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Foreword

The present book is the English edition of my book published
originally, in Japanese, by the Iwanami Shoten in the series “Iwa-
nami Zensho.” It was intended to be a self-contained exposition of
the theory of ordinary differential equations and integral equations.
It especially gives a fairly detailed treatment of the boundary value
problem of second order linear ordinary differential equations, and
includes an elementary exposition of the theory of Weyl-Stone’s
eigenfunction expansions in the form completed by Titchmarsh-
Kodaira’s formula concerning the density matrix of the expansion.

The author wishes to express his sincere thanks to Professor
Shigeharu Harada of Chiba Institute of Technology for his time and
effort in preparing the English translation of this book, and to
Professor Lipman Bers of New York University for his kind sugges-
tion to include this book in his series.

The author also extends his cordial thanks to the Iwanami Shoten
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CHAPTER 1

THE INITIAL VALUE PROBLEM FOR ORDINARY
DIFFERENTIAL EQUATIONS

An nth order ordinary differential equation is a functional relation

dy d* dy
Flx,y, =, =, .., ——) =
B dx dx’ ’ ’ dx" ) 0
between a variable x, an unknown function v, and its derivatives
dv d° dry

dx’ dx T Tdxn

A function ¥(x) which satisfies this relation is called a solution of
the differential equation. For example, for any constant C, the
function

y=sin(x — C)

is a solution of the first order equation

dy\* |,

dx ) +y¥*—-1=0
In general, the gencral solution of an nth order equation contains »
arbitrary constants C,, C;, ---, C.. These constants may be deter-

mined by so-called initial conditions at a point x = x,, which are the
prescribed values of v, dy/dx, ---, d*'y/dx** at the point x = x,. The
solution thus obtained is called a particular solution.

In this chapter, we shall show that the initial value problem for
differential equations can be reduced to a system of integral equa-
tions and solved by the method of successive approximations. This
chapter is intended as a prerequisite for the theory of the differential
equations as considered in the following chapters.

§1. Successive approximations

1. Existence and uniqueness of the solution of the ordinary
differential equation of the first order

An ordinary differential equation of the first order is generally
written in the form

(1.1) F(x,v,dyldx) =0
1



2 DIFFERENTIAL AND INTEGRAL EQUATIONS

In the following, we shall restrict ourselves to those cases in which
(1.1) can be solved for dy/dx and written in the form

(1.2) dyldx = f(x,y)
The simplest case of (1.2) is of the form
(1.3) dyldx = f(x)
The solution of (1.3) is given by

(1.4) y(x) = S fhdt +C
)

in the region where f(x) is continuous. The integration constant C
is determined by the value of y(x) at x = x,, that is,

(1.5) Yo =¥(x)=C

Accordingly, the solution of (1.3) satisfying the condition y = y, at
x = x, is given by

(1.6) ¥E) = yo + g f(bat

The condition,
(1.5") y=y at x=2x,

is called the initial condition for the solution of the differential
equation (1.3).

Our purpose is to find a solution of the general equation (1.2)
subject to the initial condition (1.5’). To formulate the problem
precisely, we make the following assumptions concerning f(x, ).

AssumprioN 1. The function f(x, y) is real-valued and continuous
on a domain® D of the (x, y)-plane given by

1.7 Xo—as=x<x+a, Y—bsSysy+b

where a, b are positive numbers.
AssumpTiON 2. f(x,y) satisfies the Lipschitz condition with respect
to y in D, that is, there exists a positive constant K such that

(1.8) 1f(x, ) — f(x,9) ] = K|y — 32|

for every pair of points (x, ¥,), (x, ¥.) of D.

1 By a domain, we mean a nonempty open connected set, and by a closed
domain, the closure of a domain. However, we shall use the word ‘‘domain’’
to denote ‘‘closed domain,’”” when the domain is explicitly defined as (1.7).
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Remarx. The second assumption would seem to be less natural
than the first, but its importance will become clearer in the follow-
ing proof.

It is worth while to show that if f(x,y) has a continuous partial
derivative df(x, ¥)/dy on D, then f(x, y) satisfies the second assump-
tion. This is seen as follows. Since |9f(x, y)/dy| is continuous on
the bounded closed domain D of the (x,y)-plane, |8f(x,y)/dv| is
bounded on D. Put

(1.9) K = supc..vyen

of (x,¥)
oy

Then the mean-value theorem implies that (1.8) holds for f(x, v).
By Assumption 1, |f(x,¥)| is continuous on the bounded closed
domain D, therefore |f(x, )| is bounded on D, that is,

(1.10) SUpce.men ! f (X, N =M< oo
Set
(1.11) h = min (a, b/M)

Let us define a sequence of functions {v.(x)} for |x—x,| < h,
successively, by

Yo(x) = Yo

»nx)=v + S:f (2, vo(t)) dt

o

(1.12) Vo) = yo + Stf(t, i) dt
Ty

..........................

,‘V:I(X) =3 + S:f(t, _Vu—l(t)) dt

0

The theorem to be proved is that {y.(x)} converges uniformly on the
interval |x — x,| < k, and the limit y(x) of the sequence is a solution
of (1.2) which satisfies (1.5").

Proof. According to (1.10) and (1.11), we obtain

M@ — | =hM b
for |x—=x,1 = h. Therefore I/t y:i(t))dt can be defined for
|x — %o £ h, and

[ye(x) — ¥l S hM < b
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In the same manner, we can define yy(x), -+, vu(x) for |x —x,1 < N,
and obtain

| yelx) = vl ShM < b, k—1,2,---,n

Using Assumption 2, we have

Iz
Iyaai(x) — 3u(x) | £ K | ‘ [ylt) — vieu() | dE

1 Xy

for |x — x,| < h. Therefore, if we assume that, for £ — 1,2, .-+, n,

K |x — xo|)*!

(1.13) | valx) — v ((x)]| S &= D! for lx —x, | S h
we obtain, for k=n + 1,
(L.14) 1 ¥an(x) — ulx)| £ l’(h—lxn':ﬁ'—“l for |x — x| = h

Since (1.13) holds for # =1 as mentioned above, we see, by mathe-
matical induction, that (1.14) holds for every sn. Thus, for m > n
we obtain

m 1 m 1 'y
(L15)  1yu(®) — vl | £ 'S [ veaslx) = @) | < b'S "2%
k n k-n .-

Since the right side of (1.15) tends to zero as n — o, {y,(x)} con-
verges uniformly to a function y(x) on the interval |x — x,| < A.
Since the convergence is uniform, y(x) is continuous and moreover,
evidently, v(x,) = vo. To prove that v(x) is a solution, we use the
following known fact: If the sequence of functions {v.(x)} converges
uniformly and v.(x) is continuous on the interval |x — x,| < A, then

lim, ..ms yulx)dx — S {limuon. ¥u(x)} dx
1’0. Tu
Hence we obtain

M) limyaw Yua(x)

ot limu..,,g Fit, vald)) dt
o

e S (it f (£, yul()} dt

o

— Vet S Sty W) dt

L]

that is,
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(1.16) ¥ =y, + S: fit,tvindt,  x—x0<h
%o

The integrand f(¢, y(?)) on the right side of (1.16) is a continuous
function, hence ¥(x) is differentiable with respect to x, and its
derivative is equal to f(x, ¥(x)), q.e.d.

The method of the above proof is called the method of successive
approximations, or Picard’s method.

Integrating from x, to x, we see that a solution y(x) of (1.2)
satisfying the initial condition (1.5') must satisfy the intcgral equa-
tion (1.16). The above proof shows that this integral equation can
be solved by the method of successive approximations.

Uniqueness of the solution. We have obtained, by the method of
successive approximations, a solution »(x) of (1.2) satisfying the
initial condition (1.5’). However, there remains another important
problem, the problem of uniqueness: Is there any other solution
satisfying the same initial condition? If the solution is not unique
and there are solutions other than the ¥(x) obtained above, we must
find other methods to obtain them. Fortunately, under our two
assumptions, we can prove the uniqueness of the solution. To see
this let z(x) be another solution of (1.2) such that z(x,) = ¥ . Then

25) = yo + S'fu, A1) dt
Iy

By Assumption 2, we obtain

(1.17) [yx) —z2(x)| = K

S‘ () — ()| dt

£
Therefore we also obtain for |x —x, | < h

[¥x) — 2(x)] < KN|x — x|
where

N = supjs ren |¥(x) — 2(x)|

Substituting the above estimate for |y(f) — z(f)| on the right side of
(1.17), we obtain further

| ¥x) — 2(x)| = MK |x — x,1)/2!

for |x — x,| < h. Substituting this estimate for |y(#)—z({)| once
more on the right side of (1.17), we have

|y(x) — 2(x)| = N(K|x — x41)*/3!

for |x — x,| < h. Repeating this substitution, we obtain
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I¥x) — 2(x)| = NMK|x — x5 I*"/m! m=12,---

for |x — x,| £ h. The right side of the above inequality tends to
zero as m — oo, This means that

N = supj: xysn | ¥(*) — 2(x) |

is equal to zero, q.e.d.
ExampLe. To illustrate the general procedure, we shall solve the
differential equation

dyldx = y

under the initial condition y(0) =1 by the method of successive
approximations. We have from (1.12)

yl(x)=1+gzdt=1+x

y,(x)=l+S(1+t)dt—1+x+E

................

_ * £t
yn(x)—1+S(1+t+2'+ +(n__1)!)dt

xﬂ

=1 +x+—2—,+ T

In this way we obtain the well-known formula

oo n
(%) = liMnw yu(x) = expx = D i'—
n-0 N

2. Remark on apbroximate solutions

Letting m — o in (1.15), we obtain
@.1) |9(x) — yux) | < b z (K"’”

for |x — x,| < h. The equation (2.1) is an estimate of the error of the
nth approximate solution yu(x). In view of (2.1), the method of
successive approximations may be used, in principle, to obtain
an approximate solution to any degree of accuracy. This method,
however, is not always practical because it requires one to repeat
the evaluation of indefinite integrals many times.

We shall now consider another method which is sometimes rather
useful. Suppose that g(x,y) is a suitable approximation to f(x,y)
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such that we can find the solution z(x) of the differential equaticn
2.2) dz/dx = g(x, ¥)

on the interval |x —x,| £ & satisfying the initial condition z(x,) = y,.
We put

(2.3) supr.en | f (%, ¥) — g(x, y)| S e

Let v(x) be the unique solution of the differential equation

2.4) ayldx = f(x,)

on the interval |x — x,| < k satisfying the initial condition y(x,) = v,.

Then from (2.2) it follows that

Yx) — 2(x) = S Ut () — ot 2y dt

X0

We obtain by Assumption 2

(2.5) [¥(x) —2(x)| =

Sx {f@2, 2t)) — g(t, 2(1))} dt

o0

+ S UGt W8 — 't 28)) dit |

0

=

S’ Lt 28)) — glt, 2D)] dtl

o

+ K

S' I9(8) — 2t dt ]

To

<elx—x|+ K

S’ |3() — 20| dt ]

To
Therefore, setting
SUP|:z- zgisn | ¥(x) — 2(x)| = M’
we have
|¥x) —2x) | Selx — x| + KM' |x — x|

for |x — x,| = h. Substituting this estimate for |y(¢) — z(f)| on the
right side of (2.5), we obtain

2 _ 2 2 —1 g
Kilx — x| ey Krn-t|x — x| ™

|y(x) — 2(x)| = M’ T P o]

for |x — x,| < h. Repeating this substitution, we obtain, for each
n= ],2,3, “ee,
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. — n n m-1 — x|
Iy(x)—z(x)lgM'.I(_lic.l__’ﬁ’l_+s>: K»'|x ol
n: m 1 m!

for |x —x,| £ h. As n->oo, the first term on the right side con-
verges to zero uniformly on the interval |[x — x,| < h. The second
term is less than

e K-{exp(K|x —x,]) — 1}

Accordingly, the estimate of the error of the approximate solution
2(x) in the interval |x -- x,| < h is given by

(2.6) lv(x) — 2x)| £ (e/K)(exp(K|x — x]) — 1)
ExampLE. Consider the initial value problem
dy/dx — sin (xy)

with the initial condition v(0) = 0.1. We shall calculate the estimate
of the error of the approximate solution 2(x) = 0.1 exp (4x*) which is
the solution of the equation

dvldx — xy
satisfying the initial condition 2(0) = 0.1. We take the domain
lxl<%, |v—-01]=4}

as D, sothat @ = b — 4. Then we have M = sup(..,yep|sin (xv)| < 1.
Moreover, by the mean-value theorem, we have

|'sin (xy,) — sin (xy.) | < |xy, — xy. |

Hence we may set the Lipschitz constant K -~ 4. Since a =5b= 4%,
and M <1, we have & — min(a, /M) = }. Moreover |z(x)| < } for
lx| = h=§4. Hence by the Taylor expansion theorem we obtain

1f(x, 2x) — g(x, 200) | < |sin (x 2(x)) — x 2(x0)| < -'iiéf)—'g < 4l

for x| = 4. Setting e =,}, and K= 4 in (2.6), we obtain

|y(x) — (0.1)exp (x| < 334{exp (%) .. 1}

as the estimate of the error of the approximate solution 2(x).

< P lxl

3. Integration constants

As was shown in Part 1, a particular initial condition (1.5') deter-
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mines uniquely the solution y = ¢(x) of the equation (1.2). For this
reason, the solution y is called a particular solution of (1.2). In
order to indicate the initial condition (1.5’), we denote this solution by

@.1) ¥ == @(X; %o, Vo)

We now regard the pair (x,, v,) as parameters which vary arbitrarily
in the region for which Assumptions 1 and 2 hold. Then (3.1), as
a function of x containing the parameters x,, v, in the above sense,
is called the general solution of (1.2). It should be noted that,
according to the proof of the existence theorem, the solution (3.1)
as a function of x is defined only on the interval |x — x,| < h, where

h == min (e, /M)

Both @ and b are given in Assumption 1, hence, in general, they
depend on both x, and v,. Moreover, according to its definition
(1.10), M may also depend on both x, and ¥,. Therefore the ex-
istence domain of the solution (3.1) as a function of x depends on
both x, and y,.

For example, consider the differential equation

(3.2) dv/dx — v*
The general solution of (3.2) is given by

1
Xo — X + (1/.Vo)

As will be shown later, in the case of lincar differential equations
of the first order, the existence domain under consideration depends
only on x,, but not on v,. This fact can be extended to the case
of linear differential equations of the nth order and because of this
fact the theory of linear differential equations has been developed
particularly.

The general solution (3.1) seems to depend on two parameters x,
and y,; however, essentially, it depends on only one parameter.
This will be proved as follows.

Let f(x,y) on the right side of (1.2) satisfy Assumptions 1 and 2.
If

@(X; Xo, Vo) =

lxi—xl=«, Ii—wl=«
then f(x, v) is continuous on a domain D' c D given by
jx—xl<a—x«, fy—wl£b—«

and moreover, | f(x,y)| < M in D'. Moreover, the Lipschitz condition
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with respect to y holds for f(x,y) on D' with K as the Lipschitz
constant. Therefore, according to the existence theorem, the solu-
tion y = ¢(x; x,,y,) of (1.2) with y(x,) = y, does exist for

. b—
|2 — 2.1 sh.ﬁ:mln(a—lc, M".)
Accordingly, if the positive number « is so small that « < A, the
existence domain of ¢(x;x,,y,) as a function of x contains the point
%,. We write

(3.3) ¥ = @(Xo; X1, 1)
Then, by the uniqueness of the solution, we must have
(3.4) o(x; x1, y1) = @(x; %0, J)

Therefore, as long as (x,,y,) varies in a sufficiently small neigh-
bourhood of the point (x,, ¥,) of D, we may consider x, to be fixed
and the general solution ¢(x; x,, ¥,) to be written in a form containing
only one parameter C,

¥y = o(x; %, C)
Since x, is fixed, we may write this simply as
y = o, C)

This parameter C is called the infegration constant of the general
solution of the equation (1.2). The general solution of (3.2), for
example, may be written as

1

o C)= ="+

4. Solution by power series expansion
We consider the differential equation
(4.1) dyldx = f(x,y)

in the case when f(x,y) is a complex-valued function of complex
variables x and y. We make the following assumption concerning
Sz, ¥).

AssumptioN 1’. The function f(x,y) can be expanded in a con-
vergent power series in (x — x,) and (y — »,) in a domain D’ of the
complex (x, v)-space given by

lx—xl<ad, |y =yl <b
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In other words, f(x,y) is a regular function in the domain D’.

From this assumption, it follows that 8f(x, v)/@y is also regular
in D'. Therefore, for any positive numbers @, b such that a < a’
and b < b’, both |f(x,y)| and |8f(x, y)/@y| are continuous on the
closed complex domain D given by

[x—xl|=a, ly =1 =b
Thus there exist positive numbers M and K such that

4.2) supcs.penlf(x, VN =M< ©

SUP(-,men af(a;v’v)t =K< oo

Integrating @f(x, y)/dy along the segment connecting v, and v,, we
obtain

S, y) — fix, v = S“gf‘-(—x”—w‘dy
A dy

Hence the Lipschitz condition
4.3 If(x,52) — flx, v)| £ Kly. — 3|

holds on D. Therefore, under Assumption 1’, we can apply to the
equation (4.1) the method of successive approximations on the domain

4.4) lx —x 1 = h, k = min (a, /M)

as follows. We write

$i(x) = yo + S £t yo) dt

Vz(x) = Mo +4 S”f(t, ,V:(i)) dt
‘o

......................

yulx) =y t ng (¢, ya- (1)) dt
10

where the integration means complex integration along a smooth
curve connecting x, and x in the domain (4.4). Since f(x,v) is
regular in the domain |x — x,| < %, the first integral is well-defined,
independent of the curves, and hence, so is y,. . Taking the first
integral along the segment connecting x, and x, we obtain

Iy =y ShRM=b

Hence f(x, v,(x)) is well-defined for |x — x,| < & as a function of x.
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Since v,(x) is given by the integral of the regular function f(x, v.),
wi(x) is regular in the domain |x — x,| < #. Hence f(x, vi(x)) is also
regular. Therefore the second integral is well defined and hence
Yo(x) is well defined and regular in the domain |x - x,| < #. Taking
the integral along the segment connecting x, and x, we obtain
further

| y2eX) =y | EIM < b

In this way, we can define yy(x), »,(x), - - -, successively in the domain
Ix —x,| <h. The functions y.(x), #=1,2,---, are all regular in
the domain |x - x,| < h and

[valx) — v | =0

Taking the integrals along the segment connecting ¥, and x and
by the same calculation as in Part 1, we can prove that the sequence
of regular functions {v.x)} converges uniformly in the domain
lx --x,| < h and that the limit function v(x) satisfies

dyxr)

i S,

MXy) = Vo,
in the domain |x ~ x,| < #. Furthermore, y(x) being the uniform
limit of the sequence of regular functions is also regular. The
uniqueness of the solution can be proved in the same way as in
Part 1.

The method of undetermined cocfficients. Since the existence and
the uniqueness of the regular solution ¥(x) are guaranteed, we can cal-
culate this solution by the method of undetermined coefficients as
follows. By virtue of its regularity, ¥(x) can be expanded in a power
series

~ S () o) dy
Yx) = v + (x "")(dx):o4 2! (dx” >'a+

in the domain |x —x,| < /. Substituting this expansion for v on
the right side of (4.1), and differentiating both sides, we obtain

dy .

dx =)

&y 0f(x, ) + af(x,y) dv
de¥ ~ ox ay dx
dy  9*(x,¥) 0*f(x,v) dv

+2

de® ot xdy dx
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n 0 (x, ¥) (ﬂ>’+ Of (x, v) d*v
oy? dx dy dx*

Setting in these relations x =x, and y =v,, we can determine
successively the expansion coefficients (dy/dx).,, (d?v/dx?).,, -+ -

Picard’s remark on the uniqueness of the solution. Let C be a
curve in the complex x-plane such that the point x, is an end point
of C. Let y(x) satisfy the equation (4.1) and be regular at any point
on C except the point x,. Let v(x) tend to y, as x tends to x, along
C. If Assumption 1’ is satisfied in the complex domain D', then
Mx) is also regular at the point x, and this solution coincides with
the unique regular solution of (4.1) satisfying the initial condition
¥xe) =y . Owing to this fact, the study of the analytic continua-
tion of regular solutions can be developed smoothly and for this
reason, Picard’s remark plays a basic role in the study of the solu-
tions from a function theoretical standpoint of view.

Painlevé’s proof of Picard’s remark. From the assumption it
follows that, for any ¢ > 0, there exists a point x, on C such that

[ —xl<e, |¥Mx)—nl<e
Let I’ be a complex domain given by
[x—xl<a—ce, ly —¥x)| £b—c¢

Then, for sufficiently small ¢, I’/ is contained in D. Hence by
4.2),

SUpce.men 1 f(X, | =M

Accordingly, as was shown in Part 3, there exists a unique regular
solution ¢(x; x,, ¥(x,)) of (4.1) satisfying the initial condition y = y(x,)
at x = x, in the domain

4.5) |x—-x,l<h(x1)=min((z—e, b;f)

Since

lirn:l—oroh(xl) = ]im!—oo (a — &, b 1-_ME)

=min(a L)=h
M

the domain (4.5), in which ¢(x;x,, ¥(x,)) is regular, contains the
point x,, if e is sufficiently small such that
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min(a—-e,—l-,-fl-i)>c

On the other hand, both ¢(x;x,,y(x,)) and y(x) are regular at the
point x, and further ¢(x;;x,, y(x,)) = y(x,). Therefore, by the uni-
queness of the regular solution, we must have

o(x; x4, y(x,)) = y(x)

in the domain (4.5). Thus y(x) is also regular at the point x,.
ReMArRk. It should be noted that the above proof is based upon
the same idea by which we derived (3.4) in Part 3. Accordingly,
we can prove, similarly, the following. Let f(x,y) satisfy Assump-
tion 1 and 2 in Part 1 in the domain D of the (x, y)-plane given by

x—xl=Za, ly =3l =b

Let I be an interval with x, as an end point. If y(x) satisfies the
equation dy/dx = f(x,¥) at any point in I except the point x,, and
if ¥(x) tends to y, as x tends to x, along I, then, in some neighbour-
hood of the point x,, y(x) coincides with the unique continuous solu-
tion 2(x) of this equation satisfying the initial condition z(x,) = ¥,.

5. Differential equations containing parameters.
Perturbation theory.

We consider the differential equation
(5.1) dyldx = f(x,, %)

containing a parameter A. The perturbation theory deals with the
problem of finding an approximate solution of (5.1), for sufficiently
small |4 — 4,|, under the initial condition

(5.2) Y= at x=2x,
when we know, for 2 = 4,, the solution of (5.1) satisfying the initial

condition (5.2). Such parameter 2 is called the perturbation para-
meter.

To formulate the problem precisely, we assume that the variables
y,4 of f(x,y, ) are complex—x may be either real or complex—and
f(x,y,4) is continuous on a domain D, given by

lx—xl=a, |y—»nlsb, I|A-Al=c

and furthermore
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sup |f(x»y1 A)I = M< oo
supi——-——af(xa’;’l) ‘ =K< o

on D,. Accordingly, the Lipschitz condition
| flx, 9,8 — fx, 9, )| < Kly — |

holds, independent of 4, on D,. If, moreover, f(x, v, 4) is regular
in D, as a function of y and 4, then the solution y(x, 4) of (5.1)
satisfying the initial condition (5.2), which is independent of 2, is
regular at the point 4, as a function of 2.

Proof. We write h = min(a, b/M). Similarly as in Part 1, we
can define the successive approximate functions ya(x,4) for
|x —xo| =h, |2— 2| = ¢ as follows,

e =0+ | st
To

X

9o, &) = yo + j St 3:(t, 2, At

.......................

yult, &) = 3o + S'f(t,.v,._,(t, 2, 1 dt
Ty

Furthermore, we can prove that {y.(x, 1)} converges uniformly and
the limit y(x) satisfies (5.1) and (5.2) on the domain |x — x,| < &,
|A— 24,1 £¢c. On the other hand, by our assumptinn, v,(x, 1) is
regular in the domain |4 — 4,| < ¢ as a function of 2; for y,(x, A) is
differentiable with respect to the complex variable 4, namely,

6}’1(’3, A) _— * af(t,J/o, 1) dt
a 02

%o
In the same manner, we can prove that y,(x, ), y:(x, 4), ---, are all
regular in the domain |4 — 4 | < ¢ as a function of A. Therefore,
being the uniform limit of regular functions, y(x, 4) is regular in
the domain |2 — 4,| < ¢ as a function of 4.

Variation equation. Since y(x,2) is regular as a function of i,
y(x, A) can be expanded in a power series in (A — 4,) as follows

(5.3) ¥x, D) = (X, &) + 35 (4 — Ao)zalx)

For sufficiently small |2 — 2, |, we have approximately
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y(xr 1) = y(xr lo) + (l - Ao)zl(x)

where z,(x) is given by

04

Substituting y(x, 2) for y in (5.1), and differentiating both sides with
respect to 4, we obtain, by setting 2 = 4,

( 0y(x, 2) )k .

dz, _ (0f(x,¥(x,2), A)
G4 - ( & )A_ .
- (0f(x, Y, /1)) + (Of (x, Y, 1))
- oY A Ay 04 A A
¥ yixAg ¥ oyAg

Thus, z,(x) satisfies a linear differential equation of the first order
with the coefficients depending on x, v(x, 4,) and 4,. The equation (5.4)
gives us the principal term (41— A4,)z(x) of the variation
yx, ) — ¥x, &) for sufficiently small |4 — 4 |. This is the reason
why Poincaré called this equation “I’équation aux variation.” By
(5.2) and (5.3), we obtain

34— A)au(xy) = 0

n 1
Hence the initial condition (5.2) yields the initial condition z,(x,) =0
for the variation equation (5.4). Solving the equation (5.4) under
this initial condition z,(x,) = 0, we obtain

(5.5) zi(x) = {S: q(t)exp (S‘ —p(r)dr) dt} exp (Siop(t) dt)

20
where
— aﬂxv Y: A\ _ 3f(x, Y, A)
) ‘( oY )m‘, ’ 4 '( o2 )w :

Y= y(x Ag) Y —yr.Ag)

Remark. The method of obtaining (5.5) is as follows. In

(5.6) dzldx = p(x)z + g(x)
put
5.7 z=wy, y(x) = exp (S‘ ) dt)
Then (5.6) becomes ’
dw _
Yar =19
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The solution of this equation is given by
q)
w(x) = dt + C
) gzo ¥(£)
Hence the general solution of (5.6) is given by

(5.8) 2x) = {S 4t exp (_S” pr) dr) dt + C} exp <§ A0 dt>
. . .

0

where C is the constant of integration.
Regularity of the gencral solution with respect to the initial condi-
tion. We consider again the equation

dv.

dx = flx,»)

If the function f(x, v) is regular in a domain of the complex (x, v)-
space given by
[x —x | < d', ly— vl <b

then the general solution y =: ¢(x, x,, ¥,) is regular as a function of
x, and y,. To prove this, set

J(—‘xu+§, _v:_Vo*'ﬂ

Then the equation considered becomes

1E = _/(xu i E ‘0+7?) F(Evﬂva, vo)

Considering x,, v, as parameters, we can also apply the preceding
discussion to the solution of this equation satisfying the initial
condition 7 == 0 at £ = 0.

6. Existence and uniqueness of the solution of
a system of differential equations
An nth order ordinary differential equation is generally written in
the form
dv d'v dry
—_— .—'—-——’ . —3 0
E (x, Y dx Tde " dxn )

We shall restrict ourselves to those cases for which the equation
can be solved for d"y/dx" and written in the form

v (e, dv ey
®.1) Ly = f(mn e )
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In order to solve the equation (6.1) under the initial conditions

d -t ..
6.2) ¥(xe) = o, 7';—(-7‘0) =y, T,,,’,’(x.,) =y

it is sufficient to solve the system of first-order differential equations

o
dx yl

6.3) e

%=f(x.y,yn "ty Yn)

with the initial conditions

(n -1)

6.4)  3(x) =0, Yilxo) =38, Pulx) =y, ¢, Ya-r(2) = yo

We may consider, more generally, the system of ordinary differential
equations

dzl

= =S a 2
dn _

(6.5) dx folx, 20,20, 02+, 2n)
dZn

K =f”(xyzlp22v "'vZﬂ)

with the initial conditions
(6.6) Zm(xo) = yém_” ’ m= lv 27 e, n

where v” = y,. For this problem we shall prove the following
THEOREM 6.1. Let

fl(xy 2y, ""Z”)rfl(x’ 4% "',Zn), "'yfﬂ(xazlv M) Zn)

be real-valued and continuous on a domain D of the real (x, 2,, - -+, za)-
space given by

67 lx—xl<a, lzm—y™"|<b, m=12,---,n
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Assume that the Lipschitz condition with respect to 2, 2;, -+, 25 is

satisfied in D, that is, there exists a positive constant K such that,
for every pair of points (x, {1, -+, {a), (X, 71, +-+, %) in D,

L, Con ey &) = il Ty o 70 | éKiﬂICm—vml

for every i =1,2, ---,n. Further let
h = min (a, b/M)
(6.8) M= su
= P If‘(x’zl""rzn)l
R

Then there exists one and only one set of solutions z,(x), z(x), : - -,
2,4(x) of (6.5) on the interval

(6.9 lx—xl=h

satisfying the initial conditions (6.6).
This theorem implies immediately the following

TueoreM 6.2. Assume that f(x, 2, 2;, ---, 2,) is real-valued and
continuous on the domain D and satisfies the Lipschitz condition on
D, that is, for every pair of points (x,:, «-+, &)y (X, 71, * -, 7a) Of
D,

G Cor s Cn) = F @ty o0 7w | gki__llcm—vm!

Then there exists one and only one solution y(x) of the equation
(6.1) satisfying the initial conditions (6.2) on the interval

Ix—x|=h
where 4 =min (a, /M) and M= Supc...,, .cpenlf(*, 21,2, ", 2a)l.
Proof of Theorem 6.1. The proof is entirely the same as in the

case of the first order equation in Part 1. The initial value problem
for (6.5) with (6.6) can be reduced to the system of integral equations

Zm(x) = yt(lm n + SI fm(ty zl(t)’ %y zn(t))dt (m = 1: 2; Tty n)
o

and solved by the method of successive approximations. In this
case, the successive approximate functions are defined by
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v‘;ﬂ 1) ) dt

£
zlll.l(x) = .vl;m v + S fm(tv Yo, .V(’n Tty
Z0

Zo(x) = 2"+ S Sulty 20,4(8), 22,4(8), =+ -, 2n,1(8)) dt
Zo

.............................

§

Zni(x) = ,Vom_” + S fm(t, 2 —(8), Zoaa(t), *+ 0, Znx-a(2))dE
Zo

Then, by virtue of the Lipschitz condition, we obtain

3 lzmil®) — Zme-(x)] = K

m -1

S’ S | zms(t) — Zmad) |

Io m -1

From this, we obtain, in the same manner as in Part 1, that, for
k>s,

n ko1 _ .
(6.10) Sl 2walx) — zmox) | S 0b Y (_letl X )
m 1 ics 1

on the interval (6.9), provided that z,..(x) = yi" V. This suffices to
prove the theorem.

Similarly, it is easy to prove the following theorems.

Tueorem 6.3. If fux,z,, -, 2.), -+, fulx, 21, - -, 2,) are complex-
valued functions of complex variables x, z,, -+, z,, regular in the
interior of the complex domain given by (6.7), then there exists one
and only one set of solutions z,(x), z:(x), : -, z,(x) of (6.5) in the
domain | x — x| < h satisfying the initial conditions (6.6). Further
2y(x), z2(x), -+ -, za(x) are all regular for |x — x| < h.

Tueorem 6.4. If f(x,2,---,2,) is a complex-valued function of
complex variables x,z,, --+, z, regular in the interior of the com-
plex domain given by (6.7), then there exists one and only one
solution y(x) of (6.1) satisfying the initial conditions (6.2) in the
domain |x — x| < k, where h = min (g, b/M) and M = SUD(x,s;. .epren-
|f(x, 2y, -+, 22)|. Further v(x) is regular in the domain |[x —x,| <.

We can also calculate the power series expansions of these solu-
tions by the method of undetermined coefficients as in Part 4.

It is not difficult to prove the following theorems, which are the
extensions of Picard’s remark mentioned in Part 4.

Tueorem 6.5. Let the hypothesis of Theorem 6.3 be satisfied. Let
C be a curve in the complex x-plane with x, as one of its end points.
Let z,(x), z:(x), - -+, 2a(x) satisfy (6.5) and be regular at any point on
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C except the point x,. If zu(x), m =1,2,---,n, tends to " " as x
tends to x, along C, then z,(x), m=1,2,---,n, is also regular at
the point x,.

THEOREM 6.6. Let the hypothesis of Theorem 6.4 be satisfied. Let
C be a curve as in Theorem 6.5. Let y(x) satisfy (6.1) and be
regular at any point on C except the point x,. If y(x), m =
0,1,2,---,72 — 1, tends to »™ where y“(x) = y(x), " = ¥, then
y(x) is also regular at the point x,.

THeoreM 6.7. Let the hypothesis of Theorem 6.2 be satisfied. Let
C be an interval with x, as one of its end points. If y(x) satisfies
(6.1) at any point on C except the point x,, and if

V(x) > Yo, ¥'(x) - > 95, -+, Y x) > 3"
as x — x, along C, then, in some neighbourhood of x,, y(x) coincides
with the unique continuous solution of (6.1) satisfying the initial
conditions (6.2).

Finally, we remark that the perturbation theory of ath order
differential equations or systems of differential equations containing
parameters can he discussed in the same manner as in Part 5.

§2. Linear differential equations of the nth order
7. Singular points for linear differential equations

A system of differential equations (6.5) is said to be linear when

S, 20,20, -+, 22), m=1,2,---, n, is of the form
n
(7.1) fm(x, 214,22, " zn) = E am,t(ﬂ')z: + bm(x)
* -1

We consider a linear system of first order equations
7.2) dznldx = 3 au (02 + balx)  (m=1,2, -, )
1
where the coefficients a,../(x), bu(x) are real-valued (or complex-valued)
functions on a real (or complex) domain D given by

(7.3) lx — x| =a

If all the coefficients an.(x), bu(x) are continuous on (or regular
on) D, then, for any initial values y,, ¥}, -+, yi"~", there exists one
and only one set of solutions z,(x), z,(x), ---, za(x) of (7.2) on D,

satisfying the initial conditions
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(7.4) Zn(x) ="V m=1,2,-, 7 %° = y)

Further, z,(x), z:(x), - - -, 2,(x) are continuous on (or regular in) D.

Proof. 1t is easily seen that the functions on the right side of
(7.2) satisfy the Lipschitz condition with respect to z,, 2, ---, 2s, in
a domain

(7.5) x—xmlSa, |lznl <0 (Mm=1,2,---,n)

Hence we may prove the existence and uniqueness of solutions by
the method of successive approximations as in Part 6. In Part 6,
we restrict the domain of successive approximation functions zm,(x)
to |x — x,] < h < a, for the reason that it can not be guaranteed
that the values of za.(x) always fall into the domain (6.7) of fi, f2,
Js, <+, fa. In the present case, however, such a restriction is no
more needed, as is easily seen from (7.5). Hence, we can apply the
method of successive approximations on the whole domain D, and
obtain the result mentioned above, q.e.d.

REMARK 1. If fu(x, 2z, -, 2za) is not linear, but a polynomial in
21,2, ",2s, then the procedure mentioned above is not always
available; for the Lipschitz condition would not hold in the whole
domain (7.5). For example, consider the equation

dz/dx = 2%, z0)=1

The solution is given by z(x)=1/1 —x). Obviously z(x) has a
singularity at the point x = 1, while the coefficients of the equation
have no singularity at this point.

Remark 2. Some of the solutions of a linear differential equation
are continuous at the singular point of the coefficients. For example,
consider the function y = 2x. Obviously, y satisfies the equation

dy _ 1,
dx x

and is continuous (regular) at the point x = 0, while the coefficient

1/x has a discontinuity (a simple pole) at this point.

RemaARk 3. Let y(x) be the solution of the initial value problem
for the nth order linear differential equation

S dy
(7.6) o %at(x) 7. T @)
with initial conditions

(n~1)

1.7 Y(#o) = Yo, ¥'(xa) = yb, -+, " x0) = 3§
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If the coefficients a,(x) and &(x) are continuous on (or regular on) the
domain (7.3), then, y(x), together with its derivatives y'(x), y'/(x),
-+, ¥1)(x), is continuous on (or regular in) the domain (7.3). This
is easily derived from the above result, by reducing (7.6) to a linear
system as (6.3).

Remark 4. If at least one of the coefficients of (7.2) has a dis-
continuity (or singularity) at a point x, then the point x is called a
singular point for the system (7.2).

According to the result mentioned above, the solutions of a linear
differential equation or a linear system have no discontinuity (or
singularity) at any point except at the singular points for the equa-
tion or the system.

8. Fundamental system of solutions
A linear ordinary differential equation of the »nth order

8.1)  po(X) Y™ + PR YD + oo+ Puy(X) Y + Pa(x)y = q(x)

is called homogeneous when g(x) = 0, and inhomogeneous when q(x) # 0.
We assume that the coefficients po(x), p,(x), - - -, pu(x) and g(x) are all
continuous on a domain D and further that pi(x) +# 0 on D. On the
domain D, we may divide the both sides of (8.1) by p.(x). Therefore,
we may consider the equation (8.1) to be written in the form

8.2 YO 4+ p () y D 4 oo 4 P (X)) Y+ Pa(x)y = q(x)

In the following, we shall be concerned with the equation (8.2)
under the assumption that the coefficients are all continuous in D.
The result in Part 7 implies at once the following

TreoreM 8.1. For any point x, in D and for any arbitrary set of

»n numbers 7, 7', - -+, 1, there exists one and only one solution
y(x) of the equation (8.2) in D satisfying the initial conditions
8.3) Y(xo) = 9, ¥'(x0) = 9', -+, Y1 Nx0) = p¢*-1

Further, the solution y(x), together with its derivatives y'(x), y'/(x),
<+« y")(x), is continuous in D.
CoroLLARY. If a solution y(x) of the homogeneous equation

(8.4) YO + pi() Yy v+ Paa(2)Y + Pa(x)y =0
satisfies
(8.5 Y(xe) = Y'(xg) = + - =y %) =0

at a point x, in D, then y(x) is identically zero.
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Proof. The function which is identically zero certainly satisfies
(8.4) and (8.5). Therefore, according to the uniqueness of the solu-
tion, y(x) must be identically zero.

Tueorem 8.2. Let y,,:, -+, ¥n be solutions of the homogeneous
equation (8.4). Then any linear combination

m
8.6) y=3,Cw:
t-1
of these solutions, with arbitrary coefficients C,, C;, ---, Cn, is also

a solution of (8.4). This fact is called the principle of superposition.
Proof. The proof follows immediately from the fact that

y® =S oy
=1

for k=1,2,.--,m, q.ed.

Let y:,%:, ---, ¥ya+1 be an arbitrary set of » + 1 solutions of (8.4).
Then there exist # + 1 numbers C,, C;, ---, Cr+1, not all zero, such
that

’:ﬁf Cuyi(x) =0
=1

To prove this, put y{’(x;) = %" (" = 7)) and consider the system

of »n linear equations, in # + 1 unknowns C,, C;, -+, Cp41,
®8.7 SCa? =0, j=01,2--,n—-1
i=1

Since the number » of the equations is less than that of unknowns,
there exists a set of » + 1 numbers C,, C;, ---, Cs+1, not all zero,
which satisfies (8.7). Put
! nil
yx) = ;2: Ciyix)

Then y(x) satisfies both (8.4) and (8.5). Therefore, from the corol-
lary of Theorem 8.1, it follows that

n+1
yx) = ‘2‘. Ciyx)=0
1
If there exist m numbers C,, C;, ---, Cn, not all zero, such that

(8.8) i Ciyix) =0
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in D, then these m functions y,(x), y:(x), - - -, ym(x), defined in D, are
said to be linearly dependent. The m functions, which are not
linearly dependent, are said to be linearly independent.

Theorem 8.3. If m > n, m solutions of (8.4) are linearly depen-
dent.

Proof. Let y:,%:, -+, ¥n be a set of m solutions of (8.4). As is

shown above, for » + 1 solutions ¥,, ¥z, *--, ¥n+1, there exist n +1
numbers C,, C;, -+, Cps1, not all zero, such that 374 Ciy(x) = 0.
Therefore, setting Cpex =0, for £=2,3,:---,m — n, we have

;’": Cuydx) = z Ciyx) =0
=1 2l

This means that yi, yz, ---, yn are linearly dependent.
Tueorem 8.4. There exist z linearly independent solutions of (8.4).
Proof. Let yi(x), yi(x), -+ -, ya(x) be the solutions of (8.4) satisfying
the initial conditions,

Y(x) =1, yi(x0) =0, -+, 3" V(xs) =0
8.9) Ye(xa) = 0, yi(xo) =1, - -+, 3" V(xe) = 0

....................

In(xe) = 0, ya(xe) = 0, - -+, yi P(xo) = 1

respectively. Then these solutions are linearly independent. To
prove this, let C,, C;, ---, C, be an arbitrary set of » numbers, not
all zero, say Ci+: # 0, and let

yx) = [Z Cuyi(x)
=1
Then y(x) is also a solution of (8.4) and satisfies
YO (x0) = 3% CiyP(xe) = Crrs YE(%0) = Craa # 0
Y

Hence y(x) = 37 Ciy,(x) is not identically zero, that is, the solutions
(%), y2(x), ++, yu(x) are linearly independent.

