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PREFACE

THE present book treats of the subject of Physics up to the Inter-
mediate or First Science Standard of the different universities,
and if certain portions are omitted, it may also be used as a text-
book in schools by pupils preparing for the Higher Certificate of
the Oxford and Cambridge Schools Examination Board, the
London University Matriculation, and similar examinations. The
part of it dealing with Light was published in a slightly different
form in 1925, the sections on Electricity and Magnetism and on
Heat in 1928, the section on Dynamics and Properties of Matter
in 1929, and the book has now been completed by the inclusion
of the section on Sound. I have endeavoured to make the treat-
ment as clear and attractive as possible, and owing to the courtesy
of the authorities I have been able to add a collection of
questions from representative public examinations. Some matter
not hitherto found in books of this type has also been added in
order to bring the treatment up to date and meet the changing
requirements of teachers.

I am indebted to Dr. G. E. Allan for criticising the sections
dealing with Dynamics and Properties of Matter and Sound and
reading the proofs of these sections, and to Dr. R. C. Gray for
criticising the section on Electricity and Magnetism, reading the
proofs, and verifying the examples of this section. I am also in-
debted to Messrs. Jas. F. Shearer and A. J. Younger for reading
the proofs and verifying the examples of the sections on Light
and Heat respectively, and to Drs. John Thomson and David F.
Martyn for further assistance with the proofs. With the ex-
perience of so many friends behind it I hope the book will prove
a safe guide and lighten the labours of students.

R. A. HOUSTOUN.
February, 1930.
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February, 1980.
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INTERMEDIATE PHYSICS

CHAPTER I
UNITS AND MEASUREMENT

Units of Length and Mass.—In dynamics and physics generally
we dcal with the relations between the measurements of different
quantities. Now, before we measure any quantity we must have
a unit in which to measure it. We must therefore begin our
study of the subject by describing the units employed in it.
They are of two kinds, fundamental units and derived units.
The fundamental units are those of length, mass, and time; as
examples of derived units we may take the unit of volume which
can be expressed in terms of the unit of length, or we may take
the unit of density, which can be expressed in terms of the unit
of mass and the unit of length.

There are two systems of fundamental units.established by
law in Great Britain, the foot-pound-second system, sometimes
referred to as the British system, and the centimetre-gram-second
system or metric system, which is usually referred to, for short,
as the c.g.s. system.

The standard unit of length on the ft.-lb.-sec. system is the
yard, which is defined by Act of Parliament as follows: * The
straight line or distance between the centres of the transverse
lines in the two gold plugs in the bronze bar deposited in the
Office of the Exchequer shall be the genuine standard at 62° F.,
and if lost it shall be replaced by means of its copies.’ The
foot is, of course, 4 of the yard. The standard unit of mass on
the ft.-lb.-sec. system is the pound ; this is defined as the mass
of a certain piece of platinum, marked ** P.S., 1844, 1 1b.,”” which
is kept at the same place as the standard yard

The yard and pound are arbitrary units, that is, they are not
intended to be the length or mass of any object existing in nature ;
they are the descendants of units employed in ancient times.
The c.g.s. system, on the contrary, was a new system devised by

3
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a scientific committee appointed in France after the great revolu-
tion. The standard unit of length on this system, the metre,
was based on the earth’s dimensions, and was intended to be one
ten-millionth part of the distance from the North Pole to the
Equator measured along the meridian passing through Paris.
A rod of platinum was made by Borda which should fulfil this
condition at 0° C., and as it would be inconvenient to alter the
standard of length slightly every time a more accurate deter-
mination of the length of the earth’s meridian was made, the
metre is defined, not as the ten-millionth part of the quadrant of
the meridian, but as the distance between the ends of Borda’s
rod at 0° C. The kilogram was originally intended by Borda to
be the mass of one cubic decimetre of water at 4° C., the decimetre
being {5 of the metre. It does not fulfil this condition exactly,
and is defined as the mass of a certain lump of platinum, preserved
at Paris and called the * Kilogramme des Archives.”

The advantage of the metric system over the ft.-lb.-sec.
system is that all the multiples and submultiples of its standard
units are powers of 10; thus the centimetre is ;15 of the metre,
the millimetre ;55; of the metre, and the kilometre, the unit
on the metric system corresponding to the mile, is 1000 metres,
while the kilogram is 1000 grams. Length and mass can be
easily changed from the one system to the other if we remember
two relations, namely, that

1 foot =380-48 centimetres
11b. =453-6 grams.

The unit of volume on the c.g.s. system is the litrc, which is one
cubic decimetre or 1000 cubic centimetres. Owing to the ease
with which calculations can be made by the metric system, it
has been adopted by most civilized countries, and is used almost
exclusively for scientific work.

Unit of Time.—As a consequence of the earth’s rotation
on its axis the sun appears to move across the sky. When it
is at its highest altitude any day, it is said to be in the meridian.
The interval of time between the passage of the sun across the
meridian on any one day and its corresponding passage on the
next succeeding day is an apparent solar day.

Owing to different causes the length of the apparent solar
day varies throughout the year, and it is thus not suited for a
standard of time. But if we take its average value, ‘.e. if we add
the lengths of all the days in the year together and divide by
the number of days, we obtain an interval of time which is
constant, and which is known as the mean solar day. The unit
of time on both the c.g.s. and ft.-lb.-sec. systems is the mean
solar second, which is defined as one 86,400th part of the mean
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solar day. The time given us by our clocks, mean solar time, is
the time given by a fictitious sun which moves at a uniform speed
across the sky and is during one part of the year in front of, and
during another part of the year behind the real sun. The difference
between the times at which the real sun and the fictitious sun
cross the meridian on any day, measured in mean solar time, is
called the equation of time for that day, and may be as much
as 16 minutes.

The stars rise, travel across the sky, and sect in the same
way as the sun does. But the interval between two successive
transits of any particular star across the meridian is always the
same, no matter at what season of the year it is measured. This
interval constitutes a sidereal day ; thc sidereal day is four
minutes shorter than the solar day.

Dimensions of a Unit.—The area of a rcctangle 2 centi-
metres broad and 3 centimetres long is 2 ¢cm. X3 ¢m.==6 em.2 or
6 sq. em. The volume of a rectangular block 2 em. broad, 3 cm.
long, and 1} em. high is 2 em. X3 em. X134 em.==9 em.3 or 9 cub.
em.  The unit of Iength conscquently occurs to the second power
in arca and to the third power in volume. If it be denoted by L,
we express this by saying that the dimensions of area are L2 and
of volume arc L.3. The density of a substance is defined as its
mass divided by its volume; thus the density of lead is about
11-4 gm. per cm.3, or, as it is often written, 11-4 gm./cm.3. Hence
if we denote the unit of mass by M, the dimensions of density are
ML-3. In the samc way, as will be seen from the next chapter,
the dimensions of velocity are LT 1, and the dimensions of all
other derived units can be expressed as a product of powers of
L, M, and T. )

The dimensions of all the terms in an equation should be the
same. This is sometimes a means of detecting errors. Also,
as will be seen from the following example, the dimensions of a
quantity must be carefully bornc in mind when changing from
onc sct of units to another.

IxameLe—Change o deusity of 50 Ib./ft.? into Ib./inch® and
gm./c.c. .
50 1b. 50 1b. 50 1b.
_ - . —_ - ==()-0¥%, inch3d
ft.9 = (12 inch)* = 1728 inche ~ 02804 Ib./inch
50 Ib. 50 x 4586 gm. 50 x 4586 gmn.
“ft.3 T (80-48 em.)? 80-48%m.?
Vernier.—We shall now describe certain measuring instru-
ments, namely, the vernier, vernier callipers, micrometer screw
gauge, and spherometer. o ) )
If an object is being measured by a scale divided into centi-
metres and millimetres, and its end comes between two divisions,

=0-8011 gm./c.c.



6 INTERMEDIATE PHYSICS

it is possible to estimate the length to about a quarter of a milli-
metre. The eye does this by mentally subdividing the millimetre
into quarters and estimating by how many of these imaginary
quarters the end of the object exceeds the nearest whole division.
If we wish, however, to have the result correct to 35 of a milli-
metre, it is difficult to obtain this degree of accuracy by judgment
and the cye alone, and it is usual to employ an auxiliary scale,
which slides along the edge of the scale and is called a vernier,
after the name of its inventor, a seventeenth-century K¥rench

mathematician.
The principle of the vernier will be made clear by considera-
tion of Fig. 1, which represents a portion of a centimetre scale
considerably magnified.

. AB is the object to be
| l | |1212)° L’ [P L l [ 1 1 measured, and we sce
\ Bl la 'e; cr that its end B lies be-

0 10 tween 67 and 6:8 cm.

A ) Let v=:length of a ver-
A <« K16, 1.-—Vernier. nier division and s=

length of the smallest
scale division. Then it will be found by inspection that 9s=10v
or v=y;s. That is v=s—}s, and the difference in length of a
vernier division and scale division, or “least count” as it is
called, is cqual to 7 scale division or {5 mnw.

Now look along the vernier to seec which division on it is most
nearly opposite to a division on the scale. It is the fourth, the
one marked ¢ in the diagram. If e coincides with a scale d1v1sion,
d is consequently {5 mm. to the rlght of a scale division, ¢ % mm.
to the right of a scale division, b L mm. to the right of the corre-
sponding scale division, and a 74 "mm. to the right of the corre-
sponding scale division. Thus B exceeds the 7 mm. mark by
75 mm., and the correct reading of the scale is 674 cm. The
rule, therefore, in using this vernier is simply to look for the
point where coincidence oceurs ; if it is at the fourth division
on the vernier, the fraction is 7% mm. If it is at the seventh
division on the vernier, the fraction is {; mm.

The vernier represented in Fig. 1 is a particularly simple one.
More generally if 7 vernier divisions equal n—1 scale divisions

nv=(n—1)s and v=s—?1;s

Thus the least count is s/n, and if coincidence occurs at the mth
division the fraction is (ms)/n. The method of reading-a strange
vernier may always be made out by inspecting it, and the first
few readings should always be checked by estimating the fraction
by the eye.
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Sometimes, but very rarely, nv=(n+1)s and the vernier
division is larger than the scale division. This is the form which
was given to the vernier by its inventor. It has the advantage
of a “ more open scale,”” 7.e. the divisions are further apart than
in the other form and consequently easier to read, but this is
outweighed by the disadvantage that the numbers on the vernier
run the oppositc way to the numbers on the scale itself.

Vernier Callipers.—Fig. 2 represents one form of sliding
vernier callipers, consisting of a thin steel rod with a fixed jaw at

L
iy

}V Y
Hliinith I

FiG. 2.-—Vernier callipers.

one end and a movable jaw, which can be clamped by a serew,
and the position of which can be read either in centimetres or
inches according to the vernier used. The object to be measured
is placed between the jaws, and the movable jaw adjusted until
it just touches it. Then its dimensions are given directly on the
scale, for when the faces of the jaws are in contact, the zero division
of the vernier coincides with the zero division of the fixed scale.
Micrometer Serew Gauge.—The micrometer screw gauge,
which is shown in Fig. 8, is an instrument used for measuring

Fie. 3.—Micrometer screw gauge.

small thicknesses, for example, the thickness of a metal plate.
The object to be measured is inserted in the gap at the end of the
screw. The latter is moved in and out by turning its head.
As the screw moves out, it uncovers a scale. When the end of
the screw is pressed against the piece opposite to it, the reading
on the scale is zero. In the form of screw gauge most commonly
used in schools the pitch of the screw is 3 mm., and the head
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of the screw is divided into 50 equal parts, enabling fractions of a
rotation to be read. Thus for every complete turn of the screw
the end moves out one half-millimetre. As each division on the
‘ drumhead >’ corresponds to a movement of the end of the
screw through a distance of 35 X 4 mm., the instrument obviously
reads to 3; mm.

Spherometer.—The spherometer is founded on the same
principle as the screw gauge. The usual construction of the
instrument is shown in Fig. 4. It
rests on three fixed legs, the feet of
which are at the same distance from
one another. These three legs support
a framework in which a micrometer
screw turns. The micrometer screw
is equidistant from the three fixed
legs. The pitch of the screw is usually
} mm. The number of half-milli-
metres through which the screw is
raised is given by the vertical scale
and the fraction of a half-millimetre
is given by the circular scale.

The spherometer is used for deter-

I"16. 4.—Spherometer. mining the radius of curvature of

curved surfaces such as the surfaces
of lenses. Let us suppose that the surface to be measured is a
concave one. The instrument is first placed upon a plane surface,
usually the surface of a glass plate, and the micrometer point
screwed down until it just touches the plane. The four feet of
the instrument are then all in the same plane. The reading of
the circle and of the scale is then taken. The instrument is next
placed upon the curved surface, and the micrometer point screwed
down until it makes contact again. The reading of the circle
and of the scale is then taken again. Let ! be the distance
between two of the fixed feet, and let d be the vertical distance
traversed by the point of the screw. Then the radius of cur-
vature is given by

2 d
"=8d T2

It is sometimes difficult to decide when the micrometer screw
is just making contact. If it goes too far, of course, the instru-
ment rocks, but this is a clumsy test. If the surface is a polished
one, as contact is approaching, an image of the point in the surface
can be seen approaching the point itself, and at contact point
and image touch. If the screw is turned very steadily and
carefully indeed, theve is a slight jar at contact, and the whole
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instrument may swing round on the screw as a pivot. This is
probably the best test.

Proof of Formula.—In order to prove the formula consider Fig. 5.
Let A, B, and C be the points of contact of the fixed feet, and D the
point of contact of the screw on the curved surface. Let G be its
position when it is in the same plane as the fixed feet, and let O be the

(0]
(o}
C
G/ \B > -
D A B8
Fia. 5. Fic. 6.

centre of curvature of the spherical surface. Then GD=d, AB=BC
==CA=!, and OD =r,
Join CG. Then
r2=0C2=0G?}GC2=(r—d)2+GC?
Draw GT perpendicular to CB. Then it is clear from Fig. 6 that

CG= *C*E’- = t
cos 30°° 4/8
e 1’
ITence ri=(r—d)*+ 3 =r’-—2rd+d*+3—
2 12 d
1 opd= - 1d? =
1.e. 2rd 3 +d%or r 6d+2

the required formula. The second term in the formula may usually
be neglected in comparison with the first one.

ExamprEs I

1. Calculate the number of cubic centimetres in one cubic inch and
in one cubic foot. -
2. Find the number of litres in a cubic foot. Hence find the mass
of 1 cub. ft. of water in kg. and in Ib.
3. Change a density of 11-4 gm./c.c. into 1b./ft.? and 1b./inch,?



CHAPTER II
KINEMATICS

Divisions of the Subjeet.—Dynamies is that part of physics
which deals with the behaviour of matter under the action of
force. It is usually subdivided into staties which includes the
cases in which the forces do not produce any change in the motion
of the bodies to which they are applied, and Kineties which
includes the cases in which change of motion does occur as a
result of the application of force. Kinematies deals with the
geometry of motion without reference to the application of force,
and may also be regarded as a subdivision of dynamics. Hydro-
staties deals with the equilibrium of liquids under the action of
forces.

Sometimes, however, the word dynamics is used as opposed
to statics to denote the portion of the subject to which the name
kinetics has been given above, and the name mechanies is then
applied to the whole subject.

Speed.—Let us suppose that a motor car covers a distance
of 20 miles in one hour. Then its average speed is 20 miles per
hour. Either of two cases may occur. It may cover 29} feet
in every second of the motion. In this case the speed is said to
be uniform. This case is, of course, extremely improbable.
What is more likely is that the car slows down to 10 miles per
hour in passing through villages and increases its speed to 30
miles per hour in the open. In this case the speed is said to be
variable.

If the speed is variable, in order to determine its magnitude
at a particular point on the road, it is necessary to time the car
over a short distance. If it is timed over 500 yards and takes
50 seconds, the average speed over this distance is 30 feet per
second. If the distance is made smaller, say 100 yards, and the
time taken is 9 seconds, the average speed over this distance is
83} feet per second. If it were possible to time the car accurately
owler a smaller distance still, the average speed would have another
value.

The speed at the point is the value which the average speed takes,
when the interval is made indefinitely small.

10
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Speed Time Diagram.—Let us suppose that a train_starts
from rest at a station, and that after 5, 10, 15, 20, and 25 seconds,
its speed is respectively 14, 25, 84, 41, and 47 feet per second.
Then if these values are entered as ordinates in the graph in Fig. 7,
and the ends joined by a curve, the ordinates at intermediate
times give the speeds at these times, and the curve is known as
the speed time diagram of the motion. The speed, of course,
increases continuously from the beginning of the motion.

Let us suppose now, that instead of the speed varying con-
tinuously, the train moves-during each five seconds with the
speed that it actually possesses at the end of the five seconds,
and that at the end of this period the speed changes suddenly to
the valuc it possesses at the end of the next five seconds. The
specd would then be represented by the stepped line in Fig. 8.

50r 501
ae]
]
§ 4o - € 40}
o Q
D30t @ 30}
g g
Q20 Q20+
5 5
Q10f 210f
10 20 10 20
Seconds Seconds
Fie. 7. FiG. 8.

Since the speed during the first five seconds is now 14 feet per
second, the distance travelled during this time is 14 X 5="70 feet.
This is numerically equal to the area of the first rectangle in
Fig. 8, since the length of the base is 5 and the height is 14.
Similarly the distance travelled during the second five seconds,
25 x5=125 feet, is numerically equal to the second rectangle,
and the whole distance travelled during the first 25 seconds of
the motion is represented by the sum of the areas of the five
rectangles.

The distance travelled in the motion represented in Fig. 8
is greater than the distance travelled in the actual motion. If,
however, the train travels during each five seconds with the speed
it has at the beginning of the period, the distance travelled is
less than the distance travelled in the actual motion. It would
be represented in this case by the rectangles in Fig. 9. The
difference between the distances travelled in the two hypothetical
cases is represented by the shaded areas in Fig. 9.
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Let us now take intervals of two and a half seconds and
suppose that the speed remains constant during each such interval,
and then changes abruptly. The difference in the distances
traversed in the two hypothetical cases is now represented by
the shaded areas in Fig. 10, and is only about a quarter as large
as in the previous case.

Thus by diminishing the size of the intervals we can make the
difference between the two distances as small as we please, while
the true distance traversed is always intermediate between them.
Hence we infer, that if the number of the intervals is made
infinitely large, and the stepped lines both coincide with the actual
speed time curve, the distance traversed is represented by the area
of the curve itself.

The distance traversed by a moving body during any time is
numerically equal to the area included between the curve repre-

50 50
© ‘ o
5 a0 540
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(] Q
< 30 N30
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8 8
210 Q10
10 20
Seconds Seconds
FiG. 9. K1, 10.

senting its motion on a speed time diagram, the axis of time, and the
ordinates drawn through the poinis corresponding to the beginning
and end of the interval considered.

Composition and Resolution of Velocities.—Thc word
velocity is used in physics in a different sense from the word
speed. When we use the word speed, we refer only to the space
covered ; when we use the word velocity, we consider at the
same time the direction in which the motion takes place. Thus
we speak of a speed of 10 miles per hour, and of a velocity of
10 miles per hour due north.

The velocity of a body at any given instant can be repre-
sented by a straight line drawn in the direction of the motian,
with its length numerically equal to the magnitude of the velocity.
The direction in which the motion takes place is usually specified
by an arrow head placed on the line. Quantities such as velocity
which can be represented by a straight line are known as veetors ;
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quantitics such as density and mass which have only magnitude
and no direction are called sealars.

A body may have two velocities at the same time. Suppose,
for example, a steamer is moving with a velocity of 20 feet per
second. Then (Fig. 11) if a man is standing on its deck at O,
after the lapse of
one second he has
been carried to A.
If, however, he is
running across the
deck with a velocity
of 12 feet persecond, Fia. 11.—Illustrating the parallelogram of velocities.
and would have
arrived in one second at B, had the ship been at rest, owing to
the motion of the ship he is carried to C. By considering
intervals smaller than one second it can be shown that he is
carried to the final position C along the line OC.

Now OA, since it is 20 units long, may be taken to represent
the velocity of the ship, and OB, since it is 12 units long, to
represent the velocity with which the man runs. These are
referred to as his component veloecities. If he had moved with
the single velocity represented by OC, he would have arrived
at the same place in the same time; this velocity is called his
resultant veloeity.

If a body possesses simultaneously two velocities represented in
magnitude and direction by two sides of a parallelogram, drawn
from one point, they are equivalent to the single velocity represented
in magnitude and direction by the diagonal of the parallelogram
passing through the point.

The above theorem is known as the parallelogram of
velocities. It is proved by an appeal to experience such as in
the case of the ship described above; no satisfactory formal
proof of it can be given.

In the case of the man on the deck of the ship we compounded
his velocity relative to the ship, OB, with the velocity of the

B c ship, OA, in order to find his

resultant velocity, OC. We

W might have been given the
_ converse problem, that is, we

A 0 A might have been given the
10, 12 velocities of the man, OC,

6. 25 and of the ship, OA (Fig. 12),

and have been asked to find the velocity of the man relative to
the ship. In this case we simply superpose on both man and
ship a velocity OA’ equal and opposite to OA. This reduces the
ship to rest, but does not alter the velocity of the man relative to
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the ship. Consequently the latter is equal to his new resultant
velocity, and is found by completing the parallelogram A’OC and
drawing the diagonal OB. To state the rule generally :

In order to find the relative velocity of one point P with
respect to another point Q, we compound with the velocity of P a
velocity equal and opposite to the velocity of Q.

Any quantities that can be represented by straight lines, that
is, all vectors, can be compounded and resolved by the parallelo-
gram construction. The parallelogram construction is, in fact,
simply the method of adding vectors.

ExampLE.—A boat is being rowed at 3 miles per hour relatively
to a river which is flowing at 4 miles per hour. It is being rowed in a
direction making an angle of 80° with the direction of the river. Find
its resultant velocity.

We have v2=1v,241,2+20,0, cos §=82-44242 X3 x4 cos 30°

Hence v =676 miles per hour.

Let a be the angle which the direction of the resultant velocity makes
with the direction of the river.

Tl sina sin 30

en 3 676
hence a=12° 49’

ExampLE.—A plane is inclined at an angle of 25° to the horizontal
and a wooden block is sliding down it with a velocity of 30 cm./sec.
Find the horizontal component of its velocity.

When we are asked to find one component, it is usually assumed
that the other is at right angles to it. Thus in this problem the
parallelogram of velocities becomes a rectangle with a horizontal and
a vertical side and the diagonal making an angle of 25° with the hori-
zontal. The required component is consequently

30 cos 25=27-19 cm./sec.

Acceleration.—The acceleration-of a body is its rate of
change of veloeity. Now velocity possesses both magnitude
and direction ; both may change and the one may change with-
out the other. The simplest case is that in which only the
magnitude changes, and the motion takes place in a straight line.
We shall consider this case first.

Let us suppose that a body is moving in a-straight line, that
its velocity at a certain time is 10 ft. per sec., and that at 1, 2,
8, . . . seconds after this time its velocity is, say, 13, 16,19, . . .
ft. per sec. That is, in each second the velocity increases by the
same amount, namely 3 ft. per sec. In this case the acceleration
is said to be uniform. If, however, after 1, 2, 8, . . . seconds,
the velocity had been 13, 17, 22 . . . ft. per sec., the_increases
in successive seconds would not have been the same. In this
case the acceleration is said to be variable.

Let us suppose that at a certain time the velocity is 15 ft. per
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sec., and that after five seconds it is 85 ft. per sec. Then the
average acceleration during this period is

change of velocity 85 —15ft. persec. _ 20ft./sec. 4 ft.

time - 5 sec. ~ b5sec.  (sec.)?

and is written 4 ft. per sec. per sec. or 4 ft./sec.2 The second
“ per. sec.” is at first difficult to understand, but a little considera-
tion shows the need for it. Velocity, which is rate of change of
distance, is measured in units of length per second ; acceleration,
which is rate of change of velocity, 1s measured in units of
velocity per second, i.e. in (ft. per sec.) per sec. The dimensions
of acceleration are thus LT-2.

In the example cited above the average acceleration over
5 sec. is 4 ft./sec.2. The average acceleration over 1 sec. would
probably have a different value, and if the interval of time were
made indefinitely small, the average acceleration would have a
still different value. The acceleration at a given instant in the
case of variable acceleration is the value which the average
acceleration takes when the interval becomes indefinitely small.

Uniformly Accelerated Rectilinear Motion.—Let a body be
moving in a straight line with uniform acceleration, let « be its
velocity at a certain instant of time, and let o be the accelera-
tion. Let v be the velocity after a time ¢ has elapsed.

The change of velocity in the timeis v—u. Hence by definition
v—u

t

which gives v=utoaf . . . . . « . (1)

Let s be the space traversed
during ¢. In order to find s
consider the speed time dia-
gram of the motion, Fig. 13. If
AB and CD cach represents
one second, BC represents the
change of velocity during the
first second and DK the change
of velocity during the next
second. BC=DE. Hence
the triangles are equal, and
AE is a straight line. By
proceeding in this way it may Fic. 13.
be shown that AF is a straight
line. Hence

s =area of figure
=}(u-tv)t
=4}(u+{u+at})t
=ut +imt2 . . . . . . . . (2)
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If formula (1) be squared, we have
v2 =u? - 2uat o2
=u2 - 2o(ut |- hot?)
=u2-}2as from formula (2)
Hence VP—u2 =205 . . . . .« « « « . . (3)

This formula docs not contain the time. The above three formula
are of great importance for solving problems in uniformly
accelerated rectilinear motion. But they should not be used
mechanically ; it is often better not to use them and to work out
the problem from first principles.

Special Cases.—If the body starts from rest, u=0, and the
formule become v=auf, s==}at2, and v2=2«s. If the motion is
retarded instead of accclerated, then v is less than w, and the
formule become

v =u—ot
s =ut—3o?
and V2 —u2=—20s.

ExampLe.—A body is moving with uniform acceleration in a
straight line. Its velocity changes from 4 ft./sec. to 14 ft./sec. in 6 sec.
Find the acceleration and the space passed over during the interval.

14—4 5
= - = - ft.[sec.?
a o 3 [sec
s=3(4+14)6 =54 ft.

Falling Bodies.—Thc importance of uniformly accelerated
niotion lics in the fact that it includes the case of falling bodies.
In air bodics fall with unequal velocities; a piece of lead falls
more rapidly than a feather or a piece of paper. It was formerly
thought that this difference was due to the materials themselves,
and Aristotle taught that bodies fall with “ velocities proportional
to their weights.” But Galileo showed by dropping weights
and other articles from the leaning tower of Pisa about 1590,
that the difference is due to the resistance of the air which increases
with the extent of surface of the body. This can also be shown
by crushing a piece of paper up into a ball and seeing how much
faster it falls, or by a well-known experiment performed by
Newton, called the guinea and feather experiment. In this
experiment a guinea and feather are placed in a long straight
glass tube about four feet long, from which the air can be
exhausted. When the tube is inverted, the coin and feather fall
to the end of the tube in exactly the same time. But when air
is introduced, the feather is retarded, and the retardation increases
with the quantity of air introduced.
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If the air exerted no resistance, all bodies would fall with the
same acceleration. This acceleration varies slightly from place
to place on the earth’s surface, being least
at the cquator and greatest at the poles.
It is always denoted by the letter g. Its
average valuc for Great Britain is about
981 cm./sec.? or 32-2 ft.[sec.2

In calculations on falling bodies the
resistance of the air can be neglected, unless
the surface is large in comparison with the
weight, as in the casc of a feather or piece
of paper. On the ft.-lb.-scc. system g is
usually taken as 32 ft./sec.z unless special
accuracy is required.

Galileo made his celebrated experiment on
falling bodies when he was 26 years of age. He
was professor of mathematics at Pisa on a very
small salary, and in the presence of the assembled
university he ascended the famous leaning tower,
balanced a 100-1b. and a 1-1b. shot on the edge,
and dropped them together. They struck the
ground together, while according to Aristotle
the one should have taken 100 times as long as
the other. The tower is 188 feet high. Aris-
totle’s teachings were regarded as inspired, the
university was not convinced, and Galileo, as a
consequence of his youthful energy and impru-
dence, had to leave Pisa.

The formulz for falling bodies and projectiles
under gravity arc duc to Galileo, who is the
founder of experimental physics ; before Galileo
it was the custom to settle a question of fact,
not by appeal to experiment, but by quoting
chapter and verse from Aristotle,

ExampLE.—A body thrown upwards against
gravity reaches a greatest height of 200 ft.
Find (i) the velocity with which it is projected,
(ii) the time taken to reach the top, (iii) the
velocity which it has after ascending 60 feet,
(iv) the velocity it has two seconds after the
start of the motion, and (v) the height ascended in the first two
seconds of the motion.

(i) v¥=2gs=2 X382 X200
v=118 ft./sec.

(ii) s=4gt? 200=% X382 x1?
=858 sec,

F16. 14.—Guinea and '
feather experiment.
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(iii) v?—u?=—2gs v2=118%—2 X 82 X 60
v=94-6 ft.[sec.

(iv) v=u—gt=118—82 x 2
=49 ft.[sec.

(v) s=ut—}gt? =113 X2 —} x 32 x 22
=162 ft.

The body has the same velocity on passing each point in the down-
ward motion as it had on the upward motion, but in the opposite
direction.

ExamrrLe.—A stone falls over a cliff, and travels 80 ft. in the last
second before it strikes the ground at the foot of the cliff. IIow high
is the cliff ?

Let h=height of cliff and ¢=time of fall.

Then h=} < 82t%
h—80=}x382(t—1)?
Hence 80 =13 X 32(12—{t—1}?)

t=38 scc. and k=144 {t.

Definition of Aceceleration.—We shall now consider the
definition of acceleration in the genecral case, when the motion is
not in a straight line. Lect OA (Fig. 15) represent the velocity

of a body at a given time, and OB

C o B its velocity after an interval of

time £. Draw OC parallel and equal

to AB. Then it is obvious from the

parallelogram OABC, that OC

0 > A represents the change of velocity

Fie. 13 during the interval #; hence OC/t

represents the average acceleration

during the interval. Since AB is parallel and equal to OC,

we might equally well choose AB to represent the change in

velocity, and we would in this case be saved the trouble of comn-

pleting the parallelogram. We shall thereforc represent the
average acceleration by AB/t.

Now make ¢ indefinitely small. The value which AB/t then
takes, and the direction which AB then takes, are the magnitude
and direction of the acceleration at the time-in question. Thus
the direction of the acccleration in the general case is not the
same as the direction of the velocity.

Acceleration is a vector and can be compounded and resolved
by the parallelogram construction.

Uniform Motion in a Cirele.—Let us suppose that a particle
is moving in’ a circle with uniform speed, and that it makes a
complete revolution in time T. In this time it describes the
angle 27 about the centre of the circle. The angular veloecity
or rate of description of angle about this point is consequently
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2mr

T
It is usually denoted by w. If v is the speed in the path and »
is the radius of the circle, we have

v 2mrr
T
Hence v=qr,

Suppose that at a certain in-
stant the particleis at A (Fig.16),
and that after an interval ¢ it is
at B. When it is at A, it has a
velocity along the tangent at A
cqual to wv. Represent this
velocity by the straight line Oa.
When the particle is at B, it has
a velocity along the tangent at
B. Represent this velocity by
the straight line 0b. 0b=0a.
Then the change in the velocity
during the time is represented

by ab.

Let /aOb=6. Then, if ab
is bisected at ¢ and ¢ joined Fia. 16.
to O,

. 0 .. B
ab=2ac=20a sin =2y sin |

-

The average acceleration during ¢ is

.6
20 sm2—

t
When 6 is made very small, the ‘point B moves up to the point

. 0 - .
A, sin 5becomes equal to 5 and the average acceleration becomes

equal to the acceleration at A. Tt then takes the value, )

0f

t

But 8=/ ACB=wt. Hence
vl v2

=pw=  Or w?r
4 r

When B moves up to A, ab becomes parallel to AC. ) )
Hence, when a particle is moving with uniform speed in a circle,
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it has an acceleration equal to v2|r or w?r towards the centre of the
circle.

ExAMPLE.—A train is moving at a speed of 60 miles per hour round
a curve of one-quarter mile radius. Find the acceleration towards the
centre of the curve.

v=60 miles/hour =88 ft./sec.
v?  882Xx4
Hencc o= /"‘ = —gé-sﬁ“ =5-87 ft./560-2

Simple Harmonic Motion.—Let a point Q travel with
uniform speed v round a circle of radius r and centre C, and
from its instantaneous position let a perpendicular QP be drawn

to AB, any fixed diameter of the

P Q circle. Then, as the point Q travels
round the circle, the auxiliary circle

as it is called, the perpendicular

D QP moves parallel to itself, and the
point P travels back and forwards
along the diameter AB. The point

P is then said to describe a simple

Fic. 17. harmonic motion or S.H.M.,, as it is

written for short. Simple harmonic

motion is thus the projection upon a straight line of uniform

motion in a circle. 1t must be noted that both the point Q and

the auxiliary circle are mathematical fictions used for defining

the SSH.M. When S.H.M. occurs in nature there is only the one
real motion, that of P in the straight line.

Simple- harmonic motion occurs frequently in nature. It is
described, for example, by the bob of the pendulum of a clock
and by the prongs of a vibrating tuning fork. The angle QCP
is called the phase*of the motion. The whole distance that P
traverses, i.e. AB, is called the range of the S.H.M., and half the
range, i.e. the radius of the auxiliary circle, is called the amplitude
of the SH.M. The time taken-by P to go from one end of the
range to the other end and back, or the time taken by Q to go
once round the auxiliary circle, is called the penod of the S.H.M.
Let it be denoted by T. Then

T=2""
‘v

Join QC and let /£ QCP=60. Then the displacement of P
from its mean position is given by CP=CQ cos 8=r cos 6.

Draw QD, the tangent at Q, and produce BA to meet it at
D. Then the Velocxty of Q is equal to v, and is in the direction of
DQ. The velocity of P is the component of the velocity of Q
along DB, that is, it is v cos QDP=v sin §.
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The acceleration of Q is v2/r, and is in the direction QC. The
acceleration of P is the component of the acceleration of Q in
the direction AB, that is, it is

v2 . v2
~-cos QCP= - eos 0
r

We have therefore
12 0
Acceleration of P 7 °°° v 4m?

Displacement of P~ rcos§ — r2— T2
Thus, when a particle is describing a S.H.M., the ratio of its
acceleration to its displacement is constant and equal to 42
divided by the square of the period.

Conversely, when a particle is moving in a straight line under
an acceleration towards a fixed point in the line proportional to
its distance from that point, it is describing a S.H.M. This
statement, which is often taken as the definition of S.H.M., may
be seen to be in harmony with the previous definition, if the
foregoing proof is gone through in the reverse direction.

The number of periods per second or ,; is called the frequency
of the S.H.M.

ExampLE.—If the frequency of a S.H.M. is 250 per second and
the amplitude is 1 millimetre, determine the velocity and the accelera-
tion when the displacement has half its maximum value.

v=250 X 27 X0-1 =50~ cin./sec. In the case in question cos §=}
and §-=60°. Hence

velocity =v sin §=>50= sin 60=136 cm./sec.
. v? (50m)2
acceleration = 7 Cos 0= o1 o8 60 ==1-234 x 10 cin./sce.?
Parabolic Motion.—Let us suppose, O

that a body starts off from O (Fig. 18)
with a horizontal velocity v, and that it
has an acceleration g downwards. This
is the motion of a stone thrown out
horizontally from the top of a cliff. The
horizontal and vertical motions take place
independently of one another, so if we
denote distance outwards from the cliff Y
by  and downwards by.y Fig. 18.

x=0t, and y=1}gt*

Hence, eliminating ¢,
g

e O 8
Yy 2v’w
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This equation is one that is often graphed in schools. IL represents
a parabola with its axis vertical and its vertex in the point of pro-
jection,

Let us suppose now that when the stonc reaches P, its velocity is
reversed in direction, the magnitude being kept unaltered. It will
retrace its path, pass through O horizontally, and descend the other

side of the same parabola. The path
of a body projected at any point
under gravity is consequently a para-

v bola.

Range and Time of Flight of a

6 Projectile.—Let a body be projected

0 from the point O (Fig. 19) with a
velocity v in a dircciion making an
angle 6 with the horizontal. The
horizontal and vertical components of

the motion are considered independently. The vertical component of
the initial velocity is

ke, 19,

. v sin 6
After time ¢ it is
vsin 0—gt
C(})lnsequently it is zcro, and the projectile has reached its highest point
when
_vsing
Y 4
The projectile takes as long to descend to the initial level as to ascend
from it. Hence the whole time of flight is
2v sin 6
. g '
During the whole flight the horizontal component of the velocity has
its initial value
vcos 0
Hence the range on a horizontal plane is given by

2usin § 20%sin § cos § w2 sin 26
veos fX - =- — — = -
g 8 g
ExampLE.—An aeroplane travelling horizontally at 60 miles per
hour drops a bomb at a gasometer 1000 feet beneath. What angle
must the line joining bomb and gasometer make with the vertical,
when the bomb is let go ?
Let t sec. =time to fall.
Then 1000=% x82t3, t=7-907 scc.
Horizontal distance travelled in this time =88 X 7-907 =695-9 ft.
Let 0 be the required angle
695-9

—— == L] ’
tan&-mooandG 84° 50



KINEMATICS 23

ExamprLEs 11

1. A train starts from rest and is uniformly accelerated during the
first $ minute of its run, runs # minute at a constant speed, and is
then brought to rest in } minute, the retardation being uniform. Draw
the speed time diagram of the motion. If the whole distance traversed
is 4} mile, find the maximum speed.

2. A ship making 5 miles per hour in a northerly direction is drifting
westward with the tide at the rate of 3 miles per hour. What is its
resultant velocity ?

3. A train travels at a speed of 8 miles per hour round a hair-pin
bend consisting of a semicircle connecting two parallel tracks. The
train is longer than the curved portion of the track. Find the velocity
of the engine relative to the guard’s van, (i) when the engine has turned
through 45°, (ii) when it has turned through 90°.

4. A train moving at 30 ml./hr. is brought to rest in 100 sec., the
retardation being uniform. Find how far it travels in this time.
What is the retardation in ft./sec.? ?

5. A body is thrown vertically upwards with a velocity of 128
ft./sec. Find the height to which it rises and the time it takes to
reach the highest point.

6. A body is moving in a straight line with a velocity of
15 ft./sec. and an acceleration of 10 ft./sec.2 After what time will its
velocity be tripled, and what space will it describe in this time ?

7. With what velocity must a body be thrown vertically upwards
in order that it may rise to a height of 30 ft.? What time does it
take to reach this height ?

8. How far must a body fall to acquire a velocity of 10 ft./sec. ?

9. A stone is falling with a velocity of 20 ft./sec. How much
further must it fall for the velocity to increase to 30 ft./sec. ?

10. A man on a motor cycle dashes into a wall at a speed of 40
ml./hr. How far would he have to fall to hit the ground with the
same speed ?

11, A train moving with uniform acceleration takes 4 min. to travel
the first mile. What velocity has it acquired at the end of that time ?
What is its acceleration in ft./sec.? ?

12. Two trains are running in the same direction at the speed of
48 ml./hr., the first train leading by 4 ml. If the second train is brought
to rest in } of a mile, kept at rest for 1 min., and then brought to its
former speed in 1 mile, find the extra lead gained by the first train.

18. A cyclist turns a corner at 10 ml./hr. in a curve of 15 ft. radius.
What is his acceleration towards the centre of curvature ?

14, Taking the earth’s equatorial radius as 3962 miles and the'
sidereal day, i.e. the time taken by the earth to make a complete
revolution about its axis, as 86,164 sec., find the acceleration of a
point on the equator in ft./sec.2

15. What is the value of the ratio of acceleration to displacement for
one of the prongs of a tuning fork, which makes 256 complete vibra-
tions per second ? If its range is ¢ mm,, find its maximum velocity.

16. A tuning fork makes 512 complete vibrations per second.
The range of the end of one of the prongs is 55 mm. Find its maximum
velocity and maximum acceleration.



CHAPTER III
STATICS

Parallelogram of Forces.—Iig. 20 represents a drawing b.oard
which is supported vertically by a wooden frame. Round
wooden pegs are attached to the drawing board at D and E.
The upper ends of two spiral springs B and C are attached to
these pegs by means of
D loops of thread, and to
the lower ends of these
springs are tied two pieces
9 B d c ° of thread which have each
a loop at their lower ends
C at A. Both these loops
are passed over a hook
a which carries a pan for
° A o holding weights. When
weights are placed in the
pan both the springs are
pulled out. Now at the
point A three forces meet.
2 one due todth}e;, weights in
. 90— . _ the pan and the wecight of
Fia. 20. App‘;’,itm“sog"f‘;,ﬁé’;’_‘""g parallelo the pan itself; this force
acts vertically downwards
through A. The other two forces act upwards, one along the
thread AB and the other along the thread AC. A piece of draw-
ing paper is pinned on the board behind the threads. The
purpose of the apparatus is to determine the relations between
these three forces, when the threads AB and AC are inclined at
different angles to one another and to the vertical. The springs,
threads, and scale pan hang clear of the drawing board.!

1 It should be noted that the springs B and C in Fig. 20 cannot be replaced
by spring balances ; owing to friction the latter do not give satisfactory
readings when inclined to the vertical. Also it is not satisfactory to dispense
with springs and pass the threads AB and AC over pulleys, attaching scale
pans to their other ends, because owing to friction in the pulley the force in
a thread is never the same on both sides of it.

24




STATICS 25

The use of the apparatus will be understood best from the
description of a particular case. The weight of the pan was
92 gm.; in it was placed a 200-gm. weight, and thus the total
downward force was 2092 gm. The springs were originally
each about 7-85 cm. long. When the weight was placed in the
pan, they were elongated and their lengths were measured very
carefully with a centimetre rule. It was found then that the
length of the left-hand one had become 127 cm., and the length
of the right hand one 1175 cm. Pencil marks were made on the
paper behind the two threads so as to get their line, and a thread
carrying a weight was held up in front of the paper, and pencil
marks made from it giving the line of the vertical. The scale
pan was then unhooked from the thread AC, so that it hung on
the thread AB vertically below D, and weights were placed in it
until the same extension was produced as was obtained during
the experiment. The necessary weight, including the pan itself,
was 129-2 gm. Similarly the weight necessary to produce the
same extension in the spring CE, as was obtained in the experi-
ment, was found to be 109-2 gm.

Now a force is completely defined when its magnitude, its
direction, and the point at which it acts are given. Forces are
consequently vectors and can be represented by straight lines.
The paper was unpinned from the drawing board, and the traces
ab, ac of the threads AB and AC drawn. For the sake of clear-
ness ab and ac are shown a little out of position in the figure.
The force along AB was 129-2 gm. ; ab was made exactly 129-2 mm.
long. The force along AC was 109-2 gm. ; ac was made 109-2 mm.
long. Thus, by taking one millimetre to represent one gram,
ab and ac represented the forces applied by the springs in magni-
tude, direction, and point of application.

The parallelogram was then completed and the diagonal ad
joined. It was found to coincide very nearly with the trace of
the vertical through a, the difference in the directions of the two
lines being about half a degree. Its length was measured and
found to be 208-8 mm. Now the downward force exerted by the
weights in the pan was 2092 gm., and 209-2 coincides with
208-8 within the error of experiment. Thus the diagonal of the
parallelogram represents the force exerted by the weights and
pan at A in magnitude and direction. If the experiment is
repeated with other weights in the pan and with different inclina-
tions of the threads to the vertical, the result is always found to
be the same; if the sides of the parallelogram represent the
forces exerted by the springs, the diagonal represents the force
exerted by the weights.

The downward force at A is called the equilibrant of the
two upward forces because it neutralises them. The line ad does
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not represent the equilibrant in direction ; it goes the wrong way.
It represents a single force which produces the same effect as the
two upwaird forces, and is called their resultant. We thus
arrive at the proposition known as the parallelogram of forces.

If two forces act at a point, and if lines be drawn from that
point representing the forces in magnitude and direction, and a
parallelogram be constructed on these lines as sides, then the resultant
of the two forces will be represented in magnitude and direction by
the diagonal which passes through the point.

The forces represented by the sides are called the ecomponents
of the force represented by the diagonal.

ExampLE.—An upward force of 100 lb. is exerted on a weight by
means of a rope inclined at 20° to the vertical. Find the vertical
component of this force.

When one component is asked for, it is assumed, unless otherwise
specified, that the other component is at right angles to it. Hence
the parallelogram is in this case a rectangle, and the result is

100 cos 20° =93-97 1b.

Triangle of Foreces.—Let AB and AC (Fig. 21) represent

two forces. Then AD represents their resultant, and DA their

C p ¢quilibrant. Now AC and BD are equal

and parallel, since they are the opposite

sides of a parallelogram. Hence the force

represented by AC may be also represented

by BD in magnitude and direction but not

A B in position, and the three forces represented

Tic. 21. by AB, BD, and DA are in equilibrium.
Thus :

If three forces represenied in magnitude and direction by the
sides of a triangle taken in order act on a particle, then the forces
are in equilibrium.

This proposition is known as the triangle of forces.

Polygon of Forces.—Let AB, BC, £
CD, and DE (Fig. 22) represent in
magnitude and direction four forces : o)
which act at a point. Then, if we join
AC, it is obvious by the triangle of

forces that CA is the equilibrant and c
AC the resultant of AB and BC. Simi-

larly, if we join AD, we find that AD A B

is the resultant of AC and CD, and if Fia. 22.

we join AE, AK is the resultant of AD
and DE, that is, it is the resultant of the four f9rce_s AB., BC, CD,
and DE, and EA is their equilibrant. Proceeding in this way we
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arrive at the proposition known as the polygon of forces, which is
stated as follows:

If any number of forces acting on a particle arc represented in
magnitude and direction by the sides of a closed polygon taken in
order, then the forces are in equilibrium. If the lines representing
the forces do not form a closed polygon, the resultant will be represented
by the line joining the ends of the first and last-drawn sides of the
incomplete polygon.

Exampre.—Forees of 4, 8, 1, 5, and 6 1b. act on a particle in onc
plane in directions making angles 45°, 90°, 120°, 150°, and 180° with
a given straight line. Find the resultant in magnitude and direction.

The polygon may be drawn and the result obtained graphically,
but it is better to proceed as follows : Resolve cach of the forces into
two components, one parallel and the other perpendicular to the given
straight line. The sum of the parallel components is

4 cos 45°— cos 60° —5 cos 30°—6
= —8:001
The sum of the perpendicular components is
4 sin 45° 48 4- sin 60° 45 sin 30°
=0-194
Hence the resultant =4/8-0012 4-9-1942=12-19 Ib. in a direction making
an angle of 131° 2’ with the initial linc.

Law of Moments.—Let AB represent a force of 1¢ units in
magnitude, direction, and position., From any point P draw
PD perpendicular to AB, and let PD=p. Then

the product Fp is called the moment of the force P
about the point. !
A metre stick was balanced on the sharp edge Al

of a wedge-shaped piece of wood, and was found

to come to rest when the edge was below 5025

cm. This was due to the stick not having quite

the same thickness at both ends; otherwise it B

would have balanced at the middle. When the Fig. 23.
stick was balanced in this way it was in equi-

librium under the action of two forces—

(1) Its weight acting vertically downwards.

(2) The upward force exerted by the wedge.

When two forces are in equilibrium, they must be equal, and
act in opposite directions in the same straight line. Hence the
weight of the stick must act vertically downwards through
50-25 cm., and the upward force exerted by the wedge must be
equal to the weight of the stick.

A loop of thread was tied to a 200-gm. weight and the latter
hung over the stick at 40-25 em. Loops of thread were tied to
another 200-gm. weight, « 100-gm. weight, and a 50-gmn. weight,
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and these were in succession one at a time hung on the stick on
the other side of the wedge (Fig. 24). It was found, when the
wedge was at 50-25, that

P, [) in order to produce equi-
librium the second 200-gm.
Fic. 24. weight had to be placed at

60-20 cm., the 100-gm.
weight at 70-15 cim., and the 50-gm. weight at 90-40 cm.
The moment of the first 200-gm. weight about the edge of
the wedge was
200 X (50-25 —40-25) =2000 units

The moments of the other three weights about the same point
were in succession

200 X (60-20 —50-25) =1990 units

100 X (70-15 —50-25)==1990 units
and . 50 % (90-40 —50-25) =2007 units

Now the numbers 2000, 1990, and 2007 agree with onc another
within the limits of experimental error. Hence, when the stick
is balanced, thec moment of the weight suspended from the onc
side is equal to the moment of the weight suspended from the
other.

The weight on the right of the wedge tends to make that side
fall, 7.e. it tends to make the stick rotate in the direction of the
hands of a clock, or in the clockwise direction as it is called.
The weight on the left of the wedge tends to make the stick turn
the other way, in the direction opposed to the hands of a clock,
or in the counter-clockwise direction. The stick does not turn at
all, when the turning power of the force on each side is the samc.
Thus the moment of a force about a point measures the turning power
of the force about the point.

Instead of hanging a weight on the other side the stick may be
balanced by passing a loop of thread over the hook of a spring
balance, and supporting it
in the manner shown (Fig.
25). In an actual cxperi-
ment made it was found,
that when the loop of
thread was at 287 cm., the
spring balance read 94 gm.
The spring balance in this
case obviously exerted a
clockwise moment of

94 X (50-25 —28-7) ==2026 units
about the edge. This result agrees with the former ones, the

Fic. 25.
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greater error in this respect being due to the difficulty of reading
the spring balance accurately.

If we have several weights suspended on each side of the
edge, and one or more spring balances acting on it, we find the
stick balances when the sum of the moments tending to turn it
in the clockwise direction is equal to the sum of the moments
tending to turn it in the counter-clockwise direction.

We thus, as a result of experiment, arrive at the general law
known as the law of moments, which may be stated as follows :

When a body which is free to turn about an axis is in equilibrium,
the sum of the moments of the forces tending to turn it in the clockwise
direction is equal to the sum of the moments tending to twrn it in the
counter-clockwise direction.

Examrri.-~A metre stick weighing 88 gm. carries a 50-gm. weight
at 10 cm., a 60 gm. weight at 20 cm., and a 70 gm. weight at 80 cm.
At what point will it balance ?

Let it balance at # cm. Assume that the weight of the stick acts
downwards through its midpoint. 'Then the clockwise moments are

88(50--x) and 70(80--x)
The counter-clockwise moments are
50(x--10) and 60(x 20)
On equating
88(50 -2) | 7080 x) - 50(x -10)-} 60(2 —20)
whence
2=43-66 cm.

The Lever.—A lever is a rigid bar capable of rotation about
a point and employed for changing one force into another, which
is more suitable for the purpose in view. The first force is called
the power or effort, the second the weight or resistance, and the
point about which rotation takes place is called the fulerum.

Fig. 26 depicts a lever which is being used to roll a large stone
over. The point C where
the end of the lever rests on
the ground is the fulerum.
The force P represented as
applied by the workman at
right angles to the bar at A |
is the power, and the resist-
ance of the stone represented
as acting at right angles to Fia. 26.
the bar at B is the weight.
The distances CA and CB, which we shall denote by a and &, are
called the arms of the lever.

Let us suppose that the stone is poised halfway, that it is
lifted a certain distance but that the workman is just holding his
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own, neither gaining nor losing. Then, if the weight of the lever
itself is disregarded, the moments of the two forces about C are
cequal, that is

Pa=Wb
o W_a
* P=0

Now a is many times greater than b, consequently W is many
times greater than P, and the workman is enabled to apply a
much greater force at B than if he were to use the direct force of
his hands. The ratio W/P is called the mechanical advantage
of the lever.

P and W are represented as acting perpendicularly to the lever
in Fig. 26. This is not necessary. The equations hold what-
ever the directions of P and W, provided we regard a and b not
as the lengths of CA and CB, but as the perpendicular distances
from C to the lines of action of P and W.

In the example cited above the weight is between the fulerum
and the power. This arrangement is usually referred to as a
lever of the second class. A lever of the first class is one in
which the fulecrum is between the power and weight, as, for
example, in a pair of scissors, which may be regarded as two
levers crossing one another. An oar when used for splashing is
another example of a lever of the same kind ; the rowlock is then
the fulcrum, the jerk exerted by the oarsman the force, and the
resistance of the water to the blade the weight. But when used
for rowing it becomes a lever of the second class. A lever of the
third class is'one in which the power is between the weight and
the fulcrum, as in a pair of tongs or in the treadle of a lathe. In
this case the mechanical advantage is less than 1, but, as will
be shown later on, there is a gain in speed.

The law of moments and the principle of the lever were known to
Archimedes (287-212 B.c.). It was with reference to the latter that
he uttered the famous saying, *° Give me where I may stand and I will
move the world.”” The parallelogram of forces was first fully explained
by Galileo, though special applications of it had been discovered much
earlier.

Equilibrium of Parallel Forces.—The law of moments may
be regarded from a somewhat different standpoint. Let Fig. 27
represent the same metre stick as was used above. It is now
balanced at the point C, a weight P is hung on at A, and B is
the point at 5025 cm. where it balanced before. It is now in
equilibrium under the action of three forces—

(1) P acting downwards through A.
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(2) The weight of the whole stick itself, which we shall denote
by Q, acting downwards through B.

(8) The upward force
through C exerted by the R
wedge which we shall
denote by R. B C A

It is clear that the
weight of the stick acts l é 6
through B, because the Q lp
stick would balance there
if the weight P were re- Fio. 27,
moved. Also, since the
stick does not move, the whole downward force must equal the
upward force, i.e.

P+Q-=R

This can also be shown experimentally by suspending the stick
at C in a loop of thread hung from a spring balance, instead of
resting it on the wedge. If, for example, the stick weighs 95 gm.,
a likely value, and P is 50 gm., it will then be found that the
balance is pulled out to 9550, that is, to 145 gm.

By the law of moments

PxAC=Q xBC

P Q _ P4Q
BC T ACT BCHAC

by a well-known algebraical result.
But P+Q =R and BC+H+AC=BA.
Thercfore we have the following symmetrical result, which
is very easily remembered—
P Q R
BC T CATAB
The meaning of this result will be morc evident from FKig. 28,
which represents the forces of Fig. 27.
R themselves, with the metre stick and wedge
removed. We had a system of three
B C A parallel forces. We have arrived at the
["'- --~---1 result, that for these three forces to be
P

or

in equilibrium the middle one must have
Qv , the opposite direction to the two outside
Fie. 28. ones, and each of the three must be pro-
portional to the perpendicular distance
between the other two.
If the direction of the force R is reversed, it gives the resultant,
not the equilibrant, of the forces P and Q.
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Examprr. --A weight of 120 Ib. is slung from a polc which is carried
on the shoulders of two men, A and B. The distance between the
points where the polc presses on their shoulders is 6 ft., and the point
where the weight is slung is 4 ft. from the point where the pole presses
on A’s shoulder. Find the weight borne by cach, the weight of the
pole being neglected.

Let P and Q be the weights carried by A and B respectively. 'Then
by the rule above

P Q 120
24
Thus A carries 40 Ib. and B 80 1b.

Exameres 111

1. A weight of 30 Ib. is suspended by two strings inclined to the
vertical at 30° and 60°. Find the stretching force in cach string.

2. Two forces of 6 and 8 gm. act upon a body in lines which mect
in a point and arc at right angles. Find thc magnitude of their
resultant.

3. A 100-gm. weight is suspended by a thread. A second thread
is then tied to the weight, and pulled in a horizontal direction until
the first thread makes an angle of 45° with the vertical. Find the
stretching forces in both threads.

4. The resultant of two forces at right angles is 26 1b., and onc of
the forces is 10 Ib. Find the other.

5. Forces 1, 3, 4, 2, and 7 gm. act on a particle in one plane in
directions making angles 30°, 60°, 90°, 185°, and 180° respectively with
a given straight line.  Find their resultant in magnitude and direction.

6. Are threc forces in cquilibrium when they are represented in
magnitude, direction, and position by the sides of a triangle taken in
order ?

7. Two men, A and B, carry a weight slung from a pole resting
on their shoulders. If the maximum weight A can carry is 120 lb.
and the maximum weight B can carry is 90 1b., what is the maximum
load they can carry between them, and where must it be slung on the
pole ? The weight of the pole is to be neglected.

8. The arms of a balance are of slightly unequal length. When a
body is put in the right-hand pan and the weights in the left-hand
pan, its weight is found to be w, ; when the body is placed in the left-
hand pan and the weights in the right-hand pan, its weight is found
to be w,. Show that the true weight is vw,w,.

9. A metre stick weighs 92:0 gm., and balarices on a knife-edge at
the 50-2 cm. mark. A 50-gm. weight is slung on it by a piece of thread
at the 10-0 cm. mark. Where will the stick now balance ?

10. The same metre stick rests on a fulcrum or knife-edge at 10 cm.,
and carries a 50-gm. weight at 60 cm. It is supported at 90 cm. by
a loop of thread, which is passed over the hook of a spring balance ?
What is the force exerted by the balance ?

11. Weights of 7, 5, 3, and 1 lb. are hung at 1, 2, 8, and 4 ft. from
one end of a rod of length 5 ft. and of negligible weight, the rod being
hinged at this end. What force must act upwards at the other end
to sustain them ? What is the upward force exerted by the hinge ?

6



CHAPTER 1V
THE LAWS OF MOTION

In Chap. II we have considered the motion of bodies apart from
the action of force and in Chap. III we have considered problems
in which forces acted without producing motion. We have now
to consider how force causes motion. This part of the subject
is more difficult than the preceding chapters, and will not be
understood unless they are very carefully mastered.

In Chap. III we used force without defining it. 'The casiest
way of becoming acquainted with what it means is simply to do
the experiments, or, if this is not possible study the descriptions
of the experiments recorded in that chapter. In these experiments
forcc was measured in grams weight. Grams weight and lbs.
weight or their multiples are the most natural units to take and
arc called the gravitational units of force. The ton weight
is much used by engineers. But, as will be cxplained later, the
gravitational units have the disadvantage that their values vary
slightly over the earth’s surface.

Momentum.—In physics we attach a more precisc meaning
to the word “momentum ” than in daily life.

The momentum of a body is « property which it possesses in
virtue of its mass and velocity, and which is measured by the product
of its mass and its velocity.

The word will have to be taken morc or less on trust at first,
but it may bc noted at present, that the greater the momentum
of a body the greater is the effort required to stop it. A steam
road roller is difficult to stop on account of its mass and a bullet
on account of its velocity, and it may be shown by allowing
weights to fall into the hand from different heights, that the
violence of the impact increases roughly with the product of mass
and velocity.

The mass of a body remains constant. Hence its momentum
can change only on account of the velocity changing. Now the
rate of change of velocity is acceleration. Hence for every body

rate of change of momentum = mass X acceleration.

Newton’s Laws of Motion.—The whole of dynamics is
based on the following three laws which were first stated clearly
83 D
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and accurately by Newton and are hence called Newton’s laws,
although they are founded on Galileo’s work. They arc not
capable of direct proof, but they are known to be true, because
calculations based on them are always in agreement with facts.

1. Every body continues in its state of rest or of uniform motion
in a straight line, except in so far as it is compelled by impressed
forces to change that state.

II. The rate of change of momentum of a body is proportional
to the impressed force, and takes place in the direction in whick the
Jorce acts.

III. T'o every action there is an equal and opposite reaction.

The First Law of Motion.—Thc first law contains two
statements. The first of these, namely, that a body at rest
continues in a state of rest unless it is compelled by a force acting
on it to change that state, appears self-evident. A book resting
on the table remains at rest unless it is lifted or pushed. The
second statement, namely, that a body already in motion continues
i a state of uniform motion in a straight line, unless it is com-
pelled by impressed forces to change that state, does not appcar
at first sight so evident, because, for example, a curling stone
sliding over the ice, when once started, does not go on for cver,
but gradually comes to a stop. A little consideration, however,
shows that 1t is the impressed force due to the surface of the ice
rubbing on it, that brings it to rest. Also the smoother the ice,
the farther it is possible to make the stone go. Hence we come
to the conclusion, that if the ice were ideally smooth, that if
there were no rubbing at all between it and the stone, then the
latter would go on with undiminished velocity until it came to
the edge of the pond.

Various illustrations may be given of the first law. If a half-
penny is placed on a card which rests on the top of a wine-glass,
and the card is flicked away smartly with the finger, the half-
penny does not go with it, but remains in a state of rest until the
card is gone from beneath it, and then drops into the glass with a
ringing sound.

When a passenger leaves a tramcar in motion, all his body
has the same forward motion as the car has. But on touching
the ground his feet are brought to rest, and, unless he runs for-
ward or leans back, he will fall. When a passenger is standing
in a tramcar, and the brakes are applied suddenly, the floor of
the car and the passenger’s feet are brought to rest, but the
upper part of his body continues in its state of uniform motion,
and he is consequently thrown forward in the direction of the
motion. ,

Again, when a circus rider jumps through a hoop and alights
on the same place on the horse’s back, he requires only to jump
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up, not forwards. He remains in the same state of forward
motion in the air as when on the horse’s back. So when he
descends again, the horse is still beneath him.

The Second Law of Motion.—Let a force of F units act on
a body of mass m and produce an acceleration «. Then the rate
of change of momentum is me, and the second law of motion
states that

F=kma

where £ is a constant of proportionality.

Hitherto we have measured force in grams weight or 1b.
weight, the gravitational units of force. We shall now define
two other units called absolute units of force, which are chosen
so as to make F not merely proportional to, but equal to, ma.

The dyne is that force which acting wpon a mass of one gram
produces an acceleration of one centimetre per second per second in
the direction in which it acts.

The poundal is that force which acting upon a mass of one
pound produces an acceleration of one foot per second per second in
the direction in which it acts.

Now the weight of one gram acting on one gram produces a
downward acceleration equal to g or 981 cm./[sec.?, i.c. a value of
mo=981. The gram weight is therefore equal to 981 dynes.
The weight of one Ib. acting on one lb. produces a downward
acceleration of 82:2 ft./sec.2 Hence the lb. weight is equal to
32-2 poundals.

When absolute units are used, the second law of motion takes
the simple form

F=ma
It is better always to use the law.in this form, and, if the force
happens to be given in gravitational units, to change it into absolute
units before inserting it in the formula.

It is implied in the second law, that a given force produces
the same change of momentum in unit time, whether the body
is at rest or in motion when the force begins to act, also that, if
several forces are acting simultaneously on the body, each pro-
duces the same change of momentum as would be produced, if
it acted alone.

ExampLE.—A force of 10 dynes acts on a mass of 5 gm. for 4 sec.
Initially the mass is at rest. Calculate the acceleration and the velocity
produced.

10=5a, hence «=2 cm./sec.?

The velocity produced is 2 X4=8 cm./sec.

ExampLE.—A force of 4 Ib. weight acts on a mass of 8 Ib. Find
the acceleration produced.

4 1b. wt.=4 % 82 pdl,, taking the approximate value of g.

Hence 4xX32=8z¢ and a=186 ft./sec.?
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ExampLE.—Express a force of 1 1b. wt. in dynes.
1 1b.==453-6 gm.==453-6 X 981 dynes =4-45 x 105 dynes.

Mass and Weight.—The mass of a body is the quantity of
matter in it. It is always the same no matter where the body is
situated. The weight of a body is the force with which the
body is attracted downwards by the earth.

Let us suppose that we have two bodies of masses m; and ms
at the same place. Then since they fall with the same accelera-
tion g, their weights are m;g and myg. Consequently their weights
are proportional to their masses.

If a body is carried over the earth’s surface, its weight varies
slightly from place to place, being least at the equator and greatest
at the poles. = If we took a spring balance reading to 250 gm. and
hung an object weighing 200 gm. on it, the spring would not be
pulled out to the same extent at different places. If the reading
on the scale were 200 gm. at London, it would be {5 gm. less than
this at the equator and ;% gm. greater than this at the poles.
Such differences would not be perceptible on an ordinary spring
balance—the Salter’s letter balance for 0 to 250 gm. is only
divided for every 5 gm., and reads to about 1 gm. Hence the
gravitational units are used for practical purposes, as their use
often avoids multiplication by g and simplifies calculation ; thus
engineers are accustomed to measure forces in tons weight and
kilograms weight. But for scientific work it is extremely im-
portant that the unit should be constant, and hence in scientific
work the dyne is always used as the unit of force. The poundal
and its multiples, one of which, e.g. the tondal, has a special name,
are used only in text-books and in examination questions.

It should be noted, that if an object were weighed in an
ordinary balance against a 200-gm. brass weight, the result
would be the same both at the equator and the poles. For
bodies which have equal weights at one place have equal weights
at any other place. But the force with which the earth attracts
both the object and the brass weight is less at the equator than
at the poles. The weight of a pound of matter is therefore
not a definite standard of force, but the pound of matter itself is
a perfectly definite standard of mass.

The distinction between the words ‘ mass ” and * weight ”
is not carefully adhered to, and the word ¢ weight * is often used
when the word ‘‘ mass ”’ is meant.

The Third Law of Motion.—The third law of motion states
that forces always occur in pairs, each pair consisting of two
equal and opposite forces. If the hand presses down on the
table, the table presses up on the hand with an equal and opposite
force. If a weight is hung on the end of a spring, it pulls the
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end down, and the spring pulls it up with an equal and opposite
force. If a magnet attracts a piece of iron, the iron at the same
time attracts the magnet with an equal and opposite force.
Each of the pairs of forces is said to constitute a stress. A forec
is simply one aspect of a stress; a force in one direction cannot
exist by itself. .

No difficulty is experienced in accepting the truth of the law
in the case of objects which do not move, as, for example, the
hand pressed on the table. But in the case of, for example, a
horse pulling a canal boat by means of a tow rope, it is somectimes
argued by beginners, that the forward force exerted by the
horse along the rope on the boat must be greater than the back-
ward force exerted by the boat along the rope on the horse,
otherwise the boat would not move forward at all. This is quite
wrong. The two forces in the rope are exerted on different things,
one on the boat and the other on the horse, and they are exactly
equal. Only if they were both exerted on the same thing, would
the one neutralise the other.

Conservation of Momentum.—Let us suppose that two
bodies strike one another and rebound. Then they are in con-
tact for a very short interval of time during which the first exerts
a force on the second, and the second exerts a force on the first.
By the third law of motion these forces arc cqual and in opposite
directions. By the second law of motion they each produce
equal changes of momentum in opposite directions. Hence the
total momentum of the two bodies is unaltered by the collision.
The result holds true if the bodies act on each other without
touching, and if there are more than two bodies. Thus we arrive
at the principle of the conservation of momentum which is
stated as follows :

The total momentum in any direction of a system of bodies which
act and react on each other is constant, and is not affected by the
actions between the parts.

ExamMpLE.—The mass of a gun is 2 tons and that of the shot 14 Ib.
The shot leaves the gun with a velocity of 8000 ft./sec. ~What is the
initial velocity of the recoil ?

Let v be the initial velocity of the gun. Then, as a consequence
of Newton’s third law, after the explosion the backward momentum
of the gun is equal to the forward momentum of the shot. Thus

2 X 22400 =14 X 8000
_ 143000
U= 2%2240
Body on Inclined Plane.—Let us supposc that a body of
mass m is placed on a smooth plane inclined at an angle ¢ to the
horizontal. Let its weight mg acting downwards be represented

or =9-375 ft.[sec.
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by BE. Draw EC at right angles to AB and complete the
rectangle ECBD; /CEB=6. Then the weight mg may bc
resolved into two components, one

8 . mg cos O represented by BD acting at
c right angles to the plane and the other
g sin 0 represented by BC acting down
A the plane.

|
The first of these is neutralised by
D the upward reaction or normal force

E exerted by the plane. The magnitude
Fia. 29. of the latter is consequently mg cos 6.

The second causes the
body to move down the plane with an acceleration
gsin §. The smaller the inclination of the plane,
the smaller sin 6, and the smaller the acceleration.

If the body were kept in equilibrium by attaching
a string to it and applying an upward force to it
parallel to the surface of the plane, then the magni-
tude of this force would be mg sin .

The Simple Pendulum.—If a body is suspended,
so that it is free to oscillate about a horizontal axis,
it is called a pendulum or more correctly a com-
pound pendulum, whatever its form, and Fig. 80
represents one of a type used in clocks. All pen-
dulums have the property, that the period is always
the same provided that the arc of swing is small,
not more than 2° or 3°.

The simple pendulum consists of a “ heavy
particle attached to one end of an inextensible,
perfectly flexible, weightless thread,” the other end
of which is fixed. This description is realised with
sufficient accuracy by a small lead sphere suspended
by a thin thread. The distance between the point
of support and the centre of the lead sphere is
called the length of the pendulum, and will be
denoted by I. Let m be the mass of the bob of
the pendulum. ’

When the pendulum is at rest, the weight of
the bob acting vertically downwards is balanced by
the stretching force in the string acting vertically
upwards. But suppose the pendulum is in the
position shown in Fig. 81, making /6 with the
vertical. Then the weight mg, acting vertically
downwards and represented by BE, can be resolved
into two components, one n? cos 0 represented by y;, 30. —Pen-
BD, and thc other mgsinf represented by BC.  dulum.
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The first of these components is neutralised by the stretching
force in the string. The second, acting on the mass m of the
bob, gives it an acceleration g sin 6 in the direction
BA.

Now, if 6 is small, we may write sin §=6, and
we may regard the arc AB as straight and =if.
The bob of the pendulum is therefore moving in
a straight line towards A, and its acceleration
divided by its displacement is equal to gf8/(1), or
g/l, i.e. the ratio is constant. The motion is con-
sequently a S.H.M., and the period according to
the equation on p. 21 is given by

Acceleration g 4n2

Displacement ~ 1~ T2 Fic. 31,

or T =2‘rr\/ 2

It is thus independent both of the are of swing, provided the
latter is small, and of the mass of the bob. This formula forms
our most accurate means of determining g.

Half the period is sometimes referred to as the time of vibra-
tion of the pendulum. The seconds pendnlum is that one which
has the time of vibration equal to one second. We have for its

length
L
42
If we substitute for g the value for London, namely 981-19
em. /sec.2, this gives

0

¢ . 2
1= BLI9X2%_ o041 em.
4ar2

that is, it is just a little short of the metre.

The fact that the period of the pendulum remains constant as the
amplitude diminishes in extent, or the law of the isochronism of the
pendulum, as it is called, was discovered by Galileo in 1582, when he
was a medical student at Pisa. One day in the cathedral his attention
was caught by a great lamp hanging by a chain, which the verger had
left swinging to and fro after lighting it. He timed the oscillations by
his pulse, the only watch he possessed. He noticed that the time of
swing remained constant, as nearly as he could tell, in spite of the fact
that the swings were getting smaller and smaller. Afterwards he
verified the law by more accurate experiments.

ExampLE.—A pendulum, which beats seconds at a place where g
is 82-20 ft./sec.? is taken to a place where g is 32-28 ft./sec.2 How
many seconds does it gain »r lose in a day ?



40 INTERMEDIATE PHYSICS

Let T be the original period of the pendulum and T, the new period.
A pendulum which ** beats seconds > is one which has a period of 2 sec.,
but this fact is not required.

_ |- _ \/ I
T“2"\/ 320" 11727/ 8508

. /8220 8 \i
H T,=T, /3229 _ 1—._)
ence 1 3228 ( 3228
Now when « is very small, 4/(1 —a)=1—}a
4
Hence T, =T(1 — 3*22_8)

Since T, <T, the pendulum will go too fast. Let n=number of seconds
gained per day. The number of seconds in a day is 86,400,

86,400T =(86,400 +n)T,
4
86,400 =(86,400 +n)(1 - )

3228
86,400 X 4
or "= "3298

since the other term is too small to be taken into account.

Centrifugal Force.—It has been shown (p. 19), that when
a particle is moving in a circle of radius » with velocity v, it has
an acceleration towards the centre of the circle equal to v2/r.
To produce this acceleration a force is required towards the centre
of the circle, given by

2

="

r
This force overcomes the inertia of the particle which would
otherwise cause it to move in a straight path. If a stone is
swung round at the end of a string, we feel it tugging at the
string, and if the string breaks or is let go, the stone flies off at

a tangent.

If we consider any point in the string, by Newton’s third law
there are two forces acting through it, the force exerted by the
hand on the stone and the force exerted by the stone on the hand.
The latter is called the centrifugal force. It is, of course, given
by the expression for I' above.

Centrifugal Force on Vehicles.—Fig. 32a represents a cyclist
turning a corner. It is necessary for him to lean to the inside
of the curve in order to get round. If we regard him and the
cycle as forming one body, they are acted on by a resultant
force equal to mv2/r in the direction shown through their centre
of gravity—-this point will be defined later. Their weight mg
acts downwards. The only other force acting on them is the
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reaction of the ground. This acts through the track of the wheels
on the ground and through the centre of gravity of man and
cycle, and hence must be parallel to the frame of the cycle.
Consequently if we draw the triangle of forces (Fig. 82b), where
AC represents the resultant and AB the weight, the other com-
ponent which represents the reaction must be parallel to the

muy?
A_T_ C

Illg

B

Fi1c. 32a. TG, 32b.
Illustrating centrifugal force.

frame of the cycle. ILet 6 be the angle which the latter makes
with the vertical. Then
tan 0 AC  mor o?
MYUZABT mg " gr
Thus the greater the speed and the sharper the curve, the further
must the cyclist lean over. But if he leans over beyond a certain
angle, a side slip takes place.

When a motor car takes a curve on a racing track or an engine
goes round a curve on a railway, the reaction of the ground makes
an angle 6 with the vertical which is given by the same formula.
In order to prevent side slip the racing
track is banked as shown in Fig. 38, and
in order to prevent lateral pressure on the y
outside rail in the case of the railway,
its level is raised above the level of the
inside one. This adjustment can be
made only for one particular speed.

ExamrrLE.—A locomotive has a speed of
30 miles per hour when going round a curve ,
of radiu:) of curvature %ne-%ifth of a mile, 1 3&;“(’3:;;21{"“"“'“‘
The distance between the rails being four g ’
feet, find the difference of level of the rails, so that the engine wheels
may have no outward pressure on the outside rail.
30 miles per hour =44 ft./sec.
v? 442%Xx5 11
=tan 0

o

g = 32 5980 ~ 192
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If we assume that 4 feet is the distance between the rails measured
horizontally, the difference in level is

48 tan =48 x 1, =22 inches.

Elastic Impaet.—If a man allows an ivory ball to fall upon a marble
floor, it rebounds to a considerable height. If the same ball is allowed
to fall upon a wooden floor, it rebounds through a smaller distance.
If instead of the ivory ball a lead ball is dropped upon the same floors
from the same height, the distances through which it rebounds are
much smaller than in the former cases. The velocities before and
after impact can be calculated from the distance fallen and the height
to which the ball rebounds, and as a result of experiment Newton
established a general law of which the following is a particular case :

The velocity after impact bears a constant ratio to the velocity before
tmpact.

This ratio depends on the material of the ball and the floor, and is
independent of the mass of the ball. It is referred to as the Coeflicient
of Elastic Restitution and is usually denoted by e. The value of e
has widely different values for different materials ; in the ideal cases
for which it is zcro and unity, the impact is said to be inelastic and
perfectly elastie respectively.

Let us suppose (Fig. 384) that a sphere
is incident on a fixed plane with velocity »
in a direction making angle ¢ with the
normal to the surface at the point of inci-
dence, and that it has no spin or motion of
rotation. After impact let the velocity be

v in a direction making angle 6 with the
4 9 normal. It is in the same plane as the
5 v normal and the incident velocity. Resolve

the incident velocity into components u sin ¢
F1c. 34, —Elastic impact. and u cos ¢ parallel and perpendicular

to the plane respectively. The parallel
component is unaltered by the impact, no force acting on the sphere
in this direction. Hence

v sin 6 =u sin ¢
The perpendicular component is altered according to Newton’s law.
Hence
v cos 0=eu cos ¢
On dividing the second equation by the first
veos §  eucos g
vsin 0 usin g
whence cot f=e cot ¢
If the impact is perfectly clastic, cot 8= cot ¢, and the angle of reflection
is equal to the angle of incidence. This result is of importance for the
}dr;::tic theory of gases, and it was used in the corpuscular theory of
ight.
Let m be the mass of the sphere. It suffers no change of momentum
parallel to the plane. Before impact it had a momentum mu cos ¢
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downwards and after impact' a momentum mv cos ¢ upwards. As a
consequence of the impact it suffers a change of momentum
m(u cos p+v cos 0). If a succession of similar spheres were incident
with the same velocity at the same point in the same direction at the
rate of n per second, they would experience a rate of change of
momentum in an upward direction equal to

nm(u cos ¢ 4v cos )

Consequently the plane exerts an upward force on them of this magni-
tude, and by Newton’s law of the equality of action and reaction they
exert an equal downward force on the plane.

Examprrs 1V

1. A force of 500 dynes acting on a certain mass for one sccond gives
it a velocity of 20 cni./sec. Find the mass in grams.

2, A force of 80 pdl. acts on a mass of 20 Ib. for 2 sec. Find the
velocity generated.

3. Change a force of 1 ton weight into dynes.

4. A force of 6 1b. wt. acts on a mass of 20 1b. for 1 sec. Find the
velocity gencrated.

5. A body is moving in a straight line with a velocity ot 10 cm./scc.
In 3 sec. the velocity increases to 19 cm./sec., and the motion is
uniformly accelerated. Find the force acting on the body, (i) in dynes,
(ii) in gm. wt., given that the mass of the body is 4 grams.

6. A force of 8 Ib. wt. acting on a certain mass for 8 sec. gives it o
velocity of 6 ft./sec. Find the mass in lbs.

7. What horizontal force in tons wt. is required to stop a train of
200 tons mass running at 30 ml./hr., (i) in one minute, (ii) in 400 yards ?

8. The last waggon on a train weighs together with its load 10 tons
and is being accelerated at the rate of 8 ft./sec.2 What is the force in
the coupling in tons wt. ? Frictional resistances are to be neglected.

9. A man weighing 12 stone stands on a hoist, which has a constant
acceleration of 4 ft./sec.? Find the force on the hoist due to his weight,
(i) when it is ascending, (ii) when it is descending ?

10. A cage of mass one ton is lowered down a pit with an accelera-
tion of 16 ft./sec.? What is the stretching force in the rope ¢ A mass
of 8 1b. lies on the bottom of the cage. With what force does it press
on the latter ? :

11. The mass of a gun together with its carriage is 7 tons. It
fires a 100-1b. shot with a velocity of 1000 ft./sec. What is the velocity
of recoil of the gun ?

12. Two bodies initially at rest attract each other with a force of
13s dyne. If the masses are 10 and 50 gm. respectively, find the
velocities acquired in 1 sec.

13. A pendulum which beats seconds at a place where g is 9814
cm./sec.? is taken to a place where g is 981:0 cm./sec.? How many
seconds does it gain or lose in a day ?

14. The thread of a simple pendulum is shortened by 1 inch and
the period diminishes by J; of its value. What was the original value
of the length ?
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15, 1f a simple pendulum which is intended to beat scconds, loses
20 minutes per week, by what percentage of its own length should it
be shortened ?

16. A stone weighing 1 1b. is swung round in a horizontal circle at
the end of a string 1 yard long, making a complete revolution every
% second. What is the stretching force in the string ?

17. An iron ball falls on an iron plate from a height of two metres.
How high does it rebound, given that the coefficient of elastic
restitution is about 0-66 for iron on iron ?



CHAPTER V
FRICTION AND CENTRES OF GRAVITY

Frietion.—It has been explained on p. 38 that when a body is
placed on a smooth plane inclined at an angle § to the horizontal,
it moves down the plane with an acceleration g sin 6. If, however,
we take a wooden board, place a small block of wood on it and tilt
it, we find that for small values of § the block does not move at
all. This is because the wooden board has a certain amount of
roughness. The perfectly smooth plane

is an ideal not realised in practice. If B

the mass m is placed on any actual plane, c

a force F called the force of friction acts

up the plane in the direction CB (Fig. (] i

35) and keeps it at rest, just as much \L)
friction being called into action as pre- D
vents motion. Consequently I'=mg sin 0,
and as @ increases, I increases. When,
however, § reaches a certain limiting
value, «, which is called the limiting angle of frietion, the com-
ponent of gravity down the plane overcomes the resistance of
friction, and the body begins to slide. The limiting angle
depends on the substances in contact; for an oak block upon an
oak plank it is about 23° when the fibres are parallel, and 16°
when they are cross. The resistance of friction always acts
tangentially to the surfaces of contact.

In the same way, if a block of
wood of mass m is placed on a hori-
zontal plane, and a string attached
to it and passed over a pulley, so as
to carry a scale pan (Fig. 36), and
if weights are placed in the pan, it

P will be found that at first the body,
Fia. 36, does not move. Only when the

weights in the pan together with the

weight of the pan itself reach a certain critical value, which we
shall call P, is the resistance of friction overcome and the body

begins to move.

Fia. 35.

m

45
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Laws of Frietion.—Friction obeys the following laws :

(1) It always opposes motion.

(i1) It depends on the nature of the surfaces in contact, but is
independent of the extent of the areas in contact, as long as the
reaction or total pressure between the two surfaces is the same.

(iii) The mazimum friction between two surfaces is proportional
to the total pressure between them.

These laws are the result of experiment. If a wooden block
and a piece of metal of exactly the same weight and with the
same extent of rubbing surface are placed on the inclined plane
in succession, and the angle with the horizontal is gradually
increased, it is found that sliding begins at different angles,
showing that the maximum resistance exerted by friction in
each case is not the same. Also if the surfaces in contact arc
oily or greasy, friction is diminished and sliding starts at a smaller
angle. It is because oil diminishes friction that it is used in
machinery and between axles and their bearings.

If the area in contact in the arrangement represented in
Fig. 36 is halved, say by sawing the block in two, sliding will
start when P has only half the value previously necessary. If,
however, the block is loaded by placing weights on it until the
force pressing it down on the horizontal plane is the same as
before, it is found that sliding starts when P has its original
limiting value.

