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PREFACE

HIS book was described in the original preface as an attempt

to teach those portions of the Calculus which are of primary

importance in the applications of the subject. The general

arrangement of the work was, at the time, somewhat unusual, but
appears to have been found convenient.

The present edition has been revised throughout, and a number
of changes have been made. Apart from minor alterations and
rearrangements, there are one or two points which call for remark.

A special chapter is devoted to the exponential and allied
functions, the exponential function being now defined as the
standard solution of the equation

dy

dn =¥
It is to this property, entircly, that the function owes its im-
portance in Mathematics, and 1t seems theiefore most natural
to take this as the starting-point. No theory of the exponential
series which has any pretensions to be rigorous can be said to be
altogether elementary, but it 18 claimed that the method here
followed is, from the standpoint of the Calculus, no more difficult
than any other, whilst there can be no question as to its being the
most appropriate.

Another considerable change is in the treatment of infinite
series, their differentiation and integration. In previous editions
these questions were discussed in a general manner, by the light
of the theory of uniform convergence. There was perhaps some
justification for including this theory, at a time when 1t was
hardly accessible in any English manual, but 1t was out of
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perspective with the rest of the book, and is now omitted. It s
replaced by a discussion restricted to power-series only, which are
the only type which the student 18 likely to be concerned with
until he reaches a more advanced stage.

Finally, some sections on mass-centres, quadratic moments,
and the like, have been condensed or omutted. They have in
the meantime been transferied, for the most part, to other books
by the author. )

HORACE LAMB.,

June 1919,
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CHAPTER 1
CONTINUITY

1. Continuous Variation.

In every problem of the Infinitesimal Calculus we have to deal
with a number of magnitudes, or quantities, some of which may be
constant, whilst others are regarded as variable, and (moreover)
as admitting of continuous variation.

Thus in the applications to Geometry, the magnitudes in question
may be lengths, angles, areas, volumes, &c.; in Dynamics they may
be masses, times, velocities, forces, &c.

Algebraically, any such magnitude is represented by a letter,
such as a or «, denoting the ratio which it bears to some standard
or ‘unit’ magnitude of its own kind  This ratio may be integral,
or fractional, or it may be ‘incommensurable,’ 7.e. it may not admit
of being exactly represented by any fraction whose numerator and
denominator are finite integers. Its symbol will in any case be
subject to the ordinary rules of Algebra.

A ‘constant’ magmtude, in any given process, is one which
does not change its value. A magnitude to which, in the course
of any given process, different values are assigned, is said to be
‘variable” The earher letters a, b, c, ... of the alphabet are generally
used to denote constant, and the later letters ...u, v, w, , ¥, z to
denote variable magnitudes.

Some kinds of magnmitude, as for instance lengths, masses, den-
sities, do not admit ot variety of sign. Others, such as altitudes,
rotations, velocities, may be either positive or negative. When
we wish to designate the ‘absolute’ value of a magnitude of this
latter class, without reference to sign, we enclose the representa-
tive symbol between two short vertical lines, thus

||, |sinz|, log|z|.
It is important to notice that, if @ and b have the same sign,
la+b|=lal+]|b],
whilst, if they have opposite signs,
la+b|<|a|+|b].
L. 1.0, 1
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The Infinitesimal Calculus had its origin in problems of Geo-
metry, such as drawing tangents to curves, finding areas and lengths
of curves, volumes of solids, and so on. It is therefore natural, and
from the point of view of most applications even necessary, to adopt
as a basis the geometrical notion of magnitude, with the various
familiar assumptions, express or implied, which this involves.

A geometrical representation of any class of magnitudes is ob-
tained by taking an unhmited straight line X'X, and in it a fixed
onigin 0, and by measuring lengths OM proportional on any con-
venient scale to the various magnitudes considered. In the case
of sign-less magnitudes (such as masses), these lengths are to be
measured on one side only of O; in cases where there is a variety
of sign, OM must be drawn to the right or left of O according as
the magmtude to be represented is positive or negative. To each
magnitude of the kind in question will then correspond a definite
pownt M in the line X'X.

!

X’ o' M X

Fig. 1.

When we say that a magnitude admits of ‘continuous’ variation,
we mean that the point M may occupy any position whatever in
the line X’X within (1t may be) a certain range.

It will be observed that two things are postulated with respect
to the magnitudes of the particular kind under consideration, viz.
that every possible magnitude of the kind 1s represented by some
point or other of the line X’X, and (conversely) that to every point
on the line, within a certain range, there corresponds some mag-
nitude of the kind. These conditions are fulfilled by all the kinds
of magnitude with which we meet, either in Geometry, or in Mathe-
matical Physics. It will be found on examination that these all
involve in their specification a reference, direct or indirect, to linear
magnitude. Thus an area may be represented by the altitude
of an equivalent rectangle cohstructed ona given (unit) base; a
velocity 1s represented by the length described in unit time, and
S0 on.

2. TUpper or Lower Limit of a Sequence.

The conception of a ‘limit,” or ‘luniting value,” occurs in various
forms throughout the Calculus, and is of fundamental importance.
In its primary form, now to be considered, 1t will be already more
or less famihar to the student.
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Suppose we have an endless ascending sequence of magnitudes
of the same kind
L4
Ly, Loy gy veey Ty coey  sevevercsssenennns (1)

v.e. each is greater than the preceding, so that the differences
Ty — Xy, Ty — &gy evey Tp— Tp—1y ++-

are all positive. Suppose, further, that the magnitudes (1) are
known to be all less than some fixed finite quantity a. The sequence
will in this case have an ‘upper limit,’ 7.e. there will exist a certain
quantity u, greater than any one of the magnitudes (1), but such
that if we proceed far enough in the sequence its members will
ultimately exceed any assigned magnitude which is less than u.
In other words, it is impossible to interpose a barrier between the
members of the sequence and the quantity u.

In the geometrical representation the magnitudes (1) are repre-
sented by a sequence of points

My, My, My, ..., oreeeeeeernn .o (2)

each to the right of the preceding, but all lying to the left of some
fixed point 4. Hence every pont on the line X'X, without ex-
ception, belongs to one or other of two mutually exclusive categories.

0| Y Mo M3MgA X

Fig. 2.

Either it has points of the sequence (2) to the right of i, or it has
not. Moreover, every point in the former category lies to the left of
every point of the latter. Hence there must be some point M, say,
such that all points on the left of M belong to the former category
and all points on the right of it to the latter. Hence if we put
u= OM, u fulfils the definition of an ‘upper limit’ above given.

In a similar manner we can shew that if we have an endless
descending sequence of magnitudes

Ly, @gy, Tgy cvey evnveveennennsnessesnnes 3)
1.e. each is less than the preceding, so that the differences
&y — Xy, Lg—Xgyeee, Tp—y — Tn
are all positive, whilst the magnitudes all exceed some finite
quantity b, there will be a lower limit », such that every magnitude
in the sequence is greater than v, whilst the members of the se-
quence ultimately become less than any assigned magnitude which
18 greater than ».
1—2
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The above argument would evidently apply 1f, occasionally, two
or more successive members of the sequence were equal. In that
case the sequences are still usually styled ‘ascending’ or ‘de-
scending,’ respectively, although the terms ‘non-decreasing’ and
‘non-increasing’ would be more accurately descriptive*.

Ex. 1. The sequence

1 2 3 n
§’ '3', 2‘1‘, esey m, ven W sess ssessews (4)
is ascending, with the upper hmit 1. For
SO
n+l = n+l’

which can be made as nearly equal to 1 as we please by taking » great
enough

Ex. 2 If x be a positive quantity less than unity, the quantities
1, =, 2% , " . . .. (D)

form a descending sequence, with the lower Iinit 0. For smce 1/z 18
greater than unity we may write

ljz=1+y,
where y is positive. Then

ey =(1+y)*=1+ny+.. +y7
by the Binomial Theorem. Hence
1/z*> 1 + ny,
and can therefore be made as great as we please by taking n great
enough. It follows that #" can be made as small as we please.

Ex. 3. Consider the sequence defined by
=1, x,=J1+a,) . - (6)
Since By — Xt =m, — &Ly, . (N

Xp4q, Will be greater than x, if x, is greater than w,_,. But x, is ob-
viously greater than x; The sequence 1s therefore an ascending one.
Again

l-i—.’l:,.<1__+__-_70;5_+_1<1+ 1 e .. (8)

@, =
n+1 , N
Ln41 L4 Zp 4y

Since @4, > 1 it follows that ., ,, < 2, for all values of . The sequence
has therefore an upper limit. Denoting tlus by p, it appears from (6)
that p 18 the positive root of the equation

=x+1

* In recent times the term ‘monotonic’ bas been invented to include both
types of sequence.
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By actual calculation from (6) the first few members are found to
be, to four figures,

1, 1-414, 1-554, 1598, 1-612, 1-618.

The number last written is the accurate
value of u, to the degree of approximation
aimed at.

The matter may be illustrated graphi-
cally by tracing the loci 3

: y=x+1, y=a% .... (10) 2

The figure shews how the successive values

of wx, obtained from (6) converge towards 1
the value of x at the intersection. A por-

tion only of the graph is shewn.

Evidently, the same result is arrived at
if we start with any positive value of wx,
instead of 1. Only, if x, is greater than the
positive root of (9) the sequence would be a
descending one

The above method has a wide apphication
to the numerical solution of equations, both
algebraic and transcendental. Fig. 3.

3. Application to Infinite Series. Series with positive
terms.

The above has been called the fundamental theorem of the
Calculus. An important 1llustration is furmshed by the theory of
infinite series whose terms are all of the same sign. In strictness,
there is no such thing as the ‘sum’ of an infinite series of terms,
since the operations indicated could never be completed, but under
a certain condition the series may be taken as defining a particular
magnitude.

Consider a series
Uyt Ug U+ oo F UnF o i 1)

whose terms are all positive, and let

8 = Uy, 82=u]+ug, -..'..8"=uq+’uq+-..+un. ...... (2)
These quantities are called the  partial sums.” If the sequence
81, Sz eeeees Shy vre erevareriisanieenns 3)

has an upper limit S, the series (1) is said to be ‘convergent,” and
the quantity S is, by convention, called its ‘sum.’
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Again, if (1) be a series of positive terms which is known to be
convergent, and if

W' Fug g o (4)

be a series of positive terms whlch are respectively less than the
corresponding terms in (1), z e. u, < uy for all values of n, then (4)
is also convergent. For if s, be the sum of the first n terms in (4),
we have s, < su, and since the magnitudes s, have by hypothesis
an upper limit, the magnitudes s, will have one d fortior:,

Ex. 1. The series

1+3+4+3+...

converges to the suin 2. For if in Fig. 2 (p 3) we make OM,=1, 04 =2,
and bisect M, 4 in M,, M,4 in M,, and so on, the points M,, M,, My, ...
will represent the magnitudes s,, 8,, 8;, .... And since these points all
lie to the left of A, whilst M, 4 =1/2""1 and can therefore be made as
small as we please by taking » large enough, it appears that the sequence
has the upper it 04, = 2.

The case of any geometric progression whose common ratio is positive
and less than unity may be illustrated 1n a sunilar manner.
Ex. 2. Consider the series
L + 1 et ! +
1.2 2.3 ' "a(n+l)

If we write this in the form

<1 ) (2 }3)* +<;li—;%>+...,

we see that $p=1———,
which has the upper limit 1.

Ex. 3. Further illustrations are supplied by every arithmetical
process in which the digits of a non-terminating decimal are obtained
in succession. For example, the ordinary process of extracting the
square root of 2 gives the series

1-414213...

1 4+1+4+2 —l—+3+
or D TR T T TR T T

Since s, is always less than 15, there is an upper limit.

Ex. 4. The terms of the series

1 1
1+1+2—! Tyt gt e
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are (after the first three) respectively less than those of the series

1 1
1+1+'2-+ '2'§+...+°2-;le

The latter series is convergent and has the sum 3. Hence the former
Is also convergent, and its sum is less than 3.

+oeee

4., Limiting Value in a Sequence.
Suppose that we have an endless series of magnitudes

. Ly, Ty Ty, oovy Lyy voe snneoennnannnnnnennnn (1)

arranged in a definite order. Suppose, further, that whatever
quantity e we choose to fix upon, however small, a point 1n the
sequence can always be found beyond which every member of it
differs from some fized quantity x by a quantity less in absolute
value than e. The sequence is then said to be ‘ convergent,” and
to have the ‘limiting value’ u. Statements of this kind occur so
frequently in the present subject that it 1s convenient to have a
condensed expression for them. We write

My e @ = e v (2)

We have had particular cases of the above relation in the
upper and lower limits discussed in Art. 2, but in the present wider
definition it is not implied that the members of the sequence are
arranged in order of magnitude, or that they are all greater or all
less than the limiting value w.

The hypothesis is that a value of n can be found such that the
members of the scquence which follow @y, viz.

wn-}h mn+2, xn}-s: LARE]

all lie between the values u — ¢ and p+e The value of n which
is necessary to secure the fulfilment of this condition will be greater
the smaller the value of ¢, but 1t is implied that, however small ¢
be taken, such a value exists.

fie. 1. The sequence
1
Q‘ ) g ’

has obviously the limiting value 1.

4 1 1
’ 3‘,...,1—:’;, 1+7;,... o setessanes (3)

W
S ]

Ex. 2, In the sequence
sin 2 sin 3z sin nx
@ g0 e pran K SRTCRNRPRPOIES (4)

the numerator lies always between + 1, whilst the denominator increases
indefinitely, The sequence has therefore the limiting value 0.
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It is sometimes possible, as in the examples just given, to shew
that a given sequence has a certain known quantity as its limit,
and is t%erefore convergent. The question to be resolved is, how-
ever, in general less simple, and a criterion 1s required as to whether
a proposed sequence has or has not a definite limiting value. There
are in fact many important mathematical quantities which can only
be defined as limits, and it 18 therefore necessary in such a case to
satisfy ourselves that the limit exists.

It is obvious in the first place that if the scquence (1) has a
limit, a value of n can always be found such that the members of
the sequence which follow @y, viz @n41, Zuts, -+, Tnip, ..., Will all
differ from =, by quantities not exceeding e, where ¢ may be any
assigned quantity, however small ~ Conversely, if this condition 1s
fulfilled, the sequence has a defimte limit.

To shew this let us construct 1n the first place a descending sequence
of positive quantities e, €, €, .. whose Iimit 18 0. Such a sequence
may be formed, for instance, by making each member one-half of the
preceding one. By hypothesis, a number 7, can be found such that all
the members of the sequence which follow w, lie between the values

ay=x, —€¢ and fBy=x, +¢.

Similarly, a number =, (> n,) can be found such that all the members
which follow x,, lie between z,, —¢, and B,=w,, + €. Hence all the
members which follow &, will "e within a certain mterval extending
(say) from a, to B,, which 1s inciuded within the interval from a, to S,
and 1s such that

By~ a0y < 2¢,

and so on. The quantities a,, a,, a3, ... form an ascending sequence,
and, since they are all less than G, they have an upper lunit u, say.
Similarly, the quantities 8,, 8;, 8; form a descending sequence, with a
lower limit v. Moreover, since

v—p<ﬁp-—a < 2¢p,

which may be as small as we please, these hmits # and v cannot be
different.  Under the condition stated, the sequence (1) has the com-
mon value of p and » as 1ts limat.

Ex. 3. An illustration is furnished by any arithmetical process in
which successive approximations to a result are obtained, provided
these are adjusted in the usual manner, the last significant bgure being
incieased by unity whenever the next followmﬂr digit is 5 or any grea.ter
number. Thus the operation of finding the square root of 6 gives

2:6457513....
The successive approximations, adjusted as above, are
2, 26, 2:65, 2:646, 2 6458, 2:64575, 2-645751,

forming a sequence of the kind now under discussion. The numbers
which follow the tirst differ from it by less than 5 ; those which follow
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the second differ from it by less than ‘05 ; those which follow the third
differ from it by less than ‘005 ; and so on. The sequence has there-
fore a definite limit.

Ex. 4. Consider the sequence in which
1
m;L P ses seees sessesarses (5)

The members are all positive, and (after the first) less than umty. It
follows that all members after the second are greater than .  Again,
we have

B=1, Tyyy=

Lpyoe =Ly =7 — 77

Lnt2— Ty 1
or = To eerereeeenenn 6

Ly — L 41 (1 + mn) (1 + mn+1) ( )
Kach member of the sequence is theirefore alternately greater and less
than the one preceding it. Moreover, since the above ratio is, for
n>1, less than 4, the intervals between successive members diminish
indefimitely. It easily follows that the sequence must converge to a
definite limit, which is obviously the positive root of

e )
By actual calculation from (5) we find in succession
1, 5, -6667, -6, 625, ‘6154, -6190, 6176, -6182,

the latter number being the correct value of the root in question, to four
figures.

The character of the sequence may be illustrated graphically by
means of the loci

1
Y=@ Y=g oo e (8)

+a’

1T~

Fig. 4.
The figure shews the essential part of the graph.
In this Example, and in Art. 2, Ex. 3, we have simple illustrations
of a method of approximating to the intersection of two curves which
18 often useful. The convergence is however slow if the curves have

nearly the same 1nclination (in the same or in opposite senses) to the
axis of .
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5. Application to Infinite Series.
Ifin the infinite series

Ut UgF oo F U F ooy i, 1)

whose terms are no longer restricted to be all of the same sign, we
write
S =1, So= U+ Ug, seuvus Sp=U+ U+t st Uy, o0 (2)

and if the sequence
L «..(8)

has a limiting value S, the series is said to be ‘ convergent,’ and S
is called its ‘sum.’

It follows from Art. 4 that the necessary and sufficient con-
dition for the convergence of (1) 1s that 1t should be possible to
find a number n such that the partial sums spi1, Snis; +-vs Snips-e-
all differ from s, by less than ¢, where ¢ may be any assigned
quantity, however small.

An important theorem in the present connection is that if the
series
|%|+|u9|+...+|un|+..., .............. (43)

formed by taking the absolute values of the several terms of (1),
be convergent, the series (1) will be convergent.

For if (4) be convergent, the positive terms of (1) must & fortior:
form a convergent series, and so also must the negative terms. Let the
sum of the positive terms be p and that of the negative terms be — q.
Also, let s,,,,, the sum of the first m +n terms of (1), consist of m
positive terms whose sum 18 p,,, and n negative terms whose sum is — g¢,,.
We have, then,

(P=9) —3ntn=(@—9) = (Pm—qn)
= (P = Pm) = (T = qn) eevereereernn. (5)

If m +n be sufficiently great, p —p,, and ¢ — ¢, will both be less than ¢,
where € is any assigned magnitude, however small ; and the difference
of these positive quantities will be @ fortiori less than e in absolute
value. Hence s,,,, has the limiting value p —gq.

When the series (4), composed of the absolute values of the
several terms of (1), i1s convergent, the series (1) is said to be
‘absolutely,” or ‘essentially,” or ‘ unconditionally’ convergent.

It is possible, however, for a series to be convergent, whilst the
series formed by taking the absolute values of the terms has no
upper limit. In this case, the convergence of the given series is
said to be ‘accidental,’ or ¢ conditional.’



5] CONTINUITY 11

The following very useful theorem holds whether the series
¢onsidered be essentially or only accidentally convergent:

If the terms of a series are alternately positive and negative,
and continually diminish in absolute value, and moreover tend
ultimately to the limit zero, the series is convergent, and its sum
is intermediate between the sum of any finite odd number of terms
and that of any finite even number, counting in each case from
the beginning.

The proof will be familiar to the student, but as it is a good
example of the kind of argument employed in the preceding Art., it is
here repeated.

Let the series be

@G — Ayt A3 — gt viey cevies ceeennns .. (6)
where, by hypothesis,
Gy>a>ay> ..,

In the figure, let
OMy=0y, MM;=a,, MMy= a0y, M;M,=a,, .

‘ 3 i 3 'l - 1
o| Mg M,Mg M MgM; (YN x
Fig. 5.

It is plain that the points M, My, My, form a descending sequence,
and that the points M,, M,, M,, . form an ascending sequence. Also
that every point of the former sequence lies to the right of every point
of the latter. Hence each sequence has a limiting point, and since

Amemﬂ = Oap gy

and therefore is ultimately less than any assignable magnitude, these
two limiting pownts must coincide, say in M. Then OM represents the

sum of the given series (6).
Ez. The series
1-1+3-1+...
converges to a limit between 1 and 1— 4.

This series belongs to the ‘accidentally’ convergent class. It will
be shewn later (Art. 175) that the sum of n terms of the series

I+1+3+1+...
can be made as great as we please by taking n great enough.

It cannot be too carefully remembered that the word ‘sum,” as
applied to an infinite series,is used in a purely conventional sense,
and that we are not at liberty to assume, without examination,
that we may deal with such a series as if it were an expression
consisting of a finite number of terms. For example, we may not
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assume that the sum is unaltered by any rearrangement .of the
terms. In the case of an essentially convergent series this assump-
tion can be justified, but an accidentally convergent series can be
made to converge to any limit we please by a suitable adjustment
of the order in which the terms succeed one another. For the
proofs of these theorems we must refer to books on Algebra ; they
are hardly required in the present treatise.

The following simple theorems will, however, occasionally be
referred to.

1. If T T (7)
be a convergent series whose sum 13 S, the series
QU+ QU+ o F QUL+ oot i (8)

obtained by multiplying the terms of (7) by a factor a, will con-
verge to the sum aS. This hardly needs proof.

20, If Uy F Uy F oo Uy F e s i, 9)
and A T R A S (10)

be two convergent series whose sums are S and &', respectively,
the series
(m+u)+ L+ w)+ o+ (U w))+ .00, L (11)

composed of the sums, or the differences, of corresponding terms
in (9) and (10), will converge to the sum S+ 8. This is easily

roved. If s,, s, denote the sums of the first n terms of (9)
and (10) respectively, the sum of the first » terms of (11) will be
sp+ 8, Now

S+8)~(snt8)=(S—s)+(S" —8)). ...... (12)

By hypothesis, if € be any assigned magnitude, however small, we
can find a value of n such that for this and for all higher values
we shall have

|S —sn|<de, and |8 —s,|<de, wunnnnn. (13)
and therefore [(S+8)=(sntsa)|<e overevinnnnnn. (14)

which is the condition that s, + s,” should have the limiting value

S+S.
3°.  On the same hypothesis the series
(au, + bu)’) + (aua + buy) + ... + (aun + bu, Y + ... (15)

will converge to the sum aS+b8’. This follows easily from the
two preceding theorems.
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6. * General Deflnition of a Function.

One variable quantity is said to be a ‘function’ of another
when, other things remaining the same, if the value of the latter
be fixed that of the former becomes determinate.

The two quantities thus related are distinguished as the
‘dependent’ and the ‘independent’ variable respectively.

The notion of a function of a variable quantity 1s one which pre-
sents itself in various branches of Mathematics. Thus, in Arithmetic,
the number of permutations of n objects is a function of 7, the number
of balls in a square or a triangular pile of shot is a function of the
number contained 1n each side of the base; the sum (s,) of the first n
terms of any given series is a function of the number n; and so on.
In some of these cases there are definite mathematical formule for the
functions in question, but 1t 1s to be noticed that the 1dea of function-
ality does not necessarily require this; for example, the sum of the
first » terms of the series

1 1 1 1

Etetate
1s a detimite function of n, although no exact mathematical expression
exists for 1t. So, again, the nummber of primes not exceeding a given
integer n 18 a definite function of =, although 1t cannot be represented
by a formula.

+ ...

In these examples, the mdependent varable, from 1ts nature, can
only change by finite steps. The Infimtesimal Calculus, on the other
hand, deals specially with cases where the independent variable is
continuous, 1n the sense of Art. 1. For mstance, in Geometry the area
of a circle, or the volume ot a sphere, 18 a function of the radius; in
theoretical Physics the altitude, or the velocity, of a falling particle 1s
regarded as a function of the tune, the period of oscillation of a given
pendulum as a function of the amphtude, the pressure of a given gas
al a given temperature as a function of the density ; the pressure of
saturated steam as a function of the temperatwie; and so on. Here,
again, the existence or non-existence of a mathematical expression
for the function 13 not material, all that 1s necessary to establish a
functional relation between two variables 1s that, when other things
are unaltered, the value of one shall determine that of the other.

In general investigations it 1s usual to denote the independent
variable by «, and the dependent variable by y. The relation
between them is often expressed in such a form as

y= 4)(‘%‘)’ or y =f(w)» &e.,
the symbol ¢ (z), for instance, meaning ‘some particular function
of @’

When a quantity varies from one value to another, the amount
(positive or negative) by-which the new value exceeds the former
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value is called the ‘increment’ of the quantity. This increment
is often denoted by prefixing 8 or A (regarded as a symbol of
operation) to the symbol which represents the variable magnitude.
Thus we speak of the independent variable changing from z to
z + 8z, and of the dependent variable consequently changing from
y to y + &y.

Hence if Y=P (), cevviies i .(1)
we must have Yy+oy=¢(@+82), ... e iiiiiininnn )]
and therefore Sy=dp@+8x)— (). .cocevvrnnn... 3)

At present there is no implication that 8z or Sy is small; the
increments may have any values subject to the relation (2).

Ex. 1. 1If y=2a? then if x=100; 8z =1, we have
8y = (101)* —(100)® = 30301.
Eg. 2. If y=sina®, then if =60, 8z =1, we have
8y =-87462 — 86603 = ‘00859,
within a certain degree of accuracy.

7. Geometrical Representation of Functions.

We construct a graphical representation of the relation be-
tween two variables z, y, one of which 1s a function of the other,
by taking rectangular coordinate axes 0X, OY. If we measure
OM along OX, to represent any particular value of the independent
variable z,and ON along OY to represent the corresponding value
of the function y, and if we complete the rectangle OMPN, the

Y

K

o A ™M B X
Fig 6.

position of the point P will indicate the values of both the
associated variables.

Since, by hypothesis, M may occupy any position on 0X,

between (it may be) certain fixed termini, we obtain in this way
an infinite assemblage of points P,
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A question arises as to the nature of this assemblage ; whether,
in what sense, the points constituting it can be regarded as
1g on a curve. In many cases, of course, there is no hesitation
ut the answer. For example, if, to represent the relation
ween the area of a circle and its radius, we make OM pro-
tional to the radius, and PPM proportional to the area, then
f « OM?, and the points P lic on a parabola. The same curve
| represent the relation between the space (s) described by a
ing body and the time (¢) from rest, since s varies as ¢

The gencral question must, however, be answered in the
rative. The definition of a function given at the beginning of
» 6 stipulates that for each value of z there shall be a definite
ue of y; but there 1s no necessary relation between the values
y corresponding to different values of «, however close together
se may be.

Without some further qualification the definmition referred to
indeed far too wide for our present purposes, the functions
inarily contemplated in the Calculus being subject to certain
y important restrictions.

The first of these restrictions 1s that of ‘continuity.” This
plies that, as M ranges over any finite portion 4B ot the line O X,
ranges over a finite portion HK of the line OY, 7e. N occupies
se at least every position between H and K. Further, that if
» range AB be continually contracted, the range HK will also
itract, and can be made as small as we please by taking AB
all enough.

It will be seen presently (Art. 8) that the second of these
perties includes the former. The formal definition which we
ceed to give is slightly different, although, as will be seen,
1ivalent.

8. Definition of a Continuous Function.
Let z, y be any two corresponding values of the independent

iable and the function. If, z,, @,, ..., #,, ... being any arbitrary
|uence of admissible values of the independent variable, having
for 1ts hmit, the sequence y,, ys,..., Ju, .. of corresponding

ues of the function converges always to the limit y, the function
said to be ‘continuous’ for the particular value z of the in-
sendent variable.

It follows that if 8z denote an increment of «, and 8y the corre-
nding increment of y, we can always find a positive quantity e,
ferent from zero, such that, for all admissible* values of 8z

* The restriction to ‘admissible’ values of dr means that z+ sz must be within
range of values of the independent variable for which the function 1s defined.
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which are less in absolute value than e the value of 8y will be
less in absolute value than o, where ¢ is any prescribed quantity ,
however small. This is often taken as the formal defimtion. If
the condition which it involves were violated, that involved in
the former definition could not be fulfilled. Hence the two
definitions are really equivalent.

The second definition is sometimes summed up briefly, but
mmperfectly, in the statement that an infinitely small change in
the independent variable produces an infinitely small change in the
function. This means that if ¢ (2) be the function, it must be
possible to find a quantity e such that

lb@+h)—p @<

for all admissible values of h such that |A|<e The value of €
will in general depend upon that of o, but 1t 1s 1implied that the
condition can always be satisfied by some value of ¢, however small
o may be.

9. Property of a Continuous Funection.

If ¢ (@) be a function which 18 continuous from z =« to z =1,

inclusively, and if ¢ (a), ¢ (b) have opposite signs, there must be
at least one value of # between a and b for which ¢ (z) =0.

In the annexed figure it is assumed for definiteness that ¢ (a) 1s
positive and ¢ (b) negative. The points of the line X'X for which x =a,
2 =b are denoted by d, B, respectively, and the corresponding values
of the function are represented by AH, BK. The proof consists in
shewing that a series of dimimshing intervals of lengths

1 1 1
4B, GAB, 5 AB, .., AB, .
Y
H
o A ) B X
K

Fig. 7.
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can be found, each forming part of the preceding, and each containing
points at which ¢ (x) is positive and points at which it is negative.

Let A B be supposed bisected at ;. If ¢ (x) =0 at M, the theorem
is established for this particular case. We may therefore exclude this
and similar contingencies 1n the sequel. If ¢ (x) does not vamish at
M,, then in one at least of the intervals 4Af,, M, B the function will
have both positive and negative values. If the statement applies to
ouly one of the intervals, we select that one; if to both, the selection
may be made arbitiarily. The selected interval is next supposed bisected
in M,. Excluding the case where ¢ (x) = 0 at M,, one at least of the
halves into which the selected interval has been divided will contain
points at which ¢ (x) is positive and points at which it is negative. The
process may be continued indefinitely, and since

MM, - - AB

9n+1 ’
it follows by Art. 4 that the sequence of dividing points
Ml) M2) MS) A an
thus obtained has a definite limiting position, denoted, say, by C.

Moreover, the value of ¢ (x) at C must be zero Tor 1f it were
positive there would, 1n virtue of the assumed continuity of ¢ (x), be a
finite range on each side of (' throughout which ¢ (x) would be positive
This would be inconsistent with the result just proved. Similarly 1f
the value of ¢ (x) at C were negative

We may express the above theorem shortly by saying that a
continuous function cannot change sign except by passing through
the value zero.

It follows that if ¢ (2) be a function which is continuous from
x = a to & = b 1nclusive, and if ¢ (a), ¢ (b) be uncqual, there must
be some value of x between a and b, such that ¢ ()= 3, where B
may be any quantity intermediate in value to ¢ (a) and ¢ (D).

For, let
f@)=¢ ()-8,
since 3 is a constant, /() also will be continuous. By hypothesis,
¢ (@)—B and ¢(b) -8

have opposite signs, and therefore f'(a) and f(b) have opposite
signs. Hence, by the above theorem, there 1s some value of z
between a and b for which f(z)=0, or ¢ (z) =B.

In other words, a continuous function cannot pass from one
value to another without assuming once (at least) every inter-
mediate value.

L I.GC. ]
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10. Graph of a Continuous Function.

It follows from what precedes that the assemblage of poi..s
which represents, in the manner explained in Art. 7, any continuous
function 1s a ‘connected’ assemblage. By this it is meant that a
line cannot be drawn across the assemblage without passing
through some point of it. For, denoting the function by ¢ (),
and the ordinate of any line by f (=), then if ¢ (2) and f(x) are
both continuous the difference

¢ (z) - f (@)
will be continuous (Art. 12), and therefore cannot change sign
without passing through the value zero.

The question whether any connected assemblage of points is
to be regarded as lying on a curve is to some extent a verbal one,
the answer depending upon what properties are held to be con-
noted by the term ‘curve.’ It 1s, however, obvious that a good
representation of the general course or ‘march’ of any given
continuous function can be obtained by actually plotting on paper
the positions of a sufficient number of points belonging to the
assemblage, and drawing a line through them with a free hand.
A figure constructed in this way 1s called a ‘graph’ of the function.

The construction of graphs of functions of the types
y=Ax+ DB, y=Aa*+ Bz + C,

and their use to elucidate the theory of simple and quadratic
equations, will be famihar to the reader.

The graphical method will be freely used in this book (as in other
elementary treatises) for purposes of illustration. It may be worth
while, however, to point out that, as applied to mathematical functions,
it has certain limitations. In the first place, 1t 13 obvious that no finite
number of isolated values can determine the function completely; and,
indeed, unless some judgment 1s exercised in the choice of the values of
x for which the function 1s calculated, the result may be seriously mis-
leading. Again, the streak of ink, or graphite, by which we represent
the course of the function, has (unlike the 1deal mathematical line) a
certain breadth, and the same is true of the streak which represents the
axis of @ ; the distance between these streaks 1s theirefore aflected by a
certain amount of vagueness. For the same 1eason, we cannot reproduce
details of more than a certain degree of minuteness; the method 1s
therefore intrinsically inadequate in the case of functions (such as can
be proved to exist) in which new details reveal themselves ad tnfinutum
ag the scale is magnified*. Functions of this latter class are, however,
seldom encountered 1n the ordinary applications of the Calculus,

* An instance 18 fuinished by the function zgin(1/z) in the neighbourhood of
the origin.
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The method of graphical representation is often used in practice
when the mathematical form of the function is unknown; a certain
number of corresponding values of the dependent and independent
variables being found by observation. The vagueness due to the breadth
of the lines is then usually less serious than that due to the imper-
fections of our senses, errors of observation, and the like

The reader may be reminded of the meteorological charts which
exhibit the height of the barometer or thermometer as a function of the
time.

The substratum of fact underlying a graph constructed in the above
manner is of course no more than is contained in a numerical table
giving a series of pairs of corresponding values of the variables, but the
graphical form appeals far more effectively to the mind, by helping us
to supply in imagination the intermediate values of the function.

11. Discontinuity.

Although the functions ordinarily met with in Mathematics are
on the whole definite and continuous over the range of the inde-
pendent variable considered, exceptions to this statement may occur
at isolated points.

Thus it may happen that the original definition of the function
fails to give a meaning for particular values of the independent
variable.

Take, for instance, the function
sin x
pranll

For any value of «, other than 0, the numerator and denominator have
certain values, and the quotient exists. But when x =0, the fraction
assumes the indeterminate form 0/0. It 1s true that the value 1 1s then
usually attributed to 1t, but this 1s a matter of convention, and is not
implied m the original defimtion Many such instances will present
themselves in the sequel

Agan, a function ¢ () may become ‘infinite’ for some particular
value #, of 2. The meaning of this 1s that by taking « sufficiently
nearly equal to «;, the value of the function can be made to exceed
(in absolute valuc) any magmtude which we please to assign, how-
ever great. This is usually expressed by the formula

Mgy, ¢ (2) = ®.

The above is the only meaming which the word ‘infinite’ has in
Mathematics, and the only legitimate use of the symbol o is in
condensed statements of the above kind

2—2
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Examples are furnished by the function 1/x, which becontes infinite
for 2 = 0, and tan z, which becomes infinite for x — 4, &e See Fig. 15,
p. 28.

Again, in Mechanics, the period of oscillation of a pendulum, re-
garded as a function of the amplitude (a), becomes infinite for a — .

Again, a function, though finite, may be discontinuous for a
particular value @, of z,1.e. 1ts values for =2, —¢ and 2 =2, +¢
may be unequal, however small ¢ may be. In that case the original
definition may or may not assign a definite value for z = ;.

An illustration from Mechanics is furnished by the velocity of a
particle which at a given instant receives a sudden impulse in the
direction of motion In this case the ¢velocity’ at the precise instant of

the impulse 18 undefined, although it has a meaning immediately before
and immediately after.

Velocities

O Times
Fig 8.

Other more general types of discontinuity are imaginable, but
are not met with in the ordinary applications of the subject.

12. Theorems relating to Continuous Functions.
We may now proceed to investigate the continuity, or other-
wise, of various functions which have an explicit mathematical

definition, and to examine the character of their graphical repre-
sentations.

For this purpose the following preliminary theorems are neces-
sary:

1°. The sum of any finite number of continuous functions is
itself a continuous function.

First suppose we have two functions u, v of the independent variable
@. Then
S(u+v)=(u+du+v+d)~(u+v)
=du + dv.
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From the'definition of continuity it follows that, whatever the value
of. 7, we can find a quantity e such that for |8x| <e we shall have
|8u| < 3o and |8v| < }o, and therefore

| 8% + 8v| < 0.
Hence the function % + » is continuous.

Next, if we have three continuous functions u, v, w, then u + v is
continuous, as we have just seen, and consequently (u + v) +w is con-
tinuous. In this way the theorem may be extended, step by step, to
the case of any finite number of functions.

2°.  The product of any finite number of continuous functions
18 itself a continuous function.

First, take the case of two functions w, v. We have
8 (uv) = (u + du) (v + &) —uw
= vdu + udv + dudv.

By hypothesis we can, by taking | 8« | small enough, make | 8« | and | 8v |
less than any assigned quantity, however small. Hence, since » and »
are finite, | v8u | and | udv| can be made less than any assigned quantity,
however small. The same is evidently true of | 3udv|. Hence, also, the
value of

| v8u + udv + Sudv |

can be made less than any assigned quantity, however small. That is,
v is a continuous function

Next, suppose we have three continuous functions u, », w. We have

seen that wwv 1s continuous, hence also (wv)w 18 continuous. And so
on for the product of any finite number of continuous functions.

8°. The quotient of two continuous functions 1s a continuous
function, except for those values (1f any) of the independent variable
for which the divisor vanishes.

w u+du wu

‘We have é (;) =y
_ vdu —udv

T (v+dv)

By hypothesis v+ 0 ; there is therefore a lower limit M, different from
zero, to the absolute magnitude of » (v + v) This makes

o)

Since v/M and w/M are finite, we can, by taking dx small enough, make
|v/M.8u| and |w/M.3v| less than any assigned magnitude, however
small. The same will therefore be true of |8 (u/v)|; i.e. the quotient
u/v is continuous.

<

v k23
MS’M"ﬁS’U




22 INFINITESIMAL CALCULUS [cH. 1

4°. If y be a continuous function of u, where u 1s a céntinuous
function of #, then y is a continuous function of . s

For let 8x be any increment of =, du the consequent increment of
u, and 8y the consequent increment of y. Since y is a continuous
function of u, we can find a quantity € such that if

|du| <€, then |8y| <o,

where o may be any assigned quantity, however small. And since u is
a continuous function of «, we can find a quantity ¢, such that if

|8x|<e then |8u|<¢.
Hence if | 8z | <¢, we have |8y | <o,

which is the condition of continuity of y, considered as a function of .

13. Algebraic Functions. Rational Integral Functions.

An ‘algebraic’ function is one which is obtained by performing
with the variable and known constants any finite number of opera-
tions of addition,subtraction, multiplication,division, and extraction
of integral roots.

All other functions are classed as ‘transcendental’; they in-
volve, in one form or another, the notion of a ‘hmiting value’
(Arts. 4, 19).

A ‘rational’ algebraic function is one which is formed in like
manner by operations of addition, subtraction, multiplication, and
division, only. Any such function can be reduced to the form

¥ (=)
f(@)

where the numerator and denominator are rational ‘integral’ func-
tions; 7.e. each of them is of the type

Ayt + A"+ Ay 2™ 2+ ...+ A+ A, ..... (1)

where n is a positive integer, and the coefficients are constants.
Such an expression, when 1t consists of more than one term, is often
more briefly referred to as a ‘ polynomial,” the algebraic character
being understood.

A rational integral function is finite and continuous for all
finite values of the variable. For 2™, being the product of a finite
number (m) of continuous functions (each equal to ), is finite and
continuous. Hence also 4z™ 1s finite and continuous, and the

sum of any finite number of such terms is finite and continuous
(Art. 12).
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A rational integral function becomes infinite for z -~ + .
Writing the function (1) in the form

A n—1 A n—a A A 0)

a:"(A,,+ + +o s =

x w? wn—'l xh

we see that by taking x great enough (in absolute value) we can
make the first factor (") as great as we please, whilst the second
factor can be made as nearly equal to 4, as we please. Hence
the product can be made as great as we please. Moreover, if z be
positive the sign of the product will be the same as that of 4,,
whilst if  be negative the sign will be the same as that of 4, or
the reverse, according as n 1s even or odd.

It follows that in the graphical representation of a rational
integral function y = f («) the curve is everywhere at a finite dis-
tance from the axis of x, but reccdes from 1t without limit as z 1s
continually increased, whether positively or negatively. In actually
constructing the curve, it is convenient if possible to solve the
equation f(z) =0, as this gives the intersections of the curve with
the axis of z.

Ex. To trace the curve
y=x (2?—1).

This cuts the axis of x at the points x =0, + 1. Since, when  — 0, »*
becomes infinitely small compared with x, the curve approximates near
the origin to the straight line y = —x, which is in fact the tangent
there,

Since y changes sign with x, we need only calculate the ordinates
for positive values of a. We easily construct the following table, where
only two significant figures are retained

x y T y

1 --10 -8 --29
2 —-19 9 —-17
3 — 27 10 0
4 - 31 11 +°23
b —+38 12 + bl
6 - 38 13 + 88
7 —36 |! o« )

The graph 13 given on the next page.
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10
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15 10 05 @) i5/10 15
/ 05

10
Fig. 9.
14. Rational Fractions.
A function y= ) e, 1)
Sx)’ '

which is rational but not integral, 1s finite and continuous for all
finite values of & except those which make f(x)=0* For the
rational integral functions F(z) and f(z) have been proved to be
finite and continuous; and it follows, by Art. 12, that the quotient
will be finite and continuous except when the denominator vanishes.

The curve represented by (1) will cut the axis of @ in the points
(if any) for which F(«)=0. It will have asymptotes parallel to y
wherever f (z) = 0, whilst, for all other finite values of z, ¥ will be
finite and continuous. The values of y for £ — +o will depend on
the relative order of magnitude of F (x) and f(z). If F (z) be of
higher degree than f(z) the ordinates become infinite ; if of lower
degree the ordinates diminish indefinitely, the axis of # bemng an
asymptote ; if the degrees are the same, there is an asymptote
parallel to .

In cases where the degree of the numerator is not less than
that of the denominator, it is convenient to perform the division
indicated until the remainder is of lower degree than the divisor,
and so express y as the sum of an integral function and a ¢ proper’
fraction

The following examples are chosen to illustrate some of the
more important points which may arise.

* It is assumed that the fraction has been reduced to its lowest terms.
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l1-2 1 1
Ex 1. y=~§x— =~§+§E.

25

This makes y =0 for x =1, and y - + w for x = 0. Also v is positive
for 1 > x> 0, and negative outside this interval. From the second form
of y it appears that for & -~ + o we have y =—4. We further find, as

corresponding values of x and y:

{m=‘_’wy _3: —2: "1’ -'5) Os '5,
y=—5, —67, =75, —1, —1'5, Foo, b

b

The figure shews the curve.

1
,0,-—’

2, 3, +o,
5, —-33, —b.

Y
Xt = ~————*
YI
Fig. 10.
x(l-z) 2
Ex. 2. s ——-m+2—m.

Herey =0forx=0and z=1,and y -~ + o for x - —~1. Also y changes
sign as x passes through each of these values. For numerically large
values of x, whether positive or negative, the curve approximates to the

straight line
y=—x+2,

lying beneath this line for - + o, and above it for & - -0 . Fig. 11

on p. 26 shews the curve.
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2
Ezx. 3. y= -1-——_—{;2 .
Here y vanishes for « =0, and for & -+ o, and becomes infinite for

x —++1. Again, yis positive for 1 >x> 0 and negative for > 1. Also,
y changes sign with .

Y

YI
Fig. 12,
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2

Eil'. 4. y=m2.

As in the preceding Ex., y vanishes for x=0 and z—» + o0, and
changes sign with 2. But the denominator does not vanish for any real
value of w, so that y is always finite.

Y

—

YI
Fig 13.

16. The Circular Functions.
The general definitions of the ‘ circular’ functions
sinx, cosz, tanz, &c.,
are given in books on Trigonometry.
The function sin « is continuous for all values of .  For
S (sinz) =sin (z + 8z) — sinx
= 2sin 8z . cos (z + 4 8z).

The last factor is always finite, and the product of the remaining
factors can be made as small as we please by taking 8z small
enough.

In the same way we may shew that cos 1s continuous. This
result is. however, included in the former, since

cosz =sin (z + ).
Again, since )
sin

tan z = ,
cosx

the continnity of sin« and cosz involves (Art. 12) that of tan e,
except for those values of 2 which make cos #=0. These are given
by « = (n + }) 7, where n is integral.

In the samme way we might treat the cases of secx, cosec «,
cot a.
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The annexed figures shew the graphs of sin # and tan . The
reader should observe how immediately such relations as
sin (- ) = —sing, sin(r—z)=sina,
sin(z + m)=—sin®, tan(r+7)=tana
can be read off from the symmetries of the curves.

Y
]
]
i
H
!
X y ; - /%
.lz-n- - E (0} ™ E 2
{ H
] i
! i
| !
YI
Fig. 14.
4/
34
2+
14
IV
q §r ™ g 2™
-1t !
)
1
1
i
-2
-3
-4
]

Fig. 15.
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16. Inverse Functions.

If y be a continuous function of z, then under certain conditions
« will be a continuous function of y. This will be the case when-
ever the range of # admits of being divided into portions (not
infinitely small) such that within each the function y steadily in-
creases, or steadily decreases, as # increases.

Let us suppose that as « increases from a to b the value of y
steadily increases from a to 8. Then corresponding to any given
value of y between a and B there will be one and only one value of
x between a and b. Hence if we restrict ourselves to values of z

A J

Fig. 16.

within this interval,  will be a single-valued function of 3. It is
also easily seen to be a continuous function of y.

For, if we give any posttive increment e to x, within the above in-
terval, ¥ will have a certain finite increment o, and for all values of dy
less than o, we shall have éx <e. A simlar argument holds if the in-
crement of x be negative. Hence we can find a positive quantity o such
that, € being any assigned positive quantity, however small, |8x| < € for
all values of 8y such that |8y|<o. But this is the condition for the
continuity of = regarded as a function of y (Art. 8),

The same conclusion obviously holds 1f ¥ steadily diminishes in
the interval from = a to z =b.

If we do not limit ourselves to a range of « within which the
function steadily increases, or steadily diminishes, then to any given
value of y there may correspond more than one valuc of z; the
inverse function is then said to be ‘many-valued.” Again, 1t may
(and in general will) happen that through some ranges of y there
are no corresponding values of z, 7e. the inverse function does not
exist.

If Y=L(E), wovreeereerrarnin o)

the inverse functional relation is sometimes expressed by

Py N 0) NS eererennn(2)
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We then have I =@ =9 cceerviiieiannn. (3)

t.e. the functional symbols f and f— cancel one another. This is
the reason of the notation (2).

The graph of any inverse function is derived from that of the
direct function by mere transposition of z and y.

Ex 1. Let y=a% This is a continuous function of «, and, if  be
positive, continuously increases with z. Hence x, = /¥, 1s a continuous
function of y If x be unrestricted as to sign, we have two values of x
for every positive value of y; these are usually denoted by + ,/y. If
y be negative, the inverse function ,/y does not exist.

Ex. 2. The ‘gonometric’ or ‘inverse circular’ functions
sin~'x, cos'w, tanlz, &ec.
are many-valued.

The functions sin-! x, cos~!« exist for values of x ranging from —1
to + 1, but not for values outside these limits

The function tan™'x exists for all values of . It 1s many-valued, the
values forming an arithmetical progression with the common difference .

The curves for sin™'x and tan™ « are shewn in Figs. 21, 22, pp. 60,
62,

17. TUpper or Lower Limit of an Assemblage.

Before proceeding further with the theory of continuous
functions it is convenient to extend the definitions of the terms
‘upper’ and ‘lower’ hmit, and ‘hmiting value,” given in Arts. 2
and 4.

Consider, 1n the first place, any assemblage of magnitudes,
infinite in number, but all less than some finite magnitude B.
The assemblage may be defined in any way, all that 1s necessary
is that there should be some criterion by which it can be deter-
mined whether a given magnitude belongs to the assemblage or
not. For instance, the assemblage may consist of the values
which a given function (continuous or not) assumes as the inde-

- pendent variable ranges over any finite or infinite interval.

In such an assemblage there may or may not be contained a
‘greatest’ magnitude, v.e one not exceeded by any of the rest;
but there will in any case be an ‘upper limit’ to the magnitudes
of the assemblage, 7.e there will exist a certain magnitude u such
that no magnmitude in the assemblage exceeds u, whilst one (at
least) can be found excceding any magnitude whatever which is
less than u. And if u be not 1itself one of the magmtudes of the
assemblage, then an infinite number of these magnitudes can be
found exceeding any magnitude which 1s less than u.
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The proof of these statements follows, as in Art. 2, by means
of the geometrical representation.

In the same way, if we have an infinite assemblage of magni-
tudes, all greater than some finite quantity a, there may or may
not be a ‘least’ magnitude in the assemblage; but there will in
any case be a ‘lower limit’ » such that no magnitude in the
assemblage falls below v, whilst one (at least) can be found below
any ma%nitude whatever which is greater than ». And if » be
not itself one of the magnitudes of the assemblage, an infinite
number of these magnitudes can be found less than any magnitude
which is greater than ».

An important example occurs in the definition of the *perimeter’
of a circle.

If we have any number of points on the circumference of a given
circle, then by joining them in order we obtain an 1nscribed polygon,
and by drawing tangents at the points we obtain a circumscribed
polygon. It is easily proved that the perimeter of any inscribed
polygon formed in this way 1s less than that of any circumseribed
polygon. Hence, considering the whole assemblage of possible inscribed
polygons, their perimeters will have a definite upper Iimit.  Similarly
the perimeters of all possible circumscribed polygons will have a lower
limit.

Moreover, these two limits must be identical. For, let PQ be a
side of one of the inscribed polygons of the assemblage, 7' and Q7'

P

T

Q
Fig. 17.

the tangents at P and Q; let O be the centre, and let PQ meet O7
in N. Then PT and Q7' will be portions of sides of a circumscribed
polygon, and 1f 3 be a sign of summation extending round the polygons
the ratio of the perimeters of the two polygons will be

3(PQ) _3(PN)
S(TP +TQ)~ 3(PTY"
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Hence, by a known theorem, the ratio in question will be intermediate
in value Letween the greatest and least of the ratios

PN  ON
r7 " 0P’

which would occur in the complete figure. But when the angles POQ
are taken sufficiently small, the number of sides in the polygons being
correspondingly increased, each of the ratios ON/OP can be made as
nearly equal to umty as we please. Hence the upper and lower limits
above mentioned must be the same.

This definite limit to which the perimeter of an inscribed (or
circumseribed) polygon tends, as the angles which the sides subtend at
the centre are indefinitely dimimished, is adopted by definition as the
¢perimeter’ of the circle. The proof that the ratio (z) which this limit
bears to the diameter of the circle is the same for all circles will be
found 1n most books on Tiigonometry.

The length of any arc of a circle less than the whole perimeter
may be defined, and shewn to be unique, 1n a sunilar manner.

18. A Continuous Function has a Greatest and a Least
Value.

An important property of a continuous function is that in any
finite range of the independent variable the function has both a
greatest and a least value.

More precisely, if ¥ be a function which is continuous from
& =a to #=>, inclusively, and if u be the upper hmit of the
values which y assumes 1n this range, there will be some value
of 2 in the range for which y =u. Similarly for the lower limit.

The theorem is self-evident in the case of a function which
steadily increases, or steadily decreases, throughout the range in
question, greatest and least values obviously occurring at the
extremities of the range. It 1s therefore true, further, when the
function is such that the range can be divided into a finite number
of intervals in each of which the function either steadily increases
or steadily decreases.

The functions ordinarily met with in the applications of the
subject are, as a matter of fact, found to be all of this character,
but the general tests by which in any given case we ascertain
this are established by reasoning which assumes the truth of the
theorem of the present Art. See Art. 48. It is therefore desirable
as a matter of logic to have a proof which shall assume nothing
concerning the function considered except that it 18 continuous,
according to the definition of Art. 8.
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The following is an outline of such a demonstration. In the
geometrical representation, let 04 =a, OB=5. If at 4 the valueof y
is not equal to the upper limit y, it will be less than u ; let us denote it
by 7. We can form, in an infinite number of ways, an ascending
sequence of magnitudes

Yos Y15 Y35 -~

whose upper limit i8 u. For example, we may take y, equal to the
arithmetic mean of y, and p, y, equal to the arithmetic mean of y, and
i, and so on. Since, within the range 4B, the value of y varies from
Y, to any quantity short of u, there will (Art. 9) be at least one value
of x for which y assumes the intermediate value y,. Let ax, denote
this value, or (if there be more than one) the least of such values, of .

Y
Kl
Ny
N3
Ny
N;
H
4 1 ) X
A M M, MM, M 8
Fig. 18,

Similarly, let a, be the least value of » for which ¥ =y,, and so on.
It is easily seen that the quantities

Lyy Lgy Xy, oo

(which are represented by the points M,, M,, M, ... in the figure*)
must form an ascending sequence ; let M represent the upper limit of
this sequence. Since any range, however short, extending to the left
of M contains points at which y differs from p by less than any assign-
able magnitude, it follows from the continuity of the function that the
value of y at the point M itself cannot be other than pu.

* The diagram 18 imntended to be merely 1llustrative, and 18 not essential to the
proof. It is of course evident that any function which can be adequately repre-
sented by a graph 18 necessarily of the special character above veferred to, tor which
the present demonstration 1s superfluous.

In the figure, OK=u, OH=y,, ON1=%,, ON3=y3, ... ; and, in the mode of
forming the sequence

Yo Y1» Y3, ..

which is suggested (as a particular case) in the text, N, bisects HK, Ny bisects
N, K, Nj bisects N3 K, and so on.

L. LC, 3
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To see that the above theorem is not generally true of discontinuous
functions, consider a function defined as follows. For values of x other
than 0 let the value of the function be (sin z)/x, and for =0 let the
function have the value 0. This function has the upper limit 1, to
which it can be made to approach as closely as we please by taking | x|
small enough ; but 1t never actually attains this limat.

19. Limiting Value of a Function.

Consider the whole assemblage of values which a function »
(continuous or not) assumes as the independent variable # ranges
over some interval extending on one side of a fixed value ;. Let
us suppose that, as # approaches the value ,, y approaches a
certain fixed magnitude N in such a way that by taking |z — «, |
sufficiently small we can ensure that for this and for all smaller
values of |« — «, | the value of | y — A | shall be less than o, where
o may be any assigned magnitude however small. Under these
conditions, A is said to be the ‘luniting value’ of y as « appoaches
the value x, from the side in question.

The relation is often expressed thus:
hmx_,xl y=2,

but in strictness the side from which z approaches the value «,
should be specified.

If we compare with the above the definition of Art. 8 we see
that in the case of a conttnuous function we have

Ihmy g @(@)=cp (@), cooevirinninnnnn. (1)

or the ‘limiting value’ of the function coincides with the value
of the function itsclf, and that if #; lie within the range of the
independent variable this holds from whichever side « approaches
x,. If on the other hand, «; comncides with either terminus of the
range, # must be supposed to approach , from within the range.

Conversely, a function is not continuous unless the condition
(1) be satistied.

Let us next take the case of a function the range of whose
independent variable 1s unlimited on the side of « positive. If as
z is continually increased, y tends to a fixed value A 1n such a way
that by taking « sufficiently great we can ensure that for this and
for all greater values of « we shall have |y — X | less than o, where
o may be any assigned positive quantity, however small, then A 1s
called the limiting value of y for # — o, and we write

hm, p oy =N\
There 1s a similar definition of

limm—»-m?/,
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when it exists, in the case of an independent variable which is
unlimited on the side of z negative.

20. General Theorems relating to Limiting Values.

1°. The Iimiting value of the sum of any finite number of
functions is equal to the sum of the limiting values of the several
functions, provided these limiting values be all finite.

2°.  The limiting value of the product of any finite number of
functions is equal to the product of the limiting values of the
several functions, provided these limiting values be all finite,

3°. The limiting value of the quotient of two functions
18 equal to the quotient of the limiting values of the separate
functions, provided these limiting values be finite, and that the
limiting value of the divisor 1s not zero.

The proof is by the same method as in Art. 12, the theorems of
which are in fact particular cases of the above
Thus, let u, » be two functions of x, and let us suppose that as =
approaches the value z,, these tend to the lumting values w,, #,
respectively. If, then, we write
w=u +a, vV=v+0,
o and B will be functions of  whose imiting values are zero. Now
(w+v)—(u+v)=a+p,
uY — uw, = av, + Pu, + af,

woou  av — ,8@{1

v oY v (v +8)
And, as in Art 12, 1t appears that by making x sufficiently nearly
equal to @, we can, under the conditions stated, make the mght-hand
sides less in absolute value than any assigned magnitude however
small.

21. Illustrations.

We have seen 1n Art. 19 that the limiting value of a continuous
function for any valuc @, of the independent variable z, for which
the function exists, 1s simply the value of the function 1tself for
w=a,. It may, however, happen that for certain 1solated or extreme
values of the variable the tunction does not exist, or 1s undefined,
whilst it is defined for values of # differing infinitely little from
these. It is in such cases that the conception of a ‘hmiting value’
becomes of special importance.

Ex. 1. Take the function
1 - J(1-2%)
o .
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The algebraical operations here prescribed can all be performed for any
value of x between + 1, except the value 0, which gives to the fraction
the form 0/0. Now the definition of a quotient a/b is that it is a
quantity which, multiplied by b, gives the result a. Since any finite
quantity, when multiplied by 0, gives the result 0, it is evident that the
quotient 0/0 may have any value whatever. It is therefore said to be
‘indeterminate.’

We may, however, multiplying numerator and denominator of the
given fraction by 1+,/(1 —«?), put the function in the equivalent form

x?
{1+ J(1 -a®)}’
and for all values of x between + 1, other than 0, this is equal to
1
T+ J1-2%"
Since this function is continuous, and exists for « =0, its limiting value
for x -0 is %.

Ex. 2. Consider the function

J(1+x) = S
As « is continually increased this tends to assume the indeterminate
form 0 — . But, writing the expression in the equivalent form

1
T+ 7o
we see that its limiting value for x - « is 0.

Ex. 3. The period of oscillation of a given pendulum, regarded as
a function of the amplitude a«, has a definite value for all values of a
between O and w, but 1t does not exist, in any strict sense, for the ex-
treme values 0 and =, There is, however, a definite limiting value to
which the period tends as a approaches the value zero. This limiting
value is known in Dynamics as the ‘time of oscillation 1n an infinitely
small arc.’

22. Some 8pecial Limiting Values.

The following examples are of special importance in the Differ-
ential Calculus.

1°. To prove that

. am — qm
hmx-»a. -—5—_-6—-=ma'" 1, ............. .....(l)

for all rational values of m.
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If m be a positive integer, we have

. ™ —a™ .
lim, .., e = limy g (2™ + az™ 4 .., + a™ 3z + a™?)

= ma™,

since, the number (m) of terms being finite, the limiting value of
the sum is equal to the sum of the hmiting values of the several
terms (Art. 20).

If m be a rational fraction, = p/q, say, we put

a;=y‘.l, (],=b‘l,
and therefore
am— g™ y™ —pma  yP— P
z—a  y?1—b7 yi- b2’

This fraction is equal to

yr—b®

y=b
yd —be ‘
y—b

The limiting value of the numerator is pb?~!, and that of the de-
nominator 18 ¢bi~, by the preceding case. Hence the required
limit is

P b9, P allil, = mam,

q
as before.

If m be negative, = — n, say, we have
am —ag™ gh - g 1 a"—a®
z—a z—a et z—a

If n be rational, the limiting value of this is

— —_— —_1 —
—aTn-"“" L =—na™", =ma™),

by the preceding cases.

2°,  To prove that

TN RS P TR .LL S (2)

If we recall the definition of the ‘length’ of a circular arc
(Art. 17) these statements are seen to be little more than truisms.
If, in Fig. 17, p. 31, the angle OQ be 1/nth of four right angles,
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then n. PQ will be the perimeter of an inscribed regular polygon
of n sides, and n (TP + TQ) will be the perimeter of the corre-
sponding circumscribed polygon. Now, 1f

0=« POA =m/n,
we shall have
chord PQ PN _siné
arc PQ ~arcPA 6 °
TP+7Q PT  tané

and arc PQ ~ arc PA ~ 79

Hence the fractions

sin 0 and 20 0
0 0
denote the ratios which the perimeters of the above-mentioned
polygons respectively bear to the perimeter of the circle. Hence,

as n 18 continually increased, each fraction tends to the limiting
value unity (Art. 17)

In the above argument, it is assumed that 6 1s a submultiple
of . But, whatever the value of the angle POQ in the figure,
we have

chord PQ < arc ’Q, and 1P+ 7Q > arc PQ;

te. (sin 0)/6 < 1, and (tan 0)/6 >1. Hence these fractions must
have respectively an upper and a lower limit; and 1t follows from
the preceding that neither of these limits can be other than unity.

The following numerical table 1llustrates the way in which the

above functions approach their common hmiting value as 6 1s con-
tinually diminished.

n ofr (sin 6)/0 (tan 9)/6
4 25 90032 1-27324
5 20 ‘03549 115633
10 10 ‘98363 103425
20 05 99589 1-00831
40 ‘025 99897 1-:00206
w 0 1-00000 1-00000

The third and fourth columns give the ratios which the perimeters
of the inscribed and circumscribed regular polygons of % sides respec-
tively bear to the perimeter of the circle.
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23. Infinitesimals.

A variable quantity which in any process tends to the limitin
value zero is said ultimately to vanish, or to be ‘infinitely small’

Two infinitely small quantities are said to be ultimately cqual
when the limiting value of the ratio of one to the other is umty.
Thus, when 6 tends to the Limit 0, sin @ and @ are ultimately
equal, by Art. 22 (2).

It is sometimes convenient to distinguish between different
orders of infimitely small quantities. Thus 1f u, v are two quantities
which tend simultancously to the limit zero, and 1if the limit of
the ratio v/u be finite and not zero, then v is said to be an
infimitely small quantity of the same order as u. But, 1f the limit
of the ratio v/u be zero, then v is said to be an infinitely small
quantity of a higher order than w. More particularly, if the lim1t
of v/um™ be fimite and not zero, v is said to be an infinitesimal of
the mth order, the standard being .

Ex. 1. When, m Fig. 17, p. 31, the angle POQ is indefinitely
diminished, ¥4 and A7 are ultimately equal. For, by similar triangles,

OP 0T
ON~ 0P’

OP-ON 07T-0P

and therefore ~ov— = —op
N4 _ON .
. AT ~ 0P’

and the limiting value of the ratio ON/OP is unity,

Agam, N7 18 an mfimtesimal of the second order, if the standard

be PN. For
PN*=0ON.NT,

Nr_ 1 _ 1
PN ON’ ~ 04

Ex. 2. We have

. sin 16\?2
l—cos(9=dsm’é0=< %(;).%62. ...... (1

When -0 the limit of the first factor 1s unity. Hence 1 —cos 8 is
an mfinitesimal of the second order, the standard being 6.

whence in the limit,

Agan ) .
tan 6 — s 6 = (il—;%g> . cos 36 . 365 Coeeen 2
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When 6 +-0, the first two fractions tend each to the limit 1. Hence
tan 6 — sin 6 is an infinitesimal of the third order. This is equivalent
to the statement that in the figure referred to P7 — PN is ultimately
of the third order, the standard being PAX.

The following principle enables us to abbreviate many argu-
ments, especially in the applications of the Calculus to Geometry
and Mechanics :

If a and B be two infinitesimals of the same order, and if a
and B’ be other infinitesimals which are ultimately equal to a and
P respectively, then

lim (g—) = lim (g) e e, (3)
For /%:%.g.%, ...................... 4)

and the limits of the first two fractions on the right-hand are
unity, by hypothesis. The result follows by Art. 20*.

A quantity which in any process finally exceeds any assignable
magnitude is said to be ‘infinitely great.” Andif one such quantity
u be taken as a standard, any other v is said to be infimtely great
of the mth order when the limit of v/u™ is finite and not zero,

EXAMPLES. I.
(Algebraic Functions.)

1. Draw on the same diagram the graphs of =™ for the cases
n=1, 2, 3, 4, 1,
for values of x ranging from 0 to 1:2+,
2. Draw graphs of :
1) (@-1)(z-2), 2*-w+]l.
2) z(l-2p «(1-2)>
1 1

3) @+, z——.

* A good example of the application of this principle will be found in Art. 63.

+ The ourves should be drawn carefully to scale; for this purpose paper ruled
mto small squares 18 useful. The numerical tables of squares, square-roots, and
reciprocals, given in the Appendix (Tables A, B, C), will occasionally help to shorten
the arithmetical work.
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) J-a) .

(x-1)(@®-2) (x—1)(x~-3)
®) e
a2 a?
©) [ Trar
-+
O e
® £

1-2’ (I-a)
3. Prove that the equation
2% + ba?—bx—3 =0

has a root between — w0 and - 1, another between —1 and 0, and a
third between 1 and 2.

4. Prove that the equation
2 + Ta* + 3x—-5=0
has three real roots, and find roughly their situations.
5. Find roughly the situations of the roots of
2 — 3 — 36 + 10 = 0.
8. Prove that every algebraic equation of odd degree has at least
one real root , and that every equation of even degree, whose first and

last coefficients have opposite signs, has at least two real roots, one
positive and one negative.

EXAMPLES. II.
(Circular Functions.)

1. Draw graphs of the following functions:
(1) cosecx, cotx, cota + tana.
(2) sinfax, cos’x, taniw.

(3) sinx+sin 2z, sinz+ cos 2.
(4) sina?, sin,J/x, sin %} .
2 Prove that the equation

sinc—xcosx =0

has a root between = and .
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EXAMPLES. III
(Sequences.)

1, Find the upper and lower limits of the magmtudes

In
nxl’
where n=1, 2, 3,....
2. TIf, in the sequence
Ay Aoy A3y .y Qpy eeny

Ay 1 =My + C,

where m and ¢ are positive, and m <1, the sequence has the limit
¢/(1 — m) whatever the value of a,.

3. The quantities
VL NG VR NNV E SVICEIINE) P
where Ay = ~/(2 + )y

form an ascending sequence whose hmit is 2,

4 If Ay = \/(k + a‘n)y

where a, and k are positive, the sequence is ascending or descending,
according as a, is less or greater than the positive root of «*=x + &,
and has 1n either case this root as 1ts Limit.

6. Examine the character of the sequence where

k
Gy = ——m
"1 vy’

k being positive Prove that 1f «, be positive it has as a limit the
positive root of «* + x==5.

6. Find a sequence of quantities approximating to the positive
root of the equation
P=x+1.

7. Prove that the sequence formed according to the law
Zyey = tan™' a,,
where x, lies between 1 and 2, has for its limit the least positive root
of the equation tan x = .

8. If a,,, b,,, are respectively the arithmetic and harmonic
means between a, and b,, and a,, b, be positive, the sequences whose
nth terms are a, and b, respectively have the common limit ,/(a,b,).
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9. If Ty =3 (A + ), b= (a,b,),

nd a,, b, are positive, the sequences whose nth terms are a,, b, con-
rerge to a common hmit.

(This hmt 18 called the ‘arithmo-geometric mean’ between a,
nd b, )

EXAMPLES. 1V.
(Limiting Values of Functions.)

1. Find the limiting values, for x - 0, of

sinax tan ax
x x

2. Find the limiting values, for - 0, of

sin~! g tan~! a

and
3. Trace the curves
sin @ 1 -cosm

y Y= .

x x?

4. Prove that
hmg 3. (secx —tan ) = 0.

5. Prove that
NAA) - (1)

lim A
x>0
> x

6. Prove that
hmy oo {J(@+x+1)—a} =4,

7. Regular polygons are mscribed and circumscribed to a given
ircle.  Prove that when = 1s large the difference between the areas of
the 1n- and circumseribed polygons of 2n sides 1s one-fourth the differ-
snce between the areas of the in- and circumscribed polygons of n
sdes.

8. A straight line 45 moves so that the sum of its intercepts
04, OB on two fixed straight hines OX, OV is constant. 1f P be the
ultimate intersection of two consecutive positions of 4B, and @ the
pont évhcre AB is met by the bisector of the angle XOY, then
AP = QB.

9. Through a point 4 on a circle a chord 4P 1s drawn, and on
the tangent at A a pomt 7' 1s taken such that A7'=4P. 1If 7P
produced meet the diameter through 4 in ¢, the himiting value of 4@
when P moves up to 4 1s double the diameter of the circle.
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10. A straight line 4B moves so as to include with two fixed
straight lines OX, OY a triangle AOB of constant area. Prove that
the limiting position of the intersection of two consecutive positions of
A B is the middle point ot 48

11. A straight line 4B of constant length moves with its ex-
tremities on two fixed straight lines 0X, OY which are at right angles
to one another. Prove that if P be the ultimate intersection of two
consecutive positions of 4B, and N the foot of the perpendicular from
O on AB, then AP = NB.

12. Tangents are drawn to a circular arc at its middle point and
at its extremities; prove that the area of the triangle contained by
the three tangents is ultimately one-half that of the triangle whose
vertices are the three points of contact.

13. If PCP’' be any fixed diameter of an ellipse, and QV any
ordinate to this diameter ; and if the tangent at @ meet CP produced
in 7' the limiting value of the ratio 7'P: PV, when PV is infinitely
small, is unity,



CHAPTER II
DERIVED FUNCTIONS

24. Introduction. Geometrical Illustrations.

The Differential Calculus originated in the problem of finding
the direction of the tangent-line to a given curve at any given
point.

Let P and @ be adjacent points on a continuous curve

Y=B (@), ceiooineaes ot e (1)

and PM, QN their ordinates, and let PR be drawn parallel to
0X. Let the chord PQ meet the axis of  in S. If the point P

Y /
a
= R
,—//
¥ e/o ) N X

Fig. 19.

be fixed, whilst @ is made to approach P, this chord will, in the
case of any ordinary geometrical curve, tend to assume, except
%ossibly at one or more isolated points, a definite limiting position

T, which is adopted as the definition of the ‘ tangent-line’ at P.

The direction of the tangent-line is determined by the angle
which TP makes with OX, 1.e. by the limiting value of the angle
PSX in the figure If we put

OM=z, PM=y, ON=a+dx, QN=y+3dy,
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10. A straight line 48 moves so as to include with two fixed
straight lines 0X, OY a triangle AOB of constant area. Prove that
the limiting position of the intersection of two consecutive positions of
A B is the middle point ot 4B

11. A straight line 4B of constant length moves with its ex-
tremities on two fixed straight lines OX, OY which are at right angles
to one another. Prove that if P be the ultimate intersection of two
consecutive positions of 4B, and X the foot of the perpendicular from
O on AB, then AP = NB.

12. Tangents are drawn to a circular arc at its middle point and
at its extremities; prove that the area of the triangle contained by
the three tangents is ultimately one-half that of the triangle whose
vertices are the three points of contact.

18. If PCP’ be any fixed diameter of an ellipse, and QV any
ordinate to this diameter ; and if the tangent at @ meet CP produced
in 7, the limting value of the ratio 7': PV, when PV is infinitely
small, is unity.



CHAPTER 1I
DERIVED FUNCTIONS

24. Introduction. Geometrical Illustrations.

The Dafferential Calculus originated in the problem of finding
the direction of the tangent-line to a given curve at any given
point.

Let P and @ be adjacent points on a continuous curve

y=¢(®), ...oo i (1)

and PM, QN their ordinates, and let PR be drawn parallel to
0X. Let the chord PQ meet the axis of # in S. If the point P

Y /
Q
7 R
7
—"V
T 8 (o] ™M N X

Fig. 19.

be fixed, whilst Q is made to approach P, this chord will, in the
case of any ordinary geometrical curve, tend to assume, except
%ossibly at one or more isolated points, a definite limiting position

T, which is adopted as the definition of the ‘ tangent-line’ at P.

The direction of the tangent-line is determined by the angle
which T'P makes with 0X, i.e. by the limiting value of the angle
PSX in the figure If we put

OM=xz, PM=y, ON=z+38z, QN=y+ 3y,
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we have
tan PSX =552 = 55 = 52 ¢ ceenereininns (2)

The problem is therefore to find the limiting value of the ratio
8y/6xz as 8z tends to the limit zero. This limiting valuc is
denoted by

dy

Tt e e (3)
This is to be regarded as a single symbol, the fractional appear-

ance being preserved merely in order to remind us how the limit
is approached.

Analytically, the same thing is denoted by ¢’ (=), which 1s
called the ‘derived function’ of ¢ ().

It is convenient to have a geometrical name to denote the
property of a curve which is indicated by the symbol (3). We
shall use the term ‘gradient’ in this sense. If from any point P
on the curve we draw the tangent-line to the right, the gradient 1s
the trigonometrical tangent of the angle which the direction of
this line makes with the positive direction of the axis of @ If
this angle 1s negative, the gradient is negative; if the tangent-
line is parallel to OX, the gradient vanishes. See Fig. 20.

In most cases with which we have to deal the gradient is
itself a continuous function of #, except that it may occasionally
become infinite at isolated points, where the tangent is perpen-
dicular to OX. The figure includes the case of an 1solated dis-
continuity of finite amount in the gradient.

Y|

\

Fig. 20.

25. General Definition of the Derived Function.

As the notion of the derived function is important in almost
all branches of Mathematics, we proceed to define i1t in a more
formal manner, without special reference to Geometry.
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Let y be a function which is continuous over a certain range
of the independent variable z; let 8« be any increment of # such
that @ + 82 lies within the above range, and let 8y be the con-
secquent increment of y. Then, # being regarded as fixed, the
ratio

8y
s s 1)

will be a function of 8x. If as 8z (and consequently also &y)
assumes any series of values having zero as its limit, this ratio
tends to a definite and unique limiting value, the value thus
arrived at is called the ‘derived function, or the ‘derivative,
or the ‘differential coefficient, of y with respect to «, and is
denoted by the symbol

dy

dogt e e e (2)

More concisely, the derived function (when 1t exists) is the
limiting value of the ratio of the increment of the function to the
increment of the independent variable, when both increments are
indefinitely diminished.

It is to be carefully noticed that in the above definition we
speak of the limiting value of a certain ratio, and not of the ratio
of the limiting values of &y, éx. The latter ratio is indeter-
minate, being of the form 0/0.

When we say that the ratio 8y/6z tends to a unique limiting
value, 1t is implied that (when 2 lics wnthin the range of the
independent variable) this valuc 1s the same whether 8« approach
the value O from the positive or from the negative side. It may
happen that there is one himiting value when 8z approaches 0
from the positive, and another when &z approaches O from the
negative side. In this case we may say that there 1s a ‘right-
derivative, and a ‘left-derivative,” but no proper ‘derivative’ in
the sense of the above definition. See Fig 20.

The question whether the ratio 8y/8x really has a determinate
limiting value depends on the nature of the original function y.
Functions for which the limit 1s determinate and unique (save
for isolated values of z) are said to be ‘ differentiable.” All other
functions are excluded ab wnitio from the scope of the Differential
Calculus.

A differentiable function 18 necessarily continuous, but the
converse statement is now known not to be corrcct. Functions
which are continuous without being differentiable are, however,
of very rare occurrence in Mathematics.
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There are various other notations for the derived function,
i place of dy/de. The derived function is often indicated by
attaching an accent to the symbol denoting the original function.

Thus if
Y=¢ (@), ... i el 3)
the derived function may be denoted by ¥’ or, as already stated,

by ¢’ (2).
Since &y _ ¢ (z+82)— ¢ (2)
ox o ’
we have, writing h for dz,
¢ (@) =limy "i""—t}-‘z:i@ e (4)

This formula is often used 1n the sequel.

The operation of finding the differential coefficient of a given
function 1s called ‘differentiating” If x be the independent
variable, we may look upon d/dz as a symbol denoting this
operation. It is often convenient to replace this by the single
letter D; thus we may write, indifferently,

dy d
d_a: ’ d_a; Y, Dys
for the differential coefficient of ¥ with respect to .

26. Physical Illustrations.

The importance of the derived function in the various appli-
cations of the subject rests on the fact that it gives us a measure
of the rate of increase of the original function, per umit increase
of the independent variable.

To illustrate this, we may consider, first, the rectilinear motion of
a point. The distance s of the point from some fixed origin 1 the
line of motion will be a function of the time ¢ reckoned from some
fixed epoch. The relation between these variables 1s often exhibited
graphically by a ‘curve of positions,” in which the absciss® are pro-
portional to ¢ and the ordinates to s. If in the interval 8¢ the space
ds is described, the ratio 8s/8¢ is called the ‘mean velocity’ during the
interval 8¢; ¢.e a point moving with a constant velocity equal to this
would accomplish the same space s in the same time 8¢. In the limit,
when &t (and consequently also 3s) is indefinitely diminished, the
limiting value to which this mean velocity tends is adopted, by de-
finition, as the measure of the ‘velocity at the instant ¢’ In the
notation of the Calculus, therefore, this velocity v is given by the
formula
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In the graphical representation aforesaid, v is the gradient of the
curve of positions.

Again, the velocity » is itself a function of # The curve repre-
senting this relation is called the ‘curve of velocities.” If Sv be the
increase of velocity in the interval &, then 8v/8 is called the ‘mean
rate of increase of velocity,’ or the ‘ mean acceleration’ in this interval.
The limiting value to which the mean acceleration tends when 8¢ is
indefinitely diminished is called the ‘acceleration at the instant ¢’
If this acceleration be denoted by a, we have

dv
a=Jt-. .o e . e eseeses see (2)

In the graphical representation, a is the gradient of the curve of
velocities.

In the case of a rigid body revolving about a fixed axis, if § be
the angle through which the body has revolved from some standard
position, the ‘mean angular velocity’ in any interval 8¢ is denoted by
86/5t, and the ‘angular velocity at the instant ¢’ by

6
S e e .. (3)

Again, if » denote this angular velocity, the ¢ mean angular accele-
ration’ 1n the interval 8 is denoted by dw/d¢, and the ‘angular
acceleration’ at the instant ¢ by

dw

e 4)

Again, the length of a bar of given material is a function of the
temperature (6). If x be the length at temperature 6 of a bar whose
length at some standard temperature (say 0°) is umty, then &x/860
represents the mean coefficient of (linear) expansion from temperature
0 to temperature 6+ 80, and dx/df represents the coefficient of ex-
pansion at temperature 6.

As another example, suppose we have a flmd which is free to
assume a series of states such that the piessure (p) is a definite
function of the volume (v) of unit mass. If the volume change from
v to v + 8v, the fraction — dv/v measures the ratio of the diminution of
volume to the original volume, and gives therefore what 1s called the
¢compression.” The ratio of the increment of pressure 8p required
to produce this compression, to the compression, is —v3p/8v. The
hmiting value of this when 8v 1s infinitely small, viz —odp/dv, 18
defined to be the ‘elasticity of volume’ of the fluid under the given
conditions.

27. Differentiations ab initio.

Before investigating general rules for calculating the derivatives
of given analytical functions, we may discuss a few examples
independently from first principles.

L. LG 4
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Ez. 1. 1f y = a, we have 8y = 8z, and thereforo

8y _ dy _
S 1, whence T 1.
Ex. 2. Let Y=T2. .. it e e 1)
We have, writing & for 8z,
2 _
Y @M F g,
Proceeding to the limit (& - 0), we find
dy _
E-a; =20 it it e veieene. (2)
1
Exz 3. Let Y= e e s 3)
1 1 k
We have Sy = m - ;— ;zx T h),
dy 1
and therefore ey Py
dy . 1 1
Hence = limj, ¢ I R 4)
The negative sign is due to phe fact that y diminishes as x increases
Ex. 4. If Y=y e o e e (5)
13
we have Sy = J(a: + h) - ,\/$ = ;’/‘(;:7‘)—.’_—“/—5},
Sy 1
and Sx  J(@+h) + Jx
Proceeding to the limit (A — 0), we find
dy 1
a;:'— _2_Jx—- . * eeves teaens “ ee we .(6)
28. Differentiation of Standard Functions.
le. If Y=a™, i i e, ¢))

8y _ (& + dz)™ — a™

bz (w+dr)—a °

It has been shewn in Art. 22, 1°, that, for all rational values of m,
the limiting value of this fraction when 8z = U is ma™', Hence

we have
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Ex. Ifm=2, dy/do=2x; if m =4, dy/dc=4x—% Cf. Art. 2T.
20, If Y=8INT, ..oovrvrrnirnirinienaiannns (3)
we have, writing A for dz,
8y _sin(z+h)—sinz _sinth

55 3 =" cos (z + 3h).
If the angles be expressed in ‘circular measure,” we have
. in 4h
o (332) -1,

by Art. 22, 2°; and the limiting value of the second factor is
cosz. Hence

The student should refer to the graph of sinz on p. 28, and
notice how the gradient of the curve varies in accordance with
this formula.

& It Y=COSTL, v veve verrn cerennnnnns (5)
we have 8y cos(z+h)—cosz
o h
= — s";}:}h .sin (z + }h);

the limiting value of which is, on the same understanding as
before,

o= SIN e vvvinriainennsnarneennenss (6)
40, If Y=tana, ..c.ocoiiiiiiiiiiiiiiiin., )
we have
8y _tan(z+h)—tanz _ sin (2 + k) cosz —cos (z + k) sinz
ox h h cosz cos (z + h)
_ sin h 1

h “coswcos(z+h)”
Hence, in the limit,
(_i'_y 1
de  cos*z

=SECTL. iiiiiiiaiiiineeaes (8)

This shews that the gradient of the curve y = tan &, between
the points of discontinuity, is always positive; see Fig. 15, p. 28.

4+—2
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29. Rules for differentiating combinations of simple
types. Differentiation of a Sum.

1°.  Let y=u+0C, ... C e, 1)
where u is a known function of #, and C is a constant. We have
Yy+0y=u+du+C,

and therefore oy = du,
Sy _ou
Sz 8z’
. - dy _du
or, in the limit, T = dm e e (2)

This fact, that an additive constant disappears on differ-
entiation, obvious as it is, 18 very important. The geometrical
meaning is that shifting a curve bodily parallel to the axis of y
does not alter the gradient.

2°.  Let Y=U40V, coiiiinr ot cvieis eaes 3)
where u, v are given functions of 2.  As in Art. 12, we find
8y = du + 8v,
Sy du, &
and therefore Se=52 5

Hence, since the limiting value of a sum is the sum of the limiting
values of the several terms,

dy du  dv
de—det s C e e 4)
Again, if y—u+v+w e e (5)
dy dw
we have dr= da (u+ )+“_‘
du dv dw
=gt antdmr e (6)

by a double application of the preceding result. In this way we
can prove, step by step, that the derived function of the sum
of any finite number of given functions is the sum of the derivatives
of the separate functions.
Exz. The derived function of
Ax™ + Ayja™ '+ L+ A+ A,
is mda™t + (m—1) 4,82+ ... + gy
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30. Differentiation of a Product.
1. It Y=C0u,...ooiiiiiiiiiiii, (1)
where C is a constant, and u a function of #, we have
y + 8y =C (u + du),

and therefore Sy =0Cdu.
&y . Ou
Hence 5o c 52’
and, proceeding to the limit,
dy du
do= ¢ dm: Teereeeerereeessnen (2)

Hence a constant factor remains attached after the differentiation.

The geometrical meaning of this result is that if all the
ordinates of a curve be altered in a given ratio, the gradient 1s
altered in the same ratio. Cf Fig. 27, p. 84.

2°.  Let YUV, cevninn viee cenee r eiaene 3)
where u, v are both functions of z. As in Art. 12,
Sy =(u + 8u) (v + Sv) — wv
= vou + udv + Sudv,

Sy Su
and therefore 5= V5T (u+ Su) 8 .

Hence, proceeding to the limit, and making use of the principle
that the limit of a product is the product of the lmats, we have
dy du, dv
dn = da: B B T (C))
If we divide both sides of this equation by y, = uv, we obtain
the form
ldy 1ldu 1dv

ydr udz vdz

This result is easily extended; thus if y=wuvw, we have, writing
y = 2w, where z = uv,

1dy 1dz 1dw

yde zdz wda

1du 1dv 1 dw
udm+f5(~i—(;+@_(.)d_w-’ .................. (5)
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by a double application of the preceding result. And so on for
any finite number of factors.

If we multiply both sides by y, = uvw..., the generalized form
of the last result becomes

dy du dv dw
%—vw...%+uw...d—w+uv...%+..., ......... (6)

or, in words:

The derived function of a product is found by differentiating
with respect to « so far as it is involved in each factor szparately,
the other factors being treated as constants, and adding the
results.

Ex 1. If Y=U.%.%...... to m factors =u™, .. .. ....(7)
ldy ldu 1 du m du
we have ga-w~ﬁd_w+; d—x'*‘...t()mterms-—; 1_1._1:'
whence dy =mu™-} du (8)
e et e e

A general proof of this result, free from the restriction that m is
a positive integer, is given in Art. 32,

Ex, 2, 1f Y=8iNXecos®w, .........coooeeerinnnnnn, 9)
dy d . . d
we have %_cosmd-;(sm x) +smwd—w(cos x)
=CoSZ,.co8x—s8in 2. sin &
=cos’x—sin*w=cos 2. ...... ........... ...(10)
Ex 3. If Y=a2BINX, ceerviiniiins e (11)
dy d . . d
we have a—k—v=a:’ %(sln &) + sin z aﬂ—p(x’)
=afcosx+ 2wsina. ........... ... ... .. (12)
81. Differentiation of a Quotient.
U
Let y—?—)', ............................. (l)

where u, v are given functions of z. As in Art. 12, we find

_utdu_u_ovdu—udy
v+ v v(v+ov)’
v§2— dv

Sy "8 "5

h =
whence Sz v+ ov)
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Hence, in the limit,

S
d dz~ dz
E‘Z=—_v?_' .................. (2)

In words: To find the derived function of a quotient, from the
product of the denominator into the derived function of the
numerator subtract the product of the numerator into the derived
function of the denominator, and divide the result by the square
of the denominator.

The particular case Y= ;01— ............................ 3)
i8 worthy of separate notice. We then have
Sy 1 _1__ &
Y=o+ v w(vtdu)
dv

Sy _ Sx

Sz~  v(v+ov)’

dy 1 dv

a—a-:= - 1—); (Ta;' .................................... (4)

This might of course have been deduced by putting u =1, dufdz =0
in the general formula (2).

Bl It _.,:1__‘3_%_;:, ......................... )
we have % =1+ 22, %: -1+ 2,
om0 (300220 (101 )
- (1_2:(‘51_“:82), ........... e e e . (6)
Ex 2. If P m et e e )

u

where m is a positive integer, we have

see Art. 32.
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The formula of this Art. may also be deduced from Art. 30 (4).

If y = u/v, we have u = vy, and therefore
ldu 1dv 1dy

ado=vdst ydo
1dy ldu 1dv,

whence yds uds v do’

this is equivalent to (2) above.
The following examples are important :

sin &
cosz’

1°. If y=tanz

......

------------

d . . d
dy cos & = (sinz) —sinz T (cos )

find =Y =
we n dx cos*x
__cos*z +sin’y
- cos? @
This agrees with Art. 28, 4°.
Similarly, 1f y=cotw, ........ounn.
we find dy =—COSEC &.... +euress
dz
1
20, If Y=8S€CT=——, .........
CoS &
dy d s
have L= == (c =
we hav dz cos?x dx (cos @) Cos® &
Similarly, if Y =COSeC &, .....
we find iy:—qo—s-‘z.... .....
dz sin®x

=8CC T, crerrnninieniniinn,

........

..........

............... (11)

(12)

(13)

(14)

(15)

(16)

(17)

If, as explained in Art. 25, we employ the symbol D to denote
the operation of differentiating with respect to , the results of

Arts. 29—31 may be summed up as follows:
D(u+v)=Du+ Dy, ..

D (w)=vDu+uDn,......

D(9>__.'_’P_“—222’_’.

v v

eee

............
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32. Differentiation of a Function of a Function.

If y=F), .ot con s ¢))
where W=F(B), covreee eeeireeeireein, 2)
the symbols F, f denoting given functions, then

G _ B B b ) f @) e e 3)

For, if 8z, 8y, du be simultaneous increments, we have

by _ 2y du
Sz du’ 8z’

identically ; and therefore, since the limit of a product is the product
of the limts,
dy _dy du
dz™ du’dz’
A useful application of the formula (3) occurs in the theory of recti-
linear motion. Thus 1if, as in Art. 26, we denote by v and a the velocity
and the acceleration, respectively, of a moving point, we have

ds dv
1):‘7&, 0.:(7&—. eee o s e teeceenesnas (4)
Hence if v be regarded as a function of the space described (s), we have
_dvds_ dv :
ﬂ.-—ds;l—z—’vds. cee o . e e seeees (c))

Similarly, in the case of a rigid body rotating about an axis, the
angular acceleration, when the angular velocity 1s regarded as a function
of 6, will be given by

dw db dw
d———ec—ﬁ,ol‘ md—o. e oo sese se . (6)

The following deductions from (3) are important:

1°e If y=F(@+a), .ccoeveviniin o nn )
then, putting v = # + a, du/dz =1, the formula (3) gives

dy o,
a—'w—F @Ha) cooveeviienins venennn. (8)

The geometrical meaning of this is that shifting a curve bodily
parallel to the axis of @ does not alter the gradient.
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20 If y=Fkz), «.cocovvviiiinn (9)
we have, putting u = ke, dufdx==F,
dy ;o
Ty = RF (k) e (10)
3. If Y=UM,  ceeeieeeieieieee e, (11)

where m is any rational quantity, we have

F(w)=um F' (u)=mum,

dy  du
and therefore dp = U™ e (12)
In particular, in the cases m =4, m = — §, we find
d 1 du
3V~ 5 yu da’ as)
a1 1 du [
dr vu  9,8dx’
respectively.
We add a few examples on the above rules.
Bz 1. If y=sin™z, .. ... v e (14)
that is, y =u™, where u =singz,
we have Dy:mu”“‘%:msin"“lmcosw. O ¢ 1))
EBx 2. If y=,J(@ -2, ......... ..(16)
we have .Dy:D(a’—a:")*:%(a’—m’)"}.D(a’—m’)
x
=—- :/—(rma). . « eee e eee 4 tee e b e (17)
ax
Ew. 3. IJeb y = \7('?_——52—)-. ..................... (18)
If we put u=x, v=,/(a®—a?),
we have Du=1, and Dv= \—/(—;,2——?—;;),

by the preceding Ex. The rule for differentiating a fraction then gives

a?
_vDu-uDv _ V(@ - o) + N
- - x?

v? ad —

Dy

a?

vy TR (19)
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33. Differentiation of Inverse Functions.

If y be a continuous function of , then under a certain con-
dition (see Art. 16), which is fulfilled in the case of most ordinary
mathematical functions,  will be a continuous function of y.

If 8z, 8y be corresponding increments of z and y, we have
by b _
oz 8y

identically. Hence, since the hmit of the product is equal to the
product of the limits,

1,

dy dz _
d———w.@—-l. ......................... 1)

Hence, it being Presupposed that y is a differentiable function of «,
it follows that « is in general a differentiable function of y, and that
the two derived functions are reciprocals.

The geometrical meaning of this is that the tangent to a curve
makes complementary angles with the axes of z and y.

The following cases are important :

Ie. If Y=8IDT1L, oiiiiiiiii (2)

we have @ = sin dz _ cos

= Y, dy - Y.

dy 1 1
Hence do = Gosy + Ty e 3)
20, If Y=COST L, vrrreiriniiniiniininnienens (4)

e have 9 = Cos @— — 81

we ha Y =cos ¥, &y~ sin y,
dy 1 - 1

and therefore = "sny= ¥ T =) " (5)

The ambiguity of sign in these results is to be accounted for
as follows. We have seen that if y =sin™'«, then y is a many-
valued function of «; viz. for any assigned value of z (between
the limits + 1) there is a series of values of y. For some of these
dy/dw 18 positive, for others negative; see Fig. 21 (p. 60). Similarly
for cos™ .

If, in accordance with a usual convention, we agree to under-
stand by sin—z the angle between — } 7 and 4= whose sine is «,
we must write
1

V4 B R (6)

-gl—sin“ =+
dz =
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Similarly 1f cos™ # be restricted to lie between 0 and 7, we have

a 1
(%COS €r = — Z/—(.]::’l#) St teseeseeies e (7)
3. If Y=tan7la, oo e (8)
we have z=tany, % =sec?y,
dy 1 1
and therefore do ooty T ga e ()

There is here no ambiguity of sign For each value of = there is an
infinite series of values of y, but the value of dy/dx is the same for all,
the tangent lines at the corresponding points of the curve y = tan™'a
being parallel. See Fig. 22, p. 62.

] —ain=-1 ?

Ex. 1. Let 7y = sin J(l*+w2)’ ... (10)

or y =sin"lu, where u= S
' N1+
dy dydu _ 1 du
We have de= duds = J(l—) dis”
We easily find
J( = u?) = 1 dw 1
J(l+x2)’ dx (1+wg)%’
d 1

whence (—i.—i S TR e e e (11)

It 1s casily proved (putting a = tan 6) that

in-! % tan™
sin J(l P tan™! x,

so that the above result is in accordance with (9) above.

Ex. 2 Let A L L 12

2. 2. Le y=lanT eI e (12)
1 x?
If we write U= ——f—f—i———“
-+
dy 1 du

we have =
de 1+ uwdx
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W 2(1+32+a% du 2(1-2°)
2‘—-————-—.———-—_ IR et s .
ofind  1+ut= (l—z+2% ’ do (1-w+a22’

dy 1-2°
Whence d—:;}- = ma;ﬂ-_a;‘» © sessevess  asise e (1 3)

————————————————— A~ e

__________________ b

B e e - s - S ——n - A - A o An o am e o - o - — e e

P_';/__—-.

‘Qﬂ/

Fig. 22.

34. Functions of two or more independent variables
Partial Derivatives.

Although in this treatise we are primarily concerned witl
functions of a single independent variable, it will occasionally be

useful, even at an early stage, to have at our command ideas anc
notations borrowed from the more general theory,
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One quantity  is said to be a function of two or more inde-
pendent variables , v, ..., when its value is determined by those
of the latter, which may be assigned arbitrarily, and independently,
within (in each case) a certain range. Thus if P be any point of
a given surface, and a perpendicular PN be drawn to any fixed
horizontal plane, the altitude PN is a function of the coordinates
(&, y) of the point N.

Fig. 23.

So again, in Physics, the pressure of a gas is a function of two
independent variables, viz. the volume (per unit mass) and the
temperature.

The functional relation is expressed by an equation of the form

U=P (&, Yy o ) e €))

In particular, in the aforesaid case of a surface, if we denote the
altitude PN by 2, we have

2=¢ (@, Y) . . e e (2)

The definition of continuity given in Art 8 may be extended
to the present case as follows. A function ¢ (, v, ...) is said to be
continuous for a particular set , y, ... of values of the independent
variables if a quantity e, different from zero, can always be found
such that ¢ (2 + 8z, y + 8y, ...) shall differ in absolute value from
¢ (%, ¥, ...) by a quantity less than any prescribed magnitude o,
however small, for all values of the increments éz, 8y, ... which are
less in absolute value than e.
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Thus, in the case of two independent variables, illustrated by
the figure, it is implied that a rectangle can be drawn in the plane
xy, about N, such that the ordinates at all points within this rect-
angle shall differ from PN by less than o, however small o may be.

Let us now suppose, the function

U=P (&, Yy eer) ceernrieneiniiininannn, 3)

being continuous, that all the independent variables save one ()
are kept constant. Then u bemng assumed to be a differcntiable
function of z, its derived function with respect to z is called the
“partial differential coefficient’ or ‘partial derivative’ of w with
respect to #, and is denoted by ou/dx. Thus

ou .. (x+dz,9y,..)—d (2,7, ...

= = limgmo ¢ Y < ), (4)
In hke manner

ou . ¢z, y+8y,...)—d(z,9,...

8—37 = llmSy_,.o I— 8:(/ ) s eesses (5)

In the case of the surface (2) it 1s plain that the partial deri-
vatives

o os

ox’ oy
are the gradients of the sections (HK, LM, in the figure) of the
surface by planes parallel to the planes ZOX, ZOY 1espectively.

Ex. 1. If =Y L L e, (6)
]
we have o = m=lgm 5 = nx™y"TL L, . (D

Ez. 2. Assumng that in a gas the pressure (p), volume (v), and
temperature (6) are connected by the relation

we have ?—3::—1%9, ?:g
35. Implicit Functions.
An equation of the type
@ Y)=0 i 1)

in general determines y as a function of #, for if we assign any
arbitrary value to z, the resulting equation in y has in general one
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or more definite roots. These roots may be real or imaginary, but
we shall only contemplate cases where, for all values of # within a
certain range, one value (at least) of y isreal The term ‘implicit’
1s applied to functions determined in this manner, by way of con-
trast with cases where y is given ‘explicitly ’ in the form

Y=F£(®). . 2
If we regard 2= (X, Y) . eh e eereeenn 3)

as the equation of a surface, then (1) is the equation of the section of
this surface by the plane z =0 If the plane xy be regarded as hori-
zontal, the sections z =, where ¢' may have different constant values,
are the ‘contour-lines.’

If we require to differentiate an implicit function, we may seek,
first, to solve the equation (1) with respect to y, so as to bring it
mto the form (2). It is useful, however, to have a rule to meet
cases where this process would be inconvenient or impracticable.
It will be sufficient, for the present, to consider the case where
¢ (z, y) is a rational integral function of x and y, 2. it 1s the sum
of a finite series of terms of the type 4,, »a™y™ where m, n may
have the values 0, 1, 2, 3, .... Since, by hypothesis, ¢ (2, y) is con-
stantly zero, its derived function with respect to # will be zero.
Now by Arts. 28, 30, 32, we have

dy

Cgia} (mmyn) _— mwm-—-lyn + nwmyn—x dAx .

Hence, if D@, Y) =2Apn®™Y" . e (4)
we have SApmamx™ Y™ + 2 A gy pna™yn? Z_Z =0, .ccon.... %)

In the notation of Art 34, this may be written

o¢ 0 dy _
B o = O (6)

dg/__'f_if
or Qo= "5 s )

It will be shewn in Chapter 1v that the results (6) and (7) are not
limited to the above special form of ¢ (z, y), but the present case
is sufficient for most geometrical applications.

L.LO 5
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EXAMPLES. V.
(Differentiations ab initio.)

1. Find, from first principles, the derived functions of

1 1
wsy m" ;2 ’ Um .
1 T4+ a 1
2 Alsoof 713 wa aa
1
2 e e e
3. Also of (@ + a?), NECET%
Also of cotx, secx, cosecw.
Also of sinx, cos’x, sin 2z, cos 2a.