Definition. A set of n solutions of (8.4) which are linearly in-
dependent is called a fundamental system of the solutions of (8.4).

For example, the solutions y,(x), y,(x), ---, yu(x), defined above,
form a fundamental system. Clearly, there are infinity of funda-
mental systems.

THeoreMm 8.5. Let y,(x), y2(x), -- -, y.(x) be a fundamental system
of the solutions of (8.4). Then every solution y(x) can be written
uniquely as the linear combination
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(8.10) y(x) = ‘Z Ciyx)
=1

of yi(x), y:(%), - - -, ya(x).

Proof. Let y(x) be a solution of (8.4). Then, by Theorem 8.3,
Y(x), 3:1(x), ¥:(x), « + -, yo(x) are linearly dependent, that is, there exist
n + 1 numbers 7,, 72, **+, Ta+1, Dot all zero, such that

T1y(x) = é‘_‘{ Ti+1 Yi(X)

Since yi(x), y2(x), - - -, ya(x) are linearly independent, obviously 7, # 0.
Setting C; = i1, we obtain (8.10).

To prove the uniqueness of the coefficients C,,C;, -+, C,, let
y(x) be written in the form

¥x) = ‘2‘{ By(x)
Then we obtain

é (Ci— B)yx)=0

Since y,(x), y:(x), - -+, ¥a(x) are linearly independent, we must have
C,=B,foreveryi=1,2,---,n.

Relations between the solutions and the coefficients. Let y,(x),
(%), - -+, ya(x) be a fundamental system of the solutions of (8.4). If
every solution y(x) satisfies another equation

(8.11) Y™ 4+ r(x)y®D 4 oo+ 2 ()Y + 1)y =0

with continuous coef_’ﬁcients r(x), i=1,2,---,n, in the domain D,
then we have

(8.12) rnx)=px), (E=1,2---,m)

Similarly as in the case of algebraic equations, this fact may be
stated as follows.

THeorem 8.6. The coefficients of a linear differential equation of
the nth order are determined uniquely by an arbitrary chosen
fundamental system of the solutions, provided that the coefficient
of y™ is identically one.

Proof. 1t is sufficient to prove (8.12). Suppose that (8.12) is not
true, namely, there exists an 7 = 1 such that
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r(x) = p(x) , 7:(x) = po(x), - --
ria(x) = pioa(x), (%) #E pulx)
Then y,(x), y:(x), - -+, ¥a(x) satisfies the equation
(8.13) {rix) — pu(x)}y®D + -+ + {ralx) — pa(x)}y =0

which is the difference of (8.4) and (8.11); for y,(x), yu(x), - - -, ¥u(%x)
satisfies both (8.4) and (8.11). The equation (8.13) is of order <n=.
Hence, by Theorem 8.3, n solutions y,(x), y:(x), : + -, yo(x) must be
linearly dependent in the open domain 7(x) # p(x). Thus, by the
Corollary of Theorem 8.1, this linear dependence holds in the whole
domain D.

9. Wronskian. Liouville’s formula

We shall enter into the details of the relations between the solu-
tions and the coefficients mentioned in Part 8. We denote by
W(y,¥:, ¥z, -+, ¥n) the determinant

Yy M Y2 M Yn
y oy oy -
yn y{/ yil . yl.’
y(,,) yin) y;m - y’('n)

which is called the Wronskian of the » + 1 functions y, ¥, ¥z, ",
y». We consider the linear differential equation

9.1) o W), ya(x), -, n(x)) = 0

where y is unknown and y,(x), y:(x), ---, y»(x) is a fundamental
system of the solutions of (8.4). Since

W (yix), 3:1(x), yo(x), -+ -, y(x)) =0  (=1,2,---, 1)

every yx) satisfies the equation (9.1). Furthermore, as will be
shown shortly, the coefficient

9.2) (=1 W(31(x), y2(x), - - -, yu(x))

of y™ in (9.1) does not vanish at any point in the domain D. There-
fore, by Theorem 8.6, we obtain the following identity

9.3) YW 4+ p(x) YD 4 e+ Py ()Y + Da(x)y

= (DWW, yi(x), 33(%), - - -, Yul(x))
W(yi(x), y2(x), « - -\ Yalx))
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This gives the relations between the solutions and the coefficients.
Now we shall prove that (9.2) does not vanish at any point in D.
Suppose that there exists a point x, in D for which

(9.4) W(pi(x0), y2(x0), -+ +, Yulx0)) = 0

Then the system of linear equations with the coefficients y{”(x,)
Ciyi(x) + Coyalxg) + -+« + Cuyalx) =0
Ciyi(xe) + Coyilxo) + -+ + Coayn(x0) =0
Coy" V(xo) + Coyi® Y(xo) + -+ + Cuyva P(x) =0

has solutions C,, C,, ---, Cu, not all zero. The linear combination

¥x1) = 3 Coyilx)
¢ 1

of vi(x) with these coefficients C; obviously satisfies the equation (8.4)
and the initial conditions (8.5) at the point x, in D. Therefore, the
corollary of Theorem 8.1 implies that

y(x) = 2"; Ciyvilx)=0
il

This contradicts the fact that y,(x), v.(x), ---, ¥.(x) are linearly in-
dependent. Therefore, the Wronskian of linearly independent solu-
tions yi(x), yu(x), - -+, ¥.(x) does not vanish at any point in D.

Next we shall consider the Wronskian W(y,(x), y:(x), - - -, ¥a(x)) of
n solutions y,(x), y«(x), -+ -, ¥a(x) of (8.4) where y,(x), yx(x), -+ -, ¥a(x)
are not necessarily linearly independent. Differentiating W (y.(x),
ya(x), -+, yu(x)) with respect to x, we obtain

AW (3,(x), ¥o(x), - - -, ¥u(x))
dx

9.5)

yl(x); .Vz(x)» Tty yn(x)
yilx), yi(x), crey Yax)

y:n -2)(x), yén—m(x)' . y;:l—-?)(x)
nx), oy, e, @)

Since y,(x) satisfies the equation (8.4),

A = =5 p v ) — pal) 3.(x)
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Substituting this in the above determinant, we obtain

9.6) dW(yi(x), y:g), -+, Yn(X))

= —pi(x) W(31(x), ya(x), -+, ya(x))

Accordingly, W(yi(x), y:(%), + -+, ya(x)) transpose is a solution of the
linear homogeneous equation (9.6) with coefficients continuous in D.
Therefore, if W(y.(x), y2(x), - - -, ya(x)) vanishes at a point in D, then,
by the corollary of Theorem 8.1, W(y.(x), y:(x), -« -, ya(x)) is identically
zero in the whole domain D. This proves the following theorem.

Tueorem 9.1. Either the Wronskian of # solutions of (8.4) is
identically zero or it never vanishes at any point in D.

By integration of the equation (9.6), we obtain

9.7 W(yi(x), yux), - -+, ¥alx))
= W(31(x0), yo(x0), * -+, Ya(%0)) €XP (—Szpl(t)dt), x€D

which is called Liouville’s formula. From (8.8), it follows immediate-
ly that, if » solusions ¥i(x), yx), ---, ya(x) of (8.4) are linearly
dependent, then the Wronskian W (y,(x), y:(x), - - -, ¥a(x)) is identically
zero on D. Thus we obtain the following

THEOREM 9.2. Let y,(x), y:(x), - -+, ¥o(x) be n solutions of the equa-
tion (8.4). Then these solutions are linearly independent if and only
if the Wronskian W(y.(x), v2(x), - -+, ¥u(x)) does not vanish at any

point in D. Further, these solutions are linearly dependent if and
only if their Wronskian is identically zero in D.

10. Lagrange’'s method of variation of constants and
D’ Alembert’s method of reduction of order

We shall be concerned with the inhomogeneous linear differential
equation (8.2). Let y,(x), y:(x) be solutions of (8.2). Then, clearly,
y(x) = yi(x) — ¥2(x) is a solution of the associated homogeneous
equation (8.4). This proves the following theorem.

Tuaeorem 10.1. The general solution of (8.2) is written as the sum
of a particular solution of (8.2) and the general solution of (8.4).

However, if we know a fundamental system of the solutions of
(8.4), then we can obtain a particular solution of (8.2) by the method
of variation of constants which is due to Lagrange. Accordingly, in
order to solve linear differential equations, it is sufficient to solve
the associated homogeneous equations.
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The method of variation of constants. Let y,,y:,--:,y» be a
fundamental system of the solutions of (8.4). Then the general
solution of (8.4) is written in the form

10.1) y(x) = ; Coalx)

Now we regard these constants C; as functions of x, and try to
determine them in such a way that

y(x) = ; Cu(x) yi(x)

satisfies (8.2). As was shown by Lagrange, if Ci(x), Ci(x), -+, Ca(x)
satisfy the system of linear equations
Y(xX)Ci(x) + 3:(x)Cix) + + -+ + ya(x)Ca(x) =0
Y@Cix) + yi(x)Ci(x) + - -+ + ya(x)Ca(x) = 0
(10.2)  eeeseeeeeeeeriiiieiiaeaaa
PP @)CUR) + it P@CKE) + o Y ) =0
Y@K + 3T @CHE) + - + v TV Colx) = glx)
then >} Ci(x)y.(x) satisfies (8.2).

In fact, if there exist Ci(x), Cu(x), - - -, Ca(x) satisfying (10.2), then,
by differentiation and by making use of (10.2), we obtain successively

y(x) = 15'__',‘1 Ci(x) yi(x)

y(x) = ; Cx)yi(x)

................

1) = g Clx)y™ ™ (x)
y(x) = z Ci®) 9™ (%) + qx)

Since y,(x) satisfies (8.4), y(x) is certainly a solution of (8.2).

Now we consider the system (10.2). According to Theorem 9.2,
the Wronskian W(y.(x), y:(x), -+ +, ¥a(x)) of the fundamental system
{y:(x)} never vanishes at any point in the domain D, in which the
coefficients p,(x), pe(x), -+ +, Pa(x) of (8.4) are continuous. Therefore,
there exists one and only one set of solutions Ci(x), Ci(x), - - -, Cn(x)
of (10.2), which is written as
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(10.3) dCi(x)/dx = q(x) Wi(x)] W(y:(x), y2(x), - - -, ¥u(%))
=Zx), (=12 ---,m)

where Wi(x) is the cofactor of y{" "(x) in W(3(x), yo(%), -« -, ya(%)).
Integrating (10.3), we obtain

(10.4) Cix) = S ZWdt +C,  (=1,2-,m
%o

where C, is a constant of integration. Consequently, a particular

solution of the equation (8.2) is

(S Z(tydt + é,) yi(x)

(10.5) yx) =3

i
The method of reduction of order. 1If a particular solution y,(x),

not identically zero, of the nth order linear differential equation (8.4)
is known, then, by setting

-1

Yy =nz
(8.4) can be reduced to a linear differential equation of the (z — 1)st
order with respect to dz/dx. This procedure is called the method
of reduction of order and is due to D’Alembert.
In fact, Leibnitz’s formula yields
YO = 92 4 pylze-O oL 4 yPz (p=1,2, -, m)

Substituting these in (8.4), we see that the coefficient of 2™ is y,,
and that of z is zero. Thus (8.4) becomes an equation of the (z—1)st
order with respect to 2/,

(10.6) Y12 + gi(2)2 D + go(x)2 D + .. + guoy(x)2' =0

In particular, when n = 2, the reduced equation (10.6) can be solved,
as was shown by the remark in Part 5. Hence, by virtue of this
method, we obtain the general solution

10.7) ¥(x) =yl(x>§’yl<t>-= exp (—S'm(r)dr) at

y:(x) being a particular solution of (8.4) with #» =2. This method
is useful in the practical treatment of the linear differential equa-
tions as well as in theoretical studies.

11. Linear differential equations with constant coefficients

We consider a homogeneous linear differential equation with
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constant coefficients

(11.1) Y™ 4 g yn-D 4 ol g Y +a,y=0
For a suitably chosen r, the exponential function
(11.2) y(x) = exp (rx)

satisfies (11.1). To prove this, differentiate (11.2) » times with
respect to x. Substituting

y =rexp(rx), y'’ =rtexp(rx),---, y™ =rrexp(rx)
in (11.1), we obtain
(11.3) exp(x)f(r) =0
where
fn=r+art+. - +a.r+a
Accordingly, if » is a root of the equation
(11.4) fin=0

which is called the characteristic equation for (11.1), then the func-
tion (11.2) satisfies (11.1).

In the case when the characteristic equation (11.4) has » distinct
roots 7,7, --+, ¥, a fundamental system of the solutions of (11.1)
is given by

(11.5) et = exp (rix) , i=1,2,--,m

In general, the characteristic equation (11.4) has m distinct roots
71,7, -+, ¥m With multiplicity s, #2, -+, #n, such that

(11.6) lsm=n, Swm=n
i=1

and .
1.7y  fr) =0, flg)=0,+-+, fWVr)=0 (=1,2,---,m)
In this case, a fundamental system of the solutions of (11.1) is
given by

ens, xenz, « .., xm—lgriz

e, xeTF, - - ., xH2lgra®
awy

em®, xerm*, .« . xPm-lg'mz

Proof. We shall first prove that each function in (11.8) satisfies
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the equation (11.1). To prove this, differentiate with respect to r
the identity

(€)™ + @)WV + -+ + guers = e ()
Then we have
(xem)™ + a\(xem) =D + -+ + ay(xe™) = em(f'(r) + xf(r)
Repeating differentiation, we obtain successively
(xzer.r)(n) + al(xter.r)(n—l) + o0 + a,,(x”e")
= e™(f""(r) + 2xf'(r) + x*f(1))
(xkert)(n) + al(xker:)(n—l) + P + an(xl'ert)
= e (fONr) + kxf*(r) + 3k — 1)x2fF=2X(r) 4 -+« + x*f(r))
Then from (11.7) 1t follows immediately that each function in (11.8)
satisfies (11.1).

Next we shall prove that the functions in (11.8) form a funda-
mental system. Suppose that the functions in (11.8) are linearly
dependent. Since a linear combination of these functions with
coefficients C,, C;, ---, C, is written in the form

Pyx)en® + Py(x)es + -« + P,(x)em”
where
Py(x) = Bix*t + --- = polynomial of degree v, < u, — 1

we may assume without loss of generality that Py(x) is not identically
zero and .
(11.9) Pix) + Py(x)elrerds + oo 4 Pu(x)efrm—mz = ()
Differentiating this with respect to x, we obtain

Pi(x) + [Py(x) + (r: — r)Py(x)] el iz 4 ... =0

Here Pi(x) is a polynomial of degree v, — 1, and [Pi(x) + (r; — r)Py(x)]
is of degree v, and not identically zero whenever Py(x) is not
identically zero. Accordingly, repeating differentiation v, times, we
obtain finally

(11.10) Q:(x)etrrmdE + .ot 4+ Q(x)elrm-Te = (0

where Q,(x) is a polynomial of degree v, whenever Pi(x) is so. On the
other hand, by the assumption, at least one of Pix), i =2,3,---,m
is not identically zero, for, if otherwise, P,(x) must be identically
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zero, which contradicts the assumption. Therefore, we see that at
least one of Q(x), i =2,3, ---,m is not identically zero. Repeating
the same argument, we finally obtain that there exists a polynomial
V(x) such that

Vix)er=0, Vix) %0

This is a contradiction. Hence the linear independence of the
functions in (11.8) is proved. Since the equation (11.1) is of order »
and the number of the functions in (11.8) is also #, the system
(11.8) is a fundamental system, q.e.d.

ReMARk 1. We consider the case when the coefficients @, a;, -, a»
of (11.1) are all real. In this case, if the characteristic equation
(11.4) has a complex root

n=a+if (GF=v-1)
then its conjugate
Y = a — IB

is also a root of (11.4) with the same multiplicity #. The corre-
sponding solution to these roots r,, 7, is written in the form

(11.11) Py(x)en* + Py(x)ems*

where P,(x), Py(x) are polynomials of degree u — 1. Put
Ry(x) = P(x) + Py(x), Ru(x) = i{Pi(x) — Pox)}

Then (11.11) becomes

(11.12) e**{R,(x) cos Bx + Ry(x) sin Bx}

Accordingly, if we are concerned only with real solutions, we may
take R,(x), R:(x) in (11.12) as polynomials with real coefficients.

ReEMARk 2. We can obtain a particular solution of the inhomo-
geneous equation

(11.13) Y 4 g,y 4 oot g Y+ aay = b(x)

from a fundamental system of the homogeneous equation (11.1) by
the method of variation of constants. However, if b(x) is of the
form

(11.14) b(x) = e**(box? + byx? ' + «++ + by_1x + by)

we can find it directly as follows. Namely, we can prove the
following: (i) if % is not a root of the characteristic equation (11.4),
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then there exists a particular solution of (11.13) which is of the
form

y = ¢** (polynomial of degree p)

(ii) if % is a root of (11.4) with multiplicity s, then there exists a
particular solution of (11.13) which is of the form

y = k= (polynomial of degree (p + 1))
Proof. Suppose that a function y of the form
y = ez
satisfies the equation (11.13). The derivatives of y are given by
v = et (kz + 2')
Y = ek(kz + 2kz' + 2'')

..................

ym = ek(knz + nkr'2' + .-+ +2™)
Hence, substituting these in (11.13), we obtain

! (n)
L) fkz+L l(f)zf + L ’z’gk’zu . +£_n!(_k)_zo.>

= b(x)e_ktv f(k) =k» + alkﬂ"l + -+ an—lk + an

which is a sufficient condition that the function y satisfies (11.13).
In case (i), it is easily seen that a function z of the form

z2=DByx?+ Bix?' + -+ + Bpux + By

satisfies (11.15). In fact, since f(k) #0, we can determine the
coefficients B, successively as follows:

SiYBy=bo, flR)B,+pf'(W)By=by, -+
In case (ii) we have
SfiR)y=0, f'(k)=0, f""(R)=0, -+, f®¥)k) =0, f®)(k) +0
Hence (11.15) becomes

(), Cu+1), (n)(p
(11.16) f :‘!(k) 2() 4+ {/:+ ;’)3') PACS 2D I SRR .-[T!(_)_z(n) = b(x) e **

Since f®)(k) # 0, setting
2 = Byx? + Bix?t + .- + Bp—lx + B,

we can determine the coefficients B, by (11.16) as follows
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(
et

L98)
!

flur(E) :
(/e + 1) By = b

ExampLE 1. y// —y = e?F

The associated characteristic equation has two roots 1 and —1.
Hence the equation possesses a solution of the form Ce?s. To deter-
mine the constant C, substitute Ce?” for y in the equation. Then
we obtain C = 4. Therefore, the general solution is given by

y = C‘xe‘ + Cge_z + *e"
ExampLE 2. y'' +y =sin2x

The associated characteristic equation is 72 + r = 0, and has two
roots +i. To apply the above method, consider inhomogeneous
equations

17 _ __l_ 20s 1 — :l —20r
»n +m % e, yi'+ 5 ¢

Let y, and y, be particular solutions of the above equations respec-
tively. Then, because of

. 1 1 .
sin 2x = —— e — —— ¢
2 2

¥ + ¥. is a solution of the original equations. On the other hand,
both 2i are not roots of the characteristic equation. Hence we
seek for the particular solutions

V= Cczu , vy = Ee?r

of the above equations and obtaining, respectively, C=—E=-1/6i.
Thus the original equation possesses a particular solution —#% sin 2x.
Therefore the general solution is given by

vy=~Csinx 4+ Cycosx — ¥sin2x

Exercise 1. Solve the equations in Examples 1 and 2 by the
method of variation of constants.
Exercise 2. An equation of the form

(11.17)  x"yW) 4 gty 4o g xt 2y 4 oot 4 g,y =0
is called the Euler differential equation. Show that by the trans-
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formation

(11.18) x=expt
the equation (11.17) is transformed into a linear homogeneous dif-
ferential equation with constant coefficients.

§3. Second order differential equations of the Fuchs type

The theory of functions enables us to study complex solutions of
differential equations. In this paragraph, the second order equa-
tions of Fuchs type will be dealt with. Our main concern is Fuchs’
theorem. This theorem enables us to undertake a unified treatment
of various kinds of equations, namely, Gauss equations, Legendre
equations and Bessel equations, which are important in practice. In
Part 13-15, we shall be concerned with these equations, which will
be needed in Chapter 5.

12. Regular singular points. Fuchs’ theorem
We consider a second order differential equation
a2.1) Y+ 5y + px)y =0

where pi(x) and p.(x) are complex-valued functions with an isolated
singularity at a point x,, but single-valued analytic in a complex
domain K:

12.2) 0<|x—=xl<d, a >0

Let x be a point in K. Then, for any initial conditions at this
point x, there exists a solution y(x) of this initial value problem for
the equation (12.1). Consider a curve connecting x and x, in the domain
K. Then, as was shown in Part 7, the analytic continuation of y(x)
along the curve is possible up to and except for the point x,. We
denote again by y(x) the solution obtained by such an analytic con-
tinuation. When, for any solution v(x), there exists a positive
number p such that

(12.3) limay, (¥ — x0)?y(x) = 0

the point x, is called a regular singular point for the equation (12.1).
Our subject is to prove the following

Tueorem 12.1. (Fuchs) In order that x, is a regular singular
point, it is necessary and sufficient that p,(x) has at most a pole of
order 1 and p,(x) at most a pole of order 2 at the point x,.

As was shown in Part 7, we can perform the analytic continuation
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of y(x) along any curve in the domain K and obtain an analytic
function, which is, in general, not single-valued in the domain K.
We shall prove first that there exists a solution y(x) of the equation
(12.1) which is of the form

(12.4) y(x) = (x — xo) 1 9(x)

¢(x) being a single-valued analytic function in the domain K. To
prove this, let y,(x), y.(x) be a fundamental system of the solutions
in a neighbourhood of the point x. Let C be a closed curve in K
starting from the point x and winding around the point x, once in
positive sense. By analytic continuations of y,(x) and y.(x) along this
curve C and returning to the point x, we obtain Y,(x) and Y(x),
respectively. Yi(x) and Y:(x) may differ from y,(x) and y.(x)
respectively. However, since p,(x) and py(x) are single-valued
analytic so that they do not change their values by the analytic
continuation, Y,(x) and Y.(x) still satisfy the equation (12.1) in a
neighbourhood of x. Hence Y,(x) and Y:(x) must be expressible as
linear combinations of y,(x) and y,(x):

(12.5) Yl(x) = ayl(x) + By2(x)
Ya(x) = r3u(x) + 3y:(x)

Accordingly, a solution of the form
cyi(x) + dyx(x)

where ¢, d are arbitrary constants—every solution in a neighbour-
hood of x is written in such a form—changes its value to

c Yi(x) + d Yi(x) = clay(x) + By:(x)} + d(r y:(x) + 83:(x))
= (ca + dr) y:(x) + (cB + db)yx(x)
by the analytic continuation along the curve C. If ¢, d satisfy

(12.6) ca +dr =Ac, cB+dd=21d
for some constant 4, then the solution
12.7) ¥(x) = cy:(x) + dyx(x)

changes its value to Ay(x) by the analytic continuation along the
curve C. Such a factor 4 must be an eigenvalue of the matrix

(5 3]

In other words, 4 must be a root of the equation
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a— 2
(12.8) | 8 5 — ll =0

Since y,(x) and y.(x) are linearly independent, Y,(x) and Y,(x) are
also linearly independent. For if otherwise, the analytic continua-
tion of Y,(¥) and Y.(x) along the curve C in negative sense would
yield the linear dependence of y,(x) and y.(x). Hence ad — Br # 0.
This implies that the equation (12.8) possesses a non-zero root 4. For
this 4 there exists certainly a set of solutions ¢, d of (12.6) such
that |c| + |d| # 0. Take such ¢, d and consider the solution y(x) =
cvi(x) + dyu(x) 0. Let

(12.9) exp@ry/—1n) =14

(Such 7, does exist since 4 is not zero.) By the analytic continua-
tion of (x—x,)"1= exp (r, log (x—x,)) along the curve C and returning
to the point x, we obtain A(x — x,)". Hence

(12.10) (x — x0) "1 y(x) = @(x)

does not change its value by this analytic continuation. This means
that ¢(x) is single-valued analytic in the domain K.

Proof of Theorem 12.1. Necessity. The equation (12.1) possesses
a solution y,(x) of the form

Y1(x) = (x — Xx0)™1 @o(x)

as was shown above. Since x, is a regular singular point for (12.1),
@o(x) has at most a pole at the point x,; for if otherwise, the Laurent
expansion of g¢(x) at x, actually contains infinitely many powers of
(x — x0)* and hence (12.3) would not hold. Thus y,(x) may be
written as

(12.11) 11(x) = (x — x0)" o(x)

where ¢(x) is single-valued analytic in the domain |x — x,]| < @ and
¢x,) #0. To find another solution, linearly independent of y,, by
the method of reduction of order, set

¥a(x) = yl(x)rw(t) at
Then w(x) satisfies the equation

(12.12) dv +{ow + Zyl‘(("))}w
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By analytic continuation of w(x) along the curve C starting from
the point x, we obtain W(x), when we return to the point x.

Since p,(x) and yi(x)/y.(x) are single-valued analytic in the domain
K so that they do not change their values by this continuation,
W(x) is also a solution of the equation (12.12) in a neighbourhood
of x. Hence there exists a constant 5 + 0 such that

Wi(x) = pw(x)
Therefore w(x) can be expressed as

w(x) = (x — x) pi(x), exp@rV(=1)s) =17

where ¢,(x) is a single-valued analytic function in the domain K.
Thus ¥,(x) can be expressed as

(12.13) Va(x) = yi(x)Mhlog (x - x0) + (x — x,)¥ P(x)}

where % is a constant, J(x) is a single-valued analytic function in
the domain K. Further, by virtue of (12.3), ¢(x) has at most a pole
at the point x,. The logarithmic term hlog(x — x,) appeares in
(12.13) only when the Laurent expansion of ¢,(x) at the point x,
contains the term (x — x,)~*"1.

Since y,(x) and y,(x) are linearly independent solutions of (12.1),
pi(x) is expressed as

V() yao(x) — 35'(x%) y1(x)
Yix) y3x) — y2(x) yi(x)

o o (242

18 - e 2 CE0)

Di(x) =

Il

as was shown in Part 9. Hence, by virtue of (12.11) and (12.13),
P(x) has at most a pole of order 1 at the point x,. Since p.(x) is
given by

yl '(x) M)
x
Do(x) = ®) — px)—=—= V(%)
the above result, together with (12.11), implies that p,(x) has at most
a pole of order 2 at the point x,.
Sufficiency. According to the assumption, the equation (12.1) can
be written as

(12.14) x =22y + (x —x) Px)y' + Qx)y =0
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where P(x) and @Q(x) are single-valued analytic in the domain
|x — x| < a'. Let the Taylor expansions of P(x) and Q(x) be

(12.15) P(x) = po + pi(x — x0) + palx — xo) + «+ -
Q(x) = qo + ql(x - xo) —+ qz(x p— xo)2 + e

respectively. Let a function y(x) of the form

(12.16) ¥ = (x — xo)’{l + 32 aulx — o }

n 1

satisfy the equation (12.14). Substituting (12.16) in (12.14), we obtain

(x — x0)" {r(r— 1) 4 i ar+n)r+mn--1x - xo)”}
n 1

+ (x — xo)’P(x){r + )i a(r 4 1) (x — x0)* }»

n 1
+ (x — xo)rQ(X) {1 + 5—: an(x — 2" } =0
n 1

Then, substituting (12.15) in this relation, we obtain, by a com-
parison of coefficients, the following relations:

P+ Po—Dr+q=0
a{(r+12+ o — D+ 1)+ g} +7p + =0
a{(” + 2+ (po — D(r + 2) + qu}
+a{r+Dp +aq}y+7rp+q.=0
(12.17)  eeereiiiiiiiii e
@ {(? 4 03 + (b — )(r + n) + qu}

n 1
+ 3 G-+ — )P+ gu} + 1P+ =0
m-1

...........................

Hence » must satisfy the equation
(12.18) Frny=r+pe—1r+q =0

This equation is called the indicial equation for (12.14) at the point
x,. Let r, and . be two roots of the indicial equation (12.18) and
let

(12.19) s=r, — 1, real part of s =20
Then, by making use of F(r,) =0 and (p, — 1) + 2r, = s, we obtain
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Fri+n)=mn+n:+@— 1@+ 0+ q
=F(n)+2nr,+n2+ (po— L)n
=nt+n{(po—1)+2n}=n(s +n)

namely,
(12.20) Firi+n)=n(s+n)
Because of (12.19), F(r, + n) + 0 for any #n=1,2,3, ---. Hence, by

setting 7 = r,, the coefficients a, are determined successively by the
relations (12.17). If the resulting power series

(12.21) S, aalx — o)

has a positive radius of convergence, then the equation (12.14), and
hence (12.1), possess a genuine solution y,(x) of the form

(12.16") y(x) = (x — xo)'l{l + f; an(x — xo)"’l

n =1

Moreover, the series (12.16’) converges in the whole domain K. For,
as was shown in Part 7, the solution y,(x) has no singular points
except for the point x,, since P(x) and Q(x) are single-valued analytic
in the domain |x — x| < a'.

We shall prove that the radius of convergence of (12.21) is positive.
Since the two series in (12.15) converge in the domain |x — x| < a,
for any a < a/, there exists a positive number M such that

(12.22) [pal <Ma?, |guol<Ma® (=0,12-.-)
Hence we may assume without loss of generality that
(12.23) |npat+gul EMa™, M>1 n=012,:.--)
Since |s + 1| =1 by (12.19), (12.20) yields

la, | = |(ripr + @)IF(ri + 1)| = Mla(ls + 11) = Mla
In general, we can prove by induction that
(12.24) las| £ Mra™ (=12,3,::-)

In fact, suppose that (12.24) holds for n=1,2,3,---,m — 1. Then,
by making use of the fact that M > 1 and |1 + sm~!| = 1, we obtain
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m—1
l@m| = |F(ry + m)|™ l San-{(ri +m —p+ @} + 7 Pm + gn
t 1

§(m|s+m|)"{1:}i‘:lam-fl 7P+ gl + 171w + g |
+ 5 0n = Blanel 151}
= (m?|1 4+ sm? I)—‘{mM'"a""+ M™a "'?:Z__:(m - t)}
s mot(m + 2D Ypm g
m+1

______Mma~—m < Mma—m
2m

Therefore, (12.24) holds for every n =1,2,3, ---. This implies that
the radius of convergence of (12.21) is positive.

We thus obtain a solution y,(x), not identically zero, which satisfies
(12.3). Next, we shall find another solution which is linearly in-
dependent of y,(x). We shall consider first the case when

(12.25) § = r, — r; # positive integer
From (12.25) and

F@r,+n)=n(—s+ n)
it follows that

11
Fri+n) — nz(l _%)

< x/n*

where

s 1
K = SUDPnz: |1 — —
n

Hence we can prove similarly as before that there exists a solution
¥:(x) of the form

(12.26) y2(x) = (x — xo)'={1 + i‘,b" (x — xo)"}

which is linearly independent of y,(x). That the radius of con-
vergence of the series in the brace on the right side of (12.26) is
positive follows from
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(12.27) lba| £ (Me)y*a™ (n=1,2,3,--)

which can be proved similarly as before.
Next, we shall consider the case when (12.25) does not hold. By
the method of reduction of order, that is, by setting

(12.28) y= ylrza) dt
we obtain
, P(x) 2y1(x)
(12.29) 2+ < =20 + ) ) =0

Since P(x)/(x — x,) + 2yi(x)/y,(x) has at most a pole of order 1 at the
point x,, the solution z(x) of (12.29) is given by

= ([~ {525+ 56H)

= (x — x,)*{convergent power series in (x — x,)}

Hence there exists a solution y,(x), linearly independent of y,(x),
which is of the form

ya@) = y;(x)X (1) dt

= y,(x){B log (x — xo) + ¢a(x) (x — x0)*}

Here ¢.(x) is a single-valued analytic function in the domain
lx — x| <a.

Thus the existence of the fundamental system of the solutions
»1(x) and y.(x) each of which satisfies (12.3) is proved, q.e.d.

Remarx. The solutions need not have singularities at the regular
singular points. In the following example, it is shown that every
solution is analytic at the regular singular point x = x,. Consider
the equation .

2 , 2
(x — %o) rE (x — x0)?

Y- y=0

The point x = x, is a regular singular point for the equation, how-
ever, a fundamental system of the solutions is given by

N=E—%0), ¥:=(x— x)?

each of which is analytic at the point x = x,.
Singularities at infinity. By the transformation of variable,
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x=1t"
the equation (12.1),
Y+ b)Yy + pa(x)y =0
is transformed into

4y | {1_ bt l)} dy | p(t™)
dt t # dt t

The point x = oo is said to be a regular singular point for the equa-
tion (12.1) when the point ¢ = 0 is a regular singular point for the
equation (12.30), in other words, when

Pi(x) = Ox V) = pyxt + O(x~?)

Da(x) = O(x %) = qox? + O(x~%)

as x — o. The indicial equation at the point x = oo is that for the
equation (12.30) at the point ¢ = 0, hence it is given by

(12.32) -+ (1 — po)r + g0 =0

(12.30) y=0

(12.31)

13. Gauss differential equations

The Gauss differential equation (or hypergeometric differential equa-
tion) is the equation of the form

(13.1) xQA—2y"+{r—(a+B+1Dx}y —aBfy=0
where «, B and r are constants. Making the transformation
(13.2) x=1—-§

in (13.1), then replacing & by x, we obtain the equation

13.3) x1—-x)y"+{a+B—-r+1—(@+B+1x}y —aly=0
Making the transformation

(13.4) x=§', y=§&%

in (13.1), then replacing £ by x and » by y, we obtain the equation

(13.5) x(1—2)y" +{a—B+1—Qa—171+2)x}y
—ale—7r+1Dy=0

Making the transformation
{13.6) y=x'"7y
in (13.1), then replacing » by y, we obtain the equation
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13.7) 21 —-xy"+{2—71r—(a+B—27r+3)x}y
—(@—r+DB—-r+1y=0

(These calculations will be left for the reader.)
Obviously, the point x =0 is a regular singular point for the
equation (13.1). The indicial equation at this point is

(13.8) r+@@—-Dr=0

and has roots 0 and (1 — 7). According to (13.2) and (13.3), the point
x =1 is a regular singular point for the equation (13.1). The roots
of the indicial equation at this pointare 0 and 1 — (¢ +8—7+1) =
r — a — B. Further, according to (13.4) and (13.5), the point x = oo
is also a regular singular point for the equation and the roots of
the indicial equation at this point are 0+a=a and 1—-(a—B+1)+a
= ﬁ.

It is easily seen that the equation (13.1) has no singular points
except for the points 0, 1, and o. Accordingly, all the singular
points for the Gauss equation are regular singular points. Such an
equation is said to be of the Fuchs type. In order to show this prop-
erty and to show that the roots of the corresponding indicial equa-
tions are

0,1-7 0,r—a—-§8;, a,p
we denote the general solution y(x) of the equation (13.1) by

0 1 )
(13.9) yx)=P4{0 0 @ x}
-7 r—a—-8 8

which is called Riemann’s notation.
In the following, we shall restrict ourselves to the case for which

(13.10) none of r, r —a — B, & — B is an integer.

To begin with, we consider the fundamental system of the solu-
tions at the point x =0. Since the indicial equation at this point
has the root 0, there exists a solution y,(x) of the form

nx=1+ f‘,a,.x"
n=1
which converges for |x| < 1. Substituting this in (13.1), we obtain,
by comparison of coefficients, the following recurrence relations

a{n(n —1+7)} =t {n—-1+a)n—1+8)}=0
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Since @, = 1, we obtain

ae+D)---(@a+n—DRR+D:---B+n—1)
L2y + -G +n-1
Hence, the hypergeometric series

(13.11) a@n=

(13-12) yw(x) = F(ar Br g x)
B a(a +1DBEB+1)
=1 2 4 ...
P T T ey
converges for |x| <1 and satisfies the equation (13.1) under the
assumption (13.10). (It is known that, if y # 0, —1, -2, ---, the

series (13.12) is convergent.) By virtue of the transformation (13.6)
and the transformed equation (13.7), it is easily seen that another
solution y.(x) which is linearly independent of y,(x) is of the form

(13.13) «  yuX)=x""Fla—7r+1,B—-7+1,2—-17,%)

Similarly, by virtue of the transformation (13.2) and the trans-
formed equation (13.3), the fundamental system of the solutions at
the point x =1 is given by
(13.14) yulx)=F@,Ba+pB—7r+1,1—1x)

yux)=1A—x*BFr—B,r—ar—a—-—p+11-1x
each of which converges for |x — 1] < 1.

Further, by virtue of the transformation (13.4) and the transformed
equation (13.5), the fundamental system of the solutions at the point
x = oo is given by
Viult) =x*F(a,1+a—71,1+a—B,x7")

Yeul¥) =2 PFB,1+B—71,1+B—a,x7")
each of which converges for |x'| < 1.

Remark. The hypergeometric series includes many kinds of Taylor
series of elementary functions as special cases. For example,

A—-2xr=F(—n1,1,x)
log(l —x)=xF(1,1,2,x)

expx = limp_.,.F(l, 81, _x_)

(13.15)

B
e 3 __x
sinx = hm..,p..,.I'( B, R 4a8)
— 1 1 _ =
cos x = limg pawe F (a, B, 2 4a3)
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~/ 14. Legendre differential equations
We consider a Gauss equation with coefficients ]
(14.1) a=n+1, B=—-n, r=1, (n = integer)
that is,
(14.2) x(1—x)y" +AQ=20)y + n(n+ 1Dy =0
Changing the variable x by the transformation

(14.3) x= 1—;‘5—

then denoting the new variable £ again by x, we obtain the equation
(14.4) A=)y —2xy' +n(n+1)y=20

The equation (14.4) is known as the Legendre differential equation.
The equation (14.4) can also be written in the form

(14.5) {1—=x)y'Y +nn+Dy=0

It is easily seen that the singular points for this equation are 1, —1,
and oo, and that these points are regular singular points. Hence
there exists a fundamental system of solutions, each of which is
expressed by a convergent power series for |x| < 1. Let
y= Co+Cix+ - +Cyx¥+ -+
Substituting this in (14.4), we obtain, by comparison of coefficients,
the following recurrence relations
+DEY+22)C+H—v)n+v+1)C =0

Hence, setting Cy,=1, C, =0, and C, =0, C, =1, we have the
solutions ’

nn+1) At D =—-2m+3) 0y .,

w=1- x* +
il 2! 4!
14.6
(146 _ mn—1Dm+2) .
BEFT Ty
" m—Dn+2)n-—-3)xn+4b R

5!
respectively. Obviously, y, and v, form a fundamental system of
solutions. Further, if »# is a positive integer, then either y,(x) or

y:(x) becomes a polynomial of degree n, y,(x) for even n, y,(x) for
odd z». This polynomial of degree n coincides with the nth Legendre
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polynomial (or the nth zonal harmonics)
(2n)! {x" _nn—-1)
2" (n!)? 22n — 1)
nn—1)(n—2)(n—3) b }
2:4-2n—-1)@2n—3)
except for a multiplicative factor.
The indicial equation at the point x = o is
rr+1)—2r—nn+1) =

and has two roots n + 1 and —xn. Hence, for any positive integer
n, there exists a solution y of the form

(14.7) Py(x) = xn 2

+

Y= Gox~ D fog gD oL
which converges for |x| > 1. Substituting this in (14.4) and setting

n!
3:-5----@2n+1)

we obtain, by comparison of coefficients, that the solution y coincides
with the Legendre function of the second kind Q,(x), which is defined
as

Jo =

(14.8)  Qulx) =—— 2t { n+Dn+2) 1

@2n + Dlxnin 2(2n + 3) x*
m+Dn+2Yn+3Yn+4) 1 + }
2:4-2rn+3)2n +5) x*

It is easily seen that @,(x) and P,(x) form a fundamental system of
the solutions.
Exercise. Show that

+

14.9) Py(x) = F(n +1,—n,1, l%x)

n( 191)2
(14.10) Qu(x) = 2%(n!) 1 (n+1 n+2 2n+3,x_,)

@n + 1)t xmit 27 27 2

Generating function. According to the binomial theorem, we see
that, for |2tx — 2| < 1,

A—=2xt+8)yt=010—-Qxt—p)1

(2m)!

Z \ Denml ) (21t — 1)
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3 (Zm) l_ZL m—sfm+s
= 2 i & D S
B3 & (2m) —sfm+8
mz=:0 ,Z_( -b 2ntapl sl(m — s)! g
Hence we obtain
(14.11) (1—2xt+ 22 = i tnP(x)

n=0

The function on the left side is called the gemerating function for
the Legendre polynomials.
Let n be a non-negative integer. Then we have

n!
— 1) = 2 (— ;‘_(;___)'_ xan-2
T ossStm stn — s)! (n— 2s)!

Thus we obtain Rodrigue's formula

n—28

(14.12) Pu(x) = Eﬁ (-i;;(x’ - 1)

Orthogonality relations. By partial integration, we obtain
1
|| grta—myza=1a -y ar,
- dx

— 51 A —xt)y' 2 dx = S ——{(1 —x¥)2'}ydx
1 -1
On the other hand, we have
{1 — x2) Pu(x)'} = —n(n + 1) Pa(x)
Therefore,

—n(n + I)Sl Poy(x) Pu(®¥)dx = —m(m + l)sl Pou(x) Pu(x) dx
-1 -1

from which we can derive the orthogonality relations

(14.13) S’ Pux) Pa®)dx =0  (n + m)
-1
For n = m, we can prove
1 ¢ g — 2
(14.14) S_lP..(x) dr= 2
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To show this, set
Yn=(—1)
Then we see that

1 1
(n) (n) d — n—-1) ,(nt1)
Ix = — dx = -
S- S-,” I

=(— 1)"S Y yIm gy

(Zn)!S (1 — 2 + x)rdx

n 1
1 (2n)! S_l(l —x)" ' (1 + x)* dx

= n! (2n)! 1 i
T+ +2)---2n S_l(l + x)* dx

= (” ) 2m+1
2n+1

from which (14.14) can be derived immediately.

