


UNIVERSAL
LIBRARY

OU_148609

AdVdEdl
TVSHIAINN



OSMANIA UNIVERSITY LIBRARY
CllN 5’7'3‘2— Accessmn No. §7788
Author Des é’lsch Gw:”jq. : .
Tuch-\ d& *Io 4 he “PP"C‘;[’O”‘S 06‘

ace. Jwans loyms. |9€l.
This book should bcretumed on or before the Hate last marked below.







DOETSCH

Guide to the Applications of Laplace Transforms






GUIDE TO THE APPLICATIONS
OF LAPLACE TRANSFORMS

by
GUSTAV DOETSCH

PROFESSOR OF MATHEMATICS,
UNIVERSITY OF FREIBURG IM BREISGAU

With 45 Figures
and a Table of Laplace Transforms
by
DR. RUDOLF HERSCHEL

Telefunken Research Institute, Ulm/ Donau

Translation Lditor: Dr. W. McA. Fairbairn
Department of Mathematics
Manchester College of Science and Technology

D. VAN NOSTRAND COMPANY LTD.

LONDON
TORONTO NEW YORK

PRINCETON, NEW JERSEY



D. VAN NOSTRAND COMPANY, LTD
358 Kensington High Street, London, W. 14

D. VanN NosTrRaND CoMPANY, INC.
120 Alexander Street, Princeton, New Jersey
24 West 4oth Street, New York 18, New York

D. VAN NosTRAND CoMPANY (CANADA) LtD.
25 Hollinger Road, Toronto 16

Translated from the completely revised and enlarged second edition of
' Anleitung zum praktischen Gebrauch der Laplace-Transformation”
R. Oldenbourg Verlag, Munich 1961

Translations have also appeared in
Russian, Moscow 1958
French, Paris 1959
Japanese, Tokyo 1959

© R. Oldenbourg, Miinchen 1961

AY

Made and printed in Western Germany
by R. Oldenbourg, Graphische Betriebe GmbH, Miinchen



Preface

When applying the Laplace transformation method to practical problems it
is necessary to have some knowledge of its properties. Many of these properties
are difficult to prove, and some of the proofs are rather lengthy. Because of the
great increase in the amount of mathematical knowledge required by engincers,
it is impossible for them to study all the proofs in detail. Frequently they must
leave it to the professional mathematician to guarantec that proofs are rigorous
and to provide clearly-worded statements of the results——the latter is important,
because inaccurate wording, which suppresses part of the validity conditions,
can be the cause of errors in applications.

This has led me to write this book, and it is for this reason, in Chapter 2,
that T have given a clear and precise list of the results which are most frequently
required and used in calculations. These are called ‘Rules’, and arc stated
without proofs. Aids to further study of the theory are presented as precisely-
worded ‘theorems’, printed in special type for easy identification. A ‘danger sign’
is used to emphasize those validity conditions which experience has shown to be
often overlooked in practice, and to cause errors.

An engincer who aspires to greater heights and who 1s interested in the proofs
because he wishes to use the concepts in other investigations, can studw the
complete proofs by consulting the references to a recent book by the present
author.

Nevertheless there are numerous proofs in this book. These are of results
which would be unintelligible without proof, or for which proofs arc not found
elsewhere. )

By separating much of the descriptive material from the theoretical dis-
cussion, the methods of applying the Laplace transformation have been clearly
sct forth and applied to many numerical examples. In these examples I have
tried always to reveal the underlying idcas. If a technical problem is formulated
mathematically, perhaps as a system of differential equations, then the Laplace
transformation affords a complete and unique method of solution, and requires
no further reference to the physical significance of the quantities involved.
Because of this, practical problems which appear to be completely different can
sometimes be solved by the same method because they are equivalent mathe-
matically. When engineers write about the Laplace transformation they provide
as many examples as possible, and express them separately in physical terms,
although mathematically the examples deal with the same problem. By contrast,
in my numerical examples, which have all been taken from practice, I have
rather tended to keep the physical description in the background, in order to
emphasize more clearly the technique of the calculations.

I have taken this opportunity to discuss rigorously some topics which have
been incorrectly treated in technical literature. In particular, I should like to
draw attention to the discussion in §§ 15 and 19 of systems of simultancous
differential equations. I discuss the property, often thought to be paradoxical,-
that the initial values of the solution are not zero for a system which can be
described by differential equations and which initially is in a passive state.
There have been many recent attempts to solve this problem by the use of
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inappropriate methods. To clarify the situation, I consider a problem in auto-
matic control systems (§ 15); I also discuss a particularly enlightening problem
in network theory (§ 19), and, at the end of that paragraph, I describe the correct
interpretation for a completely general network.

The relation between the Laplace transformation and the spectral description
used by engineers is given particular consideration. The spectral description
of a function is established rigorously and discussed fully in § 1. The Laplace
transformation includes the spectral description but goes far beyond it. Its
real significance is that it transforms a time function into an analytic function,
which can be thought of as an amplification of the spectral density. However,
the properties of the time function are reflected more completely in the Laplace
transform than in the spectral density, which in practice does not exist at all
for many functions.

Freiburg i. B. G. Doetsch
Riedbergstralle 8



Symbols . . . . ... ... ... ..

Contents

Chapter 1. Definition of the Laplace Transformation

§ 1.

. The Laplace Integral as a Transformation . . . . . . . . .

Spectral Representation of a Function by Fourier Series and Fouricr
Integral . . . . . . . .

. The Laplace Integral and its !’h) ancal Meaning . . . . . . . . ...
. Some Propertics of I‘unctions Described by the Laplace Integral and

Examples of Laplace Transforms . . . . . . . . . .. ... ....

Chapter 2. Rules for the Calculus of the Laplace Transformation

D S U

5.
6.
7.
8. Integration . . . . . . . . ... L. L0 0.
. Multiplication and Convolution . . . . . . . . . . .. ... ....

The Mapping of Operations . . . . . . . .
Linear Substitutions . . . . . . . . . . ... ... ... ...
Differentiation . . . . . . . .. . .. .. ... ... 0oL

Chapter 3. Ordinary Differcntial Equations

§ 10.
§11.
§12.

§13.

§ 14,

§ 15.
§ 16.
§17.

§ 18.
§ 19.
§ 20.

The Differential Equation of First Order . . . . . . . . . . . .. ..
The Differential Equation of Second Order . . . . . . . . . . . ...

The Inhomogencous Diffcrential Equation of nth Order with Vanishing
Initial Values . . . . . . . e e e e e e e e e e e e e e e

The Response to Special Excitations . . . . . . . .. .. ... ..
1. The Step Response

2. The Impulse Response

3. Frequency Response PN e e e e e
The Homogeneous Differential Equation of nth Order w:th Arbitrary
Initial Values. The Characteristic Oscillations . . . . . . . . . . . ..
Solution of a Particular System of Simultaneous Differential Equations

A General System of Simultaneous Differential Equations . . . .

A System of Differential Equations with Piecewise Different Constants
and Excitations . . . . . . .. ... 00000000000 L

The Equation System of an Electrical Network . . . . . . . . . . ..
The Initial Values with Systems of Differential Equations . . . . . . .
Nonlinear Differential Equations . . . . . . . . . . . ..

10

11
24
27
31

wow
[

39
40

44
47

53
60
60
63
O8

72
76
83



8 Contents

Chapter 4. Difference Equations and Sampled-Data Systems

§ 21. The Homogeneous Difference Equation with Arbitrary Initial Values

§ 22. The Inhomogeneous Difference Equation with Vanishing Initial Values
§ 23. The Boundary Value Problem for the Difference Equation of Second Order

§ 24. A System of Simultaneous Difference Equations with Initial or Boundar)
Conditions (Electric Ladder Network) . . . . . . . . . . .. e

§ 25. Solution of Difference hquatlons by Mcans of the Discrete Laplace
Transformation . . . . . . . e e e e e e e e e ..

§ 26. Solution of Difference Equations by Means of the Laurent or

8-transformation . . . . . e e e e e e e e e e

§ 27. The Pulse-former and its Description by 8-, -, and 8-transformation

§ 28. Networks Containing Pulse Generators

1. Impulse Generators . . . . . .. . . ... . ... ..
2. Pulse Generators . . .
3. Pulses Formed by a Modulatmg Functxon .

Chapter 5. Partial Differential LEquations

§ 29. General Principles in the Application of the Laplace Transformation to Par-

tial Diffcrential Equations . . . . . . . . . . . . ... e e
§ 30. The Heat Conduction Equation . . . . . . . . . . e e e e e e e

1. Vanishing Initial Temperature, Arbitrary Boundary Temperatures . .

2. Arbitrary Initial Temperature, Vanishing Boundary Temperatures . .

§ 31. The Equations for a Twin Conductor Line with Distributed Constants .

Chapter 6. Inlegral Equalions and Integral Relations

§ 32. Integral Equations of the Convolution Type . . . . . . . . . . . ..

§33. Integral Relations . . . . . . . . . .. .00 00000 e o

Chapter 7. Calculation of the Original Function from the Image Function

§ 34. The Complex Inversion Formula . . . . . . . .. .. .. ...

§ 35. Scries Expansions . . . . . . . . .. . .. e e e e e e e e e

1. Expansion in Power Series . . . . . . . .. . . ... ...
2. Scries Expansion with Respect to Exponcntlal Functions .
3. Expansion in a Series of Arbitrary Functions . . . . . . . ..

§ 36. Numerical Calculation of the Original Function . . . . . . . . .

§ 37. Determination of the Maximum of the Original Function from the Image

Function . . . . . . . . . . e e e e e e e e e e e e e e

109
116
119

120

133
138
148

148
153
156

101

168
171

173

181
184

187
191
191
193
198
201

203



Conlents

Chapter 8. The Asymptotic Behaviour of Functions and the Question of Stability

§ 38. Some Limit Theorems . . . . . . .. .. ... ..........

§ 39. General Definitions of Asymptotic Representation and Asymptotic Expan-
sionof Functions . . . . . ... ... ............ ..

§ 40. Asymptotic Expansion of the Image Function . . . . .. .. .. ..
§ 41. Asymptotic Expansion of the Original Function . . . . .. ... . .
§ 42. Investigationof Stability . . . . . . ... .. ... ..... ...

SubjectIndex . . . . . . ... 0L e

Appendix. Table of Laplace T'ransforms

1.Operations . . . . .. .. ... .............
2. Rational Functions . . . . . .. .. .. .. ... ....

5. Original Functions, Defined Piccewise . . . . . . . . . . . .
Indexof Functions . . . . . . . . ... .. .........

206

207
210
212
216



Symbols

j = imaginary unity
2=x+4+jy, x=Rz, y=yz;
z=rele, r=|z|, p=argz;
z=x—jy =re 17 (complex conjugate of z).

Proofs of the theorems quoted in the present book are found in the
author’s work “Einfithrung in Theorie und Anwendung der Laplace-Trans-
formation”, Birkhduser Verlag, Basel und Stuttgart 1958, 301 p. This book
is referred to by EINF. and number of page.

The Appendix “Table of Laplace Transforms” is referred to by TAB.
and number of correspondence.

A = Caution.



CHAPTER1

Definition of the Laplace Transformation

§ 1. Spectral Representation of a Function
by Fourier Series and Fourier Integral

Engincers and physicists have a preference for mathematical concepts that
can be clearly visualized. With the so-called Laplace integral

f(s) = (e‘“ E(t)dt

0
this is in fact the case.

To obtain a physical meaning for this integral, we start by expanding
the function F(¢), of period 27, in the well-known Fouricr series

(1.1) F(t)=ao+2§(a,,cosnt+ b,sinnf),
Bl

where the coefficients «,, and b, are determined by the formulas

+a
1 (.. 1 ( .
(1.2) a”=§;.s I(t) cosntadt, b"=77?5 F(t)sinntdt(n=0,1,2,...).

bt ( 4

When the function F{§) satisfies certain conditions, for example, when
we can decompose F(f) into a finitc number of continuous and monotonic

F(¢-0)

-

Flt+0)}

x 3x t°

Sh——————

- 0

Figure 1.1 Periodic function, consisting of more than one continuous and monotonic
pieces.
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pieces, then the Fourier series converges and is equal to F(#)1). Substituting

(1.3) a,=17,C0SQ,, b, =r,sing,,

where o= (a2 + b2k, tang,= 2—:

into the series (1.1), we obtain

(1.4) F(t)=ro+2§r,,cos (nt—g,).
ne1

When ¢ represents time, this formula can be interpreted as the resolution
of a periodic occurrence F(f), which, for example, describes the position of
a point moving along a line, into a sum of harmonic oscillations, that is,
oscillations whose frequencies are integral multiples of the fundamental
frequency. The #th harmonic has amplitude 27,, and phase lag —g,.

In physics, the functions that occur in many cases satisfy differential
equations, so that their derivatives are required. Series (1.1) and (1.4) have
the disadvantage that differentiation converts the cosine function into the
sine function and conversely. We can avoid this difficulty by writing the
Fourier series in the complex form

+ oo
(1.5) F() = D cyeint,
B= —00
where the coefficients ¢, are determined by the formula?2)
+n

5 Fl)e'ntdi (n—=0,+£1,42,...).

—-n

1

(1.6) Cp— E—ﬂ—

The two representations (1.1) and (1.5) are mathematically completely
equivalent. When F(g) is real, ¢, is real and ¢_, = ¢, and therefore

-] 00
Fi) =co+ 2, (e +oyeim) =42 2 R(cnel™).
n=1 ne=1
1) Where two continuous monotonic pieces are adjacent, the function can have
a discontinuity (see Fig. 1.1), a case which occurs frequently in applications. There the
series represents the mean-value between the limiting values from left and right,
ie, (F(t—) + F(t +))/2.

%) That the summation index in the series (1.5), in contrast to that in (1.1), extends
from — oo to + oo is connected with the fact that the functions cos n¢, sin n¢, with
positive integral # (n = 0, 1, 2,...), form a complete orthogonal system in the interval
(—m, + n1), whereas the orthogonal system ci®t is complete only when the 1 extends
also over the negative integers.
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If we set

(1'7) Co = ao, cn=(an—'jbn) (n=12..),
it follows that

Ft)y=ap+ 2 S;(a,, cos nt -+ b, sin n¢),

and, from (1.6), a,, and b,, are given by

1 A 1=
a,,::éRc,,:ﬁ 5 F(¢) cos n ¢ dt, b,,=—3c,,=—2—]1n-- F(f)sin ntds.
A La

\Vith the definition (1.7) formulas (1.5) and (1.6) are equivalent to (1.1) and
(1.2) respectively.

We can also write the complex Fourier series (1.5) in a form analogous
to (1.4). By comparing (1.7) with (1.3), we obtain

o=7%, =0, c,=7,(cosp,—jsing,)=r,elr (n==1,2,...).

Further

c__n = a == r" e‘?‘u,
and when we set

V'on =V Pon = — Py,
we obtain
Copy=7-, e"‘-‘W—n’

and therefore (Fig. 1.2)

+o00
(1.8) F(t) = 2 r,elnt-q),
7n=—00
The series (1.5) and (1.8) arc convenient for differentiation. They are,
however, not so vivid as (1.1) and (1.4) because in them F(¢) is described as
the sum of complex functions: thus it is not immediately obvious that F(¢)

nt i(nt-
7 _ﬁ”e.l( ¥n)

Figure 1.2 Representation of ¢, eIn Cnmrn 8/
in the complex plane.
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is constructed from functions which represent real harmonic oscillations.
To describe the term c,, ™™ graphically, it is convenient to use the complex
plane: c, e = r, /™ ~%) determines a vector extended from the origin,
which has length 7, and makes an angle (nf — g,,) with the positive real axis.
When ¢ increases, the end point of this vector rotates on a circle of radius 7,
in a positive direction of rotation (counter-clockwise) when n is positive,
and 1mn a negative direction of rotation (clockwise) when # is negative.
F(t) is obtained by adding together all these different vectors.

We can return now to the real oscillations, 27, cos (nt — g,), if we always
combine the two mirror-image vectors ¢, e and c_, e-!™, as has been done

already in the proof of the equivalence of (1.1) and (1.5):
cpeint e e int=2R(c,eI*) =2R (r, I Mt=0u)) =27, cos (nt-—q,).

This term represents a projection of the vectors onto the real axis. The end
points of the two mirror-image vectors rotate round the circle of radius 7,
in opposite directions of rotation and the point of intersection of the real
axis and the line connecting the end-points of the two vectors oscillates
back and forth between the points 27, and —27,, according to the
formula 27, cos (nt — ¢,). (Figure 1.3 illustrates this motion.)

By combining always the two vectors with indices 4# and —#» and not
adding them together in an arbitrary manner, we return to the concept of
real oscillations, and we can even say that a better representation of the
occurrence has been obtained through the linking of the point oscillating

int ot

A-c,,e'/ R B-c.,,el
jnt -jnt

Co2006" ,D=2c.06"

F=A+B=2rycos(nt-gpn)

2/'”

Figure1.3 Combination of the mirror-image vectors OA and OB to form thereal vector OL'.
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back and forth on the real axis with the points rotating on the circle. Although
we cannot represent the movement on the real axis as a function of the time,
we can clearly visualize the variable (#t — @,) as an angle subtended at the
centre or as an arc on the circle. The points on the circle rotate with constant
angular velocity, while the point on the axis has variable velocity depending
on the inclination of the circular arc to the horizontal.

Even if we do not combine the complex terms in this particular way
which takes us back to the original representation of the oscillations, we can
still give the representation (1.5) a vivid meaning, but this certainly requires
more power of imagination. To do this, we interpret (1.5) in the following
new way: we embed the one-dimensional line on which the point oscillates
in a two-dimensional plane and use as the components from which F(f) is
composed, not the linear oscillations cos #¢ and sin #£, but the functions e,
(=0, 1, 42, ...), which describe motions in the plane, viz., rotations
on the cirumference of the unit circle with frequencies # =0, 4+ 1, 4 2, ...;
that is, the point rotates around the circle # times in 27 units of time.
A positive frequency means that the rotation sensc is positive, and a negative
frequency means that the rotation sense is negative.

We can now call a rotation on a circle a complex oscillation with a positive
or negative frequency according to whether the rotation is in the
positive or negative sense. This has been done in electrical engincering
theory for many years. (Although negative frequency has no meaning in
linear oscillations, it does have a very definite meaning in complex oscilla-
tions.) The “amplitude” of a complex oscillation is the radius of the circle
in the complex plane, and the phase is the angle defining the position of the
radius to the point at ¢ = 0. The term ¢, e with ¢, = 7, ¢—3"» represents
a complex oscillation of frequency n, amplitude r,, and phase —ep,,; bricfly:

(1.9) Amplitude = [c,], Phase = arge,.

For this reason we can call the sequence c,, the spectrum of the function F(g).
The values c,, indicate the oscillations that actually occur (when ¢, = 0,
oscillation of frequency # does not occur) and determine the amplitude and
phase of these oscillations. Here F(f) need not be real, but can have
complex values.

In what follows, we shall always usc the complex oscillations with positive
and negative frequencies, since they are easier to manipulate than the real
oscillations. The above discussion can be condensed as follows:

We obtain the spectrum c, of the function F(f), defined in the interval
(—m, —+n) and periodically continued, by means of the integral (1.6). The
knowledge of the spectrum can be substituted for the knowledge of the function
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E(¢), because we can always reconstruct the function F(t) from the spectrum with
the help of the formula (1.5). The decomposition into oscillations gives a clear
concept of the character of the physical occurrence F(t).

If the physical event is not periodic and the function F(¢) is given in an
arbitrary manner for all ¢, (— co <# < + o0), then with suitable assump-
tions it can be described, as is well known, by a Fourier integral instead of by
a Fourier series:

+ oo
(1.10) F(t) = ‘g 1) e'vtay,

where the function f(y) can be determined from F(¢) by

+ oo

(L.11) 10)=5 | Foema.

- 00

+ oo
This is valid if 5' | F(¢) | d¢ converges and if F(f) can be decomposed in

every finite interval into a finite number of continuous and monotonic
pieces. At the jump points of F(f) the integral (1.10) represents the value
[F(¢t —0) + F(t + 0)]/2 as does the Fourier series. Formulas (1.10) and
(1.11) are similar to (1.5) and (1.6): f(y) corresponds to the coefficients c,,
except that now, instead of integral indices #, the continuous variable y
appears (and also the integral instead of the sum). This means that F(f) is
not constructed from oscillations with integral frequencies, but that oscilla-
tions of all frequencies are required.

In this case, f(y) cannot be interpreted immediately as the ““cocfficient”
of e which indicates the amplitude and the phase of the oscillation e,
that is, the spectrum. The individual oscillation here has no finite amplitude,
but is multiplied by the infinitesimal amount f(y) dy. Perhaps this is difficult
to imagine, but it is easier to understand when we compare it with an analo-
gous concept in mechanics, which is easier to visualize. If we think of the y
axis as being covered with a certain mass that has density f(y), then an
individual point has no finite mass. The line element dy is covered with the
infinitesimal mass f(y) dy; a finite mass can correspond only to a complete
interval and a mass function can be defined only in relation to an interval.
We can, for example, introduce the mass of the interval (— oo, y) as a
unction of y:

y

(1.12) j foydn =g ().

- 00
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This is called in mathematics the distribution function of the mass covering3).
It follows that

(113 L —to)  or  fo)dy=dgy).

The distribution function as the mass of an interval has a clear meaning;
the density, which appears at a single point, can only be conceived as a
limiting concept, viz., as the limit of the quotient of mass increment and
increment of y.

When we consider the spectrum of F(t) in the form of a mass distribution
then we call the function defined by (1.12) the spectral distribution. It is the
“sum’ of the infinitesimal spectral quantities between the frequencies — oo
and y. The function f(y) is called the density of the spectral distribution at the
frequency y, or briefly, the spectral density. The spectral representation of F(f)
can be written with the help of the spectral density in the form (1.10), or with
the help of the spectral distribution in the form

+ oo

(1.14) F(t) = S et dg(y).

—on

When we write the complex quantity f(y) in the form

fly) = r(y) edom,

where
) = 1), —ely) =argf(),
the formula
too
(1.15) F(t) = 5 1(y) dy . el(!l‘—q:(v))’

shows that the oscillation of frequency y has the infinitesimal amplitude
r(y)dy = | f(y) | dy and the phase — g(y) = arg f(y). Consequently the
quantity r(y) == | f(y) | is called the “‘amplitude density”:

(1.16) Amplitude density = | f(y} |, Phasc = arg f(y).

t o0
3) For example the integral \ y" f(y) dy is called the “nzth moment”’ of the function
—o00
f (in relation to the point 0). Underlying this is also the idca that the y-axis is covered
with a mass of density f(y). In the theory of the moment problem the function g(y) is
called, as before, a distribution function. In the same manner in probability theory
the probability that a quantity, which can assume values between — oo and + oo,
¥
lies in the interval (y,, ,) is represented by an integral 5 () dy. f(y) is called the

¥
probability density and g(y) the probability distribution.
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—T 4ty

-t % t

Tt T b t t

Figure 1.4 Rectangular time function and the corresponding spectral density.

Examples

Example 1. We consider the rectangular time function

__JAfor|t| =4,
(1.17) Fo) = { 0 for |¢]| > ¢,
Its spectral density is
4ty
A elvth—emivty A singyy
o - - g S NTTE T 4 Sy
(1.18) f(y)= 5 Ae-ivtgdt=: e Ty zy

—~1y

This is real, but can be positive or negative (see Fig. 1.4). The amplitude
density is its absolute value; the phasc is 0 for f(y) > 0 and z for f(v) < 0.
The spectral distribution is given by

(1.19) g(y)=-% j( -Si‘%‘idn= £ _s S‘Eldu_—_ 2 (w-+sity)

Alx . \’
where, as is customary, we define the functions “integral sine”, si and Si, by

x
(1.20) six=——5 S‘:u-tiu, Six::‘s sin u du——sw-i-

x 0

Example 2. We consider next the time function
F(t) =eitl,
Its spectral density is (see Fig. 1.5)

oo

fy) = _1__5 e—Jvte—lfldt.—_—%bs e~tcos ytdt==

—_—0

S
(1492 °



§ 1. Spectral Representation of a Function 19

f(t)'e-m ,
for= zr+y%
t y
Figure 1.5 Exponentially increasing and decreasing time function and the corre-
sponding spectral density.

It is positive and therefore equal to the amplitude density. The phase of all
oscillations is 0. The spectral distribution is

g =% 5 Tﬁ—-’-’? = %arc tan y 4+ —;- (since arc tan (—oo) = —g—)

- 00

In these examples F(t) decreases so rapidly for £ - 4- co that the integral
for f(y) converges and consequently the spectral density exists. However,
if we had not defined two different functions F(f) for £ < 0 and ¢ > 0, viz.,
c*t for £ <0 and et for £ > 0, but used always e, then the integral would
not converge, because e~ — oo for # - — oo. The same difficulty occurs in
practice in the particularly frequent case when F(f) is an oscillation of
frequency w, that is, equal to !, because

+ o0 +oo

(1.21) fy) = 71; eivt glot gy — 51; clta=ut gt

2
—00 —00

converges for no y. Because this case is treated throughout the technical
literature in an obscure and unmathematical way, we shall describe here in
detail how such a time function can also be represented by a spectral integral.

It is clear that the spectral decomposition of the function ¢!** is exception-
ally simple: here there is only a single spectral line under consideration, that
is, a single oscillation with frequency w and amplitude 1; all oscillations
with other frequencies have amplitude 0, that is, they do not appear. It is
evident, however, that sucha ‘‘spectral decomposition’ cannot be given by the
Fourier integral (1.10), because in this integral cvery frequency corresponds
to an infinitesimal “mass” f(y) dy, whereas in the preceding example the
finite mass 1 belonged to the frequency w. Also the concept of spectral
density f(y) fails here and this explains why the integral for f(y) diverges.
On the other hand, the concept of spectral distribution g(y) retains its
meaning: g(y) is the total mass of the interval (— oo, ¥). As y increases from
—o0 and approaches the point w from the left, the mass g(y) is identically 0,
because these frequencies correspond to no mass. However, at the moment
that y reaches the point w, the mass g(y) jumps from 0 to the value 1, because
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the finite mass 1 is concentrated at the point w. As y continues to increase,
g(y) remains constant and equal to 1, because no mass is added. Hence

_fofory<w
(1.22) g(y)“{l for y= .

g(y) has the form shown in Fig. 1.6.

' W

| w y
Figure 1.6  Spectral distribution for the time function cl®¢,

The density f(y), which is the derivative of g(y) (see (1.13)), apparently
has no meaning at the point y = w, since g(y) is not differentiable there.
The most that we can say is that the (left side) derivative of g(y) at w

lim B —E@—h) _ iy L
h—>0 h—>0

is equal to oo, and this corresponds to the physical representation that an
infinitely great density is produced when a mass 1 is concentrated at a
single point.
In technical literature this situation is usually handled in the following
way: from (1.21)
+ co
o) =55 [ 1= oo,

— 00

whereas for y +  the function
el @=1t = cos (w—1y) ¢+ j sin (0—9)¢,

15 0 when integrated over (~~oco, +o00) because the arcas bounded by the
cosine and sine curves are alternatively positive and negative and therefore
cancel each other.

However, when this non-rigorous description, which is inconsistent with
the mathematical idea of convergence of an integral, is permitted, the
density obtained

o for y=w

(1.23) /(y)={ 0 for y+ o

cannot be used in the spectral description (1.10) of F(¢), because this function
is not a function in the mathematical sense and cannot be substituted in the
integral for F ().
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For cases of this kind, which occur frequently in applications, physicists
employ a ‘“pseudo function’4), the so-called impulse function or Dirac
d8-function. This function &(y) vanishes for y # 0, but is infinitely great5) at
y = 0, so that it has the property of “‘sifting out” the value of the other
integrand at zero,

+ 00
(]

(1.24) h(y) 8(y) dy = h(0).

If we set f(y) = d(y—w) in (1.10) we obtain

+ 00 + 00

(1.25) F)= S elvt dly— w) dy = gem ralt §(y) dy = e,

—00 —00

and hence the description of e!** is supplied by a Fourier integral.

When we employ this artifice to make the spectral decomposition of
e!* perceptible and physically illuminating, we must not forget that in
using the pseudo function we abandon the basis of our mathematics and
continue the analysis of the integral (1.25) in a very uncertain domain where
the usual mathematical rules (for example, integration by parts, substitution
of a new variable, etc.) are no longer required to be valids).

Fortunately it is also possible to accomplish the description of the spectral
decomposition of e!* by means of the Fourier integral using rigorous
mathematical methods. Thus we can build a foundation supplementary to
the inexact physical idea of the impulse function, so that this function can
be used without contradiction, provided that we use the necessary caution.
The ideas that we shall introduce here will also be of use to us later.

For this purposc we remember that in the preceding case the spectral
density f(y) did not exist but the spectral distribution g(y) was a well-defined
function. We shall thercfore make use of the description (1.14) of F(¢) with
the help of g(y), in place of the description (1.10) which has no meaning.
In its original meaning as an abridgment for

o

+
5 elvt didg).dt

-— 00

4) We call it a pseudo function because it is not a true function from a mathematical
standpoint.

5) In this way we interpret an “impulse’’ in mechanics or a “‘current impulse” or a
“voltage impulse” in electrical engineering, and thence the name “impulse function”
(which originated from Heaviside).

%) In the modern extension of classical analysis to “distribution theory” the 8-func-
tion and cven stranger functions such as, for example, the derivatives 8’ 87, ... are
given mathematical rigour. A real knowledge of this theory can be acquired only
through extensive study and therefore it cannot be assumed that engineers possess it.
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(1.14) has as little meaning as (1.10). We can however confer meaning to
it by considering it as a Stieltjes integral. The concept of a Stieltjes integral
shall prove later to be indispensable and because the engineer in general
is not familiar with it, we shall give a brief outline of its properties.

The Riemann integral of a function ¢(x), in a finite interval a S » < b,
is defined as follows, as is well known: in the interval (g, b) a finite number
of points are taken such that a =x, <x; <... <x,;, <x,=25, and in
each subinterval an intermediate point is chosen: x,_, < &, < x,. The sum

éw(fv) (6r—%v-1)

is formed and its limit (when it exists) for max (¥, —x,_;) — 0 is defined
b
as 5 ¢(x) dx. When we consider the x-axis to be covered with a mass of

a

density 1, the difference x, — x,_, has the significance of the mass existing
in the interval (x,_,, #,). If a more general mass distribution is substituted
for this special one, by introducing an arbitrary distribution function ()
in the sense explained above (y(x) is the mass of the interval from a fixed
point, for example x = 4, to a variable point x), then the mass of the
interval (x,_;, x,) is equal to (x,) — (x,._,). When we substitute this for
the special mass x, — x,_,, we obtain the sum

5. ol6) bote—vlor-1.

Its limit (when it exists) for max (x, — x,_,) — 0 is called the Stieltjes
integral of p(x)?) relative to the function y(x) and is written in the form

b
| 910 vt

a
As with the Riemann integral, we can define also a Stielljes integral with

infinite limits by passing to the limits 2 - — oo and b - co. When ()
is diffcrentiable, the Stieltjes integral is equal to the Riemann integral

b b
Vo) 2L a2 = | ol ya) .

We wish now to interpret the integral (1.14) as a Stieltjes integral and to
substitute the distribution (1.22) for g(y). We return to the definition of the

7) A compilation of the most important rules for the Stieltjes integral together with
proofs are found in the author’s “Handbuch der Laplace-Transformation,”’ Band 1
(Birkhiuser Verlag, Basel 1950), pp. 61—67.
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Stieltjes integral based on the division of the integration interval by division
points, which we now denote by y,. We see that only the interval with
¥y—1 << @, ¥, = o contributes to the value of the integral, namely,

9t glyn) —glyo—1)] = et 1,

and the contributions from all other intervals vanish because g(y) is constant
in them. When the interval lengths tend to zero then 7, - w and the
Stieltjes integral gives

+ 00

(1.26) s elvt dgly) = elot,

—00

Thus the oscillation ¢** is described in a perfect mathematical way, not
through the Fourier integral in the previous sense, but through the so-called
“Fourier-Stieltjes integral”, in which the spectral distribution is used in the
description instead of the spectral density.

We can now interpret the description (1.25) with the help of the impulse
function

+ oo

el«»t:_s 19t 3y — o) dy

— oo

as an intuitive transcription of the Stieltjes integral (1.26). If, when deriving
proofs or when operating with the integral (1.25), we replace this integral
by the Stieltjes integral and employ rules that are valid for that integral,
we can be certain that the mathematics is rigorous and that we will not
make a mistake nor give a fallacious proof.

For the sake of completeness, we mention that the spectral distribution
can be calculated from the time function F(f) by the formula

i 0o
1 ‘ 1—e Jut .
(127) g0)—e0) =7 | = F i
This can be obtained formally by integrating formula (1.11) from 0 to y.
This formula is associated with the Fourier-Stieltjes integral (1.14) in the
samc way as formula (1.11) is with the Fourier integral (1.10).
Summarizing, we are in the position to give a spectral description of time

functions F(t) defined in the interval (— oo, -} oo), and with a convergent
integral

+ o0

§ L () at
as well as of the oscillation e'“!, However, for example, the damped oscilla-
tions e+ can be described neither through the ordinary nor the Stieltjes-
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Fourier integral because the respective integrals (1.11) for f(y) and (1.27)
for g(y) diverge with positive o for ¢ - 4 oo and with negative o for { - —co.

The following section shows how these difficulties can be eliminated by
the introduction of the Laplace integral.

§ 2. The Laplace Integral and its Physical Meaning

We assumed tacitly in the previous section that time varied in the interval
(— oo, 4 o0). Occurrences that can be observed from ¢ = — oo to ¢ = - oo
seldom happen in practice. In general, the occurrence starts at a definite
time point, which can be taken as the zero point, and is observed from this
point for a long time, theoretically until £ = - co; therefore the time
interval is 0 <t < oo and is only one-sided infinite. This case can be
included in the preceding case if we define F(¢) to be 0 for £ << 0. Then the
integral (1.11) for the spectral density extends only from 0:

1) 0= 5 | O
and the spectral representation (1.10) for F(¢) is now as follows8)
. oo
Fg) for t>0,
1 =
(22) Se‘”f(y)dy—-{o for ¢ <0.

It is possible to avoid the difficulty that the integral (2.1) may not con-
verge. We consider, along with the time function F(¢), the “‘damped”’ function
¢® F(f), with parameter x >0, and form its spectral density, which
naturally now depends on x and therefore is denoted by f,(y):

3) R

0

The integral converges due to the strong decreasc®) of the factor e~ as
t = - oo for all bounded F(¢), and even for functions F(£) that increase to
infinity like an exponential function e*(x = 0) when we choose % > «.

8) As in the casc of Fourier scries the Fouricr integral (1.10) represcnts the mean
value of the limits from right and left at jump points; in the present case, therefore,
for ¢ = 0 this is the mean value of the limit 0 from the left and the limit F(0 +) from
the right, i.e., F(0 +)/2.

9) In the case of the original interval — o0 <{ < + oo the multiplication by e=*!
would not achieve this purpose because this function increases rapidly for $ - — oo
and therefore the convergence for £ - — oo is impaired.



§ 2. The Laplace Integral and its Physical Meaning 25

Therefore, all functions that occur in practice can be included. The spectral
representation is now as follows:

+00
e-*¢t F(t) for ¢>0,
(2.4) 5' e!tvfz(y)dy={0 ® Ay

When we write formulas (2.3), (2.4) in the form

.3) 27 | e R0 a= 1.0,
0
+oo
(2.6) ‘S' eIt f ) dy — {g ® f(‘)’; ;Z g:

we see that the parameter x and the frequency y appear only in the com-
bination x 4 j y. A complex variable has appeared naturally in the formulas:
for this variable we can introduce a single letter. In mathematics it is
customary to use the letter s for this purposel?):

s=x+jy.

Since f,(y) depends only upon this complex variable it is convenient to write

foly) = f(x +j ¥) = (s).

Of course, we shall introduce the variable s also into (2.6) instead of the
integration variable y. Because y varies from — oo to -+ oo, while x is
constant, s = x -+ j y varies from ¥ — j co to ¥ - j oo, and therefore along
the vertical line in the complex plane that has abscissa x (Fig. 2.1). We
also set ds = j dy.

To realize the customary mathematical form, we substitute 2z F(¢) for
F(t), and formulas (2.5) and (2.6) assume the final form:

oo

2.7 S e-*t F(f) dt = f{s),

0

10) In technical literature the letter p is oftcn used instead of the letter s. This
originates from Heaviside’s calculus which, for differential equations, leads to a similar
formalism to the Laplace Transformation. The letter p originally did not signify a
variable, but the differential operator D. Heaviside wrote p instead of D to prevent
confusion with the letter D which is used for the dielectric displacement. Since it is
usual when two variables appear simultaneously to use letters of the alphabet which
arc next to one another (as #, y or %, v), it is natural to use with the letter ¢ in F, the
letter s in f and not the letter p which otherwise is never used as a symbol for a variable,
but generally for a positive constant.
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Z+joo
@8) : fdﬁ@a={ﬂﬁﬁ”>a

2nj 0 fort<O.

x—joo

Formula (2.7) is nothing but the Laplace integral; formula (2.8), when we
disregard its meaning as a spectral representation, is called the ‘‘‘nversion”
of the Laplace integral.

]

X

e—————

SN

Figure 2.1 The complex variable s = » 4 jy.

According to the above derivation, formulas (2.7) and (2.8) can be inter-
preted as follows:

When, in the function f(s) defined by the Laplace integral (2.7), we consider
the variable s to be complex, s == x + j vy, then f(x + j y) with constant x de-
scribes the spectral density of the damped time function e—*t F(t) with frequency
variable y11). The time function F () can be constructed from the spectral density
[(s) by formula (2.8), which, however, when interpreted as a spectral represen-
tation, must be written in the form

+o00
’ . 2me-®t F(t) for t>0,
(2.9 cvif(x+jy)dy = {o for £ <0

.
— 00

that is, as a spectral representation of the funciton 2x e~=t F(t) (completed for
negative time by 0).

Transferring the factor e*t to the left-hand side, we obtain

+00
(2.10) f (%t e91] f(x + ) dy = 2 F(f),

1) In technical literature s is sometimes called the ‘‘complex frequency’’ but this
has no physical meaning and obscures the rcal importance of s. It is as always a question
of real frequencies and these are given by the values s = y. Rs = x is the parameter
which determines the damping e~%¢ of F(¢).
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and thus the representation of 2= F(#) can be thought of as the superposition
of exponentially increasing oscillations et e!*; that, however, is less vivid!?).

§ 3. Some Properties of Functions Described
by the Laplace Integral and Examples of Laplace Transforms

If the spectral density of damped function e * F(#) exists for a value %, of
the parameter x, it is plausible that it exists for a stronger damping x > x,,
Mathematically this means that when the integral (2.7) converges for
s = %y + ] 9, it converges also for s = x 4 j y with x > x,. Thercfore we
can conclude (EINF. p.26) that the exact region of convergence of the
integral (2.7) is a half-plane Rs > 8, the so-called convergence half-plane.
Thus /(s) = f(x + j v) describes infinitely many spectral densities, viz., those
of the infinitely many functions e~** F() with x > g.

In physical applications F(t) is often real (but not always, see the case
F(t) = ¢!**). Then

f(s) = ge-it F(t)dt = 5 e~* F(¢) dt = [(s),

(] [}
that is, to values of s which are reflected images with respect to the x-axis
there correspond similar mirror-image function values.

When [(s) is regarded as a function and is detached from its physical
meaning as a spectral density, it exists (if at all) in a half-planc of the
complex plane. It is of the greatest importance that in that region it de-
scribes an analytic function which is differentiable in the complex sense
arbitrarily many times (EINF. p. 35). We obtain derivatives by differen-
tiation under the integral sign:

o
.

(3.1) fm(s) = (— 1) | e~ot n F(g) .
§

Hence it is possible to use the very extensive methods of complex function
theory. From the results obtained with f(s) we can draw interesting con-
clusions about the time function I7(f), defined rather arbitrarily only for
real ¢, for which no general method exists.

Before we carry these ideas further, we shall determine the corresponding
functions f(s) for a few time functions F(f).

12) In books on electrical engineering the assertion can be found that J°(#) is represent-
ed by (2.8) or (2.10) as a superposition of dying away oscillations. This would be correct
only when # is negative. Then we would not require to introduce the Laplace integral
because the original integral (1.11) for f(y) would converge.
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We stress that F(¢) is required to be defined only for ¢ > 0. Whether and
how F(f) is defined for £ << 0 does not matter for the Laplace integral.
When on occasion the interval £ < 0 is considered, as, for example, with the
inversion integral, it is to be noted that F(¢) is always zero in the sense of § 2.

1. We consider the time function F(#) = 1. This function occurs frequently
and in principle it is practical to complete the function by 0 for ¢ < 0.
We then call it the unit step function U(t), defined by

@2 00 ={o for ¢ 20

We leave open the definition at the point of discontinuity ¢ = 0, because
the value of U(¢) at £ = 0 is irrelevant to the calculation of the Laplacc
integral. In many cascs it is advantageous to set U(0) = 0; in other cases
to set U(0) = 1/2 or U(0) = 1.

The formula

(3.3) fs) = st Ul dt -_-f_;g!:z L
0

is valid if and only if ¢-# — 0for # — oo that is, %s > 0. Hence we confirm
the previous result (as also in the following examples) that the convergence
domain is a half-plane. The time function 2z e ** U(f) has therefore the
spectral density 1/s = 1/(x 4 j y) and the amplitude density 1/(x? 4- y2)"/2,
We have the inversion formula

xZ+joo
5

1 1 1 for t>0
= ts " Js — — ’
34) 2xj j e"sds_UU)'—{O for <0,
x—joo
or, written as a spectral representation,
+ 00 1
. Jvt —dy = -zt [(2).
(3.5) _ie Ty ly = 2n et U(t)

U(t) itself possesses no spectral density and consequently no spectral
representation in the sense of (1.10)13). On the other hand, we could think of
U(¢) as a complex oscillation e'** with the frequency w = 0 and describe
it with the help of the spectral distribution g(#) by a Fourier-Stieltjes
integral (sec (1.26)). If we set x = 0 in (3.4), we would obtain the integral

+00 1
Jvt ——— 4 N
I
which diverges because 1/y is not integrable in the neighbourhood y = 0.

13) This espccially must be stressed sincc sometimes the contrary is asserted in
technical literature.
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Figure 3.1 Figure 3.2
Path of integration for Unit step function with jump
the “Hakenintegral”. point at ¢ = a.

We shall mention a formula which is often used for U(¢). Setting x = 0 in
formula (3.5) means that the path of integration in (3.4) is along the imagi-
nary axis. In order to avoid the divergence of the integral, which arises from
the singularity at s = 0, we go round the zero point along a semicircle to
the right whereby the path of integration € sketched in Fig. 3.1 is produced.
With this path the valid formula is (denoted in German by ““‘Hakenintegral”):

1 (ete 1 for t>0,
(3-6) 2xj s s ds = U(t)={0 for £ <0.
[

This is, however, not a spectral representation, because on the semicircle the
function ¢ is not of the form of an oscillation e®* nor of the form of a damped
oscillation e® e with constant .

2. The jump of the unit step function may not be at time ¢ = 0 but at
time ¢ = a > 0; then it is described by U(¢ — a) (Fig. 3.2). We have
37  fl5)= s et Ult—a) dt =5 ot dt =
]

a

e—as

for Rs>0.

The “delay” of the time function by a span of time a4 corresponds, therefore,
to multiplying the spectral density by the factor e-2%. We shall find later
that this relation is valid in general.

3. The time function may be equal to e** (x arbitrary complex) or, more
exactly, equal to the function that is defined for £ > 0 by e** and for ¢ < 0
by 0. We can denote it by

U (t) e**.

When « == 0 + jw, with w # 0, this function represents a complex oscil-
lation for ¢ = 0, a damped oscillation for ¢ << 0, and an excited oscillation
for ¢ > 0; for w = 0 it represents an aperiodic decreasing or incrcasing
function. f(s) is

oo

(3.8 § e"”e“'dt=§ e-le—alt gy — s_l_

for Rs> Ra.



30 Chapter 1: Definition of the Laplace Transformation

4. The time function may be the real oscillation cos w#, more precisely,
U(t) cos wt. We consider this time function as the sum of two complex
oscillations in the sense of § 1 and employ the previous formula:

(3.9) 5 e~*t cos widt = -;—Se—“(e’“" + e-loY) dt

° ’ _l(; L.)_, S
T2 \s—jo + stjo/ 24 w?’
The integral converges if Rs > R(j o) as well as Rs > R(—j w), that is,
for Rs > 0.

5. Analogously the time function sin w? gives

(3.10) 5 e stsin widt = %yyﬂ (elwt —e-dot) gt
L 14
1 1 1
~zil =R
6. We consider next the time function #* (z real). In order that the Laplace
integral exists at £ = 0, we require @ > —1. f(s) is

w
)=—83-Faf for Rs>0.

©o

‘(5 e st {a ) == —s;};l-e; e Tredr.

We have here put s¢ = v. For 7 to be real and for the integral to equal the
Euler gamma function, we require that s must be real and greater than 0.
Then the formula yields
(3.11) j et dt = P—(:;—j;i).
0

This Laplace integral, however, is an analytic function; therefore the ex-
pression is valid also for complex s with Rs > 0.

The special case " (r =0, 1, 2, ...) gives

oo

* |
(3.12) 5 e-stin dt = ‘s%'r for Rs> 0.
0

7. The time function may be " e*! (n =0, 1, ...; « arbitrary complex).
Then f(s) is

(] . '
(3.13) j e~stnextdt—= s e-le=altn g — (?_nT)n-l-_f for Rs> Ra,

0

a result which can be obtained from formula (3.12), when s — & is sub-
stituted for s.
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§ 4. The Laplace Integral as a Transformation

We have seen that for every time function defined for ¢ > 0, for which the
integral { e ®‘F(f) dt converges for sufficiently large x,, there exists a

0
spectral density f(s) = f(x + jy), which is defined for x > x,. Thercfore
every such F(f) is related to a f(s) by the relation

(4.1) f(s)= 5 e~*t F({) dt.

