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PREFACE

A generation has passed since the theory of wave mechanics, or quantum
mechanics, was first formulated, and it has been almost two generations since
it became apparent that the atomic world is characterized by a type of dis-
continuous behavior not known to the macroscopic world to which our senses
have most direct access. During most of this time, the theory of the mechanics
of atomic-sized systems has been the concern of the research scientist, usually
in physics and chemistry, and it has been taught, quite appropriately, in graduate
schools. As with all great theories, however, quantum mechanics has constantly
increased its domain of application, and today, for those interested in under-
standing basic science—even on the advanced undergraduate level—the prin-
ciples of the theory have become a vital necessity. Furthermore, with the
explosive growth of atomic and nuclear technology, the nced for a working
knowledge of quantum mechanics has been extended to many areas in engineer-
ing and applied science.

A glance at any of the modern undergraduate textbooks on atomic and
solid state physics will show that quantum mechanics has “infiltrated” them.
For example, there was a time when courses in atomic spectra were basically
descriptions, from the experimental point of view, of cnergy levels, spectral
lines, and selection rules. Today it is almost impossible to talk of these matters
without using the only theory that adequately organizes and interprets the
experiments. No one is satisfied with the relatively simple models of a generation
ago. R'ealizing this, many authors of textbooks in modern physics undertake
the Herculean task of teaching the cssentials of quantum theory, as well as
of describing a wide range of experiments.

The situation is clear. Quantum Mechanics should take its place earlier
in the physics curriculum and should be considered to be as basic to later
study as classical mechanics and electricity. When this is done, modern
physics—atomic, nuclear, and solid state—can be taught more effectively.

v
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In classical mechanics, one does not worry about the precession of the
perigee of a satellite or the nutation of a gyroscope until one has mastered
Newton’s Laws for the more simple cases. So in quantum mechanics, one must
be concerned initially with the simple applications. Unfortunately, some of the
most interesting applications involve the more advanced theory, and there is
a strong temptation, for example, to wrestle in quantum mechanical terminology
with “L-S coupling” when the student has only a vague idea of what a wave
function is. In contrast, this textbook emphasizes simple problems, even at
the expense of neglecting some favorite—and important—concepts. Since a
large part of the complexity of quantum theory is due simply to geometry, we
concentrate on one-dimensional systems, which clearly display a surprisingly
large fraction of the key ideas and revolutionary concepts. In a first course, it
is much more important to apply exact theory to simple cases than to apply
approximate theory to complex cases.

The historical approach to a subject, although of great importance in
demonstrating how theories are actually developed, can also be very confusing.
Today, for example, one does not belabor the erroneous ideas of Newton’s
and Galileo’s predecessors. One says rather: ‘“Here is a theory that works. Its
essential predictions can be tested fairly easily. Let us learn to use it.”” Later,
the serious student will study the origin of the ideas in more detail.

Thus, in this book, except for a brief chapter on some of the key experi-
mental findings that led to the quantum theory, we are content merely to
postulate the theory in a page or two, and then to use it. In defense of this
approach there is one excellent argument—it is efficient.

At points where our limited mastery of the theory permits comparison, we
refer to the relevant experimental observations, which are, of course, the true
foundation upon which the theory rests.

It must be remembered that this is a first course and in order to place it
as early as possible in the student’s career we have required minimum depend-
ence on topics in advanced physics and mathematics. Thorough courses in
elementary physics and in calculus are essential, however, as is some knowledge
of differential equations, complex variables, and orthogonal functions. The use
of numerical methods in solving the wave equation in both Cartesian and
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spherical coordinates gives a maximum of insight with a minimum of mathe-
matical technique. We avoid philosophical discussion as much as possible and
concentrate on the actual use of the theory. For the sake of simplicity, we
consider only bound systems and the free particle. Collision theory and matrix
mechanics are left for the more advanced textbooks.

Most of the book is concerned with particles without intrinsic “spin.”
The subject is quantitatively treated only in the last chapter, where it is shown
to follow from the postulates as a consequence of relativity.

Quantum mechanics is a discipline with which one does not easily become
familiar. It is not so much because the basic ideas are difficult as because they
are strange. It takes time to appreciate them, and the student of physical science
should be introduced to them as carly in his career as possible.

Urbana, Illinois
May, 1959






THE EXPERIMENTAL BASIS OF
QUANTUM MECHANICS

Before a revolutionary theory is formulated, there is a profusion of
experiments, which relatc to the problem at hand and contribute to its solution
but which do not, in general, get to the heart of the matter. Even in this early
stage of confusion certain experiments often stand out as particularly important,
but in retrospect onc can always identify a small number of crucial experiments
which firmly established the new interpretation of nature.

The discontinuous behavior that characterizes the atomic world was first
discovered by Planck! in his analysis of the spectral shape (intensity of emitted
light vs. frequency) of black body radiation. He could interpret the form of the
cxperimentally observed curve only by assuming that the electromagnetic
radiation was quantized in units of hv where h is a constant and » is the
frequency of the radiation. The theoretical curve of Planck matched the
experimental curve only when he assumed that & —= 6.55 x 10-%" erg sec, a
value which turned out to be within 2 percent of the presently accepted value
of 6.625 < 10 *7 crg sec.?

All the discontinuities in nature are mected out in units based directly
upon /. The cxistence of this number and its particular size together form one
of the great mysteries of nature. It appears explicitly or implicitly in every

1 M. Planck, Ann. Physik, 4: 553, 1901.

* For an excellent discussion of black body radiation, see F. K. Richtmeyer, E. H. Ken-
nard, and T. Lauritsen, Introduction to Modern Physics (McGraw-Hill Book Co., Inc., New
York, any edition): chapter on “The Origin of the Quantum Theory.”
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equation in quantum theory. It is the basic reason for the strangeness of the
microscopic world which, with its ubiquitous discontinuities, constantly does
violence to our common-sense understanding of the apparent continuity of the
macroscopic world.

Unfortunately, the first observation (here, black body radiation) of a new
aspect of nature is usually not of its most simple manifestation. The photo-
electric effect, however, provides a striking and simpler demonstration of the
quantum phenomena. The relationship between the frequency of light, v, and
the observed (maximum) energy of ¢jection, E,,, of photoelectrons,

Ep=hv—ed [l—'

(the Einstein photoelectric equation?), shows, in a very clear way, the quanti-
zation of radiation and also permits an independent measurement of /. The
binding energy or “work function” of the surface, e¢ (¢ = coulomb, ¢ = ergs/
coulomb = volts x 107), is the energy in ergs needed to remove, with no residual
kinetic energy, one of the lcast tightly bound clectrons. The maximum kinetic
energy, En, is controlled only by the frequency, v === ¢/A, of the light, and not
by its intensity. The faintest star light produces electrons just as energetic as
those from the strongest laboratory source; the only difference is that the
former are fewer in number.*

Light of frequency v, selected by a prism or grating, produces photo-
electrons. Their maximum energy Ej is measured by the retarding potential,
V, needed to turn back the fastest. Thus E,, — eV, and a plot of En vs. v
gives, by [1-1], a straight line whose slope is h. This is plotted in Figure 1.1la.

These two experiments (black body radiation and the photoelectric effect)
imply the quantization of light, but a third class of experiments shows that
atomic systems,also have a characteristic discrcteness. This is most clearly
shown in the spectrum of a gaseous light source, such as atomic hydrogen.
The many sharp frequencies (spectral lines) that are observed can be explained
by assuming that the atoms have discrete energy levels, and that the observed
radiation is caused by the atom making a transition from a higher level to some
lower level. The spectral frequencies are given by A Energy = hv (h = erg sec,
v == cycles/sec), the Bohr frequency condition. The principal levels and several
of the distinct series of spectral lines of the hydrogen atom are shown in
Figure 1.1b.

In 1915 Bohr proposed an ingenious explanation based on the hypothesis
that the angular momentum of the clectron about the central massive particle,
the proton, was quantized in units of //27. At first sight the theory seemed
successful, and indeed the main features of the encrgy levels were accounted
for. Sommerfeld’s extension of the theory, to include relativity, provided a
quantitative explanation of some of the finer dctails of the cnergy levels. None-

3 A. Einstein, Ann. Physik, ser. 4, 17: 132, 1905.
4 For further discussion, see F. K. Richtmeyer, E. H. Kennard, and T. Lauritsen, op. cit.,
chapter on “The Photo Electric Effect.”
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theless, the theory was found to be inadequate. The orbiting *‘point-electron”
should radiate electromagnetically and quickly spiral into the nucleus rather
than “jump” downward from one discrete cnergy level to another, finally
settling into a perfectly stable lowest state. Also, there seemed to be no explana-
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Fig. 1.1. a. The photoelectric effect. b. The energy levels and the
radiative transitions of the hydrogen atom.

tion of why transitions occurred between certain levels and not between others.
Finally, the theory made no headway in the explanation of more complex
spectra such as those of He and Li. Since this theory is usually described in
elementary textbooks, we shall not discuss it further here.® It is, however, a

¢ See, for example, F. K. Richtmeyer, E. H. Kennard, and T. Lauritsen, op. cit., chapter
on “The Nuclear Atom, and the Origin of Spectral Lines.”
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classic example of how a theory, although only partially true, will yet produce
many quantitatively correct predictions.

The key experimental fact about the atomic spectra is, however, that they
consist mainly of sharp, distinct frequencies, and this fact is adequately

incident incident
electrons wave
fronts o
X
o
| é\o \0\
.‘0 \Q('
O ¥
\ ( ‘/ y
o A diffracted
W %y wave fronts
L d eﬁ—\ d -4
=215%10"% cm \ surface layer of
atoms of crystal
(a) 4
00
\GL
" collector
c E
0 5 o/
G 3 Q \
9 0)
[
>3 d=215%10"® cm
o v
< .€ \
0 \
\ (collector current
\’/— plotted radially)
/ \ 90°
crystal

(b)
Fig. 1.2. a. Diffraction of electron waves from a surface
grating. b. The Davisson-Germer experiment.

explained only when one does not consider electrons to be only particles, but
to have a wave nature as well.

The most direct evidence that a new theory of matter is needed is found
in the experiments of Davisson and Germer,® in which electrons, reflected

¢ Davisson and Germer, Nature, April 16, 1927; Phys. Rev., 30: 706, 1927.
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from a (diagonal) cleavage surface of a nickel crystal, showed the characteristic
interference patterns of waves. Shortly before these experiments, de Broglie’
had proposed that with cach particle of momentum p = me there was associated
a wave of wavelength

r=" [1-2
P
where h = erg sec
p = gm cm/sec
A=cm

The experiments of Davisson and Germer, and G. P. Thompson quanti-
tatively confirmed this relationship.

Since further confirmed by the wavelike behavior of many types of systems
(atoms, molecules, neutrons, etc.), these first experiments of Davisson and
Germer opened a new era in the history of experimental physics. Their
importance cannot be overstated.

In one of the experiments® of Davisson and Germer, electrons of very
nearly uniform energy 54 c.v. arc normally incident on a nickel crystal whose
atomic spacing (measured by x-rays) is 2.15 x 10-% cm (Fig. 1.2a). A collector
(Fig. 1.2b) can be moved through the angle 6, in the plane of the diagram.
Near 8 = 0°, a strong, directly reflected electron current is detected, but at
8 = 5S0° a rather sharp peak of intensity is observed. This shifts to a different
angle if the electron energy is changed appreciably from 54 c.v., showing that
the phenomenon depends upon the velocity of the electrons.

de Broglie’s equation can be written, for low-energy electrons, as

h 150 12.27
A= = h — - 10-8 _
o A/meV vV X cm [1-2a

where V = the accelerating potential, in volts, of the electrons of mass
m=9.11 x 10-2 gm and charge 4.80 x 10-'° esu. By the de Broglie relation-
ship, the wavelength of 54 e.v. electrons is 1.67 X 10~® cm. [In the equation
above, v (cm/sec) is obtained from: 1mi® - €¥/300.]°
For any planc waves incident on a grating of spacing d, the condition of
reinforcement is
nA = dsin 0 [|—3

If the experimental value of d — 2.15 < 10-® cm and 6 = 50° (the center of
the peak) is inserted (here n = 1) the waves have a measured A of 1.65 x 10-®
cm.

Thus the measured wavelength based on known crystal constants and the

7 L. de Broglie, Thesis, Paris, 1924; Ann. de Phys., (10) 3: 22, 1925.

8 For a discussion of the reflection of matter waves from crystals, see H. T. Flint, Wave
Mechanics (1953, Methuen & Co., London; John Wiley & Sons, New York): Chapter S.

* In MKS units, h —= 6.625 x 10-3¢ joule sec, m = 9.11 x 10~% kg, e = 1.60 x 10-1®
coulomb, ¥ == volts. Using m? — Ve, we obtain 4 == (12.27/4/¥) X 10-1° meters.
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calculated wavelength using the de Broglie equation are within 1 percent of
each other.

Many similar experiments show agrecment. In all cases, if one thinks of
electrons as being waves with the de Broglie wavelength, the observations are
explained.

In Figure 1.2, only the scattering from the surface layer of atoms in the
crystal was considered and, at these low clectron energies, this plane of atoms
is dominant. At slightly higher energies, Bragg type reflections (see Problem
1.3) are also observed from the deeper layers. The angle is different from that
predicted by the free space wavelength, owing, as Bethe and Eckart'® have
shown, to a shift in the index of refraction of the electron waves as they enter
the crystal lattice (see Problem 1.5).