Completeness. The fact that every real-valued continuous function
f(x) defined on the interval —1 <x <1 can be approximated by
polynomials in x uniformly on this interval, is known as Weierstrass’
theorem. Since P.(x) is a polynomial of degree =, f(x) can be
approximated by linear combinations

2"1 C; Py(x)
=1

uniformly on this interval. Having this property, the orthogonal
system of the functions {P,(x)} is said to be complete on the interval

[—1,1].

15. Bessel differential equations

The Bessel differential equations are derived from the Gauss dif-
ferential equations as follows. By substituting kx for x in (13.1),
the equation (13.1) becomes an equation of the form

x1—kx)y" +(c—bx)y' —ay=0
By letting k£ — 0, this equation becomes
%y +(c—bx)y —ay=0
Then, by letting b — 0, we obtain



52 DIFFERENTIAL AND INTEGRAL EQUATIONS

xy'" + ¢y —ay=0
By replacing ax by x, this equation assumes the form
'+ ey —y=0
By the transformation x = —/4 and by putting ¢ = v + 1, the
above equation becomes
e+ Qv+ )y +ty=0
Further, by the transformation y = £-¥z, we obtain
Pz Flz,+ (@2 —v)2=0

which is called Bessel’s differential equation.
Thus Bessel's equation is defined by any one of the following
three equations

(15.1) "+ +1D)y —y=0
(15.2) x4 Qv+ 1)y +xy=20
(15.3) - 229 4+ xy' + (x2 —p2)y =0

We first consider the equation (15.3). The singular points for this
equation are x —= 0 and x —= oo. The point x = 0 is a regular singular
point and x = oo an irregular singular point. The indicial equation
at the point x =0 is

(15.4) rr—r=0

and has roots v and --v. First we shall consider the case when »
is not an integer. In this case, there exists a fundamental system
of the solutions such that

n=x{a ax+ax*+--}, a=+0

yz=x'“{bu+b1x+ ng"—i-"'}, bo#:o
Let

N =Xz

Then by the above discussion, z, is a solution of the equation
(15.2). Further, z,(—x) is a solution of the equation (15.2), which can be
derived by easy calculation. Accordingly, if @,=0, that is, 2/(0)=0,
then, by the uniqueness of the solution, z(x) = z,(—x). Therefore,
we may assume, in this case ¢, =0, that y, is of the form

y=x"{co+ cx® + cx* + -+ +cux + -0}
Substituting this in (15.3), we obtain, by comparison of coefficients,
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the following recurrence relations
(15.5) {(v + 24 — v} e = —Cus
Hence, setting

_ 1
“CTTe+ D
and by making use of the notation
I'eg+1)=p!
we see that the solution v, is given by
— oo (_1),4. (L)SH-QM.
(15.6) M= o Fat DI+ \2

which is called the Bessel function of the first kind of order v, or
cylinder function. For —y, we can obtain a solution

o (—=1)» X\ Vi
(15.7) = RS T A DT+ D) ( 2')
which is linearly independent of J.(x). Since the singular points for
the equation (15.3) are only 0 and oo, both series in (15.6) and (15.7)
converge for 0 < |x| < o,

Next, we shall consider the case when v = x is a non-negative
integer. In this case, J,(x) is well defined by (15.6) and satisfies the
equation (15.3). To define J_,(x), it should be noted that /'(x) is a
meromorphic function with simple poles at x =0, —1, —2, --- and
no zeros. Because of this property, we can define J_,(x), letting
v —n in (15.7), as follows:

/ -5 (=1e EA
15.7) J-uix) ,%1, I'e+1)I'n+ p+1) (2 )

In this case, however, J_.(x) is linearly dependent of J.(x), since
(15.8) Ja(x) = (—=1)* J-n(x)

Generating function. We consider the Laurent expansion of
exp [4x(¢ — 1/f)] at the point £ =0

exp [#x(t — 1/0)] = 3 t" fu(x)

n= oo

If we replace £ by —1/¢, then the right side becomes 312 __(—2) "fa(x)

while the left side remains invariant. Hence, by the uniqueness of
the expansion, we obtain
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S-n(x) = (=1)* fu(x)
On the other hand,
exp (3 (1- 7)) = £ 45— 5 ST

=0 f!

accordingly, the coefficient of ## is
S (F)mm (—do™

mo(n+m)!  ml!
Therefore, we obtain that, for » = 0,
Ja(x) = Ju(x)

and accordingly

(15.9) exp [%x (t - -}—)] = :‘: 1" Ju(x)
The function on the left side is called the generating function for
the Bessel functions.

Neumann functions. The Neumann functions, or the Bessel func-
tions of the second kind, are defined by

(15.10) Yo%) = Jx) COS. yre — J_(x)
sin yw

If v is not an integer, then obviously Y3(x) and /i(x) form a funda-
mental system. If v is a non-negative integer, then, according to
(15.8), (15.10) becomes an indeterminate form. To calculate the
limit, differentiate both the denominator and the numerator with
respect to v. Then, setting v = n#, we have

Ya(x) = limy., Yi(x)
_Lfoma) _CIr o)

73 oy T oy

Now set
(15.11) d(x) = I'(x)/I"(x)
‘Then, by (15.6), we obtain that

Ox) _ & (=Dm(Fxyem x
oy —m=om{l°8 2 v +m+ 1)}

hence, as v — n, 0/,(x)/0v tends to
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& (—1)ym(Fx)ntem x
2 mln + myt {l°g 2 dn+m+ 1)}

We now write

_ Bl (—1)”" (ix)"’“”‘ >, (_l)m («}x)"” 2m
J-x) = ,,.};1, mIN(—y +m+1) + emI'(—y +m + 1)

By making use of the formula

(15.12) reo)yrq —x) =—
sin nx
we obtain
(gx)~v+em _ (Bx)v*™ (v —m)sin (v — m)n
I'—v+m+1) 7

Hence, differentiating it, we see that, for 0 = m < n,

I: 0 {(ix)“'""'l’(v —m)sin(v —m)=n }]

14 T

=[Fx) (v — m){an (v — m)sin(v —m)n
+ cos (v — m)wr — n~! log (3x) sin (v — m) w}]y=n
= ($x)""**"™'(n — m)cos(n —m)x«
Therefore, as v — n, 0/-4(x)/0v tends to
n—1 (_l)n l‘( _— )( )—n+zm
mz:‘o n mr'n ix

> —1)» )—n+!m
P %;,T(z:(,%',,—,)r{—log (3x) + $(—n+m+1)}

= (_1)1»:2:“ n— ’:l”' =Dt (Fx)-n+am

+ (=1t f_‘. L—12"'—(2‘)“:{103 (Fx) — ¢(m + 1)}

moo m!(n + m)!
To sum up, the Neumann function Y,(x) with » being a non-negative
integer is given by

Yals) = £ Jx) log (%)

- n+em
(15.13) _ '71:_ .,.Ezo(—l)m (Ppom + ’1’2'(4,; 4;(7:” -; m + 1)) (%)
1 n—1 (n _ 1 — m)! —x- ~n+2m
- T m—0 m! (2 )
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where the last term does not appear when # = 0. (15.13) is known
as Hankel's formula.

Since Y,(x) is a solution of the equation (15.3) containing a para-
meter v, and, as v —#n, Y,(x) converges uniformly to Y,(x) in any
bounded closed domain in the complex x-plane except for the origin,
Y.(x) is a solution of (15.3) for v = n. It is easily seen that Y,(x)
and J.(x) form a fundamental system.

Lommel’s formula. As is proved above, Y,(x) and Ji(x) form a
fundamental system for every ». We shall prove here that the
Wronskian W(/y(x), Y(x)) satisfies
(15.14) W(W(x), Yu(x)) = Ju(x) Yi(x) — Jix) Yi(x) = 2/(mx)

(15.14) is known as Lommel’s formula.
Proof of (15.14). Multiply

1 y?
KA R+ (1-5) k=0
and
1 vt
],—lv + ";]!-v + (l —;;) -y = 0
by J-» and J, respectively. Then, by subtraction, we obtain
BT DT+ J =TT} =0
dx x

and from this,

Jx) J ox) — Jux) JL(x) = Clx

The integration constant C is determined as follows. From (15.6),
it follows that, as x — 0,

_ (Bx)y 2
Mx) = Tm(l + O(x?))

Fa =70+ o)

Hence, by making use of (15.12), we see that

1 1
I'eo+0)0r(—y) ~ I'o)l(—v+1)

W), Jof)) = % { } +0®)

_ _ 2sinyn +0®)
nx
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from which we can derive

C=— 2sinyvr
T
Therefore we obtain
(15.15) W), Jota)) = — 2SVE

Introducing (15.10) we obtain further

J %)

WU(x), Yo(x)) = C"If yr

2
nx
when v is not an integer. Since W(J/(x), Ys(x)) is continuous with
respect to v, the above relation holds for v = n, n being an integer.
Consequently, (15.14) holds for every v, q.e.d.
Hankel functions. The Hankel functions, or, the Bessel functions
of the third kind are defined by
V(@) = Jx) + iYo(x)
- ]—v(x) —e ]y(x)
(15.16) isinvr
HLR)(X) Mx) — iY(x)
_ L&) — et x) G=v—1)
—isinyr
We shall discuss here the case when v = 4§, to illustrate the relation
between the Bessel, the Neumann, and the Hankel functions. By
making use of

I'c+l)=axI'x), I'}Q=vn

we see that

_ Gt & (=D)»(3x)2m — 3
(15.17)  J-y(x) " ..TSZ—“o D@ - m =D (2/mx)2 cos x

_Gob e CrGem _o
U518 S = Ty E i + Dom— D@ ) S

Hence we obtain from (15.10)
(15.19) Yix) = —J-3(x), Y3 (x) = Jy(x)
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so that
n —_ iz

(15.20) H{(x) = . i2/mx)t e

H ;”(x) = §(2/nx)t et=
In general, as is suggested by the above results, it is known that
the relation between the Bessel, the Neumann, and the Hankel
functions is similar as that between sine, cosine, and exponential
functions. However, the analogy has nothing to do with the follow-

ing, so is omitted. We shall here prove the following fact which
will be needed in Part 52.

(15.21) There exist a positive number p(cc) and a real number
0,(c0) such that
() ~ "%) sin (x + 6,(c0))
as x — oo,
Proof of (15.21). Set
(15.22) ¥(x) = 2} Ju(x)
Since

2 +xfi+@—n) =0
y(x) satisfies

(15.23) y"+{1- ”"*}y=o

x2

According to (15.22), y(x) is real for any positive number x and not
identically zero. Further, by (15.23), either y(x) or y'(x) does not
vanish whenever x i§ a positive number. Hence we may write
Y(x) = o(x) sin 6(x)
(15.24) ¥'(x) = p(x) cos 8(x)
p(x) = {y@F + y'@rH >0
Then, by (15.23), p(x) and 6(x) must satisfy

2 __
o = ”xa 3 p sin 8 cos 8

(15.25)

2
¢ =1-— "xz*sin’ﬂ

From the first equation, we obtain
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0 < p(x) = p(x,) exp (Sa nt t— 3 sin 0(8) cos 6(t) dt)

2
%o

Since
|sin@(f)cos ()| <1
we see that
lim, e p(x) = p(00) < o0
and p(o0) > 0. ‘

Substituting x + #,(x) for #(x) in the second equation in (12.25),
we obtain

— 2
0= =" Gint (o, + 1)

x?

Hence we obtain

z i,_nz
t!

0,(x) — 0,(x0) = S sin? (¢ + 6,(t)) dt

zy
Therefore, we see that

lim e 0,(x) = 0,(0) < oo
Thus, the asymptotic formula (15.21) of the Bessel functions is proved.

Concerning further details of the theory of the Bessel functions,
the reader is referred to G. N. Watson, A Treatise on the Theory
of Bessel Functions, Cambridge, 1922.






CHAPTER 2

THE BOUNDARY VALUE PROBLEM FOR LINEAR
DIFFERENTIAL EQUATIONS OF SECOND ORDER

§1. Boundary value problem

16. Boundary value problem of Sturm-Liouville type
We consider a differential equation of the second order

(16.1) Y+ pu(x)y' + pa(x)y =0

where p,(x) and p.(x) are real-valued continuous functions on a finite
closed interval ¢ < x < b. Multiply both sides by

(16.2) exp (Sz p.(t)dt) == plx)

Then the equation (16.1) assumes the form

d
dx

(16.3)

where

dy\ _
( p(x) dx = q(x)y

qg(x) = — pux)p(x)
The coefficients p(x) and q(x) satisfy the following conditions:

(16.4) p(x) and ¢(x) are real-valued continuous functions on
the interval @ < x < b, and p(x) > 0 there.

Conversely, if the coefficients p(x) and g(x) satisfy the condition (16.4)
and if p(x) is continuously differentiable, then the equation (16.3)
becomes an equation of the form (16.1). In the following, we shall
be concerned with the equation (16.3) under the assumption (16.4).
Such an extended equation (16.3) is equivalent to a system of the
equations

(16.3") dyldx — zIp(x), dzldx = q(x)y

to which the existence and uniqueness theorem in Part 7 can be im-
mediately applied. If a pair of functions v(x) and z(x) is a solution of
the equations (16.3’) and if y(x) # 0, then, according to the uniqueness
theorem, the functions y(x) and z(x) do not vanish simultaneously
at any point x in the interval [a, b]. Therefore, as far as we are
concerned with the solution v(x) £ 0 of (16.3'), we may set

61
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'y(x) = p(x) sin 6(x)
(16.5) 2(x) = p(x) cos O8(x)
p(x) = (¥(x)* + 2z(x))7* > 0

and transform the system of the equations (16.3’) to a system of the
equations, in unknowns p and 6,

o = (W + g(x) )p sin @ cos @

g = p%)_coszﬂ —q(x)sin?d, px)>0

(16.6)

The second equation does not contain the unknown p, hence we can
find a solution 6(x). Then, substituting this solution in the first
equation, we can obtain the general solution p(x)

o(x) = p(a) exp(s {W ¥ q(t)}sm a(¢) cos 0(t)dt)
Since p(x) > 0 or < 0 for every point x€[a, b] according as p(a) >0
or <0, we can find a positive solution p(x) from which, combined
with the solution 6(x), we can derive a solution y(x) = p(x) sin 6(x),
not identically zero, of the original equation (16.3).

For every integer n, 0(x) + 2n= is also a solution of the second
equation in (16.6). Furthermore the right side of the first equation
in (16.6) is a periodic function of # with period 2x. Hence we obtain
the following theorem.

Tueorem 16.1 By means of a solution 8(x) of the second equation
of (16.6), a positive solution p(x) of the first equation is uniquely
determined up to the multiplicative factor, so that the corresponding
solution y(x) of the original equation is also uniquely determined up
to the multiplicative factor. If y,(x) and y.(x) are the solutions cor-
responding to the solutions 6,(x) and ,(x) = 6,(x) + 2nn respectively,
then y,(x) and y,(x) are linearly dependent.

Conversely, if two solutions y.(x) = p,(x)sin8,(x) and y.(x)
0.(x)sin 8,(x) are linearly dependent, then, for some integer z, 8,(x)
0:,(x) + 2nr.

Proof. Let yi(x) = Cyi(x). Then yi(x) = Cyi(x). Hence

2y(x) = p(x)yi(x) = Cp(x)yi(x) = Czy(x)

so that p,(x) = Cp.(x). Therefore we obtain 8,(x) = 0.(x) + 2n=, since
yi(x) = Cys(x), and z,(x) = Cz(x), q.ed.
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Accordingly, the linear dependence of two solutions y,(x) 0 and
y:(x) 20 of the original equation (16.3) corresponds to the congru-
ence relation

(16.7) 0,(x) = 6:(x) (mod 27)

between the corresponding solutions 6,(x) and 6.(x) of the equations
(16.6). Further, an initial condition for 6(x),

(16.8) fa) = a
corresponds to a linear homogeneous relation
(16.9) pla)y'(a@)sina — y(@)cosa =0

between y(a) and y'(a), as is easily seen from (16.3') and (16.5). We
also see that the initial conditions

(16.10) @)=y, y'@ =y
which were dealt with in Chapter 1, correspond to initial conditions
(16.10") Oa) =a, pla)=po

for the corresponding solutions #(x) and p(x). In this section we
shall be concerned with the problem of finding the solution y(x) cor-
responding to the solution 6(x) satisfying the boundary conditions

(16.11) 6@)=a, 60)=28

at both end points @ and b of the interval [a, b]. Conditions (16.11)
correspond to conditions

(16.11) | p(a)y'(@) sin & — y(a)cos a = 0
pb)y'(b)sin B — y(b)cos B =0

for y(x). Hence, in general, the solution y(x) of the equation (16.3)
satisfying the conditions (16.11') is not uniquely determined. In fact,
if yi(x) and y.(x) satisfy (16.3) and (16.11’), then, for any constants
Cl. [} C2 ’

Cui(x) + Coya(x)

also satisfies (16.3) and (16.11’). Thus the boundary value problem,
which consists in finding a solution of the equation (16.3) satis-
fying the linear homogeneous relations (16.11’) between y and y’', is
essentially different from the initial value problem (16.3), (16.10).

We now consider an equation, containing a complex parameter 4,

(16.12) (b(x)y") — qx)y + Ar(x)y = 0
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where 7(x) is a function continuous and positive on the interval [a, b].
The boundary value problem of Sturm-Liouville type consists in find-
ing a non-trivial solution y(x), that is, y(x) £ 0, of the equation (16.12)
satisfying the boundary conditions (16.11’). In general, the solution
does not always exist for all values of parameter A. For example,
consider the boundary value problem
V' FAy=0,y0=y1=0

The solution exists only for 2 = (nz)t, n =1,2,---, and is sin(nmx),
n=12,---. The eigenvalue problem is to determine values of com-
plex parameter A for which the solution of the prescribed boundary
value problem exists. The value of such parameter is called an
cigenvalue, and the corresponding solution is called an eigenfunction
belonging to the eigenvalue. In the following, we shall show that
the eigenvalue problem can be reduced to an integral equation with
symmetric kernel.

17. Greew’s function. Reduction to integral cquations
We denote by L.y) a differential operator

VAN VAN
(17.1) LAv) = dx(p(x)dx) q(x)y

which is defined for every function v(x) such that dy/dx and
dldx-(p(x)(dyldx)) are defined and continuous on the interval [a, b].
Integrating both sides of Lagrange’s identity

17.2) YLA2) — zLAy)
= —ép(x) [¥(x)2' (x) — y'(x)z(x)]

we obtain
17.3) [P (¥(x)2'Cx) — ¥ (®)2(x)]er

=Sh'{y(x>L,(2) —2x)L(»}dx, asa <b <b

which is known as Green’s formula.!

! In the case when L.(y) and L.(z) are not defined on the whole interval
la, 8] but only on an open interval (a’,b’),a < a’ < b’ < b, the formula (17.3)
also holds true, if all of y(z), y'(x), 2(x), and 2’(z) have finite limits as x}a’ and
«tb’ and if we denote

L= tim [ g 10
;= m , = "
a d;laloh;?b' @, 2’ 10

v’ . I;; o 0
w = lim j ,= S ‘lo
oo ’ a
ulla by P08y
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In particular, if two functions y(x) and 2(x) both satisfy the bound-
ary conditions (16.11’), then, setting @ — @’ and b == b/, we see that
the left side of (17.3) becomes zero. Hence we have the following:

(17.4) If two functions y(x) and z(x) both satisfy the bound-
ary conditions (16.11/), then

Sb {¥(x)LA2) — 2(x) LA N}dx =0

Green’s function. Suppose that two functions y,(x)#0 and y.(x)%0
satisfy

(17.5) L{iy)=0
pl@yia) sina — y,(a)cosa = 0

and

(17.6) LAy)=0

Py sin B — y(b)cos B =0

respectively, and suppose that these two functions v,(x) and v.(x) are
linearly independent. Write

C = pE) [ vEWKE) — yiEWE)]

Differentiating C with respect to £ and making use of (17.2), we see,
by virtue of (17.5) and (17.6), that C must be a constant. Moreover,
the linear independence of y.(x) and y.(x) implies that C is not zero.
Now we define a function Gix, &) of two variables x and £ by

Clx, ) = — %.v.(f).vz(x) ®=8

17.7) = — —é-.vl(x).vz(’g‘) x<®

C = pE) [y (E)yiE) — yiE)y:(E)] = constant

The function G(x, &) is called Green's function for the equation
L.y) = 0 subject to the boundary conditions (16.11").
Obviously, Green’s function G(x, £) has the following properties:

(17.8)  Gix, E) is continuous at any point (x, £) in the domain
ax,E=<b Asa function of x, G(x, £) satisfies the
given boundary conditions for every &,

17.9) If x # &, G(x, E) satisfies the equation LAG) =0 as a
function of x. Both G.(x, &) and {p(x)G:(x, £)}. are
bounded in the region x # £, ¢« < x,E < b,}

L Gz, &) = 0G(x, §)/ox .
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(17.10) If @ < x, < b, then as x — x,, £ — x, keeping the re-
lation x > £ and as x — x,, £ — x, keeping the relation
x < E, G{x, E) tends to finite values G.(x, + 0, x,) and
Gx, — 0, x,), respectively, and
Ga(xo + 0, x0) — Gx0 — 0, x0) = (—1/D(x0)), !

(17.11) G(x, &) = G, x)

Reduction to integral equations. By making use of Green’s func-
tion and its properties (17.8)~(17.11), we shall prove the following
two theorems. We start with

Tueorem 17.1. Let ¢(x) be a continuous function defined on the
interval [a, b]. If y(x) is a solution of the equation

(17.12) LAy) = —px)

satisfying the boundary conditions (16.11’), then y(x) can be written
in the form

(17.13) yx) = S Gix, Eo(E)dE

Proof. Applying Green’s formula to the functions y(x) and z(x¥)=
G(x, E), we obtain

[ oL o - 6 BLAE
+ S:ﬂ{y(x)L;(G(x, £) — Gz, ELy)}dx

- [p(x)(y(x)a_c%g ~y06E)]”
+ [p(x)(y(x)"’c—g;ﬁ’- - @6 6)]

for every £,a < £ <b. The equation (17.12), together with (17.9),
implies that the left side is equal to

b
£+0

S: Gx, E)p(x)dx

On the other hand, (17.8), together with (17.10), implies that the
right side is equal to y(£). Therefore, we obtain

1 We note that we may equally well write G-(o, o — 0) and G:(xo, 2o + 0)
for G«(xo + 0, zo) and Gz(xy — 0, x,), respectively.
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¥E) = S:Goc, Exo(xdx (@ < E < b)

Since the two functions on both sides are continuous for a < £ < b,
the above identity also holds for £ =a and & = b. This, together
with (17.11), proves the theorem, q.e.d—"

Next we shall prove the following

Tueorem 17.2. The function y(x) given by (17.13) satisfies both
the equation (17.12) and the boundary conditions (16.11').

Proof. By (17.7), we have

36) = = L) | @it
- %y«x)S".v,@w(E)dE
Hence we obtain

¥ = = i) | 9B Od — Lyomint)

- %yi(x)yyz(’g‘)w(f)df + L)
= — Ly S YEWE)dE —-534) Sbyz(E)tp(E)dE

°

z- o
z

G.x, EXp(E)E + S G, ElEE

I
——y

a

= |G bt

Similarly, we obtain, from the above,
(px)y' (%))
b

= L {6(x)Go(x, £)}.0 E)AE + p(x) [Gx, E)oEE=E 5D

On account of (17.10), the second term on the right side equals —¢(x).
Hence we obtain, by (17.9),

Liy) = S LG, ENeEE — o(x) = — o(x)

q.e.d.
1 Gu(z, £) is discontinuous for x = ¢, but it does not matter for this integ-
ration because of (17.9).
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Accordingly, in the case when there exist two linearly independ-
ent solutions v, and y;, given by (17.5) and (17.6) respectively, we can
reduce, by means of Green’s function (17.7), our boundary value
problem, (16.12) and (16.11’), to the integral equation

(17.14) yx) = AY Glx, EWEYEE

When (17.14) has a non-trivial solution y(x) # 0 for some 4, then 2
is an eigenvalue for the boundary value problem, (16.12) and (16.11’),
and the corresponding solution y(x) is an eigenfunction belonging to
this eigenvalue.

Examples of Green’s functions. We have, on the basis of (17.7),
the following examples of Green’s functions.

- a = v(1) = 0-
L Le=2o, y0=yn=0

G(x, E) — {(1 - E)x ) (x g E)
A-xE, x>§)

2
d -, ¥0)=y'(1)=0:

dx?
Cix, p)= ¥+ *=8
&8 E.<x>a

2. L=

_d o .
3. Le==, 3(0)=5'0),51) = —y(1):
—%(x FDE—2) <&
Gx, &) =
S E+DE-2), G>E -

18. Periodic solutions. Generalized Green's function

A system of important boundary conditions not included in the
boundary conditions (16.11’) is as follows:

(18.1) ya) = yb), y'(a)=y'®) -

If the coefficients p(x), g(x) and r(x) are periodic functions with period
b — a, that is,.

px+b—a)=pkx), qx+b--a)=qkx), rx+b—a)=rkx)
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then, the conditions (18.1) are just the conditions that the solution
¥(x) of the equation (16.12) is periodic with the same period b — a,
that is,

x4+ b—a)= yx)

For, in such a case, y(x) and y..(x) = y(x + b — a) both satisfy the
equation (16.12) together with the same initial conditions

¥@) = Yala), y'(a)= ya.la)
Hence, by the uniqueness of the solutions, we must have

y(x) = ya.h(x)

In the following, we shall be concerned with more general conditions,
which include the conditions (18.1), of the form

I)(b)

(18.2) ya) = ryb), play'(a@) = —y'(b)

or

(18.3) wa) = rpB)y'(B), plary'a) - *—:;y(b)

where 7 is a non-zero constant.
As in the case of (16.11'), it is easily seen that if v¥(x) and z(x)
both satisfy either (18.2) or (18.3), then the relation

(18.4) [p(x) (y(x)2'(x) — ¥'(x)z(x))]e = 0

holds.

For the present case, we cannot use (17.7) to construct a
function G(x, €) satisfying (17.8)-(17.11) pertaining to the boundary
conditions (18.2) or (18.3). However, if we can find, in some
way, such a function G, &)—we shall also call it the Green’s
function for L.(y) under the boundary conditions (18.2) or (18.3)—
then we can also reduce our boundary value problem to an integral
equation. We have to prove the following: Every function satis-
fying (16.12) and (18.2) (or (18.3)) can be written in the form (17.14).
Conversely, every function written as (17.14) satisfies (16.12) and (18.2)
(or (18.3)). The first half can be proved as in Part 17. To prove
the converse, differentiate both sides of (17.13), keeping in mind that
G.(x, £) is not continuous at the point x = £. Then we obtain

Liz_: S" °GG(x, E) ¢(E)df + Sb a(z(x E) (E)df

dx a Tio
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Hence, for ¢ > 0, we obtain

plx + 8)y'(x + 8) — p(x)y'(x)
)

= [ 300 + 96 + 2,6 — POGutx, DYoEIE

1 r+8
+ —6-L p(x + 0)Go(x + 8, E) o) dE

_ %S“‘pmc‘(x, E)olE)dE

+ S"“%{p(x + OG.x + 8, E) — px)Galx, E))o(E)dE

When 8] 0, this converges to

S’{p(x)Gxx. E)}:0E)E + pNGo(x + 0, 1) — Gulr, x + O)}o(x)

+ f " (@G Ax, £y E)E

Similarly we can prove that, when 810,

plx + 8)y'(x + 8) — p(x)y'(x)
F)

also converges to the same limit. Hence the first derivative ot
p(x)y'(x) exists and

(DY @) = j:{pu)G;(x, )} oo E)E — o(x)

Thus, by virtue of L.(G(x, £)) =0, y(x) is a solution of the equation
L{y) = —¢p(x). Since G(x, £) satisfies the prescribed boundary con-
ditions for every £,a < £ < b, y(x) also satisfies the boundary con-
ditions, q.e.d.

Construction of Green’s function. Suppose that a Green’s func-
tion G(x, £) exists. Then, since L.(G(x, £)) = 0 for x + £, G(x, £) must
be represented, by means of a fundamental system Y,(x), Y:(x) of
the solutions of the equation L.(y) =0, as follows:

(18.5) Glx,E) = lexY,(x) + GYx), @=sx<§)
CaYl(x) + C4 Y:(x) . (E <x= b)

where every C; is a function C,(§¥) of £. We shall determine the
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relations between C; so that G(x, £) satisfies the required properties
for Green’s function pertaining to the boundary conditions (18.2).
Since G(x, £) is continuous at x = £, we obtain

(18.6) C. Y () +C.Y () = GY i (E) + C.YE)
By (17.10), we obtain

1
18.7 C.YUE) + CYUE) — CYIE) — C.YYE) = ——
(18.7) &) + GYiE) — GYiE — CYiE) )

Finally, from the boundary conditions (18.2), we obtain

(18.8) {Cn Yi@) + G Ya(a) = (G Yi(b) + C.Y:(b)
rp@{C.Y(a) + C:Yia)} = pB)C:Yi(d) + C.Yib)}

Only the last relation (18.8) must be changed according as the cor-
responding boundary conditions, if we are concerned with Green'’s
function under the boundary conditions (18.3).

If there exists one and only one set of functions C,, C;, C;, and
C, which satisfy the conditions (18.6)-(18.8), then the function, given
by (18.5), is no other than the required Green’s function, provided
that (18.5) satisfies the symmetry condition G(x, &) = G(§, x). How-
ever, if these functions C,, C:, C;, and C, are not uniquely deter-
mined, then there are at least two distinct functions, each of which
satisfies the conditions (17.8)~(17.10). The difference ¥(x) of these
functions must bz a non-trivial solution of the equation L.y)=0
satisfying the boundary conditions under consideration. Accordingly
we obtain the following theorem.

Tueorem 18.1. The Green’s function G(x, &) for the equation
L.(y) = 0 under the prescribed boundary conditions is uniquely de-
termined, if there is no non-trivial solution y(x) # 0 of the same
boundary value problem and if the above construction of C,(£), Cy(£),
Cy(E) and C(¥) is possible.!

Proof. By its construction, G(x, &), given by (18.5), evidently
satisfies the conditions (17.8)-(17.10). To prove the symmetry prop-
erty (17.11), that is, the property G(x, &) = G(, x), let

yx) = Glx, E1), 2(x) = G(x, &) (@<& <& <D

1 We do not enter into the question of the compatibility of equations
(18.5)-(18.8) to determine C;(¢), Ca(§), Cs(¢) and Cy(%). Concerning this, the read-
er is referred to Ince, E. L., Ordinary Differential Equations, London, 1927;
Coddington, E. A., and Levinson, N., Theory of Ordinary Differential Equa-
tions, New York, 1955.
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We apply Green’s formula to y(x) and z(x) on the intervals
(a,Ei—¢€), (Ei+e,E—¢), (E:+6b)
respectively. Then, letting ¢ |0, we obtain
lime o P(¥(x), 2D 5 + limeyy P(¥(x), 2)E5% = 0

where
Plu, v) = p(x) [u(x)v'(x) — u'(x)v(x))]

since both y(x) and z(x) satisfy the boundary conditions, and L.(y)=0
for x + £, and L.(2) = 0 for x # ;. From the discontinuities of y(x)
and z(x) at the points x = &, and x = §&,, respectively, we obtain
from the above equality that

G(El vfz) - G(Ea,fl) = 0
Then, by the continuity of G(x, E), we obtain

G, E) =G ED @& 26 <h)

In the same way, we can also obtain the same relation for &, = &,.
Thus, the proof is completed, q.e.d.

ExampLe. L. = d®/dx?, y(0) = —y(), ¥'(0) = —y'(1). Green’s func-
tion G(x, £) for this boundary value problem may be written in the
form

G(x.E)=~%Ix—EI+—1—

The general solution of y’’ =0 is of the form Cxx + C,;; hence, if
the boundary conditions are satisfied, then the solution must be
identically zero. Accordingly we can apply our procedure to this
problem. Now, taking as a fundamental system of the solutions of
y'=0
Yix)=x, Y.(x)=1

we obtain relations, corresponding to (18.6)-(18.8), as follows:

C|E+C2=CSE+C{ycl—c:grl,Cz: —(Cs+c¢)ycl= ""CS
Solving these equations, we obtain

Cl—.:%, C, = 1

and therewith

1 & ~__1 .1, £
i "2 O g =4t
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Glr,§) = — |5 — 1+ +

Generalized Green's function. Our procedure is no longer appli-
cable when there exists a non-trivial solution y,(x) # 0 of the equation
L.(y) = 0 satisfying the prescribed boundary conditions. In this case,
however, we may assume without loss of generality that every non-
trivial solution is a constant multiple of v,(x). In fact, if there exist
two non-trivial solutions which are linearly independent, then every
solution of the equation satisfies the boundary conditions, because of
the linear homogeneity of the conditions. Hence the boundary con-
ditions are no longer actual restrictions. We naturally omit such a
trivial eventuality.

If, in our case, there exists a solution v(x) of the inhomogeneous
equation L.(y) = --¢(x) satisfying the boundary conditions, then ¢(x)
must satisfy
(18.9) Sbtp(x)yo(x)dx =0

@

In fact, by making use of Green’s formula, we obtain

-—-Shyo(xkp(x)dx
a

- gb{yo(x)L,( ) — WOLAvo)}dx

= [ p(x) (Do(x)y'(x) — ¥i(x)y(x)]a = 0
On the other hand, the solution y(x) may be written in the form

y(x) = 2(x) + Cvo(x)

where z(x) is a solution of L.(2) = —¢(x) satisfying the boundary
conditions (the existence of a solution is already assumed). Since
y(x) £ 0, we can choose the constant C so as

(18.10) S" YE)ye)dx = 0

Now, we shall prove that such a solution y(x) of the boundary value
problem satisfying (18.10) can be written as

(18.11) yx) = SDG(x, E)o(E)dE

by means of the generalized Green’s function G(x, E). By a generaliz-
ed Green’s function, we mean a function G(x, §) satisfying the fol-
lowing five conditions: The equation (17.8),
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17.9") If x + E,G(x, E) satisfies the equation L.G(x,§)) =
yox)vo(E) as a function of x. G.(x, &) is bounded
in the region x # £,

the equations (17.10), (17.11), and
(18.12) j Gx, Eyye@)dx = 0

If the generalized Green’s function G(x, €) exists, then, similarly as
before, we can prove the representation (18.11), and further, we can
prove that the condition (18.9) is sufficient for the existence of solu-
tions, namely, the function y(x) defined by (18.11) satisfies the equa-
tion L.(y) = —¢(x) and the boundary conditions. Also the solution
y(x) satisfies (18.10), which follows from (18.12).

The procedure of the construction of the generalized Green’s func-
tion is essentially the same as in Part 18, and will therefore be
omitted.

ExampLe 1. L, = d*/dx?, y'(0) = y'(1) = 0. The general solution of
¥'"(x) =0 is a polynomial in x of degree 1. Hence, there exists a
non-trivial solution y,(x) =1 of the boundary value problem. By
(17.9'), we have

LAG(x,8)) =1, that is, G..(x,§) =1
Hence we have

G(x,§)=A1+A,x+1‘21, x<E

2
=B, +Bx+%, x>¢

By the boundary conditions, G0, £) = 0, G(1, £) = 0, we obtain A,=
0, B, = —1. Then the condition
G:(E + 0: E) - G,(E - 0» E) = -1

holds automatically. By the continuity at x = £, that is, G(£+0, &)—
GE —0,8) =0, we obtain B, —§ — A, =0. Hence we obtain

G(x,e>=A.+"7’, xsE

2
=A1+E—x+"?,x>f

Finally, by YG(x, E)yo(E)dE=0, we obtain A,=0. Thus the generalized
0

Green’s function is given by
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G b =%, xs<E
=f—x+ %2 , x>&
ExampLE 2. L. = d%/dx?, y(—1) = y(1), y'(—1) = »'(1). In this case,
yolx) = 1/y/2

is a non-trivial solution of the boundary value problem. From
LG, £) = 5 » -4 Gk, = 5

it is easily seen that G(x, £) must be of the form

A, +A2x+%x', x<E

Gx, &)=

B,+Bzx+%x2, x>E

By the continuity at x = £, we obtain
A, — B, = (B: — A
and, by G +0,8) —G—0,8) = —1,
A;— B =1
By the boundary conditions, we obtain
Ai—B —(A;+ By)=0, A:— B.=1

and hence,
Al—sz*‘-E, Ag—‘Bz=1, A2+BZ=_E
Therefore,
1 _ —1-£
A2 - 2 ’ B? - 2

Finally, by (18.12), that is,
SI_IG(x, Eyox)dx =0 = {S: + g: }G(x, E)yu(x)dx

we obtain

AE+ D+ A,,(’-"2 - 1) + 4”1; 1

+Bl(1—£)+B,(1_Ez)+ 1-F -0

2 12
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Since Al - Bl = -E, A2 - Bz = 1)

& 1
A+ B 2+3

Combining this with A, — B, = —§, we obtain
£_E, L g B,E,1
4 2 6’ 4 6

Thus the generalized Green’s function is given by

(x — 52)~ 25+% x<E

—_ z____f__i l.
(x 5)4 5 T §

I

G, )
x> E

SRS SRR SUUR N o
= 2lx Eli—4(x E)+6

§ 2. Hilbert-Schmidt theory of integral equations
with symmetric kernel

19. Ascoli-Arzeld theorem

We first consider the integral equation
b
(19.1) ) = A G, B

which is equivalent to a boundary value problem for L.(v)=—Ar(x)y,
as was shown in §1. Multiply both sides of (19.1) by (r(x)*2. (It
is assumed that r(x) > 0, see Part 16.) Then, setting

(19.2) 2(x) = (r(x))y(x), K(x, E) = (r(x)M2G(x, E)rE)'2
we obtain
(19.3) 2(x) = xf“K(x. E)a(E)dE

Here K(x,£) is a real-valued continuous function which has the
symmetry property

(19.4) Kx, £) = K&, x)
just as G(x, £).

If the integral equation (19.3) with the symmetric kernel K(x,E)
has a non-trivial continuous solution z(x) for some value of parameter
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4, then, such 2 is called an eigenvalue and 2(x) an eigenfunction be-
longing to the eigenvalue 4. The Hilbert-Schmidt theory for this
eigenvalue problem is based upon the following existence theorem:

Tueorem 19.1. If K(x, &) is a real-valued continuous symmetric
kernel and does not vanish identically, then the integral equation
(19.3) with the kernel K(x, £) possesses at least one non-zero eigen-
value.

We shall prove, in this paragraph, the Ascoli- Arzela theorem, which
will play a fundamental role in the proof of Theorem 19.1.

By means of the kernel K(x, £), every complex-valued continuous
function f(x) defined on the interval [a, d] is transformed into a
continuous function

b
S K(x, HfE)dE
on the same interval. This is so because

| S"(K(xl, £) — K(xy, ) fE)dE

12

= { gup 7@} e ) — Kx £110

tends to zero as |x, — x,|-»>0 because of the uniform continuity of
Kx,E). We denote by K the transformation

b
(19.5) (Kf)x) = 5 K, E)fE)E
Obviously the transformation K satisfies

Kef)="a(Kf), ({for any constant a)

Accordingly, the transformation K is a linear operator. For each
continuous function f(x), we define its norm by

(19.7) = (S:mx) Fdx )‘”
Then we can prove that

(19.8) (KN @) < llfl|(S:I K yrdg)”
(19.9) |(K) (@) — (KS))|

< ||f|1(S:| K(x,, &) — K(ts, £) ME)‘"
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In fact, these are easily derived from the Schwarz inequality

(19.10)

S:g@h(z)de

"< jl 9 |2d£§:| hE) dE

which will be proved in Part 20. Accordingly, we obtain the fol-
lowing theorem.

THaeorem 19.2. Let {fx(x)} be a sequence of continuous functions and
HfRll€l,n=1,2,3,---. Let g.(x) = (Kfa)(x). Then {g.(x)} satisfies

(19.8") SUPaszsn.nzi| gn(x) | < 00
(19.9") lims | o{SUPs 2 |7)-7y). nz1, | Fn(X1) — gulx2) [} = 0

ReEMARK. A set of functions {g.(x)} is said to be equibounded on
[a, b] if it satisfies (19.8'), and equicontinuous on [a, b] if it satisfies

(19.9’). It should be noted that Theorem 19.2 does not hold for all
linear operators. For example, an operator T defined by

(19.11) F(x) = (Tf)(x) = al(x) f(x)

where a(x) is a continuous function does not satisfy (19.8’) nor
(19.9').

Owing to the properties (19.8’) and (19.9’) of the operator K, we
can apply the Ascoli-Arzeld theorem, which reads as follows:

Tueorem 19.3. Let {g.(x)} be a sequence of continuous functions.
If {g.(x)} satisfies the conditions (19.8’) and (19.9’), then we can
choose a subsequence {¢..(x)} which converges uniformly on the in-
terval [a, b].