0

This relation can be interpreted as a transformation, called the Laplace
transformation, by which the function F(¢) is converted or transformed into
the function f(s). This is a typical mathematical concept that adds a new
interpretation to the former physical meaning of the Laplace integral.
This will prove to be extremely useful. A closely related concept is the
representation of the transformation as a mapping: thus as a photographic
camera produces an image from the original, the Laplace transformation
of an original function F(f) produces an image function f(s). This is an
especially striking terminology which we shall use henceforth. The totality
of all F(¢) is called “original space” and the totality of all f(s) is called
“tmage space”’ (in imitation of the usual topological concept of function
sets as abstract spaces).

We shall, as far as is possible, denote the original function by a capital
letter and the image function by the corresponding letter in lower case,
for example, F(¢) and f(s), Y(¢) and y(s). Many authors use exactly the
opposite notation, that is f(f) and F(s), or they denotc the pair of functions

by f(¥) and f(s) (this can cause confusion with the complex conjugate) or

by f(¢) and /~(s). The reader should avoid the custom which is sometimes
used in technical literature of denoting original and image functions by the
same letter and of distinguishing them only by their arguments ¢ and s;
frequently these variables must be replaced by others and confusion can
arise.

The concept of a transformation or a mapping is remarkably similar to
the concept of a function which expresses the association between two
variables, for example, z and w. Because with ordinary functions we do not
write “w is a function of z”, but instead employ a functional symbol such
as w = ¢(z), we introduce for the relation established by the Laplace
transformation the symbol & and write

fis)=2{F @}

spoken: f(s) is the Laplace transform of F(¢). In what follows we shall use
the abbreviations @-transformation, @-transform, Q-integral.
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Formula (2.8) which describes F(f) with the help of its spectral density
and which we have already called the “inversion’ of (4.1), can likewise be
regarded as a transformation, in which f(s) is converted into F(¢):

Z+4joo
“.2) F(t)=2-%t—i et*fls)ds for £> 0.
z—joo

We call this formula the inverse transformation of the Q-transformationand
denote it by the symbol 2-1:

F(t) = 2{f(s)).

The relation between F and f is also called a correspondence and is denoted
by the sign o-e:
F(t) oo f(s) or f(s) oo F(2).

The transformations € and -1 have different unigueness properties. It is
clear that by (4.1) to every F there corresponds only one f. However, if
we consider all f(s) produced by formula (4.1), we sec that every f(s) is
produced by infinitely many functions F(f). For example, when we vary
the definition of F(f) at a finite number of points, f(s) does not vary, because
the integral (4.1) is unchanged by such variations. Nevertheless, it is easy
.to examine the totality of functions F () that correspond to a fixed f(s):
they differ only by so-called null functions (EINF. p. 30), that is, by func-
tions N (¢) with the property

t
5 N{)dr=0 forall t20.
0

When one of the original functions F(f) is continuous, no such other exist:
(EINF. p. 34). This is sufficient in most cases to determine the corresponding
original function uniquely from the image function because the former i
often taken to be differentiable and therefore continuous. When we con
sider all original functions that differ only by null functions to be the sam:
(as is usual in mathematics), the inversion of the g-transformation i
unique.

Through the interpretation of the @-integralas a transformation, we hav
arrived at a meaning of f(s) = f(x + j¥) which is different from the previou
one of spectral density of e~** F(¢); that meaning will prove to be muc
more important in applications. We have considered the spectral represen
tation in detail in order to show that the @-integral is not merely an abstrac
mathematical idea, but can also be combined with an intuitive represer
tation. In this way the Q-transformation absorbs the engineer’s customar
way of spectral thinking (in particular, the spectral representation of th
time function with the help of the spectral density, if it exists, is containe
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in the inversion integral (4.2) for x == 0) and it is often employed with ad-
vantage, for example, in filter theory. However, it can be extended to func-
tions for which the spectral description is not convenient and it goes far
beyond the restricted question of the representation of a function in one
particular form. Regarding this we make the following preliminary obser-
vations.

The functions with which the engineer is concerned appear always as
solutions of functional equations such as differential, difference and integral
equations; therefore certain operations, such as differentiation, difference
building, and integration, must be undertaken with them. The true signifi-
cance of the L-transformation lies now in its mapping properties, namely, it
replaces the functions and the operations in the original space, by their
images in the image space, which have a much simpler appearance. Conse-
quently the images of the functional equations have a simpler form in the
image space and are easier to solve than the original equations in the
original space. In the next chapter we discuss the mapping of the
operations in question.

The Q-transformation has a further important property, which has already
been mentioned in § 3: the image functions produced are analytic functions,
and therefore we can apply the very powerful methods of complex function
theory. Thus we can, for example, consider formula (4.2), which expresses
F(¢) through f(s), as an integral of the analytic function e* f(s) along a line
in the complex plane. When we use, with the aid of Cauchy’s theorem, a
different path of integration we can obtain interesting properties of the
function F(¢), such as its asymptotic bechaviour.

Generally speaking, it will prove again and again to be advantageous
that the variable s varics in the complex planc. To cite a simple example,
we remember that the solutions of a linear homogenous differential equation
with constant coefficients are of the form 2" e*!, where « is, in general,
complex. The image functions of thesc are, from example 7 in § 3, the
rational functions 1/(s — «)"+1. The true character of such a function can
only be understood properly when it is considered in the complex plane as
an analytic function with pole at s = & of multiplicity (» + 1).



CHAPTER 2

Rules for the Calculus of the Laplace Transformation

§ 5. The Mapping of Operations

The practical application of the @-transformation is accomplished by work-
ing with the image functions instead of the original functions; similarly,
instead of multiplying numbers directly, we calculate with logarithms,
because this leads to the simpler operation of addition.

The procedure of mapping can be likened to the translation of one language
into another: as one word translates another word, so, with @-transfor-
mations, every function has its corresponding function. The role of a
dictionary in the translation is played by a table of corresponding original
and image functions in the transformation, some of which have been con-
sidered in § 3, and which is developed to a greater extent in the appendix
of this book. However, to be able to translate an entire sentence, it is not
sufficient to know only the translation of single words, but we must know
also how the grammatical formations of the one language (for instance the
inflections of words or the relations between several words in a more com-
plex structure) are rendered in the other language. In the case of the £-trans-
formation this means that if we perform an operation on an original function
(e. g. differentiation or integration), then this operation must correspond
to a certain operation on the corresponding image function; or when several
functions are combined with one another, as in multiplication, then a
certain combination of the corresponding image functions must correspond
to this combination.

Thercfore we must know not only the mapping or translation of single
functions, but also those of the operations performed on them. It is in this
sense that the following ‘‘grammatical rules” are to be understood. Here
only the most important are presented, thesc being the ones which are most
frequently required. Further rules are to be found in the first section of
the appendix4).

1) It is recommended that the reader verifics a few of the rules so that he will have
more insight into the mechanism; for example,

2 {F@an)} = é‘e‘"F(at) it = E)’e":'zr(r) da—' = %g e ;'F(z) dr= 1 f ( Z)

Further, it is advised that the reader who wants to learn only the “technique’ of the
Q-transformation, first takes cognizance only of the framed formulas which state the
rules, and reads the explanations added when the rules are applied in Chapters 3—6.
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In Chapters 3 to 6 we will show how these rules can be used to solve
certain mathematical problems.

§ 6. Linear Substitutions

In this paragraph the operations performed on the functions will consist
of lincar substitutions of the variable either in the original or in the image
function.

Rule I (Similarity theorem)

Flafjoe . f (2)

or (a>0)

The graphs of the functions arc contracted or expanded in a certain ratio
of similitude (EINF. p. 40).

Rule II (First translation theorem)

(e>0)

F(t—a)o-ee3s f(s) Fit<0)=0

The convention that F(t) is to be set equal to 0 for negative  is unnecessary
in many cases, but here it is particularly important (Einv¥. p. 41). For
¢t < a, t— ais negative and therefore F(t —a) = 0.

The graph of F(¢t—a) is formed by translating the graph of F(f)
through the distance & to the right and completing it in the interval be-
tween O and 4 by the f-axis (Fig. 6.1a).

This rule is particularly significant if the start of an occurrence is delayed
(example: regulation with dead time).

When we read Rule IT from right to left (that is, when we go from the A
image function to the original function), we must not forget to state ex-
plicity that F(¢ — a) has the value O for ¢ < a. Had the calculation of an
. . -
image function produced e o
issin(¢t— 1) fort =1,and 0 for 0 < ¢ < 1.

, for example, then the original function
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Flt)

0 —>

F(t-a)
=== F(t+a)

: [ 1 . t
re—a—> re—a —»

(o) @)

Yigure 6.1 Translation of a function (a) to the right, (b) to the left.

Rule I (Second translation theorem)

F(t+a)mea~(/(s)—-5e--nF(z) dt) l (@>0)

Here we have the relation opposite to Rule II. The graph of F(f) is trans-
lated through the distance 4 to the left, and thus the initial part from 0 to a
is lost, becausc the variable ¢ of the new function is considered only for
t = 0 (Fig. 6.1b). It is clear that f(s) cannot be connected immediatcly with
this truncated function, hence the appearance of the “finite’’ Laplace inte-
gral on the right hand side, in which the value of F(¢) for 0 < ¢ < a appears
(EINF. p. 44).

This rule is important for handling difference equations, in which in ad-
dition to F(¢) the values F(¢ 4 a), F(t + 2 a), ... also appcar.

Rule IV (Damping theorem)

et F(f)oef(s + &) | (x arbitrary complex)

Of course, an actual damping appears in the original function only when
« is real and positive (EINF. p. 45).
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§ 7. Differentiation

In the preceding paragraphs we have treated the simplest elementary
operations. In the following paragraphs we go on to consider other operations,
such as differentiation and integration.

Rule V (Differentiation theorem for the original function)

When F’ possesses an image function, so also does F. The converse is not
always true: thus, for example, & {log?} exists, but § {1/} does not because
1/¢ is not integrable in the neighbourhood of ¢ = 0. With the following rule
it is to be presupposed always that the highest derivative appearing exists
for £ > 0 and possesses an image function; hence, it follows automatically
that the lower derivatives, including the function itself, have image func-
tions (EINF. pp. 48—51).

F'(t) o—os./—(s) —F0+)
F(f) oestf(s)- - F(0+) s — F'(0+)

.............................................

o (f)o-os™ f(s) — F(0 +) s 1 —F'(0 +) s2.—+ - — F=-2(0 +) s—Fn 1(0) +)

This rule is the most important for practical applications. It cxpresses
the remarkable fact that differentiation, which is a transcendental process
in original space, is described in the language of image space by the com-
pletcly elementary process of multiplication by a power of the variable. This
is excluding the addition of a polynomial in s, whose coefficients are the
“initial values” of the original function. The appearance of these initial
values proves to be particularly valuable in the application of Rule V to
differential equations.

Remarks

1. The “initial values” are denoted not by F(0), F'(0), ..., but by IF(0+),
F’(0+), ...; this expresses the fact that it is not the values of the functions
at the point 0 which are involved, but the limifs of the functions as ¢ tends
towards O from the right. Conversely we can say that these are the values
from which the function starts with continuous connection to the right.
Thus, for example, the unit step function U(f) of § 3, No. 1 can have any
value U (0) according to the situation at hand. The limit U (0+-), however,
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is uniquely equal to 1. Because U’ (f) = 0 for ¢ > 0, & {U’} = 0 and since
2{U} = 1/s, Rule V yields:

0= slg—- U(+ 0).

This equation is indeed correct since U (04) = 1. With a different value
U (0) in place of U (0+), it would not be true.

The distinction between ‘‘value at a point” and “limit as the variable
tends towards this point’’ is particularly important in the solution of partial
differential equaions.

2. With Rule V it is presupposed that the highest derivative appearing,

ﬁ F™), exists at every point ¢ > 0%5). We will show by an example that if this
condition is not satisfied, Rule V is not necessarily correct. We consider the
unit step function U ({— a) with @ >0, which was considered in § 3, No.2;

its Q-transform is & {U ({ — a)} = %.—‘, and its limit when ¢ tends to 0 from
the right is 0. Therefore, Rule V seems to yield

(7.1) LUt —a)} = eos,

However, when we calculate this transformation directly, by forming first

Ofort+a

7.2 U'(t—a) =
2 (t—a) {not defined for ¢ = a,

we obtain something entirely different, namely
(7.3) 2{U'(t—a)}=0.

This is because a function which is 0 everywhere with the exception of a
single point gives the same integral as a function which is actually equal
to 0 everywhere.

The discrepancy between (7.1) and (7.3) is explained by the fact that
U (¢t — a) is not differentiable for all #; this function is not continuous at
¢t = a, nor differentiable there. Rule V cannot therefore be applied.

For a different interpretation of (7.2) and an explanation of the formula
(7.1), see p. 65.

15) It is not required that the nth derivative cxists for # == 0 and this casc appears
1
fairly frequently. An example with # = 1 is F(f) = /2, F/(t) = —z-t“ll’. Here

1 (2

I3 ’
8{Fp =100 gymy - L8O,

Rule V supplies the correct cquation

12 _ Iep

1
7 =S because I'(32) = ?P (1/2).
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Rule VI (Differentiation theorem for the image function)

As was mentioned in §3, the image function is always analytic and
therefore possesses derivatives of all orders. These can be obtained by
differentiation under the integral sign (EINF. p. 35), and this leads to the
following rule:

| —tF@oer(y)
|F £ F() e 1(s)

......................

(=1 n I'(f) oo [ (s)

This rule shows that, as for original functions, the complicated operation of
differentiation for image functions reflects into the other space as an
elementary operation, viz., multiplication by the negative of the variable.

§ 8. Integration

Rule VII (Integration theorem for the original function)

The differentiation of the original function corresponds (apart from the
addition of a constant) to the multiplication of the image function by s.
The integration of the original function from 0 to a variable point ¢ cor-
responds to the division of the image function by s:

T i
' ;

' CSF(r)dto—ol;/(s) t

It has been assumed that F(g) possesses an image function. The integral has
then an image function automatically (EINF. p. 46).

Rule VIII (Integration theorem for the image function)

The differentiation of the image function corresponds to the multiplication
of the original function by —¢, the éntegration to division by —t if s= o0

is chosen as the lower limit for the integration. However we replace \ by — S :

oo s
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o>}

|
i%wﬂ/(a)da
|

For this it has been assumed that Ft() possesses an image function, if so,

F(t) certainly has one. The path of integration in s can be a ray radiating

$
from s, and making an acute angle with the real axis.

This rule, in contrast to the others, is seldom employed and we mention
it here only for completeness.

§ 9. Multiplication and Convolution

Up to now we have established how a certain operation cxecuted on one
function is reflected upon its corresponding function. We consider now
combinations of several functions and seek the corresponding combination
im the other space.

It is self-evident that the swm of a finite number of original functions
corresponds to the sum of the corresponding image functions, so we do not
formulate this as a special rule$). The next simplest combination is the
product and in this case we begin with the product of image functions.

Rule IX (Convolution theorem)

To the product f,(s) - fo(s) there corresponds a peculiar integral combi-
nation of the functions F, (f) and F, (), which appears very often in physics,

namely1?)
¢

0.1) 5F1(f) Fyft — 1) dr.

18) For the sum of an infinitc number of terms this naturally is not truc in general.
Sce also § 35.
17) When, for example, certain causes F,(z) have effect during the time from 7 =0

t
to v = ¢, the total effect is described in the simplest case by 3 Fy(z) dr. If, however,
0

every cause has a weighting factor F,, which depends upon the time difference between
the time ¢ of its observation and the time 7 of its occurrence, i.c., # — 7, then the
total effect is given by integral (9.1).
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It is called the convolution (German: Faltung) of F, and F, and is symboli-
cally denoted by F, * F,:

[

Fi*F,= g Fy(x) Fy(t — 7) dr.
8

This symbol looks like a product and indeed the convolution behaves com-
pletely like a product: it is commutative, that is,

t t
©02) F,%Fy=F,*+F, or Ef Fl(r)F,(t—-z)d-r-——SFz(t)Fl(t—--r)dr,
3

and associative,
(93) (Fu*Fy) *Fy =F, * (Fy*F)),

so that the convolution of several functions, F, * F, ¥ ... * F, always
leads to the same result, independent of the order in which the convolution
is calculated (EINF. p. 56).

This correspondence between convolution and product can be formulated
as a rule:

9.4)

Fi*F,o0e f -],
For this rule it is assumed the @-integrals of F, and I, exist and that at
least one converges absolutely®); then the @-integral of F, * F, converges
automatically (EINF. p. 59).

After Rule V this rule is the most important in applications.

Rule X (Complex convolution theorem)

To the product of two original functions there corresponds the “‘complex
convolution” of the image functions. With the assumption that for two
real values x,, x, the integrals

oo o

(9.5) s. e~ %t |F,(f)| dt, .S. e~25t |F(f) |2 dt r=1,2)
0 b

oo

18) Absolute convergence of 3 ¢~ ® F(t) d mecans that
0

o

{le-stF()|de = [e Rs-t|F()|ae
0 0

converges. This is fulfilled for all functions F(f) for which | F(¢) | < 4 ¢, when Rs > a.



42 Chapter 2: Rules for the Calculus of the Laplace Transformation

converge, the following rule is valid for all s with Rs = x, + x, (EINF. p.210):

Z+joo
2—,1'{ ho) hls— o) do with %, 2 S Rs— 7,
x—joo
T

z+joo

|
5lf1(s 0) fy(o) do withx, S x=Rs—x, l
|

(96) | Fy()-Fylt)o-e

=]

z—)oo

When the abscissae x of the integration lines are chosen as stated, then
the variables in f, and f, move in the half-planes of absolute convergence of
the Q-integrals & {F;} and & {F,}.

The assumption (9.5) holds when F, is replaced by 1_?2. The corresponding
image function is:

SFY = | et B di = | et Ft i = 1)
0

0

When we replace F, by T’, and f,(s) by f;@ in the upper row of (9.6) and
choose s = x; 4 %, ¥ = x;, we obtain, on replacing the correspondence
sign by the explicit 2-integral,

as e-(atx)t Fy () Fylt) dt = —l fl(a) fal#y + %3 —0) do
”1—]°°

or, with ¢ =%, 4+ jy, o =% —jy:

- o |
07) éeﬂwotm) it = j,j he + i) T ¥R dy |

This relation is called the generalized Parseval equation for the Q-trans-
formation. It is valid under the assumption (9.5).

For F, = F, = F, %, = x, = x, it reduces to the Parseval equation

2 teo
) bs s ROt =5 |1 + iypdy
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This is valid under the assumption that the integrals

8

.

e FQd, (e FOPE

0 0

(9.9)

)

converge.
If we can set ¥ = 0, that is, when the integrals

o]

(9.10) S |F()| dt, 5 |F(i)|2 dt
8

converge, the Parseval cquation assumes the form:

oo

(9.11) (1F@pa= L (1r63)ma

0

This equation is of manifold importance in engineering. When F(¢) is the
output of an clectrical network, equation (9.11) represents the total energy
dissipated in a resistance of one ohm, expressed through the amplitude
density |f(j¥)|. If F(#) is the controlled variable of an automatic control

system, then { |F(f) |2 df represents the so-called “‘quadratic control area”.
0

One of the methods of optimum adjustment in the field of automatic control
consists of making this area a minimum. In this case F(f) is rcal; therefore

m = f(—jy) and (9.11) takes the form:

o +00 +joo
o1 (Foas Vi icing - g | ll-ade
Yo “joo

If f(s) is a rational function, this complex integral can be calculated by the
calculus of residues. The result depends on the finite number of constants
in the rational function and the integral can be minimized by the standard
methods of calculus.

We shall see in the next chapters, how certain types of functional equa-
tions can be solved in a simple way by means of the -transformation.
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Ordinary Differential Equations

§ 10. The Differential Equation of First Order

We consider the differential equation of first order with constant coefficients
but with arbitrary “‘excitation or perturbation function” F():

(10.1) Y + ¢ Y = F(f).

We have implied by use of capital letters that the equation is given in
original space. The basic idea consists of employing the @-transformation,
which we have so far used only with single functions, directly on the
equation (10.1). This can be expressed by saying that we desire the image
equation of the original equation. Of course this is donc by multiplying
both sides by e~* and integrating from 0 to oo, but we adapt ourselves
to the routine of the calculation most quickly if we do not write out the
explicit Q-integrals but only employ the symbol Q:

(10.2) S{Y'} + ¢, 8{V} = &{F}.

We come now to the second important step which consists of employing
Rule V and thus expressing € {Y’} in terms of £ {Y}. At the same time
we introduce the lower case letters and obtain:

(10.3) s¥(s) —Y(0 +) + ¢y y(s) = f(s)-

After a little practice we can omit equation (10.2) and write down equation
(10.3) immediately under (10.1) and say ‘“We write down the image equation
of the original equation” or ‘“We transform the equation into image space’.

We observe two important properties of the image equation: 1. It is a
linear algebraic equation in y(s), and therefore incomparably more simple
than the original differential equation. 2. It contains the value Y (0+).
This proves to be very useful since to determine a definite solution from the
infinitely many solutions of the differential equation, we must be given the
value of Y () at one point and in applications this is generally at the “‘initial
point” ¢ = 0; therefore the name “‘initial value” for Y (0+).

The expression “initial value” is to be understood as that Y (¢) shall be
continuously connected to it or, in other words, that this value shall be the
limiting value of the solution when ¢ tends to 0 from the right. It is exactly
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the value Y (0+4) that enters also into Rule V, cf. also remark 1, p. 37.
This prescribed initial value enters into the image equation and thus is
considered automatically. This is an important advantage over the classical
method, in which we first find the ‘‘general solution’’ which depends upon
an arbitrary constant and then subsequently determine this constant
so that Y (f) assumes the prescribed value at = 0. (We can say: a con-
stant also appears in the method of the Q-transformation but this constant
has a known relation to the solution; it is equal to Y (0-}).)

The solution of the image equation (10.3) can be written down immediately

(104) YO =10 53 +YOH) g

s+¢

Hence the image function y(s) of the wanted function Y (¢) has been found
already and we require only to determine its corresponding original function.
TFor this purpose we could use the complex inversion formula (2.8). However,
we wish to avoid this as much as possible and so we proceed in the same
way as when we meet an integral in the process of a calculation. We do not
evaluate the integral from its definition as the limit of a sum but we consult
a table of integrals; when we do not find the required result immediately,
we decompose and reshape the integrand so that we reach a known integral.
Analogously, in our case we consult the attached Table of Correspondences
and see whether the original function of the image function under considera-
tion is written down or whether perhaps by using our ‘‘grammatical rules”
of Chapter 2 the original function can be built up from the functions in the
table.

In the casc of the image function (10.4) this is very simple. According
to TAB. 35 to the image function 1/(s -+ ¢;) there corresponds the original
function e—%¢, and thus the original function of the second term in y(s) is
already established. The first term is the product of two image functions and
by Rule IX the convolution of the original functions corresponds to it.
Hence by combining these results it follows that

Y(f) = F(t) * et + Y(0+) ¢ ot

(10.5) t
= ¢~ %ot )F(t) et dr + Y(04) e0¢t,
)

and from this the solution of the differential equation (10.1) with given
initial value is obtained.

It must be emphasized that we have obtained hecre immediately the
solution of the inhomogeneous equation (with excitation function F), while
by the classical method we find first the solution of the homogeneous
equation (F = 0) and then obtain the solution in the inhomogeneous case
by the method of variation of parameters.
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We can exhibit the method of solution used here in a clearly arranged
scheme, to which we always return when we employ the g-transformation
on functional equations.

Scheme
Original space: differential equation - initial conditions solution
Q-transformation 2-1-transformation
Image space: algebraic equation ————— solultion

Explanation: Instead of solving the given differential equation with given
initial conditions directly, we make a detour across into the image space.
We go from the original equation to the image equation (an algebraic
equation) by the £-transformation, we solve this and then translate the
solution back to original space with the help of the inversion of the -trans-
formation.

We observe that the image function f(s) of the perturbation function F(¢)
is not needed for the explicit expression of the solution Y(f) but is used
only in the derivation of the result. Nevertheless, it is practical in many
gases to determine f(s) and to translate the complete expression f(s)/(s + ¢,)
back into original space instead of calculating the convolution integral in
(10.5). For example, let F(t) = U(#); then f(s) = 1/s; thus

1(s) 1
(10.6) s+ ¢ = s(s+¢)’

and for this function we find immediately from TAB. 40 the original function

1
— (1 —e~%!).
- (L—e=ay
Similarly, when F(¢) is a power or an exponential function. We wish to find
the solution when F(¢) is the sinusoidal oscillation e!”*. Then

1 1
R e DIk

From TAB. 44 the corresponding original function is

1
. jot__ a—Cet),
e (e )
To obtain the solution for F(f) = cos wt or sin w¢, we require to write this
expression in the form
Gl
cui + 0)’

(cosw? + jsinwt—e )
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and to split it into its

o sin wt + ¢ (cos wt — e~ %)),

1
real part = Py prape (

and its imaginary part = ¢y Sin wt— w (cos wi—e—% ¢)).

el
002 + w?

In the complete solution the term Y(0 +) e~%¢ still appears. With ¢, positive
the parts containing ¢—%! tend to O for increasing ¢ and there are left only

pure oscillations with thé same frequency as the excitation function, but
with different amplitude and phase.

§ 11. The Differential Equation of Second Order

For the differential equation of second order
(11.1) Y'4¢Y 4+ ¢Y =F(),

whose coefficients are taken to be real'®), we will be more brief. Its image
cquation by Rule V is

[fy—YO0+)s =Y (0H)]+elsy =Y (O0+)] + coy = f(s).
Two initial values appear in it, namely those of the function Y and its first
derivative and these two values must be given for the solution of a differen-
tial equation of second order to be determined uniquely. The image equation
is a linear algebraic equation with solution

1 S , 1
(11.2) y()=1) g7 555 T YO ;E_:;,cl;'c; Y OR g e

The corresponding original functions of the individual terms of this sum
can be found from the table of correspondences. However, we wish to show
how the original functions can be found, because this is a good preparatory
exercisec to the solution of a differential equation of arbitrary order. The
fractions appearing in (11.2) are rational functions in which the degree of the
numerator is less than the degree of the denominator. Such functions, as is
well known, can be decomposed by the so-called partial fraction expansion
which is used also in the integral calculus for the integration of rational
functions. We first determine the zeros «;, , of the polynomial in the
denominator and then decompose it into linear factors:

p(s) =s? +¢y5 + 6= (s — o) (s — ox9)-

The treatment is different now according as &; * &, or a; = «,.

19) We have divided by the coefficient of Y’/ so that the highest coefficient is equal
to 1. This simplifies the calculations which follow.
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Case 1: o #

The rational function can be expanded into fractions in which the
denominators contain only one linear factor,
dl dﬁ

S—oay ¥ s—og
We apply this subsequently to the two different fractions appearing in
(11.2). We can determine the coefficients dl, dy in the equation

14
(11.3) pls) 3"‘0‘1 Tty 5"‘0‘5

by a simple procedure??), in which all the terms on the right-hand side are
brought again over onc denominator and the numerators are then compared.
We obtain from

__L (@, + do)s— (dy 3 + dzo‘l)

pls) (s—ap) (s—ap)
the equations
dy 4-dy =0, oaty + oydy = —1,
and hence the coefficients have the values '
1 1
4= o —oy’ d2=_z‘::0‘z.

Because the original function of a single partial fraction is known, the
original function of (11.3) can be found:

1
(11.4) q(s) = (s) o (ext—exat) =Q(f).
Explicitly we have
¢ c
al=_-2!__|_]/——D, a,=_.21.-;/—D
2
with D=c— —ci— (discriminant).
For D <0, that is — 4 > Cor
k= |/ —D is real and
(11.5) Q@)= 2k . e~all? (ekt — e—kt) = }e e~a'2sinh k¢ (aperiodic).
. C?
For D >0, thatis vy < ¢,

20) In § 12 we shall give a more elegant method.
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«, and a, are complex conjugates and Q(f) appears in complex form; it is
in fact real. For if we set / — D = oj, then

(116 Q) =5 e (glos — i) = L eattsin wt.
We can establish this real form immediatcly if we express ¢(s) = 1/p(s)
in the following way:
O = T e B = 6T+ B~ G o
T = FalP+a—cf M~ Fal/2+D ™ s+ af2r+ o

From the correspondence (see § 3, No. 5)

1

1 sin wi
——— &0 -—sinw
24 0? )

it follows, with the help of Rule IV (damping theorem), that
q(s) oo —i— c~at? sin wi = Q(f).

Q(?) is therefore a periodic oscillation which is damped or amplified by the
factor ¢ @2,
When ¢2/4 << ¢c,, it is helpful to write the coefficients first in the form

(11.7) € —= 290, o == 6% + w?,
and then the differential equation is of the form:
(11.8) Y'4+28Y 4 (824 0?) Y = F(1).
Also D = w?, and

(11.9) q(s) =—p%;70-o%c—"‘sin wt.

We can conclude immediately from the differential equation (11.8) that the
function Q(¢) has frequency w and damping 8. Moreover, the ratio between
the amplitudes of two successive maxima of the damped oscillation is given
by the constant value ™. The so-called damping ratio é/w gives a good
estimate of the rate at which the oscillations decrease.
For the other fraction in (11.2) we obtain by partial fraction expansion
s+e6  dy __‘f_z__=(d1+da)3—‘(d10‘2+42951)_

PE) s—ay 5oy A(s)

and the coefficients are determined by the equations

dy+dy=1, ogdy+oaydy=—c;.
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Hence, since —¢, == «; | &, We obtain the values

dl_-“"l—l"l: %3 Lata o *
Gp—0y  Gg—oy’ P ayg—oy ag—oy”
Therefore
s+ cl ¢
(11.10 S e (raent— ) = 0.

When we use the form (11.7) in the case when D > 0, the translation
into original space can be achieved particularly simply (sce § 3, Nos. 4, 5
and Rule IV):

s+ 268 s+ 0 o
O A F ryray rapr b (s+o)2+w=+w(s+.s)=+w=
o-oe*"‘cosaxt+% —dtsinwi,
Case 2: oy =y (D =0)
In this case & = &y = — 2 and (cf. §3,No.7
1= 0

2

(11.12) ;:?) - ﬁ oo tent = Qlf),

ste_ ste 1 cf2
M) —GralP stalZ T 5+ap

(11.13) eoeatl 1 Age-atit=Q,().

After the original functions of the rational functions in (11.2) are found,
the solution of the differential equation is determined by the application
of Rule IX (Convolution theorem):

(11.14) Y(t) =F(5) » Q) + Y(0+) Qu(t) + Y'(0+) Q)

In practice we do not use this formula for the general solution,
but execute the above steps afresh each time.

By doing this it is often possible to avoid the inconvenient computation
of the convolution integral F % Q by determining f(s) explicitly and then
translating the image function f(s)//(s) into original space. It happens
frequently in practice that F(¢) is one of the functions U(¢), e*, t"e*t, cos w?
or sin wt so that f(s) is a rational function and likewise f(s)/p(s). We can
then find the original function by partial fraction expansion. The following
example illustrates this procedure.



§ 11. The Diffevential Equation of Second Order

Numerical Example

The differential equation
Y'4+10Y' +74Y = 28sin4¢
with the initial conditions
Y(0+)=0, Y'(0+)=2.
The image equation is
sy —2410sy + 74y='sflf:—gi3‘
Its solution is

112 2
Y= RF16)(F+10s+ 74 T ST+ 10s + 74

Consider first the second term and determine the zeros of
s2410s 4+ 74 =0.

They are
o =—5+7j, ng=—5—-17j.
We set
S S S .
$24+10s+74 s+5—7] " s+5+17j
and by comparing coefficients we have
dl + dg b 0
5+7j)d+(5—7j)dy=1.
From these equations we obtain

1 1
™y 2=

14§
Hence the original function of

1 o 114§ 1/14j
$2+10s+74  s+5—7j s+5+77°

dy =

is o) = i%i (eC-5+7t — e(-8-7)t) = % e5tsin 7L
We could have obtained this result more skilfully by writing

1 1 7
s+ 10s+74 7 (s+52+49°

since from the correspondence

g,_l_%g—o-osin7t

and the damping theorem Q(#) can then be found immediately.

51
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We could calculate the original function of the first term in y immediately
by using the convolution theorem. However, when the explicit expression
for function f(s) is inserted, this term is a rational function and it is
simpler to decomposc this function into partial fractions. The denominator
has four different zeros

4j,—4j,—5+17j,—5—17j,
and thus we have four different partial fractions:

112 _ 4 dy dy d,
(PTFI6) (P 10s+74)  s—4] V545 T5+5--71 TS H5 T}
When the right-hand side is put over one denominator, the numerator is
di(s+47) (s5+ 10s + 74) + dy(s —4j) (s> + 10s + 74)

+dg(s24+16) (s + 54+ 7j) 4+ dy(s*+16) (s + 5+ 7])
= 3(dy +dy+dy+ dy) + $*[(10 + 4j)dy + (10—4])dy + (5 + 7)) d3 + (5—T7]) d4)
+ s[(74 +40j)d; + (74 —40j) dy + 16 dy + 16 d,]
+ [296jdy— 296 d, + (80 + 112]) dy + (80 — 112j) d,].

Therefore d; to d, must satisfy the lincar equations:

dy, + dy + dy +- dy=0
(10 +4j)dy + (10—4j)dy+ S+ 7))dy+ (5 -7])dy=0
(74 + 40j) d, + (74—40j) dy -+ 16 dy + 16d,—0
296jdy-- 296 dy + (804 112j)dy+ (80~ -112)dy= 112.
Solving these equations we find:
7 . 7 .
d1=_1241 (20+29]): d%!:_' 1241 (20—29]),
4 . 4 .
dy =141 35 +417). dy= 7541 35 —4]).

Hence, for the first term in y we obtain the original function
7 .
— 1241 Q0+ 29]) et — 1241 (20—29j) e 4it
4 . . . .
+ 1_2—4Ti (35 + 4j) et 5+70¢ + 12-4—1 (35 —4j)cC 570t

i [20 (cut + e~4u) + 2(;] (e-t,t — e——&lt)]

124

+ m e8¢ [35 (e73t 4 e~7it) 4 4 j (e7it — cTi¥)]

1241 (20 cos 42 —29sin 4¢) 4+ %—1 e % (35cos7t—4sin 7).

Thus the problem is completely solved.
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We have undertaken the expansion into partial fractions in the most
primitive way by placing the fractions over one denominator and setting
up a system of linear equations for dj, d,, ... by comparing coefficients.
The solution of such a system for a large number of unknowns is very
troublesome, and for this reason we will show how to achieve partial fraction
expansions in a much simpler way. For this purpose we consider next the
differential cquation of arbitrary order.

§ 12. The Inhomogeneous Differential Equation
of nth Order with Vanishing Initial Values

As in the previous examples we make the coefficient of the highest derivative
equal to 1, because it simplifies the calculation and guards against errors.
The differential equation of nth order then has the form

(12.1) YO ey YO-D g oot Y 4 6o Y = F(f).

For the solution to be determined uniquely, # initial values must be given.
These are the values

Y(0+), Y'(0+), Y"(0+), ..., Y&-H(04)

To simplify the notation in what foliows, we denotc these by Y(0), Y'(0),
etc. This is therefore the so-called “initial value problem” for the differential
equation (12.1). To make the calculations simpler, we divide the problem
into two parts: first we assume that the equation is inhomogencous, that is,
the perturbation function F(f) does not vanish identically, but that the
initial values all vanish (this is the most frequent case in practice). Then
in § 14 we consider the homogencous equation, that is, F(§) - 0, with
arbitrary initial values. These solutions when added together give the
genceral solution.

The differential equation (12.1) is now considered with the initial con-
ditions

(12.2) Y0)=Y'(0)=...=Y®-(0)=0.
According to Rule V it has the image equation

(12.3) " Yt CamrsPly 05y + Gy = fs).
Using the abbreviation

(12.4) St Cpy SPT LA 6y 5 G = P(s)

the solution in image space is

(125) 316) = 555 1)
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We can write down immediately the solution of the differential equation
with the help of Rule IX (convolution theorem) when we have determined
the original function of

1
q(s) = 26"

This we accomplish, as in the previous special cases, by partial fraction
expansion. For this purpose we must first determine the zeros «;, ..., «,2)
after which p(s) can be represented as a product of linear factors:

(12.6) Ps)=(s—oy) (s—xg)...(s —ax,).

The determination of the zeros is the most tedious part of the entire calcula-
tion when # = 4. The real zeros are easily found by calculating a few
function values of p(s) from which we can sketch the curve for p(s) and
thus determine approximately the points of intersection of this curve with
the real axis; then they can be found more and more exactly by known
iteration processes. The calculation of the complex zeros, which occur as
complex conjugate pairs when the coefficients ¢,,_,, ..., ¢, are real, is, on the
other hand, an intricate procedure (cf. also the processes given in § 35 and
36 for the determination of the original function).

It has been shown already in the case » = 2 that the appearance of
equal zeros requires special handling. For that reason we make here also
the corresponding distinction.

Case 1: The zeros &, are all different

The partial fraction expansion of ¢(s) has the form

& 4
(12.7) (S) = }-(5) S—oy
This corresponds to the fact that ¢(s) possesses the simple poles «,, ..., «,,
(this is made clear by the partial fractions). The coefficients 4, ..., d, (the
residues at the poles) can be determined by the following method which is
simpler than that used in the previous special cases. We multiply equation
(12.7) by s — &,; then the first term on the right-hand side consists only
of d;, while all other terms contain (s — «;). When we let s tend to «;, then
all terms on the right vanish except the first; hence 4, is isolated. On the
left-hand side, when we remember that p(x;) = 0, we obtain by this limi-
ting process

lim i Y lim 1 ,1 .
s> o P() s>a PO —Ple) ~ P(x)

S—ay

31) This is also the first step in the classical method of solution of differential
equations. There p(s) = 0 is called the characteristic equation.
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Therefore the result is

1
dy=—
V()
and by analogy
dy= dy=—r
T ) 7 T )
The partial fraction expansion of ¢(s) reads
1 - 11
12.8 )=\ = D v ——.
(12 =7 Z Pe)

For this expression we require to form only the derivative of the polynomial
£(5) and to calculate the values p’(«,): this is much casier than the earlier
method of solving a system of # linear equations with # unkowns.

Morcover we can use the following observation: from the rule for the
differentiation of a product, we have

P(s) = (s—ea) (s—axg) ... (s—ax,) + (s—oxs) (s—xg) . . (s—a,) + ...,
and therefore
P(x1) = (0 —oxg) (0 —axg) ... oy —ax,),
P(0g) = (xg—0xy) (g —0x3) ... (¥g—ax,), ete.
When we apply this to the numerical cxample on p. 52 with
p(s) = (s*+16) (s* + 105 4-74)

we obtain
P'(x) =8j(5—3j) (54 11j) = —320 4 464,
1 1 _ —320—464j] —20—29j
P(x))  —3204464) 320244642 — 19856

In the example 1/p(s) was multiplied by 112 and when that is done here
we obtain the same value for d; as on p. 52, but with much less calculation.

We return now to (12.8). To ¢(s) there corresponds the original function:

(12.9) o) = Z p—:;;) e

Using this we can write the original function of (12.5), that is, the solution
of the differential equation (12.1) with the initial conditions (12.2), in the
simple form

(12.10) ’ Y() =Q() » F(¢) '
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In practice the following steps have to be carried out: 1. Calculation of the
zeros of p(s). 2. Determination of Q(f) by formula (12.9). 3. Calculation of
the convolution integral (12.10). However, as has been shown already in the
cxample on p. 52, we can often avoid the convolution integral by forming
the image function f(s) and translating the solution f(s)/#(s) in closed form
in image space back to original space. We shall give a further example
on pp. 62, 63.

In clectrical engineering certain names are used for the functions appear-
ing here. When the differential equation describes an electric network the
function F(f) may mean the voltage at the input terminal and Y(#) the
current at the output terminal. For this reason F(f) is generally called the
“input” and Y (¢) the “output’’. Sometimes F(#) is called the “excitation” and
Y(#) the “respomse”. These cxpressions are carried over into the image
space and f(s) is also called input or excitation and y(s) output or response.
In image space the connection between the input and the output is par-
ticularly simple:

(1211) ECEICICH
|

Therefore we work as much as possible in the image space and only go over

to the original space when we require numerical results for the function Y (#).

The function g(s), which depends upon the constants ¢,_;, ..., ¢, and
therefore on the inner structure of the physical system, and which establishes
the connection between f(s) and y(s) by (12.11) is called the ““system function”.
The corresponding original function Q(¢) is known in mathematics as the
“Green's functicn” of the problem and in electrical cngineering as the
“Weight function” (cf. footnote 17 p. 40).

The connection between f, y and ¢ is most clearly represented by the
following figure

f— ——»’_ q ’— —>Y

The physical system is represented by a “‘block”, which is labelled by the
letter g. This quantity is the only one that we requirc to know for the
system: it is completely characterized through g¢. f enters into the block
and y comes out of it.

The block symbol is especially useful when several physical systems are
coupled together, as, for example, when the output of the first system with
the system function g¢ is the input of the second system with the system
function g¢,:

I - q im Y > 4 l
— |

>Y1
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Then

y=4qf, N =y,
and therefore

N=qqf.

Hence the two systems can be substituted by a single system with the
system function ¢ ¢,:

s

9% l— >N

Particularly in feedback, as it occurs in servomechanism, the analysis
in image space by means of the block symbol leads to very clear relations
(EINF. p. 89).

Case 2: Some of the zeros «, are equal

These zeros can be regarded as “multiple”’. When we denote the numeric-
ally different zeros by o), &3, ..., &y, then we must ascribe to every zero ®,
a multiplicity £, and the decomposition of p(s) into lincar factors has the
form:

(12.12) Ps) = (s—oy)b (s —axg)ha ... (s—ax ).

In the partial fraction expansion of ]/j)(s) there now corresponds to a zero &,
not merely one fraction with s — «, in the denominator, but %, fractions

with (s —a ), (s — )2, ..., (s — «,)* as decnominators:
) B ST TR G
(12.13) q(s) = 1,(8) + () +-- t (s— )i
dro e
ap oA
Ty Ny Py o

To this corresponds the original function (cf. § 3, No. 7)

(12.14) Q)= em! (dm+d(2) 4o i -(mk':lm)

+ea..l(d(l)+dl2).t_+...+d( w )
m m 1l (b—1)1

With this expression for Q(¢) the differential equation has again solution of
the form (12.10).
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In this case also there exists a general formula for the determination of
the coefficients &* (EINF. p. 76). We remove the factor (s —a )" in the
representation (12.12) of p(s) and thus obtain a function which we can
denote by

£(s)
o n(s) = Ts—a)™’
en
1 dh—2
(12.15) 4= TH=a {ds"v—‘ [n (s)]},-,,'

In practice it is often simpler to proceed as in the following example.

Numerical Example

After determination of the zeros, let p(s) have the form:
pls) =(s—2*(s + 5) (s + 7).
That the multiplicity of (s — 2) is 3, and those of (s 4 5) and of (s + 7)

are !, is also shown by
P2)=9'(2)=p"(2) =0, p"(2)+0;
p(—35)=0, p'(—35)+0;
p—7=0, p—7)=+0.
We set

1
CFIP G 6T ~(—2F T zp s st

Now multiply by (s — 2)3 to isolate g,

h(s—2P  k(s—2)°
s+5 T T

(s+5) (;_-_{:7) =g+ g(—2)+g(s—22+

and then set s = 2. This gives
1 _
7.9 &8s

We bring this known term (s_g.___gﬁ over to the left-hand side, which is then

of the form

1 1 63— (s+5)(s+7)

—28(+35(+7) 63(5—2°F 63(5—2°(+3)(s+7)"
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The numerator equals
—s?—125s 4+ 28=—(s—2)(s + 14),

and thus contains the factor (s — 2), which can be cancelled out from both
numerator and denominator. The left-hand side is now equal to

—(s+14)
BE—22ET+5)+7)

When we equate this to the remaining part of the right-hand side, we
obtain

—(s+14) g g h k
BB FELT — bogF T ooy Tsrs TsET

(It is now clear why the numerator on the left-hand side contained the
factor (s — 2). On the right-hand side (s — 2) appears in the denominator
raised to the second power at most, therefore the same must be true on the
left-hand side. Thus one factor out of (s — 2) must cancel (s — 2) in the
numerator.) We can now isolate g, by multiplying by (s — 2)2:

—(s +14) h(s—2)2 | k(s 2)?
Bty - atalt=d+t 5ty

and again setting s = 2:

16
379 o

This term 7—55 G —& —2 is now brought over to the left-hand side and we obtain

—(s+14) 16 —63(s+14) +16(s+5) (s +7)
B3RS GFN TeRE—22 62 —2PGFoGLT)

The numerator equals
16 s 4 129 s — 322 = (s — 2) (16 s + 161),

and we can again cancel the factor (s — 2). Equating this to the right-hand
side gives

___16s+161 _ & h + k

632 (s—2)(s+5)(s+7) s—2  s+5 s+47°

After multiplication by (s — 2) the equation, when s = 2, gives

193 _
63.7.9 o
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(sigi 2 is now brought over to the left-hand side and this is then equal to
1654161 193 _63(165+161)—193(s+5) (s +7)
632 (s —2)(s+5)(s+7) 633(s—2) 633(s—2)(s+5)(s+7) ’

The numerator equals
— 193 52— 1308 s + 3388 —= — (s—2) (193 s 4- 1694),
and after cancelling (s — 2) in numerator and denominator we obtain

. 193s+ 1604 A,k
633G 5 (s +7) —s+5 T s¥7°
We multiply now by (s 4 5), set s = -— 5 and find
1

—pap h
and therefore
193s+1694 729 Lk
TeR(s S (s+7) T T 6382645 5T
To evaluate % it is sufficient to set s = 0. Then
1
Ly
The partial fraction expansion now reads:
| 1 16 193
(s—2B(s+5)(s+7  7-9(5—2p8 729 (s—22 73.93(s—2)

— 1 1 —_——
g s) te2(s47)

§ 13. The Response to Special Excitations

The behaviour of a physical system can be well estimated when we
know its response to certain special excitations (test functions), which can
easily be realized technically. We choose for this purpose the unit step
function U(f), the impulse function 4(f) and the sinusoidal oscillation e!**.

As in the previous paragraphs we presume that the initial values
vanish.