Coefficient of Friction.—If the weights which the block
carries are altered, it is found that sliding always starts when
P/(mg) has a constant value. This value, the coefficient of
friction or more strictly the coefficient of static friction between
the two surfaces in question, is the maximum resistance offered
to relative motion divided by the force pressing the surfaces
together. It is usually denoted by u. It can be measured
experimentally by the two methods depicted in Figs. 85 and 86.
When the block in Fig. 85 is on the point of sliding, the resistance
of friction to motion is mgsin «. The normal force is mg cos a.
Hence

mg sin o
= 8 =tan «

or the coefficient of friction is simply the tangent of the angle at
which sliding begins. In the arrangement of Fig. 86, when mg
is the total weight of the block and weights it carries, and P the
combined weight of scale pan and weights on it just sufficient to
start motion

P
H= g
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Kinetic Frietion.—When the two surfuces are moving
relatively to one another, the resistance of friction is much less
than when motion is on the point of starting, even though the
normal force is the same in both cases. The ratio of friction to
normal force after motion is started is called the coefficient of
kinetic friction. It can be determined by cither of the arrange-
ments shown in Figs. 85 and 386, if 'the inclined plane in Fig. 35
is continually tapped as its inclination is increased, or if the
horizontal plane in Fig. 86 is continually tapped as the weights
are added to the pan. The coeflicient of kinetic friction is the
limiting value of tan @ or of P/(mg) sufficient to keep up motion
after it is started. The tapping starts the motion.

Inclined Plane with Friction.,—Let us suppose that a body
of mass m is placed upon a plane inclined at angle 6 to the
horizontal, and that thc coefficient of kinctic friction between
the body and the planc is p. Then (Fig. 35) the weight mg of
the body can be resolved into a component g sin 8 down the planc
and a force g cos 8 at right angles to the planc. Let the inclina-
tion be great enough to make the body slide. The resistance due
to friction is umg cos § and the resultant force down the plane is

mg sin 0 —pimg cos 4
Hence the acceleration is
g sin 0 —pg cos 6=g sin 0—g cos ¢ tan «
,sin ( _9 —at)
oS «
It a foree ¥ acts on the body parallel to the surface of the
plane and causes it to move up the plane, the resultant foree is

¥ —mg sin 8 --pmg cos 0
o gsm (0+a)
Cos

and the acceleration up the planc is

¥ sin (0+a)

m cos o

kxampLE.—A mass of 4 1b. hangs over the edge of a smooth table.

It is connected by a string, which passes over a pulley at the edge of

the table, to a mass of 6 1b. laid on the table. Find the space described
and the velocity acquired in a quarter of a second from rest.

F  4x382 64

v="54 x ;=3¢ ft.[sec.
3=‘;‘ X Q}L X (i)zz:.‘.; ft-
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Rolling Friction.—Thc chief cause of sliding friction is the
interlocking of minute projections on the two surfaces. When a
wheel or any round solid rolls upon a plane surface, sliding friction
is done away with. There is, however, a resistance produced at
the point of contact called rolling friction which is very much
less than in the casc of sliding friction for the same pressure
between the bodies. Rolling friction is due to the wheel being

slightly flattened at the point of contact and

to the surface being rolled up into a little

ridge in front of the wheel as shown in Fig.

—> 37. It is, of course, owing to rolling friction

being less than sliding friction, that wheeled

carriages arc used on the roads instead of

¥i6. 37. sledges, and that ball bearings are used in
bicycles and elsewhere.

Centre of Gravity.—Lct us consider a rigid body, that is
one the parts of which cannot be displaced relatively to one
another. We can conceive of it as divided up into a grcat number
of particles of weights w;, w,, ws, ete. Thesc weights constitute
a system of parallel forces acting vertically downwards.

Let A, B, and C (Fig. 38) be three of the particles of weights
w}, g, and wy respeetively.  Then by the theorem of p. 31 the
parallel forces w;, w, have a resultant equal to w;-+w, acting
through a point I) which divides AB inversely in the ratio of w,
to wy. No matter how the body is turned, the resultant of
w; and w, always passes through 1. This point is called the
centre of gravity of the two particles A and B. The resultant
of w; and w, would be produced by the two particles collected
at their centre of gravity D. Combine this resultant with the
weight of the third particle at C. We then obtain a force
w, +wy+wy acting at some point E in DC, which divides DC
inversely in the ratio of w;-+w, to ws. -The
weights of the three particles may now be sup- c
posed collected at E. By proceeding in this
way we can show that the weights of the different
particles, into which the body can be divided, E
all combine into one force equal in magnitude
to their sum, which passes through a single A Q 8
fixed point in the body. This point is called ¢ 'G.*@So
the centre of gravity of the whole body.

The centre of gravity of a body is a point fizxed relatively to the
body through which the resultant action of gravity on the body always
passes, no matter how it is turned.

Particular Cases.—(1) The centre of gravity of a rod which
has the same breadth, thickness, and density throughout is
obviously at the middle point. For if it is divided into particles,
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to cvery particle on one side of the middle point there corresponds
an equally heavy particle on the other side at the same distance
from the middle.

(2) If we have a rectangular lamina or thin rectangular plate
ABCD of uniform thickness and density (Fig. 89), it can be
divided into rods parallel to the ends. Let MN be such a rod.
Then the centre of gravity of MN is at its middle point P, which
is on the straight line FH drawn from F,
the middle point of AD, to H, the middle A_M B
point of BC. Similarly the centres of
gravity of all the other rods are on thc G
same straight line. We can suppose cach P
rod concentrated at its middle point, and
thus supposc the rectangle replaced by a D N c
line FH uniformly loaded with matter ¥rc. 30.
from end to end. And the centrc of
gravity of such a line is obviously at its middle point G.

(8) Let ABC be a triangular lamina (Fig. 40), and let 1) bc
the middle point of BC. Join AD and divide the lamina intc
strips parallel to BC. Let MN be any one of these strips. Then
each side of MN is bisected by AD ; hence P, the centre of gravity
of MN, lies on thc median AD. Similarly the centres of gravity
of all the other strips lie on AD. It follows that the centre of
gravity of the triangle lics on AD.

Similarly, if E is the middle point of AC (Fig. 41), the centre

H

Fic. 40. Fic. 41.

of gravity of the trianglc lics on BE. Hence it must be G, the
point where AD and BE meet.

Join GC. Then since they are on equal bases AABD=AADC.
Similarly AGBD=AGDC. Hence by subtraction AABG=
AAGC. Similarly it may be shown that AABG=ABGC. Hence,
since the three triangles are equal, each is equal to one-third of
AABC, that is, AABG=% AABD or AG=3AD. We thus arrive
at the result, that the centre of gravity of a triangular lamina is
situated on any one of the three medians at a distance of % of its
length from the corner of the triangle. We have also incidentally
proved that the medians of a triangle are concurrent.

E
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If the triangle is replaced by three equal particles situated at
its corners, the centre of gravity of the system is still at the same
point. For the particles at B and C can be supposed collected
at D, the point midway between them. Then, since the weight
of the particle at D is twice that of the particle at A, their centre
of gravity must divide DA in the ratio of 1 to 2.

(4) The centre of gravity of a circular lamina is obviously at
its centre. Also the centres of gravity of a solid homogeneous
sphere and solid cube are obviously at their centres.

The centre of gravity of a tetrahedron is on the line joining
a vertex to the centre of gravity of the opposite face at a point
distant § of the length of this line from the vertex.

A For let the tetrahedron ABCD (Fig. 42)
be divided into lamina parallel to the base.
Then obviously the centre of gravity of each
lamina lies in the point where it is inter-
sected by the line joining the vertex to the
centre of gravity of the base. Consequently

B D the centre of gravity of the whole tetra-
wl hedron lies on this linye. Let CX=XD, and
' let H be the centre of gravity of ABCD.

C Then the centre of gravity of the tetra-

Fic. 42. hedron lies on AH. Similarly if K is the

centre of gravity of AACD, the centre of

gravity of the tetrahedron lies on BK. Consequently it is at
G, the point of intersection of AH and BK.

Join HK. Now BH=2HX and AK=2KX; hence HK is
parallel to AB. Then by similar triangles

AG:GH=AB:HK
=AX: KX
=3:1

It follows that the centre of gravity of a pyramid or cone is
on the line joining the vertex to the centre of
gravity of the base at a point distant § of the
length of this line from the vertex.

For if we consider the case of the right .
circular cone shown in Fig. 48, it is clear, by
dividing it up into circular laminz parallel to
the base, that its centre of gravity lies on
the line AO joining the vertex to the centre
of gravity of the base. Also by dividing it
up into tetrahedra such as MA it is clear
that the centre of gravity of each tetrahedron
lies on the plane HK drawn parallel to the
base and cutting AB and AC in the ratio 8: 1. Hence the centre
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of gravity of the whole cone is at G, the intersection of AO with
this plane.

Since a triangle or other plane figure is infinitely thin, it has
no weight and consequently in strictness no centre of gravity.
It is, however, customary to speak of the centres of gravity of
areas and lines, the area being identified in thought with a uniform
plate and the line with a uniform wire.

ExAMPLE.—A circular hole, 4 inches in diameter, is cut out of a
circular disc of wood, 10 inches in diameter, close to the edge. Find
the centre of gravity of the remaining portion.

By symmetry the centre of gravity of the remainder is on the
straight line joining the centre of the disc and the centre of the part
cut out. Let it be a distance x from the centre of the disc, on the side
opposite to the part cut out.

The area of the part cut out is 47 and of the remainder 21=. The
whole’ disc may be regarded as composed of the remainder and the
part cut out ; hence, since the centre of gravity of the whole disc cuts
the line joining the centres of gravity of its parts inversely as their
areas

x 4=
37 21x

Experimental Determination of Centre of Gravity.—If a
body is suspended by a string, it comes to rest with its centre
of gravity vertically under the point of support. The centre of
gravity is thus restricted to one lincin the body. By suspending
the body from another point we can restrict the centre of gravity
to another line. Tt lies consequently at the intersection of the
two lines.

This method can be applied very well to a plate. Holes
are bored at two of its corners, it is suspended by passing one
of the holes over a nail, and a v
plumb line is hung on the same c
nail. When the latter comes to m3(X3Ys)
rest, its line is marked in chalk
on one face of the plate. The B
plate is then suspended from the ma(Xely2)
other hole, and the operation
repeated. The intersection of A
the two chalk lines gives the my (1Y)
centre of gravity.

Centroid.—The definition of
centre of gravity can be ap- 0 X
proached from another stand- Fic. 44.
point. .

Let A, B, C (Fig. 44) be three particles of masses m;, Mg, Mg
situated in a plane at points @;y;, @2yz, and Z3ys. The centre of

_,.4" )]
or {l’-‘71n01.
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gravity of A and B divides AB in the ratio m,; to m, Thus, if
its coordinates are 2’ /',

m'—zl mo
Xo—' My

whence o =MLt
my +mg

The centre of gravity of the three particles divides the line joining
C and 2’y in the ratio m; 4+my to mg. Let its @ coordinate be &.
Then

T—a3 My,

P oy
This gives after substitution
= My FMade Mgy
T my my g

By continuing the process we can show that for a great number of
particles

Zma

Zm

where the summation is extended over all the particles of the
system. It is also obvious from the manner of proof, that if the
particles are not confined to a plane, the equation still holds
together with two similar equations for # and %, provided that
x, y, and z denote the distances of the particles from three co-
ordinate planes which are mutually at right angles to one another.

In the equations for Z, ¥, and Z only the masses and positions
of the particles occur. No use is made of their weights, and the
definition would still hold, if the force of gravity were annihilated.
When defined in this way the point is referred to as the centroid
or centre of mass of the system.

Stability.—For a body to stand on a given base it is necessary
for the vertical through its centre of gravity to fall within the
base. Thusif we have a table with a heavy
weight resting on it (Fig. 45), the table
remains erect, provided the vertical through
the centre of gravity of table and weight
meets the floor at a point G within the
triangle formed by joining the feet of the
table. If G lies outside this triangle, the
table topples over.

A body is said to be in stable equilibrium
if it returns to its original position when
it is slightly disturbed from it. A cube resting on its side or a

=
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conc resting on its base is an example of a body in stable
equilibrium.

A body is said to be in unstable cquilibrium, if, on being
slightly disturbed from its original position, it tends to move
further from it. A conc balanced on its point or an egg on its
end are examples of unstable equilibrium.

A body is said to be in neutral cquilibrium, when after a
slight displaccment it neither returns to its original position nor
moves further from it. A sphere resting on a horizontal plane
is an example of neutral cquilibrium.

In stable equilibrium the centre of gravity of the body is in
its lowest position and any displacement tends to raise it. In
unstable equilibrium the centre of gravity is in its highest position
and any slight displacement tends to lower it. In neutral cquili-
brium the centre of gravity is neither raised nor lowered by a
slight displacement.

If the body is free to*roll on a supporting surface or is sus:
pended from a point, the centre of gravity always tends to descend
just as it would do if all the weight of the body were collectec
there.

KExamprLes V

1. A block of wood is placed on an inclined plane, and the inclina-
tion of the latter gradually increased. When it makes an angle of 82°
with the horizontal, the block begins to slide. What is the coefficient
of static friction between it and the planc ?

2. A body weighing 10 Ib. is placed on a plane inclined at 30° to
the horizontal. The coeflicient of kinetic friction between the body
and the plane is 0-6. Find the force (i) acting up the plane, (ii) acting
down the plane, necessary to give the body an acceleration of 5 ft./sec.?

3. A body is placed on a plane inclined at 30° to the horizontal.
The coefficient of kinetic friction between the body and the plane is
0-4. If the body is moving down the plane with a velocity of 100
cm./sec., what does this velocity increase to in the next 2 sec., and
how far does the body travel in this time ?

4. A block of wood, which weighs 400 gm., rests on a table. A
string is attached to it, and passes horizontally to a pulley at the edge
of the table, carrying a scale pan at its other end. The pan weighs
50 gm. Weights are gradually added to the pan, and, when the total
weight in the pan is 182 gm., the block begins to slide. What is the
coefficient of static friction hetween it and the table ?

5. If in question 4 a weight of (i) 200, (ii) 300 gm. is placed in the
pan, what is the acceleration of the block on the table ? Take the
coefficient of kinetic friction between the block and the table as 0-4.

6. A train running down an incline of 1 vertical to 150 along the
slope has a velocity of 10 ft./sec. at a certain time. What velocity
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will it have half a minute later, and how far will it have run in the
interval ?

7. A body slides down an incline of 5 vertical to 13 along the slope,
the coefficient of friction being }. After the body has moved a distance
d from rest, the coefficient of friction changes to 3. Prove that the
body will come to rest after traversing a further distance 2d.

8. Weights of 1, 2, and 4 gm. are placed at the corners A, B, and
C of a triangle. Find the position of their centre of gravity.

9. A square of side a is divided by its diagonals into four triangles
and one of these is cut out. Find the position of the centre of gravity
of the remainder.

10. A square of side 2a is divided into four squares of side a by
straight lines through its centre parallel to its sides. One of these
squares is removed. Find the centre of gravity of the remainder.

11. A wooden cylinder of radius 4 cm. and density 0-60 gm./c.c.
has a cylindrical hole of radius 1 ¢m. bored in it, parallel to its axis.
The axes of the two cylinders are 2 cm. apart. The cylindrical hole
is filled with lead of density 11-4 gm./c.c. Find the centre of gravity
of the whole figure.



CHAPTER VI
WORK—MACHINES—ENERGY

Work.—In physics the word “ work ” has a special meaning
attached to it. Whenever a force acts upon a body in such a
way that motion takes place, work is said to be done; if the
motion takes place in the direction of the force, the work is done
by the force, but if, owing to the action of other forces, the motion
takes place in a direction opposite to that of the force, work is
done against the force. More precisely :

If a force F acts on a body and its point of application moves a
distance s in a direction making an angle 0 with the direction of F,
then the force is said to do an amount of work Fs cos 6 on the body.

Thus if a body of mass m is allowed to fall a height 4 from a
table to the floor, the force acting on it is mg and the distance
moved through by the point of application of the force is b,
consequently the work done by gravity on it is mgh. If the body
is lifted from the floor to the table, the

work mgh is done against gravity. B

If a body of mass m is allowed to -
slide a distance s down a smooth plane P>
inclined at an angle ¢ to the horizontal A C lm
(Fig. 46), the distance s being measured g
along the slope, the cosine of the angle Fic. 46,

between the direction of F and s, 7.e.
cos ABC, is equal to sin ¢; hence the work done by gravity is
mgs sin .

If the bob of a simple pendulum of mass m and length [ is
allowed to swing from a position B (Fig. 47) making an angle ¢
with the vertical to its lowest position A, and BC be drawn
perpendicular to OA, the force is mg and the component
of the displacement in the direction of the force is CA. Now
CA=0A—-OC=I(1—cos ¢). Hence the work done by gravity
is mgl(1 —cos ¢).

The product Fs cos § may be regarded either as the product
of the force and the component of the displacement in the direc-
tion of the force, or as the product of the displacement and the
component of the force in the direction of the displacement.
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No work is done if the point of application of the force does
not move, or if it moves only at right angles to the direction of
the force. An example of the first case is a book

0 resting on a table; it is acted on at its centre of
gravity by its weight vertically downwards, but
¢ there is no displacement of the point of application

of the force. An example of the second case is
that of the stretching force in the string of a simple
pendulum. The bob moves always at right angles
to the direction of the string; cos §=cos 90°=0,
and the stretching force in the string does no

c B

work.
A Units.—Just as there are four different kinds
FiG. 47. of units for measuring force, so there are four

different kinds of units for measuring work.

The erg is the amount of work done by a force of one dyne acting
through one centimetre.

The foot-poundal s the amount of work done by a force of one
poundal acting through one foot.

The gram-centimetre is the amount of work done by a force
of one gram weight acting through one centimetre.

The ft.=lb. is the amount of work done by a force of one lb. weight
acting through one foot.

The first two of these units are absolute units, the erg being
the unit used for scientific work. The last two are gravitational
units ; they or their multiples are used by engineers. The crg
has the disadvantage that it is a very small unit ; to lift a kilo-
gram weight from the floor to a table one metre above the floor
requires 1000'X981 X 100=9-81 X107 ergs. Hence for many
purpo;es a multiple of it, called the joule and equal to 107 ergs,
1s used.

ExampLe.—A ladder 20 ft. long leans against a vertical wall, and
is inclined at an angle of 30° to it. How much work measured in ft.-1b.,
does a man who weighs 12 stone do against gravity climbing the ladder.

Height climbed =20 cos 80=17-32 ft.
‘Work done =12 x 14 1b. X 17-32 ft.
=2909 ft.-1b. ’

Machines..—Any appliance used for performing work can be
called a machine in physics. The term includes appliances as
elaborate as the steam locomotive, but here we shall consider
only some of the simplest, namely the lever, the screw press,
the wheel and axle, and systems of pulleys. These and similar
arrangements were described at length in the older books on
physies under the name of “ mechanical powers.”
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The lever has already been described on p. 29, and it was
shown there that if P was the  power” and W the * resistance,”
and CA and CB the perpendicular

distances from the fulcrum to their P

respective lines of action, then W XN
PxCA=W xCB N\ a2t l

Let us suppose, for example, that 0 A

the lever under discussion is one of C&= B

the second class, and that it is I'1c. 48,

rotated through a small angle about
the fulerum (Fig. 48). Then A traces out the arc AA’ and B
traces out the arc BB’. The lengths of the arcs are in the ratio
of their respective radii, 7.e.

AA’ CA

BB’ T CB
If the angle ACA’ is small, the arcs may be regarded as elements

of straight lines. The work done by the power is then P X AA’,
and the work done against the resistance W x BB’. But

AN _CA_W
BB’ CB P
or PxAA'=W x BB’

That is, the work done by the power is equal to the work done
against the resistance, or, in other words, you only get as much
work out of the lever as you put into it. Although by its means
a comparatively small power may be enabled to overcome a
great resistance, yet the displacement of the point of application
of the power must then be much greater than the displacement of
the point of application of the resistance.
Or, as it is popularly expressed, what is
gained in force is lost in speed. The ratio
of the weight to the power or effort which
must be applied to raise it, is known as
the mechanical advantage of the machine.
Fig. 49 represents the single movable
pulley. A hand is shown pulling a cord
which passes over the fixed pulley N, then
round the movable pulley M to the hook
H, to which its end is fastened. The pulley
M carries a weight W. The pulley is the
Fic. 49. name given to the revolving wheel. The
pulley and frame in which it is fixed

together form the block.
Let P be the force with which the hand is pulling the cord.
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Then the stretching force is the same throughout the whole
length of the cord to the hook H. Now consider the equilibrium
of the block M, neglecting its weight. It is acted on by the weight
W vertically downwards and by the stretching force P in the
cord applied vertically upwards on both of its sides. The total
upward force must balance the downward force. Hence
W=2P
Let us suppose now that the weight is pulled up a distance h.
Then the hand must move a distance 2k. The work done by the
hand is P2k, and the work done against the weight is Wh. By
the equation above, these are equal. Hence, although by the
arrangement it is possible to lift a weight twice as heavy as could
be done by direct lifting, yet no more work is obtained from
the arrangement than is put into it. Indeed, if we take into
consideration the weight of the block M and the friction in both
pulleys, we find that W is less than 2P, and the useful work
obtained from the arrangement is less than the work put into it.
The study of other machines leads us to the same result,
which is known as the prineiple of work and can be stated as
follows :
In all mechanical devices of any sort whatever, the work accom-
plished by the machine is never greater than the work expended wpon .
We shall now consider the
application of the principle to
the screw press shown in Fig.
50. When the screw is turned
through one complete revolu-
tion, its point is lowered through
a vertical distance d, equal to
the distance between two ad-
joining threads. This distance
is called the pitch of the screw;
let » be the radius of the cross
. arm, and let a force P be applied
F1a. 50.—Serew press. at each end at right angles to
the cross arm. In a complete
revolution the point of application of each force moves round a
circle of radius 7 ; hence the work expended is
4mrP
Let F be the force exerted by the point of the screw. Then the
work accomplished in the same time is
Fd

The principle of work states, that if friction is neglected, Fd=4mrP.
II} the screw press, however, much of the work is lost overcoming
friction, and Fd is considerably less than 4mrP. L

*
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Efficiency of a Machine.—The efficiency of a machine is
defined as the ratio of the useful work done to the work expended
upon it in the same time. The veloeity ratio of a machine is
defined as the ratio of the distance moved by the power to the
distance moved by the weight in the same time. It can be
calculated from the dimensions of the machine.

Let H be the distance moved by the power P, and let A be the
distance moved by the weight W in the same time. Then

Efficiency — Wh _ mechanical advantage
Y=pPH ™ velocity ratio
and owing to work lost in overcoming friction this is in general
less than 1. If no work is lost, this is equal to 1. Then
mechanical advantage =velocity ratio.

ExampLE.—The pitch of the screw in a screw press is 0-5 mm.
and the downward force exerted by the point of the screw is 20 kg.,
when horizontal forces of 100 gm. are applied at right angles to the
cross arm at distances of 20 cm. from its centre. Calculate the efficiency
of the arrangement.

In a single revolution the work done is

20 X0-05=1 kg.-cm.

The work put in is
0-1 X 47 X 20 =8~ kg.-cm.

1
Hence cfficiency = o =0-0398. Much the greater part of the work is

consequently lost overcoming friction.

Wheel and Axle.—In this machine two cylinders A and B are
fitted together so asto turn on the same axis.
One cylinder B, which has a much larger
diameter than the other, is called the wheel,
and the other is called the axle. Ropes are
wound round the two cylinders in opposite
directions, so that when the machine is set B
in motion, the end of the one rope ascends
and the end of the other descends. The
power is applied to the end of the rope
coiled round the wheel and the weight to
the end of the rope coiled round the axle.

Let a be the radius of the axle and let b |
be the radius of the wheel. Then when w P
they have made one complete revolution, J¥i¢. 51.——Wheel and axle.
the end of the one rope has descended a
distance 27b and the end of the other has ascended 27a. Hence by
the principle of work

P2rb = W2ra
and the mechanical advantage
W b

Pa
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If instead of two cylinders, we have a horizontal roller with a handle
attached at one end (Fig. 52), the device is called a windlass, and is
used for raising water out of wells and similar purposes. In the
capstan used on board ship the rope is coiled round a vertical cylinder,
and the power is applied at the end of spokes. '

Systems of Pulleys.—In the casc of the single movable pulley
represented in Fig. 49 the mechanical advantage is only 2., In the
systems of pulleys, examples of which are shown in Figs. 53. and 54,
the mechanical advantage can be made much greater than this.

In Fig. 53 there are two blocks the upper one of which, AB, is fixed,
while the other one, CD, is movable. Kach carries two pulleys, and the

16, 52.—Windlass, Fre. 53.

one string passes round all the pulleys. 'The weight W is suspended
from the lower end of the movable block, and the effort P is applied
to the free end of the string. The lower block is suspended by four
strings which are all practically vertical and the stretching force in
each of which is P. Ilence
W=4P

In the general case, if there are n pulleys in cach of
the blocks,

W =2nP

We can take the weight of the lower block and pulleys
into the calculation by supposing them included in W.

In Fig. 54 a separate string goes round each
pulley. The weight W is hung from the lowest pulley,
and the power P is applied by a hand at the free end.
The stretching force in the string passing under pulley
A is obviously }W, and we consider this as the weight

Fic. 54. suspended from B. The stretching force in the string
. passing under B is consequently }W. Similarly the
stretching force in the string passing under C is W, and this is the
same as P. Hence
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w

1; ::‘.8 :23
In the general case when there are n movable pulleys the theoretical
value of the mechanical advantage is 2", But in this and the preceding
case the actual value obtained is much less than the theoretical value

owing to friction in the pulleys and want of flexibility of the string.

Aectivity.—T'he rate at which an agent does work is called its
power or activity.

Activity is measured in any unit of work per unit of time, in
ergs per sccond or foot-lbs. per second. It has, however, three
special units of its own. James Watt, the inventor of the steam
¢ngine, introduced a unit called the horse-power (H.P.), which
is equal to 83,000 ft.-lb. of work per minute or 550 ft.-Ib. of work
per second. His estimate of the horse’s activity was intentionally
high, as he did not wish to over-advertise his engines ; the averagc
horse can work only at about } of this rate, and the average man
at about 7 of this ratc.

The other special units are the watt, named after James
Watt, which is defined as 1 joule per second, and the kilowatt,
which is defined as 1000 watts. The kilowatt is very nearly
t H.P.

IixamprLi.—A man whose weight is 10 stone climbs a mountain
3800 ft. high in 3 hours. Find in 1L.P. the average rate ut which he
works against gravity.

Total work done in f(.-Ib.= 10 X 14 X 3800
10 X 14 X 3800

3 X 60 %60
10 x 14X 3800
T 360 X060 X550

Activity = ft.-1b./sec,

H.P.-- 0-090 1L.P.

Energy.—1'he energy of a body is the work that can be obtained
from it in virtue either of its motion or position. If it is obtained
in virtue of its motion, it is termed Kinetie energy ; if it is obtained
in virtue of its position, it is termed potential energy. Energy,
being work, is measured in the same units as work.

Kinetic Energy.—Let us suppose that a bullet of mass m
is moving with velocity » in a straight line, that it hits a block
of wood perpendicularly, and is brought to rest inside it. Let
us suppose, also, that the wood offers a constant resistance F
to the motion of the bullet, that this resistance produces a negative
acceleration «, and that the bullet is brought to rest in a distance
s.  Then the work it does against the wood is Fs.

Now

F=ma
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and, since the negative acceleration « annuls the velocity v in
distance s,
V2 =2uas
The work obtained from the bullet in consequence of its motion
is therefore given by
Fs=mas
_—:%va

The same reasoning can be applied to any body of mass m
moving with velocity v which is brought to rest by a constant
force F. It can also be extended to include the case when the
force F is not constant. Hence the kinetic energy of a body
of mass m moving with velocity v is mov2.

ExaAmMPLE.—A bullet travelling at the speed of 400 metres/sec. is
just able to picerce a beam 16 cm. thick. Its mass is 80 gm. Find the
resistance of the beam to the bullet in dynes on the assumption that
it is constant. What velocity would eriable the bullet to pierce a
plank of the same wood 8 cm. thick ?

Let F dynes be the resistance offered by the wood.

Then Fs=}{mv?
2 2
F= %% = &1%9%0_ —43:10° dynes
Let v be the required velocity. Then

. 9
i”ﬁ \/iii"_fg_o Xdc-m [see.-=173-2 metres/sec.,

Potential Energy.—
Fig. 55 represents a
pile-driver. A massive
lump of iron called
the ram is raised by
means of a rope and
pulley several feet
above the pile which
is to be drivenin. It
is then let go, and
falls with increasing
velocity until it hits
the pile, and drives it
a certain distance into
the ground.

Let m be the mass
of the ram and v the
velocity with which it
hits the pile; let 2
be the height it falls
before hitting the pile.
Immediately  before
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hitting the pile it has the kinetic cnergy }mwv2, which is suddenly
spent in doing work on the pile.

Before starting to fall the ram had only potential energy,
energy due to its position, and this was all converted into kinetic
energy during the fall. Now v2=2gh. Hencc

Jmo2=}m2gh=mgh

This last expression depends only on the initial position of the
ram, and expresses its potential energy in that position.

By similar reasoning it can be shown that any mass m raised
a distance » above a plane acquires potential energy mgh with
reference to that plane.

Potential Energy of a Stretched Spring.—It is a matter
of common knowledge that potential energy can be stored up in
springs. Thus, when a watch is wound up, its mainspring is
bent, and energy is stored up sufficient to keep the watch going
for the next day. In the same way in a spring gun it is the
potential energy of a compressed spring which is converted into
the kinetic energy of the bullet.

The potential energy of a stretched spiral spring is given by
the formula  half tension by extension.” Suppose that the
spring is pulled out 2 em. and that it then exerts a force of 100,000
dynes. As it is pulled out, its resistance gradually increases from
zero to this value. We substitute for the tension 100,000 dynes
and for the extension 2 em. Then the potential energy is

1 X 100,000 X 2:--100,000 ergs.

The formula is best proved graphically. Let OA (Kig. 56)
represent the final extension and AB the final value of the force
stretching the spring. Then, since
the force is proportional to the ex-
tension, ab represents the forcc
corresponding to the extension Oa.
If the extension increases to Oa’,
where aa’ is small, and we neglect
the increase in the force, the work
done ' d ra & ] A

Fs=ab X aa’ =area of rectangle. 3 . 58 .

If we suppose now, that the spring

is extended from O to A in a series of steps, during each of
which the force remains constant, the total work done will be
represented by the sum of the areas of a series of such rectangles,
and if we make the steps infinitely small, this sum will pass over
into the area of the triangle OAB, just as on p. 12 in the proof
of the analogous formula for the space described in uniformly

|
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accelerated rectilinear motion. The work done in the extension
1s consequentdy

OAB = }AB X OA =} tension X extension.

The Principle of the Conservation of Energy. —Supposc
a stone is carried up a cliff / units high. Then the work done on
it is mgh, and this is equal to its potential ecnergy when placed
on the edge at the top. Let us supposc now, that it is pushed
over. When it has fallen a distance a, its velocity is given by
v2=2gx, and its total energy is

Imo? | mg(h—a) —mge Fng(h—a)
=mgh

the value which it had at the top. As it falls the cnergy is
gradually changed from potential energy into kinetic, but its
total amount remains the same.

This is a particular case of a very general principle, namely
the principle of the conservation of energy, which may be stated
as follows :

Energy can never be created or destroyed. It may be com-
municated from one body to another, and may be transformed from
the potential to the kinetic form, or into other forms, but the total
quantity inside a system not acted on by external forces remains
always the same.

The principle appears to be contradicted by the example we
have choscn, because when the stone strikes the ground at the
foot of the cliff both its kinetic and potential encrgy disappear.
This loss is, however, only apparent. The cnergy rcappears
again as heat and noise. The stone is slightly warmer as a
result of the blow than it was before it. The full evidence for
the truth of the principle cannot be appreciated without a know-
ledge of heat and clectricity, but in the meantime it must be clear
that heat is a form of energy, since it is the heat of the coal in the
furnace of the engine that makes the train go.

No general proof of the principle is possible, but it has been
verified in so many cases that it is now our firm belief, that all
the different manifestations of energy, potential, kinetic, heat,
cnergy of chemical constitution, electrical energy, atomic energy,
are interchangeable, and that energy is a constituent of the
universe equally important with matter, and, like it, indestruc-
tible. The possibility of perpetual motion machines, machines
which perform work without consuming energy and which there
are attempts to invent even at the present day, is absolutely
denied by the principle ; the work taken out of a machine must
always be less than the energy put in, because some work is
always wasted against friction.
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ExampLE.—Determine the velocity of the bob of a pendulum at
its lowest point. .

This is an example on the principle of the conser- 0
vation of energy. Let I be the length of the thread,
m the mass of the bob, and ¢ the angle which it
makes with the vertical at the extremity of a swing. )
Then, as has been shown on p. 55, the work done in
raising the bob against gravity from A to B is

mgl(1 —cos p).
This is its potential cnergy at B, when the kinetic
cnergy is zero. If now the pendulum is let go, when cl B
the bob reaches A its potential cnergy is converted
wholly into kinetic energy. Let v be the velocity at A. A
Then Fic. 57.
Amo? =mgl(1 —cos @)

or v2=2gl(1—cos @) —igl sin‘-‘;f

and v=24/gl sing

Exampres VI

1. How many ergs are there in the ft.-1b. ?

2. Find in foot-tons the work done in drawing a truck weighing
10 tons up an incline a mile long, which rises 1 in 120, the coefficient
of friction being ' .

8. Find the work done by

(i) a force of 220 dynes acting through 80 cm.,
(ii) a force of 16 gm. acting through 2 metres,
(iii) a force of 18 lb. acting through 6 inches.

4. The Kinlochleven reservoir is situated 985 ft. above the level
of the works. What is the potential encrgy of the water in ft. 1b./cub.
ft. 7 One cubic foot of water weighs 62-4 1b.

5. Find in ft.-1b. the kinctic energy of a body of mass 20 Ib. moving
with a velocity of 33 ft./scc.

6. A spiral spring is pulled out by thce fingers a distance of 10 cm.,
and when cxtended this length exerts a force of 250 gm. What is the
potential energy stored in the spring in ergs ?

7. Find in ergs the kinetic energy of a mass of 17 gm. moving with
a velocity of 22 cm./sec.

8. The length of a simple pendulum is 80 cm., and the bob weighs
100 gm. Initially it makes an angle of 20° with the vertical. Find
the kinetic energy and hence the velocity of the bqb, when (i) it is at
its lowest point, (ii) it is 10° beyond its lowest point.

9. A 10 H.P. engine is employed to pump water from the bottom
of a mine 800 ft. deep. How many cubic feet of water will it raise in
an hour ?

10. The mass of a train is 300 tons and its velocity is 30 miles per
hour. What H.P. would be necessary to give it this velocity in 1
minute ? The frictional resistances are to be neglected.



CHAPTER VII
ROTATIONAL MOTION—GRAVITATION

Angular Momentum. Kinefic Energy of Rotation.—Let us
suppose that a body is rotating about an axis. Then every
particle of the body moves in a circle about the axis in a plane
at right angles to the axis. Let w be the angular velocity of the
body about the axis measured in radians per second, and let
be the mass of a particle of the body the perpendicular distance
of which from the axis is ;. Then wr; is the velocity of the
particle, and m,wr; its momentum, or more strictly its linear
momentum. If we multiply this quantity by the radius of the
circle in which the particle is moving, we obtain
')nlwr12
which is called the angular momentum or moment of momentum
of the particle about the axis. If we repeat the process for all
the particles into which the body can be divided, and take the
sum, we obtain
mlwr12+7n2wrz2+m3wr32 o o :Z'mwrz:(Emrz)w

This quantity is called the angular momentum or moment of
momentum of the body about the axis.

If we return to the single particle, its kinetic energy is

Imy(wry)?

By forming similar expressions for the other particles into which
the body can be divided and taking the sum we obtain
dmy(wry)2+imo(wrg)2+-Jmg(wrg)? . . o =Zim(wr)2=3(Zmr2)w?
for the kinetic energy of rotation of the body about the axis.

Moment of Inertia.—If we multiply each particle of the
body by the square of its distance from the axis and add, the sum

myr 2 4-more2-Fmgrs? . o . =Zmr?

is known as the moment of inertia of the body about the axis,
and is usually written I. Thus the angular momentum and
kinetic energy of the body are Iw and }Tw?.

Let M be the mass of the body. Let I=Mk2. Then the kinetic
energy of rotation is

$Hw? =iMk2w?2 =}iM(kw)?
66
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Thus if the whole mass of the body were concentrated at a point
distant k from the axis, its kinetic energy would be unaltered.
k is called the radius of gyration of the body about the axis.
Both I and k vary for a body with the position of the axis.

The following table gives values of k2 for some simple cases.
The bodies are supposed to be of uniform density throughout.
The results are obtained by calculations which are beyond the
scope of this book.

Value of k2

Rod, length 2a, about an axis through its middle point per-

pendlcular to its length . . la®
Rod, length 2a, about an axis through one end pcrpcndlcular

to its length . . .. . (/A
Dise, radius a, about a dlameter .o }a?
Dise, radius a, about an axis through its centre per| pen(h( ular

to its plane e e
Solid eylinder, radlus a, about 1ts axis
Solid sphere, radius a, about a diameter .

When the moment of inertia of a body is
known for an axis through the centroid, it
can be calculated for any parallel axis. For
(Fig. 58) let G denote the centroid, A the
point in which the parallel axis intersects the
plane of the diagram, and let P be a typical
particle. The axes are at right angles to the
plane of the diagram. Then

I, =2mAP2

—=2Zm(AG2+GP242AG.GP cos §)

=AG2Zm 4+ ZmGP2+2AGEmGP cos 6
GP cos 8 is the distance of the particle from the plane through G
at right angles to AG, and by the property of the centroid proved
on p. 52, ZmGP cos §=0. Hence substituting M for Zm,

I, =M.AG2+1,

i.e. the moment of inertia about any axis is equal to the moment of
inertia about a parallel axis through the centroid plus the product

of the mass of the body and the square of the perpendicular distance
between the two axes.

ExampLE.—A cylinder of length 20 cm., radius 4 cm., and density
0-6 is rotating about an axis in its surface parallel to its axis of figure
with an angular velocity of 10 radians per second. Calculate its
kinetic energy.

M= 20)(77)(4”)(06 6033gm
3 x42

I M +M 8——M~§— =603-3 X =1 4477 X104 gm.-cm,?

Hence kmetlc energy =% x1-447 X104 xX102="7-235 X 105 ergs.
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Couple.—A couple in dynamics is a system of two equal and
opposite parallel forces.
The forces P (Fig. 59) represent the forces of a couple, and AB
the perpendicular distance between them. AB is called the arm
of the couple, and the product of either force P
and the arm AB is called the moment of the
P couple. The moment of a couple is usually
denoted by the letter L.
If we attempt to find the resultant of the
A B forces of a couple by the method of p. 31, we
P find that its magnitude is zero, and that the
construction for its line of action breaks down.
A single force cannot be found which is equiva-
Tic. 59. lent to a couple. Now a single force produces
a motion of translation. A couple, therefore,
must cause a motion of a different kind, and it can be shown
that it always causes a motion of rotation.
Couples are classified into clockwise and counter-clockwise
couples, according to the direction of the rotation they produce.
Dynamies of Rotation.—Flitherto we have dealt only with
the dynamics of translation. A force acted on a body and
moved it in a straight line. We have now to deal with problems
in rotation. A couple acts on a body, and it is required to find
the result. The simplest way of solving problems of this nature
is by analogy with corresponding problems in translation. An
analogy exists between the formule used for translational and
rotational motion ; we shall exhibit this analogy in a table, and
then use it to solve typical problems.

‘Translation. Rotation,
Mass M Moment of Inertia T=Mk?
Force F Couple L
Displacement s Angle 6
Velocity v Angular velocity w
Acceleration a Angular Acceleration
Work Fs Work L#¢
Momentum Mv Angular Momentum Iw
Kinetic Energy {Muv? Kinetic Energy }Iw?

F:=Ma L=Ido

Examples on Rotational Motion.—(1) A wheel has a uniform
angular acceleration of 5 rad./sec.2 What angular velocity will it
acquire, and what angle will it describe in 4 sec. starting from rest ?

We have in analogy with v=at and s=:}at? w=wut and §=3}wl2.
Hence

w==5 X 4=20 rad./sec.

and f=3% x5 x42=40 rad.
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(2) A couple consists of forces of 50 dynes acting in lines 4 cm.
apart. Calculate the work it does in rotating a body through 100°.
Here L =:50 X 4 =200 units

100 X =

0= 180 =1-745 rad.

‘Hence work done =200 X 1-745 ==349-0 ergs.

(8) To a flywheel weighing 4 cwt. whose radius of gyration is 2 ft.,
a constant couple of 400 ft.-Ib. units is applied. Find the angular
velocity acquired by the wheel in 10 sec.

The equation is L==Iw. I. must be changed to absolute units
before insertion, .e. 400 <32 ft.-pd. I-=4 X112 x22, Ilence

o A00xE2 50
ST I e .[sec?, )
. 50
and -~ % X 10 -71-4 rad./sec.

(4) A plane is inclined at an angle 6 to the horizontal, and a
uniform sphere of radius a is allowed to roll down it a distance !
measured along the plane, starting from rest. Find the velocity
acquired by the sphere.

Let o be the angular velocity it acquires. Then, since at each
instant the centre is rotating about the instantaneous point of contact,
the linear velotity of the centre is wa, where a denotes the radius of
the sphere. Let M be the mass of the spherc. It has the kinetic
energy of translation

IMu?:- tMw3a?
and in addition the kinetic energy of rotation
&Iwzr—:%M}fa2w3
making a total of
Mw?a?+iMiaw? = Mwia®
for the kinetic energy gained.

During the motion the centre descends a height !sin . Conse-

quently the potential energy lost is
Mgl sin 6
By the conservation of cnergy

1oMw?a? —Mgl sin 8
hence wa= \/ -l—qg—lil-r-l—g

Compound Pendulum.—Any body which is supported on a
horizontal axis not through its centroid, and whicg is free to
rotate about that axis in a vertical plane under the action of
gravity is called a compound pendulum. Let Fig. 60 represent
a vertical section through the centroid G of a compound pendu-
lum, and let A be the point in which the section intersects the
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axis. The axis is at right angles to the planc of the diagram.
Let AG=/ and let Mk2 be the moment of inertia of the pendulum
about a horizontal axis through G.
Mg Then it follows that the moment of
inertia about the parallel axis through

A is Mk2++Mh2=M(h2+k2).
Let AG make angle 6 with the
vertical. The pendulum is acted on by
0\G two forces, its weight Mg vertically
downwards and the reaction on the
l axis. Forsmall displacements the latter

Mg

A

is vertically upwards and equal to Mg.
Thus the two forces constitute a couple
of arm AG sin §=h sin § and moment
Fic. 60. Mgh sinf. 'This couple causes the pen-
dulum to rotate, and the angular
acccleration w is given by
. L Mghsiné
I T M(h2-+k2)

or _ Mgho
M(h24-k2)
when 6 is small. The ratio
gho

Angular Acceleration k2 +4-k2 gh

Angular Displacement = § k2 4-kz —Cconstant.

It the ratio angular acceleration to angular displacement is
constant for the body, the ratio linear acceleration to linear dis-
placement must also be constant for every point on the body,
since the latter are obtained from the former on multiplying them
by the distance of the point from the axis. Hence (¢f. p. 21)
every point in the body is describing a S.I1.M., and the period
is given by

_gh _ 4m?
h2tkz~ T2
he 12
or T=2 ll +k

Law of Gravitation.—It has already been mentioned, that
bodies are attracted downwards by the force of gravity, as a
consequence of which they fall with the uniform acceleration g.
This is a particular case of the law of universal gravitation dis-
covered by Newton, which can be stated as follows :

Every particle of matter in the universe attracts every other
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particle with a force proportional to the product of their masses and
1nversely proportional to the square of the distance between them.
Expressing the law in symbols

where F is the force on either particle, m and m’ are the masses of
the particles, d is the distance between them, and % is a constant
of proportionality known as the gravitational constant.

The earth attracts bodies on its surface, as if its whole mass
were concentrated at its centre; its centre is at a distance of
4000 miles, but its mass is so great that its attraction far out-
weighs the attraction of bodies on the surface for one another,
and the latter cannot be rendered evident, unless, special pre-
cautions are taken.

Newton arrived by the aid of astronomical calculations first at the
result, that the law held between the sun and planets. Then in 1665,
when he was a young man of 23, he had to leave Cambridge owing to
the plague, and the story goes that, when he was seated in his mother’s
garden at Woolsthorpe, the thought occurred to him on seeing an
apple fall, that perhaps it was the same force which held the planets
in their orbits, that also caused bodies to fall to the surface of the
earth.

Verification of Law of Gravitation.—The moon's orbit is approxi-
mately circular, and its distance is 60 times the earth’s radius.
Denote the latter by R. The time taken by the moon to go round
the earth, i.e. the sidereal month, is 27-32 days. The acceleration of
the moon towards the earth is consequently given by

«—=w60R
,-(,, . 2
27-32 X 24 X 60 X 60
=0-00897 ft./sec.?
If the moon is held in its orbit by the force that causes a stone to fall

]
) 60 ~ 4000 > 5280

a1
8 60?2
and £-—260%==32-29 ft./sec.?

a value which shows that the supposition is right.

The value of g varies over the earth’s surface owing to two causes.
In the first place, the carth is not a sphere but an oblate spheroid, the
poles being nearer the centre than points on the equator. Consequently
g is less at the equator. In the second place, owing to the rotation of
the earth, bodies on its surface are travelling in circles round its axis.
A small part of the earth’s attraction on them is consequently utilized
in supplying the acceleration w?r necessary to keep them in these cir-
cular paths; this proportion increases in magnitude as we approach
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the equator. The remainder is utilized in causing the body to fall.
Owing to this cause also g is less at the equator.

The Cavendish Experiment.—The first direct measurement
of the force of attraction between two bodies of such a size that
we can handle them, was made by Henry Cavendish in 1798.

The instrument employed was a torsion balance consisting of
a horizontal rod which carried lead spheres of 2 inches diameter
at its ends, and was suspended by a long fine wire. If this rod
was acted on by a couple in a horizontal plane, it turned, the
wire becoming twisted, and took up a new position of equilibrium.
The angle through which it turned was proportional to the couple.
Fig. 61 represents a plan of the arrangement. ab is the horizontal

rod. A and B are two large lead

/_\ spheres of 12 inches diameter

#2707 which can be rotated from the

i B B position AB to the position A’B’
RN as shown by the arrows. In the

= @) first position A attracts ¢ and B
~lse,-""s attracts b, so there is a counter-
r A’} clockwise couple on the rod. In
\._ ./ the second position B’ attracts «

T ™ and A’ attracts b, so the couple is
clockwise. Thus by rotating the

Fic. 61.--Cavendish cxperiment. large spheres from the one position

to the other, a couple in one
direction is changed into an equal couple in the opposite direc-
tion, and the rod consequently twists through a small angle
from one position of equilibrium to another. 'This angle is
measured, and from it the magnitude of the couple and of the
force between a large sphere and the small sphere opposite it is
deduced. This force is given by

kEMm
where M is the mass of a large sphere, m the mass of a small
sphere, and d is the distance between their centres. Hence,
when it is known, the value of % can be calculated.

In this way Cavendish made the first determination of the
value of the gravitational constant. Subsequent measurements
with more refined apparatus have given the mean value of
6:66 X10:8, when the masses are expressed in grams and the
distance in centimetres.

Density of the Earth.—When & is known, the density and mass
of the earth can be calculated. Thus Cavendish was said to have
‘* weighed the earth.”
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For let M be the mass of the earth and R its radius. Then the
force with which a mass of one gram on the earth’s surface is attracted
downwards is

kM
Re
measured in dynes, This force is also g dynes. Hence
kM
R: =8
and if we substitute {7R3 for M, where p is the density of the earth,
f;rrkRp=g
3g 3 x 981
Thus p- > = P TR
4mkR 7 47 X 6:66 X 108 X 4000 X 5280 > 30-48
= 546 gm./c.c.

ExamprLEs VII

1. A disc is rotating about an axis in its plane tangential to its
edge at the rate of 10 revolutions per second. Its mass is 10 gm. and
its radius is 5 em. Calculate its kinetic energy.

2. A wheel has an angular velocity of 5 rad./sec. and an angular
acceleration of 2 rad./sec.? What is its angular velocity after two
complete revolutions ?

3. A flywheel which is uniformly accelerated, makes 4 complete
revolutions in 8 sec. starting from rest. What is its acceleration in
rad./sec.® ?

4. A couple of 20 ft.-1b. units rotates a body through 2 right angles.
Calculate the work done in ft.-pdl.

5. A flywheel weighs a ton and has a radius of gyration of 4 ft.
Calculate in ft.-1b. the couple required to give it an angular velocity
of 50 revolutions per minute in 30 seconds, starting from rest.

6. A uniform rod of length I is suspended from one end and allowed
to oscillate as a pendulum. What is its period ?

7. A thin rope is wound round the flywheel of an engine of which
the diameter is 10 ft., and when the speed of the engine is 200 revolu-
tions per minute, the difference in stretching force at the two ends of
the rope is 30 Ib. What is the horsepower ?

8. Given that the acceleration of gravity is 82:00 ft./sec.? on the
carth’s surface, what will it be in a balloon 2 miles up ?

9. By how much does the rotation of the earth diminish the
acceleration of gravity at the equator ?

10. Lead spheres of 12 and 2 cm. diameter are suspended with their
centres 8 cm. apart, Calculate the force of attraction between them
in dynes. The density of lead is 11-4.



CHAPTER VIII
FLUID PRESSURE

States of Matter.—Matter exists in three states, the solid, the
liquid, and the gaseous. A solid body has both a definite shape
and a definite volume. A liquid has a definite volume, but no
definite shape; it takes the form of the vessel into which it is
poured. A gas has neither a definite shape nor a definite volume,
but tends to expand indefinitely, so as always to fill the vessel
which contains it. Both liquids and gases are included under
the name of fluids. The distinction between the different states
will be gone into in greater detail later ; this account is intended
to be merely a preliminary one.

The word * gas > was invented by van Helmont, a Belgian chemist
who died in 1644. He suggested two names, gas and blas, connected
etymologically with the words * ghost ” and * blow,” and the first of
these has been adopted.

Hydrostaties is the part of
physics which deals with the
equilibrium of fluids; we are
now entering on the study of
this part of the subject.

Water Maintains its Level.
—If several different vessels
are connected as shown in Fig.
62 and filled with water, then,
when the water comes to rest,
its surface is at the same level
in the different vessels. This
is also the case with two reser-
k voirs miles apart connected by

Fic. 62.—Free surface in communi- & Water main, and is popularly

cating vessels. expressed by the phrase that

‘ water maintains its level.”

The free surface of a liquid at rest is always horizontal, always

at right angles to the plumb line. For, if it were not, and one

part of the surface were higher than another, gravity would
74 ‘
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cause the liquid to move from the higher part of the surface
to the lower part.

This fact is taken advantage of in the construction of the
spirit level, which consists in its most usual form of a slightly
curved glass tube filled with alcohol, except for one small air
bubble. Alcohol is used as it is more mobile than water. The
tubeis fixed in a brass mount.
The air bubble forms the free
surface of the liquid, and
always takes up a position at
the highest part of the tube. Fig. 63.—Spirit level.

Two points on the tube are

marked, the distance between them being equal to the usual
length of the bubble. The instrument is adjusted so that, when
it is resting on a horizontal surface, the air bubble comes to
rest between these marks.

If a vessel or a pipe containing liquid at rest is pierced by a
small hole, a thin jet squirts out. Such a jet is sometimes seen
in the case of a leaky garden hose. It is always at right angles
to the surface of the containing.vessel or pipe. Consequently
the liquid must press against every part of the surface of the
containing vesscl with a force at right angles to that part, and the
surface must press back with an equal and opposite force.

Pressure at a Point.—Let us suppose that a block of wood
rests on a table. The block presses down with a force equal to
its weight, known as the thrust on the table, which we shall
denote by ¥'; this force is balanced by an equal and opposite
upward thrust exerted by the table on the block. If we divide
the thrust ¥ by the area A of the base of the block in contact
with the table, the quotient

}‘
A
is known as the average pressure cxcrted by the block on the
table.

Consider a portion of the base of area a surrounding a point P.
Let f be the thrust on this area. Make the area smaller and
smaller ; f at the same time diminishes in size. The value of
fla when a is made indefinitely small is known as the pressure at
the point P.

The ratio of the thrust on a small area surrounding a point to
the area itself, when the latier is made indefinitely small, is known as
the pressure at the point.

Now consider a liquid of density p filling a cylindrical vessel
to a depth A, as shown in Fig. 64. Take a small circular area of
magnitude a surrounding a point P on the bottom of the vessel,
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and consider the liquid contained in the cylinder which has this
area as base. Supposc it to become solid without change of
volume. Then the forces acting on it arc unaltered. It is in
equilibrium under (1) the pressure of the surrounding liquid,
(2) its own weight, (3) the upward thrust on the base. Since
the pressure of the surrounding fluid is perpendicular to the
surface, it acts horizontally, and has therefore no vertical com-
ponent. Hence the two remaining forces must balance, and the
thrust on the base is consequently equal to the weight of the
column ahgp. The average pressure on the base is akgp/a or hgp.
This remains unaltered when a is made indefinitely small. Ience
the pressure on the base at P is hgp.

If, instead of taking the base of the cylinder on the bottom
of the vessel, it is taken on a plane some distance up, we can

FiG. 64, Fic, 65.—Pascal’s vases,

show in the same way, that the pressure at a point in this plane
is hgp, where h denotes its depth below the surface.

It will be noticed that pressure has not the dimensions of force
but of force/area. It is thus, for example, not measured in
dynes, but in dynes/cm.2

Pascal’s Vases.—The fact that thc pressure depends only
on the density of the liquid and the depth below the surface,
was verified by an experiment due to Pascal, known as Pascal’s
vases. In this experiment three vases A, B, and C are taken with
equal bases, A cylindrical, B tapering upwards, and C widened
upwards (Fig. 65). These vessels have no bottoms. In the
figure A is shown held by a clamp. D is a movable disc held
against its lower edge by a string attached to one of the scales
of a balance. Weights are placed in the other pan to keep the
disc against the edge. The vase is filled with water until the
pressure is just sufficient to detach the disc from the edge, and
the depth of the water noted. The experiment is then repeated
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with the other two vases, the weights in the other pan being kept
the same. It is found that the disc is detached, when the depth
of the water is the same in each case.

The force exerted on the disc must be the same in each case,
and the area on which it acts is the same, Hence the pressure
on that area is the same, or, in other words, the pressure on the
bottom of a vessel is given by the formula hgp, irrespective of
the shape of the vessel.

This result is at first puzzling, because in the experiment the
vase B holds less water than A, and the vase C more water than
A, and one might expect that for the same depth the pressure on
the base would be less in B than in A, and greater in C than in A.
But part of the weight of the water in C is supported by the side,
and in B the side exerts a downward force against the base.

Exampre.—A cubical vessel of 5 cm. edge is filled with mercury
to'a depth of 2 cm., and then to the top with water. Find (i) the
pressure on the bottom, (ii) the total downward thrust on the bottom.

Pressure on bottom =2 x 186 4+-3=380-2 gm./cin.?
Thrust on bottom =25 x30-2=755 gm.

Pressure inside a Liquid the same in all Directions.—If
a glass tube with an end ground flat against which a thin plate
presses, is lowered vertically into a liquid,
it can be shown experimentally by blowing
air into it, that the pressure at a depth /
below the surface is hgp, because it is
only when the pressure exceeds this limit
that the plate can be blown away from
the end of the tube. If the tube is inclined
instead of vertical (Fig. 66), with its end at
the same place, the pressure required to
force the plate from the end is still the
same. Hence the pressure at a point
inside a liquid is the same in all directions.
This result can be proved mathematically )
as follows : ¥FiG. 66.

Isolate in imagination a small quantity of the fluid bounded (Fig. 87),

‘ by a horizontal plane EBCF, three vertical planes,
F EY  namely FED, FCAD, and CBA, and a plane ABED
B inclined at any angle to the horizontal, and suppose

“ that the point for which the result is to be proved is

] inside this figure. It is clear that, if the liquid were
v Ap solidified without change of volume, its equilibrium
Fic. 67. would not be disturbed. Let us suppose it solidified.

It is then in equilibrium under the pressure of the
liquid on its five faces and its weight acting vertically downwards.
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1t is clear from symmetry that the thrusts on the faces FED and
CBA balance one another, and do not require to be considered. Let p
denote the pressure on the horizontal face, let p, denote the pressure on
the inclined face, and let p, denote the pressure on the vertical end. The
thrust on the upper face is pFC xCB. The weight is gp3FC x CB X CA.
"The ratio of the weight to the thrust is, therefore

GIFCxXCBxCA _gp
PFC X CB pi0A

b Let us suppose that the ﬁgure is very small; then CA
becomes very small, and the weight can be neglected in
comparison with the thrust on the upper face.

The figure is now in equilibrium under the action of
three thrusts, one p;DA xXAB perpendicular to AB, one
pFC xBC perpendicular to CB, and one p,FCxCA per-

c a pendicular to CA. These three thrusts must obey the

Fic. 68. triangle of forces. Draw ab, be, and ca (Fig. 68) to
represent these three thrusts respectively. Then
ab :be:ca—=p, DA XAB : pFC xBC: p,FC xCA
=p,AB : pBC: p,CA
But Aabe is similar to AABC. Therefore
ab:bc:ca=AB:BC:CA
Thus AB:BC: CA~=p,AB : pBC:p,CA
which is only possible if p=p,=p,.

Thus the pressure on the plane ABED is equal to p. But the plane
ABED was inclined in any direction. When the figure is made in-
definitely small, the plane passes through the point in question. Thus
the pressure at any point is the same in all directions.

U-Tube.—Let us suppose that two liquids which do not mix
occupy the arms of a U-shaped tube as shown in Fig. 69. For
the sake of clearness let the liquid DC be oil
and the liquid AC be water. Draw a hori-
zontal plane through C to cut the other
branch in B. Then the pressure is the same
at the two points B and C in the same hori-
zontal. Consequently the pressure due to
the column AB of the heavier liquid is equal -
to the pressure due to the column CD of the
lighter liquid. Let A and A’ be the heights
of the columns of the two liquids respectively
and p and p’ their densities ; then

p_¥
P h
that is, the densities of the liquids are inversely as the heights

of the columns.

hp=h'p’ or
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Thrust on an Area.—If a plate of area A is immersed
horizontally in a liquid of density p at a depth A below the surface,
the pressure on it, hgp, is everywhere the same, and the thrust
onitis Ahgp. Sometimes the words pressure or ** whole pressure ”’
are used for this quantity, but it is better to call it the thrust or -
* pressure-thrust.”

Let us supposc now that the plate is inclined to the surface
as in Fig. 70, and that its outline is of irregular form. The
pressure is everywhere at right angles to
the plate and increases as we go down- TSI Z AT SIS
wards.  Divide the platc into strips 2 |~
parallel to the surfacc; let the areas of
these strips be sy, 55, $3, ete., and let the
centres of gravity or centroids of the
strips be situated at depths 2, 2, 23, ete.,
below the surface. Then, since the strips
are narrow, the pressure on the first may
be regarded as uniform all over it and
equal to the pressure at its centroid, z;gp. Fic. 70.

The thrust on the first strip is conse-
quently s;z;8p. Similarly the thrusts on the second and third
are $y3,8p, $a23gp, and the resultant thrust on the plate is

$1218p +52%28p +53%38p + . . =gpZsi
The centroid of the plate is given (cf. p. 52) by the formula
2m3
_ Zm
where m is the mass of one of the particles into which the body is
divided. In this case the strips take the place of the particles
and their areas are proportional to their masses. The centroid
.of the plate is consequently given by
Y and Dw=iDs=3S
where S is the area of thc whole plate. Hence the resultant
thrust on the plate is given by
gpLsz=Sgpz

Thus the resultant thrust on a plate immersed in a liquid is equal
to the area of the plate multiplied by the pressure at its centroid.

ExampLE.—A triangular plate is immersed in a liquid of density

p with a side in the surface. The sides are equal and of length a,
and the surface of the plate is inclined at 45° to the vertical. Calculate

the thrust exerted on it by the liquid. s

. aly/8 L@
The area of the plate is 3 The length of the median is 2

~
pageis

2:




80 INTERMEDIATE PHYSICS

S ay/3
The centroid being one-third along the median is distant } ‘2/ from
the surface along the median, and is
1 lays_ a
V238 2 T2/6
vertically below the surface. The resultant thrust is consequently
a?4/8

2
v - —n3 -
4 89,6=%8 1

Centre of Pressure.—1f a surface is immersed in a liguid, the point
at which the resultant thrust on the surface acts, is called the centre of
pressure of the surface.

The centre of pressure of the surface does not coincide with its
centre of gravity, and in general the determination of its position
requires the aid of the calculus. One or two cases can, however, be
trcated by elementary methods.

Let AB in Fig. 71 represent a rectangle immersed vertically. Divide
it into equal strips parallel to the surface, and let the arrows represent

the thrusts on these strips
o in magnitude and direction.

Kach acts at the centre of
its own strip, and its length
is proportional to its dis-
tance from the surface. It
is required to find the line
of action of the resultant
thrust.

The problem is best solved
by analogy. Suppose we
are required to find the cen-
troid of triangle abe. If this

Cc b triangleisdivided into strips
parallel to the base, the
Fie. 71. weight of each strip is pro-
portional to its area, and
hence can be represented by a horizontal arrow the length of which is
proportional to its distance from a. The resultant of this system of
forces is the weight of the whole triangle, which acts through its
centroid at g. This centroid is two-thirds of the distance down the
median. Similarly the resultant of the thrusts on AB acts at a point
P in AB, such that AP=%AB, :
d The centre of pressure is thus on the middle vertical, two-thirds
own,

ExaMPLE.—A rectangular board 8 ft. long and 2 ft. broad is im-
mersed vertically in water with its length parallel to the surface and
its upper edge 2 ft. below the surface. Find the magnitude and line
of action of the resultant thrust on it.

Suppose the board completed to the surface. Then the thrust on
the whole board is

m“llllm. ,,

3 X4X2x62:4=1497-6 1b.
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since the cu. ft. of water weighs 62-4 1b. ‘'T'his acts in a line § x4
=2-67 ft. below the surface. The thrust on the upper part is
3 X2x62-4=374-41b.
This acts in a line X 2=1-33 ft. below the surface. The thrust on the
lower part is conscquently 1497-6 —374-4=1123-2 lb. Let its line of
action be z ft. below the surface. Then by taking moments
14976 X 2:67 =3874-4 X 1-331-1123-22
whence =811 ft.

Transmission of Fluid Pressure.—Any pressure communi-
cated to any part of a fluid is communicated without diminution
to every other part of the fluid. 'This law was first stated by Pascal.

Let us supposc we have a vessel of the
shape represented in Fig. 72, terminating above
in a tube and filled to the level A with water.
Then the pressure at a point P situated ~ cm.
below A is hgp, or, since p=1, in gravitational
units simply # gm. per em.2 If now water is
poured into the vessel so as to raise the level
1 cm. from A to B, then the pressure at P
becomes k41 gm. per em.2  Thus at every
point inside the vessel the pressure increases by
1 gm. per cm.2  The increase of pressure might
cqually well have been
produced by pressing a closely fitting
piston down the tube instead of pouring
water into it. The result is the same in
cach case, and it is also obviously inde-
pendent of the shape of the vessel. We
sce, thercfore, that Pascal’s law for the
transmission of fluid pressure is an inevi-
table conscquence of the formula for the
pressure.

The Cartesian Diver.—The transmis-
sion of fluid pressure is illus-
trated by the toy called the
Cartesian diver (Fig. 78). This
consists of a glass cylinder nearly
full of water and closed at the
top, through which works a
piston. By lowering the piston
the pressure of the air and con-
sequently of the water inside the
cylinder is increased. Inside the
water is a little figure attached

Fic. 73.
Cartesian divers. to a glass ball ¢ which contains
G
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water and air; in the lower part of this ball therc is a small
hole by which water can enter or escape. When the pressurc
in the water is increased, morc water is forced into the ball,
and it becomes heavier and sinks ; when the pressure is diminished,
the air expands, forcing the water out, and the ball rises. Thus
by taking pressure off and putting pressure on to the piston the
diver can be made to move rapidly up and down the cylinder.
The apparatus can be simplified by using instead of the cap and
piston an ordinary jar with a piece of india-rubber tied over its
mouth (Fig. 74). 'The pressure of the hand on the india-rubber
is then sufficient to make the divers sink to the bottom of the jar.

The submarine is simply a large Cartesian diver which is
made to sink and rise by taking in and expelling water.

The Hydrostatic Paradox.
—Let us suppose we have
two cylinders (Fig. 75), one
of large cross-scctional area A
and one of small cross-sec-
tional area a, and that these

Fig. 75.—Hydrostatic paradox. arc fitted with water-tight
] ) pistons and filled with water.
The pistons are in equilibrium, cach it

resting on the top of the water.

Let us suppose now that a weight
w is placed on the smaller piston ; then
the increase of pressure produced is
given by p=wla. The increasc of
pressure at once exerts an upward force
pA on the other piston, and to prevent
it rising we have to place on it a weight
W=pA. Then the weights W and w
balance one another. Now

and W is many times greater than w.
"This result has often appeared paradoxi-
cal. Forexample, it seems astonishing,
that the thin column of water on the
right in Fig. 76 should balance the
man standing on the bellows on the
left. The bellows are simply a collap-
sible drum filled with water, which has
a wooden top and bottom. P

The resulp is, however, quite in 1. 76.
accordance with the principle of work. For let the small piston

—Hydrostatic bellows,
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be lowered through a distance d, and let the large piston be
consequently forced up a distance D. Then the volume of water
expelled from the small cylinder is ad, and the volume forced
into the large cylinder is AD. These must be equal; therefore
ad=AD. The work done by the weight w in falling a distance
d is wd=pad; the work done against the weight W in being
raised through D is WD =pAD. But pad=pAD. Hence the work
done by the small weight is exactly equal to the work done
against the large weight. The contrivance is, in fact, a * machine ”’
similar to the lever.

Hydraulic Press.—This machine embodies the principle of
the hydrostatic paradox, and was invented by Bramah in 1795.
It is used for compressing paper and cotton bales, making dies,

T
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¥ig, 77.—Hydraulic press.

cte. The object to be compressed is placed between the ram R
and the crosspiece T (Fig. 77). The ram is connected to a plunger
or solid cylinder, which works in the large metal cylinder C; the
latter has very strong sides. The pressurc on the sides of the
plunger has no tendency to drive it in or out, so it may be regarded
as a piston with the same area as its end. The large cylinder C
is connected by a metal pipe with the small cylinder, in which
works the plunger P actuated by a lever handle. The small
cylinder is provided with two valves, and acts as a force pump
(p. 104) taking water from the reservoir S and pumping it into the
large cylinder.

Let F be the force exerted in pushing down the handle, let
L be the distance of its line of action from the fulerum, and let !
be the distance of the line of action of the plunger P from the
fulcrum. Then the force exerted by the plunger P is LF/l.
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Let a and A be the cross-sectional areas of the plungers P and R
respectively. The pressure in the two cylinders is consequently
LF/(la) and the force exerted on the ram

LFA
la

The total mechanical advantage of the press is consequently
LA/(la), or the product of the mechanical advantage of the lever
handle by the mechanical advantage due to the inequality of
the areas of the plungers.

Hydraulic power is used in cities to operate lifts, cranes, and other
machines. Special pipes of a diameter about 7 in. laid under the
streets supply water from a central station at a pressure of 700 or
1000 1b./sq. in. to the machine in question. Hydraulic power can be
stored by using it to raise rams which carry loads of 100 tons or so ;
when the power is required, the potential energy of these loads is
released.

ExamprEs VIII

1. What is the pressure in kg./cm.? at a depth of 1 kilometre below
the surface of the sea, the density of sea water being 1-025 gm./c.c. ?
Neglect the pressure of the atmosphere.

2. A uniform U-tube is about half filled with water. How many
c.c. of oil of density 0-85 gm./c.c. must be poured into one limb to
make the surface of the water rise 6 cm. in the other? The diameter
of the tube is 1 cm.

8. A glass tube open at the top and containing water is gradually
tilted, none of the water being spilt, until the pressure at the foot of
the tube due to the water is diminished by half. What is then the
inclination of the tube to the vertical ?

4. Find the total pressure in grams weight on a triangle of area 8 sq.
cm. whose corners are at depths 4, 5, and 6 cm. in water.

5. A cistern is full of water. What is the ratio of the thrust on the
upper half of one side to the thrust on its lower half ?

6. A canal lock gate is 14 ft. wide and 9 ft. deep. Find the magni-
tude and line of action of the thrust on one side of it, given that the
water is level with the top and that the density of water is 624 Ib. per
cu. ft. Express your answer in tons weight. ’

7. The cross-sectional area of the small plunger in a Bramah press
is 1 sq. inch, and that of the large plunger 100 sq. inches. The lever
handle gives a mechanical advantage of 5. What is the force exerted
by the ram, when a force of 1 cwt. is applied to the handle ?

8. The two plungers of a hydraulic press have diameters of an
inch and a foot respectively. The downward force on the smaller
plunger is 56 lb. What is the force exerted by the ram ? If the
stroke of the smaller piston is 1} inches, through what distance has the
ram moved after 10 strokes ?



CHAPTER IX

ATMOSPHERIC PRESSURE—BOYLE’S LAW

Torricelli’s Experiment.—In 1643 Torricelli, a pupil of Galileo,
took a glass tubc closed at one end, about a yard in length and a
third of an inch in diameter, filled it
with mercury, stopped the open end
with his finger, and inverted the tubc
with the open end below the surface in
a vessel containing mercury. He then
recmoved his finger, and found that the
mercury descended in the tube, and after
a few oscillations remained stationary
with its surface at about a height of 30
inches above the surface of the mercury
in the dish (Fig. 78). If the glass tubc
was lowered into the mercury, or inclined
to the vertical, the difference in level
between the two surfaces remained the
same (Fig. 79). Obviously the space
between the closed end of the tube and
the upper surface of the mercury column
was a vacuum. It is referred to as the
Torricellian vacuum. If the tube is
lowered or inclined,
so that the head of ) o
the mercury column  ¥16. 78.—Torricelli’s
hits the closed end of experiment.

the tube, it does so with a characteristic click;
there is no air between to act as a cushion.
Torricelli concluded from the experiment,
that the mercury column was supported in
the tube by a pressure due to the atmosphere
acting upon the surface of the mercury in
the dish.

Pascal’s Experiments. — According to
Torricelli’s experiment the atmospheric pres-
sure is given by hgp, where & is the height of the mercury column

85
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and p is the density of mercury, 18:59 gm./c.c. If the mercury
were replaced by water, the column should be 13-59 times as
high, or about 84 ft. in height. Reasoning in this way Pascal
had a glass tube longer than 384 ft. filled with water and set up
vertically. He found his conclusion verified.

Also, since the pressure becomes less in a liquid as we ascend
in it, it occurred to Pascal that the atmospheric pressure should
be less on the top of a mountain. He accordingly got his brother-
in-law Perrier, who lived near Puy-de-Déme, a mountain near the
centre of France, to carry a barometer up this mountain. The
latter found that the height of the column diminished 8 em. for a
rise of 1000 metres. This decisive experiment was performed in
1648.

A simple way of demonstrating the pressurc of the atmosphere is
to fill a glass of water to the brim, and then carefully slide a sheet of
cardboard over it. If the glass is inverted, the water does not fall out,
for the upward thrust of the atmosphere on the lower side of the
cardboard balances the weight of the water.

The Mercury Barometer.—The pressure of the atmosphere is
not constant, but varies from place to place, and at any one placc
varics from day to day. In all its variations it seldom departs
more than five per cent. from its average value. The mercury

barometer is an instrument founded on Torricelli’s
experiment devised to measure these variations. It is
made in two forms, the siphon barometer and the
Fortin barometer.
The siphon barometer (Fig. 80) consists simply of
a |J-shaped tube, the longer limb of which is closed
and is about 90 cm. long, and the shorter limb of
which is open to the atmosphere. The atmospheric
pressure is given by the difference in level of the
mercury surfaces in the two limbs, and is expressed
usually as a pressure of so many inches or centi-
metres of mercury. The positions of the mercury
surfaces arc given by two scales. When the mercury
rises in the one limb it falls in the- other, and if the
diameter of both limbs of the tube is the same, the
increase in pressure is equal to twice the rise of the
mercury in the closed limb.
Sometimes the open limb ends in a kind of bulb,
Fie. 80.— and the free surface of the mercury has consequently
Siphon & much greater diameter than the diameter of the
barometer. closed tube. In this case the variations of level in
tmﬁopen limb are very small and are neglected.
In the Foftin barometer the tube is straight, and dips into a
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cistern containing mercury. The upper part of the cistern is of
glass (Fig. 81), and through the glass the surface of the mercury
can be seen. The lower part of the cistern is a
leather sack, B, which carries a wooden button C.
This wooden button rests on a screw, and by
turning the screw the bottom of the sack can be
raised or lowered, and consequently the level of
the surface of the mercury in the cistern altered.
A small ivory pin D is fixed to the top of
the cistern. Before taking a reading the surface
of the mercury in the cistern is adjusted, until it
just touches the point of this pin. The pin is
usually mirrored in the surface of the mercury, and
when the level is right, the pin and its image
just touch. ¢The vertical scale, which is usually
engraved on a metal tube surrounding the glass
tube of the barometer, has its zero at the point of
the pin.

ExamprLeE.—The tube of a siphon barometer is
7 mm. in diameter, and the open limb terminates in
a bulb, so that the free surface of the mercury has a
diameter of 20 mm. In taking readings of the daily
variations of the atmospheric pressure the change of
level of the open surface is ignored. What is the
percentage of the error involved ?

Let 2 em.=change in level of open limb when level in closed limb
changes 1 cm. Then

F1a. 81, —Fortin
barometer.,

72=2202, ic. 2=0'122
The correct change in pressure is therefore 1-122 cm, and the percentage
error involved is
%i—:z %X 100=10-9 per 'cent.

The Aneroid Barometer.—The mercury barometer, on account
of its size and the risk of spilling the mercury, cannot easily be
carried about from place to place. So, when a portable barometer
is required, another type of instrument, called the aneroid
barometer from the Greek words for * without liquid,” is used
instead of it.

The aneroid barometer consists of a shallow cylindrical box,
the upper surface of which is corrugated. It is exhausted of air.
The atmosphere presses on the corrugated surface, and the latter
rises and falls as the atmospheric pressure alters from day to day.
This motion is magnified by a system of levers, and communicated
to a pointer which moves round a dial. The dial is calibrated by
comparison with a mercury barometer, and so the pressure can
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be read on it directly in centimetres or inches of mercury. Fig. 82
shows the mechanism of an aneroid barometer. The rise and fall
of the top of the vacuum chamber is communicated directly to
the spring B, and thence by the levers C and D to the pointer F.
Aneroid barometers are often made as small as watches, and
this type is used for determining the heights of mountains. For
this purpose the dial is furnished with another scale, which reads
heights directly in feet (Fig. 83). This scale rotates round the
scale of pressures, and is clamped in position at the foot of the
mountain with its zero opposite the pointer. 'Then, if the atmo-
spheric pressure at the foot remains constant, as the mountain is

T Fii. 83.—Pocket aneroid
F1c. 82.—Aneroid barometer., with altitude scale.

ascended the pointer always registers the height climbed. The
rough rule is that for every 900 ft. the barometer falls an inch.

The barograph is an instrument for recording the fluctuations
of the barometer automatically on a chart. It consists of an
aneroid barometer and a cylindrical drum which carries the chart
and is rotated by clockwork ; the levers of the barometer actuate
a pen the point of which presses against the drum.

Barometers for domestic use have usually the words

Fair, ‘Change, Rain, Much Rain,
at 30-5, 29°5, 28-5, and 27-5 inches.

These are not to be regarded as absolute predictions, but must be
considered together with other factors such as direction of the wind,
temperat.ure, and the meteorological peculiarities of the place. But as
changes in the wind usually start in the upper regions of the atmosphere,
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and spread downwards, the barometer being affected by the weight of
the whole air above it gives early warning of these changes. And moist
air is lighter and generally warmer than dry air and causes the barometer
to fall. In Great Britain the barometer usually falls for rain and south-
west wind, and rises for dry weather and north-east wind.

The rise and fall of the barometer was discovered by Torricelli and
also by his contemporary Otto von Guericke ; the latter learned to
foretell storms by it, and so acquired the reputation of being in league
with the Evil One.

Standard Atmospheric Pressure.—By the words * standard
atmospheric pressure ”’ is understood a pressure equal to that given
by a column of mercury 76 cm. high at a temperature of 0° (.
on latitude 45° at the sea-level. 'T'o make the pressure decfinite
it is, of course, necessary to statc the temperature, since in the
expression Agp the density p varies with the temperature, and it is
necessary to state the place, since the value of g varies from placc
to place. At the place specified the value of g is 980:6 cm./sec.?
As has already been mentioned, the atmospheric pressure varies
about its standard value. Standard atmospheric pressure
=hgp—76 X 980-6 X 13-:596=1,018,250 dynes per sq. cm., or
approximately one million dynes per sq. em. On the ft.-Ib.-sec.
system this is equal to 14-7 Ib. per sq. inch. In meteorology a
pressure of onc million dynes per sq. cm. is called a bar; hence
standard atmospheric pressure is approximately
equal to 1013 millibars.

On the English system of units standard atmo-
spheric pressure is sometimes taken as 80 inches,
"This equals 76:2 cm. and differs slightly from the
other definition.

The Magdeburg Hemispheres.—If the atmo-
sphere is pressing down on us with a pressure of
147 lb. per sq. inch, the question arises as to why
hollow bodies are not crushed by such a pressure.
Why is the lid of a cardboard box, for example,
not crushed in by this pressure ?- The answer is,
because the air inside the box has the same
pressure as the air outside it. But for this the box
would collapse at once. In a celebrated experiment
made at Magdeburg by Otto von Guericke, the
inventor of the air pump, two metal hemispheres
of 22 inches diameter with flanged edges were
fitted together (Fig. 84), and the air pumped out.  Magdeburg
The force thrusting them together due to external hemispheres.
atmospheric pressure was then so great, that -it
is said that teams of horses were required to pull them apart.

In finding the pressurc on the base of the eylindrical vessel in
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Fig. 64 the atmospheric pressure was neglected. This is correct,
because the latter acts on both sides of the base. The pressure
_ inside the vessel at A (Fig. 85) is that due to
cf MF the column of liquid AB plus that due to the
air column BC extending from B to the upper
limit of the atmosphere. The pressure outside
the vessel at A is equal to that at D, which is
on the same level as A, that is, it is equal to
the pressure given by the air column DF ex-
tending to the upper limit of the atmosphere.
BH HE Since the weight of the air in the portion DE
can be neglected, the pressures due to the two
air columns are the same. Hence the excess
Al of pressure or resultant downward pressure
inside the vessel at A is that due to the column

Fig. 85. of liquid AB.

In the same way the thrust on the side of
a rectangular box containing liquid and the position of the centre
of pressure of the side are unaffected by the pressure of the
atmosphere, for the latter is the same in both directions.

Watt’s Hydrometer.—Fig. 86 represents Watt’s hydrometer,
which consists of an inverted |J-tube, the arms of which stand in
beakers containing different liquids. At the top
of the bend a piece of rubber tubing is attached,
by which air can be sucked out of the tube. When
this is done, the liquids rise above their levels in
the beakers. Let the heights reached above these
levels be &2 in  AB and &’ in CD, and let the
densities of the liquids in B and C be p and p’
respectively. Let P be the atmospheric pressure.
Then, since the pressure is the same inside the
tube at A as inside the tube at D, we have

P—hgp=P—h'gp’

T
o

which gives hgp=h'gp’
p_F
or o' h " Fic. 86.-Watt’s

. . hydrometer.
the same result as was obtained with the {J-tube

on p. 78, namely, that the densities of the liquids are inversely
as the heights of the columns.

If a {J-tube is set up in an erect position and half filled with
mercury, the liquid comes to the same level in both arms of the
tube. If the end of one arm has a piece of rubber tubing attached
and we blow into it, the mercury sinks in this arm, the difference
of level in the two arms in ecm. of mercury being equal to the
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excess of the pressure of the lungs over the atmospheric pressure.
Also, if the rubber tubing is connected to the gas supply, the
difference in level gives the excess of the pressure of the gas above

atmospheric pressure.

Boyle’s Law.—This law is stated as follows :

The pressure of a given quantity of gas varies
inversely as its volume, provided that the temperature
remains constant.

If p denotes the pressure and v the volume,
the law may be stated as p varies as 1/v, or

pu=c

where ¢ is a constant. Let m denote the mass of
the gas and p its density. Then p=m/v,v=m/p, and

Mee or p=-—
P, = P=,p

Hence we may state the law in the alternative form:
The pressure of a gas varies as its density,
provided that the temperature remains constant.
Boyle published a work proving the law in
1662. Fig. 87 represents one of the arrangements
he used. A long glass [J-tube was set up verti-
cally, one of the limbs of which was much shorter
than the other; the end of the shorter limb was
closed and the other end was open. Mercury was
poured in at the open end, so as to enclose a
column of air AB. The pressure is the same at the

A

Kig. 87.—
Boyle's tube.

two points B and C on the same level ; hence the pressure of the
enclosed air is that due to the atmosphere plus that due to
the column CD. Various quantities of mercury were poured into
the tube, and the corresponding positions of B and D noted.
The following table gives the results of onc of the experiments :

Pressure. Pressure.
AB CD T T AB CcD e | T
,E:gail Theoretical.] El’m%‘:} Theoretical.

12 0 207, 202 | 51 | 324 614 603
114 17, | B0M 300 | 5§ | 84k 64 63,6,
11 2i8 | 8114 3134 51 | 87k 677, 6
104 a8 | 334 334 5 418 | 70} 70
10 65 | 358 35 4p | 45 747 781}
o} 743 | 87 36? af | a8y | ik L2

D 107 | 394 28 af | saih | 82 82
84 | 128 | 413y ap | s 584, | 87 87

8 150 | 447 43} 33 | 63§ 93 93}
T | 178§ | 41 46} 3f | 7g | 1007, 090§

7 218 | 50 50 3f | wi | 1o1if | 107y
6} | 257 | 541 581 | 3 887, | 117% | 116

6 2033 | 58 583
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The first column gives AB, the length of the air column,
measured in inches. This was proportional to the volume of the

. air. The second column gives
3 CD, and the third was obtained
E by adding 29:%, the height of the
1 bharometer in inches, to the second;
it gave the pressure of the air in
inches of mercury. The fourth
column is what the pressurc
should have been, if the law were
strictly true. It will be observed
from the maximum valuc of CD)
in the table, that the tube must
have been about eight feet long.
The agreement is not good accord-
ing to modern standards, but the
results are, of course, of historic
interest.