Proof. Since the set of all rational numbers in the interval [a, 8]
is denumerable, it may be arranged as

Yy ¥y 73y
On account of (19.8’), the sequénce of numbers

91(r1), 92(r1), gs(ry), -+

is bounded; hence by the Bolzano- Weierstrass theorem there exists a
a convergent subsequence

gu(r1), g21(r1), gar(r), - - -
Similarly we can select from the sequence of numbers
G11(72), §21(r2), 9s1(72),+ - -

a convergent subsequence
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G111(r2), G211(r2), Gari(re) o=+ -

Repeating this procedure, we can select from each sequence of func-
tions (#=1,2, ---)

91(8-1(X), gatn-(X), * * -, (gr0(x) = gu(x))
a subsequence of functions
(19.12) g1(x), gami(x), gsm(X), + - n=1,2,3,--)

which converges at the points x = 7, 7, ---,74. Accordingly the
subsequence

(19.13) G1(%), gare (), garre(%),+ -, Gum(x), *
of the original sequence {g.(x)} converges for every rational number
=71,7, " u, . (This method of selection (19.13) is an example

of the so-called diagonal method.)

Next we shall prove that the sequence (19.13) converges uniformly
on the interval [, 8]. For the sake of simplicity, we shall denote
the sequence (19.13) by {¢9.(x)}. According to (19.9’), there exists,
for any positive number ¢ > 0, a positive number & = d(¢) > 0 such
that

| ga(x1) — gn(x2) | S e for all »
whenever |x, —x:| 4.

On the other hand, the set of all rational numbers is dense in the
interval [a, b], hence for the above 8, there exists a number N=N(J)
such that

mingegy |X — 7| < 0

for every number x in the interval. Further, since {¢.(x)} converges
at the points x = »,, 7.,---, 7y, there exists, for the ¢ > 0, a num-
ber M = M(e) such that

m,n = M implies |gn(7) — gu(r)| <e (A =k = N).

Therefore, for each x, there exists a rational number 7, (1 £k < N)
such that

| 9a(%) — gm(%) | = | ga(x) — gu(rx) |
+ Ign(rk) - gm(’lc)' + lg'm(rk) - .‘/m(x)l < 3e

wherever m,n = M. This means that {g.(¥)} converges uniformly
on the interval [a, 8], q.e.d.
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20. Existence proof for the eigenvalues
Inner product. For every pair of complex-valued continuous func-
tions f(x) and g(x), the integral
b
(20.1) fro)= S Sx)g(x)dx

exists and is called the inner product (or scalar product) of the two
functions f(x) and ¢(x). Obviously, the inner product has the fol-
lowing properties:

(20.2) (af + Bg), h) = e f, 9) -+ Blg, b)
(20.3) @NH=U9
(20.4) HfE=(f,f)

where a and B are arbitrary complex numbers. Furthermore the
Schwarz inequality holds [(19.10)], that is

(20.5) g, ] = 191l k]
To prove this, let @ and B be two real numbers. Then
||y + Bh|l* = (g + Bh), (ag + Bh))
=at||g||* + 2aB.22(9, h) + B || k||* 2 0

«#(g, h) denoting the real part of (g, h).
The condition of positivity of this quadratic form is

{Ag, ¥ < llglElihe

Taking 6 such that exp((—1)'28)(g, h) = |(y, k)|, and substituting
exp((—1)'20)g for g, we obtain the inequality (20.5). We also obtain

g+ hllz=Ilgll*+22@, )+ 1AIE=UlgIl + A
and hence the Minkowski inequality
(20.6) flg+hil<ltgll+ 1Al

Let K(x, £) be a complex-valued continuous functionof x, £ (@<x, E<b)
which is Hermitian symmetric, that is,

(20.7) K(z, &) = KE, )

(The real-valued kernel satisfying (19.4) is of course Hermitian
symmetric.) Then we have, for every pair of continuous functions

Sf(x) and g(x),
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(20.8) (KSf, 9) = (f, Kp), (Kf)(x) ~ SDK(I, ENEME

According to (19.8), there exists a positive number a such that
(20.9) HEflIl =allfll

holds for all continuous functions f. Moreover, Theorem 19.2 is
valid for the operator K.

We shall now prove the existence of the eigenvalues of the oper-
ator K. We begin with

Tueorem 20.1. Let

(20.10) WK = supyzy (|l KfF I

Then obviously, by the linearity of the operator K, || K || is the in-
fimum of all « such that (20.9) holds for all f. Furthermore,

(20.11) K || = supyy o [(Kf, f) |

Proof. The equations (20.5) and (20.10) imply that |(Kf,f)l £
HKFII U £ I K| for every f with ||f|] =1. Hence, by setting
B = sup; ((Kf, )]

we obtain 8 < || K||.

Next we shall prove 8= || K||. By virtue of the linearity of the
operator K, we see that | (Kf, f)| < 81|/ ]2 holds for every f without
the assumption || || = 1. Hence, taking account of (20.2), (20.3), and
(20.8), we have, for two functions f, ¢ with ||| = |l¢ |l =1,

(K(f+ 9, (f +9) = (KSf,f) + (Ky, 9) + (Kf, 9) + (Kg, f)
= (Kf,f)+ (Ky,9) + 2.2(Kf,p) S BIIf+ gllI*
2 —BlIf—yglP
Accordingly we obtain

42K N=BAUSf+HglP+USf—gllD
=281 112+ 1lgl*) =48
Therefore, if (Kf)(x) #0, we obtain ||Kf|| £ by setting g =
Kf/\\Kf|). In the case (Kf)(x)=0, we have 0= || Kf|l =8Il
since 8 = 0. Thus, in any case, we have 8 = || K || and hence the
proof is completed.

We shall next prove the following theorem.



82 DIFFERENTIAL AND INTEGRAL EQUATIONS

Taeorem 20.2. If || K || # 0, then either the inverse of || K||=8
or of — || K|| = — B is an eigenvalue of the operator K.

Remark. If K(x, ) # 0, then gblK (x40, £)12dE>0 for some x,. Hence,

a
setting fo(x) = K(x, x,), we obtain (Kf,)(x,) # 0 which means || K ||#0.
Accordingly this theorem contains Theorem 19.1.

Proof. (Kf,f) is real by (20.3) and (20.8). Hence, by (20.11), there
exists a sequence {fn} of functions which satisfies

Hfmll=1m=1,2,---) and
liMp e (Kf . fm) = B (OF liMpsce (Kfm, f) = — B)

Then, by Theorem 19.3, the sequence {(Kfw)(x)} contains a subse-
quence which converges to a continuous function ¢(x) uniformly on
the interval [a,b]. We may assume, without loss of generality, that
the sequence {(Kfa)(x)} itself converges uniformly to the function
¢(x). By (20.8), we have

(20.13) || Kfm — Bfm |I* = || Kfm |I* + B8 1| fn |* — 2B(Kfm, fm)

On the other hand, on account of (20.12), and because lim s« (Kfn) (x)=
¢(x), the right side of (20.13) tends to

Hell2+ B8 —2 = |lel|*— B
as m — o, Therefore we have || ¢ || = 8 so that ¢(x) % 0.
Since || Kfm |l < 81l fnll = B, we obtain, from (20.13),
limpaee || Kfm — Bfm |2 < B2 + B2 — 28 =0
Thus liMm-w || Kfm — Bfm |l = 0. Then (20.9) implies
iMoo || K(K fm) — BKfmll =0
Accordingly, we obtain

S:I (Ko)(x) — Bo(x) Itdx = 0

(20.12)

Since (K¢)(x) and ¢(x) are continuous, we obtain further
(Ko)(x) = Bo(x)

In the case limp-w(Kfm, fm) = —B, applying the same arguments
to the operator —K, instead of K, we see that B! is an eigenvalue
of —K. Hence, in this case, —f-! is an eigenvalue of K.

The method of the above proof is called ‘‘maximal method’’
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because of the fact that the inverse of sup ., |(Kf,f)|=8 or —8
is an eigenvalue of K.

21. The DBessel inequality. The Hilbert-Schmidt expansion theorem

Let f(x) and g(x) be continuous functions on the interval [a, b].
When
(21.1) (f,&=0
f(x) is said to be orthogonal to g(x), and this fact is indicated by
writing f L g. Clearly, the orthogonality relation is reflexive, that
is, if f L g, then ¢ 1 f.

For an operator K defined by means of a symmetric (or Hermitian
symmetric) kernel K(x, £), the following theorem holds.

Taeorem 21.1. (i) All eigenvalues of the operator K are real.
(ii) Two eigenfunctions, corresponding to different eigenvalues, are
orthogonal.

Proof. Let 4 be an eigenvalue of the operator K and ¢ the cor-
responding eigenfunction, that is, K¢ = A-'¢. Then

(Ko, @) = (A", 0) = 1Y, ¢)
By (20.8) and (20.3), we obtain that

(Ko, @) = (¢, K¢) = (Ko, ¢)
and hence (Kg, ¢) is real. On the other hand, (¢, ¢)> 0 is real.
Therefore 4 must be real. This proves (i).
Let Ko = 2-'¢, and K¢ = u~'d, (A # p). Then
(¢, §) = (Ko, ) = XA Ko, $) = Ao, K¢) = Ao, 17'¢)
= e, ¢)
since x is real by (i). Hence we obtain, by du~! # 1, that (¢, ¢)=0.
This proves (ii), q.e.d.
We shall next describe Schmidt’s orthogonalization process.
TueoreM 21.2. Let f1(x), fo(x), - - -, fa(%), - - - be linearly independent,
viz., any finite number of f,(x) be linearly independent. Let
91(x) = L)/ fi 1]
9:(x) = (fo(x) — (f2, )9 ()| f2 — (fer 909111

-------------------

u5) = (fo) - LN 70)) /

--------------------

fn— :i_: (frnr 9609k
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Then, ¢i(x), 9:(x),- + -, 9(x),- - - satisfy the orthonormality relations

(21.2) @09 = 3 (k=5
=0 (kR+5s)

Proof. Since f, and f. are linearly independent, f» — (f3, 1)) is
not identically zero; hence we can divide it by its norm, and thus
¢2(x) is well defined. Since ¢, is a linear combination of f; and g¢,,
fs, 91, 92 are linearly independent. Hence fs - (fs, g2)9: — (fs, 901 is
not identically zero; so we can divide it by its norm and g¢; is well
defined. In this way, we can define ¢, ¢s,- - -, 94, - - successively.

Clearly ¢, is normalized, that is, || g» || = 1. Next we shall prove
that {g,} satisfies (21.2). By the definition of ¢., obviously (¢, g,) = 0.
Thus, by

{Sfs — Uy 9)n = (S5, 92)92}, 90) = (Ss, 91) — (S5, 90) ~0=0
we have (95,¢9,) = 0. In this way we see that
(93, 91) = 0,(96,9)) = 0,-++, (gu, 1) = 0, -

Similarly, we see, starting with (g3, ¢2) = 0, that
(yh .(12) = Ov (g-'n !/2) B 0,' ) (.(]‘n, 92) = Or' .t

Repeating the same procedure, we finally obtain that (g, g5;) = 0 for
k+#s, q.ed.
As a by-product of the proof, we obtain the following

CoroLrary. Let fy, f:,--«, fu,-+-and ¢y, 92, -+, 9u,- - - be as in Theorem
21.2. Then

(21.3) every g, can be written as a linear combination of
Ju, f2r++, fa, and moreover, every f, can be written as
a linear combination of g,, g2, -, ¢n.

Remarx. A set {¢,} of functions is called an orthonormal system
if it satisfies the orthonormality relations (21.2).

Tueorem 21.3. (i) The operator K has at most denumerably many
eigenvalues. The set of all eigenvalues has no limiting point except
oo, (ii) The multiplicity of every eigenvalue 4 is finite. In other
words, the number of linearly independent eigenfunctions corre-
sponding to the eigenvalue 4 is finite.

Proof. 1t should be noted first that if K¢ = 2''¢ and K¢ — 2-'¢,
then, by the linearity of the operator K, K(awg + B¢) = aKp+ BKp—
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A Yag + B¢), which means that any linear combination of eigen-
functions corresponding to the same eigenvalue is either an eigen-
function corresponding to the same eigenvalue or identically zero.
By virtue of this property, for any eigenvalue 4, there exists a set
of eigenfunctions, corresponding to the eigenvalue 4, such that they
are linearly independent and every eigenfunction corresponding to
this eigenvalue is written as their linear combination. Suppose now
such a set of eigenfunctions contains denumerably many functions
fe. Then, by Schmidt’s orthogonalization process, there exists an
orthonormal system {g:) which satisfies (21.3). Since Ky = A'gx,
we have

Klgs—g0=24"—2"'9%, (95,9 =0xn
Hence, if j # &,
HKg, —g)lP=4%+22=22¢2
while
g, — gell*=2

This contradicts Theorems 19.2 and 19.3. Thus (ii) is proved.

Next we shall prove (i). By Theorem 21.1, the eigenfunctions
corresponding to different eigenvalues are orthogonal. Hence, if
there exists a finite limiting point of eigenvalues, we would have
an orthonormal system {¢,} satisfying

K(/’J = l,l—,v’j (j = 1, 2) 3!"')
Ayt —a (% 0)
Then, since
K, — @) = 4", — &'or, (05, 06) = Ox

we obtain that, for sufficiently large j and %,j + &,

I Klpy— @) ll? =47+ 4222, |los—eell2=2

This contradicts Theorems 19.2 and 19.3. Therefore the number of
eigenvalues A satisfying n<|4|<n+1 is finite #=0,1,2,---).
Hence, we see that the set of all eigenvalues consists of at most
denumerably many points and has no limiting points except for oo,
q.e.d.

According to Theorem 21.3. if the operator K has infinitelv manv
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eigenvalues,! then we can write its eigenvalues and eigenfunctions
as

(21.4) 'zll.s-lxllé""hml'—'”llll=°°

K¢j = 11"1’/’1 (j = ln 2,' ° ') ’ (¢1! ¢k) = 8.’&

so that every eigenvalue 4 of K is equal to some 4; and every eigen-
function corresponding to the eigenvalue A is written as a linear
combination of finitely many eigenfunctions ¢; corresponding to the
eigenvalues 4; = 2. We shall refer to {¢,} as the complete orthonomal
system of eigenfunctions of the operator K (or the kernel K).

Remark. As was shown in §1 of Chapter 2, the eigenvalue prob-
lem for the boundary value problem of Sturm-Liouville type is
equivalent to that for the symmetric kernel. Hence Theorem 21.3
holds true for the eigenvalues of our boundary value problem.

Bessel inequality. Let f(x) be a continuous function and let {¢;}
be the orthonormal system as in (21.2). The numbers

(215) (fv ¢J) (j = 17 2) ”')

are called the Fourier coefficients of f(x) with respect to the ortho-
normal system {¢;}. In terms of these coefficients we have the
Bessel inequality:

(21.6) file 2 jf;l(f. o)l

Proof. Put g, =f — 27(f, ¢s)es. Then, from the orthonormality
of the system {¢,}, it follows that

0= llgallt=I£I* — gl(f, o)l qed.

Next we shall prove the Hilbert-Schmidt expansion theorem:
Tueorem 21.4. Let f(x) be a continuous function defined on the
interval [a, b]. Let

21.7) (Kf)(x)
be its transform by the operator K, and
(21.8) ﬁ (KF, 0)0A)

the Fourier expansion of (21.7) with respect to the complete ortho-
normal system of eigenfunctions {¢;}. Then (21.8) converges
absolutely to (21.7), uniformly on the interval [a, b].

1 Kernels do not necessarily have infinitely many eigenvalues. See the re-
mark at the end of this section.



THE BOUNDARY VALUE PROBLEM 87

Proof. The equation (21.4) yields

(Kf,05) = (f, Ko;) = (f, &0s) = & ([, ¢))

Applying the Bessel inequality (21.6) to K(x, £) as a function of &, we
obtain

2.

J=n

g"K(x, Exo )t | EPECTE SI K(x, £) I'dE
Therefore, by Schwarz inequality,
S 1S, 001 o] = S 00l 157,01

=
s {S10e0n} || ke D)

According to the Bessel inequality (21.6), the first term on the right
side tends to zero as n, m — o. Furthermore, since K(x, £) is continu-
ous fora < x £b,a £ £ <b, the second term is a continuous function
on the closed interval [a, b], and hence is bounded. Hence (21.8)
converges absolutely and uniformly on [a, b].

We shall next prove that (21.8) is equal to (21.7). To do this, put

1/2

(21.9) Kz, E) = K(x, £) — ;: o o E
Then,
(21.10) Ku(x, &) = K€, %)

since every eigenvalue 4; is real. Let us define the operator K, by
means of the function Ky(x, &), in the same manner as the operator
K. Then we obtain

Kof = Kf — glf '(f,ee; = Kf — 12:'; fs &'ees

=Kf— ; (f, Koo = Kf — ; (Kf, ¢1)e;

Hence it is sufficient to prove that (K,f)(x) converges uniformly to
zero. Since the system {¢;} is orthonormal, we have
(an’ ¢m) = (Kf’ ‘Fm) - (Kfr ¢m) =0
for m < n. From this, it follows that, if f is an eigenfunction of
the operator K,, corresponding to an eigenvalue &, then
(fy0m)=0 (m =n)

and hence, by (21.9), Kf = K.f = é-'f; this means that & is also an
eigenvalue of K and the corresponding eigenfunction is f. Accord-
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ingly, f must be written as a linear combination of eigenfunctions
¢; corresponding to the eigenvalues 4; = §, namely,

f=3 80, B, =(f, 0y
A §

from which we derive that, for j < #n,8, =0. Hence we see that
every eigenvalue & of the operator K, satisfies

[0]2]4n]

Applying the maximal method as in Theorem 20.2 to the operator
K,, we obtain

HKnll = 14al™t

and hence lim,..||K,|| =0, since lim,..|4:| = . Thus, we ob-
tain that lim,..|| K.f|| = 0. Hence we obtain that the uniform limit
lim, (K. f)x), which as was already shown does exist, satisfies

(21.11) 1liMpee K f 1l = 0

On the otber hand, (Kf)(x) is, together with f(x), continuous, and
en(x) = A\ K(x, E)p(E)dE is, together with K(x, £), continuous; hence

(Ko f)(x) isa continuous, so that its uniform limit lim,-.(K,f)(x) is
alsocontinuous. Therefore, by (21.11), we obtain that lim,_...(K.f ) (x)=0,
q.e.d.

Expansion theorem and Fourier series expansion. 1f, for a given
continuous function ¢(x), y(x) satisfies the inhomogeneous equation

(21.12) (DY (%)) — q0y(x) = — P(x)

and the prescribed boundary conditions, then, as was already shown in
Parts 16-18, y(x) can be written as

@1.13) yx) = S"G(x, EYWEIE

by means of the Green’s function G(x, &) for the associated homo-
geneous equation with the boundary conditions under consideration,
whenever the Green’s function exists. It is also shown in Part 18
that even when the Green’s function does not exist, namely, when
there exists a non-trivial solution y(x) of the boundary value problem
under consideration, y(x) is written as (21.13) by means of the
generalized Green’s function G(x, £) if y(x) satisfies the additional
condition
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21.14) S"_v(x)yo(x)dx =0

a

Accordingly, by the expansion theorem (Theorem 21.4), v(x) can
be expanded in a Fourier series, which converges absolutely and
uniformly on the interval [a,b], with respect to the complete
orthonormal system {¢(x)} of solutions of the equation

(21.15) (p(x)@’ (%)) — q(x)p(x) = — Ap(x) (A #0)

satisfying the boundary conditions under consideration.
ExampLe 1. Let y(x) be a twice continuously differentiable func-
tion on the interval [0,1] and y(0) = y(1) = 0. Then y(x) satisfies

V'(x) = — ¢(x), where ¢(x) = —y''(x).

Accordingly, v(x) can be expanded in the Fourier series

Yx) = 3 a3/ 2-sin(nnx)
n 1

1
w, = S ¥(x)172-sin(nnax)dx
0

which converges uniformly on the interval (0, 1], with respect to the
orthonormal system {}/2-sin(nzx)} (2 = 1,2,-- ) of the solutions of the
boundary value problem

¢'l(x) = —dp(x), @0)=¢e1)=0

ExampLE 2. Let y(x) be a twice continuously differentiable function
on the interval [0, 1] which satisfies

1
S W dx.= 0, %0) = y(1), y'©O) = y'(1)
0
Then y(x) can be expanded in the Fourier series

wx) = il {anV/ 2-sin @urx) + Bay/2-cos(2nmx)}
a, =12 Sl ¥(x) sin 2nrx)dx
[

Bu= V2 Sl ¥(x) cos nrx)dx
0

which converges uniformly on the interval {0, 1], with respect to the
orthonormal system {y/2-sin(2nzx), v/2-cos Cnnx)}(n =1,2,---) of
the solutions of the (periodic) boundary value problem

¢''(x) = — dpx), ¢0)=¢(1), ¢'0)=e¢'(1)
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If y(x) satisfies only the conditions for the periodicity, that is, y(0)=
(1), '(0) = »'(1), then, applying the above result to the function

yx) — S:y(x)dx

we obtain that every twice continuously differentiable periodic func-
tion y(x) with period 1 can be expanded in the Fourier series,
which converges uniformly, with respect to the orthogonal system

{v'2-sin @n=nx), v'2-cos 2nnx)} , n=012-..-)

This is known as Fourier series expansion.

RemaRrk. According to Theorem 20.2, the operator K has at least
one eigenvalue, whenever K(x, £) is not identically zero. In certain
cases, the operator K has only a finite number of eigenvalues, al-
though K(x,&) #0. For example, consider an operator K defined
by the kernel K(x, £) = 2¢=¢, or, the equation

olx) — 45:2e=+ tp(E)E = 0
Setting
S:efv:(f)d’f =c

and substituting this in the given equation, we see that

@(x) = 22Ce*
Substituting this once more in the given equation, we obtain
1 2C
A= = z
a1 YN 1

Hence the operator K has only one eigenvalue with multiplicity one.
A Hermitian symmetric kernel K(x, £) which is of the form

K5, ) = 3, alxJai®)

is called a degenerated kernel. A degenerated kernel has only a finite
number of eigenvalues. To prove this, let

o(x) = xg"K(x, E)o(E) dE
and set

C = g”a@(e)de
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Then, similarly as above, it is easy to see that 4 must be a root of
an algebraic equation of degree n. Hence the number of all eigen-
values in question is at most z.

This is an example of an integral equation which can be reduced
to an algebraic equation. We shall show later (Part 27-28) that the
fundamental theorem of the Fredholm integral equation is derived
by a similar procedure.

22. Approximations of eigenvalues. Rayleigh’s principle
and the Kryloff- Weinstein theorem

Let {¢.} be an orthonormal system, and let
@2.1) W)= 35 eapa(2), 2() = 3, dupn()

be two Fourier expansions which converge absolutely and uniformly
on the interval [, ]. Then, integrating term by term, we obtain

(22.2) (v,2) = 5:*, Calln

on account of the orthonormality of {¢.}. In particular, setting
z =y, we have

22.3) vl = glcn I

which is known as the Parseval completeness relation. As is easily
seen from the proof of (21.6), the equation (22.3) means that

n
(22.4) limyow ||y — ,21 e, 11P=0
that is, .
(22.4") lim,._..,.g [ y(x) — le.cjco,,(x) [*dx =0

Hence (22.3) is a natural consequence of (22.4).

By making use of the completeness relation, we can obtain the
successive approximations of the eigenvalue as follows:

Tueorem 22.1. Suppose that every eigenvalue of the operator K
is positive. Let go(x) # 0, 9:.(x) = (Kg0)(x) 0,

(22.5) g = Kgl = K’go' gs = ng = Kz.‘/l i Kago’ ..
and
(22.6) gy = Monll o Guer. 90)

T [ gnas 112
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Then
(22.7) 0< a, =B

and {B.} is monotone decreasing. Further, there exists an eigen-
value 4 of K such that {a,} and {8,} tend to 4, as # — o, and a, = 4.

Proof. By the expansion theorem, every ¢, can be expanded as
follows:

(22.8) g = K" 'g, = JS‘: (K" gy, @))p; = i (91, K™ '¢,) 0,
~1 1

=4 " Voo, = 3 g, end " Ve,
J=1 )

0
where j, is the least j for which (g,, ¢,) # 0. Such j, surely exists,
for if otherwise, we would have, by Theorem 21.4,

(22.9) g:(x) = ’Zl (91, @)0,(x) =0

which contradicts the assumption ¢,(x) = (K¢,)(x) #+ 0. The equation
(22.8) together with (22.2) implies that

”+,n_‘”12n,l 1y 2
22.10) (Fn+1s Gn) )E}oj (g1, @)1

Hgull? = Z l}—z(n " (g1, ‘P.}) 2
4 Y

Hence, by the assumption

(22.11) 0<ll§12§lz’.§_“'

we obtain that

[ (o, ¢30) |2+ E,T= fgt1 (l)l_,ol)'—znﬂ [ (71,0 |2

(91, e+ 37 ! (A4 2| (g1, @) |

App £ = Ay,

Furthermore, making use of the Schwarz inequality (20.5), we see
that gl 9.l 2 [(#ni1, 92)|. Thus we obtain «, = B..
Next we shall prove that {8.} is monotone decreasing and tends
to 4, as # » o, Using the Schwarz inequality again we have
l(!/:ul,.’/n l):—: ”.‘/n!l” “.‘/n l“
And since
[ Waiis e O =Ky, 90 )= g, Kgn-) | = 1 g ll?
we obtain that
Heall/hgu-a 1l S W gni T gall
This means that {8,} is monotone decreasing; hence lim,... 8, does
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exist. For the sequence {||¢.||} of positive numbers, the following
inequality holds:

limn_.,-ll—""—lL S liMpaol | g ||~/
(22.12) — liganll 7

< My || g |7 < Timyaw Hgwll
IV guer ]

Thus, in order to prove that lim,..8, = 4,,, it is sufficient to show
that

(22.13) lim,—ew 2("“)1/(”9:& nll?) = Lol
holds true.
Proof of (22.13). The equation (22.10) implies that
(22.14) (| gur |]2) = z}ﬂng/[’i (%) (g1, ¢)) lz]
~Jo

Hence, by (22.11) and (22.10), we obtain
iMe W (| gno 111 < A5, Timaen W (g0 112) = &)

On the other hand, from (22.14) there follows, by virtue of (¢, ,)#0,
that

li._'ll"-'* g ll®) = 'Unl li_rnn—m G, ) = ljol

Thus we obtain
Timn B (| gy 1) = &5

This completes the proof of the theorem, q.e.d.

Remark 1. For the case when every eigenvalue of K is negative,
we may replace «, by |(7.:1, 92) /119211112 and the eigenvalue by its
absolute value. We thus obtain the same results as Theorem 22.1:
namely, the inequality (22.7) holds for «, and f,, {8.} is monotone
decreasing and both {a,} and {8,} tend to the absolute value of an
eigenvalue 2 of K, for which |2| £ «,.

In practice, we usually take B, as an approximation to the abso-
lute value of an eigenvalue. This is known as Rayleigh’s principle.
Of course, a, is better, as an approximation, than 8,, and «, or 8,
is still better. Furthermore, if we calculate both « and 8, then we
can estimate the errors of @ by virtue of the Kryloff- Weinstein
theorem, which will be stated later.



94 DIFFERENTIAL AND INTEGRAL EQUATIONS

ReMARK 2. Remark on Boundary Value Problem. To calculate a,
and B,, we need to calculate g,(x), 9:(x), g2(%),- - -, gn+:1(x) successively.
Here gn(x) is given by

gu(®) = S:G(x, E)gmr(E)E

G(x, £) denoting the Green’s function (or the generalized Green’s func-
tion). According to Theorem 17.1, we can also determine gn(x),
without constructing the Green’s function, by the equation

(22.15) Lgm(x)) = — gm-1(%)

together with the boundary conditions in question. For the case
when G(x, £) is the generalized Green’s function, namely, when there
exists a non-trivial solution ye(x) # 0 of the equation

(22.16) L(y(x)) =0
satisfying the boundary conditions, we can also determine gm(x),
starting with g¢(x) # 0 satisfying
]
@.17) S goye(x)dx = 0,

by the equation (22.15) and the boundary conditions, and using
successively the additional condition

(22.18) S"g,,(x)yo(x) dx =0

ExampLe 1. y"'(x) = —2y(x),50) =y(1) =0
Take go(x) = 1. Then, solving the boundary value problem, ¢i'(x)=
—1, 9:(0) = ¢,(1) = 0, we obtain g,(x) = (1/2)(x — x?). From the equa-
tion ¢i'(x) = (1/2)(x* — x), and ¢,(0) = ¢:(1) = 0, we obtain ¢.(x) =
(1/24)(x* — 2x® + x). Accordingly, we have
Bo=1lg0l1/lg: 1l = 10.9544
a,=(g:,90)/ 191112 =10
Bi=1lg:ll/llg:1l =9.881
a = (92,9)/119: || = 9.874
The approximations a,, By, @; and B, approach the true eigenvalue
A, = nt = 9.8696
from above.
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ExampLE 2. y''(x) = —Ay(x), y(0) = (1), y'(0) = y'(1)

In this case there exists a non-trivial solution y,(x) =1, which
satisfies both the differential equation and the boundary conditions.
Hence, we take g,(x) = 1 — 2x which is orthogonal to y,(x). Then,
from gi'(x) = 2x — 1 and ¢:(0) = g:(1), 9:(0) = ¢i(1), we obtain g.(x) =
—(1/2) x*+(1/3)x*+(1/6)x+c. Since the additional condition| g,(x)dx=
0 implies ¢ = 0, we have g,(x) = — (1/2)2* + (1/3)x* + (1/6)%. Accord-
ingly

Bo=Ilgoll/1lg:1] = 50.22
ay = (g1, 90)/ |1 91112 = 41.99

These values a, and B, are greater than the eigenvalue
A = (2m)* = 39.4784

The calculation of @, and B, is left for the reader.

Kryloff- Weinstein’s estimate of the errors.

THeoreM 22.2. Suppose that every eigenvalue of the operator K
is positive (or negative). Let a, and B, be as in Theorem 22.1.
Then, for each », there exists an eigenvalue 4, of K such that

(22.19) VBr—adZan— 24,20
(or
(22.19") VBr—an) Z |laxl — |45, 20)

and, for sufficiently large #, 4;, = 4y,
Proof. Since ||gn — @ngnt1 |2 = || gn||* — 2@a(gn, gn+1) + @nllgna |12,

|1 9 = @ngnsi |12 = || guss |18 — an)

Hence, by (22.8) and the Parseval equality (22.3), we obtain

1 = - - —
le - a: = _—‘_—l|g”+l |T’”JZJ (lj (n-1) — “”xj R)(gl,¢j)¢j “2
]
1 o ~
= TR W — kG e I
n - o

Accordingly, setting
min,;;o(h — a,)R = (AJ" — ay)?
we obtain, by (22.10), that

B: —ap 2 (AJ,. — an)
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Since limy-. B, = lim, .. a, = 4;, we must have 1;, = 4, for suf-
ficiently large »n, q.e.d.
ExampLE. (i) The estimate of errors in Example 1 is given by

0 < a,— n*=0.1304 < 4.4721 = (B} — a})'/?
0 < a; —n* =0.0044 < 0.3719 = (8} — a?)!/?
(i1) The error estimate in Example 2 is given by

0 < g — 47® = 2.5116 < 27.539 ~ (B} — a§)'/?

23. Inhomogeneous integral equations

We consider the inhomogeneous differential equation
(23.1) i(p(x)ﬂ) —q(x)y = - Ar(x)y — s(x), (r(x) > 0)
dx dx

where 4 is a complex parameter and s(x) is a given continuous func-
tion. As was shown in the preceding paragraph, the equation (23.1)
can be reduced to the integral equation

yx) = aS”c;(x, EVEWENE + S"Gu. E)s(E)dE

by means of Green's function G(x, £). Since the second term on the
right side is continuous, the solution of this integral equation can
be reduced to that of the inhomogeneous integral equation

23.2) S = o(x) — zg"l«x. E)olE)dE

with a real-valued continuous symmetric kernel Kix, &)(by setting
K(x, &) = V(r())G(x, )V (r(E)), and ¢(x) = v/ (r(x))-y(x)).

In the following, we shall be concerned with the problem of finding
the solutions ¢(x) of the equation (23.2) for a given continuous
function f(x) and a given value of complex parameter A.

As before, we denote by {4,} the eigenvalues of the associated
homogeneous equation

23.3) 0= olx) — zg"m, E)p(EE

and by {¢,(x)} the corresponding complete orthonormal system of
eigenfunctions. We have then

(23.4) [ A SlA] S]] £, limpue 4] =
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and
(23.5) K¢) = 11.140) ’ (V’J , Or) = O

We shall consider two separate case of the problem. For the first
case the value 2 is different from any one of the eigenvalues 4,.
For the second case 4 is equal to some eigenvalue 2,

First case: 2 is different from any one of the eigenvalues i,.
Suppose that a solution ¢(x) of (23.2) exists. Then

eix) — fix) = vi(x, Ep(E)dE |

Hence, by the expansion theorem, ¢(x) — f(x) can be expanded in a
Fourier series, which converges absolutely and uniformly on the
interval [a, b], with respect to the orthonormal system {¢,(x)}. Let
C,,j=1,2,---, be the Fourier coefficients of ¢(x) — f(x). Then

C,o=(¢—f,0)= (UKo, ¢)) = X Kp, ¢))
= Ap, Ke)) = Ao, 4'0) = 24, e, ¢))
=M —f+ f,0) =2 e — 1, 0) + 27 (S, 0))
= M'Cs + A Y,
where

f) = (f"/’])

Hence we obtain
(23.6) C)y=2f5/(4,— A

Consequently, we obtain that a solution ¢(x), if any, can be ex-
panded as follows:

& 4
23.7) ex)=fx) + 3, 7 lf ,9,(%)
J-14y
Actually, the series (23.7) is really a solution of (23.2), that is,
it converges absolutely and uniformly on the interval |a,b] and
satisfies (23.2). In fact, we obtain, by Bessel’s inequality (21.6), that
Lid b
pSITAL gS )2 dx < oo
-1 [
o b
Sulewr s |1k o ra

< SUD«s:snSD| K(x, E) [P dE < oo
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ix A ;]——|lw(x) I
< Cff-‘,', | I’g;‘llf‘w(x) 2

> C)g 'fj l‘ SUPegz50 S:l K(x’ E) I!dE

Hence we have

p I f N’J(x)

A4
Ay —2
On the other hand, the assumption 4 # 4;(j = 1, 2,- - -), together with
limy.... | 45] = o0, implies C < co. Thus, we obtain that the series
(23.7) converges absolutely and uniformly on the interval.

To prove that the series satisfies the equation (23.2), substitute it
on the right side of (23.2) and integrate term by term. Then we
obtain that the right side is equal to

10+ S i - {2 Ko 01
+ S| ke pesorar |
On the other hand, by the expansion theorem, we have
[ e D@ = 5 (K7, 000
—Z (f, Kepesx) = E_.‘. (f, 47 e1)es(%)
23 5 fres(%)

C =sup;z

Hence, making use of the identity
A A __ 2 )
A=A A A=A ’

we obtain

) + 37
A

i) - {i /b“lfm(x)
15t L o0} =10

Accordingly we have the following theorem.

Tueorem 23.1. If 2 is different from any one of the eigenvalues
of the operator K, and if f(x) is continuous, then the equation (23.2)
admits one and only one solution ¢(x) which is given by (23.7).
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Second case: A = 2;, for some j,. Suppose that ¢(x) is a solution
of the equation

23.2/) £#) = o(x) — "J:K("' Eo(E)dE

Multiplying both sides of (23.2) by ¢;(x) and then integrating from
a to b, we obtain

f1=(f, @3) = (0, 05) — A5(Ko, ¢)
= (@, @5) — A1,(0, Koj) = (@, ¢5) — A1h7 (@, 1)
Hence we see that
(23.8) if 4; = 2;, then f; =0

Conversely, if f(x) satisfies (23.8), then we can prove in the same
way as in the first case that

A
(23.9) ¢(x) = f(x) +*ﬁ§;o pyp lfm(x)

converges uniformly on the interval [a, b] and satisfies the equation
(23.2"); hence ¢(x) is a particular solution of (23.2’). Furthermore,
the difference ¢(x) of this solution ¢(x) and any other solution, if
any, is a solution of the associated homogeneous equation

b
3.3 0= dix) — A,OS K(x, E(E)E
hence it can be written as a linear combination
>, Cpslx)
AAg

of the eigenfunctions ¢,(x) corresponding to the eigenvalue 4,=4,.
This proves the following

Treorem 23.2. If 2 =4, for some j,, then (23.8) is a necessary
and sufficient condition for the existence of the solution of the
equation (23.2"). If f(x) satisfies (23.8), then the general solution of
(23.2") is given by

A
@10 =3 rZre®+ 5 Ce
J 0

J7 %, o

where the C, are arbitrary numbers.

Remark. It should be noted that these results are parallel to the
well-known results concerning the solvability of systems of algebraic
equations of first order of the form



100 DIFFERENTIAL AND INTEGRAL EQUATIONS

n
'I",-—-IEK,,'I’,"—F/ (t=—-1,2,"’,}l)
s 1

K= Ky (s,t—=1,2,---,n)

We shall prove, in Chapter 3, Fredholm’s theorem which is a gen-
eralization of the above theorems to the case of arbitrary kernel
K, &).

24. Hermite, Laguerre and Legendre polynomials

In the preceding paragraphs, we were concerned with the eigen-
value problem for the differential operator with real coefficients

=4 (v
L(v)= Tr (p(x) dx) q(x)y

on a closed interval [«,b] under the following assumptions: the
interval is a finite one, the coefficients p(x), g(x) are continuous, and
p(x) > 0. If any one of these assumptions is omitted, the proof of
the Hilbert-Schmidt theory can not be carried out as before. For
example, when ¢ = —o, or b = o, or @ = —oo together with b - o,
it is, in the first place, uncertain what are the suitable boundary
conditions for these cases, and whether with such boundary con-
ditions, the boundary value problems can be reduced to integral
equations, as before, or not. We are faced with similar difficulties,
when cither p(x) or g(x) is no longer continuous, or when p(x) is not
positive. We will not enter into the details of these problems, which
will be called singular boundary value problems hereafter and which
will be discussed in Chapter 5 from a general point of view. In
the following, we shall be chiefly concerned with the Hermite,
Laguerre, and Legendre polynomials, which play, in connection with
the Schrodinger equation, important roles in quantum mechanics.

Hermite polvnomials. We consider the following equation, con-
taining a complex parameter 2,

(24.1) (e .4'2",/)! + xe..,ﬂy =0

on the infinite open interval (- o0, ). We take as boundary con-
ditions the following: as x-»>- o, and as x-» +o, ¥(x) tends to
infinity of an order not greater than a certain finite power of x, that
is,

(24.2) y(x) = O(x*) as x--» 4o

The equation (24.1) is obviously equivalent to the equation
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(24.3) vy —=2xyv +Ay=0
This equation has no singular points except x — o, hence its
solution y(x) can be given by a power series

wo

(24.4) yx) = S a.x"

n 0
which converges for |x| < o». Moreover, ¥(—x) is, with ¥(x), a
solution of (24.3): hence the even function v(x) 4 y(—x) and the
odd function v(x) — v(—x) satisfy the equation (24.3) as well as
¥x). Accordingly, it is sufficient to consider only an even and an
odd solution

(24.4') yx) = f_‘,ag,, xand  y(x) = Y @aper X201
n v n 0

instead of (24.4). Substituting (24.4') in (24.3) and comparing the
coefficients of x*, we obtain the recursion formula

(24.5) Apial@, = 2n - A))n+ 1)(n + 2)
For y(x) to satisfy the boundary conditions (24.2), we must have
(24.6) A=2n n-=0,1,2,---)

In fact, if it were otherwise, then, by virtue of the recursion formula
(24.5), v(x) = D7 0@ X (Or D3 ol x2tY) is really an infinite
series, provided that «, (or «;) is not zero, i.e., if y(x) is a non-
trivial solution. Moreover, as will be proved shortly later, every
eigenvalue A4 for our boundary value problem is real. Hence we
have «a, 2/a, = real (n = 0,1, 2, ---), because of (24.5). Thus for every
n with 2u — 2 > 0, a:/ay (Or @znii/a)) has the same sign. Therefore
such an infinite series y(x) by no means satisfies the boundary
conditions (24.2).

Accordingly, we sec that all eigenvalues 4 are given by (24.6) and
the eigenfunction corresponding to the eigenvalue 2x is a polynomial
of degree n. We define, multiplying these polynomials by certain
constants, the nth Hermite polyvnomials I1,(x) as follows:

Hyx) =1, Hix)—=2x, Hyix)=4x*-2,
Hyx) =8x% - 12, H(x) = 16x* -48x2 4 12,
(24.7) e

nmn =10 .
——1-!——-(2,\')’

nn - N -2)(n —
2!