At considerably higher energies (25,000 c.v.) the electrons completely
penetrate small crystals and show the typical x-ray type of diffraction patterns
due to the scattering from many layers. These experiments measure the lattice
spacings in agreement with x-ray values to within experimental error (1 percent
or so0).

Electrons have been scattered (at grazing incidence) from optical gratings
and found to show the correct wave properties (sec Problem 1.2).

Neutral particles, such as hydrogen, helium, mercury, cadmium, and
arsenic atoms or molecules, on reflection from crystals show the same wave
properties. The velocities are generally kept low so that the wavelength of
these heavy particles will be reasonably long. The predicted maxima and the
calculatgd maxima are consistently in agreement.

With the development of nuclear reactors providing intense beams of
neutrons, very accurate confirmation of the matter-wave theory has been
possible. Zinn'2 carefully measured the velocity of the neutrons, and since they
penetrate crystals much as x-rays do, the typical x-ray patterns are observed.
Again the theory is confirmed.

To the basic experiments (demonstrating the quantization of the energy
of light and atomic systems, and the wave properties of matter) one must add
an enormous number of other experiments which confirm and eclaborate the
conclusions. Even on the nuclear scale, a factor of 10* in smallness compared
to the atomic scale, the same type of phenomena are observed.

Although the simple relationship A = h/p quantitatively explains the
scattering experiments, and the Bohr model of the atom accounts for certain
features of the hydrogen spectrum, these theories are completely inadequate to
account for a host of observations. What is needed is a general thcory—one
which with a fairly small set of assumptions can be systematically applied to
many different types of problems.

In the short period from 1925 to 1928, Heisenberg, Schrodinger, Born,

10 Bethe and Eckart, Naturwiss., 15: 787, 1927.
11 Rupp, Zeit. f. Phys., 52: 8; Worsnop, Proc. Phys. Soc., 37: 284.
1 W. H. Zinn, Phys. Rev., 71: 752, 1947.
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Dirac, and many others laid the foundations of what is one of the greatest
theories of all time, the theory of quantum mechanics. In generality and in
range of application, it is unsurpassed. It has been so successful that one cannot
discuss atomic and nuclear matters without some understanding of this basic
theory.

Because the predictions of quantum mechanics agree with so many different
types of accurate, careful, repeated experiments—the last court of appeal for
all theories—this theory is almost certain to become a permanent part of
man’s equipment for understanding and analyzing a large and very important
part of nature. However its conceptual foundations or philosophy may change
in the future, it has already, in a thousand ways, proved its utility and power.
Thinking “classically”” about atoms and nuclei is natural since we are macro-
scopic beings and we directly observe (and obey) the laws of classical mechanics.
For much of modern physics, however, only mental images which are in con-
formity with the wave naturc of matter will lead to the understanding of
experiments.

PROBLEMS
Problem 1.1.

(a) In the Davisson-Germer experiment (Fig. 1.2), if the incident
clectron energy is changed to 64 e.v., where should the peak
occur for the scattered electrons?

(b) At what energy of incident electrons should the second-order
maximum (n = 2) occur at 5097

(c) If some foreign gas atoms were to attach themselves at every
other lattice site (Fig. 1.2), at what electron energy would
the 500, first-order, maximum occur? (This would have the
effect of doubling the lattice spacing. It has been observed
experimentally.)

Problem 1.2. Rupp scattered electrons at nearly grazing incidence
from an optical grating of spacing, == 7.70 > ]0~* cm, as measured
with light of known wavelength (sce Fig. 1.3a). Both « and 6 are
very small angles.

(a) With the aid of Figure 1.3b, show that for zero order (n = 0)
all wavelengths are reflected.

(b) With the aid of Figure 1.3c, show that diffraction maxima
occur when
13 da(a -+ 20) = nA

where d is the grating constant and a and 8 are small. (For

x‘l
small angles, cos x >~ 1 — 2) .
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(c) Supposc a very narrow beam of incident electrons is ob-
served to have reflection at 6 = 1072 radian. For this angle
of incidence, what incident electron energy will produce a
first-order (n == 1) diffraction maximum at a = 10-3 radian?

diffracted ray

reflected
ray

incident electrons

i

— grating d=7.7X10"* cm.

(c) Diffracted ray

Fig. 1.3. The diffraction of electrons from an optical grating.

Problem 1.3. For a rectangular crystal, Bragg reflections occur
with the aid of two ‘‘gratings” of atoms—one aligned parallel‘to the
surface and the other perpendicular to the surface (Fig. 1.4).

(a) Show that the Bragg formula satisfies the requirements for
a maximum diffracted wave for a grating perpendicular to
the surface

nA =2d,sin @
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where 8 is the angle of incidence and reflection, measured
from the surface. and d, 15 the grating (atom) spacing in the
direction perpendicular to the surface, and also satisfies, in
zero order, the grating cquation of the array of atoms of
arbitrary spacing (d,) parallel to the surface. Thus both
gratings scatter waves, cach producing a maximum at the
same angle, but only onc of the gratings selects wavelengths.

normal to crystal
surface

nX) grating normal to surface
e
d, Bragg maximum
S determined by:
nA=2d,sin @
.

Fig. |.4. Bragg diffraction. The effective grating 15 normal to the surface.

(b) For a crystal with ¢, 1.5 10 8 cm, and for 6 — 30 .
calculate the velocity of neutrons which will produce the
first-order Bragg reflection. (Mass of neutron -- 1.66
1072 gm.)

(¢) To produce neutrons at this low velocity, one permits fast-
moving reactor neutrons to come into thermal equilibrium
with some cold material, such as carbon. Using the kinetic
theory relationship

3

1
me* —= kT
(2 ) average 2
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where k is Boltzmann’s constant and 7 is degrees Kelvin, at
what temperature will a carbon block produce an abundant
supply of neutrons whose velocity is in the general range of
that required in (b)?

(d) Two mechanical shutters, spaced 10* cm apart and opening,
in sequence, for a very short interval, are used to select
neutrons of a particular velocity out of the beam of the
cold ncutrons. What must be the spacing of their opening
times to sclect the velocity in (b)?

free space kinetic energy =E -V

boundary

inside crystal kinetic energy =E

Fig. 1.5. The trajectory of electrons deflected at a potential boundary.

Problem 1.4. Show by classical mechanics that when electrons
of initial kinetic energy £ cross a potential boundary of height V so
that their kinctic energy becomes E - V, the analogue of Snell’s law

holds—that is,
sin i JE—V
sinr E

(See Fig. 1.5.) (Note: The component of the electron velocity which
is parallel to the boundary cannot change.)

Problem 1.5. When clectrons enter a crystal they “‘drop into a
potential well” of average depth 10 e.v. or so and shorten their wave-
length compared to free space.

(a) Using dc¢ Broglic’s relationship, show that when 54 c.v.
electron waves outside the crystal become 64 c.v. clectron
waves inside the crystal their wavelength shortens by about
10 percent.

(b) Show that the angle of the maximum intensity of the electrons
diffracted from the second layer of atoms (not shown) in
Figure 1.2, is the same as for the first, or surface layer (the



(Chap. 1y

(c)

(d)

PROBLEMS -

d, grating of Figure 1.4). In analogy with light, the index
of refraction, p, of electron waves is

u — Xfree space)/A(medium)
(Note that the shift in the angle of reinforcement inside the

crystal is exactly cancelled by the refraction of the waves at
the surface.)

Show that for the Bragg reflections nA — 2d, \v/,u.“ - cos? 0,
so that in this casc the angle of reinforcement of the matter
waves does depend upon ;o (A the free-space wavelength).
Let n 1, d, 1.5 10% cm. For free-space 54 c.v.
electrons, find 6. What would 6 have been if there were no
change in the wavelength of the electron waves as they
entered (and left) the crystal?

11



BASIC POSTULATES

2.1. Matter waves

In electricity, one is accustomed to the idea of a ficld surrounding a charged
particle. The electric field of a charged pith ball is not completely localized, but
spreads throughout space. We think of the field and the charged particle as
being inseparable, that is, as two aspects of the same cntity. The experiments
of Chapter 1, particularly those on the scattering of electrons and atoms,
show that matter cannot be completely localized on an atomic scale. We are
more accustomed to the idea of incompletely localized charges than to un-
localized matter, but both phenomena are equally mysterious.

The basic experiments can be explained quantitatively by assuming that
with each bit of matter there is associated a new type of ficld represented by
the symbol V', and that this field has a wavelike character. The wavelength of
these waves in free space is given by the de Broglie equation A = A/me, which,
as we shall see, comes quite naturally out of the complete theory. These
W-waves are intimately associated with the particles to which they belong, and
the behavior of the particles is found to be predictable only with the knowledge
of what the W-waves are doing at any instant. First, the basic postulates of
quantum mechanics give rules for calculating, for any system, the complete
wave function W(x, y, z, r). Second, they tell us how to calculate the expected
value of observable quantities with the aid of the ‘F'-function. The theory cannot
predict the detailed behavior of individual systems but only the average
behavior of a large number of systems. This ability to predict only the average
behavior of many systems is strikingly shown in the Davisson-Germer experi-
ment, where if we substitute a counter device, which detects single electrons,

12
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for the “Faraday cage” (a simple current collector), we find that individual
electrons arc observed at many different angles, and only the rota/ of all the
counts shows the characteristic interference pattern. (See the discussion in
Section 2.3 referring to Fig. 2.2.) In any case, the thcory of matter waves
only concerns itself with predictions of the average behavior of many systems.

There seems to be no more adequate way to interpret experimental obser-
vations.

Like the E and B fields of electricity. the “I™-function is not itself directly
observable. Tt is a tool for calculation. Since it gives results that are in agree-
ment with experiment it has a certain degree of reality.

As we shall see, the X (or rather 1™ YY) function is the only contact the
macroscopic world has_with_the microscopic_world.! One might say that
T#Y i< the “window to the world of the atom.” What is not revealed by the
wave function using the methods of the theory cannot be found out, and,
as we shall see, calculations using the theory always involve both ¥* and
't

Quantum mechanics was first formulated in terms of matrix algebra by
Heisenberg. An equivalent form, independently discovered by Schrodinger, is
known as wave mechanics. The Y-function explicitly appears in Schrodinger's
formulation and it is this form of the theory that is considered the easiest one
to learn. The terms quantum mechanics and wave mechanics have gradually
become nearly synonymous because the theories are basically the same. We
shall use only the expression “*quantum mechanics.”

2.2. The basic postulates of quantum mechanics

In classical mechanics one is accustomed to working with the distance x,
thc momentum p, the total energy W, etc. These arc examples of quantities
called dynamical variables. In the solution of practical problems one finds
cxpressions involving these variables, which will give numerical values under
any specified conditions.

In quantum mechanics the dynamical variables play a completely new role.
They are converted by a set of rules into mathematical operators which then
operatec on the wave function I". An example of an operator is dfdx. When
placed in front of a function, say f(x), this symbol has a definite meaning.
fix) is called the operand. We shall procced to the use of operators in
Schrodinger’s method of quantum mechanics.

In the statement of the postulates, we shall at first use only one coordinate,
x, and the time, 1. This makes the ideas easicr to visualize. Other coordinates
can be added later with little difficulty.

1¥°* js the complex conjugate of ¥, thus ¥* ¥ = | 1" |*. See Appendix III for a short
discussion of complex numbers.
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. Postulate 1

To each system with one degree of freedom there belongs a
wave function \W(x, 1).

Postulate 11

The classical expression for the total energy W of the system

(p, = mv, is the x-component of the momentum, and V(x) is the
potential energy) is

|

2m "

which is converted into a wave equation by the following substitution
of operators for dynamical variables:

dynamical variable operator

4 Wx)=W [2-1

X -> X

0 - f®

where
I
N o b Py
P i ox o
hoo
w - -- ke
i ot <K o

and by the insertion of the operand W(x, ). Thus, equation [2-1]
becomes

W 2¥(x, 1) h e¥(x, 1)
— - g V(ix) Y(x, 1) = — -
2m*  ox? + V) ¥ 0 i ot [2 2
This is the Schrodinger wave equation, including timie, for a one-
dimensional system whose potential energy depends only on x.
Postulate 111
WY(x, 1)
and
¥ (x, 1)
0x
must be continuous, finite, and single valued, throughout ‘‘con-
figuration space” (here, all values of x).
Postulate 1V
+ o
f W* Wy = 1, i.e., V* WV is normalized. [2*3

—®
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We shall often refer to this equation as the requirement of the
“integrable square.”

Postulate V

The average value, x, of any dynamical variable x, which
corresponds to the operator peenory 18 calculated from the wave
Junction by the formula

{

& - J‘ ‘P'* d(”mmm” ‘I“ (/.\‘ [2_4

—

These five postulates contain the essentials of quantum mechanics, and
the remainder of the book will be devoted to working out their implications.

The brief statement of the postulates is certainly not the only or even the
most general formulation of the principles but, as we shall see, these principles
are casy to apply to simple systems and quickly lead to quantitative results.
There are other types of operators (particularly those concerning the electro-
magnetic field) which are not listed here. We have yet to extend the postulates
to include more dimensions. Nonetheless, the consequences of this relatively
simple set of postulates are very important and very diverse and will give a
good picture of what quantum mechanics is and how it is used.

Compared to the postulates of quantum mechanics, Newton's Laws are
more simple to state and use, and Maxwell’s cquations. with auxiliary require-
ments, are probably more elaborate.

