunction is consistently complicated by
the presence of fundamental curves of the linear systems which are
being considered. This could have been expected, since in the definition
of the subadjoint systems of a given system |C| by means of the sub-
adjoint surfaces of the transformed surface F*, the isolated singularities
of F*, representing the fundamental curves of |C |, have not been taken
into account. In order to eliminate the influence of the fundamental
curves it is, in general, necessary to consider a certain properly defined
subsystem of |C;|. For » =0 we obtain the adjoint system of |C|,
defined below, whose invariantive relationship with |C| is particularly
simple and is expressed in terms independent of the fundamental curves
of |C|. For r > 0 nothing essentially new is obtained; in view of the
relation (4).

First let |C| be the system of hyperplane sections of F, free from
singularities in S,. We define the adjoint system of |nC | (n—an arbitrary
positive integer) as the subadjoint system of rank 0 of [#C|. We denote
this system by |(#C)’|. We have |(#C)’'| = |(nC);| = |C'+ (» — 1)C]|
[formula (6)].

We shall call a system |D| on F non-singular if it satisfies the con-
ditions of section 4 and if in addition the surface F into which F is trans-
formed by referring the curves D to the hyperplanes of an S, (¢ is the
dimension of |D|) is free from singularities. Let H = 2 0% be the set of
base points of | D|. If # is sufficiently high, the system [nC — 3/ 0% — D|
=|D1 | , virtually free from base points, exists, is irreducible, and is effec-
tively free from base points (I, 5). We define the adjoint system |D'| of
|D] as follows:

o |D'| = | Oy — D, — 3071,

This definition is obviously independent of #. The curves of D’ are
called adjoint curves of |D|. For the relationship between |D’| and the
subadjoint system |Dj}| of rank 0 of D, we have the following theorem:

If 0,,0,,...,0, are the exceptional curves of F which correspond to
(distinct or infinitely near) points Py, Py, ..., Py of F, then
(10) |DI|=,D2+@1+92+“‘+@I=|:

i. e. the system | D' | possesses the exceptional curves ©; as fixed components*
and the residual system coincides with the subadjoint system |Dj|.

Proof. We consider the system |C,| = |#nC — 2 0¥|. If n is taken
sufficiently high, the system |C,| does not possess fundamental curves
and we will have, by (7'),

|CL| = (O =205 = | (nCY — 207"

1 See section 4, property d., corollary.
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Let |D| denote the system of hyperplane sections of F, and let |C,|
and |D, | be the transforms of |C,| and |D,|. These systems on F are
irreducible and free from accidental base points (since the corresponding
systems |C, | and |D, | on F are free from accidental base points and ir-
reducible), and moreover (C 1| possesses at each point P; a virtual positive
multiplicity (equal to (C, - ©;) > 0). Using the relation (8) of the pre-
ceding section we find
|Clol = |D; + (r + 1) Dy + 2 P; .

Now |C},| and |D;| are exactly the transforms of |Cf,| and |Dj|. This
follows from the transformation law of subadjoint systems (section 4)
and from the following remarks:

(a) I F is free from singularities, the generic hyperplane section of F
on any point O of F has the same genus 7 as the generic hyperplane
section of F. Consequently, the subadjoint system of a sufficiently
high rank » of the system of hyperplane sections of F is effectively free
from base points, since the complete series gy, _5. ,, ON a curve of genus 7
is free from fixed points.

(b) As a consequence of (a) it follows that if |D| is a non-singular
system on F, then the system |Dj|, for 7 sufficiently high, does not
possess accidental base points (i. e. base points outside the base points
of |D|), and that any total fundamental curve of |D| (necessarily an
exceptional curve of F) is also a total fundamental curve of |Dj|.

(c) The system |C, | = |#nC — > 0%|is free from accidental base points
or from base points of accidental hypermultiplicity, if » is sufficiently high.

We have consequently

|Cl.l = D7+ (r + 1)D, + 3 64,
and in particular, for » = 0,
|D'|=|D% + 26, q.e.d.

It should be noted that |D’| possesses at each s-fold base point of
|D| the virtual multiplicity s — 1.

Let |A4,| and |4,]| be two non-singular systems and let P{®, P{®, ...
be the base points of |4;| ( = 1, 2) which are not base points of |4;|
(f # 4). From (9) we derive immediately the following fundamental
relation:

(1) [(4y+ 40| = |41 + 4y + ZPS| = [4; + 4, + TP,
which expresses the distributive property of adjunction.

We are now in a position to define the adjoint system |4’| of any
system |A| whatsoever, irreducible or not, of dimension = 0. Let |E|
be a non-singular system with base points P;, P,,... We suppose for
simplicity that none of the points P; is an assigned base point of |4].
Replacing |E |, if necessary, by a multiple of |E|, we may assume that
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the system |E — A — 23 0%| = |D, | exists, where 3'0¥ is the set of
assigned base points of |4|. We define |4’| as follows:

(12) 4’| = E'— D, — X0y~ — 3[Pa|.

The set of assigned base points of | 4’| is clearly > 0%~1. This definition
is independent of |E|. To see this it is sufficient, given any other non-
singular system |D|, to consider the system |E 4 D| and to apply (11).
It is also seen immediately that the fundamental velation (11) holds for
any two systems |A,| and |4,]|.

From (12) it follows that if |4 | possesses subadjoint systems, then
the adjoint curves A4’ are subadjoint curves of |4 | of rank 0 and hence
cut out on a generic A canonical sets. This implies the numerical relation

(13) (4-4)=(4-A)pgg=27—2,

where @ is the genus of |4| and H =ZO§J, H' = 0%71,

1f |A| is an arbitrary system, of virtual genus z, the formula (13)
still holds, as can be seen immediately by introducing an auxiliary
non-singular system (E | and by using the formulas (6) and (6') of II, 4.
The function-theoretic complement of (13) to the effect that the curves 4’
cut out canonical sets on a generic 4 holds true for any irreducible
system |A4 | whose effective multiple base points are all assigned (i. e.
of virtual genus = effective genus). To prove this it is sufficient to use
the fundamental relation (11) and to observe that if a variable srreducible
curve A approaches a reducible curve A, + A,, any canonical set of A
approaches the sum of two sets I'y and I'y on A, and A, respectively, where
T'; is a set equivalent to the sum of a canonical set on A; and of the set cut
out on A; by A; (7 + 4). This statement is nothing else than the func-
tion-theoretic complement of NOETHER’s formula for the genus of a
reducible curve (I, 4).

From the fact that the adjoint curves 4’ of a system |4 | cut out
canonical sets on a generic A4 it follows that if |4 | possesses subadjoint
systems |A4]|, then (section 4, property d)

(14) A|=1]47—- 6|+ 6,,

where @ and @, are sets of fundamental curves of |4 |and @, is a fixed
component of |4’|. It is not difficult to see that A’ possesses as fixed
components all the exceptional curves of F which are fundamental for |A |
(this has been already proved for non-singular systems). In fact, if &
is such an exceptional curve, we consider a non-singular system |E |
for which # is fundamental. Then # is a fixed component of |E’|and
therefore also of |4'|= |E' — D, — 3 0¥~ — X'P,|, where |D,]|
=|E — A — 2/0Y| [formula (12)], since in general (for instance, if we
consider instead of |E| a sufficiently high multiple of |E|) |D,| does
not possess ¥ as a fixed component.

« .“
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The relation (14) shows that on the surface F of order # in S;, ob-
tained by referring a web of |A| to the system of plane sections, the
adjoint system |A’] is cut out by the subadjoint surfaces of order » — 3
satisfying certain additional base conditions at the isolated singularities
of F. The cumulative effect of these conditions is the subtraction of &
from |AS|. These particular subadjoint surfaces of F are called adjoint
surfaces (of order » — 3). If |4| is a non-singular system, then F has
only ordinary singularities and the adjoint surfaces coincide with the
subadjoint surfaces. Concerning the conditions imposed by an isolated
singularity on the adjoint surfaces, only partial results are available.
The question has been treated by ENRIQUES in (5) and further elaborated
in his treatise (ENRIQUES, a). We quote the following two theorems
duc to ENRIQUES:

If a fundamental curve © occurs in © of (14), then © is necessarily
a proper fundamental curve, i. e. the effective genus of |4, | = |4 — O|is
less than the effective genus of |A4 | (compare with the definition of a
proper multiple point of a surface, I, 6).

If |A,| ds drreducible, then the curves A’ cut out on a generic A, sets
of points equivalent to the sum of a canonical set on A, and of the set cut

out on A, by 0.

The transformation law of adjoint systems: If |4,], |4,]
are corvesponding systems on two surfaces Fy and F,, free from stngularities,
in bivational correspondence, and if OP, OP, ... (i =1,2) are the ex-
ceptional curves of F; which correspond to points of F; (1 =+ 1), not base
points of |A;| (and which therefore are fundamental for | 4;)), then to the
system |A} — 202 corresponds the system |4 —2/0F|. For non-
singular systems this theorem follows immediately from (10) and from
the fact that the subadjoint systems of a non-singular system are ab-
solutely invariant under birational transformations. Using (12) it is
easy to prove the theorem for an arbitrary system |4|. The adjoint
system |A’| of a given system |A| is consequently a relative covariant
of |A4] (i. e. covariant to within exceptional curves).

If [4| is an arbitrary linear system, of virtual characters » and 7,
and if #', @' are the virtual characters of its adjoint system |4’], then

(15) W=n+na —2.

For the proof it is sufficient to consider the system |4 + A,
of virtual genus 7 + '+ (2w — 2) — 1 =37 + 2’ — 3 (13), whose
adjoint system is |24’|, and to calculate the intersection number
of a |4+ 4’| and a |24’|. We obtain then 2B+’ —3) —2
=2 (2m — 2) + 2#’, and from this follows (15).

We shall conclude this section by recalling several other definitions
of adjoint systems. The adjoint surfaces @(x,y,2) =0 of a surface
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f(x,y,2) =0 of order n, free from singularities at infinity, can be defined
transcendentally by the condition that the double integral / f i;'} dxdy

(VIL, 1) should be finite on the surface at every point at finite distance
(CLEBscH, NOETHER). If f has only ordinary singularities it can be verified
directly that @ = 0 must pass through the double curve and that conse-
quently this definition is equivalent to the algebro-geometric definition
given in this section. The equivalence of the two definitions in the most
general case follows from the fact that either definition implies the invari-
ance of the adjoint surfaces @,_, of order n — 4 under birational transforma-
tions. According to the transcendental definition this invariance follows

from the fact (CLEBscH) that the integral / ﬂ’}}’ dxdy is everywhere finite

on the surface f (including the points at infinity). In the dlgebro-geometric
definition the invariance of the surfaces ¢,_, follows directly from the
distributive property of adjunction and is stated explicitly in the next
section. The transcendental criterion provides in most cases the best if
not the only workable method for the determination of the behavior
of the adjoint surfaces at the isolated singularities. An interesting
result concerning singularities of a very general type has been obtained
by this method by HobcE (1).

Another definition of the adjoint system |C’| of a system |C| has
been given by ENRIQUES (9) and is based on the notion of the Jacobian
system |C;| of |C|. A Jacobian curve of a net is the curve of double
points of the curves of the net. It can be proved that the Jacobian
curves of the various nets extracted from |C | are equivalent and therefore
are all contained in a complete linear system |C;|. Each assigned s-fold
point of |C| is considered as an assigned (3s — 1)-fold point of |C,]|.
It follows immediately from the definition that |C;|is a relative covariant
of [C|. The fundamental relation expressing the distributive property
of the Jacobian systems, and analogous to (11), is the following: | (C+D),|
= |C; + 3D + P;|, where P,, P,,... are the base points of |D|
which are not base points of |C|. The system |C’| is defined as follows:
|C'|=|C;—2C|. From the above expression of |(C + D);| we derive
immediately the fundamental relation (11) and also the equivalence
of the two definitions by observing that if |C| is the non-singular system
containing totally the plane sections of a surface F with ordinary
singularities in Sy, then |C;| is cut out on F by adjoint surfaces of order
n — 1. This last statement follows from the fact that the Jacobian curve
of the net cut out on F by a bundle of planes of center O is cut out on F
by the polar surface of F with respect to O, and that the cuspidal points
of F, base points of the polar surfaces, must be regarded, as far as |C,|
is concerned, as accidental base points.

SEVERI (10) defines [C’| by means of a variable pencil {C}, extracted
from |C [, and a fixed arbitrary pencil {L}. If G is the curve of contacts
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of a variable curve of {C} with a variable curve of { L}, it can be shown
that as {C} varies in |C| the curve G varies in a linear system. The
adjoint system |C'| is defined as the system |G — C — 2L|. The
equivalence of this definition with the preceding definition by means of
the Jacobian system follows from the relation |[(C+L);|=|G+C+L|
(ENRIQUES, a).

7. The residue theorem in its projective form. The adjoint surfaces
@, of order » =% — 13 47, r == 0, of a surface F of order #» in S; cut
out on F the complete system |[C’ + »C|= |[(r + 1)C]’|, where |C]|
is the system of plane sections. It follows also that the surfaces ¢,
passing through a fixed curve D cut out on F outside D the complete
system |C'+7C — D|. In particular, if D=C, we find that the adjoint
surfaces of any order » cut out complete systems. The residue theorem
in its invariantive form (II, 4) can now be restated in its projective
formulation: The residual curves of a given D, with respect to the adjoint
surfaces of a given order, ave also vesidual curves of any other curve of
|D| with respect to the same adjoint surfaces. This theorem is a gencrali-
zation of the Restsatz of BRILL and NOETHER for algebraic plane curves.

It is clear that any complete system on F can be cut out by adjoint
surfaces of a sufficiently high ovder passing through a properly chosen
curve D.

We quote the following theorem, useful in applications: If |C| s
the system of plane sections of F and if D is an arbitrary curve, then the
system |D + hC| cuts out on C a complete series, if h is sufficiently high
(CasteLNUOVO, 7). For the proof it is sufficient to observe that the
systems |D + C|, |D 4+ 2C|, ..., |D + hC]|, ... can be cut out on F
by the adjoint surfaces of increasing orders passing through a fixed
curve E independent of %, and to apply the results of section 2. It is
well known that on a curve of genus 7, complete series of a sufficiently
high order m (m .- 2x) are free from fixed points. This leads to the
following corollary of the preceding theorem: Let F be free from singularities
in S, and let |C| be a complete irreducible linear system on F, of dimension
v =3 and simple. If D is an arbitrary curve on F and if h is sufficiently
high, then the only possible fixed components of |D + hC| are the fixed
components of |D| which are fundamental curves of |C|. Outside of these
fixed components the system |D + hC| is irreducible.

8. The canonical system. From the fundamental relation (11) of
section 6 it follows that given any system |C|= |C|g, H =2 P¥%,
the system

(16) |K|=[C"—C — 2P,

virtually free from base points, is independent of |C| and is therefore
uniquely determined on F. The system |K|, if it effectively exists, is
called the canonical system. In the contrary case | K| is defined by (16)
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as a virtual system (II, 8) and could be referred to as the virtual canonical
system.

The transformation law of adjoint systems (section 6) leads imme-
diately to the following transformation law of the canonical system:

If F, and F, are two surfaces in birational correspondence, whose
canonical systems are |K, | and | K, | respectively, and if OP, OP, . .. are
the exceptional curves of F; (i =1, 2) which correspond to poinis of F;
(G = 1), then the transform of | K, — > @% | is |[K,— 2 @F |. Consequently,
the canonical system of a surface F is a relative functional invariant of .

Since the exceptional curves of F which are fundamental for |C | are
fixed components of |C’|, and since any exceptional curve of F is fun-
damental for some system ]C |, it follows that all the exceptional curves
of F are fixed components of the canonical system, if this system effectively
exists. The system obtained from | K| by neglecting these fixed com-
ponents is called the pure canonical system. We shall denote it by | K*|.
This system tis absolutely invarviant wnder bivational tramsformations.
Its dimension, virtual genus, and virtual degree are denoted by p,—1,
p®, and p® respectively and are naturally absolute numerical invariants
of F. The invariants ¢, and p are called respectively the geometric
genus (Flichengeschlecht) and the linear gemus (Kurvengeschlecht) of
F (NOETHER, 2; ENRIQUES, 2, 5, 9).

On a surface F of order # in S, the canonical system |K*| is cut out
by the adjoint surfaces of order » — 4. The invariance of these surfaces
under birational transformations was first stated by CLEBscH and proved
algebraically by NOETHER (2).

If |K|is a virtual system, then p, = 0, while |K*| and p®, p® are
not defined. However, irrespective of the effective existence of |K|,
it is possible to consider its virtual characters: its virtual genus p®
(denoted by w in CASTELNUOVO-ENRIQUES, 2) and its virtual degree p®.
The characters p and p® are relative invariants of F . They are, however,
not independent. In fact, if | C| is a system virtually free from base points,
of characters # and &, and if #' and @’ are the characters of |C’|, then
from |C'| = |C + K| it follows that

(17) pV=a—3%7n+n+3,

(7)) PO =n'+n—4n+4,

and consequently, in view of (15),

(18) 1,(2) = p» — 1,

Solving for #’ and =’ and using (18) we find the formulas:
(19) W=4(n—1) —n—1-+p0,

(19 A=3m—1) —n+p0,

which express the virtual characters of |C’| in terms of the virtual
characters of |C| and p™.
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The relative invariance of p“) can be formulated exactly as follows:
Let F, and F, be two surfaces in birational correspondence and let pV
and PP be their corresponding invariants. If there are e; exceptional curves
on F; (i =1, 2) which correspond to points of F; (j =i: 1), then
(20) (l) 6 — P(l) + ey.

Proof: Let @9, 09, ..., OF be the e, exceptional curves of F,. We
have [O{] =0, (@)% = —1 (11,6, 7). Moreover, it is not difficult to see
that (@ - O@P) =0, if ¢ +{. This is obvious whenever 6 and &}
correspond to two points of F, at a finite distance from each other. If
the two points are infinitely near this is still true and follows from the
considerations developed in II, 6. Denoting then by g, the virtual genus

of the system |K,|= ‘Kl —2@“' we find p{ = o, +2 (Ky+O)—e,
=0+ 2 (K,- 6P). Let |C 1| be the (non-singular) system on F; which

corresponds to the hyperplane sections of F,, and let Py, P‘“, Y 2
be its base points, corresponding to the exceptional curves 67, 67, . . 9‘2’

of F,. Since |C}| = iC +2@“" [formula (10), section 6], and since

each O is fundamental for |C},| (section 6, p. 55), we deduce that
(o4 0‘”) = —1. From the deflmtlon of K, (16) it follows that

& L,
(21) V=0 —e—2 28,

1=1 j=1
where s{} is the assigned multiplicity of @ at P{". In a similar manner
we find that

I "

(21)) P=0—e— 2 2,

=14=1
where g, = | K, — 2’;@‘?’] and s} is the assigned multiplicity of O at
the point P§ which corresponds to @§. It is obvious that s‘,‘,’ = s§} and
also that, in v1ew of the transformation law of the canonical system stated
above, g, = g,. Hence from (21) and (21') it follows that 2}’ + e, = p}’ + ¢,
q.e.d.

It follows from (20) that ¢f a surface F possess a finite number e of
exceptional curves, then PV + e is an absolute nvariant of F. The number
of exceptional curves of F is certainly finite if p, > 0, because these
curves are then fixed components of the effectively existing canonical
system |K|. In this case the absolute invariant pV + e is nothing else

than the linear genus of F:
(22) PO = p® ¢,

1 We recall that each exceptional curve ©@ of a surface F carries with it a
set of assigned base points such that with respect to this set (0% = —1 and
{6)=0. If Gis of the first kind, then @ is virtually free from base points (II, 6).
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This statement follows from (21) in conjunction with a theorem of
CASTELNUOVO-ENRIQUES (2) to the effect that if the number of ex-
ceptional curves of a surface is finite, then they are all necessarily of the

1st kind (IV, 4). If we then apply (21) to the system |K*|=|K — 2, 0, l

we find p® = p® —e, since all the assigned multiplicities s;; are zero
(see the preceding footnote).

From the proof of (20) it follows incidentally that if @ is an ex-
ceptional curve of the 1st kind, then

(23) (K-0)=—
and if | K| effectively exists, then
(23)) (K*-0) =0.

The relation (22) can now be assumed as the definition of the linear
genus pV) for surfaces whose geometric genus p, is zero and which possess
a finite number of exceptional curves.

For a surface F with infinitely many exceptional curves CASTEL-
NUOVO (7) proposcs to define pV as the maximum value of pV on surfaces
birationally equivalent to F. However, by a fundamental result of CASTEL-
NUOVO-ENRIQUES (2), F¥ belongs then to the class of ruled surfaces (IV,4)
and so this exceptional case is relatively unimportant.

Another relative invariant of F, whose behavior under birational
transformations is exactly the opposite of that of ¥, is the ZEUTHEN-
SEGRE #nvariant I. Let {C} be an irreducible linear pencil of curves,
of genus 7 and degree #, and let 6 be the number of curves in {C} which
are of genus w—1. Then =6 —»n —4x. It can be shown that this
expression is independent of the pencil {C} (ZEUTHEN, 1, C. SEGRE, 2).
A topological proof will be given in VI, 10. If F, is birationally trans-
formed into a surface F, and if we suppose, for simplicity, that the trans-
formation introduces on F, only one new exceptional curve @®, cor-
responding to a point P, or Fy, but that no exceptional curve of F, is trans-
formed into a point of F,, we see immediately that for the transformed
pencil {C,} on F, we have 8,==6; + 1. In fact, to the curve C, of {C,}
passing through P, there corresponds in {C,} a curve C, = Cy +6®,
having a double point at the intersection of the two components. Conse-
quently I, = I, 41 (whereas p{¥ = p{» — 1). More generally, if ¢,
exceptional curves of F, are transformed into points of F, and ¢, ex-
ceptional curves of F, correspond to points of F,, then I, — ¢, = I, — e,.
It follows that the expression I + pV is an absolute invariant of F.
NOETHER (2) has shown that this invariant is related to the arithmetic
genus p, of F (IV,1) by the formula I + p® = 12p, + 9.

The invariant I can be calculated also in terms of the characters of
any irrational pencil {C}. We recall that such a pencil is necessarily
of degree 0 (II, 1). Let @ be the genus of a generic C and let g be the
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genus of the pencil. If § denotes as before the number of curves in {C}
which are of genus @ — 1, then 7 = 6 4 4(w — 1) (0 — 1) —4 (CASTEL-
NUOVO-ENRIQUES, 2).

9. The pluricanonical systems (ENRIQUES, 5). The multiples |K;|
= [¢K| of the canonical system |K | are called pluricanonical systems.
The dimension of |K;|, increased by 1, is called the i-genus of F and is
denoted by P;. In particular, P, = p,, P, is the bigenus, etc. The
plurigenera P,, P,, ... are absolute invariants of F. The virtual genus
II; and the virtual degree N; of |K;| can be expressed in terms of p®
as follows (CASTELNUOVO, 7):

(24) I, = ’—(5-.'2*'1). (pD — 1) 41, N; = 22(p® — 1).

In the sarhe papér (also CASTELNUOVO-ENRIQUES, 2) CASTELNUOVO gave
a lower limit for P; by using the theorem of RiEmManN-RocH (IV, 2).
He finds that

(24’) P,; = Pa + l(l;’il (P(l) - 1) + 1,

provided pM>1 (see 1V, 4, p. 75). This inequality gives a sufficient
condition that the é-canonical system |K;|, a priori virtual, should
effectively exist.

The plurigenera are of special importance in the theory of surfaces
for which p, = 0, because then the canonical system |K | does not exist,
but there may exist the system |7K | (and hence P; > 0) for sufficiently
high values of 7. A very simple cxample is furnished by a surface of 6th
order in Sy passing doubly through the edges of a tetrahedron (EnrI-
QUES, 5). Quadrics passing through the 6 edges do not exist, hence
Py, = 0. There exists however one (and only one) surface of order 4
passing doubly through the edges of the tetrahedron, namely the tetra-
hedron itself. Hence, P, = 1. Other examples of surfaces for which
py = 0, P, > 0 and whose linear genus p is positive have Been given
by CASTELNUOVO (5), GODEAUX (4), CAMPEDELLI (1). The plurigenera
play an essential role in the classification of surfaces according to the
particular values of their invariants, dealt with in several important
papers by CAsTELNUOVO and ENRIQUES [see the report of H. GEPPERT (a)].

Chapter 1V,

The arithmetic genus and the
generalized theorem of Riemann-RocH.
1. The arithmetic genus Ps. Let F be a surface of order # with

ordinary singularities in S;. The effective dimension of the complete
system |@,_,| of adjoint surfaces of F of order n — 4 is p, — 1.
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CAYLEY (1) and NOETHER (2) have first shown by examples that the
virtual dimension of | @, _, | evaluated according to the postulation formula
(IT1, 2) may be less than p, — 1. Thus, for instance, if F is a ruled sur-
face of genus p, it is found (CAYLEY, 1) that p, = —p, while p, =0,
because in this case |@,_3| and hence a fortiriori |@,_, | does not exist
(I11, 3). The virtual dimension of |@,_,| increased by 1 is called the
arithmetic genus of F and is denoted by p, (NOETHER, 2). From the well
known fact that the adjoint curves of order =# — 3 of a plane irreducible
curve of order # form a regular system, it follows in view of III, 2,
formula (2'), that p, =z p, and that

(1) Py — Pa=Wp-3+ Wp-a+ ---,

where w,_,., ; is the deficiency of the system of curves cut out by | Pn—s4il
on a generic plane. The difference ¢ = p, — p, is called the srregularity
of F and F is said to be a regular or an irregular surface according as
gq=0o0r g>0.

If the double curve of F is of order m, genus p, and possesses ¢ triple
points, then p, = (" 3 1) —m(n—4)+2t+p—1 (II1,2). If the double
curve is reducible, then p should be evaluated by means of NOETHER’s
formula for the genus of a reducible curve. The definition of $, can be
extended to surfaces with arbitrary singularities. Its evaluation requires
in every case the knowledge of the postulation formula for the system of
adjoint surfaces of a given order.

ZEUTHEN (1) was the first to prove, under certain restrictions con-
cerning the singularities of F, that p, is an absolute invariant under
birational transformations. A complete proof was given by ENRIQUES (5)
by means of considerations which threw a new light upon the invariantive
character of the irregularity ¢ and hence also of p,. We proceed to
sketch ENRIQUES’ proof.

a. Let |C| be a complete irreducible system of effective genus &. The
series cut out on a generic C by its adjoint system |C’| is totally contained
in the canonical series g5 !,, and if it is not complete it will have a certain
deficiency, which we shall denote by 6(C). A generic C imposes then
7 — §(C) conditions on the curves C’ constrained to contain C, and
therefore the residual system |C’ — C| has the dimension 7' — 7 + §(C),
where 7’ is the dimension of |C’|. But this residual system coincides,
to within the virtual multiplicities of the base points, with the canonical
system |K|. Consequently,

(2) ¥ = dimension of |C'| = p, — 1 + 2 — §(C).

It is seen immediately that (2) holds also if the series cut out by |C’|
on C is not defined, i. e. if |C’| does not exist (arfd hence p, = 0) or if
|C s of dimension 0 and C is a fixed component of |C’|, provided that
we consider then the above series as a series of dimension —1 and
consequently put 6(C) = m.
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b. Let |C|=|C;| 4+ |C;|, where each system is supposed to be irre-
ducible, and let 7, 7, , 7, be their effective genera. The system |C’| cuts
out on a generic C, a series of order 2w, — 2 + ¢, where 1 = (C, - Cy)
[see formula (11), I1I, 6], which is therefore non-special. It follows that C,
imposes at most s, — 1 + ¢ conditions on the curves C’ constrained to
contain it, say @, — 1 + ¢ — ¢ conditions, £ = 0. Since the residual
system |C’ — C,| coincides, to within the virtual multiplicities of the
base points, with |C{|, it follows that the dimension of |C]| equals the
dimension of |C’| diminished by (7, —14-7 —¢€). Hence, by a., 7, — (C,)
=% —6(C) — (T, — 1+ 7 — &), or finally, since @ =7, 4+ 7, + ¢ —1,
() 6(C) =96(Cy) +e, £€=0.

The gbove proof can be extended very easily to the case in which
|C,| is reducible and to the case in which |C, | is obtained from |C| by
increasing the assigned multiplicities of some of the base points of [C],
or by imposing new base points. We have therefore the following theorem:

If an irreducible system |C,| is partially contained in an irreducible
system |C|, then 8(C,) == 6(C).

Corollary. If |C| is irreducible, then

0(C) =0(2C) =d(3C) =

c. We now suppose that F is in S, is of order # and has ordinary
singularities. Let C be a generic plane section of F and let |C| be the
corresponding complete system. The system |(#C)’'|,» == 1, is cut out
by the adjoint surfaces @,_,.,. If we denote by @,,_4., the dimension
of I¢n-—4+rl' we find by (2)

On—trr — (r —1)(r — 2)(r = 3)/6 = py — 1 + 7, — 0(rC),
where 7, is the effective genus of |#C|, and consequently
—1 — 2 .

On—-31r— On—s4r=n+rn—1-+ (L‘ ‘%‘_‘_) - 6((7 + 1),C) +4(rC),
since @,.; = @, + w4+ rn — 1. On the other hand @, 3,, — Qn-g+r
= Qp_g4r + 1 — ®,_g4, (I1I, 2), where g,_3,, is the dimension of the
complete system of the adjoint curves of order » — 3 + # of the plane
section C and where o, _;,, denotes, as usual, the deficiency of the
system cut out by |¢,_s,,| on the plane of C. From the well known

expression of g,_s., (_—_ A4 rn—2+ ("_.—_1)5&1_2_), r = 0) we derive
that
@) 8((r + 1C) — (rC) = wa_sss-

If 7 is sufficiently high, then w,_35,, = 0. On the other hand we have

obviously 6 (C) = w,_s. Using (1) we find that if » is sufficiently high, then

(5) 0(rC) = wp-3 + Wp-s+ -+ =P, — pa=4q,

i. e. the non-decreasing deficiencies 6(C), 6(2C), ..., 0(rC), ... reach a

maximum, and this maximum is egual to the irregularity of F.
Ergebnisse der Mathematik. 1I1/5. Zariski. 5
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If now |D| = |D|g (H =2 0%) is an arbitrary irreducible system,
the system |rC — D — 3'0%| is irreducible for 7 sufficiently high.
From b. we deduce that 6(D)=4(rC). Hence, the deficiency 6(D)
of the series cut out on a generic curve D of an irreducible system |D| bv
its adjoint system |D’| is never greater than the irregularity q of F, and
theve exist systems |D| for which 8(D) = q. This result proves that g
and hence also p, are absolute invariants of F, q. e. d.

We observe that 6 (D) =g, whenever | D | is a sufficiently high multiple
of an irreducible system | E | of dimension =2. Infact, if |C | is any system,
it is possible to find % sufficiently high so that |AE | should partially
contain |C| and that consequently 8(kE) = 8(C). In particular, if we
suppose that |E| is the system of plane sections of a surface F* of
order n in Sy, birationally equivalent to F and possessing: arbitrary
singularities, we deduce that the arithmetic genus p, of F can be
evaluated directly on F*, as the virtual dimension of the system of its
adjoint surfaces of order #n — 4.

2. The theorem of RIEMANN-ROCH on algebraic surfaces. We recall
that by the classical theorem of RIEMANN-RoOCH in the theory of algebraic
curves the dimension 7 of a complete linear series g% on a curve of genus p
can be expressed in terms of the characters of the series and of p. If ¢
is the #ndex of speciality of the g}, i. e. if 7 — 1 is the dimension of the
series gi-l, , the difference between the canonical series g1, and
the g7, then the theorem of RIEMANN-RoOCH says that r =7 — p 4 <.

The analogous problem in the theory of surfaces consists in ex-
pressing, if possible, the dimension of a complete linear system |D|
on a surface F in terms of the characters of |D|—its virtual degree,
virtual genus and another character analogous to the index of speciality
of a linear series. Partial results have been stated by NOETHER (5) and
obtained (especially for regular surfaces) by ENrIQUES (2). The complete
solution is due to CASTELNUOVO (6, 7). The proof has been considerably
simplified by SEVERI (1), who also extended the final result to reducible
(SEVERI, 5) and virtual (SEVERI, 6) systems.

The index of speciality i of a linear system |D| is defined as the
dimension, increased by 1, of the system |K — D|, where |K| is the
canonical system of F. In performing the operation K — D we must
regard | D| as virtually free from base points. If | K — D | does not exist,
we put ¢ = 0. The system |D| is special or non-special according as
t>0o0r¢=0. If p,=0, every system on F is non-special.

The theorem of RIEMANN-ROCH on an algebraic surface:

If |D| is a complete linear system on F, of virtual genus m, of virtual
degree n and of index of speciality ¢, then

(6) r=n—na+p,+1—7.
We outline below the simplified proof given by SEVERI (1).
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a. We first observe that the results of the preceding section already
prove (6) for a very large class of non-special linear systems. In fact,
if |D| is the adjoint system of an irreducible system |C|, then by (2)
and by the inequality of ENRIQUES, 6(C) =g, it follows that » = p,
+ 7 — 1, where & =[C], and consequently [III, 6, formula (15)],
r=n — 7 + p, + 1. Moreover, ¢ = 0 in this case, because |D| — |C’|
partially contains the canonical system |K|= |C’'—C —2 P| and
therefore is not partially contained in |K|. Hence, the theorem of Rie-
MANN-RocH is thus proved for any sufficienily ample system |D|
= |D|g(H =23 Py, i.e. such that |C|= |D — K — > P;| exists and
is srreducible (ENRIQUES, 2 and a). We point out that if §(C) = ¢, then
it follows from the proof that r =»n — = 4 p, + 1.

We shall cail the system |D| regular, if it is non-special and if
¥ =mn— 7+ p, + 1. The adjoint system |C’| of an irreducible system
|C | is regular if and only if |C’ | cuts out on a generic C a series of maximum
deficiency q. In view of the results of the preceding section it follows
that if [C| is a sufficiently high multiple of an irreducible system of dimen-
sion =2, then |C'| is regular (CASTELNUOVO, 7). A stronger theorem due
to Picarp (13) and SevEr! (15) will be found in VII, 7.

b. Let F be in S, of order # and with ordinary singularities, and let
|C| be the complete system of its plane sections. Let 7, 7, 7, be the
characters of |C,| = |hC|. If h is sufficiently high, the system |4 ]
— |C, — K|, where | K| is the canonical system, exists and is irreducible.
Hence, by a., 7, =n, — @, + p + 1. Let s be an integer high enough
that 8(C,) = ¢ [see section 1, formula (5)]. We can take % so high that
|A| shall partially contain |C,|. We will have then &(4)=4(C,),
hence 8(4) = ¢, and since |C;| = |4’| it follows, by a., that |C,] is
a regular system and that v, = ny, — 7, + P, + 1. .

c. The central point of SEVERI's proof is the following

Lemma. The surfaces F,, of any order m which pass through'the double
points of the curve Cy, the intersection of F with a generic surface Fj of
order h, cut out on C, a complete series (SEVERI, 1).

A well known theorem of CASTELNUOVO (2), valid for any irreducible
space curve L(= C,), states that the series mentioned in the above
lemma is complete 4f m is sufficiently high. In our case C, is however a
special curve, in the sense that it is the complete intersection of two
surfaces, F and F;. The lemma of SEVERI adds to CASTELNUOVO's
theorem the very necessary information that in this case the theorem
holds also if m is arbitrary. The above lemma leads immediately to
important consequences. The double points of C; are at the intersection
of F, with the double curve of F. Hence, if # > n — 4 the surfaces
F,_4 (m =n — 4) of the lemma, if they exist, necessarily contain the
double curve of F, i. e. are adjoint surfaces @,_4 of F. The series cut out
on C, by these surfaces F,_,(= @p—,) is the difference of the series cut

S‘
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out on C, by the adjoint surfaces ¢,_,.; and of the series cut out by
the surfaces of order 4, i. e. the difference of the canonical series on Cy
and of the characteristic series of |Cy| on C;. Conversely, if this series
difference exists, i. e. if the characteristic series of |C,| is special, the
surfaces F,_, must exist, since they must cut out on C, that series
difference of dimension =0. Hence we have the following result:

If h > n — 4, the adjoint surfaces @,_,, if they exist (i. e. if p,>0),
cut out on a generic C, a complete series. If p, = 0, the characteristic
sertes of |Cy| is mom-special.

d. We now are in position to prove the theorem of RIEMANN-ROCH,
as stated above, for any system |D|, irreducible or not, of dimension
=0. We know from III, 7 that the system |D + C,| = |D + AC| is
irreducible if 4 is sufficiently high (here |C | is the system of pldne section
of F, or more generally any non-singular system on F). Moreover, if A
is sufficiently high, this system is sufficiently ample in the sense stated
ina. Hence, if R, N, IT are the characters of | D + Cj|, we may suppose
that R>: N - IT + p, + 1. Denoting by g the dimension of the series
cut out by |D + C,| on a generic C;, we have r = R — ¢ — 1. This
series is a g, 4, where s = (D - C;). If § denotes its index of speciality,
then ¢ =, + s — m, + §. From this inequality and from the relation
r = R — ¢ — 1, we find, using the formulas of NOETHER for the genus
and for the degree of a reducible curve, that

r=n—n+po+1—7.

Now it follows directly from the final result stated in c., that 4, the index
of speciality of the series g, , ,, is also equal to the number of independent
canonical curves K which pass through the set of s intersections of a D
with a C,. If & is taken sufficiently high, s will be so large that all these
canonical curves will have to contain ). Hence j =7, andr=n —=x
+ps+1—17, qe.d

The expression # — @ + p, + 1 — 7 is referred to as the wvirtual
dimension of |D|, and the difference r — (n — 7w + p, +1 —¢) = s is
called the superabundance of |D|. We have r =n —w + p, + 1 — ¢
+ s, and the system is regular if and only if # = s = 0. The difference
s — ¢ is called the #rregularity of |D]|.

If |D| is the canonical system |K|, then r =p, —1, i=1,
n=p® n=$", and n —x = —1 [III, 8, formula (18)]. Hence s =gq:
the superabundance of the canonical system equals the irregularity of the
surface.

If |D|=|A4 — B| is a virtual system, its index of speciality ¢ is
defined as the dimension of the system |K — D|=|K + B — 4|,
increased by 1. In the case of virtual systems ¢ may be greater than p,.
It is readily seen that the RiEMANN-RocH theorem holds also for virtual
systems, by repeating practically verbatim the reasoning in d. The
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inequality ¥ =#n — w4+ p, +1 — ¢ is to be interpreted in this case
as an arithmetic criterion for the effective existence of an a priori virtual
system:

If D is a curve, a priori virtual, of characiers n, 7,1, a sufficient
condition that the system | D | be effective (5. e. that it contain effective curves)
is that n — 7 + p, + 1 — ¢ be non-negative (SEVERI, 6).

A curve D whose characters satisfy the inequality n — @ + #,
+1 —4=0 is said to be arithmetically effective.

3. The deficiency of the characteristic series of a complete linear
system. It is well known that in the plane (and hence also on any rational
surface) the characteristic series of any complete irreducible system of
curves is complete (III, 1). A proof given by ENRIQUES (2), although
incomplete, constituted nevertheless a strong indication that this
theorem is true on any regular surface. In projective language, the
theorem says that the hyperplane sections of a regular normal surface
are normal curves (p.37). On the other hand, examples of irregular
surfaces for which this theorem is not true have been known since the
early stages of the theory. Forinstance, C. SEGRE has shown that for any
value of p = 0 there exist ruled surfaces in S;, of order » and genus p
(and hence of irregularity ), which are obtained by projection from a
normal surface of the same order in a space of dimension # — 29 + 1,
whereas the generic plane section of such a surface, being of genus p,
is the projection of a normal curve in a space of # — p (or more) dimen-
sions. Hence the deficiency of the characteristic series of the complete
system, totally containing the system of the plane sections of such a
ruled surface, is at least ¢.

The question was thoroughly investigated and completely solved
by CASTELNUOVO (7), who arrived at the following fundamental result:

Theorem of CASTELNUOVO. The deficiency of the characteristic series
of any complete irreducible linear system on an algebraic surface is not
greater than the irvegularity of the surface, and there exist systems for which
this deficiency equals the irregularity.

The original proof of CASTELNUOVO is somewhat complicated. The
first step of the following proof, in the course of which other noteworthy
results are arrived at incidentally, constitutes the simplification contri-
buted by SEVERI (1). The rest of the proof is as in CASTELNUOVO.

a. If |Cy| is a sufficiently high multiple of the system of plane sections
of F (or of any non-singular system on F), the deficiency of the characteristic
series of |Cy| equals the irregularity of F. This statement follows from
SEVERI’s lemma quoted in the preceding section. In fact, let 8, be the
deficiency of the characteristic series gi*~! of |C;|. Then the complete
series to which this series belongs is of dimension 7, + 8, — 1. It follows
by the ordinary RIEMANN-RoCH theorem that m, — #n) + 7, + 6, — 2
is the dimension of its residual series with respect to the canonical
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series on C,, i.e. of the difference between the series cut out on C,
by the adjoint surfaces @,_4,5 and by the surfaces of order 4. By
section 2, c., this complete residual series is cut out on C, by the ooPs~!
canonical curves. Hence 7, —m), + 7, + 6, —2=p,— 1. If p,=0
this relation still holds, because then, again by section 2, c., the char-
acteristic series of |Cy| is non-special and hence 7, + 0, — 1 = 0, — 7.
Sincer, = n,—m, + p, + 1 (section2,b.), wefind 8, = p, — p, =¢,q.e.d.

b. Let |4,]|and |4, be two complete irreducible systems, of dimen-
sion 7,, 7, and of degree n,,n, respectively. The complete system
|4 |=|A;+ 4;|cuts out on a generic 4, a series g/~ ™1, where ¢ = (4,-4,)
and where 7 is the dimension of |4 |. The series cut out on A4, by the
curves A passing through the 7 intersections of A, with a fixed 4, is
agy—"~*"1, where 0 = & = ¢. This series totally contains the characteristic
series gn~1 of |A,|. Consequently, if d, denotes the deficiency of the
characteristic series of |4,|, we have 8, z:7 —»;, — r, — &, where the
equality holds, if |A| cuts out on A, a complete series. Similarly, if d,
is the deficiency of the characteristic series of |4,|, then dy=7» — 7,
— ry — €. Hence, if |A| cuts out on Ay a complete series, then 6, = 0,.

c. The theorem on the irregularity of the residual system.
Let |E| and |A| be two complete irreducible systems, such that
|Ey| = |E — 4| exists and is irreducible. If | and & denote the index of
speciality and the deficiency of the series cut out by |E| on a generic A,
then

(7) irregularity of |E,| = irregularity of |E| + (0 — 7).