H(x) = Qxy -

‘5) (2.\')" 4 . ..

t
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where the last term is

+ (— 1)2 (——/2—)’— for even n

and

n-l !
+ (—1) zl -—-—————((n —nl)/Z)' 2x for odd n,

Orthogonality of the Hermite polynomals. The equation (24.1)
implies that

o .r e ** H,(x) H.(x)dx = r (e~ H\(x)) Hu(x) dx

By partial integration, we see that the right side is equal to

le-* Hix) Hato)"= = | e Hio His) die
- rwe"’H,i(x) H(x) dx
which is symmetric with respect to m and n. Accordingly we have
—2nS°_° e H(x) Ha(x) dx = —2m S” ¢ < Hi(x) Halx) dx
and therewith
(24.8) S:e‘-” H,(x)Hx(x)dx =0 (m + n)
showing that the Hermite polynomials form an orthogonal system
with the weight function e==*.
Generating function of the Hermite polynomials. The Hermite

polynomials may also be defined by means of a generating function
¥(x,t) as follows

(24.9) Vix, t) = e 1*r2s = pe? g-tt-n?
— Z Hn(x) L24dX) 4

If we put

then we can prove that
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= (—1)n z’M.
(24.10) Cu) = (~1re L2

equals the nth Hermite polynomial. To carry out the proof, differ-
entiate (24.9) with respect to x. We obtain ¥ .(x, t) = 2t¥(x, t), and
hence

(24.11) Ca(x) = 2n Cpy(x)

On the other hand, differentiating (24.9) with respect to ¢, we obtain
¥x,t) + 2(t — x)¥(x,t) = 0, and hence

(24.12) Crnri(x) = 2x Co(x) + 2n Cry(x) = 0
Combining (24.11) and (24.12), we have
(24.13) 2'(x) — 22 Ci(x) + 2n Cu(x) =0

This means that C,(x) is an eigenfunction corresponding to the

eigenvalue 4 = 2x. Since the highest term of the polynomial C,(x)

of degree n is same as that of H,(x), we must have C,(x) = H,(x).
From (24.1) and (24.11), we obtain by partial integration that

2n Sw e Hix)dx = S

T e A(HYR)) dx

= (2”)2 S e_ta H,E -1(x) dx

Hence we obtain further

(24.14) Sw e Hyx)dx = 2"(n!)§ e # Hix)dx

oo

- 2"(n!)§ e # dv = 22(nl)y/

Thus the system of the Hermite functions
{@" )V 7)Y e~ Hy(x)}

is an orthonormal system defined on (— oo, o).

The definition of the completeness of the Hermite polynomials,
together with its proof, will be given in Part 51.

Remarx. We shall prove that all eigenvalues of the equation
(24.1) under the boundary conditions (24.2) are real.

To prove this, let 4 be an eigenvalue and y(x) the corresponding
solution. Then, since

L{y)=(e'y') = —ke*y
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the complex conjugate ¥(x) of v(x) satisfies the equation
L(¥=(y)=~2e”F

and the boundary conditions (24.2). Accordingly, taking account of

the boundary conditions, we obtain by partial integration that

@ — x)r ey(x) Yx) dx = S” (Y@ LAy) — vx) LA} dx

- S“ {¥x) (e y"Y — vx)(e ') ) dx

= [¥x)e = ¥'(x) — ¥x) e ¥ (0] = 0
Since v(x) # 0, we thus obtain that 4 = 4; that is, 4 must be real,
q.e.d.
Laguerre polynomials. We consider the following differential
equation, containing a complex parameter 4,

(24.15) (xe “v') 4+ 2e - yv=0

on the infinite interval [0, c0). We take as boundary conditions the
following:

(24.16) ¥(x) remains finite as x->0,
yx) = O(x*) as x-»> oo

The equation (24.15) is equivalent to the equation

(24.17) x4+ A=)y +2y=0

The equation (24.17) has no finite singular points except the point
x = 0 which is regular singular. The indicial equation at the point
x=0is

(24.18) r2=0
and has a double root »r =0. Hence, there is a solution y,(x) of
(24.17) of the form
(24.19) wx) =3 anx*

n 0
Substituting this in (24.17) and comparing the coefficient of x", we
obtain

a(—A)(—2+ 1) (=A+n—-1)
(n!)

We shall now seek another solution y.(x) which is linearly indep-

(24.20) an =
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endent of y,(x) and which is of the form
(24.21) ¥o(x) — wilx) S"z(t) dt

As was shown in (12.29), 2(x) satisfies the equation

(24.92) 2/(x) 4 {——rw 42 V'Ex;}z(x) -0
l

Hence we obtain that

2(x) = Le’y,(x)'z
(24.23) o
walx) = _v.(x)S -:——c' w(t) =dt

Consequently, if a, is non-zero and real, that is, v,(x) is a non-
trivial real solution, and if 4 is a real number such that

(24.24) At n, n=012,--9)

then, on account of (24.20), the coefficients a, of the infinite series
(24.19) have the same sign from a sufficiently large index on; hence
the boundary conditions (24.16) are not satisfied. (In view of (24.20),
mx) £ O(x*) as x-»>o0, and moreover y.(x) does not remain finite as
x-»0.) Therefore we see that all the real eigenvalues for our
boundary value problem are given by

(24.24") 1=0,1,2,---

and the solution corresponding to 4 == n is a polynomial of degree
#n. The Lagucrre polynomials L,(x)are defined by multiplying these
polynomials by certain constants as follows:

Livy=1, LG»)=-x+41,

2
Lyx) = "-2‘— —-2x+1,

24.25)  Lyx) — —"Ta + %xz —3x+1,
L =2 2 130 4y 41
24 "3 '

....................




106 DIFFERENTIAL AND INTEGRAL EQUATIONS
Since y:(x) does not satisfy the boundary condition at the point x =0,
as is easily seen from (24.23), the system of eigenfunctions of our
problem is given by the Laguerre polynomials.
The orthogonality of the Laguerre polynomials. We can easily

prove the orthogonality relations
(24.26) re“L,.(x) La(®)de=0 (n+#m)

0
in the same way as in the case of the Hermite polynomials. Since
L.(x) is a polynomial of degree m, x™ is written as a linear com-
bination of Li(x), Li(x), -+, Lu(x). Hence (24.26) yields

re"x"‘L,,(x) dx=0  (n>m)

[
Accordingly, making use of the fact that
La(x) = (1 + -
n!

we obtain by repeated partial integration that

re'*L,.(x)’ dx = S“e (—1)

[ ()es

=(- 1)”( )( gx"‘ dnl(x" e”) dx

X L(%)dx
n!

”ﬂ (x"e *) dx

(x”e~") dx

= (_1)n+z( >n(n - I)S Xt ;nn =

=...=.._1__S e*dx=1
n! 0

We thus obtain that

24.27) S:e"L,.(x)’ dr=1 (=012 )

In other words, the system of Laguerre functions {e */* L,(x)} is an
orthonormal system defined on [0, ).

Generating function of Laguerre polynomials. For |t| <1, we
have
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S Lwe=3 3 1)*( ) Loom

n=0 n=0yv-0

-5 5 ()

v=0 n-y

_ (__1)vxv v
- ,,5:‘6 v! 11—+t

— 1 —&t/ (1—-t)
=0z t)e

Hence the Laguerre polynomials may also be defined by means of
the generating function 1/(1 — t)-e—<t/*-v as follows,

(24.28) S Lt = e, (<1

n 0
We can prove, as in the case of the Hermite polynomials, that all
eigenvalues for our problem are real. The definition of the com-
pleteness of the Laguerre polynomials, together with its proof, will
be given in Part 54.
Legendre polynomials. We consider the following differential
equation, containing a complex parameter 4,

(24.29) {1--x)y} +dy=0

on the closed interval [—1,1]. We take as boundary conditions the
following:

(24.30) both lim,. ,™x) and lim,. wx) are finite.
As was shown in Part 14,
(24.31) A=nnt+l  1=0,1,2-+)

is the eigenvalue for our boundary value problem and the correspond-
ing eigenfunction is the nth Legendre polynomial P,(x). We shall
prove here the completeness of these polynomials and also prove
that there is no eigenvalue except (24.31) and no eigenfunction which
is linearly independent of the Legendre polynomials.

Let f(x) be a real-valued continuous function defined on the interval
[-1,1]. Then, as was shown in Part 14, f(x) can be approximated
uniformly on the interval |[—1,1] by linear combinations of the
orthonormal system {¢.(x)},

(24.32) dulx) = V(1 + §)- Pulx)

as follows
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(24.33) SUDaig [ f(1) — S cadhuln) | < e

Now, let a, be the Fourier coefficient of f(x) with respect to the
orthonormal system {¢.(x)},

1
(24.34) ap = S Fx) dulx) dx = (f, ¢a)
-1
Then, for any set of numbers 8,, 8, 8., -+, B., We have

S' 10 = 3, 8. g dx

= S lf(X) I' dx - \_‘ Bn ﬂ" - ‘\_l Eu o, + ‘_\: Bu Eu

50 n 0 n v

= s ‘f(X)lzdx— \‘ laa I* + 3 |all B l?
o n -U n (l
by making use of the orthonormality of the system (24.32). Hence
the above integral attains its minimal value when f, is equal to the
Fourier coefficient «,. Therefore, from (24.33), we obtain

€= ‘f(r) V (‘" (/'n(x) dr

d.r

Y

I
S lf(x) - E a, Pulx)

n oo

m

S f de — 3% a2 2 0
-1 n 0
for any positive number e. Accordingly

(24.35) S | flx) I*dx = \‘

n 0

S Jxr () dx'

An orthonormal system {¢,(x)} is said to be complete when the com-
pleteness relation (or the Parseval equality) (24.35) holds for any
continuous function f(x). The Legendre polynomials are, in this
sense, complete.

Next we shall prove that (24.31) exhausts all eigenvalues for our
problem. To prove this, suppose that there exists an eigenvalue A’
different from (24.31) with the corresponding eigenfunction ¢(x). It
should be noted first that 4’ is real, which is proved similarly as in
the case of the Hermite polynomials. Further, ¢(x) is orthogonal to
every ¢.(x). In fact, by the definition of P,(x), we have
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Sl {(1 — x) Pyx)} elx)dx = —S‘
1

nn + DHP,(x)elx)dx
1
Then, integrating the left side by parts, we find that it equals

1
(1 — x2) Pix) el —S (1 — x®) Pa(x) ¢’ (x) dx
1
1
- S -1 = ) Pux)e' () dx
-1

and hence equals

1

1
S {1 — ) ')} Pyx)dx = —S A g(x)Py(x)dx
1 1

Thus we obtain, for 2 £nn-+1) n=0,1,2,--),
1 i*1
(24.36) S P.x)olx)dx — S du(x)elx)dx - 0 (n-=0,1,2,--+)
1 1

Setting f(x) — ¢(x) in (24.35), we see that the continuous function
plx) satisfies

* 1
3 lelx) Pdy — 0
1

hence ¢(x) .- 0: this is a contradiction.

Consequently, we can conclude that all eigenvalues for the boundary
value problem (24.29)-(24.30) are given by (24.31), and the correspond-
ing eigenfunctions are the fuunctions ¢,(x).

Remark. The completeness relation (24.35) may be stated in the
following, apparently more general, form: the system {¢} is com-
plete if for any pair of real-valued continuous functions f(x), g(x)
defined on the interval [—1, 1], there holds the relation

" 1 1
(24.37) S fngxrde — N (S L) o) dx) (g 9(8) Pu(s) ds)
1 1 1

non

Proof. Setting (f, ) =14, (9, ) =y, and by making use of
the Schwarz inequality, we obtain

l(,/', q) - (f. i.«/" slv.,)l' = (/ g — f.'/,, (/',,)‘~

nou n o

n

2
< /I ”/ <y 4“
n o

The second term on the right side tends to zero as m-» oo, on
account of (24.35). IHence we obtain
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(/2 9) = limue (£, 35 00 4) = limn-c S 0us.90) = Sy

Concerning the details of “orthogonal polynomials,” the reader is
referred to G. Szego, Orthogonal polynomials, New York, 1939.

§3. Asymptotic expression of eigenvalues and eigenfunctions.
Liouville’s method
25. Liouville transformation

We consider the equation
d dy _ —
(25.1) ' (p(x)j;) +{Ar(x) —q(x)}y=0

where p(x), g(x) and r(x) are real-valued continuous functions defined
on the closed interval [a, b], and p(x), »(x) are positive at any point
x on the interval. If, in addition, {p(x) r(x)}'’, together with p'(x),
is continuous on the interval [a,b], then the equation (25.1) is
transformed by the Liouville transformation

s =5 () e

K=1 "(ﬂ)édx

(25.2) 7 Ja\ p(x)
= (px) r(x)t y

ot =Kz
into

d*u
(25.3) e +{p*—g(2)}u=20
where

_ f”(z) e

(25.4) 9 = Ty KD

fla) = (px)r(xNt,  k(z) = g(x)/r(x)

and the new independent variable z varies over the interval 0 <z <.
We shall be primarily concerned with the equation (25.3) under the
boundary conditions

(25.5) #'(0)- hu(0)=0, w'(n) + Hu(n) =0 (h>0,H>0)
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which correspond to
Y@ —aya)=0, yO+By0)=0 («>0,8>0)
for the original equation (25.1). We write the equation (25.3) as
(25.6) d*uldz? + p*u = g(2)u
For a given continuous function »(z), the equation
u''(z) + p*u(z) = v(2)

has a particular solution
uiz2) = %S:[sin o(z — O] v(t) dt
Hence the general solution of (25.6) can be written in the form
#(z) = Acospz+ Bsinpz + — S [sin p(z — £)] y(&) u(2) dt

where A, B are integration constants. Accordingly, the solution
satisfying the following initial conditions at the point z =0

(25.7) u0) =1, u'0)=nh

is

(25.8) wu(z)=cospz+ —lp— sinpz + — S [sin p(z — 1)] g(£) u(?) dt
o

If we impose on u(z) a further condition at the point z =«

(25.9) . u'(7) + Hu(r) =
then p is determined by

(25.10) tan pm = C/(p — D)
where

C=h+H+ S'{cos ot — Hgin pt}g(t)u(t)dt
(25.11) 0 e

D= H-z- " S"Jlsin ot + —i—lcos pt}g(t) wt) dt
0

The details of the calculation are left for the reader.

No eigenfunction ¢(z) corresponding to (25.5) and (25.6) vanishes
at z =0, for if otherwise, ¢(0) = ¢'(0) =0 which implies ¢(z) =
Hence the eigenfunction u(z) = ¢(2)/¢(0) satisfies (25.7), and we may
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assume that, for an eigenvalue and the corresponding eigenfunction
#(z), the relations (25.8), (25.10) and (25.11) hold.! We know already,
as was shown in the preceding paragraphs, that the eigenvalue,
together with the corresponding eigenfunction, does exist and the
set of all eigenvalues {p?} is denumerable and has no limiting points
except #-vo. But —w is excluded since, by partial integration of
(25.3),

r r r T
pﬁs udz = S"_r/uzdz — S w'udz = S gutdz - [u'ul; + S (e’ Ydz
[ 1] [

0 0

and —[w'uly = Huim)? + hu(0* >0 by >0, H> 0.

26.  Asvmptotic expressions of cigenvalues and eigenfunctions

It should be noted first that «(z) is bounded on the interval [0, =],
that is, supe..-«|2#(2)| = M < w, since u(z) is a solution of the equa-
tion (25.3) satisfying the initial conditions (25.7). Hence it follows
from (25.8) that

3 x
lul2)| < (1 + —"—2—> + -ALS lg(t) | dt
[ o Jo

and therewith
M= (14 ﬁi) ’ i"’—S"lgmm
[ P Jo
We thus obtain
M=+ 112/()2)5/{1 — (l/p)ley(t)ldt}-
(26.1) "

n

whenever p > S | () | dt .

Accordingly, since M <1+ O(p ') as p-> oo, we see that both |C|
and | D| in (25.11) are bounded for p-»>c. Hence, by virtue of
(25.10), p = n, where n denotes a positive integer, as p--» co.

In the following, we assume further that ¢(¢) is continuously dif-
ferentiable, and on the basis of this we shall obtain more precise
asymptotic estimates for p? and u(z) as p- » oo.

Substituting #(z) =1 + O(p-!) in (25.8), we see immediately that,
for sufficiently large p, u(z) may be written as

ll(Z) =Cospz + _(_l(_e,_Zl_

! The equation (25.8), which contains the unknown wu(2) in the indefinite
integral, is an example of a Volterra integral equation.
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where |a(p, 2)| is bounded when p- > co for all z € |0, =] simultaneously
Substituting this in (25.8) once more, we obtain

u(2) = {1 —_ —:}-S sin pl(cospt + “(p‘ B )J(i)dt } cos p2

{-ﬁ- 4 —:)—S cos pt(cos ot + -‘L(—pl;i')y(t) dt} sinpz

On the other hand, we obtain by partial integration that

S'sinpt-cos,,z-ymdh [“"‘ o! j(f):] g St gy dt = O
0 Z 0 o0 Z

SICOS"’()I-{]([)(II—‘ —gt)ydt + S (COb”()[- ;-),f/(t)dt
0 0

.0
1(* sinpt-cospt ]’ S’ sinpt-cospt ,
= —\| gHdt + l:——————r(t) — | —————F=¢(t) dt
2 SUI 2p v o 0 2p y

Hence we obtain

u(2) = [1 + O(p ®)]cos pz + L('(Z) + O(p -):| sinpz

(26.2) .

G(z) = h -+ _‘1" gt dt
2 )

We similarly obtain from (25.11)

1 x
= 0 ! = it
(26.3) C=h+tHA M+, h=5 Soy(m

D=0p"
Hence, according to (25.10), we have

h+HA h +-0p Y
e +00pYH

(26.4) tan zp =-
Thus we see that for sufficiently large values of p
p_:;n_}.ﬁ_IH—h.l_.’_()(p 2
7p

=n+ Bt Ht by + O ?)
o
n denoting a positive integer. Accordingly, we have

(26.5) pn =n+ :7 4+ 0m?, c=h+H+hr
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Thus

cos pp 2 = [1 + O(n?)] cos nz — [—%— + O(n")] sin nz

sin p, 2 = [1 + O(#-%)] sin nz + [inz— + O(n”):l cos nz

and hence we see, by (26.2), that the eigenfunction #,(z) corresponding
to the eigenvalue pZ is given by

(26.6) uu(z) =[1 + O(n~?)] cos nz + [_@n—_cz_ + O(n-’)} sin nz

We thus obtain the asymptotic expressions (26.5) and (26.6) corre-
sponding to the boundary conditions (25.5). In a similar way, we
can obtain asymptotic expressions of the eigenvalues corresponding
to the boundary conditions

(26.7) u0) =0, w'(@ + Hulx)=0
(or #'(0) — hu(0)=0, u(x)=0)

and

(26.8) u0)=0, %@ =0

respectively. They are

(26.9) pw=n+3%+0n")

for (26.7), and

(26.10) ow=n+1+0n"

for (26.8).

The asymptotic expressions of the eigenvalues and eigenfunctions
for the equation (25.1) can be derived from the above expressions
by making use of (25.2).

RemArRk. Part 26 is adapted from E. L. Ince: Ordinary Differential
Equations, referred to in the Bibliography.



CHAPTER 3
FREDHOLM INTEGRAL EQUATIONS

Let K{(s, t) be a complex-valued continuous function defined on a
domain a < s<b, a =t £b; f(s) a complex-valued continuous func-
tion defined on the interval ¢ < s <b. Further, let 2 be a complex
parameter. We consider an equation, in an unknown ¢(s), of the
form

fs) = ols) — AS” K(s, typ(t) dt

This equation is called a Fredholm integral equation of the second
kind. In this chapter, we shall be chiefly concerned with the problem
to find a continuous solution ¢(s) of the above equation. We have
previously discussed in Chapter 2 the class of equation of this
form for which the kernel is symmetric, that is, for which

K(s, t)= K({,'s)

We will also be able to derive, without assuming the symmetry
property of the kernel, the results corresponding to Theorems 23.1
and 23.2, which are known as the Fredholm allernative theorem.
We shall start with proving this theorem by Schmidt’s method.

§1. Fredholm alternative theorem

27. The case when Sb

S: | K(s, ) [Pdsdt < 1
For the sake of simplicity, we take 2 = 1 and consider the equation
@7.1) o) — | Kes, e dt = 119
An equation, in the unknown ¢(#), of the form
@7.2) wit) - | Kes, s ds = g0

g(¢) being a given continuous function on the interval a £ ¢ <9, is
called the conjugate equation of (27.1).
Taeorem 27. 1. Under the assumption

115
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(27.3) Sb S" | K(s, 8) |2dsdt < 1

a

the equation (27.1) [(27.2)] admits one and only one solution ¢(s)[(£)]
for any f(s)lg($)]; in particular, ¢(s) = 0{¢(f) = 0] for the homogeneous
equation

27.4) ols) — g" Kis, Dolt)dt =0

1]
(27.5) o) — S K(s, D(s) ds = 0
a
Proof. Starting with the kernel Kis, f), we define the iferated
kernels K(s, t), K®Xs, 8, ---, K®)s, 1), --- as follows:
KOs, t) = Ki(s, t)
27.6) Kexs, t) — S" K(s, nKr, t) dr

KOs, f) = S" K(s, NK@(r, t) dr
'3
The following relation clearly holds for the iterated kernels

(277) K"""'")(S, = Sb K(")(S, r)K(m.)(r, t) dar

By (27.6) and the Schwarz inequality, we have
| Koo, D < V | K(s, 7) It dr S" | Ko-0(r, 1) |2 dr
s "2
hence

S" S | KOs, £) |2 ds dt

aJa

b (o o (o
gg 5 | Kis, ») I’dsdrg S | K@ Oy, t) |2 dr dt

a
Repeating this procedure, we finally obtain

(27.8) S" S" | KOs, 1) 2 ds dt < U" S" | Ks, £) |2 ds dt ]

« «a Ja

On the other hand, according to (27.6) and (27.7), we see that, for
n=3,
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b

b
K)s, t)=s S K{(s, \K®=2)(r, r)K(r,, 1) dr dr,

a
Hence by the Schwarz inequality we have
[ K®)(s, t) |2

< V S" | KO-y, 7.) |2 dr dr, S ’ S" | K(s, 7)K(r., £) | dr dr,

Ja Ja
Accordingly, by making use of (27.8), we obtain
| K®)(s, 8) |2

b b n 2 b b l
S—[S S | K(s, t) I*dsdt:l {S | Ki(s, 7) Izdrs | K(ry, t) Izdr,}

The term in braces on the right side is continuous on the domain
a<s=<b a=<t=<b; hence bounded. Therefore, according to the
assumption (27.3), the series

(27.9) Iis, b = 3K, t)
n 1

converge uniformly on the domain ¢ <s<b, e« £t <b. Hence by
term-by-term integration and by using (27.7) we obtain

(27.10) I's, 1) = Kis, t) + S" K(s, DI'(r, 1) dr

b
(27.11) I'(s, B — K(s, 1) + S I'ts, K, t) dr
a
The series (27.9) is known as the Newmann series for the kernel
Kis, 0.
Now, bv making use of (27.10), we can prove that

27.12) o(s) = fs) + S” I'(s, Dft) dt

satisfies the equation (27.1). In fact, substituting (27.12) in (27.1)
and using (27.10), we have

ols) — S“ K(s, hlt) dt
= (s) + S” I'(s, /(D) dt

- S" K(s, ) {f(:) +§ 1't, nfto) dr}

b
a
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b 1)
= f(s) + 5 {I’(s, 8 — K(s, £) — S K(s, ) I'(r, ) dr} f)dt
= f(s)

Conversely, we can prove that if ¢(s) satisfies the equation (27.1), then
o(s) satisfies (27.12). In fact, substituting f(s) = ¢(s) — r K(s, Do(t)dt
in (27.12) and using (27.11), we see that

o(s) — § " K(s, Dolt) dt

+ S" I'Gs, t){cp(t) - E K, 7) o) dr}dt

b 13
= o(s) + S {1'(3, 8 — Kis, ) — S I's, HK(r, 8) dr}qp(t) dt
= ¢(s)

Accordingly, we see that the equation (27.1) is equivalent to the
equation (27.12). Similarly, we can prove that the conjugate equation
(27.2) is equivalent to the equation

(27.13) o) = g(t) + S" I'(s, Hg(s) ds

q.e.d.

Remark. Under the assumption (27.3), every solution ¢(s) of the
equation (27.1) is given by (27.12) by means of the kernel 7'(s, ¢) and
every solution ¢(#) of the conjugate equation (27.2) is given by (27.13)
by means of the conjugate kernel I''(s, t) of I1'(s, t), defined by

(27.14) I'(s,t) =TI'(t, s)

For this reason, the kernels I'(s, ¢) and I"/(s, t) are called the resolvent
kernels of the equations (27.1) and (27.2) respectively. ’

The foregoing theorem shows that 1 is not an eigenvalue of either
the kernel K(s, ¢) or its conjugate kernel K'(s, ¢),
(27.15) K'(s, 1) = K(t, s)
28. The general case
We shall prove that there exist two sets of linearly independent
continuous functions
al(s)’ al(s)v Ty am(s)

(28.1) Bi(t), Ba(®), -+, Bul®)
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defined on the interval [a, b], such that

(28.2) S: 5:

To prove this, let ¢ be an arbitrary positive number. Then we
divide the interval (a, b) into a finite number of subintervals 1, I,
-+, I, such that

SUPasgess | K(s, ') — K(s, ") [ < ¢ .

for any pair of points #/, #/ in each I,. This is possible, because
of the uniform continuity of K(s, f) on thedomainea < s<b,a<t=<bh.
Let #, be an inner point of I,. Let I be an interval contained in
the interior of I, and containing the point #,. Then we define B.(¢)
as follows:

K(s, £) — il a($)Bx(t) {’ dsdt <1

0 outside of I,
1 on I}

such that the function B(f) is continuous and 0 < 8(#) <1 on the
interval [a, b]. We now set a(s) = K(s, ty) and

B.(t) = {

NG, 1) = |Ks, 1) — z a($)B(Y)

Then we see that
INGs,8) | = | K(s, ) — K(s, ) | S ¢
for ¢ in I{, and
| NGs, t)| = | K(s, t) — K(s, tv)B:(t) | = 2M
for ¢t in I, — I} where"
M = SUDasssv,asese | K(s, 1) |

Since ¢ and the sum of lengthes of I, — I are both arbitrary, we
can choose the values of them so small that

5 (b
1.5
Clearly, the functions B(t), B:(f), ---, Ba(f) are linearly independent.
Hence, if a,(s), as(s), ---, ax(s) are linearly independent, then our

proof is completed. If otherwise, say, a,(s) is written as a linear
combination of a;(s), a,(s), - -+, an-i(s), then

Ks,t) — 3 as)But)| dsdt < 1

v=1

R(s, 1) = 5"_‘, a(s)Bx()
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is also written in the form
R(s, t) = "E‘_: a($)BY(#)
v 1

If B, B, -+, BY(#) are linearly independent, then, by setting
BN(t) = By(?), the number n is diminished. If otherwise, say,
B (#) is written as a linear combination of B8{"(2), B (8), - -+, Bu’s(t),
then R(s, ) is also written as

R, =S al (988
v 1

Repeating this argument alternatively for « and 8, we finally obtain
two sets of linearly independent functions

TI(S)’ TZ(S), Tty Tm.(s), and 8l(t); 82(t)1 "ty am(t)

in terms of which R(s, t) is written as
R(s, 1) = 3, ru(s)d:u(t)
-1

provided that Ki(s,t) 2 0 and R(s,?) 2 0. Then, by setting 7.,(s)=
ay(s), and d.,(¢) = B.(?), the proof is completed, q.e.d.
We now set

Kis, 1) = K(s, 1) — ﬁ ()840
and denote the resolvent kernel of K(s, t) by
Iys,t)= 3 K™(s, 1)
Then, the equation (27.1) is writt’;_r: as

28.3) ols) — S Ku(s, yo(t) dt

= A9 + S (ym_‘ay(s)ﬁv(t))ﬂP(t) dt

and we can prove in the same way as in Part 27 that ¢(s) is de-
termined by

@84 ol — f [i (vt + [ I'i(s, ) () dr)ﬁ,(t)]qu at

aly 1

= £ + S I'(s, 7)f(r) dr
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From this follows the fact that to solve the equation (27.1) is
equivalent to finding a solution ¢(s) of the equation (28.4) with the term
in brackets as the kernel and for the right side the given function

£s) + Yms. Nf) dr

We shall prove incidentally that
(28.5) a(s) + S:l',(s, Narydr + v =1,2,-+-,m)
are linearly independent. To prove this, suppose
0= vg‘_:, cy(ay(s) + S: I’ (s, r) ay(r) dr)

= E"l ovan(s) + Sb I'i(s, ) (f‘; cwy(r)) dr

and > |¢v| # 0. Then, by the properties of the resolvent kernel
I'\(s, t), we have

3 cvanls) = 0 — S" Kis,7)-0dr=0
v 1 a

This contradicts the linear independence of ay(s).
The equation (28.4) is reduced to the system of equations

(28.6) o(s) = f(s) + S" I'(s, Nfr)dr

+ ?:1 pv(aw(s) + Y I'i(s, 1) al?) dr)

@8.7) Pu == S Buhet) dt (=1,2,---,m)

Hence, substituting (28.6) in (28.7), we have a system of linear equa-
tions in unknowns py, g3, -**, Om,

b

28.8)  p.— ipﬂ" a($)Bu(s) ds 4-5 I'(s, 7) as(r)Bu(s) dr ds]

- S” (,9,.(:) + S" I'(7, ) Bu(?) dr) fOdt  e=1,2, -, m
a a
Accordingly to solve the equation (27.1) is equivalent to finding the
solutions p. of (28.8); indeed, substituting the solutions p. in (28.6),
we obtain the solution of (27.1).

Similarly, we see that to solve the equation (27.2) is equivalent to
solving the following system of linear equations in the unknowns
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Pf; Péy Tty P‘u

289 -3 pé[g" a, (DBD) dt

v=

(]
+S I'\(r, Daub)Br) dr dt]

= Y (au(s) + S ® rs,» au(f)df)g(s)ds (2=1,2, -++, m)
and the solution ¢(¢) of (27.2) is given by

@8.10)  $(t) = g(t) + g I'\(r, Dg(r) dr

+ g oi(ﬁy(t) + S: T(r, t) By(r) dr)

where the p, are the solutions of (28.9).
Let 4 be the matrix of the equations (28.8), in the unknowns p,
and 4’ that of the equations (28.9), in the unknowns p’. Then

(28.11) 4' is the transposed matrix of 4

Hence det 4’ # 0 if and only if det 4 # 0.

We first consider the case when det 4 # 0, and hence, det 4’ # 0.
In this case, the equation (28.8) [(28.9)] for any function f(s)[g(#)],
admits a unique solution

o= (p1, 02, **+, pw) [0 = (o1, P, -+ +, PI)]

Therefore, for the given function f(s)[¢(¢)], the equation (27.1)
[(27.2)] admits a unique solution ¢(s)[¢(#)]. In particular, if f(s) =0
[¢(®)=0]}, then

p= (ph Pz, ".'7 Pm) = (Ov 0: °t %y 0)
[pl = (p{v P;' ct p1,n) = (0, 0’ ctty 0)]
hence ¢(s) = 0 [¢() = 0].
We next consider the case when det 4 =0, and hence det 4’ = 0.
For the sake of simplicity, we write (28.8), (28.9) as

(28'8’) pl‘- - i CFVp" =fll (# = 1’ 2| cty m)
v =1
(28.9) oh — 3% cwbl = g (2=1,2, -+, m)

v=1

respectively. The matrices 4, 4’ are of course written as
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4= (0w —cw), 4" = (Byu — Cvp)

where 8.y =0 for x4 # v, and 3,y =1 for = v. For the case when
det 4 = det 4' = 0, the following facts are known: The associated
systems of linear homogeneous equations

(28.8'") pn—ic“,p,=0 (e=1,2,+--,m)
y=1

and

(28.9") ok — 3 cuupl = 0 (w=1,2 -, m)
V=i

admit a number » (» = 1) of linearly independent solutions
p(1) = (P11y P12y =+, Prm)y "**,
P(r) = (Prh Or2y ** % prm)
and
p’(l) = (p{h p{!, ft pim), Tty
o'(") = (or1, o2, *++5 Pim)

respectively. The inhomogeneous system (28.8') admits a solution
for given fi, fi, -+, fm if and only if

m

(28.12) pr-p;u =0 (j=12,.--,m)
Be1

in other words, for the general solution of (28.9''),

r k4 r r
S eniy= (;; Coph, 3ot ;c,psm)
=1 =1 =1

=1

which contains a number r of arbitrary constants cy, ¢z, - -, ¢, there
hold the following relations

(28.12") S c_;pj,,) =0
=1 =1

If the condition (28.12") is satisfied, then the general solution of
(28.8") is given by the sum of a particular solution p=(py, 2, -« -, Pm)
of (28.8) and the general solution Xj . csp(j) of (28.8"), that is, by
the following expression containing #» arbitrary constants cy, ¢,

-o-,cr,

28.13) =7+ ;: cs0(j)
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r r r
= (P: + 35605, P2 t+ ZQ)P}:» ey Omt Y C_;ij)
J-1 J1 4

Similarly, the equations (28.9') admit a solution for given ¢,, 92, -+, 9
if and only if the following relations

(28.14) S (3 e0) =0

o1 )1
hold; and, under the condition (28.14), the general solution of (28.9")
is given by the sum of a particular solution p’ = (pf, pi, « -, pn) of
(28.9') and the general solution M7 ,c,0'(j) of (28.9"), that is, by the
following expression containing r arbitrary constants ¢, ¢, +- -, Cr,

(28.15) o' =79 + F:r,p’(j)
J

r r T
= (5{ + E ('Jpjlv !—)2 + E (')ﬂ,lz, Ctty _(;I,IL + E (')p;m)
71 [ J 1
Accordingly, substituting the solution p given by (28.13), if any,
in (28.6), we obtain the general solution ¢(s) of the equation (27.1).
The function ¢(s) contains r arbitrary constants. In fact, if

n b r
0=75, (ar.,(s) + S I'(s, Na( r)(lr)(E ) ,y)
y 1 It

o

then, by the linear independence of (28.5),

0= cop (v=12---,m)
[
This contradicts the fact that p(1), p(2), ---, p(r) are linearly inde-
pendent solutions of (28.8""). We can also obtain, substituting (28.15)
in (28.10), the general solution ¢x/) of (27.2) which contains a number
r of arbitrary constants. :
Finally, we shall reduce the solvability condition (28.12) to a more
readable and usual form as follows.
The term on the left side of (28.12) is, by (28.8) and (28.8'),

m h mn 1]

):fup’m = S [Z 03#({3“(” + S I'(r, HBu(r) d")]f(” dt

®oL al Bl a
From (28.10), it is easily seen that the function in brackets on the
right side is a solution of (27.2) with ¢(/) = 0, that is, of

(28.16) ot — S" K(s, D(s)ds = 0
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On the other hand, the general solution of (28.16) is given by linear
combinations of the functions in brackets. Therefore, (28.12) is
equivalent to the following: for every solution () of (28.16),

28.17) S" fityp(tydt =0

Similarly, we see that the condition (28.14) is equivalent to the fol-
lowing: for every solution ¢(s) of the equation .

(28.18) ols) — S" K, Deltydt =0,
Sh y(s)p(s)ds = 0
@

29. Fredholin’s alternative theorem

The results obtained in Parts 27 and 28 are known as Fredholm’s
alternative theorem concerning a continuous kernel Kis, 1) on the
domain ¢ £s<b, a <t =b. The theorem reads as follows.

Tueorem 29.1. Either the integral equation of the second kind,

(29.1) Sis) = @(s) — 2 Sb K(s, t)e(t) dt

a

with fixed 4, admits a unique continuous solution ¢(s) for any con-
tinuous function f(s), in particular ¢(s) =0 for f(s) =0; or the as-
sociated homogeneous equation

(29.2) F = AS" K(s, H@(t) dt

admits a number 7 (» = 1) of linearly independent continuous solu-
tions @(s), @), +--, @As). In the first case, the conjugate equation

3
(29.3) 98) = (s) — zS Kit, s)t) dt

[/
also admits a unique continuous solution ¢(¢) for any continuous
function ¢(s). In the second case, the associated homogeneous
equation

(29.4) J(s) = /IS,' K¢, 5) J(t) dt

admits a number 7 of linearly independent continuous solutions ¢,(s),
dus), «-+, ¢(s). In the second case, the equation (29.1) admits a



126 DIFFERENTIAL AND INTEGRAL EQUATIONS

solution if and only if
b T .
(29.5) s F)Ps)ds = 0 G=1,2--, 7

If condition (29.5) is satisfied, the general solution of (29.1) is written
as

29.6) o(s) = @(s) + ; €,71(s)

by means of a particular solution ¢(Xs) of (29.1) and r arbitrary
constants ¢;, ¢, + -+, ¢,. Similarly, the conjugate equation (29.2) admits
a solution if and only if

(29.7) [ o090 =0 G=1,2- 7

If condition (29.7) is satisfied, the general solution of (29.2) is written
as

(29.8) o(s) = PUs) + ;; PO

by means of a particular solution ¢Xs) of (29.2) and r arbitrary
constants ¢, ¢z, * -, Cr.

Remark. This theorem is a generalization of Theorems 23.1 and
23.2 to the case of arbitrary unsymmetric kernels. The theorem
also shows that the unique solution of (29.1) exists for any continuous
function f(s) if and only if 2 is not an eigenvalue.

The kernel without eigenvalues. The unsymmetric kernel

(29.9) K(s, ) = 3 (v)* sin vs-sin (v + 1)t

v-T
defined on the domain 0 < s < 27, 0 < ¢ < 2#, has no eigenvalue. In
fact, since the series (29.9) converges uniformly, we obtain by term-
by-term integration that the iterated kernel KJ(s, ) is given by

K™)(s, t) = i‘, iy + 12 --- (v +n— 1)) sinvs-sin (v + n)t
V-1

Hence, the Neumann series

ST AK (s, t) = I'(s, t; )

r—-1
converges uniformly on the domain 0 < s <2#, 0 £ ¢ < 2n, for any
A. Therefore, for any 4, the equation
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A9 =0l — 4 S " K(s, bott) dt
always possesses a unique solution
o) = fi9) + g" I'(s, t; Dt dt

This means that the kernel K(s, t) has no eigenvalues.

Remark. The proof of Theorem 20.2, for a symmetric kernel, is
essentially based upon the relation (20.11) which is derived from the
symmetry property of the kernel.

§2. The Schmidt expansion theorem and the
Mercer expansion theorem

In this section we shall be chiefly concerned with the expansion
theorem for arbitrary kernels. As was shown in Part 29, unsym-
metric kernels, contrary to symmetric kernels, have, in general, no
eigenvalues. The formulation of the expansion theorem in Part 21 is
no longer adequate. We shall first show Schmidt’s method concerning
the expansion theorem for an arbitrary kernel. For the sake of
convenience we prepare in Part 30 certain operator-theoretical nota-
tions.

30. Operator-theoretical notations

Let K{(s, t) be a complex-valued continuous function on the domain
as<s<b as<t=<b We denote by K, as in Part 19, an operator

(30.1) - (KFXS) = S K(s, 0f(t) dt

which transforms every continuous function f(s) on the interval
a < s £ b into a continuous function (Kf)(s). Let L(s, t) be a complex-
valued continuous function. Then the kernel M(s, t) defined by

(30.2) Mis, t) = g° K(s, DL(r, t) dr
is said to be the composition of the kernels K(s, t) and L(s, t). Clear-
ly, the operator M defined by M(s, ¢) satisfies the following relation
(30.3) Mf=KLf), ie., M=KL

As in Part 20, we define the inner product of a pair of continuous
functions f(s), g(s) and the norm of f(s) by
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(30.4) 9= gbf(sﬁ@ ds, lfll=( /Nt

respectively. Further, we define the transposed conjugate kernel
K*(s, t) of K(s,t) by

(30.5) K*s,t) = K{, s)
Then, since
(Kf,9) = Sb [Sb Kis, ) fit) dt:l&@'ds

b .
=S f(i)B K*(t, s) y(s)ds:|dt
a a

we have for any pair of continuous functions f(s), g(s), the following
relation

(30.6) (Kf, 9) = (f, K*g)

In view of (30.6) the Hermitian symmetry property
(30.7) Kis, t) = K*(s, 1)

is equivalent to

(30.8) (Kf, 9) = (f, Kg)

By making use of (30.6), we have further
(KLf, 9) = (K(Lf), 9) = (Lf, K*g9) = (f, LX(K*9))

= (f, L*K*g)
Hence we obtain the relation
(30.9) (KLy* = L*K*

which plays an important role in the sequel. We note here that
the operators

(30.10) KK* and K*K
are both Hermitian symmetric, for we see easily that
(30.11) K** = (K** = K

31. The Schmidt expansion theorem
We start with the following theorem.
Tueorem 31.1. Let K(x,y) #0, then the Hermitian symmetric
operators
(31.1) A= KK* and B= K*K
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have the same eigenvalues with the same multiplicity. Further,
their eigenvalues are all positive.

Proof. We shall prove first that every eigenvalue of A (B) is
positive. Since

(KK*)s, s) = Sh K(s, nKis, r)dr = Sh | K(s, 7) |2 dr
a a

we see that (KK*)(s, t) = A(s, t) #£ 0, and similarly B(s, t) # 0. Both
A and B are Hermitian symmetric, hence, according to Theorem
20.2, both operators have eigenvalues. Let 4 be an eigenvalue of
A, that is,

e =¢, @9%0
Then we have
(31.2) 0 < (¢, ) = (AAp, ¢) = (AKK*p, ¢)
= (AK*¢, K*¢) = A(K*¢, K*¢)
while
(K*p, K*¢) 2 0

This implies that all the eigenvalues of A are positive. The proof
for B is carried out in the same way.