We have discussed briefly the idea of the wave function, stated in Postulate I,
but some comments about the other postulates will be helpful before we turn
to direct application, which is the best exposition of their meaning.

The formation of the wave equation, and particularly the selection of
the operator substitutions stated in Postulate I, seems very arbitrary. One
should note, however, that it is reasonable to expect that there should be some
connection with classical mechanics, since the smallest of systems visible in an
ordinary microscope obeys the classical laws. Regarding the operator substi-
tutions, one should remember that the wavelike nature of matter was already
beginning to be appreciated when Schrodinger first stated his theory, and that
the wave equation [2-2] is similar to some of the familiar wave equations
in classical physics. These particular operator substitutions are of the type
needed to convert the expression for the total energy of a particle into a differ-
ential equation which will have periodic, wavelike solutions.?> Whatever the
hints might have been, however, it is plain that there was a great deal of pure
invention in the formulation of this set of rules.

Postulate 111 contains requirements which all physical waves meet, whether

* Appendix VIII outlines the relationship between the Schrodinger wave equation and the
wave equation of classical physics, using the de Broglie wavelength.
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they are water waves, sound waves, or electromagnetic waves. That is, no real
waves have infinite amplitudes, and their amplitude and slope (variation of
amplitude with distance) are continuous and at any point, x, unambiguous—
that is, single valued. It has been shown that the requirement of finiteness is
more rigorous than necessary, but this will not affect our considerations here.?

Thus, to require that matter waves should be “‘well behaved™ functions
of space is very reasonable if we are to regard them as having reality.

Again, those waves that are most directly observable meet the normaliza-
tion requirement, Postulate IV, or its equivalent. The waves in a rope require
a certain amount of energy ta produce one cycle of any specified finite ampli-
tude. With a finite amount of energy, therefore, only a certain number of cycles
can be produced. This group of waves, often called a wave packet, will travel
indefinitely down a rope (if we assume that there is no cnergy loss to the wave).
The disturbance has zero amplitude out in front of the wave packet and zero
amplitude behind the wave packet. Thus, if y(x, ) is the wave on a rope
(Fig. 2.1), the disturbancc is always bounded in space—cven though it may
be moving. Also, at every time 7 the area under the curve y*(x, 1) is finite. By
multiplying y by an appropriate constant, the area can be made to be unity,
i.e. normalized. Later in the book (Section 5.6) we shall quantitatively analyze
wave packets such as those sketched in Figure 2.1.

Sound waves or electromagnetic waves echoing in a hollow cavity have an
amplitude which is limited by the amount of energy supplied in their creation,
and their spacial extent is limited by the walls of the cavity. Thus, at any time,
the area under the curve (amplitude)? vs. x (we assume only one dimension).
is finite. By selecting a scaling factor the arca can bc made to be unity.

There is particular significance in the requirement that matter waves have

+ o

J' W Yy — [2-3

—

M. Born first pointed out that if ¥'*W dx is interpreted as the probability
that a particle is to be found in a particular interval x to x |- dx at the time
t, then one can make an interpretation of experiments such-as the ones on
electron scattering.* Thus, the finiteness of energy limits the spacial extent of any
packet of mechanical or electromagnetic waves, but it is the finite bound on
probability that limits the spacial extent of matter waves, i.e., the probability is
unity that a given particle can be located somewhere between x = - w0 and
X = + 0.

As we shall see, the auxiliary conditions, that " should be well behaved
and normalized, are quite as important as the wave equation itsclf. The wave

1

3 W. Pauli, Handbuch der Physik (2nd ed.), 24, Part 1, 123, 1933.
4 Born’s interpretation of ¥"* ¥ as the probability density may be directly inferred from
Postulate V. See Problem 2.4. Also, see discussion in Section 5.3.
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equation permits many solutions. It is the auxiliary conditions which select
certain solutions, that is, which cause ‘‘quantization.” The size of the dis-
continuities resulting from quantization are regulated by Planck’s constant h.

AN AN 2 WY\ =h
T T JIu v v —
|
|
| t=t,
| A YA
t=t,
~ANN\_N_~

Fig. 2.1. Packet of waves travelling in the positive x-direction.

As Schrodinger pointed out in the introduction to his first paper,® the appear-
ance of the quantum rules (for the hydrogen atom) is just as natural as is the
existence of the resonance rules for a vibrating string.

Postulate V is of key importance, for it is always through this formula
that one calculates observable quantities which can be compared to experiment.

5 E. Schrodinger, Ann. der Physik, 79: 361, 1926.
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Again the idea of probability comes in, since it is not one observation that is
predicted, but the average of many. The symbol a, with the bar above the a,
is called the expectation value, and the formula [2-4] of Postulate V is called
the expectation value formula. This postulate also highlights the intimate
relationship between variables and the operators to which they correspond
and furthermore it is the immediate cause for the dominating role played by
¥* V¥ in the contact with the atomic world. Thus far, no one has devised a
means for the prediction of observable quantities (the count in a geiger counter,
the dark line on a photographic film, etc.) which gives any more information
than that provided by Postulate V. This postulate is indeed the only “window”
to the world of the atom and the nucleus.?

As presented, these basic postulates of quantum mechanics might be
compared to Newton’s Laws for classical mechanics. They do not include the
phenomena of thc electromagnetic field (or the meson field), and we have not
yet included special relativity. However, thesc essential features can be added
without changing the basic point of view. We shall see in Chapter 11 how
Dirac inserted the requirements of relativity within the framework of these
postulates. Dirac and Yukawa, respectively, are mainly responsible for the
extension of the theory to electromagnetic radiation and to meson fields.

The five postulates (or one of the alternative, somewhat more general,
formulations of basic quantum theory) have been so successful in predicting
and correlating observable results that they, or their equivalents, are bound to
be included in any possible theory which might, in the future, be found to be
more general or more accurate than quantum mechanics as it is now known.
For example, at low velocities the mechanics of special relativity reduce, with
extreme precision, to Newton’s Laws. Also, as we shall see, the laws of quantum
theory smoothly change into Newton’s Laws when applied to macroscopic
systems. (Sce Bohr’s correspondence principle, Section 3.6.)

Few theories in the history of science have been as successful as quantum
mechanics. In its domain of application (a// theories apply in some limited
domain) it now reigns supreme, and is likely to continue to do so for the fore-
seeable future.

Just as one can write a textbook about the applications of Newton’s Laws,
the consequences of the postulates of thermodynamics (or statistical mechanics),
the postulates of relativity, or of classical electricity and magnetism, so the
basic postulates of quantum mechanics lead to many consequences. All great
theories have this in common: They are reducible to a small number of
postulates. They represent a codification of knowledge, a summarizing of
experience.

As we have already mentioned, the five postulates are not really complete.
There are many implied concepts and inferences which a complete statement

¢ In Chapter 10 we see that this interpretation of Postulate V is oversimple. There is no
question, however, about its accuracy when used as a tool for calculating the results of
experiment.
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of the theory should define much more accurately than we have done here:
the idea of probability is an example. Except for the concept of probability,
we shall discuss these background implications only as the occasion arises.
Few subjects are so conducive to philosophical discussion as is quantum
mechanics and its unexpressed assumptions, but we shall direct almost all our
cfforts into seceing what quantum mechanics is (the postulates) and how it
works.

The concept of probability needs further claboration before we plunge
into the task of applying the theory of quantum mechanics.

2.3. Probability

The theory of probability originally came from the practical problem of
calculating the odds in games of chance. Its history is therefore essentially
practical and involves constant interplay between theory and observation.
For example, one makes the statement that the probability of observing any
particular number, say a 2, when throwing a symmetrical six-sided die is 1/6.
The operational meaning of this statement is this: If one casts the same die
6,000 times in the practical manner of casting, one expects that in very nearly
1,000 cases the die will come to rest with number 2 face up. That is, one
predicts that in 1/6 of all of the basic operations—which are, as far as is known,
identical—the specified result will occur. The result of any individual throw
cannot be predicted (as the operation is performed in practice), but the total
number of successes in a given large number of operations can be predicted
with considerable accuracy.

Note that the statement that the probability of occurrence of a certain
event is 1/k always implies a certain repetitive experiment, such as throwing
the die. Alternatively, one could throw 6,000 (as far as is known, identical)
dice once and obtain the same result.

The word probability does not have an operational meaning in the practical
sense unless the particular repetitive experiment to which it refers is specified.
In games of chance and in the prediction of experimental results, this practical
definition works very well.

As an example, consider the electrons incident upon the crystal grating
in the Davisson-Germer experiment. Suppose in Figure 1.2b, instead of the
single collector, there is a set of electron multipliers’ arranged in an arc at
different angles, 6 (Fig. 2.2a). The particular electron multiplier, or counter,
located at the angle of maximum reinforcement of the ¥-waves will record

7 An electron of adequate velocity impinging upon certain materials will eject several
other electrons. These in turn may be accelerated and can be caused to impinge upon asecond
surface, thus producing more electrons. A sequence of nine or ten such processes produces a
current pulse large enough to observe with ordinary amplifiers. Thus a single electron can be
detected. The whole set of surfaces operate in a vacuum, since the electrons can then move
freely from one surface to the next (see Fig. 2.2c).
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the greatest number of counts, but some counts will occur at other angles as
well. Quantum mechanics will only predict the number of counts in each counter
after a given time: it predicts that out of N electrons incident upon the crystal,

vacuum fube‘__ pulse

amplifier counter
o~
" N/ ;/ ) ji 7
§ 74 v A 6=50°
k] o (W 1s largest in
.%_,_____ : S the entrance window
s 4 1 of this counter.)
i electron e
3
5 ~7 waves @
£ o\
l =8
electron
multipliers
[923] (a)
crystal
(vertical bars indicate
probable error due to
Number the limited numbers of
of pUlSeS counts recorded in
counted each counter.)
in T- !
seconds ) - §
1 2 3 4 5 6 7 8 9 10 11
counter label (b)
+V +V+AV +V+3AV
Q ? L
AW /4 kelectron
1 . .
electron : E f& 7 Pmultiplier
waves in [ \ / PR

D)
initial  +V+2AV (c)
acceleration
Fig. 2.2. A schematic description of a possible method of performing the
Davisson-Germer experiment, in which individual electrons
are detected.

a certain fraction p will be observed in any particular counter (Fig. 2.2b).
If the product pN is very large compared to 1, the prediction is quite exact.
The physical point of observation of any single electron cannot be predeter-
mined. The repetitive experiment is this: Electrons whose direction and speed
are defined (within some specified tolerance) are first incident upon a crystal
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of given size and physical structure and then detccted in a counter of given
geometrical aperture and location. Out of all such electrons, what fraction
will cause a count in the counter? In principle, one proceeds as follows: The
average value of 1*Y" over some time interval T is calculated for the region
of space occupicd by the counter aperture. Suppose that (the average value of
147~ (some geometrical factor) — 10 ®. Onc then predicts that, out of
10" incident clectrons, very nearly 10! will be detected by the particular counter.
One assumes that the '-waves from all of the electrons arrive at any particular
counter, but in only a certain fraction of the cases will the particle happen to
“materialize™ at that particular region of space, that is, causc one or more
clectrons to appear at the photo-cathode of the counter. Thus the W-waves
give only the probability of detecting a single whole electron.®

The calculation we have been discussing is, in practice, quite difficult to
perform with accuracy. We refer to it herc only to emphasize the importance
of probability concepts in quantum mechanics, and the necessity of specifying
the particular repetitive experiment whose results are being predicted.

There are scveral definitions in probability theory that will be needed.
We shall list them and then work out an example, the “wheel of fortune,”
which will illustrate the application of cach definition.

The probability density function P(x) is defined by: The probability that
x will be observed to have the value between x and x 4 dx is

P(x) dx [2-5

Let x range from — o to oo, then, as x is always observed to have some

value,
+ ®

J‘ P(x) dx =1 [2——6

— 0

that is, it is certain that x will have some value in its full range.
The mean, or average value, of f(x) is designated as f(x), and is defined
to be

o
f(x) = [ 1(x) P(x) dx [2-7

The average valuc of [f(x)]* is designated as [f(¥)], and is

+

P — | ()P P(x) dx [2-8

o

® This is the generally accepted interpretation. For further discussion, see references
in Section 10.6.
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The standard deviation in f(x) is designated by o and defined by
+®
ot = [J(x) — J@F = | V() — S0P P(x) dx [2-9

o measures the “spread” or uncertainty in the predicted value of f(x). There
is a result of gencral validity which can be easily obtained from equation [2-9]
and the earlier definitions:

+ . + +
ot = [[fCOF PO dx = 2f(x) [ 1) Py de + [P [ Px) d
—® _ — _ — 0
= [for = =1
Thus, the standard deviation in f(x) is given by
ot = [JF — /P [2-10

or in words, o? is “‘the mean square, minus the square of the mean.”

The importance of this result lies in its relation to Postulate V, the calcu-
lation of expectation value. Given the wave function, 'V, one can calculate a
and also (a)®. Now, if the square of the former is equal to the latter, we have
o? equal to zero. This in turn carries the implication that the expectation value
a is an exact, certain number, that is, that all of the repetitive experiments will
yield the same result. This particular type of result is of great importance in
quantum mechanics.

To see how these definitions and concepts of probability work out, we
shall apply them to a simple case.

Imagine a “wheel of fortune” which has 360 pins. It is carefully made and
perfectly balanced, and we find that if it is spun 10° times, in very nearly 1/360
of all trials it will stop in a particular one-degree interval. In Figure 2.3a we
plot the experimental values of P(6) df where here df is 1 degree. Thus, P(6)
has the constant value of 1/360 per degree from 6 = 0 to 6 = 360 degrees,
the full range of 8. The area under the curve is unity, as it is certain that some
value between 0 and 360 degrees will occur on every spin.