If, in the rectilinear motion of a point,
8 =ut + Lat?,
where %, a are constants, prove that the velocity at time ¢ is u +a

and that the acceleration is constant.

7. If the pressure and the volume of a gas kept at constar
temperature be connected by the relation

pv = const.,
the cubical elasticity is equal to p.

8. If the radius of a circle be increasing at the rate of one foc
per second, find the rate of increase of the area, 1 square feet pe
second, at the instant when the radius is 10 feet.

9. If the area of a circle increase at a uniform rate, the rate ¢
increase of the perimeter varies inversely as the radius.

10. 4 is a fixed point on the circumference of a circle whos
centre 18 O and radius one foot A point P, starting from 4, describe
the circumference uniformly 1n one second. Find the rates of increas
(1) of the arc AP, (2) of the chord 4P, (3) of the sectorial area 4QF
(4) of the triangular aiea AOP, at the instant when the angle 40,
18 60°.

11. If the volume of a gramme of water varies as

(6 -4y
144000°

where 0 is the temperature centigrade, find the coefficients of cubica
expansion for 6 =0° and 6 = 20°,

1+
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10.

11.

12.
13.
14.

15.

16.

17.

18.
19.

20.

21.

22.

EXAMPLES

EXAMPLES. VI
(Products and Quotients.)
Verify the following differentiations :

y=x(l -x),
y=a (1 —x)?
y=a™(l - x)",

y=(@=-1)(z-2)(»-3)

y=2(1 -z (1+x)},
y=(1+2?) (1 - 2a?),

-

x
Y= 1+

1+a?
y=1

™
Y= ==y
y=axsinx,
y=2acosx,
y =sin’x cos z,
sz
==

x
Y=sma

tan x
==
y=tan’m,
y =sec*z,

sin @
Y¥=T+tana’
_l+sinz
~1-sina’

1—cosz

y=1+cosw’

Dy=1-2a.
Dy =(1—-z)(1 - 3).

67

Dy =a™1 (1 —2)" 1 {m—(m +n) z}.

Dy =3x—12 + 11.

Dy=(1-z)(1+2)*(1 + 3z)(1-2).

Dy =—2x(1 + 4a).

1 1
Dy=2(a:+;:) (1—; )
1

Dy:(]?—;—‘a:)-"‘.
1-ao
Dy=q vy
4o
.Dy=(_—1_$z)’.

xm*l

Dy = A=z (™= (m —mn)a}.

Dy =sinx + xcos x.
Dy = 2x cos x — x®sin .
Dy=2sinx—~3sin’x.
% cos x —sinx
Dy=—-—yp——.

a3

sin?x

sin x —x cos x
Dy = .

2 —sin x cos
a? cos’ x

Dy = 2 tan x sec? x.

Dy =

Dy =2 tan xsectx.
_ cos’z —sin’x
" (sinx + cos z)*"
2 cos x
Dy_(l-sinw)"
2 8in x
Dy—(l + cos x)?”

5—2
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10.

1L

12.

13.

14.
15.
16.

17.

18,

INFINITESIMAL CALCULUS
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EXAMPLES. VII

(Functions of Functions.)

y=(x+a)"(x+ )"

mﬂ
y=(f+—w)’"

y=n(1+2),
y=wi@+1)(=+2),
y=(1+=) J(1-2),
y=(1-2) J(1+49),
1

Y= Aoy
y=;/(1ta'[*)’

y- e,
v=/ (%)

y=Ja +‘”w2) +a’

_ 1+x+a?
y= (f—w+§2>’

y=s8m2 (x—a),

y = sin? 2z,
y= /(1 +sin x),

y =tan? a,

y =sec?a,

Dy =(x+a)™? (x + b)*?
{(mn + n) 22+ mb + na}.
nxn"l
Dy: (1 + a;)n“-ﬁ'
1
Dy=9 jil+a)
Do = 2x + 3
Y=o i@+ 1) (m+ 2}
1-3x
Py=9 J1—a)
(1 -z + 2x?)
JA+a?)
_ @
(1-at)t
1
Dy= -,
Y (1+a?)t
1
Dy === 07w

Dy=—

Dy

1
Py= iy ey

Dy= % __1.
Y= J@vTy !
_1+2
Y= J0+a

Dy— 1—a? ]

(1+az+a)t (1-2+a?)}

Dy =2cos 2 (x—a).

Dy =2sin 4.

Dy=1%,/(1 —sinz).

2smew

cos®x

2.

2 s1n

cog®z °
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20.
21.
22.

23.

24.

25.

10.

11
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y =tan®x,

= gin3 3
y =sin®x + cos®=,
y=sinx - $sin’x,
y=tanzx + tan®x,

sin’

b

Y = s1n mx Sin nx,

y=af(asin?x+ B cos? x),

Dy =3 sin x cos z (sin z — cos x).

Dy =cos® a,
Dy =sec* z.

2sina .
Dy ="~ 2 (% cos a: — sin x).

Dy = n sin mx cos nx
+ m cos ma sin na.

sin 22

EXAMPLES. VIII.

(Inverse Functions.)

y=sin"1(1 — ),
y=xsin ',
y=cot™m,

v =s8ec'x,

y = cosec™} x,

y=sin"lx
+sin~! /(1 — a?),

1
= tan™? -1z
y =tan™! x + tan %’

y =sm~ {2z /(1 - 2*)},

y = tan™? i .—9.,__91;;2,
1—a?
y =cos™! L
-, tanasinaz
Y=t e acos @’

Py=2(=P) sisinta+ B oo z)
Do = 1
ek
Dy:sin"m+ :/(—13;_—;;‘—) .
1
Dy=—1i=
1

TGS

1
s =y

Dy=0
Dy=0
2
Ty
-2
YT e
2

Dy=ira
Dy tana

" seca + cosz"
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1
2('+1)"

13. y=sin"?(cos x), Dy=-1."

13, y=tan~'{/(a*+1)—=}, Dy=

EXAMPLES. IX.

1. What is the geometrical meaning of the theoremn

d )
= & (k) =k’ (k) ¥

2. If y = ta,n'l g’
vDu—uDvy
prove that Dy = - e
1 -t
8. Assuming that 1= =l+x+a®+..+a"

deduce, by differentiation, the sum of the series
1+ 224 32+ ... + na™},
and test the result by putting z=1.
Hence shew that, 1f |z | <1,
1+2x+ 32+ 4+ ...t00 =(1 —x)2

4, 1If, in the rectilinear motion of a point, v? be a linear function
of s, the acceleration is constant.

5. If ¢*® be a quadratic function of s, the acceleration varies as
the distance from a fixed point in the line of motion.

6. If the time be a quadratic function of the space described, the
acceleration varies as the cube of the velocity.

7. It w=d+2,

the acceleration varies inversely as the square of the distance from a
fixed point in the line of motion.

8. If s* be a quadratic function of ¢, the acceleration varies
as 1/s°

9. If the pressure and the volume of a gas be connected by the
relation

pvY = const.,
the cubical elasticity is yp.



EXAMPLES

EXAMPLES. X
(Partial Differentiation.)

1. Sketch the contour-lines of the surface
az =a* + ?,
and describe the general form of the surface.

2. Also of the surface az = xy.
3 If z=f(x +y),
0z 9z

prove that 5w = 3
and give the geometrical interpretation of this result.

4 If r= (@ +y),

or or

prove that T Ta =Y

5 If z=atan"1g,

x
0z ay 0z axr

prove that it e I v T

6. Tt 2=f (@ +y),

o0z 0z
prove that w ay xz:y.
k!
7. If 2=t (g)
oz 0z

prove that XY v 0.

8 If ax? + 2hxy + by® + 29x + 2fy + ¢ = 0,

dy _ax+hy+g

prove that ey vesls by +f .



CHAPTER III

THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS

36. The Exponential Function.

The functions now to be considered may be defined in various
ways, but from the point of view of the Calculus, as well as ot
most applications, their fundamental property 1s that they satisfy
equations of the type

where % is a (positive or negative) constant. That is, the rate of
increase bears always a constant ratio to the instantaneous value
of the function.

The generalized ‘exponential’ function as thus defined*, may
be contrasted with the ‘linear’ function

y=a+bx, ..o (2)

so called because its graph is a straight line. It has in fact the
same relation to the linear function which the law of compound
bears to that of simple interest, provided we imagine the interest
to accrue continually instead of at fixed intervals.

The genera) linear function involves two constants, viz. the
gradient b, and the imitial value a. If the matter werc not alrcady
sufficiently simple, we might adopt as the standard linear function
the one whose gradient and imtial value are each = 1, so that

y=l+.’l3. .......................... (3)

'The general linear function may be derived from this by suitable
alterations of the scales of # and v.

The general exponential function involves in like manner two
constants, viz. the constant k£ in (1), and the 1initial value C,
say. It will appear presently that these two constants completely
determine the function. We choose as our standard function of
this type the one for which & =1, and whose initial value is unity.

* It will be seen later that 1t is necessanly of the form Ca? if z is rational,
whence the name, since the variable z appears as an index or ‘exponent.’
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In other words we define the exponential function par excellence
as being that solution ot the equation

d
E‘IZI: s e e e (4)

which is equal to unity when z =0.

87. The Exponential Series.

We have to shew in the first place that such a function exists,
and also to find if possible a means of calculating 1t, to any desired
degree of approximation, for any assigned value of z.

Let us assume, tentatively, that the equation

Y _
Ty = e e 1)
can be satisfied by the sum of a power-series, say
y=1l4+Adx+ 4,2+ Aga®* + ...+ Apa™+ ..., .... .(2)

where the first term has been fixed by the condition that y =1 for
#=0. On the hypothesis that this value of y can be differentiated
by the same rule which applies (Art. 29) to a finite series ot terms,
we should have

d

d%: A+ 24,04 34,0+ ... +ndpa™ + ..., ..(3)

and the equation (1) would therefore be satisfied, provided
A,=1, 24,=A,, 34,=Aq ..., ndy=An. ... (4)

This requires
1 1
A=1, A=}A=5, Ai=fdi=
and, generally,

We are thus led to study the serics

2 w.'i o,n

& &€
1+w+2—'+:?+“‘+771+’ . (6)
This is convergent, and has therefore a definite ‘sum,’” for any
given value of . For the ratio of the (n + 1)th term to the nth,
viz. z/n, can be made as small as we please (1n absolute value) by
taking n great enough. Hence a pomnt 1n the series can always
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be found after which the successive terms will diminish more
rapidly than those of any geometrical progression whatever. The
series 1s therefore convergent, by Art. 5; it 13 moreover ‘absolutely’
convergent. We denote its sum by X (z).

We proceed to shew that the function E () as thus defined is
continuous and differentiable, and that it does in fact satisfy (1).
We write

C(@)=3 {£(2) + L (- )}

xﬂ wd an
=145+ 5+

o1t a1 +(2T)l+"" ............... )
S (z) =3} B (z) - I (— o)}
a2 o g
=Et gt g gyt (8)
so that
E@)=C(z)+8 (@), E(—x)=C(x)—S8(@).......(9)

We note that the terms of C'(«) are all positive, whilst those of
S (z) are of uniform sign, the same as that of # ; this simplifies the
subsequent discussion.

If #, and = be two values of the variable, which we will suppose
to have the same sign, we have

2 __ 2 4 __ 4 n
C(ml)—C(x)=w—‘2—ﬁ+fc‘ CAIRNE. sl e

! T4 “(2n)!
_ o+ a4+ vttt
_(wl_x){ 2! 4! -l-.o-

o 4 2 + L.+ 2

+ @ + } ...(10)

the equalities resulting from the theorems 1° and 2° of Art. 5.

Let £ be a positive quantity equal to the absolute value of , or «,
whichever is the greater. We have, then,

|20 4 222 4L | < 20 B, L (11)

and the series in { } is therefore less in absolute value than

3 E?n"‘l
E+§—1+ -n-+m!+ ceey

1.6. less than S (€), which is finite. Hence
limtl-” {C(wl)—O(w)} =Oo --------------- (12)
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The function C (z) is therefore continuous for all values of . In
the same way we may shew that S (z) is continuous. The con-
tinuity of ¥ (z) then follows from (9).

Again, from (10),

C(z)—-C(x) x +z  aol+a’c+aa’+a’
= 4T T T
2 —z 21 4!
w]?n—l + mlﬁn—ﬂx + Ve + w‘zn—l

(2n)!

The terms on the right-hand side are of uniform sign, whether
that of  and =, be positive or negative. The numerator of the
term last written therefore lies between 2na™—: and 2na,**, and
the sum of the series accordingly lies between S (z) and S(z,)
Since S () is continuous, it follows that

+

s g(_afl) - C () =
llm,,l_,.,, ml—_x—‘ =S (-’E), ............... (14’)
or C'()=S(&). ccooovvvvriniiininnnnnn. (15)
It may be shewn, in the same way, that
S'(@)=C(&). ceevrviiiiiiiiiinennn. (16)
Henco,  B'(x)= o (0(a) +8 @) = O’ (@) + &' (a)
=8(@)+ C@)=E (@), «oueeeveiiiriinn. 1)

so that (1) is satisfied by y = F (z), for all values of .

Finally, we can shew that the solution of (1) thus obtained is
unique, under the condition that y =1 for #=0. For if u, v denote
two such solutions, we have

d_u_ dv

Ta=t gy U e (18)
du dv
and therefore Vo %de = 0, i, (19)
d (u
or dz (5) =0. (20)

The ratio v/u is therefore constant®, and if u=1, v=1 for =0,
the constant must be unity, whence u = #.

* This assumes by anticipation an almost obvious theorem of which a formal
proof 18 given in Art. 66.
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38. Addition Theorem. Graph of % ().
The more general equation

dy
i ky ... (1)
. dy
may be written 206z =y, ... . . (2)

and its solution, under the condition that y =1 for &= 0, is there-
fore

y=E(kz). oo ...... Ce e 3)
Now let w=FE(azx). B (bx). ..c...oceiiiiinn.. (4)
We have
Z—Z =ak’ (ax). E (bz)+ bE’ (bx) . E (ax)

=(a+b)E (ax). E(bz)=(a +b)u. ............ 5)

Also the initial value of u is unity. Hence
u=E{(a+b)a},.ccccvviiiiiiniinnnnn. (6)
or E(). F®)y=E(@+Db), ....... . .co..... )

for all values of @ and . This constitutes the ‘addition theorem’
of the exponential function.

In particular we have

E(x).E(—x)=E(O)= Ly ceveeeee e (8)

or E(—z)= B(x) ..................... 9)

We have seen that the function & («) 18 continuous. Moreover,
when z is positive, every term of the series for £ («) continually
mcreases with 2, and becomes infinite for # = + . The same
holds a fortior: for the sum. Also, 1n virtue of (9), it appears that
if « be positive & (—z) is positive and continually diminishes in
absolute value as z increases, and vanishes for z —-o. Hence
as « increases from —co to + oo, the function Z (x) continually
increases from O to + oo, and assumes once, and only once, every
intermediate value.

The accompanying figure shews the curve
y =K (x).
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A column of numerical values of the function X (z) is given in
Table E at the end of the book.

Y
7+

% % & P i 2
Fig 24.
39. The number e.
The result (7) of Art 38 may be extended. Thus
E(@).E(b).E(c)=E(a+b). E(c)=E(a+b+c¢), (1)
and so on for any number of factors.

If we form the product of n factors, each equal to £ (1), we

have
{EQ)]"=E(1+1+...ton terms) = E (n). ...... (2)
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It is usual to denote the quantity & (1), or

1 1
1+1+2—!+3'—!+..., .................. (3)

by the symbol e. Its value to seven places of decimals is
e=27182818.
With this notation we have, if n be a positive integer,

0 ) (4)

Again, if m/n be an arithmetical fraction (in its lowest terms),
we have

{E’ (ln’;)}“ =K (% +:’—: +...ton terms) = K (m)=e™,
and therefore E (%) TR (5)

Hence, if « be any positive rational quantity, integral or fractional,
we have

E@=e cocviviviiiiiinninnanan, (6)
It follows, from Art. 38 (9), that

E(-2)= 4=c=,

so that the formula (6) holds for all rational values of #, whether
positive or negative.

It is to be noticed that the symbol % when z is irrational, is
(so far) undefined. We may now define it as merely another symbol
for the sum of the series &' (z). The advantage of this definition
is that the notation serves to remind us of the algebraical laws to
which the function is subject. Thus we have

e®.ev=FE(x)x E(y)=E(z+y)=e"t,

whether « and y be rational or irrational.

The actual calculation of e is very simple. The first 13 terms of
the series (3) are as follows:

1+1=2

+

166 666 667

‘041 666 667

| b
i
3]

li

B

1
3
1
4

—
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1 1

Bl = 008 333 333 97 = 000 002 756
1 ‘001 388 889 1 000 000 276
61 101

1 1

= 000 198 413 = 000 000 025
1 = 000 024 802 1 = -000 000 002

@
i
[

The sum of these numbers is 2-718281830. The error involved in
neglecting the remaining terms is
1 1

Bttt

o

which is less than

11+1+1 1 or 1
WK 13 m+ﬁf0’=mﬁ?

and therefore does not affect the minth place of decimals. Hence.
allowing for the errors of the last figures in the above table, we may
say with confidence that the result just found represents the value of ¢
correctly to seven decimal places.

40. The Hyperbolic Functions.

There are certain combinations of exponential functions whose
properties have a close formal analogy with those of the ordinary
trigonometrical functions They are called the hyberbolic sine,
cosine, tangent, &c.*, and are defined and denoted as follows:

. B
sinhz=14(e*—e ”)—w+§—!+-5—|+...,

oo [ It
coshz=4("+e) =1+57+ 1 +...,
tanhw=sm—h“’—v, sech £ = __l_-,

cosh z cosh « 9

cosh L [ e (2)
cothaz = ——, cosechz=— .

sinh z sinh =

We notice that cosh #, like cos #, is an ‘even’ function of z; 7e. 1t
is unaltered by writing —« for #, whilst sinh «, like sin 2, is an

* They have in some respeots the same relation to the rectangular hyperbola
that the circular functions have to the circle. See Art. 100, Ex. 2.

t+ These functions have already appeared, under a slightly different notation, in
Art. 87.
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‘odd’ function, ¢.e. the function is unaltered in absolute value but
reversed in sign by the same substitution of — z for .

Y

)
\
1
\
\
\
\
\
\
\
\

-
- -

——— S TEse Ll
. ——————

Y/’
Fig. 25.

The figure shews the curves

y=e‘°, y= e %,
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together with the curves

y =coshx, y=sinhg,
which are derived from them by taking half the sum, and half the
difference, of the ordinates, respectively *.

Since sinh # and cosh # are continuous, whilst cosh z never
vanishes, it follows that tanh # is continuous for all values of «.
Fig. 26 shews the curve

y = tanh .
This has the lines y = + 1 as asymptotes t.
Y

Yl
Fig. 26.
Since )
coshz + sinh z =€, coshz —sinhz=e¢"% ......(8)
we have, by multiplication,
cosh?z —sinh?2=1. . ............... v (4)
From this we derive, dividing by cosh?z and sinh? «, respectively,

seette =1 - i ol cereneens(B)

cosech? z = coth?z — 1.
Again, we have
cosh(@+y)=4%(e®.e¥ +e%.e7Y)
= 4 {(cosh  + sinh z) (cosh y + sinh y)
+ (cosh & — sinh ) (cosh y — sinh y)}
= cosh @ coshy +smmhasinhy, ............... (6)

* The curve y=cosh z is known in Statics as the ‘ eatenary,” from 1ts being the
form agsumed by a chain of uniform density hanging fieely under gravity

4+ The numerical values (to three places) of the functions cosh z, sinh #, tanh «z,
for values of z ranging from 0 to 2 5 at intervals of 0 1, are given 1n the Appendix,
Table E.

L.LC. (]
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and similarly

sinh (z + y) =sinh # cosh y + cosh zsinh . ...... (7
As particular cases
cosh 2z = cosh? # + sinh?#, sinh 2z = 2 sinh z cosh 2. ...(8)
The formule (4) and (b) correspond to the trigonometrical formulse
cos?z+sin*x=1,.... ... ... ... (9)

sec’z =1 + tan? z, }

cosec x =cot? = + 1. (10)
Similarly the formule (8) are the analogues of
cos 2z = cog® w — sin*, s8in 2x=2sinxcosw. ...... (11)
41. Differentiation of the Hyperbolic Functions.
1e, If y=s8inhz, .....cocoeviiiiiiin, (1)
we have ?{% =D (ez —26-“) =} (De* — De™%)
=4(+e*)=cosha. ........coooviiiiinnn. (2)
Similarly, if y=cosh®, .....ooovvvvinn vunnr e, (3)
we find % =sinha ............ (4)
2. If y=tanhz, .....c.coooeiiiiiiiinn., (5)
we have
dy _ psinhz _ cosha Dsinh # —sinh 2 D cosh @
dz~ " coshz cosh?z
cosh? z — sinh?
= stz = sech®2, ....occviiiviiiniiinen, (6)
by Art. 40 (4).
Similarly, if y=cotha, ....................... )
we find % = —cosech?z. .................... (8)
3. If y=sech®, .......c.coooiiiiiiinn., 9

we have, by Art. 31 (4),

%=D<@—s—1@) ____:_Pcoshw

sinh o
= &m. .............................. (10)
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Similarly, if y=cosecha, ....................LL (11)
dy  coshz
we find E—m——m. ..................... (12)

42. The Logarithmic Function.

The ‘logarithmic’ function is defined as the inverse of the
exponential function. Thus if

T = e!/,
we have y=loga .....ooooviiiiiiiiiiiiiin, (1)

It was seen in Art. 38 that as y ranges from — co through 0 to
+ o, e¥ steadily increases from O through 1 to + . Hence for
every positive value of « there is one and only one value of log «;
moreover this value will be positive or negative, according as « = 1.
Also for =0 we have y=—o0,and fore=+4+w0,y=+o. For
negative values of « the logarithmic function does not exist.

The ordinary properties of the logarithmic function follow from
the above definition 1n the usual manner.

The full line in Fig. 27 (p. 84) shews the graph of log #. It
is of course the same as that of e* (Fig. 24, p. 77) with # and ¥y
interchanged *.

We can now define the symbol a? where a is positive, for the
case of « irrational. Since

a = %89,
we have, if # be rational, a®=¢¥1%a .. ... ... (2)

and the latter form may be adopted as the definition of a® when
is irrationalt.

Hence if Y=a% it it e 3)
we have g— =a%loga. ... ... .

The logarithm of =, as above defined, 1s sometimes denoted by
log, # to distinguish it from the common or ¢ Briggian’ logarithm
log,, #. The latter may be regarded as defined by the statementthat

y=log,x, if 10V =z, or ev1ovel0 = ,....... (5)

* The function log z is tabulated in the Appendix, Table F.

t The more usual algebraic definition is that if =z, #,, 23, ... be any sequence
of rational quantities having the irrational z as 1ts limit, a® is the limit of the
sequence

a®, a%, a™, ..
A proof 18 then required that the limit 18 defimite, and 18 moreover a continuous
function of =

6—2
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Hence ylog,10 = log, @, or log, &= plog.x, ......... (6)
1
= == e e ereae 7
where 7 fog, 10 43429 )

The mode of calculating p will be indicated in Chapter x1v.

Hence the graph of the function log), # is obtained from that of
log,z by diminishing the ordinates in the constant ratio u. See
the dotted line in the figure.

Fig. 27,

In this book we shall always use the symbol log # in the sense
of log, «.

43. Some Limiting Values.

There are certain limiting values connected with the exponential
and logarithmic functions which are of 1mportance,

1°. To find lim, p0oe™  Loiiiiiiieean, @
The function assumes the indeterminate forrn o x 0. But since

x 1 x &t
?=1/<{;+1+§‘!+§‘i+-..),

we see that the limit in question is 0,
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In the same way we can prove that
limyepa™e™®=0, ..c..ooevvinvnenennn. (2)

where m is any rational quantity. This shews that as « increases
indefinitely, e* becomes infinite 1n comparison with any power of
x, however high.

Again, if @ be positive and < 1, we have
lim,eena®=0. ..cocoiiiiiiiiinnnn.. (3)
For if k= log (1/a), and is therefore positive, we have
na® = nekn,

20, If in (1) we put z=¢% and therefore z=log 2, we infer
that

lim,.. log z _

0: oo eeee e (4)

Hence as « increases indefinitely, log, though ultimately
infinite, is infinitely small compared with z.

8°. Again, if in (1) we put 2z =e~% and therefore # = —log 2,
we have

lim,.pzlogz=0. ............c.cuis (5)
4°, We have
e—1 r 2
T_1+-2—!+§—!+...

x?

@
=1+§w(1+§+3.4+...>.

The series within brackets is convergent and therefore has a finite
sum. Hence

. e*—1
hm,..o Z =1 e (6)
If we write kx for x, we have
. e —1
limg = By, o, )
or, putting k& =log a, where a is any positive quantity,
K
lim g =loga. .. ... ... (8)

Another form of this result is obtained by putting z=1/n.
Thus .

lim, »un (@® —1) =108 A0 ©evererernnnnnnnn. 9)
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5°. If in (6) we put @ =1log (1 + 2), and therefore ¢* =1 4z, we
deduce

lim,.,ok)—gil———;z)=1. " ... (10)
x n
6. If u=(l +ﬁ) e, (11)
we have log u=nlog <l+g).
Putting « = nz, we have
lim,, 40 log u =2 lim, .o li)_g‘%;l-_z_) N A, (12)
by (10). Hence
lim (1+‘1’)"— p (13)
n->wu n — ® esesscccsssenssse

The limit on the left hand is sometimes adopted, in Algebra, as
the definition of the exponential function.

44. Differentiation of a Logarithm.

1°. If y=loga, ... (1)
we have @ =ev, ‘!f:ey_ 3
dy
dy 1
and therefore do s m e (2)

This diminishes as 2 increases, so that the representative curve
becomes less and less inclined to the axis of z. See Fig. 27, p. 84.

20, If y=logam, ...... .ot 3)
we have z=aqaY, %:M.log,a:x.log, a,
dy 1 1
whence do " logoa @ e (4)
For instance, if y=loge®, ..coocoir i (5)
dy _p
we have Tu =g’ e (6)

where p = *43429... as in Art. 42.
8. If y=logu, ..o, (7
where u is a given function of , we have, by Art. 32,

S o = T e (8)
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Ex. 1. If y=logsine, ... .......... .. ... ....(9)
dy 1 .
we have (—i-x-m.llsm x=cota. . ... . (10)
Similarly, if y=logsece=—logcosz, ... . ... (1)
dy _
we find T BARE . (12)
Ex. 2. If y=logtan ¢, ...... .... . .... ..(13)
we have &y _ 1 D tan %x:-———l—— .sec*da. 4
dz tan 4z’ tan @
1
ST et e e e+ e (14)
Similarly, if y=logtan (}mr+ix), .. ... ... .. (16)
dy 1
we should find To = aoamt e e e (16)
l+ax
Ex. 3. Let y:%logl_m
=4log(l+x)—4log(l—2). ..coocernnn .. (17)
dy 1 1 11 1
Hence de= 3Tt 3l e =1 o e (18)
Ex. 4. Let y=log{w+ . J@+ 1)} ... . (19)
dy 1
‘We have ‘Tw—m—-rj(-a?;i;p{wi'\/(wai 1)}
o1 {1+___L}
BERIV[CERY; V1)
1
S JEET)T s (20)

46. Logarithmic Differentiation.

In the case of a function consisting of a number of factors it is
sometimes convenient to take the logarithm before differentiating.
Thus if

_UaUylly ..
e nURIIE R 1)
we have

log y=logu, +logu,+logus+...—logv,—log vs—logv;—...,...(2)
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and therefore, by Art. 44, 8°,
1dy 1du, 1duy, 1 du,

ydo wde  wmde U da
1dv, 1dv, 1duv
vdr v, dr v, de
This is a generalization of the results of Arts. 30, 31.

The same method can be applied to the differentiation of

Y=U%% tiiiir creiieneni 4)
We have logy=wvlogu, ...c.coeevininiiin, (5)
ldy dv v du
y do— da OB U+ o o e (6)
Hence
dy dv du
Ji =y’ 7o log u + vu®? Jg° e ¢

That is, we differentiate as if each of the functions u, v, in turn,
were constant, and add the results.

(a+w)(b+a:)
Ex. 1. If y= \/ @z b-= m)
we have
logy =4log (a + ) + } log (b + x) — } log (a ~ ) — } log (b — ).
ldy 1¢ 1 1 1 1
Hence gd_w_2{a+m+b+x a—x b—m}
_a b  (a+Dd)(ab—a?)
A—2 P (a’—-x”)(b’— 2)
di/_ (@ + b) (ab—2%)
&z (a—a)t (b - 2)F (a + )} (b+m)b
Ex 2. If y=a"
we find g‘?-/ «°(1 + log ),

46. The Inverse Hyperbolic Functions.
The inverse hyperbolic functions

sinh~'x, cosh~'#, tanh!'z, &e.
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are defined on the principle explained in Art. 16 ; thus the meaning
of y =sinh~! # is that

and so on.

These functions can all be expressed in terms of the logarithmic
function, Thus 1f

x=sinh y =4 (e —¢7¥),

we have e —2z¢¥ —1=0,
Solving this quadratic in e?, we find

=zt A@+1). .. (4)

If y is to be real, ¢¥ must be positive, and the upper sign must be
taken. Hence

sinh'z=log{z++/(a®+ 1)}. .......ccc..e. (5)
In a similar manner we should find that, if 2 > 1,
coshz=log {z + /(2*—1)}. .....c.eenins (6)

Either sign 1s here admissible; the quantities x + 4/(a? — 1) are
reciprocals, and their logarithms differ simply 1n sign It appears
on sketching the graph of cosh~ & that for every value of £ which

is > 1 there are two values of y, equal 1n magmtude, but opposite
1n sign.

Again, 1f z=tanhy = %—Z;Z ) eeeeeeen seeeeaens )
we have eV = i—f—: e e (8)
Hence tanh™! z = § log —i{'__-:; C )
This is real only if |z | < 1.
Similarly, we find
coth™ z = § log ':—J_r—j]l Y e eeereeees (10)

which is real only if || > 1.

47. Differentiation of the Inverse Hyperbolic Funections.
1°. If y=smmh2z, ... .. . Ceee 1)

we have & = sinh y, Z; =cosh y = v/(a* + 1),
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dy 1

and therefore do = T a) e (2)

There is no ambiguity of sign, for cosh y is essentially positive.
20 If y=cosh™a, ..........o 3)

we have @ = cosh y, g—; =ginhy = + y/(2* - 1),

whence %—i= + «7(7:;1—_1_) ..................... (4)

For any given value of =, greater than unity, there are two
values of y, and for these dy/dz has opposite signs. [Cf Fig. 25,
p. 80, interchanging « and y.]

3o If y=tanh™a, ...........ooiiininin (5)
we have x=tanh y, Z—; =sgech’y=1—2a?
dy 1
and therefore Ta =T gar e (6)

This agrees with Art. 44, Ex. 8. It is to be noticed that y is real
only when 2*< 1. See Fig. 26, p. 81.

Similarly, if y=coth™a, .c.ocoeviiiiiinininn, )
dy _ 1
we find % = —wT]: ) sesretsvescscescrsessesases (8)

#* being necessarily > 1, 1f y is real.

EXAMPLES. XI.

1. Prove by calculation from the series for ¢ that
1/e=-367879, coshl =1-6430806, sinhl =1-1752012,
2. Prove that
fe=16487213, 1/,/e= 6065307,
cosh $ = 11276260, sinh § =-5210953.
8. Prove that if |a | <| b | the equation
a coshz + bsinhx =0,
has one, and only one, real root.
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4 Draw the graphs of

cosechx, cothx, cotha - tanhw.

6. Shew that the function tanh (1/x) is discontinuous for z= 0.
Draw a graph of the function.

6. If a and b be positive, and @ > b, the function

aée® + be™®
e +e®

has the upper limit @ and the lower limit b.
Prove the following formulse :

7. cosh2x=2cosh?x—1=1 + 2sinh? «.

. 2 tanh 1 + tanh? x
8. sinh 2z = m}‘la a‘: y cosh 22 = lm y
2 tanh 2
tanh 2 = 1 s

9. cosh?x cos?z + sinh?x sin®x = § (cosh 2z + cos 2x),
cosh®z sin®x + sinh? x cos « = } (cosh 2x - cos 2x).

10. cosh?x cos?x — sinh®2sin® & = 4 (1 + cosh 2x cos 2x),
cosh®x sin®x — sinh? z cos® ¥ = & (1 - cosh 2z cos 2x).

11. cosh®u + sinh® v =sinh?u + cosh® v = cosh (u + v) cosh (% — v),
cosh? % — cosh®v = sinh? u — sinh? v = sinh (u + v) sinh (% — v).

12. sinh u + sinh » = 2 sinh } (u + v) cosh 4 (u — v),
sinh % — sinh © = 2 cosh } (w + v) sinh § (u —v),
cosh u + cosh v = 2 cosh § (u + v) cosh § (u — ).
cosh w — cosh v = 2 sinh § (% + v) sinh § (u — v).

sinh cosh w — 1
1 tanh s e 1™ " sinhu”

_ cosh u —1
- (Egh—u + T) *
14. sinh 3u =4 sinh®u + 3 sinh u,
cosh 3u = 4 cosh®u — 3 cosh w.

15. 1+ 2coshu + 2 cosh 2u + 2 cosh 3u+ ... + 2 cosh nu

_sinh(n + §)u
~  sinhju

.
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EXAMPLES. XII.

Verify the following differentiations :

1.

-]

10
11.

12.

13.
14,

15.

16.
17.
18.

19.

20.

21,

© ©® NS o B ®

y= ‘fﬂ’
ez’
y=7"
Y= ealnau
y= esin’:a

y = e*® sin P,

Y = €% cos B,

y = xe”,
Yy =xe ",
y = x™e”,

y = €®sin ,
y=¢€"cos x,
_e-1
S

y = sinh?x,

Dy = 2xe™,

Dy =¢* (2 - ;1:;) .

Dy = cos z €803,

Dy = sin 2z ¢®0'3,

Dy = ¢ (a sin Bz + B cos Bx).
Dy = e2 (a cos B — B sin Bx).
Dy=(x+1)e.
Dy=(1—-xz)e>

Dy = (@ + m) ™1 ¢,

Dy = €® (sinx + cos ),

Dy = ¢*(cos & — s1n x).

2e®
Dy = m'

Dy = sinh 2z,

y = cosh? m, Dy = sinh 22,
2 sinhx
= h2 = —_—
y = tanb’z, cosh?x
y =sinh x + } sinh®2, Dy = cosh®x.
y =tanhx — J tanh’w, Dy = sech! .

y = cosh @ cos z

Dy = 2 sinh « cos .

+ 8inh  sin z,

y = cosh ® sin «

Dy = 2 cosh x cos .

+ sinh x cos z,

cosh & — cos x 2 sin 2 sinh 2
=, = Y= i
sinh x + sin 2’ Y (sinh z + sin z)?
, Sswmhasinz sinh a
y = tan~!;

T3 coshacosz’ “Y " T+coshacosz'
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EXAMPLES. XIIIL

Verify the following differentiations:

10.

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

y = log x,

y =ax™log z,
y =log sin x,
y = log cos a,
y =log tan x,
y = log sinh x,
y = log cosh x,

y = log tanh =,

® ® N ok -

y=1°g:/T

y =log {J/(x +1)
+J(@-1},

y=log Ty y—w’

y=log(@=1)-

1 —x+a?’

M +a?) -
Ve ErS
_ A +x)+ (1 - )
YT e - J(I==)’
g S+ J(1 = o)
JAF )= J(1=a)’
S+ 1) -1

Dy =1 + log .

Dy =™ (1 + mlog x).
Dy = cot x.

Dy = — tan x.

Dy = 2 cosec 2.

Dy = coth .

Dy = tanh .

Dy = 2 cosech 2z.

1
Dy = sivay

1
DT S

1
Py =5 J@ =1y
1 1
"zt J@ )"
2t
Y1

Dy

2x
Dy_(l +at)d (1 -yt
-2
Dy = JA+ ) (J(1 +a?) +ap”
Dy——_ L+ 1
& J1-a) " &

Dy 2 2
V=" Jl-a9 " @
1

Y= @1y
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EXAMPLES. XIV.
1. Draw the graphs of log,sinz and log,tanz from x=0
to x=m,
2. Prove that if /() be any rational integral function of ,

lim,,,w‘f%?) =0,
8. Prove that if @ be positive

lim, »o Ya=1.
4. Prove that

1imx+ol—0§—(1—;ﬁ_—w:— 3.

Prove the formulse :
6. sinh-'ax=cosh™ ,/(x*+ 1), cosh-'z=sinh™" /(2*-1).

- 2
Sech_l x = lOg l_ii(;]._—w_n_) , cosech_l x= log 1 + Jil +& ) .

-1
1% 7 oga.
6. Prove that tanh™ 5 1 log x

7. Prove that the equation
cosh™ 'z + cosh-'y=m
represents a hyperbola ; and find its asymptotes.

[y = xe™, y=ae~™,)
Verify the following differentiations :

1
— -1 ——
8. y=sechlz, Dy = & JI=a
1
— -1 - ——
9. y=cosech™uz, Dy = TSR
10. y=sin~?(tanh ), Dy = sech a.
11. y=tan~!(sinhx), Dy = sech «.
12. y=tan~!(tanh }x), Dy =} sech .
13. y=tanh™ (tan {z), Dy =} seca.
_ a4 THa 1
14. y=tanh Toan’ Dy.-l_w,.



CHAPTER IV
APPLICATIONS OF THE DERIVED FUNCTION

48. Inferences from the sign of the Derived Function.

If y = ¢ (2), and if d=, 8y be simultaneous increments of  and
y, the limiting value of the ratio dy/8z when 8z is indefinitely
diminished is, by definition, ¢’(x). Hence, before the limit, we
may write

) ’
3%=¢ @40, oo 1)

where ¢ is an ultimately vanishing quantity.

A numerical example of the manner in which the ratio 8y/3x approxi-
mates to its limiting value may be of interest. We take the case of
y =logy 2, for the neighbourhood of =1. The hmiting value is here

ay p_
In= =z 43429. ...

The numbers in the second column are taken from the printed tables.

oz 8y oy/éz
1000 ‘041393 41393
0500 ‘021189 42379
‘0100 ‘0043214 43214
‘0050 0021661 43321
0010 ‘00043408 43408
‘0005 00021709 43419
0001 ‘000043427 43427

Let us first suppose that
¢’ (x)> 0.

Since the limiting value of o is zero, we can by taking 8z small

enough ensure thab
¢ @)+a>0.
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That js, by (1), 8y will have the same sign as dz for all admissible
values of 8z which are less in absolute value than a certain mag-
nitude e.

In the same way, if
¢'(2) <0,
8y will have the opposite sign to 8z for all admissible values of &z
which are less in absolute value than a certain quantity e.

If the independent variable be represented geometrically as in
Fig. 1, Art. 1, and if ¢ = OM, where M is a point within the range
considered, we may say that if ¢’(z) be positive there is a certain
interval to the right of M for every point of which the value of the
function ¢ (z) is greater than its value at M, and a certain interval
to the left of M at every point of which the value of the function
18 less than 1ts value at M. If ¢’ («) be negative, the words ‘ greater’
and ‘less’ must be interchanged in this statement. When M 1s at
the beginning or end of the range of , the intervals referred to lie
of course to the right or left of M, respectively.

It follows that if ¢’(x) be positive over any finite range, the
value of ¢ (x) will steadily increase with « throughout the range;
t.e. if 2, and 2, be any two values of # belonging to the range, such

that #; > x,, then
¢ (22) > ¢ ().

For ¢ (z), being by hypothesis differentiable, and therefore con-
tinuous, must have (Art. 18) a greatest and a least value in the
interval from z, to x, (inclusive). And the preceding argument
shews that the greatest value cannot occur at the beginning of the
interval, or in the interior; it must therefore occur at the end.
Similarly the least value of ¢ () must occur at the beginning of
the 1terval.

In the same way it appears that if ¢’ («) be negative over any
fimte range, then ¢ («) will steadily decrease as x increases, through-
out this range; .e. if , and «; be any two values of  belonging to
the range, such that a3 > «,, then

¢ (22) < ¢ (21).

The geometrical meaning of these results is obvious. When
the gradient of a curve is positive the ordinates increase with x;
when the gradient is negative the ordinates decrease as « increases.
The graphs of various functions given in Chapter 1 will serve as
illustrations.

The converse statements that if ¢ (x) steadily increases with #
throughout any range, ¢’ (x) cannot be negative for any value of
belonging to this range, and that, if ¢ (x) steadily decreases as «
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increases, ¢’ (#) cannot be positive, follow immediately from the
definition of ¢’ (z).

Again, even if ¢’ (x) vanish at a finite number of isolated points,
provided it be elsewhere uniformly positive, ¢ (z) will steadily
increase. Suppose, for example, that ¢’ (2,) =0, and that with
this exception ¢’ () is positive in the interval from =, to = ,,
where z,>x,. The least value of ¢ («) cannot then occur within
this 1nterval, or at the upper extremity (z =a,). It must therefore
occur at the lower extremity (z=a,). Hence

¢ (2) > ¢ (21).
The same conclusion 1s arrived at if ¢’ («) is positive from z =z,
to @ = @,;, where 1t vanishes.

Y

I
'
i
I
i
i
1l
I
i
]
]
1l
i

Fig. 28,

In the same way, if ¢’ (2) vamish at a fimte number of isolated
points, but 1s otherwise ncgative, ¢ (@) will steadily decrease.

[

Ex 1. If y=cosx— (1 —{a?),
dy .
we have c—l{ =2 —sin x,

which is positive for positive values of @. Since y 1s an even function,
and vanishes for =0, 1t follows that

1>cosxe>1—121a2

Again f y=smnx— (r—Fad),
dy
we have = COS T = (1-1%.a9),

which has been seen to be positive. Hence, since y = 0 for 22=0,
x>smne>o -2,

for positive values of x. If @ 15 negative the order of magnitude is
reversed.

LI O. 7
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Ex. 2. If y=tanz -z,
we have :lTZ =gec?z — 1 =tanw,

Hence dy/dw is positive, except for =0, m, 2, .... Hence y steadily
increases with a throughout any range which does not include one of
the points of discontinuity (®=4m, &m, ...).

It easily follows that the equation
tanx—ax=0

has no root between 0 and }7; one, and only one, root between } and
$m; and so on.

These results may be verified by a graphical construction. If we
draw the lines
y=tanz, y=uw,
their intersections will determine the values of @ which make
tan x = .

49. The Derivative vanishes in the interval between twc
equal values of the Function.

If ¢ () vanish for =@ and x="b, and if ¢’ («) be finite for all
values of & between a and b, then ¢’ (2) will vanish for some value
of @ between a and b.

For, either ¢ (z) is constantly zero throughout the interval
from a to b, or 1t will have (Art. 18) a greatest or a least value for
some value () of # within this interval. In the former case we
shall have ¢’ (#) =0 throughout the interval; in the latter case
¢’ (%) cannot be either positive or negative (Art. 48) and must
therefore vanish, since it 1s by hypothesis finite.

The geometrical statement of this theorem is that if a curve
meets the axis of z at two points, and if the gradient 1s everywhere
finite, there must be at least one intervening point at which the
tangent 1s parallel to the axis of #. See, for example, the graph

of sin z on p. 28; also Fig. 9, p. 24.

It is to be carefully noticed that, in the above argument, the
conditions that ¢ (x) and ¢ (x) should each have a definite (and
therefore finite) value throughout the interval from z=a to #=b
are essential. The annexed figures exhibit various cases where the
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conclusion does not hold, owing to the violation of one or other of
these conditions.

A slightly more general form of the theorem of this Art. is that
if ¢ () has the same value (8) for # =a and « =0, then under the
same conditions as to the continuity and finiteness of ¢ (2) and
¢’ (), the derived function ¢’ (x) will vanish for some intermediate
value of #. This follows by the same airgument, applhed now to the
function ¢ (z) — 8.

Ex. 1. If ¢ (x) = (x — a) (x - b),

we have ¢ (x) =22 — (@ + b).

Hence ¢’ (x) vanishes for &= 4 (@ + b), which lies between & and b.
Ez.2. If $ (@) =207,

we have & (2) = @ COsXL —sinaw

—
Here ¢ (x)=0 for =7 and =27, hence ¢’ (x) must vanish for some

intermediate value of . Thisis in agreement with Art. 48, Ex. 2, where
1t was shewn that the equation x = tan x has a root between = and 3.

650. Application to the Theory of Equations.

If ¢ (z) be a rational integral function of #, then ¢ (z) and its
derivative ¢’ (z) are both of them continuous (and fimte) for all
finite values of #. Hence at least one real root of the equation

¢ (@)=0 .o 1)
will lie between any two real roots of
d(@)=0. ...l (2)

This result, which is known as ‘Rolle’s Theorem,” 1s 1mportant in
the Theory of Equations. It is an immediate consequence that at
most one real root of (2) lies between any two consecutive roots of
(1). That 1s, the roots of (1) separate those of (2).

Ex. 1. If ¢ (x)=4x*— 212+ 18z + 20,
we have ¢ () =122"— 422 + 18 =6 (2x — 1) (= — 3).

Hence the real roots of ¢ (x) =0, if any, will lie 1n the intervals between
—o and }, 4 and 8, 3 and + o, respectively. Now, for

X=—00, ';') 3, +o,
the signs of ¢ (x) are — =+

respectively, so that ¢ (x) must 1n fact vamsh once (by Art. 9) in each
of the above intervals. Hence there are three real roots. The figure
on the next page shews the graph of ¢ (x).

7—2
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If by continuous modification of the form of ¢ (z), for example
by the addition or subtraction of a constant, two roots are made to
coalesce, the roct of ¢’ (£) = 0 which lies between must coalesce with
them. Hence a double root of ¢ (2) =0 1s also a root of ¢’ («)=0.

25{

10J-
6 L
4 © }
A 1 2 i3 4

T'ig. 30.

More generally, an »-fold root of ¢ (z)=0 being regarded as
due to the coalescence of » distinct roots, the equation ¢’ (x)=0
will have 7 — 1 1ntervening roots which coalesce.

This suggests a method of ascertaiming the multiple roots, if
any, of a proposed algebraic equation. It a be an r-fold root of

¢ (z), we have

p@=(—a)y x(x), ... .. iciiiiiinn. 3)
where y (2) 1s a rational integral function. Hence
$ (@)= (@ — Y ry @) + (@— @)} (@)} 5 +vverers(d)

t.e. (z—a)™! will be a common factor of ¢ («) and ¢’ (2). And it
18 easily seen that (z — a)™™* will not be a common factor unless
¢ (2) is divisible by (# —a)". Hence the multiple roots of ¢ (),
if any, are to be detected by finding the common factors ot ¢ (z)
and ¢ (x) by the usual algebraical process.
Ex. 2. If ¢ ()= ot — 9a® + 4x + 12,
we have ¢ (x) = 42> — 18w + 4.
The usual test leads to the conclusion that x—2 is a common factor

of ¢ (x) and ¢’ (x); whence we infer that (x— 2) 1s a factor of ¢ ().
The remaining factors are then easily ascertained ; thus we find

$ (@) =(@— 20 (@ +1) (& +3).
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Fx 3. To find the condition that the cubuc

Brgr+r=0 e . )
should have a double root.

The double root, if it exists, must satisfy

32 +qg=0o0r x=%,/(-39). ... ......... (6)
Substituting in (5), we find
r=+3%J(=3¢%, or ¥==4¢% ... ... e (7)

which is the required condition.

61. Maxima and Minima.

A ‘maximum’ value of a continuous function is one which is
greater, and a ‘ miimum’ value is one which 1s less, than the values
n the immediate neighbourhood, on either side.

More precisely, the function ¢ (z) 18 a maximum for z = z,, if
two positive quantities, e and €, can be found such that ¢ (,) 18
greater than the value which ¢ (2) assumes for any other value of
2 1n the interval from z=x,—¢ to =2, +¢. Simlarly for a
minimum.

Since the comparison is made with values of the function in
the immediate neighbourhood only of #;, a maximum is not neces-
sarily the greatest, nor a minimum the least, of all the values of
the function. See Fig. 30.

We will limit ourselves for the present to the case, which
includes all the more mmportant applications, where ¢ («) has a
determinate and finite derivative at all points of the range con-
sidered. The argument of Art. 48 then shews that if ¢ (2;) be a
maximum or minimum, ¢ (z;) cannot differ from zero. For 1f it
be either positive or negative, there will be points 1n the immediate
neighbourhood of , for which ¢ () will be greater, and others for
which 1t will be less, than ¢ (2;). Hence, in the case supposed, a
first condition for a maximum or miimum value of ¢ (2) is that

¢’ () should vanish.

This condition is necessary, but it is not sufficient. To in-
vestigate the matter further, we will suppose that on each side of
the pownt a, there is a certain mterval throughout which ¢’ (x) is
altogether positive or altogether negative*. Now if ¢'(z) be
posttive for all values of  between x; — e and @, ¢ () will (Art. 48)
steadily increase throughout the interval thus defined; and if

* That is, we exclude cases where ¢’ (z) changes sign an infinite number of
times within any mterval including «;, however short. The point £=0 1n the
function z“ sin 1/ 18 an instance,
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¢’ (x) be negative for all values of = between z, and , + €, ¢ ()
will steadily decrease throughout the corresponding interval. Hence
if both these conditions hold, ¢ (=) is a maximum. And it is
evident that if the signs be otherwise, ¢ (#,) cannot be the greatest
value which the function assumes within the interval extending
from «, — € to 2, + €.

We may express this shortly by saying that the necessary and
sufficient condition in order that ¢ (#;) may be a maximum value
of ¢ («) is that ¢’(«) should change sign from + to — as  increases
through the value z,.

In the same way we find that the necessary and sufficient con-
dition in order that ¢ (#,) may be a minimum value of ¢ (z) is that

¢’ (z) should change sign from — to + as  increases through the
value z,.

In geometrical language. when the ordinate of a curve is a
maximum the gradient must change from positive to negative;
when the ordinate is a minimum the gradient must change from
negative to positive. This 18 abundantly 1llustrated in our diagrams;
see, for example, Figs. 9, 13, 14, 30.

Whenever the derived function ¢’(z) vanishes, the rate of
increase (Art. 26) of the original function ¢ () is momentarily
zero, and the value of ¢ («) 1s said to be ‘stationary.’ As already
stated, a stationary value is not necessarily a maximum or mini-
mum, for cases may of course occur 1n which ¢’ (z) vanishes with-
out changing sign.

In most cases of interest, the derived function ¢’(x) is con-
tinuous as well as determinate (and finite). It can then only change
sign by passing through the value zero; and it is further evident
from Art. 9 that the changes (1f there are more than one) will take
place from + to —, and from — to +, alternately. The maxima and
minima will therefore occur alternately. See Fig. 14, p. 28.

Ez. 1. The distance (s), from an arbitrary origin, of a point moving
in a straight line 18 a maximum when the velocity (ds/d¢) changes from

positive to negative, and 18 u miimum when the velocity changes from
negative to positive.

Thus, in the case of a particle moving upwards under gravity, we
have .

s8=ut— g%, Z—j:u—gt.

Hence ds/dt changes from positive to negative as ¢ increases through the
value u/g. The altitude (s) is therefore then a maximum.
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Ex. 2. To find the rectangle of greatest area having a given peri-
meter.

Denoting the perimeter by 2a, the lengths of two adjacent sides
may be taken to be x and @ —x; hence we have to find the maximum
value of the function

(@ =®). i i e (1)

The derivative of this is @& — 2z, which changes sign from + to — as =
increases through the value 3a. The rectangle of greatest area is there-
fore a square.

Ex. 3. To find the maxima and minima of the function
¢(x)= 42— 2102 + 182 + 20. ... ........ .. .. (2)
We have ¢ (x)=12(@x-})(x-3). .. ... . ...3)

This can only change sign when x passes through the values } and 3.
Now when @ is a little less than 1 1, the signs of the second and thud
factors are —, —; whilst when «x is a little gxea.ter than 1 they are +, —

Hence as @ increases through the value 1, ¢'(2) changes sign from +
to — In a similar manner we find that as  increases through the value
3, ¢’ (x) changes sign from — to +. Hence ¢ () is a maximum when
=1}, and a minimum when x =3. If we substitute 1n (2) we find that
the maximum value 1s 24}, and the minimum value —7. See Fig. 30,

p. 100.

Ex 4. If ¢(m)=1w2+‘°-xz, oL (4)
we find ¢'(w)=.2<%lx§—;? o G

This can only change sign for =+ 1. As x mcreases (algebraically)
through the value — 1, 1 —2? changes sign from — to +. As @ increases
through + 1, 1 —«® changes sign from + to —. Hence for z=-1 we
have a minimum value — 1 of ¢ (), and for ® =1 a maximum value 1.
See Fug. 13, p. 27.

Ex. 5. If @)= . 6)
we have ¢ (x )—g—(1 ;ZJ)J). . (T

Here ¢’ (x) is always positive, and the function ¢ (x) has no finite maxima
or minima. See Fig. 11, p. 26.

Ez. 6. To find the right circular cylinder of least surface for a given
volume.

If x denote the radius and y the altitude, the surface is
2ma® + 27wy,
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and if the given volume be 27a® we have
2y =24’
Hence, eliminating y, the expression to be made a minimum is

23
w"‘+—a~,
€x

the derived function of which is

as
2 <w— ;Z) .

This changes sign as x increases through the value @, and the change is
from — to +. Hence x = @ makes the surface a muumum ; and since y
then = 2a, the height of the cylinder is equal to its diameter,

The reader may verify that with these proportions the surface is
1-1447... of that of a sphere of equal volume.

Bz 7, To find the stationary values of the function

A+ 2Hx+ B 3
Br=re rre R O
We have (aa® + 2hx + D) u = Ax® + 2Mx + B. ...... (9)

Differentiating, and putting du/de =0, we have
(ax+h)u=Ae+ H. .........

Multiplying this by «, and subtracting from (9),
(hx+b)u=He+ B, ..... N ¢ 8]

Eliminating u between (10) and (11), the required values of  are given
by the roots of the quadiatic

(aH — Ah) @* + (aB = Ab) &+ (hB = IIb) = 0. ......... (12)

If, on the other hand, we eliminate x, the stationary values of w are
given by the quadratic

(ab—0*) wr—(aB +bA —2hH)u + AB- H*=0. .....(13)

Ex. 8. The simplest instance of a stationary value which is not a
maximum or minimum is furnished by the function

G() Za% e e e (14)

This makes ¢’ (x) = 3a* which vanishes, but does not change sign, as 2
increases through the value 0. Hence ¢ (x), though ‘stationary,” is not
a maximum or minimum for € =0. Fig. 31 shews the graph of %

It may occasionally happen that ¢’ (), though generally con-
tinuous, becomes discontinuous for some 1solated value of #; and
if the discontinuity be accompanied by a change of sign as =
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increases through the value in question, we shall have a maximum
or minimum, by the same argument as befote.

Y
X (6] X
VI
Fig 31.
Lx. 9 Tf ¢ ()=abud, .. C e (15)
by 2 /aNk
we have ¢ (x) = 3 (;) .o . (16)

As xincreases through the value 0, this changes from — o0 to + 0 . Hence
¢ («) 18 & munmum for x=0. See Fig. 32.

\ Y ~
X! o X
Fig. 32,

Again, in Fig. 29 there occurs a point where ¢’ (x) is discontinuous,
passing abruptly from a finite positive to a finite negative value. The
ordinate 1s then a maximum.
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62. Algebraical Methods.

It is to be noticed that some important problems of maxima
and minima can be solved by elementary algebraical methods, with-
out recourse to the Calculus. This 1s especially the case with
questions involving quadratic expressions. These are all easily
treated by the method of ‘ completing the square.’

Again, the solution can often be made to depend upon identities

such as
zy=}{z+y)—(@—y)y}, ......... ...(1)
+yP=(—-yyl+4dzy, ....cc.oo. ool .. ..(2)
e2+y=4{z+y)P+@—y)} ..coo. ... . ..(8)
Thus:

The product (zy) of two positive magnitudes, whose sum (z + ¥)
is given, 18 greatest when they are equal ;

The sum of two positive magnitudes whose product is given is
least when they are equal ;

The sum of the squares of two magnitudes whose sun is given
is least when they are equal.

Ex. 1. Thus, in the problem of Ex. 2, Art. 51, we have
x (a—x) = ja? — (« — Ja)*

Since the last term cannot fall below zero, this expression has its greatest
value (}a?) when x=}a.

Ex. 2. The expression 2a% -3z + 2,
may be put 1n the form
2(@-3x+1)=2(x-2P2+71.

Hence the expression has the minimum value }, corresponding to z=$.

Ez. 3. To find the greatest rectangle which can be inscribed 1n a
given circle,

" If 2, 2y be the sides, we have to make xy a maximum subject to
the condition that #? + 4*= a? where a 18 the radius of the circle. Now

2ey =2 + Yy — (x— y)* = a® — (x - y)?,

which is obviously greatest when x=y. Hence the greatest inscribed
rectangle is a square.

Ex. 4. 'To find the minimum value of
a cot 0 + b tan 6,
for values of § between 0 and .
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The product of «cot # and b tan @ is constant, hence their sum 1s
least when they are equal, i.e. when

tan 0 = (a/b)}.
The minimum value of the sum is therefore 2¢35%.
Ex. 5. To find the greatest cylinder which can be inscribed in a

frustum of a paraboloid of revolution cut off by a plane perpendicular
to the axis.

Supposing the paraboloid to be generated by the revolution of the

curve
P=dax, ... .. i 4)

about the axis of @, then if % be the length of the axis, and  the abscissa
of the end of the cylinder nearest the origin, the volume of the cylinder
is

ry”(lz—m):wy*(h—%i). e, (5)
Now the sum of the quantitics * and 4ak — ¢ 1s constant ; their product
is therefore greatest when they are equal, e when
¥ =2ah, or x=4h. ... e . (6)
The height of the cylinder is therefore one-half that of the frustum.

53. Maxima and Minima of Functions of several Variables.

We give a few indications concerning the extension of some
of the preceding results to functions of two or more independent
variables.

In the first place let us seek for the mnaxima and minima of a

function
U=D (B, Y). ceveviiiiiiiiiiiii, 1)

A first condition is that we must have simultaneously

0¢ op _
= 0, By = 0, cvovet e, (2)
where the differential coefficients are ¢ partial,’ as in Art. 34 For if
u be greater (or less) than any other value of the function obtained
by varying z, y within certain limits, w will & fortiori be a
maximum (or minimum) when y is kept constant and « alone is
varied. Thisrequires in general (Art. 51) that 0¢p/0x = 0. Similarly,
% must be & maximum (or minimum) when « is kept constant and
y alone varies; this requires that o¢/dy =0.

As before, these conditions, though necessary, are not sufficient.
The further examination of the question, in its general form, 1s
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postponed till Chapter XvI; but 1t often happens that the existence
of maxima and minima can be inferred, and the diserimination
between them effected, by independent considerations. The con-
ditions (2) then supply all that 1s analytically necessary.

Ex. To find the rectangular parallelepiped of least surface for a
given volume.

Let x, y, = be the edges, and a’ the given volume. Since

TYz=0a% ool .o v ()

the function to be made a minimum is
3 (L‘] 4
u:my+yz+zm—xy+;:—+§. ........... .. (4)

The conditions du/ox =0, du/dy = 0 give
oy =dd, xy’=ad,
the only real solution of which is = y =, whence, also, 2 =a.

It appears from (4) that, x and y being essentially positive in this
problem, there is a lower limit to the surface of the parallelepiped.
And the above investigation shews that this limit is not attained
unless the figure be a cube.

As in Art. 52, the solutions of various problems can be deduced
from known algebraical identitics, such as

P+ yr+r=3{c+y+2)l+@y—zp+@E—ap+@-y)y, ...(5)
ye+ext+ay=a+ 2+ 22—t {(y—2)+(z—a)+ (@ —y)} ...(6)
Thus :

If a straight line be divided into three segments, the sum of the
squares on these 1s least when the segments are equal ;

The surface of a parallelepiped inscribed in a given sphere
(x* + ¥* + 22 = a?) is greatest when the figure 18 a cube.

54. Notation of Differentials.
We return to the equation

Sy o,

S—w‘ = ¢ (m) B o+ 2 (1)
of Art. 48. 'This is equivalent to

Sy=¢' (@) 8z +odz....... ..ooininin (2)

As 8z approaches the value 0, the second term on the right hand
becomes more and more insignificant compared with the first,
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since the limiting value of o is zero. Hecnce it becomes more and
more nearly true that
Sy=¢' (2)8z, ... . il il 3)

not in the sense that both sides ultimately vanish, but in the
sense that the ratio of the two sides approaches the value unity
In this artificial sense, the last equation is often written 1n the

form
dy=¢' (@)de. ...... ...l (4)
The vanishing quantities dz, dy are called * differentials.” *

The student need not take exception to the above mode of
expression, which is purely conventional. Its use is simply to
express the fact that in calculations involving the quantities &z
and 8y, which are afterwards made to approach the limit zero, we
may at any stage replace 8y by ¢’ (z) 8=, whenever it is plain that
the omission of quantities of the second order will make no differ-
ence to the accuracy of the final result.

55. Calculation of Small Corrections.
The equation dy=¢'(x)br ...l (1)

may, moreover, be employed as an approxumate formula to find
the effect on the value of a function of a small change in the
independent variable, since (as we have scen) the outstanding
error will be merely a small fraction of ¢’ (z)8zx provided 8z be
sufficiently small. An 1mportant practical application is to find
the error, or the uncertainty, in a numerical result deduced from
gwen data, owing to given cirois or uncertainties in the data.

The above method 1s defcetive 1n one respect, 1n that there is
no indication of the magnitude of the error involved in the
approximation. 'This is supplied, however, by a theorem to be
proved 1n Art. 56. It is there shewn that

Sy=¢ (@+ 002) éz, ....oovviiinnn e (2)

where 6 is some quantity between 0 and 1. Hence if 4 and B be
the greatest and least values which the derived function assumes
in the interval from z to # + éz, the error committed in (1) cannot
be greater than | (4 — B) dz|.

Exz. 1. To calculate the difference for one mnute 1n a table of
log sines.

If y = log,ysinx, we have dy/dx = p cot ,
and 8y = p cot x b,

* It 18 on account of the position which 1t occupies 1n the formula (4) that ¢’ (x)
received the name ¢ differential coefficient.’
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approximately, provided 8z be expressed in circular measure. Putting

&x = circular measure of 1’ = = 0002909,

—r
10800
we find dy =-0001263 x cot .

The numerical factor agrees with the difference for 1’,in the neighbour-
hood of 45°, as given in the tables.

Fzx. 2. Two sides a, b of a triangle and the included angle C are
measured ; to find the error in the computed length of the third side ¢
due to a small error 1n the angle.

‘We have A=a*+b"—-2abcosC,... ......covnininnnn. (3)
and therefore, supposing C and ¢ alone to vary,
¢de = ab sin C8C,

whence 8¢ = %b sin C8C =asin B8C. .. ...... .4

This result may also be obtained geometrically; thus, if in the
figure ¢ BCB' = 3C, and BN be diawn perpendicular to 458, we have,
ultimately,

8¢ =PB'N=BB cos BB'N = adC .sin CB'A =adC . sin B,

neglecting small quantities of the second order.

c b A
Fig. 33.

Again, to find the error in ¢ due to a small error in the measured
length of @, we have, on the hypothesis that @ and ¢ alone vary,

¢dc = (@ — b cos ) 8a = ¢ cos Ba,
or 3¢ =08 Bda, .eeeoov ciiit cviiiiiii e (5)

a result which, like the former, adnuts of easy geometrical proof.
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668. Mean-Value Theorem. Consequences.
The following very important theorem is an extension of that
given in Art. 49.

If a function ¢ (z) be continuous, and have a determinate
derivative, throughout the interval from = a to = b, then

¢ (b) 4> (@) _

where z, is some value of « between a and b.
Consider the function

¢ (2)— b (a) — _‘?;(!’%_:_‘5_(_‘2 @ =) e @)

This is, under the conditions stated, continuous from z=a to
z=>b, and it obviously vanishes for each of these values of .
Hence 1ts derived function

¢ (b) ¢ (a)

¢ (@) — T —T= . 3)

must vanish for some value (z,, say) of « between a and b, This
proves the statement (1).

The meaning of this result, and the nature of the proof, should be
studied. The geometrical interpretation is as follows. In the annexed
figure, we have

04 =a, 0B =,
PA=¢(a), @B=4(),
N b
and tan QPN = £ ﬂl)’_:;@ ............... (4)

The theorem therefore asserts tha.t (under the restrictions stated) there
is some point between P and @ where the tangent to the curve y = ¢ (x)
is parallel to the chord P@

* 4

—-X
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The equation of the chord PQ is

y=¢(a)+(1’_({%}f(a) (w-a)y .eocee cvee .. . (D)

as is easily verified, and the expression (2) thercfore measures the
difference between the ordinate of the curve and that of the chord.
This difference vanishes at 2 and @, so that there must be one point
at least between P and @ at which 1t is a maximum or a minimum,

Ez. If ¢ () = o,
90 -¢(a)
b—a

we have =b+a,

which is equal to the value of ¢' () for x =1} (a+ b).

This is equivalent to the statement that any chord of a parabola is
parallel to the tangent at the extremity of that diameter which bisects
the chord

The fraction ﬂlﬂg;i’(@’ .......................... (6)
that is, the ratio of the increment of the function to that of the
independent variable, measures what may be called the ‘mean
rate of increase’ of the function in the interval b — a@. Hence the
theorem expresses that, under the conditions stated, the mean
rate of increase in any interval 1s equal to the actual rate of
increase at some point within the interval.

For instance, the mean velocity of a moving point in any
interval of time is equal to the actual velocity at some instant
within the interval.

Some other modes of stating the result (1) are to be noticed.
The fact that 2, lies between a and b may be expressed by putting
Zi=a+00b—a) ccoceeinr v, )

where @ stands for ‘some quantity between 0 and 1" The precise
value of @ will in general depend on the values of « and b.  If we
further write a + /4 for b, we get the very useful form

¢(a,+h)—qb(a)=

) & (@4 Oh), crerera. (8)
or dpa+h)=¢(@)+hd' (@a+6h) ............... (©))

Again, if we write  for a, and 8z for A, we have
Sp(x) =¢' (@ + 08x). 8z ...ooeveninnnn. (10)

X A_fvery important deduction from the preceding theorem is
that 1
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for all values of # within a certain range, then ¢ (z) must be
constant throughout that range.
For if ¢ (x) vary, let a and b be two values of # for which it
bas unequal values. The fraction
¢ (b)) — ¢ (a)

e SOOI (12)
will then be different from zero, and there will therefore be some
intermediate value of x for which ¢'(x) will differ from zero,
contrary to the hypothesis. -

Moreover, if two functions ¢ () and r (x) have equal derivatives
for all values of  within a certain range, they can only differ by a
constant. For, by hypothesis,

¢ @) Y (2)=0, .ot (13)
or g_x {p@—Y(@)}=0. ........ ... (14)
Hence ¢ (z) — Y (z)=const, ........ C e (15)

by the preceding case.

If in place of (2) we consider the more general function

_ _2(6)~¢(a) -y (a 16
@ -9 @~ LD W@y @) - e (10)
we infer that under analogous conditions its derived function
Sy BB (a)
¢ () \/I(b)—-l//(a/)l/' (@) . e L (17)
will vanish for some value of & between a and & The result may be
written
¢(a+h)—¢(a): ¢’ (a+ 6h) (18)
V@i —y(@)  glasohy
Hence if ¢(a)=0, yY(a)=0, ...... . ......(19)
. ) .. ' h
we have limy jégjh)) =lim, ., 3:7((:—1}3 ....... (20)

This is sometimes useful in evaluating the ‘indeterminate form’2.
8 1]

57. Total Variation of a Function of several Variables.

Let U= (Z,Y) ereiiniian e, (D)

be a continuous function of # and y, and further let us suppose
that the partial derivatives
ou ou 9
3 Gy e (2)

are also continuous functions of # and y.
L.Lo 8
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Let du be the increment of u due to increments 8z and dy of
the independent variables; s.e.

Su=¢p@+6x,y+8y) —d(@ y) .eerrennnn. (3)

In the geometrical representation (Art. 34), du is the difference of
altitude of the two points of a surface which correspond to the two points
(x, v) and (x + 8z, y + 8y) of the horizontal plane wxy.

Now if « alone were varied, the corresponding increment of »
would, by Art. 56 (10), be of the form
Pdx, e (4)

where P is a certain function of #, y, and éx. And it appears from
the same Art., and from the meaning of a partial derivative, that
the limiting value of P when &z is indefinitely diminished is

ou
.Po = éz R R R T (5)
Similarly, if y alone were varied, the increment of » would be
Qdy, .. ... il C e (6)
where the limiting value of @, when 8y is indefinitely diminished, is
ou
Qo - a_y D R I R N I N I R A I A R A (7)

Let us now suppose that the actual variation from z, y to
@ + dz, y + 8y is made in two successive steps, in the first of which
x alone, and 1n the second of which y alone is varied. The total
increment of u will then be

Su=DPdx+ Q8Y, ... it (8)

where @ differs from @ owing to the fact that the starting point
of the second variation 18 now (z + 8z, y) nstead of (z, y).

To find the form which (8) assumes when 8z and 8y tend
simultaneously to the value 0, preserving any assigned ratio to one
another, we put

) dx=ae, SY=P¢ .cvieiiiiiiiiirinin.. )
where a, B are constants, and e is infinitely small. We have, then,
du Pa+ QB
Pt Uy = P Qg (10)

In virtue of the assumed continuity of the derivatives (2), P
and @' tend, when ¢—0, to the limits P, and Q,, respectively.
Hence, the smaller 8z and 3y are taken, the more nearly does it
become true that

ou ou
8u=a—w8w+@8y, ..................... (11)



57-58] APPLICATIONS OF THE DERIVED FUNCTION 115

in the sense that the ratio of the two sides is ultimately one of
equality. 'T'his result is often expressed in the form

du = g dw+gu

The symbols d=, dy, du are then called ‘differentials,’ and du is
called the ‘ total differential ’ of u

QY. v, (12)

The above reasoning may be amplified by writing down explicit
values for the quantities which we have denoted by P and . If we
write

g_;l;:‘f’m(x’y), @y, o .. (13)

ou
ay
we have

p_S@+dn y) —$(xy) _ bo (@ +0,82,9), ... ...(14)

o ¢,(x+3w,y+8;/; ¢(w+8w,?/) = ¢, (x + 8z, y + 0,9y), ...(15)

by Art. 56, where 6;, 6, are some quantities lying between 0 and 1.
Hence

Su = (py+ 0,82, y) 8z + ¢, (w+ 8z, y + 0,8y) 8y . ... (16)

Since ¢,, ¢, are assumed to be continuous according to the definition
of Art. 34, the limiting form of this equation 1s

du = ¢ 5% + P, By, C e ..(17)
which is the same as (11).

The equation (11) shews that in the neighbourhood of a maximum or
minimum, the variation of « 1s of the second (or higher) order of small
quantities, since we then have

ou ou

— = 0 = 0 . .o 18
ox ’ a]/ ’ ( )
by Art. 53 Thus, at a point of maximum or minimum altitude on
a surface the tangent plane 18 1n general horizontal. As already
indicated, the converse is not necessarily true. See Art, 51.

The preceding theorem can be readily extended to the case of

any number of independent variables, z, y, z.... We have
8u—g—3w+a By + P Bt e (19)
ultimately.

58, Application to Small Corrections.

The theorem of the preceding Art. can be applied after the
manner of Art. 55 to the calculation of small corrections.

8—32
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Ex. 1. In the case of Art. 55, Ex. 2, the total error in ¢, due to
errors da, 8b, 8C in the observed values of the two sides and the
included angle, is to be found from

3() =250 Uy, W50, (1)

which gives
cdc=(a — b cos C) da + (b —acos C) &b + ab sin C3C,
or d¢ = cos Bda + cos 48b + asin B5C ... .. ... oo (9

Ex. 2. If A be the area of a triangle, as determined from a measure-
ment of two sides a, b, and the included angle C, we have

A=1}absinC,  ..... e n(3)
whence logA=log} +1loga+logb +logsinC. .... ...(4)
Hence, differentiating,

8A da &b
z‘—"-;-‘l'—b- +cot C8C. ... ..... .. ... (5)

This gives the ¢ proportional error,’ i.e. the ratio of the error (8A) to
the whole quantity (A) whose value is sought. 1n all measurements it
is the proportional error, rather than the actual magmtude of the error,
which is of importance.

An 1mportant point brought out by the investigation of Art. 57
is that the small variations of a quantity due to independent
causes are superposed. 'This follows from the linearity of the
expression for éu in terms of &z, 8y, oz, ....

Thus, in determining the weight of a body by the balance, the
corrections for the buoyancy of the air, and for the inequality of the
arms of the balance, may be calculated separately, and the (algebiaic)
sum of the results taken. The error involved 1n this process will be
of the second order.

59. Differentiation of a Function of Functions, and of
Implicit Functions.

Another 1mportant application of the formula (11) of Art. 57 is
‘to the differentiation of a function of functions, and of impheit
functions.

1°. Thus if U=P (B, Y)eeerreniiiniinininnnnens. (1)
where @, y are given functions of a variable ¢, we have, ultimately.
Su_0p sz  0¢ 8y
'S—t = 9—15 '8—t + 5-3; gz g esesetcasnsatienraans (2)
du_opde 0 dy

or dt"awdt'*'@'?d—t' .................. 3)
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This may be applied to reproduce various results obtained in
Chapter 11. To conform to previous notation we may write

y=¢ (4, v),
where %, v are given functions of x; the formula (3) then takes the
shape
dy dpdu dpdv

ar aad—x + 8_5ch' ........................(4:)
Thus, if D (Uy D) =UDy ceiieiirniiiiereinnineiann.. (5)
we have 0pfou =v, dpfov=1,
d(uv) du dv
and therefore g UG Uy e (6)
in agreement with Art. 30.
Again, if by, v)=2u" ... ... .. . . (M
we have 9/ = vu®Y, 9p[dv =u’. logu,
by Arts. 28, 42. Hence
d oy AW . dv
d——a—;(u”)—vu (75+u"10°u07;;, ............ . (8)

in agreement with Art 45 (7).
2°. Again, if y be an implicit function of z, defined by the

equation
P (@y)=0, .ccooviiiiiiiiii )

then differentiating this equation with respect to #, we have
Opdx 0pdy
o do By do™
op 9P dy
or % + a—‘& '(‘z; =0, ciiiiiiiiiiiiieieranes (10)

This is an extension of a result given in Art. 35.

60. Geometrical Applications of the Derived Functions.
Cartesian Coordinates.

We have seen (Art. 24) that if 4 denotes the angle which the
tangent, drawn to the right, at any point of the curve

Y=P(®), corier i e (1)

makes with the positive direction of the axis of , then
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With the help of this formula, several magnitudes connected with
a curve may be expressed in terms of «, y, and dy/dz.

Y

Fig. 35.

If the tangent and the normal at the point P mcet the axis of
2 in T and @, respectively, and 1f M be the foot of the ordinate,
then T'M is called the ‘subtangent’ and MG the ‘subnormal.’
Hence we find

subtangent = TM = MP cot ¢ =y + Z—Z jeriee eeeenans 3)
subnormal = MG = MP tan =y g—%, .................. 4)

tangent = T'P = M P cosec

_ dy\"\ ¢ _ dy
_y{l + (%)} S ANG!
normal = PG = MPsgecyr =y {1 + %)BP. ...... (6)
Again, the intercepts of the tangent on the coordinate axes are

)

OT=0M-TM= -
dy

dz } ... (7
- oW
OU—TOtan\]r—-y——a:dE.
Ex. 1. In the parabola 3?=4ax, ....... . ... ... (8)

we have, differentiating both sides with respect to x, and dividing by 2,

which shews that the subnormal is constant and equal to 2a.
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Again, the subtangent is
dy

g/2
y—%:- 25:298, ......... cees (10)

and is therefore double the abscissa; in other words, the origin O
bisects 7M.

Ex. 2. In the hyperbola

wy="Hk, ... e ..(11)
d,
we have a:gwy-+y=0 ..... ..(12)

Hence the formule (7) for the intercepts of the tangent on the co-
ordinate axes give 2x, 2y as the value of these intercepts, respectively
Hence M bisects 07, and therefore P bisects 7'U, i.e. the portion of
the tangent included between the coordinate axes 1s bisected at the
pownt of contact.

Y

v

N P

o) M T X

Fig. 86.

Again, the product of these intercepts is equal to 4ay, or 4%
Hence the area of the triangle OT'U 1s constant and equal to 24

Ex. 3. More generally, in the curve

a™y" =const., ... ... eenen .l . (13)
we find, taking logarithms of both sides and then differentiating,
m ndy
:v—+"—l/-;—[.—v—0. cee e eereniieans (14)
. dy n_ m+n
This makes OT—m—y/E—w =X A L=

Hence UP:IT=0M: MT=2:"a=m:in, ... (15)
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that is, the tangent UZ' is divided in a constant ratio at the point of
contact.

This includes the two preceding cases. In the parabola (Ex. 1) we
had m= -1, n=2; in the hyperbola (Ex. 2) m=1, n=1.

An important physical example is that of the ‘adiabatic’ relation
between the pressure and the volume of a gas, viz.

prY=const.  ..ooin o ceiieiieenn. (16)

If a curve be constructed with v as abscissa and p as ordinate, the
tangent is divided at the point of contact in the ratio v:1.

Ex. 4. In the ellipse

at
A an
we find, on differentiating,
&, Yy
@ pde™ o
dy b
whence ds= @yt oo (18)

The intercept made by the tangent on the axis of « is
dy a’y? a? N\  a?
0T~a:—y/(—k-v~x+;b—,-x+ ;(1 —a2>_ 2’
whence OM .OT=0d% ...covvviiiae cone v ois (19)

‘The intercept made by the normal is
dy b
0G=x+ya—w=(1—a—,)x=e’.oni, ........... (20)
where e is the eccentricity.

61. Coordinates determined by a Single Variable.
A curve is sometimes defined by means of two equations of the

type
z=¢ @), y=x@) ccvrveeininins veenn(1)

giving the coordinates in terms of a subsidiary variable .

For example, in Dynamics, the coordinates of a moving particle
may be given as functions of the time.

If we take any convenient series of values of ¢, we can calcu-
late the corresponding values of # and y, and so plot out as many
points as we please on the curve.

If 8w, 8y, 8t be simultaneous increments of z, ¥, ¢, we have
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and therefore in the limit, when 8¢ is indefinitely diminished,

dy dy dz
tan\[r=%=m-:—a¥. ..................... (2)
Ex. 1. 1In the ellipse
x=acos¢, y=bbsing, ....... ... (3)
we have tan;p:% Z—;:-—abcot¢. e e (4)
Ex. 2. 1In the case of a projectile mox;ing under gravity, we have
T=a+ul, Y=0+0t—49% .cooiiiiiiiinin. (6)
whence tan ¢ = dy [d= _v—gt .

dt] dt = u

(]
62. Equations of the Tangent and Normal at any point
of a Curve.

1°. If (z,y) and (xz+ 6z, y + 8y) be the coordinates of two
points P and @ on a curve
Y= (), evreviiiiiiians vivnannns (D)

the coordinates (£, ) of any other point on the line PQ satisfy the
relation

f-z_n-y
Sw = oy 0 e (2)
S
or n—y=g3{;(f—~x); .................... (3)

see Fig. 19, p. 45. In the limit, when @ approaches P indefinitely,
this takes the form

n—y:%%@—x) .................. o.(4)

which is the equation of the tangent-line at P.

Since the gradient of the normal is the negative reciprocal of
the gradient of the tangent, the equation of the normal is

E-D+-DD =0 e )
2°. If the coordinates are expressed in the form
z=0¢(), y=x@), ceririiiiiiiinn, (6)
we have, from (2), at points on the secant P
E-2_n-y )

m—m‘z. ........................
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The equation of the tangent at P is therefore

E—ax_n—y
T~y o ®)
dt dt
It easily follows that the equation of the normal is
dz d;
(f—w)m+(n—y)£=0 .................. 9)
3° If the equation of the curve is given in the form
bz, y)=0, ...... ....... .. (10)
we have, by Arts. 35, 59,
dy _ _ 9% /0
G = ae)y s e e e (1D
The equation of the tangent is thercfore
o 0p _
(E— -’L‘) 56;' + ("7 - y) 5& e (12)

This follows also immediately from the fact that for an infinitesimal
displacement of P along the curve we have 8¢ =0, or

0 0bs _

5‘; 8x+5§3y-—0 ..................... (13)

Since, from (2),

Oz 8y =E—Z:m—1, .iiiiiiiiiininnn. (14)
the form (12) results.

The equation of the normal is

E-—z _n—y
B = e 15
% - % (15)
oz oy
Ez. 1. In the parabola
Yi=daxr . ........ ... (16)
dy _2a
we have C_Z;— Ty—. ........ N . .(17)

The equation of the tangent is therefore

2
,,_3,=?/‘_‘(g-x), .................... (18)
which reduces, by (16), to the usual form
MY =20 (E+ L) evvaiiiiriininnine conen. (19)
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Ex. 2. If the coordinates be given in the forms

x=aty, y=2at, .......ccoovennnnn .(20)
the formula (8) for the tangent gives
-z
%—:n—y,. e (2D
which reduces to
'r)=§+at....‘ e e (22)
The equation of the normal is
(—z)t+n—-y=0,...... . .l (23)
or té+m=at® + 2at. e (24)

Since this is of the third degree in ¢, three real or imaginary normals
can be drawn from any arbitrary point (&, ).

Exz. 3. The equation of the tangent at any point of the central
conic

A+ 2Hoy + Byt=1 ... . ... (25)

is, by (12),
(¢-=z) (Az + Hy) + (n—y) (Hx + By)=0, . ...... (26)
or (dx+ Hy) ¢ + (Hx+ By)n=1. .....c.ccouie. (27)

63. Polar Coordinates.

Let P, P’ be two neighbouring points on a curve, and let r, 8
be the polar coordinates of P, and »+ ér, 8 4+ 36 those of P'. If
we join PP, and draw PN perpendicular to OF’, we have

PN =O0P sin PON =17 sind4,
P'N=0P —ON =7+ & —r cos 80 =&r + r (1 — cos 80).

P’

Fig. 87.
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When 88 is indefinitely diminished, the ratio of sin 80 to 86 tends
to the limiting value unity, and 1 — cos 86, = 2 sin? $80, is a small
quantity of the second order. Hence we may write

PN rd&6
P—,—N=-g+0', ................. (1)

where o is a quantity whose limiting value is zero. Hence ulti-
mately, when P’ coincides with P, we have, if ¢ denotes the angle
which the tangent to the curve at P, drawn on the side of 6
increasing, makes with the positive direction of the radius vector,

do
tan ¢ =17 Jro rerreenreeeeeeseees 2)*

tan PP'O =

Here 6 is regarded as a function of ». If r be regarded as a
function of 8, the formula is

1dr
cot = pet7- RRLTTLLIPTTTTPPPIIRPRPPIED 3)
Ex. 1. 1In the circle r=2as8inf . ............. ..(4)
we have log 7 = log 2a + log sin 6,
1dr
and therefore 6= cot 0,
whence cobp=cotd, or ¢=0. ....coeveiiiiinannnn (5)
-—é‘
P
Y/
‘\‘0
0
Fig. 38.

* The argument, which is an application of a principle stated in Art. 23, may
be amplified as follows. We have, exactly,

r 8in 80 __ 80 sindg 1

or+2rem?4s0 'or 80 14739 306

tan PP'O = ’
g R 350

and the limiting value of this is evidently rd6/dr.
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Ex. 2. When the radius vector of a curve is a maximum or a
minimum, it is in general normal to the curve,

For if dr/df = 0, we have cot ¢ =0, or ¢ = Im.

Ex. 3. 1f the normals to a curve all pass through a fixed point,
the curve must be a circle.

For, by hypothesis, if the fixed point be taken as pole, we have
= 4, and theiefore dr/df = 0, for all values of §. Hence r = const.

EXAMPLES. XV.

1. Verify the theorem of Art. 49 in the following cases :
(1) ¢@=@E-a)"(z-0)",
z* +ab
() ¢ ()=log s
(3) ¢(x)= f‘_"__ﬂ)_(f___b)

2. Prove that the curves
y=at— 62>+ 9a? + 4 - 12,
and y=at—a*-3a® + dr - 2,
touch the axis of x, and find where they cut it. Trace the curves.
3. Prove that when x increases through a root of ¢ (x)=0, ¢ (x)

and ¢’ () will have opposite signs just before, and the same sign just
after, the passage. Does this hold in the case of a double root$

22

4 If, for a>x> 0, ¢(a7)=———a,
2
and, for x> a, ¢>(x)—a—_—
whalst for x = a, ¢ (x)=0,

prove that ¢ (x) and ¢’ (x) are continuous from x=0tox=w. Trace
the curve y = ¢ ().

5. Examine whether the equation
?—-122+16=0

has double roots. Draw the graph of the function on the left-hand
side.

6. Shew that the curve

y=8x"—44x*+ 782 — 45
touches the axis of «; and find where 1t cuts 1t.
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Also find the points where the tangent 1s parallel to the straight
line

2¢ +y=0.
Sketch the curve.

7. Determine the coefficients 4, B, C, D so’that the curve
y=Ada®+ Ba?+ Cax+ D

may pass through the point (- 2, 8), touch the axis of « at the point
(2, 0), and have 1ts tangent parallel to the axis of x at the pomnt for
which x=—1.

8. Prove that the expression
(z-1)e"+1
is positive for all positive values of x.
9. Prove that sina lies between
x—32® and x— Fad+ 1105
Also that cosa lies between
l-3a® and 1 - 3o+ gpat
10. Prove that, if 2% <1, log (1 + x) lies between
x—3a* and x—La®+iad,
11. Prove that, if 2 < 1, tan— z lies between

-1 -1 16
x-1a® and x—Ltad+ 1ol

EXAMPLES. XVI.
(Maxima and Minima.)

1. Prove that in the rectilinear motion of a point, the velocity is
a maximum or a minimum when the acceleration changes sign.

Tllustrate this from the sumple-harmonic motion
8 = @ Ccos nt.
2. Find the maxima or minima of the function
ot — 8a® + 2227 — 24 + 12,
8. Prove that the function
2a* — 3x? — 362 + 10
is & maximum when # =— 2, and a minimum when z =3,
4, The function 4o — 1822 + 27 -7
has no maxima or minima,
5. TFind the stationary points of the function
o® — bt + b + 1,
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and examine for which of them the function is a maximum or
minimum.

6. Prove that the function
10a® — 122° + 152 — 20.® + 20
has a minimum value when x =1, and no other maxima or minima.
7. Examie whether the equation
P-4 -3 —-2=0

has a multiple root. Tind the stationary points of the function on the
left-hand side, and sketch 1ts graph.

8. Prove that the curve
y=u'— 2 - 3x? + 4 + 4
touches the axis of @ at two pownts, and find 1ts maximum ordinate.
Sketch the curve.
9. Prove that the function
x f(ax — &)
18 a maximum when x = §a.
10. Prove that the function
(x—1)
(x+ 1)

has a maximum value %, and a mmimum value 0.

11. Prove that the expression
1+a+al
1=w+ o
has a maximum value 3, and a mmimum value 3.
2
12 The function “;4@:;12
wt—at+ 1

has a maximum value 2, and a mmimum value — 2,

13. The function _c_c_Lm-’_— )
at—at+ 1
has two maxima, each =}, and two minima, each = - 3.

14, Find the stationary points of the function
o+ 220+ 9
x (w?+3) ’
and draw its graph  [The stationary points are given by «*=1, 3, 9]
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15. Find the stationary points of

522 — 18z + 45
—Z-9 [z=1, 9]
and sketch the graph.
. x
16, The function @i G a)
18 & maximum when « = ,/(ab), and a minimum when x=— ,/(ad).

17. Prove that the function
my (x— )% + mg (X — x)* + ... + My, (x—,)?
is a minimum when
M B + MLy + ... + My Xy
T tmat ... +m,
18. The velocity of waves of length A on deep water is pro-

portional to
A a
(G+3)

where a is a certain linear magnitude; prove that the velocity is a
minimum when A =a

19 If the power required to propel a steamer through the water
vary as the cube of the speed, the most economical rate of steaming
against a current will be at a speed equal to 1} times that of the
current.

20. A copper wire is required to carty a given current from
one electrical station to another. Prove that the most economical
diameter of the wire is that which makes the interest on the cost
equal to the value of the energy lost in heating the wire. (The rate
of loss of energy varies inversely as the cross-section.)

21. The daily expenses of a steamer consist of wages, interest on
capital, and coal. If the rate of coal-consumption vary as the cube of
the speed, shew that if a voyage be performed at the most economical
speed, the cost of coal will be half the amount of wages and interest.

22. Two ships are steaming, one directly towards, the other
directly from, the same port, on courses making an angle of 60° with
‘one another ; and their speeds are as 2 : 1. Prove that at the instant
when they are nearest one another their distances from the port are as
4:0.

23. The force exerted by a circular electric current of radius @ on
a small magnet whose axis coincides with the axis of the circle,
varies as
x

(a* + 2)t’

where x is the distance of the magnet from the plane of the circle.
Hence prove that the force is a maximum when « = ja.
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24. Prove that the expression
acos 6 +bsinf
has the extreme values + ,/(a®+ 0?%).

25. Prove that sin (6 — a) cos (60— )
is a maximum or a minimum when

0=1%(a+B)+ 7+ Linm,

according as » is even or odd.

28. The inclination of a pendulum to the vertical, when the re-
sistance of the air is taken into account, 1s given by the formula

0 =ae*cos (nt+¢€);

prove that the greatest elongations occur at equal intervals w/n of

time, and that they form a series diminishing 1 gcometrical pro-
). (=]

gression

27. Find the maximum ordinate of the curve
Yy =xe %,
Trace the curve.
28 The curve y=xlogx
has a mimimum ordinate — *3678....

Trace the curve.

29. Prove that the ratio of the logarithm of a number (x) to the
number itself is greatest when x =e¢

30. Prove that i1f a > b the expression
a coshx + bsinhx

has the minimum value ./(a®— b?), but that if @ <b it has neither a
maximum nor a minimum

31. Prove that the function
cosh « + cos
has & minimum value when =0, but no other maxima or minima
32. Prove that the function
cosh z cos x

has a maximum value when =0, a minimum value when =4
(nearly), and a secries of alternate maxima and mimma corresponding
to x =nm + }r, approximately, where n=1, 2, 3

83. TFiud the maxima and minima of the function

cosh « + cos 2

1+coshzcosew”
L.IG. )
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EXAMPLES. XVII
(Geometrical Problems.)

1. The rectangle of least perimeter for a given area is a square.

2. 'The rectangle of given permmeter which has the shortest
diagonal is a square

8 The greatest rectangle which can be inscribed in a given
triangle has one-half the area of the triangle.

4. A rectangle is inscribed 1n a right-angled triangle, so as to have
one angle comcident with the right angle; prove that its area 1s a
maximum when the opposite corner bisects the hy pothenuse.

Shew also that under the same circumstances the perimeter of the
rectangle has neither a maximum nor a mmimum value.

5. Find the rectangle of greatest or least perimeter which can be
inscribed in a given circle

68 If through a given point 4 within a circle a chord PA@ be
drawn, the sum of the squares of the segments £4, 4Q 1s least when
the chord 1s perpendicular to the diameter through A4, and greatest
when the chord coincides with the diameter

7. Given a fixed straight line, and two fixed points 4, B outside
it, it is required to find a point P 1n the strarght hne such that
AP? + PB? shall be a mimmimum

8. TFind the square of least area which can be inscribed in a given
square , and the square of greatest area which can be circumscribed to
a given square.

9. A quadnlateral AP@QB is inscribed 1n a segment of a circle,
AB being the base of the segment. Piove that when the area 1s a
maxunum

AP=PQ=@5.

10. A straight hine drawn through a pont (a, b) meets the (rect-
angular) coordinate axes in P and @, respectively; prove that the
minimum value of OP + 0Q is

a+2,./(ab) +b.

11. A straight line 1s drawn through a fixed point (a, b); prove
that the mimimum length intercepted between the coordinate axes
(supposed rectangular) is

(a§ + 08)3,
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12, A rectangular sheet of metal has four equal square portions
removed at the corners, and the sides are then turned up so as to form
an open rectangular box. Shew that when the volume contained in
the box is a maximum, the depth will be

t{a+b— J(a®—ab + %)},
where a, b are the sides of the original rectangle.

13. At what distance from the wall of a house must a man whose
eye 18 b feet from the ground station himself 1n order that a window
5 feet high, whose sill 18 20 feet from the ground, may subtend the
greatest vertical angle?

14. 1t is required to cut from a eylindrical tree-trunk a beam of
rectangular section of maximum fexural rigidity; prove that the
breadth of the section must be ! the diameter, and 1ts depth 866 of the
diameter. (Assume that the flexural rigidity varies as the breadth and
as the cube of the depth.)

15. A straight road runs along the edge of a common, and a
petrson on the commmon at a distance ot one mile from the neatest point
(4) of the road wishes to go to a distant place on the road in the least
time possible. TIf his rates of walking on the common and on the road
be 4 and 5 miles an hour, respectively, shew that he must strike the
road at a point distant 1} miles from 4

16. Find at what height on the wall of a room a source of hght
must be placed in order to produce the greatest brightness at a pomnt
on the floor at a given distance & from the wall. (Assume that the
brightness of a surface varies inversely as the square of the distance
from the source, and directly as the cosine of the angle which the rays
make with the normal to the surface )

17. Two paiticles P, @ describe fixed straight lines intersecting 1n
0, with constant velocities w, . Prove that if 4, B be simultaneous
positions of the particles, and if Od=a, OB =6, L AOB= o, the dis-
tance PQ will be least after a time
au + bv — (av + bu) cos w
u? — 2uv cos w + v

and that the least distance will be

?

(av ~ bu)sin v
(@ = 2uv cos w + 07
18. Prove that the greatest rectangle which can be inscribed in a

segment of a parabola bounded by a chord perpendicular to the axis
has a length equal to § that of the segment.

19. The greatest rectangle which can be inscribed 1n a given
ellipse has its diagonals along the equi-conjugate diameters.

9—2
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20. If the length of a tangent to an ellipse intercepted between
the axes be a minimum, the tangent is divided at the point of contact
into two portions equal to the semi-axes of the ellipse, respectively.

21. If a tangent to an ellipse includes with the principal axes
(produced) a triangle of mimmum area, 1t 1s parallel to one of the equi-
conjugate diameters.

22. A circular sector has a given perimeter , prove that the area
18 a maximum when the angle of the sector 13 2 radians, and that the
area is then equal to the square on the radius

23. If a triangle have a given base, and if the sum of the other
two sides be given, the area is greatest when these two sides are equal.

24 A quadnlateral has 1ts four sides of given lengths, 1in a given
order ; prove that 1ts area 1s greatest when 1t can be inscribed 1 a
circle.

EXAMPLES. XVIII

[The following results may be assumed .

(1) The curved surface of a right circular cylinder of height 4
and radius a is 27ak ;

(2) 'The volume of the same cylinder 15 wa’h ;

(3) The curved suiface of a right circular cone of height 4,
base-radius a, and slant side  is wal ,

(4) The volume of the same cone is 1mra®h;
(5) The surface of a sphere of radius @ 18 47wa?;
(6) The volume of the same sphere is $wa? ]

1. The cylinder of greatest volume which can be inscribed in a
given sphere has a volume equal to 5773 of that of the sphere

2. The cylinder of greatest superficial area which can be 1nscribed
in a given sphere has a surface equal to ‘8090 of that of the sphere

8. The cyhinder of greatest volume for a given superficial area has
its height equal to the diameter of the base, and 1ts volume 18 ‘8165 of
that of a sphere having the given superficial area.

4. TFind the cylinder of least surface for a given volume; and
prove that the ratio of its surface to that of a sphere of equal volume
18 1-145.

5. Tind the proportions of a thin open cylindrical vessel in order
that the amount of material required may be the least possible for a
given volume.

[The height must equal the radius of the base.]
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8. A cylinder is inscribed in a right circular cone; prove that its
volume is a maximuin when 1ts altitude 18 § that of the cone, and that
its volume is then 4 that of the cone.

7. If a cylinder be inscribed 1n a right circular cone the curved
surface is a maximum when the altitude of the cylinder 18 } that of the
cone.

Shew also that the fotal surface of the cylinder cannot have a
maximum value 1f the semi-angle of the cone exceeds 26° 34’ [= tan—? }].

8. The cone of greatest volume which can be inscribed in a given
sphere has an altitude equal to  the diameter of the sphere,

Prove also, that the curved surface of the cone is a maximum for
the same value of the altitude.

9. 1If a right circular cone be circumscribed to a given sphere, its
volume will be a minimum when the altitude 1s double the diameter of
the sphere. Shew also that the semi-vertical angle will be 19° 28

[=smn ]
10 The right circular cone of greatest surface for a given volume
has an altitude equal to /2 times the diameter of the base.

11. From a given circular sheet of metal it is required to cut out
a sector so that the remainder can be formed into a comical vessel of

maximum capacity ; prove that the angle of the sector removed must
be about 66°.

12. An open 1rectangular tank is to contain a given volume of
water, find what must be its proportions in order that the cost of
lining it with lead may be a minimum

[The length and breadth must each be double the depth.]

13. Given the sum of three concurrent edges of a rectangular
parallclepiped, find its form in order that the surface may be a
maximum.

14. Prove that the parallelepiped of greatest volume which can be
inscribed in a given sphere is a cube,

15. Prove that the rectangular parallelepiped of greatest volume
for a given surface 1s a cube.

16 If a triangle of maximum area be inscribed in any closed oval
curve the tangents at the vertices are respectively parallel to the
opposite sides.

17 If a triangle of minunum area be circumscribed to a closed
oval curve, the sides are bisected at the points of contact.

18. The triangle of maximum area inscribed in a given circle is

equilateral ; and the triangle of minimum area circumscribed to the
circle is also equilateral.
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19. A polygon of maximum area, and of a given number (n) of
sides, inscribed 1n a given circle is regular, and a polygon of minimum
area, of n sides, circumscribed to the circle is also regular.

20. Assuming that the rectangle of greatest area for a given
perimeter is a square, explain how it follows immediately that the
rectangle of least perimeter for a given area is a square.

‘What inferences can be drawn in like manner from the results of
Examples 13 and 15, above ¢

21. The polygon of n sides, which has maximum area for a given
perimeter, or minimum perimeter for a given area, is regular. (Assume
the result of Example 24, p. 132.)

Hence shew that the figure of maximum area for a given perimeter,
or of miniroum perimeter for a given area, is a circle.

22. By the regulations of the parcel post, a parcel must not
exceed six feet in length and girth combined; prove that the most
voluminous parcel which can be sent 13 a cylinder 2 feet long and
4 feet in girth, and that its volume 1s 2:546 cubic feet.