Fig. 88 represents a form of
apparatus much used in schools
for verifying Boyle’s Law. The
two glass tubes can be fixed in
different positions on opposite
3 sides of a vertical wooden scale.
Ve 88.— Their lower ends are connccted
Boyle’s law by a piece of rubber tubing. The
apparatus.  verification is carried out in the

same manner as with the (J-tube
already described, but this apparatus has the
advantage over the |J-tube, that the volume
is altered by altering the relative position of
the two tubes. It is not necessary to pour
in more mercury. Also it can be uscd for
pressures below as well as above atmospheric
without changing the quantity of mercury in
the apparatus.

Fig. 89 represents an arrangement known -

as Mariotte’s apparatus, which is used for
verifying Boyle’s Law for pressures less than
atmospheric. It consists of a tall glass
cylinder containing mercury into which dips
a straight glass tube BC closed at its upper
end and about 86 inches long. The tube BC

WC

Frc. 89.—Mariotte’s
apparatus.

is first filled about two-thirds full of mercury; then the end is
closed with the finger and it is inverted with the end below the
surface of the mercury at B. The pressure of the enclosed air is
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then less than atmospheric by the height of the column AB. The
tube is lowered into the cylinder, and corresponding lengths of
AC and AB measured ; the length AC is found to vary inversely
as the pressure.

Boyle’s Law is called Mariotte’s Law on the Continent, because
Mariotte announced the discovery of the law fourteen years after
Boyle, without, it is said, being aware of Boyle’s work; it is,
however, not certain that his discovery was an independent one.

Accuracy of the Law.—Since Boyle’s time the law has been tested
for different gases over a wide range of pressures. The most extensive
range was that employed by Amagat, who worked up to 3000 atmo-
spheres. To produce the pressure he used a steel tube which extended
up the shaft of a coal mine to a height of 830 metres. A pump was
employed to force mercury in at the lower end of the tube, until it
began to run out at one of a series of stopcocks which were inserted at
measured intervals up the tube.

The result of these investigations has been to show that the law is
not absolutely true. Gases are not compressible enough at very high
pressures, and different gases behave differently as regards their
deviations from the law. The permanent gases obey it best. As an
example of the magnitude of the deviations from it the case of hydrogen
may be cited ; when the pressure of this gas is increased from 1 to 1000
atmospheres, the product pv instead of remaining constant increases
continuously to one and three-quarter times its initial value.

“ Short Mercury Column.”’—This is the name given to a
simple experiment which is often performed as an illustration of
Boyle’s Law.

A thin tube of soft glass of about 2} mm. internal diameter is
taken, and a thread of mercury drawn into it. One
end of the tube is then sealed off in the bunsen flame.
The tube is next held erect in the two positions shown
in Fig. 90, first with the closed end A up, then with
it down. The tube is narrow enough to prevent the
column from breaking, but wide enough to permit of F
the easy motion of the column as a whole up and
down it. Let P be the atmospheric pressure. When 8
the closed end is up, the pressure on the enclosed air E
is equal to P less the pressure due to a column of
mercury BC high, and the enclosed air consequently €
expands. When the closed end is down, the pressure
on the enclosed air is"equal to P increased by the 0
pressure due to a column of mercury EF high, and  Fic. 90,
the enclosed air contracts. ‘Its volume is proportional
to the length of the air column. Hence, applying Boyle’s Law,

(P—BC)AB=(P-+EF)ED
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. . _ BCxAB+4+EFXED
which gives P= AB_ED

__ BC(AB-ED)

~ AB—ED
since EF=BC. If the lengths AB, BC, and ED are measured,
P can be calculated to about } cm. of mercury.

Diving Bell.—The diving bell is a heavy
iron vessel open at the bottom, which is
lowered into water and used for laying the
foundations of piers and similar work. In
former practice it took down with it only the
air which it contained when above the surface,
and when it reached the bottom, the water
had risen inside it, as shown in Fig. 91. The
pressure is the same at the two points A and
B on the same level, and the pressure of the
air inside is greater than atmospheric pressure
by that due to the column BC. Hence, if H is
the height of the water barometer, it follows
from Boyle’s Law, that

volume of air H

volume of bell ~ H+BC
and if BC is 17 ft., the water will have risen
one-third of the way up the bell.

Nowadays air is pumped into the bell from the surface through a
tube. Besides giving the workmen fresh air this arrangement forces
down the level of the water to the bottom of the bell ; then the air
escapes in a stream of bubbles to the surface.

Height of the ‘“ Homogeneous Atmosphere.’’—Since the pressure
at a point in the atmosphere is due to the weight of the superincumbent
air, it decreases as we ascend. On the top of Mont Blane (15,781 ft.)
it is only 88 cm. According to Boyle’s Law the density is proportional
to the pressure, if the temperature is constant. Hence, if we neglect
the difference of temperature, the density of the air at the top of Mont
Blanc is only half as great as the density of the air at the foot. Thus the
density diminishes as we ascend, and there is no definite limit to the
atmosphere corresponding to the surface of a sheet of water. A balloon
carrying instruments only has gone up as high as 19 miles, and there
is sufficient air at a height of 45 miles to reflect the rays of the sun at
sunset.

Let us, however, assume that the atmosphere has the same density
the whole way up and then ceases abruptly, and apply the same formula
for the pressure at the foot as holds for a column of water, namely
p=hgp. If we substitute in this formula, p =76 cm. and p=0-001293
gm./c.c., its value for air at 0° C. and a pressure of 76 cm., we obtain

p B _76x186 x'981-0
~ gp ~ 981-0 x0-001298 °™
=approximately 8 km. or 5 miles.

Fia, 91.—Diving bell.
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This result is known as the height of the homogeneous atmosphere. It
is the height of a hypothetical atmosphere of constant density, which
would give the same pressure and density on the earth’s surface, as the
rq;)a.l atmosphere does. The tops of the Himalayas would project
above it.

ExamprLE.—The tube of a barometer has a cross-sectional area of
1.cm.2, and when the column stands at 74 cm., 2 c.c. of air at atmo-
spheric pressure are passed up the tube. How far is the surface of the
mercury depressed, if initially it was 10 cm. below the closed end of the
tube ? The tube stands in a dish containing mercury the level of
which is not affected appreciably when the air enters.

Let ® cm,=depression of surface. Then @ represents the pressure
of the enclosed air. Its volume is 10+4a. llence, applying Boyle’s
Law,

2 X 74 = (10+x)e
x:-L102--148 -0
which gives ¢ --8:15 cm., the other root being inadmissible,

Force exerted by a Jet.—Hitherto we have considered only the
pressure due to stationary columns of liquid or gas.  We shall now
consider the pressure due to a moving column.

Let us supposc that a horizontal jet of liquid of density p
impinges against a metal plate with velocity v (Fig. 92), that the

-<—U

) D)
R )

-~
Fie, 92, Fia. 93.

cross-sectional area of the jet is ¢, and that after impact the jet
flows off in a dircction parallel to the surface of the plate. Then
in one second a column of liquid -of length v reaches the plate.
Consequently the mass arriving per second is pav. Its momentum
is pav?. This momentum is destroyed by the plate. Thus the
rate of destruction of momentum per second is pav?, and this is
the force exerted by the jet on the plate.

If the surface of the plate is curved, as in Fig. 98, so that the
liquid slides round it and leaves with a velocity v in the direction
opposite to that in which it arrived, in addition to the momentum
destroyed momentum is created in the reverse direction at the rate
pav? per second. Hence the force on the plate is in this case
2pav?. In the Pelton wheel, which has replaced the old-fashioned
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water-wheel for so many purposes, the blades consist of cup-shaped
pockets which give the water a velocity in the direction opposite
to that in which it arrives.

Let us suppose now that instead of a jet of water we have a
horizontal stream of air directed against a plane the surface of
which is inclined
at an angle 6 to
the horizontal
(Fig. 94). In this
case the air after
impact flows along
the surface of the
plane as shown in
the figure, so that
if AB represents
thc  momentum
incident per second, it is only the component AC which is destroyed.

_AC consequently represents the forcc exerted on the plane in
magnitude and direction. Its magnitude is pav2 sin §. It has a
horizontal component pav? sin2 6 called the drift and a vertical
component pav? sin 6 cos § called the lift. The drift tends to
push the plate backwards in a horizontal direction, the lift to
raise it vertically.

Fig. 94 gives the action of the wind on a Kite. The force
exerted by the string, not shown in the figure, has two com-
ponents, a horizontal and a vertical one. The horizontal one
neutralises the drift ; the vertical one and the weight of the kite
together neutralise the lift.

Fig. 95 is a plan of a lug-sail boat sailing across the wind, the
direction of the latter being represented by the line WA. We
shall suppose that
after reaching the

sail, it slips along
the front of it
towards the stern ; w A - T

Fic. 94.

thus if AB repre- : -
C .

B

sents the rate at
which momentum
is arriving, it is the D
component CB F16. 95.—Action of wind on a sail.
which  represents
the rate at which it is destroyed and consequently the force on
the sail. Resolve this force into components CD and DB perpen-
dicular and parallel to the keel of the boat. Then the component
DB makes the boat go, while the component CD causes leceway.

If in Fig. 94 we superimpose on the diagram a velocity v
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towards the left, we get the casc of the aeroplane. The air in
front of the plane then receives momentum at rates represented by
AD and BA, i.e. at the resultant rate BD. Consequently DB
represents the force exerted on the planc by the air. This resolves
as before into the lift and the drift, the lift balancing the weight
and the drift being neutralised by the thrust of the propellers.
As the lift is represented approximately by pav?sin 6 cos 6 or
1pav? sin 26, it follows that the greater v, i.e. the faster the plane
goes, the smaller the angle which its surface must make with the
horizontal.

Torricelli’s Theorem.—If a hole be made in the side of a tank
containing liquid, as shown in Fig.
96, the velocity of efflux of the jet
is given by

v2=2gh
where 2 is the depth of the hole .
below the surface. The result is !
known as Torricelli’s theorem. H

It may .be proved very simply Y #B
from the principle of energy. For
suppose that the level of the surfacc \
is maintained by allowing liquid to
flow in at the top ; the liquid con- 16, 96.
sequently goes from A to B. Con-
sider a mass m. At A it is moving slowly and its kinctic cnergy
can be neglected. At B it is 3mv? Now the loss of potential energy
in going from A to B is mgh. Ilence equating potential energy lost to
kinetic energy gained,

mgh == {mv?

whence vi=2gh
The jet when it issues is not cylindrical in form. The
l\ stream lines converge inside the vessel, and this convergence
continues until a point is rcached where the cross-sectional
area of the jet is a minimum (Fig. 97). This part of the
jet is called the venu contracta. At the vena contracta the
jet is approxima¥ely cylndrical. The arca of the vena
contracta depends on the nature of the hole and on whether
¥i¢ 97— it is fitted with a mouthpiece or not; in the case of a
Vena simple circular hole in a thin wall the area of the vena
contracta, contracta is found by experiment to be about 0-62 times
the area of the hole. It is at the vena contracta that the

velocity is given by Torricelli’s theorem.

Exampres IX
1. The height of the mercury barometer is 752 mm., and the density
of mercury is 18-6 gm./c.c. What is the height of an oil barometer in
which oil of density 0-845 gn./c.c. is used ?
H
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2. A vertical tube closed at the top is full of water and its lower
end stands in water, the surface of the water being 10 ft. below the
closed end of the tube. What is the pressure of the water against the
top of the tube, given that the water barometer stands at 83 ft. ?

3. A man takes a pocket aneroid up a mountain. At the foot it
registers 29-0 inches, at the top 26-8 inches, but on descending to the
foot again he finds it gives 28-7 inches. He takes 3 hours to go up
and 14 to come down. What is the height of the mountain? - 2

4. A “sucker” consisting of a dise of leather 3 inches in diameter
with a string attached to its middle is moistened and stuck on the
pavement. With how many lbs. wt. does the atmosphere press down
on it ?

5. A U-tube is half filled with mercury and a piece of rubber tubing
attached to one end of it. A man blows into the tubing, and creates a
difference of level in the two limbs of the tube of 4 em.  What pressure
is he exerting in dynes/cm.? ?

6. Rewrite the first and second columns of the table on p. 91 in
decimals, and graph the reciprocal of the first against\the second.
Hence determine the atmospheric pressure.

7. The volume of a quantity of gas is 159 c.c. when the barometer
stands at 72 em. What is it at standard pressure ? At what pressure
would it have a volume of 200 c.c. ?

8. A piston is situated in the middle of a cylinder 12 inches long, and
therc are cqual quantities of air on each side of it. The piston is
pushed down until it is an inch from one end. What is then the ratio
of the pressures on the two sides ?

9. A tube 150 cm. long, closed at one end, is half filled with mercury
and is ghen inverted with its open end just dipping into a mercury
trough. No air escapes from the tube, and the barometer stands at
75 em. What is the height of the mercury inside the tube ?

10. A barometer has a little air in the space at the top of the mercury
column, and as a result reads 28 inches when it ought to read 29 inches,
and reads 29 inches when it ought to read 80-2 inches. What is the
correct value of the atmospheric pressure when it reads 29-4 inches ?

11. A column of mercury 8 cm. long is introduced into a thin tube,
and one of the ends of the|tube sealed off in a bunsen flame enclosing :
a quantity of air between this end and the mercury. After the tube
has cooled to the temperature of the room, it is suspended with its
closed end up, and the length of the air column is found to be 20-0 cm. ;
when it is suspended with the closed end down, the length of the air
column is 16-1 cm. Find the atmospheric pressure.

12. If in the previous question the atmospheric pressure had been
73 cm., the length of the mercury column 12 cm., and the length of
the air column 15 cm. when the closed end was down, what would it-
have been when the closed end was up ?

13. A cylindrical diving bell 8 ft. in height is lowered until the top
of the bell is 12 ft. below the surface. The height of the mercury baro-
meter is 30 inches. How high will the water rise inside the bell ?

14. A hole is made in the side of a tank containing water 40 cm.
below the surface. Calculate the velocity of efflux.



CHAPTER X
PUMPS

Air Pump.—The air pump is an instrument used for increasing or
decreasing the pressure of gas in a vessel. It was invented by
Otto von Guericke in 1650. It is
represented in its simplest form in
Fig. 98. R is the receiver or glass
vessel to be exhausted. It consists
of a bell-jar with a carefully ground
edge, which is smeared with lard,
and rests on a flat metal plate,
making an air-tight contact. T is
the tube connecting the recciver to
the pump; S is a stopcock. The g, 98 Simple air pump.
pump itself consists of a cylinder
in which a piston fits air-tight. There is a hole in the piston,
closed by the valve A, which opens upward. The end of the
tube from the receciver is closed by a valve B3, which also opens
upward, When the piston descends, the valve A opens, the
valve B closes, and all the air in the eylinder is forced out into
the atmosphere. On the upstroke the valve A closes, the valve
B opens, and some air is sucked out of the rcceiver through the
tube into the barrel of the air pump. On the next downstroke
this air is forced out into the

2 atmosphere.  And so on; cvery

SR .

,,,,,,,,,KQ NQrzzz double stroke of the piston removes
N

Pum M RECeVer  some more air, until finally the
pressure of the air left in the re-
F16. 99. ceiver is not sufficient to lift the

valve B.

The stopcock S is shown on a large scale in Fig. 99. As
shown in the diagram it is set for exhausting the receiver.
When the vacuum is as good as can be obtained, the stopcock
is turned through 90° in the direction of the arrow. This
closes the receiver and prevents air leaking into it through the
pump; at the same time it puts the barrel of the pump into
communication with the atmosphere. If the cock is turned

99
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to operate. It can reduce the pressure in the course of time to
the vapour pressure of mercury, about 0-0007 mm. of mercury at
room temperature.

*“ Hyvace *’ Pump.—This is one of the best modern pumps, and it is
used in the manufacture of wireless valves, X-ray tubes, and
incandescent lamps, as well as for experimental purposes. A is a rotor
mounted eccentrically on a shaft which passes through the centre of
the cylindrical casing (Fig. 102). C is a vane which moves in a vertical

(c)

F1G. 102.—Principle of Hyvae pump.

direction, and is kept pressed against the surface of the rotor by a
spring which is not shown in the diagram. The vessel to be exhausted
is connected to the inlet tube E. L is the exhaust valve, shown
diagrammatically.

When the rotor is in position «,
the whole space H is in communica-
tion with the vessel to be exhausted.
When position b is rcached, space H
has diminished in volume, and space
J has opened up behind it, and is in
communication with the vessel to be
cxhausted. H is further contracted
7 ! in position ¢, and in position d the

; i, [t air in H is compressed so much,
= that it lifts the valve and is pushed
=5 WY @ out. The same cycle is then gonc

{o

3

through with the air in J.

Usually two cylinders are con-
nected in series, the first raising the
pressure to an intermediate value
and the second to atmospheric

S pressure. Fig. 108 shows in outline

the arrangement of such a two-stage

Fic. 103.—Two-stage Hyvac pump. pump. The two rotors are on the

same shaft. They are immersed in

a cast-iron box filled with oil to prevent air leakage into the high

vacuum, and are rotated by an electric motor. Such a pump produces
an X-ray vacuum from atmospheric pressure in a few minutes.

vl
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Filter Pump.—Fig. 104 represents another type of pump, the
filter pump or water pump. It is usually made of glass. The
tube A is connected by a piece of rubber tubing to
a water pipe, and the side tube B by a picce of rubber A
tubing to the vessel to be exhausted. The water
issues from the glass nozzle C at a very high speed,
and escapes by the tube D carrying out some of the
air with it. Conscquently air is sucked in through 8
the opening B. The filter pump is never employed
when a good vacuum is required, but it is convenient
and economical, working without any attention at [C
all.

Compression Pumps.—So far we have deseribed
only exhaustion pumps. The  mechanical pump
represented in Fig. 98 acts as a compression pump, it g
the valves A and B are arranged so as to work the k. 104~
other way, so that A closes on the downstroke and Filterpump.
B closes on the upstroke. )

The commonest example of a compression pump is the bieycle
pump. In this pump the piston consists of a cup-shaped piecc of
leather clamped to a piece of metal of slightly smaller diameter
than the barrel. When the piston forces the air into the tyre, the
leather is pressed up against the side of the barrel, and so the air
does not pass it. When the piston is drawn back, the leather
Jeaves the side of the barrel, allowing the air to pass. The
arrangement is called a cup valve. There is no other valve in the
pump, the other valve necessary to the working of the arrange-
ment being on the tyre. The pump is not an cflicient one; 1n
addition to leakage in the valve and the conneeting tube there is
the loss duc to ‘“untraversed space,” that is, duc to the piston
not sweeping out the air in the connecting tube.

Fig. 105 shows a section of the valve of a bicycle tyre.

C The air entering at A forces up the rubber tubing at B
and passes into the tyre at C. But the air in the tyre
B presses the rubber tubing against the opening at B, and

so cannot get out. In some pumps a piece of oiled silk
is stretched across an opening, and is raised by the air
in much the same way as the rubber is raised in the

bicycle valve. Sometimes a valve consists of a small
. . steel ball resting in a conical cup with a hole in its
FiG. 105.

bottom.

Common Suction Pump or Lift Pump.—Fig. 106 represents
the lift pump which has been used from ancient times for raising
water out of wells, ete. A represents the level of the water in the
well.  From A a vertical pipe AB leads to the barrel of the pump.
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At B there is a valve opening upwards ; at C there is a valve in
the piston also opening upwards.

F1G. 106.—Lift

pump.

Initially the water stands at the same level
at A both inside and outside the pipe. During
the first strokes, therefore, the pump acts as an
air pump, removing the air from the pipe AB
and sucking up the water, until it reaches the
barrel of the pump. Then on the downstroke
the valve B closes, and C opens; consequently
the water passes from below to above the piston.
On the upstroke the valve B opens and the
barrel fills again with water, while the valve C
closes, and the water already above the piston is
lifted up and escapes by the outlet at D.

Since the pump acts at first by creating a
vacuum in the barrel and so letting the atmo-
spheric pressure force the water up the pipe AB,
the pump should not work if AB is greater than
34 ft., the height of the water barometer. Owing
to mechanical imperfections the limit is less
than this, namely about 28 ft. Pouring in a
little water at the top makes the valve C and
the contact between the piston
and the side of the barrel more

air-tight, and assists greatly in starting the pump.

Force Pump.—Fig. 107 depicts the force
pump. It differs from the suction pump in having
no valve in the piston, in having the outlet at the
foot of the barrel, and also in having a valve D
opening outwards at the outlet.

Initially the pump works as an air pump,
until the level of the water reaches the barrel.
Consequently it is subject to the same limitation
us the suction pump, i.e. AB must be less than the
water barometer. Then, when the water reaches
the barrel, on the downstroke the valve B closes
and D opens, and the piston forces the water up
the tube DF ; on the upstroke D closes, B opens,
and the barrel fills with water. ’

The force pump is used when the water has to

be delivered at a point higher than the position of g, .- 107.-_'};

the pump itself, as, for example, in the case of
the fire engine. The latter consists of a double-

I>

oree

pump.

barrelled force pump, the downstroke in the one barrel corre-
sponding to the upstroke in the other. It is capable of forcing

a jet of water to the top of a high building.
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ExamrLr.—The radius of the barrel of a lift pump is 3 inches. The
piston is 15 ft. above the surface of the water in the well, and the height
of the column of water above the piston is 2 ft. Find in lb. weight
the force necessary to sustain the piston in its position.

Let x be the height of the water barometer. The pressure on the
under side of the piston is equal to a head of 2 —15 ft. of water. The
pressure on the upper side is equal to a head of x4-2 ft. of water. The
difference of pressure is (z-+2) —(x —15) =17 ft. of water. The force is

17 X 62-4 X m(})2 =208-3 Ib.

Siphon.—The siphon is an arrangement for draining off the
upper layers of liquid in a vessel without disturbing the lower
layers, or for emptying a vessel that cannot be overturned. It
consists of a bent tube, one arm of which is longer than the other.

Let us suppose that it is to be used for removing water from
the vessel in Fig. 108. It is first filled with water, the ends
being closed with the fingers, and placed in
the position shown in the figure. The ends
are then opened, and a steady strcam of
water flows through the tube from A to D.

In order to understand the action of the
siphon consider two points B and C in the
tube at the top of the bend. Let & be the
height of B above the level of the surface at
A, let b be the height of C above the level of
the surface at D, let II be the height of the
water barometer, and suppose the liquid in
the tube for an instant at rest. Then the
pressure at B calculated from the end A is ==
[ —hk cm. of water, while the pressure at € I'i¢. 108.-- Siphon.
calculated from the end D is H—L" in em.
of water. If we consider the clement of liquid between B and
(!, the pressurc on the end B exceeds the pressure on the end €
by (H~-h)—(H—2') or b’ —h. THence the liquid will flow from
B to C and down to D, while the atmospheric pressure forces more
liquid into the tube at A. Thus a steady strecam is maintained.

The siphon works as long as L is greater than k. Also it is not
necessary for the end D to dip below a surface of water; the water
mnay issuc from D as a jet. In that case 2’ is measured from the
end of the tube. The siphon would not work if & were greatei
than H, for in that case a vacuum would form at the top.

M‘Leod Gauge.—7The M‘Lcod gauge is a pressure gauge used for
measuring low pressures, such as exist in an electric light bulb. It
consists of a glass bulb (Fig. 109) to the top of which is joined a
narrow bore tube B sealed at the end. The tube CD leads to the vessel
the pressure in which is to be measured. At the lower end of the tube
CE is attached a rubber tube which communicates with the mercury
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reservoir F. The volume V of the bulb and narrow tube from C to

the closed end is known from a previous calibration, as are also the

D volumes of the narrow tube between the graduations
on the scale.

Let us suppose that the reservoir is raised
slowly, until CB is just sealed off. The product of
pressure and volume for the gas in CB is then pV,
where p is the pressure to be measured. The
reservoir is then raised further until the mercury
occupies some such position as that shown in the
Fig. The volume v occupied by the enclosed gas is
now very much smaller. Let & be the difference in
level of the mercury in the two tubes. The pressure
of the gas in the tube D is practically unaltered by
the change, since the additional volume occupied
by the mercury in that tube is small compared
with the volume of the vessel sealed on at its end.
Hence the pressurc of the gas imprisoned in the
narrow tube is now p--h, and the product of its
pressure and volume is (p+h)v. Consequently by
Boyle’s law

pV=(p+h)p

Fic. 109.— hv

M‘Leod gauge. ~ Whence P=y

ExamrrLes X

1. To what fraction of its original value has the pressure fallen in
a theoretically perfect air pump after 10 strokes, if the volume of the
receiver is four times that of the barrel ?

2. After five complete strokes the density of the air in the receiver
of an air pump is % of its original value. What is the ratio of the
volume of the receiver to the volume of the barrel ?

3. The receiver of an air pump has a volume of 1400 c.c., and it
contains air of density 0-001293 gm./c.c. at normal pressure. The
pump is worked until the density of the air is reduced 30 per cent.
Find the mass of the air removed.

4. Air is forced into a vessel by a compression pump, the barrel of
which has [}, the volume of the vessel. Calculate the density of the
air in the vessel after 15 complete strokes.

5. The tube of a lift pump is 6 yards high. The cross-sectional
area of the barrel is 12 times that of the tube, and the length of stroke
of the piston 18 inches. To what height will the water be raised in
the tube by the first upstroke ? The air inside the pump is originally
at a pressure of 30 inches of mercury, and the piston is originally at
the foot of the barrel.

6. Would a siphon flow in a vacuum ?

7. In a M‘Leod pressure gauge V==50 c.c. ; in measuring the pressure
in an exhausted vessel & was 6 mm. and v was 0-3 c.c. Find the
pressure,



CHAPTER XI
PRINCIPLE OF ARCHIMEDES—SPECIFIC GRAVITY

The Principle of Archimedes.—ILct us supposc that a liquid
is at rest and that a certain portion of it, bounded by the closed
surface P indicated in Fig. 110, suddenly becomes rigid without
change of density, i.e. suddenly becomes
a solid. Then this solid is still in equi-
librium with the rest of the liquid. Now
it is acted on by (i) its own weight verti-
cally downwards; (ii) all the pressure-
forces exerted by the rest of the fluid at - =
right angles to 1ts surface and indicated Fig. 110.

by the arrows in the diagram. Since the

solid is in cquilibrium, these pressure-forces must have a resultant
cqual and opposite to the weight.

Let us suppose now that the solidified liquid is removed, and
that in its place we have a solid body of exactly the same shape.
Then the pressure-forces on its surface are the same as on the sur-
face of the solidified liquid. Consequently the liquid exerts
an upward force on it equal to the weight of the liquid it displaces.
If it is heavier than the liquid it displaces, it will sink, and if it
is lighter than the liquid it displaces it will float.

Let us supposc now that the portion of liquid which becomes
solidified is bounded partly by the surface of the liquid (Fig. 111).
The resultant of all the pressure-forces
cxerted by the rest of the liquid on the
solidified part is still equal and opposite to
its weight. If wec suppose the solidified
part replaced by a solid body, which has
exactly the same shape below the surface

Fig. 111. of the liquid as the solidified part has,

then the upward force exerted by the

liquid on the solid is equal to the weight of the solidified part, i.e.
to the weight of the liquid it displaces.

We arrive therefore at the following result :

If any body is wholly or partially immersed in a fluid, it is acted
on by an upward force equal to the weight of the fluid it displaces.

107
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This result is known as the principle of Archimedes. It is
a consequence of the laws of fluid pressure.

It is said that Hiero, tyrant of Syracuse, ordered a gold crown, but
suspected that the goldsmith had used silver as well as gold in its
composition. He asked Archimedes to discover if this were the case
without, of course, destroying the crown. Noticing the loss of weight
of his own body in his bath, when pondering on the subject, the
thought suddenly occurred to Archimedes that all bodies would losc
weight in this way. Hence the name of the principle. Having grasped
the principle he'had no difficulty in understanding the nature of
specific gravity and in determining its value for the crown.

Experimental Illustration.—The principle is illustrated
by a well-known class experiment in which two cylinders A and
& DB are used (Fig. 112); B is of solid brass, and
A is hollow and of such a size that B can just
fit inside it. B is attached by a hook to the
bottom of A, and A is suspended from one of
the arms of a balance. Weights are then placed
in the other pan until the balance is in equi-
librium. A vessel containing water is then
" raised from below, so as to immerse B com-
pletely, and the other side of the balance goes
down at once. When water is poured into A
so as to fill it to the top, equilibrium is once
more restored.

Thus the loss of weight experienced by B
when immersed in water is equal to the weight
of water contained by A, i.e. to the weight of
the water displaced by B.

The principle of Archimedes applies to gases
as well as to liquids. Thus all bodies immersed
in the atmosphere cxperience an upthrust equal
to the weight of air they displace. As the
density of air is small, being only 1-293 gm. per

Szt litre when dry, at atmospheric pressure and at
Fie. 112—Appa- (° C,, this upthrust can usually be neglected in
Theus for proving - oomparison with the weight of the body. The
principle of . -,
Archimedes, weight of large volumes of air is, however, by
no means negligible. Thus a room 14 ft. long,
9 ft. broad, and 10 ft. high contains under standard conditions
about 102 Ib. of air. It is the upthrust due to the weight of
the displaced air that causes balloons and airships to float.

ExaMpLE.—An electric light bulb has a weight of 50-92 gm. The
tip is broken off with a pair of pliers, and the weight of the lamp and
fragment is found then to be 51-15 gm. The lamp is next filled with
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water and its weight found to be 244-4 gm. Calculate the density of
air at the temperature of the experiment.

The volume of the air contained is 244-4 —51-15==1933 c.c.

Its weight =51-15—50-92-=0-23 gm.
Hence its density =0-00119 gm./c.c.

Buoyaney Correction.—In very accurate weighings it is necessary
to take account of the weight of the air displaced by the body.
The weighing is then said to be reduced to vacuo. Let W be the
true weight of the body, i.e. its weight in vacuo, and let w be the’
true weight of the counterpoising weights. Let D be the density of
the body, d the density of the weights, and ¢ the density of the air.
Then the volume of the body is W/D, the volume of the weights is
w(d, the weight of air displaced by the body is sW/D, and the weight
of air displaced by the weights is ow/d. Ior equilibrium

aW oW
Wop vy
a
w(l——d)
Hence W= p
-

. ' 1 ])
=10 -} G(I) ~d

since ¢ is small compared with D and d.

If, for example, a wooden cube of side 3 em. is weighed in air and
found to be 20:50 gm., and the weights are of brass of density 84,
then w=20-50 gm., d -8-4 gm. per c.c.,, D=20-5/27 nearly, e 0759
gm. per c.c., and ¢ —0-001293 gm. per c.c. Thus

1 1 1 1 )
- =-90+5 . 2 - — -
wo( D) 250 X 0001203 oo —
=0-0265(1-32 —0-12)
=0-0265 x1-20
—0-032 gm,
and the truc weight of the body is 0-032 gm. greater than the uncorrected
result. The density of the air at the time of weighing would probably
differ somewhat from the value taken above, but the difference would
not affect the result appreciably.

Specific Gravity. —~The density of a substance has already
been defined as the ratio of its mass to its volume. Thus if M
is the mass and V is the volume, the density p is given by

M

PV

On the c.g.s. system it is measured in gm./c.c., on the ft.-Ib.-sec.

system in lb./cub. ft., and its numerical value is different on the
two systems.

If, however, we compare the masses of equal volumes of two

substances, the ratio is obviously independent of the system of
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units used. The quantity of mercury which fills a bottle is 186
times as heavy as the quantity of water which fills it, no matter
what units are used, the ratio depending only on the nature of
the two substances. It is known as the specific gravity or
relative density of mercury.

The specific gravity or relative density of a substance is the ratio of
the mass of any volume of it to the mass of an equal volume of water.

Let V be the volume, M and M, the masses, and p and p,
the densities of the substance and water respectively. Then

M,

7
specifie gravity — %} = 131 ?zf
(o] __‘V_'() 3}

__density of substance
density of water

Since the density of water is unity on the e.g.s. system, the specific
gravity of a substance is numerically equal to its density on the
c.g.s. system. But the one quantity is a ratio with zero dimen-
sions and the other has the dimensions mass over volume. On
the ft.-1b.-sce. system the density of water is 62-43 Ib./cub. ft.
Hence applying the equation to the case of mercury
] density of mercury

136= 62:43
and the density of mercury on the ft.-lb.-sece. system is
136X 62-43-=849:0 1b./cub. ft. It is sometimes useful to
remember that 62:43 1b.=998-9, almost 1000, ounces.

In stating the specific gravity of gases it is usual to take
hydrogen or air as the standard substance.

Hydrostatic Balance.—The most obvious way of deter-
mining the specific gravity of a solid is by means of the hydrostatic
balance. This is an ordinary balance, over one of the pans of
which is placed a small wooden bridge or stool carrying a beaker
filled with water. The stool and beaker are arranged so that the
balance swings without touching either of them.

If the solid sinks in water, the beaker is removed, and the solid
is suspended by a thread from the hook that carries the scale
pan, so that it hangs above the stool, and its weight in air, a, is
determined. The beaker is then inserted so that the solid is
suspended in the water, clearing the side of the beaker, and the
weight of the solid in water, w, determined. The weight of the
water displaced is consequently @ —1w, and the specific gravity of
the solid is
. a
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If the solid floats in water, it is first weighed in air. Let the
result be a. It is then tied to « piece of metal sufficient to sink
it, and they are weighed together in water. Let the result be W.
The sinker is next weighed alone in water. Let the result be s ;
then s is greater than W. It is not necessary to know the weight
of the sinker in air. The solid alone has an apparent negative
weight in water equal to W—s. Thus the weight of the water
it displaccs is a-+s—W, and its specific gravity is

a

a+s—W
If the solid dissolves in water, it can be weighed in another liquid
of known specific gravity, and from its loss of weight in this
liquid, its loss of weight in water can be calculated.

The hydrostatic balance can also be used to determince the
specific gravity of a liquid. In order to do this we find the weight
of a solid first in air (a), then in water (w), and finally in the
liquid (I). The weight of water displaced is a—w, and the weight
of the liquid displaced a—I. The specific gravity of the liquid
is thus

a—l

a—w
"The solid employed should not have a high density, otherwise
a, w, and I do not differ much, and consequently the differences
cannot be obtained with such accuracy. The methods of the
hydrostatic balance can, of course, be used with the spring
balance. It is faster, but not ncarly so accuratc as the ordinary
arrangement.

Specific Gravity Bottle, or Pyknometer.--The specific gravity
bottle, which is shown in Fig. 113, consists of a
small bottle with a carefully ground-in stopper
which has a fine hole passing through it. It is
used for determining the specific gravity of a
liquid, or of a solid which is in the form of small
pieces or a powder, and so cannot be used with
the hydrostatic balance.

In determining the specific gravity of a liquid
the bottle is first dried and weighed empty, then
filled with the liquid, and the excess which escapes
through the hole in the stopper wiped off ; it is
then weighed again. The difference of the two Specific gravity
weighings gives /, the weight of the liquid con- bottle.
tained. The bottle is then emptied, dried, filled
with water and weighed. The difference of this weighing and
the first one gives w, the weight of water contained. The
specific gravity of the liquid is then simply !/w.
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In dctermining the specific gravity of a powder the bottle is
first weighed empty, then full of water, and the difference gives
2w, the weight of the water contained. It is next emptied, dried,
filled about three-quarters full of the powder and weighed again.
The difference of this weighing and the first one gives a, the weight
of the solid in air. The bottle is then filled up with water, care
being taken to get rid of the air bubbles clinging to the powder,
and weighed again. The difference of this weighing and the second
one gives ¢, the excess of the weight of the powder over the weight
of the same volume of water. Ilence a—e gives the weight of
the water displaced by the solid, and consequently
a
a—e
the specific gravity of the solid.

Variable Immersion Hydrometer.—1'hc variable immersion
Liydrometer or.common hydrometer is used in commerce for

measuring the specific gravity of alcohol, milk,
JD acids, and sugar and other solutions. One is shown
in Fig. 114. It consists of a glass tube with a
hollow bulb B in the middle and is loaded at the
foot A with mercury or shot, so as to float erect.
The stem is graduated. The greater the specific
gravity of the liquid, the higher the hydrometer
floats out of the liquid. The specific gravity is
given by the reading on thc stem at the point
where the surface cuts it.

Instruments of this type are graduated by immer-
sion in liquids of known specitic gravity. To obtain
great accuracy the stem would have to be incon-
veniently long. Mence they are usually supplied in
sets; for example, a sct might consist of seven
instruments, onc for each of the ranges 0-700-0-850,
0:850-1-000, 1-:000-1-200, 1-200-1-400, 1-400-1-600,
1:600-1-800, 1-800-2-000. Also, since specific gravity
is determined usually for some special purpose, e.g.
for finding the percentage of alcohol in spirit, to
save calculation the hydrometer may be graduated
in percentage of alcohol, and not in specific gravity.

= Let V be the volume of the hydrometer below C, let
Fio. 114— @ be the cross-sectional area of the stem, and let & and
Hydrometer. &’ be the lengths of stem immersed when the instru-
ment is floated in liquids of density p and p’respectively.

Then by the principle of Archimedes the upthrusts are equal in the

two cases, and
AV +ha)=p'(V+h'a)
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11 Boh
This gives L —: =g __,,)

grves PPop Vip op

or L _1_ al—h)

p’p p(V+ha)

on substituting for p’. Hence the difference between the reciprocals
of the densities is proportional to the difference between the lengths
of stem immersed.

Nicholson’s Hydrometer. — This instrument is not very
accurate and is used mostly for instructional purposes. It con-
sists of a hollow metal cylinder B (Fig. 115) with
conical ends, terminated at its upper end by a thin
rod carrying a scale pan A and carrying at its lower
end anothér pan C loaded with lead. Hence it floats
vertically. On the upper rod therc is a mark, and
when in use the scale pans are always loaded, so
that this mark is in the surface.

Let & be the weight of the hydromecter. Then, B J§
in using it to determine the specific gravity of a i
liquid, it is floated in the liquid and weights [ are
added to the upper pan to sink it to the mark. It
is then floated in water and weights w added to
the upper pan to sink it to the mark. The weight
of the liquid displaced is k-l and the weight of
water displaced A-+w. The volume is the same in C

P . 3 i i iquid is Fie. 115.—
cach case. Hence the specific gravity of the liquid is N als

.’ ¢ +l hydrometer.
' h+w

In order to determine the specific gravity of a solid, the hydro-
meter is floated in water and weights w added to the upper pan
to sink it to the mark. The weights are then removed, the solid
placed in the upper pan, and weights ¢ added to sink the instru-
ment to the mark again. The difference w—a is obviously the
weight of the solid in air. The upper pan is again emptied, and
the solid next placed in the lower. If it floats, it is pled down.
Weights b are then placed in the upper pan to sink the instrument
to the mark again. The difference w—¥ consequently gives the
weight of the body in water, (1w —a)~(w —b), i.e. b—a the weight

of the liquid displaced by the solid, and

w—a

b—a

its specific gravity. o i )
The various formule for the determination of specifie gravity
should never be memorised, but, when a numerical result is wanted,

it should be worked out from first principles.
1
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Stability of Ships. -Let Kig. 116 represent a section of a ship
floating on an even keel. Then it is acted on by an upthrust due to
the weight of the water displaced. Let the magnitude of this be W.
1t follows from the reasoning of p. 107, that this upthrust acts through
H, the centre of gravity of the water displaced or eentre of buoyaney,
as it is called. When the ship is on an even keel, its weight acting
downwards through its centre of gravity G balances the upthrust of
the displaced water acting through H.

Let us suppose now that the ship is inclined, as shown in Fig. 117.
The upthrust of the water has still the same value W, but

|
'
1
'
i
]

Fi1c. 116. 16, 117.

the centre of buoyancy has shifted to the point H’, so that the line of
action of the upthrust intersects the original vertical in M. The
point M is called the metacentre of the s}gp. The weight of the ship
still acts downwards through G, so we have two parallel forces W,
one downwards through G and the other upwards through M. These
constitute a couple. Draw GZ perpendicular to H'M. Let 6 be the
inclination of the ship to the vertical. Then the moment of the couple is

Wx GZ=W.MG sin 6 =W.MGI

if 9 is small. 'The distance MG is called the metacentric height, and
the couple in this case tends to diminish 6 and is a restoring one.

If, however, the vertical H’'M intersects HG on
the other side of G, the couple tends to increase 6,
and is a capsizing one. The position of the meta-
centre is consequently of great importance for the
stability of the ship. Ifit is above the centre of
gravity, equilibrium is stable; if it is below the
centre of gravity, equilibrium is unstable. The
object of putting ballast in a ship is to keep the

Fic. 118. centre of gravity below the metacentre.

In the case of a submarine wholly immersed
(Fig. 118) the centre of buoyancy does not shift its position when the
ship is inclined, and obviously coincides with the metacentre. For
stable equilibrium it must be above the centre of gravity.
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ExamprLEs XI

1. A wooden sphere of diameter 4 cm. is weighed in air and the result
found to be 22:57 gm. The weights are of brass of density 8-4 gm./c.c.
Kind the weight of the sphere in vacuo.

2. According to the newspapers the Zeppelin L33 was 680 ft. long,
her envelope was filled with 2,000,000 cub. ft. of gas, and she weighed,
together with her equipment and crew, 50 tons. What is the lifting
capacity in tons weight of this volume of (i) hydrogen, (ii) coal gas ?
The density of hydrogen is 0-0899 gm./litre and the density of coal
gas 052 gm./litre.

3. Calculate in kg. wt. the upward force on a spherical balloon of
oiled silk which is filled with impure hydrogen of density 0-100 gm./litre.
The total weight of the silk envelope is 55-3 kg., and it weighs 200
gm./metre.?

4. A piece of metal weighs 31-57 gm. in air and 28-8 gm. in water.
What is its specific gravity ?

5. The weight of a solid in air is 29-05 gm., in water 1872 gm,,
and in a salt solution 18:01 gm. What is the specific gravity of the
salt solution ?

6. A piece of wax weighs 18:03 gm. in air. A piece of metal is found
to weigh 17-08 gm. in water. It is tied to the wax, and both together
weigh 15-28 gm. in water. What is the specific gravity of the wax ?

7. When 48-84 gm. are placed in the upper pan of a Nicholson’s
hydrometer, it sinks to the mark. When a piece of metal and 34-40 gm.
ure placed in the upper pan, it sinks to the mark. When the metal is
placed in the lower pan, and 36-01 gm. are placed in the upper pan, it
sinks again to the mark. Find the specific gravity of the metal.

8. A piece of wood is placed in the upper pan of the same hydro-
meter, and 36-29 gm. have to be placed in the upper pan to sink the
instrument to the mark. When the wood is tied to the lower pan,
55-5 gm. must be placed in the upper pan to sink the instrument to
the mark. What is the specific gravity of the wood ?

9. A Nicholson’s hydrometer weighs 226-60 gm. To sink it to the
mark in water a load of 67-36 gm. is necessary in the upper pan; to
sink it to the mark in a salt solution a load of 8372 gm. is necessary,
Find the specific gravity of this solution.

10. A specific-gravity bottle weighs 21:57 gm. empty, 69-90 gm.
when full of water, and 7417 gm. when full of a certain solution. What
is the specific gravity of this solution ?

11. A specific-gravity bottle weighed 21-57 gm. empty. Some lead
shot was introduced and the bottle weighed again. The weight was
found to be 226-:35 gm. The bottle was then filled up with water and
weighed again. The result was this time found to be 256-64 gm. The
weight of the bottle when full of water was 69-00 gm. Find the specific
gravity of the shot.

12." The specific gravity of ice is 0-918 and of sea water 1-08. An
iceberg floats with 1000 cubic yards of its volume above the surface.
What is its total volume ?

18. A ship displaces 10,000 tons of water and its metacentric height
is 2 ft. It is heeled aver through 5°. Calculate the restoring couple
in foot-ton units.



CHAPTER XII

PROPERTIES OF MATTER

Hooke’s Law.—Let us suppose that a copper wire, AB, 5 or 6
metres long, is suspended from a support on the wall, and that

%

Dl |A

Cc
Fic. 119.—
Apparatus fer
etermining
Young'’s
modulus.

a scale pan is attached to its lower end (Fig. 119).
Then if a weight is placed in the pan, the wire
increases in length, the incrcase in length being
proportional to the weight. If the weight is re-
moved, the wire returns to its original length. The
weight per unit area of the cross-section is in this
case referred to as the stress, and the increase in
length per unit length as the strain.

If the room becomes warmer, this rise in tem-
perature also causes an increase in length, and if the
scale K is fixed to the wall, part of the increase
observed may be due to the rise of temperature. It
is customary, therefore, in making the measurement
to hang the scale on a wire ED of the same length
and same material as AB, which carries a weight to
keep it tight. Then if a rise of temperature takes
place, both vernier B and scale FE: suffer the same
displacement, and any relative motion must be due
to the weights in the pan C.

Again, if one end of a stick is clamped down on
a table and a force applied to the other end (Fig.
120), the latter is displaced downwards through a
distance proportional to the magnitude of the force.

If the force is removed, the stick returns to its original shape.
In this case the force is called

the stress, and the displace- o
ment is called the strain.
Again, if a cube of india-
rubber is subjected to a
uniform pressure on all its

————
e ——

faces, it suffers a decrease in Fic. 120.
volume proportional to the
pressure applied, and returns to its original volume when the

116
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pressure is removed. The experiment might be carried out
by immersing the cube in water and subjecting the water to
pressure. In this case the pressure applied is called the stress,
and the change in volume per unit volume is called the strain.

It is the same in other cases when forces produce a displace-
ment of the various particles of a body relatively to one another.

The force producing the relative displacement of the different
parts of the body is called a stress, and the change produced is
called a strain.

And we always have the same law connecting stress and strain,
which was first given by Hooke in 1676, and runs as follows :

The strain is proportional to the stress producing it.

Hooke published the law as an anagram : ceiiinosssttuu. 'I'wo years
later he gave the key to the anagram, ut tensio, sic vis, and described
various ways of proving the law,

Elastieity.—In physics a meaning is attached to the word
“clasticity ’ quite different from its use in ordinary life.

Elasticity is that property of matter in virtue of which it resists
change of shape or change of volume with a force depending on
the amount of change produced.

There are thus two kinds of elasticity, elasticity of shape
and elasticity of volume. These arc synonymous in physics with
rigidity and incompressibility respectively, and the degree in
which a body possesses them is measurcd by two coefficients,
the rigidity modulus and the bulk modulus of elasticity. In
general, when a body is strained, they are both called into play,
but it is possible for the one kind of elasticity to be involved
without the other, and we shall proceed to consider thesc two
cases.

Shearing Strain.—Let us suppose that the unit cube ABCD is
acted on by equal forces P on four of its sides, as shown in Fig. 121.
, P ,  Then its shape is changed in the manner

A A — B B indicated. Every plane in it parallel to
the base is displaced relatively to the plane
below it, but the height and consequently
0 jP fP the volume is unaltered. An idea of the

D < C ‘a) I (b)

¥1¢.121.—Shearing strain. Fic. 122.—To illustrate shearing strain.

\

nature of the change may be obtained from Fig. 122, which represents
a pack of cards first piled in a rectangular block and then displaced
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with each card in the pack the same distance to the right of the one
below it. But once the pack of cards is displaced, it remains dis-
placed, whereas the cube in Fig. 121 springs back to its original shape
when the forces P are removed.

The strain represented in Fig. 121 is a pure change of shape. It is
called a shearing strain or simply a shear, and it is measured by the
angle 6. The rigldity modulus, which measures the resistance of
the body to change of shape, and is usually denoted by », is defined
by the equation

shearing stress P
n= shearing strain ~ 6

If the body is very rigid, the value of 6 produced is small, and con-
sequently n is large : the greater the rigidity, the greater the rigidity
modulus.

Pure Change of Volume.—Let us suppose that a cube of volume
V is subjected to a uniform pressure p per unit area on all its six
faces. Then all its sides contract to the same extent and there is
consequently no change of shape. Let v be the decrease in volume.
The bulk modulus of elasticity of the substance, which is usually
denoted by k, is defined by the equation

pressure P pVv

k= change of volume per unit volume ToVT v

The greater the resistance to compression, the smaller v, and consec-
quently the greater k: the greater the incompressibility, the greater
the bulk modulus.

ExAmpLe.—Water diminishes of its volume, when the

1
21,000
pressure on it increases one atmosphere. Find its density at the bottom
of a freshwater lake 200 metres deep.

One atmosphere corresponds to 76 X136 c¢m. of water=10-33

. 200
metres. Hence the pressure at the bottom is 1033 atmospheres,

and the diminution in volume per unit volume
200 1
10-33 * 21,000 ~0'000922

1:07550?2—2 or 1-00092 gm./c.c.

Young’s Modulus.—The elastic change easiest to investigate
is the increase in length produced in a wire by attaching a weight
to its end, and an experiment on this subject forms part of most
physics laboratory courses. The apparatus used is that repre-
sented in Fig. 119. Before starting the experiment sufficient
weight is placed in the pan to take slack out of the wire and make
it hang straight without kinks. Then the weight is increased
by equal steps to a maximum and decreased by steps of the same
magnitude to the initial value, and the scale reading at E taken

The density is thus
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for each weight. The readings for the way down should be the
same as for the way up, and when they are graphed against the
weight, the result should be a straight line.

By experimenting with wires of the same material but of
different lengths and different cross-sections, we can show that
the increase in length 7 is

(1) proportional to the force applied, F,

(2) proportional to the total length of the wire, L,

(8) and inversely proportional to the cross-sectional area of
the wire, A. Stating this result in the form of an equation

l—FL

T YA

where Y is a constant depending on the material of the wire.
This can be rewritten

. Y
B force per unit area
" increase in length per unit length

~i»> =

Y:

L

The quantity on the right is the stress divided by the strain, and
the constant Y is known as Young’s modulus of elasticity for the
material. It measures the resistance of the wire to stretching ;
the greater Young’s modulus for the material, the smaller is the
increase in length produced by a given fcree.

The increase in length is accompanied by a decrease in the
radius, and there is a change in the volume of the wire as well as
a change in its shape. Thus both kinds of elasticity are called
into play to resist the change, and it can be shown by reasoning
beyond the scope of this book, that Young’s modulus is connected
with the rigidity modulus and the bulk modulus of the material
by the equation

_ 9kn
T 8k+n

So far we have regarded the stress as the applied force causing
the strain, in this case the force per unit area applied at the lower
end of the wire. It is more properly the equal and opposite
force called into play to resist the strain, which acts throughout
the whole volume of the wire.

If the weights in the pan are increased beyond a certain limit,’
after their remoyal the wire no longer returns to its original
length. It is then said to be overstrained, and the stress beyond
which recovery is no longer complete is called its elastie limit.
If the stress is increased beyond the elastic limit, the yield
point is reached and the wire breaks. The quotient of the
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maximum weight which the wire can carry by its cross-sectional
area is called the breaking stress of the specimen.

ExaMpLE.—Young’s modulus for copper is 1-2x10!? dynes/cm.Z.
Calculate the increase in length of a copper wire 5 metres long and 1 mm.
in diameter, when stretched by a weight of 5 kg.

J_FL _ 5x10°x981 x500

=2-6 mm.

Viseosity.—If a jug of water is emptied upon the floor, it
flows away at once, but if a jug of treacle were emptied upon the
floor, it would take a long time to spread out. Liquids which
behave like treacle are said to be viscous, and liquids which
flow away rapidly are said to be mobile. Viscosity is a property
of fluids in virtue of which they resist change of shape, but the
resistance in this case is quite independent of the amount of change
effected, and when the deforming force is removed, the fluid
does not show any tendency to return to its original shape.

Fig. 128 represents liquid
flowing along a channel. If
we divide it into horizontal
layers, we find that thesc
layers are moving with
different velocities.  The
layer in contact with the

Fic. 124—Apparatus for measuring
F1c. 123, viscosity of a liquid.

bottom is at rest, the layer immediately above it is moving
slowly, the third layer from the foot is moving faster, and so on
until we come to the topmost layer moving with velocity v.
The velocitics of the different layers are represented by arrows
in the diagram, which is drawn for a very viscous liquid. In
the case of water the change from zero to the value v is completed
within a very short distance from the bottom. Thereafter the
velocity has the uniform value v the whole way up.

Each of the layers rubs against the layer above it, keeping it
back. Thus viscosity is due to friction between the particles
of the liquid. Viscosity is shown by gases as well as liquids.

Fig. 124 shows the arrangement usually ddopted for measuring the
viscosity of a liquid. A capillary glass tube is stuck through a cork
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and fixed horizontally in a hole in the side of a vessel filled with the
liquid. The volume of liquid which flows through the tube in unit
time is then measured. Let it be V : let ! be the length of the tube
and r its radius, anfl let p be the difference of pressure between the two
ends, 1.e. due to the-head AB, measured in dynes/ecm.2.  Then it may be
shown by reasoning beyond the scope of this book, that

!
V= 8ln
where 7 is a constant depending on the }jquid, which is known as its
coefficient of viscosity. 3:/ I ) |

Distinction between a Solid and a Liquid.—It is now
possible to go into the difference between the solid and the liquid
state with greater precision. A solid has been defined on p. 74
as a body with a definite shape and a liquid as having a definite
volume but no definite shape. While this definitior: is satis-
factory with regard to ordinary solids and liquids, there are
certain substances which are diflicult to place.

One of these is pitch. A picce of hard pitch breaks with a
glassy fracture and feels solid to the touch, but if given sufficient
time—months or even years—it flows, and takes up the shape
of the vessel in which it is placed. A very striking experiment
can be performed with it. If picces of wood are placed on the
bottom of a shallow glass dish, then a slab of pitch placed on the
top of the wood, and finally picces of lead on the top of the pitch,
it is found that in the course of time the wood rises into the pitch
and the lead sinks into it, and after months the lead rests on the
glass at the bottom while the wood has come to the surface. Pitch
is therefore a very viscous fluid : its apparent solidity is due to
viscosity and not to elasticity of shape.

Thus the distinction between the solid and the liquid state
is that a solid has both elasticity of shape and volume, whereas
a liquid has only elasticity of volume.

Molecules and Atoms.—There was much discussion in
ancient times as to whether or not matter is infinitely divisible.
Suppose, for example, a lump of copper is taken and divided
into parts, and each part divided into parts, can the process
be repeated an infinite number of times without the parts losing
the properties which the substance possesses in bulk, or shall
we come finally to a stage beyond which it is impossible to go?
This question has been decided by modern investigation. We
know now that matter is composed of very small particles called
molecules, much too small to be seen with the most powerful
microscope, and if we were to divide far enough, we would get
down to the molecules. Spaces exist between the molccules
and they are in constant motion. In gases they are relatively
far apart and travelling in all directions with high velocities.
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In a cubic centimetre of air under standard conditions there ar
about 27 x 108 of them. They strike and rebound off on
another, and the pressure which a gas exerts on the vesse
containing it is due to the bombardment of the side of th
vessel by the molecules. In solids and liquids the molecule
are much closer together, and thus the greater density of solid
and liquids is explained. In solids the molecules oscillate abou
a mean position, while in liquids they move through the bod
of the liquid. In solids and liquids the molecules knock agains
one another, but a force of attraction, molecular attractior
operates between them, and prevents them separating as fa
from one another as in the case of gases.

The evidence for the existence of molecules is partly chemics
and partly physical. In order to explain chemical combinatio
it is necessary to assume that substances are composed of mole
cules, and that molecules are made of atoms, the molecule bein
the smallest part of a substance that can exist in a free state an
the atom being the smallest part of a substance that can tak
part in a chemical change. Thus the molecule of common sal
is made up of one atom of sodium and one atom of chlorin
The physical evidence for the existence of molecules is take
principally from the behaviour of gases ; we do not demonstrat
their existence by any one experiment, but if we assume the
exist and work out the consequences, we obtain a natural explans¢
tion of all the phenomena connected with gases.

The fact that there must be spaces inside a liquid can b
shown by a very simple experiment. When 50 c.c. of water an
50 c.c. of alcohol are mixed together, the resultant mixture hs
a volume of only 97 c.c.

Molecular- Forees.—As has been mentioned, molecule
attract one another. This attraction is quite distinet fror
gravitational attraction; it is more powerful than the latter a
small distances, and exists in addition to it. The law accordin
to which it acts is not known, but molecular attraction i
only ‘“sensible at insensible distances”; we are accustome
to think of it as constant throughout a space surrounding th
molecule, known as its sphere of action, and to ignore it elsc
where.

The attraction which binds like molecules together is calle
cohesion, and that which binds molecules of different kinc
together adhesion. The forces holding a drop of water to a glas
rod or nickel plating to iron are examples of adhesion. Man
of the properties in which solid bodies differ from one anothe
their elasticity, tenacity, ductility, malleability, hardness, brittle
ness, etc., are due to differences in the cohesion between the
molecules.
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The tenacity of a solid is measured by the weight necessary
to break it, when in the form of a wire. The relative duetility
of two solids is tested by seeing which can be drawn into the
thinner wire, the malleability by seeing which can be hammered
into the thinner sheet, the hardness by seeing which will scratch
the other, and the brittleness by seeing which will break most
readily under a blow from a hammer.

Surface Tension.—Let MN be a water surface, and let A
be a molecule situated some distance below the surface. With
A as centre describe a
sphere with the range
of molecular attraction
as radius. We can
neglect the action on
A of the molecules
outside this sphere.
The molecules inside
the sphere are dis-
tributed equally all
round it, and there are
as many pulling one way as another. Consequently the resultant
molecular attraction on A is zero.

Consider now a molecule situated near the surface at B, and
with B as centre and the range of molecular attraction as radius
describe a sphere. The density of the eir molecules is so small
that their attraction can be neglected; hence the force duc
to the shaded part of the sphere is unbalanced, and there is a
resultant downward force on B. Consider now a molecule situated
on the surface at C, and describe a sphere with the same radius
round C as centre. The downward attraction of the whole lower
hemisphere is unbalanced, and hence there is in this casc a greater
resultant downward force on C.

There are similar forces on other molecules on or near
the surface. Hence any body of liquid which is free to take its
natural shape, must contract until it has the smallest surfacc
compatible with its volume, for the forces on the surface molecules
tend to pull them into the body of the liquid. The sphere is the
solid which has the smallest area for a given volume. Thus if
a body of liquid is freed from the action of gravity, it should
take the spherical form. ,

Owing to the tendency of the surface to contract every body
of liquid behaves as if it were surrounded by an elastic skin in
which there is a definite stretching force. This stretching force
is known as the surface tension of the liquid. Its presence is
very obvious in blowing a soap-bubble, for the process is exactly
the same as in blowing up a rubber balloon.
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It is owing to the action of gravity, that liquids do not more fre-
quently take the spherical form. If by means of a pipette a quantity
of oil is introduced below the surface of a mixture of alcohol and water,
which has been arranged to have the same density as the oil, it takes
the form of a sphere. The oil should be coloured to make the sphere
casily visible, and the experiment should be carried out in a vessel with
flat sides, otherwise the sphere will appcar distorted. In this case the
effect of gravity is eliminated.

If the body of liquid is small, the action of gravity may be neglected
in comparison with the surface forces. Hence rain-drops are spherical,

as are also the small drops which form when mercury is spilled on a
table.

Capillarity.— It was mentioned on p. 74 that a liquid
stands in a number of communicating vessels at the same level.

A B -

Pt el

‘ T

—— Y
Fii. 126.—Rise of water in capillary Fic. 127.- -Rise of water
tubes. between plates.

This is, however, not the casec when capillary tubes, or tubes of
small diameter, are used. For if a series of such tubes with gradu-
ally diminishing diameter arc arranged with their ends dipping
in water, as shown in Fig. 126, the level of the water is higher
in the tubes than outside, and the narrower the bore
of the tube the greater the height to which the water
rises. Also if two glass plates are arranged dipping
into water, pressed tight together at the end A and
with a separation of a millimetre or so at the end
B, as shown in Fig. 127, the water rises between the
plates, the rise being greatest where the separation
1s least. In these two experimentsthe water is usually
Fic. 5i9n, gcoloured })Iack to render the effect visible.. If mercury
fogether adht used instead of water, the surface is depressed
rod or nickelstead of raised, but to make the depression visible
of the propert Must employ a UJ-tube of the shape shown in
their elasticity,- 128- Also when a liquid rises the surface inside
ness, etc., are (tube is concave upwards, and when it is depressed,
molecules. wex upwards.
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To the phenomenon just described the name capillarity has
been given. It is caused by surface tension and it plays a large
part in everyday life. The rise of oil in a lamp wick, the
absorption of water by a lump of sugar or of ink by blotting
paper, the wetting of a whole towel by allowing one corner to
dip into water, are all examples of the process illustrated by
Figs. 126 and 127.

By experimenting on capillary tubes we find the following
results :

(1) Liquids rise in the tubes, if they wet them, but are depressed
in tubes they do not wet.

(2) The elevation or depression is inversely proportional to the
diameter of the tube.

Measurement of Surface Tension.—The elevation or depres-
sion of the surface in a capillary tube is easily explained by
means of the surface film, and gives us the simplest method
of measuring the numerical value of the tension existing in that
film.

If water is contained in a glass vessel, the surface of the water
does not meet the side at right angles, but curves up and meets
it tangentially as in Fig. 129. This is because
the glass attracts the molccules at C more than
the water does, or, in other words, because the
adhesion of water for glass is greater than the
cohesion of water for water. But if the vessel
contains mercury instead of water, the surface
bends down and mecets the glass at an angle of T
about 52°, as in Fig. 130, because the molecules B~
of mercury on the surface at C arc attracted Fra., 129.
more by the mercury than by the glass. This
angle is known as the angle of contact between glass and
mercury. The fact that the molecular attraction of glass for
water is greater than that of water for water, and that the

molecular attraction of glass for mercury is less
A than that of mercury for mercury, can be shown
by dipping glass rods into these two liquids and
then withdrawing them; for the rod withdrawn

C D from the water is wet, and the rod withdrawn

from the mercury is dry. .

Fig. 131 represents a section of a glass tube

8 with a narrow bore dipping into water. Owing
Fic. 130. to the surface rising to meet the glass it is concave
upwards inside the tube and the surface tension

pulls the water up the tube, so that the level is higher inside than
outside. Fig. 132 represents a section of a similar tube dipping
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into mercury ; here the surface inside the tube is convex upwards,
and surface tension depresses the level of the mercury inside the
tube.

Let r be the radius of the tube, A the elevation of the liquid
in the tube, and T its surface tension, and let us suppose that, as
in the case of water, the angle of contact is zero. Then the
cylindrical column of height % inside the tube is in equilibrium
under the action of its weight and the surface tension in the film
at the top.

The weight is equal to =r2hgp. The surface tension acts
vertically upwards at the top round the inside of the tube, where

Fic. 132,

the film joins on to the glass, a force T being applied to each em.
of the circumference. It gives a resultant force 27rT. Kquating,

2mr'T =mr2hgp

m__Thep
r= 2

If, as in the case of mercury, there is a depression % and an
angle of contact 6, the component of surface tension which acts
downwards is T cos 6, and the resultant downward force given
by it is 277T cos 6. This is equal to the weight of a mercury column
of height A, whence

whence

_ Thep
" 2cos 0

It will be noticed that according to the above formulae the
elevation or depression is inversely proportional to the diameter
of the tube.

In determining the surface tension of water by the above formula,
the tube is cleaned, and its bore obtained by drawing a thread of
mercury into it, measuring the length of the thread, and weighing it.
The tube is then fixed in a vertical position with its end dipping into
water, and the level inside the tube measured by a vernier microscope,
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To find the level of the surface outside the tube a pointer is fixed in
a vertical position with its end just touching the surface. The beaker
containing the water is then removed, and the level of the end of the
pointer measured. It is not possible to focus directly on the surface
owing to the film at its edge and the distorting effect of the glass.

KExampri. —The surface tension of water is 74 dynes/em. How
high should water rise in a capillary tube of 1 mm. diameter ?
, 27 2 X T4
We have h = rgp ~ 0-05 x 981

Further Examples of Surface Tension.-—If a needle is placed very
carefully on a water surface it floats, although its density is nearly
eight times that of water. If it is carefully observed, it is seen to rest
in a depression on the surface. The surface does not wet the needle,
so where the film joins on to the needle, the tension has an upward
component. This upward component supports the weight of the needle.
The ability of certain insects to walk on the surface of water is explained
in the same way.

If a camel-hair brush is dipped into water the single hairs project

—3:0 em.,

Fie. 133. Fic. 134. Fic. 135.

in all directions. But when it is removed, they are held together, as
if they were surrounded by a skin. .

If a metal ring is dipped into a soap solution, so as to form a film
across it, and if a loop of fine thread which has been previously wet
with the solution is laid on the film, it can be made to take up any
form such as A (Fig. 138). If, however, a hot wire is thrust through
the loop, the latter springs into the circular form B (Fig. 134), because
the surface tension now acts only on the outside of the loop, and the
area of the surface outside the loop contracts as much as possible.
This makes the arca inside the loop as large as possible, and the circle
has the largest area for a given perimeter.

Again, if a bent wire ABC (Fig. 135) is taken with a straight wire
DE resting against it and a film is formed in the enclosed space, it is
found that the film is able to support the wire and also a small weight
W. If T denotes the surface tension, the upward force exerted by each
side of the film is T xDE. Hence, if W is the total weight supported,

2T xDE=W
If a thin rectangular plate of glass such as u microscope slide is
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hung from one arm of a balance with its plane vertical and its long

edge touching the surface of water but not displacing any water, the

surface tension of the water acts down on it with a total force of 2T!

dynes, where [ is the length of the edge. Hence the weight on the other

arm of the balance necessary to produce equilibrium must be increased

by this amount. This affords a method of measuring T.

Excess of Pressure inside a Soap

T A D B T Bubble.—Let us suppose we have an

clastic band of breadth 1 c¢m. stretched

round a cylinder of radius r (Fig. 136).

Consider the equilibrium of the portion

AB subtending a small angle 20 at the

centre of the scction. Let p be the

pressure it exerts on the surface of the

cylinder, and let T be the stretching

C force in the band. The area of the

F16. 136. band is 20r: consequently, since 0 is

small, the resultant upward force on AB

due to the reaction of the cylinder is 20rp. This acts along CD. It is

balanced by the sum of the components of the forces at the ends in the
same direction. This is 2T sin 0, or 2T6, since 6 is small. Hence

20rp =210
l - Il‘
whence P=
Let us now suppose that the surface is a spherical one, and that an
clastic sheet is stretched round it. If we consider the equilibrium of
an area 1 cm. square, there arc stretching forces on all four edges.
Consequently in place of the above result we obtain
2T

T

This would also hold for a football bladder, where T is the tension in
the rubber. The latter acts throughout the body of the rubber.

If we pass to the case of the soap-bubble, there is a tension T on
both the inside and outside of the film. Fence the excess of pressure
inside is given by

4T
p=

Diffusion of Gases.—Fig. 137 represents a well-known lecture
cxperiment. A is a cylindrical porous pot of unglazed earthen-
ware, which is supported in an inverted position with a bent
glass tube BC fitted into a cork in its mouth. The pot contains
air; the glass tube contains coloured water, and initially the
level of the two surfaces B and C is the same. D is a glass jar
held over the pot.

If a rubber tube is connected to the gas pipe and gas introduced
below the jar, the gas, being lighter than air, ascends and dis-
places the air. At the same time the level at B sinks and the level
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at C rises, showing that the pressure inside the pot has increased.
If the glass jar is lifted, so as to allow the gas to escape, the
pressure inside the pot decreases to its

original value. D

The explanation of the experiment is as
follows : The pressure of a gas on a surface
is due to the impact of the molecules on
the surface. Let us suppose that we have
two gases on different sides of a surface,
both at the same temperature and pressure,
and that the molecules of the one gas are
lighter than the molecules of the other.

According to Avogadro’s law the two gases

have the same number of molecules per

unit volume. Consequently to produce the

same pressure the molecules of the lighter c

gas must move faster than the molecules of B

the other. This ensures that they strike

the surface both oftener and harder. In

the experiment in question the holes in the

earthenware take the place of the surface.

We have air molecules entering them from gy, 137, —Apparatus
the inside and gas molecules from the to show diffusion of
outside. The latter move faster and arrive gases.

oftener. Hence the number of molecules

and consequently the pressure inside the pot increases, until
the excess of pressure makes the outward flow equal to the
inward one. The experiment affords convincing evidence of the
motion of the molecules of a gas.

To the above process the name of diffusion has been given.
It takes place always when we have two gases meeting, and
removes inequalities of temperature and composition. A room
may be ventilated by the inward diffusion of the outside air in
the entire absence of air currents.

Diffusion of Liquids.—Let a tall glass cylinder such as is
represented in Fig. 188 be half filled with water. Then by means
of a thistle funnel let a strong solution of copper sulphate be
introduced into the bottom of the jar. This solution is denser
than water, and if the operation is done carefully, it takes up a
position below the water with a sharp surface of separation. Above
the surface the water is perfectly clear; below it we see the
bright blue of the solution. If, however, the jar is left to itself,
the surface becomes ill defined, and in the course of days the blue
passes up into the water. The copper sulphate has diffused
upwards into the water in opposition to gravity. We have
here a proof of the motion of the molecules of a liquid.

K
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There is a great difference in the rapidity with which substances
diffuse. The mineral acids and their salts diffuse comparatively

Fic. 138.—
Experiment
to show
diffusion of
liquids.

level B with a solution of the same strength,
no change in level takes place.
The experiment may be accounted for

rapidly in solution and are called erystalloids ;
substances such as sugar, starch, gum, albumen, ete.,
diffuse very slowly, and are called eolloids.

If a sheet of parchment or the bladder of an
animal is used as a partition in a vessel, with pure
water on one side and a solution of a crystalloid or
a colloid on the other, the crystalloid diffuses through
the parchment, but the colloid does not. Such
membranes are called semi-permeable membranes,
because they are permeable to the one class of sub-
stance but not to the other. They can be used as a
means of separating crystalloids and colloids from
a mixed solution. This method was introduced by
Graham and is called dialysis. The separation pro-
duced by dialysis is due to the size of the colloid
particles which are each aggregates of molecules too
large to pass through the holes in the membrane.

Osmotic Pressure.—Let a thistle funnel be closed
at its lower end with a piece of parchment, and
then immersed in water as shown in Fig. 139. Then
pour a strong solution of sugar into it, so that the
level is the same both inside and outside the funnel.
After a time water makes its way in through the
parchment, and the level A stands higher inside the
funnel. No sugar passes from
the inside to the outside. If,
instead of being immersed in
water, the funnel is dipped in a AN
sugar solution and filled to the

by assuming that the pores in the membrane
are of such a size, that they allow water to
pass through them, but stop the passage of
the large sugar molecules. The water mole-
cules pass through the pores both ways,
but a smaller number strikes the inner side,
since some of the molecules inside are sugar.
Hence on the whole there is a passage of
water to the inside and an accumulation
of water there.

Fic. 139.—Apparatus
to show osmosis.

If a piston is fitted to the inside of the funnel, the inward
diffusion of the water can be prevented. The pressure which
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must be applied to do this is called the osmotic pressure of the
solution, and the phenomenon itself is called osmosis. As many
of the membranes existing in animals and plants are semi-
permeable, osmosis plays a large part in physiology. Parchment
and bladder allow both crystalloids and water to pass, but there
are certain membranes, such as the gelatinous precipitate of
copper ferrocyanide, which allow water to pass and stop certain
crystalloids.

Absorption of Gases by Liquids and Solids.—If a beaker of
water is warmed, small bubbles collect upon its walls and rise to the
surface. These are air, as is shown by the fact that they do not
condense, when' they ascend through the colder part of the liquid. Thus
ordinary water contains air dissolved in it.

Soda-water is water which has been made to absorb carbon dioxide
gas. The absorption is produced by bringing the water together with
the gas at a high pressure. Whenever the pressure is taken off, the
gas passes rapidly out of solution, and it is to this that the elfervescence
is due. Generally speaking the amount of gas absorbed by a liquid
is proportional to the pressure of the gas, and decreases with the
temperature.

Some solids also absorb gases, particularly porous substances
such as charcoal. The absorption is selective, being greater in the
case of some gases than others, and it seems to be a surface phenomenon,
depending on the amount of surface the body possesses.

ExamprLEs XII

1. Calculate Young’s modulus for a steel wire from the following
data : Length of wire 497 cm.; diameter of wire 0-075 cm. ; elonga-
tion of 0-85 em. produced by a weight of 6300 gm.

2. If Young’s modulus for steel is 2 x10!% dynes/em.?, what weight
must be suspended from a steel wire 4 metres long and 1 mm. in
diameter to stretch it 1 mm. ?

3. A capillary tube has a diameter of 1-20 mm. It is dipped
vertically in water, and the surface rises to a height of 2:37 cm. inside
the tube. What value does this give for the surface tension of water ?

4. A glass plate is suspended from a balance with its plane vertical
and an edge 15 cm. long and 8 mm. wide touching the surface of water.
Given that the surface tension of water is 74 dynes/cm. find the apparent
increase in weight of the plate.

5. A soap bubble of 8 cm. radius is formed from a solution the
surface tension of which is 50 dynes/cm. Calculate the excess of
pressure inside in ¢cm. of mercury.

6. A glass tube 6 mm. in internal diameter is pushed vertically into
mercury. Taking the surface tension of. mercury as 547 dynes/em.
and the angle of contact as 52°, calculate the difference in level of the
mercury in the tube and outside the tube.

7. Will mercury ascend a lamp wick as oil and water do ?

8. How would you show that different substances diffuse at different
rates through the same liquid ? How would you explain the difference
and the fact that the rate of diffusion depends on the temperature ?
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CHAPTER I
TEMPERATURE AND THERMOMETERS

Temperature.—If a pot of cold water is placed on the fire and a
finger is dipped into it from time to time, we feel the water
gradually becoming hotter. We describe this by saying that
the temperature of the water is increasing ; the temperature of
a body is thus its degree of hotness.

We regard the change in temperature of the watcr as due to
something called heat passing from the fire to the water. The
reasons for this assumption will be made clear later. It is to this
flow of heat to or from our body that our sensations of hot and
cold are due. If we touch a piece of iron and a piece of wood on
a cold day, heat flows from the hand to them and they feel cold.
More heat flows to the iron than to the wood, because the iron
conducts away the heat better than the wood, and the iron con-
sequently feels colder than the wood, even though they are at
the same temperature. Thus we cannot compare temperatures
correctly by the sense of touch when we are dealing with different
substances.

If water feels cold to the hand, it is at a lower temperature
than the hand, and heat flows to it from the hand. Thus heat
flows from the body at the higher to the body at the lower tempera-
ture. It is on this fact that the accurate definition of temperature
is based.

One body 1is said to have a higher temperature than another
if, when they are placed in contact, heat flows from that body to the
other.

If we have two tanks containing water connected by a pipe
below the surfaces, water flows through the pipe from the tank
in which the surface is higher to the tank in which it is lower.
Thus if the heat in a body is compared with water in a tank, the
temperature of the body corresponds to the level of the surface
of the water.

185
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Thermometers.—As has already been mentioned, the hand
is an unreliable means of estimating temperature. Of two
equally cold bodies, that one feels colder which conducts away
the heat better ; also if the hand has been immersed in hot water,
tepid water feels cold to it, but if it has been immersed first in
cold water, tepid water feels warm to it. We consequently
employ instruments for measuring temperature.
Such instruments are called thermometers.

Bodies generally expand when heated, and the
thermometers in common usc measure tempera-
ture by the expansion of a quantity of liquid.
Fig. 140 represents the principle of the arrange-
ment. A flask fitted with a cork and capillary tube
is filled with water up to a point in the capillary
tube. A picce of paper is placed behind the tube
and the water is coloured, so that the level of its
surface is clearly seen. The flask is then im-
mersed in warm water; the glass expands and
so does the coloured water inside it. The latter
expands more than the glass does, so its level
rises in the capillary tube, and by the position
of the level we can measure the temperature of
the water in which the flask is placed. Whenever
the water returns to the same temperature, the
level returns to the same place.

One disadvantage of this arrangement is the size of the flask,
which would absorb too much heat from the substance the
temperature of which is to be measured, and which would take
too long to acquire the temperature of that substance. Another
disadvantage is the fact that the upper end of the tube is open,
so that liquid escapes by evaporation. Consequently we employ
a small spherical or cylindrical bulb of thin glass blown on the
end of a capillary tube the other end of which is closed; the
cylindrical form is preferable because, owing to its having a larger
surface for the same volume, it enables the thermometric fluid,
or liquid contained, to acquire the temperature of the surrounding
liquid more rapidly. It can also be passed more easily through
corks.

Two thermometric fluids are employed in practice, mercury
and alcohol, mercury to much the greater extent. It has the
advantage of a high boiling point and low freezing point (357° C.
and —89° C.), it docs not wet glass and is easily visible, and it
has a low spccific heat and conducts heat well, thus responding
rapidly to the temperature to be measured. Also a fine
mercury column is less liable to break than columns of other
liquids. Alcohol has the advantage of a very low freezing

F16. 140.—Prin-
ciple of ther-
mometer.



TEMPERATURE AND THERMOMETERS 137

point (—180° C.), and so can be used to measure temperatures
in Arctic regions at which mercury is solid. It is also cheaper
than mercury. But it has the disadvantage of a low boiling
point (78° C.), and it wets the side of the tube when the column
is falling. As it is colourless it has to be rendered visible by the
addition of some dye.- It expands about five times as much as
mercury.

Construction of a Thermometer.—Supposc that a simple
mercury-in-glass thermomcter is to be constructed. Then the
following operations have to be gone through :

1. A capillary glass tube is cleaned, a short column of mercury
introduced into it, and the length of this column measured by a
microscope at different parts of the tube. If the length of the
column is always the same, the bore is uniform, and the tube is
suitable for the purpose.

2. A bulb is then blown on onc end of the tube, and a funnel
attached by a piece of rubber tubing to the other end.

3. Mercury is placed in the funnel; owing to the narrowness
of the tube it does not run down into the bulb. The air in the
bulb is then warmed and expands, bubbling up through the
mercury. It is next allowed to cool and contracts, sucking mer-
cury down into the bulb. The process is then repeated until
the bulb is full.

4. The funnel is removed and the mercury boiled, so that its
vapour expels all the air from the tube. The latter is then sealed
off with the blowpipe.

5. The tube now contains a definite volume of liquid with an
air-frec space above it. It is put away for some days, until it
recovers from the violent heatings undergone in its construction.
Then we determine the positions of the column when the instru-
ment is at the temperature of melting ice, and when it is at thc
temperature at which water boils under standard atmospheric
pressure. Marks are put on the stem at these points; they are
known respectively as the lower and upper fixed points of the
thermometer.

Thermometric Scales.—There are three different thermometric
scales in use. On the Centigrade scale, which is the scale used
for scientific purposes, the interval between the fixed points is
divided into 100 degrces, the lower point being taken as 0° and
the upper one as 100°. To put the matter more precisely :

Let v be the volume of the part of the tube between the twc
fixed points, let v be divided into 100 equal parts, and let a mark
be put on the stem at the termination of each of these parts, the
temperature of the tube being kept constant ; then if at a subse-
quent time the mercury column occupies ¢ of these divisions,
the temperature is said to be t degrees on the mercury-in-glass
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Centigrade thermometer, and is written ¢° C. The temperatures as
defined in this way and read on mercury-in-glass thermometers
made of different kinds of glass do not agree cxactly, the maxi-
mum divergence on the range 0° to 100° being about 5°

On the Fahrenheit scale, the common houschold scale of this
country and America, the interval betwcen the fixed points is
divided into 180 degrecs, the lower one being marked 32° and

Centi- Fahren- ,
grade. heit. Reaumur.
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Fi16. 141.—The threc thermometric scalcs.

the upper one 212° and on the Réaumur scale which is used in
Germany and some other parts of the Continent, the interval
between the fixed points is divided into 80 degrees, the lower
one being 0° and the upper one 80°. The relation between the
three scales is made evident by Fig. 141. On each scale the
temperatures below zero have the minus sign prefixed.

In converting temperatures from one scale to another the
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important thing to remember is how many degrees the temperature
is above or below the freesing point. Also a range of 100 Centi-
grade degrees = a range of 180 Fahrenheit degrees = a range of
80 Réaumur degrees, hence 5 Centigrade degrees = 9 Fahrenheit
degrees = 4 Réaumur degrees. Thus to convert a temperature
from the Fahrenheit to the Centigrade scale, subtract 82 and
multiply by 2. To convert a temperature from the Centigrade
to the Fahrenheit scale, multiply by 2 and add 32. To convert
a temperature from the Centigrade scale to the Réaumur scale,
multiply by #; to convert a temperature from the Réaumur scale
to the Centigrade, multiply by 2. These rules may be combined
in the formula :
¢cC _F-32_R

100 180 80

ExampLE.—Change 88° F. to the Centigrade scale.

88° I, is 88—382 or 56° above the freezing point. 56 Fahrenheit
degrees =7 x 56 -=31-1 Centigrade degrces. Hence, since the freezing
point is at 0° C., 88° F.=31-1° C.

ExameLe. --Change 50° C. to the Fahrenheit scale.

50° C. is 50° above the freezing point. 50 Centigrade degrees
=19 %50==90 Fahrenhcit degrees. Hence, sinee the freezing point is
at 82° ., 50° C.-=90-+32—~122° F.

Historical.—The Centigrade scale is sometimes called the Celsius
scale, because it was first devised by Celsius of Upsala in 1742. The
mercury thermometer itself was invented by Kahrenheit in 1714.
Previous to that other liquids had been used ; Newton, for example,
experimented with oils, but they smeared the glass. To standardise
his thermometers Fahrenheit used three fixed points, the tempcerature
of the human body which he took as 96°, the freczing point of water,
and the temperature of a mixture of ice, salt, and water, which he took
as 0°. This coincided accidentally with the lowest temperature
recorded at Dantzig in the winter of 1709, and he thought apparently
that it was the lowest temperature possible to obtain anywhere. He
found that the boiling point of water was 212° on his scale, and that it
varied with the atmospheric pressure, but he did not use it as a fixed

oint.
P The temperature of the body is taken by putting the thermometer
in the armpit or the mouth. Its correct value for a person in health
varies only slightly from 98:4°; Fahrenheit’s measurements were not
very accurate.

Verification of Thermometer Fixed Points.—The method of
determining or verifying the fixed points of a thermometer will
now be described in detail. The latter procedure is more im-
portant from the point of view of the student, because the fixed
points are usually slightly out, and by correcting them the accuracy
of the instrument can be increased. They may also change; if,
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when it is first constructed, a mercury thermometer reads correctly,
it will read too high, perhaps about ° C. after half a year. This
is due to the gradual recovery of the glass from the effects of the
heating it was subjected to, when the thermometer was made ;
this recovery is rapid at first but slower afterwards.