Accordingly, as in Part 21, we write the eigenvalues of A and the
corresponding orthonormal system of eigenfunctions as follows:

(31.3) NEXs- SHS - (4;>0)
Py P2y s Pay * " (AﬁA«,J = (0_,)
We now set
(31.4) LK*o, = ¢;
Then, we have
DBy, = BK*K¢, = BK*K(A;K*p))
= LK*KK*p, = ,K*13A¢; = 4,K*¢, = ¢,
and hence
(3L.5) KB, = ¢,

Thus 4] is also an eigenvalue of B, and ¢; the corresponding
eigenfunction. Further, by virtue of the relation (¢, ¢,) = d,;; and
(30.6), we have
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(b0, ¢5) = (LK*9i, I, K*0;) = (Ad;KK* 01, @))

= itf’—/ﬁ(A«n, )= ﬁ(w, @) = _1_,3‘1
l‘ h h

hence we see that the eigenfunctions {¢;} of B satisfy the or-
thonormality relations. Consequently, it only remains to prove that
{¢,} exhausts all eigenfunctions of B. To prove this, it is sufficient
to show that
(31.6) if 2B =¢, ¢(s) = 0, then

AK¢J = ¢ satisfies 2Ap =¢.
In fact, if (31.6) is true, then ¢ is written as a linear combination
of finite number of ¢, with 4j=42. On the other hand,

¢ = 2B = AK*AK) = AK*¢p

Hence ¢ is written as a linear combination of finite number of
¢; = 4;K*¢;. Accordingly, the eigenvalues of B and the correspond-
ing orthonormal system of eigenfunctions are given by

31.7) Nshs--sh=s--
¢ = AK*op,, Sl’z = L K*p,, -+, SI’J = /IJK*(PJ» see

We now prove (31.6) by means of the following calculation

2Ap = 2KK*p = RKK*(AKp) = AKRK*KJ
= AKRBp = IKp = ¢

Thus the proof is completed, q.e.d.

The Schmidt expansion theorem reads as follows.

Tueorem 31.2. Every continouus function of the form (Kf)(s), where
f(s) is a continuous function, can be expanded in Fourier series with
respect to {¢;}, which converges absolutely and uniformly on the
interval @ < s £b. Every continuous function of the form (K*f)(s)
also can be expanded in Fourier series with respect to {¢;}, which
converges absolutely and uniformly on the interval a < s £ b.

Proof. Denoting by (Kf, ¢;) the expansion coefficient of (Kf)(s)
with respect to {¢;}, we have, by (31.4),

(Kf, ¢5) = (Kf, 3jA¢;) = (Kf, ¥KK*¢;)
= (K*Kf, LK*p;) = A(Bf, ¢5) = A(f, BY))
=5f, ¢

By the Schwarz inequality,
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2| eis) |*

m 2 m
pH ) SN AN
-n J-n J lJ
By the Bessel inequality and (31.6), we have further
b oo
K, ¢) 12dt =2
Lu s, a2 5

(f, 2L
A

[ZO)
4

ALk zg IS, g

Therefore the series 3352, 7(f, ¢,)@(s), and hence the Fouries expan-
sion of (Kf)(s), converges absolutely and uniformly on the interval
as<ssh.

We now set

(31.8) 6(s) = (Kf)s) — ;’: , sb;)ffl
Then it remains to prove that @(s) = 0. Since
(31.9) &, 0) = Kf, o) — (f, w-}; =0,

@ is orthogonal to every ¢;. Further, we have
(K*0, K*0) = (KK*0, 60) = (A0, 6)

On the other hand, according to Theorem 21.4, (A@)(s) can be ex-
panded in Fourier series with respect to {¢;}, which converges
uniformly; hence, by term-by-term integration and (31.9), we see
that (4@, ®) = 0. Therefore the continuous function (K*®&)(s) must
be identically zero. Hence, by virtue of (31.8) and (31.9), we obtain,
by term-by-term integration, that

0= %6, 1= 8, k)= (8, (9.4 5,07, 99%))
= (60, 6)

Since #(s) is continuous, @(s) must be identically zero, that is &(s) = 0.
The proof for (K*f)(s) is carried out in an analogous manner.

32. Application to Fredholm integral equation of
the first kind

An equation, in the unknown ¢(s),
@2.1) £s9) = S K(s, Do(t) dt
a

with a continuous kernel K(s, ¢), f(s) being given and continuous, is
known as Fredholm integral equation of the first kind.
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Tueorem 32.1. If the equation (32.1) admits a continuous solution
¢(s) for given f(s), then f(s) can be expanded in a Fourier series

(32.2) fis) = §: B,01(s)
-1

with respect to the orthonormal system of the eigenfunctions {¢;}
of A = KK*, which converges absolutely and uniformly on the
interval @ £ s £b. Conversely, if f(s) is of the form (32.2), and if
the series

(32.3) ’ﬁ‘, B,2,(s)

where ¢, are the eigenfunctions of B = K*K so that By, = 4;°),,
converges absolutely and uniformly on the interval @ < s < b, then
the equation (32.1) admits a solution ¢(s) which is given by (32.3).

Proof. Proceeds similarly as in Part 31.

ReMark. According to the theorem, we see that, in general, the
equation (32.1) can not be solved. Furthermore, the uniqueness of the
solution ¢(s), if any, is equivalent to the following property of the
kernel: if a continuous function ¢(s) satisfies

(32.4) S" K(s, ity dt =0

w
then ¢(s) =0. A kernel Kis, t) which possesses such a property is
called a clused kernel. A continuous closed kernel is = 0.

We can derive a necessary and sufficient condition for the existence
of the solution of (32.1) -Picard’s Theorem—by making use of the
concept of Lebesgue integral. The reader is referred, for example,
to T. Lalésco, Introduction a la théorie des équations intégrales, Paris,
1912, p. 99.

33. Positive definite kernels. Mercer's expansion theorem

A complex-valued continuous kernel K(s, #) defined on a domain
a<s=5b,a<t=bis called a positive definite kernel, when Kis, t)
satisfies

33.1) S"S" K(s, DASTFD dsdt - (Kf, f) = 0

for any continuous function f(s). For example, A(s,t) and B(s, )
defined in Part 31 are both positive definite.
Tueorem 33.1. In order that K(s, ¢) is positive definite, it is neces-
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sary and sufficient that, for any finite number of arbitrary points
{x,}, a<x,< -+ <x,<b, and arbitrary complex numbers &, &, : - -, &Ea,
the following relation holds
n —
(33.2) > Kix., x)E&E; 20
tJ-1

Proof.! To prove sufficiency, we set

— 1 —
x'—a+n+l(b @)

and we see that the left side of (33.1) equals

limn—onni *_ 1)2 2 K(xh xJ)f<xl)f(xJ)

To prove the necessity of the conditions, we proceed as follows:
Suppose that there exist {x,} and {&;} for which the left side of
(33.2) is equal to —a < 0. Then we shall prove that there exists a
continuous function f(s) for which (33.1) does not hold. Let a<c<b.
Then, for given ¢, we can choose sufficiently small positive numbers
e, psuch that e <c—e—y<c+e+9<b For such ¢, e and 7,

we define 0e, (s, ¢) as follows:
0,a<s<c—e—y, c+et+tp=<s=<b
Be.nls, ’):{l,r—v§s§c+v

and in the rest of the interval [a, b], O¢ (s, ¢) is linear in s, so that
its graph is as in Fig. 1. Clearly, 6.(s, ¢) is a continuous function

a c—e—7y c—7 c+y  ctety b

Fig. 1.
of s on the interval [¢, b]. Now we choose ¢ > 0, and » > 0 so small
that no pair of the intervals

(—e—7 tx, xi betn)
1 The following proof is adapted from that given in Widder, D. V., Laplace
Transform, Princeton, 1946, p. 271.



134 DIFFERENTIAL AND INTEGRAL EQUATIONS

have a common point and a < x, — e — 3, ¥, + € + 7 < b. For such
e and 3, we define 0.,(s, x;) as in above, and we set

o(s) = z‘, Elen(s, )
=1
Set further
La(x, %) =‘:'2 Kxi + 2, v5 + 9EE
,J =1

Then, according to our construction, we see easily that

n

(33.3) (Ko, a)=s S" Lu(x, y)dxdy
-

=7

+ Z”'. “ K(x, v)6(x)0(y) dx dy
4y

i,J=1
where g¢;, is the region between the square
xi—e—9pSx=xtetn x,—e—9pSy=x+tety
and the square
Xi—yp=2x=x+y X —9=yEX+t7y
Furthermore, for any point (x, y) in the region g¢,,,
| 6B | < 1 Es |

hence, the absolute value of the second term on the right side of
(33.3) is not greater than

Mie(2y + e)(g |E, |)2

where
M = supc..p» | K(x, y) |
According to our assumption, L,(0, 0) = — @ < 0; hence we can
choose 7 > 0 so small that

Luyx, y) < — %a

whenever |x | <%, |y|<7.

Then, for such an 7, we have
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S" S" Lu(x, v)dzxdy < — 2ap?
—NJ 7
and hence we obtain
n 2
(KO, 8) < — 2an® + Mde(2y + e)(iz, L&, |)
=1

Since the right side of the above inequality tends to —2a»? as e —0,
we can choose 7 and e sufficiently small so that, by setting 6(s) =
f(s), (Kf, )< 0 holds. This is a contradiction, g.e.d.

Tueorem 33.2. If a kernel K(s, ¢) is positive definite, then Ki(s, ¢)
is Hermitian symmetric and K(s, s) = 0 for any s in [a, b].

Proof. By Theorem 33.1, we have, for any point x, in (4, b),

Ki(x,, xo)fogo =20

hence

K(xo, 20) 20
Therefore, because of the continuity of K(s, ¢), we obtain that
33.4) K(s, s)z0

for any point s in [a, b].
By Theorem 33.1, for any pair of points x,, x, in (a, b), we have

K(x,, xn)fuz:o + K(x,, xn)ff: + Ki(x,, xl)ED?l
+ K(x,, xo)Elgo =0

Hence, by (33.4), we have
K(xo, x)EE, + K(xi, x)E:E, = real number
Then, setting & =&, =1 and & =1, & = v/ —1, we obtain
K(x,, x,) + K(x,, x,) = real number
and
—K(xy, %) v =1 + K(x1, x) v/ —1 = real number

respectively. Hence we see that K(x,, x:) = K(x, xo) for any x,, x
in (a, b). Thus, because of the continuity of K{(s, ), we obtain
that

(33.5) Kis, t) = K¢, s)

for any s, ¢ in [a, b], q.e.d.
Since it is Hermitian symmetric, a positive definite kernel K{(s, #)#0
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has an eigenvalue. Furthermore its eigenvalues are all positive.
In fact, if

AKo=¢, @(s)%0
then
0< (¢, ) = (AKp, @)

while (K¢, ¢) = 0. Accordingly, all the eigenvalues of K(s, ¢) and
the corresponding orthonormal system of the eigenfunctions may be
written as follows:

O<h=h=--24=;
@1y Pay 20y Phyt 0ty XJK¢J=¢J

We may now formulate the Mercer expansion theorem.
Tueorem 33.3. A positive definite kernel K(s, #) can be expanded
in a series

(33.6) K, H = jﬁ;l? es(SeAt)

which converges absolutely and uniformly on the domain ¢ < s < b,
ast=h
Proof. The Fourier expansion of (Kf)(s) is given by

Jﬁ (KF 0 )oxs) = §l<f, Ko)oss)

= jﬁ 5L, e)exs)
Hence, setting
Kus, 1) = K(s, 1) — z‘ 50487 D)

for each n, we have

oo

(K X$) =,=§ 1/17 o,()f, ¢1)
Since 4; is positive, we have
(Kof, ) = i 1T, oS, 09 20

J=

which shows that K,(s, ¢) is positive definite. Accordingly, Theorem
33.2 implies that
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Ku(s, s) = K(s, ) — ; 3o (S)p®) 2 0

Hence the series

0o

A e 12
71

converges and is not greater than K(s, s).
Now we set

(33.7) Sis, 1) = 3, 4 0,(8)oxD)
i
Then, we obtain, by the Schwarz and the Bessel inequalities, that

(J_% | 4, ‘oA I)z < f'sf; 4 L oxs) 12 ji o) 12

n

< Jz A oss) It K@, b)

Hence, the series S(s, ) converges absolutely and uniformly with
respect to ¢ for s fixed and also with respect to s for ¢ fixed.
We now set

R(s, t) = Kis, ) — S(s, 1)

Then, for any continuous function f(s), we have
(%) S” K, tf () dt = g" Sts, () dt + g” Ris, Hf() dt

According to the Hilbert-Schmidt expansion theorem, the term on
the left side can be expanded in a series

f; (Kf, @)o)s) = Ji (f, Keess)
= :2; A7, er)ess)

On the other hand, since the series S(s, #) converges uniformly with
respect to #, we obtain, by term-by-term integration, that the first

term on the right side of (*)is equal to X7 45 '(f, ¢)es(s). Hence
we obtain

(33.8) g” RGs, Hf)dt =0
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Since the series S(s, ¢) converges uniformly with respect to ¢ for s
fixed, R(s, t) is a continuous function of ¢ for any fixed s. Hence
(33.8) implies, by setting f(¢) = R(s, t) in (33.8), that R(s, #) is identical-
ly zero as a function of ¢ for any fixed s; hence R(s, ) =0. Thus
we obtain

Kis, = 3 470,500
J

We shall prove that the series on the right side converges uniformly.

We recall first that the series 37", 4/ | @,(s) |t of positive continuous
functions is equal to the continuous function K(s, s). By virtue of
the above fact, we can find, for any ¢ >0 and any given s,
n = n(s,), such that

e > K(so, s — 34 loy(s) 22 0
J

Furthermore, since K(s, s) and 3}, ;' | ¢,(s) |2 are both continuous,
we can find an open set U(s,) containing s, such that

n(Kk,)
(33.9 22 K(s, ) — S 47 o) I 2 0
J 1
whenever se U(s,) .

On the other hand, since it is bounded and closed, the interval
[a, b] is covered completely by a finite number of open sets U(s,),
U(sz), -+, U(sy), in other words, every point s in [a@, b] is contained
in some U(s;). Now, we set

7, = MaX;gjsr 7(S,)

Then, the fact that every term of 317, 47" | ¢,(s) |2 is positive, together
with (33.9), implies that

(33.10) for every s€la, b]
2¢ = K(s, s) — i/b"’l%(s) 2=0
EEn

whenever n = n, .

Hence, we see that the series 317 :4;'| ¢s(s) |* converges absolutely
to K(s, s) and uniformly in s. By making use of the Schwarz
inequality, we have

T ok9e D) = S A e 1 34 i) 2
-n J-n J-n
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Thus we see that the series on the right side of (33.6) converges
absolutely and uniformly for s and ¢, gq.e.d.

Remark. The Hilbert-Schmidt expansion theorem for a positive
definite kernel K(s, ¢) is easily proved by (33.6).

For any continuous kernel K(s, {), the kernels A(s, #) and B(s, ?)
defined by (Part 31)

A(s, ) = Sb K(s, n\K*(r, b)dr

BGs, #) = S° K*s, PK(r, ) dr

are both positive definite. Hence A(s, t) and B(s, t) can be expanded
in absolutely and uniformly convergent series

Als, 1) = S 4 %0 (890D
J 1

Bs, 1) = 3 4 "u8)PD)
J1

with respect to the eigenfunctions {¢,} and {¢,} as in Part 31.

As a consequence we have the following theorem.

Theorem 33.4. The necessary and sufficient condition that A and
B have the same eigenvalues, together with the corresponding
eigenfunctions, is that A = B.

In general, a kernel K(s, ¢) which satisfies

(33.11) A = B, that is, KK* = K*K

is called a normal kernel. Hermitian symmetric kernels and Hermi-
tian skew-symmetric kernels which satisfy

(33.12) Kis, t)y= — K(¢, s)

are clearly normal.

Thaeorem 33.5. A Hermitian skew-symmetric kernel Kis, t) #0,
which satisfies (33.12), has eigenvalues. Its eigenvalues are all purely
imaginary numbers.

Proof. The truth of the theorem is obvious, since y/ —1-K(s, t) is
Hermitian symmetric, g.e.d.

§3. Singular integral equations

In the preceding paragraphs, we were concerned with the case
when the interval [, b] under consideration is finite and closed and the
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kernel K(s, t) is continuous for
asss<b, astsb

Our earlier treatment may no longer be valid, if the kernel K(s, ?)
is not continuous, or, if the interval |a, b] is not finite, that is,
a= —oo, b= +oco, or both ¢ =—c and b = +. These cases are
regarded as the singular cases, the corresponding integral equations
are called singular integral equations, and the kernels singular kernels.
In what follows we shall make some remarks concerning these cases.

34. Discontinuous kernels

In the case when the interval |a, b] is finite and closed, Fredholm
alternative theorem sometimes holds, even if the kernel is not con-
tinuous. If, for a kernel K(s, #), there exist two sets {as(s)}, {By(¢)}
of linearly independent continuous functions such that (28.2) holds,
and if, for the kernel

(34.1) Kis, ) — 3 a(9)88) = Kils, 1)

the procedure in Part 27 is valid, then the theorem also holds for
the kernel K(s, ?).

An example of such kernels is
1

(34.2) K(s,t)y=H(s, t)|s—t|™, 0<a< 0

where H(s, ¢t) is a continuous function in both s and f. For
such a kernel Ki(s, ), we can find a continuous degenerated kernel

 ay(s)By(?) such that

Sb S° Ks, 1) — 32 an(s)By(t) | dsdt < 1
aJai y—1

b

(34.3) sup..sms KGs, ) — 3 ar(980) I’ds <oo

SUDussss S | K(s, ) — 3 a(9)80) [’dt <oo

In fact, it is easily seen, from (34.2), that there exists a continuous
kernel K(s, f) such that

S" S | Kis, 8) — Ks, £) [t dsdt < 1

b
SUPastsn S |K(s, 8) — Kis, £) |t ds <oo
a

1]
SUPageso s | K(s, 1) — Ki(s, #)|? dt <oo
'}
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Hence, the degenerated kernel for K(s, #), defined as in Part 28,
satisfies (34.3).

If (34.3) is satisfied, then the procedure in Part 27, and hence that
in Part 28, is also valid. Thus Fredholm’s theorem also holds.

Boundary value problems for elliptic partial differential equations,
such as the Dirichlet problem or the Neumann problem, can be
reduced to an integral equation with a kernel like (34.2), ¢ and
s denoting higher-dimensional vectors. Fredholm’s study was moti-
vated by the Dirichlet problem. Within the scope of this book,
we can not touch on the subject of partial differential equations.
For the relation between integral cquations and partial dif-
ferential equaions, we refer the reader to the followings: E. Picard,
Lecons sur quelques problémes aux limites de la théorie des équations
différentielles. Paris, 1930; R. Courant and D. Hilbert, Methods of
Mathematical Physics, Vol. 1, New York, 1953; D. Hilbert, Grundzuge
ciner allgemeinen Theorie der linearen Integralgleichungen, Leipzig
and Berlin, 1912; and especially for the Dirichlet and the Neumann
problem, O. D. Kellog, Foundations of Potential Theorv, Berlin, 1929.

35. Examples. Band spectrum

We shall give some examples of the singular cases. From the
formula

psingx — qcos gx

S eP*sin gx dx = e+

P t+a
there follows
‘S“ e sinstdt = _‘_s_ (a>0)
0 a + s
From the formula
ccospx . _m o, 0
So Trav=3%° >0

there follows, by differentiation with respect to p,

Sm p t‘_ 7 sin st dt = %;—e"'“ (a, s> 0)
o @ -

Therefore, we have the integral formula

- P aty
(35.1) go vt sin stV 2y e+~ ar
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= V(e + - (@, s> 0)

Accordingly, on the infinite open interval (0, o), the continuous
kernel

(35.2) K(s, t) = v/ (2/n) sin st 0<s, t <o)
has infinitely many eigenfunctions

. ¢
(35.3) V(n/2)e = + g (a>0)

for the eigenvalue 1. In other words, the multiplicity of the
eigenvalue 1 has the same power as the continuum. If the interval
|a, b] considered is finite and closed, the multiplicity of eigenvalues
must be at most finite (Theorem 21.3).

The above example is due to Weyl. We now consider another
example given by Picard. For real «, we have

Sw e~15-tl plat Jf (i —_ 1/"‘1)

<

e (8-+lat 7] n e~ (=8 tiat T
L ltia Jo [ —1+4ials
eloe elas 2¢ias

1+ i —1+4+ia 1+a®

— Ss e-G—+lat Jf 4 S“ e (t-s)tiat J¢

Accordingly, we obtain

b 2
35.4 ~|8—t| ptast = las _
(35.4) Sae e (+25) (e = real)
Therefore, on the infinite open interval (—oo, oo), the kernel
(35.5) K(s, t) = e 111 (—oo<s, t <oo)
has eigenfunctions for any
_l14ar 1
A= > > >

In other words, every 4 > 4 is an eigenvalue of the kernel. If the
interval |a, b] considered is finite and closed, the continuous kernel
has at most denumerably many eigenvalues, and there is no limiting
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point of eigenvalues except for oo (Theorem 21.3).

Spectrum. The set of all the eigenvalues is called the spectrum.
The set of all the isolated points in the spectrum is called the line
spectrum. An eigenvalue which is not contained in the line spectrum
is said to belong to the band spectrum.

It is noteworthy that, contrary to what is true for the continuous
kernel on a finite closed interval, the singular kernel may admit a
band spectrum, as is shown in the example mentioned above.






CHAPTER 4
VOLTERRA INTEGRAL EQUATIONS

§1. Volterra integral equations of the second kind
36. Existence and uniqueness of solutions

Let K(s,t) be a complex-valued continuous function defined on a
domainae < s £b,a <t <b. Letf(s) beacomplex-valued continuous
function defined on the interval @« <s <bh. We shall be concerned
with the problem of finding a continuous function ¢(s) satisfying the
following equation

(36.1) f$) = @ls) — 4 S’K(s, 1) o) dt

Such an equation is called a Volterra integral cquation of the second
kind.
Suppose that a formal power series in 2

(36.2) e(s) = S 7 uls)
n 0

satisfies (36.1). Then, substituting this in (36.1), we have

n 0

f(s) = }i AR a(s) - ly‘K(S, f) 5: 7 ou(t) dt
@ n o

= @u(S) + ‘{_o'_‘, A [:ga,.(s) — SxK(s, £) @n ((2) dt:]

sn 1

hence we obtain, by a comparison of coefficients, the following
relations

@o(s) == f(s),

(36.3) )
ouls) = S K& Douadt (21

Next we shall prove that the power series (36.2) with the coef-
ficients (36.3) is a genuine solution of (36.1). Set

(36.4) sups | f($)| = M, sup,n | K(s, )| = N
Then we have

leus) | = M, ley(s)| £ MN(s — a@)
145
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and hence
] (s —a)
loss)] = MNS |KGs, )1t~ @y dt s M =2
Proceeding in this manner we prove by mathematical induction that
(36.5) loals)| S MNnSS—;—,“l”- (n=1,2,3-)
In fact, from the assumption

- (S —_ a)n—l
| @u-a(s)] S MN™1 (n—-—l)'

it follows immediately that
MNn~-l S
n—1!

= MN* (_s_:a_)”
n!

| K(s, ) |(t — ay dt

louls)| =

The equation (36.5) implies that, for | 4| <o, the series (36.2) converges
absolutely and uniformly on the interval ¢ < s < b. Hence the formal
solution (36.2) is a genuine solution of (36.1).
Uniqueness of solutions. Suppose that there exist two solutions
of the equation (36.1). Then the difference ¢(s) satisfies the equation
8
(36.6) P(s) = &S K(s, t) ¢(t) dt
a

Set
sups[P(s)| = L
Then (36.6) implies :

| (s)| < mLS'lK(s, £)1dt < |4 LN(s — a)
Substituting this in the right side of (36.6), we obtain
1g(s) | = IAI’LNS'IK(s, 1t — a)dt

{lA] N(s — a)}*
=L 2!

Repeating the same procedure, we obtain
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g1 s L AANS @l gy
Letting # — o, we obtain that ¢(s) = 0.

37. Resolvent kernels

We shall give another expression of the solution ¢(s) as follows.
From (36.3) it follows that

ouls) = X'I«s, 1 /(t) dt
oxls) = j "KGs, ) oult) dt
and hence

¢x(s) = g'dri'ms, 7 K(r, 1) £(8) dt

Fig. 2.

On the other hand, for F(s, 7, ¢) = K(s, r) K(, t), the Dirichlet integral
formula holds

37.1) S:dr S:F(s, v, t)dt = S:dt s:F(s, r, by dr

since the integration is taken over the triangular set in Fig. 2.
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Accordingly, by means of the iterated kernel

(37.2) Ko, 0= S:K(s, 7 Kr, O dr

we can write

373 o9 = | KW, 070 dt

Repeating the same argument, we obtain the iterated kernels
KY(s, t)= K(s, t)

37.4) .
K, t) = S K(s,r) K" V(r, t)dr n=23,---)
t

and we can write ¢,(s) as follows
(37.5) @a(s) = SSK v (s, 8 f(E) dit
Accordingly, setting

(37.6) (5,52 = K(s, ) + AK®(s, 1) + -+ + M-I KW (s, ) + -+

we obtain that
37.7) dﬂ=ﬂ9+lYH&abﬂ0ﬁ

which means that, the solution ¢(s) of the equation (36.1) is given
by (37.7). It is an immediate consequence of the estimates

(37.8) |Ko(s, )] = N* 1_1_ _ "le —trrdt < Nn._l_s_—_'__tl ,
n— )N ) n!

which can be proved in the same way as (36.5) by mathematical
induction, that the series (37.6) converges uniformly with respect to

(s, 8) for |A] < oo,
The function 1'(s, ¢; A) is called the resolvent kernel of the kernel

Ki(s, t). Obviously, I'(s, t; 2) satisfies

37.9) s, 1; ) = K(s, ) + & S’K(s, A Ir, £ 2) dr
= K(s, 8) + 2 S'r(s, r: 2) K(r, ) dr
t

since, together with (37.4), we have the relation
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374y Ko, f) = E'Km—"(s, AKrdr (22
t

We can prove in the same way as we have proved the uniqueness
of the solutions of (36.1) that for given Ks, ¢) the solution I'(s, ; A)
of the equation (37.9) is uniquely determined. From this follows the
fact that the resolvent kernel I°(s, t; A) of the kernel K(s,t) is also
defined by (37.9). Similarly, we can prove that for given I'(s, t; A)
the equation (37.9) admits a unique solution K(s, ¢), in other words,
the resolvent kernel of I'(s, t; X) is K(s, t) itself.

Hence, we can conclude that if I'(s, ¢; A) is the resolvent kernel of
K(s, 1), then the resolvent kernel of I'(s,t;A) is the kernel K(s,{)
itself, which is known as the reciprocity theorem.

ExAMPLE.

s—¢(s)+g (s — et dt (- )]

The iterated kernels are as follows:
K(s,t) =s-—1t

@) _[* . _ — (s — 1)
K®(s, t) = &(s r(r—2tdr 53
&) o ¢ _ (s —_ t).'i
K® (s, t) = 5.3 Ss(s —¥r—t)dr = 5
w _ (s — t)n—t
Kw(s, t) _—(211 ~

Hence the solution ¢(s) is given by
os) = s — S'{(s—t)— c—p (=D _ ---}tdt
[]

3! 5!

[t =t (-t o
_s+[ ¥ & TT. “"':L‘s“”

38. Application to linear differential equations

We consider a linear differential equation of sth order, in an
unknown y,

B L p@ &Yy 4 pun)y = £)

(38.1) =2 e
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where f(x) and the coefficients p,(x) are assumed to be continuous
in a neighbourhood of the point x = 0.

Setting
ay _
38.2) T =)
we obtain that
dh—ly z
£ - dex +C

......................

="z v 2 0B 4G
y'so Soz Y=t T P —2) "
Accordingly the equation (38.1) is reduced to an equation, in unknown
2, of the form

2+ pi(®) S’z dx+ - + Dal) S . S’z dx
0 0 0
(38.3) = fx) + ,.2 cnfalx)

S0 = 5a) + o) + o + E e )
On the other hand, for any continuous function ¢(s), there holds
the relation

(38.4) [ [owas = [ EFrowas

0 0 o (m—1)
as is easily proved by differentiation. Accordingly the equation
(38.3) and therewith the equation (38.1) is equivalent to an equation
of the form

@5 20+ [ [ @+ a0 E—9+ - +pu) E=T s as

=fx) + ';:]lcu Sa(x)

The uniqueness of the solution y(x) of the initial value problem
for the nth order linear differential equation (38.1) corresponds
exactly to the uniqueness of the solution z(x) of the Volterra integral
equation (38.5). The constants ¢,, ¢;, -+, ¢s in (38.5) are determined
by the initial conditions for (38.1).
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Remarx. The above argument suggests that we can define a linear
differential equation of infinite order by
(38.6) () + S [pl(:o + o= )+ e
[]

+ o & e ds

= flx) + g enfa(x)
where

n h

B8T)  Suln)=p®) + Seone@ + ot (n"—_h)—!pnu)

If sup:|pn(x)ISA (R=1,2,3,--+) in an interval [0,e], then
sup; [fa(x)| < Ae*. Accordingly, if moreover X7  lcal< oo, then
the series on the right side of (38.6) converges absolutely and uniform-
ly on the interval [0, ¢] as well as the kernel in the bracket. Thus
we can find a unique solution z(x) of the equation (38.6) in the same
way as in Part 37.

39. The singular kernel P(s, t)/(s — t)*

Let P(s, t) be a continuous function defined on a domain ¢ <s < b,
a<t=<b. We consider a kernel of the form

(39.1) K(s, t) = P(s, t)/(s — t)*
where 0 < « <1. We have
wg = | _P&ENPr )
Ko(s, t) Sz C—7r0 5 dr

If we make the transformation of variable
r=t+s—0w
we obtain

Ko(s, )= (s — 1) ™ S'P Sl t 5 HulPU+ 5= D, D) 4,
’ 0 1 — w)yws

Hence, K® (s, ) may be written as
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where Q?(s,t) is a continuous function. By the same argument,
we can prove, successively, that the iterated kernel K"™(s, {) with
KV (s, t) = Kis, t) is of the form

Ko, )= —228 0 =1,2,3,-)

s—tne b

where Q™ (s, t) is a continuous function and Q" (s, t) = P(s, t). Since
0 <« <1, there exists a positive integer n such that na — (r —1) <0;
hence, for m = n, K™/(s,t) are all continuous. Accordingly, if
we discard its first # terms, then, for |4| < o, the resolvent kernel
(37.6) converges absolutely and uniformly with respect to (s, #).

Let

ouls) = g’ms, B f(t) dt

¢uls) = S’K@(s, B fitydt
and put
supg | f(8)| = M

Then we obtain that, for m < #,
|¢,,.(S)| é C‘mM|SR(S - t)m t-ma dt

. s —_ m—mae
<CMis—al™™
m — Mmoo

where C, = supu., |Q"(s,t)]. Thus, we see that, for |A] < oo,
o(s) = f(s) + 4 S'r(s, £ ) f(b) dt

converges absolutely and uniformly with respect to s. Hence ¢(s)
is a continuous solution of the equation (36.1) with the singular
kernel (39.1).

We shall next prove the uniqueness of the solution. To prove
this, suppose that there exist two solutions. Then the difference
J(s) satisfies

$(s) = S‘K(s. 1) §(b) dt
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and hence, satisfies
ols) = a» S'KW (s, 1) (b dt

Therefore, as in Part 36, we can prove that ¢(s) =0, because of
the continuity of K" (s,#). In the above, the necessary relation

£

S’K("—n(s, r)dr SrK(r, 5 (b dt = S {S’Kmm(s, A K, 8 dr} o) dt
a a t .

a

can be proved in the same manner as in Part 37.

§2. Volterra integral equations of the first kind
40. Reduction to integral equations of the second kind

Let K(s,t) be a complex-valued continuous function defined on a
domain ¢ £s £b, a £t < b, and have the continuous partial deriva-
tive Ki(s,t). Let f(s) be a complex-valued continuously differentiable
function defined on the interval a < s <b. We consider an equation,
in unknown ¢(s), of the form

(40.1) fis) = S’K(s, 1 o(t) dt

Such an equation is called a Volterra integral equation of the first
kind. We shall be concerned with the reduction of such an equation
to that of the second kind.

Let ¢(s) be a continuous solution of the equation (40.1). Then ¢(s)
satisfies the equation

40.2) Fris) = Ks, 8) o(s) + S'K.(s. 0 o(t) dt

If K(s,s) #0 in the interval @ <s < b, then the equation (40.2) is
equivalent to an equation of the second kind

/ A C) ' Kis, D)

(40.2") FE = i)+ S oty dt
Hence the equation (40.2) admits a unique continuous solution, as was
shown in Part 36. Moreover, if we assume further that f(a) =0,
then the solution of (40.2) also satisfies the equation (40.1); for then the
equation (40.1) is derived from (40.2) by integration. This result is
summarized in the following theorem.

THeoreM 40.1. Let f(a)=0 and K(a, a)#0. Then the equation (40.1)
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admits a unique continuous solution in the interval [a, '], a < b’ £ b,
if f'(s) and K,(s,t) are continuous, and K(s,s)#0 for a<s =¥/,
a <t =<b. The solution of (40.1) is given by the equation (40.2').
If K(a,a) =0, the above argument can not be used. However, if
K(s, s) =0, we can derive from (40.2), by differentiation, an equation

40.3) £11(s) = Kils, 8) 0(s) + S'K..(s, ) () dt

provided that f’/(s) and K.(s,t) exist and are continuous. Hence,
if f'(a) =0, the equation (40.2) is equivalent to (40.3). On the other
hand, (40.2) is equivalent to the equation (40.1) under the assumption
fla) =0. Therefore, the equation (40.1) can be reduced to an equation
of the second kind

fls  _ * Kuls, )
(40.2') £ = o0+ me» dt
in the interval [a, 8'], a < b < b, in which K(s, s) does not vanish.
Accordingly, if f(a) =f'(a) =0, then, as in the previous case,
the equation (40.1) admits a unique continuous solution ¢(s).

In the case when K(s, s) = 0, the above procedure is also valid,
provided that f(s) and K(s, t) are sufficiently many times differenti-
able. However, for the case when K(a, a) =0, and K(s, s) # 0, our
procedure is no more applicable, and a more delicate treatment is
needed. We will not enter into the details and refer the reader to
T. Lalésco, Introduction & la théorie des équations intégrales, Paris,
1912, p. 103.

41. Abel integral equations

Let G(s,?) be a complex-valued continuous function defined on a
domain a <s<b, a<t=b, and

(41.1) G(s,s) # 0

on this domain. We consider a Volterra integral equation of the
first kind with the singular kernel

41.2) Ks,8) =G, Dis— ) (O <a<l)
namely,
41.3) S'(%(_s%w(t) dt = £s)

Such an equation is called a generalized Abel integral equation. To
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solve the equation (41.3), multiply both sides by 1/(x — s)*~* and
integrate from a to x. Then we have

r ds {S' Gs, §) o(t) d,} _ S’_ﬂ”__ds

a (x - s)l “*(Ja (S - t)’ a (x - s)l-a

By making use of the Dirichlet integral formula (Part 37), we obtain
wa  [emaf] —SeD _af = "L _as

¢ (x —sh%s — t)» a(x — st
Put
x G(s, t) _
(41.5) Sl G g O = Ky
_[Gu+rx—1,1
B So (1~ r)t-ors dr
and
L C) —
(41.6) [ L8 as=Fa
(Y e Sla+ r(x —a)
- So(" DAy
Then the equation (41.4) becomes
41.4) S’K«x, B o) dt = F(x)

Accordingly, if G(s, t) and f/(s) are continuous, then, since G(s, s) # 0
by (41.1), the equation (41.4'), and hence (41.4), can be reduced to
an equation of the second kind, as was shown in Part 40.

Next we shall prove that the unique continuous solution ¢(f) of
the equation of the second kind is also a solution of (41.3). To
prove this, let us put

N S ¢(C ) _
W = | oot dt ~ 19
Then, it is sufficient to prove that
= h(s) -
k) L————(x M) ds=0
implies
h(s)=0

In fact, multiplying both sides of (41.7) by 1/(y — x)* and integrating
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from a to y, we obtain, by the Dirichlet integral formula, that

v 1 1 _
Jorras (| =ger} =0

Since

1 1 n
1.8 S,, 1 —=rpr-e dr = sin ax
we obtain

g”h(s) ds =0
which implies
h(s) =0
The so-called Abel integral equation is the equation
e - s

“1.9) S SHh—at = fio

which is the equation (41.3) with G(s, t) = 1. In this case, K(s, ) =
m/sin ax and hence the equation can be reduced to

(41.10) " o) dt = S’—i‘”——ds

sin an S,, (x —s)te
A solution ¢(x) of the equation (41.10) is easily obtained by differentia-
tion as follows

(41.11) w(x)=§i—“-f"l—"’—{g’——f‘s) as}

3 0x Ja (x —s)t =
_ sinar @ (', _ ., fla+rx—a))
T Y
_ sina=n e (M fla + rix — a))
== {a(x a) L ——-———-(1 — e dr
+ (& —a) S’ A et 'i’)‘l = Porar]
0

ReEmArk. Abel’s integral equation was derived from the following
problem in Mechanics: Let a material point move under the influence
of the gravity along a smooth curve in a vertical plane. Let the time
t which is required for the point to move along the curve from
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the vertical height x to a fixed point O on the curve be a given
function f(x). What is the equation of the curve?

Take the point O as the origin, the vertical line as x-axis and
the horizontal line as y-axis. Let the equation of the curve be

y=F) [F(0)=0]

Let the point move from a point with the height x to another point
with the height x — . Then its velocity is given by

vV (29(x — 1)

where g is the acceleration due to the gravity. Since the infinitesimal
length ds of the curve at the point is

ds = v(1+ F'(t))-dt

F(t) must satisfy the integral equation
_ [+ VA + F'(1»®
fi) So vV (2y(x — 1))

provided that F'(¢) is continuous.

This equation can be solved by the procedure mentioned above.
Hence we can obtain /(1 + F’/(#)?), and therewith F'(¢#). Further-
more using the condition F(0) =0, we obtain F(x).






CHAPTER 5

THE GENERAL EXPANSION THEOREM (WEYL-
STONE-TITCHMARSH-KODAIRA’S THEOREM)

We shall be concerned with the singular boundary value problem
for the equation
d/(,dz
£ — Aoz =0
o{23e) e+ ez

By means of the Liouville transformation

x
y= ¥(po)z, t=S V/(elp)dx
this equation is changed into the form
92— gty + =0

as was shown in Part 25. Accordingly, we shall treat the latter
equation.

Let g(x) be a real-valued continuous function in a finite or
infinite open interval (@, 5). We make no assumption concerning the
behaviour of ¢(x) at the boundary points; as x —>a or x— b, g(x)
may tend to finite limits, may tend to Z=, or may have no limits.
Thus we consider the general singular case,

Yy +{A—qx)}yv=0, a<x<b

where 4 is a complex parameter and both the boundary points a and
b are, in general, singular. Let y.(x, 2), y:(x, 2) be a fundamental
system of solutions determined by initial conditions at a point c,
a<c<b,

yl(cv X) =1 ’ y{(t‘, 1) =0

ye, =0, yic, ) =1
Then, for “appropriate boundary conditions at x = a, x = b,” there
exists a “density matrix”

(Pu(“) Pu(u)) (—oo < u < o)

021(%)  P20(e)

such that every real-valued continuous function f(x) in (a,b) with
159
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b
f(x)¥dx < oo can be expanded, in a sense which will be explained

later, as follows

S(x) = S:du {;g“n S:J’J(x. u) dps(u) S:f(s)y.(s, u)ds}

This is the Weyl-Stone expansion theorem which has been completed
by Titchmarsh and Kodaira by giving an explicit formula for the
density matrix. The general expansion theorem thus obtained enables
us to give a unified treatment of the classical expansions in terms
of special functions, such as the Fourier series expansion, the Fourier
integral, the Hermite polynomials expansion, the Laguerre poly-
nomials expansion and the Bessel functions expansion,

We shall prove the general expansion theorem as a limiting case
of the Hilbert-Schmidt expansion theorem. For the sake of sim-
plicity, we consider the case when a == —o, and b = «. The case
when (4, b) is a finite open interval, or @ # —o or b £ c may be
discussed similarly.