EXAMPLES. XIX.
(Small Variations.)

1. Prove that in a table of logarithmic tangents to base 10 the
difference for one minute 1n the neighbourhood of 60° will be -00029,
approximately.

2. The height & of a tower is deduced from an observation of the
angular elevation (a) at a distance a from the foot; prove that the
error due to an error da 1n the observed elevation 1s

oh = a sec? a.da.

If a =100 feet, a = 30°, and the error in the angle be 1’, prove that
8k = *47 inch.

- 8. Find the cube root of 101, having given that the cube root of
100 is 4-6416. [4-6570.]

4. Having given log, 10 =2:3026 find an approximate value of
log, 101. [4 6151.]

5. In a table of anti-logarithms (y=107%) the entry opposite 4 is
2:511886, find the anti-logarithm of ‘40005 (u = -434294).

(2512176.]
6. An angle 1s to be found from its log-tangent. Find in seconds
of arc the error in the angle due to an error of ‘0001 in the calculated
log tangent, the angle being in the neighbourhood of 30°.  [20-6".]
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7. Prove that in a table of log-secants to base 10 the difference for
one minute in the neighbourhood of 30° is ‘00007, nearly.

8. Having given cosh 5 = 74:2099, calculate the value of cosh 5 001.
[74-2841.]

9. Having given tanh -5 = 46212, find tanh *501. [46291 ]

10. Prove that if ¢ () be continuous and differentiable, except
for x =x,, when it becomes infinite, then ¢’ («;) is also infinite.

11. In a tangent galvanometer the tangent of the deflexion of
the needle is proportional to the curient, prove that the proportional
error in the inferred value of the curient, due to a given error of
reading, is least when the deflexion 1s 45°.

12. The distances (a, ") of a point on the axis of a lens, and of
1ts 1mage, from the lens, are connected by the relation
1 1 1
-3 == .

R

prove that the longitudinal magnification of a small object is (x'/x)3

13 A crank OP revolves about 0 with angular velocity w, and a
connecting rod P@ 1s hinged to it at P, whilst @ 18 constrammed to
move in a fixed groove OX. Piove that the velocity of @ 15 w. OR,
where R 18 the pomnt in which the line @27 (produced 1f necessary)
meets a perpendicular to OX drawn through O

14. If the density (s) of a body be inferred from its weights
(W, W’) 1n air and in water respectively, the proportional error due to
errors SW, 8 W' 1n these weighings 1s

ds w’ s S’

s T W=ww WD
15. The radius = of a sphere 1s found by weighing it 1n air and in
water. Prove that the proportional error, due to swmall errurs i these
weighings, 1s
o  8W,-8W,
r o 3(Wi=W,)’
where W,, W, are the weights 1n air and water, respectively.

16 The error 1n the area (S) of an ellipse due to small erro1s 1
the lengths of the semi-axes a, b 15 given by
&S da b
o =+ 5
S a b
17. If the three sides @, b, ¢ of a triangle are measured, the error
1n the angle 4, due to given small errors in the sides, 1s
smd 3 80 5
S « < cot()—-—cotb‘%?.

3~ BanC a '
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18. If the area (A) of a triangle be computed from measurements
of one side (a) and the adjacent angles (B, ('), shew that the pro-
portional error in the area, due to small errors in the measurements, is
given by

A 9 3 e¢ 8B b &C
AT e asmBs T asmo
Also, verify this result geometrically.

19. The area A of a triangle is ecalculated from the lengths of the
sides @, b, ¢ If a be diminished, and & 1ncreased, by the same small
amount a, prove that the consequent change in the area is given by

oA Z(a-fl)) a
A = (a=b)"

20. The altitude of a triangle is computed from measurements of
the base @ and the base-angles B, . If small crrors 88, 8C be made
in the angles, the consequent proportional error in the altitude 1s

sin C sinB
sinAdsm B T sm A ¢

oC.
21. If a triangle ABC be slightly varied, but so as to remain

inscribed 1n the same circle, prove that

da &b 8¢

+ o —— =
cosd cos B cos(

22 TIf ABCD be a deformable plane quadrilateral of jointed rods,
and if x, y be the lengths of the diagonals 4C, BD, the infinitesunal
vanrations of these lengths are connected by the relation

sin 4 s C . xdx + s Bsin D. ydy =0.

EXAMPLES. XX,
(Geometrical Applications.)

1. Prove that the condition that the tangent to a curve should
pass through the origin is

y_ %
x  dz’

2 Prove that the straight line y=2z-1 is a tangent to the
curve

y=o*—x+1.
3. Prove that the straight line ¥ = 22 — 1 touches the curve
y=a*+ 20 — 3% — 2+ 3

at two distinct points,
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4. Prove that the curve
y=a—62°+ 1322~ 1l + 4

touches the straight line =« twice; and find the abscisse of the
points of contact of the remaining tangents from the origin.

5. Find the points on the curve
y=2'— 6.+ 132> - 10x+ 5

where the tangent is parallel to y = 2z ; and prove that two of these
points have the same tangent.

6. Find the equations of the tangents which can be drawn from
the origin to the curve
y =42t —122% + 92 — 2z,
Also find where the tangent is parallel to the axis of . Give a
figure.

7. Prove that the perpendicular drawn from the foot of the
ordinate to the tangent of a curve 1s

K
v-{1+(Z)}
Hence shew that in the catenary y = ¢ cosh x/c this perpendicular is

constant.

8. Prove that the perpendicular from the origin on the tangent is

(=B @)

Verify that in the circle
y=1 (a2
this perpendicular 18 constant, and that in the rectangular hyperbola

xy =k
o s 242
it is equal to JE
9. In the exponential curve (Fig 24, p. 77)
y = be®l%,

the subtangent is constant, and the subnormal is y*/a.

10. In the catenary y = ccosh a/c,

the subtangent is ¢coth x/c, the subnormal is }c¢sinh 2@/e, and the
normal 18 y%/c.

11. The subtangent of the curve

yn = au—l w
is nx.
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12. Prove that the curve
xX n g)n _
(J +Q =2
Y_o

-— + -
b
at the point (e, &), whatever the value of 7.

touches the straight line

13. In the curve of sines

®
y=bsm-,
a

the subtangent is atan x/a, the subnormal is }%*/a.sin 2x/a, and the

normal is
bsm~ /(1 +—cos —>

14, Prove that the curves
y=e"rgin Bz, y=e %

touch at the points for which Bx=2nz + 1w, where n is integral
Sketch the curves.

15. Prove that a pair of straight lines can be drawn through the
origin, each of which touches all the curves obtammed by giving ¢
different values 1n the equation

x
y:ccosh;.

16. 1If a curve be constructed with the velocity (v) of a moving
point as ordinate, and the space described (s) as abscissa, the accele-
ration will be represented by the subnormal.

17. If a curve be constructed with the kinetic energy (mv?) of a
particle as ordinate, and the space s as abscissa, the force will be
represented by the gradient of the curve.

18. Prove that the equations of the tangents to the curves

'l
yr=2"a""1a, xn+ = 1
may be put in the forms

m’l n-1
=2 ot (n=Nam) T+ B,

respectively.

19. Tangentsaredrawn to a conic ¢ (2, y) = 0 parallel toy =max + ¢,
prove that the equation of the line joining their points of contact 1s

%

% .m0

oy
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20. Chords of a closed oval curve of finite curvature are drawn
parallel to a fixed direction; prove that there 1s at least one chord of
the system such that the tangents at its extremities are parallel.

21. Prove that in the ellipso

x=acos(f+a), y=bcos(0+}p)
the tangent at the point 6, will be parallel to the radius drawn to the
point 6, if 6, — 6, =+ 4.

22. I'nd the values of @ corresponding to the principal axes
of the ellipse

x=acos0+a'sinf, y=bcosd+b sinb.
2 (aa’ + bb")
[tan 20= 2]
23. Prove that the condition that the normal to the curve

$(x,y)=0
should pass through the origin 18
b 3 _
Y=
Deduce the equation of the principal axes of the conic

Ax? + 2Hxy + By =1.

24. Prove that if b > 2a three real normals can be drawn from the
origin to the parabola

@x

' =4 (y + D).

25. Find the intercepts made on the coordinate axes by the
normal at any point of the rectangular hyperbola

@'~y =a?;
and prove that the difference of their squares is constant.
26. Prove that the equation of the tangent to the hyperbola
v=kt, y==rk/t
is x + thy = 2kt.
27. If o+ y*=al prove that a®+ y% is a maximum when z=+y.

Trace the curve; and prove that its greatest radial deviation from the
circle a? + y?= a? is *189a.

28. Prove that in the parabola
_a
sin*10’
the focus being pole, = — 16,

r=

and hence shew that the tangent makes equal angles with the focal
distance and the axis.
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29. Two adjacent points £, P’ on a curve being taken, straight
lines PR, P'R are drawn at nght angles to the radii; prove that the
limiting value of PR, when P coincides with P, is dr/d6.

30 If ¢ be the angle which the tangent to a curve makes with
the radius vector drawn from the origin, prove that

e _y

dx

duw
31. Prove that in the rectangular hyperbola

tan ¢ =
z+y

7?2 cos 20 = a?

the lines bisecting the angles hetweon the radius and the tangent are
constant i direction,

32. Prove that the equation of the tangent to a curve

|
T =/ (0)
at the point 6 = a is

1
- =/f(a)cos (0 - a) + £’ (a) sin (6 - a).
Hence prove that the equation of the tangent to the conie

—l=1+60030
r

is £=ec050+cos(0-—a).



CHAPTER V
DERIVATIVES OF HIGHER ORDERS

64. Definition, and Notations.

If y be a function of #, the derived function dy/d« will in general
be 1tself a differentiable function of 2 The result of differentiating
dy/dz is called the ‘sccond differential cocfficient, or ‘second
derivative’ If this, again, admits ot differentiation, the result is
called the ¢ third differential coefficient,” or ‘ third derivative’; and
SO on.

If we look upon d/d« as a symbol of operation, the first, second,
third, ..., nth derivatives may be denoted by

i (@)-» (@) Gl v

respectively. The more usual forms are

dy @y dy d"y

de’ da*’ da?’ 7 da™’

which may be regaided as contiactions of the preceding, although
(historically) they arose in a different inanner.

Again, writing D for d/dz, as in Art. 25, we have the forms
Dy, D*y, Dy, ..., D"y
If y=¢ (),
the successive derivatives are also denoted by
¢ (@), ¢"(2), ¢ (2), ..., $™ ().
Occasionally 1t is convenient to adopt the briefer notation
Yoy Y Y™

There are a few cases in which a general expression for the nth
derivative of a function can be found. The more important of
these are given in the following examples.
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Ex. 1. 1If

y=A,+ Ao+ 4,28+ A+ o+ A4px™, o (1)
we have
Dy = 4, +24,x+ 34,2 + ... + md ™,

Dy = 2.14, +3.24;+ ... + m (m—1) d,a™2, @)
Dmy=m(m-1)(m-2) ..2.14,,
and therefore Dn+ly =0, D™y =0, &e. ... . (3)

Hence the mth derivative of a rational integral function of the mth
degree is a constant, and all the higher derivatives vanish.

Ex. 2. If y=e . e e .4
we have Dy =ke®, Dy =KL ...,
and, generally, Dry =kre¥, ... .. (5)
Hence, putting k=loga, we have
Dra® = (log a)"a® C (0)
Fx. 3. 1If y=sm L, .. (7
we have Dy= BcosPx, D*y=- Bun ,G’a:,} @)
Dy =—Bcos Bz, Diy- BisinfLx,
and so on.
Otherwise, we have
Dy = @ sin (Bx + ),
and therefore Diy=Psin (Br + L+ L),
and, generally, Dry = B*sin(Bx + tnw). . T )
Ex. 4. If y=cos Bz, . . (10)
we have Dy = — Bsin Bx, D?y=-[3%cos fBx,
D freinfe Die e ﬁm’} ........... (11)
and so on.
Or, Dy = cos(Bx+5m),
whence D2y = BEcos (Bx+ 3w+ 3m),
and, generally, Dy = B*cos (Bx + 3 nw). e (12)
Bz 5. If y=e®cos Bx, . .. (13)

we find Dy = ¢*% (a cos B — B sin L), }

D2y = ¢ {(a® — %) cos Bx — 2af3 sin S}, - (14)



64-65 DERIVATIVES OF HIGHER ORDERS 143

Similarly, 1f y=e3sin Bz, ......... e« . . (1B)
we have Dy =e*% (asin Bz + 8 cos Sx), (16)
Dy =es% (o — B%) sin B + 2aB cos Ba).] T

General formule may be obtained, in these cases, by putting
a=rcosd, B=rsmb. . ...... ....(17)
This makes D. ¢% cos B = €% (a cos Bx — B sin Bx)
= re® cos (Bx + ),

and by repeated application of this result we find

D" . e3% cos B =1r"e% cos (Bx + 1) .. (18)
Similarly D*. e sin o = r*ee®sin (B + 1b) . (19)
Ex. 6 1f y=logm:, ... ... .. (20)

we have Dy=x7!, Dy=—2"% Dy=-1.-2.279 ..
and, generally, D'%y=-1.-2.-3...—(n-1)a™

— (=) ("_;}l' . S e (21)

65. Successive Derivatives of a Product. Leibnitz’
Theorem.

If u, v be functions of #, we have by Art 31 (20),
Duv)=Du.v+u.Dv. ........ .ooniins 1)
If we differentiate this again, we have
D? (wv) =D (Du.v)+ D (u.Dv).
Now, by the rule referred to, we have
D (Du.v)=D*u.v+ Du. Dy,
D (u.Dv)= Du.Dv+wu. D,
whence D*(uv) = D*w.v+2Du.Dv+u.D%. ......(2)

The general formula for the nth derivative of a product 1s
D*(wv)=D"u.v+ nD"u. Dv + _gn 1) D=2y, Dy + .
+ nDu D"t u. DM, ... 3)

the coefficients being the same as in the Binomial Theorem. This
formula 18 due to Leibnitz.
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To see the truth of (3), consider the process of formation of the first
few derivatives of uv. Using the accent notation, we have

D(uv)=uwv+uv. ... G (4)
Differentiating this again,
D? (wv) =u'v + u'o
+ w'v + 2w
=u"v+ 20 +wr”. (5)
The next differentiation gives

"ot

D? (wv) =u""v + 20"V + uwv”
+u'v + 200w, . L (6)

where in the first ine we have differentiated the first variable factor in
each term of (5), and 1n the second line the second variable factor. The
result 18

D3 (uv) =u"v 4 3wy + 3w’ +ur”. ... (7)

It appears that the numerical cocfticient of the #th term in (7) is the
sum of the coefficients of the rth and (» — 1)th terms in (5), and it 1s
evident from the nature of the successive steps that this law will obtain
for all the subsequent derivatives Now tlhis is precisely the law of
formation of the coefficients 1n the expansions of the successive powers
of @+ b, and since the coeflicients of D (uw) are the same as those of the
first power of @ + b, 1t follows that the cocflicients in the expanded form
of D" (uwv) will be the same as those of (a + b)"™

Ex. 1. If Y =xu, e . .. (8)
we have DYy =xD™ + nDx . D" u
=aD™u+nD" (9)
since D*x =0.
Thus if y=xsin Bz, .. . .. . (10)
we have D*y = 2D%sin Bz + 2D sin Bx
=— B2z sin Bz + 23 cos L. oo (1)
Again, if y=xloga, .. .. e (12)
we have Dty =2 D"log x + nD" ' log x

= ( )"—1 (n 11. 1) )"’ an(zn 12)"

by Art 64 (21). Hence

Dry=(— 2l (13)
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B 2. If Y=€%U, .ieenninn... C e (14)

we have

Dy =e%. D*u+mn. Dees, D"y + 71%17'%—1—) Diesx, DV 72y 4,

=e? (D" + na D" 'u + Z’L—(ln—;l-) a?D* %+ ). ... L.l (15)
Thus, if y=e®gin Bx, ...... ... v e o(16)
we have Dy =e® (1?sin Bx + 2aD sin Bz + o? sin Bx)

= {(a® - B%) sin Bx + 2aB cos B}, ... . . ... (17)
in agreement with Art. 64 (16).

66. Dynamical Illustrations.
The second derivative is especially predominant in the dynamical
applications of the Calculus.

Thus, in the case of rectilinear motion, if s be the distance from a
fixed origin, we have scen (Art. 26) that the velocity (v) and the accele-
ration (a) are given by the formule

ds dv

v=r, a=_p. - . (H)
Hence, in the present notation, we have
d /ds\ d’s
=— =)= - 2
Tt dt) e’ )

¢ e. the second derivative of ¢ (with respect to the time) measures the
acceleration

So also the angular acceleration of a body about a fixed axis 1s given,
mn the notation of Art. 26, by

do d*6
Ex. 1. If s be a quadratic function of ¢, say

s=At*+ Bt + C, . 4)
ds
=2

we have at At + B,
d2-
T.a‘: 24, e e e e e e (5)

1.e. the acceleration is constant.
L. L C. 10
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Ex. 2. In ‘simple-harmonic’ motion we have

8= COS (Nl +€), cvrveiriiiiiiinniiiiiiienan, (6)
whence gg =—mna sin (nt + €),
2
‘—jﬁg— =~nlacos (Nt + €)=—n, ...oooe .l M

i.e. the acceleration is directed always towards a fixed point (the origin
of 8) and varies as the distance from that point

Ex. 3. If 8=Acoshnt+ Bsinhnt, ...l (8)
we have gg = nd sinh né + nB cosh 7,
9% _ w24 cosh nt + n3B sinh nt = 2 9
o =4 coshnt+niBsinhnt=n"s, ... cooneenne. 9)

1 e. the acceleration 1s from a fixed point, and varies as the distance.

67. Concavity and Convexity. Points of Inflexion.

Just as ¢’ (x) measures (Art. 26) the rate of increase of ¢ (z),
80 ¢” () measures the rate of increase of ¢’(«). Hence if ¢" (@)
be positive the gradient of the curve

Y= (f) (.’L‘) .......................... (1)

increases with z; whilst if ¢” () be negative the gradient decreases
as & Increases.

If ¢” (x) =0, the rate of change of the gradient is momentarily
zero, and we have a ‘stationary tangent.” The simplest case of this
is at a ‘ point of inflexion,’ 7.e. a point at which the curve crosses
its tangent ; see Fig. 40.

A curve is said to be concave upwards at a point P when in
the immediate neighbourhood of P it lies wholly above the tangent
at P. Similarly, 1t is said to be convex upwards when in the
immediate neighbourhood of P it lies wholly below the tangent
at P.

. If the curve, to the right of P, lie above the tangent at P, as in
Fig. 39, it is easily seen from Art. 56 that within any range (how-
ever short) extending to the right of P there will be points at
which ¢'(x) is greater than at P. Hence, by Art. 48, the value
of ¢” (x) at P cannot be negative. The same conclusion holds if
the curve, to i:,he left of P, lie above the tangent at P.

Similarly, 1f the curve, either to the right or left of P, lie below
the tangent at P, the value of ¢” (#) at P cannot be positive.

It follows that the curve is concave upwards when ¢ () is
positive, and convex upwards when ¢” («) is negative.
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It appears, moreover, that at a point of inflexion, where the curve
crosses 1ts tangent, ¢’ (z) cannot be either positive or negative, and

Fig. 89.

therefore (since it is assumed to be finite) must vanish. This con-
dition, though essential, 18 not sufficient. It is further necessary
that ¢” («) should change sign as  increases through the value in

uestion. Suppose, for instance, that to the left of P the curve
lies below the tangent at P, and that to the right of P it Lies above
it. It appears then from Art. 56 that there will be points of the
curve both to the right and to the left, in the immediate neigh-
bourhood of P, at which the gradient is greater than at P, 7.e the
gradient is a minimum at P, and ¢”(x) must therefore change
(Art. 51) fiom negative to positive.

Fig. 40

If the crossing is in the opposite direction, the gradient is a
maximum at P, and ¢” (x) changes from positive to negative.
10—2
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Ex. 1. If Y=2% ... L e n(2)
we have y' =6z.

This changes from — to + as x increases through 0. Hence we have a
point of inflexion ; see Fig. 31, p. 105.

22
Ex- 2. y = m @ eeessseaseesesse seeessreesena (3)
This makes " 4(961(fz a:’)::,) .

Hence there are three points of inflexion, viz. when =0 and when
x=4,/3. See Fig. 13, p. 27.

Ex. 3. In the curve of sines

. @

we have y":--—SIn—:-—-%.

a

Hence y"” changes sign, and there is a point of inflexion, whenever the
curve crosses the axis of . See Fig 14, p. 28.

Ex. 4. In the curve Y= .. v eenn(d)
we have Yy =1223

This vanishes, but does not change sign, when £=0. Hence we have
a stationary tangent, but not a point of inflexion 1n the strict sense It
is in fact obvious, since x* 18 essentially positive, that the curve lies
wholly on one side of the tangent at the origin.

68. Application to Maxima and Minima.

The criterion of Art. 51 for distinguishing maxima and minima
values of a function ¢ («) can also be expressed 1n general 1n terms
of the second derivative ¢” ().

Since ¢” () is the derivative of ¢’ (m) it appears that if, as «
increases through a root of ¢’ (#) =0, ¢” () is positive, ¢’ («) must
be increasing, and therefore changmg sign from — to +. Hence

¢ (x) is a manimum.

Similarly, if ¢”(x) is negative when ¢’(z)=0, ¢' (x) must be
decreasing, and therefore changing sign from + to — Hence ¢ ()
i8 a mazimuin.

The connection of these results with the criterion of concavity
and convexity 18 obvious.

Ex. 1. In rectilinear motion, the distance (s) from the origin, is a
maximum or minimum when the velocity (ds/dt) vanishes, according as
the acceleration (d?s/dt*) is then negative or positave.
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Ex 2. Let ¢(w)=i—2_;%,.

We have seen, Art. 51, Ex. 4, that ¢’ (x) vanishes for =1 and z=-1.
Also from the value of ¢” (x) given in Art. 67, Ex. 2, it appears that

$"()=—1, ¢ (-1) =1

Hence the former value of = gives a maximum, and the latter a minimum,

value of ¢ (). See Fig. 13, p. 27.

It may happen, however, that a value of # which makes ¢’ (2) =0
also makes ¢" () =0. It is easily shewn that in this case ¢ () is
in general neither a maximum nor a minimum (cf. Fig. 31, p. 105),
but it is hardly worth while to continue the discussion here. The

complete rule will be given later (Chap. Xv) as a deduction from
Taylor’s Theorem.

69. Successive Derivatives in the Theory of Equations.

The successive derived functions play a great part in the Theory
of Equations.

We have seen (Art. 50) that, if ¢ () be a rational integral
function, at least one root of ¢’ (x) = 0 will occur between any two
roots of ¢ (#)=0. Similarly, at least one root of ¢”(z) =0 will
occur between any two roots of ¢’ (z) =0, and so on.

Moreover, since an 7-fold root of ¢ (z) =0 is an (» — 1)-fold root
of ¢’ (#)=0, it will be an (r— 2)-fold root of ¢ (x)=0, ..., and
finally a simple root of ¢V (2)=0. Hence the necessary and
sufficient conditions for an r-fold root of ¢ (2)=0 are that the

functions
¢ (z), ¢'(z), ¢" (@), <., PV (@).eunen.n.. (1)
should simultaneously vanish.
Bx. It b () = 2° + bat + 4o + 2% + 2w + 1,
we have ¢ (x) =10zt + 202° + 120 + 4 + 2,

¢ (%) = 4 (102 + 1522 + 62 + 1).

These all vanish for @ =—1, which is therefore a triple root of ¢ (x)=0.
We find, in fact, that

d(@)=(x+1)° 22— +1).
70. Geometrical Interpretations of the Second Derivative.

In Art. 56 an important property of the first derived function
was obtained by a process which consisted virtually in a comparison
of the curve

with a straight line Yy=A+Bx, ... 2)
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the constants A4, B being determined so as to make (1) and (2)
mtersect for two given values of x.

We proceed, in a somewhat similar manner, to compare the
curve (1) with a parabola

Yy=A+Br+Cm .ooovererrannn, (3)

where the constants 4, B, C are determined so as to make (1) and
(2) intersect for three given values of .

1°. We will first suppose these values of # to be equidistant;
let them be a — 4, a, @+ h. The equations to determine the con-
stants are then

A+B(a—-h)+C(a—0)y=¢(a—h),
A + Ba + Ca? =d(a), | ceeeen.. (4)
A+B(a+h)+ C(a+h)y=¢(a+h).
Let us now write
F@y=¢(@)— (A +Bz+02%, ............... (5)

1.e. F' (x) denotes the difference of the ordinates of the curves (1)
and (3). By hypothesis, F (z) vanishes for =a —h, and for z =a;
hence, by Art. 49, the derived function F” (z) will vanish for some
intermediate value of z, that is

Fa—6,h)=0, ..cc.oevvvieiin... (6)
where 1> 6,>0. Again, since F () vanishes for #=a, and for
# =a + h, we shall have

F'(a+6,h)=0, .ccocvvviviiiiiiiiinnnn, )

where 1> 6,> 0.

By a further application of the same argument, since the funec-
tion ¥’ (x) vanishes for z=a — 6,k and for = a + ,A, its derived
function F” () will vanish for some intermediate value of z; we

have therefore
F'(@a4+6h)=0, ... . ceovinennnnn. 8)

where 6 is some quantity lying between — 6, and 6,, and & fortior:
between + 1. Since, by (5),

F'(@)=¢" (@) =20, vevvvvvrreeirvann. 9)
it follows that, for some value of 6 between + 1,
¢ (@+0R)=2C. ..c..coerr e (10)

Now from (4) we find
b (a+h)— 24 @)+ p(a—h)=201, ... (11)
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and therefore
¢(a+h)—2<131£“)+¢(“"h)=¢”(a+0h). ...... (12)

Hence

limj,, 2@+~ 2";;“) @M _ 47 @), ..18)

In the same way we could prove that

lirmy._, 8.2+ 20) = 2;;:2(@ @ _ g

If the difference ¢ (a + k) — ¢ (a) be denoted by 8y, the expression
{pla+2h)—¢(a+h)—{p(a+h)-¢(a),

which is the difference of the differences, or the ‘second difference,’
for equal increments h of the independent variable, may be denoted
by 8(8y) or &*y. Hence the formula (14) is equivalent to
. &y dy
hm&,;_,o (gé—-),‘! = d—xz .
This is the origin of the notation d*y/da? this being the limiting
form of the second difference.

..................... (15)

To interpret the theorem (13) geometrically, let, in Fig. 41,
OA=a, OH=a-h OH =a+h,

and let AQ, HP, H'P be the corresponding ordinates of the
curve (1). Join PP, and let AQ meet PP in V. Then

VA=3%(FPH+PH)
=%{p(a+h)+(a—h),

| y
7

Q

Yig. 41.
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and therefore
VQ=VA-QA

=}{¢(a+h)-2¢(a)+ P (a—h).
Hence the theorem (13) asserts that

VQ=3HA* ¢" (@), .ccccvvreerer vuenens (16)
ultimately.

It appears that the chord is above or below the arc according
as ¢ (a) 1s positive or negative.

2°. We will next suppose that two of the three points at
which the curves (1) and (3) intersect are coincident. More pre-
cisely, we suppose that for = a the curves not only intersect but
touch, and that they intersect again for z=a+ h. The conditions
that, for z=aq, y and dy/dz should have the same values in the
two curves, are

A+ B“C“”“”(“)’} .................. (17
B+ 20a = ¢’ (a),
while the third condition gives
A+B(a+h)+C(a+hE=¢(a+h). ......... (18)
With the same definition of F (z) as before, we have
F(a)=0, F(a+h)=0, .............. (19)
and therefore F(a+6h)=0, .......... ......... (20)

where 1 >6,>0. Again, since F’(«) vanishes for z=a, and for
z=a+ 0,h, we have

F'(a4+6h)=0, .cccevvvnviinnnn. (21)
where 6, >0 > 0.

Now from (17) and (18) we find

d(a+h)—¢p(a)—r¢ (a)=Cha ............ (22)
Hence, by (9) and (21),
¢ (a+h)=¢ (a)+ h¢' (a) + 3h*p” (a + OR). ...... (23)

This very important result will be recognized, later, as a par-
ticular case of Lagrange’s form of Taylor's Theorem (see Chap. xv).
It includes as much of this theorem as is ordinarily required in
the dynamical and physical applications of the subject.

From (23) we deduce

h) — —h¢’ ”
¢ (a+h) <Z2(a) M@ _ 147 (a). ......(28)

limh_)o
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In Fig. 42,1et OA =a, AH =h, and let AP, HQ be the corre-
sponding ordinates of the curve (1). If QH meet the tangent at
P in V, we have

QH =¢(a+h), VH=g(a)+h (a)

Y
q”
// v
P
A
T o A H X
Fig. 42.
Hence (24) asserts that
QV=3AH* ¢"(a), .cooevvevrenruenn. (25)

ultimately.

Hence the deviation of a curve from a tangent, in the neigh-
bourhood of the point of contact, is in general a small quantity
of the second order.

If ¢” (a)%0, QV does not change sign with A, and the curve
in the immediate neighbourhood of P lies altogether above, or
altogether below, the tangent-line, according as ¢” (a) is positive
or negative. Cf Art 67.

The formule (16) and (25) have an interesting application in
the theory of Curvature. See Chap. X.

71. Theory of Proportional Parts.
Let us make the curves

Y=P(T), vrevr viiiiiiiiiei, (1)
and y=A+Bx+Ca? .. ..o 2)
intersect for z=a, xz=a+t+zh, a=a+h,

where 1 >2> 0.
We find

A-2)¢p(@)+2¢(a+h)—P(a+zh)=2(1~-2)RC;...(3)



154 INFINITESIMAL CALCULUS [cH. Vv

and consequently, by the method of the preceding Art.,
(A-2)¢(a)+2z¢p(a+h)—Pp(a+2h)=34z(1 —2)12¢p"(a + Oh), (4)
where 1> 6> 0.

This result, which includes the theorems of Art 70 as par-
ticular cases, is here introduced for the sake of its bearing on the
theory of ‘ proportional parts.” Suppose that ¢ (z) 1s a function
which has been tabulated for a series of values of « at equal inter-
vals h. Let a be one of these values, and suppose that ¢ (z) is
required for some value of # between this and the next tabular
value a+ k; say for a+ zh, where 1>2>0. In the method of
‘ proportional parts,’ the interpolation is made as if the function
increased uniformly from x=a to z=a + h, 1.e. we assume

p(atzh)—¢(a) =z -
¢(a+h)—-¢(a) - 1! ..................

or d(at+zh)y=(1-2)¢p(a)+2p(a+h) ............ (6)

The formula (4) gives the error involved in this process, which is
equivalent to assuming that the arc of the curve (1) between z=a
and z=a + h may be replaced without sensible error by its chord.

The maximum value of 2 (1 — 2)1s 1, by Art. 51, Ex. 2. Hence
if R denote the greatest value which ¢” () assumes in the interval
from # = a to # = a + A, the formula (4) shews that the error

$ 3R, ceiiiiiis e ()

Ex. 1. In a seven-figure logarithmic table, the logarithms of all
numbers from 10000 to 100000 are given at intervals of umity. Now 1f

¢ (x)=1ogio@, ..ot v i (8)
we have ¢"(m)=—£—2. N ¢)

Hence, putting A=1 in (7), we find that in the interpolation between
logy, 7 and log,, (n + 1) the error involved 1n the method of proportional
parts is not greater than

05429 —m®  ........ e reeerieeean. (10)
Thus for n =10000, where it is greatest, the error does not exceed
000000000543,

and is therefore quite insensible from the standpoint of a seven-figure
table.

It appears from (4) that the method may be expected to fail
whenever ¢”(«) 18 large. The differences are then said to be
“irregular.
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Ex. 2. If ¢ (x) =logysinz, .... v (1D
we have ¢ (x) = —pcosectx. .....oo. eennen (12)
Hence, putting h= m =000291,
we find 1A? ¢" () = — 00000000460 cosec’x ............ (13)

Since cosec? 18° =10-47, it appears that in a table of log-sines at inter-
vals of 1’ the error of interpolation may amount to half a unit in the
seventh place when the angle falls below 18°,

EXAMPLES. XXI.

Verify the following differentiations :

1. y=a2*(1 —=x)?, Dy =2 12x+ 1222

2. y=juat (I~ }a), Dy =p(l-a).

3. y=gxpx(l-x)(P+lx—a®), Dy=px(x-1).

4 y=Jep? (3P —4lx+ 22?), Dy =3u(x— 3l

_ 1 =3 (ot oL
1 .24 (1 —102% + bat)
6 y=1ia Py=""" 15wy
22 . 4x (@ +3)
7. y=1— Dy = a= xa)s .
8 y=(Q1-x)m Dry=m(m+1l) . (m+n-1)(1-x)-"™"
1+ w  2.m!

% y=1—p Dy=T—aym-
10. y=sin’a, Dy =2 cos 2z.
11. y=cos’z, Dy = 2"1cos (2x + nm).
12. y=secx, Dy = 2 sec® x — sec a.
13. y=a'sing, D’y =4z cosx—(2* — 2) sin .
14, y=sin*z cosg, D3y =6 — 60 sin*x + 64 sin*@.
15. y=sinxsinhx, Dy = 2 cos  cosh .
16. y = cosx cosh z, D% = —2sinzsinh .
17. y=sinzcosh, D% = 2 cos x sinh @.
18. y = cosaxsinhw, Dy = — 2 s x cosh .

@

19, y=sin"la, Dy =

(1-a?)
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20. The first five derivatives of tan x are
1+8, 26(1+¢), 2(1+32(1+), 8:(2+38)(1+8),

8(2 + 156 +15¢%) (1 + &%),
where ¢ = tan x.

21, y=w’10gg, Dt =g.

22. y=a"loguw, Dry = (=" 2 (”n__,?’_)_’

23. y=uae”, Dty = (x+mn) e

24, y=a’", Dry={x*+ 2nx +n(n—1)} ¢

25. By applying Leibnitz’ Theorem to the differentiation of the
identity
™. gt =™t

prove that
- 1)(r—-2
m,+ My_y Ny + - ( 1) N Mg Mg + r(r=1)(r- n_)m 3 Mgt ..+ 0= (Mt+n),,
1 1.2.3
where =m((m-1)(m-2)...(m-r+1).

26. By forming in different ways the nth derivative of 2**, prove
that

n? n?(n-1) n?(n-—1)*(n-2) (2n)!
pt e T T g

27. Prove that

O S R R s Vs
Dt (1 -z =nl (1 —2) {1 . = (1_w),+...}.

1+

l+a
28, If y=1—2"
n! n? n?(n— 1)
Drym =0=ay {1+1~,y+ %2 22)J+...}.
*29. The equation ‘-:l—t,+k%+nzs=0
is satisfied by 8= Ae~¥t cos (gt + €),

for all values of 4 and ¢, provided
o? =n?— 142

80. The equation =2 2n 2 i nis=0

de dt
18 satisfied by 8=(4 + Bt)e™™,



EXAMPLES 157

31 If y={x+ /(1 +2)}™,
Ty W -
prove that (1 +w’)3-£2+ w%—c-—m’y—o.

32. If x=9¢ (), y=x(),
de d*y dy d%
&y T AR di P

prove that 252 = T .

z)

EXAMPLES. XXII.

1. Prove that, in a table of natural sines at intervals of 1’, the
error of proportional parts never exceeds

-0000000106.

2. Shew that in a table of natural tangents the method of pro-
portional parts fails for angles near 90°.

Also prove that the limit of error for angles near 45°, when the
tangents are given at intervals of 1, 18

‘0000000423.

3. Shew that in a table of log tangents the method of proportional
parts fails both for angles near 0° and for angles near 90°.

Shew also that the maximum error involved in the method is
least for angles near 45°.

4. Prove that the curve
y=loga
is everywhere convex upwards.

5. Prove that the curve
y=xlogx
is everywhere concave upwards. Trace the curve.

6. Find the maximum ordinate, and the point of inflexion, of the
curve
y=xe"%
Trace the curve.
[The maximum ordinate corresponds to a=1; the in-
flexion to z = 2.]

7. Shew that the curve y=¢-¢

has inflexions at the points for which = + —3—2; and trace it.
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8. Find the maximum and minimum ordinates, and the inflexions,
of the curve
y=xe~ %,
Trace the curve.
[The maximum and minimum ordinates are given by
x =+ ,/}; the inflexions by =0, + ,/§.]

9. A certain function ¢ (%) is constant and

SEICEYD

aﬂ

forO<z<a; it =lb’—§xﬂ—%;
b3~ a?
fora<xz<b; and =1 a:a'

for 2 >b. Prove that ¢ (x) and ¢’ (x) are continuous, but that ¢” ()
is discontinuous.

Trace the curve y = ¢ ().

10. Shew that y=2%(3—2x)
has an inflexion at the point (1, 2). Trace the curve.
11, Shew that y=a*(1 —a?)

. . . 1 5
has inflexions at the points (-_f-_ :76’ 3—6) . Trace the curve.

12, Find the points of inflexion of the curve

bs
y:m. [av:ia/,j&]
a?x
18. Shew that y= (;:_‘a—)g

has a point of inflexion at (— 2a, — 2a). Trace the curve,

14. Find the points of inflexion of the curve

a®
Y=oz
and trace the curve. [€=0, +a,/3.]
16. Shew that the curve
1-a
Y=g

has three points of inflexion, and that they lie in a straight line,
Trace the curve

16. Prove that the equation

*—102? + 1562 -6 =0
has a triple root.
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17. Prove that the equation
o - ba® + Bt + 92® — 140 — 4+ 8=0

has a triple root, and find all the roots.

18. Find the maximum and minimum ordinates, and the points of
inflexion on the curve

y=1-3a*+ 2t
Trace the curve.
19. Find the points of inflexion on the curve
y =20 - 3 — 3a* + T

and trace the curve.

20. Find the maximum and minimum ordinates, and the point
of inflexion, on the cuive
y = 42® + 9% + 62 + 1.
Trace the curve.
21. Shew that the curves
y=+at-x—1,
y=2@"-ax'+x-1)
touch, and cross one another at the point of contact.

Trace the curves.

22. Determine the constants 4, B, C so that the curve
y=Ax*+ Bx® + Cx
may have a point of inflexion for &= 4§, be parallel to the axis of «
for =—1, and pass through the point (1, 13).

23. Prove that the curve
2 -x+1
L S |
has three real points of inflexion.

24. Find the turning points, and the points of inflexion, on the
curve .
y=4snx - sin 2.
Trace the curve.

25. If PN, PN’ be two neighbouring ordinates of a curve
y = ¢ (x), and if QH, any intermechate ordinate, meet the chord PP’

in V, prove that
QV=4NH.HN'. ¢" (c),

ultimately, where ¢ is the abscissa of some point between & and N’
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26. Shew that in the formula
¢(a+h)=¢(a)+hd' (a+6h)
of Art. 56, the limiting value of 6, when A is infinitely small, is in
general %.
‘What is the geometrical meaning of this result ?
27. Shew that the variation in the value of a function, in the

neighbourhood of a maximum or minimum, is in general of the second
order of small quantities.

28. Explain why the rate of a compensated chronometer, at any
particular temperature, differs from the rate at the temperature of
exact compensation by an amount proportional to the square of the
difference of temperature.

29. Shew that, in a mathematical table calculated for equal
intervals of the variable, the maximum error of interpolation by pro-
portional parts, in any part of the table, is one-eighth of the ‘second
dufference’ (i.e. of the difference of the differences of successive entries).

80. The coordinates of three points P, @, R on a curve are
(-3250, *8526), (*3500, -8910), (-3750, -9239),
respectively ; find, approximately, the values of dy/dx and d’y/dx?

at Q.
31. Apply the formula (23) of Art. 70 to calculate log, cos 1° to
six places of decimals, [T 999934.]



CHAPTER VI
INTEGRATION

72. Nature of the Problem.

In the preceding chapters we have been occupied with the rate
of variation of functions given d priori. The Integral Calculus, to
which we now turn, is concerned with the inverse problem ; viz.
the rate of variation of a function being given, and the value of
the function for some particular value of the independent variable
being assigned, it is required to find the value of the function for
any other assigned value of the independent variable. In symbols,
it 1s required to solve the equation

where ¢ () is a given function of z, subject to the condition that
for some specified value (a, say) of z, y shall have a given value (b).

For example, the law of velocity of a moving point being given,
and the position of the point at the time ¢,, it may be required to
find its position at any other time ¢ This is equivalent to solving
the equation

ds
T= @, s @)

where ¢ (1) is a given function of ¢, subject to the condition that
8 =8, (say) for t =t,.

If we can discover a continuous function yr (#) such that

, v (@)= ¢ (z),
the equation (1) becomes

% = (% Y@ o, (3)

Hence if, as is the case in most practical applications of the subject,
y be restricted to be continuous, we have, by Art. 56,

Y=Y @) +C, ooooiiiiiiiiiin ()

where C'is a constant. The precise value of C is indeterminate,
so far as the equation (1) is concerned; C is therefore called an
‘arbitrary constant.” Its use is that it enables us to satisfy the
remaining condition of the problem as above stated.

L. L O. 1
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Thus if y =b for #=a, we must have
b=vy(a)+C,

whence y=b=Y@) —Y(@) ..cc.o.eeiiiiiii. (5)

If, as in Art. 25, we use the symbol D for the operator d/dz,
the equation (1) may be written

Dy=¢ (@), ..o viviiiiniin, (6)
and its solution may, consistently with the principles of algebraic
notation, be written

Y=D (), . i )
the definition of the ‘inverse’ operator D~ being that

D{D¢p(x)=d(x). . ... . .cooonen.n. (8)
The function D (2), v i e e 9)

when it exists, is called the ‘indefinite integral’ of ¢ (z) with
respect to #. It is more usually denoted by

Jo(@de oo, (10)

The origin of this notation will be explained 1n the next chapter;
in the meantime (10) is to be regarded as merely another way of
writing (9).

The distinction between ‘direct’ and ‘1nverse’ operations is one
that occurs in many branches of Mathematics. A direct operation
is one which can always be performed on any given function,
according to definite rules, with an unambiguous result. An in-
verse operation is of the nature of a question: what function,
operated on in a certain way, will produce an assigned result? To
this question there may or may not be an answer, or there may be
more than one answer (cf. Art. 16) In the case of the operator
D! we have seen that if there is one answer, there are an infinite
number, owing to the indeterminateness of the additive constant C.
Whether there is, in every case, an answer is a matter yet to be
investigated ; but we may state, although this is rather more than
we shall have occasion formally to prove, that every continuous
function has an indefinite integral. In the rest of this chapter we
shall be occupied with the problem of actually discovering indefinite
integrals of various classes of mathematical functions.

Ex. Given that the velocity of a moving point is « + g¢, we have

ds d
a=u+gt=(—l—t(ut+§gt’), R ¢ B )

whence s=ut+3gt*+C. ... . ... ... [(12)
Determining € so that s=s, for ¢=¢,, we have

s—8=u(t—t) +3g (P —¢%). ...oovvnnnn.... (13)



72-73] INTEGRATION 163

73. Standard Forms.
There are no infallible rules by which we can ascertain the

indefinite integral
D¢ (@) or [¢(a)de

of any given continuous function ¢ (). As above stated, integra-
tion 1s an inverse process, in which we can only be guided by our
recollections of the results of previous direct processes.

The integral, moreover, although in a certain sense it always
exists, may not admit of being expressed (in a finite form) in terms
of the functions, whether algebraic or transcendental, which are
ordinarily employed in mathematics. The following are instances:

s sin & dz
fe“’d f—wdx, v+ )’

and the list might easily be extended indefinitely.

The first step towards making a more or less systematic record
of integrations is to write down a list of differentiations of various
simple functions; each of these will, on inversion, furnish us with
a result in indefinite integration. The arbitrary additive constant
which always attaches to an indefinite integral need not be explicitly
introduced, but its existence will occasionally be forced on the
attention of the student by the fact of integrals of the same ex-
pression, arrived at in different ways, differing by a constant.

The student should make himself thoroughly familiar with the
following results, which are fundamental :

‘—% &t =na™ Jw"dx = _}_ 1 ™, (4)
[except for n =—1],

d 1 do

(—l—é.logw=5, J-Tv—=logw, (B)

d . v 1

oo = ket fek do=7 e, (©)

d . .

g SR & = cosa, fcos xdx = sin x, D)

z%.cosw=-—sinw, fsina;da:=—cosw, (&)

(—%. tan @ = sec’ @, fsec’ zde = tan &, (F)

11—2



164

8=

8

.8in~1-

§le Be §ls Ble Bla Hs §is Ha

) z
.sinh—!= =

xX
.cosh™1-

ccoth= 2=~
a

INFINITESIMAL CALCULUS

. cot @ = — cosec? z,

z _ 1
a V(a*—a2)’

tan™? r-_9¢
a o+ a2

sinh # = cosh «,

.cosh = sinh &,
. tanh & = sech3z,

.coth = — cosech?«,

1
a N@+ @)

— ._.‘_lb_.
a V@-a?)

aQ

tanh1Z= 2

a a*—a*’
[2* < a?]

a
a?—a?’

[2* > a?]

[cH. VI

fcosec’ zdx =— cot 2, (@)
f a’d:x’ =g tn=%, @
f cosh zda = sinh a, )
fsinh xdz = cosh z, (X)
[sechade = tanh a, (L)

f cosech? zdz = — cotha, (M)

de .. &
fm—-slnh a

= log wi“/(:."" i@’ ()

f—————dm =cosh—1 2
Vizt—a?) © a

= log "f.il/%,;‘ﬁ) .1 (0)

a’—a* a a
1 a+x
=948 a2’ (P)
de 1 o
fw—a—_—?———coth -
_1_1 c—a 0
= 2a Ogm+a, @

A little care is necessary in the employment of some of these
formulee. In the first place, the sign of a in (H), (Z), (), (0),
(P), (Q) is most conveniently taken to be positive ; thisis evidently
always legitimate, since the square of a alone appears in the
expression to be integrated.

* As to the question of sign, see Art. 33.
+ As to the sign, see Art. 47.
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Again, the formula (B) requires amendment when « is negative,
since there is no logarithm of a negative quantity. Putting in
this case = —a', and

y=log ',
we have
dy dy 1 _1
&= dd =7
dz
Hence f - = log o/,

The cases of # positive and « negative are both included in the
formula

f‘-’l-:=10g|m|. ........................ (B)

Again, the forms in (0) assume & to be positive. In (P) it is
implied that |#| < a, and in (@) that |2| > a.

74. Simple Extensions.

To extend the above results, we first notice that the addition

of a constant to # makes no essential difterence in the form of the
result (cf. Art. 32, 1°).

Thus, obviously,
f(a:+ ay™ do = m}r L@@ )
dz
fm =log(z+a), ccoevviiiiininiiiiiiiiiin.. (2)
dz dz e
fd(2aw—w’)=fd[a’—(w—a)’}=Bm e 3)

and so on. Some further illustrations occur in Arts. 75, 76.

Again, if # be multiplied by a factor k, the integral has the
same form as before, except that it is divided by this factor (see
Art. 32, 2°).

Thus fsin kxdx = —% COS KL, .iiiviiiiiinniinns 4)
dx 1
am = (—l log (aa: + b), ............... (5)

and so on,
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Again, we have the theorems
JOudw=C fudz,.....c...oooooninnnn. (6)
Ju+v+w+..)de=[ude + [vdz+ [wdz + ... ; ...(T)

since, if we perform the operation d/dz on both sides we get in
each case an identity, by Arts. 29, 30. It is assumed in (7) that
the number of terms is finite.

Thus the indefinite integral of a rational integral function

A+ Aa™V + .+ A+ A, eeeennnn... (8)
. 1 1
ls m+ 1 A°$m+l+a A,.’L‘m’-i- e +% Am_x.’l,"+Amw. ...(9)
Again, suppose we have a rational fraction of the form
F (z)
porupsREITTITEITTITPSTRIPPIPNRS (10)

By division this can be reduced to the sum of a rational integral

function and a fraction
A

m ¢ esssssrsreseec et aen st v (1 1)
The former part can be integrated as above, and the integral of
(11) is
Alog(z+a) .cooeevvvneiaennninan... (12)
Bel.  f@-Dde=gig@-De3@-1h
3

dx
Ex. 2. S 1= } log (22 -1).

Ex. 3.  fsin*zde=1[(1 —cos 2z)dw =3z~ }sin 2.
Ex. 1, ftan®x dx = [(sec? x — 1) dx =tan x — .

? =111,3 1 1 1

= o + 3% + 3 + 1 log (2w — 1),

Exz. 5.

756. Rational Fractions with a Quadratic Denominator.
We next shew how to intcgrate any expression of the form
F (2)
e+pr+q’

where F (x) is rational und integral. If necessary, we first divide
the numerator by the denominator until the remainder is of the
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form az + b. We thus get the function (1) expressed as the sum
of a rational integral function and a fraction
ar+b
Ryt 2

The former part can be integrated as in Art. 74 ; it remains only
to consider the form (2).

We take first the case
1
m © seeecsssrecsenssasesnns sae (3)

The form of the result will depend on whether p*Z 44.

If p*> 4q, the quadratic expression can be resolved into real
and distinct factors ; thus

D2+prt+g=—-—a)(z—-B). ... ......... (4)

With a proper choice of the constants 4, B we may then put

1 A B
(w—a)(w—B)=w—a+w—,8' .............. (5)
For this will be an identity provided
l=A@—-B)+B(xz—a), .... .. .ccou... (6)
t.e. provided A+B=0, AB+ Ba=-1, ............... N
1 1

or =;:'B, B=—&T,§ ............... (8)

Hence

Je=oe=a~ sl 54

. =aEB{log(w—a)—log(w—.3)}
1 r—a
=a—ﬁlogm. ................... (9)

When we have once learned that the two sides of (5) can be
made identical, the values ot A and B are most easily tound as
follows. We first multiply both sides by #—a, and afterwards
make # =a; this gives 4. Again, multiplying both sides by z — 8,
and then putting z= g8, we find B. Hence the rule- To find 4,
omit the corresponding factor in the denominator of the expression
which is to be resolvec? into partial tractions, and substitute a for z
in the expression as thus modified. Similarly for B.
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If p* =44, we have
a*+pr+q=(z+1ip),
de 1
(@+ipy  a+ip’
If p* < 4q, we have
P +pr+g=@+ip)+(¢-1p) =(@—af+ B,
where a, B are real, and 8 may be taken to be positive. Now

and

.................. (10)

d.'l,‘ _ 1 - x—a
f(—‘m_a);_l_ﬂa-ﬁtan g e (11)
by an obvious extension of Art. 73 (I).

The result when p?>4¢ can be put in a form analogous to (11).
We may write

@+ pr+g=(@+3p)— ({p'-g)=(@-oP-F7%.....(12)

where o/, B8’ are real, and 8’ may be assumed positive. If |[z—a'| <f,
the formula is

dx 1 Lx—a
[m—-ﬁtanh ’B— g csesrecesersees (13)
by Art. 73 (P). If we put o’ + 8’ =a, o/ — 8'=p, this is seen to be
equivalent to (9); by Art. 46. If |z—a’|> g, the form is

dx 1 x—a
————— = ——coth™ ——., ... 14
Je=r=p7 B (1)

Proceeding to the more general case (2), we observe that, by a
proper choice of the constants A, 4, we can make

az+b=N2x+p)+u, ceevrririnnnn. (15)
viz. we must have
A=4da, pu=b—-ipa. .......c.o....... (16)
Hence
ar+b _ 2z+p j’ . dzr
/E—_’-pr’l'q dz=2A\ ———*wz+pw+qdw+[lf m. ...(17)

Of the two integrals on the right hand, the former is obviously
equal to

log(@+pz+q), cevevireniniinnnnnn. (18)
and the latter has been dealt with above.

When the denominator can be resolved into real and distinct
factors the integral on the left-hand side of (17) can be treated
more simply by the method of ¢ partial fractions.” Thus, we have

ax+b A B
(m—a)(w—ﬁ>—w"a+w—ﬁ, oooo-ca-ooo-(lg)
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provided az+b=A(x—-B)+B(x—a),

z.e. provided A+B=a, AB+Ba=—b,............... (20)
_aa+b _aB+b

or A—a_—F’ B= ;B—a ¢ sesscesevenases (21)

It is unnecessary, however, to go through this work n every case,
as the values of 4, B can be found more simply by the artifice
explained on p. 167.

The integration of (17) then gives

dx

2-z—at’
1 R
-2 @+9) 1-ztz+2’
we find, by the method just referred to,

Ex. 1. To find

Assuming

A=§9 B=§'
da . )
Hence fm=,-—log(1—:c)+§log(x+2)
o+ 2
=}log1_z.
. dx dx _ Lx+}
Otherwise : /2——a:—a:’_ %_(x+%),_3tanh 3
=§t&nh“2x;l
dx dx 1 1
Ez. 3. /1—4m+4x’=_/(2x—1)’=—§2x~1'
. dx — da __2_ -1 x:,%’
23 [iore fespe e i
—_2__1:,&“"2%.__:,.1
VL NEE
-2 3—3(2—1)
Fad Jioera®= ) Toera ®
dx 2x—1
=’3’/1-m+w= ’3f1-w+m2‘i”
1 % — 1
= LS Gl | - .
Jsta.n 73 3 log (1 — + &%)
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] . 2x — 3
Ew- 5. TO lntvegrate ‘(-w—-—_—2—)_(‘m) .
. . A B
Assuming that this =5t 771’
we find 4=}, B=8§.

The required integral is therefore

glog (x—2) + §log (= + 1).

ar +b
‘76. Form V(A7 + Bz +0)"

A somewhat similar treatment can be applied to functions of
this type.

1°. If A be positive, the form is equivalent to

ar+b
7o T L T T T LT T L T T T 1
V(z* + pz +q) @
Consider, in the first place, the form
1
72 e T I NI R R L T TR T T IIT 2
V@ prt 9 @)

By completing the square, the expression under the root-sign may
be put in one or other of the shapes

(z—a)* + B2
Now, by Art. 78, (), (0),
dz . T—a
fm =ginh /3 9 cessrcsessnseas (3)
dz —
and f WT)T:—’BT} = cogh™? w—B—g ¢ teserriessenaes (41)

These functions have the alternative forms,

z—a+ y{(z—a) + 3%
B »
logg—a+«/(g’+pw+q);

log

or

cf. Art. 46.
In the more general case (1), we assume
ax +b=N@+4p)+p, ceeiirireiann.n.. (6)
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which is satisfied by

A=a, p=b—4pa. ..coovvevininniniinn, )
Hence
_az+b [ x+ip e
V(w’+m+q)dw_)" «/(w-‘+z>w+q)dw+” V(@ +pz+q)
......... (8)

The former of these two integrals is obviously equal to

V(@' +pz +q),
and the latter has been dealt with above.
2°.  We will next suppose that, in the form placed at the head

of this Art, the coefficient 4 is negative. Without loss of
generality we may put it =—1.

Consider, first, the function
1
T Fpamay s 9

Unless the quadratic expression be essentially negative, in which
case the function would be imaginary for all real values of z, 1%
can be put 1n the shape

B —(z—a)’.

@ Lrt—a
Now fm sin 1 & "B" o« sessveseenas (10)

In the more general case of the function
az+b

oot SN 11

Vg +po—) {11
we assume ax+b=AEFp—-2)+u, ......  oienl (12)
or A=—a, p=b+ipa. ...cooiiniinin. (13)

Hence
f az +b — - f dx
Vag+po—a) = T +pw AW T =y

The former of these two integrals is equal to

V(g +pz — a?),
and the latter has been treated above.
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Ex. 1.
1+ (x+3)+3
Ti-aee®= i
- [t e
=_J(1—z-xﬂ)+§sin—1§i§
7
=-~/(1—x-—x’)+§sin"2{z/gl.
Ex. 2.
f e+ 1 (x+3)+3
J(m”+a.+1) J(x’+:c+1)
x+ dx
,,/(a:“+a?+l) +%/:/_{“(E+1)’+*}}
= /(@ +a + 1) + § sinh-? J%
=~/(w’+m+l)+%sinh"——~—/j3—l.
l—a: 1l-xo
Ea. 8. /\/ ) (1_x,)d:c
dx xdx

JA =) ] J1 -2
=sinz + ,/(1 - ).
77. Change of Variable.

There are two artifices of special use in integration; viz. the
choice of a new independent variable, and the method of integra-
tion ‘by parts.’

To change the variable in the integral

=[P (@) dL.crereeeeiririrreeennn. (1)

from  to ¢, where z is a given function of ¢, we have, by Art. 32,
du dudz

'Jt'—fi—w%—‘ﬁ()dt ..................... (2)

and therefore, by the definition of the inverse symbol f,

u=f¢(x)fu—’-‘dt.
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Hence f ¢ (x)dz = f ¢ (x) Z—": 71 AU (3)*

Conversely, whenever a proposed integral 18 recognized to be
of the form

d
f b @), i (4)
we may replace it by [6@wd ®
wWdu, ..ooooin i,

which is often easier to find.

The following are important cases:

1o, Jp(@+a)dz=[dw)du, ....... .......... (6)
where u = + a.
90, j¢ (kw) dz = %cf¢ (u) du, ..oviiiiiiiinnnnn, (7)

where u = kz.
These results have already been employed in Art 74
3, Jo @) xdr=4[d(u)du, ...coovvennnn, €))

where u = 2%

The following are examples of (8).

Eaw 1 L
B f;?(lixﬂ)‘ 21+

/u(l+u) ’}/ 1+u

—flogl g1+a.‘

zde | du
Ex. 2. /i‘—l—f/di;—l

* Hence the rule - After the sign [ replace dz by :—11'—: de.
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xdx -1 T
Ex. 3. Thrat™ 1 vl =4 tan~lu
= § tan~1a',
Ew 4 wdx -3 —3sint 2 u
- Ja =)~ f «/(a‘* —w) @

2
=1sin-15

The student will, after a little practice, find it easy to make such

sumple substitutions as the above mentally.

4°. Occasionally the integration of an algebraical function 1s
facilitated by the substitution

z=1ft, dx/dt=—1/2*
Thus

/w_;\/(g’i%_w"‘)= “ft«/wf_i_t-“ﬂ) - H«/(t”w‘”)

= — — sinh™ at

_ .
Similarly, (@ = A" a cosh -

dz 1. _a
and fm;n—m=—a81n ;. .................. (11)

More generally, the integral

dz
(z +a) v/ (42* + Bz + C)

is reduced by the substitution
z+a=1ft
to one or other of the forms discussed in Art. 76.

* The substitution 18 equivalent to writing

dt dx
-— for —,
¢ z
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Again, the substitution # = 1/t gives

_de  __ f - / tdt
@+ Je@+e)t S 1+ el
<1 1
a2 (1 + ax)}
1 z
= a‘;m. ......................... (1 3)
Similarly s 1@ (14)
(aa - xz)’! a? ,\/(a,’ _ wa)
dz 1 =z
and —— e L e 15
f(a:” - an)?f a? \/(aﬁ - 0,2) (15)
The form f e (16)

(42* + Bz + O)}

can, by ‘ completing the square,” be brought under one or other of
the preceding cases.

78. Integration of Trigonometrical Functions.

1°, ftana:da: fsm ? d
cos
——-]d—(—c—q-s—i):—logcosm
cosz
=logseca. ...... ......o.t iiiniinn, 1)
Similarly Jeotzdr=logsina. ....c.cvvnrninnne. (2)
Again, by the same artifice,
fs_»}p_ai __fd(cosw)
cos? cos?
== BEC L vvvverrnns cevennasenns (3)
In a similar manner
cos
f ey d= —C0oSeC&. .c..vvvrvinirninnnn. 4)

Cf. Art. 81, 2°.
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2 sin @ f2 sin %w cos 3z
sec’ia;da: d (tan } z)
- %j tan 2 tan
=logtantx. ...oooiiiiiiiiii (5)
From this we deduce
f [ (%d: 5= log tan (B +30). o (6)

The formule (1) to (6) rank as standard results, and should be
remembered.

30 f do__ _ d
. a+bcosz J(a+b)cos’a+(a—b)sin*fa
sec’ 2 dz (7
(a+b)+(a—b)tan”%$' ......... )
If we put tan }z =u, this takes the shape
du
(a+b)+(a—b)u" .................. (8)

and so comes under one or other of the standard forms (I), (P)

(Q) of Art. 73.

Similarly, with the same substitution,

’

f dz _ 2/ du

a + b sin x - m. ............... (9)
dx sect z da

. fa,’ costx + b? sin’w=fa,"+b“ tan?gz® U (10)

If we put tan z = u,

j‘ du 1 d(bu) 1

we geb G b @ (bupr - ab

=1 tan (8
_abtan ((—ltanx). ................. (11)

The analogous results involving hyperbolic functions may be noted.
‘We easily find

f tanh @ dx = log cosh ®, [ coth # dx =log sinh x,............ (12)
inh
c?—;—;-l,—: da =— sech z, f;:ﬂ: w/dw =—cosechw, ......... (138)
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1
fm—log tanh FLy  cevecccnrnrencinoncnns (14)
dx & dx
— = —— =2 T1E”, veviienennes
/ cosh oyl oten d (15)

Similarly the forms

dee __dr
_/a+bcoshx’ /a.+bsmh:c

can be integrated by the substitution tanh }z = .

79. Trigonometrical Substitutions.

The integration of an algebraic function involving the square
root of a quadratic expression 1s often facilitated by the substitu-
tion of a trigonometrical or a hyperbolic function for the indepen-
dent variable.

Thus : the occurrence of »/(a? — «*) suggests the substitution
z=usmb, or z=atanh u;
that of 4/(2? — a®) suggests
x=asech, or w=acoshu;

that of 4/(2®+ a*) suggests
s=atan 0, or x=asinh u,

Ez. 1. To find F M@ =) d. o o, (1)
Putting rx=asinb, dx=acosbdb,
we find [ J(a® — &) de= a® [cos? 6 dO
= 1a*[(1 + cos 26) df
= }a? (0 + % sin 20)
= la?sin=! 2 +lo . J(@=a®) ... (2)
% d
Ez. 2. Tofind / %‘fﬁf e e e, 3)
Putting x=asinh v, dx=acosh u dy,
we obtain the form - Jcoth® u du,
which = f(1 + cosech?® u) du = w — coth »
—sinh - &) s )
a Bt e
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dx
Ex. 8. To find jml—_;g) .
If we put w=cosb, dx=-snbdb,
the integral becomes

b a0
- l—coso—_‘}fsin”-gﬁ—c“ 6

-/ (2

80. Integration by Parts.

The second method referred to in Art. 77, viz. that of ‘integra-
tion by parts,” consists in an inversion of the formula

d dv  du
E—w(uv)—ua—m+vd—£, .................. 1)

given in Art. 30. Integrating both sides, we find
dv du
uv-—fu d—édw+fv%dw,

whence [ % dv do =uv — f v du AZ. eiiiiiniiiiinnnn. (2)*

dz dx
This gives the following rule:

If the expression to be integrated consists of two factors, one
of which (dv/dx) is by itself immediately integrable, we may in-
tegrate as 1f the remaining factor (u) were constant, provided we
subtract the integral of the product of the integrated factor (v)
into the derivative (du/dz) of the other factor.

A very useful particular case is obtained by putting v=a, in
(2). Thus

du
ﬁm=w—ﬁ@w. ..................... 3)
The following are important applications of the method.
1o Jlogwdw=wlogw-—f .%dw
=zlogz—a. ..... Cererrrieiiea 4)

* If we write v for dv/dz, and therefore D-1v for v, this takes the form
D! (wv)=uD~'v - D! (Du.D"v).
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2°. To find W(a* - o*) da.
Putting u = 4/(a® — 2*) in (3), we have
I‘\/(a,’ a*) do = @ \/(a® - a*) + L/( —) (5)
. at — z?
But IV(a a’)de = V@ )d
- a { de [ 2z
i '\/(012 — mﬂ) V(a2 —_ w?)
= asinm 2 - % e, (6)

Adding to the former result, and dividing by 2, we find

fV(a’—w“)dm= bov(@ — o)+ jatsinn 25 .....(7)
of. Art. 79, Ex. 1.

In exactly the same way we should find

j V(@ + 0% dz = ha /(e + 2) + Jarsinhr 2, . (8)

j V(@ @) do = o /(5 — a?) — fatcoshr 2. __...(9)
8° To find the integrals

P = fe**cos Brdw, Q= [e*sin Bzdz. ......... (10)
Putting u=cosfBz, v= %‘e"’
in (2), we find
P= %‘eﬂ”cos Bz — J% e*® . (— B sin Bz) do
=1 B
—ae"”cos ﬁw+; Q. e, a1

Similarly
Q= ;e“sin Bx — ]é e*®. B cos Bxdx

-}_ aX gy __@
=3¢ sin Bz aP' ........................... 12)
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Hence aP — BQ=e%cos B w’} .
BP + aQ = edx Sin Bw’ .............
and therefore
Je“ cos Bzde =P = B sin Bz + a cos Bz -
a®+ 32 "
. _ o _asinBz—BcosBzr [
]ew sin Brdx = Q = T o

81. Integration by Successive Reduction.

Sometimes, by an integration ‘ by parts,’ or otherwise, one in-
tegral can be made to depend on another of simpler form.

1°. Let Up = [ ®dx. . .. i, 1)
We have U, = -:—l e, g — f %{ e*® . na™dx
— 1 n ool n
= a"e g Unr e (2)

If n be a positive integer, we can by successive applications of this
formula obtain u, in terms of

1

Uy, = |€*®dx, = p €% i, 3)
Ez. 1. Thus, if Uy = [xhe~"dx, .. . ... . ......(4)
we have Uy=—=Z ¢+ MUy 10 eevrrriiennnnnnn. ....(D)

For example,
ug=—aPe ™+ 3uy= — e ?+ 3 (— 2l + 2u,)
=—ale~? — 3xle™? + 6 (—xe ™% + u,),

or [t ®dae = — (* + 3 + 6 + 6) ¢~
2°. Let up = [2" cos Bxdz, )
OB
We find Uy = 1 sin Bz ., 2™ — fl sin Bx . na™ dz
B B
- % sin B & — g Uy eeereererenneneans (7
and Uy =— %cos Bz .a™— f(— % cos Ba:) . na™dw

1
=—Ecos,8w.a:"+§u,._,. ........................ (8)
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If n is a positive integer, these formule enable us to express u,
and v, in terms of either u, or #,, which are known.

Ex. 2. Thus, if 8=1, we have
Uy =T BN T —NV,_;, Vp=—2"COST+NUy_1. .evvvenee 9)
For example,
u;=a?sin x — 3v, = a?sin 2 — 3 (—a? cos x + 2u,)
=a?sin « + 32° cos z — 6 (x sin & — v,),
or Ja? cos xde = (2 - 6x) sin % + (32 — 6) cos .
3. If Up=[tan™@dlf ............... .. e, (10)
= [tan"2 0 (sec*d — 1)df
= [tan™? d (tan d) — [ tan"2 §d,

we have Up = —l—l tan™ 10 — Up_3.  eee cererinnn.n (11)

Hence if n be a positive integer, u, can be made to depend
either on

u,, =/tan 0df, =logsech, . ... .......(12)

or on Uy, =[dO, =0, .oooiiiiin i (18)
according as n is odd or even.

Similarly, if vp=[cot®8dl, ...........eeiiiniin (14)

we find Up == COt" 0 —Vpg  cevrriniinnns (15)

82. Reduction Formule, continued.
1°. Let Up=[Cos" 0dl. ..ocooviinniiiiiininnn. (1)
We have
Uy = [ cos™? 0d (sin 6)
=gin 0 cos" 1§ — [sin f.(n— 1) cos®* 0. (- sin 0) df
=3gin 6 cos® 6 4 (n — 1) [ (1 — cos® §) cos™* §d ¢
=8in 0 cos® 1 6 +(n — 1) (Up—a — Un).
Transposing, and dividing by », we find

= Lsin Qo104 2y (@)
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By successive applications of this formula we reduce the index
by 2 at each step; and finally, if » be a positive integer, the
integral u, is made to depend either on

U4, =[cos0df, =sinb, ................. 3)

or on Up, =B, =0, cuiniiiiiiiiiiiiiiniin, (4)
according as n is odd or even.

2°. By a similar process, if
vp=[8In"0dl, ........oeviiiiiiiinn. (5)

n—1

we find Uy = — % cos @ sin®10 + Upge soveveesnnen (6)

In this way v,, when n is & positive integer, is made to depend
either on

v;,, =[8in0df, =—co80, ...co.ceuvnnnnis )
or on Vo =fd0, = 0. .............................. (8)
8°. The same method can be applied to the more general form

U, n=/8ID" G cos” 0dO. .................. )
We have

U, o = J 8In™ O cos™~ Od (sin 0)

sin™+! @ cos™! 0

m+1
1 ; j §in™ 8 . (n — 1) cos™* 8., (— sin 0) d0
= T sin™+1 @ cos"~! @
+ n—1 Jsin"'(? cos™ 260 (1 —cos*0)db
m+1

3 sin™* cog™1 6 + :;—:_——li (Um, n-s — Um, n)-

Clearing of fractions, transposing, and dividing by m + n, we
obtain

1 . n-1
Unm, 0= = sin™h g cos®1 0 + o Y o ...(10)
In a similar manner we should find
-1

U, n = —

. m
SInm—l o cos” +1 0 R
m+n + m

Y, e ...(11)
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By successive applications of (10) and (11) we can reduce
either index by 2 at each step, so that finally, if m, n are positive
integers, the integral u,, » is made to depend on one or other of
the following forms:

U, 1, = [sin 6 cos d6, =} sin%é, ............ (12)
Upo, =[O, =0, cevririiiiiiiiiiiii (13)
U1, =[cos0dl, =sin b, .........coeui.en (14)
Uy, o, =[8IN0dO, =—cosf. .......enennen.n. (15)

The investigations of this section are chiefly important as
leading to some simple and practically very useful results in
definite integrals. See Art. 97,

83. Integration of Rational Fractions.

We return to the integration of algebraic functions. There
are certain classes of such functions which can be treated by
general methods.

We begin with the case of rational functions. A rational
fraction
F(x)
573y  esssscesstcarensesnssencnns 1
7@ M

in which the numerator is of lower dimensions than the denomi-
nator, 18 called a ‘proper’ fraction. Any rational fraction in
which this condition is not fulfilled can by division be reduced to
the sum of an integral function and a proper fraction; it will
therefore be sufficient for us to consider the integration of proper
fractions. Accordingly, if /() be a polynomial of degree =, say

Sf@=a+p,a" + pa™ 4+ ...+ Pas &+ Pay - (2)
we shall suppose that ¥ («) is at most of degree n —1.

To facilitate the integration, we resolve (1) into the sum of a
series of ‘partial fractions” The possibility of this resolution
depends on certain general theorems of Algebra, for the proof of
which reference may be made to the special treatises on that
subject ™.

The student will find, however, that for such comparatively
simple cases as are usually met with in practice, a mastery of
the algebraical theory is not essential ; since the results obtained
by the rules to be given may be easily verified & posteriora.

* For the complete theory see Chrystal, dlgebra, o. viii,
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We will first suppose that the roots of the equation

F@)=0.cociiiiiiiiii (3)
are all real and distinct, say they are ay, ay, ...... o, The poly-
nomial f(z) then resolves into n distinct factors of the first
degree, thus

f@=@-a)(@—a)...(—ay). cccevernennn (4)

There is no difficulty in shewing that in this case the fraction
(1) can be resolved into the sum of » partial fractions whose
denominators are the several factors of f(z); thus

F (2) 4, A, 4,
(z—al)(x_a’)“‘(m—an)—w——a,+.fx;—a2 .’I:—a,,,"“(5)

where A4,, 4,,..., A, are certain constants. If we clear (5) of
fractions, and then equate coefficients of ™, 273, ..., !, z° on the
two sides we get exactly n conditions to determine the n constants;
but it is not evident that the conditions in question are consistent
and independent, and that the determination of 4,, 4,,..., 4, so
as to satisfy (5) is therefore possible and unique. The two
rational integral functions to be 1dentified will, however, become
equal for z =a,, z = a,, ..., #=a,, respectively, provided

A, (g —ag) (g —ag) ... (g — &) = F(ay),
Ay (2 —a) (g —ay) ... (0 — a,) = F (),

.......................................................... (6)*
A (an — a)(an—ay) ... (an — @) = F (a,),
(@) 4 F(a) _F ()
or Al fl(al)»AR jv(az):---’ An—f/(aﬂ)- ......... (7)

Now two rational functions of degree n —1 cannot be equal for
more than n —1 distinct values of # unless they are identical.
Hence, with these values of the constants, (5) is an identity.

‘We then have

¥
[ 5 dn= 4110g (o~ @) + Ay log (o~ ) + . + 4y log (5= an)

e (8)
X
Ex 1. TO find /Eg‘m e teesestsiensetsnnecnsotensanne (9)
‘We write
o Ba® — 42 A B (o) D

PP Rl yy. =y ekl il ey Sl SR L)

* This 18 an extehsion of Art. 75 (8).
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If we clear of fractions and then equate coefficients, we get four linear
equations to determine 4, B, C, D. It is sumpler, however, to use the
method just explained. If we multlply the assumed identity by z—1,
and afterwards put & =1, we obtain the value of 4 ; and similarly for
the other coefficients. We thus find

e .11 11 81 811 an
ar—Dx?+ 4 6x—1 6a:+1 32-9 e ERLEREE

a result which is easily verified. Hence the required integral is

2a?—tlog(x—1)—}log (@+ 1) + §log (x —2) + §log (= + 2)....(12)

dx
Ex- 2. To ﬁnd fm e eeeeseceses sesse  sesess (13)
Treating 1/2? (1 + 2®) as a function of x? we have
1 1 1
m = 1-72 - m g oo “ eeee tees (14)
de -
whence m) =———tan"T ' ®. iiiiieieiinienn.. (15)

84. Case of Equal Roots.

If the roots of the equation f(#) =0 are real but not all
distinct, then, corresponding to an »-fold root 8, we have a factor
(z— B) in f(«). It is shewn, in the algebraic theory referred to,
that the corresponding series of partial fractions, in the expansion
of Art. 83 (1), 18 now

B, B, B,
w_B (a. B)g oo ($ )r, ............ (1)

where B,, B,,... B, are r constants, to be determined by the
method of equating coefficients, or otherwise.

The 1indefimte integral of the expression (1) is

B, 1 B, 1 B,
B,log(w B)'—‘ B—"z(w_ﬂ)z—...—m({c B)r_l ...(2)
dx
Bz 1. Tofind fm .................... (3)
1
‘We assume m:%-f-g l_?—;: - (%)

If we multiply both sides by 1 —a, and then put x=1, we get C=1.
Again, multiplying by «* and then putting x =0, we find B=1. The
constant 4 remains to be found in some other way. If we multiply

-
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both sides of (4) by , and then make = — o0 , we find 4 — C =0, whence
A=1. An equivalent method is to clear of fractions and equate the
coefficients of a®. Again, we might assign some other special value to
x ; for example, putting x=—1, we find

-4+B+ 10=},

which, combined with the previous results, gives 4 =1,

dx 1 1 1

Hence 5:?? (’1 —:a =/(§ + a"—’ + -i_—x) dz

=logw-‘—lv——log(1-—x). ............ (5)
20+ 1
Ez. 2. To find j'('m’ dT.  ceveriiiiiiin. -..(6)
2¢+1 4 B c
Assume (a:+2-)(a:—3)’“m+2+x—3+ @=3pc (7)
The short method of determining coefficients gives
A" 4+1 3 c 6+1 7

——————-———(—2—3)52-—%, :3—:é=5.
Also, multiplying by «, and then making x - «, we find
A4+B=0, or B=.

The integral is therefore
7

—,‘-"log(w+2)+§3xlog(w-—3)——57;_-_—3—). ......... (8)
Ex.3. To find (%:_gqi-), vt e (9)

We recall Art. 77, 3. Regarding «*/(«? + 1)* as a function of «? we
find (by 1nspection)
@2 (@+1)-1 1 1
@+1p  (@+1y @+l @+ 1P

H ©de  (xdx /wdx
wones f(wul)ﬂ‘ A+l J@v Iy

=§log(x'+l)+§—(~w}:—i). ......... (10)

86. Case of Quadratic Factors.

The preceding methods are always applicable, but if some of
the roots of f(«)=0 are imaginary, the integral is obtained in
the first instance in an imaginary form. If we wish to avoid
the consideration of imaginary expressions, we may proceed as
follows.
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It is known from the Theory of Equations that a polynomial
Jf(x) whose coefficients are all real can be resolved into real factors
of the first and second degrees. Then, in the resolution of the
function

F(=)

T e 1)

into partial fractions, it may be shewn that we have

(a) for each simple factor # — a which does not recur, a fraction
of the form

(b) for a simple factor z — 8 which occurs r times, a series of
r fractions, of the form
B, B, B,
v T 3
a-B @-mrt - py ®

(c¢) for each quadratic factor 2 + px + ¢ which does not recur,
a fraction of the form

Czx+D
@ +px+q’
(d) for a quadratic factor #* + pz + ¢ which occurs r times,
a series of partial fractions, of the form

Cix + D, Cix+ D, Ciz + D, )
d+pr+q (@+pz+q) T (@+pr+qr T
It is easily seen that in this way we have altogether just
sufficient constants at our disposal to effect the identification of

the function (1) with the complete system of partial fractions, by
the method of equating coefficients.

*It only remains to shew how the indefinite integral of the partial
fraction

C,x + D,
(@ +pa+g)’
can be found. The case s =1 has been treated in Art. 74, and the general
case can be reduced to this by a formula of reduction,

In the first place, we can find A, u so that
Cx+ D, 2z +p . 5 o)
(x2+pw+q)'_ (wa+pw+ q)ﬂ (w? +pw+q)., ------

* The investigation which follows 18 given for the sake of completeness, but it
is seldom required in practice. The student will lose little by postponing it.
Another method of integrating expressions of the type (10) is indicated 1n Ex. 2,
below.
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viz. we have A=40,, pu=Dg—3pCs cocoooivvivvininn.. (8)
The integral of the first term on the right hand of (7) 1s
A 1
...(9)

ST @apmrg
and it remains only to find

f,w,w“q),, [(mc),, e e (10)
where t=x+3p, c=q¢q—=3p* ool L il (11)
Now, by differentiation, we find
d ¢ 1 o
Ez(mc)'-l:(m - Doy
(B +c)—
(zﬂ+ o =D e (t’+c)'
1
== (20-3) G+ (20-2) (7’_':5 ......... (12)

Hence, integratin g

(tﬂ + c)a—l (28 3) f(tﬂ_‘_ )l—l + (28 2) /(ta + O)"
or t 28 -3 1 13
(t’ + c)‘ (23— 2)e (6 + c)"l 28 —2° c/(¢2+ o)L’ -++(13)
Returning to our previous notation, we have

_de 1 z+ip
(@ +pz+q) 2(s-1)(g—-1p°) (&*+px+q)
28 -3 dx
2(8— )(g-42) /(= +px+q)' Sreee (14)

which is the formula of reduction required. By successive applications
of this result, the integral (10) 1s made to depend ultimately on

(_de
. > ey SO (15)
which is a known form (Art. 75).
d
Ex. 1. Tofind / e POV (16)

The denominator has here two quadratic factors, #?+x+1 and a*—x+1,
which are not further resolvable. 'We therefore assume, in conformlty
with the above rule,
1 _ Adx+ B Cx+ D
e st sreeres Sl Seeris FRTIPOTIRTIINRI (17)

or l1=(do+B)(@®-x+1)+(Cax+ D) (&* + x + 1),
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Equating coefficients of the several powers of x, we have
A+C=0, ~A+C+B+D=0,
A4+C—-B+ D=0, B+ D=1.
Hence ==C=%, B=D=%. .ccc. ceciiennn. (18)

The integration can now be effected by the method of Art. 75.
We have

dx x+1 %j
fa:‘+a:2+l §a:“+m+l x — a:+1

2 +1)+1 (2 —1) - 1
=1 (a:+a:+1 i/x’ z+1

=4log(a*+x+1)—}log(®~x+1)

+1 [t oo

B+x+1 2m+1 22 -1
=tlog ao ‘>J3( +tan™ = 5)
_ ?+x+l 1 o ,J3a:
_{logw,_w+1+ 2~/3tan T coveennn(19)
das
Ez 2. Tofind f(ﬁsc?)r et e, (20)

This comes under (14), but may be treated more simply as follows.
If we put

z=tan 0,

dw 2
[m—), = / cos? 0df
=3[ (1 + cos 26)
=46 + } sin 26

we got

- X
=§ban ‘m+%1-:~w—§. ................ (21)

86. Integration of Irrational Functions.
The following are the leading results in this connection.

1°. In the case of an algcbraic function involving no 1rration-
alities except fractional powers of the variable, we may put

z=t™ dr/dt=mtm",

where m is the least common multiple of the denominators of the
various fractional indices. The problem is thus reduced to the
integration of a rational function of ¢
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2°. Any rational function of # and X, where

X=M@+br), ccocevrvniiiiiieinin, (2)
can be integrated by the substitution
a+bx=4%, dxfdt=2tb .................. 3)
Thus fF(a:, X)do=[F (t%“ (). LI )
and the function of ¢ which follows the integral-sign is now rational.
x dx
Ex. 1. To find m.

If we put &= #, this becomes
tdt dt
= 3 — — ——
2/ —2 f(B—t+1)ds 2/‘“

=301+ 2t—-2log(t+1)
=2 %—w+2m‘}—2log(m +1).

dz
.E:n. 2. TO ﬁnd { a“:’m ’
put l+a=10, du/d=
. F 2t dt dt
We obtain zm‘)“t = 1-—-._—?,

=2tan~'¢=2 tan~?, /(1 + ).
8°. If X stand for the square root of a quadratic expression,
say
X =4/(aa® + bz + c),
the problem of finding
JF @, X)do, cocovnvnvnvevenininininnn.. (5)

where F(z, X) is a rational function of # and X, can also be reduced
to the integration of a rational function.

If a be positive, we may write
X=,Ja. J@+pL+q), ccerrrrriiiiiinnan.n. (6)
where p = b/a, ¢ = ¢fa. Now assume
J@+prtg)=t—n

f-q dz_2(P+pt+q)

whence 25 T p m = —(—2—t+—p)é—' .................. (7)

¢ +pt+
and J@ +p+q) = mf’wq. .................. (8)
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It is evident that by these substitutions the problem is reduced to the
integration of a rational function of ¢.

If the factors of a? + px + ¢ are real, say

Brpr+g=(x—a) (®=B), .ccceerrrirrninnn.. 9)
we may also make use of the substitution
=B=(@—a)t cceovivirernnninns e, (10)
_ B-a dz_2(B-a)t
whence xT=a+ l—-t”’ a—t——(l—_tz)T eersene o (11)
and S +para)=@-aye=B0E (12)

If @ be negative, we may write

X=\/(—a). J(g+pr—2ad), ccvvv............ (13)

where p=~b/a, g=—cf/a. If the radical is to be real, the factors of
g + px—a? must be real, for otherwise this expression would have the
same sign for all values of x, and since it is obviously negative for
sufficiently large values of «, it would always be negative. We have, then,

g+pr—=(—a) (B=%),cccervres cverennnnn. (14)
where a, B are real. If we assume
B-x=(@=a)f ...cccevvvriineennnnn.. (15)
_ B—~a dm_ 2(B-a)t
we find m-a+1+t,, d_t——_(i_-i-_tz?, ............... (16)
B—a)t
and J(q+pw-x’)=(a:—a)t=(l—_‘_-t2~—. crrvnnennean(17)

These substitutions evidently render
dx
F(x, X) 7
a rational function of &

The above investigations are of some importance, as shewin
that functions of the given forms can be integrated, and that the
results will be of certain mathematical types; but the actual
integration, in particular cases, can often be effected much more
easily in other ways®*. We have had instances of this fact in the
course of the Chapter ; and we add one or two further illustrations.

Ex. 3. By rationalizing the denominator, we have

J e - 1

=2 (1 +a)t - 2ot
* See especially the methods of Arts. 76, 77, 79.
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Bob [ e J@ -l

=48 - [ J(a?—1)da
= 4o’ — da /(&*— 1) + 4 cosh—' .
Otherwise, putting = cosh u, the integral takes the form
f sinh » du

— i = [e *sinh u du
cosh % + sinh » J

=4 f(1—e ™) du=3u+ Je™,

which may be easily shewn to differ from the former result only by an

additive constant.

EXAMPLES. XXIII

Find the indefinite integrals of the following expressions¥:

1 1 1 9 1 1
T l-a’ (1-2)p 221" (2w—1)
1 1 l+ax
— a ———— —_— —_——
8. (x-1) @1y 4. /=, Jo' Ja
5 - 1 1 6 lvyxe 1+
T M2+ J(B-2) w2
1—22 242 1\? 1\3
7. ——3:';*, —3"_?5. 8. (w'f‘;) N (m+5) .
lvaz 11—z x? x?
. 1-2’ l+z° 10. l+z’ 1-z'
l-a* 1+a2 . .
11. 3 =& 12. cos’x, cot?w.
13. (cosz —sin x) 14. cosh?z, sinh?c.
— am 2m+1
15. tanh®wx, coth?z. 16. 1o , 1+ .
1—2 l+a

EXAMPLES. XXIV.
(Dynamical.)

1. A particle moves according to the law

ds
=% 9t

prove that the space described before it comes to rest is u,3/2g.

* The student should test the accuracy of the results by differentiation.
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2. If a point start from rest at time £=0 and move with a
constant acceleration, and if v, be the velocity after any interval and
© the mean velocity in this interval, then

B=v,.
8. If, with the same notation, the acceleration vary as ¢, then
1,
n+2 Y

4. A particle moves according to the law

V=

ds .

7 = v, C08 nt,

prove that the space described from time ¢=0 until it first comes
to rest 18 v, /n.

5. If the velocity of a particle moving in a resisting medium
be given by
ds w

% =P8 T,

prove that the particle never attains a distance v,/k from 1ts position
when ¢ =0.

6. A particle moves according to the law
= ve ¥ cosnt ;
prove that the space described from time ¢ =0 until it first comes to
rest is
ne—krl2n +k
e
7. If the angular velocity of a body rotating about a fixed axis
be given by
do

F i 2n sech nt,

prove that
6 =4 tan— e™ — m,

supposing that 6 vanishes for ¢ = 0.

EXAMPLES. XXV.
(Quadratic Denominators.)

l+ee ., )
1 mdx-t&n m+logJ(1+m’).

2. /T—%,dw=§x’—logJ(l + ).

L. L C. 13
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3. jl—m:—c—zdw=—}m’—log (1 = ).

- -1 _
4 [1 2m+2m’ tan”" (22 —1).
2+ 1
5. f 17:»:;4 9u* =108 LT "
3x+ T . 1 _, 4z-3
20— 1 Lx+1
7. @sz_*_s 100' (.’1'72+ 2m+3)——ﬁ —JTZ—.
2 + 2+ 1 L 22-1
8. xz——m—dw x + log (a? — x+1)+$tan —73 "
x+1 2
0. f( T de=log @=1)~ 1.
wde . (x+4)
10. fazflf6x+8‘1° x+2 "
11 =1 e -3 log(@—2) + 81 3
@ w3 W w-3log(x—2) + 8log (@~ 3).
+ax+1

12. wf—x—-—d =&+ (3 /0+1)log (2x—,/6-1)
— (35 —1)log (2x + /5 —1).

s de=x+%2* + 3ot + .. +q .L_Ixzm-x

1 — o*™
1 -2

13.

1_( )mmm 1 1 5 _ m-1 1 2m— 1

EXAMPLES. XXVL
o 1
[=5 g
dx
2. /m 73 sinh~ (,/3zx).
d .
3. f & (.1_'”_---5} = sin= (22 — 1),

fJ{w(l = o 2k 1),
/,:/—Ha:—_ == cosh™* (2 — 1)
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6 f—'—"————"-‘—' 5] 8 nh—l B + 1 .
,\/(1+2:v+3w2) ,J3 J2

7. f sin—? .32:..!'. .
Ja+ 2a: 327) J3 2

8. f;/@?x"—Tz) = cos1 (1 -9).

9. f \/ =2) do= i@ (a— o)} + jasint =g,
10. f\/(l "2 dar = sin-t @ — (1 - ).
11. /\/(g-}}) dz = J(a®—1) + cosh-" .

EXAMPLES. XXVII
(Change of Variable.)

??*de 1
L fi=a=3l8 5

?dr 1+ xtdr | o
2 JizeETsle o JTae RN

f 8 % = § (log x):

4 [sinxcosxdx=}sin®x.

sin~lx
5. — - dz = } (s1n~ ' x)3,
6. eos @ dz =log (1 + sin x),

1l +smna
sin 1
fa:l;zasgdx——glog(a+bcosa:).

7. [sinxcos’ x du=—}costw.

sin x cos & _ 1 s s 9
8 /a,cos’a:-o-bsm‘xdm"'2(b —a) log (@ cos® z + b sin® x).

9. [tan®xdx =1 tan’x + log cos @.
sin & ‘.
10. f S du =1 sec

11. [sec*x dx =tan z + } tan®a.
13—2
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12. [(secx + tanx)dx=log l—:%—iﬁ_m R

J (sec & — tan x) dee = log (1 + sin x).

dx dx
13. —————— = COSeC & — COt &, j ————— = — cot & — cosec @.
1 + cos 1—cosz

x
14. %di—- = tan & — sec x, —‘h—— = tan « + sec .
1 +sinx 1—-sinx
15. [ —.—-,—d—w~,— = tan z — cot .
Jsin®a cos®x
dx

16, /sm =Ssec T+ Iog tan %x.
17 —-ﬂ———‘sec“w+lo tan .

* Jsinzcosx % &
18 _ e 1 + 1 log (cos x + sin ).

* J1+tana 2 2

de 1 1
19. fl+cos“m~ :/—2ta.n J2ta“x)'
20. [z J(a? + a?)dw =1} (a*+at)},

dx 1 "
B [y =2 % m T
22. Evaluate [./(a*+a*)dx and [,/(2*—a?) dz by hyperbol
substitutions.

dx _ J( +a?)
B (o e
dx _ J(a? — x?)
2. f a? (P — %) ax
8. [T ey (o - 20) (02 + o).

S x )~

EXAMPLES. XXVIII
(Integration by Parts.)
1. [xevls da = a (x ~ a)ela,
2. [xlogxdx=}a®(loga —}).
8

™l 1
fw’“loga.dm:m+ i (loga:-m).

4. [xsinwxde=—xcosx+sin,

b. [z cosadx=asinz+ cos .
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6 J[xsinwcosxdx=— o cos2x + Lsin 2.
7. foos ma cos narda = M BID M COS na: - 'n;cos ma sin na .
m? — n
8. fuin ma sin nads = 7 8in mx cos nxz— m CO8 ma sin naw '
m?—n?
9. fsinmcosmdx=_mcosmcosnw+nsin mx SN 1L
PR
10. fsin“'zdz=zsin"'z + /(1 - 29).
11. ftanT'zdx =z tan~' x -log ,/(1 +«%).
12. [sec~'x dx ="z sec™'a — cosh™ z,
18. fxtan~'xdr=}(1 + %) tan'z — da,
14 [xsec® x drx=zxtan x + log cosx.
6. [T 2 do = tan g
16. %dx:—,\/avaﬂ)sin“m+m
17.  [coshx cos x dx = } (sinh  cos = + cosh « sin ),
18. fsinhxsinx dx = } (cosh z sin  — sinh « cos @).
19. fcosh xsin 2 da = } (sinh 2 sin  — cosh z cos @),
20. [sinh cos« de =} (cosh 2 cos x + sinh 2 sin x).
21. fe®sinx cos x dx = & (sin 2x ~ 2 cos 2x) €*.
22. [2Pe ®dx=—(x* + bt + 202® + 602® + 1202 + 120) =2,
23. [a*sinxde=— (2*— 122° + 24) cos = + (42* — 24x) sin a
24 If u,= [a" coshx dx, v, = [«"sinhx dz,
prove that u, = x"*sinh 2 —nv,_,, v, =2"coshx—nu,_,.

Deduce the values of %, and v,.

[we=(2* + 122 + 24) sinh & — (4a® + 24x) cosh =,
v, = (2* + 122" + 24) cosh 2 — (42* + 24=) sinh x.]

25. If u be a rational integral function of @, prove that
esr D D
fo‘“udx: “;‘(1 —-—a-+ ;.""‘ .-.)u,
where D = d/dw.
28. Determine the coefficients 4, B so that

/ dx _ Adsingx _ dw
(@+boosay “avboosz C Jarbeona”

197

[4=-b/(@ ), B=af(s*~ 5]



198

1.

INFINITESIMAL CALCULUS [cH. V

EXAMPLES. XXIX,
(Rational Fractions.)

d»

x

w2~ % J=a"
2 + 3 - (z- 1
2. f(a: de =log —-

-D(x+2)

@ (@ + ))5

* fene-ne
=}log (x—1)—4log (x —2) + & log (x—3).

4.

&

N

10.

11.

12.

18.

(2]

14.

15.

22— 3
(*-1) (2« +3)

=3 log (= + 1) —ylog (x - 1) - 32 log (2 + 3).
x?—2

xdx

x‘w’2‘lg

2+ 17
1

x-~1

— 1 p—
m’+3:c2—4_ Twr2) 8T

a? da

f(w——a) @—b) (@=0) (a=b)(a—c) 8

b2 el
MERIE o8 @) <T'a7<7‘6> 198 ).

275 -1
f(wa + a“) (.'l:g b”) bﬂ an ( tan t an b)
xdx B 1 | 24 ad
@ra) @+ 00 2(F—a?) B
2o - 12 %
/(“’4-0,2) (x2+bz) TwE b (atan a—btan 5)'
ol 1
(x’ + a“’) <x2 + bg) = 5 (aa— bg) {aﬂ log (wﬁ + alﬂ) —H lOg (ms + bﬁ)}'
xdax 9 542

@+1)(@+2?

w+2+10gx+1'

a?dx
T @ wrate@r)
i _1] a:+l__1_ 1
jaz‘" a?— x+1—iogw— 2x-1°
x +1
f(w?—l)’ e j +Hlog =



1e.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

3l.

32.

33.

84.

EXAMPLES

f dx 221 421
Aoz x(l-a) - Blz
a?de 1 = 10m+1
@_ip- " a@-1 tles T
/_d_w__ ——g31g?7 1 1 =
x?(x? = 1) Sa+v1 @ 22”1
da 1 1
ﬁ(m+-v1)=—2—70—2+5-10g(w+l)+logw.
3+ 2 2 1
Joatp =218 51 a1 5 o
f de Odw-—l 3 = 1 x
(@®=T1p T8 O+l 8a'—1 4 (2-1)"
/x(ll+x dx = log\/(1 +ta,n ®
_1__wdxx‘ =}log —— + +tan~lw,
{n”dx —ilog%—‘tan“x
dx 1+ 1 & o 2x-1
I+ %1 zrar J3 AT g
mdw_-x oglzra@ 1 an2e-l
172 8 % (Txap T3 73

dx
f(l +) (1 +28) =z

A dx
f (I+2) (1+a7)

/ *dx ~1log

e rai-2 ¢

f ?®dax

x + 3a? + 2
x?dx

Ty =il @-D-flg @+ 1) -5

1log (1 +x)— }log (1l + 2% + 4 tan™a.

-1
4+ M=

+1

A2
3

tan—?! —

ocr —x+1
Sxttx+1°

J

=log (#* + 2) — 3 log (* + 1).

=3log (1 + ) + }log (1 + %) -- } tan— .

€T —

y:

199
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85.

87.

-

e

[

&

10.

11.

12.

18.

14,

INFINITESIMAL CALCULUS

/__ e 2 + 822
a? (1 +w‘-’)" T % (l +

dx 1 log

1+a:J2+ac’

= -3 tan~'a.

1 tan _le2.

T+t 4,03 STz 2+a 320 1°g

a?de 1

1-2 /2438

1 tan N

1+w‘=4J2l TroJ2+a ' 2.2 I-a"

EXAMPLES. XXX,

(Irrational Functions.)

fe JA+x)de=2( +a)f -2 (1 +a)h

/ dx _ 2
J@+a)+ J(x+b) 3(a—b){

/Jii“':l =2 Ju + 2log (1 - /a).

dw 1
f(l—w)Jw=°g1—Jw'

Ja=a e =2/ (57)-
Jararga=a =2 /(F9):

(= + a)% —(x+ b)*}.

NE]

[CH. VI

fm(x—_—i)=log{w+,\/(m—l)}——;gtan“lz“/(m—l);l
;{—midw=2,‘/z+log:7;}.

dx 1 Nl +z)-1
[a gt =i

ko) g SR -1

/a:’,,/?f+ac) @

J(1+m)+1'

fJ(x, 1= e+ 1)~ sinh e,

a3dx @
f ( =— + sinh-1¢,

1+.rc°)* V(1 +a)
1

(1+2% J(l -a?) Jz
1

tan—! —- M.

z /2
NN
2,2+ /(1 +a%)

(l~a,")~/(1+w’)=2~/2

log

@ 2= (1 + )



CHAPTER VII

DEFINITE INTEGRALS

87. Introduction. Problem of Areas.

The problem of inteﬁation, in the sense now to be explained,
is one of the oldest in Mathematics, but it was not till the time
of Newton and Leibnitz that a gencral method of solution was
evolved. We proceed in this Art. and the next to explain this
method briefly, without special attention to logical details, taking
the ‘ problem of areas’ as a sufficiently typical case. In this way
the essential principle will be easily apprehended Afterwards, in
Arts. 89-94, the question will be taken up de novo and discussed
in a more general and more rigorous manner.

Suppose that it 18 required to find the area* included between
a continuous curve
Y= (X), vvrviiiiiiiiiiiiie, 1)

the axis of x, and two ordinates z =a, x=0. For definiteness we
will suppose that y is positive over the range of z considered, and

Y P

)
il
'
' v
' ! 1 '

° A ' ) X
Fig. 48.
* The term ‘area’is used, in this Art. and the next, in the ordinary intuitive

sense. Iiom the modern point of view the area of a curve needs definition ; see
Art. 99.

e e e rercnam———
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that b >a. We may divide this range b — a into a series of sub-
divisions, h,, ks, ..., h,, and erect on these as bases a series of
rectangles whose altitudes ¥y, ¥, ..., ¥» are ordinates of the curve
at arbitrarily chosen points within the respective bases. The sum
of the areas of the rectangles thus constructed may be regarded as
an approximation to the area required. The result may, indeed,
happen to be exact, but it is evident that the approximation will
as a rule be better, the smaller the subdivisions, %,, %, ..., h, are
taken, their number being of course correspondingly increased.
The limit to which the sum of the rectangles tends, when the sub-
divisions are infinitely small, is the area required.

Before the invention of the Calculus this procedure, or some-
thing equivalent to it, had to be carried out if possible for each
curve separately, the methods employed being often highly in-
genious. The following examples may serve as 1illustrations.