Since d and § are given, we know the number of conditions which a generic
A imposes on the curves E, and hence also the dimension of |E, | in terms
of 4, / and of the dimension of |E |. The theorem follows then immediately
from the definition of the irregularity of a system and from simple
calculations.

d. Let |4 | be an arbitrary complete irreducible system and let |C,|
be the system considered in a. If % is sufficiently high, the system
|E| = |A + Cj| can be regarded as the adjoint system of the effectively
existing and irreducible system |4 + C, — K — 2/0;|, where 0,,0,, . ..
are the base points of |4 |. This last system, if 4 is sufficiently high,
contains any assigned multiple |C, | of |C|. If we take s so high that the
adjoint system of |C,| is regular (section 2, a.), it will follow a fortiriori
(section 1) that |E | is regular. We now apply (7) by putting |E,| = |C,|.
Since both |E| and |E, | are in this case regular systems, it follows that
8 = q. If h is sufficiently high, the series cut out by |E| on 4 is non-
special, and therefore the system |A + C,| cuts out on A a complete series.
In view of b., the deficiency of the characteristic series of |4 | is therefore
not greater than the deficiency of the characteristic series of |C,], i. e.,
by a., not greater than the irregularity ¢ of F, q.e.d.
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It is not difficult to see that from the theorem of CAsTELNUOVO
follows readily the theorem of RiEMANN-RocH (CASTELNUOVO, 7). It
is sufficient to replace in a. the system |C;| by an arbitrary irreducible
system |D| and to repeat the same reasoning. If 4 is the deficiency of
the characteristic series of |D|, we find, as in a., that the dimension
of its residual series with respect to the canonical series is # —#n + r
+ 6 — 2, where 7, n, r are the characters of |D | However we cannot
affirm now, as we did in the case of |C,|, that this dimension
equals p, — 1, because of the following two circumstances: (1) |D| may
be special; if 7 is its index of speciality, then the canonical curves cut
out on a generic D a series, not of dimension p, — 1, but of dimension
Py — ¢ — 1; (2) this series may not be complete. We may write then the
following ineqyality: @# —n 47 +0 —2.zp, —i —1,orr=n—m
+ py + 1 — 0 — i, where the equality holds if and only if the canonical
system cuts out on D a complete series. Since by the theorem of CASTEL-
NUOVO 0 = p, — p,, we deduce that r=n —n + p, +1 — 1, q.e.d.

From this mode of deriving the RIEMANN-ROCH theorem it becomes
‘apparent incidentally under what conditions the superabundance of |D |
is zero. In order that the equality » =#n — 7+ p, -+ 1 — ¢ should hold, it is
necessary and sufficient that the two inequalities used in the course
of the proof should become equalities, i. e. that we should have » = #
~®+p,+1—06—14,and 6 = p, — p,. Hence, the superabundance
of | D| is zero if and only if: (1) the canonical system cuts out on a generic D
a complete series; (2) the characteristic series of |D| has the maximum
deficiency q. 1f p, -= 0, the condition (1) must be replaced by the follow-
ing: (1) the characteristic series of |D| is non-special (CASTELNUOVO, 7).

The theorem on the irregularity of the residual system proved in c.
has been applied by CASTELNUOVO (7) toward the determination of the
superabundance of sufficiently high multiples of a given irreducible
system |C |, oo? at least. We quote the following theorems:

If|D|isan arbztrary linear system, then the superabundance of |D + hC|
rvemains constant if h is sufficiently high.

If 3, and O, are respectively the index of speciality and the deficiency
of the series cut out by |hC| on a generic C, and if s is the constant super-

abundance of |hC | when h is high, then Z'(z,l — &) = s + p, (it is clear

that for sufficiently high values of %, 4, = 0 and by [III, 7] also 6,, = 0).

If |C| s free from proper fundamental curves, then s = 0, i.e. any
sufficiently high multiple of |C| is a regular system.

4. The elimination of exceptional curves and the characterization
of ruled surfaces (CASTELNUOVO-ENRIQUES, 2). If L is an exceptional
curve on a surface F free from singularities, then (L% = —1, [L]=0. If
in addition L is free from assigned base points, then it is of the 1st kind
(I1, 6). Using RIEMANN-RocH’s theorem it is possible to show that
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conversely if (L?) = —1 and [L] = O and if L is irreducible, then it is
an exceptional curvel. For the proof we use an auxiliary regular non-
singular system |E| of characters #, 7, 7, and we consider the system
|E;|=|E +iL|, 0<i=m, where m = (E- L). If »; denotes the
virtual dimension (section 2) of the non-special system |E;|, it is easily
found that »; =7;_; +m — ¢ + 1. Since (E;+ L) = m — 7 and since
therefore the curve L imposes at most m — ¢ + 1 conditions on the
curves E;, it follows that 7; coincides with the effective dimension of
|E;|, provided the same is true of |E;_;| and #;_;. Since this is true
if { =0 (| Eo| = |E]), it follows that |E;| is a regular system of effective
dimension #; = #;_; + m — ¢ 4+ 1 and therefore irreducible. In partic-
ular, the system |E,, | possesses L as a total fundamental curve and the
residual system |E,, — L| = |E,,_,|is immediately seen to be of effective
degree one less than the effective degree of |E,|, q. e. d. (see I, 6).

If Lis virtually free from base points and if we take for | E| a sufficiently
high multiple of the system of hyperplane sections of F, then |E,,| will
be effectively free from base points, and therefore L is an exceptional
curve of the 1st kind.

The system |E,,| is non-singular and its characters »,, 7, are con-
nected to the characters #, @ of |E| by the relation n, — (27, — 2)
=n— (2m —2) +m>n — (27 — 2). If we transform F into a sur-
face F, of order n, by means of the system |E,, |, and if the transformed
surface F; (on which to L there corresponds a point) still possesses
exceptional curves, it will be possible to construct a linear system on F,
whose characters #,, 7, satisfy the inequality #, — (27, — 2) > #n,
— (2@, — 2), etc. We have then the following theorem:

If it is not possible to transform F into a surface free from exceptional
curves, there exist on F non-singular regular systems, of characters n, n,
for which the difference n — (2 — 2) is arbitrarily high, in particular > 0.

As an immediate consequence we have the following theorem: If
not all the plurigenera of F are zevo, then it is possible to transform birationally
F into a surface free from exceptional curves.

In fact, if P; 5 0, the system |i(C’ — C)| = [iK| effectively exists
(| C| arbitrary) or consists of a curve of order zero (|iC’|= |iC]).
It follows that if |C| is irreducible, of dimension >0, and of characters
n,®, the intersection number (({K.C)=17(2mw — 2 —n) is never
negative. The characters #, 7 of any such system |C | satisfy therefore
the inequality # =< 27 — 2, q. e. d.

We observe that for the existence on F of linear systems for which
the difference # — (2@ — 2) is arbitrarily high it is sufficient that there
should exist on F a linear system for which this difference is >0, because
(C¥ — 2[C] + 2 is an additive numerical function of curves (II, 5). We

1 A characterization of reducible exceptional curves is given in the joint
paper by Dr. BARBER and myself, quoted in III, 6.
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are thus confronted with the following question: What can be said of
the class of surfaces F which possess linear systems, sufficiently general
(for instance, irreducible and of dimension >0), whose characters n, 7
satisfy the inequality n > 27 — 2? This question has been investigated
by CasTELNUOVO and ENRIQUES in (2) with the view of classifying the
surfaces on which the process of successive adjunctions applied to a suffi-
ciently general system |C| terminates after a finite number of steps, i.e.
such that in the sequence |C|, |C’|, |C”| = adjoint system of |C’|,
[C"[, .. .there exists a term |C*| which is not an effective system. These
authors have shown the complete identity of these two classes of surfaces.
The result is as follows:

If F possesses a linear system |D| whose characters n, 7 satisfy the
inequalityyn > 25t — 2 and if no exceptional curve of F is a fixed component
of | D|, then the process of successive adjunctions applied to any system |C |
on F terminates after a finite number of steps. Conversely, if the process
of successive adjunctions applied to a given system |C | of dimension =1—p,
terminates after a finite number of steps, then there exists a system |D |
satisfying the above conditions.

Proof. For the proof of the first part of the theorem we first observe
that from the existence of all the successive adjoint systems of a given
system |C | follows the existence of all the successive adjoint systems of
any system partially containing |C|. Hence it is sufficient to prove the
theorem for irreducible systems [C ] of dimension =1. We may also
suppose that |D| is virtually free from base points without destroying the
inequality # > 2@ — 2. Let N and II be the characters of |C|, and
let ¢ be an integer high enough that the characters N; and II;
of the system |C;|= |C + iD| satisfy the inequality N; — 21I;
+2(=N—=2II 42+ 14in — 2x + 2)) > 0. If |C}| denotes the jth
adjoint system of |C;|, then |C} — C; + 20,| = |j(C; — C;)|, where
the summation is extended to all the assigned base points of |C;|
of virtual multiplicities :=j — 1, and hence (Ci-C,;)- 2II;
—2—(--1)(N;—2II; +2). We choose § high enough that
(Ci- C;) < 0. If |C}| exists, it must then have in common with |C;],
and hence also with |D|, common irreducible fixed components of
negative virtual degree. Let L be such a fixed component, of characters
v,0, and let n,, @, be the characters of |D,| = |D — L|. Since L is
by hypothesis not an exceptional curve of the first kind, the case
» = —1, 0 = 0 is excluded, and consequently » — 2p + 2 < 0. From
n—2m+ 2= (n, —2m, + 2) + (v — 20 + 2), it follows that n, — 27,
+2=n—2n4+2>0. If [DI[ still possesses fixed components of
negative virtual degree, we proceed as before. Hence, we may suppose
that |D| is free from fixed components of negative virtual degree, and
we may then conclude that [C{|, and a fortiriors |C7|, does not exist
if § is sufficiently high.
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For the proof of the second part of the theorem, we observe that, as
a consequence of the hypothesis, $, must vanish; hence p, < 0. Let
po = —p, when p =0, and let |C| be the given system of dimension
=1 + p. We may suppose that F can be birationally transformed into
a surface free from exceptional curves, because in the contrary case the
existence of a system such as |D| follows from the preceding theorem.
We shall therefore assume that F is free from exceptional curves.

Let |C?| be the last existing adjoint system of |C|. If & is its genus,
the virtual dimension of |Ci*!| equals & +p, —1 =7 —p — 1
(section 2, a.), and consequently we have @; < p + 1. Since #=p + 1,
we must have for some s (0< s=1), m,_; > m,. If n, denotes the
virtual degree of |C*|, we have n, = 7, + 7,_; — 2 and hence #n, — 27,
+2>0, q.e. d. . .

Using the above theorem CasTELNuovo and ENRIQUES arrive at
the fundamental result of the quoted paper (2), to the effect that sf
on a surface F the process of successive adjunction terminates after a finite
number of steps, the surface is birationally equivalent to a ruled surface.
In the proof of this theorem different cases have to be considered,
especially the two cases p = 1, p > 1, and in each case it is shown
that F must possess a linear system of a type which, by other well known
theorems, is characteristic for ruled surfaces, i. e. (a) a pencil of rational
curves (NOETHER, 3; ENRIQUES, 6); or (b) a linear pencil of elliptic
curves with at least one simple or double base point (CASTELNUOVO-
ENRIQUES, 3); or (c) more generally, an irreducible system of genus p > 2
and of dimension 7:=3p — 5.

As a consequence of the above results, it follows that the only surfaces,
which cannot be birationally transformed into surfaces free from exceptional
curves, are those which are birationally equivalent to ruled surfaces. A ruled
surface possesses infinitely many exceptional curves of the second kind,
its gencrators (of virtual degree 0). Amny surface, which does not belong
to the class of ruled surfaces, possesses at most a fintte number of ex-
ceptional curves, all of the first kind, and such that no two of them have a
point in commonl.

In view of this result and from III, 8, it follows that the linear genus
D is defined for any surface F which does not belong to the class of
ruled surfaces. It is not difficult to see that always p = 1. To prove
this we observe that if |C | is any system on F, of genus &, and if #’
and 7"’ are the genera of |C’| and |C”|, then the following relation
holds: # — ' = ' — " + p» — 1 [formulas (15), (19) and (19°) of
the preceding chapter]. If F is free from exceptional curves, then
PO = pW, If pO < 1 and if we take for |C| the system of hyper-
plane sections of F, then the genera &', ®", . . ., a®, ... of the successive

1 See p. 40.
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adjoint systems of | C |, beginning with a proper 2?, would form a decreas-
ing succession and hence, by the preceding proof, F would be birationally
equivalent to a ruled surface.

The consideration of the two possible cases, pV' > 1, p¥) = 1, leads
to interesting conclusions (CASTELNUOVO-ENRIQUES, 2). If pV > 1,
then from the formula (24’) of III, 9 it follows that for sufficiently high
values of 7 the plurigenera P; are positive and assume arbitrarily high
values. If p¥) =1 the quoted formula may not hold. There exist
surfaces for which p™ =1, p, = P; =1 (for instance the general
surface of order 4) or M =1, p, = 0, P; = 0, 1, according as 1 is odd
or even (for instance the surface of order 6 passing doubly through
the edges of a tetrahedron).

We have quoted in III, 8 CASTELNUOVO's definition of p® for ruled
surfaces, as the maximum of V. It is proved that this maximum exists
(CasTELNUOVO, 7, CASTELNUOVO-ENRIQUES, 2). In the second of the
papers just quoted the authors show that if F is a ruled surface of genus
p=1 then pV = —8(p —1)+1 and hence pV <0, except when
# = 1. If F is rational, p(V = 10. The problem of characterizing the
ruled surfaces by a finite number of vanishing plurigenera has been solved
by ENRIQUES (11): a surface F is birationally equivalent to a ruled surface
if Py = Py = 0.

In CASTELNUOVO-ENRIQUES (2) a necessary and sufficient condition
that a surface F be rational is found to be p, = Py = 0.

Another criterion for ruled surfaces, based on the consideration of
the arithmetic genus, has been obtained by CasTELNUOVO (11). The
point of departure is a theorem of de FRANCHIS (3) to the effect that
a necessary and sufficient condition that a surface possess an trrational
pencil of curves is that it possess two independent PICARD integrals of
the first kind (VII, 1) which are functionally dependent. CASTELNUOVO
shows that this condition is satisfied for all surfaces whose genera Por Pa
are such that p, = 2(p, + 2). An immediate consequence of this result
is the following theorem, proved by DE FRANCHIS (3) in a different
manner: if p, << —1, then F possesses an irrational pencil of curves.
Let g be the genus of the pencil and let & be the genus of a generic curve
of the pencil. Let us suppose that F is not birationally equivalent to a
ruled surface. Then we have necessarily 7 =:1. If we eliminate I
between NOETHER’s relation I + ™ =124, +9 and the relation
I'=0+4(@m—1)(—1) (II1, 8) and if we observe that in view of
our hypothesis it is permissible to suppose that F is free from exceptional
curves and that consequently p) = @), we obtain the relation

0+ 4@—1)(e—1) + ™ =12p, 4+ 13.

If p, < —1, the right-hand member is negative, while the left-hand
member is positive, since 6 := 0, # =1, ¢ = 1 and since by a previous
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result stated above, p{*) == 1. From this contradiction it follows that
the quoted theorem of DE FRANCHIS can be replaced by the following
more precise statement: Any surface of arithmetic genus p, << —1 is
birationally equivalent to a ruled surface (CASTELNUOVO, 11).

Chapter V.
Continuous non-linear systems.

1. Definitions and general properties. In II, 1 we have accepted
for temporary purposes a definition of an algebraic system X of curves C
on a surface F, as a system cut out on F by an algebraic system 2’
of hypersurfaces. It will serve as a preliminary clarifying remark if
we point out immediately why that definition is not sufficiently general.
The base loci of the given system 2 of hypersurfaces determine a com-
plete linear system of hypersurfaces of the same order as the hyper-
surfaces of Z’. This linear system cuts out on F a linear system of curves
of the same order as the curves C and containing X. Hence X' s totally
contained in a linear system of curves. However —and this is a fundamental
point of the theory, which will be discussed in section 3 of this chap-
ter —there exist surfaces (notably, irregular surfaces) which carry
algebraic systems of curves not contained in linear systems. The
simplest example is given by surfaces carrying an irrational pencil X
of curves. Obviously, such a pencil (supposing for simplicity that the
curves of the pencil are irreducible) cannot be contained in a linear
system of dimension 7, where 7 is necessarily -2, because the curves
of the pencil are of virtual degree zero (II, 1). If the pencil is reducible,
it is seen immediately that its curves are composed of the curves of
another irrational pencil, and the statement that X is not contained in
a linear system is essentially equivalent to the statement that an ir-
rational involution of sets of points on an algebraic curve cannot be
contained in a linear series. If the curves of 2 are irreducible, then a
stronger statement holds to the effect that any curve C, of X' is isolated
with respect to linear equivalence. In fact, each curve of X'is a fundamental
curve of |C,| (since (C - C,) = 0), and consequently |C,| cannot be of
dimension =1. '

In order to set up, in the most general case, the equations of an
algebraic system 2, oo”, of curves C on a surface F in S, (x4, %y, . . ., %,),
we project the curves of X' onto a plane Sy(yo,¥;,¥s) from a generic
So—3. We obtain then in S, an algebraic system X, oc", of curves C,
such that the generic curve C of X is the simple projection of the corres-
ponding curve C of 2. Now in S, the system 2 can be given by two
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algebraic equations:
(1) [ @os ¥15 ¥as tos by -+ s bpd) =0,
(1’) 'P(to, tl’ '--:tr+l) =0:

where the #'s are homogeneous parameters. We can then write the para-
metric equations of a generic curve C of ' in the following form:

@ 0% = @Yo, Y1, Yes tor by - s brt)y £=0,1,..., 0,

where the ¢’s are homogeneous polynomials in the two sets of variables y
and ¢. The equations (1), (1') and (2) constitute together the complete
algebraic representation of 2.

The curves of X' are in (1 — 1) algebraic correspondence with the
points of the mdimensional variety (1°). If this variety is irreducible,
then also the system X is said to be sr7educible. The system X'is rational,
if the variety (1') is rational, i. e. if it can be put into birational cor-
respondence with a linear space S,.

We may also define irreducible algebraic systems on F by consi-
dering an algebraic irreducible correspondence between F and an irre-
ducible algebraic variety ¥ (I, 1). If in this correspondence to a generic
point P of y there corresponds a curve C on I, then, as P varies on
v, C varies in an algebraic system 2. For special points P of v, funda-
mental for the correspondence, the curve C may become indeterminate,
while special curves C may acquire multiple components, of which it
is necessary to determine the multiplicity. On this subject see the
papers of vAN DER WAERDEN (1, 2, 5) and SEVERI (26), dealing with
the foundations of algebraic geometry.

Instead of the term “‘algebraic system” we shall often use the more
expressive term ‘‘continuous system’. The totality of curves C of a given
order on F distribute themselves into a finite number of irreducible
algebraic systems, and any continuous family of curves of the given order
belongs to one of these algebraic systems.

A rational system X is always totally contained in a linear system
(ENRIQUES, 4). For the proof we follow a reasoning employed by Hum-
BERT (2) in a similar connection. It is sufficient to consider the case
r = 1, because any two curves C of a rational system X, oo, belong
to a rational sub-system, ool, of 2 — the image of a straight line in S,.
The variety (1°) is in this case a rational curve I', y(t,, t;, 2) = O.
Let v—the index of Z—denote the number of curves C which pass through
a generic point of F (v = 1, if Z' is a pencil). Let us suppose for simplicity
that F is in S;(x,, %1, %5, ¥3). A generic point P = (x) of F determines
a set of ¥ curves C in 2 and hence a set of » points on I'. As P varies
on F, this set varies in a series, 002, of sets of points on I'. Since on
a rational curve all sets of » points are equivalent, it follows that this
series is cut out-on I, outside of fixed points, by an algebraic system of
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curves AP (fo, 11, 2) + -+ * + A @ (b0, 11, 1), Where 04; = f; (%o, %, %3, %)
is a rational integral homogeneous function of the coordinates x; of the
point P on F. It is then immediately seen that X' is cut out on F,
outside of fixed loci, by the algebraic system of surfaces

(3) @olto,tyta) fol%o, %1s %e, %a) + - + Prllo, trs 8a) fie (%o, %1, %, %5) = 0,
and is consequently totally contained in a linear system.

Remark. A delicate point of the proof consists in showing that along
any k-fold component of a generic curve C of 2 the corresponding sur-
face (3) has exactly a k-fold contact with F.

If X is irreducible and if E is a variable curve of another irreducible
continuous system, the intersection number (C.E) remains constant
as C and E vary in their respective systems!. In particular, the viriual
degree n = (C?) of C remains constant as C varies in 2. Ifr =1, then n
is also the intersection number of two variable curves of X.

We now suppose that the generic C is irreducible and that Z'is ir-
reducible, of dimension 7 = 1. Let (¢°) be a generic simple point of the
variety (1) and let C, be the corresponding curve of 2. To any analytic
(in particular algebraic) arc L on the variety (1'), issued from the point
(#°), there corresponds in X' an analytic (in particular algebraic) sub-
system X, oo!, containing C,. As C varies in 2, and approaches C,,
its intersections with C, approach a definite set G of # points on C,.
A set like G is called a characteristic set on C,. Elementary considerations
of differential character show that the set G depends only on the tangent
to the arc L at the point (¢°). It follows that the characteristic sets &
on C, form a rational variety, in (1 — 1) correspondence with the
tangential directions of the variety (1’) about (¢°). Moreover, it is easily
seen that this series is involutorial, i. e. that » — 1 generic points of C,
determine the characteristic set to which they belong. Consequently,
we are dealing with a linear series g1. This series is called the char-
acteristic series of X on C, (SEVERI, 4).

In this manner we are able to attach to every continuous non-linear
irreducible system of irreducible curves, of dimension =1, a linear series
defined on a generic curve of the system. This is a point of fundamental
importance for the theory.

We use the plane representation of 2, given by the equations (1),
(1'), (2), and we suppose for simplicity that Fisin Sg. Let u;, %y, ..., u,
be local analytic parameters on the variety (1') in the neighborhood of
and vanishing at (). Substituting into (1), we find the equation

o fWo» Y1» Vas the, thgy -+ . %) =0,

1 This is a consequence of the principle of the comservation of the number.
For a precise formulation and proof of this principle see SEVERI (26) and VAN
DER WAERDEN (5). It also follows from the fact that the number (C.E) is the
KRONECKER index of the cycles C, E and consequently remains invariant when
the cycles are deformed (LLEFSCHETZ, e).
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which is analytic in the parameters %; and which represents the curves C
of Z'in the neighborhood of C,. The curves C possess a certain number 8
of variable double points, corresponding to the bisecants of C through
the center of projection O, and moreover have a certain number s of
variable contacts with the branch curve D of the surface F , represented
upon the multiple plane (y) (apparent contour of F viewed from 0).
The characteristic series of X on C, corresﬁonds, by projection, to the series

cut out on Cg by the linear system Z/l,( ) , outside the 8 double points
Ui/ui=0

of C, and its s contacts with D (ENRIQUES, 10). These last d + s points
are seen to be base points of the above mentioned linear system.

The characteristic series of 2 on a generic C, completed if necessary,
cotncides ewith the virtual characteristic series on C, defined in 11, 8
(SEVERI, 4). This theorem is obvious if C belongs to a linear system of
dimension =-1 contained in 2. To prove the theorem in general, we
may suppose that X' is oco! and that the variety (1’) is therefore a curve I,
We take on I"a g2 free from fixed points. The oo? reducible curves E = C,
4 Cy + + -+ - 4 C, which correspond to the sets of this series form a
rational variety and, by the preceding theorem of ENRIQUES, are there-
fore contained in a linear system |E|. As one of the variable components
of E, say (;, approaches the fixed curve C, the curve C3 4 --- 4 C,
approaches a curve of the system |E — C|. It follows that the char-
acteristic set of X on C is a set of the series, the difference of the two
series cut out on C by |E| and by |E — C| respectively, q.e. d.

2. Complete continuous systems and algebraic equivalence. The
extension of the relation of equivalence of curves (from linear equi-
valence to algebraic equivalence) is due to SEVERI ( 4, 5, 10, 13, 16, 17).
The definitions of algebraic equivalence vary according to the manner
of defining complete continuous systems (ALBANESE, 1, 4; LEFSCHETZ, a).
The interrelations between the various types of algebraic equivalence
have been investigated by ALBANESE (1). In the following exposition
the types of algebraic equivalence are considered in the order of in-
creasing generality.

An irreducible continuous system X of curves C is said to be complete
in the rvestricted semse, if it is not contained in an ¢rreducible system of
curves of the same order as C. Two curves C;, C, belonging to an ir-
reducible continuous system are algebraically equivalent in the restricted
sense, in symbols C, |l C, (ALBANESE, 1). As in the case of linear
systems, we may also here impose a set H of base points and consider
complete continuous systems with respect to H. However, since such
base points may be replaced by exceptional curves, we shall only consider
continuous systems virtually free from base points.

A given curve C does not always determine uwiquely the complete
continuous system X (in the restricted sense) to which it belongs. A very
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simple example was given by ALBANESE (1). The system |4 |, 003, of
the plane sections of a cubic elliptic cone F, is a linear system whose
characteristic series is complete, and hence |4 ] is complete not only
as a linear system but also as a continuous system (in the restricted
sense). It can also be shown that the system, oo3, of reducible curves
D + R, + R, + R,, where D is the infinitesimal curve represented
by the vertex of F and where R,, R,, R; are any three generators of F,
is complete in the restricted sense. These two systems have in common
the curves D + R, + R, + R, made up of D and of 3 coplanar generators.

As a consequence, the transitive property does not hold for the
present type of algebraic equivalence, i. e. from 4 || B and B C
does not follow necessarily 4 ||| C.

It is fairly obvious, however, that the uniqueness of the complete
continuous system can be asserted for the gemeric curve C of a given
complete continuous system X' (i. e. for all curves of 2', not belonging
to one or more subsystems of 2' of lower dimension than 2). In fact,
if a generic curve C of 2 belonged to an irreducible algebraic system 2
not contained in X, then as C varied in 2’ the system X} would describe
a continuous irreducible system containing X', and this is impossible.

In particular, 2 must contain the complete linear system |C|
determined by its generic curve C. The dimension of |C|, as long as C
is generic, has a certain constant value r. For particular curves C
of X the dimension may be greater than 7, and then |C| may or may
not be contained in 2. The second possibility is illustrated by the
preceding example. The first possibility can be illustrated by the
following example. Let F possess an irrational pencil of genus . The
system X', oo?, of all sets of p curves of the pencil is complete in the
restricted sense. For a generic curve C of 2 the dimension of |C| is
zero. However, 2 also contains linear systems of dimension >0, cor-
responding to those sets of p curves which determine in the pencil a
gp, 7 = 1. Other, less trivial, examples can be found in ALBANESE (1).

The preceding considerations lead to a significant extension of the
notion of a complete continuous system (SEVERI, 4, 5, 10). Given a
continuous system 2, complete in the restricted sense, we consider the
system 2" generated by the complete linear systems |C | as C varies in 2.
The system Z' may not be irreducible as a totality of curves, but is irreducible
as a totality of linear systems. It may, however, belong to a more in-
clusive system irreducible as a totality of linear systems (see the first
of the two examples quoted in this section). A continuous system of
curves C, irreducible as a lotality of complete linear systems, is called
complete (without further specifications) if it is not contained in another
continuous system of the same nature. Such a system will be denoted by
{C}. Any two curves of {C} are said to be algebraically equivalent in
the effective semse, briefly effectively ‘equivalent, in symbols, C, = C,



637] 2. Complete continuous systems and algebraic equivalence. 81

(SEVERI). It is clear that if C, ||| C,, then also C, = C,, but not
conversely.

We know from III, 7 and IV, 3, d., that if C is a given curve of {C} and
if | E|is the system of hyperplane sections of F, then there exists aninteger
Ao, such that for any 4 =1, the system |C + AE | is irreducible and regular.
It can be easily verified, by making the proof of this statement, that
Ao = Ay + 25, where i and A7 are defined as follows: for any 4=:4
the system |C + A E | should be irreducible (and.hence 4, depends only
on the order of C) ; the system |4 E | should partially contain the canonical
system. It follows that as C varies in {C}, it is possible to assign a
fixed value of 4, in such a manner, that the system |C + A,E | remains
regular for an arbitrary (and not only for the generic) curve C of {C}.
The continuous system generated by this variable linear system is
constituted of linear systems, all of the same dimension, and its therefore
irreducible not only as a totality of linear systems but also as a totality
of curves. We have therefore the following result (ALBANESE, 1):

If Ci=C, then C, + uE || Cy + uE, where |E| is the system of
hyperplane sections of I and p is a sufficiently high integer. ALBANESE
has also shown that this theorem remains valid when |E |is any irreducible
system of virtual positive degree and free from fundamental curves.

As in the case of continuous systems complete in the restricted sense,
so also here 4t is not possible to assert the uniqueness of the complete contin-
wous system {C} containing a given curve C. Examples of distinct systems
{C} having curves in common have been given by ALBANESE (1). It
follows that from A — B and B _~ C does not necessarily follow A= C.
However, the uniqueness of {C} can be asserted for a very general class
of curves C (see section 3).

It is clear that if A =B, then A + C =B + C, C arbitrary. The
converse is not always true, as can be shown by examples (ALBANESE, 1).
Hence, with regard to effective equivalence subtraction is not always a
single-valued operation. This suggests a further extension of the notion
of algebraic equivalence. 1'wo curves A and B shall be said to be algebraically
equivalent in the virtual sense, or simply algebraically equivalent, in symbols
A = B (LEFSCHETZ, ALBANESE), whenever there exists a curve C such that
A 4+ C=B + C. It follows from the definition that: (1) if A = B
and B=:C, then A =C; (2) if A=B, then 4 — C =B — C. The
relation 4 = B has a meaning also if 4, or B, or both 4 and B are
virtual curves. The totality of all curves, effective or virtual, which
are algebraically equivalent to a given curve 4 is called by ALBANESE (1)
.a complete virtual continuous system and denoted by V 4. It is clear that
V4 is uniquely determined by A4, and that if B is any curve of V,,
then V4 coincides with V5. The virtual system ¥V, may contain a finite
number of complete continuous systems (irreducible as totalities of
linear systems) of effective curves.

Ergebnisse der Mathematik. 111/5. Zariski. 6
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If A = B, the virtual curve I'= A — B is said to be equivalent to
zero, I' = 0. All curves equivalent to zero are algebraically equivalent.
We have (I'?) = 0,[I"] =1, and (C-I') =0, C arbitrary.

It follows from the definition that if 4 = B, then it is either possible
to deform A into B in the domain of effective algebraic curves, or this
can be done only after adding to both 4 and B a convenient curve C.
In both cases the curves 4 and B represent two homologous 2-cycles
on the surface (4 o B, see VI, 12). The more restrictive condition that A
and B be deformable into each other in the domain of effective algebraic
curves signifies that there exists a finite sequence of effective curves
C,,Cs,...,Cp, such that ANIC U CHIl... ICIIIB. If this is
possible, the curves 4 and B are said by ALBANESE (1) to be chatnwise
equivalent. He gave examples of chainwise equivalent cyrves 4, B which
yet are not effectively equivalent (4 ZE B).

3. The completeness of the characteristic series of a complete
continuous system. Let 2 be a complete continuous system of curves
in the restricted sense, on a surface I, and let R be the dimension of 2.
1f # is the virtual degree of a generic curve C of X and if 7 is the dimension
of the complete linear system |C|, then the characteristic series g, !
of |C| on C is totally contained in the characteristic series gf—! of X'
on C (since |C| belongs to X). In view of CASTELNUOVO’s theorem
on the deficiency of the characteristic series of a complete linear system
(IV, 3), it follows that R <7 + ¢, where ¢ is the irregularity of F.
Hence, on a surface of irregularity q every complete continuous system
consists of at most oo? distinct complete linear systems. This proof
(SEVERYI, 4) leads immediately to the following theorem of ENRIQUES (7),
who has derived it in a different manner: on a regular surface every contin-
uous system ts totally contained in a linear system; in other words, every
complete continuous system is a linear system.

As a corollary we have (see section 1) that if a surface possesses an
irrational pencil of curves, it is trregular—a remark due to CASTEL-
Nuovo (5).

Much more difficult is the proof of the converse of the theorem
of ENRIQUES, i. e. that every irvegular surface possesses continuous systems
not contained in linear systems. This qualitative characterization of
irregular surfaces, completed by the quantitative specification to the
effect that an algebraic surface of irregularity q possesses complete contin-
uous systems consisting of oo? distinct linear systems, is a fundamental
result of the theory of surfaces, due to the combined efforts of several
geometers (HUMBERT, CASTELNUOvOo, ENRIQUES, SEVERI, PICARD,
POINCARE). It is interesting to note the analogy with a corresponding
theorem of the theory of algebraic curves: on a curve of genus p the sets
of #» points (# =) form a continuous system, oo, consisting of oo?
linear series gh—?.
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A proof of the above fundamental result has been first proposed by
ENRIQUES (10). Immediately after, another proof was proposed by
SEVERI (7). SEVERI himself has later pointed out that neither proof is
entirely rigorous (SEVERI, 20). Nevertheless, in view of the intrinsic
interest of the considerations involved, it is worthwhile to review these
proofs in order to analyse the assumption on which they are based and
for which as yet an algebro-geometric proof is not available.

We first take up ENRIQUES’ proof. Let F be a surface in S;, of
genera p,, p,, and of order ¥, and let D denote a plane section of F.
We consider on F a regular linear system [C | of characters n, =, 7,
virtually free from base points. Then » =# — & 4 p, + 1 and the
characteristic series of |C| has the deficiency ¢ = p, — p,. Let O be
a generic*point of the space, K the contact curve of F with the tangent
cone to F drawn from O, K the section of this cone by an arbitrary plane 7.
If we project F on to the plane & fromO, F is represented on the »-fold
covered plane 7 with K as the branch curve, and the system |C|
is projected into a continuous system X, 0o”, of plane algebraic curves c,
of order m = (C - D), possessing a certain number d of variable double
points and s = (C - K) variable contacts with K. The characteristic
series g/~! on a given C is projected into the characteristic series g7,~1
of X, on the corresponding curve C. This last series is cut out on C
by a linear system oo’ 1 of curves of order m, passing through the 4
double points of C and its s contacts with K, and is contained in the
complete series g7, ~1*? cut out on C by the totality of (adjoint) curves
of order m defined by the above base conditions.

In the (¥, 1) correspondence between z and F the »-fold covered
curve C is reducible, consisting of C and of another, generally irreducible,
component L, in (1,7 — 1) ¢ correspondence with C. Let us suppose that
X, is contained in a more inclusive irreducible complete system X' of
curves of order m, possessing d variable double points and s variable
contacts with K. The v-fold covered curve C of 2 degenerates in the same
manner as the v-fold covered curve of X,. This can be seen: (1) either by
observing that the »-fold covered curve C of X possesses on F the same
number vd + s of double points as the »-fold covered curve of 2, and
by applying ENRIQUES’ principle of degeneration (II, 5); or (2) from the
fact that as a curve C of X approaches (without acquiring new sin-
gularities) a curve C, of 2|, the branch points of the »-fold covered
curve C (its simple intersections with K) approach without coincidences
the branch points of the »-fold covered curve C, and that consequently
the monodromy groups of the two »-fold covered curves are isomorphic.
The curves C on F in (1 — 1) correspondence with the curves C of 2 form
an irveducible continuous system X containing the linear system |C|.

6#
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It remains, however, to justify our assumption that X, itself is nof
complete, i. e. does not coincide with 2'. To this effect ENRIQUES makes
use of a reasoning tending to prove that the characteristic series of the
complete system X is the complete series g7~ 19, From this it would follow
not only that |C| is contained in a complete continuous system Z of
higher dimension than |C|, but also that Z'is of dimension 7 + ¢ and
therefore consists of oo? linear systems. It is this part of ENRIQUES’
proof that has been recognized later as insufficient.

A similar situation arises in the proof given by SEVERI, in which
no use is made of the multiple plane. Let X be a complete (in the
restricted sensc) continuous system of curves C, free from singularities,
and let |E| be a sufficiently general linear system, such that the series
cut out by |E| on a generic C is complete (for instance, a sufficiently
high multiple of the system of hyperplane sections of F). As C varies
in X', the linear system |D| = |E — C| varies or remains fixed, as mat-
ters may be, and gencrates a continuous system X, irreducible as a
totality of linear systems. Let 6 = (D - C) and let V be the continuous
system of all reducible curves D + C, where C is any curve in 2 and D
is any curve of |[E — C|. From ENRIQUES’ principle of degeneration it
follows immediately that V', obviously irreducible as a totality of curves,
coincides with the algebraic system of the curves E possessing ¢ double
points, or with one of its irreducible components if this system is
reducible. The curves of 2 infinitely near to a generic curve C + D
of Z| are curves E passing through the & intersections of C with D,
and it is clear that these curves, forming a linear system, cut out on C
characteristic sets of 2 on C. If we admit that this linear system coincides
with the complete system of the curves E passing through the O intersections
of C with D, it will follow, since |E | cuts out on C a complete series, that
the characteristic series of X on C is complete.

In both proofs we have, at the start, a linear system of curves (in
ENRIQUES’ proof the system of all plane curves of order 7, in SEVERI's
proof the system |E| on F), and then on the curves of this system a
certain number of algebraic non-linear conditions is imposed (4 variable
double points and s variable contacts with K in the first case, 8 variable
double points in the second case). Both proofs make use of the as-
sumption that in the algebraic system of curves thus obtained (or, if
this system is reducible, in one of its irreducible components) the linear
system of curves infinitely near to a generic curve of the system is
complete. SEVERI’s criticism (20) is to the effect that the available algebro-
geometric proof of this assumption fails if the characteristic series of the
considered continuous system X is special.

Let us examine, for the sake of concreteness, the second of the proofs
given above. If we refer the curves of |E | to the points of a linear space
S, (r is the dimension of |E |), the oo™ curves of |E | possessing a double
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point (in non-assigned position) will be represented in S, by an irreducible
algebraic hypersurface M. The tangent hyperplane at a generic point
of M is the image of the linear subsystem of |E| whose curves pass
simply through the double point of the corresponding curve E. The
system V of the curves C + D is represented by a multiple subvariety V
of M. Let Cy + D, be a generic but fixed curve of V, E,, its image point
on M, and Pj, ..., P} the double points of C, + D,. The totality
of all curves E possessing d double points and very near Cq+ D,
is represented in S, by the complete intersection of 8 analytic branches
M; of M, of origin E,, where M; (i =1, 2, ..., d) represents the curves
E very near E, and possessing one double point near P?. It is not
difficult to show that each M; is a branch of first order (a linear branch).
From the theory of systems of simultaneous analytic equations it is
well known that their complete intersection is composed of one or more
irreducible analytical branches, each of dimension =7 — 8. Since V
is complete, one of these branches is on V and represents the complete
neighborhood of E, in V.

What is the tangent space S, (¢ is the dimension of V) of V at E,?
It is well known that if the tangent hyperplanes of the branches M;at E,,
are independent (i. e. if the Jacobian of the corresponding § analytical
equations in r variables is of rank 0 at E), then the complete inter-
section of the branches M; is irreducible, linear, of dimension » — &
and possesses as a tangent space the intersection S, ; of the &
tangent hyperplanes just mentioned. Therefore in this case ¢ =7 — ¢
and S, coincides with S,_,. If, however, the above é hyperplanes are
dependent, they intersectinan S,_,, ¢ = 6, and S, either coincides with
or is a subspace of S,_,. Hence r —d=p=<r — 0.

If we recall that the tangent hyperplane of M; at E is the image of
the lincar system, oo™~1, of the curves E passing through the double
point P{ of Co 4+ D, and that therefore the intersection of these hyper-
planes is the image of the complete system of the curves E passing
through the double points of Cy + D, we conclude that the completeness
of the linear system of the curves C + D infinitely near Co + Dy can
be asserted only if the & double points of Coy + Dy impose independent
conditions on the curves E. If we suppose, without loss of generality,
that the series cut out by |E| on C, is non-special, and if we recall that
the series cut out on C, by the curves E passing through the double
points of Cqy + D, is the characteristic series of 2 on C,, we see that
the above condition is equivalent to the condition that the characteristic
series of 2 on Cy be non-special. On the contrary, if this series is special,
then the points P{ certainly do not impose independent conditions on
the curves E and a priori S, may not coincide with S,_,.

We point out that on surfaces for which p, > 0 it is this second alter-
native which always takes place. If, however, Py = 0, then the char-
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acteristic series of X is non-special, provided X' is sufficiently general,
for instance such that the system |C | determined by a generic curve of X'
is regular (IV, 3).

The above method of analytical branches (“metodo di falde analiti-
che”’) has been devised by SEVERI and applied by him to the study of
continuous systems of plane curves (see VIII, 4).

A rigorous proof of the existence on a surface of irregularity g of
continuous systems consisting of oo? linear systems was given for
the first time by POINCARE (8,9) (see VII, 5). POINCARE’s proof is
analytic and has been subsequently simplified by SEVERI (20) and by
LEFscHETZ (a). The system obtained by POINCARE as an immediate result
of his method is an irreducible system, oo?, whose generic curve is isolated
in the sense of linear equivalence. The value of the constructien of such
a system is greater than that of mere example; indeed it is an essential
step in the theory of continuous systems. We proceed to show that
from the existence of ome continuous system made up of oo? linear
systems, the existence of infinitely many analogous systems and the
completeness of the characteristic series of sufficiently general complete
continuous systems follow with relative simplicity by means of the
RIEMANN-RoOCH theorem.

Let {A} be the continuous system of POINCARE and let |C| be any
complete lincar system of arithmetically cffective curves, i. e. of char-
acters n, m, ¢ such that » — w4+ p, — 2+ 1=:0(IV,2). If 4 and 4,
are any two curves of {A}, then 4 -- 4., i.e. A, — A is algebraically
cquivalent to zero. From this it follows (section 2) that the a priori
virtual curve C + A, — A has the same virtual characters n, = as C.
As for its index of speciality, it obviously cannot be greater than the
index of speciality of the particular curve C + A; — 4, = C obtained
by letting A coincide with A,. Consequently C 4+ 4, — A is arith-
metically effective and therefore, by SEVERI’s criterion (IV, 2), the linear
system |C + A; — A is of dimension 0. We fix 4, and let 4 vary
in {4}. The linear system |C 4 A4, — A | generates then a continuous
system {C} (irreducible as a totality of linear systems), consisting of
oo? distinct linear systems (and therefore complete). We thus have
the following theorem (SEVERI, 5): On a surface of irregularity q every
complete linear system |C| of arithmetically effective curves belongs to a
complete continuous system {C} consisting of oo? distinct linear systems.

We observe that if the generic C is irreducible, then the characteristic
series of the gemeric system |C| contained in {C} has necessarily the
maximum deficiency ¢ and that the characteristic series of {C} on a
generic C is complete.