Next, in Figure 2.3b, we suppose that some magnet or other device is
placed in such a manner that the wheel tends to stop in the neighborhood of
180°. A large number of trials discloses the plotted points which outline the
probability distribution function drawn in the figure. Since P(6) is now larger
near 180° it must be smaller elsewhere so that the area under the curve is still
unity.

Finally, in Figure 2.3c, we suppose that a device is placed on the wheel
which causes it to stop on the 180° pin on every spin. Many experiments show
that this result is a certainty, and therefore for the interval of one degree which
brackets the 180° point, P(6) must be unity per degree, and zero elsewhere.
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It is clear from symmetry that the average value of & will be 180° in all
cases in Figure 2.3, but there are varying degrees of certainty. In (a), although
it is true that the average of all observations will be very near 180°, there is a
large spread in the individual values. In (b), values near 180° occur relatively

) 6=180°
P(o)[ . ',
= i
3_3_°_ ! oreo=3—23><360°=1
360 ! <
_1 2 a A P 28 2.

360( 7 b . E v ﬁ v v
0 QJJL 180 o 360
46=1

(a) No bias-all one-degree intervals between
0 and 360° are equally likely.

%
5 - Q=180°
[ 1
3
& P(6)| :
>, : area=1
;—B m L A Py e |L o (] j;fl
'é 0 180° 0 —» 360°
& (b) Wheel tends to stop near 180°.
6=180°
1.0
P(6) area=1x1=1
A6=1°
0 180° 360°
6 —

(c) Wheel always stops on the 180° pin.

Fig. 2.3. The wheel of fortune.

frequently, but still the individual values range over the whole interval. In (c)
all of the individual values are exactly 180°, and there is no uncertainty in the
prediction of the observed result.

In Figure 2.4a, a particular function f,(6) = @ is plotted, and also
fA6) = 62. For the simple case, where P(6) = 1/27 per radian, we calculate
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27(:
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Fig. 2.4. The calculation of § and 62 for three different
probability distributions.
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The vglues of 8 and /& are shown in Figure 2.4b. Vs considerably larger
then 8. Therefore the standard deviation, o, is quite large, 0.6m.
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For the intermediate case (Fig. 2.4c), although from symmetry g is the
same as before, V/ & is only slightly larger than 6, and o is less than before.

Finally, for the last case (Fig. 2.4d), since the observed values are always
180°, both ¢ and V@ have this value.

It is clear that, for any symmetrical probability distribution function, the
expectation value of some observed function f(8) (here, f(0) = 6) becomes
more and more precisely defined as o becomes smaller and smaller, that is,
as [f(6)]* becomes more nearly equal to [f(6)1

It can be shown® that if for all (integral) n

Vor = [/ @)

then the probability distribution function, P(x), must be of the type shown in
Figures 2.3c and 2.4d, or, in other words, that P(x) must have a value of
unity for one value of x and zero for all other values of x.

If, in the use of Postulate V, one finds that

(@ = a% @ = @ @) = -

then this particular obscrvable quantity, a, will have an exactly predictable
result for all systems having the samc wave function. If, on the other hand,
this does not occur [in practice it is adcquate to show that (a)? +# a?], then one
knows that all systems, even though they are known to have the same wave
function, will not, if observed. give a unique, definite result for the particular
observation belonging to the operator being used. In this case, the individual
values of a will “cluster about the mean,” a. The “sprcad” in this cluster
depends on o.

Thus, even though it makes predictions on the basis of probability, quantum
mechanics will under some conditions predict an exact, certain result. Whenever
this happens there are further important consequences which will be discussed
later.

2.4. The wave equation for 1"*
Unlike most wave equations in physics, the Schrodinger equation involves
complex numbers. If, in cquation [2-2], i is cverywhere changed to —i, we have

AN ha¥* )

LY —_ —_—
D M=+, 5 [2-11

which is the wave equation for W*. ¥(x), the potential energy, is a real function.
This cquation is completely equivalent to [2-2]. It is merely an alternate

9 J. V. Upensky, Introduction to Mathematical Probability (1937, McGraw-Hill Book Co.,
New York): Appendix II. We have just shown one casc of the reverse of this theorem: Given
P(0) as in Figure 2.3c, then (J)* must equal §°. The extension to higher powers of 0 is simple.
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method of writing [2-2]. Let

W =aqa-ib in [2-2]
and
¥* = q — jb in [2-11]

Equating real and imaginary parts,!® we have

B 3a ob

— sa —_ _j 9

2m 0 x? FWx)a lat
N 3 [2-12

a

Tomae TYWE= R

which are coupled partial differential equations in the two real variables a
and b.

One can work equally well with [2-2], [2-11], or [2-12], but the complex-
number method of notation is much more convenient than the rcal-variable
method.

In [2-12], observable results will always involve not a or b alone, but
a? -+ b% since the product W* 'YW appears in the calculations of expectation
value.

A brief outline of some of the features of the complex number notation,
as related to quantum mechanics, is found in Appendix I1I.

PROBLEMS

Problem 2.1. If P(x) has the form shown in Figure 2.5a:

(a) Determine thi scale of the ordinate.
(b) Calculate x, X2, and x°.

Problem 2.2. For a wheel of chance, the probability of stopping
between 6 and 6 + d6 is P(6) d0 when P(6) = 1/360 per degree. The
wheel has a radius, R, of 100 cm (see Fig. 2.5b). x is the projection,
on the x-axis, of the stopping point.

(a) Calculate P(x) per cm, given P(8) = 1/360 per degree. Plot.

(b) Calculate X, X7, and o.

] lob]e’" 2.3. Let
P(x = k i 2 xf
) (Sm w )

If A =a+ iband B = ¢ + id are complex numbers, the equation 4 = B is shorthand
notation for the two equations, a = ¢ and b = d.
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defined in the interval from x = 0 to x = L, and where k is a constant
(see Fig. 2.5¢c).

(a) Calculate k.
(b) Calculate x, x%, and o.

P(x) :
o |
0 a/? a
(Q) X —>
(b)
P(x)
0 L/2 L
(c) =

Fig. 2.5. a. The probability distribution for Problem 2.!. b. The
calculation of the x-component of the wheel of chance. c. The
probability distribution for Problem 2.3.

Problem 2.4. 1If. for 0 < x < a, a normalized wave function

is
E,
X -1 [ t

W(x,t) = A4 sin 1;— e
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where E, and A are real constants,
(a) Find A.
(b) Calculate the expectation value of x. Discuss the significance
of V'* V.
(c) Calculate the expectation value of x2.
(d) Calculate the expectation value of W, the energy.
(e) Calculate the expectation value of W2

Problem 2.5. Calculate ,‘f(_x), jT(_.A), and o where
f(x) = —b from x = 0 to x = a/2, and
f(x) = +bffomx =af2tox =a
for the two different probability distribution functions,

(a) P(x) = constant from x — 0 to x = a, and
(b) P(x) has the form given in Figure 2.5a.

In each case, normalize P(x).



THE SOLUTION OF THE
WAVE EQUATION

3.1. The separation of the time-dependent wave equation

Partial differential equations are usually difficult to solve in terms of simple
functions except for one very important class of cases: that class for which the
solution happens to be the product of functions of the variables. A linear par-
tial differential equation then ‘‘separates’ into ordinary differential equations.
Consider the time-dependent Schrodinger equation [2-2],

h? 8 ‘F(\ t) ) W 1) - — l.ia‘}"(x, 1)
" 2m i ot

We assume that the solutlon, Y'(x, 1), can be expressed as a product of the
functions of two independent variables, x and 1, that is,

i, 1) = $(x) $(1) 3-1

If, upon substitution of this assumed solution into thc equation, there results
two ordinary differential equations (each of which contains only one of the
independent variables), the original equation is said to be ‘“‘separated.” A
functional form of a solution can sometimes be found (and a numerical solution
can always be found) for each of the cquations separately.

To sce that [3-1] results in the “separation” of [2-2], we substitute [3-1]
into [2-2] and divide through by ¥(x) #(z),

1”{ B ) | gl BT dBO)

Joy | 2m dx? RO [3-2

29



30 - SOLUTION OF THE WAVE EQUATION (Chap. 3)

The right side is a function of time alone, and th.e left side is a function
of x alone. Since x and ¢ are both independent variables, [3-2] can be true only
if each side is equal to some constant which we will call W.1

Thus

de(ny _ i
G = — L W0 [3-3

and
42
d"b(zx) W — V() ) = 0 [3-4
Equation [3-3] can be integrated at once, setting the arbitrary multiplicative
constant equal to unity,

B(1) = n" [3-5
It is clear that ¢(x) is the amplitude of ¥, since now
W(x, 1) = h(x) e h [3-6

Equation [3-4] is called the Schrodinger amplitude cquation. We shall
usually refer to it as the amplitude equation.

Neither the time equation [3-3] nor the amplitude equation [3-4] places
any requirements on the value of the constant W, since for any W there
can be found a W which satisfies the two differential relationships [3-3] and
[3-4]. We shall see that Postulates I1I (continuity, finiteness, and single valued-
ness) and 1V (integrable square) select, out of this infinity of particular solutions,
only certain amplitude functions, ¥(x), which belong to particular values of W.
We shall 1dent1fy these values of W by an integral subscript, n. Thus, when
Postulates 1II and IV are included, only certain }(x) = ,(x) which “belong”
to W = W, are, by basic hypothesis, acceptable wave functions for real systems.

The finding of the ¢,’s and W,’s for different systems and conditions will
occupy a considerable portion of this book.

3.2. The solution of the amplitude equation for the harmonic
oscillator, using numerical methods

For the simple harmonic oscillator of mass m, the potential energy is

V(x) = } kx?

11f it is known that f,(x) /x(t) for any independently chosen values of x and ¢, it must
be true that each function is a constant. Suppose that f; varied with x. If it were equal to f,
for some particular x, then it would not be equal to f;, for some other value of x. But x is an
independent variable and can assume any value in the range where f, is defined.
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where k is a constant characteristic of the oscillator,®2 and the amplitude
equation [3-4] is *

d*y  2m oy g

eSS VeI [3-7

where ¢ is well behaved, and 3 where f Y* Jdx = 1.

We shall first solve this equation using numerical methods and later find
the analytical form of the solutions. There is nothing quite as illuminating
regarding “‘what is going on” during the integration of a differential equation
as the working out of a few sample solutions using a step-by-step integration
process. Also, no other method shows so dramatically the dominating role of
the boundary conditions.

In terms of finite differences [3-7] may be written

AP 2w (112 k) o slope = [3-8
In words, after progressing from x to x + Ax the slope of the curve changes
from whatever it was at x by the amount

— 2":' (W — (1)2) kx?} ¢ Ax
(]
For these instructions to be applicable, one must know, or assume, the

values of 4 and diys/dx at some starting point.
Let ¥ = 4, and dy/dx = (d/dx), at x — 0.

Then
Yo — o atx =0
d\
=ty + (dﬁ)oA.\'; at x, = Ax

—_——
initial slope = s,

o =y -+ [so — 2}:’ (W — (1/2) kxi} oy Ax] Ax; x,=2,X [3—83

———

y

new slope = s,

by = s + [s, — 2,:" (W — (112) kx3} o x| Ax; xy = 3yx

« —

new slope = s,

2 A classical oscillator of mass m, whose spring constant is , has a frequency

v~—l k
2 Al m

Thus the constant  can also be expressed as 4xvym. ) )
3 Postulate 1V requires integration over the full range of variables, but, for brevity, we
shall often not explicitly indicate the limits of integration.
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=¥+ [Sz - g,;] (W — (1/2) kx3} ¢y Ax] Ax; x, — 4Ax

Figure 3.1 illustrates this process for the case where ¢, and (di/dx), are
positive, and where W — (1/2) kx? is positive,

¥
b&/«s»a/ 27 S2 -
//\// i /,/’/ 53
%0/// —,—— T T T

. 0
0Ax Ax Ax Ax Ax

X —>

Fig. 3.1. The numerical integration of the wave equation for the
harmonic oscillator, for arbitrary initial conditions at x = 0.

Whenever (W — (1/2) kx?) is positive, the graph of ¢ vs. x will be constantly
curving toward the x-axis, as in Figure 3.1. Whenever the term (W — (1/2) kx?)
is negative, the graph of ¢ vs. x will steadily curve away from the x-axis. Thus,
the constant parameter W plays a key role in controlling the curvature of
vs. x. By selecting different values of W, curves of different shape result.

Starting with an arbitrary ¢, and (dy/dx),, as in Figure 3.1, one can
plot the unique (x) which results. Figure 3.2 shows the shape of such a curve,
where the initial conditions are those of Figure 3.1. For example, from
x = 01to x = x,, the critical point where the term (W — (1/2) kx?) becomes
negative, the graph curves toward the x-axis. Near x, the graph is a straight
line since here A(slope) = 0 for a change of x to x 4+ Ax. For x > x, the
graph curves away from the x-axis, in this case never reaching it. It finally
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goes to infinity with an infinite slope. Working from x — 0 toward ncgative x,
the graph continues to curve toward the x-axis, crosses it with a straight region
[here, ¢ - 0, so A(slope) = 0] and continues to curve toward the v-axis until
the critical value x —= —x, is reached. Here there is a short straight scction,
and then it starts to curve away from the x-axis, rapidly going to — co.

f

V(x)
1 2
= kx
2
N )/ W
T o -1
| | X —>
' |
I I
| |
| |
—Xa Xa
t |
¥ [
|
|
|
i
I
|
o 'C' X —>

Fig. 3.2. An ill-behaved solution to the wave equation for
the harmonic oscillator.