Ex. 1. To find the area included between the parabola y =3 the
axis of x, and the ordinates x =a, = b.

Y]

ol

Putting hy=hy=.. =h,, =h,
h=0a% y,=(a+h), ys=(a+2h), ... yn={a+(n-1)Ar}
‘we have to consider the sum
a’l+ (@ +hPh+ (a+2h)2h+... +{a+(n—1)A4}?
=na?h+2{1+2+ ...+ (n—1)}ak® +{12+2°+ ..+ (n—1)2} AP
=neth+n(n—1)ah?®+3(n—1)n(2n—1) A

=a’(b-—a)+<l ~%>a(b—a)"+%(l— %)(1—51;)(6—«,)‘....(2)

The hmiting value of this for n - oo is

@b-a)+rab—a)+i(b-a), or L(B-a’). ...(3)
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Bw. 2. The general case of the curve

where m may have any integral or fractional value, positive or negative,
except — 1, may be treated as follows.

The abscissae of the dividing points of the range b—a are taken in
geometric instead of (as is more usual) arithmetic progression, viz. they
are

a, pa, pla, .., pa,
where u® =b/a The subdivisions are therefore

I=(p=1)a, by=(u=1)pa, hy=(n—1)pa, ..., hy=(u—1)a"la.
The ordinates at the initial points of these are
, pu
and the sum to be considered is therefore
(p. - 1) a™+1 (1 + ,.‘,m"‘l + "ﬂ(mﬂ) + o+ F,(""l)(m“))
) "_n(m+1) -1 n— 1
=(@-D " ami T = s 7= a™) )

The subdivisions are made infinitely small by making u tend to the
limit 1, » becoming 1nfinite. Since

mi1__ |

I
hm, >4 _p.—-l =m+1, ..... N ()

m ,m 2m m
a™, pa™, ...

am™ -1)m a™,

by Art. 22, the result is

pml _ gmtl
e e e (7
If we put m =2, we get the case of Ex. 1, above.

The above ingenious procedure is due to Wallis (1656). It needs
modification when m =—1. In place of (5) we then have
1

n(#—1)=n{<%>;—1},... ................ (8)

the limit of which when n -= « 13, by Art. 43 (9),

m+1

b
lOg‘—z. . .. e e e eeeeses (9)

Ex 3. Let the curve be
y=sinx, .. B, (10)

the range extending from =« to =8 Taking equal subdivisions
h=(B=a)/n, .cccoovnr veiininnnnns v (11)

we consider the limit of the sum

3, ={sin (a + 3A) +sin (a + §A) + .. +8in(B-§A)+sin(B ~$A)}A, (12)
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where the values of sin  at the middles of the respective intervals have
been taken. Now

5—11;—’%—}1 . 3 =2sin {hsin (a + 4) + 2sin A sin (a + 3A) + ...
+ 2 8in A sin (B8 — $A) + 2 8in $4 sin (B — 34)
=cosa —cos (a+A)
+cos (a+h) —cos(a+2h)
+ ceneennes
+ cos (B —2h) —cos (B—A)
+cos(B—h) —cosf
=cosSa YT AU 4 £ ) B
Hence, proceeding to the limit (A - 0), the required area 1s
CoSa—COS B iiiih ciit iiieiiiaien. (14)

88. Connection with Inverse Differentiation.

Calculations of the above kind are now superseded by the rule of
the Integral Calculus, to which we proceed.

If, keeping @ fixed, we regard b as variable, the area considered
n Art. 87 will be a function of b, which vanishes when 6=d. When

Y —

A XY X

Fig. 45.
b receives an infinitesimal increment 83, the increment of the area
will ultimatgly be equal to a rectangle of breadth b, and height
¢ (b); see Fig. 45. Thus, if A be the area in question,

BA=¢ (B)Sb, weverrereeeeieernnnn, 1)
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dAa
or ’—d—b = ¢ (b). .......................... (2)

Hence if 4 (z) be a function such that ¥’ («) = ¢ («), ve. if Y («) be
the *indefinite integral’ of ¢ (), we have

dA , .

a5 = LV () N 3)
It follows from Art. 56 that

A=YDB)+0C, .iviiviviiriiinininnnnn, (4)

where C is some constant, and since A4 ust vanish for b =a, we
must have C =—1(a). Hence

A=Y @)=Y (@) correeirreeerreannnn, (5)

The problem of finding the area is thus reduced to that of indefinite
integration, which formed the subject of the preceding Chapter.

Ex. 1. If ¢ (x)=a™ we have ¢ (x) = 2™ /(m + 1), and
pmtr _ qm4l

e — (6)

except when m =—1.
If ¢ (x) = 1/, we have  (x) = log #, and

A=logg.... ................... (7)

Ex, 2. 1If ¢ (x)=sinx, we have ¢ (x) = ~ cos x, and
A=—cosB—(—cosa)=cosa—cosB. ........... (8)

The above results agree with those obtained, by much greater labour,
in Art. 87.

89. General Deflnition of an Integral. Notation.

As the process of finding the lhimiting value of the sum of a
series of infinitesimal quantities is one which has numerous appl-
cations in Geometry and Mechanics, we proceed to treat it in a
more formal manner, attending at the same time to various points
of theoretical importance which have hitherto been passed over.

Let y, = ¢ (%), be a function of & which is regarded as given (and
therefore finite) for all values of # ranging from a to b, inclusively.
Let the range b — a be subdivided into a number of intervals

all of the same sign, so that
h|+h‘.+ono+ll/“=b—am ............... o.n(2)
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Let 7, be one of the values which y assumes in the interval A,
y, one of the values which it assumes in the interval A,, and so on;
and let

S=yl+yph+ oo b . e 3

The value of this sum will in general vary with the mode of sub-
division of the range b — a, and with the choice of the values y,,
Ya, ++v» Yn Within the respective intervals (1). But if we introduce
the condition that none of these intervals is to excecd some assigned
magnitude %, then in certain cases, which include all the types of
function ordinarily met with in the applications of the Caﬁ:ulus
(and more), the value of % will tend, as % is diminished, to some
definite limiting value §, in the sense that by taking & small enough
we can ensure that 2 shall differ from 8 by less than any assigned
magnitude, however small.

The sum which we have denoted by 3 1s more fully expressed

by
Stydz or Z2p(x) 8@, «ovuirniiian e, (4)

8z standing for the increments h;, h,, ...... , hn of 2. The limiting
value (when it exists) to which this sum converges, as the incre-
ments 8z are all indefinitely diminished, and their number in
consequence 1ndefinitely increased, is called the ¢ definite integral’
of the function ¢ () between the limits @, and ¥, and is denoted by

f :ydw or f:¢ @)dz, cooeevvvnnr vennnn. (5)

the object of this notation being to recall the steps by which the
limiting value was approached t.

Problems in which we require the limiting value of a sum of the
type (3) occur in almost every branch of Mathematics. The area of a
curve has already been referred to; other simple instances are: the
length of a curved are, regarded as the limit of an inscribed (or circum-
scribed) polygon, the volume of a solid of revolution, and so on. These
will be considered more particularly in Chap. viir

Again, in Dynamics, the ‘impulse’ of a variable force, in any interval
of time, is defined as the ¢time-integral’ of the force over that interval ;
viz. if # be the force, considered as a function of the time ¢, the impulse
in the interval ¢, — ¢, is the limiting value of the sum

Fiory 4+ Forgt oo + By eveiiiieiiieinnn, (6)

* It is a little unfortunate that the word ‘¢lumt’ has to be used in several
different senses, The word ‘terminus’ would perhaps be more appropriate in the
present case.

+ The symbol [ is a specialized form of 8, the sign of summation employed by
the earlier analysts. The mode of indicating the range of integration was intro-
duced by Fourier.
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where 7, 75, ..., T, are subdivisions of the interval ¢, —¢,, such that

Tt Tat e+ Ta =l —lyy v e e e )

whilst F,, F,, ..., F, denote values of the force in these respective
intervals. Hence, 1n our present notation, the impulse 18

ﬁ:‘ Fadte oo oo e (8)

Newton’s Second T.aw of Motion asserts that the change of momentum
of any mass (m) 18 equal to the impulse which 1t receives, or

t
vy — mv, = ]to Fdty . eveviieeiiinins (9)

where v,, v, are the initial and final velocities.

Again, the work done by a variable force is defined as the space-
integral of the force. If / denote the force, regarded now as a function
of the position (8) of the body, the work done as s changes from s, to s, is

/ B8 e e e, (10)

For example, the work done by unit mass of a gas as it expands
from volume v, to volume v, 18

/”‘pdv, e e e, ..o
Y

if p be the pressure when the volume is ». This 1s seen by supposing
the gas to be enclosed, by a piston, 1n a cylinder of sectional area unity.

The graphical representation of the integral (10) or (11) 1s frequently
employed in practice. Thus, in the case of (10), if a curve be constructed
with 8 as abscissa and # as ordinate, the work 1s represented by the
area 1ncluded between the curve, the axis of s, and the ordinates corre-

sponding to & and s  Ulus 1s the principle of Watt’s indicator-
diagram*,

90. Proof of Convergence.

Whenever the sum X has a definite limiting value, in the manner
above explained, the function ¢ (z) is said to be ‘integrable.” It
may be shewn that every continuous function is integrable in this
senset, but as regards the formal proof we shall confine ourselves
to the particular case where the range of the independent variable
can be divided into a finite number of intervals within each of which
the function either steadily increases or steadily decreases. This
will be sufficient for all practical purposes.

Before, however, introducing any restriction (beyond that of
finiteness) we may note that two fixed limits can be assigned

* See Maxwell, Theory of Heat, c. v.; Rankine, The Steam-Engine, Art. 43.
+ It 18 not 1mphed that & mathematical formula for the integral can be found.
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between which = must necessarily lie. For if A and px be the lower
and upper limits (Art. 17) of the values which the function ¢ (z)
can assume in the interval b— a, it is evident that % will lie
between

Ay +he+ oo + hy), =N (b—a),

and g b+ ket oo + k), = p (b — a).

We will now suppose, for definiteness, that b > a, and that ¢ (z)
steadily increases as # increases from a to . Consider any par-
ticular mode of subdivision

By By ooy By eeveveevenienseieiienienns (1)

of the range b — a, and let

S=yh+phe o Ynhny e (2)

where, as in Art. 89, y, denotes some value which the function
assumes in the interval A,.

Now if in (2) we replace v,, ¥,, ... ¥, by the values which the
function has at the beginnings of the respective intervals, none of
the terms will be increased, and if the resulting sum be denoted
by 3, we shall have

Db D O 3)

Again, if we replace ¥, ¥, ... ¥, by the values which the function
has at the ends of the respective intervals, none of the terms will
be diminished ; hence if the resulting sum be %", we shall have

SUES e e, (4)

N
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In Fig. 46 the quantity 3 is represented by the sum of a series
of rectangles such as PN, and 3 by the sum of a series of rect-
angles such as SN. Hence the difference 3 —3/ is represented
by the sum of a series of rectangles such as SR. The sum of the
altitudes of these latter rectangles is KB— HA, or ¢ (b)— ¢ (a),
and if & be the greatest of the bases, t.e. the greatest of the inter-
vals (1), we shall have

=3 3k{pB)=P(@)  ererrrnnnnn. (5)

Now, considering all possible modes of subdivision of the range
b —a, the sums 3/, being always less than u(b—a), will have an
upper limit, which we will denote by S’, and the sums 3", being
always greater than X\ (b — a), will have a lower limit, which we will
denote by 8", and it is further evident that S 4 8" It follows,
from (5), that the difference S”— 8’ must lie between 0 and
k {¢ () — ¢ (a)}; and since, in this statement, k may be as small
as we please, it appears that 8’ and S” cannot but be equal. We
will denote their common value by S.

Finally, it is evident that
|Z=8| <3 =3 <k{p®)—¢(@); .oeeeeen. (6)

hence by taking & small enough we can ensure that | % — S| shall
be less than any assigned quantity, however small*.

A similar proof obviously applies if the function ¢ (z) steadily
decrcases throughout the range b — a.

It follows that the final result also holds when the range admits
of being broken up into a finite number of smaller intervals within
each of which the function either steadily increases or steadily
decreases. See Fig 47.

Y

[4) RS
Fig. 47.

* The proof is a development of that given by Newton, Principia, lib. i.,
seot, i., lemma 1. (1687). It would be easy to eliminate all geometrical conside-
rations and present the argument in a purely quantitative form.

L.L O, 14
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It has been supposed that b>a. If b<a, the intervals 4,,
by, ..., by will be negative, but the argument is substantially
unaltered.

b
91. Properties of f ¢ () da.
a

1°. If we compare the integrals

j :¢ (z)dx and f:qb (@) da,

we see that they may be regarded as himuts of the same summation,
with this difference, that in one case the increments &,, hy, ..., Ay
of , which make up the interval b — a (or @ — b) have the opposite
sign to that which they have m the

other. Hence Y —

_[:‘f’(‘”):“‘f:(ﬁ(x)dw. (1)

20, Again, it follows from the defi-
nition that

c b [
f ¢>(w)dw=f ¢ (%) da:+J ¢ (x)dz. O A 8 C X
a a b 43.
........ (2) .
This is illustrated graphically in Fig. 48.

80, If\, ube the least and greatest values which ¢ (z) assumes
as « ranges from a to b, the integral

b

[(¢@as,
being intermediate in value to A (b—a) and pu(b—a), must be
equal to

v (b - a‘)’

where v is some quantity intermediate to X, p.

If, as we suppose, ¢ (#) is continuous, it assumes within the
range b—a all values mmtermediate to
A, u. Hence there must be some value
(¢) of @, between a and b, such that

¢ (c) =
In the graphical representation, Fig. 49,
the area PAB() is equal to a rectangle, on
the base 4B, whose altitude is equal to the
ordinate at some point C of the range 4AB. ~6| A e} B

Q

\

x

We may evidently write Fig. 49,
c=a+0(0-a)
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where 6 is sorme quantity between 0 and 1. On this understanding,
b —
]¢(w)dw=(b_a)¢(a+ob-a). ............ (3)
a

4°. More generally, if u, v, ¥ be three functions such that for
values of # ranging from a to b,

b
then the integral YAz cooiieiiii e (5)

will be intermediate in value to

b b
f udz and J VAT, ceviiiiiiiiiii (6)
a a
Suppose, first, that b >a. We have

J:udx —f:ydx =f:(u—y)dzv.

In virtue of (4), every term of the sum, of which the latter integral
is the limit, will be positive. Hence

b b
faydw<jaudx. .................. coe(T)

b b
Similarly f ydx >f vdoT. . e (8)

If b < a, the inequalities 1n (7) and (8) must be reversed.

92. Differentiation of a Definite Integral with respect
to either Limit.

b
Let I= f I XA — )

Evidently, I is a function of the ‘limits of integration’ a, b, and
will in general vary when either of these varies = Regarding a as
fixed, let us form the derived function ot I with respect to the
upper limit b. We have

"b+8d
I+31=ja ¢ (@) do

b b+-3b
=fa¢(a:)da:+fb G (@) A2, oo, 2)
by Art. 91, 2°. Hence
b+8b
31=L b @) dae=8b.¢b+0O8b), ..oe....... 3)
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by Art. 91, 3°. This shews that 67 vanishes with 8b, so that 7 is
a continuous function of 6. Also, since

oI
=B BHOB), s (4)

we have, on proceeding to the limit (8b - 0),

I
F=b®) (5)

In the same way, if we regard the upper limit b as fixed, and
the lower limit a as variable, we find that [/ is a continuous function
of a, and that

Y N, 6)

93. Existence of an Indefinite Integral.

We can now shew that any function ¢ (), having the character
postulated in Art. 90, has an indefimite integral, v.e. there exists a
definable (but not necessarily calculable) function 4r (z) such that

W (@)= B(E), ererrs reeeeeinan (1)

or Y (@)=D2P (&) e ceveiriiiiiiiiinns (2)
For 1f we write .

¥ (&)= f @) e (3)

the expression on the right hand is, by Art. 90, a determinate
function of £, and the investigation just given shews that it satisfies

the condition
Y (E=p(E). i, (4)

The lower limit of integration in (3) 1s, from the present pownt
of view, arbitrary, and the function 4 (£) is therefore indeterminate
to the extent of an additive constant. For, by Art. 91, 2°, the
substitution of a’ for a, as the lower limit 1n (3), is equivalent to
the addition of

/ " $@ds
to the right-hand side. Cf. Art. 72.

94. Rule for calculating a Definite Integral.

Whenever the analytical form of a function yr (x), which has a
given function ¢ (x) as its derivative, is known, the value of the
definite integral
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can be written down at once. For, if we regard a as fixed, we have,
by Art. 92,

al
3=9®
=Y (D) v (2)

by hypothesis. It follows by Art. 56 that 7 and + (b) can only
differ by a ‘ constant,’ i.e. a quantity independent of b; thus

fz¢(w)dw=\[r(b)+0 ...................... 3)

To find the value of ¢ we may, since it does not vary with b,
put b=a, whence '

1p(a)+0=fa¢(x)dw=0. .................. 4)
Hence C'=—+r(a), and
f:¢(x)dw=\p(b)—\[r(a). .................. (5)

This is the fundamental proposition of the Integral Calculus.
It reduces the problem of finding the definite integral of a given
function ¢ (#) to the discovery of the inverse function v (z), or
D¢ (). Thereason why this inverse function is usually denoted by

Jp@)dw...coovvviiiin con il (6)
is now apparent. The form (6) is simply an abbreviation for
f P@ s, e (1)

where a is arbitrary. We have seen that a change 1n a is equivalent
to the addition of a constant.

1%
The notation [1{» (b)} ........................... (8)
is often used as an abbreviation for ¥ (b) — Y (a).

1]
Eo. 1. To find f B RO 9)
Hero pE)= Y@)=1o

b
whence f o dp = ;—c (P =6M). i (10)
a
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Bw. 2. Tofind f"sinﬁwdm. ......................... 1)
L]
Here ¢ (x)=sin*z, ¢ (x)=34x— }sin 2.
§r
Hence f sintadr=3m .ooiiiiiiiiininnnn(12)
0

95. Cases where the function ¢ (z), or the limits of in-
tegration, become infinite.

Before proceeding to further examples, it will be convenient to
extend somewhat the definition of an integral given in Art. 89.
It was there assumed that the limits of integration a, b were finite,
and also that the function ¢ () was finite throughout the range
b—a. We proceed to explain how, under certain conditions, these
conditions may be relaxed.

1°. Suppose ¢ (2) to be finite and continuous for all finite
values of #, and consider the integral

f T3 @, e 1)

where @ >a. If as w is increased indefinitely, the integral tends
to a definite limiting value, this value is denoted by

f :4, @) B v, @)

The integral (1) is then said to be ‘ convergent’ for @ -c0. As
might be anticipated from the theory of infinite series (Art. 5) it
is not a sufficient condition for convergence that

liMg 20 (@) =03 .ovvvvirvininininnnns 3)

this condition is moreover not essential, for there may even be
convergence when ¢ (#) has no definite limiting value for z—+o0.

A similar definition of

can obviously be framed.

2°. Let ¢ («) become infinite at or between the limits of
integration.

It will be sufficient to consider the case where there is only
one value of x for which ¢ () = . The general case can be
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reduced to this by breaking up the range b — a into smaller
intervals*

If ¢ (x) become infinite at the upper limit (only), we consider
in the first place the integral

b—e
RIOL e, (5)

where e is positive. If as e is diminished indefinitely, this integral

tends to a definite limiting value, this value is adopted as the
definition of

[: ¢ (2) d.

A similar definition applies to the case where ¢ () becomes
infinite at the lower limit @

If ¢ () becomes infinite between the limits a, b, say for z = c,
we consider the sum

c—e b
f ¢(x)dw+f B @) i, (6)
a CHe
If, with diminishing e (and €) each of these integrals tends to a
finite limiting value, the sum of these values 1s adopted as the
definition of

The cascs where ¢ («) becomes infinite, or 1s discontinuous, at
a finite number of isolated points, are dealt with by dividing the
range nto shorter intervals bounded by the pownts of discon-
tinuity.
Ex. 1, fme°“z<lm=[~le‘“¢] :1—_6 e, (8)
0 a ) a

As o increases this tends to the hmit 1/a. Hence we say that

@

j e = ., e e (9)
0

a

* It being assumed that ¢ (x) becomes 1nfinite only at & finite number of 180lated
points,

1 Cases may arise in which each of the integrals

{c ‘¢ (v)dz and jb  (x) dz

Ja c+e

is ultimately infinite, whilst 1f some special 1elation be 1mposed on the ultimately
vanishing quantities e, ¢/, the infimte elements of the two mtegrals cancel 1n such a
way that the sum remains finite. If the relation in question be ¢ =g, the result,
when it exists, is called by Cauchy the ¢ principal value’ of the integral (7).
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Ex. 2. f”d_”f=[1ogm]”=1ogw. e e, (10)
1

1 Z

This increases without limit with . Hence there 18 no limiting value
for v »w, although

. 1_
hm,,...m;-o. v e e .(11)

1 dx 12

The function 1/,/(1 — ) becomes infinite for x =1, but

R s (l-m)| =2-2y (13
T =] = - =2- y e
f s lave-9), ‘ )
and as ¢ is indefinitely diminished this tends to the limit 2. Hence

1 dx

Ex. 3.

- 2. 14
o (1 -2) (1)
1
Ex. 4. A logadw, .oooe on i, (15)
‘We have
1 1
f logmdoc:[xlogw—x] P (16)

By Art. 43 (5) we have

lim, ,oelog e=0.
Hence

1
/ log #dz=—1. .oco. rereereerenns an
0

96. Applications of the Rule of Art. 94,

We give a few more typical examples of the evaluation of
definite integrals.

i
Ex. 1. / sin xdx = [— cos m:lh=l; N ¢ § |
0 0
i . §m
j cos xdx = [sm a:] =1l5... .o (2)
0 0
L . im
/ sin @ cos wdx = [% sm‘x] =4 e 3)
0 0

Ex. 2. By Art. 80 we have
w . asin Bz + B cos Bz w
ﬁ)e wsxnﬁxdw=_[ e —e—ux]o
__ B asinfo+pBcosPfo _
Tat+ 3R a? + 3 ¢
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If o be positive the last term tends, as » is increased indefinitely, to
the limiting value 0. Hence

@ _ . _ p
fo e~ gin ﬂxdx-ag_‘:—@. PR € 3)
Similarly ./o e~ cos Brdr = E_:-ﬁ_? ................... ()

Ex. 3. We have

©_dw = l—ta.n" m] “ = tan™! w — tan-10.

0 1 +al _ jo
The function tan~'zx is many-valued (Art. 16), but it is immaterial
which value we take, provided we suppose it to change continuously as
2 varies through the range of integration. Henceif we take tan=?0=0,
we must understand by tan™ w that value which increases continuously

from 0 with 0. As o increases indefimtely, this value tends to the
limit 4w, so that

0 1 + x?
Ex. 4. By Art. 78, 4° we have

/Oh asin? O(f'aﬁ cos’ 6 [\/(}xﬂ) tan”? <\/% - tan 9)]?.

Now, as 6 increases from 0 to {m, ,/(a/B8) tan 6 increases from 0 to w,

and we may therefore suppose that tan™ {,/(a/B).tan 6} 1ncreases from
0 to =. Hence

ir 9 -
[o a51n‘2()+ﬂc0329=2~/(;ﬁ)- .............. (7)

The student may have remarked 1n the course of the preceding
Chapter that when an ‘indefinite’ integration is effected by a
change of variable (Arts. 77, 79) the most troublesome part of the
process consists often in the translation back to the original
variable. This part is, however, unnecessary when the object 1s
merely to find the definite integral between given hmits. It is

then sufficient to substitute the altered limits in the indefinite
integral as first obtained.

Ea. 5. To find / @ =Y B e )
0
We found (Avt. 79), putting # = a sin 6, that
J/(a? = &) da = a? [cos® 0df = La? (6 + } sin 26).

Now, 1f 6 increase from O to 4, » will increase from 0 to «. Hence

f: J(@*—2a?) de = La? [0 + 4 sin 20]:” =trad . ... (9)
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97. Formule of Reduction.
The methods of Arts. 81, 82, when applied to the reduction of

defimite integrals, sometimes lead to specially simple results, owing
to the vanishing of the integrated terms at both limits.
i
1o If iy = f COSP OO, +.oeeeeerererrerennns 1)
0
we have, by Art. 82 (2),

4 —
Up = [,,% sin @ cos™™? 0]0 + 11—7—&;1 Upge  evvennnes (2)

If n > 1, the first part vanishes, since

sin 0 =0, cos4m=0.

i — 1 (¥
Hence f cos”0df = n-1 l cos"0dl. ............ 3)
0 n Jo
Similarly, from Art. 82 (6),
b - L
f sin® 0d6 =" ! f sin"26d#é. ............ 4)
J e n 0

If n be a positive integer, we can, by successive applications
of (3), express

&r
[ cosm 0an
0
in terms of either
[T eos 0d6,=1, or ["as
O = =
, oo ,=1, or fo y= 3T, e, (5)
according as n is odd or even. In the same way
i
[ sin® 6as
0
can be made to depend either on
[ L Hdg i
fo sin 0df, =1, or on fo d,=4m............. (6)
B 1. f " cost 610 = 4 f ¥ cost 68
0 0

—4 2 L 8
=% % ) co8 0df = 5.
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After working out one or two examples in this way, the student will

be able to supply the successive steps mentally, and write down at once
the factors of the result; thus

g
f cos0df=5.3. 3. tr=Em
0

The general values of the preceding integrals can be written
down without difficulty. Thus, if » be odd, we have

o (n=1)(n—38)...2
jo cos ﬁdﬂ—fo sin® 8d0 = " (n-2)...3 , +oo(T)

whilst, if n be even,

L (¥ _(n=-1H)(n=-3)...1 =
fo cos GdO—J‘o sin® 0d6 = nn—-92)..2 '3’ (8)

Integrals of this type are of frequent occurrence in the physical
applications of the Calculus.

in
2, If Um, n = f sin™ f cos™ 0d0,.............. ()
)
we have, by Art 82 (10),

1 . v n-1
= 1. _ m+1 n—1
Um, n [ T S ' 0 cos 0}0 + T Um e (10)

If n > 1, the expression in [ ] vanishes at both limits, and we have

g —
[ sin™ 6 cos 0d6 = 1
kY] m+n

g
[ sin™ @ cos™* 6d6. ...(11)
0

In the same way from Art. 82 (11) we obtain, if m > 1,

f‘ sin™ f cos™ 6d0 = m=1 (¥ sin™* f cos™ 6d0. ...(12)
0 m+n/o

By means of these formula, either index can be reduced by 2,
and by repetitions of this process we can, if m, n be positive
integers, make the integral (9) depend on one in which each index
is1 or 0. The result therefore finally involves one or other of the
following forms:

b §r
f sin @ cos 0 df, = 4§; f dé,=3m;
0 )

i -
f sin0d0,=1; f* cos 6df,=1.
0 0
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Ex. 2. We have

f}" sin® 6 cos® 0d0 = & /h sin® @ cos® df =% . % /h sin 6 cos® 6d0,
0 0 0
by (12). Again, by (11),

N sin 0 oot 69 =3 . [ sin G cos 00 =3 3.
0

L LI
Hence f sin®fcos’Odf=§.3.3.3 =+
0

After a little practice, the result can be written down immediately
Thus

i '
int 2 -5 3 1 1 —_b
/(; sin 9608 0d0—-a- F.T.ﬁ-.%‘ll'-—g-g-d-ﬂ'.

The formulae (11) and (12), as well as (3) and (4), are often
required in practice, and should be remembered.

Again, the algebraic integral
{01 (1 —2)"d@, .coovvviiiiinnnnnn. (14)
is reduced by the substitution 2 =sin?é to the form
2 f:" SIN¥* @ cos™H 0df, oo (15)

and can therefore be evaluated by means of the formul® given
above, whenever 2m + 1 and 2n + 1 are positive integers or null.

Similarly, 1f we put # =sin 6, the integral

fla:"‘(l B (16)
takes the form ’
f:" S0 0 cosTH 00 oo )
B 3. }:m’(l — 2} dx=2f:"sin“9cos‘0d0

= 4 2 38 1 —=. 16
“2'17'7"5"‘8"1“'8’T5"

1 4w
Bu. 4. L @ (1—at)f = A sin 6 cos* 0

=411 dr =gy
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98. Related Integrals.

There are various theorems concerning definite integrals which
follow almost intuitively from the definition of Art. 89.

For example,
/:¢(w)dx=f:¢(a-m) QB oo, )
This is proved by writing
ce=a—2x, dr=-—dz,

the new limits of integration being ' =a, 2’ =0, corresponding to
=0, z = q, respectively. Thus

[s@do==["p@-ords'= ["pta-0)ds,

the accent being dropped in the end, as no longer necessary.

This process is equivalent to transferring the origin to the
point z=a, and reversing the direction of the axis of #. The
areas represented by the integrals in (1) are thus seen to be
identical.

An important case of (1) is

f: £ (sin 6) d0 = [77 cos6) b, ... @)

Ex 1. Thus fh sin? 6d0 =/*" cos? 0d6.
0 0
Hence each of these integrals
im i
=%/ (sm”0+cos’0)d0==}} df = }m.
0 0

Again, if ¢ (z) be an ‘even’ function of #, that is

P(—2)=¢(@), ... . . iiiiin e 3)
Y
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we have

f:ta ¢ (2)do=2 f: @) dw, .oreeennnn. 4)

the area represented by the former integral being obviously
bisected by the axis of y.

On the other hand, if ¢ () be an ‘odd’ function of #, so that
S(—@)=—P (&), ceririiiiiiniiinnn. (5)

we have

since in the sum, of which the definite integral is the limit
(Art. 89), the element ¢ (2)8z is cancelled by the oppositely-
signed element ¢ (— z) 8z.

Fx, 2. We have
| LI ;
/ sln’000836d¢9=2/ sin?fcos® 0l =2.%.%.1= %,
.i" 0

15
whilst ]*’; s8in® 6 cos? 6dl = O,

since sin® f changes sign with 6.
For similar reasons, if

(;b(a—a:)::b(a:), ........................ )

we have fo & (2) do = 2[0 6 (2) @ eevererrerrerenn, 8)

whilst if P@—2)=—d(X), ..oovt cviviiininnnn, 9

we have f: dp@dr=0. .....cocveviiniinnnn, (10)
As a particular case of (8), we have

fo" £ (sin 6) df =2 f:" F(sin 6)d0, vvnenn.. a1

since sin (7 — @) =sn 6,
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K. 3.

T 1T
[ sin® 6 cos® 6df == 2 sinffcos?0df=2.2.1 1=v%;
0

0

whilst [ " sin® 0 cos® 06 = 0.
0

EXAMPLES. XXXI.
1. Prove by the method of Art 87, Ex. 1 that

b
/ oPdw =} (b - ad).
a
2. Prove from first principles that

8
j cos xdz=¢in B - s a.
a

kb ka

e — ¢
f ey == e,
a k

4 Shew by graphical considerations that
) b
f k(@) do=k [ ¢ (@) ds,
a Ja

3. Also that

f:qb(x)dw =/:_a¢(a:+a)dx,
Lb¢(km)dx=%/:¢(x)dw.

5. Prove that
b b
f qS(ac)da::/ ¢ (¢ + b — ) dx.

6. Prove that if » and p are positive integers

lim 1 1 1
n—=o (n+n+l +n+2

+ +-1—>=|0<rp.
et g

EXAMPLES. XXXII.

1 L dx
-2
/;\/wdw—m [ =2, fJ(f;_u - J3-1.
W dy

1 de
- szi'——*‘“’ RNCE N )

[

8 fa’+b%“ 2ab
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1 xde

x dx ,
4 fT n=1 WTO5=J2~1.
i f J(a:2+I)“1°g<l+~/2), f J(x‘, =108 2+ /3).

®  dx da
6. “ = loo / 7 =1
f 053 log 2, . a1+ 1 log 2.

5%,‘

7 1 dx 27
: ox’—;+—1—3J3
1] — o2
8 ; l+méda,=2—7r—1
9. dx T

o (@Fad) (@@ +b% 2ab(a+b)

a3 dx T
10 f @+ @) @5 2axd)

11 xdx 1 loo &
‘ _[(m” aﬁ‘)(w”+b”)_&2—b“ %5

12 w2(1+w)-.1—100 fw(l‘lﬁ p=lr2—}

13 foui””wz)ﬁ:gw

14, fE:/’(%:v——T):%"’ flme(_‘gH) log (1 + /2).
15, /17;’(%@:;)’}”’ fol \/(i—:g&)dw:-.}m

16. f \/(1+w

A = a)(ﬁ =)

1. fJ( ) da = \/ =9 do =} (b-a).

19. / sect6df =1, f tan?@df = 1 — .
1) )

20. f’" sin 20 df=1, j*" cos 260 df = 0.
) 0

™  cos @ i  sin 6
2 | e ?=) Trews®=im

22. r"sec‘ﬁdO:%, f}"tan‘0d0=i1r—§
0 [
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EXAMPLES

i df

)’

" T
f 1 +eco:s¢9=,\/(1—e‘z

o
24 / 1+cos0 o l+sind

25.

i

-

§r
26. / (sec @ — tan 6) df =log 2.
[}

27. fo .

1
28. f x" log x dx = —
0

dé

ki

[e<1].

tan 6 d6 = 0, f" sec O df=log /3 + 2 /2).
—-1ir

1

1
29, f sinwdw = jm -1,
/]

30. fhﬂsinﬂdar-l,
0

8l. f*"e»sinodoﬂ-z,
[

83. f'o(w-o) sin 040 = 4,
[ ]

83. f a —a:’)cos,Ba:dx:%e(sin,B——,Bcos,B).

84,

85. f V- ""a)drs 7 {a— /(@ — 1)}, provided a> 1,

ae.

37. f
0

88. f

89. f
0

® xtan-la

0

(1 +a?)?

dx = §m.

2abcos0+b”=[a.2-

T

1
f tan™'x de = 3r - 1log 2.
0

f"aecosoalo:iwe—z.
[

f"a(r_ 8) cos 86 = 0.
0

Gsec’ 0db = jr — % log 2.

6% cos (x + 3m) dx =0.

du
_ex _ .
osh %
dx 1 _
a”e“+b”e_‘“=;5tan
dx

o2|"

thcosﬂda:%w—-l.
0

225

15
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®  adr cosla cosh-a .
4 ,’; a® +smnh?x = NIETS) y OT m, according as a?<l,
4. A do o v costOdd s

fo cosh?a — cos?@ ~ sinh 2a’ /. coshia—cos’@ 2sinha’

EXAMPLES. XXXIII.
(Formuls of Reduction, &ec.)

1. Write down the values of the following integrals:

w }r w
(1) f y sin® d6, / cos* 6d6, f y sin’ 6d6.
0 ° 0

(2) / b sin? @ cos 0d6, f t
L)

" sin® 8 cos* 0 df, / ¥ gin® 6 cos® 0.d0.
0

(3) f " gin® 0d6, f " cow? 0dé, f " sin® 9 cost 6.d6.
[}

[ 0

™ & T
(4) ' sin* 6 dd, / o sin® 6d6, f ' cos’9do,
- —4n

—§n
/ }: sin® 6 cos® 6d0.
2. Prove from first principles that
1 1
/ o (1 —-a:)"ch::/ 2 (1 — z)™ do.
[ 0

Prove that the common value is

m!n!
(m+n+1)1°
8. Prove that

/_aatﬁ(m’)dz: 2[4,(90’) d, /_" & (%) wdar = 0,
4. Prove that

[t@ad=["13@+s ot

and /“a (b () — b (- @)} da =0,
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5. It = f ¥ anm 0.6,
]

1
n—1

prove that Uy = — Up—g.

6. f:v‘(l-—a:”)*dm:,—’;,.
7, j:w'(l-—a:)’dam 1

8. fw*(l—m)*dw=fgﬂ

1 Sda
o [ 7 JA=2) aﬂ) LI v (=

10. f 0 in 6 cos 6 = }m, f ¥ sin? 0t = 0.
b

11. f'osino cos? 0 = }, j'ﬁsin’O cos 00 = —
[ ]

. . -
12. f""’f‘30d0=51r, / sin 46 4o-3, f sin 59 16 = im.
[ o

, sin0 8in 0 sin 6

1. / (asin 0+ b cos 6)F df = 1§ a® + § 0% + 2abt,

14 [ ooszosine oo,

o l+sinzcosx
15. Prove that

o cos® 6d6 T

fo a’cos’0+b’sin’9=2a(a+b)’
" sin? 0 d6 ™

fo aicos’ 0+ b'sin?0  2b (a (a+ )"

16. Prove that

1
f (1 + 2)™ (1 —x)" da = 2™+ +2 /h sin?+1 § cos?™+! 9 44,
-1

[

17. Prove that

f" de  2m-3 [ dx
o T+ 2m-2), (O+ay

(Put & =tan 6.]

18. Prove that if # be a positive integer

de  2.4.6..(2n—2)
o (T+a)"t 1.8.6...(2n-1)

15—2
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19. Prove that, if n > 1.
dx n

jo o+ f(a® + 1)}"= ni—1"

[Put = sinh ».]
20. Prove that
®  du n—-2(° du
/o cosh*u~ n—1/, cosh" 2w’
[Put cosh u =sec 6. ]

i
21. If Uy, =/ 0 cos™ 6d0,
0
1 =n-1
prove that Uy = — o + o Ynge
Prove that ug = 2694 ....
20
22. If Uy = f o /(200 — o) das,
0
27 + 1
prove that Un= - g BUpoy.

Find, geometrically or otherwise, the value of u,, and deduce the
values of u,, u,.

EXAMPLES. XXXIV.

1. By considering the value of
1
[ a=ayas,
0

prove that if » be a positive integer

1" +n(n—1)_n(n——1)(n-—2)+ 2.4 6...2n
.37 1.2.5 1.2 3.7 "T35.7 (2 1)
2. If I +x)=1+px+pa®+ .. +p,a"
prove that
1
Px"%Pﬁ%m—...+(—)"-‘%"-1+§+};+ =

8. Prove that when a is large the sum to infinity of the series
1 1 1
S U R
is 3w/a, approximately.
4 Prove that

+ .ee

T xsina

o 1 +cos“‘xdx=i"z'
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6. Prove from first principles that

[ sine 06 < [ sin 0.
0 0
Hence shew that }r lies between
2.2.4.4.6.6...20.2n
1.3.3.5.5.7...2n —1)(2n+1)
and the fraction obtainéd by omitting the last factors in the nume-
rator and denominator. (Walhs.)

6. Prove from first principles that

™ “imw
]} tan®*! 640 <} tan™ 0d6.

[

Hence, using the result of Ex. XXXIII, 5, shew that
i
[ tan™ 0d0
0

1 1

e ™ sain

lies between 5 (n " )

7. Shew that
/ sin 6d0 and f cos 0db
() 0

are indeterminate.

8. Shew from graphical considerations thab

*® g1n 0
ﬁ - d6
is finite and determinate,

9. Prove that if ¢ (x) be finite and continuous for values of =z
ranging from 0 to @, except for x=0, when 1t becomes nfinite, the
integral

L“¢(x)dw

will be finite, provided a positive quantity m can be found, less than
unity, and such that

lim, 5, ™ ¢ (x)
is finite. [Put z=¢"]

10. If ¢ (») be finite and continuous for all values of z, the

integral
[ 4 @as
0

will be finite, provided a quantity m can be found, greater than unity,
and such that

hm, . 2™ ¢ ()
is finite. [Put @ =¢"]
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11. Prove that .
/ cosa®dzx and f sin 2* dw
1] 0

are finite and determinate.
12. Prove that

f xe P dx=3%, f xe~Pda =0,
0 — 0
13. Prove that the integral
/ x"e~dyx
°
(where n > — 1) is finite and determinate.

14, Prove that, if n> 1,
/ are~Pde =% (n-1) f "=t e=% Ju.
4 0
Hence shew that, if n» be a positive integer,

f " te~Pdp=1.nl.
o
15. If Yy = f ae= = das,

0

prove that Up = g Up—1s

n being positive,
Hence shew that, if n be integral,

f ate—rdx = —’3!— .
0

aﬂ'fl

168. Tables of the elliptic integral

f ¢ db
o (1 —K&*sin®6)
have been constructed for values of ¢ at intervals of one minute of

angle. Find a formula for the difference of successive entries in a
given part of the table.

For example, if £=4, ¢=60° prove that the difference will be
‘000323, approximately.

17. If f(x) and ¢ (x) be finite and continuous, and if ¢ () retain
the same sign, throughout the interval from x=a to « = b, then

[/@ @ da=rlaro6-a) [ o) dn

where 1> 6> 0.
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18. Shew how it follows from the equality

[
— =logz

1
that the sum of » terms of the harmonic series

1+3+3+...
lies between log (n + 1) and 1 + log n.

Shew that the sum of a million terms of this series lies between
13'8 and 14°8.

19, Shew from graphical considerations that if f(x) steadily
diminishes, as x increases from 0 to o, the series

SM+/ @) +/ () + ...
is convergent, and that its sum lies between 7 and 7 + (1), provided
the integral

1= [ /() dm,
be finite. '
Apply this to the series
1 1 1
mrip  mrap eyt

EXAMPLES. XXXV,

1. Prove that if the pressure (p) and volume (v) of a gas be
connected by the relation
pv = const.,

the work done in expanding from volume v, to volume v, is

¥y
PV log —.
vl)

2. Prove also that if the relation be

pvY¥ = const.,
the work done is

1
}T:T (povy — prv1)-

8. If the tension of an elastic string vary as the increase over the
natural length, prove that the work done in stretching the string from
one length to another is the same as if the tension had been constant
and equal to half the sum of the initial and final tensions.

4. Prove that the work done by gravity on a pound of matter, as
it is brought from an infinite distance to the surface of the Farth,
is n foot-lbs,, where n is the number of feet in the Earth’s radius.
£Assume that the force varies inversely as the square of the distance
rom the Earth’s centre.)



CHAPTER VIII
GEOMETRICAL APPLICATIONS

99. Deflnition of an Area.

In Euclid’s Elements a system of propositions is developed by
means of which we are able to give a precise meaning to the term
‘area,’ as applied to any figure bounded wholly by straight lines.
In particular it is shewn that a rectangle can be constructed equal
to the given figure, and having any given base, say the (arbitrarily
chosen) umt of length. The ‘area’ of the figure in question is
then measured by the ratio of this rectangle to the square on the
unit length.

This process obviously does not apply to a figure bounded, in
whole or in part, by curved lines, and we require therefore a defini-
tion of what is to be understood by the ‘area’ in such a case. To
supply this, we imagine two rectilinear figures to be constructed,
one including, and the other included by, the given curved figure.
There is an upper limit to the area of the inscribed figure, and a
lower limit to that of the circumsecribed figure, and these limits
can be proved to be identical. The common limiting value 1s
adopted, by definition, as the measure of the ‘arca’ of the given
curvilinear figure.

Thus, in the case of a circle, if, in Fig. 17,p. 81, PQ be the side
of an inscribed polygon, the area of the polygon will be 4 Z(ON.PQ).
Now ON is less than the radius, and X (PQ) is less than the peri-
meter, of the circle. Hence the upper limit to the area of an
inscribed polygon cannot exceed 4a X 2mra, or wa?, where a is the
radius. Similarly we may shew that the lower limit to the area
of a circumscribed polygon cannot be less than ma% Moreover,
the difference between the area of an inscribed polygon, and that
of the corresponding circumscribed polygon, is represented by
% (PN .NT), and is therefore less than = (PN).e, where e is the
greatest value of NZ. Since this can be made as small as we
please, the upper and lower limits aforesaid must be equal, and
each is therefore equal to ma?

In the same way we may prove that the area of any sector of
a circle of radius a is }a*d, where 6 is the angle of the sector.
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100. Formula for an Area, in Cartesian Coordinates.

If the equation of a curve in rectangular coordinates be

Y= (@), rvereeraeieaeieenien, (1)

the area included between the curve, the axis of #, and the ordinates
c=a,z=0>, I8

[:¢(x)da: orfz?/dw, e e, (2)

it being assumed that ¢ (x) 18 a function of the type contemplated
in Art 90.

This follows at once from the definition of the preceding Art.
and the investigation of Art 90.

If the axes of coordinates be oblique, making (say) an angle
with one another, the elementary rectangles y oz which occur in
the sum, of which the arca is the limit, are replaced by elementary
parallelograms y 8z sin w; the area included between the curve, the
axis of #, and two bounding ordinates is therefore given by

sinwfyde ......... ... 3)
taken between the proper limits.

Y
O] X
Fig. 52.
Ex. 1. The area of a quadrant of the ellipse
a2 2
‘}+%‘2=1 e b e e tesesesases aeass (4)
a b a
is given by / y de= - / (@ —a?) dee.
0 0

The value of the defimite integral was found in Art. 96 to be }wa’
Hence the whole area of the ellipse is wab.

Lzx. 2. In the rectangular hyperbola
B—yi=1, (6)
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we may put, for the positive branch,
x=coshu, y=sinhwu, ... e, .(6)
since these satisfy (5), and give the required range of values of x and y.

The area included between the curve, the axis of «, and the ordinate
defined by the variable u, is therefore

]zyda:=/"sinh’udu:i;/u(cosh 2 1) du
1 (] (]
=}sinh 2u—fu. ... )

A o
— ”uﬂv\““ “m ’:,}
[¢] A N X
Fig 53.

This gives the area PAN in the left-hand ficure. Hence the area
of the hyperbolic sector AOP 18

4PN.ON —area PAN =§u. .oo..  ooivnen. (8)

‘We have here an analogy between the ‘amplitude’ (u) of the hyper-
bolic functions cosh w, sinh u, &c., and the amplitude (6) of the circular
functions cos 6, sin 6, &c.; viz. the independent variable in each case
represents twice the sectorial area 40P corresponding to the point P
whose coordinates are (cosh u, sinh u), or (cos 6, sin 6), respectively.

In the case of the general hyperbola
x® oyt
;;. - ITS = 1, .......... ®eceeastssetenasnnes (9)

the coordinates of any point on the positive branch may be represented
by
x=acoshu, y=bsinhwu, ............c.... (10)

and the sectorial area is $ab u.

Ex. 3. The equation of a parabola, referred to any diameter and
the tangent at its extremity, is

YP=4a2% oeiiiiiiiiiiiiiiien .(11)
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The area of the segment cut off by the chord x = a is therefore
2 sin wfnydx= 4a’t sin w]awidm=ga'9a3 8in o
0 0

=$afsinw, .ocoeieiiiil. o (12)
if 28 be the length of the chord.

Hence the area of any segment of a parabola is two-thirds the rect-
angle contained by the intercept (a) of the chord on its diameter and
the projection (28 sin w) of the chord on the directrix.

101. On the Sign to be attributed to an Area.

It was tacitly implied in Art. 100 that b > a, and that the
ordinate ¢ (z) is positive throughout the range of integration. If
we drop these restrictions, it is easily seen that the integral

f:qb(m) ST 1)

i8 equal to + 8, where S is the area included between the curve,
the axis of #, and the extreme ordinates; the sign being + or —
according as the area in question lies to the right or left of the
curve, supposed described in the direction from P to @, where

Y

Fig. 54.

PA, QB are the ordinates corresponding to z=a, x=D, respectively *.
If the curve cuts the axis of # between 4 and B, the integral
gives the excess (positive or negative) of the area which lies to the
right over that which lies to the left.

Even with these generalizations, the formula

fz¢(m)dw=i;5' ....................... @)

still applies in strictness only when there is a unique value of y,
or ¢ (), for each value of # within the range b—a. If however

* It is assumed here that the axes of x and y have the relative direstions shewn
in the figures. In the opposite case, the words ‘right’ and ‘left’ must be inter-
changed.
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we replace , as independent variable, by a quantity ¢ such that,

as t increases, the corresponding point £ moves in a continuous
manner along the curve*, the formula

0

Y
Y Z
'Y
A
=
* el

(&) O| X o| X

Fig 55.

curve, the axis of #,and the o1dinates of the points P,, P, for which
t=t,, t =t,, respectively, viz.1t will give the excess of those portions
of the area swept over by the ordinate y as it moves to the right
over those swept over as 1t moves to the left, or vice versd, according
as y is positive or negative.

If, for a certain value of ¢, P return to its former position,
having described a closed curve, the integral

dz

Yt

taken between proper limits of ¢, will give the area included by
the curve, with the sign + or —, according as the area lies to the
right or left of P, when this point describes the curve in accordance
with the variation of ¢+. If the curve cut itself, the formula (4)

gives the excess of those portions of the included area which lie to
the right over those which lie to the left. (See Fig. 55.)

It is sometimes convenient, 1n finding the area of a curve, to
use y as independent variable, instead of . The area included
between the curve, the axis of v, and the lines y =h, y=1#, 15 evi-
dently given, with the same kind of qualification as before, by

Aty oo e e e (4)

* For instance, we may take as the new variable the arc s of the curve, measured
from some fixed point on 1t.

¥ Thus, 1n the 1ndicator-diagrams referred to on p. 207, the area enclosed by
the curve gives the excess of the work done by the steam on the piston during the
forward stroke over the work done by the piston 1n expelling the steam during the
back stroke, and so represents the net energy communicated to the piston in a
complete stroke.
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The more general formula, analogous to (3), is’

t dy
f T L (6)

but it will be found on examination that the rule of signs must be
reversed.

Allowing for this, we have the expression

éf(w%’tj-—y%:)dt ........................ )

for the area of a closed curve, the limits of ¢ being such that the
point (#, y) returns to 1ts initial position. The rule of signs is
now that the expression (7) is positive when the area lies to the
left of a point describing the curve in the direction in which ¢
increases.

102. Areas referred to Polar Coordinates.
If the equation of a curve 1n polar coordinates be

r=¢(f), ... iiii it 1)

the area included between the curve and any two radi vectores
6 =a, =B is given by the formula

3 f” 16 or } f” (¢ (0))°d6....(2)

For we can construct, in the manner
indicated by the figure, an including area
S, and an included area S’, each built up
of sectors of circles. The area of any one
of these sectors is equal to 31236, where r
is its radius, and %6 its angle, and the
sum of either series of sectors 1s therefore
given by a seres of the type

3380986 3) Fig. 56.
Hence either series has the unique limit denoted by (2).

It 18 here assumed that 8 > a and that each radius vector
through the origin intersects the arc considered in one point only.
If however we 1ntroduce a new independent variable ¢, such that,
as t increases, the corresponding point P moves 1n a continuous
manner along the curve, the expression

n 4o
Q[@r’ o N )
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will give the net area swept over by the radius vector as ¢ varies
from ¢, to ¢, v.e. the (positive or negative) excess of those parts
which are swept over in the direction of # increasing over those
swept over in the contrary direction. Moreover if, as ¢ increases,
P at length returns to its original position, having described a
closed curve, the expression

d6
L R — (5)

taken between suitable limits of ¢, gives in a generalized sense the
area enclosed by the curve, viz, it represents the excess of that
part of the area which lies to the left of P (as it describes the
curve in accordance with the variation of ¢) over that part which
lies to the right. Cf. Art. 101.

It may be noted that the formula (5) is equivalent to (7) of
Art. 101. If the coordinates of two adjacent pownts P, @ be (=, y)
and (z+ 8z, ¥+ 8y), respectively, the area of the elementary triangle
0PQ is, subject to a convention as to sign,

} (z8y —yox)

by a formula of Analytical Geometry. The same thing is de-
noted in our present notation by §r236.

Ewx. 1. The area of the circle

(see Fig. 38, p. 124) is given by
3 L " 1df = 208 L "Sin® 0df = wah ... ... )

This is of course merely a verification, or rather a new evaluation of
the trigonometrical integral.

Ex. 2. The area of a sector of the parabola

e 2a
il prapvew SRR TUET TP TI PRI (8)

included between two focal radii is
% [7°d0 = }a? [sect }6 dO
=}a*[(1 + tan® }6) sec® 16 df
=4a’[tan $60 +  tan® 26], ... ..... . ... 9)

taken between proper limits. If the limits be — 4w and 1, we get the
area of the segment cut off by the latus rectum, viz. $a?.
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Ex. 3. The equation of an ellipse in polar coordinates, the centre
being pole, is
1 cos’d + sin? @ (10)
;—‘2 —_— "a2 —’F—o ------------------------

Hence the area is

o a’b? o2 dé
'}j; a’sin’0+b*cos"'0do_2ab fo a*sin? § +bicos?§’ (1n

The value of the latter integral has been found in Art. 96 to be 3/(abd).
Hence the required area is wab.

103. Area swept over by a Moving Line.

The area swept over by a moving line, of constant or variable
length, may be calculated as follows.

Let PQ, P'Q be two consecutive positions of the line, and let
their directions meet in C. Let R, £’ be the middle points of
PQ, P’Q, and let RS be an arc of a circle with centre C. Then if
the angle PCP’ be denoted by 36, we have, ultimately,

area PQY P’ = AQCQ — APCP
=3CQ*. 50 — 3CP. 360
=PQ.} (CP+(Q) &6
=PQ.CR.30=PQ.RS.
Ql
g R
]

o
Flg. 57.

Hence, if we denote the length PQ by u, and the elementary dis-
placement of R, estimated in the direction perpendicular to the
moving line, by da, the area swept over may be represented by

Jude. coveiiiiiiiiiiiiiiiiiianen, (1)

It will be noticed that the formule of Arts. 100, 102 are par-
ticular cases of this result. Thus in the case of Art, 100 (8) we
have v =y, 80 = &z. sin w.

It is tacitly assumed, in the foregoing proof, that the areas are
swept over always 1n the same direction. It is easy to see, how-
ever, that the formula (1) will apply without any such restriction,
provided areas be reckoned positive or negative according as they
are swept over towards the side of the line PQ on which 8¢ 1s
reckoned positive, or the reverse. For example, the area swept
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over by a straight line whose middle point is fixed is on this
reckoning zero.

We will suppose, for definiteness, that 8o is positive when the
motion of R is to the left of PQ as regards a spectator looking
along the straight line in the direction from P to . If PQreturn
finally to its original position, its extremities P, @ having described
closed curves, the integral (1) will, on the above convention, re-
present the excess of the area enclosed by the path of @ over that
enclosed by the path of P, provided the signs attributed to these
areas be in accordance with the rule of Art. 102,

a\

R
Fig. 68.

104. Theory of Amsler’s Planimeter.

A ‘planimeter’ is an instrument by which the area of any
figure drawn on paper is measured mechanically.

Many such instruments have been devised¥, but the simplest and
most popular is the one invented by Amsler, of Schaffhausen, 1n 1854,
This consists of two bars OP, PQ, freely jointed at P, the former of
which can rotate about a fixed point at O. If a tracing pont attached

Fig. 59.
* 8ee Henriol, ‘Roport on Plamimeters,’ Brit, 4ss. Rep., 1894, p. 496,
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to the bar PQ at @ be carried round any closed curve, P will oscillate
to and fro along an arc of a circle, deseribing (as 1t were) a contour of
zero area. Hence by the theorem stated at the end of Art. 103, the
area of the curve described by @ will be equal to

JUG, woeevereceiaes cerriee e (1)

where [ is the length PQ, and [do represents the integral motion of %,
the middle point of P@, estimated always in the direction perpendicular
to PQ*.

Now if, as is generally the case in the actual use of the instrument,
PQ return to its original position without making a complete revolu-
tion, the integral motion of R at right angles to P@ 18 the same as
that of any other point B’ in the lime PQ. For if 8o, 8¢’ be corre-
sponding elements of the paths of R, R’, estimated as aforesaid, we
have

80— 80’ =R’ R. 80,

where 80 is the angle between the consecutive positions of R'R.
Hence

Jdo=[do'+ R'R [db
= Ao’y ot (2)

since, under the circumstances supposed, we have [df = 0.

89 R’

Fig. 60.

In the instrument, as actually constructed, the integral motion
normal to the bar of a point R’ in QP produced backwards, is recorded
by means of a small wheel baving its axis in the direction PQ. As @
describes any curve, the wheel partly rolls and partly shides over the
plane of the paper on which the curve is drawn, and the rotation of
the wheel is in exact proportion to the displacement of R’ perpendicu-
lar to its axis. The wheel is graduated, and has a fixed index for the
record of partial revolutions ; the whole revolutions are recorded by a
dial and counter.

There is also an arrangement for varying the length P@Q ; this
merely alters the scale of the record.

A more compact proof can be given analytically. Taking rect-
angular axes through O, let § and ¢ be the angles which OF and PQ
make with the positive direction of the axis of 2. Putting

OP=a, PQ=|,

* This is of course not in general the same thing as the length of the path of R.
L LG 16
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the coordinates of @ are

z=acosf+lcosp, y=asinf+(sine. N &)
Hence
a8y —y8x = (acos 0 + I cos ¢) (a cos 686 + I cos ¢ 8¢)
+(asin 6 + Isin ¢) (asin 6 86 + Isin ¢ 8¢)
=a?80 + 1?8 + al cos (¢ — 0) (80 + 8¢)
=4 {a*0 + ¢ + alsin (¢ — 6)}
+2alcos (p—0)860. .......... .. ceeenn(4)
An infinitesimal displacement 8¢ of any point R m /’Q, estimated

at right angles to P, may be regarded as made up of the displacement
relative to P, and the resolved displacement of . Hence, if PE =10,

dr=b8p+acos(p—0)30. ......  ......... (5)
Hence
3 (x8y—y dx) =48 {a’0+1 (I —b) ¢ + alsin (¢ - )}
+180. vee e eee (6)

It follows that, if @ describes a complete circuit such that 6 and ¢
return to theiwr imtial values,

s [(@dy—ydx)=[lde. ............ (D

The expression on the left hand is then equal to the area included
within the circuit, by Art. 101 (7).

105. YVolumes of Solids.

It is 1mpossible to give a gencral definition of the ¢volume,
even of a solid bounded wholly by plane faces, without introducing,
in one form or another, the notion of a ‘limiting value.’

It may, indeed, be proved by Euchdean methods that two
rectangular parallelepipeds are to one another in the ratio com-
pounded of the ratios, each to each, of three concurrent edges of
the one to three concurrent edges of the other; and, more
generally, that two prisms are to one another in the ratio com-
pounded of the ratio of their altitudes and the ratio of their
bases. 1In this way we may define the ratio of any prism to that
of the unit cube.

But it is not in general possible to dissect a given polyhedron
into a finite number of pisms. The siuplest gencral mode of
dissection is into pyramids having a common vertex at some
internal point O, and the faces of the polyhedron as their bases.
And the volume of a pyramid cannot be compared with that of a
prism without having recourse to the notion of a limiting value.
A triangular prism may, indeed, be dissected into three pyramids
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of equal altitude standing on equal bases (Euc. X1I. 7); but we
cannot prove these pyramids cqual to one another except by a

process which involves the consideration of infinitesimal elements
(Bue. x11. 5).

A general definition of the volume of a solid bounded by any
surfaces, plane or curved, may be framed similar to that of the
area of a plane figure (Art. 99) It is always possible to construct
two figures, built up of prisms, such that one figure includes, and
the other 1s included by, the given solid, and that the difference
between their volumes adwmits of being made as small as we please.
The limiting value to which the volume of either of these figures
tends, as the difference between them is indefinitely diminished,
18 adopted as the definition of the ‘volume’ of the given solid.
We may easily satisfy ourselves, as before, that this limiting value
18 unique.

The volume of any cylinder (right or oblique), with plane
parallel ends, 1s equal to the product of the area of either end 1nto
the perpendicular distance between the two ends For we may
construct an mcluding, and also an included, prismatic figure,
whose bases are polygons respectively 1ncluding, and included by,
the base of the cylinder. The above statement 1s true of each of
these figures, and therefore in the lunit 1t 18 true of the eylinder.
Thus the volume of a circular cyhnder is ma?h, where a 1s the
radius of the base, and % is the altitude.

Having found the volume of a cylinder with parallel plane
ends, we are at hberty, if we find 1t convenient, to use such
cylinders, in place of prisms, to build up the accessory figures
employed in the general definition given above. The limut finally
obtained 1n either way must evidently be the same.

106. General expression for the Volume of any Solid.

The axis of  being drawn in any convenient dircction, let the
area of the section of the solid by a plane perpendicular to this
axis, at a distance « from the origin, be f(2). 1f we draw a
system of planes perpendicular to x, at intervals 8, 1t 1s evident
that the required volume will be the limit of the sum

Sf(a) 8, ... .. e, (1)

since cach element of this sum represents the volume of a cylinder
of height 8z and base f(x). Hence the volume will be given by

[f(@)yde, .ooeeniniinl, e (2)

taken between suitable limits of a.
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Ex. 1. Thus, in the case of a cone (or a pyramid), right or oblique,
on any base, we take the origin O at the vertex, and the axis of « per-

pendicular to the base. If 4 be the area of the base, and % the alti-
tude, the area of a section at a distance 2 from O will be

F @)= (%)”.A, e, e . (3)

since similar areas are proportional to the squares on corresponding
Iines. Hence the volume, being equal to

h
PALﬁm,m A, . . (4)

is one-third the altitude into the area of the base.

Ex. 2. The volume of a tetrahedron is
Yhaa' sina, ... ... ...(B)

where a, a’ are any pair of opposite edges, & thew shoitest distauce,
and a the angle between their directions.

Fig. 61.

Divide the tetrahedron into laming by planes parallel to the edges
a, o/, and therefore perpendicular to the shoitest distance A. It is
evident, on reference to Fig. 61, that the section made by a plane of

the system at a distance « from the edge a is a parallelogram whose
sides are

.o and ’1_};‘” a,

AR
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and whose area is therefore

% % (h — x) sin a.

! h
Hence the volume = f;:: sin a/ x (h = x) du,
0
which reduces to the value given above.

107. 8olids of Revolution.
Let the equation of the generating curve be

T X ) (1)

the axis of # being that of symmetry, and let the solid be bounded
by plane ends perpendicular to . In this case, the area f(z),
being that of a circle of radius y, is my*. Hence the required
volume is

taken between proper limits. Each element of the sum, of which
this integral 1s the limit, represents, in fact, the volume of a
circular plate of thickness 8z and area my?

Ewx. 1. The equation of a circle, referred to a point on its circum-
ference as origin, is
Y=x2a-2). ..ccooot oo «(3)

Hence the volume of a segment of a sphere, of height 4, is

h b
wﬁ) z(2a-x)de=m [am’—},m“’]
0
=wh*(a—3A), .......... ceeennne(4)

a being the radius of the sphere. For the complete sphere, we have
h = 2a, and the volume 1s §ma’, or two-thirds the volume (wa® x 2a) of
the circumscribed circular cylinder.

Ex. 2. The volume of a segment, of height A, of the paraboloid
generated by the revolution of the curve

about the axis of «, is
A h
r/ ‘yadx = 4ra [%a,’] =2mab® .. ... ..(6)
0 0

If b be the radius of the base, we have 52 = 4ah. Hence the volume is
37b* h, or one-half that of the cylinder of the same height on the same
base.
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Ex. 3. 'To find the volume of the ‘anchor-ring,’ or ‘tore,” generated
by the revolution of the circle
2+ (y— a) =03 N ()
where a > b, about the axis of . See F1g. 66, p. 256.

For each value of « between + b we have two values of y, say v,, ¥,;
viz.

n=a+ J =), yy=a-—, J(0?-a). ... ... 8)
The area of a section of the ring by a plane perpendicular to z is
therefore
myd — wylt = dwa J(BP—a?) . ... .l (9)

and the required volume is

1
dra f J(B =) dm=2n%ab; oo . (10)
-b
by Art. 96, Ex. 5.

This 1s the same as the volume of a cylinder whose section (75?%) is
equal to that of the ring, and whose length (2wa) 1s equal to the circum-
ference of the circle described by the centre of the generating circle.

108. Some related Cases.

We give some further examples of the general formula (2) of
Art. 106.

Ezx. 1. The section of the elliptic paraboloid
y‘l z?

2 = L i cei e iier veeenen 1
2% g (1)

by a plane x = const is an ellipse of serm-axes ./(2px) and ,/(2¢x), and
therefore of area 2r,/(pg) x. Hence the volume of the segment cut off
by the plane & =4 is

27r~/(pq)/:ocdx:7r JEOM. (2

This is one-half the volume of a cylinder of the same height 4 on the
same elliptic base.

Ez. 2. In the ellipsod
wﬂ y2 zﬂ 1

Pl i

E))

the section by a plane x = const. is an ellipse of semi-axes

b\/(l—g) and c\/<l—g>, R (4)

2
and therefore of area whe <1 - 3’—2) e N ()]
@
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The volume included between any two planes perpendicular to x
theretore

taken between the proper limits of . For the whole volume the limits
of @ are + g, and the result 1s {wabe.

109. Simpson’s Rule.

Most of the preceding results are virtually included in a
general formula applicable to all cases where the area of the
section by a plane perpendicular to « is a quadratic function of .

The volume included between two parallel planes can then be
simply expresscd 1n terms of the areas of the scctions made by
these planes, of the section half-way between them, and of the
interval (2h) between the two extreme planes

Smce the form of a quadratic function 1s not altered by the
addition of a constant to x, we may conveniently take the origin
in the middle section. Putting

f@)=A+Bx+Ca® ... ................ 1)
we have fhhf(w) de=24h+3Ch. ......... ...o.... (2)

Denoting the arcas of the sections #=—h, =0, z=" by §,, S;,
S,, respectively, we have

A—Bh+ Clt=S, A=S, A+Bh+Cli=5, ..(3)
h
whence f (@) do= (S + 48+ S, e (4)

which gives the rule referred to. We may interpret this as
expressing that the ‘mean’ section is

F (S 48+ 8) ceeeneeeeieeeieennn, (5)

It is easily seen that the addition of a term Dz*in (1) would
make no difference to the form of (4). The result is thus extended
to the case where f(#) is of the third degree.

The formula (l) is obviously applicable to the case of a cone,
pyramid, or sphere, and also to the case of a paraboloid, ellipsoid, or
hyperboloid, provided the bounding sections be perpendicular to a
principal axis. The student who 1s famuliar with the theory of suifaces
of the second degree will easily convince himself, morcover, that the
latter condition is not essential.
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Another case coming under the present rule is that of a solid
bounded by two parallel plane poly-
gonal faces and by plane lateral
faces which are triangles or trape-
ziums. We may even include the
case where some or all of the lateral
faces are curved surfaces (hyper-
bolic paraboloids) generated by
straight lines moving parallel to
the planes of the polygons, and
each intersecting two straight lines
each of which joins a vertex of one
polygon to a vertex of the other Fig. 62.

(see Fig. 63).

Fig. 68.

And since the number of sides in each polygonal face may be in-
creased ndefimitely, the rule will also apply to a solid bounded by any
two plane parallel faces and by a curved surface generated by a straight
line which meets always the perimeters of those faces.

Ez. 1. To find the volume of a frustum of a right circular cone.

If a, b be the radii of the two plane ends, that of the middle
section will be 1 (a + ). Hence

S,=mna?, Sy=}r(a+0b), Sy=nb
The volume is therefore
F7h (@ +ab + b%); ceovniieiniiiiiinennnn i (6)
if & be the height of the frustum.

Ew. 2. A cylindrical hole of radius & is bored centrally through a
solid sphere of radius a; to find the volume which remains.
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Here 8;,=0, S;=7(@*-8%), 8=0.

The mean section is therefore Zx (a®—8%?). The length of the hole is
2./(a® — b%). The required volume is therefore

gr(@—E ()

110. Rectification of Curved Lines.

The perimeter of a rectilinear figure is the length obtained by
placing end to end in succession, in a straight line, lengths equal
to the respective sides of the figure.

But since a curved line, however short, cannot be superposed
on any portion of a straight line, we require some definition of
what 1s to be understood by the ‘length’ of a curve. The definition
usually adopted is that it is the limit to which the perimeter of
an 1scribed polygon tends as the lengths of the sides are indefi-
nitely diminished. It is assumed that the gradieut of the curve
18 continuous, except possibly at isolated points; <.e. that the
mutual inclination of the tangents at two adjacent points P, Q
can be made as small as we please by taking @ sufficiently near
to P. It will appear that, under proper conditions, the above
limit is unique; and it can also be shewn that it coincides with
the corresponding limit for a circumscribed polygon.

If (z, y) and (z + 8z, y + 8y) be the rectangular coordinates of
two adjacent points P, @ on a curve, the length of the chord
PQis

V{(dz)* + (8y)'}

It has been shewn, in Art. 56, that if y and dy/dz be finite and
continuous, the ratio 8y/8x is equal to the value of the derived
function dy/dz for some point of the curve between P and Q.
Hence with a properly chosen value of dy/dx, we have

Po= /[ ()] e

The limiting value of the perimeter of the inscribed polygon is

therefore
f J {1 + (‘é—z)’} B, e, (1)

taken between proper limits of . The tact that this limiting
value 1s unique has been established in Art. 90.

If x be regarded as a function of y, the corresponding formula is

| \/ {1 + (g—;)} Qe ereereerrrresenns 2)
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If we denote by s the arc of the curve measured from some
arbitrary point (w,), and if as in Art. 60, we put dy/d.c = tan +, the
formula (1) becomes

s=[ secyrdm coviirs o 3)

Lo

There is of course a similar transformation of the formula (2).
Ex. 1. In the catenary

y:ccoshg—z, ...... ce rreree e 4)

we have f \/ {1+ (gg)z} di = f \/ (1+sint*?) do

x x
=/cosh—dw:csmh—.
C C

Since this vanishes with , the arc (s) measured from the lowest point
is given by
s:csinha;"... O, .. ..(D)

Ez. 2. In the parabola
Y =dax, ....

Ry

This may be integrated by the method of Art. 76, first rationalizing the
numerator, or we may put
x = a sinh? u,

and obtain 2a f cosh’udu=a / (1 + cosh 2u) du

=a(w+%sinh2u). ... (8)

Since % vanishes with a, this gives the length of the arc measured from
the vertex.

For example, at the end of the latus-rectum we have
smhu=1, coshu=,/2, w=log(l+ .2),
whence we find that the length of the arc up to this point is
aflog (1 + ,/2) + /2} = 2-296a.

111. Generalized Formule.

It is a consequence of the definition above given that any
infinitely small arc PQ of a curve is ultimately in a ratio of
equality to the chord PQ.
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For a formal proof of this theorem, which is a generalization of that
of Art 22,20, let I’P,, P, P, ..., P,_,Q be the sides of an open polygon
inscribed in the arc, and let e, €, ..., €, be the angles (positive or
negative) which they respectively make with the chord £@Q. It is
obvious that

PQ< PP, + PP+ ...+ Py iQ. covvnneennnnnnn.. (1)
On the other hand
PQ=PP,cose+ P P,cose;+ ... + P,_,Q cose,
> (PPy+ PP+ ...+ Py y@Q)cose, . .. ... (2)

where € i8 the greatest in absolute value of the angles ¢, ¢, ...¢;,. The
ratio
PQ 3
PP i PPt PQ " (3)

thercfore lies between 1 and cose. Since the chords PP, P, P,, ...,
P, @, as well as P¢), are parallel to tangents to the arcs at points
between their respective extremities, it follows from the continuity
of the gradient that |e| can be made as small as we please by taking
@ sufficiently near to . The limiting value of the ratio (3) is therefore
unity.

This may be ventied immediately by differentiating the formula (3)
of the preceding Art. with respect to the upper himit (x) of the integral
‘We thus find

. O
111118—;:860!,&. PR (- 3]

Since, when @ is taken infinitely near to 2, sec ¢ 1s the limiting value
of the ratio of the chord P@ to dx, we have, ultimately,

3s
lim i e e (5)
The above principle leads to several important formulz. In the
first place, if the coordinates «, y of any point P on the curve
be regarded as functions of the arc s, we have, 1n Fig. 19, p. 45,

DR = !?_I_Z = 8_‘/[" Ss DR QR By 3s
COSQPR—])Q_SS.m’ SIHQIR PQ 83 _l)Q’
and therefore cosyYr = da sin Y = dy (6)
’ dS ’ dS ¢ eess see ssanses

1t tollows that

() F— (1)
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Agan, if #, y be functions of any other variable ¢, we have
o= /{55 )}
and therefore lim %? = \/ {(il_i%:)’ + (((%)g} )
o & S @D ®

Hence 8 =f\/{(oé_§:)’ + (%% 2} Al vvvireinnnnen, 9

This may be regarded as a generalization of Art. 110 (1). The
formula referred to was obtained on the supposition that there 1s
only one value of y for each value of #, within the arc considered.
The result (9) is free from this restriction ; all that is essential is
that as ¢ increases, the point P should describe the curve con-
tinuously.

In the same way, the formule (6) may be taken to apply to
any rectifiable curve, provided we understand by 4 the angle
which the tangent, drawn in the direction of s increasing, makes
with the positive direction of the axis of z.

The formulse (8) and (9) have an obvious interpretation in Dynamics.
If @, y be the rectangular coordinates of a moving point, tegarded as
functions of the time ¢, then dx/dt and dy/dt are the component velocities
parallel to the coordinate axes, and 1f » be the actual velocity, we have

0= \/ { ‘fi—%’)’+ (‘%)2} .................. (10

The formula (8), (9) are thus equivalent to
ds

Fx. In the ellipse
z=asging, y=>0cosd..........ciivininnn, (12)
ds\' _ (dm\* rdy\' o 4 g uia
we have (07@_#) _<¢—i—$) + d¢) =a®cos® ¢ + b%sin’
= a? (1 — ¢*sin’ @),

where e is the eccentricity. Hence the arc s, measured from the
extremity of the minor axis, is

a=afj,/(l —e'sin® @) dp. .iviiiniinnin. (13)
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This cannot be expressed (in a finite form) in terms of the ordinary
functions of Mathematics. The integral is called an ‘elliptic integral
of the second kind,” and is denoted by X (e, ¢). It may be 1egarded as
a known function, having been tabulated by Legendre*. The whole
perimeter of the ellipse is expressed by

da f:",,/(l — SN ) AP+ oo, (14)

The integral in this expression is denoted by / (e, 27), or more shortly
by Z,(¢) It iscalled a ‘complete’ ellipticintegral of the second kind+
The quantity e is called the ‘modulus’ of the integral.

For the calculation of the integral (14) by means of a series see
Art. 180.

112. Arecs referred to Polar Coordinates.

Let OP, OP’ be two consecutive radii of the curve, and let
PN be drawn perpendicular to OF'. If we write

OP=r, OP =r+8&, <«POFP =36,

then, as in Art 63, PN will differ from 736, and NP from 3r, by
quantities which are infinitely small in comparison with PN, NP
respectively. Hence PP, or /(PN*+ NP *), 1s ultimately 1n a
ratio of equality to

Vit (88 + (319,

It follows that, if € be the independent variable,
ds ,. PP dr\?
%=llm—%—=\/{'r’+(@>}, ............ 1)

and therefore

o= \/ {7" + (‘(%)} 0, v, )

provided the integral be taken between the appropriate limits of 6.

If r and @ be given as functions of an independent variable ¢,

we have
d . P]:v d 2 'dB\?
a'—: =lim 5 = {(E;) +r? (Z{t—) } 3 esecscrca 3)

* Traité des Fonctions Elliptiques &1826)
+ The elliptic 1ntegral of the * first kind’ is

L do
0 A/(1—¢sn?g)

and is denoted by F (¢, ¢). The corresponding ‘complete’ integral (with 4x as the
upper limit) is denoted by F, (¢).
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- f \/ {(‘di—;')a + 1 (‘fg)} b e e, (4)

which includes (2) as a particular case.

and therefore

pr

[o]
Fig. 64.

Again, if 7, 8 be regarded as functions of the arc s, and if ¢
denote the angle which the tangent-line, drawn 1n the direction of
8 increasing, mnakes with the positive direction of the radius vector,
we have

v NI PN
cosNPP——P—F,, SIHNPP_PT”
and therefore, 1n the limit,
dr do
cos¢=£, s1n¢=ra§. ............... (5)

These results, again, have a dynamical 1llustration. If » denote the
velocity of a moving point, the component velocities along the trans-
verse to the radius are

008 @ = drds dr
VeSS P=Tedt  di’ ©)
N
and 'vsm¢o=zi—q--cﬁ=_(ﬁ,
respectively ; and the formula (4) is equivalent to
s=/udc, e (1)

as before.

113. Areas of Surfaces of Revolution.

To frame a general definition of the area of a curved surface,
and to prove that the area so defined has a determinate value, is
a matter of some nicety. We shall here only consider the case of
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a surface of revolution limited (if at all) by planes perpendicular
to the axis.

We begin with the circular cyhinder. The curved surface may
be defined as the limiting value of the sum of the areas of the
lateral faces of an nscribed prism. These faces have all the same
length, and their sum is equal to this common length multiplied
by the perimeter of the cross-section of the prism In the limit
this perimeter becomes the perimeter of the cylinder. Hence the
curved surface of a right cylinder of radius a and height A 1s 27ah.

Take next the surface of a right cone included between two
planes perpendicular to the axis. We can inscribe 1n this a frus-
tum of a pyramid, whose bases are similar and similarly situated
regular polygons, inscribed in the two bounding circles. The curved
surface 1n question may be defined
as the limit of the lateral area of
this frustum. This area 18 made
up of anumber of trapeziums having
a common altitude, viz. the perpen-
diculardistancebetween theirparallel
sides, and 18 therefore equal to this
common altitude multiphied by the
arithmetic mean of the perimeters
of the two polygons. In the limut,
these perimeters become the circum-
ferences of the bounding circles, aud
the common altitude becomes the
length of a generating line of the
cone included between these circles.
In other words, the curved surface Q’
generated by the revolution of a Fig. 65.
straight line P about any axis in
the same plane with 1t 1s equal to Q) multiplied by the arithmetic
mean of the circumferences of the circles described by P and Q.
This is the same as the product of PQ mto the circumference of
the circle described by its middle point

Next consider the surface generated by the revolution of any

arc ot a curve
Y= (&), .oivier i @8]

about the axis of . Taking any number of points i this arc, and
joming them by straight lincs, we obtain an open polygon ; the
curved surface 18 then defined as the lumting value to which the
sum of the areas described by the sides of the polygon tends, when
the lengths of the sides are indefinitely diminished. Hence if
I’Q be the chord of any element 8s of the generating curve, and
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y the ordinate of the middle point of PQ, the curved surface is
the limiting value of the sum 2 (27y.PQ). Ultimately, PQ is in
a ratio of equality to 8s, and y may be taken to be the ordinate of
the curve; the surface is then equal to the limiting value of
273, (y . 6s), that is, to

2 [y ds, . coveiniiiiiiii, v (2)

taken over the proper range of s.

Ez. 1. 1In the case of the sphere the coordinates of any point of
the generating curve may be written

z=acosb, y=asinb, ............. 3)
whence dsfdf=a. ...ocouvii il .(4)
Hence the surface of a zone bounded by planes perpendicular to x is

CH
2mwa? L sin 6 df = 2wa? (cos 6, — cos 6,)

' =2mra (v, — ;) .. .. v e (D)

where the suffixes refer to the bounding circles Hence the zone is
equal in area to the corresponding zone of a circumscribing cylinder
having 1its axis perpendicular to the planes of the bounding circles.
In particular, the whole surface of the sphere is 27a. 2a, or 4ma®

Ex. 2. 'To fird the surface of the ring generated by the revolution
of a circle of radius b about a line 1n its plane at a distance a from its
centre, we may put

w=bsin0, y=a-bcosb, ds/df=b, ............ (6)
o\b
Y
X’ o X
Fig. 66.
and obtain 21rfyds=21rb f(a—bcos ) db. e (T)

The limits of 6 being 0 and 2=, the result is 27b x 27wa, which is equal
to the curved surface of a right cylinder of radius b and length (27a)
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equal to the circumference described by the centre of the generating
circle.

Ex. 3. To find the surface generated by the revolution of the
ellipse

x=asing, Y=0C08¢ ...coocovtr ennnn (8)
about the major axis, we have

27 yd3=21rfy%d¢

= 2wabe(1 ~e?sin? ) d (sin ), . .......... (9)
by Art. 111. If weput esmm¢=sinb, ..........e...... (10)
this
2

:-—z;é/cos‘29d0:7%l?[0+sm9(:056] .. (1)
To find the whole surface we take this between the limits ¢=F 1,
or §=Fsinte. The result s

21:11) {sin~le + e, /(1 — €?)},
-1

or 27rb2+2mbsﬂ’e——”. o .. . (12)

By a similar process we find, for the surface generated by the revo-
lution of the ellipse about its menor axis, the value

2—77;9 {sinh~l¢' + €'\ /(1 + €?)},

where ¢’ = ,/(a® — b%)/b, or

-1,
2mwa+ 2ral Sm];, BT (13)
This may also be put into the form
, 1 l+e
21!'(&2+1I'b3. ; lOg 1—:‘6. cee e es ...-.......(14)

114. Approximate Integration.

Various methods have been devised for finding an approximate
value of a definite integral, when the indefimte integral of the
function involved cannot be obtained. For brevity of statement,
we will consider the problem 1n 1its geometrical form, viz. 1t 1s
required to find an approximate value of the area included between
 given curve, the axis of «, and two given ordinates.

LLG 17
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The methods referred to all consist in substituting for the
actual curve another which shall follow the same course more or
less closely, whilst it is represented by a function of an easily
integrable character.

The simplest, and roughest, mode is to draw n equidistant
ordinates of the curve, and to join their extremities by straight
lines. The required area 1s thus replaced by the sum of a series
of trapeziums. If 4 be the distance between consecutive ordinates,
and ¥, ¥s, ..., yn the lengths of the ordinates, the sum of the
trapeziums 18

Y+ h+ 3ty + i+ Yna Y ) A+ 3 (Y +Hyn) b
=3 +Ya+Ys+ oo FYnat Yna+ 3yYn) b; ...(1)

that is, we add to the arithmetic mean of the first and last ordinates
the sum of the intervening ordinates, and multiply the result by
the common interval A.

The value thus obtained will obviously be in excess1f the curve
is convex to the axis of #, and 1n defect 1n the opposite case.

ATH I

Y

/

Fig. 67.

Another methqd, originally given by Newton and Cotes®*,is to
assume for y a rational integral expression of degree n — 1, thus

y=A,+ A e+ A2+ ...+ Ap2™, cooonennnl. 2)

* Bee the latter’s tract De Methodo Diffeientialr, printed as a supplement to the
Harmonia Mensurarum, Cambridge, 1722.
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and to determine the coefficients 4;, 4,,... 4,_, so that, for then equi-
distant values of z, y shall have the prescribed values y,, ¥, ..., ¥a.
The area is then given by

fydw, =Ax+ 434,22 +34,2° + ... +7-1;A,,_,w”, ...(3)

taken between proper limits of z.

Thus, in the case of three equidistant ordinates, taking the
origin at the foot of the middle ordinate, we assume

x AN
y=Ao+A,E+A2(/—L), .................. (4)
with the conditions that
3/ = yl ’ ?/2, ys;; (5)
for wm e hy 0, k[

respectively. These give

Ao—A1+A2=yh Ao=!/2> Ao+Al+A2=?/3» (6)
so that

Ao':yn» A, =% Ws— ), Aﬂ""%(yl + Y5 — 25/1)' . (7)
h
Hence ydo=2(A,+ 34:)h
-h
=+ ty)ho .. (8)
Cf. Art. 109.

The method here employed is equivalent to replacing the
actual curve by an arc of a parabola having its axis vertical, and
the result represents the difference between the trapezium

3 (o +ys). 2R
and the parabolic segment
3-8+ ) -yl 2h;
see Art. 100, Ex. 8.

In the case of four equidistant ordinates a similar process
leads to the formula

g (+ 3y +3ys+y)h, ... o ()
whilst tor five ordinates we get
Ty + 324+ 12y, + 32y, + Tys) b ..... .. (10)

17—2
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With an increasing number of ordmates the coefficients in
this method become more and more unwieldy*. A simple, but
generally less accurate, rule was devised by Simpsont. Taking
an odd number of ordinates, the areas between alternate ordinates,
beginning with the first, are calculated from the ¢ parabolic’
formula (8), and the results added. We thus obtain

%{y;+4’3/2 +:’/3
+Ys+ 4y + Ys
+y5+4ya+y7

+ Yon— + 4?/27; + ym+1} h
='§ {(:% + Y 0-1) +2 (3/3"' Ys+ ... +,"/2n—-1)+ 4’(:’/2+y4+ oo y21;)} h.
....... (11)

That 15, we take the sum of the first and last ordinates, twice the
sum of the intervening odd ordinates, and four times the sum of
the even ordinates, and multiply one-third the aggregate thus
obtained by the common interval .

Ex. 'To calculate the value of # from the formula

17 = 011—(1—_%;—2 veen (12)
Dividing the range into 10 equal intervals, so that A= 1, we tind
Y =1, ¥y = 9900990, y;="9615385,
Yo=9174312, ys = 8620690,
Y = 8000000, Yy, = 7352941,
Ys="6711409, Yp="6097561.
Yy =D, Y= 5524862,
Hence Y+ Yy =1DH,
Ys+ Y5+ Y+ Y= 3 1686577,
Yo+ Yo+ Yo+ Yo+ Y10 = 3°9311573.
The formula (11) then gives
=35 (1'6+ 633731564 + 15 7246292)
= 78539815,
* The coefficients for the cases n=3, 4, 5, ... 11, were calculated by Cotes, see

also Bertrand, Calcul Intégral, Art. 363,
+ Mathematical Dissertations (1743).
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whence, retaining only seven figures,
m- 5141593,
This is correct to the last figure.
The formula (1) would have given
3w =-78498150, ==3139926,
which is too small by about one part in 2000.

115. Mean Values.

Let oy, 95, -..... Yn be the values of a function ¢ («) corre-
sponding to n equidistant values ot # distributed over the range
b— a, say to the values of # which mark the middle points of the
n equal intervals (k) into which this range may be subdivided.
The limiting value to which the arithmetic mean

1
~ W e Yn) e . (1)
tends, as n is indefinitely increased, is called the ‘mean value’ of
the function over the range b — a.
Since h = (b — a)/n, the expression (1) may be written

Y+ b+ o+ gk
b—a T

)

and the limiting value of this for n =,k =0, is

b
f ¢ (2) dx
e 2
b-a @)
In the geometrical representation the mean value is the alti-
tude of the rectangle on base b —a whose area is equal to that
included between the curve y = ¢ (x), the extreme ordinates, and
the axis of . See F1g. 49, p. 210.

The theorem of Art. 91, 3° may now be stated as follows:
The mean value of a continuous function, over any range of the
independent variable, is equal to the value of the function for
some value of the mdependcnt variable within the range.

The various formulse of Art. 114 may be interpreted as giving
approximate expressions for the mean value of a function, over
a given range, in terms of a series of values of the function ‘taken
at equidistant intervals covering the range. For example, in
terms of three and of four such values, the mcan values, as given
by Cotes’ method, are

$(+dya+ys) and (y+ 3y + 3y +y)
respectively.
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In applying the conception of a mean value it 1s essential to have
a clear understanding as to what is the independent variable to which
(in the first 1nstance) equal mcrements are given. Thus, in the case
of a particle descending with a constant acceleration g, the mean value
of the velocity 1in any interval of time ¢, irom rest 18

¢ 1 rt
z]-/lvdt=t— flyldtz ghs

1/ 1J0

t.e. it is one-half the final velocity. Butif we seek the mean velocity
for equal mfimtesimal increments of the space (s), we have, since
v = 2gs,

1 Cot o, y
— | vds=""2L | s?ds=%(2ys
o e = M= g 2,

t.¢ 1t i8 fwo-thirds the final velocity.

Fz. 1. The mean value of sin @ for equidistant intervals of 6
ranging fiom 0 to =« is

[y

1 j"sin 0do =

w™ Jo

3o

= 6366. ... ... ... (3)
Hence the mean value of the ordinates of a semicircle of radius a,

drawn through equidistant points of the arc, is :6366a.

If the ordinates hiad been drawn through equidistant points on the
diameter, the mean value would have been

1 e 3 _ 2 L 2
o= a,J(a. —a?)de=43a /_&"cos 0df = }ma, .. ...(4)

aa J -

or ‘7854a. It is easily seen @ priory why this latter mean should be
the greater.

Ex. 2. A disk has the form of a very flat ellipsoid of revolution,
To find the ratio of 1ts mean thickness to the thickness at the centre.

If @ be the radius, the 1atio of the thickness at a distance » from
the centre to that at the centre 1s

\/(1-5) e (B)

The required ratio is therefore

1 e . ‘
=) (-5 emar=3. )

Ex. 3. 1If the density p of a sphere be a function of the distance »
from the centre, taking as the element of volume

8V =38 (g7r’) = 4w *dr,
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the mean density is
ey ot 2 e 4 3 3 @ 2
p= 47 A pr dr — 3TA = —ag o pPr dr, ........... (7)

if @ be the external radius.

Thus, if poc 7" the mean density is 3/(n + 3) of the density at the
surface.

Again, assuming that in the Earth

1-2
p=po(1—k;2),... L . (8
we find p=po(l —3%)=1(2p, + 3p,), e e e 9)

where p, is the density at the surface (r=a). If the above law of
density be applicable to the case of the Farth, then since g = 2p,, roughly,
we nfer that p,=%p,, or the density at the centre 1s 3} tunes the density
at the surface.

116. Mean Centres of Geometrical Figures.

The ‘mean centre’ (G, say) of a system of geometrical points

(-‘rn 3/1), ({L‘z, 92), cosy (!En, y,.) ............ (1) '
may be defined as the point whose coordinates are
_ 1 S (w
w=;(wl+x2+...+xn)_—__1(_z_)’ )
............ )
_ 1 s
y=ﬁ(3/x+ya+ veeF Yu) = __'(ly_)

Since these relations are linear, and since transformations of
Cartesian coordinates are effected by hnear formule, 1t easily
follows that the distance of f from any line is equal to the
arithmetic mean of the distances of the given points from the
line, these distances being taken of course with the proper signs
according as they lie on one side of the line or the other.

There 18, 1 like manner, a mean centre of a plane curve, or of
a plane area, whose distance from any line mn the plane 1s the
mean (in the sense of Art. 115) of the distances of the infinitesinal
elements of the curve, or of the area, from the linec.

Thus, for a curve we have
t]

Z(zds) .. Z(yds)
S‘(S})” = llm 2(8;)" ) esessesenses (3)

@ = lim
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and for an area
Z(xS_A) 2 (yd4) (4)
_E(SA)’ ———Z(SA), .........

where 84 is an element of area. In the limit the summations
take the form of integrals.

& =lhm

y=lim

Ex. 1. In the case of a circular are, 1f the origin be taken at the
centre, and the axis of = along the medial line, we have y=0, by
symmetry. Writing @ = a cos 0, 8s=adf,

Ez_l_fa acosﬂdlfzslrig @y vvenr eerinnns (5)

2a0 | -4
if 2a denote the angle which the whole are subtends at the centre

As a increases from an infimtely small value to =, & decieases from

a to 0. For the semicircle, we have a =}, and
2
=—a= 637 a.
m™

x
Ex. 2. For the area of a segment of the parabola

Yi=daxr ......... )
bounded by the double ordinate % = A, we have

h h
fxydm fm*da:
0 _Jo

h ~ rh
/ ydx j b die
0 0

The notion of the mean centre can obviously be extended to
three-dimensional figures, distances from a line being now replaced
by distances from a plane. Thus in the case of a surface, we have

S(@88) _ .. Z(ydS) _ .. 3(288)
m,y—hﬂl 2(88), -—llmm,. (8)

where 88 denotes an element of the surface. Similarly, for a
volume,

x=

il

B v (1)

Z=lim

(N3

S@8V) _ . S(ysV)
GV YT T ET

where 8V is an element of volume.

3 (23V)
2“(57), ...(9)

T =lim lim

z =l

In the case of a surface, or a solid, of revolution the mean centre
is evidently on the axis of symmetry, and 1f we take this as axis of
@, we have only to calculate the value of #. If y be the ordinate
of the generating curve, we put, in (8), 8S = 2my8s, this being
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(Art. 118) the area of an annular element of surface, whose points
arc all at the same distance from the plane 2 =0. Hence

_ Jo. 2myds  [zyds

= amyds ~ Jyds (10)
Similarly, 1n (9) we put 8V = 7ry?éz, and obtain
_ Jz.wyprde  [zyide
T = fryda = Tpde® (11)
Lz 3. For a zone of a spherical surface, putting
x=acosf, y=asinb, 8s=adl, .. .. (12)
[ ® cos 6 sin 09 o,
we have T=a -"—p =1a cos aic@
j sin 640 cosa—cos
=3a(cosa+cos B)y=% (2, +a), . ... ... (13)

if a, B be the limits of 6, and x,, x, the abscisse of the bounding circles.
Hence the mean centre of the zone is on the axis, half-way between
the planes of the bounding circles.

For example, the mean centre of a hemispherical surface bisects
the axial radius,

These results might also have been inferred 1mmediately from the
equality of area of coricsponding zones on the sphere and on an en-
veloping cylinder (Art. 113, Ex. 1).

Ex. 4. 1In the case of a solid circular cone, the origin being at the
vertex, the section varies as % so that

Folt— =4k, ... o (14)

if /& be the altitude.

Ka. 5. For the segment of an elliptic paraboloid
2 2
sw=L4+% ... (15)
p 9
cut off by a plane x =4, since the section varies as «, as m Art 108,

Ex. 1, we have
n
f adx
0

%
f xdx
0

x =

=k . ... ..(16)
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Lz, 6. For a hemisphere of radius a, putting y* = a’ —a?% we have

=" —=3a. . . . ..(17)

The same formula gives the position of the mean centre of the half
of the ellipsord

x’l yZ z?
atmteb - (19

which lies on the positive side of the plane yz, since f(x) mn this case
also varies as a®—a*% See Art. 108, Ex. 2.

117. Theorems of Pappus.

1°. If an arc of a plane curve revolve about an axis in its
plane, not intersecting 1t, the surface generated is equal to the

length of the arc multiplied by the length of the path of 1ts mean
centre.

Let the axis of x coincide with the axis of rotation, and let y
be the ordinate of the generating curve. The surface generated
in a complete revolution is, by Art. 113, equal to

27 [yds,

the integration extending over the arc. But if % refer to the mean
centre of the arc, we have

by Art. 116. Hence

which is the theorem.

2°. If a plane area revolve about an axis in its plane, not
intersecting it, the volume generated 1s equal to the urea multiplied
by the length of the path of 1ts mean centre

. If 834 be an element of the area, the volume gencrated 1n a
complete revolution 1s

hm 3 (27y . 84).
But if 7 refer to the centre of mass of the area, we have

S (y84)
S (84) °

’g=lim
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by Art. 116. Hence
lim 2 (2nry.84) =27y x lim 3 (84), ............ (2)
which is the theorem *,

The revolutions have been taken to be complete, but the
restriction is obviously unessential.

The theorems may be used, conversely, to find the mean centre
of a plane arc, or of a plane area, when the surface, or the volume,
generated by its revolution is known independently. See Ex. 3,
below.

Ex. 1. The ring generated by the revolution of a circle of radius b
about a line in 1ts own plane at a distance a from its centro.

The surface 18 2wb x 2wa, = 4xn2al,

and the volume is wb® x 2mwa, = 2n%al?
Cf. Art. 107, Ex. 3, and Art, 113, Ex. 2.

Ex. 2. A segment of the parabola 32 =: 4ax, bounded by the double
ordinate x = &, revolves about this ordinate.

If 2% be the length of the double ordinate, the area of the segment
is $hk, by Art. 100; and the distance of its mean centre from the v1di-
nate is 24, by Art. 116, Ex. 2. Hence the volume generated is

Shk x Smh=18nhok.

Ewx. 3. TFor a semicircular arc revolving about the diameter joining
1ts extremities, we have
wa x 2ny = 4nak,

2
whence Y= S

Again, for a semicircular area revolving about its bounding diameter,
Fwa® x 2ny = wad,
_ 4
whence =g

A similar calculation leads to a simple formula for the volume
of a prism or a cylinder (of any form of cross-section) bounded by
plane ends. :

In the first place we will suppose that one of the ends, which
we will call the base, is perpendicular to the length. Let P be
any point of the base, and let z be the length of the ordinate PL’

* These theorems are contained mm a treatise on Mechanics by Pappus, who
flourished at Alexandria about Ap 300. They were given as new by Guldinus,
de centro gravitatis (16856—1643). (Ball, History of Mathematics.)
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drawn parallel to the length, to meet the opposite end in P’, and
let Z be the ordinate of the centre of the oblique end. If 84, 84’
be corresponding elements of area at P and P’, we have

3(e.84) _ |3 (.84)

2 (84") 3 (84) ’
since 84, being the orthogonal projection of 84, 1s in a constant
ratio to 1t. Hence the volume of the solid

=S (2. 0A)=F XS (BA) cerreeeeereenn (3)

that is, it is equal to the area of the base multiplied by the ordinate
of the mean centre of the opposite face It 1s easily seen that this
is the same as the ordinate drawn through the mean centre of the
base

Z=1im = lim

A prism or a cylinder with both ends oblique may be regarded
as the sum or as the difference of two prisms or cylinders each
having one end perpendicular to the length. We infer that in all
cases the volume 18 equal to the area of the cross-section multiphed
by the distance between the mean centres of the two ends.

Ex. 4. The volume of the wedge-shaped solid cut off from a right
circular cylinder by a plane thiough the centre of the base, making an
angle a with the plane of the base, 18

FTa° X %a tano = Zaltana;
cf. Art. 118, Ex. 1.

The theorems of Pappus may be generalized in various ways;
but it may be sufficient here to state the following extension of the
second theorem.

If a plane area, constant or continuously variable, move about
in any manner in space, but so that consecutive positions of the
plane do not intersect within the area, the volume gencrated is
equal to

where S is the area, and do is the projection of an element of the
locus of the mean centre of the area on the normal to the plane. If
ds denote an element of this locus, and € the angle between ds and
the normal to the plane, the formula may also be written

fScos@ds. ...... .. ..l il (5)

This theorem is the three-dimensional analogue of the pro-
position of Art. 103, relating to the area swept over by a moving
line. It is a simple corollary from the theorem above proved.
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118. Multiple Integrals.

This book deals mainly with functions of a single variable, and
therefore, as regards the Integral Calculus, with problems which
depend, or can be made to depend, upon a single integration.
Multiple integrals occur however so frequently, as a matter of
notation, in the physical applications of the subject, that it may
be useful to give here a few explanations concerning them. We
shall pass very lightly over theoretical points; what 1s wanting in

this respect may be supplied by a proper adaptation of the method
of Art. 90.

Let 2z be a continuous and single-valued function of the inde-
pendent variables z, v ; say

2= (L, Y) ceeir et i 1)

This may be interpreted, geometrically, as the equation of a surface
(Art. 34). Take any fimte region S in the plane xy, and let a
cylindrical surface be generated by a straight line which meets
always the perimeter of S, and is parallel to the axis of 2. We
consider the volume (V') included between this cylinder, the plane
zy, and the surface (1). Sce Fig. 68.