It is not difficult now to show that the system |C| of the preceding
theorem cannot belong to two distinct complete comtinuous systems (ir-
reducible as totalities of curves). For this it is sufficient to prove that
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any system X, irreducible as a totality of curves and containing
a curve C, of |C|, belongs to the system {C} of the preceding theorem.
Let C, be a generic but fixed curve of {C} and let B denote a variable
curve of . The system |C|= |C, + Co — B| is of dimension =:0
(since C; + Cy — B is arithmetically effective) and, as B varies in X,
generates a continuous system X', irreducible as a totality of linear
systems. The system Z” contains |C,| and consequently (section 2) is
contained in {C}, since C, is a generic curve of {C}. It follows that for.
any curve B of X' there exists a curve C in {C} such that |B|=|C,
+ Co — C|. As C varies in {C}, the system |C, + C, — C|, of dimen-
sion >:0, generates a continuous system X’/ irreducible as a totality
of linear systems and containing |C,|. Therefore X"/, and hence also
| B|, whére B i any curve of X, belong to {C}, q.e.d.

Corollary. Any complete continuous system {C}, whose generic curve
s arithmetically effective, consists of oo? distinct linear systems. If the
generic C s irreducible, then the characteristic series of {C} is complete
(SEVERTI).

Remark. 1f {C} is reducible as a totality of linear systems, it consists
of systems 2, 2,, . . ., irreducible as totalities of curves. 1t should then
be understood that by the characteristic series of {C} on a particular C,
belonging to a system 2, is meant the characteristic series of 2; on C.
Among the systems X there is one and only one, say &}, which is com-
posed of oo? linear systems. The preceding corollary asserts only the
completeness of the characteristic series of 2| on its gemeric curve.

From the preceding theorems concerning arithmetically effective
curves it follows that for these curves effective equivalence coincides with
algebraic equivalence (ALBANESE, 1). In fact, let A and B be arithmetically
effective curves, and let 4 = B. Then there exists a curve D such that
A+ D "B+ D. We may suppose that both D and A4 + D are
arithmetically effective. The systems {A4},{D},{4 + D} are then
uniquely determined and consist each of oo? linear systems. As D
varies in {D} the system |4 + D |generates the system {4 + D}. Hence,
for a given D, there exists a curve D, in {D} such that |4 + D| = |B
+ Dy|. But {4} is obviously generated by the system |4 + D — D|
as D varies in {D}. Consequently |B|is in {A} and 4 =B, q.e.d.

For the proof of the completeness of the characteristic series in all
its generality two steps in different directions are necessary: (1) to extend
the theorem to curves which are not arithmetically effective; (2) to
prove it for continuous systems, complete in the restricted sense. These
extensions are due to B. SEGRE (5). He has proved that the characteristic
series of any continuous system, complete in the restricted sense, on a generic
curve of the system, is complete. In the same paper SEGRE also proves
the following theorem, which is in part stronger than the preceding one:
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If C is an irreducible curve whose multiple points are all assigned and if
the virtual characteristic series of C effectively exists, then C belongs to at
least one continuous system, complete in the restricted sense, whose character-
istic series on C is complete. A weaker but more expressive form of this
theorem is the following: The effective existence of the virtual characteristic
series of an irreducible curve C is a sufficient (and obviously mecessary)
condition for the existence of an infinite irreducible comtinuous system
containing C.

4. The variety of Picarp. It is well known that on a curve of genus p
the oo® lincar series g"~? (n = p and fixed) form an algebraic p-dimen-
sional variety independent of # and hence birationally determined.
It is the JAcOBI variety J of the curve. The fundamental result of the
preceding section suggests the following generalizatiom to surfaces. If
a complete continuous system {C } on F is sufficiently general, for instance
if the generic C of the system is arithmetically effective, it consists of
oof? distinct linear systems. The g-dimensional variety of these linear
systems is algebraic and irreducible. We shall denote it by ¥,. Given two
systems {C} and {D} of arithmetically effective curves, it is possible
to set up a birational correspondence, depending on g arbitrary para-
meters, between the linear systems of {C} and {D}, as follows: We fix
arbitrarily a system |C | in {C} and a system [D|in {D} and we consider
as the homologue of a system |C| the system |D|=|D + C — C|. It
follows that the variety V, is birationally determined, being independent
of the particular system {C}, and that it admits a transitive continuous
abelian group of oot bivational transformations into itself (CASTELNUOVO, 9).
V,is called the variety of PICARD attached to the surface . PICARD (4, 5)
and PAINLEVE (1) have shown that any algebraic variety V, satisfying
the above conditions is abelian, i. e. that the coérdinates of a variable
point of ¥, can be expressed as 2¢-ply periodic functions of ¢ parameters.
Using this property of V, CASTELNUOVO (9) has been able to show that
the surface F possesses ¢ distinct simple integrals of total differentials
of the first kind (see VII, 3, p. 126).

5. Equivalence criteria. These criteria enable us to recognize when
two given curves A and B are equivalent, either linearly (4 = B) or
algebraically (A =B or A= B), and have been established by
SEVERI in several papers (10, 11, 12, 13). They are in part transcen-
dental (and for linear equivalence generalize to algebraic surfaces
the ordinary theorem of ABEL) and in part algebro-geometric. We
shall deal in this section with the algebro-geometric criteria, referring
for the transcendental criteria to VII, 3, p. 127, VII, 4. p. 131 and VII,
7, p- 143.

Criterion 1. Let X' be an irreducible (rational or irrational) pencil of
curves C, free from reducible curves. If two curves A, and A,, virtually free
from base points, cut out equivalent sets of points on every curve of X, then
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they are linearly equivalent to within curves of X, i.e. A, +Z‘C = A,
ZC” In particular, if X is rational (i. e. linear), then A, = A2 +AC,

where A is an integer. If in addition the linear pencil X, virtually free
from base points, is of positive degree (i. e. has at least one base point), then
A, = A, (SEVERI, 11).

Proof (ENRIQUES, a, p. 171). Let x be a variable point on a generic C
and let y(x) be the rational function on C whose zeros and poles are the
intersections of C with 4, and A, respectively. The function y(x) is
determined to within a constant factor. Let L be an arbitrary fixed
curve on F, such that (L-C) =4 >0, and let x,, x,, ..., x, be the
intersections of L and C. The function y,(x) = y(*)/(y(%) + - - -
+ y(x3)) %s ratidnally determined on every C and therefore defines a
rational function Y on F (since 2' is a pencil). The curve of zeros of Y
consists of the curve 4, and of the curves C; ({1 =1,2,...,a') of X
which pass through the intersections of L with A4,. Similarly, the polar
curve of Y consists of A, and of those curves C” (7' =12...,a"

of 2 whlch meet L m a set of points for which 2, y(x;) == 0. Hence
1=1

A +ZC =4, —I—ZC” If X' is linear, then any two curves C are

(.qulvalent and hence Ay = A, +AC. We have (4,+C) = (4, C)
+ A(C? and also, by hypothesis, (A, C) = (4,- C). Consequently, if
(C*» >0, then 1 =0, q.e. d.

If 2 contains reducible curves, then 4, and A4, are equivalent to
within curves of X' and components of the reducible curves of X.

If we replace the pencil 2' by an algebraic system, col, we have the
following more general

Criterion 2. If A, and A, cut out equivalent sets on every curve C
of an drreducible algebraic system X, ool, free from reducible curves, and
of degree >0, then A, = A,.

The proof is the same as that of the preceding criterion, except that
now, if 2'is of index » (see section 1), y, (x) defines a »-valued function
on F and it is therefore necessary to introduce the function Y, (x)
=y + 92 (@) + - + 90 (3).

If instead of having two curves 4, and 4, we have an irreducible
algebraic system S of curves 4 (so that we deal a priori with curves
which are already algebraically equivalent in the restricted sense),
the following stronger criterion holds:

Criterion 3. If the curves of S cut out equivalent sets on ome
trreducible curve of a linear pencil of degree >0, then S is contained in
a linear system (SEVERI, 10). A transcendental proof will be given in
VII, 3, p. 128.

We now pass to criteria of algebraic equlvalence
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Criterion 4. If A, and A, are two curves of the same order and if
(A?) = (4,- Ay) = (A)) = n > 0, then there exists a positive integer A,
such that AA, = AA, (SEVERI, 13).

Proof. Let [A;] = &; (1 =1, 2), a2 &, and let |E| be the system
of hyperplane sections of F. By hypothesis, (E - 4,) = (E « 4,), and this
relation continues to hold if we replace |E| by any multiple of |E]|.
Hence we may suppose that |E | is non-special and of virtual dimension
7 > 0, and that also the system |E,| = |E + tA; — tA,| is non-special,
for any value of the positive integer ¢. The curves of the systems
|E|, |Ey|, |Es]|, . . . areallof the same order, and the virtual dimension
of |Ey|is 7 + (43 — o)t = . It follows in the first place that |E,| is
effective, and moreover that «, — o;, since the dimension of |E,|
cannot increase indefinitely as ¢ increases. If the number of distinct
systems |E, | is finite, then there exists an integer 4 such that 14, = 14,.
If there are infinitely many distinct systems |E,|, we observe that
the curves E,;, being all of the same order, belong to a finitc num-
ber of complete continuous systems in the restricted sense. Let X
be one of these systems containing curves of infinitely many systems
|E,|. Let |E;|, |E,]|, (43>1%,) be two systems |E,| having curves
in Z, and let 7, be taken large enough that |(i, —4,)4,| = |14,]
is non-special. Using the hypothesis (43) > 0 it is then immedia-
tely seen that if D is any curve of X, then the system |C|= |E,
+ A4, — D| is effective. As D varies in X the system |C| varies in
a complete continuous system {C} (irreducible as a totality of linear
systems) containing |14, | (D —E;) and [14,|(D —>E,;), q.e.d.

Remark 1. 1f the condition #» > 0 is not fulfilled, then we consider
the curves A, = A, +tE, Ay = A, + tE. If ¢ is sufficiently high,
then (43 = (4, - 4,) = (4% > 0, and consequently 14, + ME = 4,
+ AtE, i. e. if the condition n > 0 is not fulfilled, we can only assert that
LA, = AA, (section 2). In this last form our equivalence criterion can
be immediately extended also to virtual curves 4,, A,.

Remark 2. If n > 0 and if one of the curves 4,, A, is free from compo-
nents of virtual negative degree (in particular, if one of these curves is
irreducible), then it is not necessary to use the hypothesis that 4, and
A, are of the same order (this hypothesis follows then a posteriors from
the other hypotheses of the theorem). As system |E| we may take
in this case the system |E|= |k(4, + 4,)|, where k is taken high
enough to satisfy the condition (E - 4,)[=(E - 4,) = 2kn] > (K- 4,),
(K-A4,), where |K| is the canonical system. Then it is immediately

1 That E, is non-special can be seen as follows: If |K| is the canoncial
system, we may suppose that (E - K) < (E%). If |E,| is special, then | E -+ ¢4, |
is partially contained in | K +tA4,|,i. e. |[E+4+ ¢4, + L| =K ++tA,|, where |L|
is an effective system. Intersecting with E we find (E?) + (L. E)= (K . E), hence
(L -E) <0, and this is impossible, since | E| is irreducible and of dimension >0.
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seen that all the systems |E,| = |E + {(4,; — 4,)| are non-special.
In fact, if |E,| is special, then |E + ¢4;,+ L| = |K + t4,|, where L is
an effective curve. Intersecting with 4, and 4, we find (L. 4,) <0
and (L- A,) <0, and this is impossible since one of the curves 4,, 4, is
free from components of virtual negative degree. It remains to observe
that if % is sufficiently high, then the virtual dimension of |E | is positive.
The rest of the proof is unaltered.

6. The theory of the base and the number @ of Picarp (SEVERI, 13,
16, 17). Definition. Given a set of (effective or virtual) curves Cy, C,, . . .,
C;on F, they are said to be algebraically dependent if there exist integers
2, %y, ... &, not all zero, such that 4,C; + 4,Cy + -+ -+ 4,C, = 0.

Let (C;-C;) = n;; and let m; be the order of C,.

Theoxem 1o A necessary and sufficient condition that the curves
Ci (6 =1,2,...,1) be algebraically dependent is that the matrix

‘ %isl| be of rank < 1 (SEVERI, 13).

"y
Proof. 1f 4,C, + - -+ + 4,C, = 0, then intersecting with C; and with
a hyperplane section E, we find

!
Zzljn;, =0,
=

@ ,
le m; = 0,
7=1

and hence the condition of the theorem is necessary. Conversely, let
m
not all zero, satisfying (4). The virtual curve C = 4,C, + 4,C, + - - -
+ 4, C; satisfies then the following conditions: (1) (C?) = 0, (2) (C - E)
= 0. The virtual curve I" which is algebraically equivalent to zero also
satisfies these conditions, and moreover (C.I') = 0. Hence, by the
criterion 4. of the preceding section, Remark 1, AC = AI',i.e. AC = 0,
q.e.d.

While necessary references to PICARD integrals will be found in
Chapter VII, we give below the theorem which establishes the connection
between SEVERI's theory of algebraic dependence and the transcendental
theory of PI1CARD and from which the existence of a base for algebraic
curves on F follows as a corollary.

Theorem 2. A necessary and sufficient condition that given effective
curves Cy, Cy, ..., C; be algebraically dependent is that there exist on I
a PICARD integral of the 3rd kind having the curves C; as the only loga-
rithmic curves (SEVERI, 13).

Proof. We first prove that the condition is necessary. Let 4,C,+4,C,
+ -+ 4 4,C;=0. The coefficients 4; cannot all have the same sign, since
the curves C; are effective. Let us suppose that 4;=0, wheni=1, 2, ..., ¢,

the matrix l be of rank </, and let 4,, 4,, . . ., ; be a sct of integers,
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t !

4<0,wheni=t+1,...,. Weput 4,=24C;, A,=—24C;, where
i=1 i=t+1

A, and 4, are therefore effective curves. From 4, = A, we deduce (see

section 2, p. 81), that there exists an effective curve D such that 4,+D||4,
+ D, i.e. that there exists an irreducible algebraic system Z', oo?,
containing the curves A, = A, + D and Ay = Ay, + D. The proof
now follows along the lines of a very fruitful reasoning employed by
HuMBERT (2). Let ¢ (£, %) = 0 be the non-homogeneous equation of
a curve whose points are in (1 — 1) correspondence with the curves
of X' (see section 1), and let a, — (&, %)), a, = (£3, 73) be the points
of @ which correspond to the curves A, and A4,. We consider a normal
abelian integral @ (&, 1)) of the 3rd kind attached to ¢, possessing at a,
and a, logarithmic singularities with polar periods +1,and -1 respec-
tively. If (§,;) (¢ =1,2,...,», where » is the index of X) are the »
points of ¢ which correspond to the » curves of X passing through a
point (x) of F, then it is immecdiately seen that the function J (x)

= >'®(&;, m;) is a PIcARD integral of the 3rd kind attached to F,
=1

possessing C; as a logarithmic curve with polar period 4;. As for the

auxiliary curve D, it is seen that its polar period is zero, and hence it is

not a logarithmic curve of J ().

We now prove that the condition is sufficient. Let J (x) be a PICARD
integral of the 3rd kind attached to F, possessing C,, C,, . . ., C; as the
only logarithmic curves with polar periods 4,, 4,, ..., 4, respectively. If D
is an irreducible curve on F meeting each C; in a finite number of points,
forming a set I';, then J (x) defines on D an abelian integral of the 3rd
kind possessing at each point of the set I'; a logarithmic singularity with
polar period 4;. Since the sum of the polar periods must be equal to 0.
we have

24 (Cy-D)+ -+ 4+ &(C,-D) - - 0.
If we take for D a hyperplane section E of F, we find
my 4 oo 4 hymy =0,

where m; is the order of C;. We now put |D|= |C; + pE| and we
observe that for u sufficiently high |C; + g E| is irreducible. We then
find !
‘zl.linij=0’ 1=1,2,...,1,
i<

where #;; = (C; - C;). It follows that the matrix " Z” " is of rank <!

J
and that therefore (theorem 1) the curves C; are algebraically dependent,
q.e.d.
In view of theorem 2, the existence of a base for algebraic curves on F
now follows as a corollary from the following
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3. Theorem of PICARD. There exists an integer 9 =0, such thal
given @ + 1 arbitrary curves on F there always exists a PICARD integral
of the 3rd kind of which they are the only logarithmic curve. On the contrary,
if the number of the given curves is =@, such an integral in general (1. e.
when the given curves are arbitrary) does not exist (PICARD and SIMART,
a,, Chap. 9). As a corollary we have the following

4. Fundamental theorem of the base. There exist on F g algebrai-
cally independent curves C,, C,, ..., C,, and every other curve C on F
is algebraically dependent on these @ curves, i.e. is connected to these
curves by a relation of the type

AC +4,C, + - +4,C, =0,

where ) and the'A;s arve integers and wheve ) 3= 0 (SEVERI, 13).

It is clear that, converscly, from the fundamental theorem of the
base follows the theorem of PicARD, in view of theorem 2. A direct
topological proof of the theorem of the base will be given in VI, 12.

The g curves Cy, Cy, . . ., C,are said to form a base. If (fl, Cy,...,C,

form another base, then 1,C; = ”C,, where 4, 4: 0 and |4y| 4 0
e

¢, 7=12 ..., 0. Convcrsoly, if these inequalities hold, then
Cl,(,z,.. C, form a base. Let (C;-C;) =, (C;-C;) = n;;. Then
(Ayhg . .. 2,)2 |n”] = |4;|? |n;;| and consequently, if the determinant
| n;;| of one base is 4-0, then the samc is true for any other basc. It
is always possible to find a base C,, C,, ..., C, such that one of the
curves C;, say C;, is a hyperplane section. Then m; = n,;, where m;
K2
| my
that |#;;| + 0. On the other hand, if ¢ curves C; are such that the
determinant |n;;| of their intersection numbers is different from zero,
they arc independent and therefore form a base. We have then the
following

Theorem 5. A necessary and sufficient condition that o curves C,,
Cs, ..., C, form a base is that the determinant | n;;| = |C;- C,| be different
from zero (SEVERI, 13).

Let F be birationally transformed into a surface F’ and let us sup-
pose that the transformation creates ¢’ new exceptional curves on F’,
while no exceptional curve of F is transformed into a point of F'. If C,,
Cs, ..., C, form a base on F, then it is seen that their transforms C;
and the above ¢’ exceptional curves form a base on F’. Hence, if o’
is the number of PICARD relative to F’, then ¢’ = ¢ + ¢’. This shows
that g 7s a relative tnvariant of F. If F and F’ possess a finite number
of exceptional curves of the 1st kind, say ¢ and e’ respectively, then
o +¢'=0'+ e, and hence o — e is an absolute invariant of F (SEVERI, 13).

is the order of C;, and since the matrix is of rank g, it follows
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o= ——— R

If F belongs to the class of ruled surfaces, it possesses a linear system
|E| of dimension =3 and a pencil 2 of curves C which are unisecants
of [E|. A base on F is given by a curve E, a curve C and by the ex-
ceptional curves of the st kind which are components of curves C of X
(SEVER], 2). In particular, if the curves C are straight lines, then p = 2.

The evaluation of ¢ for a given surface presents in gencral grave
difficulties. For hyperelliptic surfaces, see BAGNERA-DE FRANCHIS (1).

LEFsCHETZ (5, p. 359) has determined the value of ¢ for surfaces
variable in certain linear systems |E| in S;. He finds that if |E| is
simple, irreducible, and oc® at least, and if the base locus of the system
consists of % curves which are independent on a generic E and do not
contain any multiple base point of the system, then the generic E
contains only curves which are cut out by surfaces passing tkrough the
base curves, and for it @ == k£ 4 1. A closely related result is the first
complete proof (LEFSCHETZ, a, p. 108) of NOETHER’s surmise that the
general surface of order 4 in S; contains only curves which are complete
intersections with other surfaces of the space. This is proved by LEF-
SCHETZ for surfaces of any order m > 3.

We point out explicitly that in SEVERI’s definition of ¢ the surface F
is supposed to be free from singularities. If FF possesses isolated singulari-
ties, the invariantive definition of g requires that they be treated as in-
finitesimal curves. For instance, on a KUMMER surface a base is given
by one of its 16 conics and by the 16 double points, each considered as
a curve of virtual degree —2; hence ¢ = 17 (SEVERI, 16).

If C,,Cy, ..., C, form a base on F and if D and E are any two
algebraic curves on F, then AD =2'2,C;, pE =2 u;C; and Au(C- D)
=n; ;A u;, where n;; = (C;-C,). This important relation (SEVERI) is
a generalization of the formula of BezouT. For every base there is an
associated bilinear form ), x;y, which permits us to compute the
number of intersections of any two curves on F. The result is complete
especially in the case of ruled surfaces (SEVERI, 2) since then the base
is known.

ALBANESE (1) has shown that it is possible to choose a base C,, C,,

.,C, on F in such a manner that for every effective curve C on F
a relation of the type 4C =1,C, + . -- + 4,C, or even of the type
AC|[|4,Cy + - - + 4,C, holds.

Abase Cy, C,, . . ., C,is called intermediate, if for every C the integer
which occurs in the relation AC =14Cy+ -+ 4,C, is a divisor of
each 4; (SEVERI, 16, 17). The intermediate bases are those for which
the determinant |Ci+ Cj| = |m;| has a minimum value. If AC =
ApCy+ -+ - + 1,C,), then (C?) =X mg;u;p; = ¢(u). Thus for every
intermediate base there is an associate quadratic form > n;;%;%; = @ (x)
with integral coefficients. Two quadratic forms associated with two
different intermediate bases are equivalent (i. e. are transformable into
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each other by a unimodular transformation). SEVERI (17) has applied
the consideration of the quadratic form ¢ (x) toward the study of surfaces
(especially regular surfaces) admitting an infinite discontinuous group
of birational transformations into themselves.

The following application of theorem 2 is due to SEVERI and answers
a question raised by PicarRD. On a regular surface F algebraic equi-
valence coincides with linear equivalence (section 3). Hence if F is
regular and if J is the simple integral of the 3rd kind considered in
theorem 2, then 4,C, + 4,C,+---+ 4,C;=0. There exists then
on F a rational function R, whose zero and polar curves are among

the curves C,, ..., C,. The integral fI; (aR‘d + - aRl ) log R,

is of the 3rd kind and its logarithmic curves are among the curves C;.

Since the polar periods of log R, do not all vanish, there exists a suitable
linear combination J'= aJ — a,logR,, a & 0, such that one of the
curves C;, say Cy, is not a logarithmic curve of J'. If J’ still has loga-
rithmic curves, then C,, ..., C, are algebraically, and hence also line-
arly, dependent, and we may find, as before, a rational function R,
and constants a’, a] (4’ 4: 0), such that one of the curves C,, ..., C,,
say C,, is not a logarithmic curve of the integral a’'J’ — ajlogR,.
Proceeding in this manner we shall finally arrive at an integral of the
type I =cJ —c,logR, — c,logRy — - -- — ¢, log R, which has no
logarithmic curves at all and hence is of the second kind (VII, 1).
Since F is regular, I is necessarily a rational function on F (VII, 3),
and therefore J is a logarithmo-rational function on F. Conversely, if
every simple integral on F reduces to a logarithmo-rational function,
then every simple integral of the 2nd kind is a rational function on F,
and hence F is regular (VII, 3). Hence, a necessary and sufficient con-
dition that every simple integral on F be a logarzthmo-mtwnal function,
1s that F be a regular surface (SEVERI, 13).

SEVERTI's algebro-geometric theory of the base has been investigated
by LEFSCHETZ from a topological point of view (see VI, 12). His results
have thrown completely new light on the subject, by revealing wholly
unsuspected topological connections.

7. The division group and the invariant ¢ of Severt (SEVERI, 16,
17). Let {E} be a complete continuous system of curves E,, satisfying
the following conditions:

(a) A generic E, is arithmetically effective.

(b) The order of E, is greater than the order of the canonical curves K.
From (a) it follows that {E;} consists of oo? distinct complete linear
systems |E,|, and from (b) it follows that these linear systems are all
non-special. The curves E on F of the same order as the curves E, and
satisfying the conditions

(5) (E?) = (E- E)) = (Ej)
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separate into a finite number of complete continuous systems. Let

{E\}. {Ea}. ... . {Eo}

be these systems, where o is an integer =1. It is clear that each system
{E;} satisfies the conditions (a) and (b) and therefore consists of oo?
distinct linear systems. In view of the criterion 4 of section 5 we
have E; £ E,, },_,E;=4_,E,, where A,_; is a convenient integer
>1({=2,3,...,0). Since we are dealing with arithmetically effective
curves we may write (section 3, p. 87) E; + E,, 4_E;=4_,E,. We
have thus found on F ¢ — 1 virtual curves I;_, = E; — E, (i > 1),
which are divisors of zero with respect to algebraic equivalence, i.e.

such that Li+o, LI=0, 4>1, 1=1,2,...,0—1.

Every divisor of zero on I coincides with (i. e. is algebraicdlly equivalent to)
one of the above divisors I';. In fact, if I" is a divisor of zero, then the
virtual curve E, + I'is of the same order as E,, satisfies the conditions
(5) and is arithmetically effective. Hence the system {E, + I'} coincides
with one of the systems {E;}, i = 2, and consequently E, 4 [' = E;,
or I'=1T; |, q.e.d.

The ¢ — 1 divisors I are evidently all distinct. In fact from I'; = I
(¢ == 7) it would follow that E; = E;, and hence also E; =E;, and this
is impossible. The divisors I}, together with a curve I'; algebraically
equivalent to zero, form a finite abelian group G, of order o (since I'; + I
is also a divisor of zero), called the division group of IF'. We shall sec in
Chapter VII, 7 (p. 143) that G, coincides with the two-dimensional torsion
group of the surface. From the manner in which the number o has
been obtained it clearly follows that o is an absolute invariant of F under
birvational transformations. It is naturally independent of the system
{E,} used throughout the discussion. If the curves {E,} do not satisfy
the conditions (a) and (b), the number of systems {E;} may be different
from o (ALBANESE, 1). In that case, however, we would be dealing with
curves for which effective equivalence (=) is actually stronger than
algebraic equivalence. In order to arrive at the same number ¢ it would
then be necessary to deal with virtual complete system Vg, (section 2)
instead of with systems {E;}.

If C4, Cy, . . ., C, are g curves constituting an intermediate base and
if C is an arbitrary curve on F, then AC = A(4,Cy + --- + 4,C,),
A= 0, and consequently C = 4,C; + 4,C, + - - - + 2,C, + I, where
I, is an element of G,. The group G, is generated by a certain number &
of elements Iy, I, . . ., I'; of orders ¢, ¢,, . . ., t;, forming a base for G,.
The integers ¢; are the coefficients of torsion of F. It follows that every
(effective or virtual) curve is algebraically equivalent to a sum of multiples
of the ¢ curves C; and of the curves I}, I, ..., I';. This property
holds a fortiriors if the I7's are replaced by the o curves E,, E,, .. ., E,
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and if we suppose that C; = E,. The set of ¢ + ¢ — 1 curves C;, E,
(all effective) is said by SEVERI to constitute a minimal base.

GODEAUX (2, 3) has given interesting examples of surfaces for which
o> 1.

8. On the moduli of algebraic surfaces. In the theory of algebraic
curves the following facts have been rigorously established (see VIII, 4).
(1) An algebraic curve possesses only one numerical birational invariant,
its genus. (2) The birationally distinct curves of a given genus p form
one irreducible continuous system. (3) This continuous system is of
dimension 3p — 3 (p > 1). It follows that the birationally distinct
curves of a given genus p depend on 3p — 3 continuous parameters or
moduli, and that the birational equivalence of two curves of genus p
is expressed by 3p — 3 certain invariantive conditions: the equality of
their moduli. Although the moduli of algebraic curves have been
determined explicitly only for low values of the genus, nevertheless
theoretically the problem of the moduli of algebraic curves is thus
completely solved.

Much less is known on the similar problem for algebraic surfaces.
In the first place an algebraic surface posscsses several independent
numerical birational invariants. Those known include p,, $, and p®
(excluding the class of ruled surfaces), but there may be others, as
yet undiscovered. In the second place, it is possible that the surfaces,
whose numerical invariants have assigned values, form several ir-
reducible continuous systems or classes, complete in the invariantive
sense, and that these classes are of different dimensions. It is permis-
sible to speak of the moduli of any one of these classes of surfaces,
the number of the moduli being given by the dimension of the class.

The determination of the number M of moduli of a class of surfaces
was first treated by NoETHER. By making certain assumptions on the
postulation formulas, NOETHER shows that the regular surfaces for
which p, = p, = p >3 and @ > 5 depend on

M =10p — 2pW 12

moduli. ENRIQUES (14) treated the problem in all its generality and
arrived at the following result:

The surfaces with given pg, p,, PO (excluding the class of ruled sur-
faces) depend on

(6) M =10p, — py — 2pV + 12+ O

moduli, where ©—obviously an absolute birational invariant of the com-
sidered surfaces—is a non-negative integer.

We proceed to outline the proof. It seems to us that the proof
makes use of an assumption, which raises an interesting question and
which it would be highly important to establish with complete rigor.

Ergebnisse der Mathematik. 11I/5. Zariski. 7
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Having excluded the class of ruled surface, we may assume that
the surfaces of the considered class are free from exceptional curves
(IV, 4). We consider on a generic surface of the class a regular system
|C|, free from base points and of characters #, z, 7 (= 3), and we
transform birationally the surface into a surface F in S; by means of
a generic web extracted from |C|. We have here several variable ele-
ments: the web varies in |C|; |C| varies in a complete continuous
system {C}, consisting of oo?*~? complete linear systems; the sur-
face which carries |C| varies in the class considered. As these elements
vary, the surface F varies in an irreducible continuous system {F} of
surfaces of order #n = (C?). The system {F} is complete (in the sense
that it is not contained in a larger continuous system of surfaces of
order #, having the same characters p,, p,, p% as a generic F), and
furnishes a projective realization in S; of our class of surfaces. We
may assume also, by taking |C | sufficiently general, that the generic F
possesses ordinary singularities, i.e. a double nodal curve and a finite
number of ordinary cuspidal points.

If D is the dimension of {F} and if {F} contains oo® surfaces bi-
rationally equivalent to a generic F, then obviously

(7) M=D-S.

The consideration of the variable elements of the construction, mentioned
above, gives for S the following expression:

(8) S=dn—An+3p,+ b, +7—0,

where we assume that a generic F admils oo® birational transformations
into iself.

In order to evaluate D, we consider a generic but fixed sutface F,
in {F} and we introduce the characteristic linear system, of dimension
D — 1, cut out on F, by the surfaces F infinitely near F,.1

The surfaces F, infinitely near F,, pass through the double points
of F,, i.e. through the double curve and through the double points,
outside the double curve, which are infinitely near the cuspidal points
of Fy. It follows that these surfaces are adjoint surfaces of F,, of order n,
and that the characteristic curves are total curves of the system |C'+3C|
(C a plane section of F), constrained to pass through the cuspidal
points of F,, i.e. total curves of the system |C' + 3C |y, where H
denotes the set of cuspidal points of F.

Using the RiEMANN-RocH theorem we find:

) dimension of |C' +3C|=4n + 6n + p, — 4,

1 The notion of the characteristic linear system of a continuous system of
surfaces in Sy (or, more generally, on a V) is a straightforward generalization of
the notion of the characteristic series of continuous system of curves on a surface,
given in V, 1.
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and a simple calculation, based on the fact that the cuspidal points
are base points of the system of polar curves of Fy, leads to the follow-
ing expression of the number ¢ of cuspidal points:

(10) t=2n-+ 8m + 2pW —12p, — 22.

The ¢ cuspidal points may not impose ¢ independent conditions on the
curves of the system |C’ 4+ 3C| Let the number of independent
conditions be £ — @, @ .= 0. Then we have: dimension of |C’' +3C|g
= dimension of |C’ + 3C| —t 4 @, and hence, by (9) and (10),

(11)  dimension of |C’ +3C|y = 4n — 47w + 13p, — 2pV + 18 + 6.

Here @ appears as the superabundance of the system |C’ + 3C|g.

The gharactgristic curves on F, are total curves of |C’ 4 3C|g,
and hence the characteristic linear system on F,, of dimension D — 1,
either coincides with or is totally contained in |C’ + 3C|g. We have
therefore: D — 1 < dimension of |C’ 4 3C|y. At this stage of the
proof, ENRIQUES assumes that the characteristic system of {F} on Fg is
complete, and therefore coincides with |C’ 4 3C|y Under this as-
sumption, the above inequality can be converted into an equality.
Substituting into (7) the expressions of S and of D — 1, given by (8)
and (11) respectively, we find

(12) M =10p, — p, — 2pW + 124+ O + .

In general, the generic surface of the considered class will not possess
infinitely many birational transformations into itself. Hence ¢ =0
and we find (6).

The above assumption is in all respects similar to the assumption
of the completeness of the characteristic series of a continuous system
of curves, discussed in V, 3. A proof of the completeness of the cha-
racteristic system of a complete continuous system of surfaces in S,
(with ordinary singularities) is not likely to be an easy undertaking.

We take an agnostic attitude and we assume that the characteristic
system of {F} has a certain deficiency w = 0. The correct value of M
is the given by the right-hand member of (12), diminished by w. It
is therefore not possible to affirm that M is not less then 10p, — p,
— 2pW + 12,

For regular surfaces (p, = p, = p > 3) with an irreducible canonical
system (p@ > 5), the formula (6) becomes: M = 9p — 2pW + 12 4 6.
ENRIQUES shows that in this case @ =p + @', @ -0, and hence
M = 10p — 2p® 4 12 + @’. To within the additive term @’, this
expression of M coincides with the one given by NOETHER.

B. SEGRE (7) generalized the inequality of ENRIQUES, @=p, ex-
tending it to irregular surfaces. He proves that if p, > p,, then

(13) O=2p,—p,—1.
7#
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We conclude this section with a few remarks, which will illustrate
from another point of view the question of the completeness of the
characteristic system of {F}. We project the surfaces of {F} from a
generic fixed point O of the space on to a plane 0. The generic sur-
face F is represented in this manner upon the #-fold covered plane o.
The branch curve 4 in o, section of ¢ with the tangent cone of F of
vertex O, possesses a certain number of nodes and cusps. As F varies
in the complete system {F}, 4 varies in a continuous system {4}. The
system {4} is complete, i.e. it is not contained in a larger continuous
system of curves of the same order and with the same number of nodes
and cusps as a generic 4. This statement, due to ENRIQUES (16),
follows from the fact that the conditions of existence of an n-tuple plane,
with a given branch curve, do not vary as the branch curve varies continuously
without acquiving new singularities (ENRIQUES, 16). These conditions
involve only the fundamental group of the residual space of the curve
with respect to its carrying projective plane (VIII, 1), and this group
is not altered by an isotopic deformation. If then {4} were not complete,
our system of #-tuple planes, i.e. the system {F}, could not be complete.

Let F, be a fixed generic surface in {F} and let 4, be the corres-
ponding branch curve in {4}. Let moreover D, be the polar curve on
F, with respect to the pole O. To a surface F, infinitely near F,,
there corresponds a branch curve 4, infinitely near 4,, and it is
seen immediately that the intersections of F with D,, outside the fixed
points (i.e. outside the cuspidal points of F,), are projected from O into
the intersections of A with A, outside the fixed intersections at the nodes
and the cusps of 4,. 1t follows that the sevies cut out on Dy by the char-
acteristic system of {F} on F,, outside the cuspidal points of Fy, is project-
ed into the characteristic series of {4} on 4,.

Now it can be easily shown that if |C| is taken in a sufficiently
general manner (for instance, if |C|, in addition to being regular, parti-
ally contains the canonical system), then the system |C’ + 3C| cuts
out on D, a complete non-special series [see for instance, B. SEGRE (7)].
In this case, also |C’ + 3C |4 cuts out on D, a complete series, of
which @ is the index of speciality. It follows that if the characteristic
system of {F} on F, is complete (and hence coincides with |C’ + 3C|g),
then the chavacteristic series of {4} on A, is also complete.

We prove that conversely, if the characteristic series of {4} on A4 is
complete, them also the characteristic system of {F} on F, is complete.
From the hypothesis it follows that the characteristic system on F,
cuts out on Dy a complete series. In order to prove that the characteristic
system on F, coincides with the complete system |C’ + 3C|g, it is
therefore sufficient to prove that the residual systems of these two
systems with respect to D, coincide. In other words, We have to prove
that the characteristic system on F, contains every reducible curve Dy+C,,
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where Cy 1s any curve in |C|. If C, is a plane section of F, the state-
ment is immediate: the curve D, 4+ C, is the section of F, with the
surface F obtained by applying to F, an infinitesimal homology whose
center and plane of invariant points coincide with the point O and
with the plane of C, respectively. If C, is not a plane section of F,,
we consider the linear system X, oo, determined by C, and by the
web of plane sections of F,, and we transform F, birationally by means
of this system into a surface F§ in an S, containing the space S, of F,.
The surface F, is the projection of F§ from a certain point P, outside
F}, and to the hyperplane sections of F§ there correspond on F, the
curves of 2. We may assume that in these correspondence the curve C,
corresponds to and hence coincides with the section of F§ by the space S,
of Fy. Letp be the line joining the point O to the center of projection P,,.
Projecting F¥ on to the S, from a variable point P of p, we obtain
in S; a continuous system, oo!, of surfaces F contained in {F}, and it
is immediately seen that as P approaches P;, the corresponding sur-
face F, infinitely near F,, cuts out on F, the curve D, 4+ C,, q.e.d.

We conclude that the assertion of the completeness of the character-
istic system of a complete continuous system of surfaces with ordinary
singularities in S, is equivalent to the assertion that the characteristic
series of a continuous system of plane curves with nodes and cusps is
complete. At present it is possible to prove the completeness of this
series only if it is nom-special (VIII, 5). However, in the case of the
system {4}, with which we were dealing, the characteristic series is
certainly special. In fact, the index of speciality of this series equals @,
and we have @ z=-2p, — p, — 1, if p, > p, (B. SEGRE), and @ = p,
if p,=p, =p>3,1e. @>0in all but a few insignificant cases.

Chapter VI.

Topological properties of algebraic
surfaces.

1. Terminology and notations. In the following exposition the
fundamental notions of Analysis Situs will be assumed known. The
terms and notations are as in LEFSCHETZ, e. For the convenience of
the reader we give a list of those most frequently used in the sequel.

E,, an oriented n-cell.

K, , an oriented n-complex (a set of distinct cells of dimensions
0,1,...,m).

Cp, a p-chain; C, =ﬁl,-E]‘,, where the 4s are integers %0, and

=1 .

El, EZ, ... Ejr are the p-cells of K,.
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F(C,), the oriented boundary of C,; in symbols: C, — F(C,).

I,, a p-cycle (I, — 0).

I, 0 (I', is homologous to zero) means that there exists a C,.,
such that C,,; —> I.

T, & 0 (homology with division allowed) means that ¢t I, ~ 0, where ¢
is an integer. If Iy~ 0 and I’y o¢ 0, I, is called a divisor of zero.

C, - C,. the sntersection of two chains C,,C, on K, (p + q=mn).
If g=n —p, then (C,- C,_,) is the KRONECKER index, or the inter-
section number.

Circust: a complex K, in which every (#n—1)-cell is incident with
an even number of #n-cells and whose n-th Betti number mod 2 is 1.

M,, an n-dimensional manifold.

2. An algebraic surface as a manifold M. The 4-dimensional real
variety in (1, 1) continuous correspondence (without exceptions) with
the points of an algebraic surface F, free from singularities, is topolo-
gically determined and is called the Riemannian variety of F. We shall
denote this variety by the same letter F. F, and more generally, the
Riemannian variety of any algebraic variety can be triangulated and can
therefore be covered by a complex (VAN DER WAERDEN, 2; VAN DER
WAERDEN, 5, where the author points out and corrects an error in his
preceding paper; for analytical manifolds, see LEFSCHETZ, e; KOOPMAN-
BrowN, 1; LEFSCHETZ-WHITEHEAD, 1).

If F is free from singularities in S, or with ordinary singularities in Sy,
then it is possible to represent the complete neighborhood of any point P
of F by means of regular analytic functions of two complex parameters »
and v, x;=f;(#,v) ({=1,2,...,7), the Jacobian matrix of the
7 functions f, being of rank 2 at the initial values #?, v°. Consequently
the neighborhood of Pis an E,, and since F has no boundary, it follows
that F is an absolute M,.

If F possesses singularities, the singular locus L of F is two-dimen-
sional at most. Hence the preceding consideration shows that in all
cases F is a 4-circuit (LEFSCHETZ, e, Chapter 1), and F — L is an open
M,. The point P being simple (i. e. not on L), and %, v, as above, let
% = 4, + tu,, v = v; + tv,. The 4 real variables taken in the order
%,, %y, ¥y, V3 determine an orientation in the neighborhood of P. This
orientation is invariant under regular analytic transformations of the local
coordinates w,v. In fact, if w = u, 4 14,V = v, + v, are new co-
ordinates at P, then

d(y, Uy, Uy, %) _ |d(%,0) 2

d(ula Ug, U1, v‘l) o d(u: v) i
and the statement follows from the known fact that transformations
with positive Jacobian preserve orientation. Thus, the analytic character
of V, fixes at each point of V, an intrinsic orientation, and the intrinsic
orientations at two distinct points of ¥, are analytical prolongations

>0,
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of each other. Hence F (or F — L) is orientable. In a similar manner
it is possible to define the intrinsic orientation of any analytic manifold
(LEFscHETZ, e, Chapter 8; vAN DER WAERDEN, 2).

8. Algebraic cycles on F and their intersections (LEFSCHETZ a, 9).
Among the cycles I, on F of particular interest are the algebraic cycles I'y,
i. e. the cycles represented by or homologous to effective or virtual
algebraic curves. If I'y is algebraic, then I'y co 274, I'i — > p; '}, where
the I')’s and the I',’s are effective algebraic curves traced on F. The
algebraic cycles on F form a modulus (LEFSCHETZ, e, Chapter 1).

Given two effective algebraic curves Iy, I';, the KRONECKER index
(I'y - I';) is the algebraic sum of the intersection numbers (or of the
indices) relative to their distinct common points. Let us suppose that I
and I'; have at gach common point a simple point with distinct tangents.
Then the contribution of each intersection is 4-1. It is not difficult
to show that the various indices are either all 41 or all —1, and that
consequently, for proper orientations of I'; and Iy, (I, - I) is equal to
the number of intersections of I'y and I'y. The proof of this remarkable
theorem (LEFSCHETZ, a, 5,9) to the effect that the algebraic number of inter-
sections of two effective algebraic curves on F is equal to the arithmetic number
of their intersections, is extremely simple (LEFSCHETZ, 9). Let u = u,
+ iu,, v = v, + iv, be the local codrdinates at a common point P of the
two curves, and let @ (%, v) = @, (%;, 145, vy, Vs) + 1@q (4, U, V1, Vo) =0
and g (%, v) = Y, (uy, 4y, Uy, V) + $Pa (14, thg, v;,vy) = O be the equa-
tions of I'; and I' respectively. Since P is a simple intersection it follows

that ZE") w) < 0 at P and that @ and y are analytically independent.