If a thermometer has been heated and then is cooled, the
glass does not take up its proper volume immediately, but ‘‘ lags
above it; consequently there is a temporary depression in the
readings which may be as much as 7;°C. The lag can be
neglected at high temperatures. For this reason the freezing
point of a thermomefer should
always be verified before its T
boiling point.

Somctimes when the thread ’__aa__‘
of mercury is descending 1
rapidly it breaks, leaving an
isolated portion near the top q [\V
of the tube. This can be
joined on again by heating the
bulb to make the mercury
ascend again to touch it, or
by jerking the instrument so U
as to drive the detached por-
tion downwards.

To verify the freezing point
Fic. 142. ©of a Centigrade thermometer B A

it is held in a vertical position I [§C

with its bulb surrounded up to the zero
mark by pure melting snow or small pieces
of ice, and the reading taken as soon as
the temperature becomes stationary. The
ice is best held in a funnel as shown in
Fig. 142, with a clip to hold the thermometer
in position and a dish below to catch the
water which drains away as the ice melts. The ice must be free
from impurities such as salt, otherwise the temperature will be
too low. If a thermometer is surrounded in this way with pure
melting ice, the mercury stops at the same point under whatever
circumstances the experiment is performed, and remains stationary
there until all the ice is melted. Variations of atmosphcric
pressure have no appreciable effect on the freezing point.

To determine the boiling point of a thermometer it is placed
in the arrangement shown in Fig. 143, which is called a hypsometer
from the Greek words for height and measure, because it can
also be used for determining the heights of mountains. The
temperature is then read assoon as it becomes stationary. Steam

Fic. 143.—Hypsometer.
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from boiling water passes up an inner cylinder A round the stem
of the thermometer, down between the inner cylinder and outer
cylinder, and then escapes by the outlet at C. B is a pressure
gauge which measures any excess of pressure in the space round
the thermometer over the outside atmospheric pressure. If the
outlet C is large enough, the difference in levels at the boiling
point is inapprcciable. The boiling point of the thermometer
should just show above the cork.

The thermometer is placed in steam and not in boiling water,
because slight impurities in the form of dissolved salts affect the
temperature of the water considgrably, but not the temperature
of the steam given off by the water. Also water contained in a
clean vessel sometimes rises above the correct boiling point and
then there is a violent burst of ebullition, after which the tempera-
ture falls to the usual value.

The temperature of the steam depends on the atmospheric
pressure under which the water boils according to the following
table : —

Pressure. Temperature.

70 em. 97-71° C.

72 98-49°

T4 99-25°

76 100-00°

78 100-73°

80 101-44° °

Thus, after the boiling point has been determined, the barometer
must be read, and the correct value of the boiling point calculated
according to the table for the pressure in question.

When the error of the thermometer has becn determined for
the two fixed points, a straight-

line graph may be drawn giving +l°‘r\

it for all intermediate values. | 50° 100°
Thus if, for example, in the © B ——
case of a Centigrade thermo- : \J o

meter the reading at the freez-
ing point is 0-3° too low, and
at the boiling point 0-8° too
high, Fig. 144 would give the correction to be added at all inter-
mediate values. Thusno correction isrequired at 27°. The ordi-
nates 0-83° and —0-8° should be plotted against —0-3° and 100°8°,
but no appreciable error is involved in taking them at 0°and 100°.

Stem Correction.—For a thermometer to read correctly it

" TFia. 144.—Graph for correcting a
thermometer.
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must be at the same temperature up to the division in question.
Thus in determining the boiling point the stem should be immersed
in steam up to 100° C. If only the bulb is immersed in a hot
liquid and the stem is cold, the mercury in the stem does not
expand, and the reading is consequently tco low. This error
may be allowed for by adding on what is known as the stem cor-
rection, which may be as much as 1-5° C. if the bulb is at 100° C.
and the stem at 0° C. throughout. But stem corrections are
always unsatisfactory owing to the impossibility of knowing
definitely what the temperature of the stem is.

ExampLE.—Water boils at 100° C. at the foot of a mountain and
at 97-71° C. at its top. What is the height of the mountain ?

The barnmetric pressure at the foot is 76 cm., and at the top (cf.
table on p. 141) 70 em. The difference =6 cm.=2-36 in. Using the rule
1 inch for 900 feet, this gives 2124 feet.

Thermometers for Special Purposes.—The portion of the tube not
occupied by the mercury column is usually a vacuum. But in the
case of a thermometer to be used at high temperatures, 250° C. to
500° C., in order to prevent the mercury distilling and condensing
on the upper part of the tube, the space above the mercury is filled
with carbon dioxide or nitrogen at a pressure which may be as high
as 20 atmospheres.

In instruments intended for accurate work the scale is engraved
on the outside of the stem. In some instruments the stem is made
very thin, and the scale is engraved on a piece of opal glass, or merely
printed on a piece of paper, and fixed to the back of the stem, the
whole being encased in a wide glass tube to prevent relative displace-
ment of scale and stem. This type is known as the sleeve thermo-
meter in contra-distinction to the solld-stem therinometer, and has
the advantage of greater legibility.

Fig. 145 represents a clinical thermometer, the thermomcter specially
adapted for taking the temperature of the human body. As has
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Fra. 145.—Clinical thermometer.

already been mentioned, this is done by placing the thermometer in
the mouth or under the armpit of the patient and withdrawing it to
be read. There is a constriction near the bulb, and the mercury in
expanding flows through the constriction. But when the mercury
cools, the column breaks at the constriction leaving its end at the
maximum position. After the reading is taken, the mercury is got
back through the constriction by holding the instrument vertically
in the hand and jerking the arm in somewhat the same manner as
when cracking a whip. As the temperature to be measured varies
only through a range of from 95° F. to 110° F., the scale requires to
be graduated only for this interval,
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Maximum and minimum thermometers record respectively the
highest and lowest tempcratures reached between two settings of the
instrument. One form of maximum thermometer, known as Ruther-
ford’s maximum thermometer, is simply a mercury thermometer with a
horizontal stem, which contains in the vacuum a small steel index
shaped like a dumb bell. When the mercury expands, it pushes the
index along in front of it ; when it contracts, it leaves the index behind.
Thus the end of the index nearer the mercury records the highest
temperature reached. The instrument is rc-set by tilting the stem
and letting the index slide back to the mercury surface. Another
form of maximum thermometer works on the same principle as the
clinical thermometer.

Rutherford’s minimum thermometer is an alcohol thermometer
with a similar index inside the liquid column. When the column
contracts, the meniscus pushes the index back in front of it. When
the column expands, the liquid flows past the index. Thus the end
of the index nearer the meniscus gives the lowest
temperature reached. The index is re-set by F
tilting the tube, so that it slides back to the
surface.

Fig. 146 represents Six’s combined maximum
and mirimum thermometer. This instrument is
not an accurate one, but is much used by
gardeners. The bulb A in the middle is filled
with alcohol which extends as far as C. From
C to D there is a column of mercury and above
D more alcohol, the upper half of ¥ being
occupied by alcohol vapour. B and I are two
dumb-bell-shaped iron indexes supported against
the glass by weak springs. The alcohol in the
bulb A is the thermometric fluid. When it ex-
pands, it pushes the mercury and the index K in gi¢, 146.—Six’s maxi-
front of it, and the lower end of K registers the mum and minimum
maximum temperature; when it contracts, the  thermometer.
mercury pushes B up and the lower end of BB
registers the minimum. The indexes are re-set by means ot a small
magnet applied to the outside of the tube. The small figure at the
side shows an index in detail.

Examrpres 1

1. Change blood hcat, 98°, summer heat, 76°, and temperate, 56°,
all from the Fahrenheit to the Centigrade scale.

2. Convert —4°, 22°, 88°, and 112° C, to (i) the Fahrenheit scale,
(ii) the Réaumur scale.

3. Convert —22°, 6°, 47°, 112° F. to the Centigrade scale.

4. At what temperaturc has the Fahrenheit scale the same numerical
value as (i) the Centigrade scale, (ii) the Réaumur scale ?

5. At what temperature does water boil when the barometric
pressure is (i) 71 em., (ii) 72-8 em., (iii) 78-5 cm. ?
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6. About what temperature will water boil on the top of (i) Ben
Nevis, (ii) Mont Blanc ? Ben Nevis is 4406 ft. and Mont Blanc 15,781
ft. high. Water boils at 75-9° C. when the pressure is 30 cm., and at
93-5° C. when it is 60 cm.

7. When the fixed points of a Centigrade thermometer are verified,
it reads 0-5° at the freezing point and 99-2° at the boiling point. The
barometric pressure is 75 cm. What is the correct reading when it
reads 15°, and at what temperature is it exactly right ?

8. Two thermometers are made of the same glass ; the bulbs are
spherical, the internal diameter of the first being 7-5 mm. and of the
second 6:2 mm. The diameter of the tube of the first is 2:5 mm. and
of the second 1-8 mm. What is the ratio of the length of a degree of
the first thermometer to a degree of the second ?



CHAPTER II

EXPANSION OF SOLIDS AND LIQUIDS

Expansion of Solids.—Solid bodies in general expand when heated.
This can be demonstrated by a well-known apparatus known as
Gravesande’s ring. This apparatus consists of a metal ring
mounted on a stand, and when a metal sphere is lowered by a
chain it can just pass through the ring. If, however, the sphere is
heated by holding it over a flame, it will no longer pass through,
as it has expanded and becomec too
large. But if the ring is also heated so
as to make it expand also, then the
sphere can again pass through.

Or if we have a vertical wire AB
(Fig. 147), the upper end of which is
attached to a horizontal lever FC, the
end C of which passes over a vertical
scale, and if the wire is heated by
bringing a bunsen flame near it, then
the point C travels up the scale, show-
ing that the wire has increased in
length. The motion of C can be in-
creased by increasing the ratio of the Fie. 147.
arms FC and FB of the lever.

Coefficient of Linear Expansion.—It is found that when a
bar expands, the increase in length is

(i) proportional to the original length,
(ii) proportional to the change of temperature,
(1ii) and varies with the nature of the material.

Thus, if [y is the length at 0° C. and [ the length at t° C. the

increase in length

i
Ll

l—lo "—‘Blot
or I=1y(14-Bt)
where 8 is a constant for the material in question known as its

coefficient of linear expansion. To put the definition in words :
The coefficient of linear expansion of a solid is the increase in
145 ,
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length of a bar of unit length when its temperature is raised one
degree.

gIn scientific work the Centigrade scale is always used. If
the Fahrenheit scale were employed, the coefficient of linear
expansion would be only & as large. If the range through which
the solid is heated is a very great one, the coefficient of linear
expansion has not quite the same value throughout it, but this
variation can be neglected unless in exceptional cases. The
value of the coefficient of linear expansion is always very small ;
for example, in the case of copper it is 0-000017.

Let us suppose that a copper rod is 10°000 ¢m. long at 10° C,,

and that its length is required at 18° C. Then from the above
equation we have

lio = 1p(1+4-108)
lig = lp(1+18B)
1 8

liiog = lio(1+88—8082 . . .)

Now for copper 88==0'000136 and 8082=0'0000000231; hence
8082 can be neglected in comparison with 88. It is the same with
all other metals. We can thus write simply

g = L1o(1+8B)
Thus, if ! is the length at ¢° C. and the rod is heated to ¢,° C., the

increase of lengtn is PIl(t, —t) within experimental error. It is
not necessary to substitute l, for [.

118 = llO

ExampLE.—A copper bar is 837-20 cm. long. By how much does it
increase in length when it is heated from 15-0° C. to 23-6° C, ?

Answer =0-000017 X 37-20 X 8:6=0-0054 cm,

ExaMPLE.—A metal metre scale was carefully measured at 5° C.
and its length found to be 99-977 em. At 85° C. its length was found
to be 100-011 cm. ; calculate the coefficient of expansion of the metal,
and find the temperature at which the scale is exactly 1 metre long.

100:011 —99-977

Coellicient of lon = e B
eflicient of expansion 99-977(85 —5)

=0-0000113
To become exactly right scale has to expand 100 —99-977
=0-023 cm,
The required rise of temperature is
0-023
00000113 x99-977 04 €
The required temperature is consequently 25-4° C,
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Measurement of Linear Expansion.—The measurement of the
expansion of a solid consists essentially of the measurement of a
small increase in length, and two types of apparatus are employed
for the purpose, a type in which the increase is magnified by a
lever as in Fig. 147 and a type in which it is measured directly with
great accuracy. The first type suffers from
the disadvantage that it is diflicult to M
measure the magnification produced by the
lever. Fig. 148 shows an elementary apparatus
of the second type much used in colleges.

S is a hcating jacket consisting of two
concentric cylinders between  which  cold
water or stcam can be passed. The rod to
be experimented on stands upright inside the
jacket. Before it is inserted in position, its
length is measured at the temperature of the
room with a metre-stick. The upper end of
the rod is flat and a secrew M can be made
to touch it. This serew has usually a pitch
of 3 mm. and a large circular head divided
into 100 divisions, so that, if it is turned 2
through one division, its point advances Fie. 148.—Apparatus
through 35; mm. for measuring ex-

Water is passed through the jacket, and ~ pansion of u rod.
the temperature taken by lowering a ther- .
mometer inside the jacket. As soon as it is steady, the screw is
brought into contact with the cnd of the rod and the reading
taken. It is then screwed upwards to allow space for the rod to
expand, and steam passed through the jacket until the tempera-
turc becomes constant again. The reading for contact is then
taken, and the difference betwecen the two readings gives the
increasc in length of the rod.

Instcad of using a screw, a microscope with a scale in its ficld
of view may be focussed on the end of the rod, and the number
of divisions the end moves through counted.

ExaMPLE.—A metal rod, 40-0 ¢m. long, is heated from 15-0° C. to
100:0° C., and it is found that in order to maintain contact, the screw
must be turned through 82 divisions on the circular head. Each
division corresponds to ;1. mm. Find the coefficient of expansion of
the rod.

___82 Xj;;lo—‘-,:
40 < 85
=0:0000121

B

Roy and Ramsden’s Method.—The apparatus shown in Fig. 148 does
not give very accurate results, for part of the rod is exposed to the
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outside air, and does not attain the proper temperaturc. Also the
wooden frame and screw themselves expand. Better results are
obtained when the rod is rested horizontally on rollers in a bath of
water. The first determination by this method was that of Roy and
Ramsden.

General Roy made a survey of Hounslow Ieath in 1784 to get a
base line for the first Ordnance Survey of England, and he had an
apparatus designed by Ramsden with which he investigated the
variation in length of his measuring rods with temperature. This is
shown in Fig. 149; it consists of three troughs which contain the bar
to be experimented on and two similar bars of iron. The bar CD to be
experimented on is in the middle, and carries the object ‘glasscs of two
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Fi16. 149.—Roy and Ramsden’s apparacus.

telescopes at G and L. The eyepieces of the same teclescopes are
carried by the bar AB in the first trough at O and N, and the telescopes
are focussed on cross-wires carried by the bar IXF in the third trough at
H and K. The bar in the middle trough presses against a spring at
C and against the point of a micrometer screw M. The upright G can
also be screwed along the bar.

The three troughs are filled with melting ice, and the screw M and
position of the upright G adjusted, until the images of the cross-wires
at H and K coincide with the cross-wires in the eyepieces. Then the
middle trough is heated. The ice melts and the bar expands towards
C, since the point of the screw at M does not permit it to expand in the
other direction. When the temperature is steady, M is turned until
coincidence of the cross-wires is obtained at the right-hand end. It is
then turned until coincidence is obtained at the left-hand end. The
difference of the two readings gives the expansion of the middle bar
between G and L.

It will be observed that with this apparatus the constancy of the
distances between the measuring instruments can be relied upon, as
the bars carrying them are maintained at the temperature of melting ice.

Applications.—In railways a small space is left between the
ends of the rails in order to allow for the expansion of the rails
in the hot days of summer. The force with which metals expand
is very great indeed, and if there were no air space, the rails would
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curve and twist from their positions. Similar provision has to
be made for the expansion and contraction which takes place in
metal structures, such as large bridges, cte. In fitting the iron
tyre to a cart wheel it is made very hot, and consequently expands ;
it is then placed in position. When it cools it embraces the wheel
with great force, keeping itself in position and

pressing home the spokes into their joints. A

The period of a pendulum depends on its
length. In the cascof a clock which is regulated
by a pendulum, if the latter expands, the clock
goes slower. It is thus a problem of practical
importance to design a pendulum, the length of c
which is the same at all temperatures. One
solution, the so-called gridiron pendulum, is
represented in Fig. 150; A is the point of at-
tachment of the pendulum which is supported
by steel and brass rods. The steel rods are
shown white, and the brass rods black, in the
diagram. It will be observed from the diagram
that the effect of an cxpansion of the steel rods
is to lower the bob, and the effect of an expansion
of the brass rods is to raisc the bob. Let { be
the total length of the steel rods, I’ the total 3
length of the brass rods, let 8 and B be their u.l'mj
coelficients of expansion and let ¢ be the rise in
temperature. Then, if the bob remains at the
same distance below the point of suspension,

Blit=R'l't and BI=P'T.
The coeflicients of linear cxpansion of steel and
brass are respectively 0-000011 and 0-0000187.
Hence, if the total lengths of steel and brass
rod are inversely in this ratio, the period is
unaltered. Fic. 150.—Grid-

A nickel steel called invar containing 36 per  iron pendulum.
cent. of nickel has an extremely small coeflicient
of expansion, and is now much used for the construction of
pendulum rods and standards of length. It is sufficient that
the pendulum rod should be constructed of invar, except when
extreme accuracy is required.

When the temperature rises, the balance-wheel of a watch
expands, and at the same time the elasticity of the hair-spring
decreases. Both these effects make the watch go slower. If,
however, the rim of the balance wheel is made of strips of two
different metals as shown in Fig. 151, the outer strip having the
larger coefficient of expansion, when the temperature rises the

M
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outer strip expands more than the inner strip, and the semi-
circles become more curved. The mass of the wheel consequently
moves in towards K, the axis of rotation,
and the moment of inertia of the wheel
diminishes instead of increasing. Hence
by choosing the dimensions of the wheel
suitably and adjusting the small screws
the change in the elasticity of the hair-
spring may be compensated for, and the
period kept constant,

The glass flasks and beakers used in

4 3 a laboratory for heating liquids must
F1¢. 151.—Balance-wheel have thin walls.  This is bccause glass
of a watch. is a bad conductor of heat, and if thick

walls are used, the outside surface ex-
pands while the inside is still cold; the glass consequently
becomes strained and cracks. Nowadays vessels can be made
of fused quartz instcad of glass; such vessels are not unlike
glass in appearance, but they are considerably more expensive.
They can be plunged into a hot bath without fear of injury, even
if comparatively thick, because, although fused quartz is a bad
conductor of heat, it has a much smaller coeflicient of expansion
than glass.

In experiments on the passage of clectricity through gases
it is often nccessary to have wires passing through the sides of
glass vessels and making an air-tight joint. Since the wire is
sealed in when the glass is hot, it is nccessary for its material
to have the same cocflicient of expansion as the glass has, if the
joint is to remain air tight as it cools down. Platinum fulfils
this condition, and was formerly used widely for the purpose. But
since the war it has been replaced in electric lamps by platinite,
a nickel iron alloy, with a great saving in the cost of manufacture.

Stress produced by Change of Temperature.—In order to get an
idea of the magnitude of the forces which bodies are capable of exerting
when their temperature is increased, we shall calculate the value for
one simple case.

Let a wire of length L and cross-sectional area A hang vertically
under gravity, and have its temperature increased by t° C. Its length
is consequently increased by gLti. Then suppose that the temperature
falls to its original value, but that the length of the wire is maintained
at the increased value by the application of a force F to its lower end.
The increase in length produced by the force must consequently be
equal to the decrease produced by the fall in temperature. Thus, if
E denotes Young’s modulus for the material

force per unit area F/A F
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Hence F=EApt

Let us suppose now that the wire is a copper one, that A is 1 sq. mm.,
and that ¢ is 1° C. For copper E=12-6 x10!! dynes per sq. cm., and
£=0-000017. Hence

F=12-6 x10'! X 10-2 x 0-000017
=214,200 dynes, or about 218 gm. wt.

A weight of about 20 kg. attached to the end of this wire would be
sufficient to break it. . Vo\)/"/"/ 1o

Cubical Expansion.—In the case of crystals such as quartz
or Iceland spar the coelficient of lincar expansion is different
according as the direction of expansion is parallel or perpen-
dicular to the axis of the crystal. In the case of woods it is
different along and across the grain. Such substances are called
wlotropic.

Let us suppose that a rectangular block, the lengths of the
sides of which are @, b, and ¢, is heated through a range of tem-
perature ¢° C., and that the coeflicicnts of linear expansion in
the directions of the three sides are By, By, and B;. Then the
lengths of the sides become a(1-+f;t), b(1+pB,t), and c¢(1+4Bst),
and the volume of the block becomes

be(1+B1t)(1 +Bst)(14-Bst)
o ! =v?l +(B: "31-132 +B3)t (8182 +B2B3 +B3B1)t2 +B18:85t3}

where v is its original volume. Since 8, B, and B; are very
small, only their first powers require to be rctained, and the

volume becomes
{1 +(B;+Ba+Bs)t}

Suppose now that the block is isotropic, i.e. the same in all dirce-
tions, then B; =B;=pB3=p, and the volume becomes
v(14-3B¢)

38 is defined to be the coefficient of cubical expansion of the
block. The coefficient of cubical expansion is consequently three
times the coefficient of linear expansion. Also the above expression
gives the volume of the solid after heating, whether the original
form is rectangular or not, because an irregular form can be
divided up into a great number of little rectangular blocks.

To put the definition in words :

The coefficient of cubical expansion of a substance is the increase
in volume of wunit volume when its ilemperature is raised one
degree.

gSince a liquid has a definite volume but no definite shape,
when we refer to its cocilicient of expansion it is always the
coefficient of cubical expansion that is meant.
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In the same way the coefficient of areal or superficial expansion
is twice the coefficient of linear expansion.

Effeet of Temperature on Density.—Let o denote the coefficient
of cubical expansion of a substance. Then if vy denote its volume
at 0° C. and v denote its volume at t° C.,

v=0,(1 +at)
Let p, denote the density at 0° C. and p the density at¢° C.  Then,
since the mass is constant,

Vp=Vopo
Hence, substituting in the former equation

Po ‘

P14
Thus the density of the substance decreases with rise of tempera-
ture. The result, of course, applies to liquids as well as solids.

Dilatometer.—Fig. 152 represents a dilatometer, which consists
of a glass vessel with a long straight graduated neck. Let y be
the coeflicient of cubical expansion of the glass. Let
the dilatometer contain liquid up to the level A at a
temperature of 0° C., let the coefficient of cubical
expansion of the liquid be «, and let the volume of
the liquid be ». Let the vessel and liquid be heated
through a range of ¢° C. Consider their expansions
scparately.

Suppose the vessel were filled with glass up to
the level A instead of with liquid. Then it would
expand as a solid mass. The volume of glass enclosed
would be v. Consequently the volume of the vessel
up to A at the higher temperature would be v(1-yt).
If the liquid did not expand, its level would sink to
Fro 152 B, the volume of AB at the higher temperature being

Dilatome- 0yl But owing to the expansion of the liquid its
ter. level rises to C and its volume becomes v(1 +-at), the
volume of BC at the higher temperature being vod.

If we had not allowed for the expansion of the glass, we
would have taken AC for the expansion of the liquid. This
volume is called its apparent expansion. The coefficient of apparent
expansion of a liquid is defined as the apparent increase in volume
per unit volume divided by the increase in temperature. Let it be
denoted by «’. We have then

,_AC_BC—BA vat—vyt__

TR T T w T
or putting the result in words : The coefficient of true expansion
of a liquid s the sum of the coefficient of apparent expansion and

)i :hmluul:m
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the coefficient of cubical expansion of the vessel. The coefficient of
true expansion is often referred to as the coeflicient of absolute
expansion.

In order to make a determination of the cocfficient of apparent
expansion by the dilatometer it is necessary to know (i) its volume
to the foot of the scale, and (ii) the volume of a division on the
scale. This can be obtained by weighing the vessel empty, full
of mercury to the foot of the scale, and full of mercury to the
top of the scale, all at the same temperaturc. The volumes can
then be obtained from the density of mercury.

ExamMPLE.—A thermometer is sunk to the 20° mark in a liquid and
reads 80° C. The mean temperature of the rest of the stem is 30° C.
Find the true temperature of the liquid, given that the coeflicients
of cubical expansion of mercury and glass are 0:000182 and 0.000024.

The mercury thermometer behaves like a dilatometer, and we
can calculate the expansion of the mercury column relative to the
glass simply by ignoring the expansion of the glass and using the
coefficient of apparent expansion of mercury. The latter is given in
this case by

a’ =a—y=-0-000182 —0-000024 =0-000158
The length of the mercury column between the 20° and 80° marks is
60 divisions. 1t should be at 80° C., but is only at 30° C. If it were
at its proper temperature, its length would be
60(1 450 X 0-:000158) ==60-47 div,

The true temperature is therefore 80-47° C.

Weight Thermometer.—Another mecthod of measuring the
coefficient of apparent expansion of a liquid is by means of the
weight thermometer, a little glass vessel with a picce
of bent capillary tube as neck, as shown in Fig. 153.

It is weighed first empty, then filled to the end of
the capillary with the liquid in question by alternate
heating and cooling with the mouth below the sur-
face of the liquid, and weighed again. The difference
of these two weighings gives w, the weight of the
liquid contained. It is next transferred to a water-
bath and heated through a range of temperature
t° C.; the liquid expands more than the glass does,

and some is expelled from the capillary. The vessel F\‘IIV(J h};i?xe;_
is then weighed a third time, and w’, the weight of o1

the liquid left in it, determined. The weight expelled
is w—w'. The apparent increase in volume is to the original
volume as w—w’ tow’. Hence the coceflicient of apparent cubical
expansion is ’
w—w
w't
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The coeflicient of true expansion can then be obtained by
adding the cocfliciecnt of cubical expansion of the glass to the
result. As the coeflicient of cubical expansion of glass varies
with the nature of the glass, it is best determined experimentally
for any particular weight thermometer by using the latter first
to determinc the coefficient of apparent expansion of mercury,
the absolute expansion of which is known very accurately. The
value for the glass can then be obtained by subtraction. Mercury
is very suitable for this purpose because its cocflicient of expansion
is small, and the cxpansion of the vessel has consequently a large
influence on the result.

Fused quartz has, as has alrcady becen mentioned, a very
small cocflicient of cubical expansion, only about one-hundredth
of the cocllicient of cubical expansion of mercury. Hence if
the weight thermometer is made of fused quartz, the expansion
of the vessel can for most purposes be neglected.

A small specific gravity bottle may be used instead of a
weight thermometer ; in this case the liquid which is expelled
through the hole in the stopper must be wiped off.

Absolute Expansion of
Mercury.—A dircet method
of determining the coeflicient
of absolute expansion of
mereury was devised and
carried out by Dulong and
Petit about 1816. This
method is based on the
principle that, if two columns
produce equal pressures, their
heights are inversely as their
densities.

It is represented in

= = + principle in Fig. 154. A and

I'16. 154.—Principle of Dulong and B are two vertical glass

Petit’s apparatus. tubes connected by a hori-

zontal capillary C. Each

tube is surrounded by a metal case indicated by dotted lines;

the case surrounding A is filled with ice, and that surrounding B
contains oil heated to temperature ¢° C.

Let 7o, po be the height and density of column A, and &, p
the height and density of column B. Then, since the pressure
at the foot of each column is the same,

hogpo=hgp
and hopo=hp

But we have alrcady shown that p=yi Po_

~+ut
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Hence 1+at= Ii
hy
_h—hy
and x=- ht

If the difference in height of the columns is measured, « can be
calculated. The method was improved by Regnault in 1842
and another detcrmination made, and recently it has been further
improved by Callendar.

Regnault’s Apparatus for Absolute Expansion of Mercury.—
In Dulong and Petit’s apparatus the top of the hot columin of mercury
had to projeet above the cover of the oil bath to be visible, and hence
did not attain the proper temperature. The two mercury surfaces
also had different curvatures, because the surface tension of mercury
is much less when it is hot than
when it is cold, and this differ-
ence in  curvature is dillicult
to allow for. Regnault conse-
quently used a modified form of
the apparatus.

Two upright iron tubes AA’
and BB’ (Fig. 155) about 15 em.
long and of 1 ¢m. internal dia-
meter are joined at the top by a
horizontal tube AB of about 3
mm. diameter and at the foot
by glass tubes DG and HF.
These are connected by a T-joint
to a reservoir containing com-
pressed air. The cross tube AB
has a small hole in it at C, so
that the upper surfaces of the
two columns are at the level of
C. The column AA’ was sur-
rounded by an oil bath the
temperature of which was read
by an air thermometer, and the Fra. 155.—Regnault’s apparatus for the
column BB’ was surrounded by absolute expansion of mercury.
cold water the temperature of
which was read by mercury thermometers.  The pressure of the air in
the reservoir was adjusted, so that the level of the mercury at G wasg
near the bottom of the tube.

The pressure is the same on both sides at the level of C, but the
density of AA’ is less than the density of BB’. Ilence the pressure
at A’ is less than the pressure at B’. This difference in pressure is
measured by the difference in level of the mercury at  and H. Denote
this by [, let the difference in level of C and A’ or B’ be L, let the
densities of the cold and hot mercury be respectively p, and p, and let
t be the difference in temperature.

I
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Then Lgp = Lgp, —Igpe
Thus P =po L;l
But po = p(1+at)

l
Hence a = tm

Hydrostatic Method of determining Coefficient of Expansion.—
Let a solid be weighed in air, in liquid at ¢,° C., and in the same liquid
at t,° C., 1, being greater than ;. Then we know m, and m,, the masses
of liquid displaced at ¢,° C. and ¢,° C. respectively. Let p, and p, be
the densities of the liquid at the same two temperatures, let a be the
coefficient of cubical expansion of the liquid, and let ¢ be the coefficient
of cubical expansion of the solid.

The volumes of the solid at the two temperatures are m,/p, and

my/po-

m
Hence e

2 _M,y .

pe by {1+2(t,—t)}
But by the result proved on p. 152,
pa= PL

2T 14a(t,—ty)

Ilence, eliminating p, and p,,

my, __14y(t,—ty)

my  1+4a(t,—t)
Thus, if either ¢ or a is known, the
other can be calculated as a result of
the experiment.

Maximum Density of Water.—
The expansion of water is anoma-
lous ; when it is heated from 0° C.
to 100° C,, it contracts from 0° C.
to 4° C., then expands to 100° C.,
the coefficient of expansion increas-
ing with the temperature. At 4°C.
its density is a maximum; as is
well known, the unit of mass is
defined on the c.g.s. system, so as
to make the density of water unity
at this temperature.

The temperature of maximum
o density can be determined by
F1q. 156.—Hope’s apparatus.  Hope’s apparatus, which is shown
in Fig. 156, and consists of a glass
jar surrounded at its middle by an ice jacket and carrying
two thermometers, one above and one below the ice. If the
temperature of the water is initially 15° C., as the water is cooled
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by the ice it sinks, and so the lower thermometer gives a lower
temperature than the upper one until 4° C. is reached, when it
remains stationary at this temperature; then the colder water
begins to ascend, and as a consequence the upper thermometer
descends to 4° C. and passes below it.

The fact that, when the cold air causes the temperature
of a lake to fall below 4° C., the colder water remains on the
surface, is of great importance in nature,
for it prevents convection currents down-
wards, and the water below remains at
4° C. even in the most severe winter, thus
preventing plants and animals from being
frozen.

Owing to its variation with temperature,
when the coefficient of expansion of water is
determined by the weight thermometer, the
result obtained, which is of course an average,
varies greatly with the range expcrimented
on. A table of the density of water at dif-
ferent temperatures is given at the end of
the book.

Thermostat.—The expansion of a liquid is used
to maintain a water-bath or other apparatus at a
constant temperature. Fig. 157 shows one form
of thermostat, in this case a gas regulator. It is
placed in the bath, and the gas passes through
it before reaching the burners which do the
heating. The bulb A contains toluene or some
other highly expansible liquid ; the lower part
of A and the narrow tube contain mercury.
When the temperature of the bath rises, the
toluene expands, forces the mercury up the tube, 5
and shuts off the supply of gas at B. A small F1o.157.—Gas regu-
bye-pass at C prevents the tlame from being lator.’ '
wholly extinguished. When the temperature &‘&%x‘:\l?&fdp hysies
falls, the tolucne contracts, and the pressure of
the gas increases, The temperature to be maintained is regulated by
raising or lowering the outlet at B.

\ 4

ExampLEs 11

1. A brass rod and a steel rod are both measured at 0° C. and their
lengths found to be 150-00 and 150-20 cm. respectively. At what
temperature are their lengths equal, and what is their common length
at this temperature ? The coeflicients of expansion of brass ang steel
are 0-0000187 and 0-000011 respectively.

2. Find the least distance that must be distributed over 20 miles
of railway, which is laid at 87° F., in order to allow for expansion to



158 HEAT

120° ¥. in summer, The coeflicient of expansion of wrought iron is
0-0000122 per degree Centigrade.

8. A pendulum which is made wholly of brass beats seconds when
the temperature is 15° C. Find how many seconds it will gain or lose
in a day, if the temperature rises to 20° C. The coefficient of linear
expansion for brass is 0-0000189. (You may assume for purposes of
calculation, that the pendulum consists of an infinitely light brass
rod with a weight at its end ; the form of the pendulum does not
affect the influence of temperature on its period.)

4. The height of the barometer is found to be 78:25 em. at 22° C.
Find at what height the column would stand, if its temperature were
0° C. Coefficient of absolute expansion of mercury =0-000182.

5. The area of a brass plate is 123-02 sq. em. at 5° C. What will
it be at 122° C., given that the cocfficient of lincar expansion of brass
is 0-0000189 ?

6. By how many inches is the circumference of an iron whecl
increased, when its temperature is raised 400° C.? The diameter
of the wheel is 3 ft., and the coefficient of expansion of iron is 0-0000122.

7. The coeflicient of linear expansion of Iceland spar is 0-0000251
parallel to the axis and —0-0000056 at right angles to the axis. The
crystal contracts at right angles to the axis, when it is heated. 'The
volume of a piece of Iceland spar is 30-20 c.c. at 15° C. By how much
has it increased at 40° C. ?

8. The coeflicient of lincar expansion of pine is about 0-000003
along the grain and 0-000034 across the grain. Find how much a
sphere of 6 cm. diameter made of pine will expand on being heated
from 10° to 40° C.

9. The density of mercury is 13-5955 gm. per c.c. at 0° C. Its
cocllicient of cubical expansion is 0-000182. What is its density at
60° C.?

10. The density of water is 1-0000 at 4° C. and 0-9718 at 80° C.
A cube of glass of 3 cm. edge is weighed in water at both temperatures.
Find the difference of the two results, given that the coelficient of
linear expansion of the glass is 0-000009.

11. A thermometer is sunk to the 25° mark in a liquid and reads
85° C. The mean temperature of the rest of the stem is 30° C. Find
the true temperature of the liquid, the coecfficient of expansion of
mercury-in-glass being 0-00015.

12. An accurate Centigrade thermometer is immersed to its —10°
mark in steam at 100° C., i.e. its bulb is wholly immersed, but none
of the stem is, and the stem is exposed to a cold draught, so that its
mean temperature is 15° C. What does the instrument read, given
that the cocfficient of apparent expansion of mercury-in-glass is 0-00015 ?

13. The bulb of a thermometer, together with as much of the stem
as is below 0° C., contains at that tempecrature 2-83 gm. of mercury.
Each degree on the stem is 1 mm. long. Calculate the diameter of
the stem on the assumption that the apparent expansion of mercury-
in-glass is 0-000155.

14. A specific gravity bottle weighs 21-57 gm. empty and 69-90 gm.
when full of water at 20° C. When full of water at 90° C. it weighs
6839 gm. The cocflicient of cubical expansion of the bottle is 0-000025.
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What is the average coeflicient of cubical expansion of water over the
range 20° C. to 90° C. ?

15. A weight thermomecter, which contains 100 gm. of mercury
at 10° C., is placed in an oil-bath, and the mercury expelled is found to
weigh 1-89 gm. TFind the temperature of the bath, the coeflicient of
apparent expansion of mercury in glass being 0-000155.

16. A weight thermometer contains 122:70 gm. of mercury at
15° C. It is heated to 82° C. What weight of mercury is expelled,
given that the coeflicient of apparent expansion of mecrcury relative
to glass is 0-000155 ? :



CHAPTER III
EXPANSION OF GASES

Expansion of Gases.—When gases are heated they expand much
more than solids or liquids. This can be shown by the arrange-
ment depicted in Fig. 158, which was used by Galileo as a thermo-
meter, and is often used for demonstration purposes. It consists
of a glass bulb containing air, with a long, straight
neck dipping into water usually coloured blue or black
to make it visible. The level of the water is made
to stand halfway down the stem. When the tempera-
ture of the bulb is increased, for example, by clasping
the fingers round it, the air in it expands, and the top
of the water column travels down the stem.

When mecasuring the coeflicient of expansion of a
liquid or solid it is not necessary for the atmospheric
pressure on it to be constant throughout the opera-
tion. Any change in its volume produced by an

Fic. 158. alteration of pressure is so small in comparison with

the change produced by the increase in temperature,

that it can be ignored. But it is quite otherwise in the case of

gases; they are so compressible that we must specify the pres-

sure conditions before we can investigate the cffect of heat upon
them. There are two cases of special importance :

(i) The pressure is kept constant, and the alteration in volume
is sbserved when the temperaturc is increased. Let vy be the
volume of a gas at 0° C. in this case, and v its volume under the
same pressure al ¢° C., measured on the mercury-in-glass thermo-
meter. Then it is found that

v=v0(1 +dpt)
where o, is a constant for the gas called its coefficient of expansion
at constant pressure. Putting the definition in words :

The coefficient of expansion of a gas at constant pressure is the
ratio of the increase in volume for a rise of one degree in tempera-
ture to its volume at 0° C., the pressure of the gas remaining constant.

(ii) The volume of the gas is kept constant by shutting it up
in a closed vessel and the temperature altered. It is found in
this case that the pressure rises as the temperature rises. Let
Do be its value at 0° C. and p its value at ¢° C. Then

P=po(1+ot)
160
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where «, is a constant for the gas called its eoefficient of increase
of pressure at constant volume. It is also often called the coeffi-
cient of expansion at constant volume, in spite of this expression
being a contradiction in terms. Putting the definition in words :

T'he coefficient of increase in pressure of @ gas at constant volume
is the ratio of the increase in pressure for a rise of one degree in
temperature to its pressure at 0° C., the volume of the gas remaining
constant.

It should be noted, that if v is the volume of a gas at ¢° C. and
v; its volume at ¢;° C. under the same pressure, we can not use
the approximation made on p. 146, in the case of solids, and write

01 =0{1+a,(t, —1)}
oy and «, are too large in the casc of gases for their squares to be
neglected.

We have v=09(1+a,t)
and Vi =U0(1 +(7.pt1)

_U(LFapty)

Hence vy = 1————1—0(,, 7

and this rigorous equation must be used when obtaining one
volume in terms of another. A similar equation must be used
when calculating one pressure from another.

Equality of the Coefficients.—It may be shown theoretically,
that if the gas obeys Boyle’s law, ap=0a,. For let the volume of
the gas be v, at 0° C. and pressure pg, and Ict the temperature be
raised to t° C., keeping the pressure constant. Then the volume
is given by

v=vg(L +-1,8)
If, on the contrary, the temperature is raised keeping the volume
constant, the pressure is given by

P=po(1+ot)

But by Boyle’s law Po¥=PVq
that is Povo(lHapt) =povo(l 4-2,t)
whence ®p =0y

As the gases we deal with obey Boyle’s law, we shall drop the
suffix and write o, =a, =a. .

Charles’s Law.—The following law is known as Charles’s
Law :

The common gases when kept at constant pressure expand by
a definite fraction of their volume at 0° C. for each degree rise in
temperature. This fraction is the same for them all.

We have already stated the first part of the law by the formula
for v on p. 160. The first thorough proof of the law was given
by Gay Lussac in a paper published in 1802. He showed then
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that the volumes of the common gases at 0° C. were to their
volumes at 100° C. in the ratio 100 to 187. Ata slightly earlier
date Dalton in England had obtained the ratio 100 to 139 for air.
Later Regnault made a very accurate determination of «, and
showed that it was independent of the pressure. His result for
air was 0°00366 or 33;. Charles’s law holds with almost the same
degree of exactitude as Boyle’s law does, « being practically
constant for the permanent gases for all ranges of temperature
recorded by a mercury-in-glass thermometer.

Charles held a minor post in the Civil Service, but lost it during an
cconomy campaign. He thereafter became a lecturer on popular
science, and was very successful in drawing electricity from thunder-
clouds—it was the epoch of Franklin’s work, and science was fashionable
at Paris. When the brothers Montgolfier introduced their hot-air
balloons in 1783, he invented and made the first hydrogen balloon,
and ascended in it to a height of 7000 ft.

Determination of « at Constant Pressure.—Fig. 159 represents
a simple arrangement for determining the coefficient of expansion
of a gas at constant pressure. It consists of a piece of wide

..-( ........... ;___j__

Fia. 159.

capillary tube, of uniform bore, and about 50 em. long. One
end is sealed and a wider tube is joined at right angles to the
other end. A thrcad of mercury is introduced into the capillary
so as to rest one-third of the way along it at ordinary temperatures.
The capillary is kept horizontal. Thus a definite mass of gas
is confined between the sealed end and the mercury thread at
atmospheric pressure. The tube is immersed in a water-bath,
the surface of the water being represented by the broken line,
and the temperature of the water varied, first by putting ice in
it and then by heating it up to boiling point. The length of the
column of gas enclosed is measured at the different temperatures,
and the volume is assumed to be proportional to the length.
Another method is to take a dry flask which is closed by a rubber
stopper through which passes a short capillary tube, and immerse
it neck upwards in a vessel containing water at 60° or 70° C. It
is held down with the end of the capillary just projecting above
the surface of the water. Then when the gas in the flask has
attained the temperature of the water, the mouth of the tube
is closed with a finger, and the flask removed and immersed
completely, as quickly as possible, with its neck downwards in a
large vessel of ice-cold water. The finger is then removed.
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Owing to the fall of tempcrature, the gas contracts and water
runs into the flask. When the flask has attained the temperature
of the water, it is raised until the surface of the water is at the
same level inside and outside it. The gas inside is then once
more at atmospheric pressure. The mouth of the tube is then
closed, and the flask removed and inverted. Then, when its
outside surfacc has been dried, it is weighed. It is next com-
pletely filled with water and weighed again. Before starting
the experiment it had been weighed empty. Thus we know the
weight of the water that ran in at the lower temperature and the
weight that would be required to fill the flask, and conscquently
the volume v occupied by the water that ran in and the volume
V of the whole flask. The volume at 0°C. is consequently
V—v and the increase in volume v. Ilence

v

T (V—o)t

where t is the difference of temperature,

Instead of weighing the flask the volumes may be obtained
by a measuring cylinder.

In both the above methods the expansion of the giass is
negleeted, but the methods are not
acrurate enough to make it worth
while taking the expansion of the
glass into consideration.

o

Determination of « at Constant
Pressure. Regnault’s Method. —Fig. 160
represents  an accurate method for
determining « at constant pressure,
the method which Regnault found
most satisfactory for the purpose. A
15 a glass bulb connected by a capillary
tube through the threc-way stop-cock
at ¥ with the graduated tube B. The
lower part of B is filled with mercury ;
D is a tap by which the mercury can
be drawn off, and the tube C is open
to the atmosphere. The tubes B and
C are immersed in water in order to
keep their temperature constant. ,

The gas is admitted to the bulb A F ‘?’ 130'“1{?8,“““‘” apparatus
through the stop-cock E after passing orl‘cssﬁtrgrmmmg @ at constant
through drying tubes, and the process p ’
of exhaustion and refilling repeated several times, the bulb being gently
heated, so as to remove all traces of the moisture which is always
present on a glass surface. The cock is then turned so that A and B
are in communication, and the tube by which the gas entered closed.
The bulb is next immersed in melting ice, and the level of the mercury
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at B and C noted ; the pressure of the gas is equal to the atmospheric
pressure increased by the pressure due to the difference in level of C
and B, The bulb A is then heated to a known temperature., The air
expands, pushing the surface down at B and up at C, but mercury
is withdrawn at D until the difference in level, and consequently the
pressure on the gas, is the same as before. The increase in volume
is then obtained from the graduations on B.

The result has to be corrected for the expansion of the bulb and
for the fact that the gas in the graduated tube is not at the same
temperature as the gas in the bulh. The volumes of the bulb and of
the different portions of the graduated tube are obtained by weighing
them empty and full of mercury.

Miller’s Air Thermometer.—Miller’s air thermometer (Fig. 161) is a
piece of apparatus for determining « at constant pressure, very suitable
for use in schools. The air or other gas is intro-
duced through the stopcock at K. S is a siphon
connected by the rubber tube GF with the long
cylindrical measuring glass. The latter can be
raised and lowered in a vertical direction. The
7 tube B indicates the level of the mercury in the
bulb; the latter cannot be seen for the copper
heater W, which is shown in outline.

In performing the experiment the heater is filled
W “with ice-cold water, and the measuring cylinder
adjusted until the level of the mercury is the same
at B and C. The pressure in the bulb is then
atmospheric. The water is next heated; the air
expands, driving mercury out of the bulb through
the siphon and lowcring the level at A and B
simultancously. The cylinder EF is then lowered
until the level at C is the same as at B. The
volume of mercury which has run into the
cylinder during the operation is then read off; it
measures the increase in volume of the air in the
bulb during the change of temperature. And the
pressure is, of course, again atmospheric.

In order to determine the initial volume of the
air the temperature is brought back to 0° C. and
the pressure to atmospheric. The stopcock at K is then opened, and
mercury poured into the cylinder, until the bulb is filled with mercury.
The difference of the volume of the mercury poured in and the increase
in volume of the mercury in the cylinder then gives the volume of the
bulb. Sometimes the apparatus is fitted with a tap at F for with-
drawing mercury.

Determination of « at Constant Volume.—Fig. 162 represents
an apparatus for determining o at constant volume much used
in students’ courses. The gas to be experimented on is contained
in the glass bulb A ; this is made in one piece with the tube BC,
the whole being kept fixed in position by supports not shown in

Fi16. 161.—Miller’s
air thermometer.
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the figurc. The glass tube BC is connected by rubber tubing with
the vertical glass tube DFG; the latter can be moved up and
down and clamped in different positions on the scale. The lower
parts of both tubes and the rubber
tubing contain mercury. The bulb A
is surrounded by a can W containing ’3
water, the position of which is indi- 3
cated by the dotted lines. A mark is iallc
engraved on the left-hand tube at C. .
The position of the right-hand tube is
adjusted, until the surface of the mer-
cury in the left-hand tube just rises
to this mark, then the difference of
level of the mercury in the two tubes
and the temperature ¢ of the water in
the can are noted. The water is then
heated to temperature ¢;, the right-
hand tube raised up the vertical scale
until the surface of the mercury in
the left-hand tube is brought back to
the mark at C, and the difference of
level in the two tubes noted. The
volume of the gas enclosed by the . 160 _Apparatus for deter-
mercury is thus the samc in cach casc. mining a at constant volume.
The pressure is obtained by adding the

barometric pressure to the difference of level of the mercury in
the two tubes; let p be its value in the first case, and p, its
value in the second case. Then

p=po(l+at) and p;=po(1-+at;)

p 1+4at
whenc £ -
¢ p1 1+4ot
and o= P
Pt —pit

The volume of gas in the part of the tube protruding out of
the water should be small in comparison with the volume of the
bulb. If the right-hand tube is left in too high a position, when
the gas is cooled the mercury sometimes runs over into the bulb,
and there is difficulty in getting it out again.

Air Thermometer.—So far we have measured temperature on
the mercury-in-glass scale. The facts that the different gases
have all the same coefficient of expansion, that a gas can be used
as thermometric substance a long way below the freezing point
and above the boiling point of mercury, and that the expansion
of gases is so much greater than the expansion of their containing

N



166 HEAT

vessels that the latter is comparatively unimportant, are all
strong reasons for using a gas as thermometric substance instead
of mercury.

Accordingly the International Committee of Weights and
Measures (1887) has taken as its standard thermometric scale
that of the constant volume hydrogen thermometer. The latter
instrument is in principle like the apparatus shown in Fig. 162,
only it has the top of the right-hand tube closed and the space
FG a vacuum, so the pressure on the gas is obtained directly from
the difference in level of the two mercury surfaces without the
use of a barometer; this makes the scale independent of the
fluctuations of the pressure of the atmosphere.  The bulb is filled
with hydrogen. The surface of the mercury is always brought
back to the mark C. To calibrate the instrument the bulb is
immersed in melting ice and the level of F marked on the scale ;
it is then immersed in steam given off by water boiling under
standard pressure and the level of I again marked. These two
marks are taken as the 0° and 100° C. graduations, and the
vertical scale is divided into 100 cqual parts between the marks,
and into parts of the same length above the 100° C. mark and
below the 0° C. mark.

The hydrogen thermometer on account of its size is seldom
used directly, but forms a standard of reference for corrccting
mercury thermometers by. The maximum divergence between
the mercury thermometer and the hydrogen thermometer is less
than 0-2 C. for the range 0° to 100° C. Mcrcury thermometers
made of different kinds of glass differ, of course, slightly from one
another. By using a porcclain vessel to contain the gas tem-
peratures as high as 1100° C. can be mcasured by the hydrogen
thermometer.

Absolute Temperature.—The pressure of the hydrogen in
the constant volume hydrogen thermometer is given by the
formula

P=po(1+at)

t being theptemperature on the instrument’s own scale. Suppose
t is negative; then as the temperature decreases p decreases,

1
and finally when t= —2°r —278° C,, the pressure becomes zero.

As it is impossible to think of the pressure of a ‘gas being less
than zero, this temperature is considered to be the lowest tempera-
ture possible and to denote entire absence of heat; it is termed
the *“ absolute zero.” When temperature is measured in degrees
Centigrade from the absolute zero, it is referred to as * absolute
temperature,” and is said to be measured in degrees absolute ;
thus 100° C. is 878° abs., —10° C. is 263° abs.
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At present the name degrees Kelvin is coming into use instead
of degrees absolute, especially in America ; thus 100° C.=3873° K.
Kelvin’s name has been associated with this scale because he
first put it upon a rigorous basis.

The lowest temperature that has ever been reached is that
of the liquefaction of helium, namely —271-3° C. Helium was
liquefied by Kamerlingh Onnes in 1911.

The Gas Equation.—Let us suppose that at temperaturc ¢
the pressure and volume of a mass of gas are given by p and v.
Keep the pressure constant, but decrease the temperature to
0° C. and suppose the volume decreases to v;.  Then

‘ pr=puvy(1+at)
Now change the pressure p to standard atmospheric pressure,

denoting the latter by p, and at the same time let v; bccome
vg, the temperature remaining constant. Then by Boyle’s law

PY1=Po%
ITence PU=pPovo(1 +at)
Let T denote the absolute temperature of the gas. Then
g Ll
o o

(onsequently, on substituting in the previous equation,

1,1? =0apgvy =const. =R

The equation ],);,) =R

is referred to as the gas equation, equation of state, or character-
istic equation of a gas, and is of great use in solving numerical
examples. As it is derived from Boyle’s law and Charles’s law,
it holds naturally only for gases for which these laws hold.

It follows from the gas equation, that if the volume is con-
stant, the pressure varies as the absolute temperature, and that
if the pressure is constant, the volumec varies as the absolute
temperature.

The Gas Constant.—Let m be the mass of the molecule of a gas
and N the number of molecules per unit volume under standard con-
ditions, that is, under atmospheric pressure p, and at 0° C. Then Nm
is its density and 1/(Nm) the volume of unit mass. The molecular
weight of a gas is the ratio of the mass of one molecule to the mass of
one atom of hydrogen, and the number of grams of a substance equal
to the number which represents its molecular weight, is spoken of as
its gram-molecule. The gram-molecule of the gas is m/myg gm., where
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my is the mass of an atom of hydrogen. The volume of a gram-
molecule of the gas under standard conditions is consequently
m, 1 __1
my Nm~ Nmy
The gas equation becomes, for standard conditions,
Po?o
T,
If the mass of the gas is one gram-molecule, this becomcs

Po__ .
N"lu’r 0 -

But by Avogadro’s hypothesis N is the same for all gases. Hence if
we assume that the gas equation refers to a mass of one gram-mole-
cule, R has the same value for all gases.

Examrre.—Given that the volume of a gas is 2300 c.c. at 0° C.
and a pressure of 76 cm., what is it at 15° C. and a pressure of 78 em, ?
273 1—1.) 76

278 78
=2363 c.c.

=R

R

The required volume is 2300 —;,

ExamprLEs 111

1. Gas is contained in a vessel of 2000 litres capacity at 0° C.
and under a pressure of 74 cm. What does the pressure become when
the temperature rises to 24° C. ?

2, Compare the densities of the air at the top and bottom of a mine
shaft. The temperature and pressure are 10¥ C. and 30 inches at the
top and 14° C. and 30-5 inches at the foot.

3. At what temperature will a litre of air weigh a gram when under
a pressurc of 74 cm. ? A litre of air weighs 1-293 gm. at 0° C. and 76 cm.

4. An empty flask with a capacity of 1 litre is immersed in water
at 80° C. with only the mouth above the surface of the water, until the
air inside it takes the temperature of the water. Its mouth is then
closed with the thumb, it is suddenly inverted, and completely immersed
in water at 14° C.,and the thumb is removed. What weight of water
enters the flask ?

5. A balloon at its utmost capacity can hcold 1000 cubic ft. of gas.
900 cubic ft. are let into it at a pressure of 29 inches and a temperature
of 40° F. The valve then chokes, and the balloon rises into a region
where the pressure is 27 inches and the sun’s rays heat it to 70° F,
Will it burst ?

6. Ten cubic feet of dry air measured at 32° F., when the barometric
height is 28 inches, are pumped into a globe whose diameter is 8 inches.
The globe is then heated to 200° F.  FKind the pressure.



CHAPTER 1V

CALORIMETRY

Fundamental Experiment.—When a pot of water is heated on
the fire, we regard the increase in temperature of the water as
due to something called heat passing to the water from the fire.
It is now necessary to get more definite ideas on the subject.
It is a well-known fact, that when the pot is full, it takes longer
to boil than when it is only one quarter full. Thus, when the
heat is distributed over a larger quantity of water, the tempera-
ture rises more slowly. But a pot of water on a fire is not suitable
for accurate experimental work.

Better results can be obtained with an immersion electric
heater. This gives out hcat at a constant rate, and nearly all
this heat goes to warm the water. It is found, that if the hecater
is immersed in a vessel containing water and the latter kept well
stirred, the temperature rcad by a thermometer dipping into the
water rises at a constant rate. If the mass of water is doubled,
the temperature rises at half the former rate. If the mass is
halved, the temperature rises at twice its original rate. If the
water is replaced by an eqal mass of alcohol or of some other
liquid, the rate at which the temperature rises is changed. If
an additional heater similar to the first onc is placed in the water,
the rate at which the temperature rises is doubled. Thus we see
that the risc of temperature in a given time is directly proportional
to the heat supplied in the time and inversely proportional to
the mass of the liquid ; it depends also on the nature of the liquid.
Putting the results in the form of an equation, we have

Q

t2 _tl =’”—l:9

where ¢; and £, are respectively the initial and final temperatures,
Q is the quantity of heat, m the mass of the substance, and s a
constant of proportionality. The equation can be rewritten

Q=ms(t;—1,)
Thus the quantity of heat supplied to a substance is proportional to
its mass and to the rise in temperature produced.
169
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Definitions.—We shall now define unit quantity of heat.

Unit quantity of heat is the amount of heat necessary to raise
one gram of water 1° C.

Water is chosen as the standard substance simply as a matter
of convenience. The unit as thus defined is called the calorie
and sometimes the gram-degree. The quantity of heat ncces-
sary to raise the temperature of one gram of water 1° C. is not
rigorously the same at all temperatures, but decreases from
0° C. to a minimum at 37:5° C., and then increases to 100° C.,
the extreme variation over the range 0° to 100° C. being less than
1 per cent.  Ience in very accurate work it is necessary to specify
for what particular 1° interval the caloric is defined ; the interval
most generally chosen is from 15° to 16° C.

Since there are different units of mass and more than onc
scale of temperature, the unit of heat might have been defined
otherwise. The caloric is the unit invariably used in scientific
work. If the unit of mass is a kilogram, the unit of heat is called
a large calorie. The heat required to raise 1 lb. of water 1° F.
is used as a unit in enginecering, and is called the British thermal
unit ; it is denoted by the letters B.Th.U. 'The heat required to
raise 1 lb. of water 1° C. is also used as a unit in Great Britain,
being known as the Centigrade unit (Ib. deg. Cent.).

The gas companies have a special unit of their own for
measuring heat, called the therm. It is the quantity of heat
required to raise 1000 lbs. of water through 100° F., and thus
equals 100,000 British thermal units. This is approximately
29 times as great as the kilowatt-hour, the unit used by the
clectricity companies in charging for heat and energy.

The specific heat of a substance is the quantity of heat required
to raise the temperature of one gram of the substance 1° C.

If in the equation

Q=ms(ty—1t,)

we writ¢ m=1 gm. and ¢, —¢;=1° C.,, Q becomes = s. Conse-
quently in this equation s denotes the specific heat of the substance.

The thermal capacity of a body is the quantity of heat
required to raise its temperature 1° C.

Thus the specific heat is the thermal capacity of unit mass.
The specific heat of copper, for example, is 0-093 ; the thermal
capacity of a lump of copper weighing 12:2 gm. is 12-2 X0:093
=1-185 calories, and the quantity of heat necessary to raise its
temperature from 10-2° C. to 15-3° C. is 12-2 X0:093 X 51 =579
calories.

It follows from the definition, that the specific heat of water
is unity. The thermal capacity of a given quantity of water is
consequently equal to its mass. The thermal capacity of a body
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is often referred to as its water equivalent, because it gives the
mass of water which would absorb the same quantity of heat
as the body under the same circumstances.

Law of Mixtures.—The science of the measurement of
quantities of heat is called calorimetry, and the piece of apparatus
used for the purpose is called a calorimeter. The most common
form of calorimeter consists simply of a cylindrical copper vessel
which is provided with a copper stirrer, and is suspended on
three threads inside another cylindrical vessel. The outer surface
of the inner cylinder and the inner surface of the outer cylinder
are both highly polished. If the inner vessel is filled with warm
water, heat cannot escape from it except by conduction along
the threads or by radiation and convection from the one polished
surface to the other. Now the radiation loss from a polished
surface is small, and since the outer cylinder shiclds the inner
one from draughts, the convection loss is also small. Thus the
whole loss of heat from the inner vessel is small.

It is found as a result of experiment, when solids and liquids
are mixed together in such a calorimeter, that there is no heat
gained or lost by the calorimeter and its contents as a whole,
provided that chemical action does not take place betwcen the
different substances. This result is known as the law of mixtures.
It can be stated in the following very convenient form :

The heat lost by the hot bodies is equal to the heat gained by the
cold ones.

We shall now proceed to make some applications of this law,

Determination of the Water Equivalent of a Calorimeter.—
In applying the law of mixtures the calorimeter itself must be
taken as one of the bodies involved, and it becomes important
to determine its water cquivalent or thermal capacity. This
can be done experimentally in the following manner:

The inner vessel of the calorimeter is first weighed empty,
then rather more than half full of cold water, and so the mass
m of the water is determined. It is then replaced in the outer
vessel, and the temperature of the water ¢ noted. Next some
water at a higher temperature T is poured in, sufficient to raise
the temperature of the water in the calorimeter about 8°; the
mixture is stirred well, and 6, the exact value of the highest
temperature reached, noted. The inner vessel is then weighed
again, and a determination made of M, the mass of the hot water
poured into it.

When the mixture is stirred, the hot water loses heat, and
the cold water and the mectal of the calorimeter gain hcat. The
heat lost by the hot water is

M(T —6)
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The heat gained by the cold water is
m(0—t)
Let w be the water equivalent of the calorimeter. Then the heat
gained by the calorimeter is
w(6—1)
Equating heat lost and heat gained, we obtain
M(T —8) =m(0 —t) +(0 —¢)
w——M(T—_o)——m
0t
The method does not give accurate results, since the two
quantities on the right of the above equation are nearly equal
in size, and experimental error in determining the first of them
has thus a large influence on the result. The latter may be
found more accuratcly by multiplying the mass of the stirrer and

of the inner vessel of the calorimcter by the specific heat of the
mctal of which they are composed.

whence

ExaMpPLE.—A calorimeter contains 80-2 gm. of water at 14'9° C.
To this 42-9 gm. at 30-2° C. are added, and, when the mixture is stirred,
its temperature is found to be 20-1° C. Find the water equivalent of
the calorimeter.

Let w=water equivalent.

Then Ileat gained =(80-2-}w)(20-1 —14:9) =417-0+5 2w

Heat lost  =42-9(30-2 —20-1) =433-0

Hence 5-210=433-0—417-0=16-0
and w=31 gm,

Determination of Specific Heat.—In dctermining the specific
heat of a solid the inner vessel of the calorimeter is first weighed
empty, then rather more than half full of cold water, and m,
the mass of the cold water, determined. It is next replaced in
its outer vessel and ¢, the temperature of the water, is taken.
Then the specimen, which has meantime been heated to a high
temperature T, is dropped into the water, the water is stirred and
0, the highest temperature reached, is noted. The inner vessel
is next weighed and M, the mass of the specimen, determined.
Let w be, as before, the water equivalent of the calorimeter, and
let s be the specific heat of the specimen.

The heat lost by the specimen is

Ms(T —6)
The hcat gained by the water and calorimeter is

(m~4w)(0—1)
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On cquating we obtain
Ms(T —8) =(m-4-w)(6 —t)
_On-tw)(6 0
whence s= M(T—8)
In performing the experiment it is very important that the
temperature of the specimen should be accurately determined,

and that it should be dropped rapidly into the water without
having time to lose heat to the air. Kor this

purpose special pieces of apparatus have been c
devised, and Fig. 163 represents a scction of a
simple and very eflicient type. It consists of A

a fixed metal tube AB bent at an obtuse angle,
and surrounded by a steam or water jacket.
Telescoping into the vertical part of the tube
is another movable one, which is closed at the
top by a cork carrying a thermometer C. The
cork is removed and the specimen dropped into
this tube. When the temperature indicated by
the thermometer has been steady for five
minutes, the upper tube is raised, and the speci-
men falls out of the heater in the direction of the arrow into the
calorimeter.

The specific heat of a liquid can be determined by half filling
the calorimcter with it, instead of with water, and dropping in
a hot solid of known specific heat. The rcasoning given above
then still holds, if m be taken to denote the thermal capacity of
the liquid.

A small tin without any outer vessel, such as a }-lb. cocoa
tin, may be used instead of a calorimeter. But it has the dis-
advantage of losing heat through its bottom to the table on which
it rests, and so does not give such accurate results.

In solving problems on calorimetry it is better not to memorise
formule but to work out each case from first principles, equating
heat gained to heat lost.

B
Fic. 163.—Ileater
for calorimetry.

ExamMpLE.—An aluminium calorimeter of mass 26-2 gm. contains
83-8 gm. of water at 14-6° C. A piece of aluminium is heated to
100-1° C. and dropped into the water. "What is its mass, given that
the final temperature of the water is 19-7° C. and the specitic heat of
aluminium is 0-21 ?

Let M be the mass.

Then Heat gained =(83-8+26-2 x0-21)(19-7 —14-6)

=89-3 X 5-1 =4554
Heat lost  =0-21M(100-1 —19-7)
=0-21 XM X 804 =16-88M
Hence 16-88M=4554 and M==26-98 gm.
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Law of Dulong and Petit.—The product of the atomic weight of
an element and its specific heat is constant, and equal to about 6-4.
This law was given by Dulong and Petit in 1818 ; it can be expressed
in the equation

W)8; =Wy,

where w, and w, are the atomic weights, and s, and s, the specific
heats of any two elements. Since the number of atoms of the first
element in w, grams is equal to the number of atoms of the second ele-
ment in w, grams, there is the same number of atoms on both sides
of the equation, and the law amounts to stating that the thermal
capacity of cvery atom is the same. It is not strictly true, boron,
carbon, and silicon being cexceptions at ordinary temperatures. But
these elements obey the law at high temperatures, and it is now assumed
that the specific heats of all the elements decrease to zero at the absolute
zero of temperature.

Latent Heat.—When a vessel containing a mixture of ice
and water is warmed, it is found that the temperature remains
at 0° C. as long as any ice remains unmelted, provided that
uniformity of temperature is maintained throughout the vessel
by stirring. Since heat is being supplied, and the temperature
does not rise, it follows that the heat must be used for another
purposc, namely, for melting the ice. In the same way if a
large piece of ice is taken with a cup-shaped depression on its
upper surface, and a red-hot lump of copper placed in the cup,
ice is melted, and both the lump of copper and the water pro-
duced take the temperature of melting ice. Here the copper
has lost its heat, and there is nowhere the heat could go cxcept
into the water. Conscquently, to use an expression introduced
by Joseph Black, who first discovered what happened, the heat
is latent in the water.

Other substances behave in the same way as water in this
respect. To convert any of them from the solid to the liquid state
without a change of temperature a definite quantity of heat is
required. This is known as the latent heat of fusion. Conversely,
when the substance passes from the liquid to the solid state,
the same quantity of heat is given out again. To put the
definition in a sentence :

The latent heat of fusion of a substance is the quantity of heat
required to convert unit mass of the substance from the solid to the
liquid state without change of temperature.

When water starts to boil, its temperature remains constant
no matter how much it is heated. The heat supplied, since it
is not used for raising the temperature, must be used for changing
the state. It consequently becomes latent in the steam, and is
called the latent heat of steam or the latent heat of vaporisation
of water. It is given out again when the steam condenses.
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Other liquids behave in the same way as water in this respect.
We have consequently the definition :

The latent heat of vaporisation of a substance is the quantity of
heat required to convert unit mass of the substance from the staie
of liquid to the state of vapour without change of temperature.

The latent heat of stcam varies with the tempcrature at
which vaporisation takes place. If Q, the total heat of steam,
is defined as the quantity of heat necessary to raise one gram
of water from 0° C. to a temperature of ¢° C. and evaporate it at
that temperature, then, according to Regnault, mcasured in
calories,

Q=606-5-+0-305¢

This equation, which is not very accurate at low temperatures,
was proved for a range of from 63° to 194° C. If we put ¢ =100,

Q=606-5+380-5 =637

Hence if we subtract 100, the quantity of heat necessary to raise
one gram of water from 0° to 100° C., we find that the latent heat
of steam at 100° C. is 537 calories.

Determination of Latent Heat of Water.—The latent hcat
of water or latent heat of fusion of ice can be determined with
an ordinary calorimeter as follows :

Fill the calorimeter morc than half full with m grams of
warm water, and let w be its water cquivalent. Let ¢ be the
temperature of the water. Dry two or three lumps of ice about
the size of walnuts on blotting-paper, drop them into the calori-
meter, stir, note the lowest temperaturc rcached (8), and then
weigh the inner vessel so as to find M, the mass of the ice dissolved.
Then, if L denotes the latent heat of water, the amount of heat
gained by the ice in melting is ML, and in being raised to tem-
perature 6 is M. The amount of heat lost by the water in
being cooled from ¢ to 6 is m(t—0), and the amount of heat lost
by the calorimeter in being cooled through the same range is
w(t—0). Equating heat gained to hcat lost, we obtain
M(L+60)=(m+w)(t—0)

__(m+w)(t—0)
L= M- —0
Thus L can be calculated. The correct value is 80 calories.

Determination of Latent Heat of Steam.—Fig. 164 shows a
simple arrangement sometimes adopted for determining the
latent heat of steam at atmospheric pressure. As calorimeter a
rectangular copper box is used.  This is filled to the level indicated

with water, and contains a copper condenser with entrance and
exit tubes A and B showing above the surface of the water. In

which gives
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the neck of the flask there is a cork into which a short piece of
glass tube fits; to this glass tube is attached a short piece of
rubber tubing. The experiment is performed by waiting until
the water in the flask is

A boiling vigorously, then in-
B serting the rubber tube in

| the cntrance tube of the
RN X condenser for a minute or
PRI two. The steam which

2

N does not condense escapes

. by the exit tube. After the

rubber tube is disconnccted,

the water in the calorimeter

is stirred, and the highest

temperature  reached is

noted.

Let L be the latent heat

/ of steam, w the water

¥16. 164.—Apparatus for determining cquwalent of the calori-

latent heat of steam. meter and condenscr, m the

original mass of water, M

the mass of steam condenscd, ¢ the initial temperature of the

water, and @ its final temperaturc. The heat gained by the
calorimeter and water in being raised from t° to 6° is

(m—+w0)(0—t)
The hedt lost by the steam in condensing is
ML
and in being cooled from 100° to 6° C. is
M(100—86)
Equating heat gained to heat lost,
(m4w)(8 —t)=ML+M(100 —8)

L4000 5109
M

Convection Correction.—It has hitherto been assumed, that no
heat escapes from or to the calorimeter, during the course of the
experiment. This is not strictly true, and for accurate work the
radiation loss or convection loss, as it ought to be called, for convection
plays a larger part in it than radiation, must be corrected for.

Fig. 165 shows how to do this in the case of a determination of the
latent heat of steam. The crosses represent temperature readings of
the water in the calorimeter plotted as a function of the time. The
temperature of the room was 15:0° C. At 0 min. the temperature of
the water was 16:0° C. At 1 min. it was still 16 0° C., and the steam

)

—

whence
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was connected on. At 2 min. it was 25:0° C,, and the steam was dis-
connected. At 3 min. it was 29-0° C. At 3} min. the temperature
reached its highest value, namely, 29-5°; thercafter the temperature
began to fall. Now the risc of temperature took 2} min., from the
vertical A to the dotted vertical B. In
the equal time from B to C the fall of
temperature was 0-7° C, The fall of
temperature per min. is roughly pro- 287 --- e
portional to the temperature difference /

of the calorimeter and the room. The 2¢| I* /o]
average differerce of temperature in a4 | —f '
the interval AB is 9-9°, and the average

A B C

30

1
difference of temperature in the interval 22|~ — i
BC is 14-2°. Hence we are justified in  ,5| __ / | ]
supposing that there was a loss of / '
% X0-7° during the interval AB, and &'}~ /—— |-|—| -

in adding this as a correction to the

highest temperature reached, in the ol R Y
expression for the heat gained by the 2 3 4 s emns
water and calorimeter; 6 in this Fic. 165.

expression should consequently be

29-540-5=30° C. But in the expression for the heat lost by the steam
0 should be unaffected, for the temperature of the condensed steamn
falls to 29-5* C., not 30° C.

The average difference of temperature in the above calculation was
obtained graphically by measuring the area between the curve and the
axis of abscisse.

A less accurate way of applying the correction consists in measuring
the rates of cooling before passing in the steam and after the maximum
temperature has been attained, and assuming that the rate of cooling
during the experiment is the mean of these two values. It is multiplied
by the time the rise of temperature takes and then added as a correction
to the latter.
~ Other cases may be treated similarly. Convection and radiation
corrections should be used with extreme caution, and the extent to
which they affect a result should always be clearly indicated.

In determining the latent heat of water it is sometimes advised
that the initial temperature of the water should be as high above the
temperature of the room as the final temperature 1s below it, the idea
being that the convection loss to the room during the first part of the
experiment should be equal to the gain from the room during the
second part. But the temperature falls most rapidly at first, and the
convection loss cannot be eliminated in this way.

Bunsen’s Ice Calorimeter.—When water freezes, its volume
increases, 1 c.c. of water forming 1-09 c.c. of ice. This change
of volume has been utilised by Bunsen in the construction of a
calorimeter which is more sensitive and accurate than the simple
calorimeter already described.

Bunsen’s ice calorimeter is represented in Fig. 166. A thin-
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walled test tube A is sealed into a wider glass vessel B which
terminates in a tubc CD bent thrice at right angles. The tube
and lower part of the glass vessel are
filled with mercury. The upper part of
the glass vessel is filled with distilled
water which has been boiled to free it
from dissolved air. The upper portion
of CD is a capillary of uniform bore,
and the position of the end of the
mercury thread can be read on a scale.

Before using the instrument it is
surrounded with a bath of melting ice.
) A freezing mixture is then placed in A

, N e until the water round about it is
Fie. ’ff{l;fn"“e'éii“ $ ¢ frozen. When a sufficient coating of ice
has been formed, the freezing mixture is
removed, the end of the mercury thread at D is read, and the
hot body placed in the test tube. The heat given out melts some
of the ice and diminishes its volume. The surface of the mercury
in B rises, and the end of the thread at D moves towards the left.
When it becomes steady, its position is noted, and from the
difference in the two readings the amount of heat given out by
the hot body can be calculated.

The scale is usually calibrated by pouring a quantity of hot
water into A and measuring the displacement produced by the
known quantity of heat it contains. The value of its divisions
may also be obtained by caleulation, if the bore of the capillary
is known. For let Q be the quantity of heat given out, let L be
the latent heat of water, and let a be the cross-sectional area of
the capillary. Then the mass of ice melted is Q/L, the
diminution in volume is 0-09Q/L c.c., and the
displacement is

0-09Q
aLL

If @ is 1 sq. mm. and the displacement is
1 mm., Q works out at 0-89 calorie. The
instrument can thus be used for measuring
very small quantities of heat. It has, of course, .
the advantages that no thermometer is re-
quired, there is no water equivalent to take
into consideration, and there is no convection
Ioss. Fig. 167.—Joly’s
Joly’s Steam Calorimeter.—Fig. 167 repre- Ste»m calorimeter.
sents one form of Joly’s steam calorimeter, arranged for determining
the specific heat of gases at constant volume. The gas is contained
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in a copper sphere A which is suspended by a wire D from the
pan of a balance. The sphere and the gas it contains are allowed
to take up the temperature of the room. Steam is then allowed
to enter through the channel E and to pass out through the
channel F. It condenses on the sphere until the temperature of
the latter is raised to 100° C.; the mass condensed multiplied
by the latent heat of steam gives the amount of heat nccessary
to raise the copper sphere and gas contained to this temperature.
The mass condensed collects on the pan B3, and is weighed by the
balance. C is a shield which prevents condensed steam dropping
on the sphere from above, and in order to prevent the condensation
of steam on the wire D, the latter is heated elcctrically by the
spiral S through which it passes without touching.

British Thermal Unit.—Specific heat was defined on p. 170, as the
thermal capacity of unit mass. It might have been defined as the ratio
of the thermal capacity of unit mass to the thermal capacity of unit
mass of water, as is done in some books, and the numerical valuc would
be the same, since the thermal capacity of water is 1 calorie.  'When
detined in this way it is simply a ratio, and independent of the units
employed. Now the thermal capacity of unit mass of water is also 1
when measured in British thermal units. It follows that spccific heat,
when defined as is done in this book, has the same value in B.Th.U. as
in calories.

It is otherwise, however, with the latent heats. The heat required
to melt 11b. of ice raises 1 1b. water through 80° C. which is equivalent to
2 % 80, 1.e. 144 F.; hence the latent heat of water is 144 B./Th.U. The
latent heat of steam is similarly £ X537 == 967 B.Th.U. But the latent
heats have the same values in Ib. deg. Cent. units as in calories.

Calorific Value of a Fuel.—The calorific value of a fuel is the amount
of heat given out when a definite weight, for example 1 1b., is burned.
It is measured by the bomb calorimeter. In making the measurcment
a small quantity of the fuel is powdered and dried, and placed inside
a strong steel shell or bomb. This bomb has a gas-tight cover and is
filled with oxygen at high pressure. It is then immersed in the calori-
meter, and when it has taken up the same temperature as the water,
the fuel is fired ; this is done by passing an clectric current through a
wire in contact with the fuel, so as to make it red hot. The fuel burns
up completely in the excess of oxygen. The water in the calorimeter is
stirred, and the highest temperature reached is noted. In calculating
the result the water equivalent of the bomb must be reckoned in with
the water equivalent of the calorimeter.

The heat produced by the complete combustion of one gram of
good coal is about 8000 calories.

ExamrLes 1V

1. A calorimeter contains water at 40° C., the equivalent mass of
water being 100 gm. In order to cool the water (2) 30 gm. of water
are withdrawn and replaced by 30 gm. of water at 10° C.; or (b) 15 gm.
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of water are withdrawn and replaced by 15 gm. of water at 10° C,,
and, after stirring, this process is repeated. Assuming there is no
cooling due to other causes, determine the final temperature in the two
cases.

2. In determining the latent heat of water the mass of the calori-
meter (inner vessel) was 89-31 gm., the mass of calorimeter and warm
water 99:90 gm., the initial and final temperatures 36-0° C., and
16-2° C., and the mass of calorimeter, water, and ice melted 113-4 gm.
Work out the result on the assumption that the water equivalent is
Jo the mass of the inner vessel of the calorimeter.

8. In a second attempt with the same calorimeter the mass of the
calorimeter and warm water was 102-02 gm., the initial and final
temperatures were 84-6° and 18-0° C., the mass of calorimeter, water,
and ice melted 113-00 gm. Work out the result.

4. In dctermining the specific heat of lead the mass of calorimeter
and stirrer is 46-:50 gm., the mass of calorimeter, stirrer, and cold
water 103-15 gm., the lead is heated to a temperature of 93-3° C., the
initial and final temperatures of the water arc 15-7° and 28-1° C., and
the mass of the lead is 359-0 gm. Work out the result. Assume that
the water equivalent of the calorimeter is |5 the mass of the inner
vessel and stirrer.

5. The following data were obtained in a determination of the
latent heat of stcam : Mass of calorimeter and condenser 30495 gm.,
mass of cold water 305-25 gm., initial temperature 21-0° C., final
temperature 32:0° C., mass of steam condensed 6:3 gm. The water
equivalent of the calorimeter and condenser can be taken as {; of their
mass. Work out the result.

6. The following data were obtained in a determination of the
specific heat of a metal : Mass of calorimeter 49-22 gm., of calorimeter
and water 117-92 gm., temperature of heater 97-5° (., initial tempera-
ture of water 15-5° C., final temperature of water 19-4° C., mass of
calorimeter, water, and metal 172:9 gm. Work out the result on the
usual assumption as to the water equivalent of the calorimeter.

7. A calorimeter contains 129-4 gm. of water at 16-2° C. To this
38-7 gm. are added at 87:3° C., and, after stirring, the temperature of
the mixture is found to be 21-0° C. What is the water equivalent of
the calorimeter ?

8. What is the temperature of a piece of iron weighing 52 Ib.,
which, when immersed in 11-0 1b. of water, raises its temperature
from 14-0° to 26-4° C. ? 'The specific heat of iron is 0-119.

9. A piece of silver weighing 12:6 gm. was heated to 101-4° C. and
dropped into 68-2 gm. of turpentine at 11-2° C. The final temperature
was 13:0° C. Thc water equivalent »f the calorimeter was 81 gm.
The specific heat of silver is 0-056. Find the specific heat of turpentine.

10. A glass bottle of weight 3 oz. contains 1 lb. of water, the glass
and water being at 20° C.; 4 lb. of mercury at 45° C. are added.
What is the common temperature when the mercury and water have
been shaken together ? The specific heats of mercury and glass are
0-083 and 0-2 respectively. :

11. The following figures were obtained with a latent heat of steam
apparatus : Watcr equivalent of calorimeter and condenser 302 gm.
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weight of cold water 288-1 gm., initial temperature 16-3° C. Steam
was then passed into the condenser, the increase in weight being
7-2 gm., but 0-5 gm. of this condensed in the neck of the flask, and was
blown into the condenser as water. What ought the final temperature
of the water in the calorimeter to be ?

12. Equal volumes of alcohol at 5°C. and turpentine at 60° C.
are shaken together; find the temperature of the mixture. The
specific gravities of alcohol and turpentine are 0-80 and 0-87, and their
specific heats are 0-60 and 0-42.

13. The specific heat of ice is 0-5. What quantity of heat will be
required to change 10-2 gm. of icec at —7-6° C. to water at 14-0° (. ?

14. What is the result of mixing 1 Ib. of ice at --10-0° €. with 2 Ib.
of water at 25-0° C. ?

15. At Quito (2808 metres above sea-level) water boils at 90-1° C.,
and at Madrid (610 metres above sea-level) water boils at 97-8° C.
What is the value of the latent heat of steam at these two places ?

16. How many calories are there in the British thermal unit ?

17. A mass of 0-80 gm. of a substance was heated to 100° C. and
dropped into a Bunsen’s ice calorimeter. The thread of mercury was
displaced through a distance of 6:9 mm. in the capillary tube of 1 sq.
mm. section. If 1 gm. of water expands by 0-091 c.c. on freezing
and evolves 80 calories, calculate the specific heat of the substance.

18. In a test with a bomb calorimeter 0740 gm. of petroleum was
burned. The calorimeter contained 2010 gm. water. The rise in
temperature was 3-0° C. Find the calorific value of the petroleum in
calories per gram, given that the water equivalent of the calorimeter
and bomb was 710 gm.

19. The price of gas is 10d. per therm and of eleetricity 1d. per
kilowatt-hour. What is the relative cost of obtaining the same quantity
of heat from gas and electricity ?



CHAPTER V
CHANGE OF STATE

Cooling Curve.—If ice and salt are mixed together in the pro-
portion of 33 parts by weight of salt to 100 parts by weight of
ice, a temperature as low as —20° C. can be obtained. Let us
suppose that some water at room temperature is placed in a test
tube with a thermometer and stirrer dipping into it, and that the
whole is immersed in such a freczing mixture. Then the tempera-
ture of the water will fall. Let us suppose that it is read every
minute as long as it continues to fall, and that a graph or cooling
curve is drawn showing how the temperature varies with the time.

It is found that the temperature falls, until 0° C. is reached.
Then ice begins to form, and the tempcrature remains stationary
until all the water is frozen. During this time the test tube is
losing heat to the freczing mixture, but the water is giving out
latent heat on freezing, and this fills the place of the heat lost.
Only when all the water is frozen does the temperature begin to
fall once more.