The curve in Figure 3.2, or rather the series of points (if the steps Ax
are small enough and the arithmetic calculations are accurate), will be very
close to a mathematically exact solution to the simple harmonic oscillator
wave equation [3-7]. However, this curve clearly fails to meet the auxiliary
requirements and it will therefore not correspond to any real system. $ must
approach zero as x — + oo for it to be a well-bchaved, normalized function.
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We make use of the symmetry of the potential function V(x) and note that,
if the slope is zero at x = 0 (where ¢ = i), then, whatever the shape of (x)
for positive values of x, it will be mirrored for negative values of x. In Figure
3.3, a particular, numerical example is plotted. Here at x =0, , = 100,
and (di/dx)y = 0. Also m = 1.11 x 106 gm, k = 10** erg/cm?, and three
values of W have been used,* W= W, = (1/2) x 102 erg, W=1.1 W,

—_1in4,2 Vix)
V=310"x (ergs) 11 We
\' i Woz%xlo-”erg
{\ /!—\0.9 Wo
0 X —> x'a=10_8 cm
(cm)
)
¥

0 10 2X10°

X —»
(em) ¢(1.’lw0)

Fig. 3.3. The harmonic oscillator. The numerical calculation of the
eigenfunction ¢, belonging to the lowest possible system energy, W,,.

4 To save time in numerical calculations we concentrate here on values of W near (1/2)Av,
where v is (1/27)V/ k/m, the classical frequency of oscillation. That this value is particularly
significant is known from the mathematical solution given in Appendix I. With an automatic
computer, however, we could find this particular value of W very quickly with no fore-
knowledge. The method of numerical integration used here is known as Euler’s method.
See A. A. Bennett, W. E. Milne, and H. Bateman, The Numerical Integration of Differential
Equations (1956, Dover Pub., Inc., New York): p. 60.
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and W = .9W,. The steps, Ax, used in these calculations were 10-® cm. A

curve bascd on twenty steps in the positive x-region is plotted in Figure 3.3.
We illustrate this calculation, using equations [3-8a].

Py = 100

atx =0
Y, = 100 + (0) (10-%) = 100 at x, = 10 cm
W Az

s = 100 + [so — 2,;:1 (W — [1)2) kx)? o, Ax] Ax atx, = 2 ¥ 10°cm

We insert W= 1/2 » 10-'2 ergs

k = 10** ergs/cm?®

b k= 1.05 % 10 erg sec
m

s = 100 +- [(0) — 10M {100 _a TO{?JQ)Z} (100) (104’)} (10-9)

v —_—— —— —

Qﬁ’;’ (W —[1/2) kxD) " Ty Ax

=100 +[0 — .99 < 10°] (10~ = 99

—~——— e S

new slope, §; Ax

Py =99 s = —.99 < 109, at x, =2 x 10-°

Yy =99 4 [—.99 w100 — 101100 — 2 ]0‘9)2} (99) (10—”)] 10-°

1018
—— — ——
S v Ax Adx
-

~—— ——

new slope, s,

which gives the following results:
¥y = 97.1 Sy = —1.94 % 10°%, at x; —= 3 x 10°°

If this process is continued for fifteen or twenty steps it will be clear, as Figure
3.3 shows, that the value of W chosen yields a wave function that obeys the
wave cquation, is everywhere continuous and finite, and possesses an integrable
square, as required by the basic postulates.

An infinite number of very small steps would be needed to prove that ¢
reaches the x-axis and stays there. In practice, one merely finds a value of W
which gives a reasonably small ¢ at a rcasonably great distance x, and then
shows that, on either side of this valuc of W, the wave function 4 is ill-behaved,
but in opposite directions, as in Figure 3.3.

In Figure 3.3 it is clear that i, belonging to W,, is heading toward the
x-axis in the desired manner, whereas for W -- .9 W, the wave function ¢
curves too gradually in the region 0 < x -Z x,, intercepting x, at too high a
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value. For x > x, it curves away from the x-axis, but it never quite reaches
it, and continuing to curve away from the x-axis, ¥ goes to +- co. The ¥ belonging
to 1.1 W, curves too sharply in the region 0 -~ x < x, and intercepts x = x,
at too low a value. Even though it now starts curving away from the x-axis,
it nonetheless intersects it with finite slope, crosses the axis, and then heads
toward — co.

Thus, values of W slightly above W, and slightly below W, have wave
functions which behave very differently. Both are unsatisfactory.

The satisfactory function, i, is called an eigenfunction, and the corres-
ponding value of W, W, is called an eigenvalue. s, and W could have been
found by systematic search, using, for example, an automatic computer.

Thus W, = 1/2 x 10~™ crg is one possible value of the scparation con-
stant W. Indeed it is the lowest possible cnergy value for this constant since,
as can be seen from Figure 3.3, all lower W’s will behave similarly to W
= 0.9 W,.

Postulate V tells us how W, is related to the system encrgy. If many systems
with wave function ¢, are examined, the average value of the energy will be,

+ o
W:f v (— ;zi;t) Wy dx

and, since here
W,

Wo=tppe "
we have
W=w, f Y2 dx
We have taken care to insure that ¥2 — 0 rapidly® as x - 4- o0, so that

there is a finite area under the curve $f(x). We sct the scale of the ordinate

so as to make
+ o

Jrdx =1

-

(which is equivalent to multiplying the original $(x) by some constant), with
the result that Postulate 1V is satisfied, and thus,

Ww=Ww,

Thus, the expectation value of the energy is just the eigenvalue, W,.
The expectation value of W? for a system with wave function 'y is

S If w2 (where y, is taken from Figure 3.3) is plotted against x, the curve will be down
to only a few percent of:its maximum value when x = 2x,, and will continue to fall rapidly
as x increases.
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r O h o ) W2
J‘ 0( :at)( la)‘}dx W

Thus, ¢® is zero, and (since W3 = - W3, etc) W, is a certain result. That is,
all systems with the wave function s, have the same energy, W,

V(x)

W
\ ﬁé/bw
. W,
; S

O X —>
I ¢ |
! 1
| |
| |
! |
]
: | Yo
¥ | N\
No | |
~Xo 0 Xo
X ——>
N %

Fig. 3.4. The harmonic oscillator. The first excited state.

The lowest energy, W, of a system is called the zero point energy. There
is no way for y-waves of smaller curvature to be associated with a mass m
in the potential well of the size and shape specified. Thus, systems simply
cannot exist with less energy than W,.

In Figure 3.4 a different type of symmetry is used. Here, if one starts
with ¥, — 0, and the initial slope is finite, one obtains for ¢, curves for +x
and —x of the same shape but of different sign.
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To produce this curve, it is clear that a higher total cnergy, W,, is needed
to provide the sharper curvature between x == 0 and x = x,. Only if  is heading
toward the x-axis at x = x, will it have the possibility of ultimately reaching
the x-axis, while always curving away from it. In the figure, three cases are
shown, but only one value, W = W,, produces a satisfactory eigenfunction,

¥
%
2
0
X —>
¥
¥
¥ 1
//\3 A
: 0
X —>
Y,
the bars mark the value
of x for which W =]5 kx?,
i.e., the classical limit of
oscillation

Fig. 3.5. The harmonic oscillator. The eigenfunctions belonging
to the four lowest energy states.

. If searched for by systematic calculation, one finds that the value of W
which makes this occur is W, = 3W,,.

In Figure 3.5 are plotted y,, ¢,, and, in addition, ¥, and ,, the two
next higher energy eigenstates.® The y-functions in Figure 3.5 all have finite

fA system is said to be in an eigenstate when its characteristic energy has an exactly
predictable value, an eigenvalue.
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area between ¢? and the x-axis, but each will need to be multiplied by a
numerical factor to cause the area (under ¥?) to equal unity as required for a
normalized function.

Note that (x) is always “heading toward” the x-axis at the classical
turning points. Only thus can catastrophc be avoided as x increases without
limit.

It is found that W, = 5W, and W, = 7TW, and that, in general,

Wa=@n+ 1) W,y 3-9

where to each W, belongs a i,. For n = even the x’s are all symmetrical

about x = 0, and for n = odd they are all antisymmetrical about x = 0.

dIf f(—x) = f(x), f is symmetrical. If f(—x) = —f(x), f is antisymmetrical.)
Also, it is always found that W, = (1/2) hv, where

=i [k

° T 2r A m
the classical frequency of the oscillator. This was true, for example, in the
case in Figure 3.3.

Thus—and this is typical—a given system will have a whole family of
possible energies (eigenvalues) and possible wave functions (eigenfunctions).
Often these families of functions are expressible as simple formulas, but this
is not essential, only convenient.

The important point is this: The quantization of energy of a bound system
arises as a natural consequence of the wave equation and the indispensable
auxiliary requirements on . As will be demonstrated, these quantized energy
levels are in agrecment with experiment. The basic postulates have been found
to predict correctly the discrete energy levels in all systems for which the total
energy expression (including potential encrgy, here V(x)) is known.

By way of illustrating the above ideas, we now consider light absorption in
diatomic moleculcs.

It is found that the vibrating diatomic molecule has a potential function
which is dependent on the separation of the two constituent atoms and which,
in a good approximation, is (1/2) A(r — ry)* where ry is their cquilibrium
scparation.

Experimentally, onc finds a set of energy levels such as those given by
equation [3-9] where vy = (1/27) \V/k/u, and w — m, myf(my -+ my). p is
called the “reduced mass™ of the system consisting of two molecules of mass m,
and m,, respectively. As we shall see later when we apply the theory to two-
body systems (Chapter 4 and Appendix 1V), the reduced mass must enter into
considerations involving the relative motion of two masses which have a mutual
potential cnergy, and, of course, the vibration of two atoms, along the line
joining them, is one typc of relative motion. When one atom is much heavier
than the other, then u is very nearly equal to the mass of the lighter atom.
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Classically, the light atom experiences almost all of the motion, so it is reason-
able that its mass should dominate the determination of the set of angular

o . _Wn
frequencies of vibration W,/h of the system wave function, ¢ €' 5" L

If light, covering a continuous range of frequencies from the visible to
the infrared, is transmitted through a diatomic gas (such as HCI), it is found

V(r-ro)
(for typical
\ %k(f—fo)2 / molecule)
1 ‘ /
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Fig. 3.6. The energy levels and the absorption spectrum of
a diatomic molecule (vibration spectrum).

that certain frequencies of light are noticeably attenuated, or absorbed, by
the gas. It is possible for the gas molecules to increase their energy of vibration
at the expense of energy taken from the light. Classically, such molecules would
absorb appreciably only at their resonant frequency, v, = (1/27)\/k/u, but as
can be seen from Figure 3.6, the typical molccule, which is initially in a very
low state of vibration (quantum-mechanically, the zero-point state), shows
absorption not only at the classical frequency v, (determined by the shape of the



(Sec. 3) ONE-DIMENSIONAL BOX, FINITE WALLS - 41

absorption curve near the equilibrium separation, r = r,), which is the difference
between the vibration frequency of i, and 4, but also at frequencics at nearly
twice this frequency, three times this frequency, etc. It is true that the absorption
at these higher frequencies is not very great, but it is clearly observable and
unmistakably shows the presence of the discrete higher energy states predicted
by the quantum theory. (In Chapter 10, Section 10.5, we shall return to this
problem, calculate the intensity of the absorption line near 2v, relative to that
of the strong absorption linc at v,, and show that the higher frequency absorp-
tion linc is only possible when the potential energy function V(r — ry) is not a
truc parabola.) At large separation distances, as Figure 3.6 shows, V(r — ro)
becomes flat, corresponding to the disappearance of the attractive force. For
values of r less than ry, V(r — ry) rises somewhat more steeply than does the
ideal harmonic oscillator. The net rcsult of this deformation in V(r — ry) is
that the higher values of the energy are depressed somewhat below the values
they would have had if the parabolic form of the curve near r = r, continued
to large valucs of | r — ry|. (Problem 3.4 is concerned with the quantum
explanation of this effect.) The nonuniform spacing of the energy levels is the
reason for the not-exactly-integral relationship of the absorption frequencies
given in Figure 3.6. These deviations permit the experimental determination of
the shape of the potential energy curve. This, in turn, gives important informa-
tior about the naturc of the chemical bond. For example, under some condi-
tions, the observation of the *‘vibration spectra,”” which we have been discussing
here, permits an accurate determination of the binding energy of the molecule
(i.c., the valuc of (r — ry) as r — o).

In the actual observation of vibration spectra, the cffects of the rotation
of the molecule are also noticcable, but in spite of this the unique consequences
of moleccular vibration can be clearly observed. A further discussion of the
vibration spectra of diatomic molecules can be found in a book written by
G. Herzberg.?

3.3. The particle in a one-dimensional box, finite walls

A second simple, one-dimensional system, somewhat divorced from reality
but illustrative of the principles of the theory, is a particle in a box with finite
walls. The meaning of this expression is best understood by referring to the
potential energy curve ¥(x) in the upper part of Figure 3.7. ¥(x) is zero for
—x, < x < x,, and has a constant, finite value, V,, outside this range. A
classical particle will be trapped in this “potential well” when its kinetic energy
inside the well is less than V,. Only when the kinetic energy is larger than ¥V,
can the particle escape. If ¥(x) - -0 at x = 4Xx,, then the walls are infinitely
high, and a trapped particle cannot escape no matter what its energy.