We take @ and 9 as new local codrdinates at P, ¢ as an analytic parameter
on I'; and v as an analytic parameter on I';. The intrinsic orientations
of F, I';, I'; are then given by the real codrdinates @,, @, Y1, ¥a;
Y1, Ya; @1, @, Tespectively, in the orders written. The coritribution of P
to (I'y-I}) is seen to be +1, q.e.d.

The extension to the case of a multiple intersection P can be derived
without difficulty by replacing I', and I in the neighborhood of P
by approximating complexes presenting only simple intersections
(VAN DER WAERDEN, 2; LEFSCHETZ, d, Chapter VIII). It is not difficult
to see that in our case we may choose a set of linear algebroid branches
to represent these complexes.

Corollary. If I'y is an effective algebraic cycle (i. e. ~ to an effective
algebraic curve), then I'y56 0. In fact, if I, ~ 0, then (Iy- I)=o0
for any cycle I', on F, and this is impossible, since I’ is met in a certain
number of points by a hyperplane section of F.

4. The representation of F upon a multiple plane. We take as a
projective model of F a surface

0 f(x,9,2)=0
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of order # with ordinary singularities in S;. We suppose that the poly-
nomial f is of degree # in z (the point at infinity O, on the z-axis is not
on F). The surface F is mapped by (1) upon the n-tuply covered plane
(#,y). The branch curve D of the n-valued function z is obtained by
eliminating z between (1) and df/0z= 0 and by neglecting in the
resultant R (x, y) the factor corresponding to the apparent branch curve,
i. e. the projection of the double curve of F. We shall denote the order
of D by m.

The lines of the space which are either bitangents of F or have
with F at least a 3-point contact (stationary tangents) make up a finite
number of line congruences (of dimension 2), and hence there is a finite
number of such lines on a generic point of the space. Hence we may
suppose that at all but a finite number of points of D two and, only two
values of z coincide, i. e. that D is a simple branch curve. Incidentally,
the monodromy group of z, being primitive and containing transpositions,
is the symmetric group of degree #.

The consideration of the surface dual to F shows that the generic
tangent cone of F is irreducible. Hence we may suppose (although it
is not essential) that D is irreducible. D necessarily possesses singularities.
In general, i. e. if F is the generic projection of a surface free from sin-
gularities in S,, =5, D possesses only ordinary double points and
cusps, corresponding to the bitangents and the stationary tangents
of F on 0,. The number of cusps can be evaluated and shown to be
always >0, if » > 2.1 This also follows from a theorem on the fun-
damental group G of D with respect to its carrying complex projective
plane to the effect that if D is irreducible and possesses only ordinary
double points then G is cyclic (Zariski, 3; see VIII, 2).

5. The deformation of a variable plane section of F. Let p be the
genus of a generic plane section of F and let {C.} denote the pencil
of curves C, cut out on F by the planes x = const. We assume that:
(1) the point at infinity on the y-axis is not on D; (2) the tangents of D
parallel to the y-axis are all simple tangents; (3) none of the principal
tangents at any multiple point of D is parallel to the y-axis. Let x = «;
be the tangents of D parallel to the y-axis, ¢ =1,2,..., 4, where u
is the class of D, and let B,, B;, ... be the abscissas of the multiple
points of D. If

(2) @ (x ) =0
is the equation of D, we shall have then that ¢ is of degree m in y and

1 The number of cusps of D is r + 7 — 1+ m/2, where & is the genus of
D and 7 is the number of cuspidal points of F; yr=2u(n - p — 1) + 4d 4 6¢,
where u is the order of the double curve, 4 is the number of its apparent double
points and # is the number of its triple points (ENRIQUES-CHISINI, a,. See also
SEVERI, 22, for a functional interpretation of the above reldtion between the
number of cusps of D and the number of cuspidal points of F).
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that x = «; is a simple branch point of the function y defined by (2).
The branch points of the function z of y, defined by the equation ofa (3,
1%, 3,2 =0,
are the roots ¥, s, - - -, ¥m of @(%,y) = 0. For x = &; two and only
two branch points y; coincide.and C,,, is of genus p — 1, having acquired
a new double point O; (at the point of contact of F with its tangent
plane x = ;). On the contrary it is immediately seen that the curves Cg,
are of the same genus p as the generic plane section of F, provided
that the singular tangent at each cuspidal point of F is not parallel to

the z-axis.

We fix a generic curve C, in the pencil {C,} and we cut the plane
of the complex variable x open into a 2-cell E, along a set of simple
arcs I;, I}y joining a to the points &; and B; and having only the point &
in common. We suppose that as we turn about a in the counterclockwise
sense we first encounter the arcs /;,/,, . . ., [, in the order written and
then the arcs J;. As x varies on E,, the boundary included (but ex-
cluding the vertices «;), C, preserves its genus and thereforc remains
constantly homeomorphic to C,. We now suppose that we have fixed
a homeomorphism between C, and any C, so as to have a definite
isotopic deformation of C, into C,. This will allow us to follow contin-
uously and in a definite manner the variation of any locus on C,, in
particular of any cycle of C,, as x varies on the closed E, (excluding
the vertices ;). Let R, be the n-sheeted RIEMANN surface of C,.

We fix a typical n-sheeted RIEMANN surface R, with branch points
t,t3, ..., t,, homeomorphic to R, and similarly connected and we
denote by T, the homeomorphism between R, and R, which is the
product of the homeomorphisms between R, and R, and between R,
and R,. If P, is any point on R, the point T}, (P,) varies continuously
as x varies. There is however a discontinuity along the cuts J;, ;. If »
is on one of these cuts it corresponds to fwo points on the boundary
of E, and consequently there arc two distinct homeomorphisms between
R, and R,, say T, and T},. The point x = a corresponds to the u + u’
vertices of E, (4’ is the number of points f;) and we have u + u' distinct
homeomorphisms between R, and R,.

The homeomorphism 7', degenerates as x — «;, since R, and R,
are not homeomorphic. We may, however, assume that T, degenerates
in the following manner. Let y; and ;, be the two branch points of R,
which tend to coincide as ¥ — «;, and let #;, ¢, be the corresponding
branch points of Ry. Then we may assume that 7', is (1, 1) and con-
tinuous, except that to the double point O; of C,, there corresponds
on R, a certain cycle d{ relative to an open arc in the #-plane joining
t; and ¢;, while to the points of R,, which overlap O,, on the other
n — 2 sheets thefe correspond on R, # — 2 non-singular 1-cells having
no points in common.
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In a similar manner T}, will be (1, 1) and continuous, except that
to a certain number n’ <7 of distinct overlapping points of Rp, there
will correspond on R, #»’ non-singular 1-cells having no points in com-
mon.

Given any chain C) on R, (assuming a certain subdivision of R,
and hence also, in virtue of T, of R,), we shall denote the corresponding
chain T,(C,) on R, by Cj or simply by C,. We observe that if CJ is
a one-cycle $°, then even without T, the cycle ¥ is known to within a
homotopy as a definite sum of loops g; (* =1, 2, ..., m), where g; is
a loop in the plane of the variable y issued from the point at infinity
and surrounding the branch point y;.

6. The vanishing cycles d; and the invariant cycles (PICARD, a,,
Chapter IV; LEFSCHETZ, a, 4, 5). We consider the cycles §} (1 =1,2,..., )
introduced in the preceding section and the corresponding cycles

; = T,(6}) on C,. Asx — w; the cycle d; shrinks to the double point O;
of C,,. Consequently 6;~0 on F. On the contrary d;+ 0 on C, if >0,
since ; is a cycle surrounding two branch points of R, at which the
same two sheets are interchanged, and it is well known that such a
cycle is o0 if R, is of genus p > 0 (it is possible to find a cycle on R,
meeting ; in only one point).

If y,is an arbitrary 1-cycle on R, and if x is on the cut /;, we have
on R, two corresponding cycles y = T,(y,) and 9’ = T, (¥,). As
x turns about «; in the counterclockwise sense, the cycle y is deformed
into 9’. During the deformation the branch points y; and y; are inter-
changed and from this it is easily seen that ' differs from y by a multiple
of 8;, 9’ =~y + k6; on C, (PICARD), and that the integer k is the Kronecker
index (y - ;) (LEFscCHETz). Hence

3) Yoy + (y-6) 6 on C,.

In particular, d; is snvariant (to within a homotopy) in the neighborhood
of &;, i.e. 8~ 6; on C,. This follows immediately from the definition
of §; and is in agreement with the well known fact that for any 1-cycle y
on R, we have (y?) = 0.

If % is on the cut /;, it is seen immediately that 9"~ 9 on C,. Hence
in regard to homologies on C, there is no essential discontinuity along the
cuts 1.

Finally, on C, there correspond to y, pcycles y =%, 9", ", ..., y*=D,
where
“ PO oo pt=b 4 (1. 67) & on C,.

A path in the x-plane which turns about all the branch points «;
leaves invariant each 1-cycle y. Hence

() (-oNof+ (-0 + - + (PP 8) 0~ 0 on G,
for any cycle ¥ on C,.
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From the preceding considerations it follows that a necessary and
sufficient condition that a cycle y on R, be invariant in the whole x-plane
s that all the KRONECKER tndices (y-6;) (1 = 1,2, ..., u) vanish.

Given an arbitrary chain C) on R,, the corresponding chain C, on R,
generates, as x varies on the oriented E,, a chain C,.,. The boundary
of C,,, consists of the following chains: (1) the locus of C, as x varies
on the boundary of E,; (2) the chain C, ., generated by the boundary
I',_; of C, as x varies on E,. Let C, and C), denote the chains which
correspond to C) when x is on a cut /; or ;. Then the part (1) of the
boundary of C,,, is a sum of chains C%,,, C%,,, where C, ,, for in-
stance, is the locus of C, — C, as x describes the cut /; from a to «;.

Let us consider in particular the case of a 1-cycle C, = y. Then the
part (2) of the boundary of C4 is not present. The part (1), the sum of
the chains C{?, C§", is now a cycle I, on F. By a deformation it is
possible to replace this cycle I, by a homologous cycle of simpler
nature. Let in fact C§ , be the 2-chain on C, which, in view of (3),
is bounded by the cycle ' — y — (y6;)J;, when x is on /;. Similarly,
let C§ , be the chain on C, bounded by y'— p, when x is on /. Let
moreover 4; denote the 2-chain generated by d; as x describes the cut
J;. The consideration of the boundary of the 3-chain generated by C3’ ,
and CY,, as x describes the cuts /; and /; respectively, shows immedia-

tely that ﬁ:(y - 6;)4; + a certain 2-chain on C, is a 2-cycle homologous
i=1

on F to the above cycle I',. Indicating always by (C,) a chain on C,,
we have therefore the following important homology:

©) F(C) ~3(y-8)4i + (C) on F,
i=1

where Cy is the locus of y as x varies on E,.

Corollary. If y is an invariant cycle then Cy is a cycle I'y. In fact,
the indices (y - §;) are then all zero and hence (6) becomes F (C;) « (C,).
Since C,, is irreducible, the only 2-cycles on C, are the multiples of C,.
Hence (C,) =1C, and since C,##0 on F (section 3, Corollary) it follows
that £ =0, q.e. d.

7. The fundamental homologies for the 1-cycles on F. Let I'; be
an arbitrary 1-cycle on F, P a variable point on I and C, the curve
of the pencil {C,} passing through P.! Let us first assume that I is
a simple circuit. Then we may suppose, deforming I if necessary,
that it is on a base point 4, of {C,} and that it touches there C,. We
join 4, to P by an arbitrary simple arc % on C, which varies continously
as P describes I;. Let A’ and A’ be the initial and the final position

1LIf I is on'a base point 4; of {C,} the curve C, passing through 4, js
defined as the limiting position of C, as P — 4,.
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respectively of the arc & aus P describes [, startig from the point 4,
and returning to it. Choosing properly the arc 4, we may assume
that A’ reduces to the point 4. Then the two-dimensional locus of &
is bounded by Iy — 4, and hence I} c> 4" on F. Since any 1-cycle
consists of a finite number of simple circuits, we have therefore the
following theorem:

Any 1-cycle of F is homologous on F to a 1-cycle lying on a generic C,
(PICARD, a,; LEFSCHETZ, a; SEVERI, 12).

It clearly appears from the above proof that in the last theorem the
pencil {C,} may be replaced by an arbitrary irreducible linear pencil of
curves, of positive degree. In this general form the theorem is due to
SEVERI (12), whose proof is transcendental. We shall prove later (VII, 7, )
that if the pencil is of genus 7 there exist exactly 2 independent cycles
of F which ave not homologous to cycles belonging to a generic curve of the
pencil.

Let 9,, %5, .- ., Y2, be a minimal base of 2p 1-cycles on C,. By
the preceding theorem they also form a base for the 1-cycles on F.
As cycles on F they are connected by the u homologics, ; ~ 0 on F,
where §; should be expressed in terms of the p/’s.

The following theorems hold:

a. Any homology between the 2p cycles y; is a consequence of the
homologies 8; ~ 0, which therefore constitute a fundamental set of homologies
for the 1-cycles of F. Consequently, if among the cycles 6; there are 2p — r
which are independent on C,, then R, =r, where R, is the one-dimenstional
BETTI number of I.

b. There are exactly v invariant cycles independent on C,.

c. These v invariant cycles are independent also on F.

d. 7 is even.

The theorems a. and b. have been proved by Picakp (a;, p. 96;
a,, p-398) and LEFSCHETZ (a, Chapter II) by transcendental and topo-
logical methods respectively. The theorem c. is stated in PICARD
(ag, p- 397) under an equivalent form, but, contrary to common
belief, is given without proof. The only existing proof of c. is there-
fore the topological one due to LEFSCHETZ (a, Chapter II). The brief
transcendental proof given by LEFSCHETZ (a, p. 62) cannot be ac-
cepted because it is based on the unproved statement of PICARD
(see VII, 2, p.122). Picarp’s proof of a. will be given in VII, 2.

In the topological treatment the derivation of theorem b. comes first
and is immediate. Let 2p — 7 be the rank of the matrix ||(v- )|,
(k=1,2,...,2p,i=1,2,...,p), and let, for instance, |(¥;- )|,
k,i=1,2,...,2p —r, be the (2p — 7)-row minor of the matrix
which is different from zero. It is well known that if a given cycle y on
a RIEMANN surface R is such that (y-9’) = 0 for any »’ on R, then’
y~0on R. From this it follows that the cycles y;, ¥s, . . ., Y2p-, and
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also the cycles 6,,0,, ..., 0,,_, are independent on C,, and that the
cycles 0gp_y11, - . ., 0, depend on the cycles 8,,9,, . .., 05,_,. In order
2

?
that a cycle y = 2 ¢;y; be invariant it is therefore necessary and sufficient
j=1
that (y-6;) =0fori=1,2,...,2p—r. This gives 2p — 7 independent
2
equations ﬁ(y,-- 0)t;=0,1=1,2,...,2p —r, in the ¢/s, admitting

i=1
v independent solutions, q. e. d.

The starting and most difficult point of the proof of the theorems
a., c., d. is the following

Lemma. If y~ 2,0, + 4,0, 4-+ -« + Ay, 05, _, on C, and if y is
an invariant cycle, then y ~ 0 on C, (LEFSCHETZ, a, p. 25).

The proof ob this Lemma is rather involved and consists in showing
that the locus of the invariant cycle y as C, varies is a cycle I’y homologous
to zero on F. From I'y~ 0 on F it follows immediately that y ~ 0
on C,, since y = I;-C,.

Let now %1, %5, . . ., ¥, be the r independent invariant cycles of C,
(theorem b.). By the above Lemma the 2p cycles 6,,9,,...,8;,_,,
Y1 - - -, ¥, are independent on C,. Hence the determinant of their inter-
section numbers does not vanish. Since each y; is invariant, (y;- ;) =0
for any 7 and j, and the above determinant is the product of the two
determinants |(d;- 6;)|, |(¥:- ¥;)|. Consequently

(7) 1(:-8)| +0, i,i=1,2,...,2p—7,

(7) |@-¥)| + 0, ii=1,2,...,7.

Since we are dealing with skew-symmetric determinants [(6;- d;)
= —(d;- 6;)], it follows that 7 is even, and this proves theorem d.
Let I'; be the 3-cycle generated by the invariant cycle y; (section 6,
Corollary). The intersections of I and 9}, where ¥} is on a fixed C,,
are the intersections of y; with y; = I'j - C,. Hence (y;- I'}) = (¥ ¥})
and consequently, by (7), |¥:- I{| 4 o.
Suppose that ¢,y + -+ + 49,0 on F. Then it would follow

that ﬁti @#-T§ =0,1=1,2,...,7, and consequently ¢ =1, = --
=1

=t, = 0. Hence the cycles %1, .. ., ¥, are independent on F, and this

proves theorems c. and a.

Remark. The theorem a. also follows directly from the theorem
proved by VAN KAMPEN (1) (see also ZARISKI, 3) to the effect that a
complete set of generating relations for the fundamental group of the
residual space of the branch curve D (section 4) is given by the generating
relations relative to the multiple points of D and the tangent lines
x = «; (see VIII, 1).

8. The reduction of F to a cell. (LEFSCHETZ, a). As a preparation
for what follows we undertake the cutting of F along certain 3-dimen-
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sional loci so as to reduce F to a 4-cell. For this purpose we cut open C,
along 2p independent cycles (retrosections) y; = y,, all issued from
a base point 4, of {C,}. The result is a 2-cell EZ. However, to avoid
the other base points 4,, ..., 4,_, being interior points of E3 we add
to the cuts y, other cuts ¢, (s = 2, 3, . . ., #), where ¢, is an arc joining
A, to A,. As x varies on the cell E, (section 5), E7 generates a 4-cell E,.

We use the following

Lemma. Given a complex K and a subcomplex L of K, such that
K— L is homeomorphic to an open cell, every chain on K, of dimension lower
than K — L, can be deformed continuously on K into a chain on L. During
the deformation the points on L may be supposed to be fixed. This lemma has
been used frequently in various instances under one form or another,
but in the above general form is due to EHRESMANN, (1).

In our own case K is F and the subcomplex L of K is made up of the
following loci:

1) The loci D;, Dj of C, as x describes the cuts /; and J; respectively.

2) The loci G, H, of y, and c, respectively, as x varies on E,.

We add the following remark concerning the deformation of the arcs
c,. Let

2p n
l=121,,y,, + 2 -
2

Then F(l) =Z,L¢,-A,- — (g + -+ M) Ay F 0, unless py = -+ = p,

= 0. Reasoning as in section 6 we see that as x turns about a branch
point «;, Jis increased by (£ - 6;)0;. Let us suppose that / is an invariant
1-chain. If not all the y;'s are zero, its locus Cy as x varies cannot be
a cycle, because its intersection with a generic C, is /, which is not
a cycle. On the other hand the formula (6), applied to / and to its locus
Cs, shows that the boundary of C, is homologous to a chain (C,) and
hence to a multiple of C,, and this is impossible since C, 4 0 on F.
Consequently, if I is invariant, then all the coefficients u; are zevo and | is
a cycle. It also follows that the matrix
(ya+ 0y) | . .
", h=1,2,..., ;1=2,%,...,m,1=1,2,..., U,
- 8) 1,2 2p;7=2,3% 1,2 u
is of rank 2p — v + n — 1 (LEFSCHETZ, a, p. 31).

9. The three-dimensional cycles. The loci H, are 3-cells and so
are the loci G, of the cycles ¥, cut open at 4,. Since we have assumed
a certain subdivision of C,, we also have a subdivision of D; and Dj into
3-cells, each 3-cell being the locus of a 2-cell of C, as x describes a cut
l; or I;. Consequently any 3-chain C; on L is of the following form:

(®) Co= 'ﬁm + 3, -3¢ - ﬁésf,
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where C} (or Cy) is the locus of a chain C} (C¥) on C, as x describes J;
2p n

(or %). We have C;-C, =2 1,9, + 2 #,c,, and if C, is a cycle Iy
1 z

this intersection must be a 1-cycle, i.e. gy =--- = pu, = 0. Hence
every I'y on L is of the following form:

2 Lo
8) Iy =246, — 2 Ci— 2> CY,
1 1 1
and
2p
(9) I-Co=y=2hn.
1

2p
The boundary of 2 4, G, is the locus of ¥ as x describes the boundary of
1

E,. That portion of it which corresponds to the cut / is the locus of
¥’ — v as x describes this cut (section 6). This locus must coincide with
the boundary of Ci, i. e. with the locus of F (C}) as x describes /;. Conse-
quently Ci— 9’ — v, 9"~y on C,, and hence y is an invariant cycle.
Conversely, if the cycle y given by (9) is invariant and if we define C}
as the chain on C, (x¥ on /;) which is bounded by the zero-cycle ' — y
(a similar definition holds for C%), then (8') yields a I.

If y~ 0 on C, then all the coefficients 4, are zero, the right-hand
member in (8') disappears and consequently I’y 0. Conversely, if
I'; ~ 0 then I'y bounds a chain C, on F. Intersecting with a generic C,
we find y ~ 0 on C,. Consequently there are as many independent cycles
I’y on F as there are invaviant cycles y on C,, i.e. Ry = R, (= r). This
is one of the duality relations of POINCARE.

10. The two-dimensional cycles Every chain C, on L (section 8)
is clearly of the form

15 # "® " .
C, = ;CQ + Zl:Cé’ + (Co) *;(Cm) — ;(Cﬂ,),

where C} (or C¥) is the locus of a 1-chain C} (or C{’) on C, as x describes
the cut /; (or ) and where (C,) denotes a 2-chain on C,. In order that
C, be a cycle Iy two things are necessary. In the first place the boundary
of C} must consist at most of a sum of multiples of the base points
Ay, A,, ..., A,. In the second place Cj must reduce on C,, to the boun-
dary of (C,,), i. e. at any rate to a 1-cycle o 0 on C,,. From this it follows
first of all that Cj is a 1-cycle on any C,. The only 1-cycles on C, which
reduce to zero-cycles on C,, as x — «; are the cycles which are homo-
logous to a multiple of §;. Hence Cj ~£8; on C,. In a similar manner
it can be shown that C{ is a 1-cycle ~ 0 on C,. The consideration at
the end of section 6 can now be applied and it follows that

(10) Ty~ 344, + (C) on F.
1
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The condition that the right-hand member should represent a 2-cycle
can now be derived immediately. Intersecting I', with C, we see that

the chain (C,) must be bounded by the cycle y =ﬁt¢6“‘ , and hence
1

y e~ 0 on C,. Conversely, if ¥ ~ 0 on C, then (10) represents a 2-cycle
provided we take for (C,) the 2-chain on C, which is bounded by .
Hence every cycle I'y on F 1s of the form (10), with the necessary and suffi-
cient condition that!

Il
(11) Dt,0i ~0onC,.
1

If a cycle I'yon L is ~0on F, it bounds a 3-chain C;. By the Lemma
of section 8 this chain can be deformed into the complex L, its boundary
I, remaining fixed. Hence I’y ~ 0 also on L. From tHe expression (8)
of an arbitrary 3-chain on L it follows immediately that

"
(12) It = (y4-0)4; 4 (C,) 0 on F, h=1,2,...,2p,
1
(12) I3 =3(c,-0) 4, + (Co) ~ 0 on F, s=2,....m,
1

and also, by the preceding remark, that these homologies constitute a
fundamental set. Hence a necessary and sufficient condition that the
cycle (10) be ~ 0 on F is that the coefficients t; be the intersection numbers
of a I-chain | with the cycles 0%, where

29 n
! =21,}'h7h +2),,“aca-

As a check on (11) we point out that in this case (11) becomes
2 (=Y. 6 ~0 on C,,

where # = [% and /', 1", ..., I*"D are the transformed chains on C,,
and that if / is a cycle y, this is nothing but the homology (5) of section 6.
Obviously the proof of (5) can be repeated without modifications if ¥
is replaced by any chain /.

We may now evaluate the BETTI number R, of F. Since the number
of independent cycles §; is 2p — 7, the number of independent sets of
integers 4, ¢y, . . ., ¢, for which (11) is satisfiedis y — 2p + 7 = u — 29
+ R;. The number of independent homologies in (12) and (12') is 2p
+ n — 1 — &, where £ is the number of independent invariant 1-chains
! (i.e. such that (/- d;) = 0 for all #’s). Hence

Ry=(u—2p+R, +1)—(2p+n—1)+§&,

1 It is not permissible to replace in (11) C, by C, and to write 34,3, 0 on
C.. because df is obtained from @ by a deformation along a path in the x-plane
which depends on i. This becomes clear if we recall that there are u distinct homeo-
morphisms T% between R, and R, (section 5) and that §§ = T%(3)).
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where we add 1 to 4 — 2p + R, to account for the 2-cycle C,, cor-

responding to 4 = - .- =1{, = 0. Now from the remark at the end of
section 8 it follows that & = 7. Substituting we find
(13) Ry=p—4p+2R —n+2.

There follows an expression of R, in terms of the invariant I = g — »
— 4p of ZEUTHEN-SEGRE (III, 8), due to PICARD and ALEXANDER (1):

(13) Ry =1+ 2R, + 2.

This expression of I in terms of topological invariants of F yields the
proof of the relative invariance of I under birational transformations.

We observe that I +4 =Ry — R, + R,— Ry + R, (Ry = R, = 1) is
the EULER-P0INCARE characteristic of F (ALEXANDER, 1).

11. The group of torsion. We suppose that the subdivision of C,
satisfies the following conditions: 1) each base point 4, of {C,} is an
interior point of a 2-cell of C,; 2) no two base points are on the same
2-cell; 3) all 2-cells of C, are oriented alike (i.e. as C,). Let E3
(s =1, 2,...,n) be the 2-cell containing 4,. If I', is any 2-cycle on F,
we can write

(14) I ~ D't:4; + ((Cl) +ZI/4.E;,
8=

where ((C,)) denotes a 2-chain on C, in which the cells E§ do not occur.
The cell E} has the point 4, in common with a generic C,, the inter-
section number (E¥- C,) being +1. Hence

z,
(My-Cr) =,u’=;1‘u,.

Let us consider the zero-cycles I'}, I'§, given by (12) and (12'). They

are obtained by deformation from the cycles F(G,), F(L,). Using a

fundamental boundary relation (LEFSCHETZ, e, p. 169) we find:
F(Gn+Cq) = G- F(Cp) + F(Gy) - C,,
F(L,-C,)=L,-F(C,)+ F(,)-C,,

or (since G+ C, = yp, L,- C, = ¢, and F(C,) = 0) F(y,) == F(G,) - C,.

F(c,) = F(L,) - C,, or finally, since I (y,) = 0, F(c,) = 4, — A,,
Ir}.c,=o, I;-C,=4,— A4,.

It follows that

(15) I} = zfm .80 ds + ((C.),
(15) y = z: (c0+ &) A + ((Ca) + E3 — EL.

Using (15’) and the homology I'§ > 0 (s = 2, ..., #) we may eliminate
from (14) the cells E§ (s = 2,...,#) and we find for any cycle I a
reduced form: -

Iy~ SHdi+ (C) + W E}.

Ergebnisse der Mathematik. 1II/5. Zariski. 8
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If I~ 0, then p' = (I';- C;) = 0. Moreover, if I'y ~ 0, then we must
have

2 n
ﬁzm.- +((Ca)) = 21,%1’; + 300y,

and this must be an identity in the 4;’s and in the cells of C,. Conse-
quently all the coefficients #, are zero, so that if I’y ~ 0, the reduced
form of I', must be a linear combination of the cycles I} alone. It
follows that in order to obtain all two-dimensional divisors of zero
it is sufficient to consider the homologies

F4‘=§(y,.-ai)4¢+<(ca)>~o. h=1,2,...,2p.

The two-dimensional torsion coefficients of F are therefore the invariant
factors t,, t,, . . . of the matrix || (yy + ;)| which are greater than 1. The
product ¢ = #4,... is the order of the group of torsion.

We now pass to the one-dimensional zero-divisors. The fundamental
2

homologies are 6;~0 (1 =1,2,...,u). Let §; Nzl:'ﬂihy,,. The retro-
T

sections p,, satisfy the well known relations (y;-¥;4,) = +1(=1,2,...,9),
(vi-¥) = 0,if § — 4 &= =p. Hence i = —(Vh1p- %), f_’i, rtp = (Va %)
(h=1,2,...,9). If we put for simplicity Yp.p = V1, ¥s = — Va+p
(h=1,2,...,p), the fundamental homologies become

2p B
21, (yu+0) 7 0.

Consequently, also the one-dimensional torsion coefficients are the invariant
factors of the matrix ||(y; - 8;)|| which arve greater than 1 and therefore
coincide with the two-dimensional torsion coefficients.

There are no 3-dimenstonal zero-divisors. This follows directly from
section 9 and from the fact that C, does not carry one-dimensional
zero-divisors. We have already proved that R, = R (section 9). We
have thus established for algebraic surfaces all the duality theorems of
POINCARE.

12. Homologies between algebraic cycles and algebraic equivalence.
The invariant @,. Two algebraic cycles D, and D, which are algebraically
equivalent (D, = D,) (V, 2) are clearly also homologous, D; ~ D,. In
fact, if D, = D, there exists a curve D such that D, 4+ D ||| D, + D
and hence D, + D can be deformed into D, + D. LEFSCHETZ (5, a)
has proved by transcendental methods that conversely, if D, ~ D,
then D, = D, (p.143). ALBANESE (4) pointed out that the weaker form of
LEFSCHETZ’s theorem, corresponding to homology ~ with division allowed,
follows from SEVERI’s arithmetic criterion of algebraic equivalence (V, 5,
criterion 4). In fact, if Dy~ D,, then (D,:C)=(D,~C), where C is an
arbitrary curve. Hence D, and D, have the same order and moreover
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(D) = (D, - Dy) = (D)), and from this it follows that 1D, = 1D,. From
LEFSCHETZ’s theorem it follows that the number @ of PICARD gives the
maximum number of algebraic cycles which are independent with respect
to homologies, and hence g appears as the BETTI number of the algebraic
modulus on F (section 3).

Let C,,Cy,...,C, be g algebraic cycles forming a base (V,6).
We complete these cycles by R2 — @ = @ cycles I§ so as to have R,
lndependent 2-cycles on F. 1t is clear that no combination of the cycles I
is algebraic. Since |(C;- C;)| = 0 we may replace the cycles I’y by other
independent cycles I¥ such that (I'§-C) =0 (1=1,2,..., @0
j=1,2,...,0). We suppose that the original cycles T already satisfy
this condition. It is then seen that any 2-cycle I', whose algebraic
number of intersections with amy algebraic cycle is zero (and for
this it is sufficient that (I' C;) =0, 7=1,2,...,0) necessarily
depends on the cycles Iy, i.e. Al + A, T3+ -+ 4, I'f°~0 on F,
i%o.

In particular I, may be a zero-divisor (A> 1,4, =--- =4, = 0).
A remarkable result concerning the 2-dimensional zero—dlvxsors of F,
due to LEFSCHETZ, is to the effect that they are all algebraic (VII, 7, c).

The number g, of independent non-algebraic cycles on F acquires
a definite significance in the theory of double integrals of the second
kind attached to F, and from this theory it readily follows that gqisan
absolute tnvariant of F under birational transformations (VII, 10). From
an intuitive standpoint the absolute invariance of g, is indicated by
the fact that in a birational transformation of F into a surface F’ the
only new 2-cycles created on either F or F’ are the fundamental cur-
ves of the transformation, and therefore the new 2-cycles are all al-
gebraic. Hence R, and g are both increased or diminished by the same
amount, namely by ¢’ — ¢, where ¢, ¢’ denote the number of exceptional
curves of F, F’ which are transformed into points, and the difference
R, — p = g, is invariant.

A rigorous topological proof of the absolute invariance of g, has
been given by LEFSCHETZ (10).

13. The topological theory of algebraic correspondences (LEF-
SCHETZ, 9). Given two curves f, (¥;, ¥;) = 0 and fy(%,, y5) = 0 of genera
$, and p, respectively, the two equations f; = 0, f; = 0 define a surface
F in S, (%, Y1, %3, ¥2), called the surface of the (non-ordered) pairs of
points of the curves f, and f,. The points of F are in (1, 1) continuous
correspondence with the pairs of points P,, P,, where P, is on f, and P,
is on f,, and by this property F is birationally determined. As a Rie-
mannian variety F is the topological product R, X R, of the RIEMANN sur-
faces R,, R, of f, and f, respectively (LEFSCHETZ, e, Chapter V). The
surface F is characterized by the property of possessing two pencils
of curves K, and K,, such that the curves of one pencil are unisecants

8'
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of the curves of the other pencil. A curve K, (or K,) is the image of the
set of point-pairs (P;, P,) where P, (or P,) is a fixed point on f, (or.f,).
The pencils are of genera p, and p, respectively. An algebraic corre-
spondence between f, and f,, of indices m, and m,, is represented on F
by an algebraic curve C, whose points are the images of the pairs of
homologous points of the correspondence. We have obviously (C - K;)
=y, (C: K,y =m,.

It is seen from these preliminary remarks that the consideration
of F reduces the study of the algebraic correspondences between f, and
/2 to the study of the algebraic curves which can be traced on F. From
this point of view the surfaces of the pairs of points of two algebraic
curves have been studied by C. SEGRE (1), DE FraNCHIS (1), MARONI (1),
PICARD (2, 4), HUMBERT (1), especially and systematicajly by SEVERI (2).
It was precisely the theory of correspondences, especially the problem
of constructing a base for the singular correspondences between two
curves, that led SEVERI to his general theory of the base. SEVERI’'S
paper goes as far as it is possible to go by means of strictly algebro-geo-
metric methods. However, to obtain a base he had to fall back on the
transcendental theory of correspondences developed by HURWITZ in his
fundamental paper (1).

In (9) LEFSCHETZ derives again the main results of HurwiTZ and
SEVERI in a purely topological manner and as a mere application of his
basic coincidence and fixed point formula for topological transformations
of manifolds (LEFSCHETz, 7, 8; e, Chapter VII). LEFSCHETZ's methods
have proved very effective both in this specific domain and in later
applications by HoDGE toward the solution of a fundamental question
of the theory of double integrals of the first kind (VII, 8).

We fix a fundamental set of 2p, 1-cycles ¥} and of 2p, 1-cycles 5
on f, and f, respectively. It is a simple matter to show that every
cycle I', on F depends on the products Iy X I',_,,, where I'; is a cycle
on f, and I';_, is on f,. Minimal bases for the cycles of different dimen-
sions are therefore the following:

1. I-cycles: the 2, cycles 6} = ¥} x P,and the 2p, cycles §; = P, X %3,
where P, and P, are fixed points on f, and f, respectively. Hence
Ry = 2p; + 2,.

2. 2-cycles: the 4p,p, cycles I'$7 = y;x ¥} and the cycles 4, = f, X Py,
Ay = P, X fy. Hence Ry = 4p,p, + 2.

3. 3-cycles: the cycles y; X fyand f, X ¥;. Hence Ry = 2p, + 2p, = R,.

There are no zero-divisors (LEFSCHETZ, a, Chapter III): this is implied
by the absence of zero-divisors for f, and f, (LEFSCHETZ, e, Chapter V).
The orientation of 8} and &} is determined by the orientation of ¥} and ¥;.
We define the orientation of I'j7 by the condition (y; X Q;- @y X ¥}) = +1,
where Q, and Q, are any two points on y} and y; respectively. In a
similar manner the orientation of the remaining cycles can be defined.
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The order in which the two curves f, and f, are considered affects only
the orientation of the cycles Iy

Let 9%, 9 be any two 1-cycles on f;, ¥2 9? any two 1-cycles on f,,
and let I'y=y'xy?, Iy, = p1 x 2 The following intersection formulas
can be easily derived:

(16) (Lg-Ty) == -2 ¥,
(16,) ([z'A1)=(P2‘A2)=O
(16”) (4}) = (4) =0;  (4,-4y) = +1.

From (16') and (16") it follows that if I', is any 2-cycle on F and if
(I'y- 4;) = oy, (I'y- 4y) = 0, then

(17) , , Lo oAy agdy +Z‘e,,1'”

Let, in particular, I', be the image of an algebraic correspondence T
between f, and f,. Every 1-cycle ! on f, is transformed into a cycle Ty?
on f,, in the sense that as the point P, varies on ! the corresponding o,
points T (P,) on f, describe paths whose sum is a cycle. The effect of T’
on the 1-cycles on f, is fully described by its effect on the cycle 9},
i. e. by a matrix , where

2P, A
(18) Ty, 3¢y, i=1,2,...,2p.
7=1

The following relation can be proved:
(19) Ly X 9% = —(Ty*+y%).
Putting in this relation 9! = 9}, and 92 = ¥} and using (16), (16’), (18),
we find
.
(20) eyl vd) = i; ens (V5 + vi)-
%, 1=
Let e=|&;ll, Ci=!li-¥)ll, Ca=1(i-¥)[. It is well known
that Cj (the transposed of C,) = —C,, C3 = —C,, and that det. C,
= +4det. C, = £1. Hence C;! and C;! exist and we may write (20)
in matrix notations as follows: CieCy = —C,6Cy = ¢cC,, or
(21) —C,e=c, e= —Cle.
This shows that the effect of T on the cycles ¥} on f, (indicated by the
matrix ¢) determines completely the cycle I (i. e. the matrix &) and
conversely. If we consider the inverse correspondence T-!, we will
have a corresponding matrix ¢, where T-19; v > G, 7:. Replacing
in (17) I'¥ by I'j* = y} x p{ = —I'}7 and € by —¢’ and repeating the same
reasoning we find
(22) t=C,cCi.
Let T, and T, be tvo correspondences between f, and f,and let I} = o} A
+olAy+ 2 € I§ (h =1, 2) be the corresponding cycles on F. The
Y
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number of common pairs of homologous points of T, and T, is given by
the KRONECKER index (I} - I'}), and by a simple calculation it is found
that

(23) (I'}-I'Y) = abad + ol a3 — trace Cye{ Ci' ey,

a formula due to Hurwirtz. If T, and T, coincide, the index (I'y- I)
gives the virtual degree of the correspondence.

The preceding considerations may be applied without modification
to the case in which the curves f, and f, coincide. F represents then the
ordered pairs of points of one and the same curve f = f; = f,. In this
case the identical correspondence I is of particular interest. It is
represented by a cycle 'y A, + A, + 2 el; 1, where & = —C?

1

¥
= —C;! (since ¢° is the unit matrix). The number ¢f coineidences of
any correspondence T is given by the KRONECKER index (I'-I"), or
in view of (23), b

®, + x4 — tracec,
a well known formula due to HurwiTz. In particular, if T is a valence

corvespondence, i.e. if the matrix ¢ is a multiple of the unit matrix
(ciy=0,if¢ 4 7,¢;; = —g, where g is the valence of T), then we obtain

A non-valence correspondence is called singular. However, if we
deal with distinct curve f,, f,, we call singular a correspondence for
which & 3= 0 and hence also ¢ 3= 0. If € =0, T is called an ordinary
correspondence. For two coincident curves this definition of an
ordinary correspondence leads to correspondences with zero valence.

The problem of the existence of algebraic correspondences between f,
and f, reduces from the topological point of view to the following
question: under what conditions is a cycle I'y, given by (17), algebraic?
The answer is provided by a general theorem of LEFSCHETz to the
effect that a necessary and sufficient condition fora cycle I'y on a
surface F to be algebraic is that the corresponding period of any double
integral of the first kind vanmish (VIL, 5). Let uj, 4] (6 =1,2,..., 9
7=1,2,...,p,) be the abelian integrals of the first kind attached to
f and f, respectively, and let w, = || @}/, w; = ||@f;|| be the corre-
sponding period matrices. It can be easily shown that any double
integral of the first kind attached to F depends on the integrals [ [ du} du?.
Integrating along I', and noting that u} is constant on A4, and ] is
constant on A4,, we find

/‘;[dul du = Zsﬂv wl[l w]‘l

Hence the required necessary and sufficient condition is the following
well known matrix relation (Hurwitz, Scorza, RoSATI):

(24) W Ewy = 0.
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If (24) is satisfied, I', may be @ priori a virtual curve and in order to
obtain an effective curve, corresponding to a solution & of (24), it may
be necessary to add to I'y a sum of multiples of 4, and 4,.

The number 4 of independent solutions & of (24) is called by Scorza
the simultaneity index of w, and w,. If &' and €% are two dependent
solutions of (24) (A,&! + 4,2 = 0) and if I'y and I' are the cycles
relative to the correspondences T, T,, then A,[y + 4,15~ f,4,
+ Bad,, i.e. the correspondence 4, T, + 4,T, is ordinary, and conse-
quently the correspondences T, and T, are dependent in the sense of
Hurwitz. There exist then 4 independent correspondences between f,
and f,. The corresponding cycles I'} and the cycles 4, and A4, con-
stitute a minimal base for the algebraic cycles on F. Hence ¢ = 4 4+ 2,
where @ {s the number of PIcARD.

Chapter VII.

Simple and double integrals
on an algebraic surface.

1. Classification of integrals. a. Simple integrals. A simple integral,
or integral of total differential, attached to an algebraic surface F,
f(x,y,2) =0, is an integral of the form

(z,y,2)
(1) I=[Q(x y 7dx+ R,y 2)dy,
(Zo, 1.Io. 20)

where Q and R are rational functions of x,y, z satisfying the inte-
grability condition (298 = 001:, the derivatives being evaluated by

considering z as an implicit function of x and y. These integrals have
been introduced by PICARD (a, 2, 3, 4). The integral I may possess
on F either polar or logarithmic singularities, and their locus is referred
to respectively as the polar or the logarithmic curve of I. The integral
is of the first, second or third kind according as it possesses no singularities,
polar singularities only, or logarithmic singularities. An integral I
of the first or second kind is also characterized by the condition that

[ dI =0 for any I-cycle I'y on F which is homologous to zevo. If I
is any simple integral and if I is any 1-cycle on F, the integral (a1

is called the period of I relative to I'y if I 96 0 on F, a logarithmic period
if Iy ~ 0. A simple integral I without periods (i. e. whose periods all
vanish) is a constant, a rational function or a logarithmo-rational function
on F, according as I is of the first, second or third kind.
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Given s simple integrals I,, I,, . . ., I,, they are said to be dependent
or independent according as there does or does not exist a linear
combination > '4;I;, with constant coefficients not all zero, which is
without periods.

b. Double integrals. These integrals, which are of the form

() J=/[R(x, y,2)dxdx, (R, a rational function)

have been introduced by CLEBscH and NOETHER. It is understood that
the domain of integration is any analytical 2-chain C, on F not meeting
the polar curve of R, including perhaps the curve at infinity of F.