Similar curves are obtained for other substances, and are used
as a means of determining melting points. Fig. 168, for example,
is such a curve for phenol. 1t is seen from the curve, that after
the start of the experiment the temperature drops for six minutes
until 42° C. is reached. It then remains stationary for about
twenty minutes before commencing to fall once more. Thus
42° C. is the melting point of phenol.

A curve such as Fig. 168 which possesses one well-defined
“step ” is characteristic only of a pure substance. In the case
of paraffin wax, which is a mixture, solidification takes place over
a range of temperature, and there is no definite melting point ;
the slope of the curve changes on entering this range but does not
become horizontal. Glass and sealing wax are like paraffin wax
in this respect ; there is an intermediate state between solid and
liquid in which they are plastic. Some cooling curves again have
scveral horizontal steps corresponding to the melting points of
different constituents.

If water is freed from dissolved air, and cooled slowly and

132
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carefully, it is possible to take it to a temperature well below
0° C. without freezing setting in. It is then said to be super-
cooled. But if it is shaken, or if a small piece of ice is dropped
in, it at once freezes, and the temperature rises to 0° C. All
liquids with definite melting points exhibit the phenomenon of
supercooling. It takes place only in the one direction ; it is not
possible to heat a solid above its melting point without its melting.

The freezing point of a solution is always lower than that of
the pure solvent. The cxact temperature depends on the strength
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of the solution, the depression being proportional to the con-
centration for dilute solutions.

Determination of Melting Point.—When only a small quantity
of the substance is available, the melting point can be deter-
mined as follows :

A thin-walled capillary glass tube is sealed at one end. Some
of the substance is put in the tube, and the latter is fastened to
a thermometer by rubber bands, with its sealed end close to the
bulb. The arrangement is then supported in a beaker of water
with the end of the capillary projecting above the surface of the
water. The water is slowly heated and kept well stirred, and as
soon as the substance melts, the temperature is noted; when
the substance melts, it becomes more transparent. The water
is then allowed to cool, and the temperature at which the sub-
stance freezes is noted. The two readings should not differ much
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from one another, and their mean is taken as the melting
oint.
P Change of Volume on Solidification.—When water freezes its
volume increases, 1 c.c. of water forming 1-09 c.c. of ice. Since
ice floats on watcr, it is, of course, obvious that its density must
be less than that of water. The change from the liquid to the
solid state is always accompanied by a change of volume, but in
most cases the change is in the opposite direction, and the volume
diminishes on solidification. Thus paraffin wax contracts on
solidifying, and solid paraffin wax sinks when thrown into its own
liquid.

1 When water freezes, the expansion takes place with very
great force.  This may be demonstrated by filling a cast-iron bottle
fitted with a screw stopper with water, screwing the stopper tight,
and immersing the bottle in a freezing mixture. After a time
it bursts with a loud report. The experiment should be carried
out under a strong cover, as fragments of the bottle may be driven
to a distance.

It is the cxpansion of water on freezing which bursts the
domestic water-pipes in winter, though the leak is of course not
apparent until the thaw comes. It is also responsible for the
breaking up of soil and the weathering of rocks. Water percolates
into the soil, expanding when it freezes, and the soil is loosened
when the thaw comes; in the same way when the water in the
cracks of rocks freezes, it expands, and splits off pieces.

Sublimation.—Solids can pass directly to the state of vapour
without passing through the intermediate liquid state. They are
then said to sublime. Iodine crystals form a good example of
sublimation, passing into a dark vapour when gently warmed.
Snow and ice sublime slowly ; in Arctic regions this is the only
method by which they can pass into the state of vapour.

Experiment to determine the Density of Ice.—Drop a small piece
of ice into methylated spirits, and add water until it just sinks. Then
stir ; the ice gradually melts, increasing the density of the mixture.
As soon as it floats, remove it as rapidly as possible. Its density is
then equal to that of the mixture of methylated spirits and water,
which may be determined by the ordinary methods.

Change of Melting Point with Pressure. Regelation.—Since water
expands on freezing, we would expect that increase.of pressure, which
renders expansion more difficult, would make a greater degree of cold
necessary to produce freczing, and hence lower the freezing point.
On the other hand, in the case of substances like paraffin wax which
contract on freczing, we would expect increasc of pressure to raise the
melting point. This is actually what takes place. But the effect
is a small one, being in the case of water only 0-0075° C. for an increase
of pressure of one atmosphere. We can consequently neglect the
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variations in the barometer, when the lower fixed point of a thermo-
meter is being determined.

If two blocks of ice are pressed together, they become frozen into
a single block. Owing to the pressurc on the surfaces of contact, the
freezing point is lowered below 0° C., and some ice melts there. But
on releasing the pressure the freezing point goes up again and the
water freezes, binding the blocks together. This process—melting
produced by pressure followed by freczing when the pressure is removed
—is known as regelation. It was first noticed by Faraday, and can
be demonstrated by the following striking experiment due to Tyndall :

A large block of ice is placed on two stools in a room where the
temperature is 0° C., and weights are hung over it by
a copper wire in the manner shown in Fig. 169. Owing
to the pressure under the wire the ice melts, and the
wire sinks into it ; the water flowing round the wire
is relcased from the pressurc and freezes again. This
goes on, until in a couple of hours or so the wirce
works its way through the block and the weights fall
to the floor. But the ice is left in one block, a few
bubbles marking the plane in which the wire cut
through.

We have also an example of regelation when snow
is pressed together to form a snowball. The pressure
melts some of the snow ; when the pressure is released.
the water freezes and binds the snow together.
When the cdge of a skate presses on ice, it lowers the
freezing point and causes the ice to melt; hence the blade sinks in,
and is enabled to ‘ bite.”

g, 169.—
Regelation.

Boiling.—If a flask of water containing a thermomecter is
heated over a burner, the temperature rises steadily. After a
time little bubbles begin to form on the bottom of the flask,
ascend a short distance, then collapse. These bubbles require
something to start from, for example, a roughness on the side of
the vessel. Finally, large numbers of bubbles form throughout
the body of the liquid, ascend to the surface, and are given off as
steam. The temperature at the same time becomes stationary.
The water is then said to boil. The stcam as it passes through
the upper part of the flask is an invisible colourless vapour.
When it comes into contact with cold air, it condenses into a
visible cloud of small particles of water. This cloud is often
referred to incorrectly as steam. It is small water particles ;
steam itself is invisible.

The change of state from liquid to vapour is in many respects
similar to the change from solid to liquid.

(1) There is no rise in temperature until the change is com-
pleted ; then, if the vapour is enclosed in a boiler and heated, the
temperature begins to rise again, just as the temperature of water
rises after the ice is all melted.
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(2) Latent heat is absorbed during the change.

(3) The change is accompanied by an increase in volume,
1 c.c. of water forming about 1700 c.c. of steam under standard
pressure.

(4) Just as liquids may be cooled below their freezing points
without freezing, so also they may be heated above their boiling
points without boiling. This is very apt to occur if the liquid
contains no dissolved air. If a bubble is then formed, it grows
with extreme rapidity, and the steam is given off with such
violence that it may shake the vessel. This effect is known as
“ bumping ” or delayed boiling. It can be prevented by placing
picces of broken brick or glass or fragments of wire in the vessel,
80 as to provide nuclei for the bubbles to form on; this should
always be done when the boiling point of a solution is to be
determined.

(5) The boiling point of a solution is higher than that of the
pure solvent, the difference depending on the strength of the
solution. It has bcen mentioned that the freezing point of a
solution is lower than that of the solvent, so the effect here is in
the opposite direction. A saturated solution of common salt
boils at about 108° C. and freezes at about —22° C.

Determination of Boiling Point.—When a solution is boiled,
the temperature of the vapour is
that of the boiling point of the
pure solvent. Hence in deter-
mining the boiling point of a pure
liquid, the thermometer should be
placed in the vapour as in the
case of the hypsometer described
on p. 140. This climinates error
duc to delayed boiling and traces
of dissolved substances. On the
other hand, in dectermining the
boiling point of a solution the
thermometer should be in the
liquid, and precautions should be
taken, as described above, to pre-
vent delayed boiling.

Effect of Pressure on the Boil-
ing Point. Franklin’s Experi-
ment.—As has been mentioned
on p. 141, increasing the pressure
Fie. 170.—Franklin’s experiment. O which a liquid is exposed raises

its boiling point, and diminishing
the pressure lowers its boiling point. The effect is a much larger
onc than in the casc of the melting point. Fig. 170 represents an
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experiment due to Franklin which is often used for demonstrating
it to a class.

A round-bottomed flask is filled half full of water, and boiled
until all the air in the upper part of the flask is expelled by the
steam. It is then corked, inverted, and supported on a retort
stand, and after a time ebullition ceases. If the flask is then
cooled by cold water from a sponge, the water begins to boil
again, because the cold water condenses some of the vapour and
lowers the pressurc; hence boiling continuecs until the pressure
1s restored.  The addition of more water causes renewed boiling,
and the process can be repeated many times. Kach time, of
course, boiling takes place at a lower temperature.

Papin’s Digester.——This apparatus was exhibited in 1679 to the
Royal Society by Papin, one of the discoverers of the steam engine.
It consists of an iron or copper boiler the lid of which can be serewed
down air-tight. The boiler is fitted with a pressure gauge and also a
safety valve which is operated by a lever and a sliding weight, and
is of interest as being the first boiler cver fitted with a safety valve.
The maximum pressure inside is greater than atmospheric pressure by
an amount due to the downward force acting on the valve. When the
boiler is heated, the pressure inside increases to this maximum value.
The valve then “ blows off,” and the water boils. Owing to the
increased pressure the boiling point is, of course, above its usual
value. The force on the valve and consequently the boiling point can
be regulated by sliding the weight along the lever.

The barometric pressure is less at great heights, and the tempera-
ture of water boiling in open vessels at great heights is not sufficient
to cook foed properly ; consequently Papin’s digester is used in such
circumstances for cooking with. It is also used for softening bones
and extracting the gelatine they contain.

Evaporation and Boiling.—If a kettle is lcft on the fire too
long, it boils dry, all the water passing away as steam. If the
water in a pool on the road is exposed to the action of the wind
it evaporates away, although its temperature may not be as much
as 15° C. It is interesting to consider these phenomena from the
molecular standpoint.

The molecules in a liquid are all in a state of motion in different
directions and with different velocities, some moving much faster
than others. If a molecule reaches the surface it is acted on in a
downward direction by molecular attraction, and consequently
it usually flies back into the liquid again. If, however, its velocity
is very great, the molecular attraction is not sufficient to stop it,
and it passes out into the atmosphere above. The number of
molecules with a velocity greater than the average is continually
being reinforced as a result of the impacts and jostlings of the
molecules with one another. Consequently, there is a steady
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stream of molecules through the surface. This is the mechanism
by which evaporation goes on. As a result of the abstraction
of the molecules with high velocities, the average kinetic energy
of the molecules diminishes. But it will be shown later that
the heat of a body is simply the kinetic energy of the motion of
its molecules. Consequently, as a result of evaporation, the
liquid cools.

If a kettle is half full of water, the space above the water
contains a mixture of water vapour and air. The resultant
pressure exerted by this mixture is the sum of the pressures exerted
by the vapour and air separately. Lect us suppose that the lid
of the kettle is off. Then the sum of the pressures of the air
and vapour is equal to the atmospheric pressure.

Suppose, now, that the temperature of the water is gradually
raised. The rate of evaporation from its surface increases owing
to the velocities of the water molecules increasing, and the mixture
of air and water vapour in the upper part of the kettle contains
more vapour and less air. When the boiling point is reached,
the vapour expels the air, and takes exclusive possession. Its
pressure alone is then equal to the pressure of the external air.
The boiling point is conscquently the temperature at which the
pressure of the aqueous vapour is equal to the pressure of the
atmosphere.

The essential difference between evaporation and boiling lies in
the fact, that molecules evaporate only at the free surface of a liquid,
but, when boiling takes place, they also pass into the vaporous condition
as bubbles inside the body of the liguid. Consequently, at boiling the
rate of formation of vapour molecules is very greatly increased.

Cooling Effect of Evaporation., The Cryophorus.—Whenever
liquid evaporates, latent heat is absorbed,
and there 1s a fall in the temperature of the
surface from which the evaporation takes
place. The reason why hot tea produces a
cooling effect in very hot weather is simply
because it starts perspiration, and the
evaporation of the latter carries heat away
from the body. The danger of standing
around in wet clothes is due to the cold
produced by the evaporation of the mois-
ture, which is more to be feared than a low

temperature. And dentists use an ether
Fic. 171.—The eryo-  spray to produce a low temperature and
phorus. local anasthesia.

The cooling cffect of evaporation can be demonstrated in a
striking manner by an instrument called the cryophorus. This
consists of a bent glass tube with a bulb at each end (Fig. 171),
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containing water and water vapour, but no air. When the
water falls down the tube, it hits the wall at the foot with a
metallic click owing to the absence of an air cushion. The water
is introduced into the bulb A, and the other bulb immersed in a
freezing mixture. This causes the vapour in the tube to condense,
and produces rapid evaporation of the water in A.  After a short
time the temperature of the water in A is so much reduced that
it freezes. ’

ExavMpLES V

1. Describe how you would determine the freezing point and
boiling point of an aqueous solution.
2. Give an account of the difference between evaporation and

boiling.



CHAPTER VI
VAPOUR PRESSURE. HYGROMETRY

Vapour Pressure.—Let us suppose we have two barometric tubes
(I'ig. 172), and that by means of a curved tube a few drops of water
are introduced into the right-hand one. They at once pass up
the mercury column into the vacuum and vaporise
there. Consequently, the level of the surface is
depressed to B3, the height AB being a measure of
the pressure cxerted by the vapour. If the tem-
perature of the room is 15° C., this depression, AB,
increases to a maximum of 13 mm. It may be less
than this if insufficient water has been introduced
into the vacuum, but it refuses to increase beyond
this. If more water is introduced after the maxi-
mum value of the depression has been attained,
it does not vaporise, but lies simply as a liquid on
the top of the mercury. If the barometer tube

Fig. 172. AC is then raised slightly, more water vaporises,

but the diffecrence in level of the two columns
always remains the same. If the tube AC is pushed down into
the mercury, the vapour condenses on the surface at B, the
difference in level of D and B again remaining constant. If the
tube AC is pushed down until its end reaches B, all the vapour
condenses.  Similar results are obtained when other liquids are
used instead of water.

To sum up the results of these experiments :

When vapour is in contact with its liqguid in a closed space it has
a definite pressure. It is then said to be saturated, and the value
of its pressure is referred to as the saturation pressure.

If now the barometer tube were surrounded with a water
jacket, so that its tempcrature could be increased, it would
be found, that as the temperature was gradually increased,
the saturation pressure would increase also, and that as the
temperature approached 100° C., the saturation pressure would
approach the pressure of the atmosphere, when the mercury
would stand at the same level inside and outside the tube. This
holds for other liquids as well as water.

190
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T'hus the boiling point is the temperature at which the saturation
pressure is equal to the pressure of the atmosphere.

If the saturation pressure is less than the pressurc of the
atmosphere, only evaporation can take placc.

The experiment of Fig. 172 is not very striking in the casc of
water, as its vapour pressure is so small at 15° C. If, however,
ethyl ether is used instead of water, a depression of 35:6 cm. is
obtained at 15° C.

Determination of Boiling Point of Aleohol.—Iig. 173 represents
an interesting method of determining the boiling point of aleohol
and other liquids which boil at a lower temperature than water. A
U-tube, closed at the end of the shorter limb, is filled with mercury, and

v

Fic. 173. Fis. 174.—Regnault’s method of determining
vapour pressure at high temperatures.

a small quantity of the liquid passed round the bend to the top of the
closed limb. The tube is immersed in water as shown ; then if the
water is gradually heatcd, the mercury stands at the same level in
both limbs, when the liquid boils.

Measurement of Vapour Pressure.—A barometric tube sur-
rounded by a water jacket is not a very satisfactory way of
determining the saturation pressure for different temperatures,
since it is difficult to read the level of the mercury through the
water jacket, and, in any case, it docs not go above pressures of
one atmosphere. Fig. 174 shows an arrangement devised and
used by Regnault, which is suitable for all pressures.

A is an air-tight vessel in which the liquid is boiled. The
temperaturc of the liquid and the vapour above it are given by
thermometers T ; when great pressures are used, these dip into
iron tubes containing mercury. The vapour rises out of A into
the condenser C, a long inclined tube surrounded by a jacket in
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which a strcam of cold water is flowing. It is all condensed
before it reaches the end of the tube, and flows back into the
boiler. The pressure under which the liquid boils is altered by
a compressing or cxhausting pump connected on at E, and is
read by the manometer at D. B is a large globe containing air,
which minimises fluctuations in the pressure.

In making mcasurements with this apparatus the pressure in
B is first adjusted by the pump to a definite value. The liquid
is next boiled, and the temperature of the vapour read as soon as
it becomes constant ; the vapour is then condensed as rapidly
as it is produced. If heat is supplied more rapidly, the vapour
is produced and condensed in greater quantities, but once the
boiling point is attained there is no further rise of temperature.
When the liquid boils, the pressure of the air in the globe is
cqual to the saturation pressure of the vapour for the temperature
in question.

The pressure is then altered to a new value, and after the
temperature has become steady again, its value for the new
pressure is determined. By this mecans Regnault
was able to determine the saturation pressure of
water up to 230° C., the value for this temperature
being 274 atmospheres.

I'or low temperatures the arrangement shown
in Fig. 175 can be used. An ordinary barometer
tube is bent over, so that its end can be immersed
in a freezing mixture. The liquid to be experi-
mented on is contained in the end of the tube.
The other tube measures the atmospheric pressure,
and the difference in level gives the pressure due
to the vapour. Ice and several other solid sub-
stances have appreciable vapour pressures, and
Regnault measured the vapour pressure of ice by
an apparatus of this nature.

¥ig. 176 represents the vapour pressure of water
for the range from 0° C. to 100° C.

N [reezing
Muxture

Fic. 175.—M Marcet’s Boiler.—The pressure of saturated aqueous
tllc d of dotes. Vapour at high temperatures may be determined by
10d of deter- M s b .1'5 Fi Thi . £t .

mining vapour arcet’s boiler (Fig. 177_). is consists of two iron
pressure  at hemispheres about four inches in diameter bolted to-
low tempera- gether, containing mercury, on the surface of which rests
tures. a layer of water. The mercury column M acts as pres-
sure gauge, S is a stopcock, and a thermometer is fitted

into the side at T to read the temperature.
In performing an experiment a suitable amount of water is introduced
by S. The boiler is then heated with S open, until all the air is expelled.
The stopcock is then closed, and the heating continued. The tempera-
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ture and pressure rise together, the pressure corresponding to each
temperature being the saturation pressure for that temperature, In
reading the pressure corresponding to a particular temperature, care
must always be taken to sce
that the latter is steady. cm.

Distillation. — Distillation ~ 8°
consists of boiling a liquid
and condensing the vapour 0 7]

produced. It is used for
scparating a liquid from the 0 /
solid matter dissolved in it,

for example, in obtaining © 50

fresh from sea water, and also > /
for separating the more vola- § 40 /
tile constituents of a mixture o

from the less volatile. The q 30 /
apparatus used for the pur-

pose is called a still ; if the 20— /
condenser in Fig. 174 were /
sloped the other way, so that 10

the condensed liquid ran //

down to the left into a vessel o= 1 1 1 1 I 1 ,
placed to collect it there, and 0" 10 20° 30° 40° 50° 60° 70° 80° 90° 100
not back into the boiler, then Temperature.

the arrangement would form F1c. 176.—-Vapour pressure of water.

a still. :

Fresh water is obtained on board ship by distilling sea water.
When sea water is evaporated, the salt remains behind and the vapour
given off condenses as pure water. If it is to be used for drinking, it
is made to absorb air, and some mineral salts added to improve the
taste. It is advisable not to carry the process of distillation too far
in this case, but to throw away the liquid remaining bchind when
diminished to about a quarter of its original volume, be-
cause otherwise there is a risk of some of the solid matter
being carried over with the vapour.

Alcohol boils at 78° C., hence in distilling spirits if the
fermented liquor is heated up to 78° C., the alcohol
passes off as vapour with some of the water. They are
condensed together in the worm, as the condenser is
called, owing to its spiral form. A second and third dis-
tillation may be necessary to raise the spirit to its proper
strength.

Distinetion between a Vapour and a Gas.—Let
Fre. 177.— Us suppose that in Fig. 172 the tube on the right is
Marcet's a very long one dipping deep in®o the mercury. Then
boiler. if it 1s raised higher than is necessary for all the en-
closed liquid to be evaporated, the vapour is said to

become unsaturated. If the tube is raised further, so that the
pressure falls considerably below the value required to produce
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saturation, the vapour obeys Boyle’s law and Charles’s law.
We are accustomed to think of water vapour, alcohol vapour,
and ammonia vapour as vapours, because we are familiar with
these substances in the liquid form, and we are accustomed to
think of oxygen, hydrogen, air, etc., as something different,
i.e. gases. But under suitable conditions a gas can become a
vapour and a vapour can become a gas.

Up to a temperature of 365° C. water vapour, for example,
can be condensed into liquid by the application of pressure, the
pressurc necessary at this temperature being 194-6 atmospheres.
Above 365° C. it cannot be liquefied by the application of pressure.
It is the same with the other vapours; there is a temperature
for each below which it can be liquefied by the application of
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Fic. 178. —Isothermals for carbon dioxide.

pressure, and above which it cannot be liquefied by the appli-
cation of pressure. This temperature is known as its eritieal
temperature. The pressurc necessary to liquefy a gas at its
critical temperature is known as its critical pressure.

A gas is simply a vapour above its critical temperature.

The critical temperatures of the gases formerly known as
permanent gases are very low, the values for hydrogen, oxygen,
and nitrogen being —234-5°C., —118°C.,, and —146°C.
respectively. .

Isothermals for Carbon Dioxide.—Fig. 178 shows the results ot a
celebrated series of experiments performed on carbon dioxide by
Andrews in 1863. They represent the connection between the pressure
and volume of carbon dioxide at different temperatures., The first
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curve is for 48-1° C. ; it is a hyperbola, so for this temperature Boyle's
law holds and the substance is a gas. The next three curves all have
indentations in them, but contain no parts parallel to the axis of
abscissee. The curve for 21-5° shows that if we start at this temperature
with a large volume and small pressure, and gradually inercase the
pressure, the volume diminishes continuously until we reach 60 atmo-
spheres, then it suddenly falls without further increase of pressure from
about 5-2 c.c. per gram to about 0-4 c.c. per gram. This pressure has
liquefied it. The curve for 18-1° shows by its vertical portion the effect
of further increase of pressure on the substance, after it has become
liquid.

If curves are taken for other temperatures, the parts lying within
the dotted curve arc parallel to the axis of abscisse. Ilence the
temperature corresponding to the curve which just touches the dotted
curve, is the critical temperature of carbon dioxide. It is obvious
from the diagram that it is near 31-1° C. ; carcful experiment showed
that it was 30-92° C.

Dalton’s Law.—If some water is left inside an air-tight vessel,
a portion evaporates, and fills the space above the surface. The
quantity of vapour formed depends only on the temperature of
the enclosed space, and practically not at all upon the pressure
of the air inside the enclosed space.  This may be shown by an
experiment with a barometer tube. Some air is introduced into
the space above the mercury, and the depression noted so as to
calculate its pressure. Some liquid is next introduced, so as
to saturate the enclosed space and leave a little liquid on the surface
of the mercury, and the further depression noted. As a result
of the further depression, the pressure of the air falls according
to Boyle’s law. If allowance is made for this, it is found that
the same pressure is produced by the saturated vapour whether
the air is there or not.

But the presence or absence of air has a great influence on
the speed at which the vapour is formed ; the whole evaporation
takes place at once in a vacuum, but may require several hours
if the space is already full of air.

The result that just as much liquid evaporates into a space
which is full of air as into a vacuum, is a particular case of a law
given by Dalton, which is stated as follows :

The total pressure exerted in an enclosed space by a mixture
of gases and vapours which do not react on one another chemically,
is equal to the sum of the pressures which each would produce if it
occupied the space alone.

The law is not true for high pressures.

Relative Humidity.—Evaporation is constantly taking place
from the surface of ponds and rivers, and water returns to the
carth in the form of rain. Consequently there is always a certain
amount of water vapour present in the atmosphere. This vapour
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is, of course, invisible. If, however, the air cools, a tempcrature
is reached for which the saturation pressure of aqueous vapour is
equal to the actual pressure of the vapour present in the atmo-
sphere.  If the temperature falls below this, some of the vapour
condenses in small drops forming a eloud or mist, according as
the condensation takes place in the upper atmosphere or near
the surface of the earth.

The ratio of the quantity of aqueous vapour present in a given
volume of air to the quantity of aqueous vapour 1t would contain if
saturated, the temperature remaining constant, measured in per
cent., s called the relative humidity or hygrometrie state or fraction
of saturation of the air.

The science of the measurement of the hygrometric state of
the atmosphere is termed hygrometry and the instruments used
for the purpose arc called hygrometers.

Aqueous vapour obeys Boyle’s law quite well at modcrate
temperatures close up to the saturation pressure. Its density
is consequently proportional to its pressure. Thus the

actual density ~ actual pressure
saturation density saturation pressure

Relative humidity =

It is the relative humidity on which our feeling of the dryness
of the air depends, not the actual density of aqueous vapour
present. If thc relative humidityis low, evaporation takes
place readily into the air. On a hot day in summer the air may
feel drier than on a cold day in winter, because the rclative
humidity is less, although on the hot day there is much morc
aqueous vapour present in the atmosphere.

Relative humidity determinations are made in hot-houses
to see that the plants receive their proper supply of moisture.
They are also made regularly at meteorological stations, and
they afford information as to the likelihood of rain or frost.

Formation of Dew.—If a cold surface is presented to the
atmosphere, the air in contact{with it may be cooled so far, that
the vapour present in the air is sufficient to saturate it, and
moisture is deposited on the surface. This moisture is known
as dew. The air in this case is cooled only in the neighbourhood of
the surface, and its pressure remains unaltered during the process.

The temperature to which the air must be cooled for the aqueous
vapour present in a given volume to saturate it is known as the dew-
point.

The actual vapour pressure in the air is therefore equal to the
saturation vapour pressure at the dewpoint. i

On a clear night after a warm day heat is lost by radiation
from the earth, and its surface becomes very cold. The air in
contact with it cools down, especially if, owing to the absence
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is, of course, invisible, If, however, the air cools, a temperature
is reached for which the saturation pressure of aqueous vapour is
equal to the actual pressure of the vapour present in the atmo-
sphere. If the temperature falls below this, some of the vapour
condenses in small drops forming a cloud or mist, according as
the condensation takes place in the upper atmosphere or near
the surface of the earth,

The ratio of the quantity of aqueous vapour present in a given
volume of air to the quantity of aqueous vapour it would contain if
saturated, the temperature remaining constant, measured in per
cent., is called the relative humidity or hygrometrie state or fraction
of saturation of the air.

The science of the measurement of the hygrometric state of
the atmosphere is termed hygrometry and the instruments used
for the purposc are called hygrometers.

Aqueous vapour obeys Boyle’s law quite well at moderate
temperatures closc up to the saturation pressure. Its density
is consequently proportional to its pressure. Thus the

actual density ~ actual pressure
saturation density  saturation pressure

Relative humidity =

It is the relative humidity on which our feeling of the dryness
of the air depends, not the actual density of aqucous vapour
present. If the rclative humidityis low, evaporation takes
place readily into the air. On a hot day in summer the air may
feel drier than on a cold day in winter, because the relative
humidity is less, although on the hot day there is much morc
aqueous vapour present in the atmosphere.

Relative humidity determinations are made in hot-houses
to see that the plants receive their proper supply of moisture.
They are also made regularly at meteorological stations, and
they afford information as to the likclihood of rain or frost.

Formation of Dew.—If a cold surface is presented to the
atmosphere, the air in contactjwith it may be cooled so far, that
the vapour present in the air is sufficient to saturate it, and
moisture is deposited on the surface. This moisture is known
as dew. The air in this case is cooled only in the neighbourhood of
the surface, and its pressure remains unaltered during the process.

The temperature to which the air must be cooled for the aqueous
vapour present in a given volume to saturate it is known as the dew-
point.

The actual vapour pressure in the air is therefore equal to the
saturation vapour pressure at the dewpoint.

On a clear night after a warm day heat is lost by radiation
from the earth, and its surface becomes very cold. The air in
contact with it cools down, especially if, owing to the absence



VAPOUR PRESSURE. HYGROMETRY

piece of 1nuslin, which is constantly kept moist by being «
nected with a reservoir of water. Unless the air is satur:
with moisture, the right-hand thermometer indicates a lo
temperature than the left-hand one; this is due to the coo
effect of the evaporation from the muslin. The
dewpoint is obtained by multiplying the difference
of temperature of the wet and dry bulbs by a
factor known as Glaisher’s factor, which is ob-
tained empirically by comparison with another
instrument, and subtracting the result from the

temperature of the dry bulb. Glaisher’s factor

varies with the temperature of the dry bulb,

and is given for one type of instrument by the

following table :

Dry Bulb Dry Bulb Dry Bulb

Temp. Factor. Temp. Factor. Temp. Factor,
1° C. 2-81 10°C. 206 18°C. 183
2 2:54 11 2-02 19 1-81
3 2-39 12 1-99 20 1-79
4 2-31 13 1-95 21 177
5 2-26 14 1-92 22 175
6 2-21 15 1-89 23 174
7 217 16 1-87 24 1-72
8 213 17 1-85 25 170
9 2:10

As an illustration of the table let us supposc that
the dry bulb reads 14-9° C. and the wet bulb .
11-7° C. Then the factor F"’;} a lg?"“
is 1-89 and the dewpoint ﬁygmmite,
149 — 1-89(14-9 — 11+7) =

€N 14-9 —6-0=8-9° C. When once the di
%W/ point is obtained, the relative humid
can be calculated in the same way as
Regnault’s hygrometer.

The wet and dry bulb hygrometer
not an absolute instrument, since it has
be calibrated by reference to another hyg
meter, and its accuracy is affected
draughts. But it is simple and easy
use, and is consequently the instrum
generally employed at meteorologi
stations.

Fi1c. 181.—Daniell’s
hygrometer.

Other Hygrometers.—Fig. 181 represe
Daniell’s hygrometer, the oldest form of hygrometer. This instrum
consists of two bulbs connected by a glass tube, from which the
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has been exhausted ; the bulb on the left contains some ether and the
rest of the space is filled with ether vapour. A thermometer is enclosed
in this bulb, and a picce of muslin is tied round the other one.

To use the instrument ether is poured on the muslin. Its evapora-
tion cools the bulb and condenses the vapour inside it. Consequently
cther evaporates in the other bulb and lowers its temperature. As
soon as moisture condenses on this bulb, its temperature is noted.
The temperature of the apparatus is then allowed to rise, and the
reading for which the moisture disappears, is noted. The mean of
the two readings is the dewpoint. The instrument does not give very
satisfactory results. It will be observed that it employs the same
principle as the cryophorus.

Iig. 182 represents Dines’ hygrometer. A is a reservoir which
contains water cooled by ice. B is a metal box closed at the top by a
thin plate of black glass.
The thermometer T has its
bulb just below the glass
plate. When the stopcock
S is opened, cold water flows
through B, lowering the
temperature of the glass
plate, and escapes by the

F1g, 182.—Dines’ hygrometer. outlet at D. When dew de-

posits on the glass, the flow

is stopped and the temperature is noted. The temperature is noted

again when the dew disappears as a consequence of the plate becoming
warmer, and the mean of the two readings gives the dewpoint.

In the chemieal hygrometer a known volume of air is drawn through
drying tubes which contain pumice moistened with strong sulphuric
acid. These are weighed before and after the experiment, and the
increase in weight gives the amount of water in the air.

Substances which absorb moisture from the air are said to be hygro-
scopic. A hair when freed from its film of oil changes in length accord-
ing to the humidity of the atmosphere. In the hair hygroscope this
change is magnified by a system of levers which operate a pointer
moving over a dial. The scale is calibrated so as to give relative
humidity directly.

Rain, Hail, Snow, Hoar Frost.—As has been mentioned,
clouds arc formed by cooling a mass of vapour in the atmosphere
below its dewpoint. Condensation takes place at first in the form
of minute drops, but as the process continues, the particles
coalesce and form larger drops. As the drops grow, their weight
increases more rapidly than the area of their surface on which
the frictional resistance which supports them in the air depends ;
thus they fall to the ground as rain. The cooling which produces
the condensation is usually due to the expansion of the air with
which the vapour is mixed, and the condensation takes place on
dust particles floating in the air. If the falling rain passes
through cold regions it may freeze into hail, but many points
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connected with the formation of rain and hail are still obscure.
If the temperature at which the condensation takes place in the
upper atmosphere is below the freezing point, the aqueous vapour
condenses into snow. If the temperature of the earth’s surface
sinks below the freezing point before saturation occurs, the
aqueous vapour in the atmosphere is deposited on it as hoar
frost ; thus hoar frost is not frozen dew, but is formed directly
from the state of vapour.

ExamrrLeEs VI

1. Explain how the sun causes a morning mist to disappcar, and
why fogs are formed round icebergs.

2. The temperature of the air is 16-3° C. and the dewpoint is 9-2° C.
Itind the relative humidity and the quantity of aqueous vapour present
in the atmosphere in grams per litre.

3. The temperatures of the wet and dry bulb thermometers stand
respectively at 13-5° C. and 15-4° C. Find the dewpoint and the
quantity of aqueous vapour present in the atmosphere in grams per
litre.

4. A mass of air is at a temperature of 100° C. Its dewpoint is
48° C. If the saturation pressurc of aqueous vapour at 48° C. is 8-35
cm., find the relative humidity of the air.

5. A cubic metre of air at 20° C. is found to contain 10 gm. of
aqucous vapour. What is its relative humidity ?

6. The quantity of water given out by the lungs and skin may be
taken as 30 ounces in 24 hours. 1low many cubic feet of half-saturated
air at 15° C. and 78 cm. will this quantity of water saturate ?

7. The temperature of the air at sunset is 10° C. and the temperature
of the ground is 4° C. No dew falls. What is the greatest value
which the relative humidity of the air can have ?

8. It is sometimes stated, as a practical rule, that when the satura-
tion pressure of aqueous vapour is # mm. of mercury, the weight of
water present in a cubic metre is x gm. What is the pereentage error
in this statement for a pressure of 8 mm. ?

9. A mass of air extending over an area of 60,000 square metres
to a height of 300 metres has the dewpoint at 15° C., its temperature
being 20° C. How much rain will fall if the temperature sinks to 10° C. ?
Express your answer in mm. The pressure of water vapour is 9-2,
12-8, and 17-5 mm. at 10°, 15°, and 20° C. respectively. The density
of aqucous vapour is § the density of dry air under the same conditions
of temperature and pressure.

10. A mass of oxygen standing over water measures 200 c.c., the
temperature being 20° C. and the pressure 740 mm. What is the
volume of the oxygen dry and when measured at normal temperature
and pressure ?



CHAPTER VII
THE CONNECTION BETWEEN HEAT AND WORK

The Caloric Theory.—According to thc view prevalent in the
eighteenth century heat was an invisible imponderable fluid
called caloric, which filled the spaces between the particles of
matter. The pressure of this fluid was greatest where the tem-
perature was highest ; hence it flowed from a body at a higher
to a body at a lower temperature. Some bodies had a greater
capacity for storing the fluid than others; hence the difference
in their specific heats. If a gas was suddenly compressed or a
body was hammered, caloric was squeezed out of it like water
from a sponge, and thus the production of heat in this case was
explained. The heat caused by the friction of two bodies on
one another was cxplained by supposing that the particles rubbed
off had not the same capacity for storing caloric as the original
solids had ; thus when the particles were rubbed off, heat was
liberated.

Caloric could neither be created nor destroyed, hence accord-
ing to the caloric theory the total quantity of heat in any system
must remain constant. If it incrcases in one part, there must
be a corresponding loss in another part.

Rumford’s Experiments.—Count Rumford, an American who
had to leave his country owing to the War of Independence, and
who took service under the Bavarian Government, was impressed
by the enormous amount of heat generated during the boring of
cannon at Munich. In one experiment made in 1798 he noticed
that a cylinder of gun-metal was raised from 60° F. to 130° F.
by the friction of a blunt steel borer, although only ;15 of the
whole mass of the cylinder was rubbed off. In another experi-
ment in order to see whether the exclusion of the atmosphere
had any effect on the result he surrounded the metal with water,
and found that after 24 hours the water boiled.

It scemed impossible that this great quantity of heat could
come from a change in the thermal capacity of the metal chips.
Besides, he showed experimentally that the specific heat of the

chips was the same as that of the solid metal. Consequently as
202
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a result of the experiments he came to the conciusion, that no
material substance could be produced in this unlimited manner,
and that heat must consist in motion.

Davy’s Experiment.—Sir Humphry Davy rubbed together
two pieces of ice by clockwork, under the receiver of an air pump,
and found that the ice melted where the surfaces rubbed, but not
elsewhere. There is no doubt that heat was used up in melting
the ice, also that the thermal capacity of the ice was greater
after melting. Hence the heat could not have come out of the
ice, and it is difficult to see where it could have come from unless
from the motion. Still in spite of Rumford and Davy’s results
the caloric theory maintained its position until about 1842,
when, as a result of the experiments of Joule and others, the
mechanical theory of heat gradually replaced it.

Joule’s Experiments.—The apparatus for Joule’s most cele-
brated experiment is shown in Fig. 183. Resting on a wooden

F1c. 183.—Joule’s apparatus.

grating is a copper calorimeter, which is provided with a brass
paddle wheel. The paddle wheel is attached to the roller A, and
so rotates about a vertical axis. The calorimeter is fitted with
vanes, so that, when the paddle wheel rotates, the water docs not
rotate as a whole, but there is a maximum of friction and irregular
motion. Cords are wound on the roller A, pass over the pulleys
C and D, and carry the weights E and F. The pulleys are mounted
on friction wheels. The experiment was performed by allowing
the weights to fall on the floor. The distance they fell through
was given by the scales G and H.

As the weights fell, the cords unwound from the roller A, the
paddle wheel turned, and the temperature of the water in the
calorimeter rose. When the weights reached the ground, the
paddle shaft was disconnected from the roller, and the weights
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wound up. The shaft was then connected again and the weights
allowed to fall once more. And so on; a number of descents
was made.

If m is the mass of cach weight, 2 the distance fallen through,
and n the number of descents, the potential energy lost is

2nmgh

If W denotes the mass of water together with the water equivalent
of the calorimeter, and ¢ is the whole rise in temperature, the
amount of heat produced is

Wi

Some of the cnergy of the falling weights was destroyed by the
impact against the floor, but when this was allowed for, it was
found, that, no matter how n and m were varied, 2nmgh was always
proportional to W¢, i.e. the potential energy destroyed was pro-
portional to the heat produced. This result has been confirmed
by other experiments. It was also shown by Joule, that when
clectrical energy disappears, hcat is always produced in the
circuit proportional to the clectrical energy lost. It is therefore
natural to conclude that

Heat is a form of energy.

This view as to the nature of heat is referred to as the
mechanical theory of heat, and is now accepted everywhere.

The ratio of the work done to the heat produced, when work is
transformed into heat, is known as the Mechanical Equivalent of
Heat or Joule’s Equivalent. 1t is usually denoted by J.

According to the best modern determinations J is 4:185 x 107
crgs per calorie. The value 4-2 X107 is usually taken, except
when great accuracy is required. The unit of work used in
clectricity, the joule, is 107 ergs. Ilence 1 caloric= 4-2 joules.

In Joule’s original experiment each weight was 285 1b., the distance
fallen through was 5-9 ft., the water equivalent of the calorimeter was
0-99 1b., and the mass of the water 13-9 Ib. Consequently the tempera-
ture rose only about 0-030° I¥. when the weights dropped once. The
weights were usually dropped about 20 times ; thus the total rise of
temperature operated with was about 0-60° F. There was a rela-
tively large radiation corrcetion. The temperatures were measured
by a very sensitive mercury thermometer. The result obtained was
772 ft.-1b. per B.Th.U.

ExampLE.—Change the value for J given above, 4-185 X107 ergs
per calorie, to ft.-Ib. per B.Th.U.

1ft-lb.  =30-48 X453-6 X 981 ergs
1 B.Th.U. =4536 X cal.
4-185 X107 X 4536 X 5
3048 X 453-6 X 981 X9
=778 ft.-Ib. per B.Th.U.

Hcence J=
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ExampLE.—Given that the melting point of lead is 327° C., that
its latent heat of fusion is 5-4 cal., and that its specific heat is 0-032, find
with what velocity a lead bullet at 20° C. must strike an iron target,
in order that all the heat produced should be just suflicient to melt it.

The mass is immaterial, so assume that it is 1 gm. Then heat
required

=0-032 X 307454
=15-2 cal.=06-38 X 108 ergs.
This must equal the kinetic energy, jv2. Ilence
v==358 metres per sccond.

Searle’s Apparatus for Determining J.—In a later determina-
tion of J, Joule suspended the calorimeter by means of a fine
wire, so that it was free to rotate about a vertical axis. When
the paddle wheel was rotated, owing to the viscosity of the water
the calorimeter tended to rotate in the same direction as the
paddle wheel, but was prevented by a couple; the work donc
was calculated from the magnitude of this couple and the angle
through which the paddle wheel was turned.

Searle has designed a simplified form of this apparatus which
is in wide use in laboratory courses. In this apparatus the
mechanical energy supplied is converted into heat by the friction
between two well-fitting brass concs, the inner of which is
stationary while the outer rotates. A section of the cones is
shown in Fig. 184 ; the inner conc contains water the temperature

f

i v ) \/ - : ”C"'
Fi1c. 184.—Section ol
of the cones. I'16. 185.—Scarle’s apparatus for determining J.

of which is read by a thermometer. The whole apparatus is
shown in Fig. 185. The spindle is rotated by the hand wheel and
leather band, and the number of revolutions is read on the revolu-
tion counter at S. The outer cone is fixed to the spindle. The
inner cone is furnished with two steel pins which fit in two holes
in the wooden disc D. A string is fastened round the grooved
edge of the disc and then passes over the pulley P, carrying a
weight at its end.
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The magnitude of the weight and the speed at which the
handle is turned are adjusted, so that the weight hangs stationary
clear of the floor, neither ascending nor descending. The inner

cone is then in cquilibrium under two

<= Mg Q forces. If Fig. 186 represents a plan of
- ~ the cones, the stretching force in the

- RN string Mg applies a moment at Q of

/ = ‘' magnitude Mgr, where r is the radius of
I (7)) | thedisc. Thisis balanced by the fric-
| 2\ 4 | tional forces which act on the inner
\ == // cone in the manner shown. The couple
\ Y exerted by the frictional forces is con-
S~ - sequently Mgr, and this is also the
Fic. 186, couple exerted on the spindle by the

leather band. The work converted
into heat is consequently

Mgr2zn
where n is the number of revolutions. The heat produced is
Wi

where W is the water equivalent of both cones together with the
mass of the water and ¢ is the rise in temperature.

_ Mgr2an
Wt

Nature of Heat.—Joulc’s experiments showed that heat is a
form of energy. We shall now go more fully into the connection
between heat and energy.

Let us suppose that a certain quantity of gas is contained in a
closed vessel. Then the molecules of the gas travel in all direc-
tions, and are reflected by the sides. It is the impact of the
molecules on the side that causes the pressure on the side; this
pressure is equal to the number of molecules impinging on unit
area per second multiplied by the average change in momentum
suffered by the molecules in the impact. If the velocity of the
molecules is increased in a certain ratio, the molecules travel
across the vessel in a shorter time, and the number of impacts
per second is increased in the same ratio. The molecules also
hit the side harder; for the change in momentum which is propor-
tional to the velocity, is also increased in the same ratio. Hence
the pressure is increased in the square of the ratio, i.e. it is pro-
portional to the mean square of the velocity.

But if the temperature of the gas is increased, the pressure
increases in proportion to the temperature, and thus to the heat
contained by the gas. The heat contained by the gas is therefore

Hence J
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proportional to the mean square of the velocity of the molecules.
But since the number of molecules in the vessel is constant, their
kinetic energy is proportional to the mean square of their velocity.
It is therefore natural to conclude that

The heat contained in a substance is the kinetic energy of its
molecules.

This result is borne out by exact calculation, and applies to
solids and liquids as well as to gases. In solids and liquids the
molccules oscillate about their mean positions; the amplitude
of the oscillations increases when the temperature increases.

It will be instructive to consider the changes in a gram of
water, when it is taken from the state of ice below the melting
point to the state of vapour at the boiling point. Initially the
ice molecules oscillate about their mean positions. As the
temperature increases, the oscillations increase in amplitude,
and the increase in kinetic energy is equal to the heat supplied.
When the melting point is reached, the oscillations become so
large, that the clastic forces on the molecules are no longer able
to bring them back to their mean positions, and they break loose.
The solid then becomes a liquid. The latent heat absorbed
increases the potential energy of the molecules.

The water moleccules move about the liquid, but knock in-
cessantly against their ncighbours. Their motion is consequently
an oscillatory one about a position which is always changing.
If a molccule reaches the surface, it is prevented from passing
through it by the molecular attraction of the surface molecules,
unless its velocity is very great, when it is able to overcome this
attraction. At any onc temperature the velocities of the water
molecules vary about a mean, and, as the temperature rises,
there is an increase in the number of molecules with velocities
high enough to enable them to escape through the surface. IIence
the explanation of cvaporation.

Any heat given to the water increases the kinetic energy of
the molecules until the boiling point is reached. Then latent
heat is absorbed in doing work against their mutual attraction,
and causes a further increase in their potential energy.

Work done by an Expanding Gas.—Let a mass
of gas be contained inside a cylinder of cross-scctional
area A, and let it be subjccted to a pressure p by
means of a piston (Fig. 187). Let v, be its volume. th

Supposc now that the gas is heated, and that the |7
piston is displaced upwards through a small distance
h. Since the change is a small one, we can assume ¥, 187.
that it does not affect the pressure appreciably. The
force acting on the piston during the displacement is then p4,
and the external work done by the gas during the displacement




208 HEAT

is pAh. Let v, be the final volume. Then Ah=v,—v,, and the
external work done is

p(v2—11)

The result holds, no matter what the shape of the envelope
containing the gas is. Xor the surface of the latter can always
be divided into plane elements, and, when the volume changes,
cach element is displaced outwards in the direction of its normal.
We have thus the gencral rule:

The work done by a gas in a small expansion is equal to the
product of the pressure and the increase in volume.

Difference of the Specific Heats of a Gas.—The specific heat
of a substance was defined on p. 170 as the quantity of heat
required to raise the temperature of onc gram of the substance
1° C. In the casc of a solid or a liquid, if the pressurc changes
during the determination, the change of volume produced is so
slight, that it can be disregarded. Thus the pressure does not
require to be specified in the definition. It is, however, otherwise
in the case of a gas, and here we distinguish two special cases :

T'he specific heat of a gas at constant pressure, Cp, s the quantity
of heat required to raise the temperature of one gram of the gas
1° C., keeping its pressure constant.

The specific heat of a gas at constant volume, C,, is the quantity
of heat required to raise the temperature of one gram of the gas
1° C., keeping its volume constant.

Let us assume that we have unit mass of a gas in the cylinder
represented in Fig. 187, and that its temperature is raised through
a small interval from T; to T,°K, while p, the pressure, is kept
constant. The volume consequently increases from an initial
value v; to a final value v,, and the piston is pushed up. The
quantity of heat supplied is, by definition,

Cy(Te—Ty)
and the external work done is
p(ve—1,)

The Jatter can only have been done at the expense of the heat
supplied, Hence, if we change the calories to ergs, the difference

JCH(Ty—T,) —p(va—1;)
is the gain of energy by the gas. .
If the volume had been kept constant, while the temperature
was raised, the gain of energy, in ergs, would have been
JC(Te—T,)
The question arises, is this expression equal to the difference above ?

The initial pressu.ve and temperature are the same in both cases,
the only factor that distinguishes the first from the second being
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that the final volume is greater. Now Joule and Kelvin showed
that the internal energy of a gas depends only very slightly on its
volume, i.e. very little work has to be done in scparating the
molccules from one another. Thus we are justified in equating
the two expressions, and

JCy(T; —T}) —p(vy—v,) =JC(T, —T))

_(,— Po2—v1)
. =0 =r, 1,
But from the gas equation 1,71—?3:1,)1?1 =R
2 1

This ratio is equal to B;: :21’":1 :—.%‘22:1?1‘)
Ience substituting above, we obtain the final expression

R
C"_C"z.—l
for the difference of the specific heats.

It is interesting to note that Mayer used this expression for
the case of air as a means of calculating the value of J, before
Joule determined it experimentally. But the result was not good,
owing to the data available at that time being inaccurate.

To Calculate the Difference of the Specific Heats of Air.—
We have

R povo
Co=Co=F =03y
76 X13:6 X981

T 0001203 X273 X 42 X 107
—=0-068

Proof that the Kinetic Energy of the Molecules of a Gas varies as the
Absolute Temperature.—Let us assume that we have a gas contained
in a vessel with a plane wall, that the mass of each molecule is m,
that the molecules are equally spaced, and that there are N of them per
unit volume. We shall also assume that they have all the same
velocity V, that one-third of them is moving at right angles to the
plane wall, and that the other two-thirds are moving parallel to the
wall, equally divided between two directions at right angles to one
another. Only half those moving at right angles to the wall are
moving towards the wall, i.e. N per unit volume. All those moving
towards the wall that are within a cylinder of length V and base 1 sq.
cm. reach it in one second. Ilence the number of molecules hitting
the wall per sq. cm. per sec. is }NV. Euch suffers a change of momen-
tum 2mV on impact, since the impact is perfectly elastic. Hence
the pressure on the wall is given by

p=1NV X2mV =}NmV?2=}pV3
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where p is the density of the gas.
Now gp =pv=RT

where v is the volume of unit mass, Hence
V2=3RT
and it follows that the kinetic cnergy also varies as T,

We have, of course, made certain sinlplifying assumptions, If
these are dropped, the result still holds if V2, the mean square of the
velocity of the molecules, is substituted for the square of the velocity
V2, It will be noticed that the equation p=3pV* affords a means of
calculating V2,

If we have two gases at the same tempcrature and pressure,

p=1Nm,V,?=Nym,V,?
where the suffix 1 refers to the first gas and the suffix 2 to the second.
The mean kinetic energy of the molecules of the two gases must be
the same, for otherwise, when they are mixed and collisions take place

between them, the one gas would gain cnergy and consequently heat
at the expense of the other. Thus

m, Vi=14m,V?
Ilence N;=N,, or under the same conditions of temperature and
pressure equal volumes of different gases contain an equal number of

molecules. This result is known as Avogadro’s law ; it was discovered
by chemical reasoning.

Conservation of Energy.—Joulc showed, that when mechanical
encrgy or electrical energy disappeared, it reappeared as heat.
When heat is supplied to a gas in a cylinder, and work is done by
the gas in raising a piston, we have the reverse change, heat
converted into mechanical energy. When a stone falls from
the edge of a cliff, its potential energy is converted into kinetic
cnergy ; when it strikes the ground, the kinetic energy disappears,
but reappears as heat. When coal burns, its chemical energy
is converted into heat. Thus energy is never lost, but only
changed from onc form to another. This doctrine is known
as the principle of the conservation of energy, and is one of the
chief foundations of modern science. It is generally expressed
by the statement, that the sum total of the energy in the universe
is constant. Joule’s experiments helped very considerably to
establish the principle. ’

ExAMPLE.—AnN engine consumes 56 1b. of coal per hour. The
calorific value of coal is 8-6 X 108 calories per lb., and 1 ft.-1b. =13-56 X 10*
ergs. Given that the efficiency of the engine, i.c. the ratio between
the useful work performed and the work represented by the heat of
combustion of the fuel, is 5 per cent., find the horse-power that the
engine develops.
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Calorific value of coal consumed per minute
56 x 3-6 x 108
=60 cal.
=56 X6 X104 cal.
56 x6x 104 X 42 x 108
R 13-56 X 108
Useful work done per min, =5-205 x 105 ft.-1b.
5:205 X 108
33,000

ft.-1b. =1-041 x 107 ft.-1b.

H.P.= =15-8

Dissipation of Energy.—In steam and other heat engines work
is obtained by supplying heat to a vapour or gas which thereupon
pushes a piston up a cylinder. Of the heat supplied part is lost
by conduction through the sides of the containing vesscls, part is
carried away by the vapour into the air, and only the remainder
is converted into work. In conduction and radiation heat
passes directly from a warmer to a colder body without yiclding
work at all. In all machines there is a certain amount of work
lost in overcoming friction. It is easy to burn coal and warm
the air around it, but it is impossible to collect this diffused heat
into the chemical encrgy of the coal again. Thus, although the
sum total of the cnergy in the universe remains constant, it is
running to waste as regards convertibility or availability. The
universe is consequently like a clock which is running down.
The process by which all energy is slowly but surcly passing into
a state of uniformly diffused heat was first pointed out by Lord
Kelvin, and is known as the diffusion, degradation, or dissipation
of energy.

We derive our energy from the sun’s rays, the earth’s rotation,
and gravitational attraction. The coal and oils which drive our
engines owe their existence to the action of the sun at a distant
epoch of the earth’s history. The vegetation which sustains life
is ripened by the sun. The waterfalls which work turbines owe
their energy to gravitation, to the sun’s rays which caused the
water to rise into rain clouds, and to the earth’s rotation which
helped to make the winds that carried the clouds.

But the sun will become cold, the earth will cease to rotate,
and all the bodies which can fall, will eventually fall together.

Adiabatic Change. Adiabatic Equation of a Gas.—When a gas is
compressed, the mechanical work done in the compression reappears
as heat in the gas, raising its temperature. The compression must be
done suddenly, as in the case of a bicycle pump, for the change to be
noticeable. If it is done slowly, the heat produced has time to diffuse
away out of the gas, before the rise becomes appreciable. In this
case the change is said to be an isothermal one. If a substance
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undergoes a change, and no heat is gained or lost by the substance
during the change, the latter is said to be an adiabatic one.

Let unit mass of a gas be contained inside a cylinder of cross-
sectional area A under a pressure p;. Let v; be its volume and T,
its absolute temperature. Let it be compressed to a volume v,, where
v, is only slightly different from v,, and let the temperaturc become T',.
The pressure at the same time becomes p,, but as p, is only slightly
diffecrent from p,, we may write p,(v,—v;) for the work done by the
gas in the compression. The heat received during the compression
measured in units of work is

JCY(T,—T ) +pi(v,—11)
Let us assume that the change is an adiabatic one. Then the
expression becomes zero, and

Pi(v,—0,) =JC(T,-T,)
On substituting for T, and T, this becomes

Jc,
Pi(vy—1y) =‘1T(I72vz"1’17~’1)
J ¢,
=R (T’z"l’:ﬂ' - _l{ (vx —0y)Py
JC, JC
or "R'(Pz —P)vy=—= ]“{")(vl —Vy)Py
. R
since C,,::C,.-i—j

Denote the ratio of the specific heats, C,/Cy, by y and divide by p,v,.
Then
PPy _ (vx_vz)
Py Vg
Add 1 to both sides. Then

1+ pl 1+7(”1"”2)
U
P _ (v, —Ty)\Y
or I’:m(l+ Uy )

since the RR.H. side may be regarded as the first two terms in a binomial
expansion. This simplifies to
Y
DU Y =PV .
We have assumed that the change is a small one, but any actual change

may be divided into a number of small ones for each of which the above
relation holds. Hence for any adiabatic transformation

pv¥ =constant,

This is referred to as the adiabatic equation for a gas. For air, oxygen,
nitrogen, and hydrogen y has the value 1-41.
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ExampLE.—A quantity of air at 80 cm. pressure is suddenly com-
pressed to half its volume. Calculate the new pressure.

We have pz/plz(vl/vz)":gl-u
log p,=Ilog 80141 log 2
whence P,=212-5 cm.

If the change had been an isothermal one, the new pressure would have
been 160 cm. Ience the resistance to an adiabatic compression is
greater than to an isothermal one.

Liquid Air Machine.—When a gas expands adiabatically and does
work against the pressure of the atmosphere, it cools, because the work
is done at the expense of its own internal energy. When air expands,
work is also donc against the mutual attraction of the molecules. 1t
was mentioned on p. 209, that Joule and Kelvin found that this work
was small, and it was neglected in proving the formula for the difference
of the spccific heats of a gas. But when the pressure of the air is
great, it becomes appreci- £
able, and gives risc to a '_g
cooling cffgct; it is this 200Atmospheres c 3\
cooling effect due to the T
work done against inter-
molecular forces that forms
the basis of Linde’s appa-
ratus for liquefying air. B

IFig. 188 shows a form of
the apparatus.  Air is com-
pressed by the pump A to
a pressurc of 200 atmo-
spheres, and forced into the A
spiral B. The heat pro- L
duced by the compression
is carricd away by the
running water which circu-
lates round the spiral.  The D
air then passes to the cock _ E
DD through a narrow spiral == A
inside the wide spiral as Fic. 188.—Liquid air machine.
shown in the figure. When
D is opened. the air expands to a pressure of 1 atmosphere, and the
temperature falls.  The cooled air then returns by the wide spiral to
C and by the tube G to the pump again. On its upward passage,
it cools the air which is coming down to D through the inner spiral.
Thus the temperature of the air issuing from D falls, until the tempera-
ture of liquefaction is reached. Liquid air then collects in the receiver,
and can be drawn off through the stopcock at E. In order to replace
the quantity liquefied, air is allowed to enter from the atmosphere
at F. '

In factories for the manufacture of ice the low temperature required
is usually produced by the rapid evaporation of ammonia. Ammonia
gas is liquefied at ordinary temperatures by the application of pressure
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alone. It is next passed through coils surrounded by running water
in order to remove the heat of compression. The pressure is then
reduced, whereupon it evaporates; this evaporation is used to cool
brine, which in turn is used to make the ice,

Exampres VII

1. Find the equivalent in crgs of the amount of heat required to
raisc 1 1b. of water through 1° F.

2. Mercury falls from a height of 15 metres upon a perfectly non-
conducting surface. How much is its temperature raised ? The
specific heat of mercury is 0-033.

3. A waterfall is 80 ft. high. IIow much warmer should the water
be at the foot than at the top of the fall, if all the energy acquired is
changed into irregular motion in a pool at the foot, and then into heat,
none of the heat escaping to the bed of the river ?

4. From what height must a raindrop fall to the ground in order
that its temperature may be raised 1° C.? (The result will be only
of theorctical interest ; in practice the resistance of the air cannot be
neglected.)

5. A lead bullet of specific heat 0-032 strikes an iron target with a
velocity of 850 metres per second. If the bullet falls dead, and half
the heat produced is lost to the target, find its risc in temperature.

6. In determining Joule’s equivalent by Searle’s apparatus
radius of the disc was 12-5 cm., the number of revolutions 597,
weight of the pan and contained weights 177-2 gm., the water eq
valent of the cones 185 gm., and the weight of water contained 20 gt
In 4 min. the temperature of the water rose 4-5° C. from room tempera
ture. The rotation was then stopped, and the temperature fell 0-2° C.
in the next 4 min. Calculate the result.

7. A cylindrical copper tube closed at the ends, and of 1 sq. cm.
cross-sectional area, has an internal length of 40 cm., weighs 20 gm.,
contains 40 gm. of lead shot, and is filled up with water. It is held
in a vertical position, and then rapidly reversed end for end 300 times.
Find the rise in the temperature of the water, neglecting the thermal
capacity of the copper and lead and the space occupied by the lead.

8. One litre of air is contained in a cylinder under a piston at
0° C. and a pressure of 76 cm. The temperature is raised 1° C, Cal-
culate in ergs the work done.

9. Calculate the difference between the two specific heats of
hydrogen, being given that a litre of hydrogen at a temperature of
0° C. and under a pressure of 76 cm. of mercury weighs 0-08987 gm.

10. Calculate V for the hydrogen molecule at 0° C. One litre of
hydrogen weighs 0-08987 gm. at 0° C. and 76 cm. pressure.

11. What quantity ot coal would produce the same quantity of
heat as the work of one horse for one hour? The calorific value of
coal is 3:6 X 10° calories per Ib., and 1 ft.-lb.=13-56 X 10° ergs.

12. A quantity of air at 76 cm. pressure is compressed adiabatically
to two-thirds of its volume. Calculate the new pressure.

13. A gasat 0° C. is suddenly compressed to half its volume. hat
does its temperature become ?



CHAPTER VIII
CONDUCTION AND CONVECTION

The Transference of Heat.—Heat is transferred from one body to
another by three different processes :

(1) If one end of an iron rod is held in a bunsen flame, the
other end being held in the fingers, after a little while the end in
the fingers feels warm. The sense of touch shows us that the rod
becomes hotter, the nearer we approach the hot end. Ilcat
travels along the rod, but there is no bodlly mgtion of the particles
from the one cnd to the other end of t, 9?» 2 - e
heat is said to be transmitted by conduet,Z.it

(2) If a flask rather more than half full of watecr, i3 ueated by
a bunsen as shown in Kig. 189, the water directly
above the bunsen becomes hghter as its tempera-
ture rises. It consequently ascends, its place
being taken by the colder water which comes
from the sides. The currents can be made evident
by dropping in a few grains of an aniline dye.
They carry heat from the hotter to the colder
parts of the liquid by transferring the molecules
themselves bodily together with their heat. In
this case the heat is said to be transmitted by ,
convection, and the currents are referred to as
convection currents.

(8) The earth derives its heat and light from
the sun. But the earth’s atmosphere becomes
thinner and thinner as we ascend upwards from
its surface, ceasing altogether at a height esti-
mated between 100 and 500 miles, Above this
is merely empty space. Now we cannot have
conduction or convection where there is no
matter, so that the process by which the heat travels from the
sun must be of an essentially different nature. The process by
which heat passes from one place to another without the action
of any material medium is called radiation. As will be shown
later, the radiation of heat obeys the same laws as the radiation
of light.

Fic. 189.—Con-
vection currents,

215
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Flow of Heat along a Bar.—The process of conduction can be
made very clear by the arrangement shown in Fig. 190. ABis a
copper bar one end of which dips into a crucible containing molten
lead. Small holes cqually spaced are drilled in the bar and
thermometers are inserted in these holes, mercury being placed
in each hole in order to
ensure good contact.
C ™ The progress of the heat
s along the bar is shown
Ay by the rise of the thc:r-

NTl--d g mometer readings. CID
LN T is a screen for protecting

A MN the rod from the flame
D which heats the lead.
We may distinguish
F16. 190.—Conduction of heat along a bar.  two stages in the experi-
ment; (i) the variable
state during which all parts of the bar arc rising in tempera-
ture; and (ii) the permancnt state, or state of steady flow,
which sets in a few minutes after the experiment has started.
If we consider a small portion of the bar, MN, heat flows into
this portion from the left. Part of this heat is used to raise the
temperature of MN ; the amount used for this purpose is equal
to the thermal capacity of MN multiplied by the rise of tempera-
ture. The remainder cither flows across the scction N into the
bar to the right or is lost by convection and radiation through the
surface of MN to the air. After a time the temperature of MN
ceases to rise. All the heat which flows in through M then
passes out through N, or is lost through the surface. The per-
manent state is then reached. The variable state can thus be
defined as the statc of the bar during the time it is filling up with
heat.

The readings of the thermometers in the permanent state
arc shown connected by a dotted curve in the diagram. The
slope of this curve is referred to as the temperature gradient ;
thus the tangent of the angle PTN is the temperature gradient at P.

The heat that enters the bar from the lead at A, leaves it
through the surface and the end B. The quantity passing through
any cross-section per second diminishes as we approach B. But
the greater the conductivity of the material, the farther along the
bar the heat travels before escaping to the air, once the permanent
state is reached ; and consequently the higher the temperatures
attained.

When the end A is dipped into the lead, the molecules at that
end of the bar are thrown into violent to-and-fro motion. They
collide with the neighbouring molecules, and throw them in
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turn into motion; these in turn collide with molecules farther
along the bar, and presently all the molecules in the bar have
their kinetic energy increased. And heat, as has alrcady been
mentioned, is simply the kinetic energy of the molecules. The
molecules themselves do not travel along the rod; the mean
position of each molccule remains unaltered. But the kinetic
cnergy is handed on from one molecule to another.

Fundamental Law of the Conduction of Heat.—l'ig. 191
represents another arrangement for studying the conduction of
heat. A rectangular metal block has
two holes drilled in it and thermo- F
meters inserted in these holes with T T
their bulbs a distance d apart. On !
the one face is a steam chamber B
surrounded by an outer steam chamber  lce
C, and on the other face an ice chamber
D surrounded by an outer ice chamber
L. Thus the one face is kept at the
temperature of stcam and the other E F

at the temperature of melting ice, and
heat flows across the block from right
to left. In the middle the lines of Fic .

16, 191.—Conduction of heat
flow arc parallel to one another and through a block.
at right angles to the faces of the
block, but above and below they are curved owing to heat escaping
to the surroundings. We consider only the portion of the block
between the inner chambers B and D, where the lines of flow
are straight. Thesc inner chambers are, of course, cxactly oppo-
site to cach other, and their ends have the same arca A. The
outer chambers are merely a device, referred to as a * guard-
ring,” for ensuring that the lines of flow are straight in the inner
portion of the block. )

The heat which flows across, melts some of the ice in the
inner chamber D. The melted ice drains off as water, and can
be collected and weighed. The product of the weight and the
latent heat of water gives the quantity of heat which flows across.
This quantity might also be obtained from the weight of the
steam that condenses in B.

It is found as a result of experiment that the quantity of
heat, Q, 1s

(i) directly proportional to the arca A of the facc;
(1i) directly proportional to the time ¢;
(iii) directly proportional to the difference in temperature,
T,—T,, recorded by the two thermometers ;

(iv) inversely proportional to d, the distancc between the

thermometer bulbs.
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This result is known as the fundamental law of the conduction
of heat. It can be put in the form of the equation

Q=kAt(T; -T,)

where % is a constant of proportionality, called the conduetivity
of the substance of the block.

To put the definition in words :

The conductivity of a substance for heat is the quantity of heat
which passes in unit time between the opposite faces of a cube of unit
side, when the faces are kept at one degree difference of temperature.

In the equation (T3 —T;)/d measures the temperature gradient
across the block.

ExamrLE.—IHow much heat is conducted per second through an
iron plate 3 mm. thick and of 1 sq. metre area, when its two faces are
kept at temperatures differing by 2-0° C.? The conductivity of the
plate is 0-149 c.g.s. unit.

14 04 x2
Q=21% :;;—?L =9933 cal.

&’
L

S
-

Ingenhousz’s Experiment.—The thermal conductivities of
different substances can be compared by Ingenhousz’s experiment,
p _— "~ thc apparatus for which is
shown in Fig. 192. It consists
of an iron trough, into the sides
of which are fixed rods of the
different substances. These rods
are all of the same shape and
size, and extend the samec dis-
tance into the trough. They
are coated with paraffin wax
Fi16. 192.—Ingenhousz’s experiment. which melts at about 52° C,
and the trough is filled with
boiling water. Heat from the water is conducted along the rods,
and the wax melts to a certain distance along cach rod, and
drops off. The wax melts farthest along the rod which conduects
best, and it may be shown by reasoning beyond the scope of this
book, that if the bars are so long that their ends do not rise
appreciably above the temperature of the roem, then the con-
ductivity of the substance is proportional to the square of the
distance to which the wax melts.

It should be noted, that the quickness with which the wax
starts to fall off is no guide to the conductivity, but depends as
well on the thermal capacity of the rod. As has already been
mentioned, the heat has to fill up the rod as it travels along it,
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and may at first travel faster along a rod with a low thermal
capacity, Only when the wax ceases to fall oft can a conclusion
be drawn as to the conductivity.

Measurement of the Conduectivity of a Good Conductor.—
The straightforward way of measuring the conductivity of a good
conductor such as a metal is to use the method of Fig. 191. A
modification of this method is in considerable use in laboratory
courses under the name of Searle’s apparatus (Fig. 193). In this
apparatus the guard-ring is dispensed with, but the bar under
experiment is surrounded by felt, so as to prevent loss of heat
{rom the side. Steam plays on onc end, and the other cud has
a+ " ~* thin copper tubing soldered to it, through which a steady

Fic. 193.—Searle’s apparatus for measuring the conductivity of u bar.

flow of water passes. The amount of heat reccived by the water
is determined by finding the weight of the water which flows
through, and multiplying it by the difference in temperature
before and after passing through. This amount of heat is the
heat conducted through the bar. The temperature gradient is
obtained from the readings of two thermometers which are
placed in copper tubes brazed into the bar a known distance
apart.

P Forbes determined the conductivity of metal bars by using
an arrangement similar to that shown tn Fig.190. The tempera-
ture gradient was determined directly from the slope of the
curve at P. 'The area of the cross-section was known. The only
factor wanting to complete the dctermination was consequently
the guantity of heat Q, which crossed the section of the bar
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directly below P per seccond. This quantity is equal to the
quantity lost per second by the surface of the bar to the right
of the section, and depends only on the temperature of that
surface, which, of course, is known. It was determined by an
auxiliary experiment. A short bar of the same material and
same cross-section as the original bar was heated to a uniform
temperature slightly higher than the temperature of the bar at
the section, and then left to cool in air, the temperature being
read at short intervals by a thermometer the bulb of which was
placed in a hole in the bar. Thus the rate of loss of hcat from
the short bar to air was measured for different temperatures, and
from the results the quantity lost per second by each unit of
length of the bar in the original experiment to the right of P
to the air could be calculated. The sum of these quantities
gives Q.

Measurement of the Conductivity of a Bad Conductor.—The
arrangements just described are unsuitable for determining the con-
ductivity of a bad conductor such as glass, because the heat would
travel round a glass block or glass bar instead of through it. We have
consequently in this case to adopt the arrangement shown in Fig. 194,

T,

Steam
T outlet

Fic, 19+.—Apparatus for measuring the conductivity of glass.

The substance to be experimented on, glass or whatever it is, is used
in the form of a tube, AB, through which a steady stream of water
flows, entering at A and leaving at B. This tube is surrounded by a
steam jacket, and is joined at its ends by short pieces of rubber tubing
to brass tubes containing thermometers, T, and T,. The thermometers
are held in position by rubber stoppers.

Let I be the length of the tube exposed to the stecam, and let 7,
and 7, be its internal and external radii. The mean radius is (r,+7,)/2,
and, since it is thin, the wall of the tube through which the heat has
to pass is equivalent to a plate of area 7l(r, 4r,) and thickness r,—7;.
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Let t; be the temperature of the water before entering, and let ¢, be
its temperature after leaving the tube, when the steady state is estab-
lished. These temperatures will not differ much from the temperature
of the room, and their mean value (¢,4-1,)/2, may be taken as the
temperature of the inner surface of the tube. Its outer surface is at
100° C., the temperature of steam. The quantity of heat flowing
through the glass per second is consequently

kal(r, +72)[100 —3(t, +1,)]
Te—Ty
where k is the conductivity of the glass. Let m be the mass of water
which flows through per second, when the steady state is established ;
this can be obtained by receiving the outflow in a measuring cylinder.
Then the quantity of heat received by the water per second is m(t, —t,),
and on equating this expression to the one above we obtain

__ mty—h)(ry—Ty)
w1y +7,)[100 —4(f, +1,)]

In order to have the water well mixed a picce of thick twisted wire or

similar obstruction is often placed along the axis of the tube.

All metals conduct heat well, the best conductor being silver, then
copper and gold following in the order named. It is found that for
metals and alloys the ratio of the thermal to the clectrical conductivity
has approximately the same value at any given temperature. This
result is known as the Wiedemann-Franz law. Wood does not conduct
nearly so well as the metals. If a thin picce of paper is wound round
a pencil and held in a flame, it is scorched at once. But if the pencil
is replaced by a copper rod, the paper may be held in the flame o few
seconds without being scorched, for the metal conducts away the
heat.

Conductivity of Liquids and Gases.—Liquids, with the
exception of mercury, arc bad conductors of heat. If they are
heated from below, the heat travels upwards mainly by convection.
In a conductivity determination, therefore, the hecat must be
made to travel downwards. The heated liquid is less dense than
the other liquid and remains floating above it; convection is
consequently eliminated.

The low conductivity of water is illustrated by a well-known
experiment. A piece of ice is wrapped in gauze so as to make it
sink, and allowed to fall to the bottom of a test tube filled with
water. The test tube is then held in an inclined position, and its
upper part heated by a bunsen burner. It is found that the
water at the top can be made to boil for a considerable time
without melting the ice.

The conductivity of gases is still less than that of liquids,
the value for air being about 0-00005 c.g.s. unit. The conduc-
tivity of gases is independent of the pressure cxcept at very low
pressures. The poor conductivity of feathers, fur, felt, and woollen
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materials is due in large measure to the fact, that they are full of
numerous small air spaces. The conductivity of woollen materials
is greatly increased, if the enclosed air is pressed out of them.

Conductivity and Sensation.—It is well known, that in a
room where there is no fire, the iron fender feels colder to the
touch than a rug beside it, although, as may be shown by a thermo-
meter, they are both at the same temperature. This is simply
because the iron is a better conductor of heat than the rug, and
conducts away heat from the hand more rapidly than the rug
does. But if they are both heated by the fire to the same tem-
perature above the temperature of the hand, the fender feels
hotter to the touch than the rug does, because it conducts heat
more rapidly to the hand.

The Davy Safety Lamp.—For a gas to burn in air it must be
raised to a definite temperature known as the ignition temperature.
If the temperature of the inflammable mixture is cooled below
this value, the flame goes out.
This fact forms the basis of the
Davy lamp used by miners, and
can also be demonstrated very
neatly by the experiments shown

"/ in Figs. 195 and 196.

In the experiment represented
in Fig. 195 a picce of copper gauze
is placed over a bunsen burner.
Owing to the gauze conducting

FiGs. 195 AND 196.—The principle  2V2Y the heat, the flame below

of the safety lamp. the gauze cannot heat the gas

above the gauze to the ignition

point. Conscquently the flame cannot pass through the gauze,

and, if the gauze is pressed down upon the bunsen, the flame may
go out.

In the experiment represented in Fig. 196 the gauze is placed
upon the bunsen. The mixture of gas and air is then allowed to
pass through it, and lit above the gauze. The latter is then
raised. As it moves upwards, it conducts away the heat and
lowers the temperature below ignition point; consequently
below the gauze the flame goes out.

The atmosphere of some mines contains an inflammable gas,
called methane or fire damp, and if this comes into contact with
a naked light, an explosion follows. A society which had been
formed to discover some way of preventing these explosions, asked
Sir Humphry Davy for his assistance, and the discovery of the
safety lamp was the result. This is an oil lamp the flame of
which is surrounded by a cylinder of wire gauze. The air neces-
sary for the combustion of the oil passes in through the gauze.
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If fire damp is present it enters into the lamp, and burns inside
it with a bluish flame. But owing to the conduction loss through
the gauze to the base of the lamp, the temperature of the fire
damp immediately outside the gauze never rises to the ignition
point. Thus the flame cannot travel outside the lamp, and
explosions are prevented.

Scale in Boilers.—In the furnace of a boiler heat passes from a hot
gas through a metal plate to water. Owing to the hardness of the
water a deposit called scale is sometimes deposited on the one side
of the plate, and soot may be deposited on the other side. These
diminish the conductivity of the plate very considerably, and owing
to being deposited unequally set up temperature differences and
consequently inequalities in expansion, that may weaken the boiler.
Again, if a layer or film of gas after parting with its heat remains in
contact with the plate, the heat from the remainder of the gas has to
pass through this badly conducting film. The rate at which the heat
flows from the furnace to the boiler depends more on not allowing
such films to form than on the conductivity of the metal itsclf.

Experiments on Convection.—Figs. 197 and 198 show two
lecture experiments on the convection of heat. Fig. 197 shows a
candle which has been lighted and
mounted in a shallow vessel con-
taining water. When a glass chimney
is placed over the candle, so that
the water prevents air entering from
below, the flame dies down and goes
out. But if a metal partition A is
inserted in the chimney as shown in
the figure, convection currents estab- H
lish themsclves in the direction of
the arrows, as may be demonstrated
by the smoke of a match. These
provide air for the flame, and the
candle remains lighted.

>

—
—

The water heated at the bottom ° 0.
of the lower vessel in Fig. 198 expands  f. ;
and becomes lighter than the_ sur- Qj

rounding water. It consequently
ascends and passes up the tube AB, Fi1Gs. 107 AND 198,
its place being taken by the colder '
water in the upper vessel which travels down the tube CD. The
motion can be shown very clearly by dropping some dye into the
upper vessel and watching it travel down the tube CD.
Convection currents are due to the fact, that substances
change their density when heated.
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Hot Water Supply.—TFig. 198 illustratcs the principle of the
domestic hot water supply. The actual arrangement is shown
in Fig. 199. B is the boiler, placed behind the kitchen fire, and
T the hot water tank. The water heated in B ascends by the
pipe M and enters at the top of T'; then, as it cools, it falls to the
bottom of T, and descends by the pipe N to the bottom of the
boiler. Water is drawn off at W to the hot water taps, and the

70 Hot Water
7Taps, —>

16, 199.—Hot water supply.

place of this water is taken by the water that descends from the
cold water cistern, C.  The open pipe at J is for the escape of
steam, should the water reach the boiling point.

In the same way in a hot water heatmn system a pipe goes
from the top of the boiler to the highest pomt of the systun.
Irom there it is led through the rooms to be warmed and then
back to the bottom of the boiler.

Example on Chimney.—A chimney 80 feet high and 8 square feet
in internal sectional area at the top, has an air-tight cover put over it.
The air outside has a temperature of 15° C. and pressure of 76 cm., and
the air inside has an average temperature of GO° C. Find the force
necessary to keep the cover in position.

Let h be the hcnght of the chimney, p the dcnsxty of the air outside,
p’ the density of the air inside, and let P be the pressure of the atmo-
sphere on the top of the cover. Then

P-+-hgp = pressure at the base of the chimney
and P -}hgp —hgp’ =pressure on lower surface of the cover.
Hence Ahg(p —p’)=upward thrust exerted by the air inside.
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Under standard conditions p=1-293 gm. per litre
=0-08071 Ib. per cub. ft.
Hence required force =8 X 80 X 0-08071(3%3—3131)
=6-6 1b. wt.

The result is only approximate, since the gases in the chimney will
include carbon dioxide, which is hecavier than air at the same tempera-
ture. But it shows how the draught increases with the height of the
chimney, and explains why sometimes a newly kindled fire will not
“ draw,” until the chimney is warmed.

Land and Sea Breezes.—The land and sea breezes which are
observed near the coast, especially in hot countrics, are due to
convection. During the day the heat of the sun raises the
temperature of the land considerably higher than that of the sea,
because the sea has a greater specific heat than the land has.
During the night the land cools more rapidly than the sea does,
because it has not the same store of heat to radiate away. Thus
during the day the layers of air near the carth expand and rise,
ausing a cool breeze to blow in from the sea to fill their place.
This usually reaches its maximum in the late afternoon. But
at night the air over the sea is the warmer and rises, causing a
breeze to blow out from the land.

Trade Winds.—The trade winds arc examples of the same
process on a larger scale. Ilcated air rises near the cquator,
its place being supplied by an inflow of cooler air from the north
and south. 1f the earth were not in rotation, this inflow would
take the form of a north wind in the northern hemisphere and a
south wind in the southern hemisphere. But owing to the
rotation of the earth points on its surface near the equator arce
moving from west to cast with a velocity greater than points in
higher latitudes. Ilence a wind which starts south towards
the equator with the component eastward velocity belonging
to the region of its origin, finds as it moves southwards, that the
surface is moving castwards below it ; thus with reference to the
surface its dircction is from north-cast to south-west. In the
same way the trade winds in the southern hemisphere blow
from south-cast to north-west. There are belts of ealm north
and south of the trade winds, where the air descends, which rose
at the equator, and has now become cool.

ExamrreEs VIII

1. What would be the effect of wrapping up ice in blankets ?

2. How much heat is conducted per second through a slab of copper
3 cm. thick and of 1 sq. metre area, when its two faces are kept at
temperatures differing by 1° C.? The conductivity of copper is 0-918
c.g.s. unit.
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8. A room is kept at a uniform temperature of 15° C., while the
outside temperature is 5°C. Find the quantity of heat lost in an
hour through a wall 3 metres high, 4 metres broad, and 40 cm. thick.
The conductivity of the wall may be taken as 0-005 c.g.s. unit.

4. In making a determination of the conductivity of a glass tube
by the method described on p. 220, the length of tube exposed to the
steam was 54-4 cm., its internal and external radii were 0-8675 and
0-9775 cm., the temperature of the water was 13-8° C. before, and
28-4° C. after passing through the tube, and the quantity of water
that passed through per second was 23-8 gm. Calculate the result.

5. A boiler is made of iron, 0-5 cm. thick and of conductivity 0-2
c.g.s. unit. On its inside surface a crust forms, 0-4 em. thick and of
conductivity 0-001 c.g.s. unit. The temperature outside is 300° C.
and inside is 120° C. How much heat is conducted through cach
square centimetre per second ?



CHAPTER 1IX
RADIATION

Apparatus.—As a mcans of detecting and mcasuring heat rays
we may usc cither an ordinary thermometer having its bulb
blackened with soot or covered with black paper, a differential
air thermometer, or a thermopile. The differential air thermo-
meter is represented in Fig, 200, The two
bulbs have their surfaces blackened and
one is placed to reccive the rays; the heat
causes the air in it to expand and force
the coloured liquid down the tube, and the
displacement of the end of the colunmn
measures the intensity of the heat rays
received. The bulbs are connected by
pieces of pressure tubing, and so ean be
turned up or down.

If the ends of two wircs of different
metals are soldered together and heat rays
are allowed to fall on one of the junctions, o .
an elcctric current lows round the circuit  Fig. 200.—-Ihfferential
proportional in intensity to the difference thermometer.
in temperaturc of the two junctions. Inthe
thermopile a number of picces of wire of two metals—for example,
bismuth and silver—are joined together to form a circuit, a wire
of the one mctal always being followed by a wire of the other,
and the alternatce junctions are brought together to the one point,
and exposed to the rays. By this means the current is magnified,
and the arrangement rendered more sensitive.