§ 1. Classification of singular boundary points
42. Green’s formula
We consider the differential equation
(42.1) Y+ {A—-qx)}y=0 (—o0 < x < )

where ¢(x) is real-valued and continuous in the open infinite interval
(—o0, 0) and 4 is a complex parameter. Let v(x, 4), ¥:(x, 4) be the
fundamental system of solutions of (42.1) determined by the initial
conditions
(42.2) »o,H=1, »0,H=0

,’Vz(O; A) = 0 ’ y4(0! A) = 1
Then, as was shown in Part 5, the functions yi(x, ) and v.(x, 2),
together with their derivatives vi(x, 4) and yi(x, 2), are regular in the
complex domain || < o as functions of 4, in other words, they are
entire functions of 4. Moreover,
(42-3) yl(xy }) = yl(xt A) b _Vz(x, l_) = .Vz(x, A)
which will be proved as follows. Taking the complex conjugate of

WA {2 —qx)}y =0

we obtain
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F 4+ {A—g0}9, =0
Hence v,(x, 4) is a solution of the differential equation
2 +{A—qx)}z=0
satisfying the initial conditions
20, H)=1, 20,)=0

On the other hand, according to its definition, z = v\ (x, ) is also a
solution of the above equation satisfying the same initial conditions.
Thus, the uniqueness of the solution (Part 6) implies

w(x, 2) = n(x, A)

The corresponding property for y. is proved in the same manner.
For the sake of simplicity, we write

(42.4) L. = q(x) — @/dx*

Let Fix, 2) be a solution of the equation (42.1) and G(x, ') a solution
of the equation with a parameter &’ instead of 4, that is,

(42.5) L.F(x,)=AF(x, %), LG(x, )= 1G(x, 2)

for 0 £ x < b < . Then we have Green’s formula

42.6) (A — mS‘Fde - S’{FL,G — GL.F}dx
[} 0
- S’(—FG" + F'GYdx = WoF, G) — WAF,G)
0

where W.H, K) is the; Wronskian of H(x) and K(x),
(42.7) W.H, K)= Hx)K'(x) — H'(x)K(x)

Setting 4= 4’ in (42.6), we see that W.[F(x, ), G(x, )] does not
depend on x. Hence we may write

(42.8) W.IF(x, ), Gix, )] — w(d)
In particular, let
(42.9) F(x, 2) = yi(x, A)

and let G(x, A) be a solution of L.G = AG satisfying the initial con-
ditions at x = b,

(42.10) G, )= —sinf, G'(b,2) =cos B
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where 8 is a real number, independent of either b or 4. Then we
have

42.11)  w(d) = WAF(x, 4), G(x, )] = W,[F(x, 3), G(x, )]
= ¥,(b, A) cos B + yi(b, A) sin B

Therefore, w(4,) =0 if and only if 4, is an eigenvalue, with the
eigenfunction y.(x, 4,), of the boundary value problem

{L,y =2y
1-(0) + 0-5(0) =0, yb)cosB + y'(b)sinf =0

As was shown in Part 21 (Theorem 21.1), every eigenvalue 4, of
this boundary value problem is real. This proves the following

Tueorem 42.1. Let b be a positive number and 8 a real number.
Then every zero of the entire function

(42.12) ¥2(b, A) cos B + yi(b, ) sin B
is real. The same is true for v,(b, A)cos B + yi(b, A)sin B.
43. Limit point case and limit circle case

For any number e, the expression y(x,A) + ey.(x, A) satisfies the
equation (42.1). We now choose e so that y,(x, ) + ey.(x, 4) satisfies
the boundary condition

(43.1) {3(b, &) + eyx(b, )} cos B + {yi(b, &) + eyi(d, A)} sin B =0
at the point b and denote it by /,(A). Then /,(4) must satisfy

_ (b, H)cos B + yi(b, 2 sin B

Yo(b, A) cos B + yi(b, A)sin B
Since y.(b, 2), y:(b, 1). yi(b, ) and yyb, A) are all entire functions of
4, 1,(4) is a meromorphic function of 4. Furthermore, by Theorem

42.1, all the poles of /,(4) lie on the real-axis of the A-plane. We
write

(43.3) Ib(l» 2) =

43.2) hA) =

_ b, Az + vid, A
Ya(b, Az + yi(b, D)
If b and A are fixed, and z varies, (43.3) may be written as

43.3") [j=12+38
e2+7

where 7, 8, ¢ and » are fixed. Since
1ed — 7n1 = | y:(b, )Yib, ) — Yi(b, A)ya(b, )| # 0
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the linear transformation (43.3’) is a one-to-one conformal mapping
which transforms circles into circles; straight lines being considered
as circles with infinite radii. Therefore, if ..# ()=v+0, then /)2, 2)
varies on a circle Cy(2), with a finite radius, in the /-plane, as z
varies over the real-axis of the z-plane.

The centre and the radius of the circle C»(A) will be determined
as follows. The centre of the circle is the symmetric point of the
point at infinity with respect to the circle. Thus if we set

14, 2') = oo
1,4, 2'") = the centre of Cy(4)

2'" must be the symmetric point of 2’ with respect to the real-axis
of the z-plane, namely, 2’ = z’/. On the other hand,

/
43.4 — lz&bﬁ) =
@D W= 2e) ==
Therefore, the centre of the circle C,(4) is given by
b l) Wh(y 52)
43.5) I (x, - L__) - W5, 3)
( ’ yz(b’ A) Wb(y2 ’ J’z)

The radius 7,(1) of the circle C,(4) is equal to the distance between
the centre of C,(d) and the point /,(4,0) on the circle Ci(4). Hence

y{(bv A) — Wb(.vl ’ 52)
yé(b’ l) Wb(y2 ’ fz)

_ | iy Ve — yiveys — yiyi Vi + yéizz{‘

r)(A) =

yiWu(2, 32)
- —5’4(%)'4 — yiy2) = Waly:, y2)
W32, 32) W2, ¥z)

On the other hand, by virtue of (42.2),
W»(y. y Yo) = Wo(}'l ') =1

Further, by virtue of (42.2), (42.3) and by making use of (42.6), we
have

436) S" | ya(x, 2) I*dx = 2v§"ys(x. Dyalx, Ddx
0 0

= iWo[yz(x, A)’ yz(xr I)] - in[yt(xv X), yt(xr I)] (1 = 1/—1)
= - in[yl(xr 1)’ yz(x, Z)]1 v = j(‘)
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Therefore, we obtain

43.7) 7ud) = 1 . FN=v%0
zmS | yer, A) P

We shall now prove the following

Treorem 43.1. If v =.. (1) >0, then the interior of the circle
Cy(2) is mapped onto the lower half plane of the z-plane by the
transformation (43.3).

Proof. Since the real axis of the z-plane is the image of the circle
C,(A) by the transformation (43.3), the interior of C,(4) is mapped
onto either the upper half plane or the lower half plane of the
z-plane, and further, the point at infinity of the /-plane is mapped
onto the point —3i(b, 1)/v:(b, 1) of the z-plane.

On the other hand, by making use of (42.3) and (43.6), we obtain

i(b, 2)
438) .o (- 204 )
43.8) /( va(b, 2)

__L{ yub, ) yib, 1)}
2 [ valb, ) ve(b, 2)

b
2
= i u’h(."?v _VZ) _ DSO l‘v2(x’ l)l dx

2 |wb, M T Ty, DE

This means that —yi(b, 2)/vs(b, 1) belongs to the upper half plane of
the z-plane. Hence the point at infinity, which is not contained in
the interior of C.(4), is mapped into the upper half plane. This
proves the theorem, q.e.d.

Since Wiy(¥o, v1) = 1, the transformation (43.3) has a unique inverse
which is given by

>0

(b, DI, + vi(b, A)
Valb, Dby + (b, A)

In view of Theorem 43.1, if .# (1) = v > 0, ! belongs to the interior
of the circle C,(4) if and only if .7 (2) <0, namely, i(z — 2) > 0.
From (43.9) it follows that

_ ¥, D+ yih, &) | i, DI+ yiB, D }
Y20, A A+ 3u(b, &) (b, D) + y:(b, A)

- _i Wuyi + ly. . 3 -I-l'iz)
| Vz(b, l)l 4+ .vl(b, d)lz

(43.9) z= —

i(z—2)=i{
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Therefore, . # (2) < 0 if and only if
iI’Vn(,Vx + l,Vz, yl *' l-yt) > 0

By Green’s formula (42.6), we have

b
% S Iy: + Iy dx
0

= { Wo + Iz, 51 + 152) — W + Iy2, 51 + 132)}
We obtain further by (42.2)
Wov + vz, %1 + 152)
= W31, 31) + Wolve, 3+ Walyi, 5 + Wolyz, 7)1 112
=—Il+1l=-=2i5()

Consequently, we obtain the following
THeEorREM 43.2. If v = . % (A) > 0, then !/ belongs to the interior of

the circle C,(4) if and only if

(43.10) S |0, 2) + b, Dtz < 28
[

and !/ lies on the circle C,(4) if and only if
(43.10') Y |95, B + byatz, e = L)

0
Remark. It is easy to see that Theorem 43.2 also holds when

v=.5(2)<O0.
If, in particular, / belongs to the interior of the circle C,(4) and

0< ¥ <b, then
S" Ly + Iy I?dx < S e+ Iy Pdx < ’v‘”
0

0

Hence, from Theorem 43.2, we have the following
Theorem 43.3. If v =. 5 (A4) #0, and 0 < ' < b, then the set

G c CvB)

where C,(A) is the set composed of the circle C,(2) and its interior.
This theorem implies that, if v =. (1) # 0, then the set

(43.11) n CA) = Cx(2)

is either a point or a closed circle with a non-zero finite radius.
According as C.(4) is a point or a circle, the singular boundary
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point x = oo is said to be in the limit point case or the limit circle
case. According to this definition, the classification seems to depend
upon both ¢(x) and . However, it depends only on ¢(x), as is shown
in the following

THEoREM 43.4. (i) If for some 4, ¥ (4,) = v # 0, the point x = o
is in the limit circle case, then, for every 4, every solution y(x) of
the equation

(43.12) Y +{A—qx)}y=0, 0=sx<o
satisfies
(43.13) S‘" | 9(x, Dtdx < oo

0

(i) If for some 4,, . # (4) = v # 0, every solution of the equation
(43.14) Y+ {d—qx)}y=0, 0=sxr< oo

satisfies (43.13) with 4= 4,, then the point x = oo is in the limit circle
case for this 4,.

Remark 1. According to Theorem 43.4, the classification is inde-
pendent of 2. Thus, the point x = o is in the limit circle case if
and only if, for every &, every solution w(x) of (43.12) satisfies

S“’ | 9(0)fdx < oo

The point x = o is in the limit point case if and only if, for every
4, there exists at least one solution of (43.12) such that

r | Mx)ldx = o
[1]

ReEMARK 2. Even if the point ¥ = oo is in the limit point case,
there exists, for every 4, .#(4) =v # 0, at least one solution of
(43.12) such that

S“ | ¥(x)|2dx < o0
]
In fact, from Theorem 43.2, it follows that
g (x5, D) + Iz, Dlrdx s =2 f(’)

where | = Ca(4).
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Proof of (ii). By the assumption, we have
S‘” | (¥, A0)ltdx < oo
[]

Hence, by virtue of (43.7), the radius 7.,(4,) of the circle C,(4;) remains
positive as b— c. Thus the proof is completed.

Proof of (i). We shall first prove that every solution z(x) of (43.14)
satisfies

rlz(x)lzdx <

To prove this, let // and /”” be any two distinct points in Cw(4)).
Then, in view of Theorem 43.2,

S | 31(x, A0) + I'ya(x, Ap)|2dx = =—+ f(l,)

S [92(%, do) + I ya(x, do) Pdx < 0 f (’ D <

This means that there exists two linearly independent solutions
21(x) and z;(x) of (43.14) such that

S: l2,(x)[2dx < oo G=1,2

On the other hand, every solution z(x) of (43.14) is of the form
rz:(x) + 6z:(x). Therefore, the Minkowski inequality (20.6) yields

{S: l Z(Jr)l’dx}”2

o * 1/2
= S | rzu(x) + 82z(x)l’dx}
0

<Irl {S:Izn(x) de}”’ 18] {S" IZz(x)l‘dx}m < oo

Next, we shall prove that, for any 4, every solution of (43.12)
satisfies (43.13). To prove this, let z(x), z:(x) be a fundamental
system of the solutions of (43.14) such that

Wz, 22) =1
and set
Ki(x, 5) = z:(x)2:(s) — z:(8)z2(x)

Then, for any continuous function v(x),
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u(x) = (Kv)x) = Sx Kix, s)v(s)ds
0

is a solution of the initial value problem
W+ {h—qx)u=—v, w0)=u'0)=0

This can be derived immediately from the fact that

u'(x) = Y {2l(x)2:(5) — zi(8)zh(x)}o(s)ds
0

w(x) = — v(x) + Sz{(—/h,+q(x))z1(x)zg(s)—zl(s)(—/1.,+q(x))zz(x)}v(s)ds
0

= —u(x) + (=24 + q(x))u(x)
Now, let «(x, 2) be a solution of the initial value problem
(43.15) Lu=2at, w0=7y, 0 =28 0 =x< o)

Then, as was already shown in Part 5, u(x, 4) can be expanded in a
convergent series in powers of (A — )

w(x, D = wolx) + (A — Adusn(x) + (A — APus(x) + - -+
The equation (43.15) yields

L= Laty + L{(A— Ay + (A — 2Vuz + -}
= Au = Ay + (A — A, + (A — Ao)t2 + ---}

Hence, setting A2 = 4,, we have
Lo = Aty, #0) =171, ui0)=20
and further
0 = (A — ity + (A — ALty — A& — o)y

+ Lr{(l - lo)zllz + (A — 10)3143 + - .}
—2{(A — AlUy + (A — AoYus + -}

In this way, we obtain

Loty — Aottn = thn—r, #4.0) =0, 2,(0)=0 n=1)
Therefore, as was mentioned above, we have
(43.16) wa(x) = (Kitg-1)(x) nz=l

Since

S“ | 24x) [*dx < o0 , S"nzzu) dx < oo
0 0
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we obtain further, by Shwarz’ inequality,
(43.17) Smk(x)dx < o
0

where

k(x) = S'| Kz, s) |*ds
1]

We shall now prove that the following inequality

(43.18) el S oo | )"
n! Jo dx {)o
holds for every n =1,2,---. To prove this, we use the process of
induction, Suppose that (43.18) holds for some x.
Then, by virtue of (43.16) and by making use of Schwarz’ in-
equality,

2

< S‘| Kix, $) |2dsS’| wls) |2ds
0 0

r
| per(x) |2 = H Ki(x, s)u,s)ds
]

- k(x)g"( wa(s) |2ds
0

é.__._
a4+ D! Je

For the case n =1, (43.18) obviously holds true and thus (43.18)
holds for n=1,2,.---. We write

] S” | etolx) |2dx -Ljsrk(s)ds}" H
(1).’ { 0

S""l o) 7dx = [luo |1, S"‘k(x)dx ~e
0 0

Then from (43.18) it follows that

2 < LA
[ualx) 2 < Huoll =1 k(x)

This estimate, together with the Minkowski inequality (20.6), implies
o 1/2
|| e, || = (S | ae(x, D) 2dx)
0
S Haoll + 12— 2ol [l |l + 12 - Ao a2l t ---
<“ ” 1+{%|j I el 1/2
= Hie { Al ((n~1)!> }

The power series on the right side converges for every 4; for its
radius of convergence is
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1

mn_ |- en Jt/ﬂn
"lm =1

= 00

Thus we obtain
S“ | u(x, A) |*dx < oo
[

q.e.d.

We shall prove the following theorem which will be used in the
later paragraphs.

Tueorem 43.5. All the poles and zeros of the meromorphic function
I(2) are of order 1 and located on the real axis of the 2-plane.

Proof. The latter half of the theorem is already proved in Part
42. To prove the first half, suppose that /,(A) has a zero of order
= 2 at a real point #,. Then we have

e + 0) _ o

limnw
v

On the other hand, from Theorem 43.2, it follows that
S; |9k to b i0)  Lllo + i0)u(x, 0+ 0) [ =L 7" U + )
Therefore we must have
S:l yilx, uo) + L(uo)ya(x, to) |2dx = 0

This is a contradiction. Thus every zero of [,(2) is of order 1.
Replacing v, and v by y, and y, respectively in the argument
mentioned above, we see that every pole of /(1) is of order 1.

44. Definition of m\(A) and m(2)

So far we were concerned with the case 0 < b < 0. We shall also
consider the case —oo < a <0. For an arbitrary real number «,
the boundary condition

{wla, A) + lD)y(a, 1)} cos a + {yi(a, A) + L(A)vya, )} sina =0

at the point ¢ determines

(44.1) LA = — vi(a, A) cos a + vi(a, A sin @
’ “ vola, &) cos & + yia, 4) sin a

and also the circle C,4). Similarly as in Theorem 43.2, we can
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prove that, if v = _# () # 0, then the fact that / lies on the circle
C.(2) or in its interior depends on whether

(44.2) So I3(x, &) + Iyalx, D) 'dx = — j___'(lf(‘))

or

S” s, 2) + Dya(x, &) 1dx < — ‘—’-’“7’(92

From this it follows that

(44.3) OOC.(A) =Cwld), v=.FQ#0

The point x = — oo is said to be in the limit point case or in the
limit circle case, according as C_«() is a point or a circle with
non-zero finite radius. Then x = — oo is in the limit point case if
and only if, for any 4, there exists at least one solution y(x) of the
equation

Y+ {A—qx)}y=0, —o0o<x=0

such that
[ isorax =
Moreover, in this case, the inequality
So_w | y1(x, &) + Iy(x, 2) |*dx < ;_vfﬂ)_ < oo

holds for I = C_=(A), v=.4 (1) + 0.
It should be noted first that /,(A) is a meromorphic function of 2
with simple poles on the real axis of the A-plane and satisfies

(44.4) L) = I,(%)

as well as y(x,2), y(x,4), yi(x,2) and yix,4). In the case when
x = oo is in the limit point case, we have, for v =. () # 0

(44.5) limy—w £,(A) = Cx(4) , | Ca(A)| < o0

On the other hand, the centre and the radius of C,(4) are continuous
function of 4 for v = .. (A) # 0, because of (43.5), (43.6) and (43.7).
Therefore, Theorem 43.3 implies that, as b — o, the /,(4) is uniformly
bounded on any bounded closed domain D of the A-plane which does
not meet the real axis. Hence, according to the theory of the normal
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family,! the convergence in (44.5) is uniform, so that the limit
function

(44.6) my(A) = limy—e 1,(4)

is regular for .#())=v+0. In the case when x = o is in the
limit circle case, we first consider a covering of the upper and lower
half planes by denumerably many bounded closed domains which
do not meet the real axis. Then we can prove, similarly as above,
that the theory of the normal family can be applied to {l/.(4)} in
each domain. Hence we can prove, by the diagonal method, that
there exists a subsequence {/,,(4)} such that

(44.7) bl < bz < ba L e , limn-.p b,, = 00
limymw L, (A) = my(2)
where the convergence is uniform on any bounded closed domain

in the A-plane which does not meet the real axis. Therefore m,(4)
is regular for v = .5 () # 0.

For x = — o, we can prove similarly the following: In the limit
point case,
(44.8) liMg—oo Lu(R) = m2,(A)

and in the limit circle case, there exists a subsequence {l.,(4)} such
that

(44.9) a>a>a> -, lim, wma, = —
lim»-’w Iun(l) = "ll(x)

The set {/,(4)} in (44.8) and the sequence {/,,(4)} in (44.9) converge uni-
formly on any bounded closed domain of the A-plane which does not
meet the real axis, and hence m,(4), in both cases, is regular for
v=.%(A)#0.

Similarly as (44.4), we can prove

(44.10) L) = L)
From (44.4) and (44.10), it follows that
(44.11) mi2) = miQA), maQA) = msQ)

Further, we obtain, by (43.10), (44.2) and the above results, that, for
v=.AD=+0,

1 See Appendix, A theorem on the normal family of regular functions.
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So | vilx, ) + my(Ayelx, A) [2dx £ — _F (m(A)]v
(44.12) -

j”l yilx, ) + maQyalx, ) 'dx < . 7 (o Ao
1]

§2. The General Expansion Theorem
45. Application of the Hilbert-Schmidt expansion thcorem

Let [a, b] be an arbitrary finite closed interval. Let f(x) be a real-
valued function satisfying the following conditions:
f"(x) is continuous on (- oo, o0),
For some a',b',a <a' <b <b,
fix) = 0 on the semi-infinite intervals
—o<L<xrsa,b £x< o,

(45.1)

Let {A.....} be the set of all eigenvalues of the boundary value
problem

L — 2
(45.2) gl@)cosa + ¢'(a)sina =0
¢b)cos B + ¢'(b)sinB =0

and {@..«.»} be the corresponding orthonormal system of the eigen-
functions. Then, according to Theorem 21.4, f(x) can be expanded
in the Fourier series

2 = 3 fuan@usanx)
(45.3) n-t

b

./n,a.b = (f; ¢u.a.h) = S f(x)¢n.a.h(x)dx
which converges absolutely and uniformly on the interval e, b]. In
fact, since f(x) satisfies the boundary conditions in (45.2) and L.f
is continuous on |a, b], fix) can be written as

45.4) fix) = S"K(x, s)L,fds
where K(x, s) is the Green’s function for the boundary value problem

(45.2); hence Theorem 21.4 is applicable.
Consider the inhomogeneous boundary value problem
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L.ry - Zy = f (x)
(45.5) ya)cosa + y'(a)sina =0

y(b)cos B + y'(b)sinB =0
The eigenvalues of the boundary value problem (45.2) are all real.
Thus, if .#(A) # 0, then, as was shown in Part 23, there exists a

unique solution y(x, A) of (45.5). Moreover, ¥(x, 1) can be expanded
in the Fourier series

¥ D) = 3 CulDu.an(®)
n 1

Cn(l) = (,V9 «'ll.ll.’l)

which converges absolutely and uniformly on [e,b]. The Fourier
coefficients C,(4) will be determined as follows. Since y(x, 4) and
@n.a.0(x) satisfy the boundary conditions in (45.2), we obtain, by
partial integration,

(Lt.v) (pn.a.h) = (,V, L4¢'1.u.l:)

Using this, we have

Suan = (f, Caan) = (Lsy, Pu.a) — A, Pn.a.0)
= (¥, Li¢n.a.0) — XY, ¢r.a.0)
= (3, Av.aPu.a.n) — MY, Pn.a.0)
= (An.a.n — DCi(A)

and hence
Cu(d) = — Srnan -
( ) (1 - in,a.h)
We thus obtain
(45.6) y(x, A) —_ i —f".a.h‘Pn.a,h(x)

n=1 (l - ln.a.b)

On the other hand, Green’s function for the boundary value problem
(45.2) is of the form

@57y Gaalx 8, D) = —yulx, Dyuls, DI Wy, 30), for x2s
= —yu(x, D)yu(s, ) Weya, ), for x<s
where
45.8) Yal#, 8) = (£, ) + L(D)yelx, D)
yux, A) = yu(x, A) + L(A)yx, )
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Hence, by Theorem 17.1, y(x, A) can be written as
(45.9) 3, 2) = S"G«.Ax, s, fs)ds
a

Combining (45.9) with (45.6), we obtain that, if ..# (1) #+ 0,
(45.10) 5 Lrastesd®) - (G, x,5, Dftsxs
b

n=1 A— ln.a,b
From (45.3), it follows immediately that the sum of all the residues of
the series in 4 on the left side of (45.10) is equal to f(x). This
proves the following theorem.
THeoREM 45.1. The sum of all residues of the meromorphic func-

tion — SbGa,b(x, s, A)f(s)ds in 4 is equal to f(x) for a < x < b.
a
Next, we shall calculate the residues of the function
- SbGu.b(x, s,A)f(s)ds. Before the calculation, it should be noted that

Wz(ya, yb) = Wo(}’a, .Vh) = Wo(}’x + luy2 N + lbyt)
= Woy1, 3) + L Wo(y2, 1) + L Wo(y1, ¥2) + lads Wo(y2, 2)
=0—Iu+lh+0=lb—'la

Hence, by virtue of (45.7), the residues under consideration are equal
to those of the function

_—Wx, ) (*
(45.11) 1(2) — 1,(2) Sa Va(s, A)f(s)ds

- u(x) A) b
+ 2B D s, Dft9ds
According to Theorem 43.5, all poles and zeros of the meromorphic
functions /,(2) and /(1) are of order 1 and located on the real axis
of the A-plane. Further the poles of (45.6), and hence, of (45.11), are
all real and of order 1. Therefore, the pole of the function (45.11)
is one of the following;

(i) A, such that [, (4:) = l,(As) = pa # 0, and [4(A) — 1,(2) ~ (A — Az)vn
as A— 4y,

(i) A,k such that [L(An) =0L(AR) =0, and L)~ (A — An)itim,
(A ~ (A — Am)ﬂ‘sm as A—An,

(iii) A¥ such that [A) = L,(4AK) = o0, and [,(R) ~ uli(A—AK)",
LD~ mit(A—2Y) as A— 2.
The corresponding residues are
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(i) fl(yx(x. An) + £ny2(x, A))(i(S, An) + 2aye(s, An)), £(S))

(i) =y, 2)3ls, A, SCs)),
u HMam

1m — Meam

(iii) ,—,“’ﬁ"—"‘—y:(x, A (yols, 4, £(s)
Mg —
respectively. Hence, by virtue of Theorem 45.1,
fx) = {5:, PR PES <y1<s, An), Fi8))

+ S — z:,.>—l——<y,(s 2, f» |

m Lin —

+ {2 — yi(x, Zs) i""l(_vz(s, ), f(s))

n

(45.12)
+ 3% = ¥, ) f—’i(yx(S. An), f(s»}

+ {3 — yilx, A f‘—"(.vz(s, ), £($)

n

—tm,

+ 3 - wlx, zy)—,’f—""“—”,,wz(s A, f(s))}
k sur —
for a < x <b. On the other hand, the residues of
1 . 111(1) and lu('z) - lu(l)lh(l)
L) — 1(A) " LA) — L(R) L) — 1A 1) — I(4)

are

1 (at 4,) and 1 (at Ah);

Y Mim — /‘zm

£8 (at a,);

Va

124

2
“r (at 2,) and —"—‘*&"— (at Ay
Yn bk — l

respectively. Therefore (45.12) can be written as

513 s ={"_a| B[] [ oms, was Jaoiso0}

in terms of a Stieltjes integral, where
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1 —dA
(a,b) ) — st
oii () — it (1) 2m'gml up ) — LA
i " (1) — o1z " () = o3 (w2) — p3t (1))
(45.14) 1 S —LAdA 1 S —L(A)dA
2mi Cluy.ug) LA) - LAY~ 2mi gy LAy -1,

__ pla.» . 1 S la(l)ll;(l)dl
(#02) — P22 (1)) = omi - —————lau) A

The integrals on the right side of (45.14) are taken along the polygonal
lines Clu,, #,) connecting the points

(a 2]

Uy — (v, s — iU, Uy + 0, 1, 4 0, 0, -- L0

in this order, where v is an arbitrary positive number and u,, u,
are arbitrary real numbers different from any one of the A,, 4.,
and A¢.

Furthermore, on account of

ld) = LD, W) =LA

and the arbitrariness of v in (45.14), (45.14) may be written as
1 tq . 1 "2 ( .
o ) — pi% () = hm,.lo-;g fiR® e + iv)du
ul

- - 1 ta, a b
it - s i) = £

(45.15) 111(1) - Ih(x) ’

L, D _< RN /0. )
L) — Ly \@ Welbas 2 o)

LD

=t h) P
fl:! (A) -7 Iu(l) - lb(l)

46. Helly's theorem and Poisson’s integral formula

We shall start with the Hellv selection theorem, which will be
needed in the following.

Tueorem 46.1. Let {r.(x)}, n—1,2, ---, be a sequence of monotone
increasing functions on ( -, ). If

(46.1) Supn;’l. el Cw |Vn(x)| < @
then there exists a subsequences {v,-(x)} such that
1im,yr ae 00(X) = Vo(x)

exists for every x. Further the limit function ».(x) is monotone
increasing.
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We shall first prove the following

Lemma. Let v(x) be monotone increasing and bounded. Then the
set of all discontinuity points of »(x) consists of at most denumerably
infinite points.

Proof. Let t,,t,, -+, be arbitrary numbers such that

—o << Lh<h< + <Hh <>

Then
k
v(o0) — p(—o0) = 2 {uv(t)41) — v(t))}
J-0
where t, = — o, li+1 = ©. We denote by

vt +0)— ot —0)

the jump of v(x) at a discontinuity point ¢ and further by A, the
set of all discontinuity points with jump = 1/#. Obviously, any
discontinuity point is contained in some A,. Moreover, for any
finite number of discontinuity points #{, ¢, ---, &,

B(o0) — o(—0) 2 3% {olth + 0} — o(t) — 0V}

From this it follows that the number of all points in A, is less
than n{v(c0) - v(—0)}, and hence, finite. Thus the proof is com-
pleted.

Proof of Theorem 46.1. Since the set of all rational numbers is
denumerable, we can arrange it as x,, x;, ---. On account of (46.1),
the sequence of numbers {v,(x,)} is bounded. Hence there exists a
convergent subsequence

Vi)(*1), V2a(X1), s y(x1), +

Further, on account of (46.1), the sequence of numbers {v.ci)(x:)} is
also bounded. Hence there exists a convergent subsequence

Vi2)(X2), Vace)(X2), Vscz)(X2), * -
Repeating this procedure, we finally select a subsequence
(46.2) Vin)(X), Va)( %), Vaca)(X), ** ) Unguy(%), * -

from the original sequence of functions {v,(x)} (diagonal method).
Then (46.2) converges for every rational number x = x,, x,, x3, - -.
We denote (46.2) by {v.(x)}, and set

CJ = limyr v vu"(x)) (} =1, 2, cee)
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Obviously, if x < 2,

Ce=Cn
Accordingly, if we set
(46.3) v(x) = inf,}n C;

then »(x) is monotone increasing and, by (46.1), bounded. Further,
from

inf.uj»: G = limuoinf.rpz e Ce
it follows that
(46.4) v(x) = v(x + 0) = lime o v(x + €)

The set of all rational numbers is dense in the set of all real numbers.
Hence, for any ¢ > 0 and for any real number x, there exist rational
numbers x;,x, such that x> x, > x—¢> x> x — 2e. Hence we
obtain

v(x) 2 C, = v(x — €) = Cr = v(x — 2¢)
and thus
(46.5) v(x) = v(x — 0) = lime;ov(x — €) = Supe <z o

If x < x,, then v,(x) < v.(x,), and hence Tim,/ ... v,(x) < C;. This,
together with (46.3) and (46.4), implies

(46.6) 1Moo Varr(x) = infy 52 Cs = v(x) = v(x + 0)
Similarly, if x > x,, then C; < limg/r—.. va/(x), and hence, by (46.5),
(46.7) Sup,rj<.z C) = v(x - 0) é li_mn"—oeo vn"(x)

From (46.6) and (46.7), it follows that, at every continuity point x
of v(x), for which v(x — 0) = v(x + 0) holds, lim, . v,+(x) exists and
equals »(x).

According to the lemma, the set of all discontinuity points of the
bounded monotone increasing function v(x) consists of at most de-
numerably infinite points. Hence the set of all points x for which
lim, .. v,-(x) does not exist consists of at most denumerably infinite
points and may be arranged as x{, xi, ---. Applying the diagonal
method to {xt} and {v...(x)}, we can find a subsequence {v..(x)} of
{vw(x)} such that

lim"'—ow v,.l(.’d) (j = l’ 2) o ')
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exists. Thus the limit function v.(x) of {v.(x)} exists and is a
bounded monotone increasing function, q.e.d.

According to the Jordan decomposition theorem, if v(x) is of bounded
variation, then

v(x) = plx) — n(x)

where p(x) and n(x) are monotone increasing functions. Further,
both p(o0) — p(—o0) and #n(co) — n(— ) do not exceed the total varia-
tion r d|v|(x) of v(x). Accordingly, Theorem 46.1 implies the

following
CoroLLarY. Let {v.(x)} be a sequence of functions of bounded
variation. If, moreover,

(46.8) va(— 00) = constant n=12--9)
(469) SUDPxrz1 {S” d I Un I (x)} <

then there exists a subsequence {»,(x)} such that, for every x,
(46.10) My e Upr(X) = Dee(X)

exists and the limit function v.(x) is of bounded variation.
Together with Theorem 46.1, the following theorem plays an im-
portant role in the following.
THEOREM 46.2. Let {».,(x)} be a sequence of functions as in the
corollary, and v.(¥)=lim, ..v.(¥). Let us assume further that, for
any ¢ > 0 and M > O,there exists N > 0 such that

46.9") g d|ow | (x) < eM-1 g d| e (x) < eM-
fzlzN

lzl2N

for every »n’. Then, for every bounded continuous function f(x) on
("'°°' °°)r

46.11) limmwﬁ“ Fx)dvn(x) = S” F)dva(x)
Proof. Put Sup -w<.<~|f(¥)| = M. Then, by virtue of (46.9'),
|7 poou = [ orouo| < e = e
e . M

l S :. SDdvats) - S:v f(x)dv..(x)l < M-‘-M =¢
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Hence it is sufficient to prove that

N

F®)dvy(x) = j" FRdv()
N N

(46.12) lim,.'_.ms
To prove this, divide the interval [—N, N] into 2 — 1 equal parts,
—N=x<%< - <x=N

and put
filx) = flx)) for x;5x<x,0, (j=12,---,k—1)

Since f(x) is continuous on the finite closed interval [—N, N], it is
uniformly continuous. Hence

(46.13) limg oo fi(%) = flx) uniformly on [—N, N)
From (46.13) and (46.9) it follows that

lims S” FilDdvalx) = S" Fx)do(x)
N - N

uniformly with respect to »n/==1/,2/,..., «. Consequently, it is
sufficient to prove that, for the sfep function fi(x),

(46.12" 1im,..ﬂ,,g" Fex)don(x) = S" Fex)dvalx)
N N
For the step function fi(x), we have

A
S" Fel0dv(x) = S Oty 10) — var(2)]
N [N

N k1
S Jelxdvg() = 3 fla)[ve(y11) — vel2y)]
N [ |

Hence (46.10) implies (42.12"), q.e.d.

Next we shall prove the following theorem.

THEOREM 46.3. Let h(2) be harmonic in the domain |z| < 1 of the
complex z-plane, and let A(z) satisfy the following condition

(46.14) 71;;5% | h(re®) |df = t() < ¢ < oo

for —r<<mand 0=7r<1.

Then there exists a function r(¢) of bounded variation on the closed
interval [—=, n] such that

(46.15) h(z) = h(re®) = S .@%w(@ for 0s7<1,
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where the total variation of 7(¢J) satisfies

S" dle)| s ¢

Proof. Put
ha(z) = h<~"—;—l-z) n=1,2-)
Then h,(2) is harmonic and continuous on the domain |z| < n/(n — 1)

which contains the closed domain |[z| =1 in its interior. Hence,
by the Poisson integral formula® we obtain

0y = _l_g" 1—7
halre) 2 Jx1 —2rcos (60 — ¢) + »? #aP)dd O=r<D

where u.(0) = h.(e'). Put

¢
(46.16) () = —2172-8 sa(@)de
Then, on account of
1—7» — plt t+ et

1—2rcos(@@— ¢) + el — ret®

we have
T e(«[: + rew

46.17) re) = (" I ety O=r<1

On the other hand, according to (46.14),

'él;gt | tal@) lde =t(n-ym(P) S ¢ n=12,--)

Hence every =™)(¢) is of bounded variation on [—=, ] and

t@®)(—7x) = 0, and
(46.18)

n

dlt®|(P) =c.

the (total variation of t™)(¢)) = S

Moreover liMu.« #a(re'®) = h(re') for 0 < r < 1. Therefore, Theorem
46.2, together with Theorem 46.1, implies that there exists a sub-
sequence {n'} of {n} such that lim,: ..t X¢) = () exist and for
which (46.15) holds, q.e.d.

1 See Appendix, Poisson infegral formula,
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47. The Weyl-Stone- Titchmarsh-Kodaira theorem

We shall first prove the following
TueoreM 47.1. Let fi3”(4) be as in (45.15). If v = ¥ (1) > 0, then'

b
FiP@m = vS [Ga.0(0, 5, A) |*ds
b
47.1) i‘;'m(l) = é‘}"”(/l) = US Ga.b(o, s, )‘)Galz.h(oy s, Ads

b
fa"Q)= vj 1 Ga.u(0, s, A) |*ds

Hence, in particular,

(47.2) P 2 0,/9”@A) =0 for SN =v>0
and further
47.3) IF8YW 12 5"Q) for S =0v>0

Proof. From (42.2) and (45.8), it follows that
W:(,Va , yb) = - la(l) + lh(l)
Hence, from (42.2),(45.7), and (45.8), it follows that

Vals, 4)
) — L 0=
yh(sy l)
1(A) — 1,(2)

47.4) Gu.s(0,5,2) = )
0<s)
and

L(A)als, D)
SlfVd$ 4) (g »
L) — Ly 0=

L(Dyi(s, ) .
R — Ly, 0<9

Therefore, by (43.10'), (44.2), and (45.15), we obtain
— I (LX) + I (1)
v | L) — L) |?

1 . 1 1 cam
- — == 2
> T —mm @

(47.5) G;.b(ov sv A) = <

s" |Gan0, 5, 4) *ds =

. _ D% Z ) + L) 25 G(A)
ga ' G“"J(ov s, ) |*ds = v L) — LA [?

_l - Ia(l)lh(l) __l_ (@.b)
=0 T =L =/ A

1 G4.0(0, s, A) means [3/3xGa,(, 8, A)]z=0-
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and

=1 '___IL.(A)__._.__ (@.b) @b
=~ T o = W=

The equation (47.3) can be derived immediately from (47.1), by making
use of the Schwarz inequality (20.5), q.e.d.
The linear transformation

(47.6) A=u+iw=11-2)1+2)

maps one to one and conformally the upper half plane v = #(1) >0
of the A-plane onto the interior |z| <1 of the unite circle of the
z-plane. We write the domain |z| <1 as

47.7 z=re', 0=s7r<1
Then we shall prove that, in the domain (47.7),

478 [T =1 ( +Z)=§

®

e + re® ;.
z r—dfﬂ €Y

-

for j,k=1,2. To prove this, it is sufficient to prove that
FP(EQ — 2)/(1 + 2)) satisfies (46.14). Since fi7”@1 — 2)/(1 + 2)) is
harmonic and = 0 in the domain |z| <1,

A (" | fan(;1—re'® U . b)( ____)d(i ROY
2n S_,, . (z 1+ re") dé 2n S S5 1+ =/i570
This, together with (47.2) and (47.3), implies

A (7| fanf;1 = re® 1 (a.b)(~1 — re“’) &5
277 g_,, 1 1 + relo ) d0 27 S_’r 21 t———l i rew

—1—- T (. b) '1 —_— relo © (@.b) '1 —_— re‘o )do}”’
=5 {S " (11 + rew )"”S_, 2T+ re®
={fEY0fi"Gr"r

Accordingly, Theorem 46.3 implies (47.8).
It is easily seen that rji?($) in (47.8) statisfies the following
conditions:

1 If h(re!®) is harmonic for 0 < » < 1, then

1 (=
LOES ES-; h(ret)ds
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;" (¢$) is monotone increasing on [—=, 7] ,
o (=m) = 0, tif (m) =£170G),
7.9 i (P) = riyP(P), j # k, is of bounded
variation on |—=, 7], tj"(—7x) =

S" d1e2¥ () S (F2V6)FE26)

Now we shall return to the z-plane. From (47.6) we obtain

2 -
71 — pplo — L T4 =
(47.10) z=7re e A=u+iv
Substituting e¢'¥,s for z,4 in (47.6), we have
_l-e 9
47.11) s—11+ew = tan )

Hence the unite circle ¢/¢, -7 < ¢ < m, of the z-plane corresponds
to the real-axis s, —oo < s < oo, of the A-plane under the transfor-
mation (47.11). Accordingly, by (47.10),

cplttre® e A GG+ gpids +1)
(47.12) ' elv — yelo ’ e — (1 — A+ A : A—s
- i) A|%s — §As® + i(A — ) __ s+ 1D
) [A— st (w — 83 +0v*
Consequently, we obtain, by (47.8) and (47.11), that

(47.13) fiE%w +iv) = S w——v(—j:‘)%drﬁi P(2tan-! s)

+ o{eit? (@) — (@ — 0) + i (=7 + 0) — TE " (—7)}

for v > 0.
Next we shall prove that
(47.14) 110 —— - 0 ) 0

uniformly on any bounded closed domain D which does not meet
the real axis of the A-plane, and moreover that

-y 1
fu(x) =.7 ml(l) — mz(l) ’ f:z(l) le“)
_ o, m(d ] NP 1) B
(47.15) =./ ) — mad (as well as .~ iA) — mz(l))

5 m@md)

Su(A) = miA) — maR)
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As was shown in (44.7) and (44.9), [,,(2) and /,,(2) converge uniformly
to m,(A) and my(2) on the domain D, respectively. Hence, in order
to prove (47.14) and (47.15), it is sufficient to show that (1) #m.(1)
for any 2 in /). Suppose first m,(2) = my(2). Then from (44.12)
it follows that

S“ | yi(x, ) + mi(R)ys(x, 2) 2dx = 0

This is a contradiction, and hence m,(A) # m.(2). Suppose next
mi(A) = my(A,) for some A, in D. Then, by virtue of (44.7) and
(44.9), Hurwitz's theorem!' implies that, for any ¢ > 0, there exist
luy(R), l,(A) and 4, such that

[An — Ao | < & and lo,(Aa) = loy(An)

Since ../ (4,) #0, we can choose 2, with ..#(4,) # 0 by taking e
sufficiently small. Hence there exists a non real zero 4, of

W;(_Van y _th) = - lan(l) + lll” (A)
This contradicts the fact mentioned in Part 45 (p. 176), q.e.d.

ta by

Since )i "' (¢) satisfies (47.9), we obtain, by Theorem 46.1, a sub-
sequence {n'} of {n} such that

(47.16)  NiMa ay~ b ny—e T (2 tant s) = t(2 tan's) < oo

exists for every s, s == — o0 and s = o inclusive, and moreover, on
account of (47.14),

Solue + iv) = S“ M—drjk(z tan—'s)

w (U — 5?2+ v*
a.b)l ;-HJ}

: (a,b) = (
to hm.._,,,,, R R {me" 1% o — ik

47.17)

for » > 0.
On the other hand, from (45.15) and (47.13), it follows that

i (w2) — oie " (1)

. 1 (%2 i (st + 1) (a.,b) - }
= o — 1
lims ;o ngul du{s . (————du T e (2 tan—! s)

= Sl (st 4+ 1)dri®?'(2 tan-! s)
"’l

for every pair of the continuity points s = u,, #, of =j@”(2tan—!s).

For

1 See Appendix, Hurwitz's theorem
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: ta vdu . ©u— s |“s
lim, —_— = lim tan—! ._]
"loSul(u_‘s)z'FUg “ol: v uy

=gx for u, <s<u

=Z fors=u
= — n2
2

Z for s=u
= — = U,
2

=0 for s<wu,, and s> u.
and the non-negative function

v

(s + 1)(u — 5?4 v?

is integrable, that is,

IO G VR
S S—w (u — s) + v? du drj;”’ (2 tan—'s) < oo

U
The latter property allows the interchange of the order of integration
in the above calculation (Fubini's theorem), and by the continuity

at s = u, and u, of /" (2tan"'s), the discontinuity of the function
. 1 (v vdu
limy o 4| a4 ___
e ﬂsu, (u— 5P+ 0*

is irrelevant in the above calculation.