If the domain of integration is a cycle I',, then fd J is called

a restdue or a period relative to I'y according as I', is or is npt ~0. If
I, is deformed without meetmg the curve of discontinuity of the integral,
the residue or the period is unaltered.

The integral ] is of the first kind, if f dJ is finite for any analytical

E,
2-cell E;. The integrals of the first kind are of the form / % dx dy, where Q

is an adjoint polynomial of order » — 4, # being the degree of f (CLEBsCH).
It is clear that every residue of these integrals vanishes.

J is of the second kind if for any point O on F there exists an im-
proper integral, i. e. an integral of the type

(55 + 55 axay,

such that the difference of the two integrals is finite at O, i. e. finite
for any analytical E, in a sufficiently small neighborhood of 0. The
double integrals of the second kind are also without residues and are
characterized by this property (theorems 3 and 5, section 9).

This classification of simple and double integrals is invariant under
birational transformations.

2. Simple integrals of the second kind. Given any R, + 1 simple
integrals of the second kind, where R, is the one-dimensional BETTI
number of F, there will exist a linear combination of these integrals,
with coefficients not all zero, whose periods all vanish, and which
reduces therefore to a rational function. Hence F possess at most R,
independent simple integrals of the second kind.

For the proof that there exist on F exactly R, independent simple
integrals of the second kind we show that there exists such an integral
with R, arbitrary periods (PICARD, a;, p. 99). From the fact that the
adjoint surfaces of a sufficiently high order of F cut out on a generic
plane y = const. the complete system of the adjoint curves of the
corresponding plane section C,, of F (I1I, 3), it follows that it is possible
to find 2 adjoint polynomials @ (%, y, z) (¢ is the genus of C,) such that
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for y generic and fixed the 2p abelian integrals of the second kind
) L= (28280, k=122,

attached to the corresponding curve C, are independent. We apply the
considerations of VI, 5,6 to the pencil {C;}. Let 8,,..., 8, be the
vanishing cycles of C,, y an arbitrary 1-cycle on C, and let £;;, w,
be the period of I, relative to d; and ¥ respectively. These periods are
functions of y. As y turns around the critical point y = «;, the cycle y
is increased by (y - 8;)6; and hence w, is increased by (y- 6;)8;;. It
can be proved that (y — o;)w, approaches zero as y approaches «;.
Consequently we have in the neighborhood of «,

-

@) @) = i) + 220,09 - 10g by — ),

where }(y) is regular at «;. At y = oo w,(y) possesses a pole of
order s; — 1, if the order of Q4 is n — 3 4 s, (PICARD, a,, p. 428).
If s, <0, then w, (y) vanishes at y = oo.

Let &,,...,0;,_, be the 2p — 7 independent cycles d; and let us
complete them by » other independent cycles 9. ..., 9, so as to have
2p independent cycles. Let Bjy; be the period of I, relative to y; and
let ¢, .. ., ¢, be 7 arbitrary constants. We consider the system of linear
equations in the unknowns a,, ..., ay,:

a2 (y) =0, i=1,2,...,2p—7,

2p
P
2
ﬁahB,,, y) = ¢, 7=1,2,...,7.

The determinant of (5) is not identically zero since the 2p considered
cycles &;, ; are independent, and consequently for a generic y there
is a unique solution a,, ..., 45,. From the fact that in the first 2p —7
equations the constants in the right hand members are all zero and also
in view of the fact that the cycles d5,, _,.1, ..., §, depend on the cycles
6y, ..., 05y, it follows immediately that the system (5) is invariant
in the neighborhood of each critical point y =«; (( =1,2,..., 4).
Consequently the a,’s are uniform functions of y in the whole plane,
and since they obviously do not possess essential singularities it follows
that each a;(y) ¢s a rational functwn of v.
The abelian integral

I=a @)1+ - +l12p(y)lg,, =fRdx,

where R =2 a, 0;/f., has all its periods relative to the vanishing cycles
equal to zero, and its periods relative to cycles 9,,... %, are the 7
arbitrary constants c;. We obtain a simple integral « of a total differential

(5)
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of the second kind attached to F and having the same periods ¢; by
putting
uw=[Rdx + Sdy,

where
P n (z,2)
1
s=1 @2 .[R(x,y,z)dx,
=1 (%o, z1)
%, being a fixed value of x and zy, . . ., 2, being the roots of the equation

f(%o,v,2) = 0. The rationality of the function S follows from the
constancy of the periods of the integral I. Since r = R,, our theorem
is proved. We observe, however, that the above result yields also a
transcendental proof of the relation » = R;. In fact, since there exists
a simple integral with » arbitrary periods, it follows that r 5= R, and
consequently 7 = R, since by VI, 7 the cycles ,, ..., y, form a fun-
damental set of 1-cycles on F.

The question as to the invariant cycles assumes from the trans-
cendental point of view the following form. If y is an invariant cycle,
then the corresponding period w(y) of any integral I of type (3) is a
uniform function in the whole plane; hence, by (4) and by the remark
on the behavior at y = oo, w(y) 4s a polynomial of degree s,_,. The
number of independent invariant cycles is therefore equal to the number
of independent periods of I which are polynomials in y. We have seen
in VI, 7 that this number is » = R,, a result which PICARD (a,, p. 389)
also obtains by means of the differential equation of order 27 satisfied
by the 2p independent periods of I (equation of Fucus-PicarD). In
view of the preceding considerations it is clear that for the proof of
the theorem c. of VI, 7, to the effect that these invariant cycles are
independent on F, it is sufficient to show that there exists on F a simple
integral with arbitrarily assigned periods relative to the invariant cycles,
or, what is the same, that there exists an abelian integral I of type (3)
attached to C,, having zero periods velative to the vanishing cycles 0; and
arbitrarily assigned constant periods velative to the v imvariant cycles.
Under this equivalent form theorem c. of VI, 7 is stated without
proof in PICARD (a,, p. 397). It would be interesting to find a trans-
cendental proof of this theorem.

8. On the number of independent simple integrals of the first and
of the second kind attached to a surface of irregularity q. The fun-
damental theorem. The existence of a possible connection between
the irregularity ¢ of a surface and the number of the integrals of the
first and of the second kind attached to the surface was indicated by
early results of HUMBERT and ENRIQUES, and thereafter the establishment
of the exact nature of this connection was the object of investigations
by ENRIQUES, CASTELNUOVO, SEVERI, PICARD and®POINCARE. The
combined efforts of these authors have led to the following
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Fundamental theorem: An algebraic surface of irregularity q
possesses exactly q independent simple integrals of the first kind and 2q (= 7)
independent simple integrals of the second kind.

A first result in this direction was obtained by HUMBERT (2): if a
surface F does not possess simple integrals of the first kind, then every
continuous system of curves on F 1is contained in a linear system. To
see this we replace in the proof of theorem 2 of V, 6 the abelian integral
@ (&, n) of the third kind by an abelian integral u (&, %) of the first

kind. It is then seen immediately that the sum 2'?1: &.m) =1(x,9,2)
=1

is a simple integral of the first kind attached to F. Hence, by hypo-
thesis, ﬁ;zt (&;, m;) = const. and consequently, by ABEL’s theorem, the

f
oo? sets of ¥ points (§;, %;) vary in a linear series g,. The rest of the
proof is as in V, 4, p. 77 (the theorem of ENRIQUEs on rational
algebraic systems).

ENRrIQUES proved (see V,3) that in HUMBERT's theorem the con-
cluding part follows also from the hypothesis that F is regular and thus
pointed to a possible connection between the class of irregular surfaces
and the class of surfaces possessing simple integrals of the first (and
hence also of the second) kind.

Subsequently ENRIQUES inverted his last mentioned result
(see V,3), obtaining thus as a corollary of HUMBERT’s theorem the
following result: an irregular surface necessarily possesses simple integrals
of the first kind. We have seen however (V,3) that ENRIQUES' proof
is based on an assumption (the completeness of the characteristic
series), and that a complete proof of the existence on an irregular surface
of continuous systems not contained in linear systems was given only
in 1910 by POINCARE (see section 5).

In 1901 ENRIQUES (8) proved the followmg theorem: zf F possesses '
independent simple integrals I, ..., I, of the first kind with 2p’
distinct periods, then there exist on F continuous systems comsisting of
oo?” complete linear systems. The proof was simplified by SEVERI (4) and
is as follows: The integrals I,, considered in a plane section C,, give
rise to a complete regular system (section 6) of ¢’ reducible integrals (this
follows from the fact that every 1-cycle of F can be deformed into C,,
see VI, 7). By a well known theorem of PIcARD (1) the equations
ﬁ:I,, (%:,9,2) = ky (h=1,2,...,p") deternline, for generic constants
1=l
k;, a finite number m of sets of ' points on C,. As C, varies in the
pencil {C,} these mp’ points describe a curve K on F. As the constants

- Ry vary, this curve K varies in a continuous system, oo?’, and it is
immediately seen that there is only a finite number of curves in the
system which are linearly equivalent to a generic K, q.e.d.
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The value of ENRIQUES’ theorem consists in the fact that it would
provide a rigorous proof of the completeness of the characteristic series (of
sufficiently general complete continuous systems) as soon as it is proved
in some manner, tndependent of the consideration of comtinuous systems
of curves, that F possess ¢ independent simple integrals of the first kind
with 2¢ periods. Such a proof, however, is not available. The proof
given in section 7, a cannot be used advantageously in connection with
the theorem of ENRIQUES, because this proof is based on a result of
PoINCARE (sections 4, §), from which, without any further considerations,
the existence of continuous systems consisting of oo? linear systems, and
hence also the completeness of the characteristic series (V,3), follows
as an immediate corollary.

SEVERI (8) introduces the notion of the residue functiom of aw. integral
J = f Rdx + Sdy of the second kind. We shall assume for simplicity
that the polar curve D of J is of the first order, is irreducible and free
from singularities, and that the functions R and S vanish to the 1st order
on the curve at infinity of F and do not become infinite on any plane
section x = const. or y = const. These conditions can always be
satisfied by subtracting, if necessary, a suitable rational function from
J (SEVERI, L c., and PICARD, a,, p.114). We consider the integral
J(x,9,2) =/R(x,§,z)dx attached to C,. Let (%,,%,2,) be an
intersection of D with C;. Putting R = A4/B it is found that the ex-
pansion of J(x, ¥, 2) on C; in the neighborhood of (%, ¥, zo) is of the

form 150 5. 20
R - A (%0, 7, 20
J(x,5,2) =

ol AT + terms of degree =- 0 in x — %,,

where ¢ is a constant. The function ¢ (x, y, 2) = A (%, ¥, 2)/Ba(x, ¥, 2),
considered on D, is called by SEVERI the residue function determined by J
on its polar curve D. It is found that: (1) the poles (of the first order)
of @ are at the points at infinity of D and at the points of contact with
D of the planes y = const.; (2) the zeros (of the first order) of ¢ are
at the points of D at which the tangent plane to F is parallel to the
z-axis, and at the points of a characteristic set G on D (V,1).

The consideration of the residue function @ of / has an immediate
application. Suppose that J is a rational function. Then G is simply
the set of base points of the pencil J = const., i.c. G is a set of the
characteristic series of the linear system |D| Conversely, let G be
a set of this series cut opt on D by another curve D of |D|. If R is
the rational function possessing D as a polar curve and D as a curve of
zeros and if @, is the residue function of R on D, it is immediately seen
that @ and @, have the same zeros and poles on D and that consequently
¢ = Ap,, where 2 is a constant. It follows that J'=J — AR is an
integral whose residue function is identically zero and which is therefore
of the first kind. Consequently, @ necessary and sufficient condition that |
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be reducible to an integral of the first kind (by subtraction of a rational
function) ¢s that the set G should belong to the characteristic series of |D|.
Now it is clear that if F possesses simple integrals J of the second kind
which are not rational functions, i. e. if the BETTI number R; of F is
>0 (see section 2), then F also possesses such integrals which are not
reducible to integrals of the first kind. In fact, the R, periods of J
can be assigned arbitrarily, in particular can be taken all real or all
pure imaginary, and our statement follows from well known properties
of abelian integrals. The above set G for such an integral J does not
belong, by the preceding result, to the characteristic series of the complete
linear system |D|. Consequently this characteristic series is not complete,
and therefore F 1is irregular (IV, 3). This result to the effect that a surface
possessing simple integrals of the second or, in particular, of the first kind
is mecessarily irregular, is the converse of the theorem of ENRIQUES
quoted above. This establishes the complete identity between the class
of irregular surfaces and the class of surfaces possessing simple integrals
of the first or of the second kind.

We know that the number of independent simple integrals of the
second kind is » = R;. lLect 7, be the number of integrals of the first
kind. A first quantitative rvesult was obtained by SEVERI (8), to the
effect that r — vy~ q. This follows immediately from the above
criterion for the reducibility of an integral of the second kind to one
of the first kind and from the fact that the deficiency of the charac-
teristic series of |D| is -.¢ (IV, 3), and that consequently there exist
at most ¢ independent characteristic sets G no combination of which is
a set of the characteristic series of |D|.

In (9) SEVERI derives the equality r — r, = ¢, but he uses the theorem
of the completeness of the characteristic series of the complete continuous
system {D}. It is clear that assuming this theorem and taking as |D|
a regular system, the equality » — 7, = ¢ follows, provided it is proved
that any characteristic set G on D corresponds to some simple integral
of the second kind having D as polar curve. Let X be a continuous
system, ool, containing D and determining on D the given characteristic
set G, and let ¢ (&, 57) = 0 be the representative curve of the system X,
in (1 — 1) correspondence with the curves of £. HUMBERT’s procedure,
repeatedly used before, shows immediately that an abelian integral
of the second kind attached to ¢ and possessing as its only pole the point
(&9, Mo) corresponding to D furnishes the required simple integral of
the second kind on F.

In the same paper (9) SEVERI derives the inequalities vy < g and
r<2q. Let wy; =o04;+ B;, 1=1,2,..., Ry (=7), be the periods
of the integral of the first kind I (h =1, 2,...,7,). We can find an
integral 4, of the second kind with periods &,; and a similar integral
B, with periods f,;. From the independence of the integrals I, it
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follows immediately that the 27, integrals 4, and B, are independent.
Hence r = 27,, and since r — 7y < ¢, it follows 7ro=g¢ and 7 < 2q.

The inequality » = 2¢ has also been derived by PICARD (a,, p. 421)
from well known properties of reducible abelian integrals (see section 7, a).

The last step toward the proof of the fundamental theorem was
made by CASTELNUovO (9) through the consideration of the variety
of PicarD of F (V, 4). CASTELNUOVO proves that ry=gq, and from
this inequality taken together with the inequalities of SEVERI it follows
immediately that o = ¢ and » = 2¢. The following is an outline of
CASTELNUOVO’s proof. Assuming the existence on F of a continuous
system consisting of oo? linear systems, let {C} be a system oo?
consisting of linearly isolated curves and let ¢ (&,,&,,...,6;41) =0
be the equation of a projective model in an S, of the varlety of PICARD
V, attached to F, in (1 — 1) correspondence with the curves C of {c}.
The variety V, admits a continuous transitive group G, of co? birational
transformations into itself (see V, 4) and therefore, by general theorems
concerning varieties enjoying this property, duc to PICARD (4, 5) and
PAINLEVE (1), possesses ¢ independent simple integrals of total differen-
tials of the first kind:

u,-:/’P‘l”dEl-}— . prdg,, i=1,2,...,9,
where the P’s are rational functions. The inversion of the integrals #;
leads to a parametric representation of ¥, by means of 2¢-fold periodic
functions &; of the parameters #;. A transformation of G, is given by
the equations: #;=u; +h; (¢ =1,2,...,9), where Ak, ..., h, are
arbitrary constants. Let 9 be a fixed algebraic curve on V,, the image
of an algebraic system X, oo?, immersed in {C}, and let (§®), ..., (&™)
be the points of ¥ which correspond to the curves of X' passing through
a point P(x,y,z) on F (m is the index of X).

The sums m

(6) .Zjlu,,(é(f))=l,,(x,y,z), h=1,2,...,q,

i=

define simple integrals of the first kind attached to F. It these integrals
are independent, the inequality 74 = ¢ is proved. The real difficulty
arises if these integrals are not independent. An essential pomt of the
proof consists first of all in showing that the extreme case in which all
the integrals I, reduce to constants does not arise. The proof is based on
the following lemma of SEVERI (11):

Lemma. If an algebraic series s, ,,, 0o, of sets of v points and of
index m on an algebraic curve I is such that the collections of m sets of the
series passing through a variable point of I' vary in a linear series (of order
mv), then the sets of s, ,, are themselves contained in a linear series (of
order v).

To make use of this lemma we observe that to each element T of
the group G, there corresponds an operation in {C}, of the type C’' = C
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+ Cp — C,y, where C, is a fixed curve in {C} and where Cy is fixed
but depends on T (see V, 4). Consequently the congruences #; + %; = u;
+ %} (mod. periods) (: =1, 2, ..., q) imply the equivalence relation:
C 4 €’ = C 4 C’, and conversely. More generally, it is seen immediately
that the congruences u ++ u® + .-« + W = ud + 6 + -+« + w™
(mod. periods) (£ =1, 2, .. ., ¢) imply the equivalence relation C; + C,
+.++4+Cp=C,+Cy+ -+ + C,, where C, (C,) is the curve of
{C} which corresponds to the point 4 (#®) of V,. Let us suppose
that I, = const. (h=1,2,...,9). Then (6) shows that the oo? sets
of m curves of X' whigh pass through a variable point of F vary in a
linear system. We fix an irreducible curve 4 on F and we consider the
series s, ,, (v = (4 - C)) cut out on A by the curves of 2. This series
satisfies ,the condition of the preceding lemma and is consequently
contained in a linear series on A. If we assume for A a generic curve
of an irreducible linear pencil of positive degree, then it follows by
SEVERI's criterion 1 of V,5 that 2 is contained in a linear system:
This is a contradiction, since X'is an arbitrary algebraic system immersed
in {C} and since the generic curve C is isolated with respect to linear
equivalence.

Let ¢’ be the number of independent integrals I;,. We have 0 < ¢’ == ¢.
CAsTELNUOVO proves that if ¢’ << ¢, then the group G, is imprimitive:
V, is ruled out by oo?~7 algebraic varieties V, and by oo? algebraic
varieties V,_., constituting two systems of imprimitivity of G,. For
a proper choice of the integrals #;, ¢ — ¢’ integrals w, ., ..., , are
constant on V., while the ¢’ integrals %,, . . ., u, are constant on V_,.
and their corresponding sums (6) give ¢’ independent simple integrals
I,. Each V, and V,_, is again a variety of PicArRD. To complete
the ¢’ integrals I, by g — ¢' other independent integrals of the first
kind it is sufficient to consider an algebraic curve y’ on a V_,- and to
apply to p’ the same method as was applied to ¥. The simple integrals
furnished by p’ are independent of the ¢’ integrals I, and are ¢ — ¢’
in number or less. In the second case V,_, presents the same
features of imprimitivity as ¥, and the above procedure can be
repeated, until a set of ¢ independent simple integrals of the first
kind is obtained.

A more simple proof of the fundamental theorem was given subse-
quently by SEVERI (11). Using his lemma stated above, SEVERI proves
the following transcendental criterion of linear equivalence:

Let X be an algebraic system, oo, of curves C on F and let |A| be
an srreducible linear pencil of positive degree. A necessary and sufficient
condition that X be contained in a linear system is that for any simple
integral I of the first kind attached to F the sum of the values which I
assumes at the tntersections of C with a fixed A should remain constant
as C varies in X.
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Proof. Let P;(x;,%;. %) (¢ =1,2,...,n) be the intersections of
a variable C with the fixed 4. That the conditiontzﬂ:l (%3, ¥, 2;) = coust.
=1

is necessary, follows from the ordinary theorem of ABEL. To prove that
it is sufficient, we consider the usual curve I', ¢ (&, ) = 0, the image
of X', and the usual sets of points (§;,%;,), 2=1,2,...,», where »
is the index of 2. If #(&,#) is an abelian integral of the first kind

on I', then Zu Eiom) =1(x,y,2) is a 51mp1e integral of the first
kind attached to F. From the hypothesis 21 %;, Vi, %;) = const. it

follows immediately, by the ordinary theorcm of ABEL, that the series
sy,n on I', of order ¥ and index #, whose sets correspond to the points
of the fixed curve A, satisfies the condition of SEVERI’s lemmd. Hence
the sets of this series are equivalent to each other. The (n, %) corre-
spondence between A and I' is therefore of valence zero in one sense
and consequently, by the classical theory of algebraic correspondences,
is of valence zero in both senses. We have then that the curves C cut
out on the fixed A equivalent sets of points. Let A, be any irreducible
curve of |A|. The curves 4 and A4, cut out on C equivalent sets and
therefore the corresponding abelian sums relative to any integral I
are congruent. It follows that these sums remain constant also for an
arbitrary curve 4, of |4 |, and consequently the curves C cut out equivalent
sets on any curve of |A|. The transcendental criterion now follows
from the criterion 1 of V, 5.

We observe incidentally that from the criterion just proved follows
the criterion 3 of V, 5.

Let {C} be the continuous system, oc?, considered in the proof of
CASTELNUOVO, and let C, be a generic curve of {C } such that every
curve C in a ¢- dlmensmnal neighborhood N, of C, is linearly isolated.
From the above transcendental criterion 1t follows that the sums

m
ZI,, (&i.m) =c¢p (Bh=1,2,...,7y) relative to the intersections of a
=1

variable C of N, with a fixed 4 assume oo? distinct sets of values
(¢1,...,¢,). Hence rg=gq, q.e.d.

4. The normal functions of Poincare (POINCARE, 8, 9). We shall
now assume that of the 2p abelian integrals (3) of section 2, p are
abelian integrals of the first kind:

Ih=P7'—(xf’4:..y_'"de' h=1, 2,...,?,

where P, is a polynomial of degree » — 3 in x and z and of a certain
degree n — 3 + 5, (s, =0) in x,y and 2. To determine rationally
the integrals I, we may proceed as follows. We consider p — 1 generic
lines in Sg. Their p — 1 intersections with the plane of a generic C,
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determine uniquely in this plane an adjoint curve I',_g of C,, of order
n — 3. The locus of I',_g, as y varies, is an adjoint surface P(x, y, 2)
= 0 of a certain order » — 3 4 s, passing s times through the axis of
the pencil y = const., i. e. P(x, y, 2) is of degree » — 3 + s in all the
variables and of degree # — 3 in x and z. In this manner we may
determine the p independent integrals I,.

From ChapterIV, 1 it follows that there exist p —w,, _g(=$—¢) polyno-
mials P,, of degree #—3 in all the variables. Although it is not essential for
what follows, it will to some extent simplify matters, if we suppose that
the adjoint system of the system |C| of plane sections of F is regular?.
There will be no loss of generality, since we are dealing with birational pro-
perties of F, and we may, if necessary, replace |C| by a sufficiently high
multiple of |C| (p. 67; see also section 7, d, of this chapter). Under this
hypothesis we shall have w,_g=¢, w,_s=0 (IV,1) and hence we may
choose p — q of the polynomials, say Py, ..., Py, to be of total degree
n—3 and the remaining q polynomials Py, . . ., P, of total degree n—2.

Let £2,; (y) and w,(y) be the periods of I} relative to the vanishing
cycle 8; and an arbitrary cycle y respectively. The period £2,;(y) is
uniform and regular at y = «; (section 2), while for w,(y) the represen-
tation (4) holds. From (4) it follows that the difference

(Y 51) Q»J(Y)dy

v wy(y) — 27 ) Y =y

is uniform and regular at each crltlcal pomt «;. The path of integration
from a to «; is the cut /;. As y turns about y = a, the second term of
the above difference increases by the period of I, relative to the cor-
responding increment of the cycle y, and this increment is ~0 on C,
[see VI, 6, formula (5)]. Hence (7) is regular at y =a. As y — oo the
integrals in the second term of (7) approach zero. From the behavior
of w,(y) at y = oo (section 2) we derive the following representation of
w, (y) in the whole plane (POINCARE 8, 9):

(8) wh( 2nz/QAJ(Y)dY+d;U h=19 21°"qu
/l.
’ A [ (Y
(8) oY) = > 505 %_(—y—) h=q+1,...,p,
=1 a
where 4} = (y - §;), and where dj, ..., d; are constants?,

1 We shall see later (section 7, d) that in point of fact this system is always
regular (theorem of PICARD).

2 If the adjoint system of the system of plane sections were not assumed to
be regular, than instead of the constants dj we would have polynomials in y.
This remark applies also to the constants dj in relations (10). In this last form
(i.e. with polynomials instead of constants) the relations (10) were given by
PoINCARE. LEFSCHETZ (a, p. 73) proved directly that the polynomials necessarily
reduce to constants.

Ergebnisse der Mathematik. III/S. Zariski. ‘ 9
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Let D be an algebraic curve traced on F and let B;(x;, 5, %), ¢ = 1,
2,...,k, be the intersections of D with a generic C,. POINCARE
considers the abelian sums

By
© Zlh(x,,y,zc)—Z/dIh, h=1,2,...,p,
i=1 4,
where 4, is one of the base points A4, ..., 4, of {C,} and where the

paths of integration are arcs m; on C, joining A, to B;, which are
continuously deformed as y varies. A representation analogous to (8),
(8') holds also for »,(y), the only difference being that the integration

domain is now the 1-chain m = m, 4 - - - 4+ m,, instead of the cycle y.
Hence
_ .Q,,,(Y) _
(10) _22“] AY + d, h=1,...,q,
, 0 Y
(10) v ) =25ﬁ/ b { )dY h=g41,....p,
j=1

where 4; = (m - d;). For the curve D we have a homology of the form
D oo D u;4; + (C,) [VI, 10, formula (10)]. It is seen immediately that
the integers g, coincide with the ;s by considering the boundary of
the 3-chain C; generated by m. In fact, we have (VI, 6) F(Cs) > D
—>1;4; — (C,), and hence

(11) D ~¥ 1.+ (C) on F.
i=1

Given D, the integers A; are not uniquely determined, because they
depend on the paths of integration m;. If we changc the m;’s into
new paths mq, the difference m — m, wherc m=my+ -+ my, is
a cycle y; the abelian sum #,(y) is increased by the period w, (y) relative
to  and given by (8), (8'), and the coefficients 4; are changed into
ly=X 4+ ¥=1»%+ (y-6;). The new homology D ~ > 4;4; + (C,) is
a consequence of (11) in view of the homology 2 (y « 6;) 4; + (C,) = 0
on F, which holds for any cycle ¥ [VI, 10, formula (12)].

If the 4;’s are fixed, then we may vary the chain m only to within
invariant cycles. The constants d, will then be increased by a linear
homogeneous combination with integral coefficients of the periods of 7,
relative to the » invariant cycles. These periods are constants for
h=1,2,...,qand are all zero for A =¢ + 1, . . ., p (section 2, p. 122).

1f some of the intersections of D with C, are at the base points 4;
of {C,}, these may be all or in part included among the points B; or
may all be disregarded. The effect of this on the dbelian sums is the
addition or subtraction of the abelian sum relative to a sum of multiples
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of the points 4;, t, 4, + t, A3 + +-- + t,4,, i. e. of the quantity

n 4 ,
(12) Ztsfdlh == t(;l’”‘sf)fgw(y)dy_i_ En,

8=2 4, j=1 s=2

where ¢,, ..., ¢, are the open arcs from 4, to A4, considered in VI, 8
and where %,..., %, are fixed constants (k, =0, if A>g). It is
important to observe that if the integers ¢,, s > 1, are not all zero, then
the abelian sums (12) never reduce to periods wy (y) or to wy (y) + const.
(LEFSCHETZ, a, p. 65). In fact, assuming the contrary, let ¥ be the cycle
defining the period wy, (). Since the abelian sum (12) and w,, (y) increase

n
in the neighborhood of &; by X', (c,- 6;) 2, ; and by (y - 6;) £2;,; respectively
. o 8=2

and since their difference is a constant, it follows that (c- d;) = o,
i=1,2,..., 4, where ¢ =79y — ly¢g — --- — t,c,. Hence ¢ is in-
variant, and this is impossible if the #’s are not all zero (VI, 8).

The abelian sums v,(y) were called by POINCARE (8) the normal
functions belonging to the algebraic curve D. Given D and assuming
a definite convention concerning the possible fixed intersection of D
with C,,, the normal functions of D are determined to within periods of
the integrals I,.

We give below a few properties of the normal functions, which easily
follow from their definition. In all the propositions below it is assumed,
for simplicity, that the set of intersections of a D with a C, includes
all the variable and fixed intersections and that the normal functions
of D are evaluated accordingly.

a. A necessary and sufficient condition that D, = D, is that their
normal functions vy and vi coincide to within periods, 1. e. that v} = v},
mod. (periods) (POINCARE, 8). That the condition is necessary is obvious.
As for its sufficiency, if the curves D; and D, are assumed to have the
same order, the statement is nothing but a transcendental formulation
of SEVERI’s linear equivalence criterion 1 (V, 5). LEFSCHETZ (a, p. 77)
has observed that this assumption is superfluous. If (D,-C,) =&,
(Dy- C,) = kyandif ky <= &y, the two sets of &, points, D,-C,, + (kg — %) 4,,
(D, - C,) are equivalent on C,. Repeating the reasoning employed in
the proof of SEVERI’s criterion referred to above, we derive that D,
+ tC, = D,, where ¢ is an integer. Since the normal functions of D,
and D, coincide, it follows that those of ¢C,, i. e. the expressions (12),
where now ¢, = ... = ¢, = ¢, must be equal to periods. This implies
t=0,q.ed.

b. If D = D, + D,, then », = v} + 3.

c. A necessary and sufficient condition that Dy and D, be algebraically
equivalent (D, = D,) is that vy = v + const. (h=1,2,...,9), vy =9,
(kh=gq+1,...,9) (SEVERrI, 20). The necessary character of the

9t
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condition follows from the fact that if D, = D,, then there exists an
integer ¢ such that D, +¢C,= D, 4 ¢C,(V, 2), and from the fact
that if a curve D varies in a continuous system {D}, then the integers 4,
which occur in the expression of ¥, must remain fixed. Conversely, if
the condition is satisfied then it follows from the homology (11) that
D, ~ D, + tC,, where ¢ is an integer. From this it follows in the first
place, as in a., that ¢ = 0, and then from D, «~ D, it follows, by LEF-
SCHETZ's theorem (section 7, b; see also VI, 12), that D, = D,.

d. A necessary and sufficient conditions that given curves Dy, D,, ..., D,
be algebraically dependent is that their normal fumctions v}, 95, ..., v
satisfy the comgruences
(13) mvs + pevi + --- + wvh = const. (mod. periods), A=1,...,q,
3 Vs + Mevi + - + vt = 0 (mod. periods), A=¢g+1,...,9,
where the u’s are integers, not all zero. This is a corollary of c.

By the subtraction of periods it is seen that the equations (13) are
equivalent to the following equations:

WA + pd® + -+ AP =0, i=1,2,...,pu.
If ¢ is sufficiently high (forinstance if = u = class of F), these equations
admit a solution different ‘from the trivial solution 4, = -+. = g, = 0.
This furnishes a new proof of the existence of a base for the algebraic
curves on F and of the invariant ¢ of Picarp (V, 6).

We add one remark concerning the normal functions of the curves ¢C.
They are the abelian sums relative to the set of points ¢ (4, +Ay+---+4,,),
i.e. the functions (12), where now ¢, =t;=-..=1¢, =¢. Let us
impose on the system |¢C| the set G, of base points 4,, . .., 4,,, each taken
with an assigned multiplicity ¢. Observing that |C ¢, (G, =4, +--- + 4,) is
of virtual positive degree (=1) and applying the RIEMANN-RoCH theorem,
it is seen immediately that if ¢ is sufficiently high the system |[¢C]|g, is
irreducible and does not possess accidental base points. The curves
of this system have ¢ variable intersections with C,, and the set of these
intersections varies in the linear series |¢A4,|. The normal functions
of the curves of |tC |g,, evaluated with reference to the variable intersections
only, are therefore equal to periods. For the curves of the continuous
system {¢C} passing through the base set G,, the first ¢ normal functions
are congruent to constants while the remaining » — ¢ normal functions
are equal to periods. These particular normal functions constitute
the point of departure of SEVERY’s re-elaboration of POINCARE’s method
(SEVERI, 20).

5. The existence theorem of Lerscuerz-Poincart (POINCARE, 8, 9;
LEFSCHETZ, a, §5; SEVERI, 20). The consideration of the normal functions
of POINCARE suggests two existence problems.

The first is the following. ‘Let #, be the normal functions of an
algebraic curve D. From the theorems a. and c. of the preceding section
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it follows that as D varies in a continuous #non-linear system {D} the ¢
additive constants d;, in (10) vary. We may ask whether there exist
curves in { D} corresponding to any preassigned values of the constants d,.
The importance of this question appears immediately if it is observed
that the affirmative answer would provide, at last, the proof of the
fundamental theorem repeatedly used before (see especially V,3 and
VII, 3): there exist on F continuous systems comsisting of oo? distinct
linear systems. These linear systems of {D} correspond to the oo non-
congruent sets of the constants dj.

If the first question is answered in the affirmative, it would follow
that given p function #, of type (10) and (10’), the conditions that there
should exist an algebraic curve of which they are the normal functions
involve oply thg integers 4;. What ave these conditions? In substance
the question we are dealing with is the following: under what conditions
is the cycle 23, 4; + (C,) algebraic?

The proof that the first question is to be answered in the affirmative
is due to POINCARE (8, 9). POINCARE’s proof has been subsequently simpli-
fied by SEVERI (20). The second problem has been solved by LEF-
SCHETZ (a, 5). The following treatment is as in LEFSCHETZ and settles
simultaneously both existence problems.

It is sufficient to consider the theoretically important case 2 = 2.
We are, therefore, dealing with the following equations:

14) Zlh(x“y'z‘) _22 _/Q“(Y)dy'*_dh_ vh(y) h=1: 2,050 ﬁr

where d, =0, for > g. We have here the typical equations of the
problem of inversion of the abelian integrals attached to C,. Since the
functions ¥, (y) are determined to within periods £;;, the equations (14)
determine for a generic y a set of p points B,(%,, ¥, z,) on C,. It may
happen that the functions #,(y) give for any y a set of p characteristic
constants of a special set of p points. In this case there are infinitely
many sets of p points B, satisfying (14), and they constitute a linear
series gp , " > 0. It is then sufficient to fix rationally on C, p’ generic
points, and the remaining p — 2’ pomts will be uniquely determmed
As y varies, the set B,,..., B, varies and describes a certain locus.
The question is: under what conditions is this locus an algebraic curve?

Any rational symmetric function R (%, 2; %3, Z3; . . .; %, 2,) Of the
points By, ..., B, is a uniform function of y. In order that to (14)
there should correspond an algebraic curve it is, therefore, necessary
and sufficient that R be a meromorphic function in the whole plane
of the variable y, or, what is the same, that x, and z, be algebroid
functions of y. Por a generic value y, of y each of the equations (14)
is of the type F(%,, 2, . ..; %, %) = 0, where F is a regular function
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of its variables. The only values of y which appear as possible sin-
gularities of R are the following:

1. Y = &, 1:=1,2,...,[lr.

2. The values b of y such that the constants () do not determine
a unique set of p points B;.

3. y=a.

4. The so-called singular values y, of y, i.e. such that on C,, the
integrals I, cease to be independent.

Very simple considerations show that at the values (1) and (2) of y
the functions x; and z; do not cease to be algebroid. The case y =a
leads to the trivial condition that i be possible to form with the
integers A; a 2-cycle D 3 A; + (C,). In fact, if this condition is satisfied,
then 24,67 ~ 0 on C, (VI, 10), and consequently the¢ functions ,(y)
do not depend on a, since their derivatives with respect to a are
D'2;£2,.(a) and therefore vanish.

The consideration of the singular values (4) is of special interest
and leads to significant conclusions. If y = y, is a singular value of y,
the polynomials P;(x,¥,,2) (¢=1,2,...,p) are dependent and
consequently the following identity holds:

7 P
ZciPi(x» Y, 2) +Zdjpj (x,9,2) = (y — yo)9(x, ¥, 2),
i=1 i=q+1

where p(x,y,z) is an adjoint polynomial of degree » — 3 at most
(and hence can be expressed as a linear combination of Pg,,...,Pp)
and the ¢’s and d's are constants. This identity is impossible, unless
all the ¢’s are zero, because in the contrary case the integrals I, would
be dependent for eack value of y. Hence

P
Zde]'(x» y,2) = —y)v(*x, v 2),
j=q+1

where now v is of degree #» — 4 at most. We may replace one of the
polynomials P; (such that d; 3= 0) by %, without creating new singular
values of y for the new set of » — ¢ polynomials. Repeating this proce-
dure of replacing adjoint polynomials of degree # — 3 by adjoint
polynomials of degree <<# — 4, we shall finally arrive at a set of p — ¢
polynomials for which the only singular value is y = co. We suppose
that the polynomials P; already satisfy this condition. It is immediately
seen that y = oo is a singular value if the following identity holds:
2 4;P;=y(x,y,z), where p is of degree == — 4. The maximum
number of independent adjoint polynomials of degree » — 4 being ,,
we may suppose that the polynomials Pg;, 2 =1,2,...,p,, are
of degree n — 4 (and not less) and that the polynomials Py, .;,
i=1,2,...,p —q — p,,of degree w — 3, are such that no combination
of these polynomials is of degree =# — 4. It is immediately seen
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that the integrals Iy, ..., I, are then identically zero for y = oo
(while the integrals Iy, ., ..., I, are independent on Cu).
To investigate the equations (14) in the neighborhood of y = oo

™
~
.

we apply the homographic transformation: x = ﬁ:, y = !, , 2=
The equations (14) become Y y

1) fp.(x' V¥ gy ,s( wa‘)"’(Y)dY+d;.).

j=1 4,

X

where P,, and f are the transforms of P and f, and ¢ =0, —1 or —2
according as P, is of degree # — 2, » — 3 or n — 4. Since d, = 0 for
h > g, it follows that the right-hand member of (14') is regular at y' = 0,

except when hz=g¢+1,...,q4+ p,, in which case, expanding Y'y}';"{
ay

in the neighborhood of y’ = 0, we find a term y'~ 1. 2—;3"»— / £2,,(Y)dY.

Hence the condition of regularity in this case is 4

" %
(15) D[ @ay =0, h=g+1....q+2.
j=1 a
We now interprete the equations (15). In a general manner, let us have
a double integral _ffR(x, v, z)dxdy and a cycle Iy~ ZliA,- + (Cp)-
If we calculate the period of the double integral relative to I'y by inte-
grating first with respect to x along the cycle > 4;6; and then with
respect to y, we find

(16) _/'/R(x, y, 2)dxdy = Zz,fbj(y iy

where £, (y) is the period of f R(x, y, z)dx relative to d;. The equations
(15) show that the periods of the p, double integrals f / “*dxdy

(¢ =1,2,...,p,) relative to the cycle 21 A; + (C,) are all zero. Since

these are the p, independent double mtegrals of the first kind, we have
the following
Existence theorem. 4 necessary and sufficient condition that the nor-

mal functions v, (y) belong to an algebraic curve D is that fl 4; + (Cp)

be a cycle and that the period of any double integral of the /zrst kind relative
to this cycle vanish (LEFSCHETZ, a;5).

The second condition characterizes the algebraic cycles from a
transcendental point of view.

Remark. The necessary character of the above condition can also
be derived directly as follows. It obviously holds for any curve C,,
since dy = 0. TFor an arbitrary algebraic curve, whose projection on to
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the (x,y) plane is ¢ (x,y) = 0, it is sufficient to replace the variable
x by @ (x, y). This is possible except for the neighborhoods of the points
(#', ¥') at which ¢, = 0. The contribution of these neighborhoods to the
value of any double integral may be supposed to be arbitrarily small.

8. Reducible integrals. Theorem of Poincare. We first recall a few
classical properties of RIEMANN matrices. Matrix notations shall be
used throughout this section (LEFscHETz, c, Chapter XVII).

A matrix @ = |w,,| with p rows and 2p columns of complex ele-
ments is called a RIEMANN matrix of genus p, if there exists a rational
skew-symmetric matrix C of 2p rows, such that

(17) wCw' =0,
(17) Y—1wC& is a positive definite Hermitian matrix,

where @’ is the conjugate transposed of w. C is called a principal
matrix of w. This definition implies that C is non-singular. Two Rig-
MANN matrices @ and w* of the same genus are isomorphic, if there
exists a non-singular rational 2p-rowed square matrix G and a non-
singular complex p-rowed square matrix 4, such that w*= AwG'.
If G is unimodular then w and w* are equivalent. If A and G are given,
then also w* is a RIEMANN matrix, and its principal matrix is

(18) C* = (G-1'CG-1,

and is independent of A. For a proper unimodular matrix G, C* as-
sumes the canonical form (FROBOENIUS):

(19) cr=(2 o)

where d, 0

(19 d=(".)»
0 d,

d,, d,, ..., d, being the invariant factors of C. Choosing properly the
matrix 4, it is possible to get for w* a matrix of the form: w* = (E,, »f),
where E,, is the p-rowed unit matrix, and w} is necessarily non-singular.
It follows incidentally that @ is of rank .

The period matrix w of p independent abelian integrals I, of the
first kind, attached to an algebraic curve of genus p, relative to a given
set of 2p independent 1-cycles y;, is a RIEMANN matrix of genus p.
The passage from @ to an equivalent matrix w* signifies in this case
a transformation of the integrals I,:

Ir =k_’a,,,,1,,, h=1,2,...,p,

where | a,,|= A4, accompanied by a transformation of the cycles y;:

2 - .
EY?Nji;giﬁ’!’ 1=1,2,...,29,
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where |84 “ = G. If the cycles y; and p¥ both form minimal bases,

then g = 1 and G is unimodular. If the cycles are retrosections, then C
has the canonical form (19), and d, =dy = -+ =d, = 1.

The most general RIEMANN matrix of genus p is the period matrix
of a class of 2p-ply periodic meromorphic functions of p independent
variables.

Given p —gq (¢ >0) independent abelian integrals I,, ..., I,_,,
they are said to form a set of reducible integrals, if they have zero
periods along » independent 1-cycles (r >0), 9y, Y3, .- .. ¥,. There
always exists a minimal base of cycles y; ( =1, 2, ..., 2p), such
that ¥, =149, (¢! =1,2, ..., 7; ¢ an integer). The given p —¢q
integrals I, have zero periods also along the cycles 9, ..., ¥,; hence
we may ‘assume that the cycles y,, . . ., 9, can be completed by 2p —r
cycles ¥,.y, - . ., Y3p, 50 as to have 2p cycles forming a minimal base.
The given integrals I, have essentially only 2p — 7 distinct periods at
most, called reduced periods: those relative to the cycles ¥,.,, ..., ¥y,
The non-reduced periods of I, are its 2p periods relative to an arbitrary
minimal base. With our choice of the cycles 9, ,,, . . ., ¥s,, the reduced
periods and the non-reduced periods are integral linear combinations
of each other.