F4

) N U U U S0 0 RSO t -
Y PR v
e IRNY ey

X
Fig. 68.
If the region S be divided into elements, of areca 84,, §4,,
84, ..., and 1t 2, 2, 2z;, ... be ordinates of the surface (1) at

arbitrarily chosen points within these elements, then, the coordinate
axes being supposced rectangular, the sum

Z]8A1+208A2+Z3SA8+VH vvs«vv-'--wnnn'(2)
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will give us the total volume of a system of prisms, of altitudes
2, 23, %, ..., standing on the bases 84,, 84,, 84,, .... And if the
function ¢ (z, y) be subject to certain generally satisfied con-
ditions*, the above sum will, when the dimensions of 84,, 64,,
84,, ... are taken infinitely small, tend to a unique limiting value,
viz. the aforesaid volume V.

If the subdivision of the region S be made by lines drawn
parallel to the axes of # and y, the elements 84,, 84,, 84, ... are
rectangular areas of the type 68y, and the sum (2) may be denoted
by

IZ28L8Y, i e (8)
where the sign = is duplicated because the summation 1s in two
dimensions. The limiting value of this sum is denoted by

fedady, ... ... (4)
and we have the formula

V=[l¢(z, y)dedy. ......... .. ... (5)

The cxpression on the right hand 1s called a ‘double 1ntegral’; it
is of course not determinate unless the range of the variables
@, y, as limited by the boundary of S, be specitied.

The volume ¥V may, however, be obtained 1n another way. If
f(z) denote the area of a section by a plane parallel to yz, whose
abscissa 1s #, we have, by Art. 106,

V= f L @) Ay oo (6)

where a, b are the extreme values of # belonging to the area .
But, by Art. 100,
B
fl@)= f sy, .. e, (1)

where a, 8 are the extreme values of ¥ in the section f (), and are
therefore 1n general functions of . Hence we have

V=f:{ff¢(w, y)dy} de, ... .........(8)

or, as 1t 1s more usually written,

V=J: ffd) (z, y)dedy. .ccoovvennnnnnn. 9t

* The alieady stipulated condition of continuity 18 suthelent, but the proof 1s
simphfied 1t we introduce the additional condition that ¢ (z, y) shall have only
a fimte g(t)lmber of maxima and minma within any tinite area of the plane zy.
Cf, Art. 90.

t The first | refers to the dz, and the second to the dy. There 18 not absolute
uniformity of usage, however, on this point.
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If the limits of both integrations be constants, 7 e. if the region
S take the form of a rectangle having its sides parallel to # and y,
the volume V' is expressed also by

and we may assert that

fbfs¢ (@, y) da;oly:fﬂ [b¢ (=, y)dyda.......... 11)

This is illustrated by Fig. 23, p. 63. In other cases the limits

of the respective integrations require to be adjusted when we invert
the order.

The above explanations have been clothed 1n a geometrical
form, but this is not of the essence of the matter. The same
principles are involved, for example, in the calculation of the mass
of a plane lamma, having given the density at any point («, y) of
it, and in many other physical problems.

Another mode of decomposition of the area S is often useful.
Taking polar coordinates r, 6 in the plane 2y, we may divide the
area into quasi-rectangular elements by means of concentric circles
and racdii. The area of any one of these elements may be denoted
by r80.ér, if r be the arithmetic mean of the radn of the two
curved sides. The formula (8) is then replaced by

V={[zrd@dr, .
where z is supposed given as a function of » and 6.

After what precedes, the meaning of a ¢ triple-integral,’
Iif ¢ (x, y, 2) dedydz, ... v+ (13)

will not require much development. If a finite region R be divided
1nto rectangular elements 8z8ydz by planes parallel to the coordi-
nate axes, and 1f we multiply the volume of each of these elements
by the value of the function ¢ (z, y, z) at some arbitrarily chosen
pownt of it, the expression (13) 1s used to denote the hmiting value
to which (under certain conditions) the sum of the products tends
when the dimensions of the elements are infinitely small The same

limiting value may be obtained by a succession of three simple
integrations, thus

f{.ﬂ fb‘i’(w,z/,Z)dz) dy}dv, ........... (14)

where the integration 1s with respect to z between the lmits a and
b, which are in general functions of « and y, then with respect to
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y between the limits a and 3, which are in general functions of «,
and finally with respect to # between the hmits @ and . If the
limits of integration be all constants, they are unchanged when the
order of integration is varied.

As an example, consider the determination of the mass of a
solid, whose density is a function of 2, y, 2

Ex.1. To find the volume of the wedge included between the plane
2 =0, the cylinder

o +yi=al ... . ... (1b)
and the part of the plane z =tana for which z is positive.
a [V (a2—x)
We have ffzdxdy =tan a/ j xdedy. ... (16)
0 J-v@-ay

The 1ntegration with respect to y gives

V(a2 -z?)

l:.cc = 2w \J(a®— 2?).
-N(a?-2%)

We then have

ﬁa 2 /(a® — a*) do = [— % (a?—: 2)3 :I:: 24
The required volume 18 therefore
£a® tan o. . (A7)
Ex 2. To find the volume 1ncluded within the sphere
P+ yt+ 2 =ad . (18)
by the cylinder Pryt=ax .. .. . . ..(19)

(The cylinder has a radius half that of the sphere, and its axis bisects
at right angles a radius of the sphere.)

If we introduce polar coordinates in the plane xy, the equation (19)
takes the form
7 =a cos §, (20)

and (18) gives 2=+ /(a®—%) e (21

The required volume is therefore given by

9 & acos @ d0d 4 §r 'acoso'\/ . 2) d6d 99

27 r = a”—7r°)r r. .
j-}n./o jl) jo ( ( )
Now

@ cosé @ cos 6
/ Ja@ =) rds = [-. 1 (a®- rZ)%] —14* (1 - sin®6),
1} 0
im
und j (1—sin®6)df =1m—12.
0

The final result is Fra®—8a’ o o (23)
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EXAMPLES* XXXVI.

(Areas.)

1. TIf a curve be such that
Y™ oz,
the rectangle enclosed between the coordinate axes and lines drawn

parallel to them through any pomnt on the curve is d1v1ded by the
curve into two portions whose areas are as m : n.

2. The area included between the axis of z and one semi-undulation
of the curve

y=bsin x/a
is 2ab.

8. The area included between the catenary
y = ¢ cosh x/e,
the axis of x, and the lines £ =0, x=2,, is
¢?sinh «;/c.
4. The curve a’y =a*(x + a)
includes, with the axis of x, an area y;a’

5. The areas included between the axis of x and successive semi-
undulations of the curve

y=e"*?sin Bz
form a descending geometric series, the common ratio being e=ma/8,
6. 'The area included between the axis of x and the parabola

] cy=(x—a)(x—0b)
is 3 (@ —0)*e.

7. Find the area included between the two curves

-3y=x-1, 9P-2y=x-3. (2]
8. Tind the area included between the two parabolas
y=3x'—-x—-3, y=-—2+4r+T. [%%]
9. Find the area of the segment of the paiabola
y=a'-Tx+9
cut oft' by the straight line
y=3-2. [3]

10. The area included between the two parabolas
y'=4a(x+a), Yy'=4b(b-2x)
is § (a + b) \/(ab).

* Some further Examples for practice will be found at the end of the Chapter (1x)
on ‘Special Curves.’

L. L O. 18
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11. Prove that the whole area (when finite) included between the
axis of # and the curve
1 @
y=- ¢ (;)

18 independent of the value of a.
12. The area included between the positive branch of the curve
y=b tanh z/a,
its asymptote, and the axis of y, 18 ab log 2. (See Fig. 26, p. 81.)
13. The area common to the two ellipses

1:2 y') ,L.‘A :'/2

2t p=l prg=l
1s 4ab tan-1b/a.

14. The area included between the coordinate axes and the

parabola
o B 3
hd Y\ -
@+ @) -

is Lub sin o, where w1s the inchination of the axes,
[Put e=asin'd, y=20bcos*b.]
15, The area between the parahola
2cy =2* + a®
and the two tangents drawn to 1t from the origmm 18 1d%c.
16. The area common to the two parabolas
¥ =4dax, o?=4ay
is 2 a?
17, Prove by integration that the area of an ellipse is
maf sin o,

where a, B8 are the lengths of any pair of conjugate semi-diameters, and
w is the angle between these

18. The formula (Art. 80 (2)) for integration by parts may be
written

Judv = uv — [vdi;
interpret this geometrically in terms of aieas.

19 A curve 42 1s traced on a lamina which turns in its own plane
about a fixed point O through an angle §. Prove that the area swept
over by the curve is

3 (04*~05%) 6.
20. Trace the curve
r=3+2cos 6,
and find 1ts area. (11m.]
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21. Find the area of that portion of the curve
r=2a (1 + cos 6)
which lies outside the parabola

2a

-7 2. 16,2
"= T e0s b [3ma® +L2a?]

22. Prove by transformation to polar coordinates that the area of
the ellipse
Ax*+ 2wy + By? =1
18 7/ J(AdB — H?).

23. A weightless string of length /, attached to a fixed point O,
passes through a small ring which can slide along a horizontal rod 4B
m the same vertical plane with O, and the lower portion hangs ver-
tically, carrying a small weight /> IFind the locus of P, and prove
that the area between this locus and 43 1s

L J(2 —h?) — A2 cosh-L /A,
where . 1s the depth of A5 below O

24. Prove directly from geometrical considerations that the area
included between two focal radn of a parabola and the curve is half
that 1ncluded between the curve, the corresponding perpendiculars on
the directrix, and the directiix

25. What 18 indicated by the record of the wheel in Amsler’s
Planimeter when the bar P¢ (Fig. 59) makes a complete revolution
whlst the point @ traces out the closed curve?

26. 1In a cerlain form of planuneter the arm carrying the tracing
pont 1s pivoted at the other end on a vertical axis carried by a small
waggon which can roll (without shpping) backwards and for wards over
the paper, and has a recording wheel attached to 1t, to measuie the
rolhing. Prove that when the tracing point describes a closed curve,
the record gives the airca, on a certain scale

27 1f 84, Sy, S¢ be the areas of the closed curves desciibed by
three points 4, B, (' on a bar which moves in one plane, and returns to
1ts origmal position without performing a complete 1evolution, prove
that

B S, +0CA4 Sg+A4B.85,=0,

where the lines B, C4, 4 B have signs attributed to them according to
thewr directions, and the signs of S, Sy, S are determined by the rule
of Art. 101.

28. 1f P be a point on a bar 4 8 which moves 1 one plane, and
retuins to 1ts original position after accomplishing one revolution,
prove that

S aSp+ b3, b
R S

18—2
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where a=A4P, b=PB, and the meanings of S , Sp, Sp are as in the
preceding question.

Hence shew that if the extremities 4, B of the bar move on a
closed oval cuive

8, — Sp = wab. (Holditeh.)

29. If a straight line AB of constant length move with its
extremitics on two fixed intersecting straight lines, any point P on it
describes an ellipse of area w. AP . 8.

EXAMPLES*. XXXVII.

(Volumes.)

1. The volume generated by the revolution of one semi-undulation
of the cuive

y=bsinx/a
about the axis of « 1s one-half that of the circumseribing cylinder.

2. The volume of a trustum of any cone, with parallel ends, 18
304, + J(4,4,) + 4,},

where 4,, 4, are the areas of the two ends, and % 1s the perpendicular
distance between them

3. In the sold generated by the revolution of the rectangular
hyperbola

@t — 3% =a?

about the axis of «, the volume of a segment of height @, measured from
the vertex, 1s equal to that of a sphere of radius a.

4. The volume of a segment of a sphere bounded by two parallel
planes at a distance 4 apart exceeds that of a cylinder of height A and
sectional area equal to the arithmetic mean of the areas of the plane
ends, by the volume of a sphere of diameter 4.

5 A plane is drawn parallel to the base of a hemisphere of radius
a at a distance 2a sin 10° from the base. Prove that 1t bisects the
volume of the hemisphere.

6 The portion of a solid sphere of radius e which is ncluded
within a spherical surface of radius b (< 2a), having 1ts centre on the
surface of the sphere, 15 removed. Prove that the volume of the cavity
is less than that of a hemisphere of radius b by }wb¥/a.

7. The volume generated by the revolution about the axis of a of
the area included between that axis and the parabola

ey = (@~ a)(z—b)
is o7 (@~ b)°/c?.
* Bee the footnote on p. 273.
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8. If a segment of a parabola revolve about the ordinate, the
volume generated 1s % of that of the circumscribing cylinder.

9. The volume of the solid generated by the revolution of a para-
bola about the tangent at the vertex 1s } that of the circumscribing
cylinder.

10. The segment of the parabola 3? = 4ax which 1s cut off by the
latus-rectum revolves about the directrix. Prove that the volume of
the annular solid generated is 1f2-mwa®.

11. The segment cut off from the curve

ayZ — x}
by the chord « = % revolves about the axis of z. Prove that the volume
generated is one-fourth that of a cylinder of height A on the same base.

12. The volume of a frustum of a triangular prism cut off by any
two planes is
L (b +hy+hg) A,
whero A,, Ay, ky are the lengths of the three parallel edges, and . 13 the
area of the section perpendicular to these edges

13 If b be the radius of the middle section of a cask, and a the

radius of either end, prove that the volume of the cask 1s
57 (3 + 4ab + 80°) h,

where % is the length, it being assumed that the generating curve is an
arc of a parabola.

14. An arc of a circle revolves about its chord ; prove that the
volume of the solid generated is

4ma®sin a + 37a’ sin a cos® a — 2ma’ a cos a,

where a is the radius, and 2a is the angular measure of the arc.

15. The figure bounded by a quadrant of a circle of radius a, and

the tangents at its extremities, revolves about one of these tangents,
prove that the volume of the sohid thus generated 13

<% - g) wad.

16. The volume enclosed by two right circular cylinders of equal
radius @, whose axes intersect at right angles, is %3

If the axes intersect at an angle a, the volume is 48a® cosec a.

17. If the hyperbola
= 9
i
revolve about the axis of x, the volume included between the suiface
thus generated, the cone generated by the asymptotes, and two planes
perpendicular to «, at a distance A apart, is equal to that of a ciicular
cylinder of height & and radius b,
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18. A rnight circular cone of senu-angle a has its vertex on the
surface of a sphere of radius ¢, and 1ts axis passes through the centre.
Prove that the volume of the portion of the sphere which 1s exterior to
the cone 18 47a® cos’ a.

19. If in Simpson’s method (Art. 109) of estimating the volume
mcluded between two parallel sections S, S, the intermediate section S,
is at unequal distances A, & from §,, S;, respectively, the formula 1s

B B (@l Ry RS, + (b4 B 8,4 (28— ) RS, .

EXAMPLES*, XXXVIII.

(Curved Lines and Surfaces.)

1. The length of a complete undulation of the curve of sines
y =bsm aja
is equal to the perimeter of an ecllipse whose semi-axes are /(a?+b?)
and a.

2. Prove the following formula for the length of the perpendicular
(p) from the origin on any tangent to a curve:

W,
P=2 s~ Y ase

Also prove that the orthogonal projection of the radius vector on
the tangent 1s

Doy oo ¥
ds Y s ds’

3. The surface generated by the revolution about the directrix of
an arc of the catenary

x

y = ¢ cosh /e,
commencing at the vertex, is
m (cx + ¥s),
where z, g, s refer to the extremity of the are.
4. The curved surface cut off from a paraboloid of revolution by a
plane perpendicular to the axis s
b 2
%— 7;,2 {(4/[12 -+ b2)§ — ])3},
where % is the length of the axis, and b the radius of the bounding
circle.

5. The curved suitace generated by the revolution about the axis
of 2 of the portion of the parabola 3? = 4ax included between the origin
and the ordinate x = 3a 18 £ wa?

* See the footnote on p. 273.
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8. The segment of a parabola included between the vertex and the
latus-rectum revolves about the axis; prove that the curved surface of
the figure generated is 1-219 times the area of its base.

7. A circular arc revolves about its chord ; prove that the surface
generated is

4ma’® (91N a — a cos a),
where @ is the radius, and 2a the angular measure of the arc.

8. A quadrant of a circle of radius @ revolves about the tangent at
one extremity ; prove that the area of the curved surface generated is
w (r = 2) a*

9. A variable sphere of radius r is described with 1ts centre on the
surface of a fixed sphere of radius a; prove that the area of its surface
intercepted by the fixed sphere 1s a maximum when » = 4 a.

10. A tangent cone is drawn to a sphere, and with the vertex of
the cone as centre two spherical surfaces are described cutting both the
sphere and the cone  Prove that the areas of the zones intercepted on
the sphere and on the cone are equal.

EXAMPLES. XXXIX.

(Approximate Quadrature. Mean Values.)

1. Apply Simpson’s rule to calculate log, 2 from the formula

1 dx
]0{:,1',:2=/0 i+

[The correct value is log, 2 = 693147.. .]

2. (Calculate the value of = from the foimula

10— / b dw
S Ja -
3 Tf in Simpson’s method with three ordinates (Art. 114) the

middle ordinate y, 18 at unequal distances %, k from y,, ¥, respectively,
the formula is

k

4, The mean of the squares on the diameters of an ellipse, drawn
at equal angular intervals, 1s equal to the rectangle contained by the
major and minor axes

BB o+ by + 3 (0 ke (B Ve BT,

5 A point 1s taken at random on a straight line of lengtha ; prove
that the mean arca of the rectangle contained by the two segments is
1% and that the mean value of the sum of the squares on the two seg-
ments 18 3 @’
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8. If a point move with constant acceleration, the mean square of
the velocities at equal infinitely small intervals of time 1s equal to
3 (v + vov, + 1),
where v,, v, are the initial and final velocities.

7. Prove that in simsple-harmonic motion the mean kinetic energy
is one-half the maximum kinetic energy.

8. The mean horizontal range of a particle projected with given
velocity, but arbitrary elevation, 13 6366 of the maximum range.

9. The mean of the focal radii of an ellipse, drawn at equal
angular intervals, 1s equal to the semi-minor axis.

10. The mean distance of points-on the curved surface of a hemi-
sphere from the plane of the base is one-half the radius.

11, The mean distance of points of a hemispherical surface of
radius a from the pole of the hemisphere is ‘9429a.

12. Tind the mean values of the reciprocals of the distances of the
points of a circular area of radius @ from the centre, and from a point
of the circumference. [2/a, 4/ra.]

13. A rod has the form of a very elongate prolate ellipsoid of
revolution, prove that its mean sectional area is two-thirds that at the
centre.

14. The surface-density on an electrified circular disk of radius @
varies as (a? -—'r“)_’}, where » denotes distance from the centre, Find
the ratio of the average density to the density at the centre.

15. If the orbits of comets were uniformly distributed through
space, their mean inclination to the ecliptic would be equal to the

radian (57 296°).

16. The mean distance of the points of a spherical surface of radius
a from a point £ at a distance ¢ from the centre 1s
c+ 3 « or a+1c,
3¢ 3a’
according as P is external or internal.

17. The mean distance of points on the circumference of a circle of
radius a from a fixed point on the circumference is 1:273a.

18 The mean distance of points within a circular area of radius a
from a fixed point on the circumference 18 1:132a.

19. The mean distance of points within a sphere from a given
point on the surface is $a.
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20. TIf the density at a distance » from the centre of the Earth be
given by the formula

sin kr
P=Po g

where £ is a constant, prove that the mean density 13

sin ka — ka cos ka
3p0 Bat

@ denoting the Earth’s radius.

’

21. 1If, in a spherical mass whose density p is a function of the
distance (r) from the centre, D denote the mcan density of the matter
included within a concentric sphere of radius r, then

P=D+-é—7' &«.

EXAMPLES. XL.
(Mean Centres.)

1. Prove by integration that the mean centre of a trapezium
divides the line joining the middle points of the parallel sides in the
ratio 2a + b:a + 2b, where a, b are the lengths of the parallel sides.

2. The mean centre of the area included between one semi-
undulation of the curve

y=bein zfa
and the axis of « is at a distance }7b from this axis.
8. The mean centre of the area included between the curve

(LS

V=T
and the axis of x 1s at the point (0, }a).

4. Prove that the mean centre of the area of the circular spandril
formed by a quadrant of a circle and the tangents at 1ts extremities 1s
at a distance 2234 from either tangent, @ bemng the radius.

5. The mean centre of the area included between the coordinate

axes and the parabola
3 3
@ y\?
@)+ () -

is at the point (3, 15) [Put = a sin*6, y = b cos* 6.]

6. The distances from the centre of a sphere of radius @ of the
mean centres of the two segments into which 1t is divided by a plane at
a distance ¢ from the centre of tigure are
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7. The figure formed by a quadrant of a circle of radius ¢ and the
tangents at its extremities revolves about one of the-e tangents ; prove
that the distance of the mean centre of the solid thus generated from
the vertex is *869«.

8. A solid ogival shot has the form produced by rotating a portion
APN of a parabolic area, where A4 1s the vertex, and PNV an ordinate,
about PN ; prove that the mean centre divides the axis in the ratio
b:11.

9. AP isan arc of a parabola beginning at the vertex, and PNV is
a perpendicular on the tangent al the vertex, prove that the mean
centre of the solid generated by the revolution of the figure 4N about
AN is at a distance fiom 4 equal to §4N.

10. The mean centre of the volume included between two equal
circular cylinders, whose axes meect at right angles, and the plane of
these axes, 1s at a distance from this plane equal to 2 of the common
radius.

11. A quadrant of a circle revolves about the tangent at one
extremity ; prove that the distance of the mean centre of the curved
surface generated, from the vertex, 1s 876a

12. The mean centre of either half of the surface of an anchor-
ring cut off by the equatorial plane 1s at a distance 2b/7x fiom this
plane, where b is the radius of the generating circle.

13. The mean centre of either half of the volume of an anchor-
ring cut off by the equatorial plane 1s at a distance 40/3w fiom the
plane, where b is the radius of the generating cucle.

. x‘l 2 2
14, If the ellipse St é =1

revolve about the axis of a, the mean centre of the curved surface
generated by either of the two halves into which the curve 1s divided
by the axis of y is at a distance

2 a® + ab + b? a

3 a+b “b+a(sinle)le
from the centre, wherc ¢ 13 the eccentricity, 1t heing supposed that
b<a

Obtain the corresponding result when b >a

15. Apply the theorems of Pappus to find the volume and the
curved surface of a right circular cone, and of a frustumn of such a cone

16. A groove of semicircular section, of radius b, 1s cut round a
cylinder of radius a , prove that the volume removed is

w2 al? — 4mwbs,
Also that the surface of the groove is
2n%ab — 4w
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17. A screw-thread of rectangular section is cut on a cyhnder of
radius R, Prove that the volume of one turn of the thread is
2rab R + wab®, where a, b are the sides of the rectangle, a being that side
which 18 at right angles to the surface of the cylinder.

18. If a straight line be diawn through the mean centre of the
perimeter of a closed curve, the surfaces generated by the revolution
about this line of the two portions into which the perimeter is divided
will be equal.

19 If an area 4, revolving about the axes of x and ¥, generates
volumes U and V, respectavely, find the area generated when 1t revolves
about the line

Zcosa+ysina=p,
assuming that this line does not cut the area.

EXAMPLES. XLI.
(Multiple Integrals.)

1. TFind the values of the integrals

ff(w + %) dady, f\/ dxdy,

taken over the area of the ellipse
‘,‘.2 yz
E‘a + -b’é= 1.
2. Prove that the volume enclosed by the cylinders
@+t = 20w, 2 =2ax
is 128 a®
3. A sphere of radius 2a is described with its centre on the
surface of a cylinder of radius @, prove that the area of that portion of
the surface of the cylinder which 1s within the sphere 1s 1642
4, The volume mcluded between the elliptic paraboloid
mﬂ yZ
Q2= — + =
p 1
the cylinder «* + y* = a@*, and the plane 2z =0, is

)

mat (p + q)
bpq



CHAPTER IX
SPECTAL CURVES

119. Algebraic Curves with an Axis of Symmetry.
The method of tracing algebraic curves of the type

Y= F@)) reeiees e e (1)

where f(z) is a rational function, including the determination of
asymptotes, maximum and minimum ordinates, and points of in-
flexion, has been illustrated in various parts of this book; sce
Arts. 13, 14, 51, 67

The study of algebraic curves i general 1s beyond our limits,
but a little space may be devoted to the discussion of curves of the

type
Y= (@) et (2)

Two points of novelty here present themsclves. Since the equation
gives two equal, but oppositely-signed, values of y for every value
of z, the curve will be symmetrical with respect to the axis of z;
also since y? must be positive, there can be no real part of the curve
within those ranges of # (if any) for which f(«) is negative.

Thus if f(x) contain a sumple factor  — z,, so that the equation
is of the form

P=@—2) (), .eerviriiiiiiinn, (3)

the right-hand member will change sign as # passes through the
value #,. Hence on one side of the point (z;, 0) the ordinate is
1maginary

Also, we have, at this point,

(=2 -’

and therefore, dy/dz = o0 . The tangent is therefore perpendicular
to Ow.

If, on the other hand, f(x) contain a double factor, say
V=@ —0) P (), ecevreeviniiinn. v o(4)
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the right-hand side does not change sign as « passes through the
value #,. Hence the ordinate is real on both sides of the point
(21, 0), or imaginary on both sides. In the former case we have
two branches of the curve intersecting at an angle and forming
what is called a “node’; in the latter case (&, 0) 1s an 1solated or
‘conjugate’ point on the locus. The directions of the tangent-
lines at the node are given by

dy\' _ Y
(EE) = llmx >z, m— ¢(aq).

If £ («) contain a triple factor, say

P=(2 -2, (&), .evieriiiiiiiinininns (5)

the right-hand side changes sign at the point (4,, 0); the curve is
therefore imaginary on one side of this point. Also since dy/dx
here = 0, the curve touches the axis of .

We proceced to some examples, beginning with cases where
S (z) is integral as well as rational.

Hx. 1. 1n the cases where f(x) is of the first or second degree, say
y2=A1:+B, y”:Am’+Ba:+C,.  eeeeanas (6)

the curve is a conic having the axis of x as a principal axis.

Ex 2. The cubic curves
V=4 + B2+ Ce+ D .. ()
include some 1nteresting varieties.

(a) If the linear factors of the right-hand side be real and distinct,
we may write

ayt=(x—a)(x—-B)(@-y), .. .. (8)
and there is no loss of generahty in supposing that « is positive and
a <f3<y. 'The ordinates are then 1imaginary for « < a, and for B <z <y.
Between (a, 0) and (3, 0) there 13 a maximum value of y* The curve

consists therefore of a closed oval, and of an infinite branch. For large
values of x we have

-20-9(-4) (-9,

so that the curve tends to become moie and more nearly perpendicular
to the axis of .

(b) 1If the expression on the right-hand of (7) has unly one real
factor, we may write

ay’ =(x—a) (PP+pT+q)y ...... O £2))
where 2? <4¢. The curve then only meets the axis of  once.
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(¢) The transition from the form (8) to the form (9) may be imagined
to take place in two ways. In the first way, the termediate critical
case is marked by the coalescence of the two greater of the quantities
a, 3, 7, 80 that

ay? = (z - a) (¢ ~ B) (10)
Here y is imagiary for « < a, and real for x> a, but vamishes for x=g.

The point (3, 0) is here a node , 1t may be regarded as due to the union
of the oval 1n the former case with the mfinite branch

t,gd)t If, however, the two smaller of the quantities o, 3, y coalesce,
so tha
ay? = (x — a)® (x — ), . (11)

y will be imaginary for « <y, except for # =a, when 1t vamshes The
point (a, 0) 1s therefore an 1solated pont, 1t may be regarded as due to
the evanescence of the oval 1n the first case.

Y

={
N\

Y
Fig. 69

All these cases are illustrated in Fig. 69 Beginning on the right
we have a curve of the type (9), consisting of a single infinite branch.
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Next to it comes the case of an infinite branch associated with an isolated
pomnt (at 0), the equation being of the type (11) Next in order comes
an 1nfinite branch, and with 1t an oval surrounding the point O ; the
equation is now of the type (8) In the next stage, the oval and the
mhnite branch have umted to form a node with a loop, the correspond-
mmg type of equation being (10). Finally, we have a single branch
passing outlside the loop 1n the last case; the equation 1s again of the
type (9)*.

(e) In the very special case where all three quantities a, 8, y, 1n (R),
coincide, so that

ay? = (c—a), . o o (12)

the curve 18 known as the ¢semi-cubical parabola.’” It hasa ‘cusp’ at

(a, 0), this may be regarded as an extreme form of a node, due to the
evanescence of the loop  See Fig. 70, where a = 0.

Fig 70.

If, in the equation (2), f(#) be rational but not integral, the
real roots (1f any) of the denominator will give asymptotes parallel
to y, provided that, for valucs of z differing infinitely little from
these roots, y* be positive.

* The curves 1n the figure have been traced from the equation
y?=4 (43~ 822+ C),

where C= -2, 0, 2, 4, 6. The 1elation between them 18 most easily conceived by
regarding them as successive contour-lines of a surface (Art. 34), as 1n the neighbour-
hood of a pinnacle on a mountain side.
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3 -
Ex. 3. y_T°2%, .. .. (13)

p p . . .

The axis of y is an asymptote. Also, for large values of « we have
y =+ a, nearly. There is no real part of the curve between =0 and
xz=a See Fig. T1.

............................

Ex. 4. y.2TEZ oL (14)

Here y is imaginary for x negative, and for x> a. See Fig 72. The
curve is known as the ¢ witch’ of Agnes.

a+x
FEx. b. yﬂla}lz)—_—x b eees  seeiesiescsasvenes (15)

There is a node at the origin, and the curve cuts the axis of x again at
(~a, 0). For x>b, and x <—a, y is imaginary. The line x =5 is an
asymptote. See Fig. 73.

a’
Ex. 6. y’:b—_—w. . PR ¢ 1))

This is obtained by putting @ =0 in (15). The loop now shrinks 1nto
cusp ; see Fig. 74. The curve is known as the cissoid.’
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Fig. 74.

Fig. 78.

Y
¥

,/ ’

’. [e) X

T

v i

Fig. 75.

19

289



290 INFINITESIMAL CALCULUS [cE. X

Ex. 7. y2=w2m+a‘ c e (1)

x—a

Since y is imaginary for a > 2> —a, except for « =0, the origin is an
isolated point. To find the oblique asymptotes we have

a\?
1+ 3\ -}
& “\q_2 @ @
x
a‘l
s (1424354 )0 i (18)
Hence the lines y=t(@+a) ... e a(19)

are asymptotes See Fig. 75,

120. Transcendental Curves; Catenary, Tractrix.

We proceed to the discussion of some 1mportant curves, mainly
transcendental, which are most conveniently defined by equations
of the type already referred to in Art. 61, viz.

x=¢E), y=x) cvvereener « enin. (1)

where ¢ is a variable parameter.

The ‘catenary’ is the curve in which a uniform chain hangs
freely under gravity. It appears from elementary statical prin-
ciples that if s be the arc of the curve measured from the lowest
point (4) up to any point P, and ¥ the inclination to the horizontal
of the tangent at P, then

S=atanyr, oo (2)

where a is a constant. Hence if #, y be horizontal and vertical
coordinates, we have

gj;:gg(—;%=cos¢.asec’\]r=asec\[r, .
dy_dyﬁ ...(3)

A= ds dy = SIn Y. a sec’ Yo = a tan yr sec .
Integrating, we find

z=alogtan (37 + 3v), y=asecy. ......... 4)

The omission of the additive constants merely amounts to a special
choice of the origin, which was so far undetermined. Since the
formulee (4) make =0, y=a for Y =0, 1t appears that the origin
1s at a distance a vertically beneath A.
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From (4) the Cartesian equation can be deduced without diffi-
culty. We have

S= log tan (37 + 4 ) = log (sec Y + tan ),

whence sec Y + tan §r = %4, ®)
and therefore sec Y —tan yp = g~la, [ T
Hence, by addition and subtraction,
y=asec«{r=acosh'—2,]
J QUSRI cernees(6)
a=atan\p~=asinha.[
P
A
z
e
o|T N [}
Fig. 76.

Some further properties follow easily from a figure. If PN be
the ordinate, P1'the tangent, PG the normal, IVZ the perpendicular
from the foot of the ordinate on the tangent, we have

NZ=ycosYy=a, PZ=atany=s.

Since PZ is equal to the arc of the catenary, it is easily seen that
the consecutive position of Z 1s in Z& ; in other words, ZV 1s a tangent

19—2
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to the locus of Z. Hence this locus possesses the property that its
tangent ZN 1s of constant length. The curve thus characterized is called
the ‘tractrix,” from the fact that it is the path of a heavy particle
dragged along a rough horizontal plane by a string, the other end (&)
of which 1s made to describe a straight line (0X).

A

x’ o N X
Fig. 77,

The curve has a cusp at 4, and the axis of z 15 an asymptote.

Many properties of the tractrix follow immediately from the constancy
(in length) of the tangent. For example, since two consecutive tangents
make an angle 8 with one another, the area swept over by the tangent

is given by
b fardy,
taken between the proper limits. The whole area between the curve
and 1ts asymptote is thus found to be }ma?
121. Lissajous’ Curves.

These curves, which are of importance in Acoustics, result from
the composition of two simple-harmonic motions in perpendicular
directions. They may therefore be represented by

x=acos(nt+e), y=bcos(Mt+¢),............ 6))

and it is further obvious that we may give any convenient value
to one of the quantities ¢, ¢, since this amounts merely to a special
choice of the origin of .

When the periods 2m/n, 2/n’ are commensurable, we can by
elimination of ¢ obtain the relation between @ and y 1 an algebraic
form.

Ex. 1. In the case n'=n, we may write

x=acos (nt+e), y=bcosnt, . ... 2)
x Yy . Y
whence o, T pcose=—sin nt Sin ¢, ‘I} S111 € = COS 2¢f 81N €
Squaring, and adding, we find
x? 2uy y?

— — —>coS e+ - =SIne.

a®  ab b2 Cor er ae sesenes (3)
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This represents an ellipse. In the special case of e=0 or €=, the
ellipse degenerates into a straight line

x_y
a+b"0' e e eaen(4)

If the equality of periods be not quite exact, the figure described
may be regarded as an ellipse which gradually changes 1ts form owing
to a continuous variation of the relative phase (¢) of the two component
motions,

seemT=——ll
1
l

Fig. 18.

When the ellipse (3) is referred to its principal axes, the coordinates
of the moving point take the forms

x=acos(nt+e), y=>bsin(nt+e). ... ........ (5)
We identify nt + ¢ with the ‘eccentric angle’, and since this increases
uniformly with the time it appears that the point (x, ) moves like the
orthogonal projection of a point describing a circle of radius @ with a
constant velocity na. Since in the transition from the circle to the
ellipse any infinitely small chord is altered 1n the same ratio as the radius
parallel to 1t, we see that in the elliptic motion the velocity at any point
P willben. CD, where CD1s the semi-diameter conjugate to C P, ¢ being
the centre.
The type of motion here considered is called ‘elliptic harmome.’
Ez. 2, If n'=2n, we may write
x=acosnt, y=>bcos(2nt +e). ........... ceenen(6)

Here y goes through 1ts period twice as fast as «, and the point (0, — b cos €)
is passed through twice as nt increases by 2=, The curve therefore con-
sists in general of two loops.
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For €=+ L, the curve is symmetrical with respect to both axes, the
algebraic equation being

:l/? w2 wz

5§=45,§(1—22>. es sesesees .......-..(7)
When ¢ =0, or =, the curve degenerates into an arc of a parabola, viz.

Y_, (2% _ ) 8

b"i(2a‘2 1)e e e e (B)

When the 1elation of the periods is not quite exact the curve oseillates
between these two parabolic arcs as extreme forms¥,

122. The Cycloid.

The ‘cycloid’ 1s the curve traced by a point on the circumference
of a circle which rolls in contact with a fixed straight line. It
evidently consists of an endless succession of exactly congruent
portions, each of which represents a complete revolution of the
circle.  The points (such as 4 in the figure) where the curve 1s
furthest from the fixed straight line or ‘base’ (BD) are called
‘vertices’; the points (D) half-way between successive vertices,
where the curve meets the base, are the ‘cusps’ A line (4B)
through a vertex and perpendicular to the base is called an ‘axis’
of the curve. It is evidently a line of symmetry.

N4

B D
P /—-

(o)

9

N a M P
~_ ‘/)<

A T ©

Fig. 79. *

* A method of constructing Lissajous’ curves is indicated in Fig. 78, where the
vertical and horizontal lines, being drawn through equidistant points on the respec-
tive auxiliary circles, mark out equal intervals of time.

There are numerous optical and mechanical contrivances for producing the
curves. For a description of these, and for specimens of the curves described, we
must refer to books on experimental Acoustics.
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It is convenient to employ the circle described on an axis 4B
as diameter as a circle of reference. Let IP1'be any other position
of the rolling circle, I the point of contact with the base, C the
centre, T’ the opposite extremity of the diameter through 7, and
let P be the position of the tracing-point. Draw PMN parallel
to the base, meeting 71 and AB in M and N respectively, and the
circle of reference in Q. If AT, AB be taken as axes of « and y,
the coordinates of P will be

#¢=NP=BI+MP, y=AN=CT-CM.

Let a be the radius of the rolling circle, and 8 the angle (PCT)
through which it turns as the tracing point travels from 4 to P
We have, then, BI = a8, PM = asin 6, CM = a cos 8, and thercfore

z=a (0 + sin 8),
y=a(l—cos#h).)’

From these equations all the properties of the curve can be
deduced Thus if 4 denote the inclination of the tangent to AT,
or of the normal to BA, we have

dy_dy jdo_ sin
de d6/ d6 1 +cosf
whence V=30 i (2)

Since the angle TIP is one-half of 7'CP, 1t follows that 1P 1s the
normal, and P71’ the tangent, to the curve at P. Cf. Art. 146, below.

Agan, to find the arc (s) of the curve, we have

tan{r = =tan {0,

do do
whence, by Art. 111,
§=2afcos}0df = 4asin 46,
or, in terms of v, §=4asIN Y, ciiiiiiiiins i 3)

no additive constant being required, 1f the origin of s be at 4.
This relation is important in Dynamics.

Since 1I'P =TI sin v, we have

d“’)n + (‘Q)’ = a* {(1 + cos 8)? + sin? 6} = 4a? cos® 6,

arc AP =2TP =2chord 4Q. ............... (4)
In particular, the length of the arc from one cusp to the next is 8a.
If we put Y=IM=a(l+cosf), ...c............. (3)

the area included between the curve and the base is given by

Jy'da=a*[(1 + cos €)’df = 4u®jcos* 0 d6 = 8a*[cos* Y d.
J yay
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Taking this between the limits F 4, we find that the area included
between the base and one arch of the curve 1s three tines the area
of the generating cucle.

The curve traced by any point fixed relatively to a circle which rolls
on a fixed straight line is called a ¢trochoid.’

If, in Fig. 79, the tracing point be in the radius C'P, at a distance
k from the centre, its coordinates will be

e=ab+ksinb, y=a—kcosb. ........... ..... (6)
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When %> a we have loops, which in the particular case (k£ = a) of the
cyclowd degencrate into cusps. When % < a, the curve does not meet the
base. Fig. 80 shews the cases k=1a, k=a, k=3a.

Tt is readily proved from (6) that the normal at any point of the

trochoid passes through the corresponding position of the point of contact
of the rolling circle. Cf. Art. 146.

123. Epicycloids and Hypocycloids.

The path traced out by a point on the circumference of a cicle
which rolls in contact with a fixed circle is called an ¢ epicycloid’
or a ‘ hypocycloid ” according as the rolling circle 1s outside or 1nside
the fixed circle®. Those epicycloids in which the rolling circle
surrounds the fixed circle may be referred to, when a distinction is
desired, as ‘ pericyclowds.’

Let O be the centre of the fixed circle, C that of the rollng
circle in any position, I the pownt of contact, I’ the tracing point;
and suppose that, initially, the other extremity P’ of the diameter
PCP’ was 1n contact with 4. We take as our standard case that
in which each circle is external to the other. Let

OA=qa, CP=b, £I04A=0, <ICP =¢.

[

g, 81,

The inclination of CP to O4 will be 8 + ¢. Hence if we take
0 as origin of rectangular coordinates, and OA as axis of z, we find,
by orthogonal projections, that the coordinates of P are
@ = (a+b)cos 8 +bcos(8+ ),
y=(a+b)sin€+bsin(9+¢),}

* This 18 the definition as improved by Proctor in hus 1) eatise on the Cycloud, ete.
(1878).
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or, since
ab=arc Al =arc P'IT=b¢, .ccooc0oevvvnnns (2)
w=(a+b)cos€+bcosazb0,)
.......... (3)
y=(a + b)sin @ + bsin ‘—‘-'5*-’-’0.]\

The epicycloid traced out by I’ is found by changing the sign of b
in the coefficient of the second terms; viz. we have

m:(a+b)cosO—bcos‘—z—£—I—)0,

..... Ce L (4)

y:(a+b)sin¢9-—bsin(—l—§96.

This has a cusp at 4.

In the above standard case the circles lie on opposite sides of
the tangent at J. If they lie on the same side, as in the ‘ peri-
cycloids’ and ‘ hypoeycloids,’ we have merely to reverse the sign of
b throughout, the formula corresponding to (3) being then

a—2b
b

y=(a—b)sin0+bsin‘%-l_)g_J

= (a—0b)cosd — b cos

6,

The verification is left to the reader; see Fig. 82, In the hypo-
cycloids we have a > b, 1n the pericycloids a < b.

Fig. 82,
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Similarly, for the locus of £’ we obtain

@ = (@ - b) cos 0_,_50032‘_;’_'_69’
SR SO (6)
0
7 -
To find the tangent at any point of an epicycloid, we have from
(1), since d¢/d0 = a/b,
dy  cosf+cos(d+¢)
%_—sin0+sin(0+¢)——cm'(e_'-%(#)' ...... (M

On reference to Fig 81, we see that 6+ $¢ is the inclination of
IP to OA. Hence IP is normal to the epicyclod at P. A similar
result can be deduced, of course, for the pericycloids and hypo-
cycloids, from the equations (5). Cf. Art. 146.

Again, from (1),
(dw’)"" + (‘_i_y )9 - (ﬂ‘jll@gbg (2+2cos p)= i(_‘%w cos’$ ¢,

y=(a—b)sind-bsin

de d¢) @
or g;; = ggq%_b)_b costd. ooieiinnn. .(8)
Hence 8= ﬂ%—b)—b SIndd, vviiiiiiiiinnn. )

no additive constant being necessary, if s =0 for ¢ = 0.

If we denote by 4 the inclination of the normal 7P to O4, we
have

\p=0+5¢=“;2b¢, .................. (10)
a

_4(a+d)b . a
and therefore §= 2 sin 57 Yoo 11

The formula (9) has a simple interpretation. It appears from
Fig. 81 that 7'P = 2b s1n 4 ¢, whence

a+bd
a

In particular, the length of the curve from one cusp to the next is
8(a+b)b/a.

The corresponding results for the pericycloids and hypocycloids
are easily inferred by changing the sign of b.

s§=2

x chord TP. .............us (12)*

* Newton, Principia, lib, i., prop. xlix.
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The curve traced out by a point of the rolling circle which 1s not on
the circumference 1s called an ‘epitrochoid,” or a ¢ hypotrochoid,’ as the
case may be. If & denote the distance of the tracing point from the
centre of the rolling circle, the expressions for the coordmmates =z, y in
the various cases are obtained by writing %4 for & 1n the coefficients
(only) of the second terms.

124. Special Cases.

1°. If the radius of the fized circle be infinitely great we fall
back on the case of the cyclod The corresponding equations are
easily deduced from Art. 123 (1), writing @ + a for z, a@ = b¢, and
(finally) 6 = 0.

2°.  Again, making the radius of the rolling circle infinite, we
get the path described by a point of a straight line which rolls
on a fixed circle. The curve thus defined 1s called the ¢ involute
of the circle’; see Art. 144. The equations may be obtained as
limiting forms of Art. 123 (4), or they may be written down at
once from a figure, We find

a:=acos€+a0sin0,}
y=asin 6 — ad cosb.

Fig. 83,

The corresponding trochoidal curve is

x=(u+h)cos 6+ ab sin b,
Y= (a+h)sin0+a00089,}

where & = P@) in the figure, Q being the tracing point. The particular
case of A =— a gives the ‘spiral of Archimedes,” see Art. 126.

3° If the radii a, b be commensurable, then after some exact
number of revolutions the tracing point will have returned to its
original position, and its subsequent course will be a repetition of
the previous path. In such cases the curve 1s algebraic, since the
trigonometrical functions can be elimnated between the expres-
sions for z and y  Sometimes the equation is more conveniently
expressed in polar coordinates.
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Figs. 84, 85, 86 shew the epi- and hypo-cycloids in which the
ratio of the radius of the rolling circle to that of the fixed circle
has the values 1, }, , respectively.

Fig. 84. Fig. 85,

Fig. 86.
We proceed to notice in detail one or two of the cases which
have specially important properties.
Ex 1. The ¢cardiod.’
If in Art. 123 (3) we put b =a, we get
w=2wcosf+acos20, y=2asinb + asin 26,
whence 2 +a=2a(l+cosf)cosl, y=2a(l+cosf)smé. ..... (3)

"I'his shews that the radius vector drawn from the point (- @, 0) as pole
1s grven by
r=2a(l+cosb). ..... ... (4)

This is otherwise evident from Fig. 87, p 302, where
AP =24'N=2(01 + A'HM).
The corresponding trochoids are given by
x=2ucos 0 + kcos 20, y=2asn @+ ksin 26,
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Referred to the point (- &, 0) as pole these formula are equivalent to

r=2(@+kcosf),.. .cc.o.. o et iiriin (5)

which is the polar equation of the ‘limagon’ (Art. 127). This equation,
again, is easily obtained geometrically.

Fig. 87.

Ex. 2. A circle rolls inside another of twice its radius.
If 1n Art. 123 (6) we put b = }a, we get
z=acosl, y=0; .. . ... .. (6)

i.e. the tracing pont on the circumference of the rolling circle traces
out a diameter of the fixed circle.

Again, the corresponding trochoidal curve is given by
x=(b+k)cos 0, y=(b-k)sinb, e (T

and is therefore an ellipse of semi-axes b +%&  Moreover if the rolling
circle have a constant angular velocity, the motion of the tracing point
is elliptic-harmonic.

These results also follow easily from geometrical considerations.
The rolling circle passes always through the centre O of the fixed circle ;
also, 1f P be the point of the rolling circle which initially coincides with
A, the arc IP is equal to the arc JA. Hence, since the radii are as
1 : 2, the angle which the arc 7P subtends at the circumference of its
circle must be equal to the angle which the arc 74 subtends at the
centre of its circle; that is, 0P and 04 coincide in direction, and P
describes the fixed diameter O4. Again, since the angle POF’ is a
right angle, the other extremity of the diameter PP of the rolling
circle describes the diameter of the fixed circle which is perpendicular
to 04. Hence P/’ is a line of constant length whose extremities move
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on two fixed straight lines at right angles to one another. It is known
that under these circumstances any other pomnt on PP’ describes an
ellipse. Cf. Art. 145, Ex. 1.

1 !

N A

\\ﬁL
Fig. 88.

Fx 3 A circle rolls on the outside of a fixed circle of one-half the
racius, which it encloses.

The formule (5) of Art. 123 give, for b = 2q,
x=—-acosf-2acos}d, y=-asinf—2asinlf,
or w--a=—2a(l+cos}b)cosif y=-—2a(l+cosif)sinib. .(8)
If we put ¢ =210+m,

it appears that the pericycloid, referrcd to the point («, 0) as pole, has
the equation
r=2a(l—cos @), . .. 9)

and is therefore a cardioid.

The connection between this result and that of Ex. 1, above, will
appear in Art. 150.

Kz 4. The ¢ four-cusped hypocycloid.’
If in Art. 123 (6) we put b = }a, we get

x =4a cos 6 + 1a cos 30 = a cos® 0,
y=4asin 6 — }asin 30:(»311)"0,}

from which the curve is easily traced. The Cartesian form is
x§+y?‘:a§. e (11

This curve is sometimes called the ‘astroid.” It possesses the
property that the length of the tangent intercepted between the co-
ordinate axes is constant. [f, in Fig. 89, P be the tracing point, 7’7 is

L d
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the tangent, and it is easily seen that the angle C7'P is double the angle
AOC. Hence HK =207 =a. See also Fig. 125, Art. 14b.

Fig. 89.

126. S8uperposition of Circular Motions. Epicyclies.

The cycloidal and trochoidal curves discussed 1 Arts. 122—124
present themselves in another manner, as the paths of points
whose motion is compounded of two uniform circular motions

If an arm OQ revolve about a fixed point O with constant
angular velocity n, 1ts projections on rectangular axes through O
may be taken to be

z=ccosnt, y=csinnl, . ....ccoinan. ¢))

where ¢ = 0@, provided the origin of ¢ be suitably chosen. If
another arm O’ revolve about O with constant angular velocity
n/, starting simultaneously with OQ from comcidence with the
axis of #, the projections of 0@’ will be

w=c cosn't, y=c sinnt, ...... ....oonell (2)

where ¢’ =0Q. If we complete the parallelogram OQP(), the
vector OP will represent the geometric sum of 0@ and 0, and
the coordinates of P will be

@=ccosnt+ ¢ cosn't, y=csmnt+c sinn't....... (3)*

Since QP is always equal and parallel to O, the path of P is
that of a point describing uniformly a circular orbit relatively to
a point @ which 1tself has a uniform circular motion about O.
Curves described 1n this manner are called ‘epicyclics.” If the
angular velocities n, n' have the same sign, the epicyclic 1

* If the parallelogram OQPQ’ consist of four jointed rods, and if 0Q, O’ be
made to revolve at the proper rates about O, the distance of P from any fixed line
through O will represent the sum of two simple-harmonic motions of periods
2w[n, 2w[n’. This 18 the principle of Lord Kelvin’s ‘tidal clock,” which performs
mechanically the superposition of the solar and lunar tides,
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said to be ‘direct’; if they have opposite signs it is said to be
‘retrograde.’

Fig. 90.

Figs. 9194 shew some specimens of direct and retrograde
epicyclics *.

> @

Fig. 91. Fig. 92.
Fig. 98. Fig. 94.

* The variety of such figures is of course endless. Epicyclics are easily deseribed
mechanically with a lathe; a number of very interesting diagrams obtained in this
manner are reproduced in Proctor’s treatise cited on p. 297 ante.

L LG 20
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Since the path of P may be equally well defined as that of a
point moving in a circular orbit relatively to a point € which
itself is in uniform circular motion about O, we see that every
epicyclic can be generated 1n two distinct ways.

It is evident that every epi- or hypo-cycloid, and (more
generally) every epi- and hypo-trochoid, 1s an epicyclic, since if
the rolling circle has a constant angular velocity 1ts centre C' will
describe a circle uniformly about O, the centre of the fixed circle,
whilst the radius CP which contains the tracing pomnt P has a
uniform rotation about C. See Figs. 81, 82.

Conversely, it may be proved that every epicyclic is either an
epi- or a hypo-trochoid: more particularly that every direct epi-
cychic is an epitrochoid, and every retrograde epicyclic is a hypo-
trochoid. This may be shewn by a comparison of (3), above, with
the results of Art. 123. A simple geometrical proof will be given
later (Art. 150), in connection with the theory of the ‘instantane-
ous centre.

The connection of the direct and retrograde epicyclics in Figs. 91 —94
with the four-cusped ep1- and hypo-cycloids will be apparent.

Epicyclics played a great part in ancient Astronomy. If we ignore
the eccentricities and inclinations of the planetary orbits, the Sun may
be regarded as describing a circle round the Earth, and any other planet
describes a circle in the same plane about the Sun. The path of the
planet relatively to the Earth 1s therefore an epicyclic. This was the
accepted view of the matter from the time of Ptolemy down to the
sixteenth century, when it was gradually superseded by the simpler
mode of describing the phenomena discovered by Copernicus.

The relative orbits of the planets have loops, as in Fig. 91. This
accounts for the ‘stationary points’ and ‘retrograde motions,” which
were in fact the occasion of Ptolemy’s invention of epicyclics.

The orbit of the moon relatively to the sun, on the other hand,

though an epicyclic, has no loops ; it is, moreover, everywhere concave
inwards.

Ex. 1. If the angular velocities of the component circular motions
are equal and opposite (n' = —n), we have
x=(c+c’)cosnt, y=(c—c)sinng .............. (4)
so that the resultant motion is elliptic-harmonic. In the particular
case of ¢’ = ¢, the ellipse degenerates into a straight line.
This example is of importance 1n Physical Optics,

Ez. 2. The special form assumed by an epicyclic when ¢ = ¢ may
be noticed.

The equations (3) then become
w=2ccos1}(n+n')t.cos%(n—n’)t,} 5
y=2csing(n+n)t.cosf(n~mn')e, J " ®)
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or x=rcosf, y=rsinb, ... ... ...........(6)
, n—n
where 0=3%(n+n)t, r=2ccos 1,+'n’0' ........... (M)
The polar equation of the curve is therefore of the form
r=acosmb, .. ...... .. .......(8)

where m < 1, according as the epicyclic 18 direct or retrograde.

Figs. 92, 94 on p. 305 correspond to the cases m =%, m=2, re-
spectively.

126. Curves referred to Polar Coordinates. The Spirals.

There are several curves of interest whose equations are most

conveniently expressed in polar coordinates. We begin with the
‘spirals’

1°.  The ‘equiangular spiral’ is defined by the property that
the curve makes a constant angle with the radius vector.

Denoting this angle by a, we have, by Art. 63,

dr
a0=" COb Oy uuneiiinnneeniininiiininnns 1)
the solution of which 1s (Art. 38)
r=aé®*. ... (2)

(&

Fig. 95.

As 6 ranges from — «© to + o, » ranges from 0 to 0 See
Fig. 95.

20—2
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Since by Art. 112, we have dr/ds = cos a, it appears that the length
of the curve, between the radii r;, 7y, is

sd
A &;dr =(Tg—7,)S€C A .t cieririreeinnn (3)

2°. The ‘spiral of Archimedes’ is the curve described by a
point which travels along a straight line with constant velocity,
whilst the line rotates with constant angular velocity about a fixed
point in it

In symbols, r=ut, 0=nt,
whence =00, ceeiiiiineiniinrennnnn cerennes 4)
if a=wu/n.

Fig. 96 shews the curve. The dotted branch corresponds to nega-
tive values of & Another mode of generation of this curve has been
explained in Art. 124,

3° The ‘ reciprocal spiral’ is defined by the equation
r=aff. .., ..(6)

If y be the ordinate drawn to the initial line, we have
sin 6
T
As 6 approaches the value zero, » becomes infinite, but ¥ approaches the
finite limit . Hence the line y = a is an asymptote,

y=rsméb=qa
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The dotted part of the curve in Fig. 97 corresponds to negative
values of 6.

X \\‘ ‘/,"' X

Fig. 97.

127. The Limagon, and Cardioid.

If a point O on the circumference of a fixed circle of radius }a
be taken as pole, and the diameter through O as imtial line, the
vadius vector of any point @ on the circumference is given by

r=acosf...........ovviniinnnnnnn. (1)

o0,

g 98.
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If on this radius we take two points P, I’ at equal constant
distances ¢ from @, the locus of these points is called a ‘limagon.’
Its equation is evidently

r=aco8f0+C ..coooiiiiiiiiiinnnns (2)
This includes the paths both of P and of P’, if # range from 0 to 2.
If ¢ < a, the curve passes through O when
0 =cos ' (—c¢/a),

and forms a loop. See the curve traced by the points P,, Py in
Fig. 98. If ¢ > a, r cannot vanish ; see the curve traced by Ps, Py’
in the figure.

In the critical case of ¢ = a, the loop shrinks into a cusp. The
locus 1s now called a ‘cardioid’ or heart-shaped curve. Its
equation 1s

r=a(l+cos). ....... ... ciiininn.. 3)
See the curve traced by P,, P,' in the figure. Also Fig. 84, p. 301.

128. 'The Curves " = a® cos nd.
A number of 1important curves are included 1n the type
r=atcosnf. ....ociiiiiiiiiinnn (1)

The curves corresponding to equal, but oppositely-signed values
4 Sp 1 Pp y-sig
of n, are ‘inverse’ to one another, see Art. 130,

Thus if n =+ 1, we have the circle

r=acosf ... oiiiiiiiinn.. (2)
and the straight line
rcosf=a. ... C e 3)
If n = + 2 we have the ‘lemniscate of Bernoulli’
M =02C0820, vevivririirriinninnnnnn. 4)
and the rectangular hyperbola
12c0820=0a% ....coiiviiiiiiiinnan.., (5)

The equation (4) makes  real for values of 6 between + }, imagi-
nary for values between }= and 4w, and so on. Also 7?15 a maximum
for 6 =0, 6 =m, etec. It follows that the lemniscate consists of two
loops, with a node at the origin. See Fig. 106, p. 321.

If n= + %, we have the cardioid

=atcos}l, or r=4a(l+cosh), ... (6)
and the parabola
3 g = 20
r*cos 40 =a* or T= 1 beosf v )
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If we differentiate (1) logarithmically, we find, if ¢ denote the angle
between the tangent and the radius vector,

or b=3r+mb. .. . ... .. ...(9)
The student should examine the meaning of this result in the various
special cases mentioned above.
129. The Tangential-Polar Equation.

If p be the perpendicular from the origin on any tangent, and
r the radius vector of the point of contact, p will in general be a
function of ». The equation expressing this relation is called the
‘tangential-polar’ equation of the curve.

If the ordinary polar equation be given, the tangential-polar
equation is to be found by eliminating € and ¢ between the
formulae

p=rsin ¢, l—g—o—cottb .................. (1)

(for which see Art. 63) and the given equation.
Fiom (1) we obtain
1 1 sy 1 1yde
Sl eot$) ="+ r‘\&fé) s (2)
It is occasionally convenient to employ the reciprocal of the
radius vector instead of the radius itself. If we write

du 1dr
Ea=—;:1(za g eesssnsessnses (3)

w=-, we have
r

and the formula (2) takes the shape

; et (‘[’ll‘(‘)’) ........................ (4)

It is important, with a view to some applications in Dynamics,
to notice that if the tangential-polar equation be given, say

P=F(T), eviiiiiiii (5)
the curve 18 determinate save as to orientation. For we have
o _ ___ P
r&;_tand’_V(v"—p“) 3 sevessseseanens (6)
pdr
whence 6-a=| FTgy e ee (1)

A variation of the additive constant a has merely the effect of
turning the curve bodily through an angle about O.
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Ez. 1. In the equiangular spiral, we have

P=78IDG i (8)
Ex. 2. 1In the circle r=2as8inf ...... . ... .. 9)
we have, as in Art. 63, ¢ =6, and therefore p/r =r/2a, or
p='r“’/2a. Abes sees e s s ses seees (10)
Ex. 3. In the parabola
r=asec®lf, ........ ... .. (11)
where the focus is the pole, we find ¢ =3w —16, p=rcos 40, whence
PP=ar. v (12)

This is a well-known property of the curve.

This example, like the preceding, is included in a general result
embracing all curves of the type

M=atcosnb. ........cocevuiniennn. .. (13)
By Art. 128 (9) we have

p=rsing=rcosnd, ......... v (14)
whence, eliminating 6,

P=r"a (15)
Thus in the case of the cardioid (n =4), we have
P=ra. (16)

Ex. 4. The tangential-polar equations of the central conics may
be given here, as they are sometimes employed in Dynamics, although
the proofs do not require the use of the Calculus.

First let the origin be at the centre. The Cartesian equation of
the conic being

xz 2
A PR 1)

we have, if 8 be the conjugate semi-diameter,

pB=ab, and B +2=0+a? ......... ..... (18)
by known properties of central conics, Hence
a’? -
F:b’ia"'+r’. chrncrrerieneiieiarien (19)

In the particular case of the rectangular hyperbola we have
pr=a’ ..., P ¢°1)
since B=7r. This is also obtained by making n =— 2 in (15) above.

Ex. 5. Again, taking a focus as pole, let us denote the perpendicular
and radius vector corresponding to the other focus by p’ and 7, Since
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the tangent makes equal angles with the two focal radii, we have

p[r=p'[r', and therefore \ .
v _rp

o
Now pp’ = b% and, in the ellipse, » + 7' = 2a. Hence, for this curve,
pr=8/(2a -1),
or, if / denote the semi-latus-rectum (6%*/a),
i 2 1

PTr g e (21)
In the hyperbola, we find
l 2 1
;2= i; + PAJRRILERTITIELANIRID ........(22)
the upper sign relating to the branch nearest to the origin, the lower

to the further branch.

Ex. 6. To find the curve in which
p=ral i (23)
Substituting in (6), and integrating, we find

rdr N
0—ﬂ=fm)=%sln_1;’)

or r=a’sin 2(0—a),.cccoeviniiiinininnnnn. (24)
a lemniscate.

130. Related Curves. Inversion.

There are various geometrical theories in which one curve is
associated with another connected with it by a definite relation.

A simple instance is that of ‘inversion.’

If from a fixed origin O we draw a radius vector OP to any
given curve, and in OF take a point P’ such that

19):300) 5 ST 1)

where k is a given constant, the locus of P’ is said to be the
‘inverse’ of that of P. The pownt O is called the ‘centre, and
k3 is called the ‘constant,” of inversion.

Ql
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A curve and its inverse make supplementary angles with the
radius vector. For if P, Q be the consecutive points of a curve,
and P, @ the corresponding points on the inverse curve, we have

OP.0P = 0Q. 0, and therefore
OP:0Q=0Q :0F........... Ceeneeenes (2)

Hence the triangles POQ, Q'OF’ are similar, and the angles 0@,
OP'Q are supplementary. In the limit, when @ 1s infinitely close
to P, these are the angles which the respective tangents make
with the radius vector.

It follows that if two curves intersect, the respective inverse
curves will intersect at the same angle. In particular, orthogonal
curves invert into orthogonal curves.

It is proved 1n books on elementary Geometry that the inverse
of a circle is a circle, except in the particular case where the
centre of inversion 1s on the circumference, when the inverse locus
becomes a straight line.

There are various devices by which the inverse of a given curve
can be traced mechanically.
1°.  Peaucellier’s Linkage.

This consists of a rhombus PAQB formed of four rods freely
jointed at their extremities, and of two equal bars connecting
two opposite corners 4, B to a fixed pivot at O.

It is evident that, whatever shape and position the linkage
assumes, the points P, @ will always be 1n a straight hne with O.
If N be the intersection of the diagonals of the rhombus, we have

OP.0Q=0N?~ PN*=0A*~ AP*= const. ...... 1)

A

Fig, 100.

Henc_e if P (or Q) be made to describe any curve, @ (or P) will
describe the inverse curve with respect to O

In particular if, by a link, P be pivoted to a fixed point S,
such that SO =SP, the locus of P is a circle through O, and

consequently the locus of @ will be a straight line perpendicular
to O8. This gives an exact solution of the 1mportant mechanical
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problem of converting circular into rectilinear motion by means
of link-work.

2°.  Hart's Linkage.
This consists of a ‘crossed parallelogram’ ABCD formed of

Fig. 101.

four rods jointed at their extremities, the alternate sides being
equal. A pomt O 1n one side AB is made a fixed pivot, and P, @
are pomnts n AD and BC such that

AP :PD=CQ:QB=A0: OB,=m - n, say.

Evidently O, P, @ will lie in a straight line parallel to AC and
BD. 1If H, K be the orthogonal projections of 4, C on B, and
N be the middle point of BD, we have

AC.BD=2NH .2NB=DH*— BH*=AD*—- AB

Now OP:BD=A0: AB=m :m+n,
and 0Q:AC=B0:AB=n :m+n
mn . B
Hence OP . 0Q = Tty (AD?* — AB® = const. ...... (2)

Hence P and @ describe 1nverse curves with respect to O.

As before, by connecting P to a fixed pivot S by a link PS
equal to SO, we can convert circular into rectilinear motion.

131. Pedal Curves. Reciprocal Polars.

If a perpendicular OZ be drawn from a fixed point O to the
tangent to a curve, the locus of the foot Z of this perpendicular
is called the ‘pedal’ of the original curve with 1espect to the
origin O.
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Thus: the pedal of a parabola with respect to the focus is the tan-
gent at the vertex. The pedal of an ellipse or hyperbola with respect
to either focus is the ‘auxiliary circle’

If 0Z = p, and if 4 be the angle which 0Z makes with any
fixed straight line, then p, 4» may be taken to be the polar coordi-
nates of Z with respect to O as pole. Hence if the relation be-
tween p and ¥ can be found, the polar equation of the pedal can
be at once written down.

The angle which the tangent makes with the radius vector
at correspondin%points is the same for a curve
and its pedal. For let 0Z, OZ’ be the perpen-
diculars from O on two consecutive tangents
PZ, PZ', and let OU be drawn perpendicular
to ZZ' produced. The points Z, Z' lie on the
circle described on OP as diameter Hence
the exterior angle OZU of the quadrilateral
0ZZ'P is equal to the interior and opposite
OPZ'. 1In the limit these are the angles which
0Z and OP make with the tangent to the pedal,
and with the tangent to the original curve, re-
spectively.

o U
Also, by similar triangles, we have Fig 102.

OU :0Z=0Z":0P. ....c......cccvvnn. 1)

Hence if r be the radius vector of the original curve, p the
perpendicular from O on the tangent, and p" the perpendicular
from O on the tangent to the pedal, we have, nltimately,
p'[p=p/r, or p'=p*r. i (2)
Again, if 0Z’ meet PZ in N, we may write

0Z=p, 0Z'=p+8p, <LZ0Z =~ZPZ =3dy.

Neglecting small quantities of the second order, we have
Sp=NZ'=PZ'. &.

Hence, proceeding to the limit, when PZ’ coincides with PZ, we
obtain an expression for the projection of the radius vector on the
tangent to a curve, viz.

d
PZ=3—§. ........................... 3)

This result enables us easily to solve the problem of ‘negative
pedals,’ viz. to find the curve having a given pedal. Taking O as
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origin, and the initial line of Y as axis of @, the coordinates of the
point of contact P are given by

@=0Zcosy —ZP siny, y=0Zsin + ZP cos,

or @ = pCOS\IJ‘————Sln\P‘

sin Yr + cos
y=psiny \[,#r

Ez. 1. If the origin be at the centre of the conic
L
S b =1, i e, (5)

and ¢ be the angle which p makes with Ow, it is shewn in books on
Conic Sections that

pPP=a’cos? Y+ B2sin?P.  aeeeiiiiiiiinn o (6)
Hence the polar equation of the pedal is
r*=a%cos?d + 6%sin%f. . .. .....oiinnnen, (1)
In the case of the rectangular hyperbola
P—yl=a® .. .. ceee e e(8)

the pedal 18 the lemniscate
P=a’c0820. ... .. .iiiiiiiiinin (9)
Ez. 2. In the case of a circle of radius g, the pole O being at a

distance ¢ from the centre C, and the line OC bemng the origin of y, we
have at once from a figure

P=A+CCOSWe  civrenir cvnniiniinnns (10)
Hence the pedal is the limagon
r=a+ccosh .. ... ... (11)

If O be on the circumference, we have ¢=a, and the pedal is the
cardioid

r=a(l+cos8). ....... ... (12)
Ex. 3. To find the curve whose pedal is the cardioid

r=a(l+cosf). ....cooiiiis i (13)
Writing P=a(l+c08y), ..oocivriiniiiiiiiininn, (14)

the formulse (4) make

x=acosy+a, y=asiny,
whence @=al+y?=a% i, (15)
a circle through the origin,
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The locus ot the pole of the tangent to a curve S, with respect
to a fixed conic 3, is called the ‘reciprocal polar’ of S. It is proved
in books on Conics that if S’ be the locus of the poles of the tan-
gents to S then S is the locus of the poles of the tangents to §'.
This explains the use of the word ‘reciprocal.’

We shall here only notice the case where the fixed conic X is

a circle. If O be the centre of this circle, and & denote 1ts radius,
the pole P’ of any tangent to the curve S 1s found by drawing 0Z

Fig. 103.

perpendicular to this tangent, and by taking in 0Z a point P’

such that
O0Z . OP =k eouvvvvniiiiiinnnnnn, (16)

Hence the reciprocal polar is in this case the inverse of the pedal
of the given curve, with respect to the point O.

By the reciprocal property above cited, the original curve must
be the inverse of the pedal of the locus of P’. This is easily
verified ; for if P be the point of contact of the tangent to the
original curve, and if OP meet the tangent to the locus of P’ in
Z', the angles OFP'Z’ and OPZ will be equal. Hence 0Z'P’ is
a right angle, and Z’ traces out the pedal of /. And, since
PZP'Z’ is a cyclic quadrilateral, we have

OP .0Z'=0Z.0P' =k ....ccc........ 17)
Hence P describes the inverse of the locus of Z’.
Ex. 4. The reciprocal polar of a circle with respect to any origin
is a conic having the origin as focus.
As in Ex. 2, the formula for the pedal of the circle is
P=aG+CCOSY. . .ccoerint irn wrnnnne..(18)

Writing 6 for y, and &*/r for p, we get the equation of the reciprocal

polar in the form
2
-k—=a+ccoso, .......................... (19)
r
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which represents a conic, having its focus at the origin, of eccentricity

c/fa. Hence the conic is an ellipse, parabola, or hyperbola, according
ag the origin is inside, on, or outside the circle.

Ex. 5. The pedal of the conic
x?
aﬁigz/,z | PR (20)

with respect to the centre, is given by

pPP=a*cos?y + bsiny. ... e (2D
Hence the reciprocal polar is

& .

A a?cos? 6 + b sin?l, ...... .(22)
or @+ Pyi=k, ... .. .. . .(23)

a concentric conie,

132. Bipolar Coordinates.
A curve may be defined by a relation between the distances
(r,7") of any point P on 1t from two fixed points, or foci, S, 8’; thus
f(r,)=0. C e ....(1)
If we denote the angles PSS, PS’S by () 0 rcspectlvely, and

the angles which the radii », 7/ make with the tangent by ¢, ¢’, we
have, as 1n Art. 112,

% = cos ¢, (—% = cos ¢,
PP 2
do ,d0’ , 2)
T =S ?, Js = S ¢
We have, in addition, the relations
rsmO=7rsmné, rcosf+rcosb =2, ..... 3)

where ¢ = § S8,

(o]
Fig. 104.
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Ez. 1. In the ellipse we have

r+r’'=2a, .o . (4)
dr dr
and therefore R 0,
that is, cosp+cosd’'=0, or P'=mr—ch .riiiiiiiinns (5)

The focal distances therefore make supplementary angles with the
curve.

Similarly, 1n the hyperbola
P =28, cieviiiiiiiil i ri (6)
we find cosS¢p=0co8¢d, ...  .i.eeeen )

or, the focal distances make equal angles with the curve on opposite
sides.

Ex. 2. To find the form which a reflecting or refracting surface
must have in order that incident rays whose directions pass through
a fixed point § may be reflected or refracted in directions passing
through a fixed point S’.

The case of reflection is merely the converse of Ex, 1. The surface
must have the form generated by the revolution of an ellipse or hyper-
bola about the line joining the foci (S, S°).

In the case of r¢fraction, we have, if u and u’' be the refractive
indices of the two media,

psiny=p'siny, ..o o (8)
where X=+t@Gr—9¢), X=+GF7—9¢). ... ... (9
Hence peosdptucosd’ =0, .............. .. (10)
or Z’d;; (mr+p7)=0. ciiiiiiiinn e (11)
Integrating, we have

prtp'r =const,  eeveenennn e (12)

These curves, in which the sum (or difference) of given multiples of
the two radii is constant, are called ¢ Cartesian ovals,’ after Descartes,
by whom the optical problem was first discussed.

When the lower sign in (12) is taken, the family includes the circle

vl =pfEl. L0 (13)
See Fig. 105.

Ex. 3. The ‘ovals of Cassini’ are defined by

T (14)

k being a given constant. Since for a point P in SS’ the greatest
value of »' is ¢? it follows that the curve will consist of two detached
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ovals surrounding S, S’, respectively, or of a single oval embracing both
points, according as &k < ¢.

Fig 105.

In the critical case of &k =¢ the curve is known as the ‘lemniscate
of Bernoulli’, this presents itself in various mathematical problems.
If O, the middle point of S’S, be taken as pole, and OS as imitial line,
of a system of coordinates »,, 6,, we have

ri=r3+ A~ 2cr,co86,, r4=r34+c+ 2cr, cos b,;
the equation of the lemniscate is therefore
(r? + ¢?)f — 4¢™ry? cos? 0, = ¢,
which reduces to

72=2c¢%¢c08 20). ceeieiirenenn. .ol (15)
Cf. Art, 128,

Fig 106.
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Ex. 4. The magnetic curves.

If S, S’ be the N. and 8. poles of a magnet, the forces at any point
P may be represented by u/r? along SP, and p/r* along PS’. A ‘line
of force’is a hine drawn from point to point always in the direction of
the resultant force. Expressing that the total force at right angles to
the Line is zero, we have

’Lsm¢+’,%sm ¢' =0,

7
1d6 1d¢
- = e .. (16
or P P 0. (16)
Hence, since r sin § = o’ sin ', we have
. oad6 o df
sln0%+ sin 6 E;_O,
or cos @ +cos @' =const. .. ...l (17)

An ‘equipotential line’ is a line such that no work is done on a
magnetic pole describing 1t. Expressing that the total force in the
direction of the line is zero, we find

® I3 ,
ﬁcosqﬁ—-r—,zcos¢ =0,
ldr 1 dr
or F%—pm ZO, ......... veee . ...(18)
whence -1-—-1—,=const. e e .(19)
r 7

The equipotential lines will necessarily cut the lines of force at right
angles.

EXAMPLES. XLII.

(Algebraic Curves.)

1. Trace the curves
Y¥=dx(l-x), y'=a'+x+l.
2. Trace the curve
ay' =a* (@ — ),
and shew that it forms a loop of area -8 a2
Find where the breadth of the loop 1s greatest. [x= %a.]
8. Trace the curve
a% = a? (o - o?),
and shew that it forms two loops, each of area Zal,
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4. Trace the curves
y=w(@-1), y-a(l-a),
6. Trace the curve
aty? = (a® — &%),
and shew that it encloses an area }wa®
8. Trace the curve
a?yt =t (a® — o7),
and shew that it encloses an area £a®
7. The length of an arc of the curve
ay’ = a*
(Fig. 70), from the vertex to the point whose abscissa is , is

1
-2-7—:/3 (9&7 + 4a)§~-2~97a.

8. The mean centre of the arca included between the curve
ay?=a® and the line x = 4 is at the point (54, 0)

9. If the curve ay®=a® revolve about the axis of x, the volume
included between the surface generated, and any plane perpendicular
to the axis, is one-fourth that of a cylinder of the same length on the
same circular base.

10. Trace the curves
1 1

Yu Ve —ay
11. The area included between the curve
y_e-®
a? x
(Fig. 72) and its asymptote is wa®
1f the same curve revolve about its asymptote, the volume of the
solid generated is $w’a®

12. Trace the curves

x?+1 a®—1
2 2 —
y - x bl y = .

13. Trace the curves

, ¥+ . -1

e Ve
14. Trace the curves

9 ®

L. Y = P
Y =13 YV o1-a

Determine the maximum and minimum ordinates (if any), and the
points of inflexion.

21—2
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156, The area included between the curve
a?
y'= a—x
(Fig. 74) and its asymptote is Jra®
If the same curve revolve about its asymptote the volume of the
solid generated is }n%®.
16. 'Trace the curve
,  ax?
Tat !
and shew that the area included between its two branches and either
asymptote is 2a’.

17. Shew that the area included between the curve

y=a?

(Fig. 73) and its asymptote is } (r + 4) a®

a+x
a—x

18. Trace the curve
xt

b —
Y=g

and shew that the area included between the curve and either
asymptote is jwa®

19. Trace the curve
a? - x?

a® + o’

Y=ot
and shew that it forms a loop of area § (r — 2) a2

20. Trace the curve

y’:%@a—w) (- a)

and shew that it encloses an area $ma®

21. Trace the curve

yf=§(m_b)=+c'.
22. Trace the curve

r=0—15 y:l—t‘,

for real values of ¢, and prove that it forms a loop of area 1$.
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EXAMPLES. XLIIIL
(Catenary, Cycloid, ete.)

1. Prove that, in the catenary y = ¢ cosh z/c,
g=9-ct
2. Prove that the catenary is the only curve in which the perpen-

dicular from the foot of the ordinate on the taungent is of constant
length.

8. Of all the catenaries which pass through two given points at
the same level, and have their axes vertical, shew that there is one
in which the depth of the directrix below the given points is a
minimum,

Also prove that in this catenary the tangents at the given points
meet on the directrix.

If 26 be the distance between the given points, the depth of the
directrix is bsinh w, the arc of the curve is b (sinh u)/u, and the
inclination to the horizontal at the given points is cos— (sech u), where
u 18 the positive root of w tanhw=1

4. The coordinates of any point on the tractrix may be expressed
in the forms
z=a(u—tanh u), y=asechuy,

where u is a variable parameter.
5. Prove that, in the tractrix,
Yy =ae—5/a,
the arc s being measured from the cusp.

6 The volume of the solid generated by the revolution of the
tractrix about its asymptote is Zwa’,

The surface of the same solid is 4wa?

7. If the coordinates of a moving point be
x=a cosh nt, y=bsinhns

where ¢ is the time, the path 1s a hyperbola, and the velocity varies as
the length of the semi-conjugate diameter measured up to its inter-
section with the conjugate hyperbola.

Also shew that the area swept over by the radius vector increases
uniformly with the time.

8. The avea of either loop of the Lissajous’ curve
x=asin 2 (nt—e), y=bcosns
is $ab cos 2e.
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9. Prove that the Lissajous’ curve
x=a cosnt, =~ cos3dnt

consists of part of the curve
y_x z
b a ( a 3)

10. 1f, in the cycloid, the rolling circle has a constant angular
velocity, the velocity of the tracing point P 18 proportional to the
normal /P (see Fig. 79).

11 The volume generated by the revolution of a cycloid about its
base 1s bn%e?, if @ be the radius of the generating circle

Trace this curve.

The surface of the same solid 18 Stwa’

12. The portion of a cycloid between two consecutive cusps re-
volves about the tangent at the vertex, prove that the area of the
surface generated is 22ma?

Also prove that the volume included by the above surface and the
planes of the circles described by the cusps 1s 7%

13 The volume generated by the revolution of a cycloid about its
axis 18 § (97*— 16) wa’.

14. The surface of the same solid 1s § (37 — 4) wa®

15. The mean centre of the arc of a cycloid, from cusp to cusp, is
at a distance 4« from the base

16. The mean centre of the area included betwecn a cycloid and
its base is at a distance £a from the base

17. Piove that, in the curve
al + 4t = al,
the intercepts made by the tangent at any point on the coordinate
axes are o¥ m?‘, at y*, respectively.

Hence verify that the length of the tangent intercepted by the
axes 18 constant.

18. Prove, from the equations

x=acos®l, y=asindb,
that, in the astrowd,

30 = 3a sin 0 cos 6,

and thence that the whole length of the curve is 6a.

19. DProve that the area of the astroid is §wa’.
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20. The volume generated by the revolution of the astroid about
the line joining two opposite cusps 18 FZma’.

21. The length of a quadrant of the curve

x=acos®d, y=>sin®,

is (a®+ ab + b%)/(a + b).

The area enclosed by the same curve 1s $rab.

22. The whole perimeter of an n-cusped epi- or hypo cycloid is

n

where a is the radius of the fixed circle.

23. Sketch the curve obtamned by compounding two uniform
circular motions when the radii of the circles are equal, but the
periods slightly different, (1) when the rotations are in the same
direction, and (ii) when they are 1n opposite directions.

24. Prove that in an epicyclic the tangent line cannot pass through

the centre unless nc < n'c’, where ¢ 1s the greater of the two quantities
¢, ¢. (Art 125.)

25. Prove that the length of a complete undulation of the
trochoid

z=ab + ksinl, y=a—kcosb
18 equal to the perimeter of an ellipse whose semi-axes are a + &, a — k.

EXAMPLES. XLIV.
(Polar Coordinates.)

1. Prove that all equangular spirals of the same angle are identi-
cally equal.

2. Prove that in an equiangular spiral of angle a the area swept
over by the radius vector () is

1 (rf—nf) tan a,
where 7,, 7, are the extreme values of 7.

3. Prove that in the spiral of Archimedes the angle (¢) between
the tangent and the radius vector 1s given by

COS¢=W.

4 Prove that in the reciprocal spiral the area swept over by the
radius increases proportionally to the radius.
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5. Shew that all chords drawn through the pole of a cardioid are
of the same length.

Does the same hold of the limagon ?
8. The area of the cardioid

r=a (1l + cos f)
is Zwa®

7. Trace the curve
r=a+ 2a cos 6,

and prove that the area of the inner loop 1s ‘543542

8. Prove that, in the cardioid,
Z—'; = 2a cos 16,
and thence that the whole perimeter is 8a.

9. The volume generated by the revolution of the cardioid about
its ax1s is §na’.

10. Prove that, in the cardioid, the maximum breadth (perpen-
dicular to the axis) is $./3a, and that the double tangent cuts the axis
at a distance }a from the pole.

11. Find the maximum ordinate, and the mimmum abscissa, in
the limagon
r=acosf+ec.
12. The area of the limagon
r=acosf +e
when ¢ > a, is w (c® + 4a?).
13. Piove geometrically that if two straight lines, touching two

fixed citcles, make a constant angle with one another. their inter-
section traces out a limagon.

14. The whole area of the lemniscate

72 = a® cos 26
is a®.

15. The perimeter of either loop of the same curve is

do

Prove that, in the notation of elliptic integrals (Art. 111), this is

equal to
1
N2aF, (79) .

%
2a,”
0
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16. The mean centre of the area of either loop of the lemniscate
is at a distance %./27a from the pole.

17. Shew that the area included by one loop of the epicyclic
r = a sin mf
is wa?/4m.
18. Trace the curve 7% = a? cos 0.
19. Prove the following properties of the ¢solid of greatest

attraction’ (viz. the figure generated by the revolution of the curve
73 =a®cos 0 about the initial line):

(1) The volume is y%wa®;

(2) The greatest breadth is 1:2408a, at a distance °4389%a
from the pole;

(3) The mean centre of the volume is at a distance 35 a from
the pole.

20. If the ¢polar subtangent’ of a curve be defined to be the
length intercepted by the tangent on a perpendicular drawn to the
radius vector from the pole, prove that it is equal to 7*d6/dr.

Prove that in the reciprocal spiral the polar subtangent is constant.

21. The tangential-polar equation of the involute of a circle of
radius a is

P’ =r'—al
the centre being pole.
22. Shew that in the spiral of Archimedes (Fig. 111)

e

3
P =ia
23. Shew that in the reciprocal spiral (Fig. 97)

1 1 1

ARt S
24. Shew that in the curve

_ a
~ cosm@’
1 1-m? m?
P T aE
25. Shew that in the curves
_a o8
“coshmf’ =~ sinhm@’
1 14+m?_ m?

P +;

respectively.
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26. Prove that, in the epicycloid (Art. 123),

4(a+d)b ,

Tav oy P

‘What is the corresponding formula for the hypocyecloid %
27. Find the Cartesian equation of the curve such that

P=a?+

p=asinycos y. (2% +yt =al.]
28. TFind the polar equation of the curve in which
N
at + 3rt”

29. Prove the formula
oo [__10_121__,
N =1Y)
for the arc of a curve whose tangential-polar equation is given.

30. Prove the formula
pds =1r3d6,
and give its geometrical interpretation.

Hence shew that if the area swept over by the radius vector of a
moving point increase umformly with the time, the velocity will vary

inversely as the perpendicular from the origin on the tangent to the
path,

EXAMPLES. XLV.

(Related Curves. Bipolar Coordinates.)

1. The inverse of an equiangular spiral with respect to the pole is
an equal spiral.

2. The inverse of a hyperbola with respect to the centre has a
node at the centre.

8. The inverse of a rectangular hyperbola with respect to the
centre is a lemniscate of Bernoulli.

4. Prove by means of the polar equations that the inverse of
a straight Iine is a circle through the pole of inversion, and conversely.

5. Prove by means of the polar equation that the inverse of a
circle is a circle.

6. The inverse of a parabola with respect to the focus is a
cardioid.

The inverse of any conic with respect to a focus 18 a limagon,
7. Prove that the inverse of the ellipse
LA

a? +‘l7-1
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with respect to the centre is the curve
- 22 y!
@ +yp=r(5+5%).

Also shew that the curve, where it cuts the axis of y, will be
concave or convex to the origin according as b*> £ 2a’

8. From the fact that the cardioid is the inverse of a parabola
with respect to the focus, or otherwise, prove that the norwals at the
extremities of any chord through the cusp are at right angles, and

that the line joining theiwr intersection to the cusp 1s perpendicular to
the chord.

9. Prove by inversion, or otherwise, that the cardioids
r=a(l+cosf), r=06(l-cosb)
cut one another at right angles.
10. If ds, ds’ be corresponding elements of a curve and 1ts inverse,
ds:ds'=m: k=77
where r, 7’ are the radu.

11. The pedal of a parabola with respect to its vertex is the
cissoid (Art. 119 (16)).

12. If two tangents to a curve make a constant angle with one
another, the locus of their intersection (£) touches the circle through
P and the two points of contact.

13. Prove that the area of a pedal curve 18 given by the formula

3/p'dy.
14. Prove that the arc of a pedal curve is expressed by
Jrdy.
15. The area of the pedal of an ellipse, the centre being pole, is
37 (a® + 0%),

where a, b are the semi-axes.
16. 'The pedal of the hyperbola
a yﬁ
@ B
with respect to the centre consists of two loops, each of arca

Jab + } (¢ &%) tan= 7.

=1

17. If p,, p, be perpendiculars on the tangent to a curve from
the origin of (rectangular) coordinates, and from the point (;, %)
respectively, prove that

P1=p,— @, o8 — 3, 8in ,
where y is the inclination of the perpendiculars to the axis of a.
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18. If 4, 4, be the areas of the pedals of a closed oval curve
with respect to the origin O and with respect to the point (x;, 3),
both these points being within the curve, prove that

2m L
Ay =4,—x [ pycos yrdy "'I’/lf‘z posinydy + i (v + uy).
[ [

19. Prove that the locus of a point such that the pedal of a given
closed oval curve with respect to it as pole has a given constant area
is a circle; and that the circles corresponding to different values of
the constant are concentric.

Also that, if O be the common centre, the area of the pedal with
respect to any other pomnt P exceeds the area of the pedal with
respect to O by the area of the circle whose radius 18 OP.

20. The negative pedal of the parabola
y=4dax
with respect to the vertex is the curve
27ay* = (x — 4a)’
2l. In what case is
p=acosy?
22 Prove that the curve for which
p=asiny cos y
is the astroid
at gt =d,
23. State what property follows by differentiation with respect to
the arc (s) from the equation
2+ 3=k
and verify the result geometrically.
24. Prove the following construction for the normal at any point
P of a Cassim’s oval: In PS, PS’ take points @, €', respectively, such

that PQ = PS’, and PQ =P ; the line joming P to the middle point
of Q@' 18 the required normal.

25. A system of parallel rays is to be reflected so as to pass
through a fixed point, prove that the reflecting curve must be a
parabola.

26. A system of parallel rays is to be refracted so that their
directions pass through a fixed point ; prove that the refracting curve
must be a conic, and that the eccentricity of the conic will be equal to
the ratio of the refractive indices.

27. Prove that the equation of a Cartesian oval, referred to either
focus as pole, is of the form
=2 (a+bcos ) r+c*=0.

28. Prove that a Cartesian oval 1s necessarily closed, if we except
the case where the curve is a branch of a hyperbola.



CHAPTER X
CURVATURE

133. Measure of Curvature.

As regards the applications of the Calculus to the theory of
plane curves we have so far been concerned chiefly with the
direction of the tangent at various points. We have not con-
sidered specially the manner in which this direction varies from
point to point.

The subject of curvature, to which we now proceed, can be
treated from several independent stand-points, and although all
the methods lead to identically the same formule, it is important
for the student to observe that they are in their foundations
logically distinct.

In the first of these methods*, we begin by defining the ‘total’
or ‘integral’ curvature of an arc of a curve as the angle (8vyr)
through which the tangent turns as the point of contact travels
from one end of the arc to the other

The ‘mean curvature’ of the arc is defined as the ratio of the
total curvature to the length (8s) of the arc; it is therefore equal to

&y
os’

The ‘curvature at a point’ P of a curve is defined as the mean
curvature of an infinmitely small arc terminated by that point. In
conformity with the previous notation 1t 1s denoted by

-a; e eeescsessecesssescscssssrscans (1)

In a circle of radius R we have 8s = Rdvyr, and therefore
dy_1
ds R’
t.e. the curvature of a circle is measured by the reciprocal of its

radius. Hence, if p be the radius of the circle which has the
same curvature as the given curve at the point P, we have

* Other methods are explained 1n Arts. 186, 137.
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A circle of this radius, having the same tangent at P, and its
concavity turned the same way, as in the given curve, is called
the ‘circle of curvature,’ its radius is called the ‘radius of curva-
ture,’ and its centre the ¢ centre of curvature.’

The length intercepted by this circle on a straight line drawn
through P 1n any specified direction is called the ‘chord of
curvature’ in that direction. If 6 be the angle which the direction
makes with the normal, the length (g) of the chord is given by

g=2pcost ....oovvininiiiiniin il (3)

If £ 7 be the rectangular coordinates of the centre of curvature,
we have by orthogonal projections

E=xz—psiny, n=y+pcosY, ............ (4)

provided the zero of Y+ be when the tangent is parallel to the
axis of a.

The centre of curvature is the intersection of two consecutive
normals to the given curve. For if PC, P’C be the normals at
two consecutive points, including an angle 8y, and 1f 8s be the
arc PP, then drawing the chord PP’ we have (see Fig. 107)

_(?2 _sinCP'P
PP sinby
or OP=sincp'p £E 8 8

8s s &y Sy
When P’ is taken infinitely near to P, the limiting value of
each factor on the right hand, except

the last, is unity. Hence, ultimately,
CP =ds/dyr = p.

» In modern geometry a curve is re-
garded as generated in a two-fold way,
first as the locus of a point, and secondly
as the envelope of a straight line (see
Art. 141). Considering any continuous
succession of these associated elements,
the straight line is at any instant rota-
ting about the point, and the pomnt 1s Fig. 107.
travelling along the straight line; and

the curvature dy/ds expresses the rclation between these two motions.

If at any point the curvature 18 zero, the rotation of the tangent
is momentarily arrested, and we have what is called a ¢ stationary
tangent.” The simplest instance of this is at a point of inflexion
(Art. 67), where the direction of the rotation of the tangent is reversed
after the stoppage.
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If at any point the radius of curvature (ds/dy) vanishes, the motion
of the point along the line is momentarily arrested, and we have a
‘stationary point.” The simplest instance of this is at a ‘cusp’ such
as we have met with in Thgs. 70, 74, 79, 83, etc. The direction of
motion of the point is in such cases reversed after the stoppage. In
the examples of Art. 119 a cusp was regarded as due to the evanescence
of a loop: this shews in another way why the radius of curvature
should vanish there

The consideration of curvature is of importance in numerous
dynamical and physical problems. For example, in Dynamics, if the
force acting on a moving particle be resolved into two components,
along the tangent and normal to the path, respectively, the former
component affects the velocity, and the latter the direction of motion.
If from a fixed origin we draw a vector OV to represent the velocity
at any instant, the polar coordinates of ¥ may be taken to be v, y,
where v = ds/{dt Hence the radial and transverse velocities of ¥V will
(see Art. 112 (6)) be

= % RN 1:))

respectively These are the rates of change of the velocity estimated
in the direction of the tangent and normal to the path of the particle.
Since
dy dyds o*
v:l—t‘—-‘vzggi—;, e seee ...(6)

the latter component is equal to the product of the curvature into the
square of the velocity.

134. Intrinsic Equation of a Curve.

The formula

P=d¢ ............ v (D)

i8 of course most immediately applicable when the relation between
s and - for the curve in question is given 1n the form

s=F(¥) i e (2)

This is called the ‘intrinsic’ equation of the curve, for the reason
that 1ts form does not depend materially on space-elements extra-
neous to the curve. The only arbitrary elements are the origin
of s and the origin of 4, and a change in either of these merely
adds a constant to the corresponding variable.

If the intrinsic equation be not known, we may employ one or
other of the formulse of Art. 135; or we may, in particular cases,
have recourse to special artifices. See Exs. 4, 5, below.



336 INFINITESIMAL CALCULUS [cH. X

Ez. 1. In the catenary we have
g=atany, ....cocvevee cienn e+ i(3)
whence p=asec®y=ysecy, ....... TN (4)

the notation being as in Art. 120. On reference to the figure there
given it appears that the radius of curvature 1s equal to the normal P@.

Ex. 2. In the cycloid (Art. 122) we have
s=4asiny, ..... e ...(B)
and therefore p=4acosy. ... ... N ()

Hence in Fig. 79, p. 294, we have p =2PI, or the radius of curvature
is double the normal.

Ezx. 3. Again, in the epicycloid we have (Art. 123 (11))
. 4 (a+0) bsm a

" a2 Yy voe eeee )
and therefore
_4(a+bd)d a _4(a+d)b
AT cosa+2b¢_ w1t %b cosip ......... (8)
Hence, on reference to Fig. 81, p. 297, 1t appears that
_2(a+b) ,
= a+2bA11" .................. 9)

where PI is the length of the normal between the tracing pont and
the fixed circle.

Ez. 4. In the parabola y?=4ax we have

Y=2acoby, .coeiiin iiiiiiiiiinnn. (10)
. dy 20 d
whence sm‘/’:_d—s:—m&%’
2a
or p=- m 9 eecesececessece scessves (1 1)

the negative sign indicating that y diminishes as s 1increases.

Ex. 5. 1f the ellipse
r=acos¢, y=bsing ........... .. (12)
be supposed derived by orthogonal projection from the circle

we have = = )t s (14)
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where 3 is the conjugate semi-diameter. For the element of arc is
altered from ad¢ to &s, and the parallel radius from a to 8. Also since
1By and }a%¢ represent corresponding elements of area, we have

By =2 x abp

d

or £=%. e e e (15)
ds dsdp B

Hence p=(—iT.P=(—iT#—JJ/_Eb_. .. (16)

If p be the perpendicular from the centre on the tangent-line, we
have pB = ab, so that our result may also be written
Jid a?h?
p=;, or p=};§~. e e w (17)

Since % = a? cos? Y + b%sin? Y = a® (1 — € siny),

the last form is equivalent to
1-_¢

(1 - e*sin? l,'/)% '
This formula leads to an important result in Geodesy. The figure

of the Earth being taken to be an ellipsoid of revolution, the expression
for the radius of curvature 1n terms of the latitude ¢ is, 1f we neglect ¢*,

d .

d§=a(1_e*+geesma.p)=a(1-,}e-gecosw), ..... (19)
where e=(a —b)/a = §¢*; that is, e denotes the ‘ellipticity’ of the
meridian. Integrating (19) we find, for the length ot an arc of the
meridian, from the equator to latitude y,

p=a

s=a(l-1e)y—3aesi 2y ... . (20)
Ez. 6. In the equiangular spiral (Art 126), we have
y=0+a,.. .. N ¢-2 §
whence dy|ds = db/ds = (sin a)/r,
r
or P= g e (22)

Hence the radius of curvature subtends a right angle at the origin.

135. Formulee for the Radius of Curvature.

The expression dyr/ds for the curvature 1s easily translated
into a variety of other forms.

1°. In rectangular Cartesian coordinates, we have

d
tanmk:d—‘z, e ——— (1)

L. 1O, 22
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and therefore

dy_d d’y dx dy
sec* Y ‘"a‘s(dw) dat ds = O Y g
dy
da?

1
whence -
P

This form shews, again, that the curvature vanishes at a point
of inflexion, where d?y/da*=0 (Art 67).

When dy/dz 18 a small quantity the formula (2) gives, approxi-
maitely,
1_dy

P

the proportional error being of the second order. This formula is
an obvious transcript of dyr/ds, since when Y is small we may
write dy/dz (= tan yr) for ¥, and d/dz for d/ds. It has important
practical applications, e g. in the theory of flexure of bars.

2°. It was proved in Art. 131 that the projection (£) of the
radius on the tangent 1s given by

= g s (4)

If OU, OU’ be the perpendiculars from the origin on two conse-
cutive normals PC, P'C, and if OU’ meet P( in N, we have,
ultimately,

QU'—=0U=U'N=CN8&y, or ©&t=CNSy.

(o]

Fig. 108
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The hmiting value of CU or CN is therefore dt/d+r, whence
_ dt d’p
p= CP=0Z+ CU_P‘*-W_p-Fd—\ﬁ;' NN 6))

38°, With the notation of Art. 112 we have

—=cos¢=g§. ....................... (6)
Si ds _ds drdp _ dsdr
e dy_drdpdy " "drdp’
this gives p=7‘g-;—;, .......................... )

a form which is very convenient of application when the tangential-
polar equation (Art. 129) 1s given.

Fx. 1. In the catenary

y=acosh (z/a) .. ...... crere e eenn(8)
we have
dy . @ dy 1 o dy\? 1, %
@—Smh(i’ zh;—z_;wsh = 1+<d—w) = cosh’ =
whence p=acosh? (¢/a)=9*a. . ... ... .. (9)

Since y = a sec ¢, this agrees with Ait. 134, Ex. 1.

Ex. 2. In the parabola

r=pila ... ... .. . ...(10)
dr 2P or¥
we have p=1 d_p -—--55'—- ";'i‘. PR N ...(11)
Liz. 3. 1In tho central conics we have (Art. 129, Ex 4)

a2b2 2 2 T

?=b ta*F .. (12)
azh?

and therefore p== T e e (13)

Cf. Art. 134, Ex. 5.

136. Newton’'s Method.

In another method of treating curvature, employed by Newton *,
a circle is described touching the given curve at P, and passing
through a neighbouring point @ on it, and we investigate the
limiting value of the radius of this circle when @ is taken infinitely
near to P.
* Principra, hib, 1., prop. vi., cor, 8.
22—2
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We can easily shew that in the limit the circle becomes 1dentical
with the ‘circie of curvature’ at P, as
defined in Art. 183. For if C be the
centre, then, since CP = CQ, there will Q
be some point () on the curve, be-
tween P and @, such that its distance
from C is a maximum or minimum,
and therefore* such that CP’ is normal ct
Q/

to the curve. In the imit P’ approaches
P indefinitely, and C, being the inter-

section of consecutive normals, will

coincide with the ‘centre of curvature.’ AN /
Newton’s method leads to a very ) T

simple formula for the radius of curva- Fig  109.

ture. Let QQ1 be drawn perpendi-
cular to the tangent at P, meeting the circle again in @', and the

tangent 1n 7' Since
TP =1Q.1¢,

2
we have 2p=1m 7@ =hm Z,;,% e, (1)
If Q'QT be drawn at a defimte inchination to the normal at P,
instead of parallel to this normal, the imiting value of the same
fraction gives the chord of curvature in the corresponding direc-
tion. It occasionally happens that the chord of curvature 1 some
particular direction can be found with special facility ; the radius
of curvature can then be inferred by the formula (8) of Art. 133.