Which of the instruments, thermometer, diffcrential air
thermometer, or thermopile, should be used, depends on the
purpose in question. The ordinary thermometer will not render
the results visible to a large audience ; the differential air thermo-
meter is more suited for this purpose, and the thermopile is best
of all, because the rcading of the galvanometer can be made
visible by the motion of a spot of light on a scale. The size of

the bulb of the differential air thermometer makes it unsuitable
227
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for work with narrow pencils of rays. The thermopile has the
disadvantage of requiring a very secnsitive galvanometer; the
most sensitive thermopile on the market at present, when con-
neeted on to the Weston student galvanometer and placed as close
as possible to an 8-candlepower lamp, gives a deflection of only
4 divisions, corresponding to 0-000067 amp.

As sources of heat rays we can usc a metal ball heated to red
heat, a tin filled with boiling water, or the arc lamp. Onc par-
ticular pattern of arc lamp which takes less than five amperes
and has carbons as thin as pencils, is very suitable for experiments
on heat. Tn this lamp the positive carbon is horizontal, and the
arc is surrounded by a glass cover which restricts the supply of
air and prolongs the life of the carbons.

Demonstration of Heat Rays.—In Fig. 201 P represents the
crater of an arc lamp. The rays from this lamp fall upon the
lens L and arc brought to a
focus at C. After passing
,\_:E N (TP through the focus they di-

‘A

- T l — «verge again.  The converg-
. . cnce and divergence of the
Fic. 201, light rays may be made

cvident by receiving them

on a picce of paper and moving this paper backwards and
forwards.

The bulb of a thermometer was covered with black paper,

placed in suceession at several points in the beam along the linc

marked A, and a reading taken of the rise of temperature produced

- X

JQo

Se

Go

Rise of Jemnerature in 2 mins.

1 2 3 4 5 cm
FiG. 202,—Distribution ot energy across beam.

in two minutes. After taking one reading the thermometer was
allowed to cool to room temperature betore taking the next.
These readings arc represented by the curve A in Fig. 202; the
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abscissee denote the distance in em. moved by the thermometer
across the beam. The same process was then repeated for the
sections B and C, and the readings for these sections represented
by the curves B and C. It should be stated that the image of the
arc at C is three or four millimetres wide, and the bulb of the
thermometer has a definite size ; hence the breadth of the curve C.

The curves show, that as the beam becomes narrower the
rise of temperature produced increases, or in other words the heat
rays converge to a focus in the same way as the light rays do.
If a piece of Ilford infra-red gelatine filter is placed in the path
of the rays close up to the lens, it stops the light, and there is no
visible image on a paper screen placed at C.  But if the thermo-
meter is moved along the sections A, BB, and C, as before, curves
are obtained similar to the curves A, B, and C in Fig. 202, except
that this time the ordinates are only 64 per cent. as high.  Conse-
quently, although all the light is stopped by the filter, heat rays
get through, and these dark heat rays converge to a focus in the
same way as light rays do.

Thus we have two different kinds of rays converging to a
focus at C, light rays which produce a visible image on a paper
screen and at the same time heat the bulb of a thermomcter,
and dark heat rays which produce no visible effect on a screen,
but heat the bulb of a thermometer. Since the action of a lens
depends on its power to refract light, it follows that dark heat
rays are refracted in the same way as light rays. By refraction
is meant the deviation of a ray which oceurs when it passes {rom
air into a medium such as glass, or from glass into air.

Reflection and Absorption of Heat Rays.—1ig. 203 represents
an arrangement for demonstrating the reflection of heat rays.

Cc

F1c. 203.

The radiation from an arcc lamp P falls on a lens L, and after
reflection by a glass plate or metal mirror at M is brought to a
R
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focus at C. By taking readings with a thermometer at different
points on a section at C it may be shown that the focus of
the heat rays coincides with the focus of the light rays, no matter
what the inclination of the mirror is, both when the infra-red
filter is interposed in the path of the rays, and when it is removed.
Thus heat rays obey the same laws of reflection as light rays,
t.e. the incident and rellected beams make cqual angles with
the normal to the mirror at M.

If an obstacle is set up to cast a shadow on a screen, and the
cdge of the shadow is explored with a thermometer or thermopile,
it is found that the heat rays are cut off by the obstacle in the
same way as the light rays arc. Thus as regards propagation,
reflection, and refraction, hecat rays behave exactly as light
rays, and it may be shown by rcasoning which lies outside the
scope of this chapter, that both light and heat are propagated by
a wave motion through space. This wave motion consists of
waves of different wave-length ; they have all the property of
raising the temperature of the bodies on which they fall, but
only certain wave-lengths have the property of exciting the sen-
sation of light. The rays from the arc lamp which have the
property of passing through the Ilford infra-red filter, have a
longer wave-length than the rays of light have.

Substances possess the property of transmitting heat rays to
different degrees. Those which allow radiant heat to pass
through them are said to be diathermanous, and those which
ahsorb the radiant heat falling on them and prevent its trans-
mission arc said to be adiathermanous ; these names are, however,
falling out of use. A vacuum is perfectly diathermanous, but
the atmosphere, especially the aqueous vapour in it, absorbs an
appreciable proportion of the radiant heat from the sun.

The proportion of the radiant heat from the are lamp trans-
mitted by various substances may be determined by holding
them up between the source and the blackened bulb of a thermo-
meter, noting the rise of temperature produced, and comparing
it with the risc when there is nothing in the path. The most
accurate results are obtained by waiting until the temperature
ccasces to rise, but for rough work the rise in two minutes may be
taken instead.  When measured in this way, the Ilford infra-red
filter is found to transmit 64 per cent., a glass plate 78 per cent.,
and a glass ccll containing a thickness of one centimetre of water
32 per cent. of the incident radiation, when that radiation has
already had its character changed by passing through a lens.

The statement is to be found in many books, that a solution
of alum is particularly eflicient as an absorber of heat rays. This
is not the casc: a strong solution of alum absorbs appreciably
less than the same volumec of water.
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Different Kinds of Heat Rays.—The fact that there are different
kinds of heat rays cach characterised by its own wave-length, should
be borne constantly in mind. A body may be transparent to one kind
and opaque to another. When a picce of metal is heated, it radiates
at first heat of a long wave-length : then as the temperature rises, the
wave-lengths become shorter and shorter, until finally they are short
enough to excite the sensation of light.

Glass is transparent to light and the heat rays which have a wave-
length not much different from the wave-length of light. ‘These rays
pass through the glass roof of a hot-house and warm up the interior.
The latter then radiates heat of a longer wave-length to which glass
is opaque. Thus the hot-house is a kind of light trap ; the radiation
gets in, but cannot get out.

Rock salt is transparent to the longer wave-lengths which glass
absorbs, and hence lenses and prisms of rock salt are widely used for
experiments with heat rays.

All the different kinds of heat rays from the sun pass through inter-
stellar space without absorption and therefore without warming it,
and are not absorbed much by air, but the aqueous vapour in the
atmosphere absorbs the longer heat rays very strongly.  Consequently
the temperature never falls so rapidly at night as when there is a clear
dry atmosphere.

Experiment with Conjugate Mirrors.-—l1g. 20t represents an
alternative arrangement for experimenting with heat rays. Two
yd - N

A Y

Iic. 204.—Reflection of heat rays by concave mirrors.

concave metal mirrors of about six inches diameter are set up
facing cach other about two yards apart.  The bulb of a differential
air thermometer is placed at the focus of the one mirror, and a
metal sphere is heated red-hot and placed at the focus of the
other. As soon as it is in position, the column of liquid moves
up the scale, showing that the hecat rays after reflection by the
first mirror travel in a parallel beam to the sccond, and are
reflected towards its focus. If the bulb of the thermometer is
removed from the focus, there is no cffect. The fraction of the
radiation transmitted by a glass plate or a ccll containing water
can be measured by placing them in the path of the beam, and
the law of reflection can be further verificd by allowing the parallel
beam to fall on a plane mirror and then moving the sccond mirror
about, until the direction of the reflected beam is found again.

Heat Rays in History.—Archimedes, the most celebrated mathe-
matician of ancient times, is said to have set the Roman fleet on fire
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and destroyed it at the siege of Syracuse in 212 B.c. by concentrating
the heat rays of the sun upon it with concave mirrors. The fleet was
then one bowshot distant from the walls. But the story is either a
pure invention, or arose from a misunderstanding. It is not mentioned
by Polybius, who was almost a contemporary of Archimedes, and who
has given a dctailed account of the siege. Only in the second century
after Christ do we first hear that Archimedes destroyed the Roman
flect by fire, and then mirrors are not mentioned ; that part of the
story dates only from the fourth century of our era.

The most celebrated burning mirrors in history were quite moderate
affairs. They were made by Tchirnhausen about 1687. With the
aid of a large copper mirror he brought the sun’s rays to a focus and
used them to kindle wood, boil water, melt tin which was three inches
thick, and make a hole in a coin. e also made large burning glasses,
and amused himself by boiling fish and crabs in water with them. One
of his burning glasses was used at a later date in a well-known experi-
ment at Florence to burn up diamonds ; the fact that diamonds are
combustible was then demonstrated for the first time.

Large lenses and concave mirrors should not be left where the sun’s
rays can fall on them ; they may sct the laboratory on fire,

Experiments with Leslie’s Cube.—So far we have been con-
cerned with the properties of the heat rays themselves. We
shall now consider the question of their emission and their
absorption.

Fig. 205 represents a very instructive experiment. A cubical
tin box, known as Leslic’s cube, of about six inches side, has one
of its sides covered with lamp black, the opposite
side brightly polished, and the other two treated
in other ways. The cube is filled with boiling
water and placed midway between the bulbs of a
differential thermometer, the blackened side oppo-
site the one bulb and the polished side opposite
the other.  Both bulbs consequently reccive heat
by radiation. It is found that the column is
depressed on the right, showing that a blackened
surface radiates more heat than a polished one.

Fie. 205.— Let us suppose now that one of the glass

Leslie’s cube.  bulbs of the differential thermometer is black-
ened and the other is silvered, and that two
opposite surfaces of the cube arc blackened. Then, if the cube
is filled with boiling water as before, and placed midway between
the bulbs, with the blackened faces opposite them, it is found that
the blackened bulb becomes hotter than the other one. But the
blackened surfaces of the cube are radiating heat at the same
rate. Hence a blackened surface absorbs more heat than a polished
one.
By treating the surfaces in other ways it may be shown
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generally, that surfaces which radiate heat well, also absorb it
well. This may also be proved by other experiments. For
example, if letters are written with ink on a piecc of bright
platinum foil and the latter then heated in the bunsen flame,
the writing stands out brighter than the surrounding foil. It
absorbs more and consequently emits more.

Ritchie’s Apparatus.—Fig. 206 shows an apparatus devised
by Ritchie for showing that the emissive and absorptive properties
of a surface increase in propor-
tion with one another. It con-
sists of two cylindrical metal
vessels C and D, which are filled
with air and connccted by a
glass tube in which a column
of coloured liquid has becn
placed. Between them is a
third and larger vesscl ADB
which can be filled with hot
water. The surfaces D and B
are coated with lamp black, and
the surfaces A and C are nickel
plated and polished. When
boiling water is poured into the
middle vessel, the column of
liquid does not move. B emits
more than A, but D absorbs more
than C, so theonevessel gainsex-
actly as much heat as the other.

Prevost’s Theory of Exchanges.—If a hot body is suspended
in an evacuated cnclosure in such a manner that there is no
conduction loss to the enclosure, it loses heat solely by radiation.
If the temperature of the body is read from time to time, it is
found to decrcase until it becomes the same as the temperature
of the enclosure. There is then no further change, and it might
be thought, that radiation from the body has ccased.

If, however, the body is removed to another enclosure at a
lower temperature, for example, a large evacuated tin surrounded
by ice-cold water, radiation apparently starts again, and continues
until the temperature of the second enclosure is reached. Now
there is no material connection between the body and the second
enclosure which could make the radiation start again. We arc:
therefore forced to the conclusion, that the body has been radiating
all the time.

During the first part of the experiment the body was emitting
radiation to the enclosure and receiving radiation from it. The
amount reccived per sccond was constant, but the amount

Fic. 206.-—Ritchic’s apparatus.
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emitted per second fell off as the temperature diminished, until
finally when equilibrium of temperaturc was established, the two
quantities balanced. When the body was removed to the second
enclosure, its temperature and consequently its rate of radiation
started to fall again. But when the final equilibrium of tempera-
turc was attained, the radiation loss from the body balanced the
gain from the enclosure.

Arguing in this way Prevost propounded his theory of
exchanges : Al bodies are radiating all the time, and the temperature
of a body becomes stationary when it sends as much radiation to the
surrounding objects as it receives from them.

If in the experiment with the conjugate mirrors described
on p. 231, a lump of ice is placed in the focus of the one mirror,
the temperature of the bulb at the focus of the other mirror falls.
This is not because the ice is radiating cold, but because the bulb
is radiating more heat to the ice than the ice is radiating to the
bulb.

Newton’s Law of Cooling.—Lct us suppose that a small
calorimeter, which can be closed by a lid containing holes for a
thermometer and a stirrer, is suspended inside a large vessel which

w
o
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Logarithm of temperature.

A
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Temperature in degrees centigréde.
¢

Minutes.
Fie. 207.—Cooling curve.

is itsclf surrounded by water. Then, if the calorimeter is filled
with a hot liquid and left to itself, it cools, mainly by convection
and partly by radiation. If the temperature is read from time
to time, and plotted against the time, we obtain a cooling curve
such as is represented by the circles in Fig. 207. The ordinates
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represent difference of temperature between the calorimeter and
the surrounding enclosure, the latter being in this case at 13-0° C.
1t will be noticed that the temperature falls rapidly at first, and
then more slowly, and that after the lapse of two and a half
hours the calorimeter is still more than one degree above the
temperature of the enclosure.

If instead of plotting temperature difference we plot the
logarithm of the temperature difference against the time, we get a
curve which is practically a straight line shown by the crosses.
Consequently, if 8, and 0, denote the temperature differences at
times ¢; and ¢,

log 6, —log 0,=Ik(t,—t;)
where k is a constant. This gives
0,

R0 A=t
1

If we subtract both sides from 1

6, —0,
0,

Now let us supposc that £, —t;=1 min. Then the right-hand
side, and conscquently the left-hand side, is constant. Thus
the fall in temperature per minute is proportional to 6. This
result was first observed by Newton, but under very different
conditions from those deseribed here. Stating it formally :

The rate at which a given body loses heat is proportional to the
difference of temperature between the body and its surroundings.

This result has already been made use of on p. 176 in conncction
with the convection correction in calorimetry.

=1—10—Ft:~4

Specific Heat by the Method of Cooling.—The arrangement described
in the preceding section ean be used to determine the specific heat of
a liquid. For suppose that when the calorimeter is filled with water,
it takes £ minutes to cool from 8 to §, measured from room temperature.
Divide the fall of temperature into n steps, 6 to 6,, ,to 0, . . . 04—
to 0,, and let the times taken for thesc separate steps be 7, 7y, « « « Tp.
Then if m, is the mass of the water and w the water cquivalent of
the calorimeter, the rate of loss of heat during the first step

g—0
(my4w) ' =c
7
by Newton’s law of cooling, ¢ being a constant,  This may be rewritten
ST _0-6
m,+w ¢l
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Similarly for the sccond interval

Ty _0,—0
m,+w cl,
and summing for all the intervals
TiHTy o o o +Ta x -0, 0p—1-—0n
MA‘;nl»{—wmﬁ“ =;n1+w T cOp—1

Let us now replace the water in the calorimeter by an equal volume
of the liquid whose specific heat is to be measured. Let m, be its mass,
let s denote its specific heat, and let ¥ minutes be the time it takes to
fall from @ to 6,. Then by reasoning exactly similar to that given
above

y 0 ~01 Bn—- 1—0,;
- = A -
mys+ w cd cl,—,
x Y
Ilence — —
my+w  Mm,sw
my -ty 0
whenee s—_--( M )_ .
m, x M,

If covers of different picees of cloth are fitted over the calorimeter
used in the above experiment and cooling curves taken, the * warmths
of the cloths may be compared.

Emissivily of a Surface.— The emissivity of «a surface for heat is
defined to be the quantity of heat emilted from one square centimetre of the
surface in onc sccond for cach degree difference of temperature between
the surface and its surroundings.

It follows from the experiments already described, that the
emissivity of a surface covered with lamp black is greater than the
emissivity of a polished metal surface, and that in general dark surfaces
have higher emissivities than bright ones.

The thermos flask or vacuum flask is a double-walled glass vessel,
the space between the walls being a vacuum.  The inner surface of
the outer wall and the outer surface of the inner wall are silvered.
Thus the convection and radiation losses through the side of the flask
are a minimum, and it keeps a liquid hot or cold, as is required, for a
very long time. The flask was originally designed by Dewar for
containing liquefied gascs.

Examrre.—Find the rate of cooling of a blackened copper ball
of 2 cm. diameter with its temperature 30° C. higher than the sur-
roundings. ‘T'he density of copper is 8-9, its specific heat is 0-095, and
the emissivity of the surface is ;) | c.g.s. unit,

Quantity of heat lost per sccond =47 X ; };, X80=7

1 00T
Thermal capacity of sphere =} X8:9x0:095--1-1277
3
Hence rate of cooling = =0-027° C. per scc.
e 100 x 1-127 S

Stefan’s Law.—Newton’s law of cooling does not deal with
the total energy radiated by the hot body, but with the excess
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of the energy lost by radiation and convection over the encrgy
gained by the same processes. It does not hold for great differences
of temperature. In 1879 Stefan put forward the suggestion, that
the total radiation from a body is proportional to the fourth
power of its absolute temperature. Ile found that this law
agreed with the observations made by Dulong and Petit many
years previously. It was shown theoretically by Boltzmann, that
the law holds only for a “ black body,” a body the surface of
which absorbs all the radiation incident on it, and it is consequently
sometimes referred to as the Stefan-Boltzmann law. The surface
of the carbon arc or of the carbon filament of a glow lamp is very
nearly * black ** in this special sensc.

Let us suppose that a black body is radiating in an enclosure,
and that it is in cquilibrium with the enclosure at temperature
To° K. Then the rate at which energy is being radiated by the
black body and the rate at which it is being received by the black
body may each be represented by c¢To%, where ¢ is a constant.
Let us now supposc that the black body is raised to temperature
T. It conscquently then radiates at the rate ¢T4 and loses
cnergy at the rate

(1t ~Tgt)
If T=1000° K. and Ty=288° K., {.e. about room temperature,
T4 is 145 times greater than T4, and the sccond term may be
neglected in comparison with the first.

Optical Pyrometry.—Stcfan’s law has been applied to the
measurement of high temperatures. The best known instrument
for this purpose, Feéry’s radiation pyromcter, consists of a short
tube open at one end, which is pointed towards the furnace the
temperature of which is to be measured. At the other end is a
concave mirror which concentrates the radiation on a thermo-
couple, 7.e. the junction of two wires of different metals. The
focussing of the radiation on the thermocouple is done by an
cyepiecc which looks through a hole in the mirror. The thermo-
couple is connccted to a galvanomcter, and the current is pro-
portional to the fourth power of the absolute temperature of the
source.

There are other instruments in which the temperature is
measured by matching radiation of one particular colour against a
standard lamp. Optical pyrometry, as the method of deter-
mining temperature from the propertics of the radiation is called,
is the only method suitable for temperatures over 1500° C.
The numerical values it gives hold in the first instance only on
the assumption that the source is a ‘‘ black body.” If this is
not the case, the results will be too low. But the method is very
useful in industrial processes, where it is not necessary to measure
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a high temperature in absolute units, but only to reproduce it
with accuracy.

Optical pyrometry has been applied to the sun and the crater
of the carbon arc, and results have been obtained somewhat
below 6000° C. for the former and between 3500° C. and 4000° C.
for the latter.

Examrres IX

1. A picce of ice is placed in front of a thermopile. Describe
exactly what happens.

2. A glass fire screen seems to cut off very little of the light of a
bright fire. Of what useisit? Ilow would you prove your statement ?

3. A copper calorimeter weighing 10 gm. is filled first with water,
then with another liquid, and the times taken in the two cases to cool
from 40° C. to 35° C. are 85 and 75 seconds respectively. The weight
of the water is 7-3 gm. and that of the liquid 8-7 gm., and the specific
heat of copper is 0-:095.  Calculate the specific heat of the liquid.

4. A metal sphere at 40° C. eooling in air at 10° C. loses half a degree
of temperature in the first quarter-minute. What is its temperature
at the end of 12 minutes ?

5. A long round copper bar 1 sq. cm. in cross-sectional area is heated
and hung up in & room which is at a uniform temperature. By what
fraction of its excess of temperature will it cool per second? The
emissivity of the surface is ! | c.g.s. unit, the specific gravity of copper
is 80, and its specific heat is 0-095. The emission from the ends is to
be neglected.

6. Compare the amount of heat lost per second by a black body at

l

500° C. and at 100° C. in an evacuated vessel which is kept at 10° C.
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CHAPTER 1

WAVE MOTION

Water Waves.—We shall begin the study of wave motion by
considering the special case of waves formed on the surface of
water. When a stone is dropped into a pool, waves diverge
from the point where it strikes the surface and travel out in
circles to the edge of the pool. They carry energy with them, as
may be seen by the manner in which they roll pebbles up and
down at the edge of the pool. This energy wasted in friction was
part of the energy of the falling stone. But, though the cnergy
moves on, the water particles which transmit it remain in the
same place. This may be scen by watching a small picee of cork
floating on the surface. Initially it is at rest ; during the passage
of the wave it oscillates to and fro, and, after the wave has passed,
it is back in its original position.

If the profile of the wave is examined at a distance from its
origin, it i1s seen to have
the shape represented in
Fig. 208, that of a sine
curve. It is hence said to Fic. 208,
be a harmonic wave. This
profile moves bodily in the direction of the wave-motion.

The distance between two successive crests or two successive troughs
1s called the wave-length,

The velocity with wehich any crest or trough moves is called the
velocity of the wave.

The time taken by a crest to travel one wave-length is called the
period of the wave.

The number of complete wave-lengths which pass a given point
in one second is called the frequeney of the wave.

If we denote the wave-length, velocity, period, and frequency
by A, V, T, and n respectively, according to the definitions

T= A whence A=VT

whence V=nA

AY
and n= ,}

241



242 SOUND

The height of the crests above, or the depth of the troughs
below, the level of the undisturbed surface is called the amplitude
of the wave. During the passage of the wave, water which would
otherwise {ill a trough is raised up to form a crest. The wave
thus possesses potential energy. Also, owing to the motion of
the water particles, it possesses kinetic energy.  This potential and
kinetic energy comes from the energy of the falling stone. The
velocity acquired by the pebbles at the edge of the pool is pro-
portional to the amplitude of the wave, and the kinctic energy
they acquire is proportional to the square of the amplitude.
The intensity or rate of delivering energy of the wave is consequently
proportional to the square of its amplitude.

A wave shows the characteristic properties of reflection,
refraction, interference, and diffraction.

Reflection.—Fig. 209 shows what happens when a train of
water waves approaches a wall or breakwater, as seen from above.
WW is the wall.  The lines are the crests of the waves.  As cach
crest reaches the wall, its direction of motion is altered, until,
finally, the whole train is turncd round. The direction of pro-
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F1a, 209.—Rellection of plane waves.  F1a. 210.—Refraction of a plane wave.

pagation of the wave makes equal angles with the wall before and
after reflection. In the middle of the diagram the incident and
rellected waves oceur superimposed.

Refraction.—The velocity of a water wave varies with the
depth of the water, being greatest where the latter is greatest.
In Fig. 210 let AB be one of a train of waves travelling on the
surface of a sheet of water of uniform depth. On the other side
of MM let the depth suddenly become shallower, but let its value
on this side be uniform also. The velocity of the wave becomes
less when it crosses MM, and as a consequence its direction changes
asshown by the figure, GI representing the wave after it has crossed,
and CDFE giving its position at an intermediate stage. This
bending of the wave on entering a medium where the velocity 1s
different is known as refraction. It has sometimes been likened
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to a company of soldiers marching on to a ploughed ficld where
they cannot go so fast.

Refraction is often visible in the case of steamer waves, when
they pass from the dredged-out channel of a river to the shallow
water at the sides. It can also be scen whenever we have waves
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Fie, 211, I'tc, 212,

breaking on a shelving beach ; for, although the waves may be
approaching the beach obliquely some distance out, when they
reach shallower water they go more slowly, and consequently wheel
round, breaking with their crests parallel to the beach. In this
casc the refraction takes
place gradually, not sud-
denly on crossing a line.
Interference. — Fig.
211 is a plan of a pool of
water into which stones
have been dropped simul-
tancously at P and Q,
causing the emission of
two trains of five waves
cach. These trains are
shown superimposed, the
circles representing
crests. Now, when a
crest is superimposed on
a crest, we have a crest
twice as high; when a  Fic. 213.—Interference of wave trains on
trough is superimposed a mereury surface.
on a trough, we have
a trough twice as deep, and when a crest is superimposed
on a trough, they neutralise cach other, and the level is the
same as if the surface had not been disturbed. This is shown
in Fig. 212; the thick lines represent crests twice as high, and
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the spaces at their ends represent undisturbed level. As both
halves of the diagram are the same, only the part above PQ is
drawn. It is possible to pass through the wave train from the
front to the back along the dotted line and have undisturbed
level the whole way. The one wave has neutralised or interfered
with the other; we have added wave to wave, and got as a
result nothing.

Fig. 213 is a photograph taken from above of two overlapping
wave-trains on a mercury surface. The regions where they inter-
fere can be distinguished quite clearly. Figs. 21t and 215 show
another way of approaching the subject; a and b are two waves
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Fie. 214, Fic. 215,

which superimpose with crest on erest and trough on trough and
give ¢; d and e are two waves which superimpose with crest on
trough and trough on crest and give f. The crests fill up the
troughs.

Diffraction.—Fig. 216 rcpresents a water wave passing
perpendicularly through a hole, AB, in a wall.
P is a plan of the wave before it reaches the
wall, Q shows it actually at the opening, and
R and S give two of its positions on the other
side. It will be noticed that after passing
through the hole the wave is not restrieted
to the space between the lines A and BK,

Fig. 216. but curves round behind the wall at X and
Y. To this bending round of the wave behind
an obstacle the name * diffraction” has been given.

Stationary Waves.—The dotted curves in the top diagram
in Fig. 217 represent two water waves moving in opposite direc-
tions. They have the same amplitude, the same period, and the
same veloeity. The full curve, which is’ obtained simply by
adding the ordinates of the dotted curves, gives the resultant
displacement of the particles on the surface. The second diagram
represents conditions a time }T later, when the dotted waves have
moved respectively 3A to the right and 3A to the left; the full
curve again gives the resultant displacement. The third diagram
represents conditions a time }T later, when the dotted curves
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have moved respectively }A to the right and }A to the left; the
dotted curves now neutralise one another exactly, and the full
curve is a straight line.
The fourth and fifth dia-
grams represent respec-
tively conditions after times
3T and 4T, the full curves
giving the resultant of the
dotted curves in each case.
If we take later times,
8T, £T, ete., we simply get
the same changes in the
reverse order.

The points in which the
full curves are intersected
by the seven vertical dotted
lines are always at rest.
These points are called
nodes. The points midway
between the nodes are
called loops or anti-nodes ;
at the loops the displace-
ment changes from a
maximum on the one side to a maximum on the other. The
resultant displacement changes simply from the form given by the
full curve in Fig. 218 through the straight line to the dotted
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Fia. 217.

F1G. 218.---Stationary Wave,

curve, and then back again through the straight line to the full
curve. There is no forward motion of the wave as a whole, and
the wave is said to be a stationary one.

Thus two progressive waves of equul amplitude in opposite
directions produce a stationary wave with an amplitude twice as great
as that of etther of its components.

Motion of the Particles.—The circle in Fig. 219 has twelve
points on it, a, b, ¢, d, e, f, g, h, 1, j, k, I, cach point being distant
30° from the next one, and is rotating in the direction of the arrow
with uniform speed. Let T be the time required to make a com-
plete revolution. Then if the topmost diagram represents the
position of the circle for zero time, the other diagrams represent
its positions for times 5T, 7T, 5T, 47T, (5T, and {$T. Consider
the two points @ and A.  Let A move up and down a vertical line
in such a manner that its perpendicular distance from the
horizontal line is equal to the distance of the point a from the
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same line. A thus describes a simple harmonic motion, and a is
the auxiliary particle used in the definition of its motion.

In the same way let B, €, D, ete., move up and down, so that
the distance of cach from the horizontal line is the same as
the distance of the particle on the cirele with the same letter from
the horizontal line. B, C, D, cte., consequently also describe
S.H.M.’s of the same period as A, but cach in a different phase.
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Fic. 219.—Motion of particles in a transverse wave.

Let Ay, By €y, ete., have the same distances from the horizontal
line as A, B, C, ete., have. .

If all the particles in cach diagram are joined by a curve, it
will be noticed that this curve has the form of a sine curve, and
that as the motion goes on, it appears to move bodily towards
the right. If instead of stopping at F; we add other particles,
making the displacement of every twelfth particle the same, the
diagram represents a harmonic progressive wave moving towards
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the right.  Sinee the particles move at right angles to the direction
of propagation of the wave, the latter is said to be transverse.
The period and amplitude of the S.ILM.’s of the individual
particles coincide with the period and amplitude of the wave.

If the displacements of the particles of the medium from their
equilibrium positions are laid off along the horizontal line, instead
of at right angles to it as in Fig. 219, we obtain the result shown
in Fig. 220. In the top row the particles are erowded together
at G and bevond Fy; at these two points a condensation or
compression is said to take place. At A and at A, the particles
are farthest apart: here a rarefaetion is said to take place.
And as the individual particles perform their S.ILM.s these
condensations and rarefactions move towards the right, just in
the same way as the crests and troughs moved towards the right
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Fra. 220.—Motion of particles in a longitudinal wave.

in Fig. 219. A longitudinal wave is then said to pass along
the particles from left to right, and the distance between any
condensation and the one next to it, or between any rarcfaction
and the one next to it, is called the wawe-length of the wave.
At condensations and rarefactions the particles are passing through
their equilibrium positions ; it is evident also, by comparing
Figs. 219 and 220, that the crests and troughs of the transverse
wave correspond to the points in the longitudinal wave where the
density is unaltered.

We have shown that if the particles of the medium are vibrating
in the above manner, a wave passes. The converse may also
be proved; if a wave is passing through a material medium, the
particles are executing either transverse or longitudinal vibrations
or, as in the ease of water waves, a combination of both.

We can have stationary longitudinal waves in the same way
as we have stationary transverse waves. At the loops the
displacement and velocity of the particles are greatest; at the
nodes the particles are at rest, and the condensations and rare-
factions take place there.

Solitary Wave.—-It is not necessary that a wave should occur
as part of a train: it may consist of a single irregularly shaped



248 SOUND

elevation or depression, or pulse as it is called. The passage of
such a pulse up a rope can be demonstrated by a well-known
lecture experiment. A rope about 25 feet long is suspended
vertically, the lower end held with one hand, and the rope struck
with the other hand a few inches above this end. The indentation
then travels up the rope, is reflected at the top, and can be seen
quite clearly coming down the other side.

Resultant of Two S.H.M.’s in the Same Straight Line.—Simple
harmonic motion is defined as the projection upon a diameter of uniform
motion in a circle. Let a point Q (Fig. 221) be moving round a circle

of radius a with constant angular velocity w.
@ When t—=0, let it be at A, Then /QCA=wt.
o ) Let /ACO -a. Draw QP perpendicular to CO.
Then as Q moves round the circle, P executes
a S.JLM. TIts displacement (P=(CQ cos QCP=
A4 cos (wt--a). a is the phase of the S.IL.M., and
c P O  the time taken by Q to go round the circle,
27/w, is its period.
Let us suppose that we have a particle exe-
cuting two S.H.M.'s in the same straight line at
kg, 221, the same time, both with the same period but
with different amplitudes and phases. Then its
resultant displacement is equal to the sum of the displacements due te
the separate motions, and is given by

a cos (wt+4-a) 4-b cos (wt--B)
where b and 8 are the amplitude and phase of the second S.H.M. This
is equal to

a cos wl cos a —a sin w! sin a+b cos wt cos B—b sin wt sin B
=(a cos a-+-b cos B) cos wt —(a sin a-+b sin ) sin wt

If we write acos a+bcos B=R cos b
and a sin a+b sin B=R sin 8§
it becomes R cos (wt-38)

Thus the two separate S.JI.M.'s compound into a S.I1.M. which has the
same period as the component S.H.M.'s.

The expression a cos (wf-+a) represents the displacement of one
particle for different times. The expression a cos (wxr4-a), when
graphed as a function of x, represents the profile of a wave, i.e. the
displacement of a great number of particles for one time, and it will
be found from the graph that the wave-length is given by 2#/w.

Consequently a cos (w¥ +a)+b cos (wx +B)

represents the superposition of two wave trains with the same wave-
length. It follows from the above reasoning, that they compound
into a wave represented by

R cos (wz+98)

which has the same wave-length as the component waves.
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If the wave-lengths are not the same, the resultant docs not take
a simple form. It may be found by drawing the separate waves and
adding their ordinates graphically. The case when the amplitudes
are equal and the two wave-lengths are nearly equal is specially impor-

y "ﬂ «v - ’ ] _D

Frg. 222,

tant. It is represented by Fig. 222, In this case the resultant is a
harmonic wave the amplitude of which varies periodically.

Resultant of Two S.H.M.’s at Right Angles to each other. —I.ct
us suppose that a point P (Fig. 223) is exccuting a S.ILM. about O in
the line AA’ between the points A and A’. Take any straight lines
through O at right angles to cach other as OX and OY. The com-
ponents of OP along OX and OY will vary in S.IL.M. lHenee,
conversely, two S.H.M.’s at right angles to one another with the same
period and in the same phase compound into a S.11.M.

Y
B

(S
L/

16, 223. Fic. 224,
.

Consider next Ifig. 224. The point Q is moving round the circle
with uniform angular velocity. The projections of its motions on two
diameters at right angles to cach other vary in S.ILM. When the
particle which represents the projection of the motion on OX is at A,
the particle which represents the projeetion of the motion on QY is

at O, starting out towards B. It is hence a phase difference ;r behind,

3 .
or °7 in front of the other. If Q had been moving round the cirele

9
the other way, this particle would have been a phase difference ;' in
front of the other. Hence, conversely, when two S.H.M.’s at right
angles have the same period and amplitude, but a phase difference of 7;
37
2 )
It may be shown by reasoning beyond the scope of this book that
two S.H.M.’s at right angles to each other which have the same period,

or they compound into uniform motion in a circle.
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different amplitudes, and any phase difference, compound into motion
in an cllipse.
When the two S.11.M.’s have not the same period, they are best
compounded graphically. Let us suppose, for example, that the motion
along OY has an amplitude two-
D thirds of the amplitude, and a
4 AR N _ period two-thirds of the period of
N /N the motion along OX. Draw two
semicireles AC and BD of radius
three and two units respectively
(Kig. 225), and divide them into
arcs that are traversed in equal
P times. It is best to divide the
quadrant into an integral num-
ber of parts in each case ; hence
we shall divide the semicircle
AC into six and the semicircle
BD into four parts. Now let
particles start out simultane-
c A ously from A and B, and move
6 in the directions of the arrows.
F16. 225.—-Composition of two S.H.M.’s They arrive simultancously  at
of different periods. the points indicated by the same
number.  The S.JILM.s to be
compounded are the projections of the motions of these particles.
Draw lines through the points with the same numbers to meet as
shown. Then if a particle start out from P and pass simultancously
through the intersections of these lines, its motion will have the same
projections as the particles which move on the semicireles. It is
consequently the resultant of the two given S.HLM.s.
If the components are not in the same phase, the resultant motion is
different.  Fig. 226 shows it for various cases ; (@) is simply Iig. 225
over again; (b), (¢), (d), and (¢) are for the cases, where the phase of
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the vertical motion is respeetively ;—r, :, Z, and 7 behind the phase of

the horizontal.
If the ratio of the periods of the two S.ILM.’s can be expressed by
whole numbers, the motion repeats itself after a time which is the least

@ + W 3 @ ¥ d & e

Fia. 226.—Lissajous’ figures,

common multiple of the periods.  If the periods are not commensurable,
the tracing particle never returns to its starting-point.

The case where the ratio of the periods ean nearly be represented
by two simple numbers is of practical importance. Ior example,
suppose that the vertical period is to the horizontal one in the ratio
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101 to 150, and that the components start off in the same plase. Then
initially they give a path very like (a) of Fig. 226. 'The vertical motion

. . . . Lo .
then falls behind the horizontal one. When its phase is i behind,

the path is very similar to that of IFig. 226 (); and so on. The path
in succession passes through all the forms of Fig. 226.  When it returns
approximately to its initial shape, the one motion has gained a period
on the other, and if this time
is observed, the ratio of the
periods can be obtained very
accurately. Curves similar to
those shown in Fig. 226 were
studied very exhaustively by
Lissajous about 1873 by optical
methods, and are hence known
as Lissajous’ figures.
Blackburn’s Pendulum.—The
casiest way of compounding
S.H.M.’s of different periods at
right angles to onc another is
by means of Blackburn’s pen-
dulum. This picce of apparatus
is shown in Fig. 227. A glass
funnel containing fine, dry sand
is fitted through a lead ring
and supported by string. For
vibrations at right angles to the
plance of the frame the arrange-
ment forms a pendulum of a
length equal to the distance
from the lead ring to the top
bar; for vibrations in the plane
of the frame it is equivalent to
a pendulum of length equal to Fic. 227 —Blackburn’s pendulum,
the distance from the ring to
the clip r. The ratio of the periods can be adjusted by moving this
clip.  As the pendulum vibrates, the sand runs out, tracing the path
on the paper below,

Exavrrres [

1. If the velocity of a wave is 310 metres per sce. and its frequency
236 per sec., find the wave-length.

2. Find graphically the resultant of two simple harmonic motions
at right angles to one another.  The period of the one is twice the period
of the other, the amplitudes are the same, and the phase of the motion

m
with the shorter period is 3 ahead of the other.

3. Two S.IL.M.s at right angles to one another give Lissajous’
figures. The same figure recurs at intervals of 6 seconds. If the one
S.H.M. has a frequency of 100 per second, and the other has a frequency
of nearly twice this, find its possible values.



CHAPTER 11
FRODUCTfON AND PROPAGATION OF SOUND

Source in Vibration.—The source of a sound is always in a state
of vibration, and, as the vibration dies down, the sound diminishes
in intensity. This can be shown by a variety of experiments.
If a bicycle bell is touched with the fingers, the ringing sound
stops, because the fingers stop the vibrations. If it is clasped
firmly in the hand, the vibrations cannot be started, and the
hammer of the bell simply makes a rattling noise.

If a noise is caused by dropping a weight on the floor, it and
the part of the floor which it strikes are both set into violent
vibration by the impact. If a stretched string or wire is plucked,
so as to give a musical note, owing to the vibrations taking place
too fast for the cye to follow them the string appears drawn out
into a ribbon at the middle.  Also small V-shaped picces of paper
placed on the string arve thrown off by the vibrations. When a
tuning-fork is sounding, its prongs alternately approach and
recede from one another. This is visible in the case of large
vibrations ; also the vibrations can be felt on lightly touching the
prongs with the fingers.

Tuning-forks are sometimes mounted on wooden boxes open
at one end, called resonance boxes or resonators. This has the
effect of making the note much louder. The vibrations of the
fork are communicated to the box and to the air inside the latter ;
this happens very easily, beeause the air inside the box has the
same period as the fork itself.  But, though the box makes the
sound louder, it causes it to dic away faster. What is gained
in intensity is lost in duration.

Velocity of Sound.—It is a fact of common observation,
that sound takes an appreciable time to travel. Thunder is not
heard until some time after the lightning flash, and the flash
of a cannon at a distance is seen some time before the report is
heard.

A famous determination of the velocity of sound in air was
made by Arago and other French observers in 1822. Two
stations were chosen 18:6 kilometres apart; at each station a
cannon was placed, and observers were stationed with chrono-

252
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meters. The cannon at the two stations were fired alternately,
and the time noted which elapsed between the flash and the report.
Observations were made in both dircctions, for if the wind
assisted the velocity in the one direction, it would retard it in
the other. The temperature was observed at a number of places
between the two stations, the mean result being 15:9° . The
value of the velocity found was 310-9 metres per second for this
temperature. The velocity of light is so great that the time
taken by the light of the flash to go from the onc station to the
other could be neglected.

The velocity of sound in water was experimentally determined
by Colladon and Sturm in 1827 on the Lake of Geneva. The
measurements were carried out at night.  "T'wo boats were moored
at a distance of 13:5 km. apart. The first carried a bell below
the surface of the water; the second carried an ear trumpet,
the mouth of which dipped below the surface of the water and
was closed by an indiarubber membrane.  When a hammer struck
the bell, some gunpowder was automatically ignited.  An observer
in the second boat measured the time between the flash of Light
and the arrival of the sound by the water. In this way it was
found that the velocity of sound in water was four times as great
as in air.

The fact that sound travels in solid bodies, such as wood and iron,
can be shown very prettily by an experiment with a tuning-fork and its
resonance box. A rod of wood about 14 feet long and f inch thick
with sharpened ends is taken, and the one end held lightly against the
resonator. If the tuning-fork is sounded and held against the other
end, the sound travels along the rod to the box, and is audible to a large
audience. But if the tuning-fork is removed from the other end, the
sound becomes very much fainter, and is audible only to the person
holding the fork.

Variation with Intensity.—The speed of sound is not independent
of the intensity. This was shown in 1864 by Regnault at Versailles.
Measurements were carried out in the open air by the method of the
reciprocal firing of cannon, two distances, 1280 and 2145 metres, being
used. The instants of firing and of receiving the sound were recorded
clectrically, and it was found that for the distances of 1280 and 24145
metres the velocitics were 331-37 and 330-7 m. per scc. respectively,
when reduced to a termnperature of 0° C. Hence nearer the cannon,
t.e. where the sound is more intense, the velocity is slightly greater.

Medium of Transmission.—If an electric bell is suspended
inside the receiver of an air-pump by the two wires carrying the
current, and the air pumped out, the sound of the bell will become
less and less as the air is removed, but becomes stronger at once
if the air is suddenly readmitted. This shows that sound cannot
be propagated in a vacuum.
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The experiment would not succeed if the bell were
allowed simply to rest on the bedplate of the receiver, for the
vibrations would then be transmitted directly to the plate and
thenee to the external air, and the air inside the receiver would
not be necessary as an intermediary.

Reflection.-—If an obscrver stands at a distance of about
300 feet from a cliff or large building, and shouts towards it, his
words are cchoed back to him. The sound is reflected back by
the cliff or building. At this distance the sound takes about
half a sccond to go to the cliff and back, and as the observer utters
only two syllables in this time, only his last two syllables are
cchoed back clearly to him.  The rest of the ccho is not heard
distinctly owing to its being superimposed on the sound itself.

The rolling of thunder is due to the reflection of the original
sound by clouds at different distances from the observer. The
sounding boards placed behind pulpits are for the purpose of
refleeting towards the audience the sound that would otherwise
travel upwards and backwards, and be lost. A ship in a fog
an sometimes discover when it is approaching a line* of cliffs
or an iccberg by hearing the echo of its horn.

Interference of Sound. —The simplest way of produeing inter-
ference of sound is by means of a tuning-fork. In Fig, 228, A

and B are the prongs of a tuning-fork,

P viewed from the ends. They vibrate in

Y such a way that they alternately ap-
proach and recede from onc another.

When they approach, they make a con-

densation in the air between and a rare-

x' B X faction in the air towards Y and Y’;
when they reeede from one another, the

A opposite conditions arc produced. An

car situated at X or X' is affected by

Y both prongs in the same way, and if an

I'ic. 228, car is placed at Y or Y’, the one prong

screens off the cffect of the other. 1lence
in both these directions a loud sound is heard. But to an car
situated at P the one prong is sending out a compression when
the other is sending out a rarefaction. Hence in this direction
only a faint sound is heard. If the fork is struck and rotated
about its handle, the sound waxes and wanes according as the
car comes into the lines X'X and Y'Y or the intermediate
directions.

Fig. 229 shows another way of producing interference of
sound. The arrangement consists of glass or brass tubes about
3 cm. in diameter, the narrower tube C sliding in and out of the
other. A whistle is sounded at A. The sound travels to B
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inside the tube by the two paths D and C. If these are equal in
length, a loud sound is heard at B. If the tube is then gradually
drawn out, so as to increase the length of the path C, the intensity
of the sound diminishes at B. If it is
drawn out further. the intensity increases
again ; if the tube is drawn out further still, D
the intensity again diminishes.  This appa- =

—

ratus is known as Kundt’s interference tube. ]
Diffraction of Sound.—It is a well- —-1
known fact that sound is diffracted. If a

noise is coming along the side of a high

building where there are no walls or other c
buildings to reflect the sound, and an
observer at a corner steps round the corner, Fis. 229,

he still hears it.

Nature of Sound.—We have scen that sound possesses all
the characteristics of wave motion. It has a finite velocity,
requires a medium to travel in, and is capable of reflection,
interference, and diffraction. It is therefore natural to assume
that it is propagated by wave motion in air, water, or wood,
or whatever the medium is.  Since the source is always in a
state of vibration, the wave motion must be started by the
vibratory motion of some picce of matter, just as water waves
might be started by dipping the end of a stick regularly below the
surface.

The only other explanation that might be offered of the
propagation of sound is that it is carricd by small particles
shot out from the source in all directions, like bullets from a
machine gun.  But this explanation is ruled out by the fact that
sound cannot cross a vacuum. We can also calculate what
the velocity of a longitudinal wave in air ought to be, and the
result agrees very well with the value obtained for the velocity
of sound in air. So the matter is scttled beyond all possible
doubt.

Calculation of the Velocity.—Ncwton showed that the
veloceity of a longitudinal wave in a gas is given by the formula

V:\/ 41

P
where k& is the bulk modulus of elasticity for the gas, and p is
its density.  Now we may calculate k for a gas on cither of two
assumptions.  We may take for granted cither (i) that Boyle’s
law holds, or (ii) that the adiabatic equation holds, owing to the
compressions taking place so rapidly, that the heat produced

in them has not time to flow away.
Let p and v be the pressure and volume of unit mass of a gas,
T
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and when the pressure is increased to p;, let the volume become v;.
Then
PR o 4
Uy —0
.

The minus sign is prefixed in the definition to make k a positive
quantity. If Boyle’s law holds, pv==pjv;. Substitute for p.
Hence
(&Y
P1i—P1,
k:—;—.——vl — sy
0
which becomes, since the change is a small one, simply
k=p
If the adiabatic equation holds, pt?--pjr,?.  This gives

lem(v) mi1 1-(”‘ R (1+( ’))

by the binomial theorem, since vy —v is small.  ence

1y —70
P—r "—pxy( ‘v o

and on substitution in the definition

A R L
vy —
v

: “)’1’ 1=YP

since p, is nearly cqual to p.  Thus on the two assumptions the
velocity of sound is given respectively by

V:-\/;: and \'::\/72)

Newton made the first assumption. If we substitute for p
and p the standard values for 0° C. his formula gives the result
V= 280 metres/see., which is much too low. Laplace pointed
out the source of the discrepancy in 1816 ; the compressions and
rarefactions take place so rapidly that the heat produced has
no time to flow from one part of the gas to another. Hence the
second formula must be used. Since y==1-40 for air, it gives
V=4/1-10 x280=3831'3 mectres/scc., or 1087 fect/sec. This is
the mean of the best modern experimental results.

Effect of Temperature.—The variation of the velocity of
sound in a gas with temperature follows very simply from Laplace’s
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formula. Let Vj=velocity at 0°C., and V=velocity at ¢°C.
Then, from the gas equation

Po(
P Po ' "73

-
Hence V=vyplp=+V' 7’1’0/Po\/ 14,

=V0\/1 ;-0,,; 7o 14 _“)

very nearly, since ¢ is usually 15° C. or thereabouts. Thus the
velocity increases with the temperature, and is uninfluenced
by changes in pressure and density,
as long as the temperature remains

tion of the velocity with temperature 5|5
sometimes causes refraction of a
sound wave. For, in Fig. 230, let EI¥
represent. the surface of tho carth, E F
and A a wave front proceeding from o000  peraction of a sound
left to right. Let the air be hotter wave,

near the earth’s surface. Conse-

quently the lower edge of the wave travels faster, the direction
of propagation is gradually altered, and the wave is refracted into
the upper regions of the atmosphere.

The velocity of sound is incrcased when it is travelling with
the wind, and diminished when it is travelling against the wind,
If a wave were opposed by a head wind the veloeity of which
increased with the distance above the earth’s surface, it would
be refracted in exactly the same manner as is represented in
Fig. 230.

constant.
Refraction of Sound.—The varia- \)r
—>

Proof of Formula for Velocity.—We shall now prove the formula
V —=+/k/p. 'The proof is usually regarded as difficult, and may be
omitted without prejudice to what
follows. B

Let us assume that we have a A
tube of unit cross-sectional area
along which a wave is proceeding
from left to right with velocity V
(Fig. 231). The condensations are
represented by the shading. Let
P, p, ¥ and p,, p,, u, be the pressure, density, and velocity of the
particles on the planes A and B respectively.

Imagine two planes moving with velocity V from left to right,
which are instantaneously coincident with the fixed planes A and B.

‘él“!hilli

Fic. 231.
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Since these moving planes always preserve the same position relative
to the compressions and rarefactions, the mass of gas between them
remains constant. When they are in the positions indicated, the rate
at which gas is entering through A is

plu—V)
and at which it is leaving through B is
pi(u,—V)
Hence p(u—V)=p(u,-V)
or pu—pyty==V(p—p,)

On the left-hand side of this equation we may write p, =p. since the
density does not vary much about its mean value, while % varies from
a positive to a negative value. Thus the equation becomes

p(u—uy)==V(p—py)

Consider now the gas between the two stationary planes A and B.
Let the distance between them be I The time taken by the wave to
go from A to B is [/V, and during this time the velocity at B changes
from u, to u. lence the acceleration is

(u—u,)V
l

and the rate of change of momentum of the gas contained between
Aand B is

—=p(u—u)V

(u—-1u)V
ol

The resultant force on it is the difference of the pressures on the two
faces, p —py. Thus

P—pr—plt—u)V
If we substitute for p(u—u,) from the equation above, this becomes

2 P—M .
—py=V3p— B R
PP (p—py) or R
But k=—u:p(p 71)'), whence P—pi_k
1.1 L P—P1 P
Pr P
l.
d k
Hence Vi==- and V=a/-
o P

Sensitive Flame. Galton’s Whistle.—The arrangement repre-
sented in Fig. 229 can be used to determine the wave-length of the
sound wave. Initially there is the same number of wave-lengths in
each path, so when the two waves arrive at B, compression is super-
imposed on compression and rarefaction on rarefaction. When
interference is first produced, the one path is half a wave-length longer
than the other. When the sound reaches a maximum again, it is
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a wave-length longer than the other. Hence, if the lengths of the
paths are measured, the wave-length can be determined.

For detecting the effect at B it is better to use a sensitive flame
instead of the ear.  This is a gas flame produced by a pin-hole burner,
the pressure of which has been increased until it is on the point of
flaring, as shown in Fig. 232, B. When a sound of suitable pitch is
produced, the flame shortens and roars, as shown in Fig. 232, A. The
flame will work only with a good gas
pressure, 3} to 5 inches of water, but
at this pressure it is extremely sensitive
to waves of a high pitch,

In Rayleigh’s sensitive flame (Kig.
233) the gas is delivered into the
interior of a small box which is closed
on one side with tissue paper or a sheet
of mica. It then passes up a vertical
tube and burns at the top. The
pressure is adjusted with the clip,
until the flame appears to be detached
from the top of the tube; it is in this

F1G. 232.—Sensitive flame. IiG. 233.——R;lylcigh's sensitive
{lame.

condition that the flame is sensitive. This flame works at ordinary gas
pressures.

The best source of sound to use with the sensitive flame is Galton’s
whistle. This produces a shrill note the pitch of which can be raised
to the limit of audibility by sliding a piston along a tube.

When a sound wave is reflected by a wall, it is superimposed on
the incident wave, and stationary waves are produced as shown in
Fig. 217. There can be no motion of the air particles at the wall, as
the wall stops the motion. Hence there is a node there.  If a sensitive
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flame is moved out from the wall, the positions of the loops and other

nodes can be determined, and hence the wave-length calculated.
Sound Ranging.—During the Great War the batteries on the west
front took up fixed positions which were carefully camouflaged to screen
them from aerial observation. *‘ Sound Ranging’ was the name
given to the method of locating these hidden batteries by noting
the time at which the sound was received by three different stations.
Fig. 234 shows the principle of the method. A sound starts from the
source S, and is received at the three stations A, B, and C. At each
station the time is recorded at which the sound wave arrives. Hence
the intervals between its reaching A and B and A and ( are known, as
are also the distances travelled by sound in
s these intervals. If circles are drawn with B
and C as centres, and these distances as radii,
the centre of the circle which passes through A

and touches these circles is the source S.

Cc The recording stations were situated at dis-
A tances of from three to nine miles from the
B source. Kach had a microphone connected by
cable to a station behind the base, and the
variation of the current in each cable was re-
corded photographically on the same moving
film. The time intervals could be measured in this way to ;15 second.
Wind distorted the wave-front, and this involved elaborate corrections.
Energy of the Sound Wave.—When a sound wave diverges from
a point in open space, its energy spreads over the surface of a sphere
of ever-widening radius.  If 1S is the total amount of energy emitted
per second, the quantity received per see. per sq. em. of the surface is

1
4772

IFia. 234,

The intensity of the sound is consequently inversely proportional to the
square of the distance.  Speaking tubes confine the energy and increase
the distance at which sound is audible.

When a lecturer speaks in a hall, in addition to the direct wave to
the hearer, there are all sorts of reflected waves. Sound is reflected
from wall to wall, weakened by cach reflection ; hence the larger the
hall, the longer it takes to die down. Curtains, cushions, rugs, cte.,
absorb sound very much better than plaster, glass, or boards ; hanging
the walls with heavy curtains may greatly improve the acoustics of a
building. The reverberation is also, for the same reason, usually
much less when the hall is full than when it is empty. Speakers in
large halls go slow, so as to allow the reverberation of onc word to
die down before uttering the next. A sounding board behind the
speaker is often a great help ; the reflected wave then follows so closely
on the direct wave that there is no confusion.
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Fxavrres 11

In order to simplify calculation, take V =340 metres/see. or 1100
ft./sec. if the temperature is not specified.

1. Given that the velocity of sound is 331-3 metres/sec. at 0° C.,
find its value at 15° C. in metres/sec. and ft./sec.

2. A peal of thunder is heard four seconds after the lightning flash
is seen. How far distant was the flash ?

3. A ship enters a fog and blows its siren. The blast is echoed back
in 1} see.  Assuming that the reflection is from an iceberg right ahead,
and that the ship’s speed is 12 knots, how long would it take to reach
the iceberg 7 (1 knot — G080 ft./hr.)

4. It is observed that waves pass a fixed point onece in every four
seconds, and that the distance from crest to crest is 23 ft.  Find their
veloeity in miles per hour,

5. A bullet fired from a rifle with a velocity of 2000 ft./sce. is heard
to strike a target 2-5 see. later.  Find the distance of the target from
the marksman.

6. A stone is dropped into a well and heard to strike the water
2 sec. later.  How deep is the well ?

7. Alitre of hydrogen weighs 0-08987 gm. under standard conditions.
The ratio of its specific heats, 5, is 1-41.  Find the velocity of sound in
hydrogen when the temperature is 10° C.

8. The positions of three stations, A, B, and C, are specified by the
rectangular coordinates (4, 0), (0, 0), and (0, 2) on a map, distinees being
measured in miles. A noise is recorded 1314 see. later at B than at A,
and 8:89 see. later at ¢ than at A, Find the coordinates of the source
by a geometrical construction.



CHAPTER III
MEASUREMENT OF FREQUENCY. MUSICAL SCALE

Loudness, Piteh, Quality.—Sounds can be divided into two
classes, noises and musical notes.

The distinction between a noise and a musical note is that a
musical note is propagated by a regular wave with a definite frequency,
while a noise has no definite frequency and is propagated by a wave
of an irregular form.

A musical note has three characteristics, loudness, pitch, and
timbre or quality. The loudness of a note depends on the in-
tensity of the wave producing it, the latter being
proportional to the square of the amplitude of
vibration of the air particles. It may be
measured at a point by the quantity of energy
delivered there by the wave per sq. em. per sce.

In the language of everyday life we speak of
the pitch of a note as being high or low.

The pitch of a note depends only on the fre-
quency of the wave producing it ; the greater the
Srequency, the higher the pitch.

kven when two notes have the same pitch
and intensity they may differ from one another.
Thus the notes of the piano are quite different
Fra. 235.—Simple  from those of the flute. This difference is re-

siren. ferred to as difference in quality or timbre. It
is due to the note not being simple, but containing other fainter
notes of a higher frequency.

Siren.—The fact that the piteh of a note is determined by its
frequency can be shown by an instrument called the siren. In
its simplest form this consists of a wooden or cardboard disc
(Kig. 2385) picrced with a ring of small equally spaced holes. The
disc is mounted on an axle perpendicular to its plane, and can be
rotated at different speeds. A jet of air from a bellows is directed
against the disc as shown; as cach hole comes into position in
front of the jet a puff is forced through it, starting a pulse of
compression on the other side.  If the wheel is rotating uniformly,
these pulses follow one another at regular intervals and combine
to form a note of definite pitch. As the disc is rotated faster,
the pitch of the note rises.

2062
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Figs. 236, 237, and 238 show the usual form of the instrument.
Fig. 236 shows its external appearance, and Fig. 238 is a vertical
section. A is a brass dise with 18 holes in it, which is free to
rotate about a vertical spindle.  Fig. 237 gives a plan and section
of this dise, one of the holes being shown at n.  Below this movable
disc there is a fixed disc B, also with 18 holes in it ; these are placed
so as to coincide simultancously with the 18 holes on the upper
dise. One of the holes in B is shown at m. The holes in A and
B are inclined obliquely to one another ; consequently when wind
from a bellows is forced up the tube O, and escapes through m

Fic. 236. Fic. 238.

Siren,

and n and the other holes to the atmosphere, it strikes obliquely
against the sides of the holes in A, and imparts a rotary motion
to A. As the pressure of the air in the bellows increases, the speed
of rotation of the disc A increases. At {irst when motion starts,
the siren gives only a hissing sound ; this changes into a note of
very low pitch which goes higher and higher as the speed of
rotation increases. By regulating the pressure of the air it is
possible to keep the speed of rotation and consequently the pitch
of the note constant.

The spindle T is connected to a speed counter with two dials,
one of which reads single revolutions and the other hundreds
of revolutions. The speed counter is started and stopped by the
serews C and D.

Let us suppose that the pitch of the note emitted by the siren
is kept constant and that N revolutions are recorded in an interval
of time . In cach revolution the holes come opposite one another
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18 times. When the holes come opposite one another, 18
simultaneous blasts of air are emitted, and a wave is started.
Thus in time ¢ there are 18N waves started, and the frequency
of the note emitted is consequently 18N/t.

In using this siren to determine the pitch of a note there is
considerable difliculty in keeping the speed of rotation constant
at such a ratc that the siren is in unison with the note. Hence
in the best instruments the dise is rotated by an clectric motor.
The holes are then bored vertically.

Savart’s Wheel.—Savart’s wheel has teeth somewhat like a circular
saw. It is used with a short strip of steel which is clamped, so that
the free end presses against the teeth.  When the wheel rotates, the
spring vibrates and emits a note the pitch of which rises as the velocity
of the wheel is increased.

Tuning-fork.---The tuning-fork is a U-shaped metal rod used
as a standard of pitch. It is sometimes screwed into a wooden box,

(d)
©

)

I'16. 239.—Tuning-fork with IF1c. 240.—Tllustrating mode of
resonator. vibration of tuning-fork.

open at one end, which resounds to the note of the fork, making
it louder, but at the same time shortening its duration (Fig. 239).

Let us suppose that a metal rod which is free at both ends
is sounding with two nodes at NN, as shown in Fig. 210 (a).
The rod is vibrating up and down, and if the wave form is
drawn through the nodes, it will be noted that both ends are
up at the same time. Now gradually bend the rod through
the shapes (b) and (¢) to (d). The nodes come closer together,
and in (d), which forms a tuning-fork, they practically coincide.
Since both ends were up at the same time in (a), it is clear that
they will vibrate in (d), so as to approach, and recede from, each
other alternately.

The reason why tuning-forks are used so much in sound is
because they give a simple tone, and the wave they produce
approaches the ideal sine curve more closely than any wave
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originated in another manner. Their pitch is also only slightly
affected by changes in temperature.

Ny
Electrical Tuning-fork. — For some purposes
tuning-forks are required to maintain a continuous
note for a long time, and in this case it is usual to ¢

drive them electrically. Fig. 241 shows one way of ™M
doing this. The fork is supported on a heavy stand,

and a small electromagnet fixed between the prongs.

The current from a battery B enters the fork below, S Js8
leaves it by the spring contact at S, flows round the

coil of the magnet, and then goes back to the battery.

This brings the magnet into action. The Ilatter Y
attracts the prongs and breaks the circuit at S,

The magnet then demagnetises, the prongs fly back,

and the circuit is once more made. And so on, the

action being similar to that of an cleetric bell, Fia. 241.

Measurement of Pitch of a Tuning-fork.—Since tuning-
forks are used as standards of piteh, it is necessary to he able to
measure their frequeney with accuracy.
One way of doing this is to attach a
bristle to a prong of the fork and cause
this bristle to trace a wavy line on a
smoked cvlinder or drum which is ro-
tating rapidly.  One end of the axle is a
screw working in a nut, so as the eylinder
rotates its surface moves in the direction
of the axle and the tracings made in suc-
cessive revolutions do not superimposc.
At the same time a tracing is made by
a point whizh is periodically raised by
a small electromagnet, the current of
which is made by the pendulum of a
clock. The frequencey is then determined
by counting the number of vibrations
which occur between two of the time
marks. The arrangement is called a
chronograph. An alternative method
of making the time marks is to usc an
clectrically driven tuning-fork of known
frequency. The cylinder is usually ro-
tated mechanically. . Fia. 282—Falling  plate

A simpler apparatus much used in " liethod  of comparing
students’ courses is the falling plate. frequencies,
This is shown in Fig. 242, arranged for
comparing the frequencies of two forks. These arc clamped on the
block A, and have fine bristles attached to their inside prongs. The
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surface of a brass plate is smoked, and the latter is then supported
in the slide. The ends of the bristles should just touch the smoked
surface. The forks are bowed until they both sound
loudly. The plate is then made to fall by pulling away
R the prop B, or, better still, by releasing a spring clamp.
The bristles trace wavy lines on the plate, and by
counting the number of wave-lengths on equivalent
lengths of the two traces the ratio of the frequencies can
be determined.

Formula for Falling Plate Method.—The frequency of a
Q single fork can be calculated from a trace made by this
method as follows: ILet PQR be the trace (Fig. 243),
suppose that there are exactly m waves in PQ and in QR,
and let the lengths of PQ and QR be respectively [, and I,.
The time of fall is the same between P and Q and between
Q and R ; denote it by t. Let u be the speed of P as it

Fic. 243. pagses the bristle. Then

li==ut--gt? and [l,=(u4-gt)t+ sgt?
ly—1
IHence lo—1—gt* and l._-\/ —“g -
Thus the frequency of the fork is given by
mo_o/ e
t "’"\/12—1l

In order to obtain good results contact with the bristle should be light,
and there should be no friction between plate and slide.

Stroboscopic Disc Method of Finding Frequency of a Fork.- -In this
method two light pieces of card or metal foil, C, D, are attached to the

7 clLA . LA Pc

Fic. 244,

cnds of the prongs, A and B, as shown in Fig. 2¢t. Kach has a slit
in it, and these slits are situated so that they are exactly opposite
cach other when the prongs are in their equilibrium position. When
the fork is sounding, it is possible for the eye at K to see the object F
through the slits only when the prongs are passing through this position,
that is, twice every period.

A white circular disc on which rings of equally spaced black dots
have been painted (Fig. 245) is placed behind the fork and kept in
rotation by an electric motor, the number of revolutions being read by
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a speed connter. If it is observed through the slits, it is, of course,
only seen intermittently, but the fork vibrates so fast that the different
impressions blend, and in general the dots appear to be in continuous
motion. The speed is, however, adjusted, so that while vision is cut
off, each dot moves into the position
previously occupied by its neigh-
bour ; they then appear to be at
rest. Let the disc in this case make
N revolutions per second, let n be
the frequency of the fork, and let
there be m dots in the ring. The
number of dots which pass any
point in a second is Nm. Ilence
the disc must be seen Nm times
per second. But it is seen 2n times
per sccond. Consequently
Nm

n="_-
2

In cinematograph pictures of
carriage wheels the spokes some- Fia. 245.—Stroboscopic dise,
times appear to revolve slowly the
wrong way. If the pictures were taken at the rate of 20 per second,
and during the twenticth of a second cach spoke has moved into the
position occupied by the previous one, they appear to be at rest.  If
they have not moved quite so far, the eye naturally fuses the two
pictures ;5 hence the phenomenon in question.

Determination of Frequency by Lissajous’ Figures. It has already
been stated that when two S.IL.M.s, the periods of which are in the

Fic. 246.—Arrangement for combining S.11.M.’s at right angles.

ratio or nearly in the ratio of two simple whole numbers to one another,
are combined at right angles, they give characteristic curves. If a
mirror is fixed to the prong of a tuning-fork, when the fork sounds,
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the mirror vibrates, and if a ray of light is reflected by the mirror and
received on a screen, instead of giving a spot as image, it gives a line.
Owing to the vibration of the mirror, the image executes an S.H.M.
up and down a line, but as the movement is too fast for the eye to follow
it, the S.H.M. is seen as a line of light.

Let us suppose now we have two forks at right angles to each other,
as shown in Fig. 246, each with a mirror fixed to one of its prongs,
and that a ray of light is reflected by both forks. If A alone were
sounding, the image would execute an S.H.M. along aa’ and the line
aa’ would be produced on the screen. If B alone were sounding, the
image would exccute an S.HL.M. along bb’, and the line bb” would appear
on the screen.  If the two forks sound together, these motions combine
into a curve. If the periods are commensurable, the form of the curve
remains stationary, but if they are not quite commensurable, it passes
through a series of changes and then back to its original form. As has
been mentioned on p. 251, by measuring the time required for the
curve to pass through the cycle of changes we can determine the ratio
of the periods with great accuracy. Ilence, if the one period is known,
the other can be calculated.

What makes the method of special value is the fact that the periods
of the forks of a series should be to one another in the ratio of simple
whole numbers.

Beats.—If two tuning-forks of nearly the same frequency are
sounded together, we do not get unison, but throbbing or
pulsating bursts of sound with intervals of comparative silence
between them. The bursts of sound are called beats, and the
two notes are said to beat or give beats.  The number of beats
per second can be counted with a stop-watceh, if not more than
four per sceond.

The phenomenon may be thus explained. Let m and n be the
frequencies of the two forks, n being greater than m. The wave
trains superimpose at the ear of the observer. Starting from the
instant when a condensation in the one train coincides with a
condensation in the other, the one train gradually falls behind
the other, until there is a difference of half a period, the waves
oppose one another, and the sound is a minimum ; then the
difference increases to a period, two condensations coincide again,
and we have a maximum of sound. Since the one train gains
7~ mperiods on the other per sccond, the condensations obviously

. coincide n—m times per seccond. Each coincidence gives a beat.
There are thus n—m beats per second. The process is shown
graphically in Fig. 222,

Of a pair of forks intended to give the same frequency one
may be far enough out to give beats with the other. If their
frequencies are too close to give beats, one may be made to vibrate
more slowly by fixing a rider to one of its prongs. The frequency
of the beats may then be altered by adjusting the position of the
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rider. If two forks are already giving beats, and we weight the
prongs of the fork which has the smaller frequency with small
picces of wax, the frequency of the beats is inereased.  When two
forks arc giving beats, this affords a means of linding which has
the lower frequency.

Interval between Two Notes. Musical Scale.—When two
notes have the same pitch, they are said to be in unison.  When
they have not the same pitch. the ratio of their frequencies is called
the interval between them. 'Thus, if the frequencies of two notes

are 256 and 192, their interval is 2322 and if the frequencies
arc 512 and 384, theinterval is £32="2.  The ear is able to estimate

the interval between two notes.  Certain intervals have names ;
thus 2 is the octave, § the fifth, 5 the fourth, 5 the major third,
% the minor third.

Now it is found that when the interval between two notes is
represented by a simple ratio such as 2 to 1. 3 to 2, cte,, the notes
produce a pleasant sensation when sounded, cither one after the
other, or together. C(onsequently the carliest musical instru-
ments were tuned so that their intervals were simple ratios.  The
ancient Greeks had several scales, one of which appears to have
developed into our modern scales during the Middle Ages, us a
result of the requirements of harmony.

-’y T
S (S S
S e
¢ da e ! 8
do re  mi fa S0 la st do

24 27 30 32 36 40 43 48

The notes of the major diatonie scale are shown above, first
in musical notation in the treble clef for the octave starting on
middle ¢, then their names are given, and finally theic names on
the sol-fa notation. The row of numbers beneath should be
memorised, as it gives the casiest way of finding the interval
between two notes.  Thus the interval between g and ¢ is J} .3
a fifth, and between ¢ and g is 37 -}, a fourth.  The intervals
between consecutive notes of the scale are §, 12, 12 2 10 2 16,
of these § is called a major tone, 1! a minor tone, and }5 a diatonie
semitone. The note from which the scale starts is called the
tonic.

The combination of three notes with the frequency ratios,
4, 5, 6, is called the major chord, and produces a very pleasing
effect when sounded together. The major diatonic scale contains
three major chords: ¢, e, g; f, a, ¢'; g b, d’. This fact doubtless
played an important role in fixing the scale.
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Standard middle ¢ forks used in physical laboratories all have
the frequencey 256.  The octaves above the one represented on the
preceding page are denoted in order by the indices 1, i, il v and
the octaves below by capital letters and capital letters with suffixes
i - Thus we have the series Gy, G, C, ¢, ¢, ¢l i, ¢V, for the
notes with the frequencies 32, 64, 128, 256, 512, 1024, 2048, 4096.

Equally Tempered Scale.—In the piano and other instru-
ments with fixed notes, if the frequencies of the notes were pro-
portional to the numbers on p. 269, it would be possible to play
music only in one key. IFor example, if g were taken as do, the
interval between it and the next note above it is 23==12, whereas
the interval between do and 7e should be 221=:2. Ilenee such
instruments are tuned, not according to the natural secale, but
according to the equally tempered scale, which represents a
compromisc between all possible keynotes. On this scale the
frequencies of the notes are in the following ratio :

c d e f g a b c’
1 2% 21 21" 21 2 211 2

Thus on the cequally tempered scale a major tone is 2V and a
semitone 2. If the frequency of ¢ is 256, the frequencies of the
notes on the two scales are as follows :

l ¢ { d ‘K ¢ ‘ f [ g E a : b i ¢
i R [ - - -
| | ‘ | !
Natural Scale | 256 288 320 | 3411 38t 4263 180 | 512
312

Tempered Scale 256 | 2874 3225 3417 8836 4305 1 183-3

Lxameni.—If the frequeney of ¢ is 274 (concert pitch), what are
the frequencies of f, f2, b, and ¢p on the equally tempered scale ? f#
reads f sharp and is a semitone higher than f, ep reads e flat and is a
semitone lower than e.

f =274 x2"--3658
S#=274 2% 3876
b =27t x2t 5172
ep =274 x 213 ==3258

Doppler Effect.—If an observer is standing by the side of a
railway line, and an engine passes at a high speed sounding its
whistle, the pitch of the whistle appears to fall suddenly at the
moment of passing. This apparent change of pitch is referred to
as the Doppler cffect.

It can be explained very simply from the accompanying
diagram (Fig. 247). Let V be the velocity of the sound, v the
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velocity of the engine, n the frequency of the whistle, and let the
cireles give positions of successive sound waves all drawn for
the same time. The circles are not concentrie: their centres
arc displaced in the direction of motion of the engine. In one
sccond n waves are emitted,
but these are crowded to-
gcther into a distance V- ¢
in front of the engine instead
of being spread over a dis-

tance V. Consequently the m

wave-length is diminished. e
and to any onc in front of
the engine the pitch appears
to be
nV
YV —v
Similarly in the space be-
hind the engine we have n waves spread over a distance V v
instead of over a distance V. The wave-length 1s consequently
increased, and the pitch appears to be
nV
Voo
Hencee the change of piteh, as the whistle passes, corresponds to
an interval

F1e. 247,

Vv
V—ov
If the whistle is stationary, and the obscrver approaches it
with velocity 7, in one sccond he meets the waves which occupy
a distance V4-v.  Conscquently the apparent pitch is
n(V+v)
\Y
After he passes the whistle, he is overtaken in one second by the
waves which occupy a distance V—uv. Conscquently the apparent
pitch is
n(V—u)
\%

ExamrrLes IIT

1. A siren is tuned to unison with a fork of frequency 256, and kept
in unison for 7-2 seconds. If the disc has 18 holes, what number of
revolutions should the speed counter record for this time ?

2. A disc which is provided with 36 holes arranged at equal distances
from one another on a circle concentric with its edge is rotated rapidly

U
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about an axis which passes perpendicularly through its centre. A jet
of air from a bellows is dirceted against the holes, and the note produced
is found to be in unison with a fork of frequency 320. How many
revolutions does the dise make per second ?

3. A bristle is attached to one of the prongs of a tuning-fork, and
the fork is sounded. A smoked glass plate is held vertically so that
the bristle rests against it, and then allowed to fall under the action of
gravity. The bristle traces a wavy line upon it. Show that if N is
the number of waves marked in a distance d, the frequency of the fork
is N/v/2d/g.

4. Two tuning-forks make 4 beats per second. The frequency of
one is 320. When a prong of the other is weighted with a small picce
of wax which reduces its frequencey, the number of beats per second
is increased.  What was its original frequency ?

5. There are seven octaves on an ordinary piano, the lowest note
being A, and the highest a.  Calculate their frequencies, given that
the frequency of ¢ is 261.

6. What arec the wave-lengths of these two notes ?  Take
the veloceity of sound as 340 metres/scc.

7. Given that the frequeney of ¢ is 261 (international pitch),
calculate the frequencies of g, b, ¢/, both on the natural and equally
tempered scales.

8. An engine is standing in a siding blowing a whistle, which has
a frequency of 600. A train passes at 60 miles per hour. What doces
the frequency of the whistle appear to be to the passengers in the train,
before and after passing ?

9. The frequency of the whistle of an engine is 500. It passes an
observer at the side of the railway at 60 miles per hour.  What is the
apparent frequency of the whistle before and after passing ?

10. An observer is standing by the side of a railway when a train
passes with the engine sounding its whistle. s the engine passes,
the pitch of the whistle appears to drop a minor third (§). Yhat is the
speed of the train in miles per hour ?



CHAPTER 1V
VIBRATIONS OF STRINGS AND COLUMNS OF AIR

Vibrating Strings.—If a violin string is bowed or a piano wire
struck by the hammer, it is set into vibration, and a musical note
is heard.  Such a refined arrangement, however, is not necessary ;
even an clastic band stretched round the legs of a stool gives a
note when plucked.

Fig. 248 represents a picce of apparatus known as the mono-

D A C B
g\

=

Fic. 248.—Monochord.

chord or sonometer, uscd for investigating the notes emitted
by a stretched string or wire. The wire, usually a piano wire,
is attached to a peg at D, passes over the fixed bridge at D, the
movable bridge at A, the fixed bridge at B, and then over the
pulley. Its end carries a pan of weights to give it the necessary
tension. The bridges arc simply wedge-shaped picees of wood.
They are mounted on a wooden box which acts as resonator, and
inereascs the intensity of the note. Insome forms of the apparatus,
instead of using a pan and weights the wire is attached to a spring
balance which is stretched by a winch. Sometimes the box is
mounted vertically, in which case the pulley is unnccessary. It is
the part AB of the wire that is experimented on ; there is a wooden
scale below it for measuring its length.

Let us suppose, first, that the stretching foree is kept constant,
and that a series of tuning-forks is taken and the length of AB
adjusted, so that when it is plucked at C it is in unison In succes-
sion with each of the forks. It is found in this casc¢ that the
frequency of the fork, n, is:

(i) Inversely proportional to tzlf;:’s length of the wire, I.
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Let us suppose next that [, the length of AB, is kept constant,
and that T, the stretching force in the wire measured in dynes,
is varied, so that when the wire is plucked it is again in unison
with cach of the forks. It is found in this case that n is:

(ii) Directly proportional to the square root of the stretching force, T

Again, keep the length of AB constant and the stretching force
constant, but change the wire. It is found in this case that n
is independent of the material of the wire, but

(iii) Inversely proportional to the square root of m, the mass of
the wire per unit length.

These results may be combined in the statement that n varies
as \/T/ly/m. It may be shown experimentally that the constant
of proportionality is 1. Hence

1 T

n -
20 "

It was found by Pythagoras (572 -192 n.c.) that when a stretched
string was plucked to give a certain note, and when the length of the
vibrating portion was diminished to one-half and then the string wa«
plucked again, the stretehing foree being kept constant, the string gave
out a note an octave higher.  If the length of the string was diminished
to two-thirds, it gave out a note one-fifth higher, and if it was diminished
to three-quarters of the original length, it gave out a note one-fourth
higher; and so on.  When the stretching foree is constant the lengths
corresponding to the different notes of the octave bear simple relations
to one another.

This is one of the oldest discoveries in physics 5 it inspired a great
quantity of semi-mystical thinking from the time of the music of
the spheres down to Kepler, the contemporary of Galileo.

Harmonics of a Stretched String. -L.ct us consider the
stretehed string from another standpoint. It may be shown that
the velocity of a transverse wave in such a string is given by

/’l‘

Ve

Two transverse waves in opposite directions produce stationary
waves, the distance between successive nodes being 1A, When
stationary waves are produced in a stretched string, the ends must
be nodes, since they cannot move up or down. Hence the string
must vibrate, as shown in Fig. 249, between the positions indicated
by the full and dotted lines.

Since the curvature is small, the length [ along the curve may
be assumed to be the same as the length along the chord.
Obviously in the case of (a) the wave-length A=2l, in the case of
(b) it is 31, in the casc of (¢) it is §/, and it is clear that by inserting
3, 4, 5, etc., nodes between the ends of the string we would obtain



VIBRATIONS OF STRINGS AND COLUMNS OF AIR 275

the wave-lengths 2/, 2, 2. ete. Now V=nA-=v/(T/m). Con-
sequently the frequencies of the note emitted by the string should
be given by

1 T 2 /T 3 /7T

n= - cte,
AV ) 2V’ 2V

The first of these notes (Fig. 2149 («)) is that obtained by pluck-
ing the string at its midpoint. It is called the fundamental.
If, however, the wire is plucked with

one~ hand at a quarter of its length A«TT o -—~B
from the end, and then touched for (@)

an instant lightly and almost simul-
tancously at its midpoint by a linger
of the other hand, the note an octave
higher than the fundamental, given by
the sccond formula, is distinetly heard.
This 1s called the first harmonie.
Touching the wire at its midpoint has 000 - pramonics of a
produced the node at G (Fig. 219 (). stretehed string.

In the same way, if the wire is plucked

at a point } of its length from once end, and then touched at a
point H (Fig. 249 (¢)), § of its length from the end. it emits a note
of the frequency given by the thivd formula above, i.e. an octave
plus a fifth above the fundamental.  This is ealled the second
harmonie. In the same way by plucking the wire at a loop and
damping it at a node we can produce the harmonies the fre-
quencies of which are given by the other members of the series.

The harmonies of a string arc sometimes referred to as its
overtones or upper partials. The emission of overtones is not
peculiar to strings, but is shared by organ pipes, bells, ete. But
in the case of bells the frequencies of the overtones are not exact
multiples of the frequency of the fundamental. It is only when
the frequencics of the overtones are exact multiples of the frequency
of the fundamental that they arc referred to as harmonies of the
latter.

If the wirc is plucked at a point onc-quarter of its length from
one end, without being touched at the middle, the note most
distinctly heard is the fundamental ; if now the wire is touched
for an instant at the middle, the intensity is diminished, and the
note most distinctly heard is the first harmonice.  The latter had
been present from the beginning, but was not audible until the
fundamental had been damped down. This and similar experi-
ments lead to the following conclusion :

In general when a wire is plucked, the note emilted consists bhoth
of fundamental and overtones, the degree in which each is present
depending on the manner in which the wire is plucked.
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Timbre.—The musical quality or timbre of a note depends
on the degree in which the different overtones are present. The
note of a tuning-fork is pure, giving only the fundamental,
especially if fitted on a resonance box. If the harmonics of a
wire are few and weak, the note is soft and mellow ; if they are
strong up to the fifth, the note is richer ; the presence of harmonics
above the sixth produces a sharp metallic quality. A piano string
is struck at a point one-seventh of its length from one end, in
order to eliminatc all harmonics above the sixth. A trained car
can detect the presence of harmonices in a note.

Examrre.—What is the frequency of the fundamental note of a
wire 50 cm. in length, which is stretched by a force of 15 kilograms ?
A metre of the wire weighs 2:69 grm.

V= VT/m=:v15,000 x 981/0-0269
= 2339 metres/sec.

X 23,390
Frequency == 00~ 2339

Proof of Formula for the Velocity.-—We shall now prove the formula
V--VT/m. The proof is somewhat diflicult, and may be omitted at a
first reading.

Let us suppose (Fig. 250) that T is the stretching force and m the

mass per unit length of the string,

PqQ and let a solitary wave be travelling
v from left to right with velocity V.

Consider the motion of the element
PQ ; let its length bes. Let 6, and
0., be the angles which the tangents
at P and Q make with the undis-
Cc turbed direction of the wire. The
FiG. 250. upward component of the stretch-
ing force at P is 1" sin §, and the
downward component at Q is T' sin 8,. The resultant downward force
is consequently
T sin 6, —T sin 6, -1(6,—4,)
since the angles are small.

Let @ be the downward aceeleration of the clement. Then its
rate of change of momentum is msa. lLet the radius of curvature CP
of the wave at P> be denoted by . Then s —7(6,—8,). Now

msa —=T(0,—4,)
Substitute for s and this becomes
mra -1

In order to tind a suppose the whole diagram to move from right to
left with uniform velocity V. The acecleration is unaltered, since the
veloeity is uniform. The wave is now stationary, but the element is
moving round the curve with velocity V. Its downward acceleration
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is V2/r.  This must be cqual to a. and on substituting it for ¢ we obtain

the desired result, V- v/T)m.