If the first p — ¢ of the p independent integrals I, are the above
reducible integrals, and if the minimal base is as above, then @ is of

the form (a? wl), where w, is the matrix of the reduced periods of

g g, C C
I, ..., I, 4 Ti we write C in the form (" C:), where C, has 2p —7
3

oI,
rows and columns, we find from (17) and (17):

(20) w,Caw; =0;
(20) Y—1o,C,@, is a positive definite Hermitian matrix.

It is seen immediately that if » > 2¢, there would exist a linear
combination of the integrals I,, ..., I,_,, whose periods are all real.
The existence of such an integral would make (20) and (20’) inconsistent.
Hence necessarily » < 2q, i.e. p — q independent reducible integral
cannot have less than 2(p — q) reduced periods.

If » has the maximum value 2g¢, the integrals I, ..., I,_, are said
to form a regular system of reducible integrals. From (20) and (20°) it
follows that in this case the matrix w, of the reduced periods is a RIEMANN
matrix of genus p — q, and that C, is its principal matrix.

We now prove the following lemma, due to ALBERT (3):

Lemma. Let @ be an RIEMANN matrix of genus p, C a principal
matrix of . If @ is a matrix satisfying the relation pCw’ = 0, then
there exists a matrix 8, such that ¢ =dw.



138 VII. Simple and double integrals on an algebraic surface. [594

Proof. We first consider the case in which C has the canonical

form (19) and @ = (E wl) where @, = |w,,l, b, k=1,2,..., 9.
Let o =|o@,l,i=1,2,...,s,7=1,2,..., 2p. We have from (17):
(21) d;.w;,;.=d,,w,.,,, hk=1,2,...,9,

and from ¢Cw’ = 0 we have the following relations:

ﬁdjcp,jwh,_d,,qp, ey 1=1,2,..,8;h=1,2,...,p.

Using (21) we can write these relations as follows

(21’) .2-:1?;'] ("jh = (Pi,p+h .
=
If we put 6 = @ . 1=1, 2, ;1=1,2,...,p, wo see im-

mediately from (21') that dw = (p q e.d.

In the general case, we first reduce both w and C to their respectlve
canonical forms, assumed in the preceding proof. Let w* = A wG’ and
C*=(G1)’CG™" be the transformed matrices, having the canonical
form. We have pCw'=@G'C*w*'A’~"1 =0, and hence ¢ G'C*w*==0,
since 4 is non-singular. By the preceding proof there exists a matrix d*,
such that ¢G’'= *w*=0*4 wG’, and hence ¢ =dw, where = 06*4,
q.e.d.

We are in position to give a very simple proof of the following:

Thecorem of POINCARE. If an algebraic curve of gemus p possesses
a regular system of p — q reducible integrals, it also possesses a comple-
mentary regular system of q reducible integrals (POINCARE, 1, 2; a special
case in Picarp, 1).

Proof. We take on the curve p independent abelian integrals
I, ..., I, and a minimal basc y,, ..., ¥,, for the 1-cycles, and we
assume that the integrals I ., ..., I, are the supposedly existing
reducible integrals and that they have zero periods along the cycles
Y1, Y2, - - -» Yaq- The matrix o is then of the form

_ W, W3
@= (0. a’z) ’
where, as we have seen before, w, is a RIEMANN matrix of genus p —g.
Let c— (Cl , Ca)
C,, C
where C, is a principal matrix of w, and hence is non-singular. Let H
be a rational matrix with 2p — 2¢ rows and 2¢ columns, satisfying
the matrix equation H'C, + C; = 0, and let ¢ be the smallest integer,
such that the elements of the matrix H, = tH are integers (¢ =1,
if C, happens to be unimodular). We define a transformation of the
cycles p; into new cycles ¥ by means of the following matrix:

¢= (f;;l fEaOp-u).
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It is important to notice that the cycles y,, ..., vy, are not affected,
and that the new cycles y¥ do not necessarily form a minimal base. The
transformed matrix w* has the following form:

* _ [ w,‘,")
@ (0 twy)’

while for C* we find immediately the following expression:

]

where CYf = tC, 4- H{C,.
From w*C*w*’' = 0 we deduce the following matrix equations:

(22) 0, Cowi = 0;
(22 w3 Cyw) = 0;
(22") w¥Cho¥ +tw, Cfo]=0.

The equation (22) is in agreement with the fact that C, is a principal
matrix of the RIEMANN matrix w,. From (22') we deduce, in view of
ALBERT’s lemma, that o} = dw,. From this it follows that w3 C,w}’' =0
and hence, by (22"),

(23) 0, Ctwi = 0.

The consideration of the matrix J —1 w*C*w*’ shows in a similar
manner that ¥ —1 w,C¥®} is a positive definite Hermitian matrix.
Hence w, is a RIEMANN matrix of genus q, and C¥ is a principal matrix
of w,.

We now transform the integrals I, into new integrals I}, the matrix
of the transformation being:

E, -8/t
(24) a=(g 7).
This transformation affects only the integrals I,, . . .,'I ¢+ The principal

matrix is not affected, while the new period matrix w** is now the
matrix

0
w** =(‘:’)‘ tm,)' q.e.d.

We have started with p — ¢ reducible integrals I ,,, ..., I,, which
have zero periods along the cycles y,, . . ., y;,. We have found 2p —2¢
cycles y#,.1, ..., ¥3p and q integrals IT, ..., I¥, whose periods along
these cycles vanish and whose reduced periods, relative to the cycles
Y1 -+ -» Vaq, are the elements of the RIEMANN matrix w,. The proof
shows clearly the following facts: (1) the cycles y¥,.1, . . ., V4, are uni-
quely determined (to within a linear combination of the same cycles);
(2) the cycles yy, ..., Vag» V3qz1s-- -, ¥Ep do mot mecessarily form a
minimal base; (3) the integrals 1Y, ..., I} are uniquely determined (to
within a linear combination of the same integrals).
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7. Miscellaneous applications of the existence theorem.

a. The most important application, the existence on F of continuous
systems constituted of oo? linear systems, has already been discussed
in (V, 3). From this we have derived in section 3 the fundamental theorem
on the number of simple integrals of the first and of the second kind.

We give here a direct proof of this theorem, using the results of
the preceding section (LEFSCHETZ, a, p. 74).

The integrands P, of the integrals I,.,, ..., I, of section 4 are of
degree » — 3 in all the variables, and hence these integrals have zero
periods along the invariant cycles y,, ..., ,. It follows, by the pre-
ceding section, that 7 ;= 2¢ (see also SEVERI's proof of this inequality
in section 3). The existence thcorem of LEFSCHETzZ-POINCARE shows,
however, that » cannot be less than 2¢. In fact, as the g arbitrary
constants d,,...,d, in the equations (14) vary contlnuously, the
algebraic curve, say D—solution of the equations (14)—varies in an
algebraic system Z, co?. The integers 4; being fixed, the constants d,,
which give rise to one and the same curve D, are determined to within
periods of the integrals I,, ..., I, along the r invariant cycles (see
section 4). In other words, the variable element D of the variety X is an
r-ply periodic function of the q parameters d,. On the other hand, to
each curve D of X there corresponds a set of finite constants d,. The
consideration of the period-network in the space of 2¢ real dimensions
of the parameters d, shows immediately that this would be impossible
if ».was less than 2¢.1

We now have that the integrals I, ,, .. ., I, form, on a generic C,,
a regular system of p — ¢ reducible integrals, with 2¢ vanishing periods
along the invariant cycles p,, .. ., y,,. By the theorem of POINCARE,
there exists, on each C,, a complementary set of ¢ reducible integrals
I, ..., I, with 2(p — ¢) vanishing periods along certain cycles
ay, .. 62(,_,1), and these form, together with the invariant cycles, a
base (not necessarily minimal) for the 1-cycles on C,. Here the cycles 6}
play the role of the cycles »J,.;, ..., ¥, of the preceding section.
Since the cycles 9,, ..., ¥;, are invariant, it follows that the cycles &
are uniquely determined on each C, (to within a linear combination
of the same cycles). From the preceding section it follows that the
integrals I} (determined to within a linear combination) can be so
chosen that the matrix of their reduced periods coincide with the
matrix @, of the periods of the integrals I,, ..., I, relative to the
invariant cycles (we keep the notations of the precedmg section except
that the cycles y,,,,, ..., ¥, and the cycles $,,, . .., 7§, are now
replaced by the cycles d; and d} respectively). Since these periods are

1 The funda.mental theorem could now be derived from SEVERI’s inequalities
(section 3) rg==¢q, r — ry=q. The proof of these mequaht:es does not make
use of the completeness of the characteristic series.
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constants (i.e. independent of ), it follows in the first place, that the
integrals I} are rationally determined on each C,, i.e. the integrand
of each I} is rational in x, z and y. In fact, as y describes a closed path,
we come back with an integral which has the same periods as, and
which therefore coincides with, I¥, the lower limit of both integrals
being always the base point 4,.

In the second place, since all the periods of the integrals I} are
constant, and since there exists on C, at least one cycle which is in-
creased by a multiple of a vanishing cycle §; as y turns about «;, it
follows that the periods of the integrals I} along the cycles 6; all vanish,
and that consequently the cycles 6; coincide with the cycles 8F.

We may derive from this another proof of the preceding statement,
to the effect that the integrals I} are rationally determined. In fact,
the matrix J, which appears in the matrix 4 (24) of the transformation
from the integrals I, to the integrals I}, is defined by the matrix
equation wf = dw,, where w¥(=w,;) and w, are now the period
matriges of I,,..., Iq and of Iq+l’ e, Ip, respectively, along the
2p — 2q vanishing cycles §;. It is then seen immediately that this
equation is invariant in the neighborhood of each critical point «;,
and hence the elements of A are rational functions of y.

From the vanishing of the periods of the integrals I} along the
vanishing cycles d;, we conclude, as in section 2, that these integrals
give rise to ¢ independent simple integrals u, of total differential,
attached to the surface F. These integrals are of the first kind, be-
cause the integrals I} (h =1,2,...,¢) are of the first kind on each C,
This is obvious if ¥ 4= &; and y 4= co. Tor y = «;, this follows from
the fact that the period of I} along 6; vanishes, and that consequently,
as ¥y - o, Iy does not acquire a logarithmic period. The value y = oo
is in no way exceptional, as can be seen by making a generic homo-
graphic transformation.

We have thus proved the inequality 7, = ¢, where 7, denotes, as
in section 2, the number of independent simple integrals of total differen-
tial of the first kind attached to the surface. We have proved already
in section 2, by elementary considerations, that », <. ¢q. Hence 7, = g,
qe.d.

PicarD (a;, p. 116) showed that every simple integral # of the first
kind, attached to the surface f(x, ¥, z) = 0, has necessarily the following

form: Y Adx +Bdy

- l/ ’
z

where 4 and B are adjoint polynomials of order » — 2, A being of
degree n — 3 in x, z and B being of degree » — 3 in y, 2. The surface
A = 0 cuts out’on a generic plane y = const., outside the line at in-
finity, an adjoint curve of order » — 3 of the corresponding plane




142 VII. Simple and double integrals on an algebraic surface. [598

section C,. This adjoint curve cannot be cut out by an adjoint sur-
face of order # — 3, because otherwise the periods of the abelian in-

tegrals / 4 ;,i—;f along the invariant cycles, and hence also all the periods

of the integral #, would vanish. Consequently, the number of indepen-
dent simple integrals of the first kind cannot be greater than the defici-
ency of the linear system cut out in the plane y = const. by the adjoint
surfaces of order » — 3, and this shows again that necessarily r, = q.

We make an important remark concerning the period matrix w, of
the integrals #, (the same as that of the integrals I¥). It is well known
that the period matrix of the abelian integrals, attached to an algebraic
curve of genus p -4, is not the most general RIEMANN matrix of

genus p. The P_(ll;‘ 1) elements of the normalized peried matrix must

satisfy certain IL(R;-’.) — (3p — 3) relations?, leaving a degree of

frcedom 3p — 3, equal to the number of the moduli of the curve.
On the contrary, the period matrix of the q simple integrals of the first
kind, attached to an algebraic surface of irregularity q, is the most general
RIEMANN matrix of genus q. This theorem is due to CASTELNUOVO and
ENRIQUES (4), and results from the following topological property of
an algebraic variety V,: If d > 2, then the one-dimensional BETTI number
R, of V4 is the same as the one-dimensional BETTI number of a sufficiently
gencral V, | on V4 (for instance, of a V,_,, which is a member of an
infinite linear system on V,;). A more general topological property,
concerning the BETTI number R,, k=:d — 2, was proved by LEF-
scHETZ (5). From this topological property of V,, it follows that any
sufficiently general surface on 17, is necessarily of irregularity ¢ —= R, .
Since the most general RIEMANN matrix of genus ¢ is the period-matrix
of the simple integrals of the first kind, attached to a suitable abelian
varicty of dimension ¢, the above theorem of CASTELNUOVO-ENRIQUES
follows immediately.

The elements of the period matrix w, are birational invariants of
the surface F. A change of basis of the integrals and of the 1-cycles
transforms , into an isomorphic RIEMANN matrix. Thus, with every
algebraic surface there is associated an invariant class of isomorphic
matrices. RIEMANN matrices constitute therefore a fundamental class,
not only for analysis in general, but especially for the birational theory
of algebraic surfaces. Their theory has been created in a large measure
by Scorza. Its most salient feature is the existence of a linear algebra 4
associated with @, whose elements are the complex multiplications of w,
and which is invariant under isomorphisms of ;. The problem of
classifying all the algebras A4 thus arising, and hence all RIEMANN

1 These relations are known only in the case p = 4 (SCHOTTKY).
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matrices, initiated by Scorza, LEFSCHETZ, ROSATI, has just been
completely solved by ALBERT (2).

We make a last remark. The simple integrals #,,...,#, attached
to F may be supposed to stand for the integrals I, ..., I, of
section 4. For this particular choice of the integrals I, the first q
normal function v, of any algebraic curve D reduce to constants. In
fact, the periods £2,; all vanish for k=1, 2,...,¢, since §;~ 0 on F.
The theorems a. and c. of section 4 now assume a simpler form.
Thus in c. it is sufficient to require that the $ — ¢ normal functions
Vgt1, - - -» ¥p coincide (to within periods). In a. it is sufficient to add
to the conditions just mentioned the condition that the first ¢ normal
functions (constants) #,,...,, coincide (to within periods) on one
curve of the pencil {C,}. This gives SEVERI's transcendental criterion
of VII, 3, p. 127.

b. If D, = D,, then D,~ D,, and conversely (LEFSCHETZ, a, §5;
compare with VI, 12). The direct theorem is trivial. To prove the
converse we consider a system {K} of oo? linear systems. From
D, > D, it follows that D; + K, ~ D, + K,, where K, and K, are
any two curves of {K}, and hence the normal functions Vyrlr 0 ¥p
of D, + K, and D, + K, are congruent (mod. periods). We fix K,
and we let K, vary in {K}. The constants », ..., ¥, giving the first ¢
normal functions of D, 4 K, assume oo? sets of values and hence,
for some curve K, = K, in {K}, will coincide with the analogous
constants relative to the fixed curve D, + K;. By theorem a. of
section 4 it follows that then D, + K, = D, + K,, and hence D, = D,,
since K, " K,.

c. Every two-dimensional divisor of zevo on F is algebraic (LEFSCHETZ,
a, 5). This is an immediate corrollary of the cxistence theorem, since
the period of any double integral of the first kind relative to a zero
divisor vanishes. As a consequence, the group of torsion of F coincides
with the group of torsion of the algebraic modulus (VI, 3) and the order
of this group coincides with the number ¢ of SEVERI (V, 7).

d. The theorem of PICARD-SEVERI on the regularity of ad-
joint systems. From the equality » = 24 proved in section 3, PICARD
(ag, p- 437) has derived an extremely interesting result concerning the
adjoint system of the system of plane sections of F. We have indicated by
w, the deficiency of the linear system cut on a generic plane by the adjoint
surfaces of order » of I (IV, 1). The deficiencies w,_3, w,_,, ... are
connected to the irregularity ¢ of F by the formula of ENRIQUES:
W, 3+ w, 5+ ---=g¢q. Hence w,_g==¢. On the other hand we
may form with p — w,_g independent adjoint polynomials P (x, v, 2)
of order n — 3 the independent abelian integrals I, = j DP,/f, dx of
the first kind atfached to C,. Of the 2p periods of I; 2¢ vanish, namely
the periods relative to the 7 (= 2¢) invariant cycles of C,. The p — w,_;
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integrals I, being independent, the number of their arithmetically distinct
periods cannot be less than 2(p — w,_g) (section 6). Hence 2(p — w,_s)
=2p —2q,i.e. w,_z==q. Consequently, w,_3 =¢ and w,_s = @,
= ...=0. We have thus the following

Theorem of PiCARD. The adjoint system of the system of plane
sections of F is always regular. Or, in projective language, the adjoint
surfaces of order n — 3 cut out on a generic plane a system of maximum
deficiency q, while the adjoint surfaces of order v =n — 2 cut out on
a generic plane the complete system of adjoint curves of order r of the
corresponding plane section of F.

SEVERI (15) gave an algebro-geometric proof of PICARD’s theorem
and arrived at a more general result:

If an irveducible curve D is a member of a continuous gystem 2 which
is not an irrational pencil, then the adjoint system |D'| is regular.

e. Under the hypothesis of the preceding theorem of SEVERI, D contains
2q independent 1-cycles of F (SEVERI, 12). For the proof we suppose that
the theorem is not true and we observe that then the ¢ simple integrals
of the first kind attached to F are dependent on D, since they possess
on D less than 2q distinct periods. There exists therefore a simple
integral u of the first kind which reduces on D to a constant. The
integral » reduces to a constant also on every other curve D, of X,
since the 1-cycles on D, are obtained from the 1-cycles on D) by a de-
formation. Two cases are possible: either the curves of 2 meet in
variable points, or 2 is a pencil, necessarily linear, by hypothesis. In
the first case, the constant value of # on a variable D, of 2 must coincide
with the value of % on D, since D, meets D in variable points. Hence %
is constant on F, and this is impossible. In the second case u is a function
of the parameter ¢ of the pencil, defined to within periods and finite
for every value of t. Hence again u is a constant, q.e. d.

For irrational pencils the following theorem holds: if 2'és an irrational
pencil of genus m, there exist exactly 2q — 27 1-cycles on D which are
independent on F. In fact, the m independent abelian integrals of the
first kind attached to the pencil, considered as a one-dimensional
algebraic variety, give rise to z independent simple integrals of the first
kind which reduce to constants on any curve D of 2. Conversely, any
effective simple integral of the first kind (i. e. not a constant), which is
constant on a generic D of X, is an abelian integral of the first kind
attached to the pencil 2. Hence there exist 7z and only 7 independent
simple integrals of the first kind which reduce to constants on a generic D,
and consequently the number of independent 1-cycles of F homologous
to 1-cycles of D is =2(¢ —#). On the other hand this number
cannot be greater than 2¢ — 2@, because the real parts of the 2¢
periods of a simple integral of the first kind can be assigned arbitra-
rily, q. e. d.
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8. Double integrals of the first kind. Theorem of Hopce. We
have seen (section §) that if U is any double integral of the first kind
attached to a surface F, its periods relative to the algebraic cycles
all vanish. It follows that the number of arithmetically distinct periods
of U is at most g,, where go(= R; — 0) is the maximum number of
independent non-algebraic cycles no combination of which is algebraic
(VI, 12). Is 4t possible to have an integral U whose periods all vanish?
This important question has been solved only recently by HobDGE (2)
not only for algebraic surfaces but more generally for any #-dimensional
algebraic variety V,, and for the n-fold integrals of the first kind attached
to V,. An n-fold integral U of the first kind on V,, is defined, as in the
case of surfaces, by the condition that f dU be finite for every analytical
n-chain C, on,V,. Cn

Theorem of HODGE. An n-fold integral of the first kind attached to
an algebraic variety V, cannot have all its periods equal to zero.

HopGE’s proof is based on the consideration of the topological
product of V, by itself and makes use of ideas used by LEFSCHETZ
in his topological theory of algebraic correspondences (VI, 13). Sub-
sequently another proof was given by G. DE RHAM (2) as a consequence
of general properties of the integrals attached to a topological manifold
established by the same author in his interesting dissertation (1). See
also KAHLER (2) and the simplified proof by KNESER (1). The original
proof of HODGE, given below, is, however, simple enough in its essential
aspects.

Let V, be in S,,,, given by an equation f(xy,%,,...,%,) =0,
and let f(xg, #7, . . ., %;,) be another copy of the same variety in S, ;.
We shall denote by 4 and B the corresponding (homeomorphic) real
Riemannian 2#-dimensional varieties. The homeomorphism between 4
and B is given by the identical correspondence x; = x; on V,,. We shall
denote by F the topological product 4 X B as well as the algebraic
2n-dimensional variety f =0, f'= 0 in Sy,.5 (X, - . -, ¥p, Xy, - -, %)
of which 4 X B is the Riemannian variety. This variety is in (1 —1)
correspondence with the ordered pairs of points of 4 and B. Let a?,
h=1,2,...,7,, be a minimal base of 7, independent p-cycles on 4,
and let & be the corresponding cycles on B (p =0,1,...,2n). In
order not to interrupt the proof we first make a few remarks of which
we shall make use in the sequel. They refer to well known facts.

a. A minimal base for the q-cycles I, on F is given by the cycles
a, X b,_,, p=0,1,...,q (see, for instance, LEFSCHETZ, e, Chapter V).

b. Letz, ..., z, denote real variables and let w = 4, ;,d2;,...dz,
(the ¢’s are summation indices) be a differential form of degree p, where
the functions 4;,  ; are the components of a covariant skew-symmetric
tensor satisfying the usual conditions of continuity and differentiability
up to second order in a given domain T. According to POINCARE

Ergebnisse der Mathematik. I1I/5. Zariski. 10
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(see PICARD, a,, Chapter 1; DE RHAM, 1) the condition that the p-fold

integral ] o be an invariant integral, in the sense that its value remains the
Cp
same if the chain C, is deformed over T in such a manner that its boundary

6A
F(C,) remains fixed, is that By, . = 621__.'2;'11 aéza

where the &'s are the well known KRONECKER symbols. The property
of which we shall make use is the following and is an immediate conse-
quence of POINCARE’s condition. Let us have two differential forms

Op1
JAp41 =0,

o, = Ay 4%, .. .4z, w,=B;; ;dz .. .dz,p+q=m, and
let us con51der the differential form of degree p +4q (the divect product
of wyand wy): Wy X Wy =037 A, 4, Bapii. . api, 8 Bz,
If the integrals f w, and f w, are mvammt then also the mtegml f w; X Wy
is tnvariant 1t should be noted that if /  is invariant, then f w,
if I’y ~ F r»

c. Let 0;(0}) denote a ccllon 4 (B) and let 2, 25, . . ., 255 (z/l, s Zag)

be real coordm'ttes defined in a region of A (B) contammg o, (0} ) Let
w, =4, .4z, ...dz,, 0,=B;  ;dz ...dz . Then the integral

/wlx W, OVer o; X 65, _; 1S zero, zf ] :!- n, and is equal to fwl fwz,
if 1 =mn. o On
With these preliminaries, let U = f @(Xg, -+ -» %p) A%y .. .d%, be

an #n-fold integral of the first kind attached to 4, and let
V=/[@(x,..., %,)dx;...dx, be the corresponding integral on B.
Let x; = 2z; + $2j4p, % = 2} + 12j4p, U=U'+1U", V=V'+1V",
=R+ 1S. Let

U =/(a;‘._.,’" + ia}:‘__j")dz,-, e den,

V = _[(b;l]ﬂ + ib;:)n)dz;l e dz;‘n ’

all the j’s being summation indices. Since the real and imaginary
parts of U or of V are invariant integrals, it follows, by b., that also

(25) "X V' = fa‘h b adzi, ... dz,dZ, ... Az,

is an invariant integral.

Let I, be the cycle on F representing the pairs of homologous
points "= x of A and B. This cycle is defined by the identical cor-
respondence on V, and plays an important réle in the proof. By a.,
we have

(26) "'n ~ ;10) a/' X bs":z-j’
! an integer, and consequently, by c.,

(27) L 2 x v =S ihojor,

Ian
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where w;, = w}, + i} is the period of U relative to a®. On the other
hand, if we evaluate this integral directly from (25), noting that on
T',, we have z; = z;, we find that its value is zero, if # is even, and is

equal to
n-

1
(28) (—1) 2 2"‘1[(R2+Sz)dzl...dzg,.>0,
4

if # is odd. Comparing (28) and (27) we tmmediately conclude that our
theorem s true if n is odd. Suppose that the theorem is not true if # is
even, and let U be without periods. We consider an algebraic curve C
of genus p > 0 and an abelian integral fcp(x, y)dx of the first kind
attached to C. Then it is immediately seen that [@(x, ..., x,)
v(x, y)dx ... 4x,dx is an (n + 1)-fold integral of the first kind without
periods attached to 4 X C, and this is impossible, q. e. d.

We consider any two integrals U, and U, of the first kind attached
to 4, and we denote by ¥V, and V, the corresponding integrals on B.
Let

Uy X Vy=[p1(xg .. %) @a (x5, ..., x;)dx, ... dx,dx; ... dx,.

It is immediately seen that the value of this integral over I, (¥; = x;)
is zero. This also follows from a general remark of LEFSCHETZ to the
effect that the value of a multiple integral of the first kind over an
algebraic cycle is zero (compare with section 5). Using (26), we find
that the periods w}, and wj (h = 1,2,..., R,) of any two (distinct or
cotncident) n-fold integrals of the first kind satisfy the bilinear relation
(HoDGE, 2)

(29) %Ah,k wj, wi =0, Ap i = A .
h,

The topological significance of the coefficients 43", can be derived
from the intersection formulas (LEFSCHETZ, e, p- 241):

(@n X by-ap X byy_p) =0, P+ n,
(@n X by - @, X b)) = (—1)"(an - a7) (bs - b)) ,
(Lyn-ay X b)) = (—1)"(a), - a)) .
These formulas generalize the formulas (16), (16’), (16”") and (19) of

(VI, 13). Let a = l(a®. a¥)| be the matrix of the intersection numbers
of the n-cycles a®. Then it follows from the above relations that

d= i) = e,

From the inequality (28) it follows that if » is odd the periods of U cannot
be all real or pure imaginary. This can be proved for any value of »
(KAHLER, 2) by censidering, instead of the integral U’ X V", the integral
UxV =f¢p(xo, e X))@y, ..., Ay dxy .. dx,dX ... dX;,,
10*
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where @ (x') = ¢(x’) denotes the conjugate of ¢(x’). The value of this
integral over I, is easily found to be equal to s*p, where i = }/—1
and ¢ is a real number 0. Hence

(30) D Anrwpw = i"g, e+0,
and this proves that the periods ®, cannot be all real or all pure imag-
inary, because in the contrary case the relation (30) would contradict
the relation (29).

An immediate corollary of this theorem, for algebraic surfaces, is
the inequality @g = 2p,. In general g, > 2p,, so that in general the
real (or imaginary) parts of the g, periods of a double integral of the first
kind cannot be assigned arbitrarily (only 2p, of them can be assigned
arbitrarily). . .

We point out two interesting applications of HoDGE’s theorem.

Necessary and sufficient conditions that ddy ~ Ba%x o 3 total dif-

ferential of the first kind have been given by Picarp (a,, p. 117) and
are the following: 4 and B are adjoint polynomials of degree n — 2,
and of degree n — 3 in y, zand x, z respectively ; moreover, there exists
an adjoint polynomial C of total degree » — 2 and of degree n — 3
in x, y, such that the polynomials A, B, C satisfy the following two
identities:

(31) Afz + Bfy + Cf; = Nf,

(31) 4;+ B, +C; —N=0,

where N is an adjoint polynomial of degree » — 3.
LEFsCHETZ (5) has proved that a necessary and sufficient condition

that a double integral f f Q.. ;;-d—x—d-y of the first kind be without

periods is that there exist three adjoint polynomials 4, B, C of the
same degrees as above, such that
(32) Afs + Bfy + Cf; = Nf,
(32) A, + B, +C,—N=0Q.

It is easily seen that if 4, B, C satisfy an identity of type (32), then
A, + By + C, — N is necessarily an adjoint polynomial of degree
Z=n — 4. From this it follows immediately, in view of HODGE’s theorem
and in view of LEFSCHETZ's result, that the identity (31°) is a consequence
of the identity (31). We have here a purely algebraic statement which
is equivalent to HODGE’s theorem. A direct proof of this algebraic

result does not seem however an easy undertaking.

SEVERI (22) considers differential forms A_dy_;,-_Bii_x enjoying

the property that, without being mecessarily exact: differentials, they

give rise to an integral f Ly;_Bﬂ which is of the first kind on every
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rreducible curve of the surface. He calls such differential forms semiexact
differentials of the first kind.
SEVERI proves that the identities (32) and (32') of LEFSCHETZ give

also the necessary and sufficient conditions that Ady —Bdy 1, ,

semiexact differential of the first kind. In view of HODGE’s theorem
the semiexact differentials of SEVERI coincide mecessarily with PICARD’s
exact diffeventials of the first kind.

In (4) HopGE introduces the notion of a harmonic integral attached
to an analytic manifold which has attached to it a Riemannian (posi-
tive definite) metric, and establishes important properties of these in-
tegrals. The connection with algebraic varieties lies in the fact that
the multiple integrals attached to them are harmonic integrals whose
integrands are®algebraic. Applying his results to algebraic surfaces
HobnGE deduces the following topological characterization of the geometric
genus p, of an algebraic surface: if the matrix a = ||a}- a5 || of the inter-
section numbers of the 2-cycles is transformed into a diagonal matrix
a' = uay', then the number of positive terms in a’ equals 2p, + 1
(Hopge, 3).

9. Residues of double integrals and the reduction of the double
integrals of the second kind (PICARD, a,; LEFSCHETZ, a, Note I; LEF-
SCHETZ, 2, 3, 4; POINCARE, 7). The theory of the double integrals of
the second kind has been created by Picarp. Emphasizing its topological
aspects LEFSCHETZ has considerably simplified the theory and has
enriched it by new results. Following in the main LEFSCHETZ’s treatment
we shall give in this section a few general properties of double integrals
and we shall undertake a preliminary reduction of the double integrals
of the second kind.

Let Dy, D,, . . ., D; be the irreducible curves of discontinuity of the
double integral '

(33) J=[[R@x,y.2)dxay,

where R is a rational function which becomes infinite only on Dy, .. ., D,.
A period of ] is the value of the integral extended over a cycle [y which
does not meet any of the curves D;. If I'y o 0, then the period is called
a residue. If I’y meets a curve D;, the integral J over I', converges if D;
is a polar curve of first order of R. However, in this case the value of
the integral in general varies continuously if the intersections of I
with D, vary.

For double integrals of the second kind the condition that Iy should
not meet the curves D; will be replaced later by the less restrictive
condition: (I'y- D) = 0.

We consider the residues of J and we show how they can all be
obtained from zero-cycles of a special and particularly simple nature
(LEFSCHETZ, a; 4). Let I'y be a zero-cycle not meeting the curves D;
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and let C,; be the 3-chain bounded by I';. Since the boundary of C,4
does not meet D;, we may assume, deforming Cg if necessary, that
Cq-D;=1y,; is a 1-cycle, and that p; does not pass through the
multiple points of the curve D; + - .- 4 D;. We isolate the neigh-
borhood of 9; in C4 by a cycle I'§ very close to y;. For the construction
of I'f we may consider a pencil {D,} on F such that D is either a member
D, of the pencil or a component of D,. Then I} is the locus of y* as ¢
describes a small circle of center ¢ = 0, where y is the 1-cycle on D,
which is deformed into y; as D, -> D,. We shall refer to I as a tubular
cycle of axis y;. If ; is deformed on D; the residue of J relative to Iy
remains unaltered, except when p; crosses certain points of D; which
give rise to point residues of J (scc remark after theorem 5). These
points are either the intersections of D; with the other discontinuity
curves or the multiple points of D;, the rcason being that as'y; crosses
such a point the deformed tubular cycle nccessarily crosses a D; (j - 7)
or D;, and the corresponding residue may be altered.

It is clear that ¥~ 0 on F. If we take away from C, the small
tubes bounded by the cycles I'¥ and having two by two nothing in
common, there remains a 3-chain not meeting the curves D; and bounded
by Iy, — D' I'j. By the theorem of CAUCHY-POINCARE the residuc of J
relative to I'; is then the sum of the residues relative to the cycles I.
We therefore obtain all the residues of ] if we consider only tubular cycles.

We have called improper (section 1,b) any integral of the type

(34) [[(52+ 5, )axay.

where U and V are rational functions of x, y and z and where the deriva-

tives are evaluated by considering z as a function of x and y defined
by the equation f(x,y,2) =0. Thus, ?TZ f:U- g U= £:U:  The dis-
continuity curves of the integral are the polar curves of U and of ¥ and
the intersection K of the two surfaces f = 0 and f, = 0 outside the double
curve of F.

Theorem 1. The transform of an improper integral by a birational
transformation of F is an improper integral.

For the proof, which is immediate, see PICARD, a,, p. 161; LEF-
SCHETZ, 4, p. 241.

Theorem 2. If I'y is any cycle not meeting the polar curve of U and

the curve K, then
f/ U ixdy [fa—dxdy_o

In other words, the penods of the mtegml f f ——=dxdy or of the integral
f f ou -dxdy all vanish. This theorem is an lmmedlate consequence of
the theorem of CAUCHY-POINCARE.
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One should not conclude that theorem 2 holds also for the improper
integral (34). If it is known that the integral (33) is improper, then

there exist rational functions U and V such that R = gx + 3y (on F),

but it does not necessarily follow that it is possible to determine U
and V in such a manner that they should not possess polar curves other
than those of R. See the example in PICARD (a,, p. 229). In this circum-
stance resides the main difficulty of characterizing improper integrals.

However, if we consider only the residues of the integral (34),
we have the following

Corollary. An improper integral has no residues. In fact, let I'y
be a tubular cycle whosc axis y lies on an irreducible discontinuity
curve D of the integral (34). We may assume that p does not pass
through the intersections of D with the other discontinuity curves of

the integrals [ [ 2;] dxdy, [ /3: dxdy. Then the cycle I', satisfies

the conditions of theorem 2, q.e.d.

Theorem 3. Double integrals of the second kind have no residues.

Let the integral (33) be of the second kind. Keeping the notation
of the proof of the preceding corollary, let 4 be a point of y. There
exists an improper integral (34) such that the integral

oU (%4
(R— ox 0y)dxdy
is finite in the neighborhood of A (section 1, b) and consequently does
not possess D as curve of discontinmuity'. The residue of this integral
relative to I, therefore vanishes. The theorem now follows from the
preceding corollary.

Corollary. If I'y oo I}, the corresponding periods of any double integral
of the second kind ave equal.

This corollary permits us to enlarge the class of 2-cycles for which
it has a sense to speak of the corresponding periods of a given double
integral of the second kind, in view of the following

Theorem 4. If Iy and I'y are any two cycles on F, one of them, say
T,, can be replaced by an homologous cycle I'y whose arithmetic number
of intersections with I'y equals (I'y - I'}) (LEFSCHETZ, a, p. 128).

Corollary. If (I',- I';) = 0, there exists a cycle I'y ~ I', which does
not meet I'.

In virtue of the preceding corollaries it has a scnse to speak of the
period of a double integral J of the second kind relative to any cycle r,,
such that (I'y- D;) = 0 for any discontinuity curve D; of J, meaning

1 We see that the integral [f(R - —SU- - _g—l_,)dx dy is finite not only in

J * y
the neighborhood of the point A but also in the neighborhood of a gemevic point of
the curve D. One tnay use this as the definition of double integrals of the second

kind (LEFSCHETZ, 4, p.243). The two definitions are equivalent.
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by it the period relative to any cycle which is ~I', and does not meet
the curves D;.

Put R = ‘;-}21—1'—2—; and let S(x,y) be the resultant with respect

to z of the two polynomials B and f. Then S = PB + Qf, where P
50,9 on f=0. Here S(x,y)

= 0 is the equation of the projection on the (x, y)-plane of the curve
of discontinuity of /. We may undertake a further reduction by
breaking up R into partial fractions. The integral [ is then expressed as
the sum of integrals of the type:

f A(x,y, 2)
63) e, sz ey
where 4, g and @ are polynomials in their variables and g is irrgducible.
The axes being in generic position, we may assume that g(x,y) = 0
is the simple projection of the corresponding irreducible discontinuity
curve D of the integral (35) and that the complete intersection of the
surface F with the cylinder g(x, y) = 0 consists of the curve D:

and Q are polynomials, and hence R =

(36) g(x,y) =0, z = z(¥,y) = a rational function of x,y,

and of another irreducible curve D, on which the integral (35) is finite.

The following theorem is the converse of theorem 3:

Theorem 5. If a double integral is without residues it is of the second
kind (PICARD, a,, p. 203).

Proof. It is sufficient to prove the theorem for integrals of type (35).
Dividing A4, if necessary, by a convenient power of g, we may write
the integral in the form

J=[[s5axay,

where B is a rational function which neither vanishes nor becomes
infinite on D. If g > 1, we replace the integral J by the integral

]1‘_—]’_/]‘3_37%@%;"&““} / (ﬂ—-l)gﬂ 1 6x( )dxdy

We have subtracted from J an improper integral and this does not
affect the residues (Theorem 2, corollary). [, is of the same type as J,
except that B is replaced by f — 1. We may therefore assume that
g=1:

(37) J -_—.] A(:; 3;;)3) dxdy, A, a rational function.

Let I'; be a tubular cycle of axis ¥ on D. Integrating first over a cross
section of the tube and then along the 1-cycle y, we find that the period

of J relative to I'y equals 273 / idx i. e. equals the period relative to
y of the abelian mtegml y &

(38) 2 j o 4%
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attached to the curve D, whose equations are given by (36). It follows
that if J has no residues then the integral (38) is a rational function

2ni U(x,y), on D. Hence Afg, = "é" = (g,U; — &:U,)/g,, ong =0,
and consequently the 1ntegral

I = C8) 4y () s

is finite on D, q.e.d.

Corollary. The double integrals of the second kind are tnvariant under
birational transformations.

Remark. The abelian integral (38) may be of the third kind and
as such may possess besides cyclic periods also logarithmic periods.
The correspondipg residues of ] are referred to as cyclic residues and
point residues respectively. A point residue of J corresponds to a tubular
cycle whose axis is a small circle on D drawn around a logarithmic
singularity of the integral (38). These singularities are either at the
intersections of D with the other discontinuity curves of J or at the
multiple points of D.

Theorem 6. Any double integral J of the second kind can be reduced
by the subtraction of a suitable improper integral to an integral of the

type

(39) Lizy

,2)
wo ey

where P 1s an adjoint polynomial and @ (y) is a polynomial in y (PICARD, a,,
Chapter VII; LEFSCHETZ, a, p. 141).
Proof. We express J as the sum of integrals of type (35). There

exists an improper integral [ ](a_l; -+ 'z);) dx dy such that

lA(x,y,2) U  dV

o) e = & = & Jaxay

is finite at an intersection of D with the curve D, the residual inter-
section outside D of f = 0 with g(x,y) = 0, and hence is finite at a
generic point of either curve D or D. Let us decompose U and V into
partial fractions and letU, and V, be the partial fractions which correspond
to the irreducible factor g. It is clear that we may replace U and V by
U, and V, respectively, without affecting the finiteness of the integral (40)
along the curve D + D. The integral (40) assumes then the form:

Q. 9,2
Ji= j p(y)ghf. dxdy,

where the polynomial Q mecessarily vanishes on D + D. Since D + D
is the complete intersection of g(x,y) =0 and f =0, it follows by
NOETHER’s theorem that Q = Af + Bg, where 4 and B are polynomials.
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Hence [, = ]f%%’g:_f},)— dxdy. Repeating this procedure we see
that J, is of the form ?ltl(i%ﬁf;i) dxdy. Performing the same

reduction for each discontinuity curve of the original integral J, we
reduce J to an integral of type (39). Since the subtracted improper
integrals are finite on the double curve of F, this must also be true for
the reduced integral (39), and hence P is an adjoint polynomial, q. e. d.

The discontinuity curves of the integral (39) are curves Cj; of the
pencil y = const., where 7 is a root of the equation ¢ (y) = 0, or y = oo.
The intersection of f = 0 and f, = 0 outside the double curve of the
surface F is not a discontinuity curve since on that curve the integrand
is infinite only to the order 1/2.

The study of the double integrals of the second kind is thus reduced
to the study of the integrals of type (39). However, a Yurther reduction
is possible:

Theorem 7. Any integral of the second kind of type (39) can be reduced
by the subtraction of a suitable improper integral to an integral of the form

(41) /]R‘("i',l’z %) dx dy,
where P is an adjoint polynomial (PICARD, a,, Chapter VII; LEFSCHETZ, a,
p- 141).

This theorem will be proved in the next section (theorem 4, corollary).
The immediate task before us is the study of the integrals of type (41).
They will be referred to as the normal integrals.

10. Normal double integrals and the determination of the number of
independent double integrals of the second kind. The normal integral

(41) J= f[ !:(z;{y,;z dxdy

is finite everywhere except on C, . Its periods are defined for all cycles I
which do not meet C,. We shall call such cycles finite cycles.

We consider in particular the cycles >4;4; + (C,) of VI, 10. The
condition for X' 4,4, + (C,) to be a cycle is 2/4;6; ~ 0 on C,, and in
order that it be a finite cycle it is necessary and sufficient that the
chain (C,) should not contain the points at infinity 4,,..., 4,, i.e.
that (C,) be a finite region ((C,)) (VI, 11). The condition 2400
on C, implies

I3

(42) Dhi(0i-yn) =0, h=1,2,...,2p,
i=1

where y,, ..., 7, are 2p independent cycles on C,. The condition

that > 4,67 should bound a finite region ((C,)) implies

I3
(42) 2 4i(di-c) =0, j=2,...,m,
{=1
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where c,, . . ., ¢, are open arcs joining A, to A,, ..., 4, respectively.
Hence all the finite cycles D4, 4; + (C,) are of the type
14
(43) 2 ki + ((C),
i=1

with the necessary and sufficient condition that the 1's satisfy (42) and (42').
The matrix of the coefficients of the equations (42) and (42') is of
rank 2p —7 +#n —1=2p — R, +#n — 1 (VI, 8). Consequently the
number of independent solutions, or, what is the same thing, the number
of arithmetically independent finite cycles of type (43) equals (VI, 10)
p—QRp—R +n—1)=Ry,—1+2p—R,.
If I, is an arbitrary cycle then nlI, — (I';- C,)C, is a cycle I', such
that (I',* C.) = 0, and hence I, is homologous to a cycle which does
not meet C,, (section 9, theorem 4, corollary). Hence the number of
finite cycles which are independent on F is R, — 1. It follows that the
number of arithmetically distinct finite cycles of type (43) which are
homologous to zero is at least 2p — R,. It is not difficult to see that
this number is exactly 2p — R, and that consequently any finite cycle
is homologous on F to a finite cycle of type (43). In fact,if D 4,4, + ((C,))
is a finite cycle &~ 0 on F, then there exists a 3-chain Cj such that
Cy =244, + ((Cg)). The intersection C4-C, is a cycle y, since
F (C,) does not meet a gencric C,,, so that Cyis the locus of . 1t follows
that 4, = (4-46;) (VI, 6, formula 6), and hence the number of in-
dependent homologies, > 4;4; + ((C,)) ~ 0 on F, is 2p — R, (VI, 7),
q.e. d.