? G. Herzberg, Molecular Spectra and Molecular Structure (1939, Prentice-Hall, Inc.,
New York): pp. 57 and 104fT.
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The eigenfunctions, two of which are shown in Figure 3.7, can be found
by the same numerical methods we have just discussed. However, the mathe-
matical form of the satisfactory solutions is quite simple here. They illustrate,
again, the great importance and significance of the continuity conditions of
Postulate II1.
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Fig. 3.7. The one-dimensional box with finite walls.

Inside the well ¥ = 0, so the wave equation becomes

&y m o
M wy=o [3-10
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whose general solution, when W is a positive constant, is
== A cos kx + A, sin kx
o 2mW 2w [3-11

where A is the wavelength of the (standing) waves inside the box. The wavelength
A is the distance by which x must be changed in order that cos kx and sin kx
return to their initial values: cos kx = cos k(x 4 A). We see that large values
of W cause large k& and small A,

A is merely the de Broglie wavelength for the particle inside the well.
By [3-11]1 A== h/A/2mW, and since inside the well ¥ - - 0, the total energy, W,
is (1/2) me?, so we have \/2mW = mr, and

. [3-11a
mv
This, of course, is not accidental. Schrédinger “built in > the de Broglie wave-
length into the basic wave equation.® (Appendix VIII shows how the wave
cquation of classical physics can be converted into the Schrodinger equation
with the aid of dc Broglie’s relationship.)

Returning to the gencral wave function [3-11], symmetry requires that
either cos kx, or sin kx must be used alone. This can be seen by reference to
Figure 3.7 where cos kx is used for the central part of 4, and for ¢, and
sin kx is similarly used for #,. (In Figure 3.7 the k’s are different. The sine
curve i, has a larger value of k, a higher characteristic energy W, and shorter
wavelength than ,.) The cosine curves are symmetrical about x = 0, and the
sinc curve is antisymmetrical about x = 0. If, for cither case, the function is
well behaved for x - - -J- 0o, then it must also be well behaved for x -» —co.
This would not be truc for any mixture of sine and cosine functions. (Sce
Problem 3.17.)

We first consider ¢,. Inside the well, it has the form

. = A, cos kx [3—|2
For x > x, (and x < —x,) the wave equation is
a* ¢
Tl vy =0 [3-13

where W — V, is now a negative constant. This equation has the solution

’«,b = B eklz + B, e k12
' , ’ [3-14
k2 = '_;;2"'1 (W — Vo)

8 Figure 3.5 shows that the harmonic oscillator wave functions show a periodic tendency
related to “wavelength.” Since, in this case, the kinetic energy (and therefore mv) is not con-
stant at all values of x, the wavelength is not constant with x.
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This solution is not periodic and has no wavelength X associated with k.
Note that [3-11] always curves foward the x-axis, and [3-14] always curves
away from the x-axis. (The harmonic oscillator eigenfunctions show similar
behavior in the corresponding regions, as can be secen from Figures 3.3, 3.4,
and 3.5.)
For x > x,, only the solution

b= Byehe [3-15

can apply, since the other solution would make ¢ > :}- oo as x — oo, de-
pending on the sign of B,.
Similarly, for x << —x,, the solution must be

y = B, ethiz [3-16

The solution, symmetrical in x, made up of [3-12], [3-15], and [3-16],
in the appropriate ranges of x, fully satisfies Postulate Il (the wave equation)
and partially satisfies Postulate IV (normalization) since the solution, ¥, has
a finite area under the x-axis. We have yet, however, to meet the requircment
that ¢ and diy/dx be continuous. This problem arises at x = —x, and also at
x = -+4Xx,, where the various sections of the solution join together.

At x = x, the continuity conditions are,

(amplitude continuous): A4, cos kx, = B, e~¥1% [3-16a
(slope continuous): A\(—k) sin kx, = —k, By e-*1% [3-16b
and, at x = —x,,

(amplitude continuous): A, cos k(—x,) — B, e¥1(- %) [3— l6¢
(slope continuous): A(—k) sin k(—x,) = k, B, e¥1(-%a) [34 6d

The requirement for normalization is (for the x > 0 region)

Zq

f (4, cos kx) dx |- f (B, e~*12)2 dx = 1/2 [3-16e

There are five relationships, and five undctermined constants, A,, B,,
B,, k, and k,. (The unknown, W, appears in both k and k,.)

Referring to the five equations [3-16] only by letter, we note that (a) and
(c) together, and also (b) and (d) together, require that

B, = B, [3— | 7
Also, either (a) or (c) alone requires, with [3-17], that

A, ehi%
B, coskx,

= /(W) [3-18
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whereas cither (b) or (d) alone requires, with [3-17], that

A,y n ki e 1% _
B, ksinkx, = /W) [3—l9

equations [3-18] and [3-19] can both be true only if fy(W) = f.(W), that is, if

tan kx, — ky
k

that is,

N2mW A 2m(W — V)
tan 5 X, = \/2mW [3—20

Since x, is specified already, the transcendental equation [3-20] fixes the value
of W — W,, and thus determines both k and k,. This equation may be solved
by graphical means. Thus, the five equations determinc the five unknowns,
and so the wave function is completely specified for the given ¥(x). As in the
casc of the numerical mcthods, a unique cigenvalue, W, is thus sclected for
the lowest state.

For the wave function of next shortest wavelength, inside the well (1, of
Figure 3.7), onc must match at x, and — x, a purc sine wave, from equation
[3-11], to exponential functions. One obtains the cigenvalue W,, which belongs
to the normalized eigenfunction .

The next shortest wavelength cigenfunction, 4, (a cosinc wave), is shown
as the dotted curve in Figure 3.7. It is matched to the appropriate exponentials
in a similar manner to the above, thus locating the next higher cigenvalue, Wi.

It is apparent from Figurc 3.7 that if one sccks a still higher cigenvalue,
W,, it is likely to be found above V,, the height of the well.® If W > V, ¢ must
curve toward the x-axis for «/l x, although most sharply in the region

X, < x < x,. If the potential well stays at ¥, all the way to + o0 and — oo,
then the area under the periodic curve #*x) in the regions x < --x, and
x > x, will be infinite if the curve y(x) has a finite amplitude. If, however, we
now assume that at x — -tx,, there is a further step of adequate size in
V(x) (see Fig. 3.8), then the wave function will have the needed exponential
form at large positive and negative values of x, producing thereby a curve
Y%(x), of finitc area. In Figure 3.8b the typical shape of such an eigenfunction
Yin is shown for the potential function in Figurc 3.8a, and for the case where
Wn > V,. Because of the large value of xp, it can be shown (see Problem 3.8)
that therc are many closely spaced cnergy levels such as W, starting just above
W=V,

The low amplitude of ¢, inside the well indicates that the particle is
untikely to be found there. This agrees with the classical picture, in which the

* For different m, V,, or x, there could be a different number of bound states.
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particle has a high velocity when inside the well and thus spends only a small
fraction of its time there.

The principles employed in locating states such as ¢, in Figure 3.8b are
exactly the same as those we have used thus far. For |x| > x, exponential
solutions must be used. From x, to x, sine or cosine functions with

V(x)
]
A |
T
Yo
! =
0 xq X - > Xb
(a)

Fig. 3.8. The one-dimensional, finite, potential well V,,
with distant boundaries, V,. :

k% = (2m/R2)(W — V) must be used, and from 0 to x, sine or cosine functions
with k2 = (2m/k*)W must be used. A similar solution may be found for the
negative x regions.

At x = —xp, X = —X, X=X, and x = x,, ¢ and d¢/dx must be
+ o

continuous. Also, f ¢? dx = 1. These conditions will specify each i, and
— @

its associated W,
If x, is very large ( —o00), there are many closely spaced states, starting
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at W = V,. These are called the states of the “‘continuum.” We shall, however,
never regard the “box” at 4 x, as being truly infinite, but only large compared
to the dimensions, --x,, of the small system inside the box. When this is true
the encrgy levels of the system, although very closely spaced, are not truly
continuous, and the “‘continuum” is not conceptually different from bound
states.

Vo = I

X Xy X3 X
X —>

(a) Potential function

I | ! |
! | | |
I I |
¥(x) | Lo !
1‘, exponential ! e)l(ponenhol |
/ ' |
(1 ] |
! ]
| I :
| | I exponential
' L i}
! '
T T T T
X1 X2 3 X4

X —>

~~—— X is the same

(b) A typical eigenfunction

Fig. 3.9. Two potential wells separated by a finite potential barrier.

For the harmonic oscillator (Fig. 3.5) and for the box with finite walls
(Fig. 3.7), the wave function extends a considerable distance into the classic-
ally forbidden region (beyond the “limits of oscillation” or the ‘*‘classical
turning points”—wherc W, the total energy, is less than V(x), and where,
therefore, the kinetic energy is negative). If ¢* (where ¢ is normalized) were
plotted for each curve in Figures 3.5 and 3.7, the curves are the probability
density functions. Thus, ¢2 predicts that there is a chance of finding the particle
in the classically forbidden region. This typically quantum mechanical effect is
the basis of the phenomenon of “‘barrier penetration.” In this effect, a particle,
known to be trapped behind a barrier too high for it to surmount classically,
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can, after a sufficient time, have a high probability of being found outside the
barrier.

There is much experimental evidence that this penetration phenomenon
occurs.

As a qualitative example, consider the one-dimensional system of Figure
3.9. The bound particle has characteristic energy W,, which is less than V.
There are, however, two regions of positive kinetic energy (W, > V). In Figure
3.9, we sec sketched the wave function of one of the many possible eigenstates.
As in the previous examples, y(x) curves toward the x-axis (sinusoidal function)
when the kinetic energy is positive, and away from the axis (an exponential
function) when the kinetic ¢nergy is negative. It is clear from the drawing that
both ¢ and its slope can be made continuous at every boundary. The classically
rforbidden region, x, to xj, because of its limited spacial extent, does not
completely “attenuate” the wave function, 4. Thus ¢ has a finite amplitude on
both sides of the barrier. For the system in the particular state of Figure 3.9,
Y2 is much larger inside the left-hand potential well, and the probability is
large that, upon examination, the particle will be found therc. However, there
is also a finite probability of finding the particle in the right-hand well. The
particle must be regarded as cxisting, in the positive kinetic cnergy state, in
both wells. Classically, it could only exist in one or the other.

The spontancous emission of an alpha particle from a nucleus is an
example of a particle tunneling through a radial potential barricr, of limited
radial extension. The vibrating nitrogen atom in the ammonia molecule and
“cold emission” electrons are other examples of barrier penetration. The quanti-
tative treatment of these problems can be found in the more advanced text-
books. We wish to observe here that whencver a barrier is finite in height and
finite in spacial extension the wave function belonging to a single particle can,
and indeed must, penetrate the barricer, if the basic postulates arc to be satisfied.

3.4. The box with infinite walls

If the height V, of the potential barrier in Figure 3.7 is very large com-
pared to the energy W of the particle, the wave function becomes particularly
simple. The exponential part of the wave function (> x, and < —x,) has a
very large attenuation. In the limit, as V(x) >0 at x = 4x,, the exponential
section becomes negligible in extent, and the wave function comes to zero at
x == +X,, having there a discontinuity in slope. This discontinuity produces
an unacceptable wave function in the strict sense of the postulates, and indeed
infinitely high potential barricrs are not observed for real systems.!® Never-
theless, this assumption is often a good approximation and results in simple

10 A classical particle, upon colliding with an infinitely steep potential barrier, will
experience an infinite force.
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sinc and cosine wave functions based on the wave equation [3-10] (see Fig.
3.10).

In the limit, with infinite walls, Postulate 111 is reduced to requiring that
J — 0 at the wall. 4, now has the same form as the resonant or standing wave
modes of the vibrating string with both c¢nds fixed.

Vix) w walls
W,
W,
I
X 0 X7 xg

1

|

|

I

¢ |
1 |

!

I

|

i

—~Xa

Fig. 3.10. The one-dimensional system with infinite potential barriers.

When analyzing the infinite wall box, it is usually convenient to place the
origin at —x, in Figure 3.10 and consider the box to have a length L
(L = 2x,).

Thus the lowest energy state (longest wavelength, A := 2L) has the eigen-
function

. mX ( o, 2mW
Yy == Ay sin L (/\—1,~., Dk = 5 ')
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The next eigenfunction is

. 2mx 27, 2mW,
iy = A, sin b h (k2 = k2= P 2)
and, in general,
. nmx : nw .,  2mW,
= A sin "7 (b ="mie 20l
where A, is given by the normalization requirement
L
[ s o vora, - [} [3-22

0

Thus, the normalized eigenfunctions for the particle in a one-dimensional
box with infinite walls at x == 0 and x = L are,

2 . nmx n® m K
= sm - —, Wn = 79
¥ 4/ L L 2ml?

and [3-23
w

\Fn = ‘/’n e_l "nt

The characteristic energy increases as »n%, as is shown in Figure 3.8 for

the first two levels.