1. The Step Response

The solution of the differential equation (12.1) which corresponds to the
excitation F(f) = U(t) is called the *‘step response’”’ Yy (#). By (12.10), we have
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(13.0)  Yu()=0()s1= .S.Q(') de or o0 =0,

Thus the step response and the weight function are connected in a simple way.
The connection in image space is even simpler, for since {U} = 1/s, we
have by (12.11)

(132) yole) =5 960 = 3

Here 1/p(s) is a rational function and, therefore, so is 1/sp(s). For this
reason we shall not calculate Yy (t) from formula (13.1) by first finding Q(¢)
and then integrating, but we shall expand 1/sp(s)into partial fractions and
translate these to original space. A particularly simple formula is obtained
when the zeros of p(s) are all different and none is zero (the last requirement
means ¢, % 0). Then the zeros 0, «,, ..., &, of sp(s) are all different and the
partial fraction expansion is

1 . do
spls) s—oy s———oc,,
From
(s) ——do_{’.-zb_ap
it follows that
o= 4o
Turther, since
s —a, 1
sp(s) P(?) —plo)
s — zx,
dy dy
== (s —a) + (s——oc.)-i- hdte (s )

we have, for s — «
1 :
S
“y{"(“y) 14}

and so we obtain

yuls) = }(T)) :9 + Za.p (o) s" -y
and

i n |
ext i

(13.3) l Yol =40y +Z P(av)
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This formula is known in electrical engineering as ““Heavistde’s expansion
theorem’’. When all the zeros «, have negative real parts, Y(¢) tends towards
the constant 1/p(0) for increasing ¢; that is, a system which by the dis-
continuous excitation U(f) is put in a fairly irregular condition (an aggregate
of ‘“characteristic oscillations”, see p. 74), approaches a new equilibrium
state 1/p(0) = 1/c,. We can see this also from the differential equation;
when Y becomes smooth, the derivatives Y’, ..., Y® tend to 0, and we have
Y ~ 1.

Formula (13.3) is employed frequently in engineering. However, we wish
to point out explicitly that it is correct only when the initial values vanish
and when the zeros are different from one another, none being equal to 0.
In numerical calculations we notice this automatically. For, if a multiple
zero &, appears, then p’(x,) = 0, and when an «, is equal to 0, then p(0) = 0.
In both cases formula (13.3) becomes meaningless.

When the step response has been determined either mathematically or
experimentally, we can determine the response Y (¢) for an arbitrary excita-
tion F(¢). For by (12.10), Y(t) = @ * F and by (13.1) Q == Y’y;; therefore

(13.4) ;(t) _ Yy +F

This is known as Duhamel’s formula. We can also write (cf. Theorem 32.1)

(13.5) ; Y(t)=;z Yy #F] i

Numerical Example

We consider again the differential equation on p. 51, but with the right-
hand side equal to U(#) and with vanishing initial values; that is, we wish
to find the step response of the system that is described by the differential
equation

Y'4+10Y'+74Y=U@), Y(0)=Y'(0)=0.

p(s) = st 105 + 74, P's)=2s+10;
& =—54+17i, ag=—5—17],

Here

and therefore
PO)=74, pla) =14, P'log) =—14].
From formula (13.3), the system function is given by

1 _el=5+7i)t 1

1
TR ST

- el-5-Tj)t,

Yol) = =5—77)(—14j)
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The second and third terms are complex conjugates of each other and
therefore their sum is equal to twice the real part of either of them:

ST % e—5t m__________("fz's‘lllg)‘l) it

e 3#R(—7+ 5j)(cos 7¢+ jsin7¢)

1
2RI
1
7-74

= —»7—41.—7- e~3¢(7cos 7t 4 5sin 7).

Thus we obtain

Yy(2) ——--—,71—4 {1 — ; e~54(7cos 7t + 5sin 7t)}.
Moreover

()= ; e~3tsin7¢, Yylt) = % e3¢ (7cos 7t—5sin74),

from which we see that Y (¢) satisfies the differential equation and has
vanishing initial values.
For ¢t - co, Yy and Yy tend to zero and Yy tends to -

1 .
T it must
by the differential equation.

7

2. The Impulse Response

The impulse function 8(¢) has been introduced already in § 1. It represents
an excitation which vanishes for all time ¢ #+ 0, while at £ = 0 it takes an
infinitely great value in such a way that the value ¢(0) is ‘‘sifted” out of the

b

integral j o(?) 6(¢) dt when the interval ¢ < ¢ < b contains the zero point:
a

b
. _[9(0) fora=<0<d
(13.6) 5 @(t) 8(¢) dt = { 0 in any other case.

Correspondingly

b
A olty) fora <ty <b
(13.7) j @(8) O(6 —t) dt = {o otherwise.

Because a function (in the sense of traditional analysis) cannot have this
property, 8(#) was called a ‘“pseudo function’”. We can think of it as the
limit of a family of functions S (), which are very great in the neighbourhood
of £ = 0 and otherwise zero; for example,

€

S.(t)=[1 for0=st<e
0 for t<0and t=e.
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If ¢(¢) is continuous in the neighbourhood of ¢ = 0, the mean value theorem
of integral calculus gives

! S'q;(z)dt_—.qp(os) 0sd=1).
g

b
For e — 0, S,(¢) tends to 4() and § ¢(¢) S,(¢) 4 = ¢(De) tends to ¢(0).

b
5 () Se(t) dt =

a
From the conclusions on p. 23, we can place “‘pseudo analysis™ (that is,
analysis that uses the pseudo function) on a more rigorous basis when we
introduce the jump function 22)

13.8 Ul — 0 fort <0
(13.8) 0= 1 fort >0

and replace integrals (13.6), (13.7) by Stieltjes integrals relative to the
function U (f). The integrals then give the same results in a legitimate way
if, following the pattern of p.23, we go back to the definition of thesc
integrals:

b
e(0) fora<0<b
(13.9) 5 () aUl) = I otherwise,
b () f Sh<b
O ¢ 0 or a =§
(13.10) o(t) dU(t—t) = { otherwise.

&

From these Stieltjes integrals we obtain formally the above integrals
with & by writing, for example, (13.9) in the form

b b
Sqo(z) Ul ==5 o0 99 4

a
and setting
au(s
(13.12) —75—)= ).
In this way we consider 6(¢) to be the derivative of U (f), and thisisintuitively
justified, since U’ (f) equals zero for ¢ % O and the right-sided derivative of
U (t) at ¢ = 0 has the value
0

U(t)——U(O) —1im1—% .

t->0+ t—>0+

22) We notice that U(f) is now defined to be 0 at ¢ = 0, while on p. 28 the valuc U(0)
was indefinite and on p. 20 was sct equal to 1 (when w = 0) because this correspon-
ded best to the physical meaning.
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Because equations (13.6,7) are in some respect only shorthand for the
legitimate equations (13.9,10), we can calculate with them without hesitation
and this is the normal practice of engineers. When doubts arise we can
always refer back to the Stieltjes integrals.

What interests us most are the Q-transformations of the pseudo func-
tions 8(f) and (¢ — #,). From formulas (13.6,7), we have

co

(13.12)  £{8()) = S ) dt=1,
3
(13.13) {0t — 1)} = s‘ e=*t§(t—1g)dt==c=*% for #,> 0.
5

Remark: It was pointed out on p. 38 that Rule V (Differentiation theorem)
is not applicable to the function U (£ — #,) because it is not differentiable
at £ =ty. This is correct if we define U’(f—¢,) in the sensc of classical
analysis as was done in (7.2). If however, we set

(13.14) U'(t—ty) == 6(t—1,),
Rule V becomes applicable, since

AU (t—to)} = s {U (t—to)} — U(—1ty) ((>0)
means, by (13.13) and § 3, No. 2,

e=tto=s © “a-~-——0.
S
We can explain this by the fact that the function U (¢ — £5) by the definition
(13.14) now possesses a derivative ecverywhere, as it is required to by RuleV.
This rule holds also for £, = 0, if we replace U (0+) = 1 by U (0) == 0%);
therefore, thinking of U(/) as lim ("(t—¢,):
8y >0}

S{UW} =5 L UN—UO), e 1=5" 0.

After these general discussions about 8(f) we now consider 8(f) as an cx-
citation or input and denote the response or output by Y, (¢) and its image
function by y,(s). Because 8 {6} = 1, we have by (12.11)

1
13.15 o\S) = 4q\S) = 7
( ) yo(s) = g(s) 6)’
o0
3) If we rewrite S ¢% dU(f) according to the rule of integration by parts for
0

Stieltjes integrals (for this sec Footnote 7), we scc indeed that here U(0) occurs and
not U(0 +).
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and therefore

(13.16) Yo()) = Q)

Here we meet a new aspect of the function () (). In § 12 it was interpreted
as a Green’s function or as a weight function, but now it appears as the
response to an impulse excitation, therefore as an “¢mpulse response’. Thus
it is possible to determine the weight function experimentally when the
differential equation describes an electric network. An impulse 8(¢) is
applied to the input (this can be approximately realized in practice by a
large surge during a very small time interval) and the output is measured
with an oscillograph.

By (13.1) there is a connection between the step and the impulse
responses

[
(13.17) Yylt) = 5 Ya(r) dv or Yolt) = dez;(t) .

If the impulse occurs at the time ¢ == 4,, its image function is equal to
e~%?, and that of the output, according to (12.11), is equal to e~%® ¢(s). The
output itself is, by Rule II (first translation theorem), equal to

(13.18) Qt—1t)) = Yo(t—1,),

where Q(t) = 0 for¢ < 0.
The response (12.10) for an arbitrary excitation F(¢#) is given by

¢

Y()= ‘SQ(t--—z) F(v)dr

and this can now be explained as a superposition of the responses to single
impulses of intensity F(r) dr, which occur at the time points 7 (0 < v < ¢).
From (13.18) one such impulse supplies the response F(z) dv + Q (¢ — ), and
the superpositicn of these values yields the integral (12.10) for Y (¢).

Technical literature is usually content with the above derivation of (13.16).
On closer examination it turns out that the result still requires a correction.
The differential equation in the preceding case reads

(13.19) Y 4, Y=V oo ¢, Y =6(2),
with the given initial conditions
(13.20) YO+)=Y(04)=-=Y"V(04)=0.

By (13.16) the solution allegedly is equal to Q(¢), an ordinary function.
This cannot be so, because it follows that the left-hand side of (13.19) for
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an ordinary function gives an ordinary function and therefore, certainly not
the pseudo function 4(¢). Indeed the function Q(f) satisfies a differential
cquation different from (13.19) and in addition does not have the initial
values (13.20). As will be shown in § 14,

(13.21) O () + €amg @QP=2(t) 4 -+ + 6 Qt) =0
and
(1322) QO =QO+) =+ =Q"9(0+) =0, Q*-D(04)=1,

How can we show that this agrees with the assertion that Y,(f) = Q(f)
satisfies equation (13.19,20)? For this purpose we complete the function
Q(#) for ¢ <0 by the value 0, as already in (13.18). We define, therefore,

(13.23) (Ya(t) = {3“) ﬁﬁi :;8

Then all left-sided derivatives of Y,(f) are equal to zero at ¢{ =0, and
consequently, by (13.22), the functions Y,(#), ¥}’ (¢), ..., Y{*=® (¢) are con-
tinuous at ¢ = 0, while Y{*~? (¢) has the jump 1 at ¢ = 0 (as has the func-

awy

Y'm

N

7 ar)

<

8(¢)
T oy

Figure 13.1
The impulse response and its

derivatives in the case # = 4.
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tion U), cf. Fig. 13.1. We can express this in the simplest way when we set
(13.24) YP-U() =Q- V(1) U).

Then we see that the derivative of this function, that is Y (), is no
ordinary function, but of the same character as the derivative of U (£) which
is described by é(¢). This is obtained also when formula (13.24) is differcn-
tiated formally using the product rule:

(13.25) Y () = QW (8) U(t) 4 Q=2 (¢) 8(t)
= Q™ () Ul) + ().

If we insert Y (¢) as defined by (13.23) in the left-hand side of (13.19) and
use expression (13.25) for Y™ (¢), then 4(f), and not 0, appears. Further,
concerning the initial values, we have seen already on p. 65 that Rule V for
differentation, which we have used to establish the image equation of (13.19),
is correct only when we apply it to U(f) and its derivative §(f) if the
limit value U (0+) = 1 is replaced by the function value U(0) = 0. The
expression (13.25) for Y™ () therefore requires that the condition
Y{-1(0+) = 0 is replaced by Y{* ¥ (0) = 0, and this is fulfilled by the
function (13.23).

We cannot say that the impulse response is given by Q(#) for ¢ = 0,
instead we must use the corrected expression represented by (13.23).

Example: A mechanical oscillator (for example, a pendulum suspended
by a long string) satisfies the known oscillation equation of order n = 2. If
the oscillator is initially at rest, then Y (0) = Y’ (0) = 0. If the pendulum
receives an impulse then the velocity Y’ (f) jumps suddenly from O to a
positive value, while the displacement Y (¢) varies continuously from 0.

3. Frequency Response
The special excitation F(f) = e/* is of particular interest in practice.
We use this excitation when we wish to know how the physical system
reacts to oscillations of different frequencies.

In alternating current theory this case is treated as follows: although in
fact we are considering a ‘‘transient’” beginning from ¢ = 0 with definite
initial conditions, we handle it as if it were an occurrence in the interval
from ¢ == — oo to +oco. Because the excitation is an oscillation, we assume
that the response is also an oscillation with the same frequency, but with
different amplitude and phase; therefore it has the form

Y(t) = G(w) et



§ 13. The Response to Special Excitations 69

where G (o) is a complex number depending on . If we insert this Y ()
into the differential equation, we obtain

G() (o) &1t - ¢,_, G(w) (jo)r~telot ...
+ 6 G((l)) (j 60) elot + Co G(CO) elwt — elot
or, with our earlier notation,

G(w) glot p(] w) = eimt'

1 .
G(w) = o) = q(j w).
Therefore
(13.26) Y(#) = q(j w) elot.

The function ¢ (j w), which for the excitation e/ represents the quotient

response Y(¢)
excitation ~ e!**

is called the “‘frequency response” of the physical system. If we set

9(j o) = |¢(j )] elvte),

then |¢(jw)| is called the “amplitude characteristic’ and y(w) the “‘phase
characteristic” .

As we see, the frequency response is nothing but the value of the system
function q(s) (see p. 56) on the imaginary axis?®%).

The above derivation, which arises more from experience and intuition
and which is not mathematically rigorous, can be made exact by means of
the @-transformation. Because, as always in this paragraph, we have
vanishing initial conditions, the output Y (¢) for an input e*** is given from
(12.10) by

(13.27) Yolt) = Qt) * elot = elot s e~tor Q(r) dr.
b

We now make the essential assumption that ¢(s) == & {Q} still converges
on the imaginary axis and this is equivalent to saying that the poles o, of
the rational function ¢(s) lie to the left of the imaginary axis. Then

djw) = 5 e-la Q(x) dr,

24) In electrical engineering literature g(s) also is sometimes called the frequency
response; this, however, is to be rejected as improper. The importance of ¢(s) as system
function far surpasses the importance of g(jw) as frequency response.
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and we can write expression (13.27) in the form

(13.28) Yalf) = elot [ S e-1o7 Q(r) dr — ge*’w'Q(r) d-r}
lo " i
— q(j w) elot _ glot g e~lot Q(T) dz.

Since the second term obviously tends to 0 for £ — oo, we see that the first
term, which is identical to (13.26), gives the ‘“‘steady state” of the system,
which appears after a sufficiently long time. We denote it by Y, (¢):

Yult) = g ) ot

(13.29)

When we are not interested in the value of Y (f) for small ¢, that is for
transient phenomena, then the solution (13.29) is sufficient for practical
purposes even although it does not represent the complete solution, but
only the “asymptotic’’ behaviour.

This latter result is of particular value, because it can be obtained com-
pletely from image space without translation into the original space.

It is to be observed, however, that we can use (13.29) only if the poles of
q(s) have negative real parts. This means that the “characteristic oscil-
lations”’ (see p. 74) die away with increasing ¢; that is, the physical system
is “‘passive” (possesses no internal energy sources) and cannot by itself
amplify its oscillations. We add the remark that (13.29) also describes the
steady state in the case of non-vanishing initial values. This is because the
initial values only add to the solution an aggregate of characteristic oscil-
lations which die away to zero with increasing ¢ (see § 14).

We can relate the frequency response to the impulse response if we go
back to the concept of spectral density introduced in §1. By (1.11) and
(13.6) the impulse function 4(¢) has the spectral density

+ 00

1( B 1
_2_7!-5 o) e~ivtdt ="27°1.

(Therefore all frequencies appear in 8(f) with equal amplitude density 1/2x
and without phase displacement #).) As an excitation the impulse function

35) The spectral density of §(f) exists, but d(f) cannot be represented by it as a
400

Fourier integral using formula (1.10) because S 1 elvt dy diverges for every f. Never-
—00

theless this meaningless expression is sometimes written in the technical literature for

4(f), in which case the same interpretation is used asis given on p. 20 (sec before formula

(1.23)).
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corresponds, by (13.23), to the response Y, (f) = Q(f) for¢ > 0, and Y, (¢) =
for { < 0. Its spectral density is

o0

T 5Y.s(t)e totdr = [ Q) etet = 5 g
0

For the impulse function as excitation, the quotient

spectral density of response

(13.30) spectral density of excitation

= ¢(j).

This equation supplies a new interpretation of the frequency response q(j ).
The difference from the earlier definition is the following: the response
Y, () to the excitation é(¢) is found first. Then a frequency analysis is executed
for both functions; that is, for every component oscillation e!** the cor-
responding spectral density is found and the quotient (13.30) formed. On
the other hand, in the earlier definition the frequency analysis was executed
by sclecting a single component oscillation e**‘, and then the ratio res-
ponse: excitation was formed.

Connection between frequency response and step response

Technically the frequency response is, in general, more exactly and more
casily measureable than the step response. For this reason it is advantageous
that the latter can be calculated from the frequency response, if it exists,
that is, when the poles of the rational function ¢(s) have negative real parts.
If we express ¢(j w) by modulus and phase

9(jo) = |g(w)| evi@),
then the formula

(1331)  Yy() = (0) n5 2G9N G oo+ ple)] do (> 0)

is valid (EiNr. p. 96). If, on the other hand, we decompose g (j w) into real
and imaginary parts

9(j ) = u(w) + ju(w),
then both formulas

oo

)

Yol) = —72;5 “9) sin tw do
0
(13.32) ; (t>0)
Yult) = %ff%,@l cos tw dw
0
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are valid (EInF. p. 97). These are particularly noteworthy because Yy (f)
can be calculated from either of the two components # and v alone.

Because Yy (f) = Q(t), the weight function Q(f) can also be calculated
from the frequency response using these formulas.
|

§ 14. The Homogeneous Differential Equation of nth Order with
Arbitrary Initial Values. The Characteristic Oscillations

If no excitation is present, the physical system is left to itself and the
differential equation becomes homogeneous:

(14.1) Y® o, Y- fei o V' 46 Y =0.

When the initial values all vanish, there is only the trivial solution Y () = 0
The initial values

Y(04), Y(O+), ..., Y@u-204)

are now given arbitrarily. To facilitate writing we denote them by Y (0), ...,
Y®-1(0). From Rule V the image equation of (14.1) is

sy — Y(O) sn—1__ Y'(O) P2 Y(n-2) (0) s_y(n—l»(o)
+cpy [s"1y— Y(0) s"-2—Y’(0) "3 —... — Y(n=2(0)]

If we set as formerly
S Cpy SPL A eee 0y s+ o= P(s)
the solution is

Y(O)______+c’n l9 2+ +02_g+cl

()
’ ___‘_-_'_cn 19".3—:{- +02
+Y0 26)
(14.2) P)=4 -
. S+ Cp-
Yoo A -

|+ y(n—n(o)m.
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In the rational functions occurring here, the degree of the numerator is
less than the degree of the denominator and therefore we can expand the
solution into partial fractions and transform into original space. For higher
orders, however, we can use the following process with advantage.

If the special initial values

Y(0) = Y'(0) =+ = Y-2(0) =0, Yyin-0(0) =1

are given, the solution of the image equation is simply
1
o) = 5 = 96),

and therefore that of the original equation is

Y() =0().
This can be expressed as follows.

The weight function Q(¢) has the following important and much used
properties: Q (f) satisfies the homogeneous differential equation

(14.3) Q") +cpy Q" V(@) 4 -+ +c1Q'()) +co Q) =0
and has the initial values

(144) QO0+)=Q(O0+4)="'-=@"?(0+)=0, Q»-V(0+)=1.
From this, by Rule V, we have

2 = 1 e
= S Q)
1450 L e
S =i eeQnony
1= S —Leo Q.

We can therefore construct very simply from the derivatives of Q(f),
which can be calculated easily, the original functions of the multipliers of
Y (0), Y’'(0), ... in (14.2), and obtain

Y(0) [Q=() + €aer Q2 (O) + -+ + 2 Q'(}) + €1 Q)]
+ Y'(0) [Q=2(8) + €aca @2 () + -+ + ca Q)]
(146) Y(@)={ -«
+ Y20 [Q'()) + ca-1Q0)]
+ Y*=2(0) Q).
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Q(t) itself is obtained using the method in § 12 by a partial fraction
expansion of ¢(s) and is an aggregate of functions e*', which, if «,
has multiplicity %,, are multiplied by ¢, £2, ..., 1. The derivatives of
Q () have the same form. Therefore Y (t) is a linear cornbination of these
functions with coefficients that are tormed from the initial values and the
¢,. If no outside excitation occurs, no functions appear other than N

ea,t' te“‘" cee, th—1 ea,t; ea.f’ tea,t'

which are called the characteristic oscillations of the system for this reason.
With arbitrary initial values, the system when left to itself executes oscil-
lations which are linear combinations of these characteristic oscillations.

Numerical Example

On pp. 52 and 55 we have considered the case
(s) = (s* 4 16) (s* +- 10s + 74)
=54+ 1053+ 9052+ 160 s - 1184.
This corresponds to the differential equation of the fourth order

Y 4 10Y"” 490" + 160Y’ + 1184Y = F{(s).

We found (notlce that there -7 was multiplied by 112) that

P( )
Q@) = 9928 (20 cos 4 t — 29 sin 4 ¢) 4 173'71 -5t (35 cos 7¢t — 4 sin 74).
Therefore

, 1 . 1 .
Q@)= 5485 (20sin4 ¢+ 29cos4¢t) — iﬁﬁe*“ (203 cos 7¢+ 225sin 71),

Q)= _i?l‘il— (40cos4¢—58sin 4¢) — 8;874 €75 (280 cos 7t—1273sin 7¢),

124 1 4
Q) = — 12T (160 sin 4 ¢ + 232 cos4t)

+ 86—87— €75t (10311 cos 7t — 4405 sin 7).

With these tunctions we can combine the factors by which the initial
values are multiplied:

Y(+0): Q7)) + ¢ @"() + 2 Q'(8) + c,Q()) = Q"()) + 10 Q" (1)
+90Q() +160Q(),
Y'(+0): Q"() + ¢ Q'(t) + caQ(t) =Q"() +10Q'¢) + 900Q0),
Y(+0):Q'() + Q) =Q'() +1000),
Y"'(+0): Q) =0Q0).
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The reader is advised to verify that
Q0)=0Q'(0)=0Q"(0)=0 and Q" (0)= 1.

Because of vagueness in the technical literature it is again pointed out
that the initial values entering in the image equation are the numbers
Y(0+4),Y"(04),.... It cannot be otherwise because the differential equation
is considered only for £ = 0 and Y (f) with its derivatives must be connected
continuously to the initial values from the right. A different question is,
where do these values originate in practice? With a physical system they
come naturally from the past history of the system. (Thus, for example,
the position and velocity of a linear oscillator at the time ¢ = 0 is a necessary
consequence of its motion in the time before.) The physical system reaches
the null point from the left with certain values Y (0—), Y’(0—), ..., and it
is now required that the system begins the time section ¢ = 0 with the
same values. This demand can always be satisfied, because we can verify
that the solution obtained by {-transformation always has the prescribed
initial values (EINF. pp. 78, 80), however these initial values may be given
and an excitation may be chosen which can be totally different from the
excitation acting before ¢ = 0. This surprises us only when we find that
with systems of differential equations quite different things may occur.
(Compare § 19.)

We state once again

the Advantages of the Q-Transformation Method.

1. In the classical method we establish first a ‘‘general” solution in which
the constants must be made to fit the initial conditions. This necessitates
the solution of an additional system of linear equations with # unknowns
(for » = 3 this s fairly tedious). By contrast, the g-transformation considers
these initial values from the beginning and introduces them automatically
into the solution. Because of this their influence is clear from the start.
Therefore the method is particularly suitable for the initial value problem.
The frcquent case of vanishing initial values, which does not simplify the
classical method and which still requires the solution of the previously
mentioned system of linear equations, is solved very simply by the @-trans-
formation.

2. While in the classical method we solve first the homogeneous equation
and then the inhomogeneous equation by variation of parameters, in using
the Q-transformation we can immediately solve the inhomogeneous equa-
tion, which in practice is the more important.
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§ 15. Solution of a Particular System of Simultaneous Differential
Equations

As has already been shown, the calculations involved in the solution of
single differential equations with order greater than three are much simpler
by the Q-transformation method than by the classical method. However
the method shows its full power in the solution of a system of several diffe-
rential equations where it leads to much greater insight and much less cal-
culation than the classical method, which in reality is not practicable at all.

We consider next a special example from engineering; this arises from
the mathematical treatment of a certain automatic control system2), To
obtain the most realistic relations we have chosen it so that one of the
equations appearing is not a differential equation but an algebraic equation,
a case that appears frequently in technical problems. All together three
unknown functions Y,, Y,, Y, appear (in the automatic control system Y;
is the controlled variable [the voltage of a generator], Y, is the adjustable
variable, and Y is the current in the field of the generator); the right-hand
sides Fy, F,, Fy of the equations are combinations of known functions
(disturbance and control values).

The equations are

Yl ""8Y3 =F1
(1.1 — Y, +2Y,+10Y,=F,

1 , N
Y1+"2‘Y2+Yz = Fj.

The most interesting function is Y, (the controlled variable), of which, as
we see, no derivative is present in the equations.

By the usual method we proceed to eliminate Y, and Y, and set
up a single differential equation for Y,. In (15.1) this is a very simple matter
because in the first equation Y, and in the second Y, appear without
derivatives, We obtain from the first equation

1
Y= K} (Y,—Fy).

Substituting this in the second gives

5

1 5, 1 ;o
Y2='4“Y1+'4‘ YI‘ZFI—TFI—I'g.

8) The description of this automatic control system and the deduction of the
equations can be found in: Die Laplace-Transformation und ihre Anwendung in der
Regelungstechnik. Oldenbourg Verlag, Miinchen 1955, pp. 9—15: W. OpPPELT, Ableitung
der Gleichungen eines Regelvorganges aus dem technischen Aufbau einer Regelanlage.
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Using this value in the third equation we obtain
(15.2) Yito Y1+8 1=3 Fx+ F{+ F”+ Fa+F§+Fa

If the initial values Y, (0+4), Y7 (0+) are known, we can solve this equation
uniquely.

In the present case we see immediately that these initial values cannot be
given arbitrarily. Since the derivative of Y; does not appear in the original
equations, we do not expect to prescribe the initial values for Y;. In fact
they are determined by the initial values ¥,(0+), Y,(0+) for Y, and Y,

(each appears differentiated once). It follows from the first equatlon that
the initial value of Y] is

(15.3) Y1(0+) =8 Y40 4) + Fy(0+),
and also from the first equation differentiated

Y10+4) =8 Y30 +) + F(0+)

and the second equation

YH0 1) = 56 Yal0+) — 5 ¥o(0+) + 15 Fol0H)
that the initial value of Y] is

(15.4) Yi0+)=5 Ya(O +—3 Ys(O +)+ 5 tr 20+) + F1(0+).

There are, howcver, the following considerations: 1.In more general
cases the reduction of a system of differential equations to one differential
equation (of higher order) for a single function is not as simple as in the
preceding case, where only two unknowns appear in each equation. 2. The
question of which initial values can be prescribed is, in general, not easily
answered by inspection (see for this question § 19). 3. The gravest difficulty is
that the above operations assume that the functions F, ... are differentiable
and together with certain derivatives have limits for £ - 0 4. This is pre-
ciscly what is not true in many practical cases; for example, for F; = U(t—1)
(this is not differentiable at ¢ == 1) or for F; == V2 (F'; = 1/2¢-1/2 has no
limit for ¢ — 0).

None of these difficulties arises when we use the Q-transformation
method and set up the image equations of the given equations without
previous elimination. In our example this leads to the following system of
algebraic equations

41 — 81y, =f
(15.5) — N +2y3+ 10[sys— Y50 +)]=1s

Y+ ya+ [sya— Yo0 )] — .
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In doing this, no assumptions are made about the differentiability of the
input functions F;, ..., and the initial values required are obvious.

We can calculate the unknowns ¥, ¥,, ¥3 by Cramer’s rule with the help
of determinants or by elimination, which can be carried out in the same
order as above for the differential equation (15.1). Only now everything is
much simpler because here only thc three unknowns themselves appear
and not, as above, together with their derivatives. (Even in the most com-
plicated cases we do not need to consider how to pick out the unknowns.)
We determine y; from the first equation:

1
B=7 (11— h),
substitute this into the second equation and obtain
1 5 1 5
=3 +5s)n—(F+75)h—h—10704).

We insert this value into the third equation:

‘2‘324‘%‘34‘%‘) "= (%‘"‘}‘%34'_45,‘33),14‘ (é“i‘ s)fn‘i"fa

+ Ya(0+) + 5 Y50 +) (25 + 1).

When, as is frequently the case, we describe the excitation functions by
unit step functions U (¢), then f; = f, = fg = 1/s, and we obtain for y, a
sum of rational functions, in which the numerators are of lower degree (at
most 2) than the denominators (equal to 3). Such functions can be expanded
by the method of § 12 into partial fractions and then transformed easily into
original space. Here, however, we wish to assume the genecral case when
F,, at least, is an arbitrary function, because from this we can learn some-
thing new.

On dividing by the multiplier of y, we obtain as first term on the right-
hand side

(15.6) (

5,7 9k
Fotgsty

If the first factor were a Q-transform, we could use the convolution
theorem. It is, however, definitely not a Q-transform, since a @-transform
tends to zero as s increases (cf. Theorem. 38,1) whereas this expression
tends to 1. Nevertheless we can expand a rational function in which the
numerator and denominator have the same degree into a constant and a
function in which the numerator is of lower degree than the denominator.
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If as previously (§ 11) we use the method of undetermined coefficients, we
find that

5 7 1

gty 1

5,. 7. ,9 75 71 9
ety ftgsty

When this is multiplied by f; the first term is f, in isolated form and in
the second place f, is multiplied by a @-transform, so that transformation
back into original space is possible. To

4
1 s

Pty s"‘108‘“10

0.8
=5 F 0357 F (0.882)°

there corresponds, from the TaB. 38 and Rule IV, the original function

0.8
0.882

e~035¢ 5in 0.822¢.

Consequently, corresponding to the first term in the solution (15.6) for ¥,
the original function is

F () — 0?8.22 (e—035¢ sin 0.8821) * F,(t).

The transformation of the other terms does not require any new methods
and is left to the reader as an exercise. Products of exponential and trigono-
metrical functions and convolutions of such functions with F, and Fj,
appear (as in the first term). These are all continuous functions, even in
the case when F, and F, have discontinuities. However, the first term, in
which F, appears by itself, shows that at every jump point of F; the solution
Y, exhibits the same jump as F;.

The reader is advised to apply the @-transformation directly to the dif-
ferential equations and not to derive first by elimination a single differential
equation of higher order for one of the unknown functions. In engineering
the latter procedure is used, because usually only one unknown is desired
while the others are required only for the calculation. However, even in
this case it is much simpler and safer to transform all the given differential
equations first and then calculate that image function which is desired from
the resultant system of linear algebraic equations.

Many engineers habitually prefer to set up one differential equation
for one unknown, even if, during the elimination, functions must be
differentiated which contain discontinuities and therefore are not differ-
entiable. We shall therefore show how the @-transformation must be
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employed in such a case. For this purpose, we use again the above system
of equations and assume that the input F,(f) is equal to 1 from ¢ = 0 to
t =3, but then jumps to the value 0.3; this case occurs frequently in
engineering, for example, when a step regulator causes an unsteady varia-
tion of the adjustable variable in certain intervals. We can write F, in the
form (cf. Fig. 15.1)

(15.7) Fy(t) = U(t)—0.7U(t—3).
In order to demonstrate only significant points we set
F\t) = Fylt) = Y,0+)=Y50+)=0

We proceed first in the safe way recommended above by transforming the
given system of equations and solving for y, as already has been done in
(15.6): since

e~

By =5 —07 5

(oo umd 3 -0r )

and this equation gives

we obtain

1 1

1+ 35 1+35
(158) yl(s) = ?—2——7———9‘—07 0"'8' —5‘;—7—-—"5-.
F9Tgsty 3Tyt

We now proceed in the other way, by setting up a single differential
equation for Y;. From (15.2), we have in this special case

(15.9) —-Y +3 Y'+ Y, = F,+F.,’..

The initial values by (15.3,4), since Y,(0+4)= Yy(0+) = F,(0+) =
Fg(04) =0, are

(15.10) Y040 =0, Y04 =1F 0.

k
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l : 4’3 Figure 15.1
| y N Excitation function Fg(f) with jump
3 t atf=3.
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. . . 54
The image equation of (15.9) is (if the term — 75 F,(0-}) is brought to the
right-hand side)

5 7 9
(Fo+5s+3)n=3 8@+ 8F) + RO

By (15.7), we have

(15.11)

e—Sa

S{Fg=1—07°".

Before we form & {F3}, we remark that U (f) is defined by (13.8) so that
F,(?) exhibits discontinuities at the points ¢ = 0 and ¢ = 3. When we wish
to speak of derivatives, we must introduce the d-function and set

F'(t) = 8(t) — 0.7 8(¢t— 3).
Then by (13.12, 13), we have
L{F} =1—0.7¢3s,

However, with this definition of U’ it is necessary, following the rermark
on p. 65, to replace U(0 +) = 1 by U(0) = 0. Therefore F,(0 +) = U(0 +)
in (15.11) must also be replaced by Fy(0) = U(U) = 0, so that we obtain
finally for (15.11)
5 7 9 1/(1 e~ 3s
(71: s?+4 g + '§) Yy = 7 (—;_0'7 T) + (1 —0.7e-3%),

From this we obtain the same expression for y; as in (15.8). We see, however,
how much more artificial this derivation is: we must employ the pseudo
function and moreover take care that we replace U(0 +) by U(0)%).

We wish to determine the original function of y,(s) as an exercise. Because
the original function of

) 1
5.7 Y
48t gsty

has been calculated already on p.79, we require to establish only the
original function of
1
2s _ 4
5 7 9 7 s(10sEF7s+9)°
S T 9 T T )

2?) There is yet another possible way of converting equation (15.11) into the
correct expression. In forming F’; we can give the function U(f), in the usual way, the
derivative U’(#) = 0, and then from remark 1 in § 7 the value U(0 +) = 1 and therefore
also Fy(0 +) = 1 has to be retained. Then the right-hand side of (15.11) yields:

—338
B (F) 4 R(FD) + Fo(+0) = & (_}_0.7 “_s-_) + (0—0.7 ¢39) 4 1.

This is the same expression as above,
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First we apply a partial fraction expansion

4 bs+c¢ (10a+b)9’+(7a+c)s+9a
S0 F75+9) = +10s=+7s+9 SA0S F 75 +9) :

Comparison of coefficients gives
10a 4 b=0, 7a+4c¢=0, 9q == 4,

or
_4 ,__ 4 ;.
=1y, =—9 €= —-=,
Hence, we obtain
1
2s 41 4 10s+47
=8 T o 02 L 7. 1o
'i—s’—l-%s-l-% 9s 9 10s*}+7s4+9
41 4 (s40.35)+40.35

T 9 s 9 (s40.352+(0.882)2

9 [e—° -35¢ cos 0.882¢ 4 008:;52 e—0.35¢ sin 0,882¢|.

0 —9——-

The second term in y,(s) is equal to the first multiplied by 0.7 e-3°. This

means, by Rule II, that apart from a factor 0.7 the second term corresponds

to the same function as the first, but translated by the amount 3 to the

right and completed between ¢ = 0 and ¢ = 3 by the value 0. This is also
obvious physically. Hence, combining the results we obtain

4 0.8 — 4 0.35 4
9 -+ e—0.35¢ _G'E‘T sin 0.882¢ — 9 cos 0.882¢|for 0¢<3

Y, ()=
i) the same function — 0.7 {—;5 + e—035(¢-3)

0.8———;'0.35 4
—o8gz — Sin 0.882(f—3)— ¢ cos 0.882(t—3) ] for t>3.

We can easily verify that Y, (¢) actually has the initial values Y,(0 4-) = 0,
Y,0-) = —:— We can also obtain this immediately from the image

function described by (15.8), when we use Theorem 38.2. Because the limits
of Y, and Y} for ¢ — 0 4- exist, we have

Y,(0+) = lim syi(s) =0,
Yi(0+) = llm s&{Y}} = llm s [sy;— Y,(04)] = llm sy, =

u:[-h
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§ 16. A General System of Simultaneous Differential Equations

The essentials of the method used have been demonstrated in the example
of the preceding paragraph. To make the formalism still more clear, we will
consider a system of more general character. So that the equations are not too
complicated, we take as a basis three differential equations of the first order.
In these, we write down all terms that theoretically can appear, although
usually in engineering a number of these terms are absent, so that their
coefficients have then to be set equal to 0. The system to be considered is

(@1 Y1+ b1 Y1) + (a1 Ya + bya V) + (a3 Y + by Yy) = F, 1)

(@91 Y1+ by Y) + (@9 Y3 + bge V) + (a9 Y+ by V) = Fyt)

(a5 Y1+ b1 Y1) + (250 Y3 + bag Ya) + (ass Y3 + bss Vo) = Fy0).
The transformation into image space yields?)
a1 [sy1—Y1(0)] + buyi + auls 72— Y5(0)] + braya + 313 [s ¥3—Y5(0)] + byays = fils)
a1 [s91—=Y1(0)] + buy1 +aulsy2—Y(0)] + buaya + a3 [s73—Y5(0)] + basys = fils)
31 [sy1—Y30)] + bayy1 + aa [s92—VY(0)] + Baa ¥ + @3 [5 ¥3—Y5(0)] + bag ys = fafs).

With the abbreviation
;S + by = Punls)
we can write these equations in the less recondite form

Pur + Dra¥a+ P1s¥s = fL + a1 Y4(0) + a3 Y5(0) + a15 Y5(0)
P+ Peaya+ Pas¥s = fa -+ a2 Y1(0) + agg Y3(0) + ag3 Y(0)
Pa1Y1 1+ Paa¥e + Das¥a = f3 + a5 Y1(0) -+ ag9 Ya(0) 4 a3 Y(0).

1f the differential equations were not of first but of second order, then
the p,,(s) would be polynomials not of the first but of the second degree
and the values Y3(0), ... would appear on the right-hand side in addition
to the values of Y,(0), ... . In principle, however, the equations would have
the same form; they are a system of linear algebraic equations for the
unknowns ¥y, ¥,, ¥s. Theoretically such a system is solved most elegantly by
Cramer’s Rule with determinants, but in practice it is better to use the
successive elimination of the unknowns or (with a great number of equa-
tions) one of the several different methods developed for solving such a
system,

28) For ease of printing we write Y(0) instead of Y(0 +).
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Because we wish in particular to set up a scheme for the formalism of the
method, we make use of determinants. On the right-hand side of the equa-
tions there are the image functions f,(s) of the input functions, and numerical
constants which depend on the initial values; these we combine as follows

;1 Y1(0) + 445 Y3(0) + a;3 Y3(0) = 7,.

We introduce the letter D(s) for the determinant of the system which is
built from the p,(s) and which is in general a polynomial of the third
degree in s (for exceptions see § 19), and we obtain by Cramer’s Rule

L h+n ps bis L puh+n b
y1="5 |+ 72 pas Pus|, Ya="F5 |Pn fa+ 73 Pus|, Y3 = ...
fs+ 73 Pas bss Pa fs+ 73 Pus

We can show even more clearly how the solutions are influenced by the
excitation functions and the initial values by inserting explicit expressions
for the 7, and splitting up the determinants as follows:

fi+ a1, Y1(0) + a1 Y(0) + a3 Y3(0) 212 pus
Dy = fo+ 221 Y1(0) + 692 Y5(0) + ag Y5(0) poa Ps
fa+ 231 Y1(0) + a3 Y5(0) +- a33 Y5(0) P32 pas

h P Plal ay P12 Pus M2 P12 P 413 P12 P13 [
=|fa Pos Pos| + Y1(0) | @a1 Poa P | + Y2(0) | @22 Pao P | + Ya(0)| @xg Pog Pes |-
f3 Ps b3 as, Paz Pas | a2 P3s Pas a3 Pas Pss '

In the terms containing Y,(0), ... the first columns are constants and
the second and third columns are polynomials of the first degree; thus the
determinant is a polynomial of the second degree in s. Dividing by D(s)
yields a rational function whose numerator is of lower degrec than the
denominator and which we can expand into partial fractions by the previous
method and transform back into original space. The determinant containing
the /,’s can be expanded in the form

|h f12 P
fa P Paa|=h
fa Paa Pas

The two row determinants, after division by D(s), again give rational

functions which we can transform into original space, after which we have
to use the convolution theorem on the products with f;.

{ P12 D13
ba P

Do Pos
bPa P

?12 Pla

Dsa P th

-
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From this general description we observe the following

advantages of the Q-transformation method.:

1. It requires only the solution of a single linear algebraic equation
system, viz., the system for y;.

2. The ¢nitial values appear in this system and are thence automatically
considered, whereas in the classical method first the general solution is set
up (which is a very complicated process), and then the initial conditions
are fitted to it: this requires the repeated solution of further linear sy-
stems of equations. The frequent case in engineering of vanishing initial
values produces particularly simple relations, whereas no such simplification
occurs in the classical method.

3. A remarkable advantage exists in that any unknnwn can be computed
individually without knowing the others, and this is not possible in general
in the classical method when initial values are given. This is important if
we are interested in only one unknown, while the others are required only
for the calculations, but are not themselves wanted.

§ 17. A System of Differential Equations
with Piecewise Different Constants and Excitations

The fact that the initial values can be considered so easily in applying the
Q-transformation, is particularly advantageous when the constants of the
system and the excitations are not fixed at the same values for all { > 0,
but vary discontinuously as soon as one of the unknowns is over or under
a certain value. This happens for example, when a regulation loop possesses
a zone of insensitivity within which the controlled variable can vary without
engagement of the servomechanism. We then perforin the integration of the
equations up to the point where the unknown in question reaches its
critical value; at that point the value obtained for the unknown is read off,
and using this value as a new initial value we continue the integration until
we reach a critical value again and so on.

We illustrate this process by an example which represents the mathemat-
ical description of a control loop of the above kind®). It involves a system
of two differential equations with two unknowns Y(f), Y,(f). The first
equation has the usual form in which the excitation function is equal to a
multiple of the unit step function. The second equation, however, requires

29) The description of this automatic control system, the derivation of the equations
and the carrying through of the calculation can be found in the book quoted in foot-
note 26, pp. 104—114: R. OLDENBOURG, Anwendung der Laplace-Transformation bei
abschnittsweise linearen Regelvorgingen.
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that Y,(¢) vanishes as long as Y;(¢) lies between the limits — # and + 7,
but on the other hand is equal to — Y;(f) 4 7 as soon as Y,(¢) lies outside
these limits (the algebraic sign of 7 shall agree with that of Y, (¢)). Explicitly,
the two equations are
1+20Y,—(*+ )Y, =cU()
0 for |Y,|< 9y
=Yyt Gign Yy for |¥yi> 7.
The given initial values are
Y,(0+)=0, Y,(04)=0.

Because Y,(0 +) = 0, initially | Y; | < #; therefore Y,(f) == 0 and
consequently, since Y,(0 +) = 0, Y,(f) = O for a certain time. Thus in an
interval beginning from ¢ = 0 the first equation reduces to

Y420 Y, =cU().

We pretend that this is valid for all £ > 0 and use the @-transformation.
Subsequently we are free to use the solutions only to a definite time point
t = T. Since Y,(0 4) = 0, the image equation is

c
syi+26y,= e
To its solution

-C __C (l __._l__)
N=5+26)  28\s s+26
there corresponds the original function
c
Yy(t) =z 1—e ),

For 4 > 0, this function is monotonic, increasing to the value 2% 11
n= _ﬁ% , Y,(t) < nis always true and in the equation for Y the first row
always holds; that is, Y;(¢) is equal to the function found and Y,() = 0 for
all £ > 0. If however,

_°
<723

then there is a time ¢ == T, at which Y (T}) = 5. T; is determined from
the equation

Sra—enn) =y
and so

1 c
Tl=—é—6elog———c_26n.
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Y, c
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Fig. 17.1 ¢
Graph of the controlled and
the controlling variables in
a regulator with a zone of
insensitivity.

We now make the time point T} the initial point of a new time scale ¢, by
setting ¢ = #; + T;. Primes shall refer now to differentiation with respect
to ¢;. Since from ¢ = T;, we have Y; = 7, the second row in the second
differential equation holds, so that the system has the form

Yi+20Y,— @+ )Y,  =cUTi+1h)
Y, + Yy =1.
The initial conditions are
YTy +) =, Yy(Ty+)=0
(for until # = T;, Y, was equal to 0). We pretend again that the system is
valid for all 4, > 0 and transform it, obtaining
sy1—n+ 28y, —(0*+ w?) y, =

§21 + sys=
This yields as solutions
c 1
st + @+
M=n S+ 2085+ 8+ w? *

_ 28n—c
Ya= s(s3+ 28s + 82+ w?)°
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For the inverse transformation we require the formulas

——~—-—1—————-o-o—1«e—“x sin wt;,
4+ o
(_é—:{:s)%fni-w&“»? o 71% (—3) e~ % sin wtl) =-—2)— e % (— é sin wt + w cos wty),
8%+ w? _l‘__ s+4 _ é
s[(s+ 02+ w?] — s (4024w  (s4 62+ ?

oo 1 —e~% cos wtl——g— e~ % sin wt,.
Hence we obtain the formulas
Yl (t1+ Tl) = 77 [1 + '2)" (7‘;‘— 2 6) e—‘”l Sin wtl] )

Yyts+Ty) = —263—1?”70 [l—e"'”x (—3 sin w?; + cos wtl)].