Theorem 1. Any finite cycle I'y is reducible by a finite deformation
into a cycle of type (43) (PICARD, a,, p. 335; POINCARE, 7; LEFSCHETZ, 4,
and a, Note I).

Proof. By a {inite deformation we understand a déformation which
leaves invariant C,,. We know that there exists a cycle Iy of type (43)
such that I, I',. The zero-cycle Iy — I', can be deformed by a finite
deformation into a tubular cycle whose axis is a 1-cycle ™ in C,
(section 9). Hence it is sufficient to prove the theorem for tubular
cycles. Such a cycle, I, is the locus of a 1-cycle y = ¥ as y describes
a large circle in the y-plane, where %Y is the cycle in C, whose position
on C,, is the axis = of I',. This circle can be deformed into the boundary
of the 2-cell E, into which the y-plane has been cut open by means of
the cuts 4,4 =1,2,..., % (VI,5). Hence I', can be deformed by a
finite deformation into the locus of y as y describes the boundary of E,,
i. e. both edges of the various cuts /;. We have shown (VI, 6) that this
locus can be deformed into the cycle X (- 6,)4; + (C,). It remains
to show that the deformation used in VI, 6 is finite. That deformation
consisted essentially in deforming ¥’ — ¢ into (y - ;) §; over the 2-chain
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on C, bounded by the zero-cycle ' — y — (y-48,)d;. It is, therefore,
necessary to show that of the two co-residual chains on C,, which are
bounded by this zero-cycle, there is one which does not contam the
points at infinity 4,, 4,, . .., A,. The existence of such a chain follows
immediately from the fact that as y - o;, ¥’ tends to coincide with ¥y,
0; shrinks to a point, while the points A; may be supposed to he fixed
throughout the deformation of C,, q.e.d.

Corollary. The normal integral J does not possess point residues and
its residues relative to the invariant cycles on C., all vanish. In fact,
if I'y is a tubular cycle of axis y*, then, as we have just shown, the
cycle I, — 3(y-6)4; — ((C,)) bounds a 3-chain which does not meet
Co. If y*~ 0o0n Cy or if y is invariant, then (y - ;) = 0 and hence I,
itself bounds such a 3-chain, q.e. d

Remark. The significance of the R, — 1 + 2p — R, arith'metically
independent finite cycles (43) is now clear: R, — 1 are independent on F
and the remaining 2p — R, are zero-cycles corresponding to the tubular
cycles whose axes are 2p — R, independent non-invariant 1-cycles
on Cq

The integral

(44) [ ax,
considered on C,, is an abelian integral whose only possible logarithmic
singularities are the » points at infinity 4,,...,4,. It possesses,

therefore, at most 2p + #» — 1 distinct periods (functions of y), of
which # — 1 are logarithmic periods. It can be shown by elementary
considerations that these periods can be assigned arbitrarily on a generic
C, without contradicting the condition that P be a polynomial in y.
We shall confine ourselves to stating this result under an equivalent form:

Theorem 2. It is possible to assign 2p + n — 1 integrals of type (44)
whose period-determinant is %= 0 (and which are therefore independent
on a generic C,).

The period of the integral J glven by (41), relative to the finite cycle

(43), equals [section 5, (16)] 21 f £, (y)dy, where £; (y) is the period of

the integral (44) relative to d,.

Theorem 3. There exists a normal integral ] whose periods are
arbitrarily preassigned numbers (PICARD, a,, p.355).

Proof. We obtain an integral J with arbltrary periods by conSIdermg

the integral
ffv’(y)l_’%x. Y. %) g dy,

! The non-existence of point residues follows also from the fact that C is
the only discontinuity curve of J and that it is free from multiple points outside
the double curve of F.
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where P is arbitrary but fixed and where ¢ (y) is an arbitrary polynomial
in y. In fact, the period of this integral relative to the cycle (43) is

given by a
Dlufo0) ) dy

- The impossibility of assigning arbitrarily these quantities for the R, — 1
+ 2p — R, arithmetically independent finite cycles (43) would neces-
sarily imply that a relation of the form

S [y =0
1 a

holds for an arbitrary integer k= - 0 and for certain constants u; not all
zero and independent of 4. Then the following function of u

Snf e
1 a

vanishes identically. Let, for instance, u, 4 0. As u turns about o,
this function increases by 274 u, 2, (). Hence £, («) is identically zero.
This is impossible, since é; o¢ 0 on C, and therefore, by theorem 2, the
period £, (4) of the integral (44) can be assigned arbitrarily on a generic
Cy,q.ed

Theorem 4. A double integral of type (39) of the preceding section,
without periods, is necessarily an improper integral (PICARD, a,, p. 365).

Proof. Let

P(x, v, z)
R )
(45) J= ] @, 9, 2)dxdy = / / &2 anay
be the given integral without periods, and let
’ ‘P(%,, 2)
= | 2 dx.
(45 e
We fix 2p + #» — 1 independent abelian integrals of type (44):
Ji= fP"””’dx, h=1,2,...,2p+n—1.

Let w,, w,; (R =1,2,..., R,) be the periods of J,, 4 relative to the
R, invariant cycles of C,, and let £;, £,; (i =1,2, ..., ) be their
periods relative to the vanishing cycles 8;. We consider the following
system of equations in the 2p 4+ # — 1 unknowns c¢;:

2p+n—1

(46) Dlaw) —-/w»(y ydy, k=1,2,..., Ry
h=1
. 2p+n—1

(46)) Z""Q’” f.Q‘y)dy, i=1,2,..., 1

h=1
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We consider a finite cycle (43). From ((C,)) - X 4;0¢ follows
24,92, ;(a) = 0, and more generally, since a is arbitrary,

(47) ﬁlighi(y)=ot h=1, 2,...,2?-'—71'—1,
1=1

where £2;,(y), . . ., $,,.(y) are the periods of J* relative to the cycles
6{,..., &, into which 6f,..., 6} are deformed if y varies on a fixed
path issued from y = a. Writing that the period of J relative to the

a
considered finite cycle vanishes, we find Zli / Q. (y)dy = 0. Also
L2 2]
here it is permissible to consider a as arbitrary and to write
" v
’ . [
(47) D k[ Q) dy =o.
i1 &
The number of distinct relations (47) (or (47')) is R, — 1+ 2p — R, =
M4 — (29 — R, + n —1). Hence of the u equations (46’) only 29 — R, +n
— 1 are independent, and these, together with the R, equations (46),
determine the unknowns c;, since the determinant of the coefficients
is # 0. By a reasoning similar to the one employed in section 2 it follows

that the ¢’s are vational functions of y. The integral J, — aaj—,;ch ]2 is

without periods on a generic C, and is therefore a rational function
. \' ’ . oU |, av
U(x,y,z). If weputl — %c,,P,,/fz we find that R = %~ + gy a-e d.

Remark. A few special considerations are necessary if ¢ (y) vanishes
at a critical point y —= «; (LEFSCHETZ, a, p. 140).

Corollary. An integral J of type (39) s reducible to a normal integral
by the subiraction of a suitable improper integral (this is theorem 7 of the
preceding section). In fact, by theorem 3 there exists a normal integral J’
of type (41) having the same periods as J. The integral J— J' is of the
same type as J and has no periods, hence is an improper integral,

q.c.d.
We are now in position to derive rapidly the final result. Let I'j
(1=1.2,..., 0 be gyindependent non-algebraic cycles whose algebraic

number of intersections with any algebraic cycle equals zero (VI, 12).
By theorem 3, Corollary, of the preceding section, it has a sense to
speak of the periods of any double integral of the second kind relative to
these cycles. We add ¢ — 1 other finite cycles I'¢*7 (j="1,2, ..., —1),
so as to have g, + ¢ — 1 = R, — 1 independent finite cycles. Let D, ..., D,
be a base for the algebraic cycles in the sense of SEVERI. The matrix
(g ? D), h=1,2,...,0—1,k=1,2,...,0,isof rank ¢ — 1, since no
combination of the cycles I'g*? enjoys the property that its intersection
number with any algebraic cycle equals zero. We may assume that

(48) (Igth. Dy)| 0, hk=1,2,...,0—1.
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Theorem 5. Given any algebraic curve D on F, it is possible to con-
struct an improper integral of type (45) whose period relative to any finite
cycle I'y equals —(I'y - D) (LEFSCHETZ, a, p. 142).

Proof. Let v be the order of D and let f ¥ dx be an abelian integral
of the 3rd kind attached to C,, with logarithmic periods +1 at
the points of C,-D and —v at one of the points at infinity of
C,. The construction of ¥V involves conditions which in their totality
are rational in y. Hence V is a rational function in x, y, 2. The integral

;)}; f Vdx is of the second kind on a generic C, and is therefore reducible
to an integral J, of type (45’) by the subtraction of a suitable rational
function of ¥, y and z. We have then J, = »aaydex+ U =/R(x, y,2)dx.
The desired dduble integral is the following: j fR (%,y,2)dxdy

- [ +52)one

If we now replace D by Dy (k =1, 2, .. ., ¢ — 1) we deduce from (48)
the following

Corollary. There exists an improper integral of type (45) whose periods
relative to the 0 — 1 cycles I'§th are arbitrarily preassigned numbers.

The preceding theorem leads immediately to the following char-
acterization of the tmproper integrals of type (45):

Theorem 6. A necessary and sufficient condition that an integral |
of type (45) be improper is that its periods relative to the o, cycles I'} all
vanish (LEFSCHETZ, a, p. 144).

In fact, by theorem 2 of section 9, this condition is necessary. To
prove that it is sufficient we consider an improper integral J’ of type
(45) having the same periods as J relative to the cycles I'¢** (theorem 5,
corollary). Then J — J’ is of the same type as J, is without periods
and hence is improper (theorem 4), q.e.d.

Given any number of double integrals of the second kind, they are
said to be tndependent if and only if no linear combination of these
integrals is improper. With this dcfinition we now may state the
following

Final theorem. The number of independent double integrals of the
second kind equals Q.

Proof. By theorem 3, we may form g, normal integrals J; without
residues and possessing g, distinct periods relative to the cycles I'j,
giving rise to a period determinant 3- 0. These integrals are then of the
second kind (section 9, theorem 3) and are independent by the preceding
theorem 6. On the other hand, let / be any normal double integral.
We may form a linear combination J’ of the integrals J; having the
same periods as f relative to the g, cycles I'j. The integral J — J'
is then necessarily improper, by theorem 6, q.e. d.
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Chapter VIII.

Branch curyves of multiple planes
and continuous systems of plane
algebraic curves.

1. The problem of existence of algebraic functions of two variables
(ENRIQUES, 18; Zariskl, 3, vAN KAMPEN, 1). Let z be a k-valued
algebraic function of two complex variables ¥ and y, defined by an
irreducible algebraic equation,

(1) F(x,y,2) =0.
The branch curve f,
(2) fx,y) =0,

of the function z is found by eliminating z between F = 0 and 6 F[0z = 0
and by neglecting in the resultant certain factors which correspond to
multiple curves of the surface F = 0 (apparent branch curves) The
definition of f may be rendered exact by assuming that: (a) the polynomial
f contains no multiple factors; (b) the curve f is the locus of the effective
branch points (%, ¥), (%5, 9), - . ., (%,,y) of the function z = z(x, y),
for y fixed, and of the lines y = ¢ = const. such that y = c is an effective
branch point of z if x is fixed and generic. It may be necessary to include
the line at infinity of the projective plane (x,y) in the branch curve.
However, we may always choose the coordinates x and y in such a manner
that the line at infinity does not belong to the branch curve.

The determination of the monodromy group of the function z leads
to the consideration of the fundamental group G of the residual space
P — f, where P is the space (of four real dimensions) of the complex
projective plane (x,y). The curve f is a two-dimensional orientable
circuit immersed in P (f is a manifold if and only if each point of f is
the origin of a single branch). We recall the definition of G (see, for
instance, VEBLEN, a; LEFSCHETZ, e). Its elements are oriented 1-spheres
in P — f issued from a fixed point 0. Two elements g, and g, are equi-
valent, in symbols g, = g,, if g, can be deformed into g, in P — f, the
point O remaining fixed; in other words, if g, — g, bounds a 2-cell in
P — f. All equivalent 1-spheres correspond to one and the same element
of G. In particular the 1-spheres g which bound a 2-cell in P —{,
and which therefore can be deformed into the point O, all correspond
to the element 1 of G, and we write g = 1. The meaning of the symbols
€182 and g1 is obvious. In general g, g, & g.g,. G is a discrete group,
in general infinite.

Let { L,} be the pencil of lines in P of center O and let 4,, 4,, . .., 4,
denote the intersections of L, with f, where » is the order of f. Let L,



617] 1. The problem of existence of algebraic functions of two variables. 161

be a fixed line of the pencil whose intersections Ay, . . ., A% with f are
distinct. By a reasoning similar to the one employed in VI, 7 it can
be shown that every clement g of G can be deformed in P — f into the
“line” L,, a two-dimensional manifold homeomorphic to a sphere. In

Ly— A} — ... — A every g is equivalent to a product of loops
g1, - - ., gy surrounding the points A} and having nothing in common
but the point O. Hence the elements gy, . . ., g, are generators of G (LEF-

scCHETZ; for a complete proof, see VAN KAMPEN, 1).

Let L, ...., Ly, be the lines of the pencil for which some of the
intersections A; coincide. Let 9;,...,%, be a set of non-intersecting
loops in the ¢-plane, issued from ¢ = 0 and surrounding the points
oy, . - ., &, respectively. As ¢ describes the loop y;, the set of inter-
sections A; of the variable line L, varies continuously, starting from and
returning®to its®original position {4Y, ..., 43}. Let A} be carried into
the point A3, where (sy;, Sz;. . - ., S,;) is a permutation of the indices
1,2, ..., n. At the same time each loop g; is deformed continuously into
a loop g}, surrounding the point A3, and therefore expressible in the
form g{,-‘g,u gij» where g;; is some clement of . Since g; = g;, we have
the following gemerating relations:

—1 - 1==1,2, ",
3) @ij (8- 8n) 878 8,85 =1 P2
Morcover, the following trivial relation holds:
(3" £182--- &n=1.

vaN KAMPEN (1) has proved that the un -+ 1 relations (3) and (3') constitute
a complete set of generating relations for the group G.

Let S; be the substitution of the branches of the function z as the
point (x, y) describes the loop g;. By the monodromy theorem it follows
that the monodromy group of z is generated by the substitutions

S;....,S, and that these substitutions satisfy the relations:
4 @5 (Syy o0 Sa) — 1,
4) S1Sg ... Sp =1,

We now invert the order of the preceding considerations. We assign
the curve f and we ask for necessary and sufficient conditions of existence
of algebraic functions z of x and y possessing f as branch curve. Assuming
the knowledge of the group G, ENRIQUES (18) solves this existence problem
for algebraic functions of two variables by proving that:

Given arbitrarily n substitutions S,, ..., S, on k letters, satisfying
the relations (4) and (4'), there exists a corresponding class of algebraic
k-valued functions z possessing f as branch curve.

For the proof we assume that the pencil {L,} is the pencil x = const.
The assigned substitutions S,,...,S, determine on a generic line
x = const. a class of algebraic k-valued functions z,(y) of y (existence

Ergebnisse der Mathematik. II1/5. Zariski. 11
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theorem of RIEMANN). In view of the relations (4) and (4') it follows
that this class of functions is rationally determined on a generic line of
the pencil, since as x describes any closed path the branch points of
2, (y) and the substitutions relative to the assigned set of loops g; remain
unaltered. We may also describe the situation in a slightly different
manner, by observing that the assigned substitutions define a k-sheeted
RIEMANN surface R, over each line of the pencil and that in view of
the relations (4) and (4') this RIEMANN surface R, remains invariant
as x describes any closed path. Our class of algebraic functions z,(y)
is the class of rational functions on R,. If we fix the order v of z;(x),
we obtain, for a generic », a class of functions z(x) depending only
on a finite number of continuous parameters ¢, . . ., ¢,. If we impose g
arbitrary linear conditions ¢,#, + - - + + ¢,¢, = 0, where the cocfficients
¢ are generic and independent of x, we obtain, for a generic ¥, a finite
number of functions z¥(y), 22 (y), . . ., 25" (y), all k-valued. It is now
sufficient to consider a convenient elementary symmetric function of
these o functions, in order to obtain a k-valued algebraic function z
of x and y possessing f as branch curve. It may happen that the complete
branch curve of z consists, in addition to f, also of a finite number of
lines x — const. However, this complication can always be avoided if
the order # is taken sufficiently high.

The following comment on the theorem of ENRIQUES may be of
interest. From a purely topological point of view the theorem of ENrI-
QUES says that the relations (4) and (4) give a complete set of conditions
for the existence of k-fold covering manifolds with [ as branch curve
(4-dimensional Riemannian varieties consisting of % samples of the
projective plane P connected in a proper manner along the curve f)*.
However, from this does not follow immediately the completeness of the
set of generating relations (3) and (3') for the fundamental group G,
proved by vaN KaMpEN. The group-theoretic consequence of the theorem
of ENRIQUES is the following: Assurning that the set of relations (3)
and (3') is not complete for G, let G, be the group defined by the generat-
ing relations (3) and (3'). The elements of G;, which become equivalent
to 1 in virtue of the generating relations of G which are not consequences
of (3) and (3'), form an invariant subgroup I’ of G, admitting a finite
set of generators, and G is the quotient group G,/I". If y(g) is any
element of I', then it follows from the theorem of ENRIQUES, that if
given substitutions S,, ..., S, satisfy (4) and (4') they also satisfy
the relation 4(S;) = 1. Now the elements of G, which correspond to
the identical substitution in the isomorphism between G, and the finite
group generated by Sy, ..., S,, form an invariant subgroup H of G,

1 The proof of this topological and consequently weaker form of the theorem

of ENRIQUES is naturally independent of RIEMANN's existence theorem and follows
simply from the invariance of the RIEMANN surface R,.
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of finite index. Conversely, any such invariant subgroup H defines a
finite group of substitutions and the substitutions S;. Hence we have
the following property of the invariant subgroup I" of G,: every invariant
subgroup of G, of finite index contains I'. Since G, = G if I" contains
only the element 1, the possibility of deriving from ENRIQUES’ result
the completeness of the relations (3) and (3') depends on the solution
of the following question: can an infinite discrete group G, contain
elements different from 1 which are common to all the invariant subgroups
of G, of finite index?

2. Properties of the fundamental group G. The theorem of ENRI-
QUES settles the algebraic part of the existence problem discussed in the
preceding section. Its complete solution depends, however, on the
determination .of the fundamental group G. This topological problem
is much more ‘difficult and is not yet solved. In this problem one is
naturally concerned with the topological invariants of the space P — f,
or what is the same, with the tnvariants of a plane algebraic curve undey
isotopic deformations in the complex projective plane. These invariants
are also projective invariants of the curve f and include, for instance,
the order of the curve, the number and the nature of its singularities.
Another projective invariant whose topological character is less obvious
will be derived in section 3.

The dependence of the group G on the singularities of f is illustrated
by the following theorems (ZARISKI, 3).

Theorem 1. If the curve f, of order n, is trreducible and possesses
only ordinary double points, then G is a finite cyclic group of order n
@r1=8="""=4gu 8 =1).

The proof of this theorem is based upon the remark that if a variable
curve | tends to a limit curve | then some gemerating relations between the
generators of the group G may be destroyed but no new relations are introduced.
Let f vary continuously and degenerate into » lines (this is always
possible, see section 4). Then it can easily be shown that the fundamental
group becomes an abelian group with » — 1 free generators. Hence
also the original group G of P — f must have been abelian. On the other
hand the relations (3) of the preceding section show that if f is irreducible,
then the generators g, ..., g, are conjugate elements of G. Conse-
quently g; = - - - = g, and by (3') g = 1.

In a similar manner one can prove the following:

Theorem 2. With the same hypotheses on the singularities of | as in
theorem 1, if | is reducible and is made of s irreducible components of
ovdersm,, . . ., n,, then G is abelian and is generated by s elements gy, . . ., g,
connected by one gemerating velation git - . - g' = 1 (ZARISKI, 3).

The following theorem is useful in application:

Theorem 3. *Let {f} be an irreducible continuous system of irreducible
plane algebraic curves. If the curves of {f} cut out on a generic line the

1%
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totality, oo®, of sets of n points and if the curves of {f} which pass through
n generic points of the line form an irreducible subsystem of {f}, then the
fundamental group of a gemeric curve of the system {f} is cyclic of order n
(Zar1sk1, 3).

It is possible to derive theorem 1 by using theorem 3, since it can
be shown that the conditions of the theorem are satisfied if {f} is the
system of all curves of order » possessing a given number of ordinary
double points (nodes).

The theorems 1 and 2 show that in order that the group G be non-
cyclic it is necessary that f possess singularities other than nodes. The
curves with nodes and cusps are of special theoretical interest, since the
branch curve of a surface with ordinary singularities is in general a
curve of this type (VI,4)1. The curve of lowest order w1th a non-cyclic
group G is the 3-cuspidal quartic: G is finite of order 12 and possu.ses
two generators g;, g, connected by the relations: gi =g5, g! = 1, (g,£.)®
=g5. An example of an irreducible curve with an infinite group G
is the branch curve of the general cubic surface, a sextic with 6 cusps
on a conic: G is generated by two elements %, v such that %2 —~ 1, v® = 1
(ZAri1sk1, 3).

8. The irregularity of cyclic multiple planes (ZARISKI, 4, 5). Further
topological properties of the curve

f,y)=0
can be derived by studying the surtace I+,
(5) #=1f(x9),

where % is an arbitrary integer. This surface is a k-fold cyclic covering
manifold whose branch curve is the given curve f and, if % is not divisible
by #, the line at infinity of the projective plane P. Our method consists
in evaluating the BETTI number R, of the surface F, {irst by topological
considerations and then algebro-geometrically, as the double of its
irregularity ¢. Confronting the two results we shall be able to derive
some interesting conclusions.

Theorem 1. If { is an irreducible curve and if k is the power of a prime
number then R, = 0 (ZARISKI 4).

We give a rough sketch of the proof. The fundamental group G
of the branch curve (f + the line at infinity) is generated by # -+ 1
elements g, ....g,,y, where g,,..., g, are the generators of the
fundamental group of P — f. In view of the relation g,g,...g,Y = 1
it follows that the elements g,, ..., g, are also generators of G. The
relations (3) show that if f is irreducible then g,, .. ., g, are conjugate
elements of G. In other words, the quotient group of G with respect

1 The branch curves of gencral surfaces of a given order havg been characterized
by B. SEGRE (4) in terms of the position of their nodes and cusps on algebraic
curves of lower orders.
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to its commutator subgroup is a cyclic infinite group. As a fundamental
set of 1-cycles on F we may take the (n -- 1)k cycles, y;;, where

- N 1=0,...,k—1,
Vi = 80 (818,41 81 f=1,2, ..., n—1.
If we express the fact that g;,, is the conjugate of g, in G, 8i+1
=g, (¢%)~1, where g is some clement of G, we find a corresponding
homology betwcen the cycles y;;, of the form:

©) Yoo+ =)0, =12, ,m—1,
where I'; is a 1-cycle on F and ¢ (I') is obtained from I'; by expressing I’}
in terms of the cycles y;; and by replacing in this expression ¥i; by
®(¥i5) — Vii1,; (Yej = Yoj)- We have also the homologies obtained from
(6) by the cyclic permutation (yy;¥y; . . . Yg—1,)):

) I e i=20,1, ..., k—1,
(7) lil+(p(l.}) q (Ij)‘ 0, 1'_:1'2...-,”_1'
We have here a system of £(n - - 1) homologies between the k(n — 1)
cycles y;;. Let 4 be the matrix of the coefficients of this system. From
the form of the homologies (7) is is immediately seen that 4 is made
up of an array of square matrices Aff, a - I!Aﬁ” «,B=1,2,...,n—1,
where A% is a circulant of % rows and k columns

A =="lal o, af |, ..., el

a,0’

Moreover it is easily seen that the following relations hold:

k=1
®) Dl =, ¥=0if xa4p, =1
i—0
If we put
fow) =af o+ af 2 a1, x,f=1,2,...,m—1,

’

fx) = | fh @)
it can be proved that

© det. 4 = f(1) f(wy) ... f(wp-1),

where 1, w,, ..., w;_; are all the 2** roots of unity. The formula (9)
is a generalization of the well-known expression of a circulant. From (8)
it follows that f(1) = 1 and from this it follows very easily that no
primitive root of unity whose index is the power of a prime number
can be a root of the polynomial f(x). Hence if % is the power of a prime
number then det. 4 % 0, q.e. d.!

! We point out that in the proof of theorem 1 we did not make use of the
algebraic character of the manifold F. As a matter of fact this theorem holds under
the following more general hypotheses: P is any r-dimensional manifold, f is an
(r — 2)-dimensional circuit on P suchk that the fundamental group of P — f is
generated by comjugate elements of the group.
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In evaluating the irregularity ¢ of the surface F we shall confine
ourselves to the case in which the branch curve f possesses only nodes
and cusps (ZARIskI, 5). We shall also assume temporarily that 2= #.
In this case the singularities of the surface consist of a multiple line at
infinity in the (¥, y) plane and of isolated singularities at the singularities
of the curve /. When these singularities are analyzed with reference to
their postulation on the adjoint surfaces of F, it is found that the ir-
regularity ¢ of ' can be expressed in the following form:

(10) g == 0gSn-3 * X Sp-g + -0 A XSpoy-y + -,

where o; is an integer defined in terms of #, kand 7, and where s,,_3_;(=0)
denotes the superabundance of the complete linear system |C,_s_;| of
the plane curves of order » — 3 — § in the plane (¥, y), passing through
the cusps of . Having due regard to the manner in which the integers ,
are defined it is found that if there exists an integer § .such that 65 <<n
and s,_g_;> 0, then q increases indefinitely as k increases. Applying
theorem 1 we derive immediately the following:

Theorem 2. If f is an irreducible curve of order n possessing only nodes
and cusps, then the superabundances

n-—1]
Sn-8>Sn—1s s Sn-8-p (‘u: [ . I)

all vanish (ZARISKI, 5).

Using this theorem it is found that most of the terms in the right-
hand member of (10) vanish and the following final theorem is obtained:

Theorem 3. If k and n are both divisible by 6 then q =s,_3_pn4. In
all other cases ¢ = 0 (ZARISKI, 5).

This theorem holds also if £ < n.

For the correct understanding of the preceding considerations it
is necessary to bear in mind that we use the surface F only as a tool for
deriving properties of the curve .1 Thus the true significance of theorem 3%

1 In accordance with this method of approach, we are not concerned with
any particular value of %, but on the other hand we restricted the treatment
(except in theorem 1) to branch curves possessing only nodes ans cusps. Procecd-
ing in a different direction, DE-FRANCHIS (2) and CoMESSATTI (1) classified the
irregular cyclic multiple planes for 2 = 2 and 2 = 3 respectively, without putting
a priori any condition on the type of branch curve. They obtain the following
results:

(1) A mecessary and sufficient condition that the surface z® = f(x,y) have ir-
regularity q, is that the curve f = 0 be made up of 2q + 2 or of 2q + 1 curves, belong-
ing to one and the same pencil. The surface possesses an hyperelliplic pencil of
genus q, in (1, 2) corvespondence with the above linear pencil (DE-FRANCHIS, 2).

(2) Outside of one exceptional case, a necessary and sufficient condition that the
surface 3 = [(x, y) be ivvegular, is that the curve f = O (whose order may be assumed
to be a multiple of 3) be made up of 3h curves belonging to one and the same pencil.
If of these 3h curves only N arve distinct, then the irvegularity of the surface equals
N — 2, and the surface possesses an irrational pencil of genus N —2, in (1, 3) cor-
rvespondence with the above linear pencil (COMESSATTI, 1).



623] 4. Complete continuous systems of plane curves with d nodes. 167

lies in the fact that in virtue of this theorem the superabundance s,_s_,q
appears as a topological invariant of the curve f (defined only for curves
whose order # is divisible by 6). This is the only non-trivial invariant
known at present.

The following example may serve as an illustration. The branch
curve of a general cubic surface is a sextic with 6 cusps on a conic and
for this curve the above invariant (s,) equals 1. There exist, however,
sextics with 6 cusps not on a conic (see section 5) and for these sextics
s, = 0. These two types of sextics are therefore topologically distinct.
A sextic with 6 cusps on a conic is therefore not a particular case of a
sextic with 6 cusps in a general position (see section §).

The theorem 2 has an interesting application in the problem of exis-
tence of Planc curves with assigned PLUCKER characters (see section §).

4. Complefe continuous systems of plane curves with d nodes
(SEVERI, a, Anhang IV ; SEVERI, 19; ENRIQUES and CHISINI, a4, Chapter III,
PP- 355—384; ENRIQUES, 16). A continuous system of plane curves of a
given order # with d nodes (ordinary double points) is complete, if it is not
contained in a continuous system of higher dimension of curves of the same
type. Theimportance of these systems is due to the fact that any algebraic
curve of genus p is birationally equivalent to a plane curve of a sufficiently

high order = (n =: p + 2) with 4 (: (n—'l—)z—("- 2 _ p) nodes, and that

consequently thesc systems reflect to a certain extent the properties of
the variety V of classes of birationally distinct curves. Regardless of
their applications to the study of this variety (ENRIQUES, SEVER], 1. c.),
the continuous systems of plane curves with 4 nodes enjoy remarkable
properties, which make the theory of these systems a topic of independent
interest. The systematic treatment of these systems is due to SEVERI
(a., Anhang F) and constitutes a very elegant application of the notion
of the characteristic series and of the method of analytical branches
(‘““falde analitiche’; see V, 3, p. 85). Referring the reader for complete
proofs and for detailed information to the excellent exposition of SEVERI
and to the reports of CoMESSATTI (a) and GODEAUX (a), we shall give
here a very brief outline of the main results.

Theorem 1. If Cyis a plane algebraic curve (srreducible or not) of order
n with d nodes, it belongs to one and only one complete continuous system &
of curves of order n with d nodes, and the dimension of X' is 3n + p — 1
(= ’Z(—”;—i) — d), where p = ("——1)-2('-5: 2 _ 4 is the genus of C, (the
virtual genus if C, ts reducible).

The system |E| of V, 3 (p. 85) is now the system of all plane curves

of order #, its representative linear space is an Sy, N = !‘_(_”_21'1),

and the hypersurface M in Sy is now the image of the (irreducible)
system of all plane curves of order #» with one node. The characteristic
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sets on C, are cut out by the curves of order # passing through the 4
nodes of C,. The essential fact, from which the theorem follows im-
mediately, is the independence of the d conditions imposed by the nodes
of C, on the curves of order # constrained to pass through them. If C,
is irreducible, the independence of these conditions follows from the
fact that the characteristic series on C, is of order 3n 4 2p — 2 and is
therefore non-special. If C, is reducible, the independence of the d
conditions can be derived by means of NOTHER’s Af 4+ Bg theorem
(SEVERI, a, Anhang F).

Corollary 1. If C, is irreducible then the characteristic series of X on C
s complete.

Let C, be reducible, Cy = C{? + - .. 4+ C#. If the dimension of &
is compared with the dimensions of the systems Z®, ..., Z® containing
C, ..., C® respectively, the following corollary can be proved:

Corollary 2. IfC,, is reducible then the generic curve of X degenerates
into the same number of components as C,.

If C, is regarded as the limit of a variable curve C of order # with
d < d nodes, then it is said briefly that the 4 nodes of C, which arc
very near to the d nodes of the variable curve C are assigned nodes of C,,
while the remaining d -~ 4 nodes of C, are considered as virtually non-
existent. The curve C, is considered then as being of virtual genus

s _(m=1)(n—2) ;
/)_,__.__2__ T—d.

Theorem 2. A curve C, with d nodes, of which d — d are considered
as virtually non-existent, determines uniquely a complete continuous system
X, of dimension 3n + p — 1, of curves of order n with d and only d nodes.

The proof is the same as that of theorem 1. We point out that if C,
is reducible, then to different manners of choosing the d — d virtually
non-existent nodes of C, there may correspond different systems 2.
To see this we say, as in 1I, 5, that C, is a connected curve, if for any
decomposition of C, into two mutually exclusive parts, Co = C +
the intersection number (Cg - Cg) is posiitve, provided only those intersections
of C§ and Cy are considered which fall at the virtually non-existent nodes
of C,. Then the following theorem holds:

Theorem 3. A necessary and sufficient condition that the gemeric
curve C of the system X of theorem 2 be trreducible, is that C, be con-
nected (SEVERI, a, Anhang F).

Let us assume, for simplicity, that C, consists of two 1rreduc1ble
components, Cy= Cg+ Cy, and that j of the d— d virtually non-
existent nodes of C, are at the intersection of Cg and Cy. If #’ and n”’
are the orders of Cj and Cy respectively, and if #’ and &'’ are their virtual
genera, evaluated with reference to the set of the assigned nodes on
either curve, then the dimensions of the systems determined by C;, Cp
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and C{ are respectively 7 = 3n +p — 1, ¥ = 3n' + @' — 1, v"" = 3n"”
+ @’ — 1. In view of NOETHER’s formula, p = &'+ 2" + j — 1, we
find » =7+ 7'+ 4, and hence the generic curve of 2 does not
degencrate, as C,, into two components, if and only if 1 > 0, q.e. d.

As an illustration, we consider the case in which C, is of order 4
and degenerates into a cubic curve I" with a node O and into a line L
meeting I"in 3 distinct points 4,, 4,4, 45. If O is considered as virtually
non-existent, then C, is not connected and X is the system, ocoll, of all
reducible quartic curves which degenerate into an arbitrary cubic curve
and into a line. If, however, we consider as virtually non-existent
one of the double points A;, then X' is the system, also oo'?, of all
(rational) irreducible quartic curves with 3 nodes.

The theorerp 3 includes ENRIQUES’ principle of degeneration (11, 5)
for plane curves with nodes. In addition it gives also a sufficient con-
dition that a reducible curve possessing omly nodes could be regarded
as the limit of an irreducible curve. These conditions for curves with
higher singularities are not generally known. The problem is studied
by ALBANESE (6) in the general case and also by B. SEGRE (2) for
curves with nodes and cusps only, but the conclusions of these authors
cannot be regarded as final in view of the extreme delicacy of the
arguments involved.

Theorcm 4. There exist irreducible curves of order n with d nodes for
any value of d = == 2 (SEVERI, a, Anhang F; SNYDER, 1).

We take for C, a curve which degenecrates into # lines a,,..., 4,

and which therefore possesses d; = q(n_;_i} nodes. If d; —d(..n—1)

of its nodes, tncluding, for instance, the n — 1 intersections of the line a,
with the remaining n — 1 lines, are considered as virtually non-existent,
then C, remains connected and the theorem follows from the theorem 3.

Dealing with the cxample of quartic curves with 3 double points we
have seen that these curves distribute themselves into two complete
continuous systems, but that only one of these systems contains the
irreducible quartics. More generally we have the following important

Theorem 5. The irreducible plane algbraic curves of order n with d
nodes form one irreducible complete continuous system (ENRIQUES-CHI-
SINI, a4, p. 366; SEVERI, a, Anhang F).

Corollary. The variety of the classes of birationally distinct algebraic
curves of a given genus p 1is irreducible.

SEVERI proves this theorem by showing that: (1) any complete
continuous system 2 of irreducible curves of order # with & nodes contains
curves which degenerate into »-lines; (2) as a consequence of (1) &2
contains a complete system of irreducible rational curves; (3) the
rational curves of order # form one irreducible system X\ ; (4) it # possible
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to vary a curve of 2, in 2, in such a manner that any (—";1)-2(1——2) —d

of its nodes (virtually non-existent) be carried into any other
(n—1)(n—2)
—_—

If it is only a question of establishing the preceding corollary, then it
is sufficient to prove theorem § for # sufficiently high with respect to p.
The proof is then very simple (ENRIQUES-CHISINI, 1. c.) and we give it
here in full because the considerations used in it lead incidentally to the
evaluation of the number of moduli and to RIEMANN’s existence theorem
for m-valued algebraic functions with 2# + 2p — 2 assigned branch
points, when # is sufficiently high with respect to .

Let n > 2p — 2 and let us consider a complete continuous system

— d nodes of the curve.

Z of irreducible curves C of order # with -~ 1)2(’?:—2—)— # nodes.

Such a system exists (theorem 4) and its dimension is 3% 4+ p - 1
(theorem 1). Let O be a fixed point in the (x,y) plane, say the point
at infinity on the y-axis, and let C, be a gencric curve of 2' not on O.
The curves of 2 which touch the 2# + 2$ -— 2 tangent lines to C,,
x = o;, passing through O, form onc or more irreducible subsystems
of 2. Let X be one of them containing C,. The characteristic series
determined on C, by X, is immediately seen to be cut out by the adjoint
curves of C, passing through the 2% + 2p — 2 points of contact with
C, of the above tangent lines. This series is of order (3% + 2p — 2)
— (2n 4+ 2p — 2) = n > 2p — 2 and is therefore non-special. Hence
the characteristic series of X, on C, is complete and the dimension of 2
equals n — p 4 1. It follows that the sets of 2% 4 2p — 2 lines of the
pencil of center O which are tangent lines of curves C of X, depend on
Bn+p—1)—(m—p+1)=2n-+2p —2 arbitrary parameters,
and hence these 2n + 2p — 2 tangents are arbitrary lines of the pencil.
Having proved that there exists at least one algebraic #-valued function
v(x) with 2n + 2p — 2 arbitrary branch points ¥ = «;, represented
by a convenient curve C of 2, we choose in the x-plane a set of 2# + 2p
-- 2 non-intersecting loops g; surrounding the points «;, in such a manner
that the corresponding transpositions on the branches of y(x) are those
of a LUROTH-CLEBSCH arrangement: two transpositions (1, 2); two
transpositions (2, 3); . . .; two transpositions (# — 2, — 1) and 2p + 2
transpositions (# — 1, #). We now observe that it is possible to carry,
by deformation, the original loops g; into any other set of 2n 4 2p — 2
loops g; surrounding the branch points «;, by letting these branch points
describe convenient paths which carry the set [&,, ..., %3442p—2] into
itself, to within a permutation of the «;’s. It follows, by letting C vary
continuously in 2, that X' contains curves C providing #-valued algebraic
functions y(x) with 2# 4 2p — 2 arbitrary branch points, for any set
of assigndd tramspositions (RIEMANN’s existence theorem).
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The preceding considerations show that the classes of the functions
y(x) form an irreducible variety and from this follows the preceding
corollary. To complete the proof of theorem 5 there remains only to ob-
serve that the totality of birationally equivalent curves of order # and of
genus p, touching a set of given generic 27 + 2p — 2 lines on O, form
an irreducible continuous system, and that consequently X' coincides
with the totality of curves of order # with d nodes.

The dimension R of the variety ¥ of the classes of birationally distinct
curves of genus  equals the difference between the dimension 37+ p —1
of X and the dimension % of the subsystem X of X consisting of the
totality of curves C which are birationally equivalent to a generic C,.
The dimension of this subsystem is found by observmg that (ENRIQUES-
CHISINI, p. 357): 1) any curve of X corresponds to a g on C, whose sets are
referred projectively to the lines of the plane; 2) given a g on C,, the
corresponding C is determined to within an arbitrary collineation; 3) any
& (n > 2p — 2) on C, is contained in a complete series g,™” and a g, *
contains co3(®~?-2) series g2; 4) C, carries co? complete series g, 7; 5) if
two distinct series g or two distinct modes of referring a given gj, to the
lines of the plane lead to one and the same curve C, then C, admits a
birational transformation into itsclf. From these remarks it follows
that if we assume that a generic curve of genus p admits oo? birational
transformations into itself, then x = p +3(n —p —2) +8 — 1 = 3n
—2p+2—1. Consequently R=(3n +p —1) —x=:3p -3 +1.
It is well known that ¢ — 0 ifp>1,i =1ifp=1andi=13ifp =- 0.
Hence R=-3p —3if p>1, R—=1ifp=1and R=0if p =0.

A curve of genus p > 1 possesses therefore 3p -— 3 independent
birational invariants (moduli). One may ask if the coefficients of the
equation of the curve contain rationally these invariants. In other
words, is the variety V rational or at least birationally equivalent to
an involution in a linear space Sy, _3? While it is not difficult to see that
the answer is affirmative for low values of p(p < 11, SEVERI, for the
proof see B. SEGRE (3); for p =3 see ENRIQUES-CHISINI, a3, p. 370),
the general solution of this important problem is as yet not available.

Further important contributions to the theory of moduli have been
made by SEVERI (21) and especially by B. SEGRE (1, 3). See also
Zariski (1). For an account of the results of these authors, which is
beyond the scope of our exposition, we refer the reader to the report
of GODEAUX (a).

b. Continuous systems of plane algebraic curves with nodes and
cusps (LEFSCHETZ, 1; B. SEGRE, 2; ZARI1sKI, 5). The importance attached
to the study of plane curves with nodes and cusps clearly appears from
the considerations developed in the first three sections of this chapter.
We have seen that from the point of view of topologlcal classification
and of applications to the theory of multiple planes, it is these curves



172 VIII. Continuous systems of plane algebraic curves. [628

which constitute the significant case, while the case of curves with
nodes is trivial. The problems of algebro-geometric character which
one encounters in the theory of curves with nodes and cusps are the
same as those discussed in the preceding section for curves with nodes
only, namely problems relative to the existence, the dimension and the
unicity of complete continuous systems. However, while for curves
with nodes these problems have been completely solved, our information
on curves with cusps and nodes consists only of a few partial results,
which, far from providing the gencral solution of any of the above
mentioned problems, give only an indication of the difficulties involved.