For instance, we can deduce the formula for the radius of
curvature in Cartesian coordinates. Thus, referiing to Iig. 42,
p- 153, and denoting by ¢ the chord of curvature parallel to the
axis of y, we have

1 Voo v "
¢ = lim }?Vz =lim ;?Hz .cos’ Y = { " (a) cos? 4, ...(2)

where 4 is the inclination of the tangent at P to the axis of a.

Since
q=2pcosvyr, tanr =3¢ (a),

(@
T g @i (3)

This is identical, except as to notation, with the formula (2) ot
Art, 135.

1t follows that
% = ¢" (a) cos* ¢ =

* See Art. 63, Ex. 2.
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Ex. 1. In the parabola, let QR be a chord drawn parallel to the
tangent at P, to meet the diameter through
P in V; see Fig. 110. We have, then,
from the geometry of the curve, Q
QV2=48P. PV,
where § is the focus Hence, for the

chord of curvature (g) parallel to the axis, v
. Qe
q=th =48P. ...... “4) R

If 6 be the angle which the noimal
at P makes with the axis, we have

cos 0 =87/SP,

where SZ is the perpendicular from the
focus on the tangent at P. Hence Fig. 110
sprspt

sec =2 =27 -2y e v (D
p=3%q sz2=2 0 (5)
since SZ2=S4 . SP, 4 being the vertex
Ez. 2 In the ellipse (or hyperhola), if Q2, diawn parallel to the
tangent at either extremity of the diameter PCP’, meet this dhameter
in V, we have
V. .PY. VP =CD CP
Q

D

Fig 111

where CD is the semi-diameter conjugate to CP. Heuce, for the
chord of curvature (¢) through the centre,
ey .. o»* ., CD?
.[)V lm?/,—l—;e.VI —22/—'?'. ........... (6)

If CZ be the perpendlcular from the centre on the tangent at
P, and 6 the angle which CP makes with the normal, we have
cos § =CZ/CP, and therefore

Y2

CD
p=§qs000=-b-z-, ...................... vee (7)
1n agreement with Art. 134 (17).

=lim ——
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Again, if 6’ be the inclination of either focal distance to the normal
at P, it is known that cos 8’ = CZ/CA, where 4 is an extremity of the
major axis. The chord of curvature (¢') through either focus is there-
fore given by
cD?

q’=2pc056’-—2CA. . .. (8)

Ex. 3. To find the radius of curvature (p,) at the vertex of the
cycloid

z=a(0+s8in0), y=a(l--cosb). e 9)
‘We have
L . A eialp sin 6\? sin%@)’
%—a(o +sin 0+ 4sin’ 0 =a (1 + —0—> -+ (—%—0 ’
2
whence po=limg_og ;—y =4a. . . e --..(10)

137. Osculating Circle.

A slightly different way of treating the matter is based on
the notion of the ‘osculating circle.” If @ and R be two neigh-
bouring points of the curve, one on each side of P*, we consider

the limiting value of the radius of the circle PQR, when @ and R
are taken infinitely close to P.

We can shew that if the curvature of the given curve be
continuous at P, this circle coincides 1n the limit with the ¢circle
of curvature.” For if ' be the centre of the circle PQR, there will
be a pownt P, between P and @, such that CP’ is normal to the
given curve, and a point P”, between P and R, such that CP” is
normal to the curve. Let P'C and P”C meet the normal at P in
the points (" and C”, respectively. Under the condition stated,
C’ and ¢” will ultimately coincide with the centre of curvature at

Fig 112

* This condition is not essential, but 1t simplifies the proof, and meets all
ordinary requirements.
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P, and, since CC' < C'C”, C will & fortiori ultimately coincide with
the same point.

Since, before the limit, the circle PQR crosses the given
curve three times in the neighbourhood of P, 1t appears that the
osculating circle will in general cross the curve at the point of
contact. See Fig. 116, p. 350.

If in Fig. 41, p. 151, QV meet the circle through P, @, P’
again in W, we have
VW=PV?QV,

and therefore, for the chord of curvature of the curve y= ¢ (),
parallel to the axis of y,

as in Art. 136 (2).
Fx. If in Fig. 110, p 341, the circle PQR meet PV in W, we have
QV.VRER=PV.VW, and therefore VIV =4SP,

Hence the chord of curvature parallel to the axis of the parabola
is 48P.

A similar argument may be used to find the chord of curvature
through the centre, 1n the case of the ellipse (Fig. 111, p. 341).

138. Envelopes.

Suppose that we have a singly-infinite system, or family, of
curves differing from one another only in the value assigned to
some constant which enters 1nto their specification. Two distinct
curves of the system will in general intersect; and we consider
here, more particularly, the limiting positions of the intersections
when the change in the constant (or ¢ parameter,’ of the system,
as it is sometimes called), as we pass from one curve to the other,
is infinitely small. On each curve we have then, in general, one
or more points of ‘ultimate intersection’ with the consecutive
curve of the system. The locus of these points of ultimate inter-
section is called the ‘envelope’ of the system.

Ex. 1. A system of circles of given radius, having their centres
on a given straight line. The parameter
here 1s the coordinate of the centre

If C, C' be the centres of two circles
of the system, the line joining thewr in-
tersections bisects CC’ at right angles.
Hence the points of ultimate intersection
of any circle with the consecutive circle 85
are the extremties of the diameter which D020t 2eletets

is perpendicular to the line of centres. Fig. 113,

AR
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The envelope therefore consists of two straight lines parallel to the
line of centres, at a distance equal to the given radius.

Ex. 2. A straight line including, with the coordinate axes, a
triangle of constant area (£?%).

If 4B, 4’B be two positions of the line, intersecting in P, the
triangles APA’, BPB will be equal, whence

PA.PA'=PB.PB.

Hence, ultimately, when 44’ is infinitely small, 2 will be the middle
point of 4B. If x, y be the coordinates of P, and v the inclination of
the axes, we have, then, 04 = 2x, 0B = 2y, and therefore

2zy sin w = K2

The envelope is therefore a hyperbola having the coordinate axes as
asymptotes, Fig. 114 illustrates the case of w=}m.

Y

BI

o A A X
Fig. 114
139. General Method of finding Envelopes.
The equation of any curve of the system being

@y, a)=0, .cooviviiiiiiiiiininn, 1)

where a is the parameter, then at the intersection with another
curve

b2, y,a)=0, cco. veiiiiiiininn 2
we have, evidently, @
¢y, “a),: f @%9 o (3)

When the variation ' — a of the parameter 1s infimtely small, this
last equation takes the form

0
a—ada(m, ha)=0, .ooiiiiininnn, N )



138—140] CURVATURE 345

where 0/0a is the symbol of partial differentiation with respect
to a. See Art. 34.

The coordinates of the point, or points, of ultimate intersection
are determined by (1) and (4) as simultaneous equations, and the
locus of the ultimate intersections is to be found by elimination
of a between these equations.

Ez. 1. The circles considered in Art 138, Ex. 1 may be repre-
sented by

(=—a)+92=0a% ...... ... . ()

Differentiating with respect to a, we find
z—a=0. ... ... C e (6)

Eliminating a between (5) and (6) we get
y==%a, .. Cee (7

the envelope required.

Exz 2. 1If a particle be projected from the origin at an elevation 6,
with the velocity ‘due to’ a height 4, the equation of the parahohic
path 18
m‘}
&b

where the axes of x,  are respectively horizontal and vertical Writing
o for tan 6, we get

y=wxtanf - L>sec?d, ... .... ... (8

ax? o
.'/=‘w‘i';,,(1+“")“ N )]

To find the envelope of the paths for different elevations, and
therefore for different values of a, we differentiate (9) with respect to a,
and find

z-3% 0. L. e . (10)

This is satisfied either by z=0, or by axz =2k The former makes
¥ =0, and shews that the origin 1s part of the locus, as is otherwise
obvious. The alternative result leads, on ehmination of a, to

a?=4h (h—y), ... .. ... (1)

a parabola having its axis vertical, 1ts focus at the orgin, and its
vertex at an altitude A¥.

140. Algebraical Method.
If in the equation d(w,y,0)=0, ..., (D

¢ be a rational integral function of a, the rule of the preceding
Art. may be investigated otherwise as follows.

* This problem 1s interesting historcally as being the first instance 1n which
the envelope of a famuly of cwrved lines was obtamned (Beinoull:). The general
method of iinding envelopes appeais to be duo to Leibnitz,
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If we assign any particular values to #, y, the equation deter-
mines a, that 1s, it (ﬁatermmes what curves of the system pass
through the given point (2, y). If the equation be of the nth
degree in a, the number of these curves (real or imaginary) will
be n, and these n curves will in general be distinct. But if the
point in question be at the intersection of two consecutive curves,
two of the values of a will be coincident. Now it was shewn in
Art. 50 that the condition for a double root of the equation 1n a is

%dﬂw, Po)=0 ceviiiiiiiiiiiininin. (2)

The ultimate intersections are therefore determined as before by
(1) and (2) as simultaneous equations, and the envelope by elimi-
nation of & between them.

If the equation (1) be of the first degree in a, only one curve
of the system passes through any assigued point, and there is of
course no envelope. Examples of this are furnished by the parallel
lines

My =0, cccc. veveririniiinininnn. 3)
and by the concentric circles
i A YPP=A . e e e (4)
If (1) be a quadratic in a, say
Pa2+2Qa+ R=0, ..cccocevvirennnn.., (5)
where P, @, R are given functions of x# and y, the condition for
equal roots is
PR=@ ... cvivs s (6)

This is therefore the equation of the envelope.

Ez. 1. If the straight line

2. Y%

G TE=Y e (7)
include with the coordinate axes a triangle of constant area %% we have
’ afsmo=2k, ..., (8)

where o is the inclination of the axes. Hence, eliminating B, the
equation of the variable line 18 found to be

alysinw— 2ak® + 2P =0. ..o 9)

Expressing that this quadratic in a has equal roots, we find for the
envelope

2zysmo=Kk,. .. ....... .. (10)
as in Art. 138, Ex. 2.
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Ez. 2. One leg of a right angle passes through a fixed point, and
the vertex describes a fixed straight line, to find the envelope of the
other leg.

If the fixed straight line be the axis of y, and the fixed point be at
(a, 0), the equation of the second leg 1s easily seen to be

a
y=mw+ _, . .. (1D

where m is the tangent of the inclination to the axis of @. Writing
the equation in the form
miw—-my+a=0, ... ........ .. (12)

we see that the envelope 1s the parabola
y'=4dax. ..... v e (13)

141. Contact-Property of Envelopes.

The examples already given will have prepared the student
for the following theorem :

The envelope of a system of curves touches (in general) at
each of its points the corresponding curve ot the system.

The equations ¢y, a)=0,.. ... ... ... ... €))
0
and 5 bz, y,0)=0,. . ... (2)
determine «, y as functions of a, say
e=F(a), y=7(a), ceeeerreriaran.. .(3)

and the latter pair of equations dcfine the envelope. If we
substitute from (3) on the left-hand side of (1) we obtain a function
of a which must vanish identically, and the result of differentiating
this function with respect to a must also be zero. Hence, by the
rule of Art. 59, 1°, we must have

opdr opdy opda

a—wg&-i-—a?/'da 5—&%—-0, .................. (4)
which reduces, 1n virtue of (2), to
opdx  0pdy
ﬁdz'}-é“g -('1&—-0, .................... (5)
dy
da oz
or Zi-.’; = — 5-; D T T T (6)
do oy

Now, by Art 61, the left-hand side of this equality is the value of
dy/dx for the envelope ; and the right-hand side 1s, by Art. 59 (10),
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the value of dy/dz for the curve (1). Hence at the point of
ultimate intersection the curve (1) and the envelope have a
common tangent line.

* The geometrical basis of the theorem may be indicated as follows

Let the figure represent portions of two curves of the system,
corresponding to values a,, a, of the parameter a, and intersecting

Fig. 115.

in P. Let P, and P; be the cotresponding points on the envelope,
viz. P, is the hmiting position of P when, a, being fixed, a, 1s taken
infimtely nearly equal to a,; and P, is the iimting position of 2> when,
a, being fixed, o, 1s taken infimtely nearly equal to a; Since these
variations of a are in opposite senses, and sice the coordinates of P
are as a rule symmetric functions of a,, a;, the corresponding displace-
ments of P, viz. PP, and PP;, will in general, when |a; —a,| is very
small, be 1n nearly opposite directions, and P,PP, will be a very obtuse-
angled triangle. Hence, ultimately, when |a; — a,| 18 infinitely sinall,
the chords £, P, and PP will comncide in direction, 4.e the tangent to
the envelope 1s identical with the tangent to the variable curve.

The foregoing investigations break down in certain cases. As
regards the analytical proof, it is plain that no inference can be drawn
from (5) whenever at the point 1n question we have

ab o

P =0, 5 =0, cieverieiiinennnennnnnnnnd(7)
simultaneously ; ¢.e. when the value of dy/dx for the curve (1) is not
uniquely determinate. This peculiarity occurs at a ¢singular point,’
whether it be of the nature of a node, a cusp, or an isolated point (see
Art. 119). It appears that the locus of the singular points of the
given family, when such a locus exists, is included 1n the result of
eliminating a between (1) and (2), but this locus does not in general
‘touch’ the given cuives, in any proper sense of the word. The full
investigation of thigs matter 18 beyond our limits*, but a simple example
may be given. Consider the family

a(y—a) - (x+6b). ... ... verennn(8)

* It is given in books on Differential Equations, under the head of ¢ Singular
Solutions,’
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Tt appears from Art. 119 that there 18 a node, a cusp, or an isolated
point at (0, a), according as b is positive, zero, or negative. The
process for finding the envelope gives y — a = 0 and therefore

2 (24 B) = 0. everrerereris e, (9)

The line 2 =0 gives the locus of the singular points, and does not touch
the original curves; the line @ =—& on the other hand does so (unless
b=0).

In the geometrical view of the matter 1t was assumed that there is
no other intersection of the cuives a,, a, 1n the immediate neighbour-
hood of P In the case of a node we have usually two adjacent inter-
sections, whose z-coordinates (for instance) aie of the forms f(a,, a;)
and f (a;, a,), respectively , but f (ag, a;) 18 not a symmetric function of
a,, 0;. The argument does not therefore apply to the node-locus
Again, in the case of a cusp the displacement of the point P in
Tig. 115, due to an infinitesimal variation of a, or a,, 18 found not to
be of the first order; and the points P,, P, are as a rule on the same
side of . In the neighbourhood of an isolated point there 1s no real
ntersection of consecutive curves.

142. Evolutes.

The ‘evolute’ of a curve is the locus of its centre of curvature.
Since the centre of curvature is (Art. 133) the intersection of two
consecutive normals, the evolute 1s also the envelope of the normals
to the given curve. Hence the normals to the original curve are
tangents to the evolute*.

Ex. 1. In the parabola

Y=dax, ... ... (1)

we have x=acot®y, y=2acoty, . (2)
and (by Art. 134, Ex. 4)

p=-2a/s:m® . cee (3)

The coordinates of the centre of curvature are theirefore

f=”‘PS‘“¢=3‘”+2“’}. ............. (%)
n=Y+pcosy =—ylda’
Hence 7° = y%/16a* = 4a’fa = ¢ (¢ — 2a)'/a.
The evolute is therefore the semi-cubical parabola
aP =gy (e—2a) ... L. L L (5)

Otherwise : it 15 shewn in books on Conics that the equation of the
normal 18 of the form

y=m(x—2a) —am?. .. N ()

* It being evident that the exceptional cases noted at the end of A1t. 141 cannot
present themselves in the envelope of a straight line.
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To find the envelope of this we differentiate partially with respect to m,
and obtain
x—2a=3am y=2am® ........ccovinn (M

The elimination of m leads again to the result (5).

The curve 18 shewn 1n Fig. 116.

G
Fig. 116.
Ez, 2. The normal at any point of the ellipse
z=acos ¢, y="bsing ch eeeeienen (8)
. ax by . .
is cos¢_§ﬁ—$—a_b' ............... 9)
Differentiating with respect to ¢ we find
ax by
oFh - e A 8AY. el (10)
Substituting in (9), we have
A=a®—b% ... o (11)

Hence the coordinates of the centre of curvature are

a? - b? 2 p?

x= cos’ep, y=-— q’-—-b»—~b~ side; ... ... (12,
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and the evolute is
(@)t + Gyl =@ - ). oo (13)

This curve, which may be obtained by orthogonal projection from the
astroid, 18 shewn 1n Fig. 117

The centres of curvature at the points 4, B, 4, B’ are K, I, I', F',
respectively.

B

]

Bl
Fig. 117,

Ex. 3. To find the evolute of a cycloid.

At any point P on the cycloid 42D (Fig. 118), we have, by Art. 134,
Ex. 2,
p=2PI. ... v e (14)

Let the axis 4B be produced to D’, so that BD'= 4B ; and produce
7T to meet a parallel to BI, drawn through D', in Z’. If a circle be
described on /' as diameter, and PJ be produced to meet its circum-
ference in P’, we have P’ = PI, so that P’ 1s the centre of curvature
of the cycloid at P. And since the arc P/’ 1s equal to the arc 7'P, and
therefore to BI or D’I’, the locus of P’ 1s evidently the cycloid generated
by the circle ZP'I’, supposed to roll on the under side of D'’ the tracing
point starting from D’. That 1s, the evolute 18 a cycloid equal to the
original cycloid, and having a cusp at D’.

It appears, further, from Art. 122 (4), that the cycloidal arc P’D 1s
equal to 212’, or P'P. Hence

arc D'P’+ P'P=const. ......... ......... (15) .

The lower cycloid in Fig. 118 is therefore an ‘involute’ (Art. 144) of
the upper one*.

* This example is interesting historically 1n connection with the theory of the
cyoloidal pendulum. The results are due to Huyghens (1678).
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Whenever a curve is defined by a relation between p and 4,

say
P=F(P)cve i (16)
the evolute is given by p=7"(¥), ... . ccoiverr it a7

7]

DI

A T
Fig 118.
provided that in (17) the origin of 4» be supposed moved forwards
through a right angle. This 1s seen at once on reference to ¥ig. 108,
p- 338, since O U, the perpendicular from the origin on the tangent
to the evolute, is equal to PZ, or dp/dyr, when the symbols refer
to the original curve.

Ezx. 4. To find the evolute of an epi- or hypo-cycloid.

If mn Fig. 81, p. 297, a perpendicular p be drawn from O to 7'P, the
tangent to the epicycloid at P, we have

=0T cos PIC = (a+ 2b) cos 1 ¢,

a
or p=(a+ 2b) ©08 —— oy Yoo v viene e . (18)

If the origin of y correspond to a cusp instead of to a vertex, the cosine
of the angle must be replaced by the sine.

Hence, tor the evolute, we have

.a
p=—asmmbt[/, cier seererasecessasens (19)
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which can be brought to the same form as (18) by an adjustment of the
origin of ¢ The evolute is therefore a similar epicycloid 1n which the
dimensions are reduced in the ratio a/(a + 2b).

For a hypocycloid we have merely to change the sign of 5%,

143. Arc of an Evolute.

The difference of the radii of curvature at any two points of a
curve is equal to the arc between the corresponding points of the
evolute.

To prove this, let the normals at two neighbouring points P,,
P, of the curve meet 1n C, and let C,, €, be the corresponding
centres of curvature. By Art. 141, C,CC, is in general an obtuse-
angled triangle; and when P,, I’; are taken infimtely close to one
another, C,C + CC, is ultimately in a ratio of equality to C,C,.

Also since the distance from C of a variable point on the curve
18 stationary at P, the difference between O, and CP, is ultimately
of the second order of small quantities, and may theiefore be neg-
lected. Hence
C,\P,—C,P,=(,C+ CC,=(,C,.

\"oi\ Co

c d P

Fig. 119.
It follows that if p be the radius of curvature of the original curve,
and o the arc of the evolute, we have 8p = 8a, ultunately, or

dp

Go=Ll e (D

Hence, integrating, p=oc+C, ..o (2)
where C 18 an arbitrary constant depending on the origin of
measurement of o.
Otherwise: by differentiation of the equations
E=w—psiny, P=Y+PpCOSY .iviiiiireinninend(3)
* It appears on examination that the equation
p=ccosmy, Or p=csinmy,

represents an epi- or a hypo-cycloid according as m 3 1, provided we include the
pericycloids among the epicycloids, in accordance with the definition of Art. 123.
The pedal of an epi- or a hypo-cycloid with 1espect to 1ts centre 18 therefore an
epicyolic of the special type referred to 1n A1t. 125, Ex 2. 'I'hus Fig. 92 1epresents the
pedal of a four-cusped epicycloid, and Fig. 94 that of a four-cusped hypocycloid.

L L O 23
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of Art. 133, we find, since
dx/ds=cosy, dy/ds=siny, dy/ds=1/p,

d¢ _ dp . dyg _dp
ﬁ——ggsmdt, d—s'—-EEOOSl//. ................ (4)
dn
Hence js——cotg!/, ............ v e (D)

which shews that the tangent to the evolute is normal to the original

curve, and
%‘_‘fz\/{(gg +(§3)}=3§’ .............. (6)

which gives on integration the result (2).

For the case of the cycloid, this property has been already obtained
in Art. 142 (15).

A curious consequence of the above theorem is that the circles
of curvature of adjacent points on a curve do not in general inter-
sect. For the distance between the centres is a chord of the evolute,
and is therefore in general less than the corresponding arc, we. less
than the difference of the rad.

Again, 1if the intrinsic equation of a curve be

S=F(P) erer i e, )
we have o=p+C=f"(P)+0C. .ooiiiiiiinns (8)
If we alter the origin of 4 by a right angle, this is the itrinsic
equation of the evolute. The additive constant may be omitted if
we adjust the origin of o.

Ex. 1. The radu of curvature of an ellipse of semi-axes a, b, at the
extremities of these axes, are b*/a and a?/b, respectively. Hence the
length of any one of the four portions into which the evolute 1s divided
(see Fig. 117) by its cusps 1s

a?/b - b%a or (a®— b%)/ab.
Ex. 2. The intrinsic equation of the cycloid being
s=ksiny, ...... . e e e 9)
that of the evolute is o=kcosy. .. L (10)

The evolute 1s therefore an equal cycloid, as already proved.

144. Involutes, and Parallel Curves.

If a curve 4 be the evolute of a curve B, then B is said to be
an ‘1nvolute’ of 4

We say an involute because any given curve has an infinity of
involutes To obtain an involute we take any fixed point O on the
curve, and along the tangent at a variable point P measure off a
length PQ 1 the direction from O, so that

arc OP + PQ =const. ...cevevvneniiinnens 1)
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It is easily shewn, by an inversion of the argument of Art. 143,
that the tangents to the given curve are normals to the locus of @,
so that this locus fulfils the above definition of an involute. And,
by varying the ‘ constant, we obtain a series of mvolutes of the
same curve.

As a concrete example we may imagine a string to be wound on a
material arc of the given shape, being attached to a fixed point on 1t.
The curve traced out by any point on the free portion of the string will
be an mvolute. This 1s in fact the origin of the term

Ex. 1. The tractrix is an involute of the catenary ; see Art. 120,

Ex. 2. In an involute of a circle of radius a we have, evidently,

ds
(_j\l; =p= al}/, © o secsecsssse sesecesecese (2)
if the origin of ¢ be properly chosen. Hence, integrating,
s=Llay? (3)

no additive constant being required, if 8 be measured from the cusp
(¥=0).

In this particular case (of the circle) it is evident that all the invo-
lutes are 1dentically equal It 1s therefore customary to speak of the
mvolute of a circle The curve is shewn in Fig 120

Fig 120
If a constant length be measured along the normal to a given
curve, from the curve, the locus of the pomnt thus determined is
called a ‘ parallel’ to the given curve,
23—2
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If CP, CP’ be two consecutive normals to the given curve, and

(o] P Q
Fig. 121.

Q, @’ the corresponding points of a parallel curve, we have
PQ=P'Q.

Since the difference between CP and CP’ is of the second order of

small quantities, it follows that the same holds of the difference

between CQ and CQ’, and thence that the angles at @ and Q' n

the triangle CQQ' are ultimately right angles. Hence CQ, CQ’ are
normals to the parallel curve.

Hence two parallel curves have the same normals, and there-
fore the same evolute, in other words, parallel curves are mvolutes
of the same curve.

Conversely, it is evident that the various involutes of any curve
are a system of parallel curves.

145. Instantaneous Centre of a Moving Figure.

The theory of the displacements, 1n 1ts own plane, of a figure
of invariable form, though belonging properly to Kinematics, has
some 1nteresting geometrical applications.

The first proposition of the theory 1s that any such displacement
is equivalent to a rotation about some finite or infinitely distant
point.

The following is a proof. If 4, B be any two points of the figure
m its first position, and 4’y B’ the
same points in the second position, e ——
the new position P’ of any third
point originally at P is found by
constructing the triangle A4'P'5H’
congruent with APB. Hence the p
positions of fwo points are sufficient
to determine the position of the
moveable figure

R

Now, considering any point what-
ever of the figure, let P be 1ts 1imtial
and @ its final position, and let B
be the final position of that point of
the figure which was originally at ¢.
Since @ and Q& are two positions of the same line, they are equal
Hence 1f 7 be the centre of the circle PQR, the triangles PIR, QIR ar«
congruent, that is, I repiesents the same point in the two positions

I
Fig. 122,
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The displacement is therefore equivalent to a rotation about I. This
point is called the ¢centre of rotation’

It may happen that 7Q, QR are in a straight line. The displace-
ment is then equivalent to a translation of the figure, without rotation ;
or, we may say, the centre of rotation is at infinity.

Next, considering any continuous motion of a plane figure in
its own plane, let us fix our attention on two consecutive positions.
The figure may be brought from the first of these to the second by
a rotation about the proper centre. The limiting position of this
point, when the two positions are taken infinitely close to one
another, is called the ‘ instantaneous centre.’

If P, P’ be consecutive positions of any the same point of the
figure, and 8@ the corresponding angle of rotation, the centre of
rotation () is on the line bisecting PP’ at right angles, and the
angle PIP’is equal to 86. Hence, ultimately, the 1nfinitesimal
displacement of any point P at a finite distance from I is at right
angles to P and equal to IP. &6

If we introduce the consideration of time, and denote by 8¢ the
interval that elapses between the two positions, the limiting value
of 86/dt, viz. df/dt, is called the ‘angular velocity’ of the figure.
The velocity of that point of the figure which coincides with the
instantaneous centre [ 18 zero, that of any other point P is at 11ght
angles to 1P, and equal to IP.d0/dt

The fact that in any motion of a plane figure (of invariable
form) the normals to the paths of the vaiious points all pass through
the instantaneous centre is often useful in geometrical questions.
If we know the directions of displacement of two points of the
figure, the instantaneous centre 1s determined as the intersec-
tion of the normals at these points to the respective directions.
We can thence assign the directions, and relative magnitudes,
of the displacements of all other points.

Agan, considering any line (straight or curved) in the moving
figure, 1t is evident that the point or points of ultimate 1ntersection
of this line with a consecutive position are the feet of the normals
drawn to 1t from the instantaneous centre. For any other point
of ** ~ line is moving in a direction making a finite angle with it.

Ex. 1. The extremities of a straight line AB of constant length
describe two straight lines OX, OY at right angles to one another.

It 1s known that any point £ of the line describes an clhipse whose
principal axes are along OX, OY. The above theorem now gives us
a construction for the normal to this ellipse at P, viz. if we draw
AI, BI perpendicular to OX, OY, respectively, [ is the instantaneous
centre, and /P the required normal. See Fig. 123.
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Ex. 2. In the preceding Example, the point of ultimate inter-
section of the moving line 4B with a consecutive position 1s at the

Y

B ! Y
B —!
b4
\
5 \
\
‘o A X
b

g 124,

foot Z (Fig. 124) of the perpendicular from the instantaneous centre
I. Now f
AB=k, L OAB=¢,

the coordinates of Z are given by

a::BZcos¢=BIcos’¢>=kcoss¢,} ()
y=AZsin p=A1sin? ¢ =k sin®¢, '
and the envelope of 4B is therefore the astroid

at+gt=ad T, (2)

Cf. Art. 124, Ex. 4.
Y

Fig. 125.



145~146 | CURVATURE 359

Ex.3. An arm O revolves about one extremity O with angular
velocity w; & bar 13 hinged to it at @ and is constrained to pass always
through a fixed point C'; it is required to find the velocity of this bar

I

Fig. 126.

in the direction of its length. (The arrangement is that of the crank
and piston rod of a steam-engine with oscillating cylinder, the point
C bemg on the pivot-lhine of the cylinder.)

The instantaneous centre 1s at the intersection of 0@ produced with
the perpendicular to the piston rod at C. Hence, if O be the per-
pendicular from O on C@, produced if necessary, the velocity of the
point of the rod which coincides with € 1s

10 oN

w.OQxKZ:w.OQxaQ

=w.0N., i 3)

146. Application to Rolling Curves.

Suppose that we have two plane figures, each of invariable
form, and that a curve fixed in one rolls, without shiding, on a curve
fixed in the other. Any point of either figure will then describe
a curve relatively to the other, a curve so desciibed is called a
‘roulette.’

The cases where the rolling curves are circles have been con-
sidered in Arts. 122—124.

The general theory of roulettes is of some importance in Geo-
metry and 1 Kinematics, owing to the fact that any continuous
motion whatever of a figure in 1ts own plane may be regarded as
consisting in the rolling of a certain curve fixed relatively to the
figure on a certain curve fixed in the plane. See Art. 149.

When one plane curve rolls upon another, which is regarded as
fixed, the instantaneous centre 1s at the point of contact.
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We will suppose, in the figure, that 1t 18 the lower curve
which is fixed. Let 4 be the point of contact,
and let equal infinitely small arcs AP, AP’
(= 8s,say) be measured off along the two curves.
Let the normals at P and P’ meet the common
normal at 4 1 the points O and O'. Then
ultimately we have

O4A=R, OA=R/,

P’
where R, R’ are the radu of curvature of the %-&
two curves at A. After an infinitely small
displacement, P’O’ will come 1mto the same
straight line with OP, the two curves being
then 1n contact at P. Hence the angle (66)
through which the rolling curve will turn,
being equal to the acute angle between OP
and P’0’,1s equal to the sum of the angles at
O and 0’, so that

(o1}

ds &s
86=R+],’ ............ (1)

o

ultimately. Again, the chords AP, AP’ are Fig 127.

ultimately equal, and they include an infinitely small angle at 4.
Hence the distance PP’ 1s ultimately of the second orderin 8s 1t
follows that when &8s is indefimitely diminished the imiting position
of the centre of rotation (/) coincides with A, for 1f it were at a
finite distance from this point, the displacement of P’, being equal
to IP’. 86, by Art 145, would be of the first order in 3s.

It follows that when a curve rolls upon a fixed curve, the normals
to the paths of all points connected with the moving curve pass
through the point of contact. We have already had instances of
this result in the cycloidal and trochoidal curves discussed 1n
Arts.122,123. Again ifa straight
line roll on a curve, it is normal a
to the path traced out by any of
its points (Art. 144,).

"Further, if we consider any
line (straight or curved) which 1s
carried with the rolling curve, the
points of ultimate 1ntersection
of the carried curve with 1ts con-
secutive position are the feet of __.
the normals drawn to 1t from the
point of contact. And the en-

Fig. 128.
velope of the carried line 18 the locus of these feet.
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Fx. 1. If a circle roll on a fixed straight line, any diameter
envelopes a cycloid.

Let C be the centre of the rolling circle, 7 the point of contact, 7Z the
perpendicular on the diameter ’Q. Since Z 13 on the circle whose
diameter1s C/,1t is easily seen that if this circle be supposed to roll always
with twice the angular velocity of the large circle, it will always have
the same point of contact with the fixed line, and the point Z will

move as if it were carried by the small circle. Its locus is therefore a
cycloid.

Ez. 2. Similarly if a circle (4) roll on a fixed circle (B), the envelope
of any diameter of 4 isan ep1- or hypo-cycloid which would be generated
by the rolling of a circle of half the size of 4 on the circumference of B.

147. Curvature of a Point-Roulette.

To investigate the curvature of the path of any point P fizxed
relatively to the rolling curve, let I be the point of contact, and
let I’ be a consecutive point of contact, P’ the corresponding
position of P. Since the displacement of the point of the rolling
curve which comes to /’ is of the second order of small quantities,
the angle through which the figure has turned is

80 =2 PI'P', .. .. cccvereeenn .. (1)

altimately. Let the normals to the path of I, viz. PI and P’I’, be

produced to meet 1n C. If 8y be the inclination of these normals
we have

_ , _Oscos¢
Sy=cIor =270, (2)

8¢

g 129
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if ¢ be the angle which IP makes with the normal at Z. Also,
from the figure

Nr=2PI'P — £ IPI'

_ 3s cos ¢

=% =31

_ 1 1  cosd
—SS(R'FR";—'TI—), ............... (3)

by Art. 146 (1),if R and R’ be the radn of cuivature of the fixed
and rolling curves. Equating (2) and (3), we find

1 1 1 1
COS¢<(—)7+I_—P)=T%+FZ7' ............... (4)
This gives the limiting position of C,1.e. the centre of curvature of
the path of P. The radius of curvature (p) is then found from
p=CP=CIl+1IP. ...ccccceervr venns (5)

The result contained in (4) and (5) may be put in a simple
geometrical form as follows. On the normal

at I mark off a length 7H such that B
1 1 1
TH™R + R e (6)

and describe a circle on 711 as diameter.
Let IP meet this circle in Q. We have
then

Lol (Ll
70" THesg \RTR)5®
and the relation (4) takes the form
1 1 1

UI‘-‘*“W = :[Ql ceennes .(7)
This shews that if £ coincide with @, €/ 1s infinite ; 7.e any point
of the moving figure which lies on the circle just defined is at a
point of inflexion of its path. For this reason, the circle in question
1s called the ‘circle of inflexions.’

From (7) and (5) we find

IP. 1 Ip?
CI=_~QITQ,’ p=~Q'lj. .................. (8)

The latter result shews that p changes sign with QP ; that is, the
paths of the various points of the moving figure are concave or
convex to Z, according to the side of the circle of inflexions on which
they lie. In the standard case represented in the figures, the paths
are concave or convex according as P is outside or inside the circle.

Fig 130.
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An example is furnished by the trochoidal curves figured on
p- 296. The circle of inflexions has in this case half the size of the
rolling circle.

We have taken as our standard case that in which the two
curves are convex to one another, as in Figs 127, 129. Any other
case may be included by giving proper signs to K and R’.

The preceding theory has an application to the problem of ¢rocking
stones’ in Statics. When one rough body rests on another, with a
single point of contact, its centre of gravity must be vertically above
this point. And for stability of equilibrium 1t is necessary that the path
of the centre of gravity, in any possible rolling displacement, should be
concave upwards.

Ex. 1. In the cycloid, if a be the radius of the generating circle,
we have

R=w, R'=a, IP=2acose. ... . ........ 9)
Substituting in (4), we find
Cl=2acosp=171P, ... . . (10)
and therefore p=2IP. ..... (11)
Ez. 2. In the epicycloid (Art. 123) we have
R=a, R'=b IP=2bcoso, . v (12)
_ 2ab a 5
whence cI =908 = TG Ip, . (13)
_ 2 (a+0)
=2 IP. . veee . (14)

We note that if b=— la, we have p=o0, cf. Art. 124, Ex, 2,

148, Curvature of a Line-Roulette.

The curvature of a line-roulette,
t.e. of the envelope of a straight line
carried by the rolling curve, can be
found still more simply. The perpen-
diculars IZ, I'Z’ let fall on two con-
secutive positions of the line, from the
corresponding positions (in space) of the
instantaneous centre, are normals to the
envclope,and the angle which they make
with one another at their intersection
((") 1s equal to the angle of rotation 86. %
Hence if ¢ be the angle which /Z makes ™. .
with the normal to the rolling curve at B ’
1, and II' = 38s, we have ultimately

dscos p=CI.36. ......(1) Fig. 131,
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Hence, substituting the value of 60 from Art. 146 (1), we have

cosp 1 1
0L =BT e (2)
The radius of curvature of the envelope is then given by
p=CI+1Z. .......c....eveni.n. 3)

If, along the normal to the rolling curve at 1, buv 1n the direction
opposite to that chosen in the preceding Art., we measure off a
length IK such that

1 1 1

2-7*(=R+R—,, ........................ (4)

and describe a circle on this line as diameter, 1t appears from (2)
that C lies on this circle ; in other words, the locus of the centres
of curvature of all line-roulettes, 11 any given position of the rolling
curve, is a circle. Also, when the carricd hine passes through X,
Z coincides with C, and O is a ‘stationary point’ (Art. 133) on the
envelope. The aforesaid circle is theiefore called the ‘circle of
cusps.

Fz. 1. Regarding a cycloid as the envelope of the diameter of a
circle which rolls on a fixed stiaight line (Art. 146, lix. 1), we infer that
the radius of curvature 1s double the normal.

Ex. 2 If an epicycloid be generated as the envelope of the diameter
of a circle rolling on a fixed circle, then, to conform with the notation
of Art, 123, we must wiite £ =a, R’ = 2b, and therefore, from (2),

b

2a
CIl= o TR b=

in agreement with Art. 147, Ex. 2.

a
a+2b 1z,

149. Continuous Motion of a Figure in its own Plane.

Consider any continuous series of positions of a plane figure
moveable 1n its own plane. The instantaneous centre will have a
certain locus in space, and also a certain locus 1 the figure. The
curves so defined are called ¢ centrodes’; the former is distinguished
as the ‘space-centrode,’ and the latter as the ¢ body-centrode.” The
theorem referred to in Art. 146 1s that the given motion of the
figure can be represented as due to the rolling of the body-centrode,
without slipping, on the space-centrode.

Considering any given position of the figure, let I be the
instantaneous centre, and let I’, J' be adjacent corresponding
ponts on the body-centrode and space-centrode, respectively. Let
80 be the angle through which the body turns as the instantaneous
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centre is transferred from 7 to J'. We have then, ultimately, by

Art. 145,
IrV=1J', and I'J' =11" 86.

The angle I'1J" therefore ultimately vanishes. The tangent lines
to the two loc1 at I therefore coincide, and corresponding clementary
arcs of the two curves are in a ratio of equality

Ex. A straightline 4B of constant length moves with 1ts extremities
on two fixed straight lines OX, OY.

—

Fig. 132.

The instantaneous centre / 1s at the intersection of perpendiculars
to OX, OY at the points 4, B respectively. The points 4, B lie on the
circle described on OI as diameter, and since in this circle the chord
4 B, of given length, subtends a constant angle 4 (3.5 at the circunference,
the diameter 1s determinate Hence the space-locus of [ is a circle with
centre 0. Again, since the angle 475 1s constant, the locus of [ relative
to AB is a circle whose diameter 1s equal to the constant value of 07
Hence the motion is equivalent to the rolling of a circle on the inside
of a fixed circle of twice its s1ze  This kind of motion has been con-
sidered 1n Art 124, Ex 2, and 1t has been shewn that any point P fixed
relatively to 4B will describe an ellipse, which 1n certain cases, viz. when
P is on the circumference of the rolling circle, degenerates into a straight
hne.

150. Double Generation of Epicyclics as Roulettes.

As a further example we return to the mechanical method of
compounding uniform circular motions, by means of a jointed
parallelogram OQPQ’, referred to in Art. 125.

We will suppose for defimteness that the angular velocities n,
7/, of the bars 0@, OQ’, have the same sign.

'The mstantaneous centre (/) of the bar QP will be a point in
QO such that
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For the velocity of any point ngidly attached to QP will be made
up of a translation n. OQ) at right angles to 0@, and a rotation with
angular velocity »’ relatively to Q. Hence under the above con-
dition the velocity of the point attached to QP which at the 1nstant
under consideration is at 1 will be zero The two centrodes for the
motion of the bar QP are therefore the circles described, with O
and @ as centres, to pass through 1.

Fig. 133.

For a similar reason, the imstantaneous centre (Z’) of the bar
Q'P will be a pownt i Q’O, such that

. QI =n".00Q . coeeeeririiiiiin, (2)*

Hence, for the motion of the bar Q'P, the two centrodes are the
circles described, with O and Q' as centres, to pass through I,

Since P is a point on each of the bars QP, Q'P, we see that any
direct epicyclic can be described in two ways as an epitrochoid.

In the particular case where QP = @I, 1t follows from (1) and
(2) that

QP:0Q=QI:0Q=n:7n"=0Q:Q'I'=QP:Q'I,
whence QP=0Q=Q'I.
The path of P is in this case an epicycloid, and we learn that any
epicycloid can be generated 1mn two ways, viz. by the rolling of

erther of two determinate circles on the outside of the same fixed
circlet. See Fig. 134.

* The figure corresponds to the case of n'>n. If n’<mn, I will he n QO produced,
and I’ between @’ and O.
+ This proposition is due to Euler (1781).
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As an instance, we have the double generation of the cardioid
explained in Art. 124, Exs. 1, 8.

———

Fig 134.

The case where the angular velocities n, n’ have opposite signs
may be left to the reader to examine. It will appear that any
retrograde epicyclic can be generated in two distinct ways as a
hypotrochoid. And, mn particular, any hypocycloid can be generated
in two ways by the rolling of either ot two determinate circles on
the 1nside of the same tixed circle.

EXAMPLES. XLVI.
(Curvature.)

1. Prove that the circle is the only curve whose curvature is
constant

2. Prove that the coordinates of the centre of curvature at any
point (x, y) of a curve can be expressed in the forms
dy dx
@ Yy
3. Prove that the intrinsic equation of an equiangular spiral is of
the form

&

8= aedcobe,
4. Piove that the intrinsic equation of the tractrix may be written
s =a log cosec .

Prove that the curvature varies as the normal.
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§. By ditferentiation of the formule

dx d )
75 = ©os Y, (—Z%/=81n Y,
1 d% [dy Py ldx
prove that o= d 7é}_ﬁa_/{%,
1 dPe\?  fdPy\?
and ;)7&—(@ +(J;; .

6. 1If a curve be defined by the equations
w=1(), y=/()
1 _ a—;‘l?/lf — ?//xll
P @ ey

where the accents denote differentiations with respect to &

prove that

7. Apply the preceding formula to the cases of the ellipse

x = a cos ¢, y = b s1n ¢,
and the hyperbola
z=acoshu, y=>bsinhu.

8. Shew how to express the coordinates x, % of a point on a curve,
whose Cartesian equation is given, 1n terms of the inclination (y) of
the tangent, and prove that

dxe\® /dy\?
=)+ @)
9. Prove that the curve whose intrinsic equation is
s=ksiny
is a cycloid. (Use the method of Art. 120 (3).)
10. Gaven that in the ‘catenary of equal strength’
p=ksecy,

where ¢ is the inclination to the horizontal, prove that if the origin be

at the lowest point
x=ky, y=~rlogsecy,

the axes of @ and » being horizontal and vertical.
11. Gaven that the 1ntrinsic equation of a curve 18
s=ksin®y,
deduce the Cartesian equation
ab syt = (30
12. If p = u?/y, prove that
y* = C —2a? cos .
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13. Find the curve whose intrinsic equation is
8=a sec® . [ag? = $+.]
14. 1If the coordinates «, y of a point on a curve be given functions

of ¢, prove that
P _ d—g—scos _Ldey i
ap = ap°®v—; %) sy,

iy  d% 1 rds\?
-d—tg= (—i-t—2‘81nlll+; (a) COSlp,
and give the kinematical interpretation of these results,

Hence shew that
1 dx\?  (dPN\?  /d\? ds\*
a=1G) + (@) - @) - @)

15. Prove that, in the astroid

z=acos®l, y=asin®o,
‘l/ == 0’

and thence shew that
p=3asmfcosb.

16. If c=at? y=12at,
the coordinates of the centre of curvature are
a(2+363), —2af
17. Prove from the Cartesian formula of Art. 135 (2) that in the
rectangular hyperbola xy = &*
(@ + )t
p= 243
18. Also that, in the ellipse
w?
s =
_ (a®— ee:z:z)'si
- ab *
19. Also that, in the hyperbola
2
x? oy -1,

@ B
B (ezm'z —_ a.’)*
==
20. Also that, in the parabola 3* = 4ax,
_2(a+ )

ab

.

P
24
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2l. Also that, 1n the semi-cubical parabola ay* =,
_(4a+9x)t 2P
p= [ 7
22. Also that, in the cubical parabola a’y = a?,

p= (;i; <1 +9 37:) .
23. Also that, in the astroid
a¥ +yt=al,
p=—3 (axy)*.
24. Shew by differentiating the expression
(@= &)+ (@y—n)’
for the square of the distance of a variable point (x, y) of a curve

from a fixed point (¢, 9) that when this distance 1s stationary the point
(x, y) must be at the foot of a normal from (¢, 5) to the curve

Also that the distance 1s then a wminmum or maximum according
as the point (§, ») 18 nearer to or further from the curve than the
centre of curvature

25. 1f a curve be transformed by the substitution

« =ax, y' =Ly,
the curvature at any point 1s altered in the ratio
aB
(a® cos?® ¢ + 32 sin? \D)* ’
where ¢ is the inclination of the original curve to the axis of .
26. Prove that

dp  3pg*—(1+ p)r

ds q* ’
where p=dy/dx, q=d%/de® r=d%/da>
27 The curvature at any pomnt of an ellipse 1s
@ cos 3¢
!

where 7, 7' are the focal distances, and ¢ is the angle between them.
28. In the rectangular hyperbola 1 cos 26 — a?,
p=1ar
29. In the lemniscate 72 = a? cos 26,
p =a¥3r.



EXAMPLES 371

30. In the curve r™ = a™ cos m#f,
7.‘2 a™
P=tm+Dp (m+ 1) #m—1°

31, Apply the formula p = rdr/dp to find the radius of curvature
at any point of an epicycloid. (See Ex. 26, p. 330)

Examine the case of the involute of a circle.

32. If the equation of a curve be given 1n the form r=/f(p), the
chord of curvature through the pole 1s

dr
2p Tp .
Prove that the chord of curvature through the pole of a cardiwid is
1} times the radius vector.

83. Prove that the chord of curvature, thiough the pole, at any
point of the curve »™ = a™ cosmf is 2r/(m + 1).

34. Prove that the curvature of the pedal of a curve »=/(p) with
respect to the origin is

2 p

F A
where 7, p, p refer to the origmal curve.

35. Prove that the curvature at any point of the pedal of an
ellipse of semi-axes a, & with respect to the centre is equal to
3 a*+6®

r s

where 18 the radius vector of the corresponding point of the ellipse.

36. Prove the formula

L (L dn gy,
;—{1—'-; ds ds? | - (ds)} 4
and apply it to deduce the conclusions of Ex. 24.

37. Prove that in polar coordinates the condition for a stationary

tangent 18
dm+u—0
d6* o

where u =1/,

38. From the formula

L, 1dr
Y=0+¢=0+cot I:I:(_[é

24—2
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deduce the formula for curvature in polar coordinates :

L dmen (G} o G

Pu >;{1 (1 du)?*
(E@E “)7rvt\aae }

39. With the same notation, prove that the chord of curvature
through the origin is

1 du\2 Pu
2{1+(a;z5>}‘ )

EXAMPLES. XLVIIL

I

where w = 1/r.

(Newton’s Method.)

1. The radius of curvature of the curve
ay* = (= a) (- B)
at the point (e, 0) is (a — 8)*/2a.

2. Prove by Newton’s method that the radius of curvature at
the vertex of the catenary
9y = a cosh x/a
is equal to a.

8. The radius of curvature of the curve

Y =d*(a+x)/x
at the point (- a, 0) is ia.

4, The radius of curvature of the ¢ witch?

Y= (e w)fo
at its vertex is la.

5. Find the radius of curvature of the curve

oyt = o (a — x)
at the point (a, 0).

6. Find the radius of curvature of the parabola
(x-y)?-2a(x+y)+at=0
at the points where it touches the coordinate axes.

7. Find the radius of curvature of the curve

y=4 smx—sin 2z
at the point a = 3. [2:795....]
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8. The length of the chord of curvature, parallel to the axis of y,
at the origin, 1n the parabola
wl
y = mx + E

is (1 + m?) a, and the equation of the circle of curvature is
2?+y'=(1+m)a(y— mx).
9. Find the curvature of the curve
y=mx +n (x— a) (x—b)
at the points (a, 0), (b, 0).
(1+ m’)% jl
4n (a —b)?’

10. Find the equation of the circle of curvature, at the origin, of
the conic

y = Aa? + 2Hxy + By?,
and prove that it meets the curve again on the line
(A-B)y=2Hx

11. If the polar equation of a curve be »=¢ (6), where ¢ (6) is an
even function of 8, the curvature at the point §=0 1s

$(0)~"(0)
{6 (O
13. Prove that in the meridian-curve (7* = a? cos 6) of the ‘solid ot

greatest attraction’ (see Ex. 19, p 329) the radu of curvature at the
extremities of the axis are co and Za, respectively.

13 Prove that the radius of curvature at either vertex of the
lemniscate 72 = a® cos 26 is }a
14. The radii of curvature of the trochoid
x=al+ksin®, y=a—kcosb
at the points where it 18 nearest to and furthest from the base are
(a x &)*/E.
15. Apply Newton’s method to shew that the radii of curvature
of the epicyclhic
T =a;co8 Mt + a; COS nyt, Y = a, SIn Nt + a, sin ng,
at the points nearest to and furthest from the centre, are
(ma, + "".'f_a)2
ONCERO N
Infer the condition that an epicyclic, at the points of nearest

approach to the centre, should be concave to the centre (as 1n the case
of the orbit of the Moon relative to the Sun),
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16. Find the radius of curvature at the point ¢ =0 on the Lissajous
curve
x=acosnt, y=>bsmn 2nt
Sketch the curve. [40%/a.]

17. If a curve be referred to polar coordinates r, 6, and if the
pole be on the curve, and the initial line be the tangent at the pole,
prove that the diameter of curvature at the pole=lim »/6.

Find the radius of curvature at the pole of the curve
7 = a cos mh.
18. If P be a point of a curve where the curvature, but not the
direction of the tangent, is discontinuous, and if ¢, R be neighbouring

points on opposite sides of P, prove that the curvature of the circle
PQR is ultimately equal to

mm
P1 P2

where p,, p, are the radii of curvature of the given curve on the two
sides of P, and m,, m, are the limiting values of the ratios PQ/QR
and PR/QR, respectively.

19. The acute angle which a chord PQ of a curve makes with the
tangent at P, when @ 18 taken infinitely close to 2, is ultimately equal
to 43s/p, where 8s is the arc P@Q and p 1s the radius of curvature at P.

20. Prove that if the tangents at the extremities of an infinitely
small arc PQ meet in 7', then 7P and 7'Q are ultimately in a ratio of
equality.

‘Why does it not follow that the line joining 7' to the middle point
of PQ will be ultimately perpendicular to Q%

21. Assuming that the radius of the circumcircle of a triangle
ABC is equal to }a/sin 4, shew that it follows from Ex. 19 that the
osculating circle coincides with the circle of curvature.

22. Prove that when the resultant force on a particle is 1n the
direction of motion the tangent to the path is ‘stationary.’

EXAMPLES. XLVIII

(Envelopes. Evolutes.)

1. The envelope of the parabolas
Y =4a (w -a),

where o is the parameter, i8 a pair of straight lines.

2. From any point P on the parabola y®=4ax perpendiculars
PM, PN are drawn to the coordinate axes. Find the envelope of the

hine 4N, [4* =~ 16ax.]
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8. Find the envelope of the line
zcosa+ysina=aseca;

and give the geometrical interpretation of the 1esult.

4. The envelope of the parabolas

ay’® = a® (x — a),
where a is the parameter, is the curve
ayt = o
5. Circles are described on the radii vectores of a curve as

diameters, prove geometrically that their envelope is the pedal of the
given curve with respect to the origin.

6. Find the envelope of the circles described on the focal radu of
a conic as diameters.

7. Chords of a circle are drawn through a fixed point on the
circumference, prove that the envelope of the circles described on
these chords as diameters is a cardioid

8 The envelope of the circles described on the central 1adu of a
rectangular hyperbola as diameters is a lemniscate of Bernoulli.

9. Prove that the envelope of the curves
Pcosa+@)sima= R,
where P, @, B are given functions of a, y, and ¢ 15 a variable paia-
meter, is
P2 Q? =Rz
10. Find the envelope of the circles
a? + 9% — 2ax cos a — 2ay sin a = ¢

and interpret the result.

11. Find the relation between » and « 1n order that the straight
line
xcosa+ysma=p
may cut the circles
(x—aP+y2=0" (z+a)+y2=c?
in chords of equal length. Prove that the envelope of the line, under
this condition, is a parabola

12 A system of ellipses of constant area have the same centre
and their axes coincident in direction, prove that the envelope consists
of two conjugate rectangular hyperbolas.

13. A straight line moves so that the product of the perpen-
diculars on it from the fixed points (+¢, 0) is constant (=&°), prove
that the envelope 1s the ellipse

o? y?
Fratu=b
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or the hyperbola
a? yﬁ
b B

1,

according as the two perpendiculars are on the samo or on opposite
sides of the variable hne

14. Circles are described on the double ordinates of the parabola
y* = 4ax as diameters ; prove that the envelope is the parabola
yi=4da(x+a).
15. Circles are described on the double ordinates of the ellipse
oyt
2 5=l
as diameters : prove that the envelope is the ellipse
a® y?
ArptEe
16. A straight line moves so that the sum of the squares of the
perpendiculars on 1t from the fixed points (+ ¢, 0) 18 constant (= 24%),

prove that the envelope is the comc
2

1.

X
FoatETh

and examine the various cases.

17. A straight line moves so that the difference of the squares of
the perpendiculars on it from two fixed points is constant, prove that
the envelope is a parabola.

18 Tind the envelope of the ellipses
z=asm(f—a), y=bcosb,
where a is the parameter.
19. The envelope of the catenaries
¥ = ¢ cosh (w/c),
where ¢ is the variable parameter, consists of two straight lines,

20. The envelope of the ellipses

wﬁ y?

atm=h
where a+fB=F,
is the ‘astroid’ ad +y? - Kt

21.  The envelope of the straight hine which makes on the coordinate
axes intercepts whose sum is % is the parabola

N+ Jy=uJk
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22. Two points move along the coordinate axes with different
constant velocities; prove that the line joining them envelopes a
parabola

23. From any point on the ellipse
@yl
A
perpendiculars are drawn to the coordinate axes; prove that the
envelope of the straight line joining the feet of these perpendiculars is

the curve
o\ y 4
G+ ()=

24. TFind the locus of ultimate intersections of the curves
ayf =z (x + a)?,
where a is the parameter ; and examine the result.

25. 1If a circle of constant radius has 1ts centre on a given curve,
the envelope of the circle consists of two parallel curves

26. If a circle of given radius touch a given curve, 1ts envelope
consists of two parallel curves

27. 1If the equation of a curve be given 1n the form
=1 (p)
that of any parallel curve 1s of the form
r=f(p-c)+2p-c?

28. Prove that the problem of negative pedals (Art. 131) is
equivalent to finding the envelope of the straight line

xcosy + ysiny = p,
where p is a given function of the parameter .
Verify that this leads to the formule (4) of Art. 131

29. Shew that the negative pedal of the parabola
¥ = dax
with respect Lo the vertex is the curve
0y? = g (2 - 4a)s.
30. Prove by the method of envelopes that the negative pedal of

a circle is an ellipse or hyperbola according as the pole is inside or
outside the circle.

31 Prove geometrically that the radius of curvature at any point
of an equiangular spiral subtends a right angle at the pole.
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32. The evolute of an equiangular spiral is an equiangular spiral
of the same angle.

83. The area enclosed by the evolute of the ellipse

&’
PR
is 3w (a* — b%)/8ab.

34. The coordinates of the centre of curvature at any point of the
curve

ay® =a®

a? al
are f:—x—-"gz, r)=4y+§-§;‘1.

Shew that near the origin the evolute has the form of the parabola

2 18
y=—-vgoar

35. Shew that if a curve has a point of 1nflexion the evolute has
an asymptote.

Shew that the part of the evolute of the curve
a’y =

which corresponds to the part of the curve near the origin may be
represented approximately by the hyperbola

2y = yya’,
36. The evolute of the hyperbola
x=acoshu, y=>bsinhu
is (az)t — (by)} = (a* + 1)},

37. If rays emanating from a point O be reflected at any given
curve, the reflected rays are all normal to a curve which is similar
to the pedal of the given curve with respect to O, but of double the
dimensions.

38. Hence shew that the caustic by reflection at a circle will be
the evolute of a limagon; and that in the particular case where the
Jluminous point is on the circumference of the given circle the caustic
is a cardioid.

39. Prove that the caustic by reflection at any curve is the
evolute of the envelope of a system of circles described with the various
points of the curve as centres, and all passing through the luminous
point.

‘Whast is the corresponding theorem for the case of refraction



EXAMPLES 379

EXAMPLES. XLIX,
(Roulettes, &c.)

1. A lamina moves in any manner in its own plane; prove that
parallel straight lines in the lamina envelope parallel curves

2. A straight line moves o as always to pass through a fixed
point O, whilst a point @ on it describes a circle passing through 0.
Prove that the instantaneous centre 1s at the other extremity of the
diameter through @, and determine the two centrodes.

Deduce a construction for the normal to a hmagon ; and infer that
in a cardioid the normals at the extremity of any chord through the
cusp meet at right angles on the perpendicular to the chord at this
point.

3. A plane figure moves so that two straight lines in 1t touch two
fixed circles, determine the two centrodes.

4. If a circle roll on a fixed circle of half the size, which it

surrounds, every straight line carried by the rolling circle will envelope
a circle.

5. Prove that if a plane figure move so that a straight line in 1t
rolls on a fixed circle, the envelope of any other straight line in the
figure is an involute of a circle.

8. The radius of curvature of the envelope of the straight line
ax+ By =1,
where a, 8 are given functions of a parameter ¢, is
+ (a2+ B’)% (aIIB/- (’_IB”)
— (QB' - alﬁ)q ?

the accents denoting differentiations with respect to ¢.

7 If the curve whose tangential-polar equation is 7=/ (p) roll on
a fixed straight line, the curvature of the path of the pole 1s

5 ()
-7 )
where r is the radius vector to the point of contact.

8. Prove that if a parabola roll on a fixed straight line the path
of the focus is a catenary.

9. Prove that if a conic roll on a fixed straight hine the path of
either focus 1s a curve such that

1 1 1

-+ —-= -,

p m c

where p is the radius of curvature, » is the normal, and ¢ is a constant.
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10. If an equiangular spiral roll on a fixed straight line, the path
of the pole is a straight line.

11. If the reciprocal spiral r = a/ roll on a straight line, the path
of the pole is a tractrix.

12. If any one of the Cotes’ spirals

l,“ = f‘—+ B

pror
rolls on a straight line, the pole traces out a curve such that the
curvature varies as the normal.

13. A curve rolls on a fixed straight line; prove that the arc of
the roulette traced by any carried point O 1s equal to the corresponding
arc of the pedal of the given curve with respect to O (Stewner.)

14 A closed oval curve rolls on a fixed straight line, prove that
in a complete revolution the area swept over by the variable line
which joins the pont of contact to any internal carried pont O 1s
double the area of the pedal of the given curve with respect to O

(Steiner.)

15. Prove from the theory of the instantaneous centre that when
the area enclosed by a plane quadrilateral of jointed rods is stationary
the quadrilateral is cyclic.



CHAPTER XI
DIFFERENTIAL EQUATIONS OF THE FIRST ORDER

161. Formation of Differential Equations.

Any relation between an independent variable , a dependent
variable y, and one or more of the derived functions

dy —dy  dy
de’ da*’ da*’"
is called a ¢ differential equation*’

The ‘order’ of the equation is fixed by that of the highest
differential coefficient which occurs 1n it. Thus a differential
equation of the ‘first order’ 1s a relation between z, y, and dy/d«.

Before proceeding to methods of solution, it 18 instructive to
consider one manner in which differential equations may arise.

If we are given a relation between the variables z, y, and an
arbitrary constant C, then by differentiation we obtain an equation
mvolving «, y, dy/dz, and C. By elimination of C' between this
and the original equation we obtain a differential equation of the
first order.

More generally, given a relation between the variables z, y, and
n arbitrary constants C,, Cy, ... (,, then 1f we differentiate n times
10 successlon with respect to , we have altogether n + 1 equations
between which the n arbitrary constants can be eluninated. The
result is a differential equation of the nth order.

From this point of view the original equation 1s called the
‘ primitive.

Ex. 1. If the primitive be

y=mx+C, . ... ... (1)
where C is arbitrary, the differential equation is
dy
d_:alc F M ey e (2)

* More particularly, it is called an ‘ordinary’ as distinguished fiom a ¢ partial’
differential equation, i.e. one which 1nvolves partial derivatives of a function of two
or more independent variables.
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Ez. 2. From the primitive

y’ =4ax+C.oovevviienn viiniiiiinann, (3)
dy
we deduce Y= 20 e veene(4)
Eg. 3. If the primitive be
xCoSa+ YSNaA=a, ..cooovvvrrinninienennnn (%)
where « 18 arbitrary, we deduce
cosa+%sina= 0.
These give
day\ . d d,
(y—ac(—ig)mna:a, (y—x%)cos:::—ajz,
whence, squaring and addng,
dy\? ., dy P
(y—a:(—k—v)-a{1+<%)}. .................. (6)
Ex. 4. 1If the primitive be
Y=Ax+B, .iociiiiiins i )]

Pt 0. ... Ceeeenien, Ceveeans )
Fx. 5. From the primitive
(-al+(y—LB)P=0a% .ccoriiiriiiinnnnnnnn, 9)
where a, 3 are to be eliminated, we obtain
2, 2 Hhe
e (‘é_;{) = {1+ (%)} C e s (10)

The details of the work are given in Art. 189.

The above processes admit of a geometrical interpretation.
The equations obtained by varying the arbitrary constants in the
primitive represent a certamn system or family of curves; the
differential equation (in which these constants do not appear)
expresses some property common to all these curves

Thus in Ex. 2, above, the primitive represents a system of equal
parabolas having their axes coincident with the axis of x, but their
vertices at different points of it. The differential equation (4) expresses
a property common to all these curves, viz. that the subnormal has a
given constant value 2a.
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Again m Ex. 5, if we vary o, 8 1n the primitive we get a doubly-
infinite system of circles of given radius a, having their centres any-
where in the plane xy. The ditferential equation expresses that the
radius of curvature has everywhere the constant value a. See Art. 135.

Other illustrations may be taken from Dynamics. -
Kz 6. 1If, 1in the primitive
w=3gl+ At + B, . . e e (11)

we vary 4 and B, we get a certain group or class of rectilinear motions.
The ditferential equation

e
:222' :g ............................. (12)

expresses a property common to the group, viz that the acceleration
has the constant value ¢

L. 7. Agam, 1if the primtive be

x=dcosnt+ Bsinnt, . ......... ... (13)
. d*x
we find JE=T nie. . e . (14)

This asserts that in the whole group of motions 1cpresented by the
primitive the acceleration is towards the origmn of x, and varies (1n a
given ratio #f) as the distance from this ongin

The preceding examples will suffice to illustrate the derivation
ot a differential equation from a primitive relation between xzand y
ivolving one or more arbitrary constants. In practice we are
more usually confronted with the inverse problem, viz. to ascertain
the most general form of relation between the variables which
satisfies a given differential equation. Thus i Geometry, or 1n
Dynamics, some general property may be propounded, whose
expression takes the form of a differential equation, and it 1s
required to determine the whole system of curves, or group of
motions, which possess the property

"The process of passing trom a given ditferential equation to the
general relation between the variables which it 1mplies is called
“solving,” or ‘integrating’ the equation; and the result 1s called
the general solution,” or the ‘complete primitive,” although the
latter name is hardly appropriate from this point of view. A
‘ particular solution’ 1s any relation between the variables which
happens to satisly it.
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152. Equations of the First Order and First Degree.

The general type of a differential equation of the first order
may be written

¢ (z v, ‘0%) 20 e, Q)

The equation implies that ¥ 18 to be a differentiable function of «,
and that dy/d« is to be continuous.

The mode of derivation of a differential equation of the first
order from a primitive 1nvolving an arbitrary constant, explained
m Art 151, may suggest that the general solution of (1) will in
all cases consist of a relation between « and y involving an arbitrary
constant. With some qualification, due to the occurrence of
‘singular’ solutions (Art. 161), this 1s in fact the case. The
rigorous proof, however, 18 difficult, and may be passed over here
without inconvenience, since 1 almost all cases for which practical
methods of integration have been discovered the process itself con-
tains the demonstration that the solution is of the kind indicated.

In such problems as ordinarily arise, cither the left-hand side
of (1) 18 a rational integral algebraic function of dy/dx, or the
equation can be transtormed so that this shall be the case. The
‘degree’ of the equation 1s then fixed by that of the highest power
of dy/dx which occurs 1n 1t.

The general equation of the first degree may be written

d
M+ N d—i =0, e e, (2)
or Mdz + Ndy =0, .. ecoovvvvennnn o .o (3)

where M, N are given functions of « and y. The form (2) 1s alsc
equivalent to

If ¢ (2, y) be rcal and single-valued for all values of « and y
then corresponding to any point 1n the plane 2y we have a definite
direction, assigned by the equation (4). If we imagine a point
starting from any position in the plane, to move always 1n the
direction thus indicated, 1t will trace out a curve, which constitutes
a particular solution, or primitive, of the proposed equation. Anc
the whole assemblage of such curves will form a singly-infinite
system, each curve being determined by the point where 1t crosses
an arbitrary line. It appears, moreover, that in the present case
no two curves of the system will intersect.
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We have thus a sort of intuitive proof that the complete solu-
tion of (4) will involve a single arbitrary constant*.

We proceed to give an account of the methods which have been
devised for the solution of the equation (4) 1n various cases.

153. Methods of Solution. One Variable absent.
1°, The form

d
3% =F(E) oeeeeereeeeernnnene, (1)
where y does not appear explicitly, requires merely an ordinary
integration. Thus
y=ff(@)de+C,..cccecoeiieienaL, (2)

where C is an arbitrary constant.

2°. The equation

2o =L@ e 3)
in which # does not appear explicitly, may be written
dy
29— da,
f ()
whence fd(?zllj =24+0 it (4)

72.  To find the curves whose subtangent has a given constant
value . We have (Art. 60)

d
y - d—% = a,
or dy_ (i’” .............................. (b)
y a
X
Hence logy = ot C,
or Y=06"% i e (6)

where b, = €0, i8 arbitrary.

164. Variables Separable.
A more general form is

F(w)+f(y)%=0, ..................... (1)
or F(x)yde+f(y)dy=0. ...... .cooivineen (2)

* A rigorous proof of this was given by Cauchy.
1. 1.0 25
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If an equation can be brought to this form the variables are said
to be ‘separable.” The solution obviously is

JF@)do+[f(y)dy=0C' .ceovvvvninnannnn. (3)

Ex. 1. To find the curves such that the normals all pass through
one pont.

If we adopt rectangular axes through this point as origin, the con-
dition gives

dy_ @
de  y’
or A +Ydy =0, .vcviiiiiiiinens cennnne, -(4)
whence ?+y2=C. . ......... o (D)

The required curves are therefore circles described with the origin as
centre.

Ex. 2. To find a curve such that the tangents drawn to it from
any point are equal.

If we take a fixed tangent as initial line, and its point of contact as
origin, then if the two tangents drawn from any point on the initial
line be equal, we must have, in the notation of Art. 63,

¢ =0,
db
and therefore Ton=tend ..(6)
T
dr
Henco —=00b0dl, oo (M
and log »=log sin 8 + C,
or r=as8inb, ....... ..eeieen . (8)

where a is arbitrary. The circle is therefore the only curve possessing
the stated property

Exz 3 The equation of rectilinear motion of a particle under an
attractive force va1ying inversely as the square of the distance from a
fixed point 1s

dv

®

v a—’w = - m—z o i seeee ee tecesascananse (9)
Integrating with respect to w,

%v“’=£+0- e e (10)

If v vanish for 2 =w, we have C=0. In this case the velocity with
which the particle arrives at a distance a from the centre of force is
J(@uja), ot J(2ga), 1f g = s
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This gives the velocity with which an unresisted particle, falling
from rest at a great distance, would reach the Earth, provided a denote
the Earth’s radius, and g the value of gravity at the surface.

Ez. 4. In a suspension bridge with umform horizontal load the
form of the chain is determined by the condition that any two tangents
to the curve intersect on the vertical bisecting the chord of contact

If the lowest point be taken as origin of rectangular coordinates,
and the corresponding tangent as axis of @, the subtangent of any other
puint must be equal to onc-half the abscissa. Hence

d,
y- =1
dy _dx
ot'~ —?/—:2—;, . TN e )
the integral of which is logy = 2 log = + const ,
or y=aila, . . . .. . L (12)

where a is arbitrary. That is, the curve formed by the chain must be
a parabola with its axis vertical.
165. Exact Equations.
The case of the preceding Art. comes under the head of ‘exact
equations.” An equation
Mdz+ Ndy=0 .cocovvvnvinneen cennen. 1)

1s said to be ‘exact’ when M and N are of the forms du/dx and
oufoy respectively. The form

ou ou

a—wdm+é—ydy—0 ....................... (2)
18 equivalent to Au=0, cceiiiiiiiin i s (8)
and 1ts 1ntegral is u=0C, ... .. .. (4)

where C 1s the arbitrary constant*.

It may be shewn that every equation of the type (1)1s either
exact, or can be rendered exact by a suitable ‘integrating factor.’
The number of such factors is unlimited; for 1f we suppose the
equation (1) to have been brought to the form (3), it will still be
exact when multiplied by f’ (u), where f(u) may be any function
of u. The integral of

is S@y=0C, ..... .. .. (6)

which is obviously equivalent to (4).

* The rule for ascertaining whether a proposed equation of the first degree is
exaot 18 given 1n Art, 193.

20—2
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Ex. 1. (ax +hy + g) dee + (hx+ by +f)dy=0. ........ .. (7)
This is equivalent to
d (ax® + 2haxy + by® + 292 + 2fy) =0, .... .. (8)
whence ax® + 2hxy + by + 292 + 2fy=C. ... ..eieen. 9)
Ex. 2. xdx + ydy =k (xdy — ydx). ....... c e (10)
This may be written
d (a3 + ) = 2%ka?d (g) .............. (11)

and so becomes exact on division by «? + 3? thus

deyy 2 (f;)

Coeee 12
wa_‘_ya 1 . .3/; ( )
&
Hence, integrating,
log (2 + 3°) = 2% tan™ % +C e (13)

The equation (10) may also be solved as follows. Itsform suggests
the substitutions

x=rcosf, y=rsind, ........... ...(14)

which give xde + ydy =rdr, wxdy —yde=rdf. ...... .....(15)
The equation therefore reduces to

C—f—?:/caw, v e e e (16)

whence logr=kO0+C. ....... cviviriiiininnn (17)

This 18 obviously equivalent to (13).

Ex. 3. To tind the form of a solid of revolution such that the mean
centre of the volume cut off by any right section shall be at a distance
from this section equal to 1/nth of the length of the axis.

If the axis of x be that of symmetry, and y be the ordinate of the
generating curve, we must have, by Art. 116 (11),

¢ n—1 ¢
2o = ———— 2,
or Lacydw m fﬁydaa S (18)
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where ¢ is the abscissa of the bounding section. Hence, if % denote

the radius of this section, we find, on differentiating with respect to ¢
according to the rule of Art. 92,

2 Pl m=1 1t
& = poy 3 j{; y'dw,
£
or f‘q’:(n-—l)/ YT, .. reeernn (19)
0
A second differentiation gives
d
FED == ...(20)
2
whence dgz)z(n—l)d—f. e e (21)
Integrating, we find Eft=AEr

The generating curve must therefore be of the type

Yr=Aah L .. (29)

Since we have differentiated twice with respect to ¢, the differential
equation actually solved is somewhat more general than the original
problem. In fact the same differential equation would have been
obtained if, instead of zero, we had had other (and distinct) constants
as the lower limits of the two defimte integrals in (18). It is therefore
necessary to examine & posteriort whether the solution finally obtained
satisfies the original equation with the actual lower limits. This is easily
verified to be the case if n> 2.

We note that 1f » =3, the sohd 1s a paraboloid of revolution, and
that if n =4 it 1s a cone.

166. Homogeneous Equation.
Let us suppose that, in the equation

dz

M, N are homogeneous functions of # and y, of the same degree.

In this case the fraction M/N is a function of y/x only, and we

may write

d

a—Z=f(£).... ....................... 1)
If we put y = av this becomes

dv

wa—w+v=f(v). ..................... 2)
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The variables z, v are now separable, viz. we have

dz dv
e 7 st I T T PR 3
z f)—v 3)
whence log « = f A +C i (4)
F@)—v
After the integration has been effected we must write v=y/z.
) 2 d D)
Ea. = - d-’;’-c 2wy =0, oot e (5)
gy 22
Here E'Z = zs s ereeeereneiren e veee crenaas (6)
-
h @+v— 2v dv _v(l +)
whence AT T T de  1—?
dax 1-4° 1 2v
Hence = o+ ) dy = (1—, - ]-—4:,02> do. icviininn. . )

Integrating, we have
log @ =log v — log (1 + v*) + const.,
which 1s equivalent to z (1 +2%) =y,
or CHy2=CY. v cviiiiis v o (8)

In the geometrical interpretation, the general solution of a
homogeneous differential equation must represent a system of
similar and similarly situated curves, the origin being a centre of
similitude. For the equation (1) shews that where the curves
cross any arbitrary straight line (y/z =m) through the origm,
dy/dz has the same value for each, that 1s, the tangents are
parallel.

Thus, in the above Ex. the solution 1epresents a system of circles
touching the axis of  at the origin.

If in (4) we put C=logec,

/)« or v is determined as a function of z/c In other words, the
primitive is homogeneous 1n respect to «, ¥, and ¢, and is therefore

of the type
A
qb(c, c) 0. cveeeeeeeeee e )

This is in accordance with the geometrical property above stated,
since if #, y, and ¢ be altered in any the same ratio, the equation
(9) 18 unaltered. In other words, a change 1n the value of ¢ merely
alters the scale of the curve.
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157. Linear Equation of the First Order, with Constant
Coeflicients.

A ‘linear’ equation is one which involves y and its derivatives
only in the first degree. Thus the linear equation of the first order
18 of the type

where P, @ are given functions of .
We take first the case where P is a constant, the equation
being
dy
== Q e (2)

as this will be of special use to us later.
If Q = 0, the solution is
Y=Ce™, i, (3)
by Art. 38.

It appears that the factor ¢=%* renders the left-hand side of
(2) an exact differential coefficient. 'This gives the key to the solu-
tion in the general case where 0. Thus (2) is equivalent to

d

a;‘ (e‘“y) = Q6§ax, ......... . (4)
whence e %y = [ Qe “*dx + C,
or y=e"[Qeda + Ce, ... o (B)

In accordance with a general usage (see Art. 166), the first term
on the right-hand of (5) may be called the ‘particular integral,’
and the second the ‘complementary function.’

The following cases are important :

1o, If Q=He ...... ... (6)
we have JQe**dx = H [ er~%2dy = X% eh-am,
H A 2
and y—x‘—:llez+06a. .................. (7)

That the first term on the right-hand is a particular integral
of the proposed equation is verified at once by inspection.

2°. The result (7) needs correction when A = a, or
Q=He™ ...... oo v iien oinis (8)
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In this case we have
JQe*dr=H [ de= Hu,

and y=Hwxe®® + (Ce®® .oivvniniininann.n. 9
3. If Q=Hzme™, ..........cvnvnnn. ....(10)
oz H " H$n+1
we have fQedz=H [« dw=n+1,
Hmﬂ+l
and y="Eg e 0o s (11)

Ex. 1. If a particle be subject to a resistance varying as the
velocity, and to some other force which is a given function of the time,
its equation of motion is of the type

dv

S LY () N .(12)
The integral of this is
v="Ce¢® e [Kf(t)dt. .. ... . ........ .(13)
For example, if S =g,
a constant, we have v =Ce ¥+ % ....................... (14)

This might have been obtained more simply by writing the differential
equation in the form

Z( v-——>+k(v—— =0, eere s (15)

whence v —% =Ce™®, .. .......... . .(16)

As tincreases, v tends asymptotically to the ¢ terminal’ value g/k.

Ex. 2. If an electric current of strength = be flowing 1n a circuit
of self-induction 7 and resistance R, and if £ be the extraneous electro-
motive force in the circuit, we have the equation

dx
L PR Rx=E. .. ..c.coevvvnnnn.... .(17)
If £ be a constant, the solution of this is
£ Rt
=5+ Ce L, i .(18)

where C is arbitrary. The current therefore tends to the constant
value E/R.

If, for example, we suppose that the circuit is completed at time
t=0, we have to determine C so that =0 for £=0; this gives

E E _B
w=R——~R-6 L i ciieiireeiiiiea (19)

The second term represents the ‘extra current at make,’
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Again, if E=Ejcos (pt+€), .ccocorvernivanen venn. (20)
d, % g %
we have 7 (wel’) = T" el cos (pt + ¢),

R
whence, integrating, and dividing by el t, we tind
-I-et -Eo »Et Rt
xz=Ce"L + e L jeL cos (pt + €) dt
-B, E, . 21
=Ce"L +1€“+ ,,L2{Rcos(pt+e)+pLs1n(pf,+e)}; ...... (21)

see Art. 80 (14). Hence as ¢ increases, the current settles down into
the steady oscillation

E,
J(R2+P2L2) cos (pt+e-¢), .... . (22)
where g = tan™! %—' D, . (23)

The effect of the self-induction (L) 1s therefore to dimimsh the ampli-
tude of the current in the ratio

B[ J(E + p'LY),
and to retard its phase by ¢.

1568. General Linear Equation of the First Order.
We return to the general linear equation of the first order,

dy

da,+Py Q. e v (D
If Q =0, we have
ldy  p_
v do FP=0, it (2)
whence logy+ [Pda=A
or ye“)‘l“= O. ........................... (3)

This shews that e/P% is an integrabing factor of (1), since

o/ Pdx (g% + py) _____ (yefl’d.c)

Hence (1) may be written

1—1(%: (yelPaxy = QelPd=, . .......... e (4)
Integrating, we find
yelPie = [QefPdzda 4 O, ........... ...... (5)

The integrating factor will often suggest itself on inspection
of the equation, without recourse to the above rule.
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Ex. 1. gg+ycotw=2cosac. B AP ()
Here P=cotx, [Pdx=logsinw, e/Pdr=sina.
Hence, multiplying by sin z,
i(y sinz)=2sinzcosa, ..... .. ... )
ysinx =sin’x + C,
. c
Y=Sinm4———. L 8)
Ex. 2. (1-—:1;5%-—:1:3/:1. ............. .. (9
Dividing by 1 —a?, we have
dy @ 1
%—my—l_m& ............... (10)
Here P=- T———-— [Pdx = }log (1 —a?), elPdz= [(1-a?).

Multiplying (10) by the integrating factor, we get
dy x 1
=g Ja-e Y ey
d
or a}{J{l—xn)y}::](?l"jéa). ............ -.-(11)

Hence, integrating,

N1 —-a)y=sin'z+ C,

sin~'a C
or y_J(1~m°)+J(1—w2)' (12)
Ex. 8. g—g+n%=x”‘. (13)

The integrating factor here is obvious, The steps are

a® %_-Z + Ny = g™,

™ +n+l

m+n+l

wm"'l

Y= 08 i (14)
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1569. Orthogonal Trajectories.
Suppose that we have a singly-infinite family of curves

G @1 0)=0, socveceee e, (1)

where C is a variable parameter, and that it is required to deter-
mine the curves which cut these everywhere at right angles.

We first form the differential equation of the family, by differ-

entiation of (1) with respect to #, and elimination of C. See
Art. 151.

If two curves cut at right angles, and 1if ¥, Y be the angles
which the tangents at the intersection make with the axis of z, we
have Y — 4'= + m, and therefore

tan Yr = — cot .

Hence the differential equation of one family is obtained from
that of the other by writing

dy dy
—1/356 for %.

Otherwise: if dz, dy be the projections of an element of one
of the curves (1) we have

0 151 0P 30—

—%d$+5‘gdy~0. .............. . (2)
Hence, if dz, dy be the projections of an element of the orthogonal
curve through the pomnt (#, y), we have

de g&
—a-¢~——/a—x = é—(ﬁ/a‘(l e ¢ sesseseceessssreresas (3)

The differential equation of the trajectories is then obtained by
elimination of C between (1) and (3).

If the equation of the given family of curves be in polar co-

ordnates, thus
J(,0,0)=0, .iiviiiin i (4)

and if ¢, ¢’ denote the angles which the tangents to the original
curve and to the trajectory make with the radius vector, we have
n like manner

tan ¢ = — cot ¢,

Hence the differential equation of one system is obtained from
that of the other by writing
ldr rdé

—vade G
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Or, differentiating (4), we have
of 1of
or 700
and therefore, for the trajectory,

Y rio -1 g -
or

dr+=Lrdf =0, oocovieerennan. (5)

0 e (6)

The elimination of C between (4) and (6) leads to the differential
equation of the required system.

Ex. 1. To find the orthogonal trajectories of the rectangular
hyperbolas

2y=C. ......... N (7)

Differentiating, we find wdy + ydxe=0, ... ... ........... (8)
and therefore, for the trajectories,

zde —ydy=0, ...... oot 9

whence W—12=C". e (10)

This represents a system of rectangular hyperbolas whose axes coincide
in direction with the asymptotes of the former system.

Ex. 2. To find the curves orthogonal to the circles

P2+ Quy— =0, ..., (11)
where u is the variable parameter.

Differentiating, we have
wde +(y + p) dy =0,
and therefore, for the trajectory,
xdy —(y + p) de=0.
Eliminating p between this and (11), we find

2xy +(oc’ Y-F)=0, i (12)

or d(y’) —yl=—2+ K . (13)

This is linear, with ? as t;he independent variable. The integrating
factor, as found by the rule of Art. 158, or by inspection, is 1/2% Intro
duclng this we have

d (y*\ B2
z()="1+
]
whence "/—=..x_.’f+2)"
z x
or P+ =20+ B2=0, ...ivvinen il (14)

A being arbitrary.
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The original equation represents a system of coaxial circles, cutting
the axis of  in the points (+ £, 0). Tge trajectories (14) consist of a
second system of coaxial circles having these as ‘limiting points’; viz. if
we put A=+ % we get the point-circles

@FE+y2=0; v (15)
see Fig. 135.

Fig. 186.

Ez 3. In the circles
r=cco8f, ......ooiciiiiiin i (16)

which pass through the origin, and have their centres on the initial
line, we have

‘il;=_mn 0B, evererr e e, ar)

and therefore, for the trajectory,

rdf = tan 6dr, or d; =cot 0d0. ............... (18)

Integrating, we find  log r = log sin 6 + const.,
or r=csiné, ..........  ........

which represents another system of circles, passing through the origin,
and touching the initial line.



398 INFINITESIMAL CALCULUS [cr. xXI

160. Equations of Degree higher than the First.

The general type of an equation of the first order and nth
degree is

pr+ Pipt 4+ Pgpn 2+ ..+ Pup+ Pp=0, ...... (1)
_dy o
where D= e C e (2)

and P,, P,, ..., P, are given functions of # and y. It 1s usually
implied that these functions are algebraic, and rational.

The equation (1), being of the nth degree in p, indicates that n
branches of the primitive curves go through any assigned point in the
plane xy. Some of these branches may of course be imaginary, and
for some ranges of x and ¥ all may be 1maginary. There may also be a
real locus of points at which two of the values of p coincide; this locus
is of special 1mportance 1n the higher development of the subject.

For example, 1n the equation of the second degree,

+Pp+Q=0, ...t i, 3)

the values of p will be real and distinct, coincident, or imaginary, ac-
cording as P? Z 4¢. And the locus of points at which the two values
of p coincide is the curve P?=4¢.

If the left-hand side of (1), considered as a function of p, can
be resolved into linear factors, thus

P=p)(P—p) - (P—Pw)=0, ..c..ceiil 4)

where p,, P, ... P, are known functions of # and y, the complete
solution will consist of the aggregate of the solutions of the several
equations

d d d

a—%:p,, d—5y6=p2,...,ag=p,,.. ............. (5)

Ex. zyp?— (- ) p—xy=0. .. ... .(6)
This 18 equivalent to
(xp+y)(yp—2x)=0, .. . .cooennne. (7)
and the solutions of
p+y=0, yp—2x=0,
are, respectively, xy=C, a—g'=C. ... .... ... .....cce.i(8)

The product of the two values of p given by (6) is —1. This
shews @ priori that the two branches of the primitive curves which
pass through any point (z, ) will be at right angles to one another.
Cf. Art. 159, Ex. 1.
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161. Clairaut’s form.

When the equation (1) of Art. 160 cannot be conveniently
resolved into its linear factors, we may in certain cases have
recourse to other methods These are for the most part of some-
what limited utility, and are accordingly passed over here; but
an exception may be made in favour of Clairaut’s form, which 1s
very simple in theory, and moreover often presents itsclf in ques-
tions where a curve 1s defined by some property of the tangent.

If we write p for dy/dx, the form in question is

Y=ap+F(P) oirriiineneannnnn 1)
It was proved in Art. 60 that the intercepts (a, 8) made by
the tangent to a curve on the axes of # and y are given by
a=(xp—y)p, B=y—xp, ......... ..(2)

respectively. Hence any equation of the form (1) expresses a
relation between either intercept and the direction of the tan.
gent, or (again) between the two intercepts*. Now it is evident
that this relation is satisfied by any straight line whose itercepts
have the given relation. Along any such straight line we have

and we thus get the solution

T, P (¢ N (4)

involving an arbitrary constant C.

But the equation will also be satisfied by the curve which has
the family (4) of straight lines as its tangents; in other words, by
the envelope of this family. This envelope is found by expressing
that (4), considered as an equation in C, has a pair of equal roots,
v.e. by eliminating C' between (4) and

a+f(C)=0; ......  eeeees 5)
see Art. 139.

The more usual method of deducing the above solutions 1s to
differentiate (1) with respect to #, thus

_ %y _ (o)t 2P
p= g =p+E+f(P}g,,

whence {z+ 1 (p)} Z—Z =0, i e (6)

* The equation 18 equivalent to

8=/ (-8la), or ¢(a, 8)=0.
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This requires, either that

S S )

or that z+f(P)=0. ciiiiiiiiiiiinn. ...(8)
The former result makes p = C, and

Yy=C0x+ f(C). .coocvrvviivniniinnnne. 9)

The alternative result (8), combined with (1), leads, on elimi-
nation of p, to a particular relation between xz and y. Since the
result of eliminating p between (1) and (8) must be the same as
that of eliminating ¢ between (4) and (5), we 1dentify this second
solution with the envelope aforesaid.

The solution (9), involving an arbitrary constant C, is called
the ‘complete primitive” The second, or envelope-solution, is not
included in the complete primitive, z.e it cannot be derived from
it by giving a particular value to C. It 1s therefore called a ‘sin-
gular solution*.

Ex. To find the curve whose pedal with respect to the point (a, 0)
as pole is the straight line & =0,

The expression of this property is

a=pp,
where @ is the intercept on the axis of y, whence

y=xp+ g C ereieees e eveereneeees (10)
This is satisfied by any one of the family of straight lines

y=Czx+ 2 ......................... (11)
and also by their envelope Y=4ax, .ccoiviiiins i (12)

see Art. 140, Ex. 2.

EXAMPLES. L.

(Formation of Differential Equations.)

1 If y=Ax*+ B,
dy _dy_
prove that @5 %—O.

* The general theory of singular solutions of equations of degree higher than
the first must be sought for 1n books specially devoted to the subject of Differential
Equations. It 1s closely related to, but not altogether co-extensive with, the theory
of envelopes.
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L. L. C

EXAMPLES

y = Aa® + B,
dy 2 dg/ 2y -0
d  zdet @

y=Ae® 4 Be—=,
—ky=0.

y = Aes* + Bebw,
d? d;
T @+ B F +aBy=0.
=(4 + Bx) ™,
%
dox?
x = e~# (4 cos nt + B sin nt),

&
ae "

+Ic’y 0.

dw 2 2 —
/cEZ+(n‘+ik).c—0.

V=£+B,

axv 2d1{
dart rd'r
V=4logr+ B,
&V 1av
dr®  r dr
AT + Be™*r
g="T
d"’qb 2dq§
" r
A cos kr + B sin kr
¢’: o ’
d*¢ 2 de

an Ty ar

=0.

—kp = 0.

+ k2= 0.

y=(4 + Bx)cos kx + (C + Dx) sin ka,

d?+9k2d‘-”+k4y=o.

y = A cosh kx + Bsinh kx + C cos kx + D sin kx,

‘yk.y

401
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13 If
Y= (A cosh f/ + Bsinh J3> cos — ~/2
kx
C cosh + Dsinh > sin -,
( v2 2 J3
4
prove that Zx‘ + Ky =0.
14, If y=Adsin"'x+ B,
dy _ dy
—aty o
prove that (1-a?) e Rk 0.
15. If y=(in""z)P+dsm'x+ B,
: ALY _ Y
prove that (1~.z:2)ga?2—wz%_2.
l16. If y =4 cos (log x) + B sin (log x),
2,
LY Wy
prove that at et E oty = 0

17. If  y=Af{w+ J@=1)"+ Bz — /(- 1),

prove that (x*-1) % +x % —nfy =0,

18. Shew that the primitive
=mx+ 2
y= m?

where m is arbitrary, leads to

dy\* dy
a:(% -y-d;.+a—0.

19, 1If 2ey + ¢*=a?
where ¢ 1s arbitrary, prove that

dy Y _ .
w(&}) 2‘1/@_90—0'

XI

20. The differential equation of all parabolas having their axes

parallel to the axis of y1s
&y -0.
d®

21. The differential equatlon of all parabola,s having their axis of

symmetry coincident with the axis of « is

dy  (dy*
Yt <dw =0.
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22. The differential equation of all conics having their principal
axes comncident with the coordinate axes is
dy dy dy
Y @ m) dz= "

23. Prove that the differential equation of all circles touching
the axis of  at the origin is

&y _ 22y
dx = a? — 9P :
24. Prove that the differential equation of all conics touching the
axis of y at the origin, and havin«r their centres on the axis of w, 18

dy :
w“ydx, <x(—i;;—y> =0.

x® + a?
25. If = &)’é ‘+‘—b2 ’
d? dy\? d;
prove that w(y—l)&§=2m d—i) +(y-])(—l%

26. Prove that the differential equation of all hyperbolas which

pass through the origin, and have theiwr asymptotes parallel to the
coordinate axes, 18

d?y dy
xY - 22 ( dm) + 2y =~ =0,
27. Prove that the equation
dy
a8t Y= =f(2)

is satisfied by

y=%sin'ntff(t)cosntdt—}—lcosntf_f(t)sin nt dt,

and that this 18 the complete solution.

EXAMPLES. LI
(Equations of the First Order.)

d
1. Integrate (—i—g =Y, [y=Cx]
2. Integrate dy _ »-~—3i— [y C ]
dx -1°
3. Integrate ja: cot x cot y. [sinzcosy=C.]
4. Integrate m’zm =1 [y=1+ Cellz.]

26—
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5. Solve m(y +b) dx +n(x+a)dy=0.
’ [(x+ a)" (y+b)"=C.]
dy 1+9° _x+C
6. Solve e = Toa U Sy
7. Solve 1+ de—my (1 +2%) dy=0.
[(A+2*) (1 +y*)=Ca?]
dy_y(l-9)
8. Solve ds= w(1=a)"
[¢* (1 -2%) = Ca*(1-9).]
9. Solve gz = (z+y)> [# + y =tan (x + a).]

ds d.
10. Solve (x + y)g (m Jﬁ + y) =2y <1 + (_i_g .

11. Find the curves in which the angle between the tangent and
the radius is one-half the vectorial angle (6).

[The cardioids » = a (1 — cos 6).]
12. Find the curves in which the perpendicular from the origin

on the tangent 1s equal to the abscissa of the point of contact.
[The circles 7 = 2a cos 6.]

13. Find the curves such that the portion of the tangent included
between the coordinate axes is bisected at the point of contact

[The hyperbolas xy = C.]

14 Find the curves in which the subtangent varies as the
abscissa. [y = Cam.]

15. Prove that if the subnormal bears a constant ratio to the
abscissa the curve is a conic.

16. Find the curves in which the perpendicular from the foot of
the ordinate to the tangent has a constant length a.

[The catenaries y = a cosh (x — a)/a.]
17. Find the curve in which the polar subtangent is constant

(= a). [r=a/(§-a).]
18. Find the curve in which the polar subnormal is constant
(=a). [r=a(f-a)]

19. Find the curves such that the area included between any two
ordinates is proportional to the intercepted arc.

[The catenaries y = @ cosh (z — a)/a.]
20. Find the curves such that the area included between any

ordinate, the axis of x, and the curve is 1/nth of the rectangle
contained by the ordinate and the corresponding abscissa.

[y = Ca*1.]
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21. Find the form of a solid of revolution in order that the
volume cut off by any right section may be 1/nth of the product of
the area of this section into the length of the axis.

[The equation of the generating curve must be 2= Ax"-1.]
22. 1In a suspension-rod of uniform strength the avea of the cross-
section (§) varies as the total stress across it; prove that if = be

measured vertically downwards the relation between S and x must be
of the form

.
S=A_stm.
[
Hence shew that the form of the rod must be that generated by
the revolution of a curve of the type

Y= be—l‘/a
about the axis of =.

23. ¥ind the form of a curve, symmetrical with respect to the
axis of x, such that the mean centre of the area cut off by any double
ordinate shall be at a distance from this ordinate equal to 1/nth of the
length of the axis. ly = Ca"-2]

24. Solve (o + 3ay®) doe + (y° + 3x’y) dy = 0.

wdy —ydic
d+y

x? + ’=2a’tan"’y-+0.
y x

25. Solve wdx + ydy = a*

dy _x . i xT—a
28. Solve @ —Y=_ @+ Y. [y-a:smh - :I
27. Solve x ZZ —y=J(@+y%).
Give the geometrical interpretations of the differential equation
and of its primitive. [x*=2Cy + C]
dx dy
28. Solve ;2'_"“2@ = y2 T 233& . [my (.’L - y) = C.]
29. Solve x (—% ty=ay. [y = Ce.]
30. ol WYy
. Solve @ 2oy =y [y = Cxe®.]
dy _y(z+y) _
81. SOIVG "‘i’v’ = w—(y—_ w) . [(L'y = CCV/‘V.]
32. Solve («* - 3y*) xdee = (y* — 3a?) ydy.

(@ +y")' = C (- g).
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83. Shew that the equation
dy az+by+e
de dz+by+c
is rendered homogeneous by the substitutions

INFINITESIMAL CALCULUS

ar+by+c=¢ adx+by+c =

34. Shew that an equation of the type
dy _
dx "'f (aw + by )

may be solved by the substitution
ax + by = 2.

35. Shew how to solve any equation of the type

EXAMPLES. LII

fox+by+c

(Linear Equation.)

1. Solve g—‘z +y tan x = sec a.
2. Solve (1 —a? gl/+wy=aw [y=
) dx ‘
dy _
8. Solve xzm+oc+y-0.
4. Solve dy +¥=1.
dx ' ®
5. Solve (1‘1‘{+2ac =1+ 2a?
. 7 Y = .
dy 1—a*
6. Solve et A 1.
7. Solve a du + aw tan 6 = tan 0
a6 ’
dy .
8. Solve =~ =y tanx— 2sin .
ay o 3
9. Solve x(1 —w“‘)(-%+ (2%~ 1) y =2

[cH. X1

[y=sinz + C cos x.]

a+C J(1-2%.]
[2* + 22y = C.]
[

[y=a+ Ce=2"]

2oy =C.)

fau=1+ C cos 6.]

[y=cosz+ Csece.]

l[y=x+Cx J(1 -2
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10. Shew that the equation

d,
ot Py=Qy"
is made linear by the substitution
y-(n_’) = 2.
(Bernoulli’s equation.)
dy 1
11. Sol —Z 4 y=y? S = .
olve w oty y?log w. [y 1+loga:+0x]
12. Solve cosxj—i——ysinw—l»y’:O. [}/:sinx+ C’cosx.]

13. 1TIf the two plates of a condenser of capacity C are connected
by a wire of resistance R (and zero self-induction), the equation con-
necting the charge (g) with the electromotive force (%) is

AL}
E = ]L m + '(‘J .
Integrate this in the cases £ =0, £ = const., £ = E cos (pt + €).

EXAMPLES. LIII

(Orthogonal Trajectories.)
1. Find the orthogonal trajectories of the straight lines
y=Cuw. [The circles «? + * = C.]
2. TFind the orthogonal trajectories of the curves
a"ly =a™ [The conics &? + ny? = C.]
3. Find the orthogonal trajectories of the circles
* + y*=2cy. [The circles a® + y*= 2c¢'x |
4. Find the curves for which
dy _ Y’ +3a%
de o + 3ay?’
and determine their orthogonal trajectories.
[(@®*—%?)* = Cxy ; o+ 6% +y*=C.]
5. Prove that the differential equation of the confocal parabolas

y'=4a (x + a),
is ypi+ 2ap—y =0,
where p = dy/dx.

Shew that this coincides with the differential equation of the
orthogonal curves ; and interpret the result.
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6. Prove that the differential equation of the confocal conics
il + - 1
A+ B+ A7
is wyp+ (P —y'—al+ ) p—ay = 0.
Shew that this coincides with the differential equation of the
orthogonal curves, and interpret the result.

7. A system of rectangular hyperbolas pass through the fixed
points (+ @, 0) and have the origin as centre, prove that their ortho-
gonal trajectories are the Cassini’s ovals

(2* + ¥*)? = 2a? (&* — ) + C.

8. Prove that the differential equation of the involutes of the
parabola ¢? = 4ax is
x+y (di—y +a <ZZ =0.

9. Prove that the differential equation of the involutes of the
circle 2* + y* = a® 18

a:’—a,’+2xy +(y a’)<y> =0,

10. Find the orthogonal trajectories of the cardioids
r=a(l—cosf).
[The cardioids =5 (1 + cos 6).]
11. Prove that the orthogonal trajectories of the curves
™ = g™ cos m
are the curves 7™ = b™ sin m#é.
Interpret the cases of m=1, -1, 2, — 2, 4, — }, respectively.

12. Prove that the orthogonal trajectories of the curves

r*=A cos 6
are the curves

r= Bsin?6.