Y, starts from the value 5 and behaves as a damped sine function; first it
increases and then it decreases. It reaches the value 5 at a point §; = T,
which is determined from the equation sin wT, = 0 to be

T2=;

We take this point T, as the initial point of a new time scale &, From ¢, = T,
that is from £, = 0, the first row in the second differential equation holds
now because Y; < 7. The new initial values are

28n— 0 _;=
Y(Th+ Ty +)=n, Y(Ih + T, +)=’6§'3_“52€ [1 +‘(B‘e d«']-

Because Y, is equal to 0 from now on, Y, retains this constant initial value,
while Y, is determined by the equation

Y1420Y,— (8 + o?) Yo(Ty + To) = c U(T1 + T2 + o).

From the preceding analysis it is clear how the process is continued.

§ 18. The Equation System of an Electrical Network

When determining the currents and voltages in electrical networks, we are
led to a system of functional equations which are very similar to the system
of differential equations that was treated in § 16. In this system, however,
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there is an important difference. Because of the great importance of network
theory, we will demonstrate the solution of the system by the @-transforma-
tion.

We consider first a single closed current loop with lumped parameters:
inductance L, resistance R, and capacitance C. In the loop there is a gener-
ator which produces the variable voltage E(f), by which a current flows, of

strength I (t). The potential drop across L is LEL, across R, RI, and

across C, —= | I (r) dr. By Kirchhoff’s current law, the sum of these potential

ol 5
drops is equal to the impressed EMF E(f), so that we have the equation

I 1 (
(18.1) L% +RI+ CS I(z)dr = E(Y).

— o0

This is an integro-differential equation for I(f). We could make a differential

12
equation of second order from it by introducing the charge K(f) = | I(r) dr

of the condenser as a new vartable:

K r% ! k — Eq),

dtz dt +c

or by differentiating the equation with respect ¢. The latter is only possible*
however, when E(f) is differentiable and this frequently is not the case;
for example, when E(f) is represented by a jump function. However, for the
application of the Q-transformation it is not necessary to convert to a
differential equation. We sct

]

‘Sf Ix)dv = S I(z)dv + S).I(r) dr:—_S I@)dr + 4,

—o0 0

and this gives, by Rule VII,
1 \ 1 4
—ES I(‘t) dr o-e ? 1(8) + TD

hence we can write down the image equation of (18.1) immediately.

For the purpose of obtaining a better picture, we assume in what follows
that the current in the loop is at rest until £ = 0; thus

I)=0 for t<0,
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Ls)=ls+R+
% R 3 Fig. 18.1
' C LRC-loop and equivalent impedance.

@ ®

The image equation of (18.1) is then

Lsi(s) + Rils) + 5 i(5) = )

or with

(18.2) Ls+R+ % = 2(s)
we obtain

(18.3) Z(s) 1(s) = e(s).

If, as in § 12, we carry over the names from original space to image space
and call 4(s) “‘current” and e(s) ‘‘voltage”’, we have in image space simply
Ohm’s law, if Z(s) is called ‘‘resistance’’. Instead Z(s) is called the ‘“impedance’’
and its reciprocal Y (s) = 1/Z(s), the “conductance”, is called the “admittance’’.
The loop which possesses inductance, resistance and capacitance, and is
governed by the integro-differential equation (18.1) can be treated more
simply in image space as a loop which possesses only the resistance Z and
obeys Ohm'’s law. Therefore instead of the usual figures L, R, C in a sketch
(see Fig. 18.1a) we require only to draw a block and to denote it by the
functional expression Z(s) (see Fig. 18.1b). This is similar to what happened
previously with a system which was governed by a differential equation,
where we denoted a block by the system function g(s).

If two circuits with impedances Z, and Z, are connected in series, a
circuit is formed with impedance Z =2, + Z, (see Fig.18.2a). Two
circuits with admittances Y; and Y, when connected in parallel form a
circuit with admittance Y = Y; + Y, (see Fig. 18.2b).

This description of the connections in the language of image space proves
itself particularly useful when many loops (meshes) are connected together
in a network, because the complicated differential and integral relations in
original space are replaced by linear algebraic relations in image space.
We shall illustrate this with the network represented by Fig. 18.3, which

[z, |
Lo T
. Z Z, —
Fig. 18.2 L 2 {2 |
Impedances in series and in
parallel. ° °

@ ®
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has two input and two output terminals and thus is a four-terminal
network. A voltage E, is applied to the input and we require the voltage E,
of the output.

We proceed by assigning a mesh current I, (f) to each mesh and by
defining arbitrarily a current direction as positive (clockwise in the Figure).
Then the current rule is applied in every mesh. It is to be noted that for our
network in the mesh denoted by I, the current through C; is I; — I,, that
through L, in the loop denoted by I, is I3 — I, and so forth. Therefore
Kirchhoff’s equations are

t
1( d
R111+"C*1§ (11—12) dt+ L I, =E

b (1) 5 (et mt 1)
0

t
1
Ryl + - S'(Is——Ig) dr=0

0

d
R-: Ic+ Lz‘d[ (Ir" Iz) =0
Rs Is= Eo.

Using the -transformation and under the assumption made above that the
network was passive until £ = 0, that is, I (f) = 0 for ¢ < 0, these equations
transform into the following linear algebraic equations, ordered according
to the unknowns 7, and ¢,:

(L1s+R,+ —(%)il _’5}';"2 =,
"‘c%‘s'il"'(l"s+R’+_61','§+E%§)i’ —E:—si, —Lysiy, =0

—Lgsiy +(L,s+R‘)i4 =0

Ryig —eg=0.

I

~N

qf; ,

)
@ %ka %0 Fig. 18.3

A network with five meshes.

=3 9 2@
—ll

*< ©)3 Der
il
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Of course a practised calculator does not write down first the integro-
differential equations, but writes down immediately the transformed
equations in the following way: in every loop he singles out the superimposed
currents 7,, places together the impedances that they pass through, builds
the product of the impedance and the current and adds them, taking into
account the direction of the currents.

In the preceding case the currents ¢, are only auxiliary quantities, and
the voltage ¢, is the desired quantity. We can compute this independently
of the 1, according to Cramer’s rule, by replacing the last column of the
determinant (in which empty places are completed by zeros) by the quantities
to the right of the equality signs and dividing the resulting determinant by
the original determinant. ¢, is obtained as a rational function of s, whose
original function E, can be found by a partial fraction expansion.

If the network is not passive at the time ¢ = 0, terms which depend upon
the initial values of the I ’s appear on the right-hand side of the image
equations.

In general, not only the first and the last meshes but also other meshes
can contain voltage sources. With # meshes the system of image equation
will then have the form

Z3 ()0 () + -+ Z1a(9) in (5) = 1 (8)
(18.4) Zy (5)ir () 4 =+ 4 Zap (5) 20 (5) = ea(s)

.....................

an(s) Y (S) + o+ 2 (S) 1, (s) =€, (S),

where 7,(s) is the current of the »*" mesh and Z,(s) is the impedance in the
p'" mesh corresponding to the current 4, (In the case that the »** mesh
has no branch in common with the ™ mesh, Z,, = 0.)

When we wish to calculate the currents ¢ (s) it is practical to reduce the
problem by putting all ¢,(s) equal to zero except one. Then the general
solution is given by adding the # different special solutions obtained in this
way. We want to write down first the special solution which corresponds to
the case ¢; % 0, e, =1¢3="...¢, =0, and this is denoted by ¥)(s). The
system of equations has the determinant

Y A Zin
(18.5) D(S).—_: DRI o e e e o,
an c e Zﬂn

which is a product of functions of the form (18.2). To calculate 4,(s), from
Cramer’s Rule, we substitute the right sides into the »** column: in doing
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this and on expanding by this column, the determinant reduces to the
product of (— 1)*+*, e(s) and the minor

ZZI Zz r—1 Za y+1 22n [
Di(s) =]+ v v v v e e "
an va 1 Zn v+1 Zﬂn!

which is obtained from D(s) by crossing out the first row and the »™ column.
Then 4{")(s) is given by the quotient:
Dyy(s)
(1) () — 1+» 21
() = (=1 el )
If we assume that an arbitrary e (s) is not equal to zero but that all others
are equal to zero, we obtain analogously

(18.6) i(s) = (— 1t DIS(S) eu(s),

where D , is obtained from D by crossing out the u
column. Setting

(187 (— 1y 2O ),

th row and the »*!

" assumes a form analogous to equation (12.11):
(18.8) 90(5) = gunls) (-

We call q”,,(s) a system function; in contrast to § 12, we have here #2? such
functions.

- After the determination of the special currents i#)(s), we can write the
currents for arbitrary voltages e, ¢, ..., ¢, in the form

(18.9) i(s) = Z Gur(S) euls)-

When in particular we choose as voltage (actual not transformed) in the
u#*® mesh the impulse function

E(t) = o(¢),
then the current I%(¢) arising in the »'® mesh is called an impulse response.
In this case
e(s)=1, and therefore i(s) = qus(s),

that is, the system function ¢, (s) is the Q-transform of the response of the
‘2 mesh to an impulse in the u*® mesh.
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The original function of ¢,(s) is Q,,(¢); thus, by transforming equation
(18.8) into original space the actual current in the »® mesh due to the
existence of a voltage in the '™ mesh alone is given by

(18.10) I® () = Q,.t) * E,(t).

Subsequently Q,,(¢) will be called the weight function (cf. p. 56 and foot-
note 17) for the "effect of the 4" mesh on the »*® mesh.

§ 19. The Initial Values with Systems of Differential Equations

When we integrate a single linear differential equation of the #'® order,
for which # initial values are given, by the method of the Q-transformation,
then we can convince ourselves subsequently that the solution assumes
these initial values, no matter how these values are given (EINF. pp. 78, 80).
With systems, however, entirely different circumstances can occur. As we
have seen already in the example on p. 77, it can happen that the differential
equations themselves impose certain relations between the initial values of the
solutions and the initial values of the input functions. If the given initial values
of the solutions are such that these relations are violated, then the system
cannot have solutions with these initial values: or stated differently, the
solutions found must have initial values which do not agree with the given
ones. In fact some readers who have integrated systems of differential
equations will have been surprised already to find that the solutions did not
possess the desired initial values. It is questionable, nevertheless, what can
be done in such a case with the solutions found. The practical man will
claim that his differential equations represent a physical occurrence, which
in every case can be described mathematically. For that reason it can be
only the question of what sense is to be given to the solution found in order
that we can speak of solutions in spite of the violation of the initial conditions.

First we want to state when the occurrence mentioned cannot take place;
that is, under what assumptions do the solutions found possess with cer-
tainty the given initial values? When, for example, we speak of a system of
differential equations of second order, we mean that the highest derivative
appearing is of the second order. However, it can happen that in some
equations certain unknowns appear only with the first derivative or even
without a derivative (cf. the system (15.1)). Nevertheless, we will write
down all functions with their second and first derivatives, but their coeffici-
ents would have the value 0 when they do not appear:

(@n Yy +0nYi+enYy) + (0 Yy + by Y+ CaYo)+ - =Fy(f)
(@1 Y1 + by Yi+ € Yy) + (a2 Yo' -+ Dag Yo+ cag Yg) + -+ - - = Fiy(t)

.................................
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It can be proved that if and only if the determinant of the coefficients of the
highest derivatives does not vanish, i.e. if and only if

a1 G
(19.1) Ay Gy ... |*0,

the initial values Y;(0 +), Y;(0+); Y,(0 +), Y;(0+), ... can be given
arbitrarily. They are taken with certainty from the solutions.

By this criterion, which is easy to use in practice, we can establish
immediately whether we can rely upon the solutions to supply the given
initial values. If the determinant vanishes there is a procedure for setting
up the “‘compatibility relations” which must be satisfied so that the initial
values are actually taken. Yet this is of little interest for the practical man,
because he cannot select his initial conditions, but must calculate with
the values which he is forced to accept according to the situation.

It is still an open question how we are to interpret the case where we
apply the general method to a system and then find that there is a discre-
pancy between the given initial values and those actually taken.

For this purpose, we refer back to what has been said about the single
differential equation on p. 75. The given values result from the past of the
physical system described by the differential equations. These are the
values with which the system arrives at the point ¢ = 0 approaching through
negative ¢ values; that is, they are the values Y;(0—), Y{(0—), ...;
Y,(0—), Y3(0—), ..., .... The reason why we do not always succeed in
imparting these values to the solution as initial values Y;(0 +), Y;(0 +),
..., and so make a continuous connection between the past and the future,
is contained in the following. It is not the fault of the initial values which
are necessarily prescribed by the system and the excitation operating in the
past, but it is due to the excitation operating for £ = 0 which in the process
of switching on we choose in an arbitrary manner without respect to the past
of the system. If the new excitations (for £ > 0) do not “‘fit” the old exci-
tations (for ¢ < 0), that is, when jumps occur at ¢ = 0, it is not surprising
that the system values Y, Y7, ...; Y,, Y;, ... also exhibit jumps; that is, it
can be that

Y,(0—) + Y,(0+), Y1(0—) + Y;(0+), ...; Ya(0—) + Y,(0+), ...

It can be proved rigorously that the discontinuities which must appear are
precisely those given in the solutions supplied by our method, that is, that
these solutions are ‘‘physically right” (EINF.p.121). We can therefore
always use the method of the @-transformation without hesitation, however
the initial values are given.
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Example

We consider the network of two meshes shown in figure 19.1 (LRC four-
terminal network). Before time ¢ = 0 its energy is zero; that is, there are
no currents, no voltages and no charges. At time ¢ = 0 the input voltage

R

4\/ 1
& (1) x3(w) t

LT
=15
Figure 19.1 An LRC four-terminal network.

Y

E,(t) is applied and we wish to determine the voltage Ey(f) at the open
output. We denote the currents in the meshes by I and I so that, since
I(t) = Iy(¢) = 0 for ¢ < 0, by § 18 the circuit equations are

13
d
L—(I—I)+RI+ SS I(v)dv = E,(f)
0

d
L‘EZ (Io—l) =_Eo(t)»

where, to simplify the notation, we have put 1/C = S (elastance). Since the
second mesh is open, Iy(f) = 0. Thus there are two unknowns, I and E,,
for which the following system of integro-differential equations is valid:

t

M'+Rl+syz(t)dt —E
[1]

Lr —Ey=0.

By §18 we can apply the Q-transformation directly to these equations.

However, because we wish to have an example of a system of differential

equations, we transform system (19.2) by introducing the charge of the
t

(19.2)

capacitor, K(f) = \ I(z) dz, as a new variable. Thus we obtain a system of
0

differential equations of the second order:

(19.3) LK'"4-RK'+ SK = E,(?)
(19.4) LK"” —E, =0.
The determinant (19.1) of the coefficients of the highest order derivatives is
L 0,
=0,
'L 0
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and therefore not all the initial values of this second order system, namely
K(0+4), K'(0+4), E4(0+), E4(0+), can be chosen arbitrarily. We return to
this point later, namely, the question of which initial values can be given from
the mathematical point of view (see remark on p. 101). For the present we
take the point of view of the engineer, that the initial values are determined
from the past: thus we could say that, since there was no current in the
network, I(0—) = K’(0—) = 0; since there were no charges present,
K(0—) = 0; and since there was no voltage, Eo(0—) = 0. By analogy to
the behaviour of a single differential equation the engineer expects,
perhaps, that the solution takes these ‘left-sided” initial values as its
“right-sided” initial values K’(0+), K(0-+), Ey(0+). The calculation will
show whether or not this is the case.

We treat system (19.3,4) with the @-transformation, using Rule V in
which right-sided initial values occur. No initial values occur for E,, which
does not appear differentiated. As we shall see later, when the values
Ey(0+), Ej(0+) are not determined, one can prescribe the values K(0+),
K’(0+). On physical grounds, since the current in a loop with self-inductance
cannot be discontinuous, we set K’(0+) = I(0+) equal to I(0—) = 0.

:

From K(t) =SI (z) dr it is obvious that K(0+) = 0. Thus the image
equations of (109.3,4) are
(19.5) (Ls®+Rs+ S)k(s) = ¢y(s)
(19.6) Ls2k(s)— eys) = 0.
Since only the voltage E, is of interest, we calculate first only ¢, (using

Cramer’s Rule so that we have the scheme for the calculation also in
more complicated cases):

Ls24+Rs+ S 0] . Ls®4+ Rs+ S ey(s) |
Ls? —1 f) = Ls? 0
or
(19.7) (Ls®+ Rs+ S)eg(s) = L s?eys),
and therefore
Ls?
(19.8) o(s) = ISFRs+S ey(s).

Here we have the same case as on p. 78. Since the numerator and
the denominator of the rational function are of equal degree, (19.8) is
not a Q-transform and thus the convolution theorem is not applicable.
If, however, we divide out

Ls# . Rs+S _
Ls*+Rs+S~ =~ Ls*4+Rs+S —

(19.9) 1— a(s);
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then a(s) is an image function, whose original function A(f) can be deter-
mined by the methods of § 12, From

. eo(s) = &y(s) — als) ex(s)
it follows that

(19.10) Eyt) = Ey(t) — A() * Eo(0)-

In the solution of a single differential equation the excitation E,(f) occurs
only in a convolution integral (see (12.10)), which represents a continuous
function. Here, however, E,(f) appears by itself, so that the output voltage
E,(t) reproduces all the jumps which occur in the input voltage. (Thus the
four-terminal network is a ‘‘jump-capable’ system.)

Which right-sided initial value has Ey(f) ? On passing to the limit { — 0+
in (19.10) we obtain

(19.11) Ey04) = Ey(0+).

Thus Eg(0+) is not equal to the left-sided initial value Eo(0—) = 0, but
it is determined by the initial value of the input voltage (e.g. if the unit
step function U(f) is applied as input, to investigate the transfer function,
then E4(0+) = 1). This corresponds completely to physical reality: be-
cause the capacitor held no charge for ¢ < 0, the input voltage E,(0+)
appears also at the output as E,(0-+).

We wish still to examine the right-sided initial values of K and I. From
(19.5) it follows that

B = T e s &) =40 &0
and, since k(s) = —i-i(s):
(19.12) i) = Ta R s Al = bl &),

where b(s) and by(s) are image functions, whose original functions B(¢) and
B,(t) are easily calculated. With these we obtain

(19.13) I(t) = Byft) » Ey(t) and K(t) = B(t) * E;(?).
Hence it follows that, for ¢ - 04,
(19.14) I(04) = K'(0+) =0, K(0+4)=0,

so that the left- and right-sided initial values of I and K are in agreement.

To sum up, the application of the @-transformation gives exactly that
solution of system (19.3,4) which was obviously expected on physical
grounds.
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In practice we can avoid the transition from integro-differential to
differential equations, and this simplifies the method of solution. The only
initial condition required is I(0+) = I(0—) = 0. Using this and trans-
forming (19.2), we have

(Ls +R+S %) i(s) = ,(s)

Lsi(s) —eys) =0.
From this it follows that

(Ls +R+ S-ls—) eo(s) = Ls ¢(s)

and hence the same value of ¢y(s) as in (19.8).

This example shows that input into a system, which is completely at rest
and therefore for which all left-sided initial values of current and voltage
are zero, results in right-sided initial values which are not necessarily zero.
Mathematically this is not surprising; it is a consequence of criterion
(19.1) not being satisfied. However it has caused much discussion in
the technical literature which sees therein a problem that is, in fact, not
present. This problem arises solely because the network is treated in a way
which is not mathematically suitable: in general it is customary—especially
in the “‘system theory” of electrical engineering—to proceed exactly in the
way against which one was warned on p.79: when a system of simultaneous
differential equations with several unknowns is considered, one derives a
single differential equation (in general of higher order) for the single un-
known which is of most interest. In the case of system (19.3,4) this is done
as follows: we write it in the form

P d
(19.15) (L S5+ R s) K =E({
d2
(19.16) L2 K —E,=o.

We treat the differential operators as coefficients, and solve the system for
E, by Cramer’s Rule:

a2 d a2 d
L———dt,—l—RE—t-+S 0 I‘_dt’_l-Rﬁ'l's E)
i Fo= d
Laa —1 Las 0

or

(19.17) (L Lagy s) Ed) =L 2 £
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This is done in the same way as in the solution of the algebraic system
(19.5,6), where the variable s corresponds to the operator d/d¢ here.

We must now apply the @-transformation to the resulting differential

equation (19.17). For this we require

1) the right-sided initial values E;(0+), E;(0+4) of E,(f); these we know
since E,(t) is given;

2) the right-sided initial values Ey(04), Eg(0+) of Ey(f); these are not
known.

1f one uses the left-sided initial values 0,0 for the latter, one obtains

(L s24 Rs+ S)eyfs) = L [s2ey(s) — E;(0+) s — Ej(0+)],

which, by (19.7), is false, except in the case E{(04) = E{(0+) = 0.

The electrical engineer, also without knowledge of (19.7), sees that the
use of the values Ey(0+) = E{(0+) =0 is not admissible, since they
lead to a result which does not correspond to physical reality. In the lite-
rature there are two different attempts to overcome this difficulty.

1) One ignores completely the initial values of E; as well as those of E,
by putting

‘g; Eqt) o seqls), %Eo(t) o ses), %El(t) oo s2ey(s)

\ Ti‘?f E,(t) o se,(s)), as is done in Heaviside calculus. Surprisingly,
this obviously false method gives the correct result (19.7) — the reason for
this we shall see later.

(if it occurs

2) One determines the right-sided initial values of E(t) before applying the
Q-transformation: this can be done.

This determination is made most simply by returning to the original
system (19.3,4), and is the same as the establishing of the mathematically
well-known ‘‘compatibility conditions” (EINF. p. 116), which were mentioned
previously on p. 95. To do this one eliminates the highest derivatives
K", E{ from equations (19.3,4). This is possible (also in the general case)
because it is a system in which the determinant (19.1) of the coefficients
vanishes. In the present example, in which E§ does not appear, the eli-
mination is accomplished simply by subtracting (19.3) from (19.4):

(19.18) RK'+SK+ E,=E,
On passing to the limit # — 04 we obtain
(19.19) RE'(0+) + S KO+) + Ef0+) = E;(0+).
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If, as was assumed above, K’(0+) = I(0+) = 0 then (19.19) reduces to
(19.20) Ey(0+4) = E,(0+),

which is the same result (19.11) as was found from the solution established
above. To determine Ej(0+-) as well, one first differentiates equation (19.18)

RK" +SK' +E,=E,

and then eliminates K’ by multiplying equation (19.4) by R/L and sub-
tracting:

(19.21) SK'+E{,+—ILSE°=E;.
On passing to the limit # - 04 we obtain

(19.22) SK'(0-0) + Eg(0-) + 3 Eg0+) = Ei(0+)
or, since K’(0+) = I(0+) =0,

(1923)  Eg04) = E0+) — m Ef0-) = E{0+) — X Ey(0-+4).

(The same result follows if one differentiates equation (19.10) using
theorem 32.1, goes to the limit # = 0+, and determines 4(0+) by theorem
38.2: A(0+) = lim s a(s) = R/L.)

§—»00

If equation (19.17) is Q-transformed, using the initial values (19.20,23),
the result is

L[stas) — B0 s — Eito+) — R E00)| +R [seet— B0

+ S els) = L [s* &,(s) — E4(0+) s — E3(0+)].

It is seen that all the terms containing the initial values cancel out, and
the correct equation (19.7) remains. This explains why the procedure in
which all the initial values are set equal to zero leads to the correct result,
despite the obvious errors.

Remark: Equations (19.19,22) show that two linear relations exist among
the four theoretically possible initial values K(0+), K'(0+), Eo(0+) and
E}(0+). Thus two of them can be chosen arbitrarily, the other two then
being determined.

Let us compare the two methods: in the method just described we first
derive a single differential equation for E,, calculate the right-sided initial
values and then apply the g-transformation; in the previous method we
apply the Q-transformation directly to the given system of differential
equations. From the standpoint of economy in calculation, it is preferable
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to proceed by the latter method. Moreover, from a mathematical stand-
point, it is not at all permissible to derive a single equation for E,, because
that requires that the excitation E, is differentiable (even more than once),
and that is generally not the case in practice; for example, when E, is a
jump-function. Moreover, when the derivatives do not exist, Rule V for the
Q-transformation is not applicable, unless we introduce the é-function and
its derivatives as on pp. 80, 81: however that is both a clumsy and a
dangerous procedure.

The derivation of a single differential equation for E, produces artificially
the difficulty that the initial values required in applying the {-transfor-
mation to this differential equation are not necessarily zero for a network
which is at rest at £ = 0. In technical literature this has sometimes been
considered to be a contradiction and an argument against the application
of the Q-transformation. However, in the correct mathematical treatment,
this difficulty does not arise.

When we recommend the application of the @-transformation directly to
the given system of differential equations we do so in the interest of mathe-
matical tidiness. Those who prefer to retain the customary, but generally in-
correct, derivation of the single differential equation for E, have the con-
solation that, in spite of this error, they obtain the correct result, provided
that they combine this first error with a second: that is, when applying the
Q-transformation, they set the initial values of both the given functions and
the required functions equal to zero. For our particular problem this
method has given the correct result (p. 100): however, it is completely
general and is valid for all networks. If a voltage E,(#) is introduced into
only the first mesh of a network, if the last mesh is open (f,=0) and
if the voltage E(f) across its terminals is wanted, then, using the notation
of § 18, the network equations are

Za(Z) L0+ + 2 () 20 =B
oz O (7‘1—) L) A o, —0
.................................... =0
Zu () BO+ -+ Zan () T — Bl =0,
where

(ddt) L @ +Rm+5u-(;t)—1 and (%)_1=§ ... dT.
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If the network was at rest before £ = 0 then all I,(f) =0 for ¢ < 0.
Since currents are continuous when inductances are present, we must set
the initial values I,(0+) equal to zero. This is all that must be assumed.
(If there is a branch which contains no inductance, then no initial value is
required.) On application of the @-transformation the following system of
algebraic equations is obtained:

Zu(8) 0y(s) + -+ Zy na(S) Fneas) = &(s)
Zat() s A oo =0
................................ =0

Zn(s)tu(s) + ... + Zp, =1(5) na(s) — &s) = 0.

Using Cramer’s Rule to solve for the unknown ¢s),

i Zy(s)...... Zy.n1(9) 0 Z3(8) .- Zraa(s)  &ls)
........................... Zg\(8) - - - Zap—(S) 0
€ol8) =
”—1 l(s) “...1 n-l(s) 0 0( ) .......................
| nl(s) """" n.n—l(s) —1 nl(s) n-n—l(s) 0
or, when the determinants are expanded by the last column,
| Zns) - - Z1.n(5) ! Za(s) - - Zana(s)
e eofs) = (—1)" | ... ey(s).

| Zn-—l 1(8) n-—l u~1(s)

Z nl(s) n n—*l(s)
In order to remove the fraction 1/s in the Z,,(s) we multiply each row of
both left and right sides by s (thus multiplying both sides by s"), and also
write

$Zu(s) = Ly s+ Ruy s + Spp = Vi(s).

This gives
) Vuls)...... V1 na(5) Vals) - - Vanals)
.................... els) =(— 1" | oot g(s).
Vn-l 1(8) . n—l n—l(s) nl(s) n-n—l(s)

On evaluating the determinants explicitly we obtain, in general, a poly-
nomial of degree 2(n—1) = m on both sides, except when the degree is
lowered because some V,, are of lower degree than 2, or because there is
cancellation of higher powers. The result is therefore an equation of the form

(19.25) (@ s™+ vov 4 @15+ ag) eo(8) = (B 5™ + ... + By s + b)) &4(s),

from which it follows that

als) = s e o = 22 4 9] ),
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where 7(s) is a rational function whose numerator is of lower degree than its
denominator. The inverse transformation gives

(19.26) Ef) = 22 B0 + RO » E(),

from which it is seen that in general the network is a “jump-capable”
system, and that the following equation holds:

b
(19.27) Ey0+) = —aﬂm E1(0+).
‘We have
Lll """ Ll.- n—1 Ln Ll- n-1
A , bp=(—1" . ..ot
Ln—l 1 Lﬁ“‘lvﬂ“l Lﬂl L n.n—1

This derivation is free from errors. If we now apply the incorrect proce-
dure and construct a single differential equation for E, from the system
(19.24), then first all the equations must be differentiatied to give the system

ValG) B0+ Vi () a0 =0

..................................... =0

Vaal ) 5O+ - Vs () 1) — B0 =0,
in which

d & d
Vin [ 7) =L 5 + R g + S

On solving for E{(f) by Cramer’s Rule and expanding the determinants
by their last columns, we obtain the differential equation

() ori( 2 ald) sl

......................... Et) = (— 1)
Voaa()-- Vorrwes (57)

which, when written out explicitly, is of the form

dm d , dm d ,
(am g -+ s g @) Eall = (b gm o - b1 35 - b EL)
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If we apply the Q-transformation to this equation and also make the
second error of assuming that all the initial values of E, and E, are zero
(i.e. replace all the differential operators by powers of s as in Heaviside’s
calculus), then we obtain the following equation

(@ms™+ ... +ays+ag)segs) = (bns™ 4 ... + by s+ o) s ys),

and, dividing by s, the correct equation (19.25).

When the initial values of the currents are not zero then, naturally, the
only legitimate method which can be used is that described first.

The proof given above can be extended easily to general systems of
differential equations for which vanishing initial values are given.

§ 20. Nonlinear Differential Equations

For nonlinear differential equations there are no general methods which
are applicable to all cases and no solutions in closed form; in general the
solutions cannot be written in terms of the classical transcendentals. We
must be satisfied with approximate methods. Although the @-transforma-
tion is not applicable immediately in the previous way, since it is a linear
transformation and particularly suited to solving linear problems, it can,
nevertheless, be useful in approximate methods.

Usually the left-hand side of the differential equation consists of a linear
part of the same form as in §12 and a nonlinear part &(Y, Y’, ..., Y™),
so that the equation has the form

”
(20.1) DaYO 4+ &Y, Y, ..., Ym)=F().

y=0
When a current loop is treated, an integro-differential expression of form
(18.1) can replace the linear differential expression. After applying the
Q-transformation and writing

i cv s = p(s)

»=0
we obtain the image equation

(20.2) p(s) y(s) —g(s, Y(0), Y'(0), ..., Y= (0)) + {B(Y, .. .)} = f(s),

where g is a polynomial in s, which depends upon the initial values (cf. § 14).
With

2 =409

(s)

we obtain
(20.3) y(s) = g(s) h(s) — q(s) }{2(Y. . )},
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where we have used the abbreviation
1) + gls, ¥(0), Y'(0), ..., Y?=1(0)) = h(s).

In original space the function corresponding to y(s) is
(20.4) Y(t)=0Q() » Hit)— Q) » B(Y, ...)
3
=Q() * H(t) — o{ Qt— ) (Y (), ...) dr,

where H(¢) is the original function of the known image function A(s).

(20.4) is a nonlinear integral equation for Y (f), which we can solve in the
usual way by successive approximations. Neglecting the nonlinear term @ we
obtain as first approximation the solution of the linear problem found in
§§ 12 and 14

Yo(t) =Q = H.

Inserting this function in the right-hand side of (20.4) we obtain the next
approximation

Y,(f) = Yolt)— § Qt— 1) P(Yo(1), ...) dr,

which is inserted again in the right-hand side of (20.4), and so on; in general

t
(20.5) Y, () = Yo(t) — So Qt— 1) B(Y,_4(2), ...) dr.

If the function @ is sufficiently regular, the solution Y (¢) is found as lim Y ,(t).
7% > 00

In practice we calculate only a few approximations and then we see whether
they are approaching a limit; this will happen only within a certain interval
0 =t < ¢, The process therefore adapts itself to the calculation of transient
phenomenon but, for example, we can conclude nothing about the stability
of the system (asymptotic behaviour).

This approximation process can be simplified by the @-transformation.

Applying the Q-transformation to (20.5), we obtain by the convolution
theorem

(20.6) Ia(S) = 20(s) — 240} £{B(Y, -y, .. )}

Transforming this equation back to original space without using the con-
volution theorem, we obtain

(20.7) Yolt) = Yolt) — 82 {q(s) 8{B(Vo—y, .. N}
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If the original function of ¢(s) {{P(Y,,_,, ...)} can be determined easily, the
calculation of Y,, by using (20.6, 7) is considerably simpler than by using
(20.5) because the difficult integration does not arise.

We illustrate this procedure by an example.

Example
A problem in automatic control3%) leads to the following nonlinear
differential equation
Y'+(24+aY)Y' 4+ (14+5Y3)Y =0,
which we write in the form corresponding to (20.1):
(Y'4+2Y4+Y)+(@Y2Y' 4+ 5Y3)=0.
Using the @-transformation®!) it becomes
(2425 +1)9(s) — Y(0) s— Y’'(0) — 2Y(0) + 8{a Y2 Y' 4+ b Y3} =0,
from which it follows that

_ Y(0)s+ Y'(0) 4 2Y(0) 1
N

If we take the particular initial values

Y(0)=0, Y'(0)=c+0,

{aYY’ + Y3

then
1

(4
Y= T G+

3 8{aY?Y 4+ bY3}.
Neglecting the second term on the right we have the first approximation

¢
Y8 = G
To it corresponds
Yo () =ctet.

30) For the description of this automatic control sce H. MATUSCHKA: N; ichtlinearité-
ten im Regler zur Verbesserung der Regelgiite. Regelungstechnik, Moderne Theovien
und ihre Verwendbarkeit (Report of the Conference held at Heidelberg 1956), Oldenbourg
Verlag, 1957, pp.172—177. There the solution is calculated numerically by substituting
a difference equation for the differential equation and is shown graphically.

31) The treatment of the differential equation using the 8-transformation originates
from P. J. Nowack:: Die Behandlung von nichtlinearen Problemen in der Regelungs-
technik. Regelungstechnik 8 (1960), pp.47—50. There the first approximations for
0 < ¢ =< 1.5 are represented by curves and compared with the solution found using
the difference equation.
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Now with
Yi=cte ¥, Yi=cBe®, Yo=c(l—f)et
we have to calculate

aYiYo+bYi=c*(att + (b—a) %) e3

and then to form its Q-transform:

2{aV? Y;+byg}=cs( 6“’““’).

2a
G+t GFar
Hence we obtain in image space the approximation

c 2act 6(b—a)c®
n(s) = (s+127 (s+12(s+3°  (s+1)2(s+3)*°

The corresponding original function Y,(¢) is found by a partial fraction
expansion using the method described in § 12. To shorten the algebra we
set b = a, and then the last term is supressed. The partial fraction expansion
of y, is

¢ o —3/16 1/8 3/16 1/4 1/4
y1(8)=(s+1),—2ac ( S+1 +(S+1)2+ s+3 ’+'(s+3)2+ (9_*_3)3)

To this corresponds

Yl(t)=cte*‘-—2acs[(——l%+%t> et (i%+%—t+§-t’)e—“].

The continued application of this process obviously produces a sequence
of exponential functions multiplied by polynomials32).

3%) For further examples of the same method see L. A. P1pEs: Application of integral
equations to the solution of nonlinear electric circuit problems. Trans. Amer. Inst.
Electr. Engin., Sept. 1953, pp. 445—450. For a different method of approximation
which likewise uses the {-transformation see B. N. NauMov: Eine Niherungsmethode
zur Berechnung der Ubergangsprozesse in selbsttitigen Regelungssystemen mit nicht-
linearen Elementen. Regelungstechnik (the conference report quoted in footnote 30),
pp- 184—197. A short description of this method is found in the work of Nowacki
quoted in footnote 31.



CHAPTER 4

Difference Equations and Sampled-Data Systems

§ 21. The Homogeneous Difference Equation with Arbitrary Initial Values
The difference equation of the »** order is taken to be of the form
(21'1) Yn+r+cr-—l Yn+r~1+"' +clYn+1+co Ynsz

It is recommended here, as with differential equations, to set the coefficient
¢, equal to 1. The sequence F, is given and the sequence Y, is to be deter-
mined (» =0,1,...). To obtain a definite solution, the “initial values”
Y, Yy, ..., Y, ; must be given in advance. Then the value Y, can be
calculated from equation (21.1) with #» = 0. From the values Y3, ..., Y, and
from (21.1) with » = 1 the value Y,;, can be found and so forth. In this
way we can calculate recursively all values Y, and, because of this, (21.1)
is also called a “‘recurrence relation”. What we are aiming for, however, is
to obtain a general expression for Y.

We can split the problem in the same way as that involving differential equa-
tions: we determine first a solution Y{! for an arbitrary F,, (inhomogeneous
equation) with vanishing initial values and then a solution Y% for the
particular F, = 0 (homogeneous equation) with arbitrary initial values
Y,, ..., Y,_;. Then, because of the linearity of the equation, the solution
of the inhomogeneous equation (21.1) with the initial values Yy, ..., Y,_,,
is the sequence Y, = Y® + Y@,

The homogeneous difference equation with arbitrary intial values is
(in contrast to differential equations) the problem which arises most
frequently, and for that reason we consider it first:

(21.2) Yosr+ 61 Yaurat o+ Yari+6 Y,=0.

We wish to apply the @-transformation to this equation. Because the
transformation refers to functions and not to sequences, we first construct
from the sequence Y, a stair-case function defined for ¢ = 0 by

(21.3) Y=Y, fornsSt<n+1l ®=01,..)
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(see Fig. 21.1). Y(f) obviously satisfies the difference equation “with con-
tinuous variable”’%)

214) Y(E+9)+e,a YE+r—1) 4+ Y+ 1)+ Y({#H)=0.

The values of Y(f) in the interval 0 < ¢ <7, are now the given “initial

values”, viz.,

(21.5) Y()=Y, in 0s¢<1, Y()=Y,in 15¢<2, ...,
Y()=Y,_, in r—1=t<r.

In applying the Q-transformation to equation (21.4) we use Rule III (the

2nd translation theorem) with each term and obtain

k

LY (4 B)y = e+ [y(s) — { et Y () df].

’7m
— - 0
: yn'f'
b b
i Fig.21.1
| 1 1 . | The stair-case function con-
g 1 2 n o ind el mr ! structed from a sequence.
i t;7 t"r

This integral can be evaluated because Y (f) is piecewise constant34):

] 1 2 k
(et Yar=Y, (+ Y, [+ + Yy fertar
0 0 1 k-1

1—e"
s

—8___ o—28 e—(k—-1)s__o—ks

¢ (S
=Y, +Y, +o Y s

S

1l—e*

= (Yo+Yiet - + ¥, e-k-D3),

33) Pure mathematics is concerned predominantly with such difference equations, but
they are of less importance in practice. For the application of the £-transformation it
would be more suitable to use from the beginning a difference equation of the form (21.4).
We do not do this because the calculation is much simpler for the step functions
connected with sequences, cf. footnote 34.

3) Here we see the advantage which the step function has in contrast to an arbitrary
function.
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Thus the second translation theorem in the case of a step function takes
the following form:

— —a
(21.6) S+ Ry =ex [y — 15 3 Yie|
v=0
The image equation of (21.4) is therefore
r : 1—e-s *=1
(21.7) > cpeks | y(s)— > Y.e—"] =0
k=0 s y=0 .

or

r 1—e-* 2t h:l
y(s)z Cx eks — S Eckekczxe—u’
k=0 k=0

-y0

where ¢, = 1. If we introduce the polynomial
r
z Cx k= P (z),
k=0

then y(s) is multiplied by p(e®). When the order of summation is inter-
changeds5), we obtain for the solution in image space

(21.8) y(s) = l—e? 1 'il Y, 2’: ¢, efk=ne,
s ) S0 T
y(s) is a sum of functions of the form

l1—e® 1
(21.9) ——s—‘me“’ =1, ..., 7.
The most elegant method of determining the original functions is the
following: the solution of the difference equation (21.2) with the specific
initial values

(21.10) Yo=Y, =+ =Y, 3=0, Y,,=1,

when completed to a stair-case function, has by (21.8) the image function
l—e* 1

(21.11) y(s) == -——s—"—'m‘ el

However, we already know the solution Y, from our earlier results on
differential equations. If we set, as in § 12,

ﬁ;; = ¢(s),

35) If the outer series is summed with respect to 4 and the inner series is summed
with respect to », then0 S # < 7, 0 < v = & — 1. If the order of summation is inter-
changed, then we have to notice that ¥ runs through the values 0 £ v £ r — 1, while
y<h—1<r—1; thereforev +1 Sk =7
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then by (14.3, 4) the corresponding original function Q(f) (called there
the weight function or impulse response) has the properties)

(21.12) Q) + €1 QD) + -+ + 1 Q') + ¢ Q) =0,

(21.13)  QO)=Q(0)=:-+=0QD(0) =0, QH(0)=1.

If equation (21.12) is differentiated » times and if we set ¢ = 0, we obtain
Q4D (0) + €y QPH=1(0) -+ -+ - 6, 0F¥D(0) ¢ QM (0) =0

This implies that if we consider Q*"(0) as a sequence depending on the index
1 (that is to say, the upper index # is lowered), then this sequence satisfies
the difference equation (21.2). However, the relations (21.13) show that it
has the initial values (21.10). Because the solution of the initial value
problem is unique (this follows from the recurrence calculation referred to at
the beginning), the image function (21.11) corresponds to the step function
determined by Q™ (0), which we can denote by QU)(0)37):

l—e> 1 = e—

1
s pe) &= g(e?).

(21.14) Q1 (0) e

This original function has a strange form at first sight; however, it has the
great advantage that it is completely general and independent of the
multiplicity of zeros of p(z); we will return later to that distinction.

We obtain now the original function of the more general function (21.9)
in the following way. We denote the function (21.11) temporarily by 7(s);
then we have

l1—es
s ;b( %)
By (21.6)

ent=ew-My(s) (u—1=0,1, ..., r—1).

elu—1)s [r(s)—l_'se z 0(0) e-vc] o0 QUt+u=1(0),

ye= 0

Because Q" (0) =0(» =0, 1,...,#—2), we obtain the correspondence

1—e*

(21.15) =7 (e,)

ent o0 QUItE=D(0) (=1, ..., 7)

38) Previously we denoted the order by #n, but now we use », because in difference
equations the letter # usually means the index of the sequence.

%) [1] indicates the greatest integer in #; for example, [5.7] = 5, [a] = 3, [2] = 2.
Using this symbol we can denote quite generally the step function corresponding
to a sequence Y, by Yg.
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With this we can transform the image function (21.8) into original space:

r

(21.16) YO) =2 Y, D ¢, Qu+k=r-1(0),

y=0 k=ytl
Setting £ =, Y (n) = Y, in this, we obtain (with ¥ =1+ » 4 1 in the
inner sum) the solution of our original difference equation (21.2)38):

r=1 r—yp-1
(21.17) Y,=>7Y, 2 i1 Q+D(0)
y=0 la0

In practical applications of this formula only the function Q(¢) requires
to be calculated using the method described in § 12. This is particularly
simple when the zeros, «;, ..., «, of the characteristic polynomial are all
different. Then we have by (12.9)

t o t’
el = ,gm( Phis
and therefore

oo = 55

p=1

The solution of the difference equation can therefore be written in the form:

r-v-1 (x“n+l
(21.18) Y, = Z Y, 2 c,MIZMx

Y, is a linear combination of the ‘“‘characteristic solutions” o, which cor-
respond to the characteristic oscillations e*#t of the differential equation.
Although for differential equations it is the real part of «, which determines
the asymptotic behaviour of the characteristic oscillations as £ - oo, with
difference cquations it is the absolute value of « , since "‘: for n — oo tends
toward O or oo, or oscillates, according as Iot,,I <lor>lor=1.

The Difference Equation of Second Order

Since the case 7 = 2 is by far the most frequent in engineering we will
solve the equation once again and obtain the solution explicitly. At the
same time those readers for whom the preceding explanations were too
general may understand the principle of the method from this example.

38) Comparing this formula with (14.6) we see that the sequence Q(0) has the same
importance in the difference equation as the function Q(f) in the corresponding
differential cquation. This will be obvious also in the solution of the inhomogeneous
difference equation.
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The equation is
Yors+aYori+6Ya=0,

where the initial values Y|, Y; are given. We construct from the sequence
Y, a step function Y (f) as in Fig. 21.1, for which the difference equation
with continuous variables

Ye+2)4aY(E+1)+oYE=0
together with the initial values
Y)=Y, in 0=5¢t<1, Y=Y, in 1st<2
is valid. After using the translation theorem (21.6) for step functions the
image equation is
& [y —

or

e (Yo+Y, e")] Foe [y(s)-—— l—se—’ Yo] +coy(s) =0

(e** +cre’ + ) y(s) = I [ Yo(e?* +cref) + Yle’]‘

Setting
2t z+ 6= pz)
we have
@19) =" g | Ve )+ Ve

We obtain the original functions of each term from the correspondence
(21.15):

(21200 Y()=Y,[QU(0) + ¢ QW (0] + Y, 0®(0),
where Q (¢) is the original function of

1
9(s) TSt osH4c

Q(t) is calculated differently, depending on whether the zeros «,, x, of p(s)
are equal or unequal.

Casel: &) * oy
From (11.4)

1 - (et —emt),

0 =5

and therefore

Q(0) =
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We use this expression in (21.20) and return at the same time from the
function Y (f) to the sequence Y, by setting ¢ = #:

o —op oF —of
+¢ + Y .
&y — Kg Ky — Xg

nt+l___ on+l
@1.21)  Y,=Y, ["‘1 3

Ky — &g

Observing that ¢; = —(«; + «,) and &, &y = ¢, this formula simplifies to

- “51‘—1 _ 0&'2‘—1- o} :;é ]
(21.22) Yn = Yo COT——;;—— 1 4 — oig
Case 2: &; = oy

From (11.12)
Q) =tent,

Q™ (0) = m am—1,

Thus we obtain from (21.20)

and therefore

(21.23) Y,=Y,(n+1)at+c,naf-1] 4 Y nar-?

or, since ¢, = —2«, and &,? = ¢;:

(21.24) Y, =— Yoco(n—1)ad=% 4 Yynoa=t |
Remarks

1. As we shall see in the example on p. 125, the coefficients of Y, and Y,
in formulas (21.21,22) can be expressed in a more convenient form for the
purposes of numerical calculation.