3.5. Mathematical description of the eigenfunctions of the
harmonic oscillator

We have scen, in Section 3.2, how the cigenfunctions of the amplitude
equation for the simple harmonic oscillator can be found by numerical methods.
These functions are also derivable by more conventional mathematical methods.
A common technique for finding eigenfunctions and their characteristic values,
or eigenvalues, is given in Appendix I. The results, for the harmonic oscillator,
are

Yin(X) = Ny e H,(8); € = A/a x
where
_ 2mmuy,
ok

a

and

Vo = l,_/k' h= h,
T oar N m 27

e\ 1 172
Nﬂ*{(;) ﬁ"_n!}

Wy = (n+ 1/2) hy, n=0,1,213, -
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and where the H,(¢) are the Hermite polynomials. The first five of these are

Hyé) — 1

}{1(5) = 25

Hy(§) =48 — 2

Hy(§) = 88> — 12¢

H (&) = 166 — 48¢2 - 12
These ,’s are normalized to unity, that is,

+o
f Po(x) Po(x) dx =1 whenn —m

— ®©

< —----X

|

g, () ylx,) =
: "&1("’(\) ¢2('X])

Fig. 3.11. Graphical demonstration of the orthogonality of
Y, and 4, for the harmonic oscillator.

but it is also true that

+ ™
f (%) Po(x) dx — 0 whenn Am

Thus, the family of functions ¢,(x) for the simple harmonic oscillator are
normalized and orthogonal.

Familics of eigenfunctions for any system have the orthogonality property
(whenever W, 5 W,,) duc to the fundamental naturc of the wave equation
itself. For this particular system, the orthogonality can be proved for certain
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cases by simple arguments based on symmetry. In Figure 3.11, ¢, and ¢, are
plotted. Due to the symmetry of 4, about x = 0 and the antisymmetry of i,
about x = 0, the contribution ¢,(x,) ¥.(x,) Ax, to the integral is exactly equal
and opposite in sign to the contribution ,(—x;) ¥y(—x,) Ax. This is true for
any i, with even » multiplied by any ¢, with odd n. It requires a more general
argument to show that the same result holds for all other cases when n 2 m .
In Appendix II it is shown from the general form of the wave cquation
(Postulate I1) and the auxillary requirements upon the wave function (Postulates
Il and 1V) that cigenfunctions belonging to different values of the character-

istic energy must always be orthogonal, that is, that ( S b, dx = 0.

The orthogonality properties of cigenfunctions are extremely important in
both the development and the application of quantum theory.

3.6. The correspondence principle

To give a quantitative explanation of the microscopic world of the atom
with all its complexity and variety should be triumph enough for quantum
mechanics. Newton’s mechanics is a very successful theory and is quite satis-
factory for the macroscopic world, even though it fails when applicd to atomic-
sized systems. (For example, classically, there should be only one absorption
line in the absorption spectrum in Figure 3.6.) Is it too much to expect that
quantum mechanics should a/so apply in the macroscopic world ?

In 1923, Bohr proposed that any really satisfactory quantum theory
(then being sought) must “‘in the classical limit” gradually approach the results
of classical mechanics and classical electricity. When physical systems are
in a high degree of excitation, that is, when they are in states that have very
large quantum fdumbers and therefore possess characteristic energics that are
large compared to the energy of the lowest state, one should expect that the
results of quantum calculations will approach closely the results of classical
calculations for the same system. In other words, it was proposed by Bohr that
the quantum calculations correspond to the classical calculations at the threshold
of the classical domain, and indeed, that the results of quantum theory ought
to be experimentally indistinguishable from the results of classncal theory inside
the established classical domain.

Such a wide range of application for a theory is certainly desirable, although
there is no a priori reason why it should be attainable. Quantum mechanics
has, remarkably enough, succeeded in including classical mechanics (and
classical electricity, by the quantization of the electromagnetic field) within
its ken, and the correspondence principle has proved very useful both in guiding
the formation of the theory and in extending its boundaries.

In this book we shall consider, on several occasions, the extension of the
quantum theory into the classical realm, and one of the most striking examples
of the gradual transition from the unfamiliar quantum effects to the familiar
classical effects is already within range of our analysis.
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As we have seen, ¥* V' is the probability density function which measures
(by Postulate V) the probability that the particle composing the system will
be found in any given region. In Figure 3.12, we plot W*Y'(-== ¢* y) for the
four harmonic-oscillator eigenfunctions of Figure 3.5, and also the probability

5 -4 3 2 -1 0 1 2 3 4 5
E— (£=wax)
Fig. 3.12. Some sketches of the probability density functions for the
harmonic oscillator. The dotted curve in each sketch is the probability

density function for the classical oscillator with the same physical constants
and the same energy.

density function for ¥',,. Superimposed on thesc graphs by the dashed lines
is the probability density function for the classical harmonic oscillator, obtained
in Problem 3.12. The classical oscillator has the greatest probability of being
found near one of its turning points. That is, if examined at random time
intervals, it will most often be found in the region where its velocity is low.
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The probability distribution, as calculated by quantum mechanics, is very
unlike the classical distribution for the eigenstate, n = 0, but as the quantum
number becomes higher and higher, the distribution becomes more and more
similar to the classical one. For very large n, except for periodic fluctuations,
the quantum mechanical distribution becomes, for all practical purposes,
indistinguishable from the classical distribution. (When n is 10® or 10, these
fluctuations would become very difficult to observe experimentally, and truly
macroscopic oscillators have quantum numbers much higher than these. Sec
Problem 3.13.)

Thus, when we also view the macroscopic world through the “window of
W* ¥ we find that the picture we see is the familiar one of experience.!!

It is often (although by no means always) true that the quantum calculation
for the macroscopic mechanical system is more difficult than the corresponding
classical calculation using Newton’s Laws, but it gives the correct result. From
electrons to planets, there is only one system of mechanics, quantum mechanics.

PROBLEMS
Problem 3.1. A wave on a string obeys the equation

oy 1%y

ox: % or?

where v, the velocity of propagation, is 4/T/p (T = tension, and
p = mass/unit length).
(a) Let y = f(x) #(t) and show how the equation separates
into two. Let A = the separation constant.
(b) Assume the ¢ equation to have the solution

¢ = B e2mvt

and show that 4 = —4n? %12

(¢) If it is required that y==0 at x =0, and also at x = L
(the resonant string), show that the only possible solutions
to the original equation are

nv

.onmx
= (const.) sin iz =
o (Comstysiny "L

This problem is similar to that of the resonances of a matter wave, ¥,
in the infinite-wall, one-dimensional box, equation [3-23]. Discuss
the similarities and differences.

11 A more exact method of describing the macroscopic harmonic oscillator is discussed
at the end of Section 5.1.



(Chap. 3) PROBLEMS - 55

Problem 3.2. In Figure 3.3, it was shown from numerical
calculations that an cigenstate for the harmonic oscillator cxists near
Wo = (1/2) x 1072 erg where m = 1.11 x 102 gm, and k = 10*+*
erg/cm?.

(@) For the same oscillator, assume that W = W, = (3/2) x 10-12
crg, and show by numerical calculations that an cigenstate
exists in the neighborhood of this cnergy. Let 4, == 0 and
let the initial slope —= 2.0 x 10°. Take Ax — 10~® cm.
Show the contrasting behavior of ¢ for W = (1.2) W,, and
W = (.8) W,. [Because #? Ax = pure number, Ay/Ax has
units, cm~3/2.]

(b) Identify, on the graph, the classical limits of oscillation.

(c) On a second graph, sketch the real part of ¥',(x, r) at several
different times.

(d) On a third graph, plot ¥}¥, the probability density
function. Estimate from the graph what fraction of the
time one can consider the particle to be outside the classical
limits of oscillation.

Problem 3.3. Classically, an elastic ball can bounce on a hori-
zontal surface in a uniform gravitational field with any amount of
total energy. Imagine a helium atom (m =4 x 1 amu, 1 amu.
= 1.66 x 10~ gm) bouncing against gravity, with perfect reflection,
on an idealized, perfectly flat, horizontal surface (an infinite-wall
barrier), g = 980 cm/sec?.

(a) Draw the potential energy curve for this case, and beneath
it sketch the approximate form that ¢ must have for each of
the two lowest energy levels. Indicate the classical turning
points (maximum height) on the diagrams. (Remember that
Y(x) must have a negative slope at the classical turning point
if it is to avoid catastrophe as x -~ -{-0.)

(b) Estimate the order of magnitude of W,, the lowest energy
state, and its corresponding classical turning point,
x, = W,/mg. (Hint: Note that curvature of (x) near x =0
is approximately the same as for the y,(x) which occurs
[with no gravitation] with an infinite barrier, both at x = x,
and at x = 0, for which case, W, = #%h%2 mx}. A numerical
calculation, using Ax = (1/5) x,, will show that the value of
W found this way is slightly too small, but a W which is 20
percent larger than this is too large.)

(c) What will be the classical turning point for an electron
(m = 1/1823 amu) under these conditions? Actually, the
electric charge on the electron (compared to its mass) is so
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great that an observation of the behavior of an isolated
electron in the gravitational field is quite impractical. Any
stray electric field, so small as to be unobservable by ordinary
means, could completely mask any gravitational effects on the
electron.

(d) Using the de Broglie equation, find the wavelength associated
with an electron after it has fallen from rest a distance x,,
which is your answer for part (c). Is this consistent with
your answer ?

(¢) Estimate the classical turning point for the lowest energy
state of a point mass of 100 gm, bouncing on a hard flat
surface.

Problem 3.4. Draw a figure, such as Figure 3.4, and show
W, W, and W, and also ¢, ¥;, and ,. Now deform V(x) in the
region between W, and W, so as to make the curve V(x) somewhat
more flat (for both -+x and —x) than the original potential function,
(1/2) kx?. Then show qualitatively, with the aid of the sketch and the
wave equation, that W, and W, are closcr together than are W, and
W, and that this difference will increase as the magnitude of the de-
formation increases. (It is by this difference in spectral-line frequencies
that the shape of the potential energy curve for a chemical bond is often
determined. The V(x)’s do become flatter as the vibration amplitude
increases, as we have assumed here, but not symmetrically about r,.)

Problem 3.5. In Problem 3.3 we assumed that the surface upon
which the helium atom bounces is flat and merely produces a reflection
of the y-waves. Real surfaces consist of atoms that are never at rest.
These vibrating atoms can collide, classically, with even the slowest
incoming helium atoms and give them a considerable velocity. The
average velocity of gas molecules coming from a surface is given, by
kinetic theory, as [(1/2) mv?],, = (3/2) kT.

Suppose that the surface with which the helium atoms -collide
consists of many bound hydrogen atoms which, spectroscopic evidence
shows, have a characteristic absorption (or emission) of light of
frequency » = 10'* cps. (We assume that the H atoms are bound to
a heavy rigid structure, and also that they vibrate independently,
perpendicular to the surface.)

(a) Calculate the zero-point energy of the vibrating H atoms.
Compare this to the lowest energy state of the bouncing
helium atom.

(b) Suppose the surface were so cold that only these zero-point
vibrations occur (i.e., kT <€hv where k is Boltzmann’s
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constant). Why must the bouncing helium atom be com-
pletely ignored by these relatively energetic H atoms?

Problem 3.6. A particle of nucleonic mass (1.66 x 102 gm)
is trapped in an infinite-wall, one-dimensional potential well, of width
10-13 cm (the typical diameter of a small nucleus).

(a)

(b)
(c)

(d)

Calculate the force that this particle must be exerting on
the wall when the particle is in its lowest energy state. Convert
this force into pounds to get an appreciation of its magnitude.
Does this give body to the qualitative statement, “‘nuclear
forces arc very powerful™? (Hint: Assume the width of the
well is slowly decreased by an amount Ax, and calculate the
new characteristic energy. Force -- —AW/Ax.)

Calculate the average force that a classical particle of the
same mass and encrgy will exert on the walls of thc box.
Calculate W,, W,, and W, for this system. Convert your
results into clectron volts.

Calculate W, when m - 9.1 * 10 ® gm, the electron
mass, and discuss the possibility of binding electrons inside
a nucleus.

Problem 3.7

(a)

(b)
(c)

Show from semiqualitative arguments that the stationary
state near 10 e.v. is the only one available for an electron in a
one-dimensional square potential well, 20 e.v. deep and
10-% cm wide.

Find the normalized, time-dependent wave tunction.

Find the cnergy of this state.

Problem 3.8. Assumec the potential well of Problem 3.7 is
centered at x —= 0 and that ¥ — 0 inside the well. At -{ 500 » 10-%
and —500 v 10-% cm, add, as in Figure 3.8, a new potential barrier,
extending from 20 e.v. to --oc. We cxamine the states just above

20 e.v.
(a)

(b)

Show by means of a graph that a wave function whose
wavelength is about 2000 ~ 10® cm in the region outside
the small well, cannor be made to meet the continuity require-
ments on both ¢ and dy/dx at x .= 4 (1/2) ~ 107% cm.

Show that a wave function whose wavelength is very nearly
1000 x 10-® cm exterior to the small well, can be made to fit
smoothly to a cosine wave of much shorter wavelength
centered at x = 0. (Hint: Use the fact that A, outside the
narrow well, is to very high accuracy a constant, no matter

57



58 - SOLUTION OF THE WAVE EQUATION (Chap. 3)

what amplitude the wave function has inside the narrow well.)

(c) Find the energy of this state.

(d) Find the ratio of interior maximum amplitude to exterior
maximum amplitude of .

(c) On examining this system at random, what is the probability
that the electron will be found in the small well?

Problem 3.9. 1In Problem 1.2 the index of refraction of electrons
was mentioned. Consider an energy level of the system of Problem 3.8
which is somewhere in the neighbourhood of W -- 120 e.v., so that
outside the small well the electron kinetic energy is about 100 e.v. and
has a characteristic wavelength A,.