18. If in bipolar coordinates (Art. 132) the equation of a family

of curves be

f (1‘, r ) = Cv
the differential equation of the orthogonal trajectories is

Lag_r?

Hence shew that the ort.hogona.l tragectories of the circles
r/r =C,
are the circles 0+6¢=0C.
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14. Also that the orthogonal trajectories of the Cassini’s ovals
rr’ =,
are the rectangular hyperbolas
0-6 =

15. Also that the orthogonal trajectories of the equipotential
curves

are the magnetic curves
cos 0 +cos b =C.

EXAMPLES. LIV.

(Equations of Higher Degree.)

dy\* d
1. Solve ag) —(a+B)d—Z+aB:O.
[y=ax+C, y=px+C.]
g 2
2. Solve (Z—Z) =80’ . [y=C+cosam.]
d 2
3. Solve (—Z%) = my’, [y = Cex™].
4. Solve v dy)” - 4a?, [ = C + 4az.]
dy\?
5. Solve x (330) =a [y=C+2/(ax).]
dy\?
6. Solve (1-2a? (d—x) =1. [y=C+sin'a.]
dy (d

7 Solve di (di/c+y> = (2 + y)
[y=42"+C, y=1-x+Ce2]

8. Solve (_~ +2)=(z+9)y.
(y=C¢ y=1-z+ Ce>.]

d ¢ d Y
9. Solve x (dZ) -2y dy x=0. [#® =20y + (2]
dy Y
10. Solve y (ZIE) + %2 < o -y=0.

(V@ +3")=Ctax]
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11. Find the curve such that the product of the intercepts made
by the tangent on the coordinate axes is constant (= 4?).

[The hyperbola 4ay =#2.]

12. Find the curve such that the perpendicular from the origin on
any tangent 1s equal to a. [The circle a? + y? =a?]

13. Solve y =ap+ /(0 +a%p?).
2

2
[Singular solution : % + :gs-x =1 ]

14, Find the curve such that the product of the perpendiculars
from the points (+ ¢, 0) on any tangent is equal to &%
y? wﬁ y‘)
Frethol sl
15. Find the curve such that the tangent intercepts on the

perpendiculars to the axis of a at the points (+ @, 0) lengths whose
product is &%

2

[The conics

.ox oy
l:'l‘he conies - + Z—, = :l

16. Solve y=ap+ap(l-p).

[Singular solution: (x + @)= 4ay |
17. Solve (x—a)p*+ (x—y)p-y=0.

[Singular solution: (x + y)*= 4ay.]

18. Find the curve such that the sum of the intercepts made by
the tangent on the coordinate axes 1s equal to a.

[The parabola (x-y)*—2a (% +y)+a*=0.]
19. Shew that any differential equation of the type
dy . (dy
x+y (—1; -—f (d——w‘>
represents a system of parallel curves.

20. Shew that any differential equation of the type

1
f(w,y,p—;)>=0

represents two systems of orthogonal curves.



CHAPTER XII
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER

162. Equations of the Type d?y/dz*=f ().

This chapter is devoted principally to differential equations of
the second order, and especially to such types as are of most frequent
occurrence in the geometrical and physical applications of the
Calculus. Occasionally, the methods will admit of extension to
equations of higher order.

We begin by the consideration of a few special types, and after-
wards proceed to the study of the linear equation The linear
equation with constant coefficients 1s treated in the next chapter.

We take, first, the type
d*y
T = S@). o 1)

This requires merely two ordinary integrations with respect to ;
thus

Z_Z=ff(w)dw+A,
y=f{ff(x)dm}dw+Am+B, ............... @)

where the constants. 4, B are arbitrary.

Ex. 1. The dynamical equation

d*x
5= F@), . (3)

which determines the motion of a particle in a straight line under a
force which 1s a given function of the time, 1s of the above type, with
merely a difierence of notation.

In the case of a particle subject to a constant acceleration g we
have
d*x
aF Z Gy eer tetessr ee vt b cieesens (4)
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dx

whence 7 =gt+ 4,
x=3g0+ At + B. ..o (5)
Again, if P feinnt, . L (6)
the force varying as a simple-harmonic function of the time, we have
dx S
=" m cosnt + 4,
m~——‘£sinnt+At+B (7

The constants 4, B which occur in these problems may be adjusted
80 that at any chosen instant the particle shall be in a given position
and have a given velocity.

Ex. 2, To solve the equation

%f“ﬁ Wl-2)=0, ... ... ... . (8)

subject to the conditions that y =0 and dy/dx=0 for x=0. Thisis
the problem of determining the flexure of a bar which is clamped in a
horizontal position at one end (= 0) and supports a given weight (W)
at the other end (x =1).

Two successive 1integrations of (8) give
B Y W (tw—3a) + 4,

=W (Jla?=2a®) + Aw+ B, ... cvoevenen(9)

where 4, B are arbitra,ry. The terminal conditions require that 4 =0,
B =0, whence

w
y=ga =) s (10)

163. Equations of the Type d*y/da® = f(y).
If the equation be of the type

l_i;’_f(y) ........................... (¢))

a first integral may be obtained in two ways.

In one of these we multiply both sides by dy/dw, and then
integrate with respect to #-; thus

dy dy _ Y

(dy) ff( >d1/d‘”+4—ff(y)dy+A. ...... @)
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The second method is to introduce a special symbol (p) for
dy/dz. Since this makes

&y _dp_dpdy _ dp
dwz—dw-—dy%—p(—i‘?/, .................. (3)

we have, in place of (1),
dp _
p @ =LY ereiiiiiiiiiiiiiiean (4)

which may be regarded as an equation of the first order, with p as
dependent, and y as independent, variable. Integrating (3) with
respect to y, we have

I=fWdy+4, .ccc........ .l (5)
which is equivalent to (2).

To complete the solution, we write (2) in the form

dy
=+dr. ....coveeenn... 6
VBT W) dy + 24] ©®
The variables are here separated (Art. 154); but on account mainly
of the occurrence of the radical the further integration 1s often
impracticable, even with comparatively simple forms of the
function £ (y).

A very important case is where f(y) is a linear function of y,
so that the equation takes the shape
dz
(T:% Fay=>b ....cc.oeiiiiiiiiniiin, (1)

&

By a change of dependent variable, writing v, +b/a for y, and
afterwards omitting the suffix, this is reduced to the somewhat
simpler form

da,
Thray=0. e, (8)
The first integral of this is
dy\? .
() +agr =0 v ©)
If a be positive, we may write
m=sa, C=ma® ......ecvvvv vevnnnn. (10)

it being evident that, if we are concerned solely with real quantities,
C must be positive. Thus
dy

Wa&:é‘/—’-)=imdw,...... ............... (11)
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whence cos™! % = 4 (mz + ¢€),

or Y=0CoS(MT+E). .eocvrrrerurnirinnnns (12)

This is the complete solution of (8), and involves the two
arbitrary constants a, e. If we put

A =acose, B=—asine .....c.cuen... (13)
we obtain the equivalent form
y=Acosmz+ Bsinmaz. .................. (14)

These results are exceedingly 1mportant, and should be remem-

bered.

The case where @ is negative, = — m? say, can be treated in a
similar manner, and we should find, as the complete solution

y= A cosh mz + Bsinhme, ............... (15)

where m =4/(—a). A simpler method of treating this case will
however be given later.

The type (1) is of very great importance in Dynamics. Thus, the
equation of rectilinear motion of a particle subject to a force which 1s
a given function of 1ts position only 18 of the form

dx
7B =), oo e e e ...(16)

which is identical with (1), if regard be had to the difference of notation.

The first method of integration consists in multiplying both sides
by dx/dt, thus
de d*x

dt di? =f (= )dt’

and integrating both sides with respect to ¢&.  In this way we obtain

1(&) = @& aro= [fwdere, .. 1)

which is the ‘equation of energy.’
The second method consists 1n writing v for dw/dt, and therefore
vdv/dx for &*x(de®, cf. Art. 32. Thus
v a-a‘: = _/ ! (w).
Hence, integrating with respect to x, we have

P=ff(e)de+, ........ ereeniaee (18)
in agreement with (17).
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Ex. 1. If a particle be attracted to the origin with a force varying
as the distance, the equation of motion 1s
diw

7 Sl TEIOE G e (19)

This 1s of the special type (8), and the solution 1s
x=acos (\Jut+e. ... ... .. .. ... (20)

This represents a ‘simple-harmonic’ motion. The values of x and dx/dt
both recur whenever ,/ut increases by 2z, the period of oscillation 1s
therefore 2m/,/u. The arbitrary constants @ and e are i this problem
known as the ‘amplitude’ and the ¢ epoch,’ respectively.

The equation of motion of any ‘conservative’ dynamical system
having one degree of freedom, when slightly disturbed from a position
of stable equilibrium, 1s also of the type (19). For example, the accurate
equation of motion of a pendulum 1s

d*0 .

ZW=—gSln0, ce e aee .. .(21)
where g is the acceleration of gravity, and /1s a certain length depending
on the structure of the pendulum. In the case of a ‘simple’ pendulum
I is the length of the string. If the extreme angular deviation from

the equilibrium position be small, we may write ¢ for sin 6, thus
o g
l

i
The solution of this equation is

9=acos<\/£zl.t+e), ........... . (23)

and the period is therefore 2= ./(¢/g).

The accurate equation (21) can be integrated once by the method
above expluned ; we thus find

B e e (22)

d9\?
1 (22) —ge0s0+C, . .. (24)

but the second integration cannot be effected (except in the particular
case of C =g) without the introduction of elliptic functions.

Ex. 2. If a particle move 1n a straight line under an attraction
varying as the inverse square of the distance from the origin, we have

d*x n
}ltB:_aT”’ eee  eesrsecscecscscescns (25)

whence, as in Art. 1564, Ex. 3,

da\? p
§<d5> = oA (26)
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If the particle start from rest at the distance a, we have C'=— pu/a, and

‘flﬂ::_(%")%. (?—-;”f, e (2T)

the minus sign being taken since the velocity is towards the origin.
The second integration is facilitated by the substitution

T=acos?0. ...t i i (28)
Separating the variables, we find
3
(1 + cos 26) d6 = (%’;) @, s, (29)
3
6+ 1 sin 20— (27';) L4 C. s v (30)

As @ diminishes from a to 0, 6 increases from 0 to 3w. Hence the
time (¢,) of falling from rest at the distance a into the centre of force
is given by

164. Equations involving only the First and Second
Derivatives.

If the equation be of the type

dy dy\ _
¢ (Z[; ch) =0, e, 1)

1.e. the variables 2, y do not appear (explicitly), then, writing p for
dy/dwx, we have

¢ (%, p)=0, ........................ @)

which is an equation of the first order with p as dependent variable.

The equation (1) may also be reduced to an equation of the first
order, with y as independent variable, by writing as in Art. 168,

dp . diy.
P gy for g
d
thus ¢ (p Eg L P)=0 @)

Ez. 1. To find the curves whose radius of curvature is constant

(= a, say).
By Art. 135 we have d’y
da?

@7
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d
or A de . .(5)
(L+p)f — o
Integrating this we have (Art 77 (13))
P r—a
S md e e 6
et @ ©
where a is an arbitrary constant. This gives
ay r—a
d-‘m =p=+ m 9 eeveecsscsesien (7)
whence y-B=+J{a'—(x—a)?}, .. . ... ..(8)

if B be the arbitrary constant introduced by this last integration. The
result may be written

(@-a)f+ (=B =a% e e .(9)

and so represents a famly of circles of radius @

This investigation 18 given merely as an example of the general
method ; the problem itself can be solved more easily in other ways.

Exz. 2. 'To determine the rectilinear motion of a particle subject to
a force which 1s a given function of the velocity.

The equation of motion 18 of the form

‘5; —f (%) ) eeeeeenieen . (10)

which evidently comes under the type (1). Writing v for du/dt, we
have
dv dv dv
&= jo=" e

For example, if the particle be subject solely to a resistance varying
as the velocity, we have

=t+C. ... ..(11)

dv

— = e e v e 2

T kv, . (12)
whence g?:'v:jle"“, a::—-/che"“+B v e (13)

Hence, whatever the circumstances of projection, x will approach asymp-
totically, as ¢ increases, to a limting value B

Agan, 1f the resistance vary as the square of the velocity, we have

dv N dv 1
a—t——kv, —;:kdﬂ, 1—):/05+A. ......... (14)
dx 1 1
Hence P vk and x=7;log(/rf,+A)+B ... (1B)

We see that, although v tends asymptotically to zero, there 18 now no
limit to the space described.

L LG 27
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If we follow the alternative method, the equation (10) is replaced by

dv
= =f(®). . veerenens (16
v ® ). (16)
Thus, in the case of resistance varying as the velocity, we get
dv
——=— =- C e . 17
o k, v=-lkx+C (17)
Hence gg+ka:=0, ............ ... (18)
and therefore, by Art. 157,
x=§+ De® .. .. .. . (19)

where C, D are arbitrary constants. This agrees with (13).

Again, if the resistance vary as the square of the velocity, we have

Z—Z:—kv, v=Ce® ... . . ... (20)
Hence %o, Ywm_ciip )
dt %
or ke =log (kCt+ kD),  ...... o (22)

a form not really distinct from (15), as may be verified by putting
A=kD|C, kB=logC.

165. Equations with one Variable absent.

1°. If the dependent variable do not appear explicitly, the
equation being of the type

¢(§%, g—g, ) L I )

then, writing p for dy/dx, we have an equation of the first order
1 p, Viz.

s (p %,w):& ..................... @)
If the solution of this be put i the form
P=f(@, A), i (3)
where A4 1s the arbitrary constant, a second integration gives
y=[f(e, Ayde+ B. . ........ ......... 4)

That one of the arbitrary constants would occur as an addition
to y might have been anticipated & priors, since the equation (1)
1s unaltered when we write y 4 C for .
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2°. If the independent variable do not appear explicitly, the

type being
dly dy =
¢<d“’ I y)—O. .................. 5)

we write as in Art. 163 (3)
dy  d% dp

dw =D dw’ =p a—y 3 eeseesesiecenenans (6)
and obtain ¢ (p g’—;. Poy)=0, oo )

an equation of the first order between p and .
If the solution of this can be put in the form
P=f(Y A)eee it (8)

the next integration gives

Here, again, it might have been auticipated from the form of
the given equation (5) that one of the arbitrary constants would
consist in an addition to a.

Fx. 1. a- )-__ %’%o, ..................... (10)
Writing this in the form
ldp =
pdz 1-a%’
we find log p = — 4 log (1 — 2?) + const.,
dy 4
or =p= . 11
=P= gio (11)
Hence y=A4Asnx + B (12)
Ex. 2. In the theory of Attractions we meet with the equation
av  2dV
P i w =0, ..(13)
Regarding dV/dr as the dependent varable, we have
v
drt 2
W+;:‘:O, . . . o seaa (14)
dr
I log al 2 log r = const
whence og -+ 2logr= .

27—2
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dvV 4
or —d;=;-2... cie - ...(15)
Integrating again, we find
V=—§ +B e (16)

Lx. 3 'To find the curves in which the radius of curvature is equal
to the normal, but lies on the opposite side of the curve

Referring to Arts. 60, 135, we see that the expression of the above

condition 18
@y

]
7 a2t ( } e (1T)
d?
Simplifying, and making the substitutions (6), we find
p_dp_1
Trpa =y .. (18)
92
Hence 1log (1 +p?)=logy +const, 1+p= 'Z;_, . (19)

where ¢? is written for the arbitrary constant, which must evidently be
positive. This gives

=p=t “—/—(*"’ ) . (20)
Separating the variables, we have
dy dx LY | (x—a)
V(‘y',‘,_—ci)—i?, cosh ;';- + Mc—, v e (21)

where a is the second arbitrary constant. lence, finally,

y=ccoshx;a, e e (22)
a family of catenaries. Cf. Art. 134, Ex. 1

166. Linear Equation of the Second Order.
A linear equation of the nth order is one which involves the
dependent variable and its first n derivatives in the first degree

only, without products. Thus, the general linear equation of the
second order may be written

dy dy
Tat P A=V, (1)

where P, @, V are given functions of .

There are several mmportant properties common to all linear
equations. We give the proofs for the equation of the second
order, but the generalization will be evident.
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1°. The complete solution of (1) may be written

Y=U+W, .ovevrnriiiiininnniinninns 2)

where w is any function whatever which satisfies (1) as it stands
and « 18 the general solution of the equation

d*y
dx2+P S o Qy=0,eeceeieeerrenn, (3)

which differs from (1) by the absence of the right-hand member.

For, assuming that y = w + w, where w satisfies (1), and « 1s to
be determined, we find, on substitution in (1),

d*u du d w dw
E&;“—F'P +Q + .P"d—w"i"Q’w=V,
. d*w olw
or, since pr + P E +Quw=V, i (4)
. d’u du
by hypothesis, T P s Qu=0; .ccoeeririiiiinnann. (5)

v.e. the function % must satisfy (3).

The two parts which make up the general solution of (1), viz
w and u, are called the ‘particular integral,” and the ‘complementary
iunctlon respectively. It is to be observed that the particular
integral may be any solution whatever of the original equation,
the simpler 1t is, the better. The complementary function must
be the most general solution of (3), and will involve two arbitrary
constants.

2°.  If w,, u, be any two solutions of (3), the equation will also
be satisfied by

Y=Cy+ Cotly, «evviviiniiiiiinnnnn. (6)

where C,, C; are arbitrary constants. 'This 1s easily verified by
substitution.

Hence if the functions u,, u, are ‘independent,’ 7.e. one 1s not
merely a constant multiple of the other, the formula (6) gives a
solution of (3) involving two arbitrary constants.

3°. If a particular integral (v) of the equation (3) be known,
the complete solution of (1) 1s reduced by the substitution

Y20, o cven viieins e 7

to the integration of an equation of the first order 1n dz/dz. For
(1) becomes

vg:, (d +P>‘Z (22”,+P§2+Qv)z-v
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which reduces, in virtue of the hypothesis, to
dﬂz dv dz ,
Vit (RR AP TV s )

- This is linear, of the first order, with dz/dz as the dependent
variable.

In particular, if V' =0, we have

d?z
dz? 2 dv
AT A P=0, 9
dz
whence log Z—Z + 2log v + fPdx = const,,
or %—Z _4 e~ IPdz, (10)
g~ [Pdx
Hence Z=Af g Ny : B (11)
v

The complete solution of (3) is therefore

-dez
y=Av f dz+ Bo. ..., (12)

We add a few examples of the integration of linear equations,
by various artifices. The method of integration by serics will be
noticed 1n Chapter XI1v.

Ez. 1. In the theory of Sound, and in other branches of Mathe-
matical Physics, we meet with the equation

P 2dp

2 rar T +k¢=0 ... . ... (13)
If we multiply by 7, this is seen to be equivalent to
PO be)=0. o e (14)
Hence, by Art. 163, 7r¢= A cos kr + B sin kr,
or p=teolr Bolnkr e (15)
Em. 2. -9 _ W,y 0. (16)
7 x“ @ *y=0

A particular solution 18 obviously y=a2. We therefore put
Y=y e, (17)
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. d% dz
which leads to w(l—m’)%+(2——3wﬂ)gx=0. ...... e (18)
Separating the variables, we have
&%
de® 2 o
@"' 5-—1?@:0, .............. (19)
dx
dz 4
whence e F YT (20)
PN
z.—_—A-»“/—(lm N (21)
The complete solution of (16) has therefore the form
y=4 J1-a)+Bx. . . .......... . (22)
o da
Ex. 3. (l+m“)aﬁ,+3wa’£+y:0. . (23)

This happens to be an ‘exact equation,’ » e. the left-hand side 1s the
exact differential coefficient of a function of @, y, and dy/dw, for it may

be written
d?y dy dy
2y & ey .Y =
{(1+w)dx2+2xdx}+{v¢dw+y} 0.
The integral (1 +a?) % +ay = A. . (24)

This 18 linear, of the first order, and the integrating factor 1s seen to be
1/J/(1 +a?). We thus find

d . A
%{J(1+m)‘y}=;7(1mo

N +a?). y=Asinhlax+ B, ... .. ... (25)

EXAMPLES. LV.

2,
L wﬂﬁ: 1. [y =xlog @ + Aw+ B.]
d
a, @ayzma_ [y=@-2)e"+ dx + B
a. f%:a [y:alog%-i—Ax-f-B.:'
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4, The differential equation for the deflection of a horizontal beam
subject only to its weight and to the pressures of its suppouits is

d'y

B

where w is the weight per unit length. Integrate this, on the supposition

that w 1s constant, and determine the constants so that y =0, d*y/da? =0

both for =0 and for ®=/. (This is the case of a uniform beam of

length { supported at its ends.) [By = Frwx (0 —x) (12 + lx— a?).]

= w’

5. Solve the same equation subject to the conditions that =0,
dy/dx=0 for =0 and @w=J (This 18 the case of a beam clamped at
both ends.) [(By = xwa? (I— )]

6. Solve the equation of Ex. 4, subject to the conditions that y =0,
dy/dx =0 for =0, and d%/da® =0, d’y/dx*=0 for x =I. (This is the
case of a beam clamped at one end and free at the other)

[By = gwa® (612 — 4la + a?).]

7. Solve the equation

d’x
g =TS
and interpret the result. [ =/fIp + acos (\/ut + ¢).]

8. Shew that the solution of the equation of motion of a particle
moving in a straight line under a force of repulsion varying as the dis-
tance, viz.

d*»
@ =t

is of one or other of the types:
#=a cosh (,/ut +€), =asinh(/ut+e¢), x= agEVrte,
and interpret these results.

9. A particle moves from rest at a distance a towards a centre of
force whose accelerative effect is p x (dist )%  Prove that the time of
falling to the centre 1s a?/,/u.

10. Obtain a first integral of the general differential equation of
central orbits, viz.

d*u P
a@ T e
2
where P is a given function of . [ ?2%) +ul=2 fl_zg,_’ du + C’.]
. dr n
11. Solve the equation ap =

and shew that the solution is equivalent to
r=Ad+ 2Bt + C8},
where 4, B, C are connected by the relation
AC - B*=p.



12.

13.

14,

15.

16.

17.

18.

19,

20.

21.

22,

23.

24.

25.

26.

27.

28.
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Z? Y. [y = A4 + Bevia)
22291 [ay-pr=t@-ar]
a%+(gg>g=0. [y:alogwga.:]
“djy { (dl/)} . [y—ﬁ:acoshw—a.:l
P94 (Z_g)n:o [y = B + log cos (z — a). |
dy _ [y=4 + Bx+ Ce” + De2.)

dat da:2
3;4 (jx{‘ 0. [y=4d+ Bx+Ccosx+ Dsinux.]
%Jr}"g: [V=Adlogr+B ]
m%:%, [y =4a®+ B
ZZ/?+ sz 0. [y =2B tanh B (x—a) ]

(1-

(L+at) 4 CY i1 (%

[y=B+ (1 +alz>10g(1+aa;)—-§.:\

(1+oz:2)——+ zi = 0. [y=4 + Bsimmh™'x.]
(a? - 1)3,:% ZJ =0. [y=4 + Bcosh™a.]
o? d
(1+a,“);l—a':ya+2wc—l%=0. [y =4 tan~' = + B.]
x+ A4
~+2( ) 0. [y s
a’y ay\* [ _ .4
vaa=2(a) T

y 2y 1_( . [P =23+ da + B.)
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29, 1- a:”) S - g;/: 2. [y=(@in'x)'+ Asin~'z+ B.]
dn
80. 7 {(1 ) d;} =0.  [u=4+Btanh-'y]
d
. {(1 — ) @} +2u=0. [u=Ap+B(l—ptanhtp))

32. Find the curves in which the radius of curvature is equal to
the normal, on the same side of the curve,

[The circles (z — ) + 3 = 8]
83. Find the curves in which the radius of curvature is double the
normal, on the opposite side of the curve.

[The parabolas (z — o) = 48 (y — B).]

34. TFind the curves in which the projection of the radius of cur-
vature on the axis of ¥ has a given constant value ().
—a ]

[y = fBlog sec z

35. TFind the curves in which the radius of curvature va,rxes as the
cube of the normal.

[Conics having the axis of « as an axis of symmaetry.]

36, (1+2) %Y 4o dy) -
I:J B + log (x? — '“’)——l miz:]
_ldy
87. (1 - ) %Y ZE - L iaco.
[y=4+B J(1—a% + Ja]
a* dy dP
38, g+ P+ y=0. [y= eIt (4 folPidy 4 B))
d’y 2dy _Ae®+ Be™®
89, dr* T de” y=0. I:y—* z :'
d;
40, (l+w2)(§—£ 242 =0. [y=de+B(1-a?)]
dy
41. (1+acﬂ)~+xdjc . [y=dz+BJ(1+a)]
42. Solve the equation
d*y dy
. (‘”’"l)d—xa x o +2y=0,

one golution of which is y = w, [y= Az + B(x+ 1))
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43. Solve the equation

d
w%—(n—w)gz—ny=0,

one solution of which is y =¢™2. [y = de=® + Be~® [ x"™dz.]
44, Change the independent variable in the equation
@y
2 - —_— — =
(x*-1) g Te Y 0

to z, where z= cosh™'x; and solve the equation.
[y =4 cos z + Bsin 2.]

Py . d
45, d—m,y+ chotm£+(m’_n’)y=0,
_ A cos mx + Bsin mx ]
[:l/— sinnx
R dy B _Asm'z+B
46. (l-—.'z:) ~——3a: -y =0. I:y__:/(l.:;:ﬁ)_ :l
d? dy\?
47. xy d—x?—j, + (y— x%) =0, [¢*= Ax + Ba?.)
d* dy, da
48, a:y(za—:;+ m(z‘;) d; 0. [y’:Aa:’+ B_]
d*y d' P\ 2
49, 3Ly _ (dT;Q' [(y - Az = By = Cz + D.]

dydy _ B
50. 9Ly~ ) [y—A+z+0



CHAPTER XIII
LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS

167. Equation of the Second Order. Complementary
Function.

Linear equations with constant coefficients occur so frequently
in Mathematical Physics as to call for a somewhat detailed treat-
ment. This is much facilitated by the use of a few simple properties
of the operator D, or d/dz, where « is the independent variable.

It has been shewn in Art. 29 that the opecration indicated by
D is ‘ distributive,” viz. %, v being any functions of @, we have

Du+v)=Du+Dv. ccveevvviinnnnnnnn. 1)

Again, if a be a constant, we have

(D+a)u=z—z+au=au+gg=(a+l))u, ...... (2)
and D (au) =a§g= aDu; .veevviniinn.l. 3)

so that the operator D, in conjunction with constant multipliers,
obeys the ‘ commutative’ laws.

Further, the symbol D is subject to the ‘index-law,” viz.
DmDry = Dmtny e (4)

Hence the operator D, both by itself, and in conjunction with
constant multipliers, 1s subject to the fundamental laws of ordinary
Algebra. We can therefore assume at once, so far as they have a
meaning in the present application, all the results which in Algebra
follow from these laws.

For example, if A,, A, be any constants, we have
d
(D=2 (D=rJu=(D—1,) (55 = ru)
ad /du du
= o (g5 ) =2 (G 2)

du
=EE"("“+)‘“)¢E+’”*7‘“‘“

={D'—=(M+M)D+NNJ U v, (5)
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We proceed to the equation of the second order, which occurs
very frequently in dynamical problems. To find the complementary
function, we have to solve an equation of the form

dz
dZ+a-~ +by=0, ... . ... ..(6)
or D*+aD+byy=0. .... ....... (1)
If $a* > ), this is equivalent to
D-=-N)D=-r)y=0, ..... v e(8)
where \,, A, are the roots of
M AN D=0, . eooreereerees e (9)
iz, ;‘;} S PRIy P S A (10)
If we write D-N)y=2, ccccvveen o i (11)
the equation (8) becomes
(D=A)2=0, cervees ereeeinrrann, (12)

a linear equation of the first order. The solution of this is, by
Art. 157,

z=AeM% ... e e (13)
Substituting 1n (11), we have
D—-N)y=4e, ..... .. ... ... (14)
whence, by Art. 157, 1°,
y=0eM+ Coe™®, ... (15)

if Ci=A/(\—=X,) Since 4 1s arbitrary, the constants C,, C, are
both arbitrary, and the process shews that (15) 1s the most general
solution of the proposed equation (6).

If }a? = b, the roots of the equation (9) in A are coincident, and
the equation (14) takes the form

(D-=Nyy=4e= ...... .. ... (16)
The general solution of this, as found 1 Art. 157, 2°, 1s
y=(Az+ B)e ... )

If }a® <D, the values of A,, A, which satisfy (9) are nnaginary,
but we can still obtain, by the foregoing process, a symbolical
solution of (6) mvolvmg v/(—1) Into the question as to what
meaning can be attributed to such a result 1t is not necessary to
enter here, as the difficulty can be evaded in the following manner.
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If we write Y= ™2, tiriiiiiniiieeiiinns (18)
where m is as yet undetermined, we have
Dy=e™(D+m)z, D%y=em(D*+2mD+m?z, ...(19)
so that the equation becomes
{DP+C2m+a) D+ m*+am+blz=0. ......... (20)

If we now put m = — 4a this reduces to the form of Art. 163 (8),
thus
dz

7+ (b—-%1a)z=0. ...coenennnen.. (21)

The solution of this, when b > }a? has been shewn 1n Art. 163 to be
g=AcosBr+BsinfBz, . ..... .......... (22)
where B=nb—-2a%. cc...o... il (23)

Hence the solution of (6), in the present case, 18
y=e"4* (A cos Bz + Bsin Bz). .......... (24)
This is also equivalent to

y=Ce 3% cos (Br+€), .covvvvvvvninnnnn (25)

where the constants C, e are arbitrary.
To summarize our results:
(a) If }a®> b, the solution of (6) is
y = CeM* + (e,
where A\, A, are the roots of
MN+an+b=0;
(b) If }a*=1b, the solution is
y=(Az+ B) ¢ ¥,
(¢) If }a?< b, the solution is
y=e 42 (4 cos Bz + B sm Bz),

if B =b- }a?
dgy dy
Ex. 1. zz?‘-’_ %-—Gy-:O. e e e s ereeses (26)
The equation in X is
AM+A-6=0, whence A=2, or —3.
Hence y = Ae* + Be *. (2D
dy . dy
Lz, 2, a7t 4 ——— ot 4y =0.
The equation in X, viz A+ 2)’ =

has the double root — 2. Hence
=(dx+B)e ™ ...l (28)
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Ex. 3. The free oscillations of a pendulum 1n a medium whose
resistance varies as the velocity are determined by an equation of the
form

dz , de
W+kﬁi+"’x=0’ ...................... (29)

where % is a coefficient of friction. The same equation also serves to
represent the motion of a galvanometer-needle as affected by the vis-
cosity of the air, and by the electro-magnetic action of the currents
induced by 1ts motion in neighbouring masses of metal.

‘When regard is had to the difference of notation, the solution of
(29), when the friction falls below a certain limit, 18

@ = Ce=4kt o8 (Mt + €), ...veeveiesrienen..n(30)

where m=Jw-3F). .. . (31)

The motion represented by (30) may be described as a simple-harmonic

vibiation of period 2w/n,, whose amplitude diminishes asymptotically
to zero according to the law e~k

The solution (30) assumes that k* <4p. When £%> 4y, the proper
form is

x=AeMt + BeMt, ... Ll (32)
where A,, A, are the roots of
AN+ Ih+pu=0.. N 1))

By hypothesis, these roots are real. Since their product (1) 18 positive
they have the same sign ; and since their sum (- %) 1s negative, the sign
is minus. Hence the displacement « sinks asymptotically to zero after
passing once (at most) through this value. This case 1s reahzed 1n a

‘dead-beat’ galvanometer, or in a pendulum swinging 1n a very viscous
fluid.

In the critical case of &* = 4u, we have
=4 +DBt)e ¥t i, (34)

The first factor increases (in absolute value) indefinitely with ¢, whilst
the second diminishes. The decrease of the second factor prevails how-
ever over the mcrease of the first, and the limiting value ot the product,
for ¢ -0, 18 zero. Cf. Art. 43 (2).

168, Determination of Particular Integrals.

We have next to consider the problem of finding a particular
integral of the linear equation of the second order with constant
coeflicients, when this equation has a right-hand member, thus:

D +aD+ by y=V, ceees e . (1)

where V is a given function of #. As already remarked, any par-
ticular integral, however obtained, will serve the purpose. Thus,
we may omit from the particular integral any terms which occur
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in the complementary function, since these will contribute nothing
to the left-hand side of (1). Conversely, if for any purpose 1t 1s
convenient to do so, we may add to the particular integral any
groups of terms taken from the complementary function.

Again, if V" be composed of a series of terms, the problem con-
sists in finding values of y which, when substituted on the left-hand
side of (1), will reproduce the several terms, and adding the results.

It will be sufficient here to notice the most useful cases.

1°, If V contains a term

He®®, iooiiiiiiiiiiiiiiiii, 2)
the corresponding term of the particular integral 1s
H
y= E;:}—‘—(;&Tb 2 N (3)

For if we perform the operation D?+aD + b on the right-hand
side of this, we reproduce (2).

This rule fails if a®+aa + b=0, 2 e. if e** be one of the terms
which occur in the complementary function. Using the notation
of the preceding Art., we will suppose that a=2x,, so that the
equation to be solved is

D-N)(D=ng)y=He . ...cco.c.n.nin. 4)
If we write, for a moment,
D=N)Y=2, ceeervirvieiirnninn. . (5)

this takes the form (D—N\) z= HeM=.
It was found in Art. 157, 2°, that a particular solution of (6) is

z=HazeM® . ..... .c.cooiiiiinn. )
It remains only to solve
D—=N)y=HazeM. .......... .......... (8)
The integrating factor is e~**, thus
D(ye~*®)= Hxge™ =M=, ... .. ... (9)

Integrating the right-hand member by parts, and omitting a term
already included in the complementary function, we find

ye—n\,,x = x“ghi a;e()\l")‘i)”,
1 2

or Y=
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A further modification is necessary if a be a double root of the

equation D*+aD +b=0. The equation to be solved has now the
form

(D-=ANpy=He™ ... ..o ooennnne. (11)
The first step is as before, but in place of (8) we have
D -Ny=Hzxe* ...ccovvvvennnnnnn (12)
We found in Art. 157, 3°, that a particular integral of this is
y=4Ha%?. ... ... ... (13)

The forms of these results being once established, the student
will probably find it the easiest and safest course to assume

= (Ce*®, y=Cre*®, or y=~Cr=> ... (14)

as the case may be, and to determine the value of C by actual
substitution 1n the equation

D*+aD+byy=He= ............ .... (15)
The work is facilitated by formula to be given in Art. 169.
2°, If V contains terms of the form
Heosoax+Ksmmox, ... . coovvvvvrann s (16)
we may assume y=Acosar+ Bsinar ................ amn
Substituting 1n (1), we obtain, on the left-hand side,
(—a’d + aaB +bA4)cosax + (—a®*B — aad + bB) sin az.
Hence the terms (16) are reproduced, provided
(—a+b)A+aaB=H, —aad +(—a*+b)B=K....(18)

Except in the particular case where a =0, a*=5, which will be
considered presently, these equations determine 4 and B; thus
_(—a+ b) H — aaK p_t +(—a+b)K
A (a’ b)‘ + at® B= (o® — b)’ aad - (19)
The foregoing results simplify when the coefticient « 1n the
differential equation 1s zero; a particular mtegral of

Za‘;/,+b‘/ Hcosax + Ksmmaz ... ....(20)

being obviously
H K
Y=y a8t —, LS Az, .. (21)

A singulanty arises, however when a*=0b. To find the proper
form in this case we may assume

Y=UCOSAT+ VSINOAL. ...oovrvrreennn... (22)
L LG 28
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This makes

g;—, + a?y = (2aDv + D*) cos az + (— 2aDu + D) sin az. (23)
Hence (20) will be satisfied 1n this case, provided

Du=— K/2a, Dv= H|2a,
Kz _Haz

or U=—Gos VTG e (24)
A particular integral is, therefore,
K
Y=g, LS AT — 5 TCOSAT .eoe. ....(25)
d*y  dy _
Ex. 1. At A—by=eTee L L (26)

Asin Art 167, Ex. 1, the complementary function 18
y=Ae*® + Be™,

If we assume y = Ce*, we find on substitution that the first term on the
right-hand side of (26) 1s reproduced provided €' =}. The second term
comes under one of the exceptional cases above discussed, since — 3 is
a root of A+ A —~6=0. If we assume y = Cwe~**, we tind that the term

in question is reproduced, provided ¢/ =—}.
The complete solution of (26) 1s therefore
y=A4e* + Be™ + 1P - Twe ... ...(27)
dly dy o o
Ex. 2. %2+4~d76+4y_e +e™® o (28)

The complementary function has been found in Art. 167, Ex. 2,
to be

y=(dx + B)e >,

To reproduce the first term on the right hand, we assume y = Ce®, and
find C =%. The second term corresponds to a double root in the
equation for A; assuming, therefore, y = Cx’e=*, we find ' =4,

Hence the complete solution of (28) is
y=(Adx+B)e™ + {462 + date™® il (29)
Exz. 3. To find a particular integial of
d*c  , de
E—t',‘;+ka-£+[w=f008(pt+e). ............... (30)

This is the equation of motion of a pendulum subject to a resistance

varying as the velocity, and acted on by a force which 1s a sumple-
harmonic function of the time.
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We assume  x=A4 cos (pt+¢€) + Bsin (pt+e), .ooonnnnnn.. 31)
and find, on substitution,

-p'd +kpB+ pd :f,} (32)
—p*B - kpAd+pB =0, ’
p—p kp - :

whence A= (M__I)-srﬁk———ap ‘f; B= m_igz‘l;:z f . .(33)
If we put Ad=Rcosg, B=~Rsing, .. ...... .(34)
the solution (31) takes the form

x=PRcos(pt+e—¢g), ...... oL (35)

S - R ;
where R= 5 » = tan - ..(36

Ny ey 7 A 9

We have thus determined the ¢ forced oscillations’ due to the given
periodic force. The ¢free oscillations,” which are i1n general superposed
on these, are given by the complementary function (Art. 167, Ex. 3).
Unless £ =0 they gradually die out as ¢ increases.

Kx. 4. For the forced oscillations ot an unresisted pendulum we
have

‘%f L = COS (Pl €). wevarrrerinneeannns (37)
A particular integral 18
__f
w—F':—I;QcOS(pt+e). ese se n e e seees (38)
This fails when p =n. Assuming that in this case
x=Ctsin (nt +e), ...... ....(39)
we find on substitution that (37) 1s satisfied provided
2nC =/, or C=f[2n. .... .. . (40)

The interpretation of (39) 1s that, if an unresisted pendulum be acted
on by a periodic force whose period coincides with that natural to the
pendulum, the amplitude of the forced oscillations will at first* increase
proportionally to the time.

169. Properties of the Operator D.

The methods of Arts.167, 168 adnnt ot extension to the general
linear equation with constant coeflicients

d” an —13/ dn-—z'? y
= +4 3 Jn—2

da® 1 da—! +4

d
+ Xy + An—] '_y— +A'ny= V‘, lto(l)
dx
* Usually, 1n the physical applications, the equation (37) 18 approximate only,
being obtained by the neglect of powers of £ higher than the first. Hence when

the amplitude 1ncreases beyond a certain limit, the equation ceases to apply, even
approximately, to the subsequent motion.

28—32
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or, as we may write it for shortness,

f(D) denoting a rational integral function of D. We shall however
content ourselves with indicating how a solution of (1), involving
n distinct arbitrary constants, can be obtained when V =0, and
how a particular integral can be found for certain forms of V. The
proof that the solution thus arrived at is the most general which
the equation admits of is omitted ; but from the point of view of
practical applications it is sufficient to have at our disposal the
proper number of arbitrary constants required to satisfy the re-
maining conditions of the problem.

The following properties of the operator D will be useful.
1°. If 4 (D) be any rational integral function of D, say
Vv(D)y=AD"+ A, D"+ A, D"+ ...+ A D+ A, ...(3)
then V(D)= (N) e ... (4)
For Drere = \rer® |

and thus the several terms of (D) give rise to the several terms
of Yr () as factors of €%

2°,  With the same meaning of (D), if u be any function of
@, then
Vv(D).M®u=e* P (D+N) U covvviennnnnnn. (5)

For we find in succession
D .e*ru=e*(D+2\)u,
DP.e®u=D{®(D+N)u}=e*(D+N)(D+N)u
= (D +\)*w,
and so on; the general result being
Dr.eu=e(D+ \) u.

Hence the several terms of the operator 4 (D) give rise to the
corresponding terms of the result given in (5).

8°. If (D) contain only even powers of D, it may be denoted
by ¢ (D?). It appears from Art. 64 that 1f

u=Acosar+ Bsinaz, .................. (6)
then Dwy = — a®u,
and therefore D) u=P(—a®) U iriirriinrnrnnnnns )
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170. General Linear Equation with Constant Coefficients.
Complementary Function.

To obtain solutions of the equation

JD)y=0, ..ovviiiiit i (1)
we remark that if £ (D) be resolved into any two rational integral
factors, thus

D)= (D). A (D), ceveneininr enians (2)
the equation (1) is obviously satisfied by any solution of

VY (D)y=0. ...ccovviiii (3)
And since the factors are commutative (Art. 167), 1t is also satisfied
by any solution of

d(D)y=0. .oovivininiiins e (4)

Hence (1) is satisfied by the sum of any solutions of (3) and (4).
Continuing the resolution we see that if

FD)= ¢, (D). ¢y (D). s (D), e, (5)
the equation (1) will be satisfied by the sum of the several solutions
of

H(D)y=0, ¢.(D)y=0, ¢(D)y=0,... ... (6)

By a theorem of Algcbra, already referred to in Art. 85, the
function £ (D) can be resolved (if its coefficients be real) into real
factors of the first and second degrees, the sum of the degrees of
the several factors being equal to the degree (n, say) of the function.
Moreover the factors of the first degree are of the forms

D-—)\q, .D_"X), D"Xa, cee
where A,, A, A4, ... are the real roots of

SFW)=0. ... ()
If A be a simple root of (7), one of the equations (6) is of the
form
D-Ny=0, ........ ... ... .(8)
the integral of which is known to be
y=0e . 9)

And if the roots of (7) be all real, say they are A\, Ay, ... Ny, &
solution of (1) involving n arbitrary constants is

y=C0eM+ Cer + ...+ Cpe?®; ... ... (10)
cf Art. 167 (15).

If the equation (7) has a multiple root, two or more of the terms
on the right hand of (10) coalesce, and the number of distinct
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solutions thus obtained 1s less than n. To supply the deficiency,
we remark that, if A be an r-fold root of (7), f (D) contains a factor
(D=n)y. To solve

we assume y=eM g,
which makes
D=Ayy=(D-=Ay.e*z2=e=Drz,
by Art. 169, 2°, and the solution of D"z = 0 18 obviously
2= B,+ B+ Bx*+ ... + B,_;a™,
whence y=(By+ B, + Bx* + ... + B, 2™ ") e ......... (13)

We have here r arbitrary constants, corresponding to the »-fold
factor of (D). Cf. Art. 167 (17).

If #(D) contains, once only, an irreducible quadratic factor
D* 4+ aD + b, where }a* < b, then part of the solution of (1) consists
of the solution of

D*+aD+b)yy=0 ..oceiiiannn.n. (14)

If we put y=e 2z B=b-Ja’ ... (15;

we have, by Art. 169 (5),
(D*+aD+b)y={(D+%a)y+ B etorg
=e (D4 3%) 2.

And the solution of (D*+B)z=0
18 z=F cos Bz + F sin Bz.
We thus find y = e~4% (F cos Bz + F sin Bz),

as in Art. 167 (24) Hence for every distinct quadratic factor of
S (D) we obtain a solution involving two arbitrary constants

Finally, if £ (D) contans an 1rreducible quadratic factor which
occurs 7 times, we have to solve

D*+aD+byy=0, ..ccoovvnrnn..l. an
or, making the substitutions (15), as before,
D+ B)2z=0. .cooiviiiiinnninnnns (18)

To =olve this, we assume
z=ucos Br+vsinBe. ........oounnnin. (19)
Now, by actual differentiation, we find
D+ B?) . ucos Bx=28.Du.cos(Bz + }m) + ...,
(D* + 3. u cos Bx = (28)*. D*u . cos (Bx + m) + ...,



170] LINEAR EQUATIONS 439
and, generally,
D+ B . ucos Bz =(28) Dru.cos(Bz + yrm)+ ..., ...(20)

where only the terms of lowest order in the derivatives of u are
expressed. Similarly

(D*+ 3y . vsin Be=(28)". D'v.sin(Be + Lra) + ... .. A(21)
Hence the equation (18) is satisfied, provided

Dru=0, Dro=0,....cc.. ccoeeer ... (22)

ve. we bt Bod BaPd bl (23)

v=F,+Fax+ Fx*+...+ F,_ a1 J
The complete solution of (17) is therefore
y=(Ey+ Bz + Ly* + ... + B,_ 2" ) e~ 1% cos Bz
+(Fy+ Fio+ Fpr*+ ... + F,_ 2 )e~4%s1n Bz, ...(24)

involving 2r a1bitiary constants.

Py Py
Ex. 1. :i_.:l);_ Eq’;,- oo cee deeeses (25)
This may be written DY (D-1)y=0,

and the complete solution 18 accordingly made up of the solutions of

%y =0, (D-1)y=0, thus

y=A+Bx+Ce® .. . ... (26)
d'y :
Ex. 2. E[;‘:m‘y. e v (27)
This may be written
(D=m) (D +m)(D*+m") y=0.
Adding together the solutions of
(D=-m)y=0, (D+m)y=0, (D*+m?y=0,
we obtain y=de™ + Be="™ + F cos mx + [ smmw. ... (28)
dly
Fx. 3. ThEHGETY=0 e (29)

This 18 equivalent to

(D*+ D+ 1) (D= D+1)y=0.
Hence
/3 ;3 L*
y=e'*”<A 0083/5-%'*-1)’8111 —‘{)‘—w) +ei-'(A'cosﬁ/—2§m+B’sin ﬁ{?m)

ceeeen(30)
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Fx 4. Y womt T iy =0 o (31)

Writing this in the form
(D*+m?)?y =0,

we find y = (H,+ B\x) cos mx+ (Fo+ F) sinme. ... (32)
171. Particular Integrals.
We proceed to the determination of a particular integral of
the equation
FD)y=V, cviiiiiiiiiiiiinnnn, 1)
in the two most important cases.

1°. If V contaln a term
He®, ... i v i (2)

for this makes f(D)y= f(&f)f (D) e*® = He=,
by Art. 169 (4).

The rule fails when a is a root of

FDY=0. weeiiie v (4)

If it be a simple root, we may write

FD)=2d(D)(D —a), cenvvvienrininininns (5)
where ¢ (D) does not contain the factor D —a. The equation

dD)D—a)y=He® .icovvviinininnn. (6)
is satisfied, provided

H
D-a)y=—"—"+ i

a}rlxd we have seen, 1n Art 157, 2°, that a particular integral of
this is

Y= ¢(a)w”‘ N ©)
If a be an r-fold root of (4), we may wnite
fD)y=d(D)(D—a), .eevr veirennn. (8)

where ¢ (D) does not contain D — a as a factor. The equation
d(D)(D—ayy=He* ...couveonvnenn.. 9)
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is satisfied, provided
r H it
(D—a) y—g—b‘—(&—)e 2,
Now if we put y=e*?z,
we have, by Art. 169 (5),
D—-ary=e=Ds,

whence Drz=-"—

A particular integral of (9) 1s therefore
_H

Y=g

2°.  Let V contain terms of the type

T, it e (10)

Hceosar+ Ksinax. .ooooovvnvinnnnnn (11)
Since the operation f (D), performed on
y=Acosaxr+ Bsinaz, ... ... .... ... (12)

must result in an expression of the same form with altered coef-
ficients, a particular integral can in general be found by substi-
tuting this value of ¥ in the equation

f(D)y=Hcosar+ Ksinaz, ............ (13)

and determining 4 and B by equating coefficients of cos az and
sin ax.

In one very frequent case, the values of 4 and B can be written
down at once, viz. when the equation s of the type

¢ (D) y= H cos ax + K sin az,

1e. f (D) contains only even powers of D. We have, then, by
Art. 169, 8°,
H

K .
y = ¢ o) cos az + $(—ah sina®.  ......... (15)

This result fails if ¢ (—a?)=0, 7e. if ¢ (D?) contan D?+ a® as
a factor, 1n which case terms of the type (11) occur in the comple-
mentary function. If the factor D? + o® occur once only, we write

d(DYy=x (DYyWP+ad). .. .. ...l (16)
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Now the equation

XD (DP+a®)y=Hcosaz+ Ksinar ......(17)
will be satisfied if
D*+ )y = %2) cos ax + 7—6(1_{—“2) sinaz. ...... (18)

The problem is thus reduced to one already solved under Art.
168, 2°, viz. we have the particular integral

>

Y= Set (— o) Zsin az - Sy (=) Zcosar ...... (19)
If the factor 1?+ a2 occur r times in ¢ (D?), we write
d (D) =x (D) (D24 02y, overneanneen (20)

and the problem is reduced to finding a particular integral of

(D’+a“)'y=x—({_{a—a) cos oz + ;C-(i_(?} s oz. .... .(21)

If we assume

y=1ucos (ax — 3rm) +vsin (ax — rmw), ......... (22)*
we find

D+ a®)yy=(2a).D"u.cosaz+ (20) . D"v.smoazx+ ...
by Art. 170 (20), (21). Hence (21) is satisfied provided

S : S, O | S
v=gaycay 27" @yxca @)
Haxr Kar
or M=W, 0=W. ...... (241)

A particular integral is therefore

y= ;T('QZ)—f;—(‘:E?) {H cos (az — $rm) + K sin (az — §rwr)). ...(25)

In the general case, where /(D) contains both odd and even
owers of D, the assumption (12) fails in like manner 1f, and only
if, /(D) contains the factor D?+ o> Writing

F(D)=x (D) (DP+ ), ccoveverearnn.... (26)

where y (D) does not contain the factor D?+ a3, we first obtain a
particular integral of the equation

x (D) y= H cos az + K sin oz, ............ 27
in the form y=H, cosax+ K, sinaz. ............ (28)

* The assumption y=u cos azx + v sin ax would serve equally well, but the form
in the text enables us to write the final result 1n & more compact manner
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It then remains only to solve
(D*+a®yy=H,cosazx + K,smmaz ........... (29)
This has been treated above.

3°.  Another case where a particular integral can be obtained

is that of
FDYY=X, oo, (30)

where X is a rational integral function, of (say) degree ». We put
y=a™y, where m 1s the lowest 1ndex of D which occurs in Jf (D),
and v is a rational integral function of z, of degree . The coef-
ficients in v are then determined by substitution.

172. Homogeneous Linear Equation.
An equation of the type

d”v/ LAy dry
Mn.'-A dn—1+ A E‘-*_
d
+ A, EJ%4“4,,3/=V, ............ (1)

is sometimes called a ‘homogeneous’ linear equation. The com-
plementary function in this case consists in general ot a series of
terms of the form Cz™, where C is arbitrary, and the values of m
are to be found by substitution on the left-hand side. Moreover,
if V contans a term Hz?, the corresponding term 1 the particular
integral will in general be Bz?, provided B be properly deter-
mined.

To see the truth of these statements we may take the homo-
geneous linear equation of the second order. To solve

d? dy
wd——g+aw~—+by 0, ereeer e, (2)

we assume y = Ca™,
This will satisfy the equation provided
{m(m—=1)+am+b; Cam=0. ...coeu........ (4)

Equating to zero the expression in { }, we have a quadratic in m.
If m,, m, be the roots of this, the solution is

y=01a™ + Cox™., .iovviiiinennins s (5)
Again, a particular integral of the equation
d Y d
dw;+awdy +by=Ha? . .........(6)
will be y=Bx?, ... .. (7)

provided {p(p-1D)+ap+bjB=H................... 8)
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Complications arise when the equation in m has imaginary
roots, or when it has coincident roots; there are, further, diffi-
culties in connection with the particular integral when V contains
terms of the type «?, where p 1s a root of the equation in m. To
avoid special 1nvestigation, we shew how the equation (1) can
always, by a change of independent variable, be transformed into
a linear equation with constant coefficients.

If we put =€ i 9)
then, u being any function whatever of #, we have
d..’:.‘ — ég — d_—w — e_o SZ_L_['
de df " dé  ~ do’
du  du
or T =g o e (10)

We will denote the operator d/df, which 1s seen to be equivalent
to zd/dz, by ¥. Then, D standing as usual for d/dz, we have
D (™ D™ u) = gm+r Dmy 4 gma™ DMy,
or
gt Dty = (2D — m) (2™ D™ u) = (Y — m) (@™ D™ u) ...(11)
Putting m =0, 1, 2,... in this formula we can express
zDu, x2D*u, x2*D%u,...

in succession in terms of Su, %, D%, .... Thus, since the operator
Y, =d/df, is commutative,

x Du = Su,
e?D?u=% N -1)u,
PDPu=%O-1)Y-2)u,
and so on, the general formula being
g Du=@ =1 =2) . Y=r+Du ...... (12)

If we substitute for the several terms of (1) their values as
given by (12), we get a linear equation with constant coefficients,
of the form

d
f™y=V, or f(d_O) y=V. ... (13)
a2V 2dV
Ex. 1. pr ;-Jfo. e .. (14)
1f we multiply by »? this comes under the form (1); thus

av av
T’w‘i‘?"m‘-:o... .................. (15)
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Assuming V =Crm,
we find m(m—1)+2m=0, or m(m+1)=0.
The admissible values of m are 0 and —1, and the solution is therefore
B
V=4+>-. . B ¢ 1))
r
Cf. Art. 165, Ex. 2.
d dy
E.’l:. 2. x’—};l+ 2x ;15—2?/:x2. ...... PP .(17)

To find the complementary function, we assume y = Cx™, and obtain
m(m-1)+2m-2=0, or (m-1)(m+2)=0,
whence m =1 or — 2. Again, a particular integral is y = C2? provided
2-1)(2+2)C=1, or C=1

Hence y:Ax+§2 +42% L . (18)
@y dy
KEx. 3. x’zb-z'—w(‘ig'}'y:x. ............... ..(19)
This becomes (3@ -1)-3+1}y=e,
or ($-1)3y=¢".

Allowing for the difference of notation, the solution of this is, by
Art. 167,

y=(d + BO)e® + }0%8,
or, in terms of z,

y=(A+Blogz)x+ jx(logx)®. ......... (20)
, Y, W
Ex. 4. xzd_ac’ +w%+y:x”. ...... e e (21)
This gives (P +1)y=e’,
y=2A cos 8+ Bsin 0 + %
= A cos (log x) + Bsin (logx) + La* . .......... (22)

173. Simultaneous Differential Equations.

In dynamical and other problems we often meet with systems
of simultaneous differential equations, involving two or more func-
tions of a single independent variable, and their derivatives, the
number of equations being always equal to that of the dependent
variables. We denote the dependent variables by the letters
Z, 9, ..., and the independent variable by ¢.

Without entering into questions of general theory, it will be
sufficient here to give a few examples exhibiting the methods
which are most generally useful.
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In the first place, it may happen that each of the given equa-
tions 1nvolves only one of the dependent variables, and so can be
treated separately.

Exz 1. In the case of a projectile under gravity, if the axes of =
and y be horizontal and vertical, we have

d’x a?
W:O, _sz::!=—g. cemee ae e e sasse (1)
Hence x=A4+A4't, y=B+Bt-Ltgt .. o (2)

The arbitrary constants 4, 4’, B, B’ enable us to satisfy the four
initial conditions as to position and velocity.

Ex. 2. In the case of a particle attracted to a fixed centre (the
origin) with a force varying as the distance, we have
die d%y
Ezi:—llm, gt2’=—py, 10e teeeeae e .....(3)

whence
x=A4,c08 Jut + Aysin \/put, y= B, cos Jut+ B,sin Jut.
If we eliminate ¢, we find
(Byx — Ay)* + (Bye — Ayy)* = (4, By— 4,B,)%  ......e. 4)
which shews that the path is an ellipse.

If the given equations, which we will suppose to be = in
number, are not of this simple type, then by differentiations, and
algebraical manipulation, we may eliminate all the dependent
variables «, ¥, z, ..., save one (say ). If, after integration of the
resulting equation, we substitute the general value of # in the
original system, we shall find that this now reduces to n — 1 equa-
tions involving the n — 1 dependent variables v, 2, .... The process
can be repeated until each dependent variable in turn has been
determined as a function of ¢ and of arbitrary constants.

In particular cases a more symmetrical procedure is possible.
We content ourselves with a few illustrations taken from physical
problems.

Ex. 3. If x, y be the coordinates of any point in a rigid plane
which is rotating with angular velocity » about the origin, we have
the equations

d
e _d:(: SN veriiiieri, )
Eliminating y, we have
dix dy .
@S

whence Z=COS(NE+E), .o o virrririanrnanennn (6)
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the constants a and e being arbitrary. Substituting 1n the first of the
equations (5), we find

y=asin (nt+e). ............. vevenenn(T)

The results (6) and (7) shew that each point describes a circle about
the origin with angular velocity n.

Exz 4. TIn the theory of electro-magnetic induction we meet with
the equations

PNy T )
dt dt
e .(8)

Here « and y denote the currents in two circuits subject to mutual
mmfluence, £ and S are the resistances of the circuits, £ and N the
coefficients of self-induction, M that of mutual induction, and £, F are
the extraneous electro motive forces.

Let us first suppose that £=0, #=0. The equations are then
satisfied by

m:Ae’\‘, y:BB’\t, ves . . ...(9)
provided (LA+ B)A+ MAB=0,)
MAA +(NA+8)B=0.)
Eliminating the ratio 4 : B, we have
(LA + R) (VA + 8) — M2\2 =0,
or (LN -M) N+ (LS+ NR)A+ RS=0. . ... (11)
Since (LS + NR)*-4RS (LN — M?)
= (LS~ NR)*+ 4 M*RS,
a positive quantity, it appears that the roots of the quadratic (11) are
always real. Again, for physical reasons, LN is necessarily greater
than M?. Hence (11) shews that the two values of A must have the
same sign (since their product is positive), and further that this sign

must be negative (since the sum is negative). Hence, denoting the
roots by — A;, — Ay, we have the solutions

e e, (10)

wmdeony y=Benh) a2
and X = _A2e—t\;t, y= _Bse—)\’t’ j .................

where the relation between 4, and B,, or 4, and B,, is given by either
of equations (10) with — A, or — A, wnitten for A. The arbitrary con-
stants therefore virtually reduce to two. On account of their linear
character, the equations (8), with £ =F =0, are satisfied by the sums
of the above values of x and ¥, respectively. The result represents the
decay of free currents wmitially present in the circuuts,



448 INFINITESIMAL CALCULUS [cH. x111

If £ and F are not zero, but given consfants, a particular integral
of (8) is evidently
£ F.
T = R’ y= 'S »

and the complete solution is

E
=5+ dje=M 4 4e Mt

R
y= g + Bie—M + Bpe-Adt,

where the relations between 4, and 5,, and between 4, and B, are as
above indicated.

The first terms in these values of x and y represent the steady
currents due to the given electro-motive forces, the remaining terms
represent the effects of induction. Since we have, virtually, two ar-
bitrary constants, these can be determined so as to make the actual
currents have any given mtial values.

Another important case 18 where £ 13 a simple-harmonic function
of the time, and # 1s zero. Putting, then,

E=E,cospt, F=0, ... .. ... ..(14)
a particular integral of the equations (8) may be found by assuming
x =4 cos pt + A’sinpt,}
y = B cos pt + B'sin pt,
On_substitution we find, equating separately the coefficients of cos pt

and sin pt,
pLA'+ pMB + RA = K, ]

—pLA—pMB + RA'=0,
pMAl+pNB/+SB=O’ = seecerervsecssesve
~pMA~pNB +SE =0.

These formul®e give 4, A’, B, B’, and so determine the electrical oscil-
lations 1n the two circuits due to the given periodic electro-motive
force. The free currents are given by terms of the same form as
in (12). Their values depend on the 1nitial circumstances, and 1n any
case they die out as ¢ increases.

Lz. 5, As a final example, we take the equations

dx  , d*
A% +Ilag+ax+hg/=X,

2 2,
H%§+B%§Z+h¢+by=}’,

ceveeenens (1)
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which determine the motion of any ¢conservative’ dynamical system,
having two degrees of freedom, in the neighbourhood of a position of
equilibrium.

To find the free motion, we put X =0, ¥ =0, and assuine

x=Fe, y=@Ge\. ...... C e (18)
‘We thus get (A)\2+a)F+(H)\2+k)G=O,} (19)
(HX + h) F + (BA+0) G@=0.
Ehminating the ratio F : @, we have
(A2 +a) (BA* + b)— (HA*+ R)?=0, .... ... (20)
or (AB — H*) A + (Ab+ Ba — 2Hh) \* + (ab— k) =0, .. (21)

This 1s a quadratic in A%
The expressions

dac\? dx dy dy\?
,},{A(dz>+2n%;ﬁ+3(m } ...... . (22)
and §(aw® + 2hay + by?), ool el .(23)

represent the kinetic and potential energies of the system, respectively
The former 1s essentially positive hence 4, B8 are positive and A5 > H?
It follows that the left-hand side of (20) or (21) will be positive both for
M=+ 00 and for M= -, whilst for A2=0 the sign is that of ab — A2
Also, from (20), 1t appears that the left-hand member 18 negative for
A= —a/d and for A*=-b/B

Hence 1if the expression (23) be essentially negative, so that a, b are
negative, whilst ab — A 1s positive, the equation (21) is satished by two
positive values of A% one of which 15 greater, and the other less, than
either of the quantities —a/d, — /55 Denoting these roots by A2 A2
we have the solutions

® = FieMl + Fe—Mt 4 Foehit 4 Fe~ M, (24)
y = GeMt 4+ GYle=Mt 4 Guehit + Gle-Mt,

Of the eight coeflicients, only four arc arbitrary The ratio F,: &,
which 1s the same as /)’ : G/, is determined by (19), with A2 written
for A% Similarly, the ratio &, : @, or #, : G5 is determined by the
same equations, with A wiitten for A% The four arbitrary constants
which remain may be utilized to give any prescribed imitial values to
x, y, dx/dt, dy/dt. It appears that  and y will increase indefimtely
with ¢, unless the initial circumstances be specially adjusted to make
I, and /) vanish. Hence if the potential energy in the equilibrium
position be greater than in any neighbouring position, an arbitranly
started disturbance will in general increase indefimitely; so that the
equilibrium position is unstable.

If, on the other hand, the expression (23) be essentially positive, so
that a, b, ab — A* are positive, the roots of the quadratic in A? will both
be negative, viz. one will lie between O and the numerically smaller of
the two quantities ~a/d, —b/8, and the other will lie between the

L IO 29
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numerically greater of these quantities and — o0 . This indicates tha
in place of (18) the proper assumption now 1s

x=Fcospt+ Fsinpt, y=Gcospt+ G simpt. ... (25)

This leads to equations of the forms (19) and (21), with — p* writter
for A2 It follows that the two roots of the quadratic in p? will be
real and positive. Denoting them by p,? and p,* we get the solutions

x = I, cos p,t + F) sin pit + F, cos pyt + F) sin pyt, }
y = G, cos pit + Gy sin pit + Gy cos pyt + G cos pyt,

where the ratios F\/G,, F\|G/, F,/G@;, F,/G, are determined in the
same manner as before. Smce #)/G = F/G, and F) |G = F,/G,, the
results may also be written
x = F)cos (pit + &) + I, cos (pot + &), }
y=Gcos (Pt + €) + Gycos (pot + &),

..... .(27)

where F,/@, and F,/G, are determinate. It appears that when th
potential energy 1n the equilibrium position is less than in any neigh
bouring position, a shght disturbance will merely cause the system tc
oscillate about the equilibrium position, which 1s therefore stable.

The two roots of the quadratic in A? (or in p?) have been assumec
to be distinct. It may be proved that they cannot be equal unles:
alA =b/B=h/H; and that if these conditions be fulfilled the solutior
18 of one or other of the two types:

x=Fer + F'e=N, y=G0Ger 4+ Ge-N, .., ... .. (28)
x=Fcospt+ F'snpt, y=Gcospt+ G sinpt, ...(29)
where the four constants are in each case independent.

Finally, we have the case where the expression (23) for the potentia
energy may be sometines positive and sometimes negative In this cas
ab — h* is negative, and one root of the quadratic 1n A? is positive, the
other negative. The complete solution 1s now of the type

x=Her 4+ F'e=M 4 F” cos pt + I sin pt,
y=Ger 4 G'e-2 4 @ cos pt + G sin pt.

It is clear that an arbitrary disturbance will 1n general increase indefi
nitely, so that the equilibrium position must be reckoned as unstable.

A shghtly different method of treating the question 1s to assume

Y= o e eee o eeenivieaiens (31)
The equations to be solved now take the form

d%
(A+pH)7t;+(a+p.h)w=0,

2,
(8 + pB) 22 4 (4 pb) = 0.
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These are both satisfied by
x=1LeN, .. e (33)

. Ad+pHd H+pB 1
provided ey Sl s S BRI e (34)
Hence p is determined by the quadratic
(Hb — Bh) p? + (Ab— Ba) p+ (Ah - Ha)=0 ...... (35)

If py, ps be the roots of this, the corresponding values of A* are given
by (34). In this way we obtain two solutions, which, on account of
the linearity of the differential equations, we may superpose.

If we elimmate w from (34), we get the same quadratic to deter-
mime A? as before Hence the condition for the reality of the roots
of (35) must be the same as in the case of the quadratic (21). This is
easily verified

If A? be negative, the solutions are of the types

x=1Fycos(pt+eq) y=mlcos(pt+e) (36)
x = Fycos (pt + €)y, y=p,Fycos(pt+e),

where I, F,, ¢, €, ave arbitrary  Either of these by 1itself represents
what 1s called a ‘normal mode’ of vibiation of the system

To find the forced oscillations when the extraneous forces X, ¥ are
of the type
X-=—acos(nt+e), Y=pBsin(nt+e), ... (37)

we may assume
x=Icos(nt+¢), y=Gsm((nt+e), .. ... (38)

and determine the coefficients #, ¢ by substitution in (17) A case of
failure may arise, when the expiession (23) is essentially positive, owing
to m? coineiding with one of the roots of the quadratic in pi

EXAMPLES. LVI.

(Constant Coefficients.)

L e W, [y=A4 +Be=]
2. j;y, 3‘? 10y = 0. [y= de® 4 Bo=2s.]
3. 22‘2 33:”4-?/:0 [y = Ae*+ Bet=
s P 6O yo0. [y=dés Bems Cov)

20—2
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10.

11.

12.

13.

14.

15,

16.

17.

INFINITESIMAL CALCULUS [CH. X111
& y =mYy. [y=4e™+ Be~™ + C cosmx+ D sinmx.]
d’y oy, %Y - "
gt de Y= =0. [y=4e"+ Bcosz+Csinz.]

d* dy 2. 3
TaE —om Y +(m +n?)y=0.

[y = e™ (A4 cos nx + B sin nx).”
sz 4- dz/ -+ 13y= 0. [y=¢>(4 cos3x+ Bsmn3zx).
jwz +2 fi* +5y=0. [y=e""(4cos2zx+ Bsin 2z).
d? dy . .
d_w“g et 13y=0. [y=e*(4 cos2x + Bsin 2x).

4,
dgg +miy = 0.

[y (A cosh + Bsinh 75) cos T2 NE:

+ (A cosh + B'sinh —

J J 2) sin —

dy d% dy

dacz+dx ———-“—J 0. [y:Ae“+(B+0’a:)e‘”._
dy Ay dy _ -
T d_xz_(_ﬁ.fy..(), [y =(4 + Bx) e*+ Ce~=,
A d

d?{—33%+4y20' ly=(4 + Bz) @+ Ce~2.
d%y a:

Y _3%Y19y=0. [y=(4+Bx)e+ Ce .

2~ 3 d_é_yzo. [y=(4 + Bz + Cx?) ¢,

dty
azt

4

Y+ (m + %) LY ity =0.

[y = 4 cos (ma + a) + B cos (nx + B).

18. Shew that the solution of the equation

is of the form

d3x dx
ag tEg—re=0

x=Ae™ + Beh,

where a, 8 are both positive (if £ and p are positive) and a > S,
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2,
19, d 4 y *y = sin nz.

2 _ ;m?)
[y= (m? —n?) sin na + 2mn cos nw+&c.]

(m?*+ n?)?
ddy dly dy -

20. d—:—L_;—dF—d—+y—coshm. [y = 3% + Jae™® + &e.)
21 LY 1+cosha. [y=x+1e®—jwe®+ &e.)
. a2t dn= y=x+ge ‘

22, Ly s + cosh k.
W_my—cos 2 + COS
[y = m‘ (cos kx + cosh kx) + &c.]
23. (D* - m') y = cosh mx + cos ma.
x . .
[y =1 (sinh 2 — sin mx) + &c.]
24 D*(D?—1) y = cosh «. [¥ = 3w sinh 2 + &e.]
25, (D? + m*)* y = cosh max + cos mu.

1 1
[y = G cosh ma —mx“cos mx:l
26. Find the values of z and dwx/dt from the equation
d*x dz

P 2n at nx = fs1n pt,

subject to the conditions & = 0, da/dt =0 for ¢ = 0.

[x = -f, {sin (pt — 2e) + (pt + 810 2¢) 6™},

%‘: f 2 {cos (pt — 2¢) — (nt — cous 2¢) e~}

where R=J(p*+n), «<=tan-! (p/n) ]

EXAMPLES. LVII

(Homogeneous Equations.)

3 3,

L ‘”’%"‘ :zlixg 42 0. [y=A+£+Ca:’.]
av 1dv

2. Solve —JF-I‘ ;a—r"=0

as & homogeneous linear equation. [V=4logr+ B
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10.

11.

INFINITESIMAL CALCULUS [CH. XIII

3
wz(]_q_ 2dy 0. [# = 4 + Blog = + Ca®]

dx? d
wZ;y 2y = . [y:Aw”-ﬁ-g——%w.]
w:}“{ 4oc29;+2y4;;. [yng_l_%*.lgi_of:.]
m'gq‘+ :—?-—yzm’. [y:Aw+—g+%xs.]
x’j;g—-3x§—g+4y=x3. [ = (4 + Blog =) 2* + 2]
4wﬁg%+4wgz=y. [y—A-’-i;O"w ]

d? 2\2 A ,
(d_r’ - _) S(ry=0. [ Sr)= T Br +Cr? + 1)1-‘.]
Prove that

A (x (%) ™y = x’"f(r (—Z—l} + m) u.
Prove that

S ( EZE) a™log @ = a™ {f(m) logw + /" (m)}.

EXAMPLES. LVIII

(Simultaneous Equations.)

i§+7x—y:0,

2z + by =
i + 2% + by =0,

dy
dt
[#=14{(4 + B)sint+ (4 — B)cos t} e,
y=(Adcost+ Lsint)e ]
d
Uiy,

[x=(4+Bt)e*, y=(4-B+Bt)e]
dw — gt dy _
EZ+5w+y—e, -c-i_t+3y—y—e”'
[x=(4 + Btye ¥ + fgef — s €%,
y=—(4 +B+Bt)g““+.§1xe¢+373_em_]
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4. Solve d =2+ xy, %:y’+my.

dt
_1+B _1-B
P‘A—%’ y"A-mJ

lg+m y+5=0.
[#=(d4 + Bt)cos t+ (A’ + B't)sint—17,
Yy=%4(4+ B + Btycost+ 4 (A" —B+ B'tysint—12.]

6. Shew that the integrals of

2

d3xc
5. ’2‘1—6.34-3%—4?/4-3:0,

d: d
—C{g:am+hy, F‘Z:’“J'by’
are x= AN+ Adyert,  y = pydieht + pgd et

where p,, p, are the roots of

®—b
I +T/""1=0s

and M=a+hy, M=a+bhu,
d*x 0 a’y
7. Solve W+my-0, 71?2~m:v 0.

mt
[x—Ac\/z cos (sz +a>+Be V2 cog <?/2€ +,3>,

mt

y=Aev? sin (JZ ) Be VZ sin (mt +ﬁ> ]

2p

d? d’y
8 Solve g = aw hy, 7 B = hx + by.
9. Solve (j—l—?— b —ny =0, Cflﬂ‘{ +my—n*x=0.

[ +y=4cos /(m?—n? ¢+ A sin J(m? —n?)¢,
®—y = Bceos J(m?+nP)t+ B sin J(m? + n?) ¢.]

10. Determine the constants in the solution of the simultaneous
equations
d*x dy
ag ~HH W=y
so that, for ¢ =0,
dx dy
dt 0 dt =V

[#=acosh \/ut, y=V[/n.sinh Jut)

zx=a, y=0,
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11. The equations of motion of electricity in a circuit of self-
induction L, and resistance £, which 1s interrupted by a condenser of
capacity C, are

dx
I/'c—[t*'l-.Rm:—"q" dq ,

7odt
where « is the current, and ¢ the charge of the condenser. Find the
condition that the discharge should be oscillatory. (L> 1RC.]
dx dy
12. Solve ?lﬁ_o’ T =

and shew that the solution represents a conic symmetrical with respect
to the axis of «.
dx A
13. Solve W = O, '(-I?Z = p.ys,
and prove that the curves represented by the solution include a family
of hyperbolas.
0 _
de

dy . dy do
14 Solve ~n2u-+/, ke
[m=a+acos(nt+e), y=,3+';fit+asin(nt+e).]

15. Solve —~ —2n dy + mPz = 0,

2
4% + 2n %f: +m?y = 0.

[x= A cos(pt+e)+ A" cos(p't+¢),
y=—Asin (pt+¢)+ 4" sn (p't + ¢),

where ;;,} = J(m? + n?) + n.]

2,
168. Solve d:f:+(,,,+1)gm_,,‘gy=0,

@
d d% ¢
an Tae e
(The equations of motion of a double pendulum, the lengths of the upper
and lower strings being @ and &, and p being the ratio of the mass of
the lower to that of the upper particle.)

y=0

Prove that the periods of the normal vibrations are 2w/p,, 2x/p,, if
P, pa* be the roots of

1.1 ?
p‘-—(1+ﬂ)9(5+ z)p"+<l+#)g—5=0-

Shew that the roots of this quadratic in p* are real, positive, and
distinct.



CHAPTER XIV

DIFFERENTIATION AND INTEGRATION OF
POWER-SERIES

174. S8Statement of the Question.

The main object of this Chapter is to justify, under proper
conditions, the application of the processes of differentiation and
integration to functions expressed by ‘ power-series, i.e. by series
of the type

Ag+ A+ A+ ...+ Apa™+ ..., (ol (1)

where the coefficients are constants. Thus, if S(z) denote the
sum of this series, assumed to be convergent for all values of =
extending over a certain range, we have to examine under what
conditions 1t can be asserted that S («) is a continuous and differ-
entiable function of z, and that, moreover,

S'(#)y=A4,+24x +342° + ...+ nda" ' + ..., ...(2)
and
/zS(m)da:—:- Ax+3A 22+ 34,2+ ... + ﬁ% Az, L (3)
0
respectively.

If the number of terms in (1) were finite, the statements in
question would need no proof, beyond what has already been indi-
cated in the course of this work (see Arts 29, 74), but it must be
remembered that the word ‘sum’ as applied to an infinite series
bears an artificial sense, and that we are not entitled to assume
without examination that statements which are true when the word
has one meaning remain true when it 1s used in another.

It is convenient to have a notation for the sum of the first n
terms of the series (1). We write

Sp(@)=Ay+ Az + A3+ ...+ Ay 2™, ..oell 4)

arational integral function of degree n — 1. This is called a ‘ partial
sum,’ and 1ts graphical representation is called an ‘approximation
curve.” An example of such curves is given in Fig. 136, p. 485. If]

further, we put
S@)=8p (@) + B (&), eevovenvieniiiinanns ()
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the quantity R, () is called the ‘remainder after n terms.’ It is
of course the sum of the series

Apa™ + Appd™ (6)
By hypothesis, the sequence
S, (z), S:(@), S;(2), . e (7)

has, for any value of # for which the series 1s convergent, the limiting
value S (). It follows that the sequence
R, (z), By(%), Rs()y eer vvv vevevniinnnnnn 8)
has the limiting value zero.
It is to be noted that 1n each of the questions above propounded

we have to deal with what 1s known as a ‘double limit.” Thus, to
establish the continuity of S () for # = a we have to shew that

lim, o olimys, S, (@)=lim, ., hm, . .S, (@) ... ..(9)
Again, the formul® (2) and (3) may be written
d .. . d o,
du lim, 4 o Sy () =lim, e Su (@), ceveeenns (10)
and fz {him,, o Sy ()} dz=lim, o [x Sy (2) de, ...(11)
0 0

respectively. Since a derived function 1s the limit of a quotient,
and a definite integral 18 the lim1t of a sum, these forms also come
under the description of a double limit It is not to be assumed,
and it is not necessarily true, that the result 1s independent of the
order in which the two operations of proceeding to a limit are
performed *.

176. Derivation of the Logarithmic Series.

There are one or two cases where the questions above raised
can be answered without difficulty, the form of R, (z) being known,
and the results are of great importance.

By actual division we have, as 1n the theory of the Geometric
Progression,

1 N—1 fNn— n

m—l—t+t“‘ e ()T 4 (=)

provided ¢ #—1. We will suppose that # 1s positive. We have,
then, from (1),

1 (D)

z dt ot
© ndt
+ (— )"--1 +(—)" JTFE (2)

* For an example see Art, 193.



174175 | POWER-SERIES 459

The value of the integral in the last term is increased if we replace
the denominator in the integrand by 1ts least value, viz. unity.
The 1ntegral 1s therefore less than

gnh

1
If z be less than unity, or even equal to unity, this tends with
increasing n to the limit 0.

x
f t*dt, or
0

Hence 1f # be positive and 31 we have

w'z .,L.s wﬂ
- = \n—1"__ (
5+3 cee + (=) poul RS ceend(3)

the series extending to infinity.

log(l1+z)=2—

In particular, putting x=1,
log2=1-3+3-2+.... (. (4

This result, though exact, 1s not suited for numerical calculation, on
account of the slow convergence of the series. It may be shewn that
about 10" terms would be required to obtain a result accurate to n
places of decimals. A more practical tormula 1s given by (12) below.

Again, we have
n

¢
= 2 s 11—1 3T T, 9 esssesese
—=ltth e T (5)

|

[y

provided ¢ #1. Hence if # be positive and less than unity,

z ot 2 3 o z yndt
g - TN ()
o1l —

ol—1_ 273
The integral on the right-hand side is increased 1f we replace the
denominator by the least value which 1t has within the range of
integration, v.e. by 1 —x. Hence

z gt 1 z
o —].———t < mfo trdt < (ﬁ‘l)—(—f——mj o svesesss (7)

Since z is by hypothesis less than unity, this tends with increasing
n to the ltmit 0. Moreover, since

z dt z
fo 1i—t_ [“ log (1 - t)]0=—1og(1—a:), ......... (8)
we have
Y] 3 n
log(l—@)=—2-3 —F— . =T — iy s (9)

to infinity.
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The results (8) and (9) are combined in the statement that

- ot & n—lw__n
log(1+w)—w—§+-§—...+(—) n-l-..., ...(10)

for values of z ranging from —1 exclusively to + 1 inclusively.
The series on the right is known as the * logarithmic series *’

If « be positive and less than unity, we have from (3) and (10), by
subtraction,

l+o © o
g o=2(a+FeF o). . (D)
If in this formula we put 2=1/(2m + 1), we obtain
log (m + 1)—logm=logm‘,:l

1 1 1
= T vy r——— S SRR § ]
2{2m+1+3(2m+l)‘+5(2m+1)’+ boo12)
This series is very convergent, even for m=1. Puttingm=1, 2, 3, ...,
we obtain the values of
log 2, log3-log2, log4—log3, ...

in succession, and thence the values of the logarithms (to base ¢) of the
natural numbers 2, 3, .... When log 10 has been found, its reciprocal
gives the modulus g by which logarithms to base ¢ must be multiplied
in order to convert them 1nto logarithms to base 10t.

Ex. 1. If n>1, we have

logn+1=log(1+;};>=}f-—l + LI (13)

n 2n2 " 3n?

Since the terms are alternately positive and negative, and tend to the
limit O, the sum 1s less than 1/n, by Art. 5.

Again,

n 1 1 1 1
log 1=—log<l—7—z>=ﬁ+m+m+..., ...... (14)

n —
which is obviously greater than 1/n.

1 n+1 1
Hence i log T T e (15)

* It was apparently first given by N, Mercator 1n 1668,
+ The most rapid way of determining 18 by means of the identity

log 10=8log 2 +log §.
The two logarithms on the right hand are found by putting m=1, m=4, in (12).
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Ex. 2. Let us write

1 1
Un=1+g5 +gt..+-—logn,

L1t 1 i e ...(18)
ta=log+atat-—log(n+ 1),)
n being now of course a positive integer. We have
n+1 1
Uy —u,,ﬂ—log poy —m>o, .......... (17)
by (16) Again,
1 n+2
’U'H,l*"l)”:m - logm >0, ........ (18)
also by (16). Moreover
wp—my=log ™1 L (19)
n
which lies between O and 1/n. Hence the quantities
Wy, Ugy Ugy ceey Upy v covenes . .....(20)
form a descending sequence, and
Vi, Vgy Vgy ceey Upy see  oee o o een s (21)

an ascending sequence. Since each member of (20) 18, by (19), greater
than the corresponding member of (21), the sequence (20) has a lower
limit (Art. 2), and the sequence (21) an upper imit. And since

limy, oo (Un—2,) =0, ... . ... (22)
these limits must be the same. Hence
]im,,_.w<1+;l+%+...+l—-logn>=-y, ..... (23)

where y is a certain constant (known as ‘Euler’s constant’). Since

v, =1 —log 2, which is > 0, v 18 positive. Its value has been ascertained
to be ‘57721566...*,

176. Gregory's Series,

Since
.._],L_ =1—f24t— ...+ ( —)r 1gn—t +( —) e (1)
14+ 1+
we have
= dt ® 2 w T . fc g

* The method of calculation 18 beyond our seope.
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If z is positive and #$ 1, the latter integral is less than

1
20,
fotdt, O Gy e e, )
and therefore tends with increasing n to the limit 0. Hence
wﬂ wﬂ w?ﬂ"l
an—lp =g — o _\n—1
tan~lz = 5+ 5 e+ () 12n_1 +.. (4

that value of tan—'z being understood which starts from zero with
2. This 1s known as ‘ Gregory’s series*” Since both sides of (4)
change sign with «, the equality holds for values of # ranging from
—1 to + 1, inclusively.

Putting =1, we have

Ir=1o34d-24s e ceen e (5)

This series converges very slowly, and has been superseded for the
calculation of = by others. Euler used the identity

im =tan™'} + tan—1}, e (6)
which gives

1 11 1 11
hz@‘?@*;§ﬂ)+@—5§+§§ﬂgmﬂ)

Machin had previously employed the formula
Jr=4tan”'} —tan"' 1, o e (8)

which, like (6), 1s proved in most elementary books on Trigonometry
This leads to

4 1 1 1 1 1 1
br=t(G-gmtpe )~ (m‘ 5T9s0* 5igse )

On account of the importance of the matter, 1t 1s worth while to
give the details of the calculation of = from Machin’s formula. To
calculate tan™'}, we first draw up the following table

n 1 at
b n 5"

1 200 000 000 O + 200 000 000 O
3 8 000 000 O - 2 666 666 7
b 320 000 O + 64 000 O
7 12 800 0 - 1 828 6
9 512 0 + 56 9
11 20 5 - 19
13 8 + 1

* After the discoverer, James Gregory (1671).
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The sum of the positive terms in the last column is
+ 200 064 057 0,
and that of the negative terms is
— 002 668 497 2.
Hence tan™'}=-197 395 559 8.
Again to calculate tan=';}; we have the table:

1 . 1
i 239 n. 239
1 ‘004 184 100 4 +°004 184 100 4
3 73 2 - 24 4
This makes tan"l5z1o =00+ 184 076 0.
Hence tr=4tan"1} —tan™ ;15

=+789 582 239 2
—-004 184 076 0
=785 395 163 2,

= 3141 592 652 8,

The last figures are of course hable to error. 'T'o estimate the possible
error of the final result, we remark that in the calculation of tan™!1
there were five errors, each not exceeding half a umt in the last place,
and that there are two such errors in the computation of tan=',1..
The errors, theiefore, 1n the inferred value of =, even 1f cumulative,
cannot exceed
4 x(dxbxd+2x4) =44

tunes the umt of the last place. The first seven decimnal places cannot
therefore be aflfected, and we can assert that the last three must he
within the limits 484 and 572. As a matter of fact the errors are not
all in the same direction, and the correct value of = to ten places 18

x=3'141 592 653 6.

177. Convergence of Power-Series.

Proceeding now to the discussion of the general questions raised
mn Art. 174, we have first to consider the matter ot convergence

If the terms of an infinite series are functions of a variable @,
it may happen that the series 1s convergent for all values of «
without restriction, as 1n the case of the exponential series (Art 37),
or it may be convergent only for values of # belonging to a certain
continuous range If this range extends from z=a to = b, m-
cluswely, 1t is said to be ‘closed,’ and 1s denoted by (a, b). If both
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terminal points a, b are excluded from the statement, the range is
said to be ‘open’ at both ends, and is denoted by [a, b]. If the
first or second terminal point alone is excluded, this 1s indicated by
the notation [a, b) or (a, b], as the case may be*. For example, the
logarithmic series has been shewn to be convergent over the range
[—1, 1), whilst Gregory’s series is convergent over the range (— 1, 1).

The most generally useful test of convergence, in the case of a
power-series
A+ Az + A28+ ...+ Az + ... ool L (1)

18 the ‘ ratio-test.” It is obvious that 1if, after some finite number
of terms, the ratio of each term to the preceding 1s less in absolute
value than some quantity & which 1s itselt less than unity, the
series is essentially convergent. For the successive terms then
diminish more rapidly than those of a geometric progression whose
common ratio is k.

In particular, the series (1) will be essentially convergent if

én_ﬂw‘d. O

For if this condition be fulfilled, and the limit in question be ¥/,
we can by taking n sufficiently great ensure that for this and for
all greater values of n the ratio

| A
| 4, w*

shall be less than any assigned quantity & which lies between &’

and 1.

If the condition (2) 1s satisfied, it follows that the series

A+ 242+ 3A 2% + ... + nAnx2™ + .., (3)
A,z A,ax® A,z
and Az + 2‘—’+—"3—‘+...+ . F o, e, (4')

the terms of which are derived from those of (1) by differentiation
and integration, respectively, will also be essentially convergent.
For in the case of (3) we have

(n41) dng | _ 1
himp o - nd, & —-llmn_,m(l +'r_1,)

A
4,

x lim, 4 o

wl =k e (5)
The case of (4) is still more obvious.

* These notations are due to Prof, F. S, Carey.
{ This form of test is known as d’Alembert’s.
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Again, leaving aside any particular test, let us suppose merely
that the series (1) is known to be convergent for a particular value
a of z. Since the terms must diminish indefinitely, we must have

lim, o | 4no™|=0. .coovviiiens anen. (6)

It follows that the series will be essentially convergent for all
values of # such that |z|<|a|. For, writing the series in the form

Ao+ A (‘g) +A,a2(§>°+ oot Ayan (g)"+ ey (T

and denoting by M the greatest value of | A,o™|, we see that the
several terms of (7) are 1n absolute value less than the corresponding
terms of the convergent geometrical series

MQA+t+2+ ... 4+8"4+..0), .. .. i (8)
where t=|z/al.
The series (7) is therefore itself essentially convergent.

Hence if the series (1) be convergent for any one value (a) of z,
other than 0, it will be convergent over the range [—a, a), and
essentially convergent over the range [—a, a].

It follows also from (6) that the series (8) and (4) will be
essentially convergent over the range [—a, a]. For if 8 be any
quantity less in absolute value than a, we have in the case of (3)

B

a

1 n

x .0
8] @
The former of the two limits on the right-hand side vanishes by
hypothesis, and the second in virtue of Art. 43 (3).

1
lim,, o o|nd,B" | = lim, 5 o | Apo™| x llmn_,mn‘

In the case of (4) we have

i 4o . | Ana®
. =I et Uy senees
lim, » o A I l(ztllun,,_,_win_{_1 0, (10)
@ fortiori.
Ex. 1. The series
1+%w+‘1fi-’w2+é—:-i;§aﬂ+... . (11)

is convergent for x=~1, by Art. 5. It 18 therefore essentially con-
vergent 1if |x| < 1. It may be shewn to be divergent for z=1. Tt is
therefore convergent over the range ( — 1, 1], but essentially convergent
only over the range [ -1, 1}.

L .G 30
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Ez. 2. The series

x? z xt
iﬁ+2.——§+3—.—;+ .................... (12)

18 convergent, in virtue of the test (2), for |x|<1. Tt is also easily
seen to be convergent for # =+ 1, and 1s therefore convergent over the
range (-1, 1).

But the argument above given only entitles us to assert that the

series
2

O e v AR TP (13

AR O (13)
which is derived from (12) by differentiation, 1s conveigent over the
range (— 1, 1]. It 1s, however, obviously convergent for &=~ 1, by

Axrt. 5. For x=1 1t 1s divergent (Art. 175).
178. Continuity of a Power-Series.
We will now assume that the series
S@=4+ A+ 422+ ...+ dp2™+ ... oeonnne. 1)

is known to be essentially convergent over a range [—a, a] I
« and 2’ be any two points of this range we have, by Art. 5, 1°, 3°

/ 2 ./ /2
S(&) - 8 (2) = (& — ) {A, +24,2H % 4 3g THETHIT,
e o R A

n

+nd, +} . (2)

If # and «’ have the same sign, the fraction
™! 4 2%+ ... + Zz’n1
n -

lies between 2"~? and 2*~1. The several terms in { } are therefore
intermediate 1n absolute value to the corresponding terms in the
two series

A, +242 + 342 + ... +nd, 2"+ ..., ... .. 3)

and A,+242 +34,2%+ .. +nd M+ Ll (4)

It has been shewn that on the above hypothesis these series arc
essentially convergent. It follows that the expression in {} 1 (2)
18 fimite.  Hence
limg , , {S (&) =S (@)} =0, cceeeriiianinn.. (5)

ve. S(z) 18 continuous for all values of « belonging to the range
[—a, a]*

We can infer also that the power-series (3) and (4) are con-
tinuous over the range [—a, a].

* It may happen that the series (1) and (3) are known to be essentially conver

gent when z is a terminal point of the range of couvergence of (1). In that case
we can assert the continuity of S () up to this value ot & inelusively.
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179. Differentiation of a Power-Series.

With the same notation as 1 the preceding Art., and on the
same assumption, we have

7/ —_ /7 2 ’ Iz
S8@)=8@) _ g 40,2+ L gq et
& —x 2 3
14 gy 4L+ 2/ -
+nd, T F "”n* e . QD

Since «’ is to be made ultimately equal to #, we may suppose that
1t has the same sign.

Let us first suppose that all the coefficients 4, are positive,
and that z 1s also positive. The series on the right-hand side of
(1) is then intermediate in value between the series (3) and (4) of
the preceding Art., and since the sum of (3) 18 a continuous function
of 2, 1t follows that

S/ (.’L‘) = llmz,_’ws_(_._w‘_w)’—-:-_:j_(_ﬂ
=A,+24x+ 3422+ ... +nd 2 + ... L. (2)

This holds for all points of the range [— a, a].

The same result would obviously follow 1f the coefficients 4,
were all negative.

Let us next suppose that « is negative, the coefficients 4,, being
still assumed to be positive. The preceding argument will then
apply separately to the two series formed by taking alternate terms
in S (@), viz.

Ao+ AP+ Aat+ .. + A + ooty cvviiinnnnnnn. (3)
and Azt A+ A+ ... + A @™ 4+ 0., ol (4)

since the terms of (3) are all positive, and those of (4) all negative.
Their derived functions are therefore equal to the sums of the series
obtained by differentiating them respectively term by term. The
result (2) then follows by addition,since the series are essentially
convergent.

Finally, if the coefficients 4,, are not all of the same sign, we
can resolve S () into the sum of two series, the coeficients 1n one
of which are all positive, and in the other all negative. The fore-
going argument applies to each of these, and therefore to the
combination.

It will be observed that the assumption that the series with
which we are concerned are all essentiully convergent 1s vital to
the whole argument.

30—2
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Ex. It is known that if || <1

l~1———l+w+w"’ L YU () ]
Differentiating both sides, we obtain
1 n-=1
(l—:—m?—1+2w+3w’+...+nx Foeere carnneceen .(6)
A second differentiation gives
(1—1-x—),,=§{1.2+2.3x+ L +3.42%+ .+ (m—1)ma P4 )
...... (7)
180. Integration of a Power-Series.
Using the same notation as in Arts. 177-179, let
x‘l -'I/'a a/‘n-l‘l
I(w)-—Aow+A1-2 +A2§ Y STt (1)

On the present assumption that S(z) is essentially convergent
over the range [— a, a], this will also be essentially convergent over
the same range. Hence, by Art. 179 we have

I'@)y=Ay+Ax+ A2+ ...+ Az + ... =8 (z). ...(2)

z x
Henee f S (@) dz = [I (x)J I 3)
0 0
Eg, 1. If |x| <1, we have by the Binomial Theorem (Art. 182)
1 1,13, 1.35
T~ et g T g Tt e ()

Hence, integrating term by term between the limits 0 and a,

la? 1.82° 1.3.54 .
‘)3+2_45 2—_.4.67.* ................ ()

This series is due to Newton.

sin'e=x+

If we put a;:; we get

1 1 1.3
r=6 {§ + §-——3—‘—2-§ + _2.—.——4_7-5".‘2‘54- . }, ............ (6)

from which 7 can be calculated without much trouble,

Bz 2. If (x| <],
log(1+w)=m—%’+§—
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Integrating this between the limits 0 and «,

«? o at
i.—2-—§—.—§+3—.—-4—_..-. ...... (8)

It follows from a remark made in Art 178 (footnote) that the function
on the right-hand is continuous up to the limit # =1 Wae infer that

1 1 1
1.2 2.3v31

(1+z)log(l+a)—z=

—...=2log2-1="38629....

181. Integration of Differential Equations by Series.

Given a linear differential equation, with coefficients which are
rational integral functions of the independent variable (z), 1t is
often possible to obtain a solution in the form of an ascending
power-series, thus

y=A+ Ax+ A® + ...+ Ap2™+ ... .l (1)

If we assume, provisionally, that this series 18 convergent for a
certain range of x, 1t can be differentiated once, twice, ... with
respect to @, by the theorem of Art 179. Substituting in the
differential equation, we find that this can be satisfied if certain
relations between the coefficients 4,, 4,, A,, ... are fulfilled. In
this way we obtain a series involving one or more arbitrary con-
stants ; and if this series proves to be 1n fact esscntially convergent,
we have obtained a solution of the proposed differential equation.
Whether 1t is the complete solution, or how far it may require to
be supplemented, are of course distinct questions, which remain
to be discussed independently.

The following 1s an 1mportant example.
Let the equation be
&y

%'l'y:-‘o. ........................... (2)

Assuming the form (1), and substituting, we find
(1.24,+4)+(2.34;+ A)x+ (3. 44+ A,))a* + ...
+{(n=1)ndp+Ang}a™+...=0, ...(3)
which is satisfied identically, provided
1 1

A,=-—r2‘Ao, As=_mA1»
1 1 1 1 .
A.=—ﬂAs=4"'!Ao, A’—_RA'—B_IA"
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and, generally,

1 L1
Am=_m‘4’"4=(‘) §;;!Ao,)‘
A —_____!'___._ __(_)n_——l——-‘— A J"'---o-...(i)
mi1="5 (2n+1) @ny A

We thus obtain the solution

y=A.,(1—g—:+gl—...)+A, (w-:%+§f,— ) (5)

The series in brackets are easily seen to be essentially convergent,
and their sums therefore continuous, for all values of .

It has been shewn in Art. 163 that the complete solution of
(2) is
y=Acosz+ Bsin® .ccoceeviviiiiininn. (6)

Hence, given 4, and A4,, it must be possible to determine 4 and
B so that the expressions (5) and (6) shall be identical.

For example, putting 4,=1, 4, =0, we must have

2
1—§!+Z:!—...=A cosx + Bsina,

and, changing the sign of #,

ar  xt .
1_2_!+4_I— weo.=A cosz— Bsina,

Hence we must have B=0, and putting 2=0, we find 4 =1. We
thus obtain the formula

x  at
cosa:=l—ﬁ+4—,—- ...................... )
In the same way, if we put 4,=0, A,=1,we find 4 =0, B=1,
and therefore
sina:=w—.§1+g— ...................... (8)
The foregoing method is, for various reasons, not always prac-
ticable. It may also lead to a solution which is incomplete; thus
in the case of the linear equation of the second order, the method
may yield only one series, with one arbitrary constant. This occurs
not infrequently in the physical applications of the subject. The
solution may, in this case, be completed, at least symbolically, by
the method of Art. 166, 3°
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182. Expansions by means of Differential Equations.

The method of the preceding Art. may sometimes be utilized
to obtain the expansion of a given function in a power-series, pro-
vided we can form a linear differential equation, with rational
integral coefficients, which the function satisfies*.

For example, let y=1+2)™ ... (D)

where m may be integral or fractional, positive or negative. Taking
logarithms of both sides, and then differentiating, we have

ldy _m
yde 1+’
dy -
or a +x)a~a~;-——m3/-—0. chr ereeieeeenn. (2)
Assuming
y=Ao+ A+ 402+ ...+ A2+ ..., ... ...(3)

and substituting, we have
A+2)(4,+242+ ... + ndpa™ 4 ..)
—m(A,+ A+ Ap*+ ... + Apz™+...) =0,
or (A,—mdy)+{24,—(m—=1)A,}z+ (34; —(m —2) 4,) «* + ...
+{ndp—(m—-n+1) A}z +...=0,...... (4)
which is satisfied 1dentically provided

Alz’nTlAO)
m=1, m(m-1)
A2~ 2 Al_ 1 2 "‘Ao’
m—=2_, m(m-=1)(m-2)
A== e T2.5  4»
and, generally,
_m-n+1 _mm—=1)...(m—n+1)
Ap="—p A= 1.2.3..n Ao - (5)
We thus obtain
y=dft+ Fa+ oy
+m(m_1)"n'!(m‘""*'l)w"+...},...(6)

as a solution of (2); and 1t is easily verified that the series is con-
vergent so long as |z| < 1.