2. The form of the solution can be obtained also by partial fraction ex-
pansion analogous to the solution of differential equations. For this purpose
we write the image function (21.19) in the form

t—1Y,(e Y,
s =S LR

Setting e’ = z, the second factor becomes

24+ 1
YouTate—o) TV e=a) ="
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In the case & * y, we can expand both fractions in partial fractions of
the form
d, . d
Z— al 2— a' )

Substituting e’ for z, y(s) appears as the sum of terms of the form

e—1 1
s el—u

with coefficients independent of s (x = &, or a,). To this there corresponds
a very simple original function:

ee—1 1
s ef—

(21.25)

oo xlt]
[+ 4

Using this correspondence for the transformation of the terms in y (s), with
a little more calculation we arrive at formula (21.21). Further useful corre-
spondences of the type (21.25)are found in TAB. 244—247.

This method is naturally applicable to difference equations of higher
order.

.

§ 22. The Inhomogeneous Difference Equation
with Vanishing Initial Values

We consider now the difference equation

(22'1) Yn+r+cr~1 Yn+r-—1,+' 40 Yn+1+¢0Yn=Fm

where F, is not equal to O for all #, and where the initial values prescribed
are

(22.2) YVo=Y;=:-- =Y, =0.

If we construct the step functions Y (f) and F(¢) from the sequences Y, and
F, as in (21.3) then we obtain a difference equation with continuous variable

(223) Y@+t Yl+r—1) 4 -4+ Y+ 1)+ ¢ Y(t) = F(2),
with initial condition
(22.4) Y#)=0 for 0st<r.
Using the translation theorem (21.6) and by (22.2)
LY+ B)) = e¥*5(s).
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Thus the image equation
¥(s) 2, cx € = f(s)
¥=0

corresponds to (22.3) and with the abbreviations

Dor=pl,  m—d
it follows that

1
(22.5) W) = Fiey f(s) = q(e*) £(s)-
The convolution theorem is not applicable here because 1/p(e’) is not an

Q-transform3). Therefore we must proceed differently.

The original function Q(¢) of ¢(s) is, by (12.9,14), a sum of exponential
functions, which may be multiplied by polynomials; in every case it is an
entire function which can be expanded for all ¢ in a convergent Taylor-series

o=,

Its image function can be obtained from Theorem 35.1 by applying the
L-transformation term by term:

=520

v+1
v=0 §

(This series converges outside a circle, centre the origin, that includes all
poles of ¢(s).) Therefore we obtain

S 070 _ <

(22.6) 9e) = 2 “rnr = 2,000 e
and
(22.7) y(s)= ZIQ"‘” (0) e=* f(s).
By Rule II (first translation theorem)
s F(t—) fort =
€ f(s)”{o fort <.

39) This follows from the theorem that a 8-t1"ansform which is not identically 0
cannot be periodic (EINF. p. 34). 1/p(e®) has period 2xj.
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If the inversion of the @-transformation can be applied term by term, we
obtain

Y() =§19<v—v(0) Flt—v).

This series is in fact finite because for fixed ¢ the terms with » > ¢ are zero;
hence

U]

Y() = 2, Qv2(0) F(t—).

=1
The sum can be reduced further because by (21.13) Q*-? (0) =0 for
v=1, ..., —1. If we go back from the step function to the sequence we
obtain as the solution of the difference equation (22.1) with the initial con-
ditions (22.2)

(22.8)

p=r

Y, =2 Qv-2(0)Fy_, fornzr

(For n <7, Y, does not need to be defined because it is then equal to 0,
by the initial conditions.) We can verify that Y, gives the solution of the
problem independently of the assumptions made in the derivation.

‘As in § 21, in practical applications of the formula the function Q(¢) has
to be calculated explicitly. If the zeros of the polynomial $ (z) are different,
we obtain

" v ]
Y,,=2Fn-yz;—f'(—a;)- forn=r

=7 I‘-l

(22.9)

The Difference Equation of Second Order

For the difference equation of second order we can take the value of
QU~(0) from p. 114, 115.

Casel: & # o
2.10 Y -—iF _“;————1—;—1’—7—“_—’:—_—1 f ——:2—
(22.10) e o —— or n =
L -
Case 2: o) = &y
”»
(22.12) Y,= 2 Fa_y(v—1) a3 forn=2
=2
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§ 23. The Boundary Value Problem
for the Difference Equation of Second Order

It frequently happens in applications that the values of the unknown Y,
in the difference equation do not occur for all # = 0, but only for a finite
number of indices 0 < # < N. Then, in general, a definite solution is not
determined by prescribing initial values. For the usual case, in which the
order of the difference equation is equal to two, the two values Y, and Y,
the “boundary values”, are given and this is why we call it a ‘‘boundary
value problem’. However (for example in the theory of ladder networks)
other possibilities can occur; for example, a linear relation may be given
between Y, and Y, and another between Y, , and Y.

We consider here the following problem. The difference equation of second
order

(23.1) Yotrat+a Yo +6Y,=F,

is given together with the pair of boundary values Y,, Y, (naturally
N = 2). The zeros «,, &y of the characteristic polynomial

pR)=22+cz24¢
may be different. (The case of equal zeros is simpler and is omitted here.)
We require no new theory since we can use the general solution of the

initial value problem which arises from the superposition of the partial
solutions (22.10) and (21.22):

” v—1 y—1 n—-1 n—1 n n

_ ; &y — Kg _ &y — Kg Xy — &g

(23.2) Y, = gzr,, e d— Yoo =0 — th g,
(n = 2).

In this formula we must introduce the given value Y, instead of the un-
known value Y;. For this purpose we set » = N in (23.2) and obtain a
relation between Y,, Y3, and Y,, from which we can calculate Y, as a
function of Yyand Y :

' N
1 n{YoCo (0¥ "2 — g ) + Yy (ory — exg) —22(0‘1 “l—a ) F, N—v}-
2 <

TN —u

Y,

If we insert this into (23.2), we obtain

&y — g ye2
1 ot — ot &
23.3 —_— 1 3 —1__ -1 F —y
( ) o — g 0 — ag ’Zz(“l oY) Fy
+ 1 {Yo (0" g™ — 06" xg™) + Y ()" — ")}

“lﬂ —_— a’)l
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This is valid for 2 < # < N, but it gives the correct values also for n =0
and 1, if we set the first sum equal to O for » = 0 and 1.

Of course the solution has meaning only if
a1N - 0&,” * O.

If the given ‘‘interval length”” N and the constants in the difference equation
are such that &,” — a,” = 0, then the problem has, in general, no solution.
In analogy to the well-known results with differential equations, there arise
characteristic values and characteristic functions, which are of importance
also in engineering; however, we cannot discuss this subject in greater
detail here.

§ 24. A System of Simultaneous Difference Equations
with Intitial or Boundary Conditions (Electric Ladder Network)

We return to the treatment of the electric network of § 18; there we con-
sidered first a single mesh and set up the integro-differential equation (18.1)
for the current I(f) produced by a voltage E(f) of an entirely arbitrary
nature. The linear algebraic equation (18.3) connects the image functions
e(s) and 4(s). In complex alternating-current calculations one is restricted
to the special case of an alternating voltage E (t) = E e and assumes that
an alternating current of the same frequency is produced; I (#) is therefore
of the form I (f) = Ie!*. (E and I are complex constants which determine
the amplitude and phase.) Strictly speaking this is only possible with a
steady state (—oo <t << + o0). For the case of a transient (0 < ¢ < o)
such a steady state arises only after a sufficiently long time (in mathematical
language, it is given by the asymptotic behaviour, cf. § 13 No. 3).

Differentiating equation (18.1) with respect to #4°)

arI ar 1
L-;iTg--{-R"—i?—F-C‘I(t):E'(t)

and introducing I (f) = Ie!*, E (f) = Ee'*, we obtain

I(I.(jw)“+ij+—(1;—)e’“"=ije5w‘

or

(24.1) (Lie+R+gg5)1=E.

—_— .ot
49) If Ielwt were inserted straight into equation (18.1) the integral S I efot dv
would diverge. et
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Using the impedance Z (s) defined by (18.2) this equation is written

(24.2) Zo)I=E
with
(24.3) Z(jw)=ij+R+5}—w.

Equation (24.2) agrees formally with equation (18.3) for the Q-transforms
1(s) and e(s) of the general current and voltage functions I (f) and E (¢), but
in place of 7(s) and e(s) there are the constants I and E, which are called
“complex current and voltage”’, and in place of the general impedance func-
tion Z (s) there appears the special value Z(j w). Although in the case of a
general current I(f) we have still to proceed from the image function
1(s) = e(s)/Z (s) to the original function I(f), in the complex alternating-
current calculation we have already finished when we have obtained equa-
tion (24.2). This is because the only unknown was the complex constant I,
and this is determined from (24.2) as I = E/Z (jw). (The value of I depends
upon the frequency w.)

The complex alternating current calculation can be carried over to the
network considered in §18. The voltage in the »*® mesh is to be taken in the
special form E (f) = E,e!®t, so that the frequency is the same in all meshes.
In steady state the currents will be oscillations of the same frequency, and
therefore of the form I,(¢) = I e!“t. We see immediately that when these
expressions are inserted into the integro-differential equations of the net-
work, a system of linear algebraic equations arises that formally is exactly
the same as the system (18.4) for the @-transforms of the general currents
and voltages. Thus we have

Zy(jo) 14+ Zln(i w) I, =E,
@44) e e

an(j w) Il+ i +Znn(] w) Iann-

Accordingly, everything that was stated in § 18 from (18.4) to (18.8) can be
carried over to “‘complex voltages and currents’. By solving the system of
equations the complete solution for the behaviour of the system in steady
state is obtained for the problem in the special case of sinusoidal oscillations
of the same frequency w%).

41) Some authors in technical literature cannot avoid using the @-transformation for
deeper insight into their problems, but nevertheless from habit consider first
the method using the special el®-functions (this is designated in engineering as
“spectral way of thinking’’) and qualify the s-equations (if we may call them that for
brevity) (18.3,4) as “only formal extensions” of the jw-equations (22.2,4). Other
authors even arrive at the complex s-plane (which for example is necessary for the ex-
amination of stability) by substituting into the j w-equations the complex variable s for
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Z1 Z1 z1 Zy

22

—0- — - -0~

O e = = <O

Figure 24.1 A ladder network consisting of T-structures.

This remark was made in advance because subsequently we wish to use
alternating current methods to simplify calculations. We consider now a
special network for which we can employ the theory developed previously
for difference equations.

A ladder network is a special network in which all meshes (with the pos-
sible exception of the first and the last) have the same structure and are
ordered in series so that every mesh has a branch in common with each
branch preceding and following it. For the meshes of the ladder network
shown in Fig. 24.1 there are two equal impedances Z; in every upper
branch, there is no impedance in the lower branch and there is one impedance
Z, in each transverse branch.

Because we wish to determine only the steady state of the ladder net-
work, we can use the alternating current calculation. We could set up the
mesh equations (24.4) for the network, but it proves simpler to think of the
network as built from four-terminal networks of the type indicated in Fig.
24.2, which is called the T-structure (instead of from meshes). Also it is ad-
vantageous for calculation to attach a complete T-structure at the beginning
and at the end, and this means that there is only a half-mesh present at these

the pure imaginary variable jw, without sufficient motives and without introducing
the @-transformation, and in order to make this unpalatable complex variable appetizing
to theengineerthey give it the well-sounding but meaningless name'‘complex frequency’’.
— As always it requires time for new and better concepts to replace old and insufficient,
however beloved, notions. Before the Q-transformation was introduced into electrical
engineering we had to be satisfied with a network theory for e/?!-excitations and ei®t-
responses. However, the @-transformation allows entirely arbitrary excitations and
responses from the beginning; it supplies the complete solution which includes the
transient as well as the steady state. Above all, however, it enables us to discover deep
properties of the often complicated solutions from the much simpler Q-transforms.
Examples of this will be shown in Chapters 7 and 8. The complex alternating current
calculus is contained in the theory of the @-transformation and in it is also its found-
ation (cf. § 13 No. 3): if the excitations are sinusoidal and all of the same frequency,
then this calculus furnishes a certain part of the exact solution supplied by the {-trans-
formation. This part describes the asymptotic behaviour of the solution; expressed
technically it represents the steady state. This is, however, only under the assumption
that the zeros of the characteristic polynomial (with systems, the determinant D (s) in
(18.5)) have negative real parts. If only alternating current and the steady state are of
interest, then under this assumption we can safely use the complex alternating current
calculation as a shorthand method; this we will do in the further development of this
paragraph.
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points. Let the number of T-structures equal N, and denote the variable
index by . Let the complex voltage at the output of the #t® T-structure
and therefore at the input of the (# 4- 1)™ T-structure be E,, and the
corresponding complex current I,,. With the direction arrows as indicated

in Fig. 24.1, the following loop equations hold for the left and the right
halves of the (n 4 1)* T-structure:

Z,+2Zy) I —2Z,1,.,=E
(24.5) Gtz L, PR =01, ..., N—1).
Za In"—(Z1+Zn) In+1=En+l

These are 2 N linear equations for the 2 N + 2 values Iy, ..., I,,Ey, ..., E,.
When two of the values are given, the other 2N can be calculated.

(o -0

Figure 24.2 T-structure.

Instead of solving by using the usual rules with determinants, we con-
sider only the general equation pair (24.5) and think of it as a system of
two difference equations of the first order for the unknown sequences E,,
and I,. We distinguish two problems.

I. Initial Value Problem

Because the equations are of the first order, one initial value must be
given for each unknown: these are E, and I,,. The initial value problem
corresponds to the practical problem in which the voltage and current are
given at the input of the ladder network and are required at the output of
an arbitrary member. As in § 21 the sequences E,,, I, are used to construct
the step functions E(#), I(f) and then their image functions e(s), #(s) are
found. After using the translation theorem (21.6) the image equations are

G+ —ze -5 0=

1—e 1—e
e se Eo]

Zyi)— Gt 2)e [it9— 15

I|=e [e(s)—
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1

or o) — &+ Za—Zae) i) = IoZs °'$_
(24.6)

et e(s) — (Zg—(Z,+ Zy) e*) i(s) = Eo + 1(Z, + Za)

The determinant of this system of linear equations for e(s) and 7 (s) is
D(s)=2Z,e%—2(Z,+Zy) et + Z,.

This plays the same role here as the characteristic polynomial does for a
single difference equation. In order to set the coefficient of the highest power
equal to 1, when computing ¢(s) and #(s) we divide numerator and de-
nominator by Z, and obtain

_1 E, [e’ ( : + 1)] —I.,Z,[(%Jr 1)2—-1]

e"—Z(%—l- l)e"—l-l

els) =

(24.7)
-ngrnfe(ie]

e“’—2(2—2+1)e’+1

i(s) =

As for a single difference equation, in image space these are rational func-
tions of e?. Following § 21 we set

z 1
ey =a—2(F+ 1)+ 5= e Q0.

Then by (21.15) the correspondence

e—1

— (e’) e¥® o-0 Qi1 +7(0) (»=0,1)

is true. On returning from the image functions (24.7) to the original func-
tions and setting ¢ = »n we obtain

E = [ov0)— (5 +1) om0 — 14 [ + 1) — 1] e
(24.8)
L=—Eoz-Q"0) + L[ 0»0) — (Z + 1))

We have still to calculate explicitly the values Q™ (0) and for this, by
(11.4), we require the zeros o, *, of p(2). We can write the formulas in a
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form more suitable for numerical calculation, when we notice that «;,
are connected to the coefficients by

Z
(xl"l—“g:z('zi'—l—l), ocla,=1.
This suggests setting
(24.9) o, =e", g =€~ 7,
Then we have
e ter=2(2 4 1),
2
so that 7 is defined by

(24.10) cosht = % + 1.
2

Thus we find
(24.13) Q™ (0) = o e I it sinhn

o, — oip et—e~* = sinhtv’

For the other coefficients which appear in (24.8) we obtain, since sinh (n 1)
= sinh #¥ coshr -} cosh #nt sinhz:
sinh(n+1)7 sinhn v

: cosht—
sinh v sinh v

=cosh#nr,

() — (7 +1) ew(0) =
[(i——; +1 )2 — 1] Q™ (0) = (cosh?z — 1) Q"*(0) = sinh?®7 @ (0) = sinhzsinhnz.

The solution (24.8) assumes the simple form

E,=E,coshnt— I;Zysinhrsinhnt,
(24.12)

1 .
I”=—E0—Zm; smhnt-l—[.,coshnt,

which cannot be found easily from the solution of linear equations (24.5)
using determinants.

If we terminate the ladder network at the #*® T-structure, E, and I,
represent the complex output voltage and current. Formulas (24.12) are
especially suitable for numerical calculation. Z; = Z, (jw) and Z, = Z,(j »)
are complex, and so also is . Extensive tables exist for hyperbolic functions
with complex arguments.

We observe in addition that the determinant of the equations (24.12) is
equal to 1. This is a well-known general property for a passive four-terminal
network.

The above solution refers to the case when the input voltage and current
are sinusoidal and only the steady state solution is wanted. If an arbitrary
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input voltage and current are given and the complete solution is needed, we
must substitute s in equations (24.12) for jw, and then determine the
original functions of the image functions which arise.

I1. Boundary Value Problem

We assume that the ladder network consists of N T-structures, where N
is a fixed number. It may be that two initial values are not given, but that
the initial value is given for one variable and that the end value is given for
the same or the other variable; in other words, two boundary values are
given, for example, E, and E,, or E, and I,. We restrict ourselves to
the physically most important case when the end value is equal to 0.

1. Given: E, arbitrary, E, = 0.

This means that the output of the ladder network is short-circuited.
We use equations (24.12), in which we introduce the abbreviation

Z, sinht = W (= iterative impedance).

In order to eliminate the unknown value I, we set # = N and E, =0 in
the first equation:

0=EycoshNt— I,Wsinh N .
Inserting the solution

coshNr
fo=EvrsnnN =
into equation (24.12), we obtain
_ coshN7 . sinh (N —n) v
En=Eocoshnr —Eo g sinhnr =By — e

1. coshNz . Cosh(N—n)z
I,,= —E0W51nhnr + Eomm coshnv = Eo—-Wsi—nWt—'.

2. Given: E, arbitrary, I, = 0.

This means that the output of the ladder network is open (no load). If
we set n = N and I, = 0 in the second equation (24.12):

0=—Eq7Sinh Nt + Iocosh N,

we obtain
sinhNr

I,=E, WcoshN<z'
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With this value of I, equations (24.12) give

_ sinh N ¢ cosh (N—mn)z

E,=Eqcoshnt—E, -rsinh#t = Ey— o
sinh Nz sinh (N —#) 7

I, ——Eowsmh”"'l'E“WcoshN'rCOShnr_E" WcoshN«=

§ 25. Solution of Difference Equations by Means
of the Discrete Laplace Transformation

In order to be able to apply the @-transformation to the sequences ap-
pearing in difference equations, we have constructed a stair-cose function
Y (¢) from the sequence Y, by definition (21.3). We have

o n+l s__e—(ntls
(25.1) {Y(@®)} =2 [e*tY,dt= Z v, =
n=0n
— 1= yene
n=0

The factor (1 — e~*)/s appears also in the correspondences (21.15) used in
the solution of difference equations4?). Therefore it is natural to omit it
entirely. The remaining infinite series in (25.1) then depends not on the
function Y () but only on the sequence Y,. We can therefore associate this
infinite series with the sequence Y, immediately, without introducing the
function Y (f), and consider this as a transformation applied to the sequence
Y,. It is called the “‘Discrete Laplace Transformation”, and is denoted by
the operator symbol ®. It produces a function of s which we denote by

y*(s)%):

o
(25.2) : DY} = D Yae et =y*s).
7n=0

We call it simply the D-transformation and use the same notation as earlier;
that is, original sequence Y, and image function y*(s). Also we use the cor-
respondence sign Y o-ey*(s).

43) To make this evident, we have kept the factor in (21.15) and have not written the
correspondence in the more agreeable form

et—1 e#?
s ple)

Moreover, the factor is interpreted physically on p. 141.

43) A series of the form z c,e~*nt is called in mathematics a Dirichlet series. y*(s)
corresponds to the special case 4, = #.

oo QUI+m(0).
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The D-transformation can be described as a {-transformation applied
to a certain pseudo function. We think of a sequence of impulses which act
at the time points {=#, and which therefore is represented byZé(t—n).

7n=0

We modulate this by a time function Y (¢); that is, we form
(25.3) Y*t)=Y() D o(t—mn).

n=0
If we apply the @-transformation to this we have by (13.13)

{Y*} =Te“"Y(t) 3 ot—n)dt = i Te‘"Y(t) 8(t—mn)dt = E: e*nY(n),
0 n=0 -00 #=0

Therefore, the important relation

(25.4) | 90 = ${¥* (0} = D}

is valid for every function Y (f). In this way the ®-transformation is in-
cluded in the @-transformation.

It should be noted that all functions Y (f) which have the same values
Y (n), give the same pseudo function Y*(f) and the same D-transform
D LY ()} = y*(5).

The operation with the pseudo function Y* can be made rigorous by the
Stieltjes integral as in § 13 No. 2. If we introduce a step function T (¢) which
has thejump latt=mn

T0)=0, T@H=n+1 foru<t=n+1 n=0,1,...)

Tt ig. 25.
: ) ' (see Fig. 25.1), then we have
! 1 X had
| ! 25.5) Ve=tY()dT(t)= D e**Y(n) = D{Y(n)}.
w9 3 ) = DY ()
! 1
P
—
foo
l ! !
b' 1 2 3 t TFig. 251 Stair-case function and the corresponding
sequence of impulse functions.
8(t) |6(t-7) I&(t-Z) 8(t-3)

t

Naturally there are sequences for which ® {Y,} does not converge for
any s. If, however, ® {Y,} converges anywhere, it converges in a right
half-plane.
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y*(s) has period 2nj because e~"‘*+3s9= e-"_ Hence, it suffices to con-
sider y*(s) in the strip —zj < Js < +axj (Fig. 25.2).

J/. """ 7777777777

Figure 25.2 Basic region for definition of the perio-
dic function y*(s). Ay - Licid

As an example we calculate (z a complex constant)

D{ern) =”Zoe—(o—f)u =i =g—g forRs>fe,

From this we obtain D {1} by z = 0, D {a"} by v = loge, and the ®-trans-
formations of the hyperbolic and trigonometric functions by the same com-
binations as for the @-transformation in § 3. The short Table 25.1 gives the
correspondences which we require in the solution of difference equations.

Table 25.1. The most important correspondences of the ®-transformation.

o | re=2
1 1 e'i— 1
el
2 e"' el__ef
e?® (e*— cosh 1)
3 coshzn e®—2e'cosht + 1
. e!sinhr
4 sinht#n e?* —2e*coshr + 1
5 e (e* — cos 1)
costn 68 _Z2e'cost +1
) e’sin 7t
6 sintn et _2e'cost+ 1
el
7 o” et —a
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The following basic “grammatical rules” (cf. chap.2) of the ®-trans-
formation are needed in applications®):
First translation theorem:
Y- oo e * y¥s),
if we define Y,, =0 for n < 0.
Second translation theorem:

A-1
Ypypoe bt [y*ls)— > Y.e-"].
v=0
Damping theorem:
e Y, oo y*(s + 4).
Convolution theorem:

Let the original functions Y and Y!® correspond
to 9§ (s) and yJ (s). Then

Y Y2 ()eo 2 YR YR,
v=0

The sum on the right-hand side is the discontinuous analogue to the con-
volution of two functions and is also called a convolution.

We mention in addition the inversion formula

x+in

(25.6) Yomgry | emyte)ds = D),

z—jin

where x is an abscissa in the convergence half-plane of ® {Y,}. It is the
analogue to the complex inversion formula (2.8) or (4.2) of the &-transform-
ation. For a simple proof see p. 136.

Application of the D-transformation to Difference Equations

We consider first a difference equation of second order
Yorat+ o Ynra+ 6 Yp=F,

with the initial values Y,, Y;. If we apply the ®-transformation to it, we
obtain the image equation by using the second translation theorem:

e [y*(s) —Y,—Yy e7] + ¢y e [y*(s) — Yol + coy*(s) = /*(s),

4) The D-transformation is treated in detail in the book by J. S. Zypkin. Differenzen-
gleichungen der Impuls- und Regeltechnik. VEB Verlag Technik, Berlin 1956, where
proofs of the following theorems can be found.
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which with
) =242+

(25.7) =g 10+ B v o

gives as solution

First we must determine the original sequence of e*/p (e*). This is obviously
the solution when F, = 0, Yy =0, Y; = 1. When the zeros «,, «, of $(2)
are different, we have

i 1 ( 1 _ 1 )
P(Z) -al—a, Z— 0y Z— (g ’
and therefore

e 1 ( e? et )
pe)  wm—oag\ e —a; e —ay)

From Table 25.1, No. 7, we obtain

el alﬂ — aaﬂ _
&) [ prap—— (n=0, 1, ...).
If we use the abbreviation
.2 n 2 n
(25.8) 7:7—“—_&:" =Q,,
then
el
(25 .9) I;E 0 Qn'

For the inversion of (25.7), we need additional correspondences.
a) Application of the second translation theorem to (25.9) gives

eS
Oniro e [0 — |-
Because @, = 0, this reduces to
el
(25.10) e’}—(—eT) 0 Q.41 =0, 1, ...).
b) Application of the first translation theorem to (25.9) gives
e!
Qn—y o e-‘;(;;)— (»n=0, 1, ..),
if Q, is put equal to 0 for # <0, therefore Q_; = 0. Since also @, =0,
we have

1 0 for n=0,1
(25.11) 7 *° {Q,,_1 for nz2.
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If we apply the convolution theorem to the first term in (25.7), we obtain
finally

(25.12) Y,,=,§Q.-1F,._.+Yo@”+,+clo,o+Ylon (nz2).

The derivation of this solution is exactly parallel to that in § 21 and § 22
using the Q-transformation. The correspondences (25.9,10) check with
(21.15) when the factor (1 —e~?)/s is omitted and QUI+¥ (0) = Q"+»(0)
is replaced by Q,.,. The first term in (25.12) can now be obtained in a
simpler way, because the convolution theorem for sequences is applicable
and this was not the case with functions.

From this special case we see how the method can be applied to a difference
equation of the ** order. The solution in image space, apart from the factor
{1 —e™/s, looks exactly like the image functions (21.8) or (22.5) which
were found using the @-transformation. First e?/p(e?) is expanded into
partial fractions and, when # (z) has multiple zeros, terms occur of the form

el el
e—' (—a)®
From the correspondence
ea
ef—u

o x"

we can obtain the others by differentiation with respect to «:

ea

(25.13)

m eonxt1

8
(25.14) 2 @—,—};)3 oo n(n—1) an—2
etc. When the original sequence Q,, of e*/p (e?) has been found, we obtain, by

the translation theorem,
eks
(25.15) m -0 Qﬂ+k"1 (k = 1, ey r)

1 0 for n=0,1, ..., r—1
(25.16) (e *° {Q,,_1 for n=vr.

From these correspondences and the convolution theorem we can determine
the original function of the image function and obtain the same formulas
as (21.17) and (22.8).

With the above difference equation of the second order we have trans-
formed to the original space by a partial fraction expansion because this
method is applicable to equations of every order . However, a shorter
method can be used for equations of the second order; this we illustrate
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using the example of two simultaneous equations of first order con-
sidered in §24. (For each unknown we could derive one equation of the
second order from these.) When the ®-transformation is applied, image
functions arise which differ from (24.7) only by the factor (1 — e*)/s and
hence are of the form (it is sufficient to consider one of the two functions)

G ]

e"-——Z(%-{— l)e’—l-l

o) = Ege’ [e’ — (%:— + 1)] — I, Zye*

The individual terms have the form of the image functions in Table 25.1,
Nos. 3,4, if we set

%— + 1 =coshz
2
and therefore

2
(%+ 1) —1=sinh?7.

We can now write down immediately the original sequences using Table25.1
and obtain the same expressions as in (24.12).

In this example the constant term in the characteristic polynomial 2 (z)
was equal to 1. When this is not so, we use the correspondences which are
obtained by applying the damping theorem to Nos. 3, 4 of Table 25.1:

e*(e* — e* cosh 1)
—2e*etcosht 4 e2?’
ete!sinh v
e?* —2efe? cosh 7 + €23’

(25.17) e*ncoshzn o-e o

(25.18) e*nsinh v # o-e

§ 26. Solution of Difference Equations by Means
of the Laurent or 8-Transformation

In the definition of D-transformations as well as in their “‘grammatical
rules” the variable s entered only in the combination e’. Therefore we can
set e® equal to a new variable (for this see footnote 46, p. 137)

=z
Then the original sequence Y, is associated with the image function

5’: Y,z* which we denote by ¥ (z). In mathematics a series of the form
n=0

+oo
Z a,3" is called a Laurent series. ¥ (2) is therefore a Laurent series from
3 == — 00

which the powers with positive exponents are absent and a_, = Y.
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Hence we call this association of ¥ (z) with Y, the “Laurent transform-
atson’’. Since this transformation has occured in technical literature (from
about 1950), it has been customary to call it the “‘z-transformation’. This is
not in accordance with the general custom of associating transformations
which appear frequently with the name of a mathematician. The eustom
of calling a transformation by its image variable has little to recommend it
because this variable is not always denoted by the same letter (for example,
with the Fourier transformation we sometimes use ¥, and sometimes ).
Since we cannot use the initial letter { for the Laurent transformation,
because it has been used already for the Laplace transformation, we make
an exception to the usual practice and use the symbol § for the Laurent
transformation:

(26.1) o) =3 Vpzn = B{Y,),

n=0
and we use the abbreviation *8-transformation”.

We have
(26.2) Y(e?) = y*(s) or ¥(z) = y*(log 2).

When we work exclusively with the 8-transformation, we can write y(2)
instead of y (z) because no confusion can arise with the Q-transform y(s).
Since, however, in this book we are considering the -, ®-, and B-transform-
ations side by side, we must use the more exact notation y/(z).

D {Y,} = y*(s) had period 2zj and therefore had to be considered only
in that part of the strip —zj << s < + nj which lies to the right of the
convergence line Rs = f. Under the mapping z = e* this region becomes
the outside of a circle with the radius R = ef. y(z) converges therefore, if
anywhere, for |z| > R (Fig. 26.1). This agrees with the well-known fact that
the convergence domain of a series with descending powers is the outside
of a circle.

®

Figure 26.1 Domain of convergence for ¥(z).
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Using the substitution e = z we transform the ‘‘grammatical rules” of
the D-transformation into rules for the 8-transformation (which can easily
be proved directly) and obtain also Table 26.1 of correspondences arising
from Table 25.1.

First translation theorem:
Yy 00 27%5(z),

when we define Y, = 0 for n << 0.

Second translation theorem:

k=1
Yoip oo 2"[7(2) — on' z—'] .

Damping theorem:
x Y, oo §(x2).

Convolution theorem :

Fi(2) Fale) o0 2, OV,
v=0

Table 26.1. The most important correspondences of the 8-transformation.

Y, | ¥(z) = B{Ya}
1 1 z—f-l
2
2 ef’l z—et
2(z— cosh 7)
3 coshtn 22—2zcoshr+41
) zsinh ¢
4 sinht# 22—2zcoshr-+1
Ha—cosn)
5 cosTn 22—2zcost+1
. _ Fsint
6 sintn #—2zcost+1
2
7 a* 7—a
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The Inversion Formula for the B-transformation: By the Cauchy formula
the coefficients in a Laurent series are given by

(263) Y, = g3 $ 1300 dx = 82 5@,

where the contour for the complex integral is a circle with the radius » > R
(Fig. 26.1). By the substitution z = 7 ¢!” we obtain an integral extending
over the real interval (—=, +=x):

m +n
(26.4) " =25 S' elneJ(r elo) dp.

Setting z = e* and 7 = e” in (26.3), we obtain the inversion formula (25.6)
of the ®-transformation.

The inversion 3-! of the 3-transformation is unique; that is to say, only
one original sequence Y, corresponds to a particular image function y (z).
This is mentioned, because in technical literature the contrary is sometimes
maintained ).

Application of the 3-transformation to Difference Equations

We require only to repeat the steps made on p.130ff. and set e’ = z. From
the difference equation

Yn+2+ C]_Y,,+1+ can=Fn

with the initial values Y, Y;, by applying the 8-transformation and using
the second translation theorem we obtain the image equation

2F@) —Yo—Yy 71 + ¢ 2 [5(2) — Yol + ¢ 5(2) = 7 (2),

45) In the book by J.G. TRUXAL: Aufomatic Feedback Control System Synthesis,
McGraw-Hill Book Co., New York, 1955, p. 512, it is stated that the image z/(z — 1)
corresponds not only to the sequence Y,, = 1, but also to the impulse sequence d(f) =

oo

Z &(t — #). This erroneous statcment has arisen by identifying two diffcrent trans-
n=0

formations: § {1} = z/(z —1) = 7 (2) is equivalent to D {1} = e/(e? — 1) = y*(s).
This D-transform can be interpreted by (25.4) as a @-transform of the impulse sequence
d(t) modulated by the function 1:

%{d(')} -—_-.”zoe_'" = .]__-:1;"—3. = ?—e..;.—l— = y(s).

We can then say only that the 8-transform § {1} = ¢/(z— 1) of the unit scquence
can be interpreted when we substitute z = e® as a Q-transform @ {d()} of the impulse
sequence. From this, however, no ambiguity arises in the §~'-transformation: it sig-
nifies only that the image function in its two different forms 2/(z — 1) and e®/(e® — 1)
corresponds, in the domain of two different transformations, to two different original
functions.
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from which

(26.5 30 =570 + v, kAl Lyt

where p(z) = 2% + ¢;2 + ¢, 46). The original sequence of 2/p(z) must be
determined first. For «; % &, we have

oz 1 ( z z )
) T q—og\z—a; z—og)’
and correspondence No. 7, Table 26.1, gives

2 o — gt
@) *° ;‘1““":—=Q"'

(26.6)
Since @, = 0, the second translation theorem gives

(26.7) 2 PT:;) 0 Qyyy,

and from the first translation theorem we have

1 2
o1
3@ =7 p = G-
when Q_; = 0; therefore
1 0 for n=0,1
(26.8) ) *° {Q,,_.l for n = 2.

From these correspondences and the convolution theorem we obtain, by
inverting (26.5), the same solution as found previously in (25.12).

The method of partial fraction expansion employed here is applicable
also to difference equations of higher order. For equations of second order
we can obtain the solution quicker by using correspondences Nos. 3 and 4
in Table 26.1. The reader may compare this with the corresponding calcul-
ation using the ®-transformation in § 25.

48) Tt is clear at this point why we have set z = e® and not z = ¢~* in the D-trans-

-]
formation. If we had used the latter we should have obtained the series z Y, 2" = (2
n=0
which appears initially to be simpler. It has positive exponents and can be suitably
called the “Taylor tramnsformation’” ¥ {Y,}. For this transformation the second

translation theorem is
k-1
Ypir 00 7k [n(z) — z Y, :’].

y=0
which gives as the coefficient of 7(2) in the image equation of the difference equation
Zit et o =pE").

This is not a characteristic polynomial, but a rational function: the calculus is more
involved than that for the 8-transformation because z~* must be substituted every-
where for z.
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We see that the methods of the 8-, -, and B-transformations are equi-
valent, but that there is less writing when the method of the 8-transform-
ation is used: compared with the @-transformation, in the ®-transformation
we do not need to carry the factor (1—e-*)/s and in the §-transformation we
write simply the letter z instead of the expression e* which appears in the
D-transformation. The disadvantage of the ®- and §-transformations is
that they can be used only to solve difference equations but not differential
equations, whereas the Q-transformation can be used for both types of
functional equations (and also integral equations, see § 32) so that no new
“grammatical rules”’ and correspondence tables are required.

§ 27. The Pulse-former and its Description
by £-, ®-, and §-transformation

A pulse-former is a sampling device which converts a continuous input
function F(#) to a step function in the following way. The value of F(f) is
periodically sampled at discrete time points #T (» = 0, 1, ...), multiplied
by a constant % (amplified) and then held at that value during a time span 4
(0<#<T); in the remaining time intervals F(f) is switched off so that
the functional value is zero. The output function of the pulse-former is
therefore the stair-case function (Fig. 27.1)

=, JRF(nT) fornTgi<nTA 9
(27.1) F(‘)“{o for aT +0=t<(m4+1)T

(for # =T the second row does not exist). We call T the pulse period, @ the
pulse length and % the amplifying factor of the pulse former.
Using the unit step function, F(f) can be written in the following form

212)  Fo= kEOF(n T) [U¢—nT)— Ut—nT —5)].
The -transform of F(¢) is
1(s) =§: Tj: e~*t F(t) dt
- k”EOF(nT”T"j:, ettt = kg}v‘(n:r) ettt e,

and therefore

(27.3) fis) =k

1—e-9:

: goF(nT) e-nTs,

For k=1, T=1, 8 =1, we have the stair-case function used with diffe-
rence equations.




§ 27. The Pulse-former and its Description 139
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Figure 27.1 Conversion of a continuous function into a stair-case function by a
periodic sampler.

The area between F(f) and the f-axis consists of a sequence of rectangles.
If & and & are chosen so that k# = 1, then we have that the area of a single
rectangle is

RFnT)d=F(nT),

so that the sampled value F(nT) is represented also by the area of the
rectangle. It is helpful for understanding the following to keep this inter-
pretation in mind.

In practice # is generally chosen small and % large. In order to make the
mathematical treatment independent of the choice of # and k&, we idealize
the preceding relations by passing over to the limit & -0, and therefore
& — oo. This limiting form of a pulse is called an émpuise. The limit func-
tion lim F(f) is then equal to co at the points #T and otherwise equal to 0,
but the area in the neighbourhood of £ = # T keeps its previous value F nT);
mathematically this states that the integral of the limit function shall in-
crease by the value F(nT) on passing through the point nT. We see that
lim F(¢) is the same as the pseudo function F*(f) which has been introduced
already in § 25 (called there Y*), and which arises through modulation of

the impulse sequence z 8(t — nT) with the function F(f) (in §25, T was
equal to 1); n=0

@74)  lim F=F()=F0) an(t —nT) =§oF(n T) 8t —nT).



140 Chapter 4: Difference Equations and Sampled-Data Systems

This representation expresses that the “‘sampled-data” of the function F(f)
are taken at the points #T.

Recently, the case has been considered in which the functional value
F(nT) is not held constant during the time interval & but modulated by a
function ¥ (¢ — »T) (Fig. 27.2).

| L | | Figure 27.2 Pulse formed by a modu-
0 T 2ar 37 4T lating function.

The Q-transform of the pseudo function F*(f) is, by (13.13),
(27.5) SEFER)=1*s)= 2 F(nT)c7,
n=0

and therefore the ®-transform of the sequence F(nT), with the genera-
alization that now the interval 1 is replaced by T, is

(27.6) |14 = S{F*0) = DEW T

with

(27.7) D{F(nT)} = D F(nT)enTe,
n=0

The same result is obtained by passing over to the limit in (27.3). Since
k®=1and

—_—— P oD
kl ° =k191 € ‘—>1 for 8 -0
§ ds
we have
(27.8) lim f{s) = Z F(nT)enTs=f¥(s).
950, k>oc0 ne=0

The ®- (and consequently also the B-) transformation is therefore not only
useful for the treatment of difference equations, but also suitable for pulse
formers when the pulse length can be considered to be vanishingly small.
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From f*(s) we can obtain F(#T) again by the snversion of the D-trans-
formation (generalization of formula (25.6))

T x+j%
(27.9) FnD) =g § et fo)ds = 2(1e(s),

x—-j%

where x is an abscissa in the convergence half-plane of D {F(nT)}.

The periodic sampling mechanism which produces the instantaneous im-
pulse gives the output function F*(f); the mechanism that produces the
rectangular pulse gives F(f). How are these two functions connected? In
image space this connection is very simple; it is

—a—Os
(27.10) i) = k2= o).
We can think of the factor of f*(s),
(27.11) gols) = R L=,

N

as a system function ¢, (s) of a network which is inserted between the input
F*(t) and the output F(f) (See the block description in Fig. 27.3). Because

fis A -
Figure 27.3 Conversion of d s k 1 ; _ff)__
impulse into a pulse.
Pulse- Impulse-lengthener
former

this network holds the functional value F(nT) supplied by F*(f) during the
interval &, it is called a hold circuit or an ¢mpulse lengthener. The original
function of g, (s) is the weight function Q, (¢) of the network which is given by

(27.12) Qo(t) =k [U({t) — U(t—9)]

and has the form shown in Fig. 27.4, From the convolution theorem, we
obtain _

(27.13) F() = Qa(t) » F*(t),

and thus the connection between F and F* is established. If we calculate
the convolution integral explicitly, we obtain the description (27.2) for

F(f). Because q(s) is not a rational function, the hold circuit can be realized
only approximately by a network.

Figure 27.4 Weight function for the hold
circuit. —> ¢
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Because F*(f) can be calculated from F() (but not conversely), it must
be possible to calculate f*(s) from f(s). Before we do this, we go one step
further and take the sampled-data from F(f) not only at the time points T,
but also at equidistant points which lie between; at the points »T 47,
where 7 is fixed and 0 < v <T. Every fixed v gives a sequence F(nT -}-7);
the totality of these sequences with variable z represent all functional
values of F(f). With the sequence F (nT | 7) we associate the generalized
D-transform

(27.14) f*(s, 1,') ="§°F(n T+ 1) e-nT+0)s,

The D-transforms f*(s) and f*(s,z) can now be expressed by the {-trans-
form f(s) as follows:

) - — .
@15 | M="P+F 2 f(s+,m2T”)

400 ”
(27.16) I‘(s,t)=71: > f(s-l-jmg—;—:)e""'z?" for0<+<T

In the literature a number of different proofs are given for these formulas,
but generally no conditions of validity are given and in part the proofs are
mathematically meaningless. An especially simple proof which at the same
time clarifies the essential features of these formulas is the following. From
the inversion formula (2.8) of the {-transformation, we have

x+]joo

(27.17) F(nT)= 2—71‘—] [ enTsf(s)ds for mx1
x—joo

1 +o00  x+j(2m+1)

i (s=o+im%)

- 2”] M= —oc0 z+j(2m—1)

+00 "”%‘
=2—:¢-]:m__°° S . e"“e""""’/(a—l—jm%{f-)do
=iF (enmEuJ —_ 1)
=
1t T . 2m
=—2—7—t—jm-z-mij£enmf(s+]m—j~—) ds.
T

If the series

(27.18) S /(s+ j mgj.’i)
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. . . . . .
is uniformly convergent in the interval (x— i, % +j ;) , We can in-
terchange the sum and the integral and obtain

s+j

FnT) = 75 Sfe"' > f(s+imky)as.
=iy

This is valid for » = 1. By footnote 8, p. 24 the inversion formula for
¢ = 0 does not describe F(0) but F(0)/2. We have therefore

1 s+iF I%O) for n=0
27.19 ert S fs+imEE)as =
@119) 7a3 ST m-z—oo + FuT)  for n2 1.
Now (s = x + j¥)
@20) LT T e 70 g _ T ur FO (¥ parvg
. Z“i,_j’ie 5 ds=5—e > 51 y
T
I—:g—)) for n=0
| o for n= 1.

If we add equations (27.19,20), the following equation, which is valid for
all » = 0, is obtained

Bt onre| 7FO)
(27.21) 27, I v T+ z f<+]m—)}ds__F(nT)

M= — 00

We compare this with the inversion formula (27.9):

T r+iz
— nTs f* =F#»T).
Zvn,i,; 1*(s) ds = F(nT)

T
In both equations the left-hand side describes a Fourier coefficient; for
example (s = x -+ jy),

z+l-z-.'

tr
o § enmepgds = §elnTv[enTs ra+19)]dy.

2722) 5
x—]-i.- T
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From the uniqueness theorem for Fourier series?7) it follows that if the
coefficients are equal the functions are equal; therefore we have

Fo 6B .2
Tr0=T"2+ 3 fs+imig).
This is equation (27.15). Equation (27.16) is obtained in the same way.
However, with it there is no complication for # = 0 because the value
of F(0) does not appear48).

Because we can consider (27.17) to be a representation of F(nT) as
a Fourier Transform, this proof means that, for integral values of the
argument, we can represent the Fourier Transform of a function as the
Fourier coefficient of another function.

Reconstruction of a Time Function out of the Sampled-Data

The sampling theorem of SHANNON plays an important role in infor-
mation theory:

If the spectrum of a signal (a time function) F{t) contains only frequencies
wn’a finite band —b <y < +b, that is, the spectral density is%?)

(27.23) fy) = Swe—“‘F(t)dt=0 for|y|>b,

then it is sufficient to sample F(t) with the pulse period
T =a=lb

lo obtain again the complete signal F(t) from the sampled values F(nT)
(=0, £1, £2,...).

47) 1f two continuous functions have the same Fourier coefficients then they are
identical. f*(s) is continuous as a power series in e®. The series (27.18) is assumed to be
uniformly convergent and, because the terms are continuous functions, it represents
also a continuous function.

48) The above proof uses an assumption about the series (27.18) and therefore about
f(s). If the Poisson summation formula is employed in the proof, then the following
assumptions must be made about F(f): F(f) has a bounded derivative in every finite
interval, & {| F’|} exists. See G. DoEtsch: Der Zusammenhang zwischen den Laplace-
Transformierten einer Funktion und der zugeordneten Treppenfunktion. Regelungs-
technik 5 (1957), pp. 86—88.

49) Because of what follows we carry over the factor 1/2x from the integral for f to
that for F (as in § 2 when passing from the Fourier to the Laplace integral).
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Th-is theorem can be proved formally (i. e. without conditions on the
validity of the operations) in a very simple way. By (1.10) we have

+b

(27.24) F(t)=-— 5 et v f(y) dy = -Zl fbe“”/(y)dy.

therefore
+

a/.
(27.25)  F(nT)= —,; _) eInTY fy) dy = % _S; el Tv f(y) dy.

TF(nT) is the complex Fourier coefficient (cf. § 1) of f(y) in the interval
(—=|T, +=|T), and therefore f(y) is represented by the Fourier series

(27.26) f)=T +§ F(nT)e~inTy,

n=—00

Thus F(T) is also known by (27.24):

RO = o ) o 3 FnDeitvay
+
=2—-— Z F(nT) j elt=nT) gy
T sm b(t—nT)
(27'27) = ;’ Z Tﬁ_f_'—-

Therefore the complete function F(f) can be constructed from the sampled-
data F(nT) by a so-called ‘““cardinal series”’. We observe that the proof is
correct only when ¢ and # extend from —oo to 4 co.