Melde’s Experiment.—This is an interesting experiment on the
vibrations of strings.  One end of a thread about a yard long is fastened
to a prong of a tuning-fork, and the other passes over a glass rod, und
carries a scale pan. The weights in the pan are adjusted so that the
frequency of the fork is twice the frequency of the fundamental note
of the thread.

If the fork is held as in Fig. 251, when the prong moves to the left
the thread sags, and when it moves to the right the thread tightens,
When the prong moves towards the left again the inertia of the string
carries it into the upper position. The stretching foree has been
adjusted to make it arrive there just when the prong is turning.  Hence
the thread vibrates in its fundamental mode as shown, the frequency
of the fork being twice the frequencey of the thread.

Fic. 251, 1164 252,

If the fork is held as in Fig. 252, when the prong moves up, the
thread moves up, and when the prong moves down, the thread moves
down. Hence in this case the frequencey of the fork is equal to the
frequency of the thread, there is a node at the midpoint of the thread,
and the latter vibrates n its first harmonic,

Resonanee.—Let us suppose we have a simple pendulum
suspended by a thread about a yard long, and that the bob is
at rest. Take a picee of notepaper folded into a strip 6 inches
long by 1 inch wide : hold the paper by the end, and try to deflect
the bob of the pendulum by bringing the side of the strip against
it and pushing steadily.  Owing to the bending of the paper the
utmost delflection that can be obtained is probably about a
quarter of an inch. If, however, the pendulum is tapped re-
peatedly in one dircetion with the strip of paper, the taps being
delivered when the bob is at the middle of its swing going in
that direction. then the oscillations may become quite large,
3 or 4 inches on each side of the vertical,

The force applied is no greater than before.  The paper still
bends. But the experiment shows that by timing a weak force
so as to make it synchronise with the natural period of a system,
large vibrations may be obtained. If the taps are not quite in
time with the swings, oscillations are produced, but these oscilla-
tions are not so large as when the synchronisation is perfect.

The phenomenon is referred to as resonance, and it plays a
large réle in physics. We have had an example of it in Melde’s
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experiment just described. In the first case the fundamental,
and in the second case the first harmonie, is in resonance with
the fork. Soldiers are commanded to break step when crossing
a suspension bridge, otherwise the bridge might oscillate danger-
ously in resonance with the rhythm of their feet. Resonance
may be demonstrated very simply by the following experiment :

Let two mounted tuning-forks of the same frequency be placed
together with the open ends of their resonators facing each other.
Strike the one fork. and then stop its vibrations with the hand.
The other fork will be heard sounding.  But if the frequency
of the sccond fork is altered by attaching a rider to the end of
one of its prongs, when the first fork is damped, the second fork
is dumb.

Vibrating Air Columns.-— We shall now consider the formation
of stationary sound waves in tubes or pipes of constant cross-
section.  Such waves are formed by the superposition of pro-
gressive waves in opposite directions, and it was shown on p. 247
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Fra. 2533.—Harmonics of a closed Fia. 254.— -Harmonices of an open
pipe. pipe.

that at the nodes the air particles are at rest, but there is a
maximum change of density and pressure there, while at the loops
the displacement of the air particles is a maximum, first in the
one direction and then in the other, but there is neither change of
pressure nor of density. If the end of the tube is closed, since
the air particles cannot move into the closed end, the latter is a
nodie. If the end of the tube is open, there can be no change of
density there, because any excess of density equalises itself over
the outside atmosphere ; henee in this case the end is a loop.

Fig. 253 represents the case of a tube closed at one end.
Let  be its length. Then it is clear that in (a) where the tube
is sounding its fundamental, A- =4, and that in (b) and (¢) where
it is sounding harmonies, A- 3/ and 2l The other possible wave-
lengths ave obviously given by #, 3/, ete.

Fig. 254 represents the case of a tube open at both ends.
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Let I be the length as before.  Then it is clear that in the funda-
mental mode (¢) A—=2{, and that in the harmonics (b) and ()
A=l and 3l. The other possible wave-lengths are given by U,
i, ete. In this case all the multiples of the fundamental fre-
quency occur, but in the former ease only the odd multiples.

If the tube is closed at both ends, the wave-lengths are the
same as when it is open at both ends.

Velocity of Sound by Resonance. -IFig. 255 rvepresents a
simple method of determining the velocity of sound based on the
properties of vibrating air columns. .\ evlindrical glass tube is
held in a vertical position with its lower end dipping into a vessel
containing water. and a tuning-fork of frequeney n is caused to
sound above the upper end of the tube with its plane vertical.
The tube is then lowered into the water, so as gradually to diminish
the length AB of the enclosed atr columm.  For one
position the air column resounds loudly to the note
of the fork: if the tube is long enough, it may
resound faintly to the fork in other positions. These
positions arc determined as accurately as possible,
and the length [ of the air column measured for each.
In cach of these positions the air column is set into
vibration hy the regularly recurring blows which the
fork delivers against the air above it.

Let us suppose that at a certain instant the lower
prong of the fork is moving downwards.  This causes
a wave of compression to move down the tube,  The
wave is refllected by the water at the foot and travels
up again, the interval of time for the passage down
and up the tube being 20V, If this interval is exactly
equal to an odd number of half periods, the refleeted
wave superimposes on the wave of compression produced by
the upward motion of the lower prong, the motion of fork and
air column are in agreement, and the blows from the prong are
coming at the right intervals.  The condition for resonance is
therefore

2]
Y
or Vo=tnl, V=:inl, V-=inl, cte.

oo [\
7::}1, -_;l, *_:l, cte.,

where T is the period of the fork. Thus when I is measured, V
can be calculated.

The first equation holds for the loudest resonance; in this
ase the column is vibrating in its fundamental mode, and the
length of the column is one-quarter of the wave-length. The
other values of [ are 3, 5, cle., times as long; in these cases the
column is vibrating in one of its harmonics. Under the usual
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conditions of the experiment the tube is rarcly long enough to
give more than two positions of resonance. It is found in practice
that the loop is situated a little above the upper end of the tube,
and the equation V-=z4n(l+0-4d) gives better values for the
fundamental mode, d being the diameter of the tube.

A tube open at both ends can be made to give resonance with
a fork. In this case the length of tube which resounds best
is half the wave-length.  The experiment can be carried out by
sliding one piece of thin tube inside another.

The resonance box of a middle € fork has an internal length of 31 em.
The wave-length of the note given by this fork at 15° C. is 1329 em.
A quarter of this is 33-2, so allowing for the disturbing effect of the end,
the fundamental of the air column enclosed by the box agrees with the
note of the fork.

If an unmounted fork is struck, and its stem held against a table
or sounding board, the note becomes louder.  In this case the surface
of the table executes what are called forced oscillations in contra-
distinction to the free oscillations of the air in the resonance box. The
oscillations are forced beeause they do not coincide with a natural
period of the table, and, for the same reason, they are not so loud.

Exavrre. - In determining the veloeity of sound by resonance
tuning-forks of frequencies 236, 320, 384, and 512 were used, and
resonating lengths of 31-3, 23-3, 197 and 143 em. were obtained.
The diameter of the tube was 67 em. Assume the correet value for
the velocity of sound at 07 (., namely 331-3 metres/sec., and calculate
the temperature at which the experiment was performed.

We have

n ! A= 4(1-+0-4d) \Y
256 313 136-0 34,810
320 23-3 104-0 33,280
384 197 89-6 34,410
312 143 68-0 34,820

Mean value of Vo 34330 cm./sce.

We have therefore 34,330 :33,130( 1-- .i-,)
346
o120t o
e wain Tsig OF ! 207 C.

Organ Pipes. —I'ig. 256 represents an ovrgan pipe which is open
at the top. It can be sounded either by blowing it with the mouth
or by a bellows. Fig. 257 shows a bellows of a type often used
in experiments in sound. P is a pedal worked by the foot, S
the bellows themselves, and 1) a leather reservoir into which the
air is pumped ; the air escapes from the reservoir through the pipe
K to the wind-chest €. In the top of this wind chest there are a
number of holes closed by keys into which a siren or organ pipes
can be fitted; when the key is pressed the siren or organ pipe
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is sounded. Increased pressure can be obtained by forcing
down T.

Fig. 258 represents a section of the pipe shown in Fig. 256.
The wind is supplied through i, and escapes through a narrow slot,
opposite which there is a lip . The air-jet impinging against the
lip sets the air column inside the pipe vibrating. The pipe is
fitted into the wind-chest by mecans of the foot P. The pipe
behaves as if its lower end were open.  Thus if I is the length of

~— ko BN -l

Fic. 256. Fic. 257.—Bellows for experiments on Fie. 258.
sound.

the air column, and V the velocity of sound, the wave-lengths of
the fundamental and overtones arc respectively 2[, 3, :l, etec.,
and their frequencies 4V/l, V/I, 2V/l, etc. In general the note
emitted by the pipe is a complex one with the fundamental
predominating. But if the strength of the air blast is increased,
the first overtone predominates.

The pitch of the pipe can be slightly lowered by partially
closing the upper end, for example, by sliding a platc across it.
This is an easy way of demonstrating beats, when we have two
pipes of the same pitch.

If the upper end of the organ pipe is closed, it becomes a node,
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for the particles are prevented from vibrating there. The wave-
lengths of the fundamental and overtones are then . }, 3, cte.
Experiments with smoke show that the jet of air passes
alternately to the left and right of the lip b in Fig. 258, thus
maintaining the oscillations. Instead of the lip 4 the pipe may
be furnished with a thin plate of metal called a reed. The reed
by its vibrations alternately opens and closes an aperture through
which the wind passes, and the impulses derived from this
intermittent supply of air sct the column of air in the pipe into
vibration. The pitch of the pipe is slightly modified by the action
of the rced. The child’s trumpet is an example of a reed pipe.

The pipe open at both ends is approximately realised in the case of
the flute.  In this instrument a eyvlindrical air column is set into vibra-
tion by the performer blowing against the side of the mouth-hole.
The air column extends from the mouth-hole to the hole that is open
highest up the flute.  This hole and the mouth-hole both act as loops.

G 7
;
Z Cc
A
Z
4 4
F1c. 239.—Manometric flame, K16, 260.- Rotating mirror.

Opening a hole is equivalent to cutting off the tube at that hole.  For
the lowest and middle octave the fingering is the same, but the shape
of the lips and direction of the air blasts are different, the fundamental
being obtained in the one case and the first overtone in the other.
The principle of the penny whistle is the same as that of the flute.

Manometric Flame. Rotating Mirror.— The positions of the nodes
and loops in vibrating air columns can be determined by means of an
arrangement due to Koenig, called the manometric flame.

A hole is made in the side of the pipe AB (Fig. 259), and a thin shect
of indiarubber C stretched across it. A small wooden box encloses
the rubber membrane.  Ordinary coal gas enters at I8 and burns in
a fine jet at 1. If there is a node inside the tube at (. the pressure
fluctuates rapidly. This forces the membrane in and out, and causes
a variation in the pressure of the gas. When the pressure of the gas
increases, the size of the jet increases, and when the pressure of the
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gas diminishes, the size of the jet decreases. The variation in the
size of the jet takes place too rapidly to be viewed dircetly, and must
be observed in a rotating mirror.

The arrangement is shown in Fig. 260. Mirrors are mounted on the
sides of a box which is rotated rapidly about a vertical axis by means
of a bandle and toothed wheels. Owing to the motion of the mirror
the position of the image of the flame is always changing : consequently
when its size alters, the new image appears in a different place. Thus
the change can be detected, and we see something like Fig. 261,  If
we have two notes sounding together, the fundamental and its octave,
the flame appears as in Fig. 262, Complex notes can be analysed
into their constituent tones from the appearance of the flame.

At a loop there are no fluctuations, and as the position of the ex-
ploratory hole is moved down
the tube from a loop to a
node, the fluctuations in-
creasce in magnitude.

Singing Flame. —If a long
glass tube is drawn out to a
fine jet, connected to the gas
pipe and lighted, and then
pushed slowly up the middle
of a glass tube two or three
feet long which has  been
mounted  vertically, it s
found that in a certain posi-
tion a loud harsh note is
given out. When the flame

is.exam!’no_d in the rotating 116, 262,
mirror, it is then seen to be ) ) )
fluctuating violently, and it Images of lame in rotating mirror.

has been shown that the
sound is due, in the first place, to oscillations arising in the tube
supplying the jet : these set up oseillations in the air column.

Kundt’s Tube. A rod AB (Fig. 263) about a metre long is clamped
at its middle, and carries at one end a light piston which fits into a
glass tube, DC, of four or five centimetres diameter.  The tube is closed
at the end DD and a small quantity of lycopodium powder is scattered
along it. If the right-hand half of the rod is grasped and pulled to-

L!LE::: <

Fi1G. 263.

EA = B
N 2

wards B with a cloth which has been rubbed with resin, it is set into
longitudinal vibrations with a node at one end and a loop at the other.
If the frequency of the rod coiacides with one of the frequencies of
the air in the glass tube, stationary waves are set up in the latter,
and the lycopodium powder collects into a periodic arrangement of
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heaps ; the figure shows these heaps from above. The wave-length
inside the tube is consequently known, as it is twice the distance from
one¢ heap to the next. The explanation of why the powder collects in
this way is difficult and bevond the scope of this book. The experi-
ment will not work unless the tube and powder are clean and dry.

The arrangement can be used for comparing the velocity of sound
in different gases. The tube is filled with the one gas after the other,
and the positions of the heaps, and hence the wave-length, determined
in each case. Then, since the frequency is unaltered, the velocity is
simply proportional to the wave-length.

Vibrations of Rods and Plates. —Rods are capable of executing
both transverse vibrations and longitudinal vibrations. An example
of longitudinal vibrations is given by the rod used with Kundt's tube.
In this case there is a node at the clamp and loops at the free ends, and
the wave-length is twice the length of the rod.  In the case of transverse
vibrations a clamped end is a node and a free end a loop, but there is
no simple relation between the dimensions and the wave-length.  The
tuning-fork is, of course, an example of the transverse vibrations of rods.

Plates also vibrate transversely.  As in this case the waves travel
in two dimensions, the number of overtones is much greater than in the

casc of a string or vibrating air

HE TN »?{ column, and it is difficult to calcu-
{ * 10 . late the values of the frequencies.

~ DMV But the positions of the nodes them.
positions of the nodes them

) @ o [t @) ) sclves can be obtained casily by ex-
VR /</ periment.  The plate is supported
NS in a horizontal plane, being screwed
1Z7] 17 73] (1) ) to a vertical pillm:, and a violin bow

. . ; . Is drawn across its edge to make

¥ig. 264 Chladni's figures. it sound. Fine sand is scattered

on the surface: when the plate

vibrates, the sand gathers along the nodes, and we get figures such as

are shown in Fig. 264, 'This diagram is for the case when the plate is
serewed at its centre to the pillar.

These figures are called Chladni’s figures after a German experi-
menter who studied them in detail and demonstrated them with great
skill towards the end of the cighteenth century.  To make cach figure
appear the plate must be bowed at the appropriate loop and damped at
the appropriate node. When this is done well, the experiment is a
very striking one.

.

— -

Audition. - The external ear leads to an air passage closed at
its end by a membrane called the drum. The air waves travel
down this passage and set the drum into vibration. The auditory
nerve terminates in a large number of fibres called Corti’s fibres.
The manner in which sound travels from the drum to the nerve
and thence to the brain belongs to physiology rather than to
physics.

If the frequency of a note lies below a certain limit, it is no
longer heard as a continuous note, but only as separate impulses,
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Helmholtz determined this limit to be about 30 per second.
The measurement is diflicult, beecause there is always the risk
of an overtone being mistaken for the note itsclf. If the frequency
of a note lies above 20,000 per second or thereabouts, the ear
cannot hearit. It is diflicult to assign these limits with accuracy,
since they vary with age and the individual.

The direction from which a sound comes can be estimated
by the ear. The estimate is apparently based on the difference in
intensity with which the sound is heard by the two cars and also
on the difference in phasc with which it arrives at the two ears—
precisely the method of sound ranging.

The human voice is produced by two membranes called the
vocal chords, stretched across the trachea. When air is forced
between them, they are set into vibration.  The pitch of the note
is determined by the tension and thickness of the chords. The
throat, mouth, and the cavitics of the nose act as a resonating
chamber.

Phonograph. Gramophone.—In the phonograph devised by
Edison in 1876 for the purpose of recording and reproducing
sounds, a wax cylinder is rotated by clockwork, and the words
to be reproduced are spoken into a horn.  The sound waves which
constitute these words cause a thin glass dise at the end of the
horn to vibrate, and the vibrations of the dise cause a chiscel-shaped
sapphire point to move up and down, cutting a groove of varying
depth in the wax. To reproduce the sound a slightly different
avrangement is fitted, consisting of a
smooth sapphire point which passes

along the indentation produced by N7
the recording point. It sets a thin _ Glass §'\\\\\\Zz %%Eger
glass disc at the end of the horn into Diaphragm M\\\\\\\\m
vibration, and the vibration of the D J,
glass disc sets up the sound waves  Needlel | Horn
in the air. Currier} |

In  gramophone records the N

grooves have varying width, not
varyving depth. Thus in the gramo- 5
phone the needle moves from side
to side, not up and down like the
sapphire point in the phonograph.

Fig. 265 shows the construction
of the gramophone reproducer.
P, the ncedle point, is held by a screw S in the needle carrier N,
which is attached at 1) to the centre of the glass diaphragm.
The latter is held by the cover A against a rubber ring. The
tube B is connected to the horn, which presses against the rubber
ring C to make an air-tight joint.

I'16. 263.—Gramophone repro-
p P
ducer.
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Lixamrrus IV

1. A vibrating string gives the note ¢ when stretched by a weight
of 16 1b.  What wcight must be used to give the note g7 The length
of the string is kept unaltered.

2. What is the stretching force in the e string of a violin which
vibrates 610 times per sccond, if the vibrating portion has a mass of
& gm. and a length of 33 cm. ?

3. The internal length of the resonance box of a tuning-fork of
frequency 320 is 24:7 cim.  What is the frequency of the fundamental
note of the box at 0°C. 7

4. What length should a glass tube open at both ends have, in order
that it may produce resonance when a tuning-fork of frequency 320
is sounded near one end ?

5. What percentage variation will take place in the frequeney of a
pipe organ if the temperature changes from 10” to 55° If. ?

6. An organ pipe gives a certain note at 0° C.  How much must
the temperature rise for the pitch to go up one semitone ?

7. In determining the velocity of sound by resonance tuning-forks
of frequency 256, 320, 38+, and 512 were used, and resonating lengths
of 31-05, 24-32, 20:0, and 120 ¢m. were obtained. The diameter of
the tube was 6-5 em., and the temperature at which the experiment
was performed 17° C.  Caleulate the velocity of sound at 0° C. from
the above data.
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CHAPTER 1
SHADOWS. PHOTOMETRY

Reetilinear Propagation.——Light travels in straight lines. This
is obvious for many different reasons. We always assume that
a body exists in the direction of the rays of light which enter our
eye from it. Also if the shadow of a stick is cast on a wall by a
candle flame, the {flame, the top of the stick, and the shadow
of the top of the stick are all in one straight line. Sometimes
the sun’s rays are observed passing down through a hole in a
cloud,; they arc then seen to be straight. 'This is also the case
with the rays entering a darkened room through a hole in the
shutter.

-
” aut

>

Figs. 266, 267, 268,

The path of these last rays is rendered visible only by floating
particles of dust. If chalk dust is shaken into the air, the visi-
bility of the rays is increased, and if the air were wholly free from
dust, the rays would not be seen at all.

A collection of adjacent rays is called a pencil. Fig. 266
represents a pencil diverging from the point P, Fig. 267 a pencil
converging to the point Q, and Fig. 268 a parallel pencil. The
direction in which the light travels is indicated in each case by
the arrow heads.

Pinhole Camera.—If rays of light pass into a dark box through

a small hole in the side, they form an inverted image of external
259
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objeets on the opposite side, as is shown in Fig. 269, where t
front of the box is removed for the purpose of the diagram.
a photogmpluo plate is placed to receive the image, a picture c
be taken. The hole must be small, literally a pinhole, otherwi
the image is indistinet.  Consequently the image is very fair ,
and unless the object to be photographed is a bright one, like a
candle flame, a very lorg
exposure is necessary.  The
ﬁ' pinhole camera has, however,
the advantage that no focus-
sing is necessary.
If a second hole is made
Fia. 269.—Pmhole camera, near the first. another image
of the flame is scen; if the
two overlap, the resultant picture will be blurred. A large hole
may be regarded as a number of small holes close tog(*thcr,
and this is the reason that it docs not produce a clear picture.
Suppose, for example, that the hole is triangular. then the images
formed at a distance by the different parts of it coincide so
nearly, that there is no loss of clearness, and the shape of the
hole does not affect the picture.  But if the rays are received
by a screen close up to the hole, the pretures produced by the
different parts of it are very small and do not overlap. So the
patch of light on the sereen has the same shape as the hole itself.
That is, in the case in question, it is triangular.

ExprrtueNTt.  The casiest way to demonstrate the pinhole camera
is to take a small wooden or cardboard box, remove one end, and replace
it by a picce of ground glass.  Suitable pieces of ground ﬂldss in various
sizes ean be nl)t.nnv(l at any large phototrmp]uc des lk‘l’ s. Then a
small hole is bored in the middle of the opposite end.  If the camera is
pointed towards a window or an electric lamp, an image of the window
frame or of the filament will be seen on the glass.  The image will,
of course, appear brighter if a dark cloth is held over the head to
exclude stray light.

Lxvierk. - The lens of a camera has a diameter of half an inch,
and is situated at a distance of 4 in. from the plate. It transmits 84 per
cent. of the light incident on it, and when the full aperture of the lens
is used, the correcet exposure under certain circumstances is 3‘3 sec.
The lens is replaced by a pinhole of % in. diameter.  Find the correct
exposure under the same circumstances. :

The amount of light reecived varies as the area of the surface.
The ratio of the areas is the ratio of the squares of the diameters :

(3)®
(H)?

Hence, if the lens transmitted all the light that fell on it, the exposure

5 =900
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the second case would be 900 x ;=18 sec. The correet exposure
, therefore, 18 X 0-84=13-12 sec.

Shadows.—If an opaque body. for example a sphere (Fig. 270),
is placed to intercept some of the ravs emitted by a luminous
point S, the cone of light incident on the sphere is stopped. and
the space beyond the sphere enclosed by the continuation of the

~

G
Cg@
~

Fic. 270. Fia. 271.- Umbra and penumbia,

cone is screened from the source.  This space is ealled the shadow
cone, and its intersection by the white sereen at P gives the shadow
cast on this sereen.

Suppose that instead of a point the source of light is a luminous
sphere (IFig. 271).  Then the shadow is divided into two parts,
First of all there is the total shadow or umbra, represented in
black, which reeecives no light whatever from the source and from
all points in which no part of the source is visible.  Sccond there
is the partial shadow or penumbra, which is shaded in the diagram ;
this receives light only from part of the source and from all points
in it only part of the source is visible, the remainder being obsceured
by the opaque object.  On the sereen at I we have a uniform dise,
the section of the umbra, surrounded by a zone, the scction of
the penumbra ; the latter is, how-
cver, not one uniform shade as
shown in the diagram, but gradu-
ally diminishes in intensity from
its inner to its outer edge. While
the boundaries of umbra and
penumbra are perfectly definite FiG. 272,
gcometrically, they are not so
optically. The relative sizes of umbra and penumbra depend
on the sizes of source and object and on the relative position of
source, object, and sereen.  The umbra may not reach the sereen
(¢f. Fig. 272).

Eclipses.—Eclipses of the sun are caused by the moon moving
between the sun and the earth, They consequently take place when
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the moon is new. The moon is not self-luminous, so it acts the part
of the opaque sphere in Fig. 272. If a point of the earth’s surface is
within the umbra, then for this point the eclipse of the sun is total ;
if it is within the penumbra, the cclipse of the sun is partial, i.e. the
moon obscures part of the sun’s disc. The distances of sun and moon
from the earth are such that the carth traverses the shadow near the
end of the umbra. Consequently as the moon moves on, the umbra
either traces out a narrow band of total darkness on the earth’s surface,
or does not reach the earth at all.

Eclipses of the moon are caused by the carth getting between the
sun and moon. They consequently occur at full moon. The earth’s
shadow falls on the surface of the moon, and as the latter is visible
only by reflected sunlight, those portions of it within the umbra are
obscured ; during the cclipse we sce the edge of the umbra moving across
the surface.

Eclipses of the sun and moon can be illustrated very easily by using
an clectric lamp with a diffusing globe to represent the sun, a 100-watt
* Fullolite,” for example, and white cardboard dises to represent the
carth and moon.

The Standard Candle.—The unit of intensity of a light source
in this country is the standard candle. a spermaceti candle § in.
in diameter, weighing six to the pound. and burning at the rate
of 120 grains to the hour.

The unit of light or lumen is the quantity that falls per second
on a screen 1 sq. em. in area held perpendicular to the rays coming
from a point source of unit intensity, placed at a distance of
1 em. from the sereen ; or more accurately, the quantity of light
that falls per seccond on unit area of a sphere of 1 em. radius
drawn with such a source as centre.

The illumination of a surface is the quantity of light received
by it per sq. em. per sce. It has nothing to do with the colour
or reflecting power of the surface, just as rainfall isindependent
of the nature of the soil. The illumination of a surface is usually
measured in metre-candles. If, for example. the illumination is
5 metre-candles, the surface is as bright as if it were illuminated
by 5 candles at a distance of 1 metre. The metre-candle is also
called the lux, The names “lux” and ¢ lumen,” however, are
not widely used.

The Inverse Square Law.—Suppose a pyramidal wire frame-
work, constructed as shown in Fig. 278, with cqual edges AD, AE,
AF, and AG and a square base DEFG of 3 em. side. Divide AD
into three equal parts by the points B and C, and through B and
C suppose planes drawn parallel to the base. By similar triangles
these planes will be squares of 1 and 2 em. side respectively, and
the areas of the three plancs will be 1, 4. and 9 sq. em.  Suppose
that the vertex of the pyramid is placed at the flame, and that
the three planes are transparent. Then the same quantity of
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light that passes through the plane at B passes also through the
plancs at C and D. Let this quantity of light be Q; then the

Fie. 273.—Illustrating the inverse square law.

illumination of a piece of white paper placed to coincide in succes-
sion with the planes at B, C, and D will be

R Q Q

U and 9

light units per sq. em. per sec.

Thus the illumination produced by a source of light varies
inversely as the square of the distance from it.

Inverse Square Law. Otherwise.—-Suppose that a source of
light is placed at S at the centre of a sphere of radius r,, and
that it emits Q units of light per second. Let the illumination
of the inside surface of the sphere be denoted by 1, Then

Q

-
1 417771‘)‘

Suppose now that this sphere is removed, and the light falls on
a concentric sphere of radius ry.  Let the illumination of the inner
surface of this sphere be denoted by Io.

Then

Hence we have

I, Qg 7,2

I?_H‘»HTTIZ ' Q 712

i.e. the intensity of illumination at any
point of a surface is inversely proportional .
to the square of the distance of that point Fia. 274.
from the source of light.

The inverse square law enables us to compare the intensities
of different sources and to measure the illumination of surfaces ;
the instruments used for this purpose are known as photometers,
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and the part of the subject dealing with it as photometry. The
word ‘‘ photometer ”” was first applied to the instrument by
Rumford in a letter to the Royal Society in 1793,

The Rumford or Shadow Photometer.—This consists of a rod
of the shape of a lead pencil, which is mounted vertically before
a scereen.  Iig. 275 represents a plan of the arrangement. R is
the rod, AC the sereen, and L; and L, the two sources, the
intensities of which are to be compared.  BC is the shadow of the
rod formed by L; and AB the shadow of the rod formed by L.,
on the sercen. The distances of L and L, from the sereen are
adjusted so as to make these shadows equally dark, and at the
same time R is placed so that the shacdows just touch at B.  If

:E‘_‘—m R L
C L,

Fre. 275.

they overlap, or if there is a bright space between them, the com-
parison of their intensities cannot be made so accurately.

All parts of the sereen outside the regions AB and BC are
illuminated by both sources. The regions AB being in the
shadow of Lg is illuminated solely by Ly, and the region BC being
in the shadow of Ly is illuminated solely by L,.  Consequently,
if the shadows are equally intense, the illuminations produced
by the two sources at B are equally great, and the intensities
of the two sources are simply as the squares of their distances
from B. Ilence, if the intensity of the one source is known in
terms of the standard candle, and the distances BL, and BL, arc
measured with a metre stick, the intensity of the other source
can be determined.

The sereen should have a rough unglazed surface.  One great
advantage of the shadow photometer is that the accuracy of its
results is not affected much by the presence of another source
of light in the room. For this third source produces a shadow
of its own on the sereen, which can easily be recognised, and it is
only neccessary to take carc that the edge of this third shadow
does not fall on B.

The Bunsen or Grease Spot Photometcr.—-This consists of a
picce of white unglazed paper, in the middl¢ of which a small
portion has been rendered translucent by a drop of grease. It is
placed between the two sources and in the same straight line with
them. It possesses the advantage of simplicity, but it is difficult
to make a grease spot with a very sharp boundary, and, of course,
itis lmposslble to detect slight incqualities in the illumination when
the boundary is not sharp. .As a substitute for the grease spot
a disc of tissue paper may be used.  The latter is made by placing
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two sheets of paper on the top of one another and with a sharp
knife cutting a star-shaped opening in both of them at the same
time. The tissue paper is placed between them, and they are
then stuck together with the stars accurately superimposed.

The grease spot is translucent, and the surrounding paper is
opaque.  Consequently, if the distance of the photometer is
adjusted so that the grease spot appears of the same brightness
as the surrounding paper. the intensities of the two sources should
be as the squares of their distances from the photometer.

In practice, however, it is found that the grease spot seldom
disappears for the one position, when viewed in succession from
both sides of the sereen.  This is due to the light reflected by the
white paper being scattered more than the light transmitted by
the grease spot.  Thus the more obliquely the surface is viewed,
the darker appears the grease spot. Consequently, in working
with the grease spot we set it so as to obtain the same relative
intensity of the two areas when viewed from both sides; or in
other words, we adjust, not for disappearance, but for the same
contrast effect.

The Wedge Photometer.—The use of this photometer, which
is sometimes called the Ritchie wedge, is shown in the adjoining
Fig. 276. S, and S, are the sources.  The wedge is arranged so
that its faces make equal angles

with the line joining 8;S,. The A
faces arc rough and reflect the 5,0———---—-—~———¥——'QSz
incident light diffusely. The ob- |

Vi

server looks at the edge of the

wedge from the side at E, and 116, 274,

adjusts the distances of  the

sources 5o that the two faces appear equally bright. The inten-
sities of the sources are then as the squares of their distances
from the edge.

A seraped surface of plaster of Paris forms the best diffusing
surface; but instead of this a wooden wedge may be used, and
a sharply folded picee of unglazed paper placed over it and fastened
at the back A with a drawing pin.  The sharper the fold, the
more accurately can the setting be made. I have also found it
an advantage to have a sighting arrangement attached to the
wedge, so as to make sure that the edge is viewed at right angles
to the axis of the bench.

The Trotter or Perforated Screen Photometer. - This instrument is
probably the most accurate of all the simple photometers. Tt is repre-
sented in sketch (Fig. 277) and in plan (Fig. 278).  Light from the two
sources to be compared falls on two screens in the directions indicated
by the lines A and B, making an angle of 35” with the normals to the
screens. White Bristol board is an excellent material for the screens,
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The glaze must be removed with a damp cloth. A star-shaped opening
is cut in the front scrcen with a sharp knife ; this opening should not
be more than 2 in. over all.  The eye at K sees the back screen through
the hole in the front one, and if the latter is neatly cut, it is possible
to arrange the distances of the lamps so that it disappears altogether.

Fic. 277. Fic. 278.

The Trotter photometer.

Stray light affects the accuracy of this and the two previous photo-
meters, making the source on the side from which it falls appear too
intense. This error can be climinated by interchanging the positions
of the two sources and taking the mean of the results.

Photometry.—Any of the photometers deseribed in  the
preceding sections may be placed together with the light sources
on the top of a table and the distances between them simply
measured with metre sticks.  But the results obtained in this
way would not be accurate.  The photometer and light sources
are usually mounted on picees which slide along a bar about
3 metres long. This bar carries a scale on which the distances
between the picees can be read.  The bar and the sliding pieces
should be blackened to prevent their reflecting light to the photo-
meter. The ceiling of the rooms and the walls, particularly the
parts behind the light sources, should also be blackened. If this
is not possible, the error due to stray light can be eliminated
by mounting diaphragms with dead-black surfaces on the photo-
meter bar in such positions that they transmit all the direct rays
from the source to the photometer, but stop light reflected from
the walls of the room.

The inverse square law holds rigorously only for point sources,
hence care must be taken that the distance between source and
photometer is always large in comparison with the linear
dimensions of the source.

Generally speaking, in photometry an accuracy of 1 per cent.
in the final result is very good. though under the most favourable



SHADOWS. PHOTOMETRY 297

circumstances 75 per cent. can be attained. But in fitting up
a photometer and taking readings for the first time, the accuracy
attained is always very much less than this. Some of the readings
diverge widely from the mean, and the temptation to throw these
away and use only the * good readings ™ is a very strong onc.
This should never be done. If a setting is made carclessly the
numbers should not be read. but if they are read and noted down
on paper, they should contribute their share to the final result;
the ““ bad readings " keep the average straight.

ExamprLe.—A 30 candle-power and an 8 candle-power lamp are at
the same height 100 em. apart. At what point on their line of centres
do they give the same illumination ?

Let the point be @ em. from the 8 candle-power lamp.  Then

8 30
a2 (100 —x)*
This gives 2202 416000 —80,000 0

the roots of which arc 34-0 and —106-8. 'T'here are consequently two
points fulfilling the required conditions, onc 340 c¢m. from the
8 candle-power lamp towards the other lamp, and the other 106:8 em.
from the 8 candle-power lamp away from the other lamp.

Fraction of Light transmitted by a Glass Plate.—The [raction
of light transmitted by a glass plate can be measured by any
photometer.  For let there be two lamps of A and B candle-power,
and let balance be obtained when these are situated ¢ and & em.
from the photometer respeetively.  Then

A B

at b2
Let the glass plate be placed between the photometer and the
lamp of candle-power A, and let f denote the fraction of the
incident light it transmits. To restore balance the other lamp

must be moved further away from the photometer.  Let its new
distance from the latter be ¢.  Then

JA B

a et
Dividing this equation by the preceding one,
JA /A BB
a? a‘-’?c?/b‘3
1 _
Ience f= 2

ExaypLe.—Two lamps are balanced at distances of 50 and 70 cin.
from a shadow photometer. A plate of glass is placed between the
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stronger lamp and the screen, and it is found that the other lamp must
be moved 2-53 cm. away from the screen in order to restore balance.
How much light is transmitted by the glass plate ?
b 502
By formula e

c* 5250

=0-907

Variation of the Illumination of a Surface with the Angle of
Incidence of the Light.—Thc angle of incidence is the angle made
by the incident rays with the normal to the surface. Iet BC be
a small rectangular screen on which a parallel penceil of rays is
falling. Let PN be the normal to the mid-point of the sereen,
and let /SPN=6. Lect Q be the quantity of light received by
the arca BC per sccond.  Then the illumination of the surface is

given by
.. 9
~arca BC

Let us suppose now that the sereen is rotated about its mid-point
P into a position at right angles to the rays. The quantity of
light Q now falls upon the area B'C” and the illumination of the
surface, which we shall now denote by Iy, is given by

9
O area B'CY
I Q/arca BC
I, Qarca B'(”
or I=1,cos@

Hence

sinee arca B'(  area B(' cos SPN -zarea BC cos 6.

Experiments in Photometry.— It is an casy cxperiment to compare
the intensities of two lamps or

N c to determine the fraction of

—C  light transmitted through a

9\,/P glass plate.  An optical labora-

\ tory is not necessary; the

L, measurements can be made in

B B any dwelling-room at night.
Irc. 279, In determining the fraction of
light transmitted by a plate, it

is advisuble to set up, if possible, three pieces together. The formula
then becomes

b2
a."——
P,
and, since the effect to be measured is greater, the result obtained is
more accurate.
The candle-power of carbon filament lamps is usually marked on
the bulb; thus 250 16 means 250 volts 16 candle-power. In the case
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of metal filament lamps it is generally the rate of consumption of
energy that is given; thus 250 40 mieans 250 volts 40 watts. But
with such lamps the candle-power is about } of the watts, i.c. a 40-watt
lamp gives 32 candle-power and a 20-watt lamp 16 candle-power. 11
a batch of new lamps which are described by the makers as having
the same candle-power is taken and tested, it will be found that there
is considerable variation between the individual lamps; also the
candle-power changes with the age of the lamp. But for rough work
a lamp which has the average intensity of the group may be taken as
a standard.

The ordinary penny houschold candle, which has a length of about

w7

7} in. and a diameter of about %% in. and which burns about 8-6 grams
per hour, gives, I have found, about 1-1 or 1-2 candle-power. It may
also be used as a standard for rough work.

The following are given as examples of experiments that may be
performed in photometry :—

To measure the Candle-power of a Lamp in Position. -By means of
a picce of string measure the distance from the lamp to a point on the
wall of the room. Pin a picce of white paper on the wall at this point.
Turn out the other lights, if any, and holding a candle in one hand and
a peneil in the other, adjust the distances so that the two shadows
touch, and are equally dark. ‘The light from the candle must fall on
the paper at the same angle as the light from the lamp.  Get a friend
to measure the distance of the candle in the critical position.  Then
the intensities of lamp and candle are inversely as the squares of their
distances from the paper.

To measure the Illumination of the Surface of a Desk. We shall
suppose at first that there is only one lamp in the room, that it has
32 candle-power, and that it is at a distance of 2 metres from the surface
of the desk in a dircction making an angle of 45° with the normal to
the surface of the latter. Then the result may be obtained from the
formula I, cos 8. 1ere I, -8 metre-candles, and ¢ is 453”. 1lence the
result is 57 metre-candles.  If there is more than one lamp, their
effects should be caleulated separately and the results added.

If there is only one lamp, the determination may be made experi-
mentally with a candle flame and a pencil by arranging that the two
shadows touch and are equally dark. Some dexterity is required,
as the candle must be tilted for an instant so that the flame may be
unobstructed, and if it is tilted for too long, its intensity will alter.

From 10 to 40 metre-candles is supposed to be sufficient for ollice
desks, schoolrooms, cte., though I think a desk lamp should give as
much as 150 metre-candles on the desk.  ‘The illumination of an object
in ordinary daylight is, roughly, 10,000 mctre-candles.

Test of a Pocket Flash Lamp.—These lamps have usually a bulb
that takes 3-5 volts, and is run off three dry cells mounted in series
which give, when fresh, about 4-5 volts. The cells, however, rapidly
polarise, and their voltage falls off ; conscquently the light given by
the lamp diminishes,

A pocket flash lamp fitted with a lens was directed towards a screen
at a distance of 160 e¢m., which was placed to receive the rays at right
angles, and a stick was sct up to cast a shadow on the screen at the



300 LIGHT

point where the beam was brightest. A candle was arranged to cast
an adjacent shadow, and its distance adjusted at intervals of 12 min.
to make the shadows equally dark. The lamp was, of course, kept
running the whole time of the test. The following table gives the
readings and results ; the first row gives the time, the second the dis-
tance of the candle from the screen, and the third the intensity of the
lamp in terms of the candle employed:

(4} 12 2.4 36 48 6O 72 min.
70 84 100 116 130 140 170 em.
522 363 2-56 1-90 1-51 1-31 0-89 candles

Thus in 72 min. the candle-power of the lamp fell almost to one-sixth
of its initial value.

Illumination of Rooms.— The illumination given by a window can
sometimes be measured by a wedge photometer and a candle at the
opposite side of the room. The candle has to be held close up to the
wedge on the opposite side of it from the window. The difticulty
here is that the wall behind the candle refleets light from the window
on to the same face of the wedge as the candle does. It may be neces-
sary to hang a black cloth or picce of black paper on the wall to eliminate
this error. In any case the results are never very accurate. But the
illumination of a room varies so enormously from time to time that
even rough results may have great value.

Examrres I

1. In a pinhole camera the distance from the hole to the screen
is 6 inches. The camera is pointed towards a tree 20 ft. high at a
distance of 50 ft. and is on the same level as a point halfway up the
tree.  Find the height of the image.

2. A circular uniform source of light, 10 em. in diameter, is placed
50 em, in front of an opaque sphere 5 c¢m. in diameter. Find the
distance from the centre of the latter to the end of the umbra ; also
find the diameter of the penumbra cast on a scereen placed at this
distance.

3. If the light of the sun is admitted through a small hole, an
image of the sun is formed on a sereen placed to receive it, but if

the aperture is a large one, we obtain an image of the aperture. Explain
this.

4. A stick is placed in front of a scereen, and an electric glow-lamp
and standard candle throw equally dark shadows of the stick on
the screen. The candle and lamp are respectively 34 and 134 cm.
from the screen.  Find the candle-power of the lamp.

5. How many candles are required to produce at a distance of
420 cm. the same illumination as a single candle at a distance of
60 em, ?

6. A 30 candle-power and a 16 candle-power electric glow-lamp
are at the same height, 120 cm. apart. At what points on their line
of centres do they give the same illumination ?
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7. The intensities of two glow-lamps are compared by the greasc-
spot photometer, and balance is obtained when the photometer is
83 cm. from the onc lamp and 33 em. from the other. The lamps are
then interchanged in their sockets, and balance is obtained when the
distances are 50 and 77 em. What is the ratio of the intensities of the
lamps ?

8. It is found that the light of the full moon falling perpendicu-
Jarly on a screen gives the same illumination as a standard candle
at a distance of 4 ft. Find the candle-power of the moon, given
that its distance is 60 times the carth’s radius.  The carth’s radius
is 1000 miles.

9. Two lamps are balanced at distances of 37 and 51 c¢m. from a
wedge photometer. A large plate of clear glass, which transmits
90 per cent. of the light incident on it, is then placed midway between
the photometer and the stronger lamp. How much nearer must the
latter be moved to restore balance ?

10. A candle is just visible to the unaided eye on a clear dark
night at a distance of 3:1 km. in the open. The diameter of the
pupil is then 1 inch. At what distance should the candle be visible,
when ficld glasses are used, the object glasses of which arce { in. in
diameter ?  Assume that } of the light incident on the object glasses
enters the eye, the remainder being lost mside the instrument.

11. A small screen is held K ft. from a candle flame, in such a
position that the light is incident on it normally. It is then removed
to a distance of 8 ft. and turned, so that the light is incident on its
surface at an angle of 457, To what fraction of its original value
does the illumination of the sereen diminish ?

12. The shadow which causes an celipse is, geometrically speaking,
a solid cone with its axis in the line joining the centre of the sun and
the shadow-casting body (ef. Fig. 272).  If the sun is 93,000,000 miles
from the carth, and subtends an angle of 32”7 at the carth, find how
far the earth’s shadow extends from the centre of the carth.  Find also
the diameter of the earth’s shadow at the point where the moon crosses
it. The distance of the moon is 60 times the carth’s radius.

13. The angle subtended by the moon’s diameter at the carth is 317,
The time taken by the moon to go round the earth is 29 days 13 hours.
Hence calculate its hourly motion in minutes of are, and find, if an
celipse of the moon is central, how Jong it is total, and also what time
clapses between the first and last contacts of the shadow on the moon’s
disc. The penumbra is to be neglected altogether ; it does not affect
the brightness of the moon’s surface much.



CHAPTER II
REFLECTION

Laws of Reflection.—When light falls on a picee of white paper,
it is reflected in all directions. Such reflection is called diffuse
reflection, and it takes place at all rough surfaces. The rays enter
some distance into the paper before being reflected, and if the
latter is coloured, arc themselves coloured after reflection. A
scraped surface of plaster of Paris forms an idcal diffuse reflector.
When a narrow pencil of light is reflected from the polished
surface of a transparent medium such as glass, diffuse reflection
takes place to only a very small extent, and the reflected light
comes off in one particular direetion. It is then said to undergo
regular reflection. The point where the incident ray of light
strikes the surface is called the point of incidence, and if a normal
is drawn to the surface at this point, the angle which the incident
ray makes with it is called the angle of incidence, and the angle
which the reflected ray makes with it is called the angle of
reflection.
The laws of reflection are as follows :—
The incident ray, the normal to the reflecting swiface at the point
of incidence, and the reflected ray are all in the same plane.
The angle of reflection is equal to the angle of incidence.
Thus, in Fig. 280. if P is the point of incidence, MK the trace
of the reflecting surface, NP the normal, AP the incident ray, and
PB the reflected ray, AP, PN, and
N PB are in the same plane, and
/NPB=/NPA. When the angle
of incidence is zero, the ray is re-
flected back on its path.
The distinction between diffusely
M P K reflecting surfaces and regularly re-
Fig. 280. flecting surfaces cannot be drawn very
sharply ; both kinds of reflection may
be present at the same time to a considerable extent. For ex-
ample, in the case of a glazed tile light is reflected in all direc-
tions, but there is a marked preponderance in the direction of
regular reflection. It is diffusely reflected light that renders bodies
302
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visible. A perfeet mirror would be invisible ; we would sce, not
the surface. but the objects mirrored in the surface.

Reversibility of the Ray.—If, in Fig. 280, BP is regarded as the
incident ray, PA is the reflected ray. Thus Fig. 280 offers an
example of what is known as the reversibility of the ray. a principle
which may be stated as follows : If by any means light is able to
travel from a source at A to a point B, then, if the source is placed
at B, light will travel back to the point .\ by the same path.

Image of a Point. Real Image. Virtual Image.—ILet MN
be the section of a plane mirror perpendicular to the plane of the
paper, and let P be a point source of light. Let PA be any ray
from P to the mirror; then, after reflection, it has the direetion
AC. Draw EA, the normal at A,
draw PN perpendicular to MN, and P
produce CA and PN to meet at Q.

In As APN and AQN we have C '
AN common, /ANP =/ ANQ both D \
being right, and /PAN-==/QAN, !
since / KAN is right, and KA bisects N
£ CAP. Hence the triangles are equal
and PN =NQ. \

The point Q is fixed and quite N
independent of the direction of PA. N
If we draw another ray PB, BD its N
dircction after reflection must also \Q

»ass through Q. All rays diverging , .
}from P :m%l striking the mirrol“‘ap- Fic. 281, Tmage of a point.
pear. therefore, to an cye at CD
to diverge from Q. The point Q is thus said to be the image of P.

Images may be cither real or virtual.  They are defined as
follows : —

(1) When a pencil of rays diverging from a point is made to
converge to a second point, that second point is called « real image
of the first point. o

(2) When a pencil of rays diverging from a point is made to
appear to diverge from a second point, that second point is called a
virtual image of the first point. ‘

In Fig. 281 the point Q is a virtual image. The essential
difference between a real image and a virtual image is that a real
image can be reccived upon a sereen and made visible ; a virtual
image cannot. The images formed by a pinhole camera are
real.

ExaMmprLE.—An observer stands 20 ft. from the shore of a lake, and
sces the top of a mountain 2000 ft. high mirrored in the water at the
lake's edge. If his eyes are 7 ft. above the level of the water, what is
the distance of the mountain ?

7/
4

Y
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Let z ft. be the distance from the edge. Then by similar triangles
e 20

2000 7" x -3714 ft.

Image of a Line.—If instcad of a luminous point we have a
line object PR, an image is formed of ¢very point of 1t as above.
and these point images combine to
form the line image QS as shown in
Fig. 282. It will be noticed that
the object is reversed by reflection.
that right and left are interchanged.
Consequently, if a picee of writing
15 held up to a mirror, its image is
illegible ; i, however, 1t i1s blotted,
and the blotting paper held up to
the mirror, the writing, being re-
versed twice, becomes legible again.

For an image to be formed by
reflection it is not necessary for the
normals from the object or the eyve
4 to meet the reflecting surface itself.
It is necessary only for the object
and eye to be in front of the planc
of the refleeting surface and for the rays to meet the latter.

p

Fia. 282.—-Image of a line.

Experiments on Reflection. - The best proof of the laws of reflection
lies in the fact that their truth is assumed in measurements made
with the spectrometer (p. 380) and sextant (p. 371), and that the
assumption has never led to inaccurate results. They can, however,
be proved very simply with a drawing-board, pins, and a rectangular
glass slab.

One face of the glass slab is used as reflecting surface.  This face
should be polished, should be about three-quarters of an inch high,
and should stand at right angles to the surface of the drawing-board.
The opposite face of the slab should be covered with black paint to
obscure the image formed by internal refiection, which may be a source
of error.

Instead of the slab, we may employ a piece of thin mirror glass
mounted un a wooden block.  In this case the image is formed by
reflection at the silvered surface on the back of the mirror, and the
thickness of the mirror causes error; this may be disregarded if the
anirror is a thin one. 'The most suitable mirror to employ from the
theoretical point of view would be one silvered on the front, but such
mirrors tarnish, and are not made unless to a special order.

Until about 1840 glass mirrors were backed with an amalgam of
mercury and tin. This process has, however, been almost entirely
superseded by the silver process. Silver is deposited on the glass
from a solution ; when the surface is dry, it is brushed over with a dilute
solution of mercury cyanide, and then coated with red lead.
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(1) Fix a picee of paper on a drawing-board and draw any straight
line MPK on it.  Place the mirror in position so that it rests z{l(mg MK,
and stick two pins in front of it in positions such as Q and R. l.ook
into the mirror from the right, using one eye, and R and Q will be seen
by reflection in the direetion PR’ : then place two pins, T and 8, in
line with the images of R and Q. Remove the mirror and join QR
and 8'1'; they should meet on the surface of the mirror at . Draw
the normal PN, and show with a pair of compasses in the manner
indicated in the diagram, that | QPN —= " NPT.

When the heads of the pins are in line, 1t can be shown that they
lie in a plane perpendicular to the surface of the mirror. Thus the
first law of reflection is proved.

P

F1G. 283. I'16. 281,

(2) Draw a straight line MK, and sct the mirror along this line.
Place a pin, P, in front of the mirror and, looking into the mirror from
the right and using one eye, place two pins, R and 8, in line with the
image of P. In the same way look into the nurror from the left, and
place the pins T and U in line with the image of P, Remove the
mirror, join T'U and RS, and produce them to meet in Q3 Q is the image
of P. Join PQ and show by trial that PQ is bisceted by MIK and is at
right angles to MIK.

(3) The experiments represented m Figs. 283 and 28+ may be per-
formed in a slightly different manner.  Instead
of sticking pins in the board at Q and R, as °Q
shown in Fig. 283, a line QR may be drawn on
the paper. The edge of the ruler is then moved
about the paper until it appears in line with the
reflection of QR in the glass, and a pencil drawn M K
along the edge of the ruler; thus the line ST i<
determined.  Similarly, instead of sticking pins in
the board at R, S, T, and U, as shown in Fig. 281,
the position of the image at Q may be obtained
by getting the edge of the ruler in line with it in
two different positions. oP

(4) Place a pin P in front of the mirror, and F1G. 285.
place a longer pin, Q. behind the mirror in line
with P and the image of P. Then the upper part of the pin Q will be
scen over the top of the mitror. Move the head from side to side ;
if the long pin is not exactly at the image of P, there will be parallax,
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i.e. relative motion, betwcen it and the image of P. The amount of
parallax varies with the distance of Q from the position of the image,
and by moving Q to or from the mirror, so that parallax disappears,
the position of the image of P may be found.

Rotation of a Plane Mirror.—If a ray of light falls on a mirror
and the mirror is rotated through an angle, the reflected ray is
turned through twice the angle turned
through by the mirror. Let MN be
the intersection by the paper of a
plane mirror perpendicular to the
planc of the paper. Let PO be the
incident ray, OQ the reflected ray,
and OII the normal at the point of
\ incidence. Let the mirror be rotated
H 'R through an angle M’OM about an axis

F16. 286. through O perpendicular to the plane

of the paper, and let OR and OG be

the positions of the reflected ray and normal after the rotation.
Then

/MOM =/ GOH =/ POH — / POG =} / POQ
—1/POR =1(/POQ—/POR)=1/QOR

But QOR is the angle turned through by the reflected ray ; this
proves the theorem. It can casily be verified by pins on a
drawing-board.

Applications.—The foregoing theorem is the principle of the
sextant (p. 871); it is also employed in the measurement of
small angles.  Suppose, for example, it is desired to measure the
rotation of a small magnetic needle.  We might attach a long
pointer to the ncedle. and arrange that the end of this pointer
moves over a graduated scale.  But the pointer would add to the
weight of the needle, increase its resistance to motion, and so
diminish the size of the angle turned through ; and if it were thin
and light, it might bend. If, however, a ray of light is used as
pointer, we get over these difliculties, for it has no weight and it
does not bend.

The ray of lizht may be used in either of two different methods.
We may attach a mirror to the magnet and by its means reflect
a pencil of light from a stationary lamp on to a translucent scale.
When the mirror rotates, the ray rotates, and the light moves
along the scale. This method is carried out in a darkened room.

Or we may direct a telescope towards the mirror and focus
it on the scale, as is shown in plan in Fig. 287. In this figure T is
the telescope, SS the scale, and M the mirror; the latter is in
a deflected position. Since the light rays from P are reflected
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by the mirror to enter the telescope, the eye looking into the
latter sees the scale reading at P in the centre of the field.  1f the
mirror slowly rotates into a position at right angles to the axis
of the telescope, the different numbers on the scale between P
and T cross the centre of the field in succession, and from the scale
reading at the centre of the ficld
at any time the deflection at that S
time can be calculated. The
above method is used in daylight.
The distance TP measured
along the scale in Fig. 287 is pro-
portional to tan TMP, since TM
is a fixed distance; also £TMDP
is twice the angle of delflection
of the mirror. Hence TP is pro-
portional to the tangent of twice S
the angle of deflection of the Fie. 287,
mirror. But the angles worked
with arc usually so small that the tangent can be put equal to
the angle itself in circular measure 5 henee it is customary to
take displacement on the scale as simply proportional to change
of angle itsclf.

Exavrni- In Fig. 287 the distance of the scale from the mirror is

1 metre, and P is initially 10 ¢m. from the point on the scale opposite
the centre of the mirror.  During a deflection it moves 20 em. further
away from this point. Find in radian measure the angle turned
through by the mirror M : (i) approximately, (ii) accurately.

(i) §&%--0-1000 rad.

(i) J(tan-1 4L -tan-! M) J(16° 427 -5 43')

0:0938 rad.

Pepper’s Ghost.—At night, if the blinds are not pulled down,
objects inside a room can be seen reflected in the window pane. The
objeets outside are then too dark to send rays through the panc to
the eye. If the light is bad outside, we see outside objeets with some
of the brighter objects inside the room superimposed on them ; for
cxample, the fire in the grate may be scen burning outside in the strect.
But in broad daylight the outside objects are so much brighter, and
the rays they send to the cye so much more powerful, that the rays
reflected by the panc from objects inside the room can be neglected in
comparison with them, and only outside objects are seen. Thus the
relative visibility of the objects reflected and the objects transmitted
by a plate of glass is purely a question of lighting.

It was by the use of a glass plate and alteration of the lighting, that
the old illusion known as Pepper’s ghost was produced. Professor
Pepper was an illusionist who travelled about the country exhibiting
the ghost. The same arrangement is sometimes used on the stage
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for producing ghosts at the present time.  Fig. 288 is a plan showing
how it is done in this case. I are the footlights, BB the back of the
stage, and AF is a large planc sheet of

B B glass which is placed vertical and at an
angle of 45° with the line of vision of the
spectators. S is a solitary spectator scated
in the middle of the stalls. G is the actor
who is to fill the rile of ghost. e is so
far to the side that S cannot see him
dircetly, but only by reflection in the
glass 5 the rays of light from G to S traverse
the path GCS, but appear to traverse the
path G’CS. The background is dim, and
the actor G is at first kept dark, but
when his time comes, the arc light is turned
on him, and he duly ** appears” at G’.
Iis image is, of course, transparent ; bright

FiG. 288.-—lxplaining parts of the background can be seen
Pepper’s ghost, through it. The disadvantage of the

arrangement is that it requires a deep
stage and a very Jarge glass plate.

Parallel Mirrors.—Lct us supposc that a point source is placed
between two mirrors A and B which have their faces turned
towards one another, so that its distance from A is a and its
distance from B is 6. Then by reflection in A an image is formed
at Ay, This image is in front of the mirror B, so acts itself
as object, and by reflection in B an image is formed at A,. By
reflection again in A this in turn gives rise to an image at Ay,
and so on. Similarly by considering the reflection of P in B we

o Q N ) Q o
v
¥ b N & N :
< N N N 3 <
Ay B, A, B2 Aj B4
\\_\

Fi¢. 289.—Images formed by parallel mirrors,

get another infinite series of images By, B,, B;, . . . There are
thus two infinite series of images, but, of course, owing to the
light getting fainter by suceessive reflection. it is only the first
few of each scries that are seen.  Above each image in the diagram
is given its distance from P. The diagram also shows the path
taken to the cye by the pencil of rays which forms one of the
images, A,.



REFLECTION 309

Inclined Mirrors.—Let us consider first Fig. 2900. P is a point
source of light and OA is a mirror which has its reflecting surface
turned towards I>. In order to find the position of the image of

2a+af B, A, 4ae2f

[
@

|
|
)

1. 290. Fig. 291.—lmages formed by inclined
mirrors,

P draw a normal PN to the mirror, produce it behind the mirror,
and mark off NA;=NP; A, is the image. It may be shown
that triangles PNO and A;NO are cqual. Consequently, if the
point O is taken as centre, and an arc deseribed with OP as radius,
it passes through A,, and if the angle PON is denoted by a, the
point and its image arc cach distant the same angle a from the
surface of the mirror measured around the circle.

In Fig. 291 AO and BO represent two mirrors with their
reflecting surfaces turned towards one another, and P is an object
placed between them. Draw a circle with O as eentre and OP as

" Fie. .-Igcs formed by two inchned mirrors,

radius, and let the angles AOP, BOP be respectively a and 8 in
radian measure. According to the construction of Fig. 290, P
forms an image A; by reflection in OA, which is situated on the
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circle at an angular distance 2a from P. Since A, is in front of
OB, it forms an image A, in it. This image is also on the circle
and is at an angular distance of 2a 428 from P. A, in turn forms
an image Az in O\ distant angle 4a+28 from P. Ay is behind
both mirrors, and conscquently forms no more images.

If we go back to P it forms an image B; in OB, which in its
turn forms an image B, in OA. The latter forms an image By in
OB, which forms an image B, in OA; this image is behind both
mirrors and consequently no further images are formed. There
are seven images in all.  Their angular distances arec marked on
the figure, and it will be seen that the differences are alternately
cqual to 2a and 28. Ay, B,, A;, and By,
it should be noted, are measured one
way, By, Ao, and By the other way round
the circle.

Iig. 292 is an example of the effects
that can be obtained with inclined
mirrors. IFig. 293 shows how the rays
reach the eyc for the case of one of the
A, four images, namely the second on the
left.

A,

Exasrri.. Anobjeet is placed between
two mirrors OA and OB as in Fig. 291, the
angles which OP makes with OA and OB

Fig. 293, being respectively denoted by e and 8.
IYind the number of images formed.

Constructing a figure similar to 291, but with angle «-+8 much
smaller, we find that the angles PA,, PA,, PA,, . . . have the values
2a, 2a 128, ta |28, . . ., and consequently that PA,, is 2n(a+p),
where n is any integer. The number of images that can be formed
in this way is limited, the last number of each series being that which
is formed within the vertically opposite angle to .AOB.

1If A,, is the first image to fall within this angle, P\, >7 —a.
2n(a +B)>7—a, and

2n>"
>a LB
Similarly, if As, 11 is the first image to fall within the angle,
2n(a+-B)+2a>m—B, 2n(a+B)+a+B>nm—a, (2n4-1)(a+B)>7—a
o T—a
and 2n +1>a B

Hence in both cases the number of images in the series Ay, .\, A;, . ..
is given by the integer next greater than

T—Q

o T8
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Similarly, the number in the series B, B,, B, . . . is given by the
integer next greater than
m—f

a l-p
If o +8 is an exact sub-multiple of =, #/(a |-8) is an integer, and is
the integer next greater than either of the two expressions above:
hence it gives the “number of images in cach series.  In this case the
positions of the last image of ez wh serics coineide.  For, suppose there
are 2n images in each series, then

PA,, +PB,,- 2n(a--8) F2n(a t-8)  tn(a |-8)

k24
But 2n - , therefore 2n(a { g) =
a+p
Ience PA,, - PB,, =27, and A,, and B,, coincide,
Again, if there are 2n 1 images in each series,

PAs, 1 4-PBoy - 2n(a+-8) 4-2a+2n(a 1 B) 28 220 |1)(a | B)
But 2n-p1-= 7 ; therefore (2n 1)(a 1-8) -

@ [,/3’

Hence PAoy 1 4-PBoy 1 27, and we have coincidence again,

LxpreriveNt.—The positions of the images should be determined
by the parallax method on the drawing-board, both for parallel mirrors
and different positions of the inclined mirrors, and the results compared
with those obtained by theory.

Exavreres 1T

1. On a moonlight night when the surface of the sea is covered with
small ripples, instes ‘ad of an image of the moon a band of light is seen
on the surface extending in thc dircetion of the moon, Iu\pl.un in
a diagram how this happens.

2. If a man walks towards a mizror at 3 miles an hour, with what
velocity does he approach his image ?

3. The sun is 25° above the horizon.  Its image is observed in a
pool of water. What is the angle of incidence and refleetion in this
case ?

4. An observer wishes to sce the side of his head with the aid of
two mirrors. Make a plan showing the course of the rays.

5. A man who is 6 ft. high stands in front of a plane mirror which
is hung vertically. The top of the mirror is 6 ft. from the ground.
Determine its shortest length in order that the man may sce his full-
length image in it.

6. Two plane mirrors are placed vertically upon a table. A ray
of light is reflected by both mirrors in succession.  Show that the angle
through which it is deviated by the double reflection is equal to twice
the angle between the mirrors.
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7. Light from a 16 candle-power lamp falls on a silvered mirror and
is refleeted thenee to a shadow photometer, all direct light from the
lamp to the photometer being carefully screened off.  The mirror
reflects 90 per cent. of the incident light, and the length of the path
of the rays from the lamp to the sereen via the mirror is 120 em.  Where
must an 8 candle-power lamp be placed to produce an cqually dark
shadow ?

8. Two parallel mirrors are 10 ft. apart, and a candle is placed
between them 7 ft. from one mirror. Find the distance between the
third and fourth images seen in each mirror.

9. Two mirrors are inclined to cach other at 90°, and an object
placed between them. Draw a diagram showing the positions of the
images formed.

10. Two mirrors are inclined to one another at an angle of 60°,
and an objecet is placed between them.  Draw a diagram showing the
positions of all the images formed.  Show how the ravs reach the eye
from the image formed in the angle vertically opposite that contained
by the mirror.

11. A ray of light starts from a point A, is reflected by a plane

mirror at a point >, and arrives at a point B.  Prove that APB is the
shortest possible path from A to B by way of the mirror.



CHAPTER 111
REFRACTION

Laws of Refraction.—I.ct us suppose that a trough with parallel
sides of glass is filled with water, and that a beam of parallel light
AB from a projection lantern in a darkened room is incident on the
surface of the water at B. By dusting chalk in the air the rays
may be rendered visible, and it will be noticed that the surface
of the water acts as a mirror, and that a refleeted beam comes off
in the direction BC, as required by the laws of reflection. At the
same time a beam BD will be seen below the surface of the water.
This beam is called the refracted beam, beeause on entering the
water the rayvs are bent or refracted out of the direction AB into
the dircetion BD; it is rendered visible by the small particles

N
A

A C F, 8
N7/

B E ] [3 K

\
D ul C
16, 294, Fra. 295.

floating in the water which scatter light out through the glass
side of the trough to the eye, cach particle acting as a scparate
sonrce. If a picce of mirror glass is placed at the bottom of the
trough at D, the refracted beam is reflected, and proceeds upwards
to the surface of the water where it is refracted into the air.  The
beams EF and BC are parallel, and EF is brighter than BC.

We obtain similar results with other liquids and with a glass
slab. Whenever a narrow pencil of light (Fig. 295) falls on the
surface of a transparent medium, it gives rise to two pencils, a
reflected one and a refracted one. If the normal is produced

313
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downwards into the transparent medium, the angle which it makes
with the refracted ray is called the angle of refraction.

The laws of refraction arc as follows :—-

The refracted ray lies in the sane plane as the normal and the
incident ray, and is on the opposite side of the normal from the
incident ray.

The sine of the angle of incidence bears a constant ratio to the
sine of the angle of refraction for all angles of incidence, the value
‘of the ratio depending on the nature of the media in contact at the
surface at which refraction takes place.

Thus, in Fig. 2935, if P is the point of incidence, MK the trace
of the refracting surface, NP the normal and AP the incident
ray, the refracted ray PC is in the same plane as AP and PN
and sin NPA/sin LPC is constant, no matter what the value of
NPA is.

Write

sin NPA
sin LPC

Then p is said to be the index of refraction or refractive index of
the lower medium with reference to the upper, or simply the index
of refraction of the lower medium.  For all transparent solids and
liquids p is greater than 1. Its valuce for water is 1-333 and for
crown glass is about 1-52, but varies with the gldss in dpproxi-
mate calculations these values are usually taken as 2 and 2

When the angle of incidence is zero, AP and PB’ both comclde
with NP, and PC coincides with PL.  The ray is then undeviated
by refraction.

ExperimiNt.——The best proof of the laws of refraction lies in the
fact that they are assumed every time an index of refraction is deter-
mined by the spectrometer (p. 380), and
there never has been any reason to doubt

A N their accuracy. They can, however, be
proved very simply with a slab of glass on
M P K the drawing-board.

Draw a straight line AP (Iig. 296), and
place the slab in position, so that MK and
S HJ are the traces of two of its parallel faces.
Draw MK and HJ. Then, looking into the
face 11J of the slab, set the edge of a ruler

H T Q J in line with AP as seen through the glass,

\ and draw part of the line QR. Remove the

R slab, draw the normal NPS, produce RQ to

FiG. 296, meet the normal at S, and join PQ. 'The

ray which was incident along AP emerges

along QR, and consequently follows the path PQ inside the slab.
Thus /SPQ is the angle of refraction.
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The ratio of the sines can now be determined in different ways, but
perhaps the neatest is as follows : It is found from the drawing that SR
is parallel to AP. Conscquently ,” APN:=- 'TSQ. IHence

L_sin APN _sin TSQ __TQ/SQ PQ
B =5in TPQ  sin TPQ TQ/PQ SQ
No matter how / APN varies, the ratio PQ/SQ is always constant.
Instead of drawing a line AP and sighting on it with the edge of

a ruler, two pins may be set up in AP, and two pins sct in line with them
on the other side of the glass,

Twilight.—In the first experiment deseribed in this chapter,
a beam of light was rendered visible by refleetion from cha'k
particles in the air or from particles floating in water.  T'wilight
1s caused in exactly the same way by the reflection of sunlight
from minute solid particles in the air, or from the air itself --
authorities differ—in the upper regions of the earth’s atmosphere.
After the sun has set, its rays continue to shine through the
atmosphere above the observer's head, and ave refleeted down to
the earth’s surface. Twilight is considered to end when this
scattered light becomes impereeptible.

The Coin and Basin.— The law of reflection must have been known
from very carly times. It is proved in the first proposition of Fuclid's
Caloptrics, a work composed
at Alexandria about 300 B.c. E‘%y"
But the subject of refraction / 4
was  not understood until e
much later. i’

Fig. 297 represents an ex-
periment which attracted a
considerable amount of at-
tention in ancient times. (' is
a coin resting at the bottom
of an empty basin, I& an eye Fic. 297.—Coin and basin,
which cannot see the coin
owing to the edge of the basin at B coming between.  But when the
basin is filled to the top with water, the rays from the coin to the eye
are refracted, and follow the path CAE: hence the coin beeomes
visible. The experiment was first successfully explained about A.p. 100
by Ptolemy, the Alexandrian astronomer, in his book on optics.

Ptolemy’s Data on Refraction.- Ptolemy published a table giving
the angles of refraction corresponding to different angles of incidence
for water, for glass, and for the case when the one medium was water
and the other medium was glass.

In order to measure the refraction from air to water, Ptolemy
employed a graduated circle divided into 360°, which was immersed
vertically in water up to the horizental diameter. 'l‘h?rc were three
objects for sighting on, one fixed at the centre of the circle, a second
fitted to one of the upper quadrants, and a third fitted to the lower part

-
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of the circle. This last was pushed with a rod, until an eye placed at the
object in air saw all three in a straight line. In measuring the refraction
from air to glass Ptolemy used a semi-cylinder of glass, and adjusted
its plane surface to coincide with a diameter of the graduated circle
which was held against its end. In measuring the refraction from water
to glass the semi-cylinder was placed with its plane surface on the
surface of the water, and the circle was held with its horizontal diameter
in the plane of separation of the two media. The following table gives
the results ; they arc of interest as being the earliest physical measure-
ments on record :—

LIGHT

Alr to water. Air to glass. Water to glass,
_Angle of Angle of Angle of ‘ Angle of Angle of Angle of
incidence. refraction. incidence, refraction. incidence refraction.

0° 0° 0° 0° 0° 0°
10 8 10 7 10 94
20 15} 20 13} 20 181
30 22) 30 20} 30 27
40 28 40 25 40 35
50 35 50 30 50 421
60 Al()._'z 60 3 l-g 60 l«!)!_,
70 45 70 381 70 56
80 50 80 12 80 62

Ptolemy did not discover the law of refraction. The latter was
first stated in its present form by Descartes in his Dioptrics in 1637, but
it is generally assumed to have been obtained by
/R Snell about 1621, although he never published

) his discovery.

Image of a Point formed by Refraction

at a Plane Surface.--Let us suppose that a

peneil of rays is diverging from a point P on

the under-surface of a parallel-sided slab of

some refracting material, for example, glass.

The ray PN, which meets the upper surface of

the slab at right angles, does not change its

P direction in passing into the air, but any other

Fic. 298. ray. P8, is refracted at the surface of separa-

tion. Let SR be its direction after refraction,

and let p be the index of refraction of the glass. * Let RS meet PN
in Q. Then

~sin TSR sin NQS - N§/SQ SP

F~5in PSM “sin NPS TNS/SP 78Q

If the angle NPS is small, SP/SQ=NP/NQ : consequently,
uNQ-=NP, and the point Q is fixed. Thus, if a thin pencil
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from P be incident at right angles on the upper surface of the
glass, it appears after refraction to come from Q, i.e. a virtual
image of P is formed at Q.

Fig. 299 shows the same thing in another maumner. K is an eyve
looking down at a point P at the bottom of a pool of water. The
point P is apparently raised to Q, and.
the pool seems shallower than it really is.
The real depth is NP and the apparent
depth NQ. These are connccted by the
relation NP =uNQ. Thus

real depth

K=" apparent depth
For water u has the value {.  lIence, if
the depth of the pool is one foot, it ap-
pears only nine inches.  Most boys find
sooner or later, when they step off a stone
into the water, that it is always deeper
than it scems.  For a sharp image to be
formed by refraction, as in Fig. 299, it
is necessary that the pencil should be a
narrow one, whereas sharp images are
['ormcd.l)y reflection at mirrors, no matter g0 Image formed
how wide the pencil is. This does not by refraction.
make any real difference in  practice,
beeause, owing to the small size of the eye pupil, the pencil of
light entering it is necessarily a narrow one.

If a stick is placed obliquely in the water and looked at from
above, it appears bent where it enters the water, the part of the
stick in the water being raised. If the eye is direetly above the
image, the end of the stick will be at three-quarters of its actual
depth, as in Fig. 300, but if the cyc is a considerable distance
to the side, the image is higher and not so

sharp. A

Determination of Index of Refraction \ “%
|

T

p

by the Microseopic Method.—A micthod
of measuring the index of refraction of a

glass slab is founded on the principle of
the foregoing section. A microscope is A0,
used, the tube of which can be raised ver- o
tically by a rack-and-pinion motion.  This Fi. 300.

microscope is first focussed on a mark

on the stage, then the slab of glass is placed on the mark
and the microscope focussed on the virtual image of the mark
formed by the slab. The distance through which the microscope
has to be raised gives PQ (Fig. 299). This is rcad on a scale. The
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miscroscope is then focussed on a serateh on the upper surface of
the slab, and the height through which it has to be raised this
time gives QN.  Then, when PQ and QN are known, the index
of refraction can be calculated.

The method can also be applied to liquids.  The liquid is
contained in a glass trough.  The microscope is first focussed on
a mark in the inside of the empty trough. Then the liquid is
poured in, and the microscope focussed on the apparent position
of the same mark.  Finally the microscope is focussed on particles
floating on the surfacc of the water, and the calculation made in
the same way as for a solid.

The microscope employed is generally a low-power one, and,
since there is a wide region within which the focus does not vary
much, the settings are not accurate. If. however, a high-power
()l)jc(-t glass is uscd, the focus is sharply defined, and the method

apable of great accuracy.

Experiments on Image formed by Refraction at a Plane Surface. -

The refractive indices of glass «lll(l water can be determined by the

" microscopic method without the
use of a microscope.

P Q N S E (1) A rectangular glass slab is placed
p-0-—— - - -~ - — = -§ on the drawing-board (I%ig. 301). It

has a vertical serateh on one face at P,

and the opposite side is polished. A

I1¢. 301, straight line PNS is drawn perpen-

dicular to the polished face, and a pin

sct up in this line in such a position S, that its image formed by

reflection in the surface of the slab coincides with the image of P

formed by refraction at the same surface.  The eye should be moved

from side to side at I and the position of S adjusted until there is no
parallax between the two images.  Then

_PN PN
E=QN NS

(2) Fill a glass tumbler or a milk jug full of water and place a penny
inside on the bottom. Measure the depth of the water with a ruler.
Then raise & penny above the level of the table outside the jug by
putting books, matchboxes or other pennies below it, until both pennies
appear the same distance from the eye, when viewed simultaneously
from above. The depth of the second penny below the surface of the
water is then measured, and the onc depth divided by the other gives
the refractive index of the water.

(3) Determine the index of refraction of a glass slab by the micro-
scopic method as described on p. 317. The results should be tabulated
as follows 3
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Reading on

Reading on Reading on Thiebac Apparent Refractive
mark. "mrlélz‘l::?"gh top of glass. Thickness, thickness index.
374 439 563 1-89 124 1-524

One determination is entered in the table. The thickness is the
difference of the first and third columns, the apparent thickness the
difference of the second and third, and the refractive index the fourth
divided by the fifth. To obtain the full accuracy of the method, about
six independent determinations should

be made, and the mean of the results T R
taken.

(4) Mount a glass slab on two I S
wooden blocks on the stage of a low- py
power microscope (Fig. 302), which is .7
provided with a vertical scale for o
measuring the distance through which ’ MY
it is raised, and focus through the o 4 T
slab on a mark P’ on the stage. \i Q’ ‘ P \wQ
Then remove the glass slab and focus N is\\

again on the same mark. The differ-
ence in readings gives the apparent
upward displacement of P’.  Is this Fra. 302,
displacement the same as when the

slab rests dircetly on the stage, or does the air space below make a
difference 7 The student should be able to determine theoretically
from the diagram whether there is a difference between the two
cases or not.

/

Exaympri. A slab of glass 1 in. thick is placed with its lower face
parallel to and 1 in. above the surface of a table, and on its upper face
rests a layer of water 2 in. thick. The refractive indices of the glass
and water are 1-52 and 133 respectively. ow far does the table
appear raised when viewed from above through the glass and water ?

Each slab produces an apparent upward displacement of

(p—1)
®
where g is its index of refraction and ¢ is its thickness. The effect of
the glass is
B9
052 .342
1-52
and of the water
033 »_.0-496
1-33

Hence the result is 0-838 inch.
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Multiple Images formed by Reflection at a Glass Plate.—Let
us suppose (Fig. 303) that a ray of light AP, is incident on the
surface of a glass plate at P;. It gives rise to a reflected ray PR,
and a refracted ray P;C;. On meeting the second surface of the
plate the ray P,C; gives rise to a reflected ray C,P, and a refracted
ray C;T;. On meeting the first surface of the plate the ray C,P,
in turn gives rise to a reflected ray P,Cy and a refracted ray PyR, ;
and so on. The single incident ray AP; gives rise to an infinite
number of reflected rays PyR;, PoRs, P3Rg, ete., and an infinite
number of transmitted rays C;T;, C,T,, C3T,, ete.  The first two
reflected rays are about equally bright, and the others get rapidly
fainter, because each reflection diminishes the intensity of the ray
very much. The transmitted rays decrease rapidly in brightness,
C,;T being much brighter than C,T,, and C,T, about as bright as
the first two reflected rays. If the second surface of the plate is
silvered, there are, of course, no transmitted rays, but Fig. 303

A\\//R % Bo g : /
g %/Ps{/ \

VY

N
/’/
///’
CNCAC3 XX/
/,/,
P
.
P

T| T T P
. ¢ 3 e Fic. 304.
Fic. 303. Y

otherwise holds good, Only in this case the sccond reflected ray
is much the brightest, the first and third are about equally bright,
and the others diminish rapidly in intensity.

When an object is viewed by reflection on a glass plate or by
transmission through a glass plate, it follows, in consequence of
the reflection of the rays back and forwards inside the glass, that
we do not see a single image but a train of images. Fig. 304 shows
how the rays reach the eye from the third retlected image. When
we stand in front of a plate-glass mirror and view our reflection in
it, there is no confusion, because the second image quite over-
powers the others, and because the next two brightest, the first
and third, are nearly superimposed on the sccond. But if a
candle flame is held close to the mirror and the images looked at
very obliquely, they separate, and according to the circumstances
from five to ten may be seen, of which, of course, the second is
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much the brightest. In the same way, if a candle flame is held
close to an unsilvered glass plate. and the images looked at
obliquely, from three to six may be scen,

[t will be observed, that in Fig. 30t the image is not in the
perpendicular from the object to the surfaces of the plate,
but displaced to the side. The displacement increases with the
obliquity of the rays, and is greater for each image than for the
one before it.  If, however, the incidence is normal, the images all
lie in the perpendicular, each a distance 2t/u behind the one in
tront of it, where ¢ is the thickness and p the index of refraction
of the material of the plate. This may be scen by producing the
lines RyP;, RyPy, . . . in Fig. 308, and considering the limiting
positions of their intersections with the perpendicular through the
object, when the angle of incidence becomes small.

Caustic formed by Refraction at a Plane Surface.—In order that the
image of P formed at Q in Fig. 298 may be sharp, it is necessary that the
rays diverging from P make a

small angle with the vertical.

Fig. 305 shows what happens

NS
/ when the angle is not small.

P is a point source situated in

glass of refractive index 15, and

A/B/C/ rays diverging from I’ meet the
plane surface of ihe glass at

A, B, C, ... ete., and are there
refracted into air.  In order not

.78
L)
Q “R
op
P
I'16. 305.— Caustic formed by refraction. Fic. 306,

to confuse the diagram the paths of the rays ingide the glass are not
shown ; the straight lines give the paths of the rays after their refraction
into air, produced backwards into the glass. These rays do not meet
in a point at Q, as has already been mentioned, but each two suc-
cessive rays meet in points which lic on a curve called a Caustic.
Every ray which diverges from P, after refraction at the surface, is
a tangent to the caustic.

If an eye looks down at P obliquely. as shown in Fig. 305, it secs an
image of P at S, but the image is not as sharp as when the eye looks
vertically down and sees it at Q. S is ncarer the surface than Q ; conse-
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quently when the eye looks down at the flat bottom of a vessel full of
water, the latter appears slightly concave.

EXrERIMENT.—Set up a pin P on a drawing-board close to the face
of a glass slab, and then set up two other pins, R and S, in line with the
image of P. Draw a straight linc through the positions of R and S.
Repeat for other positions of R and S, choosing a wide range of direc-
tions. Remove the slab, produce the different straight lines backwards,
and join the intersections of cach successive pair, so as to form the
caustic. This experiment requires extremely accurate work.

Total Reflection.—In Fig. 307 APB rcpresents the path of a
ray from glass to air, the part AP being in glass and the part P
in air. The angles of incidence
and refraction are connected by
the relation p sin @ =sin ¢.  Now
i has a value approximately cqual
to 1-:5 for glass. Conscquently if
6 is gradually increased, it reaches o
value given by

. . 1
psind -1 or sinf- -

12
for which sin ¢ —1 and the emergent
Fic. 307. ray goes parallel along the surface.
This angle is represented by CPM in
the figure, where CP and PD are corresponding incident and
refracted rays.

Suppose, now, that § is increased beyond this value and that
the ray in the glass has the direction EP. p sin 6 has then a
value greater than 1 and sin ¢ an impossible value. There is
consequently in this case no refracted ray, only a reflected ray
PF, and the light is said to be totally reflected. Since in general
the incident beam gives rise to both a refracted and a reflected
beam, the intensity of the reflected beam must be less than the
intensity of the incident beam. But when the light is totally
reflected, there is no refracted beam and no loss of Imht and the
reflected beam is as bright as the incident beam.

Critical Angle.—lf a ray is travelling in any medium in such a
direction that the emergent ray just grazes the surface of the
medium, the angle which it makes with the normal is called the
critical angle or limiting angle of total reflection.

Thus in Fig. 307 £CPM is the critical angle. For glass of
refractive index 1:52 it has the value 41° 9, and for water the
value 48° 36'. )

The index of " ‘ign of diamond is 2-417. Consequently
its critical angle ha. E value of 24° 26’, and only if the rays
make a comparativeiy small angle with the normal will they be
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able to cmerge. As a result the number of directions in which
rays can emergze are few, and the light may emerge strongly in
one of these trections. This gives the diamond its sparkle.

Experim' at on Total Reflection. --Hold an empty test-tube obliquely
in a glass beaker filled with water. Stand at some distance from the
window, so that most of the light enters the beaker horizontally from
the side, and view the surface of the test-tube from above through the
water. It will appear bright like a mirror or like polished metal ; this
is because the rays of light incident through the water on the side of the
tube are totally reflected. If, however, water is poured into the test-
tube, the part filled with water
looks dark in comparison with the B
part above it. Total reflection
ceases now, and most of the rays
which fall on the side of the tube
enter into it.

Experimental Demonstra-
tion of Total Reflection.- -IFig. - M
308 represents a trough with Fic.