* This method was first employed by Newton, to whom the series for cos z and
sin z are also due. The manner of obtaining these series was, however, different.
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Now if we retrace the steps by which the differential equation
(2) was formed, we see that 1ts complete solution is
Y=CQ +2) .ccviiiiiiiiiinnn, (7

where C is arbitrary. Hence (6) must be equivalent to (7), and
putting # =0 1n both, we see that C = 4,. Hence

(l+a)=1+Ta anli—l)“”'"
+m(m——1)---(m—n+1)xﬂ+..., ..... (8)

n!
for all values of # such that |#|< 1. This 1s the well-known
‘ Binomial Expansion*’’

FEzx. As a further example, we take the function
sin~!x
sz(l :wz). ces oo e eeeesesnse (9)
Multiplying up by /(1 —?), and then dlﬂ'erentlating, we find

V=) G J(l Y= e
or (l—w”)(?x—a:y=l. P ¢ (1)

Assuming y=Ad,+dw+ Az + ...+ A"+ ..., ... .0 (11)
we find (1—a?)(4,+242+345° + ..o +nd, 2" 1+ ..0)
~x(dy+ A+ A+ .o+ A"+ L) =1, ...(12)
or (4,=1)+(24,-4,)x+(34;—24,) 2*+
+{nd,—(n-1) 4, o a* 1 +... =0, ...(13)
which 1s satistied identically, provided

4,=1, A,:%Ao,

Af*:g"":%’ AF%“’:;_'._EA“ oo (14)
T e
y_fc+§x”+§ ;m"+§—'—§—'gw"+...

+ 4, (1+ o+ i 2. 4+; i‘ gw°+...). ...(15)

* Newton (1676). The cases of 2= 1 would require special 1nvestigation,
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Now if we retrace the steps by which the linear equation (10) was
formed, we see that its general solution is
Sl —a?) . y=sinTlz+d, ...... ... .(16)*
sin"lgx A4 .
YRV =y

and, by the nature of the case, (15) must be included in this form. If
we put =0 1n (15) and (17), we see that A = 4,. The identity of the
two expressions for ¥ then requires that

or

e (1)

sin~1z 2 2.4
Ji=h) =3P gEe . (19
w aerdele

These series are hoth of them convergent for |z | <1.

The result (19) 18 a mere reproduction of the binomial expansion of
(1—a%-4.

If we put « =sin 6, the former series may be written

0=sin00036<1+§sm"‘6+ —z—l;;sm‘0+ ) S 1))

Again, if we put tan 6 =2, we obtain the form

ST S B T R
tan z_1+z“{1+31+z2+35 v) t o @D
This series has been made the basis of several ingenious methods of

calculating =. It may be shewn, for example, that

Jr=>5tan™'} + 2 tan~! 7,

whence

_28(,272), 2.4/2Y
"-‘16{ +3‘(T66)*‘3ﬁ<m +}

N 30336 {l 2/ 144 >+2.f{ 144 \3 99
100000 +3(100000 3.5 <lUOU()O) * } - (29)
These series are rapidly convergent, and are otherwise very convenient
for computation, owing to the powers of 10 in the denominators f

Another remarkable series follows by integration from (18), viz

. a? 2zt 2.4 af
-1,.\3
5(811'\ m) ———2+3— +35 6+.... ............

* See also Art. 158, Ex. 2.
1 For the history of these scries, see Glaisher, Mess. of Math., t. 1., p. 119
(1873).
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EXAMPLES. LIX.

(Logarithmic Series.)

1. If m, n be positive quantities such that 2n > m > n, prove
that log (m/n) lies between (m — n)/m and (m - n)/n.

2. Obtain the following results by calculation from the series
of Art. 175:

log 2= -693 147 181 log 7=1945 910 149
log 3=1-098 612 289 log 8=2-079 441 542
log 4=1-386 294 361 log 9=2-197 224 577
log 5=1:609 437 912 log 10 =2 302 585 093
log 6 =21-791 759 469 p= 434 294 482.

8. Prove that log 2= Ta—2b+ 3c
log 3=11la—3b+ be,

log 5=16a—4b+ 7o,

and thence log 10 = 23a — 6b + 10c,

1 1 1
a=— s

where = 1053605157,

b= + ... = 0408219945,

0
4 @ 4
100 * 2 1000 * 371008

“S -7 8¢ T I 8P " *0124225200.

Apply this to find log 10. (Adams.)
4 Provethat log 2= 7P+ H6Q+ 3R,
log 3=11P+ 8Q+ 5R,
log 5=16P +12Q + 7R,

and thence log 10 =23P +17Q + 10R,
11 1
where P=2 (ﬁ trentpgmt ) — ‘0645385211,
Q=2 ( Lo )= .0408219945
© 3t 5w g

l 1 1

Apply this to find log 10. (Glaisher.)



EXAMPLES 475
5. If |x|<1, prove that
tanh='x=x + 3a* + 32 + ...
6. Prove that

. 1
lim (l+§+%+...+2n_l-—«}logn>=§y+log2.

n-»uo

7. If p, q are positive integers, prove that

lim( L, 1 + +1>—-lo q)
neo \pn+1 pn+2 " " Tgn/ T g(p ’

8. Prove that if « be large, and positive,

log cosh & =x — log 2 + =%,
approximately.
8. Also that log tanh z = — 2¢=%,
approximately.

EXAMPLES. LX.
(Differentiation and Integration of Serles.)

1. Prove by repeated differentiation of the 1dentity

——-1—-=l+:c+x’+a:’+...,
) R

where | 2| <1, that, if m be a positive integer

m(m+1) m (m+ 1) (m + 2)
) ! + L 4

— )~ =~ .
(1-wm) 1+ max + 1 9.3

3. If |x| <1, prove that
2 =&
.27 3.4Y56
Hence shew that
1-4—-%+4+3—...="43882....
8. Prove thatif || <1
x* b x7

T.37835%5 7°

w=xtan'x -4 log (1 + ).

e =3 (1 +2%) tan"'x — §a.

4 Prove that the sum of the series

1, ] ]
1.3.6 5. 7.0 7. 9.11%

is '071349....
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5. Prove that

1 1
1.2.3 4—5- _—6—.7+ = 193147...,
1 1 1
123734, 5 67 =-153426....
6. Prove that
1 gm-1 1 1 1 1

——dr=— + - +
o 1 +x® m m+n m+2n m+3n

7. Prove that
o
/smwdx-—-m—i+—£——-...,
s & . .51

3.3!1 5.5!
2 sinh 8 b
fo dx=m+————3'3!+——5.5!+...
8. Prove that
b odp 11131 1.3.5 1
/o Jai-ahy- T35t a a9t 46187
9. Prove that
—-a® bP-a
-L—dw-log +(b- a)+ it gyt

10. Prove that

1 1 1
ﬂ=2J3 (1 —§-§+ 5—.52—“ ;7—'—‘§3+ ...).

EXAMPLES. LXI.
(Integration of Differential Equations by Series.)

1. Assuming the series for sin @, prove Huyghens' rule for cal-
culating approximately the length of a circular arc, viz : From eight
times the chord of half the arc subtract the chord of the whole are,
and divide the result by three.

Prove that in an arc of 45° the proportional error is less than
1 in 20000.

2. Obtain a particular solution of the equation

d*y d
w;i—ai/’ dg+my 0

in the form

m m’m‘ mix®
y= A(l RIS Ea )
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3. Obtain a particular solution of the equation

d”¢> lqu .
=ty +k¢=0
2,2
in the form ¢=A(1_’°_2:’_+.2,’jf’12,_ )
4. Integrate Q1 —a;”) @y C_lfizo
d“a dx ?

by series, and deduce the expansion of sin~!z (Art. 180 (5)).

§. Prove that y=sinh~'x
satisfies the differential equatlon
d
1+ Eeal-o.
Hence shew that, for |z | < 1,
. la* 1.3a°
log { + /(1 +ac;-‘)}=m-—§ 5+ 51 E"
6. Obtain a solution of the equation
o’y Y
m8§2+(a—x)ax—y—0
in the form y = Cu, where
=1+% @ + ————a’i———~+
Yt et e+ D T aer ) @r2y "

Prove that the equation

d2
% ,+(a+w) Z-(1-a)y=0
is satisfied by y = Ce " u.

7. Obtain a solution of the equation

d . du _
in the form

u:A(1-T?_(’£_~!‘_1_)Me (n— 2)n(11-;-1)(n+“}) . )

+B(#_('n~l:)3(!n+2) R (71.—3)(n-15)!(n+2)(n+4) . )
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8. Obtain a solution, by a series, of
-9 2Y s n(n=1)y=0,

and give the symbolical expression of the complete solution.

8. Obtamn a solution of the equation

w(l-2) Tty —(a+ B+ )2} X _agy=0
in the form

_ af a(a+1) (B+1)
y—A(1+T-—5fm+ TG ©

+a(a+l)(a+2)ﬁ(,3+l)(ﬁ+2) .“>'

+2.3.9(y+1)(r+2)
10. Obtain a solution of the equation

818 (o) oeo

il Kt
2(2n+2) 2.4(2n+2)(2n+4) )

11. Obtain the solution of
d'k  2(n+1) dR

in the form

¢=Ar"<1—

2
Gt Ty ar tFE=O
in the form
k2 kA
B=d (1‘2‘(‘2;;1'3‘)*“ 2.4(2n+3)(2n+0) )
B fedr
—-2n-1 — S — ]
+Br (1 2(1=2n) " 2.4 (1—2n)(3—2n) )
12. If y =s1n (m sin~' ),
dy
2 e — 2y =
prove that (1- ) d %t 0.
Hence shew that
. 2 _ - 2 e 22
ZI;Z‘% —m3| ! eintgy (M1 1)(m =5 sins g - .

2 2 2
cosmb=1— " gin1 g4 ™ (" =2

46—
21 Y] sin* ¢
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13. Iflogy = asin'wx, prove that

and expand v in a series of ascending powers of .

2 2 2 (2 2
[J l+aw+ 22 el a(a+1)x“+a(a+2)w‘+....]

21 3! 4!
_log(l+x)
14, If y= s
prove that (1+ac) +(1+m)y L

Hence shew that
y=x—(1+Ha+(1+3+P2*—....
Shew that the series is convergent if |2| < 1.
15. Prove that if x| <1,
(tan'z)=a? -4 (1+ Dt + L (1 + 3+ F) b — ...



CHAPTER XV
TAYLOR'S THEOREM

183. Form of the Expansion.

Let f («) be any function of x# which admits of expansion in a
convergent power-series for all values of # within certain lhimits
+ a t has been proved, in Art. 179, that the derived function
S (z) will be given by a similar series, obtained by differentiating
the original series term by term, for all values of 2 between t a
By a second application ot the theorem cited, the value of f” (z)
will be obtained, for values of # between the above hmits, by
differentiating the series for f’(z) term by term. And so on.
Hence, writing

f@=A4+ Aw+ A2+ ... + A2+ ..., i, 1)
we have
fo(@)= A+ 24,0 + ... +nd 2™t + ...,
f7 (z)= 2. 14,+...4n(n—-1)4,2" 2+ ...,
..................................................................... ...(2)
fo (x)= nn—1)...2.14,+ ...,

.......................................................................

Putting # = 0 in these equations, we find
/ 1 17 1
Ay=F(0), Ar=f"(0), Ay = 57" (0),..., Au=_5F™ (0), ..., ...(8)

where the symbols £(0), £’ (0),f” (0),... are used to express that «
is put = 0 after the differentiations have been performed.

The original expansion may now be written
2 N
F (@) =£(0) +af’ (0)+-2“'”—,f" (0)+...+1~“;—!f<m 0) + oo oou(4)
This investigation was given by Maclaurin*.

* Treatwse on Fluzions (1742). The theorem had been previously noticed by
Stirhing.
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It will be noticed that the proof depends entirely on the initial
assumption that the function f(«)admits of being expanded in a
convergent power-series. The question as to when, and under
what limitations, such an expansion is possible will be discussed

presently (Arts. 185—187).
If we write d@+2)=F(2)... «crriiiiriiiniiann. (5)

we can deduce the form of the expansion of ¢ (a + z)in a power-

series, when such expansion is possible. For if we write, for a
moment,

u=a+z,

we have f@) = (u),
F@ =t w=2 o). 2oy w,

Fr@) =k ¢ )= g (). 2= g ),
and so on (Art. 32, 1°). Hence, putting # =0, u = a, we find
FO)=¢(a), f(0)=¢'(a), [ (0)=¢" (@), ..., [ (0)= ¢‘"’ (%,)
so that (4) takes the form
$(a+2) = $(a) + o (@) + 15 " (@ + ... + T ¢ (@) + ... (T)

This is known as Taylor’s Theorem® We have deduced it from
Maclaurin’s Theorem, but the two theorems are only shghtly
different expressions of the same result Thus assuming (7), we
deduce Maclaurin’s expansion if we put a =0t

184. Particular Cases.

Before proceeding to a more fundamental treatment of the
problem suggested n the preceding Art, the student will do well
to make himself famihar with the mode of formation of the series.
In the following examples the possibility of the expansion 1s
assumed to begin with , and the results obtained are therefore not
to be considered as established, at all events by this method

1°. If P(@)=a™ ....oooiiiiiiiiiiiiin (1)
we have
¢ (a) =ma™, ¢" (@a)=m (m—1)a™, ...,
¢™(a)=m(m—1)...(m—-n +1)a™™, ....... (2)

* Given (under a slightly different form) as a corollary from a theorem in Finite
Differences, Methodus Incrementorum (1716).

+ The virtual identity of (4) with Taylor’s Theorem was olearly recognized by
Maclaurin.

L L C. 31
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Taylor’s formula then gives

(@ +a)"=a™+ ma™ ' +~7ZL—(—1/@-§——1—) a4 L.,
m(m—1)...(m—n+1) .
+ T3 m amrz™ + ..y (3)

which is the well-known Binomial Expansion.

That Taylor’s Theorem cannot hold in all cases, without quali-
fication, is shewn by the fact that the series on the right-hand is
divergent if [z| >|a|. For |z|<|a| the scries is convergent, but
1t is not legitimate to affirm on the basis of the mvestigation of
Art. 183 that its sum is then equal to (@ + 2)™*. A vahd proof of
the equality has been given in Art 182.

2°, The exponential function & (z) was defined in Art. 36 as
that solution ot the equation

S @=f(&)eiiriiiniiiiiininn, 4)

which 1s equal to unmity for =0. From this we have at once
FO(@)=f(x)... . .c.co. (5)
Hence JO)=1, f™@O)=T1 .....cc. cevninnns (6)

Maclaurin’s expansion is therefore
z? b bl

E'(w)—1+a:+~1~.—i+1—.~§-3+...+h—!+ .......... (7
3°. Let J@)=cosm. .coooiiiins i, (8)

It was shewn in Art. 64 that this makes
S ® (x) = cos(x+ dnw),
so that S(0)=1, f®(@O0)=cosgnmr ..ccoovevvennn. 9)

Hence ™ (0) vanishes when n 1s odd, and is equal to + 1 when n
is even, according as 4n is even or odd. Substituting in Maclaurin's
formula, we get

& , a
coax=1—:z—1+4—’-!—...+(—-) TR (10)
4°. Let f@)=sin@. ....cocovviiennns cevanes (11)
This makes S (x)=sm (& + jnw),

so that
F(0)=0, f®(0)=sininr=sin{}(n—-1)7+4w} ...(12)

* There are 1 fact cases wherc Taylor’s expansion 1s convergent, whilst the
suim is %ot equul 1o Fla + ).
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Hence /™ (0) vanishes when » is even, and is equal to + 1 when n
is odd, accordmg as § (n —1) is even or odd. Maclaurin’s formula
then gives
z* a2+l
sing =z — 31t E— et (= (2'1_‘_1)’ ...(13)

The results (10) and (13) have been established rigorously 1n
Art. 181.

5°. Let S@=log(L+x). ... cocvv vunnen, weo(14)
This makes

(__‘)n—l (n— 1) !

A +a)m

f () = 1:‘5, and, for n > 1, f* (2) =

Hence f(0) =0, f'(0) =1, and, for n > 1,
SO ==yt (n—=D" ., ...(13)

Substituting in Maclaurin’s formula, we get

log(l+a)=a—
Cf. Art. 175.

When a general formula for the nth derivative of the given
function is not known, the only plan 1s to calculate the derivatives
1 succession as far as may be considered necessary. The later
stages of the work may sometimes be contracted by omitting
terms which will contribute nothing to the tinal result, so far as 1t
is proposed to carry 1t.

@2 m'{ . .m”
3t g H (T 1 (16)

Ex. To expand tan « as far as o’

Putting JS(x) = tan =,
we find 1n succession

S’ (x)=sectx =1+ tan? z,
S (x)=2tanxzsectx=2tanz + 2 tan’w,
S () =(2 + 6 tan x) sec’ x =2 + 8 tan®x + 6 tan‘w,
S (x)=(16 tan = + 24 tan®x) sec’ x

=16 tan x + 40 tan®*x + 24 tan® a,
JS7 (x) = (16 + 120 tan* 2+ 120 tan'x) sec’x

=16 + 136 tan®x + 240 tan® © + 120 tan®x,
S (x) =272 tan x sec’ x + &c.,
S (%) = 272 sec' @ + &e.,

312
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where, in the last two lines, terms have been omitted which will con-
tribute nothing to the value of /™ (0). Hence
S (0)=0, S (0) =1,
f// (0) — 0, fll/ (0) - 2’
S (0)=0, ST (0) =16,
S(0)=0, S™(0) =272,
and the expansion is
22 16a® 27227
31 5T tAr
=X+ 58+ FH+ Mg+ 17)

tan x =x +

That odd powers, only, of 2 would appear in this expansion might
have been anticipated from the fact that tan & changes sign with .

185. Proof of Maclaurin’s and Taylor's Theorems. Re-
mainder after » Terms.

Let f(«) be a function of # which, together with 1ts first n — 1
derivatives, 1s continuous for values of z ranging from 0 to A,
inclusively , and let us write

f@=D,(2)+ R, (%), .ovvvvnvns o (1)

where
D, () =1 (0) + zf’(0) + lf” 0)+. + 1) WSO (0),.. (2)

1.6. @, (x) 18 the sum of the first n terms of Maclaurin’s expansion,
and R, () is at present merely a symbol for the difference, what-
ever it is, between f(x) and ®, (#) The object aimed at, in an
rigorous investigation of Maclaurin’s Theorem, is to find (1f possible)
limits to the value of R, (x), 1n other words, to find limits to the
error committed when f(z) is replaced by the sum of the first n
terms of Maclaurin’s formula. If we can, in any given case, shew
that, by taking n great enough, a point can always be reached after
which the values of R,(z) will all be less than any assigned
magnitude, however small, then Maclaurin’s series is necessarily
convergent, and its sum to infinity is f(«). It is evident that the
argument cannot be pushed to this conclusion if f(x) or any of its
derivatives be discontinuous for any value of # belonging to the
range considered.

The notion of representing a function f(x) approximately by a
rational integral function of assigned degree, say
do+ 4y + 4%+ .. + A, @™ o nd(8)

has already been utilized in Art. 114. The plan there adopted was to
determine the n coefficients 4,, 4,, 4, ... 4,_; so that the function (3)
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should be equal to f(x) for n assigned values of x, which were dis-
tributed at equal intervals over a certain range. In the present case,
the n values of = are taken to be ultimately coincident with 0; in
other words, the coefficients are chosen so as to make the function (3)
and its first »— 1 deiivatives coincide respectively with f(x) and its
first » — 1 derivatives for the particular value = = 0. The result of this
determination is, by Art. 183, the function &, (x)

In the graphical representation, the parabolic curve y =®, (x) is
determined so as to have contact of the (n— 1)th order (see Art. 189)
with a given curve y = f(x) at the point 2= 0; and the problem is, to
find limits to the possible deviation of one curve fromn the other, as
measured by the difference of the ordinates, for values of  lying within
a certain range. This is illustrated by Fig. 136, which shews the curve

y=log(l+a), ... ... . ... (4)

e e e eee

x

"

Fig. 186,
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and (by thinner lines) the ‘approximation curves’
y=u, y=c=ta?, y=ax—-42+ 10, , ... .. (D)

obtained by taking 1, 2, 8, ... terms of the ‘logarithmic series’ (Art.
184 (16)). The dotted lines correspond to « = * 1, and so mark out the
range of convergence of the latter series.

It appears, from the conditions which ®, (#) has been made
to satisty, that R,(«) and its first n — 1 derivatives will be con-
tinuous from z =0 toa =/, and will all vanish for z=0 Now we
can shew that any function which satisfies these conditions, and
has a finite nth derivative, must lie between

AZ and BZ,
n! n !
where A and B are the lower and upper limits to the values which
the nth derivative assumes in the interval from 0 to .
For, let F (z) be such a function. By hypothesis, we have

F0)=0, F0)=0, F’'(0)=0, ..., Fo20)=0,...(6)
and A< F®™ (@) < B, .coovviiiiiiiininnn. )
the latter condition holding from =0 to s =hA. It follows from
(7), by Art. 91, 4°, that

f " Ads < f “Fo () do < f * Bdu*,
0 0 0

or, since F»-" (0) =0,
Az < F Y (2)< Bz, ... . cocovvvennnnn. (8)
By a second application of the theorem referred to, we have

fow dz < fo‘”"’ (z) d < fwa dz,
0 0 0

or, since F®=2 (0) =0,

a2 - 22
A§~!<F<" » (x)<B-2—!. .................. 9
A similar argument applies to shew that
a® z*
4 37 < Fo-d(z)< B G creeeeeeeeneees (10)
and 8o on, until we arrive at the result
n n
A:':—!<F(a:)<BfT!. ................ (11)

* Provided z be positive. If z be negative the imequalities must be reversed,
but the final conclusion 18 unaffected.
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Hence we may write

F(w):(}'%, ........................ (12)

where C is some quantity between A and B.

In the present application, since P, () is a rational integral
function of degree n —1, its nth derivative is zero (Art. 64); and
the nth derivative of R, (zc) 18 therefore, by (1), equal to f™ (), 1f
this latter derivative exists. We infer, then, that

aﬂl

Rp@)=Cr ;oo S e,

where C is some quantity intermediate to the greatest and least
values which ™ () assumes in the interval from 0 to 2 And if,
as we will suppose, this latter derivative is continuous from z =0
to & = h, there will be some value of z, between 0 and A, for which
Jf®™ (2) is equal to €. Denoting this value by 8k, we have

R, (w)zz—’;fw oh), . e (14)

where all we know as to the value of @ is that it lies between 0
and 1.

The formula (14) holds from =0 to z = A, inclusively
Putting = h, and substltutlng in (1), we obtain
. R -
FW)=F©) +If O+ 2 7 (©)+ .. +(n 51/ O

+ F' ‘ " po (O, ... (15)

In this form Maclaurin’s Theorem 1s exact, subject to the
hypothesis that 7 () and 1ts derivatives up to the order n, nclu-
sively, are continuous over the range from 0 to h. The condmons
however, that f™ (x) is to exist, and to be continuous over the
above range, include the rest.

If we write
SJ@=¢d@+x), .oevinn il (16)
we deduce
d(a+h)=¢(a)+hd’ (a)+ 2l¢>” (a)+ + h 1) 7" (@)
+ ;l qb‘”’ (w+06h), ......... 7)

where as before, 1 > 6 > 0.
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This is an accurate form of Taylor’s Theorem. It holds on the
assumption that ¢™ (z) exists and is continuous from z=a to
x = a + h, inclusively.

The last terms 1n (15) and (17) are known as Lagrange’s forms
of the ‘remainder’ in the respective theorems.

The formula (17) 18 a generalization of some results obtained in
the course of this treatise. For example, putting n= 1, we get

d(a+h)=¢(a)+hd' (@a+06h); ..... . ....... (18)
and, putting n =2,

¢ (a+h)= o (a) + he' (a) + 3h°p" (a + OR). ......... (19)
These agree with Art. 56 (9) and Art. 70 (23), respectively.

186. Another Proof.

The proof of Taylor’s (or Maclaurin’s) theorem which is most
frequently given follows the lines of Art. 70, 2°.

Considering any given curve
Y=F(&), ceerriiiiiiiiiiis e, €))
we compare with it the curve
y=A,+Ax+ A2 +...+ Ay 2" + A,an, ...... (2)

in which the n + 1 coefficients are assumed to be determined so as
to make the two curves intersect at = 0 and « = A, and, further,
80 as to make the values of

dy dy dry

dz’ daz2’ *°° dam!
respectively the same in the two curves at the point #=0. These
conditions give

o=f(0). Ax=fl(0)» -An='21*! ”(O)»-":

1
An—l = m f n-1 (O), ............ (3)
as before, and
Sh)y=As+ Ah + A, + ...+ Ay B+ 400, L.(4)
this latter equation determining 4,.

Denoting by F (x) the difference of the ordinates of the two
curves, it appears that

F(0)=0, F'(0)=0, F’(0)=0,... F* (0)=0, ...(5)
and F)=0. ciovveiiiiiiiiiianinnnnn. (6)
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Since #(x) vanishes for =0 and z = A, it follows, under the
usual conditions, that F” (z) vanishes for some value of z between
0 and Ak, say for «=6h, where 1 >6,>0. Again, since I’ (x)
vanishes for = 0 and z = 6,i, F" (x) will vanish for some value of
z between 0 and 6,h, say for z = 6,h, where 6, > 6, > 0. Proceeding
in this way we ﬁnd that F ™D (a:) vamshes forz= 0 and = 6,_;h,
where 1> 6,_, >0, and hence that

Fm(Oh)y=0, ......ccooev vvviinns )
where 1> 60 >0. Now, on reference to (1) and (2), we see that
Fo(zy=f™ (z)—n!dp .ccovviiiininnn. (8)

It follows from (7) that
A,=— fm) ORY oo cieiees e (9)

Hence, substituting from (3) and (9) in (4) we obtain
/ h? 7 ) -
F(R)=f(0)+hf"(0)+ 57/ " (0) + ... +(T—T)*!f‘ D (0)

hn
+ Fm(Oh),............ (10)
as before. The conditions of validity are as stated in Art. 185,
after equation (15)*
187. Cauchy’s Form of Remainder.

Another form for the remainder after » terms may be obtained
as follows.

It F (2) be subject to the conditions
F(0)=0, F'(0)=0, F"(0)=0, ..., F*1(0)=0, ...(1)
we have, by integration by parts,

e (s

n-—1 h 2\"—2 -1 n—
—_— —_— (n—1) e — _—— (n—1)
i fo (1 h) Fo () do = f 1 ) F o) (2)da,

since the integrated term vanishes at both limits. Performing this
process n — 1 times, we obtain

f:(“%)nﬂﬁ"”’(w)d“(i S f F(@ydo=""1F),

hn—-l hn—-l

or F(h) = 1), (1 ) F® (@) da. ... 3)

* The foregoing proof is substantmﬂy that given by Homersham Cox, Camb.
and Dub. Math. Journ., 1851,
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Since the function under the [ sign 1s continuous, we infer, by
Art. 91, 3°, that

F () = h 1)'(1 Oy F™ (6h), ........ ... 4)
where 1> 6 > 0.

It appears, then, that the last term in Art. 185 (15) may be
replaced by

=) 1 ) A= (R, (5)
and the last term 1n (17) by
o b oTyi(lm O G @4 O (6)

These forms of remainder are due to Cauchy.

188. Derivation of Certain Expansions.

We proceed to consider the value of the remainder for various
forms of f(z), or ¢(2); and 1n porticular to examine under what
circumstances it tends, with increasing =, to the limit 0. In this
way we are enabled to demonstrate several very important ex-
pansions ; but it 18 right to warn the student that the method has
a somewhat restricted application, since the general form of the
nth derivative of a given function can be ascertained in only a few
cases. Moreover, even when the method is successful, it 18 often
far from being the most nstructive way of arriving at the final
result.

1o, If S(@)y=cosa, ... ooiiiiiiiiiiii (1)
we have ;:—1; S (0z)= :-i:;cos Oz +3nmw). .o cooiinl (2)

The limiting value of the fraction z"/n ! is zero, and the cosine lies
always between + 1. Hence the expansion (10) of Art. 184 holds
for all values of .

The same reasoning applies in the case of sin z.

2, If f@=Q+2)™, ...c.o. ... 3)
we find
) =m(m—l)...(m-—-n+1) a®
'n!fn (62) 1.2...n (1+0a:)"—"'""(4)
This may be regarded as the product of (1 + 6«)™ into n factors of
the type
m—r+1 x m+1 x
p T8 ( 1+- p )i_+b‘w' ...... (5)
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If 1 > > 0, the fraction /(1 + Ax) hes between 0 and #, and since
the first factor in (5) tends with increasing # to the hmiting value
— 1, it appears that by taking » great enough the value of the
expression (4) can be made less than any assignable magnitude.
Hence, for 1 > z > 0, we may write

m(m—1)

m
A+z)y"=1+mz P9

224 . L (6)
ad infinttum.

We cannot make the same inference when « is negative, even
if |#|< 1. Forif we put 2= —a,, the fraction z,/(1 — 6z,) is less
than 1 only if § < (1 — #,)/2,. Andif 2, > §, we have no wairant for
assuming that @ lies below this value.

Cauchy’s form of 1emainder (Art. 187 (5)) is now of service.
We have, in place of (4),

m(m——l) (m—-n+1)(1——9)"1.z"

1. 2 n — 1) - (1 F 056)"—’"  eessaanas (7)
This is equal to ma (1 + 0.1,)’"—‘ multiplied mto n—1 factors of
the type
Oz
(1+ >1+0w...... ..... (8)

If 2 be positive this expression tends to a limit between 0 and — .
Hence 1f # < 1, the remainder tends to the limit 0, as before.

If 2= — «,, where 1 >z, > 0, the expression (8) becomes

(1-2) S e e 9)

which tends to a limit between 0 and x,. We conclude that the
remainder (7) tends to the limit O for all values of & between —1
and 1.

3°. If f@=log(1l+x), ... ... (10)

‘,P: - . =(_ l)n—-l( x )n
we find n!f (6z) - ives) @ - 11)
The limiting value of the first factor is 0, and, if # be positive
and %1, ®/(1+ 6z) 1. Hence the himiting value of (11), for
n -0, 18 zero, and the expansion (16) of Art. 184 is valid from
z=0toz= 1, inclusively. Ct. Iug. 136.

The above form of remainder does not enable us to determine
the case of x negative, even when |z|< 1. In Cauchy’s form, we
have, 1n place of (11)

=gy R 3;)"_’. ............... 12)
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If 2 = — x,, where 1 > &, > 0, this becomes

) @, — Ox,\"1
—l—ﬁx,'(1_0w1> o eeeeee reiennes (13)

Since (z; — 0z;)/(1 — Ox,) < «,, this tends with increasing n to the
limit O.

189. Applications of Taylor's Theorem. Order of Contact
of Curves.

If two curves intersect in fwo points, and if, by continuous
modification of one curve, these two points be mnade to coalesce
into a single pomt P, then the two curves are said ultlmately to
have contact ‘of the first order’ at P. An instance is the contact
of a curve with 1ts tangent line. And whenever two curves have
contact of the first order, they have a common tangent line.

Again, if two curves intersect in three points, and if by con-
tinuous modification of one curve these three points are made to
coalesce into a single point P, then the two curves are said ultimately
to have contact ‘ of the second order’ at P. An instance is the con-
tact of a curve with its osculating circle (Art. 137).

Let us suppose that the two curves

Yy=¢@), y=Y(@) .covviniiinn (1)
intersect at the points for which =, #,, «,, respectively. The
function

F@ysd@) =Y (x), «ooovivvrieninnnn. (2)

which represents the difference of the ordinates of the two curves,
will vamsh for # = x,, #;, ;. Hence, on the usual assumptlons as
to the continuity of F(«) and F’ (), the derived function F’(z)
will, by the theorem of Art. 49, vanish for some value of « between
%, and ,, say for # = x,, and again for some value of 2 between z,
and z,, say for #=«,". Hence, by another application of the theorem
referred to, if F” (z) be continuous in the interval from z, to =, it
will vanish for some value of z between x,” and z,, say for z =x,”.
Hence if, by continuous modification of one of the curves (1), the
three points z=,, #;, #, be made to coalesce into the one pomt
a =m,, the values of F (), F’ (x,), F’ (x,) will all be zero; z.e. we
shall have
$@ =¥ (@), ¢ @ =¥ (@), ¢ @)=V @), ...er(d)

simultaneously, for z = x,.

In other words, if two curves have contact of the second order
at any point, the values of
dy d%

Y dz* dw
will at that point be respectively identical for the two curves.
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Ex. To determine the circle having contact of the second order
with the curve

y=¢(@) ...... . e «(4)

at a given point.
The equation of a circle with centre (£, ) and radius p is

@+ == . (5)
If we differentiate this twice with respect to «, we find

w—f+(y—n)g—z=0, .. . (6)
1+(%>’+(y_n)‘d’l—;{:o. CLm

In these results,  is regarded as a function of x determined by the
equation (5) But if the circle have contact of the second order with
the curve (4) at the point (x, y), the values of v, dy/dx, and d*/dx* will
be the same for the circle as for the curve. 'We may therefore suppose
that in (5), (6), (7) the values of , y, dy/dx, d®%/dx? refer to the curve

4). These equations then determine the cucle uniquely, viz. we tind that
the coordinates of the centre are

2 2

f @)} e - (3)
PR dx dz 5 dx 8
= dzy ) n=yY + —(—i—z—y— 9y eeenes ( )

da? da?
2
{1 + %) §
and that the radius is p= e 3 eeeren e e e 9)
do?

cf. Art. 135,

The above considerations may be extended, and we may say
that if two curves intersect 1n n+ 1 consecutive points, or have
contact ‘ of the nth order,’ the values of

dy dy 4y
y’ dw’ dx.), M ] dmn
must be respectively identical for the two curves at the point in
question.

The investigations of Arts. 185, 186 give a measure of the
degree of closeness of two curves in the neighbourhood of a contact
of the nth order. By hypothesis we have at the point x = a (say)

$(a)=v(a), ¢ (a)=¥"(a), ..., ¢"(a)=v"(a) ...10)
and therefore, with F(z) defined by (2),
F(a)=0, F'(a)=0, F’(a)=0, ..., F®(a)=0....(11)
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It follows that, under the usual conditions,
hnt1 n
F(a+h)= CESY) F@o+) (q 4+ 6h), ........... (12)

where 1> 6 >0. Hence, if & be infinitely small, the difference of
the ordinates is in general a small quantity of the order n + 1.
Moreover, it will or will not change sign with A, according as = 1s
even or odd.

For example, the deviation of a curve from a tangent line, in the
neighbourhood of the point of contact, 18 1n general a small quantity of
the second order, and the curve does not in general cross the tangent
at the point Again, the deviation of a curve from the osculating circle
is a small quantity of the third order, and the curve in general crosses
the circle. See lig. 116, p 350. But if the contact with the circle be
of the fourth order, as at the vertex of a conic, the curve does not cross
the circle. The same thing 1s further 1illustrated in Fig 136, p 485,
where the curves numbered 1, 3, 5 do not cross the curve y=log (1 +x)
at the origin, whilst the curves numbered 2, 4, 6 do cross 1t.

190. Maxima and Minima.

If ¢(x) be a function of # which with its first and second
derivatives 1s finite and continuous for all values of the variable
considered, we have

¢ (a+h)—(a)=h¢' (@) + gz & (a+0h), ... .. (1)

where 1> 6>0. By taking % sufficiently small, the second term
on the right-hand can in general be made smaller in absolute value
than the first, and ¢ (a +h)— ¢ (a) will then have the same sign
as h¢' (a), and will therefore change sign with A.

Now if ¢ (a) is a maximum or a mmimum value of ¢ (), the

difference
p(a+h)y—¢(a)

must have the same sign for sufficiently small values of h, whether
h be positive or negative. Hence we cannot, under the present
conditions, have a maximum or a minimum unless ¢’ (a) = 0.

Let us now suppose that ¢'(a)=0, so that (1) reduces to

path)—p@) =2 ¢ @+0h). ... @)

When k is sufficiently small, the sign of the right-hand will be that
of ¢ («). Hence 1f this be positive we shall have ¢ (a + 7)) > ¢ (a),
whether 4 be positive or negative; <.e. ¢(a) is a minvmum. Similarly,
if ¢” (a) be negative we have a mazimum.
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If ¢” (a) vanish simultaneously with ¢’(a), it is necessary to
continue the expansion in (1) further. To take at once the general
case, if we have

¢ (a)=0, ¢"(a)=0, ..., ¢ (a)=0,......... 3)
simultaneously, but e (a)F0, covvrinenn e e 4)

then d(a+h)—¢(a)= g ¢®(a+0h). ........ ... (5)
If % be small enough, the sign is that of A"¢p™ (a). If n be odd,

this changes sign with A, and we have neither a maximum nor a
minimum. But if » be even, we have a maximum or minimum,
according as ¢™ (a) is negative or positive.

In words, ¢ («) is either a maximum qr a minimum for a given
value of z 1f the first derivative which does not vamsh for this value
of # be of even order, but not otherwise. And the function 1s a
maximum or a mimmum according as this derivative 1s negative
or positive.

Fx. 1. ¢ (x) = cosh = + cos e e (6)
This makes
¢’ (x) =sinh z —sinx, ¢" (x)=coshx—cosua,
¢ (x) =sinhx +sinw, ¢ (x)=coshx + cos x.

The first derivative which does not vanish for £ =0 is ¢ () And
since ¢" (0) is positive, we infer that ¢ (0) is a minimum value of ¢ ().

This 18 also obvious from the expansion

o
¢(9c):2<1+1~'+8—|+ ..). .. ......(7)
Ez. 2. Let V=>bcosO—ccos20. .. ... ....c.coounes (8)
This makes

arv . . .

Zl_é:—bSIn0+ 2¢sin 26 =sin 6 (4¢ cos 6 - b),

dQV P )

2—637=—b6080+ 4¢ cos 26 = cos 0 (4¢ cos 6 — b) — 4¢ sin* 0,

a*v . .

= b sin 6 - 8¢ sin 26,

av 9

= b cos 6 — 16¢ cos 26,

For brevity, consider only angles in the first quadrant If 5> 4c,
the only stationary value of ¥ 1s when ¢ =0, and since this makes
d2V[d6* <0, V is then a maximum,
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If b <4¢, Vis a minimum when 6 = 0, and there i8 a maximum for
6 = cos™* (b/4c).

If b=4c, dV/d6, d*V[d6? d*V[d6® all vanish for 6 = O, whilst d*V/d6*
is negative. Hence ¥ is then a maximum

This example occurs in the discussion of the possible positions of
equilibrium of a square plate resting in a vertical plane between two
smooth pegs at the same level. If b be the length of the diagonal of the
square, ¢ the distance between the pegs, ¥ 1s proportional to the potential
energy when the diagonal which crosses the line of the pegs makes an
angle ¢ with the vertical. For equilibrium ¥ must be stationary, and
for stability 1t must be a mnimum.

191. Infinitesimal Geometry of Plane Curves.

Let the tangent and normal at any point O of a plane curve
be taken as axes of coordinates ; it 1s required to express the coordi-
nates of a neighbouring point £ of the curve 1n terms of the arc
OP, = s, say.

If, for brevity, we use accents to denote differentiations with
respect to s, we have, as mn Art 111,

' =cosy, Yy =smY, ...ooe..iil, (1)
and thence

&’ =—siny .Y, &”=—cosy.P?—siny.y”’, } @)
y'= cosy.Y, y'=—smyYy. P +cosy.Y’, )
and so on.
Now, by Maclaurin’s Theorem,

S
w=w0+Iw0 1 2“’0 +

s ., s ”
Y=%+3% +7 3% t.-

where the suffix is used to mark the values which the respective
quantities assume for s=0. But, putting ¥r= 0 1n (1) and (2), we
have

[ =1, wouz()’ wl)”':"g—?.,..
’ 0 17 1 " 1 dp ........... (41)
Yo=b Yo =;’ Yo =_P—ga;,...

where 1/p has been written for dyr/ds. Hence
s
w=8—62+.., y=§;—-6?(-i;+..., ......... (5)
where p and dp/ds refer to the origin.

These formule are useful 1n various questions of infinitesimal
geometry.’
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Lz, 1. Thus the second formula in (5) shews that the deviation of
the curve from the osculating circle at O 1s ultimately
&£ dp
i- "t
B i e e .(6)
since dp/ds =0 for the circle.

And, generally, for all purposes where s* can be neglected, the curve
may be replaced by its osculating civcle.

Ex. 2. Agan, the normal at P meets the normal at O 1n a point
whose distance from O is y + x cot . If we neglect terms of the second
order in s, this

s 8 dp
_,s- 82dp——p<l+%-’;zi§>-

p Zptds

Hence the distance of the intersection from the centre of curvature at
8 18 ultimately

%8(7;. . N (7)

When p is a maximum or minimum we have (1n general) dp/ds =0, and
the distance 1s of a higher order, the evolute having then a cusp at the
pownt corresponding to O

EXAMPLES. LXIIL

(Expansions.)

it 2B

1. cosh x cos & = 1~T!— T T
28xﬂ 2510
ginhxsmae=0®— —— + - —
6! 10!
D) 1 20 2%P
. coshxsinx=a2 + 5 37T TBT ey
. DB 938
sinh x cosx=2x “3T" FT ‘o
1 ).L'B 22 4 221:6 2317
3. efcosx = By T TR Ry e
2% 2%t 2 237
ESML=0 4L e — e = — o

3t 5! 6! 7!

x? Dx* 6lat

4 secm=1+2-!+—4—!+——6T+....
@ oz at

5. logsecw.-—+]2 mt o

6 log cosh x = 4o — ! + Lo —
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7. tanh x = o — 3a° + o’ — A" + ...,
28t 288
2 — — 2 e ———
8. cos?w=1-~w?+ ] g1 e
. n n (3n — 2)
9. cos' w—-1—2——lw’+———-z-!-——w‘—
sinz\r n , n(dn-2) ‘i
10. (w>—-1—3!.l, +——3-:€—!——w cee e
x o 4ot
1L sina:=1+3—!+—6_!+""
x _l_m“ l4at
sinhz = 317 61 °
@ x? at
12. ew_lzl—‘%m‘f-%—m-‘ylc IE‘F....
18. tan (37 + ) =1+ 22 + 22 + §® + L0* + ...
14. log tan (1r + o) =2z + $a* + 428 + ...
15. log (1 +sin®) =@ — §a? + }a® — Lot + Lo — ...,
1e. log (1 +¢®)=log2 + jw+ 3a® — thya* + ...
17, 3sinx

2+ cosw T 180 T
Isin’¢ 1.3sin‘6 1.3
219 3% 2.9 :
18. logsec%0_2 5~ t574 4 *9g
19. If D=d/dx, prove that

Drereosa cog (wsin a) = ¢2 032 cos (2 81n o + na).
Hence shew that

5smté
.6 6

. x? o
€232 cos (x8ina)=1+xcosa +57 08 2a + 37008 3a + ...,
~

20. Draw graphs of the functions

o
T3 Tt Ey
1espectively, and compare them with the graph of sin .

® « x—

21. Draw graphs of the functions

x? ot
1- g*' N 1- 2—‘ + 4—‘ ’
respectively, and compare them with the graph of cos .

22. Prove that, in the formula (17) of Art. 185, the limiting
value of 6, when 4 18 indefinitely diminished, is in general 1/(n + 1).
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23. Prove that when 4 is sufficiently small the error 1n Simpson’s
formula (Art. 114 (8)) of approximate integration 1s
dty

daxt’

th

nearly.

24. Prove that the mean value of a function ¢ (x) over the range
extending fromx=a —h tox=a + 4 is

¢(a)+ ¢"()+ ¢>“’(a)+

Shew that this falls short of the arithmetic mean of the values at
the extremities of the range by

h? " hd
13 @" (a) + 315 ¢v(a) + .. .

25. Shew that if, from a given curve, another curve be constructed
whose ordinate, for any value a of x, 13 the mean of the ordinates ot
the first curve over the range bounded by @ = a + &, where & 18 a given
small constant, the ordinate of the second curve exceeds that of the
first by one-third the sagitta of the arc whose extremities are x==a + A.

EXAMPLES. LXIII.
(Geometrical Applications.)

1. Prove that if the expansions (4) of Art 191 be carried to the
order 8!, the results are

g 8 dp
—g_1% lilhatid
&Xx=8 B‘p‘i“ p"d
s Sdp dp) d'“’p][
A Rl {1—2 ds) TPl t o

2. If the values of =, %, refened to the tangent and normal at a
point O of a curve, be developed 1n terms of ¢, the inclination of the
tangent to the axis of «, the results are

@ = P¢+%d¢,¢2 (P w}w“

:'/=%P‘l/’+3lr(jl‘p¢’+

3. Prove that, with the same axes, the coordinates of the centre
of curvature are

d?
&= d¢,¢2 %E!pﬂat/la-*‘
’7=P+ ¢+'} lpa .
32—2
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4 If O, P be two adjacent points on a curve, and P@ be drawn
perpendicular to the chord OF, to meet the normal at O in @), then
ultimately 0Q = 2p.

6. If equal small lengths O/, OT be measured along the arc of a
curve, and along the tangent at the point O, and if R be the limiting

position of the intersection of 27" produced with the normal at O, then
OR = 3p.

6. If P, Q be adjacent points on a curve, and a point 7' be taken
on the tangent at P such that P7 1s equal to the chord PQ, and if K
be the intersection of 7'¢) with the normal at P, prove that the hmiting
value of PR is 4p.

7. The perpendicular to a chord OP at 1ts middle point meets the
normal at O at a distance from the centre of curvature ultimately equal
to isdp/ds, where s = OP.

8. The tangents at two adjacent points 2, @ of a curve meet in 7}
and V is the middle pont of the chord PQ. Prove that 7'V makes
with the normal to the curve an angle tan™ (1dp/ds).

9. Prove that if PQ be a small arc (s) of a curve, the arc exceeds
the chord by 548%/p? and the sum of the tangents at P and ¢ exceeds
the arc by 4¢*/p%

10. Prove that the form of a curve near a cusp 1s given by
ay® = a?,

approximately, where a = $dp/dy.

11 Prove that the form of a curve near a point of inflexion is
given by

de
y= %‘ ds x®,

approximately, where ¢ is the curvature.

12. If P be any point on a curve, the form of the evolute of the
part near P, referred to the centre of curvature at I’ as origin, is 1n
general given by

ay =a?,
where a = 2dp/dy.

13. Prove that if P be a point of maximum or minimum curvature,
the form of the evolute 15

ay® =,
approximately, where a = §d’p/dy’



CHAPTER XVI
FUNCTIONS OF SEVERAL INDEPENDENT VARIABLES

192. Partial Derivatives of Various Orders.

If u be a function of two or more independent variables z, v, ...,
the partial derivatives
ou ou
B gy e (1)

will themselves in general be functions of z, y, ..., and be sus-
ceptible of ditferentiation with respect to these several variables.

Thus, if U= (L, Y)y eer ceveiiir i, (2)

we can form the second derivatives

% () o (3 =) 56

or, as they are usually written,
OFu  Pu  Pu  Pu (3)
8.1;” ayaw, away, ayz. ................. ¢
It will be noticed that there 1s (primarily) a distinction of meaning
between the second and third of these symbols, the operations indi-
cated being performed in inverse orders in the two cases. It will

be shewn, however, in Art. 193 that under certain conditions, which
are generally satisfied 1n practice, the results are 1dentical.

The first derivatives of ¢ (x, y) are sometimes denoted by

(2 y), Py(@, y), oovei 4)
and the second derivatives (3) by

Goz (% Y), Pz (@ y) ey (@ Y), by (@ y). ... )

These are often abbreviated into
Pzr Pys e e e (6)
and bazs Pyzr Payr  Pyys  cev cereieiiiennn )

respectively.
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Ex, 1. If u=Ax™y", oo (8)
we have aﬁ:mAw”"’y" aj:nAw"‘y"“ 9)
P ' oy , e
Pu o Ou _
w:m(m-l)dw’" ", W:n(n-l)Aw”‘y” %
*
ay———:m=mnAw"“ly"‘1= g%% e . ...(10)
Ex. 2. If z=atan"'Y, ... 11)
m’

we find %___ " & b v (12)

5;’._.-—@»:3_/_’, a_:,;=£2’_"_"y‘as
B’z_ azxy o2 B a,(y')__mﬂ)_ *x B”z_ —2ax;:/‘ 13
W (B P o (gt dwdy' (B4 vl ool

193. Proof of the Commutative Property.
Let U= (B, Y), cevrern vt e ol 1)
and let us suppose that the functions

W Tu
© oz’ 0y’ oyox’ oxdy
are continuous (Art 34) over a finite range of the vanables, in-
cluding the values considered. We proceed to shew that, under
these conditions,
P _ Pu
oyox ozdy’
To this end, we consider the fraction

_¢@thyt+k)—¢@+h y) -z y+k)+¢(z y)
x (b, k) = W R

in which z, y are regarded as fixed, whilst %, k will (finally) be made
infinitely small

Let us write, for a moment,

F@)y=¢(@ y+k)—d(zy) .covvrnnnn.. (5)
By the mean-value theorem of Art. 56 (9), we have
F(z+h)—F(z)=hF' (x+60h), ............ ©)

or, in full,

[p@+h y+k)y—d(@+h, N} —{d (@ y+k)—¢(z, y))
=h{ps(@+ h, y +k)—pa(x+ bk, y)}, .oen.n.. )
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where 1 > 6, >0, the value of y not being varied in this process.
Hence

x (b, k)= bz (@ + Oh, y + k) — g (z+ 6,h, y).

B e (8)
If we now write
SO =bz(z+ 6k, ), cccovvvrenannnnnn. 9
we have, by a second application of the theorem referred to,
f+Ey=f)=kf" (y+05k), ..ccc...... (10)
or
b (x+.6h, y+k)— o (z+ 0k, y) =k, (x+ 0k, y+ 6k).
..... (11)
Hence x (b, k)= ¢y (@+Oh, y+6:k), ............ (12)

where 6,, 6, lie between 0 and 1.
By a sumilar process we could shew that
x (b, k) =hoy(x+ 'R, y+0k), ..cn....... (13)
where 8/, 6, also lie between 0 and 1.

These results are exact, provided #+h, y+ k& lie within the
range of the variables for which the conditions above postulated
hold. If we now dimimish ~ and & indefintely, it follows from the
comparison of (12) and (13), and from the continuity of the de-
rivatives, that

Gy (@, Y) =Py (@, Y) oer e, (14)

as was to be proved*.

It follows from the above theorem that in the case of a function
of any number of independent variables «, y, , ... the operations

2 90 9

oz’ oy’ 0z’ """
or, as we may denote them for shortness,

D,, D,, D,, ...

are in general commutative, v.e. the result of any number of them
is independent of the order in which they are performed.

For example,
D,DyDou=Dy(D,Du)=Dy(D,D,)1w=DyD,(Dp)= D.D,Du=ete.

* This proof appears to be due to Ossian Bonnet. An alternative proof 1s
indicated in Art. 194.
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It appears from (4) that
th y+B) =@y +E)
h

limh_,ox (h, /c) = % limh,

1., +h, PN - (x, 3
—;hmr..,od’(x yh ¢ (=, y)
= ¢a= (x’ ?/j' ,‘7) - ¢m (ma 3/)
.8 R C e rereeee eaeeeee (15)
Hence limg oo limpy =0 X (A &) =Py (2, ¥).  ..v.n.. . (16)
Similarly, we find
limp o limgno x (A &) =gy (2, ¥).  cevvnrnnnn. (17)

If, then, we could assume that the limiting value of the fraction (4),
when % and % are indefinitely diminished, 1s unique, and independent
of the order 1n which these quantities are made to vanish, the theorem
(3) would follow at once. A simple example shews, however, that the
assumption 1s not legitimate without further examination. If

h* — k3
S 8=

we have
hog oo g o f (A, £)==1, limy o limg oo f(A, k)= +1.

Exz. A necessary condition that

Mdx+ Ndy ....... e eereiaeees (18)
should be an exact ditferential (Art. 155) is
oM oN
‘é‘y— = @ S Sese  serse sss sses eessases (19)
For if the expression (18) be equal to du, we have
ou ou
M=5—x’ N—_—a—s—,, RN (1))

and therefore each of the partial derivatives in (19) is equal to 3%/dydx
or o*wu/oxdy.

Conversely, we can shew that, if the condition (19) hold, (18) will
be an exact differential. Let v denote the function f4fd, obtained by
integrating as if y were constant. We have, then,

%=ﬂ[, ...................... veenn(21)
oN oM P
and therefore Pl % =ax_a;“y’
0 o
or a—x(N_a? =0 e n(22)
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This shews (Art. 56) that the function ¥ —dv/3y is constant so far as
x is concerned and is therefore a function of ¥ only. Denoting its
value by /' (y), we have

®

N=—+/"(y). .. v o (23
/@) (23)
Hence, if we write u=v+(y), .« . e (29)
we have, by (21) and (23),
ou ou
%—‘—M, 5—y=lV., ...................... (25)
and therefore Mdx + Ndy=du. Y 1)

194. Extension of Taylor’s Theorem.

Let ¢ (z, %) be a function of z and y which, with its derivatives
up to a certain order, 18 continuous for all values of the variables
considered. It may be required to find the expansion of

p@+h b+k) ... e e (1)

in ascending powers of ~ and k. 'We shall i the first place give
a direct 1nvestigation of the expansion as far as the terms of the
second degree 1n h and k.

First expanding 1in powers of h, we have, by Taylor’s Theorem,

da+h, b+k)y=¢(a, b+k)+hdy(a, b+ k)
+ 3¢ap (a, b4 k) + .ot ... (2)
Again, by the same theorem,
o (a, b+k)=¢(a, b)+kd,(a, b) + tk2d,, (a, b) + ...

Pz(a, b+ k)= (a, b) + kpy: (a, b) +... ...(3)

bz (0, b+ k)= oz (a, b) +....
Substituting in (2), we find

¢(a+h bt+k)=0(a,b)+ {hd;(a, b) + kdy(a, b)}
+ % {APaz (a, b) + 2hkpy: (@, ) + k3, (a, D)} + ... ...... 4)
If we regard the forms of the several ‘ remainders’ (Art. 185)

in the preliminary expansions, it appears that the remainder in (4)
will be of the form

;‘;—[ (RAS + 3Kk + SThE? + UK, e e, «(5)

where R, S, T, U are functions of a, b, », k& which remamn fimte
when &, k are indefinitely diminished. The remainder 1s therefore
of the thwrd order in A, k.
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The conditions for the validity of the foregoing result are that
¢ (z, y) and its derivatives up to the third order should be con-
tinuous for all values of the variable considered.

With a shght change of notation we may write (4) 1n the form

¢(w+h,y+lc)=¢(a:,y)+(h%%+k%9)

+1 (078 v o a¢y+k2%f’) ey o(B)

where, on the right hand, ¢ stands for ¢ (z, y). A still more
compact form is
$@+hy+k)=¢(®y)+ (hds+ key)

+ & (WPpgy + 20 echgy + Py + <o oo (T)

Again, if » be any function of the independent variables =, ¥,
and if, as in Art. 57, Su denote the increment of » due to given
increments 8z, 8y of these variables, the formula 1s equivalent to

ou *u 0w
Su=20 8 4 2 o5 +§{aw,(3 P2 s b ady + z(aJ)}
...... (8)*
It may be remarked that in the proof of (4) it was not neces-
sary to assume that
byz (@, b) = by (@, B). «.ceevvs i, 9)

If we had begun by expanding (1) in powers of k (instead of A) we
should have arrived at a result sumlar to (4), but with ¢,y (@, b) 1n
place of ¢,.(a, b). From a comparison of the two forms we can
obtain an independent proof of the theorem of Art. 193.

195. General Term of the Expansion.

An independent investigation, giving the general term of the
expansion (7), is as follows. We write & =at, k= 3¢, and

FOy=p(x+h y+hk)y=¢dp(z+at, y+ BE). ...... (1)

Regarded as a function of ¢, this can be expanded by Maclaurin’s
theorem, and the general term 1s

tn
S F®O) e, (2)

* The extension of the investigations of thig Art. to cases where there are three
or more independent variables will be obvious.
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Now if we put for a moment @ + at =u, y + B¢ =v, we have

aw—aa—gﬁ 5;—'8:0-5:;"'6”, ............ (3)
where ¢ is written for ¢ (u, v). Hence
opow  0pv _ d) ,3
oudt " ov ot

=<aa_x+ﬂ—)¢(u, D e, (4)

The result is evidently a function of « and v, hence, by a repe-
tition of the argument,

F(t)=

F”(t)=<a%+B%) (aa%+,3%>¢(u, )

= (« a%: +8 a%) R N (5)

and, generally,

Fo ()= <a ;— +8 %)ﬂ ¢ (u, v), eeiiinnnnn (6)

where the operator admits of expansion by the Binomial Theorem,
1 virtue of the commutative property of the operators 9/0z and
0/0y. Since t only occurs in the combinations 2 + at, y + B¢, it is
evidently immaterial in (6) whether we put ¢=0 before or after
the differentiations indicated on the right-hand side. The general
term of our expansion is therefore

ZEn O (ag ) s@n= (b b ) oy
——1~<ha¢+nh"—lk G +"(7? 1),,1*%2 G +. j,

T ! oa® 20,

02" 19y 1.2 ox™20y?

where ¢ 18 now written for ¢ (2, y).

Kx. 'To prove that if ¢ (x, ) be a homogeneous function of =, g,

of degree m, we have
Ty + yP,=med, Lol (8)

By + 20y oy + YPPyy=m (m—1) . ... (9)

The general definition of a homogeneous function of degree m is
that if « and y be altered in any ratio p, the function is altered in the

ratio u™, or
@ (U, pY) =" PRy Y). cvrveneriiiiiniine, (10)
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In this equality, let us put u=1+4¢ Since

b (@ +at, y +yt) = ¢ (2, y) + ¢ (@b + yby)
+ 38 (g + 22y + Yby)) + oot
by (8), and = iR
(1+8)y™ e (z, y) = m(l"‘;l)m...)qb,
by the Binomial Theorem, the results (9) and (10) will follow, on equating

coefficients of ¢ and 2, More generally, equating coefficients of ¢, and
making use of (7), we find

o L P mm-1) ., 7
Pt Yaggt 1.3 % Y st

=m(m—-1)(m—-2) ...(m—n+1)¢. ..... (11)

This is ¢ Euler’s Theorem of Homogeneous Functions,’ for the case
of two independent variables. The extension to three or more inde-
pendent variables will be obvious.

196. Maxima and Minima of a Function of Two Vari-
ables. Geometrical Interpretation.

We may utilize the generalized form of Taylor’s Theorem to
carry a step further the discussion (see Art. 53) of the maxima and
minima of a_function (u) of two independent variables (z, ¥).

It appears from Art. 194 (8) that when &z, 8y are continually
diminished in absolute value, preserving any given ratio to one
another, the sign of du is ultimately that of

ou u
o 8w+é— Y i (1)

Unless du/oxz and 0u/0y both vanish, the sign of (1) 1s reversed by
reversing the signs of 8z and 8y. Hence for some variations du
will be posnnve and for others negative. In other words, u cannot
be a maximum or minimum unless we have

ou ou

—_— = *
L —_ @)

simultaneously.

Let us now suppose the conditions (2) to be fulfilled. We
have, then,

Su=1} { JeoR yad - dsdy -+ ,(ay)n} . ..(3)

* Tt is assumed 1n the investigation of Art. 194 that these derivatives are con.
tinuous and therefore finite That is, we exclude ab wnitio the two-dimensional
analogues of the cases considered in Art. 51.
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When 8z and 8y are sufficiently small, the sign of 8w will be that
of the terms written. Now 1t is known from Algebra that the
sign of a homogeneous quadratic function

A+ 2HEn + By oo (4)
is invariable, if (and only if)
AB>H® ....... .. i (5)

and that the sign is then that of A (or B). We infer that when
the conditions (2) are satisfied du will have the same sign for all
values of | 8z | and | 8y | not exceeding certain limits, provided

Puity (O y
oz oy* = \dxdy/ ’
and that the sign will then be that of ¢?«/02* and 8%u/0)®. And u

will be a maximum or minimum according as this sign 1s negative
or positive.

0*u 0%u ou \?
I PuPh (PEN ;
oa? 0y* < oxoy) ’ ™)
then for some values of the 1at10 8y/8x the increment of u will be
positive, for others negative, and the value of u, though ‘sta-
tionary’ (cf. Art. 51) 18 neither a maximum nor a minimuni.

0%u 0%u 0w \?

5 = (axag) se e e (8)
the terms which appear on the right-hand side of (3) are equal
to + the square of a linear function of 8z and 8y, and therecfore
vanish for a particular value ot the ratio dy/éz. Since du 1s then
of the third order 1t appecars that there 1s 1n general neither a
maximum nor a minimum, but the question cannot be absolutely
decided without continuing the expansion further. The same
remark applics when the second derivatives o’u/oa?, 0*u/0x0y,
o*u/oy® all vamsh.

The preceding investigation has an interesting geometrical interpre-
tation. If, as in Art 34, 2z be the vertical ordinate of a surface, and
x, y rectangular coordinates 1in a horizontal plane, the first condition
for a pomnt of maximum or nimimum altitude 1s that

o 0 e e (9)

If

aT-C =4, 53—/ =
simultaneously. Since these equations ensure that 8z shall be of the
second order 1n 8z, dy, 1t follows that at the point (P, say,) 1n question
the tangent lie to every vertical section through £ will be horizontal ;
in other words, we have a horizontal tangent plane.

We have next to examine whether the surface cuts the tangent
plane at P. Along the line of intersection (1f any), we shall have
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8z =0, and therefore from (3), if we put 8y = mdx, and finally make dx
vanish, the directions of the tangent lines at £ to the curve of inter-
section are determined by
2 N %z - %z
ox? " dxdy oy*
This quadratic in m will have imaginary roots if
0% o° Pz \*
Je o= __z_> S e s (11)
ox? 0y® = \owdy
the surface then, in the immediate neighbourhood of 2, will lie wholly
on one side of the tangeunt plane, and the contour-line at P 1educes to
a point. Hence P will be a pomnt of maximum or mimimum altitude
according as %/0x® and @°z/0y” are negative or positive, we. (Art. 67)
according as the vertical sections parallel to the planes zx and zy are
convex or concave upwards. If we imagine the axes of «, ¥ to be rotated
in their own plane, we can infer that every vertical section through P
is in this case convex upwards, or concave upwards, respectively.

9% 7z Pz \?
But if — = - C e, 2
abt oy = <8w8y) ’ (12)
the roots of (10) are real and distinct. The contour-line has a node
at £°, the two branches separating the parts of the surface which lhe
above the tangent plane from those which lie below

9

oz 0% &z \?
If e oE_ ~—) (1
ox? dy? (6@'83/ ’ (13)
the roots of (10) are real and coincident. The contour-line has in
general a cusp at P, and the question as to whether the altitude at P
18 a maximum or minimum cannot be determined without further

investigation,

m=0. .. ... .. .(l0)

Ex. 1. Let z =x* — 3aw® ~ 4ay* + C. T ¢ T3]
. 0z 0z
This makes 59;z3ac(w—2a), @——Sa"y, e ....(19)
%z 0% Pz
a;;:fi(x—-a), 5;8’?;20, 5—:’/32—80 e eee ..(16)

The conditions (9) are satisfied by =0, y =0, and also by = 2a, y =0.
The former solution satishes the inequality (11), and since 0%/dy® 1s
negative, z is a maximum. The latter solution comes under (12); z is
then neither a maximum nor a minimum. The contour-lines for this
case are shewn in Fig. 69, p. 286.

Ex. 2. Let z=(+ 4?2 — 22 (@ + ) + C. ... < (17)
We find 2o (4 y'—a), %:43, @+ P+, e, (18)
Pz Pz

. Pz
a?=4(3w”+y’—a’), aw———é?—/=8wy, a—;}—4(a,“+3y’+a’). (19)
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The real solutions of (9) are, in this case, =0, y=0, and z =+ a,
y=0. The former values fulfil the relation (12), so that z is neither
a maximum nor a minimum. The solutions =+ a, y =0 satisfy (11),
and, since they make 9%z/d.? positive, z iy then a mwnwmum  The con-
tour-lines of the surface (17) are shewn in Fig. 106, p 321. The
surface has two symmetrical hollows with the ‘bar’ between them

If we reverse the sign of the right-hand side of (17), we get two peaks,
with the ‘pass’ between them.

197. Conditional Maxima and Minima,

The problem is to find the maxima and minima, or rather the
stationary, values of a given function of n variables which are not
all independent, but are connected by m given relations (n > m)
The question whether these correspond to maxima or minima, as
well as the discrinination, is usually decided on grounds inde-
pendent of the present investigation.

Theoretically, we might eliminate mn of the variables by means
of the given relations, and so express the given function in terms of
n —m really independent variables This procedure would how-
ever often prove cumbrous, if not impracticable. To meet this
difficulty, the method of (in the first instance) ‘undetermined’
multiphers was devised by Lagrange In cases where the given

function, and the given relations, possess a more or less symmetrical
character, this method 1s especially convenient.

The following cases will sufficiently elucidate the method.
1°. Suppose that we have a function

U= (2, Y, 2), ..o. i, 1)
where z, v, z are subject to the rclation
Sz, y,2)=0. .. ... ... ... (2)
Expressing that éu =0, we have
Ips 0o  0bs
-a—’i3x+5zl3y+-c@52-—0 .................. (3)

The infinitesimal vanations &z, 8y, 8z are not independent, but
are connected by the relation

of f o L s, _
558$+a‘.l‘/‘8y+(;a;82—0, ....... .o -.....(4‘)

since 8f=0. From these we might eliminate 82; and since 8z, 8y
may then be regarded as independent, we might, 1n the result,
equate their coetficients separately to zero. A more symmetrical
procedure is to form from (3) and (4) the equation

() (0o (L) e
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So far, » may have any value, but we now suppose it to be deter-
mmed so as to make the coefficient of one of the variations, say &z,
vanish. Since there is no necessary relation between &z and
3y, their coefficients must also vanish. We are thus led to the

equations Y

op __of o __9of o . 0of

a—x—XEE, 5:7/_—1'@ E)z Raz ............ (6)
These, together with (2), constitute a system of four equations
determining the four unknowns «, y, 2, \.

2°,  Let the function be

U=P(Z, Y, 2), vriirinininiiiiiina, @)
where the variables are subject to the two relations
F(z,y,2)=0, f(z,y,2)=0. ...........une (8)

Proceeding as before, we form the equation

(C RN A PRGN P

oz ox Pz oy oy ~HFoy
) oF 0
+<af )\5;—/1,8—5) z=0, ...... 9

where A, p are at present undetermined multipliers. We may
suppose these chosen so as to make the coefficients of 8y and &z to
vanish. The coefficient of éz must then also vanish. We thus
obtain the equations

o _\OF, of 2 P TN
ox xaw_’_ ow’ oy 7L83/_’— oy’ 0z )V PREFPh -(10)
These, together with (8), determine the five unknowns z, y, 2, A, p.

Ez. 1. To find the stationary values of

u=24+y . e (11)
subject to the condition
Aa® + 2wy + By =1, ...... . ... (12)

This is the problem of finding the principal axes of a conic whose centre
is at the origin.

The method gives
x=A(dzx+ Hy), y=A(Hx+ By). ............ (13)
Multiplying these by 2, y, respectively, and adding, we have

B=A eet iiriiiies ceeiieeeenen, (14)
Hence (Au-1)z+Huy=0, Hux+(Bu-1)y=0. ......(15)
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Eliminating the ratio = :y, we have
AB-H*)uw— (A +B)u+1=0. ............. (16)
Again, eliminating «,
H@—y)=(4 -B)xy. ...ceoeeee cenne. (17)
Ezx. 2. To find the stationary values of

u="+y*+2%5 .. o0 L. (18)
under the conditions

4+ Byt + O2*=1, lox+my+nz=0.........(19)

The problem is that of finding the principal axes of a central section of
a quadric surface.

We find
x=Nx+pl, y=ABy+pum, z=ACz+pn...... .. (20)

Multiplying by «, y, 2, 1espectively, and adding, we find

U=A ci.ae IO e e s e (21)
Hence

po_ _pm e
m+Au~l*0’ y+Bu_1-0, z+0u_1—0. . (22)

If we multiply these by I, m, n, respectively, and add, we find

lZ m‘l nﬂ
Au-1"FBu-itcud

which is, virtually, & quadratic in w. If u be either root of this, the
corresponding values of the ratios x:y : z are given by (22), thus

=0, errereeene. (23)

w:y:z=—~£—-:~ (LA (24)
198. Envelopes.

A similar treatment apphes to the finding of the envelope of a
curve whose equation involves n parameters connected by n—1
relations

For instance, suppose that 1t 18 required to find the envelope of

b@y,aB)=0 s i eeee(1)
where the parameters a, 8 are connected by the relation
Ja, B =0 .o (2)
At the intersection of (1) with a consecutive curve we have
¢ (2, ¥, a + 6a, /3+8,8)—¢(w,y,a,ﬁ)=0, ...... (3)
or 8¢ B 8/3 0, ceeveneriniiiiiiann, 4)

L LG a3
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ultimately. The variations da, 83 are connected by the relation

o dat a;; B2 0. eoooererrereren. )
Hence @%- @38-+@2 x&@aa=a ............ (6)

If we determine A so that the coefficient of 68 shall vanish, that of
Sa must also vanish. We have then

b _ U

ta Ba =0, 38 8 3 =0. e )
The locus of ultimate intersections is found by ehminating a, 8, \,
between (1), (2), and (7).

Ex. 1. To find the envelope of the line

z 3
a*ﬁzh ...... . . .(8)
where a, B are subject to the condition
a’+ B2=q? . (9)
The method gives
%:Aa, g Y- .. .(10)
Hence Ay =2+ gzl,
or A=1/a? ... .o o (D)
Hence ad=a%, [F=0%, ..cii viiiiinn e (12)
and, substituting in (9), we find
at +yd =l
Cf. Art. 145, Ex. 2.
Ex. 2. To find the envelope of
ax+By=1 ... C e (13)
under the condition a3+ Aa+ BB+ C=0. . . . (14)
We have to eliminate a, B, X between these and
x=A(B+4), y=A(at B). ... ..cc. oins . (15)
Eliminating A, we have
ax - By = Ay — Bu,
which, combined with (13), gives
ax=3%(Ady—-Bx+1), By=4%(Bxr—-Ay+1) .....(186)
Substituting in (14), we find
(Bx — Ay)* + 4Caxy + 2 (Ay + Bx) +1 =0, ......... (17)

which is the equation of the required envelope.
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199. Applications of Partial Differentiation.

Numerous problems of partial differentiation present themselves
1n geometrical and physical questions. As a rule, they are best
dealt with as they arise; but we give one or two simple cases which
may serve to elucidate the chief points to be attended to.

1°.  Let U=P(U), evevrriiiiiiiiiiniinninns )

where v is a function of the independent variables #, v ; and let 1t
be required to form the successive partial derivatives of w with
respect to these variables,

By Art. 32 we have

ou ,, . o0v  ou ,, OV
a_a_;=¢ (1})8‘—7), B‘Z;‘:(ﬁ(v)a—"y. ............... (2)

»

Again,
ouw 0 ,, ov N Y ov\? ,, \ O .
b @ Dy 0= 0 (5) +F @D B
o%u ° ., o , %, ov Qg , 0%
cu d ,, ov N Bﬁ 2 , 0%
S =y P g A E W =" 0) () + ¢ ) s - (5)
and so on.
20, Tet U= (D, YDy eeeeeeereeeeeereeeeennns (6)

where #, y are given functions of the independent variable ¢; and
let it be required to calculate the derivatives of u with respect to
t. We have, by Art. 59, 1°,

du _0o¢ dw  0¢ dy 7
SRR R — (

Differentiating again, we find

duw _0p dxz  opdy d op\dz  d (9¢\ dy
A "oz de oy de dt( )dt dt ay)?ii' ++(8)

Now, by the theorem referred to,

ox

(8- (0% ()
- AE-LE)ESEY

33--2
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Substituting in (8), and recalling the commutative property
established 1n Art. 193, we have

du_opdz opdy P (da:) 9 O o’¢ dady ¢ (dy)

a6 oz de Yoy det T aer \dt dwdy dt dt © 0y* \dt

The process might be continued, but 1t is seldom necessary to
proceed beyond this stage.

This process is sometimes requued when we transform the
coordinates in a dynamical problem. Thus, to change from rect-
angular to polar coordinates in two dimensions, we have

#=rcosd, y=rsmnd,

and the above method enables us to express d*z/dt? and d?y/dt? in
terms of the differential coefficients of » and 6 with respect to .

Ex. Let z=¢(@—ct)+x(®+ct), eiirennnnn .(10)
where the variables  and ¢ are independent.

Putting x—ct=u, x+ct=v,
for shortness, we find

oz 0
=g WX () o=—op (W rox () . . (11)
#z 2
—;—¢"(u)+x"(u), azé—c’ ¢ (u) + X" (w). . .. ...(12)
o? 0’
Hence é——;-—.c’é———; N &)

200. Differentiation of Implicit Functions.
Let y be a function of z, defined ‘ implicitly * by the equation

P2, y)=0;.......... C e e (1)

it is required to calculate the successive derivatives of y with
respect to .

We have, as in Art. 59,

0p opdy _
To oy d = O e (2)

If we differentiate this with respect to z, we find

dx(gf) +- (g:) Yy g: B w0 s 3)
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Now, by Art 59,

Hence (3) becomes

¢
0 o 0 dy P (dy\ , 0bdy _
'@*2axaydx+a7}i(32c) + A= (4)
If we substitute the value of dy/dz from (2), we find
_d_’g = — Gaz by’ — 2¢4y PPy + ¢uu 4’:!’ 5
T = Y C e (5)

Again, by differentiation of (4), and substitution, we could find
d3y/da? and so on.

The formula (5) leads to an expression for the curvature of a
curve whose equation in rectangular coordinates is given by (1), viz.

1 bud = 2bububyt bubs (6)

P (" + ")
The condition for a point of inflexion is obtained by equating the
numerator to zero.

It may be noticed that (4) is included 1n Art. 199 (9) by putting
t=x, u=0.
201. Change of Variable.

1°.  Let it be required to interchange the dependent and inde-
pendent variables in the case of a function of a single variable.

We have (Art. 33)

dy (dz\™

- ((ig) e —— )
: dy _d (da\7' _ d (dz\7' dy
Heoo  =2(7) ~5(&) @

dz\~* d*x
- (—37) R (2)
and so on.

2°,  Let U= (E, N, crrrrririeriireienrinnens 3)

where &,  are given functions of the independent variables « and
y, and let it be required to calculate the second partial derivatives
of u with respect to # and y.
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We have
Ow _ Ju 0 +6u On Ou_0uof  Qudny (4)
ou_ 0FEoxw  onom’ oy oEoy omoy T
O QudE | (*uwdE | 0w On)\ 0f
Hence 5~ OF 0a® (55 o T 38, Bx) du

ou 0 ( 0w OF L o 2u 81;) on
é; 0a? 0Eon ox a,,’z dz) om
0 a§>z 0 2u ag a’) P <a7))
" og (5:5 0E0n 0z 0w 07 \ow

ou 2k Qu 0y )
+agaﬁ+aqaw ............... (5)

In like manner we should find
0*'u _ Pu0E0E | Ou (af on , 0 377) 0% 9 07
dwdy  0F 0w oy ' 0Eom \ow oy 9y ow) " oyt dz dy
ou 0% ou o
5‘§ a?a‘y + 5;‘7 mg 3 eeeee e eieena (6)
2_3'2_ 0%u (Qig’)” 9. 0w 0Edn  0%u (617)
oy o0& \oy 0o oy oy " om* \3y
w0  dud*n
ZTéay“ %ai_/‘i....--- --------------- (7)

Ez. 1. In the case of a particle moving under a resistance pro-
portional to the cube of the velocity, we have

d*x dx
- k(w> e e e e (B)
It follows at once from (2), with a mere difference 1n the notation, that
d?t
i =k . . L 9)
Hence t=%4l*+ Ax + B. ... N ¢ 1))

Ex. 2. To change from rectangular to polar coordinates in the
expression

Pu  Pu
Pt +ay e .. (11)
Putting x=rcosf, y=rsinf, ....... ... (12)

0 ou d 0 0
we find w_ %uom sy os6%+sin0—§,

o " wmar Ty o 3
ou  ouds au % r( sin 0 +cos€ ) ...... ()
30" b oyl 3y
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whence
ou ou . ou
éx_cosé ;—31 0 30, 53-/=sme +cos€-—- «..(14)
Hence
*u du
P <os€——sm0 80> <cos€ 0;—% , s
Fu _ sin 6 .— +cost9~—>(m9 i oqoau -9
aya-( ‘ 70) (02 +eos 0 25Y.

It is not necessary to perform all the operations indicated, as several of
the terms will cancol when we form the sum (11). The remaining
terms give

Pu Pu Fuw louw 1 Pu
5—a:n+a—yé=ar‘2+:ra—;+'—’38—0—,. ............... (16)

EXAMPLES. LXIV.

(Partial Differentiation; Exact Differentials.)

1. If we=
&X + J
fv th lati ou ou _
verify the relations wi;;+y8y-u’
u > Lo

20U Tu 0%
® ox? + Jay oxdy ty ay?

—attan-1Y — A%
2 If % =a*tan ” %? tan 7’

0%z a? — y?
prove that =

S E Ty
8. If 2=1"(x) +/(y),
0%z
prove that _8_;,8‘;/ =

Conversely shew that, if 8°2/0xdy =0, » must have the above form.

4, Prove that the equation

#p log 15¢
a2 T ror  o®

B N
is satisfied by ¢= (Ar“ + ,—n) cos n (0 —a).
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6. Prove that any differential equation of the type

F (2 + *) (xdex + ydy) +f(%> (xdy —ydx) =0
becomes exact on division by 2 + 3
h yda ~ sin s
6. Piove that sinh yfw - sin wdy
cosh y —cosa
is an exact differential of a function «; and find w.
P9, B
i oyt
prove that a function y exists such that
ob__W % _oy
o oy’ vy oz’
and that et =0
o
Fd lop 13¢
R G T
prove that a function y exists such that
p__ % 9 _ U
or 1o’ vl or’
and that y satisfies the same partial differential equation as ¢.

7. If 0,

8 If

Pp PP 1o
9. If —a—m—?+a—-y§+§@—0,
prove that a function y exists such that
__ 1oy 2 _la
oy wy oy’
b
v Py 10y
and that —a?,;'i- ‘/.‘ ?‘;@-—0

EXAMPLES. LXV.
(Maxima and Minima.)

1. Prove that in the surface
az=x?— 3,

the ordinate (z) is stationary, but not a maximum or minimum, when
=0, y=0. Sketch the contour-lines of the surface.

2. Prove by means of the rule of Art. 196 that the parallelepiped
of least surfuce for a given volume is a cube,
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3. If 4, B, C be the vertices of a triangle, and P a variable point,
the sum
PA*+ PB*+ PC*

is a minimum when P coincides with the mean centre of 4, B, C.

4. With the same notation, the sum
m,. PA® + m,. PB* + my; . PC*

is & minimum when P coincides with the mass-centre of three particles
m,, my, my situate at 4, B, C.

5. Find for what values of «, ¥ the ordinate of the surface

z=a% + y*— Baxy
is stationary.

[The values are a, a, and 0, 0. The latter do not make z a maximum
or minimum. ]

6. Prove that the ordinate of the surface
iz =ay® — o®

is stationary, but not a maximum or minimum, when =0, y=0.
Sketch the contour-lines.

7. TFind for what values of z, y the function

o+ yt =2 (x—-y)°
is stationary.

[There is a stationary value when =0, =0, and two minima
when z =+ ,/2, y=F ./2.]
8. Prove that the function
(a® + y®) ' "

has a minimum value when € =0, y =0, and a stationary value which is
neither a maximum nor a minimum when =0, y=+ 1.

9. Prove that the ordinate of the surface
z=f (ax® + 2hay + by?)

is in general stationary when =0, y=0, and examine whether it is a
maximum or mimmmum Sketch the contour-lines 1n the several cases.

10. Find the stationary points of the function
(@ — @) + (a8 — o) (47 — B9) + (42— b3,
and examine their nature.
Sketch the contour-lines of the function.
33—5
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11. If o, o, ..., @, be n positive quantities subject to the relation
X + X+ ... + X, =const,
their product is greatest when they are all equal.

Hence shew that the arithmetic mean of n positive quantities
exceeds their geometric mean unless they are all equal.

12. Prove that the rectangular parallelepiped of greatest volume
for a given surface is a cube.

13. Prove that the greatest rectangular parallelepiped which can
be inscribed in a given sphere 13 a cube.

EXAMPLES. LXVI.
(Change of Variable, &ec.)

1. If x=sin 6, the equation

d? {
(1 —-mQ)JE—xi-ii—k a?y=0
2,
transforms into ‘39% +aty =0,

2. If a®=4¢, the equation
2
dy +—1-51y+y=0

do? " x dw
. Py dy
transforms into ¢ wratys 0.
3. If ax? + 2hxy + by® + 29x + 2fy + ¢ =0,
3¢ (ab—-h")y+af-gh
prove that P = @b =Rym + bg— hf”
where p=dy/dz, q=d/dz r=d’y/dx’
=7(Y
4 It w=f (x) ,
ou ou
prove that &=ty - 0,
Pu w1 " ,
and =t 5 = {(w’ +0)f <i—/’> + 2y f (g)} .
5 If z=f (0 +92),
prove that
&z

a‘J
o= L@ @) A (@ ).
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6. If u=f(r),

where r = ,/(2* + y%), prove that
u ,
=l )L 0
7. 1f V. stand for the operator 9%/0x® + 6%/0y? prove that
Vzlog r =0,

where r=im = a)+ (v — BY}.
8. If u =f(® + iy + 2%,
prove that

(’3"1.(« 32u 3"'1!; ” ’
Pl bt =4+ 2+ 2°) f7 (P + ¥+ 2) + 6 (P + 2 + 2P).

9. If u=yf(r)

where » = ,/(x? + y? + 2?), prove that
cu  u o w " ,
St Tt S S ).

ox
10. If V2stand for the operator &[ox® + 0*/dy® + 3°/32°, prove that

V'“'r =?: y V2 1 = 0,
r r
where r=J{(x—a)+ (y—PB)P+ (-7}

11. 'With the same meaning of V¥ prove that if
Vig =0, V=0, Vig=0,
and u + v + 2 0,
ox oy Oz
then VE(xu + yv + 2w) = 0
12 If w, » be two functions of a, y, 2z satisfying the equations

V2u =0, V2 =0, and 1if » be a function of «, then v must be of the form
Aw + B.

13. If x=7rcosfh, y=rsinb,
where 7, 6 are functions of ¢, prove that
d*x d*y d*r db
—(ZFCOSG d.leno—a't, (dt)

d’ d*y 1d .,dO)
i smO—t—dtﬁ cos @ = ;(—i—t(o 7))
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1 1
14, If u:—<;b(ct—-r)+;x(ct+r),
Pu Pu 2 ou
prove that = =¢? 55t e
15. If u =t~ g—7xt,
that O
prove tha =N
16. If u=t-¥e-rVixt,
ou Pu 2 ou
prove that =K (57_2 =)
17. w=a"d (g) ,
erifv thab ou ou
verify tha w5—+y@—nu,
Pu
3 —— -—
P + 2xy Ba;ay+y 83/’ —n(n 1) .
18. 1If y—nz =jf (& —mz),
0z a9z
prove that m5.:5+n8§ =1.
oy =(x—a)f(1=B
19. If p—y=(x a)f<w-—a
ove that (x—a i95+(1 ﬁ)az—z—
pr Vow t W= By =2—7
20. If x=ccoshécosy, y=csinh{siny,
prove that
3"u Fu  Fu
85‘ aﬂg = }¢? (cosh 2§ — cos 27) =t W)
21. Prove that if at a point on the curve
¢(x,y)=0
we have ¢:=0, ¢,=0,

simultaneously, then two (real or imaginary) branches of the curve pass
through that point, whose directions are given by the quadratic

bt By 2L+ (32) =0.
Hence shew that the point is a node, a cusp, or an isolated point,

according as
(P2)' 2 baabine
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NUMERICAL TABLES

A. Sguares of Numbers from 10 to 100.

2 3 | 4 |5 |6 |7

;8

144
484
1024
1764
2704
3844
5184

| 6724
| 8464

169 | 196

529
1089
1849
2809
3969
5329
6889

8649

576
1156
1936
2916
4096
5476

| 7056
8836

225

625
1225
2025
3025
4225
5625
7225
9025

256
676
1296
2116
3136
| 4356
‘ 576
| 7396
' 9216

289

729
1369
2209
3249
4489
5929
7669
9409

324
784
| 1444
i 2304
| 3364
| 4624
| 6084
i 7744
9604

361

841
1521
2401
3481
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1-000
1°414
1-732
2-000
2:236
2-449
2646
2-828
3000
3:162

-316
1:049
1-449
1-761
2:025
2258
9470
2665
2846
| 3017

|

447
1-095
1:483
1-789
2+049
2-280
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2:683
2-864
3°033
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3+050

632
1-183
1:549
1844
2°098
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2-345
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2739
2:915
3-082
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1265
1-612
1-897
2:145
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2-569
2 7567
2 933
3-008

837
1:304
1643
1-924
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2 387
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2776
2-950
3114
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1:673
1:949
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2:408
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2793
2 966
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|

949
1-378
1-703
1976
2-214
2-429
2-627
2-811
2-983
3146
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APPENDIX

B 2. Square-Roots of Numbers from 10 to

at Intervals of 1.

100,

0 1 2 3 4 5 . 6 | 7 8 9
113162 (3317|3464 | 3606 | 3°742 | 3'873 | 4000 | 4123 | 4243 | 4-359
24472 4583|4690 14 7961|4899 | 5000|5099 |5196 | 5292 | 5-385H
3 | 5477 | 5°568 | 5657 | 5745 | 5831 | 5°916 | 6-000 | 6-083 | 6°164 | 6°245
4 |6°325 | 6-403. 6°481 | 6°5567 | 6633 | 6°708 | 6:782 | 6856 | 6928 | 7:000
570717141 {7211 }7-280 | 7'348 |7 416 | 7°483 | 7 650 | 7°616 | 7°681
6 (7746 {7 810 | 7874 |7 937 | 8 000 | 8062 | 8:124 | 8 185 | 8246 | 8307
7 {8367 | 8:426 | 8:485 | 8:544 | 8 602 | 8660 | 8-718 | 8775 | 8'832 | 8°888
8 | 8944 | 9:000 | 9:055 | 9°110 | 9°165 | 9:220 | 9'274 | 9 327 | 9381 | 9-434
9 | 9:487 | 9°539 ' 9 592 | 9:644 | 9 695 | 9747 | 9°798 | 9 849 | 9:899 | 9°950

C. Reciprocals of Numbers from 10 to 100,
at Intervals of *1.
0 ‘1 ‘2 3 4 5 6 7 ‘8 | 9
|
11000 ‘909 | 833 769 714 667 625 | 588 | ‘556 | *H26
2| 500! 476 | *4bb | 435 | 417 | 400 | 385 | *370 | 357 | -345
3| -333| -323 | 313 | 303 | 294 | 286 | ‘278 | 270 | ‘263 | ‘256
4 250 | 244 | 238 | 233 | 227 222 | ‘217 ‘213 | 208 204
5| 200 *196 | 192 | 189 | ‘185 | *182 | *179 | 175 | 172 | *169
6 ‘167 | ‘164 | 161 ‘159 | 156 | *1564 | 162 | ‘149 | 147 | ‘145
7 ‘143 | 141 *139 | 137 *135 | ‘133 132 130 | *128 127
8 *125 | 123 | 122 | -120 | *119 | ‘118 | *1i6 115 ‘114 | 112
9 ‘111 | 110 | 109 | -108 | *106 | ‘1056 104 103 | *102 | 101

D. Circular Functions at Intervals of One-Twentieth

of the Quadrant.
0/3m sin cosec @ tan 6 cot 6 sec 0 cos @

‘0 0 © 0 @ 1-:000 1-000 1-00
05 ‘078 12°745 079 12-706 1 003 997 ‘95
‘10 ‘156 6-392 ‘158 6:314 1012 *088 ‘90
15 233 4:284 *240 4:165 1:028 972 ‘85
*20 309 3:236 325 3078 1051 ‘961 80
25 383 2613 ‘414 2:414 1082 *924 ‘75
30 ‘454 2-203 510 1-963 1-122 ‘891 ‘70
35 522 1914 ‘613 1:632 1:173 ‘8563 ‘65
40 588 1-701 727 1 376 1:236 809 ‘60
‘45 ‘649 1:540 ‘854 1-171 1-315 *760 55
60 707 1:414 1000 1000 1°414 707 50

cos 0 sec 6 oot @ tan 6 cosec 0 81n 6 03w
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E. Ezxponential and Hyperbolic Functions of Numbers
from O to 2'5, at Intervals of ‘1.

z e® e® cosh z sinh z tanh z
«0 1000 1000 1-000 0 0
1 1-105 905 1 005 *100 100
2 1-221 819 1 020 201 ‘197
3 1:350 . 41 1:045 305 °29
4 1492 ‘670 1-081 411 380
5 1 649 607 1128 521 462
6 1:822 549 1-185 637 537
7 2 014 497 1°255 759 604
‘8 2 226 449 1337 ‘888 ‘664
‘9 2 460 407 1-433 1 027 716
10 2718 368 1543 1175 762
11 3 004 333 1-669 1 336 ‘801
12 3:320 301 1811 1:509 ‘834
13 3669 273 1-971 1-698 ‘862
14 4 055 247 2-151 1-904 -885
15 4 182 223 2-352 2-129 905
16 4 953 202 2577 2-376 922
17 5474 183 2-428 2:646 935
18 6 050 165 3107 2 942 947
19 6 686 160 3 418 3268 956
20 7-389 135 3 762 3-627 ‘964
21 8166 122 4144 4 022 ‘970
22 9-025 111 4568 4 457 976
23 9974 100 5°037 4°937 980
24 11 023 091 b 557 5466 ‘984
25 12°182 ‘082 6°132 6-050 ‘987
F. Logarithms to Base e.
‘0 -1 2 3 ‘4 *H ‘6 7 ‘8 ‘9
1 0] -095| -182| -262 336 | 405| ‘470 | 531 | -588| 642
2 693 -742| -788| '833| ‘876| 916| 956 9931 030| 1065
3110991131 )1°163 (1194|1224 {1°253| 1281 1:308 |1 3351361
4113861411 11°435{1°459| 1482|1504 1626 1 548 |1-569 | 1:589
5160916291649 1668 | 1686|1705 | 1723|1740 | 1758 | 1*775
6 |1-792]1°808 1825|1841 1856|1872 |1 8871|1902 |1:917| 1932
71194611960 1°974 |1-988|2+001 {2015 |2 0282 041 | 2:054 | 2 067
8 1207920922104 | 2°116 | 2°128 | 2°140 | 2 152 | 2:163 | 2 175 | 2°186
91219712208 12:219 (2230|2241 [ 2-251 {2262 | 2 272 | 2282 | 2 293

log 10=2-303, log10% =4 65, log103=6 908.
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Accidental convergence, 10
Algebraic functions, continuity of, 22, 24
Amsler’s planuneter, 240
Anchor-ring, 246, 256
Approximate mntegration, 257
Are of a curve, formulms for, 249, 250,
253
Archimedes, spiral of, 300, 308
Area, 201, 232
sign of, 235
swept over by a moving hue, 289
Areas of7pla.ne curves, formuls for, 232,
23
mechanical measurement of, 240
Astroid, 303, 359

Bernoulll, lemniscate of, 310, 313
Binomal theorem, 471, 490
Bipolar coordinates, 319

Calculation of ¢, 78
of m, 260, 462
Cardiond, 301, 367
Cartesian ovals, 320
Cassini, ovals of, 320
Catenary, 250, 290, 336, 339
parabolic, 387
Centrodes, 364
Change of variable, 517
1n 1ntegration, 172, 217
Circle, perimeter of, 31
involute of, 800, 355
Circular Functions, 27, 28, 51, 56, 175
Clairaut’s differential equation, 399
Complamentary function, 391, 421, 429,
37
Ooncavity and convexity, 146
Cone, right circular, 248, 255, 265
Conjugate point, 285
Contact of curves, order of, 492
Continuous functions defined, 15
properties of, 16, 32
Continuous variation, 1
Contour lines, 65, 510
Convergence of infinite series, 5, 6, 463
essential and accidental, 10
Convergence of a definite integral, 207
Correcit.;gns, calculation of small, 109,

Cotes’ method of approximate integia-
tion, 258

Crossed parallelogram, 315

Cubic curves, 285

Curvature, 333, 339, 342, 493, 517

Cusp-locus, 349

Cusps, circle of, 364

Cyclord, 294, 336, 351, 354, 861, 363,
364

Definite imtegral, see ¢ Integrals’
Degmee of a differential equation, 384
Derived Function, defimtion of, 46
geometrical meaning, 45
properties, 95, 98, 99, 101
Differential coeficients, 45, 64, 141
Dafferential Equations, 381
exact, 387
homogeneous, 389
integration by series, 469
linear, 391, 393
of first order and first degree, 384
of first order and higher degree, 398
of second order, 410, 429
simultaneous, 445
Differentials, 108, 115
Differentiation, 48, 50, 52, 53, 54, 57,
69, 65
of a definite 1ntegral, 211
of power-series, 467
partial, see ‘ Partial differentiation?
successive, 141
Discontinuity, 19
Displacement of a plane figure, 356, 364

Elimination of arbitiary constants, 381
Ellipse, 233, 239, 252, 312, 313, 336,
339, 341, 350, 354, 358, 365

Ellipsoid, 246, 266

of revolution, surface of, 257
Elliptic integrals, 253
Envelopes, 843, 347, 899, 513
Epicyclies, 304, 365
Eplcycl%ld, 297, 336, 852, 361, 863, 364,

36

Epitrochoid, 300
Equations, theory of, 99, 149
lquiangular spiral, 307, 337
Even and odd functions, 79
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Evolute, 849, 853

Exact differential, condition for, 504

Exact differential equations, 387

Expansions by differential cquations, 471
by Maclaurin’s theorem, 481, 490

Exponential function, 72, 77

Function, definition of, 18
graphical 1epresentation of, 14
Functiogs, algebraic and transcendental,
22
implicit, 64
inverse, 29, 59

Geometrical representation of magni-
tudes, 2

Goniometric functions, 30, 69, 60, 61, 62

Gradient of & curve, 46

Graph of a function, 18

Gregory’s series, 461

Guldin, see ‘Pappus’

Hart's inkage, 815

Homogeneous differential equations,
389, 443

Homogeneous functions, Euler’s theo-
rem, 508

Hyperbola, 233, 812, 313

Hyperboli¢ functions, 79, 80, 81, 82
inverse, 88, 89

Hypocycloid, 298

Hypotrechoid, 300

Impheit functions, 64, 65, 116, 516
Infinite series, 5, 10
Infinitesimal geometry, 496
Infimitesimals, 39
Inflexion, points of, 146, 517
Instantaneous centre, 356, 360
Integrals, definite, 205, 207, 210, 212,
221 .

approximate calculation of, 2567
Integrals, multiple, 269
Integration, 161

by parts, 178

by substitution, 172, 175, 177

of irrational functions, 170, 189

of power-series, 468

of rational fractions, 166, 183, 185,

186

of trigonometrical functions, 176, 218
Interpolation by proportional parts, 163
Intrinsic equation ot a curve, 836
Inverse functions, 29, 59
Inversion, 313, 814
Involutes, 354

Leibnitz' theorem, 143
Lemniscate of Bernoull, 810, 821
Limagon, 802, 309, 383

Limit, uppor and lower, of an assem-
blage, 2, 30
Limiting values, 7, 34, 36, 84
Linear differential equations of first
order, 391, 393
of second order, 420
with constant coefficients, 428
Line-roulette, 863
Lasuajous’ curves, 292
Logarithmie differentiation, 87
Logarithmic Funetion, 83, 84, 86
Logauthmic series, 458, 491

Maclaurin’s Theorem, 480, 484, 488
mean centie, 263

Magnetic curves, 322

Maxuna and minima, 101, 106, 107, 148,

494, 508, 511

Mean values, 261

Mean-value theorems, 111, 210

Modulus (1n logathms), 84

Multiple integrals, 269

Multiple roots of equations, 149

Newton’s tieatment of curvature, 839
Node, 285

Node-locus, 349

Normal, equation of, 121

Ouder of a differential equation, 381
Orthogonal trajectories, 395
Osculating encle, 342

Pappus, theorems of, 266

Parabola, 202, 234, 250, 264, 312, 336,
349, 841, 343, 349

Paraboloid, 215, 246, 265

Parallel curves, 354

Partial denvatives, 64, 501

Partial differentiation,commutative pro-
perty of, 502, 506

Partial Fractions, 167, 183, 185, 186

Paiticular integral of a linear differential
equation, 383, 3U1, 421, 431, 440

Peaucelher’s linkage, 814

Pedal curves, 316

Pericycloid, 297

Penimeter of a cucle, 31

Planimeter, 240

Pomt-roulette, 359, 361, 440

Polars, reciprocal, 315

Power-gelries, continuity of, 466

differentiation of, 467
mtegration ot, 468

Primitive of a differential equation,
383

Prismoid, volume of, 248

Proportional parts, 153

Quadrature, approximate, 257
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Rational fractions, graphs of, 24
ntegration of, 166, 183
Rational integral funections, 22
Reciprocal polars, 315
Reciprocal spiral, 308
Rectification of curves, 249, 250, 253
of evolutes, 353
Reduetion, formuls of, 180, 181, 218
Remainder in Taylo1’s and Maclaunin’s
Theorems, 484, 489
Rolle’s theorem, 99
Roots of algebraic equations, sepaiation

of, 99
Roulettes, 3569, 361, 363

Second derivative, 141
geometrical meaning of, 149
Semi-cubical parabola, 237
Separation of roots of an algebraic
equation, 99
of variablesin a differential equation,
385
Sign of an area, 235
Simpson’s rules, 249, 260
Simultaneous differential equations, 445
Sin z, expansion of, 470
Sin—1 z, expansion of, 468
Singular solutions, 400
Sphere, surface of, 256
volume of, 245
Spherical segment, volume of, 245

INDEX

Spiral, equiangular, 307, 337
of Archimedes, 300, 308
reciprocal, 308

Stationary point, 335

Stationary tangent, 146, 335

Stationary values of functions, 102, 508,

511

Subnormal, 118

Subtangent, 118

Successive differentiation, 141, 601

Suiface of 1evolution, acea of, 254
mean centre of, 264

Tangent to a curve, 45, 121
Tangential polar equation, 311
Taylor’s Theorem, 152, 480
extension of, 505
Tetrahedron, volume of a, 244
Theory of equations, 99, 149
Total variation of a function, 113, 506
Tractrix, 292
Trajectories, orthogonal, 395
Transcendeutal functions, 22
Trochoid, 296

Variable, change of, 1n integration, 172,
177
Variable, dependent and independent,

Varation, continuous, 1, 2
Volumes of solids, 242, 243, 245, 270
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