In technical literature59) the proof of the sampling theorem is given so-
metimes as a consequence of formula (27.15). If we assume that the imaginary
axis is included in the domain of convergence of f(s) and that F(0) =0,
then with

2n . .
T=o= circular frequency of sampling,

we have

f*(w)-~ Z fily +maw)),

M —0O

and we see that f*(jy) is represented as the superposition of the spectral
densities f(j(y + m))/T. (The present f(jy) was denoted by f(y) in the
above proof.) When f(jy) is different from 0 only for —b <y < 45, then

50) See for example, the book of TRUXAL quoted in footnote 45, p. 504, and H. KAuF-
MANN: Dynamische Vorginge in linearen Systemen der Nachrichten- und Regelungs-
technik. Oldenbourg Verlag, 1959, p. 160.
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the functions f(j (y + mw)) are different from 0 only in —mw —b <=y =
—mao + b (Fig. 27.5). If o = 2b (Fig. b), the curves of these functions lie
exactly side by side; for @ > 2b (Fig. a) they disengage from one another;
for w < 2b (Fig. c) they overlap on themselves and give, by superposition,
the heavily drawn curve, in which it is no longer possible to recognize the
true form of f(jy).

It is then concluded that in the case w = 2b, that is, as above in the
sampling theorem for T = @/b (and a fortiori for T < =/b), the spectral

tn
Havavaya)
0 b w Zo Y
b w
@w<2b; ; ;(
bw

Figure 27.5 Representation of f*(jy) for a time function with finite frequency band
| ¥ | < b when sampled at frequency .

density f(jw) can be filtered out of the “spectral density” f*(s) by a low
pass filter with bandwidth b = w/2. When f(jw) is known, then F(f)
also is known.

This alleged proof for the sampling theorem is based upon several
erroneous assumptions. 1) If a signal consists only of oscillations with
frequencies |y| < &, and therefore is represented by the integral (27.24)
with finite limits, then F(f) is necessarily a function which is analytic for
every ¢ in (—oo, +o0) (an entire function). Therefore it cannot vanish for
t < 0%1) (and be arbitrary for £ = 0) as was assumed above in the derivation
of (27.15) where the Q-integral is formed for # = 0 and the data F(»T) are

51) This follows also from a theorem of N. WIENER: “A nccessary and sufficient
condition that a time function F(f) which vanishes for { < 0 exists with a spectral
density f(jy) is that the integral

+ 00
§ [og|fG NI 4,
S 149

converges.” Therefore a function f(jy) which vanishes in an interval, so that there
Ilog | #G y)|| = 0o, cannot be the spectral density of a time function which vanishes
for?z <0.
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sampled only for » = 0. 2) It was tacitly assumed that f*(s) is a spectral
density in the same sense as f(s). However in formula (27.9), which for
x = 0 has the form

+aT

(27.28) FinT) =5 Ty,

f*(jy) does not enter as a factor of an oscillation ! of frequency y, but
only as a factor of the discrete values '™, The other values of /¥ are
not present, and therefore no oscillations e!¥ can be filtered out. If, however,
the spectrum of F() contained only the frequencies |y| = #/T, then
the above equation (27.24) as well as (27.25) would be true and the com-
parison of (27.28) with (27.25) would yield T/*(jy) = f(jy) in the interval
|y| < =/T. Thus Tf*(jy) would be identical with the spectral density £(jy)
in this interval and therefore could serve as its measurement. By 1), how-
ever, this case cannot occur.

It is not surprising that in the sampling theorem F(¢) can be calculated
from the discrete values F(nT) because then F(t) is an analytic (entire)
function. On the other hand, it is obvious that for an arbitrary function
defined for ¢ = 0, the values F(#T) can supply no information about the
intermediate values of F(f).

Example
The time function may be
sina?
FO)=—7F7

which is the standard function from which the development (27.27) pro-
ceeded. If we consider F(f) for all # (—oo << ¢ < + o0) the spectral density is

+ oo .
sinaxt lfor|y| S«
—_ —~jyt " _ .

10) = _Sw-e TR —'{Oforlyl > .

The entire transcendental function F(f) has therefore the frequency band
ly| £ «. If we sample with the pulse period T'= n/x, that is, with the
circular frequency w = 2a, we obtain the sampled-data

. o
.

Oforn==+1, &2, ...
The development (27.27) supplies the correct expression

T sina? sinxt
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If on the other hand we consider F(¢) only for ¢ = 0, that is, we set
0 fort <0
F(t) = {si
® smat fort =0,
nt

then we obtain

T sin « ¢ 3 sin o ¢ v sin a ¢
= — vt = —j i —_—
1) §e v— dt é‘cosyt oy dt ]‘gsmyt v dt
1/2 for|y| =«

B T Y+ [yl
= —]Z—nlog y—a
0 for|y| > o.

This time function therefore does not have a finite frequency band. We have
T 1 «
o) — — 8t —— — —
f(s) = §e **F(f)dt = —arctg—
and with T'= n/x
)= 3 FinT)eT* =F(0) =7 -
n=0 n

Thevefore, f(s) and Tf*(s) = 1 are not equal in |y| < #/T = «.

§ 28. Networks Containing Pulse Generators

We pass on now to the insertion of pulse generators into networks. It may
be remembered that a network is characterized by its system function g(s)
or its weight function Q(#) (symbolized in a figure by a block with the
description ¢(s)), and that with vanishing initial values the output y(s) or
Y (¢) corresponding to an input f(s) or F(#) is given by

y(s) =q(s)fs) or Y()=(()=F().

We shall consider the most fundamental of the many possible combinations
of networks and pulse generators.

1. Impulse Generators

1. The impulse generator is inserted between the (comtinuous) input F(f)
and the network (Fig. 28.1).

fls) s, (s)

Figure 28.1 Impulse generator between
input and network.
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The network is fed with the output f*(s) of the impulse generator, and
therefore

(28.1) Y =glo)/*e)  or  Y()=0() » F*() |

Explicitly

Y(t) =Q(t) » | F(¢) i 8(t—nT)| = Qt—n)F(z) i 8(r—nT)dr,
n=0 [1]

n=0

and therefore

[t/T}

(28.2) Y(t) =”Zo Qt—nT)F(nT)

This is the “convolution sum” of Q and F. The expression also comes from
the fact that, by § 13.2, the response to an impulse of intensity F (nT) at
time { =nT isF(nT) Q(t —nT). Up to the time ¢, impulses occur at times
0,T, 2T, ..., [t/T]T. The output Y (f) is also continuous at the points
t = nT, because there Q (t — nT) = Q(0) = 0 (see (14.4)).

2. The vmpulse generator is inserted behind the network (Fig. 28.2)

fts) (s) y*s)
—— (s Y Ao

Figure 28.2 Impulse generator after network.

¥(s) = q(s) f(s) comes from the network and enters the impulse
generator, from which comes y*(s) == [g(s) f(s)]*. This function can be
expressed from (27.15) by the @-transforms ¢(s), f(s), so that we obtain

o0 I

70 = W) 101 = F Zm4(3+imgz‘7f‘) /(s+img‘T7£) |

(28.3)

(We notice that the original function Q(¢) # F(¢) of ¢(s) f(s) vanishes for
t=0.)

The original function of y*(s) is the pseudo function

oo nT

(28.4) | Y*(t) = Q(t) * F(z)go(t— nT) =§0 é QnuT —1)F(z)dz-8(t—nT) ’
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3. Synchronized impulse generators are inserted before and behind the network
(Fig. 28.3).

5) | » s ¥ | » y%s Figure 28.3 Synchronized im-
- qrs) > — pulse generators before and
after network.

From 1), y(s) = ¢(s) /*(s) comes out of the network and enters into the
second impulse generator; y*(s) = [¢(s) /*(s)]* emerges from this. This
function can be expressed by ¢* and f*. To gf* there corresponds by (28.2)
the original function

QaF*='S QU—sT)Fir),

y=0

which for the time points { = #T has the value

’ZOQ((n —) T) F(v ).
Therefore by (27.5)

(283 =3 e-méoo«n-— ) T)Fip ).

The Cauchy product of two power series is

00 oo oo "
2 aﬂz” Z b”2"= Zzn zan—rbv'
n=0 n=0

=0 y=0

Ifweseta,=Q(nT),b,=F(@nT), z= e, we see that

y¥(s) = ”E:OQ(n T)e-nTs ,E:OF(n T)enTs,

Therefore we have5?)

(28.6) Y=g )  or  D¥}=D(Q)DF)

With e~T# = 2z this relation, by (26.1), can be written also in the form

(28.7) S0 =107 o 8—=38(0)3F

83) In literature this equation is generally derived by using formula (27.15), but this
requires certain assumptions. These assumptions are not necessary with the above
proof.
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where

Y@ =2¥nTz", §@=20QnDzr", F@)= 2 FnT)r
n=0 n=0 n=0
For the treatment of a network in which only sampled values are sent in
and taken out, the 3-transformation gives the shortest description.
We wish to establish the above result in a general form. For two arbitrary

L-transforms fy(s), f:(s) and their corresponding ®-transforms f,*(s), f,*(s)
the following is true:

@89 0 O =12 6) 76 |

We can think of the application of an asterisk to a function as an operation
performed on the function, which satisfies rule (28.8).

To obtain the sampled values Y(nT) themselves, we require only to
remember that to the product of two ®- or 8-transforms there corresponds
the ‘“‘convolution sum” of the original functions:

(28.9) Y T) =’%Q((n—v) T) F(vT)’

This can be seen also from (28.5).

4. An impulse generator is inseried belween two nelworks in series (Fig. 28.4).

i fs) (s)
Figure 28.4 Impulse generator Ao -—
betwecn two networks. qris) %18)

From (28.3) the output of the impulse generator is [g; f]*. This enters into
the second network which has the output gy[g, f1*. We have therefore

(2810) (s) = gas) [gals) F(s)]*

By the convolution:theorem the corresponding original function is

Y() = (_!'Q,(t —1) [Ql »F ,,206@ —n T)]‘_t dv

/7]

= ”ZOQ, (t—nT)[Qr* Fliapr,



152 Chapter 4: Difference Equations and Sampled-Data Systems

o

¢T] nT
(28.1) Y[ = ”gooa(t——n D (T — ) Fie)as

Supplement. We can bring the representation of the output in Case 1 into
the same form as that in Case 3. Setting? =nT +7(n = [/T),0 <t < T)
and calling the summation index » instead of #, we obtain

(28.12) YT +1)= %Q((n — ) T+ ) F(T).

The establishing of the values Y(nT 4 ) is equivalent to attaching an
impulse generator at the output of the network: this samples the function
Y(#) at the times »T 4 7. Therefore (28.12) is a generalization of (28.9)
in which v = 0. By the convolution theorem for the D-transformation
it follows from (28.12) that

S: Y(nT 4 r)e Tt = i QnT +7)enTs i F(nT)e nTs.
n=0 70

n=0

If we set

S Y(” T .+. T) e—nT+r)s =y*(s' T), i Q(n T _I_ ‘t) e~nT+vs — q*(s' t)
n=0

n=0

(this generalized ®-transformation was introduced previously in (27.14)),
we obtain

(@8.13 y*(5,7) =¢*6, )16 |

The sequences Y(nT + 7) constitute, in their totality for 0 < v < T, all
values of the function Y(#), and therefore represent also a complete des-
cription of the function. Hence the pair of formulas (28.1, 2), which ex-
press the connection between input and output in the language of the &-
transformation, can be replaced by the pair (28.12, 13), which describe this
relationship in the language of the D-transformation. Translated into the
language of the 8-transformation formula (28.13) is53)

(28.14) V(1) =717 .

%) Some authors imagine that this representation demonstrates a result peculiar
to the - and §-transformations, and believe that impulse regulated systems can be
treated only by these transformations. In fact the representations by the {-transfor-
mation or - or §-transformation are equally possible; they express one and the
same thing in different languages. Which language is preferred is a question of what
one is used to.
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with
F@&t)=2YnT+0)zr Janr)= 20nT 4 1)z .
n=0 n=0

(It is convenient to omit the factor e~** which appeared in the ®-trans-
formation.)

2. Pulse Generators
1. Pulse generator between the input and the network (Fig. 28.1).

The output of the pulse generator which is fed into the network is the

function ?(s) determined by (27.3) ; the output of the network is y(s) = q(s) ?(s)
or, by (27.10),

% 405) 1¥(5)

S

1—

(28.15) ys)==k

1
" g(s) is the image function of the network’s step response, which we

denoted by Y ,(¢) in § 13.1. To prevent confusion we denote it now by H(f):
1
3 g(s) e H{(t).

Then by Rule IT we have

(28.16) %q(s)—e"’“%q(s) oo H(t)—H(t— 9),

where H is to be set equal to zero for negative arguments. The convolution
theorem gives :

Y() = k[H(H) — H(t—9)] » F*(¢)

= kj'[H(t—r)—H(t——-tw-'B)]F(r) i dr—nT)de
0 n=0

= szn [Ht—nT)—H{t—nT—®))F(nT).
n=0

In the last term where #n = [¢/T] we have

=0fort—[t]=d

t—nT—9=1t—[tT) T—-0=t—[t]—0{<ofor¢_[t] <4d.
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Because H is equal to zero for negative arguments, the last term has a
special form when ¢ — [f] < & so that we have

kWZTl[H(t—nT]—H(t—-—n T—®]FnT) fort—[t]=9®
n=0

(28.17) (Y () =1 p/m-1
k”ZO[H(t-—ﬂT)—H(t——"T—o)] F(nT)+kH@E—[4) F([#])
for t—[f] < ®

2. Pulse generator behind the network (Fig. 28.2)

y(s) = g(s) f(s) comes from the network and that is converted by the
pulse generator into

(28.18) 769) =TT = k2= [gls) fs*

The original function Y(¢) is obtained most simply from formula (27.1).
The values of Y(¢) = Q(¢) * F(t) at the points ¢ = »T are fixed during the
span @ and multiplied by % giving

nT
(28.19) 17(t)= k ‘,SQ(”T"'T)F(T)dt for nT St<nuT+9

0 for nT+9=t<(n+41)7T.
3. Pulse generators before and after the network (Fig. 28.3).
By 1. y(s) = g(s) /(s), or according to (27.10, 11)
Y(s) = 9(s) g4(5) *(s)
leaves the network. We put g,(s) ¢(s) = 7(s). From (28.16) we obtain
(28.20) 7(s) oo k[H(t)— H(t— )] = R(¢).

Then we have

¥(s) = 7(s) 1*(s)-

This function enters the second pulse generator. If this generator provided
impulses, then, by (28.8), the output of the generator would be

y*(s) = [r(s) F*(s)1* = r*(s) /*(s)-
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But because the generator now supplies pulses, we must go over to ¥(s) from
y*(s) by multiplying by g,(s):

75(5) Y*(s) = 7*(s) go(s) £*(s)
or

(28.21) y(s) = r'*(S) fs)

This is the description of what happens in the language of the @-transforma-
tion. r*(s) plays the role of the system function for the network if the input
is changed into pulses before entering the network, and the output after
leaving it (f into f, y into ).

Because y(s) is determined by y*(s) up to the constant factor g,(s), we can
represent the occurrence in the language of the ®-transformation by the
equation

@22 | y0=r0r0 o DY} =DRIVF} |

or in the language of the 8-transformation by

@2) | J9=70M%) o 8¥)=B(RIBF} |

We obtain the original function most easily by determining first Y (nT)
using the convolution theorem on (28.22) or (28.23):

Y(nT) = 20 R((n—») T) F(»t)

and then by applying formula (27.1):

(28.24) | Y() = é:o R(n—v) T)F(vt) fornTSt<nT+9

0 for nTH+0st<(m+1)T

4. Pulse generators between two networks (Fig. 28.4).
We have
¥(s) = ga(s) 92(5) F(s) = go(s) ga(s) [ga(s) £(s)]*

The general expression for Y(f) is very cumbersome and is not given
here. For particular functions f, ¢, ¢, it can be calculated easily.
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3. Pulses formed by a modulating function

In this case only insignificant variations occur in the formulas. Let ¥(z)
be an arbitrary function, defined in 0 < ¢ < T. Then the time function F(¢)
is transformed into a sequence of pulses (¥-pulses)

(28.25) F@)=F(nT)¥(t—nT) for nTst<(n+1)T
(Fig. 27.2). Rectangular pulses correspond to the case

Bk for0st<®
“"(‘)={o for 0st<T.
We obtain
o (W+1)T
F=fs)=2 | e FnT)¥(t—nT)dt
n=0 aT

= i ;:e""*‘*”T’F(nT)Y’(t) dr = EF(n T) e‘”'-"’jr‘ et W(f) dt.
n=0 0

=00

The “finite” Q-transformation appears here: i.e.

w(s) = 3T'e~u W) dt.
0

From this we obtain
(28.26) Tis) = 9(s) goF(nne-”' = y(s) *(s)-

When comparison is made with the case of the rectangular pulses the only
difference is that g,(s) is replaced by (s).

We consider the two most important of the linkages treated above for
the case in which the generator forms ¥-pulses.

1. Generator between input and network.

The output of the network is

¥(s) = g(s) f(s) = w(s) ls) /*(s)-
We set

(28.27) w(s) g(s) = r(s).

The corresponding original function is

R(t) = ¥(t) » (1),
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where ¥(f) is to be set equal to zero for # = T. Then

(P Q¢—)dr  fori<T
0

(28.28) Rt =1,
(¥@) Q¢ —)dr  fort=T.
0

From

(28.29) l y(s) = 7(s) f*“(S)_'

it follows that

Y({) = R(f) » [F(t) ié(t—vT)} =$R(t—'t)F(‘t) i&(‘t——vT)d‘t,

yu0
and therefore
[/T]
(28.30) Y(®)= > R{t—vyT)F(»T) or with t=nT + =:
v=0
(28.31) YnT +7)= i R((in—»)T +1)FT)
y=0

3. Generators before and after the network.

The considerations are formally the same as in the case ot a rectangular
pulse, except that in the definition of #(s), g,(s) ¢(s) is replaced by (s) g(s).
Formulas (28.21—24) are the same but with the new meanings of 7(s) or R(f).

We can repeat for ¥-pulses the argument on p. 152 (Supplement) and
bring the representation of the output in Case 1 into the same form as in
Case 3. If we apply the convolution theorem of the ®-transformation to
(28.31), we have

SYmT+7)eTt= 3 RnT +1)enT* 3 FnT)e "7,
7n=0 n=0 n=0
With
S YT+ 1) ewT+98 = y*(5,7), > R(nT +7)enT+72=1r*(s,7)
n=0 n=0

the equation assumes the form

(28.32) | y*(s, ) = r*(s, %) %6) |
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or in the language of the 8-transformation

(28.33) - ¥ (2 7) =7 (2 ) Flz)

where

Yz 1) = 'EOY(n T+ 1)z, F(2,7) =’§° R(nT + z) .

Example of Case 1.

Let the network be an I-system (integrating system) with ¢ (s) = a/s.
Then we have
r(s)=a 'L&s—)
and

¢
a(Y)dr=ad(t) fort<T

¢

R(t)=a () dv=

o T
0

a (Wr)dv=ad(T) for t=T.
(]

From (28.31) we obtain

n—1

YT+ 7)= %R((n-—v) T+ 1) FeT)+ R(x) FnT)
—a®(D)'S FT) + a®(e) Fn T)
y=0

(the sum is absent for » = 0,i.e., 0 <t < T).
In particular, for F(#) = F, we obtain the ‘‘step response”’
Y(nT + 7) =a Fy[n (T) + D(v)].
If we choose ¥Y(f) = 1 — (¢/T) as a modulating function (Fig. 28.5) we have

2
o) =7—57 NI =§,

7 Frt) Figure 28.5 The pulses

Y formed from the input
F(t) = F,by a modula-
0 T 0 i 21 37 ting function ¥(f).
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Figure 28.6 Output of an I-system when the
input is the pulse shown in figure 28.5.

/)

and therefore (Fig. 28.0) N\

2T

Y(nT+r)=aFo(n-£—+r——tz—). ;

In this special case the different transforms are

T
- i _1 11—eTe _ 1 11—e-Ts
)

= 1 ~ 1 z
* — —nTs __ —_ —_ —_—
(0 = 3 Fae™™ =For—cro  J)=Foy—mi=Foy=

769 =R@) + 2 R(”T+t)z"‘=a(r——2—1%+ S5

72 T 1
=“(*~§T+77:f)~

The description of the occurrence in the image space of the @-transformation
is, by (28.29),

(s)

1
¥(s) =aFos =7

and in the image space of the 3-transformation,

~ ©? T 1 2
¥ ’)=“F°('—2_T‘+7z_—-_1)21_1"

If we do not use the previous formulas (28.30, 31), but instead transform
y(s) or ¥ (2, 7) into the original space, we use for 7 the correspondences

2
eo0l, ——peon

z2—1 (z—1)2

and obtain the same expression as above. For the transformation of y we
use the following theorem (EINF. p. 43), which is useful in all pulse problems
for which f*(s) = 1/(1 — e~™), and therefore F(f) = 1:
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Theorem 28.1. Ifthe function ¥(t) defined in0 <t < T is continued periodsic-
ally with period T, there arises a function 'V (f) defined for ¢ = 0. If we put
T )
o) =fe-®@ar, ()= eE,0a,
0 0
then we have

ol = 2.

From this we obtain the original function of y(s)

t
Y()=aF, ¥, d
0
where ¥, (f) is the periodic continuation of the function 1— (¢/T), and

therefore is identical to the function F(f) (see Fig. 28.5). This is equivalent
to the expression obtained above for Y(nT + ) = Y (¢), because

T T
T T “ 72
S(I—T“)df—"‘z‘: §(1—T)du=t——2—T 0=7<T7).

0



CHAPTER 3

Partial Differential Equations

§ 29. General Principles in the Application
of the Laplace Transformation to Partial Differential Equation’4)

In a partial differential equation the unknown is a function of several
variables. We consider here the case of two variables which we denote by
xand ¢; the unknown function is denoted by U(x, #). In a partial differen-
tial equation a certain domain in the x¢-plane is given at the outset, and
it is within this domain that the unknown is to be determined. For the

¢ ¢ ¢
1 i
2
K iy L A

Figure 29.1 Some basic regions in the x#-plane.

equations considered here, we assume that ¢ varies in the one-sided infinite
interval 0 < ¢ < oo, and x varies in a finite or infinite interval, so that the
basic region of the x¢-plane is a semi-infinite strip, a quadrant or a half-
plane according as x varies in a finite, one-sided or two-sided infinite in-
terval (Fig. 29.1).

To determine uniquely a definite function from the infinitely many which
satisfy the differential equation in the domain, we must prescribe certain
conditions on the boundary. In practice, conditions of the following kind
occur: the values of the function itself or of certain of its partial derivatives

54) A reader to whom the subject is completely new is recommended to pay only brief
attention to § 29 at first, and to read this paragraph more carefully after having studied
the example in § 30.
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are given, or some relations between these values are prescribed. In general
nothing can be said about the number and kind of conditions. For the
differential equations in which the engineer is interested, the conditions
which can and must be prescribed in order that a unique solution exists can
be found, generally, from the physical meaning of the problem under
consideration.

When # is the time, the conditions referring to the horizontal part of the
boundary (that is, the z-axis) are called the initial conditions and those
referring to the vertical boundary part (when present) are called boundary
conditions.

If we wish to solve partial differential equations by using the @-trans-
formation, we must apply the g-transformation to the function U(x, #) and
to the derivatives which occur. Because the transformation represents an
integration with respect to a single variable, we must undertake the £-trans-
formation relative to one of the variables in U, while the other is not
involved. The variable to which the transformation is applied is ¢, which we
have assumed from the first to vary between 0 and oo, because this is the
interval over which the Q-transformation extends. The variable x is to be
thought of as kept constant. For each fixed value of ¥ we obtain a different
transform which therefore depends not only as previously on s, but also
on x; it is therefore a function #(x, s):

(29.1) YU(x, )} = S?e"" Ulx, ?) dt = u(x, s) .
b

If we wish to transform derivatives with respect to t, we can employ
Rule V, and here also we think of x as kept constant. Then we have, for
example,

(29.2) g {95]%5)-}““(:;, ) —Ulx, 04),
(29.3) g {ﬂ’b—(g—‘)—} = S u(x, s)} — Ulx, 04) s— Uilx, 04),
where U, = To use our method for derivatives with respect to x it

BN
must be assumed that the order of the differentiation and the integration in
the Q-integral can be interchanged; for example,

2U(x, §)

(29.4) o () = & s =252,

>
ot | —oex | of } = 5z s 45, $) — Ulx, 04)].

@5 g{ZgEd)_2 (2.0
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We see that the values U(x,0 +), Ui(x, 0 +), ... are required when
derivatives are transformed. As #mitfal conditions, therefore, a certain
number of these “‘initial values” must be given. As in ordinary differential
equations, there is the advantage that they occur in the image equation
and are therefore considered automatically.

Because the derivatives with respect to ¢ have been eliminated by the
transformation, only the derivatives of U with respect to x remain in the
equation and this means that the image equation is an ordinary differential
equation. Since such an equation represents an incomparably simpler
problem than a partial differential equation, the original problem is
simplified considerably by using the @-transformation. This explains why
many problems, which cannot be treated at all by other methods, or at
best, in a complicated way, can be handled by this method.

A few remarks must be made about the boundary conditions which may
be present on the vertical boundary of the domain. It may be, for example,
that x = a is the left boundary of the x-interval and as a boundary
condition the value of the function U(x, ) may be given there, i.e., U(a, ?).
Now, however, it is to be noted that this boundary value is to be understood,
as we already know from initial values with ordinary differential equations,
in the sense of a limiting value; i.e., if we denote the function given at
% = a (which is a function of ¢ alone) by 4(f) then we require that

(29.6) lim Ulx, ) = A(#) or more briefly U(a +, £) = A(Y).
x->a+

This formulation is much more important in solving partial differential
equations than in solving ordinary differential equations, because in most
problems the solution for x = 4 has no meaning at all so that we cannot form
U(a, t). The requirements that a limiting value exists for x — & (or, more
exactly, from the right, i.e. x - a +) and that it shall have a given
value are the only conditions that can be realized.

If we assume that the limit x - a + is interchangeable with the g-
integral, we have

lim u(x,s) = lim Q{U(x,#} = 8{ lim U(x, )} = LLA(@)} = a(s),

x>a+ x—>a+

and therefore
(29.7) lim u(x, s) = a(s).
x>a+

This means that the transform of the boundary value A(f) is taken as the
boundary value of the transform u(x, s) at x = a. This is shown most clearly
by Fig. 29.2; the function A(#) is transformed on the vertical with the
particular value x = 2 in the same way as U(x, f) is transformed on the
vertical with the abscissa ». The result is the boundary value of #(x, s).
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If the right boundary x = b of the x-interval is present, then the correspond-
ing result holds there. The boundary values of u(x,s) are obtained by
transformation of the boundary values of U(x, ¢).

It is not surprising that we must make certain assumptions (namely that
the @-transformation shall be interchangeable with differentiation with
respect to x and with the limit x — a). No method can give a solution
without assumptions having been made; frequently these are not quoted
explicitly but are tacitly assumed, for example, that the solution has a

a(s) u(xs) |
A
Fig. 29.2
The L-transformation of U(x, {) with » held constant.
Alt)  Ulxt)
a X

certain form, that it may be developed into a series, etc. Therefore, strictly
speaking, after having found the solution, we must verify that the function
obtained actually satisfies the differential equation and the boundary
and initial conditions55).

Summing up the method we obtain the following scheme:

Scheme
partial differential equation solution
Original space: { + initial conditions 1

+ boundary conditions

Q-transformation Q-1-transformation

!

ordinary differential equation
~+ boundary conditions

Image space: ———> solution

88) For the existence of solutions which do not satisfy the assumptions of the method
see EINF. p. 269.
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Explanation: Instead of solving the differential equation with initial and
boundary conditions directly, we detour into the image space: using the
Q-transformation the partial differential equation becomes an ordinary
differential equation, in which the initial conditions are present and so
are considered automatically; the boundary conditions transform into
boundary conditions. When we have solved the ordinary differential
equation we find the solution of the original problem by inverting the
Q-transformation.

If the variable x moves in the interval 0 < x << oo, then only conditions
at the left boundary x = 0 have to be considered; these have the character
of initial conditions. Then the Q-transformation can be applied again, this
time with respect to x, and an algebraic equation is found for the transform;
this can be solved without difficulty. To obtain the solution of the original
problem we have to apply the inverse @-transformation twice®s).

When the original differential equation refers to a function of three
variables, U(x, y, t), where ¢ varies in the interval 0 < ¢ < oo, and x and y
vary in a region of the xy-plane, the application of the g-transformation
with respect to ¢ results in a partial differential equation in two variables, x
and y, because of the elimination of the derivatives with respect to ¢; again
this is a considerably simpler equation.

The most difficult part of the transformation method is normally the
determination of the original function of the solution found in image space.
If the present tables are not sufficient, then the methods given in Chapter 7
can be applied.

The partial differential equations appearing most frequently in engineer-
ing are of the second order. These are divided into the following three types,
of which we have given the most important representative in each case:

02U U

elliptic type potential equation Yl + FY 0,
. . 32U iU

hyperbolic type wave equation 3E =0
. . . ®U U

parabolic type heat conduction equation FY Y 0.

Greater difficulties are encountered in the solution of the elliptic type when
the 8-transformation is used and therefore this type is set aside. As a first
example we consider the heat conduction equation, because the method
works best with this type.

56) For the method of the ‘“‘double @-transformation’’, which we shall employ in an
example on p. 173, the reader is referred to the book of D. VOELKER and G. DoETsCH:
Die zweidimensionale Laplace-Transformation. Eine Einfiihrung in ihre Anwendung
zur Lésung von Randwertproblemen nebst Tabellen von Korrespondenzen. Birkhduser
Verlag, Basel 1950.
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§ 30. The Heat Conduction Equation

The heat conduction equation

®U U

(30.1) =

is of interest not only to the heat engineer, but also to the electrical engineer
because heat production is often of importance in electrical engineering.
(A transistor, for example, can only be operated up to a maximum tem-
perature if the semiconductor is not to be changed or destroyed.) The
equation is also known in clectrical engineering under the name of the
equation for the “Thomson Cable””. At the time of the laying of the first
submarine cable, the solution of the telegraph equation had not yet been
obtained. On neglecting the inductance and leakage conductance the
telegraph equation passes over into the heat conduction equation, the
solution of which was well known and was used by Thomson asan approxi-
mate solution of the telegraph equation.

We treat the equation in the language of heat conduction theory. Then
U (x, t) is the temperature of a linear heat conductor (or of a heat conductor
in a space where the temperature depends only upon one coordinate, and
thegefore is constant in a layer). Let % extend from x = 0 to x = [; { runs
from ¢ = 0 to ¢ = oo. The basic region in the x¢-plane is therefore a semi-
infinite strip when ! is finite and a quadrant when ! = oo.

At the time £ = 0 the conductor has a certain temperature, which can
depend upon x; we denote it by Uj(x). It represents the “initial value” of
U(x, t) in the sense of § 29, i.e. U(x, ¢) must satisfy the condition

(30.2) Ulx, 0 +) = Uy(x).

As is seen from physical considerations and as is explained also in the
course of the solution, a single initial value is sufficient in this problem and
we do not require to use Uy(x, 0 ), ...; this, of course, comes from the fact
that equation (30.1) is of first order with respect to ¢.

Both ends x = 0 and x = [ are kept at definite temperatures by heaters;
these temperatures depend upon the time. Therefore we have

(30.3) U +, t) = 4,(8), Ul —, ) = 4(t).

These are the “boundary conditions” in the sense of §29. Naturally these
are not the only possible ones, and with other physical assumptions other
conditions are given. When, for example, heat can radiate from one end,
a linear relation is given between U and aU/0x.

We must now set up the image equation of equation (30.1) under the
initial conditions (30.2) and the boundary conditions (30.3). If we write
L {U(x, t)} = u(x, s) we have, by (30.2),
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g {%(ZJ:} = su(x,s) — U(x, 0+) = s u(x, s) — Uy(x).

If further, the second derivative with r'espect to x is interchangeable with
the @-transformation, we have

otU u(x, s)
2 {bx’} Py s (U = T
Because differentiation occurs now only with respect to x and with respect

to no other variable, we can replace partial derivatives by ordinary deriva-
tives and obtain the image equation

(30.4) % =s#4— Uyx).

In this equation s plays the role of a parameter upon which the solution
depends; this is already expressed by the notation #(x, s).

t

A ()& vty — Ar ()
Figure 30.1 Boundary and initial values of U(, #). ;
0 U (0) l

1f we also transform the boundary conditions (30.3)

L{UO +, 0} = ${4e)} = aols),  L{UC—, 1} = 2{4,()} = &(s),
we obtain, according to (29.7), the boundary conditions for the equation:
(30.5) (0 +, s) = ay(s), %(l —, 5) = ay(s).

The given initial condition (30.2) is present in the image equation and is no
longer a supplementary condition. It is considered automatically and this
is an important advantage.

A differential equation such as (30.4) with boundary conditions is treated
as follows. First the homogeneous equation is solved with arbitrary boundary
values; the inhomogeneous term Ujy(x), that is the initial temperature, is
assumed to vanish. Then the inhomogeneous equation is solved with
vanishing boundary values ay(s), a,(s), and this is equivalent to saying
that the boundary temperatures 4,(#), 4,(#) are assumed to vanish.



168 Chapter 5: Partial Differential Equations

Then obviously the sum of these two solutions gives the solution of the
general problem. *

1. Vanishing initial temperature, arbitrary boundary temperatures.

For the solution of the homogeneous equation

(30.6) %"; =su

we substitute, in the usual way, 4 = e*® and obtain for & the equation
o3 = s. Both solutions & = + V;give particular integrals, viz. e*¥* and
e-2¥% and from these the general integral can be written in the form
¢, e 4 c,e=*¥7 ; ¢, and ¢, are now to be determined so that the boundary
conditions (30.5) are fulfilled. It is best to set up first two particular
solutions, one of which has the values 1 and 0 at the left and right boundary
points, and the other of which has the values 0 and 1, i.e.

et~ Vs — e-(-nVs __sinh (—x)}s
elVs —e-1¥s ~  sinhlys

to(%,5) =

erVs —e~s¥s  sinhxys

Uh(x,s) = —— = ——

eVt —e-¥s  sinhliys

Using these functions the desired solution of the image equation can be
written in the form

(%, 5) = aq(s) uolx, 5) + a(s) (%, s).

The original function of this has now to be determined. Next we wish to
consider the limiting case ! = oo. #,(¥, s) vanishes as ] — oo and for #y(x, )
we obtain

e—1¥s — @—~@I-x)Vs

ol ) = T s e
In image space the solution is therefore
(30.7) (%, 5) = ay(s) e—*Vs.
From the correspondence (TAB. 167)57)
(30.8) e-#17 o0 2—}-@%;,; e =yl ®>0)

57) pis the usual notation for the so-called double source function of heat conductior
and for this reason we do.not denote it by an upper case letter although it occurs he:
as an original function. Similarly it is customary to denote by ¥ the ‘‘source function
appearing on p. 172.
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and by using the convolution theorem (Rule IX) we obtain
(30.9) Ulx,t) = Ag(t) * p(x, ).

Writing this expression explicitly in the form

x : e—’—.
(30.10) U, f) = T § Aglt—r) S,
we see that we were justified in formulating the boundary condition as a
limiting relation,
lim U(x,t) = Ayt
x>0+
and not in the form U(0, £) = A,(t), because if we simply set x = 0, the
denominator t¥2 causes the integral to be divergent at = = 0. Even if this
integral had a definite value, U(0, £) would have the value 0 and not 4,()
because of the factor x. On the other hand it can be proved by a somewhat
longer procedure that the function (30.10) has the limiting value A4,(f) for
% =0, if 4, is continuous at the point .—We see immediately that the
initial condition U(x, 0 +) = 0 is fulfilled.

In the case when the length [ is finite, the original functions Uy(x, ¢),
Uy (x, t) of uy(x, s), uy(x, s) can be found from TaB. 186, 185. If these cor-
respondences were not available, a development in series could be tried
to obtain the original functions (cf. § 35). We have

e—1Vs —e—(21-0)Vs

= (e—*¥s —e-(21-0)¥5) z e—2nlVs

(30.11) - t(x, 8) = —————= n-0

(=] (-] (-] (=2
— z e—@nlrn)Vs z e—@n+1)i-0Ys — z e—(2nl+n) Vs z e—@nl-0Vs,

n=0 n=0 n=0 Hel

For0<x <20l 4+x>0(n=0,1,...)and2nl—x>0(n=1,2,..)),
and therefore the correspondence (30.8) is applicable. Further, we can prove
with the help of Theorem 35.4 that the interchanging of the sum and the
Q-integral is justified here (see p. 200). Therefore we have

Uylr,t) = 2,"’(2"1 +x,1) —2 w(2nl—x,i)

or, since by (30.8)
—yp(2ul—x,t)=yp(—2nl+x,1),
we obtain
+ 00 B
(30.12) Udr,) = 2 y@2ni+x,8).

7% = — 00
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In the case / = oo treated above only the term with # = 0 occurs. Analog-
ously we obtain ' .

(30.13) Ui(x,t) = f y(2nl+41—zx,1).

7 = — 00

These series are particularly suitable for practical calculation when ¢ is small
because then the factors e~(#é+4)'/4¢ jn the terms of the series are small.
For large ¢ the other form given in TaB. 186, 185 is more suitable.

The original function of %(x, s) is determined from the functions U,, U, by

(30.14) Ulx,?) = Uy(x, §) » Ag(t) + Uy(x, 2) = A,(2).

Special Boundary Values

We compile the special solutions which arise when 4,(?) = 0 at the right
boundary and the temperature on the left boundary is described by certain
simple functions which occur frequently.

1. We take 44(#) = 8(¢) = impulse function, and therefore a,(s) = 1. Then
we have for / = oo
Ulx, ) = y(x,?)

and for finite /
. Ulx,t) = Uy(x, ).

The boundary function 4(¢) describes ideally a ‘heat explosion” at the
point # = O at the time ¢ = 0. The “Green’s functions” y or U, can be
interpreted as the temperature distribution which results from such an
explosion.

2. We next take A, = U(t), and therefore a,(s) = 1/s. Then we have
for = oo

u(x,s) = —i—e-*V’—.
This function corresponds to the original function (TAB. 168)

x

27t

(30.15) U(x,t) = erfc (x=0, t>0).

With finite / we have, by (30.11),

%(x, s) = % o, 5) =”§o~1— e—@n +*)V*—-—-”§1 15 e~@ni-n)Ys,
and therefore
x = 2nl+=x 2nl—x
. Ulx, ) = erfc ———=- —_— =1
(30.16) Ulx, ) =erfc 2/ +”21 [erfc 27 erfc = Vi ]
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3. Let the time function be 44(¢) = e!**. Then we have for I = oo
¢
(30.17) Ulx, 1) = elot x y(x, ) = edot e Iov (s, 7) dr.
]

Analogously to § 13.3 we can determine the steady state of U as ¢ — oo.
Because & {y(x, )} converges for s = j w, we have

Ulx,t)= e’w'{ S?e—’"" y(x,7) dr-—-?e—"“ y(x,7) dr }
0 []

— elot [e-—sum)-'- __S e-loty(x, 1) dr} .
J

The second term inside the brackets tends to zero for { —» oo so that the
steady state is given by

(30.18) U(x,t) = e~ 2ot elat,
With j =elnf?, jlii=cinll = cos:_—t +j sin;—E = 1/22— (1 +j) we have

(30.19) ﬁ(x,t = e—Yo2a gilwt—Vo2a)

U oscillates with the same frequency as the boundary function; its amplitude
and phase depend on x and w. As in § 13.3 the factor

q(j w) = e~ = By(x, )} y=y0

can be called the frequency response of the temperature in an infinite
conductor.

2. Arbitrary Initial Temperature, Vanishing Boundary Temperatures

We consider now the inhomogenous equation (30.4) with the boundary
values
%(0 +-,5) =0, % (l—,s) =0.

If we have no book on differential equations at our disposal from which
we could find the solution of this boundary value problem, we could obtain
the solution as follows. We use the method of the @-transformation to solve
the equation 4"’ — su == —U(x) with given initial values #(0) = 0 and ,(0).
In this solution we set ¥ = / and we obtain an equation connecting #,(0)
and %(}) from which we can express %,(0) in terms of %(J). If we insert this
value of #,(0) into the solution, we obtain

i
(30.20) ulw, s) = (p(x, & 5) Uol) dé
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with sinh &)/s sinh (—2)Vs for0sésx
ssinh/
@021)  pmig=1 ':f_s',nh (zﬁ ays
sinh x}ssinh (1 — &) Vs
= — f s¢=sl.
Yssinhlys orxsé
Again we consider first the case } = co. Here y reduces to
{1/1:3 e-*Yssinh &Ys for0sé¢sx
(30.22) y(%, &5) = 1
;/?e"ﬂ's—sinhx}’_s- for ¥ < & <oo.

If we express sinh in terms of exponential functions and use the correspond-
ence (TaB. 169)

(30.23) Vl;e—ws‘ *-o V% e Bt —=y(k Y (F20),

we obtain the following original function of y; in contrast to the image
function, this is given by a single expression:

(30.24) I(s, 80 = 5 6 — 2.0 — 2(E + ).

If the integral in (30.20) (whose upper limit is now oo) is interchanged with
the inversion of the -transformation, we obtain

(30.25) Uls,f) = ;—;s?[x(f——x. 1) — (& + %, )] Up(e) dé

When Uy(x) possesses a limiting value for x — oo, this integral converges
forx>0,¢> 0.

In the case of finite length /, we proceed as on p. 169. We substitute
exponential functions for the sinh in (¥, &, s), develop it in a series and
transform term by term. Then we obtain as the original function of y:

+o0
(026) Ns&0=7 3 [nl+x—E)—g@nl+x+ 8]

and as the solution to the boundary value problem we have
1

(30.27) Ul, f) = ( T(x, £, Uy(g) d§.
]

Form (30.26) of I is particularly suitable for small ¢; for large ¢ it is better
to use the form given in TaB. 188. Moreover, the functions I'(x, &,¢),
Uy(#, 8), Uy(x, ?) can be written in terms of the theta function &, defined
in the theory of elliptic functions.
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§ 31. The Equations for a Twin Conductor Line with Distributed Constants

If an electrical conductor is so large that its constants (resistance, etc.)
cannot be thought of as being concentrated in single places, then the voltage
and current depend not only on ¢ but also on the length coordinate » and
are therefore functions E(x, #) and I(x, {). If the conductor consists of two
parallel wires, then the currents I(x, ¢) are equal at points opposite each
other, but have opposite directions. E(x, £) is the voltage between the two
conductors at the point x.

R is the resistance, L the inductance, C the capacitance, and G is the
leakage conductance of one conductor to the other (Fig.31.1), all being

Iixt)  Rax Ldx
i '\/ _L TL
1]
Figure 31.1 Twin conductor line, £mt) Car éﬁdx
Ixt) | |
i
X

measured per unit of length. Then we have the following system of partial
differential equations of the first order:

oE of

o T Lo tRI=0
(31.1)

ol oF

3—§+C$-+GE=0.

We can derive one partial differential equation of the second order for
E(x, t) alone by writing the equations in the form

OF 0
_E_ (L LS R) 1
ol [
—s=(cat+e)E
On differentiating the first equation with respect to x

3E ] .74
= (L %t R ) o
and on inserting the value of 3//dx from the second equation, we obtain
3BE d 0
'b—x—g‘=(Lb—t'+R)(C’b7+G)E
or

NE DE 3E
(31.2) s+ =LC5z +(LG+RC) 5 +RGE.
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The same equation, the so-called telegraph equation, holds also for I(x, f).
For R =G =0, this equation reduces to the wave equation

OE OE
'a';’" = L C s't""‘ ’
for L = G = 0, it reduces to the heat conduction equation
OE
= RC

(Thomson’s Cable Equation, cf. § 30).

However, we examine the full system (31.1) and assume that the twin
conductor line was at rest at the time £ = 0; i.e., that58)

(31.3) E(x,0+4)=I(x,0+)=0.
Then the image equations of (31.1) are

de(x, ) + Lsi(x,s) + Ri(x, s) =
(31.4)

dz(x,S) AR 4 Cse(x,s) + Ge(r,s) =0.

This is a system of ordinary differential equations of the first order which
we oan solve by a further transformation with respect to x if we consider
the initial values ¢(0, s), 4(0, s) as given. This means that their original
functions E(0, ¢), I1(0, ¢), i.e., the values of the voltage and the current, are
given at the initial point of the conductor. We introduce the following
notation

K'oe—" % e(x, s) dx = ¢)(y, s), ;oe‘" zi(x, s) dx = 1,(y, s).
o °

This Q-transformation with respect to x transforms the system (31.4) into
the following system of linear algebraic equations:

ye(y,s)—e(0,5) + (Ls+ R) iy(y,s) =0
¥4y, s) — 40, s) + (Cs+ G) ¢,(y, s) = 0.
From this we can easily calculate ¢, and ¢, and obtain
__€0,5)y—1(0,s) (Ls+ R)
4 =" TR €5+ 6)
i, s) = (0, s) y—¢(0, s) (Cs + G)
PN B —(Ls+R)(Cs+6)

58) The complete solution for arbitrary initial conditions in the case of an infinitely
long conductor is found in the book quoted in footnote 56, p. 74, and in G. DOETSCH:
Handbuch der Laplace-Transformation. 3. Band, Birkhduser-Verlag, Basel 1956, p. 49.

(31.5)

(31.6)
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If we set

(31.7) (Ls+ R)(Cs -+ G) = h(s)?

and go from the image functions with-the variable y back to the original
functions with the variable x, then from TAB. 49, 39 we obtain

(31.8) e(x, s) = ¢(0, s) cosh xh(s) — 4(0, s) h( 3 smh x2h(s)
(31.9) #(x, s) = 4(0, s) cosh xh(s) — €(0, s) g—; (_si; G sinh xA(s).