Accordingly, if both s =u, and s = u, are continuity points of
2 2tan's), (@=a, ,b=by;n=1,2,--+), and of r,,(2tan"'s), then
Theorem 46.2, together with (47.15)-(47.17), implies

lima.-a”'—- ~00,h=byys—roo (p?ﬁ"’(ua) - p.(l: b)(ul)}

= S“z (s + 1)drj(2tan's)

(47.18) “

—1i 1(* v(s® + 1) -

= » _— ____._..__—d 1
limy o S“l du{s_ ( ST (2 tan s)}

= lim,,“, S":f)k(u + il))du = p,k(uz) - p,k(m)

U
According to (47.2) and (47.3), for v = . # (1) > 0,
Su(d) 20, f2(2) 2 0, | f12(3) [* = f1:(R) f22(R)

Hence by making use of the Schwarz inequality, we obtain, for
U > uy,
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puus) — p(u) 20, P22(ts) — Pa2(ue,) = 0,
P12(uz) — p1o(u)) = 021 (u) — 021(“1) ’
(011(22) — P11(%1))(022(862) — P22(141)) = | p1o(th2) — P12ay) |2
This proves that the density matrix
47.19) I:Pu(“z) — ou(uy) , P12(t4s) — Pn(ux)]
P21(ts) — Pas(r) ,  Pas(ths) — pas(te:)
is symmetric and positive definite for u, > u, .

Now we shall prove the general expansion theorem as follows.
To begin with, we recall that, whenever f(x) is a function with the
property (45.1), the equation (45.13) is valid and the integral in (45.13)
converges absolutely and uniformly on the interval [a, b]. Multiply
both sides of (45.13) by f(x) and integrate from @ to 6. Then, by
the fact mentioned above, we can change the order of integration

and obtain
2

G ="_a{ 5 [0, i 0oz @00, 3 0]

k=1

We write this as follows:

S )= S" a3 Sufj(u)dpj,': 0 fw}
(47.20) RN

SKu) = (fx), yx, w))
For a function ¢(x) with the property (45.1), we also obtain

2

@,9) = S“’ du{ > X"g;(u)do;:—w(u)yk(u)}
(47.21) - UkE e
95w) = (9(x), ¥5(x, u))

Substituting f + vg, v being an arbitrary parameter, for f in (47.20),

we obtain .
2 o+
(47.22) 0.0 =|"_a{ % [ owdegowsoo}

We denote by F(x), G(x), H(«) the functions in brackets in (47.20),
(47.21) and (47.22), respectively.

We use the following facts. If a matrix (gs);.x-1,2 iS symmetric
and positive definite, then, for any real numbers &;, &,

47.23) S Bk 2 O
J.k 1

3
1 ;%. lfﬂjk& = (p7o11°61 ~ v a22-§2)% + 2y 011002-Erde + 20128182
. 2 (Vou-by ~ vou-b)? + 21010 — |o1e]ife = 0
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Substituting &, + ey;, ¢ being a real parameter, for £, in (47.23), we
obtain

2
, >, (Es 4+ ep)aulEc +em) =0
xa

Hence, by considering this as an equation of degree 2 in unknown
e, we see that the discriminant of the equation must be non-positive,

that is,
2 2 12
= {( > EJ"JkEk)( > 771")1:77::)}
J.k-1 Lk-1

Since the density matrix [dp¢ *(«)] is symmetric and positive de-
finite, F(x) and G(x) are monotone increasing, on account of (47.23).
Further, by (47.24) and the Schwarz inequality, we obtain

| H(u) — H(e)) | < [(F () — F(u0))G(uz) — GQe)]V*
Hence, by making use of the Schwarz inequality, we obtain
(47.25) 3 | H(uyer) — H(uy) |
)

< {( 5 (Fl) = F(um)( 5 Gy - c(u»])}"’
< {[F(%0) — F(—o)[G(%0) — G(—o0)]}12
= ((f, f)Xg, 92

which indicate that H(«) is of bounded variation over (— o, o) and
that its total variation is less than {(f, f)g, 9)}'/%, independent of
a, b. By partial integration, we obtain, further,

@), 3,0x, 0)) = (9(x), 'L y(x, )
= u Y (L.9(x), y,x, uw))

Hence, we see, by (47.23), that, for N > 0,

{S S } {S Z g,(w)dpj "’(u)yk(u)}

0J
<N S S“ S > (L), 2., ol > GXLag(s), s, W)}

N

2
(47.24) I E Evdu'ﬂk
Lkl

<N- S du{f“ 3% (Lugl), 3,r, w)dofs ) Lgs), s, w)}

= N-*(L.g(x), ng(x))
Now consider the sequences {a.} and {b.:}, and denote by Hu(x)
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the function H(u) corresponding to the interval [a,., b.-]. Then, by
making use of (47.25), we obtain from the above results that
{H.(u)} satisfies the conditions stated in (46.9’). Therefore, letting
n' — oo, we obtain, by Theorem 46.2 and (47.18),

@, f) = S"' a3 g"w(u)dp,k(u)fk(u)}

-0 J.k=1Jo0
To sum up, the general expansion theorem reads as follows: For
real-valued functions g(x), f(x) which vanish identically for sufficiently
large | x| and are twice continuously differentiable over (—o0, ), we
have

(47.26) S‘: g(x) f (x)dx

- S’ a3 S“B:yu)y,(x. u)dx]dp,km)[g”_f(s)n(s, u)ds]}

—oo Jok 1 -
We can prove that (47.26) is valid, in a certain sense, for square
integrable functions in the sense of the Lebesgue integral. But the
notion of the Lebesgue integral is beyond the scope of this book,
so will be omitted.

48. Density matrix
According to (47.15) and (47.18), the density matrix is given by

. 1 fus 1
_ =1 — .
Pu(t) = pulaer) = limy o Llj my(u + iv) — mu(u + iv)

P12(82) — p12(tty) = P21(tez) — pas(er)
(48.1) — i lg“’ . m(u + ) i=1.2
hm””n ul"]m.(u + iv) — my(u + iv) du (=12
_ 1 1 = my(u + 0)my(u + iv)
P22(#s) — p22(u) = llmvl.o - Sulf e + i0) — ma + i9)
Here m,(2), my(2) are given by (44.8) or (44.9), (44.6) or (44.7), re-
spectively, depending on whether the boundary points —oo, co are
in the limit point case or the limit circle case. The quantities /,(4)
in (44.8), (44.9), and /() in (44.6), (44.7) are given by (44.1) and
(43.2) respectively. In the case when the boundary points are both
in the limit point case, we may set &« =0, 8 = 0, and obtain

= li =@ 4)
48.2) b = limae-e"20 2
| a(2) = limmy oo 2i 8 A,

(b, 4)
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However, in the limit circle case, we can not find a simple expres-
sion as (48.2). In fact, if, for example, x = o is in the limit circle
case, the subsequence {a,} in (44.9) is not uniquely determined but
depends on a.

The following theorems are useful in practice to calculate the
density matrix.

Theorem 48.1. Let x = o« be in the limit point case, and let y(x)
be a solution of

y'+{2A—qx)}y=0

such that y(x) 0 and r |¥(x)|2dx < . Then
[

48.3 PAU
(48.3) ma(R) 70)

Proof. According to Theorem 43.4, the function y(x) is a multiple
of

(%, &) + ma(A)ys(x, )
Hence, from
»0,)=1, »0,)=0; »0,)=0, »0,)=1

we obtain (48.3), q.e.d.
Tueorem 48.2. If g(x) is an even function, that is, g(x) = g(—x),
then

(48.4) mi(2) = —mx()

Accordingly, we have .

ms(A) _ =1
my(2) — my(R) 2
hence
J12(A) = fu(A) =0
so that
(48.5) 012(#) = p2,(u) = constant

Proof. If y(x) is a solution of
Y +{A—qx)}y=0

then, so is y(—x). Hence y,(—x) is a solution of the equation and
satisfies the initial conditions
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(=0 =yn0)=1, y(—0)=y0)=0

as well as y,(x). Therefore, by the uniqueness of the solution,
y(x) = y(—x), hence y,(x) is an even function. Similarly, we see
that v.(x) is an odd function. Thus, setting

a=-b, a=24

we obtain /,(2) = —1,(4), so that m,(d) = —m,(A).
TueoreM 48.3. If there exists

my(u) = lim, | omz(u + iv)
so that m,(x) is a real-valued function, then, by (48.1),

dpio(u) = dpai(u) = ma(u)dpi(ue)
dpae(u) = my(u)do.i(u)

Accordingly, the expansion theorem becomes

(48.6)

48.7) S” 900 f(x)dx
= r dy Uu{r g vi(x, ) + n(u)yLx, u)]dx}

X dpu(u){r FSLyils, u) + ma(u)yus, u)]dS}:l

§3. Examples
49. The Fourier series expansion
We consider the simplest case, with g(x) =0,
(49.1) y'+ay=0, -1<x<1

Both the boundary points x = =1 are in the limit circle case, but
non-singular.

Since
49.2)  wx A =cos(1Ax), wlr,d)=(1/VDsin(V2x)
we obtain
L) = — Los (V{l-a) cos @ — V/A-sin (Y 2-q@) sipa
1/v/4-sin(y/ 2-a) cos & + cos(1/4-a) sin &
4o 1) = — Los(V/2-b) cos B — VA-sin(v/4-b) sin B

1/{/4-sin (y/4-b) cos B + cos (Y A-b) sin 8
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In the case
(49.4) a=#=0
we obtain, by Theorem 48.2,
(49.5) my(2) = lim, ._‘%%@ =172 %
my(d) = —my(A)
Accordingly, the residues of

—1 - ma(A) -y (Dma(A)
myA) — mxA)’  om(A) — mA)” mRA) — me(R)

are
1 at vu=32n+1)n, n=0,1,2, -,
0 at every point,
(nr)? at vu=nr, n=1,2,---
respectively. Therefore, we see that

on(w) is a monotone increasing step function having dis-
continuities at the points (3(2r + 1))* with the jump 1,
p1:(1t) = pq,(u) = constant,

p22() is a monotone increasing step function having dis-
continuities at the points (nz)? with the jump (nz).

Thus, the general expansion theorem implies

e | g
1
Ll 1 pia 1 R . T
=3 X g(x) cos [(Zn + 1)—2~x]dxg iG] cos[(z;t + 1)7.{'{1&'
n o 1 -1
+ :Y_“ Sl y(x) sin (nn'x)dsgl f(s) sin (nms)ds
n 1 1 1
In the case
49.7) a=8=4r

we obtain similarly

(49.8) S (0 f (dx
1

= i Sl ¢(x) cos (nrcx)dx Sl J(s) cos (nns)ds
t - -1

v

N

1
< (! . T L . F/q
+ Y\ S ¢(x) sin [(2;: + 1)-—x-| dxs f(8)sin [(Zn + 1)—s]ds
1 27 1 2

n o
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(49.6) and (49.8) are the Parseval forms of the Fourier series ex-
pansion.

In the cases when a=4r, =0, or a=0, B = 4n, or arbitrary a,
B, we can obtain the corresponding expansion formulas in a similar
manner.

According to the general expansion theorem, these formulas hold
for real-valued functions f(x) and ¢(x) which are twice continuously
differentiable on (—1,1) and identically zero for x sufficiently near
the boundary points —1,1. However, we can prove that these
formulas hold for every pair of continuous functions f(x), ¢(x) on
[—1, 1]; for example, for (49.6), this will be proved as follows.

Let h(x) be a real-valued continuous function on [—1, 1]. Then we
can choose continuously differentiable real-valued functions {fi(x)}
on (—1,1) which satisfies the following: Every fi(x) is identically
zero for x sufficiently near the boundary points —1, 1 and |A(x)| =
|fulx)], and further lim; ...fi(x) = h(x) for every x, —1< x<1.
This is of course possible.

The Fourier coefficient of fi(x) is the sum of the Fourier coefficient
of h(x) and that of fi(x) — A(x). Hence, by applying the Bessel
inequality (21.6) to A(x) and fi(x) — h(x), we see that the series
obtained by setting f(x) = ¢(x) = fi(x) in (49.6) is uniformly con-
vergent with respect to k. Therefore, as k—»> o, we can change
the order of lim and ). Hence we obtain that (49.6) holds for
Sflx) = g(x) = h(x), that is, we have, for every continuous function A(x),

1 o "1 T 2
S Lh(x) [2dx = N, (} h(x) cos [(Zn + l)?x:ldx)
1 1

a0

[d 1 2
+ 3 (S lh(x) sin (nnx)dx)

n ol -

Substituting f(x) + s9(x) for h(x), we see, by a comparison of the
coefficients of ,, that (49.6) holds for all continuous functions f(x)
and g(x)

50. The Fourier integral theorem
We consider the equation
(50.1) y'+idy=0 (—oo < x< +x)

for which we have

(50.2) yilx, 4) = cos (VA-5), yalx, d) = —‘-%—A-sin (VA1)
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The boundary point x = co is in the limit point case, since the
solution

(50.3) 2(x,A) =¢e *VA

satiesfies

r |2(x, ) |2dx = oo
-0

for . () =v > 0. The point x = —oo is also in the limit point case.
Hence, from (48.2), it follows that, for ~#(4) > 0,
-1 =@, )
o i) = liMes ==
) = —valim,. SosVda) .
VA e~ YA

Furthermore, Theorem 48.2 implies
(50.5) mg(l) = —ml(l) = 1/1'1.

Incidentally, we remark that we can obtain (50.4) also by Theorem
48.1. In fact, let u(x, ) = e!vA<, Then «#(0,A) =1 and

S‘” L u(x, &) dx < oo
1]

for . #(A) > 0. Hence

We thus obtain
ndptlilziu) =7 (1) -1— m) /’(5711;—1 = {(1)/,2‘/“ ’ Zig
ndp;;u) _ ndp:i.;u) =0
e e iy~ = 0SS

Hence, by the general expansion theorem, we obtain

(50.6) S” 90 f(x)dx

= }t S:E%{[S:g(x) cos (V u-x)delf (s)cos (v/ u~s)ds:|

+ B:y(x) sin(l/u-x)dxg “f(s)Sin(t/u-s)ds]l,
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(50.6) is the Parseval form of the Fourier integral formula.
51. The Hermite function expansion

We consider the equation

(51.1) Y +@Q@—2)y=0 (—o0 < x < )
Putting
(51.2) y=¢3%
in (61.1), we obtain
(51.3) 2" —=2x2' + (A—-1)z2=0
As was shown in Part 24, (51.3) possesses a solution of the form
51. = 3 gy xtn Gy _ @2n—2+ 1D
G149 ) %as 0 an n+ 1)n+2)
Let b, be the coefficient of x* in the expansion
12: 1 2 .£ e x" x"+2 cee
St G TG T

If _#(2) =0 and 2 is not an odd number, then, as # — o, @, = ax(4)
becomes zero of the same order as b,. In fact, from

bnye 1
ba - &n +1
there follows that
Qni2 _, Gn
Bars = b (2 = o)

Consequently, if .#(2) =0 and 2 is not odd, the function (51.2) with
a, being 1 becomes infinite of the same order as ei®. Hence, by
Theorem 43.4, the point x = oo is in the limit point case. Similarly,
the point x = —oo is in the limit point case. Further, by Theorem
48.2, we obtain m,(2) = —m(4).

Next, we shall calculate my(2) by Theorem 48.1. Consider

(51.5) 2(x) = S“”’e— w3 g3 -ddg

0+)
where means complex integration along the contour C in Fig. 3,

and the Branch of
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length ¢
-~
[
-
Fig. 3.
-ir-1 = exp ‘K—% — %‘) log C}

is taken so that log ¢ is real on the real line indicated by « -in Fig. 3.
Since

0
2 -2x2 +(A-1z= Sm e #1803 + 200 + 2 — DL

oo

= -2 IS(M)aTdC‘ ¢ % Ye-Behidl - 0

oo

we have that (51.5) is a solution of (51.3), and hence

B S I .4

@

(51.6) yx, D =¢e %’”S
is a solution of (51.1). Moreover, it is easily proved by (51.6) that,
for fixed A&,

| ¥(x, D) = O(e 1)

as x-»oo. Hence we obtain
S” |30, &) Itdx < oo
[

Therefore, Theorem 48.1 implies

A ()]
(51.7 m2z(R) 30, %)

- _S(IH)e_igz-c_iA+;dc/SwHe_igz.c ék _:l:(lt

On the other hand, when ¢ winds once around the origin O in the
positive sense,

4 -3ax}
becomes
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erl(—3Ax 1), ¢ -3axd

Therefore, letting ¢ — 0 (in Fig. 3), we obtain

(51.8) my(A) = —re—lc’-c-iwdc / S"e 1. 0--dqg
[} [
Setting {* = 4¢ in
(51.9) Q) = S”e tA-1d
we obtain
(51.10) my() = =2I'(} — 2} — 14)
According to Theorem 48.2, m,(A) = —m,(A), and we obtain
1 Y A€ Tk 7))
IO R TIT I v
- m!(l) —_ 0
my(2) — ma(4)
- m(Dmy(4) — I'd — 12
L) —m® - L TE = 1)

I'(A) is a meromorphic function with simple poles at 2 =0, —1, —2,
... and without zeros. Therefore, by a similar calculation of residues
as in (45.14), we see that

pu(#) is a monotone increasing step function having

discontinuities at the points 4# +1 (n =0,1,2, ---),
(51.11)  pu(#) = p=1() = constant,

022(#) is a monotone increasing step function having

discontinuities at the points 4n +3 (n=0,1,2, ---).

From Part 24, we obtain

i(x, 4n + 1) = e 37 Hy\ (%) Hzn(0)
(51.12) yux, 4n + 3) = e'izzflzn-o-l(x)/H;nﬂ(o)
For, if we replace 2 by A —1 in (24.3), the equation (24.3) becomes
(51.3), and hence v,(x, 2) and y,(x, 4) are given by (51.2) and the power
series in (24.4’) with @, =1 and a, = 1, respectively.
Thus, we obtain, by the general expansion theorem,

(51.13) Sm 900 f (x)dx

= 36| erromeoa|

e 3 f(s)H,(s)ds
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where C, is a positive number, independent of f(x) and g(x). To deter-
mine C,, we use the following: According to the general expansion
theorem, (51.13) holds for functions f(x) and g(x) which are twice
continuously differentiable and vanish identically for sufficiently
large | x|, but it also holds for

f(x) = g(x) = e ¥ Hy(x)

which can be proved similarly as at the end of Part 49. Substitute
these in (51.13). Then the left side becomes 2"y/=-(n!), because of
(24.14). On the other hand, the right side becomes, by the
orthogonality relations (24.8),

c"{r e~ Hy(xydx }z = Gil2*/m-(al)]?

Therefore, we obtain

=1
PN

Accordingly, we have the Parseval form (51.13)-(51.14) of the ex-
pansion in the Hermite functions {e-3*H,(x)}. This also shows the
completeness of the Hermite functions. (Compare with the com-
pleteness of the Legendre polynomials in Part 24.) Incidentally,
the completeness of the trigonometric functions is also shown in
Part 49, in this sense.

(51.14) C.

52. The Hankel integral theorem

We consider the equation

2 J—
(52.1) %+{A—”’x2*}y=o (0 < x < )
Putting
(52.2) y = xiz
we obtain
(52.3) x22'" + x2' + (Ax:— )2 =0

Hence, as was shown in Part 15, a fundamental system of solutions
of (52.1) is given by

VA2, YV(VAx)
Let ¢ be an arbitrary number such that 0 < ¢ < . Then, by making
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use of (15.10) and Lommel’s formula (15.14), the solutions satisfying
the initial conditions

ne, =1, yic,)=0

(52.4) vle, ) =0, yic,A)=1

are given by

n(x, A = -’;»xéciw (MY A1) YV 20

— YAV 2RIV A} =55, D)
(52.5) ¢

i, D) = ZEAH RV A DYV h-0)
— YWV A-0)MVA-o}
In the following, we shall restrict ourselves to the case when
vy =21. From (15.7), it follows that
Sclxél.y(v/l-x) I2dx = oo
(]

for the integrand tends to infinity as x — 0, in such a way that the
integral diverges. Hence the boundary point x =0 is in the limit
point case.

From (15.6), it also follows that

Sclx*.ﬁ(vl-x) [2dx < o
0

Hence, by Remark 2 to Theorem 43.4, the expression y,(x,4)+m(A)y.(x,4)
is a multiple of x%J,(v/A-x), that is, by (52.4)

- %} zv(l/l'x)
(52.6) Yi(x &) + miDye(x, B) = = VA0
Therefore, as in Theorem 48.1, we obtain, by (52.4),
_ VAV 1
(52.7) my = LIV 4 o

From (15.21), it follows that

S“ | x4 J(x) I*dx = oo
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Hence, the boundary point x = o is also in the limit point case.
We use the following formulat: as |z]|-» o

(52.8) Hz) = ( niz >2 exp [z(‘l’.'(-; 1%7;)— n)]

AT i \*
/ 2 ]
X [‘}0,< p ) v+ + b(Zz) 4 Ol z] '):I

where . .#(v — } — p) < 0. This implies that

(52.9) rlxl»H;”(m.xnwx < oo
c

if . () >0. Hence, by Theorem 43.4, vi(x,A) + m(A)y:(x,4) is a
multiple of x*H{"(y'4-x), that is, by (52.4)

A HY (V2 %)

(52.10) iz, 4) + mDyalx, A) = EHY(VA0)

Therefore, by Theorem 48.1, we obtain

AHMG Ao 1
52.11 H=rei VA0, 2
( ) () A3 + %

By making use of Lommel’s formula (15.14) and the definition of
H.", we obtain further

1 { nc 7 / . '
. -, ) R , l' N Hu) l
7Y — maA) R DT SV A-HG ”f

- %ji:’(m-c) (A>0)

since Jy(x) and Y,(x).are real for real x. Furthermore, from (15.6)
and (15.16), it follows at once that

- {—;—f—ﬁ(»/z-qy;nn/x-r)} -0 (1< 0)
Accordingly, putting s? == 4, we obtain, by Theorem 48.3, that
(52.12) S 9 S (x)dx

= irdu {S“d” I:Sm.‘/(x)x'llv( Vi xidx S‘"./'(S)S‘:'./v( Ve s)ds ]l
7w Jo 0 0 o )

1 R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol. 1,
Interscience, New York, 1953, p. 525.
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This is the Parseval form of the Hankel integral theorem.

In general, we can prove (52.12) for all v =20. For v =4 the
equation (52.12) becomes the Fourier sine integral theorem, which is
easily derived from (15.17) and (15.18). The proof will be omitted.
Concerning this, the reader should refer to E. C. Titchmarsh, Eigen-
Sunction Expansions Associated with Second Order Differential Equa-
tions, Oxford, 1946.

53. The Fourier-Bessel series expansion

We consider

(53.1) y"+{x—”’;*}y-_-o 0<x<b< oo
We shall restrict ourselves to the case when v = 1. Let ¢ be an
arbitrary number such that 0 < ¢ <b. Then, the fundamental
system, corresponding to the initial conditions (52.4) at the point c,
is given by (52.5). Hence, we obtain (52.6) and (52.7).

The boundary point x:==b is of course in the limit circle case.
Putting f = 0 in the boundary condition at x = b, we obtain

—y(0', 8) _ —ib, D
(b, ) y:(b, 4)

(563.2) my(A) = limyr—,

Hence, we obtain, by (52.6),

~ - RACN))
(53.3) mi(A) — my(R) = my(2) + )
_ b, A+ mAyb, &) BV A-b)
yz(b’ A) .V2(b» Z)Cé.,‘l(l/)"c)
Hence,
(53.4) —1

my(R) — ma2)

is a meromorphic function of A. Accordingly, by (53.3), we see,
similarly as in the calculation of residues in Part 45, that every
element of the density matrix is a step function and has disconti-
nuities at the poles of (53.4), which are

(53.5) the zeros of J.(v/A-b), except for A = 0.

We denote these zeros of A(VA:b) by A, 4z, s, ---. Then every 4, is
positive, since it is known that, for » > —1, f(2) has only real
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zeros.! The residue of (53.4) at 4, is also positive, because the
density matrix (47.19) is positive definite.

Put 4 = s?, so that V4, =s,. Then, since m.(s?) = —y(b, s?)/y:(b, s?)
is real for real sand m,(s%) = m.(s:), Theorem 48.3 implies that

(53.6) S:y(x)f(x)dx

1

= i CLSby(x){ ¥1(x, sn) + ma(sn)yu(x, su)}dx
x S"f(t){ylu, ) + mu(halt, D)t
[

oo b b
-3 cngo (D)2} J(sux)dx Sof(t)t*}ly(snt)dt

where ¢, is a positive number independent of f(x) and g¢(x).
To determine ¢,, we first prove the orthogonality relations

(53.7) V xJ(sux) J(sux)dx = 0 (n + m)

0

as follows. From (Part 15)
Ty +(1——”f)],=o
v x v xz
there follows that
" L ! < _ _i_) —
JV(sx) + x JGsx) + (1 St Jsx)=0

Hence we obtain

x{suJV ($nX) JUSux) — Sm JV (Sm¥) J(Sn)}
+ {80 V(82 %) J(SnX) — SmJo(Smx) J(52%)}
+ (slzl - s:i)x.,\'(snx)]\'(smx) = 0
The sum of the first and the second terms is equal to the derivative
of
(53.8) 2{$aJ(822) A SmX) — S Jo(Smx) J(5n%)}

with respect to x. Hence, integrating this from 0 to b and re-
membering v = 1 and Ju(s.b) = A(swb) = 0, we see that the following
equality is true.

1 R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol. 1,
Interscience, New York, 1953, p. 494,
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b
S (83 = SIL(5n) Ismilx = O
[}
Since s, # s» for n # m, the equation (53.7) is proved.
As in Part 51 it is proved that (53.6) also holds for
9(x) = f(x) = 23 J(sax)
Hence, substituting these in (53.6), we obtain

(53.9) c,l= be]v(snx)“dx n=12--)
0

The integral on the right side is calculated as follows. We can
prove, as before, that

b
w? — ﬁz
Put « = B + ¢ 1n (53.10) and differentiate the denominator and the

numerator on the right side separately with respect to e. Then,
setting ¢ = 0, we obtain

(53.10) 5: xJax) J(Bx)dx = {BJ(ab) Ji(Bb) — a Ji(ab) J(BD)}

S”xﬁ(ﬁx)fdx = %{Bl»’(ﬁb)’ - JJ(Bb)Jv(Bb)-},- - B]J’(Bb)]v(ﬁb)}
0
Put 8 =s,. Then we have, by J.(s.b) =0,
(63.11) Gl = bejy(sux)zdx = -gf]\i(sub)’
0

Consequently, we obtain the Parseval form of the Fourier-Bessel
series expansion, in the form

(53.12) S:g(x) F(dx

oo

2 v v
= B Jlsab) g WSn 2 WSn
2Ty S Sz x)dxsof (£)e} syt

This shows the completeness of the orthogonal system
(53.13) x% J(SuX) (n=12,---)

on [0,b]. Accordingly, these functions are the eigenfunctions of
the singular boundary value problem:

¥+ {si— ”2;*}y=0;

as x—0, y tends to zero of the same orders as x*%;
at x = b, y vanishes.

(63.14)
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In general, we obtain in this way the Fourier-Bessel series ex-
pansions for v =0, which, for » =}, becomes the Fourier sine series
expansion, but we will not enter into the details. For these, reference
may be made to Titchmarsh’s book mentioned before.

54. The Laguerre function expansion

The Laguerre polynomial L,(x) is a solution of the equation

(54.1) '+ QA —-x)v+iv=0 0<x< o
for A =n (Part 24). Now consider the transformation

(54.2) x=1, z=tle %

Then we have, for 2 = n, the equation

(54.3) %f— - (—4;1 24— ‘%)z 0<t<w)
which possesses the solution

(54.4) V2-the 1L, (8%) n=0,1,2,.-+)

As was shown in Part 24, the system {¢-3-L,(x)} is an orthonormal
system on (0, ); hence the functions in (54.4) also form an ortho-
normal system on (0, o), that is, we have

(54.5) S" 2te L () La(t)dt = Bum
(1]

The Parseval relation for (54.5), which follows from the general
expansion theorem,

(54.6) S“’g(t) [(dt

-5 {S:yawz-tie- ‘}"Ln(tz)dts:f(S)x/Z-sie“‘}”Ln(S’)dS}

shows the completeness of the system of the Laguerre functions
(54.4), and hence of the system {e %<L.(x)}. However, to derive
(54.6) from the general expansion theorem, we need a certain function
theoretical preparation, which cannot be given in this book. There-
fore, we refer the reader to Titchmarsh’s book, concerning this
derivation. We shall instead give a direct proof due to J. von
Neumann, which is based upon the same idea which was used in
the proof of the completeness of the Legendre polynomials in Part
24,
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Proof of (54.6). By setting 2 = x in (54.6), we obtain
648) [ owseoar = 3 {[ oo trLuoas [ roitLaioas]
[1] n v [)] 0

Hence it is sufficient to prove (54.6’) for the functions f(x) and 9(x)
which have the following property:

*) f(x) and g(x) are twice continuously differentiable on
(0, ), and are identically zero near the boundary points
x=0and x = oo,

As in the case of the Legendre polynomials (Part 24), it is sufficient
to show the following: for a given f(x) with the property (*), and
e > 0, there exist constants c,, ¢, - -+, ¢ such that

I

On the other hand, since f(x) has the property (*), it may be written
as

(54.7) f(x) = e"¥h(x)

where A(x) has the property (*). Furthermore, L,(x) is a polynomial
of degree n. Therefore, we see that it is sufficient to show the
following: for a given h(x) with the property (*), and ¢ > 0, there
exists a polynomial p.(x) of degree 2 such that

Sl — ﬁ e 2L, (x)cx dx <
n-0

0

(54.8) S"e-r Lh(x) — pelx) I*dx < e
Since h(x) has the property (*), k(log(1/y)) is continuous on the
interval 0 = y < 1. Hence, by the Weierstrass approximation theorem,
there exists, for any ¢’ > 0, a polynomial p(y) such that )
SuPosvsx{ h(log —;—-) - p(v)l <ée
Hence
1 1 2
S l h(log —) - p(y)l dy <¢
[ y
so that

(54.9) S:e"lh(x) — ole®) *dx < ¢/
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Suppose that, for any integer m = 0 and & > 0, there exists a
polynomial p...s(x) such that

(54.10) re—’le"" — paa(®)tdx < 8
0
We then use the inequality (20.6), i.e.
- 3
lla+ 81l = (S |a(x) + B(x)l’dx) < fleell + 1181

which can be proved by virtue of Schwarz’ inequality. Thus, setting
p(¥) =S5 .cay", we obtain

(I

2dx)2

< (S"’e-f | h(x) — ole—) |=dx)'}

[}

hx) — 3 cabn ()

+ qu [eul (S”e ‘e~ — py,a(x) lzdx)u
n 0 0

The second term on the right side tends to zero as 4 — 0 because
of (54.10), (s and ¢, are independent of d). Since ¢/ > 0 was arbitrary,
the proof is completed. It remains to prove (54.10).

Proof of (564.10). We use (24.28), that is,

ket . __xt
(54.11) S Lot = o (-7257) (1<)
Set
T oom . _ &
(54.12) t—m+1,1.e.,m—1_t

Then we obtain
emr — (1—t) ﬁ Lt =1 —1¢) i Lu(x)t»
n -0 n=N+1

Hence, by virtue of the orthonormality of {e-%<L.(x)}, we have

.

The last term tends to zero, as N - oo, Thus the proof is com-

2
e “dx

emr — (1 — £) S L)t
n -0

S La(x)tr
,

n=NF1

dr=(1—tr S o

n=N 1

=1 -t s:e*z
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pleted. In the above reasoning, the exchange of the order of

S and is permissible, since the estimate

n=N t+1 0

i Sm"—’l Ly(x) || La(2) | dx-gm+
1Jo

n.n'- N\
= X‘ {S e“’Lu(x)’dx} {S (,'"Lu'(x)zdx} e
n.n' Ni1QJO 0
= < t:H—n'
n,n' - N1

shows that the series of positive terms on the left side is convergent
for |¢] < 1.



CHAPTER 6
NON-LINEAR INTEGRAL EQUATIONS

The Volterra integral equation
o(x) — /IS:K (x, s)p(s)ds = f(x)
and the Fredholm integral equation
olx) — AS:K(x, Sp(s)ds = f(x)

with which we were concerned in the preceding chapters, 2 to 5,
are both linear with respect to the unknown function ¢. This
linearity was the cause for the relatively smooth development of
the general theory of these equations.

The theory of non-lincar integral equations is very important in
pure and applied mathematics. We have already observed in Chapter
1 that the initial value problem for ordinary differential equations
can be reduced to a non-linear Volterra integral equation. However,
for the general treatment of non-linear integral equations, we need
the knowledge of functional analysis, which is beyond the scope of
this book. In this chapter we shall give a brief sketch of several
classical results for non-linear integral equations.

55. Non:lincar Volterra integral equations
We consider the equation
(55.1) o) +§ F(x, s, p(s)ds = £(x)
0
in the unknown ¢(x). We make the following assumptions. The
function F(x,y, 2) is continuous on a domain D defined by
lxIZa, |yiga, lz|=b
and satisfies the Lipschitz condition with respect to z
(55-2) lF(x,y,Zl)—‘F(x,.,Zz)l gKlzl '_ZZ|

in D.
The function f(x) is continuous for |x| < 4, vanishes for x =0,
and satisfies the Lipschitz condition
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(65.3) [ f) = f(x2)| S klxy — 22|
Let D' be a domain given by

. b
55.4 £a, = , = ' Ys
(55.4) lIx1<a a mm<a k+M)’ M = sup, F(x, , 2)
Then we can define on D' the successive approximation functions
Polx) = f(x)

¢|(x) =f(x) - S: F(x, S, ¢0($))ds

...................

We can prove as in Part 1 that the {¢.(x)} is uniformly convergent
on D' and the limit

limp—w@a(x) = ¢(x)
is a unique solution of the equation (55.1).
56. Non-linear Fredholm integral equations

We consider the equation
(56.1) olx) + AS"F(x, s, p(s))ds = f(x)
a

in the unknown ¢(x). We make the following assumptions. The
function F(x,y, z) is continuous on a domain D defined by
x| <a, 1¥y|<b, lzl=sc

and satisfies the Lipschitz condition with respect to z

(86.2) |F(x,9,20) — F(x,9,2)| £ Kl21 — 22|
in D,

The function f(x) is continuous for ¢ £ x £ b and
(56.3) Supus.su | f(X)| = f<c¢

Let
(56.4) 2] = L= oy supy| F(x, , 2)|

TMbO—-a’
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Then, for such 4, we can define on [g, b] the successive approxi-
mation functions

@o(x) = f (€3]
ou(x) = f(x) — AS"F(x. s, eu(s))ds

...................

...................

We can prove as in 1 that the sequence {¢.(x)} is uniformly con-
vergent on [«¢, b] and the limit

lima—e@a(x) = @(x)

is a unique solution of the equation (56.1).

Remark. It is not necessary that the equation (56.1) contains the
parameter A linearly, but it is necessary that the term containing the
integral tends to zero as 4— 0. Accordingly, a non-linear equation
of the form

oo oo b
(56.5) ¢(x) + Zlms S RS S Km(xy S1y Sgy * 00, Sm)

1 ala

% Fule(sy), ¢(s2), - -+, @(sw)ldsidsy- - -dsm
= f(x)

can also be solved, for sufficiently small |1], by the method of suc-
cessive approximations.

57. Schmidt’s method

Schmidt considered non-linear Fredholm integral equations of the
form

(57.1) olx) + ZY K (x, s)p(s)ds

+ ZA'HF:I---Mm'ﬂme

a

cen gbK(x, Sty ° s‘m)
«

X @(81)%1h(8,)P1e « « @S )*mh(S )P mds,dsy - - dSm

=f(®)

Here h(s) is a given function and >} means the summation over all
the sets (a,, B4, : * -, @n, Bn) Of non-negative integers with «a; + 8; > 0.
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We write (57.1) as
(57.2) ox) + AS"K(x, So(s)ds = F(x)

In the case when —2Z is not an eigenvalue of the kernel K(x,s),
(57.2), and hence (57.1), is, by Part 28, equivalent to an equation of
the form (56.5). Hence, for sufficiently small |4|, the equation
(57.1) possesses a unique solution. Next we consider the case when
—4 is an eigenvalue of K(x,s) with multiplicity 1, ¢, being the
corresponding eigenfunction. If there exists a solution ¢ of the
equation (57.2), then, as was shown in Part 28-29, ¢ can be written in
the following form, containing an arbitrary constant C,

57.3) o(x) = Fx) + zg"r.(x, OF(S)ds + G(x) + Corlx)

where G(x), and /'\(x, s) are known. Furthermore the necessary and
sufficient condition for the existence of a solution is that

(57.4) g” F(s)en(s)ds = 0

as was shown in Part 29. On the other hand, (57.3) is an equation
of the form (56.5), hence it possesses a unique solution for sufficiently
small || when C is fixed. Therefore, we can find, for sufficiently
small |2}, the constant C and the solution ¢ from (57.3) and (57.4).
In general, if —2 is an eigenvalue of K(x,s) with multiplicity
m = 2, the problem can be discussed in a similar manner. In such
cases, the solution generally contains m — 1 arbitrary constants.



APPENDIX

FROM THE THEORY OF FUNCTIONS
OF A COMPLEX VARIABLE

A theorem on normal family of regular functions (Part 44)

Let {fx(2)} be a sequence of regular functions in a domain |z| <c.
If

Supn§l.lz|<c|fu(2)| =M<

then, for any a, 0 < a < ¢, there exists a subsequence {f,/(z)} which
converges uniformly on the domain |z| =< a.

Proof. As in the case of Ascoli-Arzela theorem (Part 19), it is
sufficient to show that {f.(2)} is equi-continuous for |z| = a. For
any b, a < b < ¢, we obtain, Cauchy’s integral formula

Sful2) = mg SoE) dE |z Za

o & — 2

Hence, for any 2,, 2; such that |z, | <@, |2:| £ a, we have

b Alez - ]

| ful2) — fulzn) | = =
¥(4

2
1
= "o n _'—————-_ d
= 2n SIEI blf(f)ll (&~ 31)(E 2z) |dE |
M 1
é."z—;lzl—zzl———lb__a‘zznb
_ bM|Z| “Zzl
T b—ay

This shows that {f,(z)} is equi-continuous, q.e.d.

Hurwitz's theoremn (Part 47)

Let {f.(2)} be a sequence of regular functions in a domain D, and
let limp—w fa(2) = f(2) uniformly in D. If f(2) is not identically zero
and f(z,) =0 at an inner point z, of D, then, for any e > 0, there
exists a number N such that f,(z) has a zero in a domain |z — 2,| < ¢
whenever n = N.

Proof. According to the assumption, z, is an isolated zero of f(z).
Hence, for suitably chosen 8 (0 < d < &) there exists an m > 0 such
that
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If@Iz=m>0

on the circle |z — 2| = 8. Furthermore, because of the uniform
convergence, we can find N such that

[ fa2) = f@)l <m

on the circle |z — 2z,| = & whenever n = N. From Rouché’s theorem,
it follows that, for » = N,

fu(2) = f(2) + {fu(z) — f(2)}

has the same number of zeros in |z — z,| < & as f(2). Since f(z) =0,
the number be at least one; that is, for » = N, f,(2) has a zero in
lz2—2 < d<e.

Poisson integral formula (Part 46)

Let h(z) be a harmonic function, i.e., the real part of a function
f(2) regular in a domain |z| <1 + ¢, with e > 0. Then, for » <1,

h(re'®) = _]‘_SR 1—7 h(e'*)de
2r J_x 1 —2rcos (0 — ¢) + r®

There is also a similar formula for the imaginary part of f(z2).
Proof. We first consider the special case when

flz)= f_‘,a,.z" s a, = real
n-0
In this case, if we set
S (@) = f(re'®) = h(2) + ik(z)
then
(i) f(re=®) = p(z) — ik(2)
For the sake of simplicity, we denote the values of Ah(z), k(2) at the
points z = re', £ = ¢'¢ by
h’ k; hl, klt

respectively. Then, by Cauchy,s integral formula, we obtain
(ii) h+ik=L_S_h¢_‘t_ik_ldg
2ni ) E—2z

= L (= Gt ikee
2w Yo €% — ret®
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On the other hand, since the point 1/z is outside of the domain
€| <1, Cauchy’s integral theorem implies

0= _]-_S hy 4 ik df = __I__S”' (hy + tk))e'®
2ni ) E—1/z 2r o e — r-ie o

Hence, because of (i), we obtain

do

1 (*(h —dk)e e ,
2r So o= rigwd? =0
so that

=1 (hy — ik)re® _
(i) 2r So re' — gl do =0

Therefore, adding (ii) and (iii), we obtain
L1 (= ol + rye'® A
h+ ik = —2?80 {hl'e'w_—mw' + 1ku}d¢

Then, taking the real parts of the both sides, we obtain the Poisson
integral formula.

In the general case when (i) is not satisfied, that is,

Sf(2) = z az" , a,=a, +iB,
n=v

we have

f@=F e +i3 8"

= fi(2) + ifa(2)

Then, both fi(z) and f,(z) satisfy the condition (i). Hence, we can
obtain the Poisson formula for .2 [fi(2)], <*[f:(2)], then, by writing

Ff@) = [f2)] — S [fo(2)]
we can obtain the Poisson integral formula for <2 [f(2)].
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