Let us first consider the problem of determining the dimension 7’
of a complete continuous system X of curves C of order # with 4 nodes
and % cusps, or briefly, of curves (u, p, k), where p is the genus of C,
assuming that such curves cxist for the given values of #,  and k.
The characteristic series of 2 on a generic curve C of 2 is cut out by
the adjoint curves of C of order n which touch at each cusp the cusp
tangent of C. This series is of order 3n 4+ 2p -2 — k. If k< 3m,
this series is non-special and hence complete, by a reasoning repeatedly

used before. The dimension of 2 is then 3% + p — 1 — & = nin 2']13)
—d — 2k. If k==3n, the characteristic series may be special. If ¢
is its index of speciality, then the dimension of X'is =<3# 4+ p — 1 — &
+ 4. We put

(11) r»-_-”—(r";';‘)——d~2k=3n+?—1—k-

and we call 7 the virtual dimension of £'. Then we may write (B. SEGRE, 2):
(12) Y¥=74+i— o,

where w is the deficiency of the characteristic series of 2. From the fact
that in the representative space Sp(n+s) of the curves of order #, the
2

complete neighborhood of a C in Z'is represented by the intersection of ¢

n(n +3)

analytical branches of dimension —1 and of % analytical

branches of dimension 1’_(%3—) — 2, it easily follows (B. SEGRE, 2) that

’

(13) y =7

That the inequality sign > may hold is shown by the example of
the following system of curves:

(14) Pz, y) = [fom (*, ¥)1° + [fsm (%, y)J=o0,

where fy,,(*, y) and [, (%, ¥) are arbitrary polynomials of degrees 2
and 3m respectively (B. SEGRE, 2). In this example we have n = 6m,
d =0, k= 6m?, since the intersections of the curves f,, = 0 and
fam = 0 are cusps of ¢ = 0. The effective dimension g of the system (14)
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equals 2m(2gz_tf‘32 + 3_m§3_:1j—73)_ +1, or

(15) e=3(3m+2)(m+1).

The index of speciality 7 of the characteristic series of the system (14)
equals the superabundance of the linear system |L | of curves of order
6m, passing through the 6m?2 cusps of a curve ¢ = 0 and touching there
the cusp tangents. Since these cusp tangents coincide with the tangents
of the curve f;,, = 0, |L| cuts out on f3,, = 0 a complete series, and
the index of speciality of this series equals ¢. This series is also cut out
on f3, = 0 by the residual curves of |L| with respect to the curve
fom = O counted twice, i. e. by the system of all curves of order 2m.
From this it follows that ¢ equals the number of independent curves of
order m » 3, b e.
(16) (m — 1)2(”1122 .

6m(6m + 3)
2

In the present case we have 7 = —12m? i.e.

(16) r- 6m2+49m.
In view of (16) and (16’) we find from (15)
o=r-Fi>r, il m>2

Comparing with (12) we conclude that ¢ =7#’, i.e. that 2 4s a
complete system and that w —- 0.

It is mot known 1if there exist complete continuous systems of curves
with nodes and cusps whose characteristic series is incomplete (w > 0).

We now pass to the problem of existence of irreducible curves
(n,p, k). The following upper limits for % in terms of # and p hold
for » > 6 and can be obtained in a purely arithmetic manner (LEF-
SCHETZ, 1) from the condition that the 3 PLUCKER relations between
the 6 PLUCKER characters of the curves (%, , k) provide non-negative
values for the dual characters m (class), T (number of double tangents)
and ¢ (number of flexes):

(17) k= % m+2p—2), if 0zp="T1 “!‘”fi’_, ;
podrtp)- 11 —V24p ‘—"?s_‘_@}‘ 25
anfant . - v4n+12 o2
PR T L p o AR,
(177) k= ”_2(” 2 _p, i MmA0=D oy m1)=2),

The inequalities given by LEFSCHETZ are slightly different from our
inequalities, becduse LEFSCHETZ postulates the inequality r = 8, where 7
is given by (11), in order to express the fact that if curves (», p, k)
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exist they depend at least on the 8 parameters of an arbitrary col-
lineation. However, since the effective dimension ' may be greater
than the virtual dimension », we have no proof that the inequality
r = 8 is a necessary condition for the existence of curves (,p, k).
The above upper limits for & provide only necessary but not sufficient
extstence conditions (ZARISKI, 5). To see this we make use of theorem 2
of section 3. By this theorem the complete linear system of curves of
order » — 3 — u, where u = [”—g—i], passing through the % cusps of
an irreducible curve (n, p, k), is regular. Hence its virtual dimension
(v —3 — p) (» — p)/2 — k must not be not less than —1, i.e.,
(18) k%(”_,“)(”2—‘3_‘“)+2.
For large values of # this upper limit for % is greater han the upper
limit provided by the inequalities (17). Hence for large values of # (18)
is trivial. But for certain small values of »# the inequality (18) leads to
significant examples of non-geometric sets of PLUCKER characters, 1. e.
to sets of non-negative integers #,d,k,m, 7,7, which satisfy the
PLUCKER relations and which do not correspond to effectively existing
curves. For instance, for # == 7 we find from (18), £ < 11, so that an
irreducible curve of order 7 cannot possess 11 cusps. However, for
n = 7 and &k — 11 the PLUCKER equations provide two sets of non-
negative solutions:

(19) n=7 d-.0, k=11; m=9, 1==7, 1-=17; p—=4;
n=m =7, d=1—=1; k=1=11; p=13.

We point out that in these two examples the virtual dimension r=

n(n+t3)
2
— d — 2k equals 13 and 12 respectively, so that the inequality » :-- 8 is
not even a sufficient condition for the existence of irreducible curves (n, p, k).
Another example of a non-geometric self-dual set of PLUCKER
characters is the following: # =m =8,k =71=16;d =1t =0;p = 5.
The existence of a great variety of irreducible curves (n, , k) can
be deduces from the following theorem (B. SEGRE, 2):
If there exists a complete continuous system X of irveducible curves
(n,p, k) and if the characteristic series of X is nom-special, then there
extst also irreducible curves (n, p,, k) for any values of p, and k, such that

0=k =k, ﬁgpl-__g_@_:_%u_kl.

The system of curves (n, p,, k,) is uniquely determined by consider-
ing as virtually mon-existent a certain number of nodes and cusps of
a generic curve of X and as virtual nodes a certain number of cusps.
The proof is the same as that of theorem 2 of section 4.

This theorem permits one to establish rigorously -the existence of
all curves (n, p, k) and (n, p,, k,), where p and % satisfy the inequalities
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(17') and p, = p. In fact, if we take for % its maximum value, which
is 3/2(n 4 2p — 2) if » is even and 3_(_ﬁ-_2_132__—i—_1 if # is odd, we find

i = 0 in the first case and ¢ = 1 in the second case. The dual curves
(m, T, i) possess then either only nodes or a number of nodes and one
cusp. The existence of these dual curves in the first case has been
proved in the preceding section; in the second case their existence can
be proved by a few additional elementary considerations (LEFSCHETZ, 1).

The preceding theorem can be applied since in the present case we
are dealing with curves (#, ¢, k) for which £ < 3%, and hence the char-
acteristic series is now non-speciall. We observe that in this manner
it is possible to prove the existence of irreducible curves of order # for
any set of non-negative PLUCKER characters, provided n <6, or n =7
and £ <d41. Thus, in order of magnitude of # and %, the sets of char-
acters (19) give indeed the first examples of non-geometric sets of
PLUCKER characters.

Another essentially new fact encountered in the theory of curves
(n, p, k) is that the drreducible curves (n, p, k) do not necessarily form
one trreducible complete system. For instance, for m = 1 the curves (14)
are sextics with 6 cusps on a conic, and form a complete continuous
system (of dimension 15). There exist however sextics with 6 cusps not
on a comic and these sextics therefore constitute another complete
continuous system, also of dimension 15. To prove the existence of
these sextics it is sufficient to consider the dual curve of a general cubic,
which is a sextic with 9 cusps. These 9 cusps cannot lie on one and the
same conic. Moreover the characteristic series is non-special (¢ < 3#%).
We may therefore assign six of the cusps which are not on a conic and
consider the remaining three cusps as virtually non-existent. We recall
(section 3) that these two types of sextics are also topologically distinct.

Appendix A.

Series of equivalence.

The theory of series of sets of points on an algebraic surface, intended
as a generalization of the classical theory of linear systems of curves,
has been created and developed recently by SEVERI in four papers
(SEVERI, 23, 24, 25, 27). In this theory the analogue of a linear system
is a series of equivalence of sets of points. The extension to algebraic
varieties (SEVERI, 24, 25; Topbp, 1; B. SEGRE, 8) leads to the intro-
duction of systems of equivalence of V}'s on a V,. While a satisfactory

1 The inequality % < 3x follows immediately from the relation & — 3n = i
— 3m, which is a consequence of the PLUCKER relations.
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perspective of the theory will undoubtedly be provided for by its future
developments and especially by its possible applications, at present a
review of the main facts may be regarded as a timely and useful
undertaking.

1. Equivalence between sets of points. We define a series of inter-
section ¢, on a surface F as the series of sets of points of intersection of
two curves C; and C,, outside of certain fixed intersections, where C,
and C, vary in two linear systems X, and X, respectively. We include
in 0, also the limit — sets which arise when C; and C; have a common
component. The number s of points in a set of ¢, is the degree of o,.
We do not exclude the case in which one of the two systems X, say X,
consists of only one curve. In this case the sets of 6, do not cover the
whole surface, and o0, is a linear series on the fixed curve C,, if C; is
irreducible. If C, is reducible, C; == Cy; + Cyy + - - - +'Cyz, then each
set I" of 0, is a collection of sets I, where I varies in a linear series of
dimension =0 on C;; as I" varies in ¢,. Such series on reducible curves |
have been studied at length by SEVERI (24) and are called curvilinear
series of equivalence. A set of such a series on a surface F is referred to
as a semifixed set.

It follows clearly from the definition that series of intersection are:
invariant under birational transformations.

Any two sets of a series of intersection o, which ts not a curvilinear
series of equivalence, are characteristic sets of some linear system (SEVERI,
25, p. 81). In fact, let I', and I, be two sets of o, sets of intersection
of C%, (2 and of C?, C% respectively. The pencil determined in 2 by
C® and C? and the pencil determined in 2, by C% and C} give rise to a
scries of intersection, oo2, which is a rational involution on F. This
series can be regarded (in infinitely many ways) as the characteristic
series of a net of curves, S, taking for S the homologue of any homaloidal
net in the plane whose points are in (1, 1) correspondence with the sets
of the involution.

However, a serics of intersection is not always totally contained in
the characteristic series of some linear system, as can be shown by
examples (SEVERI, 25, p. 74).

The definition of the relation of equivalence betwecen sets of points
(SEVERI, 27) can be based upon simple group-theoretic considerations
(Topp, 1). In the same way as we have introduced virtual curves (II, 8),
we may introduce besides effective sets of points also virtual sets —4,
A — B. The totality of all effective and virtual finite sets of points
on F forms an abelian group G with respect to addition (the operation
consisting in uniting two sets into one). We define a subgroup H of G
as follows: H contains: (1) all sets 4 — B such that for some set C,
A + C and B + C are effective sets belonging to a series of intersection;
(2) all finite sums of such sets: (4, — B;) + (A3 — By) + -+ - 4+ (4; — By).
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Definition: Two sets A, B of G are said to be equivalent, in symbols,
A=B,i A—Bisin H.

In other words, 4 and B are equivalent if they belong to the same
one of the cosets into which G is divided by its subgroup H. It follows
from the definition that (1) if 4 = B and B = C then 4 =C; (2) if
A=Band C=D then A +=C=B + D.

It is a simple matter to show (Topp, 1) that the above definition of
equivalence coincides with the following definition given by SEVERI (27,
p- 420): A = B, #f, after deleting a set K of common points, two sets A — K
and B — K are obtained, which arve either characteristic sets of some net
of curves or become such after the addition of convenient semifixed sets of
one and the same curvilinear series of equivalence.

2. Series of equlval‘ence Let our surface F be in S, and let o, be
a series of intersection on F, defined by two linear systems of curves
2, and X,. These systems are cut out on F, outside of base curves,
by two linear systems of hypersurfaces |®,| and |®,| respectively. The
complete intersection of a @, and a D, is an (r — 2)-dimensional variety
M, which varies in a continuous system as @, and @, vary in their
respective linear systems. It is clear that the series of intersection o,
is cut out on F by the continuous system of the varieties M, oulside
of fixed points and semifixed sets on the base curves of |D,| and |D,|
on F.

Let us now consider an arbitrary continuous system of (» — 2)-
dimensional varieties M. It will in gencral not be possible to regard M
as the complete intersection of two hypersurfaces which vary in two
linear systems, so that in general the series cut out on I by the varieties
M is not a series of intersection. However, it can be shown (SEVERI, 27,
p. 422) that in the most general case M is the difference of two complete
intersections, i.c. that there exist three linear systems |@, |, |Dy|, |Ps]
such that M = ®,. ®, — D, . @;. From this it follows immediately
that the continuous series o of sets of points cut out on F by the varieties
M — and in defining o we may, if we wish, disregard any number of fixed
points and semifixed sets — consists of mutually equivalent sets. The
series ¢ is called by SEVERI a series of strict equivalence (SEVERI, 27,
p- 423). These series are invariant under CREMONA transformations of
the S, but not under birational transformations of F. We call attention
to the fact that from the definition it follows that any continuous series
of sets of points totally contained in a series of smct equivalence 1s itself
a series of strict equivalence.

A series of equivalence (in the broad sense) is defined by SEVERI as
follows (SEVERI, 27, p. 423): a conttnuous series o of sets of points on F
is a series of equivalence if theve exists a series of strict equivalence, oy,
such that every set I' of o can be associated with a definite set I'y of a, in
such a manner that as I" varies in o the set I' + I'| varies continuously

Ergebnisse der Mathematik. III/5. Zariski. 12
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in a series of strict equivalence d,. In a more concise form, we may say
that a series of equivalence is defined as the difference of two series of strict
equivalence, i. e. as the series of residues of a series of strict equivalence
with respect to another series of strict equivalence which is partially
contained in the first series. From the definition it follows that the
sum or the difference of two series of equivalence is again a series of
equivalence. In particular, if we impose on a series of equivalence fixed
points we obtain a series of equivalence, provided the sets passing
through the fixed points form a continuous series.

Any continuous series of sets of points totally contained in a series
of equivalence is itself a series of equivalence. We have pointed out
above that this statement holds for series of strict equivalence. Let o
be a series of equivalence and let ¢, and o, be the two series of strict
equivalence mentioned in the above definition. If ¢’ is a continuous
series totally contained in o, then, as the set I" varies in ¢”, the associated
set Iy of o, varies continuously. Hence, as I" varies in ¢’, the associated
set I'; and also the set I" -} I'; vary in series of strict equivalence totally
contained in o, and g, respectively, q. e. d. It would be interesting to
investigate the question as to whether any continuous series of mutually
equivalent sets is a series of equivalence. In connection with this question
we quote the following important theorem: A rational series o, oc®, of
sets of points on a surface is a series of equivalence (SEVERI, 25, p. 105;
27, p- 495). This theorem is the analogue of ENRIQUES' theorem on
rational systems of curves (V,1) and holds also if o is unirational,
i. e. if the sets of o are in (1, 1) correspondence with the sets of an
involution in a linear space S,. As a corollary it follows that if the
surface F 1is rational then the totality of sets of n points of F is a series
of equivalencee. 1t is at present not known whether the converse is true
(see section 4).

A difficult, as yet unsettled point of the theory, is the notion of
a complete series of equivalence. If we do not wish to lose the essential
property of a complete series containing a given set A of points, ifs
uniqueness, we must define this series as the totality of sets equivalent to
A. Since any two equivalent sets are contained in some continuous
series of equivalence, this totality is itself a continuous series. However,
it is conceivable that a complete series of equivalence may consist of
an infinity of algebraically irreducible components, which may very
well be of different dimensions. It is also not known whether the ir-
reducible components of a complete series of equivalence are or are not
themselves series of equivalence.

8. Invariant series of equivalence. The simplest example of a series
of equivalence invariantively related to the given surface F is the
canonical series S,, defined as the series of sets of poirits of intersection
of the canonical curves of F. This is a series of degree p —1 and is
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invariant under birational transformations of F which do not possess
fundamental curves.

Another invariant series of equivalence is the series S, of SEVERI
(SEVERTI, 23). It is obtained as a generalization of the canonical series
on an algebraic curve, by using the following characteristic property of
this series: any set of the canonical series g{,’;}z on a curve f(x,y) =0
of genus p is the set of zeros of a differential of the first kind, du

= 'p—(—;,—y) dx; or, what is the same, a canonical set is the Jacobian set of

v
some abelian integral of the first kind. Let 2 = [ 4 dx-l,—de be a simple

integral of the first kind attached to the surface F (f = 0). The equation
u = const. defines on F a transcendental pencil of curves, free from base
points (SEVERI#23, p. 279). The double points of the curves of the pencil,
. . du du
1. e. the points where ax = dy
the integral «. The series S, of SEVERI is the series, oof, of the Jacobian
sets of the oo? simple integrals of the first kind attached to F. The series S,
is obviously a rational series and is therefore a series of equivalence
(see preceding section). It can also be shown (SEVERI, 23, p. 303) that
it is an snvolutorial series.

We proceed to express S, as a combination of certain series of inter-
section. This will cnable us to calculate the degree of S, and will in-
cidentally provide another proof that S, is a series of equivalence. The
Jacobian set I" of u is the set of intersections of the two curves A4, and
B,, cut out on the surface f = 0 by the surfaces 4 = 0 and B =
respectively, outside their common points at infinity and on the curve J
of intersection (outside the double curve of F) of f = 0 with f; = 0.
Using the integrability conditions (31) and (31’) of (VII, 8) it is found
that the curves 4, and B; meet outside of I" in the following sets of
points: (1) a canonical set K on the curve at infinity of F; (2) a set Q
on J, such that the complete intersection of 4, (or of B;) with J is
the set Q + G,(Q + G,), where G,(G,) is the set of double points (¢he
Jacobian set) of the pencil of curves x = const. (y = const.). If |C|
denotes the system of plane sections of F, then 4, and B, are total curves
of the system |C’ + C|, where |C’| is the adjoint system of |C|, and
J is a total curve of |[C’ + 2C|. We have therefore for I" the following
functional relation:

I'=(C+C)-C+C) —C-C—(C+C)-(C'+2C)+G,
or (SEVERI, 23, p. 281),
(1) rsé—-c.c—2C-¢C,

where G is the Jacobian set of a pencil of curves C. If we denote by 4
and & the number of points in the sets I' and G respectively, we find

12*

= 0, constitute the jJacobian set of
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from (1) the following numerical relation:

A=06—n—4n 44,
or
@) 4=1+4,

where I is the invariant of ZEUTHEN-SEGRE (III, 8 and VI, 10).

The relation (1) can be used to define the series S, also on regular
surfaces, since it can be proved (SEVERI, 24, p. 49) that the complete
series of equivalence defined by the (virtual or effective) set G — C - C
— 2C - C’ is independent of the lincar system |C]|.

It is not difficult to see that a birational transformation in which
exceptional curves are lost or are introduced, has opposite cffects on the
series S, and S,, and that consequently the series S, + S, is an gbsolutely
invariant series of equivalence. The double of this series, S, = 2(S,+S,),
has been considered by ENRIQUES (19), who gave it the following
functional interpretation: if 2 is an arbitrary net of curves C and if (C),
is the set of cusps of the cuspidal curves of the net, then the complete series
of equivalence defined by the (virtual or effective) set (C), -— 12C'"- C s
independent of X and coincides with the series S,. The degree of S, equals
X — 247 + 24, where y is the number of points in the set (C), and where
7 is the genus of C. Since x = 24 (% + p,) (ZEUTHEN, 1) it follows that
the degree of S, is 24(p, + 1). Incidentally, from the relation S,
= 2(S, + S,) follows the numerical relation I = 12p, — p¥ 4 9, due
to NOETHER (2).

Numerous other examples of invariant and covariant series of equi-
valence have been given by CAMPEDELLI (2) and especially by B. SEGRE (6).
The invariant series considered by these authors are all expressible as
linear combinations of the two series S, and S, and lead to a number
of functional interpretations and numerative formulas.

4. Topological and transcendental properties of series of equi-
valence. Let o be an algebraic series of sets of # points on a surface F
and let V' be the variety, birationally determined, whose points are in
(1, 1) correspondence with the sets of ¢. As a variable point of V
describes a cycle I'yon V (0 << ¢ < 4) the corresponding set of & describes
a cycle on F. We shall denote this cycle by T (I')), where T is the
symbol of the correspondence between V and F.

If o is a series of equivalence, the following properties hold (SEVERI,
27, p- 598).

(@) T(I}y) 0 on F for any I-cycle I'y on V.

() T(Iy) s an algebraic two-cycle on F for any 2-cycle I’y on V.

() If 'y~ 0 on V then T(I'y) ~0 on F.

For the proof we first observe that zero-cycles of ¥ go into zero-
cycles on F. In fact, if C;yy = Iy, where C,,; is a ‘chain on ¥V, then
T (Cg41) = T(I'p). Moreover, since the correspondence T is algebraic,
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algebraic 2-cycles on V" go into algebraic 2-cycles on F. It follows that
the properties (a), (b) and (c) hold if o is a series of intersection, since
in that case V, a rational variety, carries only zero 1-cycles, is without
torsion and all its 2-cycles are algebraic. In the second place, if 0y, o,
and o are series on F such that 6, + 0, is totally contained in ¢ and such
that the properties (a), (b), (c) hold for ¢ and o, then it is obvious that
these properties also hold for @,. The proof is immediate. Now, since
any series of equivalence is totally contained, outside of fixed points,
in a linear combination of series of intersection, it follows that the
properties (a), (b) and (c) hold for any series of equivalence.

et o be a series enjoying the property (a) and let Py, P,, ..., P,
be the % points of a variable set of 0. If % is a simple integral of PICARD
of the first kind attached to F, the Picardian sum v = u(P;) + u(P,)
4 .-+ 4 u (P} is a simple integral of the first kind attached to V.
Since property (a) holds, it follows that v is without periods on V and
hence v is a constant.

We shall say that a serics ¢ is of linear circulation zero if it satisfies
the property (a). If a series 6 is of linear circulation zero, then the sum
of the values which any simple integral of the first kind attached to F
takes at the n points of a set G, of @, remains constant as G, varies
tn ¢. The most ample (complete) scries enjoying this property have
been called by ALBANESE regular series (ALBANESE, 7). We have
then that any series of equivalence is totally contained in a regular serics
(SEVERI, 25, p. 91).

In a similar manner it is seen that if a series o enjoys the property (b)and
if J] = f f ®(x,y, z2)dxdy is any double integral of the first kind attached

to F, then f f ﬁjtp (%;y:2) d%;dy; (where x;,9;, 2 arc the coordinates

of P;)isa double 1ntegral of the first kind attached to V, without periods,
since the periods of J on the algebraic cycles on F vanish (LEFSCHETZ;
see VII, 5). Hence by the theorem of Hopgk (VII, 8), the sum

ﬁ(p(xi, Ve, %) A%;dY; is identically zero, and this property holds for any
i=1
series of equivalence (SEVERI, 25, p. 125).

An immediate corollary of the preceding results is the following
theorem: if the totality of sets of n points of a surface F is a series of
equivalence, then F is regular, of genus (p, = pg) zero, and is without torsion
(SEVERI, 27, p. 599). In fact, the sets of a series of equivalence passing
through assigned fixed points form a series of equivalence, provided
these sets form a continuous series. Hence, under the hypothesis of the
theorem, the totality of points of F is itself a series of equivalence (of
degree # = 1). It is not known if the properties of F given in the con-
cluding part of the above theorem are sufficient to characterize rational

surfaces.
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Appendix B.

Correspondences between algebraic
varieties.

The generalization to surfaces of the classical theory of correspon-
dences between algebraic curves has been the object of recent in-
vestigations by ALBANESE (7) and SEVERI (25, 27). There is a very
close connection between the results arrived at by these authors and the
general theory of transformations of manifolds developed by LEFSCHETZ
in several papers (LEFSCHETZ, 7, 8) and systematically expounded in
LEFscHETZ, e, Chapter VI. The principal theorems of the, classical
theory of correspondences between algebraic curves have been derived
by LEFSCHETZ as special cascs of his general topological theory of trans-
formations of manifolds (LEFSCHETz, 9; see VI, 13).

A similar application of this topological theory to correspondences
between surfaces, and more generally between varieties V;, has been
made by Topp (2), who derives the principal results of SEVERI and
ALBANESE in a very concise manner by studying the effect of the corres-
pondence upon the associated RIEMANN matrices (period-matrices of
the simple integrals of the first kind).

1. The fixed point formula of LerscHerz (LEFSCHETZ, 7, 8;e,
Chapter VI). Let T be an («, f) correspondence betwcen two non-
singular algebraic varieties V,, V,, of dimension d, and let I" be the
algebraic V,; which maps the pairs of homologous points P;, P, of V;
and V, under T upon the product manifold ¥, X V,. T is said to be
wrreducible, if V4 is irreducible ; degenerate, if either & or § or both & and
are zero. If, for instance, § = 0, then T'(P,) is defined only for the points
P,of a Vg_pon Vy(A>0) and is a V, on V,.

Let I': (#=1,2,..., R;(Vy) form a minimal base, for homologies
modulo the zero-divisors, of s-cycles on V,, and let similarly 4/
form a minimal base for the s-cycles on V,. Then each p-cycle on
V1 X Vg depends on the cycles I'y x4, _, (s=0,1, ...,$). In particular
we have for the 2d-cycle I' an expression of the form:

(1) P 210,15 X My,
i,7,8
where the coefficients f{; are integers.

i,7
T transforms every I'; into an s-cycle T(I'}) on V,. Let

(2) I~ Zi &4,

and let similarly

@) T-1 () ~ ST,
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The matrices f, €, { are connected by the following relations (LEF-
SCHETZ, €, p. 266):

(3) £@d—8) — " fi,

(3") L@d—8) = (— 1) " f2d—a),

where 7{® and 7{ are the matrices ||(I'y - I'tg_,)|i, || (4] Aba_y)ll,
respectively.

If V, and V, coincide, we are dealing with a correspondence T
between the points of one and the same variety V. Let £ denote the
identical transformation of V into itself and let I', be the corresponding
2d-cycle on the product manifold of V by itself. The intersection number
(I"- I'y) gives the number of signed fixed points of the correspondence T .
For algebraic varieties the algebraic number of intersections of two
complementasy algebraic cycles is equal to the arithmetic number of
intersections (see VI, 3). Hence if T has a finite number of fixed points,
this number is given by (I"- I'y). If T possesses a curve D (necessarily
algebraic) of fixed points, in addition to isolated fixed points, the
intersection number (I".I';) is referred to as the wirtual number of
fixed points of T. The cffective number of isolated fixed points of 1°
is then (I". I')) — &, where ¢ is an integer representing the numerical
equivalence of D in regard to the virtual number of isolated fixed points
(see section 4). Using the intersection formulas (LEFSCHETZ, e, p. 241):

(T2 X By o Thy  x A) =0, if os,

(I3 X gy Iy X ) = (=)' (I3 T ) (Bha-y - 4),
and taking into account that for the identity £ the matrices e® arc
unit matrices, it is found immediately from (3):

(4) [Ty = 22d: (—1)* trace &®,
8=0

which is the fundamental fixed point formula of LEFSCHETZ.

2. The transcendental equations and the rank of a correspondence
(ALBANESE, 7; TopD, 2). Let g¢; be the irregularity of V; (z =1, 2)
and let 9;,6; [1=1,2,..., R (=2¢):1=1,2,..., Ry = (2¢,)] form
a base for the 1-cycles on V; and V, respectively. We write the equations
(2) and (2') for s = 1, replacing for convenience the matrices é® and
W by 4 and B.

(5) T(y) ~ ;Auéj’
(5" T () NZ':BJ.'V"-

Let u,,...,u, be ¢, independent simple integrals of the first kind
attached to ¥, and let similarly v,, . . ., v, be ¢, independent integrals
on V,. The sum

v (Py) + ve(Py) + -+ + v(Pp)



184 Appendix B. Correspondences between algebraic varieties. [640

of the values which any integral v, takes at the f§ points on V, cor-
responding to a point P of V,, is evidently, considered as a function
of the variable point P on V¥, a simple integral U, of the first kind
attached to V,. Hence

&
(6) Ut='U¢(Pl)+"'+vt(Pﬂ)E%a¢ru'+Ct, t=—'1,2,...,q2,

where the a’s and ¢’s are constants. Similarly, considering the inverse
correspondence, we have

(6) V,:u,(Q,)+~--+u,(Qa)zt£:b,,v,+d,, r=1,2,..., 0.

The period of U, on y; equals the period of v, on T (y,). If, therefore,
o, T denote the period matrices of the integrals #, and v, respectively,
we have the following relations: -

7) 1A'= aw,
7) wB’ = bz.

We define the rank v of T as the rank of the matrix a. This character
of T has been introduced by ALBANESE (7). His definition of the rank
is different from the present one, but the two definitions are equivalent,
as we shall see later.

Let o be the rank of the matrix A. Of the 2¢, cycles T (y;) only
o are independent on V,. From the definition of » it follows that T
transforms the g, integrals v, of V, into integrals U, of V, of which only »
are independent. Hence there exist exactly g, — » independent integrals
v, whose transforms are constants. These integrals necessarily have
zero-periods on the cycles T (y;), and hence by a property of reducible
integrals derived on p. 137, & -2 2». On the other hand, there exist exactly
2¢g, — & independent cycles on V; whose transforms on V, are zero-
cycles. The periods of the integrals U,, of which » are independent,
on these 2¢, — & cycles must therefore vanish, and hence by the same
argument we have & = 2v». We conclude that &« = 2», and that
consequently ¥V, possesses a regular system of » reducible integrals
with 2v periods and that 7, possesses a regular system of ¢, — v reducible
integrals with 2(g, — v) periods. By the theorem of Poincarg (VII, 6,
p- 138), V, possesses a complementary regular system of g, — v redu-
cible integrals with 2(¢, — ») periods and V, possesses a complemen-
tary regular system of » integrals with 2 periods. We may reduce
simultaneously the RIEMANN matrices of V, and V, to a canonical form
as follows. We may find non-singular rational square matrices P and

Q such that PAQ =- <0E 2vy 8), where E, denotes the unit matrix with

« rows and columns. This reduction of A to a diagonal form amounts
to choosing properly the bases 9;,d; on V; and V,. In a similar

(
(
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manner we may find non-singular complex square matrices p,q
such that pag = (g v g) This amounts to choosing properly the in-

dependent integrals u,,v,. The matrices w,7 and the equations (5)
and (6) assume then the form:
)
0 1,

w, 0
w = ,
W3 Wy

(5a) T(r)m~d, 1=1,2,...,2v; T(y)=~0, i=22v+1,...,2¢q,,
v(Py) + -+ + v, (Pg) = u, + const., t=1,2,...,7,
v (Py) + -+ 4+ v,(Pp) = const., t=v+1,...,4,.

By a further change of the bases and of the integrals, which does not affect
the equations (5a) and (6a) (see VII, 6), we may make w; and 7, zero. Then

)

showing the presence of common submatrix ®, (with » rows and 2%
columns) of w and 7.

The rank of the inverse correspondence 7! is the rank of the matrix
b or also half the rank of B. A fundamental theorem is the following:
if T is drreducible and non-degenerate, then T and T~ have the same
rank. This theorem was proved by ALBANESE (7) for surfaces and was
extended by Topp (2) to varieties of any dimension. ALBANESE's
proof is based upon the consideration of the PICARD varieties of the
two surfaces, while TopD derives the theorem by establishing the follow-
ing matrix relation:

(6a)

A'C = —D'B,

where C and D are suitably chosen principal matrices of w and 7. The
above matrix relation is in itself significant, but if it is only a question
of proving that 4 and B (and that hence also T and T-1) have the same
rank, we may arrive very rapidly at the result by using the relations (3)
and (3'). From these relations it follows that &® and £®©4—# have the
same rank, since the matrices #{ and #{® are non-singular. On the
other hand it is not difficult to see that in the case of algebraic
varieties the matrices &V and £24=1 coincide for a suitable choice of the
bases, and that consequently ¢ and {®, i, e. 4 and B, have the same
rank. We prove this statement for the case of surfaces, F, and F,.
The proof can be casily extended to varieties,

We first show that if T is drreducible and non-degenerate and if C is
a generic irreducible curve on F,, then T (C) is irreducible (TopD, 2).
In fact, since T is irreducible there is at most a finite number of points
on F; where T is degenerate, namely those with an infinity of trans-
forms on F,. Let D be the branch curve of T, i. e. the locus of points P
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for which two or more of the f homologous points on F, coincide. We
consider on F; an irreducible curve C which does not pass through the
fundamental points of 7 and which belongs to an infinite linear system
of positive degree (for instance, a generic hyperplane section of F,). The
generators of the fundamental group of F; — D are all on C (VI, 7;
VIII, 1), and hence the group of monodromy of T on F, is the same as
that of T on C, so that T must be irreducible on C, since it is irreducible
on F;, gq.e.d.

We choose the 1-cycles ¥;, 0; as follows; p; is the intersection of
I'i with C and &; is the intersection of 4§ with T'(C). The 2¢, cycles
y; are independent, since the I} are the loci of the y; as C varies in a
pencil {C} immersed in |C| (VI, 9). Similarly the 2¢, cycles &; are in-
dependent, because T (C) also belongs to an infinite linear system (from
C, = C, follows T (C,) = T (C,)). Since the intersection'of T'J"{) with
T (C)is T (), it follows that if T'(y;) ~ > 4;;0;, then T (I'}) — > 4;; 4

7 )

is a cycle 4y, such that 4,- T(C) ~# 0 on F,. From this it follows
immediately (VI, 9) that 4;~ 0 on F, and that consequently T (I'})
A X A;; 4, i.e. the matrices ¢ and &® coincide, q.e.d.

ZI‘he condition that T be irreducible is essential. If T is reducible,
T and T-! may very well have different ranks, as can be shown by
examples (Topp, 2).

Let {D} be a complete continuous system of curves on F; made up
of oo® linear systems, and let 2 be the transform of {D} under T.
The equations (6a) show that of the ¢, Picardian sums relative to the
intersections of a generic T (D) with the irreducible curve T (C), g, — v
remain constant as D varies continuously in {D}. From (VII, 4) it
follows then immediately that the curves of X belong to oc” distinct linear
systems and that consequently the subsysiems of X made up of linearly
equivalent curves arise from subsystems of {D}, each made up of co®="
distinct linear systems. This property forms the basis of ALBANESE’s
definition of the rank of a correspondence (ALBANESE, 7).

From the form (8) of the matrices w and 7 it is seen that the existence
of a correspondence T between V, and V, implies a specialization of
these matrices, unless (1) ¢, = ¢, and the matrices w, 7 are isomorphic,
or (2) » = 0 and the matrices @, 4, b, B are zero. In this last case the
correspondence is said to be non-singular or of valence zero. Since the
RIEMANN matrix of a variety of dimension =2 is the most general of
its type (VII, 7a), it follows that a correspondence between varieties
of general moduli is necessarily non-singular.

3. The case of two coincident varieties. Correspondences with
valence. If the two varieties V,, V, coincide, V, = V, = V, then (7)
becomes

) wd’'= aw.
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The equation (9) defines a multiplication of the RIEMANN matrix w of V.
It is well known that the only multiplications of a general RIEMANN
matrix are of the scalar type, i.e. 4 and a are multiples of unit
matrices. As in the case of curves, a correspondence T on V is said to
have a valence if T defines a scalar multiplication of w. If 4 = —vE
a = —vE,, then v is the valence of T (v, an integer).

A correspondence with valence zero is of rank zero and conversely.
It follows that if T has valence zero then also 7! has valence zero,
even if T is reducible. The identical correspondence £2 has valence —1.
The valence of the sum of two correspondences is the sum of their
valences. It follows that if v is the valence of T, then 7" + v£2 has valence
zero. The inverse correspondence 7! 4 v£ having valence zero, it
follows that 7" and T have the same valence.

From! the®definition of valence it follows immediately that the
valence of a product TS, where 7" and S have valences ¢ and s respec-
tively, is —¢s. Correspondences whose valence is 1 are easily constructed
on a surface I¥, for instance the symmetric (» — 1, # — 1) correspon-
dences defined by a net of curves of degree #. From this it follows that
there exist on F correspondences having arbitrary, positive or negative,
valence.

We point out explicitly the following characteristic property of a
correspondence 1" with valence v on a surface F:

If a curve A varies in a continuous system {A} and if A’ denotes the
homologous curve 1T (A), then A’ + vA varies in a linear system; in other
words, if A, and A, are any two curves of {A}, then A7 + vA, = Ay + vA,
(ALBANESE, 7).

4. The principle of correspondence of ZruTHen-Severi. In the
fixed point formula (4) of section 1, applied to a correspondence 1" of
indices («, B) on a surface F, we have e® = «,&® = 8, and if T has
valence zero, then & and &® are zero matrices. Therefore
(10) N = x + B + trace e®,
where N is the virtual number of fixed points of T .

If T has valence v, then trace e = trace ¢® - —2qv, where ¢ is
the irregularity of F, and we have

(109 N=o+4 8+ 4vq + trace e®,

Since correspondences with valence in the sense of ALBANESE are
characterized only by their effect upon the 1-cycles of F, we know
nothing about the matrix &®, and therefore, at least in the present
state of the theory, formulas (10) and (10’) cannot be improved upon.
It is probable, however, that correspondences with valence operate on
the 2-cycles of a surface in a very special manner. It would be important
to investigate this question if it is desired to arrive at a formula for N
admitting a simple algebro-geometric interpretation.

2q>
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The situation is different in the case of correspondences with valence
in the sense of SEVERI (SEVERI, 25, 27). SEVERI defines correspondences
with valence zero as follows: an (x, f) correspondence T between the
points of an algebraic surface F has valence zevo, if the set Y of f points
which correspond to a point P of F, varies in a series of equivalence as P
varies on F. Correspondences with valence v are then defined by the
usual condition that 7' + v be of valence zero, where 2 is the identical
correspondence. In other words T has valence v if Y + v P varies in
a series of equivalence. By the property (a) of section (4) of Appendix A
it follows that if T has valence zero in the sense of SEVERI, then every
1-cycle on F goes under T into a zero-cycle, and hence T has valence
zero also in the sense of ALBANESE. Consequently the correspondences
with valence in the sense of SEVERTI have also a valence (the same valence)
in the sense of ALBANESE (but not conversely). N

A very simple type of correspondence with valence in the sense of
SEVERI is given by the correspondences of ZEUTHEN (ZEUTHEN, 2). In
a correspondence of ZEUTHEN the homologous points of a generic point P
of FF, assumed to be in S,, are cut out by an algebraic variety V,_, of
a certain order, having with F at P an intersection multiplicity v .- 0.
This correspondence T has valence v. As P varies on F, V,_, varies
in a continuous system.

ZEUTHEN gave the following formula:

(11) N=a+p+6 —v(l+2),

where N is the virtual number of fixed points of T, d, is the order of the
hypersurface generated by the variety V,_, as P varies on a hyperplane
section of F, and where I is the invariant of ZEUTHEN-SEGRE of F.
ZEUTHEN' s proof has been completed in some points by Skveri, who
has also extended relation (11) (with a suitable definition of ;) to
arbitrary correspondences which have a valence in the sense of
SEVERI. We shall now show how (11) can be derived from (10)
and (10') (Topp, 2), first for correspondences of ZEUTHEN and then
for arbitrary correspondences having a valence zero in the sense of
SEVERI.

First let v = 0. As P varies on a 2-cycle I'i on F, V,_, describes
an (r — 1)-cycle on the linear space S,. Since on S, every (r — 1)-
cycle is homologous to a multiple of a hyperplane, it follows that
T (I'}) ~ u;E, when E denotes a hyperplane section of F. In particular
T(E) = 6E. Let E~ X AT, Then T(If)~ wE ~ 2 pudil4, and

]

hence trace €® = > u,A; = 8,, whence (11) follows in view of (10).
Now let v> 0. Since T + v has valence zero, we have #race
&® + vR, = d,, and substituting into (10’) we find

N=oa+p+6,—v(R,—49q)=ax+p+6 —v{I+2), qed
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SEVERI calls 6, — v the rank of T (not to be confused with the rank
of a correspondence in the sense of ALBANESE) and denotes it by d.
Introducing 6 instead of d,, we find

(12) N=oa+p+0—v({+1).

As P varies on F the set of § points which correspond to P under a
ZEUTHEN correspondence with valence zero, varies in a series of strict
equivalence (Appendix A, section 2). However, this series is not the
most general of its type, since to obtain the most general series of strict
equivalence it is necessary to neglect a set of fixed points and a semi-
fixed set on a fixed curve L. Hence the most general correspondence T,
such that the set T (P) varies in series of strict equivalence, is of the form
T=T —Ty— T,, where T’ is a ZEUTHEN correspondence, and
where 7', and T, are degenerate correspondences. Here To(P) is a
fixed set and T, (P) is a semifixed set on L. For T, the matrix ¢ is
a zero-matrix. 7', transforms any 2-cycle on F into a multiple of L.
In particular, if T, (L) =d,L, we call 8, the rank of T, (SEVERI, 27,
p. 870), and we sec immediately that for T, trace €® = 6,. If we then
define as the rank of T the number é = ¢’ — §,, where &’ is the rank
of T', we find immediately that (12) (where we put v = 0) holds also
for T.

Any series of equivalence is the difference of two series of strict
equivalence. It follows that any correspondence 1" with valence zero in
the sense of SEVERI is the difference T; — T', of two correspondences
of the type just considered. 1f we define the rank d of T as the difference
of the ranks of T, and T,, we see that the formula N =& + f + 0
holds for any correspondence with valence zero in the sense of SEVERI.
If now 7 is any correspondence with valence v in the sense of SEVERI,
the formula (12) holds, provided the rank & of T is, defined by the
relation: & = 8, — v, where 6, is the rank of T, + vQ.

Formula (12) gives the effective number of fixed points of T
only if T possesses a finite number of fixed points. If T possesses a
curve D of fixed points, then it can be proved (SEVERI, 27, p. 689 and
874) that the number of isolated® fixed points of T is given by the formula:

(13) w=a+p+0—v(I+1)—(e+7»—27n—20+2),

where » and # are respectively the virtual degree and the virtual genus

! Let P, be a fixed point of a correspondence and let P be a variable point
approaching P, along a definite path. 1f P’ is the homologue of P which approaches
P,, then the line PP’ has as limit a definite tangent line ¢ of F at P,, called a
principal line. A fixed point P, is called a perfect fixed point, if all the tangent lines
of F at P, are principal lines. An isolated fixed point, not on the curve D, is
always a perfect fixed point; however, a finite number of perfect fixed points may
also fall on the curve D. The number « in (13) is the number of perfect fixed
points, whether isolated or on the curve D.
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of D, g denotes the number of infinitely near points P and P’ = T'(P)
such that the direction PP’ (principal direction, see footnote) is tangent
to the curve of a fixed generic pencil {E} which passes through P, and
where w = (E - D). The expression ¢ — 2w is independent-of the pencil
{E} (SEVERI, 27, p. 874). We see that the expression ¢ + v — 2 — 2w
+- 2 gives the numerical equivalence (see section 1) of the curve D in
regard to the virtual number of fixed points of T'.
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