These are the solutions of the system (31.4) when ¢(0, s), £(0, s), i.e., origi-
nally E(0, ¢), I(0, ), are given. If a conductor of length Z is being considered,
then normally, instead of one of these two functions, the value of E
or I is given at the end x = /. We wish to consider the case when the values
of the voltage are given at both ends, that is E(0, ?) and E(}, ¢). For this
we can confine ourselves to the case where E(i, #) = 0, that is, the conductor
is short-circuited at the end x =/, since we can obtain the solution for
E(0,t) = 0 and an arbitrary E(}, {) by replacing ¥ by / — x and combining
the two solutions to give the general solution.

To eliminate 4(0, s) and introduce e(l, s), we set x =1/ and ¢(},s) =0
in (31.8). Then

0= ¢(0, ) cosh L h(s) — (0, s) L—s}%—R sinhA(s),

from which we obtain

{0, 5) = h(s) coshlh(s)

Ls+ R sinhA(s) o0, 3).

If we insert this value into (31.8), and use the addition theorem for the
sinh function we have

(31.10) (%, 9) (G ¢(0, ) S_“‘ls‘éfh—_l—h’f();)’isl

Analogously, if we use definition (31.7) of A(s), we obtain from (31.9):

(31.11) i(x, s) = €(0, 5) ;/ Ei I IGg cos:ir(llh_l}:?s;l 9.

Before we transform the image functions e(, s), #(x, s) into original space
we shall consider a special case.
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The Distortionless Conductor
.
The formulas are simplified considerably when A(s) is a linear function.
Since

Mot =(Ls+R) (C5+6)
=re(ees+ 255+ [ere— (24}

this is true if and only if

LCRG__(LG-IZ—R_Q>2=_(LG——RC)2=0’

2
that is

(31.12) LG = RC.
Then we have

h(s) = (LC)-1n (LCs +L

= (LC)-*2(LCs + RC)
=(LC)12(LCs+ LG),

G+RC
2

Therefore

(31.13) hs) = (g) (Ls+R) =
and further

Qll*'

) (Cs+6),

If we use the abbreviation

(31.14) (%)m =a,

then, when the condition (31.12) holds, we have

sinha(l —=x) (Ls+ R)
sinhal(Ls+ R)

cosha(l—x)(Ls + R)
sinhal(Ls+R)

(31.15) e(x, s) = ¢(0, s)

= ¢(0, s) vo(, 5)

(31.16) i(x,s) =e¢(0,s)a

The same quotient of two sinh functions as now occurs in v,(x, s) occurred
in the function #(x, s) for the heat conduction equation; however, in place
of the linear function Ls 4 R, ]/? occurred there. That quotient was a
Q-transform and therefore the convolution theorem could be used when
going over into the original space. But vy(x, s) is not a @-transform so that
a different method must be applied. We rewrite v,(x, s) in the following way
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ea(l—2)(Ls+R) . a—a(l—1)(Ls+R) e—a#(Ls+R) __ a—a(2l—x)(Ls+R)

(31.17) vy(x,5) = ealLs+R)__g—alLsTR)  — 1 —e—Z2aliLs+R)

and consider first the case / = co. Then ;)o(x, s) reduces to

e—a% (Ls +R).

If this is put into (31.15) and Rule II is applied, we obtain, with the notation
of (31.14),

[e~RCL*s E(O,{—(CLy®z)  for ¢tz (CLyRx

(31.18) E(x,9 =
0 for 0st<(CL)\ 2.

This solution signifies a propagation of the input voltage E(0,#) in the
direction of increasing x with velocity (CL)-Y2. A certain value E(0, to)
reaches the point x at time ¢ when

t— (CLYV2 5 =4,

It requires the time #—#; to pass along the interval between 0 and «x,
and therefore we have

* o —1/2.
= (CL)
The time ¢ = (CL)'/2x elapses before the first excitation occurs at %(t, = 0),
i.e., until then E(x, #) = 0. This corresponds to the second row in (31.18).
As it propagates, the voltage is damped by the factor e~RIC/L)*

At a fixed point only a single value of the input voltage arrives at a
definite time #. There is, therefore, no superposition of values which have
arrived previously and remain there as residues, as in the case of a conductor
with arbitrary constants (see p.179). For this reason a conductor which
satisfics the condition (31.12) is called ‘‘distortionless’”.

If [ is finite, we expand the function represented by (31.17) into a series

vo(x, S) = (e-ax(Ls+R) __e—-a(ZI—x)(Lsi—R)) i e—2nla(Ls+R)

7n=0
oo oo
— Z e—(2nl+x)a(Ls+R) z e—(2n,l—x) a(Ls+R)_
fn,=0 ny=1

Multiplying by (0, s) and transforming term by term we obtain the original
function of (31.15):

(31.19) E(x,f)= i e—RCILI 2m,1+2) E(0, t—(C L) (2, L+ 1) )

n,=0

— S e~RCIEPM @mizn) E(0, 1—(C L) (2ny1—)),

Be=1
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where E(0, 1) is to be set equal to 0 for £ < 0. For a fixed pair of values x, ¢,
each sum contains only a finite number of terms. A certain value E(0, ) of
the input voltage reaches the points , ¢, for which

t — (CL)!/% (2 n, L 4 x) = t,, with positive sign,
t — (CL)1/3 (2 my | — x) = £, with negative sign.

These equations represent straight lines which in the strip 0 < » < [ of the
xt-plane form a zigzag line (Fig. 31.2). Thus the input voltage runs from
% = 0 to x = I, is reflected at x = I with inversion of sign (phase shift of z),
then runs back to ¥ = 0 and is reflected there with change of sign, etc.
Also there is a constant damping which increases with the length of the path.
At a point z, ¢ all the values of the input voltage which are carried by the
zigzag lines passing through x, ¢ are superimposed; the sign is adjusted
according to the number of reflections (Fig. 31.3).

The current I(x, £) is calculated from (31.16) in a similar way.

The Conductor with Arbitrary Constants
Let LG + RC. We consider first the c'ase ! = oo, when (31.10) reduces to
(31.20) e(x, s) = (0, s) e=*h5) = ¢(0, 5) e~*V(Ls+ R Cs7) -
To invert we use a formula which involves the modified Bessel function

2 (z2)2nt2
2,5

#=0

Iiz) =

xt
Figure 31.2 (left). Propa-
gation of excitation with +
reflection at the endpoints.

—i Figure 31.3 (right). Ex-
citations arriving simulta- +
. neously at a point after re-

0 x  flections at the endpoints. 0
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e—+Vartbers — e~ (b/2Va)x e—Vaxs 4 l/;{x,s e—t g~ (b2a) — dt
Yax
with
d = (b/2)2 —ac.
We have to set

a=1LC, b=1LG+RC, ¢=RG, d=(LG— RC)¥4.

1f we introduce the abbreviations

- 1/G R 1/G R
iC=a z(g+T)=f '2‘(6’“Z)=ﬂ”
1 C 1
2(0 V6+R]/z)=7v z\¢ “—RVL) e
then the formula takes the form
— %X At R
(31.21) e—*V(Ls+R)(Cs+G) == g~nre—axs | Vs x's e—8te—Bit _I._l_(_ﬁ_/!_‘/,tj__ﬂxi )

ar

The first term, when multiplied by ¢(0, s), corresponds in original space to
a translation of E(0, ¢). The second term represents the {-transformation
of the function

0 for 0=st<ax

(31.22) V(x,t)= I, (B VEE— a2 x?)
=Byt - e=" - =
yaxe€ 97—y for t=ax.
Therefore the convolution theorem can be applied to the product of this
term and ¢(0, s). Taking these together the original function is

0 for 0st<axx
-2 E(0, t —
(3123) E(rf =% ""EQ.t—a2)

+ yax ) E(0,t—1)e 5 '——(%;4{—-;—;0-‘7:‘-—)—& for t=ax.

The first term in the second row corresponds to a propagation of the input
voltage to the right with a damping which increases with x. The second
term represents the sum of all input voltages E(0, 0) to E(0, # — ax) which
have arrived at the point x up to time ¢, and each voltage is multiplied by
a certain weight function. These remaining residue voltages cause a distor-
tion in the transmission.
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If the conductor has finite length /, we can proceed exactly as in the case
of the distortionless conductor: we expand the factor of ¢(0, s) in (31.10)
into a series and transform term by term. The single terms have the same
form as (31.23), except that x is replaced by 2 ny b+ x or 2nyl — %, This
means, as on p.178, that the values of the input voltage run through the
conductor and are reflected at the end points. Also every value leaves
behind a residue at the point x and these residues are summed by integrals
of the kind appearing in (31.23).

The examples which have been considered are intended to show that the
L-transformation provides a clear and standard method of dealing with
boundary and initial value problems in certain partial differential equations.
It reduces those which contain two independent variables with constant
coefficients to boundary value problems of ordinary differential equations,
In general, these are easy to solve. Difficulties first appear in transforming
the solution back to original space. The methods demonstrated in the
examples, of using tables and of developing in series, can be applied to
many other problems. Further methods are found in Chapter 7.



CHAPTER 6

Integral Equations and Integral Relations

§ 32. Integral Equations of the Convolution Type

In physics integral equations of the following type frequently occur (F(f) is
the unknown function, K(¢) and G(¢) are given functions):

t
(32.1) (K(t— ) Fz) dv = G(y) (1* kind),
0

(32.2) F() = G() +j K(t—1) F(r)dr (2" kind).

Since the integral which appears is a convolution, the integral equation
is said to be of convolution type.

We consider first the integral equation of the second kind. This is the easier
case to deal with. If & {K} converges absolutely, by the convolution theorem
(Rule IX) the Q@-transformation converts the convolution K * F into the
simple product of the image functions which, as always, we denote by the
corresponding lower case letters. Corresponding to (32.2) we have the
image equation

Hs) = g(s) + k() /(s)
with solution
— 86
(32.3) f(s) = 1—k(s)
In this form f(s) cannot be transformed back immediately into original
space. If, however, we write f(s) in the form

(324 16) =80 + 12506,

it can be shown (E1NF. p. 286) that an original function Q() always cor-
responds to
k(s)

q(s) = 1=

and thus (32.4) can be transformed into original space, giving

(32.5) F(t) = G{) + Q1) » G(2).
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This solution, when it is written in the form
G@) =F(t) + (—0Q) » G,

has the same form as the original integral equation except that the roles
of F and G are now interchanged and in place of the “kernel” K(¢) we have
the “‘reciprocal kernel” — Q(¢).

Q(t) can be represented by an infinite series and also can be calculated
in that way. From

o9 = 3 [h(aI"
it follows that

(32.6) Q@)= ZK &)*n,
n=1
where
K" =K, K(t)*"—K*K* rn=273,...).
7 F.'

In the general theory of integral equations the series (32.6) is called the
““Neumann Series”.

Sometimes the original function of ¢(s) can be found immediately.
If, for example, the kernel K(¢) is a polynomial (or can be approximated to
by a polynomial)

K(t)=ay+ at+---+a,t,

then
lla rla
k() 1+ + S""I’
and
ks ags"H1layst4----47la,
U) = T4 = v i—aps —1lgs-i—r--—rla,

is a rational function whose numerator is of lower degree than the denomin-
ator and therefore can be transformed by the methods of § 12.

The integral equation of the first kind cannot be solved by a general
formula, except in certain cases. The image equation of (32.1) is

k(s) 1(s) = g(s)-

Its solution

s)
(32.7) 19 =%

cannot be transformed back into original space by means of the convolution

theorem because +— e )1s not a @-transform. Sometimes the integral equation
of the first kind can be converted into one of the second kind. To do this we

require the following theorem (EINF. p. 62).
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Theorem 32.1. If F,(f) is differentiable for t > 0 and continuous for t = 0,
and if F'y(t) and Fy(t) are absolutely integrable in every interval 0 <t < T
and bounded in every interval 0 < Ty <1 < T,, then at every point ¢ > 0
where F, is continuous from the right (left). F() = F, = F, is differentiable from
the right (left) and we have

F'(t) = F,(0) Fy(t) + Fy » Fy.

If F1(0) = O, then the assumption that F, is continwous is unnecessary.

(We require the theorem in this very general form, for example, in the
theory of ordinary differential equations if the excitation function possesses
jump points.)

If K(t) and G(¢) are differentiable and K(0) # 0, by differentiation of
(32.1) we obtain an integral equation of the second kind

K(0) Ft) + ,\5 K'(t—7) F(z)dv=G'(1),

which we can handle by the above method. If
K(0)=K'(0)=::-=K®»+1)(0) =0, K" (0) + 0,

then by differentiating (n + 1) times we obtain
¢
K®)(0) F(f) + § K+ (¢ —7) F(x) dv = G0 (f).
0

This is also an integral equation of the second kind.

This method fails if K(t) possesses no derivatives at ¢ = 0, as for example,
in the case K(f) = ~*,0 <<« << 1. Then the following method sometimes
leads to the desired result: we set

]

( Fx)dv = o().
]
Since by Rule VII

2@} = gls) = /(9
(32.7) takes the form

#)= 73 €0-

If k(s)~! is not a Q-transform, [sk(s)]-! may be one and then the convolution
theorem is applicable.

This is the case with the Abel integral equation

!

(32.8) §t—oeFR)dr=G() 0<a<l)
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which is of importance in many branches of physics. If we set F * 1 == &(¢),

then, since

r(1

mxo-e =k(s) (x<1)

we obtain the image equation for g(s)

LA i =59
with solution

(s) = IT_I:;');; g(s)-
Since

-—1— te—1 0
s *° T (x>0)

the original function corresponding to ¢(s) is

B(f) = -1 G(f).

1
T Ti—a"
(For the direct transformation it is necessary to have a« <C1 and for the
inverse transformation & > 0, therefore both together give 0 <& < 1.)
From the well-known formula

_ 1 sinaz
Doy I'l—e) — =

@(¢) has the form
sinxn

() =

( 121G (t—7) dv.

If G(¢) is differentiable and continuous for ¢ = 0, we obtain by theorem 32.1

sinaz

(329 F@)=9®'()= [Go)e=-* + f 72=1G'(t —1) da]-

§ 33. Integral Relations

In §32 we went from an equation for an unknown function, in which a
convolution integral appeared, to an algebraic equation by transforming it
using the Q-transformation. Conversely, we now start from algebraic
equations for known functions and by the inversion of the @-transformation
obtain relations in which convolution integrals appear. In this simple way
we can set up important integral relations for functions appearing in physics.
These are very difficult to prove by a direct approach. We shall illustrate
this method by two examples.
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For the double source function which appears in heat conduction (see (30.8))

%
= e *'/4t
v(x,?) 2Ynis? e~/
we have the correspondence

p(x,8) c-e e=*¥s  (x>0).
From

e—x;yi_' e—*J’r = e"(x;+x.)7's— (x1> 0, xg> O)
the following relation is obtained for y:

(33.1) v(x 1) * p(xa.0) =yl + %.0).

When written explicitly this looks fairly complicated. When we attempt to
confirm the relation by direct calculation, we find that it is a very tedious
task.

For the Bessel function, which occurs frequently in physics,

__1) n
Jolt) = Z g(,;T)T (‘)
we have the correspondence
1
Tolt) oo ey
If we factorize the image function in the following way

1 1 1
EFDRT 57 G—in

and notice that

I1/2
(s_{(_/))m oo (~Memat (I(1/2) =Van),
we obtain by the convolution theorem
1 . Lo o -
Jol) = - (£2 e it) x (12 elt) = ;Sr 12 g=it (f—-7) 12 eit T dy

0

-

et ejtS 1R (f—7)- W2 e-2ivdr = }-el' S w12 (1—u)~ VB e-2itu dy

a

1
-1 5 €302 [4y(1— )] V2 dus.
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If we set
1—2u#=v, and therefore u=-1-%2, 1__“____1-12-1;’

we obtain the following formula
14
(33.2) T == feits (1—v)-1dv,
s

which by the substitution
v=cosgp, 1—v*=sin?p

gives the Poisson integral for J,:

n nf2
(33.3) Jol) == [ eveovdg =2 { cos (tcos g)dp.
T ° T )

These examples are sufficient to show that deep properties of a function
can often be found in a simple and clear way by means of the Q-trans-
formation.
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Calculation of the Original Function from the Image Function

§ 34. The Complex Inversion Formula

The solution of functional equations (differential, difference and integral)
by means of the @-transformation is always accomplished by transforming
the equation in original space into image space and then by solving the
image equation. The last and, in general, the most difficult step is the
calculation of the original function corresponding to the image function
found.

The most important auxiliary method for doing this is the use of the
complex inversion formula (2.8)

1 a+jY

(34.1) F(f) =lim 227 _S,,,e" f(s)ds (>0),

where & is an abscissa in the half-plane of absolute convergence of the
Laplace integral {F}. This formula is not well adapted for the immediate
calculation of F(f), because what is required is knowledge of f(s) for the
complex values s = & + jy(— oo <y < + o). Its importance lies in that
it is a contour integral of an analytic function so that the methods of complex
function theory can be employed (such as deformation of the path of
integration, calculus of residues etc.) and by this means the properties of
the integral can be determined.

We illustrate this method by the following example. The heat conductor
which was considered in § 30 extends from x = 0 to % = oo and has initial
temperature 0. At the end x = 0 the boundary temperature cos w¢ is applied.
From (30.9) the temperature U at the point x and time ¢ is given by

Ul(x,?) = cos wi * p(x,1).

This is a very elegant expression which, however, gives no information
about the behaviour of U(¥, #). Therefore we go back to the image function
(30.7) which, since

S
cos wt o-e m
has the form

§
“(x, s) = -s—’-+—a)’- e—XYT.
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Using the complex inversion formula we have

a+jY s .
S s2+ e~*Vs ds,

RE
w2nj

(34.2) Uls,f) =lim 5

Because of the denominator s2 4 w?, and the exponent ]/;, #%(x,s) has
simple poles at s = 4-jw and a branch point at s = 0. Any real positive
number can be used as the abscissa «.

We consider now the closed curve € given in Fig. 34.1. It consists of the

Figure 34.1 A cur‘;e, inside which the
A function u(x, s) is single-valued and
analytic except at poles.

vertical at s = &, two circular arcs around the origin of radius £ and R and
two horizontals, one above and one below the negative real axis. Inside this
curve #(x,s) is single-valued and analytic with the exception of poles s =
+jw. The Cauchy residue theorem gives

1
Zmi f e’ u(x,s) ds = sum of residues of e* u(r,shat s = +-jw.
€

The residues are calculated by the following theorem (EINF. p. 167).

Theorem 34.1. If f(s) and fy(s) are analytic in the neighbourhood of s,

and if fy(so) * O, but fo(s) has a simple pole at s,, then the residue of ;‘E ;
2

at sy is equal to /2§ o;
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If we write e* u(x,s) in the form
etse-+¥s _ fi(s)
IGE N A Ok

then f(s) = 25, and the residue

t -2 Vo
atsy=jo is equal to ?—f-]%gz—juf

o (—jw) e=* V=i

and at sy == —j w is equal to & 2jw

Therefore we have
1
é‘n—j‘ée" u(x,8)ds = -5 (eiw‘—*m + e-lai—x¥=ja),

Because

Y]—cos + jsin

-h|2=l -ss;a
|

J=j=cos = —jsin
rl

= ), 2—
this simplifies to

(34.3) __1_ i et* u(x, s) ds =% e~ *VolZ(gilwt-2Vaf2) 4 o=ilot-x Voui2)

2nj
= eVl cos (0t — Y w]2)-

We now wish to let ¢ tend to zero and R to oo. Then by (34.2) the
integral along 4 B tends to U (x,¢). The behaviour of the integral along the
two circular arcs CD and GH is found from a theorem which we can use
very frequently in investigations of this type (EINF. p. 157).

Theorem 34.2. If, for r —» oo, f(s) = f(r &%) tends to zero uniformly in

< s = 3=
) 2 ¢ g 2 ?
tn the left half-plane of radius r around the origin, then

@ in the left half-plane Rs < 0, i.e. and if  is a semicircle

-

:ge"f(s) ds = 0 for r - oo,
when t > 0. The same is true when the full semicircles are replaced by circular
arcs which subtend the same angle at the centre®).

For s in the left half-plane ]/; lies in the right half-plane; therefore
RYs=0and
Ie—x}’?l —e—*R yré 1.

59) This theorem is by no means self-evident. For although et is bounded for ¢ > 0
in the left half-plane and therefore the integrand tends uniformly to 0, the length of
the path of integration tends to infinity.
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Further for large values of |s| we have

*s 1
..
st4w? s’

so that in the left half-plane when |s| - oo, %(x,s) tends uniformly in ¢ to
zero. From the theorem stated, the integrals along the arcs CD and GH
tend to zero as R — oo if £ > 0, which is true in this case.

e®* and e-*¥® are bounded along the arcs BC and H4 and the factor

sT-}s—_w’ causes the integrand to tend uniformly to zero so that these contri-
butions to the integral also converge to zero because the length of the path
of integration is bounded.

On the circular arc EF the whole integrand is bounded and the length
of the path of integration converges to zero for ¢ — 0: thus this contribution
to the integral vanishes.

Therefore, there remain on the left-hand side of (34.3) only the integral
over the vertical with abscissa «, which equals U(x,?), and the integrals
over the two horizontal rays, which are now replaced by the upper and
lower borders of the negative real axis. From (34.3) we have

[ — 00
U(x, ) = e=*Y*72 cos (wt—% Y0/2) —-—2—~17-z~j S et u(x,s) ds ——5;15—].— S e u(x,s)ds.
—o00 0

In the last two integrals we put s = re'" for the upper border and s = re7"
for the lower border:

0 )
. r
S' et u(x,s)ds = ——s e e e~V gy,
—oo 0
- 00 oo o .
( et u(x,s)ds = Se—" AT eti ¥ gy,
0 o

From these we obtain finally

5 sin % V7 dr.

(34.4) U(x,0) = e~V cos(wt—-—x‘/ ) -;];—é.e ~tr

This form of the solution which has been obtained from the complex in-
version integral, gives us a deeper insight into the behaviour of U (x,#) than
the earlier form. The integral appearing is a Laplace integral, but ¢ appears
instead of s, and 7 instead of . It tends to zero for ¢ — oo (see Theorem 38.1)
and therefore represents a diminishing transient phenomenon, the behaviour
of which can be described more exactly by an asymptotic expansion as will
be shown in § 40. The important part of U (x,?) is the first term. This shows
that the temperature at a point ¥ > 0 executes the same oscillation as was
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applied on the boundary x =0 except that it is damped by the factor
e~*/® and has the phase shift ¥ / /2. (Cf. the result (30.19) where the
transient phenomenon appears in a different form.)

In many problems we can obtain a useful expression for the original
function in an exactly similar way.

§ 35. Series Expansions

An obvious method often used in practice for obtaining F(¢) from f(s), i.e.,
to reverse the g-transformation, consists of expanding f(s) in a series,

f(s) = 2 f4(s), in which the terms f,(s) are image functions; i.e. f,(s) =
n=0 )

¢ {F,(#)}, and then of transforming this series term by term: F(f) = Z F, ().
n=0

It is clear that this cannot always be correct because it amounts to the
interchange of an infinite summation and an integration (even an improper
one). Nevertheless there are certain types of series in which the trans-
formation may be performed term by term without hesitation.

1. Expansion in Power Series

Theorem 35.1. If f(s) can be expanded into a series of decreasing powers
of s%0)
0o a"

(35.1) =2 =

n=0

which converges for |s| > R, then the transformation may be undertaken term
by term:

(35.2) F() =§o% .

The series for F(t) converges for all real and complex t.

This case refers to a very special class of functions because f(s) is then an
analytic and vanishing function at s = oo, and F(f) is an entire function of
“exponential type” i.e. it can be bounded by |F(f)| < C edfl (EINF.
p. 191).

— 1
80) The reader may notice that the series begins at least with ;and that there

is no term independent of s. This results from the fact that every 8-transform
tends to 0 for s —» 0o (see Theorem 38.1).
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An example is supplied by the Bessel function considered on p. 185. The
image function can be expanded as

1
and therefore

1/2 -z 1
“LarrgnatS (Menn 3 L,

fn=0

= 5,2t

Since

(—1/2) (=12 (=32 (=n412)  (—1)"1-3---(2n—1)
L n! - n!2n

_ (=) @2n)! (1) (29)!

Tul2r2.4...20 7 nl2npl

we have
( 1)n 2n
]o(t) Z (n|)2 ("‘) .

The preceding theorem can be extended to power series with non-integral
exponents (EINF. p. 188).

Theorem 35.2. When {(s) can be expanded in an absolutely convergent series
for |s| > R of the form

= a
(35.3) "”i%s‘ﬁ
where the A, form an arbitrary increasing sequence of numbers 0 <Ay <Ay <
... =00, then the transformation can be executed term by term:
oo t 7, —1
(35.4) F(t) = Z Ty
The series for F(t) converges for all real and complex t + 0.

This theorem is, for example, applicable to the Bessel function J, (¢) of
arbitrary order » > — 1/2. We have
) _I'2v+1) 1 _Ireyr+1) 1 Ry
e 10} = T+ )2 (18 ~ T+ 1) 2 s L (1A s-2)-r-1
_I2v+ 1) —y—12 1
- 1"(1,_*_1)2'”_0( )sﬁn+lv+l'

By transforming term by term we obtain from this

o0 (__ 1)” ) 2n+y
T =2 an(v+n+T)(5) '

n=0
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2. Series Expansion with Respect to Exponential Functions

If f(s) is a rational function
/(S) —_ fl(S)

=)

in which the numerator r, is of lower degree than the denominator 7y, then f(s)
can be expanded in a finite number of partial fractions. If the denominator
has the simple zeros «, ..., «,,

n(s) =(s—ay) - (s—a,),

then the coefficients which appear are the residues of f(s) at the poles «,,

which, by Theorem 34.1, are equal to :1,22”; . (If 7y(x,) =0, then 7(s)
2 \Py,
also contains the factor s —« , which cancels in Cl—(s—), and there is no pole
at «, and no residue.) Therefore we have n(s)
L
S h) 1
(35.5) fs) = gl (o) S

Because there is only a finite number of terms, the transformation can be
made term by term and the result is

= S L’x")_ ayt
s r =3 e
In the case of multiple zeros, the exponential functions are multiplied by
polynomials, cf. (12.14). This representation appeared in the solutions of
ordinary differential equations and of systems of such equations and was
used in several examples (see §§ 11, 12).

In partial differential equations there frequently arise meromorphic
functions instead of rational functions; these are functions which arc analytic
in the entire plane except at isolated poles. The number of these poles can
be finite or infinite. For example, in solving the heat conduction equation
(p. 168) the function #,(x,s) appeared which, when we set / = z, has the
form

eln—Ys —g—(a—n)Vs

%o(¥, 5) = PO ——
This function is apparently two-valued in the neighbourhood of s =0
because of the square root J/s. But after one cycle when /s has become
—V/s, ty(%,s) has become
e—ri—0Vs —elr—0Vs  era—0)Vs —e—(x—nVs
e—n¥s —enls  esi—e-nls ’

and therefore has returned to its original value.
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The only singularities are the (simple) zeros of the denominator. From

envs_—e-n}’s—=0 or e2nﬁ= 1
it follows that
2nYs =v-2xj »=0,%£1,+2,..),
ie.
§=—12,

Because negative values of » give the same results as positive, we can omit
them. Further since the numerator of #,(x,s) vanishes at s = 0 there is no
singularity at that point. Therefore we have to consider only the poles

Oy=—12, p=1,2, ....

By theorem 34.1 the residue of #,(x,s) at «, is equal to

etr=0Vs — e—(a—-2)Vs eln—alvi __e—(z—2lvi  2isin(m—x)»
n — . T oz ‘
275 (en¥s -+ e—n¥s) s— o z—vi(e"”-i—e-“”) 17j~cosm:
2 .
= _vsinyx.
The so-called principal part of #,(x,s) at the pole & = —»? is therefore the

partial fraction

2 siny x 1
ok » s

From purely formal considerations one might imagine that the mero-
morphic function #%,(x,s) could be constructed from these partial fractions
like a rational function,

23 . 1
(35.7) g%, ) = ;’Zlv siny % -g
and that the original function could then be obtained by term-by-term
transformation

(35.8) Uy(x, ) = ;2; > vsinvxe "t

v=1

This method, which is often used in technical publications, happens to be
correct in the case being discussed, but it can lead to incorrect results. To
begin with, the expansion (35.7) is doubtful, because we can say only that
if we subtract all principal parts from #%,(,s) then there remains a function
which has no singularities and is therefore an entire function. The determin-
ation of this entire function, which here happens to be equal to 0, is ex-
tremely difficult in general.
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It can happen that this entire function is the most important part of the
image function. If, for example, it contains a term which is a finite Q-trans-
form as

1—e-*
s

1
Se"“ dt =
1]

(this function can be defined analytically at s = 0), then this represents an
entire function and consequently possesses no singularities in the finite
plane. Such a part of the image function is never considered in the above
procedure.

It is obvious that the partial fraction expansion does not exist when the
meromorphic function has only a finite number of poles but is not a rational
function; this can happen. If we simply write down the partial fraction
expansion it would convey the erroneous impression that the function was
rational. Moreover, as has already been stated at the beginning of this para-
graph, the transition from (35.7) to (35.8) i.e. the term-by-term transfor-
mation, is also suspect.

With the help of the complex inversion formula we can place this method
upon a solid foundation, in which the expansion of #,(x,s) into a series of
partial fractions (used above only as an intermediate stage) no longer plays
a role and we obtain immediately an expansion of the form (35.8) We use
the Cauchy calculus of residues. For this purpose, U (x, #) is written in the form

atjY

(35.9) Uln ) = Jim 27% a;sjye“ w(x, 5) ds.

To the left of the vertical which has abscissa « we add the supplementary
curves €, @,, ..., which begin at the heights Y;, V,, ..., end at —Yj,
—Y,, ... and include successively the poles «;, «,, ... . These can be semi-
circles, rectangles, or similar curves (see Fig. 35.1). Then we have

1 a+jYy
g

1
Pl etsu(x, s)ds + 5—= \ et?u(x, s) ds
3 ,a_Sm (. 5) +2m§ (,9)

= sum of the residues of e® u(x,s) at «y, ..., &,,.

If u (%,s) has a simple pole at «,, then the principal part has the form

b,
s—o

b, is dependent on z, and the residue of e* % (x,s) is equal to

bv e“'t.
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If, for example, #(x,s) has a pole of order 3 at «,, then the principal part is

of the form
by Cy dy
5— oy + (s— )2 + (s— ox)?’

and the residue of e % (x,s) is equal to
C dy
(bv + it 37 t’) exvt,

For the purpose of simplifying the formulas, we assume in what follows that
all poles are simple. Then we obtain -

1 a+jYy ” 1
35.10) ;—+ ets u(x, s)ds = D by(x) ewt—— \ et*u(x, s) ds.
( )2,,]a_§m (5, ) ds = 3. buls) e 2,%?” (%)
1f Y, — oo with increasing » and if
1
(35.11) Ty é‘ et® u(x,s) ds >0,

then we obtain, from (35.9)

(35.12) Ux,t) = 020_: by(x) exvt,
. y=1

Thus we have established the desired expansion. The condition (35.11)
is decistve for its validity. For this, a lot depends upon how the curves €,

¢
<

Figure 35.2 The replacement of

-h the original straight line path of
integration by a set of parallel
/) vertical lines.

-4 Figure 35.1 The supplementary curves €,
which include poles «,, . . ., %,.
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are chosen. They must suit the character of the function #(x, s) so that the
behaviour of the function along the curves can be determined easily. For
example, the proof of (35.11) for the expansion (35.8) can be demonstrated
most simply when the €, are chosen as parabolas®!).—Naturally it is not
always possible to establish (35.11). Then the validity of (35.12) must
remain undecided.

In a variation of the process described, the line of integration (¥ == «)
is replaced by vertical lines which have different abscissac lying between
the poles «, (Fig. 35.2). This is possible if, in the strips between these
lines and the original line of integration, u(x, s) tends uniformly to zero
as s runs towards the top or bottom of these strips. What is left is an
integral whose path runs between the #'® and the (n - 1)** pole. For the
expansion (35.12) to be valid this integral must tend to zero for # - oco.

The method can be used only if #(x, s) is a unique function because only
then is the Cauchy residue theorem applicable. If the singularities of u(x, s)
are branch points, then we must deform the path of integration as on p.188
or apply the method of §41.

Due to lack of space we give no special example, but refer those readers
who wish to know how the process is carried out in complicated
cases to the literature quoted in footnote 61.

In technical papers the method is sometimes applied to rational functions
where, however, it is unnccessary because then we can simply set up the
partial fraction expansion and transform it term by term. The proof of
(35.11) is generally very lengthy for meromorphic functions, and therefore
it is seldom accomplished in technical literature. Most of the time only the ini-
tial steps, up to equation (35.10), of the process are performed, while the main
point, namely, the proof of (35.11) is omitted. Then, however, the result
(35.12) can be given only a heuristic meaning. Without the proof of (35.11),
the method is no more exact than the simpler process described on p. 194
which sets up the image function as an infinite series of partial fractions
(the sum of the principal parts) and transforms it term by term. If we cannot,
or do not wish to, prove the validity of (35.11) then we can save ourselves
the whole labour of the calculus of residues, because then the greater rigour
is only simulated and is not really present.

Because it can happen that equations (35.11, 12) are not true at all,
every author who does not give the proof of (35.11) should state explicitly
that the result is true only if equation (35.11) can be proved.

81) See G. Dorrscu: Handbuch der Laplace-Trvansformation, 1. Band, Birkhduser
Verlag, Basel 1950, pp. 277—281. An example for which the €, can be chosen as
circular arcs is given in EINF. p. 169. Further examples are found in H. S. CARsLAW
and J.C. JAEGER: Operational Methods in Applied Mathematics, Oxford University
Press 1941, and R. V. CHURCHILL: Operational Mathematics, McGraw-Hill Book Co.,
New York 1958.
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3. Expansion in a Series of Arbitrary Functions

The preceding expansions use special functions, namely, power and exponen-
tial functions. Two other theorems may be quoted which are related to
expansions with respect to arbitrary functions and have proved to be very
useful in many practical cases (EINF. p. 186).

Theorem 35.3. A function [(s) may be described as an infinite series of
L-transforms in Rs = %,

1) =S 1) 1als) o Fold)

For this all integrals
Se-s‘ F,(t) dt = 1,(s) (n=0,1,...)
0

must exist in a common half-plane Rs = x,. Two additional stipulations
are also required

a) The integrals

o0

ﬁ e=st| Fo(f) |dt = p,(s) (n=0,1,..)

shall exist in this half-plane Rs = x,,.
b) The series
Z Pn(%0)

n=0
shall converge.

Then Z F,(2) converges absolutely to a function F(t) for almost all ¢t = 0,
n=0
and YF} = {(s), i.e.,

S fuls) 03 Fole).
n=0 fn=(

The expression ‘‘almost all’”’ comes from Lebesgue integration theory and
it means “‘for all ¢ with the exception of a set of measure zero”. The latter
is a set whose points can be enclosed in denumerably infinite intervals
of arbitrarily small total length. In practical cases the series generally
converges for all 2.

Instead of considering a single series, we wish to show the applicability
of the theorem to an entire class of series.
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An important class of series which are useful for solving differential
and difference equations is obtained from the factorial series:

(=]

an!
..Zos(s+1>-~- s+n)

Every term is a @-transform, since

(35.13)

!
s(s+ 1)7.1.. GF+n*° (I—e=f* for Rs>0.

Because the original function is positive, we obtain

Se’“ | Fo(®)] dt=Se‘" |a,|(1—et)rdi=a,) =@,(s) for Rs> 0.
0 0

n!

The stipulation b) of the preceding theorem demands therefore that the
series

(35.14)

oo

|a,|n!

,,Zo Z(xo'i" 1) (% +n)

converges for a certain x > 0. This is nothing more than the series (35.13)
with s = x5 > 0, in which the absolute value of every term has been taken.
It is true in general that the factorial series converges in a half-plane
Rs > 4 (when it has a convergence point at all), and that it converges
absolutely at least for ®s > (4 4- 1). If we now choose x, >> 0 as well as
%9 > A -+ 1, then the stipulation b) is satisfied for (35.14). Thus a factorial
series (35.13) is always a -transform (if it converges anywhere), and almost
everywhere its original function is equal to

L=}

(35.15) > ay(l—cn
n=0

But this is a power series in 1 — et If a series 2 a,z" converges for
n=0
2z, > 0, then it certainly converges for 0 < z < z,. Because 0 <1 —e™*

<l—ehfor 0 ¢ <4, it follows from the convergence of (35.15) for
t, > 0 that it converges for 0 < ¢ < f,. The series converges therefore for
all £ and not only almost all 2.

Under very general assumptions a @-transform can be expanded into
a factorial series; the coefficients are determined as follows

sf(s)—a,, -ilT s(s+1) [/(S) - -‘:—"] -ay,

1!
-2-1-!—s(s+1) (s+2) [/(s)——asﬂ—— %_T_—T)]»a,, ... for s > 0.
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In cases when these values can be calculated easily, (35.15) supplics a
convenient formula for the determination of the original function.

This method, which plays an important role in the theory8?), should be
applied also in practice, though up till now it has been used rarely.

Theorem 35.4. If Q{F,} = f\(s) and Q{F,} = f,(s) converge absolutely,
if (2, 2)) is an analytic function of two variables in the neighbourhood of
2y =12,=0 and if (2, 2,) equals 0 at z, = 2, =0, 1.e,,

Pz, 2 = 2, apn, ZMzgh with an =0

NNy ™
converges in the two circles | 2y | <7, | 2, | <7, then @(f,(s), f,(s)) is a Q-trans-
form whose original function is given by the term-by-term transformation of

00

2 Fpyma f 1(3)”‘ f z(s)"' .

Ny, g 0

A corresponding theorem holds when ¢ depends on only one variable or on more
than two variables.

With this theorem (EINF. p. 191) the expansion (30.12) for Uy(x, ?) can
be made rigorous very simply. We had

sinh(l—2#)ys el-0Vs—e-(-2Vs  e-s¥s —e-@i-0)s

“o("’ s) =

sinhlys  eVi—e-tVs 1 e-2t¥s
With
his) =e#¥s,  fyfs) = e-@i-aYs
we obtain
__ K =hs)
Wl =1 FO Al
If we set
2 — 2, b
P2y, 2)) = ’1_1_—213; = (3'1"“22)"2021” "t (172 <1)

oo
=3 (@t g—am,
n=0
then this function satisfies the conditions of the theorem. Therefore u(x, s)
is a Q-transform whose series expansion

o
D [e-t+nx¥s g=n2i-n)¥s — g—nsVs e=(n+1) 21=2)Vs ]
n=-0 o0 _ _
= Z [e-@ni+n)Vs —e—(2n+1)i-x)Vs ]
n=0

may be transformed term by term, and hence (30.12) is obtained.

%%) See G.DoEetscH: Handbuch der Laplace-Transformation, 2. Band, 11. Kap.,
Birkhéduser Verlag, Basel 1955.
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§ 36. Numerical Calculation of the Original Function

The methods given in § 35 for determining the original function from the
image function assume that the image function is known in so far as its
singularities can be determined, or that it can be expanded into a series
of a definite form. Then we obtain a representation of the original function
in a general form which is useful for theoretical purposes: for example,
the examination of the behaviour at small or large ¢. In many cases however,
we wish to know the numerical values of the original function in certain
intervals. Naturally the representations obtained in § 35 can also be used
for the numerical calculation, but in practice that is a needlessly lengthy
procedure. The ideal method would be one by which the original function
could be calculated immediately by a definite scheme from a number of values
of the image function f(s). So many methods of this kind have been given
that it is impossible to quote them all. We will confine ourselves to demon-
strating one which uses only well-known methods and which gives a
numerical expression for F(f) rather quickly®3).

Two assumptions are made; these, however, do not limit the generality
of the process. 1. f(s) exists for fs > 0. This can always be achieved when
f(s + a) is taken with sufficiently large a in place of f(s) and this causes
the function F(¢) to be multiplied by e-%%. 2. F(0 +) == 0. If this is not the
case the value of F(0 +) is determined by Theorem 38.2, this value is
subtracted from F () and thus f(s) is replaced by f(s) — I/(0 +)/s.

The process uses only the values of f(s) at the equidistant points
s=(2n 4+ 1) ¢ (¢ arbitrary >0, n =0, 1,...)%). For this purpose the
g-integral

1(s) =3'°e—“‘ F(t) dt

is transformed by the substitution

(36.1) e~ot = cosd, F(l) =F(—C1710gcos 8] =)
into

nf2
(36.2) o 1(s) = § (cos #)r'e=1sin & () @

0

3) This process originates from A.ParouLis: A new method of inversion of the
Laplace transform. Quarterly of Applied Mathematics 14 (1957), pp. 405—414. There
two additional methods are given which are based on expansions in Legendre and
Laguerre functions, For such expansions cf. Handbuch quoted in footnote 61, 1. Band,
p. 301.

8) A Q-transform is determined uniquely by its values at a sequence of equi-
distant points parallel to the real axis (EinF. p. 32).
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Then we have
n/2

(36.3) af(@n+1) o) = { cos?n & sin & B(9) db.
1]

We expand @(#) in a Fourier series with respect to the functionssin (2v4-1) ¢,
which form a complete orthogonal system in the interval (0, =/2):

(36.4) O(B) = i Cosin (2v + 1) 8.
y=0

This is suggested by the fact that the kernel in the integral (36.3) can be
represented as a linear combination of the functions sin (2» + 1) 9:

(36.5) cos?**® sind
— - z [(2”) ( 2”1)]5111 [2(n—#) +1]6 with (2")._0.

1f we insert (36.4, 5) into (36.3) then, since

Vsin 2+ 1) Bsin (25 + 1) 6 26 {0 for ute
‘}’sm( w1 dsin 2y +1) " a4 for p=w

-

only the terms with » =% — %k (k = 0, ..., #) remain for fixed »:

of(@n+1)0)=2- f{i[(z") (kz_”l)]cn_k

k=0

ol e -2

4n+1
=—;;—-a/((2n+1)a).

If we set in turn » =0, 1, ..., then we obtain a linear recurrence relation
for the C,:

Co=2010)
42
Cot =5 0130)

3
26+3C+ G=%0/50)

...............
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The C, can be calculated easily from these equations. The coefficients of
Co, ..., C, for n = 0 to n = 6 are given in Table 36.165).

Table 36.1. The coefficient of C, in equation (36.6)

n Co C, c, C, C, C, C,
0 1

1 1 1

2 2 3 1

3 5 9 5 1

4 19 28 20 7 1

5 42 90 75 35 9 1

6 132 207 275 154 54 11 1

Using a finite number of coefficients C, we obtain a partial sum ot (36.4)
and thus an approximation for @(#). If F(¢) is required for a fixed value
of ¢ then &(4) is to be calculated for # = arc cos e~°%. The value of o is
chosen according to the interval in which F(¢) has to be found; for small ¢, ¢
should be chosen to be large, and conversely for large ¢, o should be chosen
to be small, because £ — 0 corresponds to s — oo, and ¢ - oo corresponds
to s — 0 (see Theorems 38.2 and 3).

§ 37. Determination of the Maximum of the Original Function
from the Image Function

In many cases we are not interested in the cntire course of the time function,
but only in its absolute maximum; for instance, when we desire to know
whether or not a voltage exceeds a certain amount. It would be advantageous
if the maximum could be obtained immediately from the image function
without calculating the original function. However this problem has not
yet been solved. This is not surprising because the project is an ambitious
one. Even when an explicit expression is known for F(f) the absolute
maximum cannot be determined directly: we have to look for the zeros
of F’(f) at which points, according to the rules of the differential calculus,
F(¢) possesses a relative extremum (maximum or minimum) or a point of
inflection with horizontal tangent. Then the function values must be
calculated at these points; the greatest supplies the absolute maximum.

85) The table is taken from the work quoted in footnote 63. There the coefficients
are given up to » = 10.
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The more modest problem, that of determining the positions of the relative
extrema, can, in fact, be solved by means of the @-transformation, by using
the following theorem?9):

Theorem 37.1. I} F(t) is real and has n changes of sign for ¢ > 0, then the
derivatives f®(s) possess exactly n real zeros for all sufficientiy large k’s. When
F(¢) has a change of sign at ty then [®)(s) possesses a zero s, with

lim L] =1,
k->o0 S
1t is to be noticed that with a continuous function a point where a change
of sign takes place is a zero, but a zero does not require a change of sign
to take place.
For our purpose we apply the theorem to F’ instead of to F. We have

8 {F} =s/(s) —F(0+) =h(s),
where F(0 +) can be determined by Theorem 38.2 from f(s) as 11m sf(s).

Therefore f,(s) is known. A number of the derivatives f{#(s) are calculdted
and for each derivative the zeros s{", ..., s{” are found. The limiting
values of k[sf’, ..., k/si’ give the points ¢, ..., ,, at which F’(f) has a sign
change and therefore also a zero. These are the points where I'(f) possesses
a relative maximum or minimum. (A point of inflection with a horizontal
tangent does not occur at these points.) Then the function values themselves
must be calculated, perhaps by the method of § 36. :

This process requires much calculation and in some cases converges very
slowly. However, there are cases when it converges quickly. As an example

we consider
Fliy=tet.

The derivative F'(f) = e~*(1 —¢) shows that the only maximum lics at
ty = 1. If F(¢) itself was not known, but only its @-transform

1
fis) = FFI®

then we would first determine

F(04) = lim (?1-“1? =0

and then consider
s
fils) = '(s F 1)'5‘

88) The proof of this theorem is found in D. V. WipDER: The inversion of the La-
place integral and the related moment problem. Trans. Amer. Math. Soc. 36 (1934),
pp. 107—200 (p. 156).
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Using Leibniz Rule we have

f = s-d‘g,; (s + 2 +kos dsk-l (S + 1)

Since
"
;s—k (1) 2= (—1)*(k4+1)! (s 1)-*+2
we obtain
19 = s(— 1) (k - 1)1 (s 4 1)~ ® ¥ - f(— 1)6=1 ol (5 4 1)+
k—s
= ( )’”"1 k! (3+ 1)k+2

Therefore every k™ derivative has the single zero s, = k, and ks, = 1.
In this case we have ks, = ¢, for every k.