! >, . 1. 308,
glass sides and ends, which is
filled with water. A horizontal beam of light from a projection
lantern is received by a mirror M and made to enter at the side of
the trough. TIts path inside the trough is rendered visible either by
rctiection at the particles floating in the water or by dissolving a
fluorescing substance in the water (¢f. p. 388).  If the angle which
the beam A makes with the normal is less than the critical angle,
it gives rise both to the reflected beam C and the refracted beam B,
which can be rendered visible by dusting chalk in the air.  But if
the mirror M is inclined, so as to gradually increase the angle
of incidence of the

beam A inside the -9
water, the beam B og’
becomes horizontal o
and disappears; e
simultaneously o

there is a great
increase in bright-
ness of the beam C. el.”
The beam A is then -
totally reflccted. /
The Fish and the
Setting Sun.—Fig. 309 16, 809.
gives the answer to
the well-known problem of finding in what direction a fish sees the sctting
sun. The surface of the water is supposed perfectly smooth.  ‘The rays
from the sun come along the surface at grazing incidence, are refracted

48°36.

4
-
INEN

Fish and sctting sun.
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at P, and enter the eye of the fish, making the critical angle with the
vertical. The fish consequently sees the sun setting at an angle of
48° 36" with the vertical. In fact the whole sky for the fish is com-
pressed within a cone of semi-vertical angle 48° 36’. Outside this cone
it sees stones, etc., at the bottom of the sea totally reflected at the
surface.

Totally Refleeting Prism.---Fig. 310 represents a section o
what in optics is simply called a prism, but what would in gcometry
be called a right triangular glass prism, 7.e. a solid bounded by
plane figures, of which two, the ends, arc congruent triangles, and
the others, the sides, are rectangles. The section is a principal
scction, one made by a plane at right angles to the sides, and for
the prism in question it is a right-angled isosceles triangle. ABC
represents a ray which is incident
perpendicularly on one of the
faces, and consequently enters
\ the prism undeviated. It is then
A reflected internally by the hypo-
tenusc surface, is incident per-
pendicularly on the third face,

and cmerges undeviated.  The

B ¢ \v7 angle of incidence on the hypo-
tenuse surface is 45°. Now the

Fic. 310. Fi. 311, critical angle for crown glass is

about 41° 9’, which is less than
the angle of incidence. The rays are consequently totally reflected
by the hypotenuse surface, and, except for the comparatively
small reflection losses on entering and leaving the glass, emerge
from the prism with their intensity undiminished.

Such a prism is called a total reflection prism. It is often
used instead of a mirror for reflecting a beam through 90°. If a
mirror is silvered on the front it tarnishes, and, if it is silvered
on the back, the faint image caused by reflection on the front
sometimes causes confusion. By the usc of the total reflection
prism both these sources of trouble are climinated.

The prism can also be used to turn the beam through 180° as
shown in Fig. 311. In this case it suffers two total reflections.

The Luminous Jet.—If a jet of water falls into a dish from the
side of a glass vessel in a darkened room, and a beam of light from
a projection lantern is directed into the vessel from the side
opposite to the jet and travels into the jet, suitable precautions
being taken to screen off stray light, the jet appears dark until it
strikes the bottom of the dish. Then a brilliant lighting results.
For the light everywhere falls on the surface of the water at an
angle greater than the critical angle, and consequently cannot
escape from the jet by refraction.
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Two Parallel Slabs.—Let TFlig. 312 represent the passage of a
ray of light from a medium A through two slabs with parallel

sides made of media B and C back into .\.

different indices of refrac-
tion ; in order to have clear
ideas we may think of them
as water and glass, the
medium A being air. The
normals to the three surfaces
are parallel. The angles of
refraction inside the media
B and € are respectively
Bandy. Itis found by ex-
periment that the emergent
ray is always parallcl to the
incident ray ; hence it makes
the same angle o« with the

A

Fic. 312,

B and C possess

normal as the latter. Let sup, pue, and ¢ua denote respectively
the indices of refraction of B with respeet to A, of € with respect

to B, and of A with respect to C.

sin a

sin B nd
_—— =~ , and ¢uy=
AMB sin /9’ BMC sin 'y’ & CHA

whence, multiplying the three equations together,

AMB  BMC AT

sina sin B siny
sinf siny sina

Then, from the definition,

sin y
sin a

This is an important result which enables us to calculate the
refractive index of one medium with respect to another, when the
refractive indices of both media arc known with respect to a
third. For exanple, if B is water which has a refractive index
1-333 with respect to air, and if C is glass of refractive index 1-52,
then the refractive index of the glass with respect to water is

given by

1

BRCT in e ot

Now we have
1
(',MA—A e
: _siny sina
smce . CHA = gin A= in y
1-52

Hence —AbC_ - =1-14

PHC= pp 1-333
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Absolute Refractive Index.—The refractive index of air under
standard conditions with respect to vacuum is 1-0003. Let us
suppose that in Fig. 312 the medium A is vacuum, the medium B
air, and the medium C glass of refractive index 1-52.  Then the
refractive index of the glass with respect to vacuum, or its absolute
refractive index, as it is called, is given by

A,U'C = :&, “-A‘LLB . B[.L(: ‘:1'0003 x 1‘52:1'5206
cpa
Thus the absolute refractive index of a substance is always
greater than its relative refractive index with respect to air, but
the difference is smaller than could be measured with the average
school spectrometer.

Several Parallel Slabs.—Lect us suppose that a ray incident
on the surface of a glass slab in air makes an angle of incidence ¢

and an angle of refraction 6 with
) Air the normal to the surface. Next
let us suppose that the ray is
o) incident at the same angle, but
does not enter the glass directly,
that a number of different media
\ are inserted between, as shown

\ in Fig. 313; these media have-
different thicknesses, but are all
Glass |0 bounded by planes parallel to

0 the plane surface of the glass.

Then the ray makes the same

© angle 6 with the normal in the

. >~ glass as before; 6 depends only

Air on ¢, and is not affected by the

media the ray passes through on

T16. 313. its way to the glass. This may

be shown by supposing the ray

to-enter the air again, for the emergent ray must make the same
angle ¢ with the normal at the point of emergence.

ExamrrLe.—Two equal glass plates with parallel sides are cemented
together with a thin air film between, thus forming a glass cell containing
air. The ccll is then immersed in a trough of water with its sides
vertical and a horizontal beam of light passed through it. It is found
that when the cell is rotated about a vertical axis through an angle 6
from the position in which the light is incident on it perpendicularly,
the beam no longer passes. KExplain the occurrence, and derive an
expression for the index of refraction of water.

The two glass plates with the air film may be regarded as forming a
series of plates such as is represented in Fig. 313. Under no circum-
stances will the beam be totally reflected on entering the glass, because
the refractive index of glass is greater than the refractive index of
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water. Now the angle which the ray makes with the normal in the
air film is not affected by the glass plate passed through: we may
think of the arrangement as simply a plate of air immersed in water.
In going from water to air the beam is entering & medium with a smaller
index of refraction. Consequently total reflection takes place when
the angle of incidence § becomes equal to the critical angle. The
beam no longer passes, because it is totally reflected by the air film, and
the refractive index of water is given by

1

K= sin o

Atmospheric Refraction.—Let us suppose that the atmosphere,
instead of diminishing gradually in density as we ascend, keeps
its density constant, and then suddenly
comes to an end. In other words, we §
have a uniform slab of air and above g
that vacuum. Ifa ray of light, SQ, from \\ 1)
a star falls on this slab, it is refracted ; ~ Q
conscquently an observer situated at I’ .
sces the star in the direction PQ. If the
air were removed he would see it in the N
direction PS’, which is parallel to QS, )
since the star is infinitely distant. In- 16, 3814,
stead of making the angle ¢ with the
vertical, the dircction of the star makes the slightly smaller angle 8.
In other words, it is displaced towards the zenith--the direction
vertically overhcad -through the small angle ¢—-0. Now

sin ¢ =sin {(¢—0)0}
—=sin (¢ —0) cos 0 } cos (¢ —0) sin 0
~=(¢p—0) cos 0-f-sin 0

because, since ¢— 6 is small, sin (¢ —6) may be written equal
to ¢ —0 in radian measure, and cos (¢ —6) may be put cqual to 1.
Substitute this value of sin ¢ in the law of refraction. Then

($—06) cos 6+sin =p sin §
(¢—0) cos §=(pu—1) sin @
or ¢—0=(pn—1) tan 0

Consequently the displacement equals w—1 or 0-0003 times the
tangent of the apparent angle which the star makes with the
zenith.

The density and refractive index of the atmosphere increase
gradually as we approach the earth’s surface. Hence the atmo-
sphere must not be representcd by a single uniform slab, as in
Fig. 814, but by a number of slabs of gradually increasing density,
as in Fig. 315. The ray from the star suffers a slight deviation on
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entering each of thesc separate slabs, as shown in Fig. 315. But,
as has been proved above. the direction in the final medium is
independent of the media passed through. Hence the above
formula still holds, provided that ¢ —§ is small. 1f, however, the
star is low in the heavens,
S tan 6 is large, the formula
\ would not give a small value
of ¢-—0, and hence can no

longer be applied.
The upward displacement
produced increases very rapidly
AN as the star approaches the
Fig. 315, horizon, attaining a magnitude
of 35 when ¢ reaches 90°.
This is greater than the angle subtended by the diameter of the
sun or of the moon. Thus, when the lower edge of the sun’s
disc appears to be touching ithe horizon, the whole dise is really
below the plane of the horizon. lHence, owing to the refraction
of the atmosphere, both ends of the day are lengthened at the

expense of the night.

Mirage.—It somctimes happens in a desert, that the layer of air
immediately above the sand is much hotter than the layers higher up,
consequently its density and index of refraction are lower than for the
layers higher up.  Rays of light from the sky incident on the hot layer
at a very large angle are thus totally reflected, and pass upwards again
into che colder regions without reaching the sand.  If they reach the
eye of an observer, he sees a piece of the sky apparently mirrored in

RESTIN U '@ 3
Fic. 316.—Mirage.

the sand, and takes it to be the surface of a lake. To this phenomenon
the name of mirage is given. Thus in Fig. 816 the observer sees the tree
and sky behind it directly. He also sees them by total reflection on the
hot air immediately above the sand, and thinks he sees a lake with the
reflection of the tree in it.
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Exayrres IIT

1. A ray of light is refracted at the surface of a glass plate of
refractive index 1-517, the deviation caused by the refraction being 12°.
Calculate the deviation for different angles of incidence, graph the result
as a function of the angle of incidence, and determine from your graph
the angle of incidence for the case in question,

2. Explain why a transparent substance like glass is opaque when
finely powdered.

3. A vessel, 8 in. deep, is filled with methyl aleohol of index of
refraction 1-332.  Find its apparent depth.

4. The index of refraction of carbon bisulphide is 1-63.  Carbon
bisulphide is poured into a beaker to a depth of 6:0 em.  What is its
apparent depth ?

5. A slab of glass, 8 em. thick, with a refractive index of 1-52 is
held with its lower surface horizontal 5 em. above a picee of paper on
which a mark is made. Where does the mark appear to be to an eve
looking at it vertically through the slab ?  Illustrate your answer with
a diagram.

6. A small air bubble in a glass slab appears to an eye looking
normally at the surface to be 3 em. from the latter. If 1-52 is the
index of refraction of the glass, what is the real distance of the bubble
from the surface ?

7. Look at the reflected image of an electric light filament in a
picee of red glass.  Why are there two images, one red and one white ?

8. Find the absolute refractive index of water, given that the
refractive index of water with respect to air is 1-3330 and the refractive
index of air is 1-:0003.

9. The absolute indices of refraction of ethyl ether and a certain
kind of glass are 1-852 and 1-517 respectively.  What is the index of
refraction of the glass with respect to the cther ?

10. Find the critical angle for a ray passing from glass of index of
refraction 1-383 to water. The index of refraction of water is 1333,

11. What is the greatest zenith distance that a star can have as
seen by an eye under water ? The zenith distance of a star is the
angle which its direction makes with the vertical.

12. The apparent clevation of the centre of the sun’s dise above the
horizon is 40°. I'ind its true elevation. The index of refraction from
vacuum to air is 1:0003.

13. A glass trough half filled with water is placed beneath a
measuring microscope, and the latter focussed (i) on a mark on the
table beneath the trough, and (ii) on the upper surface of the water.
More water is then poured in, and both readings repeated. It is found,
that (i) has been displaced upwards through a distance «, and that (ii).
has been displaced upwards through a distance . What is the index of
refraction of water ?
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14. Kepler belicved that the law of refraction was given by
¢=____’w._____
p—(p—1) sec 8

where ¢ is the angle of incidence,  the angle of refraction, and p a
constant. By means of this formula calculate ¢ for values of 6
increasing in steps of 5° from 5° to 45° inclusive, taking p equal to
1-333. Then calculate ¢ by the correct formula for the same values
of @ and p, and graph the results of both calculations on the same
diagram as functions of 6.

15. A ray of light starts from a point A, is refracted by a plane
water surface at a point P, and arrives at a point B inside the water.
Show graphically for one particular case, that the value of AP 4 uBP
for the actual path is less than for any other possible path from A to B.



CHAPTER 1V

SPHERICAL MIRRORS

IF the surface bounding two media is spherical in shape and highly
polished, it is said to form a spherical mirror. It is not necessary
for it to be silvered ; an unsilvered glass surface gives quite as
sharp images, but if the surface is silvered, the images arc much
brighter. The glass must be silvered on the front, if the theory
given here is to apply, for if the mirror consists of a thin picce of
glass silvered on the back, the light suffers refraction at the front,
both before and after reflection at the back.

Spherical mirrors are divided into two classes, concave and
convex. In the case of the coneave spherical mirror, the light
falls on the surface from the same side as the centre of curvature
or centre of the spherc of which the surface forms part; in the
case of the eonvex mirror the light falls on the surface from the
opposite side to the centre of curvature.

Spherical mirrors like plane mirrors form images of objects
placed in front of them. But whereas the image formed by a
plane mirror is always virtual, the same size as the object, and
situated at the same distance from the mirror as the objeet is, the
image formed by a spherical mirror may be real, and is usually
magnified or diminished in size; its distance from the mirror
varies also with the curvature of the mirror and the position of
the object. We shall proceed to find the formula which gives the
position of the image, restricting ourselves at first to the simplest
case, the case of a concave mirror forming a real image.  We shall
afterwards go on to the more diflicult cascs.

Proof of Formula for Concave
Mirror forming a Real Image. 8
—Lect AB represent a section of a
concave spherical mirror, let C be A z =
its centre of curvature, and let P Q ¢ P
be a point source of light. Join
PC and produce it to cut the Fic. 317,
mirror in A.

Draw any ray making a small angle a with AP to meet the
mirror at B. The element of surface at B may be regarded as

381
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plane, and consequently the laws of reflection at plane surfaces
may be applied to it. The element of surface coincides with the
tangent plane at B, and CB is the normal to it. Let /PBC—¢.
The ray after reflection at B makes an angle ¢ with the normal
and meets AP at Q. Denote /BCQ by 8 and /BQA by v,
and let AP, AC, and AQ have respectively the values u, r,
and .
Then, from the figure

B==¢+a, y=¢-+B,
and conscquently a+y—=28. But since a, 8, and y arc small,
we can write

AB

1'

AB AB
a=" B= ;o and y=

On substituting these values in the equation above, and dividing
out by AB, we obtain

1 1 2

2 T5=5
i.e. the position of Q is quite independent of the position of B.

Rays diverging from a point P, therefore, and making a small
angle with the straight line joining P with the centre of curvature
of the mirror, after reflection at the mirror, converge towards
another point Q. Or, in other words, the mirror forms an image
of the point P at Q.

In Fig. 817 keep the mirror and, consequently, the point C
fixed, and rotate the line PC through a small angle about an axis
perpendicular to the plane of the figure through C. P and Q
then describe ares which may be taken as straight lines, and the
one line will be the image of the other.

Spherical mirrors have usually a circular rim, and the straight
line through the centre of curvature perpendicular to the plane
of ‘this rim is called the axis of the mirror. We have proved,
therefore, for one particular case, that a spherical mirror forms an
image of a short linc situated on the axis and perpendicular to the
axis.

Conjugate Points. Focus.—It is clear that in Fig. 317 the rays
may be regarded as starting from Q and going to P, Or in other
words, object and image are interchangeable. This is expressed
by saying that P and Q are conjugate points.

If the object is at infinity, 1/« is zero, and v becomes equal tQ
7/2.  All the incident rays are then parallel, and after reflection
they converge to a point I midway between A and C (Fig. 318).
This point I is called the principal focus, or simply the focus of
the mirror, and the length AF is called its foeal length, and is



SPHERICAL MIRRORS 333

usually written f. If we substitute f for /2 in the formula for the
spherical mirror, the latter becomes
11 1
w T f
If the rays from the sun are focussed by a large mirror in the
manner indicated by Fig. 318, the heat produced at F is sufficient
to set fire to small pieces of paper.

Graphical Construetion.—If the property of the focus, and the
fact that the mirror forms images be assumed, the position and
size of the image can be found very casily by a graphical construc-
tion. Let there be an object at P (Fig. 319), only onc half of

y A
[4 > - [
—F & —
A & g
\y N~ 7
Fi1c. 318. I'16. 319,

which, Pp, is drawn. Draw a ray from p through C; it falls on
the mirror perpendicularly, and consequently after reflection
comes back along the same path. Draw another ray, pB3, parallel
to the axis; after reflection it passes through the focus. The
point ¢ where BE cuts pC is therefore the image of p, and the
perpendicular ¢Q to the axis conscquently the image of pP.

Alternative Proof of Formula.—The formula for the mirror
may be derived from Fig. 319. Since AB is small in comparison
with the radius of curvature—it is greatly exaggerated in the
figures for the sake of clearness—it may be regarded as straight,
and at right angles to AP. Then AB.=Pp, and conscquently
AB/Qq=Pp/Qq. Triangles ABL and Qql" arc similar, as arc also
triangles QgC and PpC. Henee

AB AF Pp PC

Q7 QF Q7 QC
But the left-hand sides of these two cquations arc already equal;
hence

A¥ PC
QF  QC
or fo_u —2f
v—f 2f—v
which gives f(2f—v) = (u—2f)v—f)

or Su+tfo=uv
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and on dividing out by u v f,
1 1 1 2
wto=f7r
the equation which has already been found.
Magnification produced by a Mirror.—The relative sizes of
the image and object can also be obtained from Iig. 319. For

1 1
Qp QC r—v v(v _;)

Pp— CP “u_—-;';u(l 1)

roou
: 1 1 2 1 1 1 1
But since St =2, = -
U v r v 7 r m
m Qg v
Thus Pp

The ratio Qqg/Pp is termed the linear magnification or simply
the magnification. If the magnification is a proper fraction, the
image is smaller than the object. The above equation can be put
into the following useful rule : the linear dimensions of the image
and object are in the ratio of their distances from the mirror.

KxamrLE.~-A real image produced by a concave mirror is found to
be four times the height of the object.  If the mirror is 30 cm. from the
object, what is its focal length ?

We have v=4u, ©u=30. Thus v=120, and on substitution in

1 1 1
wto=F

[—2%cm,

Convention of Signs.—Hitherto in dealing with the concave
mirror we have restricted ourselves to the case, that the image is
on the same sige of the mirror as the object. It is then real, and
can be received on a sereen.  Let us suppose that the object lies
between the surface of the mirror and the focus; for example,
let 7==10 em. and #==3 em. Then, by the equation

1.1 1
37575
which gives v=—7'5 em.

The natural interpretation of this result is.that the image is
situated 7-5 em. from the mirror on the opposite side from the
object. If we use the graphical construction, it leads to this same
position of the image. Now we do not know so far, that we have
the right to use either the formula or the graphical construction,
when v is negative. We shall, however, make the assumption,
that all distances to the right of the mirror are positive, and all
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distances to the left negative. That is, u, v, r, and f are to be
regarded as the co-ordinates of the object, image, centre of
curvature, and focus with respect to the mirror as origin, and we
are to use the plus and minus signs in exactly the same manner as
in co-ordinate geometry or graph plotting. Then on the basis
of this assumption, we shall find formule for the position of the
virtual image formed by a concave mirror, and for the position of
the image formed by a convex mirror,

Concave Mirror. Virtual Image.—-Let P (Fig. 320) be the
object, C the centre of curva-

ture, and BQ the direction of B>

the reflected ray produced ¥

backwards to mect the axis. Y « s
Let ¢ denote the angle of inci- Q Al P ¢
dence and reflection at B, and

let /APB, / ACB,and /AQB FiG. 820.

be equal toa, B, and y respec-
tively. AP=wu, AC=r, and AQ==v. Then, from the figure,
a=p+f 2 oty

which gives a—y=28. Since a, 8, and y arc small, we can write
AB AB AR

T ’Bz'ir »oand y—=="

The minus sign is necessary in the expression for y, since v itself

is negative. On substituting these values in the equation above,

and dividing out by AB, we obtain

1 1 2
Wty
Convex Mirror.—Lect P (Fig. 321) be the object, C the centre of

curvature, BQ the direc-
tion of the reflected ray

produced backwards, and V- =
¢ the angle of incidence
and reflection as before. \
Let a, B, and y have the C Led § 4 m * \P
values denoted in the
figure, and let AP=u,
ACZT, and AQZU. In . Fic. 821.
this case both r and v are
negative.
Then y=B+¢, 2¢p=a+ty
and these give y —a=28. We have
AB AB AB
a=" B———r», and y=— o
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and on substituting these values and dividing out by AB, we obtain
the equation

as before.

Hence in Figs. 320 and 321 the position of the point Q is inde-
pendent of the position of B, and the mirror forms an image of the
point P at Q. The image is in cach case a virtual one; it is not
the rays themselves, but only their directions produced backwards
that mect. Consequently the image will not show up on a screen.

If in Figs. 8320 and 321 the point C is kept fixed, and the line PC
is rotated through a small angle about an axis through C perpen-
dicular to the plane of the paper, P and Q deseribe ares which may
be taken as straight lines, and the one line is the image of the other.

Thus we find that the same formula holds for all cases of image
SJormation by spherical mirrors, provided that it is tinterpreted
algebraically.

Focus of a Convex Mirror.—Lct us suppose that a beam of
parallel light is incident on a convex mirror, as shown in Fig. 822,
Then 1/u is zero, and v becomes equal to 7/2.  After reflection at
the mirror the rays appear to diverge from a point F midway
between A and C, which is called the focus of the mirror; AF 1s
called the focal length of the mirror, and is usually written f.
In Fig. 322 fis negative.

FiG. 322, Fi6. 323.

Graphical Construetion for Convex Mirror.—-Fig. 323 shows a
determination by the graphical method of the position and size
of the image formed by a convex mirror. Pp is the upper half of
the object. From P a ray is drawn through C; it falls on the
mirror perpendicularly, and consequently after reflection comes
back along the same path. Another ray pB is drawn parallel
to the axis; after reflection its direction produced backwards
passes through the focus ¥. The point ¢, where BF cuts pC, is
therefore the image of p, and the perpendicular to the axis, ¢Q,
consequently the image of pP.

The formula for the mirror and the law of magnification can
be derived from Fig. 323 just as they were derived from Fig. 319.
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If regard is paid to the signs of Pp and Qg, reckoning distances up
positive and down negative, the law of magnification becomes

Ng_ v

Pp  u
Then, when Qg/Pp is positive, the image is erect, and when it is
negative, the image is inverted.

Rules for solving Problems.—To recapitulate, then, the
following facts must be kept in mind in solving numerical problems
on mirrors-

{1) The same formula

1.1 2 1
wto 7 f
holds for all cases of image formation by a spherical mirror.

(2) The magnification is always equal to the image distance
divided by the object distance.

(3) The same graphical construction holds for all cases. And
in order to avoid mistakes in sign, which are very difficult to
prevent altogether,

(4) Always verify numerical results by the graphiecal
construction.

Some textbooks use a different convention of signs from that
adopted here, and always take the dircetion opposed to the incident
light as positive ; thus v=10 cm. means that the image is 10 em.
from the mirror on the side from which the light is coming, and
v==—7 cm. means that the image is 7 em. distant on the other side.
The two conventions agree or clash according to the side of the
page from which the light comes. As there is no reason why a
student should unlearn his co-ordinate gecometry when he starts
to study light, and as the one convention possesses no advantage
over the other, we shall always measure distances to the right of
the mirror positive, and distances to the left of the mirror negative.

If a student has not time to learn both the use of the formula
and the graphical construction, it is better to concentrate on the
graphical construction.

lixaMPLE.—A concave mirror has a radius of curvature of 12 cm.
Find the position, nature, and size of the image, when an object 4 mm.
high is placed (a) 18 em. from the mirror ; (b) 4 cm. from the mirror.
(a) The formula gives
1.1 2
18 'v 12
Hence v=9 cm., and the image is real and inverted. The magnification
v/u is 4, and hence the height of the image is 2 mm.
(b) In this case
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Hence v=—12 cm., i.e. the image is behind the mirror, and is erect and
virtual. The magnification is 12/4=3, and the height of the image
consequently 12 mm,

ExaMPLE.—A convex mirror has a focal length of 10 em. Find the
position, nature. and size of the image, when an object 5 mm. high is
placed on the axis of the mirror at a distance of 15 cm. from it.

In this case the focus is behind the mirror, so that f must be written
—10. Then the formula gives

1 1 1

15757 710
Hence v= —6, the image is behind the mirror, erect, and virtual, the
magnification is 6/15=3, and the height ol the image is 2 mm. high.

The Optical Bench.—The optical bench is a piece of apparatus
used for determining the focal lengths of lenses and mirrors.
There are two classes of optical bench, those made with metal
bases and fittings, and those made of wcod. The former, while
more accurate and indispensable for certain special purposes, are
too expensive and claborate for gencral use, and a wooden bench
of the type shown in Fig. 32} will be found sufficient for most
purposes.

F1c. 324.—Optical bench.

The base of this bench is mahogany. At the side is a scale
two metres long for reading the positions of the pieces. The stand
A carries an incandescent electric lamp, in front of which there is a
wooden upright with a rectangular hole in it, across which are
stretched cross-wires. These cross-wires are the object, and it is
usually advisable to fasten a piece of tissue paper with drawing-
pins between the hole and the lamp to give a more uniform back-
ground to the object. Stand B is for carrying the lens or mirror ;
it has a V-shaped top with a groove in it. C is a screen for
recelving images, consisting of an upright with a piece of paper
fastened on with drawing-pins, and D a similar screen with a
hole in it, also used for receiving images. The positions of the
various stands can be read by marks on their bases.

The optical bench is generally used in a darkened room. This
is, however, not necessary. If instead of cross-wires, the filament
of a 16 candle-power carbon glow lamp is used as object, the
image is bright enough to be received on a screen in broad daylight.
Also it is not necessary to mount the various stands on a wooden
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board as shown in Fig. 824 ; they may be moved along the surface
of the table itself, and the distances between them mecasured with
an ordinary mectre-stick.

Mirrors suitable for use on an optical bench can be made by
taking untrimmed spectacle lenses and painting one face black.
The other face is used as reflecting surface. The paint absorbs
the light that enters the glass.

Experiments on Spherical Mirrors.—(1) Fix a concave mirror in
the stand B (Fig. 324), place it on the optical bench facing stand D, and
direct the bench towards a window or distant light. The window is
so far away, that the rays from it may be considered parallel ; they
pass through the hole in D, are reflected by the mirror, and form an
image of the distant object at the focus of the mirror. The stand D
is moved towards the mirror, until this image is sharply focussed on it.
The distance of the image from the mirror is then the focal length of
the latter.

If the axis of the mirror were set parallel to the bench, the image
would fall on the hole, and hence be lost. The mirror is consequently
tilted a little, so that the image falls on the paper at the side of the
hole ; this causes no appreciable error.

(2) Stick a pin in the hole in D with its head in the same planc as
the paper which is fastened on this stand, and fix a concave mirror
on the stand B so as to face the paper. Place the lamp A on the other
side of D with the upright turned away from the latter, so that its rays
fall through the hole in D on to the mirror. Focus the mirror until
an image of the pin is formed on the paper close beside the pin itself.
Then measure the distance of the mirror from the pin.

In this case v=u. Hence, substituting in the formula,

1,1 2

U u r
u=r, and the radius of curvature of the mirror is equal to the distance
of the mirror from the pin.

(3) Let the rays from the cross-wires on stand A pass through the
hole in D, fall on a concave mirror mounted on B, and be reflected back
to form an image on D. Take different positions of cross-wires and
mirror, and measure the corresponding values of v and v. The latter
should then be entered in a table as below, and f calculated by the
formula

If many values of u and v are taken, they should be graphed against
one another ; the curve is a rectangular hyperbola.
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(4) Mount a convex mirror on stand B, and let the rays of light
from the illuminated cross-wires fall on it. As the image is virtual, it
cannot now be received on a screen, and consequently a different pro-
cedure must now be adopted, analogous to that of experiment 4 on p. 305.
Mount a long pin in a picce of wood, and set it vertical on the axis of
the mirror behind the latter. Then placing a hand over the lamp, so
as to prevent its dircect light entering the eyes, look over the top of the
lamp into the mirror. An image of the cross-wires will be visible in the
mirror, and at the same time the long pin will be seen over the top of
the mirror. Shift the long pin about until it coincides in position with
the image of the vertical cross-wirc, moving the head from side to side
to be sure that there is no parallax between them.  The distance of the
pin from the mirror gives v, the distance of the cross-wires from the
mirror gives u, and f can then be calculated by the formula.

(5) Verify the values of 7 obtained on the optical beneh by means
of the spherometer.

ExamrrLe.—The focal length of a concave mirror is obtained by
forming the image of a lamp scveral metres distant. The result is
25-2 cm. How far away must the lamp be for the result to be accurate
to 2 mm. ?

Let u be the distance of the lamp, when the result is of the degree
of accuracy required. Then v=252 and f=252-02=250 cm.
Consequently

1, 1
w232 250
which gives u=3,150 cm.

_ Tracing the Position of the Image.—In the formula for the
mirror

write u=f+a and v=f-+y. Then 2 and y denote respectively the
distances of objcct and image from the focus. We obtain

N !ﬁ + 1 o 1
fre ' f+y f
Sy (o) =+ f+y)
and finally xy=f2

This equation may be used for tracing the change in position of the
image, when the position of the object is varied. It holds both for
the concave and convex mirrors. .

Thus in the case of the concave mirror facing towards the
right with its focus a distance f in front of it, when 2=w , y=0.
As the object moves towards the focus, the image moves to the
right away from the focus. When a=f, y=f; so they pass at
this point, i.e. at the centre of curvature. Asa becomes 0, y moves
towards infinity.
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When the object crosses the focus, x is negative and very small.
Al the same time y becomes negative and very large ; the image
is virtual and a long way behind the mirror. As the object passes
the focus on its way towards the mirror, the image jumps from
positive to negative infinity. Finally, as the object approaches
the surface of the mirror,  becomes - f, and consequently y
becomes —f. So object and image meet on the surface of the
mirror.

In the case of the convex mirror facing towards the right with
its focus distant f behind it,when =0, y=0. As z diminishes,
y increases; finally, when z=—f, y=—f, i.e. they reach the
surface of the mirror together.

The above results are shown below in tabular form. The
table at the same time gives the character of the image ; this is
obtained most easily from the graphical construction.

TABLE OF RESULTS

Posttion of Object
At infinity.
Between «© and
At C.

Between C and T°.

At F,
Between r
mirror

and

At mirror.

Position of Objct
At infinity.
Between infinity and
mirror.
At mirror.

CONCAVE MIRROR

Position of Image

At focus.
Between F and C.

At C.
Between C and o .

At infinity.

From an infinite dis-
tance behind mir-
ror to mirror.

At mirror.

CoNveEx MIRROR

Position of Image
At focus.
Between I

mirror.
At mirror.

and

Character of Image

Real.

Real, inverted, dimin-
ished.

Real, inverted,
size.

Real. inverted, magni-
fied.

same

Virtual, ercct, magni-
fied.

Erect, same size.

Character of Image
Virtual.
Virtual, crect, dimin-
ished.
Erect, same size.

ExpErRIMENT.—Place a candle flame close up in front of a concave

mirror, for example, a shaving mirror.
magnified erect image of the flame will be scen.

On looking into the mirror a

Gradually draw the

flame away from the mirror ; the image grows larger and fills the whole
mirror, until finally it ceases to be visible.

1f, however, the flame is moved further out, and we look into the
mirror along its axis from a distance, an inverted aerial image of the
flame will be scen further out than the flame itself. If the flame is again
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moved out, this image moves in, until there is no parallax between
them, and flame and aerial image are seen side by side, exactly the same
size. As the flame moves further out still, the aerial image moves
further in, and diminishes in size.

ExpreriMENT.—Form a real image with a concave mirror, and
determine corresponding values of u and v, taking as wide a range of
values as possible and including the case where v is greater as well as
the case when v is smaller than w. Graph the results, and from the
graph determine the focal length of the mirror.

The Magic Dagger and the Phantom Bouquet.—Fig. 325 represents
an illusion known as the ‘¢ Magic Dagger,” in which a concave mirror
is employed. A dagger is suspended at A inside a box in an inverted
position. The box contains electric lamps not shown in the figure, and
henee the dagger is strongly illuminated. The rays issuing from it

Lo, 825.—Magie dagger.

fall upon the concave mirror at B, are reflected by the latter, and form
a real erect image at C.  The illusion is shown in a partially darkened
room ; the spectator sces a luminous dagger before him, which, when
he tries to grasp it, melts into thin air.  Also if he moves to the side, so
that his eyes do not catch the reflected rays from the mirror, the
illusion vanishes. The spectator cannot see the real dagger or the
lamps which illuminate it, as they are concealed by the box. The
illusion is a very effective one, when it is properly staged.

The ** Phantom Bouquet ™ is another variant of the same illusion.
Instead of a dagger a bouquet of flowers is suspended upside down
inside the box, and a vase is placed at C. When the spectator is in
line with the vasc and the mirror, an erect image of the bouquet appears
in the vase, but when he steps to the side, the vase is empty.

« Caustic formed by Reflection at a Concave Mirror.—We assumed
in proving the formula for the mirror (Fig. 317), that the arc AB was
small. If it is not small, the approximations made are no longer
justified, and the formula does not hold.

Let AB represent a section of a concave spherical mirror, let C be
its centre of curvature, and let P be a point objecet, Then if rays be
drawn diverging from P at all angles, by making their angles of reflection
equal to their angles of incidence they may be found graphically to
occupy after reflection the positions shown in the figure.

Only the rays reflceted from the neighbourhood of A pass through
the image of P at Q; the others intersect the axis between A and Q.
Any two rays reflected from neighbouring points of the mirror intersect
each other before reaching the axis, and these points of intersection
lie on a caustic. All the reflected rays touch this curve, and it has a
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cusp at Q. The form of the caustic alters, of course, if P moves along
the axis. Owing to the reflected rays coming closer together at the
caustic, a bright curve is formed on a piece of paper or other white
surface there. A familiar example of this is nearly horizontal sunlight
shining into a teacup filled almost to the top with milk. Here the

A =%

¥i1c. 320.

inside of the cup acts as mirror. A better way of producing the caustic
is by means of a picce of polished steel spring bent circular and placed
on a drawing-board.

The shape of the caustic curve can be determined graphically for
other positions of P in the same way.

Exavrres IV

1. A concave spherical mirror has a focal length of 10 em. Find
the position, size, and nature of the image, when the object is 2 em.
high and distant (i) 24 cm., (ii) 6 cm. from the mirror. Verify by the
graphical construction.

2. A concave spherical mirror has a radius of curvature of 24 em.
Find the position, size, and naturc of the image, when the object is
1 cm. high and distant (i) 18 cm., (ii) 6 cm. from the surfuce of the
mirror. Verify by the graphical construction.

8. A convex spherical mirror has a focal length of 10 em. Find
the position, nature, and size of the image, when the object is 2 cm.
high and distant (i) 24 cm., (ii) 6 em. from the mirror. Verify by the
graphical construction.

4. A convex spherical mirror has a radius of curvature of 24 cm.
Find the position, size, and nature of the image, when the object is
1 cm. high and distant (i) 18 cm., (ii) 6 cm. from the surface of the
mirror. Verify by the graphical construction.

5. The radius of a curvature of a concave mirror is 20 cm. Find
the positions of the object for which a real image three times its height
and a virtual image twice its height are formed.
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6. A gas flame is placed at a distance of 6 ft. from the wall of a room.
Find the radius of curvature of a concave spherical mirror, and where
it must be placed, in order that it may produce on the wall an image
of the flame magnified four times.

7. An unlit gas burner is placed 3 ft. in front of a concave mirror
of radius 2 ft. Where must a flame be placed, so that its image may
appear to come out of the unlit burner ? Should the flame be erect or
inverted ?

8. An object is placed at a distance of 4r in front of a concave mirror
of radius r. Show that the image is erect, virtual, and magnified
three times.

9. An image produced by a concave mirror is n times the size of
the object. What is the distance of the latter from the mirror in terms
of the focal length ?

10. If the image formed by a concave mirror is 5 in. distant from
the object, and the mirror itself is 4 em. distant from the object in the
other direction, find the radius of curvature of the mirror.

11. An object is held in front of a convex mirror, at a distance equal
to the focal length of the mirror. Determine the size, nature, and
position of the image.

12. A pencil of rays converging to a point 30 cm. behind a mirror,
is brought to a focus, by reflection from its surface, at a point 15 cm.
in front of the mirror. State whether the mirror is convex or concave,
and determine its radius of curvature.

13. A small object on the axis of a concave mirror at a distance of
20 inches from it produces a virtual image which is three times its own
size. Find the focal length of the mirror.

14. Describe what you see, when you look at your image in a concave
mirror, and move backwards slowly from the mirror.

15. A plane mirror is placed 3 ft. in front of a concave mirror of
1 ft. focal length. Find where an object must be placed between the
two mirrors in order that the first two images may coincide.

" 16. A concave and a convex mirror each 15 cm. in radius are placed
opposite to cach other and at 40 cm. apart. A point source of light is
situated midway between them, and a pencil of rays from it is reflected
first at the convex, then at the concave mirror. Find the position of
the image formed.

17. A narrow strip of plane mirror is placed between a vertical
knitting needle and a convex mirror. The distance between the mirrors
is 4in. When the needle is 7 in. from the strip, it is found that the two
virtual?images appear to coincide. What is the focal length of the
mirror

v



CHAPTER V
LENSES

Lenses.—A lens is a portion of a refracting medium bounded by
two spherical surfaces or by one spherical surface and a planc
surface. The straight line joining the centres of curvature of
the surfaces is called the axis of the lens, or, if one of the surfaces
is plane, the axis

is the straight

line normal to it

drawn through

the centre of

curvature of the A B c D E F
other. A planc F16. 327.—Types of lenses,

through the axis

is said to be a principal section of the lens. A lens forms an image
of an objecct situated on its axis.

Lenses arc divided into two classes. The first class, convex
or converging lenses, cause a bcam of parallel rays to converge ;
the second class, eoneave or diverging lenses, cause a beam of
parallel rays to diverge. Fig. 327 gives the principal scctions of
some typical lenses.  Of these, A, B, and C are convex ; D, K, and
F are concave. A is termed a double-convex or bi-convex lens,
B a plano-convex lens, and C a convex meniscus, while D is termed
a double-concave or bi-concave lens, IS a plano-concave lens, and
F a concave meniscus. C and F are termed also, somewhat
indiscriminately, convexo-concave and concavo-convex lenses.

Fic. $528. I'te. 829.

Figs. 828 and 829 show beams of parallel rays parallel to the
axis incident on a convex and a concave lens respectively. The
345
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rays are in each case going from right to left. After passing
through the convex lens the rays meet in a point, the focus of the
lens; after passing through the concave lens the directions of the
rays produced backwards meet in a focus. The distance from the
lens to the focus is in each case called the focal length of the lens,
and is usually denoted by f.

Fig. 380 represents a beam of parallel rays incident on a convex
lens and making an angle
with the axis of the lens.

F /g In this case they meet in a
point P directly below the

P focus, . Or, in other words,
' P is situated in the plane
Fic. 33). drawn through F at right

angles to the axis of the lens.

The direction of a ray of light which passes through the centre
of a lens is unaltered, because to such a ray it acts simply as a
parallel plate.

Graphical Determination of Position of Image.—If the
properties of the focus and the centre of the lens are assumed, the
position of the image can be dctermined very easily graphically.
For let Fig. 331 represent the case of a convex lens forming a real
image. The arrow Pp drawn at right angles to the axis represents
one half of the object. From p a ray is drawn parallel to the axis
to meet the lens in B. After refraction by the lens it passes
through the focus F. From p another ray is drawn through C,
the centre of the lens. It passes through undeviated. The point

q

I'16. 331. Fic. 332.

where the two rays intersect, that is, ¢, is the image of p, and the
perpendicular to the axis, ¢Q, is the image of pP.

The rays BF and pC may not meet to the left of the lens, in
which case a virtual image is formed. Fig. 332 represents this case.
The rays BF and pC are drawn in the same way as before, and
their directions produced backwards meet at ¢; a virtual image
of Pp is formed at Qq.

Fig. 883 represents the case of a concave lens. The ray pBis
drawn parallel to the axis as before. After refraction by the lens
it appears to diverge from the focus F. It consequently intersects
the ray pC at ¢, and a virtual image of Pp is formed at Qg.
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In Figs. 331, 832, and 333 only two represencative rays are
drawn from the point p. This is all that is necessary in order to
determine the position of the image. In order to show more
clearly how the lens acts, the paths of all the rays diverging from

Fic. 333. I1c. 834.

p and incident on the lens are represented for the same three case
in Figs. 334, 335, and 386. And similar diagrams might be draw
for the rays diverging from every point in the object.

Formula for Lens.—The positions of the object and imag
formed by a lens are connected by a formula similar to the on
already proved for the spherical mirror. We shall denote th
distances of the object, image, and focus from the centre of th
lens by the symbols u, v, and f. These symbols are to be us
algebraically. If, for example, the object is 40 cm. to the riglft
of the lens, u=+40; ifit is 40 cm. to the left of the lens, u= —4f.

Fi6. 335. Fic. 336.

The formula can be proved from Figs. 331, 332, and 838. Con-
sider first Fig. 331, the case of a convex lens forming a real image.

CB=Pp
hence ((3—]; :g%
Triangles FQg and FCB are similar, as are also triangles CQq and
CPp. Ilence
CB_CK ., Pp_CP
Qg QF Q CQ
But the left-hand sides of these two equations are already equal ;
hence
CF _CP

QF~CQ
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But CF=f, Q¥ =—-FQ=—(CQ—CF)= —v+f, CP=u and CQ=v.
Hence, substituting
f u

—vtf v
of = —uv+uf
uf —vf =uv

and, on dividing out by wuvf,

Q-

11
w f
the required formula.

If Figs. 832 and 333 are considered instead of Fig. 331, it will
be found that the above proof holds equally well for these figures
also. Hence the formula in its algebraic form is true for all possible
'cases of image formation by a lens.

. Formula for Magnification.—The ratio of the length of the
gmage to the length of the object is called the linear magnification,
ir simply the magnification. From Figs. 331, 382, and 333 we have

1. o . .

oo Qg CQ v distance of image from lens

(o Magnification T Pp CP u distance of object from lens
Wi'hen the ratio vju is positive, the image is erect; when it is
neMgative, the image is inverted. This may be verified by an
In¢ spection of the three figures.

T Conjugate Points.—It is clear from Fig. 334, that for a convex
_IC‘HS’ ; forming a real image the positions of object and image are
inte rchangeable. If a real object is placed at g, a real image is

iy aed at p. Hence p and g are called conjugate points. The
tm 1 is extended to include also the cases represented in Figs. 335
and'336 where the image is virtual. In these cases the object
placed at ¢ must not be a real one but a virtual one, otherwise
there is no image formed at p. The rays must fall on the lens from
the left, as if they were going to converge to a point at ¢; they
are then brought by the lens to a real image at p.

It is the same with the case of a spherical mirror forming a
virtual image ; if the virtual image is replaced by a virtual object,
a real image is formed in the position of the former real object.

ExamMPLE.—A convex lens has a focal length of 24 ecm. Find the
position, size, and nature of the image formed of an object 1 em. high,
when the latter is situated (i) 60 cm., (ii) 12 cm. from the lens.

In the first case we have u==060 and f= —24, since it is the focus
on the other side of the lens that is used. Therefore

1 1_ 1
v 60 2%
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which gives v:=—40 cm., and the magnification = —40/60. Hence
the image is $# em. high and real and inverted.
In the second case

1 71 _ 1

ro12 2
which gives v=24. The magnification is 24/12. The image is conse-
quently on the same side of the lens as the object, 2 em. high, virtual
and erect.

KxampLE.—The focal length of a concave lens is 30 em. Find the
position, size, and nature of the image, when the object is distant 40 cm.
from the lens, and is 1 em. high,

We have

111
o 40 80
Hence v=17-1 and the magnifieation is 122x 1.=2  The image is

consequently 7 cm. high, and virtual and crect.

Exampre.—Rays of light from a luminous object are brought to a
focus at a point P. A convex lens of 10 em. focal length is then placed
12 em. from P, so as to intercept the rays before they meet at P, If
now they meet at Q, find the distance PQ. Where else could the lens
be placed, so that, after passing through it, the rays might appear to
diverge from Q ?

Let us suppose that the rays are coming from the right. 'Then in

the formula u=—12, f= —10, and
1 -1 1
2127 10
which gives v= —5-45 cm. PQ is therefore 6:55 cm.

The other position is on the other side of P with Q as the virtual
imagc of P. Let the distance of P from this position be w. Then
1 1
w635 u 10
which gives u=>545 or —12 em. The first root gives us the position
we are looking for, the second root merely the first position over again.
(Cf. Method 4 of p. 351.)

Two Lenses in Contact.—Two thin lenses of focal lengths
/1 and f; are placed in contact

with their axes coincident. M

Their thicknesses arc so small . . -
in comparison with the other Q W P S
distances involved, that the

centre of the combination may k6. 337,

be taken anywhere on the axis
inside the lenses. It is required to find the focal length of the
single lens that is equivalent to the combination.

Let Fig. 337 represent the combination, let P be the object, and
let S be the image formed by refraction through the first lens alone.
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S in its turn becomes the object for the second lens ; after passing
through both lenses the rays form a final image at Q.

Let the distances of P, S, and Q from the lenses be denoted
by u, s, and v. Then, considering the action of the first lens only,

111
s w f1
Considering the action of the second lens only,
111
v s fy
By adding the above two equations,
1 1 1 1

vou fiofe
Now suppose that the two lenses are replaced by a single lens of
focal length F which forms an image of P at Q. By applying the
formula to this lens,

1 1 1

v ou I
Hence, from the equation immediately above,

1 1 1
¥Ff +.f 2

This equation gives the required result.

Determination of Focal Length of Convex Lens.-—(1) The simplest
method of determining the focal length of a convex lens is to form the
image of a distant object, for example, a lamp or a window frame, on
a screen, and then to measure the distance of the screen from the
lens. Care must be taken that the distant object is far enough away
for its image to be formed actually at the focus of the lens, otherwise the
result will come out too large.

(2) Arrangc the optical bench as shown in Fig. 324 and adjust the
position of the lens and the screen, so that a sharp image of the cross-
wires is formed on the latter. Then measure u and v, the object and
image distances. At the same timc measure the length Pp of the
horizontal cross-wire and the length Qg of the image of the horizontal
cross-wire. Repeat for different positions of the lens and enter the
results in tabular form as follows :

Q/Pp | S

—t
i

u v . Pp ' Qq l v/u l
|

T
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[ is calculated from the first two columns by means of the formula,
which takes the form

1,1 1

v ou f
for a convex lens prqducing a real image when used arithmetically,
i.e. when the numerical values of u and v are substituted dircctly
without prefixing their proper signs. The fifth and sixth columns give
the magnification calculated in different ways, and they should agree,
if the observations have been made correctly.

The lengths of the cross-wire and its image can be measured simply
with callipers or with a rule. In order to obtain greater accuracy a
negative should be taken of a white paper scale and from this negative
two positives made on lantern plates. These positives should be
bound up with pieces of ground glass instead of cover glass, the ground
side being next the photographic film. The two scales thus prepared
are, of course, identical. They are mounted on the bench, one being
used as object instead of the cross-wires and the other being used as
image screen. The magnification is then found by getting the image of
the one scale directly below the other and finding how many divisions
on the one correspond to the whole length of the other.

(3) Place the lens at the middle of the bench and arrange the
cross-wires and image screen at equal distances from it. Then in
general there will be no image formed. If now the distances of the
cross-wires and image screen from the lens are gradually increased or
decreased, their values being always kept equal to one another, positions
will eventually be reached in which a sharp image is formed on the screen.
Then u is numerically equal to v, and by substituting in the formula
cach is equal to 2f. If d is the distance between cross-wires and image

d
screen, [ is numerically cqual to 4

(4) If d is numerically less then tf, no real image is formed. If d
is numerically greater than 4f, for every given position of the cross-wires
and image screen two positions can be found for the lens in which it
gives a real image. This follows simply from the nature of the formul,
for they can be written arithmetically

1.1 1

v+ﬁ~f
and thus u and v can be interchanged without their form being altered.
Thus, if originally =10 em. and v=15 cm., and if the cross-wires arc
kept fixed and the lens moved out another 5 em., so that u becomes
15 em. and v becomes 10 em., an image again appears on the screen.
The magnification in the one case is the reciprocal of the magnification
in the other.

If a is the distance between the two positions of the lens, a=v —u.
But d=v+4u; hence 2v=d+}a, 2u=:d—a,

u-+tv=d

1 1,12 , 2 4d
and -f_v+u—d-'}:a+d——a*d2—a3
f‘dz—£
or = 4
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S in its turn becomes the object for the sccond lens ; after passing
through both lenses the rays form a final image at Q.

Let the distances of P, S, and Q from the lenses be denoted
by u, s, and v. Then, considering the action of the first lens only,

1 1.1

sTuTf
Considering the action of the second lens only,

1.1 1

v s fa

By adding the above two equations,
11 1.1

Now suppose that the two lenses are replaced by a single lens of
focal length F which forms an image of P at Q. By applying the
formula to this lens,

111
v ou I
Hence, from the equation immediately above,

1 1 1
F—f1+f2

This equation gives the required result.

Determination of Focal Length of Convex Lens.— (1) The simplest
method of determining the focal length of a convex lens is to form the
image of a distant object, for example, a lamp or a window frame, on
a screen, and then to measure the distance of the screen from the
lens. Care must be taken that the distant object is far enough away
for its image to be formed actually at the focus of the lens, otherwise the
result will come out too large.

(2) Arrange the optical bench as shown in Fig. 324 and adjust the
position of the lens and the screen, so that a sharp image of the cross-
wires is formed on the latter. Then measure u and v, the object and
image distances. At the same time measure the length Pp of the
horizontal cross-wire and the length Qq of the image of the horizontal
cross-wire. Repeat for different positions of the lens and enter the
results in tabular form as follows :
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; distance of the cross-wire from the lens is, of course, u, and the focal
éngth can be obtained from the formula.

More Accurate Method of determining Focal Length.—The methods
described on pp. 350-352 for determining the focal length of a convex
lens are very suitable for spectacle lenses with a foeal length of 20 or
30 cm., and give single results in this case which agree to about 1 milli-
metre. If the focal length of a camera lens or of a magnifying glass
or of a microscope objective is to be measured, or if greater accuracy
is desired, it will be found advantageous to use the following method :—

A horizontal paper scale is set up in a dark room and illuminated by
alamp. The lens is mounted a great distance in front of the seale, and
forms a small acrial image of it. The length of this acrial image is
measured by a vernier microscope (¢f. Fig. 355), and the result divided
by the length of the scale gives the magnification m.  ILet d be the
distance of the object from the aerial image. Then, if 4 and v are
used arithmetically,

m::-)‘, d=u-+4v=u(l-}m)

1 1 1
But f#i)+57

uv mu md
hence = - =

u+v 14m (1 +m)?
m being usually so small, that the denominator may he made unity.

For camera lenses I have taken a 50 ¢m. scale distant 12 metres.
For microscopic objectives the distance should be much less. The
vernier microscope should have both a horizontal and a vertical inotion.

Provided that d is much greater than f, the method gives accurate
results for the focal lengths of thick lenses and systems of lenses, which
is not the case with the methods deseribed on pp. 350-352.  The theory
of thick lenses and systems of lenses is, however, beyond the scope of
such a book as the present one.

Combination of Lenses and Mirrors.—(1) Convex lens, plane mirror,
inverted image. If a plane mirror is placed behind a convex lens, and
an object is placed at the focus of the lens in front of the latter, an
inverted image the same size as the object is formed coincident with or
alongside of the object. For the rays are parallel after passing through
the lens both before and after reflection by the mirror.

(2) Convex lens, plane mirror, ercct image. If the object is placed
at twice the focal length of the lens on the one side, and the plane mirror
at twice the focal length on the other, an ercct image will be formed
coincident with the object. This arrangement works well, however,
only with a small object ; better results are given with a concave mirror
of radius equal to twice the foeal length of the lens.

(3) Concave lens and concave mirror in contact. Let f and f” be
respectively the numerical values of the focal lengths of the mirror and
thelens. Then it may be shown that the combination acts as a concave
mirror, the focal length F of which is given by
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This is analogous to the formula given on p. 850. The 2 is due to the
fact that the light goes through the lens twice. The case of a plane
mirror can be included in the above formula by making f infinite. The
cases of convex mirror and convex lens can also be included by giving
the proper signs to f and f".

In all problems where the image is made to coincide with the object
itself by refraction through a lens and reflection at a mirror, it is clear
that rays diverging from a point on the axis must return along the same
path. They must therefore travel along a normal to the mirror, and
consequently the image formed by the first refraction is situated at
the centre of curvature of the mirror,

Tracing the Position of the Image.—In the formula for the
lens

1 1.1
v ou f
write u=—f+a and v=f+y. Then, if we mark the positions
SR | . S 1] x .
Q F \ F P F’ N €y F P
Fic. 889. Fic. 240.

of the focus on both sides of the lens, 2 and y obviously denote
the distances of the object and image from these points, as shown
in Figs. 339 and 840, where P and Q are object and image
respectively. Hence

1 1 1
fHy —f+a f
f(—=f+a)=f(f+y)=(f+y—f+=)
and ay=—f2

"This equation may be used for tracing the change in position of
the image, when the position of the object is varied, as has been
done in the corresponding case of the mirror on p. 840. But
the results are probably obtained more easily and certainly with

c F r ¢
V

Fic. 341,

less risk of error from the graphical construction. They are
shown below in tabular form ; the table at the same time gives
the character of the image. The references are to Fig. 341; C and
C’ are twice as far out from A as F and F'.
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TABLE OF RESULTS
ConvEX LENs

Posttion of Object Position of Image Character of Image
At infinity. At focus. Real.
Between « and C’. Between F and C. Real, inverted, dimin-
ished.
At C’. At C. Real, inverted, same
size.
Between C’ and F'. Between C and v Real, inverted, mag-
—o. nified.
At F, At v=—w. —
Between F’ and lens. Betweenv=+4» and Virtual, erect, mag-
lens. nified.

ConNncavi LENs

Position of Object Position of Image Character of Image
At infinity. At focus. Virtual.
Between o and lens.  Between focus and Virtual, ercet, dimin-
lens. ished.

Refraction at a Spherical Surface.—Lct us suppose that the
common boundary of two transparent media is spherical in shape,
and that the rays emitted by a luminous point P in the first
medium are refracted at the spherical boundary. Let p be the
index of refraction of the second medium with respect to the first.
In order to have clear ideas the first medium may be thought of
as air and the sccond as glass, but the results will be perfectly
general. Just as in the case of the spherical mirror, the refracting
surface may be either concave or convex with respect to the
point P.  We shall first take the case that it is concave.

Join P to C, the centre of curvature of the surface, and let PC
meet the surface in A.  Let PB be any ray making a small angle o
with PC and meeting the
surface at B. CB is the 8
normal to the surface at B.  #

After refraction the ray A B

will proceed as if it came c Q P
from Q. Let /CBP=¢

and /CBQ=6. Then by Fic. 342.

the law of refraction

sin ¢=p sin §. Since the angle a is small, the angles ¢ and 6
must also be small. Hence this equation may be written

$=npf '
Let / AQB=y and /ACB=8
Then 0=8—y, ¢=B—a

and on substituting in the above equation this gives
B—a=p(B—y) or py—a=(p—1)8
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Now let AP=u, AQ=v, and AC=r, where u, v, and r are all
mcasured positive to the right of A.  We may then write
_AB _AB and ,B—AB
T YT e or
and on substituting these results and dividing out the common
factor we obtain
p_l_p—t1
vou 7
If the point P is on the other side of ¢, $=a—p and § =y —f,
but the proof is otherwisc the same. Thus all rays diverging from
P and making a small
angle with AP appear

st 4 to come from Q after
- X refraction, or in other
Q c /A L4 words, a virtual image
of the point P is formed
Frc. 343, at Q.

If the refracting
surface is convex (Figs. 343 and 344). there are two cases accord-
ing to whether BQ meets AP to the left or the right of A.

If we take the former case (Fig. 343), ¢ —=a+B, 6=8—v, and

consequently
py +a=(n—1)8
Since a:{:lB, = ——Af, and 8= —ArB, this reduces to the former

result. In this case the image is real.
If we take the latter case (Kig. 344), d=a-{-8, §=B+v, and
therefore
py —a=(1—pn)B
In this case a=AB/u. y=AB/v, and B=—AB/r, so the final
cquation is once more the same. In this case the image is virtual.
If in Figs. 342, 343, and

7l 83 344 the refracting surface,

# and consequently C, is kept

€ L =5 A ) fixed, and PC rotated through
/A a small angle about an axis

through C perpendicular to

Fic. 314, the plane of the paper, P and

Q describe small ares which
may be regarded as straight lines, and the one straight line is the
image of the other.

ExaMrLE.—A small air bubble in a sphere of glass of 4 em. diameter
appears to be 1 cm. from the surtace, when looked at along a diametecr.
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If the refractive index of the glass is 1-52, find the true position of the
bubble.
The formula is

! r
since the object is inside the glass. Let us suppose that the eye is
looking towards the right. Then v=1, r--2, and

1152 052

1 u 2

which gives u=1-21 em. Thus the air bubble appears nearer than it
really is, the same as in the case of a glass slab.

Refraction through a Lens.—In proving the formula for the
lens on pp. 347-48, we assumed both the properties of the focus and
the centre of the lens, and also the fact that the lens forms images.
We shall now prove the same formula without making these
assumptions ; the proof will be based on the formula for refraction
at a spherical surface, and so
will assume nothing but the

law of refraction. < [ |—=Y_ s .
Let Fig. 345 represent a  ~—y—— > P

lens which is placed in a

medium  with reference to Fio, 843,

which the index of refraction
of its material is . Let a luminous point P be situated on its
axis at a distance w from its first surface. Let r; and r, be the
distances of the centres of curvature of the two surfaces cach
measured from its own surface, and let ¢ be the thickness of the
lens measured along its axis.

An image of P is formed by refraction at the first surface. Let
its distance from the first surface be 5. Then by the formula for
refraction at a spherical surface

;/.l.__lw_y,——l
s u

O )

The image is distant s--¢ from the second surface of the lens, and
a sccond image is formed of it by refraction at the latter. Let v
be the distance of the second image from the second surface. Then
applying the formula a second time, remembering that 1/pu now
fills the position formerly occupied by w,

1 1
1
1k
v s+t 2
1 —
or L

v_s—l-t: T2
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Let us now suppose that the lens is thin, and that it may be
neglected in comparison with s. The above equation thus becomes

1 p_1-—p
e = )

Add the left-hand and right-hand sides of equations (1) and (2)
and we obtain finally

1 1 1 1
B_u“("“l)(rl"rz) )
If the objcct is at an infinite distance from the lens, the incident
rays are parallel, 1/u=0, and v is given by

1
(#—1)(;—1—}2)

As has already been mentioned, this quantity is denoted by f,
and is called the focal length of the lens.  If fis substituted in (8)
the fundamental cquation of the thin lens becomes

1 1.1

v ou f
the formula we have alrcady obtained. But in proving the
formula this time, we have made no other assumption than the
law of refraction.

Formula for Focal Length of Lens.—In using the equation

for f,

1 1 1)
f=(l“1)(,.l‘ T )

due regard must be paid to the signs of 7; and r,. If the lens is
bi-convex or bi-concave, the surfaces are turned different ways
and r; and r, have different signs. Which is positive and which
is negative depends upon whether the lens is bi-convex or bi-
concave, and also on which side the lens is to the right of the
page, but in any case, after the numerical values are substituted,
the two terms in the second bracket must have the same sign.
If the lens is a meniscus one, r; and 7, have the same sign, and alter
the numerical values arc substituted the two terms in the second
bracket have conscquently different signs; the two curved
surfaces partly neutralise one another. If the lens is plano-
convex or plano-concave, either r; or r, becomes infinite.

LxampLE.—The radii of curvature of the two faces of a concave lens
are 10 and 20 cm., #nd the refractive index of the glass of which it is
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made is 1-5. Find the numerical value of the focal length (a) if the
lens is bi-convex, (b) if it is convex meniscus.
We have in the first case

?=(1‘5—1)(T‘G+§]5)’ te. f=133 ecm.

and in the second case
1 R
J

Optical Centre of a Lens.—If a ray of light passes through a
lens undeviated, that is, if its direction after ecmergence is
parallel to its direction before incidence, the lens must act on it
merely as a parallel slab, and the tangent planes at the points of
incidence and emergence must be parallel.

Let E;G;GyE, be such an undeviated ray. Then the radii
C,G; and C,G. perpendicular to the tangent planes must be
parallel.  Let GG, cut the axis of the lens at C.

Triangles C;CG; and C,CG, are similar, for /G,C,C== / G,C,C,
since C,;G; is parallel to C,Gy, and /C,CG =/ CyCG,. Thus
C,C: CC 1 : C1Gy : CoGy, or, in other words, the distance
between the centres is divided in the ratio of the radii and C is
a fixed point. All rays, therefore, that are undeviated by the

(1:5 =1)({5 —35%), t.e. f=40 cm.

E,
G,
C C Cz
G,
E;
I16. 346.

lens pass through a fixed point on the axis. This point is called
the optical centre of the lens.

Conversely, if any ray passes through the optical centre, it
is undeviated, for, if the radii be drawn to the points of incidence
and emergence, they can be proved to be parallel.

Fig. 816 is exaggerated for the sake of clearness. It is never
necessary to consider rays incident so obliquely as E;G,. When
the lens is thin, we may regard its optical centre and the two
points in which the axis meets its surface as coincident.

We assumed, on p. 846, that rays which passed through a lens
near its centre would be undeviated, or would suffer a very slight
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deviation, because in this region the lens has almost the same shape
as a plane parallel plate. We have now proved, that for rays
passing through a certain definite point the property is not
approximately but absolutely true.

Cylindrical Lenses.—Let us suppose that the surfaces of a
thin piece of glass are cylinders, the axes of which are parallel.
Such a piece of glass is called a cylindrical lens.

If a section is made of it by a plane at right angles to both
axes, it has the same shape as the section of a lens with spherical
surfaces. Consequently any pencil of rays diverging from a
point in this plane is brought to a focus by the lens. On the other
hand, the section by any plane parallel to the axes is the same as
the section of a thin plate with parallel sides. Consequently a
pencil of rays in this plane is unaffected by the lens.

A cylindrical lens thus forms images only of lines parallel
to the axes of its surfaces. If such a lens is placed on the optical
bench with its axes parallel to onc of the cross-wires, it forms a
sharp image of that wire, but no image at all of the other wire.
As far as the other wire is concerned, the lens acts merely as a
plane parallel plate.

With this limitation the focal lengths of cylindrical Ienses and
mirrors can be determined on the optical beneh in the same way
as the focal lengths of spherical lenses and mirrors,

Examrrrs V

1. A convex lens has a focal length of 30 em. Find the position,
size, and nature of the image formed of an object 2 ¢m. high, when the
latter is situated (i) 80 em., (ii) 10 em. from the lens.

2. A convex lens has a focal length of 18 em. Find the position,
size, and nature of the image formed of an object 1 em. high, when the
latter is situated (i) 12 em,, (ii) 60 em. from the lens.

3. A gas flame is at a distance of 8 ft. from a wall. Where must a
convex lens of 1 ft. focal length be placed in order to form a sharp
image of the flame on the wall ?

4. A concave lens has a focal length of 25 em. Find the position,
size, and nature of the image formed of an object 2 cm. high, when the
Iatter is 40 cm. from the lens.

5. A concave lens has a focal length of 18 cm.- Find the position,
size, and nature of the image formed of an object 1 em. high, when the
latter is situated (i) 54 cm., (ii) 12 em. from the lens.

6. A beam of light converges to a point P. A convex lens of focal
length 20 cm. is then placed 80 cm. from P, so as to intercept the rays
before they meet at P. If now they meet at Q, how far is Q from the
lens ?
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What would be the cffect of replacing the convex lens by a concave
lens of the same focal length in the same position ?

7. An intense point source of light is situated 10 ft. from a wall,
and a convex lens of focal length 18 in. is placed directly between the
source and the wall at a distance of 3 ft. from the source. What is the
diameter of the circle of light thrown by the lens on the wall?  The
diameter of the lens is 3 in.

8. A convex lens is mounted on an optical bench, and it is found,
that when the objeet distance is 27-3 em., the image distance is 42-7 en.,
and that when the object distance is 560 cm., the image distance
is 23-6 em. Find the mean value of the focal length of the lens.

9. In order to determine the focal length of a convex lens it is used
to form an image of a lamp at a distance of about 5 metres.  The lamp
is supposed to be infinitely far off, and the distance of the image from
the lens, which is found to be 24:2 cm., is then taken to be the focal
length of the lens. Caleulate the magnitude of the error involved.

10. Show that a convex lens cannot form a real image on a screen
which is distant less than 4f from the object.

11. If an object at a distance of 14:0 em. from a convex lens has its
image magnified three times, what is the focal length of the lens ?

12. At what distance from a convex lens must an object be placed,
in order that the image may be (i) real and magniflied three times ;
(ii) virtual and magnificd three times 7 Express your result in terms of
the focal length.

13. An image of the moon is formed on a picce of white cardboard
by means of a lens, and the diameter of the image is measured, and
found to be 6 mm. Find the focal length of the lens, given that the
moon subtends an angle of 317 at the surface of the carth.

14. A camera is provided with a little celluloid seale, on which are
marked the positions at which the lens must be placed in order to
photograph objeets at infinity, 15, 10, 5, 3, and 2 ft. respectively.
Construct a plane of this seale, given that the focal length of the lens
is 5-2 in.

15. A lantern slide 3} in. square is to be projected on a screen 8 ft.
square at a distance of 80 ft. What is the focal length of the lens
required ?

16. A quarter plate, 4} by 8} in., is to be cnlarged to whole plate
size, 83 by 6} in., by means of a lens of 54 in. focal length.  IHow far
should the negative and printing paper be placed from the lens 7

17. Light from a luminous object passes through a concave lens and,
after reflection from a concave mirror, forms a real inverted image of
the object between the lens and the mirror. Make a diagram showing
the path of the rays from a corner of the object.

18. The planc side of a plano-convex lens is silvered, and the lens
then acts like a concave mirror of 20 em. focal length. Calculate the
radius of curvature of the convex face, given that the refractive index
of the glass is 1:52.
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19. A small air bubble in a sphere of glass 5 in. in diamecter appears
to be 2 in. from the surface, when looked at along a diameter. If the
refractive index of the glass is 1-50, find its true position.

20. A convex lens throws a real image on a screen., A glassslab 1 in.
thick is placed between the lens and screen, and the image becomes
indistinct. ITow far and in what direction must the screen be moved
in order to make it sharp again ? Illustrate your result with a diagram.
The index of refraction of the glass is 1-52.

21. Find the focal length of a plano-convex lens, given that the
radius of curvature of its convex surface is 40 cm., and that the refractive
index of its material is 1-523.

22. The radii of curvature of the two faces of a concave lens are 12
and 24 cm., and the refractive index of the glass of which it is made is
1-5. Find the numerical value of the focal length : (a) if the lens is
bi-concave ; (b) if it is concave meniscus.

23. A convex lens of 20 in. focal length forms an image of an arrow
which lies along the axis of the lens with its mid-point 30 in. from the
lens. The length of the arrow is 2 in.  Find the length of the image.

24. A lens of focal length 10 em. made of glass of refractive index
1:52 is immersed in a long tank filled with water 1 metre from the end
of the tank. It forms an image of this end on a screen held under
water ncar the other end of the tank, i.e. both object and image are
under water. The index of refraction of water is 1-33. Ilow far is
the screen from the lens ?

25. A convex and a concave lens cach of 8 in. focal length are held
coaxially at a distance of 4 in. apart. Find the position of the image,
if the object is at a distance of 12 in. beyond (a) the convex lens, (b) the
concave lens.



CHAPTER VI

OPTICAL INSTRUMENTS
Magnifying Glass.—The apparent size of an object depends on the
angle which it subtends at the eye; the ncarer it is brought to
the eye, the larger it appears. If, however, it is brought nearer
than a distance of 10 or 12 in,, the eye either cannot foeus it, or
has to make an exertion to see it distinctly. Ilence this distance,
which is called the distance of distinet vision, is the most favourable
position for examining the detail of an object.

Let AB be a convex lens of small focal length placed before the
eye at E, let I be its focus, and let Pp be an object within its focal
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Fi1c. 817.—Magnifying glass.

length. Then on applying the usual graphical construction, the
image is found to be at Qq. All rays proceeding from Pp to the
eye, after refraction by the lens, appear to come from Qq.

In using a magnifying glass we hold it so that the image is at
the distance of distinct vision. Thus the distance of Q from the
eye is equal to D, the distance of distinct vision, or, since the eye
is near the lens, we may put AQ=D, If the object Pp were to be
examined by the eye direct, it would have to be placed at Q.
The magnification, that is, the ratio of the apparent lengths with
and without the lens, is thus Qq/Pp. But by similar triangles

Q_AQ_D
Pp AP f
since AP is almost equal to f, the focal length of the lens. 7The
magnification is consequently equal to D/f.
363
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A single convex lens uscd as above is sometimes called a simple
microscope. Instead of a single lens a combination of thin
lenses may be used cemented together, for example, two concave
meniscus lenses of flint glass separated by a double convex lens of
crown glass. Such a combination gives a sharper image.

ExpPERIMENT.—Rule two lines on a card, and look at them through
a magnifying glass held close up to one eye. At the same time look
with the other eye at a scale placed at the distance of distinet vision.
By getting the image of the lines to superimpose on the scale, and
measuring the distance between the lines, the magnification can be
determined. Compare it with the theoretical value.

Astronomical Telescope.—A microscope is used for obtaining a
magnified image of a ncar object. Telescopes are employed for

H
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G

Fio. 348.—Telescope. Diagram for magnification formula.
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obtaining distinet vision of distant objects. They are of two
kinds, refracting and reflecting, but the same principle underlies
them all. An inverted image of a distant object is formed by
means of a convex lens—the object glass—or a concave mirror ;
then this image is examined by an eyepiece.

The most important form of refracting telescope, the
astronomical telescope, was invented by Kepler in 1611. The
eyepiece of this telescope is usually a compound one, consisting
of two lenses an interval apart. It fulfils the same function as
the magnifying glass described in the preceding section, and could
be replaced by u single convex lens. In order to make the explana-
tion of the instrument simpler, we shall, therefore, suppose the
compound eyepicee replaced by a single magnifying lens. The
theory of the instrument is then represented in Fig. 348.

AB is the object glass and CO the eyepiece. The object glass
forms a real and inverted image ME of the distant object very
near its focus, BM and BE are the two undeviated rays from the



OPTICAL INSTRUMENTS 365

extremities of the distant object through the centre of the object
glass to the extremitics of this image. Let F and ¥’ be the two
foci of the eyepicce. Draw from M a ray MC parallel to the axis
and a ray MO through the centre of the eyepiece ; then, by the
graphical construction, we find that a virtual image of ME is
formed at HG.

The magnifying power of the telescope is measured by the
ratio of the angle subtended at the eye by the image in the telescope
to the angle subtended by the distant object itsclf. Now the
length of the telescope is short compared with the distance of
the distant object. Ilence the angle subtended by the distant
object at the eye is 2a (see Fig. 348). The eye is held close up to
the eyepiece ; hence the angle subtended by the final image 1G
at the eye is 28. Conscquently the magnifying power is

28 B MD/OD BD

2¢ o~ MD/BD 0D

since the angles are small. But BD and OD are almost equal to
the focal lengths of the object glass and eyepicee respectively.
Hence the magnifying power of the telescope is cqual to
Focal length of object glass
Focal length of eyepicee

Fic. 349.—Telescope.  Diagram for path of rays.

Fig. 348 is drawn for the purposc of proving the magnification
formula. Fig. 319 shows the path of a beam of parallel rays through
the same telescope to the eye of the observer. The object is so
far away that the rays incident on the object glass from any
point on it are parallel. A similar diagram might be drawn for
every single point on the image. It is clear from the diagram, that
the telescope inverts the image, i.e. makes objects appear upside
down,
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The advantage of the compound eyepiece over the magnifying
glass is that it gives sharper images. The object glass of the
astronomical telescope usually consists of two lenses, cemented
together, made of different kinds of glass; the reason for this is
given on pp. 392-394. The amount of light received by a telescope
is proportional to the arca of the object glass ; if half the surface
of the latter is covered, the image in the field becomes fainter, but
it still remains in focus.

Resolving Power of a Telescope.—The magnification of a
telescope is given by the ratio of the focal length of the object
glass to the focal length of the eyepicce. Hence if we were to
increase the focal length of the object glass three times, say,
keeping its diamecter constant, the magnification would be
increased three times. But nothing would be gained by this;
the image in the field would become three times larger, but no
fresh detail would be revealed. It would be like pulling out an
clastic sheet on which a picture is painted.

When a telescope is focussed on a star, the image in the field
is not a point, but a small disc surrounded by one or two faint
concentric rings. When a telescope is focussed on an extended
object, cach point of the object forms its own dise, and thus the
image has a dcfinite grain.

If two stars are very closc together, they are scen as one. If,
however, the centre of the disc image of the one has separated a
certain distance from the centre of the disc image of the other, the
cye recognises them as two. It is found that the angle subtended
by the two stars at the eye of the observer, when their images
in the telescope can just be separated, is

50

d
measured in seconds of angle, where d is the diamecter of the
object glass measured in inches. This angle is called the resolving
power of the telescope. Thus, if d is two inches, the resolving
power of the telescope is 2§ sec. The greater the resolving
power, the finer the grain of the image, and the greater the detail
that can be recognised in the object.

The resolving power of a telescope depends wholly on the
diameter of the object glass. The object glass of the Yerkes
telescope, the most powerful one employed hitherto for astro-
nomical observation, has a diameter of 40 In. and a focal length of
65 ft. Its resolving power is consequently about } sec. To
grind and polish this object glass required great care and took a
long time. It is also extremely difficult to obtain pieces of glass
this size of the necessary homogeneity, and it is possible that if
the object glass were larger it might strain under its own weight.
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So that the limit of resolving power in telescopes is probably
ncarly reached.

The most interesting objects on which to try a telescope are
the planets Venus, Jupiter, and Saturn. Their apparent angular
diameters vary from 11 to 67 sec., 32 to 50 scc., and 14 to 20 sec.
respectively, according to their positions in the hecavens. An
astronomical telescope of the kind fitted to the larger spectro-
meters usually shows the phases of Venus and four of Jupiter’s
moons, but is not powerful enough to bring out Saturn’s rings.

To measure the Magnification of a Telescope.-—Sct up a horizontal
white scale at a great distance, and fix a sliding mark on it.  Focus the
telescope on the scale, and observe the latter simultancously with one
eye through the telescope and with the other direct.  The two images
superimpose.  The mark is then moved along the seale until the image
of the part cut off by it, as seen through the telescope, is equal in length
to the whole seale as seen direet. The magnilication is then obtained by
dividing the length of the whole scale by the length of the part cut off.

To measure the Resolving Power of a Teleseope. -(Gict o picce of
fine wire gauze about an inch square, and count the number of wires
there are per centimetre.  Ilence caleulate the separation between the
centres of two adjacent wires.  Mount the gauze in front of a lamp in a
darkencd room, with a picce of ground glass behind it in order to give a
uniformly illuminated background, or place it against a window with a
north sky as background. Then find the greatest distance at which the
wires of the gauze are seen separate through the telescope ; when this
distance is determined, one step further away from the gauze is suflicient
to make the latter appear one uniform blur.  'The separation between
two adjacent wires of the mesh divided by this distance gives the
resolving power in radians, from which it ean easily be reduced to
seconds.

The Galilean Telescope.—The great disadvantage of the
astronomical telescope is that it inverts the image. This does
not prevent its employment in '
astronomy or in spectroscopy, o Qi//
where it does not matter p Z < ;Q

whether the image is upside o g
down or not, but it renders it '_'A e
unsuitable for gencral terres- 4 T~

/

!
U
'
'
1
1

trial use.
The Galilean telescope, q
‘which was made and used by F16. 330.- -Galilcan telescope.

Galileo a year or two previous
to Kepler’s discovery of the astronomical telescope, gives an erect
image. It differs from the astronomical telescope solely in the
eyepicce. This consists of a single concave lens.
In Fig. 850 a convergent pencil of rays is incident on the con-
cave lens from the right. Two rays of the pencil, Bp and ¢A, are
2 c
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shown. If the concave lens were removed, the pencil would form
a real image at p; but as it is, only the directions produced pass
through p, and p acts as a virtual object. The ray gA passes
through the centre of the lens, and is consequently undeviated,
and the ray Bp appears after refraction to come from the focus F.
Consequently a virtual image is formed of p at q. Let us suppose
that AQ is the distance of distinct vision D), and that AF, the focal
length f, is small in comparison with D. Then AP is almost equal
to f. Conscquently the magnification

Q AQ D
AP f

rp
by similar triangles.

The concave lens therefore acts as a magnifying glass just
as the convex lens in Fig. 347, But there are two important
differences. The concave lens can be used only with virtual,
aerial images; it could not be emiployed to magnify any real object,
for example, a diagram on a picce of paper.  Also it inverts the
image. But as the objeet glass of the Galilean telescope already
inverts the image, the second inversion produced by the eyepiece
brings the image the right way up.

It may be shown by a diagram similar to Fig. 318, that the
magnification of a Galilcan telescope is given by the ratio of the
focal length of its object glass to the focal length of its eyepicce,
the same formula as for the astronomical telescope.  The Galilean
telescope is shorter than the astronomical one, its length being
approximately cqual to the difference of the focal lengths of the
object glass and cyepicee, whereas in the case of the astronomical
telescope the length is approximately equal to their sum.

Ordinary field glasses and opera glasses consist of two Galilean
telescopes mounted side by side and focussed by the same serew.

Terrestrial Telescope. Prism Glasses.—The principle of the
terrestrial telescope is represented in Fig. 351, The object glass O forms
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Fig. 351.—Terrestrial telescope,
a real, inverted image of the distant object A at B. The erecting lens

L forms a real, inverted image of B at C, and the eyepiece E forms a
virtual image of C at D. In practice instead of a single lens L a pair
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of lenses is used, and instead of a single eyepiece a compound eyepiece,
but their action is the same as that of the single lenses shown in the
diagram. The chief disadvantage of the terrestrial tclescope is its
length.

Fig. 352 represents prism glasses. This instrument was introduced
by Messrs. Zeiss in 1895. It consists of two astronomical telescopes
mounted side by side, cach containing two right-angled glass prisms.
The 90° edges of the prisms are at right angles to one another. Lach
of these prisms turns the rays through 180°, and at the same time
reverses the image, as shown in Fig. 353. The one prism reverses the
image right and left, the other up and down. The rays traverse the

K16, 332.—Prism glasses. 16, 353,

body of the instrument three times. Thus prism glusses combine
the advantages of the astronomical telescope, large field and bright
image, with an ereet image and a short length.

Mirror Teleseopes.—In reflecting telescopes the object glass is
replaced by a concave mirror which forms a rcal image of
the distant object. This is examined by an cyepicce. If the
eycpicce were focussed on the image directly, the head of the
observer would get in the way of the incident light, and the various
types of reflecting telescope differ in the manner in which they
overcome this difliculty.

Mirrors for reflecting telescopes were originally made of
speculum metal, a somewhat brittle alloy of copper and tin, and
when the surface tarnished, it had to be repolished, and thus the
most difficult and critical part of its construction repeated. They
are now made of glass and silvered, and an old silver film can
quite easily be replaced by a new one.
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Reflecting telescopes are used only in astronomy. Large
reflecting telescopes are considerably less expensive than refracting
instruments of the same power, but they are inconstant and require
careful attention.

The Microscope.—If the focal length of a simple magnifying
glass is diminished in order to obtain increased magnification, the
eye has to be placed inconveniently close to the object examined ;
also lenses of such small focus are difficult to grind accurately, and
it is not possible to form such sharp images with a single lens as
with a system of lenses.  For large magnifications it is thercfore
necessary to use a compound microscope. The principle of the
latter instrument is represented in Fig. 354 in a simplified form,
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Ire. 854.—Compound microscope,

In the compound microscope the work of forming the image is
distributed over two lenses or lens systems, the object glass and
the eyepiece. It is the function of the object glass to form an
image of the object by as wide angle a pencil as possible, and it
is the function of the eycpicce to form a large image of this image
by means of thin pencils.

The compound microscope may be regarded as an astronomical
telescope adapted to view near objects. Suppose that in the case
of Fig. 848 the object is brought ncarer and nearer the object glass,
but that the focal length of the latter is made shorter and shorter,
so that the image ME remains in the same place. Then finally
the object is close up in front of the object glass, the focal length
of the object glass is smaller than the focal length of the eyepiece,
and Fig. 348 has passed over into Fig. 354.

In Fig. 354 P is the object, A the object glass, S the image
formed by the object glass, B the eyepiece, and Q the enlarged
virtual image of S formed by B. Let the.image Q be situated at
the distance of distinct vision, D, from the eye, which is the same
thing approximatecly as the distance from the lens B. Let v be
the distance of S from the lens A, and let L be the length of the
object. Let F be the focal length of the object glass and f the
focal length of the eyepiece.

The object is situated just beyond the focus of A, so the length
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of S is approximately (vL)/F. B acts as a simple magnifying
glass, so the length of the image at Q is
oL D
l‘V . j-
Hence the magnification is
oD
If
Owing to the great magnification produced, the object examined
by a compound microscope must be brightly illuminated, other-
wise the image would be too faint, and