(a) Approximately, how much shorter is the wavelength A,
inside the small well? List the conditions that must be met
if a satisfactory wave function exists. (It is not necessary to
find the mathematical form of this wave function, but a
sketch should be drawn, illustrating the general appearance

of a wave function corresponding to a system energy of about
120 c.v.)

Problem3.10.  Equation [3-23] gives the complete wave function
for the one-dimensional particle in a box with infinite walls. Calculate
for the lowest state the expectation value of

(a) The total cnergy W and also W2,

(b) The coordinate x and also x2,

(c) The momentum p and also p* (Note: it is not usually true
that o2 = 2mWV.)

Note: A squared operator is applied twice in succession.

(d) Which of these expectation values represents a sharp, or
certain, result?

(e) Repeat these calculations for the next statc of higher energy.

(f) Plot the probability density function for each case and
discuss the results of (b) and (c) in the light of this graph.

Problem 3.11. 1In Chapter 3, including the problems, we have
analyzed five one-dimensional, bound systems: (1) The harmonic
oscillator. (2) The particle in a box, infinite barrier. (3) The particle in
a box, finite barrier. (4) The particle in a box with a central, short-
range, finite potential well. (5) The bouncing mass in the earth’s
gravitational field. For each case, compare qualitatively, with the aid
of graphs, the classical and quantum solutions (for the lowest », and
also for n > 1) with respect to (a) energy spectrum and (b) the proba-
bility of finding the particle, as a function of x.
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Compare quantitatively, wherever possible, the classical frequency
of each system with the frequency of vibration of the wave function ¥,
in the lowest energy state. What happens as the system energy increases ?
Do these two frequencies appear to have any simple relationship ?

Problem 3.12. Calculate the probability distribution function of
the classical harmonic oscillator. Suggestion: Consider the projection,
on the x-axis, of a point on the rim of a uniformly rotating wheel.
The wheel is examined at random intervals, and the location of the
point on the rim is noted. (The calculation is basically the same as
that in Problem 2.2. One calculates the probability that x will lie in
the range x to x -+ dx.)

Problem 3.13. Show that a harmonic oscillator, so small that
it can only be observed with the aid of a microscope, does not demon-
strate quantum phenomena. Assume that a small object, about 10~* cm
in diameter, with a mass cstimated at 10-'* gm, is observed under a
microscope to vibrate on the end of a very small fiber. It has a fre-
quency of 100 cycles per sccond and a maximum aplitude of 102 cm.

(a) What is the approximate quantum number for the system in
the state described ?

(b) What would be its energy, in electron volts, if it were in its
zero-point vibration? (Note: At room temperature, typical
molecules have an average energy of about 1/40 e.v)

(c) What would be its classical turning point if it were in its
lowest possible state? Compare this distance with the wave-
length of visible light (about 5000 x 10-8 cm).

Problem 3.14. The experimental infrared absorption spectrum of
HC35 has the following set of lines: 2886 cm~!, 5668 cm™!, 8347 cm™?,
and 10993 cm™, the first being very strong, and the others progressively
weaker (see Herzberg, op. cit., p. 57). [The unit cm™! refers to “wave
number,” or 1/A, the number of waves per cm in the light. Wave
number = v/c, and E = hv, so that wave number = E(ergs)/
h(erg sec) c(cm/sec) or wave number (cm™') = (5.0 x 10'®) X E (in
ergs).]

(a) Construct the energy level diagram for the lowest vibrational

levels of HCI35.

(b) Calculate the forcc constant, k, characteristic of this mole-
cule near its equilibrium separation. my =1 amu, and
mc, = 35 amu, where 1 amu = 1.66 X 10-2* gm.

(c) From the line spacings in the rotational spectrum (see Herz-
berg, op. cit., p. 86) r, has been measured to be 1.3 x 10-8

PROBLEMS -
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cm. Using the value of k above (and assuming k& = constant),
calculate the energy in e.v. needed to separate the atoms by an
additional 10 ® cm. Compare your result with the fact that
typical chemical bonds are a few electron volts.

(d) From the spectral data, set a lower limit to the binding
energy of the molecule.

Problem 3.15. The Comparison of the Classical and Quantum
Vibrators for the Nonparabolic Potential Energy Curve. Figure 3.6
shows that the potential encrgy curve of the typical diatomic molecule
(such as HCI) is parabolic only near the equilibrium point, and
flattens out at large values of r.

(a) Qualitatively, how will the frequency of vibration of the
classical oscillator vary as its total encrgy increases?

(b) Assume that many such classical oscillators have their
energy values distributed over a range large enough to cxtend
into the nonparabolic region of the potential encrgy curve,
and sketch the shape of the absorption (or emission)
spectrum near v,

(c) According to quantum mechanics (see Section 10.4 and 10.5)
the (approximate) harmonic oscillator tends to shift only
one level in energy when absorbing or emitting radiation.
(It tends to obey the selection rule, An = -1.) Sketch the
quantum spectrum in the neighborhood of v, for an assembly
of oscillators whose characteristic cnergy values range over a
number® of quantum states, and compare it to the classical
spectrum.

The comparison of the classical and quantum oscillators
near 2v,, 3v,, etc., is considered in Section 10.5. We note
here, however, that if the classical oscillator has a very low
energy it moves in a nearly perfect parabolic potential and
cannot absorb measurable energy at any frequency except v,

Problem 3.16. Show, using qualitative arguments based upon the
curvature characteristics of #(x) required by the wave equation,
that as long as m, x,, and V,, are not zero for the system in Figure 3.7,
there is always at least onc bound state.

Problem 3.17. Show, using graphical arguments, that if the wave
function inside the finite-wall potential well of Figure 3.7 is the sum
of both sine and cosine terms as in [3~11], it cannot meet the require-
ment of the integrable square.
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Problem 3.18. A particle of mass m slides without friction in the
potential well formed by two inclined planes in the gravitational ficld
of the earth (g - 980 cm/sec?), as shown in Figure 3.13. 6 = 0.1

radian.

g=980 cm/sec?
T V(x)=mg|x|tan
V(x) m—
6 6
o,

Fig. 3.13. A particle of mass m oscillating between two

(a)

(b)

inclined planes in the gravitational field.

Sketch the form of two cigenfunctions belonging to the two
lowest energy states.

Estimatc a value of W suitable for an initial trial valuc in
the numerical search for W, the lowest energy. (Suggestion:
Try a valuc of W which would give a free-space wavelength A
such that A/2 — 2x, where v, =- the classical turning pomt
given by W —— mgx, tan 0.)

Divide x, into about four or five intervals, and try, using
numerical calculations, the value of W selected in (b).

For n>> 1, sketch 4% ,,. Using the correspondence principle,
calculate, except for a constant factor, the shape of the
cnvelope of the curve % 4, for n > 1. (Note: Classically,
the probability of finding a particle in a particular interval
X 10 x | dxis proportional to (1/r), where ¢ is the classical
velocity in the interval.)
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THE WAVE EQUATION IN
THREE DIMENSIONS

Thus far, we have considered only one-dimensional systems. Of these,
only the harmonic oscillator (such as the vibrating molecule) is observed in
nature. Although one-dimensional systems illustrate most of the quantum-
mechanical features, there are some features—such as the quantization of
angular momentum—which need two or more dimensions before they make
their appearance.

Unfortunately, three-dimensional systems usually involve considerable
geometrical complexity. However, such systems—for example, the hydrogen
atom—are of great theoretical and practical importance. For an adequate
appreciation of quantum mechanics, it is essential, therefore, to solve some
of the more simple three-dimensional problems.

4.1. The basic postulates for three dimensions and two particles

Postulate 1

The wave function ¥ for a single particle moving in three
dimensions is a function of x, y, z, and t.
Postulate 11

The additional substitutions of operators for the dynamical
62
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variables p, and p, are:

p, = mv Lhe
v v ;‘@

i [4-1
P =MV >,

and the Schrodinger wave equation becomes
_ho¥

(Y *rY @ av
z’"nz(éxz' T T "a?)+ Von ¥ =— 42
Postulate II1
oY oY o . .
WY (x,y,zt)and ox’ by and P are finite, continuous, and

single valued throughout ‘‘configuration space’ (here, all values
of x, y, and z).

Postulate 1V
The requirement of the integrable square becomes

fff Y*W¥ dr =1 [4—3
where dr = volume element (for example, dr = dx dy dz).

Postulate V
The expectation value x of the dynamical variable « is

a = ff[ V¥ gy ¥ dr [4—4

Water waves, sound waves, and electromagnetic waves—although having
different wave equations—all meet the requirements of Postulates III and IV.
In Chapter 2 (see Fig. 2.1) we discussed the behavior of a packet of waves
propagating along a rope. We pointed out that there are neither infinite
amplitudes nor infinite slopes for such waves. Also, for a fixed amount of
energy used in forming the wave (each clement of the rope contains energy
when the wave is passing through it), the wave train must have a finite length.

1 “Configuration space” is a term referring to the spatial coordinates of the wave func-
tion. To a single particle, located at x, y, and z in physical space there belongs a wave function
Y, dependent upon x, y, and z, in *‘configuration space.” For the single particle, both physical
space and configuration space have the three ordinary dimensions. As we shall see below,
however, when there are rwo particles located in the physical space x, y, and z, the wave
function depends upon six spatial variables (the three coordinates of each particle). One then
speaks of \I' as being defined in a six-dimensional *‘configuration space,” since the value of
Y’ can be determined only after specifying all six spatial variables.
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A two-dimensional example of a wave packet which shows these features in
a very graphic manner is the spreading ring of wavelets that is formed by a
stone dropped into a still pond. The spreading ring of wavelets can be seen
to obey Postulates III and 1V, for two dimensions. Let W(x, y, ) be the
amplitude of the wave at any point x, y on the horizontal plane, at any time 7.
A study of the spreading ring due to the initial impact of the stone will show
that ¥, 0\¥"/ox, and 0¥'/0y are all finite and continuous everywhere. This seems
obvious upon casual observation, but one could, if necessary, take stereoscopic
photographs of the ring of wavelets at any instant and with suitable instruments
measure the quantities listed, to demonstrate, experimentally, their finiteness
and continuity.

-+ o
One can see, qualitatively, that f f J2dx dy is finite at any stage of
-

expansion of the ring (that is, at any time ¢). The waves have zero amplitude
inside the ring, and, of course, zero amplitude outside the ring in the region
to which the disturbance has not yet reached. Such a ring of wavelets is
observed to decrease steadily in amplitude as it spreads to larger and larger
radii. It can be demonstrated both theoretically and cxperimentally that, for

to
a loss-less medium, ff Y% dx dy is constant at all stages of the expansion.
— @

Another feature of the spreading ring of water wavelets caused by a
sudden disturbance is strikingly similar to matter waves. The individual waves
travel faster than the main ring, or group, of waves. One can observe a given
wave which scems to arise out of nothing on the inside edge of the spreading
ring and watch it grow in size, moving ever outward, at a velocity greater
than that of the ring itself. On reaching the middle of the main ring, the wave
being followed by the cye gradually decreases in amplitude, finally sinking
into nothing out in front of the main ring. For small-amplitude water waves,
the velocity of propagation of an individual wave is twice that of the main
ring or “‘group” of waves. The “group” consists of a whole succession of
individual waves, each of which is going through the same process of growth
and decay that we have just described. For (non-relativistic) matter waves, the
velocity of the individual waves (or ““phase velocity™) is lower than the velocity
of the group, the “group velocity.”

The quantitative mathematical analysis of wave packets will be discussed
briefly in Chapter 5. We mention the water-wave packets because they provide
a graphic link between the qualities of the macroscopic observable waves and
those of the -matter waves? whose existence we must infer by more indirect
means.

A system of water waves with fixed boundaries, such as the stationary

2 An excellent discuss“lon of wave packets and de Broglie waves is found in D. Bohm,
Quantum Theory (1951, Prentice-Hall, Inc., N.Y.): p. 59.
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pattern of ripples in a pan of water, also has everywhere a finite slope, a
continuous amplitude, and an integrable square.

We now consider the cxtension of the basic postulates to two-particle
systems.

If a system consists of two particles mass m, located at xy, vy, and z,, at 1,
and mass m, located at x,, v,. and z,, at 1, then

Y= W(xy, 3y, 250 Xa, Vo, 2oy 1).

The wave equation now involves these seven variables, and the volume element
dr involves the products of the differentials of the six spatial variables,

dr — dx, dy, dzy dx, dv, dz,.

It is only reasonable to expect that when two particles compose a system
the wave function must depend upon both. Each particle can be regarded as
possessing kinetic and potential energy, and also as having a position in physical
space. The systematic application of Postulate I, the substitution of opcrators
for dynamical variables, automatically gives wave equations which, for two
particles, have six spatial variables. At every time . '/ is regarded a< having
a definite valuc at every point in six-dimensional configuration spacc.

The probability interpretation of I'’* 't dr can be readily extended to the
two-particle system.

We have already noted that for the single particle,

W, v, s D)W v o ) dr

is the probability that at time ¢ the particle will be found in the particular
volume element d+, that is, that x will lie between x and x i dx, y will lie
between y and y -t dy, and = will lie between = and = - d-.

For two particles, V'* V' dr is the probability that at time t cach of the six
variables lies in the range specified by the volume element

dr - dx, dvy dz) dxy dvs dz,

in configuration space. This means that particle 1 will be found in dx, dy, dzy 