CHAPTER 8

The Asymptotic Behaviour of Functions and the Question
of Stability

§ 38. Some Limit Theorems

Frequently the engineer is not interested in the explicit expression for the
solution Y(#) of a differential equation, i.e., in the complete course of an
occurrence, but only in certain properties as, for example, the behaviour
of Y(¢) in the neighbourhood of ¢ = 0, i.e. immediately after “‘switching on”’,
or in the neighbourhood of ¢ = oo, i.e., for large ¢, when it is of interest
whether or not the solution is stable. It is desirable to be able to answer
these types of questions purely from inspection of the image function
without obtaining the original function explicitly. Conversely, sometimes
we wish to calculate the behaviour of the image function from the original
function. For example, in the evaluation of the complex inversion integral
of § 34 by deformation of the path of integration in formula (34.4) a Q-inte-
gral is produced: the behaviour of this is of interest mainly for large
values of the variable.

Expressed mathematically it is a question of finding from one functio
the ““‘asymptotic behaviour” of its corresponding function, as the variable ap-
proaches a certain value such as 0 or co. This chapter is concerned with
problems of this type, and first we give a few particularly simple theorems
which are often of use in practice.

Theorem 38.1. It is a general property of all R-transforms f(s) that they
converge to O when s tends through real values to +oo. This is true even when
s tends to co along a ray in the complex plane which makes an angle << 7|2 with
the real axis (EINT. p. 138).

This theorem represents a necessary condition that every image function
must satisfy, and it often allows one to conclude immediately that a func-
tion cannot be a @-transform. Thus, for example, it is clear that a constant
¢ + 0 or a power s*, with a positive «, are not image functions.

The condition f(s) — 0 for s -» 4 oo is by no means sufficient for f(s) to
be an image function. Thus, for example, e~* tends to O on every ray which
makes an angle < x/2 with the positive real axis, but it does not represent
an image function (EINF. p. 35).
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Theorem 38.2. If lim Y (¢) exists then (EINF. p. 219)
t—>0
lim Y(#) = lim s y(s).
-0 $-»co

This theorem can be used to determine hm Y(t) Y (04) simply from

knowledge of y(s) if we know that the value Y (04) exists (but without
knowing its value).

There are cases where limsy(s) exists, but llm Y(t) does not exist; for A
example, s>

1 1 - -
Y(it)= =77 y(s)=‘/731e*“‘ cos2s.

Here limsy(s) = 0, but lim Y () does not exist.

$=>» 00 t—>0

Theorem 38.3. If imY (#) exists then

t—» oo

lim Y(t) = lirra s y(s).
t-—>c0 s>

With the help of this theorem limY (f) = Y (4-o0) can be determined

t—> o0

from y(s), if we know that Y (4 oo) exists.
As with theorem 38.2 we must take care, as the following example shows: A

—

Y(t)=sint, y(s)= TIT

Here limsy(s) = 0, but Y (4 oc) does not exist.

§—>0

§ 39. General Definitions of Asymptotic Representation and
Asymptotic Expansion of Functions

If a function ¢(2) tends toward the limit / as it approaches the point z,
(which can be the point at infinity), then it is said that in the neighbourhood
of z, it behaves as the constant /. Frequently we wish to describe the be-
haviour of ¢ (z) more exactly. Thus sinz tends to 0 for z — 0, but it is much
more instructive that sinz behaves as z for z —» 0, and this means that

lim sinz =1.

>0
Although ¢ (z) sometimes has no limit for z - 2, nevertheless its behaviour
can he described by another (simpler) function. Thus, for example, the
function
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2843244
524+6

has no limit for z - oo, but it behaves as (2/5) 2 (becomes infinite as (2/5) 2);
i.e.,
22243244 2

lim == Fr=1.

Thus, in general, it is customary to make the following definition:

The function @(z) behaves for z — 2, as the comparison function (z) (o7
@ (2) is represented asymptotically for z — zy by y(2)), in symbols
. ¢l@)~yp(s) forz—z,
i
(2
¥2) -1 for z— 2.
In some cases it is possible to give not one function only but a complete
sequence of comparison functions, which have the form

vol2),  wol2) + wi(2),  wol2) + wa(e) + wal2), ...
and to obtain ‘‘better”” representations of the function ¢(z) by increasing
the number of terms. Expressed exactly this means the following.

Tt we take n terms of the sequence, i.c.,

n—1

Z '/"'(z) ’

v=0
then the difference between @ (2) and this sum shall behave as the next term vy, (2)
(in sense of the previous definition):

(39.1) o(2) — ”_io w(2) ~ p,(2) for z— z,.

This corresponds to the obvious tendency that when we have obtained
a certain comparison function we consider the ‘‘remainder”, i.e., the dif-
ference between the function and the comparison function, and seek a
comparison function for it, which is then used as the next improvement.
Explicitly (39.1) means

I n—1
M -1 or - ’Zo w — () -0,
e va(2) val2)

o0 — 3 )

— =% .
¥n(2)
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If f(2)

m tends to 0, then we write f, () = 0(f,(2)); this means that f(2) is of

lower order of magnitude than fy(z). Using this symbol, (39.1) can be
replaced by

(392) W= 3wl = olpal)  forzo .

The “remainder” or “error” when g is replaced by a sum of the vy, s therefore
of lower order of magnitude than the last term in the sum.

If we can find an arbitrarily large number of v, with property (39.1)
or (39.2) then we say that for z — z,, ¢ (z) has the asymptotic expansion

Zo v(2),
which we write in the form

@(2) ~ z v(2) forz - z,.
y=0

The asymptotic expansions which occur most frequently with finite E
are series of increasing powers of z— z, with arbitrary exponents which
may be non-integral:

(o<

(393) @)~ D alz—z)r, —N<lg<i<- - >+ o0;

v=0

with z, = oo they are series of decreasing powers of z with arbitrary ex-
ponents:

(39.4) 9@ ~ zz—";;, —N<lg< < e > 4 00.

v=0

For cither of these it is very clear which meaning to attach to the asymp-
totic expansion. Thus (39.4) means, for example,

LA 1
p(z) — 20;7, = O(zT)
or

”n

e [¢(z)— > %J—»O for z—> oo,

v=0

” .
i.e., the error ¢(z) — D, not only tends to zero, but'it tends so fast to
=0

zero that even its product with z* tends to zero.
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If the series (39.3) or (39.4) converge absolutely within or outside a circle,
then they are also asymptotic expansions.

Basic properties of the @-transformation are that a certain asymptotic
expansion of the image function for s = co corresponds to an asymptotic
expansion of the original function for ¢==0, and conversely a certain
asymptotic expansion of the original function for £ = oo corresponds to an
asymptotic expansion of the image function at a finite point 5,%7). For these
results we require the theorems in the two following paragraphs. In practice
the series from which we start is usually not only asymptotic, but also con-
vergent. In the following theorems we will confine ourselves to this case.

§ 40. Asymptotic Expansion of the Image Function

We begin with the statement of an asymptotic expansion of the image
function because this is particularly simple to obtain (EINF. p. 222).

Theorem 40.1. @ {F} = f(s) converges somewhere. If F(t) can be expanded
in the neighbourhood of ¢ = 0 in an absolutely convergent series of the form

Fl)=2 ot (—1<h<h<::—oo),

then for s — oo, f(s) possesses the asymptotic expansion

‘w iJ%H{

Shyt+1

The series for f(s) is simply the term-by-term transformation of the series
for F(¢). Therefore the theorem supplies an interesting contribution to the
question of the possibility of transforming a series term by term. If the series
is regarded only from the standpoint of convergence, then simple examples
show that this term-by-term transformation is not always possible. Thus
for F(f) = e~ * the Q-infegral exists in the entire s-plane and the power
series

©0o

er=3 (1l

r=0

converges for all . However, the series obtained by term-by-term trans-
formation

S &) 1

2r+1
<o vl s

%) The theorems 38.2 and 38.3 represent the simplest cases of this connection. With
our present terminology we can state them in the form: if Y (#) ~ I for ¢ = 0 (¢ = o0)

]
it follows that y(s) ~ Y fors—=>o00 (s> 0).
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converges for no s, because for every s the terms increase in absolute
magnitude after a certain index. However, the above theorem now shows
that the series is not completely meaningless, but that it gives the asympto-
tic expansion of f(s) for s —» co. We mention that

f = el8/2) — 28 dx.
(s) =¢ s_/gze x

When evaluating the complex inversion formula by deforming the path
of integration we met an example where the asymptotic expansion of the
image function was required. In formula (34.4) we had expressed the tem-
perature in a heat conductor as the sum of a steady state oscillation (of the
same frequency as the cosine oscillation at the boundary) and a transient
phenomenon, which was represented by a £-integral: in the usual notation
it has the form

(40.1) fs) =—1 § e*"tz_lf - sin & 7 di.

From Theorem 38.1 we know that f(s) tends to zero for s = co. If we wish
to know more exactly how rapidly it converges to zero, then we can use
the above theorem. Setting

t t tin+1

ta_l_wz_”a’,?l_l_( )2—2( w!u+2

_'t_ w¢,+ -t for|t| <w,
smx]/--—“ tl"——ﬁt*’”-k——t“’* 4 ... forallt,
we have
t . - X 3 x5 x
(40.2) Flat sin x V¢ =a7tala_.31w’ t“’—l—-(s! 3 w4)t7"+~-
for|t| < 0.

Consequently, for s — oo, f(s) has the asymptotic expansion

I(5/2 »® I(7/2 T'(9/2)
{c:’ s('“'/’) 3lw? i”/")+(5!w' w‘) r }

(40.3) f(s) ~

onst
From this we see that f(s) tends to zero as —= : this is not obvious from
the definition of f(s). Using this companson func’uon the remainder tends

cons
to zero as —7— , etc.

$2
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§ 41. Asymptotic Expansion of the Original Function

The problem of determining the original function from the image function
occurs much more frequently than the converse problem because in the
treatment of functional equations with the f-transformations the image
function of the solution is always found first and then the original function
is obtained. We have considered this problem in detail in Chapter 7. When
the methods given there fail, then we must be satisfied if we can find at
least an asymptotic expansion of the original function. In very many cases
the engineer is not interested in the complete solution, but is satisfied when
he knows only how the solution behaves for large ¢; for example, whether
or not it remains bounded (stability). For such complicated image functions
as occur in boundary value problems for partial differential equations the
next theorem, in which the assumptions are relatively simple, gives what
is often the only method by which we can obtain information about the
solution, and it should be employed in practice much more often than it
has been.

If we wish to obtain information about Y (f) from y(s), then first we must
represent Y (f) by means of y(s) using the complex inversion formula

. 1 £+jo
(41.9) Y(p) =lim 777, 51,,, et y(s) ds.

As an L-transform, y (s) is analytic in a right half-plane, in which the path
of integration also lies. The singular points of y(s) all lie in the correspond-
ing left half-plane; the one situated furthest to the right will be denoted by
oo (We assume first that there is only one, i.e., that there do not exist several
singular points with the same greatest real part).

It may now be possible to replace the vertical straight line (x = «) which has
been used as the path of integration by a path € of “‘angular form’, which
consists of a circular arc around the singular point on the right-hand side
and two rays which are inclined to the positive real axis at angles

+ 0(2 <¥= n) (Fig. 41.1). This is certainly possible if y(s) tends uni-

formly to O in the region between the old and the new paths of integration
when s — co. Because, if we think of the two paths as connected by two
large circular arcs above and below, then the function e*y(s) is analytic in
the region enclosed and the integral along the boundary is therefore 0. As
the radii of the inserted circular arcs tend to oo, the integrals along these
arcs tend to 0 by Theorem 34.2. Therefore it follows that the integral along
the former path, traversed from below to above, plus the integral along the
new path, traversed from above to below, is equal to 0.

This means that the integrals are equal when both paths are traversed
from below to above.
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Figure41.1 The replacement of
the original straight line path
——] of integration by an angular
—
path.
&y
A
7]
JE
o3
~a Figure 41.2 An angular
S~ path for more than one
——— singularity.

We assume therefore in what follows that Y (f) can be represented by
L{
(41.2) Y() = Z7i & ets y(s)ds
instead of by (41.1). Then the following theorem is valid (EINF. p. 237).

Theorem 41.1. If y(s) can be expanded in a neighbourhood of x, tn an abso-
lutely convergent power series with arbitrary (perhaps non-integral) exponents:

0

(41.3) V)= 2 c(s—oagh, —N<lh<i<:---—o00,
0

pm-

then the following asymptotic expansion for Y (t) is valid for t — oco:

(41.4) Y () ~ et 2 I,( /L)

1
Inthis I-‘_(:T_) =0, if A, takes one of the values 0, 1, 2, ... (Asis well known,

I0) = I(—1) = I(—2) =+ = o0,

Positive exponents in the expansion of y(s) do not contribute anything
to the asymptotic expansion of Y (#); this is explained by the fact that in
their totality the corresponding powers represent an analytic function which
does not contribute to the singular behaviour of y(s) at «, (which_is the
source of the asymptotic behaviour of Y (¢)).
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The first A, can be negative; for them we have the correspondence

f=Ap—1
(s — ag)*» o0 = l)e“'

For positive 4, (which are of principal interest here) this correspondence
does not exist (then ¢~%4-1 is not integrable at ¢ = 0). If we assume that the
correspondence is formally valid for these values too, then we can say that
(41.4) is the term-by-term transformation of (41.3).

In the case which occurs most frequently in applications where the 4, are
half-integral, the following formula can be used to calculate more easily
the coefficients in (41.4):

(41.5) 1‘(%1_,,) (——1) p( +2) (—;'13;{/23)'.

We shall consider now the case in which there are several singular points
of y(s) with the same greatest real part, for example, o, ;, y. Then first we
must see whether or not the straight line path of integration in (41.1) can
be replaced by a an angular path which passes round these singular
points along small circular arcs (Fig. 41.2). As previously, the sufficient
condition for this is that between the two paths, y(s) tends uniformly to
zero for s » co. When y(s) can be expanded in a series of powers of s — &,
at o, of s — &, at &, and of s — &, at «,, then these series are to be trans-
formed separately by the above theorem and superimposed to obtain the
asymptotic expansion of Y(¢) for ¢ - oo. It should be noted that the
exponential factors e*¢, e*#, e*¢, which multiply the series, are different,
but have the same absolute value because Ro,= Rx, = R, These
exponential factors increase or decrease as £ — - oo, according as fxy > 0
or <0, and in fact much faster than the powers £~%~1 increase (1, << — 1)
or decrease (4, > — 1). Therefore they decide the asymptotic behaviour
of Y(¢).

If y(s) has other singularities which lie further to the left these do not
contribute to the asymptotic expansion of Y (f) for ¢ - +- oo.

To demonstrate this method we use again the example of the one-sided
infinitely long heat conductor on whose boundary the temperature is put
equal to cos wt. From (34.2) its temperature is

%) i S + o
If we cut out a narrow angle around the negative real axis, then the function
e-?¥* with x > 0 tends uniformly to O in the rest of the plane as s — oo,

because there !R]/E > 0. The other factor ——— tends uniformly to 0

U(x, t) =

e—xVs s (x> 0).

l+l
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in the entire plane. Therefore we can replace the straight line path of
integration by an angular path which goes along circular arcs around the
three singular points of y(s), namely the two poles at s = + jw and the
branch point s = 0, all of which have real part 0. In the neighbourhood of
these points y(s) can be expanded in a power series. If we first consider
the point s = jw and set

1 S e—xv-s— -

Ll Ts—jestje s—jwz(s)'

s

y(s) = Yt ow
then z (s) is analytic in the neighbourhood of s = jw and therefore can be
expanded in a Taylor series

z(S)—Z(Jw)+ )(s—l )+ )(s—Jw)’

If we divide this by s — jw to obtain y(s), then all the terms with the
exception of the first have non-negative integral exponent. By trans-
forming according to (41.4) they can all be omitted so that we have to
consider only the first term

2jo) o o B e~*Vio
s—jo jotije s—jo~ 2(s—jw)
This gives (1 = — 1)
(41.6) —;—e—x jo gjat
Analogously, the expansion at s = — jw gives
(41.7) s

At s == 0 we have (cf. p. 211)

and therefore

s — 1 x P %3 xt 1
st = T T e 3Tt +(m—a,‘c)3’+"'

All terms with integral exponents can be omitted and we obtain

x 1 x3 1 1w ...
T 1l T(—3/2) r-‘I'—3lw, 1‘(—5/2)’— e
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and thus by formula (41.5) we can write

1 { x I(52) __# P(7/2)+...}_

(+1.8) o BB 3at

The superposition of (41.6, 7, 8) gives the complete asymptotic expansion
of U(x, t) for ¢ - co. The functions (41.6) and (41.7) can be combined, as
on p. 189, into the real function

e-*YolZ cos (w t — x Y w/2)

and we obtain the same representation of the solution Ul(x,#) as found
previously in (34.4) and (40.3). However, the present derivation is much
more methodical and simpler.

§ 42. Investigation of Stability

If the behaviour of a physical system is controlled by certain functional
equations (differential, difference or a combination of these) then in many
cases (for example, in automatic control) it is of great importance whether
or ot the solution is stable, i.e., whether it approaches a finite value or at
least remains bounded with increasing ¢. This question is answered by the
asymptotic behaviour of the solution for £ - co. If we apply the @-trans-
formation to the problem, we try to determine the asymptotic behaviour
of the original function directly from the image function without
obtaining the original function explicitly. For this purpose Theorem 41.1 is
very useful, and it would be sufficient simply to refer to it. However, since
the consideration of stability on the basis of the image function is rather
carelessly treated in the literature in most cases, a few words are added
here.

When the physical system is controlled by an ordinary differential
equation, then the matter is extremely simple. If we assume, for the sake
of definiteness, that the system is initially at rest, i.e., that all initial values
Y(© +), Y'(0 4), ..., Y*-D(0 +) vanish, and that the excitation or input
is the unit step function U(f) (the solution is the step response) then by (13.2)
we have

11
y(s) = s m s

where p(s) is the characteristic polynomial of the differential equation.
y(s) is a rational function which, when expanded in partial fractions, has the
form
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(2.) o= 2,

v

if the zeros of the denominator are simple, and the form
bv( l) b’(z”)
(#22) (o) = Z(;_“, ot )

if the zeros have multiplicity /,. In this form y(s) can be transformed
immediately to

(42.3) YO =2 bee™
or

(,)
(4’2.4) Y(t) =Z(b( )+ 1' t+ + (lb )' tl —1) pt,

v

The solution Y(#) is called stable if for ¢ — oo it tends to the initial value
O (proper stability) or to a different fixed value (improper stability) or
oscillates between finite bounds (quasi-stability). In every other case it is
called instable. The behaviour of Y(f) is determined by the zero with the
greatest real part (we assume first that there exists only one of this kind),
because

| et | = eRoxt
and
| exst | < | ext| for » % 0.

Y(@)is

for Ray > 0 instable
for Ray < 0 stable
for Ry = 0 in the case xy = O improper stable, when «, is simple
instable, when «, is multiple
in the case Yoy + 0 guasi-stable, when « is simple
instable, when «, is multiple.

The discussion is similar when several zeros occur with the same
greatest real part. The solution Y (f) 1s only stable (in any sense), when no
zero of the denominator of y(s), 1.e., pole of y(s), lies in the right half-plane and
when those on the imaginary axis are simple.

To establish this, we do not require to write down Y(#) explicitly, since
all this can be seen from the image function alone.

Exactly the same is true for the case in which the physical occurrence
is controlled by a system of ordinary differential equations because, from
§16 only rational functions occur here also (if the inputs are unit step
functions).



218 Chapter 8: The Asymptotic Behaviour of Functions

However, more complicated cases can occur in which y(s) is not a rational,
but a meromorphic function or even a mutti-valued function; for example,
when the basic differential equation is partial as in the examples in Chapter 5.
Also, for example, transcendental functions occur with servomechanisms
which are controlled by ordinary differential equations, if the servomecha-
nism does not react to a change immediately, but only after a ““dead time*’.
It is now customary in engineering to use simply the same criterion as above
with the rational functions: the singularities with the greatest real part are
determined and the stability of the original function is judged by their
position relative to the imaginary axis. At the basis of this behaviour is the
same naive idea which was mentioned already on p. 194: it is assumed as
self-evident that y(s) can be expanded in a series of partial fractions which
makes the poles obvious, and it is then transformed term-by-term into a series
of exponential functions. It has been stressed already that an entire function
can occur in addition to the partial fraction series. An entire function is ana-
lytic in the entire plane, but has a singularity at infinity (generally a difficult
one), the character of which can influence decisively the asymptotic behaviour
of Y(¥).

This can be illustrated by a striking example. It can be shown that

(42.5) Y() =sints  (xa>1)

has .an image function y(s), which is an entire function and therefore
possesses no singularities in the, finite plane. To the original function
(42.6) mY(f) = tnsin;\ n=1,2,..) .
there corresponds by (3.1) the image function (— 1)» y(s). Because y(s)
is an entire function, the same is true for ¥™(s). The function £ sin ¢,
assumes arbitrarily large values for £ - co and therefore describes an
instable occurrence. There corresponds to it an image function which possesses
no singularities at all in the finite plane. For such a function the criterion
cited above is completely useless. If such a function forms part of the
image function found for a problem, then the other terms simulate stability
if they possess only poles with negative real parts, while the instability
produced by that function remains entirely unobserved.

Moreover, function (42.5) is interesting from the physical standpoint,
because &« can be chosen so near to 1 that sin #* differs from sin ¢ in an
arbitrarily large interval by an arbitrarily small amount: but @{sin¢} =

Tl + i ——— has the singular points s = 4 j.

The representation by the partial fraction expansion is also wrong if y(s)
is a multi-valued function, as in the example considered in §41; this
example does not arise from mathematical subtlety, but in a reasonable
physical problem. Here no partial fraction expansion of y(s) can exist and
therefore no exponential expansion of Y'(#).
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In all cases in which y(s) is not a rational function only theorems such
as theorem 41.1%) can give a sure test of the asymptotic behaviour and
thus of the stability of the original function. Using these theorems it becomes
obvious also that not only is the behaviour of y(s) at its singular points in the
finite plane of importance but also its behaviour at infinity, since on the
latter depends whether or not the straight line path of integration in the
complex inversion formula can be replaced by an angular path.

$8) There exist further theorems of this kind which are based upon more complicated
singularities. See also the Handbuch quoted in footnote 62, 2. Band, Chapters 6. and 7.
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No. f(s) F@)
1| fas) @>0) }F(i)
¢ \a
2| fls=a) at p
) ‘ “’} T chi lamm.
3[fs+a e~ F(p)
18
4|flas-pB) (a>0, B complex) |-e° F(-)
a a
5 El-j[f(s-ja)-f(sﬁa)] F (¢) sinat
6 -;[f(s-ja)+f(s+ia)] F(¢) cosat
7 -;[f(s-a)—f(s+a)] F (¢) sinh at
8 -;[f(s-—a)+f(s+a)] F (¢) cosh at
—as F(t-a) fort>a20 U
9emasf(s) { 0 for t<a }“S‘\W‘Vﬁ
b
by -b f -
10 le = f(i) (.65 0) {F(at b) ort>a
a a b
0 for t< ~
a
11] e [f(s) - Se""F(f)dr] Fi+a) (20
12 "'I (s) l'e_sfﬁ Y -w] Y (4
e s)- e
! s v=10 Y withY(t)=Yn for n St<n<l
+
5| 4L ~tF ()

ds
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No. ' f(s) F ()
& f(s
w |10 COrF @
dF (¢)
-F0 —_
15 |sf(s)-F (+ 0) =
" d*F (2)
16 | s™f(s) - F&) n=k-1
s"f(s) é,: O
1 Sf(a)da it(i)
¢ on F ()
B )| do) f(@) =
|- S'ﬂo)da %F(') dr
s . )T
s 0
CF
0 Sf(a)da S—(—')dr
s, 7
21 -l-f(s) : gF(r)dr=F(z)*l
g (
2|16 (Sdr}"mr)
sll
t
B|f, (s)- f, (o) Fl(t)*-Fz(c)-SFl(r)Fz(z—r)dr
1 %+ joo
Ul — \ f1f,(s-0ade F.(0) . Fy(o)
2"1 Ljoo
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No. f(s) F ()
25_1__f(1) *co.(z\/-f)p
AN (Ddr
1 1 sin (2\/_7)
1
b —f(-l) \ 7,2 VED F (s
s \s o
1 1
28 -f(s+ _) Qjo(zﬁ F(r)dr
s s d
30| f (log s) Kt( F(dr
b
( R
31 's- logs) m
32 T 1__“ Se"'ﬁ'(f)dr F()=F(+a)
-e .
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No. f(s) F ()
31 o (2)
|l 1
s
35 1 edt
s-a
t
% 2 1,
l+as a
1
37 -
s ¢
38 2 i
T sin at
a
39 R sinh at
1 1
40 -l(e"‘-l)
s(s-a) a
1 -t
41 —— — l-e ¢
s (1+as) ¢
1
42| ——— te®t
(s - a)? )
1 1 =%
43 —te °
(1+ as)? gz
44 1 eat ebt
(s-a)(s=0) a-b
Lt
p 1 e ®-e 5
(1+as) (1+ bs) a-b
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No.

f(s)

F(¢)

47

48

49

50
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52
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55

57

1
sl+eys+cg
2
pec

1
§2+20s+(0%+ w?

(s -a)?

s
(14 as)?

s

(s -a)(s-b)

s
(1+ as) (1+ bs)

1

83

1
s2 (s - a)
1

s2(1+as)

1

s (s —a)?

c

1
V=D

c

(]

1
-e 8‘sinwt
©

cos at
cosh at

(1+ at) e®t

1

ad

1Y had

(@ - t) e-

ae®t — bebt

a-~b
-5 - L
ge b-be °

ab (@ - b)

tz

[ SRS

lz (e®t - 1- at)
a

ae %+t-a

e % * sinh V=Dt (D<0)

1 ~
¢ T sina (D >0, V=D = jw)

;15 [1+(at -1 e%l
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No. f(s) F(p)
1 a+t =%
88| —————— _— a
s (1+as)? 1 a ¢
59 1 be® - gebt
——————————— — + ————
s(s~a)(s-5) ab ab (a-b)
] -t
) 1 ) ae %—be °
60 s (L+as)(1+bs) * b-a
61 1 (c—b) e® +(a—c)eb +(b-a) e

62

63

64

65

67

69

70

(s=a)(s=b)(s~c)

1

a(b~c) e

(@a=b)(a=-c)(c=b)

Sl

—' -
+b(c-a)e 5, cla-be

Ole

(L+as)(Q+bs)(L+cs)

N S
(s—a)(s=5)?

1
(1+as) (1 +bs)?

1

(s—a)

1
(1+as)®

1
s (sZ+ ad)

1

s (s2- ai)

s
(s-a)(s=b)(s~¢c)

2

(s-a)(s=b)(s=¢)

(a-

la-c)b-¢c)

e ~[14+(a-0b)t] et

abe

Qe

(a-b)?

t

—[ab+(a=-b)tle ©

b(a-~ b)?

1
—5 (1~ cos at)
a

1
-5 (coshat - 1)
a

a(b - c)e® + blc - a)e? + cla-b)ect

(@ -

b) (b-c)(a-c)

al(b-c)e®+ b2(c~a)ebt+ c2(a~b)ec?

(a-

B)(b-c)(a-c)
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No. f(s) Fe)
~ L -t -4
- s (c-B)e °+(a-c)e P4 (b-a)e °
(1+asX1+bsX1+cs) (a-b)(b~c)la=c)
. ¢ .t -t
7 s? bc(b-c)e“;-rac(c-a)e b, ab(a-ble °
(1+as)(1+bs)1+cs) abcla-b)(b~c)(a-c)
73 s ae®—[a+b(a-b)eleb

74

75

76
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79

80

81

82

(s-a)(s-b)?

(a-b)?

52 ae™—[2ab - b2+ b2(a-b) 1] e
(s —a) (s - b)? (a-b)?
-t -4
s ~bZe o4[b24(a-b)ele ©
(1 +as) (1 +bs)? b2(a - b)?
) .t
s2 bde %+ labla-2b)-(a~b)atle ?
(1+as)(1+5bs)? ab3(a-b)?
s 1 2) at
——1(3__0) (H 2at e
—f-z— (l+20¢+ aztz) e
(s -a)?
s (t 12\, --%
—— = - T3 e
(1 +as)? a® 2a
s? ( 1 26 £ ) -4
s —_—-— e
(1+as) ad ot * 24%
2 2
&. coszat
s (s2+44?)
29,2
s“~2a cosh2as

s (s2-4a?)
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No. f(s) F(¢)
o 242 2,
s (s2+4a) s a
84 —_,.__,.2“2 inh2qt
; 8
s (sé-4a% mha
85 il L ( h t t- nh t : z)
cos sin — ¢ —si €08 —
sty a? \/2 \/'2' \/7 \/'2' V2
als a a
86 pr sm\/—?tsnnhﬁt
87 as’ 1( at‘hat 'at hat)
— [ cos — tsinh — ¢ + sin —tcosh—
s*+at 3 V2 V2 V2 vz
s? a a
88 T cos-\/—it cosh\/—zt
a3
{39 o E(sinhat-sinat)
0| 28 2 (cosh )
0 84—_;7 -5 coshat — cos a
o1 2 | (eimhat + sinan
~ (sinhat + sin a
s'-a 2
3
s 1
92 - (cosh at + t)
o 5 cosh at + cos a
242
93 < 2 84 sin atsinh at
s*+4a
(s?-24a?)
94 —-———-as:+4a: cos at sinh at
a(s?+2a%) | |
95| —~—— sin at coshat
s*+4a
83

s%+ 4at

cos atcoshat
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No. f(s) F ()
a® 1 .
97 m -2- (sm at — at cos at?
as t
98 _(;T:;T)'f -2- sin al
09 as? l( . ; )
— - t
Ry 5 sin at + at cos a
s at
100 T )2 cos gt ~ -2—- sin at
101 —2° - inh
m E (at coshat — sin at)
as t
102 m -2-smhat
2
1
103 (s—za-iW 5 (sinh at + atcoshat)
s3 at
104 m coshat + —-2—smhat
ab a sin bt — b sin at
105
(s2+ a?) (s2+ BD) a’-b?
s cos bt — cos at
106 -
(s2+ a?) (s2+ b?) a?- b?
107 s? a sin at — b sin bt
(s2+ a?) (s24 0% a?- b2
108 s3 a2 cos at — b% cos bt
(s2+ a?) (s2+ b?) a’- b2
109 ab bsinh at - a sinh bt
(82_ a2) (82- b2) az - bz
110 s coshat —coshbt
(32—- az) (32_ bz) az_ bz
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No. f(s) F{)
m s? asinhat — bsinh b¢
(s2- a?) (s2-b?) a2- b2
12 s a’coshat — b2 coshb:
(s2- ¢ (s2- b?) a?- b2
a2
113 t— - sinat
T Ghia) - sin a
'2
114} ——5—~ —sginhat -t
s2(s2-a?) asm N
a* at
115 m 1-0080&*78“&05
4 ¢
116 ————2—2-2-“ 1 ~coshat + -g-sinh at
s (s“~a®) 2
17 a2b? ) b2cos at — a%cos bt
+
| s (32+ az) (32+ bZ) az_ bz
118 a2b? 1 b2coshat — aZcoshbt
s (57= a?) (s2- b?) * a2 b2
a3 1
119 W E[(a—aztz) sin at - 3at cos at]
120 a’s : (sin at ~ at t)
—5y - (si ~atcosa
(s¥+ ad) goe
121 as? 1[(1 2¢2) gin at — at t]
- - a
m 3 +a sin @ al cos
a° 1
122 — 3 ~[(3 + a®t?)sinh at — 3at cosh at]
(s~ a®) 8
als t .
123 -(-2———-273- 3 (atcoshat —sinhat)
s“~a
assz 1 2,2 . ]
124 E[azcoshat-(l—at)smhat

(82 - a2)3
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No. f(s) F(t)
15 ! (n a positive integer) .._.1 -1
s" 8 (n-1!
(s-1n
16— L
1 n
e
7 1\ +1 e 2L ()
i)
2
1 1 t\n
. -y
1 S(as+]).-.(as+n) "! e
. b b
129 M— sin (at + b)
s‘+a
b-asinb
130 b cos (at + b)
s? +a?
181 |— S 1 o
‘ e
P (S) k=1 p‘ (a'k)
1 1 n l d-kt
132 + :
spls) pO " & a,play)
% (a. ) t
133 5_(_3_) g. k 801,
p(S) k=1 p (a'k)

with o all different

pls)=(s ~a,)eeels-a,),
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No. f(s) F(e)
B4 1 1
Vs wt
135 | — 27/
s Vs "
1% s+a 1+2at
sVs Vre
1 e—at
137
Vs +a Vrt
1
138 — - bt _ _at
Vs—a-Vs-b T (e e®?)
139 s2+al-s :l;_:tt
Vst +al-s 2
140 — — sinat
. s“+a t
2 2
Y, 2
141 8_-!:__+_8. - COS8 al
s? +a? mt
]’\/ 2T _ g2 2
142 '8—2—‘,—-2—-{ — sinh al
st-a i wt
A a2 +s 2
U3 — — coshat
s2 -a? me
1
1“4 Jo (@
s€+1
v
s s?+1- ) 7 (0 Rv>-1
\/s! +1 v
1
(2qa T (u + §> 1
16 v, (Rv>- 3
\/'77(334-0’)”"'1/2 2




3. IRRATIONAL FUNCTIONS
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No. f(s) F(e)

— —— b >
147 = ) Rv>0)
148 1 47 5l tn--&

LLRVE 2n) 7

1 tv=! ~at

w9 (s +a) r ¢
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4; Transcendental Functions

NO. f(s) F(‘)
!
150 | =5 - logt-C
s
log ¢
151 -‘/E(l 4s + C g
S Uog 4s + ) 7
(log s)? 2
152 | —=— (logt+C)2_z
y 6
1 (-1
53| —
log s g T dr
0
- 1- ot
154 log's ¢ €
s t
s=-a ebt — g0t
155 |1
08 s-b t
156 | log =22 — sinh at
S=-a t
2 2 2
157 | log - :a -~ (1~ cosat)
s .
s? +a?
158 | log 2402 - (cos bt ~ cos at)
159 | e~ 9% 5(t-a)
-as
60 2 U(t-a)
s
.02
e-ﬁ
bl Jo(avh)
s
a’ -i‘i ;'
162 v+l © ‘ t2],aVe)  @Rv>-1)




4. TRANSCENDENT AL FUNCTIONS 241
No. f(s) F(¢)
cos a \t
163 | x (g, 8)
x (a,s —
164 6 (ay5) sina VT
g
}l h 2\t
e cos t
165 | ~— -
Vs vmt
1
166 e’ sinh 2 V¢
sys Vr
67 |e=a’s Y (a,¢)
e—evs
68 e ——
1 . erfc 2\/,_
e—at’: )
169 t
Vs X \a,
1 —aVs 1 ot b% +ab
170 avs Zerf ( )-- o (—-—-+b\/i
s(b+\/§)e 302\/' ecz\/.
1 -aVs Prtab ( a )
171 | —————— ¢~ 9Vs e erfc [——=+b V¢
Vs b+ves) N3
172 em_e—(b/z/a_)x e—l{zs 0o for,05¢ s Vax
d= (-) -ac) -xe ——-ﬁ'—
2 a t“ -ax
for t 2 \ax
1 a sinh \2at sin VZat
173 | — sin -
s s Vit
7 1 | a cosh V2at sin V2at
1 s—ﬁ sin ; \/;_"_




242 4. TRANSCENDENT AL FUNCTIONS
No. f(s) F(e)
1 1 a cosh vﬁat cosvzat
— cos -
Vs s N3
176 1 cos © sinh yZat cos y2at
sys s var
1 -
177| — sinh - cosh 2 Vaf - cos 2 Vat
Vs s 2yt
w8l L ain & sinh 2 /@ - sin 2 V@
sVs s 2Vanr
1 2
19| — cosh a cosh 2 Vat + cos 2 yai
s s 2Vt
180 icoshg sinh 2 VaZ + sin 2 al
sVs s 2van
in at
181 arctg?- s
. s t
82 2as 2 & at cos bt
182 arctg NPT I ; sin at cos
2_ b at_
183| arctg plnd Z sin bt
ab ¢
04| 2=V (<1 6, ()
Vs sinh 5
sinh x Vs 19 l-x ¢ LA
185 124 (_.., )= o (@nlal-z,0)
sinh [ Vs 1o 3\ol 1 ugm
(l<x<+]) 2
—n2l
%7 & ( - o n ‘2'0
=--l—2-§ =1 n sinn 7xe




4. TRANSCENDENTAL FUNCTIONS 243

No. f(s) F(¢)
166 | 2inh - 2)Ve e( %) 2 W2l 4% 0)
— T al +1,
sinh /\/s' (0<x<20) l o 3 f
Zn smn ke
usl
(1 v
T‘le-‘ ‘sinh«f\/? )
187 { (0=¢<x) E[x(x-f,t)-x(au-f,t)]

188

189

\

1
-\/-i =47 ginh xys

(x=é<w)

(ainh &\5 sinh(l-x)Vs

A

Vs sinh [ /s

(0s&s%)

sinhx Vs sinh(I- Vs

V7 (,)’
2 °

Vs sinh [ /s

(xs£3)

etfc-

+ 00
l 2 [x@2nl+x~ &, 0)-x(2nl+x+&,0)]

S
= E:e smn-xsmnzf

l



244 5, Original Functions, defined piecewise
No. f(s) F(¢)
190 e AF@)
s
a 7
1-e"2* e
191
s
a t
L e-ba F(t)
192
s —
[ a b "t
(1-e"2%)2 40
193] —m8 —
s >
a 2a t
1
01 (e=o° _e-h)z X F¢)
s e
a 2a a+bd 2b
)
(1 - e=9%)2 F)
195 ——3—2— :'
[ :x 2a :

196

-y



5. ORIGINAL FUNCTIONS, DEFINED PIECEWISE
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No. f(s) F()
-~as
197 be
s(s+b)
{ 0 for 0<t<a
l-e~d0(t=a) for g<¢
~as F@)
8| : 1
s+b D\
M—s
I a t
0 for 0<t<a
e-b(t—-a) for a<t
- - ()
LT bs b F
199 — 4
s? I /
s b T
F(e)
l-e-a‘ a
200 2 '
] o
a T
—as -1
> e_—i:‘;—. ll\
as
a
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5. ORIGINAL FUNCTIONS, DEFINED PIECEWISE

No. f(s) F(@)
_nme
wg| 2= "/ b
s+a?

1
S/ '
RV v
2n

sinat for 0<

m
t<—
a

2
0 for —’-l-z<t

a

F(e)
’1\ A

s2 4 q? ; '/\ /%l—-"
v m
TNE U
2
cos at for 0<t<—n—’r
@
0 for Ef—”u
a
f(s) i
a6 1
yl(t)
a r
A
\\\\P“)
a 2a 3a ;t,
-7, Fe)
a l+e ¢ 1
% 32""‘2,‘ A"‘%" T 2m 37 7
1-e T @ e




5. ORIGINAL FUNCTIONS, DEFINED PIECEWISE 247
No. f(s) F(t)
206 | —— 1 Fo)
¢
sz + az 1 - %r' 1
- ¢ /\ /\ /
T2 3w 4m t
a a a a
. 2nn 2n+1)n
sin at for <t<
a a
2n +1 2
0 or(n+ )n<t<(n+2)1r
a a
n =0, 1, )
, a 1
207 s2+a’ —g, 1 F()
° T\ N /“
| moo2m 37 4w
a a ﬂ G
nm 2n+ 1w
0 for —<t<{—r
a a
2rn+Dn 2+ n
~sin at for <t<
a a
n= 0, l, * 00
1
08| ——MMM — Fe)
s (1+e%%) 1 |_
a 2a 3a %t
200 e %+as~-1
as? (1-¢7) l \\\
I a 2 3a :t




248 5. ORIGINAL FUNCTIONS, DEFINED PIECEWISE
No. f(s) F()
210 _—————1 F
s (1 +e%%) lf ‘
| 2a 3a 4a i
a F@)
-2,
911 _.L_‘;_:__ 1
100
B a atd 2a2+3 30 ¢
1-e"% AFG)
o) o
A s(l+e 2% 1 r'
2a 3a 4a| ;
-14 _——I
013 e -1 L F(2)
s (1+e7%%) i
22 3a 4a :t
-1 .
1-e—9* Fl)
214 | ———— 1
1 s (1+e%) $

-



5. ORIGINAL FUNCTIONS, DEFINED PIECEWISE

249
No. f(s) F)
4_e-‘¢l
215 _3 (4-{-23—“.) “F(‘)
1 3 1 -
1 'y
7 .—‘_&I- fal
a 2¢ 3‘0 4‘¢ ‘?
1 » 1 =
-§+(-1) giFT for na<t<(n+1)ag,
—p—as F(t)
26| __L=°
s (€% 4+ ¢7%9%) I—-l I—l |—-|
a 2a 3a 4a 5a U
A
-g s —as Fe
K_ i W
o |2 —° _*¢ —¢ l%ﬂ I I
o= IER Y- F N
l-eg70% o
W e
210 (1-¢e2%)2
asz (1 - e—tac) /\
| 4a 6a
_as\2
200 2v (1 e 2V
as?(l-e9%%) /\

IS
wle



250 5. ORIGINAL FUNCTIONS, DEFINED PIECEWISE

No.|  flo) . F(s)
as 1 F()
221 (1-[7)(1-[(2'7‘)“) y A i
as?(1- e 2%%) A NS N
s ¢/ 2a 3¢ 4a
”(2—71)41
-2 -(2—-!-)03. o
a9 | W= #Jl1-e” ¥ Mo~ A
as?(l-e49%) v 1 /-d\_
aa 2a 4a 6a
W
_as _(2u—1)as _as 1)
993 2v(1-e Wi_g TR 4 ¥ . A~
prETTRRTT) AVl / N\ __/
AN %
a v
™ W
_as F(t)
294 v(iv-1+ve s -ple ¥ 1 i
. (v=1)as2(1-e~2%) :
a a 2a
v
as F(t) !
_ ~-as_,,2, ¥ 1
995 v(v-1)+ve vze A
(v=1)as?(l-e™2a%) .
8 a 2a 3a
v
F(t)
_a, ‘_-ul 1
o0k Av(v=1)+\ve vl M 1/\ /\ /\
as?(v-1)(1~e"%%) | o a %a
[N Y
as + 1-e®%® Fe)
27 | —————
as?(1-e%%) 1‘/‘/\/\/‘/
| e 2 3a a4




57 ORIGINAL FUNCTIONS, DEFINED PIECEWISE

251
No. f(s) F(z)
998 1-(l+as)e™®* 1 F()
2 ~Jas ]
as?(l-¢e"%%%) A /]
/
a 20 4a 3a "t
_as F()
|t rasde l /\ /I
as?(1-e%%) ] | >
% e a+% 2 2a+% ¢
~ 83 F@)
o0 | e Hgse™®* 1/1 A A A
ppETTRETT) WA .
aa 2a 3a t
m
_as \F(e)
e ~as 1 4 A
p-pe P -ase 1 A
231 w A
aps®(l-e= %) i /-I A:
aa 2 3a d4a ¢
m
a8  _as Nk
_ Vi_ v / / E
mpre et WA A A
aps®(l-e"%%) . a 7 >
R
933 2—a32—(2+as)e—“ Fe)
as“(1-e%%)
-1
- 5 %
2 2(e F_e *H|l-as(l+e™2%)
234 | £ e sl

apsi(l-e2%)

= | ®l=-

U
—
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S. ORIGINAL FUNCTIONS, DEFINED PIECEWISE

No.

f(s)

F(2)

2(1-¢9%)

as(l+e%%) s

1

§

Fe¢)

ANSVANYS
IARVARVA

-1 +1 Fe)
2(8.—&{‘7“. e-&z./‘—as) i'} A S ’
236 -—
s LALA L
-1. a 8a a 13 t
VARA
1 AF @)
B1 s(e*-1) 4 [
3
2
1
1 5 ™
- 1 AFG) 01
s (e?*-1) 3 a
2
1
a 2a 3a 4a "t
930 1 Fe)
s(-e) ’ [+1

- BN




5. ORIGINAL FUNCTIONS, DEFINED PIECEWISE

253

No. f(s) F(2)
1 AE) ¢
0| — L
s (l __e-ac) Q_J—I——I [a]'!- 1
2
1\
a2 3 %
21 1 F()
s!(e"’ -1 GaF ------- {
iR
s %o ¢

n(t-—-(n+21)a) for na<t<(n+1la

a[l]_l
22 s(ef-a) @t l) a-1
243 ef-1 1 ol
S ef-a
L | 1 ]-1
-1 1 1 [1)-2
- -1
245 A m 2[‘]([!] )G-
s [s] _ glel
ef -1 1 atti-B
(a* B
%46 s (e*-a)ef-p) a-f ath
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5. ORIGINAL FUNCTIONS, DEFINED PIECEWISE

No. f(s) F(2)
* 1 e'-(a+B) a[‘]-l—B[‘]-l,
a7| 2 _
s E-a-p o ———pg——a*p
s _ Hs
ug| 1 & ueo,n,.. e | @R (g
s ple®)
1
(p(z)=z’+c'_lz'-l+..o+co) (Q (t)o-om)
uo| = ST ks ()
s k=0
e*~1 e*+1 .
o I 2
251 e-lesa )2 old-1

252

253

254

256

s (e*-0a)?

e*-1(c~de*~(cf-da
s (e? - (e B)

le*=1 " sinB-’

s e*-2e*cosfB+1

ef-1 ef~cosfB
s e¥-2e‘cosB+1

ef -1 a sin 8
s e2%-2ae® cos B+a?

ef -1 e -acos B

s e -2ae® cos B+al

call- 480
sin B [¢]
cos 8 [e]
alt] sin B [zl

ald cos 3 [t]



Index of Functions

f =0
vie) = 0 fort
1 for t>0

8() = Dirac-function, Impulse-function

n ok .
p @ = 2 (- D* (:) T (Laguerre Polynomial)
k=0

i

Jo (t) 2 (- 1)': (k Dz

k=0
2

S k
CURED I orvrsy

( )2k+l
= 2 G+ D

k=0
) 1 + 00
-k2nk _
Ba(v,t)=1+2£e cos 2knmv = = “Z: e
il = ]argest integer = ¢

c = 0,577... (Euler’s constant)

255
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